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Abstract

In this doctoral thesis, we theoretically investigate the propagation of sound waves
in dilute Bose gases, in both the collisionless and hydrodynamic regimes. The
study of sound wave is a topic of high relevance for the understanding of dynam-
ical properties of any fluid, classical or quantum, and further provides insightful
information about the equation of state of the system.

In our work, we focus in particular on the two-dimensional (2D) Bose gas,
in which the sound wave is predicted to give useful information about the na-
ture of the superfluid phase transition. Recently, experimental measurement of
sound wave in a uniform 2D Bose gas has become available, and we show that the
measured data are quantitatively well explained by our collisionless theory.

Finally, we study the mixtures of weakly interacting Bose gases, by developing
a beyond mean-field theory, which includes the effects of thermal and quantum
fluctuations in both the density and spin channels. Our new theory allows for the
investigation of sound dynamics, as well as the fundamental problem of phase-
separation.
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Introduction

From our voice to musical instruments, sound is ubiquitous in nature. In classical
fluids, sound corresponds to an adiabatic oscillation in pressure traveling in space,
for which the propagation is mediated by the collisions between the particles in
the medium, such as air or water [1]. The need for collisions between particles
implies that, different from electromagnetic waves, sound can not propagate in
vacuum. On the other hand in solids, the periodic arrangement of atoms allow for
the existence of vibrational modes, which correspond to the collective excitations
of the system in the quantum mechanical description. In contrast to the sounds
in classical fluids (referred to hydrodynamic sounds), these phonons do not arise
from the incoherent collisions between the atoms, but rather from the presence of
a lattice. Finally the most exciting, yet not fully explored field concerns the sound
propagation in quantum gases.

Quantum gases have been intensively investigated since their first experimental
realization more than twenty years ago [2,3], and are often referred to as quantum
simulators, owing to their cleanness and high tunability [4–6]. The use of opti-
cal and magnetic traps allows for trapping millions of atoms of the same species
without bringing any impurities, and for cooling them to a few micro-Kelvins, a
temperature regime in which quantum effects become dominant. As for the high
controllability of the system, it is achieved from the control of several external pa-
rameters at will, including the temperature, the atomic species, the shape of the
trapping potential, and most importantly, the interaction strength between atoms,
using Feshbach resonance. Consequently, playing on these available “knobs”, one
can conveniently sweep from a regime where there are enough collisions to sustain
a hydrodynamic picture, to a collisionless regime where many-bodies interactions
play a lead role.

The aim of my thesis is to study the propagation of sound in dilute Bose gases,
in both the hydrodynamic and collisionless regimes. In particular, we focus on the
sound properties of three-dimensional and two-dimensional Bose gases. We further
develop the finite-temperature theory for three-dimensional Bose-Bose mixtures,
in view of a future study of sound dynamics.

One of the most extraordinary manifestation of quantum behavior at the
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macroscopic scale is the phenomenon of superfluidity [7]. Below a certain tem-
perature, the quantum fluid is well described by the two-fluid picture introduced
by Landau [8], where one may consider the gas to be a mixture of normal viscous
component and a non-dissipative superfluid. This leads to the emergence of a new
sound mode, which in the hydrodynamic regime is referred to as second sound,
in contrast to the first sound known in normal fluids [9]. In a weakly interacting
Bose gas, the second sound corresponds to an oscillation of the superfluid density.
Instead, for a strongly interacting system such as the unitary Fermi gas, the sec-
ond sound corresponds to an out-of-phase oscillation of the superfluid and normal
components [10]. Therefore the second sound is closely related to the superfluid
property of the gas. Recently, this connection has been used to achieve the first
measurement of the superfluid density of an interacting Fermi gas [11], from an ex-
perimental probe of the second sound. Indeed, while in a weakly interacting Bose
gas the superfluid density is practically the same as the Bose-Einstein condensate
(BEC) fraction and therefore can be easily measured, this is no longer true in a
Fermi gas, where the macroscopic occupation of a single state is prohibited from
Fermi statistics. Another system where second sound is expected to provide useful
information about the superfluid property is the two-dimensional (2D) quantum
gas [12].

In two dimensions, Bose-Einstein condensation is ruled out at finite tempera-
ture, due to the presence of strong thermal fluctuations [13]. However, a super-
fluid can still exist, known as the Berezinskii-Kosterlitz-Thouless (BKT) superfluid
phase [14,15]. One of the main characteristic of this phase is to be an infinite order
phase transition, implying that any thermodynamic quantities evolve smoothly as
one crosses the transition point, without showing any singular behavior. Instead,
the superfluid density is predicted to exhibit a sudden jump at the phase transi-
tion, by taking abruptly a finite value as one enters in the superfluid regime. While
2D Bose and Fermi gases have been realized experimentally, this BKT jump of the
superfluid density has never been observed explicitly in a quantum gas, also due to
the difficulty in probing directly the superfluid density. The situation is therefore
very similar to the aforementioned interacting Fermi gas, and one may expect the
second sound to shed light on the BKT transition. This is indeed what was found
in a preliminary theoretical work [16], in which the authors have predicted the
occurrence of a BKT jump in the second sound speed too, for a weakly interacting
2D Bose gas.

In our work, we have extended this prior study to investigate the effects of
inter-atomic interaction on the sound velocities, from the weak-coupling regime to
the strong-coupling regime. In experimental systems, the two limits correspond
to the weakly interacting 2D Bose gas on one side, and the BEC regime of a 2D
Fermi gas on the other side. Our calculations based on Landau’s two-fluid equation
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and universal thermodynamics have revealed that the BKT jump of the second
sound remains for any values of interaction, whereas the nature of the sound itself
exhibits a great change, by evolving from a density wave to an entropic wave as
one increases the interaction strength.

Besides the hydrodynamic regime in which the sound propagates through the
individual atomic collisions, it is known that sound in interacting quantum gases
can also propagate as an effect of the average interaction force. This is for instance
the case of the Bogoliubov phonon at zero temperature in weakly interacting BEC,
which corresponds to the collective mode of the superfluid system. Strongly moti-
vated by the measurement of the sound velocity in a weakly interacting 2D Bose
gas carried by the experimental group of Paris [17], where they did not observe the
BKT jump but rather a finite sound velocity also in the absence of a superfluid,
we have developed a theory to investigate the collisionless regime. Our theoretical
framework is based on the collisionless Boltzmann equation, where one considers
the atoms to freely evolve in a mean-field created by the other atoms. Consistent
with the experimental observations, we found that sound can indeed propagate
without collisions, both in the superfluid and normal phase of the system, sus-
tained by the interaction between particles.

Finally, another system where the problem of sound remains practically unex-
plored, concerns the mixtures of quantum gases. Mixtures of atomic gases have
been realized since the early age of Bose-Einstein condensates [18,19]. Nowadays,
it is possible to trap simultaneously atoms of same species lying in different hyper-
fine states, but also atoms of different species and different statistics (Bose-Fermi
mixtures). A crucial question concerning mixtures, regardless of its quantum or
classical nature, is the miscibility. One can indeed expect the sound to propagate
in a different way as the mixture is homogeneous or phase-separated. For the two-
component Bose gas at zero temperature, the simplest mean-field analysis predicts
that the mixture is miscible if the interaction between the same atomic species is
stronger than the interaction between unlike particles, and phase separates if not.
On the other hand, the effects of temperature on the miscibility of mixtures are
less known, and even less the interplay between thermal and quantum fluctuations.
Intuitively, one may think that temperature favors mixing, as it is the case in clas-
sical fluids because of the entropy of mixing. However, our theoretical study based
on the finite-temperature many-body theory demonstrates the opposite: the mis-
cibility of a BEC mixture decreases as one increases the temperature, eventually
leading to a phase-separation.

Thesis summary

The first chapter of the manuscript aims to give a comprehensive introduction to
the theoretical concepts used in the thesis for the investigation of sound propa-
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gation in ultracold quantum gases. After briefly discussing the sound dynamics
in classical fluids, we will introduce the phenomena of Bose-Einstein condensation
and superfluidity. This will bring us to the concept of two-fluid hydrodynamics
developed by Landau. We then turn to the opposite collisionless regime, and set
the general theoretical framework, based on linear response theory. Finally we
summarize the existing and on-going experimental works on sound propagation
in quantum gases, so as to formulate the main motivation of this work. The sec-
ond chapter is devoted to the sound properties of single-component Bose gas. We
start from reviewing the three-dimensional Bose gas, which has been the subject
of several papers in the literature. This will provide us some insight into the ther-
modynamics of the weakly interacting Bose gas, as well as the theoretical tools
introduced in the previous chapter. The main part of this thesis concerns the
Chap. 3, devoted to the study of 2D Bose gas. After an introduction to the BKT
physics of 2D quantum gases, we investigate the hydrodynamic regime of the 2D
Bose gas. This part of the manuscript is mainly based on our work published in
Physical Review A [20]. We then move to the collisionless regime, and compare
our theoretical results for the sound speed with the recent experiment carried by
the Paris group. This part of the work was published together with the experi-
mental paper in Physical Review Letters [21]. In the final chapter, we study the
finite-temperature properties of binary Bose mixtures. After a review of existing
theories for the Bose mixtures at zero and finite temperatures, we develop the
Popov theory for the mixtures. Different from the other chapters, the emphasis in
this section is put on the study of the phase-separation. In particular, we discuss
the effects of thermal and quantum fluctuations on the thermodynamic properties
of the mixture. This part of the thesis is based on our work published in Physical
Review Letters [22].



Chapter 1

Sound propagation in ultracold
quantum gases

The aim of this first chapter is to introduce the theoretical tool needed for studying
the propagation of sound in quantum gases. We will first calculate the speed
of sound for the ideal classical fluids, by starting from the Boltzmann transport
equation. Although this derivation is not the most straightforward, nor the most
general one, it will provide us all the basic theoretical concept for the understanding
of sound physics. After introducing the phenomenon of Bose-Einstein condensation
and superfluidity, we will derive the equations for the sound waves in quantum
gases, in both the hydrodynamic and collisionless regimes.

1.1 Sound propagation in classical fluids

1.1.1 Boltzmann transport equation

The general idea of physical kinetics for the description of transport phenomena,
is to follow the motion of the fluid as a whole instead of looking at the motion of
each individual atom [23, 24]. This is achieved by writing down the equation of
motion for the distribution function of the system, f(r,p, t), which corresponds to
the number of particles per unit volume of phase space {r,p} at time t, where r
and p are, respectively, the spatial and momentum coordinates. Let us consider a
monoatomic gas, with atoms initially occupying a region A of the phase space, of
volume d3rd3p at (r,p). In the absence of collisions and under an external force
F, the atoms will be found after an interval of time δt in a region B of volume
d3r′d3p′ at coordinates (r′,p′), where r′ = r+vδt and p′ = p+Fδt, with v = p/m.
This statement is equivalent to the following equality:

f(r + vδt,p + Fδt, t+ δt)d3r′d3p′ = f(r,p, t)d3rd3p . (1.1)

5



6 Sound propagation in ultracold quantum gases

From geometric construction, one can show that d3r′d3p′ = d3rd3p, and expanding
the left-hand side of Eq. (1.1) up to linear order, one obtains the Boltzmann
transport equation,(

∂

∂t
+

p

m
∇−∇U(r, t)∇p

)
f(p, r, t) =

∂f

∂t

∣∣∣∣
coll

, (1.2)

where we have assumed a conservative force F = −∇U and introduced the colli-
sional term, ∂f/∂t|coll.

For a sufficiently small volume d3rd3p, and time δt, one may consider that any
collisions occurring inside A will drift atoms away from B. Equivalently, there
might be atoms reaching the elemental volume B from collisions occurring outside
the region A. For the dilute system which we are interested in, one can restrict to
binary collisions, and the collision integral takes the general form [25]:

∂f

∂t

∣∣∣∣
coll

(p, r, t) =

∫
d3p2d

3p′1d
3p′2[w(p′1,p

′
2|p,p2)f2 (r,p′1, r,p

′
2, t)

− w(p1,p2|p′1,p′2)f2 (r,p, r,p2, t)] , (1.3)

where we have introduced the scattering function w(p1,p2|p′1,p′2) containing all
the information about the nature of the collisions, and the two-body correlation
function f2(r1,p1, r2,p2), corresponding to the probability to find simultaneously
atoms in (r1,p1) and (r2,p2). Therefore, the first term in the right-hand side of Eq.
(1.3) describes the process in which the colliding atoms reach the state p, whereas
the second one corresponds to the scattering out term. In general, the scattering
function depends on the inter-atomic interaction and has to be defined in the
quantum mechanical context. The study of the two-body problem will be done in
Sec. 1.2.4 and here we only discuss some general features of w(1, 2|1′, 2′). In what
follows we consider the collisions to be elastic, implying that the momentum and
the energy are conserved. Under these considerations, the scattering amplitude has
to be invariant under time reversal and parity transformation, w(p′1,p

′
2|p,p2) =

w(p1,p2|p′1,p′2), and Eq. (1.3) can be rewritten as:

∂f

∂t

∣∣∣∣
coll

=

∫
d3p2d

3p′1d
3p′2w(p′1,p

′
2|p1,p2)

× [f (r,p′1, t) f (r,p′2, t)− f (r,p1, t) f (r,p2, t)] . (1.4)

In the above equation, we have further assumed the molecular chaos hypothesis
to hold, by neglecting the correlations between the colliding atoms: f2(1, 2) '
f(1)f(2). Equation (1.2) together with Eq. (1.4) constitute the Boltzmann trans-
port equations for the classical fluids. It is worth noticing that, beside the diffusion
terms, the Boltzmann equation (1.2) possesses two distinct contributions for the
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restoring force to the equilibrium: the collisional integral (1.4) on one hand, and
the conservative force ∇U∇pf on the other hand. As one shall see in more de-
tails in Sec. 1.3.4, the transport regime in which the former contribution plays a
major role is referred to the hydrodynamic regime, whereas one speaks about the
collisionless regime when the later contribution becomes dominant.

For a homogeneous gas (∇ = 0) in the absence of an external potential (U = 0),
an equilibrium solution of the Boltzmann equation is obtained by noticing that
the left-hand side of Eq. (1.2) is equal to zero for any distribution function f(p)
which does not depend on time and position. As for the collisional term Eq. (1.4),
it vanishes when the detailed-balance condition is satisfied:

f (r,p′1, t) f (r,p′2, t) = f (r,p1, t) f (r,p2, t) . (1.5)

Recalling the conservation of energy, the above condition is found to be satisfied
for the Maxwell-Boltzmann distribution function:

f(p) = e−β( p2

2m
−µ) , (1.6)

where β = 1/(kBT ) is the inverse thermal energy, and the chemical potential µ is
found from the normalization condition

n(r) =

(
kBT

2m

)3/2 ∫
d3pf(r,p) , (1.7)

with n(r) the number density of particles.

1.1.2 Hydrodynamic sound in classical fluids

We start from the hydrodynamic solution of the Boltzmann equations [24, §4].
As one shall see below, the solution of Boltzmann equation correctly retrieves the
adiabatic sound speed of a classical fluid. First, it is important to notice that the
collisional term (1.4) vanishes not only for the special choice of the distribution
function (1.6), but for a more general class of solutions:

f(r,p, t) = exp

[
−β(r, t)

(
1

2m
(p−mu(r, t))2 − µ(r, t)

)]
, (1.8)

with u the velocity of the fluid. Although the above equation is not an equilibrium
solution of the Boltzmann equation, it cancels the collisional term. The vanishing
of collisional term here does not mean that there are no collisions but the opposite:
there are enough collisions to maintain locally the thermodynamic equilibrium,
with a well-defined temperature, velocity and chemical potential, at every position
of the fluid.
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From the local equilibrium distribution (1.8), one can derive conservation equa-
tions, by taking the nth momenta of the Boltzmann equation. This is achieved by
multiplying Eq. (1.2) by pn (n = 0, 1, 2) and integrating over the momentum
space:

1. 0th momentum. Equation of continuity:

∂

∂t
n(r, t) +∇j(r, t) = 0 (1.9a)

with j(r, t) =
∫
d3p(p/m)f(r,p, t) the current density.

2. 1st momentum. Momentum conservation:

m
∂

∂t
j(r, t) +

∫
d3p (p∇)

( p

m
f(p, r, t)

)
= −∇U(r, t)n(r, t) (1.9b)

3. 2nd momentum. Energy conservation:

∂

∂t
E(r, t) +∇

∫
d3p

p

m

p2

2m
f(p, r, t) = −∇U(r, t)j(r, t) (1.9c)

with E(r, t) =
∫
d3p(p2/2m)f(r,p, t) the energy density.

For the description of acoustic waves, we shall concentrate on the small ampli-
tude oscillations of the fluid. This is achieved by expanding the physical quantities
around their equilibrium values, x(r,p, t) = x0+δx(r,p, t), and keeping only terms
to linear order in δx (we consider the fluid to be initially at rest; v0 = 0). Then,
noticing that any integrands with odd power of (p − mv) vanish, Eqs. (1.9a) -
(1.9c) yield to linear order:

∂

∂t
n(r, t) = −n0∇v(r, t) , (1.10a)

m
∂

∂t
j(r, t) = −∇P(r, t)− n0∇U(r, t) , (1.10b)

∂

∂t
E(r, t) = −(E0 + P0)∇v(r, t) , (1.10c)

with P = 2E/3, and to linear order, j(r, t) = n0v(r, t). Solving the above equations
one finally finds the following wave equation,

∂2n(r, t)

∂t2
= c2∇2n(r, t) + n∇2U(r, t) , (1.11)

with the classical sound velocity c =
√

5kBT/(3m).
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Before closing this section, it is insightful to discuss the nature of the classical
sound. From Eqs. (1.10a) and (1.10c), one finds

1

n

∂n(r, t)

∂t
=

3

5

∂P (r, t)

∂t
. (1.12)

This equation corresponds to the isentropic condition PV 5/3 = const, reflecting
that the sound wave propagates adiabatically. One can indeed verify that the
sound speed is given by the adiabatic compressibility of an ideal fluid, c2 = 1

m
∂P
∂n
|s.

It is also worth noticing that the above approach based on the Boltzmann
equation neglects the effects of interaction (see Eq. (1.9c) in which E includes only
the kinetic energy), and is therefore valid for weakly-interacting fluids only. As
one shall see in the next section, the formulation of the hydrodynamic equation
for the quantum fluids follows essentially the same procedure, starting from the
conservation equations after assuming local equilibrium of the gas. However we
shall not adopt any equation of state, making the superfluid hydrodynamics more
general than the classical description sketched in this section.

1.1.3 Collisionless sound in classical fluids

The Boltzmann equation can also be solved in the absence of collisions, by putting
explicitly the collisional term on the right-hand side of Eq. (1.2) to zero. The
collisionless Boltzmann equation, also referred to the Vlaslov equation in the lit-
eratures, has been intensively used in the context of plasma physics, to treat the
long-range character of Coulomb interactions [24, §6] [26, Ch. 3]. The effects of
interaction are taken into account through an effective potential,

Ueff(r) = Uext(r) + Uint(r) . (1.13)

In particular, we consider the interaction to be in the form,

Uint(r) =

∫
d3r′V (r− r′)n(r′) . (1.14)

Let us calculate the solution to the Boltzmann equation, under an external per-
turbation Uext(x) = δUext(q, ω)ei(qx−ωt), propagating along the x direction. Then,
for sufficiently small value of δUext, the induced fluctuations oscillate at the same
frequency as the perturbation:

f(p, r, t) = f 0(p) + δf(p, q, ω)ei(qx−ωt) (1.15)

where f 0(p) is an equilibrium distribution function satisfying Eq. (1.7). To linear
order in the perturbation, the Boltzmann equation now reads,

i(qvx − ω)δf(p, q, ω)− ikδUeff(q, ω)
∂f 0(p)

∂px
= 0 , (1.16)
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where the small amplitude deviation of the effective potential is

δUeff(q, ω) = δUext(q, ω) + v(q)

∫
d3p′δf(p′, q, ω) , (1.17)

with v(q) =
∫
d3sV (s)e−iqsx the Fourier component of the interaction potential.

The density perturbation induced by the external potential δn =
∫
d3pδf is found

to be,

δn(q, ω) = δUeff(q, ω)

∫
d3p′

q

qvx − ω
∂f 0(p′)

∂px
≡ −δUeffχ

0(q, ω) (1.18)

where we have introduced the response function of the referential system χ0. Fi-
nally, from Eq. (1.16), one finds

δn(q, ω) = −δUext
χ0(q, ω)

1− v(q)χ0(q, ω)

≡ −δUextχ(q, ω) . (1.19)

The sound velocity can be calculated from the pole of the response function χ(q, ω):

1− v(q)χ0(q, ω) = 0. (1.20)

1.2 Bose-Einstein condensation and superfluid-

ity

Since the first realization of Bose-Einstein condensation (BEC) over two decades
ago [2,3], the scientific field of ultracold atomic gases has been constantly growing,
by gathering the interest of both experimental and theoretical communities [4,
7, 27]. The occurrence of BEC is associated to the macroscopic occupation of a
given single-particle state, while the other states remain microscopically occupied.
A striking feature of BEC is that it is a purely statistical phenomenon, arising
from the very bosonic nature of the particles, regardless the interaction between
them. As a result, BEC occurs when the quantum nature of the particles becomes
dominant, i.e. when the thermal de Broglie wavelength,

λT =

√
2π~2

mkBT
(1.21)

becomes comparable to the interparticle distance. Experimentally, such configu-
ration can be achieved by both lowering the temperature or increasing the atomic
density. That is the dilute Bose gas, which is the system of interest in this thesis.
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1.2.1 Long-range order and density matrices

In order to discuss the phenomenon of BEC from the microscopic point of view,
it is meaningful to introduce the one body density matrix [7, §1]

n(1)(r, r′) = 〈Ψ̂†(r)Ψ̂(r′)〉 , (1.22)

where Ψ̂(r) (Ψ̂†(r)) is the field operator destroying (creating) a particle at the
spatial coordinate r. The 〈. . .〉 denotes the statistical average, taken in the grand-
canonical ensemble (see below). By definition, the diagonal elements of the density
matrix correspond to the real space density:

n(1)(r, r) = n(r) . (1.23)

The field operators can be expressed in the basis of single-particle wave func-
tions as follows [28]

Ψ̂(r) =
∑
i

ϕi(r)âi , (1.24)

where âi (â†i ) is the annihilation (creation) operator of a single particle in the state
described by ϕi. Using this expression, the one body density matrix Eq. (1.22)
now takes the form

n(1)(r, r′) =
∑
i

niϕ
∗
i (r)ϕi(r

′) , (1.25)

with ni = 〈â†i âi〉 the occupation number of the state ϕi. For simplicity, we consider
the uniform system in which the single-particle wave functions are given by plane-
waves, ϕi(r) = eikir/

√
V . In the thermodynamic limit where N, V → ∞ with

N/V = const, the one body density matrix will depend only on the modulus of
the relative distance s = r− r′.

The onset of BEC is characterized by the macroscopic occupation of the lowest
lying single-particle mode ni=0 = N0, with N0 being of the same order as the total
atoms number N . Equation (1.25) therefore becomes

n(1)(s) = n0 +
∑
p 6=0

npe
i
~p·s , (1.26)

with n0 = N0/V . For a system in the thermodynamic limit, the sum in Eq. (1.26)
can be replaced by an integration and one can verify that

lim
s→∞

n(1)(s) = n0 . (1.27)

This is the off-diagonal long-range order nature of the condensate. It is worth
stressing that the long-range order defines uniquely the condensate. As one shall
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see in the chapter devoted to two-dimensional systems, the enhancement of thermal
fluctuations in low dimensional system, and the consequent breaking of long-range
order, prevails the gas from having a BEC at finite-temperature in two dimensions.

By taking the Fourier transform of Eq. (1.22), one obtains the momentum
distribution function:

n(p) =
V

(2π~)3

∫
d3sn(1)(s)e−

i
~p·s

= 〈Ψ̂†(p)Ψ̂(p)〉 , (1.28)

with Ψ̂(p) = (2π~3)−1
∫
d3rΨ̂(r)e−ip·r/~. Using the expression (1.26) for n(1)(s)

one finds,

n(p) = N0δ(p) +
V

(2π~)3
np . (1.29)

An explicit expression for the occupation number in the non-interacting gas will
be given in the next section.

Finally, let us introduce the two-body density matrix:

n(2)(r, r′) = 〈Ψ̂†(r)Ψ̂†(r′)Ψ̂(r)Ψ̂(r′)〉 . (1.30)

The two body density matrix characterizes the correlation between two particles
at distance r−r′, and hence is closely related to the two-body correlation functions
introduced in Sec. 1.1.1.

1.2.2 The ideal Bose gas

For a non-interacting uniform Bose gas, one can evaluate the momentum distribu-
tion (1.29) in the thermodynamic equilibrium [7,23]. This is achieved by working
out in the grand-canonical ensemble, and one finds the Bose-Einstein distribution
function:

f(p) =
1

e
β
(

p2

2m
−µ

)
− 1

, (1.31)

where µ is the chemical potential fixed by the normalization condition n = V −1
∑

p f(p).
When the chemical potential becomes equal to the lowest-lying single-particle state
ε0, the distribution function diverges, signaling that this state becomes macroscop-
ically occupied. This is the mechanism behind BEC. For a uniform gas, ε0 = 0
and consequently BEC occurs when one reaches the critical density:

nBEC =
g3/2(1)

λ3
T

, (1.32)
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where we have introduced the Bose special integral,

gp(z) =
1

Γ(p)

∫ ∞
0

dxxp−1 1

exz−1 − 1
, (1.33)

with Γ(p) the Gamma function. By definition, gp(1) = ζ(p) is the Riemann’s zeta
function, and one can rewrite Eq. (1.32) in terms of the critical temperature,

TBEC =
2π~2

m

(
n

ζ(3/2)

)2/3

. (1.34)

As for the two-body density matrix (1.30), one can show that for an ideal Bose
gas it is directly related to the one-body density matrix as [7, 29]:

n(2)(r, r′) = n(r)n(r′) + |n(1)(r, r′)|2 − n0(r)n0(r′) . (1.35)

In particular, we consider here the following two limits:

1. T = 0. All the atoms are condensed (n0(r) = n(r)) and

n(2)(r, r) = n2(r) . (1.36)

2. T > TBEC. None of the atoms are condensed (n0(r) = 0) and

n(2)(r, r) = 2n2(r) . (1.37)

The factor 2 in Eq. (1.37) is referred to bosonic bunching (or exchange effect),
and arises from the statistical nature of bosons, which prefer to occupy the same
state. For fermions, one would instead have the opposite effect, with the fermions
avoiding staying in the same state, due to Pauli exclusion principle. It is worth
noticing from Eq. (1.36) that the exchange effect is suppressed in the presence
of a condensate. In the following chapters, we will come back to the physical
interpretation of the two-body matrix, which plays a crucial role in low dimensions
(Chap. 3).

1.2.3 Weakly interacting Bose gas

We now turn to the effects of interaction, which has been discarded so far. For
this purpose, we start from a brief review of the two-body problem, introducing
the s-wave scattering length. After that, we develop the Bogoliubov theory for
weakly interacting bosons at zero temperature.
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The two-body problem

Let us consider the binary collision of two particles with mass m1 and m2 [30, §122].
In the center of mass frame, the scattering problem is described by the following
Shrödinger equation: (

− ~2

2µ
∇2 + V (r)

)
Ψ(r) = EΨ(r) , (1.38)

with 1/µ = 1/m1 + 1/m2 the reduced mass. Equation (1.38) shows that in the
center of mass frame, the two-body problem reduces to a single-particle problem
with a scattering center V (r). Let us consider that the interatomic potential is
central V (|r|), an assumption which is true for the weakly interacting Bose gases
(unless one considers long-range dipolar interaction [31]). Then, Eq. (1.38) reduces
to the radial equation(

− ~2

2µ

∂2

∂r2
+ Veff(r)

)
ul(r) = Elul(r) , (1.39)

where we have factorized Ψ(r) = Rl(r)Y
m
l (θ, φ), introducing the spherical har-

monics Y l
m, and ul(r) = rRl(r) is the radial wave-function. The effective potential

reads

Veff = V (r) +
~2l(l + 1)

2µr2
. (1.40)

The description of the two-body problem is particularly simplified when one
considers the dilute gas [32]. Indeed, as we have already pointed out, in such system
the inter-particle distance is very large, so that the interaction is effectively small.
Moreover, the diluteness implies that the actual shape of the inter-atomic potential
is unimportant. In what follows we can therefore limit ourself to the study of
collisions far from the scattering center. In that region, the incoming particle can
be described by a plane-wave, whereas the scattered particle must be described by
an out-going spherical wave. For indistinguishable bosons (m1 = m2 = m), the
wave function takes therefore the asymptotic form:

Ψ(r)→
(
eikr + e−ikr

)
+
eikr

r
[f(k, θ) + f(k, π − θ)] , (1.41)

where θ is the scattering angle and we have taken into account the symmetric
nature of bosons, and introduced the scattering amplitude f(k, θ) [30, §135]. In
the limit of low scattering energy, one may only consider the l = 0 contribution
in the effective potential Eq. (1.40), corresponding to the s-wave regime. In such
regime the scattering amplitude becomes independent of k and θ:

lim
k→0

f(k, θ) = −as , (1.42)
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with as the s-wave scattering length. Therefore, for a dilute gas, one can choose
an arbitrary shape of the interacting potential, as long as it recovers the relations
(1.41) and (1.42).

Let us now evaluate the scattering amplitude, from a perturbative solution of
the Schrödinger equation (1.38). Decomposing the wave function into Ψ = Ψ0+Ψ1,
where Ψ0 is the plane-wave solution of the free particle problem (V = 0), Eq. (1.38)
becomes (

∇2 + k2
)

Ψ1(r) =
2mV (r)

~2
Ψ0(r) . (1.43)

The above equation is nothing but the Poisson equation. In the dilute limit, its
solution is given by

Ψ1(r) ' − m

2π~2

eikr

r

∫
d3r′V (r′)eikr

′
. (1.44)

By comparing with Eq. (1.41), one identifies that

f(k, θ) + f(k, π − θ) = − m

2π~2

∫
d3r′V (r′)eikr

′
. (1.45)

This is the (first order) Born approximation for the scattering amplitude.
Finally, based on our discussion about the s-wave regime, we find convenient

to choose the following potential to model the two-bodies interaction [32]:

V (r) = gδ(r) , (1.46)

with g the interaction coupling constant defined as g = 4π~2as/m, so as to recover
result (1.42) for the scattering amplitude.

Bogoliubov theory

The gas of weakly interacting bosons is described by the following model Hamil-
tonian, written in the second quantization form [7,33, §25]:

Ĥ =

∫
d3r

(
~2

2m
∇Ψ̂†(r)∇Ψ̂(r)

)
+

1

2

∫
d3rd3r′

(
Ψ̂(r)†Ψ̂(r′)†V (r− r′)Ψ̂(r′)Ψ̂(r)

)
(1.47)

with V (r) the two-body potential. As we saw in the previous section, the in-
teraction potential can be conveniently replaced by the contact type potential
V (r) = gδ(r − r′). Restricting us to the uniform gas occupying a volume V ,
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and expressing the field operators in the plane-wave basis as in Eq. (1.24), the
Hamiltonian becomes

Ĥ =
∑
k

εkâ
†
kâk +

g

2V

∑
k,k′,q

â†kâ
†
k′+qâk′ âk+q , (1.48)

with εk = ~2k2/(2m) the single-particle kinetic energy. A major assumption in
solving the above Hamiltonian consists to replace the operator for the lowest lying
mode â0 (â†0) by the number of condensate atoms N0. This is the Bogoliubov
prescription, motivated by the macroscopic occupation of the condensate state [34].

Let us consider the ground state of the gas, at zero temperature. Then, one
may expect the depletion of the condensate due to interactions to be small, since
for an ideal gas all the atoms are found to be in the condensate state at T = 0. We
can therefore keep in Eq. (1.47) only quadratic terms in the particle operator âk 6=0,
and neglect higher order terms. From momentum conservation, one also dismisses
the terms in which only one operator âp6=0(â†p6=0) appears, so as to rewrite the
Hamiltonian in the form:

Ĥ =
g

2V
N2

0 +
∑
k 6=0

εkâ
†
kâk +

2g

V
N0

∑
k 6=0

â†kâk +
g

2V
N0

∑
k 6=0

(
â†kâ

†
−k + âkâ−k

)
. (1.49)

To leading order in g, one can replace N0 by N in the last two terms of Eq. (1.49),
while it has to be replaced by

N2
0 ' N2 − 2N

∑
k 6=0

â†kâk , (1.50)

in the first term in order to keep the same accuracy. It is worth noticing that the
last terms of Eq. (1.49) do not preserve the number of atoms, meaning that in the
Bogoliubov approach the condensate plays the role of a reservoir. Furthermore,
as we will see later, the ground-state energy associated with the Hamiltonian
(1.49) exhibits a ultraviolet divergence, due to the momentum sum. Finally, the
Bogoliubov Hamiltonian is given by,

Ĥ =
g

2V
N2 +

∑
k 6=0

εkâ
†
kâk +

2g

V
N
∑
k 6=0

â†kâk +
g

2V
N
∑
k 6=0

(
â†kâ

†
−k + âkâ−k

)
. (1.51)

We now diagonalize the Hamiltonian, by performing the following canonical (Bo-
goliubov) transformations:

âk = ukα̂k + v∗−kα̂
†
−k ,

â†k = u∗kα̂
†
k + v−kα̂−k .

(1.52)
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These new creation and annihilation operators obey the Bose statistics, and con-
sequently,

|uk|2 − |v−k|2 = 1 . (1.53)

Inserting Eq. (1.52) into the Hamiltonian Eq. (1.51), one finds that the off-
diagonal terms α̂α̂ (α̂†α̂†) vanish for the following values of the quasi-particle
amplitudes:

uk, v−k = ±
(
εk + gn

2Ek

± 1

2

)1/2

, (1.54)

where the Bogoliubov spectrum of elementary excitations is given by

Ek =
√
ε2
k + 2gnεk . (1.55)

The long wavelength excitation mode of the Bogoliubov gas corresponds to a sound
mode, limk→0Ek = c0k, with

c0 =

√
gn

m
, (1.56)

the Bogoliubov phonon mode velocity. This sound mode arises from the macro-
scopic coherence of the condensate, and therefore has a collisionless nature. It
corresponds to the Goldstone mode of the weakly-interacting Bose gas, associated
with the spontaneous breaking of Gauge symmetry (see Eq. (1.69) below). Instead
for higher mode, the excitation spectrum is described by the single-particle kinetic
energy, limk→∞Ek = εk.

Finally, the Hamiltonian (1.51) in its diagonalized form reads

Ĥ = E0 +
∑
k 6=0

Ekα̂
†
kα̂k , (1.57)

with the ground-state energy

E0 =
g

2V
N2 +

1

2

∑
k 6=0

[Ek − gn− εk] (1.58)

=
g

2V
N2

[
1 +

128

15
√
π

(na3)1/2

]
. (1.59)

where we have performed the momentum integration in going to the second line.
As we have already stressed, this integration is ultraviolet divergent and has to
be cured by a proper renormalization of the coupling constant. This problem
arises from the Born approximation we have made in the previous section, which
includes only the lowest order contribution to the coupling constant. Since we are
developing a second-order perturbation theory, one needs to include also second-
order contribution in the Born approximation for the interacting potential. This
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is achieved by replacing the coupling constant g in the first term of Eq. (1.58)
by [33, §6]:

gn→ gn

(
1 +

g

V

∑
k 6=0

m

~
1

p2

)
. (1.60)

The last term of Eq. (1.59), the Lee-Huang-Yang (LHY) correction, characterizes
the effects of quantum fluctuations [35]. It arises from the inclusion of the last
terms of Eq. (1.48), in which annihilation and creation operators appear by pairs.
As for the depletion of the condensate, one finds from Eq. (1.50) that in the
ground-state

n0 = n− 1

V

∑
k 6=0

〈â†kâk〉

= n

[
1− 8

3
√
π

(na3)1/2

]
. (1.61)

The Bogoliubov theory therefore shows that the system of interacting particles
Eq. (1.48) can be mapped into an effective Hamiltonian of non-interacting quasi-
particles Eq. (1.57). In the subsequent chapters, we will see how to extend the
present model to finite-temperature.

1.2.4 Superfluidity

Zero temperature

The phenomenon of superfluidity was first observed by Kapitza [36], Allen and
Misener [37] in 1938, and theorized later by London [38], Tisza [39], and Landau [8]
(for an historical overview, see Ref. [40]). In the initial experiment of Kapitza,
they observed a non-viscous flow of liquid Helium trough capillaries when the fluid
was cooled down to 2K. Landau later showed that for a moving quantum fluid,
the process of spontaneous creation of excitations was energetically favorable only
under a very specific condition. In particular, he found that as far as the velocity
of the fluid is smaller than a critical value

vc = min
p

Ep

p
, (1.62)

the spontaneous emission of excitations, thus the dissipation of energy, is not
possible. This is the Landau’s criterion of superfluidity. In such regime, the fluid
is said to behave as a superfluid, flowing without any friction. For an ideal Bose
gas, in which the excitation spectrum is given by the single-particle kinetic energy
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Ep = p2/(2m), Eq. (1.62) gives a zero critical velocity, meaning that the non-
interacting gas is not superfluid. Instead, for a weakly interacting Bose gas, one
finds from Eq. (1.55) that

vc = c0 , (1.63)

with c0 the phonon velocity (1.56).

Connection to Bose-Einstein condensation

The above analysis underlines that BEC and superfluidity are distinct phenomena,
which are not to be confused. Nevertheless, one can show that both phenomena
are closely related to each other [7]. To see this connection, let us write down the
equation of motion for the field operator, in the Heisenberg picture,

i~
∂Ψ̂(r, t)

∂t
= [Ψ̂(r, t), Ĥ] =

[
− ~2

2m
∇2 + Vext(r, t) + g|Ψ̂(r, t)|2

]
Ψ̂(r, t) , (1.64)

where we have used the Hamiltonian (1.47) assuming contact-like interaction and
an external potential Vext(r, t). In order to look for the solutions of the equation
of motion, let us recall the Bogoliubov prescription introduced earlier. In terms of
the field operator, the Bogoliubov ansatz can be expressed as

Ψ̂(r) ' Ψ0(r) + δΨ̂(r) , (1.65)

where Ψ0(r) is the wave function of the condensate. It is a complex classical field,

Ψ0(r, t) =
√
n0(r, t)eiS(r,t) . (1.66)

Similarly to the Bogoliubov theory, at zero temperature one can safely approximate
Ψ̂ by Ψ0. This leads us to the celebrated Gross-Pitaevskii equation [41,42]:

i~
∂Ψ0(r, t)

∂t
=

[
− ~2

2m
∇2 + Vext(r, t) + g|Ψ0(r, t)|2

]
Ψ0(r, t) , (1.67)

extensively used in the literature for the investigation of zero-temperature Bose
gas dynamics (for a review, see Ref. [4]).

Let us start looking to the stationary solution of Eq. (1.64). The Bogoliubov
ansatz is in fact equivalent to the the identity 〈Ψ̂〉 = Ψ0, and one can rewrite the
classical field in terms of the time evolution operators as

Ψ0(r, t) = 〈e
i
~ ĤtΨ̂(r)e−

i
~ Ĥt〉 (1.68)

As we have already pointed out, the orthogonality between the left and right
states does not imply a zero average, since one considers the condensate to act as
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a reservoir, in which adding or subtracting a particle does not modify the physics.
Finally, the stationary solution takes the form

Ψ0(r, t) = Ψ0(r)e−
i
~µt . (1.69)

We also briefly note that the explicit choice for the phase of the order parameter
S(r, t) as we have seen here, corresponds to the spontaneous breaking of Gauge
symmetry [43].

Let us now consider a uniform condensate at rest. Then, neglecting the contri-
bution of thermal and quantum depletions, the equilibrium solution of Eq. (1.64) is
given by the stationary solution Ψ0(t) =

√
n0e

−iµt/~. In the moving frame instead,
in which the fluid moves with velocity v, one can verify that

Ψ′0(r, t) =
√
n0e

iS′(r,t) , (1.70)

with the new phase given by

S ′(r, t) =
1

~

[
mvr−

(
1

2
mv2 + µ

)
t

]
, (1.71)

is a solution of Eq. (1.64). Thus, the velocity of the fluid is given by

vs =
~
m
∇S (1.72)

and can be identified to the superfluid velocity. Because of the divergence, the flow
is irrotational (∇×vs = 0). It is worth stressing that Eq. (1.72) has been derived
by assuming the existence of an order parameter Eq. (1.66) only, and therefore is
general to any superfluid.

Finite-temperature

In Sec. 1.2.3 we have seen that the gas of interacting bosons can be regarded
as a gas of non-interacting quasi-particles (excitations). Therefore, at finite but
sufficiently small temperature, one can assume the thermodynamic properties of
the fluid to be described by those excitations. Although the superfluid does not
create any new excitations, quasi-particles can be thermally excited. Then, these
quasi-particles can collide with the capillary, eventually exchanging energy and
momentum, therefore acting as a viscous fluid. Thus at finite temperature, the
gas can be described by a two-fluid picture, in which both a non-viscous superfluid
and a viscous normal fluid coexist [33, §23]:

n = ns + nn , (1.73)
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with ns and nn, the superfluid and normal components of the fluid, respectively.

Although the superfluid velocity is related to the phase of the condensate wave
function, it does not imply that the superfluid density is connected to the conden-
sate density. Actually, identifying the normal fluid to the gas of excitations, one
can show that the normal atoms density is given by the formula

nn = − 1

3m

1

(2π~)3

∫
d3p p2dNp(E)

dE
, (1.74)

where Np(E) is the distribution of excitations, which according to the Bogoliubov
theory, follows non-interacting Bose statistics. One can verify that for an ideal
Bose gas Ep = p2/(2m), Eq. (1.74) yields nn = n for any temperatures, so that
ns = 0.

1.3 Sound propagation in quantum fluids

We now discuss the propagation of sound waves in quantum fluids. In this respect,
we will first give the two-fluid equation for the hydrodynamic sounds, which are
derived from general considerations, and apply to any superfluids. Next, we will
discuss the sound propagation in the collisionless regime, by reviewing some general
concepts of linear response theory.

1.3.1 Two-fluid hydrodynamics

The hydrodynamic equations for the sound waves in a quantum fluid are obtained
in a similar fashion to the classical gas Sec. 1.1.2. We start from the assumption
of local thermodynamic equilibrium, so as to derive the conservation equations
holding in every point of the fluid [7, §6.6] [1, §141]. However, as we have discussed
before, a major difference comes from the consideration of two separated and
independent fluids: the normal fluid and the superfluid. Consequently, the current
density is given by:

j(r, t) = nsvs + nnvn . (1.75)

Both the continuity equation and the momentum conservation take the same form
as the classical fluid, Eqs. (1.9a) and (1.9b),

∂

∂t
n(r, t) +∇j(r, t) = 0 , (1.76a)

m
∂

∂t
j(r, t) +∇P (r, t) = 0 , (1.76b)
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where we have omitted the external field. Important considerations about the
superfluid arise in the equation for the superfluid velocity vs, which is related to
the chemical potential as (see Eqs. (1.69), (1.70))

m
∂vs
∂t

+∇µ = 0 , (1.76c)

and the equation for the entropy per unit volume,

∂s

∂t
+∇(svn) = 0 , (1.76d)

reflecting that the superfluid component does not carry any entropy. From Eqs.
(1.76a) and (1.76b) one finds the wave equation for the pressure/density:

m
∂2n

∂t2
= ∇2P . (1.77)

On the other hand, Eqs. (1.76c) and (1.76d) together with the Gibbs-Duhem
relation

dP = ndµ+ sdT , (1.78)

leads to the wave equation for the entropy/temperature:

∂2s̄

∂t2
=

1

m

ns
nn
s̄2∇2T (1.79)

where s̄ = s/n is the entropy per particle. This last equation makes the key
difference with the classical hydrodynamic equations derived earlier. We now
linearize Eqs. (1.77) and (1.79), by looking for plane-wave solutions x(r, t) =
x0 + δxei(kx−ωt). Using the expansion

δn =
∂n

∂P

∣∣∣∣∣
T

δP +
∂n

∂T

∣∣∣∣∣
P

δT , δs̄ =
∂s̄

∂P

∣∣∣∣∣
T

δP +
∂s̄

∂T

∣∣∣∣∣
P

δT , (1.80)

to express the equations in terms of the variables P and T , one finds(
1− c2 ∂n

∂P

)
δP − ω2 ∂n

∂T
δT = 0 , (1.81a)(

ns
nn
s̄2 − c2 ∂s̄

∂T

)
δT − ω2 ∂s̄

∂P
δP = 0 . (1.81b)

These two coupled equations can be recast to a single quartic equation, and finally
using some general thermodynamic identities one finds:

c4 −
[

1

mnκs
+
nsT s̄

2

mnnc̄v

]
c2 +

nsT s̄
2

mnnc̄V

1

mnκT
= 0 , (1.82)
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where κs(T ) is the adiabatic (isothermal) compressibility, and c̄V the specific heat
at constant volume per particle. Equation (1.82) is the Landau’s two-fluid hy-
drodynamic equation, which possesses two positive solutions, referred as to the
first and second sound. Here, the terminology second sound is used to designate
the sound wave that arises from the presence of a superfluid, and which vanishes
otherwise. It is worth stressing that in deriving Eq. (1.82), we have only assumed
general properties of the superfluid (irrotational flow and zero entropy). Landau’s
two-fluid equation is therefore very general, being applicable for any superfluid
systems regardless the statistics of the particles or the interaction. The specific
properties of the fluid arises only in the behavior of the thermodynamic quantities
entering in Eq. (1.82). The proper determination of the equation of state of the
system under consideration is therefore essential and the subsequent chapters will
be devoted for the development of reliable thermodynamic theories.

Before closing this section, let us consider some general solutions of Eq. (1.82)
[9]. First, as one approaches the superfluid to normal transition point T → Tc, the
superfluid density becomes small ns → 0 1. In this regime the inequality c1 � c2

holds, where c1 and c2 are the first and second sound, respectively. By neglecting
the c0 (c4) term in Eq. (1.82) one obtains to lowest order in ns,

c1 =

√
1

mnκs
, c2 =

√
nsT s̃2

mnnc̄P
, (1.83)

with c̄P the specific heat at constant pressure per particle. Next, above Tc, ns = 0,
and the second sound vanishes, whereas the first sound is described by the classical
gas expression c2

1 = ∂P/∂n|s̄. Finally, we have previously seen that the two wave
equations (1.77) and (1.79) are coupled to each other. From Eq. (1.81) it is found
that this coupling is negligible if

αT =

(
κT
κs
− 1

)
� 1 , (1.84)

where α = −n−1∂n/∂T |P is the thermal expansion coefficient. In that case, Eqs.
(1.77) and (1.79) take the form of independent wave equations for the density
and the entropy, respectively, and Eq. (1.83) yields the correct speed of sounds.
Generally, condition (1.84) is satisfied as one approaches T = 0 since κT ' κs.
Other important examples of incompressible fluids are the strongly interacting
systems, such as liquid Helium or unitary Fermi gas, for which Eq. (1.83) provides
the correct behavior of the sounds speed in a wide range of temperature.

1A notable exception is the two-dimensional Bose gas, as one shall discuss in Sec. 3
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1.3.2 Linear response theory

In Sec. 1.1.3, we have seen that the investigation of the density response function
provides valuable information about the behavior of sound wave in the collisionless
regime. In this section, we will introduce the linear response theory, which pro-
vides a direct way to calculate the response of the system to any type of external
perturbation. Contrary to the classical density response function derived from the
collisionless Boltzmann equation (1.19), the linear response formalism can in prin-
ciple be applied both in the hydrodynamic and collisionless regime. In particular,
one can derive general sum rules, which offer a powerful tool to investigate the
dynamic properties of the system. We here follow the development of Ref. [7, §7],
and focus in particular to the density response of the gas.

Generality

Let us consider a many-body system described by the Hamiltonian Ĥ0, being under
an external perturbation described by the Hamiltonian Ĥpert. The expectation

value of a physical quantity of interest, described by an operator F̂ , is given by

〈F̂ †〉 =
1

Z
Tr
[
ρ̂F̂ †

]
, (1.85)

with ρ̂ = e−β(Ĥ0+Ĥpert) the density matrix and Z = Tr[ρ̂] the partition function.
Then, by applying linear perturbation theory to evaluate the trace, one arrives to
the Kubo formula [28, §32] [44, §1.2]:

〈F̂ †〉 = 〈F̂ †〉0 −
i

~

∫ t

−∞
dt′Tr

{
ρ̂0

[
Ĥpert(t

′), F̂ †(t)
]}

, (1.86)

where the expectation value on the right-hand side is calculated with respect to
the unperturbed system Ĥ0, and the operators are taken in the interaction picture
α̂(t) = e

i
~ Ĥ0tα̂e−

i
~ Ĥ0t. Hereafter we omit the subscript 0 for the expectation values.

Now, we consider the particular case in which the perturbation has an explicit
time-dependence given by

Ĥpert = −λĜe−iωteηt + h.c. , (1.87)

where λ is the amplitude of the external field, Ĝ a given operator, and eηt with
small positive value of η ensures that as t→ −∞ the perturbation vanishes. The
fluctuation δ〈F̂ †〉 of an operator of physical interest F̂ induced by such pertur-
bation oscillates at the same frequency ω as the external field. We introduce the
linear response function χF †G, defined as

δ〈F̂ †〉 = λe−iωteηtχF †G + h.c.+ λ∗eiωteηtχF †G† . (1.88)
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To calculate χ, we use the Kubo formula (1.86), and consider that at t→ −∞ the
system is in thermal equilibrium at temperature T . Then, the trace is evaluated
as a canonical ensemble average:

Tr
[
ρ̂0Ĥpert(t

′) F̂ †(t)
]

=
∑
n

e−βEn〈n|Ĥpert(t
′)F̂ †(t)|n〉

= −λe−i(ω−iη)t′
∑
n,m

e−βEneiωnm(t′−t)〈n|Ĝ|m〉〈m|F̂ †|n〉 ,

(1.89)

where |n〉 and En are the eigenstate and eigenvalue of the unperturbed Hamiltonian
Ĥ0|n〉 = En|n〉, and ωnm = (En − Em)/~. In the last line we have also used the
completeness relation

∑
m |m〉〈m| = 1. Performing the time integration in Eq.

(1.86), the response function is found to be

χF †G = −1

~
Z−1

∑
m,n

e−βEm

[
〈m|F̂ †|n〉〈n|Ĝ|m〉
ω − ωnm + iη

− 〈m|Ĝ|n〉〈n|F̂
†|m〉

ω + ωnm + iη

]
. (1.90)

For future purpose it is useful to introduce the dynamic structure factor,

SF (ω) = Z−1
∑
m,n

e−βEm|〈n|F̂ |m〉|2δ(~ω − ~ωnm) , (1.91)

which embodies valuable informations about the excitation spectrum of the fluctu-
ation. In what follows, we consider the simplest case in which F̂ = Ĝ. In that case,
the connection between the response function and the dynamic structure factor is
straightforward:

χF (ω) = −
∫ ∞
−∞

dω′
[

SF (ω′)

ω − ω′ + iη
− SF †(ω

′)

ω + ω′ + iη

]
. (1.92)

Density response function

For the study of the sound propagation, the fluctuation we are interested in cor-
responds to the density one. Let us therefore consider the density operator for a
uniform system

ρ̂q =
1

V

∑
p

â†p−~qâq . (1.93)

The associated fluctuation operator is given by δρ̂q = ρ̂q − 〈ρ̂q〉, with 〈ρ̂q〉 = 0 at

equilibrium if q 6= 0. Then, the density response function F̂ = δρ̂†q is given from
Eq. (1.90) as

χ(q, ω) = − 1

~V
Z−1

∑
m,n

e−βEm

[
|〈m|δρ̂q|n〉|2

ω − ωnm + iη
−
|〈m|δρ̂†q|n〉|2

ω + ωnm + iη

]
. (1.94)



26 Sound propagation in ultracold quantum gases

From Eq. (1.91) one can further obtain the dynamic structure factor

S(q, ω) = Z−1
∑
m,n

e−βEm |〈n|δρ̂†q|m〉|2δ(~ω − ~ωnm) . (1.95)

The evaluation of the response function requires the solution of the Schrödinger
equation in order to evaluate the eigenstates of the unperturbed system. However,
insightful informations about the response function can be extracted by the method
of sum-rule [45], which provides a convenient way to evaluate the moments of the
dynamic structure factor:

mp(q) = ~p+1

∫ ∞
−∞

dωωpS(q, ω) . (1.96)

In particular, two sum rules related to the density response will be extensively
used in the following chapters. The first one, known as the f -sum rule, comes
from the particle conservation of the system

m1(q) = n
~2q2

2m
, (1.97)

with n the total atoms density. The energy weighted momentum characterizes the
high-frequency behavior of the response function, and one has consequently

lim
ω→∞

χ(q, ω) =
n

m

q2

ω2
. (1.98)

The second one is the compressibility sum rule, which connects the dynamic prop-
erty of the system to the thermodynamic one:

lim
q→0

m−1(q) =
1

2
n2κT , (1.99)

where κT is the isothermal compressibility of the gas. The inverse energy-weighted
momentum is instead related to the static response as

lim
q→0

χ(q, ω = 0) = n2κT . (1.100)

1.3.3 Quantum Boltzmann equation

So far, we have considered distinctly the two extreme regimes which are the col-
lisionless and collisional hydrodynamic regimes. However, as we have seen for
the classical gas, a unified description of the transport phenomena is in principle
possible starting from transport equations. Although we will not give the details
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here, one can actually show that not only the classical particles, but also quantum
particles obey the Boltzmann equation (1.2) [24, 46]. In that case, the collisional
integral (1.4) has to be adapted to include the statistical nature of the particles,
and for the bosons it takes the form

∂f

∂t

∣∣∣∣
coll

=
σ

πm2(2π~)3

∫
d3p2d

3p′1d
3p′2δ(p + p2 − p1′ − p2′)

× δ(εp + εp2 − εp1′
− εp2′

)

× [(1 + f)(1 + f2)f1′f2′ − (1 + f1′)(1 + f2′)f1f2] ,
(1.101)

where we have expressed the scattering function in terms of the differential cross
section σ and Dirac δ-functions, to take into account energy and momentum con-
servation, and adopted the short-hand notation f1 = f(r,p1, t). This collisional
term is referred to the Uehling-Uhlenbeck formula [47, 48], and together with Eq.
(1.2) they form the quantum Boltzmann equation for bosons. The additional
(1 + f1)(1 + f2) terms take into account the bosonic bunching, in which the collid-
ing atoms preferentially scatter into states already occupied by other atoms. One
can verify that Eq. (1.101) vanishes for the following class of solutions:

f(p, r, t) =
[
eβ(r,t)( 1

2m
(p−mu(r,t))2−µ(r,t)) − 1

]−1

. (1.102)

In particular, the thermodynamic equilibrium solution in absence of an external
potential is given by the Bose-Einstein distribution function (1.31).

We briefly note that the quantum Boltzmann equation as defined in the last
paragraph, does not include the physics of the condensate. For this purpose, one
needs an additional equation to describe the transport properties of the BEC.
This is achieved by solving the quantum Boltzmann equation together with the
Gross-Pitaevskii equation (1.67), and by including the effects of collisions between
condensate and thermal atoms through a second collisional integral analogous to
Eq. (1.101) [49–51]. This is the general idea behind the finite-temperature non-
equilibrium theory developed by Zaremba, Nikuni and Griffin, referred to the ZNG
model [46]. The analysis of sound dynamics in the framework of ZNG approach
is out of the scope of this thesis, for two reasons. First, the ZNG solutions in the
hydrodynamic and collisionless limits correspond, respectively, to the solutions
obtained within the Landau equation (1.82) and linear response Eq. (1.94), eval-
uated within the Random Phase Approximation. In this thesis, we shall focus on
the two limits, using the later approaches. Secondly, the ZNG framework being
based on the existence of a well-defined condensate, it is a priori not suitable for
the investigation of 2D Bose gas, carried in Chap. 3, for which BEC does not
occur. From this point of view, a reliable description of the dynamics in the 2D
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Bose gas is provided by stochastic approaches, such as the stochastic (projected)
Gross-Pitaevskii equation [52–54].

1.3.4 From the hydrodynamic to the collisionless regime

In this section we briefly discuss how to assess in which regime between the hy-
drodynamic one and collisionless one a fluid belongs. The most straightforward
way for this purpose is to introduce the collisional time τ , defined from the single
relaxation time approximation for the collisional term of Eq. (1.2) as

∂f

∂t

∣∣∣∣∣
coll

' −f(r,p, t)− f 0(r,p)

τ
, (1.103)

with f 0 the distribution function at equilibrium. The above approximation simpli-
fies the expression of the collisional term by assuming an exponential decay of the
out-of-equilibrium distribution toward its equilibrium value, with characteristic
time τ . As briefly discussed in Sec. 1.1.1, the fluid is said to be in the colli-
sional hydrodynamic regime if the mean time between two collisions, τ , is much
larger than the typical time-scale of the fluid dynamics, ω−1, so as to ensure the
local equilibrium picture. Oppositely, the fluid is in the collisionless regime, if τ is
sufficiently large, so that the collision integral described by Eq. (1.103) becomes
negligible. Hence,

ωτ � 1 Hydrodynamic

ωτ � 1 Collisionless

where in our interest, ω = ck is the sound frequency, with velocity c and wavevec-
tor k. It is important to underline that the term collisionless does not mean
non-interacting. In presence of inter-atomic interaction, one can adopt the quasi-
particle picture, in which the particle is dressed with a self-consistent field arising
from the interaction with all the other atoms (Ueff in Sec. (1.1.3)) [45]. Then, the
hydrodynamic regime will correspond to a regime in which the restoring force to
the equilibrium state arises from the instantaneous collisions between these non-
interacting quasi-particles, as described by the collisional integral of Eq. (1.4).
As for the collisionless regime, the restoring force is instead brought about by the
aforementioned self-consistent field, which under an external perturbation will de-
pend on position and time. One can hence stress that, a non-interacting gas can
propagate in the hydrodynamic regime, while in the collisionless regime not, since
the self-consistent field would not exist.

Let us give an estimate for the relaxation time, based on the collisional integral
Eq. (1.101) [46, §11.3]. In particular, we are interested in the scattering out term,
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since it represents the number of atoms per unit time colliding in the element
volume d3rd3p and leaving it. Therefore,

Γ =
1

(2π~)3

∫
d3p

(
∂f

∂t

)
out

, (1.104)

represents the number of atoms colliding per unit volume and unit time. On the
other hand, by definition τ is the mean time between two collisions, and thus dt/τ
the probability for an atom to collide in an interval of time dt. It follows that
n(r)d3rdt/τ is the number of atoms in the unit volume d3r experiencing a collision
in the time interval dt. Therefore,

Γ =
n(r, t)

τ(r, t)
. (1.105)

For the normal Bose gas in equilibrium, Γ is obtained from Eq. (1.101) re-
placing f by its equilibrium value f 0. After performing the integral over the
δ-functions, one finds (see for instance Refs. [23,46])

1

τ22

=
σ

4π(2π~)6

∫
d3p1

∫
d3p2

∫
dΩ|v1 − v2|f 0

1 f
0
2 (1 + f 0

3 )(1 + f 0
4 ) , (1.106)

where p3,4 are functions of p1,2 according to energy and momentum conservation.
In the classical limit, one can find by using the Maxwell-Boltzmann distribution
Eq. (1.6) for f 0,

1

τMB

=
√

2σvthn , (1.107)

with vth =
√

8kBT/(πm) the mean velocity. The cross-section is instead related
to the scattering amplitude f(k, θ) of Eq. (1.41) as dσ/dΩ = |f(k, θ)|2 and in the
s-wave regime, σ = 8πa2.

1.4 Overview of sound experiments in ultracold

quantum gases

Before closing this chapter, let us review the existing works in the field of sound
propagation in ultracold quantum gases, and formulate our motivation. Measure-
ments of sound speed in atomic gases have been achieved since the early age of
BEC, as a fundamental tool to study the collective behavior of the Bose gas, as
well as to probe the superfluid property of the system.

For weakly interacting Bose gas, a first experimental measurement at zero
temperature has been achieved at MIT [55]. The experimental protocol consists
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Figure 1.1: (a) Experimental sketch to excite sound wave in weakly interacting
Bose gas. At t < 0 a density depletion is created by means of a repulsive beam.
At t = 0 the beam is suddenly turned off, and the density perturbation is re-
sponsible for the propagation of a density depletion for time t > 0. (b) Measured
sound velocity as a function of thermal density (temperature). The sound speed
is normalized with respect to the prediction for the second sound calculated from
Landau theory, showing a good agreement with the hydrodynamic theory (see
Chap. 2). Figures from Ref. [56]

in applying a local density perturbation through a laser beam, at the center of
a harmonically trapped gas, and observe how such density defect propagates in
space and time (see Fig. 1.1(a)). Their measurement was in close agreement with
the prediction of Bogoliubov theory for the speed of phonon Eq. (1.56), when tak-
ing into account the effects of trap inhomogeneity. Lately, the same experiment
has been performed at finite temperature [56]. The temperature dependence of
the sound speed was found to correspond with the prediction of Landau’s the-
ory (1.82) for the second sound, deviating from the Bogoliubov phonon result.
However, in that experiment the first sound mode was not observed, querying the
hydrodynamicity of the fluid. More recently, uniform Bose gases trapped in box-
like potential became available [57, 58], together with new experiments on sound
measurement [59].

On the other hand, the propagation of sound waves has been also investigated
in the context of ultracold Fermi atoms [11]. Although Fermi particles do not
condense due to Pauli exclusion principle, atoms of different hyperfine states in-
teracting attractively can form pairs and exhibit a superfluid transition [5,60]. In
particular, in the unitary regime of the gas, where the s-wave scattering length
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Figure 1.2: (a) Experimental sketch to excite sound waves in strongly interacting
Fermi gas. The protocol is similar to that of Fig. 1.1, however the laser beam
(green) induces a local density or thermal perturbation, depending on the studied
mode. (b) Measured density depletion for the first sound mode (color scale) as
a position in the trap at different time step. The first sound is excited through
a density probe. (c) Same figure as (b) but for the second sound mode, excited
through a temperature probe. Figures from Ref. [11]

diverges, strongly interacting fermions gain a universal description, in which all
the thermodynamic quantities can be expressed through a single parameter; the
Fermi wave vector [61–63]. The strong interaction among the atoms implying both
hydrodynamicity and small thermal expansion coefficient Eq. (1.84), the first and
second sounds can be regarded in these systems as uncoupled density and entropy
modes, at any temperature [64]. Therefore, for the first sound, which is essentially
an oscillation of the total density, a localized density perturbation similar to that
of Bose gas has been used to excite it. Instead for the second sound, due to its
entropic nature, a local thermal perturbation (heating) has been used to excite
it. In this regime, the second sound is still weakly coupled to the density mode,
so that it can be observed by measuring the induced density depletion. The ex-
perimental protocol is summarized in Fig. 1.2. The measured experimental data
were in agreement with the theoretical predictions obtained within the Landau
theory, calculated using the universal thermodynamics. This permitted to further
extract the superfluid density from the second sound speed, providing the first
experimental measurement of superfluid density for ultracold Fermi gases.

Finally, during the last decade, a growing interest has emerged in the field
of low-dimensional quantum gases [7, §22-§23]. In particular, many experimen-
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tal [65–72] and theoretical [12, 14, 15, 73–76] works have been devoted to the
Berezeinskii-Kosterlitz-Thouless (BKT) phase transition in two dimensions, as-
sociated with the presence of topological defects. The BKT phase has the pecu-
liarity to exhibit a jump of the superfluid density as one crosses the transition
point (see Chap. 3), while the other thermodynamic quantities evolve smoothly at
the transition. In analogy to the unitary Fermi gas, theoretical speculation for the
observation of the BKT jump through a measurement of the second sound velocity
has been made in the pioneering work of Ref. [16]. Stimulated by this prediction,
experimental measurement of sound velocity in a uniform two-dimensional Bose
gas was recently carried by the group of Collège de France in Paris [17]. However,
while the measured sound velocity was in agreement with Landau’s prediction
in the superfluid phase, it did not exhibit the expected jump at the superfluid
transition point, keeping a finite value of sound speed also in the normal phase.



Chapter 2

Sound propagation in
three-dimensional Bose gases

In this chapter, we review the propagation of sound in the three-dimensional Bose
gas, both in the hydrodynamic and collisionless regimes. This will allow us to
handle with the theoretical tools introduced in Chap. 1. As we have already dis-
cussed, the determination of the equation of state is essential for the solution of the
Landau’s equation. Therefore, we will start by developing the finite-temperature
Hartree-Fock theory for the weakly interacting Bose gas. As for the collision-
less sound, it will be calculated from the pole of the density response function,
evaluated within the Random Phase Approximation (RPA).

2.1 Weakly interacting Bose gas at finite tem-

perature

2.1.1 Hartree-Fock theory

We develop in this section the Hartree-Fock (HF) theory for the weakly interacting
Bose gas at finite temperature. Our starting point in deriving the HF equations
is the Hamiltonian Eq. (1.48). For the description of the static properties of
the gas, it is necessary to work in the grand-canonical ensemble, since due to the
presence of a condensate, the total number of atoms is not conserved [77]. The key
assumption in deriving the finite-temperature mean-field theory, is to assume the
macroscopic occupation of the condensate state through the Bogoliubov ansatz,
but without treating the non-condensate component as a negligible quantity, like
we did in Sec. 1.2.3. Instead, the non-condensate operators are treated in a mean-
field fashion, by neglecting the quadratic order terms in the fluctuations around

33
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their mean value ([a†kâk′ − 〈a
†
kâk′〉]2 ' 0):

â†kâ
†
k′+qâk′ âk+q =

[
〈â†kâk′〉+

(
a†kâk′ − 〈a

†
kâk′〉

)]
×
[
〈â†k′+qâk+q〉+

(
â†k′+qâk+q − 〈â†k′+qâk+q〉

)]
'
(
nkâ

†
k+qâk+q + nk+qâ

†
kak − nknk+q

)
δk,k′ , (2.1)

(the subscripts are all taken to be different from 0) where we have used the orthog-
onality 〈â†i âj〉 = δij, and nk = 〈â†kâk〉 is the occupation number. In deriving Eq.
(2.1), we have further ignored the anomalous components, corresponding to the
terms in which the creation and annihilation operators appear by pairs (Hartree-
Fock approximation). Then, after the replacement (2.1), one obtains for the grand
canonical Hamiltonian K̂ = Ĥ − µN̂ :

K̂ =
g

2V
N2

0 −
g

V
Ñ2 − µN0 +

∑
k 6=0

(εk + 2gn− µ) â†kâk , (2.2)

with Ñ = N −N0 =
∑

k 6=0 nk the number of non-condensed atoms. The thermo-

dynamic potential is obtained according to Ω = β−1 lnZ, where Z = Tr(e−βK̂) is
the grand partition function. The Hamiltonian being already diagonal, the trace
immediately follows:

Ω = Ω0 +
1

β

∑
k

ln
(
1− e−β(εk+2gn−µ)

)
, (2.3)

with Ω0 = gN2
0/(2V )− gÑ2/(2V )− µn0.

From the thermodynamic relation N = −∂Ω/∂µ, one finds n = n0 + ñ, where
the thermal atoms density reads

ñ =
1

(2π~)3

∫ ∞
0

d3p
1

eβεpz−1 − 1
=

1

λ3
T

g3/2(z) , (2.4)

with z = eβ(µ−2gn) the fugacity, and g3/2(z) the Bose special function Eq. (1.33).
As for the chemical potential, it is obtained in the BEC phase from the saddle-point
equation ∂Ω/∂n0|T,ñ = 0, according to:

µ = gn0 + 2gñ , (2.5)

whereas in the absence of a condensate, it is given by the number equation (2.4),
by putting n0 = 0,

µ = µIBG + 2gn , (2.6)
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with µIBG the ideal Bose gas chemical potential. Therefore, in the HF descrip-
tion, the particles are evolving freely in a mean-field, created by the presence of
other atoms. It is worth noticing that this mean-field is felt differently from the
condensed and thermal atoms, since the latter has a factor 2 (see Eq. (2.5)),
arising from the exchange effect. A normal Bose gas undergoes Bose-Einstein con-
densation, when the chemical potential approaches the lowest-lying single-particle
state, ε0 + 2gn. Therefore according to Eq. (2.6), HF theory predicts BEC to
occur when µ = 2gn, thus at the same critical temperature as the ideal gas; Eq.
(1.34). Actually, the many-body correction to the critical temperature can not
be obtained in the framework of perturbation theories, and one needs to resort to
non-perturbative approaches, such as the universal relations [78, 79] or ab-initio
calculations [80].

For future purpose, it is useful to derive an analytical expression for the thermal
atoms density, valid in the temperature regime where kBT � |µ − 2gn|. Let us
introduce a characteristic scale β|µ−2gn| � x̃� 1, so as to divide the integration
domain of Eq. (2.4) into two parts:

Γ(3/2)g3/2(z) =

∫ x̃

0

dx
√
x

1

exz−1 − 1
+

∫ ∞
x̃

dx
√
x

1

exz−1 − 1

'
∫ x̃

0

dx

√
x

x+ β|µ− 2gn|
+

∫ ∞
x̃

dx
√
x

1

ex − 1

= −π
√
β|µ− 2gn|+ ζ(3/2)Γ(3/2) , (2.7)

where in the last line we have used that the second integral is that of an ideal gas.
Using the value Γ(3/2) =

√
π/2, we arrive at:

ñ ' n0
T −

2
√
π

λ3
T

√
β|µ− 2gn| , (2.8)

with n0
T = ζ(3/2)/λ3

T the ideal Bose gas thermal atoms density.

2.1.2 Results

We now show the numerical results for the key thermodynamic quantities. These
are evaluated for the interaction parameter

η ≡ gn/(kBTBEC) = 0.05 . (2.9)

The chosen η corresponds to the typical value of the gas parameter, na3 ∼ 10−6,
found in dilute Bose gas experiments [4]. Figure 2.1 shows the results for the con-
densate density and the chemical potential. We compare the predictions from the
Hartree-Fock theory, together with the calculations from the beyond mean-field
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Figure 2.1: Left panel: condensate density n0 = n−ñ as a function of temperature,
for interaction parameter η = 0.05. Right panel: chemical potential µ as a function
of temperature. Blue dashed line is the HF theory prediction. The red solid line
shows the result of the Popov theory and the black dots are the universal relations
prediction, from Ref. [83].

Popov theory and the universal relations. The Popov approach is known to be the
best available second-order perturbation theory to describe the weakly interact-
ing Bose gas at finite temperature, and includes both the effects of thermal and
quantum fluctuations, through the proper treatment of the anomalous averages.
Its derivation, as well as some of the important outcomes, are given in Appendix
A.1. As for the universal relations (UR), it describes the region in the vicinity
of the phase transition, where perturbative theory fails due to strong fluctuations
but a universal description of the weakly interacting Bose gas exists [81–83]. The
equation of state in the vicinity of the critical density nBEC depends on a single
variable, n− nBEC = f(X), with X given by [83]

X =
~6(µ− µBEC)

m3(kBT )2g2
, (2.10)

with µBEC the chemical potential at the critical point. Explicit results for the uni-
versal functions f in 3D was calculated using the classical Monte-Carlo simulations
in Ref. [83]. The universal relations become extremely useful in two dimension,
where a mean-field description is obsolete, and we will come back to discuss the
problem in Chap. 3.

The left panel of Fig. 2.1 shows the condensate density, calculated from Eq.
(2.4). The HF result is found to agree qualitatively well with the other approaches
in the whole temperature region. We briefly note that the unphysical jump of the
condensate density observed in both the HF and Popov results is an artifact of



Hydrodynamic sounds in a 3D Bose gas 37

these theories, arising from the inclusion of beyond quadratic order terms in the
coupling constant. Indeed, let us recall the high-temperature expansion (2.4):

n− n0 ' n0
T −

α
√
π

λ3
T

√
βgn0 , (2.11)

with α = 2
√
π or

√
2π for the HF or Popov theory, respectively (see Eq. (2.8) and

Eq. (A.25) in the Appendix). The solution for n0 in Eq. (2.4) can be easily found:

n0(T → T−BEC)

n
= η

α2

ζ(3/2)2
, (2.12)

n0(T → T+
BEC)

n
= 0 , (2.13)

yielding therefore a jump proportional to η, given by (2.9). Such problem would
not arise if one includes the effects of interaction up to second order in g only, and
use the ideal gas value n0

0 = n − n0
T for the condensate density entering in the

square root of Eq. (2.11) (see Appendix A for further discussion).
It is useful to estimate the region in which strong fluctuations near the critical

point spoil the mean-field description. From the perturbation theory, one can
estimate the first correction to the thermodynamics due to the fluctuations to be
small if [84, §146]

|µ− 2gn|
kBTBEC

� η2 8π

ζ(3/2)2
, (2.14)

For η = 0.05 one finds that in the BEC phase, |µ− 2gn|/(kBTBEC)� 0.09 corre-
sponding to T � 0.99TBEC.

In the right panel of Fig. 2.1 we make a similar comparison for the chemical po-
tential. As expected from Eq. (2.5), the chemical potential evolves monotonically
from gn at zero temperature to ∼ 2gn at the critical temperature.

This comparison shows that the HF theory is well suited for the description of
the weakly interacting Bose gas at finite-temperature, giving essentially the same
results as the more sophisticated Popov or UR approaches. However, we anticipate
that this will be no longer true for the description of binary Bose mixtures. The
breakdown of HF theory for the mixtures, and the development of the Popov
theory to overcome these failures, will be the main topic discussed in Chap. 4.

2.2 Hydrodynamic sounds in a 3D Bose gas

The theoretical tool being settled, we can now investigate the propagation of sound
waves in the hydrodynamic regime. The Landau’s two-fluid equation (1.82) is
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solved by evaluating the thermodynamic quantities:

c̄V =
T

N

∂S

∂T

∣∣∣∣∣
n

, κT =
1

n

∂n

∂P

∣∣∣∣∣
T

κS =
1

n

∂n

∂P

∣∣∣∣∣
S

=

[
1

κT
+
kBT

c̄V n

(
∂P

∂T

)2

n

]−1 (2.15)

with P = −Ω/V the pressure evaluated from Eq. (2.3), and we have expressed
all the thermodynamic derivatives in terms of the canonical variables (n, T ). As
for the entropy, according to the non-interacting single particles picture, it can be
evaluated from the ideal gas formula:

S = kB
∑
k

βEkf(Ek)− ln
(
1− e−βEk

)
, (2.16)

with Ek = εk + 2gn−µ. Finally, a crucial quantity is the superfluid density, given
by Eq. (1.74). Within the HF theory one simply finds ns = n0. The HF theory
therefore does not distinguish the superfluid from the condensate.

Figure 2.2 shows the calculated speeds of sound, in units of the zero-temperature
Bogoliubov sound velocity c0 =

√
gn/m. We find that the second sound velocity

(red dashed line) is always smaller than the first sound (blue solid line), and van-
ishes at TBEC. One can observe at T ' 0.05TBEC the occurrence of a hybridization
of the two sound modes (see inset) [85]. Although the HF theory is not expected
to be valid in such a degenerate regime, we have checked that the same hybridiza-
tion occurs within the Popov approach. This is understood if we remind that
for any superfluid, in the region where T → 0, the first and second sound modes
are decoupled and correspond, respectively, to a density and entropy oscillation
of the system. However, as the temperature increases, the thermal expansion co-
efficient Eq. (1.84) takes a non-negligible value, and one can not ignore anymore
the coupling between the two modes. This is shown in Fig. 2.3 where the thermal
expansion coefficient is found to increase with the temperature. The hybridization
point therefore signals the departure from the uncoupled sound waves picture. We
briefly note that, in the low-temperature regime kBT � gn, the thermodynamic
properties are governed by the phonon excitations, which are not captured in the
HF framework. Actually by using phonon thermodynamics (see Appendix A.1.2),
one finds that at zero temperature c2 = c1/

√
3.

For a weakly interacting Bose gas, a good estimate for the sound velocities at
intermediate temperatures is obtained by considering that all the thermodynamic
quantities entering in the Landau’s equation, except the isothermal compressibility
and the superfluid density, are described by that of the ideal gas [9]. In that case
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Figure 2.2: Hydrodynamic sound velocities for a weakly interacting Bose gas, nor-
malized to the zero-temperature Bogoliubov sound c0 =

√
gn/m. The interaction

parameter is chosen to be η = 0.05. Blue solid and red dashed lines: first and sec-
ond sounds evaluated from the Landau’s two-fluid equation (1.82), respectively.
Green dotted and cyan dotted-dashed lines: first and second sounds calculated
from the weakly interacting Bose gas approximated expressions (2.18). The inset
emphasizes the hybridization point near kBT = gn.

the following identity holds:

1

mnκs
+
nsT s̄

2

mnnc̄v
=

nT s̄2

mnnc̄v
. (2.17)

Using the above expression in the Landau’s equation (1.82), one finds the approx-
imated results,

c1,WI =

√
nT s̄2

nnmc̄v
, c2,WI =

√
ns
n

1

mnκT
. (2.18)

These approximations of the sound velocities are shown in Fig. 2.2 as green dotted
(c1,WI) and cyan dot-dashed (c2,WI) lines. Equation (2.18) correctly describes the
sound velocities down to the hybridization point.

Finally, it is useful for the experimental perspective to assess how sensitive are
the sound modes to a density probe. This is achieved by looking to the density
response function of the system. In the deep hydrodynamic regime, which is under
consideration here, sound propagates without any damping. This implies that the
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Figure 2.3: Thermal expansion coefficient αT Eq. (1.84), for a weakly interacting
Bose gas with interaction parameter η = 0.05.

dynamic structure factor Eq. (1.95) in the two-fluid picture can be modeled by
two delta-peaks [86]:

S(q, ω) =
nq2

2m
Z1δ (ω − c1q) +

nq2

2m
Z2δ (ω − c2q) . (2.19)

The factors in front of the delta functions have been chosen so that the amplitudes
Z1 and Z2 saturate the f -sum rule Eq. (1.97) as Z1 +Z2 = 1. On the other hand,
the two sound modes also exhaust the compressibility sum rule Eq. (1.99). The
relative contribution W1,2 = Z1,2/c

2
1,2 of each sound mode to the compressibility

sum rule is found to be

W1 =
1−mnκT c2

2

c2
1 − c2

2

, W2 =
mnκT c

2
1 − 1

c2
1 − c2

2

. (2.20)

Hence, if the ratio W2/W1 is larger than unity, second sound can be excited from
a density perturbation. We also note that starting from the general inequalities
c1 ≥ c2 and c1 ≥ c10, the thermal expansion coefficient Eq. (1.84) sets a lower
bound for the sum rule,

W2

W1

≥ αT. (2.21)

In Fig. 2.4 we show the calculation of the compressibility sum rule amplitude
W2/W1. As expected from the discussion we have made previously, W2/W1 is
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Figure 2.4: Ratio of the compressibility sum rule amplitudes, for η = 0.05. W1

(W2) is the relative contribution of the first (second) sound mode to the compress-
ibility sum rule, Eq. (2.20).

extremely small below the hybridization point, since the second sound corresponds
to an entropy wave, uncoupled from the density oscillation of the fluid. Instead, the
weight of the second sound becomes abruptly large as one crosses the hybridization
point, and remains large up to TBEC. This observation suggests that second sound
in a weakly interacting Bose gas can be probed from a density perturbation. This
property has been used in the experiment of Ref. [56] to successfully probe the
second sound velocity. A more detailed discussion about the comparison between
theory and experiment will be carried in the last section of this chapter.

2.3 Collisionless sound in a 3D Bose gas

We now discuss the propagation of sound in the collisionless regime. We have seen
in Sec. 1.1.3 that the velocity of a collisionless sound can be determined from the
pole of the response function. First, we will give an expression for the density
response of a weakly interacting Bose gas, calculated within the Random Phase
Approximation (RPA). Then, we will verify that the obtained response function
satisfies the sum-rules. Finally, we evaluate the pole of the response function and
discuss the nature of the observed sound mode.
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2.3.1 Random Phase Approximation

Dynamic mean-field approach

For the description of the weakly interacting Bose gas in the collisionless regime,
we start from the general expression (1.18) for the density response to an external
perturbation. Let us consider the condensate and normal components of the gas
to feel different effective potentials, [46, §5.4]

δn0(q, ω) = −δUeff,0(q, ω)χ0
0(q, ω) ,

δñ(q, ω) = −δUeff,ñ(q, ω)χ0
ñ(q, ω) ,

(2.22)

where χ0
0 and χ0

ñ are the response functions of the reference system, defined later.
The effective interaction is given by the dynamic mean-fields,

δUeff,0(q, ω) = δUext,0(q, ω) + gδn0(q, ω) + 2gδñ(q, ω) ,

δUeff,ñ(q, ω) = δUext,ñ(q, ω) + 2gδn0(q, ω) + 2gδñ(q, ω) .
(2.23)

We briefly note that consistently with the discussion made in Secs. 1.2.2 and
2.1.1, the exchange effect for the condensate is suppressed. Consequently, the
condensate feels a mean-field gn0 +2gñ while the thermal component feels 2g(n0 +
ñ). The above equations can be solved straightforwardly, and yield the following
expressions for the density fluctuations:

δn0 = − [δUext,0χ0 + δUext,ñχ0ñ] , (2.24)

δñ = − [δUext,ñχñ + δUext,0χ0ñ] , (2.25)

where the response function in each component is defined to be

χ0 =
χ0

0(1 + 2gχ0
ñ)

D
, χñ =

χ0
ñ(1 + gχ0

0)

D
, χ0ñ = −2gχ0

0χ
0
ñ

D
, (2.26)

with the denominator

D(q, ω) = 1 + g
[
χ0

0(1− 2gχ0
ñ) + 2χ0

ñ

]
. (2.27)

The zeros of D, corresponding to the poles of the response function, will be ana-
lyzed later. If one considers that the external potential acts in the same way on
the condensate and on the thermal component (δUext,0 = δUext,ñ ≡ δUext), one has
δn = δn0 + δñ = −δUextχ, with the RPA density response function of the Bose
gas given by

χ(q, ω) =
χ0

0(q, ω) + χ0
ñ(q, ω)− gχ0

0χ
0
ñ(q, ω)

D(q, ω)
. (2.28)
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Bare response function

We now discuss the bare response function χ0(q, ω). For the RPA description,
the reference system is chosen to be the Hartree-Fock gas [87]. As one shall see,
this choice ensures the consistency with the dynamic mean-fields introduced in Eq.
(2.23). In particular, it provides the correct behavior of the compressibility sum
rule. Thus, let us start from the general expression for the linear response function
Eq. (1.94). In the single-particle description of the HF theory, the eigenstates of
the Hamiltonian are fixed by the single-particle occupation number np (see Sec.

2.1.1), and the matrix element 〈m|â†p−~qâp|n〉 vanishes unless the energy difference
En − Em is equal to the difference of single-particle kinetic energy εp−~q − εp.
Consequently, focusing on the first term of Eq. (1.94) only, [7, §7.5]

χ0(q, ω) = − 1

~Z
∑
m,n

e−βEm

ω − ωnm + iη

∑
p,p′

〈m|â†p−~qâp|n〉〈n|â
†
p′ âp′−~q|m〉+ (· · · )

= − 1

Z

∑
m

∑
p

e−βEm

~ω − (εp−~q − εp) + iη
〈m|â†p−~qâpâ

†
pâp−~q|m〉+ (· · · )

= −
∑
p

f(εp−~q)f(εp) + f(εp−~q)

~ω − (εp−~q − εp) + iη
+ (· · · ) , (2.29)

where we have assumed q 6= 0. The second term denoted by (· · · ) follows essen-
tially the same calculation, and one finally obtains

χ0(q, ω) =
∑
p

1

~ω + (εp − εp+~q) + iη
[f(εp+~q)− f(εp)] , (2.30)

with η → 0+. The equilibrium distribution function is given by the Bose-Einstein
distribution function with the HF mean-field energy

f(εp) =
1

eβ(εp+2gn−µ) − 1
. (2.31)

As seen before, one needs to consider separately the contribution from the con-
densate p = 0 and the thermal part. Therefore χ0 = χ0

0 + χ0
ñ with

χ0
0(q, ω) = n0

[
−1

~ω − ε~q + iη
+

1

~ω + ε~q + iη

]
,

χ0
ñ(q, ω) =

∫
d3p

(2π~)3

f(εp+~q/2)− f(εp−~q/2)

~ω − ~pq/m+ iη
. (2.32)

In the long wavelength limit (q → 0), the response function takes the form (we
assume the sound to propagate in the x-direction, q = qex):

χ0(ω/q) = −n0

m

( q
ω

)2

+

∫
d3p

(2π~)3

1

ω/q − px/m+ iη

∂f(εp)

∂px
, (2.33)
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depending on the ratio ω/q only. We can simplify the integration of the thermal
part by using the cylindrical coordinate (with x the longitudinal axis) and one
finally gets,

χ0(ω/q) = −n0

m

( q
ω

)2

− 1

~3(2π)2

∫ ∞
−∞

dpx
px

ω/q − px/m+ iη
f(εpx) . (2.34)

Before going to the next section, we briefly note from Eq. (2.28) that at zero
temperature, χ = χ0

0/(1 + gχ0
0). The pole of the response function then gives the

Bogoliubov dispersion relation, Eq. (1.55):

~ω =

√(
~2q2

2m

)2

+
~2gn

m
q2 , (2.35)

or equivalently, from the long-wavelength expression (2.34), the Bogoliubov phonon
velocity Eq. (1.56), ω/q =

√
gn/m.

2.3.2 Sum rules

f-sum rule

We start from the verification of the f -sum rule (1.98), which for the system under
consideration is given by

χ0
i (q, ω →∞) =

niq
2

mω2
, (2.36)

where the subscript i refers to the total (∅), thermal (ñ) or condensate (0) response
function.

First, one can immediately see from Eq. (2.34) that χ0
0 already satisfies the

sum rule. As for the non-condensate part,

χ0
ñ(q, ω →∞) '

∫
d3p

(2π~)3

q

ω

(
1 +

qpx
mω

) ∂f

∂px
. (2.37)

Noticing that the first term of Eq. (2.37) vanishes from the oddness of ∂f/∂px,
and integrating by part, the f -sum rule for the thermal part is also found to be
satisfied. Finally,

χ(q, ω →∞) ' χ0(q, ω →∞) + χñ(q, ω →∞) =
nq2

mω2
. (2.38)
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Compressibility sum rule

We next verify the compressibility sum rule, Eq. (1.100) χ(q → 0, ω = 0) =
n2κT . Let us start from the bare response function χ0, which the long wavelength
expression (2.34) already takes into account the q → 0 limit. It is immediate to
see that

χ0
0(ω/q = 0)→∞. (2.39)

This is an expected behavior, since the isothermal compressibility of an ideal Bose
gas is infinite. For the normal part, it can be expressed in terms of the Bose
integral as

χ0
ñ(0) =

β

λ3
T

g1/2(z). (2.40)

In the normal phase above TBEC, χ = χñ = χ0
ñ/(1+2gχ0

ñ) and one has consequently

κT (T > TBEC) =
1

n2

β
λ3T
g1/2(z)

1 + 2g β
λ3T
g1/2(z)

. (2.41)

Below TBEC instead, one can use the inequality χ0
0(0) � {χ0

ñ(0), 1} so that the
pole of the response function reduces to D ' gχ0

0(0)[1 − 2gχ0
ñ(0)] and Eq. (2.28)

becomes:

κT (T < TBEC) =
1

gn2

1− g β
λ3T
g1/2(z)

1− 2g β
λ3T
g1/2(z)

. (2.42)

It is worth noticing from the above equation that, the compressibility of the
Bose gas in the BEC phase becomes finite in presence of interaction. In particular,
κT (T = 0) = (gn2)−1 at zero temperature.

Thermodynamic compressibility

Let us evaluate the isothermal compressibility within the HF thermodynamics, in
order to verify the consistency of the RPA approach. From the thermodynamic
identity µ = ∂P/∂n|T , the isothermal compressibility can be expressed as

κT =
1

n2

∂n

∂µ

∣∣∣
T
. (2.43)

Above TBEC, the total density is n = ñ, and from Eq. (2.4),

∂ñ

∂µ
=

β

λ3
T

(
1− 2g

∂ñ

∂µ

)
g1/2(z) , (2.44)
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Figure 2.5: Isothermal compressibility as a function of temperature, for interaction
parameter η = 0.05. Red solid line: self-consistent Popov theory. Blue dashed line:
HF theory.

where we have used the Bose integral property ∂gs(z)/∂z = gs−1(z)/z. After some
algebra we obtain

κT (T > TBEC) =
1

n2

β

λ3
T

g1/2(z)

1 + 2g β
λ3T
g1/2(z)

, (2.45)

namely, Eq. (2.42). For T < TBEC we instead use the equation of state (2.5) to
express the total density as n = µ

g
− ñ and using Eq. (2.44) for ∂ñ/∂µ, one finds,

κT (T < TBEC) =
1

gn2

1− g β
λ3T
g1/2(z)

1− 2g β
λ3T
g1/2(z)

(2.46)

which is the same expression as Eq. (2.42).
We show in Fig. 2.5 the calculated isothermal compressibility, with the HF

prediction drawn as a blue dashed-line. For comparison, we also show the predic-
tions from the Popov theory (see Appendix A.1) and the universal relations. We
briefly note that the presence of the factor 2 in the denominator of Eq. (2.46) is
crucial for the increase of the compressibility at finite temperature. This is the
direct consequence of the exchange effect, which is responsible for the increase of
the interaction energy with respect to the value predicted at T = 0 when the whole
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Figure 2.6: RPA response function evaluated for η = 0.05, as a function of dimen-
sionless frequency ω̃ = ω/(kc0). Left and right panels are the real and imaginary
part of the response function at T = 0.7TBEC, respectively. Black solid line: to-
tal response χ. Blue dashed line: response function of the condensate χ0. Red
dotted line: response function of the thermal part χñ. Green dotted-dashed line:
cross-term response function χ0ñ.

system is fully Bose condensed. This effect explicitly shows up in the temperature
dependence of the chemical potential Eq. (2.5) and in the density dependence of
the non-condensed component through the fugacity, Eq. (2.4). It is worth notic-
ing that if one employs the lowest order HF theory by taking µ ' g(n + n0

T ),
one misses the additional density dependence responsible for the enhancement of
κT . The temperature dependence of the single-component compressibility plays a
major role in describing the magnetic phase transition in the binary mixture, as
one shall discuss in Chap. 4.

2.3.3 Results

Response function

In Fig. 2.6 we show the real and imaginary part of the response function, evaluated
at T = 0.7TBEC. As one can see, the main contribution to the total response func-
tion comes from the condensate part, in agreement with our previous discussion
about the compressibility sum rule. Numerical study shows that this statement
remains true for all the range of temperature T < TBEC, including the close vicinity
of TBEC.
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Evaluation of sound velocity

We now turn to the analytical study of the pole of the response function. After
some algebra, the pole equation (2.27) reads

D = (1 + 2gχ0
ñ)

[
1 + gχ0

0

1− 2gχ0
ñ

1 + 2gχ0
ñ

]
= 0. (2.47)

The thermal part of the response function being small in the BEC phase, gχ0
ñ � 1,

one can expand the denominator of Eq. (2.47) as:

D ' (1 + 2gχ0
ñ)
[
1 + gχ0

0(1− 2gχ0
ñ)2
]

(2.48)

The RPA response function hence possesses two poles. As already discussed, under
a density perturbation, the response of a weakly interacting Bose gas in the BEC
phase is mainly governed by the condensate part. We therefore focus on the second
pole of Eq. (2.48), arising from the presence of a condensate. Inserting expression
(2.34) for χ0

0, the condensate pole equation yields 1

1− gn0

m

( q
ω

)2

(1− 2gχ0
ñ)2 = 0 . (2.49)

Thus the pole c̄ = ω/q is given by,

c̄ = c− iΓ = cB
(
1− 2gχ0

ñ(c̄)
)
, (2.50)

where we have introduced the temperature-dependent Bogoliubov sound velocity
cB =

√
gn0(T )/m. At zero temperature, within the HF theory, cB(T = 0) = c0.

Assuming that the quality factor Q ≡ c/Γ is small, one can decouple the real and
complex part of the pole equation into

c = cB
(
1− 2gχ0 ′

ñ (c)
)
, (2.51)

Γ = 2gχ0 ′′
ñ (c). (2.52)

The sound mode described by Eq. (2.50) corresponds to a collisionless sound.
It is associated to the coherent motion of the fluid, coming from quasi-particles
(phonon) excitation. Unlike the hydrodynamic sounds sustained by the incoherent
collisions between atoms, the restoring force in the collisionless mode arises from
the average mean-field produced by the other atoms. The collisionless sound is

1We actually have checked, using the Fourier transform method developed in Chap. 3, that
the collective mode arising from the thermal response 1 + 2gχ0

ñ = 0, has a negligibly small
amplitude at any temperatures, for the chosen interaction parameter. The response becomes
significant only for η ∼ 1, where the validity of the HF approach becomes questionable.
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Figure 2.7: Left panel: sound velocity calculated from the pole of the response
function Eq. (2.51), with interaction parameter η = 0.05. Right panel: quality
factor Q = c/Γ. The blue solid line is the pole solution Eq. (2.52) whereas
the green dotted line is the theoretical prediction for the Landau damping from
Ref. [90].

also referred sometimes to the quasi-particle sound [88], or zero sound [89]. This
last nomenclature comes from the analogous effect in the interacting Fermi gas,
described by the Fermi liquid theory [45].

In order to understand the origin of the damping Eq. (2.52), it is useful to
recall the general RPA expression (2.32) for χ0

ñ, and rewrite:

Γ = 2gπ

∫
d3p

(2π~)3
[f(εp)− f(εp+~q)] δ (~ω + εp − εp+~q) . (2.53)

The above equation shows that the decay corresponds to a process in which the
sound mode ~ω is absorbed by a thermal excitation εp, which shifts to another ther-
mal excitation εp+~q. This is the Landau damping, which is a finite-temperature
effect, but not associated to any thermalization processes [90, 91], in contrast to
the collisional damping.

In the left panel of Fig. 2.7 we show the sound velocity evaluated solving
the pole equation (2.51). Because the collisionless sound evaluated in the present
section corresponds to the response of the condensate, its velocity vanishes at
TBEC. In the right panel of Fig. 2.7, we also plot the theoretical prediction for
the damping rate Eq. (2.52). For comparison, Landau damping expression from
Ref. [90] is also shown. The discrepancy between the two predictions are due to
the neglect of the anomalous pair density in our HF theory.
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Figure 2.8: Sound velocity in units of zero-temperature Bogoliubov sound c0 =√
gn/m for η = 0.05. Blue solid line: RPA prediction (2.51). Red dashed line:

second sound predicted from Landau’s two-fluid hydrodynamics calculated using
HF thermodynamics. Green dashed line: generalized Bogoliubov sound cB =√
gn0/m.

2.4 Comparative study of hydrodynamic and col-

lisionless sounds

Before closing this chapter, we show in Fig. 2.8 a comparison between the hy-
drodynamic second sound, the collisionless sound and the temperature-dependent
Bogoilubov sound cB =

√
gn0(T )/m. Remarkably, all the three velocities have

the same temperature dependence, making them qualitatively similar. This can
be easily understood if we recall the approximated expression (2.18) for the second
sound speed, c2,WI =

√
ns/(mn2κT ). In the HF approach, ns = n0. Moreover, as

it can be seen from Fig. 2.5, for a weakly interacting gas the compressibility is
almost temperature independent, except in the close vicinity of the phase transi-
tion: κT ' (gn2)−1 . Thus one arrives to c2 ' cB. As for the collisionless sound,
Eq. (2.51) also indicates that cless ' cB.

In the experiment of Ref. [56], the sound speed measured from a density probe
was compared to the prediction for the Bogoliubov sound cB (left panel of Fig. 2.9)
and the hydrodynamic second sound of Landau theory, c2 (right panel). It was
found that the experimental points are better described by the Landau theory,
therefore supporting the observation of the second sound. However, due to the
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Figure 2.9: Experimental results of Ref. [56] for the measurement of sound veloc-
ity as a function of temperature (thermal atoms density). Left panel: measured
sound velocity normalized to the (temperature-dependent) Bogoliubov sound, cB.
Right panel: the same experimental points normalized to the hydrodynamic sound
prediction of Landau theory and ZNG approach (see main text). From Ref. [56].

experimental uncertainty, it is difficult to claim the observation of the second sound
in favor to the collisionless one. Actually, the experiment could not investigate the
temperature region below the hybridization point where the difference of both
sounds become clear, nor observe the existence of a first sound mode. From this
point of view, one way to assess the collisional nature of the sound wave would
be to investigate the damping rate of the mode. Indeed, the hydrodynamic sound
is not expected to show any damping in the deep collisional regime, in contrast
to the collisionless sound, which as we have seen previously, is governed by the
Landau damping.

Finally, let us briefly comment that the dynamic approach of Zaremba, Nikuni
and Griffin, reduces to the RPA formalism developed in this chapter, in the colli-
sionless regime [46, §13]. In the hydrodynamic regime, it has been also shown that
ZNG is equivalent to the Landau’s two-fluid hydrodynamics, when the thermody-
namic quantities entering the equation is evaluated using the HF theory [92]. In
particular, it was found that in a weakly interacting Bose gas, the second sound
mainly corresponds the oscillation of the condensate, ans has been interpreted as
the hydrodynamic continuation of the collisionless sound.
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Chapter 3

Sound propagation in
two-dimensional Bose gases

This chapter is devoted to the study of sound propagation in a two-dimensional
(2D) Bose gas. Very recently, measurements of sound dynamics have become
available in uniform 2D Bose gases [17]. Such system is of particular interest
since, in 2D, BEC does not occur, as a consequence of the Hohenberg-Mermin-
Wagner theorem. As we will see, the 2D Bose gas still exhibits a superfluid phase
transition at finite-temperature, the Berezinskii-Kosterlitz-Thouless (BKT) phase
transition, which is of infinite order and does not show any discontinuity in the
thermodynamic quantities. Remarkably, the superfluid density exhibits a universal
jump at the transition, and this motivates us to investigate the second sound, which
we predict to vanish abruptly at the BKT transition. In particular, we investigate
the interaction dependence of the speed of sound, to observe how the nature of
the sound mode evolves as one goes from the weakly interacting to the strongly
interacting regime. On the other hand, the experiment of Ref. [17] did not reveal
the occurrence of any jump in the sound velocity, its value remaining finite also
in the normal phase. We therefore develop a collisionless theory for the 2D Bose
gas, and compare our result to the experimental one.

3.1 The BKT phase transition

3.1.1 The ideal Bose gas in 2D

One of the most striking feature in the 2D Bose gas, is the absence of a condensate
associated to the off-diagonal long range order of the system [13,73]. This can be
understood if one recalls the expression for the equation of state of an ideal gas,

53
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discussed in Sec. 1.2.2:
nλdT = gd/2(eβµ) , (3.1)

where the quantity D = nλdT is called the phase space density. In the three
dimensional case (d = 3), we have seen that g3/2(z) saturates at µ = 0, and an
increase of the phase-space density beyond the critical value g3/2(1) is only made
possible by the emergence of a condensate state. However in 2D, the phase space
density takes the explicit form

D = − ln
(
1− eβµ

)
, (3.2)

and a solution for the fugacity with a negative chemical potential exists for any
values of D, prevailing the atoms to macroscopically occupy a single-state.

More formally, one can look at the off-diagonal long-range behavior of the
one-body density matrix Eq. (1.22):

n(1)(s) =
1

(2π)2

∫
d2k

eik·s

eβ(εk−µ) − 1
. (3.3)

Since we are interested in the long-range behavior of the system, one can focus
on the long wavelength modes k → 0. Further assuming that the system is in the
degenerate regime, |µ|/kBT � 1, one can approximate the distribution function
by f(εk) ∼ 2m~−2kBT/(k

2 + k2
c ) with kc =

√
2m|µ|/~2. Then one finds

n(1)(s) ∝ e−s/lc (3.4)

with lc = k−1
c ' λT e

D/2/
√

4π. Equation (3.4) clearly suggests that contrary to
the 3D case, the 2D Bose gas does not exhibit any long-range order at finite
temperature. However, it is interesting to notice that the length scale over which
n(1) decays (i.e. the correlation length lc) increases exponentially as one decreases
the temperature. This observation suggests that in a real finite-size system, one
might reach a regime in which the correlation length is comparable to the system
size (lc ∼ L), so that the correlations span the entire volume. As one shall see
below, the decay of the correlations is further reduced when one includes the effects
of interactions.

3.1.2 Weakly interacting Bose gas in 2D

Suppression of density fluctuations

A crucial ingredient in understanding the thermodynamic behavior of a two-
dimensional Bose gas, is the presence of a quasi -condensate, associated to the
suppression of density fluctuations. In this section, we mainly follow the argument
developed by Hadzibabic and Dalibard in Ref. [12].
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In order to discuss the interacting gas, let us consider that like in 3D, the
interaction between two atoms can be modeled by a contact type interaction
V (r) = g2Dδ(r), with g2D the two-dimensional coupling constant. This assump-
tion holds for the general experimental set-up, where the transverse confinement
is tight enough to ensure the 2D kinematics. The details about the interaction in
2D is given in the appendix B, and here we only notice that as a peculiarity of the
2D Bose gas, one can define a dimensionless coupling constant,

g̃ =
m

~2
g2D . (3.5)

Under these assumptions, the model Hamiltonian for the 2D gas is the same as
that of the 3D gas, Eq. (1.47). The interaction energy is therefore given by (for
the remaining of this chapter we use the notation g ≡ g2D for the 2D coupling
constant)

Eint =
g

2

∫
d2r
〈

Ψ̂(r)†Ψ̂(r)†Ψ̂(r)Ψ̂(r)
〉

=
g

2
L2n(2)(0) , (3.6)

where we have used the definition of the two-body density matrix n(2)(r) (1.30).
We briefly remind that its value is comprised between n2 and 2n2, depending
on whether the density fluctuations are suppressed (n(2) = n2) or not (n(2) = 2n2;
Gaussian fluctuations). An estimate for the cost of density fluctuations is obtained
by looking to the change of internal energy when adding an atom to the system:

∂Eint

∂N
= gn . (3.7)

Consequently, the relative fluctuation cost with respect to the thermal energy is
given by

gn

kBT
=

g̃

2π
D . (3.8)

The above equation suggests that at sufficiently low temperature, in which D �
2π/g̃, density fluctuations can be strongly suppressed. This suppression plays a
key role in developing the quasi-condensate mean-field theory [93,94]. As we show
in details in Appendix C.1, phase fluctuations are instead not suppressed, and
this leads to a quasi -long range behavior of the one-body density matrix in the
superfluid phase:

n(1)(s) ∝
(
Rc

s

)1/(nsλ2T )

, (3.9)

with Rc = β~
√
gns/m, and ns is the superfluid density. Result (3.9) shows the

peculiarity of the 2D interacting system, namely the algebraic decay of the off-
diagonal one-body density matrix. In the next section, we will see that the expo-
nent of the density matrix is always smaller than 1/4, involving an extremely slow
decay of n(1).
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3.1.3 The role of vortices

In the previous section, we have seen that in the degenerate regime of a 2D Bose
gas, density fluctuations can be significantly suppressed and one may consider the
physics of phase fluctuations only. However, so far we have not discussed how such
system undergoes a superfluid transition. In order to understand this point, one
needs to take into account an additional ingredient in the 2D physics: the vortex.

Vortices are phase defects arising from the irrotational nature of the superfluid
(see Eq. (1.72)). They correspond to a local depletion of the superfluid density,
around which the phase of the order parameter varies by a multiple of 2π [7, §5.3].
The most common way to excite vortices consists to rotate (or stir) the system.
In this way, vortices have been observed in both Bose [95,96] and Fermi [97] gases,
as a hallmark of superfluidity. In the absence of such external probe, for a vortex
line to be thermally excited, its creation has to be energetically favorable. Let
us therefore evaluate the free energy associated with the presence of a vortex line
Fv = Ev − TSv. First, solving the Gross-Pitaevskii equation (1.67) in a rotating
frame, one finds that the velocity around a vortex line is [7, §6.8]:

vs(r) =
~
m

s

r
, (3.10)

with s an integer, characterizing the quantization of vortices. Furthermore, the
size of the vortex core, in which the superfluid is depleted, is found to be given by
the healing length ξ = 1/

√
g̃n. Then, the excitation energy for a s = 1 vortex is

Ev =

∫
d2rns(r)

1

2
mv2

1(r) ' π~2

m
ns ln

(
R

ξ

)
, (3.11)

where we have considered the system to be a disk of radius R, and the superfluid
density to be finite and constant in the region ξ ≤ |r| ≤ R. As for the entropy, it
corresponds to the number of possible configurations for a vortex of size πξ2 to be
placed in the system of size πR2,

Sv = kB ln

(
πR2

πξ2

)
. (3.12)

Thus, one finds for the free energy for the creation of a single vortex to be:

Fv =
kBT

2

(
nsλ

2
T − 4

)
ln

(
R

ξ

)
. (3.13)

The creation of a vortex line becomes energetically favorable when [98],

nsλ
2
T = 4 . (3.14)
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The logarithmic term in Eq. (3.13) being very large, it means that as soon as
Ds = 4, a vortex is thermally excited. The vortex corresponding to a local de-
pletion of the superfluid density, ns consequently decreases and this further favors
the creation of new vortices. Therefore, there will be an avalanche effect, which
strongly renormalizes the superfluid density to 0 [98]. In other word, one can say
that the vortex, corresponding to a phase defect, completely scrambles the phase
coherence and so the quasi-long-range order. This is the mechanism behind the
superfluid phase transition in 2D, first discussed by Berezinskii, Kosterlitz, and
Thouless [14, 15]. The number of vortices is exponentially small in the normal
phase just above the phase transition, and this makes the Berezinskii-Kosterlitz-
Thouless (BKT) superfluid transition to be of “infinite” order, without exhibiting
any discontinuities in the thermodynamic quantities, apart from the superfluid
density which abruptly drops to 0 at the critical temperature. The BKT phase
transition has been experimentally observed in a variety of systems, including the
4He film [99], the 2D atomic hydrogen [100], and the 2D Bose gas [65,66].

Equation (3.14) provides a very simple and elegant formula to assess the onset
of the phase transition. It is universal, in the sense that it does not depend
on the coupling constant, but only on the phase-space density. However, Eq.
(3.14) gives the relationship between the superfluid density and the temperature
at the critical point only, and it does not tell us at which temperature the BKT
phase transition actually occurs. In order to answer to this question, one needs
to properly consider the effects of vortices in the phase fluctuations. This can be
achieved through a renormalization group calculation, known as the Kosterlitz-
Thouless equations [15, 101], or by means of universal relations in the vicinity of
the phase transition. Hereafter, we will focus on this later approach.

3.1.4 Universal description of the fluctuating region

The phase transition of any systems is characterized by an increase of the cor-
relation length, so that near the phase transition, the long-wavelength physics
becomes dominant [102, §10]. This property allows for a universal description of
the phase-transition itself, but also of the critical region around the transition. For
a weakly interacting Bose gas, the long-range behavior exhibits the so-called |Ψ|4
universality, which is independent on the nature of the system, being classical or
quantum, continuous or discrete [78, 79].

This universality has been used by Svistunov and Prokof’ev to evaluate the
BKT critical temperature of the 2D Bose gas [81]. Briefly, the main idea is to
separate the equation of state into a universal and a non-universal parts:

n =
1

(2π)2

(∫ |kcut|

0

d2knk +

∫ ∞
|kcut|

d2knk

)
≡ nuniversal + nideal , (3.15)
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where the non-universal part, corresponding to the short-wavelength physics, is
essentially described by free particles physics, which can be evaluated straightfor-
wardly. Then, the difference between two distinct systems A and B sharing the
same universality is given by

n(A) − n(B) = n
(A)
ideal − n

(B)
ideal . (3.16)

In the work of Svistunov and Prokof’ev, system A was chosen to be the 2D Bose
gas, while system B a 2D classical lattice. Performing a classical Monte-Carlo
calculation, they could evaluate with great precision the critical density for the
lattice model, and from Eq. (3.16), that of the 2D Bose gas. In particular, they
found that the critical density for the onset of the BKT phase transition is given
by the formula

nBKT =
1

λ2
T

ln

(
C

g̃

)
, (3.17)

with C = 380 ± 3. This result has further been confirmed in a quantum Monte-
Carlo study [80], showing that Eq. (3.17) remains accurate up to very large value
of g̃ (∼ 2).

3.2 Thermodynamics of 2D Bose gases

3.2.1 Theoretical framework

In order to calculate the hydrodynamic sound velocities by solving the two-fluid
equation (1.82), one needs a reliable description of the thermodynamic quantities
in 2D. The universality of the weakly interacting Bose gas we have discussed previ-
ously, can be used to obtain the equation of state in the critical region. Prokof’ev
and Svistunov have calculated the universal behavior for the equation of state of a
2D Bose gas [82], and provided dimensionless functions depending on the variable
x = µ/(kBT ) and g̃ only,

D(x, g̃) = λ2
Tn . (3.18)

Using general thermodynamic relations, one can further obtain the reduced pres-
sure

P(x, g̃) =
λ2
T

kBT
P =

1

kBT

∫
dxD(x) , (3.19)

as well as all the thermodynamic quantities needed for the solution of the Landau
equation (1.82):

s̄ = 2
P
D
− x, κT =

1

nkBT

D′

D
, κs =

1

nkBT

D
2P

c̄V = 2
P
D
− D
D′
, c̄P =

(
2
P
D
− D
D′

)
2
PD′

D2
,

(3.20)
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where D′ = ∂D/∂x. Universal relations (UR) further provide another dimension-
less function Ds(x, g) = λ2

Tns, from which one can evaluate the superfluid density.
The universal behavior of the weakly interacting Bose gas has also been investi-
gated experimentally [68,103], showing excellent agreement with the predictions of
Prokof’ev and Svistunov, in a wide temperature range. In this thesis, we follow the
semi-analytical description of Ref. [82], in which the UR description is combined
with the 2D Popov theory.

Indeed, while a genuine condensate does not exist in 2D, one can formally intro-
duce the quasi -condensate, characterizing the suppression of density fluctuations,
according to [104,105]:

nqc =
√

2〈n̂〉2 − 〈n̂2〉 . (3.21)

Comparing with Eq. (1.35), one can see that nqc is analogous to n0 in 3D. However,
as we shall see later, the quasi-condensate in 2D takes a non-zero value even when
there is no more superfluid. As we show in details in the Appendix C.2, one
can then develop a mean-field (Popov) theory for the weakly interacting 2D Bose
gas, based on the concept of quasi-condensate. Within the 2D Popov theory, the
universal function for the phase-space density is obtained from the implicit formula
(see Eq. (C.36) in the Appendix):

D =
2πx

g̃
+ ln

(
2g̃

π
D − 2x

)
. (3.22)

To the same accuracy, the superfluid density can be evaluated from Eq. (1.74) as:

Ds = 2D − 2πx

g̃
− 1 . (3.23)

We show in Fig. 3.1 a comparison between the 2D Popov theory and the UR, for
the isothermal compressibility (left panel) and the superfluid density (right panel).
As one can see, the Popov approach catches correctly the temperature dependence
of κT , up to the BKT critical point. However, the Popov theory fails in describing
the behavior of the compressibility in the normal phase, as well as to reproduce the
BKT jump of the superfluid density. Thus, in the following, we evaluate all the
thermodynamic quantities entering in the Landau equation (1.82) using the 2D
Popov theory, except for the superfluid density in the vicinity of the BKT critical
point, which we evaluate using the universal approach. Practically, we interpolate
between the Popov theory and the UR at an intermediate temperature T < TBKT

(see the red point at T ' 0.6TBKT in the left panel of Fig. 3.1, which corresponds
to the point where we “connect” the two theories). Such procedure is found to
give essentially the same result as the full UR calculations, at least below TBKT. A
detailed discussion about the Popov theory in 2D, as well as a comparative study
of the different approaches are presented in Appendix C.2.
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Figure 3.1: Isothermal compressibility (left panel) and superfluid density (right
panel) of a 2D Bose gas as a function of temperature, evaluated for g̃ = 0.1. The
blue solid line is the result from the 2D Popov theory, while the black dots are
the predictions from the universal relations of Ref. [82]. The red point in the left
panel is an eye-guide to indicate the region where we connect the Popov theory
and the UR, in our combined approach (see main text).

3.2.2 Validity domain study

Although UR have been successfully used for the study of the hydrodynamic sound
waves in a weakly interacting 2D Bose gas [16], one might ask if the theory is
still valid in the strongly interacting regime. Figure 3.2(a) shows the ratio of
isothermal and adiabatic compressibilities as a function of the temperature, for
different values of the coupling constant, evaluated within the combined Popov-UR
approach. From thermodynamic principles, κT/κs can not be negative [84, §16],
and Fig. 3.2(a) shows a clear failure of the universal relation for g ≥ 1. Still,
the behaviour of κT/κs decreasing with g as shown in the inset of Fig. 3.2(a),
has also been observed in the 3D Fermi gas [86], and is physically acceptable.
Indeed, the gas is expected to become less compressible as the repulsive interaction
between bosons becomes stronger. In Fig. 3.2(b) we show the superfluid density
fraction ns/n for the same values of coupling constant 1. While the jump turns
out to agree [82] with the Nelson-Kosterlitz result (3.14), one observes another
unphysical result, with the superfluid density fraction becoming larger than unity
at low temperature. This last point directly arises from the limitation of the UR,
derived for the fluctuating region near the superfluid phase transition [81,82]. As
the interaction increases, the fluctuating region around TBKT shrinks, reducing the

1The reason for the unphysical kink at intermediate temperature in Fig. 3.2(b), comes from
the above-mentioned treatment of the combined Popov-UR approach.
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Figure 3.2: (a) Ratio of isothermal and adiabatic compressibilities κT/κs for
different values of g. From top to bottom, g̃ = 0.1 (solid line), g̃ = 0.5 (dashed
line), g̃ = 1 (dotted line), g̃ = 1.5 (dashed-dotted line). (b) Superfluid density
fraction ns/n for different values of g̃. The values of g̃ are the same as in panel
(a). The unphysical kinks observed for T ' 0.6TBKT in the superfluid density
is due to the analytical treatment of the dimensionless functions in the universal
relations approach [82]. The black solid line is an eye-guide for (a) κT/κs = 1 and
(b) ns/n = 1.

region of validity of the UR. Nevertheless, as we have already mentioned, the UR
predicts the correct phase transition temperature, up to g ' 2, when compared to
ab initio calculation [80]. Therefore in what follows, we use the UR for the study
of the 2D Bose gas, restricting ourself to the temperature region near the phase
transition, and to values of g ≤ 1. We briefly note that, g ' 0.1 is a typical value
of coupling constant for a dilute 2D Bose gas [66], and 0.6 . g . 2.8 corresponds
to the BEC regime of a 2D Fermi gas [69, 106], where the system behaves as a
gas of bosonic dimers. A direct mapping between our results calculated for the
strongly interacting Bose gas and the experimentally relevant 2D Fermi gas can
be conveniently achieved using the following relationship [7, §23.4]:

g = −4π
1

2 ln(kFa2D) + ln(γ2/4π)
, (3.24)

where kFa2D is the interaction parameter for a 2D Fermi gas [76], kF and a2D are
the Fermi wave vector and the 2D s-wave scattering length, respectively. γ =
aB/a2D ' 0.55 [107] is a constant relating the bosonic scattering length to the
fermionic one.
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Figure 3.3: First and second sounds as a function of temperature for different
values of g̃. The blue and red solid lines correspond to first and second sounds
calculated from Eq. (1.82), respectively. The blue and red dashed lines are the
approximated form of the first and second sounds for small thermal expansion
coefficient, given by Eq. (3.26).

3.3 Hydrodynamic sounds in a 2D Bose gas

We are now in position to investigate the propagation of sound in the hydrody-
namic regime. As in the three-dimensional case, the Landau Eq. (1.82) is solved
together with the thermodynamic quantities evaluated within the combined Popov-
UR approach, Eq. (3.20).

Figure 3.3 shows the first and second sound obtained by solving Eq. (1.82)
(solid line), for different values of g̃. The velocities are calculated for fixed total
density and expressed in units of the zero temperature Bogoliubov sound velocity
c0 =

√
g̃n/m. As one can see, both sound velocities show a jump at the transition

temperature. This behaviour, originating from the BKT universal jump of the
superfluid density, is studied in detail in the following. Panel (a) corresponding
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Figure 3.4: Thermal expansion coefficient αT at T = 0.8TBKT as a function of the
2D coupling constant g̃.

to g̃ = 0.1 has already been studied within the same approach in [16]. In order
to understand the evolution of the sound modes with the coupling constant, one
recall the two-fluid Landau equation (1.82). As we have already discussed in Sec.
1.3.1, the two sound modes are decoupled if the thermal expansion coefficient is
negligibly small:

αT =

(
κT
κs
− 1

)
� 1 . (3.25)

In that case the first and second sound modes take the form of density and entropy
waves respectively,

c2
10 =

1

mnκs
, c2

20 =
nsT s̄

2

mnnc̄p
. (3.26)

Figure 3.3(a) and 3.3(b) show that the calculated velocities strongly deviate from
Eq. (3.26) (shown as dashed-line), revealing the strong coupling between the
density and entropy modes in the highly compressible regime where the condition
αT � 1 is violated. Figure 3.4 shows that as the coupling constant increases,
the gas evolves from a weakly interacting to a strongly interacting behaviour,
becoming less compressible. As a consequence Eq. (3.26) becomes more and more
accurate, as shown in panels (c) and (d). The transition between the weakly
interacting and the strongly interacting regime is then expected to take place
for values of the 2D coupling constant corresponding to g̃ ∼ 0.5. This regime
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can be reached in a 2D Bose gas with Feshbach resonance [67] or in the BEC
side of the BEC-BCS crossover in 2D superfluid Fermi gases [106]. It is worth
noticing that the already mentioned unphysical violation of the thermodynamic
relation κT/κs ≥ 1 predicted by the use of universal relations for large values of
the coupling constant, has little effect on the sound speeds, while the violation of
the condition ns ≤ n has dramatic unphysical consequences due to the resulting
negativity of the normal density. The proper estimate of the sound velocities in the
strongly interacting regime should then be based on more realistic estimates of the
superfluid density. Accurate calculations of the superfluid density as well as of the
relevant thermodynamic functions of 2D Fermi gases, based on quantum Monte
Carlo simulations [80, 108] or many-body theories [109–111], would in particular
allow for a safer evaluation of the sound velocities along the whole BCS-BEC
crossover.

In the 2D Bose gas too, one can approximate the thermodynamic quantities
entering in the two-fluid equation except the isothermal compressibility and the
superfluid density, by those of an ideal Bose gas. We rewrite here the results found
in Sec. 2.2,

c1,WI =

√
nT s̄2

nnmc̄v
, c2,WI =

√
ns
n

1

mnκT
. (3.27)

Figure 3.5 shows, again, the sound velocities for the same values of the coupling
constant, but compared this time, to Eq. (3.27) (dotted-lines). As expected, the
approximation successfully describes the exact sound speeds for small g̃. In con-
trast to Fig. 3.3, Eq. (3.27) becomes less accurate as one increases g̃. However,
panel (d) shows that the approximated velocities approach again the exact solu-
tions, for T ≤ TBKT. This is a proper behaviour to the 2D system, where the BKT
jump of the superfluid density, scaling as ns/n = 4/ ln(C/g̃) (see Eqs. (3.14) and
(3.17)), is responsible for ns ' n over the whole range of temperature, as observed
in Fig. 3.2(b). This assumption, in addition to α ' 0 for large value of g̃, leads to
c1,WI ' c20 (respectively, c2,WI ' c10).

While in the 3D case the sound velocities near the phase transition can be
estimated by putting ns → 0, leading to Eq. (3.26), this assumption can not be
used in the actual 2D case, due to the presence of the jump. One can however
derive a first-order correction to c10 and c20 from the two-fluid equation (1.82),

c2
1,BKT = c2

10

(
1 + αT

c2
20

c2
10

)
, c2

2,BKT = c2
20

(
1− αT c

2
20

c2
10

)
, (3.28)

where one has assumed that αTc2
20/c

2
10 � 1. This condition is expected to be valid

near TBKT, and the results of Eq. (3.28) correctly describe the jump c(T−BKT) −
c(T+

BKT) of the two velocities in a wide range of values of the coupling constant, as
drawn in Fig. 3.6. According to Eq. (3.28), the deviation from c10 and c20 near
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Figure 3.5: First and second sounds as a function of temperature for different
values of g̃. Solid lines are the same as Fig. 3.3. The blue and red dotted lines
are the approximated form of the first and second sounds for a weakly interacting
Bose gas, given by Eq. (3.27).

TBKT is characterized by a factor αTc2
20/c

2
10. Therefore, not only the BKT jump

of the superfluid density (appearing in c2
20 ∝ ns), but also the difference between

thermal and adiabatic compressibilities, are responsible for the observed gap in
the sound velocities. This is explicitly shown in Fig. 3.3(d), where the jump in
the first sound mode disappears due to the vanishingly small value of α.

Finally, it is of great interest to understand weather second sound can be excited
using a density probe. This is again assessed by calculating the amplitudes of the
respective sound modes in the compressibility sum rules, W1 and W2. Figure
3.7 shows the ratio of the relative contribution of first and second sound to the
compressibility sum rule, Eq. (2.20). We can see from a comparison with Fig. 3.4
that as expected from Eq. (2.21), W2/W1 follows the same evolution as κT/κs.
This observation involves that from the experimental point of view, the density
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Figure 3.6: BKT jump in sound velocities c−BKT − c
+
BKT as a function of g̃. Sound

velocities jump obtained from the solutions of Landau equation (1.82) (solid lines)
are compared to the approximated expression Eq. (3.28) (dashed lines).

probe of the second sound becomes more and more difficult as one increase the
value of the coupling constant.

3.4 Collisionless sound in a 2D Bose gas

3.4.1 Motivation

We discuss in this section the propagation of sound in the collisionless regime. This
discussion is motivated from the recent experiment of Collège de France group in
Paris [17], where they have measured the propagation of sound wave in a 2D
gas of 87Rb atoms. As shown in Fig. 3.8, while the measured sound lies close
to the zero-temperature Bogoliubov sound in the superfluid phase, the velocity
does not exhibit any jump and remains finite also above the superfluid transition
temperature. This observation is in contradiction with the hydrodynamic theory
we have developed in the previous section. The key point for understanding these
observations is the role of collisions, which would be essential for the application
of two-fluid hydrodynamics. In the quasi-2D regime of [17], one can estimate the
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Figure 3.7: Ratio of compressibility sum rule contribution W2/W1 at T = 0.8TBKT.
W1 (W2) is the relative contribution of first (second) sound mode to the compress-
ibility sum rule Eq. (2.20).

collisional parameter to be given by (see Appendix B):

ωτ '
√

1

ng̃3

2π

L
, (3.29)

where L is the size of the box. Using the parameters of the experimental set-up:

L = 38µm , n = 30µm−2 , g̃ = 0.16 , (3.30)

one gets an estimate for the collisional parameter:

ωτ ' 0.47. (3.31)

Thus, the collisional rate is of the same order of the frequency of the excited mode,
determined by the box length, and this observation suggests that collisions might
not be efficient enough to ensure the collisional hydrodynamic regime. Hence one
needs a theory which can describe density waves in the absence of collisions, above
TBKT, even in the absence of superfluidity.

3.4.2 Collisionless theory of the 2D Bose gas

In Chap. 2, we have found that a collisionless transport theory for the weakly
interacting Bose gas can be obtained, starting from the dynamic mean-field ap-
proach. Although we have seen that the 2D Bose gas is well described by mean-field
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Figure 3.8: Experimental result for the measurement of density sound in a 2D
Bose gas, using density probe. The blue dots are the experimental data, the
black solid line the theoretical prediction of Sec. 3.3 for the hydrodynamic second
sound. Sound velocities are normalized by the Bogoliubov sound velocity c0. From
Ref. [17].

theories based on the concept of quasi-condensate in the superfluid phase, these
approaches fail above TBKT, where the physical meaning of the quasi-condensate
becomes ambiguous (see Fig. 3.1 where the Popov theory predicts an erroneous
divergence of the isothermal compressibility, as well as discussions in Appendix
C.2). The experimental measurement showing a discrepancy with the hydrody-
namic theory in the normal regime of the gas, one needs an appropriated theory
to describe that region.

Kinetic theory

In our work, rather than developing a framework which includes the effects of
vortices, we have simplified the description of the Bose gas, assuming that in the
temperature region of interest, the system is described by a normal gas with sup-
pressed density fluctuations. This is motivated by the prediction of the universal
relations shown in Fig. 3.9, which reveals that the quasi-condensate, characteriz-
ing the suppression of density fluctuations Eq. (3.21), is close to the total atoms
density even in the normal phase, up to relatively high temperature. Our starting
point is therefore the RPA expression for the response function (1.18) of a normal
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Figure 3.9: Quasi-condensate density as a function of temperature, evaluated for
the interaction parameter g̃ = 0.16. Blue solid line: prediction from the 2D Popov
theory. Black dots: prediction from the universal relations of Ref. [82].

Bose gas:
δn(q, ω) = −δUeff(q, ω)χ0(q, ω) , (3.32)

with the effective interaction now given by

δUeff(q, ω) = δUext(q, ω) + gδn(q, ω) , (3.33)

namely the dynamic mean-field in absence of exchange effect. One immediately
obtains,

δn(q, ω) = −δUext(q, ω)χ(q, ω) , (3.34)

with the density response function given by

χ(q, ω) =
χ0(q, ω)

1− gχ0(q, ω)
. (3.35)

The response function of the reference system is obtained from the same expression
as the 3D Bose gas Eq. (2.30),

χ0(q, ω) =
1

(2π~)2

∫
d2p

f(εp+~q/2)− f(εp−~q/2)

~ω − ~pq/m+ iη
, (3.36)

with η → 0+, and the equilibrium distribution function defined as

f(εp) =
1

eβ(εp+gn−µ) − 1
. (3.37)
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It is important to stress that, in Eqs. (3.35) and (3.37), the mean-field enters as gn
and not 2gn. This assumption comes from the definition of the quasi-condensate
Eq. (3.21), corresponding to the non-Gaussian component of the gas. For the
following, it is useful to introduce the effective chemical potential

Λ = |µ− gn| = −µ+ gn . (3.38)

In the long-wavelength limit (q → 0) of interest, the bare response function
takes the form (we consider a sound wave propagating in the q = qex direction):

χ0(ω/q) =
1

(2π~)2

∫ ∞
−∞

dpx
F (px)

ω/q − px/m+ iη
, (3.39)

where we have introduced

F (px) ≡
∫ ∞
−∞

dpy
∂f

∂px
= − β

m

∫ ∞
−∞

dpy
pxe

β( p2

2m
+Λ)[

eβ( p2

2m
+Λ) − 1

]2 . (3.40)

We briefly note that the same response function Eqs. (3.35) and (3.39) can be
obtained starting from the collisionless Boltzmann equation

∂f

∂t
+ v∇f − g∇pf∂rn(r) = 0 , (3.41)

and following the same steps as for the classical gas of Sec. 1.1.3 [112]. As for the
effective chemical potential Λ, it is obtained from the number equation

n =
1

(2π~)2

∫
d2pf(εp) = − 1

λ2
T

ln
(
1− e−βΛ

)
, (3.42)

and one naturally associates to −Λ the chemical potential of an ideal gas.

Sum rules

We first verify the f -sum rule Eq. (1.98). From Eq. (3.35),

χ(q, ω →∞) ' χ0(q, ω →∞) (3.43)

'
∫

d2p

(2π~)2

q

ω

(
1 +

qpx
mω

) ∂f

∂px
(3.44)

In the last equation, the first term vanishes from the oddness of ∂f/∂px and the
second term is solved by integrating by part and recalling the number equation
(3.42). Finally,

χ(q, ω →∞) =
nq2

mω2
. (3.45)
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We next verify the compressibility sum rule (1.100). The response function
(3.39) already assumes the long wave-length limit, and one finds

χ0(q → 0, 0) =
β

2π~2

∫ ∞
0

dp
eβ( p2

2m
+Λ)[

eβ( p2

2m
+Λ) − 1

]2 . (3.46)

The integration can be performed analytically and one gets,

χ0(q → 0, 0) =
m

2π~2

1

eΛ/T − 1
. (3.47)

The full response function therefore exhausts the compressibility sum-rule:

1

n2
χ(q → 0, 0) =

1

n2

m

2π~2

1

(eΛ/T − 1) + g̃
2π

≡ κT . (3.48)

Thermodynamic compressibility

An alternative way to evaluate the isothermal compressibility is to start from the
number equation (3.42), κT = n−2(∂n/∂µ)|T . In this way, one naturally finds
result (3.48) derived from the response function. In fact, the RPA theory we have
developed is consistent with the mean-field expression

P =
1

2
gn2 +

∫
d2p

(2π~)2

p2

2m
f(p) , (3.49)

for the pressure of the interacting 2D Bose gas.
The isothermal compressibility κT is expected to play an important role in char-

acterizing the dynamic behavior of the gas in the collisionless regime, differently
from the adiabatic compressibility κS which instead describes the propagation of
sound in the collisional regime. Figure 3.10 shows the isothermal compressibility
evaluated from Eq. (3.48). We also show the results from the 2D Popov theory
and the universal relations of Sec. 3.2. Comparing with the prediction of the 2D
Popov theory, one can see that although the RPA framework developed in this
section does not catch the increasing behavior of the compressibility in the su-
perfluid phase, it smoothly evolves around the critical point, and decreases with
the temperature in the normal regime. This behavior confirms our choice of the
simplified mean-field theory for the description of the collisionless regime.

Classical field theory

Finally, we also show in Fig. 3.10 the isothermal compressibility calculated within
the stochastic (projected) Gross-Pitaevskii equation (SPGPE), from Ref. [21]. In
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Figure 3.10: Isothermal compressibility evaluated for g̃ = 0.1. The blue solid line
is the prediction of the RPA theory, while the green dashed line is from the quasi-
condensate Popov theory. The red square are predictions from the SPGPE (see
main text) [21]. The black dots are from universal relations of Ref. [82].

this approach, the system is divided into two parts, corresponding to the low energy
modes, and the high energy modes [54,113]. Owing to the macroscopic occupation
of the lowest energy states, the former part can be described by a classical field Ψ,
whereas the later part acts as a thermal reservoir of classical atoms. The key point
in this approach is that the low energy (coherent) part does not only represent the
condensate, but includes a finite number of excited states, up to an energy cutoff.
Thus, unlike the ZNG formalism discussed in Sec. 1.3.3 which is based on the
presence of a BEC, the SPGPE framework is well suited for the investigation of
2D Bose dynamics [53]. The SPGPE takes a similar form to the Gross-Pitaevskii
equation (1.67), with additional thermal dissipation and stochastic fluctuation
terms. The equilibrium state at a given temperature is obtained by solving the
equation for different noise realizations, and then taking the average. As one can
see in Fig. 3.10, although the SPGPE includes the effects of thermal fluctuations in
an approximated scheme, it successfully reproduces the characteristic peak of the
compressibility near the superfluid transition, in agreement with the UR results.
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Figure 3.11: Experimental protocol for the excitation of sound wave in 2D Bose
gas. (a) Initial density profile of the gas at t = 0, with a depleted density in
the upper part induced by an external local potential. (b) Time evolution of the
density depletion, after removing the external potential. From Ref. [17].

3.4.3 Comparison with the experiments

The velocity of sound as well as its damping rate can in principle be evaluated
from the calculation of the pole of the response function Eq. (3.35). However,
unlike the 3D case, this is a rather fastidious task (see Appendix D.2). Here, we
therefore follow another approach, inspired by the experimental procedure.

Linear response analysis

The experiment of Ref. [17] consists to measure the motion of the gas when a
density perturbation is applied (we remind that the initial aim of the experiment
was to observe the BKT jump of the second sound, which for a weakly interacting
2D Bose gas is excited through a density perturbation, as we have shown in Sec.
3.3). A sketch of the experimental protocol is shown in Fig. 3.11. At t = −∞ the
gas in the box has a density depletion, induced by a potential step (panel (a)).
This potential step is removed at t = 0, letting the density depletion to move
freely. The sound velocity is then measured by tracking this density depletion (or
equivalently the center of mass oscillation of the gas) in time (panel (b)), as it goes
forth and back in the box.

For our calculation, we therefore consider the gas initially at equilibrium in
the presence of a weak, spatially periodic, stationary potential, producing a sinu-
soidal density modulation with a given wave vector q. Then, we investigate the
response of the system when the potential is suddenly removed. Such perturbation
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is described by the Hamiltonian

Ĥpert = λρ̂†qθ(−t) + h.c.

= λρ̂†q
i

2π

∫ ∞
−∞

dω′
eiω
′t

ω′ + iη
+ h.c., (3.50)

where in the last line we have used the Fourier transform of the step function.
Then, following the same calculation as Sec. 1.3.2 starting from the Kubo formula
Eq. (1.86), one obtains for the density response [114,115]

F(t) =
1

πn2κT

∫ ∞
−∞

dω
χ′′(k, ω)

ω
eiωt , (3.51)

where we have normalized the signal to its t = 0 initial value, fixed by the isother-
mal compressibility. If the ratio χ′′(k, ω)/ω exhibits a narrow peak, as happens
at low temperature, then the oscillation will persist for a long time; if instead the
same function is broad, then the oscillation is strongly damped. Hence the function
F(t) provides direct information on the velocity of sound and on its damping. In
the left panels of Fig. 3.12 we show some typical profile of the function χ′′(k, ω)/ω
calculated from Eq. (3.35), with g̃ = 0.16, below and above the superfluid transi-
tion. The figure reveals the occurrence of a peak at ω 6= 0, which is at the origin
of a damped oscillatory behavior in the Fourier transform F(t), shown in the right
panels. It is worth noticing on passing that the oscillatory behavior of the function
F(t) is caused by the interaction term in the denominator of χ(k, ω). In fact, in
the ideal Bose gas (g = 0), the function χ′′(k, ω)/ω has a peak at ω = 0 and
its Fourier transform (3.51) is a monotonously decreasing function (panel (d) in
Fig. 3.12). Indeed, one can show that the imaginary part of the ideal gas response
function can be written as a sum of Gaussian functions,

χ′′0g=0

(
u =

ω

q

√
m

2kBT

)
=

mu

2
√
π~2

∞∑
l=1

√
le−l(u

2+βΛ) , (3.52)

thus its Fourier transform yields a sum of exponentially decaying functions.
The sound frequency ω̃ and its damping rate Γ can be extracted from F(t) by

using an appropriated fitting function. In our work, we chose

FDHO(t) = e−Γt/2

[
cos(ω̃t) +

Γ

2ω̃
sin(ω̃t)

]
, (3.53)

as a fitting function, corresponding to the response of a damped harmonic oscillator
(see Appendix D.1). The fitting results are shown as red dashed lines in the right
panels of Fig. 3.12.



Collisionless sound in a 2D Bose gas 75

-1.0

-0.5

0.0

0.5

1.0

10

20

30

40

50

0

5

10

15

20

25

30

0 -0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

0 10 20 30 40 50

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-3 -2 -1 0 1 2 3

5

10

15

20

0

(a)

(c)

(e)

(b)

(d)

(f)

Figure 3.12: Left panels: Imaginary part of the inverse frequency weighted re-
sponse function, χ′′(ω̃)/ω̃, calculated in the RPA with g = 0.16~2/m, as a function
of the dimensionless frequency ω̃ = ω/(k

√
gn/m). Right panels: corresponding

Fourier transform (3.51), as a function of the dimensionless time t̃ = kt
√

2kBT/m.
The blue solid and green dashed lines correspond to the interacting and ideal gas,
respectively. The red dotted line is the fit based on Eq. (3.53). From top to
bottom: T = 0.7TBKT, 1.2TBKT and 1.8TBKT.
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Figure 3.13: Sound velocity in units of c0 =
√
gn/m, calculated for g = 0.1~2/m.

The blue solid line is the sound velocity c = ω̃/k extracted from the Fourier
transform Eq. (3.51) of χ′′/ω calculated in RPA, while the blue dashed line is the
isothermal sound velocity cT =

√
1/(mnκT ), within the same theory. Solid and

open squares represent the sound speed extracted from real time simulations and
the isothermal sound velocity, respectively, both obtained with SPGPE [21].

Results

The velocity c extracted from F(t) is shown in Fig. 3.13 (solid line) as a function
of T , in units of the zero temperature Bogoliubov sound velocity c0 =

√
gn/m. We

compare the extracted sound velocity with the prediction for the isothermal sound
velocity cT =

√
1/(mnκT ) determined by the isothermal compressibility (dashed

line). The two curves are found to be close to each other, while the adiabatic
sound velocity cS =

√
1/(mnκT ), which describes the propagation of sound in the

collisional regime, is not shown in the figure, lying well above cT (cS/cT ∼ 2 near
TBKT). This behavior can be understood by using sum rule arguments. In fact, the
ratio between the energy weighted and inverse energy weighted moments of the
dynamic structure factor provides an estimate for the mean excitation energy [7]:

c ' 1

~q

√
m1

m−1

=

√
1

mnκT
, (3.54)

which is found to be the isothermal sound velocity cT . This sum rule prediction
is expected to be accurate in the collisionless regime but not in the collisional
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Figure 3.14: Sound velocity calculated for g = 0.16~2/m. Blue solid line: RPA;
red squares: SGPE; The green dashed line is the second sound velocity predicted
by Landau’s two-fluid hydrodynamics of Sec. 3.3 and the black circles are the
experimental data of Ref. [17].

regime, where the adiabatic sound does not exhaust the inverse energy weighted
(compressibility) sum rule [88].

The propagation of sound can be also investigated using SPGPE. In SPGPE,
the propagation of density waves has been simulated in [21] following the exper-
imental procedure. Namely, an initial equilibrium state in presence of a static
external perturbation is prepared, and then the real-time simulation is performed
by removing suddenly the static perturbation and letting the system evolve [113].
The sound velocity is then extracted from the amplitude of the observed den-
sity oscillations, using Eq. (3.53) as a fitting function. We show the extracted
sound speed as solid squares in Fig. 3.13. For the SPGPE too, the sound velocity
is found to lie close to the isothermal compressibility sound (red open square),
obtained from the equilibrium solution of SPGPE; Fig. 3.10.

In Fig. 3.14 we compare our results with the experimental observations of
Ref. [17], and the predictions of SPGPE [21]. Below TBKT, our predictions for the
velocity of the collisionless sound are close to the ones for second sound based on
Landau’s two-fluid hydrodynamics (dashed green line). This is not surprising since,
for a weakly interacting Bose gas at temperatures larger than gn/kB, the velocity
of second sound is well approximated by the expression (3.27)

√
(ns/n)/(mnκT )
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Figure 3.15: Quality factor Q = 2ω̃/Γ. The blue solid line is Q evaluated from
the Fourier transform F in RPA; black circles are experimental data [17]; red
squares are the results of SGPE simulations. The inset shows Q as a function of
frequency at different values of T from SGPE [21]; from top to bottom: T/TBKT =
0.29, 0.52, 0.75, 1.02. The error bars of the SGPE data in both panels represent
the statistical deviations due to different noise realizations.

and differs from the isothermal velocity only by the multiplicative factor
√
ns/n,

which is fixed by the superfluid fraction and is ∼ 0.7 near TBKT. Conversely,
neither our theoretical sound velocity nor the experimental one exhibit the jump
to zero at TBKT, which would be predicted by two-fluid hydrodynamics in the
collisional regime.

Fig. 3.15 shows the quality factor Q = 2ω̃/Γ. By increasing the temperature,
Q decreases as the damping rate becomes quickly large. Above TBKT, damping
becomes so strong that the oscillatory behavior is hardly visible (see lowest panels
Fig. 3.12). Again, there is an overall good agreement between theory and exper-
iments. In RPA, the behavior of Q is the consequence of Landau damping, as
we have alredady discussed for the 3D gas in Sec. 2.3.3. It corresponds to the
coupling between the collective sound oscillation and the (thermally populated)
single-particle excited states included in the ideal Bose gas response (3.35) [116].
The reason for which the quality factor in the experimental measurement is better
than the theoretical prediction, can be understood as the experimental system be-
ing slightly hydrodynamic and thus reducing Landau damping. This is confirmed
by the independence of Q on frequency, as shown in the inset of Fig. 3.15, cal-
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culated in Ref. [21] using SPGPE. In fact, if damping were collisional, it would
exhibit a quadratic increase with ω and hence a pronounced frequency dependence
of the quality factor.

We briefly note that we have checked that the evaluation of the pole of the
RPA response function (3.35) leads essentially to the same results for the sound
speed and the damping rate (see Appendix D.2).

3.5 Probing the BKT jump in the second sound

To summarize, in this chapter we have investigated the propagation of sound wave,
in both the hydrodynamic and collisionless regime. With respect to the 3D Bose
gas, where the hydrodynamic and collisionless sounds have practically the same
velocity, the situation in 2D is particularly interesting, since the hydrodynamic
mode is expected to vanish at the superfluid phase transition temperature, while
the collisionless one not. Regarding the observation of the BKT jump in the sound
velocity, we are in a delicate situation where we need to find an “intermediate”
region, in which interactions are strong enough to ensure hydrodynamics, but not
too large to ensure the excitation of second sound from a density probe. From
this point of view, the most interesting region for the experimental investigation
would be around g̃ ' 0.7, where the predicted compressibility sum rule amplitude
W2/W1 ' 1 (see Fig. 3.7) is still large and hydrodynamic regime should be
ensured from small sound velocity. Such value for the coupling constant has been
already achieved in Cesium gases, by means of Feshbach resonance [67]. This
situation is illustrated in Fig. 3.16, where we have calculated the response to a
static density perturbation F(t), using the hydrodynamic response function Eq.
(2.19). For g̃ = 0.7 at intermediate temperature, one indeed finds that both sound
modes contribute equally to the inverse energy-weighted sum rule, giving rise to
a beating effect in the experimentally relevant total response. The observation of
such beating would allow for the simultaneous measurement of first and second
sounds, and further detect the BKT jump by observing the sudden vanishing of
beatings at the critical point.

Another promising system for the observation of the BKT jump in the second
sound velocity is the strongly interacting Fermi gas. While the universal relations
do not allow us to study the crossover region of a 2D Fermi gas, we can stress
from our results that the system in this region would be highly incompressible.
This means that a density probe of the second sound is hopeless in the crossover
region, and one should rather use a thermal perturbation as in the 3D unitary
Fermi gas [103]. This observation also involves that one can safely use Eq. (3.26)
for the evaluation of both sound velocities. A detailed study using many-body
theories would be useful to confirm these predictions, and to further study the
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Figure 3.16: Density response F(t) of a strongly interacting Bose gas to a static
perturbation, in the hydrodynamic regime, with g̃ = 0.7 at T = 0.8TBKT. Blue
solid line: total density response. Red dashed line: density response of the first
sound mode. Green dotted line: density response of the second sound mode.
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Chapter 4

Mixtures of 3D Bose gases at
finite temperature

In this chapter, we investigate a mixture of two interacting superfluid Bose gases
at finite-temperature, in 3D. We first develop the HF and Popov theories for the
mixture, which are the generalizations of the single-component theories studied in
Chap. 3. Although in the single-component gas the inclusion of the anomalous
average in the Popov theory has no drastic effects in the behavior of thermody-
namic quantities, one shall see that in the case of binary BECs, their inclusion is
crucial. In particular, we study the miscibility of the mixture, and assess what
are the conditions to observe the phase-separation of the two components at finite
temperature.

4.1 Theory of Binary Bose-Einstein condensates

4.1.1 Binary BECs at zero temperature

The miscibility of liquids and gases, and in particular its temperature dependence,
is a topic of high relevance in the study of classical fluids [117]. For quantum
mixtures, this question was addressed long time ago in the context of 3He-4He
liquids [118], and more recently for mixtures of quantum gases [7,27]. In particular,
weakly interacting binary Bose gases occupying two different hyperfine states are
the simplest, yet interesting example of quantum mixtures, for which the problem
of miscibility has been intensively investigated, both experimentally [18, 119–122]
and theoretically [123–134].

At zero-temperature, the miscibility criterion is obtained starting from the
Gross-Pitaevskii energy functional of Sec. 1.2.4, adapted to the mixtures: [7,123–
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126,128]

E =

∫
d3r

[
~2

2m1

|∇Ψ1|2 +
~2

2m2

|∇Ψ2|2 + V1,ext|Ψ1|2 + V2,ext|Ψ2|2

+
1

2
g11|Ψ1|2 +

1

2
g22|Ψ2|2 + g12|Ψ1|2|Ψ2|2

]
, (4.1)

where Ψ1(r) and Ψ2(r) are the order parameters for the respective component of
the mixture, with mass m1 and m2, each of them being under an external potential
V1,ext(r) and V2,ext(r). The interaction between identical atoms is modeled through
the intra-atomic couping constant g11 = 4π~2a11/m1 and g22 = 4π~2a22/m2,
whereas the interaction between different atomic species is given by the inter-
atomic coupling constant g12 = 4π~2a11/mR, with mR = 2m1m2/(m1 + m2) the
relative mass. In the simplest case where the atoms are confined in a box, one can
calculate the energy in the miscible and phase-separated configurations straight-
forwardly. In the miscible case where all the atoms occupy the volume V of the
box, one finds,

Emis =
g11

2V
N2

1 +
g11

2V
N2

2 +
g12

V
N1N2 , (4.2)

with N1 and N2 the number of atoms in the component 1 and 2, respectively. For
the phase-separated case one instead finds,

Eps =
g11

2V1

N2
1 +

g22

2V2

N2
2 , (4.3)

with V1 and V2 the volume occupied by the respective component. In the phase-
separated state, the pressure between the two gases has to be the same (mechan-
ical equilibrium), ∂Eps/∂V1 = ∂Eps/∂V2 implying the relationship g11(N1/V1)2 =
g22(N2/V2)2. Consequently,

Eps =
g11

2V
N2

1 +
g11

2V
N2

2 +

√
g11g22

V
N1N2 . (4.4)

Thus, comparing Eqs. (4.2) and (4.3), the miscible state is energetically stable
with respect to the phase-separated state as long as the following inequality holds:

g12 ≤
√
g11g22 . (4.5)

This criterion has been verified experimentally, for instance in the Rubidium mix-
tures, where the transition from the miscible to the phase-separated state has been
observed by tuning the intra-atomic [119] or inter-atomic [121] coupling constant,
using the Feshbach resonance.
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4.1.2 Binary BECs at finite temperature

At finite temperature, theoretical studies have mainly focused on harmonically
trapped systems, by means of the Hartree-Fock [127, 133, 134], Zaremba-Nikuni-
Griffin [131] and Hartree-Fock-Bogoliubov [129, 130, 132] theories. Although they
differ in the treatment of the intra-species interaction, all the above approaches
treat the inter-species coupling at the mean-field level, thereby providing an inac-
curate description of the thermal fluctuations associated with the spin degree of
freedom. As one shall see, it is in fact crucial for the discussion of the miscibility
to derive a finite-temperature theory, which properly includes the effects of ther-
mal and quantum fluctuations in both the density and spin channels. In order to
illustrate this point, we develop in this section two different approaches: the HF
theory on one hand, and the Popov theory on the other hand.

In what follows, we consider the simplest symmetric configuration, in which
the masses, as well as the intra-atomic coupling constants of the two components
are the same: m1 = m2 = M and g11 = g22 = g.

Hartree-Fock theory

The HF theory for the mixtures is obtained by starting from the two-components
Hamiltonian:

Ĥ =
∑
i=1,2

{∑
k

εkâ
†
i,kâi,k +

g

2V

∑
k,k′,q

â†i,kâ
†
i,k′+qâi,k′ âi,k+q

}
+
g12

V

∑
k,k′,q

â†1,kâ1,k+qâ
†
2,k′+qâ2,k′ , (4.6)

and proceeding in the same way as the single-component case, Sec. 2.1.1. After
the Bogoliubov ansatz of Sec. 1.2.3 followed by the mean-field assumption (2.1),
one finds for the HF grand-canonical Hamiltonian

K̂HF = ΩHF
0 +

∑
i=1,2

∑
k 6=0

(
εk + 2gni + g12n3−i − µHF

i

)
â†i,kâi,k , (4.7)

with ΩHF
0 given by

ΩHF
0 =

∑
i=1,2

{ g

2V
N2
i,0 −

g

V
Ñ2
i − µHF

i Ni,0 +
g12

V
N1,0N2,0 −

g12

V
Ñ1Ñ2

}
, (4.8)

where Ni,0 and Ñi are the number of atoms in the condensed and normal phase for
the ith component, respectively. The grand-canonical energy is found by taking
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the trace of the grand partition function:

ΩHF = ΩHF
0 +

1

β

∑
i=1,2

ln
(

1− e−β(εk+2gni+g12nj−µHF
i )
)
. (4.9)

As for the chemical potential in the condensed phase, it is given by the saddle-point
equation ∂Ω/∂ni,0 = 0:

µHF
i = g(ni + ñHF

i ) + g12n3−i (4.10)

where the thermal atoms density is given by the Bose special function, ñHF
i =

g3/2(zi)/λ
3
T , with the fugacity zi = e−βgni,0 . When a given component is in the

normal phase, one instead has µHF
i = µIBG

i + 2gni + g12n3−i, with µIBG
i the ideal

gas chemical potential. Finally, we verify that when taking the derivative of ΩHF

(4.9) with respect to µHF
i , one correctly finds the number density ni.

Popov theory

As explicitly shown in Eq. (4.9), the HF theory accounts for the inter-species
interaction only to the lowest order, linear in g12. Indeed, ΩHF is simply given
by the sum of the single-component thermodynamic potential in each component
Eq. (2.3), with additional mean-field terms g12(N1,0N2,0 + Ñ1Ñ2)/V , linear in
g12 (the fugacity, as well as the thermal atoms density depend only on the intra-
atomic coupling constant g). In order to include the effects of spin fluctuations,
we develop the Popov theory for the mixtures of two condensates, starting from a
model Hamiltonian which treats in a consistent way both inter and intra-species
interactions. The associated grand-canonical Hamiltonian K̂ can be diagonalized
by means of Bogoliubov transformations, as well as proper renormalizations of the
coupling constants [135]. The derivation follows closely the one of the HF theory,
and is given in Appendix A.2. The grand-canonical Hamiltonian is found to be:

K̂ = Ω0 +
∑
k 6=0

(
E+

k α̂
†
kα̂k + E−k β̂

†
kβ̂k

)
, (4.11)

where α̂†k and β̂†k are, respectively, the creation operators for the quasiparticles in
the density and spin channels obeying Bose statistics, and Ω0 is the thermodynamic
potential of the vacuum of these quasiparticles (see Eq. (A.37) in the Appendix).
The excitation spectrum of the system reads E±k =

√
ε2
k + 2Λ±εk where,

Λ± =
1

2

(
gn0 ±

√
(g2 − g2

12)m2
0 + g2

12n
2
0

)
, (4.12)

are the Bogoliubov sound velocities, with n0 = n0
1,0 + n0

2,0 and m0 = n0
1,0 − n0

2,0,
where n0

i,0 = ni − n0
T is the condensate density evaluated to the lowest order
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in the interaction. The thermodynamic potential is therefore given by Ω =

β−1 ln
(

Tre−βK̂
)

:

Ω = Ω0 +
1

β

∑
±

∑
k

ln
(

1− e−βE
±
k

)
(4.13)

In this expression, the thermal contribution of single-particles in the HF theory
(4.9) has been replaced by that of quasiparticles. The chemical potential is evalu-
ated from the saddle point equation ∂Ω/∂ni,0 in a perturbative way, and is found
to be (see Appendix A.2)

µ1 = g(n1 + n0
T ) + g12n2 + g

∑
±

(
MΛ±
2π~2

)3/2

H±(τ±, l) (1↔ 2) (4.14)

where the dimensionless function on the reduced temperature τ± = kBT/Λ± and
parameter l = n0

2,0/n
0
1,0 is given by

H±(τ±, l) =
1√
π

{
4
√

2

3

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡ2l

)

+ τ±

∫ ∞
0

dxf(x)

[
(u± − 1)3/2

u±

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡ2l

)
−√τ±x

]}
,

(4.15)

with ḡ = g12/g.

4.2 Magnetic phase transition in binary BECs

We now investigate the miscibility of a uniform bosonic mixture at finite temper-
ature, and consider the situation in which the inter-species interaction is close to,
but still smaller than the intra-species value (0 < δg = g − g12 � g). Such con-
figuration is found for instance in mixtures of 23Na atoms occupying the hyperfine
states |F = 1,mF = ±1〉, where one has δg/g = 0.07 [136,137].

4.2.1 Dynamical instability

The onset of a phase separation induced by a dynamical instability can be con-
veniently assessed if one calculates the susceptibilities of the system. Indeed, the
miscible state is found to be dynamically stable against density and spin fluctua-
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tions if the compressibility matrix is positive [84,138]:

∂µ1

∂n1

≥ 0 ,
∂µ2

∂n2

≥ 0 , (4.16)

∂µ1

∂n1

∂µ2

∂n2

− ∂µ1

∂n2

∂µ2

∂n1

≥ 0 . (4.17)

The first equation defines the positiveness of the single-component compressibility.
In fact, it is sufficient for only one of the two conditions in Eq. (4.16) to be
satisfied, since the other one is automatically verified when the inequality in Eq.
(4.17) holds. In the situation where the atomic density in each component is equal
(n1 = n2), these two conditions are equivalent to the following inequalities:

n2κT =

(
∂µ

∂n

)−1

T

≥ 0 , (4.18)

n2σT =

(
∂h

∂m

)−1

T

≥ 0 , (4.19)

where we have introduced the total chemical potential µ = (µ1 + µ2)/2 and total
atoms density n = n1 + n2, as well as the chemical potential imbalance h =
(µ1 − µ2)/2 and the magnetization density m = n1 − n2. Equation (4.18) defines
the isothermal compressibility κT = [∂2(F/V )/∂n2|T ]−1 of the mixture, while Eq.
(4.19) the isothermal spin susceptibility σT = [∂2(F/V )/∂m2|T,m=0]−1.

At zero temperature, µ1 = gn1 + g12n2 at the mean-field level (4.10), and one
verifies that Eqs. (4.18) and (4.19) yield n2κT (σT ) = 2/(g ± g12), so that phase
separation occurs for g ≤ g12, as discussed in Sec. 4.1.1. For example, in the
case of a mixture of 23Na atoms, one has δg/g = 0.07 yielding an increase of
a factor ∼ 14 of the T = 0 value of the spin polarizability with respect to the
value obtained in the absence of interspecies interactions. The huge increase of
the spin susceptibility has been recently demonstrated experimentally in the case
of a harmonically trapped mixture of sodium atoms [136,137].

In Fig. 4.1 we report the HF and Popov calculations for the isothermal com-
pressibility and the spin susceptibility, in the case of the sodium mixture discussed
above, in the unpolarized configuration n1 = n2 = n/2. In that case, both compo-
nents condense at the same critical temperature kBTBEC = 2π~2/M [n/2ζ(3/2)]2/3.
Comparing the compressibility of the mixture in panel (a) together with Fig. 2.5
for that of a single-component gas, one can see that both have a similar trend,
without a significant difference between the HF and Popov theory. However as
shown in panel (b), we find that the spin susceptibility predicted by the Popov
theory deviates strongly from the HF calculation. Remarkably, the susceptibil-
ity predicted by the HF theory shown in panel (b) exhibits a divergent behavior
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Figure 4.1: (a) Isothermal compressibility (4.18) and (b) spin susceptibility (4.19)
for a binary mixture of Bose gases, with interaction parameters gn/(kBTBEC) = 0.1
and δg/g = 0.07. The blue solid and the red dashed lines are the predictions of HF
theory (Eq. (4.10)) and Popov theory (Eq. (4.14)), respectively. Both quantities
are normalized to the mean-field T = 0 values, κT (σT )(T = 0) = 2/(g ± g12).

at T ' 0.5TBEC, therefore signaling the onset of a magnetic dynamic instability.
The origin of this instability can be understood if one writes the analytical ex-
pression for the spin susceptibility, obtained from Eq. (4.19) together with the
high-temperature approximation for the HF chemical potential (see Eq. (2.8)):

2
(
σHF
T

)−1 ' δg − g3/2

√
π

λ3
T

√
β

n0
0

. (4.20)

The onset of the dynamical instability in the HF description is due to the last g3/2-
term in Eq. (4.20), arising from interaction driven thermal fluctuations. As the
temperature increases, beyond mean-field effects are enhanced, eventually leading
to a divergent behavior of σHF

T at finite temperature. It is worth noticing that the
spin susceptibility in the HF theory can also be written in the form 1:

σHF
T =

2κsc
T

1− g12κsc
T

, (4.21)

with κsc
T the isothermal compressibility for a single-component HF gas, given by

Eq. (2.46). The above expression explicitly indicates that the temperature depen-
dence of the spin susceptibility is fully contained in the single-component prop-
erty κsc

T . Thus, one concludes that the divergent behavior of the susceptibility

1This is easily verified if one notices that the chemical potential difference in the HF theory
can be written as µ1 − µ2 = µsc

1 − µsc
2 − g12(n1 − n2), with µsc

i the chemical potential in a
single-component gas.
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in the HF framework arises from the enhancement of the single-component com-
pressibility with the temperature, which in turn comes from both exchange effect
and interaction-induced thermal fluctuations (see the discussion made after Eq.
(2.46)). The situation is somewhat analogous to that of quantum droplets, where
the Lee-Huang-Yang correction to the zero-temperature chemical potential is re-
sponsible for the stabilization of collapsing Bose mixtures [139]. While the LHY
term originates from quantum fluctuations, the last term in Eq. (4.20) arises from
interaction driven thermal fluctuations.

This last analogy motivates us to properly evaluate the interplay between ther-
mal and quantum fluctuations in the mixture. Both fluctuations are properly taken
into account in the Popov theory, and the analytical expression for the spin suscep-
tibility can be calculated in a similar fashion to the HF approach (see Eq. (A.25)).
We find:

2 (σT )−1 ' δg − g3/2 δg

g12

2
√
π

λ3
T

√
β

n0

[(
1 +

g12

g

)3/2

−
(

1 +
g12

g

)√
δg

g

]
. (4.22)

In contrast to the HF prediction Eq. (4.20), the Popov approach gives rise to terms
proportional to δg also for the beyond mean-field terms (second term in the right-
hand side of Eq. (4.22)). A careful analysis of the grand-canonical Hamiltonian
in Eq. (4.11) reveals that the emergence of such beyond mean-field terms in
g12 is due to the correct treatment of the two-component anomalous densities
〈â†i âj〉i 6=j and 〈âiâj〉i 6=j. These anomalous averages are natural extensions of the
single component anomalous density 〈âiâi〉 of Bogoliubov theory [135], and are the
consequences of the presence of Bose-Eistein condensation in both components (see
Appendix A.2). The inclusion of such terms in the grand-canonical Hamiltonian
Eq. (4.11) is crucial to provide a proper description of both spin and density
fluctuations. It is worth noticing that besides the well-known solution δg = 0,
Eq. (4.22) possesses a second root, leading to a dynamical instability at finite
temperature even if δg > 0. In Fig. 4.1(b) the divergence of σT is found to occur at
T ∼ 0.9TBEC. However at this temperature the system is already phase-separated,
as we discuss in the next section.

4.2.2 Energetic instability

In the previous section, we have established the region where the mixed binary
configuration is dynamically stable. We now turn to the investigation of a possible
energetic instability, associated with the emergence of an energetically favorable
phase separated state. Let us consider an unpolarized Bose mixture, miscible at
zero temperature (δg > 0). Since we consider a uniform system, the mixture is
prone to separate into two domains (A,B) of equal volume V/2, conserving the
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total density nA = nB = n, but with opposite magnetization mA = −mB = m. For
the investigation of energetic instability, one needs therefore to calculate the free
energy, as a function of the magnetization m. This is achieved by evaluating the
free energy using the thermodynamic relation F = Ω +

∑
i µiNi, together with the

Popov expression for Ω (4.13). At a given temperature T ≤ TBEC, two situations
emerge, depending on the value of m:

1. m ≤ n− 2 ζ(3/2)

λ3T

Both components are in the condensed phase. The free energy is therefore
given by:

F

V
=
g

2

(
n2

1 + n2
2

)
+ g12n1n2 +

(
M

2π~2

)3/2
4

15
√
π

∑
±

(2Λ±)5/2

+ g
ζ(3/2)2

λ6
T

+
1

βV

∑
±

∑
k

ln
(

1− e−βE
±
k

)
. (4.23)

2. m > n− 2 ζ(3/2)

λ3T

In that case, the density of the minority component is smaller than the criti-
cal density for the BEC to occur. Consequently, only the majority component
has a condensate component and one finds:

F

V
=
g

2

(
n2

1 + 2n2
2 +

ζ(3/2)2

λ6
T

)
+ g12n1n2 + µIBG

2 n2

+

(
M

2π~2

)3/2
4

15
√
π

(
2gn0

1,0

)5/2
+

1

βV

∑
k

ln
(
1− e−βEk

)
+

1

βV

∑
k

ln
(

1− e−β(εk−µIBG
2 )
)
, (4.24)

where we chose n2 to be the minority component in the normal phase. The
ideal Bose gas chemical potential µIBG

2 is defined through the relationship
n2 = g3/2(eβµ

IBG
2 )/λ3

T , with gp(z) the Bose special function. As for the ma-
jority component in the condensed phase, it is now described by the quasi-

particle energy Ek =
√
ε2
k + 2εkgn0

1,0.

Actually, the two phase-separated domains are in equilibrium when both the pres-
sure (PA = PB) and the chemical potential (µAi = µBi ) equilibrium conditions
are satisfied. While the equilibrium condition for the pressure is automatically
satisfied for the symmetric configuration considered here, the chemical potential
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Figure 4.2: Difference of free energies between the miscible state (m = 0) and
the phase-separated state described in the main text, calculated within the Popov
theory for gn/(kBTBEC) = 0.1 and δg/g = 0.07. Blue solid line: T < T ∗, red
dashed line: T ∗ < T < TM , green dotted line T > TM . The brown dotted-dashed
line is the HF theory result for T > TM . The vertical lines indicate the critical
magnetization m = n−2ζ(3/2)/λ3

T above which the minority component is purely
thermal.

equilibrium is found to be fulfilled only if, in each domain one of the two com-
ponents is in the normal phase, therefore corresponding to the case 2 discussed
above.

Figure 4.2 shows the calculated free energy as a function of the magnetization
density, for different values of temperature. At low temperature, the free energy is
a monotonously increasing function (see blue solid line), with a unique minimum
at zero magnetization, corresponding to the mixed state. At a given temperature
hereafter called T ∗, a second minimum starts to develop in the region where the
minority component is purely thermal, m > n − 2ζ(3/2)/λ3

T (red dashed line).
As already stressed, the emergence of such metastable state corresponds to the
fulfillment of the chemical potential equilibrium between the two domains. An
analytical expression for the temperature T ∗ can be obtained from Eq. (4.24), by
employing the high temperature kBT � gn expansion for the Bose distribution
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function (see Appendix A.2):

T ∗

TBEC

' δg

g

ζ(3/2)√
2π

√
TBEC

gn
. (4.25)

By further increasing the temperature, the energy of the metastable state de-
creases, eventually reaching the same energy as the unpolarized state, therefore
signaling the onset of a first order phase transition. Hereafter we use the notation
TM to denote this magnetic phase transition temperature, above which the mixed
state is energetically unstable with respect to the phase separated state (green
dotted line in Fig. 4.2). The new equilibrium phase predicted by Popov theory
is hence characterized by a full space separation of the Bose-Einstein condensed
components of the two atomic species, their thermal components remaining in-
stead mixed, with a finite magnetization. The phase-separation is sketched in Fig.
4.3. We briefly note that HF theory predicts a similar behavior for the free energy,
but with a dynamical instability, associated to the divergence of the spin suscep-
tibility (4.20). This is shown as the brown dashed-dotted line in Fig. 4.2, where
the curvature of the free energy becomes negative at high enough temperature.

So far, we have restricted our discussion to mixtures satisfying the miscibility
criterion at zero-temperature: g12 ≤ g. However, the above free energy analysis
suggests that a similar phase-separation mechanism can take place even when the
gas is initially phase-separated. Indeed, let us consider the situation in which
g12 > g. Then, the spin susceptibility Eq. (4.22) as well as the square of the
spin sound speed Eq. (4.12) is negative, implying a complex Bogoliubov excita-
tion spectrum in the long wave-length limit. These are signatures of dynamical
instability, with the occurrence of a phase-separation. Now, in the particular case
discussed so far, where the two condensates are phase-separated, the spin channel
in the Bogoliubov excitation (4.12) vanishes, and the system is well described by
Eq. (4.24), regardless the values of g and g12. In Fig. 4.4 we show the behavior
of the free energy as a function of the magnetization density, for δg/g = −0.07, at
T = 0.6TBEC. We find that for any small but finite temperature, a minimum of
the free energy appears at m < n. Although one can not evaluate the energy in
the region where m < n − 2ζ(3/2)/λ3

T (shaded region in Fig. 4.4) because of the
complex excitation spectrum, we expect that a complete phase-separation of the
two gases (m = n) is made possible only at zero-temperature, and any small but
finite temperature is responsible for the mixing of the non-condensed parts.

To summarize, we show in Fig. 4.5 the phase diagram of the two-component
Bose mixture, by plotting the characteristic temperature T ∗, providing the onset
of a minimum in the free energy with m 6= 0, and the phase transition temperature
TM , as a function of δg/g. For the sodium mixture where δg/g = 0.07, we find that
the phase-separated state appears as a metastable state at T ∗ = 0.36TBEC, while
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Figure 4.3: Sketch of the temperature driven phase-separation. Below the mag-
netic transition temperature T < TM (left panels), the mixture is perfectly mis-
cible. As one crosses the transition point, T ≥ TM (right panel), the thermal
atoms have a finite magnetization (m 6= 0), whereas the condensate parts are fully
separated.

the phase transition occurs at TM = 0.71TBEC. We briefly note that as δg/g → 0,
T ∗ tends to a finite value (' 0.1TBEC), as a consequence of quantum fluctuations,
in contrast to Eq. (4.25) which only holds if T ∗ � gn/kB. We also find that the
phase separated state disappears slightly above the critical temperature TBEC. At
this temperature, the mixture becomes again miscible with both components in
the normal phase. In the regime where δg < 0, we have verified that the mixture
might be phase-separated in the absence of TBEC too, provided that g12 � g.

4.2.3 Effects of spatial inhomogeneity in trapped BECs

So far, we have always been considering the homogeneous mixture in a uniform
potential. However, for the experimental purpose, it is important to assess how
the physics of phase-separation is modified in the presence of a confining trap.
This can be conveniently assessed if we work in the grand-canonical ensemble, and
recall the local density approximation (LDA) [4,63]. For fixed chemical potentials
(µ1, µ2), four possible configurations arise, according to our previous discussion:

1. BEC1-BEC2: both components are in the BEC phase.
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Figure 4.4: Difference of free energies between the immiscible state (m = n) and
the phase-separated state described in the main text, for gn/(kBTBEC) = 0.1 and
δg/g = −0.07, calculated at T = 0.6TBEC. The gray shaded region m < n −
2ζ(3/2)/λ3

T corresponds to the region in which the system is dynamically instable,
with a complex single-particle spectrum. Inset: emphasis on the minimum of free
energy.

2. N1-N2: both components are in the normal phase.

3. BEC1-N2: component 1 is in the majority and in the BEC phase, while
component 2 is in the minority and in the normal phase.

4. BEC2-N1: component 2 is in the majority and in the BEC phase, while
component 1 is in the minority and in the normal phase.

In Fig. 4.6, we show the grand-canonical phase diagram for the symmetric mixture,
as a function of the chemical potentials, obtained by comparing the thermodynamic
energy Ω/V of these four configurations, and looking for the energetically favorable
state. The diagram is calculated using the Popov theory, for a fixed value of
temperature gn0

T/(kBT ) = 0.05 and δg/g = 0.07.
Within the LDA, the inhomogeneous gas is described as a set of locally homo-

geneous subsystems, with local chemical potential [140]:

µi(r) = µi − Vext,i(r) (4.26)
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Figure 4.5: Phase diagram for binary condensates with gn/(kBTBEC) = 0.1. The
blue solid and the red dashed lines are the phase transition temperature TM , and
characteristic temperature T ∗, respectively. The gray area corresponds to the
regime of phase-separation.

For a harmonic trap, Vext,i(r) = miω
2
i r

2/2, and in the symmetric case where both
components feel the same external potential, the density profile in the trap will
follow the linear curve µ1 = µ2− (µ0

1−µ0
2) in the phase diagram, with µ0

i = µi(r =
0). Looking closely to Fig. 4.6, one finds that the mixture is miscible at every
position of the trap for µ0

1 = µ0
2 only, and an imbalance in the chemical potentials

leads inevitably to the appearance of a region in which the two BECs do not
coexist. We briefly note that a similar phase diagram has been obtained within
the HF framework in Ref. [134], although predicting the existence of a tricritical
point, arising from the divergence of the magnetic susceptibility.

4.3 Sound propagation in binary BECs

The propagation of sound waves in a mixture can be investigated in a similar way
to the single-component gas. For the hydrodynamic sounds, we need to generalize
the two-fluid equation (1.82) to the case of mixtures, by considering the normal
fluid and the superfluid in each atomic component. Such derivation has been
achieved for the particular case of liquid He in Ref. [141], and symmetric Bose-
Bose mixtures in Ref. [130]. The development of a more general hydrodynamic
equation for the binary superfluid mixture is under progress, and will be discussed
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Figure 4.6: Grand-canonical phase diagram for binary condensates, with
gn0

T/(kBT ) = 0.05 and δg/g = 0.07. For the description of the different phases,
see main text.

in a future publication.
In the collisionless regime instead, the RPA formalism we have been using so

far is not applicable, since this approach is equivalent to the HF theory, which
predicts an erroneous divergence of the spin susceptibility. For instance, from the
study made in Sec. 3.4.3, one expects for the collisionless sounds in the mixture to
be well described by the sum-rule result Eq. (3.54). In particular, the spin sound
velocity is expected to be directly related to the magnetic susceptibility as

cs '
√

1

mnσT
. (4.27)

The proper description of spin fluctuations through the inclusion of the anomalous
densities is therefore crucial, and one needs to develop a beyond-HF dynamic
approach [5, 77].
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Conclusion

In this thesis, we investigated the propagation of sound waves in dilute Bose gases,
in a variety of configurations. In particular, we worked on the three-dimensional
Bose gas (Chap. 2), and the two-dimensional Bose gas (Chap. 3). We further dis-
cussed the finite-temperature properties of the three-dimensional Bose-Bose mix-
tures (Chap. 4).

In the first chapter, we showed that the physics of sound wave is closely related
to the phenomenon of superfluidity, this connection being the central motivation
in investigating sound dynamics in ultracold atomic systems. After introducing
some basic concepts about Bose-Einstein condensation, we reviewed the theoretical
frameworks needed for the calculation of sound waves velocities. These concern
the two-fluid hydrodynamic theory of Landau, which gives rise to the phenomenon
of second sound, and the linear response theory, suitable for describing collisionless
sound.

These theories were used in Chap. 2, to investigate sound waves in a weakly
interacting 3D Bose gas, both in the hydrodynamic and the collisionless regimes.
For this purpose, we derived the Hartree-Fock theory for the dilute Bose gas at
finite temperature. Although the problem of sound propagation in 3D is well-
known in the literature, this case-study permitted us to have an insight on the
nature of the sound waves. In particular, we showed that the second sound and
the collisionless mode have similar temperature dependence of their velocity, and
correspond essentially to an oscillation of the condensate component.

The Chap. 3 is devoted to the propagation of sound waves in 2D. After briefly
reviewing the general physics of Berezinskii-Kosterlitz-Thouless phase transition,
we have introduced the universal thermodynamics for the critical region near the
phase transition. Although low-dimensional systems are known to exhibit strong
thermal fluctuations, quasi-condensate mean-field theories were found to give qual-
itatively correct results for the interested thermodynamic quantities in the super-
fluid regime, when compared to the universal description of Prokof’ev and Svis-
tunov [82]. Combining the mean-field theory together with the universal approach,
we provided a systematic investigation of the behavior of the second sound in a 2D
interacting Bose gas, exploring the transition from the weakly interacting limit to
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the regime characterized by larger values of the 2D coupling constant. We pointed
out the crucial role played by the thermal expansion coefficient, which not only
governs the density or entropy nature of the sound waves, but also characterize
the BKT jump of sound speeds.

Motivated by the recent experiment by the group of Collège de France in Paris
[17], we further studied the propagation of sound wave in a uniform 2D Bose gas,
in the absence of collisions. While hydrodynamic (second) sound and collisionless
sound velocities do not exhibit major difference in the 3D case, our study revealed
that the collisionless sound in 2D differs drastically from the hydrodynamic one,
possessing a finite velocity both below and above the BKT transition. Our result is
in close agreement with the measurement of Paris, and we further interpreted the
observed damping of the sound mode as arising from Landau damping mechanism.

In the final chapter of this thesis, we studied the binary mixture of weakly
interacting Bose gases. We developed a beyond mean-field Popov theory for the
binary condensates, which properly include the effects of thermal and quantum
fluctuations in both the density and spin channels. We underlined the important
role played by the two-component anomalous densities, which give rise to a pro-
found change in the thermodynamic properties of the mixtures. In particular, we
found that the inclusion of spin fluctuations enables to cure the divergent behav-
ior of the spin susceptibility, predicted by Hartree-Fock theory. Detailed analysis
of the free energy further showed the existence of a first-order phase transition
from a miscible state to a polarized state, driven by interaction induced thermal
fluctuations.

Future perspectives

We conclude this thesis by making some remarks about the possible future perspec-
tives. First, for the problem of sound propagation, the experiment by the group
of Collège de France [17], and our complementary theoretical work, have shed
light on the physics of collisionless sound. An important issue is the crossover
between the collisionless and collisional regimes. For instance, it is not clear how
the observed collisionless mode would evolve to the hydrodynamic sounds as one
increases the collisional rate. The RPA analysis made in Sec. 2.3.3 indicates that
the response function (2.48) possesses in fact two poles, the second one arising
from the response of thermal atoms. Clarifying this point might allow for a bet-
ter understanding about the evolution of the sound modes in the crossover. On
the other hand, it seems that reaching the hydrodynamic regime in dilute Bose
gases is experimentally challenging, thus motivating the investigation of strongly
interacting systems.

As for the mixtures, the magnetic phase transition we have discussed has re-
vealed the important interplay between thermal and beyond mean-field effects.
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The methodology we have developed for the derivation of the Popov theory in App.
A can be applied to other systems, such as the coherently coupled BECs [142,143],
or dipolar Bose gases [31,144]. Recently, these systems have been realized experi-
mentally, and have gathered much attraction from the community, for the richness
of their phase diagrams, presenting exotic phases [145–147]. However, few works
have been devoted to the finite temperature description [148,149], and a better un-
derstanding about the role played by the thermal fluctuations is needed. Finally,
the magnetic phase transition discussed in this thesis has never been observed
experimentally, the main reason being the inhomogeneity of the trapped systems.
Recently, box-like potentials providing uniform trapping have become available
for both Bose [58] and Fermi [150] gases. Thus, the experimental possibility of
observing the predicted magnetic phase transition is a realistic option. Important
open issues concern the propagation of sound in these polarized domains, the pos-
sible emergence of a similar magnetic phase transition in two dimensions, and the
structure of the interface between different domains.
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Appendix A

Popov theory for 3D dilute Bose
gases

We develop in this appendix the Popov theory [102, §6], a finite-temperature gen-
eralization of the Bogoliubov theory discussed in Sec. 1.2.3. This approach is
based on a perturbative treatment of the grand canonical potential to second or-
der in the interaction coupling constant, and properly includes beyond mean-field
quantum and thermal fluctuations.

A.1 Single-component Bose gas

A.1.1 Formalism

Grand canonical Hamiltonian

For the derivation of the Popov theory, we essentially follow the same procedure as
the HF theory, developed in Sec. 2.1.1, by applying the mean-field approximation
(2.1) to the single-component Hamiltonian (1.48). However, different from the HF
approach, we keep in the Popov theory the terms in the Hamiltonian in which
the creation and annihilations operators appear by pairs (”Bogoliubov” terms).
Thus, applying the Bogoliubov prescription and the mean-field approximation,
one obtains for the grand canonical Hamiltonian K̂ = Ĥ − µN̂ :

K̂ =
g

2V
N2

0 −
g

V
Ñ2 − µN0 +

∑
k 6=0

(εk + 2gn− µ) â†kâk

+
g

2V
N0

∑
k 6=0

(
â†kâ

†
−k + âkâ−k

)
, (A.1)

with Ñ =
∑

k 6=0 nk the number of non-condensed atoms. In obtaining Eq. (A.1),
we have further neglected the cubic products of non-condensate operators, as well
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as terms like gm̃â†kâ
†
−k and gm̃2, where m̃ = V −1

∑
k〈âkâ−k〉 is the anomalous den-

sity. As one shall see below, the leading order of the anomalous density is of order
g, and these terms correspond therefore to beyond-second order contributions. We
briefly note that these terms are included in the Hartree-Fock-Bogoliubov (HFB)
theory [77, 135], making a key difference with the actual approach. Like for the
Bogoliubov theory at zero temperature in Sec. 1.2.3, the last term of Eq. (A.1)
is of order g2, leading to the problem of ultraviolet divergence. This issue arising
from the approximated treatment of inter-atomic interactions is again solved by a
renormalization of the coupling constant: g → g(1 + g/V

∑
km/(~k)2).

Equation (A.1) has the same structure as the Bogoliubov Hamiltonian (1.48)
and can be diagonalized in exactly the same way, by means of Bogoliubov trans-
formation Eq. (1.52). Then, one finds that the off-diagonal terms vanish for the
following values of coefficients uk and vk:

uk, v−k = ±
(
εk + Λ

2Ẽk

± 1

2

)1/2

, (A.2)

where we have introduced the effective chemical potential Λ = |µ− 2gn| for future
convenience [151], and Ẽk =

√
(εk + Λ)2 − (gn0)2 is the Bogoliubov quasi-particle

spectrum. By means of Eq. (A.2), the Hamiltonian (A.1) reduces to an effective
Hamiltonian describing a gas of non-interacting quasi-particles:

K̂ = Ω0 +
∑
k6=0

Ẽkα̂
†
kα̂k , (A.3)

with Ω0 the thermodynamic potential of the vacuum of quasi-particles:

Ω0 = g
N2

0

2V
− g Ñ

2

V
− µN0 +

1

2

∑
k 6=0

(
Ẽk − εk − Λ +

m

~2

(gn0)2

k2

)
. (A.4)

The thermodynamic potential is obtained according to Ω = 1
β

lnZ, where Z =

Tr(e−βK̂) is the grand partition function. The trace is taken over all the quasi-
particles states and one finds:

Ω = Ω0 +
1

β

∑
k

ln
(

1− e−βẼk

)
. (A.5)

Finally, it is worth noticing that in terms of uk and vk, the non-condensate and
anomalous densities are expressed as:

ñ =
1

V

∑
k

(u2
k + v2

−k)f(Ẽk) + v2
−k , (A.6)

m̃ =
1

V

∑
k

2ukv
∗
−kf(Ẽk) + ukv

∗
−k , (A.7)

where f(E) = (eβE − 1)−1 is the Bose distribution function.
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Chemical potential

Let us now calculate the chemical potential. This is achieved from the saddle point
equation ∂Ω/∂n0|ñ,T,µ = 0, which provides the following result:

µ = gn0 +
1

2

∑
k

{
1

Ẽk

[
2g(εk + Λ)− g2n0

]
(2f(Ẽk) + 1)− 2g +

g2n0

εk

}
. (A.8)

In principle, the above equation has to be solved self-consistently together with
Eq. (A.6) for the non-condensed density. However, such procedure is known to
exhibit an unphysical gap in the quasi-particle energy [135]. In this work, we
follow the methodology of Ref. [5] and solve perturbatively the coupled equations.
This allows us to avoid the problem of the gap and provides the correct chemical
potential to order g2. To the lowest order in the interaction (O(1)), Eq. (A.6)
yields for the non-condensate density the ideal Bose gas thermal atoms density,
n0
T = ζ(3/2)/λ3

T . As for the chemical potential, the leading contribution is instead
linear in g, and one finds from Eq. (A.8) that µ0 = gn0 + 2gn0

T = gn + gn0
T .

Consequently, Λ0 = gn0
0 = g(n−n0

T ), and one finds that the Bogoliubov spectrum
is gapless to the lowest order:

Ek =
√
ε2
k + 2Λεk . (A.9)

In the above equation, as well as in what follows, we omit the superscript 0.
Inserting this expression in Eq. (A.6), one finds the subleading order correction
for the non-condensed density to be

ñ = n0
T +

(
mΛ

2π~2

)3/2

G(τ) (A.10)

with G(τ) a dimensionless function, depending on the reduced temperature τ =
kBT/Λ, according to

G(τ) =
2√
π

{√
2

3
+ τ

∫ ∞
0

dxf(x)
(√

u− 1−
√
τx
)}

. (A.11)

with u =
√

1 + (τx)2. The subleading order term in µ is calculated from Eq. (A.8)

by replacing Ẽk → Ek and gn0 → Λ in the beyond mean-field terms:

µ = gn+ gn0
T + g

(
mΛ

2π~2

)3/2

H(τ) , (A.12)

with the dimensionless function defined as:

H(τ) =
2√
π

{
4
√

2

3
+ τ

∫ ∞
0

dxf(x)

(
(u− 1)3/2

u
−
√
τx

)}
, (A.13)
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where we have used Eq. (A.10) to express n0 as a function of Λ. These equations
give the exact second order expression for the chemical potential, as a function of
the total density n and temperature T , when one uses Λ0 = g(n−n0

T ). This result
was first derived by Popov [102, §6] in the high-temperature regime (Eq. (A.25)
below), and the same expression (A.12) was derived in Refs. [152] and [133] within
the finite-temperature extension of the Beliaev diagrammatic techniques, as well
as in Ref. [5] starting from the time-dependent HFB equations. In this thesis, we
therefore refer this approach to the Popov theory.

As we have already noticed, the quasi-particle spectrum of Eq. (A.9) is gapless
in the long wavelength limit, therefore fulfilling the Goldstone theorem, stating
that the spontaneous breaking of continuous symmetry must be associated to the
existence of a long wave-length gapless mode [153]. This is in sharp contrast
with the HFB approach, which is known to exhibit an unphysical gap due to an
inconsistency in second order. As a matter of fact, the HFB Hamiltonian contains
additional terms, given by

K̂HFB = K̂Popov − g

2
V m̃2 +

g

2
m̃
∑
k6=0

(
â†kâ

†
−k + âkâ−k

)
. (A.14)

Clearly, the last term of Eq. (A.14) will be responsible for the modification of the
Bogolibov spectrum according to

EHFB =
√

(εk + Λ)− g(n0 + m̃) , (A.15)

making it gapped in the long wavelength limit, and that even when the densities
are evaluated to the lowest order. An improvement of the Bogoliubov spectrum can
therefore be obtained only if one properly considers all the second-order diagrams
in the self-energy [133]. We also stress that though the anomalous density does
not explicitly appear in the Hamiltonian Eq. (A.1), our theory is formally different
from the HFB-Popov approximation [133,135]. The key point in our approach is to
take the derivative of the thermodynamic potential with respect to the condensate
density, before assuming the gapless spectrum (Hugenholtz-Pines theorem [154]).
The difference between the two approaches will be clarified hereafter.

Equation (A.12) can also be solved self-consistently by using Λ = |µ− 2gn| in
the beyond mean-field terms. Although such procedure would allow for the calcu-
lation of higher order corrections, the validity of these new terms are questionable.
Indeed, Eq. (A.9) assumes Λ = gn0 to hold, which is formally true only when Λ
and gn0 are evaluated to the lowest order, while it is an approximation when next
order contributions are included. Solving Eq. (A.12) self-consistently is therefore
an ad-hoc procedure in which we have assumed a gapless spectrum (A.9) [135].
In the following, we will refer to the second-order Popov theory, when the lowest-
order expression Λ0 is used, and to the self-consistent Popov theory, if Eq. (A.12)
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is solved with Λ = |µ−2gn|. From this point of view, choosing Λ or gn0 as the per-
turbation parameter is only a matter of convenience, since it gives the same second
order results and their difference arises only for (a priori non-reliable) higher order
terms [151]. In this work, we have chosen Λ since, by construction, it has the same
beyond linear order corrections as the chemical potential (for µ = µ0 + δµ, then,
Λ = Λ0 − δµ). As we shall see below, this correspondence provides the correct
low-temperature expansion of the chemical potential and the correct lowest order
expression for the free energy. The beyond mean-field theory developed in this
thesis is therefore valid as far as the following inequalities are satisfied:

1� Λ

kBTBEC

� (na3)2/3 , (A.16)

with kBTBEC = 2π~2/m [n/ζ(3/2)]2/3 the BEC critical temperature for a non-
interacting Bose gas. The first inequality in Eq. (A.16) involves the smallness of
the perturbation parameter, whereas the second inequality arises from perturba-
tion theory, and ensures the corrections to thermodynamics due to critical fluctu-
ations occurring around the phase transition to be small [7]. We verify that our
approach fails in describing the region in the close vicinity of the BEC transition,
where Λ→ 0.

Finally, the anomalous density can be evaluated from Eq. (A.7) using the
gapless spectrum:

m̃ = − 1

V

∑
k

Λ

E

(
f(Ek) +

1

2

)
. (A.17)

One can immediatly notice that the anomalous density is of order g (∝ Λ). As we
have already mentioned previously, the second term in the right-hand side of Eq.
(A.17) is ultraviolet divergent. Using the two densities Eqs. (A.10) and (A.17),
the chemical potential can now be rewritten as:

µ = gn0 + 2gñ+ gm̃ . (A.18)

One can verify that the above expression coincides with Eq. (A.12), when ap-
plying the proper renormalization of the coupling constant, gn0 + gm̃→ gn0(1 +
g/V

∑
km/(~k)2) + gm̃. We also note that the aforementioned Popov approxima-

tion of the HFB theory is recovered when putting m̃ = 0 in Eq. (A.18).

A.1.2 Discussion

Analytical expression

We now discuss the behavior of the chemical potential in different temperature
regimes. First at zero temperature, H(τ) = 8

√
2/(3
√
π), and one obtains to order



106 Popov theory for 3D dilute Bose gases

g2:

µ(T = 0) = gn

(
1 +

32

3
√
π

√
na3

)
, (A.19)

retrieving correctly the chemical potential calculated by Lee, Huang and Yang (see
Eq. (1.59) with µ = ∂E0/∂n).

At low temperature τ � 1, one can expand the dimensionless function H(τ)
in Eq. (A.13) as:

H(τ) '
√

2

π

(
8

3
−
√
π

2
ζ(3/2)τ 3/2 +

π4

30
τ 4

)
. (A.20)

Inserting this expression in Eq. (A.12), one gets the low-temperature behavior of
the chemical potential:

µ ' gn+ g

(
mΛ

2π~2

)3/2
√

2

π

(
8

3
+
π4

60
τ 4

)
. (A.21)

The above expression coincides with the result obtained when considering the
thermodynamics of a Bose gas with phonon quasi-particles [7, §4]. It is worth
noticing that Eq. (A.21) is valid for any temperatures τ � 1, whereas the use of
gn0 for the perturbation parameter would restrict the validity of expression (A.21)
in a narrower temperature region. Actually, in the same temperature regime Eq.
(A.10) provides the result

n0 = n−
(
mΛ

2π~2

)3/2
2√
π

[√
2

3
+

π2

6
√

2
τ 2 − π4

120
√

2
τ 4

]
. (A.22)

The presence of the τ 2-term will be at the origin of a lower bound (kBT/gn �
(na3)1/4) on the validity range of Eq. (A.21) when Λ is replaced by gn0.

At high temperature τ � 1 instead, one can neglect the T = 0 quantum
fluctuations contribution in Eq. (A.12):

µ =' gn0 +
g

V

∑
k

2εk + Λ

Ek

f(Ek) . (A.23)

In order to evaluate the above integral, one can separate the integration domain
into two parts, and approximate the Bose distribution function in the long wave-
length domain (βEk � 1) by the Rayleigh-Jeans one, f(E) ' 1/(βE), while in the
short wavelength domain (εk � Λ) it can be replaced by the non-interacting atoms
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distribution. Equivalently, one can add and subtract the ideal gas contribution:

µ = gn0 + 2gn0
T + 2g

m
√

2m

2π2~3

∫ ∞
0

dε
√
ε

(
ε+ Λ

E
f(E)− f(ε)

)
' gn0 + 2gn0

T + 2g
m
√

2m

2π2~3

∫ ∞
0

dε
√
ε

(
ε+ Λ

E

1

βE
− 1

βε

)
= gn0 + 2gn0

T − g
3
√

2π

λ3
T

√
βΛ . (A.24)

Proceeding in the same way for the condensate density (A.10), one finally arrives
at [102,152]:

µ ' gn+ gn0
T − g

2
√

2π

λ3
T

√
Λ . (A.25)

It is insightful to compare the above result with the prediction of HF theory Eq.
(2.8). Comparing the two equations, we find that both give similar result, though
the HF theory underestimates the effects of thermal fluctuations by a factor

√
2.

This rather good agreement is justified by the fact that at high temperature, large
momentum modes ~k ∼

√
2mkBT contribute the most to the excitations and one

can therefore approximate the Bogoliubov excitation spectrum Eq. (A.9) by the
mean-field expression E ' εk + Λ. We briefly note that the Popov approximation
of the HFB theory also leads to a similar result in the high-temperature regime.

Finally, in the absence of a condensate (n0 = 0), the Popov approach reduces
to the HF theory, in which µ = µIBG + 2gn, with µIBG the ideal Bose gas chemical
potential. Consequently, the BEC phase transition is predicted to occur at the
ideal gas phase transition temperature, TBEC = 2π~2/m [n/ζ(3/2)]2/3.

Free energy

In view of developing the Popov theory for the mixtures in the next section, let
us evaluate the free energy for the dilute Bose gas to order g2. The free energy
F = E − TS is given from Eq. (A.5) according to F = Ω + µN :

F

V
=
g

2
n2

0 − gñ2 + µñ+
1

β

∑
k

ln
(
1− e−βEk

)
+

ΩQF

V
(A.26)

where ΩQF is the contribution from quantum fluctuations, corresponding to the last
term of Eq. (A.4). In order to derive the second order expression, let us decompose
the key quantities into a sum of the lowest order term (0) and subleading terms
(δ): µ = µ0 + δµ, ñ = n0

T + δñ and Λ = Λ0− δµ, where δñ is of order g1/2 whereas
δµ of order g3/2. Then, expanding the first mean-field contributions to order g2,

F

V
=
g

2
(n2 + n0

T
2
) + n0

T δµ+
1

β

∑
k

ln
(
1− e−βEk

)
+

ΩQF

V
. (A.27)
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In order to find the second-order contribution of the logarithmic term, let us sup-
pose for simplicity the high temperature limit kBT � gn. Following the same
calculations as Eq. (A.24), the sum over the momentum in Eq. (A.27) can be
evaluated analytically, and one finds

1

β

∑
k

ln
(
1− e−βEk

)
' −ζ(5/2)

βλ3
T

+ n0
T (Λ0 − δµ)− 4

√
2π

3λ3
T

(βΛ0)3/2 . (A.28)

Inserting Eq. (A.28) into (A.27), the n0
T δµ terms are found to cancel with each

others. It is worth stressing that such cancellation would not happen if one would
choose gn0 instead of Λ for the perturbation parameter. The above argument
remains true for any temperatures, and one finally finds to order g2:

F

V
=
g

2
(n2 + n0

T
2
) +

1

β

∑
k

ln
(

1− e−βE0
k

)
+

ΩQF

V
, (A.29)

with E0
k =

√
ε2
k + 2gn0

0εk. One can verify that taking the derivative of the free
energy with respect to n, we recover the chemical potential Eq. (A.12).

A.1.3 Results

We now show the numerical results for the key thermodynamic quantities, for the
interaction parameter η = 0.05. The left panel of Fig. A.1 shows the condensate
density, evaluated from the Popov theory Eq. (A.10), together with the predictions
from the HF and UR approaches. The Popov theory agrees well with the UR
prediction in the high-temperature region. In the right panel, we compare the
results of the Popov theory in different limits. We see that the second order Popov
result, in which we have used the lowest order expression for the effective chemical
potential Λ0 = g(n − n0

T ) in the subleading terms of Eq. (A.10), agrees with the
self-consistent calculation in a wide range of temperature. In particular, Popov
theory predicts correctly the depletion of the condensate at zero temperature.

In figure A.2 we make a similar comparison for the chemical potential. In a
mean-field description, the chemical potential is predicted to evolve monotonically
from gn at zero temperature to 2gn at the critical temperature. The Popov the-
ory confirms this picture, although capturing quantum corrections at T = 0 and
exhibiting an unphysical jump at TBEC (see Sec. 2.1.2).

Figure A.3 shows the isothermal compressibility of the gas, κT = n−1∂n/∂P |T .
For an ideal Bose gas, the compressibility is predicted to diverge in the BEC phase,
and therefore the quantity is expected to be sensitive to the way interaction is
treated in the theory [155]. This is shown in Fig. A.3, where one finds that
all approaches predict an enhancement of the compressibility in the BEC phase,
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Figure A.1: Condensate density n0 = n − ñ as a function of temperature, for
interaction parameter gn/(kBTBEC) = 0.05. Left panel: comparison of different
theories. The red line is the Popov theory prediction in which Eqs. (A.10) and
(A.12) have been solved self-consistently. The blue dashed line shows the result
of the HF theory and the black dots are the universal relations prediction, from
Ref. [83]. Right panel: comparison of Popov theory in different limits. Red and
blue lines: same as left panel. Green dashed line: Popov theory calculated up to
the second order (by putting Λ = g(n− n0

T ) in Eq. (A.10)). Cyan dotted-dashed
and black dotted lines: low-temperature expression (A.22) and high-temperature
expression (A.10), respectively.

increasing with the temperature. In particular, one finds that the Popov theory
limited to the lowest order (green dashed line) shows a worse agreement to the
universal relations prediction, in comparison to the self-consistent theories. This is
understood from the fact that in the vicinity of TBEC, thermal fluctuations become
important and beyond second order terms have non-negligible contributions to the
thermodynamic quantities. Although the correctness of self-consistent theories is
questionable in this regime, its solution automatically includes higher order terms,
and thus some of the qualitative physics.

A.2 Binary Bose mixtures

A.2.1 General case

We consider a uniform mixture of two component Bose gases, and extend the
Popov theory of Sec. A.1.1 using the same methodology [156]. The Hamiltonian
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Figure A.2: Chemical potential as a function of temperature. Left panel: compar-
ison of different theories. Right panel: study of high and low temperature limits.
Line guides are the same as in Fig. A.1.
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Figure A.3: Isothermal compressibility as a function of temperature. Red line:
self-consistent Popov theory. Blue dashed line: HF theory. Green dashed line:
Popov theory calculated up to the second order.

including all the possible point-like interaction takes the form,

H =
∑
i=1,2

{∑
k

εi,kâ
†
i,kâi,k +

gii
2V

∑
k,k′,q

â†i,kâ
†
i,k′+qâi,k′ âi,k+q

}
+
g12

V

∑
k,k′,q

â†1,kâ1,k+qâ
†
2,k′+qâ2,k′ , (A.30)
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where the subscript i = {1, 2} refers to the ith component of the gases. The
interaction between identical atoms is modeled through the intra-atomic coup-
ing constant g11 = 4π~2a11/m1 and g22 = 4π~2a22/m2, whereas the interaction
between different atomic species is given by the inter-atomic coupling constant
g12 = 4π~2a11/mR, with mR = 2m1m2/(m1 +m2) the relative mass. Applying the
Bogoliubov prescription and replacing âi,0 and â†i,0 with the number of particles

in the condensate state
√
Ni,0, one obtains for the grand canonical Hamiltonian

K = H −
∑

i µiNi:

K̂ =
∑
i=1,2

{
gii
2V

N2
i,0 −

gii
V
Ñ2
i − µiNi,0 +

∑
k 6=0

(εi,k + 2giini + g12nj − µi) â†i,kâi,k

+
gii
2V

Ni,0

∑
k6=0

(
â†i,kâ

†
i,−k + âi,kâi,−k

)}
+
g12

V
N1,0N2,0 −

g12

V
Ñ1Ñ2

+
g12

V

√
N1,0N2,0

∑
k6=0

(
â†1,k + â1,−k

)(
â†2,−k + â2,k

)
, (A.31)

where εi,k = ~2k2/(2mi), and Ñi =
∑

k 6=0 â
†
i,kâi,k. In the above equation, we have

again kept the terms quadratic in âk 6=0, â†k 6=0 up to order g2 (g2
12), by neglecting

the terms quadratic in the fluctuations of non-condensate density around its mean
value, as well as the terms proportional to the anomalous densities. The terms
in the bracket in Eq. (A.31) correspond to the single-species Hamiltonian (A.1)
in each component, whereas the other terms represent the interspecies interaction
contributions. Equation (A.31) can be diagonalized after applying the following
canonical transformations:

â′1,k = λkâ1,k + wkâ
†
2,−k + zkâ2,k ,

â′2,k = λkâ2,k + wkâ
†
1,−k − zkâ1,k .

(A.32)

Then the last line of Eq. (A.31) involving the coupling of both components, in
which the operators â′1 and â′2 appear by pairs, vanish if the weight functions take
the expressions:

λ2
k =

1

2

1 +
Ẽ2

1,k − Ẽ2
2,k√

(Ẽ2
1,k − Ẽ2

2,k)2 + 16g2
12ε̃1,kε̃2,kn1,0n2,0


z2
k(w2

k) =
(ε̃1,k ± ε̃2,k)2

8ε̃1,kε̃2,k

1−
Ẽ2

1,k − Ẽ2
2,k√

(Ẽ2
1,k − Ẽ2

2,k)2 + 16g2
12ε̃1,kε̃2,kn1,0n2,0

 (A.33)
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where we have introduced the ”gapped” kinetic energy ε̃i,k = εi,k + Λi − giini,0
and single-component excitation spectrum Ẽi,k =

√
(εi,k + Λi)2 − (giini,0)2, with

effective chemical potential,

Λi = |µi − 2giini − g12n3−i| . (A.34)

Henceforth, Eq. (A.31) reduces to the sum of two uncoupled Hamiltonian, which
can be diagonalized by means of the Bogoliubov transformation Eq. (1.52) applied

to (â
′†
1,k, â

′
1,k) and (â

′†
2,k, â

′
2,k), respectively. Finally, the grand-canonical Hamilto-

nian in the diagonalized form is expressed as:

K̂ = Ω0 +
∑
k6=0

(
Ẽ+,kα̂

†
kα̂k + Ẽ−,kβ̂

†
kβ̂k

)
(A.35)

where α̂†k (resp. β̂†k) is the creation operator for the quasiparticles in the density
(resp. spin) channel, obeying the Bose statistics. The excitation spectrum of the
system reads

Ẽ± =

√
1

2

[
(Ẽ2

1,k + Ẽ2
2,k)2 ±

√
(Ẽ2

1,k − Ẽ2
2,k)2 + 16g2

12ε̃1,kε̃2,kn1,0n2,0

]
, (A.36)

and the vacuum energy of Bogoliubov quasi-particles is given by

Ω0 =
∑
i=1,2

( gii
2V

N2
i,0 −

gii
V
Ñ2
i − µiNi,0

)
+
g12

V
N1,0N2,0

+
1

2

∑
k 6=0

{(
Ẽ+,k − ε1,k − Λ1

)
+
(
Ẽ−,k − ε2,k − Λ2

)
+

1

~2k2

[
m1(g11n1,0)2 +m2(g22n2,0)2 + 2mRg

2
12n1,0n2,0

]}
. (A.37)

In the above expression, the first line corresponds to the mean-field contribution,
whereas the last two lines account for the quantum fluctuations. In particular,
the last line arises from the normalization of the coupling constants gii → gii[1 +
gii/V

∑
kmi/(~k)2] and g12 → g12[1 + g12/V

∑
kmR/(~k)2]. [156,157]

The chemical potential in each component can be calculated in a similar fashion
to the single-component case, by evaluating the saddle point equation ∂Ω/∂ni,0|ñ,T =
0 and solving it perturbatively. First, one finds that to the lowest order in the
coupling constants, n0

i,0 = ni − n0
i,T where n0

i,T = ζ(3/2)/λ3
i,T is the ideal gas

thermal density in component i, with the species dependent thermal de Broglie
wavelength λi,T =

√
2π~2/(mikBT ). As for the chemical potential, one finds that
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µ0
i = gii(ni + n0

i,T ) + g12n3−i, involving the equality Λ0
i = giin

0
i,0. The gapless

spectrum is therefore given by Eq. (A.36) with the replacement giini,0 → Λi.
We remind that such identification is a priori justified only when ni,0 and Λi are
evaluated to the lowest order. It follows that Ẽi,k has to be replaced by the single-

particle Bogoliubov spectrum Ei,k =
√
ε2
i,k + 2Λiεi,k as well as ε̃i,k → εi,k in Eq.

(A.36). Equivalently, the excitation spectrum can also be written as

E±,k =

√(
ν2

1 + ν2
2

2

)
ε2
k + 2εkΛ±,k , (A.38)

where we have introduced the relative kinetic energy εk = ~2k2/(2mR) and the
inverse mass ratios νi = mR/mi. The effective chemical potential Λ± is therefore
associated to the Bogoliubov density (+) and spin (−) sounds, and takes the
following expression:

Λ±,k =
1

2
(ν1Λ1 + ν2Λ2 ± Γk) (A.39)

Γk =

√[
(ν2

1 − ν2
2)

2
εk + (ν1Λ1 − ν2Λ2)

]2

+ 4ḡ2ν1Λ1ν2Λ2 . (A.40)

where we have defined the reduced coupling constant ḡ = g12/
√
g11g22. Finally,

the condensate density ni,0 = ni − V −1
∑

k 6=0〈â
†
i,kâi,k〉 is given by (1↔ 2):

n1,0 = n1 −
1

4V

∑
k

∑
±

(
1±

E2
1,k − E2

2,k

2εkΓk

)[
ε2

1,k + E2
±,k

2ε1,kE±,k
(2f(E±,k) + 1)− 1

]
(A.41)

and the chemical potential:

µ1 =g11n1 + g12n2

+
g11

4V

∑
k

∑
±

(
1±

E2
1,k − E2

2,k + 4ḡ2Λ2ε2,k

2εkΓk

)[
ε1,k

E±,k
(2f(E±,k) + 1)− 1

]
+
g11

2V

∑
k

1

εk

[
1

ν1

Λ1 + ḡΛ2

]
. (A.42)

In the absence of a condensate, the Popov theory reduces to the HF theory.
Then, both approaches predict the BEC to occur at the ideal gas critical tem-
perature kBTi,BEC = 2π~2/mi [ni/ζ(3/2)]2/3. In the normal phase, the chemical
potential is therefore given by

µ1 = µIBG
1 + 2g11n1 + g12n2 , (A.43)

with µIBG the chemical potential of an ideal gas.
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A.2.2 Equal mass case

In the case where the masses of the two components are equal m1 = m2 = m, the
function Γ in Eq. (A.40) becomes independent of the wave-vector:

Λ± =
1

2

[
Λ1 + Λ2 ±

√
(Λ1 − Λ2)2 + 4ḡ2Λ1Λ2

]
, (A.44)

and one can write down the chemical potential into a form close to the single-
component case Eq. (A.12):

µ1 = g11n1 + g11n
0
T + g12n2 + g11

∑
±

(
mΛ±
2π~2

)3/2

H±(τ±, l) (A.45)

where the dimensionless function on the reduced temperature τ± = kBT/Λ± and
parameter l = Λ2/Λ1 is given by

H±(τ±, l) =
1√
π

{
4
√

2

3

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡ2l

)

+ τ±

∫ ∞
0

dxf(x)

[
(u± − 1)3/2

u±

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡ2l

)
−√τ±x

]}
,

(A.46)

with u± =
√

1 + τ 2
±x

2. The chemical potential µ2 in the second component is
instead obtained from Eq. (A.45), replacing l by 1/l = Λ1/Λ2. We can easily
verify that for g12 = 0 and n2 = 0, the spin-channel vanishes and one retrieves the
single-component result Eq. (A.12).

Finally, in analogy to the single component gas, one can define new anomalous
densities involving two creation or annihilation operators. In particular, the binary
system possesses two additional anomalous pair densities,

ñ12 =
1

V

∑
k

〈
â†1,kâ2,k

〉
, m̃12 =

1

V

∑
k

〈â1,kâ2,−k〉 , (A.47)

arising from the presence of Bose-Einstein condensates in both components. In the
mass-balanced case, one finds from the quasi-particles amplitudes of Eqs. (A.33)
and (A.2) that:

ñ12 =
1

4V

∑
k

∑
±

(±)
2ḡ
√

Λ1Λ2

Γ

[
εk + Λ±
E±,k

(2f(E±,k) + 1)− 1

]
(A.48)

m̃12 =
−1

4V

∑
k

∑
±

(±)
2ḡ
√

Λ1Λ2

Γ

Λ±
E±,k

[2f(E±,k) + 1] . (A.49)
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Using the newly introduced densities, the chemical potential in the equal mass
case can be conveniently written into the form

µ1 = g11(n1 + ñ1 + m̃1) + g12n2 + g12

√
g11Λ2

g22Λ1

(ñ12 + m̃12) . (A.50)

As we discuss in the main text Sec. 4.2, the anomalous pair densities play a crucial
role in describing the spin thermodynamics of the mixtures.

At zero temperature, one finds to order g2 (g2
12),

µ1(T = 0) =g11n1

{
1 +

32

3
√
π

√
n1a3

11

∑
±

1

2

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡl

)

×
[

1

2

(
1 + l ±

√
(1− l)2 + 4ḡl

)]3/2
}
. (A.51)

We have verified that (A.51) corresponds to the same expression as the chemical
potential evaluated from the LHY energy functional of Ref. [139], which was de-
rived in the canonical ensemble. This functional has been successfully used for the
description of self-bound quantum droplets.

At temperature kBT � gn the Bose distribution function can be expanded in
the same way as the single-component case (A.25), yielding the following analytical
expression:

µ1 ' g11n1 + g11n
0
T + g12n2 − g11

2
√

2π

λ3
T

∑
±

1

2

(
1± 1 + (2ḡ2 − 1)l√

(1− l)2 + 4ḡ2l

)√
βΛ± .

(A.52)
It is worth noticing that the HF theory in the same temperature regime predicts
the chemical potential to behave like

µHF
1 ' g11n1 + g11n

0
T + g12n2 − g11

2
√
π

λ3
T

√
βΛHF

1 . (A.53)

Since ΛHF = gnHF
0 , the HF theory does not include any beyond-linear order cor-

rections in g12.
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Appendix B

Interaction in two-dimensional
Bose gases

B.1 Interaction in 2D

B.1.1 2D system

We start from the purely 2D scattering problem, which follows essentially the same
procedure as the 3D case, carried in Sec. 1.2.3. Let us consider two atoms with
identical mass colliding through a short-range interaction. We place ourself into
a system of coordinate where the center-of-mass is at rest, to reduce the problem
to a single particle scattering problem. Then, the asymptotic form of the colliding
atoms wave-function is given by the sum between an incident plane-wave and an
outgoing spheric-wave (see. Sec. 1.2.3)

ψ(r) ' eikr + e−ikr − 2f(k, θ)

√
i

8πrk
eikr, (B.1)

where f(k, θ) is the scattering amplitude, depending on the relative momentum
k and the scattering angle θ. In the above equation, the multiplicative factor of
f(k, θ) has been chosen for future convenience, and we have considered the collision
of two identical bosons, taking into account their symmetric nature [30].

As we have seen in Sec. 1.2.3, the main contribution for the scattering ampli-
tude in a weakly interacting Bose gas comes from the s-wave scattering. However,
while in 3D the scattering amplitude tends to a constant in the limit of low density
k → 0 (see Eq. (1.42)), this is no longer true in the 2D case, in which the scattering
amplitude exhibits a logarithmic dependence on the relative momentum [94]:

lim
k→0

f(k, θ) = − 2π

ln (ηka2D)
, (B.2)
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with η some constant, and we have introduced the 2D s-wave scattering length
a2D. Within the Born approximation of Sec. 1.2.3, one finally finds that the weakly
interacting 2D Bose gas can be modeled by a contact potential V (r) = g2Dδ(r)
yielding the same asymptotic behavior (B.2), when the 2D coupling constant g2D

is related to f(k) according to g2D = ~2f(k)/m:

g2D =
2π~2

m

1

ln (1/(ηka2D))
. (B.3)

B.1.2 Confined 3D system

Although Eq. (B.3) gives a direct relationship between g2D and a2D, actual ex-
periments are carried in tightly confined three-dimensional systems, where while
the kinematics is effectively 2D, the inter-atomic interactions are described by the
3D scattering length as [12]. Thus, let us consider a 3D Bose gas harmonically
confined in the z-direction, Vz = mωzz

2/4, interacting through a central potential
V (r). The Shrödinger equation for the relative motion is given by(

−~2

m
∆ + V (r) + Vz(z)

)
Ψ(r) = EΨ(r) . (B.4)

This scattering problem has been investigated by Petrov and Shlyapnikov [158]. In
particular, they found that in the ultracold dilute limit, the scattering amplitude
for the quasi-2D Bose gas can be expressed as

fQ2D '
4π√

2πlz/as + ln(B~ωz/πε)
, (B.5)

where lz =
√

~/(mωz) is the harmonic length, B ' 0.915 a constant, and ε is the
characteristic energy scale of colliding atoms.

An estimate for the contribution of the log-term in Eq. (B.5) is obtained by
replacing the colliding atoms energy ε by the thermal energy of the gas ∼ kBTBKT

and using the experimental values of Ref. [17]:

ωz = 4.6 · 2π kHz , as = 5.2 · 10−3 µm . (B.6)

We find: √
2π

lz
as
≈ 77 ln

(
B~ωz
πε

)
≈ −0.66. (B.7)

One can see that in the experimental condition, the logarithmic term is negligible
with respect to the lz/as term. Finally,

fQ2D '
√

8π
as
lz
, (B.8)
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and the 2D coupling constant is related to the 3D s-wave scattering length accord-
ing to:

g2D =
~2

m

√
8π
as
lz
. (B.9)

B.2 Collisional time in 2D

Let us now evaluate the collisional time in a 2D Bose gas, in order to give an
estimate for the hydrodynamicity in the experiment of Ref. [17]. For this purpose,
we first need to evaluate the scattering cross section σ [30]. The probability per
unit time that a particle will cross through a contour C = 2πr is given by the flux
of the scattered wave intensity through this contour

α(k) = v

(
4|f(k)|2 1

8πkr

)
2πr =

v|f(k)|2

k
, (B.10)

where v = ~k/(2m) is the relative velocity of colliding atoms. The elastic scatter-
ing cross-section is then obtained by dividing α(k) by the current density in the
incident wave, which is given by

j =
~
im

[ψ∗i∇ψi − ψi∇ψ∗i ] = 4
~k

m
, (B.11)

where we have used ψi = eikr + e−ikr from Eq. (B.1). Using Eqs. (B.10) and
(B.11) one finally obtains [158]

σ(k) =
α(k)

|j(k)|
=
|f(k)|2

2k
. (B.12)

In terms of the 2D coupling constant, one gets the expression

σ =
~
m
g̃2 1

v
, (B.13)

where we have introduced the dimensionless coupling constant g̃ = mg2D/~2.
In the experiment of the Collège de France group, the system is excited through

a static perturbation, so that the frequency of the excited mode is given by a sound
wave ω ' ck, where c and k = 2π/L are, respectively, the sound velocity and the
lowest mode wave vector defined from the box size L. One can give an estimate
for the collisional time using the classical expression (1.107) adapted to the 2D
gas,

τ = (nσvth)−1 , (B.14)

where n is the 2D number density of atoms, and we have considered the particles
moving at thermal velocity vth, given by the Maxwell-Boltzmann distribution.
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Interestingly, one can see that when using expression (B.13) for the cross-section
in Eq. (B.14), vth cancels out and the collisional time does not depend on the
temperature. Further approximating the sound velocity by the Bogoliubov zero-
temperature sound c ' c0 = ~

√
g̃n/m in the expression for ω, one finally obtains

the expression

ωτ '
√

1

ng̃3

2π

L
. (B.15)

Inserting the experimental values of Ref. [17]

L = 38µm , n = 30µm−2 , g̃ = 0.16 , (B.16)

one gets an estimate for the rate of collisions:

ωτ ' 0.47 . (B.17)



Appendix C

Quasi-condensate Popov theory
for 2D dilute Bose gases

In this appendix, we generalize the Popov theory of Appendix A to the case of 2D
Bose gas. For this purpose, we introduce the concept of quasi -condensate, which
arises from the quasi -long range order of the 2D system. Although thermal fluctu-
ations are enhanced in low-dimensional system, and therefore mean-field theories
are not expected to be accurate, the introduction of such quasi-condensate allows
for a good description of the 2D Bose gas thermodynamics.

C.1 Bogoliubov theory revisited

C.1.1 Formalism

Let us start from the zero-temperature case, by developing the Bogoliubov theory
for the quasi-condensate [93, 94]. For this purpose, we consider a uniform system
and write down the Bose field operator in the modulus-phase representation [159]:

Ψ̂(r) =
√
n̂(r)eiθ̂(r) . (C.1)

As we discussed in Sec. 3.1.1, a condensate corresponding to the macroscopic
occupation of a single-state mode is prohibited in 2D, and hence the Bogoliubov
prescription we have used in App. A is not suitable. Instead, we use the fact that
in 2D, density fluctuations are significantly suppressed (see Sec. 3.1.2), and write
the field operator in terms of density and phase fluctuations as:

Ψ̂(r) =
√
nqc + δn̂(r)eiθ̂(r) , (C.2)

with δn̂ � nqc. The physical meaning of nqc, which has not to be confused with

the condensate, will be clarified hereafter. By definition, δn̂ and θ̂ are unitary
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operators. Equivalently, Eq. (C.2) can be written in the form

Ψ̂(r) =
√
nqc + δΨ̂(r) , (C.3)

analogous to the 3D case, but now with δΨ̂ corresponding to the fluctuation term,
including both density and phase fluctuations. Expanding Eq. (C.2) as Ψ̂ =√
nqc + i

√
nqcδθ̂ + δn̂/(2

√
nqc) + · · · one identifies

δn̂(r) =
√
nqc

[
δΨ̂†(r) + δΨ̂(r)

]
,

θ̂(r) =
i

2
√
nqc

[
δΨ̂†(r)− δΨ̂(r)

]
,

(C.4)

valid to any order in δΨ̂. From the Bose commutation rule for the field operator
Ψ̂, one finds that the fluctuation fields are conjugated:[

δn̂(r) , θ̂(r′)
]

= iδ(r− r′) . (C.5)

Now, let us follow the usual Bogoliubov approach and expand the Hamiltonian
Eq. (1.47), up to quadratic order in the fluctuation field δΨ̂. For the uniform
system under consideration, we readily obtain

Ĥ =

∫
d2r

{
~2

2m

[
1

4nqc
(∇δn̂(r))2 + nqc

(
∇θ̂(r)

)2
]

+
g

2
δ (n̂(r))2

}
. (C.6)

Since we are considering the uniform gas, the field operators can be expressed in
the plane-wave basis,

δn̂(r) =
∑
k

δn̂ke
ikr ≡ δn̂†(r) =

∑
k

δn̂†ke
−ikr , (C.7)

where from the unitarity of the operators one has δn̂k = δn̂†−k, and the same

identity holds for θ̂. We find

Ĥ = EMF +
∑
k

nqcεkθ̂
†
kθ̂k +

2gnqc + εk
4nqc

δn̂†kδn̂k , (C.8)

with EMF the constant mean-field energy. Although the actual Hamiltonian seems
to be diagonal, it is not the case since the density and phase fluctuation fields
are conjugated through Eq. (C.5). As usual, the Hamiltonian is diagonalized by
applying the Bogoliubov transformation

γ̂k = λkδn̂k + wkθ̂k ,

γ̂†−k = λ∗−kδn̂k + w∗−kθ̂k ,
(C.9)
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where we have used the unitary property of the operators. The new creation and
annihilation operators must obey the Bose commutation rule. It follows that this
is satisfied for the following choice of the quasi-particles amplitudes:

λk ∈ R , wk =
i

2λk
. (C.10)

Applying the Bogoliubov transformation in the Hamiltonian (C.8), we find that
the off-diagonal terms vanish if

λ2
k =

1

4nqc

Ek

εk
, (C.11)

where Ek =
√
εk(εk + 2gnqc) is the Bogoliubov spectrum. Finally,

Ĥ = E0 +
∑
k

Ekγ̂
†
kγ̂k , (C.12)

with E0 the ground-state energy.

C.1.2 Effects of fluctuations

We turn to the interpretation of the obtained results. First of all, the finding
of Bogoliubov spectrum implies that according to the Landau’s criterion (1.62),
there is a superfluid with non zero critical velocity. Next, let us look at the
fluctuations in the density and phase channels. From the definition of the quasi-
particle amplitudes (C.9) we obtain

∆n =
∑
k

〈δn̂†kδn̂k〉 =
∑
k

nqcεk
Ek

(2f(Ek)− 1) , (C.13)

∆θ =
∑
k

〈θ̂†kθ̂k〉 =
∑
k

Ek

4nqcεk
(2f(Ek)− 1) . (C.14)

The relative weight of the fluctuations for a given wave vector can be estimated
as [12]

∆nk

∆θk
∝ k2

k2 + 4g̃nqc
. (C.15)

The above result shows that the long-wavelength phonon excitation (k → 0) of
the system involves mainly phase fluctuations, since ∆nk/∆θk becomes small.
Although this is also true in the 3D Bose gas, in 2D it has the important implication
that the number equation will exhibits an infrared divergence. On the other hand,
for the short-wavelength particle-like excitations (k → ∞), the ratio tends to 1
and both phase and density fluctuations contribute equally.
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One can give an estimate for the density fluctuations, if in Eq. (C.13) we
neglect the quantum fluctuations contribution and we approximate the Bose dis-
tribution function by f(E) ' kBT/E. It is needed to add some remarks about
this approximation, since we will use it all along this appendix. In fact, although
such procedure allows for the simplification of the momentum sum, it implies a
logarithmic divergence in the limit of k → ∞, that was not present in the exact
expression. However, we have to keep in mind that approximating the Bose distri-
bution function by the Rayleigh-Jeans one is only valid in the temperature regime
where kBT � Ek. This last condition sets therefore a natural upper cut-off in the
sum of Eq. (C.13), and also avoids the problem of ultraviolet divergence. From
a more physical point of view, this approximation consists to retain the univer-
sal long-range behavior of the system (see Eq. (3.15) in main text and following
discussion).

Finally, using the approximated distribution function, the density fluctuations
Eq. (C.13) with respect to the mean value reads (we put nqc ' n)

∆n

n2
' 2

D
ln

(
kBT

2gn

)
. (C.16)

This expression confirms our preliminary discussion made in Sec. 3.1.2: the density
fluctuations in 2D Bose gas are small, as far as D � 1.

C.1.3 Algebraic decay of one-body density matrix

We can now study the behavior of the one-body density matrix, in the long-range
limit. As we have already discussed, the long-range physics is only governed by
phase fluctuations, so that one can neglect the effects of density fluctuations in
calculating the one-body density matrix:

n(1)(s) ' nqc〈e−iθ̂(s)+iθ̂(0)〉 = nqce
− 1

2
〈[θ̂(s)−θ̂(0)]

2
〉 , (C.17)

where we have used in the last equality the fact that the probability distribution
for the fluctuations of phase are Gaussian. Then, expanding the field operators in
the plane-wave basis and by means of Eq. (C.14), one finds [160]

〈
[
θ̂(s)− θ̂(0)

]2

〉 =
∑
k

Ek

2nqcεk
(2f(Ek) + 1) (1− cos(ks))

' 2mkBT

(2π~)2

1

nqc

∫
|k|≤kc

d2k
1− cos(ks)

k2
, (C.18)

where in the last line we have assumed the thermodynamic limit, and replaced the
sum by an integral. Further, we have performed the same classical field approxima-
tion for the distribution function as before, introducing a wave vector cut-off given
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by ~kc = kBT/
√
gnqc/m. The integral takes its main contribution in the regime

where k � 1/s, and one can therefore approximate 1− cos(kr) ' 1. Finally, one
finds the off-diagonal long-range behavior of the density matrix to be

n(1)(s) = nqc

(
Rc

s

)1/(nqcλ2T )

, (C.19)

with Rc = 1/kc. This result shows the peculiarity of interacting 2D systems,
namely, the algebraic decay of the off-diagonal one-body density matrix. The 2D
gas is said to exhibit a quasi -long-range order. In practice, one needs to prop-
erly take into account short distance physics, including the contributions to the
correlation function from the density fluctuations, as well as the effects of vortex
pairs, essential to describe the BKT physics. This can be heuristically achieved by
replacing the quasi-condensate density nqc in Eq. (C.19) by the superfluid density
ns [12]. This is motivated from the fact that, in absence of density fluctuations,
the Hamiltonian Eq. (C.6) reads:

Ĥ ' ~2nqc
2m

∫
d2r
(
∇θ̂(r)

)2

. (C.20)

The above expression corresponds to a kinetic energy with local velocity vs =
~/m∇θ, which one can identify with the superfluid component velocity Eq. (1.72).
We may expect only the superfluid component to flow under a variation of θ,
motivating therefore the replacement of nqc by ns. In this way, Eq. (3.9) in the
main text has been obtained. We briefly note that the same expression involving
the superfluid density can be obtained from a hydrodynamic approach [7, §6.7].

It is now time to give an interpretation on the physical meaning of nqc. For this
purpose, it is insightful to notice that the field operator Eq. (C.2) can be written
as

Ψ̂(r) = Ψ̂0(r) + ˆ̃Ψ(r) (C.21)

' √nqceiθ̂(r) + ˆ̃Ψ(r) . (C.22)

Under this definition, Ψ̂0 corresponds to the quasi -condensate field, i.e. a conden-
sate with a fluctuating field [104,105]. This definition directly implies that

nqc =

√
2〈|Ψ̂|2〉2 − 〈|Ψ̂|4〉 , (C.23)

since ˆ̃Ψ is a Gaussian field. Comparing the above expression with Eq. (1.35)
for the two-body density matrix of an ideal gas, the analogy between the quasi-
condensate and the genuine condensate is clear. Both characterize the suppression
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of the Gaussian density fluctuations. Formally, the quasi-condensate can be defined
in any dimensions and it is related to the condensate through the relationship [83]:

n0 = lim
s→∞

nqce
−χ(s) , (C.24)

with χ(s) = 1
2
〈[θ̂(s) − θ̂(0)]2〉. We verify that in 2D, the above definition yields

a zero condensate. Therefore, the quasi-condensate can be considered to act as
a well-defined condensate as far as the system size L is much smaller than the
correlation length of the algebraic decay,

L� RCe
nqcλ2T . (C.25)

C.2 Quasi-condensate Popov theory

The modified Popov theory for the 2D Bose gas was introduced independently by
Svistunov [104,105] and Anderson et al. [160,161], as a modification of the Popov
theory to include the effects of phase fluctuations and thus, the description of the
quasi-condensate.

C.2.1 Formalism

We here follow the derivation of Anderson et al., and start from the field operator
Eq. (C.3). This is just the Bogoliubov ansatz in which the condensate density
has been replaced by the quasi-condensate density. Therefore, by applying the
same perturbative approach as in Sec. A.1.1, we naturally find the same expres-
sions (A.6) and (A.8) for the the non-(quasi)condensate density and the chemical
potential:

ñ =
1

V

∑
k

[(
εk + gnqc

2Ek

− 1

2

)
+
εk + gnqc

Ek

f(Ek)

]
, (C.26)

µ = gnqc +
g

V

∑
k

[(
2εk + gnqc

2Ek

− 1

)
+

2εk + gnqc
Ek

f(Ek)

]
. (C.27)

where following the notation of Ref. [160], we have replaced Λ by gnqc in order to
obtain a gapless Bogoliubov spectrum.

In the above expressions, the momentum sums exhibit an infrared divergent
behavior, in accordance with the Hohenberg-Mermin-Wagner theorem [13,73]. To
overcome this problem, we can resort to two methods. The first one, is to consider
that we are in the temperature regime where the HF approximation Ek ' εk +
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gnqc can be performed. Such approximation clearly removes the soft mode of the
spectrum and one immediately obtains

µHF = gnHF
qc + 2gñHF , (C.28)

ñHF = − 1

λ2
T

ln
(

1− e−βgnHF
qc

)
. (C.29)

In the temperature region where kBT � gn, one can further simplify the thermal
density as

ñHF ' − 1

λ2
T

ln

(
gnHF

qc

kBT

)
. (C.30)

The second approach, adopted in the original work by Anderson et al., is to
notice that in the quasi-condensate formalism, the infrared divergence is in fact
artificial, arising from a wrong treatment of the phase fluctuations. Indeed, in
deriving Eqs. (C.26) and (C.27), we have used the Bogoliubov ansatz and applied
the perturbative scheme. The resulting quadratic terms in the fluctuations are
(see Eqs. (C.2) and (C.3)):

δΨ̂†(r)δΨ̂(r) ' nqcθ̂(r)θ̂(r) +
1

4nqc
δn̂†(r)δn̂(r) , (C.31)

with quadratic terms in both the density and phase fluctuations. However, it is
clear that in an exact approach, n = 〈Ψ̂†(r)Ψ̂(r)〉 and

〈e−iθ̂(r)eiθ̂(r)〉 = 1 + 〈θ̂(r)θ̂(r)〉+ · · · = 1 , (C.32)

so that phase fluctuations will not contribute to any local quantities. Therefore,
one needs to subtract the quadratic contributions of phase fluctuations from Eqs.
(C.26) and (C.27). We have already calculated this quantity in the previous sec-
tion, and from Eq. (C.14) we find that one needs to subtract

nqc〈θ̂(r)θ̂(r)〉 =
∑
k

gnqc
2Ek

(2f(Ek) + 1) . (C.33)

Then, the chemical potential and the condensate depletion within the modified
Popov theory are found to be [160]

µ = gnqc + 2gñ , (C.34)

ñ =
1

V

∑
k

[(
εk

2Ek

− 1

2

)
+
εk
Ek

f(Ek)

]
. (C.35)
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Figure C.1: Quasi-condensate density nqc/n, evaluated for g̃ = 0.16. The blue
solid line is the Hartree-Fock theory result Eq. (C.29), the red dashed and green
dotted lines are the predictions of Popov theory, using Eq. (C.35) and Eq. (C.36),
respectively. the black dots are universal relations result from Ref. [83].

Like in 3D, quantum fluctuations lead to an ultraviolet divergence of ñ, which has
to be removed by a proper renormalization of the coupling constant. For simplicity,
we will not consider its contribution in what follows.

Equation (C.35) in the absence of quantum fluctuations can be solved straight-
forwardly if we recall the classical field approximation for the distribution function.
Then, one finds:

ñ ' − 1

λ2
T

ln

(
2gnqc
kBT

)
. (C.36)

The above expression, together with Eq. (C.34), constitute the equation of state,
used in Sec. 3.2 for the description of the universal thermodynamics in a 2D
Bose gas. We note that Eq. (C.36) is very similar to the HF prediction (C.30).
These expressions for the non-condensate density suggest that the concept of quasi-
condensate is meaningful in an interacting gas only. Similarly, we anticipate that
mean-field based approaches will fail in the region where the quasi-condensate
vanishes, since the thermal atoms density diverges for nqc → 0.
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Figure C.2: Left panel: chemical potential of 2D Bose gas evaluated for g̃ = 0.16.
Right panel: isothermal compressibility. The blue solid line is the Hartree-Fock
theory result. The red dashed line is the Popov theory prediction, and the green
dotted line its universal part. The black dots are universal relations result from
Ref. [83].

C.2.2 Comparative study of different theories

We show in Fig. C.1 the quasi-condensate density as a function of temperature,
for the weakly interacting 2D Bose gas, with the dimensionless coupling constant
g̃ = 0.16. Interestingly, the quasi-condensate is found to be close to unity for a
wide region of temperature, including the normal region above TBKT. Both the HF
(C.30) and modified Popov theory (C.35) predictions lie close to the universal rela-
tions result of [82] in the superfluid regime, however the mean-field based theories
decrease rapidly as one increases the temperature. Eventually, Eqs. (C.30) and
(C.35) do not provide any solutions around T ∼ 2TBKT, leading to an unphysical
jump of nqc.

Figure C.2 shows the chemical potential and the isothermal compressibility.
Again, the similitude between the three approaches are remarkable below the crit-
ical temperature. However, the chemical potential calculated in the mean-field
theories is predicted to increase up to µ = 2gn, in an analogous way to the 3D
case, while for the UR, µ ≤ 1.25gn. More drastic is the compressibility, which
in the UR description, exhibits a continuous evolution at the critical point and
smoothly decreases above TBKT, whereas the mean-field methods predict an erro-
neous divergence. This behavior is again identical to the 3D result (see Fig. 2.5)
and comes from the vanishing quasi-condensate. Indeed, for the HF and Popov
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theories, a simple expression for the compressibility can be obtained:

κT
κT (T = 0)

= 1 +
1

λ2
Tnqc − 2

. (C.37)

The above expression is model-independent, reflecting the universal nature of the
system. We have verified that also the universal relations satisfies this relationship,
at least below TBKT where the quasi-condensate is well-defined.

The above analysis suggests that the analogy between quasi-condensate and
genuine condensate is valid for T < TBKT only. This was expected since, in the
normal regime, free vortices destroying phase-fluctuations appear, spoiling the
quasi-condensate picture (see Sec. 3.1.2).



Appendix D

Study of the 2D RPA response
function

In this appendix, we sketch the development of the theoretical tools used for the
investigation of the collisionless sound waves in the 2D Bose gas, discussed in Chap.
3. We start from the study of the response of a damped harmonic oscillator, which
is used to fit the RPA response in order to extract the sound velocity in Sec. 3.4.3.
Then, we analyze the pole of the 2D RPA response function and evaluate the
analytical expression for the complex pole.

D.1 Response of a harmonic oscillator

The equation of motion for a damped harmonic oscillator in presence of an external
force F (t) is given by,

ẍ+ ω2
0x+ γẋ =

F (t)

m
, (D.1)

with ω0 the natural frequency and γ the damping constant. Looking for plane-wave
solution in the form x = x0 + δxe−iωt, the equation of motion gives,

δx(t) =
F (t)/m

ω2
0 − ω2 − iωγ

, (D.2)

from which one can extract the response function defined as δx = F (t)χ(ω)/m 1,

χ(ω) =
1

ω2
0 − ω2 − iωγ

. (D.3)

1We adopt the same sign convention as the study of the two-dimensional Bose gas, both for
the plane-wave solution and the response function.
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Figure D.1: Real and imaginary part of the damped harmonic oscillator response
function (D.1), in blue and red lines, respectively. The oscillator parameters are
ω0 = 0.5 and γ = 0.25 (arbitrary units).

The poles of the response function are:

ω1,2 = −iγ
2
±
√
ω2

0 −
γ2

4
. (D.4)

For a direct comparison with the 2D Bose gas, we will only consider the situation
where the inequality ω0 > γ/2 holds. This situation corresponds to the under-
damped harmonic oscillator. The real and imaginary parts of Eq. (D.3) are given
by,

χ′(ω) =
ω2

0 − ω2

(ω2 − ω2
0)2 + ω2γ2

, (D.5)

χ′′(ω) =
ωγ

(ω2 − ω2
0)2 + ω2γ2

. (D.6)

Figure D.1 shows the numerical results for the real and imaginary part of the
response function, for an arbitrary set of oscillator parameters.

As we have seen in Sec. 3.4.3, the quantity reliable for the investigation of the
experiment of Ref. [17], corresponds to the imaginary part of the inverse weighted
response function. From Eq. (D.6), it is given by

χ′′(ω)

ω
=

γ

(ω2 − ω2
0)2 + ω2γ2

. (D.7)



Response of a harmonic oscillator 133

Let us calculate its Fourier transform:

F−1 [χ′′(ω)/ω] (t) =
1

2π

∫ ∞
−∞

γ

(ω2 − ω2
0)2 + ω2γ2

eiωtdω. (D.8)

First, the denominator can be factorized as,

(ω2 − ω2
0)2 + ω2γ2 = (ω − ω1)(ω + ω1)(ω − ω2)(ω + ω2), (D.9)

where ω1,2 are the poles of χ defined in Eq. (D.4). Then one can decompose the
denominator as a sum over these factors,

1

(ω2 − ω2
0)2 + ω2γ2

=
1

2

1

ω2
1 − ω2

2

[
1

ω1

(
1

ω − ω1

− 1

ω + ω1

)
− 1

ω2

(
1

ω − ω2

− 1

ω + ω2

)]
. (D.10)

We note that ω2 = −ω∗1, where ∗ denotes the complex conjugate, and we introduce
the following new variables,

ω̃ =

√
ω2

0 −
γ2

4
, Γ = γ/2, (D.11)

so that ω1 = ω̃ − iΓ. Equation (D.8) is rewritten as,

F−1 [χ′′(ω)/ω] (t) =
i

4ω̃

{
1

ω1

[
F−1

(
1

ω − ω1

)
−F−1

(
1

ω + ω1

)]
+

1

ω∗1

[
F−1

(
1

ω + ω∗1

)
−F−1

(
1

ω − ω∗1

)]}
. (D.12)

We can now evaluate easily each Fourier transform, using Cauchy’s integral for-
mula,

F−1

(
1

ω − ω1

)
−F−1

(
1

ω + ω1

)
=

1

2π

(∮
C

−
∫

arc

)(
eiωt

ω − ω1

− eiωt

ω + ω1

)
= −ie−iω1t − ω1

π

∫
arc

eiωt

ω2 − ω2
1

= −ie−iω1t (D.13)

where the contour integrals have been evaluated using the residue theorem, assum-
ing positive time (t ≥ 0) to restrict the contour to the upper-half complex plane.
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Figure D.2: Fourier transform of inverse-weighted response function,
F−1(χ′′/ω)(t), for the damped harmonic oscillator (D.15). The oscillator parame-
ters are ω0 = 0.5 and γ = 0.25.

As for the last line, we used the estimation lemma. By doing the same for the
second line of Eq. (D.12), one obtains,

F−1

[
χ′′(ω)

ω

]
(t) =

1

4ω̃

1

ω1ω∗1

(
ω∗1e

−iω1t + ω1e
iω∗1 t
)

=
1

4ω̃

1

ω̃2 + Γ2

[
(ω̃ + iΓ)e−i(ω̃−iΓ)t + (ω̃ − iΓ)ei(ω̃+iΓ)t

]
. (D.14)

Finally, using trigonometric relation,

F−1

[
χ′′(ω)

ω

]
(t) =

1

2ω̃

1

ω̃2 + Γ2
e−Γt [ω̃ cos(ω̃t) + Γ sin(ω̃t)] . (D.15)

Figure D.2 shows the obtained Fourier transform. It is worth noticing that Eq.
(D.15) contains a sine-function, for which its relative contribution becomes greater
as the damping becomes important. For our analysis of the sound wave in the 2D
Bose gas, this means that we have to avoid the fitting of the Fourier transform of
the RPA response function to the simplest e−Γt cos(ωt) model, and use a function
which takes into account this sine-function contribution.

It is interesting to observe that the Fourier transform of χ′′/ω oscillates at
the same frequency as the real part of the poles of the response function, ω̃ =√
ω2

0 − γ2/4. On the other hand, the position of the peaks of χ′′ and χ′′/ω are
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given respectively by,

ωPeaks,χ′′ = ±
[

1

6

(
2ω2

0 − γ2 +
√

(2ω2
0 − γ2)2 + 12ω4

0

)]1/2

, (D.16)

ωPeaks,χ′′/ω = ±
√
ω2

0 −
γ2

2
, (D.17)

which are both different from ω̃. This analysis confirms that in order to study the
poles of the response function (and hence the sound velocity), looking at the peak
position of χ′′ or χ′′/ω is not sufficient, and one needs to go to the Fourier analysis.

D.2 Poles study

We now calulcate the pole of the 2D Bose RPA response function (3.35), by means
of the classical field approximation introduced in App. C. The idea is to calculate
the pole of the RPA response function by approximating the Bose distribution
function by:

f(w) =
1

ew2+η − 1
' 1

w2 + η
, (D.18)

where w = p/
√

2mkBT and η = βΛ.
The expression for the RPA response function reads (dimensionless form)

χ =
χ0

1 + g̃χ0

(D.19)

where the response function for the non-interacting system is given by using the
approximation (D.18) into the expression (3.39):

χ0

(
u =

ω

k

√
m

2kBT

)
' 1

(2π)2

(∫ ∞
0

dwx
wx − u

πwx
(w2

x + η)
+ iπ2 u

(u2 + η)3/2

)
(D.20)

Then, introducing the variables z =
√
ηwx and ε =

√
η/u, the real part of (D.20)

reads

χ′0(u) =
1

(2π)2

π

u
√
η

∫ ∞
−∞

zdz

(z2 + 1)3/2

1

zε− 1

=
1

(2π)2

π

u
√
η

∫ ∞
0

z

(z2 + 1)3/2

[
1

1 + zε
− 1

1− zε

]
dz (D.21)

=
1

(2π)2

π

u
√
η
I0 (D.22)
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We now separate the integration into two parts,

I0 =

∫ z1

0

...+

∫ ∞
z1

... = I1 + I2, 1� z1 � 1/ε.

The first integral gives

I1 =

∫ z1

0

z

(z2 + 1)3/2

[
1

1 + zε
− 1

1− zε

]
dz

≈ −2ε

∫ z1

0

z2dz

(z2 + 1)3/2
. (D.23)

This integral can be solved by part and in the limit of z1 � 1 one gets

I1 ' 2ε [1− ln (2z1)] . (D.24)

As for the second integral

I2 =

∫ ∞
z1

z

(z2 + 1)3/2

[
1

1 + zε
− 1

1− zε

]
dz

≈
∫ ∞
z1

dz

z2

[
1

1 + zε
− 1

1− zε

]
. (D.25)

The integral can be solved from a change of variables (putting u = 1/(zε)), and
gives

I2 = ε

[
1

z1ε
− ln

(
1

z1ε
+ 1

)
− 1

z1ε
− ln

(
1

z1ε
− 1

)]
= ε [2 ln(z1ε)− ln(1 + z1ε)− ln(1− z1ε)]

≈ 2ε ln(z1ε) (D.26)

where we have used z1ε� 1 in the last line. From Eqs. (D.24) and (D.26) one has

I0 = I1 + I2 = 2ε

[
1− ln

(
2

ε

)]
. (D.27)

Using this result, one finally has the following pole equation:

1 + g̃

{
1

2πu2

[
1− ln(2u) +

1

2
ln η

]
+ i

1

4

u

(u2 + η)3/2

}
= 0. (D.28)

Assuming a complex pole in the form upole = u− iγ, one obtains the following set
of equations {

u2 − γ2 + g̃
2π

[
1− 1

2
ln((2u)2 + (2γ)2) + 1

2
ln η
]

= 0,

−2uγ − g̃
2π

arctan
(−γ
u

)
+ g̃

4
= 0.

(D.29)
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Figure D.3: Left panel: sound velocity evaluated from the response function.
The red dashed line is the real part of the pole evaluated from Eq. (D.29), the
blue solid line the sound velocity extracted from the Fourier transform of the
response function (see Sec. 3.4.3). The green dotted-line corresponds to the T → 0
asymptotic expression Eq. (D.30). Right panel: quality factor evaluated from the
response function. The red dashed line is the prediction from Eq. (D.29), the
blue solid line the one extracted from the Fourier transform of the RPA response
function.

In Fig. D.3 we show the results for the sound velocity, normalized to the zero-
temperature Bogoliubov sound, c/c0 and the quality factor Q = u/γ, evaluated
by solving Eq. (D.29), for g̃ = 0.16. Comparing them with the results obtained
in Sec. 3.4.3, from the Fourier transform of the inverse-weighted RPA response
function, we see that both approaches are consistent, giving almost the same sound
velocity and the same behaviour for the quality factor.

We note that in the very low-temperature region where the quality factor is
large (see right panel Fig. D.3), one can neglect the imaginary part γ in the first
line of Eq. (D.29), yielding the result

u2 +
g̃

2π

[
1− ln(2u) +

1

2
ln η

]
= 0 . (D.30)

Solution of Eq. (D.30) is plotted as a green dotted line in Fig. D.3 2. In the limit
of T → 0, this equation is further simplified to u2 = − g̃

4π
ln η. Then, from the

2We briefly note that a solution for Eq. (D.30) exists only if the minimum of the function
(which possesses a positive concavity) is larger than zero. The derivative gives the position of
this minimum to be at umin =

√
g̃/(2π), and it follows that Eq. (D.30) possesses a solution only
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number equation evaluated using Eq. (D.18),

n =
mkBT

2π~2

∫
f0(w)d2w ≈ −mkBT

2π~2
ln η , (D.32)

one finally recovers the Bogoliubov speed of sound

mc2 = g2Dn , (D.33)

where we have used that u = c
√
m/(2kBT ) and g2D = g̃~2/m.

if

η ≤ g̃

π

1

e3
. (D.31)
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