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This manuscript is a revised version of a previous manuscript, “Evaluation and control
of coupling behavior between attenuation and non-attenuation zones in finite locally
resonant acoustic metamaterials for low frequencies”. Manuscript Number: EMENG-
4542. Thanks to the comments of the two Reviewers, we have rearranged our article to
make motivations and concepts clear. The main changes in the paper are listed herein.
Research object
In the revised version, we focus on locally resonant metafoundations (MFs). We agree
with Reviewer #1 that a 1D mass-in-mass model is not suitable to simulate
metabarriers, and the amplification phenomenon does not happen in metabarriers. We
think the 1D mass-in-mass model is capable of simulating major characteristics of MFs
and the amplification phenomenon can be important in the use of MFs not properly
designed. Detailed explanations are given in response to specific comments.
Research objective
The research objective of the previous manuscript intended to illustrate the coupling
effect of attenuation and non-attenuation zones (AZ and NAZ) on the mitigation effect
of a metafoundation in an uncoupled system. However, the uncoupled system is an
approximation of the coupled system. In actual engineering, a superstructure is
connected to a metafoundation, which represents a coupled system. In the revised
version, besides the interaction of the two zones, the research objective is to explain
the performance of MFs in both an uncoupled and coupled system.
Research methods
Several methods in the previous manuscript have been removed, including artificial
modification of the Fourier amplitudes of the frequency components, employment of a
β factor to estimate the response attenuation due to the AZ, and the concept of “ideally
filtered wave”.
In the revised paper, the work is based on the frequency transfer function, and most of
the work is based on the Transfer-Matrix method. Nevertheless, to illustrate the
contribution of each mode and the cause of amplification, the modal superposition
method is employed in Subsection “Amplification in NAZs”.
Two types of systems are investigated: the uncoupled and coupled systems,
respectively. The uncoupled system helps illustrate the coupling effect between AZ and
NAZ, and also the frequency shift of superstructure due to unit cells, both of which play
a role in mitigation effect of PFs in the coupled system. To achieve a favorable
mitigation effect, metafoundations in different systems are first optimized.
Parameters of metafoundations
The parameters used for the metafoundations in the previous manuscript were
general. In the revised paper, initial parameters are taken from the work of Basone et
al. [1].
Earthquake accelerograms
In the previous manuscript, we used the accelerogram sets of FEMA P695. In the
revised paper, in order to optimize the massive resonators of MFs, the set of
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accelerograms corresponding to operating basis earthquakes (OBE) with a 10%
probability of exceedance in 50 years is adopted. Nonetheless, to avoid damage, the
MFs have been designed with safe shutdown earthquakes (SSE) with 2% probability of
exceedance in 50 years. The average power spectral density (PSD) of the
accelerograms is fitted with the Kanai-Tajimi filter modified by Clough and Penzien
(denoted as KC filter). The KC-fitted PSD is then adopted to optimize metafoundations
in the frequency domain. The aforementioned accelerograms are employed to verify
the optimized metafoundations in the time domain.
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Abstract 

Finite locally resonant metafoundations represent an innovative solution for structural 

seismic response mitigation based on their filtering capabilities at selected frequency 

ranges. They inherit the filtering properties of periodic foundations and bands in which 

response amplitudes are reduced, the so-called attenuation zones. Nonetheless, other 

bands of vibration-induced resonances amplify the components of superstructure 

response and are generally named non-attenuation zones. Both frequency bandwidths 

and amplifications depend on the dynamic properties of metafoundations and 

superstructures as well as their coupling. Thus, in order to shed light on the mechanisms 

of seismic mitigation of coupled systems endowed with optimal metafoundations, this 

paper explores both elastic uncoupled and coupled unit-cell chains in the frequency 

domain based on the analysis of various transfer functions. Moreover, to address 

uncertainty at the excitation level, time history analyses are carried out with a set of 

natural accelerograms that characterize operating basis earthquakes; thus, response 
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contributions from both attenuation zones and non-attenuation zones can be 

distinguished by relating response variances to peak responses. Eventually, the 

attenuation effects of optimal metafoundations, the frequency shift of superstructures 

due to unit cells of metafoundations and the coupling of both attenuation zones and 

non-attenuation zones are analyzed in depth. 

 

Author keywords Finite locally resonant metafoundation; Coupled and uncoupled 

system; Attenuation zone; Non-attenuation zone 

 

Introduction  

Background and motivation  

Recently, periodic materials have received growing interest in material and structures 

due to their ability to provide high attenuation in selective frequency ranges; these 

frequency ranges are called stop bands. The frequency bands other than the stop bands 

are identified as pass bands wherein the waves are transmitted without any attenuation. 

To date, there are mainly two types of periodic materials: phononic crystals and locally 

resonant metamaterials (Hussein et al., 2014). Locally resonant metamaterials are better 

suited for attenuation of low-frequency vibrations due to their ability to form stop bands 

associated with massive inner resonators that entail local antiresonances (Liu et al., 

2000; Wang et al., 2014; Basone et al., 2018). Therefore, the band-pass property of 

locally resonant metamaterials opens an innovative direction towards structural seismic 

protection (Achaoui et al., 2015; Finocchio et al., 2014; Miniaci et al., 2016).  

To crystallize the ideas, two types of applications have been proposed: i) metabarriers 

to redirect surface waves back into the ground (Dertimanis et al., 2016; Kim and Das, 

2012; Krödel et al., 2015; Geng et al., 2018; Wagner et al., 2018); and ii) 

metafoundations to counteract the effects of seismic waves (La Salandra et al., 2017; 

Cheng and Shi, 2018a; Huang et al., 2017; Cheng and Shi, 2013; Bao et al., 2012). 

More precisely, in order to mitigate surface waves, barriers were proposed to be buried 

around the target building; along this line, to show the practical feasibility of a seismic 

metabarrier, a large scale in situ experiment was carried out by Brûlé et. al (Brûlé et al., 



2014). Furthermore, Palermo et. al. investigated a conversion mechanism on surface 

waves both with FE analyses and a scaled experiment (Palermo et al., 2016; Palermo et 

al., 2018). The feasibility of forests as seismic metabarriers was demonstrated by 

geophysical tests and FE analyses carried out by Colombi et al. (Colombi et al., 2016a; 

Colombi et al., 2016b). Conversely, in order to mitigate seismic waves, 

metafoundations can be placed beneath a superstructure. In this respect, numerous 

configurations of composite cells have been conceived (Cheng and Shi, 2013; Cheng 

and Shi, 2018b; Casablanca et al., 2018). In particular, Basone et al. (2018) proposed a 

novel metafoundation composed of unit cells made of flexible shear frames to entail 

base-isolation effects and massive resonators to generate wide AZs. The effectiveness 

of one-dimensional (1D) (Xiang et al., 2012), two-dimensional (2D) (Yan et al., 2014) 

and three-dimensional (3D) (Yan et al., 2015) locally resonant metafoundations have 

been experimentally verified on scaled models. Of particular interest for the present 

work is the concept of finite locally resonant metafoundations, the so-called MFs. 

In order to conceive and analyze an MF subjected to seismic records, two approaches 

can be used. The first one considers the MF and the superstructure as an uncoupled 

system; and the response at the top of the MF, i.e., at Point #1 of Fig. 1(a), is defined as 

a filtered accelerogram that represents the excitation for the superstructure (Cheng and 

Shi, 2013; Cheng and Shi, 2018b; Yan et al., 2015; Yan et al., 2014; Xiang et al., 2012; 

Casablanca et al., 2018). With this assumption, one designs a MF that exhibits an AZ 

covering the main eigenfrequencies of the superstructure, namely those frequency 

components which contribute most to the superstructure response. Nonetheless, this 

approach neglects possible response amplifications in the non-attenuation zone (NAZ) 

and the frequency shift of the superstructure due to its interaction with the MF. More 

precisely, MFs may entail additional response resonant peaks in NAZ (Geng et al., 2018; 

Cheng and Shi, 2018b; Yan et al., 2014; Yan et al., 2015). As a result, the actual 

mitigation effect of an MF depends on whether the attenuation obtained in the AZ will 

prevail on amplification effects in the NAZ. Besides, when a superstructure is 

connected to a flexible MF, the coupled eigenfrequency shifts to a lower value (Basone 

et al., 2018). Therefore, the AZ previously designed may fail to cover the new 



eigenfrequency.  

The second approach is more accurate and considers both the MF and the superstructure 

as a coupled system (Basone et al., 2018); see Fig. 1(c). As a result, the coupled system 

can properly take into account the aforementioned interaction effects. Nonetheless, 

mitigation effects on the superstructure response are not explored in depth; in particular, 

they depend on base-isolation effects entailed by finite unit cells, the frequency range 

of AZs and resulting NAZs, indeed. 

Scope 

In order to shed light on both mechanisms and performance of MFs, especially the 

coupling effect of AZs and NAZs, this article proposes a phased approach which relies 

on the analysis of both uncoupled and coupled systems. More precisely, this research 

work is a continuation of the work by Basone et al. (Basone et al., 2018). Therefore, we 

start with the MF designed and optimized to control the response of a slender tank 

subjected to site‐specific ground motion spectra, and we consider the main dynamic 

properties of the relevant superstructure. Herein, the MF is optimized in both uncoupled 

and coupled system configuration, respectively. Successively, to illustrate the influence 

of the superstructure frequency shift and the coupling effect between AZs and NAZs, 

the performance of an MF in an uncoupled system is investigated in depth. As a result, 

the role of an MF and its effect in both uncoupled and coupled systems are understood.  

The remainder of the paper is organized as follows. The paper introduces the system of 

equations of motion for different uncoupled and coupled systems. Successively, a 

suitable optimization procedure is used to optimize MFs in these systems. In the next 

section, the performances of different optimal MFs are compared in both the frequency 

and time domains. Then, the authors shed light on the frequency shift of superstructure, 

the influence of response amplifications in the NAZ and the effects of MFs in a coupled 

system. Eventually, the last section draws the main conclusions and presents future 

developments.  

 

Modeling and transfer functions of analyzed systems 

Because we are interested in generalized internal actions, i.e. base shear, bending 



moment, etc., the model of the superstructure, a liquid-filled tank, can be set by means 

of two decoupled SDOF systems as shown in Fig. 2, which represent the impulsive and 

convective modes of vibration of fluid (Malhotra et al., 2000). Both the mechanical and 

dynamic properties of the slender tank are gathered in Table 1. In order to mitigate the 

response of the impulsive mode of the tank, we begin with the MF proposed by Basone 

et al. (Basone et al., 2018). More precisely, as shown in Fig. 1(a), the unit-chain MF 

consists of an outer frame and massive inner resonators at floor levels, with 𝑚𝑗, 𝑘𝑗 

and 𝑐𝑗  (𝑗 = 1,2) denoting mass, stiffness and damping of the frame and the inner 

resonators, respectively; the configuration with 2 cells, denoted as L2H4 in (Basone et 

al., 2018) is adopted. Based on seismic standards, the columns of the outer frame are 

designed to be very flexible for isolation purposes, but to remain elastic for peak ground 

accelerations (PGAs) corresponding to safe shutdown earthquakes that occur once in 

average in 2475 years for European sites (NFPA 59A, 2016) -2% probability of 

exceedance in 50 years-. Hereinafter, both the damping and frequency ratio of inner 

resonators are reoptimized for the different systems under study, while the outer frame 

and the mass of resonators remain unchanged. Rayleigh damping is adopted for the 

frame, with 2% of equivalent critical damping for the first two modes.  

As stated in the Introduction, we consider two basic systems, named System #1 and 

System #3 in Fig. 1(a) and Fig. 1(c), respectively. Nonetheless, to take into account the 

shift of frequency of the original superstructure entailed by the flexibility of the outer 

frame of the MF, a new system called System #2 and depicted in Fig. 1(b) is considered. 

It is formed by replacing the original superstructure in System #1 with an equivalent 

SDOF structure, which reflects the first mode of the coupled superstructure-outer frame 

system. The MFs optimized in these three systems are denoted as MF #1, #2 and #3, 

respectively. 

Uncoupled systems  

With regard to System #1 shown in Fig. 1(a), it is composed of two substructures: MF 

#1 and the superstructure. The system of equations of motion of MF #1 subjected to a 

base excitation �̈�𝑔 can be expressed as 



𝐌𝐌𝐅�̈�𝐌𝐅 + 𝐂𝐌𝐅�̇�𝐌𝐅 + 𝐊𝐌𝐅𝐱𝐌𝐅 = −𝐌𝐌𝐅𝐫𝐌𝐅�̈�𝑔 ( 1 ) 

where, 

𝐌𝐌𝐅 = [𝐌𝐟 𝟎
𝟎 𝐌𝐫]

4×4 
 

𝐊𝐌𝐅 = [𝐊𝐟 + 𝐊𝐫 −𝐊𝐫

−𝐊𝐫           𝐊𝐫]
4×4 

 

𝐂𝐌𝐅 = [𝐂𝐟 + 𝐂𝐫 −𝐂𝐫

−𝐂𝐫           𝐂𝐫]
4×4 

 

𝐌𝐟 = diag(𝑚1, 𝑚1)2×2; 𝐌𝐫 = diag(𝑚2, 𝑚2)2×2; 

𝐊𝐟 = [
2𝑘1 −𝑘1

−𝑘1 𝑘1
]; 𝐊𝐫 = diag(𝑘2, 𝑘2)2×2 

𝐂𝐟 = α𝐌𝐟 + β𝐊𝐟; 𝐂𝐫 = diag(𝑐2, 𝑐2)2×2 

𝐱𝐌𝐅 = [𝑥1
f  𝑥2

f  𝑥1
r 𝑥2

r ]
T
 

𝐫𝐌𝐅 = [1 1 1 1 ]T 

The superscripts f and r stand for the frame and inner resonators, respectively; 𝐱𝐌𝐅 

denotes the displacement vector relative to the ground displacement 𝑥𝑔(𝑡). Given a 

harmonic acceleration excitation �̈�𝑔 = eiωt where i = √−1, the transfer function that 

relates the relative displacement of the system to the excitation can be expressed as  

𝐇x
𝐌𝐅(ω) =

𝐌𝐌𝐅𝐫𝐌𝐅

−ω2𝐌𝐌𝐅 + iω𝐂𝐌𝐅 + 𝐊𝐌𝐅
 ( 2 ) 

In addition, the transfer function of the absolute acceleration can be expressed as 

𝐇𝒂
𝐌𝐅(ω) = 1 − ω2𝐇x

𝐌𝐅(ω) ( 3 ) 

The element of 𝐇𝒂
𝐌𝐅(ω) that defines the transfer function at Point 1 (the top of MF #1) 

is denoted as HMF1(ω). 

Given the transfer function HS(ω) of an SDOF system, 

𝐻𝑠(𝜔) =
𝑚𝑠

−𝜔2𝑚𝑠 + 𝑖𝜔𝑐𝑠 + 𝑘𝑠
 ( 4 ) 

in which 𝑚𝑠, 𝑘𝑠 and 𝑐𝑠  are the mass, stiffness and damping coefficient of the 

superstructure, respectively. The power spectral density (PSD) of the superstructure 

response S𝑠1(ω) can be determined as  

S𝑠1(ω) = |H𝑠(ω)|2|HMF1(ω)|2S�̈�𝑔
(ω) = |H𝑠(ω)|2SP1(ω) ( 5 ) 

where SP1(ω) denotes the PSD of the response at Point 1 in Fig. 1(a), whilst S�̈�𝑔
(ω) 



defines the PSD of a seismic record.  

As far as System #2 is concerned, see Fig. 1(b), we recall that the main characteristics 

of the coupled system of the original superstructure and the outer frame of the MF are 

dynamically represented by an equivalent SDOF system. The mass, eigenfrequency and 

damping ratio of the equivalent SDOF system are the corresponding parameters of the 

first mode of the coupled superstructure-outer frame system. As a result, the response 

PSD of the equivalent SDOF structure 𝑆𝑠2(𝜔) can be evaluated as 

S𝑠2(ω) = |Heq(ω)|
2

|HMF1(ω)|2S�̈�𝑔
(ω) ( 6 ) 

where 𝐻𝑒𝑞(𝜔)  defines the transfer function of the equivalent SDOF structure. 

𝐻𝑒𝑞(𝜔) can be easily obtained by substituting the parameters of the equivalent SDOF 

structure into Eq. (4). 

 

Coupled system  

The coupled System #3 depicted in Fig. 1(c) is characterized by MF #3 connected to 

the superstructure. The relevant system of equations of motion reads, 

𝐌�̈� + 𝐂�̇� + 𝐊𝐱 = −𝐌𝐫�̈�𝑔 ( 7 ) 

where 

𝐌 = [
𝐌𝐟

𝐌𝐫

𝐌𝐬

]

5×5

 

𝐊 = [
𝐊𝐟 + 𝐊𝐫 + 𝐊𝟏

𝐬 −𝐊𝐫 −(𝐊𝟐
𝐬 )𝐓

−𝐊𝐫 𝐊𝐫 𝟎
−𝐊𝟐

𝐬 𝟎 𝐊𝟑
𝐬

]

5×5

 

𝐂 = [
𝐂𝐟 + 𝐂𝐫 + 𝐂𝟏

𝐬 −𝐂𝐫 −(𝐂𝟐
𝐬)𝐓

−𝐂𝐫 𝐂𝐫 𝟎
−𝐂𝟐

𝐬 𝟎 𝐂𝟑
𝐬

]

5×5

 

𝐌𝐬 = 𝑚s; 

𝐊𝟏
𝐬 = diag(0,0, 𝑘s)3×3;  𝐊𝟐

𝐬 = [0,0, 𝑘s]1×3; 𝐊𝟑
𝐬 = 𝑘s; 

𝐂𝟏
𝐬 = diag(0,0, 𝑐s)3×3;  𝐂𝟐

𝐬 = [0,0, 𝑐s]1×3; 𝐂𝟑
𝐬 = 𝑐s; 

𝐱 = [𝑥1
f  𝑥2

f  𝑥1
r 𝑥2

r 𝑥𝑠]
T
; 𝐫 = [1 1 1 1 1 ]T 

The transfer function of the absolute acceleration of System #3 can be derived as 



𝐇𝒂(ω) = 1 − ω2𝐇x(ω) ( 8 ) 

in which 

𝐇x(ω) =
𝐌𝐫

−ω2𝐌 + iω𝐂 + 𝐊
 ( 9 ) 

The transfer function of the absolute acceleration of the superstructure at Point 4 w.r.t. 

the excitation is the last element of 𝐇x(ω), denoted as H4(ω). As a result, the PSD of 

the superstructure’s response of System #3 S𝑠3(ω) can be determined as, 

S𝑠3(ω) = |H4(ω)|2S�̈�𝑔
(ω) ( 10 ) 

 

Optimization of metafoundations 

In order to deal with meaningful results, in what follows we optimize the inner 

resonators of each MF presented in the three systems depicted in Fig. 1 . Therefore, we 

assume that the ground displacement 𝑥𝑔(𝑡) is a weakly stationary process such that 

the autocorrelation functions of the system response, defined in terms of statistical 

expected values, can be computed with the Wiener–Khinchin theorem (Soong and 

Grigoriu, 1993). 

 

Ground motion selection 

In order to select proper sets of accelerograms and relevant weakly stationary power 

spectra, a specific active prone-site, Priolo Gargallo, Italy, was selected (Basone et al., 

2018). For simplicity, one set of natural accelerograms that occur once in average in 

475 years -10% probability of exceedance in 50 years- was chosen, see Table 2, 

corresponding to operating basis earthquakes (OBE). For clarity, the OBE can be 

defined as the ground motion for which those features of process plant components 

necessary for continued operation without risk to the health and safety of the public will 

remain fully functional. Conversely, safe shutdown earthquakes are the ground motions 

in which certain structures, systems and components important for safe shutdown must 

be designed to remain operational. Moreover, the 15 natural accelerograms were 

selected to best fit in average the uniform hazard response spectrum (UHS) of the site, 

as shown in Fig. 3. It is well known that the UHS is often overly conservative because 



it combines the hazard from different sources and does not reflect a realistic spectrum 

that can be expected to occur during a single earthquake. However, the use of a 

conditional mean spectrum that matches the UHS level only at the fundamental period 

of a system is overly complex for the problem to hand. Then, in order to define the PSD 

functions in Eqs. (5), (6) and (10), which characterize the weakly stationary OBE events, 

we evaluated the parameters of the Kanai-Tajimi filter modified by Clough and Penzien, 

denoted as KC filter. Its magnitude reads 

|HKC(ω)|2 = |HKT(iω)|2|HCP(iω)|2 ( 11 ) 

where  

HKT(ω) =
ωg

2 + 2i𝜉gωgω

(ωg
2 − ω2) + 2i𝜉gωgω

 ( 12 ) 

HCP(ω) =
ω2

(ωf
2 − ω2) + 2i𝜉fωfω

 ( 13 ) 

The parameters ωg  and 𝜉g  in Eq. (12) represent the frequency and damping 

properties, respectively, of the supporting ground modeled by an SDOF system. 

Conversely, the parameters ωf and 𝜉f Eq. ( 13 ) control the cut-off frequency and the 

steepness of a high-pass filter used to suppress the low-frequency content (Giaralis and 

Taflanidis, 2017). Relevant parameters of the KC-fitted PSD for the OBE are 

[ωg,  𝜉g, ωf, 𝜉f, 𝑆0] = [12.0 𝑟𝑎𝑑/𝑠, 0.60, 2.0 𝑟𝑎𝑑/𝑠, 0.62, 0.037 𝑚2/𝑠3] , where S0 

defines the spectral intensity of the stationary white noise process. 

 

Optimization procedure  

The autocovariance or variance of the superstructure absolute acceleration 𝜎𝑎
2,𝐶𝑂𝑁

 of 

each controlled system can be calculated by the Wiener–Khinchin theorem, as 

𝜎𝑎
2,𝐶𝑂𝑁 = 𝐸[𝑎2( = 0)] = ∫ S𝑠𝑖(ω) 𝑑ω  (𝑖 = 1, 2, 3)

∞

0

 ( 14 ) 

where 𝐸[𝑎2( = 0)] defines the expectation of the random variable 𝑎 and  is the 

time lag (Vanmarcke, 1976; Kjell, 2002). The variance of the uncontrolled 

superstructure can be obtained as 



𝜎𝑎
2,𝑈𝑁𝐶 = ∫ |H𝑠(ω)|2S�̈�𝑔

(ω) 𝑑ω 
∞

0

 ( 15 ) 

Then, a variance ratio can be defined as 

γσ2 = 𝜎𝑎
2,𝐶𝑂𝑁/𝜎𝑎

2,𝑈𝑁𝐶
 ( 16 ) 

The variance ratio 𝛾𝜎2 , which is commonly used as the objective function in the 

optimization of passive structural vibration control, see among others (De Domenico 

and Ricciardi, 2018), is selected as the objective function. By replacing 𝑆�̈�𝑔
(𝜔) in Eq. 

(5), (6), (10) and (15) with the KC-fitted PSD for the OBE accelerograms obtained in 

Section “Ground motion selection”, an optimization in the frequency domain was 

carried out. As a result, in order to achieve the maximum attenuation of the variance 

ratio 𝛾𝜎2 based on the construction site, 𝛾𝜎2 was minimized in the frequency domain. 

Since the outer frame of each MF must be as flexible as possible to act as base isolation 

whilst the mass m2 of each inner resonator has to be as large as possible to lower the 

frequency limits of the AZ (Dertimanis et al., 2016), both the damping ratio ξ2 =

𝑐2

2𝑚2𝜔2
 and the frequency ratio 𝛾𝜔 = 𝜔2/𝜔𝑠 (where 𝜔2 = √𝑘2/𝑚2) of resonators can 

be assumed as design variables. As a result, the optimization problem can be posed as 

follows: 

Find the design vector 𝐝 = [ξ2, 𝛾𝜔], to get min γσ2 , subject to the bounds 

0.01 ≤ ξ2 ≤ 0.3 and 0.1 ≤ 𝛾𝜔  ≤ 1.5  

The optimization problem can be solved by using the genetic algorithm function in 

MATLAB. Relevant optimal design variables are collected in Table 3.  

Performance of optimized systems 

In this section, the performance of the aforementioned optimized systems is evaluated 

in both the time and frequency domains. 

Let’s define the ratio of peak responses of both the controlled and uncontrolled 

superstructure γResp, which is conceived to evaluate mitigation performance of MFs 

in the time domain. In particular, γResp is defined as  



γResp =
max (𝑎𝑗

𝐶𝑂𝑁)

max (𝑎𝑗
𝑈𝑁𝐶)

 ( 17 ) 

where max (𝑎𝑗
𝐶𝑂𝑁) and max (𝑎𝑗

𝑈𝑁𝐶) are the maximum absolute accelerations of the 

controlled and uncontrolled superstructures, respectively, subjected to the jth OBE. 

More precisely, γResp is evaluated in the uncoupled System #1 endowed with MF #1; 

relevant values are compared in Table 4 with those of the coupled system. 

When MF #1 is used in an uncoupled system, a certain mitigation effect is achieved, as 

indicated by the first column of Table 4. However, if it is used in a coupled system its 

performance declines, due to the frequency shift of the superstructure, as indicated by 

the second column of Table 4. A more in-depth explanation of this phenomenon is 

provided in the next section. 

With regard to the performance of the three MFs in the coupled system, the best 

mitigation effect is provided by MF #3, because MF #3 is directly optimized for the 

whole system. More precisely, as indicated in Table 4, a 23% average mitigation effect 

is achieved by MF #3 while that for MF #2 is 18% and MF #1 is ineffective in the 

average. The standard deviation of MF #3 is the lowest of the three MFs. The number 

of accelerograms that amplify the controlled superstructure response in the case of MF 

#3 is also minimal. All these figures indicate a more effective and stable mitigation 

effect of MF #3. Conversely, the mitigation effect of MF #1 is the worst. As far as the 

performance of MF #2 is concerned, this metafoundation, which is optimized in the 

uncoupled system but based on an equivalent SDOF, can achieve a performance close 

to that of MF #3. 

With reference to the frequency domain, the moduli of transfer functions of 

superstructures |H4,j(ω)| in coupled systems with the three optimal MFs are presented 

in Fig. 4. Anew, MF #3 is the most effective in terms of amplitude reduction, as 

indicated by the transfer function amplitude of the superstructure with MF #3 

|H4,3(ω)|; this is consistent with the results of Table 4. Conversely, only a limited 

benefit is achieved with MF #1. It is noteworthy to mention that |H4,2(ω)|  and 



|H4,3(ω)|  exhibit two peaks due to the AZ caused by the inner resonators while 

|H4,1(ω)| shows only a single peak entailed by the superstructure. 

 

System analysis 

In this section, we investigate the dynamic effects of MFs. Based on the uncoupled 

system, the coupling effect of NAZ and AZ on seismic mitigation effects is clearly 

illustrated. Moreover, the effect of the frequency shift of superstructure is investigated 

by comparing System #1 - #2 of Fig. 1. Then the mechanism of MFs in a coupled 

structure is discussed.  

 

Amplification in non-atteunation zones 

Fig. 5 displays the PSD SP1(ω) at Point 1, see Fig. 1(a), and that of the corresponding 

input at the base of MF #1, S�̈�𝑔
(ω). The AZ of MF #1 is marked with a shade area and 

other frequency components of the metafoundation response in NAZ are clearly 

amplified. Based on the well-known modal superposition method (Chandra Rao et al., 

2002), H𝑀𝐹1(ω) of MF #1 can be expressed as, 

H𝑀𝐹1(ω) = |∑ 𝜙𝑗,2𝛾𝑗(1 + 𝜔2)𝐻𝑗(𝜔)

4

𝑗=1

| ( 18 ) 

where  

𝐻𝑗(𝜔) =
1

𝜔𝑗
2 − 𝜔2 + 2i𝜉𝑗𝜔𝑗𝜔

 ( 19 ) 

defines the modal transfer function that relates the relative displacement of the 

equivalent SDOF system of the jth mode of MF #1 to excitations; 𝜔𝑗 and 𝜉𝑗, denote 

the natural frequency and damping ratio in the jth primary mode, respectively; {𝜙𝑗} 

is the jth mode shape and 𝜙𝑗,2 is the element corresponding to the top of MF #1. 

Eq. (18) singles out the contribution of each mode that characterizes the response of 

MF #1. Moreover, Fig. 6 displays |H𝑀𝐹1(ω)| and the contributions of its 1st and 3rd 



mode, respectively. It is evident that amplifications in NAZs are mainly caused by the 

inner resonators -1st mode - and outer frame -3rd mode-. The second mode reflects the 

antiresonance or AZ. 

 

Quantification of non-attenuation zones and attenuation zones  

In order to quantify the response contribution relevant to both NAZ and AZ, we can use 

𝜎𝑎
2 evaluated by Eq. (14). Furthermore, a standard deviation ratio γσ is defined as 

γσ = 𝜎𝑎
𝐶𝑂𝑁/𝜎𝑎

𝑈𝑁𝐶, where 𝜎𝑎
𝐶𝑂𝑁 and 𝜎𝑎

𝑈𝑁𝐶 are the standard deviations of responses of 

the controlled superstructure in System #1, see Fig. 1(a), and the uncontrolled 

superstructure, respectively. A correlation exists between the standard deviation 𝜎𝑎 of 

an SDOF system response subjected to a seismic record and its maximum response. 

The plot that correlates γσ and γResp is presented in Fig. 7 for System #1, subjected 

to the seismic records listed in Table 2. We can define a linear regression equation, i.e., 

γResp = 1.046γσ + 0.045 with a coefficient of determination R2 = 0.8. The correlation 

is relatively good. Hence, the maximum response ratio γResp can be evalutated from 

the standard deviation ratio γσ. 

As γσ is related to both PSD function of the response and approximately to γResp, in 

order to quantify response contributions of the NAZ and AZ, the area ratios of PSD of 

these zones are selected as indexes, i.e., 

𝛾𝐴
𝑁𝐴𝑍 =

∫ S𝑠1(ω) 𝑑ω
𝑁𝐴𝑍

∫ S𝑠1(ω) 𝑑ω
∞

0

, 𝛾𝐴
𝐴𝑍 =

∫ S𝑠1(ω) 𝑑ω
𝐴𝑍

∫ S𝑠1(ω) 𝑑ω
∞

0

 ( 20 ) 

The corresponding results are depicted in Fig. 8, where the yellow bar defines the 

response ratio of the controlled and uncontrolled superstructures 𝛾𝑅𝑒𝑠𝑝. The blue bar 

indicates the PSD relevant to the NAZ divided by the total area of the response PSD, 

𝛾𝐴
𝑁𝐴𝑍. In the same way, the green bar indicates the same quantity for the AZ, 𝛾𝐴

𝐴𝑍. From 

Fig. 8, a careful reader can observe that the NAZ for System #1 prevails in five records, 

that is, N. 2, 3, 7, 8 and 15; therefore, the response of the controlled superstructure is 

amplified in these cases. Conversely, the AZ and the relevant mitigation effects prevail 



in records 11, 12 and 14. In sum, the contribution of NAZ is quite important when MF 

#1 is employed to mitigate seismic response of a superstructure. 

 

Frequency shift of superstructure 

The mitigation performance of MFs can benefit from the use of a flexible unit cell –

flexible outer frame- which entails an isolation effect due to a superstructure frequency 

shift. However, this shift hindered the mitigation performance of MF #1 in the coupled 

system. More precisely, MF #1 has been optimized in the uncoupled system. Therefore, 

it realizes an AZ which covers the eigenfrequency of the uncontrolled superstructure 

(dashed line), marked with a shaded area in Fig. 9. Nonetheless, when MF #1 is 

involved in the coupled system, due to coupling, the eigenfrequency of the 

superstructure shifts to a lower frequency value which results to be outside the AZ of 

MF #1. See, in this respect, the continuous line of the coupled system with MF #1. As 

a result, MF #1 fails to mitigate the seismic response of the superstructure in the coupled 

system.  

MF #2 depicted in Fig. 1(b) is also optimized in the uncoupled system. However, in 

order to take into account the aforementioned frequency shift, instead of the original 

superstructure an equivalent SDOF system is used. Therefore, MF #2 exhibits an AZ 

that covers the eigenfrequency component of the equivalent SDOF, as shown in Fig. 10. 

As a result, the peak frequency of the superstructure in the coupled system with MF #2, 

see the second peak of the continuous line of the coupled system with MF #2 in Fig. 10, 

actually falls into the AZ. Therefore, a more favorable mitigation effect is achieved with 

MF #2, w.r.t. the previous coupled system with MF #1. 

Performance of metafoundations in System #3  

MF #3 is directly optimized through the whole coupled system #3, as shown in Fig. 

1(c), and thus it achieves the most effective mitigation effect compared with the 

previous MFs. More precisely, Fig. 11 displays the transfer function modulus of the 

superstructure at Point 4 controlled with MF #3 (continuous line) and that of MF #3 at 

Point 3 (dashed line). Similarly to the mechanism explained for MF #2 through Fig. 12, 

the eigenfrequency component of the controlled superstructure, reflected by the second 



peak of the coupled system with MF #3 at Point 4, falls into the AZ of MF #3 alone. 

Moreover, one can observe that the response of the coupled system endowed with MF 

#3 at Point 3, see Fig. 1(c), determines the mitigation effect on the superstructure.  

Furthermore, the eigenfrequencies of all modes and the corresponding normalized 

modal participation masses of coupled systems with MF #2 and #3, respectively, are 

listed in Table 5. A careful reader can observe that the dynamic characteristics of these 

two systems are similar. However, a more favorable mitigation effect is obtained with 

MF #3 because |H4,3(ω)| with MF #3, see Fig. 4, has more favorable characteristics 

in terms of peak amplitude equality than |H4,2(ω)| with MF #2. The first peaks of the 

two aforementioned transfer functions moduli reflect amplifications in the NAZs, as 

explained for the uncoupled system. Eventually, System #3 with the optimized MF #3 

achieves a better mitigation effect due to a proper combination between NAZ and AZ. 

 

Conclusions 

In this paper, in order to understand the seismic mitigation of coupled systems made of 

periodic foundations and superstructures, analysis tools in both the frequency and time 

domain were applied on the new concept of finite locally resonant optimal 

metafoundations (MFs). This was achieved by modeling MFs as a finite one-

dimensional unit-cell chain endowed with massive inner resonators. The resulting 

mitigation effect derives from attenuation effects entailed by unit cells and 

eigenfrequency shifts induced by flexible unit cells. In order to explain these effects, 

two types of systems, uncoupled and coupled systems are employed. As a result, 

response amplification in both non-attenuation (NAZs) and attenuation zones (AZ) and 

eigenfrequency shifts of superstructures are discussed in depth. Moreover, to address 

uncertainty at the excitation level, time history analyses were carried out with a set of 

natural accelerograms that characterize operating basis earthquakes; thus, both response 

contributions of AZs and NAZs can be distinguished by relating response variances and 

peak responses. 

More precisely, we considered three specific MFs that are optimized in an uncoupled 



system -MF #1-, in an uncoupled system using an equivalent SDOF superstructure -MF 

#2- and in the coupled system -MF #3-. Based on the results achieved with MF #1, we 

have illustrated that seismic mitigation effects depend on both attenuations in AZs and 

amplification in NAZs. The amplification of some frequency components in NAZs 

results from resonances of some eigenmodes of the MF. Moreover, with the help of MF 

#2, the effect of the frequency shift of the superstructure due to the flexible outer frame 

of MF #2 was illustrated. Furthermore, the performance of MF #3 was discussed. It was 

directly optimized in a coupled system and achieved the most effective mitigation effect. 

This results from a combination of base-isolation effects, a wider AZ due to coupling 

and the best balance between AZ and NAZs. It is noteworthy to mention that the 

analysis becomes more challenging for a more complex MF with added independent 

resonators, because local optimal solutions increase. These MFs will be the subject of 

a future study. 
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Table 1 Mechanical and dynamic properties of the slender tank  

Diameter, m 8.0 Max. liquid height/Diam. 1.5 

Wall thickness, mm 6 Impulsive mass, kg 5.08×105 

Tank height, m  14.0 Impulsive frequency, Hz 6.49 

Maximum liquid height, 

m 

12.0 Height of impulsive mass, m 5.44 

 

Table 2 List of natural accelerograms for OBE events  

Number of 

Accelerogram 

Event ID M 

RJb 

[𝐤𝐦] 

PGA 

[𝐦/𝐬𝟐] 

1 Loma Prieta LOMAP_BRN090 6.93 3.85 0.4067 

2 Kalamata 000414ya 5.9 11 0.3738 

3 South Iceland 004673ya 6.5 15 0.4224 

4 L'Aquila Mainshock IT0792ya 6.3 4.87 0.6287 

5 

FRIULI 2ND 

SHOCK 

IT0078ya 5.6 26.21 0.4023 

6 Northridge-01 

NORTHR_ORR36

0 

6.69 20.11 0.3749 

7 Umbria Marche 000594ya 6 11 0.4224 

8 Montenegro 000199ya 6.9 16 0.3071 

9 Erzincan 000535ya 6.6 13 0.4224 

10 Friuli Italy-01 FRIULLA_A- 6.5 14.97 0.2585 

Table Click here to access/download;Table;Tables_OSB.docx

https://www.editorialmanager.com/jrnemeng/download.aspx?id=363178&guid=de6ea6fa-a685-47eb-af1c-33f06fa1bb8e&scheme=1
https://www.editorialmanager.com/jrnemeng/download.aspx?id=363178&guid=de6ea6fa-a685-47eb-af1c-33f06fa1bb8e&scheme=1


TMZ270 

11 

South Iceland (after 

shock) 

006328ya 6.4 12 0.3914 

12 Ano Liosia 001715ya 6 14 0.3103 

13 L'Aquila Mainshock IT0789ya 6.3 4.63 0.4024 

14 L'Aquila Mainshock IT0790ya 6.3 4.39 0.4459 

15 L'Aquila Mainshock IT0791ya 6.3 5.65 0.33 

 

 

Table 3 Optimal results for the three MFs  

 MF #1 MF #2 MF #3 

γσ2 0.611 0.948 0.436 

𝛾𝜔 0.806 0.886 0.493 

ξ2 0.020 0.011 0.029 

𝑓2,  Hz 5.36  3.70  3.28  

 

  



Table 4 Statistics of γResp of different MFs in different systems 

Statistics of γResp 

Uncoupled 

System 

Coupled System 

with MF #1 with MF #1 with MF #2 with MF #3 

Mean 0.93 1.16 0.82 0.77 

Standard deviation 0.26 0.60 0.52 0.38 

Minimum value 0.56 0.51 0.29 0.30 

Maximum value 1.38 2.68 2.02 1.64 

Number of accel. with 

γResp>1 

5 7 4 4 

 

 

Table 5 Modal properties of coupled systems endowed with MF #2 and MF #3 

Mode 

number 

Coupled system with MF #2 Coupled system with MF #3 

𝒇 (Hz)  Normalized 𝜸𝒔 𝒇 (Hz)  Normalized 𝜸𝒔 

1st 3.166 0.784 2.931 0.688 

2nd 3.649 0.023 3.243 0.022 

3rd 4.700 0.167 4.534 0.263 

4th 25.219 0.023 24.996 0.024 

5th 44.265 0.003 44.137 0.003 
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Low-frequency and time-history analysis of one-dimensional uncoupled and coupled systems with 
optimal metafoundations 

Vibration attenuations and amplifications of one-dimensional uncoupled and coupled 

systems with optimal metafoundations 

Lei Xiao, Feifei Sun, Oreste Salvatore Bursi  

Manuscript Number: EMENG-5178 

The authors wish to thank the Reviewers for their comments and recommendations. The 
authors have addressed the Reviewers’ comments as thoroughly as possible.  

Below, the main comments of the reviewers are shown in black color. The authors’ responses 
are given in blue. Major revisions suggested by the reviewers are clearly pointed out 
hereinafter and incorporated within the revised paper in red. Conversely, minor revisions are 
not explicitly shown here; however, they have been addressed accordingly in the revised 
manuscript. 

Responses to Reviewer #1 
 

Reviewer #1: In this article, Xiao et al. perform a numerical study on metafoundations and 
analyze their interaction with superstructures. With respect to their previous submission, the 
authors have shifted their attention to metafoundations, i.e., systems for which a spring-mass 
model represents a reasonable approximation. The article has been improved much with 
respect to the previous submission, and I think it could represent an interesting contribution 
to the seismic metamaterials community, since not many have analyzed the amplification 
effects of these systems at frequencies outside the attenuation zones. However, few issues 
still remain. First of all, the authors reference many times the work of Basone et al., using 
many of the procedures reported in that article. The authors should clarify that the present 
work is a follow-up on the other article and should specify with more clarity what the main 
contributions of the present work are. Also, some parts of the article can be written with more 
clarity. In conclusion, this article should be considered for publication in JEM upon revision.  

In the following, the authors will find some detailed comments aimed at improving their 
manuscript. 

Comment-1: This work seems to be a follow up on the article by Basone et al. The main 
novelty seems to be the analysis of the non-attenuation zones and of the amplification of the 
superstructure response due to the presence of the metafoundation. Is this correct? If so, I 
would make this more clear in the "Scope" section. Also, I would modify the title and mention 
something about the analysis of the vibration amplification phenomena in structures with 
metafoundations. Also, I would be explicit in the introduction and say that, "building from the 
work of Basone, the objective of this work is to [... adding a clear sentence about the main 
advancement of this work]" 

The authors appreciate the revision work of Reviewer #1 and we agree with these suggestions. 

In the Scope Section, the following sentences are added to explicitly point this out. 

Response to Reviewers Comments Click here to access/download;Response to Reviewers
Comments;JEM_response_20191021_OSB.docx

https://www.editorialmanager.com/jrnemeng/download.aspx?id=363177&guid=52402ea6-5a87-4c6e-ad54-faf631b00be4&scheme=1
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“In order to shed light on both mechanisms and performance of MFs, especially the coupling 

effect of AZs and NAZs, this article proposes a phased approach which relies on the analysis of 

both uncoupled and coupled systems. More precisely, this research work is a continuation of 

the work by Basone et al. (Basone et al., 2018). Therefore, we start with the MF designed and 

optimized to control the response of a slender tank subjected to site‐specific ground motion 

spectra, and we consider the main dynamic properties of the relevant superstructure.” 

Moreover, the title is modified as follows: 

“Vibration attenuations and amplifications of one-dimensional uncoupled and coupled 

systems with optimal metafoundations” 

Comment-2: I would remove all abbreviations from the abstract (I don't think that is the right 

place to introduce abbreviations). Also, could the author try to limit them (PF, MF, AZ, NAZ, 

BI, OBE, UHS, CMS, SSE are way too many, in my opinion)? Otherwise, the reader is sometimes 

left searching the manuscript for the meaning of a certain abbreviation. 

The authors agree with these suggestions. All the abbreviations in Abstract has been removed. 

Only ’MF’, ‘AZ’,’NAZ’, ‘OBE’ and ‘UHS’ remain in the revised version of the manuscript. 

Comment-3: Some explanations are unclear. For example, please re-write the sentences on 

lines 100-105 and 145-153. 

The sentences on lines 100-105 are revised as follows. 

“Nonetheless, mitigation effects on the superstructure response are not explored in depth; in 

particular, they depend on base-isolation effects entailed by finite unit cells, the frequency 

range of AZs and resulting NAZs, indeed.” 

The sentences on lines 145-153 are revised as follows. 

“As stated in the Introduction, we consider two basic systems, named System #1 and System 

#3 in Fig. 1(a) and Fig. 1(c), respectively. Nonetheless, to take into account the shift of 

frequency of the original superstructure entailed by the flexibility of the outer frame of the 

MF, a new system called System #2 and depicted in Fig. 1(b) is considered. It is formed by 

replacing the original superstructure in System #1 with an equivalent SDOF structure, which 

reflects the first mode of the coupled superstructure-outer frame system. The MFs optimized 

in these three systems are denoted as MF #1, #2 and #3, respectively.” 

Comment-4: The language can be improved. Not many typos are present but some sentences 
can be streamlined and made clearer. 

Both grammar and language have been improved. 

Comment-5: In Section "MFs performance in System #3" (please don't use abbreviations in 
section titles), the authors claim that MF3 causes a more favorable mitigation effect. Why is 
that the case? The authors could try to quantify this "favorability". 

The title has been changed as “Performance of metafoundations in System #3”. 
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The performance of each metafoundation in the time domain is evaluated on the basis of the 

performance index  𝛾𝑅𝑒𝑠𝑝, which defines the peak acceleration response ratio of the controlled 

and uncontrolled superstructure and is stated in Eq. 17. The statistics of  𝛾𝑅𝑒𝑠𝑝 are collected in 

Table 4. From that table, one can argue that both the mean value and the standard deviation 

of the coupled system with MF #3 are the lowest of the three coupled systems. The number of 

accelerograms in the case of MF #3, which would amplify the response of the controlled 

superstructure, is also minimal. All these figures indicate a more effective and stable 

mitigation effect of MF #3, compared with MF #1 and #2. 

In the frequency domain, the moduli of transfer functions of superstructures in coupled 

systems with the three optimal MFs are compared in Fig. 4. MF #3 is the most effective in 

terms of amplitude reduction, which is consistent with the time domain results collected in 

Table 4. 

The discussion about the performance evaluation stated in Section “Performance of optimized 

system” is revised as follows.  

“With regard to the performance of the three MFs in the coupled system, the best mitigation 

effect is provided by MF #3, because MF #3 is directly optimized for the whole system. More 

precisely, as indicated in Table 4, a 23% average mitigation effect is achieved by MF #3 while 

that for MF #2 is 18% and MF #1 is ineffective in the average. The standard deviation of MF 

#3 is the lowest of the three MFs. The number of accelerograms that amplify the controlled 

superstructure response in the case of MF #3 is also minimal. All these figures indicate a more 

effective and stable mitigation effect of MF #3. Conversely, the mitigation effect of MF #1 is 

the worst. As far as the performance of MF #2 is concerned, this metafoundation, which is 

optimized in the uncoupled system but based on an equivalent SDOF, can achieve a 

performance close to that of MF #3. 

With reference to the frequency domain, the moduli of transfer functions of superstructures 

|𝐻4,𝑗(𝜔)| in coupled systems with the three optimal MFs are presented in Error! Reference 

source not found.. Anew, MF #3 is the most effective in terms of amplitude reduction, as 

indicated by the transfer function amplitude of the superstructure with MF #3 |𝐻4,3(𝜔)|; this 

is consistent with the results of Table 4. Conversely, only a limited benefit is achieved with MF 

#1. It is noteworthy to mention that both |𝐻4,2(𝜔)| and |𝐻4,3(𝜔)| exhibit two peaks due to 

the AZ caused by the inner resonators while |𝐻4,1(𝜔)| shows only a single peak entailed by 

the superstructure.” 

Comment-6: In Table 4, why are there two columns with the same label? 

The layout of this table is improved to make it clear. The second column refers to “Uncoupled 

System with MF #1”; the third column refers to “Coupled System with MF #1”.  

Comment-7: Figures 1 and 3 are redundant. Can the authors collapse figures 1, 2 and 3 in a 
single figure? Also, I am not sure that figure 4 is needed. Plus, this figure is unreadable unless 
the reader keeps looking back at Fig.3 to understand what those points 1, 2 and 4 are. Also, 
in order to be able to compare the behavior of MF1, MF2 and MF3, can the authors add the 
same reference (e.g. the uncontrolled superstructure response) to all plots? It would also be 
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nice if the authors tried to use the same line markers for analogous quantities in those figures 
(e.g., the dashed blue line is the uncontrolled superstructure response in all figures). 

The authors agree with these suggestions. Fig. 3 replaced Fig. 1. Fig. 4 has been removed. The 

FRF of the uncontrolled superstructure is added to all related figures, that is, Fig. 9-11 in the 

revised version. Legends are unified in those figures. 

Comment-8: Fig.10 should be explained with more clarity. What does the yellow bar indicate, 
from a physical perspective? How can this bar be interpreted? 

With regard to the new Fig. 8, the yellow bar defines the area ratio of the response PSD of the 

controlled and uncontrolled superstructures, as indicated below. 

𝛾𝐴 =
∫ 𝑆𝑠1(𝜔)𝑑𝜔

∞

0

∫ 𝑆𝑈𝑁𝐶(𝜔)𝑑𝜔
∞

0

 

The standard deviation ratio 𝛾𝜎 is defined as  

𝛾𝜎 = (
𝜎𝑎

2,𝐶𝑂𝑁

𝜎𝑎
2,𝑈𝑁𝐶)

0.5

= (
∫ 𝑆𝑠1(𝜔)𝑑𝜔

∞

0

∫ 𝑆𝑈𝑁𝐶(𝜔)𝑑𝜔
∞

0

)

0.5

= (𝛾𝐴)0.5 

As indicated in the new Fig. 7, a high correlation between 𝛾𝜎 and the response ratio of the 

controlled and uncontrolled superstructures 𝛾𝑅𝑒𝑠𝑝 is evident. Hence, in the previous version, 

we employed  𝛾𝐴  to estimate the response ratio of the controlled and uncontrolled 

superstructures 𝛾𝑅𝑒𝑠𝑝. But for simplicity and clarity, we directly used  𝛾𝑅𝑒𝑠𝑝 instead of 𝛾𝐴 in the 

revised version. 

The related part in Section “ Quantification of non-attenuation zone and attenuation zone” is 

revised as follows. 

“The corresponding results are depicted in Error! Reference source not found., where the 

yellow bar defines the response ratio of the controlled and uncontrolled superstructures 𝛾𝑅𝑒𝑠𝑝.” 

Comment-9: I am confused about the optimization procedure and I invite the authors to 
better explain it. Are the authors optimizing for maximum attenuation? Or are they optimizing 
for a combination of maximum attenuation in the AZ and lowest peaks outside of it? Just 
saying "we optimize for the variance ratio" is not clear enough. 

More precisely, we optimized the maximum attenuation of the variance ratio, defined as 

𝛾𝜎2 = 𝜎𝑎
2,𝐶𝑂𝑁(𝒅)/𝜎𝑎

2,𝑈𝑁𝐶(𝒅) 

where 𝛾𝜎2  is chosen as the objective function based on the reasons listed herein. 

1) 𝛾𝜎2  can be directly calculated in the frequency domain. Therefore, the existing soil models 

for power-spectrum density function evaluation, like the Kanai-Tajimi filter, can be used. 

By fitting the average power-spectrum density function of a set of selected accelerograms 

with the Kanai-Tajimi filter, construction sites can be taken into account. See, Basone et 

al., (2018). As a result, with respect to optimization procedures which consider peak 
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responses of a set of accelerations in the time domain, the proposed optimization in the 

frequency domain is quite efficient. 

2) As shown in Fig. 7 of the manuscript, 𝛾𝜎2  and the peak response ratio 𝛾𝑅𝑒𝑠𝑝 are highly 

correlated. Hence, optimization results based on 𝛾𝜎2  can also attenuate peak responses to 

a large extent, as the average attenuation of peak responses shown in the last column of 

Table 4. A 23% average attenuation is achieved in the case of the coupled system with MF 

#3. 

3) 𝛾𝜎2  is commonly used as the objective function in the optimization of passive structural 

vibration control, e.g. De Domenico and Ricciardi (2018). 

In the coupled system, it is not easy to find a performance index to measure the maximum 

attenuation in the AZ. In fact, the actual attenuation of the peak response is related to the 

frequency range of the AZ, the attenuation effect in the AZ, the amplification in the NAZ and 

the base-isolation effect.  

As a result, the Section “Optimization procedure” of the manuscript is revised as follows. 

“The autocovariance or variance of the superstructure absolute acceleration 𝜎𝑎
2,𝐶𝑂𝑁 of each 

controlled system can be calculated by the Wiener–Khinchin theorem, as 

𝜎𝑎
2,𝐶𝑂𝑁 = 𝐸[𝑎2( = 0)] = ∫ 𝑆𝑠𝑖(𝜔) 𝑑𝜔  (𝑖 = 1, 2, 3)

∞

0

 ( 14 ) 

where 𝐸[𝑎2( = 0)] defines the expectation of the random variable 𝑎 and  is the time lag 

(Vanmarcke, 1976; Kjell, 2002). The variance of the uncontrolled superstructure can be 

obtained as 

𝜎𝑎
2,𝑈𝑁𝐶 = ∫ |𝐻𝑠(𝜔)|2𝑆�̈�𝑔

(𝜔) 𝑑𝜔.
∞

0

 ( 15 ) 

Then, a variance ratio can be defined as 

𝛾𝜎2 = 𝜎𝑎
2,𝐶𝑂𝑁/𝜎𝑎

2,𝑈𝑁𝐶  ( 16 ) 

The variance ratio 𝛾𝜎2, which is commonly used as the objective function in the optimization 

of passive structural vibration control, see among others (De Domenico and Ricciardi, (2018)), 

is selected as the objective function. By replacing 𝑆�̈�𝑔
(𝜔) in Eq. (5), (6), (10) and (15) with the 

KC-fitted PSD for the OBE accelerograms obtained in the Section “Ground motion selection”, 

an optimization in the frequency domain was carried out. As a result, in order to achieve the 

maximum attenuation of the variance ratio  𝛾𝜎2  based on the construction site, 𝛾𝜎2  was 

minimized in the frequency domain.” 
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Responses to Reviewer #2 
 

Reviewer #2: The revised manuscript has several major modifications, especially in the model 
setup and the research method. By introducing the two uncoupled systems and comparing 
them with the coupled system, the coupling effects between the metafoundations (MFs) and 
the superstructure is better understood. Overall, the key concepts have been explained much 
better, and the methodology of the study makes more sense to me. However, there are still 
a few places where things should be clarified or explained to the reviewer's satisfaction.  

Comment-1: In the rerevised manuscript, the transfer function Hx^{MF}, i.e., Eq. (2), is 
defined in a way that relates the relative displacement to the excitation (in the paper, x_g). 
However, equation (3) is valid for transfer functions defined with respect to the excitation 
acceleration, i.e., (x_g ) ̈. The authors should double check the validity of equation (3). 
Moreover, the transfer function Hs (Eq. (4)) is obtained using a different definition other than 
the one used for Hx^{MF}. The definition of the transfer functions should be consistent 
throughout the paper. If the reviewer's argument is right, the authors should correct these 
equations as well as the remainder of the paper accordingly.  

The authors appreciate the revision made by Reviewer #2. 

We actually used the transfer function with respect to acceleration excitations instead of the 

one with respect to displacement excitations in the related Matlab codes. Both the text and 

Eq. (2) have been amended as follows. 

“Given a harmonic acceleration excitation �̈�𝑔 = 𝑒𝑖𝜔𝑡 where 𝑖 = √−1, the transfer function 

that relates the relative displacement of the system to the excitation can be expressed as  

𝑯𝑥
𝑴𝑭(𝜔) =

𝑴𝑴𝑭𝒓𝑴𝑭

−𝜔2𝑴𝑴𝑭 + 𝑖𝜔𝑪𝑴𝑭 + 𝑲𝑴𝑭
 ( 1 ) 

” 

The transfer function of the SDOF system, Eq. (4), is rewritten to be consistent with the case 

of a MDOF system as 

“ 

𝐻𝑠(𝜔) =
𝑚𝑠

−𝜔2𝑚𝑠 + 𝑖𝜔𝑐𝑠 + 𝑘𝑠
 ( 4 ) 

in which 𝑚𝑠, 𝑘𝑠and 𝑐𝑠 are the mass, stiffness and damping coefficient of the superstructure, 

respectively.” 

Comment-2: For system 2, the one with the equivalent SDOF structure, its PSD is given in Eq. 

(6) with H_{eq} buried in the expression. The authors should provide the explicit formula of 

H_{eq} and guide readers how to get it. 

The transfer function of the equivalent SDOF structure is the same of the transfer function of 

an SDOF structure except that the parameters of the equivalent SDOF structure are used. The 
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manuscript is revised to explicitly guide how to obtain parameters of the equivalent SDOF 

structure. 

“As far as System #2 is concerned, see Fig. 1b, we recall that the main characteristics of the 

coupled system of the original superstructure and the outer frame of the MF are dynamically 

represented by an equivalent SDOF system. The mass, eigenfrequency and damping ratio of 

the equivalent SDOF system are the corresponding parameters of the first mode of the coupled 

superstructure-outer frame system. As a result, the response PSD of the equivalent SDOF 

structure 𝑆𝑠2(𝜔) can be evaluated as 

𝑆𝑠2(𝜔) = |𝐻𝑒𝑞(𝜔)|
2

|𝐻1(𝜔)|2𝑆�̈�𝑔
(𝜔) ( 6 ) 

where 𝐻𝑒𝑞(𝜔) defines the transfer function of the equivalent SDOF structure. 𝐻𝑒𝑞(𝜔) can be 

easily obtained by substituting the parameters of the equivalent SDOF structure into Eq. (4).” 

Comment-3: In Eq. (5) and (6), H_{MF} should be replaced by H_{MF1}. 

Eq. (5) and (6) have been revised accordingly.  

 

𝑆𝑠1(𝜔) = |𝐻𝑠(𝜔)|2|𝐻𝑀𝐹1(𝜔)|2𝑆�̈�𝑔
(𝜔) = |𝐻𝑠(𝜔)|2𝑆𝑃1(𝜔) ( 5 ) 

𝑆𝑠2(𝜔) = |𝐻𝑒𝑞(𝜔)|
2

|𝐻𝑀𝐹1(𝜔)|2𝑆�̈�𝑔
(𝜔) ( 6 ) 

 

Comment-4: In the optimization procedure, the authors choose γ_{σ^2} as the objective 

function. However, they didn't give any explanations or citations why they made this choice. 

From the reviewer's standpoint, since this study has focused on the amplification in the non-

attenuation zone (NAZ), the optimization should aim at evaluating the set of parameters 

which gives the minimum amplification effect in NAZ. 

Thank you for your suggestions. 

 𝛾𝜎2  is chosen as the objective function based on the reasons below. 

1) 𝛾𝜎2  can be directly calculated in the frequency domain. Therefore, the existing soil models 

for power-spectrum density function evaluation, like the Kanai-Tajimi filter, can be used. 

By fitting the average power-spectrum density function of a set of selected accelerograms 

with the Kanai-Tajimi filter, construction sites can be taken into account. See, Basone et 

al., (2018). As a result, with respect to optimization procedures which consider peak 

responses of a set of accelerations in the time domain, the proposed optimization in the 

frequency domain is quite effective. 

2) As shown in Fig. 7 of the manuscript, 𝛾𝜎2  and the peak response attenuation ratio 𝛾𝑅𝑒𝑠𝑝 

are highly correlated. Hence, optimization results based on 𝛾𝜎2  can also attenuate peak 

responses to a large extent, as the average attenuation of peak responses shown in the 

first column of Table 4. A 23% average attenuation is achieved in the case of the coupled 

system with MF #3. 
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3) 𝛾𝜎2  is commonly used as the objective function in the optimization of passive structural 

vibration control, e.g. De Domenico and Ricciardi (2018). 

 

We believe that a measure of the minimum amplification effect in NAZ can be represented by 

the amplitude of the transfer function of the superstructure. The optimization based on the 

maximum attenuation of the amplitude of the transfer function can achieve an optimal result. 

However, the use of 𝛾𝜎2  as objective function allows for considering the construction site, as 

stated in point 1 above. 

The Section Optimization procedure is revised to clearly point out the reason behind the choice 

of 𝛾𝜎2as objective function. 

“The autocovariance or variance of the superstructure absolute acceleration 𝜎𝑎
2,𝐶𝑂𝑁 of each 

system can be calculated by the Wiener–Khinchin theorem, as 

𝜎𝑎
2,𝐶𝑂𝑁 = 𝐸[𝑎2( = 0)] = ∫ 𝑆𝑠𝑖(𝜔) 𝑑𝜔  (𝑖 = 1, 2, 3)

∞

0

 ( 14 ) 

where 𝐸[𝑎2( = 0)] defines the expectation of the random variable 𝑎 and  is the time lag 

(Vanmarcke, 1976; Kjell, 2002). The variance of the uncontrolled superstructure can be 

obtained as 

𝜎𝑎
2,𝑈𝑁𝐶 = ∫ |𝐻𝑠(𝜔)|2𝑆�̈�𝑔

(𝜔) 𝑑𝜔.
∞

0

 ( 15 ) 

Then, a variance ratio can defined as 

𝛾𝜎2 = 𝜎𝑎
2,𝐶𝑂𝑁/𝜎𝑎

2,𝑈𝑁𝐶  ( 16 ) 

The variance ratio 𝛾𝜎2, which is commonly used as the objective function in the optimization 

of passive structural vibration control, see among others (De Domenico and Ricciardi, (2018)), 

is selected as the objective function. By replacing 𝑆�̈�𝑔
(𝜔) in Eq. (5), (6), (10) and (15) with the 

KC-fitted PSD for the OBE accelerograms obtained in the Section “Ground motion selection”, 

an optimization in the frequency domain was carried out. As a result, in order to achieve the 

maximum attenuation of the variance ratio  𝛾𝜎2  based on the construction site, 𝛾𝜎2  was mini 

ized in the frequency domain.” 

 

Comment-5: The following sentence starting from line 339 needs to be clarified: "In fact, this 

shift hindered the mitigation of the superstructure response of the coupled system #3 with 

MF #1." 

This sentence means that due to the frequency shift of the superstructure, MF #1 fails to 

mitigate the response of the superstructure in the coupled system. The whole paragraph that 

starts in line 349 and provides reasons has been amended.  

“The mitigation performance of MFs can benefit from the use of a flexible unit cell –flexible 

outer frame- which entails an isolation effect due to a superstructure frequency shift. 
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However, this shift hindered the mitigation performance of MF #1 in the coupled system. More 

precisely, MF #1 has been optimized in the uncoupled system. Therefore, it realizes an AZ 

which covers the eigenfrequency of the uncontrolled superstructure (dashed line), marked 

with a shaded area in Fig. 9. Nonetheless, when MF #1 is involved in the coupled system, due 

to coupling, the eigenfrequency of the superstructure shifts to a lower frequency value which 

results to be outside the AZ of MF #1. See, in this respect, the continuous line of the coupled 

system (CS) with MF #1. As a result, MF #1 fails to mitigate the seismic response of the 

superstructure in the coupled system.” 

Comment-6: In the section of "Frequency shift of superstructure", the authors mention that 

MF #1 and #2 are "designed" while MF #3 is "optimized" to exhibit certain features. Is there 

any difference between the design and optimization procedures? Is the optimization adopted 

in this section different from the previous one? The authors should specify and clarify how 

they design and optimize the MFs. 

There is no difference in the optimization process. MF #1, MF #2 and MF #3 are optimized with 

the same procedure stated in Section “Optimization procedure” and the same objective 

function stated in Eq. (16). The only difference is that MF #1 and MF #2 are optimized in the 

uncoupled system while MF #3 is optimized in the coupled system. 

As a result, Section "Frequency shift of superstructure” is amended as follows. 

“The mitigation performance of MFs can benefit from the use of a flexible unit cell –flexible 

outer frame- which entails an isolation effect due to a superstructure frequency shift. 

However, this shift hindered the mitigation performance of MF #1 in the coupled system. More 

precisely, MF #1 has been optimized in the uncoupled system. Therefore, it realizes an AZ 

which covers the eigenfrequency of the uncontrolled superstructure (dashed line), marked 

with a shaded area in Fig. 9. Nonetheless, when MF #1 is involved in the coupled system, due 

to coupling, the eigenfrequency of the superstructure shifts to a lower frequency value which 

results to be outside the AZ of MF #1. See, in this respect, the continuous line of  the coupled 

system with MF #1. As a result, MF #1 fails to mitigate the seismic response of the 

superstructure in the coupled system. 

MF #2 depicted in Fig. 1(b) is also optimized in the uncoupled system. However, in order to 

take into account the aforementioned frequency shift, instead of the original superstructure 

an equivalent SDOF system is used. Therefore, MF #2 exhibits an AZ that covers the 

eigenfrequency component of the equivalent SDOF, as shown in Fig. 10. As a result, the peak 

frequency of the superstructure in the coupled system with MF #2, see the second peak of the 

continuous line of the coupled system with MF #2 in Fig. 10, actually falls into the AZ. 

Therefore, a more favorable mitigation effect is achieved with MF #2, w.r.t. the previous 

coupled system with MF #1.” 

References 

De Domenico D and Ricciardi G. (2018) Optimal design and seismic performance of tuned mass 

damper inerter (TMDI) for structures with nonlinear base isolation systems. Earthquake 

Engineering & Structural Dynamics 47: 2539-2560. 


