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A B S T R A C T

To cope with the increasing demand of a more sustainable mobility,
the main Original Equipment Manufacturers are producing vehicles
equipped with hybrid propulsion systems that increase the overall vehicle
efficiency and mitigate the emission problem at a local level. The newly
gained degrees of freedom of the hybrid powertrain need to be handled
by advanced energy management techniques that allow to fully exploit
the system capabilities.

In this thesis we propose an optimal control approach to the solution
of the energy management problem, putting emphasis on the importance
of accurate models for the reliability of the optimization solution.

In the first part of the thesis we address the energy management prob-
lem for a hybrid electric vehicle, including the mitigation of the battery
aging mechanisms. We show that, with an optimal management strategy,
we could extend the battery life up to 25% for some driving cycles while
keeping the fuel savings performance substantially unaltered.

In the second part of the thesis we focus on the hydrostatic hybrid
transmission, a different hybridization solution that is able to fulfill
the high power demand of heavy duty off-highway vehicles. Also in
this case, we formulate the energy management problem as an optimal
control problem, dealing with the complexity introduced by the discrete
valve actuations in the framework of mixed-integer optimal control. We
show that, using hydraulic accumulators to recover energy from the
regenerative braking, we could reduce fuel consumption up to 13% for a
typical driving cycle.

In the third and last part of the thesis we show how the optimization
approach can be used to systematically design and calibrate control algo-
rithms, casting the calibration problem into a Linear Matrix Inequality.
We first develop a non-overshooting closed-loop control for the actuation
pressure of a wet clutch, proving the effectiveness of the control on an
experimental setup.
Finally, we focus on the design of a dead-zone based kinematic observer
for the estimation of the lateral velocity of a road vehicle. The structure of
the observer presents good noise rejection performance, allowing for the
selection of a higher observer gain that improves the estimation accuracy.
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To the optimist, the glass is half full.
To the pessimist the glass is half empty.

To the engineer, the glass is twice as big as it needs to be.

— Unknown
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1I N T R O D U C T I O N

1.1 motivations and objectives

Mobility has always been a central part of people’s life and has played
a crucial role in the course of human progress. Despite recent problems
with overcapacity and low profitability, which led to the automotive sector
crisis of 2008-2010, the automotive industry retains a strong influence on
the economy worldwide. Over 4 million people are employed directly
by the OEMs (Original Equipment Manufacturers) and many more are
indirectly involved.

Approximately 21% of carbon dioxide (CO2), the main greenhouse gas,
emissions in 2016 are attributable to road-vehicles, 15% of which owing
to light-vehicles — cars and vans — and 6% to heavy-duty vehicle —
trucks, buses and coaches [7]. This amount increases if we include also
non-road vehicles, mainly in agricultural and construction equipment;
a study of the International Council on Clean Transportation (ICCT)
reports that almost 25% of the fine particulate matter and 15% of the
NOx emitted from mobile sources are produced by off-highway vehicles,
mainly because of the milder emission-control regulations compared to
the heavy-duty sector, although the vehicles share many similarities in the
design the powertrain and in the exhaust emission control technologies
[12]. The global effects of greenhouse gas emissions on global warming
add to the local effect of noxious emissions in densely populated area,
where high concentration of road and non-road vehicles endangers the
health of the people and the quality of their life. Therefore, one of the
major challenges of our time is the shift towards a more sustainable
mobility; this is reflected by more restrictive regulations, both at a global
level (more restrictive standard on car emissions and fuel consumptions)
and at a local level (traffic block in the most polluted cities).

To cope with the increasing demand of a more sustainable mobility, all
OEMs are producing car models with an electric propulsion system that
is able to provide part (Hybrid Electric Vehicles - HEV) — or the totality
(Battery Electric Vehicles - BEV) — of the required tractive effort. While this
solution mitigates the emission problem at a local level, freeing the large
urban area from the noxious emissions, many unsolved issues remain
on the global scale: first, the well-to-wheel emissions remain substantially
unaltered, because most of the electrical energy is still produced in
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2 introduction

fossil fuel power plants; second, a capillary infrastructure of high power
charging stations has to be built; finally, the most impelling challenge is
the production, optimization and recycling of the energy storage unit, that,
in the vast majority of the applications, is the lithium ion battery. All these
points are influenced by political initiatives, such as large investments in
renewable energies and infrastructures, and the global energy storage
market will grow to reach 620 billion dollars in investments by 2040 as
predicted by Bloomberg New Energy Finance (BNEF) [1].

The OEMs are then committed to offer an increasing number of
HEV/BEV vehicles, able on one side to fulfill the emission regulations
and on the other side to meet various customer concerns in terms of
reliability (driving range, low maintenance, etc.), cost and performance.
To deal with these ambitious challenges, OEM and Tier 1 suppliers have
been developing increasingly complex hybrid powertrain systems.
Advanced control techniques are thus necessary to govern the newly
gained degrees of freedom, in order to maximize the overall efficiency
and reduce usage costs. The main objective of this thesis is to show, by
means of several application examples, that the optimal control approach
to the energy management problem can dramatically improve the effi-
ciency of the hybrid powertrain by exploiting to the best its architecture.
The optimal energy management strategy is computed starting from
the mathematical model of the powertrain: this means that the more
descriptive the powertrain model is, the more reliable the optimal control
solution becomes. For this reason, in this work we put great emphasis on
the systematic formulation and validation of mathematical models for
the different powertrain components, that have to capture the behavior
of the systems throughout a wide range of operating conditions.

Following this guideline, we study in Chapter 3 the problem of min-
imizing fuel consumptions in a Hybrid Electric Vehicle, including the
mitigation of the of the battery aging mechanisms; this optimization prob-
lem is based on the thorough analysis and experimental validation of
the battery electrochemical model of Chapter 2, that represents precisely
the charge/discharge battery dynamics as well as the aging mechanisms
under different temperatures, states-of-charge and current profiles.

Electrification is not the only solution to reduce carbon emissions and
fuel consumption, especially in those applications where high power
density is required. This is the case of heavy duty and off-highway
vehicles, such as the telescopic-boom handler introduced in Chapter
4, where a hydrostatic transmission decouples the internal combustion
engine from the wheel and the energy is recovered with a system of
hydraulic accumulators connected to the hydrostatic transmission with
an electronically actuated valve block. Compared to the battery, the
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hydraulic accumulator is much cheaper, more robust and can withstand
frequent peaks of power in a smaller volume, but has limited energy.
The hydraulic powertrain has many degrees of freedom that have to be
suitably controlled to reach the best fuel economy result. To this end, in
Chapter 5 we address the energy management problem in the framework
of optimal control, focusing on the hybrid dynamics — i.e. exhibiting both
discrete (valves/clutches) and continuous (motor/pump displacements)
dynamics — of the system.

We will finally see in Part iii how the optimization approach can
be used not only to draw high level control trajectories, but also to
systematically design and calibrate control algorithms. Indeed, once the
control structure is defined, the calibration problem can be cast into a
Linear Matrix Inequality [6] that is easily solved using standard off-the-
shelf algorithms. This powerful tool is used first in Chapter 6 to design
a non-overshooting control for the smooth engagement of a wet clutch,
then it is used in Chapter 7 to calibrate a non-linear observer for the
estimation of the vehicle lateral speed.

In the reminder of this first chapter we give in Section 1.2 an overview
of the main hybrid powertrain architectures, discussing the advantages
and disadvantages of each solution; moreover, in Section 1.3 we introduce
the optimal control problem, starting from its general formulation and
briefly detailing the solution approach adopted throughout this thesis.

1.2 introduction to hybrid vehicles

In this section we give an overview of the three main hybrid powertrain
architectures:

• Series Hybrid: the electric branch of the powertrain serves as prime
mover so that the ICE can be fully decoupled from the wheels;

• Parallel Hybrid: the electric machine and the ICE are both mechan-
ically coupled to the wheels;

• Power-split Hybrid: thanks to the power-split device, the planetary
gear, the powertrain combines series and parallel operations.

The best selection among the three different configurations depends on
several aspects, such as cost, complexity, weight and type of application.
In the following we describe the three architectures for battery-powered
electric hybrid vehicles, but the same considerations can be made also
for other types of hybridization (e.g. hydrostatic hybrid).
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1.2.1 Series Hybrid

The simplest hybrid architecture is the series hybrid configuration rep-
resented in Figure 1.1. The electric machine is directly connected to the
wheel and serves as prime mover. This allows to decouple the wheels
from the combustion engine, that operates as an auxiliary generator pro-
ducing electrical power through an electrical generator to recharge the
battery or to boost the primary electric motor. The electric machine has
high efficiency over a wide speed range, therefore a mechanical trans-
mission is usually not required, reducing the cost and the complexity
of the powertrain. Since the electric motor is the prime mover, it should

+ −

Generator MotorEngine

+ −

Figure 1.1: Topology of series hybrid. Solid black line: mechanical bus. Dashed
turquoise line: electrical bus. Arrows: power flow direction.

be selected large enough to provide all the tractive effort required at
the wheel; on the contrary, having the engine completely disconnected
from the wheels, there is great freedom in choosing its load and speed
to reach the highest possible efficiency. The main drawback of the series
hybrid is the double energy conversion from mechanical to electrical in
the generator and from electrical to mechanical in the electric motor; this
introduces additional power losses when a direct connection between the
engine and the wheels would be more efficient, e.g. at high speed.

1.2.2 Parallel Hybrid

In the parallel hybrid architecture, the wheels are mechanically connected
both to the electric motor and to the engine. The power summation is thus
mechanical rather than electrical as in the series case. As illustrated in
Figure 1.2, there is only an electric machine that serves both as motor and
generator, thus reducing the overall number of components resulting in
a more cost effective solution. The common parallel architectures can be
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+ −

Engine M/G

Clutch

Trn

P1 - no decoupling

+ −

Engine M/G

Clutch

Trn

P2 - with decoupling

Clutch

+ −

EngineM/G

Trn

P4 - through-the-road

Figure 1.2: Topologies of parallel hybrid. Solid black line: mechanical bus. Dashed
turquoise line: electrical bus. Arrows: power flow direction.

classified depending on the position of the electric machine with respect
to the engine, as listed in Table 1.1. Since only one energy conversion is
performed from electrical to mechanical (and vice-versa) in the electric
motor, the parallel hybrid is potentially more efficient that the series
configuration, and the direct connection of the engine to the wheels
improves the efficiency at high speed. On the other side, the engine
speed cannot be chosen as freely as in the previous case, deteriorating
the performance in certain drive conditions. Moreover, the electric motor
of the parallel hybrid drivetrain is usually less powerful compared to
its series counterpart, unless significantly oversized, thus limiting the
potential for high power operations and regenerative braking.

1.2.3 Power-split hybrid

The power-split hybrid configurations combines the features of the series
and parallel architectures by means of a power-split device, usually a
planetary gear set. As shown in Figure 1.3 the power-split configuration
requires two electric machines, one (MG1) that works as a generator as a
generator and the other (MG2) as a motor. The ring (R) of the planetary
gear set is directly connected to the wheels and to the electric motor
unit (MG2), therefore the vehicle speed is determined by the speed of
MG2. The generator unit MG1 is connected to the sun (S) of the planetary
gear, while the engine is connected to the carrier (C). This configuration
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Configuration Description

P0 The electric machine is connected to the engine through a
belt on the front end accessory drive.

P1 The electric machine is connected directly to the engine
crankshaft through a spur gear.

P2 Same as P1, but the electric machine can be disconnected
from the engine with a clutch, allowing for pure electric
drive.

P3 The electric machine is connected through a gearbox inside
the transmission and its speed can be decoupled from the
ICE speed.

P4 The electric machine is connected to the secondary shaft.
Also called through-the-road hybrid.

Table 1.1: List of parallel hybrid configurations.

allows to vary the speed of the engine independently from the vehicle
speed by controlling the speed of the electric machines, and for this
reason is called electrical continuous variable transmission (E-CVT). Part of
the engine power is transmitted directly to the ring gear and thus to the
wheels as in the parallel hybrid configuration; the remaining part of the
mechanical power is transformed in electric power in the generator MG1
and stored in the battery or supplied to the motor MG2. This twice energy
conversion is the source of the low efficiency of the variator, therefore
the power-split architecture should be designed to minimize the power
throughput over the electrical variator [9].

In conclusion, series hybrid architectures are usually the best option
for vehicles traveling at low speed or for applications where the engine
is small compared to the primary motor and serves solely as a range
extender to improve the autonomy of the hybrid vehicle. The power-
split architecture, thanks to the E-CVT and to the more sophisticated
control techniques, surpasses parallel configurations in fuel economy
and driving smoothness, without significantly increasing the mechanical
complexity of the powertrain. Nevertheless, as stated in [10], parallel
hybrid powertrains are still the best choice in vehicles that require good
performance, higher maximum speed and towing capability.
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EngineMG1

MG2

Planetary gear

+ −

Gearbox

MG1 R

CS

Figure 1.3: Topology of power-split hybrid. Solid black line: mechanical bus.
Dashed turquoise line: electrical bus. Arrows: power flow direction.

1.3 the optimal control problem

The main purpose of the activities presented in this thesis is the definition
of control laws that lead to the desired behavior of a dynamical system
within the bounds of the imposed constraints. The desired behavior is
described by the minimization (or maximization) of a functional that
represents an economic, energy, or time cost.

In this brief introduction to optimal control we detail the direct methods
to the optimal control problem, a collection of techniques used to solve
the optimization problems treated in this thesis.

1.3.1 Optimal control formulation

We focus in this chapter on the optimal control solution for continuous-
time non-linear systems, whose evolution over time is described by a set
of non-linear ordinary differential equations (ODE)

ẋ(t) = f (x(t),u(t)), 8t 2 [t0, tf]

x(t0) = x0.
(1.1)

The system evolves over the finite time horizon t 2 [t0, tf] ⇢ R and
starts at the initial time t0 with initial state x0. x : [t0, tf] ! RNx is
the continuous-valued state vector, u : [t0, tf] ! RNu is the continuous-
valued control vector and the vector field f : {RNx ⇥ RNu} ! RNx is the
vector field the describes the dynamics of the system.

We impose some regularity conditions on the dynamics vector field f (·)
and on the admissible control u(·) in order to guarantee well-posedness
of the the system, meaning that there exists a unique solution x(·) to
(1.1) for every choice of the initial state x0 and every admissible control
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u(·). First, we assume that u(·) is piecewise-continuous, namely that it has
only a finite number of discontinuities on every bounded interval and is
limited from the right and from the left at each of these discontinuities.
Second, we say that x(·) is absolutely continuous, that means that x(·) is
continuous everywhere, continuously differentiable almost everywhere1

and satisfies

x(t) = x(t0) +
Z t

t0

f (x(t),u(t))dt.

Finally, to enforce uniqueness of the solution we assume that f (·,u(t))
is Lipschitz continuous w.r.t. x(·), that means that there exists a Lipschitz
constant 0  Lz  • such that

||f (x1,u(t))� f (x1,u(t))||  Lz · ||x1 � x2||,
8x1,x2 2 RNx , 8u(t) 2 RNu , 8t 2 [t0, tf]

In the setting of optimal control we seek for a functions in the infinite-
dimensional state and control spaces that minimizes a given cost func-
tional, which is defined in its most general form as the Bolza functional

J = m(x(tf)) +
Z tf

t0

`(x(t),u(t))dt (1.2)

that comprises both the integral — or Lagrange — functional and the
terminal — or Mayer — functional.

The solution of the optimal control problem must fulfill a set of con-
straints both on the states and on the control, that are expressed as

x(·) 2 X
u(·) 2 U .

(1.3)

The constraints formulation in (1.3) comprises of both box constraints
and control saturations, namely

xlb  x(·)  xub

ulb  u(·)  uub

and of path constraints in the form of

g(x(·),u(·), ·)  0, (1.4)

1 Almost everywhere means that the derivative can be discontinuous on countable points of
measure zero.
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where g : RNx ⇥ RNu ⇥ R ! RNg described the relations between the
states and the controls during the optimization horizon.

Finally, for the optimal control to be well-posed, we need to define the
boundary conditions, that describe the initial and final values of the state
trajectories:

 (x(t0),x(tf))  0, (1.5)

with  : RNx ⇥ RNx ! RN
y . Usually the boundary conditions in (1.5)

are separable over the time horizon, in this case we define the decoupled
boundary conditions

 0(x(t0))  0

 f(x(tf))  0.

In the optimal control problem the task is finding the admissible con-
trol function u

⇤(·) 2 U that generates the admissible state trajectory
x

⇤(·) 2 X such that the cost functional in (1.2) is minimized and the
boundary conditions (1.5) are satisfied. This is formulated collecting all
the conditions as

min
u(·)

m(x(tf)) +
Z tf

t0

`(x(t),u(t))dt

s.t. ẋ(t) = f (x(t),u(t))
 (x(t0),x(tf))  0

x(t) 2 X
u(t) 2 U , 8t 2 [t0, tf].

(1.6)

Three main groups of methods exist to find the solution of the optimal
control (1.6): the dynamic programming methods [2], the indirect methods
[13], [11] and the direct methods [3], [5], [8]. A brief while exhaustive
introduction of the three methods can be found in [4].

The dynamic programming methods are based on the Hamilton-Jacobi-
Bellman’s principle of optimality, that states that any tail of an optimal
trajectory is an optimal trajectory too; this allows to find the optimal
trajectory proceeding recursively backwards starting from the final condi-
tion. The dynamic programming approach is the only one that guarantees
sufficient conditions for the optimality and, in its discrete version, embod-
ies by construction the formulation of switched dynamics and discrete
control; on the other side, the complexity of the dynamic programming
methods explodes for high dimensional problems, which makes this
method practically unfeasible for systems with more than three or four
states.



10 introduction

The indirect methods are extremely accurate and can manage even
high dimensional problems. They solve a two-point boundary value
problem that originates from the Pontryagin’s first-order necessary (not
sufficient!) conditions for optimality. The first-order necessary conditions
introduce a set of new equations (adjoint equations) and new variables
(adjoint variables) that are non-physical quantities; the initialization of
such non-physical quantities is likely the most relevant issue of the indi-
rect methods, since a bad initialization of the adjoint variables could lead
to very ill-conditioned numerical solutions. Moreover, indirect methods
cannot easily handle path constraints in the form of (1.4), because it is
necessary to make an a priori estimate of the constrained-arc sequence.

Finally, the direct methods are based on a suitable discretization of the
infinite dimensional state and control space. The resulting finite dimen-
sional optimization problem can be solved using standard non-linear
programming technique, as semi-quadratic programming (SQP) or inte-
rior point methods. In the remainder of this work we will focus on this
family of techniques, because of their larger domain of convergence com-
pared to the indirect methods and also because of their better scalability to
high dimensional systems. In the following we will deepen the discretiza-
tion strategies used to approximate the infinite dimensional optimal
control problem and transform it into a finite dimensional constrained
optimization problem.

1.3.2 Discretization schemes for optimal control

In the setting of the direct solution of the optimal control we have to find
numerically approximations of the optimal control trajectories u

⇤(·) over
the time horizon t 2 [t0, tf]. This procedure is based on the discretization
of the problem formulation in (1.6) on the (not necessarily equidistant)
time grid

GN = {t0 < t1 < . . . < tN = tf} (1.7)

with step sizes hj := tj+1 � tj, j = 0, . . . , N � 1. Often, the grid GN will be
divided in equidistant intervals of size ts =

tN�t0
N and we can thus find

the grid points as tj = t0 + j h, j = 0, . . . , N. Such discretization changes
dramatically the nature of our problem: the objective functional becomes
an objective function and the infinite dimensional state and control space
shrinks to a finite dimensional space.



1.3 the optimal control problem 11

1.3.2.1 Control discretization

The first step of the direct solution approach is the discretization of the
control trajectory. As stated in [8], the admissible control space U is
replaced by some M-dimensional subspace

UM ⇢ U
where M 2 N is finite.
Let B = {B1, . . . , BM} be a basis of UM, then every u

M 2 UM can be
written as

uM(·) :=
M

Â
i=1
!iBi(·) (1.8)

with coefficients ! = {!1 . . .!M}| 2 RNu⇥M. Notice that we can write
the dependency of the control as uM(t) = uM(t,!)

In [8] it is suggested to select basis functions having local support,
thus avoiding cubic splines, Hermite polynomials or polynomials; such
selection may lead to numerical instabilities since a variation of one
component of the weight vector ! may affect the whole control uM(t,!)
for all t 2 [t0, tf].

Therefore basis functions with local support are preferred, in particular
we focus on a B-spline representation. We start introducing the B-splines
by defining an auxiliary grid Gk

N , with k 2 N as ([8]):

Gk
N = {ti|i = 1, . . . , N + 2k � 1}

that has auxiliary points

ti :=

8
>>><

>>>:

t0, if 1  i  k

ti�k, if k + 1  i  N + k � 1

tN , if N + k  i  N + 2k � 1.

The elementary B-splines Bk
i (·) of order k, i = 1, . . . , N + k � 1 are defined

by the recursion

B1
i (t) :=

8
<

:
1, if ti  t < ti+1

0, otherwise

Bk
i (t) :=

t � ti
ti+k�1 � ti

Bk�1
i (t) +

ti+k � t
ti+k � ti+1

Bk�1
i+1 (t).
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The control is then parametrized, for a fixed k 2 N, choosing uM(·) from
the set

UM :=

(
N+k�1

Â
i=1

!iBk
i (·) | !i 2 RNu , i = 1, . . . , N + k � 1

)
.

Finally, we must take into account that the higher the value of k, the
more smooth the approximation is. It is common to adopt B-splines of
order one (piecewise constant approximation) or order two (continuous
and piecewise linear approximation), that, even if they result in a not so
smooth control trajectory the complexity of the resulting optimization
problem is greatly reduced.

1.3.2.2 State discretization - Runge-Kutta integration scheme

The second step of the direct solution approach is the discretization of the
initial value problem (1.1). The simplest discretization approaches are the
explicit (or forward) Euler method

xj+1 = xj + hj f (xj,uj), j = 0, . . . , N � 1

x0 = x(t0).

with xj = x(tj) and uj = u(tj), and the implicit (or backwards) Euler:

xj+1 = xj + hj f (xj+1,uj+1), j = 0, . . . , N � 1

x0 = x(t0).

Both approaches are naturally subject to an approximation error w.r.t.
the true solution that propagates at every step. In order to reduce such
error higher order approximation can be used to approximate the right-
hand-side function of the dynamics; such approach comprises a family
of different discretization methods that are grouped under the name of
Runge-Kutta methods. Let us first write the exact solution for the state at
time tj+1, j = 0, . . . , N � 1 as

xj+1 = xj +
Z tj+1

tj

f (x(t),u(t))dt.

To improve the accuracy of the integration method, similarly to the control
discretization procedure, we have to evaluate the dynamics function over
an auxiliary grid: we subdivide the time step of the main grid GN in
L subintervals (L-stage Runge-Kutta methods) with intermediate time
points tl,j, j = 0, . . . , N such that

tl,j = tj + cl hj, l = 1, . . . , L
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with

0  c1  c2  · · ·  cL  1.

The L-stage Runge-Kutta method is obtained by approximating the in-
tegral with the stage derivatives sl(·), l = 1, . . . , L at the L intermediate
points as

Z tj+1

tj

f (x(t),u(t))dt ⇡ hj

L

Â
l=1

blsl(x(tj),u(tj)) (1.9a)

where the l-th stage derivative is defined as

sl(x(tj),u(tj)) := f

 
x(tj) + hj

L

Â
q=1

al,qsq(x(tj),u(tj)) , u(tj + cl hj)

!
(1.9b)

for l = 1, . . . , L. The Runge-Kutta method is called explicit if al,q = 0 for
each q � l, otherwise it is called implicit. The value of the control at the
intermediate points tl,j = tjcl hj, with l = 1, . . . , L is evaluated according
to the selected control discretization method in (1.8).

The numerical solution to the initial value problem in (1.1) is finally
approximated by the recursion

xj+1 = xj + hjFj(x(tj),u(tj))

x0 = x(t0)

with

Fj(x(tj),u(tj)) =
L

Â
l=1

bl sl(x(tj),u(tj)) j = 0, . . . , N � 1

and the l-th stage sl(x(tj),u(tj)) as in (1.9b). The parameters bl , cl , al,q
and L are defined by the Runge-Kutta method.

1.3.2.3 Full discretization approach

After evaluating both the Bolza functional (1.2) and the constraints over
the time grid GN , we can write the infinite-dimensional optimal con-
trol problem in (1.6) as the finite-dimensional non-linear optimization
problem as follows:

min
u0,...,uN
x0,...,xN

m(xN) +
N�1

Â
j=0

hj`(xj,uj)

s.t. xj+1 = xj + hjFj(x(tj),u(tj)) j = 0, . . . , N � 1

 (x0,xN)  0

xj 2 X j = 0, . . . , N

uj 2 U j = 0, . . . , N.

(1.10)
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The direct solution method based on the formulation of the optimiza-
tion problem in (1.10), where both the continuous-valued control space
and the continuous-valued state space are discretized, is called direct
collocation method. Notice that the optimization variables are both the dis-
cretized control vector uj and the discretized state vector xj, j = 0, . . . , N.
Finally, we decided in (1.10) to approximate the Lagrange term using a
simple forward Euler method, but any other higher order method can be
used to improve the accuracy of the approximation.

The finite-dimensional optimization problem is then solved numerically
by a non-linear programming method as the interior point method [14]
or the sequential quadratic programming (SQP) method [8].



B I B L I O G R A P H Y O F C H A P T E R 1

[1] Bloomberg New Energy Finance (BNEF). Energy Storage is a $620
Billion Investment Opportunity to 2040. Bloomberg New Energy Fi-
nance (BNEF), 2019. url: https://about.bnef.com/blog/energy-
storage-620-billion-investment-opportunity-2040/.

[2] Dimitri P Bertsekas, Dimitri P Bertsekas, Dimitri P Bertsekas, and
Dimitri P Bertsekas. Dynamic programming and optimal control. Vol. 1.
2. Athena scientific Belmont, MA, 1995.

[3] John T. Betts. Practical Methods for Optimal Control and Estimation
Using Nonlinear Programming. 2010, p. 434. isbn: 9780898716887.
doi: 10.1137/1.9780898718577.

[4] Francesco Biral, Enrico Bertolazzi, and Non-member Paolo Bosetti.
“Notes on Numerical Methods for Solving Optimal Control Prob-
lems.” In: IEEJ Journal of Industry Applications 5.2 (2015), pp. 154–
166. doi: 10.1541/ieejjia.5.154.

[5] Thomas J Böhme and Benjamin Frank. “Hybrid Systems, Optimal
Control and Hybrid Vehicles.” In: Cham, CH: Springer International
(2017).

[6] Stephen Boyd, Laurent El Ghaoui, Eric Feron, and Venkataramanan
Balakrishnan. Linear matrix inequalities in system and control theory.
Vol. 15. Siam, 1994.

[7] The European Commission. Road transport: Reducing CO2 emissions
from vehicles. The European Commission, 2019. url: https://ec.
europa.eu/clima/policies/transport/vehicles_en.

[8] Matthias Gerdts. Optimal control of ODEs and DAEs. Walter de
Gruyter, 2012.

[9] Alan G Holmes and Michael Roland Schmidt. Hybrid electric power-
train including a two-mode electrically variable transmission. US Patent
6,478,705. 2002.

[10] Jimmy Kapadia, Daniel Kok, Mark Jennings, Ming Kuang, Bran-
don Masterson, Richard Isaacs, Alan Dona, Chuck Wagner, and
Thomas Gee. “Powersplit or Parallel-Selecting the Right Hybrid Ar-
chitecture.” In: SAE International Journal of Alternative Powertrains
6.1 (2017), pp. 68–76.

15

https://about.bnef.com/blog/energy-storage-620-billion-investment-opportunity-2040/
https://about.bnef.com/blog/energy-storage-620-billion-investment-opportunity-2040/
http://dx.doi.org/10.1137/1.9780898718577
http://dx.doi.org/10.1541/ieejjia.5.154
https://ec.europa.eu/clima/policies/transport/vehicles_en
https://ec.europa.eu/clima/policies/transport/vehicles_en


16 Bibliography of chapter 1

[11] Donald E Kirk. Optimal control theory: an introduction. Courier Cor-
poration, 2012.

[12] Joseph Kubsh. Managing emissions from non-road vehicles. The In-
ternational Council on Clean Transportation (ICCT), 2017. url:
https://www.theicct.org/publications/managing-emissions-
non-road-vehicles.

[13] Daniel Liberzon. Calculus of variations and optimal control theory: a
concise introduction. Princeton University Press, 2011.

[14] Andreas Wächter and Lorenz T Biegler. “On the implementation
of an interior-point filter line-search algorithm for large-scale non-
linear programming.” In: Mathematical programming 106.1 (2006),
pp. 25–57.

https://www.theicct.org/publications/managing-emissions-non-road-vehicles
https://www.theicct.org/publications/managing-emissions-non-road-vehicles


Part I

T H E H Y B R I D E L E C T R I C T R A N S M I S S I O N





2B AT T E RY D Y N A M I C S A N D A G I N G M O D E L

The electric-hybrid powertrain comprises of several components that
contribute to provide the power demanded by the driver. The battery
in hybrid cars are accountable for the improved fuel economy that has
become central to the technology, providing power to the electric motor
that assists the engine and storing the otherwise wasted kinetic energy
during regenerative braking. Technology is making great leaps forward
with the lithium battery, but in order to avoid possible safety threats
this component is typically oversized and employed within overly con-
servative safety bounds. For this reason, a thorough knowledge of the
battery system has a pivotal role in reducing costs and maximizing the
performance of the hybrid powertrain.

The research presented in this chapter aims at the study and charac-
terization of a lithium-ion high voltage battery for the new Ferrari sport
road car SF90 Stradale, equipped with a parallel hybrid powertrain with
a P2 electric machine and two P4 electric motors mounted on the wheel
hubs of the rear axle.

The research is divided into two main activities: in the first activity
(Section 2.1) we study the cell voltage dynamics and we propose a new
variant of the electrochemical battery model that extends the validity
of the reduced-order model also for non-constant temperatures. This
feature, that has never been previously addressed in the literature for
this order reduction strategy, is of paramount importance if we want
to capture the battery behavior in all the operating conditions, while
keeping the formulation simple. In the second activity (Section 2.2) we
focus on the degradation of the battery performances and we will propose
a semi-empirical model to describe the capacity losses as a consequence
of storage conditions and charge/discharge cycles. The proposed semi-
empirical aging model gathers several other models proposed in the
literature that partially describe the aging processes, in order to get a
good prediction of the battery deterioration in all driving conditions.
Both the charge/discharge dynamics model and the battery aging model
are validated against a large amount of measured data.

The physics-based electrochemical model describes terminal voltage
dynamics as a consequence of impedance variations due to diffusion
processes occurring inside the cell. Its formulation is more involved than

19
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the standard equivalent circuit models, but the increase complexity can
be justified by several advantages:

• electrochemical model is more accurate when the battery is driven
far from the equilibrium; indeed, the typical equivalent circuits that
comprises just one or two RC-parallel branches are not accurate for
long charges or discharges or for high current values.

• the equivalent circuit model lump the electric properties of the cell
with equivalent electrical elements (capacitors and resistors); the
capacity and resistance values varies with temperature and state-
of-charge (SOC), therefore we need many experimental data in all
conditions to characterize this value. This is not the case for the
equivalent circuit model, since due to its physics-based structure it
is easier to extrapolate the cell behavior even for SOC values and
temperatures not available in the experimental dataset.

• the dependency of the electric elements of the equivalent circuit
model on temperature and SOC is usually obtained through in-
terpolation of a static map; conversely, the electrochemical model
is based only on constant parameters that determine the terminal
voltage through continuous and continuously differentiable func-
tions. The smooth structure of the electrochemical model allows to
use gradient-based techniques for solving optimization problem,
e.g. in an optimal control framework.

• electrochemical model allows to observe the internal state of the
battery, which is a strong benefit if we want to model the aging
mechanisms that occur mainly at the anode side.

In this research we propose a reduced-order version of the full-order
electrochemical model that can be suitable for control and fast simulation
purposes.

It is well-known that battery degradation occurs both during charge
and discharge cycles and during long storage periods. Several studies
revealed, thanks to post-mortem analyses, that battery degradation is the
result of many mechanisms, most of which occur at the anode-side, like
solid-electrolyte-interphase growth, lithium plating, passive electrode
effect and electrode degradation. A precise physics-based aging model
should represent individually these intertwined degradation mechanisms,
but only their combined effect on the performance losses is detectable
from non-invasive current/voltage measurements; this prevents the pos-
sibility of validating the models with reliable experimental data.
An example should clarify this concept: solid-electrolyte-interphase (SEI)
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is a layer that covers the anode active material that results from the side-
reaction between the electrolyte and the anode-graphite, and consumes
cyclable lithium ions reducing the overall capacity; it is a self-inhibiting
reaction because it occurs on a “clean” anode surface, namely a surface
not covered by SEI layer. While the battery undergoes charge/discharge
current cycles, the repeated intercalation of lithium ions leads to cracking
of the anode active material, thus exposing new “clean” surface for the
SEI reaction to occur. From current/voltage measurements we will notice
a fast degradation of the battery capacity, but it would be impossible to
determine how much of such loss is to ascribe to the SEI formation and
how much to the electrode cracking.

For these reasons, the empirical models, based only on the observation
of the overall battery degradation from experimental data, have gained
increasing interest in the research community. This models are extremely
simple and relate the battery degradation to the time and to the energy
throughput; nevertheless they are strongly dependent on the available
experimental dataset and they do not exploit any knowledge of the
internal states of the battery nor of the dependency on the main aging
mechanisms.

In this study we propose a slightly different approach which is half-way
between the physics-based and the empirical model, recently proposed in
some studies as the semi-empirical model. This approach takes advantage
of the (little) knowledge that we have of the degradation mechanisms
and build a model structure based on the qualitative dependency of
the degradation processes on the aging conditions. For instance it is
shown by many studies that lithium plating occurs during charges at
cold temperature, and this is accentuated for higher current values at
high SOC; therefore the semi-empirical model will comprise of a term
that recalls this trend.

The outline of this work is organized as follows: in Section 2.1 we
introduce the electrochemical battery model, we show how to reduce
the model order and we calibrate the many unknown model parameters.
In Section 2.2 we discuss battery aging seprating the aging mechanism
into two groups: aging during storage (calendar aging) and aging during
battery usage (cycle-induced aging); we show how to design and calibrate
the semi-empirical model thanks to an extensive experimental campaign
of many lithium-ion cells aged under different conditions.
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2.1 the electrochemical model

2.1.1 Model Development

Unlike the empirical equivalent circuit models, that are widely used in
real-time estimation and control applications (see e.g. [19, 36, 38]), the
macroscopic porous-electrode model proposed by Doyle and Newman in
[10, 34] is able to capture the spatial and temporal lithium-ion concentra-
tion dynamics in a wider range of operating conditions. As suggested
in [40], the capability of the physics-based electrochemical model to pre-
dict proximity to saturation and depletion conditions allows for a less
conservative design of the control strategy, in particular in high power
applications; moreover, aging phenomena like SEI formation and loss of
active material caused by the side reactions taking place in the anode,
can be directly related to the variation of electrochemical parameters like
active material volume fraction and SEI layer thickness [22]. Figure 2.1
represents a schematic cutaway of a single layer of the Li-ion cell. The cell
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Figure 2.1: Schematic diagram of the cell section.

is built by several of these layers, that comprise of a slurry of negative
active material (typically graphite) coated onto a copper foil and a slurry
of positive active material (metal oxide) coated onto an aluminum foil,
that are separated by a polymeric material. These layers are then rolled,
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folded or stacked depending on the desired final form factor and finally
inserted in a can filled with liquid (or gel) electrolyte. During discharge,
the lithium intercalated in the graphite layers diffuses to the surface of
the solid-phase electrode and undergoes the following anodic oxidation

LixC
disch.⌦

ch.
C + xLi+ + xe� Anode

releasing Li+-ions in the electrolyte. The polymeric separator serves as
electronic insulator and forces the electrones to follow an external path
through the current collectors and the external load. The Li+-ions move
in the electrolyte by diffusion and ionic conduction until they reach the
positive electrode where they undergoes the cathodic reduction reaction

Li(1�x)Ni Mn Co O2 + xLi+ + xe�
disch.⌦

ch.
Li Ni Mn Co O2. Cathode

The resulting solid-phase Li then diffuses from the surface to the center
of the positive active material, generating a concentration gradient along
the thickness of the particle as indicated in Figure 2.1.

2.1.1.1 Full order model

In this section we provide a short overview of the four coupled PDE
governing mass and charge conservation in the solid and liquid phase. We
indicate with the superscript p, n, s the quantities related to the positive,
negative and separator domain respectively, while the subscripts s, e refer
to the solid and liquid phase. All the symbols with their meaning and
unit are listed in Table 2.A.1, 2.A.2 and 2.A.3 in Appendix 2.A.
We assume the reaction rate for the intercalation process ji(x, t), i = p, n
to be constantly distributed along the domains’ thickness i.e.

ji(x, t) = ji(t) = ⌥ I(t)
Ai Li

, i = p, n (2.1)

where I(t) > 0 is a discharge current; this allows to approximate the
porous electrode by a single spherical particle whose capacity is equiva-
lent to that of the electrode [17].

The conservation of lithium-ion in a spherical particle of active material
is described by the Fick’s law for mass diffusion, i.e.

∂ci
s(r, t)
∂t

=
Di

s
r2

∂

∂r

 
r2 ∂ci

s(r, t)
∂r

!
i = p, n (2.2)
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where r is the radial coordinate and the boundary conditions
"

∂ci
s(r, t)
∂r

#

r=0

= 0

"
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s
∂ci

s(r, t)
∂r

#

r=Ri
s

=
�ji(t)

ai
sF

i = p, n,

impose the symmetry at the particle center and characterize the flux of
Li+ at the particle surface.

The conservation of lithium ions in the liquid phase is described by
linear diffusion, namely

#e
∂(ci

e(x, t))
∂t

=
∂
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e
∂ci

e(x, t)
∂x

!
+

(1 � t+0 )

F
ji(t) (2.3)

where the electrode tortuosity is taken into account by the Bruggeman
relation Deff

e = De#

g

e . The boundary conditions
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guarantee zero flux at the current collectors and continuity of flux and
concentration at the interface between the domains.

The conservation of charge in the solid phase is determined by the
infinite-dimensional form of the Ohm’s law for the electric potential, i.e.

s

eff,i ∂

2

∂x2 f

i
s(x, t) = ji(x, t) i = p, n (2.4)
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with the boundary conditions that express the electric fields at the current
collectors and at the domain interfaces:
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where s

eff is the effective solid phase conductivity and I(t) is the current
applied to the cell.

In the liquid phase the conservation of charge is described by both the
flux due to the potential gradient (as in the solid phase) and the flux due
to the concentration gradient, namely

2RgTk

eff(t+0 � 1)
F

(1+ b)
∂ln(ci

e(x, t))
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+ k

eff ∂f

i
e(x, t)
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= ⌥ji(t)Li i = p, s, n

(2.5)

where the Bruggeman relation k

eff = k#

g

e defines the effective ionic
conductivity of the electrolyte. The activity coefficient b is chosen equal
to zero in [8], while other authors express a dependency on the concentra-
tion [39, 41], namely b = d(ln f±)

d(ln ce)
; we will treat b as a tunable parameter

independent of the Li+ concentration as in [31], whose dependency on
temperature is expressed by

b = bref exp

"
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.

The boundary conditions define the electric potential for the electrolyte
at the current collectors and at the domains interfaces, i.e.1
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The three PDEs in (2.2), (2.3) and (2.5) are coupled by the intercalation
current density ji(t), that is governed by the Butler-Volmer kinetics

ji(t) = ai
sii0(t)

⇢
exp

✓
aaF
RgT

h

i(t)
◆
� exp
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� acF

RgT
h

i(t)
◆�

, i = p, n

(2.6)

where the exchange current density ii0(x, t) depends both on solid con-
centration and electrolyte concentration according to

ii0(t) = ki
q

ci
e(t)(ci

s,max � ci
s(Ri

s, t))ci
s(Ri

s, t). i = p, n (2.7)

The overpotential is the magnitude of the potential drop resulting from
the polarization of the electrode, caused by resistance to the passage of
current [34]; in other words overpotential is the extra potential which
must be applied to an electrode to initiate the electrochemical reaction.
Notice that h

i(x, t) > 0 produces an anodic current, indeed the net
current direction depends on the sign of the overpotential. The surface
overpotential is then defined as the difference between the actual potential
and the equilibrium potential, namely

h

i(t) = f

i
s(t)� f

i
e(t)� Ui(t). i = p, n (2.8)

The functional forms of the open circuit voltage (OCV) Ui(t), i = p, n for
the lithiated graphite (Un) and for the Lithium Nickel Manganese Cobalt
Oxide (Up) are reported in appendix 2.A.

Overpotential is related to the intercalation current density via Butler-
Volmer kinetics, thus inverting 2.6 and assuming aa = ac = a we get the
explicit expression for the overpotential:

h

i(t) =
RgT
aF

sinh�1

"
ji(t)

ai
sii0(t)

#
. i = p, n (2.9)

Finally we can compute terminal voltage V(t) as the difference between
solid potentials at the current collectors plus a term that takes the contact
and SEI film resistance into account:

V(t) = f

p
s (t)� f

n
s (t)� RW I(t). (2.10)
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Solving 2.8 for f

i
s(x, t) and substituting in 2.10 yields

V(t) = Up(t)�Un(t) + h

p(t)� h

n(t) + f

p
e (L, t)� f

n
e (0, t)� RW I(t).

(2.11)

Equation (2.11) expresses the relation between the current applied to the
battery (galvanostatic input) and the resulting terminal output voltage.

2.1.1.2 Reduced order model

The two PDEs in (2.2) and (2.3) characterize the diffusion phenomena in
the solid electrodes and in the liquid phase and predict the concentrations
of lithium ions, that are used to compute the half-cell equilibrium po-
tential and overpotential to finally get the terminal voltage through 2.11.
Since the PDE system is not tractable for the design of on-line control
and estimation algorithms, many researchers have proposed different
approaches to reduce the order of the model, spanning from finite differ-
ence methods [6, 9, 35] to Galerkin orthogonal decomposition [3, 5, 7, 14,
30].

We resort in this work to the frequency-based model order reduc-
tion proposed in [15], where the diffusion dynamics (2.2) is Laplace
transformed and the solution of the resulting ODE leads to the infinite
dimensional transfer function
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, (2.12)

where z

i =
q

s
Di

s
and g

i = Di
sai

sFAi Lir for i = p, n. Equation (2.12)

is eventually approximated at the particle surface (i.e. at r = Ri
s, i =

p, n) by Padé rational polynomials. We indicate with upper case letters
the Laplace transform of the lower case variables. This approach is
particularly appealing because it reduces the system to a linear transfer
function with few states (depending on the truncation order) and is
based on an analytical solution that can be easily generalized to higher
orders. The authors of [31] have shown that a third order approximation
is sufficient to capture with good accuracy dynamics up to 2.5 Hz, that
carry 90% of the the signal power in typical HEV applications; the third
order transfer function from the input current to the solid-electrolyte
interface concentration Ci

s,e(s) = Ci
s(Ri

s, s), i = p, n becomes
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While the surface concentration determines the equilibrium voltage and
the overpotential in 2.11, the cell State of Charge is related the volume-
averaged (or bulk) concentration ci

s,avg(t), defined in [15] as the spherical
integral of 2.12, leading to
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(2.14)

Following similar steps, the Lithium concentration at the negative and
positive current collectors becomes
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for the considered cell geometry, namely Ln = 2
5 L, Ls = 1

4 L and Lp =
7

20 L. It is worth mentioning that the numerical coefficients appearing in
2.15 depend only on battery geometry (layers’ thickness) and therefore
remain unchanged during battery life. The tilde in (2.13), (2.14) and (2.15)
indicates a deviation from the equilibrium value at the initial time instant
t0, namely ci

s,{e,avg}(t) = ci
s,{e,avg}(t0) + c̃i

s,{e,avg}(t) and ce({0, L}, t) =

ce({0, L}, t0) + c̃e({0, L}, t).
By introducing the normalized bulk concentration corresponding to the
discharged and charged cell, q

i
0% and q

i
100% respectively, we can relate

the cell SOC to the bulk concentration of the two electrodes as
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= SOC(t0) +]SOC(t)

(2.16)

Notice that 2.16 enforces conservation of lithium ions and allows to
write a relation between the bulk concentration at the cathode and the
bulk concentration at the anode. Moreover, the concentration operating
range can be converted to the cell capacity expressed in ampere-secods
according to

QN = ⌥Li AiF#

i
sci

s,max(q
i
100% � q

i
0%) i = p, n (2.17)
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It is interesting to notice that by substituting (2.14) and (2.17) in (2.16)
and using the definition of active surface ai

s = 3#

i
s/Ri

s we get

SOC(t) = SOC(t0)� 1
QN

Z t

t0

I(t)dt = SOC(t0) +]SOC(t), (2.18)

which is the Coulomb counting method for computing SOC.
The lithium conservation allows us to represent the positive and nega-

tive electrodes dynamics using only five states (instead of six) exploiting
the relation between the volume-averaged concentrations. We propose in
the following a reduced order state-space realization for the electrodes
dynamics transfer function in (2.13), that is formulated as

ẋ(t) = Ax(t) + Bu(t), with x 2 R5, u 2 R

y(t) = Cx(t), with y(t) =

2

6664

c̃p
s,e(t)

c̃n
s,e(t)

]SOC(t)

3

7775
2 R3 (2.19a)

where the state space matrices are reported in (2.19b). Because the state
matrix is non-full rank, the steady-state xss 2 R5 must be sought in the
kernel of the matrix A; thus, given the non-zero initial condition on the
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SOC variation ]SOC(t0) = ]SOC0 after some algebraic manipulation the
steady state becomes
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where c̃i
s,avg0 is the bulk concentration variation at the initial time t = t0.

By computing the system steady state output yss through matrix C we see
that the surface concentration at the anode and at the cathode converges
to the initial bulk concentration, indeed

yss =

2

664

c̃p
s,avg0

c̃n
s,avg0
]SOC0

3

775 , (2.21)

where we used (2.16) to relate the bulk concentration to the SOC.

2.1.1.3 Temperature Dependency

The solid phase diffusion coefficients Di
s and the kinetic constants ki

increase with temperature according to the Arrhenius-like equation

G(T) = Gref exp

�Eact,G

Rg

✓
1
T
� 1

Tref,G

◆�
. (2.22)

Similarly, lower values of the contact and film resistance RW at higher
temperature are described by changing the sign in front of the exponential
argument in 3.10.

The parameters of the transfer functions in (2.13) vary with tempera-
ture, therefore we need to carefully select a proper state-space realization
in order to avoid non-physical behaviors in the simulation; other authors,
e.g. [41], suggest to convert the transfer function using a canonical real-
ization, but this choice leads to a loss of accuracy when the temperature
varies over the simulation. To show how the selection of the state-space in-
fluences the model performances, we compare in Figure 2.2 our proposed
model in (2.19) with the minimal realization in controller canonical form
and with the numeric solution of the PDE. As expected, in the first part of
the simulation the two realizations exhibit the same behavior and are in
good accordance with the numeric solution, because the two formulations



2.1 the electrochemical model 31

Figure 2.2: PDE solution of the stoichiometry at the anode and at the cathode
(green dash-dot line) compared with our proposed realization (gray
solid line) and with the controller canonical form (black dashed line).

are input-output equivalent for the same constant temperature; when the
temperature changes at t = 1000s the stoichiometry of the two electrodes
modeled by the controller realization moves from its steady state and,
contrarily to our realization, deviates from the analytic solution.

2.1.1.4 Input-output relationship

The equations detailed in the previous sections determine the relation
between the input current and the terminal voltage according to the
scheme in Figure 2.3.

As already discussed, the model behavior depends on the temperature
that must be provided as input of the system. The model requires also the
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initial state-of-charge value (or directly the initial states if the simulation
starts from a non-equilibrium conditions).

2.1.2 Model Parametrization

In this section we describe the parametrization procedure used for de-
termining the value of the unknown parameters of the battery model
described in Section 2.1. This approach is widely inspired by the work
of Marcicki et al. [31], where the authors propose to exert the cell with
specific current inputs in order to selectively reduce the number of param-
eters appearing in the output voltage formulation. We explicitly formulate
the non-linear programming (NLP) problems relative to each phase of
the parametrization procedure and we finally illustrate the approach that
we used to seek the global optimal parameters.

2.1.2.1 Parametrization description

The parameters associated with the geometry of the cell are selected from
[41], where a similar cell is studied; the electrolyte properties are taken
from the extensive study by Valøen et al. in [42], where the authors have
experimentally measured the properties of the LiFeP6-based electrolyte
at different temperature and concentration values.

We sort the remaining unknown parameters, that determine the capac-
ity, resistance and relaxation properties of the cell, into three groups. The
electrode volume fractions and the initial stoichiometry ratios influence
the equilibrium potential and the capacity of the cell, while its internal
impedance is instead related to the kinetic constants and to the contact re-
sistance; finally, the temperature dependent diffusion coefficients regulate
the relaxation dynamics of the cell.

capacity related parameters at equilibrium, the terminal volt-
age corresponds to the difference between the half cells overpotential,
namely

lim
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t!•

V(t) = Up
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� Un

 
cn

s,avg

cn
s,max

!
, (2.23)

The OCV dependence on the stoichiometry is described by the functional
forms reported in Appendix 2.A.

By discharging the battery with a fixed current for a known time
interval and letting the cell rest for enough time (2 hours) until it reaches
the equilibrium, we can associate the experimental OCV data OCVexp to
the corresponding SOC obtained by Coulomb counting.
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The NMC chemistry is characterized by a small hysteresis, therefore
we assume with good approximation that the OCV map is the average
between charge and discharge values. The volume-averaged concentration
ci

s,avg can be related to the SOC through (2.16), while the initial and final
degree of lithiation q

i
100% and q

i
0% are linked by the definition of cell

capacity (2.17). This allows us to write the parametrization problem as
the minimization of the squared error between the measured and the
estimated OCV in the four optimization variables q

p
0%, q

n
0%, #

p
s and #

n
s , i.e.

min
q

i
0%,#i

s

������
OCVexp � lim

I(t)=0
t!•

V(t)

������

subject to (2.16), (2.17) and (2.23)

(2.24)

The solution of this optimization problem with the methods described
in Section 2.1.2.2 leads to the results reported in Figure 2.4, where the
model prediction is represented with a black solid line and the circles
indicate the experimental OCV measured at different temperature values.
We report in Figure 2.4 the OCV values in charge and discharge to show
that only a negligible hysteresis is present for this chemistry and the
identified model is able to accurately predict the OCV in both conditions.

Figure 2.4: Open Circuit Voltage (OCV) measured at different temperatures (cir-
cles). The calibrated model is represented by the solid line.
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resistance related parameters The initial overpotential is known
to vary with temperature, current amplitude and SOC, therefore we col-
lected the cell voltage response at different current steps for various
temperatures (�20�C, 0�C, 25�C, 40�C) and different SOC (10%, 30%,
50%, 70%, 90%).

If the current step is applied at time t = tst and I(t�st ) = 0, we divide
the instantaneous voltage drop V(t+st )� V(t�st ) by the current amplitude
I(t+st ) and we get the experimental initial overpotential Rexp. In the short
time interval (t+st � t�st ) the slow diffusion dynamics can be neglected,
therefore the concentration-dependent terms in (2.11) remain constant;
this allows to isolate the the ohmic and kinetic temperature-dependent
overpotential as
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Notice that, since the function sinh�1 preserves the sign of its argument,
the first term in (2.25) is always positive for a non-zero current. The
exchange current density ii0(tst) depends on the solid and liquid con-
centrations as in (3.7c) through the unknown kinetic coefficient ki that,
similarly to the ohmic resistance RW, depends on temperature according
to the Arrhenius-like equation (3.10); we can now cast the parametrization
as an optimization problem of the form

min
ki

ref, Ei
act,k , RW,ref, Eact,RW

��Rexp � R(t+st )
��

subject to (3.7c), (3.10) and (2.25) ,
(2.26)

where the electrolyte conductivity depends on temperature according to
the functional form illustrated in [42]. In Figure 2.5 we plot the model
surfaces at constant temperature that approximate the experimental data
(circles) at different SOC and current applied. The model surfaces approx-
imate well the lower resistance values at higher temperature; moreover
it is evident that the effect of the kinetic overpotential is accentuated at
low temperature and for small SOC values, more specifically low current
values lead to higher resistance.

The physics-based nature of the electrochemical model allows to ex-
trapolate the resistance behavior even when only few measurements are
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Figure 2.5: Experimental cell resistance and model prediction (surfaces).

taken at a specific condition, e.g. at very low temperatures (�20� C) and
for small SOC values.

diffusion related parameters While the liquid phase dynamics
is defined by the coefficients characterized in [42] computed at the av-
erage concentration of ce,avg = 1.2 mol/cm3, the electrodes temperature-
dependent diffusion coefficients have to be estimated using the dynamic
information of our dataset. In this work we used the measurements from
constant charge/discharge current pulses acquired at different tempera-
tures and SOC values; with long enough pulses (approx 60 s) we excite
the system in the frequency range from 5 Hz to nearly 0 Hz, which covers
the typical usage of the hybrid vehicle and corresponds to the frequency
domain in which the reduced-order model of Section 2.1.1.2 is valid.

We set-up the identification procedure by first re-sampling the dataset
over the time grid GN = {t0, t1, . . . , tst, . . . , tN}, with N intervals and
variable time steps hk+1 = tk+1 � tk, k = 0 . . . N; we design the grid so
that it is thicker near the rising and falling edges of the current step in
order to capture the fast variations in the current and voltage values. We
then discretize the reduced order solid-phase diffusion dynamics (2.19)
over the same grid GN following the generic one-step method y(·) as

x(tk+1) = x(tk) + y(x, I, T), (2.27)

starting from the initial condition x(t0) = x0. In this work we used the
4th order Runge-Kutta method [16] for the discretization of the solid
and liquid diffusion dynamics, that guarantees good accuracy with few
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discretization points at the cost of evaluating more values of the dynamic
functions.

The parametrization problem is formulated, similarly to the previous
steps, as the minimization of the squared error between the experimental
and the simulated terminal voltage, i.e. DV(tk) = Vexp(tk)� V(tk), for
every points of the time grid. The problem is solved simultaneously for
the NI current and NT temperature profiles and for the NS initial SOC,
namely

min
Di

s,ref, Ei
act,Ds

NI ,NT ,NS
Â

jI ,jT ,jS=1

N
Â

k=0
DV(tk, IjI (tk), TjT (tk), SOC0,jS )

2

subject to (2.11), (2.19), (3.10) and (2.27)

q

i
0% R q

i(tk) R q

i
100%, i = p, n

(2.28)

for tk 2 GN . Wrong values of the activity coefficients could lead to
non feasible solid phase concentrations, therefore we have constrained in
problem (2.28) the stoichiometries q

i at the two electrodes to stay within
the maximum and minimum values resulting from (2.24) in order to
ensure the robustness of the solution algorithm.

Notice that this minimization is valid also when the temperature varies
during the test, because we have shown that the proposed state space re-
alization (3.9) is able to approximate the partial differential equation (2.2)
also for non-constant temperatures. This means that we could perform
the parametrization of the diffusion coefficients even with longer cycles
at higher current values, that are more representative of the standard
HEV usage.

The simultaneous solution over different temperatures, current ampli-
tudes and initial SOC of the parametrization problem allows to find the
best set of parameters in a wide range of conditions, but we could easily
incur in local minima. Metaheuristic optimization algorithms [2] (e.g.
particle swarm [11]) allow to explore the space of the solutions and are
in general less prone to converge to local minima, but they exhibit fairly
slow convergence when dealing with large size problems and cannot
easily handle complex constraints. For these reasons, standard non-linear
least squares algorithms are more appealing for the solution of problem
(2.28), but they could more easily get stuck in a local optimum. Neverthe-
less, it is reasonable to assume that the best set of parameters could be
found in the vicinity of the local solution. This is the fundamental prin-
ciple behind the Monotonic Basin Hopping (MBH) [25], a quasi-global
optimization algorithm that exploits the “funnel like” structure of many
optimization problems to explore the space of solutions by means of local
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Figure 2.6: Sketch of the MBH algorithm on a “funnel-like” function.

searches. In the following section we will briefly illustrate the main steps
of this optimization algorithm.

2.1.2.2 NLP Solution Method: Monotonic Basin Hopping

Similarly to the multi-start optimization methods [43], where many local
searches are performed starting from different initial guesses sampled
randomly within the allowable bounds, also the MBH algorithm repeats
many local optimization starting from different initial guesses, yet select-
ing them in a neighborhood of a local minimum; if a better minimum is
found, the algorithm will start the following local optimizations in the
vicinity of this new optimal solution, otherwise an “impatience” counter
is incremented. The iterations continue until a stopping condition (in gen-
eral an iterations number limit or CPU time) is met. Figure 2.6 sketches
the idea of the MBH working principle on a multi-minima function.

In this work we used the MBH version proposed in [13], where, once
the local search finds the best minimum in the funnel, a new global search
starting from a randomly selected point is performed with the aim of
exploring the entire solution space. In the same work, the authors shown
that the efficiency and robustness of the algorithm can be improved
by selecting the random initial guess from long tail distributions (like
Cauchy or bi-polar Pareto).

In the following section we present the validation results of the parametriza-
tion procedure.
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(a) Disch. 400 A, T = 0� C and
SOC(t0) = 53%.

(b) Ch. 200 A, T = 26� C and
SOC(t0) = 31%.

(c) Disch. 600 A, T = 26� C and
SOC(t0) = 72%.

(d) Ch. 400 A, T = 41� C and
SOC(t0) = 51%.

Figure 2.7: Comparison between experimental voltage and model prediction over
pulse dataset.

2.1.2.3 Model validation

We test the validity of the parametrization procedure by comparing the
cell voltage estimated by the model with the measured cell voltage subject
to two current profiles at two different temperatures.

First, we examine the behavior of the model using current pulses of
different amplitudes; from Figure 2.7 we see that the model follows
with good accuracy the measured voltage for all temperature, voltage
and initial SOC, even though the simulated relaxation dynamics seems
faster than the actual one. The SOC evolution is computed by integrating
the precise current measurement of the battery cycler according to the
Coulomb counting method in (2.18). As it is proved in many other works,
the addition of the electrolyte dynamics and the liquid state diffusion to
the model favors a good prediction at higher C-rates.
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Because the aim of this work is to model the battery system for a
high-performance hybrid electric car, it is crucial to assess the goodness
of our model in situations characteristic of the specific application. To this
end, we present in Figure 2.8 the comparison between the estimated and
measured terminal voltage resulting from a current profile required for
completing nine laps of the Fiorano track. Our model is able to predict

Figure 2.8: Comparison between measured and predicted voltage for a current
profile required for nine laps of the Fiorano track.

the measured voltage with an acceptable prediction error: the goodness
of fit (GoF) is quantified using the Normalized Root Mean Squared Error
(NRMSE), and is defined as

GoF[%] = (1 � NRMSE) · 100

=

 
1 � ||Vexp � V||

||Vexp � Vexp||

!
· 100

where V is the estimated terminal voltage, Vexp is the average mea-
sured voltage value and || indicates the 2-norm of a vector. For the test in
Figure 2.8, the resulting goodness of fit is equal to GoF = 88.02%.

Another common reference circuit to assess a sport car performance is
the Nürburgring track. In Figure 2.9 we compare the predicted and the
experimental terminal voltage resulting from a current profile required
for completing one lap of the Nürburgring track. The goodness of fit
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Figure 2.9: Comparison between measured and predicted voltage for a current
profile required for one lap of the Nürburgring track.

is equal to GoF = 88.96%, which is similar to the previous case, thus
certifying the repeatability of the results.

The good fitting outcome certifies the validity of the parametrization
procedure, nevertheless it is not possible to determine whether the iden-
tified parameters correspond to their exact physical value. Indeed, the
values resulting from the three optimization problems are just the param-
eters that best fit the experimental curves and there is no experimental
evidence that they match the actual physical quantities.

2.1.3 Conclusions

In this section we have reported the full-order electrochemical model, also
known as Doyle-Fuller-Newman (DFN) model by detailing the system of
Partial Differential Equations and the other governing equations. We thus
proposed a model order reduction technique based on an approximation
of the solid and liquid diffusion transcendent transfer function, and we
suggested a realization of the resulting 5th order system that takes into
account the temperature variations.

We formulated the identification problem as a non-linear programming
problem using three different tests for each group of parameters and we
described the technique used for the robust solution of the NLP problem.
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Finally, we compared the model prediction of the cell terminal voltage
with the experimental voltage measured applying current profiles which
are typical of the battery applications.

In the next chapter we will introduce the battery degradation mecha-
nisms and we will propose a model to capture the capacity losses.

2.2 the degradation model

The degradation of battery performances over time can be traced back to a
series of complex and intertwined processes. The battery deterioration is
determined both by capacity fade—the loss of available energy deliverable
by the battery—and by power fade—the drop of the battery ability to
deliver or to absorb power. Capacity fade is usually associated to the
loss of cyclable lithium ions as a consequence of side-reactions at the
electrode, while power fade is related to the rise of the internal impedance
caused by alterations of the electrode structure and by the formation of a
passivating layer at the anode-side.

It is well-established that most of the battery aging mechanisms occur
at the anode-side [24], thus many researches focus on the analysis of
different anode materials in order to extend battery life and to improve
its performance.

Battery aging is usually split into two categories: calendar aging and
cycle-induced aging; the former refers to the deterioration of the battery
performance after long storage times, while the latter concerns the—
usually faster—power and capacity fade as a consequence of charge and
discharge cycles. From a system perspective, this classification is highly
convenient because we can plan an appropriate experimental campaign
in order to observe the aging behavior in the two distinct situations;
nevertheless we should bare in mind that the aging processes that occur
during the storage time continue also when the battery is subject to charge
and discharge cycles and are affected by the changes of the internal state
induced by the applied current.

2.2.1 Aging Mechanisms

In this section we list the main aging mechanisms and we discuss how
they affect the two aforementioned situations. An extensive overview of
these mechanisms can be found in the survey works [1] and [18].
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2.2.1.1 Solid electrolyte interphase growth

The high potential difference between the liquid electrolyte and the
negative solid electrode activates an irreversible side-reaction at the
interface between the two phases that produces a coating around the
anode particle, called solid-electrolyte-interphase (SEI) layer. Given the
solvent reactants S, the generic SEI formation reaction at the anode surface
is written as

S + 2Li+ + 2e� ! P,

where P is the product of the irreversible reactions between the lithium
ions and the carbon-based compounds of the electrolyte. The SEI is
formed by a “mosaic” of such products as pictured in Figure 2.10.

LiO2

Li2 CO3

Li F

Other

Li F

Li F

Li F

Li2 CO3

Li2 CO3

Li2 CO3

LiO2

LiO2
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Other
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Li+
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Figure 2.10: SEI layer representation.

In the first stages of the battery life this layer is beneficial for the
electrode, because it slows down further SEI formation reactions but
it still permits the passage of the lithium ions that intercalate in the
anode; however, as the layer thickness grows consuming lithium ions in
the irreversible reaction of SEI formation, the path of the lithium ions
through the SEI becomes more tortuous and this results in a rise of
the cell impedance. In other words, the SEI forms a passivating coating
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around the anode by consuming cyclable lithium ions, thus causing both
capacity and power fade.

The irreversible side-reaction occurs even when no current is applied
to the battery, meaning that the deterioration of the performance caused
by the SEI formation is observable after long storage periods. Indeed, it is
widely accepted that SEI is the main cause of the battery calendar aging
[12, 23, 24, 45, 46].

The SEI formation is the most well-known aging mechanism and there
exist many empirical and electro-physical models that relate the growth
rate of the layer to the storage SOC and temperature. Both empirical
and electrochemical models agree on the hypothesis that the SEI growth
rate is proportional to the square root of the storage time. This is in
accordance with the intuition that the thicker the SEI layer, the slower the
formation of new layers is; in other words, the side-reaction that forms
new SEI is a self-inhibiting reaction and slows down with time.

In this work we adopt a slightly modified version the physics-based
SEI formation model presented in [22], where the capacity loss Qsei is
computed by integrating the side-reaction rate as

Qsei =
Z t

0
isei(t)An dt (2.29)

where is(t) is the side-reaction current density that is described by a
Butler-Volmer kinetics relation governed by the kinetic overpotential for
the side-reaction

hsei(t) = h

n(t) + Un(t)� Usei, (2.30)

where h

n and Un are the anode overpotential (3.7b) and the equilibrium
potential respectively and Usei is the equilibrium potential for the solvent
reduction reaction. The diffusion of the solvent reactant through the
SEI, that follows the Arrhenius-like trend in (3.10), is assumed to be the
limiting factor for the side-reaction to occur; under this assumption, we
can neglect the lithium diffusion through the electrode bulk and come
up with a simple formulation of the capacity loss, which is

Qsei(t) =

Z t

0
�

ksei exp
h
� Esei

Rg

⇣
1

T(t) � 1
Tref,sei

⌘i

2
⇣

1 + l exp
h

aF
RgT(t)hsei(t)

i⌘p
t

dt, (2.31)

where ksei, Esei l and a are tuning parameters and the SEI overpotential
is as in (2.30). In Section 2.2.2 we will show how to tune the model
parameters based on storage data.

The exponential term at the numerator of (3.12) captures the faster
capacity loss experienced at high temperature due to the faster diffusion
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Figure 2.11: Open circuit potential at anode-side as a function of SOC.

of the solvent reactant through the SEI layer.
It is also interesting to notice that higher SEI overpotential values leads
to a lower capacity loss rate. According to (2.30), low anode-side open
circuit potential and kinetic overpotential correspond to low hsei(·) that
leads to faster aging; as reported in Figure 2.11 higher SOC levels maps
to lower equilibrium potential, meaning that the cell ages faster when it is
stored at higher SOC. Finally, we should notice from (2.30) that a negative
(charging) current leads to a negative anode-side kinetic overpotential
hn(·), that greatly reduces SEI overpotential and consequently accelerates
SEI formation.

If the battery is stored in a controlled temperature environment at
a constant SOC, then the integral in (2.30) can be analytically solved
because all the time-dependent variables are constant and the kinetic
overpotential is zero, yielding

Qsei(t) = �
ksei exp

h
� Esei

Rg

⇣
1
T � 1

Tref,sei

⌘i

⇣
1 + l exp

h
aF

RgT (Un(SOC)� Usei))
i⌘

p
t

= �jsei(T, SOC)
p

t,

(2.32)

where the SEI stress intensity factor jsei(T, SOC) depends on temperature
and SOC according to the trend of Figure 2.12.
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Figure 2.12: Stress factor for capacity loss due to SEI formation.

2.2.1.2 Anode overhang

In recent studies [26–28, 44], an apparent rise of the recovery capacity
after storage have been observed for certain storage conditions in the early
stages of battery life. This effect has been explained by the passive electrode
effect, that is related to the part of anode area that has no counter electrode
(cathode), named anode overhang (see Figure 2.13). This geometrical excess
of the anode is used to avoid lithium plating effects at the edge of the
electrode. If a concentration gradient exists between the overhang and
the part of the anode overlapped by the cathode, the lithium slowly
migrates from the region at higher concentration to the region at lower
concentration, until the equilibrium is reached.

The area of the anode overhang Aaoh is simply computed by subtract-
ing the area of the two electrodes, namely

Aaoh = An � Ap. (2.33)

At the initial storage time t0, we assume that the lithium concentration
in the central part of the anode cn

s,avg(t0)—computed from initial SOC
according to (2.16)—is smaller than (higher than) the concentration of
lithium in the overhang caoh(t0); this concentration gradient gives rise
to the lateral diffusion of lithium from (to) the overhang to (from) the
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Figure 2.13: View of the anode overhang for a single layer of the cell.

part of the anode overlapped by the cathode that tends to equilibrate the
concentration of the overall anode area at the weighted average value

ceq =
cn

s,avg(t0)(An � Aaoh) + caoh(t0)Aaoh

An

=
Ap

An cn
s,avg(t0) +

(An � Ap)
An caoh(t0).

(2.34)

The lateral diffusion through the solid phase due to the passive electrode
effect is much slower than the diffusion through the electrolyte due to
charge/discharge cycles, but for long storage time it can sensibly alter
the measurement of the recovery capacity releasing (or draining) cyclable
lithium ions.

We model the lateral diffusion dynamics as a simple second order
linear system of the form

"
ċn

s,avg(t)

ċaoh(t)

#
=

2

4�
1
tT

1
tT

1
taoh

� 1
taoh

3

5
"

cn
s,avg(t)

caoh(t)

#
. (2.35)
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The two concentrations at the equilibrium are

cn
s,avg(t ! •) = caoh(t ! •) = ceq (2.36)

with ceq as in (2.34) if and only if the time constants in (2.35) are related
according to

taoh =
(An � Ap)

Ap
tT. (2.37)

This follows from the analytic solution of the linear system (2.35), which
is
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that at the equilibrium (t ! •) becomes
"
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tT taoh

tT taoh

# "
cn

s,avg(t0)

caoh(t0)

#

that fulfills (2.36) if and only if (2.37) is valid.
The only unknown parameters are the time constant tT and the initial

anode overhang concentration caoh(t0), that should be calibrated on
experimental measurements of the calendar aging. It is useful to define
an equivalent anode overhang state of charge as

SOCaoh(t) =
caoh(t0)
cn

s,max
� q

n
0%

q

n
100% � q

n
0%

. (2.38)

The capacity loss associated to the anode overhang effect—that can
be both positive or negative depending on the initial concentration
gradients—is computed considering the variation of lithium concen-
tration in the central part of the anode from its initial value that leads,
according to (2.17), to a capacity loss (or increase) in units of Ah equal to

Qaoh(t) =
1

3600
An Ln

#

n
s F
⇣

cn
s,avg(t)� cn

s,avg(t0)
⌘

. (2.39)

2.2.1.3 Mechanical stress, electrode cracking and dendrite formation

The continuous intercalation and de-intercalation of lithium ions during
charge and discharge cycles creates mechanical stresses at the electrodes.
These stresses alter the structure of the electrode, reducing the contact
surfaces among the electrode particles and thus increasing the impedance
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of the battery. Moreover, high current values can fracture the electrode
and, at the anode, exposing new surface for the electrolyte reduction
reaction, thus accelerating the formation of new SEI. An interesting ap-
proximated model that describes the coupled effect of electrode cracking
and SEI formation has been recently presented in [29].

Low potential values at the anode-side during high current charge
favor lithium being plated as metal, resulting in the growth of metallic
dendrites. Besides the obvious capacity fade (loss of lithium in the metallic
lithium formation) and the impedance increase (metallic lithium impedes
the lithium intercalation reaction), the lithium dendrites may penetrate
the separator leading to internal short circuits. The authors of [21] have
observed depositions of lithium plating in the samples aged at higher
temperatures, suggesting a strong dependency of temperature of the
plating reaction. This result contradicts the common knowledge that
the formation of metallic dendrites is faster and more hazardous at low
temperatures [4, 20]. This suggests that the definition of a precise model
of lithium plating should rely on an extensive experimental campaign in
order to shed light on the unknown variables that regulate this hazardous
phenomenon.

Even though a unified modeling strategy is far to be found, many
studies propose semi-empirical aging models that aim at capturing the
main aging effects rather than trying to isolate the specific mechanisms.
Such models are usually fairly simple and can be adopted in fast simu-
lations. Because most of the parameters of the model are not related to
physical quantities, they have to be calibrated on experimental values,
therefore their validity is limited to the individual type of cell studied.
Moreover, even the structure of the model could change from cells of
different chemistries or different scope (power- or energy-specific cells).
Nevertheless, most of the models describe the capacity loss as the sum
of one (or more) term proportional to the the square-root of the current
throughput and one term which is linear with the current throughput.

The aging model presented in this work blends some models already
presented and validated in the literature with new models proposed to
describe the characteristic aging of the Ferrari battery. Indeed, thanks to
an extensive experimental campaign, we were able to collect aging data
in several operating conditions and we found that none of the models
already presented in the literature were able to fully capture the capacity
fade of the battery. We have detailed in the previous sections the anode
overhang and the SEI formation mechanisms, we will see in Section 2.2.2
how these two effects contribute to the calendar aging. Then, we will
treat in Section 2.2.3 the cyclic aging effects, developing and integrating
the recent results presented in the work by Schimpe et al. [37] to build



50 battery dynamics and aging model

a model that can predict the capacity fade effects in different operating
conditions.

2.2.2 Calendar Aging

We assume that the superposition of the aging effects detailed in Sec-
tion 2.2.1 can be applied for both the calendar aging mechanisms. This
allows us to write the overall capacity loss during storage as the sum of
the contributions of the SEI formation (3.12) and of the anode overhang
effect (2.39), yielding

Qcal(t) = Qsei(t) + Qaoh(t). (2.40)

To characterize the unknown parameters of the calendar aging model,
we need to design an extensive experimental campaign that should
represent different storage conditions. Two cells were stored at four
different temperatures (25� C, 30� C, 45� C and 50� C) and three different
SOC (50%, 75% and 95%), for a total of 24 cells tested. The average
measured capacity for the first 24 weeks are reported in Figure 2.14.

Figure 2.14: Measured residual capacity of the calendar aging tests.

It is interesting to notice that the samples stored at lower temper-
atures (25� C and 30� C) and low SOC (50%) exhibit almost no loss
in the measured capacity; this could be explained with the migration
of lithium from the anode overhang into the central part of the an-
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ode that balances the loss of lithium in the SEI formation, namely
Qsei(t) ⇡ �Qaoh(t) ! Qsei(t) ⇡ 0.

It is worth to mention the unexpected behavior of the cells stored
at 95% SOC, that seem to age slower than the samples stored at 75%
SOC: this trend cannot be explained by the afore-mention model that
predicts faster aging at higher storage SOC. A similar behavior have been
also observed in [12] for the first 260 days of storage, after which the
trend is reversed and the capacity loss of the sample stored at 95% SOC
becomes faster as expected by the physics of aging reactions. We believe
that after a sufficiently long storage time also our samples stored at 95%
SOC will exhibit a faster aging, as shown by the last measurements of
the cell stored at 50� C. We couldn’t find any satisfying explanation to
this unexpected behavior, that should be investigated with post-mortem
analyses in a dedicated experimental campaign.

Since the temperature and SOC conditions remain constant throughout
the storage time, we could resort to the analytic solution of the SEI
formation dynamics (2.32), while the solution of the AOH dynamics
(2.35) follows by the linear system theory. This allows us to compare the
measured capacity loss of the Nmeas measurements with the capacity loss
predicted by the SEI growth model at constant conditions described by
(2.32); the identification of the model parameters is formulated as usual
as the minimization of the prediction error and the results are reported in
Table 2.1 In Figure 2.15 we compare the experimental data and the model

Symbol Value

SEI formation

ksei 7.30 · 1010

Esei 5.86 · 104

l 8.20 · 105

a 0.52

Usei 0.4

Anode Overhang tT 2.39 · 105

SOCaoh(t0) 0.83

Table 2.1: Calendar aging parameters.

prediction over a storage time of 8 years. The predicted residual capacity
remain close to the nominal capacity in the first storage years, mainly
because the side reaction kinetics at low SOC and low temperature is
extremely slow, moreover the higher initial SOC of the anode overhang
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Figure 2.15: Comparison between measured calendar loss and model prediction.
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favors the migration of lithium ions from the overhang to the central part
of the electrode.

2.2.3 Cycle-induced Aging

As previously stated in Section 2.2.1, many mechanisms concur in the
loss of capacity and impedance increase of the battery during charge and
discharge cycles.

It is not possible to separately characterize the different degrada-
tion mechanisms using only measurements of the residual capacity and
impedance, since battery degradation is the result of the combined ac-
cumulation of such mechanisms. Nevertheless, some of them prevail in
specific conditions: for instance it is widely accepted (with some excep-
tions — see [21]) that the lithium plating is the main cause of battery
degradation at low temperature, while SEI formation dominates at high
temperature. Bearing this is mind, in order to improve the prediction of
the residual battery life over a wide range of operating conditions, we
should give the aging model a structure that mimics the separation of
the aging processes.

In this work we use the semi-empirical cycle aging model proposed
in [37], where three capacity loss contributions are used to describe
the degradation dynamics under three different conditions: high tem-
perature, low temperature and high SOC at low temperature. In the
following we recall the model equations and we detail the procedure
to identify the model parameters using capacity loss data from realistic
charge/discharge cycles.

2.2.3.1 Model description

The assumption of superposition of the aging effects allows us to write
the overall capacity loss as the sum of all the mechanisms that contribute
in battery degradation; using Qcyc(t) to indicate the capacity loss due to
current cycles at time t we could write the overall capacity loss as the
sum of SEI, AOH and cycle contributions as

Qtot(t) = Qsei(t) + Qaoh(t) + Qcyc(t). (2.41)

Notice that during charge and discharge cycles, we must consider that
both the anode overpotential hn(·) and the open circuit potential Un(·)
are not constant, thus also the SEI overpotential hsei(·) in (2.30) varies
with time and the analytic solution (2.32) for the SEI loss is no more
valid.
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According to [37], the cycle capacity loss Qcyc(·) is the sum of three
terms, each representing a specific condition, namely

Qcyc(t) = Qht(t) + Qlt(t) + Qlt,hs(t) (2.42)

where the subscripts lt, ht and lt, hs indicate the losses at high tempera-
ture, low temperature and high SOC at low temperature respectively.

At high temperature, the dominant cycle-induced loss mechanism is
the faster growth of the SEI layer as a consequence of the perturbation
of the anode structure; indeed, the charge and discharge cycles induce
mechanical strains in the electrode, leading to the formation of small
cracks that expose new active surface for the side reaction to happen.
The experimental trends of the capacity loss—we will discuss them in
the next section—suggest a dependency on the square-root of the total
current throughput Gtot(t) =

R t
0 V(t)|I(t)|dt; this, similarly to the SEI

formation, indicates a self-inhibiting tendency of the loss mechanism.
The cycle-induced capacity loss at high temperature is formulated as

Qht(t) =

Z t

0
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2
p
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where the dependency on temperature of the stress factor jht(·) is cap-
tured by an Arrhenius like equation. If the temperature remains constant
throughout the cycle and the initial current throughput Gtot(0) = 0, we
could solve the integral in (2.43) as

Qht(t) = jht

Z t

0
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2
p

Gtot(t)
dt

= jht
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0

1
2
p
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dGtot

= jht

q
Gtot(t),

where we highlighted the dependency on square-root of the current
throughput and we used the change of variable dGtot = V(t)|I(t)|dt.

At low temperature, the primary aging mechanism is lithium plating,
which is associated to transport limitations inside the anode when a charg-
ing current is applied to the cell. This is taken into account in the model by
introducing a dependency of the stress factor on the charge current and by
considering only charge-current throughput Gch(t) =

R t
0 Vch(t)|Ich|(t)dt
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in the formulation. The capacity loss at low temperature is thus formulate
as

Qlt(t) =

Z t

0
jlt(t)Vch(t)|Ich(t)|dt, (2.44)

where the stress factor jlt(·) depends on temperature and charge current
according to

jlt(t) = klt exp


Elt
Rg

✓
1

T(t)
� 1

Tref

◆�
exp


blt

|Ich(t)|� Iref
Qnom

�
.

Notice that the Arrhenius dependency in (2.44) is opposite to the one
in (2.43), meaning that this mechanism is faster at lower temperature
values. Similarly to the previous case, if we keep the temperature constant
and we apply the same constant charge current to the battery, we can
analytically solve the integral (2.44) and get

Qlt(t) = jlt

q
Gch(t).

The plating of metallic lithium occurs when the anode potential f

n
s (·)

reaches negative values. Recall from (2.8) that the overall potential at the
anode-side can be expressed as

f

n
s (t) = Un(t) + h

n(t) + f

n
e ,

therefore negative potentials at the anode can be reached for negative
values of the overpotential—i.e. when a charging current is applied—and
when the equilibrium potential Un(t) is small. The latter condition occurs,
according to Figure 2.11, at high SOC; this is confirmed by experimen-
tal aging data collected from cells that are subject to charging current
at high SOC. Contrarily to the other terms, here a linear dependence
on the charge-current throughput has been introduced to better fit the
experimental data. The capacity loss equation for charge cycles at low
temperature and high SOC is here defined as

Qlt,hs(t) =

Z t

0
jlt,hs(t)Vch(t)|Ich(t)|dt, (2.45)

where the stress factor jlt,hs(·) depends on temperature and current
similarly to (2.44), and a new term is added to take SOC-dependency
into account, namely

jlt,hs(t) =klt,hs exp


Elt,hs
Rg

✓
1
T
� 1

Tref

◆�

exp


blt,hs
|Ich(t)|� Iref

Qnom

� ✓
sign(SOC(t)� SOCref) + 1

2

◆
.
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If we consider constant conditions as in the previous cases, the stress in-
tensity factor is constant and the analytic solution of the integral becomes

Qlt,hs(t) = jlt,hs Gch(t),

showing a linear dependency of the capacity loss on the charge energy
throughput.

Now that the model structure is defined, we need to calibrate its pa-
rameters with an extensive experimental campaign that is representative
of the operating conditions of the cell. In the next sections we present the
data collection and we discuss how to calibrate the model bypassing the
need of time-consuming simulations of the aging process.

2.2.3.2 Experimental validation of the aging model

The semi-empirical cycle aging model has to be valid for all the typical
charge/discharge cycles that the cell is expected to undergo throughout
its life. For this reason nine different current profiles, reported in Ap-
pendix 2.B, were designed to cover the widest number of possible driving
scenarios: from urban to circuit, from highway to hill road, etc.

The current profiles were run continuously on the cells, monitoring
voltage, temperature and SOC. The test was stopped when the residual
cell capacity reached 80% of its initial nominal value. To track the evolu-
tion of the battery capacity, a reference performance test (RPT2) is carried
out every increment of 14 kWh of energy passing in the cell. Since the
average power of each cycle is different, the RPTs are taken after a diverse
number of repetitions and in different days depending on the cycle. The
residual capacity for each cycle is reported in Figure 2.16.

It is clear from the data that two profiles, the Fiorano (FI) cycle and
the high speed (AV) cycle cause a much faster deterioration of the cell
capacity, while the remaining seven profiles follow a similar trend.

model parametrization The experimental cycle-induced capacity
loss Qexp

cyc (·) is computed from (2.41) by subtracting the estimated capacity
loss due to SEI growth and to AOH from the experimental total loss for
each RPT, namely

Qexp
cyc (tj) = Qexp

tot (tj)� ( Qsei(tj) + Qaoh(tj) ), j = 1, . . . , nrpt

where nrpt is the total number of RPTs of a given current profile. The
capacity loss due to SEI growth and to AOH is estimated considering the
temperature and current variations over the entire test.

2 The RPT is a standard test used to measure cell capacity and resistance.
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Figure 2.16: Residual capacity for each current profile. The markers indicate the
capacity measured at the RPT and the solid lines are used to better
visualize the trends.
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The optimal model parameters minimize the modeling error, thus we
determine their value by solving the non-linear least-squares problem

min
P

nrpt

Â
j=1

h
Qexp

cyc (tj)� Qcyc(tj)
i2

,

where P is a vector that contains the unknown model parameters listed
in Table 2.2 and the simulated cycle-induced loss is computed from (2.42).
Considering the capacity loss contributions (2.43), (2.44) and (2.45), we
can write the total cycle-induced losses at time tj as

Qcyc(tj) =

Z tj

0

"
jht(t)

V(t)|I(t)|
2
p

Gtot(t)
+ jlt,hs(t)Vch(t)|Ich(t)|

+jlt(t)
Vch(t)|Ich(t)|

2
p

Gch(t)

#
dt

=
Z tj

0
qcyc(t)dt

=
Z tj�1

0
qcyc(t)dt +

Z tj

tj�1

qcyc(t)dt

= Qcyc(tj�1) +
Z tj

tj�1

qcyc(t)dt.

This means that we can compute the capacity loss of the RPT at time tj as
the sum of the capacity loss at time tj�1 and the integral of qcyc(·) from
tj�1 to tj, which is considerably faster than computing the integral over
the total time interval from t0 = 0 to tj. This recursive computation is of
paramount importance to speed-up the non-linear least squares solution
algorithm.

We used the non-linear least-squares solver lsqnonlin of the Optimiza-
tion Toolbox in Matlab and provided the derivative of the cost function
w.r.t. the unknown parameters P to find the minimizer of the aforemen-
tioned problem. In order to better explore the space of the solutions we
combined the non-linear least-squares solver with the Monotonic Basin
Hopping algorithm detailed in Section 2.1.2.2. We used the data from five
different current profiles (corresponding to the driving cycles C, FI, U,
AV and E) as identification dataset, and we employed the remaining four
(S, NB, NV and AS) to validate the results. The values of the identified
parameters are listed in Table 2.2, while the stress factors surfaces are
illustrated in Figure 2.17. It is interesting to notice that the stress factor
for the aging mechanism at low temperature jlt(·) does not manifest any
dependency on the current intensity; indeed, the value of blt in Table 2.2
is extremely small and can be approximated to zero.
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Symbols (P) Value

High Temperature kht 1.56 · 10�6

Eht 8.06 · 105

Low Temperature
klt 2.26

Elt 9.62 · 104

blt 9.58 · 10�8

Low Temperature, High SOC
klt,hs 7.91 · 10�11

Elt,hs 1.04 · 105

blt,hs 2.13

Table 2.2: Cycle-induced aging parameters P with Tref = 298.15 K and Iref =
1 C (26 A).

model validation In this section we compare the capacity loss
predicted by the identified model with the experimental capacity loss
of the identification and validation dataset. Moreover, we use the recent
aging dataset from the new cell prototype (Proto C) to assess the accuracy
of the model with a slightly different cell type.

In Figure 2.18 the solid lines represent the model predictions while
the circles indicate the experimental value. It can be noticed that the
prediction error remains within a band of ±3% and is comparable both
in the identification and in the validation dataset. The model is able to
describe the aging trends, in particular it is able to capture the much
faster capacity degradation of the driving cycles FI and AV.

The urban driving cycle (U-cycle) exhibits the largest approximation
error (3% for the last sample); indeed, the model predicts a smaller
value of capacity loss which is reasonable considering the not so severe
current profile in Figure 2.B.9. Further tests are required on the same
current profile to study the incidence of other factors that have not been
considered in this study.

It is now interesting to inspect the single contributions of the three
terms composing the overall cycle-induced aging in Figure 2.19, where
the model prediction (solid line) and the single contributions (dashed
lines) are plotted together with the experimental data from the Proto B2
cell (green circles) and from the newest Proto C cell (red squares). The
separate visualization of the different driving cycles make it easier to
assess the goodness of the proposed aging model, also for the cycles with
slower degradation—except for the already mentioned U-cycle.
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(a) High Temperature. (b) Low Temperature.

(c) Low Temperature High SOC.

Figure 2.17: Stress factors of the cycle-induced aging in logarithmic scale.

The low temperature aging term is responsible for almost the totality
of the capacity loss for seven driving cycles (C, S, E, U, NB, NV and AS).
Recall that, from (2.44), this term depends solely on the temperature and
on the charge energy throughput; this means that most of the degradation
phenomena take place during battery charge; this is in good accordance
with other studies, e.g. [32] and [33], where the authors state that aging
occurs mainly during charging.

Nevertheless, a model that comprises only the low-temperature term
would not be able to accurately predict the severe deterioration measured
on the FI-cycle and on the AV-cycle dataset. The capacity loss during
the Fiorano driving cycle (FI-cycle) is greatly affected by the high tem-
perature caused by the high charge/discharge currents as illustrated in
Figure 2.B.5; this agrees with the trend of the stress factors in Figure 2.17,
where we should acknowledge that for temperature values above 45

� C
the high-temperature stress factor is several order of magnitude larger
than the low-temperature stress factor. The fast capacity degradation
of the AV-cycle is due to the linear dependency on the charge energy
throughput caused by the frequent charges above 80% SOC, indeed the
AV-cycle is the only one showing a well-defined dependency on the
low-temperature high-SOC aging term.
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(a) Identification dataset.

(b) Validation dataset.

Figure 2.18: Comparison between model prediction and experimental cycle-
induced aging.
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Figure 2.19: Cycle-induced aging model: contribution of the three aging terms.

2.2.4 Conclusions

In this section we presented the aging mechanisms that contribute to the
deterioration of the battery performances during its usage and also while
the cell is stored.

We have introduced the Solid Electrolyte Inter-phase as the main source
of capacity loss and impedance rise during the storage of the battery. We
have explained the negligible capacity loss during storage at low SOC
with the passive electrode effect that causes the lithium ions to migrate
from the outside of the anode to the inside.

Finally, we have proposed a model to describe the capacity loss induced
by charge/discharge cycles and we found out that temperature and
frequent charges are the main factors affecting battery deterioration.
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We compared our model with the data collected during an extensive
experimental campaign that aimed at aging the battery with reference
current profiles.
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2.a model parameters

Description Unit Symbol Value Source

Faraday Constant C mol�1 F 96487 -

Gas Constant J (mol K)�1 Rg 8.3140 -

Nominal Capacity Ah QN 26.2 datasheet

Bruggeman coefficient � g 2.8 tuned

Transference number � t+0 0.39 [1]

Mean electrolyte concentration mol cm�3 ce,avg 1.25 · 10�3 [3]

Electrode Area cm2 Ap 1.2116 · 104
geometry

An 1.3243 · 104

Layer thickness cm
Lp 6.2 · 10�3

geometryLs 2.63 · 10�3

Ln 6.3 · 10�3

Volume Fraction -
#

p 0.3525
id. (2.24)

#

s 0.69

#

n 0.4684

Max. Li-ion concentration mol cm�3 cp
s,max 0.0518 [3]

cn
s,max 0.0311

Initial stoichiometry - q

p
0% 0.7261 id. (2.24)

q

n
0% 0.0466

Final stoichiometry - q

p
100% 0.0134 id. (2.24)

q

n
100% 0.8509

Particle Radius cm Rp
s 5 · 10�4

[3]
Rn

s 5 · 10�4

Active surface cm�1 ap
s 2.1150 · 103

geometry
an

s 2.8104 · 103

Table 2.A.1: List of parameters of the gr/NMC 26.2Ah 3.8V Proto B cell.
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Description Unit Symbol Value Source

Kinetic coeff. ref. value A cm
3
2 mol�

3
2

kp
ref 6.618 · 104

id. (2.26)
kn

ref 3.248 · 102

- ref. temperature K Tp
ref,k 268 tuned

Tn
ref,k 293

- activation energy J mol�1 Ep
act,k 5.320 · 104

id. (2.26)
En

act,k 1.291 · 104

Diffusion coeff. ref. value cm2 s�1 Dp
s,ref 3.041 · 10�10

id. (2.28)
Dn

s,ref 1.497 · 10�10

- ref. temperature K Tp
ref,Ds 293 tuned

Tn
ref,Ds 293

- activation energy J mol�1 Ep
act,Ds 7.777 · 103

id. (2.28)
En

act,Ds 1.022 · 104

Contact resistance ref. value RW,ref 4.528 · 10�4 id. (2.26)
- ref. temperature K Tref,RW 296 tuned

- activation energy J mol�1 Eact,RW 1.863 · 103 id. (2.26)

Activity coeff. ref. value
bref 3.75 tuned

- ref. temperature K Tref,b 338 tuned
- activation energy J mol�1 Eact,b 140 tuned

- exponential J mol�1
r

b

0.3 tuned

Table 2.A.2: List of temperature dependent parameters of the gr/NMC 26.2Ah
3.8V Proto B cell.

Open Circuit Voltage

The open circuit voltage for the LiNiMnCoO2 electrode (cathode) depends
on the stoichiometric ratio z = cp

s
cp

s,max
according to

Up(z) = 72.11z6 � 162.15z5 + 132.59z4 � 48.39z3 + 9.11z2 � 2.68z + 4.299 z 2 [0; 1]

The half-cell OCV for the lithiated graphite anode is [2]
Un(y) = 0.1493 + 0.8493 exp(�61.79y) + 0.3824 exp(�665.8y)� exp(39.42y � 41.92)

� 0.03131tan�1(25.59y � 4.099)� 0.009434tan�1(32.49y � 15.74) y 2 [0; 1],

with y = cn
s

cn
s,max

.
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Description Symbol Unit

Lithium-ion concentration ci
k mol cm�3

Intercalation current density ji A cm�3

Current density in the liquid phase iie A cm�3

Exchange current density ii0 A cm�2

Temperature T K

Surface overpotential h

i V

Table 2.A.3: List of cell model variables.

2.b cycle aging dataset

Figure 2.B.1: Voltage, SOC, current and temperature of the highway (AS) cycle.
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Figure 2.B.2: Voltage, SOC, current and temperature of the high speed (AV) cycle.

Figure 2.B.3: Voltage, SOC, current and temperature of the combined (C) cycle.
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Figure 2.B.4: Voltage, SOC, current and temperature of the electric drive (E-drive)
cycle.

Figure 2.B.5: Voltage, SOC, current and temperature of the Fiorano (FI) cycle.
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Figure 2.B.6: Voltage, SOC, current and temperature of the hill (NB) cycle.

Figure 2.B.7: Voltage, SOC, current and temperature of the freeway (NV) cycle.
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Figure 2.B.8: Voltage, SOC, current and temperature of the sustaining (S) cycle.

Figure 2.B.9: Voltage, SOC, current and temperature of the Urban (U) cycle.





3O P T I M A L E N E R G Y M A N A G E M E N T S T R AT E G I E S

The increasing concerns about the reduction of greenhouse gases have
moved the joint interest of governments, industries and academies to-
wards the development of a clean and sustainable mobility. Hybrid elec-
tric vehicles (HEV) are blending the transition towards the full-electric
mobility, since they run on both electric and petrol power, in a proportion
that is dependent on the level of hybridization of the power-train architec-
ture: from start&stop micro hybrid to plug-in hybrids where the internal
combustion engine serves solely as a range extender that supports the
main electric motor. All the hybrid electric vehicles have at least two
power-sources that contribute in deploying the required power at the
wheels. If the required power at the wheels, considering the efficiency
chain of the drive-line, is less than the sum of the maximum power of
the electric motor and of the engine, then the system is redundant; this
means that we can obtain the desired power at the wheels with infinitely
many combinations of the power of the motor and of the engine. This
gives us the possibility to decide how to allocate the power flows inside
a transmission in order to pursuit, for instance, the minimization of the
fuel consumed in a driving mission.

There is a vast literature on the definition of control strategies that aim
at the optimization of the fuel economy in HEV, spanning from heuristic
strategies as the thermostatic control logic of [12] and [33] to the widely
adopted Equivalent Consumption Minimization Strategy (ECMS), found
e.g. in [19], [23] and [17], based on the necessary optimality conditions
stated by the Pontryagin Minimum Principle (PMP). The effectiveness
of the PMP-based control algorithms is further improved for an electric
bicycle in [8], exploiting the a-priori knowledge of the route information.

In recent years convex optimization has been spread in vehicular
technology due to the availability of off-the-shelf free efficient solvers that
allow to find the global optimal solution in fairly short computational
time; the energy management problem is cast as a convex optimization
problem in [18], [16] and [10], under rigorous simplifying assumptions
that guarantee the existence and uniqueness of the optimal solution.

The study of optimal energy management strategies is also used to as-
sess and compare the performances of different power-train architectures
as in [4] and [31], where the authors resort to the optimal solution to the
power-management problem to prove the advantages of the Continuous
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Variable Transmission (CVT) compared to the Fixed Transmission (FT) in
a parallel pre-transmission hybrid vehicle.

Most of the energy management algorithms found in the literature
focus on how to split the power flows inside the transmission in order
to reduce fuel consumption and satisfy the driver’s torque (and con-
sequently speed) requirements. The authors of [3] and [13] show that
great improvements in fuel economy can be achieved by relaxing this
constraint and by solving a joint optimization of the velocity profile and
of the power-split inside the transmission.

The reduction of fuel consumption, and consequently of the cost as-
sociated to the vehicle usage, is the main objective of the most common
energy management techniques; nevertheless, two other conflicting issues
remain unsolved: first, in Plug-in HEV (P-HEV) the electric energy stored
in the battery via grid charge is not free and, in some situations, it should
be saved at the cost of higher fuel consumptions; second, as we have
deeply discussed in Chapter 2, a frequent and severe usage of the battery
leads to a fast deterioration of its performances, dictating an expensive
replacement of the battery system after few years. For these reasons,
Formentin et al. propose in [6] the Total Cost Minimization Strategy
(TCMS), that casts the energy management problem as a multi-objective
optimization problem that takes into account battery aging, depth-of-
discharge and, of course, fuel consumption. The increasing availability of
simple and reliable battery aging models favors the development of new
energy management strategies that trade off fuel consumption and bat-
tery degradation, as the ECMS algorithm presented in [24], [25] and the
battery-health conscious power management in [14]. In [15] the authors
propose a cell-balancing method based on relay switches that is able to re-
duce the growth of the Solid Electrolyte Interphase (SEI). The importance
of a mindful management of charging operations in extending battery
life is highlighted in [10], while battery internal-temperature control is
treated in [20] as the prime method to slow down battery aging.

In all of the aforementioned articles, the battery system has been
modeled with equivalent circuit models. The simplest equivalent cir-
cuit comprises a resistance in series with a voltage generator, and the
state-of-charge is the only state; the model is able to capture the static
relation between battery current and terminal voltage, but as thoroughly
discussed in [9], the model is affected by a large error compared to the
models that take voltage dynamics into account1. This error is amplified
in conditions far from the equilibrium, e.g. for high charge/discharge cur-
rent values, long-lasting current bursts and for high or low SOC values;

1 The RC-model, that adds a parallel Resistance-Capacitor branch in series to the voltage
generator and the resistance, exhibits much better results in [9].
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moreover, as we have seen in Chapter 2, the knowledge of the internal
state of the battery given by the first-principle electrochemical battery
model is of paramount importance for an accurate description of the
aging dynamics. To the best of the authors knowledge, not many works
have been presented that include the electrochemical battery model in
the design of the energy management strategy. A remarkable exception is
the work by Moura et al. that resort in [14] to an electrochemistry-based
battery model for closed-loop verification and to find the set of admissible
controls, but the optimal control problem is formulated using the simpler
equivalent circuit model.

In this chapter we try to fill this gap by devising an energy man-
agement battery-health aware strategy for a parallel HEV based on the
reduced order electrochemical model validated in Chapter 2. The accu-
rate knowledge of the internal states of the battery allows to adopt less
compelling constraints on the controls and on the battery state; moreover,
by reducing the modeling errors with an accurate description of the
voltage dynamics, we can better rely on the resulting control strategy.

The outline of this chapter is organized as follows: in Section 3.1 we
describe the power-train model of the parallel HEV considered in this
study, by also briefly recalling the main equations of the electrochemical
model and of the capacity degradation model; in Section 3.2 we state the
energy management problem and we show how to employ the result of
the optimization to select the best operating temperature to maximize the
fuel savings and to reduce the battery degradation. Finally, in Section 3.3
we see how the optimization problem can be cast in a Non-linear Model
Predictive Control (N-MPC) framework and we evaluate the effect of the
length of the horizon window on the overall energy saving performances.

3.1 power-train architecture model

This project was partly developed with Maserati and Alfa Romeo group
and aimed at investigating energy management strategies for a mild
parallel hybrid electric vehicle. The configuration of the power-train ar-
chitecture is illustrated in Figure 3.1 and consists of a 8-speed automatic
transmission that can be disconnected from the rest of the power-train
by means of a clutch system; the internal combustion engine is assisted
by an electric motor that is fed by a low-voltage 48 V battery and is
connected to the crankshaft through a reduction ratio. The electric mo-
tor —or Internal Starter Generator (ISG) unit— is always connected to
the crankshaft, because it is placed just after the engine and before the
clutch; this simplifies the power-train construction but prevents the ve-
hicle from traveling in pure electric mode. The electric motor unit is
connected to the engine shaft through the reduction ratio gmot > 1, there-
fore wmot(t) = weng(t) gmot. The engine torque Teng(·) and the motor



82 optimal energy management strategies

Battery
48V

Motor

Power
Electronics

Trn

Clutch

Engine

Electric Branch

Mechanical Branch

Figure 3.1: Architecture of the pre-transmission parallel-hybrid power-train con-
figuration (P1) under investigation.

torque Tmot(·) sum up at the wheels giving the total torque Tw(·) that is
expressed by

Tw(t) = (Teng(t)� Jeng ẇeng(t) + Tmot(t)gmot) h

sign[ax(t)]
trn gtrn(t) gaxle + Tbrk(t),

(3.1)

where ax(·) is the vehicle longitudinal acceleration and Tbrk(·) is the
torque exerted by the mechanical brakes on the wheels. The system
parameters are listed in Table 3.1. The term Jeng ẇeng(t) represents the
extra-torque needed to accelerate the engine. The transmission ratio
gtrn(t) 2 {gtrn,1, . . . , gtrn,8} switches among the eight ratios according to
the simple speed-based strategy

• if weng(t) > weng,up, up-shift

• if weng(t) < weng,down, down-shift

3.1.1 Driving cycle and longitudinal dynamics

We formulate the optimization problem by constraining the speed of
the vehicle to follow the velocity profile imposed by the driving cycle.
We solve the optimization over two driving cycles, with different speed
and altitude profiles. In Figure 3.B.1 we report the speed and altitude
profile for each cycles: the WLTP is used in type approval tests, e.g.
for emissions assessment, for passenger cars and is characterized by
four ramps reaching increasing speed values; the other cycle, called
Vail2NREL, is a demanding extra-urban driving cycle that includes also
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Description Symbol Value Unit

Transmission efficiency htrn 0.95 -

Axle ratio gaxle 3.730 -

First Gear gtrn,1 5.000 -

Second Gear gtrn,2 3.200 -

Third Gear gtrn,3 2.143 -

Fourth Gear gtrn,4 1.720 -

Fifth Gear gtrn,5 1.314 -

Sixth Gear gtrn,6 1.000 -

Seventh Gear gtrn,7 0.822 -

Eighth Gear gtrn,8 0.640 -

Motor ratio gmot 2.000 -

Vehicle mass mv 1750 kg

Dyn. wheel radius rw 0.31 m

Aerodyn. drag coeff. cf 0.28 kg m�1

Rolling resistance coeff crr0 0.02 -

Engine inertia Jeng 2.26 · 10�2 kg m2

Up-shift engine speed weng,up 4.77 · 103 rpm

Down-shift engine speed weng,down 2.87 · 103 rpm

Table 3.1: Hybrid vehicle parameters.

slope variations; finally, US06 is another driving cycle used for type
approval test, mostly in the United States. The torque required at the
wheels at time t is computed from the longitudinal dynamics equation

Tw(t) =
⇣

cf vx(t)2 + mv ax(t) + g mv ( sin[s(t)] + crr0 cos[s(t)] )
⌘

rw,

(3.2)

where sroad(·) is the road slope and vx(·) is the longitudinal vehicle
speed, both taken from the driving profiles of Figure 3.B.1. If we impose
the vehicle speed and the road slope according to the selected driving
profile in Figure 3.B.1, than the torque at wheel Tw(·) is known from
(3.2).
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3.1.2 Engine

The instantaneous fuel consumption map in Figure 3.2 is derived from
the engine efficiency and depends on the torque and speed at the motor
shaft. The 2D map is well approximated by Willan’s lines approach

Figure 3.2: Engine fuel consumption rate in kg/h (blue solid lines) and torque
limits (red dashed lines).

[21], that states that there exists an affine relationship between the fuel
consumption rate ṁf - which is proportional to the power generated by
the combustion through the specific calorific value - and the mechanical
power output by the engine Peng(t) = weng(t) Teng(t), therefore the
instantaneous fuel consumption rate at time t becomes

ṁf(weng(t), Teng(t)) = a(weng(t)) Peng + b(weng(t)), (3.3)

with a(weng(·)) = Â3
i=0 ai w

i�1
eng(·) and b(weng(·)) = Â3

i=0 bi w

i�1
eng(·). The

Willan’s parameters used in this work are reported in Table 3.2.

i = 1 i = 2 i = 3

ai 6.1454 · 10�8 �5.2369 · 10�11 7.4707 · 10�14

bi 7.0402 · 10�6 8.3295 · 10�7 6.2962 · 10�10

Table 3.2: Willan’s coefficients
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3.1.3 Motor

The electric motor—or internal starter generator (ISG) unit—of the 48V
hybrid operates in two working modes: when working as a motor the ISG
converts the electrical energy from the battery to mechanical energy at
the shaft, while in generator mode it recovers the kinetic energy during a
regenerative braking by transforming it to electrical energy that is stored
in the battery. The overall power generated (generator mode) or absorbed
(motor mode) by the ISG unit is computed considering the non-unitary
efficiency hmot(t) that depends on the ISG shaft speed wmot(·) and torque
Tmot(·) as

Pmot(wmot(t), Tmot(t)) =

8
><

>:

wmot(t) Tmot(t) hmot(t) Tmot(t) < 0, gen.
wmot(t) Tmot(t)

hmot(t)
Tmot(t) � 0, mot.

(3.4)

where hmot(·) depends on the motor characteristics and is usually
represented by iso-efficiency lines as in Figure 3.3a. If we approximate

(a) Motor/generator efficiency contours
and torque limits.

(b) Approximated motor power contours
in kW.

Figure 3.3: Motor efficiency and power maps.

the ISG efficiency map with a polynomial surface, we should use high
order polynomials that are able to capture the steep slopes close to the
efficiency holes at low speed and large torque (and at small torque and
high speed); this increases the complexity of the formulation and leads
to badly scaled derivatives that could undermine the robustness of the
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optimization algorithm. To overcome this issue, we propose to directly
compute the ISG power for every pair (wmot, Tmot) in the efficiency map;
the resulting surface in Figure 3.4 is much smoother than the efficiency

Figure 3.4: Actual motor power computed for each element of the efficiency map
from (3.4).

surface and could be approximated with good accuracy by the third order
polynomial

Pmot(wmot(t), Tmot(t)) =
3

Â
j=0

3

Â
i=0

pi,j wmot(t)j Tmot(t)i (3.5)

resulting in the contours depicted in Figure 3.3b.

3.1.4 Battery System

The Energy Storage System (ESS) comprises of 180 gr/NMC lithium-
ion 18650 cylindrical cells arranged in np = 12 parallel modules with
ns = 15 cells in series. Each cell has a nominal voltage of 3.2 V and
nominal capacity equal to 30 Ah, resulting in a 48 V battery pack that
stores approximately 1.5 kWh of electrical energy in nominal conditions.
The maximum discharge/charge power is equal to 17.11 kW and 11.5 kW
respectively, corresponding to a maximum cell current equal to 30 A and
20 A respectively. Letting V(·) be the terminal voltage of one cell and I(·)
the current applied to it, we compute the the overall battery power at
time t as

Pbatt(t) = V(t) ns I(t) np. (3.6)
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We assume that the battery cooling system is able to keep the temperature
of the cells at a constant value. This is generally not true for standard bat-
teries, in particular for high current values that lead to local temperature
gradients; nevertheless, this simplifying assumption is useful to better un-
derstand the effect of different temperatures on battery performances and
aging, and we can use the analysis to properly size the battery cooling
system.

3.1.4.1 Charge/discharge dynamics

In the following we briefly recall the main equations of the electrochemi-
cal battery model presented in Chapter 2. The model input is the current
I(t) applied to the cell (galvanostatic mode); the output is the terminal
voltage V(t) measured between the positive and negative current collec-
tors and result from the sum of the potential and overpotential terms
according to

V(t) = (Up(t)� Un(t)) + (hp(t)� h

n(t)) +
⇣

f

p
e (L, t)� f

n
e (0, t)

⌘
� RW I(t).

(3.7a)

The values and of the cell model parameters have been identified with
the same procedure detailed in Chapter 2 and are reported in Table 3.A.1
and 3.A.2 of Appendix i.

The equilibrium potentials Ui(t) depend on the lithium ion concen-
tration at the solid-electrolyte interface (namely on the surface of the
electrode particle) ci

s,e(t); defining the stoichiometry ratio as q

i(t) =

ci
s,e(t)/ci

s,max 2 [0; 1], we can write the functional form of the equilibrium
potential at the cathode side from [30] as

Up(qp(t)) =� 10.72[qp(t)]4 + 23.88[qp(t)]3

� 16.77[qp(t)]2 + 2.595 q

p(t) + 4.563

and at the anode side from [26] as
Un(qn(t)) = 0.1493 + 0.8493 exp(�61.79 q

n(t))
+ 0.3824 exp(�665.8 q

n(t))� exp(39.42 q

n(t)� 41.92)

� 0.03131tan�1(25.59 q

n(t)� 4.099)

� 0.009434tan�1(32.49 q

n(t)� 15.74).

The kinetic overpotential terms h

i(t) are related to the current density
ji(t) = ⌥ I(t)

Ai Li by the Butler-Volmer equation, whose solution is

h

i(t) =
RgT
aF

sinh�1

"
ji(t)

ai
sii0(t)

#
. i = p, n (3.7b)
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The exchange current density ii0(t) is related to the concentration at the
electrode surface and in the electrolyte, ci

s,e(t) and ci
e(t) respectively,

through

ii0(t) = ki
q

ci
e(t)(ci

s,max � ci
s,e(t))ci

s,e(t). i = p, n (3.7c)

The electrolyte overpotential D fe(t) = f

p
e (L, t)� f

n
e (0, t) is computed

by integrating the equation of the conservation of charge in the liquid
phase under the assumption of constant current density throughout the
electrodes and leads to

D fe(t) = kd(log[cp
e (t)]� log[cn

e (t)])� I(t)Re (3.7d)

where kd =
2RgT(1�t+0 )

F (1+ b). The electrolyte resistance is Re = 1
k#e

⇣
Lp

Ap + Ln

An

⌘
,

with the electrolyte conductivity k that depends on the temperature ac-
cording to the equations detailed in [27], where the authors present a
thorough experimental analysis of the electrochemical properties of a
LiPF6-based electrolyte.

The linear-parameter-varying (LPV) state-space realization of the solid
diffusion transfer function presented in Section 2.1.1.2, relates explicitly
the state-of-charge (SOC) to the surface concentration at the electrodes
and allows to take temperature variations into account; the equations are

ẋ(t) = Ax(t) + Bu(t), with x 2 R7, u 2 R

y(t) = Cx(t), with y(t) =

2

66666666664

c̃p
s,e(t)

c̃n
s,e(t)

]SOC(t)

c̃p
e (t)

c̃n
e (t)

3

77777777775

2 R5 (3.8)

where the tilde indicates a variation from the equilibrium condition. The
state space matrices are reported in (3.9) at page 89.

The solid phase diffusion coefficients Di
s, the kinetic constants ki and

the activity coefficient b become larger as temperature increases according
to the Arrhenius-like equation

G(T) = Gref exp

�Eact,G

Rg

✓
1
T
� 1

Tref,G

◆�
. (3.10)

The reverse trend of RW with temperature is described by the same
equation 3.10 but changing the sign inside the exponential term.
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3.1.4.2 Battery aging

In Section 2.2 we have designed and validated a semi-empirical model
of the capacity degradation of a large sized 26 Ah pouch cell. Using the
same model to describe the aging of the cylindrical 2.0 Ah cell considered
in this chapter, could result in large modeling errors because of the
very different capacity and form factor. For this reason we adopt in this
chapter the aging model proposed in [11], that has been validated for a
Lithium-ion-phosphate (LFP) 2.6 Ah cylindrical cell. The complexity of
the two aging models is comparable, meaning that it is easy to adapt the
control strategies obtained in this section to different type of batteries.

Since the diffusion of the solvent reactants through the SEI layer is
much slower than the lithium de-insertion dynamics, then the Butler-
Volmer equation for the solvent reduction kinetics can be simplified as

js(t) = � kSEI(T)
2An(1 + lq(t))

p
t
, (3.11)

where q(t) = exp
h

F
RT (hn(t) + Un(t)� Usei)

i
. Notice that at higher SOC

the half-cell open circuit voltage Un(t) is small, therefore the side reaction
kinetics is faster; following a similar reasoning, a cathodic current at the

A =

2
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0%)cn

s,max 0 0

0 0 0 0 0 0 0
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anode side (during charging) leads to negative surface overpotential
hn(t), thus accelerating the SEI formation. The fitting parameter l weighs
the effect of the anode potential on the SEI growth, while the kinetic
coefficient for the side reaction kSEI(T) follows the Arrhenius dependency
reported in (3.10). The capacity loss associated to the SEI formation is
obtained by integrating the side-reaction rate over time, namely

QSEI(t) =
Z t

0
js(t) Andt . (3.12)

The authors of [11] claim that the increased capacity loss observed after
charging and discharging cycles is due to the structural damages that
constantly isolate the active material. This phenomenon is well described
by the variation of the active material volume fraction that, under the
uniform utilization assumption becomes

d#AM(t)
dt

= �k

#

(T)|jn(t)|, (3.13)

where again k

#

(T) depends on temperature according to (3.10). The SOC-
dependent capacity loss rate induced by the volume fraction reduction is
expressed as

dQAM(t)
dt

=
d#AM(t)

dt
SOC(t)Vn cn

s,max. (3.14)

The total capacity loss at time t > 0 is modeled by assuming the super-
position of the two capacity loss mechanisms, i.e.

Qloss(t) = QSEI(t) + QAM(t)

=�
Z t

0

kSEI(T)
2(1 + lq(t))

p
t
dt

�
Z t

0
kAM(T) SOC(t) |I(t)|dt,

(3.15)

where the constant terms in (3.14) have been condensed in the fitting
parameter kAM(T).

3.2 battery life-aware energy management

In this section we formulate the multi-objective optimal control problem
for the definition of the battery life-aware energy management strategies
and we detail the adopted solution method. Finally, we present the
results of many numerical simulations to assess the effect of different
temperatures on the vehicle performance and on battery degradation.
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3.2.1 Problem formulation

As discussed in Section 3.1.1, engine and motor speed are constrained
to match the velocity profile of the vehicle; this means that we can only
regulate engine and motor torque (Teng and Tmot), together with the
mechanical braking torque Tbrk and the cell current I to devise our
control strategy; we define the control vector as

u(t) = [Teng(t), Tmot(t), Tbrk(t), I(t)]>.

for each t that belongs to the finite-time horizon [0, tf], where tf is the
length of the selected driving cycle.

In order to take both energy savings and battery aging into account, the
cost function shall include a term dependent on the capacity degradation
of the battery in addition to the engine fuel consumption rate. We expect
the fuel consumption (measured in liters) over the driving cycle to be
much higher than the capacity loss (measured as a fraction of the initial
nominal capacity). For this reason, instead of directly using these two
quantities in the formulation of the objective function, we accounts for the
monetary cost of fuel and battery degradation: we consider an average
price of the gasoline in the European Union equal to Gfuel = 1.60e/liter,
while we assume that the cost of the entire 1.5 kWh battery pack is
approximately equal to2 800e. We assume that a battery pack should
be replaced when it reaches 80% of its initial capacity; indeed, after
this threshold the degradation is faster and the impedance rise strongly
limits the battery power performance. This means that the total cost of
the battery must be applied over a capacity loss Qloss = 20%, resulting
in a unitary cost for each percentage point of capacity loss equal to
Gage = 45e/%loss.

The objective function is formulated as the weighted sum of the cost of
fuel consumption over the time horizon [0, tf] (running cost) and the cost
of capacity loss at the end of the driving cycle tf (terminal cost)

J = a

Z tf

0
Gfuel ṁf(x(t), u(t))dt

+ (1 � a) GageQloss (x(tf), u(tf)),
(3.16)

where the Pareto coefficient 0  a  1 weighs the two terms. The capacity
loss Qloss(·) is as in (3.15) and the instantaneous fuel consumption rate
ṁf(·) has been defined in (3.3).
The states x 2 R7 follow the battery dynamics detailed in (3.8). The

2 If we had considered a plug-in hybrid electric vehicle, we should have taken into account also
the price of the electric energy per kWh from the grid.
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electrode surface concentrations have to remain within their maximum
and minimum values, i.e. ci

s,min  ci
s  ci

s,max, i = p, n. The cell volt-
age (3.7a) should remain within the safety range indicated on the cell
datasheet, namely 2.4 V  V(t)  4.2 V, for each t 2 [0, tf]. The knowl-
edge of the internal surface concentrations and the constraints on the
battery terminal voltage allow to expand the limits on the battery SOC
without the risk of incurring in local over-charges or over-discharges,
thus guaranteeing the safety conditions; the SOC is therefore constrained
to vary within SOCmin = 15% and SOCmax = 95%. The initial battery
SOC is set to SOC(0) = 50% and the charge sustaining condition, typi-
cal of the non-plugin HEV, is enforced by constraining the final battery
SOC to remain within a small window around its initial value, namely
SOC(0)� tol  SOC(t f )  SOC(0) + tol, where we set tol = 2%.

Finally, the engine and motor torques have to guarantee the torque
split condition in (3.1), while the battery power in (3.6) must equate the
electric motor power requirement in (3.4).

3.2.2 Solution method

The direct approach, based on a proper discretization of the infinite
dimensional optimal control problem, is recommended in [7] for the
solution of large scale problems. The resulting finite dimensional problem
can be solved by nonlinear programming techniques. In this work we
adopt the direct approach for the discretization of the problem described
in Section 3.2.1, then we solve the resulting finite dimensional problem
with the interior-point algorithm implemented in the state-of-the-art
solver Ipopt [28].

We define the equidistant grid GN = {t0 < t1 < . . . < tN = tf}, with
constant time step ts =

tN�t0
N and grid points tj = t0 + j ts, j = 1, . . . , N.

We set ts = 0.5 s for each driving cycle, therefore the length of the
discretization grid is determined by the initial and the final time instants.

We discretize the control by replacing it means of B-spline basis func-
tions of order 1 (piecewise constant functions) on the grid GN . We then
discretize the differential equation (3.8) using the Tustin method, that
yields

x(tj+1) =

"✓
I Inx �

ts
2

A
◆�1 ✓

I Inx +
ts
2
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◆#

x(tj)

+

"✓
I Inx �

ts
2

A
◆�1

B ts

#
u
⇣

tj+ 1
2

⌘
, j = 0, . . . , N � 1

(3.17)



3.2 battery life-aware energy management 93

where u
⇣

tj+ 1
2

⌘
=

utj+utj+1

2 , I Inx is the nx ⇥ nx identity matrix and the
continuous state-space matrices A and B are as in (3.8). Finally, we
evaluate the objective function (3.16) and the constraints on the grid GN .

Ipopt is a gradient based optimizer that requires the gradient of the
objective function and the Jacobian of the constraints (and optionally the
Hessian of the Lagrange function); we provide the required derivatives
with the algorithmic differentiator ADiGator [29]. We solved the optimal
control problem running ADiGator and Ipopt on Matlab 2017b on a 2.5
GHz Intel i5 processor with 2 cores and with 16GB of memory.

In the following section we show the results of the simulations that
have been run several times with different values of the Pareto coefficient
a and at different temperatures.

3.2.3 Simulation results

In this section we first show the solution of the energy management
problem without considering the battery aging, i.e. we set a = 1 in
the cost function (3.16). Then, we solve the energy management prob-
lem to changing values of the Pareto coefficient; in this way we show
how different weights on the two objectives — energy management and
battery preserving — affect the control strategy. Finally, we repeat the
optimization for changing values of the battery temperature.

3.2.3.1 Solution to the energy management problem

The optimization has been solved for the four driving cycles in Fig-
ure 3.B.1, but we discuss here only two of the: WLTC and Vail2NREL.

First, we set the battery temperature at 30� C and we select the Pareto
coefficient a = 1 to find a solution that optimizes solely the fuel con-
sumption. In Figure 3.5 we present the optimal power split resulting
from the solution of the optimization problem. We see that both in the
WLTC and in the Vail2NREL driving cycles th electric machine is able to
assist the engine with an approximately constant power; this is possible
because most of the braking energy is recovered by the generator and the
mechanical brakes intervenes only when the braking maneuver is too se-
vere. It also interesting to notice that the optimal control exploits the last
deceleration in both driving cycles to bring the battery SOC to its initial
value, as imposed by the constraints detailed in Section 3.2.1 and shown
in Figure 3.6 on a cell level. The a-priori knowledge of the road slope in
the Vail2NREL driving cycle allows for an intelligent management of the
battery, recovering energy during the downhills that is used to assist the
engine during the uphills.
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(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.5: Optimal power split of the hybrid transmission.

We see from Figure 3.6 that nor the battery current, voltage or SOC
bounds are limiting the electric performance, since they lay within their
admissible range throughout the driving cycle. This means that the
capability of the electric system to recover or release power is restricted
by the torque limits of the electric machine, as illustrated in Figure 3.7.
Nevertheless, it is clear form Figure 3.7 that the optimal control manages
to make the ISG work in the proximity of its highest efficiency regions.
This is particularly true when the electric machine is working in motor
mode, while when the electric machine is regenerating, even the less
efficient regions are exploited: this leads to conclude that, from the
electric machine perspective, it is fundamental to recover as much energy
as possible, not necessarily in an efficient way.
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(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.6: Cell current, SOC and voltage.

The fuel savings for the four driving cycles are reported in Table 3.3.
The best fuel savings performances are obtained in the WLTC cycle, since
the frequent acceleration and deceleration maneuvers — and the resulting
charge/discharge profiles — allow to use the battery in the most effective
way; the US06 driving cycle exhibits the lowest fuel savings performance,
because of the almost constant high speed for most of the cycle time that
prevents the battery from re-charging.
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(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.7: Electric machine utilization.

WLTC Vail2NREL US06 NEDC

Only engine (l) 1.04 1.65 0.49 0.51

HEV (l) 0.88 1.45 0.44 0.44

Savings 15.4% 12.1% 10.2% 13.7%

Table 3.3: Fuel savings with optimal energy management control of the hybrid
electric vehicle.
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3.2.3.2 Solution to changing Pareto coefficient

By reducing the value of the Pareto coefficient a in (3.16) we give more
importance to the mitigation of the capacity degradation of the battery,
penalizing the fuel consumption minimization.

(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.8: Comparison of the battery SOC for different values of the Pareto
coefficient a.

In Figure 3.8 we show the SOC profiles at different values of the Pareto
coefficient: in both driving cycles the SOC trends look similar for a � 5,
but its average value gets smaller and smaller. For values of the Pareto
coefficient close to zero the SOC remains approximately constant around
its initial value, because almost no energy is delivered by the battery, nor
stored into it as depicted in Figure 3.9; this means that the electric branch
of the hybrid power-train is not used to preserve the heath of the battery.
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This is of course an unwanted behavior, because it does not bring any
advantage to the fuel savings performance; to this end we must select
higher values of a, in particular, for this powertrain configuration, we
choose a � 5.

(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.9: Comparison of the battery energy throughput for different values of
the Pareto coefficient a.

We reported in Table 3.4 the fuel savings for the four driving cycles
and for different values of the Pareto coefficient. We see that, as expected,
we got almost no fuel savings (compared to the ICE only solution) for
values of a close to zero, meanwhile for a � 0.5 we manage to obtain
quite similar fuel reduction. This result is justified by inspecting the total
energy throughput of the battery in Figure 3.9, that is almost identical for
the solutions with a � 0.55, despite the different average states of charge.

Even though the fuel savings remain approximately the same for
intermediate values of the Pareto coefficient, we can achieve a significant
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(%) WLTC Vail2NREL US06 NEDC

a = 0.2 0.9 1.0 1.4 1.6

a = 0.5 14.7 13.7 10.5 13.2

a = 0.8 15.2 13.9 10.7 13.6

a = 1.0 15.4 14.1 10.7 13.7

Table 3.4: Fuel savings comparison for different values of the Pareto coefficient a.
Savings are referred to the fuel consumption with only ICE.

decrease of the battery deterioration as shown in Table 3.5, where we
report the percentage capacity degradation reduction w.r.t. the solution
with a = 1. For a = 0.2 we simulate a negligible deterioration of the

(%) WLTC Vail2NREL US06 NEDC

a = 0.2 96.1 96.3 95.0 94.2

a = 0.5 27.1 24.5 5.5 11.0

a = 0.8 14.1 18.5 1.1 1.8

a = 1.0 0 0 0 0

Table 3.5: Reduction of the capacity degradation for a < 1.

battery capacity, due to the battery inactivity during the driving cycle.
For intermediate values of the Pareto coefficient, namely 0.5  a  0.8,
we found a meaningful reduction of the battery deterioration. This is
a remarkable result, since we can slow down battery aging without
significantly affecting the fuel savings capabilities of the electric hybrid
power-train; indeed, the control strategy computed with a = 0.5 in the
WLTC driving cycle, allows to obtain almost the same fuel reduction
performance while reducing the aging rate by 27%.

The motivation of these results can be found in the degradation model
(3.15): first, lower SOC leads to higher values of the open circuit anode-
potential Un(·), slowing down the SEI layer growth; second and most
important, the SOC-weighted energy throughput is considerably reduced
for lower values of the Pareto coefficient as shown in Figure 3.10, leading
to a much slower degradation associated to the charge/discharge cycles
of the battery.
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(a) WLTC cycle.

(b) Vail2NREL cycle

Figure 3.10: Comparison of the SOC-weighted current throughput for different
values of the Pareto coefficient a.

In the following we show how the operating temperature of the battery
affects both the fuel savings performance and the battery degradation
rate.

3.2.3.3 Solution to changing temperature

We have seen in Section 3.1.4 that the temperature accelerates the kinetics
of the side reactions that lead to capacity loss and impedance increase,
reducing the life span of the battery pack. On the other side, too cold
temperatures slow down the diffusion reactions with a consequent in-
crease of the battery impedance, having a detrimental effect on the overall
efficiency.

The cooling system of a battery pack is designed to prevent the battery
temperature from reaching too high values, in order to extend the battery
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life and to avoid unsafe operating conditions (e.g. thermal runaway). The
cooling system activates when the temperature of the battery exceeds a
certain threshold, that is selected according to a compromise between
performance optimization and battery life. In the following we show
how such threshold, together with the selection of the Pareto coefficient,
influences the optimization results. The Pareto curves of Figure 3.11 have

Figure 3.11: Pareto curves for the four concatenated driving cycles.

been drawn by simulating the capacity loss and the fuel consumption
for different values of the Pareto coefficient (points with the same color),
changing the temperature and concatenating the four driving cycles
(WLTC, Vail2Nrel, US06 and NEDC). The Pareto coefficients being equal,
there is a clear reduction of the capacity loss at lower temperatures,
due to the Arrhenius-like equations governing the side-reaction kinetics.
It is interesting to notice that in the leftmost part of the plot, i.e. for
higher values of a, a small reduction of the Pareto coefficient leads to a
remarkable decrease of the capacity loss together with minor changes
of the fuel consumption; this is an important outcome of our work, that
proves that we can use control strategies that aim at preserving the battery



102 optimal energy management strategies

life without affecting the fuel savings capability of the electric hybrid
power-train.

The fuel-saving performance degradation at lower temperatures are
more visible in the left-most part of the plot, where we notice a slight
variation of the fuel consumption at different temperatures. For the
driving cycles studied in this work, these variations are almost negligible
due to the fact the the battery operates far from the imposed constraints
on voltage and surface concentration; more severe cycles, or a smaller
battery, could result in a greater relevance of the operating temperature
on the fuel savings performance.

3.2.3.4 Conclusions and future work

In this section we have presented the results obtained with several nu-
merical simulations based on reliable and validated models of the battery
aging and dynamics and of the engine and motor efficiency. We found
that for certain values of the Pareto coefficient, the multi-objective op-
timal control problem yield control strategies that allow to extend the
battery life up to 15 � 20 % without altering the fuel economy of the
electric hybrid power-train. We finally saw how the battery temperature
influences the capacity losses and the fuel consumptions.

The off-line optimal control solution proposed in this work is a power-
ful tool that allows to identify the most suitable strategies that optimize
the fuel consumptions and extend the lifespan of the battery. We can infer
general guidelines from this study to devise rule-based control strategies:
first, in order to extend the battery lifespan, it is convenient to make the
battery work at low SOC values to slow down the SEI formation, even if
this results in higher current demand to provide the same power; also,
an average battery temperature between 25� C and 30� C should be kept
to get a reasonable trade-off between performance and aging dynamics.
It is also interesting to notice that the optimal control strategy makes the
electric machine work even in non-efficient regions during regenerative
braking, so that to recover the highest amount of energy; on the contrary,
when the electric machine works as a motor, the optimal control strategy
selects the highest efficiency regions.

Future developments of this project will include a thermal dynamic
model of the battery, so that we can take into account the thermal limita-
tions and evaluate different cooling strategies. Moreover, we will use more
detailed battery aging models in order to include also the lithium-plating
phenomena that take place during battery charge at lower temperatures.
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3.3 towards a run-time optimization

Model Predictive Control (MPC) allows to formulate and solve a multi-
variable optimization problem over a future evolution of a dynamical
system, taking into account the system constraints.

Formulating the optimal control problem presented in Section 3.2
in an MPC framework, allows to compute real-time on the Electronic
Control Unit (ECU) the optimal power-split compliant with the battery
constraints on voltage, SOC and surface concentration and with the
control limitations.

Historically, non-linear MPC has been used mainly to control systems
characterized by very slow dynamics, such as chemical plants [22]; the
recent improvements of the capabilities of embedded computers and the
development of more efficient numerical methods (such as FORCES [32],
an interior point algorithm designed specifically for embedded systems)
made it possible to extend the range of applications to more demanding
fields, such as automotive.

We want to prove in this section the effectiveness and the feasibility of
the MPC based on an accurate drive-line and battery model for deciding
the optimal energy management strategy. We present in this section some
preliminary results on the MPC for energy management, we discuss the
solution time, the influence of the horizon length on the optimization
results and the adaptation of the objective function to shorter prediction
horizons.

3.3.1 MPC problem formulation

In receding horizon MPC, the optimal control problem is solved over
a finite future horizon [t0, th] with th << tf, discretized over a grid of
Nh = th�t0

ts
intervals, where t0 � tj = t0 + j ts � th = t0 + Nh ts for

j = 0, . . . , Nh. Only the first element of the control vector is applied, then
a new future evolution is predicted based on the current state of the
system and the optimization is repeated. A repeated on-line optimization
allows to have a continuously updated knowledge of the state of the
system thanks to the measurement feedback.
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Without an a-priori knowledge of the complete driving cycle, we must
enforce the charge-sustaining mode adding a SOC-dependent term to the
cost function in (3.16), i.e.

J = a

Z th

t0

Gfuel ṁf(x(t), u(t))dt

+ (1 � a) GageQloss (x(th), u(th))

� r SOC(th),

(3.18)

where r < 0 is a weighting term that is selected based on the desired
performance of the energy management strategy. In its most general
formulation, the term r can vary from one iteration to another to enforce
different control behaviors that depend on the initial condition of the
system, in this case we say that r depends on the initial horizon time, i.e.
r = r(t0).

3.3.2 Real-time solution of the optimal control problem

Two main assumptions have been made in this study: first, we consider to
know precisely the future speed of the vehicle in the horizon window; this
is of course not the case in real-life applications; nevertheless, extremely
good predictions can be obtained exploiting the on-board Advanced
Driving-Assistance Systems (ADAS) as in the co-driver strategy [5] and
[2]. Second, we assume to know the states of the system at every iteration
of the MPC algorithm, meaning that an accurate battery state estimation
algorithm3 (as the ones based on the electrochemical model proposed in
[1]) should be implemented.

We run the simulations for the WLTC driving cycle (Figure 3.B.1a)
using two different horizon lengths, th,5 = 5 s and th,10 = 10 s with
sampling time equal to ts = 0.5 s, in order to inspect how the prediction
horizon affects the MPC performance. We fixed the battery temperature
at T = 30 �C and the initial state of charge was set to SOC(t0) = 50%.

The average solution time for both the 5 s and the 10 s prediction
horizon was 100 ms on our Intel i5 machine using Ipopt and the limited-
memory BFGS approximation of the Hessian. The MPC solution was
updated every 0.5 s; if the solver couldn’t provide a solution after this
time, we didn’t update the solution and the last available control was
implemented.

The fuel savings in Table 3.6 are computed for the WLCT driving cycle
with respect to the fuel consumption of the ICE-only drive-line. Notice
that in the off-line optimization the horizon length is equal to the total

3 The battery state estimation algorithm is not treated in this work.
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length of the driving cycle, namely th = tf. The fraction of battery aging

Horizon length th = tf th = 5 s th = 10 s

a = 1.0 (%) 15.4 13.7 13.9

a = 0.7 (%) 15.1 9.7 10.2

a = 0.5 (%) 14.7 9.2 9.5

Table 3.6: Comparison of the fuel savings obtained using different horizon lengths
of the WLTC cycle. Percentage relative to the ICE-only power-train
consumption.

in Table 3.7 is computed with respect to the optimization over the entire
cycle time (i.e. th = tf) with a = 1.0. It can be seen that, as expected, in the

Horizon length th = tf th = 5 s th = 10 s

a = 1.0 (%) 0.0 �18.6 �18.4

a = 0.7 (%) 14.1 �4.6 �2.6

a = 0.5 (%) 27.1 9.1 9.7

Table 3.7: Comparison of the battery aging obtained using different horizon lengths
of the WLTC cycle. Percentage relative to the full horizon solution with
a = 1.

MPC case the fuel savings and the battery life preserving performance
degrades with respect to the off-line optimization on the entire cycle time.
This is due to the limited knowledge of the future evolution of the system,
that prevents the algorithm from finding the best power-split solution.

It is interesting to notice that doubling the length of the horizon win-
dow from th = 5 s to th = 10 s does not sensibly affect the results, nor
the average solution time that remains around 100 ms. This means that it
is sufficient to have a good prediction of the vehicle speed on a short 5 s
horizon window to get satisfactory MPC performance.

We can see in Figure 3.12 the both the MPC implementations induce
larger SOC variations with respect to the full horizon solution. This means
that the battery is charged and discharged more frequently, leading to
a higher current throughput that accelerates battery aging, as indicated
by the results in Table 3.7 The battery-life preserving performance of the
MPC algorithm can be improved by reducing the value of the Pareto
coefficient a, giving more importance to the capacity degradation term
of the objective function.
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Figure 3.12: Comparison between SOC evolutions with a = 1 during WLTC cycle
using different horizon lengths.

The behavior of the MPC algorithm can sensibly vary with a different
selection of the cost function weights. This allows to obtain the desired
control behavior with a suitable calibration of the control parameters
without changing the control structure, making it appealing for different
applications and driving modes. The proposed nonlinear MPC is based
on a validated electrochemical model of the battery which allows to
accurately predict the system evolution and avoid unsafe working regions,
e.g. too low or too high surface overpotential. The MPC iterations can be
solved in a few hundreds of milliseconds, allowing for an update of the
solution every 0.5 s, which is sufficient for a real-time implementation of
the algorithm.

Further studies will address the recursive feasibility problem, in order
to guarantee that there always exists a solution which is compliant with
the imposed constraints. Moreover, following a hardware-in-the-loop
(HIL) approach, we will see if the solution time of the MPC iterations
remain unchanged even on an embedded system, suitable for a real-time
implementation of the algorithm.

3.4 conclusions

In this chapter we have presented a battery-life aware energy management
algorithm to get the optimal power split in an electric hybrid power-train
of a passenger car. We employed the electrochemical model of the battery,
that provides a reliable prediction of the evolution of its states and
captures the capacity degradation dynamics.
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We studied the effects of different weights (Pareto coefficients) on the
objective function that alter the impact of the fuel savings and the battery
aging terms. Moreover, we studied the impact of the battery temperature
on the final result.

Finally, we proposed some preliminary results on the real-time imple-
mentation of the algorithm in an non-linear MPC framework: we showed
that the solution time of the optimization problem on a short time hori-
zon is compatible with a real-time update of the solution; moreover, we
inspected the influence of the horizon length on the performance of the
control algorithm.
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A P P E N D I X O F C H A P T E R 3

3.a battery model parameters

Description Unit Symbol Value

Faraday Constant C mol�1 F 96487

Gas Constant J (mol K)�1 Rg 8.3140

Nominal Capacity Ah QN 2.0

Bruggeman coefficient � g 1.5

Transference number � t+0 0.38

Mean electrolyte concentration mol cm�3 ce,avg 1.2 · 10�3

Electrode Area cm2 Ap 1.0204 · 103

An 1.0204 · 103

Layer thickness cm
Lp 3.65 · 10�3

Ls 2.50 · 10�3

Ln 4.00 · 10�3

Volume Fraction -
#

p 0.6395

#

s 0.3000

#

n 0.6500

Max. Li-ion concentration mol cm�3 cp
s,max 0.0518

cn
s,max 0.0311

Initial stoichiometry - q

p
0% 0.9518

q

n
0% 0.0168

Final stoichiometry - q

p
100% 0.3176

q

n
100% 0.9664

Particle Radius cm Rp
s 5 · 10�4

Rn
s 5 · 10�4

Active surface cm�1 ap
s 3.8373 · 103

an
s 3.9000 · 103

Table 3.A.1: List of parameters of the gr/NMC 2.0Ah 3.2V cell.
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Description Unit Symbol Value

Kinetic coeff. ref. value A cm
3
2 mol�

3
2

kp
ref 1

kn
ref 2.97

- ref. temperature K Tp
ref,k 283

Tn
ref,k 296

- activation energy J mol�1 Ep
act,k 8.4720 · 104

En
act,k 3.33 · 105

Diffusion coeff. ref. value cm2 s�1 Dp
s,ref 1.314 · 10�10

Dn
s,ref 1.001 · 10�10

- ref. temperature K Tp
ref,Ds 296

Tn
ref,Ds 296

- activation energy J mol�1 Ep
act,Ds 1.721 · 105

En
act,Ds 1.123 · 105

Contact resistance ref. value RW,ref 4.6 · 10�3

- ref. temperature K Tref,RW 296
- activation energy J mol�1 Eact,RW 5.67 · 103

Activity coeff. ref. value
bref 2.35

- ref. temperature K Tref,b 338
- activation energy J mol�1 Eact,b 1.164 · 103

Table 3.A.2: List of temperature dependent parameters of the gr/NMC 2.0Ah 3.2V
cell.
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3.b simulations result figures

(a) WLTC cycle.

(b) Vail2NREL extra-urban cycle
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(c) US06 cycle

(d) NEDC cycle

Figure 3.B.1: Driving cycles considered in this work.
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4H Y D R O S TAT I C T R A N S M I S S I O N M O D E L

Continuous growth of urban population and the consequent development
of suitable infra-structure and transportation systems are bringing to the
industrial and academic community’s attention the problem of develop-
ing environmental sustainable technologies. While research on passenger
cars is focusing mainly on the improvement of hybrid electric and full
electric architectures [2],[7], the same results cannot be extended to heavy
duty vehicles. Indeed, a battery cannot in general comply with the high
power demand of the vehicles used in construction, agriculture, mining
and forestry, mainly because high and frequent current peaks cause early
fading of the battery performances as indicated in [1]. As suggested by
Sprengel and Ivantysynova in [15], the limitations of electric hybrids can
be overcome by resorting to different and less known technologies like
the hydraulic hybrids. These systems are capable of providing consid-
erably high power density by storing more regenerative braking energy
compared to their electric counterpart, moreover they are more reliable
(typically no maintenance over the vehicle’s lifetime) and less subject
to aging phenomena. In a hydraulic hybrid transmission, the hydraulic
machines are forced to work at the accumulator’s current pressure, thus
leading to two main issues that inhibit the spread of this technology in
standard vehicles: first, the hydraulic motors frequently work at high
pressure and small displacement, thus reducing the overall efficiency of
the system; secondly, pressures in the accumulators are governed by very
slow dynamics and this results in a considerable delay felt by the driver
when the pressure in the accumulators is not large enough to generate the
demanded torque. To overcome this limit, the authors of [14] propose the
so called Blended Hybrid transmission that is able to combine the stiffness
of the hydrostatic powertrains and the capability of energy recovery of
the hybrid systems: in the blended hybrid transmission the accumulators
can be detached from the lines through a system of valves, allowing the
drivetrain to work as a hydrostatic transmission.

In [3] the authors highlight the importance of a system approach to
the fuel economy problem in a series hydraulic hybrid transmission and
propose heuristic control strategies that are tested on an Engine In the
Loop experimental setup; a similar study has been performed in [5] for a
series hydraulic hybrid transmission mounted on a 4 ⇥ 4 conventional
vehicle, while in [4] the authors prove the effectiveness of a parallel
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hydraulic hybrid transmission implemented on a 6 ⇥ 6 medium tactical
truck for the reduction of fuel consumption. These studies demonstrate
the interest in the HHT technology and its effectiveness in improving fuel
economy, but a validation of the model on a full powertrain and a formal
approach to the fuel savings problem is missing in the literature for this
kind of architecture; in this work we try to fill this gap by first validating
the HHT model using data from a prototype vehicle [13] and then we
study the fuel savings performance of the powertrain using numerical
techniques from the optimization theory.

In this chapter we focus on the blended type Series Hydraulic Hy-
brid Transmission (SHHT) developed and design by Dana: Spicer R�

PowerBoost R� is a series hybrid-hydraulic powertrain for off-highway
vehicles and material-handling equipment. The technology is intended
for application driven by hydrostatic transmissions, whose typical driv-
ing cycle comprises of frequent bursts of accelerations and decelerations,
and lifting and lowering maneuvering, where most of the energy can be
recuperated. By using hydraulic accumulators, the system recoveries a
part of the energy that would otherwise be wasted, and uses this energy
to help power the vehicle.
The system dynamics are characterized by several discrete actuation
(valves and clutch) and continuous controls of the hydraulic machines.
The series hybrid-hydraulic powertrain considered in this paper differs
from the others presented in the literature, since regenerative phase is
attained by inverting the configuration of the accumulators valves, rather
than inverting the motors displacement as proposed in [3], [5] and [6].
Indeed, this allows the use of standard commercial bent-axis motors, for
which negative displacement is not possible. The transmission architec-
ture is shown in Fig. 4.1, where we can see that all the hydraulic lines
reach the valve block, called PowerBoost R� hub, in the upper part of the
image; this is the core of the SHHT transmission, because it manages
the connection of the hydraulic accumulators to the lines allowing for
the regeneration of the braking energy or the release of extra-power to
assist the hydraulic motors. The latter are connected to a mechanical
transmission that brings the power to the rest of the driveline up to the
wheels.
Continuously variable transmission ratios and energy recovery in hy-

draulic accumulators improve the overall efficiency of the powertrain, but
requires a sophisticated control startegy in order to fully exploit SHHT
fuel reduction capability.

The hydraulic hybrid transmission operates in two different modes:
hydrostatic mode (HYS) and hybrid mode (HYB). In hydrostatic mode
the internal combustion engine (ICE) drives a hydraulic variable displace-
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Figure 4.1: Dana Spicer R� PowerBoost R� driveline.

ment pump/motor (PM) that pressurizes the oil in the hydraulic circuit;
the circuit is connected to two hydraulic motors that convert hydraulic
energy into mechanical energy, delivering torque and speed to the vehicle
wheels through a gear box and to the rest of the driveline (driveshafts
and axles). In hybrid mode, a valve system (PowerBoost Hub) connects
two bladder type hydraulic accumulators (one at high pressure and one
at low pressure) to the hoses, allowing kinetic energy recovery and power
boosting. The overall system dynamics switches between these two oper-
ating modes, according to the valves configuration.
In this section we present the mathematical model of the powertrain
subsystems, then we proceed with parameters identification and finally
we validate the model on data collected in an experimental campaign on
a telehandler vehicle thoroughly described in [13].

4.1 model design

In this section we introduce the subsystems of the Spicer R� PowerBoost R�

transmission. First, we propose in Section 4.1.1 a model for the hydrostatic
transmission only, with no accumulators connected to the lines. This
allows to identify the parameters of the hydraulic lines, without the
complexity of the hybrid functionalities. The hydraulic accumulators are
modeled as a separate subsystem in Section 4.1.2, while in Section 4.1.3
we study the valve block that connects the accumulators to the lines of
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the hydrostatic transmission. Finally, the longitudinal dynamic equations
of the telescopic handler are treated in Section 4.1.4.

4.1.1 Hydrostatic sub-system

The configuration of the telehandler transmission system with two propul-
sion motors is given in Fig. 4.2. The internal combustion engine drives

CVa

CVb

RVb

RVa

pa

pb

pmin

Qp

Qm1

Qm2

Qch
a

Qch
b

!m1

Tm1

!m2

Tm2

!p

Tp
Pump

Mot 1

Mot 2
C

αm1

αm2

αp

Line A

Line B

Figure 4.2: Scheme of the transmission in hydrostatic mode. The check valves CVa
and CVb regulate the flow from the charge pump C, while RVa and
RVb are the two relief valves.

the variable displacement swash plate piston pump, which rotates with
angular velocity wp = wice, generating an ideal oil flow rate equal to

Qid
p = wpapDp. (4.1)

All symbols are listed in Table 4.3. The flow generated by the pump is
absorbed by two variable displacement axial piston motors, that in station-
ary conditions rotate with angular velocities wm1 and wm2 respectively
according to

Qid
mi

= wmi ami Dmi , i = 1, 2 (4.2)

where the superscript id means that we refer to an ideal quantity. The
second motor is smaller than the first motor, in particular Dm1 > Dm2 .
Small construction defects and wear of the seals cause oil leakage in the
hydraulic machine, that, together with finite oil compressibility, reduces
the oil flow at the output port. These effects are taken into account
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by volumetric efficiency of the hydraulic machine h

v, whose physical
interpretation has been given in [4] and [11] according to

h

v = 1 �
laminar leakz}|{

Cs
|a|S �

compressibility leakz}|{
Dp
b

�
turbolent leakz}|{

Cst
|a|s < 1 (4.3)

where S = µw

Dp and s = wD1/3

⇣
2 Dp

r

⌘ 1
2

. It is important to notice that the volu-

metric efficiency depends on the rotational speed w, the displacement
fraction a and the pressure difference Dp between the input and output
of the hydraulic machine. Volumetric efficiency is always smaller than
one, thus the actual flow generated by the machine working as a pump is
smaller than the ideal one and the actual flow processed by the machine
working as a motor to keep a certain velocity is greater than the ideal
one, namely

Qp = Qid
p h

v
p, Qmi =

Qid
mi

h

v
mi

i = 1, 2. (4.4)

The torque generated by the hydraulic motors is proportional to the
pressure difference between line A (pa) and line B (pb) according to

Tid
mi

= ami Dmi (pa � pb). i = 1, 2 (4.5)

Similarly, the torque required by the machine working as a pump to
increase the pressure in the hoses is

Tid
p = apDp(pa � pb). (4.6)

Also in this case non-idealities of the hydraulic machines, such as mechan-
ical and viscous friction and hydrodynamical losses causes a mismatch
between the actual and the ideal generated torque. The so called me-
chanical (or torque) efficiency h

t is well described by the physical model
presented in [4] and [11]:

h

t = 1 �
viscous lossz}|{

CvS
|a| �

mech. frictionz}|{
Cf

|a| �
hydrod. lossz }| {

Cha

2
s

2
< 1, (4.7)

with S and s as in (4.3). The actual torque required by the machine
working as a pump is greater than the ideal one, while the actual torque
generated by the machine working as a motor is smaller than the ideal
one, namely

Tp =
Tid

p

h

t
p

, Tmi = Tid
mi

h

t
mi

, i = 1, 2. (4.8)
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The principle of conservation of mass in a hydraulic system with single
inlet and single outlet gives us an insight of the pressure dynamics in
the hydraulic system [12]. The evolution of the pressure in the lines on
time is described by the continuity equation for a compressible fluid, that
relates the difference of the flow at the input and at the output of a
control volume to the pressure variation rate. Given an entering flow rate
Qin and an outgoing flow rate Qout the pressure dynamic in the constant
control volume is written as

dp
dt

=
b

V
(Qin � Qout) =

b

V
DQ, (4.9)

where b is the bulk modulus of the fluid and V is the value of the control
volume.

In order to prevent cavitation, a constant displacement pump (charge
pump) is present in the hydraulic circuit, as represented in Fig. 4.2. This
allows to maintain pressure inside the lines above the minimum threshold
pmin. Charge pump is modeled by a proportional controller that regulates
the pressure in the circuit by introducing the flow Qch, while the check
valves CVa and CVb allow oil flow only when the pressure in the line
goes below the minimum threshold. Flow generated by the charge pump
and entering the lines can be described by the unidirectional proportional
controller of the form

Qch
i = max{Kch(pmin � pi), 0}, i = a, b. (4.10)

where Kch is the gain of the proportional controller. Similarly, two relief
valves RVa and RVb on both hoses ensure that pressure does not exceed
maximum allowable value pmax; the flow Qref from the relief valves is
modeled as

Qrel
i = max{Krel(pi � pmax), 0}, i = a, b. (4.11)

Finally, we add the auxiliary term Qloss
i to the total amount of fluid

in the lines that takes into consideration unmodeled nonlinearities and
uncertainties in volumetric efficiency:

Qloss
i = clossppi, i = a, b, (4.12)

where closs is a constant parameter identified with experimental data.
Thanks to the characterization of all the flow rates in the lines, we can

write pressure dynamics for the two lines as

dpa
dt

=
b

V
(Qp � Qm1 � Qm2 � Qloss

a + Qch
a � Qrel

a ) (4.13a)

dpb
dt

=
b

V
(Qm1 + Qm2 � Qp � Qloss

b + Qch
b � Qrel

b ). (4.13b)
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4.1.2 Hydraulic accumulator sub-systems

The energy recovery task is handed over to the bladder type hydraulic
accumulator, assembled with a membrane that separates the oil from
an inert gas (in our case nitrogen). First studies on hydraulic type ac-
cumulators for regenerative systems are addressed in [9],[11] and [10].
When the oil is pumped into the accumulator, the pressure of the sealed
gas rises, with a consequent increase in its internal energy; during a
boost acceleration event, the compressed gas in the bladder expands and
pushes the oil out of the accumulator, returning the stored energy to the
system. In order to prevent cavitation, a low pressure accumulator (or
reservoir) is required, since large amount of oil has to be available during
charge and discharge events.
Otis and Pourmovahed assert in [8] that state dynamics of the accu-
mulator gas can be modeled considering energy equations and thermo-
dynamics relations for the gas during a transformation; they employ
Benedict-Webb-Rubin equation of state for non-ideal gas to represent the
dependency of pressure from temperature and specific volume. Since the
final purpose of the presented model is the definition of the constraints
of the optimal control problem, we must keep its formulation as simple
as possible and thus accept some degree of approximation. To this end
we regard the sealed nitrogen inside the accumulators as an ideal gas,
whose internal state is described by the equation of state for ideal gas, i.e.

piVi = niRTi, i = hp, lp, (4.14)

where R = 8.314 J
mol K is the universal gas constant, ni is the number of

moles of nitrogen inside the bladder, Ti and Vi are the gas temperature
and volume respectively. Obviously, the error introduced by this approxi-
mation must be assessed with experimental validation.
The variation of gas volume Vi is equal and opposite to the oil flow rate
pumped into the accumulator, namely:

dVi
dt

= �Qi i = hp, lp. (4.15)
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Accumulator temperature dynamics is attained from internal energy
balance and from the thermodynamic relation describing the energy
variation for a real gas:

mi
dui
dt

= micv
Ts � Ti

t| {z }
heat transport

� pi
dVi
dt| {z }

work

(4.16)

dui = cvdTi +

"
Ti

✓
∂pi
∂Ti

◆

Vi

� pi

#
dVi
mi

, i = hp, lp. (4.17)

Combining (4.14)-(4.17) we can write the temperature dynamics of the
gas inside the accumulators as

dTi
dt

=
(Ts � Ti)

t

+
pi

cvmi
Qi, i = hp, lp. (4.18)

Pressure dynamics can be obtained differentiating (4.14) w.r.t. time,
namely

dpi
dt

=
pi
Ti

dTi
dt

+
p2

i
(niRTi)

Qi, i = hp, lp. (4.19)

4.1.3 Power Boost hub sub-system

Hydraulic accumulators are connected to the transmission lines by means
of a set of valves contained in the PowerBoost Hub subsystem, whose
scheme is depicted in Fig. 4.3. PowerBoost Hub is a crucial element of
the hybrid transmission, and allows to handle energy recovery phase
without inverting the motor displacements as in [3], [16] and [5]. As an
example, suppose that motors have positive angular velocity (the vehicle
is moving forward), thus the oil flows from line A to line B; when the
driver brakes, power hub connects high pressure accumulator to line B
and reservoir to line A, addressing the oil flow from the reservoir to the
high pressure accumulator. According to (4.19) the internal pressure of
the accumulator gas increases, and so does its internal energy. In this
configuration, the negative pressure difference Dp = pa � pb imposed to
the circuit generates a negative (braking) torque to the motors as in (4.5).

The following assumptions limit the combination of valves configura-
tions and highlight the switching behavior of the system dynamics:

(i) volume of the oil in the accumulators is much larger than the volume
in the hoses;

(ii) opening dynamics of the valves in the PowerBoost hub are ne-
glected;



4.1 model design 127

Line A

Line B

HP Accumulator

LP Accumulator

PB HUB

php

plp

Figure 4.3: Conceptual scheme of the PowerBoost Hub that connects the accumu-
lators to the lines.

(iii) dynamics of gas pressure in the accumulators are much slower than
dynamics introduced by continuity equation;

(iv) the accumulators are always connected at the same time and to
different lines.

Assumption (i) and (iii) imply that, when the accumulator is connected
to the line, pressure in the hose reaches almost instantly the one in the
accumulator and remains sticked to it evolving with the same dynamics.
Assumption (iv) allows PowerBoost Hub to switch among the three dif-
ferent configuration in Table 4.1, where the discrete control x = {�1, 0, 1}
determines the valves arrangement.
Pressure switching dynamics inside the circuit can be now defined for

every working condition, namely

ṗa =

8
>>><

>>>:

ṗhp + 1
u

(php � pa) x = +1

ṗlp + 1
u

(plp � pa) x = �1

ṗhyd
a x = 0,

(4.20a)

ṗb =

8
>>><

>>>:

ṗlp + 1
u

(plp � pb) x = +1

ṗhp + 1
u

(php � pb) x = �1

ṗhyd
b x = 0.

(4.20b)
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Value of x Operational Mode Valves

HPa HPb LPa LPb

x = 1 Boost fwd & Regen bkw 1 0 0 1

x = �1 Boost bkw & Regen fwd 0 1 1 0

x = 0 Hydrostatics 0 0 0 0

Table 4.1: Valves configuration in the PowerBoost Hub. When HPi, LPi = 0 the
corresponding valve is closed, when HPi, LPi = 1 the corresponding
valve is open, with i = {a, b}.

Superscript hyd indicates that the corresponding pressure dynamics
evolves according to the continuity equation in (4.13a) and (4.13b) as
in hydrostatic mode, while pressure dynamics in the accumulators php
and plp are detailed in (4.19). In hybrid mode (i.e. when x 6= 0), for a
small enough time constant u, pressure in the hose reaches rapidly the
value of pressure in the connected accumulator.

4.1.4 Mechanical powertrain and longitudinal dynamics

To conclude the analytic analysis of the transmission we detail in this
section the mechanical part of the powertrain and introduce a simple
model for the longitudinal dynamics. The scheme of the complete vehicle
driveline is depicted in Fig. 4.4. Torque generated by hydraulic motors
is blended by Dana 318 CVT, that connects the primary and secondary
motors to the main shaft with transmission ratio tm1 and tm2 respectively.
The primary motor can be disconnected at high speed by means of a
multidisk wet clutch and re-engaged for high torque demands. Torque at
transmission output is

Ttrans =

8
<

:
Tm1 tm1 + Tm2 tm2 j = 1

Tm2 tm2 j = 0
(4.21)

where the discrete control j 2 {0, 1} determines whether the clutch is
engaged (j = 1) or disengaged (j = 0). Torque is then transmitted to the
wheels through the transmission ratio of the differential (tdiff) and the
wheel hub (thub), whose values are listed in Table 4.2. Torque transmitted
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Figure 4.4: Architecture of the driveline.

Member Symbol Value

Motor 1 tm1 3.560

Motor 2 tm2 1.330

Differential tdiff 2.818

Wheel hub thub 6.000

Table 4.2: Transmission ratios.

to the wheels accelerates the telehandler and overcomes the road friction
force and aerodynamic drag

Tw = Ttranstdiffthub

= rw

✓
mv

dv
dt

+ k1mvgsin(g)|v|+ k2mvgvcos(g)
◆ (4.22)

where v is the vehicle speed and g is the road slope. Table 4.3 summarizes
the longitudinal dynamics parameters identified with experimental data.
The axial piston pump is powered by a 83 kW diesel engine. Engine
fuel consumption (measured in [l/h]) is approximated by a polynomial
function of engine torque Tice and angular velocity wice, that is

dm f =
⇣

c f1 + c f2 w

4
ice + c f3 T4

ice + c f4 wiceTice

⌘
H(Tice) (4.23)

where wice is measured in rpm and Tice in Nm, and H : R ! R is the
Heaviside step function and c fi are fitting coefficients. Maximum and
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Symbol Value Unit

rw 0.5450 m

k1 0.0620 �
k2 0.0029

s
m

Table 4.3: Parameters longitudinal dynamics.

minimum torques Tmax(wice) and Tmin(wice) depend on engine speed
and are fitted by cubic splines. The torque delivered by the engine has to
fulfill the torque request of the pump and accelerate the engine flywheel.
Moreover, we need to take account of additional torque demand that
comes from the auxiliary elements in the circuit (charge pump, telescopic
boom and steering system). We compute torque request at engine as

Tice = Tp + Jiceẇice + Taux, (4.24)

where Taux is a constant torque demand from the auxiliary members, Jice
is the average generalized inertia of the engine and Tp is computed from
pump displacement and line pressure difference according to (4.6) and
considering mechanical efficiency (4.7).
The overall states, controls and the ODE describing the dynamics of the
system are summarized in Table 5.A.1 in Appendix ii.

4.2 model validation

4.2.1 Experimental setup

Dana’s prototype telehandler in Fig 4.5 was instrumental in the develop-
ment of the powertrain model. This prototype has the ability to perform
multiple types of operation involving traction and work functions such as
lifting, handling, digging, silage, loading, and transport. These scenarios
are formalized into a set of driving cycles performed at Dana’s own test
facility [13]. Figure 4.6 represents the layout of the test track at Dana’s
facility in Arco, Italy. It consists of a flat area paved with asphalt and
concrete, surrounded by guard-rails.

4.2.2 Performance assessment

The powertrain is provided with several sensors (we are mostly interested
in pressure and speed sensors) to allow a good characterization of the ve-
hicle behavior. As an example Fig 4.7 illustrates the comparison between
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Figure 4.5: Tele-boom handler used for experimental campaign.

Figure 4.6: Test track at Dana’s facility in Arco, TN - Italy.

measured and experimental pressure. A good correspondence is observed
both in hydrostatic mode and in hybrid mode, where pressure in the
lines matches pressure in the accumulators (i.e. when x = ±1). When
the vehicle is in hydrostatic mode (i.e. x = 0), the estimated pressure has
some spikes that are not present in the measured data. This is due to the
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Figure 4.7: Comparison between measured and estimated pressure.

fact that pressure dynamics in hydrostatic mode is very sensitive to small
variations of pump and motors flow (and consequently displacement),
since the multiplying term b

V in (4.9) is large. Nevertheless, the model
is able to properly represent the main dynamics of the system, with a
fitting equal to fit = 1 � NMSE = 93%, where NMSE is the normalized
mean square error.
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5M I X E D I N T E G E R O P T I M A L C O N T R O L S O L U T I O N

The hydrostatic hybrid transmission presented in Chapter 4 is designed
to reduce fuel consumptions by making the engine operate at its best
working point and by recovering the kinetic energy of the vehicle that
would be otherwise wasted during deceleration maneuvers. The torque
required at the wheels may be achieved by infinitely many combinations
of the control variables listed in Table 5.A.1 in Appendix ii, due to the
redundancy of the actuations. We fully exploit the architecture of the
powertrain only if we wisely select, among the infinitely many control
combinations, the one that maximizes the fuel savings. Many techniques
have been proposed in the literature for the control of the hydrostatic
hybrid vehicles, Molla and Ayalew in [14] classify them into three groups:
heuristic rule-based techniques, instantaneous optimization and finally
optimization over a time horizon. The latter group is in general not
suitable for on-line implementation, since high computational effort
and time are required to find the optimal control action. On the other
hand, the offline optimal control analysis serves to define the best case
performances of the system, making it possible to compare different
architectures or system configurations (e.g. accumulators pre-charge
pressure, gear ratios, etc.) using a fair metrics. Moreover, off-line optimal
solutions can be used to draw simpler —and faster— heuristic rules
that can run real-time on a vehicle control unit (e.g. for the selection of
threshold values in the thermostatic SOC control in [12]).

In this chapter we formulate the energy management problem as a
finite-horizon optimal control problem based on the dynamical system
presented in Chapter 4. The usage of a validated model ensures that the
proposed control strategy is compliant with the actual system limitations
and that the fuel savings result is credible.

In Chapter 4 we have seen that the pressure dynamics (4.20a), (4.20b)
and the longitudinal dynamics (4.22) switch among different statuses,
that are determined by the discrete controls j and x; contrarily, the pump
and motor displacement and the engine speed rate may assume any real
value within their domain. An optimal control problem that involves
continuous-valued control variables and discrete control variables is
called mixed-integer optimal control problem (MI-OCP).

Three different approaches can be employed to find the solution of an
optimal control problem: dynamic programming, direct approach, and indi-
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rect approach (compare [1],[3],[11]). Dynamic Programming is the most
suited technique to deal with discrete control variables, since it is based
on the discretization of both the state and control space, but its com-
putational complexity grows with the number of states and controls,
making it impossible to use in large scale optimal control problems. The
indirect approach, based on the Pontryagin maximum principle, was the
first method used to solve the MI-OCP in [4], but the complex switching
of the adjoint variables makes it arduous to apply to solve more gen-
eral problems. Direct approach is based on the discretization on a time
grid that reduces the infinite dimensional optimal control problem to
a finite dimensional non-linear programming (NLP) optimization that
can be tackle with efficient gradient based solvers (SNOPT [10], Ipopt
[21], worhp [5]). Direct solution approach proved to be effective in many
practical application examples [18], [13]. A comprehensive investigation
on direct and indirect solution methods is provided in [9] and [2].
Direct approach and branch&bound techniques have been employed
in [7] to solve the time optimal problem for an automobile with gear
shift in a double-lane change maneuver; branch&bound works well with
few discretization points, thus it is not suitable for problems with fast
dynamics. Gerdts proposes in [8] a novel approach based on a variable
time transformation to solve problems with partially discrete control set.
In this chapter we solve the mixed-integer optimal control problem for
energy management using the outer-convexification and relaxation tech-
nique proposed in [16], [17], [19] and [20]: the control space is augmented
to transform the discrete controls into binary variables, then the problem
is relaxed allowing the binary variables to vary in a continuous interval;
this approximation transforms the MI-OCP in a standard optimal control
problem that can be solved using common solution techniques, such as
the direct approach detailed in Chapter 1. To avoid chattering effect in the
solution and to enforce the integer feasibility of the control variable we
introduce the switching penalty presented in [15].

5.1 problem formulation

5.1.1 Mixed-Integer Optimal Control

The objective is to minimize fuel consumption over a driving cycle, by
imposing the vehicle speed from measured data. Vehicle speed is allowed
to assume values within a “tube” of thickness #v around the reference
value vdc imposed by the driving cycle; this flexibility eases the numerical
solution of the optimal control, while bounding the velocity tracking
error and it also accommodates for inaccuracies in the longitudinal model
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dynamics. If we want to pursue a fair comparison among different control
strategies we should select small values of #v, so that controlled vehicle
speed becomes closer to the speed imposed by the driving cycle.
The aim of optimal control for energy management is the minimization
of fuel consumption over a predefined driving cycle and a fixed time
horizon [0 tf]. We want to minimize the Lagrange Term

J =
Z tf

0
dmf(x(t))dt, (5.1)

where the fuel consumption rate (4.23) depends only on the differential
states of the system.

Finally, we require that engine torque (4.24) remains within the maxi-
mum and minimum speed admissible values by imposing the following
path constraints:

c1(x(t)) = Tice(x(t))� Tmax(x(t))  0

c2(x(t)) = Tmin(x(t))� Tice(x(t))  0.
(5.2)

Introducing the fully connected sets X ⇢ Rnx and U ⇢ Rnu defined by
the lower and upper bounds on continuous states and controls and the
finite set W := {⌫1,⌫2, . . . ,⌫nw} ⇢ Rn

n , containing all the values that
the integer control can assume, yields the compact formulation of the
MI-OCP:

min
u,⌫

J (5.3a)

s.t. ẋ(t)�F (x(t),u(t),⌫(t)) = 0Rnx (5.3b)

y(x(0),x(t f )) = 0R
n

y

(5.3c)

c(x(t))  0Rnc (5.3d)

x(t) 2 X , u(t) 2 U , ⌫(t) 2 W, (5.3e)

where F : Rnx ⇥ Rnu ⇥ Rn
n ! Rnx represents the dynamics equations

listed in Table 5.A.1, y : Rnx ⇥Rnx ! Rn
y maps the boundary conditions

and c : Rnx ! Rnc represents the path constraints. In our case nc = 2,
namely c(x(t)) := col(c1(x(t)), c2(x(t))), with c1(·) and c2(·) defined
in (5.2).

5.1.2 Regularized functions

Since gradient based solution methods require derivative both of the
constraints and the objective functions, we replace the Heaviside function
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in (4.23) and the max function in (4.10) with their smooth approximations,
namely

H(x) ⇡ lim
k!0

1
2
+

1
2

tanh
⇣ x

k

⌘

max(x, y) ⇡ lim
k!0

1
2
(x + y +

q
(x � y)2 + k),

with k > 0.

5.1.3 Outer convexification and relaxation

The first step towards the solution of MI-OCPs proposed in [16] is the
outer convex relaxation of the integer variable ⌫(·) 2 W, by introducing
a binary control wi(t) 2 {0, 1} for every element ⌫ i of the finite set W.
Then system dynamics (5.3b) can be rewritten as

ẋ(t)�
nw

Â
i=1

F (x(t),u(t),⌫ i)wi(t) = 0Rnx (5.4)

and the bijection between every feasible integer control ⌫(·) 2 W and the
binary function w(·) = col[w1(·), . . . , wnw (·)] 2 {0, 1}nw is guaranteed by
imposing the special ordered set type one condition:

nw

Â
i=1

wi(t) = 1. (5.5)

Subset W = {�1, 0, 1}⇥ {0, 1} has cardinality nw = 6, therefore we re-
place integer controls ⌫(·) 2 W ⇢ R2 with binary variables w(·) 2 {0, 1}6.
In other words, we increase the control space from n

n

integer controls to
nw > n

n

binary controls by means of a suitable coordinate change. Binary
control wi(·) 2 {0, 1}nw selects the system dynamics obtained with the
combination of discrete controls ⌫ i. Finally, the relaxation of MI-OCP is
attained by replacing the binary control w(·) 2 {0, 1}nw with the contin-
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uous variable w̃(·) = col[w̃1(·), . . . , w̃nw (·)] 2 [0, 1]nw . The outer convex
relaxed form of (5.3) writes as

min
u,w̃

J (5.6a)

s.t. ẋ(t)�
nw

Â
i=1

F (x(t),u(t),⌫ i)w̃i(t) = 0Rnx (5.6b)

y(x(0),x(t f )) = 0R
n

y

(5.6c)

c(x(t))  0Rnc (5.6d)
nw

Â
i=1

w̃i(t) = 1 (5.6e)

x(t) 2 X , u(t) 2 U , w̃(t) 2 [0, 1]nw . (5.6f)

5.2 solution to optimal control problem

5.2.1 Direct full discretization method

Direct discretization approach is defined by the operations surveyed in
[9]. First, we define the equidistant time grid

GN := {t0, t1, . . . , tN}, t0 = 0 < t1 < . . . < tN = t f , (5.7)

with N grid intervals and constant step size h =
t f �t0

N . In our problem
we select a discretization grid with h = 0.01 s We discretize controls by
means of B-spline basis function of order 1 (piecewise constant functions)
on the discrete time interval, then we proceed with state discretization
applying a suitable discretization rule to ODE (5.6b). Finally, control and
state constraints in (5.6) are evaluated only on the grid GN in (5.7). The
discretized Lagrange cost function becomes

J =
N

Â
i=0

dmf(ti)h. (5.8)

We employ Ipopt [21] for the solution of the resulting highly-structured
large-scale nonlinear optimization problem and provide the symbolic gra-
dient of objective function and Jacobian of the constraints with ADiGator
[22, 23].

5.2.2 Sum-Up rounding

The main idea to find the solution of MI-OCP (5.3) is to first solve its
relaxation (5.6) and then adopt a suitable rounding strategy to reconstruct
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the binary variable w(·) 2 {0, 1}nw from the continuous optimal control
w̃(·) 2 [0, 1]nw . In this work we adopt the sum-up rounding strategy
presented by Sager in [16] and [17]: consider the piecewise constant
control function

w̃j(t) = w̃j,i 2 [0, 1], t 2 [ti, ti+1], (5.9)

with j = 1, . . . , nw and i = 0, . . . , N � 1, the sum-up rounding for the
special ordered set type one condition (5.5) is defined as

ŵj,i =
i

Â
k=0

w̃j,k h �
i�1

Â
k=0

wj,k h

wj,i =

8
<

:
1 {ŵj,i � ŵq,i 8 q 6= j} ^ {j < q 8 q : ŵj,i = ŵq,i}
0 otherwise.

(5.10)

The rounding strategy considers rounding error on previous steps to
minimize the cumulated error and guarantees that the solution error is a
multiple of the size of the grid step h as proved in [20].

5.2.3 Multi-time switching penalty

Optimal control function w̃(·) can, in principle, be sensibly different
from the binary control w(·), therefore rounding strategy (5.10) leads
to unfeasible chattering in the solution. Rieck et al. in [15] propose
to augment cost function with a switching cost JSC that penalizes the
number of switches and enforces binary feasibility of the control function.
Considering the piecewise constant control (5.9) on the grid GN , the
switching cost is defined as

JSC =
nw

Â
j=1

N�1

Â
i=1

[w̃j,i�1 + w̃j,i(1 � 2w̃j,i�1) +

w̃j,i+1 + w̃j,i(1 � 2w̃j,i+1)],

(5.11)

thus the overall cost function becomes

J̄ = J + aJSC (5.12)

where a is a scaling factor such that the order of magnitude of the
auxiliary term is comparable with the objective J that is defined in (5.8).

5.3 optimization results

The mixed-integer optimal control problem introduced in Sec. 5.1 has
been solved for two different operating modes: in the first configuration
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(hydrostatic mode) the valves in the PB Hub are enforced to remain closed,
preventing the accumulators from connecting to the lines; in the second
configuration (hybrid mode), the accumulators can be connected to the
hoses. In order to guarantee a fair comparison between the two strategies,
we impose that, in hybrid mode, the initial and final pressures of the
high pressure accumulator coincide; therefore, we add to the boundary
conditions (5.6d) the condition php(0) = php(t f ). We report in this work
the solution to the the optimal energy management problem for two
real driving cycles, whose velocity profiles (measured on the prototype
vehicle) are reported in Figure 5.2. We solved the NLP problem with
Ipopt in Matlab R2016b on a 2.9 GHz Intel Core i5 processor and it took
about 15 min to find the solution.

Figure 5.1 illustrates the engine utilization points on the BSFC map
for the two architectures; BSFCmin is the minimum brake specific fuel
consumption curve, computed by selecting, for each speed, the torque
corresponding to the highest efficiency value. It is somewhat surprising to
notice that the optimal control strategy tends to move the engine utiliza-
tion towards low torque and low speed regions instead of high efficiency
regions, because they correspond to lower fuel consumption rates. This
is in good accordance with the results presented in [6], where the best
heuristic control strategy was not the one running at the “efficiency sweet
spot”. This explains why, by comparing Figures 5.1a and 5.1b, we see
that the main effect of using the hybrid architecture is a further shift of
the engine working points towards the lower-left side of the engine map.
In hybrid mode the braking action is demanded to the accumulators
allowing for the regeneration of the otherwise wasted kinetic energy; the
energy stored in the accumulators is then used to assist the engine by
making it work in the region of the engine map corresponding to lower
fuel consumptions.

The optimal gear selection and the contribution of the engine and
accumulators power to the overall power at the wheels are reported in
Figure 5.2; obviously, the output power is always lower than the engine
power due to the system inefficiencies, except when the accumulators
are connected in boost mode, adding extra-power to the output. It is
interesting to notice that sometimes, during the regenerative braking, it
is convenient to use the engine to further charge the accumulator (e.g.
in Figure 5.2a at 30 s or in Figure 5.2b at 40 s). The first gear, with both
hydraulic motors connected to the output shaft, is engaged when a large
amount of torque is required at low speed.

In Figure 5.3 the optimal pump/motor displacements and flows are
drawn for the two driving cycles. It is interesting to notice that the pump
displacement saturates when the vehicle speed is large; this permits to
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(a) Engine working points in Hydrostatic mode.

(b) Engine working points in Hybrid mode.

Figure 5.1: Engine working points in the two working modes.

get high flow values even with lower input speed, allowing the engine
to work at lower speed. When in second gear, the primary hydraulic
motor (M1) is detached from the output shaft and its displacement
remains approximately constant, while the smaller secondary motor (M2)
processes all the flow that comes from the pump and the accumulators.
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(a) Driving cycle 1.

(b) Driving cycle 2.

Figure 5.2: Speed, power and optimal gear selection in hybrid mode.

The PowerBoost hub configuration is illustrated in Figure 5.4 for the
two driving cycles. The colored areas correspond to the valve block
configurations, represented by the variable x. In hybrid mode (blue and
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(a) Driving cycle 1.

(b) Driving cycle 2.

Figure 5.3: Pumps and motor displacements in hybrid mode.

red area), the pressure in the line matches the pressure of the connected
accumulator, while in hydrostatic mode (green areas) the pressure in



5.4 conclusions 145

the lines evolves independently according to the continuity equation in
(4.13a) and (4.13b). The effectiveness of the accumulator action is more
evident when the vehicle is changing direction: the initial deceleration
is used to charge the accumulator and the stored energy is then used to
assist the acceleration in the opposite direction, sensibly reducing the
power demand on the engine. In all the driving cycles, as expected, the
accumulators are used when higher accelerations are required, while
the system works in hydrostatic mode (green areas) when slower speed
variations are demanded.

The optimal usage of the accumulators increases the fuel efficiency
of an exceptional 12% (on average on the two driving cycles) compared
to the driveline with only the hydrostatic transmission. This proves the
effectiveness of the PowerBoost technology, as well as the soundness of
the proposed optimal control technique.

5.4 conclusions

In this chapter we solved the energy management optimization prob-
lem in the framework of the mixed-integer optimal control, proving the
performances of the direct discretization approach together with outer
convexification of the integer controls on a realistic application. The opti-
mal strategies have been computed and simulated using a realistic and
validated powertrain model of an off-highway vehicle for material han-
dling. This is the first time that such an extensive analysis has been made
on this technology. Optimal control results show a good improvement
in fuel consumption for the configuration with hydraulic accumulators,
thanks to the recovery of the kinetic energy during regenerative braking
that is released during high acceleration maneuver to assist the inter-
nal combustion engine, resulting in the overall reduction of the fuel
consumptions.

The optimal control strategy has been computed off-line, and, due to
the long time required to find a solution, cannot be implemented run-time
in this form. In next phases of this project we will use the optimal control
results discussed in this thesis to devise heuristic control strategies and
improve the fuel economy of the system. Thanks to the implementation
of such heuristic strategies, we will be able to validate on the vehicle the
control strategies attained in this work.
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(a) Driving cycle 1.

(b) Driving cycle 2.

Figure 5.4: Lines and accumulators pressures in hybrid mode.
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5.a list of symbols

Description Symbol Unit Min/Max F (x,u,⌫)

States (x)

Pressure line A pa bar 20/400 (4.20a)
Pressure line B pb bar 20/400 (4.20b)
Engine Speed wice rpm 800/2200 ticeẇice + wice =

uice

Motor 1 Displ. am1 (-) 0.1/1 ȧm1 = um1

Motor 2 Displ. am2 (-) 0.2/1 ȧm2 = um2

Pump Displ. ap (-) �1/1 ȧp = up

Vehicle Speed v m/s vdc ⌥ #v (4.22)
HP temperature Thp K 10/800 (4.18)

HP pressure php bar 95/400 (4.19)

LP temperature Tlp K 10/800 (4.18)

LP pressure plp bar 12/60 (4.19)

Continuous
Controls (u)

Displ. rate motor 1 um1 1/s �0.5/0.5
Displ. rate motor 2 um2 1/s �0.5/0.5
Displ. rate pump up 1/s �0.5/0.5
Speed rate engine uice 1/s �1000/2200

Discrete
Controls (⌫)

Gear engaged j (-) 0/1
PowerHub Variable x (-) �1/{0,+1}

Table 5.A.1: List of States and Controls of the Optimal Control Problem.
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Variable name Symbol

Maximum displacement Dp, Dm1 , Dm2

Oil bulk modulus b

Volume of the hose V
Laminar leak coeff. Cs

Turbulent leak coeff. Cst

Viscous loss coeff. Cv

Mech. friction coeff. Cf

Hydrodyn. losses coeff. Ch

Oil dynamic viscosity µ

Oil density r

Constant volume specific heat of gas cv

N2 mass in accumulators mhp, mlp

N2 moles in accumulators nhp, nlp

Accumulator time constant t

Universal gas constant R
Wheel radius rw

Vehicle mass mv

Road slope g

Rad friction coeff. k1

Drag coeff. k2

Flow rate Qp, Qm1 , Qm2

Torque Tp, Tm1 , Tm2

Volumetric efficiency h

v
p, h

v
m1

, h

v
m2

Mechanical efficiency h

t
p, h

t
m1

, h

t
m2

Prop. gain check valve Kch

Prop. gain relief valve Krel

Coeff. for unmodeled losses closs

Table 5.A.2: List of Parameters. Subscripts p, m1, m2 refer to pump, motor 1 and
motor 2. Subscripts hp, lp refer to high and low pressure accumulators
respectively.
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6.1 introduction

According to the global trend of reducing carbon emissions and im-
proving efficiency some of the main goals for the next generation of
transmission systems are an improved fuel economy and a better pro-
ductivity. With this goal in mind, Dana-Rexroth Transmission Systems
is developing a novel Continuous Variable Transmission (CVT) system
that combines both fuel efficiency and performance. The best solution
to fully satisfy the efficiency and performance requirements is using a
Hydromechanical Variable Transmission (HVT). This novel transmission
was introduced by Dana-Rexroth in [10] and references therein.

The HVT developed by Dana-Rexroth can also switch among sev-
eral drive ranges that extend the range of possible working speeds. The
switch is performed by coordinating two wet clutches suitably actu-
ated by electro-proportional valves. In order to obtain a smooth clutch
shift, a correct control of the torques transmitted by each clutch is criti-
cal. For this reason, Dana-Rexroth is developing a closed-loop pressure
control scheme able to precisely modulate the transferred torque. The
control design is challenging because of some restrictive specifications
and hardware limitations. The requirements for the closed loop are: 1) a
non-overshooting response, 2) a rise time smaller than 75 milliseconds.
Moreover the control should be “easy” enough to be implemented with
a limited computation power.

Several controllers are present in the literature but most of them are
specific for dry clutches where the piston position is directly available.
For example nonlinear geometric approaches are presented in [8] and
[7]. In [8] a differential flatness based approach is considered while in
[7] the authors use a feedback linearization to control the filling phase.
These methods are rather elegant but are sensitive to modeling error
and uncertainties. A different, and more robust, approach is presented
in [11] where a nonlinear sliding-mode controller and observer are used.
However this method is computationally expensive and requires a correct
initialization of the observer. In our work the approach is more similar
in spirit to the one presented in [6], where a linear model is employed.
However experimental results show that a nonlinear DC gain is present
in the plant, for this reason a nonlinear invertible output function is
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156 pressure control of a wet clutch

added at the output, obtaining a so-called Wiener model. Similar to [12],
the final goal of this work will be to develop a torque control for CVT
transmissions.

The work is organized as follows: the experiment is described in Section
6.2. Section 6.3 explains the identified model. Section 6.4 illustrates the
control system design and closed-loop experiments are reported in Sec-
tion 6.5. All the units are normalized in this work due to confidentiality
constraints and proofs are omitted due to space limitations.

6.2 experiment description and goals

The goal of this work is the synthesis of a suitable control for wet clutches,
this corresponds to precisely controlling the oil pressure inside the clutch
(the output) selecting the right amount of current (input) in the electro-
proportional valve. In this way the two coaxial shafts exert an exact force
against each other, and the proper amount of torque is transmitted. The
control for the valve current has been studied in [3].

Due to technological constraints the only available pressure sensor is
located just after the valve and no pressure sensor is available in the
clutch chamber. However, it is reasonable to assume that when the piston
reaches the end of stroke, the gradient pressure in the line is negligible
and the measured pressure coincides with the one inside the clutch
chamber.

The stroke of the piston ends when all the oil among the disks is
squeezed out and the shafts come to a contact transmitting only dry
torque (because of the dry friction). The instant just before the end of
the stroke of the piston is called kiss point or incipient sliding point [4]. In
this work we consider only the system after the kiss point, but a control
strategy encompassing the overall system is desirable.

Experimental tests have shown a delay between the commanded cur-
rent and a change in the pressure. This delay is small and sometimes
variable. We can roughly estimate this time delay as the time between
the rising point of the output and the rising point of the step input. The
latter can be easily detected, but the former can be only estimated. If we
determine experimentally the smallest window that certainly contains
the rising point, the estimated rising point of the output is the intercept
between the two interpolating lines of the ns samples before the rising
window and the ns samples after, where ns is less than the number of
samples before the first peak, as depicted in Fig. 6.1. Repeating this pro-
cedure on different datasets we find a pure delay of approximately 10 ms.
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Figure 6.1: Time delay between the commanded step current and the pressure
response.

6.3 plant model and identification

In this section we propose a system model identification technique based
on a convex optimization, that captures the main dynamics of the system
and takes into account the most important nonlinearity while maintaining
a simple structure.

6.3.1 Model selection

The response of the pressure in the clutch chamber to a current step input
can be seen in Fig. 6.1. The dynamics recalls the behavior of a second
order system with two complex conjugate poles inducing the oscillations.
The peculiar shape of the peaks, that seem to elongate and get thinner,
suggest that this nonlinear behavior can be described by a quadratic
output nonlinearity at the ouput. This model, i.e., a transfer function in
cascade interconnection with a static invertible output nonlinearity is
called Wiener model [9]. We propose a model of the form:

g(s) , y
`

(s)
u(s)

=
1 + a1s

1 + b1s + b2s2 (6.1a)

y(t) = j(y
`

(t)), (6.1b)

where g(s) : C ! C is the transfer function, a1, a0, b1 2 R are the
coefficients, y

`

(s), u(s) are respectively the output (pressure) and the
input (current) in the Laplace domain and j : R ! R is the static
output nonlinearity. The function j is assumed to be continuous and
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with continuous inverse, so that one can obtain the linear output y
`

from
the real measurements y by inverting j. Notice that in (6.1) we have
arbitrarily assigned the DC gain of the transfer function lims!0 g(s) = 1
without loss of generality 1.

6.3.2 Identification of the output nonlinearity

Since the static nonlinearity j is invisible to the dynamics of the system,
a reasonable approach for the identification of the non-linear model is to
inspect the steady state input-output pairs (yss, uss) 2 R2. The equation
that relates the steady-state pairs in (6.1) is yss = j(y

`,ss) = j(uss),
thanks to the unitary DC gain.
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Figure 6.2: Interpolation of the steady-state pairs (top) and residuals (bottom)
normalized on the maximum pressure pmax.

Fig. 6.2 shows the result of the interpolation of the steady states with a
quadratic function of the form

yss = j(uss) , a0 + a1uss + a2u2
ss. (6.2)

1 A non unitary DC gain of the transfer function g(s) can be easily incorporated in the Wiener
nonlinearity j
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The parameters a0, a1, a2 2 R are found interpolating N 2 N�3 steady-
state pairs; the resulting linear regression has the form

2

666664

yss1

yss2

...

yssN

3

777775
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z
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1 uss1 u2
ss1
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1 ussN u2
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X
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664

a0

a1

a2

3

775

| {z }
a

, (6.3)

and the parameters vector a 2 R3 is easily obtained as a = (X|X)�1X|z,
as long as the Vandermonde matrix X contains N � 3 linear independent
pairs.

As expected, the quadratic function (6.2) fits well the steady-state
values and the inverse j

�1 of the nonlinear function (6.2) maps the
measured output y to the variable y

`

.

6.3.3 Model identification

In this section we discuss the technique adopted for the identification of
the transfer function in (6.1). Let us consider a generic transfer function
with unitary DC gain G(s) of the form

G(s) =
y
`

(s)
u(s)

=
1 + a1s + . . . + aqsq

1 + b1s + . . . + bnsn , (6.4)

where q 2 N is the number of zeros of the transfer function and n 2 N

is the number of poles; the coefficients a1, . . . , aq, b1, . . . , bn are the q + n
parameters to identify.

Expanding (6.4) and recalling that the inverse Laplace transform
L�1[sjy

`

(s)](t) = y(j)
`

(t), where y(j)
`

(t) denotes the j-th derivative of
the function y

`

(t), yields
2
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(6.5)

where ts 2 R is the sampling time of the collected dataset and m 2 N

is the number of samples in the dataset. Again the vector q 2 Rn+q of
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the unknown parameters is obtained as q = (F|F)�1F|d, as long as
m � (n + q). Notice that the regressor F 2 Rm⇥(n+q) contains the first
n derivatives of the output y

`

and the first q derivatives of the input u.
If we apply a filter F both to the input and the output of the system,
the dynamics relating the new signals ỹl and ũ is described by the same
transfer function G(s). This is a consequence of the commutative and
associative properties of linear systems; that is, if we have several SISO
LTI systems in cascade, the output of the overall cascade does not depend
on the order of the systems. We may apply the filter proposed in [5]

F = [F0(s) F1(s) . . . Fn(s)]| =
[I sI . . . sn I]|

(1 + ts)n (6.6)

to the input u and output y
`

, choosing t 2 R in order to preserve the
most important dynamics of the system. We get the ỹ

`

and ũ signals and
their first n and q derivatives respectively. In this way we may construct
the vector d and regressor F thus obtaining parameters vector q.

According to (6.1), the identified transfer function is a second order
transfer function with two complex conjugate poles with negative real
part and one zero with positive real part. The identified system is a
non-minimum phase system and approximates the delay by way of the
small undershoot depicted in Fig. 6.3. This is not surprising as non-
minimum phase systems are also typically used to represent delays in
Padé approximations.
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Figure 6.3: Validation of the identified model.

In Fig. 6.3 the real and simulated outputs are overlapped on some
validation data, showing a good matching of the two curves. Given the
identified output, yid, the real response yreal and its mean value ȳreal,
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the goodness of fit (GoF) is computed using the normalized root mean
square error (NRMSE), i.e.

GoF = 100 (1 � ||yid � yreal||/||yreal � ȳreal||) . (6.7)

In this experiment the goodness of fit is GoF ⇡ 94%. Note that, even if
the main dynamics of the system is well captured, there are still some
unmodeled nonlinearities visible in the secondary oscillations. Neverthe-
less, such a degree of accuracy is sufficient for our goal, since we want to
avoid the overshooting caused by the first oscillation.

6.4 control synthesis

In this section we describe the adopted LMI-based strategy for the de-
sign of an output feedback dynamic controller consisting of an observer
combined with a static feedback from the estimated state. First, in Sec-
tion 6.4.1 we describe the design of the observer as a suitable trade-off
between speed of convergence and noise rejection. Then in the subse-
quent Section 6.4.2 we describe the adopted strategy for the design of the
state-feedback gains as a suitable trade-off between the aggressiveness
of the control action versus the ability to induce a non-overshooting
response.

First, let us consider the following minimal realization for the transfer
function in (6.1):

"
A b

c|

#
=

2

664

�b1/b2 1/
p

b2 a1/b2

�1/
p

b2 0 1/
p

b2

1 0

3

775 (6.8)

and the associated Wiener model

ẋ = Ax + bu + w1, y = j(c|x) + w2, (6.9)

where x 2 R2 is the state, u 2 R is the input, y 2 R is the output and
w1 2 R2, w2 2 R are disturbances that take into account respectively the
model uncertainties and the noise.

Assumption 1. Plant (6.9) is exponentially stable, namely matrix A is
Hurwitz. Moreover, pair (c|, A) is observable.

Figure 6.4 summarizes the overall control scheme. Since the plant corre-
sponds to a (non-minimum phase) linear filter followed by a nonlinearity,
the linear controller is selected by inverting the nonlinearity j, thereby
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Figure 6.4: Block diagram of the proposed control algorithm consisting of the
nonlinearity inversion j

�1, an observer and a state feedback.

virtually accessing the linear output y
`

(denoted once again y
`

in the
figure, under the assumption of a perfect knowledge of the nonlinearity)
and then filtering the linear output to obtain a state estimate x̂ that is
used in a state feedback solution driving to zero the tracking error with
respect to an external reference.

6.4.1 LMI-based observer design

We propose implementing the following Luenberger observer for dynam-
ics (6.9), (6.8):

˙̂x = Ax̂ + bu + L(y
`

� ŷ
`

)

ŷ
`

= c| x̂,
(6.10)

where gain L should be selected to induce suitable stability properties
of the estimation error dynamics and disturbance rejection. Defining the
estimation error as e := x � x̂, the error dynamics can be computed from
(6.9), (6.10) as:

ė = (A � Lc|)e + Lw2, (6.11)

where we set w1 = 0 because for our application the effect of w2 is domi-
nant. Following well known Lyapunov formulations of the bounded real
lemma (see, e.g, [1]), we suggest selecting the observer gain L according
to the following LMI-based convex optimization parametrized by a > 0:

minimize
P>0,Y,g

g, subject to:

He(PA � Yc|)  �2aP

He

2

664

PA � Yc| Y 0

0 � g

2 0

I 0 � g

2

3

775 < 0,

(6.12)
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which is evidently linear in the optimization variables and where we used
He(X) = X + X|. The following proposition establishes useful properties
of the proposed selection:

Proposition 1. Given any value of a > 0, the LMI (6.12) is always feasi-
ble under Assumption 1. Moreover, consider any triple P, Y, g satisfying the
constraints in (6.12). Then selecting:

L := P�1Y, (6.13)

the error dynamics (6.11) is such that the H• norm from w2 to e is smaller
than g, and the matrix A � Lc| has eigenvalues with real part smaller than or
equal to �a.

Proof. Feasibility of the LMI follows from standard pole placement theory
combined with the observability assumption. The remaining part of the
proof is a standard application of the bounded real lemma and the use
of quadratic Lyapunov functions. In particular, defining Ve(e) := e|Pe
(which is positive definite due to the constraint P > 0, performing a Schur
complement on the last constraint of (6.12) and left- and right-multiplying
by [ e

w2 ], we obtain (after replacing Y = PL):

hrVe, ėi+ 1
g

eTe � gwT
2 w2 < 0,

which can be integrated on both sides to obtain the desired bound on the
L2 gain from w2 to e (equivalently, the H• norm). Regarding the speed
of convergence a, this follows from noticing that the first inequality in
(6.12) implies He(P(A � Lc| + aI)) < 0 which only holds with a positive
definite P if A � Lc| has convergence abscissa smaller than �a.

Remark 1. Proposition 1 emphasizes that the LMI-based design tool cor-
responding to (6.12) and (6.13) can be an effective means for performing
the design of L while establishing a trade-off between the guaranteed
speed of convergence of the observer dynamics (corresponding to a) and
the level of disturbance rejection from the sensor noise w2 to the esti-
mation error e. The suggested use of this tool is to fix increasing values
of a and then determine a trade-off curve between a and g providing
a range of optimal selections of the observer gain L. For our specific
transfer function (6.1), such a trade-off curve is represented in Figure 6.5.
The specific operating point on this curve will be selected to be the one
corresponding to a black dot in the figure. Such a selection is mainly
performed by fixing a sufficiently large convergence rate a once the state
feedback gains are selected, as illustrated later in Section 6.5. y
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Figure 6.5: Trade-off curve between a and g for the observer gain selection, based
on construction (6.12), (6.13) applied to the identified transfer function.

6.4.2 LMI-based state feedback design

Due to the specific observer/controller structure of Figure 6.4, we may
address the goal of non-overshooting stabilization within the simplified
context wherein the control action is performed in feedback from the
actual state, rather than its estimate. Then, in this section, we will propose
an LMI-based convex procedure for the selection of the stabilizing gain
K in such a way to obtain a a non-overshooting response within the
feedforward/feedback architecture:

u = rl + u f b,

u f b = �Kx̃, x̃ := x � xr := x + A�1b rl ,
(6.14)

From Assumption 1 xr is unique due to the fact that the open-loop
dynamics is exponentially stable (therefore A is nonsingular).

The design of the stabilizer gain K is performed here by imposing the
non-overshooting condition under the simplifying assumption of zero
estimation error, namely x̂ = x, which means that the tracking error x̃ is
ruled by the next differential equation:

˙̃x = Ax̃ + Bu f b = (A � BK)x̃,

ỹ
`

= Cx̃.
(6.15)

In particular, within the above setting we represent the non-overshooting
condition by imposing that when ỹ

`

= 0, then we have that ˙̃y ⇡ 0. More
specifically, we will cast some conservative bounds aiming at establishing:

ỹ
`

= 0 ) | ˙̃y
`

|  ky|x̃|, (6.16)
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while minimizing bound ky. To the end of providing designs that lead to
a small value of ky in (6.16), we rewrite (6.16) as follows:

|c|(A � BK)x̃|  ky|x̃|, 8x̃ : c| x̃ = 0. (6.17)

Note that for the planar dynamics under consideration the least upper
bound on ky can be explicitly computed as follows:

k

⇤
y := |c|(A � BK)c?|, (6.18)

where c? 2 R2 is the unique unit column vector such that c|c? = 0. To
see that selection (6.18) satisfies (6.17) notice that any x̃ satisfying c| x̃ = 0
can be written as c?x, where x 2 R satisfies |x| = |x̃|, so that one has:
|c|(A � BK)x̃| = |c|(A � BK)c?x| = |c|(A � BK)c?||x| = k

⇤
y |x̃|.

Similar to the previous section, we perform our design as a suitable
trade-off, which will then be useful for the practical selection of the
controller gain among a set of possible ones. To this end, we parametrize
the family of possible selections by way of a vector of upper bounds ku
on |K|, otherwise understood as the level of aggressiveness of the arising
controller. The proposed design consists in two steps, described subse-
quently in the remainder of this section and summarized in Remark 2

below.

�↵̄

� ↵̄
⌘

�↵̄⌘

✓

Im(s)

Re(s)

Figure 6.6: Region of the complex plane where the closed-loop poles are confined
in the design optimization.

In the first step of the design we characterize the maximum achievable
convergence rate ā that can be obtained with a pre-specified value of
ku, under the constraint that the damping factor z of the two (possibly
complex conjugate) closed loop poles be satisfying | cos(q)|  z (this
constraint corresponds to imposing that the closed-loop poles belong to a
conic region in the left half plane, represented by the shaded grey area in
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Figure 6.6). In particular, in the first step we solve the following problem:

maximize
Q>I,X,ā

ā, subject to:

M + M|  �2āQ,
"
(M + M|) sin q (M � M|) cos q

(M| � M) cos q (M + M|) sin q

#
 0

"
Q X|

X k

2
u

#
� 0

(6.19)

where we used the shortcut notation M , AQ � BX. Note that the
constraints in (6.19) are non convex due to the product between variables
ā and Q. However they can still be solved conveniently because they are
quasi-convex in the optimization variables (they constitute a so-called
generalized eigenvalue problem [1]). The next proposition establishes a
few useful properties of the above mentioned optimization.

Proposition 2. Under Assumption 1, for any value of ku � 0 there exists a
large enough selection of q 2 [0, p/2] such that optimization (6.19) is feasible.

Moreover, for any feasible solution of (6.19), selecting K = XQ�1 the follow-
ing properties hold for the closed loop: 1) the gain K satisfies |K|  ku; 2) the
closed-loop poles have a convergence rate at least equal to ā; 3) the closed-loop
damping factor z satisfies |z|  cos(q).

Proof. Feasibility follows from the fact that with q = p

2 the third con-
straint in (6.19) reduces to M + M|  0 and then the assumption that A
be Hurwitz implies that X = 0 is a feasible solution for any non-negative
value of ku.

Concerning the three properties of feasible solutions, item 2) is a
straightforward consequence of the first constraint in (6.19) (see the
similar steps in the proof of Proposition 1)) and item 3) is a direct
application of the results in [2, eqn. (13)]. The proof is completed by
showing item 1). To this end, first note that using X = KQ, we can obtain

from the third constraint in (6.19) that

"
Q�1 K|

K k

2
u

#
� 0. Then we may use

Q�1  I to obtain

"
I K|

K k

2
u

#
� 0 and performing a Schur complement

we get |K|2 = KK|  k

2
u, as to be proven.

The second step of the proposed construction consists in determining
a solution to an optimization problem attempting to minimize quantity
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ky in equation (6.16) while constraining the closed-loop poles to lay in
a conic region in the left half plane. Given a selection of h, we solve the
following LMI-based convex optimization:

minimize
Q>I,X,k1>0,k2,t

k1 + k2, subject to:

M + M|  �2
ā

h

Q,

M + M| � �2āhQ,
"
(M + M|) sin q (M � M|) cos q

(M| � M) cos q (M + M|) sin q

#
 0

"
Q X|

X k

2
u

#
� 0

2

664

2Q + k1
2 (c|M)| �I

c|M k2 0

�I 0 k1
2 I + tcc|

3

775 > 0,

(6.20)

where we used again the shortcut notation M = AQ � BX. The opti-
mization in (6.20) is a heuristic one with the goal of providing reduced
values of the nonlinear objective k1k2, indeed it is proven below that this
product is an upper bound for the quantity ky in (6.17).

Proposition 3. Under Assumption 1, if ā, q and ku come from a feasible
solution to the constraints in (6.19), then there exists a large enough parameter
h � 1 such that problem (6.20) is feasible.

Moreover, for any feasible solution of (6.20), selecting K = XQ�1 the fol-
lowing properties hold for the closed loop: 1) the gain K satisfies |K|  ku; 2)
the closed-loop poles have a convergence rate at least equal to ā

h

; 3) the closed
loop damping factor z satisfies |z|  cos(q); 4) relation (6.17) is satisfied along
solutions with ky =

p
k1k2.

Proof. Feasibility follows from the fact that there exists h sufficiently large
such that the red region in Figure 6.6 contains the positions of the poles
obtained by the feasible solution for (6.19) assumed in the theorem. Then
that solution is also a feasible solution for (6.20) as long as k1 and k2 are
selected sufficiently large so that the last constraint of (6.20) holds.

Regarding the properties of the feasible solutions, items 1)–3) are a
straightforward consequence of the fact that the first, third and fourth
constraints in (6.20) coincide with the constraints in (6.19) with ā replaced
by ā

h

. We finish the proof by showing item 4). Performing a Schur com-
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plement on the last inequality of (6.20), and using Q = Q|, and Q � I,
we obtain:

"
Q + Q| + k1

2 Q|Q � ( k1
2 I + tcc|)�1 (c|M)|

c|M k2

#
> 0,

where S := k1
2 I + tcc| is invertible from its positive definiteness. Then,

exploiting (Q � S�1)|S(Q � S�1) � 0, we obtain Q + Q| � S�1 
Q|SQ, which implies, also using M = (A � BK)Q,

"
Q|(k1 I + tcc|)Q (c|(A � BK)Q)|

c|(A � BK)Q k2

#
� 0, (6.21)

or equivalently
"

k1 I + tcc| (c|(A � BK))|

c|(A � BK) k2

#
� 0, (6.22)

which, after being multiplied by k2 and after a Schur complement, im-
plies:

|c|(A � BK)x̃|2  k1k2|x̃|2 + k2t|c| x̃|2, (6.23)

thus, when c| x̃ = 0, we can take a square root and prove (6.17) with
ky =

p
k1k2.

# ku ā k

⇤
y

p
k1k2 Color

1 0 ~ ~ ~ •
2 8.9 92.0 825.3 2932.3 •
3 14.4 140.4 1042.3 3031.6 •
4 23.4 194.1 1098.9 3362.6 •
5 37.9 264.0 1171.3 3823.5 •
6 61.6 354.9 1265.6 4482.5 •
7 100.0 471.6 1388.6 5439.6 •

Table 6.1: Values resulting from the optimization discussed in Remark 2 and
corresponding color in the curves of Figure 6.7.
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Remark 2. The properties established in Propositions 2 and 3 suggest
that the feedback gain K be selected as follows: first a set of different
levels of aggressiveness of the feedback ku are fixed, spanning an experi-
mentally reasonable range for the size of gain K. Then for each of them
optimization (6.19) is performed, possibly adjusting the parameter q if
the LMIs are infeasible (feasibility is guaranteed by Proposition 2 for a
large enough q). This first step provides a number of values for ā, each
of them corresponding to a different selection of ku. As a second step,
optimization (6.20) is solved for each one of the (ku, ā) pairs with the
same value of q, possibly adjusting parameter h (feasibility is guaranteed
by Proposition 3 for a large enough h).

For the plant identified in this work, the values of ku listed in Table 6.1
have been selected and the resulting values of ā have been obtained
applying optimization (6.19) by fixing q = p/4. Table 6.1 also reports for
the specific selections of ku, the value obtained for

p
k1k2 after solving

optimization (6.20) with h = 5. According to Proposition 3, this value
of

p
k1k2 corresponds to an upper bound for the quantity k

⇤
y defined in

equation (6.18). Also k

⇤
y is reported for completeness: note that there is

a significant level of conservativeness in the estimate
p

k1k2, however
despite this fact the optimizer is capable of reducing k

⇤
y to a reasonably

small value, thereby eliminating the overshoot in the curves of Figures 6.7–
6.8. y

6.5 gains selection and experiments

6.5.1 Gain selection

The selection of the state feedback gain K in the scheme of Figure 6.4
has been performed by first generating a number of possible closed-loop
responses following the strategy described in Remark 2. The correspond-
ing values are listed in Table 6.1 and for each one of these selections,
Figure 6.7 shows the corresponding state responses obtained when sim-
ulating dynamics (6.9), with the state feedback u = �Kx. Clearly, the
responses expected experimentally are worse because the scheme of Fig-
ure 6.4 also involves the state observer, and the linear non-minimum
phase plant dynamics is an approximation for an actual linear plant with
input delay and minimum phase dynamics.

Among the possible responses shown in Figure 6.7, we selected the
slow red bold solution because it leads to gains well ranged for keeping
the control action within the saturation limits. Moreover, this selection
allowed picking a relatively faster observation error dynamics, which
was still within a reasonable range, compatible with the real-time imple-
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Figure 6.7: Simulated step responses of the state-feedback loop (no observer)
with the selections of Table 6.1. The bold curve corresponds to the
experimental gains.

mentation on the industrial product. In particular, based on the response
time of roughly 50 ms of the state feedback selection (see the red curve
in Figure 6.7), we selected the observer gain from Figure 6.5 imposing
the inverse of the convergence rate a

�1 (which is a rough estimate of the
response time) as 10 ms (see the black dot in Figure 6.5).

Before experimentation, the selected gains have been tested by way of
three simulations:

1. State feedback: A first simulation corresponding to the same sce-
nario reported in Figure 6.7 and corresponding to the state-feedback
scheme, without the observer, corresponding to (6.9), with the state
feedback u = �Kx;

2. Output feedback without delay: A second simulation implementing
the full scheme of Figure 6.4 corresponding to (6.9), with the ob-
server (6.10) and the input selection u = rl � K(x̂ � xr), with the
plant model consisting in the identified non-minimum phase sys-
tem;

3. Output feedback with delay: A third more realistic situation consist-
ing in the use of the same controller but the plant replaced by a
minimum phase linear dynamics (whose identification has been
performed following similar steps to those listed in Section 6.3)
having a large variable delay (between 0 and 20ms) at its input,
consistently with the identification illustrated in Figure 6.1.

Note that the insertion of the observer dynamics causes a slight deteri-
oration of the response (red vs blue curves) due to the observation error.
Moreover, the more realistic situation of the presence of a large variable
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Figure 6.8: Simulation of the step responses in the three considered scenarios:
state feedback (red), output feedback without delay (blue) and output
feedback with delay (green).

delay (between 0 and 20ms) at the plant input (green curve), leads to a
very similar response, even though the zoom at the right of the figure
shows a substantial difference in the nature of the plant response.

6.5.2 Experimental validation of the control scheme

In this section we present the results of the implementation of the control
strategy proposed in this chapter on one of the clutches of the Dana
Rexroth HVT transmission. The experimental data prove the validity of
the proposed control technique for achieving a non-overshooting and
relatively fast output response of the closed loop. In Fig. 6.9 the output
the open and closed loop response is shown.

The proposed control strategy is effective on the second pressure
step, where the clutch chamber is completely filled and there is no flow
of oil. The first pressure drop corresponds to the filling phase, when
the pressure measurement is not representative of the actual actuation
pressure of the clutch because the oil in the chamber is still flowing. The
closed loop effectively reduces the oscillations of the pressure response,
avoiding the overshoot. The rise time is approximately 60 ms, which is
within the required 75 ms. The performances of the asymptotic observer
are illustrated in Fig. 6.10, reporting the estimate x̂ of the plant state
together with output y = x1.

The observer follows the actual value of x1 and acts as a low-pass filter
reducing the measurement noise. The observer estimate presents a small
undershoot, due to the fact that the identified model used in the observer
is non-minimum phase to take into account the delay.
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Figure 6.9: Experimental closed loop response.
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Figure 6.10: Comparison between the measure and the estimate of the state x1.

6.6 conclusion

This work reports on the design of an observer/controller pair for the wet
clutches of an HVT. The interest of the proposed design is especially in the
identification approach and in the new method proposed to obtain non-
overshooting responses. Experimental results confirm the effectiveness of
our approach.
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7V E H I C L E L AT E R A L V E L O C I T Y E S T I M AT I O N

7.1 introduction

Control of vehicle dynamics is a firmly established field in the automotive
industry. The possibility to change the dynamical behavior of a vehicle
using an electronic control unit (ECU) leads to tremendous improvement
in passengers safety and comfort. Remarkable examples are Traction
Control (TC), which maximizes the tire-road friction forces through
longitudinal slip control [24], and the Electronic Stability Control (ESC),
which prevents vehicles from spinning, by reducing the under/over-
steering behavior [22].

In the latter class of algorithms the side-slip angle plays a pivotal role,
since it is directly related to the vehicle instability, see for example [12]
and [19]. The side-slip angle identifies the orientation of the vehicle with
respect to the longitudinal direction and is therefore representative of the
lateral velocity component, which plays a fundamental role in the ESC
design.

However, an accurate measurement of the lateral velocity requires
expensive devices such as optical sensors [27], two-antenna GPS [8]
or lateral tire forces sensors [15], which are usually not available on
commercial cars. For these reasons many techniques have been proposed
to reconstruct lateral velocity based on measurements provided by cheap
sensors such as accelerometers, gyroscopes and wheel encoders. Two
approaches became popular in the literature: the first one employs an
observer based on a “physical” linearized model of the vehicle dynamics,
while the second one is an observer based on a purely kinematic model
of the vehicle [30].

The observer built upon the physical model has good robustness prop-
erties, it rejects sensor noise and biases, but usually requires a precise
knowledge of the vehicle parameters, such as the cornering stiffness,
inertia and mass. The cornering stiffness are usually time varying and
difficult to predict during fast maneuvers, and for this reason a vast
number of solutions have been proposed in the literature. Some example
are adaptive control techniques [13], robust control [9] and on-line param-
eters estimation [26, 28, 31] just to cite a few. Further improvements can
be obtained including non-linear models of the tire-road contact forces in

175



176 vehicle lateral velocity estimation

the observer dynamics [2, 11, 20], but once again a good knowledge of
the model parameters is required.

The observer built upon the kinematic model is more appealing, since
its estimate does not depend on the physical parameters of the vehicle,
and consequently it is robust with respect to parameters uncertainties, [5,
18, 19]. However, it provides reliable estimates only for high yaw-rates
and in the absence of bias on the acceleration measurements (e.g. when
the vehicle travels on a flat road). To compensate for these accelerations
related to gravity, many techniques have been developed, see for example
bank and grade road angle approaches [21, 29], or disturbance observer
based techniques in [6, 7, 16].

However, robustness to acceleration bias can also be improved by
increasing the observer gain, with a consequent (and undesired) increase
of the noise sensitivity. To reduce this sensitivity we propose here a
modified version of the well-known kinematic observer presented in
[5], where we introduce an adaptive dead-zone function at the output
injection term. This dead-zone mechanism has been recently proposed in
[3] for Linear Time Invariant (LTI) systems. In this work we show that the
same technique can be easily adapted for the kinematic observer which is
a Linear Parameter Varying (LPV) system. The noise reduction attained
with the dead-zone mechanism allows for a selection of a larger observer
gain, which attenuates the deterioration of the estimate caused by the
bias on the acceleration measurements. The effectiveness of the proposed
observer is shown by means of numerical simulations on the 8 degrees
of freedom non-linear vehicle model.

The outline of this chapter is organized as follows. Section 7.2 presents
vehicle model and the kinematic model. Section 7.3 briefly recall the
well-known kinematic observer and investigates the effect of sensor noise.
Section 7.4 introduces the dead-zone observer structure and contains the
main results and proofs. Numerical results are reported and discussed in
Section 7.5. Finally, conclusions are offered in Section 7.6.

Notation: We denote by Rn the set of real vectors of dimension n. Given
a constant c 2 R we write R�c to denote the subset [c, •) ⇢ R. Given
two vectors x 2 Rn, y 2 Rm, (x, y) := [x>y>]> 2 Rn+m. For a matrix
M 2 Rn⇥m, M> denotes its transpose. For square invertible matrices
M 2 Rn⇥n, M�1 denotes the inverse of M and M�> its inverse transpose,
M > 0 (M � 0) denotes positive definiteness (semi-definiteness) of
M, and He(M) := (M + M>). The symbol co(·) denotes the standard
(closed) convex hull operation and sat (resp. dz) is the standard saturation
(resp. dead-zone) function. Finally E denotes the expectation operator.
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7.2 vehicle models

In this section we briefly recall two models that are commonly employed
to design and test the effectiveness of the lateral-speed estimation algo-
rithms. The models are presented in decreasing order of complexity and
accuracy. The first model is called “double track”, and includes detailed
formulas for tire forces, load transfers and roll motion. The second is a
“kinematic” model, which links accelerations to the longitudinal and lat-
eral velocity in the vehicle reference frame. We use this model to build the
kinematic observer proposed in [5] and add the dead-zone mechanism.

7.2.1 Double track model

It is widely accepted in the literature [1, 4, 10, 25] that vehicle dynamics
models including a fairly good representation of the roll motion are
sufficiently accurate to study and design integrated chassis control for
active suspension and steering and traction/braking torque distribution.
Among those models, the double track model is the simplest one. The
double track model is an 8 Degrees Of Freedom model (DOF), which
describes the motion of the chassis with respect to the unsprung masses
as the rotation about a fixed roll axis. This motion is completed by the
dynamics associated to the wheel rotation, and a detailed tire model [17]
that also considers the camber effect for a better prediction of the handling
properties [14]. Details regarding this model can be found in [25] and
are not reported here for space reasons. In Section 7.5 we use the double
track model to test the effectiveness of the kinematic observer proposed
in Section 7.4.

7.2.2 Kinematic model

The kinematic model is probably the simplest model that we can con-
sider. The acceleration vector u = (ax, ay) 2 R2 is directly sensed by
the accelerometers mounted on the chassis, projected along the lon-
gitudinal/lateral directions and then integrated obtaining the velocity
x = (vx, vy) 2 R2. The resulting model is a Linear Parameter Varying
(LPV) system of the following form

(
ẋ = A(r)x + u
y = Cx,

(7.1)

where r 2 R is the time varying parameter representing the yaw-rate.
Notice that in this model the velocity vector is the state, the acceleration



178 vehicle lateral velocity estimation

is the input and y = vx 2 R is the measured output. The matrices in (7.1)
are defined as

A(r) :=

"
0 r
�r 0

#
, C :=

h
1 0

i
.

It is important to remark that the pair (C, A(r)) is detectable if and only
if r is different from zero.

7.3 kinematic observer

In this section we briefly recall the kinematic observer proposed by
Farrelly and Wellstead in [5], and we show that in presence of a lateral
acceleration bias the estimation error is proportional to the observer
gain. This suggests that increasing the gain allows us to achieve better
performance. The price to pay is an observer more sensitive to noise.

7.3.1 A yaw-rate dependent kinematic observer

In [5] Farrelly and Wellstead proposed a Luenberger-like kinematic ob-
server with a yaw-rate dependent observer gain. The observer has the
following form:

(
˙̂x = A(r)x̂ + u + L(r)(ŷ � y)
ŷ = Cx̂,

(7.2)

where the observer gain L(r) 2 R2 is yaw-dependent and defined as

L(r) :=

"
�2a|r|

(1 � a

2)r

#
, (7.3)

where a 2 R
>0 is a tunable parameter. The parameter a assigns the

speed of converge of the error dynamics. Indeed, at constant yaw-rate,
the two eigenvalues associated to (A(r) + L(r)C) are both located at
�a|r|, for i = 1, 2. It is worth to notice that (7.2) with the gain selection
(7.3) is a linear parameter varying (LPV) system and the location of the
eigenvalues is not enough to establish stability. However, the authors in
[5] provide a suitable Lyapunov function that guarantees stability for
all uniformly non-zero evolution of r. Since its proposal, the kinematic-
observer in (7.2) has been widely studied in the literature, e.g. [19] and
[30], and many experimental implementations have been developed to
test its performance. It turns out that, despite its simplicity, the kinematic-
observer provides good estimates even during driving conditions where
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the vehicle dynamics is far from being linear. However, as pointed out in
[18], the selection of the parameter a is especially critical, as it entails the
well-known trade-off between bandwidth (speed of converge of the error
dynamics) and sensitivity to noise.

7.3.2 The effect of input/output noise

To implement the kinematic-observer in (7.2) few measurements are
required. The longitudinal speed y = vx is usually estimated starting
from an average of the left and right non-tractive wheels rotational
speed wl, wr 2 R as vx = R wl+wr

2 , where R 2 R
>0 is the wheel rolling

radius. However, this estimate is correct only in the absence of slip
between the wheels and the ground. This immediately suggests that in
slipping conditions vx can be affected by noise and biases. The yaw-rate
r and the accelerations u = (ax, ay) are obtained by the gyroscopes and
accelerometers commonly integrated in standard Inertial Measurement
Unit (IMU), but are easily affected by the shape of the road. For example
the bank angle J 2 R induces a lateral acceleration bias which is given
by

Day = �g sin (J), (7.4)

where g is the gravitational acceleration. This bias can damage fully
and degrade the lateral speed estimation, see for example [18]. Many
hardware and software compensation techniques have been proposed,
see for example [8, 18, 21, 31], and [32] just to cite a few. However it
is desirable to design an observer that is intrinsically able to mitigate
the effects of measurements noise/biases, both at the input u and at the
output y. This desirable behavior can be obtained by increasing the value
of a in the observer gain (7.3). For example if we consider a bias of the
form (7.4) at the input u, the error dynamics associated with the observer
(7.2) yields

ė = (A(r) + L(r)C) e +

"
0

Day

#
, (7.5)

where e := x̂ � x is the estimation error. Assuming a non-zero yaw-rate r
and a 2 R

>0 the steady state error results

e = [A(r) + L(r)C]�1

"
0

Day

#
=

1
a

"
� 1

ar
�2|r|

r2

#
Day. (7.6)

We can notice that larger values of a lead to smaller estimation errors.
We stress also that for a fixed a, the estimation error is larger at smaller
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yaw-rates and this is consistent with the intuition that when r approaches
zero, the kinematic model (7.1) is increasingly less observable.

By incrementing a we increase the robustness to bias/noise at the
input, but we also reduce the noise rejection capability of the observer
with respect to high frequency noise at the output y. This behavior is
undesirable when dealing with noisy measurements of the longitudinal
speed and, for this reason, in the following section, we propose a dead-
zone modification of the kinematic observer.

7.4 dead-zone based kinematic observers

In this section we briefly recall the main features of the Dead-zone
Observer (DO) proposed in [3]. The central idea is to modify the classical
Luenberger observer with an adaptive dead-zone function at the output
injection term, as illustrated in Subsecion 7.4.1. This choice introduces a
peculiar mechanism that reduces the sensibility to high frequency noise,
and leaves open the possibility to increase the observer gain. This feature
is desirable since a large observer gain can be used to dominate non-
linearities or to reduce the effect of unmodeled dynamics. We mimic this
idea and we propose a dead-zone mechanism for the kinematic-observer
(7.2) in Subsection 7.4.2.

7.4.1 Overview on dead-zone observers

We start by briefly recalling the main results obtained in [3], adapting
the presentation to Multiple Inputs Single Output (MISO) plants. Let us
start by considering a Linear Time Invariant (LTI) detectable plant of the
following form

(
ẋ = Ax + Bu
y = Cx,

(7.7)

where x 2 Rn is the state, u 2 Rm is the input and y 2 R is the output.
The Dead-zone Observer for (7.7) proposed in [3] has the following form

( ˙̂x = Ax̂ + Bu + Ldzp
s

(ŷ � y)

ŷ = Cx̂
(7.8)

where x̂ 2 Rn is the estimated state, ŷ 2 R is the estimated output and
dzp

s

: R ! R is an adaptive dead-zone function defined as dzp
s

(s) :=
sign(s)(|s|� min{|s|,ps}). The amplitude of the dead-zone is equal to
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2
p

s, where s 2 R�0 evolves dynamically according to the following
adaptation law

ṡ = �ls + g(ŷ � y)2. (7.9)

Now let us define the estimation error as e := x̂ � x and recall that
satp

s

(y) +dzp
s

(y) = y, where satp
s

: R ! R is the standard saturation
function (whose saturation level is

p
s). Then, after a few manipulations,

we obtain the following equivalent representation for the interconnection
(7.8)-(7.9),

(
ė = (A + LC)e � Lsatp

s

(Ce)

ṡ = �ls + g(Ce)2
s 2 R�0.

(7.10)

We notice that the s-adaptation is tuned by g 2 R�0, and by l 2 R
>0,

which are design parameters. Notice also that R�0 is a forward invariant
set for (7.9).

Intuitively, observer (7.10) works as follows: in the absence of noise ŷ
converges asymptotically to y and the adaptation parameter s converges
to zero. In this scenario, the dead-band shrinks to zero and the dead-zone
function converges to the identity map recovering the classical Luen-
berger observer. On the contrary, in the presence of noise or unmodeled
dynamics, the adaptation mechanism (7.9) is forced by a persistently non
zero (ŷ � y) and s remains bounded away from zero. This non zero value
of s creates a “tube” around (ŷ � y) = 0, where a mismatch (e.g. noise)
does not affect the observer dynamics. We can think that inside this tube
the observer runs partially in open-loop fashion and that the dead-zone
cuts everything inside the dead-band.

The drawback is that this mechanism partially disconnects (7.8) from
the output measurements and may have a destabilizing effect on the
observer dynamics. To ensure stability of the origin for (7.10) the authors
in [3] propose a Linear Matrix Inequality (LMI) synthesis. The LMI
formulation is the following:

He

"
PA + ZC + gC>C �Z

µC �µ � l

#
< 0, (7.11)

where the optimization variables are 0 < P = P> 2 Rn⇥n, l 2 R
>0,

g, µ 2 R�0 and Z 2 Rn. This formulation allows for a convenient trade-
off between the speed of adaptation (corresponding to large values of l)
and the filtering action (corresponding to large values of g). Any feasible
solution to (7.11), with the selection L := P�1Z, provides a choice of the
parameters (l, g, L) that guarantees Global Asymptotic Stability (GAS) of
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the origin (e, s) = (0, 0) for (7.10). We also recall from [3], that a necessary
and sufficient condition for the feasibility of (7.11) is the detectability of
the pair (C, A). Therefore (7.11) is always feasible for any linear detectable
plant. Finally we remark that (7.11) is still a feasible LMI if a stabilizing
observer gain L is a-priori fixed: we just need to substitute Z with the
product PL in (7.11).

7.4.2 Yaw-rate dependent dead-zone observer

In this subsection we propose to augment the kinematic observer (7.2)
with the dead-zone mechanism illustrated in (7.8), (7.9). The proposed
kinematic dead-zone observer has the following form

( ˙̂x = A(r)x̂ + u + L(r)dzp
s

(ŷ � y)

ŷ = Cx̂,
(7.12)

where L(r) 2 R2 is defined in (7.3). We immediately notice that in
contrast to (7.8), matrix A(r) and the observer gain L(r) are parameter
varying and depend on the yaw-rate r. It is easy to verify that for small
values of |r| the observer gain L(r) is small as well and observer (7.12) is
less sensitive to noise. For this reason, we propose to scale the s-dynamics
in (7.9) according to |r| in the following way

ṡ = �l|r|s + g|r|(ŷ � y)2. (7.13)

Following the same steps as in Subsection 7.4.1 we define the estimation
error as e := x̂ � x and, with the selection (7.13), we obtain the following
LPV variation of dynamics (7.14):

(
ė = ACL(r)e � L(r)satp

s

(Ce)

ṡ = �l|r|s + g|r|(Ce)2
s 2 R�0,

(7.14)

where for simplicity of notation we defined the following closed-loop
matrix ACL(r) := A(r) + L(r)C, whose explicit expression is reported
below

h
ACL(r) L(r)

i
:=

"
�2a|r| r �2a|r|
�a

2r 0 (1 � a

2)r

#
. (7.15)

In order to recover the LMI-based formulation in [3] we assume that the
yaw rate is uniformly bounded away from zero, i.e., that |r(t)| � e for
all t 2 R�0 where e 2 R

>0 is not necessarily known. Although this may
seem restrictive, in practice it is not possible to obtain reliable estimates
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of the lateral velocity when the yaw rate is too small, due the very nature
of the kinematic model (7.1). We are now ready to state the main result
of the chapter.

Theorem 1. Consider the observer (7.14). Assume that the following LMI in
the optimization variables 0 < P = P> 2 R2⇥2, g 2 R�0, l, µ 2 R

>0 is
feasible:

He

"
PACL(1) + gC>C �PL(1)

µC �µ � l

#
< 0. (7.16)

Then for any e 2 R
>0 and for any value of r 2 (�•,�e], or r 2 [e, •), the

error dynamics (7.14) is Globally Asymptotically Stable (GAS) to the origin.

Proof. The proof is carried out in two steps. First we show that (7.16)
implies GAS of the origin for (7.14) as long as r 2 [e, •). Second, we
show that the GAS property holds also when r 2 (�•,�e]. Let us
start considering the following candidate Lyapunov function V(e, s) :=
e>Pe + 2s. We remark that P = P>

> 0 and that s 2 R�0 so that V(e, s)
is proper and positive definite. Differentiating with respect to time yields

V̇(e, s) = e>ACL(r)>Pe + e>PACL(r)e

� 2e>PL(r)satp
s

(Ce)

� 2l|r|s + 2g|r|(Ce)2,

(7.17)

and then consider the following inequalities

2µ|r|satp
s

(Ce)(Ce � satp
s

(Ce)) � 0 (7.18a)

2l|r|(s � sat2p
s

(Ce)) � 0, (7.18b)

where (7.18a) is a global sector condition for the saturation function
and (7.18b) simply states that s is always greater than the square of a
saturation function whose amplitude is

p
s. Summing up (7.18) to (7.17)

we obtain the following upper-bound

V̇(e, s) 
2

4 e
satp

s

(Ce)

3

5
> "

He(PACL(r)) + 2g|r|C>C
�L(r)>P + µ|r|C

�PL(r) + µ|r|C>

�2|r|(µ + l)

# 2

4 e
satp

s

(Ce)

3

5  0,

(7.19)
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for all (e, s) 6= 0. Equation (7.19) can be strengthened and conveniently
re-written in a strict LMI like form as follows

He

"
PACL(r) + g|r|C>C �PL(r)

µ|r|C �|r|(µ + l)

#
< 0, (7.20)

where r ranges in the interval [e, •). It is important to notice that in-
equality (7.20) does not imply asymptotic convergence, but only stability:
however we can represent the LPV model as a differential inclusion and
invoke the invariance principle presented in [23] to conclude that if (7.20)
holds for all r 2 [e, •), then (7.14) is Globally Asymptotically Stable
(GAS).

Now recalling that r 2 [e, •) notice that the entries of (7.15) are
homogeneous of degree one with respect to r, so that ACL(r) = rACL(1)
and L(r) = rL(1). Collecting a scaling factor |r| from Equation (7.20), this
last one reduces to (7.16), showing GAS for uniformly positive yaw-rates.
We conclude the proof by showing that any feasible solution to (7.20) with
r = r? 2 [e, •) is also a feasible solution to (7.20) with r = �r? 2 (�•, e].
This idea is formally stated in Lemma 1.1 below, which concludes the
proof of the case r 2 (�•,�e].

Lemma 1.1. Assume that (P?, g

?, µ

?, l

?) is a feasible solution to (7.20) as-
sociated to a positive yaw-rate r = r? 2 [e, •), and consider the non-singular
diagonal matrix T := diag(1,�1) 2 R2⇥2. Then (TP?T, g

?, µ

?, l

?) is a
feasible solution to (7.20) with r = �r? 2 (�•,�e].

Proof. First we notice that feasibility of the LMI (7.20) is not affected by
congruence transformations. We pre/post-multiply (7.20) by diag(T, 1) 2
R3⇥3 and we obtain the equivalent condition

He

"
TPACL(r)T + g|r|TC>CT �TPL(r)

µ|r|CT �|r|(µ + l)

#
< 0. (7.21)

Using the expression in (7.15) it is easy to verify that the following
equalities hold

ACL(r)T = TACL(�r) (7.22a)

TC>CT = C>C (7.22b)

L(r) = TL(�r). (7.22c)

Plugging (7.22) into (7.21) we retrieve (7.20) with parameters (TP?T, g

?, µ

?, l

?)
and following the same steps as in the proof of Theorem 1 we conclude
GAS for r 2 (�•, e]. It is interesting to notice that matrix TP?T 2 R2⇥2
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has the same elements as P but with a sign inversion of the off-diagonal
terms, namely

P? :=

"
p11 p12

p12 p22

#
, TP?T :=

"
p11 �p12

�p12 p22

#
,

where we remark that TP?T > 0 if and only if P?

> 0.

The combination of Theorem 1 and Lemma 1.1 provides a desirable uni-
fied design strategy, which is independent of the sign of r, and provides
guarantees for any value of r uniformly bounded away from zero. We do
not include the defective point r = 0 (where we know that the system is
not detectable), even if Theorem 1 suggests that the same observer can
also be used for cases where r keeps changing sign and spends little time
around zero. However a rigorous stability analysis for that scenario is not
carried out in this preliminary work. We also remark that LMI (7.16) is
always feasible because pair (C, A(1)) is detectable: the proof of this fact
follows similar steps to those reported in [3]. As a consequence, we can
think of the dead-zone mechanism as an augmentation of the original
observer (7.2), which improves its performance.

7.4.3 LMI-based optimization

In this subsection we use the LMI constraint (7.16) to formulate an opti-
mization problem with the goal to optimize the noise rejection capability
of the dead-zone observer (7.12).

In general there are infinitely many solutions to (7.16) and we propose
to choose the one that maximizes the effect of noise on the adaptation
dynamics. A good idea is to select the largest possible value of g, once
an upper bound lmax 2 R

>0 has been fixed for the s-adaptation speed
l. The resulting optimization problem can be cast as follows

max
g,l,µ,P

g, subject to:

He

"
PACL(1) + gC>C �PL(1)

µC �µ � l

#
< 0

P = P>
> 0, lmax � l > 0

µ � 0, g � 0.

(7.23)

The upper-bound lmax 2 R
>0 avoids an excessive mismatch between the

plant and the dead-band adaptation dynamics.
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7.5 simulation results

In this section we assess the effectiveness of the proposed method. We
compare the performance of the kinematic observer (7.2) with the one
of the dead-zone observer (7.12) in the presence of noise n affecting
measurement y = Cx + n. We perform numerical simulations on the
double track model described in Subsection 7.2.1.

We show that the dead-zone observer allows for a selection of larger
values of a in the observer gain (7.3), without affecting the sensitivity to
measurement noise. To quantify this sensitivity we use two indicators
that provide a quantitative appraisal of the signal noise and of the quality
of the estimation: the Signal to Noise Ratio (SNR) and the Goodness
of Fit (GoF) computed using the Normalized Root Mean Squared Error
(NRMSE). The SNR of the estimate x̂ corrupted by noise n 2 R is defined
as

SNRdB := 10 log

 
E{x̂> x̂}
E{n

>
n}

!
,

while the GoF is defined as

GoF := 1 � NRMSE

:= 1 � k x � x̂ k
k x � E{x} k .

We remark that GoF = 1 indicates a perfect match between the estimate
x̂ and the real value x.

In order to achieve a fair comparison between the two methods, we
first fix a of the kinematic observer gain, then we gradually increase a of
the dead-zone observer gain until the SNR of the two estimates coincides.
We see that, given a similar SNR, parameter a in the dead-zone observer
can be roughly doubled. The longitudinal speed is selected constant
and equal to vx = 13.9 m/s, and a step-like steering angle is applied at
the front wheels. The output measurement y = vx + n is corrupted by
the high frequency (500 Hz) uniform random noise n with amplitude
range ±0.034 m/s. At t = 10 s the vehicle encounters a banked road with
inclination J = 1.4� that results in a lateral acceleration measurement bias
Day as in (7.4). The s-adaptation parameters are computed solving the
convex optimization problem in (7.23) setting lmax = 300 are g = 225.37
and l = 299.9. We remark that Lemma 1.1 guarantees that g and l are
valid design parameters also for negative yaw rates. The estimation
results are depicted in Fig. 7.1, where we can see that for t < 10 s,
namely when the road is flat, a good estimate is achieved by both the
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Starting point banked road

Figure 7.1: Comparison between the simulated (dashed line) and the estimated
lateral velocity with the kinematic observer (green solid line) and
the dead-zone observer (red solid line) during a step-like steering
maneuver on the double track model, see Subsection 7.2.1.

kinematic and the dead-zone observers. When the vehicle encounters
the banked road after t = 10 s, the estimates degrade, but the larger a

value of the dead-zone observer reduces sensibly the error induced by
the acceleration bias. This result is supported by the value of the GoF
in Table 7.1, where the similar SNR of the two estimates is reported as
well. It is also interesting to look at Fig. 7.2, where the dead-zone action

a SNR GoF

Kinematic Observer 10 42.5 dB 75.50 %

Dead-zone Observer 20 40.3 dB 86.93 %

Table 7.1: Parameter a and performance indicator for the sinusoidal steering test
on the non-linear model.
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Figure 7.2: Dead-zone “tube” overlapped to the output injection term (top) and
filtering action of the dead-zone (bottom).

can be visually interpreted. The dead-zone mechanism cuts the part of
the output injection term (gray line top plot) which is trapped inside the
dead-band (blue lines top plot); the resulting output injection term is
shown in orange in the bottom plot.

7.6 conclusions

In this work we modified the well-known kinematic observer based on a
LPV generalization of the adaptive dead-zone mechanism discussed in
[3]. This adaptive dead-zone mechanism reduces the sensitivity to high
frequency noise and allows for larger values of the observer gain. We have
shown that stability of the LPV error dynamics can be re-formulated in a
LMI form. We showed the LMI feasibility under the necessary condition
of detectability of the linearized kinematic model and we characterized
solutions for positive and negative yaw rates. Finally, we tested the
effectiveness of our approach by means of numerical simulations on a
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non-linear vehicle model. Implementation of the proposed methodology
on an experimental setup will be the subject of future investigations.
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8C O N C L U S I O N S

In this chapter we summarize the main results of this thesis and we give
an outlook over the future directions that can be developed from this
work.

The necessity to cope with the issue of a more sustainable mobility
brought to the development of power-train solutions able to cut down
noxious emissions and to reduce the need of fossil fuels. Hybridization
has been accepted as a mid-term solution able to ferry the global mobil-
ity towards full emission-free alternatives. In this view, an increasingly
number of hybrid power-trains have been spreading in the automotive
industry, both in passenger cars, where electric-hybrid vehicles are an
established reality, and in heavy duty and off-highway vehicles, where al-
ternative solutions have been proposed to fulfill the high power demand.

The increased complexity of these new architectures, that adds degrees
of freedom to the energy management problem, should be suitably con-
trolled with the aim of improving the overall efficiency of the system.
The thorough knowledge of the powertrain subsystems allows to draw
optimal control strategies to fully exploit the vehicle capabilities.

The optimal control results are tightly linked to the reliability of the
mathematical models of the powertrain components, especially under
varying environmental conditions or when the system operates close to
its working limits.

In the three parts of this work we have proven the effectiveness of the
optimization approach to different problems arising in vehicular technol-
ogy: the energy management problem of a electric-hybrid transmission,
the definition of control strategies for a hydraulic series-hybrid power-
train for an off-highway vehicle and finally the design and tuning of low
level control algorithms.

8.1 energy management of an electric hybrid vehicle

In Part i we proposed optimal control trajectories to maximize the fuel
efficiency of a parallel electric-hybrid passenger car, exploiting the vali-
dated model of the aging mechanisms of the lithium-ion battery in order
to extend its life.

We first detailed in Chapter 2 the physics-based model of the the
lithium-ion battery, that describes the voltage dynamics and the internal
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state of the electrochemical cell throughout a wide range of temperatures,
states-of-charge and current profiles. We proposed a reduced-order ap-
proximation of the full-order model, yielding a simpler representation
suitable for control and estimation purposes, yet retaining good accuracy,
also at varying temperatures. The physics-based electrochemical battery
model allows to relate the aging mechanisms of the cell with the internal
states of the electrodes; this permits to formulate an aging model par-
tially based on the physics of the electrochemical processes. Thanks to an
extensive experimental campaign on the 26 Ah NMC cell used in the new
high-performance Ferrari road car F-173, we were able to characterize
the electrochemical model and the aging model over a wide range of
operating conditions with good accuracy. The aging model was able to
capture many different mechanisms, spanning from Solid-Electrolyte-
Interphase layer growth to faster aging at high temperature and high
SOCs, from anode overhang effect to the lithium plating during charges
at low temperature.

In Chapter 3 we used the battery models developed in Chapter 2,
slightly adapted to the different application, as a basis for the formula-
tion of an optimal control problem for the concurrent maximization of
fuel savings and battery lifespan in a parallel hybrid vehicle. We found
that a promising strategy to reduce the battery deterioration, while main-
taining good fuel savings capabilities, is to operate the battery at lower
SOCs: indeed, diminishing the SOC-weighted current throughput has a
dramatic effect on the battery aging, leading to a reduction of the capacity
degradation of the battery up to 25 % for some driving cycles, leaving
fuel consumptions almost unaltered.

We finally showed that the proposed optimal control formulation is
promising also for a run-time implementation in a non-linear Model
Predictive Control (MPC) framework, given the fast computational time
and the good results even with a relative short (5 s) prediction horizon.

Future researches should be addressed to the implementation of the
optimal control algorithms in a real scenario, in order to experimentally
validate the obtained results. Moreover, a relatively simple extension of
this work would be to include a thermal model of the battery, in order to
draw predictive thermal management strategies.

8.2 mixed-integer optimal control of a hydrostatic pow-
ertrain

In Part ii, we studied a hydrostatic series-hybrid transmission for a
telescopic handler — a vehicle widely used on construction sites or in the
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farms — where the energy recovery is obtained by means of high-power
hydraulic accumulators.

We start by modeling the multi-physics domains of the hydrostatic
hybrid transmission: the equations of motions are used to describe the
longitudinal dynamics, the pressure in the hydrostatic transmission is
governed by the continuity equation and the hydraulic accumulators
are modeled by the intertwined pressure and temperature dynamics of
a non-ideal gas that undergoes an adiabatic transformation. A system
of four valves connects the hydraulic accumulators to the hydrostatic
lines, generating a switched dynamics behavior. The valve configuration
is modeled as the integer control, while motors and pump speed and
displacement are the continuous control. This model, comprising of both
integer and continuous control, is called mixed-integer system.
We were able to test the entire vehicle at Dana’s testing facility, proving the
goodness of our relatively simple model in capturing the main dynamics
of the entire system in real operating scenario.

The coexistence of integer and continuous control variables increases
the complexity of the optimal control formulation; we approached the
mixed-integer optimal control problem in Chapter 5 using convexification
and relaxation techniques to transform the MI-OCP in a standard contin-
uous optimal control problem that can be solved using common solution
techniques, such as the direct approach detailed in Chapter 1.

8.3 optimization for the design of the controller

In Part iii we addressed two controller design problem using linear convex
optimization algorithms. Formulating the controller design problem as a
Linear Matrix Inequality allows to systematically calibrate the parameters
of controller to reach a desired control performance.

This is done in Chapter 6 to prevent pressure overshoot of a wet clutch,
acting on an electro-actuated valve. The precise control of the engaging
pressure of a clutch is of paramount importance to guarantee a smooth
torque transmission to the wheels during gear shifting. We proposed
a method for the identification of the pressure dynamics and for the
automatic calibration of the optimal state-feedback parameters.

In Chapter 7, the LMI approach have been used to select the optimal
parameter of a state observer for the estimation of the lateral velocity of
a vehicle. The proposed observer guarantees improved noise rejection
performance thanks to a deadzone nonlinearity acting on the output
injection term. The lower sensitivity to noise of the proposed approach
allows for the selection of larger observer gains, that guarantee a faster
convergence of the estimation.
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