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Figure 5: A π-Pref net (1) and a CP-net (2) modeling of the same

preference specification

first step considers the best instantiation for all the dependent vari-

ables, and, in a second step, completes the rest in all possible ways.

In [10, 15], attempts at representing a CP-net ordering using a pos-

sibilistic logic framework are reported. However, authors indicate

that it may not be possible to build an exact logical representation

due some paradoxical behavior of CP-nets. Besides, they show that

Symmetric Pareto and Leximin orderings respectively lower and up-

per bound the CP-net ordering. These results can be exploited with a

π-Pref-net since it is the graphical counterpart of a symbolic possi-

bilistic logic base [3].

6.2 π-Pref nets vs. OCF-nets

Ordinal Conditional Functions (OCF) [26] are an uncertainty repre-

sentation framework very close to possibility theory [14]. OCF-nets

may also offer a semi-quantitative graphical model for preference

modeling [16]. OCF-nets obey Markov property as Bayesian net-

works (and possibilistic networks). Indeed, they have the same struc-

ture and carry the same conditional independence namely, each node

is independent from its descendant in the context of its parents. This

strong resemblance raises the question of a possible transformation

between OCF-nets and π-Pref nets.

Formally, an OCF-net κG has two components: (i) a graphical

component, a directed graph G = (V,E) where V denotes the set

of nodes and E denotes the set of edges representing the preferential

dependencies; (ii) a quantitative component: each variableAi ∈ V is

associated to a normalized5 conditional rank, a non-negative integer

κ(Ai|ui), where ui is an instantiation of the parents Pa(Ai) of Ai.

The OCF relative to a solution ω, denoted by κ(ω) is the sum of

the elementary ranks of the conditional rank tables such that:

κ(ω) =

N∑
i=1

κ(Ai|ui) (3)

This expression parallels the product-based possibilistic chain rule,

where weights are combined by the product operator. The best so-

lution in an OCF-net has a cost equal to 0, while in the possibilistic

framework it has a possibility degree equal to 1. However, this prefer-

ence network with a rank interpretation has a close relationship with

product-based π-Pref nets. Indeed, the cost of a solution induced by

an OCF-net corresponds actually to a transformation of the possibil-

ity degree computed from a π-Pref net.

In [12], it was pointed out that the set-function πκ(Ai) = 2−κ(Ai)

is a possibility measure. The converse holds to some extent insofar

as if π(Ai) = α, the values κ(Ai) = − log2(α) are integer rank

5 ∀ui ∈ Pa(Ai), ∃j such that κ(aj |ui) = 0

weights. However, we can also extend the OCF framework to posi-

tive reals. Up to this proviso, the ordering induced by the product-

based chain rule of π-pref nets is the same as the order induced by

the corresponding rank function. In [3], it was proposed to use this

transformation at the symbolic level, yielding a symbolic additive

counterpart to π-pref nets.

Clearly, πΠG(ω) = α1 · . . . · αN ⇒ κKG(ω) = −(log2(α1) +
. . . + log2(αN )) and κκG(ω) = (α1 + . . . + αN ) ⇒ πΠG(ω) =
2−α1 · . . . ·2−αN ). Thus, after the logarithmic transformation, OCF-

nets yield the same ordering on configurations as π-Pref nets. Note

that π-pref nets with products cannot always be turned into OCF-nets

with integer values. However, OCF-nets can be turned into π-pref

nets with products.

Example 8 Let us consider the following conditional rank tables
corresponding to an OCF-net of two binary variables A and B:
κ(a) = 3, κ(¬a) = 0, κ(b|a) = 0, κ(b|¬a) = 2, κ(¬b|a) = 1
and κ(¬b|¬a) = 0. This yields κ(¬a¬b) = 0 < κ(¬ab) =
2 < κ(ab) = 3 < κ(a¬b) = 4. Thus we have ¬a¬b 0κG

¬ab 0κG ab 0κG a¬b. The transformation from this OCF-net to
a numeric π-Pref net leads to the following possibilistic conditional
tables: π(a) = 0.125, π(¬a) = 1, π(b|a) = 1, π(b|¬a) = 0.25,
π(¬b|a) = 0.5 and π(¬b|¬a) = 1 which yields π(¬a¬b) = 1 >
π(¬ab) = 0.25 > π(ab) = 0.125 > π(a¬b) = 0.0625. Clearly
the two models lead to the same ordering after this transformation.

Until now, OCF-nets have been used for dealing with numerical val-

ues only. However, the transformation of a symbolic possibilistic net-

work leads to a symbolic OCF-net. Thus, the application of the dif-

ferent ordering relations defined above lead exactly to the same or-

derings induced by possibilistic networks. In fact, summation and

product are handled similarly when we work in a symbolic setting.

Recently, numerical OCF-nets have been shown to “mimic” the

CP-net ordering [16]. The proposed generation of an OCF-net from a

CP-net leads to a total ordering, which contrasts with CP-nets. How-

ever, they proved that such an ordering is always consistent with the

one induced by the corresponding CP-net. They also showed that the

CP-net formalism is able to represent only a subclass of OCF-nets,

which proves that OCF-nets are more expressive than CP-nets. These

remarks can be immediately applied to numerical π-Pref nets as well.

7 Conclusion
This paper proposes a detailed study of π-Pref nets, which, if based

on the product chain rule, are closer to Bayesian nets than CP-nets.

This model proves to be flexible enough to support different readings

leading to different orderings of solutions, and establishes the main

relationships between them. π-Pref nets correctly reflect the elicited

information in the sense that no further implicit priority is enforced

like with CP-nets (e.g., in favor of parent nodes). π-Pref nets also

offer a cautious way of modeling preferences without requiring nu-

merical values, which should make them attractive for the same class

of applications as CP-nets. In fact, precise numerical assessments

are hard to get for conditional preferences that are qualitative in na-

ture. Moreover, we have shown that symbolic possibilistic networks

can handle additional qualitative information when available. Beside

the fact that π-Pref nets can be put under an equivalent possibilistic

logic form suitable for inference, they have another additive graphi-

cal counterpart under the form of OCF-nets.
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Abstract. With Tweet volumes reaching 500 million a day, sam-

pling is inevitable for any application using Twitter data. Realizing

this, data providers such as Twitter, Gnip and Boardreader license

sampled data streams priced in accordance with the sample size.

Big Data applications working with sampled data would be inter-

ested in working with a large enough sample that is representative

of the universal dataset. Previous work focusing on the representa-

tiveness issue has considered ensuring that global occurrence rates

of key terms, be reliably estimated from the sample. Present technol-

ogy allows sample size estimation in accordance with probabilistic

bounds on occurrence rates for the case of uniform random sam-

pling. In this paper, we consider the problem of further improving

sample size estimates by leveraging stratification in Twitter data. We

analyze our estimates through an extensive study using simulations

and real-world data, establishing the superiority of our method over

uniform random sampling. Our work provides the technical know-

how for data providers to expand their portfolio to include stratified

sampled datasets, whereas applications are benefited by being able

to monitor more topics/events at the same data and computing cost.

1 Introduction
Microblogging sites have seen massive penetration over the last

many years. The importance of microblogging as a social signal is

immense in this age when Twitter has been shown to be useful in

the context of natural disasters[17] and political uprisings[10]. The

usefulness of the data has led to new business models to monetize

social media data. Data providers like Twitter, Gnip and Boardreader

provide access to data through different application programming

interfaces (APIs). They constantly innovate with pricing models to

sell data. With the number of tweets generated daily measuring as

much as 500 million1, massive computation infrastructure is needed

to analyze such big-data. In order to expand the customer base to in-

clude small-scale Twitter intelligence applications who have limited

compute infrastructure and capital, data providers offer (uniformly)

sampled data streams. For example: Twitter provides three popular

sampled APIs namely: Powertrack API, which returns all the data

for the given keywords at a higher base cost, Decahose API, returns

10% of entire data (uniformly and randomly sampled) at lower cost

than Powertrack API, Free 1% API which is 1% of the entire data

stream and is free of cost. In the quest to enrich the sampling portfo-

lio without compromising on probabilistic guarantees, we study the

use of stratified sampling to improve sample size estimates. Leverag-

ing stratification can improve the quality of the sample by providing

one of (a) tighter bounds than uniform random sampling for the same

1 http://uk.businessinsider.com/twitter-tweets-per-day-appears-to-have-
stalled-2015-6?r=US&IR=T

sample size, or (b) smaller sample sizes than uniform random sam-

pling conforming to the same probabilistic bounds. We now look at

usage of uniformly sampled streams in big data applications, and in-

troduce the task of stratified sampling for Twitter.

1.1 Using Uniformly Sampled Data

For a big data application, it is of interest to ensure that the sam-

pled data used is representative of the global data, given the topic

of interest. Probabilistic bounding of large deviations from global

mean values [5] has been a popular way to ensure the same. The

intuition is that ensuring reliable estimation of global occurrence

rates would help in reliable estimation of the global results for end

applications too. It is desirable to obtain a sampled set, such that

the end result of any application (such as finding trending hashtags,

sentiment analysis, topic clustering, summarization, etc) be close

to the end result of the same application applied on the universe.

However, given the complexity and variety of analytics tasks, such

bounds are application-specific and need to be analytically devel-

oped separately for each application. As an example, an attempt to

bound the results of a simple sentiment analyzer was done in [16].

In the interest of providing generic bounds that are likely to bene-

fit any application, bounding occurrence rates of key entities such as

words/hashtags [4, 16] has been explored as a natural first step in

probabilistically guaranteed sampling.

Results from deviation theory [5] suggest that sample sizes to en-

sure probabilistic bounds need to be increased as the rate of presence

of the monitored topic decreases in the global dataset. For example, a

Twitter application monitoring national elections in India can afford

to sample much fewer than another application focusing on a regional

film festival, to achieve the same probabilistic bounds on deviation.

This is because the former topic has a higher rate of presence (e.g.,

the hashtags occur more frequently) as compared to the latter topic

that generates interest within a smaller audience. This has obvious

cost implications; the application can switch from the paid Decahose

API to the Free 1% stream while shifting focus from a niche topic

to a much more popular one. Usage of such results requires that the

rate of occurrence (of hashtags of interest to) the event monitored is

known before-hand, to determine the sample size. For practical sce-

narios, the occurrence rates are available with data providers who

already maintain indexes on data to support search functionalities.

In short, an application using Twitter data for day-to-day monitor-

ing of a topic would first characterize the topic of interest by key-

word/hashtags and then query the data provider for a sample with a

specification of the desired probability (e.g.,> 90%) and permissible

deviation (e.g., < 10%). The data provider would internally use the

occurrence rate statistics of the hashtags, and estimate the required
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uniform random sample size with a corresponding pricing. This may

be done using Chernoff bounds formulae [5] that provide the mini-

mum sample size required to ensure that the occurrence rate in the

sample, for each hashtag, does not deviate by more than the speci-

fied deviation with the specified probability. A data provider offering

such a probabilistic bounded sampling API is obviously attractive to

the users since it allows them to be frugal on sample sizes especially

while monitoring popular topics.

1.2 Why Stratified Sampling?
We now motivate using an example as to why stratified sampling

would be of interest in this scenario. Consider an intelligence appli-

cation looking to assess global opinion polarity on the US Presiden-
tial Elections. Given the geographic focus of the topic, it is conceiv-

able that core hashtags for this topic are twice as frequent in tweets

from US when compared to the rest of the world (RoW ), even if the

overall tweet volumes from the US and RoW are comparable. Geo-

graphic stratification is already performed by data providers for tasks

such as geo-specific trends estimation, and is thus readily available

with them. Uniform sampling would require us to sample as many

tweets from RoW as from US. Due to the low occurrence rates of

pertinent hashtags inRoW , marginal utility of a tweet fromRoW in

determining opinion on the event would be lower than that from US.

However, since the task is to gauge global opinion, we cannot read-

ily use results from a pure US sample; in particular, analogous to the

uniform random sampling case, we would like to ensure that the sam-

ple would enable us to estimate global occurrence rates accurately.

There exists an opportunity to exploit the knowledge of differential

occurrence rates across US and RoW to work with smaller samples

without compromising on the desired probabilistic guarantees.

However, to the best of our knowledge, there exists no technology

to exploit differential occurrence rates across strata to derive smaller

sample sizes that agree to probabilistic bounds (as given by Cher-

noff bounds [5] for uniform random sampling) within or outside the

context of Twitter sampling. Our focus in this paper is to precisely

develop that technology. Data providers would be able to leverage

our method to provide a newer set of sampling APIs, stratified sam-

pling APIs, that will output stratified samples agreeing to the same

probabilistic bounds as in the uniform random sample case. The data

consumer provides the same input to the data provider, a set of hash-

tags and the desired specification of probabilistic bounds; the data

provider would then use our formulation and provide a smaller strat-

ified sample to the user. The smaller sample sizes help the data user

to monitor more topics for the same data cost.

1.3 Our Contributions
Our main contributions are as follows:

• For the first time, we consider the problem of bounding deviations

in occurrence rate estimates of words/hashtags in stratified sam-

pling in the context of Twitter, and outline methods to estimate

sufficient sample sizes.

• We analyze the quantum of gains achieved using our method over

corresponding estimates from uniform random sampling under the

same setting, on simulations as well as real-world data.

It may be noted that even small reductions in sufficient sample

size estimates are critical since procurement of tweets is practically

the costliest aspect of maintaining a Twitter-based intelligence ap-

plication. Data providers can leverage our technology to diversify

their API portfolio to include stratified sampling. On the other hand,

the improved sample sizes enable big-data analytics applications to

broaden their footprint at the same data procurement and compute

costs. Thus, our work is squarely targeted at players in the big data

space.

Roadmap: We start off with some background on probabilistic guar-

antees and occurrence rate bounding in Section 2. We will outline re-

lated work in Section 3, define the problem in Section 4 and describe

our method in Section 5. This is followed by extensive simulation

and experimental analysis in Section 6 and conclusions in Section 7.

2 Background

2.1 Probabilistic Guarantees

The data user/application would like the data provider to provide

guarantees on the sampled set in representing the universe. A prob-

abilistic guarantee on occurrence rate ensures that the global occur-

rence rate as estimated from the sample does not deviate from the

actual global occurrence rate more than a specified tolerance, with at

least a specified probability. Thus, such a guarantee is fully specified

by a combination of tolerance, and probability threshold. Consider

an example application seeking to summarize Twitterati’s opinion on

the US Presidential Election. If the hashtag #HilaryClinton appears

in 20% of the tweets in the whole Twitter stream, the application

designer might like to ensure that the frequency of the hashtag as

estimated from the sample be within 20±2% (i.e., 10% tolerance),

with a high probability (say, 90%). This is so since the hashtag #Hi-
laryClinton is central to the problem that the application is trying to

address. If the estimated frequency of #HilaryClinton from the sam-

ple turns out to be 30%, it could mean that our application’s opinion

summary is skewed in favor of users who mention #HilaryClinton
(and vice versa). As in previous work, we will work with relative

bounds expressed as percentages. For each application domain, one

may intuitively expect that there would be some such core hashtags,

noun phrases, or words of interest whose frequencies as estimated

from the sample be close to the dataset frequency. A probabilistic

guarantee on the occurrence rate for a set of hashtags/words speci-

fies that the occurrence rate of each word in the set be estimated to

within the specified tolerance subject to the probabilistic bound. For

a particular sample, the occurrence rate condition is said to fail even

if the occurrence rate of one word deviates further than the tolerance

bound.

2.2 Occurrence Rate Bounding

Chernoff bounds [5] are tailored to address the probabilistically guar-

anteed sample size estimation problem in Random Sampling; i.e.,

the task of bounding the probability of tail events, specifically that

of large divergence of occurrence rate estimates (from the sample)

from their values in the universe. While being generally applicable

to get bounds of large deviations from the mean, they provide suffi-

cient sample sizes to probabilistically bound the deviation of the oc-

currence rate or frequency of a word/hashtag. Consider a Binomial

random variableX that is the sum of iid Bernoulli random variables,

then, for any 0 < ε < 1, the following hold:

P{X < (1− ε)E[X]} ≤ e−
ε2E[X]

2

P{X < (1 + ε)E[X]} ≤ e−
ε2E[X]

3
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where P{Y } denotes the probability of event Y , and E[X] the

expectation of the random variable X; E[X] = s × p where p is

the success rate of the underlying Bernoulli random variable and s
is the number of trials (i.e., the sample size in the sampling case).

For the word occurrence rate scenario, the Bernoulli random variable

(that X sums over) is one that has success probability equivalent to

the occurrence rate of the word in the corpus. For example, if the

word appears in 10% of the tweets in the corpus, the corresponding

Bernoulli random variable would have p = 0.1. These bounds can be

generalized to multiple words/hashtags and have been explored in AI

for data-intensive applications such as mining; for example, previous

work has addressed the task of preserving the status of objects as

being θ-frequent (i.e., have a frequency more than θ) or not [4]. This

has been adapted to the context of sampling in Twitter as well [16]

with further extensions to derive bounds on preserving the dominant

sentiment of a word. Thus, there has been recent interest in deriving

sufficient sample size estimates towards preserving specific statistics

in uniform random sampling within the data analytics community.

3 Related Work

There are a variety of applications for mining Twitter data, including

ones for tweet summarization [11][18], topic analysis [3][20] and

twitter sentiment analysis [13]. Since most such methods would need

to analyze content and are thus computationally intensive, sampling

would be an essential step for them to be applied to large scale twitter

data.

There has been much empirical work on sampling such as analy-

sis of sampled streams [15, 7, 12, 9, 1]. In [15] the authors compare

Twitter sampling API’s feed with the tweets obtained from Twitter

Firehose API, which contains all the tweets. Authors empirically find

that the analysis from the data obtained using Twitter’s Streaming

API (1% random sample) do not conform with Twitter’s Firehose

data (100% sample) for a set of end applications. In [7], the au-

thors empirically compare sampling done with the help of human

“experts” against random sampling. In [14], the authors analyze the

bias in Twitter’s API without using the costly Firehose data. In [12],

the effects of using multiple streaming APIs is studied. The authors

conclude that the Twitter’s 1% Streaming API is rather biased than

being random. All these studies empirically evaluate the quality of

the Tweets for the existing Twitter APIs which mostly employ uni-

form random sampling. In contrast, we provide a theoretical treat-

ment to determine the sample size needed to produce representative

samples using stratified sampling. A recent work on Twitter sam-

pling [16] looks at classifying words into frequent or infrequent using

a threshold; it then builds upon ideas from work on frequent itemset

mining [4] to bound the probability of words having a status in the

sample different from their status in the whole. They also extend the

bounds to derive necessary sample sizes for preserving the dominant

sentiment of words in the sample. Our work, while related due to

addressing sampling on Twitter, focuses on a different problem.

Stratified sampling has been studied extensively in the statistics lit-

erature [6, 8, 19]. The existing methods find the optimal sample size

to minimize the variance of the estimates. However, they do not tran-

scend into the probabilistic guarantees in bounding the estimates as

done by Chernoff bounds [5]. We advance the state-of-art in stratified

sampling, by deriving expressions to find the probability of bounding

the estimates for the chosen sample size; these can in turn be used for

arriving at sufficient sample sizes.

4 Problem Formulation

Consider a dataset D of tweets that is stratified/split into two strata

D1 and D2; we will consider two-strata stratification for narrative

simplicity and will later show that the problem definition as well as

our method easily generalizes to any number of strata. Now, con-

sider a set of words/tags/phrases2 of interest, w = {w1, w2, . . .} for

whom the occurrence rate is known in each stratum; x̂ij denotes the

rate of occurrence of wi in Dj whereas x̂i denotes the occurrence

rate of wi in the whole datasetD. Occurrence rates measure the frac-

tion of tweets from the stratum of interest, and are thus in [0, 1]. We

also have a chosen tolerance level ε indicating the amount of frac-

tional deviation from expected occurrence rate, and a probability h
that bounds the probability of larger deviations.

The task of interest is to identify a stratified sampling strategy

[S1, S2] where S1 and S2 tweets be uniformly randomly sampled

separately from D1 and D2 respectively, so that such a sample S
(|S| = S1 + S2) confirms to the following:

P{∪i

(
Xi
S ≤ (1− ε)x̂i|D| ∪ Xi

S ≥ (1 + ε)x̂i|D|
)
} < h (1)

where Xi
S is a random variable denoting the extrapolated fre-

quency of wi in D from a sample S generated using the stratified-

sampling strategy [S1, S2] and x̂i×|D| denotes the actual frequency

in the whole dataset. Preserving frequencies by a multiple of ±ε is

exactly the same as preserving occurrence rates by a multiple of ±ε,
since occurrence rates is simply the frequency scaled down by the

dataset size (on both sides of the inequality). Informally, we want

to ensure that for any sample generated according to the strategy

[S1, S2], the probability of the estimated frequency of any word wi

(i.e., Xi
S ) deviating by more than ±ε times the actual frequency be

bounded by h. In particular, even one word not satisfying its con-

dition would be a failure event. This can be generalized to k strata

by changing the format of the strategy of interest from a pair to a

k-length array [S1, . . . , Sk].

5 Our Method

We will first outline our method for two-strata stratified sampling,

and later show how that could be generalized to more number of

strata. Consider a stratified sampling strategy [S1, S2] and a word

wi. Let xij be the random variable corresponding to finding the word

wi in stratum Dj (j ∈ {1, 2}). Xi
S is then a function of xijs as the

following:

Xi
S =

|D1|
S1

×
S1∑
k=1

xi1 +
|D2|
S2

×
S2∑
k=1

xi2 (2)

Xi
S is the conventional stratified sampling variable denoting fre-

quency of wi in D under the stratified sampling strategy [S1, S2].
The expected value of Xi

S , which we will denote as μi, is indepen-

dent of S , and may be written as:

E[Xi] = μi = |D1| × x̂i1 + |D2| × x̂i2 = |D| × x̂i (3)

The last condition holds since the extrapolation in Xi
S is in pro-

portion to the strata sizes. We use μi and the union bound on Eq. 1

to write as:

2 referred to generically as words hereon.
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P{∪i

(
(Xi

S ≤ (1− ε)μi) ∪ (Xi
S ≥ (1 + ε)μi)

)
} <(∑

i

P{Xi
S ≤ (1− ε)μi}

)
+
(∑

i

P{Xi
S ≥ (1 + ε)μi}

)
We will consider bounding the RHS of the above equation, to be

lower than h. Going by conventions, we will refer to the first term in

the RHS as the left-tail, and the second term as the right-tail. We first

illustrate simplifying the left-tail expression for a particular wi.

5.1 Left-Tail
We will now use a positive quantity t and multiply each side of the

internal expression by−t and exponentiate, with a corresponding in-

version of the inequality. It may be noted that this is inspired from

the classical derivation for Chernoff bounds; however, unlike Cher-

noff bounds, our random variable is not a Binomial random variable.

P{Xi
S ≤ (1− ε)μi} = P{exp(−t(1− ε)μi) ≥ exp(−tXi

S)}

Using the Markov inequality, i.e., P{A ≥ a} ≤ E[A]
a

, the above

expression is upper bounded by:

E[exp(−tXi
S)]

exp(−t(1− ε)μi) (4)

Let us now focus on the numerator, which we expand using the

expression from Eq. 2 and re-write using exp(a + b) = exp(a) ×
exp(b).

E[exp(−tXi
S)] =

E[exp
(
− t× (

|D|
S1

×
S1∑
k=1

xi1))× exp
(
− t× (

|D|
S2

×
S2∑
k=1

xi2))]

(5)

xi1 and xi2 within the summation in the equation above are random

variables. We can take the E[.] and exp(.) inward, assuming indepen-

dence among the inner random variables.

=

( S1∏
k=1

E[exp(−txi1
|D1|
S1

)]

)( S2∏
k=1

E[exp(−txi2
|D2|
S2

)]

)
] (6)

Consider the internal expression E[exp(−txij |Dj |
Sj

)] (sub/super-

scripts generalized). The random variable xij will be 1 with a prob-

ability of x̂ij and 0 with a probability (1 − x̂ij). We can write the

expectation as the sum of these two cases:

E[exp(−txij
|Dj |
Sj

)] = x̂ij × exp(−t |Dj |
Sj

) + (1− x̂ij)× exp(0)

= 1− x̂ij
(
1− exp(−t |Dj |

Sj
)

)
We now use the inequality 1 − x < exp(−x) to further upper

bound the above expression as:

E[exp(−txij
|Dj |
Sj

)] < exp

(
− x̂ij(1− exp(−t |Dj |

Sj
)

)
(7)

Re-writing and putting this back into Eq. 6,

E[exp(−tXi
S)] <

( S1∏
k=1

exp
(
x̂i1(exp(−t |D1|

S1
)− 1)

))

×
( S2∏

k=1

exp
(
x̂i2(exp(−t |D2|

S2
)− 1)

))
(8)

Since exp(a)× exp(b) = exp(a+ b):

< exp

( S1∑
k=1

(
x̂i1(exp(−t |D1|

S1
)− 1)

)
+

S2∑
k=1

(
x̂i2(exp(−t |D2|

S2
)− 1)

))
(9)

Since the expression does not have random variables:

< exp

( ∑
j∈{1,2}

Sj x̂
i
j(exp(−t |Dj |

Sj
)− 1)

)
Replacing this upper bound in Eq. 4 and re-writing μi,

P{Xi
S ≤ (1− ε)μi} < exp

(
t(1− ε)(|D| × x̂i)

+
∑

j∈{1,2}
Sj x̂

i
j(exp(−t |Dj |

Sj
)− 1)

)
(10)

Using a similar sequence of steps for right-tail:

P{Xi
S ≥ (1 + ε)μi} < exp

(
− t(1 + ε)(|D| × x̂i)

+
∑

j∈{1,2}
Sj x̂

i
j(exp(t

|Dj |
Sj

)− 1)

)
(11)

We will refer to the expressions in the RHS of Eq. 10 and Eq. 11 as

LU(t, i, S1, S2, ε) and RU(t, i, S1, S2, ε) respectively3. These up-

per bounds hold for any positive value of t; the preferred value of t
would be that which gives the tightest bound. Further, the expressions

above can be easily generalized to any stratification of the dataset into

k strata by letting the j variable iterate over as many values as there

are strata.

5.2 Full Expression and Optimization
The full expression for upper bound would thus be:

P{
⋃
i

(
(Xi

S ≤ (1− ε)μi) ∪ (Xi
S ≥ (1 + ε)μi)

)
} <

∑
i

(
LU(tiL, i, S1, S2, ε) +RU(t

i
R, i, S1, S2, ε)

)
(12)

If the RHS of the above expression evaluates to less than h, then

the LHS would too (since LHS<RHS as above), and our task in

Eq. 1 will be satisfied. We have added subscripts and superscripts

to t within the expressions to indicate that the ts need not necessarily

3 Short for Left-tail Upper bound and Right-tail Upper bound
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take the same value across expressions and are internal to the expres-

sion; the t used in the LU(.) for one word wi could be different from

that used in the LU(.) or RU(.) for the same or different words. It

may be noted that the flexibility that we have is to alter S1, S2 and

the t’s (ε is part of the problem specification), since the data stratifi-

cation is given and x̂ij is deterministic in the sense that it is calculated

from the stratified dataset. To re-iterate, if we can find values of S1,

S2 and the ts such that the following holds

∑
i

(
LU(tiL, i, S1, S2, ε) +RU(t

i
R, i, S1, S2, ε)

)
< h (13)

we can then claim to have a sampling strategy [S1, S2] that ad-

dresses our task. However, simply addressing the task is not suffi-

cient; for example, a sample size for uniform random sampling that

addresses our task is easily available from Chernoff bounds. Our in-

terest is in achieving the task using fewer samples than uniform ran-

dom sampling by leveraging strata level occurrence rates (i.e., x̂ijs),

and thus the measure of interest is the total sample size, S1 + S2,

which we will look to minimize. Thus, ideally, we look for values

of S1, S2 and the ts such that the above condition is satisfied and

S1 + S2 is minimized.

Due to the complexity of the expression, a search in the possi-

ble values of S1, S2 and the ts is a possibility to identify feasible

sampling strategies. From an optimization perspective, it is useful

to localize the search to a small region of the parameter space, in

the interest of reducing computational expense. Since S1 and S2 are

sizes of samples fromD1 andD2 respectively, their ranges would re-

spectively be [1, |D1|] and [1, |D2|]. Though the extent of the search

space for values of S1 and S2 are finite (due to bounds), the ts can

take any positive value; we will now see how to localize the optimal

t to limit the search.

5.3 Localizing the Optimal t
Consider the RHS in Eq. 10 which we are interested in minimizing

(Ref. Eq. 13); we will focus on optimizing for t for chosen values of

S1 and S2. Since exp(x) increases with x, we can focus on minimiz-

ing the expression within the exp(.):

fLUi(t) = t(1− ε)(|D| × x̂i) +
∑

j∈{1,2}
Sj x̂

i
j(exp(−t |Dj |

Sj
)− 1)

(14)

We outline some analytical observations about the behavior of

fLUi(t) with varying t; we omit detailed derivations for brevity.

First, fLUi(t = 0) = 0. This is evident from setting t = 0 in

Equation 14. Secondly, there exists a positive value t′ such that the

following hold:

∂fLUi(0 < t < t
′)

∂t
< 0

∂fLUi(t = t
′)

∂t
= 0

∂fLUi(t > t
′)

∂t
> 0

In other words, fLUi(t) is a convex function in t in our region

of interest (i.e., positive t or t ∈ (0,∞]) with an optima at t′ where

fLUi(t
′) would evaluate to a negative value. Thus, if we can find

values tl and tu such that
∂fLUi(t=tl)

∂t
< 0 and

∂fLUi(t=tu)
∂t

> 0, we

can localize the search for the optimal t to the range (tl, tu) since the

optimal t is bound to be in that range, given the above observations.

We will show that

[
log

(
1

1−ε

)
max{ |D1|

S1
,
|D2|
S2

}
,

log
(

1
1−ε

)
min{ |D1|

S1
,
|D2|
S2

}

]
is one such

range.

Consider the slope of fLUi(t):

∂fLUi(t)

∂t
= (1− ε)(|D| × x̂i) +

∑
j∈{1,2}

|Dj |x̂ijexp(−t |Dj |
Sj

)

Setting t = log
(

1
1−ε

)/
max{ |D1|

S1
, |D2|

S2
} in the above expression

and using Eq. 3 with some re-arrangements yields:

∑
j∈{1,2}

|Dj |x̂ij
(
(1− ε)− (1− ε)

|Dj |
Sj

max{ |D1|
S1

,
|D2|
S2

}
)

The exponent of the second (1 − ε) is evidently less than 1.0
since its denominator is least as big as its numerator (if not big-

ger). Also, given that (1 − ε) < 1.0 and due to the obvious re-

sult that xy > x when x < 1.0 and y < 1.0, the multiplier of

each |Dj |x̂ij term would be negative, leading to a negative value for

the whole expression. Analogously, we now consider the slope at

t = log
(

1
1−ε

)/
min{ |D1|

S1
, |D2|

S2
}:

∑
j∈{1,2}

|Dj |x̂ij
(
(1− ε)− (1− ε)

|Dj |
Sj

min{ |D1|
S1

,
|D2|
S2

}
)

In this case, the exponent of the second (1 − ε) turns out to be

greater than one. Thus, adapting the earlier argument, the multiplier

of each |Dj |x̂ij would be positive, leading to an overall positive value.

Thus:

argmin
t
fLUi(t) ∈

[
log

(
1

1−ε

)
max{ |D1|

S1
, |D2|

S2
}
,

log
(

1
1−ε

)
min{ |D1|

S1
, |D2|

S2
}

]
The analogous result for the right-tail expression is:

argmin
t
fRUi(t) ∈

[
log

(
1 + ε

)
max{ |D1|

S1
, |D2|

S2
}
,

log
(
1 + ε

)
min{ |D1|

S1
, |D2|

S2
}

]
Though the optimal value of t would be different for expressions

corresponding to different words, the bounds above are attractive

in that they do not depend on any x̂ijs and thus can be used across

words. These bounds can be easily extended from two strata to mul-

tiple strata by changing the max and min to iterate over k entries

instead of two.

It is computationally intensive to find a separate optimal value of

t for each term in Eq. 13. Thus, one might fall back to search for a

single value of t to be used across all expressions in Eq. 13; this sin-

gle value could be chosen as that which minimizes the value of the

whole expression in Eq. 13. For such a case, the search may be di-

rected to within the union of the left-tail and right-tail bounds above,

which would be:[
log

(
1 + ε

)
max{ |D1|

S1
, |D2|

S2
}
,

log
(

1
1−ε

)
min{ |D1|

S1
, |D2|

S2
}

]
(15)
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Optimal value of t can be either obtained by searching through the

values in the range given by Eq. 15, or by using a gradient descent

approach where the update equation would be:

tnew = told − η ∂fLUi(t)

∂t
(16)

where η is the learning rate. t can be initialized to any value in the

range given by Eq. 15. In our experiment, we have used grid-search

approach to search for the optimal value of t in view of its simplicity

for the optimization of a single dimensional variable.

5.4 Grid-Search
Algorithm 1 outlines an intuitive grid-search approach, StratSam, to

discover a sampling strategy [S1, S2]; we resort to choosing a single

value of t across terms in Eq. 13 for computational convenience as

outlined earlier. The algorithm is largely self-explanatory with lines 6

and 7 checking for satisfaction of the task condition (Eq. 13). Line 4

avoids checking for strategies that are already worse on total sample

size than the best strategy seen so far. It may be noted that Strat-
Sam allows for exploring the trade-off between computational ex-

pense and accuracy by tuning the step-size hyperparameters. Smaller

step-sizes would allow to discover a better sampling strategy (i.e.,

smaller (S1+S2)) whereas larger step-sizes lead to fast search com-

pletion. It is also worthy to point out that the condition may never be

reached when the chosen h and ε values are very small for the dataset

size; in such cases, we will choose the entire dataset as the sample.

In large datasets such as those with Twitter, such cases are very rare.

Alg. 1 Grid-Search: StratSam
Input. 2-Strata Dataset Specs: |D1|, |D2|, ∀ wi, (x̂

i
1, x̂

i
2) pairs

Problem Specs: ε, h
Hyper-Parameters. Step-sizes s1, s2, δt
Output. Sampling Strategy, i.e., a vector [S1, S2].

1. Best Strategy, BS = φ, Best Strategy Size, BSS =∞
2. For S1 = 1→ |D1| in steps of s1
3. For S2 = 1→ |D2|, s2
4. If (S1 + S2) > BSS continue;

5. For t =
log

(
1+ε

)
max{ |D1|

S1
,
|D2|
S2

}
→ log

(
1

1−ε

)
min{ |D1|

S1
,
|D2|
S2

}
, δt

6. Evaluate v =
∑

i LU(i) +RU(i) with the

choices of S1, S2 and t
7. If (v < h) ∧ (S1 + S2 < BSS)
8. BS = [S1, S2], BSS = (S1 + S2)
9. Output BS as sampling strategy of choice.

5.5 Remarks
Better Sample Sizes: The total sample size from the above stratified

approach would always be equal or smaller than that from a similar

uniform random sampling approach (or that from the looser Chernoff

bounds). This is so since the latter’s sample size would also be a valid

solution for the former, when split in proportion to strata sizes.

Speeding up the Search: Our proposed grid-search approach is

quite feasible for a small number of strata and is very fast. It can

be further speed-ed up by replacing the grid-search for t (Lines 5-8

in the algorithm) by a gradient descent approach, given the convex-

ity observation from Section 5.3. In resource constrained scenarios or

to estimate sample sizes for fine-grained data stratification, conven-

tional optimization methods may be employed over the entire search

space of Sis and t. For purposes of optimization, the objective func-

tion is simply (
∑

j Sj) with the generalization of Eq. 13 to the re-

quired number of strata serving as an inequality constraint.

5.6 Uptake of Our Work

We now discuss considerations relating to uptake of our work. Anal-

ogous to the assumption of global occurrence rate availability for

the uniform random sampling setting, we assume the availability of

stratum-level occurrence rates. We will now outline why stratum-

level occurrence rate availability is a feasible assumption in practi-

cal scenarios. Our target ecosystem is the emerging data economy

that encompasses data providers and data consumers. Data providers

maintain the entire dataset and provide various kinds of APIs for us-

age by data consumers with a pricing scheme. These APIs would

include sampled streams, as well as search functionalities and vari-

ous analytics features such as geo-trends, all of which require con-

tent indexing at the level of different granularities such as strata. The

source of the data (e.g., the region), the type of the tweets (e.g., Twit-

ter activity streams4) etc. provide straightforward stratifications that

would be maintained at the data provider. Typical search function-

alities are supported by inverted lists at the level of each word/tag;

occurrence rates are then simply normalized inverted list sizes. Our

method leverages the skew in occurrence rates of topical hashtags

across strata to reduce required sample sizes as against those for uni-

form random sampling. Our results are generalizable to cover do-

mains such as market-basket data mining where frequencies of spe-

cific items within transactions (as opposed to frequencies of words

in tweets) are the measure of interest; in such cases, we can lever-

age existing stratification of customers such as silver, gold and plat-
inum and/or stratification of stores such as small and large to collect

stratum-level information. Uptake of our technology necessitates a

few simple changes at the data user as well as the data provider.

Data User/Application: The sampled data request issued by the data

user remains the same, i.e., a set of words and the specification of

desired probabilistic bound. However, the data sample received from

the provider would now be a stratified sample. Analogous to usage

of uniform random samples where the results (e.g., sentiment fre-

quencies) derived from the sample needs to be extrapolated to get

to corpus-level estimates, results from the stratified samples need to

be extrapolated in accordance with the sampling rates (as in Equa-

tion 2), to arrive at corpus-level estimates. This is the only difference

required at the data user’s side.

Data Provider: As outlined earlier, the data provider maintains mul-

tiple stratifications of Twitter data; while some of these may be main-

tained for purposes such as providing trends estimation and faceted

search, some stratifications could be specifically targeted at support-

ing the new stratified sampling API. The data provider kicks off pro-

cessing upon receiving a sampled data request from the user com-

prising of a set of words/tags, tolerance, and probability threshold.

Next, the data provider runs our method against each stratification

separately using respective occurrence rate statistics, each of which

provide a different sample size estimate. The smallest sample size es-

timate is expected to be achieved for the stratification where the skew

of occurrence rates for the provided set of words/tags is maximum.

The data provider would then return the best sample, and charge the

data user accordingly. In a competitive marketplace, it is in the inter-

4 http://support.gnip.com/articles/activity-streams-intro.html
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est of the data provider to maintain a rich library of different strati-

fications. This would ensure that low sample sizes may be provided

for data requests on a variety of topics, enhancing chances of repeat

business.

6 Simulation and Experiments
We first describe the setup for our simulation and experimental stud-

ies followed by results and discussion.

6.1 Experimental Setup
We compare our method, StratSam, against uniform random sam-

pling (US), the baseline method. Instead of using the final Chernoff

bounds result that involves many approximations leading to looser

(i.e., larger) sample size estimates, we do a similar derivation as in

our case and use a grid search for fairness in comparison. For clarity,

the US expression corresponding to RHS in Eq. 10 is:

exp

(
t(1 − ε)(|D| × x̂i) + Sx̂i(exp(−t |D|

S
) − 1)

)
(17)

The comparison of interest would be that between the US sam-

ple size (US.Size) and the total sample size S1 + S2; we use the

sample size ratio, SSR = S1+S2
US.Size

, as the primary evaluation mea-

sure; SSR ≤ 1 always holds (Sec. 5.5), and lower values of SSR
are desirable. We perform extensive simulation analysis as well as

experiments on real-world data to illustrate the savings achieved by

StratSam over US. In the case of analysis on real-world datasets, we

analyze another measure, the actual empirical failure rate (StratSam
and US guarantee that to be bounded by h) as well. For the real-world

dataset, we use a set of tweets crawled around the time of the Indian

General Election, 20145. In our StratSam implementation, we use

100 equal steps in each of the three parameters.

Figure 1. SSR ( S1+S2
US.Size

) on Y-axis vs. Occurrence Rate Ratio (
x̂1
1

x̂1
2

) plots

for varying stratum size ratios (
|D1|
|D2| )

6.2 Simulation Studies
We now use simulation studies to analyze the behavior of our ap-

proach. Two cases are considered: first, where there is only one core

word for the topic of interest, and a second case involving two words.

5 https://en.wikipedia.org/wiki/Indian general election, 2014

6.2.1 Single Word Simulation

Figure 1 plots the SSR trends when the occurrence rate ratio of a

word across the two strata (x̂11/x̂
1
2) is varied keeping the dataset-level

occurrence rate (i.e., x̂1) constant at 0.2. We use ε = 0.1 and h = 0.1
for the plot in the figure; the trends were similar for other choices of

ε and h too. Such trendlines are plotted for varying values of relative

strata sizes (
|D1|
|D2| ) from 0.1 to 10. When each trendline is analyzed,

it may be seen that StratSam is able to achieve smaller sample sizes

as x̂11/x̂
1
2 deviates from 1 on either side. When occurrence rates are

equal, the strata are practically indistinguishable wrt w1 and Strat-
Sam defaults to the US sample size, as is expected. It may be noted

that StratSam is able to leverage the skew in occurrence rates under

equal strata sizes to achieve > 40% reductions in sample sizes over

US. On analyzing across trendlines (i.e., across stratum size ratios),

it is evident that StratSam performs best when the occurrence rate

is very high in a very small stratum; for example, the bottom-right

point in the chart corresponds to the word being 100 times more fre-

quent in the first stratum when it is 1/10th of the second stratum in

size. Thus, the chosen keywords being denser in the smaller stratum

is favorable to StratSam.

Figure 2. SSR ( S1+S2
US.Size

) on Y-axis vs. w1 Occurrence Rate Ratio (
x̂1
1

x̂1
2

)

plots for varying w2 ratios (
x̂2
1

x̂2
2

)

6.2.2 Two Words Simulation

Figure 2 analyzes SSR trends for two words with equal sized strata

(i.e., |D1| = |D2|). For the trendline where the second word is

equally dense on either strata, deviations of x̂11/x̂
1
2 shows similar

trends as for the single-word case, though the quantum of savings

is lower. Across trendlines, it may be seen that both the words being

more skewed towards the same stratum (i.e., both occurrence rate ra-

tios being low, or both being high) leads to maximum savings, with

up to 30% savings recorded when occurrence rate ratios are both 0.05
(or equivalently, 20). Since typical sampling scenarios would be task

focused (e.g., guaging sentiment on US Elections), it is intuitive to

expect that words of interest are skewed towards the same stratum.

The SSR trends were consistent with varying values of ε and h.

6.3 Experiments on Real-World Data
We use the tweet set from the Indian General Elections, 2014, and

consider how StratSam performs on SSR under sets of words related
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Words Strata Word Sample Sample Empirical Failure rate

or Universe Strata Size Skew size size SSR Strat-Sam US
Phrases size size Ratio (#N,#S) (Strat-Sam) (US)
arvind, 54501 north: 46808 6.08 (2,1) 14076 18638 0.75 0.01 0.008

kejriwal, south: 7693 north:8993 (0.031)

contribution south:5083

bjp, 87550 north: 31721 0.57 (2,1) 11997 16072 0.74 0.011 0.015

modi, south: 55829 north:1584 (0.028)

latestnew south:10413

latestnew, sonia, varanasi, win, aap 265060 north: 98726 0.59 (11,6) 56199 58643 0.95 0.011 0.012

kejriwal, firstpost, narendra, namo, south: 166334 north:15149 (0.018)

exit, gandhi, arvind, bjp, vote, modi, poll, south:41050

Table 1. Results on Real Data (North-South Stratification)

Words Strata Word Sample Sample Empirical Failure rate

or Universe Strata Size Skew size size SSR Strat-Sam US
Phrases size size Ratio (#E,#W) (Strat-Sam) (US)
arvind, 54501 east: 48959 9.09 (2,1) 15641 18638 0.83 0.015 0.018

kejriwal, west: 5542, west:3388 (0.028)

contribution east:12252

bjp, 87550 east: 44589 1.03 (2,1) 10752 16072 0.66 0.01 0.014

modi, west: 42961 east:2603 (0.058)

latestnew west:8149

latestnew, sonia, varanasi, win, aap 265060 east: 140378 1.12 (10,7) 44898 50691 0.88 0.008 0.011

kejriwal, firstpost, narendra, namo, west: 124682 east:17379 (0.017)

exit, gandhi, arvind, bjp, vote, modi, poll, west:27518

Table 2. Results on Real Data (East-West Stratification)

to the election. We use the geo-stratification of tweets as North and

South; East and West India using the location and time zone in the

user profile. Twitter’s API was used to crawl tweets from May 12 to

May 19, 2014, using topical keywords related to the election event.

Table 1 and 2 summarize some representative results. Instead of us-

ing the entire set of tweets as the dataset, we wanted to experiment

with varying dataset sizes too. Towards this, for every set of key-

words, we filter out all tweets not containing even one of those key-

words, to create the dataset for that keyword set. Thus, universe size

represents the number of tweets obtained after such filtering. Strata

size shows the number of tweets in the respective strata, with the

strata size ratio indicating the ratio of the sizes of the strata. To pro-

vide a sense of the word skew, we look at each word in the set of

interest, and assign it to the stratum in which it has a higher occur-

rence rate; thus, a word skew of (2, 1) indicates that 2 words have

higher occurrence rates in the first stratum and the third word in the

set occurs at a higher rate in the second stratum. While this does not

capture the quantum of stratum-skew for each word, it is an indicator

of the occurrence rate skew in the set of words of interest. We also re-

port the sample size for StratSam and US, the SSR, and the empirical

error rates obtained by repeatedly sampling (with 1000 Monte Carlo

rounds) according to the respective strategy and measuring the frac-

tional failure rate (which is analytically bounded above by h = 0.1).

Results are obtained for ε = 0.1 and h = 0.1. Empirical error rate

within brackets in US column is obtained by uniform sampling with

StratSam sample size. The trends are similar to that from the simu-

lation and the experiments record gains up to 34% with significantly

lower empirical error rates as well. The dataset was collected for

the general elections, a pan-India event, thus mitigating the skew be-

tween various geographic strata within India; while this setting helps

us observe that StratSam can achieve significant gains even in not-

so-favorable scenarios, StratSam is expected to achieve much better

gains when the stratification is more ‘aligned’ to the keyword set.

It may be noted that in practical scenarios where millions of tweets

need to be sampled on a paid-basis, even ≈5% gains are expected

to result in large cost savings. Another noteworthy point is that most

empirical failure rates are ≈ 10 times smaller than h(= 0.1); this

indicates potential for more empirical and/or theoretical work.

7 Conclusions and Future Work
In this paper, we considered the problem of using stratification in es-

timating sufficient sample sizes to reliably estimate the occurrence

rates of specific words of interest, in sampling for Twitter. We ex-

ploit differential word occurrence rates across strata in a grid-search

approach to significantly improve upon analogous estimates for uni-

form random sampling. We analyze our estimates through simulation

studies as well as experiments on real-world data and illustrate that

significant savings can be achieved over corresponding sample size

estimates for uniform random sampling. We also outlined the context

of big data applications that warrant superior sampling strategies for

cost and computation reasons, and described how our method could

be easily used by data providers and data users.

Translating the probabilistic bounds used in our approach to task-

level bounds (e.g., bounds on deviation in sentiment analysis) would

be an interesting direction for future research. Another direction is to

see whether the sufficient sample sizes may be tightened in the con-

text of our results in Section 6.3. Adapting the probabilistic bounds

to time varying word occurrence rates and its application to online

sampling streams and dynamic stratification derived from text clus-

tering [2] could be considered in future. There are interesting engi-

neering issues that are pertinent to the uptake of our method. For

example, a data provider maintaining a library of different stratifi-

cations of data would benefit from heuristically choosing a subset

of stratifications to run StratSam against; a heuristic that can choose

geo-stratification when the set of keywords are to do with highly geo-

focused events such as the UK EU Referendum would enable the data

provider to achieve computational cost savings.
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A Minimization-Based Approach to
Iterated Multi-Agent Belief Change

Paul Vicol1 and James Delgrande1 and Torsten Schaub2 ,3

Abstract. We investigate minimization-based approaches to iter-

ated belief change in multi-agent systems. A network of agents is

represented by an undirected graph, where propositional formulas are

associated with vertices. Information is shared between vertices via

a procedure where each vertex minimizes disagreement with other

vertices in the graph. Each iterative approach takes into account the

proximity between vertices, with the underlying assumption that in-

formation from nearby sources is given higher priority than infor-

mation from more distant sources. We have identified two main ap-

proaches to iteration: in the first approach, a vertex takes into ac-

count the information at its immediate neighbours only, and infor-

mation from more distant vertices is propagated via iteration; in the

second approach, a vertex first takes into account information from

distance-1 neighbours, then from distance-2 neighbours, and so on,

in a prioritized fashion. There prove to be three distinct ways to de-

fine the second approach, so in total we have four types of iteration.

We define these types formally, find relationships between them, and

investigate their basic logical properties. We also implemented the

approaches in a software system called Equibel.

1 INTRODUCTION
We investigate several approaches for iterated belief change in multi-

agent systems, each based on minimizing disagreements between

agents in a prioritized manner. A problem instance is an undirected

graph with formulas attached to vertices. Information is shared be-

tween vertices via a process of minimization over the graph. Pre-

vious work [2] dealt with one-shot belief change, where every ver-

tex updates its beliefs through a global minimization process, with

a weak notion of distance between vertices in a graph. We general-

ize this work to model iterated approaches, where distance between

vertices is explicitly taken into account. One approach is for each

vertex to repeatedly update its beliefs by taking into account only the

beliefs of its immediate neighbours; another is for a vertex to take

into account the beliefs of its distance-1 neighbours, and then take

into account the beliefs of its distance-2 neighbours, and so on. We

show that this second approach can be defined in three different ways,

which lead to different behaviours. We implemented the approaches

described in this paper in a software system called Equibel, available

at https://github.com/asteroidhouse/equibel.

To motivate this work, we consider two interpretations of a graph:

the first is where the graph represents a network of communicating

agents, and the second is where the graph represents some general

domain (such as a spatial domain), with local information contained

1 Simon Fraser University, Burnaby, BC, {pvicol@sfu.ca, jim@cs.sfu.ca}
2 University of Potsdam, Potsdam, Germany, {torsten@cs.uni-potsdam.de}
3 INRIA, Rennes, France

at each vertex. Iterated belief change in these settings can be under-

stood as follows. In the multi-agent setting, each agent consistently
incorporates information from other agents in a stepwise fashion,

where the agent is more inclined to trust close acquaintances com-

pared to more distant ones. In the general setting, the goal is to get

an overall picture of the state of the world by combining information

from multiple sources.

To illustrate one of the approaches to iterated belief change, con-

sider a specific example in which a graph models a weather-sensing

system, where vertices represent weather stations from which ob-

servations are made, and edges encode the adjacency of the spatial

regions where the stations are located. The goal is to determine what

information holds at a region by combining the information that is

known to hold at that region (through local observations) with in-

formation coming from neighbouring regions. By the assumption

of spatial persistence between adjacent regions, information from

nearby regions should be prioritized over information from more dis-

tant regions. Informally, an approach to do this is as follows. We first

consider the observations from directly adjacent regions (i.e., vertices

at distance 1), and determine which observations minimize disagree-

ment with the observations of the first region; then, we consider the

observations from the next-nearest regions (i.e., vertices at distance

2), and we find observations which further minimize disagreement

with the observations from distance 1, and so on. This can be seen

as prioritized minimization of disagreements with respect to increas-

ingly large neighbourhoods around a vertex of interest.

Multi-agent approaches in which an agent considers the beliefs

of other agents in increasingly large neighbourhoods can be thought

of as modeling a group conversation — an agent takes into account

the beliefs of other agents, as well as the connections between those

agents, in order to decide how to update its beliefs so as to minimize

disagreement with the group. An agent tries to satisfy all protagonists

to the greatest possible degree, in a prioritized manner (where nearby

agents are given higher priority than distant agents).

The next section discusses related work in multi-source merging.

Section 3 defines the iterative approaches we examine. Section 4

presents results concerning the relationships between the approaches.

It proves to be the case that each of the approaches we propose yields

non-comparable results when applied iteratively. Section 5 shows ba-

sic logical properties of the approaches. Sections 6 and 7 discuss our

work and present the conclusion, respectively.

2 RELATED WORK

Most work on updating knowledge bases given new information

stems from the AGM approach to belief revision [1, 7]. Belief merg-

ing [8, 5, 10] can be seen as an extension of belief revision to situ-
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ations involving multiple belief bases, where the goal is to combine

several, possibly conflicting, bases into a coherent whole.

Here we provide some background behind standard approaches

to merging. Given a language LP , a belief base K is a finite set of

propositional formulas, and a belief profile K = 〈K1, . . . ,Kn〉 is

a finite vector consisting of n belief bases which are not necessarily

pairwise different. A merging operator Δ is a function LP ×Ln
P →

LP that associates a formula μ and a belief profile K with a new

formula Δμ(K), which is called the merged belief state. The operator

Δ aims at consistently merging the beliefs in K under the integrity

constraint given by μ. A set of nine postulates denoted (IC0)-(IC8)
have been proposed to capture the notion of rational belief merging.

These are called the Integrity Constraint (IC) merging postulates [9],

listed below:

(IC0) Δμ(K) . μ
(IC1) If μ  ⊥, then Δμ(K)  ⊥
(IC2) If

∧
K∈KK ∧ μ  ⊥, then Δμ(K) ≡

∧
K∈KK ∧ μ

(IC3) If K1 ≡ K2 and μ1 ≡ μ2, then Δμ1(K1) ≡ Δμ2(K2)

(IC4) If K1 . μ, K2 . μ and Δμ(〈K1,K2〉) ∧ K1  ⊥, then

Δμ(〈K1,K2〉) ∧K2  ⊥
(IC5) Δμ(K1) ∧Δμ(K2) . Δμ(K1 � K2)

(IC6) If Δμ(K1) ∧Δμ(K2) is consistent, then Δμ(K1 � K2) .
Δμ(K1) ∧Δμ(K2)

(IC7) Δμ1(K) ∧ μ2 . Δμ1∧μ2(K)
(IC8) If Δμ1(K)∧μ2 is consistent, then Δμ1∧μ2(K) . Δμ1(K)∧
μ2

Any operator Δ that satisfies these postulates is called an IC merging
operator. Classical approaches to belief merging, such as [9] and

[11], begin with a set of belief bases and produce a single, merged

base. Our approach differs from these in that we deal with updating

multiple belief bases simultaneously.

Distance-based merging operators Δd,f are characterized by a

pseudo-distance d (that is, d does not have to satisfy the trian-

gle inequality) between models and an aggregation function f :
R+ × · · · × R+ → R+ [8]. Commonly used distances include the

drastic distance (that is 0 if two models are equal and 1 otherwise),

and the Hamming distance (the number of atoms on which two mod-

els differ). Our approach to minimization uses a set-theoretic distance

between models, which is distinct from any of the standard distances

used by IC merging operators.

[6] presents a framework for updating the beliefs of a group of

agents via an iterated merge-and-revise procedure. The paper intro-

duces conciliation operators which map a belief profile to a new be-

lief profile in each step of the process. These operators are defined

in terms of IC merging operators and the revision operators they

induce. The authors describe two approaches: in the skeptical one,

each agent gives priority to its previous beliefs over the merged be-

liefs of the group, while in the credulous one, each agent views the

merged beliefs of the group as more important than its previous be-

liefs. The work in [6] focuses on the issue of updating a belief profile;

it does not consider graphs. Since each agent considers the beliefs of

all other agents simultaneously, the conciliation approach would cor-

respond in our approach to connecting all agents in a complete graph.

More closely related to our approach is [13]. Belief Revision

Games (BRGs) are games that model the dynamics of the beliefs of

a group of communicating agents. Beliefs are associated with nodes

in a directed graph. In each iterative step, each agent updates its be-

liefs by considering the beliefs of its neighbours. The authors define

18 different revision policies based on various IC merging operators

that an agent can use to combine its beliefs with those of its neigh-

bours. Each revision policy ascribes a different level of importance

to the beliefs of an agent’s neighbours compared to the current belief

of the agent itself. The revision policies range from one in which an

agent completely relinquishes its prior belief and replaces it with the

merged beliefs of the group, to one where an agent does not give up

its initial beliefs, but strengthens its opinion by incorporating consis-

tent information from its neighbours.

The REV!GIS system [14] deals with belief revision in geographic

information systems, using information at one location to revise adja-

cent locations. This conforms closely to the interpretation of a graph

as representing a spatial-domain. BReLS [12] is a framework for in-

tegrating information from multiple sources, using an approach that

combines merging, revision, and update.

In this paper, we build on the general framework for belief change

introduced in [2] and [3]. Our approach to minimizing change be-

tween vertices in a graph is similar to that used in belief extrapolation
[4], which can be seen as minimization of change in a chain graph

where vertices represent successive points in time.

3 ITERATIVE APPROACHES
3.1 Preliminaries
We work with a propositional language L defined over a finite alpha-

bet P = {p, q, r, . . . } of atoms. We use the constants � (resp. ⊥) to

represent formulas that are always true (resp. false), and the connec-

tives ¬,∧,∨,→, and ↔ to construct formulas in the standard way.

An interpretation ofL is an assignment of truth values to the atoms in

P . We represent an interpretation by the set of atoms that are true in

the interpretation. For example, given P = {p, q, r}, the interpreta-

tion where p is false but q and r are true is expressed by the set {q, r}.

The set of all interpretations of L is denoted W . Given a formula

α ∈ L and an interpretation w ∈ W , we write w |= α iff w makes α
true in the usual truth-functional way; then we say that w is a model
of α. We denote the set of models of α by Mod(α). If ω is a model

over the finite alphabet P , let form(ω) =
∧

p∈ω p ∧
∧

p∈(P\ω) ¬p.
For a set of models Γ ⊆ W , let form(Γ) =

∨
ω∈Γ form(ω). For a

set A, let P (A) denote its power set, i.e., the set of all subsets of A.

3.2 Model Graphs
In this paper, we consider only connected, undirected graphs G =
〈V,E〉, where the vertices are identified by an initial sequence of

natural numbers, e.g. for |V | = n, we have V = {1, . . . , n}.

Definition 3.1 (G-Scenario). Let G = 〈V,E〉 be a graph. A G-
scenario is a function σ : V → L that associates a propositional

formula with each vertex in the graph. σ is consistent iff σ(v) is

consistent for all v ∈ V .

Next, we define a graph-theoretic representation for a graphG and

an associatedG-scenario σ, to make explicit the process by which in-

formation is shared between vertices. The idea is that a vertex v ∈ V
with formula σ(v) is replaced by a set of vertices representing the

models of σ(v). For each edge (v, w) ∈ E, the vertices representing

the models of σ(v) and those representing the models of σ(w) are

connected in a complete bipartite graph. Each edge of the complete

bipartite graph is given a label representing the level of disagreement

between the models it connects. Various approaches for updating the

P. Vicol et al. / A Minimization-Based Approach to Iterated Multi-Agent Belief Change1222



information at a vertex can be defined in terms of selecting one or

more models corresponding to each original vertex, such that the la-

bels of the edges involved are collectively minimal in some way. Next

we formally define the model graph corresponding to a base graph
G and an associated G-scenario.

Definition 3.2 (Model Graph). Let G = 〈V,E〉 be a graph, and let

σ be a G-scenario. For a vertex v ∈ V , λ(v) = {(v,m) | m ∈
Mod(σ(v))} is the set of model vertices corresponding to v. For an

edge (v, w) ∈ E, δ(v, w) = λ(v) × λ(w) is the set of model edges
corresponding to (v, w). The model graph of G under σ, denoted

J(G, σ), is the graph J(G, σ) = 〈⋃v∈V λ(v),
⋃

(v,w)∈E δ(v, w)〉.

For a model vertex (v,m), letM((v,m)) = m, soM : V×W →
W is a function that extracts the model from a model vertex. For a

set Γ of model vertices, letM(Γ) = {M((v,m)) | (v,m) ∈ Γ}.

As an example, given the base graph shown in Figure 1, the

corresponding model graph is shown in Figure 2. Here we have

P = {p, q, r} and σ(1) = p ∧ ¬q, so Mod(σ(1)) = {{p}, {p, r}}.

Thus, λ(1) = {(1, {p}), (1, {p, r})}. This is represented in Figure

2 by the rectangle labelled 1 that contains nodes labelled {p} and

{p, r}. Each edge in Figure 2 is labelled by the symmetric differ-

ence of the models at its endpoints.

Figure 1. Base graph

Figure 2. Model graph corresponding to the base graph

3.3 Types of Neighbourhoods

The iterative approaches we define in the next section are based on

the notion of distance prioritization, which informally states that

a vertex gives higher priority to information coming from nearby

sources compared to more distant sources. In order to deal with

sources of information within a certain distance from a vertex of in-

terest, we define neighbourhoods about vertices. In this section, we

give formal definitions of the neighbourhoods we consider. In the fol-

lowing, let dist(v, w) denote the length of the shortest path between

nodes v and w, where we define dist(v, v) = 0.

Definition 3.3 (Neighbourhood, Pseudo-Neighbourhood). Let G =
〈V,E〉 be a graph.

• A neighbourhood of v ∈ V is a connected subgraph G′ =
〈V ′, E′〉 of G such that v ∈ V ′.

• A pseudo-neighbourhood of v ∈ V is a connected graph G′ =
〈V ′, E′〉 where v ∈ V ′ ⊆ V and E′ ⊆ V ′ × V ′.

Note that a pseudo-neighbourhood is not a subgraph of G, i.e.,

there is no relationship between the edges in E and those in E′.
Shortest-path trees are a natural starting point to define neighbour-

hoods consisting of nodes within a certain distance of a given node.

Definition 3.4 (Shortest-Path Tree). Given a graph G = 〈V,E〉, a

shortest-path tree rooted at a vertex v ∈ V is a spanning tree T ofG,

such that the path between the root v and any other vertex u in T is

the shortest path between v and u in G. In graphs with un-weighted

edges, shortest-path trees are equivalent to breadth-first search trees.

Define a shortest-path tree of radius r rooted at v to be a breadth-first

search tree of depth r from v.

Definition 3.5 (Cross-Edge). LetG = 〈V,E〉 be a graph, and let v ∈
V . A cross-edge for v is an edge (s, t) ∈ E such that dist(v, s) =
dist(v, t).

Cross-edges are not included in shortest-path trees (because they

break the tree property). Using the above definitions, we propose four

types of neighbourhoods to be considered for iterative approaches.

The following neighbourhood types are defined in alternative ways

with respect to a root or central node v and a radius r ∈ N:

1. Use Shortest-Path Trees (SPTs) to define neighbourhoods. There

may be multiple SPTs from a vertex to a specified radius, be-

cause there may be multiple shortest paths between two nodes.

Let {SPTj(v, r) | j ∈ {1, . . . , k}} be the set of all distinct SPTs

of radius r rooted at v. One type of neighbourhood about v is an

arbitrary SPT of depth r: SPTj(v, r).
2. Use the union of all SPTs to a specified radius from a certain node:

USPT(v, r) =
⋃

j SPTj(v, r). This removes the ambiguity in-

volved in selecting an arbitrary SPT, and makes sense intuitively,

since by considering all possible shortest paths from the root node

to all other nodes in the neighbourhood, we look at all possible

means of propagation of information to the root node. Note that a

USPT neighbourhood does not contain cross-edges.

3. Use the union of SPTs together with all cross-edges; we call this

a complete neighbourhood. LetD(v, r) = {w | dist(v, w) ≤ r}.

We define the complete neighbourhood about v of radius r to

be the graph W (v, r) = 〈D(v, r), {(i, j) | (i, j) ∈ E, i ∈
D(v, r), j ∈ D(v, r)}〉. That is, the complete neighbourhood

consists of all nodes within distance r of v, and all the edges that

involve those nodes as endpoints.

4. Use the ring of nodes at distance r from the root node, i.e.,

find nodes at distance r and construct a star graph that con-

nects those nodes directly to the root node. We define the ring
about v of radius r to be the graph R(v, r) = 〈T (v, r), S(v, r)〉
where T (v, r) = {v} ∪ {w | w ∈ V, dist(v, w) = r} and

S(v, r) = {(w, v) | w ∈ V, dist(v, w) = r}.
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Note that alternatives 1-3 are neighbourhoods of v, while alterna-

tive 4 is a pseudo-neighbourhood of v. In the discussion of our ap-

proaches, we use the diameter of a graph and eccentricity of a node,

defined as follows:

Definition 3.6 (Eccentricity, Diameter). Let G = 〈V,E〉 be

a graph. The eccentricity of a node v ∈ V , denoted ε(v), is

the greatest shortest distance between v and any other vertex:

ε(v) = maxw∈V dist(v, w). The diameter of the graph G, denoted

diam(G), is the maximum eccentricity of any vertex: diam(G) =
maxv∈V ε(v).

For simplicity and uniformity in the definitions of different ap-

proaches, for any neighbourhood type N ∈ {SPTj ,USPT,W,R}
and any vertex v, we restrict the radius of the neighbourhood so that

it cannot exceed the eccentricity of v:

N(v, r) =

{
N(v, r) if r < ε(v)

N(v, ε(v)) if r ≥ ε(v)

By definition diam(G) = maxv∈V ε(v), so for every node

v ∈ V , N(v, diam(G)) = N(v, ε(v)). Note that the com-

plete neighbourhood is the only one with the property that if we

look at a neighbourhood with a very large radius about any node,

then that is equivalent to considering the original graph G. So

N(v, diam(G)) = G when N = W (complete neighbourhood),

but in general N(v, diam(G)) 	= G when N 	= W (for example, if

N is a union of shortest-path trees).

3.4 Defining the Approaches
In this section, we define four approaches to iterated belief change,

which we call the simple, augmenting, expanding, and ring ap-

proaches. Each approach involves a different procedure to select
model vertices corresponding to each node in a graph. The follow-

ing definition formalizes the notion of a model selection.

Definition 3.7 (Model Selection). Let G = 〈V,E〉 be a graph. A

model selection is a function s : P (V ×W)→ V ×W that selects

exactly one model vertex from the set λ(v) of model vertices for each

v ∈ V . Let S(G) be the set of all possible model selections over G.

• For a subgraph G′ = 〈V ′, E′〉 of G and a model selection s ∈
S(G), let s(G′) denote the selection s restricted to G′.

• For N ∈ {SPTj ,USPT,W,R}, let SN (v, r) be the set of
all model selections restricted to neighbourhood N(v, r). For a

neighbourhood centered about a node v, and a model selection

s ∈ SN (v, r), let h(s) = s(λ(v)), so that h(s) is the model

vertex selected at the central node v by the selection s. For a set

T ⊆ SN (v, r) of model selections, let h(T ) = {h(s) | s ∈ T}
be the set of model vertices selected at v by any of the model

selections in T .

• For a model selection s ∈ SN (v, r), we define the subselection
of radius r′, denoted sub(s, r′) for r′ ≤ r, to be the selection s
restricted to the subgraph N(v, r′).

Next we define change sets induced by model selections. These

change sets measure the overall disagreement between the models

selected by a model selection at adjacent vertices.

Definition 3.8 (Change Set Induced by a Model Selection). The

change set induced by a model selection s ∈ S(G), denoted Δ(s),
is defined as Δ(s) = {〈(v, w), p〉 | (v, w) ∈ E, s(λ(v)) =
(v, a), s(λ(w)) = (w, b), p ∈ a ⊕ b}, where a ⊕ b denotes the

symmetric difference between sets a and b.

The following definition uses change sets to define a preference
relation over model selections.

Definition 3.9 (Preferred Model Selections). Given two model se-

lections s, s′ ∈ S, we define s > s′ iff Δ(s) ⊆ Δ(s′) and s 0 s′
iff Δ(s) ⊂ Δ(s′). We say that s is a preferred or minimal model
selection iff 
s′ ∈ S : s′ 0 s. We denote the set of all preferred

model selections by Pref (S,>).

Thus, s is preferred to s′ iff the change set induced by s is included

in the change set induced by s′. Preferred model selections are those

that induce inclusion-minimal change sets, and therefore minimize

disagreement between the models at adjacent vertices.

It is useful to distinguish between two classes of model selec-

tions: those that induce change sets not induced by other model selec-
tions (which we call unique model selections), and those that induce

change sets that are also induced by other model selections (which

we call duplicated model selections).

Definition 3.10 (Unique and Duplicated Model Selections). Let Γ
be a set of model selections. Then, q(Γ) = {s ∈ Γ | 
s′ ∈ Γ :
s′ 	= s and Δ(s′) = Δ(s)} and d(Γ) = {s ∈ Γ | ∃s′ ∈ Γ :
s′ 	= s and Δ(s′) = Δ(s)}. The functions q and d define unique and

duplicated model selections, respectively, referring to the existence

of other model selections that induce identical change sets. These

functions partition Γ, so Γ = q(Γ) ∪ d(Γ) and q(Γ) ∩ d(Γ) = ∅.

We are particularly interested in the case where Γ =
Pref (S(G),>). For a model selection s to be strictly preferred to

another selection s′, it must be the case that for any subgraph g of

G, s(g) > s′(g) and for some subgraph g′ of G, s(g′) 0 s′(g′).
A special case of this is when we consider subgraphs of G that are

neighbourhoods of different radii about a node v. Then, in order for

selection s to be strictly preferred to selection s′, we must have:

∀r . 1 ≤ r ≤ diam(G) : s(N(v, r)) > s′(N(v, r)) and ∃r . 1 ≤
r ≤ diam(G) : s(N(v, r)) 0 s′(N(v, r)).

The following proposition states that a unique minimal model se-

lection for a graphH must be contained within some minimal model

selection for any supergraph I ofH .

Proposition 1. Let G = 〈V,E〉 be a graph, and let H = 〈V ′, E′〉
and I = 〈V ′′, E′′〉 be subgraphs ofG such thatH is a subgraph of I .
If s ∈ q(Pref (S(H),>)) then ∃s′ ∈ Pref (S(I),>) : s′(H) = s.

Proof. Let s ∈ q(Pref (S(H),>)). Consider the set of model se-

lections O = {s′ ∈ S(I) | s′(H) = s}; that is, the set of all

model selections over I that have subselections over H equal to s.
O is a partially-ordered set with respect to >, and thus has minimal

elements. Denote the set of minimal elements of O by Min(O,>).
Take an arbitrary element z ∈ Min(O,>). We want to show that

z ∈ Pref (S(I),>). Suppose not. Then there must be a model se-

lection z′ ∈ Pref (S(I),>) such that z′ 0 z. In order for z′ to be

strictly preferred to z we must have that for any subgraph g of G,

z′(g) > z(g). In particular, we must have z′(H) > z(H) = s.
But since s ∈ q(Pref (S(H),>)), if z′(H) > s, then we must

have z′(H) = s. Since z′ ∈ S(I) and z′(H) = s, we have

z′ ∈ O. But z ∈ Min(O,>), so z′ � z, which is a contradic-

tion. Thus, z ∈ Pref (S(I),>) and z(H) = s, so we have con-

structed a model selection with the desired properties. This proves

that ∃s′ ∈ Pref (S(I),>) : s′(H) = s.

Corollary 1.1. If x ∈ {s(λ(v)) | s ∈ q(Pref (S(H),>))} then
x ∈ {s(λ(v)) | s ∈ Pref (S(I),>)}.
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A consequence of this is that h(q(Pref (SN (v, r),>))) ⊆
h(Pref (SN (v, r + 1),>)). This states that if a model vertex is se-

lected at a node v by a unique minimal selection s in a neighbourhood

of radius r about v, then that model vertex must be selected at v in

every neighbourhood of radius greater than r (i.e., that model ver-

tex will not be eliminated when considering larger neighbourhoods).

The next proposition gives an analogous result for duplicated mini-
mal selections.

Proposition 2. Let G = 〈V,E〉 be a graph, and let H = 〈V ′, E′〉
and I = 〈V ′′, E′′〉 be subgraphs of G such that H is a subgraph of
I . If s ∈ d(Pref (S(H),>)) then ∃s′ ∈ Pref (S(I),>) : s′(H) ∈
{t ∈ Pref (S(H),>) | Δ(t) = Δ(s)}.

Proof. This proof is nearly identical to the proof of Proposition 1;

we omit it due to space constraints.

Corollary 2.1. At least one of the model vertices selected at the cen-
tral node v by a duplicated minimal model selection over H must
be selected by a minimal model selection over I: {s(λ(v)) | s ∈
d(Pref (S(H),>))} ∩ {s(λ(v)) | s ∈ Pref (S(I),>)} 	= ∅.

A consequence of this for concentric neighbourhoods is:

h(d(Pref (SN (v, r),>))) ∩ h(Pref (SN (v, r + 1),>)) 	= ∅

Before defining the iterative approaches we investigate, we define

the global completion operation studied previously [2], which per-

forms one-shot (as opposed to iterative) belief change. This allows

us to compare the global approach with our iterative approaches in

Section 4.

Definition 3.11 (Global Completion). Let G = 〈V,E〉 be a

graph, and let σ be an associated G-scenario. We define C(v) =
h(Pref (SW (v, diam(G)),>)) = {s(λ(v)) | s ∈ Pref(S(G),>
)}. The global completion of σ, denoted σC , is the G-scenario such

that ∀v ∈ V : σC(v) = form(M(C(v))).

Now we define the simple, augmenting, and expanding approaches

to iteration, by defining three functions F , A, and E, respectively,

that select specific model vertices for each node that minimize dis-

agreement between the beliefs of that node and those of its neigh-

bours.

For a model graph J of G = 〈V,E〉 under σ, the set of model se-

lections over J is denoted by SJ. Given an approach Ω ∈ {F,A,E}
and neighbourhood type N ∈ {SPTj , USPT,W}, for any itera-

tion i > 0, Ωi
N (v) is the set of model vertices selected for v by Ω in

iteration i using neighbourhood N , and we define

Ji
Ω,N =

〈⋃
v∈V

Ωi
N (v),

⋃
(v,w)∈E

Ωi
N (v)× Ωi

N (w)

〉

to be the model graph that results from the ith iteration of approach

Ω using neighbourhoodN . The set of all model selections over Ji
Ω,N

is SJi
Ω,N

, which we abbreviate to Si
Ω,N . In this context, we let S0

Ω,N

stand for SJ, so that S0
A,N = S0

E,N = S0
F,N . Then, Si

Ω,N (v, r) is

the set of model selections over Ji
Ω,N , restricted to neighbourhood

N(v, r). Next, we define the following iterative approaches:

Definition 3.12 (Simple/Fixed-Radius Iteration). Let G = 〈V,E〉
be a graph, and let σ be an associated G-scenario. For i ≥ 1, we

define F i
N (v) = h(Pref (Si−1

F,N (v, 1),>)). The G-scenario that re-

sults from the ith iteration of the simple approach is denoted σiF,N ,

and is defined as the G-scenario such that ∀v ∈ V : σiF,N (v) =
form(M(F i

N (v))).

In each iteration of the simple approach, a vertex changes its be-

liefs by considering only the beliefs of its immediate neighbours.

Definition 3.13 (Augmenting Iteration). LetG = 〈V,E〉 be a graph,

and let σ be an associated G-scenario. Then for i ≥ 1, we define

Ai
N (v) = h(T i

N (v)), where

T i
N (v) = {s ∈ Pref (Si−1

A,N (v, diam(G)),>) |
∀r . 1 ≤ r ≤ diam(G) : sub(s, r) ∈ Pref (Si−1

A,N (v, r),>)}

The G-scenario that results from the ith iteration of the augmenting

approach is denoted σiA,N , and is defined as theG-scenario such that

∀v ∈ V : σiA,N (v) = form(M(Ai
N (v))).

A model selection s ∈ T i
N (v) can be constructed stepwise by:

1) starting from v and considering preferred model selections over

a radius 1 neighbourhood about v; then 2) augmenting those pre-

ferred selections by considering minimal model edges that cross the

boundary between the radius 1 and radius 2 neighbourhoods about v
(as well as the model edges between distance-2 nodes, in the case of

complete neighbourhoods), and so on. Once we find preferred model

selections over a radius 1 neighbourhood, we take into account only
the model vertices (and model edges) involved in those selections for

future steps of the procedure; at each radius, we examine ways to

augment preferred model selections from the preceding radius.

Definition 3.14 (Expanding Iteration). Let G = 〈V,E〉 be a graph,

and let σ be an associatedG-scenario. For i ≥ 1, we defineEi
N (v) =

I
ε(v)
i,N (v), where

I1i,N (v) = h(Pref (Si−1
E,N (v, 1),>))

and for r > 1,

Iri,N (v) = h(Pref ({s ∈ Si−1
E,N (v, r) | s(λ(v)) ∈ Ir−1

i,N (v)},>))

Note that Ir+1
i,N (v) ⊆ Iri,N (v). The G-scenario that results from

the ith iteration of the expanding approach is denoted σiE,N , and

is defined as the G-scenario where ∀v ∈ V : σiE,N (v) =
form(M(Ei

N (v))).

The definition of expanding iteration captures the following intu-

ition: at radius r, a subset of model vertices are selected at v that are

associated with preferred model selections in the neighbourhood of

radius r about v. When we expand to radius r + 1, we select a sub-

set of models at v associated with preferred model selections in the

radius r + 1 neighbourhood from the models that remain after the
selection at radius r.

In addition to the three iterative approaches defined above, that are

based on minimal model selections, we introduce another approach

called the ring method, which is defined in terms of generic merging

operators. The ring method involves iterated merging of beliefs from

nodes in different “layers” about a particular node, where layer r
consists of nodes at distance r from that node. In contrast to the other

approaches, the ring method does not consider the topology of the

graph between the central node and nodes at distance r.

Definition 3.15 (Ring Iteration). Let G = 〈V,E〉 be a graph, and

let σ be an associated G-scenario. The G-scenario that results from

the ith iteration of the ring method is denoted σiR, and is defined as

follows. Let Cr
i (v) = {σi−1

R (w) | dist(v, w) = r} be the context
at distance r from v, in the ith iteration of the ring method. Then,

σ0R = σ and for i ≥ 1, we have R0
i (v) = σi−1

R (v) and Rt
i(v) =

Δ
Rt−1

i (v)
(Ct

i (v)). σ
i
R is defined as the G-scenario where ∀v ∈ V :

σiR(v) = R
ε(v)
i (v).
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In the tth step of the ith ring iteration, we merge the belief profile

Ct
i (v) under the integrity constraint Rt−1

i (v), which represents the

result of the previous step of the ith iteration. Δ can be any merging

operator, but certain properties of the approach can be shown if Δ
satisfies certain IC merging properties.

For simplicity, when we discuss the global completion and the ring

approach together with the other approaches (simple, augmenting,

and expanding), we do not explicitly denote the neighbourhood type,

because the global and ring approaches are not defined to use dif-

ferent neighbourhoods. In this case, the neighbourhood type can be

arbitrarily chosen.

Each of the four iterative approaches reaches a fixpoint, because

each monotonically reduces the set of models at each node. This

leads to the following observation:

Observation 1 (Monotonicity). For Ω ∈ {A,E, F,R}, we have:
∀v ∈ V : σi+1

Ω |= σiΩ.

For an approach Ω ∈ {A,F,E,R}, denote by σ∗Ω the fixpoint

reached by iterating the approach, so that σ∗Ω = σtΩ where t is the

smallest integer for which σtΩ = σt+1
Ω .

We observe that when Δ is the consistency-based projection merg-
ing operator [3], the ring method can be expressed as expanding

iteration performed with respect to ring neighbourhoods, so that

σiR = σiE,R.

4 RELATIONSHIPS BETWEEN APPROACHES
In the previous section we discussed one global approach to belief

change (C), and four iterative approaches: simple iteration (F ), ex-

panding iteration (E), augmenting iteration (A), and ring iteration

(R). Here we show how these approaches relate to one another (i.e.,

whether two approaches are comparable, and if so, which approach

is logically stronger or weaker than the other). The notion of logical

strength of G-scenarios is defined below:

Definition 4.1 (Equivalence and Logical Strength of G-Scenarios).
Let G be a graph, and σ and σ′ be two G-scenarios.

• We say that σ and σ′ are equivalent, denoted σ ≡ σ′, iff for all

v ∈ V we have |= σ(v) ≡ σ′(v).
• We say that σ is at least as strong as σ′, denoted σ |= σ′, iff

|= σ(v)→ σ′(v) for all v ∈ V .

Given Ω,Ω′ ∈ {A,E, F,R,C} and r, t ≥ 1, we say that σrΩ and

σtΩ′ are non-comparable iff there exists a graph G = 〈V,E〉 and

scenario σ such that σrΩ � σtΩ′ and σtΩ′ � σ
r
Ω.

First we give a result concerning the relationship between neigh-

bourhoods. The following proposition states that adding a new edge

between two nodes in a graph cannot logically strengthen the results

of iteration, i.e., the results are either equivalent or weaker.

Proposition 3. Let G = 〈V,E〉 be a graph, and σ be a G-scenario.
Let G′ = 〈V ′, E′〉 be a subgraph of G such that ∃v, w ∈ V ′ :
[(v, w) ∈ E and (v, w) /∈ E′]. Let (v, w) be such an edge, and let
G′′ = 〈V ′, E′ ∪ {(v, w)}〉 be a copy of G′ that contains (v, w).
Then, Pref (S(G′),>) ⊆ Pref (S(G′′),>).

Corollary 3.1. For Ω ∈ {A,E, F}, we have ∀i > 0 : σiΩ,SPTj |=
σiΩ,USPT and ∀i > 0 : σiΩ,USPT |= σiΩ,W .

That is, for any of the approaches A, E, or F , arbitrary SPT

neighbourhoods yield the strongest results, followed by union-of-

SPT neighbourhoods, and finally by complete neighbourhoods.

Propositions 4-11 compare the first iterations of all the ap-

proaches. Then, Corollaries 8.1 and 9.1 and Propositions 12-15 com-

pare their fixpoints. For Propositions 4-7 and 10, letG be an arbitrary

connected, undirected graph, let σ be an arbitraryG-scenario, and let

N ∈ {SPTj , USPT,W} be an arbitrary neighbourhood.

Proposition 4. σ1A,N |= σ1F,N

Proof. By definition, every model selection s found by the augment-

ing approach is preferred over restricted neighbourhoods of all radii

1 ≤ r ≤ diam(G); in particular, sub(s, 1) ∈ Pref (S0
F,N (v, 1),>),

which implies that s(λ(v)) ∈ F 1
N (v). Thus, σ1A,N |= σ1F,N .

Proposition 5. σ1A,N |= σ1E,N

Proof. Due to space constraints, we just give an outline of this proof.

Let BA,N (v, r) = {s ∈ Pref (S0
A,N (v, r),>) | ∀r′.1 ≤ r′ ≤

r : sub(s, r′) ∈ Pref (S0
A,N (v, r′),>)} and let BE,N (v, 1) =

Pref (S0
E,N (v, 1),>) and for r > 1, BE,N (v, r) = Pref ({s ∈

S0
E,N (v, r) | s(λ(v)) ∈ Ir−1

1,N (v)},>). We prove by induction that

every minimal model selection of radius r about an arbitrary node

v found by the augmenting approach is also found by the expand-

ing approach, so BA,N (v, r) ⊆ BE,N (v, r). When r = 1, we

have S0
A,N (v, 1) = S0

E,N (v, 1), so BA,N (v, 1) = BE,N (v, 1).
For the inductive step, assume that BA,N (v, r) ⊆ BE,N (v, r).
Take s ∈ BA,N (v, r + 1) and let t = sub(s, r). By definition,

t ∈ BA,N (v, r), and by the inductive assumption t ∈ BE,N (v, r).
There are two cases: if t ∈ q(BE,N (v, r)), then we use Proposition

1 to show that s ∈ BE,N (v, r + 1); if t ∈ d(BE,N (v, r)), then we

use Proposition 2 to show that s ∈ BE,N (v, r + 1). It follows by

induction that σ1A,N |= σ1E,N .

Proposition 6. ∀i ≥ 1 : σiA,N |= σC

Proof. If m ∈ A1
W (v), then by definition, m ∈

h(Pref (SW (v, diam(G)),>)), so m ∈ C(v). Since ∀v ∈ V :
Ai+1

W (v) ⊆ Ai
W (v), we have ∀v ∈ V, ∀i ≥ 1 : Ai

W (v) ⊆ C(v).
Thus, ∀i ≥ 1 : σiA,W |= σC . Since σiA,USPT |= σiA,W and

σiA,SPTj
|= σiA,USPT we see that for N ∈ {SPTj , USPT,W},

∀i ≥ 1 : σiA,N |= σC .

Proposition 7. σ1E,N |= σ1F,N

Proof. By the definition of expanding iteration, σ1E,N (v) =

form(M(E1
N (v))), where E1

N (v) = I
ε(v)
1,N (v). We have I11,N (v) =

h(Pref (S0
E,N (v, 1),>)) = h(Pref (S0

F,N (v, 1),>)) = F 1
N (v),

where S0
E,N = S0

F,N for any neighbourhood type. Since Ir+1
i,N (v) ⊆

Iri,N (v), we have E1
N (v) = I

ε(v)
1,N (v) ⊆ I11,N (v) = F 1

N (v). This

implies that σ1E,N |= σ1F,N .

Proposition 8. ∀i ≥ 1 : σiE,N and σC are in general non-
comparable.

Proof. We begin with a counterexample to the statement that

σ1E,N and σC are always comparable: Let G = 〈V,E〉, where V =
{1, 2, 3, 4, 5} and E = {(1, 2), (2, 3), (3, 4), (4, 5)}, and let σ be a

G-scenario such that σ = 〈1 : q∨(r∧¬s), 2 : p, 3 : (¬p∧¬q)∨s, 4 :
�, 5 : ¬s〉. Then, the first iteration of the expanding approach yields

σ1E,N , where σ1E,N (1) = σ1E,N (2) = σ1E,N (3) = p ∧ q ∧ s and

σ1E,N (4) = σ1E,N (5) = ¬p ∧ ¬q ∧ ¬s, while the global com-

pletion yields σC = 〈1 : (p ∧ q ∧ s) ∨ (p ∧ ¬q ∧ r ∧ ¬s), 2 :
(p∧q∧s)∨(p∧¬q∧r∧¬s), 3 : (p∧q∧s)∨(¬p∧¬q∧r∧¬s), 4 :
(p∧q)∨(¬p∧¬q∧r∧¬s), 5 : (p∧q∧¬s)∨(¬p∧¬q∧r∧¬s)〉. We

P. Vicol et al. / A Minimization-Based Approach to Iterated Multi-Agent Belief Change1226



see that σ1E,N (4) � σC(4) and σC(4) � σ1E,N (4). For this example,

we have ∀i > 1 : σiE,N = σ1E,N , so ∀i ≥ 1 : σiE,N and σC are in

general non-comparable.

Corollary 8.1. σ∗E,N and σC are non-comparable.

Proposition 9. ∀i ≥ 1 : σiF,N and σC are in general non-
comparable.

Proof. We begin with a counterexample to the statement that

σ1F,N and σC are always comparable: Let G = 〈V,E〉, where

V = {1, 2, 3, 4} and E = {(1, 2), (2, 3), (3, 4)}, and let σ be a

G-scenario such that σ = 〈1 : ¬r, 2 : ¬p∨r, 3 : (p∨q)∧r, 4 : ¬q〉.
Then the result of the first simple iteration is σ1F,N = 〈1 : ¬p∧¬r, 2 :
(p ∧ r) ∨ (¬p ∧ q), 3 : p ∧ ¬q ∧ r, 4 : p ∧ ¬q ∧ r〉 while the re-

sult of the global completion is σC = 〈1 : (¬p ∨ ¬q) ∧ ¬r, 2 :
(¬p∧¬r)∨(p∧¬q∧r), 3 : r∧(p∨q)∧(¬p∨¬q), 4 : ¬q∧r〉. We

see that σ1F,N (2) � σC(2) and σC(2) � σ1F,N (2). For this example,

we have σ2F,N = 〈1 : ¬p ∧ q ∧ ¬r, 2 : (¬p ∧ q) ∨ (p ∧ ¬q ∧ r), 3 :
p ∧ ¬q ∧ r, 4 : p ∧ ¬q ∧ r〉. We find that σ2F,N (2) � σC(2) and

σC(2) � σ2F,N (2), so the second iteration of the simple approach

is in general non-comparable with the global completion. In addi-

tion, ∀i > 2 : σiF,N = σ2F,N , so ∀i ≥ 1 : σiF,N and σC are non-

comparable.

Corollary 9.1. σ∗F,N and σC are non-comparable.

Now, we show that the first iteration of the ring method produces

logically stronger results than the first iteration of the simple ap-

proach.

Proposition 10. σ1R |= σ1F,N if the merging operator Δ used in the
ring method is the consistency-based projection merging operator.

Proof. From the definition of the ring method, R0
1(v) =

σ0R(v) = σ(v), and R1
1(v) = ΔR0

1(v)
(C1

1 (v)) = Δσ(v)(C
1
1 (v)).

Note that Δσ(v)(C
1
1 (v)) = σ1F,USPT (v) = σ1F,SPTj

(v) and

Δσ(v)(C
1
1 (v)) |= σ1F,W (v), so we can say that Δσ(v)(C

1
1 (v)) |=

σ1F,N (v) regardless of the type of neighbourhood used for simple it-

eration. For all i > 1, Ri
1(v) |= R1

1(v); in particular, R
ε(v)
1 (v) |=

R1
1(v), and since R1

1(v) |= σ1F,N (v), we have σ1R |= σ1F,N .

The following proposition shows that the first iteration of the ring

method is in general non-comparable to the first iterations of aug-

menting iteration, expanding iteration, or the global completion.

Proposition 11. σ1R is in general not comparable with any of σ1A,N ,
σ1E,N , or σC .

Proof. All these statements can be proven by a single example

for which augmenting iteration, expanding iteration, and the global

completion produce the same result, which is different from, and

not comparable to, the result produced by the ring method. Con-

sider the graph G = 〈V,E〉 where V = {1, 2, 3, 4} and E =
{(1, 2), (2, 3), (3, 4)} and let σ be a G-scenario such that σ = 〈1 :
p ⊕ q, 2 : p, 3 : �, 4 : ¬p〉. We find that σ1A,N = σ1E,N =
σC = 〈1 : p ∧ ¬q, 2 : p ∧ ¬q, 3 : ¬q, 4 : ¬p ∧ ¬q〉, while

σ1R = 〈1 : p ∧ ¬q, 2 : p ∧ ¬q, 3 : p ⊕ q, 4 : ¬p ∧ q〉. Note that

σ1A,N (4) = σ1E,N (4) = σC(4) = ¬p ∧ ¬q, while σ1R(4) = ¬p ∧ q.
Since ¬p ∧ ¬q � ¬p ∧ q and ¬p ∧ q � ¬p ∧ ¬q, we conclude that

the first iterations of expanding iteration, augmenting iteration, and

the global completion are in general non-comparable with the first

iteration of the ring method.

Propositions 12-15 compare the fixpoints of the augmenting, ex-

panding, simple, and ring approaches.

Proposition 12. σ∗E,N and σ∗F,N are in general non-comparable.

Proof. Counterexample to the statement that σ∗E,N and σ∗F,N are al-

ways comparable: LetG = 〈V,E〉, where V = {1, 2, 3, 4, 5, 6} and

E = {(i, i + 1) | 1 ≤ i ≤ 5}, and let σ be a G-scenario such that

σ = 〈1 : ¬r, 2 : �, 3 : ¬p ∨ r, 4 : (p ∨ q) ∧ r, 5 : �, 6 : ¬q〉.
The fixpoint of simple iteration is σ∗F,N = 〈1 : ¬p ∧ q ∧ ¬r, 2 :
¬p∧q∧¬r, 3 : ¬p∧q∧r, 4 : p∧¬q∧r, 5 : p∧¬q∧r, 6 : p∧¬q∧r〉
The fixpoint of expanding iteration is σ∗E,N = 〈1 : ¬p ∧ q ∧ ¬r, 2 :
¬p∧q∧¬r, 3 : p∧¬q∧r, 4 : p∧¬q∧r, 5 : p∧¬q∧r, 6 : p∧¬q∧r〉.
We see that σ∗F,N (3) � σ∗E,N (3) and σ∗E,N (3) � σ∗F,N (3), so the

simple and expanding approaches are not comparable in general.

Proposition 13. σ∗E,N and σ∗A,N are in general non-comparable.

Proof. Counterexample to the statement that σ∗E,N and σ∗A,N are al-

ways comparable: Let G = 〈V,E〉, where V = {1, 2, 3, 4, 5} and

E = {(1, 2), (2, 3), (3, 4), (4, 5)}, and let σ be a G-scenario such

that σ = 〈1 : p, 2 : �, 3 : (p ∧ r) ∨ (¬p ∧ ¬q ∧ ¬r), 4 : ¬r, 5 : q〉.
Then the fixpoint of augmenting iteration is σ∗A,N = 〈1 : p∧q∧r, 2 :
p ∧ q ∧ r, 3 : ¬p ∧ ¬q ∧ ¬r, 4 : ¬p ∧ ¬r, 5 : ¬p ∧ q ∧ ¬r〉, while

the fixpoint of expanding iteration is σ∗E,N = 〈1 : p ∧ ¬q ∧ r, 2 :
p ∧ ¬q ∧ r, 3 : ¬p ∧ ¬q ∧ ¬r, 4 : ¬p ∧ ¬r, 5 : ¬p ∧ q ∧ ¬r〉. Note

that the beliefs produced by each approach at vertices 1 and 2 are not

comparable, i.e., σ∗E,N (1) � σ∗A,N (1) and σ∗A,N (1) � σ∗E,N (1).

Proposition 14. σ∗A,N and σ∗F,N are in general non-comparable.

Proof. Counterexample to the statement that σ∗A,N and σ∗F,N are al-

ways comparable: Let G = 〈V,E〉, where V = {1, 2, 3, 4, 5} and

E = {(1, 2), (2, 3), (3, 4), (4, 5)}, and let σ be a G-scenario such

that σ = 〈1 : p ∧ r, 2 : p, 3 : s, 4 : ¬r ∨ s, 5 : ¬s〉. Then the

fixpoint of simple iteration is σ∗F,N = 〈1 : p∧ r∧ s, 2 : p∧ r∧ s, 3 :
p ∧ r ∧ s, 4 : p ∧ ¬r, 5 : p ∧ ¬r ∧ ¬s〉, while the fixpoint of aug-

menting iteration is σ∗A,N = 〈1 : p ∧ r ∧ s, 2 : p ∧ r ∧ s, 3 :
p ∧ r ∧ s, 4 : p ∧ (r ↔ s), 5 : p ∧ ¬r ∧ ¬s〉. Note that the be-

liefs produced by each approach at vertex 4 are not comparable, i.e.,

σ∗F,N (4) � σ∗A,N (4) and σ∗A,N (4) � σ∗F,N (4).

We also show that the fixpoint of the ring method is in general

non-comparable to the fixpoints of augmenting iteration, expanding

iteration, simple iteration, or the global completion.

Proposition 15. σ∗R is in general not comparable with any of σ∗A,N ,
σ∗E,N , σ∗F,N , or σC .

Proof. All these statements can be proven by a single example for

which augmenting iteration, expanding iteration, simple iteration

and the global completion produce the same fixpoint, which is dif-

ferent from, and not comparable to, the fixpoint produced by the

ring method. Once again consider the graph and associated scenario

shown in the proof of Proposition 11. We find that σ∗A,N = σ∗E,N =
σ∗F,N = σC = 〈1 : p ∧ ¬q, 2 : p ∧ ¬q, 3 : ¬q, 4 : ¬p ∧ ¬q〉,
while σ∗R = 〈1 : p ∧ ¬q, 2 : p ∧ ¬q, 3 : p ∧ ¬q, 4 : ¬p ∧ q〉. Note

that σ∗A,N (4) = σ∗E,N (4) = σ∗F,N (4) = σC(4) = ¬p ∧ ¬q, while

σ∗R(4) = ¬p ∧ q. Since ¬p ∧ ¬q � ¬p ∧ q and ¬p ∧ q � ¬p ∧ ¬q,
we conclude that the fixpoints of expanding iteration, augmenting

iteration, simple iteration, and the global completion are in general

non-comparable with the fixpoint of the ring method.
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5 LOGICAL PROPERTIES
In this section we investigate logical properties that are satisfied by

the approaches defined in Section 3. Observation 1 already noted the

monotonicity of the iterative approaches. Here, we start with the ba-

sic property that if an initial scenario is consistent, then it remains

consistent throughout every iteration of each approach.

Proposition 16 (Consistency Preservation). LetG be a graph and σ
be aG-scenario. If σ is consistent, then σiΩ is consistent for all i and
all Ω ∈ {A,E, F,R,C}.

It proves to be the case that if the conjunction of formulas at all

vertices is consistent, then the result at each vertex will be just this

conjunction. We formalize this as follows:

Definition 5.1 (Agreement Preservation (AP)). LetG = 〈V,E〉 be a

graph, σ be a G-scenario, and σ′ be the G-scenario that results from

applying an approach to updating the information at the vertices in

V . If
∧

v∈V σ(v) is consistent, then ∀v ∈ V : σ′(v) ≡ ∧
v∈V σ(v).

The following proposition states that the augmenting, expanding,

simple, and global approaches satisfy Agreement Preservation.

Proposition 17. For Ω ∈ {A,E, F,C}, σ∗Ω satisfies (AP).

Proof. This was shown for Ω = C in [2]. If
∧

v∈V σ(v) is

consistent, then
⋂

v∈V Mod(σ(v)) 	= ∅. For each model m ∈⋂
v∈V Mod(σ(v)), we can define a model selection s ∈ S(G) such

that for each v ∈ V , s(λ(v)) = (v,m). Then, Δ(s) = ∅. Clearly, s
is minimal over any connected subgraph of G. So, given a vertex v,
s is minimal over a neighbourhood of any radius about v. In particu-

lar, s is minimal in the radius-1 neighbourhood about v, so (v,m) is

selected by the simple approach. s is minimal over neighbourhoods

of all radii 1 ≤ r ≤ diam(G), so (v,m) is selected by the aug-

menting approach. For the expanding approach, s is minimal over

a neighbourhood of radius 1, so (v,m) is selected in the first step.

Since all other vertices agree on model m, (v,m) will continue to

be part of the minimal selection s over increasingly large neighbour-

hoods. Thus, (v,m) is selected by the expanding approach. Finally,

although additional models m′ /∈ ⋂
v∈V Mod(σ(v)) may initially

be selected by an approach (e.g. due to local minimization), such

models are progressively eliminated when the approach is iterated,

so that the fixpoint of each approach contains only the information

agreed upon by all vertices.

We also show that the ring method satisfies the Agreement Preser-

vation property under certain conditions.

Proposition 18. The ring method satisfies (AP) iff Δ satisfies (IC2).

Proof. LetG = 〈V,E〉 be a graph, and let v ∈ V be an arbitrary ver-

tex. Note thatC1
1 (v)�C2

1 (v)�· · ·�Cε(v)
1 (v) =

⊔
1≤r≤ε(v) C

r
1 (v) =

{σ(v) | v ∈ V }, where � denotes multiset union. Then, by using the

definition of the ring method, we have R0
1(v) = σ(v) and

R1
1(v) = ΔR0

1(v)
(C1

1 (v)) =
∧
C1

1 (v) ∧ σ(v)
...

R
ε(v)
1 (v) = Δ

R
ε(v)−1
1 (v)

(C
ε(v)
1 (v)) =

∧
v∈V

σ(v)

So σ1R(v) =
∧

v∈V σ(v) for all v ∈ V . Since the beliefs of all nodes

are equivalent after the first iteration of the ring method, clearly there

will be no further change, so σ∗R(v) =
∧

v∈V σ(v) for all v ∈ V .

The number of iterations for any approach to reach a fixpoint has

an upper bound, given by the following proposition.

Proposition 19. Given a graph G = 〈V,E〉 and a G-scenario σ,
an upper bound on the number of iterations of any approach Ω ∈
{A,E, F,R} is

(∑
v∈V |Mod(σ(v))|

)
− |V |.

Proof. By monotonicity, in each iteration the number of models at a

node can either stay the same or decrease. Clearly, the smallest pos-

sible change from one iteration to the next is for a single model to be

eliminated from the set of models at a specific node. The total num-

ber of models over all nodes in the graph is
∑

v∈V |Mod(σ(v))|. At

the fixpoint (assuming σ is consistent), each node must have at least

one model; the minimum number of models over the graph in any it-

eration is |V |. Thus, in the case that each iteration yields the minimal

change, we see that there can be at most
(∑

v∈V |Mod(σ(v))|
)
−|V |

iterations before the scenario reaches a fixpoint.

6 DISCUSSION
This work calls for some comparisons with Belief Revision Games

(BRGs) [13]. A BRG represents a network of communication agents,

where each agent iteratively updates its beliefs by applying a revi-
sion policy that takes into account its current beliefs and the beliefs

of its neighbours. By definition, each revision policy takes as input

the current belief of an agent and the belief profile consisting of the

beliefs of her neighbours, and returns a new set of beliefs. In this ap-

proach, agents do not take into account the topology of the graph be-

yond their immediate neighbours. The fixed-radius approach (using

USPT neighbourhoods) introduced in this paper has a similar struc-

ture to BRGs, in that agents repeatedly update their beliefs by taking

into account the beliefs of their immediate neighbours. However, our

method of updating information by minimizing disagreements in a

set-theoretic fashion is distinct from any of the IC merging operator-

based revision policies. The expanding and augmenting approaches

presented here further diverge from the BRG approach; they take as

input an entire graph G, an associated scenario σ, and a node v, and

yield a new set of beliefs for v. The expanding and augmenting ap-

proaches take into account the beliefs of agents throughout the graph,

as well as the connections between those agents, to minimize dis-

agreement within increasingly large neighbourhoods about a vertex

of interest, in a prioritized manner.

7 CONCLUSION
In this paper, we have generalized the work presented in [2] by defin-

ing minimization-based approaches to iterated belief change that take

into account the distance between nodes in a graph. We defined four

iterated approaches which we call the simple, augmenting, expand-

ing, and ring approaches. We showed that each approach is distinct,

in that each produces results that are non-comparable with the re-

sults of the other approaches. We also compared these iterated ap-

proaches to the global approach studied previously. We found that

the augmenting approach produces logically stronger results in each

iteration than global completion, while the other approaches produce

results that are non-comparable with global completion. We exam-

ined basic logical properties for the approaches, and stated an upper

bound on the number of iterations needed to reach a fixpoint. Finally,

we compared our approaches to related work.

We have also implemented the approaches to belief change

described in this paper, in a software system called Equibel.
This software is publicly available at https://github.com/
asteroidhouse/equibel.
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Parameterised Model Checking
for Alternating-Time Temporal Logic

Panagiotis Kouvaros1 and Alessio Lomuscio1

Abstract. We investigate the parameterised model checking prob-

lem for specifications expressed in alternating-time temporal logic.

We introduce parameterised concurrent game structures representing

infinitely many games with different number of agents. We introduce

a parametric variant of ATL to express properties of the system irre-

spectively of the number of agents present in the system. While the

parameterised model checking problem is undecidable, we define a

special class of systems on which we develop a sound and complete

counter abstraction technique. We illustrate the methodology here

devised on the prioritised version of the train-gate-controller.

1 Introduction
In the past 15 years there has been considerable interest in logics

and techniques for reasoning about strategic play in multi-agent sys-

tems (MAS). Formalisms such as Alternating-Time Logic [4] enable

us to capture precisely what agents may bring about by cooperating

with one another. They also offer a game-theoretic angle to study

interactions within MAS that was missing in previous mainstream

formalisms, e.g., in the plain BDI approach [35].

Formalisms stronger than ATL have been put forward. The logic

ATL∗ [4] extends the cooperation modalities to the full power of

CTL∗ temporal modalities. More recently, a wide range of so called

“strategy logics” [10, 32] have been introduced to increase the ex-

pressiveness even further. For example, in a variant of strategy logic,

strategies can be explicitly named and bound to agents. This is useful

in many scenarios and results in being able to express, for example,

concepts such as Nash equilibria. Several underlying conditions on

MAS have been explored in this context, including complete and in-

complete information, perfect recall and memoryless strategies.

There is, however, a whole class of MAS that has not received

attention so far in terms of strategic reasoning. This concerns MAS
that are composed by an unbounded number of components. This

is a natural and general class of MAS not only of theoretical inter-

est, but of considerable relevance to applications. For example, open

MAS where components enter and leave the system at runtime may

be formalised by MAS with unbounded numbers of agents [7, 33].

Robotic swarms are also naturally assumed to be systems in which

the number of agents is unbounded [27, 28, 29]. This tradition dates

back to applications such as networking where protocols are often

analysed by considering the unbounded nature of the processes in

the system [8].

Specifications concerning strategic interplay naturally arise in

these application areas. For example, in swarm analysis the engi-

neer may be interested in establishing whether a small coalition in

1 Department of Computing, Imperial College London, UK, email: {p.kou-
varos,a.lomuscio}@imperial.ac.uk

a swarm can influence the behaviour of the whole system in a certain

way (perhaps by forcing its direction of travel). In open MAS such

as auctions it may be of interest to establish whether a small set of

players can collude to force an unwanted state of affairs. Strategic

interplay on games with infinitely many players is also of theoretical

interest: many games are defined on arbitrarily many players includ-

ing game cutting, diner’s dilemma, etc. In all these scenarios it is of

interest to establish whether a strategic property holds on the game
irrespective of the number of players in the system. By establishing

the above we can deduce a strong property of the system, as the prop-

erty will have been guaranteed to hold irrespective of the particular

system instance under analysis.

In this paper we put forward a methodology to address this prob-

lem. We assume that our MAS is composed by arbitrarily many

agents. We express specifications of interest in a novel variant of

ATL, where we can naturally encode whether all players of a par-

ticular kind can, by establishing a coalition, force states of affairs

expressed as LTL formulas on the rest of the system. We define the

verification problem in terms of the verification of all realisations of

the system, and show the problem is undecidable in general. Our key

contribution is a technique based on counter abstraction that enables

us, in several cases of interest, to draw conclusions on all possible

system instances by analysing a single abstract model.

Related Work. We are not aware of any work addressing the prob-

lem above. Of course, the verification problem for ATL has received

much attention over the years, including various implementations

from the seminal jMocha model checker [2] to recent symbolic im-

plementations such as Verics [24] and MCMAS [31]. However, all

these techniques deal with a finite number of agents, and so can-

not address the general problem. Closer to our approach is recent

work on parameterised verification for MAS [25, 26, 30], where un-

bounded MAS are checked against epistemic specifications. In par-

ticular, [27, 28] present counter abstraction techniques to verify un-

bounded MAS against epistemic specifications. While our technique

is inspired by [27, 28], the specification language supported here is

based on strategies, and so it is not directly comparable.

Scheme of the Paper. In Section 2 we introduce parameterised

concurrent game structures (PCGS), a novel form of concurrent game

structures that can represent arbitrarily many agents; this is followed

by the introduction of PATL, a parameterised version of ATL. In

Section 3 we prove that the parameterised model checking prob-

lem for PCGS against PATL is undecidable and identify a class of

systems for which we give a method for parameterised verification

in Section 4. In Section 5 we encode an unbounded version of the

train-gate-controller in PCGS and express relevant specificactions in

PATL. We conclude in Section 6, where we discuss possible future

work.

ECAI 2016
G.A. Kaminka et al. (Eds.)

© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms

of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-1230

1230



2 Parameterised Concurrent Game Structures

To reason about strategic interplay in unbounded MAS, we intro-

duce the formalism of parameterised concurrent game structures
(PCGS). PCGS extend concurrent game structures [4], the traditional

semantics for ATL, to represent an unbounded number of systems (or

games) with an unbounded number of agents. The behaviour of the

agents is given by templates which form part of the PCGS. We as-

sume a finite number of templates from which an unbounded number

of agents may be constructed. A vector of parameters specifies the

number of agents in the system that are built from the templates. In

other words, given a vector (n1, . . . , nk) and a PCGS of k templates,

the concrete concurrent game structure is constructed by composing

ni agents for each template i.
We consider concrete structures where: (i) the agents have incom-

plete information, i.e., the agents are only aware of their private (lo-

cal) state; (ii) the agents have imperfect recall, i.e., their strategies are

given as functions from local states to actions; (iii) the agents’ strate-

gies are uniform, i.e, a strategy always specifies the same action in a

given local state.

This is not the mainstream setting in which ATL was defined [4],

but it is widely considered in the literature [1, 9, 22]. Observe,

however, that assuming complete information, i.e., assuming that

the agents are fully aware of the system’s state, is problematic

for unbounded systems. In fact, under complete information, each

agent can be aware of the number of agents in each system in-

stance. This immediately leads to undecidability of the parameterised

model checking problem [17]. Similarly, observe that the plain model

checking problem under incomplete information and perfect recall is

undecidable [14]. It follows that the parameterised model checking

problem is also undecidable. Finally, in the context of incomplete in-

formation and memoryless strategies we assume that strategies are

uniform [23], i.e., when following a strategy the agents consistently

select the same action in the same local state. This is an intuitive

requirement that preserves the meaning of the ATL operators, only

causing a jump to Δ2
P [22].

We define parameterised concurrent game structures. Then we de-

fine the concrete structures that these generate.

Definition 1 (Parameterised concurrent game structure) A
parameterised concurrent game structure (PCGS) is a tuple
Ŝ =

〈
Σ̂, Q̂, q̂0, Â, Π̂, π̂, d̂, δ̂

〉
, where:

• Σ̂ = Σ̂T ∪ΣC , where Σ̂T =
{
1̂, . . . , k̂

}
is a finite, nonempty set

of agent templates and ΣC = {1, . . . , z} is a finite set of concrete
agents.

• Q̂ is a nonempty, and finite set of local states for the agents.
• q̂0 = Σ̂→ 2Q̂ describes a set of initial local states for each of the

agents.
• Â is a nonempty, and finite set of actions available to the agents.
• Π̂ is a finite set of propositional variables.
• π̂ : Q̂→ 2Π̂ is a labelling function on the states.
• d̂ : Σ̂ × Q̂ → 2Â determines the set of actions available to an

agent given its local state.
• δ̂ : Σ̂×Q̂×Â×2Â → Q̂ gives the temporal evolution of an agent

given its state, its action, and the projection of the joint action for
the other agents into a set.

As the above definition suggests, to account for the unbounded na-

ture of parameterised games, information regarding the identities of

the agents is abstracted away. In other words, as we will make precise

with the definition of a concrete system, the temporal evolution of an

agent depends on the agent’s local state, its action, and the actions

of the other agents, but it does not depend on how many and which

agents performed each action.

Assume a PCGS Ŝ defining k agent templates. Let n ∈ Nk

be a vector of parameters for the system. Consider n.i to be the

i-th component in n. We now define the n-st concrete instantia-

tion S(n) of Ŝ. S(n) is a concurrent game structure resulting from

the composition of the concrete agents ΣC with n̄.i instantiations

{(i, 1), . . . , (i, n.i)} of each agent template î. Let Σ denote the set

of all concrete agents. The global states of S(n) correspond to tu-

ples of local states for all the agents in the system. For a global

state q and an agent ag ∈ Σ, we write q.ag for the local state of

ag in q. The system’s temporal evolution from a state depends on

the joint action performed at the state. Given a joint action a and

an agent ag ∈ Σ, we write a.ag for the action of ag in a. By

Actions(a), we denote the set Actions(a) = {a.ag : ag ∈ Σ} of

actions for all the agents in a; by Actions−ag(a), we denote the set

Actions−ag(a) = {a.ag ′ : ag ′ ∈ Σ \ {ag}} of actions for all the

agents other than ag in a.

Definition 2 (Concrete concurrent game structure) Let
Ŝ =

〈
Σ̂, Q̂, q̂0, Â, Π̂, π̂, d̂, δ̂

〉
be a PCGS of k agent tem-

plates and z concrete agents. Let n ∈ Nk. A concrete concurrent

game structure (CCGS) is a tuple S(n) = 〈Σ, Q,Q0, A,Π, π, d, δ〉,
where:

• Σ = ΣT ∪ΣC , where ΣT = {(i, j) : 1 ≤ i ≤ k, 1 ≤ j ≤ n.i} is
the set of concrete agents instantiated from the templates.

• Q = Q̂|Σ| is the set of concrete states.

• Q0 =
(
q̂0(1̂)

)n.1 × . . .×
(
q̂0(k̂)

)n.k

× (q̂0(1))× . . . (q̂0(z)) is
the set of initial concrete states.

• A = Â|Σ| is the set of joint actions.
• Π = Π̂× Σ.
• π : Q→ 2Π is defined as (p, ag) ∈ π(q) iff p ∈ π̂ (q.ag).
• d : Q → 2A gives the set of joint actions available at a state of

the system: a ∈ d(q) iff

a.i ∈ d̂ (i, q.i) for every agent i ∈ ΣC , and

a.(i, j) ∈ d̂
(
î, q.(i, j)

)
for every agent (i, j) ∈ ΣT .

• δ : Q×A→ Q is the temporal transition function of the system:
δ(q, a) = q′ iff a ∈ d(q),

δ̂ (q.i, a.i,Actions−i(a)) = q
′.i for every agent i ∈ ΣC , and

δ̂
(
q.(i, j), a.(i, j),Actions−(i,j)(a)

)
= q′.(i, j)

for every agent (i, j) ∈ ΣT .

So a PCGS generates different CCGS depending on the vector of

parameters for the system. Each CCGS is composed of a different

number of agents. The propositional variables in a CCGS are indexed

by each of the concrete agents. A propositional variable (p, ag) holds

in a global state if the agent ag is at a local state labelled with the non-

indexed propositional variable p by the template labelling function.

These assumptions are crucial in expressing collective specifications

that typically accommodate games with an unbounded number of

agents such as cooperative games [36] or agreement protocols [34].

A path in a CCGS is a sequence λ = q0q1 . . . such that for every

i ≥ 0 there is a joint action a with δ(qi, a) = qi+1. For a path λ and
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i ≥ 0, we write λi to denote the suffix qiqi+1 . . . of λ. We assume

that the transition relation for CCGS is serial 2.

Alternating-time temporal logic (ATL) generalises branching-time
temporal logic (CTL) by allowing selective quantification over paths

representing possible outcomes of a system [4]. Hence, ATL spec-

ifications can express strategic profiles of agents that can enforce a

certain outcome. More specifically, in addition to customary tempo-

ral modalities, ATL includes cooperation formulas such as 〈〈Γ〉〉ϕ,

where Γ is a group of agents, expressing that Γ has a cooperative

strategy to enforce an LTL formula ϕ irrespective of how the other

agents act.

Let VAR = VAR1 ∪ . . . ∪ VARk be the union of disjoint sets

of variable symbols, where each VARi is associated with agent tem-

plate î. To reason about unbounded groups of agents, we here define

parameterised alternating-time temporal logic (PATL), a variation of

ATL, where: (i) Γ is not a subset of agents from a predetermined set

as in ATL, but it is a subset Δ ⊆ ΣC ∪ VAR of the union of the set

of concrete agents ΣC and the set of variables VAR; (ii) the atomic

propositions are indexed by the variables in VAR. The domain of a

variable v ∈ VARi appearing in a formula ϕ depends on the CCGS

on which ϕ is evaluated; if ϕ is evaluated on S(n), then the potential

set of values for v is {(i, 1), . . . , (i, n.i)}. Intuitively, PATL formulae

quantify over the concrete agents. For instance, ∀v〈〈{v}〉〉ϕ, where

v ∈ VARi , expresses that every concrete agent from template î can

enforce ϕ independently of the action performed by however many
other agents are instantiated from each template.

Given a set Σ of concrete agents, a set VAR = VAR1 ∪ . . . ∪
VARk of variable symbols, and a set Π̂ of propositional variables,

PATL formulae are defined by the following BNF grammar:

ϕ ::=� | (p, v) | ¬ϕ | ϕ ∧ ϕ | 〈〈Δ〉〉Xϕ | 〈〈Δ〉〉(ϕUϕ) | 〈〈Δ〉〉Gϕ |
∀ϕ

where p is a propositional variable, v is a variable symbol, and Δ ⊆
Σ ∪ VAR.

We abbreviate 〈〈Δ〉〉(�Uϕ) as 〈〈Δ〉〉Fϕ. The formula 〈〈Δ〉〉Xϕ is

read as “〈〈Δ〉〉 has a strategy to enforce ϕ in the next state”; 〈〈Δ〉〉Gϕ
denotes “〈〈Δ〉〉 has a strategy to enforce ϕ forever in the future”; and

〈〈Δ〉〉ϕ1Uϕ2 represents “〈〈Δ〉〉 has a strategy to enforce that ϕ2 holds

at some point in the future and ϕ1 holds until then”.

A variable appearing in a PATL formula is said to be free if it is

not in the scope of a universal quantifier. A PATL formula is said

to be a sentence if there are no free variables appearing in the for-

mula. We here consider only PATL sentences. We say that a PATL

sentence is an m-indexed formula, where m is a k-tuple of natural

numbers, if there are precisely m.i variables from VARi appearing

in a cooperation modality or a propositional variable in the formula.

The key difference of PATL with respect to plain ATL is that while

a formula in ATL expresses what a concrete group can achieve irre-

spective of the actions of all other agents outside the group, a PATL

formula quantifies over the groups of concrete agents that can en-

force the property independently of how many concrete agents are

actually instantiated; i.e., in any system of any size.

Assume a CCGS S(n) = 〈Σ, Q,Q0, A,Π, π, d, δ〉. We now de-

scribe the evaluation of PATL sentences on S(n). This uses the no-

tion of a strategy. A strategy for a concrete agent i ∈ ΣC is a function

fi : Q̂
+ → Â such that for each finite sequence λ̂ ∈ Q̂+ we have that

fi(λ̂) ∈ d̂(i, q̂), where q̂ is the last state in λ̂. Similarly, a strategy for

2 A serial transition relation is induced by a given PCGS by assuming a serial
action such that serial ∈ d̂(ag, q) and δ̂(ag, q, serial ,X ) = q , for each

q ∈ Q̂, ag ∈ Σ̂, and X ⊆ Â.

a concrete agent (i, j) ∈ ΣT is a function f(i,j) : Q̂
+ → Â such that

for each finite sequence λ̂ ∈ Q̂+ we have that f(i,j)(λ̂) ∈ d̂(̂i, q̂),
where q̂ is the last state in λ̂. A strategy is said to be memoryless if it

only depends on the last state, i.e., fag(q̂1, . . . , q̂x, q̂) = fag(q̂), for

any x ∈ N. In the following we consider memoryless strategies.

Given a set Γ of concrete agents, a concrete state q ∈ Q, and

an indexed set of strategies FΓ = {fag : ag ∈ Γ}, the outcomes of

FΓ from q is defined as the set of infinite paths out(q, FΓ), where

q0q1 . . . ∈ out(q, FΓ) iff q0 = q, and for every x ≥ 0 there is a joint

action a such that: (i) a.ag = fag(q0.ag . . . qx.ag) for all agents

ag ∈ Γ; (ii) δ(qx, a) = qx+1.

We now define the satisfaction relation. We write (S(n), q) |= ϕ
to mean that a formula ϕ is true at state q in S(n). If S(n) is clear,

then we simplify the notation to q |= φ.

Definition 3 (Satisfaction of PATL) Let S(n) be a CCGS, q a state
in S(n), (p, ag) a propositional variable, and v ∈ VARi a variable
symbol. The satisfaction relation |= is inductively defined as follows:

q |= (p, ag) iff (p, ag) ∈ Π(q);
q |= ¬ϕ iff q 	|= ϕ;
q |= ϕ1 ∧ ϕ1 iff q |= ϕ1 and q |= ϕ2;
q |= 〈〈Γ〉〉Xϕ iff for some FΓ and all λ ∈

out(q ,FΓ ) we have that λ1 |= ϕ;
q |= 〈〈Γ〉〉ϕ1Uϕ2 iff for some FΓ and all λ ∈

out(q ,FΓ ), there is i ≥ 0 with
λi |= ϕ2 and λj |= ϕ1 for all
0 ≤ j < i;

q |= 〈〈Γ〉〉Gϕ iff for some FΓ and all λ ∈
out(q ,FΓ ) and for all i ≥ 0 we
have that λi |= ϕ;

q |= ∀vϕ iff for all ag ∈ {(i, 1), . . . , (i, n.i)},
q |= ϕ[v #→ ag].

A PATL formula ϕ is said to be true in S(n), denoted S(n) |= ϕ,

if (S(n), q) |= ϕ for every q ∈ Q0.

PATL generalises indexed CTL [12], a parametric variant of CTL

that introduces quantification operators over the system components.

In addition to the next-time operator, the unrestricted nesting of the

quantification operators can be used to represent the actual num-

ber of participants in the system [12], thereby making the param-

eterised model checking problem undecidable [11]. To circumvent

this, indexed CTL typically excludes the next-time operator and is

restricted to its prenex fragment in which all the quantifiers appear at

the front of the formula [5]. In light of this, for the rest of the paper,

we considerm-indexed PATL formulae that comply to the following

schema:

∀v(1,1) . . . ∀v(k,m.k)((∧
i,j

¬(v(1,i) = v(1,j)) ∧ . . . ∧
∧
i,j

¬(v(k,i) = v(k,j))
)
→ ϕ

)

where ϕ is a PATL formula with no quantifiers and without

the next-time operator that is built from precisely the variables

v(i,1), . . . , v(i,m.i), for each agent template î. We simply write ϕ to

denote anm-indexed formula of the above schema.

The evaluation of an m-indexed formula on a CCGS is de-

termined by evaluating the conjunction of all its ground instanti-

ations under any assignment for the variables. For example, as-

sume a resource sharing protocol encoded as a PCGS with one
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agent template, and consider that want to check the property: “ev-

ery agent has a strategy so that they eventually take the lock on

the shared resource”. We can express this property in PATL by

the 1-indexed formula 〈〈{v}〉〉F (lock , v). When evaluated on a con-

crete system with two participants, the formula denotes the formula

〈〈{(1, 1)}〉〉F (lock , (1 , 1 )) ∧ 〈〈{(1 , 2 )}〉〉F (lock , (1 , 2 )). Follow-

ing the symmetric nature of these conjuncts, an m-indexed formula

can be evaluated by considering only its ground instantiation ob-

tained by assigning pairwise distinct values to the variables in each

VARi from the domain {(i, 1), . . . , (i,m.i)} [30]. For example,

〈〈{v}〉〉F (lock , v) can be evaluated by simply considering its ground

instantiation 〈〈{(1, 1)}〉〉F (lock , (1 , 1 )). For the rest of the paper, an

m-indexed formula equivalently refers to its aforementioned ground

instantiation.

3 Parameterised Model Checking
We now introduce a procedure to assess the correctness of a MAS

with respect to a given PCGS independently of the number of agents

in the system. This decision problem is generally known as the pa-
rameterised model checking problem [8].

Definition 4 (PMCP) Given a PCGS Ŝ and an m-indexed PATL
formula ϕ, the parameterised model checking problem (PMCP) is
the decision problem of determining whether the following holds:

S(n) |= ϕ for every n ≥ m 3.

The PCMP is known to be undecidable for arbitrary systems [6].

However, restrictions can be imposed on the systems leading to de-

cidable problems; these have been exploited in a variety of applica-

tions ranging from networking to MAS against temporal or epistemic

specifications [13, 18, 30].

We prove below that the PMCP for PCGS is undecidable. To

achieve this, we show that PCGS can simulate broadcast proto-

cols [16], whose PMCP has been shown undecidable for liveliness

properties [19]. This result shows the generality of systems that can

be described by PCGS. Additionally, it will give us the intuition to

define a special class of PCGS that enjoys a decidable PMCP.

A broadcast protocol is a tuple B = (S, S0,Λ, R), where S is a

finite set of states, S0 ⊆ S is a set of initial states, Λ = L×{!!}∪L×
{??} is the union of finite sets of output broadcast labels (L × {!!})

and input broadcast labels (L × {??}), and R ⊆ S × Λ × S is a

transition relation [16]. A concrete broadcast system B(n) can be

constructed from B and a parameter n ∈ N representing the number

of processes in the system. The processes communicate via broadcast

primitives, i.e., processes send messages that are received by all other

processes. Formally, there is a transition from a global state g to a

global state g′ by means of label a if there is a process i such that

(g.i, a!!, g′.i) ∈ R, and for all processes j 	= i, (g.j, a??, g′.j) ∈ R.

Theorem 1 The PMCP for PCGS is undecidable.

Proof sketch. Let B = (S, S0,Λ, R) be a broadcast protocol. We

construct a PCGS Ŝ =
〈
Σ̂, Q̂, q̂0, Â, Π̂, π̂, d̂, δ̂

〉
that simulates B

(see Figure 1):

• ΣC = ∅, Σ̂T =
{
1̂
}

; Q̂ = S; q̂0(1̂) = S0; Â = Λ; Π̂ and π̂ can

be arbitrarily defined.

• d̂ is defined as follows: for each q ∈ S and a ∈ Λ with (q, a, q′) ∈
R, for some q′, we have that a ∈ d̂(1̂, q).

3 n ≥ m is a shortcut for n.i ≥ m.i, for each 1 ≤ i ≤ k.

q r

q1 r1

qx rx

a!!

a??

a??

(a)

q r

q1 r1

qx rx

1, a!!, {a??}

1, a??, {a!!, a??}

1, a??, {a!!, a??}

(b)

Figure 1: Simulation of broadcast protocols by PCGS.

• δ̂ is given by the following 4: for each (q, a!!, q′) ∈ R, we have

that δ̂(1̂, q, a!!, {a??}) = q′; and for each (q, a??, q′) ∈ R, we

have that δ̂(1̂, q, a??, {a!!, a??}) = q′.

It follows that for every n ∈ N, and for every sequence of states

λ ∈ (Sn)+, λ is a path in B(n) iff λ is a path in S(n). But the

PMCP for broadcast protocols against liveliness properties is unde-

cidable [16]. Since liveness can be expressed in PATL, it follows that

the PMCP for PCGS against PATL specifications is also undecidable.




In the proof above note the crucial role of the transition

δ̂(1̂, q, a!!, {a??}) = q′. By the concrete semantics, the transition

is enabled for a concrete agent if the agent exclusively performs a!!,
and all other agents perform a??. Intuitively this encodes a situation

where the agent takes the lock on the shared resource q′. We define

the class of mutual exclusion PCGS on the basis of this interpretation.

We write q →a q
′ to mean that there is a template transition

δ̂(âg, q, a,X) = q′ such that a ∈ X for some agent template âg.
That is, if q →a q

′, then an arbitrary number of agents from a certain

template may perform the action a and move from state q to state

q′. Assume q ���a q′ to denote the latter, but with a /∈ X . That

is, if q ���a q′, then precisely one agent following a certain tem-

plate may perform the action a and move from state q to state q′.
Call a template state q initialisable if for every template transition

δ̂(âg, q, a,X) = q′ we have that q′ ∈ q̂0(âg).

Definition 5 (Resource state) A template state q is said to be a re-

source state if: (i) 
(q′, a). q′ →a q; (ii) ∃!(q′, a). q′ ���a q; (iii) q
is initialisable.

Definition 6 (Non-resource state) A template state q is said to be a
non-resource state if q′ →a q by means of agent template âg implies
q′ ���a q by means of âg, and q′ ���a q by means of an agent
template âg implies q′ →a q.

Intuitively, a template state is a resource state if: by conditions (i)

and (ii), exactly one agent (in a concrete system) can take the lock on

the shared resource represented by the state at any given time-step;

by condition (iii) an agent always releases the lock on a shared re-

source. Differently, a non-resource state is a template state in which

an arbitrary number of agents can move into at any given time step.

Clearly, there may be template states that are neither resource states

nor non-resource states.

Definition 7 (Mutual exclusion property) A PCGS is said to sat-
isfy the mutual exclusion property if the following conditions hold:
(i) every state is either a resource state or a non-resource state; (ii)
every initial template state is a non-resource state.
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q1

q2 q3

b, {a, b, c}

a, {b, c} c, {a, b, c}

b, {a, b, c}
a, {a, b, c}

c, {a, b}

Figure 2: A PCGS violating the starvation freedom property. For clar-

ity several transitions to non-resource states required by the mutual

exclusion property are ommited in the figure.

A PCGS satisfying the mutual exclusion property may violate the

so called starvation freedom property [21]. More specifically, the

number of times an agent can access a shared resource may depend

on the number of agents present in a concrete system. For exam-

ple, consider the PCGS of one agent template 1̂ and zero concrete

agents depicted in Figure 2. In a concrete system all agents are ini-

tially in state q1. Assume that the concrete agent ag wants to access

the shared resource represented by the resource state q2. The agent

has to perform the action a, and all other agents have to collectively

perform the actions b and c. So, the agent ag goes to state q2 and all

the other agents move to states q1 and q3. Note that the agents in q3
remain forever in q3. To release the lock on the shared resource, the

agent ag has to perform the action c and all the other agents have

to collectively perform the actions a, b. Then, ag can take again the

lock on the shared resource as described above. However, each time

it does so it causes other agents to move from q1 to q3. Thus, eventu-

ally, no agents are left in q1. At this point, ag cannot move from q1
to q2 since no agent can perform the action c. Hence, ag can access

the shared resource only a finite number of times, the precise number

depending on the number of agents in a concrete system.

The above behaviour is particularly problematic for parameterised

model checking techniques. In counter abstraction it generates spu-

rious paths that can be hard to identify [15, 28]. We thus restrict the

analysis of PCGS to the class of PCGS that satisfy the mutual ex-

clusion property and the starvation freedom property. The latter is

defined as follows. Call a template transition δ̂(̂i, q, a, A) = q′ bad
on action b if q 	= q′, b ∈ A, and δ̂(̂i, q, a, A \ {b}) 	= q′. In other

words, a template transition from a state q to a different state is bad

on an action b if a different action cannot be performed at the state

without b being performed at the state. For example, the transition

δ̂(1̂, q1, a, {b, c} , q2) of the PCGS shown in Figure 2 is bad on ac-

tions b and c. The starvation freedom property insists on these actions

to be reflexive on the state they are performed, thereby “eliminating”

the behaviour described above.

Definition 8 (Starvation freedom property) A PCGS is said to
satisfy the starvation freedom property if the following condition
holds: if a transition δ̂(̂i, q, a, A) = q′ is bad on an action b and
δ̂(ĵ, r, b, A) = r′, for any ĵ, r, then r = r′.

Definition 9 (ME class of PCGS) The ME class of PCGS is the
class of all PCGS that satisfy the mutual exclusion property and the
starvation freedom property.

Intuitively, the ME class describes resource allocation protocols

in which every agent can eventually access a shared resource after

requesting to do so. The importance of the ME class of systems is

4 Note that the undecidability result in [19] is drawn under the assumption
that for each q ∈ S, a ∈ Λ, there is exactly one state q′ with (q, a, q′) ∈ R.

particularly significant and goes well beyond these protocols. Indeed,

in the next section we show that the PMCP for ME MAS against

PATL specifications is decidable.

4 Verifying the ME Class of PCGS
In this section we show the significance of the ME class of PCGS

identified above. Specifically we give a procedure that solve. the

PMCP for ME PCGS against PATL formulas. Given an ME PCGS

and an m-indexed formula, the method involves checking a partic-

ular abstract model S(m) against the formula. We show below that

the abstract model S(m) finitely encodes all concrete instantiations

of a given PCGS. It follows that the satisfaction of the formula on

the abstract model implies the satisfaction of the formula on every

concrete instantiation of the original PCGS. Conversely, if the spec-

ification is not satisfied on the abstract model S(m), there exists a

concrete instantiation of the original PCGS that falsifies the formula.

Fix a PCGS Ŝ =
〈
Σ̂, Q̂, q̂0, Â, Π̂, π̂, d̂, δ̂

〉
∈ ME of z concrete

agents ΣC = {1, . . . , z} and k agent templates Σ̂T =
{
1̂, . . . , k̂

}
.

Let ϕ be an m-indexed PATL formula. For x ∈ Nk, let ΣT (x) de-

note the set ΣT (x) = {(i, j) : 1 ≤ i ≤ k, 1 ≤ j ≤ x.i} of concrete

agents.We now construct the abstract model S(m). An abstract state

γ =
(
(q(1,1), . . . , q(k,m.k), q1, . . . , qz), (X1, . . . , Xk)

)
consists of a concrete component γ.c = (q(1,1), . . . , q(k,m.k),
q1, . . . , qz) and an abstract component γ.ab = (X1, . . . , Xk). The

abstract state γ represents any concrete state g in an arbitrarily large

system S(n) in which: each concrete agent (i, j) ∈ ΣT (m) is at lo-

cal state q(i,j); each concrete agent i ∈ ΣC is at local state qi; for

each agent template î,Xi = {g.(i, j) : (i, j) ∈ ΣT (n) \ ΣT (m)} is

the set of states for the agents not in ΣT (m). We write γ.c.ag for

the local state of the agent ag in γ. By γ.ab.i we denote the abstract

component associated with the agent template î in γ.

Definition 10 (Abstract model) Given a PCGS Ŝ of k agent tem-
plates and z concrete agents, and an m-indexed PATL specification
ϕ, the abstract model S(m) is defined as the tuple S = 〈G, I, T ,V〉,
where:

• G ⊆ Q̂|ΣT (m)| × Q̂z × (2Q̂)k is the set of abstract states.

• I =
(
q̂0(1̂)

)m.1 ×
(
q̂0(k̂)

)m.k

× q̂0(1) × . . . q̂0(z) × 2q̂0(1̂) ×
. . .× 2q̂0(k̂) is the set of initial abstract states.

• T ⊆ G × Λk × G is the abstract transition relation, where Λ =

2Q̂×Â×2Â×Q̂ is a set of transition labels.
• V : G → 2(Π̂×ΣC)∪(Π̂×ΣT (m)) is the labelling function defined

by (p, ag) ∈ V(γ) iff p ∈ π̂(γ.c.ag).

The concrete component γ.c encodes the atomic propositions from

which ϕ is built, whereas the abstract component γ.ab encodes the

ways an arbitrary number of agents may interfere with the state of

γ.c. We make this precise with the definition of the abstract transi-

tion relation. Transitions from an abstract state represent transitions

enabled from any concrete state represented by said abstract state.

Each abstract transition is labelled by the template transitions taking

place in a concrete representative transition. Specifically, for an ab-

stract transition (γ, (Ξ1, . . . ,Ξk), γ
′), a label (q, a, A, q′) ∈ Ξi indi-

cates that in a global transition at least one agent in ΣT (n) \ΣT (m)
is in state q; the agent performs the action a and moves to the state

q′, and all other agents perform the set of actions A.
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Let Ξ = Ξ1 ∪ . . . ∪ Ξk. We write Actions(Ξ ) =
{a : ∃q , q ′,A. (q , a,A, q ′) ∈ Ξ} for the set of actions performed by

Ξ. We now define the abstract transition relation.

Definition 11 (Abstract transition relation) The abstract transi-
tion relation T is defined as (γ, (Ξ1, . . . ,Ξk), γ

′) ∈ T iff there is a
joint action a ∈ Â|ΣT (m)|+|ΣC | such that:

• for every concrete agent ag = (i, j) ∈ ΣT (m), we have
a.ag ∈ d̂(̂i, γ.c.ag) and δ̂(̂i, γ.c.ag, a.ag,Actions−ag(a) ∪
Actions(Ξ )) = γ′.c.ag .

• for every concrete agent i ∈ ΣC , we have a.i ∈ d̂(i, γ.c.i) and
δ̂(i, γ.c.i, a.i,Actions−i(a) ∪ Actions(Ξ )) = γ′.c.i .

• for each agent template î, for all l = (q, a, A, q′) ∈ Ξi, we have
q ∈ γ.ab.i, q′ ∈ γ′.ab.i, a ∈ d̂(̂i, q), δ̂(̂i, q, a, A) = q′, and
eitherA = Actions(a) orA = Actions(a)∪Actions(Ξ \{l});

• for each agent template î, for every q ∈ γ.ab.i, there is a transi-
tion label in Ξi to a state q′ ∈ γ′.ab.i, and for every q′ ∈ γ′.ab.i,
there is a transition label in Ξi from a state q ∈ γ.ab.i.

A path in S(m) is a sequence γ0γ1, . . . such that for every

i ≥ 0 there is a k-tuple of transition labels (Ξ1, . . . ,Ξk) with

(γi, (Ξ1, . . . ,Ξk), γi+1) ∈ T .

The satisfaction of anm-indexed formula ϕ on S(m) implies the

satisfaction of ϕ on every concrete system S(n) with n ≥ m.

Lemma 1 Let Ŝ ∈ ME be a PCGS of k agent templates and z con-
crete agents. Let ϕ be an m-indexed formula. Then, S(m) |= ϕ
implies S(n) |= ϕ for every n with n ≥ m.

Proof sketch. Let n ≥ m. Define a mapping ζ from the set of con-

crete states in S(n) to the set of abstract states in S(m):

ζ(q) = (q.(1, 1), . . . , q.(k,m.k), q.1, . . . , q.z,Ξ1, . . . ,Ξk) ,

where Ξ1 = {q.(1, j) : m.1 + 1 ≤ j ≤ n.1} , . . . ,Ξk =
{q.(k, j) : m.k + 1 ≤ j ≤ n.k}. For each agent template î,
define a mapping ξi from concrete transitions to abstract tran-

sition labels as follows: for a concrete transition δ(q, a) = q′,
(r, a, A, r′) ∈ ξi((q, a, q′)) iff there is a j withm.i + 1 ≤ j ≤ n.i
such that q.(i, j) = r, a.(i, j) = a, A = Actions−(i,j)(a), and

q′.(i, j) = r′.
We show that if ζ(q) = γ and γ |= ϕ, for an m-indexed formula

ϕ, then q |= ϕ. We do this by induction on ϕ.

Assume (p, ag) ∈
(
Π̂× ΣC

)
∪
(
Π̂× ΣT (m)

)
and γ |= (p, ag).

Then, (p, ag) ∈ V(γ). Therefore, (p, ag) ∈ π̂(γ.c.ag), and there-

fore (p, ag) ∈ π(q). Hence, q |= p.
The cases of ϕ = ¬ϕ1, and ϕ1 ∧ ϕ2 are straightforward.

Suppose that ϕ = 〈〈Γ〉〉(ϕ1Uϕ2) for a group of agents Γ ⊆ ΣC ∪
ΣT (m). Let γ |= ϕ. Consider a strategy FΓ = {fag : ag ∈ Γ} such

that for all σ ∈ out(γ, FΓ), there is i ≥ 0 with σi |= ϕ2 and σj |=
ϕ1 for all 0 ≤ j < i. Choose the same strategy FΓ for the group Γ
of agents in S(n). Let λ = q0q1 . . . ∈ out(q, FΓ), where q0 = q.
Assume a sequence a0a1 . . . of joint actions enabling the path λ; i.e,

for each i ≥ 0, δ(qi, ai) = qi+1. It can be checked that for each

i ≥ 0, (δ(qi), (ξ1((qi, a, qi+1)), . . . , ξk(qi, a, qi+1)) , qi+1) ∈ T .

Therefore, δ(λ) = δ(q0)δ(q1) . . . is a path in S(m). Moreover, since

λ ∈ out(FΓ, q), it follows that δ(λ) ∈ out(FΓ, γ). Thus, there is

i ≥ 0 with δ(λ)i |= ϕ2 and δ(λ)j |= ϕ1 for all 0 ≤ j < i. By

the inductive hypothesis, λi |= ϕ2 and λj |= ϕ1 for all 0 ≤ j < i.
Hence, q |= φ.

The case of ϕ = 〈〈Γ〉〉Gϕ1 can be shown similarly to the case of

ϕ = 〈〈Γ〉〉(ϕ1Uϕ2).

Therefore, we have shown that δ(q) = γ and γ |= ϕ implies that

q |= ϕ. As for every initial state q in S(n), δ(q) is an initial state in

S(m), it follows that S(m) |= ϕ implies S(n) |= ϕ. 


Conversely, the falsification of an m-indexed formula on S(m)
implies the existence of a concrete system falsifying the formula.

Lemma 2 Let Ŝ ∈ ME be a PCGS of k agent templates and z con-
crete agents. Let ϕ be an m-indexed formula. Then, S(m) 	|= ϕ
implies that there is n ≥ m with S(n) 	|= ϕ.

Proof sketch. Given an agent template î, let δ̂i ={
(q, a, A, q) : δ̂(̂i, q, a, A) = q

}
. For a tuple t = (q, a, A, q),

t ∈ δ̂i, let λt be a finite concrete path such that there is an agent in

state q in the last state of the path. Denote the concrete system in

which λt occurs by S(nt); denote the agent that is in state q in λt
by agt. Let n = m +

∑
t∈δ̂1∪...∪δ̂k

nt, where nt1 + nt2 denotes

(nt1.1 + nt2.1, . . . , nt1.k + nt2.k). Given an agent template î,
let

⋃
tAgi,t be a partition of the set {(i,m.i+ 1), . . . , (i, n.i)} of

agents in S(n) such that |Agi,t| = nt.i for each t ∈ δ̂1 ∪ . . . ∪ δ̂k.

Assume a bijective mapping ζi,t : Agi,t → {(i, 1), . . . , (i, nt.k)}
from the set Agi,t of agents in S(n) to the set {(i, 1), . . . , (i, nt.k)}
of agents in S(nt). Define a relation R between the states in

S(m) and the states in S(n) as follows: (γ, q) ∈ R if: (i)

γ.c.(i, j) = q.(i, j) for each (i, j) ∈ ΣC ∪ ΣT (m); (ii) for each î,
t, every agent ag ∈ Agi,t is in local state equal to the local state of

the agent ζi,t(ag) in the last state of λt.
We show that if (γ, q) ∈ R and γ 	|= ϕ, for anm-indexed formula

ϕ, then q 	|= ϕ. We do this by induction on ϕ. The atomic case and

the cases of ϕ = ¬ϕ1, and ϕ1 ∧ ϕ2 are straightforward. Suppose

that ϕ = 〈〈Γ〉〉(ϕ1Uϕ2) for a group of agents Γ ⊆ ΣC ∪ ΣT (m).
Let γ 	|= ϕ. Then, for every strategy FΓ = {fag : ag ∈ Γ}, there

is σ ∈ out(γ, FΓ) that falsifies ϕ1Uϕ2. Choose a strategy FΓ and a

path σ = γ0γ1 . . . ∈ out(γ0, FΓ), where γ0 = γ, falsifying ϕ1Uϕ2.

Choose the same strategy FΓ for the group Γ of agents in S(n). We

show that there is a path λ = q0q1 . . ., where q0 = q, in out(FΓ, q)
such that (γi, qi) ∈ R, for every i ≥ 0. For each i ≥ 0, consider

(γi, (Ξ
i
1, . . . ,Ξ

i
k), γi+1) ∈ T by means of the joint action ai for

the agents in ΣC ∪ ΣT (m). Then, λ results from the following joint

actions at every time step i:

• Every agent ag in ΣC ∪ ΣT (m) performs the action ai.ag.
• Let Ξ = Ξi

1 ∪ . . . ∪ Ξi
k and A = Actions(Ξ) ∪ Actions(ai).

Consider Bad = {a : ∃t ∈ Ξ. t is bad on a}. Then, for each a ∈
Bad, choose a transition label t = (q, a, A, q) ∈ δ̂i (since

a ∈ Bad, by the starvation freedom property, such a transition

label exists for a state q and an agent template î), and let the agent

ζ−1
i,t (agt) perform the action a.

• All the rest of the agents perform the serial action.

It can be checked the λ is as required. It follows that λ falsifies

ϕ1Uϕ2. Thus, q 	|= ϕ. The case of ϕ = 〈〈Γ〉〉Gϕ1 can be shown

similarly to the case of ϕ = 〈〈Γ〉〉(ϕ1Uϕ2).
Therefore, we have shown that (γ, q) ∈ R and γ 	|= ϕ implies

q 	|= ϕ. Now for every initial state γ in S(m), there is an initial state

q in S(n) where: γ.c.(i, j) = q.(i, j) for each (i, j) ∈ ΣC∪ΣT (m);
for each î, t, every agent ag ∈ Agi,t is in local state equal to the local

state of the agent ζi,t(ag) in the initial state of λt. From q there is

a path to a state q′ such that (γ, q′) ∈ R. This path is defined as

◦t∈δ̂1∪...∪δ̂k
λ′t, where ◦ denotes string concatenation, and λ′t is the

path in which: for every agent template î, each agent ag in Agi,t
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performs the sequences of actions that the agent ζi,t(ag) performs in

S(nt); every other agent performs the serial action. Consequently,

as the agents in ΣC ∪ΣT (m) stutter at their initial states in the path

from q to q′, S(m) 	|= ϕ implies S(n) 	|= ϕ. 


Theorem 2 Let Ŝ ∈ ME be a PCGS and ϕ anm-indexed formula.
Then, the PMCP returns true iff S(m) |= ϕ.

Proof (⇒) If S(m) 	|= ϕ, then, from Lemma 2, the PMCP returns

false, which is a contradiction. (⇐) From Lemma 1.

Theorem 2 is the main result of the paper. It states that, for a

given m-indexed PATL formula ϕ, the abstract model from Defi-

nition 10 is powerful enough to capture every possible instantiation

of the PCGS that it is defined from. Since Definition 10 is entirely

constructive, this gives us an immediate methodology for verifying

any ME PCGS against any PATL specification: we simply construct

the abstract model following Definition 10 and verify it against the

specification ϕ. The result of this check is the result of the PMCP for

the given PCGS against the PATL ϕ.

5 Prioritised Train-Gate-Controller

We exemplify the use of the methodology introduced in this paper on

the prioritised train-gate controller (PTGC) [30], a parametric variant

of the untimed version of the train-gate-controller [4, 20]. The system

of PTGC is composed of a controller and an arbitrary number of two

types of trains: prioritised trains and normal trains. Each train runs

along a circular track and all tracks pass through a narrow tunnel.

The tunnel can accommodate only one train to be in it at any time.

Both sides of the tunnel are equipped with traffic lights, which can

be either green or red. The controller operates the colour of the traffic

lights to let the trains enter and exit the tunnel while complying with

the following protocol: a normal train is given permission to enter

the tunnel only when there is no pending request from a prioritised

train to enter the tunnel.

We now model the PTGC as a PCGS G =〈
Σ̂, Q̂, q̂0, Â, Π̂, π̂, d̂, δ̂

〉
, where (see Figure 3):

• ΣC = {1} and Σ̂T =
{
1̂, 2̂

}
. Template agent 1̂ represents the

prioritised trains, template agent 2̂ represents the normal trains,

and concrete agent 1 represents the controller.

• Q̂ = {/∈, ?p, ?n,∈p,∈n,⊥,�}, where:

– /∈ represents that a train is not in the tunnel and it has not re-

quested to enter the tunnel.

– ?p (?n, respectively) represents that a prioritised (normal, re-

spectively) train has requested to enter the tunnel.

– ∈p (∈n, respectively) represents that a prioritised (normal, re-

spectively) train is in the tunnel.

– ⊥ represents the traffic lights having colour red.

– � represents the traffic lights having colour green.

• q̂0 =
{
1̂ #→ {/∈} , 2̂ #→ {/∈} , 1 #→ {�}

}
.

• Â = {null , a ?p , a ?n , a �p , a �n , a ×, a →, a ←}, where:

– a ?p (a ?n, respectively) represents a prioritised (normal, re-

spectively) train making a request to enter the tunnel.

– a × represents a train relinquishing its request to enter the tun-

nel.

/∈

?p

∈p

null ,A1

a ?p, A1

a ?p, A1

a →, A2

a ×, A1

a ←, A1

(a) Template prioritised train.

/∈

?n

∈n

null ,A1

a ?n, A1

a ?n, A1

a →, A3

a ×, A1

a ←, A1

(b) Template normal train.

�

?p ?n

⊥

null ,A4

null ,A5 null ,A6

a �p, A7 a �n, A8

null ,A4

null ,A1null ,A1

null ,A5 null ,A5

(c) Controller.

Figure 3: The PCGS of the PTGC.

– a �p (a �n, respectively) represents the controller accepting

a prioritised (normal, respectively) train’s request to enter the

tunnel.

– a → (a ←, respectively) represents a train entering (exiting,

respectively) the tunnel.

• Π̂ = {tp, np}, π̂(∈p) = {tp}, and π̂(∈n) = {tn}. A prioritised

(normal, respectively) train has entered the tunnel.

• – d̂(1̂, /∈) = {null, a ?p}. Whenever a prioritised train is not in

the tunnel, it can choose to do nothing or it can make a request

to enter the tunnel.

– d̂(1̂, ?p) = {a ?p, a ×, a →}. The train has already made

a request to enter the tunnel but the request has not yet been

granted. The train can relinquish its request, or make a new re-

quest, or, if the controller grants access to the tunnel, enter the

tunnel.

– d̂(1̂,∈p) = {a ←}. Whenever a train is in the tunnel, it can

only exit the tunnel.

– d̂ is similarly defined for normal trains.

– d̂(1,�) = d̂(1,⊥) = {null}.

– d̂(1, ?p) = {null, a �p}, d̂(1, ?n) = {null , a �n}. The con-

troller can either delay a request from a train to enter the tunnel,

or it can accept it.

• – δ̂(1̂, /∈,null ,A1 ) = /∈ and δ̂(1̂, /∈, a ?p, A1) =?p, where

A1 ⊆ Â. A prioritised train may choose to remain out

of the tunnel or it may choose to request to enter the

tunnel irrespectively of the other agents’ actions. Simi-

larly, δ̂(1̂, ?p, a ?p, A1) =?p, δ̂(1̂, ?p, a ×, A1) = /∈, and

δ̂(1̂,∈p, a ←, A1) = /∈. These transitions are similarly de-

fined for normal trains.

– δ̂(1̂, ?p, a →, A2) = ∈p, where {a �p} ⊆ A2 ⊆ Â\{a �n}.

A prioritised train can enter the tunnel if the controller accepts

a prioritised request and no other train is entering the tunnel
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/∈, /∈,� ?p, ?n, ?p ∈p, ?n,⊥

/∈p, ?n, ?n?p,∈n,⊥

a ?p, a ?n,null a →, a ?n, a �p

a ←, ?n,null

a ?p, a →, a �n

Figure 4: Fragment of the CCGS G((1, 1)).

/∈, /∈, /∈,� ?p, ?p, ?n, ?p ∈p, ?p, ?n,⊥

/∈, ?p, ?n, ?p?p,∈p, ?n,⊥?p, /∈, ?n, ?p

a ?p, a ?p, a ?n,null a →, a ?p, a ?n, a �p

a ←, ?p, ?n,null

a ?p, a →, ?n, a �pa ?p, a ←, ?n,null

a →, a ?p, ?n, a �p

Figure 5: Fragment of the CCGS G((2, 1)).

at the same time. Similarly, δ̂(2̂, ?n, a →, A3) = ∈n, where

{a �n} ⊆ A3 ⊆ Â \ {a �p}.

– δ̂(1,�,null ,A4 ) = �, where A4 ⊆ Â \ {a ?p, a ?n}.

– δ̂(1,�,null ,A5 ) =?p , where {a ?p} ⊆ A5 ⊆ Â. If both

prioritised and normal trains have requested to enter the tun-

nel, then the controller can only accept prioritised requests.

Otherwise, if only normal requests have been made, then the

controller can accept normal requests: δ̂(1,�,null ,A6 ) =?n ,

where {a ?n} ⊆ A6 ⊆ Â \ {a ?p}.

– δ̂(1, ?p,null ,A1 ) =?p , δ̂(1, ?n,null ,A1 ) =?n). The con-

troller can delay handling a request irrespectively of the other

agents’ actions.

– δ̂(1, ?p, a �p, A7) = ⊥ and δ̂(1, ?n, a �n, A7) = ⊥, where

{a →} ⊆ A7 ⊆ Â.

– δ̂(1,⊥,null ,A4 ) = �, δ̂(1,⊥,null ,A5 ) =?p , and

δ̂(1,⊥,null ,A6 ) =?n .

Any concrete system is generated by considering copies of the

templates above. For example, a fragment of the concrete system of

one prioritised train and one normal train is depicted in Figure 4;

a fragment of the concrete system of two prioritised trains and one

normal train is shown in Figure 5. In the figures each concrete state

represents, from left to right, the local states of the prioritised trains,

the local state of the normal train, and the local state of the controller.

The tuples of actions are similarly read.

We now exemplify the use of PATL to reason about MAS with ar-

bitrary many agents. We refer to [3, 4, 20] for several specifications

of interest in plain ATL concerning the train-gate-controller. Differ-

ently from these works, where the overall system is composed of two

trains, we can here represent specifications concerning the strategic

properties of an unbounded number of trains. In particular, we are

interested in formulating whether exactly one prioritised train can

ensure that no normal trains can enter the tunnel irrespective of how

many other trains (normal or prioritised) compose the system. This

is expressed by the PATL formula

ϕPTGC1 = ∀v 1∀u 2〈〈{v}〉〉G¬(tn, u),

where v i indicates that the variable v is in VARi . Further, we would

like to check whether at least two prioritised trains have a joint strat-

egy to enforce the above property. This is expressed by the PATL

formula

ϕPTGC2 = ∀v 1∀u 1∀z 2〈〈{v, u}〉〉G¬(tn, z).

{/∈} , {/∈} ,� {?p} , {?n} , ?p {∈p, ?p} , {?n} ,⊥

{/∈, ?p} , {?n} , ?p{?p,∈p} , {?n} ,⊥{?p, /∈} , ?n, ?p

Figure 6: Fragment of the abstract model for the PTGC.

Finally, we would like to assess whether the controller has a strategy

to ensure that precisely one train can be in the tunnel at any time, as

expressed by the following PATL formula:

ϕPTGC3 =∀v 1∀u 1∀z 2∀w 2G〈〈{1}〉〉
((tp, v)→ (¬(tp, u) ∧ ¬(tn, z))∧
(tn, z)→ (¬(tp, u) ∧ ¬(tn, w)))

It is easy to check that G satisfies the mutual exclusion property

and the starvation freedom property. Therefore, G ∈ ME, and there-

fore we can assess the correctness of the PTGC against the formulae

ϕPTGCi, 1 ≤ i ≤ 3, as per Theorem 2. A fragment of the abstract

model that represents the fragment of the concrete system G((2, 1))
(Figure 5) is shown in Figure 6. A state in the figure depicts, from left

to right, the abstract component of the prioritised train, the abstract

component of the normal train, and the local state of the controller.

For brevity, the concrete components, of both the trains, and the tran-

sition labels are ommited in the figure.

The abstract model and the specifications can be checked by an

ATL model checker; this would return false for ϕPTGC1, and true
for ϕPTGC2 and ϕPTGC3. Indeed, as it can be observed in Figures 5

and 6, any pair of prioritised trains can ensure that no normal trains

can enter the tunnel: they can simply request access to the tunnel;

since they are prioritised over normal trains, one of them will enter

the tunnel while the other continues on requesting access to the tun-

nel, thus preventing a normal train to enter the tunnel. A single train,

however, does not have a strategy to ensure this property, as it can be

observed by the counterexample shown in Figure 4.

6 Conclusions
In this paper we put forward a technique for the parameterised verifi-

cation of MAS against specifications expressing strategic behaviour

of the agents. To achieve this we introduced PCGS, a novel param-

eterised extension of CGS (the usual semantics of ATL); PATL, a

parameterised version of ATL; and defined the parameterised model

checking problem for MAS given in PCGS against specifications ex-

pressed in PATL. The proof of undecidability of the PMCP for PCGS

against PATL specifications enabled us to identify an expressive class

of PCGS for which a decidable counter abstraction methodology

could be given. This enabled us to verify unbounded MAS against

strategic specifications, as the example of the prioritised train-gate-

controller demonstrated.

In future work we would like to extend the specifications sup-

ported by the technique here introduced. For example [26, 27] ad-

dress parameterised verification against epistemic specifications. It

would be of interest to develop a technique that can account for both

epistemic and strategic specifications such as those discussed here.

However, the counter abstraction technique presented in [27] cannot

seemingly be extended to ATL modalities. Moreover, the one here

devised for ATL cannot be applied to epistemic modalities. More

work is required to solve this problem.

Acknowledgments. This research was funded by the EPSRC un-

der grant EP/I00520X/1 and a Doctoral Prize Fellowship.

P. Kouvaros and A. Lomuscio / Parameterised Model Checking for Alternating-Time Temporal Logic 1237



REFERENCES
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Interpretable Encoding of Densities

Ondřej Kuželka1 and Jesse Davis2 and Steven Schockaert3

Abstract. Probability density estimation from data is a widely stud-

ied problem. Often, the primary goal is to faithfully mimic the un-

derlying empirical density. Having an interpretable model that al-

lows insight into why certain predictions were made is often of sec-

ondary importance. Using logic-based formalisms, such as Markov

logic, can help with interpretability, but even in Markov logic it can

be difficult to gain insight into a model’s behavior due to interac-

tions between the logical formulas used to specific the model. This

paper explores an alternative approach to representing densities that

makes use of possibilistic logic. Concretely, we propose a novel way

to transform a learned density tree into a possibilistic logic theory.

An advantage of our transformation is that it permits performing both

MAP and, surprisingly, marginal inference, with the converted pos-

sibilistic logic theory. At the same time, we still retain the benefits

conferred by using possibilistic logic, such as the ability to compact

the theory and the interpretability of the model.

1 INTRODUCTION

A key machine learning task is learning to compactly represent a

probability density from a given set of examples. The resulting distri-

butions can be useful for answering a large variety of queries. While

many sophisticated approaches exist for this task [7, 21, 27, 23, 25,

26] usually the focus is on ensuring that the model as accurately as

possible captures the empirical distribution. Often, this comes at the

expense of interpretability, which makes it difficult to gain insight

into a model’s predictions or to refine it based on feedback from users

or experts.

A natural approach for representing densities in an interpretable

way is to describe them using logical formulas (or in a framework

which is close to logic such as Bayesian networks). Figure 1(a) shows

the idea underlying Markov logic [26], one of the most popular logic-

based frameworks for modelling densities. This example approxi-

mates the density using the propositional formulas α1, ..., α10, each

of which has a corresponding weightwi. In Figure 1(a), the height of

each box is related to the weight associated with the corresponding

formula, and the width represents its set of models. The probability

of a given possible world is defined to be proportional to the expo-

nentiated sum of the weights of the satisfied formulas. Still, it can

be difficult to grasp the intuitive meaning of the weights associated

with the formulas. In the considered example, for instance, α1 has
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one the highest weights, which could incorrectly give the impression

that models of α1 are highly probable.

This paper explores an alternative approach, also based on

weighted logical formulas, which is illustrated in Figure 1(b). Here, a

weight’s meaning is clear as there is a more explicit relationship be-

tween it and the probability of the corresponding possible worlds: a

formula β with weight 1− p means that its models can have at most

a probability of p. Thus, weighted formulas are seen as constraints

that act on the set of possible worlds. In Figure 1(b), the most prob-

able worlds are exactly those that satisfy ¬β1, ...,¬β9. Similarly, if

the weight associated with formulas β5 and β6 is 1 − p1, then the

worlds whose probability is higher than p1 are exactly those who

satisfy ¬β1, ...,¬β4,¬β7, ...,¬β9.

(a) Additive approximation (b) Constraint based approximation

Figure 1. Two ways of approximating a density using logical formulas.

To the best of our knowledge, we present the first such constraint-

based representation of probability densities in a logical setting.

Specifically, the approach we propose consists of estimating a den-

sity tree [25] from a given set of examples, and then converting it into

a possibilistic logic theory [8]. Possibilistic logic is a well-known

representation and reasoning formalism that supports non-monotonic

inferences, which is a requirement if we are to model probability

densities. At the same time, it remains close to classical logic, which

helps with interpretability and means that off-the-shelf SAT solvers

enable highly efficient reasoning. We present several novel ways to

perform this transformation. We show that it is possible to perform

both MAP and, surprisingly, marginal inference, with the converted

possibilistic logic theory. Using possibilistic logic confers several ad-

vantages. First, because possibilistic logic remains close to classi-

cal logic, we can exploit logical inference to reduce the size of the

learned theories, sometimes leading to theories that are exponentially

smaller than the corresponding density trees. Second, we can im-

prove the quality of learned possibilistic logic theories by taking into

account feedback or input from experts. To this end, we provide an
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algorithm for retraining the weights of the possibilistic logic theory

that preserves the expert’s modifications. Finally, the resulting theo-

ries should be more interpretable.

An implementation of the methods described in this paper is avail-

able online4.

2 BACKGROUND
2.1 Possibilistic logic

Syntax A theory in possibilistic logic is a set of formulas

{(α1, λ1), ..., (αn, λn)} with each αi a propositional formula and

λi a certainty weight in ]0, 1]. The standard inference relation in

possibilistic logic follows the principle of the weakest link, i.e.

{(α1, λ1), ..., (αn, λn)} . (α∗, λ∗) if the following entailment

holds in classical logic: {αi |λi ≥ λ∗} |= α∗. In other words, we

can derive (α∗, λ∗) iff we can classically derive α∗ without using

formulas whose certainty weight is strictly less than λ∗.

The λ-cut of a possibilistic logic theory Θ is defined as the clas-

sical theory Θλ = {γ|(γ, μ) ∈ Θ and μ ≥ λ}. A non-monotonic

consequence relation .poss can be defined for possibilistic logic as

follows. Consider a possibilistic logic theory Θ and formula α. Let

λ∗ be the highest certainty value for which {α}∪Θλ∗ is inconsistent

(and λ∗ = 0 if there is no such certainty value). Then (Θ, α) .poss β
iff the entailment {α} ∪ {αi | (αi, λi) ∈ Θ, λi > λ

∗} |= β holds

in classical logic. Note that all formulas whose certainty weight is at

most λ∗ are ignored, even if they are unrelated to any inconsistency

in Θ. This is known as the drowning effect.

Semantics The semantics of possibilistic logic are defined in terms

of possibility distributions. A possibility distribution, in this context,

is a mapping π from the set of possible worlds Ω to [0, 1]. A possi-

bility distribution induces two uncertainty measures: the possibility

measure Π and its dual N , defined for A ⊆ Ω as [30, 10]:

Π(A) = max
a∈A
π(a) N(A) = 1−Π(Ω \A)

We will also write N(α) as an abbreviation for N(�α�), where α
is a propositional formula and �α� is its set of models. Intuitively,

Π(α) reflects the degree to which α is compatible with our avail-

able beliefs, while N(α) reflects the degree to which α is con-

sidered certain. At the semantic level, the possibilistic logic theory

Θ = {(α1, λ1), ..., (αn, λn)} corresponds to the possibility distri-

bution π defined by (ω ∈ Ω):

π(ω) = 1−max{λi |ω 	|= αi} (1)

where we assume max ∅ = 0. It is easy to see that, for N the neces-

sity measure induced by π, it holds that N(αi) ≥ λi. Moreover, it

can be shown that Θ . (α, λ) iff N(α) ≥ λ [20].

2.2 Density estimation trees
A density estimation tree5 is a rooted directed binary tree in which

internal nodes are labelled by propositional variables (attributes) and

leaves are labelled by real numbers (“densities”). Nodes(T ) denotes

the set of the nodes in tree T and Leaves(T ) the set of its leaves.

Edges are labelled by 0 (false) or 1 (true). A path from the root

4 https://github.com/supertweety/
5 In this paper we only consider density estimation trees involving Boolean

variables. In general, density estimation trees can also define probability
densities in continuous domains.

to a leaf is called a branch. We will represent branches by con-

junctions. For instance, let a1, 0, ai2 , 1, . . . , 1, aik−1 , 0 be the se-

quence of labels of internal nodes and edges corresponding to a

branch from the root N1, labelled with propositional variable a1,

to a leaf Nik . Then the conjunction corresponding to this branch is

¬a1 ∧ ai2 · · · ∧ ¬aik−1 . We call branches paths or conjunctions in-

terchangeably. A density estimation tree defines a probability distri-

bution on possible worlds where the probability of a world ω is given

by the label of the leaf of the unique branch B which is consistent

with ω (i.e. such that ω |= B). Importantly, density estimation trees

can be learned efficiently from data [25].

3 REPRESENTING DENSITY TREES IN
POSSIBILISTIC LOGIC

Next, we show how we can transform a density tree into a possibilis-

tic logic theory. Surprisingly, this transformation permits computing

marginal probabilities from the possibilistic logic theory.

3.1 Transforming density trees

We start with a basic transformation which is similar in spirit to trans-

forming a decision tree into a CNF formula.

Transformation 1. Let T be a density estimation tree. Let B =
{B1, . . . , Bk} be the set of all branches of the tree, represented
as conjunctions, and let p1, . . . , pk be the estimated probabilities of
worlds consistent with the respective branches, i.e. if ω |= Bi then
p(ω) = pi. We define the possibilistic logic theory corresponding to
T as ΘT = {(¬Bi, 1− pi)|Bi ∈ B}.

Proposition 1. If T is a density estimation tree and ΘT is its pos-
sibilistic logic theory constructed by Transformation 1, then for all
possible worlds ω, it holds that p(ω) = π(ω), where p(.) is the prob-
ability given by T and π(.) is the possibility distribution associated
with ΘT .

Proof. Let ω be a possible world, T be a density estimation tree and

B = {B1, . . . , Bk} be the set of all its branches, represented as con-

junctions. Let B∗ ∈ B be a branch consistent with ω and p∗ be the

respective density, i.e. ω |= B∗. Clearly, there can be only one such

branch as all the branches in T are mutually exclusive. Likewise, the

only rule (α′, λ′) ∈ Θ which is not satisfied in ω is (¬B∗, 1 − p∗).
By (1), we therefore have π(ω) = 1− (1− p∗) = p∗. It follows that

for any ω ∈ Ω we have π(ω) = p(ω).

Remark 1. Transformation 1 works in timeO(|Nodes(T )|2). A pos-
sibilistic logic theory constructed by Transformation 1 from a density
estimation tree T has at most |Leaves(T )| rules and its size, i.e. the
sum of the lengths of its rules, is bounded by |Nodes(T )|2. Figure
2 shows an example of a tree, whose possibilistic logic representa-
tion is quadratic. Specifically, the size of the possibilistic logic theory
constructed from such a tree of depth k (which has size S = 2k − 1
nodes) by Transformation 1 is of order O(k2) which is also of order
O(S2).

In Section 4.1 we will show how the size of the constructed possi-

bilistic logic theories can be reduced, often significantly. As we will

see, there are cases where the reduced possibilistic logic theories are

exponentially smaller than the trees from which they were created.

Next we give an example of applying Transformation 1.

O. Kuželka et al. / Interpretable Encoding of Densities Using Possibilistic Logic1240



Figure 2. A tree whose possibilistic logic representation is quadratic.

Bird

Flies Antarctic

0.25 0.125
Flies Flies

0 0.1875 0.0625 0

F T

F T F T

F T F T

Figure 3. A density estimation tree from Example 1.

Example 1. Applying Transformation 1 to the density estimation tree
T in Figure 3 yields the following possibilistic logic theory

Θ = {(¬bird ∨ antarctic ∨ flies, 1),

(¬bird ∨ ¬antarctic ∨ ¬flies, 1),

(¬bird ∨ ¬antarctic ∨ flies, 0.9375),

(bird ∨ ¬flies, 0.875),

(¬bird ∨ antarctic ∨ ¬flies, 0.8125),

(bird ∨ flies, 0.75)}.

Notice that we have, e.g. (Θ, ∅) .poss ¬bird, (Θ, {bird}) .poss flies∧
¬antarctic.

Remark 2. In the possibilistic logic theory obtained by Transfor-
mation 1, the formula with the lowest weight always drowns, i.e. it
is inconsistent with the other formulas and will thus never play a
role in the evaluation of .poss. In many cases, it is therefore possible
to remove this formula from the theory. However, if we want to use
the possibilistic logic theory for probabilistic inference, as in Section
3.2, then we must keep the lowest level in the theory (although we can
replace it by⊥) in order to keep the information about the numerical
value of the probability of the most probable worlds.

Transformation 1 differs from the standard probability-possibility

transformation [11]. For completeness, we present the syntactical

counterpart of the standard probability-possibility transformation in

Appendix A.1. In fact, both transformations induce the same ranking

of possible worlds (since both are identical to the ranking induced

by the probability distribution). Therefore, any classical formula α
which can be derived using the possibilistic entailment operator .poss

from a theory obtained by one of the transformations can also be

derived from the theory obtained by the other transformation.

It is beneficial for scalability to simplify the possibilistic theory

as much as possible already while performing the transformation, or

at least without having to check logical entailment. To this end, we

describe a simple modification of Transformation 1 which results in

smaller possibilistic logic theories.

Transformation 2. Let T be a density estimation tree. Let B =
{B1, . . . , Bk} be the set of all branches of the tree, represented

as conjunctions, and let p1, . . . , pk be the estimated probabilities of
worlds consistent with the respective branches, i.e. if ω |= Bi then
p(ω) = pi. Let us assume w.l.o.g. that pi ≥ pi+1. The resulting
possibilistic logic theory then consists of possibilistic logic formulas
(¬B′

i, 1 − pi) where each B′
i is a conjunction and is obtained as

follows:

• Without loss of generality, let Bi = b
i
1 ∧ · · · ∧ biji where its con-

juncts are ordered so that the node labeled by bis is closer to the
root of T than the node labeled by bt whenever s < t.

• Let B′
i = b

i
1 ∧ · · · ∧ bir be the minimal prefix of Bi such that there

is no j < i such that Bj contains B′
i as a prefix.

Proposition 2. Transformation 1 and Transformation 2 produce
equivalent possibilistic logic theories.

Proof. Let us denote by ΘA the result of Transformation 1 and by

ΘB the result of Transformation 2. To prove this proposition it is

enough to show that ΘA and ΘB correspond to the same possibil-

ity distribution. Let BA
1 , . . . , B

A
k be defined as in Transformation 1

and let BB
1 , . . . , B

B
k be defined as in Transformation 2. Let ω be a

possible world and let ¬BA
i∗ be the only formula from ΘA not sat-

isfied in ω (it follows from the proof of Proposition 1 that there is

only one such formula in ΘA). Clearly the respective formula ¬BB
i∗

cannot be satisfied in ω (because ¬BB
i∗ implies ¬BA

i∗ ). Let 1 − pi∗
be the weight of ¬BA

i∗ in ΘA (equal to the weight of ¬BB
i∗ in ΘB).

What we need to show is that ¬BB
i∗ has the highest weight among

the formulas from ΘB which are not satisfied in ω. It follows from

the way Transformation 2 works that any such formula would neces-

sarily have to be a prefix of ¬BB
i∗ (i.e. a clause consisting of the first

r literals of ¬BB
i∗ ). This is because every clause in ΘB is a prefix

of some clause in ΘA and at most one clause from ΘA can be fal-

sified in any possible world ω at the same time. But then it follows

that ¬BB
i∗ must have the highest weight among the falsified formulas

because, by construction, there is no clause ¬BB
j with j > i∗ which

is a prefix of ¬BB
i∗ . It follows that πA(ω) = πB(ω), where πA and

πB are the possibility distributions corresponding to ΘA and ΘB ,

respectively.

The next example illustrates the use of Transformation 2.

Example 2. Let us consider the same density estimation tree as in
Example 1 (shown in Figure 3). The branches of the tree, represented
as conjunctions, are:B1 = ¬bird∧¬flies,B2 = bird∧¬antarctic∧
flies, B3 = ¬bird ∧ flies, B4 = bird ∧ antarctic ∧ ¬flies, B5 =
bird ∧ antarctic ∧ flies, and B6 = bird ∧ ¬antarctic ∧ ¬flies. The
corresponding conjunctions B′

i are then (we omit B′
1 considering

Remark 2):

B′
2 =bird, B′

3 =¬bird ∧ flies

B′
4 =bird ∧ antarctic, B′

5 =bird ∧ antarctic ∧ flies

B′
6 =bird ∧ ¬antarctic ∧ ¬flies

Applying Transformation 2 yields the following possibilistic
logic theory: Θ′ = {(¬bird ∨ antarctic ∨ flies, 1), (¬bird ∨
¬antarctic ∨ ¬flies, 1), (¬bird ∨ ¬antarctic, 0.9375), (bird ∨
¬flies, 0.875), (¬bird, 0.8125)}.

3.2 Answering queries
In this section, we discuss how different types of queries about a

given density can be answered by using the possibilistic logic the-

ory obtained from Transformation 1 or 2. The most natural kinds of

O. Kuželka et al. / Interpretable Encoding of Densities Using Possibilistic Logic 1241



queries to consider, in the context of possibilistic logic, are maximum

a posteriori (MAP) queries, as these only depend on the ordering of

the possible worlds. In particular, we consider the following MAP

inference relation [13]:

(T, α) .MAP β iff ∀ω ∈ max(T, α) : ω |= β

where T is a density tree, α and β are propositional formulas and

max(T, α) is the set of most probable models of α, w.r.t. the proba-

bility distribution induced by T . The next proposition shows that, for

possibilistic logic theories obtained using the introduced transforma-

tions, whatever can be derived using the .MAP relation from the tree

can also be derived using .poss from the respective possibilistic logic

theory, and vice versa.

Proposition 3. If T is a density estimation tree and ΘT is the pos-
sibilistic logic theory constructed using Transformation 1 or 2, or
using Transformation 4 described in the appendix, then for any for-
mulas α and β it holds that

(T, α) .MAP β iff (ΘT , α) .poss β.

Proof. It is sufficient to show that the ranking of possible worlds in-

duced by the probability p(.) defined by the density estimation tree is

the same as the rankings of possible worlds induced by the possibility

distributions π(.) corresponding with the theories that are obtained

by the three transformations. For Transformation 1 this follows from

Proposition 1. For Transformation 2, this follows from Proposition

1 and Proposition 2. For Transformation 4, this follows from the so-

called order preservation principle, which is known to hold for the

probability-possibility transformation (see [12]).

One important advantage of Transformation 1 and 2 over the stan-

dard probability-possibility transformation is that it permits comput-

ing marginal probabilities directly from the possibilistic logic theory.

In particular, if ΘT is a possibilistic logic theory obtained by Trans-

formation 1 or 2 then the probability of a formula α is

P (α) =
∑

ω:ω|=α

π(ω). (2)

The convenience of the possibilistic logic encoding lies in the fact

that the sum in (2) can easily be computed using model counting as

follows.

• Let Θ be a possibilistic logic theory obtained by Transformation 1

or 2 and let Λ = {λ1, λ2, . . . , λk} be the set of weights appear-

ing in Θ, sorted in increasing order. Let us set λk+1 = ∞ (for

convenience of notation below). For every λ ∈ Λ let us define

Mα
λ = {ω|ω |= Θλ ∪{α}}, with Θλ the λ-cut of Θ as before. In

other words, |Mα
λ | is the “model count” of Θλ ∪ {α}.

• We find:

PΘ(α) =
k∑

i=1

(1− λi) ·
(
|Mα

λi+1
| − |Mα

λi
|
)
. (3)

Proposition 4. If Θ is a possibilistic logic theory whose correspond-
ing possibility distribution π can be interpreted as a probability dis-
tribution (i.e.

∑
ω π(ω) = 1). Let P be the probability measure in-

duced by π. It holds that P (α) = PΘ(α).

Proof. We need to show that PΘ(α) =
∑

ω:ω|=α π(ω). Let Λ and

λk+1 be defined as above. We have∑
ω:ω|=α

π(ω) =
∑

ω:ω|=α

1−max{λ|(γ, λ) ∈ Θ and ω 	|= γ}

=

k∑
i=1

(1− λi) · |{ω ∈ Ω|ω |= Θλi+1 ∪ {α}}\

{ω ∈ Ω|ω |= Θλi ∪ {α}}| =
k∑

i=1

(1− λi) ·
(
|Mα

λi+1
| − |Mα

λi
|
)

where the last equality follows from the fact thatMα
λi
⊆Mα

λi+1
.

If α is just a conjunction of literals, and the possibilistic logic the-

ory Θ is the direct transformation of a density estimation tree, then

performing inference in the tree will likely be more straightforward.

If the theory Θ has been modified (e.g., refined by an expert) or α
is a more complicated formula than a conjunction of literals, then

performing inference directly in the possibilistic logic theory may be

more efficient.

Using possibilistic logic inference, we can also easily characterize

what is true in all worlds whose probability is above a given threshold

θ. In particular, it is easy to see that:

�{α | (α, λ) ∈ Θ, λ > 1− θ}� = {ω | p(ω) ≥ θ}
where p is the probability distribution associated with the density

tree T that was used to construct the possibilistic logic theory Θ,

using Transformation 1 or 2. It follows that the set of formulas

{α | (α, λ) ∈ Θ, λ > 1 − θ} exactly characterizes what is true for

all worlds whose probability is at least θ. Along similar lines, using

model counting as in Eq. 3, we can easily characterize what is true for

the x% most probable worlds, or even the x% most probable worlds

in which some formula α is true.

4 IMPROVING LEARNED THEORIES
Learned possibilistic logic theories may be improved in multiple

ways, some of which we describe in this section.

4.1 Pruning
Exact pruning An important advantage of encoding density esti-

mation trees in possibilistic logic is that the resulting theories can be

simplified based on logical inference. In particular, a weighted for-

mula (α, λ) can be removed from a theory Θ if Θλ \ {α} |= α.

We can iteratively identify and remove such formulas, until the the-

ory Θ is free from redundancies. To further simplify the theory, note

that each of the proposed transformations results in a weighted set of

clauses. Clearly, we can replace the weighted clause (a1∨ ...∨ak, λ)
by the sub-clause (b1∨...∨bl, λ), with {b1, ..., bl} ⊂ {a1, ..., ak}, if

Θλ |= b1∨...∨bl. This often results in substantially smaller theories,

while yielding the same MAP predictions and probability estimates

as the initial density trees.

Example 3. Consider a density tree that assigns a uniform non-zero
probability to worlds satisfying the formula (a1 ∨ a2)∧ (a3 ∨ a4)∧
· · ·∧(an−1∨an), and zero probability to the remaining worlds, then
such a density tree will be exponentially larger than the respective
possibilistic encoding after pruning, which only contains the formu-
las (a1 ∨ a2, λ), ..., (an−1 ∨ an, λ).
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Approximate pruning It is possible to further simplify the possi-

bilistic logic theories if we drop the requirement that the associated

possibility distribution should be identical to the probability distri-

bution encoded by the density tree. A particularly convenient way

of reducing possibilistic logic theories is to iteratively merge levels

with consecutive weights, each time simplifying the newly created

level using the exact pruning method outlined above. One possibility

is to iteratively merge the levels with the highest weights, which is

especially useful for MAP inference, as this reduction only affects

the relative ordering of the least probable worlds. Moreover, what-

ever can be derived from the reduced theory by .poss can also be

derived from the original theory, although the converse does not hold

in general. For marginal inference, it is necessary to recompute the

weight of the new level but that is straightforward.

Pruning default rules If we only care about the ordering of the

possible worlds, a possibilistic logic theory Θ may be seen as a com-

pact representation of a default theory, where a default “if α then

typically β” is in this theory if and only if (Θ, {α}) .poss β. In some

cases, e.g. if we want to explain the theories to people without train-

ing in logic, it may be preferable to explain what is captured by a

given possibilistic logic theory by presenting these default rules in-

stead. A set of short default rules which are implicitly encoded by the

possibilistic logic theory can be extracted using a method described

in [19]. The resulting set of defaults is usually too large, however.

We describe a practically efficient and theoretically sound method,

which we also use in the experiments, for pruning sets of default

rules in Appendix A.2.

4.2 Parameter reestimation

Recall that experts can easily modify a possibilistic logic theory.

However, manually modifying a theory obtained using either Trans-

formation 1 or 2 would require us to reestimate the theory’s weights

if we wanted to use it for computing marginal probabilities (perform-

ing MAP inferences does not require retraining the weights). How-

ever, we do not want this retraining to override an expert’s modifi-

cations. Therefore, we require that the reestimated weights have the

same relative ordering as the original weights. This ensures that ev-

erything that can be derived by MAP from the original theory can

also be derived from the theory with the reestimated parameters (but

the probabilities of the possible worlds will be different). Imposing

this restriction makes reestimating the parameters a non-trivial prob-

lem, for which we present a solution in this subsection.

Let E be a multiset of examples which we want to use to rees-

timate the parameters. Let Θ be a possibilistic logic theory, let

Λ = {λ1, . . . , λk} be the set of weights in Θ, ordered increasingly,

let λk+1 =∞ and let PΘ be given by Eq. 3. A maximum likelihood

estimate of the parameters is a solution of the following optimization

problem:

• Variables: λ′1, λ
′
2, . . . , λ

′
|Λ|.

• Maximize:
∏

ω∈E P (ω) =
∏

λi∈Λ(1 − λ′i)|Eλi
| where Eλ =

{ω ∈ E|λ = max{λ′|(α, λ′) ∈ Θ and ω 	|= α}}.

• Subject to:

λ′1 < λ
′
2 < · · · < λ′|Λ| (4)

k∑
i=1

(1− λ′i) ·
(
|M�

λi+1
| − |M�

λi
|
)
= 1 (5)

whereM�
λ1

, . . . ,M�
λj

are as in Eq. 3 where we set α := � (i.e.

α is a tautology).

This is a nonlinear optimization problem which can be solved using

off-the-shelf6 techniques of geometric programming [5]. In particu-

lar, the general geometric programming problem is:

• Minimize: g0(x)
• Subject to:

gi(x) ≤ 1, i = 1, 2, . . . ,m (6)

x > 0 (7)

where x = (x1, . . . , xm) ∈ Rm and gi is a posynomial, i.e.

gi(x) =
∑Ti

j=1 cij
∏N

k=1 x
aijk

k with cij ≥ 0 and aijk ∈ R.

We can follow the same strategy used for maximum likelihood pa-

rameter estimates of a multinomial distribution with order constraints

in [6]. In order to formulate the problem as a geometric programming

problem, we first substitute λ′i := 1 − x. Then we replace |Eλi | by

the relative frequency |Eλi |/|E| and change maximization to mini-

mization by replacing the terms in the maximized product by their re-

ciprocals. We also replace the strict inequalities in Eq. 4 by nonstrict.

A solution close to the optimal but with the strict inequalities satisfied

can then later be obtained by simply adding and subtracting suitably

tiny numbers from the weights. We rewrite each of the nonstrict in-

equalities xi ≥ xi+1 as a posynomial inequality x−1
i · xi+1 ≤ 1.

Finally, we also need to replace the equality in Eq. 5 by an inequality

≤ 1, which clearly does not change the solution in this case.

4.3 Ensembles of predictors
Oftentimes, using a model ensemble, which aggregates the predic-

tions of multiple different models, improves modelling performance.

Given an ensemble of density estimation trees T1, T2, . . . , Tn, we

can apply Transformation 1 or Transformation 2 to obtain a possi-

bilistic encoding of the ensemble by constructing possibilistic logic

theories Θ1, Θ2, . . . , Θn and combining them. We first show how to

construct a weighted combination of two possibilistic logic theories

Transformation 3 (Weighted combination of two theories). Let ΘA

and ΘB be two possibilistic logic theories and let a and b, a+b = 1,
be positive real numbers. The weighted combination of ΘA and ΘB

with weights a and b (denoted by a ·ΘA⊕ b ·ΘB) is the possibilistic
logic theory ΘAB constructed as follows:

• For every (α, λ) ∈ ΘA, add (α, a · λ) to ΘAB .
• For every (β, μ) ∈ ΘB , add (β, b · μ) to ΘAB .
• For every pair (α, λ) ∈ ΘA, (β, μ) ∈ ΘB add (α ∨ β, aλ+ bμ)

to ΘAB .

This transformation actually corresponds to a special case of a com-

bination operator for possibilistic logic theories [3], from which we

immediately obtain the following result.

Proposition 5. Let ΘA and ΘB be possibilistic logic theories and
πA and πB be the corresponding possibility distributions. Let pA and
pB be two probability distributions on possible worlds and let a, b,
a+b = 1 be positive real numbers. If for all ω ∈ Ω, pA(ω) = πA(ω)
and pB(ω) = πB(ω) then also a · pA(ω) + b · pB(ω) = πAB(ω)
where πAB is possibility distribution corresponding with a · ΘA ⊕
b ·ΘB .
6 Geometric programming problems can be solved using, e.g. the CVX

toolkit [15, 14].
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To construct a uniform combination of possibilistic logic theo-

ries Θ1,Θ2, . . . ,Θk, we can iteratively apply the merging operator

((. . . ( 2
3
· ( 1

2
·Θ1⊕ 1

2
·Θ2)⊕ 1

3
·Θ3)⊕ ...). The caveat is that the size

of the produced theory may grow exponentially with the number of

combined theories. However, this can be mitigated if we allow some

imprecision and apply the approximate pruning procedure from Sec-

tion 4.1 while iteratively building the combination.

5 EXPERIMENTS
In this section we experimentally evaluate the proposed methods. We

first provide some examples of learned possibilistic logic theories,

after which we present a quantitative evaluation in Section 5.2.

5.1 Illustrative examples
We start by contrasting the interpretability of a learned possibilis-

tic logic theory with a corresponding MRF.7 Then we illustrate how

interpretability in some cases can be further improved by approxi-

mating the possibilistic logic theory using default rules.

Possibilistic logic and MRFs First, we use a credit-default

dataset [29], where we only consider a subset of the variables for

readability. Using the method proposed in this paper, we obtain the

following possibilistic logic theory8:

(¬single, λ0), (¬gradSchool, λ1), (male, λ2), (single ∨ male, λ3),

(male ∨ ¬gradSchool, λ4), (single ∨ university, λ5),

(¬highSchool, λ6), (married ∨ ¬highSchool, λ7),

(¬otherMaritalStatus, λ8), (¬otherSchool, λ8)

As well as a number of integrity constraints such as (¬single ∨
¬married, 1). The theory contains several interesting rules, which

capture the properties that hold for typical people who default on

their credit. These people typically are not single, did not go to grad-

uate school, and are males. If they are females, then typically they are

single, etc. After simplifying the theory with integrity constraints, the

most probable worlds have: married, university, male. While these

pieces of information provide insight, the main advantage of being

able to interpret the model is that we can understand exactly how it

arrives at its predictions and potentially debug it by adding or remov-

ing rules. We now consider a learned MRF for the same dataset:

P (ω) =
1

Z
exp(0.3 · male + 3.8 · gradSchool + 4.3 · university

+3.3 · highSchool− 3.7 · otherSchool + 5.0 · married

+5.1 · single + 1.6 · otherMaritalStatus

−1.0 · (male ∧ otherSchool)− 0.2 · (male ∧ otherMaritalStatus)

−1.7 · (otherSchool ∧ married)− 1.6 · (otherSchool ∧ single)

−10.3 · (gradSchool ∧ university)

−9.4 · (gradSchool ∧ highSchool)− 9.8 · (university ∧ highSchool)

−2.9 · (university ∧ otherSchool)− 11.2 · (married ∧ single)

−8.1 · (married ∧ otherMaritalStatus)

−8.1 · (single ∧ otherMaritalStatus))

7 Recall that propositional Markov logic networks correspond to Markov ran-
dom fields (MRFs).

8 Since in this section, we are only interested in MAP inference, we show
only symbolic weights λ0 < λ1 < . . . in the possibilistic logic theory.
Note that the same cannot be done for MRFs.

Note that the last five lines correspond to the integrity constraints.

Due to the additive combination of the formula’s weights, its predic-

tions are encoded intricately via the interaction between the various

formulas. As this particular MRF is quite small, it may be possible

to gain insight into its preditions with some effort, but with larger

theories this quickly becomes impossible.

Possibilistic logic and default rules To improve interpretability,

possibilistic logic theories can be approximated by sets of default

rules (see Section 4.1). To illustrate this idea, Table 1 shows a pos-

sibilistic logic theory and its approximated set of default rules for a

dataset about the presence of plants in different states of the US and

provinces of Canada [16]. For illustrative purposes, we only consider

California, Montana, New Mexico and Texas. For example, the de-

fault rule nm |∼ tx intuitively means that plants found in New Mexico

are also usually found in Texas. Such rules can be written in a form

that is easy to understand, even for people without training in logic.

5.2 MAP inference and marginal inference
We compare our possibilistic logic theories with learned MRFs on

both MAP and marginal inference tasks. We have considered the

NLTCS, MSNBC, and Plants datasets, which have 16, 17 and 69

propositional variables, respectively. These datasets are divided into

train, tune, and test sets. We learned the models on the train sets and

report results on held-out test sets. We implemented the possibilistic

approach in Java, using SAT4J [4] for SAT solving and RelSat [17]

for model counting. For MRFs we used approximate MAP inference

and Gibbs sampling from the Libra toolkit [22]. For MAP-inference

evaluation, we compare the following models:

PosLog Obtained by Transformation 2 and logical simplification

PosLog (50%) Compacting PosLog to 50% of its size using the

method from Section 4.1

PosLog (10%) Compacting PosLog to 10% of its size using the

method from Section 4.1

MRF The L1 learned models from [21]

Baseline A model which predicts all variables to be false

To generate queries, we randomly selected k literals (where 1 ≤
k ≤ number of variables −1) for each test example to serve as the

evidence and then predicted the most probable assignment for the re-

maining variables. We measured both accuracy, which is the fraction

of examples predicted correctly, and the average Hamming distance

between the test-set example and the predicted world.

The results for the MAP inference experiments are shown in Fig-

ure 4 and the sizes of the respective models are in Table 2. In general,

the possibilistic logic theories outperform MRFs for small evidence

sets and do slightly worse for larger ones. Intuitively, the possibilis-

tic logic theories approximate the density in a coarser way than the

MRFs. This seems to lead to more robust results for hard problem in-

stances (i.e. small evidence sizes), but less precise predictions for the

easier instances. Interestingly, approximately compacting the possi-

bilistic logic theories hardly affects the quality of the results in most

cases. For NLTCS, however, the 10% theory has been reduced to the

point that it only suggests to set everything to false, which is why the

result in this case coincides with the baseline.

To evaluate the performance on marginal queries, we randomly

sample conjunctions and compute the marginals of the conjunctions

on the test set. Figure 5 shows the queries’ predicted and empiri-

cal test-set probabilities for both possibilistic logic and MRFs on the

NLTCS dataset. In this case, MRFs always obtained higher marginal
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Table 1. Left: A possibilistic logic theory modelling a subset of the Plants dataset containing four states: California (ca), Montana (mt), New Mexico (nm)
and Texas (tx). Right: An approximation of the possibilistic logic theory by short default rules (with antecedents being conjunctions of at most two literals).

Possibilistic logic theory Approximation by default rules
(ca ∨ nm ∨ ¬tx ∨ ¬mt, λ14), (nm ∨ ¬tx ∨ ¬mt, λ13), (ca ∨ ¬tx ∨ ¬mt, λ12), |∼¬ca, |∼¬mt, |∼¬nm, |∼¬tx, nm |∼ tx,
(ca ∨ ¬nm ∨ ¬mt, λ11), (tx ∨ ¬ca ∨ ¬nm ∨ mt, λ10), (¬ca ∨ ¬tx ∨ nm, λ9), ca ∧ mt |∼ nm, ca ∧ mt |∼ tx, ca ∧ nm |∼mt,

(¬ca ∨ ¬nm ∨ mt, λ8), (¬nm ∨ tx ∨ ¬mt, λ7), (¬ca ∨ nm ∨ ¬mt, λ6), ca ∧ tx |∼mt, ca ∧ tx |∼ nm, nm ∧ mt |∼ ca,
(tx ∨ ¬nm, λ5), (¬tx ∨ ¬mt, λ4), (¬mt, λ3), (¬nm, λ2), (¬tx, λ1), (¬ca, λ0) tx ∧ mt |∼ ca, tx ∧ mt |∼ nm
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Figure 4. Top: Fraction of worlds correctly predicted by MAP inference on NLTCS, MSNBC and Plants datasets, measured on hold-out test sets. Bottom:
Average Hamming error of possible worlds predicted by MAP inference, measured on hold-out test sets.

Table 2. The number of rules, average number of literals in a rule or
branch for a tree, and the size which is the sum of rule lengths or number of

nodes of a tree.

Dataset Model #Rules (#Branches) Avg. lengh Size

N
LT

C
S

PosLog 121 3.0 363
PosLog (50%) 71 2.4 172
PosLog (10%) 16 1 16
Tree 122 10.9 243
MRF 135 1.9 254

M
SN

B
C

PosLog 258 4.5 1153
PosLog (50%) 172 3.3 572
PosLog (10%) 53 2.1 109
Tree 259 10.8 517
MRF 136 1.9 289

Pl
an

ts

PosLog 632 7.15 4523
PosLog (50%) 467 4.8 2244
PosLog (10%) 198 2.3 446
Tree 655 18.6 1306
MRF 2322 2.0 4713

log-likelihood. Nevertheless, the possibilistic logic theories’ still of-

fer competitive estimates along with the improved interpretability.

The other datasets offer qualitatively similar results.
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Figure 5. Scatter plots of estimated and empirical marginal probabilities of
randomly generated queries on NLTCS dataset. Left: Possibilistic logic.

Right: MRF.
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6 CONCLUSIONS
We have introduced a practical method for constructing interpretable

possibilistic logic models of probability distributions. The learned

models support a variety of inference tasks, such as computing MAP

queries and estimating marginal probabilities. Owing to the proper-

ties of possibilistic logic, the learned models can be easily edited by

explicitly modifying, adding or removing logical rules, or they can

be combined together. To maintain the ability to compute marginal

probabilities after such modifications, we have proposed a parameter

reestimation method based on geometric programming. Our exper-

iments suggest that the method can be very useful for constructing

interpretable logical theories from data.
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A APPENDIX
A.1 Probability-possibility transformation
A standard method to give a probabilistic interpretation to possibil-

ity degrees is by associating a possibility measure Π with a fam-

ily of probability measures, defined as P(Π) = {P |P (A) ≤
Π(A), ∀A ⊆ Ω}. This view leads to the following probability-

possibility transformation [11]. Let p be a probability distribution on

Ω = {ω1, ..., ωn} and assume w.l.o.g. that p(ωi) ≥ p(ωi+1). Then

p induces a possibility distribution πp defined as πp(ω1) = 1 and for

i > 1:

πp(ωi) =

{∑n
j=i p(ωj) if p(ωi−1) > p(ωi)

πp(ωi−1) otherwise

In [19], a syntactic counterpart of this transformation was used to

associate each Markov logic network M with a possibilistic logic

theory Θ, such that for p the probability distribution associated with

M and π the possibility distribution associated with Θ it holds that

p(ω1) ≤ p(ω2) iff π(ω1) ≤ π(ω2). As a result, (Θ, α) .poss β iff

β is true in all the most probable models of α (w.r.t. p). Other prob-

abilistic interpretations of possibility distributions view possibility

degrees as the contour function of a mass assignment, in the con-

text of Dempster-Shafer evidence theory [28], or interpret possibility

distributions as likelihood functions [9].

For completeness, we present a variant of Transformation 1 corre-

sponding to a direct syntactic counterpart of the standard probability-

possibility transformation.

Transformation 4. Let V be the set of propositional variables. Let T
be a density estimation tree. Let B = {B1, . . . , Bk} be the set of all
branches of the tree, represented as conjunctions, and let p1, . . . , pk
be the estimated probabilities of worlds consistent with the respective
branches, i.e. if ω |= Bi then p(ω) = pi. Let us assume w.l.o.g. that
pi ≥ pi+1. Let us define w1 = 1. For i > 1, we define:

wi =

{∑n
j=i pj · 2|V|−|Bj | if pi−1 > pi

wi−1 otherwise

We define the possibilistic logic theory corresponding to T as ΘT =
{(¬Bi, 1− wi)|Bi ∈ B}.

A.2 Lexicographic pruning of default rule theories

Default rules of the form α |∼β, intuitively meaning “if α then typi-

cally β”, offer a convenient way to make what is encoded by a pos-

sibilistic logic theory more explicit. If we take a purely qualitative

view of possibilistic logic theories (i.e. if we see the weights merely

as a way of specifying a ranking of possible worlds), a possibilistic

logic theory Θ can be seen as a compact encoding of a set of default

rules, i.e. a default theory, where a default α |∼β is in that theory

if and only if (Θ, {α}) .poss β. The resulting default rules tend to

be easy to interpret, but an exhaustive enumeration of all defaults

would lead to theories in which many of the defaults are redundant.

To cope with this problem, we rely on the lexicographic closure of

default rules, which we describe next. The lexicographic closure [1]

is one of several closures that have been studied in the field of non-

monotonic reasoning, which allow us to represent an exhaustive set

of defaults by a smaller set of defaults from which the complete set

can be reconstructed. Smaller sets are usually easier for humans to

understand.

To describe the lexicographic closure of default rules, first recall

the Z-ordering from [24]. A default α |∼β is said to be tolerated by

a set of defaults γ1 |∼ δ1, ..., γm |∼ δm if the classical formula α ∧
β ∧ ∧

i(¬γi ∨ δi) is consistent. The Z-ordering is a stratification

Δ1, ...,Δk of a set Δ of default rules, where each Δj contains all

defaults α |∼β from Δ \ (Δ1 ∪ ...Δj−1) which are tolerated by

Δ\(Δ1∪...∪Δj−1). It can be shown that such a stratification always

exists when Δ satisfies some natural consistency properties (see [24]

for details). Intuitively, Δ1 contains the most general default rules,

Δ2 contains exceptions to the rules in Δ1, Δ3 contains exceptions

to the rules in Δ2, etc. The lexicographic closure of a set of default

rules is given as follows [1, 2]. For a possible world ω, we write

sat(ω,Δj) for the number of defaults from Δj that are satisfied by

ω, i.e. sat(ω,Δj) = |{α |∼β : (α |∼β) ∈ Δj , ω |= ¬α ∨ β}|. We

say that an interpretation ω1 is lex-preferred over an interpretation

ω2, written ω1 ≺ ω2, if there exists a j such that sat(ω1,Δj) >
sat(ω2,Δj) while sat(ω1,Δi) = sat(ω2,Δi) for all i > j. The

default α |∼β is in the lex.closure of Δ if β is satisfied in all the

most lex-preferred models of α, i.e. ∀ω ∈ �α� : (ω 	|= β) ⇒ ∃ω′ ∈
�α� : ω′ ≺ ω, where �α� is the set of models of α.

Now we can describe pruning of a (large) set of default rules Δ,

closed under the axioms of System P and rational monotonicity [18].

Our aim is not to construct the smallest set of defaults, as such a set

could actually be more difficult to interpret. In particular, to maintain

interpretability we only remove a rule if it is “implied” by a set of

rules which are all shorter or equally long (as shorter rules are more

interpretable). Furthermore note that methods for constructing the

smallest set of defaults are likely to be computationally harder. Let

Δ1,Δ2, . . . ,Δk be the Z-ordering of Δ. Let us write |α |∼β| for

the length of the default α |∼β, e.g. the sum of literal occurrences in

the antecedent α and consequent β. First we iteratively prune rules

which are redundant in the rational closure sense – we remove a rule

α |∼β if (ΘR, {α}) .poss β where ΘR =
⋃k

i=1{(¬γ∨δ, 1/(k− i+
1))|γ |∼ δ ∈ Δi} \ {¬α∨ β}. Then we iteratively prune the rules in

Δ as follows. Iterating i from 1 upwards, let α |∼β ∈ Δi. Let L =
|α |∼β|. Let Φj = {¬γ ∨ δ|γ |∼ δ ∈ Δj \ {α |∼β} and |γ |∼ δ| ≤
L and α∧(¬γ∨δ) 	. ⊥} and let Θ =

⋃i−1
j=1{(ϕ, 1/(k−j+1))|ϕ ∈

Φj} be a possibilistic logic theory. If (Θ, {α}) .poss β we remove

α |∼β from Δ and repeat this process for other rules in Δ. It can

be shown that all default rules from the initial set are contained in

the lexicographic closure of the resulting, pruned set (although the

closures themselves might differ if the original set was not closed).
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Unsupervised Ranking of Knowledge Bases
for Named Entity Recognition

Yassine Mrabet1, 2 and Halil Kilicoglu1 and Dina Demner-Fushman1

Abstract. With the continuous growth of freely accessible knowl-

edge bases and the heterogeneity of textual corpora, selecting the

most adequate knowledge base for named entity recognition is be-

coming a challenge in itself. In this paper, we propose an unsuper-

vised method to rank knowledge bases according to their adequacy

for the recognition of named entities in a given corpus. Building on

a state-of-the-art, unsupervised entity linking approach, we propose

several evaluation metrics to measure the lexical and structural ad-

equacy of a knowledge base for a given corpus. We study the cor-

relation between these metrics and three standard performance mea-

sures: precision, recall and F1 score. Our multi-domain experiments

on 9 different corpora with 6 knowledge bases show that three of

the proposed metrics are strong performance predictors having 0.62

to 0.76 Pearson correlation with precision and 0.96 correlation with

both recall and F1 score.

1 Background

With the tremendous growth in the amount of textual data, extract-

ing semantic information from unstructured texts has become critical

in several applications such as information retrieval, marketing, con-

tent management and question answering. Named entity recognition

(NER), the task of identifying and categorizing textual mentions into

pre-defined semantic categories, plays a key role in such applications.

It is also often a prerequisite for other text mining processes such as

relation extraction, keyword identification and document clustering.

The range of named entities covered by the NER task has grown

continuously since the first MUC conference3. Starting with a few

named entity categories, such as PERSON, LOCATION, and ORGA-

NIZATION; nowadays, the entity linking task [22] addresses linking

of textual mentions to entities from a reference database or knowl-

edge base (KB) with no semantic restrictions on the type of entities.

Besides their role as reference data, KBs are also increasingly used

in NER methods. For instance, they have been used in designing fea-

tures for supervised learning [24], as labeling sources in constructing

training corpora [10, 28], and as resources for named entity disam-

biguation in both unsupervised [17] and supervised [25] approaches.

With the exponential growth of domain-specific KBs and the in-

creasing heterogeneity in open-domain KBs, it becomes important

to assess which KB is suitable to extract named entities in a given

text or corpus. Qualitative assessments, while useful, can be time-

consuming and require domain expertise [8, 4]. On the other hand,

an automatic, quantitative evaluation based on KB and corpus char-

1 National Library of Medicine, Bethesda, MD, United States
{mrabety, kilicogluh, ddemner}@mail.nih.gov

2 CNRS/LORIA, France, yassine.mrabet@loria.fr
3 http://cs.nyu.edu/cs/faculty/grishman/muc6.html

acteristics can assist significantly in assessing suitability. We refer

to this type of automatic evaluation as knowledge base ranking for
named entity recognition (KB ranking).

The term knowledge base ranking is often used in the literature to

refer to fact ranking or entity ranking, the task of finding the facts or

entities that are the most relevant for a keyword query or a structured

query [5, 2]. In this paper, we do not address this task.

Our work can be situated within the wider field of ontology evalu-

ation (see [27] for a review). However, most works in this area cover

tasks that are out of the scope of our study. These tasks include, for

instance, the evaluation of the general representational (or domain)

adequacy of a KB [8, 4], the inner cohesion of an ontology [31], find-

ing relevant criteria for ontology design [18, 30], or checking logical

consistency [9]. These criteria are constant for a given knowledge

base and do not change according to different contexts of applica-

tion.

As we are primarily interested in the use of knowledge bases for

NER, only a few related studies stand out. Lozano-Tello et al. [15]

proposed a generic framework called OntoMetric to evaluate the suit-

ability of an ontology for a given application. They defined manually

160 generic features related to ontologies and designed an interface

to help users decide which ontology is more relevant to their use case.

The users have to manually enter their objective and criteria accord-

ing to the defined vocabulary. This manual approach is limited and

can not be applied to more complex applications such as NER, where

we need to take into account the corpus characteristics in addition to

ontology features. More generally, manual approaches are not suited

to learning relevant features when several empirical observations are

needed (e.g., observations on different NER corpora).

Gangemi et al. [8] proposed a formal model to evaluate ontolo-

gies, including a component for intended use situation. In particular,

they considered the use of natural language processing to evaluate

ontologies according to annotated corpora. However, the goal of the

comparison was to evaluate the general usefulness (or quality) of an

ontology: e.g., the frequency of occurrence of an ontology concept

in the annotated corpus is used to measure the importance of the

concept. In the same line, they also proposed to use the hierarchy

of concepts and entropy to have an estimation of the usefulness of

ontology concepts.

Their objective is basically different from ours; we want to eval-

uate the adequacy of a KB for NER in a given corpus. For the same

KB, this evaluation is expected to give different results on differ-

ent corpora. More precisely, the question that we want to answer is:

“if we want to use a KB to find and disambiguate named entities in
a given text, how could we know which KB will provide better re-
sults?”.

Baseline approaches to KB ranking for NER could be derived from
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KB indexes such as the Linked Open Vocabulary4, by selecting the

KBs that have more candidate entities for a given textual mention;

however, such an approach does not allow ranking of the KBs by

their suitability for NER as other aspects come into play. These as-

pects include, for example, the ambiguity of the text to be annotated

from the KB point-of-view, and the contextual similarity between

the textual context of the named entities and the KB graph linking

the corresponding (or candidate) KB concepts.

To the best of our knowledge, no automatic solution has been pro-

posed previously to rank KBs according to their suitability for NER.

This can be partly explained by the lack of KB-agnostic annotation

tools for NER; most of the existing tools rely on a specific combina-

tion of a learning corpus and a KB.

In this paper, we propose a novel KB ranking method based on an

unsupervised NER method. We formally define several evaluation

metrics related to the lexical ambiguity of textual corpora and to the

structural similarity between the knowledge base and the text to be

annotated.

We studied the relevance of the proposed evaluation metrics in

ranking 6 different KBs from both the open and biomedical domains

for NER in 9 different corpora. Our results show that the proposed

metrics are strongly correlated with precision, recall and F1 measures

and that they can be used as predictors of the adequacy of a KB

for NER in a given textual corpus. This finding paves the way to

automatic and fine-grained selection and combination of knowledge

bases for named entity recognition.

The remainder of the paper is structured as follows. In the next sec-

tion, we describe the KB-agnostic named entity recognition method

that underlies our approach and the evaluation metrics in more detail.

We discuss the motivation behind the different metrics. In Section

3, we present our experiments. Finally, we discuss and analyze the

results and perspectives in Section 4 before giving our concluding

remarks.

2 Methods

In the current work, we consider a KB to consist of a set of concepts,

instances, relations and a set of labels representing natural language

expressions of concepts and instances. To ensure the required porta-

bility for our approach, we built an unsupervised NER method from

an existing, KB-agnostic tool for entity linking called KODA [17]. In

this section, we present the overall NER process and the evaluation

metrics proposed to rank the KBs.

2.1 Named entity recognition

KODA is a KB-agnostic entity linking tool. It exploits TF-IDF index-

ing of the KB labels, and KB relations to disambiguate the entities in

the input text. In the course of this study, we modified and extended

KODA to build a NER method and used the extended tool as the ba-

sis of our experiments. Given a text t and a knowledge base k, our

NER process follows the steps outlined below.

• Split t into sentences and perform part-of-speech tagging.

• For each sentence, select textual mentions corresponding to a se-

quence of allowed part-of-speech tags (e.g., noun, adverb, adjec-

tive).

• Use each textual mention as a keyword query to look up KB enti-

ties based on TF-IDF search. If no exact match is found between

4 http://lov.okfn.org/dataset/lov/

the mention and the KB entities, select all subsequences of words

as potential candidates. The mentions recognized at this step are

referred to as candidate textual mentions.

• Disambiguate ambiguous mentions (i.e., those that have more than

one corresponding KB entity with the maximum TF-IDF score).

Disambiguation is performed according to global coherence: i.e.,

select the entity that has more KB relations with the entities ob-

tained from other textual mentions in t. This step is accomplished

using Integer Linear Programming [17]. The generic disambigua-

tion process can be viewed as the selection of the subgraph of the
KB that is the most similar to the textual context being annotated.

• Determine the semantic category of the disambiguated textual

mention, by using mappings of KB concepts, as detailed below.

• Filter the entities to keep only the semantic categories considered

in the corpus.

• In the case of nested entities or overlapping entities with the same

type (e.g., “San Francisco, CA” vs. “San Francisco”), keep only

the entity with the best TF-IDF score.

In order to classify these named entities according to the consid-

ered semantic types (e.g., PERSON, LOCATION, ORGANIZATION),

we built manual mappings between the concepts of the KBs and

the semantic types considered in the target corpora. As large and

dense concept hierarchies might be difficult to browse, we first com-

puted the transitive closure offline by considering only the subset of

instantiation facts (e.g., RDF type relation) and subsumption facts

(e.g., RDFS subClassOf relation). Next, we sorted the concepts ac-

cording to their frequency in the closure and extracted manually the

relevant concepts, i.e., those that can be mapped to a named en-

tity category according to the corpus. For example, dbpedia:Place
was mapped to LOCATION in the CoNLL 2003 corpus [23], and

yago:wordnet illness 114061805 was mapped to DISEASE in the

I2B2 corpus [32].

In the online NER step, we collect all the classes associated with

the KB entities linked to the disambiguated textual mentions then

use the mappings to associate these mentions with a semantic type.

If one mention is associated with more than one semantic type, it is

considered as ambiguous and discarded from the results of the NER

process.

Figure 1 shows an example of named entities recognized by

our NER method using DBpedia on a sentence from a New York

Times corpus [14]. In this example, there are multiple candidates

with the same (best) TF-IDF score for the term ”Malone” in the

KB. Global coherence led to the selection of only one candi-

date (dbpedia:Kevin Malone) because it is linked with the entities

dbpedia:Carlos Perez (pitcher) and dbpedia:San Fransisco in DB-

pedia triples.

2.2 Evaluation of KB Adequacy for NER

We propose several evaluation metrics by defining and combining

three elementary principles:

1. Ambiguity: How ambiguous is the text with respect to a KB?

2. Coverage: How much of the text has been annotated and disam-

biguated with the KB?

3. Structure: To what extent did KB relations participate in the dis-

ambiguation?

To define relevant metrics taking into account these 3 aspects, we

make the distinction between mentions recognized lexically with the
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Figure 1. Example of named entity recognition using DBpedia. The numbers on the edges are TD-IDF scores. L indicates that disambiguation was
performed lexically. R indicates that disambiguation was performed using KB relations.

best TF-IDF score and the ambiguous mentions disambiguated us-

ing the KB relations. We denote the set of all candidate mentions

in a corpus C according to a KB k as Mk(C) and the set of dis-

ambiguated mentions asDk(C). Figure 2 presents the mentions sets

that are generated by our KB-agnostic recognition process.

Figure 2. Named Entity Sets as recognized with Knowledge Base k in
corpus C

We propose and study 10 evaluation metrics. These metrics are

Coverage (V ), Disambiguation Ratio (D), Lexical Disambiguation

Ratio (L), Relation Disambiguation Ratio (R), Average Corpus

Ambiguity (A), Average TF-IDF Score (S), Lexical Adequacy

(LEXQ), Graph Adequacy (GQ), Weighted Quality (WQ) and

Overall PERformance IndicAtor (OPERA). They are described

below.

Coverage (Vk(C)): This metric indicates the percentage of corpus

tokens that have been annotated and disambiguated with the knowl-

edge base k for corpus C.

Vk(C) =

∑
m∈Dk(C) |tokens(m)|
|tokens(C)| (1)

Disambiguation Ratio (dk(C)): This metric indicates the ratio of

textual mentions that have been disambiguated among the set of de-

tected (annotated) mentions.

dk(C) =
|Dk(C)|
|Mk(C)|

(2)

Lexical Disambiguation Ratio (Lk(C)): This metric indicates the

ratio of mentions that are disambiguated using only their TF-IDF

score. Low Lk(C) values indicate a bigger disambiguation problem.

For a given mentionm ∈Mk(C) it is computed as follows:

Lk(C) =
|{m ∈Mk(C) s.t. Nmax(m, k) = 1}|

|Mk(C)|
(3)

Where Nmax(m, k) is the number of entities in k that share the

maximum TF-IDF score for the mentionm.

Relation Disambiguation Ratio (Rk(C)): This feature indicates the

ratio of textual mentions from Dk(C) that have been disambiguated

using KB relations (cf. section2.1). Higher values of Rk(C) indicate

a stronger participation of the KB graph in disambiguation.

Rk(C) =
|{m ∈ Dk(C)s.t.Nmax(m, k) > 1}|

|Mk(C)|
= 1− Lk(C)

(4)

Average Score (Sk): This is the average best TF-IDF score for men-

tions inMk(C). A high TF-IDF average would indicate that the cor-

pus targets specific subsets of the KB that use highly informative

terms. Sk is computed as follows:

Sk(C) =

∑
m∈Mk(C) score(m, k)

|Mk(C)|
(5)

Average Corpus Ambiguity (Ak,T (C)): This metric represents the

average ambiguity level in a corpus C according to a KB k (cf. equa-

tion 7). It is the average of the Lexical Ambiguity of each mention
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m inMk(C). Highly ambiguous mentions are likely to be unclassi-

fiable or wrongly classified by the KB. The formula for Lexical Am-

biguity (ak,T (m)) is presented in equation 6 below. T is the obser-

vation threshold, i.e., ak,T (m) is computed against the first T search

results and r ≥ Nmax(m, k) is the actual number of results from the

KB index.

ak,T (m) =
Min(Nmax(m, k), T )

Min(r, T )
(6)

Ak,T (C) =

∑
m∈Mk(C) ak,T (m)

|Mk(C)|
(7)

From these elementary metrics, we derive several composite eval-

uation metrics to predict both the quantity and the quality of the dis-

ambiguation provided by one KB for for a given corpus.

Lexical Adequacy (LEXQk(C)): This metric represents the abso-

lute ratio of named entities that have been disambiguated with TF-

IDF search.

LEXQk(C) = Lk(C)× Vk(C) (8)

Graph Adequacy (GQk(C)): This metric indicates how useful the

KB graph is in disambiguating named entities in a given corpus. Cov-

erage is used as a coefficient to take into account the discrepancies in

size and coverage between different KBs.

GQk(C) = Rk(C)× Vk(C) (9)

Weighted Quality (WQk(C)): This metric is a weighted combina-

tion of:

• A quality indicator for lexical disambiguation (
Norm(Sk(C))
1+Ak,T (C)

),

which uses the normalized value of average TF-IDF score

(Norm(Sk(C))), and the average corpus ambiguity (Ak,T (C)).
The motivation here is (i) that a high average of TF-IDF values

w.r.t. other KBs indicate that the textual mentions in the corpus

are using (highly) informative terms from the KB and (ii) the more

ambiguous the mentions are, the riskier is the selection of the one

mention with best TF-IDF score.

• A quality indicator for relational disambiguation, consisting in the

average corpus ambiguity Ak,T (C). The motivation here is that

having more candidate KB entities to chose from increases the

odds of finding relations between the good candidates. However,

if ambiguity is too high, it can lead to relations between the wrong

KB entities. In practice, such high-ambiguity threshold would de-

pend (i) on the considered knowledge base, (ii) on the targeted

corpus, and (iii) on the observation threshold T used to compute

ak,T (m). Therefore, for relational disambiguation, finding a bal-

anced estimation between the positive and negative impact of am-

biguity is not straightforward. In this paper, we chose to consider

only the positive aspect of ambiguity for relational disambiguation

and to analyze the impact of this choice in our experiments.

We use the contribution of lexical disambiguation Lk(C) to

weight the quality indicator for lexical disambiguation, and the con-

tribution of relational disambiguation Rk(C) to weight the quality

indicator for relation-based disambiguation (we have from equation

4 thatLk(C) = 1−Rk(C)). The final formula for the overall quality

indicatorWQk(C) is:

WQk(C) = (Lk(C)×
Norm(Sk(C))

1 +Ak,T (C)
) + (Rk(C)×Ak,T (C))

(10)

Overall PERformAnce Predictor (OPERAk(C)): This metric

combines quality metrics (weighted quality) with quantitative mea-

sures (coverage) to account for the size of the knowledge bases and

the amount of lexical matches between the corpus and the KB. It

also uses dk(C) as a factor indicating how successful the KB was in

disambiguating the automatically detected mentions.

OPERAk(C) =WQk(C)× dk(C)× Vk(C) (11)

For comparison, we defined two baseline metrics. The first metric

uses the average TF-IDF score (Sk(C)). The second baseline metric

is Sk(C)× dk(C)× Vk(C), which takes into account the coverage

of the knowledge base to combine both basic quality and quantity

factors.

3 Experiments
We applied our unsupervised named entity recognition method to

extract named entities from 4 open-domain corpora and 5 biomedi-

cal corpora using 3 open-domain knowledge bases and 3 biomedical

knowledge bases. The corpora used in the experiments are described

below.

• TREC corpus [21] consists of sentences extracted from TREC

documents. Similar to the CoNLL03 corpus, this corpus includes

the following entity types: PERSON, ORGANIZATION, LOCATION,

and OTHER.

• NYT corpus [14] consists of 8,000 named entities (PERSON, OR-

GANIZATION, LOCATION) from a random subset of New York

Times articles (1998-2000) in the TREC corpus [26]. The doc-

uments were pre-annotated with a named entity tagger and then

manually corrected by two annotators.

• WikiNER corpus [1] was created by manual annotation of the

body text of 145 Wikipedia articles describing various named enti-

ties, with a roughly equal proportion of article topics from each of

the four CoNLL03 entity types. Initial annotation was performed

using a fine-grained inventory of 96 entity types (e.g., CITY, COM-

PANY) which were then mapped to CoNLL03 classes. Three an-

notators were involved in the annotation task and inter-annotator

agreement was measured on a portion of the corpus.

• CoNLL03 named entity corpus [23] consists of English and Ger-

man documents. The English portion of the corpus, used in our ex-

periments, is taken from the Reuters Corpus5 and consists of news

stories from August 1996 to August 1997. The corpus was manu-

ally annotated, mostly following the MUC guidelines. In addition

to MUC named entity types (PERSON, ORGANIZATION, LOCA-

TION), an additional category (MISC) was also annotated. The an-

notated entities are non-overlapping and non-nested.

• AZDC (Arizona Disease Corpus) [12] consists of 2,783 sentences

from 793 PubMed abstracts annotated with disease mentions. One

annotator performed the annotation. A textual mention was anno-

tated if it could be mapped to a unique concept with a relevant se-

mantic type (e.g., Disease of Syndrome, Neoplastic Process) in the

UMLS Metathesaurus [3]. Acronyms and negated/hedged men-

tions were annotated, while symptoms, general disease classes

(e.g., infection) and overlapping mentions were ignored.

• i2b2 corpus [32] consists of discharge summaries contributed by

Partners Healthcare, Beth Israel Deaconess Medical Center, and

the University of Pittsburgh Medical Center as well as progress

reports from University of Pittsburgh Medical Center. The named

5 http://trec.nist.gov/data/reuters/reuters.html
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entity annotation was performed manually and focuses on three

categories: PROBLEM, TEST, TREATMENT. All documents were

de-identified.

• NCBI disease corpus [6] consists of 793 PubMed abstracts also

used in AZDC; however, in this corpus, all sentences in these ab-

stracts were annotated. Pre-annotations from an automatic classi-

fier were used as the basis of annotation. The annotations guide-

lines were similar to those of AZDC. Nested and non-continuous

mentions were not annotated.

• CDR corpus [29] consists of 1500 PubMed abstracts discussing

chemical-induced diseases and side effects, annotated for DIS-

EASE and CHEMICAL categories. The corpus was manually anno-

tated by the CTD (Comparative Toxicogenomics Database)6 staff.

• Berkeley04 corpus [20] consists of the first 100 titles and the first

40 abstracts from 59 MEDLINE 2001 data files. No keywords

were used to retrieve the documents. Named entities of PROBLEM

and TREATMENT categories were annotated by a single annotator.

In the open-domain experiments, we considered only PERSON, OR-

GANIZATION, and LOCATION as semantic types and discarded MISC

and OTHER, as they are too ambiguous from a knowledge-base per-

spective and strongly biased according to different corpora.

We tested our approach in both the open-domain and biomedical

domain using 6 knowledge bases: DBpedia, Yago, OpenCyc, UMLS,

Snomed-CT and MeSH, described below.

• DBpedia[13] is a community-curated RDF knowledge base con-

structed semi-automatically from Wikipedia. Each Wikipedia ar-

ticle is interpreted as an entity in DBpedia and articles’ infoboxes

are used to extract automatically raw RDF triples, using the ar-

ticle entity as subject, the first column of the infobox as predi-

cate and the second column as object. Manual mappings are then

performed by the DBpedia community to reconcile the predicate

names with the RDF properties in the reference DBpedia schema.

DBpedia entities are also linked to other datasets in the Linked

Open Data cloud7 such as YAGO or Freebase. In the scope of our

experiments we used the English DBpedia 2014 version. After

indexing, the DBpedia database consisted of 6,921,894 entities,

25,864,784 relations and 12,782,266 terms.

• YAGO3 [16] is a large open-domain knowledge base built from

Wikipedia, WordNet and GeoNames. It describes more than 10

million entities described by more than 120 million facts. How-

ever, most facts are type statements and RDFS subClassOf links.

After indexing the Yago3 database consisted of 19,081,230 terms,

5,216,294 relations and 5,327,864 entities.

• OpenCyc8 is an open-domain knowledge base. It is a freely avail-

able version of the Cyc database. The 4.0 release of OpenCyc used

in our experiments includes 800K terms as lexical descriptions of

240K concepts. Overall, the knowledge base contains about 1 mil-

lion triples.

• UMLS[3] Metatesaurus 2015-AA consists of more than 100

biomedical vocabularies and contains more than 800K biomedical

concepts with millions of relations between them. These relations

are mostly lexical relations (e.g., synonymy, meronymy) and not

domain relations9. Each concept in the UMLS Metathesaurus is

associated with a set of semantic types from the UMLS semantic

network. In the scope of our approach, we need to have domain

6 http://ctdbase.org
7 http://linkeddata.org
8 http://sw.opencyc.org/
9 http://www.ncbi.nlm.nih.gov/books/NBK9684/\#ch02.
sec2.4

relations; we consider the semantic network classes (e.g. Disease
or Syndrome, Drug) as entities instead of concepts, and the se-

mantic network relations (e.g., causes, treats) as potential facts

between the concepts. By extending the potential relations using

the classes hierarchy (e.g., considering the potential link type 2 di-
abetes, treats, antibiotics from the general link Drug, treats, Dis-
ease or Syndrome, we obtain a set of 2,408 potential links that

we use as knowledge base relations. After indexing, the UMLS

database consists of 133 entities, 2,408 relations and 3,693,095

terms.

• MeSH10 (Medical Subject Headings) is a hierarchically-organized

terminology designed mainly for indexing biomedical informa-

tion. We use the 2016 RDF version of MeSH11 as a knowledge

base for biomedical entities. After indexing, the MeSH database

contains 792,775 terms for 348,278 concepts, and 953,640 rela-

tions.

• Snomed-CT12 (Systematized Nomenclature of Medicine – Clin-

ical Terms) is a standardized clinical vocabulary used by health

professionals for the exchange of clinical health information. It

encompasses 806,831 terms, 421,308 concept and 1,836,908 rela-

tions.

The statistics from each knowledge base are presented in Table

113.

We used relaxed position-based matching to evaluate the perfor-

mance of our unsupervised NER method. Different corpora often

adopt different criteria for named entity boundaries; for example,

some may include adjectives and determiners, while others ignore

them. These variations make exact named entity boundaries unsuit-

able for correlation studies. Table 2 presents the precision, recall and

F1 score based on relaxed position-matching (values for exact match-

ing F1 scores are 5% to 21% lower for individual corpora).

DBpedia outperformed the other open-domain knowledge bases

on all open-domain corpora. This can be explained by the fact that

DBpedia benefits from Wikipedia disambiguation pages and redi-

rections, and consequently has a richer set of domain relations than

YAGO and richer lexicalization than OpenCyc.

On the biomedical corpora, UMLS obtained the best recall but

lower precision than DBpedia. The fact that UMLS has a better re-

call was expected due to its broader coverage for medical terms. The

fact that DBpedia obtatined better precision than UMLS can be ex-

plained by the fact that DBpedia has lower ambiguity for medical

terms, which enhances the quality of both TF-IDF based search and

relational disambiguation. Aside from these two general behaviours,

there are no noticeable regularities where some KBs do consistently

better than others on different corpora.

We study the correlation between the proposed unsupervised eval-

uation metrics and the standard performance measures for NER,

namely, Precision, Recall and F1 score. We use the Pearson’s corre-

lation factor, ρ, to study the correlation between the metrics and the

performance measures. More precisely, ρC(μ, α) is expressed as:

N
∑

i μi(C)× αi(C)− (
∑

i μi(C)
∑

i αi(C))√
N
∑

i μi(C)
2 − (

∑
i μi(C))

2
√
N
∑

i αi(C)
2 − (

∑
i αi(C))

2

(12)

10 https://www.nlm.nih.gov/mesh/
11 https://id.nlm.nih.gov/mesh/
12 https://www.nlm.nih.gov/research/umls/Snomed/
snomed_main.html

13 The number of relations here is considered to be the number of distinct
subject-object pairs
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KB Domain Entities Relations Labels Density

DBpedia2014 [13] Open 6,921,894 25,864,784 12,782,266 5.39 10−7

YAGO3 [16] Open 5,327,864 5,216,294 19,081,230 1.83 10−7

OpenCyc 14 Open 238,443 754,792 829,203 1.32 10−5

UMLS Lite [3] Biomedical 133 2,408 3,693,095 0.13

Snomed CT 15 Biomedical 421,308 1,836,908 806,831 1.03 10−5

MeSH 16 Biomedical 348,278 953,640 792,775 7.86 10−6

Table 1. Knowledge Bases

Corpus
DBpedia YAGO OpenCyc UMLS MeSH Snomed-CT

P R F1 P R F1 P R F1 P R F1 P R F1 P R F1

TREC 82.9 49.0 61.6 80.3 29.9 43.5 66.7 30.3 41.6 – – – – – – – – –

NYT 69.7 42.8 53.1 68.5 27.9 39.7 48.9 20.5 28.9 – – – – – – – – –

WikiNER 82.1 49.0 61.4 81.3 31.7 45.6 63.2 26.5 37.3 – – – – – – – – –

CoNLL 03 69.1 49.3 57.6 65.7 31.4 42.5 48.5 31.4 38.1 – – – – – – – – –

AZDC 74.3 65.5 69.6 69.7 50.0 58.2 78.4 34.3 47.8 67.0 70.2 68.6 76.8 61.0 68.0 70.2 54.2 61.2

I2B2 65.3 31.5 42.5 56.8 16.0 24.9 51.1 23.7 32.3 60.5 35.8 45.0 74.7 20.6 32.3 53.6 15.3 23.8

NCBI 73.5 70.7 72.0 67.9 55.4 61.0 77.9 40.8 53.6 62.8 72.4 67.2 75.9 62.2 68.4 71.5 59.5 65.0

CDR 74.1 64.2 68.8 70.7 19.1 30.1 64.3 38.4 48.1 66.3 64.9 65.6 71.5 25.8 37.9 60.7 36.7 45.8

Berkeley04 71.3 65.1 68.1 64.5 38.1 47.9 59.3 39.9 47.7 62.6 69.8 66.0 78.6 50.2 61.3 67.0 39.9 50.0

Table 2. Precision (P), Recall (R) and F1 score for unsupervised NER. Best results are highlighted per row (corpus)

Where N is the number of knowledge bases, μi(C) represents

the value of a performance measure (i.e., precision, recall, F1) when

using knowledge base ki to extract named entities from corpus C.

αi(C) represents the value of an annotation metric, α (e.g., graph

adequacy, lexical adequacy) when knowledge base ki is used to ex-

tract named entities from corpus C.

The values of the Pearson factor range from -1 (perfect negative

correlation) to +1 (perfect positive correlation), with 0 indicating the

absence of correlation. The Pearson factor is the most relevant for

our study as it relies on the actual values of the variables, instead of

their rank. A strong Pearson correlation would therefore suggest the

portability of our method to additional corpora and knowledge bases.

In contrast, the Spearman’s rank correlation factor will not use the

actual values of precision, recall and F1, but rather an integer rank

value (e.g., a difference of 50% in F1 between 2 KBs could become

equivalent to a difference of 1%), which does not allow assessing the

scalability of the approach. Table 3 presents the Pearson correlation

values for each metric.

4 Findings and Discussion
Our results show strong correlations between the proposed metrics

and Recall, Precision and F1. Recall was naturally correlated with

tokens coverage with 0.96 average Pearson factor on all corpora, 0.92

minimum correlation and 0.001 variance.

Precision was positively correlated with our Weighted Quality

(WQ) metric with 0.59 average Pearson factor on all corpora, and

0.14 variance. One outlier behavior was observed for 2 corpora out

of 9 (NCBI Disease corpus and Arizona Disease corpus), whereWQ
was not correlated with precision. These two corpora use the same

document set. The NCBI corpus annotation extends AZDC annota-

tions by annotating all sentences. When we studied these two corpora

more closely with an error analysis, we observed that a disease name

is often annotated only once in an abstract even if it occurs multi-

ple time, which leads to a random behaviour for precision. From this

perspective, our method was able to detect the bias of the manual

annotation. If these two corpora are not included, the correlation of

WQ with precision reaches an average of 0.76 with a variance of

0.001.

F1 scores were strongly correlated with the OPERA metric

(WQ × D × V ) on all corpora: average correlation of 0.96, min-

imum 0.88 and variance of 0.001, which follows the observations on

the elementary metrics; i.e., WQ is a strong predictor of precision

and V is a strong predictor of recall.

Our evaluation metric outperformed the TF-IDF baselines by

+0.09 Pearson value for F1 and recall and +0.21 Pearson value for

precision. The TF-IDF baseline had also a high variance of 0.22 for

an average correlation value of 0.41, which shows that the quality of

lexical matches does not provide a reliable indicator of precision. Our

Lexical Disambiguation Ratio (L) had the best correlation for preci-

sion (0.62) with a relatively low variance of 0.107. L indicates the

difficulty of the disambiguation problem as it represents the number

of non-ambiguous mentions. This also shows that ambiguity, which

is derived from TF-IDF scores, is more useful than the raw TF-IDF
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Precision Recall F1

Correlation Average Range Variance Average Range Variance Average Range Variance

Baselines

TF-IDF + 0.41 [-0.43, +0.86] 0.217 + 0.180 [-0.12, +0.62] 0.060 + 0.26 [-0.01, +0.60] 0.04

TF − IDF × V + 0.32 [-0.71, +0.99] 0.409 +0.87 [+0.76, +0.94] 0.002 + 0.87 [+0.76, +0.96] 0.004

Composite Metrics

OPERA (WQ×D × V ) + 0.27 [-0.52, +0.81] 0.196 0.96 [+0.90, +0.99] 0.001 + 0.96 [+0.88, +0.99] 0.001

Weighted Quality (WQ) + 0.59 [+0.00, +0.99] 0.146 + 0.22 [-0.23, +0.59] 0.063 + 0.32 [-0.10, +0.75] 0.071

Disambiguation Coverage (D × V ) - 0.08 [-0.73, +0.53] 0.170 + 0.88 [+0.70, +0.95] 0.005 + 0.80 [+0.53, +0.93] 0.014

Lexical Adequacy (L× V ) + 0.30 [-0.49, +0.85] 0.221 +0.94 [+0.81, +0.99] 0.004 + 0.94 [+0.79, +0.99] 0.004

Graph Adequacy (R× V ) -0.51 [-0.99, +0.56] 0.224 + 0.23 [-0.79, +0.95] 0.31 + 0.10 [-0.85, +0.90] 0.31

Elementary Metrics

Tokens Coverage V + 0.06 [-0.80, +0.73] 0.29 + 0.96 [+0.92, +0.99] 7e−4 + 0.90 [+0.78, +0.99] 0.005

Average Ambiguity - 0.61 [-0.99, +0.58] 0.229 -0.02 [-0.66, +0.96] 0.227 - 0.13 [-0.85, +0.91] 0.23

Disambiguation Ratio (D) -0.20 [-0.54, +0.26] 0.04 + 0.65 [+0.31, +0.84] 0.02 + 0.57 [+0.10, +0.84] 0.03

Lexical Ratio (L) +0.62 [-0.05, +0.99] 0.107 +0.21 [-0.66, +0.95] 0.26 + 0.31 [-0.55, +0.98] 0.23

Table 3. Range, Variance and Average Pearson correlation factors between annotation metrics and Precision, Recall and F1 score. Best results are
highlighted, second best are underlined.

values.

Including the Disambiguation Ratio (d) in the formula of

OPERA (WQ × d × V ) led to a better correlation for F1 score.

We also observe that Disambiguation Coverage (d × V ) is less cor-

related for recall than V (0.90 vs 0.80 Pearson values, respectively) .

From additional experiments, we also found thatWQ×V had an av-

erage correlation of 0.88 only (compared to 0.96 withWQ×d×V ).

Therefore, we can conclude that the elementary metric d had a posi-

tive impact for the prediction of precision values.

Our study is not exhaustive with regards to the number of metrics

that might be considered. However, our results show that the pro-

posed, general annotation metrics can predict, to a large extent, the

adequacy of a KB for annotating named entities in a given corpus.

We limited our named entity recognition approach to commonly

used methods. TF-IDF scores and global coherence maximization

with KB relations are used in many related studies, including super-

vised classification approaches [19, 7, 11]. Therefore, we think that

our observations can benefit other named entity recognition methods,

provided that they use these two general principles.

We have no evidence at the current stage that our evaluation met-

rics would be relevant for recognition methods that do not rely on

global coherence and TF-IDF scores. This includes token classifica-

tion methods such as conditional random fields, which rely primarily

on annotated corpora. A potential future direction is to use our un-

supervised annotations to provide KB-derived semantic features at

token level to study the performance of supervised classifiers.

Another potential future direction is to extend our method to evalu-

ation of training corpora for supervised classification. In this setting,

a training corpus can be seen as a knowledge base where the manual

annotations are knowledge base entities and the co-occurrences of

two annotations in the same sentence or context indicate the knowl-

edge base relations.

5 Conclusions
We presented a new ranking approach to assess the suitability of

knowledge bases for named entity recognition in a given corpus.

More precisely, we proposed several unsupervised annotation met-

rics and studied their correlation with performance measures such as

precision, recall and F1 score. Our results show that these metrics

can be strong predictors of NER performance and that they signifi-

cantly improve ranking relevance when compared to TF-IDF base-

lines. With the important increase in scope of named entities, our ap-

proach can play a key role in large-scale NER as it allows selecting

relevant knowledge bases for a given textual context. It can also be

applied to the selection of sub-graphs from the same (large) knowl-

edge base. Our short-term goal is to deploy a web service that takes

natural language texts as input and ranks all indexed knowledge bases

according to the performance predictors proposed in this paper. This

also includes the integration of other KBs deemed to be of sufficient

interest. We also plan to study the performance of supervised classi-

fiers according to these metrics when they use unsupervised knowl-

edge base annotations as training features.
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Skeleton-Based Orienteering for Level Set Estimation
Lorenzo Bottarelli1 and Manuele Bicego1 and Jason Blum2 and Alessandro Farinelli1

Abstract. In recent years, the use of unmanned vehicles for moni-

toring spatial environmental phenomena has gained increasing atten-

tion. Within this context, an interesting problem is level set estima-
tion, where the goal is to identify regions of space where the analyzed

phenomena (for example the PH value in a body of water) is above or

below a given threshold level. Typically, in the literature this problem

is approached with techniques which search for the most interesting

sampling locations to collect the desired information (i.e., locations

where we can gain the most information by sampling). However, the

common assumption underlying this class of approaches is that ac-

quiring a sample is expensive (e.g., in terms of consumed energy and

time). In this paper, we take a different perspective on the same prob-

lem by considering the case where a mobile vehicle can continuously

acquire measurements with a negligible cost, through high rate sam-

pling sensors. In this scenario, it is crucial to reduce the path length

that the mobile platform executes to collect the data. To address this

issue, we propose a novel algorithm, called Skeleton-Based Orien-
teering for Level Set Estimation (SBOLSE). Our approach starts from

the LSE formulation introduced in [10] and formulates the level set

estimation problem as an orienteering problem. This allows one to

determine informative locations while considering the length of the

path. To combat the complexity associated with the orienteering ap-

proach, we propose a heuristic approach based on the concept of

topological skeletonization. We evaluate our algorithm by compar-

ing it with the state of the art approaches (i.e., LSE and LSE-batch)

both on a real world dataset extracted from mobile platforms and on

a synthetic dataset extracted from CO2 maps. Results show that our

approach achieves a near optimal classification accuracy while sig-

nificantly reducing the travel distance (up to 70% w.r.t LSE and 30%

w.r.t. LSE-batch).

1 INTRODUCTION

The goal of environmental analysis is to collect information, gen-

erating an accurate model for a specific environmental process. For

example when monitoring the quality of a body of water, operators

might be interested in modeling how crucial parameters such as PH

level, Dissolved Oxygen and temperature vary across time and space.

These analyses usually require the collection of large data sets in

harsh conditions, hence the use of mobile sensors such as unmanned

ground vehicles (UGVs), unmanned aerial vehicles (UAVs) or au-

tonomous surface vessels (ASVs). For an exhaustive overview on

advancements and applications see [7].

A successful monitoring operation must acquire a sufficient

amount of data to build an accurate model of the environmental phe-

1 Computer Science Department, University of Verona, Italy
name.surname@univr.it

2 Robotics Institute, Carnegie Mellon University and Platypus LLC, Pitts-
burgh USA jasonblu@andrew.cmu.edu

nomena of interest. However, the data collection process must con-

sider limited resources such as energy and time. Therefore, it is cru-

cial to carefully select measurement locations to acquire as much

information as possible while minimizing energy and time required

for data collection. An important aspect to consider is that the choice

of the future locations to visit is dependent on previously collected

data. Traditional, off-line sampling methods [6] do not represent a

proper choice in this context – we refer to these processes as passive

learning methods. Krause and Guestrin [14] survey advances to effi-

ciently evaluate observation selection and illustrate the effectiveness

of the approaches on environmental phenomena monitoring.

In contrast, active learning techniques [1, 16] aim to incrementally

build a model of the environmental process during the data collection

phase. Such techniques are very well suited for guiding mobile sen-

sors and can be used to focus the data collection process on specific

regions of the environment, so as to minimize the energy required for

navigation [18].

In the simplest setting, the analysis process aims at collecting uni-

formly distributed data over a selected area. However, in many sci-

entific and environmental monitoring applications, we are not inter-

ested in the precise value of the phenomena in every single location,

rather we are interested in locating the regions of the space where

the measurements exceed a given threshold level. This problem is

typically referred to as the “level set estimation problem” [11]. For

example, monitoring the water in a lake may require identification of

the regions where the PH level of the water exceeds a critical value or

to detect contours of biological and chemical plumes. Previous work

on the level set estimation problem such as [5] focuses on a network

composed by a combination of static and mobile sensors, while [20]

focused on controlling the movement and communication of a sensor

network without giving much attention to the choice of the sampling

locations.

Figure 1. Platypus Lutra-T

In a more recent work on level set estimation [10] the data col-

lection task is formalized as a classification problem with sequen-
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tial measurements; the proposed LSE algorithm uses Gaussian Pro-

cesses (GP) [17]) to estimate sampling points that reduce uncertainty

around a given threshold level of the modeled function. The authors

show a near-optimal classification for every region of the space with

a reduced number of sampled locations compared to previous ap-

proaches. However, in the standard algorithm they do not explicitly

take into account the path between the sampling locations, but they

simply choose as the next point to be visited the most informative
point, according to an ambiguity measure they derive from the Gaus-

sian Process. They discuss the possibility to reduce the path length

of the mobile sensor by proposing a batch version of their algorithm,

where they determine a set of new sampling locations, again accord-

ing to the the ambiguity measure derived from the Gaussian Process.

Even if an efficient path between these points can be computed, again

the choice of such points does not consider at all the distance the

mobile sensor must cover to visit all such locations. Finally, more

recently, [11] proposed a new receding horizon approach built on the

LSE algorithm. Their method is designed for ASVs equipped with a

probe that allows an aquatic sensor to be lowered into the water, and

the algorithm uses a path planner to select sampling locations that lie

on a feasible path for the probe within a predefined vertical transect

plane.

In this paper, we also address the problem of level set estimation

by using active learning techniques with sequential measurements.

However, in our case, we have a further objective, namely we aim

also at determining efficient paths for mobile sensors (instead of de-

termining single sampling locations) so to optimize the data collec-

tion process. Specifically our techniques are motivated by the recent

development of low-cost, small mobile platforms that can perform

continuous-sampling in various body of waters (lakes, rivers and

coastal areas). For example, consider the autonomous surface vessel

shown in Figure 1. This platform is small (about 1 meter long and 50

cm wide) and it is equipped with various probes that can measure pa-

rameters such as PH, Dissolved Oxygen, temperature, and electrical

conductivity with sampling rate between 1 and 10 Hz. In this setting

the cost to perform a single measurement is negligible, and the most

crucial issue for the data collection process is the battery lifetime for

the vessel. In fact, to meet the space constraint of this platform, bat-

teries have a limited capacity that results in constraints on total path

length. Hence, in this work we aim at optimizing the total path length

required by the agent to achieve near optimal classification of the an-

alyzed regions, rather than the number of samples extracted during

the executions (which is an important criteria for previous works).

In this perspective, the approach we propose formulates the Level

Set Estimation problem as an Orienteering Problem (OP) [22]. In the

general formulation of the OP we start with a set of locations, each

one associated to a given score, and the goal is to choose the loca-

tions to visit so to maximize the sum of the scores while keeping the

time (or the distance travelled) below a given budget. In the level set

estimation problem we can see the sampling candidates as the loca-

tions to be visited, each one equipped with an informativeness score.

For example we can use the already introduced ambiguity [10] to

measure the value of the points. In this case, the LSE solution intro-

duced in [10] simply chooses the most ambiguous point as the next

point to be visited. The batch variant simply selects few points, again

without considering the path. In contrast, by solving the OP in this

setting, we are now trying to maximize the total informativeness of

the points visited while keeping the travelled distance below a given

budget, i.e. while explicitly considering the cost of the exploration

(i.e., the length of the path). The OP is known to be NP-Hard. While

we can use heuristic approaches to solve the problem, to perform

on-line exploration we need to reduce the size of the orienteering in-

stance (i.e. the number of possible locations to be visited). To this

end, we propose a heuristic based on topological skeletonization, a

process introduced in the image processing communitiy [9] aimed at

reducing regions in a binary image to a thin (skeletal) representation

— the skeleton, sometimes also called medial axis. In particular, we

approximate the regions of the possible points to be visited (i.e. the

unclassified points) with their skeleton, thus drastically reducing the

size of the orienteering instance. As we will show in our empirical

evaluation, this heuristic does not significantly affect the accuracy of

the classification.

As a final comment, it is important to note that a related approach

has been proposed in [19], where an orienteering-inspired technique

has been applied to a related but different problem concerning infor-

mation gathering. However, there are several important differences

with respect to our work: i) the technique introduced in [19] does

not aim at solving the level set estimation problem; ii) they propose

an algorithm to solve the submodular orienteering problem (a par-

ticular kind of OP introduced by Chekuri and Pal [3]); iii) finally,

our main objective is to determine efficient paths for mobile sensors

(instead of determining single sampling locations) so to optimize the

data collection phase and reduce the energy required in this process.

The main contributions of this paper to the state of the art are:

• We propose a novel algorithm that uses an orienteering formula-

tion to solve the level set estimation problem.

• We propose a topological skeletonization as a heuristic to reduce

the number of points on which we apply the orienteering algo-

rithm.

• We empirically evaluated our algorithm comparing it to the cur-

rent state of the art approach (i.e., LSE and LSE-batch [10]).

Specifically, we consider a real-world dataset composed of mea-

surements of the PH level of the water acquired with our mo-

bile watercraft, and a synthetic dataset based on publicly avail-

able CO2 maps. Results show an advantage in terms of total travel

distance, hence proving the feasibility of a skeleton-based orien-

teering approach to solve the level set estimation problem.

2 PROBLEM STATEMENT AND
BACKGROUND

In the same spirit of [10], we formalize our approach for the level set

estimation problem as an active learning problem, where we want

to select next measurement locations so to optimize the information

gathering process.

The environmental phenomena of interest is represented by an un-

known scalar field. The area of the environment is discretised in a

matrix where each element represents a location with an associated

scalar value. For example, in practical application each element could

be associated to a squared meter of the environment’s surface and

each element represents a sampling location xi that must be classi-

fied according to a threshold level.

Specifically, given a threshold level h and a set of locations

D ⊆ Rd, we want to infer knowledge about the unknown scalar

field f : Rd #→ R and then to classify all points x ∈ D into either

H = {x | f(x) > h} (called superlevel set) or L = {x | f(x) ≤ h}
(called sublevel set). The scalar field is modeled with a Gaussian Pro-

cess (GP) [17]. The problem then is to select the best set of locations

xi where to perform (noisy) measurements yi = f(xi) + ei while

optimizing the total path length required for the mobile agents to

analyze these points. Our proposed approach faces this problem us-

ing an Orienteering-based approach. Since the Orienteering problem
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is computationally heavy, reducing the number of candidate points

to be considered is crucial: in our approach this is done by exploit-

ing a skeletonization-based heuristic. In the remainder of this section

we will summarize the needed background: the Gaussian Processes,

the formulation of the Level Set problem with Gaussian Processes –

together with the solutions proposed in [10]–, the Orienteering prob-

lem and the Topological skeletonization.

2.1 Gaussian Processes

Gaussian Processes are a very important and widely used tool in ma-

chine learning [17]. In probability theory, a Gaussian Process (GP)

is a statistical distribution and offers a way to model an unknown

function without using parameters. In our case the function to be

modeled is the scalar field f . A GP is completely defined by its

mean function μ(x) that formulates prior knowledge about the val-

ues of the function f 3, and its covariance function (also called kernel

function) k(x, x′) which encodes the smoothness properties of the

function samples. A GP can then be denoted as GP(μ(x), k(x, x′)).
At a given time t, we consider a set of noisy measurements Yt =
{y1, y2, · · · , yt} taken at locations Xt = {x1, x2, · · · , xt}. We as-

sume that yi = f(xi)+ei where ei ∼ N (0, σ2n) (i.e., measurements

noise with zero mean) and we consider a GP prior GP(0, k(x, x′)).
Under these assumptions, the posterior over f is still a GP and its

mean and variance can be computed as follows [17]:

μt(x) = kt(x)
T (Kt + σ

2
nI)−1Yt (1)

σ2t (x) = k(x, x)− kt(x)
T (Kt + σ

2
nI)−1kt(x) (2)

where kt(x) = [k(x1, x), · · · , k(xt, x)]T
and Kt = [k(x, x′)]x,x′∈Xt

Using the above equations, we can update the GP with the new

knowledge acquired through the observations (i.e., the set of mea-

surements).

2.2 Level Set Estimation using Gaussian Processes

The formulation of the level set estimation problem using Gaussian

Processes has been introduced in [10]. We have a set of sample loca-

tions D (that represents our area of interest) and we want to classify

each location xi ∈ D into the two sets H or L previously defined

by a threshold level h. This formulation uses the inferred mean (1)

and variance (2) from the GP learnt on the scalar field to construct an

interval:

Qt(x) =
[
μt−1(x)± β1/2t σt−1(x)

]
(3)

for any point x ∈ D, where the parameter β acts as a scaling factor

for the interval. The algorithm uses the intersection of all previous

intervals to define a confidence interval

Ct(x) =
t⋂

i=1

Qi(x) (4)

The classification of a point x intoH or L depends on the position

of its confidence interval with respect to the threshold level h. Intu-

itively if the entire interval lies above h, then with high probability

f(x) > h and x should belong to H . Similarly if the entire inter-

val lies below h then x should belong to the L set. These conditions

are relaxed by introducing an accuracy parameter ε which acts as a

3 This can be assumed to be zero without loss of generality

trade-off parameter between classification accuracy and number of

samples required. Specifically:

Ht = {x | min(Ct(x)) + ε > h} (5)

Lt = {x | max(Ct(x))− ε ≤ h} (6)

This confidence interval allows the algorithm to either classify a

point into the superlevel or the sublevel set. However, this classifica-

tion scheme does not permit classifying all locations xi ∈ D at time

t when |Yt| ! |D|, leaving a set of unclassified locations:

Ut = D \ (Lt ∪Ht) (7)

Hence for the points that belong to Ut, we have to defer the decision

until enough information is available. Given this formulation the goal

is to select new sampling locations xi ∈ Ut to acquire new data and

classify the points in Ut according to the equations (5) and (6).

2.2.1 The solutions of [10]: the LSE algorithm and the LSE
batch algorithm

[10] proposed two solutions to this problem, both based on the con-

cept of ambiguity of the candidate points. In particular, at a given

iteration, the algorithm exploits the confidence intervals Ct(x) de-

rived from the Gaussian Process to calculate the ambiguity of all

unclassified points:

at(x) = min{max(Ct(x))− h, h−min(Ct(x))} (8)

Given this concept, two solutions are presented in [10] to select

the set of next points to be sampled:

1. LSE: in this case, the set of the next points to be sampled is com-

posed by only one point, in particular the one with the highest

ambiguity. Clearly, this solution does not take into consideration

the distance of the chosen point from the current position, i.e. it

does not consider the length of the path.

2. LSE Batch: this second algorithm is aimed at alleviating this prob-

lem, and opts for the selection of multiple locations to be sam-

pled next. In particular, such locations are sequentially selected

by considering both their ambiguity defined in eq. (8) and their

joint mutual information, as derived from the Gaussian Process –

for more information see [10] and [11]. An efficient path between

such locations is then computed.

Although the main goal of the LSE Batch approach is to select

multiple locations and to compute an efficient path between them,

this algorithm is far in spirit from what we propose in this paper: ac-

tually, as in the LSE algorithm, the length of the path is not a variable

explicitly considered in the choice of the points to be sampled next.

The main reason for this is that in both cases their assumption is that

the process of acquiring new data is costly. Therefore their main goal

is to minimize the number of sampling locations.

2.3 Orienteering
The Orienteering Problem (OP) originates from the sport game of

orienteering. In this game, the start and end points are specified along

with other locations (i.e., checkpoints) which have associated score.

The players aim at visiting as many checkpoints as possible in order

to maximize the total score and have to reach the end point within a

given time frame. The same problem can model several different con-

texts. For example, consider the problem in which a traveling sales-

person has a set of cities which he could visit. Assuming that the
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saleperson knows the number of sales he/she can expect in each city,

the goal is then to plan a route so as to maximize the total number

of sales while keeping the total length of such route within a given

budget (i.e., the maximum distance he/she can travel in one day).

More formally, the OP can be formulated in the following way:

given a set of N locations each with a score Si ≥ 0, a starting loca-

tion 1 , an ending location N and the travel time tij for all couples

of locations i and j (with i 	= j), the goal is to determine a path, lim-

ited by a given budget Tmax, that visits a subset of these locations,

in order to maximize the total collected score.

The OP can intuitively be defined with the aid of a weighted undi-

rected graph G = (V,E) where V = {v1, . . . , vN} is the set of

nodes (locations) and E is the set of edges. In this formulation the

nonnegative score Si of location i is associated with a vertex vi ∈ V
and the travel time tij between location i and j is associated with

each edge eij ∈ E. The OP consists of determining a Hamiltonian

path over a subset of V , including the start node (v1) and end node

(vN ), and having a length not exceeding the bound Tmax, in order to

maximize the total collected score.

Therefore, the orienteering is a combination of node selection

and shortest path computation between these nodes, hence it can be

casted as a combination of the Knapsack Problem (KP) and the Trav-

eling Salesman Problem (TSP) problems [4], where the KP goal is to

maximize the total score collected while the TSP aims at minimizing

the travel distance. This formulation is typically referred to as a gen-

eralized travelling salesman problem (GTSP) [8]. The orienteering

problem is known to be an NP-hard problem, as it contains the well

known traveling salesman problem as a special case.

This NP-hard problem arises in routing and scheduling applica-

tions and it is also known as the selective traveling salesperson prob-

lem ([15], [21]) or the maximum collection problem ([13]). A num-

ber of practical applications has been modeled as OP and many

heuristic approaches have been developed to combat the inherent

complexity of the OP. In most cases, the orienteering is defined as a

path to be found between distinct locations, rather that a circuit where

v1 ≡ vN . In some applications, however, v1 can coincide with vN
but the difference between both formulation is not significant. For a

general review we suggest the survey proposed by Vansteenwegen et

al. [22].

2.4 Topological Skeletonization

In digital image processing and shape analysis, skeletonization is a

process for reducing regions in a binary image to a thin (skeletal)

representation while throwing away most of the original pixels (see

example in Figure 2). The skeleton preserves and usually empha-

sizes the geometrical properties of the shape, such as its connectivity,

topology, length and direction.

Skeletonization was first introduced by Blum [2], and it can be de-

scribed by using an intuitive model of fire propagation. If one ”sets

fire” at all points on the boundary of an image the skeleton forms

at the points in the region where two or more ”fires” meet. This in-

tuitive description has several different mathematical definitions and

in the relevant literature it is sometimes referred to as medial axis or

thinning [9].

Skeletonization has been used in several applications ranging from

computer vision to image analysis and digital image processing.

There are many algorithms that are tailored for different application

contexts. Such approaches mainly vary in run time and properties of

the produced skeleton (e.g., whether it is a connected component or

not), however they all significantly compress the input. In this paper

we are interested in skeletonization mainly to reduce the number of

points that we must consider when planning the route for the robotic

platforms. Hence, we select a basic approach based on morphologi-

cal operators (see Section 4.3)

Figure 2. Example of a topological skeletonization applied to an image.
On top the binarized input image and on the bottom the skeletonized version.

3 SBOLSE ALGORITHM
Using both the LSE solutions proposed in [10], the mobile sensor is

guided toward the most informative points, without taking into ac-

count the path of the mobile sensor. For example, the LSE algorithm

assumes that the mobile sensor moves from the current position to

the next selected location following a straight line. Another issue is

that the measure is collected only at the final location, without con-

sidering all the points traversed by the sensor along its path. On the

contrary, here we consider applications where measuring devices can

provide data while the robotic platform is moving. For example, the

mobile platforms we use here are equipped with probes that measure

various parameters (e.g., the PH level) with a given frequency while

the platform is moving. In this scenario, our goal is then minimizing

the path length while collecting as much information as possible to

correctly classify all points xi ∈ D.

In what follows we present our Skeleton-Based Orienteering for

Level Set Estimation (SBOLSE) algorithm, which starts from the

LSE framework but is specifically designed for continuous sampling

sensors in which the cost required to extract a sample is negligible

but it is necessary to optimize the total path of the mobile platform

to minimize battery consumption.

The proposed algorithm considers the knowledge about unclas-

sified locations xi ∈ Ut to build an OP instance and to select a

sequence of visit locations (i.e., a path). The algorithm aims at op-

timizing the information that can be acquired along the path while
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meeting the budget on the travel distance. Next, we propose a heuris-

tic approach based on the topological skeletonization to combat the

computational complexity associated with the OP, empirically show-

ing that the classification accuracy does not suffer a significant degra-

dation while greatly reducing the computation time.

Algorithm 1 SBOLSE algorithm

Input: setD, threshold h, accuracy parameter ε,
prior known dataX ⊂ D, starting location xstart
Output: setsH and L

1: t← 0
2: x0 ← xstart
3: H0 ← ∅, L0 ← ∅, U0 ← D
4: whileHt ∪ Lt 	= D do
5: t← t+ 1
6: Compute GP posterior μ(x) and σ2(x) for all x ∈ Ut

7: Classify and updateHt, Lt, Ut according to LSE [10]

8: xc ← current position

9: G← buildGraph(xc, Ut)
10: path← orienteeringStep(G, budget)
11: Execute path

12: H ← Ht, L← Lt

The pseudo-code of Algorithm 1 describes the steps of our

SBOLSE approach. The algorithm maintains three sets of points:

the current superlevel Ht and sublevel Lt sets, as well as the set

of unclassified points Ut. At each iteration t we update the Gaussian

Process posterior by integrating the new information gathered at the

preceding iteration (line 6). Then we compute the confidence inter-

vals Ct(x) for each point x ∈ Ut(x), classify them in one of the

three sets and then compute the sequence of locations to be visited.

To compute such sequence of locations we consider the ambiguity

defined by equation (8) of the unclassified points and build an OP

instance. Specifically, in line 9 we create a graph from the unclassi-

fied points Ut (Algorithm 2) and then compute a path (line 10) using

the orienteeringStep procedure (Algorithm 3). The algorithm termi-

nates when Ht ∪ Lt = D, i.e. when all points are classified and

thus Ut = ∅. Note that during the execution of the path (Algorithm

1, line 11) if the platform moves over locations not yet analyzed but

already classified according to LSE [10], these are evaluated and, in

case, re-classified considering newly acquired data.

3.1 Building the graph

In the buildGraph procedure we take all the unclassified locations Ut

and we build an un directed weighted graph, where all locations are

connected. This graph will then be used in the orienteering proce-

dure.

As shown in Algorithm 2, the first node of the graph represents

the current location of the mobile sensor (line 1). This location de-

fines the starting position for the orienteering solver. Subsequently

we build the nodes set V and the edges set E. The function w(·) de-

notes respectively the weight of a node or the weight of an edge. The

weight of a nodew(vi) (line 7) is the ambiguity measure (equation 8)

of the location that the node represents. The weight of the first node

is an exception as this represents the current position of the mobile

sensor and hence the location has been visited and classified. The

weight of the edges w(eij) (line 13) is the travel distance between

the locations represented by the nodes vi and vj .

Algorithm 2 buildGraph procedure

Input: current position xc, unclassified elements Ut

Output: weighted undirected graph G

1: V ← v1 ≡ xc
2: w(v1)← 0
3: n← 1
4: for all xi ∈ Ut do
5: n← n+ 1
6: V ← V ∪ vn ≡ xi
7: w(vn)← a(xi)
8: E ← ∅
9: for all vi ∈ V do

10: for all vj ∈ V do
11: if vi 	= vj then
12: E ← E ∪ eij
13: w(eij)← dist(vi, vj)
14: G← (V,E)

3.2 Orienteering Step

Algorithm 3 orienteeringStep procedure

Input: graph G = (V,E), budget B
Output: bestPath

1: bestPath← ∅
2: bestPathV alue← 0
3: for i in range(2, |V |) do
4: if dist(v1, vi) ≤ budget then
5: path← orienteeringHeuristic(G, v1, vi, B)
6: if value(path) > bestPathV alue then
7: bestPath← path
8: bestPathV alue← value(path)

In the orienteeringStep procedure we use the previously built undi-

rected weighted graph G and consider this as the input to the orien-

teering problem. In particular we have a fixed starting point (i.e. the

current location of the mobile agent), but we do not have an ending

point (which is required in the classical formulation of the orienteer-

ing problem). It makes clearly sense that the starting point should

be equal to the destination point, however in the classic orienteering

problem the rewards of every node are fixed. In our case, rewards

changes during the execution of the procedure since the information

value of every location decreases while the robot acquires new data.

Hence, making a single run of orienteering would not take into ac-

count the adaptivity required by such scenario. Therefore, we iterate

the process for smaller segments. The choice of the length (budget)

of these segments allows a tradeoff between adaptivity and compu-

tation requirements. To choose the destination we perform an orien-

teering heuristic multiple times (Algorithm 3, line 5), assuming as

destination every unclassified location in the graph that is reachable

with the given budget. Every time we solve an orienteering instance

we obtain a new path. The procedure keeps track of the best dis-

covered one and returns this as final route to be executed from the

SBOLSE algorithm. Specifically with value(path) (line 6 and 8)

we indicate the summation of the nodes’ weights in that route, that

is value(path) =
∑

vi∈path w(vi). Since the orienteering problem

aims at maximizing the score within a given travel budget, using this

procedure we obtain a path that maximizes the information selected

among the unclassified locations for the level set estimation prob-

lem. In this work we did not focus on the computational efficiency
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but rather on a novel formalization of the problem. The choice of hav-

ing a completely connected graph and repeating the orienteering step

n-times for every possible reachable destination represents the sim-

plest choice for formalizing this problem. Improving these aspects

to reduce the computation required is matter of future work. Current

times do not prevent real-time operations.

3.3 Skeletonization
In most practical applications of level set estimation the input is a

set of dense points that must be classified. Specifically, when we

start the data acquisition process, we must consider the entire surface

of the selected portion of the environment. These data are typically

discretized and organized in a matrix where each entry represents a

small portion of the surface (i.e., a square of 50 centimeters in our

experiments).

Now, given some smoothness of the environmental phenomena,

locations with higher classification uncertainty usually cluster into

areas where the unknown scalar field has high probability to cross

the threshold level. Considering all such points could be considered

redundant. This motivates the use of a topological skeletonization

algorithm to compress the input.

Specifically, we consider the matrix containing the information

about the ambiguity measure (eq. 8) of the unclassified points Ut

as a binary image, where unclassified points are set to 1 and classi-

fied points are 0. We then apply a topological skeletonization to such

image, and we maintain as interesting points to be classified only

the points of the skeleton. This greatly reduces the number of loca-

tions that we must consider in the buildGraph procedure presented

in section 3.1 (see the example in Figure 3).

3.4 Theoretical analysis
For what concerns the theoretical analysis of our approach, notice

that Gotovos et. al. with Theorem 1 in [10] prove the convergence

of the LSE algorithm. Even though the selection procedure of our

SBOLSE algorithm differs from LSE, we used the same classifica-

tion rules (Algorithm 1, lines 6-7). As in LSE, our technique iterates

until every point is classified with respect to a threshold level h and

with an accuracy parameter ε, hence we can ensure the convergence

of the SBOLSE algorithm.

4 EMPIRICAL EVALUATION
In this section we now present an empirical evaluation of our pro-

posed technique. First (in sections 4.1 and 4.2) we present the com-

parison of our technique with state of the art approaches on two dif-

ferent datasets. Then, in section 4.3, we analyze the results of the

topological skeletonization applied to the ambiguity measure (as ex-

plained in section 3.3), showing that this heuristic significantly re-

duces the size for the orienteering instances while preserving the

overall classification accuracy.

Specifically we compare: i) Our SBOLSE technique with a variant

of the LSE algorithm [10], which we designed to meet the continuous

sampling setting; ii) The batch version of the two approaches tested

in i). More specifically, the algorithms we compare are:

• SBOLSE: Our algorithm as explained in section 3.

• CS: This algorithm is a variant of the LSE as described in [10].

The classification and sample selection is the same except that

all locations on the straight line between the last position and the

Figure 3. Example of the topological skeletonization applied to the data
matrix containing the ambiguity measure for the unclassified points Ut. On
top the data matrix before the skeletonization, a darker color corresponds to

an higher value of ambiguity. On the bottom the skeletonized version.

next selected location are analyzed so to simulate a continuous

sampling sensor.

• CSbXX : This algorithm is a variant of the LSEbatch as described

in [10]. Similarly to CS we analyze all locations in the straight line

between one location and the next one to simulate a continuous

sampling sensor,XX identifies the dimension (i.e. the number of

elements) of the batch. We performed tests with batches of differ-

ent sizes and determined as optimal value a batch size of 30. We

did not observe a significant reduction of the total path length with

batches of size larger than 30.

Regarding our SBOLSE algorithm, we implemented a simple ori-

enteering heuristic inspired by the center of gravity technique as pro-

posed by Golden et al. [8]. We performed the skeletonization with a

basic algorithm, based on morphological operators, as implemented

in the MATLAB function bwmorph. We used the F1-score as in [10]

to assess the classification accuracy for all the results of our tests. The

F1-score is often used in information retrieval for measuring binary
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classifications. In our case we consider the superlevel set as the pos-

itives and the sublevel set as the negatives elements.

4.1 Real data experiments
The first dataset consists of real-world data relative to the PH level

extracted from waters of the Persian Gulf near Doha (Qatar) using

the boat in Figure 1. The data collected has been aggregated in a

68 × 93 matrix where each element represents a sampling location

xi that must be classified according to a threshold level. In particular,

each element represents 0.5 square meters of the analyzed surface.

The value associated to that element is the average of all the samples

extracted in that portion of the surface. An example of this dataset is

shown in Figure 4.

Figure 4. Scalar field of the real-world dataset, i.e. the PH level of waters
extracted in the Persian Gulf near Doha (Qatar).

On this first set of experiments we considered three different

thresholds to classify the PH scalar field, specifically 7.40, 7.42 and

7.44. We performed some test to determine the best parameter setting

for β and ε in such a way that the classification accuracy is high for

all the algorithms we compare.

Following standard approaches in the literature (e.g., [10]), we

start from ten random initial prior composed by 10% of the elements

of the matrix, for a total of 30 instances per algorithm. The priors

were used to fit the hyperparameters of an isometric Matérn-3 co-

variance function. The results of this set of experiments are shown in

Table 1. For a fair comparison the budget for the orienteering subrou-

tine has been set to the same length that would have been traveled by

the standard LSE algorithm, that is the distance between the current

location and the selected sampling point. In this way both methods

consider the knowledge about the environment with a new GP update

after the same amount of traveled distance.

We can observe that the F1-score, (which indicates the accuracy

of the classification) is higher than 97% for all the algorithms. Re-

garding the total path length, our SBOLSE algorithm performs very

well, reducing the path required by the mobile sensor by about 70%

compared to the standard LSE algorithm proposed in [10]. Also the

comparison with the batch version of the LSE algorithm still show

an advantage by about 32% in the total path length.

Table 1. Results of F1-score and total path length using the real world PH
dataset extracted from waters of the Persian Gulf near Doha (Qatar), x is the

average of all experiments and SEx is the standard error of the mean.

F1-score Path Length
x SEx x SEx

SBOLSE 97.23 0.066 473.6 6.203
CS 98.22 0.039 1560.8 18.582
CSb30 97.54 0.061 687.9 14.296

Figure 5. Runtime F1-score comparison on the typical example instance
of the real dataset, varying the path length between SBOLSE, CS and CSb30

algorithms.

4.2 Synthetic CO2 dataset experiments

The second dataset consists of 10 matrices 60× 179. In this case we

assume that each element represents 1 square meters of the surface.

These matrices have been extracted from the color channels of por-

tions of CO2 analysis images4 to obtain a dataset with a scalar field

consistent with a typical environmental topology. One example of a

matrix from the dataset is presented in Figure 6. The main purpose

of this dataset is to test our technique on bigger matrices (more that

10,000 elements to classify) and to assess the quality of the algorithm

on data different than a scalar field extracted from a body of water.

Figure 6. Example of one of the synthetic scalar fields extracted from a
CO2 analysis map.

In our experiments we considered a threshold equals to 85% of the

maximum value in the scalar field. Also in this case we determined

4 http://oco.jpl.nasa.gov/galleries/gallerydataproducts/

L. Bottarelli et al. / Skeleton-Based Orienteering for Level Set Estimation1262



the best parameter setting and then performed tests with all the three

algorithms previously described with five random initial prior com-

posed by 10% of the elements of the matrix, for a total of 150 exper-

iments. Again the priors were used to fit the hyperparameters of an

isometric Matérn-3 [17] covariance function. The results of these ex-

periments are shown in table 2. We can observe that these are similar

to what was obtained in the real-world dataset. Specifically we obtain

a reduction of about 75% of the path length compared to the standard

LSE algorithm and about 25% compared to the batch version.

Table 2. Results of F1-score and total path length using the synthetic CO2
dataset, x is the average of all experiments and SEx is the standard error of

the mean.

F1-score Path Length
x SEx x SEx

SBOLSE 97.99 0.100 1355.6 26.156
CS 98.66 0.071 5588.1 136.864
CSb30 98.25 0.089 1782.7 34.052

4.3 Topological skeletonization results
This test aims at computing some statistics on the unclassified points

Ut during the execution of the algorithm before and after the op-

eration of topological skeletonization. In particular, we empirically

show that this heuristic significantly reduces the amount of points

that need to be analyzed during the orienteering step. In Figure 7

we can observe the average reduction in the number of unclassified

points after the skeletonization on a typical example instance of the

real dataset. This directly translates in space reduction of the graph

G used to perform the orienteering operation.

Figure 7. Reduction in the number of unclassified points and information
after the topological skeletonization, during the execution of the SBOLSE

algorithm

As reported in previous section, to perform the skeletonization we

used a basic algorithm based on morphological operators as imple-

mented in MATLAB function bwmorph. Although the operation is

very simple and fast and with such a technique we do not take into

account the amount of information in the deleted points, in Figure 7

we can observe that after this operation, statistically the percentage

of points and information deleted are similar. This is due to the fact

that, given the typical environmental phenomena, in the area repre-

senting the unclassified data, the highest amount of available infor-

mation (points with the highest ambiguity value) is concentrated in

the middle of the area itself. This suggests that the skeletonization is

a good heuristic to apply in order to discard some of these points.

The applied algorithm based on morphological operators in some

of the cases reduces the area giving a skeletonization centered where

the information is concentrated (see Figure 3), whereas in other lo-

cations this is not the case. However this observation leaves open the

possibility of applying different skeletonization techniques that bet-

ter preserves this property, further increasing the usefulness of our

technique. For example many definitions of skeleton make use of

the concept of distance function [12], which is a function that for

each point inside a shape gives its distance to the closest point on the

boundary. Further investigations could use a similar concept in order

to generate a skeletonization based on the amount of data present in

the area.

We now show a comparison between two versions of our SBOLSE

algorithm, with and without skeletonization of the orienteering in-

stances, specifically we performed the experiments on the real world

dataset. Results in table 3 show that the application of the skele-

tonization heuristic does not significantly influence the classifica-

tion quality. At the same time, however, this method allows us to

greatly reduce the complexity of the orienteering heuristic as previ-

ously shown in Figures 7

Table 3. Comparison between our SBOLSE algorithm using the
orienteering subroutine with and without the topological skeletonization on

the unclassified data Ut

F1-score Path Length
x SEx x SEx

with 97.37 0.152 449.0 7.414
without 97.70 0.075 525.0 13.891

5 CONCLUSION
In this paper we proposed a new algorithm (i.e., SBOLSE) for the

level set estimation problem, considering mobile watercraft equipped

with continuous-sampling sensors. Our technique formulates the

level set estimation problem as an orienteering problem where the

ambiguity about the classification of a location represents the score

in the orienteering formulation. Our SBOLSE algorithm implements

an orienteering heuristic solution as a subroutine to select an infor-

mative path that meets a given travel budget. Moreover, we present an

approach based on the topological skeletonization to reduce the size

of the orienteering instance we solve, allowing for on-line classifi-

cation. Results show that our approach significantly outperforms the

current state of the art algorithms for the level set estimation prob-

lem (i.e., LSE and LSE-batch) in terms of total travel distance, while

maintaining a near-optimal classification quality.
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Interruptible Task Execution with Resumption in Golog
Gesche Gierse and Tim Niemueller and Jens Claßen and Gerhard Lakemeyer1

Abstract. Mobile robots should perform a growing number of tasks

and react to time-critical events. Thus, the ability to interrupt a task

and resume it later is crucial. While interleaved execution occurs of-

ten in robotics, existing approaches do not consider the fact that inter-

rupting a task and resuming an interrupted task often requires inter-

mediate steps. In this paper we present an approach to interruptible

task execution with resumption. We propose INTRGOLOG which ex-

tends INDIGOLOG by task interruption and resumption through in-

troducing new constructs to determine and fulfill the requirements

of tasks. Our experiments on a service robot and in simulation show

that the ability to switch to another task enables a robot to react in a

swift and reliable fashion to new events.

1 INTRODUCTION

Mobile robots are envisioned to fulfill a growing number of tasks

in the future—in domestic as well as in industrial scenarios. A re-

quired capability then is task switching. The problem turns out to be

more involved than is obvious. For example, while a robot is clean-

ing up the breakfast table putting tableware into the dishwasher in

the kitchen, the ringing of the doorbell adds the higher prioritized

task to answer the door. Completing the initial task first would take

too long (the mailman might already be gone by the time the robot

answers the door). Hence the robot must interrupt its current task as

soon as possible. But the robot may not be able to perform the new

task right away, e.g., it might be carrying an object that it needs to put

down first in order to have its hand free to open the door. Therefore,

it needs to reason about the necessary steps to resolve conflicts be-

tween requirements when switching tasks. After completing the high

priority task, the robot is expected to resume the interrupted task.

This might involve remembering parameters of the steps performed

when switching: if the robot held an object when the doorbell rang

and placed it down on the quickly accessible kitchen counter, it must

later retrieve the object from there to complete cleaning up the table.

In this paper, we formalize task switching as an extension of

INDIGOLOG accounting for a number of problems that arise. We in-

troduce a new kind of interruption. In contrast to CONGOLOG inter-

rupts which may yield control to other programs at arbitrary points,

we define an extended transition semantics that explicitly handles the

addition, removal, and switching of tasks, which may involve the in-

troduction of intermediate steps for resolving requirement conflicts.

We also provide constructs to avoid task switching in certain parts of

a program, to force the re-execution of sub-programs marked indi-

visible, and a well-defined interruption of durative actions.

For this purpose, we define a new transition relation TTrans
for task operations (adding, removing, switching) on top of

1 Knowledge-Based Systems Group, RWTH Aachen University, Germany,
email: {gierse,niemueller,classen,lakemeyer}@kbsg.rwth-aachen.de

Figure 1. Evaluation scenario. The robot moves cups from the table to the
dishwasher, when the doorbell rings. It should then answer the door.

INDIGOLOG’s original Trans which defines how to execute the re-

spective current task. To determine the intermediate steps necessary

on a task switch, we introduce the new concept of promises. These

are terms denoting asserted or required conditions (of the running or

the interrupting task) used to determine conflicts during task switch-

ing. Promises are formulated with regard to actions, i.e., whether an

action asserts or revokes a promise. We rely on durative actions, such

that long-running actions can be interrupted. They are defined as a

start and an (exogenous) end action. Finally, re-execution sequences
allow to specify parts of a program that must be repeated in full on re-

sumption, e.g., to repeat a sensing action before grasping if the latter

was interrupted.

Our main contribution is the formalization of task interruption and

resumption as an extension of INDIGOLOG’s transition semantics

and the implementation of INTRGOLOG that can deal with cases

where procedures for intermediate steps can be pre-programmed.

We have evaluated the approach both in simulation and on a real

robot. The results show that the proposed system enables the robot to

react to new events in a swift fashion and that it indeed reduces high

priority task latency.

In Section 2, we briefly introduce the Situation Calculus and

GOLOG. Then we explain our approach in detail (Section 3). The

evaluation is described in Section 4. Some related work is discussed

in Section 5 before concluding in Section 6.

2 THE SITUATION CALCULUS AND GOLOG
In this section, we will describe the situation calculus and GOLOG

and some of its variants, upon which our approach builds.

2.1 Situation Calculus
The situation calculus [16] is a dialect of first-order logic that de-

scribes a changing world. It has the sorts situations and actions. A

situation is defined by nested terms of the form do(a, s) starting from

ECAI 2016
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the initial situation S0, where do(a, s) describes the situation that oc-

curs after executing action a in situation s. Actions are encoded by

functions and may have preconditions, e.g., the action pick up(x)
is only possible if the robot has an empty hand. The status of the

world is described by fluents, e.g., holding(x,s) denotes that the

agent is holding object x in situation s. Effects of actions are formal-

ized by successor state axioms. These concepts can be formalized in

a basic action theory D as described in [19].

2.2 GOLOG

GOLOG [14] is a procedural programming language based on the

situation calculus. The situation calculus is used to find a legal

sequence of actions to satisfy a GOLOG program. The program-

ming language features different programming constructs, such as

sequence, while loops, and conditions. Additionally, it exhibits non-

deterministic constructs, for example πx.δ, where x is chosen non-

deterministically such that δ can be legally executed. As an example,

consider a GOLOG program to clear a table:

while ∃object.on table(object) do
πx.on table(x)?; pick up(x); put on floor(x)

endWhile

As long as at least one object is on the table, the program non-

deterministically select one, picks it up and puts it down on the floor.

In GOLOG, programs can only be executed offline. That means,

given a GOLOG program, a sequence of actions is computed that ful-

fills the program. Then the whole sequence of actions is executed.

In real-world applications this is unrealistic: a robot has to be able

to sense its surroundings and make decisions based on this. Also, ac-

tions may fail and thus a pre-computed sequence cannot be executed.

Therefore, extensions have been formalized to deal with these prob-

lems, two of which we are going to describe in more detail. In the

following GOLOG will denote the family of programming languages.

2.2.1 CONGOLOG and INDIGOLOG

CONGOLOG [2] is an extension that adds concurrent execution (mul-

tiple programs are executed step-wise interleaved), prioritized inter-

rupts (with a higher priority interrupt handling program urgent ac-

tions can be executed), and exogenous actions (events in the environ-

ment). However, execution still happens offline.

INDIGOLOG [3] extends CONGOLOG by adding sensing and on-

line execution.2 It interprets programs in an incremental way, such

that modifications to fluents can alter the trace of situations to pro-

gram completion. Such traces may then depend on data sensed during

execution. These sensing results are stored in a history.

Our work is an extension of INDIGOLOG. It relies on incremental

execution in order to be able to interrupt and resume tasks and to

interleave the execution of multiple tasks.

2.2.2 GOLOG and INDIGOLOG Programs

A GOLOG program δ can execute an action (a) or verify a con-

dition (φ?). These basic operations can be combined with the

following control structures: Sequence (δ1; δ2), non-deterministic

2 Since INDIGOLOG includes CONGOLOG we focus on the former.

branch (δ1|δ2), non-deterministic choice of argument (πx.δ), non-

deterministic iteration (δ∗), if-conditions, while-loops, and proce-

dure calls. To search for a plan ahead of execution, the search opera-

tor Σ(δ) is used. Concurrently executing two programs is expressed

by δ1||δ2. Additionally, there are prioritized concurrency (δ1 〉〉 δ2),

and concurrent iteration (δ||). To interrupt a program whenever con-

dition φ holds, one writes 〈φ→ δ〉.

2.2.3 Transition Semantics

Both CONGOLOG and INDIGOLOG use a transition semantics which

defines how a program δ in some situation s can evolve to a program

δ′ and a situation s′. As an example consider the programming con-

struct a which executes an action:

Trans(a, s, δ′, s′) ≡ Poss(a[s], s) ∧ δ′ = nil ∧ s′ = do(a, s)

Here an action a transforms to the program nil which denotes the

empty program. The transition may only be used if it is possible to

execute action a in the current situation s. The resulting situation s′

is the situation that occurs when action a is executed in situation s.
A program δ may terminate if it is final, i.e., Final(δ, s) holds.

For example, the program nil is final, while the program a is not

final – an action still needs to be executed. The predicate is defined

recursively, e.g., a sequence of actions δ1; δ2 may terminate if and

only if both δ1 and δ2 are final.

A history is used to represent a sequence of actions with their sens-

ing results. A history σ is of the form σ = (a1, μ1) · . . . · (an, μn)
if actions a1, . . . , an were executed and each action ai returned the

sensing result μi. It is convenient to use end[σ] as an abbreviation

for the end situation of history, defined by: end[ε] = S0; and induc-

tively, end[σ · (a, x)] = do(a, end[σ]) [3]. Additionally, Sensed[σ]
denotes the formula that contains all sensing results of history σ [3].

2.2.4 Online Execution

While GOLOG tries to find a sequence of actions beforehand and then

tries to execute all actions, INDIGOLOG can execute one action and

afterwards decide how to execute the remaining program. This is es-

pecially useful since we can delay decisions to the execution time and

use information gained by sensing actions. The transition semantics

allow to search for the next step of the program. Assume we started

a program and at some later point the program δ is remaining to be

executed. Additionally, we have executed some actions and obtained

corresponding sensing results. In the online execution the interpreter

will now either stop, if the remaining program δ is final, or find one

transition from δ and situation s to δ′ and some situation s′. If s and

s′ are not equal, s′ will be of the form do(a, s). In this case the ac-

tion a is executed in the real world. The next step is determined by

the basic action theory, the transition and final rules, and the sensing

results. We also monitor exogenous actions, i.e., actions the agent

observes but does not execute itself. These are added to the history

of executed actions.

2.2.5 Concurrency and Interrupts

In INDIGOLOG, programs which are run concurrently are executed

in an interleaved fashion. An interrupt 〈φ → δ〉 executes its pro-

gram δ if the condition φ holds and no process with higher priority

is executed. It will suspend processes of lower priority. After exe-

cution of the interrupt, suspended processes are continued. A major
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Figure 2. Task interruption. The left shows how the interrupting task is
simply appended in INDIGOLOG, while INTRGOLOG inserts it as soon as
the interrupt event occurs. The conflict caused by the hand used promise
is resolved by introducing suitable steps to postpone and keep the promise.

problem with interrupts is that they yield control to interrupts at ar-

bitrary points. This is a problem for interruptible task execution with

resumption, since additional actions might be necessary before the

switch can be performed, and again when resuming the original task.

As an example why GOLOG interrupts do not suffice for task in-

terruption consider the following program:

〈doorbell rings→ answer door〉 〉〉 clean up

If the doorbell rings, the robot will interrupt and answer the door,

otherwise it will clean up. This is a simple approach to interleaved

task execution and it does not work as expected in the envisioned

situations: Consider that the doorbell rings while the robot is about

to put an object in the dishwasher. The switch will be immediate,

thus the robot drives to the door, but it cannot open it, because it

hand is still full. Therefore, the higher prioritized program will yield

control and the clean up may continue. However, the robot is not in

front of the dishwasher anymore, thus the precondition of the put-in-

dishwasher action does not hold anymore. So, without performing in-

termediate steps, the combined interruptible program may no longer

be executable. To avoid this, one would have to anticipate all prob-

lems that may potentially arise, along with possible solutions, and

include those in the interrupt. This is not only tedious, but also error-

prone, particularly when the interplay between multiple interleaved

tasks has to be considered. Instead, we introduce a new notion of in-

terrupts where conflicts are avoided by executing intermediate steps

on interruption.

2.2.6 Durative actions

To represent the concurrency of real-world actions durative actions
[19] can be used. It essentially means splitting up an action in an in-

stantaneous start and an (exogenous) instantaneous end action that

occurs when the action is finished. As long as the action is be-

ing executed, a fluent for this action is true. In between, a pro-

gram may continue or interrupts may be handled. Another possi-

ble representation has been used in CC-GOLOG [7], where an action

waitFor(condition) is used to have the agent wait until some for-

mula condition (which depends on continuously changing fluents

such as the robot position) becomes true, and then continue execut-

ing further actions (e.g., stopping the movement). Here however, we

want to allow the interruption of durative actions through exogenous

events. Therefore, we have:

exec dur(d)
def
= dur act start(d); wait for(d)

wait for(d)
def
= while dur flu(d) do wait endWhile

This is the typical case where nothing except waiting (and thereby

checking for interrupts) happens while one durative action is run-

ning. Our formalization also allows to state explicitly in which order

to start durative actions and wait for their termination, and thus inter-

leave such processes.

3 EXTENDED TRANSITION SEMANTICS

The robot should to be able to execute a set of tasks instead of just

one program. Therefore, we define tasks which consist of a program,

a priority, and a unique ID. We extend the transition semantics of

INDIGOLOG to work on a set of tasks. Instead of directly using the

transition predicate Trans, we introduce TTrans whose semantics

is added on top of the original Trans predicate. With it a task can be

added or removed. It facilitates task switching and uses the original

Trans to execute the current task.

As described in Section 2.2.5 CONGOLOG interrupts are not suf-

ficient to handle task switches, since intermediate steps may be nec-

essary to interrupt and later resume a task. To ensure that these nec-

essary intermediate steps are performed when switching tasks we in-

troduce two additional concepts.

Re-execution sequences ensure that actions that need to be exe-

cuted together are fully repeated on resumption. For example, the

robot uses a sensing action to detect an object on a table and is about

to grasp it. When interrupted in this situation it needs to sense if the

object is still there on resumption. Essentially, an interrupted task is

modified by restoring an already executed part of the program.

Promises are used to specify necessary conditions for (parts of)

programs and to determine conflicts during task switches. The ba-

sic action theory defines which action asserts or retracts a promise

during execution. When switching to a new task, the system deter-

mines if the promises are conflicting, that is whether any currently

asserted promise is required by the new task. In this case, domain-

specific procedures are used to postpone and later keep the promise.

The postpone program is executed before starting a different task

and the keep procedure is executed before resuming the interrupted

task. Task-specific information may be stored during postponing to

be used when a promise is to be kept again.

As an example, consider Figure 2. The left column shows a clas-

sic INDIGOLOG implementation that requires the two objects to be

cleaned up before answering the door, as the cleanup program was

already running. The two right columns show INTRGOLOG’s behav-

ior. Once the interrupt event occurs (blue dotted line), the respective

action is interrupted and the new higher priority task inserted. But

the robot has grasped an object with its only hand and needs this

very hand free in order to successfully execute the new, higher pri-

oritized task of answering the door. A promise hand used is defined

by the user. Finishing grasping an object or starting to open a door

would assert the promise, while finishing putting down an object or

finishing opening the door retracts it. When switching after grasping
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to opening the door, the robot would postpone the promise hand used
by driving to a nearby counter and putting down what it is carrying.

However, to later resume the task, it then needs to have the object in

its hand again. The keep procedure will handle this by remembering

where it put the object and then retrieve it (yellow boxes). Afterwards

the previous task can be resumed.

3.1 Task Definition

A task is defined as a tuple τ = 〈δ,prio,id〉, where δ is a pro-

gram as before (that will be modified by Trans), prio is the task’s

priority and id is a unique ID. As a shorthand notation we will use

prog(τ), prio(τ) and id(τ) to access the program, the priority and

the ID of the task τ , respectively.

We write finite sets τ1, . . . , τn of tasks as Ω = {τ1, . . . , τn}. We

will write Ω[τi = τ ′i ] to denote the task set that is like Ω except

with τi replaced by τ ′i . Furthermore, Ω[prog(τi) = δ′] will denote

Ω where the program of the task τi is changed to δ′. Also, Ω[{τ1 =
τ ′1, . . . , τk = τ ′k}] will denote that all tasks τi are changed to τ ′i for

1 ≤ i ≤ k and the other tasks remain identical to Ω.

3.2 Transition Semantics Extension Idea

We define an extension of Trans called TTrans. It will handle

tasks, while referring to the standard INDIGOLOG transition seman-

tics to execute a single task. Intuitively, Trans defines transitions

between configurations consisting of a program δ and a situation s:
(δ, s) . (δ′, s′). In contrast TTrans yields transitions of the form

(i,Ω, s) . (i′,Ω′, s′), where i, i′ are the indexes denoting the cur-

rent task, Ω,Ω′ are task sets and s, s′ are situations. A modification

of Ω to Ω′ can be either adding a new task, removing a task, executing
the current task or switching to the task with highest priority.

Generally, our new top-level transition predicate TTrans uses

fluents that are set by exogenous actions to decide which of the above

possibilities are used in each step of an online execution.

In the following, we will present a number of sufficient condi-

tions for doing a transition step TTrans(i,Ω, s, i′,Ω′, s′). The ac-

tual axiom defining TTrans is then understood as the completion

of those conditions, i.e., TTrans(i,Ω, s, i′,Ω′, s′) is equivalent to

the disjunction over all right-hand sides of the rules given below. All

situation calculus terms (e.g., fluents, actions, procedures) are set in

monospace, while internal formulas are set in italics.

3.3 Adding a Task

A task is added by an exogenous action add task(τ ). We use the

fluent taskupdate which will denote whether there is a new task.

Additionally, if there is a new task, the fluent new taskwill contain

the new task. If this fluent is set, we will update the set of tasks Ω.

TTrans(i,Ω, s, i′,Ω′, s′) ⊂ (1)

taskupdate[s] ∧ ∃τnew. new task[s] = τnew

∧ Ω′ = Ω ∪ {τnew} ∧ s = s′ ∧ i = i′

3.4 Removing a Task

A task can also be removed from Ω. If a task is final, it can be re-

moved. Similar to Trans we also add an extended version of Final
called TFinal to define if tasks are final. A set of tasks is final if it

is empty and a single task is final if its program is final regarding the

original CONGOLOG’s Final-rules:

TFinal(Ω, s) ≡ Ω = ∅
TFinal(τ, s) ≡ Final(prog(τ))

Besides removing final tasks, a task can also be deleted us-

ing an exogenous action remove task(id). We use the fluent

taskremove to denote that a task deletion is requested. The flu-

ent delete task will contain the ID of the task that should be

removed. The index i denoting the current task is set to zero to ex-

press that currently no task is selected to execute (the selection of the

new task will be handled by the task switch case described below).

TTrans(i,Ω, s, i′,Ω′, s′) ⊂ (2)

s = s′ ∧ ∃τ ∈ Ω ∃id.(Final(τ, s) ∨ taskremove[s]
∧ delete task[s] = id) ∧ id(τ) = id
∧ (id = i ⊃ i′ = 0) ∧ (id 	= i ⊃ i′ = i)
∧ Ω′ = Ω \ {τ}

3.5 Executing a Task

We can execute the current task if the following conditions hold: A

proper current task is defined by the id i (zero indicates that this is

not the case, either because the current task was finished or removed

by the user). There is neither a new task to be added nor a task to be

removed, and if task switching is allowed, the current task has highest

priority. A step of the program of the current task is the executed

according to the original Trans:

TTrans(i,Ω, s, i′,Ω′, s′) ⊂ (3)

∃τi ∈ Ω.id(τi) = i ∧ i 	= 0 ∧ i′ = i ∧ ¬taskupdate[s]
∧ ¬taskremove[s] ∧ (¬switching allowed[s]

∨ ∀τk ∈ Ω.prio(τk) ≤ prio(τi))
∧ ∃γ.Trans(prog(τi), s, γ, s′) ∧ Ω′ = Ω[prog(τi) = γ]

3.6 Switching Tasks

Switching a task contains some technicalities, so we will discuss

the corresponding rule in an incremental manner. We will first

present a simple version that does not use any intermediate steps and

then describe the formalities needed for re-execution sequences and

promises and how they are integrated in TTrans. For now consider

switching to the task with highest priority:

TTrans(i,Ω, s, i′,Ω′, s) ⊂ (4)

∃τj ∈ Ω.∀τk ∈ Ω.prio(τk) ≤ prio(τj)
∧ i′ = id(τj) ∧ ∃τi ∈ Ω. id(τi) = i

∧ prio(τj) > prio(τi) ∧ id(τi) 	= id(τj)
∧ Ω′ = Ω

Next, we include the fluent switching allowed that enables

and disables task switching. The fluent is toggled by the actions

enable switching and disable switching. In the defini-

tion of removing tasks we introduced the case where currently no

task is selected, indicated by i = 0. This is a special case, because

no task can be executed by the TTrans-rule for execution. So even
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if switching is disabled, we need to select a new current task if i = 0.

The resulting rule looks as follows, where the new part is underlined:

TTrans(i,Ω, s, i′,Ω′, s) ⊂ (5)

(i = 0 ∨ switching allowed[s])

∧ ∃τj ∈ Ω.∀τk ∈ Ω.prio(τk) ≤ prio(τj)
∧ i′ = id(τj) ∧ (∃τi ∈ Ω.id(τi) = i ∧ prio(τj) > prio(τi)
∧ id(τi) 	= id(τj) ∨ i = 0) ∧ Ω′ = Ω

3.6.1 Re-execution Sequences

A sequence of actions can be marked as a re-execution sequence.

It is then executed as usual, however, in the case of a task switch

within that sequence, the whole re-execution sequence is executed

from scratch at the resumption of the task.

The programmer uses the construct reexec(δ) in their procedures.

Trans then transforms this to re(δ, δ). Transitions from re(δ′, δ)
will only modify δ′, while δ remains the original δ. We extend

(CONGOLOG’s original) Trans and Final by the following:

Trans(reexec(δ), s, re(δ, δ), s) ≡ True
Trans(re(δ, δre), s, δ′, s′) ≡
∃γ. Trans(δ, s, γ, s′) ∧ δ′ = re(γ, δre)
∨ Final(re(δ, δre)) ∧ δ′ = nil

F inal(reexec(δ), s) ≡ False
F inal(re(δ, δre), s) ≡ Final(δ, s)

As an example consider the following program:

reexec(exec dur(detect cup);

if cups on table then
exec dur(grasp) else noop endIf)

where the robot grasps a cup, if it detected one. If the robot is in-

terrupted when starting to grasp the object, the robot would con-

tinue with the whole program above on resumption. Let the above

program be denoted by reexec(δSG). Internally, this is transformed

to re(δSG, δSG). When executing it in a situation where cups are

sensed, we would eventually reach re(exec dur(grasp), δSG). If

interrupted at that time, we want to execute re(δSG, δSG) again on

resumption. Thus, we now extend Formula 5 to replace all occur-

rences of re(δ, δre) in the current task by re(δre, δre) before switch-

ing. This is done by the formula reset re(τi, τ
′
i).

TTrans(i,Ω, s, i′,Ω′, s) ⊂ (6)

(i = 0 ∨ switching allowed[s])

∧ ∃τj ∈ Ω.∀τk ∈ Ω.prio(τk) ≤ prio(τj)
∧ i′ = id(τj) ∧ (∃τi ∈ Ω.id(τi) = i ∧ prio(τj) > prio(τi)
∧ id(τi) 	= id(τj) ∨ i = 0)

∧ ∃τ ′i .reset re(τi, τ ′i)
∧ Ω′ = Ω[prog(τi) = τ

′
i ]

To handle cases where intermediate steps are also necessary before

starting the new task we introduce the concept of promises.

3.6.2 Promises

Promises are terms that denote asserted or required conditions

of programs. They are defined as part of the basic action the-

ory. We introduce new situation independent predicates to de-

scribe promises and which actions assert and retract a promise.

Procedures to postpone and keep a promise need to be defined.

These are the intermediate steps executed before starting the in-

terrupting task and before resuming the interrupted task. We use

promise(prom, order) to denote that the term prom is a promise

and is associated with a numeric value (natural number) order
to indicate in which order to postpone and keep promises in case

of an interruption. To denote that an action a starts a promise

prom, we write asserts promise(a, prom). For example, a

successful exogenous end grasp starts the promise has obj.

A promise stops being asserted when an action retracts it, writ-

ten retracts promise(a, prom). For example, a successful ex-

ogenous end grasp starts the promise has obj and the action

end put down ends the promise has obj.

Internally, the fluent asserted promise(prom, s) indicates

that the promise prom is asserted in situation s. The successor state

axiom of this fluent is described using the predicates from above:

asserted promise(p, do(a, s)) ≡
asserts promise(a, p) ∨
asserted promise(p, s) ∧ ¬retracts promise(a, p)

Now we need to define procedures to perform intermediate steps

when switching a task. They are called postpone and keep pro-

cedures. In the case of the promise hand used the robot would

need to put away what it is holding with the postpone proce-

dure. To later resume the interrupted task, the robot needs to

hold the object again before continuing the task. Thus, in the

keep procedure it has to find the object again. Our extension pro-

vides two actions and a fluent to help with remembering nec-

essary parameters for keeping a promise. We introduce a fluent

has param(i, prom, key, s)=value that indicates that the task

with ID i has the parameter value for the postponed promise prom
and the key key in situation s. When postponing a promise, we

can use the action set param(id, prom, key, value) to set this

fluent. In the case of hand used we would for example save the

table where we put the object. In the keep procedure we can then

read this value from the fluent. After successfully using the infor-

mation, the action used param(id, prom, key) resets the fluent

has param(id, prom, key) to false.
As an example consider the procedures to keep and postpone the

promise hand used. As domain independent fluents, we first define

which procedure keeps and postpones the promise:

postpone promise(hand used,put somewhere(Id)).

keep promise(hand used,get back obj(Id)).

To postpone we define a procedure which will ensure that it is

actually holding something, in that case it will sense the nearest table,

go there, put the object down and remember the place.

proc put somewhere(Id)

sense holding obj;

if holding obj then
sense nearest table;

?(nearest table = Table);

exec dur(drive to(Table));

exec dur(put down);

set param(hand used, Id, table, Table)

endIf endProc
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Before resuming the task, we will check if a location for an object to

grasp was saved (the promise hand used could have been in effect

because the robot was opening a door when interrupted, in that case

we do not want to pick up any object. Re-execution sequences will

take care of restarting durative actions that were interrupted during

execution). In that case the robot will go to the table, detect the object

and pick it up. Afterwards it will indicate that it used the information

stored by the postpone procedure, which will reset the fluent for that

promise, ID and key to false.

proc get back obj(Id)

if ¬has param(hand used, Id, table) = false then
?(has param(hand used, Id, table) = Table);

exec dur(drive to(Table));

exec dur(detect obj);

if obj on table then exec dur(grasp) endIf;
used param(hand used, Id, table)

endIf endProc

So, in case of a task interruption, we need to check if there is a

promise that is currently asserted but may be needed in the interrupt-

ing task (like a hand holding an object and the interrupting task needs

the hand to open the door). To define this, we will look ahead what

promises could be asserted by the interrupting task by extending the

definition of asserts promise to programs. For example:

asserts promise(δ1; δ2, p)
def
=

asserts promise(δ1, p) ∨ asserts promise(δ2, p)

asserts promise(πv.δ, p)
def
= ∃v. asserts promise(δ, p)

The rules for the remaining constructs are defined in a similar man-

ner. With this lookahead we can describe if a promise is contradict-
ing, i.e., it is asserted and the interrupting task τ could assert it, too.

is contradicting promise(prom, order, τ, s)
def
=

promise(prom, order) ∧ asserted promise(prom, s)

∧ asserts promise(τ, prom)

For all contradicting promises we want to prepend the program of

the interrupting task with the corresponding postpone procedure and

the interrupted task with the respective keep procedure. We define

two helper functions to prepend the current task with these proce-

dures given the current situation s, the set of tasks Ω and the ID j of

the interrupting task:

postpone contradicting promises(s,Ω, j) = Ω′ def
=

∃τ ∈ Ω. id(τ) = j

∧ Ω′ = Ω[prog(τ) = disallow switching; δp;

allow switching; prog(τ)]

where δp = δ1; . . . ; δn and δ1, . . . , δn are exactly those δi such that

∃promi, orderi

is contradicting promise(promi, orderi, τ, s) ∧
postpone promise(prom, δi)

and orderi > orderj for all i > j.

In a similar manner, we define a function to prepend each task that

asserted a conflicting promise with the associated keep procedure:

keep postponed promises(Ω, s) = Ω′ def
=

Ω′ = Ω[{prog(τ) = δτk ; prog(τ) | τ ∈ Ω}]

where δτk = δn; . . . ; δ1 and δ1, . . . , δn are exactly those δi such that

∃promi, orderi

is contradicting promise(promi, orderi, τ, s)

∧ keep promise(prom, δi)

∧ promise made to(prom, id(τ), s)

and orderi > orderj for all i > j. Notice that the order of the keep

and postpone procedures is reversed to allow dealing with promises

that depend upon other promises.

We can now put both helper functions together to modify the set

of tasks with all postpone and keep procedures:

handle proms(j,Ω, s) = Ω′ def
=

∧ Ω′′ = keep postponed promises(Ω, s)

∧ Ω′ = postpone contradicting promises(s,Ω′′, j)

To handle promises when switching a task, we then extend For-

mula 6 to use this function after handling re-execution sequences.

This leads us to the final version of the TTrans-rule for switching a

task:

TTrans(i,Ω, s, i′,Ω′, s) ⊂ (7)

(i = 0 ∨ switching allowed[s])

∧ ∃τj ∈ Ω.∀τk ∈ Ω.prio(τk) ≤ prio(τj)
∧ i′ = id(τj) ∧ (∃τi ∈ Ω.id(τi) = i ∧ prio(τj) > prio(τi)
∧ id(τi) 	= id(τj) ∨ i = 0)

∧ ∃τ ′i .reset re(τi, τ ′i)
∧ Ω′ = handle proms(id(τj),Ω[τi = τ

′
i ], s)

We then take the disjunction over all right hand sides of the for-

mulas for adding, removing, executing and switching tasks to gain a

formula for TTrans.

3.7 Online Execution
We adapt the definition of online execution presented in [3] to use

TTrans instead of Trans and TFinal instead of Final: Assume

we started with a set of tasks Ω0 and a current task i0 (with τi0 ∈ Ω0)

in situation S0. Then at some later point, we have executed actions

a1, . . . , ak and have obtained sensing results μ1, . . . , μk and there-

fore are now in history σ = (a1, μ1) · . . . · (ak, μk) with the set of

tasks Ω left to be executed, where one task τi ∈ Ω is the current task.

At each execution step, we need to decide what to do next. This can

be either stopping execution if all tasks are finished, executing a step

of the current task, or changing the set of tasks.

• stop, if

D ∪ C ∪ DIL ∪ CIL ∪ Sensed[σ] |= TFinal(Ω, end[σ]);
• return the set of remaining tasks Ω′ and id i′ of the current task, if

D ∪ C ∪ DIL ∪ CIL ∪ Sensed[σ] |=
TTrans(i,Ω, end[σ], i′,Ω′, end[σ]),

and no action is required in this step;
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• return action a, i and Ω′, if

D ∪ C ∪ DIL ∪ CIL ∪ Sensed[σ] |=
TTrans(i,Ω, end[σ], i,Ω′, do(a, end[σ])).

Here D is an action theory for INDIGOLOG and C is a set of ax-

ioms defining the predicates Trans and Final as in INDIGOLOG.

DIL contains the additional basic action theory axioms needed for

the new built-in actions, fluents and procedures. CIL contains the

axioms for TTrans as described above and the new TFinal-rules

described in Section 3.4. It also contains the extension of Trans and

Final for re-execution sequences from Section 3.6.1. If the online

execution returned an action, that action will be executed on the robot

and sensing results are added to the history.

So analogously to [3] an online execution of a set of programs

Ω and a current task number i starting from a history σ is defined

as a sequence of online configurations (i0 = i,Ω0 = Ω, σ0 =
σ), . . . , (in,Ωn, σn) such that for j = 0, . . . , n− 1 :

D ∪ C ∪ DIL ∪ CIL ∪ Sensed[σj ] |=
TTrans(ij ,Ωj , end[σj ], ij+1,Ωj+1, end[σj+1])

σj+1 =

⎧⎪⎨⎪⎩
σj if end[σj+1] = end[σj ]

σj · (a, μ) if end[σj+1] = do(a, end[σj ])

and a returns μ.
With this formalization we can now prove that our approach is able

to simulate INDIGOLOG.

Theorem 1. Online execution of the program δ in INDIGOLOG is
equivalent to executing the single task 〈δ,prio, 1〉 in INTRGOLOG,
given the same sensing results and that no tasks are added or re-
moved.

Proof. We show, given the online execution of a program δ in INDI-

GOLOG starting from a history σ as a sequence of configurations

(δ = δ0, σ = σ0), . . . , (δn, σn), it holds for all 0 ≤ i < n that

D ∪ C ∪ Sensed[σi] |= Trans(δi, end[σi], δi+1, end[σi+1])

if and only if

D ∪ C ∪ DIL ∪ CIL∪Sensed[σi] |=
TTrans(1, {〈δi,prio, 1〉}, end[σi],

1, {〈δi+1,prio, 1〉}, end[σi+1]),

where D, C, DIL and CIL are defined as above.

We can show this by induction over the configuration steps 1 . . . n.

The idea here is that because no new tasks are added, only the

TTrans-rule for execution can be used: Since by prerequisite of the

theorem no tasks are added or removed, the conditions on the right

hand side of the Formulas 1 and 2 do not hold. Also, Formula 7 can-

not be used since there is only one task that may not be removed and

thus no task τj exists that fulfills this formula (e.g., id(τj) 	= id(τi)).
Thus, only the rule to execute the current task can be used. Since

it uses the original Trans-rules this will yield the same results as

applying the semantics of INDIGOLOG.

4 EVALUATION
As a basis for our implementation we used the standard Prolog im-

plementation of INDIGOLOG.3 To show the possibilities offered by

3 Project page at https://bitbucket.org/ssardina/indigolog

our approach we choose a domestic service robot scenario shown in

Figure 1. The setting consists of two tasks:

Clean up The robot has to clean up a table in the living room by

moving all cups on it to the dishwasher in the kitchen. Since the robot

has only one arm it can only transport one cup at a time.

Answer Door The robot drives to the blue door and opens it.

We focus on the situation, where the robot is currently on the way

from the table to the dishwasher with a cup in its hand when the

doorbell rings. With INTRGOLOG the robot can drive to a nearby

counter, put down the cup and then answer the door. As discussed in

Section 2.2.5 it would be tedious, error prone and not scalable to use

INDIGOLOG to successfully interrupt the clean-up task. Thus, the

robot will drive to the dishwasher and finish loading the cup inside

before answering the door. We compare the times needed to reach

the door after the doorbell rang.

We tested the scenario on a real robot [4] as well as in simulation.

The simulation is based on Gazebo [13] using a Robotino 3 robot.

Benchmarks where made with the simulation on an Intel Core i7-

3770 at 3.40 GHz with 4 cores and hyper-threading enabled.

To determine intermediate steps we use a promise hand used
and procedures to postpone and keep that promise as described in

Section 3.6.2. For the clean up task the robot drives to a specified

table. As long as there are cups on the table it grasps one and puts it

in the dishwasher. Then it returns to the table and checks if there are

any cups left (or new ones were put there):

proc(clean_up(Table), [
exec_dur(drive_to(Table)),
exec_dur(detect_cup),
while(cups_on_table, [
reexec([exec_dur(detect_cup),

if(cups_on_table, [grasp], [])]),
if(holding_cup, [
reexec([exec_dur(drive_to(kitchen)),

exec_dur(put_in_dishwasher)]),
reexec([exec_dur(drive_to(Table)),

exec_dur(detect_cup)])],
[exec_dur(detect_cup)])])]).

When answering the door, the robot drives to the door and opens it.

proc(answer_door, [ exec_dur(drive_to(door)),
exec_dur(open_door)]).

The doorbell is modeled as an exogenous action, that adds a task with

the program answer door and high priority.

To measure the improvement in reaction time, we compare to a

simplified version of the above clean up program in INDIGOLOG.

There, the robot only drives to the table once, picks up an object and

puts it in the dishwasher. Afterwards, it answers the door:

proc(clean_up_once_indigolog(Table), [
exec_dur(drive_to(Table)),
exec_dur(detect_cup),
if(cups_on_table, [grasp], []),
if(holding_cup, [
exec_dur(drive_to(kitchen)),
exec_dur(put_in_dishwasher),
answer_door], [])]).

The signal of the doorbell was given to both INDIGOLOG and

INTRGOLOG randomly (but with a similar distribution) after the

robot picked up the cup but had not yet placed it in the dishwasher.
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While INTRGOLOG is able to switch to the new task inserted by

the exogenous doorbell action, INDIGOLOG performs its simplified

procedure. The results are shown in Figure 3. Blue dots indicate the

time INDIGOLOG needed from receiving the doorbell until arriving

at the door, red squares the times for INTRGOLOG. The X-axis de-

notes time since the program start. When the doorbell rings early, the

INTRGOLOG time is significantly shorter. In contrast, when the door-

bell sounds close to arriving at the dishwasher, no significant time

advantage can be achieved by putting the cup somewhere else than

the dishwasher. On average, reaction times were about 15 % shorter.

The experiment was run 700 times for both systems.

To make the comparison challenging we simplified the task signif-

icantly for the INDIGOLOG agent. Otherwise, it would have needed

to drive back to the table and put away all cups before answering

the door. This simple scenario already shows the potential of our ap-

proach. With INTRGOLOG the robot is able to react to new events

promptly. In addition, it enables the robot to resume tasks after inter-

ruption. This makes the robot more reliable since given instructions

are finished while unexpected events are handled appropriately.

5 RELATED WORK
Interleaved execution of processes has been used in operating sys-

tems to simulate parallel execution on a single CPU [21]. In contrast

to operating systems, we do not want to simulate parallelism, be-

cause context switches in the real world are very time consuming.

Our approach interleaves a task with a more important one.

Scheduling algorithms can be formalized in GOLOG [18]. How-

ever, the approach uses offline computation and cannot take into ac-

count new tasks or unexpected duration of tasks. Another scheduling-

based approach is Temporal Flexible Golog [5], where low-level

components of a robot are scheduled such that the execution fulfills

time constraints between the components. However, INTRGOLOG

focuses on tasks with intermediate steps between switching tasks. In

our work the term promise denotes that we promise the program-

mer that a specified condition will hold when the program is exe-

cuted, even if the task was interrupted in between. The term has al-

ready been used in a GOLOG context [15]. There the word is used

in a multi-agent setting to describe that one agent promises another

one that it will perform a request. Schiffer et al. [20] propose a self-

maintenance system in READYLOG to ensure that during plan ex-

ecution some predefined constraints are satisfied. They monitor the

execution, detect events and try to fix occurring problems. In con-

trast, we focus on interleaving tasks such that resumption is possible.
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Figure 3. Time needed to arrive at the door since the doorbell rang.

A GOLOG-based approach is presented by Kelly and Pearce in [12],

where the focus is on extending GOLOG with true concurrency in

order to allow to coordinate multiple agents acting in parallel. How-

ever, they do not present a mechanism to deal with conflicts arising

during the execution of concurrent programs akin to our promises.

Belief-Desire-Intention (BDI) systems like PRS [10] or AgentS-

peak(L) [17] allow to execute multiple plans in an interleaved or par-

allel manner. In this context the challenges that arise with parallel

execution of multiple plans have been discussed. In [1] summaries of

concurrent hierarchical plans are used to identify associated precon-

ditions and effects that can be used to reduce backtracking. Their for-

malism however only considers propositional, STRIPS-style actions

and is less expressive than GOLOG, in particular regarding loops and

recursive procedures. Harland et al. [8] propose to perform clean-

up steps when suspending and resuming plans. The corresponding

clean-up methods have to be defined for every plan. In comparison,

our promises are action-specific; the intermediate steps necessary to

suspend and resume a certain task are then implicit.

Haythem et al. [11] use a sequence of acts called cascade to detect

failures and to remember what is left to be done after an interruption.

They resume a cascade exactly where stopped and handle failures as

new interrupts. In comparison, we determine intermediate steps in

advance to avoid failures caused by interruptions.

6 CONCLUSION
In this work we described the problem of task interruption and

resumption. We presented a first formalization of an extension of

INDIGOLOG called INTRGOLOG to address some of the simpler

cases of interruption and resumption. The introduction of the se-

mantics predicates TTrans and TFinal allow our programming

language to handle a set of tasks instead of one program. We intro-

duced new constructs to determine intermediate steps when switch-

ing a task: The concept of promises defines asserted or required con-

ditions of a running or interrupting task and Re-execution sequences
allow to repeat certain parts of a program in full.

The evaluation showed that INTRGOLOG can react quickly to new

events in real–world scenarios. As an example, interrupting a clean

up task with an object in hand and putting it somewhere on the way

leads on average to a 15 % latency reduction compared to bringing

the object to its destination first. After reacting to an interrupting

task, the robot can resume previous tasks without user intervention.

Thereby, INTRGOLOG enables the robot to adapt to changing de-

mands and new events in a swift and reliable fashion.

Opportunities for future work lie for instance in comparing the

estimated time necessary for switching to the time for finishing the

current task. For example, Gianni et al. use an estimation of switch-
ing costs to decide whether to react to stimuli with task switching

[6]. This would avoid unnecessary or inefficient task switching, thus

making our approach more efficient. Another promising possibility

would be to integrate continual planning in GOLOG [9] with our

approach. This would allow to recover promises in a more generic

fashion without specific procedures for each promise. It would also

provide more robustness if keeping a promise fails, e.g., because a

cup cannot be retrieved since it was moved by someone else.
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Constructing Hierarchical Task Models Using Invariance
Analysis

Damir Lotinac and Anders Jonsson 1

Abstract. Hierarchical Task Networks (HTNs) are a common

model for encoding knowledge about planning domains in the form

of task decompositions. We present a novel algorithm that uses in-

variant analysis to construct an HTN from the PDDL description of a

planning domain and a single representative instance. The algorithm

defines two types of composite tasks that interact to achieve the goal

of a planning instance. One type of task achieves fluents by traversing

invariants in which only one fluent can be true at a time. The other

type of task applies a single action, which first involves ensuring that

the precondition of the action holds. The resulting HTN can be ap-

plied to any instance of the planning domain, and is provably sound.

We show that the performance of our algorithm is comparable to al-

gorithms that learn HTNs from examples and use added knowledge.

Introduction

Hierarchical Task Networks, or HTNs, are a popular tool for encod-

ing hierarchical structure into planning domains. In the past, HTNs

have been successfully used in a variety of planning applications:

military planning [26], Web service composition [32], unmanned air

vehicle control [24], strategic game playing [30, 23], personalized

patient care [29] and business process management [9], to name a

few.

Although HTNs are at least as expressive as STRIPS planning

[6], the main reason for their popularity is that they restrict actions

choices. By excluding portions of the state space, search proceeds

more quickly towards the goal, or in HTN terminology, towards gen-

erating a valid expansion of the initial task list. In the extreme case,

each task has a single possible expansion, and planning is reduced to

a simple traversal of the task hierarchy. Properly designing an HTN

can be a time-consuming task for a human expert, but once this work

is done, there is little need to optimize search.

Another powerful characteristic of HTNs is that tasks are parame-

terized, making it possible to encode knowledge about an entire plan-

ning domain, not just individual planning instances. Although identi-

fying effective decomposition strategies for all instances of a domain

can be arduous, once an HTN has been constructed for a planning

domain, it can be used to solve an entire family of instances more

efficiently.

Thus, the main reason that HTNs are frequently used in real-world

applications is that they offer a potent mechanism for reducing the

search effort required to solve a family of large-scale planning in-

stances. This is also the reason that HTNs were so successful in the

hand tailored track of early incarnations of the International Plan-

ning Competition (IPC): the participants were given access to the

1 Universitat Pompeu Fabra, Roc Boronat 138, 08018 Barcelona, Spain.
Email: {damir.lotinac,anders.jonsson}@upf.edu.

planning domains beforehand and designed HTNs that effectively

narrowed the search to a tiny portion of the state space. It is not a co-

incidence that the HTN planner that achieved the largest coverage at

IPC-2002 and was for a long time regarded as the state-of-the-art in

HTN planning, SHOP2 [27], performs blind search in the task space

to compute a valid expansion. Most of the work required to reduce

the search effort is performed while designing the HTN, and once

this work is done, there is little need to optimize search to solve each

instance efficiently.

In summary, HTNs offer a mechanism for human experts to en-

code prior knowledge about a planning domain. Typically, this re-

quires many hours of fine-tuning, debugging and testing. This is fine

for specific planning applications in which the initial effort is com-

pensated by the subsequent reduction in search time during succes-

sive applications of the planner. However, a large body of research in

the planning community is dedicated to finding domain-independent

approaches to planning. Traditionally, HTNs have not found a place

in this body of research because of their domain-dependent empha-

sis.

A key motivation for this work is to explore whether it is possible

to generate HTNs automatically in a domain-independent way. We

also want to investigate whether such HTNs offer benefits similar to

those designed by human experts. In the literature there exist two

techniques that construct HTNs automatically [11, 35]. These tech-

niques rely on annotated traces of plans that solve a set of instances

from a domain.

In this paper we present a novel algorithm for generating HTNs

automatically. Our algorithm takes as input the PDDL description

of a planning domain and a single representative instance. Unlike

previous approaches, the algorithm does not require solution plans

for a subset of instances of the domain. Instead, our approach is to

generate HTNs that encode invariant graphs of planning domains.

An invariant graph is similar to a lifted domain transition graph, but

can be subdivided on types. To traverse an invariant graph we define

two types of tasks: one that reaches a certain node of an invariant

graph, achieving the associated fluent, and one that traverses a single

edge of an invariant graph, applying the associated action. These two

types of tasks are interleaved, in that the expansion of one type of

task involves tasks of the other type.

In experiments we test our approach on planning benchmarks from

the International Planning Competition (IPC) and on the instances

used in experiments with HTN-MAKER [11]. To solve the instances

we use the SHOP2 planner [27], which performs blind search in the

task space to compute a valid expansion. We show that the HTNs

constructed by our algorithm solve all training and test set instances

used to evaluate HTN-MAKER.

The rest of the paper is organized as follows. We first provide a

ECAI 2016
G.A. Kaminka et al. (Eds.)

© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms

of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-1274

1274



background on planning and HTNs. We then introduce the concept

of invariant graphs, and show how to generate invariant graphs for

a given planning domain. We then describe our base algorithm for

constructing HTNs. Next, we describe several optimizations on top

of the base algorithm, and present experimental results. We conclude

with a discussion of related work and possible directions for future

work.

Planning

We consider the fragment of PDDL 2.1 [7] that models typed STRIPS

planning domains with positive preconditions and goals. To represent

planning domains we adapt a definition based on function symbols

[1]. Given a set X , let Xn denote the set of vectors of length n whose

elements are symbols in X . Given such a vector x ∈ Xn, let xk ∈
X , 1 ≤ k ≤ n, denote the k-th element of x.

We distinguish between typed and untyped function symbols. An

untyped function symbol f has associated arity α(f). In addition, a

typed function symbol f has an associated type list β(f) ∈ T α(f),

where T = {τ1, . . . , τn} is a set of types. Let F be a set of function

symbols, and let Σ = Σ1 ∪ · · · ∪ Σn be a set of objects, where

Σi, 1 ≤ i ≤ n, is a set of objects of type τi. We define FΣ =
{f [x] : f ∈ F, x ∈ Σα(f)} as the set of new objects obtained by

applying each function symbol in F to each vector of objects in Σ of

the appropriate arity. If f is typed, f [x] has to satisfy the additional

constraint xk ∈ Σβk(f) for each k, 1 ≤ k ≤ α(f), i.e. the type of

each element in x is determined by the type list β(f) of f .

Let f and g be two function symbols in F . An argument map from

f to g is a function ϕ : Σα(f) → Σα(g) mapping arguments of f to

arguments of g. An argument map ϕ allows us to map each object

f [x] ∈ FΣ to an object g[ϕ(x)] ∈ FΣ. In PDDL, argument maps

have a restricted form: each element in ϕ(x) is either an element

from x or a constant object in Σ independent of x. WLOG we assume

that argument maps are well-defined for typed function symbols.

A planning domain is a tuple d = 〈T , <, P,A〉, where T =
{τ1, . . . , τn} is a set of types, < is an inheritance relation on types,

P is a set of typed function symbols called predicates, and A is a set

of typed function symbols called actions. Each action a ∈ A has a

set of preconditions pre(a), a set of add effects add(a) and a set of

delete effects del(a). Each element in these three sets is a pair (p, ϕ)
consisting of a predicate p ∈ P and an argument map ϕ from a to p.

Given d, a planning instance is a tuple p = 〈Ω, init, goal〉, where

Ω = Ω1∪ . . .∪Ωn is a set of objects of each type. The instance p im-

plicitly defines a set of fluents PΩ and a set of grounded actions AΩ.

A grounded action a[x] ∈ AΩ has a set of preconditions pre(a[x]),
a set of add effects add(a[x]) and a set of delete effects del(a[x]).
Each element in these sets is a fluent p[ϕ(x)] ∈ PΩ, where (p, ϕ) is

the associated precondition or effect of the action a. The initial state

init ∈ PΩ and goal state goal ∈ PΩ are both subsets of fluents. We

often abuse notation by dropping the argument x of elements in PΩ

and AΩ.

A state s ⊆ PΩ is a subset of fluents that are true, while fluents

in PΩ \ s are false. A grounded action a ∈ AΩ is applicable in s if

and only if pre(a) ⊆ s, and the result of applying a in s is a new

state s � a = (s \ del(a)) ∪ add(a). A plan for p is a sequence of

grounded actions π = 〈a1, . . . , am〉 such that aj , 1 ≤ j ≤ m, is

applicable in init� a1 � · · ·� aj−1, and π solves p if it reaches the

goal state, i.e. if goal ⊆ init� a1 � · · ·� am.

We use the LOGISTICS domain to illustrate the PDDL definition

of a planning domain and instance. The types and predicates of LO-

GISTICS are given by

(:types truck airplane − vehicle

package vehicle − physobj

airport location − place

city place physobj − object)

(:predicates (incity ?loc − place ?city − city)
(at ?obj − physobj ?loc − place)
(in ?pkg − package ?veh − vehicle)).

An example action for LOGISTICS is given by

(:action loadtruck
:parameters (?p − pkg ?t − truck ?l − place)
:precondition (and (at ?t ?l) (at ?p ?l))
:effect (and (not (at ?p ?l)) (in ?p ?t))).

We use the following LOGISTICS instance as a running example:

(:objects a1 − airplane ap1 ap2 − airport

c1 c2 − city l1 l2 − location

t1 t2 − truck p1 − package)

(:init (at p1 l1) (at a1 ap2)
(at t1 l1) (incity l1 c1) (incity ap1 c1)
(at t2 l2) (incity l2 c2) (incity ap2 c2))

(:goal (and (at p1 ap1)))).

Hierarchical Task Networks

Our HTN definition is inspired by Geier and Bercher [8]. However,

just as for STRIPS planning, we separate the definition into a domain

part and an instance part. We also impose additional restrictions: a

task network can contain at most one copy of each task, and task

decomposition is limited to progression, always decomposing tasks

with no predecessor.

An HTN domain is a tuple h = 〈P,A,C,M〉 consisting of four

sets of untyped function symbols. Specifically, P is the set of predi-

cates, A is the set of actions (i.e. primitive tasks), C is the set of com-

pound tasks and M is the set of decomposition methods. Predicates

and actions are defined as for STRIPS domains but, unlike STRIPS

domains, HTN domains are untyped and we allow negative precon-

ditions.

Each method m ∈ M has an associated tuple 〈c, tnm, pre(m)〉
where c ∈ C is a compound task with the same arity as m, tnm is

a task network and pre(m) is a set of preconditions, defined as for

actions. The task network tnm = (T,≺) consists of a set T of pairs

(t, ϕ), where t ∈ A ∪ C is a task and ϕ is an argument map from m
to t, and a partial order ≺ on the tasks in T .

Given an HTN domain h, an HTN instance is a tuple s =
〈Ω, init, tnI〉, where Ω is a set of objects and init is an ini-

tial state. The instance s induces sets PΩ and AΩ of fluents and

grounded actions, and sets CΩ and MΩ of grounded compound tasks

and grounded methods, respectively. A grounded method m[x] ∈
MΩ has associated tuple 〈c[x], tnm[x], pre(m[x])〉, where c[x] is

a grounded compound task and the precondition pre(m[x]) is de-

rived as for grounded actions. The grounded task network tnm[x] =
(Tx,≺) is defined by Tx = {t[ϕ(x)] : (t, ϕ) ∈ T}. The initial

grounded task network tnI = ({tI}, ∅) contains a single grounded

compound task tI ∈ CΩ.

An HTN state (s, tn) consists of a state s ⊆ PΩ on fluents and

a grounded task network tn. We use (s, tn) →D (s′, tn′) to de-

note that an HTN state decomposes into another HTN state, where

tn = 〈Tx,≺〉 and tn′ = 〈Ty,≺
′〉. A valid progression decomposi-

tion consists in choosing a grounded task t ∈ Tx such that t′ �≺ t for

each t′ ∈ Tx, and applying one of the following rules:
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1. If t is primitive, the decomposition is applicable if pre(t) ⊆ s,

and the resulting HTN state is given by s′ = s� t, Ty = Tx \ {t}
and ≺′= {(t1, t2) ∈≺| (t1, t2) ∈ Ty}.

2. If t is compound, a grounded method m = 〈t, tn, pre(m)〉 with

tn = (Tm,≺m) is applicable if pre(m) ⊆ s, and the resulting

HTN state is given by s′ = s, Ty = Tx \ {t} ∪ Tm and

≺′ = {(t1, t2) ∈≺ | (t1, t2) ∈ Ty}

∪ {(t′, t1) ∈ Tm × Ty | (t, t1) ∈≺} ∪ ≺m .

The first rule removes a grounded primitive task t from tn and

applies the effects of t to the current state, while the second rule

uses a grounded method m to replace a grounded compound task

t with tnm while leaving the state unchanged. If there is a finite

sequence of decompositions from (s1, tn1) to (sn, tnn) we write

(s1, tn1) →
∗
D (sn, tnn). An HTN instance s is solvable if and only

if (init, tnI) →
∗
D (sn, 〈∅, ∅〉) for some state sn, i.e. the initial HTN

state (init, tnI) is decomposed into an empty task network. Let π be

the sequence of grounded actions extracted during such a decompo-

sition; π corresponds to a plan that results from solving s.

Invariants

In STRIPS planning, an exactly-1 invariant is a subset of fluents

F ′ ⊆ PΩ such that exactly one fluent in F ′ is true at any moment.

Formally, |F ′∩ init| = 1 and any grounded action a ∈ AΩ that adds

a fluent in F ′ deletes another. The Fast Downward planning system

[10] uses the domain description of a STRIPS domain to detect lifted

invariant candidates. Unlike Fast Downward, which grounds lifted

invariants on actual instances, our algorithm operates directly on the

lifted invariants.

In LOGISTICS, Fast Downward finds a single lifted invariant can-

didate {(in ?o ?v), (at ?o ?p)}, i.e. a set of predicates with asso-

ciated arguments. In the given invariant, variable ?o is bound while

variables ?v and ?p are free. To ground the lifted invariant on an

instance p, we should create one mutex invariant F ′ for each assign-

ment of objects to the bound variables, obtaining each fluent in F ′

by assigning objects to the free variables. In our running example, as-

signing the package p1 to ?o results in the following grounded mutex

invariant:

{(at p1 ap1),(at p1 ap2),(at p1 l1),(at p1 l2),
(in p1 t1),(in p1 t2),(in p1 a1)}.

The meaning of the invariant is that across all LOGISTICS instances,

a given object ?o is either in a vehicle or at a location.

If a predicate p ∈ P is not part of any invariant but there are

actions that add and/or delete p, we create a new lifted invariant

{(p ?o1 · · · ?ok),(¬p ?o1 · · · ?ok))}. In this invariant, all vari-

ables ?o1, . . . , ?ok are bound and an associated fluent can either be

true or false.

Given a lifted invariant, our algorithm generates one or several

invariant graphs. We do so by iterating over the actions of the do-

main and identifying which actions add and delete predicates in the

same lifted invariant. When grounded, such actions have the effect

of changing the fluent of an exactly-1 invariant that is currently true.

An invariant graph is a representation of a lifted invariant in which

the nodes are the predicates of the invariant and the edges are the

actions used to change the predicate that is currently true. We use

invariant graphs to infer which actions to perform in order to achieve

a particular fluent of an exactly-1 invariant.

The reason why a given lifted invariant can generate multiple in-

variant graphs is that the type of the bound objects may be differ-

G1

G2

G3

(in ?p ?t) (at ?p ?l) (in ?p ?a)

(unloadtruck ?p ?t ?l) (loadplane ?p ?a ?ap)

(unloadplane ?p ?a ?ap)(loadtruck ?p ?t ?l)

(at ?t ?l)
(drivetruck ?t ?l1 ?l2 ?c)

(at ?a ?ap)
(flyplane ?a ?ap1 ?ap2)

Figure 1. Invariant graphs G1, G2 and G3 in LOGISTICS.

ent for different actions. For example, in the LOGISTICS domain, all

actions affect the lone invariant above. However, in the actions for

loading or unloading a package, the bound object ?o is a package,

in the action for driving a truck ?o is a truck, and in the action for

flying an airplane ?o is an airplane. Moreover, we can either load a

package into a truck or an airplane. We use the actions to differenti-

ate between types, possibly generating multiple invariant graphs for

each lifted invariant.

To generate the invariant graphs induced by lifted invariants we

go through each action, find each transition of each invariant that it

induces (by pairing add and delete effects and testing whether the

bound objects are identical), and map the types of the predicates

to the invariant. We then either create a new invariant graph for the

bound types or add nodes to an existing graph corresponding to the

mapped predicate arguments.

Figure 1 shows the invariant graphs that we generate in LOGIS-

TICS. In the top graph (G1), the bound object is a package ?p, in the

middle graph (G2) it is a truck ?t, and in the bottom graph (G3) it is

an airplane ?a. Note that the predicate in is not actually part of the

two bottom graphs, since trucks and planes cannot be inside other

vehicles. Nevertheless, the invariant still applies: a truck or plane can

only be at a single place at once.

Each edge of an invariant graph corresponds to an action that

deletes one predicate of the invariant and adds another. To do so,

the arguments of the action have to include the arguments of both

predicates, including the bound objects. In the figure, the invariant

notation is extended to actions on edges such that each argument of

an action is either bound or free.

Even if actions preserve the invariant property, the initial state of a

planning instance may violate the condition |F ′∩init| = 1, in which

case F ′ is not an exactly-1 invariant. To verify that a lifted invariant

candidate corresponds to actual exactly-1 invariants, our algorithm

needs access to the initial state of an example planning instance p of

the domain. If this verification fails, the lifted invariant is not consid-

ered by the algorithm.

Generating HTNs

In this section we describe our algorithm for automatically generat-

ing HTN domains. The idea is to construct a hierarchy of tasks that

traverse the invariant graphs to achieve certain fluents. In doing so

there are two types of interleaved tasks: one that achieves a fluent

in a given invariant (which involves applying a series of actions to
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traverse the edges of the graph), and one that applies the action on

a given edge (which involves achieving the preconditions of the ac-

tion).

Formally, our algorithm takes as input a STRIPS planning domain

d = 〈T , <, P,A〉 and a planning instance p = 〈Ω, init, goal〉 and

outputs an HTN domain h = 〈P ′, A′, C,M〉. The HTN domain h

can then be used to solve any other instance of the domain. Specifi-

cally, for each instance p′ of the planning domain d, we construct an

HTN instance s. Solving the HTN induced by d and s returns a plan

that can be adapted to solve p′.

The input planning instance p is used for three purposes:

1. To verify that an invariant candidate is actually an invariant by

testing the condition |F ′ ∩ init| = 1.

2. To extract a subset of predicates PG ⊆ P that are part of the goal.

3. To perform goal ordering as described in a subsequent section.

The algorithm first constructs the invariant graphs G1, . . . , Gk de-

scribed above. In what follows we describe the components of the

HTN domain h.

The set P ′ ⊇ P extends P with the following predicates:

• For each predicate p ∈ P , a predicate visited-p with arity α(p)
indicating that p has already been visited during search.

• For each predicate p ∈ P , a predicate achieving-p with arity

α(p) indicating that p or another predicate in the same invariant

are already being achieved.

• For each goal predicate p ∈ PG, a predicate goal-p with arity

α(p) indicating that a fluent derived from p is a goal state.

• For each type τ ∈ T , a type predicate τ with arity 1.

The set A′ contains the following actions:

• Each action a ∈ A. For each element βk(a) ∈ T of the type list

of a, we add an additional precondition (βk(a), ϕk). where the

argument map ϕk maps the argument xk of a to the lone argument

of the type predicate βk(a), ensuring that argument xk has the

correct type.

• For each p ∈ P , an action visit-p with arity α(p) that marks p
as visited by adding visited-p.

• For each invariant graph Gi, an action occupy-i whose arity

equals the number of bound objects in Gi, and that marks each

predicate in Gi as being achieved.

• For each invariant graph Gi, an action clear-i whose arity equals

the number of bound objects in Gi, and that deletes visited-p
and achieving-p for each predicate p of Gi.

• For each goal predicate p ∈ PG, an action test-p with arity 0
and no effects, whose precondition tests if all goal fluents derived

from p hold.

Note that only actions in A add or delete predicates in the original

set P . The set C contains four types of compound tasks:

• For each predicate p ∈ P , a task achieve-p with arity α(p).
• For each invariant graph Gi and each p ∈ P that is positive in Gi,

a task achieve-p-i with arity α(p).
• For each invariant graph Gi, each predicate p in Gi, and each

outgoing edge of p (corresponding to an action a ∈ A), a task

do-p-a-i with arity α(a).
• A task solve with arity 0.

The task achieve-p is a wrapper task that uses a task achieve-p-i
to achieve p by traversing the edges of the invariant graph Gi. To

traverse each edge of Gi, achieve-p-i has to use a task of type do-

p-a-i, which in turn uses tasks of type achieve-p′ to achieve the

preconditions of a. The task solve serves as the root task of the

HTN and recursively achieves the goal by applying one task of type

achieve-p at a time.

Finally, the set M contains the following decomposition methods.

We describe methods in pseudo-SHOP2 syntax in the following for-

mat:

(:method (〈name〉[〈arguments〉])
(〈precondition〉)
(〈tasklist〉))

For each method in the first line we specify name and arguments,

in the second line we give precondition list, and finally in the third

we specify task list to which method decomposes. For clarity, we

add an exclamation mark in front of primitive tasks. The first type

of compound task, achieve-p, has one associated method for each

invariant graph Gi in which p appears. An outline of this method is

given by

(:method (achieve-p[x])
((¬achieving-p[x]))
((!occupy-i[ϕi(x)]) (achieve-p-i[x]) (!clear-i[ϕi(x)]))).

The argument map ϕi maps the arguments of p to the bound variables

of the invariant graph Gi. Intuitively this method delegates achieving

p to the task achieve-p-i for some invariant graph Gi. The method

first adds achieving-p′ for each predicate p′ in Gi, and clears the

flags after achieving p. The precondition (¬achieving-p[x]) pre-

vents us from achieving p if it is part of an occupied invariant graph,

which could potentially lead to an infinite recursion.

The second type of compound task, achieve-p-i, has one associ-

ated method for each predicate p′ in the invariant graph Gi and each

outgoing edge of p′ (corresponding to an action a):

(:method (achieve-p-i[x])
((p′[ϕ′(x)]) (¬visited-p′[ϕ′(x)]))
((!visit-p′[ϕ′(x)]) (do-p′-a-i[ϕa(x)]) (achieve-p-i[x]))).

Action a appears on an outgoing edge from p′, i.e. a deletes p′. In-

tuitively, one way to achieve p in Gi, given that we are currently

at some different node p′, is to traverse the edge associated with a
using the compound task do-p′-a-i. Before doing so we mark p′ as

visited to prevent us from visiting p′ again. After traversing the edge

we recursively achieve p from the resulting node. The argument map

ϕ′ should set the bound objects of p′ while leaving other arguments

of p′ as free variables. Likewise, the argument map ϕa should set

the bound objects of a. The precondition (¬visited-p′[ϕ′(x)]) pre-

vents us from visiting the same node p′ twice. In essence, the result

is a depth-first search through the invariant graph Gi, which stops

when we reach p. Recall that the flags visited-p and achiveing-p
are cleared by the parent method once we reach p.

To stop the recursion we define a “base case” method:

(:method (achieve-p-i[x])
((p[x]))
().

This method is applicable when p already holds and has empty task

list.

The third type of compound task, do-p-a-i, has only one associ-

ated method. The aim is to apply action a to traverse an outgoing

edge of p in the invariant graph Gi. To do so, the task list has to en-

sure that all preconditions p1, . . . , pk of a hold (excluding p, which

holds by definition, as well as any static preconditions of a). We de-

fine the method as
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(:method (do-p-a-i[x])
((p[ϕ(x)]))
(((achieve-p1[ϕ1(x)]) · · · (achieve-pk[ϕk(x)])) (!a[x]))

Here, (p, ϕ) is the precondition of a associated with p, while (pi, ϕi),
1 ≤ i ≤ k, are the remaining preconditions of a. The decomposition

achieves all preconditions of a, then applies a. Note that if action a
has no preconditions except p, the mutual recursion stops since the

decomposition does not contain any task of type achieve-pi. In this

case our approach is to simplify the definition of other methods by

replacing any instance of do-p-a-i with the action a itself.

The fourth type of compound task, solve, has one method for

each predicate p ∈ PG that appears in the goal state:

(:method (solve)
((goal-p[x])(¬(p[x])))
((achieve-p[x])(solve))

Here, x are free parameters. Whenever a predicate in the goal state

does not hold, we achieve it and recursively call solve. Again, we

need a base case method to stop the recursion:

(:method (solve)
()
((!test-p1) · · · (!test-pk))

Here, p1, . . . , pk are the predicates in PG, i.e. those that appear in the

goal state. Since each action test-pi, 1 ≤ i ≤ k, checks whether all

goal fluents associated with pi hold, this method is only applicable

when the goal state holds. The reason this check is not made in the

precondition of the method itself is that SHOP2 only supports forall

clauses in action preconditions, not method preconditions.

To restrict the choices made when traversing the HTN, we impose

a total order on all task lists of methods, except the tasks for achiev-

ing the preconditions of a in do-p-a-i. The reason is that it may be

difficult to determine in which order to achieve the preconditions of

an action.

Planning Instances

Once we have generated the HTN domain h we can apply it to any

instance of the domain. Given a STRIPS instance p = 〈Ω, init, goal〉,
we construct an HTN instance s = 〈Ω, init′, 〈solve, ∅〉〉 as follows.

The set of objects Ω = Ω1 ∪ · · · ∪ Ωn is identical to that of p. The

initial state init′ is defined as

init′ = init∪{τj [ω] : τj ∈ T , ω ∈ Ωj}∪{goal-p[x] : p[x] ∈ goal}.

We thus mark the type τj of each object ω using the fluent τj [ω], and

we mark all fluents p[x] in the goal state using the fluent goal-p[x].
The initial task network contains the single grounded compound task

solve.

We show that the HTN translation is sound. The translation is only

complete if we allow goals and preconditions to be achieved in any

order; we violate this condition below.

Theorem 1 Let π be a plan that results from a valid decomposition

for s, and construct π′ by removing grounded actions of type visit-

p, test-p, occupy-i and clear-i. Then π′ solves p.

Proof sketch Recall that an HTN state is given by (s, tn) for a plan-

ning state s and task network tn. When we decompose an HTN state,

s is only changed if we use primitive tasks, i.e. changes to s are

caused precisely by the elements of π. Consider the fluent set PΩ in-

duced by p. The grounded actions of the types removed do not add

or delete fluents in PΩ. Conversely, the grounded actions that remain

in π′ are those of the original action set AΩ, which only add or delete

fluents in PΩ.

Let π′ = 〈a1, . . . , am〉 be the sequence of grounded actions from

AΩ. We can only decompose an HTN state (s, tn) using a primitive

task aj , 1 ≤ j ≤ m, if the precondition of aj holds in s. It follows

that pre(aj) ⊆ init�a1� · · ·�aj−1 for each j, 1 ≤ j ≤ m. Hence

π′ is a plan for p.

To prove that the plan π′ solves p, it remains to show that the

goal state goal of p holds after applying π′ in init. Since solve

is recursively applied during HTN decomposition, the sequence π
has to have suffix 〈test-p1, . . . , test-pk〉, the decomposition of the

only base case method for solve. This action sequence has no effects

and is only applicable if goal holds. Hence goal has to hold after the

last action in π′ since the removed actions have no effects on fluents

in PΩ.

Example

In LOGISTICS, our algorithm generates two wrapper tasks achieve-

in and achieve-at, and four tasks achieve-in-1, achieve-at-1,

achieve-at-2, and achieve-at-3, corresponding to the predicates

in the three invariant graphs. The task achieve-at-1 has five associ-

ated methods: one for each edge of the graph G1, plus the base case

method.

The algorithm also generates six tasks do-at-loadtruck-1, do-

at-loadplane-1, do-at-unloadtruck-1, do-at-unloadplane-1,

do-at-drivetruck-2, and do-at-flyplane-3, corresponding to the

six edges of the graphs. The latter two do not have preconditions be-

sides at (the predicate incity in the precondition of drivetruck is

static). The remaining four tasks each achieve a single precondition:

the truck or plane being at the associated place.

To illustrate the tasks and associated methods we sketch the task

expansions of the HTN instance generated from our running exam-

ple. The only goal is (at p1 ap1), so the task solve has a single

valid decomposition that contains the task (achieve-at p1 ap1).
Table 1 shows the first five task expansions of the HTN instance. In

each case, the compound task to be decomposed is underlined, and

the new tasks inserted as a result of the decomposition are colored in

the next step.

The second decomposition is produced by the lone method

for (achieve-at p1 ap1). The current node associated with

p1 in G1 is (at p1 l1), with two outgoing edges, cor-

responding to actions loadtruck and loadplane. Apply-

ing the method for (achieve-at-1 p1 ap1) associated with

(at p1 l1) and loadtruck produces the third expansion. The only

method for (do-at-loadtruck-1 p1 t1 l1) expands to (achieve-

at t1 l1), which in turn expands to (achieve-at-2 t1 l1) (the last

expansion shown).

Optimizations

In this section we discuss several optimizations of the base algorithm

for generating HTNs.

Ordering Preconditions

Achieving the preconditions of an action a in any order is inefficient

since an algorithm solving the HTN instance may have to backtrack

repeatedly to find a correct order. For this reason, we include an ex-

tension of our algorithm that uses a simple inference technique to

compute a partial order in which to achieve the preconditions of a.
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(solve) (achieve-at p1 ap1) (!occupy-1 p1) (!occupy-1 p1) (!occupy-1 p1) (!occupy-1 p1)
(solve) (achieve-at-1 p1 ap1) (!visit-at p1 l1) (!visit-at p1 l1) (!visit-at p1 l1)

(clear-1 p1) (do-at-loadtruck-1 p1 t1 l1) (achieve-at t1 l1) (!occupy-2 t1)
(solve) (achieve-at-1 p1 ap1) (!loadtruck p1 t1 l1) (achieve-at-2 t1 l1)

(!clear-1 p1) (achieve-at-1 p1 ap1) (!clear-2 t1)
(solve) (!clear-1 p1) (!loadtruck p1 t1 l1)

(solve) (achieve-at-1 p1 ap1)
(!clear-1 p1)
(solve)

Table 1. The first five task expansions of the HTN instance generated from the running example in LOGISTICS. The colored tasks are those added by the
decomposition of the underlined task in the previous step.

1: function ORDER(a, p)

2: V ← pre(a) \ {p}, Z ← 〈〉
3: repeat

4: for p′ ∈ V do

5: W ← {p} ∪ V \ {p′}
6: for each invariant graph Gj containing p′ do

7: Perform a backwards BFS in Gj from p′

8: Test if paths applicable when W persists

9: end for

10: if each path achieving p′ is applicable then

11: V ← V \ {p′}
12: Z ← 〈p′, Z〉
13: end if

14: end for

15: until V , Z converge

16: return (V, Z)
17: end function

Figure 2. Algorithm ordering all preconditions of a except p.

We define a subset of predicates whose value is supposed to per-

sist, and check whether a path through an invariant graph is applica-

ble given these persisting predicates. While doing so, only the values

of the bound variables are known, while free variables can take on

any value. Matching the bound variables of predicates and actions

enables us to determine whether an action allows a predicate to per-

sist.

Consider a task of type do-p-a-i, i.e. the purpose of the task is to

apply action a in order to delete p. Figure 2 shows how to order all

preconditions of action a except p. In the algorithm, V is the set of

preconditions to be ordered, while Z is a sequence of preconditions,

initially empty. The algorithm considers one precondition p′ ∈ V at

a time and checks if it is possible to achieve p′ while all remaining

preconditions persist. If so, we remove p′ from V and place it first in

Z. We then iterate until no more preconditions can be removed from

V , and return (V, Z). In the method m associated with do-p-a-i, the

preconditions in Z can be achieved in order. On the other hand, we

cannot say anything about the order of preconditions that remain in

V .

Goal Ordering

Just as for preconditions, achieving goals in any order results in sig-

nificant backtracking. To order the goals we implement an algorithm

similar to the one for ordering preconditions. While the ordered pre-

conditions are coded into the HTN, the goals are different for each

instance of the domain. Since HTNs are instance-independent, our

approach is to define new tasks that compute a goal ordering as a

preprocessing step.

To accomplish this, we first order the goals of the representative

planning instance p passed as input to the algorithm. We run the pre-

condition ordering algorithm on the set of goal predicates PG ⊆ P ,

i.e. predicates whose associated fluents appear in the goal. Given an

ordering of the predicates in PG, we then order the set of fluents of

each predicate p ∈ PG using a similar algorithm. To do so, the in-

variant graphs need to be partially grounded on each pair of fluents

to be ordered.

For each p ∈ PG and each pair of fluents p[x] and p[y], we check if

p[y] is achievable when p[x] persists (i.e. we are not allowed to delete

p[x]). Each invariant graph that contains p is partially grounded on

p[x], while the preconditions of actions that directly achieve p are

grounded on p[y]. If this grounding violates the invariant, p[y] should

be ordered before p[x]. Once the invariant is invalidated by partial

grounding, the algorithm stores the indices of the parameters of p
that invalidated the invariant.

As an example, in the BLOCKS domain, PG = {on}, so the

method for solve always decomposes to achieve-on. Figure 3

shows one of the invariant graphs in BLOCKS that contains the predi-

cate on. We test each pair of goal fluents to establish an order among

them. Consider two goal fluents (on a b) and (on b c) that both refer

to block b. If we fix (on a b) and attempt to achieve (on b c), the

only operator (stack b c) that directly achieves (on b c) has pre-

condition (holding b), which violates the invariant since the fluent

(on a b) should persist. Thus fluent (on b c) should be ordered be-

fore fluent (on a b). We can generalize this knowledge and derive a

rule that whenever two goal fluents of type on have the same object

as the first and second parameter, respectively, the former should be

ordered before the latter.

To implement the goal ordering mechanism we introduce a new

compound task order with arity 1 whose associated method uses

the ordering rule from above to order the goal fluents of a single

predicate p ∈ PG. The argument of order is a new object that en-

codes a counter that starts at 0, and the result of decomposing order

is assigning a count to each fluent in the goal. We force order to

be the first task expanded. We then add an argument to the solve

task that represents a counter, and change the initial task network to

contain (solve 0), i.e. the initial count is 0. The recursive method

for solve requires us to always achieve the goal fluent correspond-

ing to the current count, and we are only allowed to increment the

count whenever the current goal fluent already holds. To ensure that

all goal fluents are eventually achieved we reset the counter to 0 each

time we achieve a goal fluent.
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(on ?x ?b) (clear ?b) (holding ?b)

(unstack ?x ?b)

(stack ?x ?b)

(pickup ?b)

(putdown ?b)

(unstack ?b ?y)

(stack ?b ?y)

Figure 3. Invariant graph in the BLOCKS domain.

Sorting the Bindings of Free Variables

Apart from deciding which method to use to decompose a compound

task and in which order to decompose partially ordered tasks in a task

network (whenever the task network does not impose a total order on

tasks), another non-deterministic choice made by SHOP2 is how to

assign objects to the free variables of a method (e.g. the argument

x of the predicate p in the recursive method for decomposing the

solve task). Since SHOP2 performs blind search, it backtracks over

all possible bindings to these free variables.

In the recursive method for decomposing the task achieve-p-i,
the free variables determine which action to perform from the current

node of the corresponding invariant graph. If we do not impose any

order on variable bindings, SHOP2 iterates over such actions in an

arbitrary fashion. As a consequence, the decompositions of do-p-a-i
tasks do not immediately aim for the target node, even if this node

is just one step away. We exploit the ability of SHOP2 to order the

bindings of free variables by imposing an order that first attempts to

traverse an edge to the target node. If this is not possible, blind search

later explores all other possibilities.

Results

We ran our algorithm on all instances in the training and test set

of HTN-MAKER (LOGISTICS, SATELLITE and BLOCKS). We also

tested the algorithm in other STRIPS planning domains from the IPC-

2000 and IPC-2002. The experiments were performed with two ver-

sions of our algorithm. The base algorithm that achieves the pre-

conditions and goals in any order was slow in testing, so we acti-

vated precondition ordering in both versions. The first version, HT-

NPrec, achieves the goals in the order they appear in the PDDL defi-

nition. The second version, HTNGoal, implements our goal ordering

and free variable sorting strategies in addition to precondition or-

dering. In all experiments we used JSHOP (the Java implementation

of SHOP2), which uses blind search to compute a valid expansion.

We used a memory limit of 4GB and a timeout of 1,800 seconds.

We compare to the latest results of HTN-MAKER (WeakS), which

uses a C++ implementation of SHOP2 and one hour of CPU time to

solve the instances [12]. However, the instances from that paper are

not publicly available, so we could not compare directly, and we just

show their reported coverage results for reference.

Table 2 shows the coverage results on instances from HTN-

MAKER’s experiments. We tested HTN-MAKER’s output domains

from the fifth and final trial [11] and we ran it over the test set only,

while we ran our algorithm over both the test and training sets of the

experiment instances. To achieve the reported results, HTN-MAKER

needed 420 training instances in BLOCKS and 75 training instances

HTNPrec HTNGoal HTN-MAKER WeakS

LOGISTICS 100 % 100% 100% 93,6%

SATELLITE 100 % 100% 92% 100%

BLOCKS 100 % 100% 63,5% 99%

ROVERS 100 % * 100% * - 100%

ZENOTRAVEL 20% * 100% * - 99,8%

Table 2. Coverage of instances from HTN-MAKER’s experiments. Scores
marked with an asterisk (*) are taken from IPC instances.

in LOGISTICS and SATELLITE, while our algorithm used the domain

and a single example instance with no need to solve the instance

or annotating a plan beforehand. For ROVERS and ZENOTRAVEL

we report coverage over the IPC-2002 instances for HTNPrec and

HTNGoal. The improvement of HTNGoal over HTNPrec in ZENO-

TRAVEL is due to free variable sorting (since airplanes can fly di-

rectly to the target destination). HTNGoal performs better in other

domains as well; however, in terms of coverage of HTN-MAKER’s

instances there is little difference.

The instances used in HTN-MAKER’s experiments are generated

by a random generator with very few objects (e.g. a maximum of

five blocks in BlocksWorld), while our HTNs can be used to solve

much larger instances. Therefore we ran both the HTNPrec and

HTNGoal versions of our algorithm on other benchmark instances

from IPC-2000 and IPC-2002. The results from these experiments

appear in Table 3. For example, in BLOCKS, IPC benchmark in-

stances include up to 50 blocks. On those benchmark instances

HTNGoal achieves full coverage of BLOCKS, SATELLITE, ROVERS,

LOGISTICS, ZENOTRAVEL and MICONIC. The improvement in av-

erage number of backtracks is most clearly visible in the BLOCKS

domain, and is due to our goal ordering strategy. It also allowed for

an increase in number of instances solved in the DEPOTS domain, as

these two domains are the most sensitive to goal ordering. The com-

bination of goal ordering and free variable sorting shows an increase

in performance in other domains as well. This allows HTNGoal to

solve all instances in many domains, with very few backtracks. These

domains however tend to be the ones with a lower branching factor

in the invariant graphs.

It is important to note that unsolved instances are not due to failed

decompositions. Rather, the alloted time was insufficient to complete

the search. While the results of our approach are comparable to those

of HTN-MAKER, in some domains the generated HTNs do not per-

form well due to excessive backtracking (e.g. we do not solve any

instances of the IPC-2002 FREECELL domain, which is more puzzle-

like and therefore harder to serialize as our HTNs do by achieving

one goal fluent at a time). On the other hand in DRIVERLOG, the al-

gorithm does not solve many instances due to our goal ordering strat-

egy. In this domain, using the lifted invariant graphs finds only goal

predicate orderings, which is insufficient, and thus achieved goals of-

ten have to be unachieved by the solve task. Apart from that, in this

domain, a system of ”link-paths” is used for both drivers and trucks,

which means that a path needs to be found (if one exists) for each

location that happens to be a goal or subgoal location.

Related Work

Our approach to generating HTNs from a single planning instance

and using them to solve larger instances of the same planning domain

can be viewed as a form of generalized planning, which has received
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HTNPrec HTNGoal

Domain Instances #s t #b #s t #b

Freecell 60 0 - - 0 - -

Blocks 103 24 91 8118 103 0.6 0.4

Rovers 20 20 0.6 1.2 20 0.5 1.1

Logistics 80 80 2.9 44 80 2.4 23.7

Driverlog 20 0 - - 3 0.4 1.3

Zenotravel 20 4 25.6 4101 20 0.5 0.3

Miconic 150 150 0.66 0 150 0.63 0

Satellite 20 7 0.59 1.2 20 0.37 0.04

Depots 22 8 22.6 1867 17 88.4 8108

Table 3. Results in the IPC-2000 and IPC-2002 domains, with the total number of instances of each domain shown in brackets. For each solver we report
number of solved instances (#s), average time in seconds (t) and average number of backtracks in thousands (#b) respectively

a lot of recent attention, most notably in the form of the learning track

of the IPC. One popular approach to generalized planning is to iden-

tify macros [2, 20, 25, 28], i.e. sequences of operators that frequently

appear in the solutions to example instances. Once identified, such

macros can then be inserted into the action space of larger instances

in order to speed up search. However, even though macros can be pa-

rameterized, they do not offer the same flexibility as HTNs in terms

of representing a solution to all instances of a planning domain.

Another approach to generalized planning is to learn reactive poli-

cies for planning domains [15, 17, 22, 33]. A third approach is to

learn domain-specific knowledge in order to improve heuristic esti-

mates computed during search [4, 34]. In contrast to most of these

techniques, which are inductive, ours is a generative approach, as we

construct HTNs directly by analyzing the domain model.

Achieving fluents by traversing the edges of domain transition

graphs is the strategy used by DTGPlan [3] and similar algorithms.

There also exist other inference techniques that can solve many indi-

vidual instances backtrack-free [18, 19]. The novelty of our approach

compared to previous work is the ability to do this in an instance-

independent way.

The most popular approaches for generating hierarchical task

models are learning from examples. However these approaches not

only need to learn from examples but also rely on some given task-

subtask decompositions [14], annotated plans [11], or added con-

cepts [16]. In contrast, our algorithm requires less semantic informa-

tion, and although we could use the representative instance (or mul-

tiple instances) to generate solution plans for learning, these plans

would still have to be annotated to be used by HTN-MAKER.

A basic compilation from STRIPS to HTN was defined by Erol et al

[6]. This compilation constructs primitive tasks for each STRIPS op-

erator and a single compound task. However this compilation is used

only for theoretical purposes, as it does not impose more restrictions

on the task network. Our work is also related to other approaches to

hierarchical planning [13, 21, 5], with the difference that we generate

the hierarchies automatically.

Conclusion

In this paper we present a domain-independent algorithm for gen-

erating HTNs. All the algorithm needs is a PDDL description of

the planning domain and a single representative instance, which is

needed for three reasons: 1) to validate invariant candidates; 2) to

determine which predicates appear in the goal state; and 3) to es-

tablish a goal ordering. While other approaches learn from solved

instances, ours can be viewed as a form of compilation. We show

that our algorithm is competitive with state-of-the-art algorithms for

automatically learning HTNs from solved instances. The algorithm

is not complete if we do not allow for preconditions and goals to be

achieved in any order, which is the case in our experimental setting.

While the results of our approach are comparable to those of HTN-

MAKER, in some domains due to the branching factor of the invari-

ant graphs the generated HTNs do not perform well. In FREECELL,

apart from a high branching factor, the domain used in the competi-

tion is encoded so that it uses auxiliary predicates like number and

successor. This causes a high arity of the actions (implying that

there are more possible bindings of objects to the argument of ac-

tions), and is used to impose an order for many different stacks. It is

possible that our approach would solve at least a few instances if a

different representation were used.

Although the success of the algorithm is limited in some domains,

we believe that there are still many potential benefits. The algorithm

takes a fraction of a second to generate HTNs given a PDDL domain

and a single example instance. The example instance does not need

to be solved, and no plan traces are required. Since the algorithm is

domain-independent it does not require any intervention and is easy

to run. Therefore the resulting HTN could potentially be useful even

in cases where it does not perform well right after the compilation,

e.g. by extracting useful subtasks.

The avenue for future research that we find most promising is to

test different restrictions on the invariant graphs. If the representative

instance can still be solved under some restriction, the resulting HTN

may still be able to solve other instances, and the restriction has the

effect of reducing the branching factor. In essence, this mechanism

would reduce the number of ways to traverse the invariant graphs.

Another possible extension is to identify and prune methods that are

not needed to solve the HTN instances.

User specified heuristics for HTNs have shown useful for auto-

matically generated HTNs [31]. For example such heuristic would

easily resolve path-finding problems in domains like DRIVERLOG.

Therefore another option is to construct heuristics, which would be

used to guide task-subtask decompositions and sort the bindings of

free variables in order to direct search more efficiently.
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Learning the Structure of Dynamic Hybrid Relational
Models

Davide Nitti12 and Irma Ravkic12 and Jesse Davis2 and Luc De Raedt2

Abstract. Typical approaches to relational MDPs consider only dis-

crete variables or else discretize the continuous variables prior to in-

ference or learning. In contrast, we consider hybrid relational MDPs,

which are represented as probabilistic programs and specify the prob-

ability density function of the continuous variables. Our key contri-

bution is that we introduce a technique for learning their structure

(and parameters) from data. The learned models contain rich rela-

tional descriptions as well as mathematical equations. We demon-

strate the utility of our approach by learning a model that accurately

predicts the effects of robot-arm actions. The learned model is then

used for planning tasks.

1 Introduction
Markov Decision Processes (MDPs) are the standard representation

used in probabilistic planning and reinforcement learning [19, 24,

22]. Relational MDPs integrate these processes with principles of

statistical relational artificial intelligence [6], resulting in models that

make abstraction of sets of states, transitions and can compactly rep-

resent and generalize across states having a variable number of ob-

jects through the use of relations. While relational MDPs are popular

in planning and learning and there has been steady progress, their ap-

plication to domains such as robotics is still severely limited by the

emphasis on purely symbolic representations and the lack of gen-

eral methods for dealing with subsymbolic (e.g., numeric) informa-

tion. Approaches that have combined relational MDPs and robotics

include learning probabilistic relational planning rules [17, 16], rela-

tional reinforcement learning [20, 13, 3], imitation learning [12], in-

verse reinforcement learning [11], and learning relational affordance

models in multi-object manipulation tasks [10]. However, in all these

cases the low-level numeric information had to be converted into a

symbolic representation, often prior to learning and inference, lead-

ing to a loss of information, potentially affecting the quality of the

obtained solutions. In another case, the approach required experts to

provide partial code for the relational MDP [9].

We propose a different “hybrid” approach to relational MDPs in

which numeric features are first-class citizens and the models are

fully learned from data. Rather than discretizing numeric features

and relations, we explicitly represent their probability density in an

expressive probabilistic programming language, the dynamic distri-

butional clauses (DDCs) [15], which has already been used in a

robotics context and for which a planner, called HYPE [14], ex-

ists. Specifically, we address the problem of learning a state tran-

sition model from a set of trajectories collected from a robot-arm

performing actions. Our central contribution is an algorithm to learn

1 These authors contributed equally to this work.
2 Department of Computer Science, KU Leuven, Belgium

the structure and the parameters of a DDC model representing a hy-

brid relational MDP. In order to realize this, we leverage statistical

relational learning (SRL) techniques for learning hybrid probabilistic

relational models (e.g., [23, 5, 18]). One novelty from an SRL per-

spective is that the learned DDCs include expressive features defined

as mathematical equations involving the continuous variables, which

is useful for finding, for instance, the object closest to the moved

one. We demonstrate the utility of our DDC-TL algorithm (DDC

Tree Learner) by applying the learned model to perform planning

with HYPE [14] in a simple robotics scenario.

By making continuous features first class citizens in relational

MDPs, we hope to contribute towards bridging the gap between sym-

bolic and numeric approaches and to facilitate the application of re-

lational MDPs to robotics.

2 Background
Next we introduce the necessary background needed to explain our

learner of hybrid dynamic relational models and how the learned hy-

brid models are used for planning.

2.1 MDP
The problem of planning under uncertainty can be modeled as a

Markov decision process (MDP). In an MDP, an agent interacts with

its environment, described using a set of states S, a set of actions A
that the agent can perform, a transition function p : S × A × S →
[0, 1], and a reward function R : S × A → R. That is, when in

state st and performing action at, the probability of reaching st+1

is given by p(st+1|st, at), for which the agent receives the reward

R(st, at). It is assumed that the agent operates over a finite number

of time steps t = 0, 1, . . . , T , with the goal of maximizing the ex-

pected reward: E[
∑T

t=0 γ
tR(st, at)], where s0 is the start state, a0

the first action, and γ ∈ [0, 1] is a discount factor. In this paper we

consider goal-oriented MDPs where there is a goal g ⊂ S to reach,

and the reward is high if we reach the goal, and low otherwise.

For planning, we shall use HYPE [14], a recently proposed planner

for hybrid relational MDPs. It is a sample-based planner that exploits

the model to simulate action effects and to determine the action in

each state that maximizes the expected total reward. As input, HYPE

requires both the starting state s0 and the MDP specification of the

domain described using DDCs. That is, it must be given the state

transition model and the reward function.

2.2 Distributional Clauses
We assume some familiarity with standard terminology of statisti-

cal relational learning and logic programming [4]. Briefly, in logic
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programming symbols can be terms and predicates (often called

relations). A term is a constant, a logical variable (logvar) or an

n-ary functor f applied to a tuple of terms t1, t2, ..., tn, that is,

f(t1, t2, ..., tn). A constant term refers to a single object in the do-

main of interest. A logical variable (logvar) X is a variable ranging

over terms x ∈ C, where C is the set of possible ground terms (Her-

brand universe). An atom is of the form P(t1, ..., tn) where P/n is a

predicate with arity n and each ti is a term. For example near(1, 2)
is an atom that describes that objects 1 and 2 are close to each other.

A ground atom (or expression) does not contain logvars. A literal is

an atom or its negation.

In distributional clauses (DCs) [5, 15], an interpretation I assigns

a value I(a) to each random variable a. While in logic programming

that value of ground atoms will be true or false, in DCs the values can

also be discrete or numeric. A substitution θ = {v1/t1, ..., vn/tn}
assigns terms ti to variables. A substitution θ can be applied to an

expression E yielding the expression Eθ where all variables vi in E

are simultaneously replaced by the corresponding terms ti in θ. A

grounding substitution for an expression maps each logvar occurring

in that expression to a term without logvars. The set of all grounding

substitutions for an expression E is denoted grsub(E).
Formally, a distributional clause (DC) is a formula of the form

h ∼ D ← b1, . . . , bn, where the bi are literals and ∼ is a binary

predicate written in infix notation. The name of the random variable

h and the distribution D are formally terms. The intended meaning

of a distributional clause is that each ground instance of the clause

(h ∼ D ← b1, . . . , bn)θ defines the random variable hθ with distri-

bution Dθ whenever all the biθ are true, where θ is a substitution.

A distributional clause is a template to define conditional probabili-

ties: p(hθ|(b1, . . . , bn)θ) = Dθ. The term D can be nonground, i.e.,

values, probabilities, or distribution parameters can be related to con-

ditions in the body. Furthermore, given a random variable r, the term

�(r) constructed from the reserved functor �/1 represents the value

of r.

Dynamic distributional clauses (DDCs) associate a time index to

each random variable to capture temporal information. It is easy to

specify an MDP using DDC as described in [14].

Example 1. Let us consider a scenario of pushing an object, where

there is an object on the table and the robot has to move it in a given

region. This scenario is modeled with the following MDP:

pos(ID)t+1∼ gaussian(�(pos(ID)t)+(DX, DY), Σ)←
push(ID, (DX, DY)). (1)

stopt← dist(�(pos(ID)t), (0.6, 1.0))<0.1. (2)

reward(100)t← stopt. (3)

reward(−1)t← not(stopt). (4)

The DDC clause (1) defines the state transition model, i.e. the next

position pos(ID)t+1 of an object ID after a push action with dis-

placement (DX, DY). The deterministic clause (2) defines when the

goal is reached (e.g., an object is close to point (0.6, 1.0)) and the

remaining clauses define the reward function.

Note that pos(1)t+1 represents a random variable, i.e., the posi-

tion of object 1 at time t + 1, with predicate-like notation. But un-

like standard relational representations, a random variable can have

a continuous (or categorical) range. Thus, in DCs and DDCs an in-

terpretation assigns each random variable a value in its range.

Static inference in DCs is performed using importance sampling,

while filtering in dynamic models is performed using particle filter-

ing methods [15].

This paper explores how to learn a DDC program that describes

the state-transition model by using DDC-TL, a relational tree learner

inspired by learner of local models (LLM) [18] for hybrid relational

dependency networks.

3 Learning State Transition Models
We propose an algorithm (DDC-TL) for learning a state-

transition model, expressed as a DDC, from data described

by continuous variables, discrete variables, and relations (e.g.,

nextTo). Concretely, given a set of discrete-time trajectories

(s0, a0, s1, a1, ..., sT−1, aT−1, sT ), where st is the state (i.e., an in-

terpretation that could describe object properties and relations such

as position, orientation, type, and color) and at is an action at time t,
the goal is to learn DDCs that define a state transition model of the

following form:

Qt+1 ∼ D(fc(st)) ← bodyt (5)

Each such clause defines the distribution D(fc(st)) of a relational

random variable Qt+1 ∈ st+1 in terms of a set of (continuous) rela-

tional features fc(st) whenever bodyt holds, where bodyt is a con-

junction of literals (discrete conditions) that refer to the current state

st and action at. The relational features are essentially the random

variables defined in the DDC. Note that DDCs defined in this man-

ner result in a stratification where predicates at time t+1 only depend

on predicates from the previous time step t. Stratification is required

for DDCs to be well-defined [5].

In this paper, we consider a robot arm that moves objects on a

table. The actions considered are grasping followed by a vertical or

horizontal movement, pushing or tapping, while the features will be

positions of objects and all the derived relationships. However, unlike

related work, concepts like rightOf, closeTo or aboveOf are not

manually defined, but are indirectly learned with equational features,

which we will describe later. We assume inverse kinematics and a

motion planner are available to execute the described actions.

3.1 The Learned Model
The key insight to develop an algorithm for learning DDCs is that we

can leverage ideas from the learner of local models (LLM) approach

for learning hybrid relational dependency networks (HRDNs) [18].

HRDNs are able to model dependencies in relational domains that

have both continuous and discrete variables. Like DDCs, HRDNs

use a variant of first-order logic as a template language for defining

conditional probability distributions. An HRDN uses a set of local

distributions to approximate a joint distribution over a set of random

variables defined by grounding atoms constructed over a set of predi-

cates P and terms in C. In this paper, we are interested in learning the

dependencies that represent Formula (5). Hence, Qt+1 denote the set

of predicates for which we learn dependencies. We use Pt to denote

the set of predicates describing the previous time step, which are used

to construct the features that appear in Parents(Qt+1). Each local

distribution is quantified by a dependency Qt+1 | Parents(Qt+1),
where Qt+1 ∈ Qt+1 is a predicate and Parents(Qt+1) is a set of

relational features that describe how Qt+1 depends on the other pred-

icates in the domain. Such local distributions can be learned using

relational regression trees [2], but unlike standard (relational) regres-

sion trees, each leaf does not contain a constant but instead has a lin-

ear or logistic regression model. The key observation is that the dis-

tribution modeled by a relational regression tree can be represented

with DDCs. Therefore, techniques for learning relational regression
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trees can be adapted for learning (certain classes of) distributional

clauses.

Figure 1. A simplified snapshot of a relational regression tree for
predicting pos(ID)t+1. Ellipses represent internal nodes corresponding to
learned relational features, and rectangles represent density functions for

pos(ID)t+1 as defined in Example 2.

Example 2. Figure 1 shows a simplified example of a relational

regression tree learned by DDC-TL. Each root-to-leaf path can be

mapped onto one DDC, where each internal node defines a condition

bi that appears in the body of the rule or a numerical feature f ∈ fc,

and the leaf contains the probability distribution (density) D(fc) that

defines the random variable Qt+1 in terms of the features f along the

path.

The example tree in Figure 1 corresponds to the following set of

DDCs (some clauses are omitted):

L1 : posx(ID)t+1∼ gaussian(P+ DX, .02)← (6)

F1 : P is �(posx(ID)t),
F2-Tap : action(ID, tap, DX, DY)t.

L2 : posx(ID)t+1∼ gaussian(P, .004)← (7)

F1 : P is �(posx(ID)t),
F2-None : not(action(ID, Action, DX, DY)t),

F3-False : not(min{(�(posy(ID)t)− �(posy(ID2)t)),
ID �= ID2} < 0.07).

L3 : posx(ID)t+1∼ gaussian(P+ DX2, .03)← (8)

F1 : P is �(posx(ID)t),
F2-None : not(action(ID, Action, DX, DY)t),

F3-True : min{(�(posy(ID)t)− �(posy(ID2)t)),
ID �= ID2} < 0.07,

F4-True : min{(�(posy(ID)t)− �(posy(ID2)t)),
ID �= ID2} > −0.07,

F5-Tap : action(ID2, tap, DX2, DY2)t.

L4 : posx(ID)t+1∼ gaussian(P, .004)← (9)

F1 : P is �(posx(ID)t),
F2-None : not(action(ID, Action, DX, DY)t),

F3-True : min{(�(posy(ID)t)− �(posy(ID2)t)),
ID �= ID2} < 0.07,

F4-False : not(min{(�(posy(ID)t)− �(posy(ID2)t)),
ID �= ID2} > −0.07).

The aggregation function min{U, C}, where U is a mathematical

equation, returns the minimum of the U’s values obtained by applying

all possible substitutions θ for the unbound logvars in U (i.e., logvars

not in the target) such that the condition Cθ holds.

In a nutshell, this program models that the next x position is the

current position plus the action displacement of a tap action if one

occurred (clause (6)). If there is no tap action on the object and if its

y position is 7 cm higher (or lower) than that of any other object,

then the object’s x position will basically not change (clauses (7) and

(9)). If the object is close to another object that is tapped, then its

position will be affected as well (clause (8)).

One advantage of using relational regression trees to learn DDCs is

that they satisfy the mutual exclusiveness property required by DCs,

which states that if there are two distributional clauses defining the

same continuous random variable, their bodies must be mutually ex-

clusive. This is guaranteed by relational regression trees.

We shall now first introduce the type of features and distributions

used by our learning algorithm, and then provide a description of the

relational regression tree learning algorithm.

3.2 Relational Features

Each learned DDC will have the form shown in Formula (5) and will

correspond to a root-to-leaf path in a relational regression tree. There

are two types of internal nodes in such a tree:

• logical conditions which are tests that evaluate to true or false as

in standard decision trees. These nodes contribute a condition to

bodyt; and

• continuous features which specify a parameter that appears in the

conditional distribution D(fc(st)) contained in all leaf nodes be-

low this node.

In contrast to standard decision and regression trees, nodes contain-

ing a continuous feature do not specify a test. Hence, they do not split

the data and only have one child in the tree.

We now define the distributions and features used in our DDC-TL

algorithm.
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Distributions. Leaf nodes, and hence D(fc(st)) in Formula (5),

contains one of the following distributions:

• A linear Gaussian distribution defining D(fc(st)) = N (μ, σ)
where μ = α+

∑
f∈fc(st) f · βf if Qt+1’s range is continuous

• A softmax or normalized exponential model defining D(fc(st))
as a softmax(α(j) +

∑
f∈fc(st) f · β(j)

f ) if Qt+1 ranges over dis-

crete values j, where the β
(j)
f are the weights for the features

f ∈ fc(st) and value j in Qt+1’s range.

The set fc(st) contains the numeric (continuous) features encoun-

tered on the root-to-leaf path. Notice that these distributions degen-

erate into a N (α, σ) and a probability mass function when there are

no numeric features, that is, when fc(st) = ∅.

Features. Given the (target) random variable Qt+1(A0, ..., An) with

logical variables A = {A0, ..., An}, any term U representing a ran-

dom variable with logical variables Bi such that ∀Bi ∈ A, can be

used as a feature in a distributional clause. For example, given the

target random variable posx(ID)t+1, any random variable with log-

ical variable ID is an admissible feature in fc (if continuous) or in

bodyt (if discrete), e.g., posx(ID)t, posy(ID)t, color(ID). Contin-

uous features can be discretized and added as conditions in bodyt,

e.g., posx(ID)t > 2.

If the random variable U has some logical variable Bi that does not

appear in A, then we allow aggregations of the form:

agg(U, C)

where agg is an aggregation function, U is a term representing a ran-

dom variable, and C is a conjunction of atoms that evaluates to true or

false (i.e., a condition). The feature computes the specified aggregate

agg over values returned as the result of aggregation over all possible

groundings of Uθ that satisfy Cθ. Sometimes the aggregation might

not be defined. For example, if there are no objects satisfying a spe-

cific condition C, then aggregation is over an empty set. In case the

node represents discretization of an aggregation feature applied to an

empty set, the discretized feature is assumed to be false as, for ex-

ample, F3-False in Example 2. If at some node a continuous feature

evaluates to undefined during learning, that feature is discarded

from the set of candidate features for that node and all its children.

Constructing high-level concepts from low-level numeric sensor

data often requires performing mathematical operations (e.g., addi-

tion, multiplication, etc.) on the raw data. As our goal is to enable

automated discovery of these types of concepts, we allow features

involving two atoms U1 and U2 that both have numeric ranges. These

features have the following form:

agg{(U1 op U2), C}

where op is a mathematical operator (+,−, ∗, /), and agg and C are

defined as before.

Note that an admissible aggregation over U needs at least one

logical variable Bi bound with a logical variable in the target

Qt+1(A0, ..., An), i.e. ∃i, j : Bi = Aj.

Example 3. An example of feature that includes an equation is:

min{(posy(ID)t − posy(ID2)t), ID �= ID2}

For a specific grounding of ID bound with the target, this feature

calculates the minimum distance in the y-plane between that object

and other objects around it. By placing a threshold on this feature, we

could distinguish when two objects are close. Thus, these features

can represent important concepts that are not explicitly encoded in

the raw data.

The condition C can also be a conjunction, for example:

min{(posy(ID)t − posy(ID2)t),

(ID �= ID2, action(ID2, push, DX, DY)t)},

which calculates the minimum distance between two distinctive ob-

jects if the pushing action is performed on the object ID2. If the con-

dition is not satisfied, the feature’s value is false.

Logical Conditions. Features can easily be turned into logical

conditions. If a feature f is discrete, the condition f = v (with a

value v in the range of f ) can serve as an atom in the body of a

distributional clause. When a discrete feature is included in a node,

there will be one subtree for each possible value v of that node in

the decision tree, as usual. If f is continuous, we can discretize it

by picking some threshold v in the range of f and building a feature

such as f > v or f ≤ v.

3.3 Learning Relational Regression Trees

Algorithm 1 DDC-TL

1: function FEATURESPACE(Qt+1, data, P, op, aggrs)

2: FQt+1
← CONSTRUCT(Qt+1, data,P, op, aggrs)

3: end function
4: function GROWTREE(tree,Qt+1, data, score, FQt+1

)

5: f, scoref ← FINDBESTFEATURE(Qt+1, data, FQt+1
)

6: if stopcond(scoref ) then
7: ADDLEAF(tree)

8: end if
9: if is continuous(f ) then � Continuous range

10: tree ← ADDNODE(f, tree)

11: GROWTREE(tree, Qt+1, data, score, FQt+1
\ f )

12: else
13: tree ← ADDNODE(f, tree) � Discrete range

14: for each a in domain(f ) do
15: filtered ←filter(data, f, a) � data such that f = a
16: GROWTREE(tree[a], Qt+1,filtered,score,FQt+1

\f )

17: end for
18: end if
19: end function

Algorithm. For each predicate Qt+1 occurring in a state, we learn

a relational regression tree that defines the distribution according to

a set of clauses of the form defined in Formula (5). Algorithm 1

outlines a top-down procedure for learning the tree. First, the func-

tion FEATURESPACE constructs a set of candidate relational features

FQt+1 that can appear in the internal nodes when learning the tree

for a target predicate Qt+1 (legal features will be described in detail

later). Starting from the empty tree, it adds internal nodes as follows.

It calls FINDBESTFEATURE which iterates through the set of candi-

date features and tries using each feature as the current internal node.

It calculates the difference in score between the new tree and the old

tree using five fold internal cross validation on the training data (the

score function is discussed in detail later). If no feature improves the

score (that is, stopcond(scoref) is true), then a leaf node is added.

Otherwise, the algorithm greedily selects the highest scoring feature
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f to include as the internal node. The selected feature is removed

from the set of candidate features. If the selected feature has a con-

tinuous range and never evaluates to undefined in the current branch,

the procedure recurses and passes all data to the next node. If the se-

lected feature has a discrete range, one branch is constructed for each

value of the discrete feature (yielding a logical condition). The data

is divided over the branches according to the feature’s value, and the

procedure recurses along each branch. When no feature improves the

score, the recursion stops, a leaf node is added, and the parameters of

the leaf’s probability distribution or density function are estimated.

Defining Legal Features. We now describe in more detail the

CONSTRUCT function in Algorithm 1, which receives as input

a target predicate Qt+1, a set of aggregation functions (aggrs), math-

ematical operators op, and data from which the ranges of predicates

are extracted. The features of the form agg(U, C) are constructed by

exhaustively enumerating all combinations of agg ∈ aggrs, U, and

C that meet the following constraints. The atom U does not appear in

C, and C is a conjunction with fewer than k ≤ N conjuncts. Each

conjunct in C is either a randvar-value test or an (in)equality con-

straint between two logvars. Each condition in C is “linked” to U via

a path of shared logvars, that may pass also through other conditions.

As aggregation functions, we consider min, max, avg, and �. Recall,

that �(U) simply returns the value of U in the data and that it is only

applicable if there is exactly one grounding substitution of U for each

grounding substitution θ of C for which Cθ is true in the data.

We construct candidate features of the form agg{(U1 op U2), C} in

an analogous manner. Both U1 and U2 must have continuous ranges.

We consider op ∈ {+,−, ∗, /} and the aforementioned aggregation

functions.

For all features that return a real value, we construct two variants:

1) the feature itself to be used as a parameter of the distribution, and

2) discretized version that can be used as a logical condition in the

body of a rule. The second alternative is implemented by discretizing

the feature into a number of different bins where bin widths are set

based on the training data. In the experiments we used five bins.

Example 4. To illustrate how to threshold a continuous value to cre-

ate a discrete feature, consider again the following feature

min{(posy(ID)t − posy(ID2)t), ID �= ID2}

which calculates the minimum distance in the y-plane between two

distinct objects. We also consider features with the following tem-

plate:

min{(posy(ID)t − posy(ID2)t), ID �= ID2} �� Thresh

where �� ∈ {<,>}, and Thresh is a threshold determined from the

training data. If �� is < and Thresh = 0.07, we get Feature F3 from

Example 2.

Score Function. In Algorithm 1 we use the loglikelihood as the

scoring function. The data consists of a set of traces of the form

(s0, a0, s1, a1, ..., sT−1, aT−1, sT ), and since we are interested in

learning the state transition model p(st+1|st, at) with the Markov

assumption, we split the traces into triples of the form (st, at, st+1).
Each triple can be viewed as an interpretation e that assigns val-

ues to each of the logical atoms and random variables that appear

in the triplet at times t + 1 and t. The loglikelihood of a triple

e = (st, at, st+1) for a DDC program P is

score(P, e) = logpP(st+1|st, at) =∑
(ht+1∼D←bodyt)∈P

∑
θ:bodytθ∪ht+1θ⊆e

logpD(e(ht+1θ)|e(bodytθ)),

where e(a) denotes the value assignment of random variable a in

interpretation e. In this definition we assume that the transition prob-

ability factorizes as follows: p(st+1|st, at) =
∏

qi∈st+1
p(qi|st, at),

that is, every variable in the next state qi ∈ st+1 depends only on the

previous state and action.

Scoring a DDC program first requires estimating the parameters

for the CPDs D(fc(st)). For linear Gaussian distributions, parame-

ter learning requires estimating the weight vector for the linear re-

gression model. This can be done via standard maximum likelihood

techniques (e.g., ridge regression [1]). Similarly, softmax parame-

ter estimation requires learning the weight vectors for the logistic

regression model. We follow standard gradient ascent approach to

maximize the loglikelihood [1].

3.4 Related Work
In the literature there are several relational approaches that try to

learn a model and use it for planning. However, most approaches only

support relational (binary) random variables. For example, Pasula et

al. [17, 16] learn noisy indeterministic deictic (NID) rules that define

the state in terms of facts (true or false statements). Such representa-

tion has been used with the planner PRADA [8]. Similarly, Moldovan

et al. [10] learn relational affordance models in multi-object manip-

ulation tasks. In such works, the training data is discretized and the

model is relational, without the possibility to include continuous vari-

ables. This makes the model abstract but useful low level information

is lost. Moreover, in robotics applications the discretization is gen-

erally handcrafted. In contrast, our approach tries to learn the best

features for the prediction task.

Other approaches, based on RL, try to directly learn the Q-function

or the policy without learning the state transition model. Among

the works with a relational representation there is an approach for

performing policy gradient boosting [7], and approach for imitation

learning [12]. Both methods require a regression tree learner, thus

our approach can be easily used in such settings.

Few works consider learning hybrid relational domains. One sim-

plified attempt is the one of Moldovan at al. [9], that learns the struc-

ture of a Bayesian network to model two object effects and convert it

into DDC clauses. However, this fixed conversion might not general-

ize well on more than two objects. In contrast, our approach directly

learns a hybrid relational model, which allows to combine data col-

lected with a different number of objects, and thus provides a better

generalization. Moreover, their work considers only simple condi-

tional linear Gaussian models without aggregation or equational fea-

tures and they evaluate only plans of horizon one.

This work is based on the learner of local models (LLM), an ap-

proach for learning the structure of HRDNs [18]. Our approach dif-

fers from the LLM algorithm used for HRDNs in several crucial

ways. Most importantly, we provide support for automatically learn-

ing relationships that involve equational features. This is a key ca-

pability in terms of being able to model spatial relationships based

on low-level continuous data. Additional differences include that we

take into account time (and dynamics) and use a tree-based represen-

tation for the distributions/densities. Furthermore, the trees are rep-

resented using a set of DDCs, enabling their direct use for planning

with HYPE.
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Beyond incorporating mathematical equations, our tree represen-

tation also differs from existing relational regression trees such as

TILDE [2] and its extension towards learning aggregate functions by

[21]. Another difference is that we use distributions in the leaves. Fi-

nally, there may be features on a path that are not used to “split” the

data but will be used as features in the distributions.

4 Experiments
This section empirically evaluates our approach for learning dynamic

hybrid transition models. Specifically we want to answer the follow-

ing questions:

Q1) How accurate are our learned state transition models for predic-

tion tasks?

Q2) How does DDC-TL compare to the propositional hybrid learn-

ers?

Q3) What is the performance of the planner that executes our

learned models?

To evaluate these questions, we consider a robotics scenario that con-

sists of a table with cubes and a Kinova MICO robot arm that can

manipulate the cubes as shown in Figure 2. The learner will only

have access to the x, y position of each object. Hence, the learned

model must automatically discover important intermediate concepts

like closeTo by constructing features that build upon the low-level

positional data. The learned model is then used for planning.

The learning was performed on Intel(R) Xeon(R) CPU 2.40GHz

machines with 128 Gb memory. The planning was performed on a

laptop Intel(R) i7 CPU 2.40GHz with 4 Gb memory.

4.1 Experimental Setup and Data Generation
To generate data, a sequence of actions is randomly generated and

executed on the objects and their effects (positions) are stored, that

is, (st, at, st+1) triples. The state is the x, y position of each ob-

ject. The number of objects used in the experiments are two, three

and four. The actions considered are grasping followed by moving

horizontally, grasping followed by moving vertically, pushing and

tapping. Each action refers to an object and is parameterized by the

displacement, a continuous value. The action might fail, e.g., when

the object is out of the range of the robot, or the object is too close to

other objects. In such cases, the objects will not move or move differ-

ently than expected from a successful action execution. The concept

of failure is not explicitly encoded and the learner must learn how to

distinguish the different effects according to the state and the action.

4.2 Methodology
We perform the experiments with the following learners:

• Basic Propositionalization. We propositionalize the state by con-

structing one feature for each fact. We denote these with B.

• Advanced Propositionalization. We propositionalize the state by

using exactly the candidate features considered by DDC-TL. We

denote these with A.

• DDC-TL. Our approach for learning hybrid dynamic state transi-

tion models as introduced in Section 3.

• DDC-TL-50. A version of DDC-TL using feature selection when

learning the tree. This means that when deciding on the split the

learner uses only the top 50 selected features.

Figure 2. MICO arm performing a left tap action of the object on the right.
This action moves the other object as well.

In Basic Propositionalization, each interpretation with n objects

is converted in n training examples, where the target is the next po-

sition of an object pos(x)t+1, and the features are the positions of

all objects at time t. In this scheme, we need to ensure that for each

training example with target pos(x)t+1, the features corresponding

to object x are in the same position.

Example 5. Given the triplet interpretation

{pos(1)t+1, pos(2)t+1, pos(3)t+1, pos(1)t, pos(2)t, pos(3)t}
(the values and the actions are omitted for compactness), the Basic

Propositionalization extracts three training examples:

pos(1)t+1 | pos(1)t, pos(2)t, pos(3)t
pos(2)t+1 | pos(2)t, pos(1)t, pos(3)t
pos(3)t+1 | pos(3)t, pos(2)t, pos(1)t

Note that the feature pos(x)t of the target object x is always the first

feature selected. The non-target object features do not have a fixed

order.

In DDC-TL we use all the available features for learning. In con-

trast, DDC-TL-50 uses feature selection in each node to overcome

some of the known issues of greedy search and control against over-

fitting. To select a subset of the features, we use Lasso regression,

ARD linear regression, and Random Forests for regression. We pick

the top 50 features according to the absolute value of the weights

in the linear models, and the feature importance metric of Random

Forests.

We use the following propositional learners for our experiments:

Lasso, regression trees, and gradient boosted regression trees. We

consider three different setups: the data only contains two objects,

the data only contains three objects, and the data containing two or

three objects. We also evaluate the models learned on two and three

objects by applying them to test data that contain four objects. In

each case, the goal of the model is to predict the x and y positions of

each object in the next time step.

4.3 Evaluation Settings
We consider two different evaluation setups. First, we perform

10-fold-cross-validation, and report the average root-mean-squared-

error (RMSE) over all held-out folds and learning time. For the
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propositional learners, hyper-parameter optimization is performed

using a grid search with internal cross-validated on the training set.

Second, we use the DDC-TL models with the best performance on

10-fold-cross-validation to perform planning using HYPE. We use a

reward of 100 if the goal is achieved and −1 otherwise, and consider

the following goals:

Region This requires moving any object in a specific region (dis-

tance around 20 cm from the closest object).

Swap This entails moving an object to the right (or left) side of an-

other object.

The presence of additional objects can make actions fail. Moreover, if

an object is out of reach it can be moved only indirectly by acting first

on the other objects that can influence its position. For this reason,

it is important that the action effects and the interactions between

objects are captured in the learned model. For each goal, a set of 15

experiments is performed from different starting positions and the

average number of steps is provided.

We assume that every action is applicable (i.e., executable), even

when the action does not provide an effect. Obviously, the planner

will need to select the actions that are useful to reach the goal. Ac-

tions that do not produce movement (i.e., fail) will probably not be

selected.

Videos of actions executed by the robot are available at https:
//dtai.cs.kuleuven.be/ml/systems/DC/

4.4 Results and Discussion

Table 1 presents the RMSE of the x and y positions for all ap-

proaches, and Table 2 summarizes the learning time. Note that the

basic propositionalization approach is not applicable when combin-

ing the two and three objects data as this approach only works for

a fixed number of input variables and hence a fixed number of ob-

jects. DDC-TL learns a model that has an error smaller than most

of propositional models tested (Q1). In the two objects case, DDC-

TL-50 beats all the propositional models (Q2). On the three objects

setting, DDC-TL has the best result. On the dataset combining the

data of both two and three objects, DDC-TL and Gradient Boosting

have the same performance. Note that Gradient Boosting has access

to the same features as DDC-TL and is an ensemble approach which

provides it with an advantage.

Moreover, for the propositional models learned with the advanced

feature set and DDC-TL, we used the models learned on data about

two and three objects data and evaluated them on test data containing

a number of objects (four) that was never seen in the training data.

The result for this setting is shown in the last column of Table 1. The

superior performance in this setting shows an important advantage of

our approach, which is that it is able to generalize to new scenarios

involving a different number of objects.

Table 2 shows the learning time. We report the time needed to cal-

culate the values of all the features in the feature space and the time to

actually learn the model. The calculated features are also used when

learning propositional approaches. The proposed DDC-TL is more

complex, thus generally slower than propositional learning methods.

However, our approach has not been optimized and there are number

of ways to improve performance (e.g., use feature selection, use a

beam search, etc.).

The models have been also qualitatively tested on some actions.

For example, Figure 3 shows the predicted positions of two objects

(based on sampling) after a tap action. The visual inspection confirms

Figure 3. Prediction of tap action with two objects. The object on the left
is tapped on the right, this moves the other object. 1000 samples of object

positions are shown with the mean in dark color.

that the model captures the interactions between objects. In particu-

lar, the model contains relevant features such as the closeness of an

object to the object being moved (as shown in Figure 1) and the con-

cept ‘not reachable’, that is, the object is far away from the arm.

Table 3 presents results about using the learned model with the

HYPE planner. For the experiments we use the model learned by

DDC-TL with the full feature set. For the Region task it has an av-

erage success rate of 61% and needs 3.4 steps on average (when it

succeeds); whereas for the Swap task, it has an average success rate

of 62% and needs 3.8 steps on average (Q3). These results confirm

that DDC-TL is able to learn a model that is sufficiently accurate for

performing simple planning tasks. However, the plans do not always

succeed for two reasons. First, there are some scenarios where the

objects interactions are not properly modeled. This is expected given

that we have a limited amount of training data (196 interpretations

for the setup with two objects, and 376 interpretations for the setup

with three objects). Second, to keep the planning time reasonable,

we limited the number of samples used by the planner to 250. Using

more samples could improve the planner’s performance.

RMSE

Num. of objects

Learners 2 3 2 + 3 2 + 3 → 4

DDC-TL 0.029 0.022 0.024 0.023
DDC-TL-50 0.027 0.026 0.026 0.019
Lasso-B 0.030 0.026 NA NA
Regression Tree-B 0.037 0.030 NA NA
Gradient Boosting-B 0.029 0.025 NA NA
Lasso-A 0.031 0.026 0.027 0.023
Regression Tree-A 0.037 0.029 0.032 0.030
Gradient Boosting-A 0.029 0.024 0.024 0.023

Table 1. The RMSEs of predicting the next x and y positions, based on the
learned models, averaged over 10 folds.

5 Conclusions

To the best of our knowledge, this paper is the first approach that can

learn a dynamic statistical relational state transition model in a hy-

brid domain and then apply an MDP planner to the learned model.

The central contributions of the paper are: adapting HRDN learning
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Runtime (seconds)

Num. of objects

Learners 2 3 2 + 3

Feature computation 1072.5 2099.5 3186
DDC-TL 3501.5 58322.0 100159.0
DDC-TL-50 1436.0 14846.5 25646.0
Lasso-B 1.8 2.7 NA
Regression Tree-B 0.2 0.7 NA
Gradient Boosting-B 19.9 75.2 NA
Lasso-A 33.7 98.1 160.6
Regression Tree-A 7.2 19.6 26.6
Gradient Boosting-A 636.5 1824.5 2490.5

Table 2. The learning time measured in seconds for learning the models
for predicting the next x and y positions averaged over 10 folds. Feature
computation is the time DDC-TL needs to calculate the values of all the

features in the feature space. These calculated feature values are also used
for learning propositional models.

Avg. # steps (max 5) Avg. Reward Success Rate

Region 3.4 56.8 61%
Swap 3.8 57.3 62%

Table 3. Planning results using planner HYPE with the model learned by
DDC-TL. ‘Avg. # steps’ refers to the average number of steps when the plan

succeeds.

for learning dynamic distributional clauses, extending the rich rela-

tional feature space to include mathematical equations involving the

continuous variables, planning with the learned hybrid models, and

identifying a potential robotics application for SRL. Empirically, we

demonstrated the merits of our approach using scenario involving a

real robotic arm. One of the future directions is to perform learning

with partial observability or an unknown number of objects. Another

future direction is to explore whether the features that we select in

one scenario and that are deemed as interesting can be re-used in

future scenarios. This might speed up the learning and increase the

expressivity and compression of the models as the number of scenar-

ios grows.
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A Distributed Asynchronous Solver for Nash Equilibria
in Hypergraphical Games 1

Mohamed Wahbi and Kenneth N. Brown 2

Abstract. Hypergraphical games provides a compact model of a

network of self-interested agents, each involved in simultaneous sub-

games with its neighbors. The overall aim is for the agents in the net-

work to reach a Nash Equilibrium, in which no agent has an incentive

to change their response, but without revealing all their private infor-

mation. Asymmetric Distributed constraint satisfaction (ADisCSP)

has been proposed as a solution to this search problem. In this paper,

we propose a new model of hypergraphical games as an ADisCSP

based on a new global constraint, and a new asynchronous algorithm

for solving ADisCSP that is able to find a Nash Equilibrium. We

show empirically that we significantly reduce both message passing

and computation time, achieving an order of magnitude improvement

in messaging and in non-concurrent computation time on dense prob-

lems compared to state-of-the art algorithms.

1 Introduction

In many multi-agent problems, agents must interact with each other

to achieve a global goal while maximising their own individual pref-

erences. The hypergraphical games model [13] provides a compact

representation of the problem, in which agent interactions are rep-

resented as normal-form strategic subgames, and the relationship

topology between the agents is represented as a hypergraph. Each

agent has a set of strategies, and a utility function specifying the

agent’s payoff under each possible combination of its own and neigh-

boring agents’ strategies in each subgame. A solution to a hyper-

graphical game is the selection of a strategy for each agent, such

that the network is in equilibrium. Typically, the aim is to find a

Nash Equilibrium (NE), in which no agent can improve its pay-

off by changing its strategy. To model more realistic problems, ε-
approximate Nash Equilibria (ε-NE) are considered, in which no

agent can improve its payoff by more than some minimum thresh-

old ε.
Given the multi-agent setting, algorithms to compute solutions

should be distributed, to avoid the need for agents to reveal po-

tentially private information. Early work focused on identifying

graph topologies which allowed polynomial-time solutions, based

on algorithms for Bayesian Network inference. More recent ap-

proaches focus on arbitrary graphs with cyclic dependencies, and

represent the problem as asymmetric distributed constraint satis-
faction (ADisCSP), maintaining the individual utility functions as

extensional table constraints [5]. ADisCSP allows agents to keep

1 This work is funded by Science Foundation Ireland (SFI) under Grant Num-
ber SFI/12/RC/2289.

2 Insight Centre for Data Analytics, School of Computer Science and IT,
University College Cork, Ireland
email: {mohamed.wahbi,ken.brown}@insight-centre.org

their strategic information private while optimizing their local util-

ity, and allows the system to stabilize at an equilibrium by coordinat-

ing agents’ decisions. However, for dense graphical games with large

strategy sets, the encoding of the table constraints ([5]) becomes ex-

pensive in the number or size of messages that need to be exchanged.

Our contributions in this paper are as follows. We develop new ap-

proaches to finding approximate Nash Equilibria for hypergraphical

games using the distributed constraint satisfaction framework. We

develop a new model of a hypergraphical game as ADisCSP using

a new global constraint, ε-BRConstraint, to represent an agent’s

requirement to find an approximate best strategy given the other de-

cisions in its neighborhood. We introduce asymmetric asynchronous

backtracking, AABT, a new algorithm for solving ADisCSP with

global constraints using intelligent backtracking to avoid thrashing.

AABT is then used to solve the problem of finding an ε-NE in hyper-

graphical games formulated as an ADisCSP. We compare the new

model and algorithm empirically to previous state-of-the-art algo-

rithms, and we show that we achieve significant reductions in non-

concurrent computation time and an order of magnitude improve-

ment in message passing.

The paper is organized as follows. Section 2 gives a brief overview

of related works on game theory and distributed CSP. Section 3 in-

troduces the necessary background, basic notation and terminology.

We present our model of the problem of finding ε-NE in hypergraph-

ical games as ADisCSP in Section 4. Section 5 introduces our new

algorithm, AABT, for solving ADisCSP with global constraints, and

we show our empirical results in Section 6.

2 Related Work

[8] introduced graphical games, a compact representation of

n-player normal-form games and proposed NashTree, a dynamic

programming algorithm for computing Nash equilibria in graphical

games for which the underlying graph is a tree. NashTree consists

of two phases: a table passing phase from the leaves to the root and

an assignment passing phase from the root to the leaves. [15] pro-

posed a constraint satisfaction generalization of NashTree for gen-

eral graphical games using variable elimination. They transform the

graphical game into a tree via triangulation, and then subsequently

run NashTree algorithm on the resulting junction tree.

[12] introduced the NashProp algorithm, another generalization of

NashTree for general graphical games based on belief propagation

requiring no triangulation. In the table passing phase, NashProp pro-

ceeds in a series of rounds to maintain (generalized) arc consistency

in the constraints network. In each round, every node will send a dif-

ferent binary-valued table to each of its neighbors in the graph. Each

table represents the value combination of the sender and the receiver
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that the sender believes could be in an ε-NE. In the assignment pass-

ing phase, NashProp performs a synchronous search to find ε-NE [5,

Section 5.1].

The pioneering algorithm for symmetric DisCSP was asyn-
chronous backtracking (ABT) [18, 2]. ABT is an asynchronous al-

gorithm executed autonomously by each agent, and is guaranteed to

converge to a global consistent solution (or detect inconsistency) in

finite time. [3] proposed two varieties of ABT for solving ADisCSP,

namely ABT-2ph and ABT-1ph. ABT-2ph alternates the execution of

ABT considering constraints in one direction following a total order-

ing on agents until the problem is solved or inconsistency is proved.

ABT-1ph checks constraints asynchronously in both directions, by

agents sending their proposed assignments to all their neighbors. In

ABT-1ph, an agent only changes its assignment when it is inconsis-

tent with a higher neighbor assignment. When it is inconsistent with

a lower neighbor assignment, the conflict is reported to the lower

neighbor to change its assignment. However, both algorithms were

restricted to solving problems with binary constraints.

Grubshtein and Meisels proposed in [5] a model of graphical

games as an ADisCSP with a unique private (global) table constraint

for each agent. The table constraint contains all tuples (joint strate-

gies) of the neighbors that satisfy the ε-NE condition. They also

proposed asynchronous Nash backtracking (ANT), the first asyn-

chronous algorithm for solving ADisCSP with global constraints ca-

pable of finding ε-NE. ANT is an extension of ABT-1ph that han-

dles asymmetric global (non-binary) constraints. ANT achieves or-

ders of magnitude improvements over NashProp. However, ANT

only uses the global constraints as checkers. In addition its handling

of global constraints produces chronological backtracks (thrashing),

as all value assignments for agents in the constraint are considered,

even if they are not the cause of the conflict. Recent developments in

DisCSP have shown how to make more effective use of global con-

straints, exploiting their pruning power, and backjumping closer to

the point of conflict [1, 16].

3 Preliminaries
In this section, we introduce some basic notation and terminology for

game theory, and describe the framework of hypergraphical games

before presenting the distributed constraint satisfaction formalism.

3.1 Game Theory
An n-player game in normal-form is a tuple (P, {Si, Ui}pi∈P})
where P = {p1, . . . , pn} is a set of n players (agents). For each

agent pi ∈ P , Si is a finite set of actions or pure strategies,

and Ui : S → R where S=
n
×
i=1

Si, is a local utility hyperma-

trix/function that specifies the payoff for player pi under each strat-

egy profile s ∈ S. The joint strategic choice of all agents other than

agent pi is denoted by s−i, and s=(si, s−i). Ui(s) is the utility that

player pi receives when, for all players pj ∈ P , pj plays sj ∈ s. The

neighbors of agent pi are all other agents in the normal-form game,

i. e., Ni =P \ pi. In the rest of the paper, we assume all agents have

the same number of strategies, i. e., ∀pi∈P, |Si|= d. The representa-

tion size of each local utility hypermatrix is exponential in the num-

ber of players, i. e., O(dn). Motivated by scenarios where an agent’s

utility is directly dependent on only a subset of the total number of

agents, researchers devoted a considerable effort to develop compact

representations following the graphical game model [8].

A hypergraph is a pair (V,E) where V is a set of vertices, and E
is a set of non-empty subsets of V called hyperedges. [13] introduced
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Figure 1. An example of a hypergraphical game.

hypergraphical games, in which each agent pi is involved in simulta-

neous (local) normal-form subgames, Gi. A hypergraphical game is

described by a hypergraph (P, E) where each hyperedge h ∈E rep-

resents an explicit subgame involving the players in h⊆P . The strat-

egy set of each agent pi is the same in all subgames in Gi. The payoff

function of pi is the sum of all pi’s payoffs in all Gi. The neighbors of

agent pi, Ni, is the union of its neighbors in all subgames in Gi. The

degree of agent pi is denoted by κi = |Ni|. The utility of an agent is

directly dependent on its neighbors, i. e., Ui : Si ×
pj∈Ni

Sj →R. From

now on, s−i is the joint strategy of Ni.

Hypergraphical games is a generalization of graphical games [8]

where each agent is involved in exactly one subgame. In a graphi-

cal game, the representation size of pi’ utility is exponential in the

degree of the agent O(dκi). Hypergraphical games is also a general-

ization of graphical polymatrix games where each agent is involved

in simultaneous 2-player games [6]. The representation size of pi’s
utilities is O(κi ·d2).

In graphical polymatrix games, we can represent the utility func-

tion of agent pi, Ui, by a set of (binary) utility functions uij for each

pj ∈ Ni. The utility function uij(si, sj) represents the gain in utility

of agent pi when playing strategy si ∈ Si and agent pj plays strategy

sj ∈ Sj , and pi’s overall utility function becomes:

Ui(s)=Ui(s−i, si)=
∑

pj∈Ni,sj∈s

uij(si, sj) (1)

For a strategy profile s, the regret δi(s) of an agent pi is the high-

est additional reward pi could have gained by changing its strategy,

M. Wahbi and K.N. Brown / A Distributed Asynchronous Solver for Nash Equilibria in Hypergraphical Games1292



assuming its neighbors’ strategy choices remain the same:

δi(s)= max
s′i∈Si

{Ui(s−i, s
′
i)− Ui(s)} (2)

In strategic games, each rational agent would ideally play its best

strategy given a fixed joint strategy of other agents. A configuration

in which all agents selected a best strategy is called a Nash Equi-
librium (NE) . Specifically, a NE is a strategy profile s where each

player’s regret is 0 (i. e., ∀pi ∈ P, δi(s)= 0). Given a joint strat-

egy of other players s−i, the best response of agent pi, BRi(s−i),
is the strategies which produces the maximal gain for agent pi (i. e.,

BRi(s−i)= {si|δi(s−i, si)= 0}).

An approximate Nash Equilibrium (ε-NE) represents scenarios

where agents are satisfied with choices whose payoff is sufficiently

close to the maximum. Formally, a strategy profile s is an ε-NE if

each player’s regret is at most ε, i. e., ∀pi ∈ P, δi(s) ≤ ε. Given a

joint strategy of other players s−i, the approximate best response set

of agent pi is defined as: ε-BRi(s−i)= {si|δi(s−i, si) ≤ ε}.

Figure 1 shows a simple hypergraphical game with 4 agents: p1,

p2, p3 and p4 having the following strategy sets S1 = {a, b},

S2 = {c, d}, S3 = {e, f} and S4 = {g, h, i}. Figure 1(a)

shows the original representation in graphical polymatrix games

and Figure 1(b) shows a representation of the same instance in

graphical games. Agent p1 is involved in three 2-player subgames

with p2, p3 and p4 represented respectively by the utilities u12,

u13, and u14. Agent p2 is involved in two subgames with p1
(u21) and p3 (u23). Agent p3 is involved in two subgames with

p1 (u31) and p2 (u32). Agent p4 is involved in one 2-player sub-

game with p1 represented by utility u41. This problem has one NE

[p1 = a, p2 = c, p3 = e, p4 = i] and one ε-NE in addition to the NE

where ε=3, that is, [p1 = a, p2 = d, p3 = f, p4 = i].

3.2 CSP & Asymmetric Distributed CSP
The constraint satisfaction problem (CSP) is a triple

(X ,D, C), where X = {x1, . . . , xn} is a set of n variables,

D= {D(x1), . . . , D(xn)} is a set of domains, where D(xi) is

a finite set of values from which one value must be assigned to

variable xi, and C is a set of constraints. A constraint ck(X) ∈ C,

on the ordered subset of variables X =(xj1 , . . . , xjk ) ⊆ X , is

ck(X) ⊆ D(xj1)× · · · ×D(xjk ), and specifies the tuples of values

which may be assigned simultaneously to the variables in X . ck(X)
can be represented extensionally or intensionally. |X| is the arity of

ck(X), and X is its scope. A global constraint is defined on a set of

variables and thus an instance of the constraint may have arbitrary

arity. A solution is an assignment to each variable of a value from its

domain, satisfying all the constraints.

Asymmetric distributed CSP (ADisCSP) [3] models problems

where variables and constraints are held by distinct agents. ADisCSP

is a 4-tuple (A,X ,D, C), where X ,D and C are as above, and

A= {a1, . . . , am} is a set of m agents. Each variable xi ∈ X is

controlled by a single agent in A. During a solution process, only the

agent which controls a variable can assign a value to this variable.

In an ADisCSP, constraints are private and only the agent, ai, that

holds a constraint knows it while other agents involved in that con-

straint are only aware that ai constrains their variable without know-

ing the nature of that constraint or its scope. We denote by Ci ⊆ C
all constraints held by ai. As in CSP, a solution to an ADisCSP is an

assignment to each variable of a value from its domain, satisfying all

the constraints. For simplicity and without loss of generality, we as-

sume each agent controls exactly one variable and use the two terms

interchangeably (i. e., m=n).

4 Hypergraphical Games as ADisCSP
We now present a model of the problem of finding ε-NE in hyper-

graphical games as ADisCSP, where agents can control a local CSP

that allows them to maintain the approximate best responses.

The straightforward modeling of a hypergraphical game

(P, {Si, Ui}pi∈P}) into an ADisCSP is to represent each player

pi ∈ P by an agent ai ∈ A having a single local variable xi that

can take its value from the strategy set of player pi, i. e., D(xi)=Si.

In the following we use the terms agent, player and variable inter-

changeably, (i. e., ak = pk =xk). In addition, we consider a generic

agent ai. Xi = {xi, xj |xj ∈ Ni} denotes the variables (or copies)

maintained by ai. Agent ai encodes the problem of finding an ε-NE

(finding an ε-approximate best strategy) by a single constraint ci(Xi)
requiring that the regret, Eq. (2), is less than or equals ε, i. e., ci(Xi) :
δi(s) ≤ ε where s=(si, s−i) is a joint strategy (the assignments)

of agents in Xi. Thus, C= {C1, . . . , Cn} where Ci = {ci(Xi)}. The

agent ai that holds the constraint ci(Xi) is the only agent that knows

it, and must ensure it is satisfied, given the joint assignment of all

its neighbors. To evaluate this constraint agent ai needs to main-

tain local copies of its neighbors’ variables in Xi. Finding ε-NE dis-

tributively in a hypergraphical game is then equivalent to solving the

ADisCSP model above.

Proposition 1. Let M be an ADisCSP model of a hypergraphical
game H. A solution of M is an ε-NE of H.

Proof. (Sketch) A solution to M is an assignment to each variable

of a value from its domain, satisfying all the constraints. Thus, each

player is assigned a strategy and every agent ai’s private constraint,

ci(Xi), is satisfied. Satisfying each constraint ci(Xi) means that each

agent regret is less than ε (δi(s) ≤ ε). Thus, each agent assignment

is an approximate best response to its neighbors assignments. Hence,

a solution of M is an ε-NE of H.

If agents are allowed mixed strategies (i.e. a probability distri-

bution over deterministic strategies), then the discretization scheme

proposed in [8] guarantees that an ε-NE always exists. Thus, the

ADisCSP model of the hypergraphical game is always satisfiable.

For more details about mixed strategies and the existence of an ε-NE,

we refer the reader to [8, 12, 11, 5]. If the agents are restricted to

pure strategies, it is possible that no ε-NE exists. In such circum-

stances, the ADisCSP model would have no solution, and any algo-

rithm should report failure.

In the following we propose ε-BRConstraint, a new incremental

global constraint to ensure an agent’s value is an approximate best re-

sponse, that is efficient in memory and allows efficient propagation.

The ε-BRConstraint enforces δi(s) ≤ ε for each agent ai (i. e., it

is an implementation of ci(Xi)). For simplicity, we restrict our atten-

tion to graphical polymatrix games. However, our constraint and al-

gorithm will represent any hypergraphical game including graphical

games and graphical polymatrix games. Our experiments are against

the state-of-the-art distributed algorithm for graphical games, and we

experiment with the same class of problems that that algorithm was

tested on. These problems happen to be graphical polymatrix games.

The Constraint ε-BRConstraint
When the system is at an ε-NE, each agent has assigned to its vari-

able an approximate best strategy with respect to its neighbors as-

signments. Thus, at each step in the distributed algorithm, an agent

ai should prune all strategies that are dominated by others. In agent

M. Wahbi and K.N. Brown / A Distributed Asynchronous Solver for Nash Equilibria in Hypergraphical Games 1293



ai, ε-BRConstraint filters the domain of xi to prune dominated

strategies with respect to the (subset of) decisions of other agents

in Ni. ε-BRConstraint(ε, xi, {xj}xj∈Ni , {uij}xj∈Ni) takes as

parameters all variables in Xi and utility functions uij in addition

to ε.3 Before presenting the constraint behavior we first consider

the auxiliary variables used inside ε-BRConstraint to filter dom-

inated strategies. In addition to xi and copies of neighbors’ variables

xj ∈ Ni, ai has in Xi the following integer variables:

• vj [si] for each strategy si ∈ D(xi), and each utility uij . The vari-

able vj [si] represents the gain in utility of agent ai when playing

strategy si with respect to xj possible strategies. This variable

ranges over the possible utilities in uij when ai plays si, i. e.,

D(vj [si]) = {uij(si, sj)|sj ∈ D(xj)}.

• y[si] for each strategy si ∈ D(xi). The variable y[si] is used

to maintain the minimum reward gained when ai chooses to play

strategy si.

y[si] =
∑

xj∈Ni

min{D(vj [si])} (3)

• z[si] for each strategy si ∈ D(xi). The variable z[si] is used to

maintain the maximum reward gained when ai chooses to play

strategy si.

z[si] =
∑

xj∈Ni

max{D(vj [si])} (4)

For each si ∈ D(xi), we need to represent the relation be-

tween the values of the variables xi, xj and vj [si], and maintain

vj [si] =uij(si, sj). As soon as utility vj [si] is updated, some now

inconsistent values of xj can be removed from consideration. Simi-

larly, when D(xj) is updated (e. g., a value is removed from D(xj)),
the utility variable vj [si] can be updated correspondingly. Each time

a domain of xj or vj [si] is changed, the domain of the other vari-

able is updated to keep only values having a support on other vari-

ables, i. e., we need to ensure that ∃ sj ∈ D(xj) ∧ r ∈ D(vj [si]),
r=uij(si, sj).

4

We need also to make the correspondence between the values of

vj [si] and those of y[si] and z[si] for each si ∈ D(xi) by ensuring

Eq. (3) and Eq. (4). We maintain a support for y[si] (resp. z[si]) on

variable vj [si] and we only update that support and its corresponding

reward on y[si] (resp. z[si]) when the lower bound (resp. the upper

bound) of the domain of vj [si] has changed.

By maintaining the above variables and properties on their do-

main changes, ε-BRConstraint is able to detect and remove from

D(xi) the dominated strategies using the y[si] and z[si] variables.

We say that a strategy si ∈ D(xi) is dominated if the largest utility

that ai can gain when choosing strategy si (i. e., z[si]) is lower than

the minimal reward that ai can gain by choosing another strategy

s′i where s′i = arg max
si∈D(xi)

{y[si]} taking ε in consideration. Specif-

ically, a strategy si ∈ D(xi) is dominated iff:

z[si] < max
s′i∈D(xi)

{y[s′i]} − ε (5)

Removing dominated strategies si from D(xi) is safe because ai

will never play si, Eq. (5). Filtering in ε-BRConstraint is based

on pruning all dominated strategies each time they are detected with

changes on domains of variables in Xi without needing their full joint

strategy (assignments).

3 In the general hypergraphical games, uij will be replaced by payoffs matrix
of each subgame.

4 Maintaining vj [si] values follows the same scheme as the element con-
straint [14]. However, in the general case the index variable is a combina-
tion of indexes of all neighborhood values in the subgame.

x2 x3 x4 x1

c e g b

c e h b

c e i b

c f g b

c f h b

c f i a

d e g b

d e h b

d e i b

d f g b

d f h b

d f i a

(a) Table constraint encoding
c1(X1) used in [5].

D(v2[a]) = {2, 7}
D(v2[b]) = {4, 6}
D(v3[a]) = {1, 8}
D(v3[b]) = {2, 4}
D(v4[a]) = {1, 7, 9}
D(v4[b]) = {1, 2, 3}

D(y[a]) = {4..24}
D(y[b]) = {7..13}
D(z[a]) = {4..24}
D(z[b]) = {7..13}

v2[a] =u12(a, s2) = [2, 7]

v2[b] =u12(b, s2) = [4, 6]

v3[a] =u13(a, s3) = [8, 1]

v3[b] =u13(b, s3) = [4, 2]

v4[a] =u14(a, s4) = [9, 7, 1]

v4[b] =u14(b, s4) = [3, 1, 2]

(b) ε-BRConstraint for c1(X1).

Figure 2. The encoding of ANT and AABT in a1 of the constraint c1(X1)

in the problem shown in Figure 1.

4.1 Memory requirements
In a hypergraphical game, in [5], ci(Xi) is represented in extensional

form using a table constraint containing all tuples (joint strategy) s ∈
D(xi) ×

xj∈Ni

D(xj) that satisfies ci(Xi). A tuple s satisfies ci(Xi) if

it yields a maximal gain to agent ai, i. e., δi(s) ≤ ε. Thus, the utility

functions of all subgames of ai are encoded and represented by a

large table constraint requiring a memory size of O(dκi+1). The table

constraint encoding the constraint c1(X1) of agent ai of the example

presented in Figure 1 is shown in Figure 2(a). All tuples satisfying

c1(X1) are represented in that table.

In our new model, ε-BRConstraint maintains ai’s utility in each

subgame in Gi. Thus, the representation size in ε-BRConstraint is

similar to that required by the hypergraphical game in each agent,

i. e., O(|Gi| ·dγ+1) where γ is largest neighborhood in subgames Gi

and |Gi| is the number of subgames in Gi. In polymatrix games, this

representation is polyspace O(κi·d2). The encoding of the constraint

c1(X1) of agent ai of the example presented in Figure 1 is shown in

Figure 2(b).

In ANT the handling of the global constraint does not exploit its

filtering power. In addition, when a dead-end occurs, a no-good is

produced from all neighbors’ assignments and then sent to the low-

est neighbor in the ordering. This produces chronological backtracks

(thrashing). In the following, we propose a new algorithm for solving

ADisCSP with global constraints, that exploits the pruning power of

global constraints and produces no-goods closer to the (real) point of

conflict.

5 Asymmetric Asynchronous BackTracking
Asymmetric asynchronous backtracking (AABT) is an asynchronous

algorithm for solving ADisCSP that allows agents to keep their con-

straints private. In AABT agents operate asynchronously, but are sub-

ject to a known total priority order. AABT combines a distributed

search procedure with a failure learning mechanism to perform intel-

ligent backtracking. Intelligent backtracking techniques usually store

an explanation for each value removal. Such explanations are com-

puted on-the-fly on each domain reduction.

In AABT, each agent ai tries to solve its local CSPi defined by

Xi, their domains, and Ci. Solving a CSPi is achieved by interleav-

ing search with propagation. The search can be regarded as the dy-
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Algorithm 1: AABT algorithm running by agent ai.

procedure AABT()
1. E+

i ← {aj | ai ∈ Nj}; end ← false; xi ← nil ;

2. assignVariable() ;

3. while ( ¬end ) do
4. msg ← getMsg();

5. switch ( msg.type ) do
6. ok? : processOk(msg.var, msg.tag);

7. ngd : processNogood(msg.sender,msg.ngd);

8. adl : processAddLink(msg.sender);

9. stp : end ← true;

procedure assignVariable()
10. while ( xi =nil ∧ ¬end ) do
11. propagate(xi =D(xi).peek());

12. if ( ∃ xk ∈ Xi | D(xk) = ∅ ) then
13. repair() ; // An empty domain has been found

14. else
15. ti ← ti+1 ;

16. sendMsg: ok?〈xi = si, ti〉 to E+
i ;

procedure propagate(xk = s′k)
17. remove(expl(xl �=sl)) s.t. xk = sk ∈ expl(xl �=sl) ;

18. D(xk) ← {s′k} s.t. expl(xk �=sk) ← xk = s′k;

19. Ci.propagate();

procedure processOk(x′
j , t

′
j)

20. if ( t′j ≥ tj ) then
21. propagate(xj = x′

j);

22. if ( ∃ xk ∈ Xi | D(xk) = ∅ ) then repair();

23. assignVariable() ;

procedure processNogood(aj , ng)
24. if ( ∀xl ∈ {ng ∩ Xi}, ng[xl] =Xi[xl] ) then
25. Links ← {ng ∪ Xi} \ Xi ;

26. Xi ← Xi ∪ Links ;

27. sendMsg: adl〈〉 to Links ;

28. learn(ng);

29. else if ( ng[xi] =xi ) then
30. sendMsg: ok?〈xi = si, ti〉 to aj ;

procedure repair()
31. ng ← ∧

sk∈D(xk)

expl(xk �=sk) ; /* D(xk)= ∅ */

32. if ( ng= ∅ ) then
33. sendMsg: stp〈〉 to A \ ai ;

34. end ← true;

35. else learn(ng) ;

procedure learn(ng)
36. Let xt be the lowest variable in ng ;

37. if ( xt �= xi ) then sendMsg: ngd〈ng〉 to at ;

38. expl(xt �=st) ← {ng \ xt = st} ;

39. remove(expl(xl �=sl)) s.t. xt = st ∈ expl(xl �=sl) ;

40. Ci.propagate();

41. if ( ∃ xk ∈ Xi | D(xk) = ∅ ) then repair();

42. assignVariable() ;

procedure processAddLink(aj)

43. E+
i ← E+

i ∪ aj ;

44. sendMsg: ok?〈xi = si, ti〉 to aj ;

namic addition of constraints (decision constraints) to Ci and retrac-

tions (backtracks) [7]. For simplicity, we restrict ourselves to deci-

sion constraints that are of the form xk = sk, i. e., assignments of

values to variables.5 Each assignment is followed by the propagation

of Ci with respect to Xi’s domains. This propagation may result in a

value removal (xk �=sk) for a variable xk ∈ Xi. We define an expla-
nation, expl(xk �=sk), of that value removal (i. e., xk �=sk) by the set

of decision constraints xj = sj , . . . , xl = sl (assignments), such that

(xj = sj ∧ . . . ∧ xl = sl ∧ xk = sk) is globally inconsistent. During

search, a failure (a domain wipeout) may occur leading to no-goods
computations. A no-good can be regarded as a subset of the assign-

ments made so far that caused a failure (i. e.,
∧

sk∈D(xk)

expl(xk �=sk)

where D(xk)= ∅).

AABT agents exchange the following message types:

ok?: used to notify its recipients of a new assignment associated with

the current counter ti of agent ai, used to discard obsolete assign-

ments.

ngd: used to report a no-good to another agent, requesting the re-

moval of its value.

adl: used to request the additional of a link to the receiver.

The pseudo-code of AABT executed by each agent ai is presented

in Algorithm 1. In the following, si will represent the current value

assigned to xi and ti the counter tagging si used for the timestamp

mechanism. “xi = nil” means that xi is unassigned. After initial-

ization, each agent assigns a value and informs all agents in E+
i

of its decision (assignVariable call, line 2) by sending them ok?
messages. E+

i are agents having a constraint involving ai’s variable

(line 1). Then, a loop considers the reception of the possible message

types. If no message is traveling through the network, the state of

quiescence is reached meaning that a global solution is found. The

solution is given by the current variables’ assignments. The quies-

cence state can be detected by a specialized algorithm [4].

When an agent ai receives an ok? message from aj it calls pro-

cedure processOk (line 6). If the received assignment has a larger

counter than that received beforehand, it is accepted, otherwise it is

discarded (line 20). If the assignment is accepted, ai calls procedure

propagate to propagate Ci after adding the newly received assign-

ment as a decision constraint xj = s′j , line 21. If the propagation re-

sults in a domain wipeout procedure repair is called to resolve the

conflict, line 22. Finally, assignVariable is called (line 23) to as-

sign a new consistent value to xi if its value has been pruned by the

propagation of Ci.

When calling procedure propagate(xk = s′k), the value of xk

is set to s′k. Next, all explanations not relevant to this new assign-

ment, i. e., expl(xk �=sk) containing xk = sk where s′k �=sk, are re-

moved (line 17).6 Then, the domain of xk is reduced to a single-

ton D(xk) = {s′k} with xk = s′k as explanation, line 18. Finally,

the constraints in Ci that might be affected by the domains’ changes

above are propagated, line 19.

When every value (sk) of a variable xk ∈ Xi is ruled out by an

explanation expl(xk �=sk), the procedure repair is called to resolve

the conflict (lines 13, 22 and 41). The conflict is resolved by comput-

ing a new no-good ng from the conjunction of these explanations,

i. e., expl(xk �=sk), line 31. If the new no-good ng is empty, ai ter-

minates execution after sending a stp message to all agents in the

system meaning that the problem is unsolvable (line 32). Otherwise,

5 Agent ai can not take decision for other agents variables xj , i. e., i �=j.
6 The removal of some explanations expl(xk �=sk) does not imply the

restoration of sk to D(xk) unless the propagation of constraints involv-
ing xk allows that.
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it calls procedure learn(ng), line 35. Let xt be the variable hav-

ing the lowest priority in ng. If xt is different than xi, ng is re-

ported to at through a ngd message, lines 36 and 37. In AABT, the

backtracking target xt is always that having the lowest priority in

ng. Agent xt can be a higher (as in ABT) but also a lower prior-

ity agent. Thus, we guarantee that the conflict is always reported to

the agent with lowest priority in the conflict. Next, a new explana-

tion from ng is used to justify the removal of the value of xt, i. e.,

expl(xt �=st) ← {ng \ xt = st}, line 38. All explanations contain-

ing the assignment of xt (xt = st) are removed because they are not

valid anymore, line 39. The constraints in Ci are then propagated to

check the new changes and if a failure occurs again repair is called,

line 41. Finally, assignVariable is called to check if xi needs to

be assigned (line 42).

When a ngd message is received (line 7), ai checks the validity

of the received no-good (procedure processNogood call). If the as-

signments of the received no-good are consistent with those stored

locally, this no-good is valid (line 24). Then, agent ai sends a link

request to non linked agents having variables in ng (lines 25 to 27).

Next, ai calls procedure learn(ng), line 28. If the ng is not valid

but is consistent with the current assignment of xi, ai sends an ok?
message to the generator of ng, lines 29 and 30.

When receiving an adl message (lines 43 and 44) ai adds a new

link to the request sender (aj) and sends an ok? message to inform

aj of its assignment.

5.1 Privacy
In AABT, to use the power of the filtering algorithms of global con-

straints, each agent maintains a copy of its neighborhood domains.

However, agents in AABT only require to know the initial domain

of their neighbors and do not need their actual domain. For the case

of the hypergraphical game as ADisCSP, an agent can construct the

domain of a neighbor based on the payoff matrices of local sub-

games. At each stage of AABT, the privacy of agents’ current do-

mains is preserved. In AABT, agents exchange their values with their

neighbors. Thus, in AABT there is no privacy of assignments. In

AABT, agents do not have to share their constraints/scopes to solve

the problem. Thus, AABT preserves privacy of constraints and pri-

vacy of agents topologies. However, during the solving process some

information is exchanged (value assignments and no-goods) between

agents, thus leaking information about agents’ constraints.

A method to evaluate the constraint privacy using entropy as a

quantitative measure for privacy loss has been proposed in [10, 3].

This method measures the percentage of the conflicts in a table con-

straint held by an agent that are revealed to another agent involved

in a conflict induced from ok? and ngd messages. However, this

method only applies to ADisCSP with binary table constraints. Thus,

this method can not be used to evaluate the privacy loss in AABT.

We believe that studying the privacy loss in distributed algorithms

for solving DisCSP with global constraints (e. g., ANT and AABT)

is an open research area that needs to be investigated.

5.2 Theoretical Analysis
Here we prove that AABT is sound, complete and terminates.

Theorem 1. AABT terminates.

Proof. AABT stops its execution in two cases: when an empty no-

good has been generated meaning that the problem is unsolvable or

when the network reaches a quiescent state reporting a solution. To

prove that AABT terminates, we need to prove that AABT reaches

one of these two cases in finite time, i. e., agents can never fall into

an infinite loop cycling among their possible values. In the following,

we prove by induction on the agent ordering that agents can never fall

into an infinite loop. Let assume a lexicographic ordering on agents.

The base case for induction (i = 1) is obvious. Unlike ABT, a1 can

receive ok? messages from its neighbors (having a lower priority).

When receiving these ok? messages a1 may generate new no-goods

as results of propagating its constraints. Agent a1 may generate three

categories of no-goods. The first are empty no-goods. This category

stops the algorithm execution. The second are no-goods containing a

lower neighbor. Those no-goods are transmitted to the lowest agent

involved in. The third category are singleton no-goods containing a

value of a1. Agent a1 may also receive ngd messages from lower

priority agents. Now, all no-goods contained in ngd messages a1

receives are singleton because in AABT the generated no-good is

always sent to the agent having the lowest priority in it (lines 36

and 37). Hence, when agent a1 proposes a possible value, it will not

change it unless it receives or itself produces singleton no-goods rul-

ing out this value. Values in singleton no-goods are removed once

and for all from the domain of a1. Because its domain is finite, a1

cannot fall into an infinite loop.

Now, assume that agents higher that agent ai (i > 2), i. e., a1

to ai−1 (i > 2), are in a stable state, i. e., they are all assigned val-

ues to their variables and do not change their values. In the follow-

ing, we show that agent ai never falls into an infinite loop. After

processing ok? and ngd messages it receives, agent ai may gener-

ate contradictions (no-goods) as results of propagating its local con-

straints. The categories of no-goods agent ai may generate are: (i)

empty no-goods, (ii) no-goods containing lower neighbors, (iii) no-

goods containing the agents a1 to ai−1, and (iv) no-goods containing

the agents a1 to ai. No-goods of (i) causes the algorithm to stop,

those of (ii) are forwarded to a lower agent and can not cause ai to

fall in infinite loop. No-goods of (iii) breaks our assumption because

they are forwarded to a higher agent that we assumed to be in a sta-

ble state, causing it to change its value. Thus, only (iv) may affect

the termination of ai. Agent ai may also receive ngd messages from

other agents (higher or lower). However, all no-goods contained in

ngd messages ai receives contain only the agents a1 to ai, i. e., cat-

egory (iv), because in AABT no-goods are always sent to the lowest

agent involved in. Since agents a1 to ai−1 are in a stable state, these

no-goods are valid for ai (the assignments on these no-goods are

consistent with those stored locally).7 Thus, ai will remove its value

and will not assign it again while at least one of agents a1 to ai−1
does not change its value. Because its domain is finite, ai will either

eventually change its assignment with a different value or exhaust

the possible values and send a no-good to a higher agent, i. e., one

of a1 . . . ai−1. This no-good will cause an agent that we assumed to

be in a stable state, not to be in a stable state. Hence, agent ai can

never fall into an infinite loop for a given stable state of a1 to ai−1.

By induction we have that agents can never fall into an infinite loop

and AABT is thus guaranteed to terminate.

A global solution is reported when the network has reached quies-

cence, meaning that all agents are idle and no message is transmitting

through the network. To prove that AABT is sound, we should first

establish the two following lemmas about when the network reaches

the quiescent state σ.

7 Note here that we discuss only no-goods consistent with a1 to ai, because
inconsistent ones are discarded.
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Figure 3. The #msg and #ncccs for solving random regular graphical polymatrix games when varying the number of agents in logarithmic scale.

Lemma 1. When reaching a quiescent state σ, every agent is as-
signed, and its assignment is known by all its neighbors.

Proof. (Sketch) Assume the system reaches a quiescent state σ. Ac-

cording to Algorithm 1, each time an agent ai is unassigned, it im-

mediately calls procedure assignVariable (lines 23 and 42). Be-

fore exiting its loop and being idle allowing the system to reach σ,

assignVariable guarantees that either (i) an empty domain has

been found when calling repair (line 13) meaning that the prob-

lem is unsolvable or (ii) a value is assigned to xi. (i) contradicts our

assumption. Thus, when reaching σ every agent ai is assigned. Now,

let vi be the value assigned to xi when reaching σ. Each neighbor of

ai, say aj , should receive an ok? message from ai containing its de-

cision, i. e., xi = vi (line 16). The only case where agent aj removes

xi = vi is when it sends a no-good message to ai. We can easily see

that this message is either not obsolete, in which case ai will change

its value vi and breaks our assumption, or obsolete, which means

that an ok? message has not yet reached aj which breaks our qui-

escence assumption. Hence, when reaching σ all agents know the

assignments of all their neighbors and no two agents store different

assignments for the same variable.

Lemma 2. When reaching σ, all constraints are satisfied.

Proof. In AABT, each time a new value is assigned or a new mes-

sage is received by an agent ai, it immediately propagates its con-

straints Ci. When generating an empty domain, ai calls procedure

repair to repair inconsistent assignments. Hence, after processing

each message all assignments stored locally satisfy all constraints of

the agent.

Theorem 2. AABT is sound.

Proof. Direct from Lemmas 1 and 2.

Theorem 3. AABT is complete.

Proof. In AABT, agents only store valid explanations and no-goods.

In addition, all explanations and no-goods are generated by logical

inferences from existing constraints. Thus, the empty no-good cannot

be inferred if the network is satisfiable.

Corollary 1. AABT is a correct and complete solver for hypergraph-
ical games.

Proof. From Proposition 1 and Theorems 1 to 3.

6 Empirical Study
In this section we experimentally compare AABT to ANT [5],

AABT+AC and ANT+AC [5]. In AABT+AC and ANT+AC arc con-

sistency (AC) is performed in a preprocessing phase before running

AABT and ANT. This processing phase is the table passing phase

of NashProp [12]. We do not compare the algorithms to NashProp

because in [5] it has been shown that ANT achieves orders of mag-

nitude improvements over NashProp. All the problems used for eval-

uating both algorithms were generated randomly and then modified

to ensure that at least one pure strategy Nash equilibrium exists. All

experiments were performed on the DisChoco 2.0 platform [17], in

which agents are simulated by Java threads that communicate only

through message passing. We evaluate the performance of the algo-

rithms by communication load and computation effort. Communica-

tion load is measured by the total number of exchanged messages

among agents during algorithm execution (#msg) [9]. Computation

effort is measured by the number of non-concurrent constraint checks

(#ncccs) [19]. #ncccs is the metric used in distributed constraint

solving to simulate the computation time. Algorithms are evaluated

on two random benchmarks: random regular graphical polymatrix

games, and random graphical polymatrix games.

Random regular graphical polymatrix games: are characterized

by 〈n, d, κ〉, where n is the number of players/agents, d is the num-

ber of strategies per agent, and κ represents the degree of each

agent. For each value combination a utility was uniformly selected

in {0, . . . , 9}. We solved and report the average over 25 instances of

four settings. The first and the fourth settings cover the experiments

presented in [5]. In the three first settings, we fixed the number of

strategies and the degree of each agent and varied the number of

agents in the range 6..16 by a step of 2 to guarantee the graphs are

κ-regular. In the first setting we generated 3 random connections for

each agent (κ=3) and fixed the number of strategies of each agent

at d=3. We then increase the number of strategies to d=5 in the

second setting and increase the degree of each agent to κ=4 in the

third setting.

Results are presented in Figure 3. Regarding the number of re-

quired messages to solve the problem (#msg), AABT improves

ANT by an order of magnitude in almost all instances of Figure 3.
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Figure 4. The #msg and #ncccs for solving random regular graphical

polymatrix games when varying the number of strategies in logarithmic scale.

In the first setting (Figure 3(a)), the improvement factor ranges be-

tween 3 for small problems and 15 on larger ones. In the second

setting (Figure 3(b)), the factor of improvement ranges between 5
for small problems and 29 on larger ones. In the third setting (Fig-

ure 3(c)), the factor of improvement ranges between 3 for small

problems and 35 on larger ones. For #ncccs, AABT outperforms

ANT, although the improvement is less significant than in #msg.

In small problems the two algorithms perform similarly. However,

in larger problems, the factor of improvement ranges from 4 in the

first setting (d=3, κ = 3) to 9 in the second (d=5, κ = 3) and

15 in the third (d=5, κ = 4). Regarding the AC, ANT+AC (resp.

AABT+AC) always improves ANT (resp. AABT) in #msg. For

#ncccs, AABT+AC always improves AABT, however, ANT+AC

only improves ANT on problems with larger number of agents (n >
10). AABT always improves ANT+AC and the improvement is more

significant (an order of magnitude improvement) in larger problems

of the second and the third setting when increasing the number of

strategies or the agents degrees. AABT+AC is clearly the best algo-

rithm for solving all instances in the three settings.

In the fourth setting (Figure 4) we generated random 3-regular

graphical polymatrix games (κ=3) where we fixed the number of

agents at n=10 and varied the number of strategies of all agents

in the range 4..10. Again, the results show that AABT outperforms

ANT and ANT+AC in all instances. Regarding #ncccs, the im-

provement factor ranges between 3 to 7. For #msg, in instances with

larger number of strategies the AABT improvement over ANT and

ANT+AC is again an order of magnitude. AABT and AABT+AC al-

gorithms perform almost similarly in all instances. ANT+AC shows

small improvement over ANT on #msg for problems with smaller

number of strategies.

Random graphical polymatrix games: are characterized by

〈n, d, ρ〉, where n is the number of players/agents, d is the num-

ber of strategies per player, ρ is the network connectivity defined

as the ratio of existing binary utility functions. For each value com-

bination a utility was uniformly selected from the set {0, . . . , 9}.

For each ρ ∈ {0.4, . . . , 0.9}, we generated 25 instances in the class

〈n=10, d=5, ρ〉. We report the average over these instances in Fig-

ure 5. The results demonstrate that AABT improves ANT algorithm
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Figure 5. The #ncccs performed and #msg exchanged for solving prob-

lems where 〈n = 10, d = 5, ρ〉 in logarithmic scale.

in both #msg and #ncccs. This improvement is over an order of

magnitude on dense problems, ρ ≥ 6. In contrast to κ-regular games,

the improvement on #ncccs is more significant than on #msg.

Specifically, the improvement factor on #ncccs when ρ= .8 is 30
while it is 22 regarding the #msg. Regarding AC, our results con-

firm those of [5] that if pruning is limited, AC can create a significant

overhead.

Summary: In all our experimentation, AABT always improves ANT

and ANT+AC in both metrics #msg and #ncccs. This improve-

ment is more significant on harder problems (when increasing the

number of players/agents and/or the number of strategies of each

player and/or the degree of each agent). In sparse problems of κ-

regular graph κ=3, AABT improves the #ncccs slightly compared

to ANT.8 However, this improvement is more significant on dense

graphical polymatrix games. AABT+AC only improves AABT on

sparse problems. AC is harmful for hard problems because it does

not lead to domain filtering when problems are dense and/or large

with a large number of strategies.

7 Conclusion

We studied the problem of finding an approximate Nash Equilibrium

in hypergraphical games, an elegant framework for modeling col-

laboration in multi-agent systems within strategic environments. Our

study is based on asymmetric distributed constraint satisfaction, an

efficient tool for distributed problem solving allowing agents to keep

their utilities private. We proposed a new model of hypergraphical

games as an asymmetric DisCSP based on ε-BRConstraint, a new

global constraint modeling hypergraphical games using the original

compact representation of the subgames with a filtering algorithm

of dominated strategies. Finally we introduced a new asynchronous

algorithm for solving (asymmetric) DisCSP, in order to find Nash

Equilibria for hypergraphical games. This achieves an order of mag-

nitude improvement in messaging and in non-concurrent computa-

tion time on dense problems compared to state-of-the art algorithms.

8 In our implementation, table constraints are presented in lexicographic
ordering of tuples and we use a dichotomic search (log(κi + 1)) to check
the consistency of each tuple.
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Summary Information for Reasoning About
Hierarchical Plans

Lavindra de Silva1
and Sebastian Sardina2

and Lin Padgham2

Abstract.

Hierarchically structured agent plans are important for ef-
ficient planning and acting, and they also serve (among other
things) to produce “richer” classical plans, composed not
just of a sequence of primitive actions, but also “abstract”
ones representing the supplied hierarchies. A crucial step for
this and other approaches is deriving precondition and effect
“summaries” from a given plan hierarchy. This paper provides
mechanisms to do this for more pragmatic and conventional
hierarchies than in the past. To this end, we formally define
the notion of a precondition and an effect for a hierarchical
plan; we present data structures and algorithms for automati-
cally deriving this information; and we analyse the properties
of the presented algorithms. We conclude the paper by detail-
ing how our algorithms may be used together with a classical
planner in order to obtain abstract plans.

INTRODUCTION

This paper provides effective techniques for automatically ex-
tracting abstract actions and plans from a supplied hierarchi-
cal agent plan-library. Hierarchically structured agent plans
are appealing for efficient acting and planning as they em-
body an expert’s domain control knowledge, which can greatly
speed up the reasoning process and cater for non-functional
requirements. Two popular approaches based on such repre-
sentations are Hierarchical Task Network (HTN) [7, 10] plan-
ning and Belief-Desire-Intention (BDI) [18] agent-oriented
programming. While HTN planners “look ahead” over a sup-
plied collection of hierarchical plans to determine whether a
task has a viable decomposition, BDI agents interleave this
process with acting in the real world, thereby trading off
solution quality for faster responsiveness to environmental
changes. Despite these differences, HTN and BDI systems are
closely related in both syntax and semantics, making it pos-
sible to translate between the two representations [19, 20].

While HTN planning and BDI execution are concerned with
decomposing hierarchical structures (offline and online, re-
spectively), one may perform other kinds of reasoning with
them that do not necessarily require or amount to decom-
positions. For example, [5] and [21, 22] perform reasoning
to coordinate the execution of abstract steps, so as to pre-
empt potential negative interactions or exploit positive ones.

1 Institute for Advanced Manufacturing, University of Nottingham,
Nottingham, UK, e-mail: lavindra.desilva@nottingham.ac.uk

2 RMIT University, Melbourne, Australia, e-mail: {ssardina,
linpa}@cs.rmit.edu.au

In [6], the authors propose a novel application of such hierar-
chies to produce “richer” classical plans composed not just of
sequences of primitive actions, but also of “abstract” steps.
Such abstract plans are particularly appealing in the context
of BDI and HTN systems because they respect and re-use
the domain control knowledge inherent in such systems, and
they provide flexibility and robustness: if a refinement of one
abstract step happens to fail, another option may be tried to
achieve the step.

A pre-requisite for these kinds of reasoning is the availabil-
ity of meaningful preconditions and effects for abstract steps
(i.e., compound tasks in HTN systems or event-goals in BDI
languages). Generally, this information is not supplied explic-
itly, but embedded within the decompositions of an abstract
step. This paper provides techniques for extracting this infor-
mation automatically. The algorithms we develop are built
upon those of [5] and [21, 22], which calculate offline the
precondition and effect “summaries” of HTN-like hierarchi-
cal structures that define the agents in a multi-agent system,
and use these summaries at runtime to coordinate the agents
or their plans. The most important difference between these
existing techniques and ours is that the former are framed
in a propositional language, whereas ours allow for first-order
variables. This is fundamental when it comes to practical ap-
plicability, as any realistic BDI agent program will make use of
variables. A nuance worth mentioning between our work and
that of Clement et al. is that the preconditions we synthesise
are standard classical precondition formulas (with disjunc-
tion), whereas their preconditions are (essentially) two sets of
literals: the ones that must hold at the start of any successful
execution of the entity, and the ones that must hold at the
start of at least one such execution. Yao et al. [25] extend
the above two strands of work to allow for concurrent steps
within an agent’s plan, though still not first-order variables.

Perhaps the only work that computes summaries (“exter-
nal conditions”) of hierarchies specifying first-order variables
is [23]. The authors automatically extract a weaker form of
summary information (what we call “mentioned” literals) to
inform the task selection strategy of the UMCP HTN planner:
tasks that can possibly establish or threaten the applicability
of other tasks are explored first. They show that even weak
summary information can significantly reduce backtracking
and increase planning speed. However, the authors only pro-
vide insights into their algorithms for computing summaries.

We note that we are only concerned here with how to ex-
tract abstract actions (with corresponding preconditions and
effects), and eventually abstract plans, from a hierarchical

ECAI 2016
G.A. Kaminka et al. (Eds.)

© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms

of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-1300

1300



know-how structure. Consequently, unlike existing useful and
interesting work [11, 8, 2, 1], our approach does not directly
involve guiding a planner toward finding a suitable primitive
plan. We also do not aim to build new “macro” actions from
sample primitive solution plans, as done in [3], for example.

Thus, the contributions of this paper are as follows. First,
we develop formal definitions for the notions of a precondi-
tion and an effect of an (abstract) event-goal. Second, we
develop algorithms and data structures for deriving precon-
dition and effect summaries from an event-goal’s hierarchy.
Unlike past work, we use a typical BDI agent programming
language framework; in doing so, we allow for variables in
agent programs—an important requirement in practical sys-
tems. Our chosen BDI agent programming language cleanly
incorporates the syntax and semantics of HTN planning as a
built-in feature, making our work immediately accessible to
both communities. Finally, we show how derived event-goal
summaries may be used together with a classical planner in
order to obtain abstract plans (which can later be further
refined, if desired, to meet certain properties [6]).

THE HIERARCHICAL FRAMEWORK

Our definitions, algorithms, and results are based on the for-
mal machinery provided by the CANPlan [20] language and
operational semantics. While designed to capture the essence
of BDI agent-oriented languages, it directly relates to other
hierarchical representations of procedural knowledge, such as
HTN planning [7, 10], both in syntax and semantics.

A CANPlan BDI agent is created by the specification of a
belief base B, i.e., a set of ground atoms, a plan-library Π, i.e.,
a set of plan-rules, and an action-library Λ, i.e., a set of action-
rules. A plan-rule is of the form e(v):ψ ← P , where e(v) is an
event-goal, v is a vector of distinct variables, ψ is the context
condition, and P is a plan-body or program.3 The latter is
made up of the following components: primitive actions (act)
that the agent can execute directly; operations to add (+b)
and remove (−b) beliefs; tests for conditions (?φ); and event-
goal programs (!e), which are simply event-goals combined
with the label “!”. These components are composed using the
sequencing construct P1;P2. While the original definition of
a plan-rule also included declarative goals and the ability to
specify partially ordered programs [24], we leave out these
constructs here and focus only on an AgentSpeak-like [17],
typical BDI agent programming language.

There are also additional constructs used by CANPlan in-
ternally when attaching semantics to constructs. These are
the programs nil , P1 � P2, and �ψ1 : P1, . . . , ψn : Pn�. Intu-
itively, nil is the empty program, which indicates that there is
nothing left to execute; program �ψ1 : P1, . . . , ψn : Pn� repre-
sents the plan-rules that are relevant for some event-goal; and
program P1 � P2 realises failure recovery: program P1 should
be tried first, failing which P2 should be tried. The complete
language of CAN, then, is described by the grammar

P ::= nil | act | ?φ | +b | −b | !e | P1;P2 | P1 � P2 |�ψ1 : P1, . . . , ψn : Pn�.
The behaviour of a CANPlan agent is defined by a set of

derivation rules in the style of Plotkin’s structural single-step

3 In [20] an event-goal is of the form e(t) where t is a vector of
terms. Here, we replace t with v and assume WLOG that ∀ti ∈
t, ψ ⊃ (ti = vi), where vi ∈ v.

operational semantics [15]. The transition relation on a config-
uration is defined using one or more derivation rules. Deriva-
tion rules have an antecedent and a conclusion: the antecedent
can either be empty, or it can have transitions and auxiliary
conditions; the conclusion is a single transition. A transition
C −→ C′ within a rule denotes that configuration C yields
configuration C′ in a single execution step, where a configu-
ration is the tuple 〈B,A,P〉 composed of a belief base B, a
program P , and the sequence A of actions executed so far.

Construct C
t
−→ C′ denotes a transition of type t, where

t ∈ {bdi, plan}; when no label is specified on a transition both
types apply. Intuitively, bdi-type transitions are used for the
standard BDI execution cycle, and plan-type transitions for
(internal) deliberation steps within a planning context. By
distinguishing between these two types of transitions, certain
rules can be disallowed from being used in a planning context,
such as those dealing with BDI-style failure handling.

We shall describe three of the CANPlan derivation rules.
The rule below states that a configuration 〈B,A, !e〉 evolves
into a configuration 〈B,A, �Δ�〉 (with no changes to B and A)
in one bdi- or plan-type execution step, with �Δ� being the set
of all relevant plan-rules for e, i.e., the ones whose handling
event-goal unifies with e; mgu stands for “most general uni-
fier” [12]. From �Δ�, an applicable plan-rule—one whose con-
text condition holds in B—is selected by another derivation
rule and the associated plan-body scheduled for execution.

Δ = {ψiθ : Piθ | e
′ : ψi ← Pi ∈ Π ∧ θ = mgu(e, e′)}

〈B,A, !e〉 −→ 〈B,A, �Δ�〉
The Plan construct incorporates HTN planning as a built-

in feature of the semantics. The main rule defining the con-
struct states that a configuration 〈B,A,Plan(P)〉 evolves into
a configuration 〈B′,A′,Plan(P ′)〉 in one bdi-type execution
step if the following two conditions hold: (i) configuration
〈B,A,P〉 yields configuration 〈B′,A′,P ′〉 in one plan-type ex-
ecution step, and (ii) it is possible to reach a final config-
uration 〈B′′,A′′,nil〉 from 〈B′,A′,P ′〉 in a finite number of
plan-type execution steps. Thus, executing the single bdi-type
step necessitates zero or more internal “look ahead” steps that
check for a successful HTN execution of P .

Unlike plan-rules, any given action program will have ex-
actly one associated action-rule in the action-library Λ. Like
a STRIPS operator, an action-rule act : ψ ← Φ+;Φ− is such
that act is a symbol followed by a vector of distinct vari-
ables, and all variables free in ψ, Φ+ (the add list) and Φ−

(the delete list) are also free in act. We additionally expect
any action-rule act : ψ ← Φ−;Φ+ to be coherent : that is, for
all ground instances actθ of act, if ψθ is consistent, then
Φ+θ∪{¬b | b ∈ Φ−θ} is consistent. For example, while the rule
R corresponding to an action move(X,Y ) with precondition
at(X)∧¬at(Y ) (or X 	= Y ) and postcondition ¬at(X)∧at(Y )
is coherent, the same rule with precondition true is not, as
there will then be a ground instance of R such that its pre-
condition is consistent but its postcondition is not: both its
add and delete lists contain the same atom.

ASSUMPTIONS

We shall now introduce some of the definitions used in the rest
of the paper and concretise the rest of our assumptions. As
usual, we use x and y to denote vectors of distinct variables,
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and t to denote a vector of (not necessarily distinct) terms.
Moreover, since the language of CANPlan allows variables
in programs, we shall frequently make use of the standard
notions related to substitutions [12].

We assume that the plan-library does not have recursion.
Formally, we assume that a ranking exists for the plan-library,
i.e., that it is always possible to give a child a smaller rank
(number) than its parent. We define a ranking as follows.

Definition 1 (Ranking) A ranking for a plan-library Π is a
functionRΠ : EΠ 
→ N0 from event-goal types mentioned in Π
to natural numbers, such that for all event-goals e1, e2 ∈ EΠ

where e2 is the same type as some e3 ∈ children(e1,Π), we
have that RΠ(e1) > RΠ(e2).

4
�

In addition, we define the following two related notions:
first, given an event-goal type e, RΠ(e) denotes the rank of
e in Π; and second, given any event-goal e(t) mentioned in
Π, we define RΠ(e(t)) = RΠ(e(x)) (where |x| = |t|), i.e., the
rank of an event-goal is equivalent to the rank of its type. In
order that these and other definitions also apply to event-goal
programs, we sometimes blur the distinction between event-
goals e and event-goal programs !e.

Finally, we assume that context conditions are written with
appropriate care. Specifically, if there is no environmental in-
terference, whenever a plan-rule is applicable it should be pos-
sible to successfully execute the associated plan-body with-
out any failure and recovery; this disallows rules such as
e : true ←?false. Our definition makes use of the notion of
a projection: given any configuration 〈B,A,P〉, we define the
projection of the first component of the tuple as C|B , the
second as C|A, and the third as C|P .

Definition 2 (Coherent Library) A plan-library Π is
coherent if for all rules e : ψ ← P ∈ Π, ground instances eθ
of e, and belief bases B, whenever B |= ψθθ′ (where ψθθ′ is
ground) there is a successful HTN execution C1·. . .·Cn of Pθθ′

(relative to Π) with C1|B = B. A successful HTNexecution of
a program P relative to a plan-library is any finite sequence
of configurations C1 · . . . ·Cn such that C1|P = P , Cn|P = nil ,

and for all 0 < i < n,Ci
plan
−→ Ci+1. �

Intuitively, the term HTN execution simply denotes a BDI
execution in which certain BDI-specific derivation rules asso-
ciated with failure and recovery have not been used.

SUMMARY INFORMATION

We can now start to define what we mean by preconditions
and postconditions/effects of event-goals; some of these def-
initions are also used later in the algorithms. As a first step
we define these notions for our most basic programs.

A basic program is either an atomic program or a primitive
program. Formally, a program P is an atomic program (or
simply atomic) if P =!e | act | +b | −b |?φ, and P is a
primitive program if P is an atomic program that is not an
event-goal program. Then, like the postcondition of a STRIPS

4 We define the function children(ê,Π) = {e | e′ : ψ ← P ∈
Π, ê and e′ are the same type, P mentions !e}, where two event-
goals are the same type if they have the same predicate symbol
and arity. The type of an event-goal e(t) is defined as e(x), where
|x| = |t|.

action, the postcondition of a primitive program is simply the
atoms that will be added to and removed from the belief base
upon executing the program. Formally, the postcondition of a
primitive program P relative to an action-library Λ, denoted
post(P,Λ), is the set of literals post(P,Λ) =

8

>

>

>

>

>

<

>

>

>

>

>

:

∅ if P =?φ,
{b} if P = +b,
{¬b} if P = −b,
Φ+θ ∪ {¬b | b ∈ Φ−θ} if P = act and there exists

an act ′ : ψ ← Φ+;Φ− ∈ Λ
such that act = act′θ.

The postcondition of a test condition is the empty set because
executing a test condition does not result in an update to the
belief base. The postcondition of an action program is the
combination of the add list and delete list of the associated
action-rule, after applying the appropriate substitution.

While this notion of a postcondition as applied to a primi-
tive program is necessary for our algorithms later, we do not
also need the matching notion of a precondition of a primi-
tive program. Such preconditions are already accounted for
in context conditions of plan-rules, by virtue of our assump-
tion (Definition 2) that the latter are coherent. What we do
require, however, is the notion of a precondition as applied to
an event-goal. This is defined as any formula such that when-
ever it holds in some state there is at least one successful HTN
execution of the event-goal from that state.

Definition 3 (Precondition) A formula φ is said to be a
precondition of an event-goal !e (relative to a plan- and an
action-library) if for all ground instances !eθ of !e and belief
bases B, whenever B |= φθ, there exists a successful HTN
execution C1 · . . . · Cn of !eθ, where C1|B = B. �

Unlike the postcondition of a primitive program, the post-
condition of an event-goal program—and indeed any arbitrary
program P—is non-deterministic: it depends on what plan-
rules are chosen to decompose P . There are, nonetheless, cer-
tain effects that will be brought about irrespective of such
choices. We call these must literals: literals that hold at the
end of every successful HTN execution of P .

Definition 4 (Must Literal) Let P be a program and l a
literal where its variables are free in P . Then, l is a must literal
of P (relative to a plan- and action-library) if for any ground
instance Pθ of P and successful HTN execution C1 · . . . · Cn

of Pθ, we have that Cn|B |= lθ. �

A desirable consequence of the two definitions above is that
any given set of must literals of an event-goal, like the post-
condition of an action, is consistent whenever the event-goal’s
precondition is consistent.

Theorem 1 Let e be an event-goal, φ a precondition of e
(relative to a plan-library Π and an action-library Λ), and
Lmt a set of must literals of e (relative to Π and Λ). Then,
for all ground instances eθ of e, if φθθ′ is consistent for some
ground substitution θ′, then so is Lmtθ.

Proof Sketch. We prove this by contradiction. First, note
that since Lmtθ is a set of ground literals (by Definition 4
and because eθ is ground), if Lmtθ is consistent, then for all
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literals l, l′ ∈ Lmt it is the case that lθ 	= l′θ.5 If we assume
that the theorem does not hold, then there must be a ground
instance eθ of e such that φθθ′ is consistent for some ground
substitution θ′, but lθ = l′θ for some l, l′ ∈ Lmt.

Since φθθ′ is consistent, it is not difficult to show there is
a belief base B such that B |= φθθ′. Then, by Definition 3
there is also a successful HTN execution C1 · . . . · Cn of eθ
with C1|B = B. Moreover, since l, l′ are must literals of e
and eθ is ground, by Definition 4 we know that (i) lθ and l′θ
are also ground, and (ii) Cn|B |= lθ and Cn|B |= l′θ. This

leads to a contradiction of our assumption that lθ = l′θ. �

In addition to must literals, there are two related notions.
The first, called may summary conditions in [5], defines lit-
erals that hold at the end of at least one successful HTN
execution of the program, and the second, weaker notion de-
fines literals that are simply mentioned in the program or in
one of its “descendant” programs; such literals may or may
not be brought about when the program executes. It is this
second notion, called mentioned literals, that we use.

Definition 5 (Mentioned Literal) If P is a program, its
mentioned literals (relative to a plan-library Π and an action-
library Λ), denoted mnt(P ), is the set mnt(P ) =

8

>

>

>

<

>

>

>

:

post(P,Λ) if P = +b | −b | act | ?φ,
mnt(P1) ∪mnt(P2) if P = P1;P2,
{lθ′ | e ′ : ψ ← P ′ ∈ Π, if P = !e.
e = e′θ, l ∈ mnt(P ′),
θ′ is any substitution}

�

We use this weaker notion because the stronger notion of a
may summary condition in [5] is not suitable for our approach,
which reasons about plans that will not be interleaved with
one another—i.e., plans that will be scheduled as a sequence.
For example, consider the figure below, which shows a plan-
library for going to work on Fridays, possibly one belonging
to a larger library from an agent-based simulation. The ex-
pressions to the left and right sides of actions/plan-rules are
their preconditions and postconditions, respectively.

goToWorkFridays

goToWorkFridaysPlan

−→

travelToWork work haveDrinks intox travelHome

OR
driveHmPlanhaveCar ∧ ¬intox fuelUsed

travelHmByTaxiPlan ¬haveCar

travelHmByBusPlan ¬haveCar

event-goal

plan-rule

action

Observe that fuelUsed is actually never asserted in the con-
text of the hierarchy shown, because literal ¬intox (“not in-
toxicated”) in the context condition of driveHmPlan is con-
tradicted by literal intox . However, the algorithms in [5] will
still classify fuelUsed as a may summary condition of plan
goToWorkFridaysPlan , because some other plan may have a
step asserting ¬intox—perhaps a step that involves staying

5 The complement of a literal l ∈ {a,¬a}, denoted by l, is a if
l = ¬a, and ¬a otherwise.

overnight in a hotel nearby—that can be ordered to occur
between haveDrinks and travelHome .

Since we cannot rely on such steps, we settle for a weaker
notion—mentioned literals—than the corresponding defini-
tion of a may summary condition. By our definition there can
be literals that are mentioned in some plan-body but in fact
can never be asserted, because of interactions that preclude
the particular plan-body which asserts that literal from being
applied. We avoid the approach of disallowing interactions like
the one shown above in order to use the stronger notion of a
may summary condition because such interactions are natu-
ral in BDI and HTN domains: event-goals such as travelHome
are, intuitively, meant to be self-contained “modules” that can
be “plugged” into any relevant part of a hierarchical structure
in order to derive all or just some of their capabilities.

Finally, we conclude this section by combining the above
definitions of must and mentioned literals to form the defini-
tion of the summary information of a program.

Definition 6 (Summary Information) If P is a program,
its summary information (relative to a plan-library and an

action-library) is a tuple 〈P , φ,Lmt ,Lmn〉, where φ is a pre-
condition of P if P is an event-goal program, and φ = ε oth-
erwise; Lmt is a set of must literals of P ; and Lmn is a set of
mentioned literals of P . �

EXTRACTING SUMMARY
INFORMATION

With the formal definitions now in place, in this section we
provide algorithms to extract summary information for event-
goals in a plan-library. Moreover, we illustrate the algorithms
with an example, and analyse their properties.

Basically, we extract summary information from a given
plan-library and action-library by propagating up the sum-
mary information of lower-level programs, starting from the
leaf-level ones in the plan-library, until we eventually obtain
the summary information of all the top-level event-goals.

To be able to identify must literals, we need to be able to
determine whether a given literal is definitely undone, or must
undone, and possibly undone, or may undone in a program.
Informally, a literal l is must undone in a sequence P of atomic
programs if the literal’s negation is a must literal of some
atomic program in P . Formally, then, given a program P and
the set Δ of summary information of all atomic programs
in P , a literal l is must undone in P relative to Δ, denoted
Must-Undone(l, P,Δ), if there exists an atomic program P ′ in
P and a literal l′ ∈ Lmt, with 〈P ′, φ,Lmt ,Lmn〉 ∈ Δ, such that
l = l′, that is, l is the complement of l′.

Similarly, we can informally say that a literal l is may un-
done in a program P if there is a literal l′ that is a mentioned
(or must) literal of some atomic program in P such that l′

may become the negation of l after variable substitutions.
Formally, given a program P and the set Δ of summary infor-
mation of all atomic programs in P , a literal l is may undone
in P relative to Δ, denoted May-Undone(l, P,Δ), if there ex-
ists an atomic program P ′ in P , a substitution θ, and a literal
l′ ∈ Lmn,6 with 〈P ′, φ,Lmt ,Lmn〉 ∈ Δ, such that lθ = l′θ.

Algorithm 1. This is the top-level algorithm for comput-
ing the summary information Δ of event-goal types occurring

6 variables occurring in l′ are renamed to those not occurring in l
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Algorithm 1 Summ(Π,Λ)
Require: Plan-library Π and action-library Λ.
Ensure: Set of summary info. of event-goal types in Π.
1: Δ⇐ {〈P , ε, post(P ,Λ), post(P ,Λ)〉 |
P is a primitive program mentioned in Π}

2: E ⇐ {e(x) | e is an event-goal mentioned in Π}
3: for i⇐ min(R) to max(R) where
R = {RΠ(e) | e ∈ E} do // Recall RΠ(e) is the rank of e

4: for each e ∈ E such that RΠ(e) = i do
5: Δ⇐ Δ ∪

{SummPlan(P,Π,Λ,Δ) | e ′ : ψ ← P ∈ Π, e′ = eθ}
6: Δ⇐ Δ ∪ {SummEvent(e,Π,Δ)}
7: return Δ \ {u | u ∈ Δ,
u is not the summary information of an event-goal}

Algorithm 2 SummPlan(P,Π,Λ,Δin)
Require: Plan-body P ; plan-library Π; action-library Λ; and

the set Δin of summary information of primitive programs
and event-goal types mentioned in P .

Ensure: The summary information of P .
1: Δ⇐ Δin ∪ {〈!e(x), φ, Lmt, Lmn〉θ | !e(t) occurs in P,
〈e(x), φ,Lmt, Lmn〉 ∈ Δin, e(t) = e(x)θ}

// We assume variables in Lmn are appropriately renamed

2: Let P = P1;P2; . . . ;Pn where each Pi is atomic
3: Lmt

P ⇐ {l | l ∈ Lmt, 〈Pi , φ,L
mt ,Lmn〉 ∈ Δ,

i ∈ {1, . . . , n},¬May-Undone(l, Pi+1; . . . ;Pn,Δ)}
4: Lmn

P ⇐ {l | l ∈ Lmt ∪ Lmn, 〈Pi , φ,L
mt ,Lmn〉 ∈ Δ,

i ∈ {1, . . . , n},¬Must-Undone(l, Pi+1; . . . ;Pn,Δ)}
5: return 〈P , ε,Lmt

P ,Lmn
P 〉

Algorithm 3 SummEvent(e(x),Π,Δ)

Require: Event-goal type e(x); plan-library Π; and the set
Δ of summary information of plan-bodies of plan-rules
e ′ : ψ ← P ∈ Π such that e′ = e(x)θ.

Ensure: The summary information of e(x).
1: φ⇐ false, Lmt ⇐ ∅, Lmn ⇐ ∅, and S ⇐ ∅

// Lmt, Lmn are sets of literals and S is a set of sets of literals

2: for each e(y):ψ ← P ∈ Π such that e(x) = e(y)θ do
3: φ⇐ φ ∨ ψθ

// Relevant variables in ψ and Lmt
P
, Lmn

P
below are renamed

4: S ⇐ S ∪ {Lmt
P θ}, where 〈P , ε,Lmt

P ,Lmn
P 〉 ∈ Δ

5: Lmn ⇐ Lmn ∪ Lmn
P θ

6: if S 	= ∅ then // Obtain the must literals of e(x)

7: Lmt ⇐
T

S
8: Lmt ⇐ {l | l ∈ Lmt,

variables occurring in l also occur in e(x)}
9: return 〈e(x), φ, Lmt, Lmn〉

in the plan-library. The algorithm works bottom up, by sum-
marising first the leaf-level entities of the plan-library—the
primitive programs (line 1)—and then repetitively summaris-
ing plan-bodies (Algorithm 2) and event-goals (Algorithm 3)
in increasing order of their levels of abstraction (lines 3-6).

Algorithm 2. This algorithm summarises the given plan-
body P by referring to the set Δin containing the summary
information tuples of programs in P . First, the algorithm ob-
tains the summary information of each event-goal program in
the plan-body from the summary information of the corre-
sponding event-goal types in Δin (line 1). This involves sub-
stituting variables occurring in relevant summary information
tuples in Δ with the corresponding terms occurring in the
event-goal program being considered. Second, the algorithm
computes the set of must literals (Lmt

P ) and the set of men-
tioned literals (Lmn

P ) of the given plan-body P , by determin-
ing, from the must and mentioned literals of atomic programs
in P , which literals will definitely hold and which ones will

only possibly hold on successful executions of P (lines 3 and
4). More precisely, a must literal l of an atomic program Pi

in P = P1; . . . ;Pn is classified as a must literal of P only if
l is not may undone in Pi+1; . . . ;Pn (line 3). Otherwise, l is
classified as only a mentioned literal of P , provided l is not
also must undone in Pi+1; . . . ;Pn (line 4). The reason we do
not summarise literals that are must undone is to avoid miss-
ing must literals in cases where they are possibly undone but
then later (definitely) reintroduced, as we illustrate below.

Suppose, on the contrary, that the algorithm does sum-
marise mentioned literals that are must undone. Then, given
the plan-library below, the algorithm would (hypothetically)
compute the summary information denoted by the two sets
attached to each node, the one on the left being its set of must
literals and the one on the right its set of mentioned literals.

e0

R0

−→
{}{p,¬p,q}

a0 p e1

OR

{}{p,¬p,q}

R1

−→
{p}{p,¬p}

a1 ¬p a2 p

R2 {q}{q}

a3 q

event-goal

plan-rule

action

Observe that literal p asserted by a0 is not recognised as a
must literal of R0 simply because it is may undone by men-
tioned literal ¬p of e1 (asserted by a1), despite the fact that
action a2 of R1 also subsequently adds p. On the other hand,
our algorithm does recognise p as a must literal of R0 by not
including ¬p in the set of mentioned literals of R1 (line 4).

Algorithm 3. This algorithm summarises the given event-
goal type e(x) by referring to the set Δ containing the sum-
mary information tuples associated with the plan-bodies of
plan-rules handling e(x). In lines 2 and 3, the algorithm takes
the precondition of the event-goal as the disjunction of the
context conditions of all associated plan-rules.7 Then, the al-
gorithm obtains the must and mentioned literals of the event-
goal by respectively taking the intersection of the must literals
of associated plan-rules (lines 4 and 7), and the union of the
mentioned literals of associated plan-rules (line 5). Applying
substitution θ in line 4 helps recognise must literals of e(x),
by ensuring that variables occurring in the summary informa-
tion of its associated plan-bodies have consistent names with
respect to e(x).

An illustrative example

We shall illustrate the three algorithms with the example of
a simple agent exploring the surface of Mars. A part of the
agent’s domain is depicted as a hierarchy in Figure 1. The hi-
erarchy’s top-level event-goal is to explore a given soil location
Y from current location X. This is achieved by plan-rule R0,
which involves navigating to the location and then doing a soil
experiment. Navigation is achieved by rules R1 and R2, which
involve moving to the location, possibly after calibrating some
of the rover’s instruments. Doing a soil experiment involves
the two sequential event-goals of getting soil results for Y and

7 We do not need to “propagate up” context conditions as we do
with plan-bodies’ summary information because higher-level con-
text conditions account for lower-level ones due to Definition 2.
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transmitting them to the lander. Specifically, the former is re-
fined into actions such as determining moisture content and
average soil particle size, and transmitting results involves ei-
ther establishing a connection with the lander, sending it the
results, and then terminating the connection, or if the lander
is not within range, navigating to it and uploading the soil re-
sults. The table in Figure 1 shows the summary information
computed by our algorithms for elements in the figure’s hier-
archy. Below, we describe some of the more interesting values
in the table.

Plan-body P7. Must literals ¬at(Y ) and at(L) of P7 are
derived from those of nav(X,Y ), after renaming variables X
and Y to respectively Y and L in line 1 of Algorithm 2.

Plan-body P4.While hSS(Y ) is a must literal of P4’s prim-
itive action pickSoil(Y ), the literal is must undone by P4’s last
primitive action dropSoil (Y ). Thus, hSS(Y ) is not a must (nor
mentioned) literal of P4. On the other hand, literal ¬hSS (Y )
is indeed a must literal of P4, along with literals hMC (Y )
and hPS(Y ), both of which are derived from the summary
information of event-goal analyseSoil (Y ).

Plan-body P0. While ¬at(X) is a must literal of event-
goal nav(X,Y ), it is only a mentioned literal of P0 because
it is may undone in event-goal doSoilExp(Y ); specifically, its
mentioned literal at(L) is such that ¬at(X)θ = ¬at(L)θ for
θ = {X/L}. Similarly, must literal at(Y ) of nav(X,Y ) is also
may undone in doSoilExp(Y ).

Event-goal transmitRes(Y ). Since literal rT (Y ) is a must
literal of both of the event-goal’s associated plan-bodies P6

and P7, and Y also occurs in the event-goal, the literal is
classified as a must literal of the event-goal. Recall that this
means that for any ground instance transmitRes(Y )θ of the
event-goal, literal rT (Y )θ holds at the end of any successful
HTN execution of transmitRes(Y )θ.

Soundness and Completeness

We shall now analyse the properties of the algorithms pre-
sented. We show that they are sound, and we then discuss
completeness. First, it is not difficult to see that the presented
algorithms terminate, and that they run in polynomial time.

Theorem 2 Algorithm 1 always terminates, and runs in
polynomial time on the number of symbols occurring in Π∪Λ.

Proof Sketch. Since the algorithms presented are non-
recursive, the only non-trivial part of the proof concerns
the procedure for computing a unification when determining
whether May-Undone(l, P,Δ) holds (for a literal l, program
P , and a set Δ of summary information). In [13], one such
unification procedure is presented that is linear on the number
of symbols occurring in the two literals to be unified. �

This result is important when the plan-library changes over
time, e.g. because the agent learns from past experience, and
summary information needs to be recomputed frequently, or
when it needs to be computed right at the start of HTN plan-
ning, as done in [23].

The next result states that whenever Algorithm 1 (Summ)
classifies a literal as a must literal of an event-goal, this is
guaranteed to be the case, and that the algorithm correctly
computes its precondition and mentioned literals. More specif-
ically, any computed tuple, which includes one event-goal type

e, formula φ and must literals Lmt, respects Definitions 3 and
4. Moreover, there is exactly one tuple associated with e.

Theorem 3 Let Π be a plan-library, Λ be an action-library,
e be an event-goal type mentioned in Π, and let Δout =
Summ(Π,Λ). There exists one tuple 〈e, φ,Lmt ,Lmn〉 ∈ Δout,
the tuple is the summary information of e, and Lmn ⊆ mnt(e)
(recall mnt(e) denotes the mentioned literals of e).

Proof Sketch. We prove this by induction on e’s rank in
Π. First, from our ranking function we obtain a new one RΠ

by making event-goal ranks “contiguous” and start from 0.
For the base case, take any event-goal e with RΠ(e) = 0.

According to Definition 1 (Ranking), if RΠ(e) = 0, then
children(e,Π) = ∅. Thus, for all rules e′ : ψ ← P ∈ Π
such that e = e′θ, no event-goals occur in P . Let Pall be
the set of plan-bodies of all such rules. Then, the two main
steps are as follows. First, we show that due to line 1 of
procedure Summ(Π,Λ) there is exactly one summary tuple
〈P ′, ε,Lmt

P ′ ,Lmn
P ′ 〉 ∈ Δ for each primitive program P ′ men-

tioned in each P ∈ Pall. Second, since SummPlan(P,Π,Λ,Δ)
is called in line 5 for each plan-body P ∈ Pall, we show that on
the completion of this line, there is exactly one summary tuple
〈P , ε,Lmt

P ,Lmn
P 〉 ∈ Δ for each plan-body P ∈ Pall. A similar

argument applies to line 6.
For the induction hypothesis, we assume that the theorem

holds if RΠ(e) ≤ k, for some k ∈ N0.
For the inductive step, we show that the theorem holds

for RΠ(e) = k + 1. The main steps are as follows. Let Eall

denote the (non-empty) set of event-goal types mentioned in
all plan-bodies P ∈ Pall, where Pall is as before. By Definition
1, we know that for all e′ ∈ Eall, RΠ(e′) < RΠ(e). Then, by
the induction hypothesis, it follows that for each e′ ∈ Eall,
there is exactly one tuple 〈e ′, φe′ ,L

mt
e′ ,L

mn
e′ 〉 ∈ Δ, and this

tuple is the summary information of e′. Finally, since e
has a higher rank than those of all event-goals e′ ∈ Eall,
Summ(Π,Λ) will only call SummEvent(e, . . .) after the above
tuples are added to Δ, resulting in tuple 〈e, φ,Lmt ,Lmn〉 also
being added to Δ. �

Next, we discuss completeness. The theorem below states
that any precondition computed by Algorithm 3 is complete:
i.e., given any state from where there is a successful HTN
execution of an event-goal, the precondition extracted for the
event-goal will hold in that state. This theorem only concerns
Algorithm 3 because we can compute preconditions of event-
goals without needing to compute preconditions of plans.

Theorem 4 Let Π be a plan-library, Λ an action-library, e
an event-goal type mentioned in Π, and let 〈e, φ,Lmt ,Lmn〉 ∈
Summ(Π,Λ). For all ground instances !eθ of !e and belief bases
B such that there exists a successful HTN execution C1 ·. . .·Cn

of !eθ with C1|B = B, it is the case that B |= φθ.

Proof Sketch. We prove that if !eθ has a successful HTN
execution, there is also a plan-rule e ′ : ψ ← P ∈ Π associated
with e such that B |= ψ′θ holds, where ψ′ is an appropriate
renaming of variables in ψ. We then show that ψ′ is a
disjunct of φ, from which it follows that B |= φθ. �

There are, however, situations where the algorithms do not
detect all must literals of an event-goal. The underlying reason
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explore(X,Y )

R0

−→

nav(X,Y )

or

R1

−→

calib move(X,Y )

R2

move(X,Y )

doSoilExp(Y )

R3

−→

getSoilRes(Y )

R4

−→

pickSoil(Y ) analyseSoil (Y )

R5

−→

getMoisture(Y ) getSoilSize(Y )

dropSoil (Y )

transmitRes(Y )

or

R6

−→

establishCon sendRes(Y ) breakCon

R7

−→

nav(Y,L) uploadRes(Y )

event-goal

plan-rule

action

Program Must Literals Mentioned Literals
calib cal -
move(X, Y ) ¬at(X), at(Y ) -
pickSoil(Y ) hSS (Y ) -
dropSoil(Y ) ¬hSS (Y ) -
getMoisture(Y ) hMC (Y ) -
getSoilSize(Y ) hPS (Y ) -
establishCon cE -
sendRes(Y ) rT (Y ) -
breakCon ¬cE -
uploadRes(Y ) rT (Y ) -
P1 ¬at(X), at(Y ), cal -
P2 ¬at(X), at(Y ) -
P5 hMC (Y ), hPS (Y ) -
P4 hMC (Y ), hPS (Y ), -

¬hSS (Y ) -
P6 rT (Y ),¬cE -
P7 ¬at(Y ), at(L), cal

rT (Y )
P3 rT (Y ), hMC (Y ), ¬cE ,¬at(Y ), at(L),

hPS (Y ),¬hSS(Y ) cal
P0 rT (Y ), hMC (Y ), ¬cE , at(Y ),¬at(Y ),

hPS (Y ),¬hSS(Y ) at(L), cal ,¬at(X)
nav(X, Y ) ¬at(X), at(Y ) cal
analyseSoil(Y ) Same as P5 -
getSoilRes(Y ) Same as P4 -
transmitRes(Y ) rT (Y ) ¬cE ,¬at(Y ), at(L),

cal
doSoilExp(Y ) Same as P3 Same as P3

explore(X, Y ) Same as P0 Same as P0

Figure 1: Must and mentioned literals (right) of atomic programs and plan-bodies in the hierarchy (left). The rightmost column
only shows mentioned literals that are not also must literals. Abbreviations in the table are as follows: cal = calibrated , hSS =
haveSoilSample, hMC = haveMoistureContent , hPS = haveParticleSize , cE = connectionEstablished , rT = resultsTransmitted ,
and variable L = Lander. Rule R7’s context condition binds L to the lander’s location. Each plan-body Pi corresponds to rule
Ri in the hierarchy.

for this is that we do not reason about (FOL) precondition for-
mulas; specifically, we do not check entailment, because this
is semi-decidable in general [9]. In what follows, we use ex-
amples to characterise the four cases in which the algorithms
are unable to recognise must literals, and show how some of
the cases can be averted.

The first case was depicted in our example about going to
work on Fridays: by Definition 4, literal ¬haveCar is a must
literal of goToWorkFridaysPlan , but Algorithm 2 classifies it
as only a mentioned literal, as it cannot infer that the context
condition of rule driveHmPlan is contradicted by literal intox ,
and therefore that driveHmPlan can never be applied.

The second case is where a literal is a must literal simply
because it is entailed by a context condition. For example,
take an event-goal mov(P, T, L) that is associated with one
plan-rule, whose context condition checks whether package P
is in truck T , i.e., in(P, T ), and whose plan-body moves the
truck to location L. Observe that in(P, T ) is a must literal of
mov(P, T, L) by definition, but since in(P, T ) does not occur
in the plan-body, Algorithm 2 does not consider the literal.
We do not expect this to be an issue in practice, however,
because such literals are accounted for by the event-goal’s
(extracted) precondition.

The third case is where must literals are “hidden” due to
the particular variable/constant symbols chosen by the do-
main writer when encoding literals. For example, given the
following two plan-rules for an event-goal that sends an email
from F to T , literal sent(T ) is only a mentioned literal of
sendMail(F, T ) according to Algorithm 3 (line 7 in particu-

lar), but a must literal of it by definition:

sendMail(F ,T ) : (F 	= T )← +addedSignature ; +sent(T ),
sendMail(F ,T ) : (F = T )← +sent(F ).

Nonetheless, by changing +sent(F ) to +sent(T ), which
then mentions the same variable symbol as the first plan-
body, sent(T ) is identified by the algorithm as a must literal
of sendMail(F, T ). In general, such “hidden” must literals can
be disclosed by choosing terms with appropriate care.

Finally, while Algorithm 2 “conservatively” classifies any
must literal that is may undone as a may literal, it could still
be a must literal by definition. For example, given an event-
goal move(X,Y ), suppose that the following plan-rule is the
only one relevant for the event-goal:

move(X ,Y ) : at(X ) ∧ ¬at(Y )← −at(X ) ; +at(Y ).

Then, by Definition 4, both ¬at(X) and at(Y ) are must liter-
als of the event-goal, but only at(Y ) is its must literal accord-
ing to Algorithm 2, because it cannot infer that the context
condition entails X 	= Y .8 While the algorithm does fail to
detect some must literals in such domains, this can sometimes
be averted by encoding the domain differently. For example,
the above rule can be encoded as an action-rule instead, in
which case Algorithm 1 (in line 1) will classify ¬at(X) (and
at(Y )) as a must literal of move(X,Y ), under the assumption
that action-rules are coherent.

8 Note that if the context condition is just at(X), then, by defini-
tion, at(Y ) would indeed be the only must literal of the event-
goal, because it would then be possible for X and Y to have the
same value, and for at(Y ) to “undo” ¬at(X).
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AN APPLICATION TO PLANNING

One application of the algorithms presented is to create ab-
stract planning operators that may be used together with
primitive operators and a classical planner in order to obtain
abstract (or “hybrid”) plans. While [6] focuses on algorithms
for extracting an “ideal” abstract plan from an abstract plan
that is supplied, here we give the details regarding how a first
abstract plan may be obtained.

To get abstract operators Λa from a plan-library Π and
an action-library Λ, we take the set Δ = Summ(Π,Λ) and
create an (abstract) operator for every summary information
tuple 〈e, φ,Lmt ,Lmn〉 ∈ Δ. To this end, we take the operator’s
name as e, appended with its arity and combined with any ad-
ditional variables occurring in φ; the operator’s precondition
as φ; and its postcondition as the set of must literals Lmt.

Since mentioned literals of event-goals are not included in
their associated abstract operators, it is crucial that we as-
certain whether these literals will cause unavoidable conflicts
in an abstract plan found. For example, consider the classical
planning problem with initial state p and goal state r, and the
abstract plan e1 · e2 consisting of two event-goals (or abstract
operators). Suppose e1 and e2 have the following plan-rules:

e1 : true ← +p; +q e1 : true ← −p; +q e2 : p ∧ q ← +r

Notice that the postconditions (must literals) of abstract
operators e1 and e2 are respectively q and r, and that e1 · e2
is a classical planning solution for the given planning problem.
However, when this plan is executed, if e1 is decomposed using
its second plan-rule, this will cause (mentioned literal) ¬p to
be brought about, thereby invalidating the context condition
of e2 (which requires p).

To check for such cases, we present the following simple
polynomial-time algorithm. Suppose that P = P1; . . . ;Pn is
the program corresponding to a classical planning solution
P ′

1 · . . . · P
′

n for some planning problem, where each (ground)
Pi is either an action or event-goal. Then, we say that P is
correct relative to Δ if for any (ground) literal l occurring in
the precondition of any Pi, the following condition holds: if l
is not must undone and it is may undone (relative to Δ) in the
preceding subplan P1; . . . ;Pi−1 by some mentioned literal l′ of
a step Pk in the subplan,9 then literal l, or its complement, is
also must undone (relative to Δ) in the steps Pk+1; . . . ;Pi−1.
Otherwise, P is said to be potentially incorrect . Interestingly,
the situation where l is must undone in P1; . . . ;Pi−1 is not un-
acceptable because it cannot invalidate the (possibly disjunc-
tive) precondition of Pi, given that P1; . . . ;Pn corresponds to
a solution for some classical planning problem. The following
theorem states that, as expected, a correct program P will
always have at least one successful HTN decomposition.

Theorem 5 Let Π be a plan-library, Λ an action-library,
Δ = Summ(Π,Λ), and P the program corresponding to a
solution for the classical planning problem 〈B,Bg ,Λ ∪ Λa〉,
where B and Bg are belief bases representing respectively ini-
tial and goal states. Then, if P is correct (relative to Δ), there

9 We rely here on a slightly extended version of the definition of
may undone from before, to have the exact step (Pk) and literal
(l′) responsible for the “undoing”. Moreover, observe that literals
l and l′ are obtained by applying the same substitution that the
planner applied to obtain P ′

i and P ′

k
, respectively.

is a successful HTN execution C1 · . . . · Cn of P such that
C1|B = B, C1|P = P and Cn|B |= Bg.

Proof Sketch. If there is no such successful execution, since
P = P1; . . . ;Pn is a classical planning solution, there must
be a mentioned literal of some Pi that intuitively “conflicts”
with a literal occurring in the precondition of some Pj , with
j > i. The classical planner will not have taken such conflicts
into account, but according to the definition of what it means
for P to be correct, such a mentioned literal cannot exist. �

If we find that P is potentially incorrect, we then deter-
mine whether it is definitely incorrect, i.e., whether there are
conflicts that are unavoidable. To this end, we look for a suc-
cessful HTN decomposition of P , failing which the plan is
discarded and the process repeated with a new abstract plan.

DISCUSSION & FUTURE WORK

We have presented definitions and sound algorithms for sum-
marising plan hierarchies which, unlike past work, are defined
in a typical and well understood BDI agent-oriented program-
ming language. By virtue of its syntax and semantics being
inherently tied to HTN planning, our work straightforwardly
applies to HTN planners such as SHOP [14]. Our approach is
closely related to [5], the main differences being that we sup-
port variables in agent programs, and we reason about non-
concurrent plans. While these do make a part of our approach
incomplete, we have shown how this can sometimes be averted
by writing domains with appropriate care. Crucially, we have
handled variables “natively”, without grounding them on a
finite set of constants. We concluded with one application of
our algorithms, showing how they can be used together with
a classical planner in order to obtain abstract plans.

We expect that the summaries we compute will be useful in
other applications that rely on similar information, such as co-
ordinating the plans of single [21, 22] and multiple [5] agents,
and particularly in improving HTN planning efficiency [23].
There is also potential for using such information as guidance
when creating agent plans manually [25].

Interestingly, the application we presented mitigates our
restriction that plan-libraries cannot be recursive, as the clas-
sical planner can, if necessary, repeat an event-goal in an ab-
stract plan. Nonetheless, allowing recursive plan-libraries is
still an interesting avenue for future work. Another useful im-
provement would be to allow partially ordered steps in plan-
bodies (i.e., the construct P ‖ P ′). Given a plan-library Π, one
potential approach to that end is to obtain the plan-library Π′

consisting of all linear extensions of plan-rules in Π, and then
use Π′ as the input into Algorithm 1 (Summ). We could use
existing, fast algorithms to generate linear extensions [16], or
consider simpler plan-rules corresponding to restricted classes
of partially ordered sets [4]. Finally, it would be interesting to
formally characterise the restricted class of domains in which
the presented algorithms are complete.
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Knowledge-Based Programs with Defaults
in a Modal Situation Calculus

Jens Claßen1 and Malte Neuss2

Abstract. We consider the realistic case of a GOLOG agent that

only possesses incomplete knowledge about the state of its environ-

ment and has to resort to sensing in order to gather additional infor-

mation at runtime, and where the agent is controlled by a knowledge-

based program in which test conditions explicitly refer to the agent’s

knowledge (or lack thereof). In this paper, we propose a formaliza-

tion of knowledge-based agents that extends earlier proposals by a

form of non-monotonic reasoning that includes Reiter-style defaults.

We present a reasoning mechanism that enables us to reduce projec-

tion queries about future states of the agent’s knowledge (including

nesting of epistemic modalities) to classical Default Logic, and pro-

vide a corresponding Representation Theorem. We thus obtain the

theoretical foundation for an implementation where reasoning sub-

tasks can be handed to an embedded off-the-shelf reasoner for De-

fault Logic, and that supports a (in some respects) more expressive

epistemic action language than previous solutions.

1 INTRODUCTION

The GOLOG [19, 4] family of action languages and the underlying

Situation Calculus action formalism [25, 32] are a popular means for

the high-level control of autonomous agents. Reiter [33] proposed an

extension for realistic scenarios where the agent possesses only in-

complete information about its surroundings and has to resort to run-

time sensing to fulfill its task. In what is called a knowledge-based
program, test conditions may then explicitly refer to the agent’s epis-

temic state, thus enabling it to reason about its own knowledge (or

lack thereof). Based on Scherl and Levesque’s [36] epistemic exten-

sion of the Situation Calculus, he furthermore provided a regression-

based reasoning procedure where deciding subjective queries about

future situations is reduced to standard theorem proving.

Nevertheless, Reiter’s approach came with some limitations. On

the one hand, the notion of only knowing [17] – the fact that the

agent’s knowledge base represents all and only what the agent knows

– is only formalized in a meta-theoretic manner, which makes theo-

retical considerations difficult. More importantly, despite the ability

to explicitly refer to the agent’s knowledge, he considers a very lim-

ited set of queries that disallows referring to future situations, nest-

ing of modal knowledge operators (needed for introspection) and

quantifying-in (necessary to distinguish “knowing that” from “know-

ing what”). Consider the well-known Wumpus domain [34], where

the agent acts in a grid world whose cells (called rooms) may be

occupied by pits (e.g. squares 〈3, 1〉 and 〈4, 4〉 in Figure 1) or the

1 Knowledge-Based Systems Group, RWTH Aachen University, Germany,
email: classen@kbsg.rwth-aachen.de

2 Knowledge-Based Systems Group, RWTH Aachen University, Germany,
email: malte.neuss@rwth-aachen.de
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Figure 1. Example Wumpus world

Wumpus (square 〈1, 4〉), each of which are lethal (entering such a

room causes the agent to die instantly). Initially, the agent is unaware

about the locations of pits and Wumpus, but in adjacent squares it

can sense a breeze (in the case of pits) or a stench (in the case of the

Wumpus) and use that information to infer which grid cells are safe.

The basic reasoning task during the execution of a knowledge-

based program that controls such an agent is to solve projection

queries, i.e. to decide whether some formula about the agent’s knowl-

edge after the execution of certain actions holds or not. For example,

[move(north)]K([sensebreeze]∃rK(Safe(r))) (1)

expresses that after moving north, it is known that when a

sensebreeze action is performed, the agent will come to know a room

that is safe. Claßen and Lakemeyer [3] proposed a new formalization

of knowledge-based programs based on the modal Situation Calcu-

lus variant ES [11, 10] that includes a modal operator O for only

knowing and that resorts to Levesque and Lakemeyer’s [18] Repre-

sentation Theorem in order to be able to evaluate conditions such as

the above.

So far, this approach requires the agent’s knowledge base to only

contain objective statements about the world such as the fact that a

room r is only safe if it does not contain a pit or the Wumpus:

¬Pit(r) ∧ ¬Wumpus(r) ⊃ Safe(r) (2)

However, often we may want to exploit more of the expressiveness of

ES and add non-objective formulas that represent defaults, and hence

enable non-monotonic reasoning. In the example, we could say that

any room that is potentially unsafe should be considered dangerous

(and thus avoided):

K(Room(r)) ∧M(¬Safe(r)) ⊃ Dangerous(r) (3)

Whereas K(α) is to be read as “α is known”, M(α) means “α is con-

sistent with what is known”. Dangerous(r) then is a default conclu-

sion that may later be withdrawn in face of new information obtained
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through sensing: If the agent neither senses a breeze nor a stench near

r, it concludes that that room neither contains a pit nor the Wumpus,

and hence does not regard it as dangerous anymore.

The main contribution of this paper is a new variant of Levesque

and Lakemeyer’s Representation Theorem for knowledge bases that

may contain such non-objective default rules. In the same way that

their method for objective knowledge bases reduces reasoning about

action and knowledge to standard first-order theorem proving, ours

will constitute a similar reduction to a standard non-monotonic rea-

soning method. In particular, we are interested in compatibility to

Reiter’s Default Logic [30], which will allow us to resort to existing

off-the-shelf reasoners for this formalism, including solvers for An-

swer Set Programming (ASP) [6] due to the well-known relationship

to normal logic programs under the stable model semantics [7].

For this purpose, we combine ES with O3L [12, 13], a logic that

establishes an exact correspondence between three variants of the

only-knowing operator O (along with the meaning of M) and dif-

ferent non-monotonic logics. In particular, Levesque’s original defi-

nition of only-knowing [18] corresponds to Moore’s Autoepistemic

Logic [26], in which case M(α) is interpreted as ¬K(¬α). More-

over, varying the semantics of O enables to capture Reiter’s Default

Logic, where the duality between M and K is given up, intuitively

because “ungrounded” extensions are treated differently.3

The remainder of this paper is organized as follows. In Section

2, we introduce our new logic called ESD that can be viewed as

amalgamation of Lakemeyer and Levesque’s ES (which supports ac-

tion, sensing, but no Reiter-style defaults) with the default part of

their logic O3L (which does not include actions and sensing). We

then proceed to show that the new logic is a unifying formalism that

serves as a coherent foundation for the definition of knowledge-based

agents. For this purpose, in Section 3 we extend the standard Situa-

tion Calculus and ES definitions of basic action theories (used for

axiomatizing dynamic domains) to the ESD case, and present a cor-

responding regression operator (used for reducing reasoning about

actions to reasoning about the initial situation). Section 4 then con-

tains our main contribution in form of a new variant of Levesque and

Lakemeyer’s Representation Theorem for eliminating knowledge op-

erators, now also accounting for defaults in the agent’s knowledge

base. Section 5 then discusses how to combine all above mentioned

results in order to implement a knowledge-based GOLOG agent ca-

pable of default reasoning. Finally, we review related work and con-

clude.

2 THE LOGIC ESD
In this section we define a dynamic logic of only-knowing and default

reasoning. It can be viewed as an amalgamation of the Default Logic

part of Lakemeyer and Levesque’s static logic O3L [12, 13] with

their modal epistemic Situation Calculus variant ES [11].

2.1 Syntax

The alphabet of ESD consists of the usual logical connectives and

quantifiers, punctuation, parentheses, a countably infinite supply of

first-order variables, equality, rigid predicates of any arity, fluent

predicates of any arity (including the special predicates Poss and

SF for action preconditions and sensing, respectively), a countably

3 The third logic is Konolige’s variant of Autoepistemic Logic using moder-
ately grounded extensions [9]. For simplicity we do not consider it in this
paper. Adapting our definitions and results accordingly is straightforward.

infinite set of standard names (which are syntactically treated as con-

stants), the modal operators [ · ] and � as well as the epistemic modal

operators K, M, OR and OM . The terms are the variables and stan-

dard names. Formulas are defined inductively as follows:

• if t1, . . . , tk are terms and P is a predicate of arity k, then

P (t1, . . . , tk) is an (atomic) formula;

• if t1 and t2 are terms, then (t1 = t2) is a formula;

• if α and β are formulas, x is a variable, and t a term, then ¬α,

(α ∧ β), ∀xα, K(α), M(α), OM (α), OR(α), [t]α and �α are

also formulas.

Intuitively, K(α) is read as “α is known by the agent”, while M(α)
means “α is consistent with what the agent knows”. Both OM (α)
and OR(α) are to be read as “α is all that is known”, with the differ-

ence that with OM , defaults will be evaluated according to Moore’s

Autoepistemic Logic, whereas OR corresponds to Reiter’s Default

Logic. Finally, [t]α means “α holds after executing action t” and �α
stands for “α holds after any number of actions”. Also note that for

simplicity we do not distinguish sorts, but allow any term to be used

as an action.

We treat (α∨β), (α ⊃ β), ∃xα, truth	, and falsity⊥ as the usual

abbreviations. For a finite sequence z = 〈n1, . . . , nk〉 of actions, we

let [z]α stand for [n1] · · · [nk]α. The notion of free and bound vari-

ables is defined in the usual way, and αx
t means α with all free occur-

rences of x replaced by t. A formula without free variables is called

a sentence, and an atomic formula P (n1, . . . , nk) where all ni are

standard names is called primitive sentence. Formulas without any

occurrence of epistemic modal operators are called objective, those

where all predicates appear within the scope of an epistemic modal

operator subjective, those without OR and OM basic, those without

[ · ] and � static, and those without � bounded. A fluent formula is

one that is objective, static and neither mentions Poss nor SF .

2.2 Semantics

The semantics is as follows. Let N denote the set of all standard

names and Z the set of all finite sequences z of standard names, in-

cluding the empty sequence 〈〉. A world w is given by a mapping

from the primitive sentences and Z to truth values {0, 1}, respect-

ing rigidity, i.e. if R is a rigid predicate, then for all z, z′ ∈ Z ,

w[R(�n), z] = w[R(�n), z′]. Let W be the set of all worlds. An epis-
temic state e is given by a set of worlds, i.e. a subset of W . For two

worlds w and w′ and a sequence z ∈ Z , w �z w′ (read: w and w′

agree on the sensing for z) is inductively defined as follows:

• w �〈〉 w′ for every w and w′;
• w �z·n w′

iff w �z w′ and w[SF (n), z] = w′[SF (n), z].

We are now ready to define the truth of sentences. ESD, similar as

O3L, uses two epistemic states to interpret formulas, one to interpret

formulas with K, the other to interpret formulas with M. We need

this distinction because the duality M(α) ≡ ¬K(¬α) only holds in

case of Moore’s Autoepistemic Logic (i.e. OM ), but not for Reiter’s

Default Logic (i.e. OR).

Formally, for any epistemic states e1, e2, world w and z ∈ Z , a

sentence α is true wrt. e1, e2, w, z, which we write as e1, e2, w, z |=
α, as follows:

1. e1, e2, w, z |= P (n1, . . . , nk)
iff w[P (n1, . . . , nk), z] = 1;

J. Claßen and M. Neuss / Knowledge-Based Programs with Defaults in a Modal Situation Calculus1310



2. e1, e2, w, z |= (n1 = n2)
iff n1 and n2 are identical standard names;

3. e1, e2, w, z |= ¬α iff e1, e2, w, z �|= α;

4. e1, e2, w, z |= α ∧ β
iff e1, e2, w, z |= α and e1, e2, w, z |= β;

5. e1, e2, w, z |= ∀xα
iff e1, e2, w, z |= αx

n for every standard name n;

The above rules define the truth of atoms, equalities, and the usual

logical connectives in the presence of standard names. The latter can

be thought of as a countably infinite set of constants that satisfy the

unique names assumption and an infinitary version of domain clo-

sure. Thus, first-order quantifiers can be interpreted substitutionally.

Next, action modalities are defined similar as for ES:

6. e1, e2, w, z |= [n]α
iff e1, e2, w, z · n |= α;

7. e1, e2, w, z |= �α
iff e1, e2, w, z · z′ |= α for all z′;

Here, z · n refers to the result of concatenating standard name n at

the end of sequence z. The meaning of belief modalities is given as

follows:

8. e1, e2, w, z |= K(α)
iff for every w′ ∈ e1 with w′ �z w, e1, e2, w

′, z |= α;

9. e1, e2, w, z |= M(α)
iff for some w′ ∈ e2 with w′ �z w, e1, e2, w

′, z |= α;

10. e1, e2, w, z |= OM (α)
iff for every w′ with w′ �z w,

e1, e2, w
′, z |= α iff w′ ∈ e1;

11. e1, e2, w, z |= OR(α)
iff for all e′ with e1 ⊆ e′,

e′, e2, w, z |= OM (α) iff e′ = e1.

That is to say a sentence is known iff its true in every world of e1,

while a sentence is consistent with what is known iff some world of

e2 satisfies it. OM coincides with Levesque’s only-knowing (essen-

tially the “if” in the case of K becomes an “iff”), while OR is a

variant that allows to make the connection to Reiter’s Default Logic.

In any case, only worlds that agree with the “real” world w on the

sensing throughout z are considered, which means additional knowl-

edge is gained by ruling out incompatible possible worlds.

We then define e, w |= α as e, e, w, 〈〉 |= α. A sentence α is valid
(written as |= α) iff e, w |= α for every e and w. A set of sentences

Σ entails α (written as Σ |= α) iff for every e, w such that e, w |= β
for all β ∈ Σ, also e, w |= α.

Note that thus, in the above rules e1 and e2 are usually equal, the

only exception being OR where e′ ranges over all possible supersets

of e1 to ensure its minimality (corresponding to a maximal set of

K-beliefs).

For z = 〈〉, the truth of subjective sentences does not depend on

any world, which is why we often omit the w argument and write

e |= α in that case. Similarly, we may write w |= φ for objective

sentences φ. We will furthermore identify a finite set of sentences

(called a knowledge base) with the singleton sentence given by the

conjunction of all sentences in the set, i.e. we use a loose notation

where a finite set can be used anywhere a formula could.

2.3 Properties

We first note the close relation of ESD to ES and O3L:

Theorem 1. For every sentence α without OR and M, α is valid in
ESD iff α is valid in ES.

Proof. Obvious from the fact that syntax-wise, sentences without

OR and M are a subset of ES and the relevant semantic rules of

ESD coincide with those of ES.

Theorem 2. For every static sentence α, α is valid in ESD iff α is
valid in O3L.

Proof. Obvious from the fact that syntax-wise, static sentences are a

subset of O3L and the semantic rules of ESD coincide with those of

O3L when z = 〈〉.

We may hence directly exploit existing results for these subfor-

malisms. If we move to the propositional case, one particularly inter-

esting result for us here is the following relation to Reiter’s Default

Logic shown by Lakemeyer and Levesque [12], where a Reiter-style

default of the form

α :β1, . . . , βk / γ (4)

is represented by the formula

K(α) ∧M(β1) ∧ · · · ∧M(βk) ⊃ γ. (5)

While Reiter allowed for open defaults that have free variables,

which then stand for the set of all their possible ground instances, we

here make the restriction to propositional theories, following Lake-

meyer and Levesque. A propositional default theory 〈F,D〉 then

consists of a finite set F of static, objective, quantifier-free sentences

as well as a finite set D of closed defaults of the form (4) where all

of α, β1, . . . , βk, γ are static, objective, and quantifier-free.

Theorem 3. Let 〈F,D〉 be a propositional default theory, φ the
conjunction of sentences over F , and δ the conjunction of the rep-
resentations of the defaults D according to (5). Then Γ is a stan-
dard Reiter extension of 〈F,D〉 (as defined in [30]) iff there is an e
such that e |= OR(φ ∧ δ) and Γ is the set of objective beliefs of e,
i.e. Γ = {ψ | e |= K(ψ), ψ static, objective and quantifier-free}.

That is to say an epistemic state that Reiter-only-knows a knowledge

base of the mentioned form corresponds exactly to an extension ac-

cording to Reiter’s default semantics in the sense that they believe

the same objective formulas. As an important corollary, we have:

Corollary 1. OR(φ∧δ) |= K(ψ) iff ψ is an element of every Reiter
extension of 〈F,D〉.
Note that there is a similar correspondence to Autoepistemic Logic

when OM is used instead of OR. The difference between the two,

roughly, is how they deal with “ungrounded” expansions/extensions.

While there is no default theory corresponding to only-knowing

K(p) ⊃ p, Autoepistemic Logic admits an expansion where p is

believed.

We will also heavily rely on the following theorem of [12]. Note

that while there are in general multiple possible e with e |= OR(Σ0)
for any non-objective knowledge base Σ0, the epistemic state that

only-knows an objective knowledge base Φ is unique, and is given

by the set of all worlds satisfying Φ.

Theorem 4. Let Σ0 be a static basic knowledge base without quan-
tifiers. Then there is a finite set of static, objective, quantifier-free
sentences E(Σ0) = {Φ1, . . . ,Φn} such that

|= OR(Σ0) ≡ (OM (Φ1) ∨ · · · ∨OM (Φn)).

Intuitively, if Σ0 is of the right form (that corresponds to a default

theory), E(Σ0) thus represents exactly the possible extensions of Σ0.
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3 BASIC ACTION THEORIES AND
REGRESSION

Similar as in the classical Situation Calculus and ES, we use basic

action theories to define the agent’s knowledge about the initial situ-

ation, pre- and postconditions of actions as well as sensing results:

Definition 1. A basic action theory (BAT) is a set of sentences of the
form Σ = Σ0 ∪ Σpre ∪ Σpost ∪ Σsense, where

1. Σ0, the initial theory, is a static basic knowledge base describing
the initial state of the world.

2. Σpre is a precondition axiom of the form �Poss(a) ≡ π, where π
is a fluent formula and a its only free variable.4

3. Σpost is a finite set of successor state axioms (SSAs) �[a]F (�x) ≡
γF , one for each fluent predicate F relevant to the application
domain, where γF is a fluent formula whose only free variables
are �x and a. SSAs incorporate Reiter’s [31] solution to the frame
problem.5

4. Σsense is a sensing axiom of the form �SF (a) ≡ ϕ, where ϕ is a
fluent formula and a its only free variable.

Note that while usually the initial theory Σ0 is assumed to be objec-

tive, we here allow that it contains K and M operators in order to be

able to encode defaults.

Example 1. For the Wumpus domain, a BAT may look as follows.
For simplicity, we ignore shooting arrows and grabbing the gold. The
initial theory Σ0 first of all contains objective formulas encoding the
adjacency relation between rooms as well the initial position of the
agent, which is safe:

Adj (room11,north, room12), . . . ,Adj (room43, south, room44)

At(room11) ∧ Safe(room11)

where safety is defined as in (2). Additionally, there can be default
rules such as (3) that lets the agent assume any room to be dangerous
about which it is not absolutely sure. Moreover, we can use defaults to
make the closed-world assumption about certain parts of the domain:

M(¬Adj (r, d, r′)) ⊃ ¬Adj(r, d, r′)

This means whenever it is safe to assume that two rooms are not
connected, the agent believes that they indeed are not. Hence, the
facts about Adj above list all and only cases where two rooms are
adjacent.

Next, we have a precondition axiom Σpre stating that moving in
a direction d is possible if there is an adjacent room, and sensing
breezes and stenches is always possible:6

�Poss(a) ≡ ∃r, d, r′(At(r) ∧ a = move(d) ∧ Adj (r, d, r′)) ∨
a = sensebreeze ∨ a = sensestench

4 Free variables in BAT formulas are implictly assumed to be univer-
sally quantified from the outside. Furthermore, � has lower syntactic
precedence than the logical connectives, so �Poss(a) ≡ π stands for
∀a.�(Poss(a) ≡ π).

5 The [a] construct has higher precedence than the logical connectives, so
�[a]F (�x) ≡ γF abbreviates ∀a.�(([a]F (�x)) ≡ γF ).

6 We abuse notation here when using an action function such as move(d)
as our formalism does not include function symbols. Note that in the ex-
ample, there are exactly four directions, so a quantified formula such as

∃dφ is to be understood as shorthand for the finite disjunction φd
n ∨ φd

e ∨
φd
s ∨ φd

w , where we identify move(n),move(e),move(s),move(w)
with the standard names moven,movee,moves,movew , respectively.
The restriction to standard names only is to keep the formal treatment in
this paper as simple as possible and comes without loss of generality (as
actions will be eliminated by means of regression); an extension by action
functions as used in [3] is straightforward.

For the At fluent, the successor state axiom in Σpost looks like this:

�[a]At(x) ≡ ∃r, d(At(r) ∧ a = move(d) ∧ Adj (r, d, x)) ∨
At(x) ∧ ¬∃d a = move(d)

That is to say the position of the agent after action a will be x if a
was moving there from some adjacent room r by going in direction
d, or the agent was already at x and did not move.

Finally, the sensing axiom Σsense expresses that SF is true for
sensebreeze iff there is a pit in an adjacent room, and true for
sensestench iff the Wumpus is nearby. For non-sensing actions such
as move , SF will never hold:

�SF (a) ≡ a = sensebreeze

∧ ∃r, d, r′(At(r) ∧Adj (r, d, r′) ∧ Pit(r′)) ∨
a = sensestench

∧ ∃r, d, r′(At(r) ∧Adj (r, d, r′) ∧Wumpus(r′))

Using BATs, we can also define a regression operator for eliminating

actions from formulas as is done in Reiter’s Situation Calculus. For

the objective case, we have the following:

Definition 2. For any bounded, objective sentence α and BAT Σ
let R[α], the regression of α wrt Σ, be the fluent formula R[〈〉, α],
where for any sequence of terms σ (not necessarily ground),R[σ, α]
is defined inductively on α by:

1. R[σ, (t1 = t2)] = (t1 = t2);
2. R[σ,¬α] = ¬R[σ, α];
3. R[σ, (α ∧ β)] = (R[σ, α] ∧R[σ, β]);
4. R[σ, ∀xα] = ∀xR[σ, α];
5. R[σ, [t]α] = R[σ · t, α];
6. R[σ,Poss(t)] = R[σ, πa

t ];
7. R[σ,SF (t)] = R[σ, ϕa

t ];
8. R[σ,R(t1, . . . , tk)] = R(t1, . . . , tk) if R is rigid;
9. R[σ, F (t1, . . . , tk)] for fluent F is defined inductively on σ by:

(a) R[〈〉, F (t1, . . . , tk)] = F (t1, . . . , tk));

(b) R[σ · t, F (t1, . . . , tk)] = R[σ, (γF )
a
t
x1
t1

. . .
xk
tk

].

Above, π, ϕ and γF are the right-hand sides of the corresponding
axioms in Σpre, Σsense, and Σpost, respectively.

The general idea here is to subsequently replace formulas of the

form [t]F (�t), Poss(t) and SF (t) by equivalent formulas (that do

not mention actions) as defined by the BAT. Iterating such steps, a

formula involving actions is thus transformed into an equivalent for-

mula that only talks about the initial situation.

When it comes to K operators, consider the following theorem for

ES which still holds in ESD:

Theorem 5.

|= �[a]K(α) ≡
SF (a) ∧K(SF (a) ⊃ [a]α) ∨
¬SF (a) ∧K(¬SF (a) ⊃ [a]α).

Proof. Similar as for ES.

The above is like a successor state axiom for the K operator in the

sense that it relates knowing some formula after an action to the truth

of a formula talking about the situation before executing that action.

The difference is that this is not an axiom, but a theorem of the logic

(i.e. a valid sentence). In addition, we now also have a similar one

for M:
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Theorem 6.

|= �[a]M(α) ≡
SF (a) ⊃M(SF (a) ∧ [a]α) ∧
¬SF (a) ⊃M(¬SF (a) ∧ [a]α).

Proof. “⇒”: Let e1, e2, w, z |= [n]M(α). Then for some w′ ∈ e2
with w′ �z·n w, e1, e2, w

′, z · n |= α. If w, z |= SF (n), we

thus have some w′ ∈ e2 with w′ �z w, w′, z |= SF (n) and

e1, e2, w
′, z |= [n]α, hence e1, e2, w, z |= M(SF (n) ∧ [n]α).

”⇐”: Conversely, let e1, e2, w, z |= SF (n) ⊃ M(SF (n) ∧
[n]α)∨¬SF (n) ⊃M(¬SF (n)∧[n]α) and suppose w, z |= SF (n)
(the other case is similar). Then e1, e2, w, z |= M(SF (n) ⊃ [n]α),
hence there is w′ ∈ e2 with w′ �z w such that w′, z |= SF (n) and

e1, e2, w
′, z |= [n]α. Therefore we have w′ ∈ e2 with w′ �z·n w

and e1, e2, w, z · n |= α, i.e. e1, e2, w, z |= [n]M(α).

Similarly as we use regular SSAs for regressing fluent atoms, we

can therefore use the last two theorems to regress formulas involving

K and M. Formally, we add the following two regression rules to

Definition 2:

10. R[σ,K(α)] is defined inductively on σ by:

(a) R[〈〉,K(α)] = K(R[〈〉, α]);
(b) R[σ · t,K(α)] = R[σ, κa

t ],
where κ is the right-hand side of the equivalence in Theorem 5.

11. R[σ,M(α)] is defined inductively on σ by:

(a) R[〈〉,M(α)] = M(R[〈〉, α]);
(b) R[σ · t,M(α)] = R[σ, μa

t ],
where μ is the right-hand side of the equivalence in Theorem 6.

Example 2. Consider the BAT from Example 1. The reader may ver-
ify that the following are true for regressing objective formulas:

R[[move(north)]At(x)] = ∃r(At(r) ∧Adj (r,north, x))

R[[a]Safe(x)] = Safe(x)

R[[sensebreeze]α] = α

R[SF (sensebreeze)] = ∃r, d, r′(At(r) ∧Adj (r, d, r′) ∧ Pit(r′))

That is to say after moving north the agent is at x iff x is north of
the agent’s previous position x. As Safe is a rigid predicate, its truth
value does not change by means of any action a. Also, sensebreeze is
a pure sensing action that does not have any effect on fluents, hence
regressing any objective formula α through it leaves α unchanged.

Let PitNearby stand for ∃r, d, r′(At(r)∧Adj (r, d, r′)∧Pit(r′))
and s for sensebreeze. Then we have:

R[〈s〉,K(Safe(x))]

= R[〈〉,SF (s) ∧K(SF (s) ⊃ [s]Safe(x)) ∨
¬SF (s) ∧K(¬SF (s) ⊃ [s]Safe(x))]

= PitNearby ∧K(PitNearby ⊃ Safe(x)) ∨
¬PitNearby ∧K(¬PitNearby ⊃ Safe(x)).

In other words the agent comes to know that room x is safe after
sensing for breezes at its current location just in case there is a pit
nearby and it is known that even when a pit is nearby, x is close
(which can only be when x is not adjacent to the pit), or if there
is no pit nearby and the agent knows that then x is safe (e.g. when
the agent’s position is adjacent to x and it can also rule out that x
contains the Wumpus). As a next step, the above regression will then

have to be checked against the agent’s knowledge about the initial
situation, as we will discuss in the next section. Whether or not x is
actually known to be safe thus also depends on information it has
gathered through previous sensing actions at various locations.

Regression is correct as given by the following theorem:

Theorem 7. Let Σ be a BAT and α a bounded, basic sentence. Then
R[α] is static and

1. OR(Σ) |= K(α) iff OR(Σ0) |= K(R[α]).
2. OR(Σ) |= M(α) iff OR(Σ0) |= M(R[α]).

Proof. Similar to the proof of Theorem 5 in [11], this follows from

the fact that all transformations given by Definitions 2 and Theorems

5 and 6 are equivalence preserving wrt the BAT Σ.

Hence we can reduce reasoning about knowledge and action to rea-

soning about knowledge in the initial situation. In order to also rep-

resent the situation where some history of actions z has already been

executed, we need the following:

Definition 3. Let z = 〈n1 · · ·nk〉 ∈ Z . A sensing result for z is a
formula of the form

k∧
i=1

[n1] · · · [ni−1]± SF (ni),

where each ±SF (ni) is either SF (ni) or ¬SF (ni). As a special
case, 	 is the only sensing result for 〈〉.

By incorporating sensing results through regression into the

knowledge base, coming to know that α holds after executing z is

equivalent to knowing initially that after z, α will come to hold:

Theorem 8. Let Σ be a BAT, α a sentence, z ∈ Z , and Ψ a sensing
result for z.

1. OR(Σ) ∧Ψ |= [z]K(α) iff OR(Σ ∧R[Ψ]) |= K([z]α).
2. OR(Σ) ∧Ψ |= [z]M(α) iff OR(Σ ∧R[Ψ]) |= M([z]α).

Proof. Easy to show using the fact that for evaluating both K and M
operators, the semantics only considers worlds w′ in the epistemic

states that agree with the real world w on the sensing throughout

z.

Note that since R[Ψ] is a fluent formula, Σ ∧ R[Ψ] again conforms

to our definition of a BAT as we may viewR[Ψ] as being part of the

new BAT’s initial theory, i.e. we set Σ′0 = Σ0 ∪ {R[Ψ]}.

4 REPRESENTATION THEOREM
To deal with knowledge, we propose a variant of Levesque and Lake-

meyer’s [18] Representation Theorem as follows. The general idea is

to recursively replace occurrences of K(α) by objective formulas

that represent the known instances of the corresponding α according

to the knowledge base Σ0.

One important difference of our approach to Levesque and Lake-

meyer’s is that they directly evaluate such K(α) formulas against

the (objective) KB, whereas we defer this evaluation to a later point.

Instead, we first recursively replace every K(α) subformula in the

query by a corresponding Kα, which is a special, reserved predi-

cate not occurring in the original BAT and query, and additionally

augment Σ0 by the statement K(α) ⊃ Kα (and similar for M). In-

tuitively, the new predicate serves as a “flag” to indicate when the
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corresponding belief subformula holds in an extension, and the new

default rule ensures that the flag is assigned the correct value. For-

mally:

Definition 4. Given a static basic formula α, ||α|| is defined by

1. ||α|| = α, when α is a static objective formula;
2. ||¬α|| = ¬||α||;
3. ||α ∧ β|| = ||α|| ∧ ||β||;
4. ||∃xα|| = ∃x||α||;
5. ||K(α)|| = Kφ(�x),

where φ = ||α|| and �x are the free variables in α;
6. ||M(α)|| = Mφ(�x),

where φ = ||α|| and �x are the free variables in α.

Moreover, Σ0 ↑α is given by:

1. Σ0 ↑α = Σ0, when α is a static objective formula;
2. Σ0 ↑¬α = Σ0 ↑α;
3. Σ0 ↑α ∧ β = Σ0 ↑α ∪ Σ0 ↑β;
4. Σ0 ↑∃xα = Σ0 ↑α;
5. Σ0 ↑K(α) = Σ0 ↑α ∪ {K(φ) ⊃ Kφ(�x)},

where φ = ||α|| and �x are the free variables in α;
6. Σ0 ↑M(α) = Σ0 ↑α ∪ {M(φ) ⊃ Mφ(�x)},

where φ = ||α|| and �x are the free variables in α.

We call ||α|| the reduction of α and Σ0 ↑α the augmentation of Σ0.

Example 3. If α = ∃x. K(Room(x) ∧ ¬K(Pit(x)), Σ0 ↑α is Σ0

together with the sentences

K(Pit(x)) ⊃ KPit(x)(x),

K(Room(x) ∧ ¬KPit(x)(x)) ⊃ Kφ(x),

where φ
def
= ||Room(x)∧¬K(Pit(x))|| = Room(x)∧¬KPit(x)(x).

||α|| then is ∃xKφ(x).

The above construction is correct as follows. First, consider the case

without nesting of K and M. If e is an epistemic state such that

e |= OR(Σ0), let

e↑K(φ)
def
= {w ∈ e | if e |= K(φ)�x�n, then w |= Kφ(�n)}

e↑M(φ)
def
= {w ∈ e | if e |= M(φ)�x�n, then w |= Mφ(�n)}

for objective φ where Kφ and Mφ do not appear in Σ0, respectively.

Intuitively, e ↑K(φ) is like e that originally Reiter-only-knows the

knowledge base Σ0, but where in addition all its worlds also set the

right values for the flag predicate associated with K(φ). Then we

have that e ↑K(φ) Reiter-only-knows the augmentation (similar for

M(φ)):

Lemma 1. Let Σ0 be a static basic knowledge base, φ an objective
formula with free variables �x, and e, e′ and e′′ be epistemic states
such that e |= OR(Σ0), e′ = e↑K(φ) and e′′ = e↑M(φ). Then

1. e |= OR(Σ0) iff e′ |= OR(Σ0 ↑K(φ))
2. e |= OR(Σ0) iff e′′ |= OR(Σ0 ↑M(φ))

and for all standard names �n,

1. e |= K(φ)�x�n iff for all w ∈ e′, w |= Kφ(�n);
2. e |= M(φ)�x�n iff for all w ∈ e′′, w |= Mφ(�n).

Proof. Since Kφ does not appear in Σ0, e′ behaves exactly like e
except for the fact that Kφ(�n) holds in all its worlds iff K(φ) holds

in e. Similar for e′′ with Mφ(�n) and M(φ).

Thus, we have for the recursive evaluation of formulas:

Lemma 2. Let Σ0 be a static basic knowledge base, α a static basic
formula with free variables �x, and e and e′ epistemic states such
that e |= OR(Σ0) and e′ = e ↑ α. Then Σ0 ↑ α is a static basic
knowledge base, ||α|| is a static objective formula, and for all worlds
w ∈ e′ and standard names �n,

e, w |= α�x
�n iff w |= ||α||�x�n.

Proof. This can be proven by an induction on the structure of α,

using Lemma 1 for the base cases of K and M without nesting.

We now exploit Theorem 4 guaranteeing that in the propositional

case, Reiter-only-knowing Σ0 boils down to only-knowing one of

finitely many objective knowledge bases:

Theorem 9. Let Σ0 be a static basic knowledge base without quan-
tifiers, E(· · · ) as in Theorem 4, and α a static basic sentence without
quantifiers. Then

1. OR(Σ0) |= K(α) iff for all Φ ∈ E(Σ0 ↑α), Φ |= ||α||.
2. OR(Σ0) |= M(α) iff for all Φ ∈ E(Σ0 ↑α), Φ �|= ||¬α||.

Proof. This follows from Lemma 2 and Theorem 4.

Thus, testing a formula K(α) or M(α) (possibly containing nested

modalities) against a knowledge base Σ0 (possibly containing de-

faults) is reducible to classical propositional entailment: First, con-

struct the augmented knowledge base Σ0 ↑α and determine its exten-

sions. Then, for every one of the finitely many, objective extensions

Φ check whether the reduced query ||(¬)α|| holds in it. Note that in

the propositional case, the formulas by which we augment Σ0 can be

viewed as default rules of the form (5) with either α or the βj being

empty, i.e. TRUE.

Regarding complexity, suffice it to say (without giving a formal

analysis) that our Representation Theorem will not be harder than

classical default reasoning (i.e., ΣP
2 -complete). The reason is that

augmentation adds as many additional defaults as the query contains

belief operators, but their only purpose is to set the right “flags” (val-

ues for the Kα and Mα predicates) to indicate which belief subfor-

mulas hold. The number and the internal structure of extensions re-

mains unchanged.

5 COMPUTING EXTENSIONS

The last two sections gave us the main ingredients for implement-

ing a knowledge-based agent whose main reasoning task during the

execution of a knowledge-based program is to decide queries of the

forms

OR(Σ) ∧Ψ |= [z]K(α)

OR(Σ) ∧Ψ |= [z]M(α)

where Ψ is the sensing result obtained for z. Theorems 8 and 7 tell

us that regression can be used to incorporate sensing results into the

BAT and reduce the problem to reasoning about knowledge in the

initial situation only. In the propositional case that we consider here,
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we can then apply Theorem 9 to further reduce the problem to propo-

sitional entailment checks. The only missing piece of the puzzle now

is how to determine the set E(· · · ) from Theorem 4.

There are multiple options. The direct approach would be to make

use of Reiter’s [30] theorem that characterizes extensions by means

of a fixpoint construction. Let 〈F,D〉 be the default theory corre-

sponding to our knowledge base Σ0, where F are the objective for-

mulas (facts), and D the defaults corresponding to formulas of the

form (5). Procedure 1 depicts the algorithm to compute extensions

in pseudo code. After initializing the result to the empty set, we first

determine all objective subformulas Φ in the theory (line 2). We then

consider all subsets of Φ as candidates for extensions (line 3). To

check whether some candidate E actually represents an extension,

we start with the set of facts (line 4) and incrementally add conclu-

sions γ for defaults whose prerequisite α holds in the previous set

and whose negated justifications ¬βj are not in E (line 8). Since

there are only finitely many defaults and we consider propositional

logic, this process will eventually converge to a fixpoint (line 9). If

the resulting Ei is equivalent to E (line 10), we have found an exten-

sion and include E in the result.

Procedure 1 Calculating Default Extensions

Input: a propositional default theory 〈F,D〉
Output: its set of extensions E(〈F,D〉)

1: E(〈F,D〉) := ∅;

2: Φ := F ∪ {α, β1, . . . , βk, γ | α :β1, . . . , βk / γ ∈ D};

3: for all E ⊆ Φ do
4: E0 := F ;

5: i := 0;

6: repeat
7: i := i+ 1;

8: Ei := Ei−1 ∪ {γ | α :β1, . . . , βk / γ ∈ D,
Ei−1 |= α, ¬β1, . . . ,¬βk �∈ E};

9: until Ei = Ei−1;

10: if for all φ ∈ Φ, E |= φ iff Ei |= φ then
11: E(〈F,D〉) := E(〈F,D〉) ∪ {E};

12: end if
13: end for
14: return E(〈F,D〉)

Note that similar to our Representation Theorem, we here again re-

duce the overall reasoning task to a finite number of entailment tests

in classical propositional logic. Hence, in principle, all we need is a

propositional reasoner (SAT solver).

However, instead of coming up with a complete re-implementation

of a default reasoner, it is also possible to make use of existing off-

the-shelf systems, i.e. resort to a default reasoner such as XRay [27]

or DeReS [2]. Another interesting option is to employ state-of-the-

art ASP solvers implementing the stable model semantics, for exam-

ple clasp7. Gelfond and Lifschitz [7] showed the relation of stable

models of a normal logic program with classical negation to a frag-

ment of Reiter’s Default Logic. The key idea is to identify a default

B1 ∧ · · · ∧Bk :Bk+1, . . . , Bk+m /A (6)

with the rule

A← B1, . . . , Bk, not(Bk+1), . . . , not(Bk+m) (7)

and a fact

B1 ∧ · · · ∧Bk ⊃ A (8)

7 http://www.cs.uni-potsdam.de/clasp

with a rule

A← B1, . . . , Bk (9)

not containing negation as failure. Here, A and the Bi are literals

and L denotes the complement of L. The correspondence then is as

follows:

Theorem 10. Let P be a program consisting of rules of the form (7)
and (9), DP the corresponding defaults (6) and FP the correspond-
ing facts (8). Then M is a stable model of P iff M is a maximal set
of atoms such that Th(FP ∪M) is an extension of 〈FP , DP 〉.

Therefore, if we require Σ0 to only contain formulas of the form

(7) and (9), we can use an ASP solver to compute the extensions

E(Σ0). Note that in general however, subformulas in facts and de-

faults of our knowledge base are not necessarily literals, but can be

of arbitrary form, in particular when they originate from regressed

sensing resultsR[Ψ] or K(φ) and M(φ) subformulas introduced by

augmentation. One possible direction for future work is identifying

syntactical restrictions on the knowledge base and queries such that

the required form can be enforced. Alternatively, we can look for a

way to exploit results relating SAT to ASP: Every Boolean formula

φ can be mapped to a normal logic program Pφ such that the stable

models of Pφ correspond precisely to the classical, Boolean models

of φ, e.g. for formulas in clausal form [28] or even of arbitrary form

[37].

6 RELATED WORK
The Situation Calculus and default reasoning have been combined

before, albeit differently. Lee and Palla [16] present a reformulation

of Situation Calculus within the stable model semantics, which al-

lows to solve the Frame and Qualification Problems for Lin’s [21]

causal theories, but they do not consider sensing and knowledge. Pag-

nucco et al. [29] describe an account of belief change in the Situation

Calculus based on Default Logic. Strass and Thielscher [38] formal-

ize D, a language for default reasoning about action and change and

descendent of Gelfond and Lifschitz’ [8] languageA, and implement

it using ASP. Ryan moreover [35] presents an ASP-based interpreter

for a fragment of the GOLOG programming language, but also only

for the objective case.

Finally, much more work than what we have discussed here has

been done on relating different non-monotonic formalisms to one

another. For example, Marek and Truszczynski [24] show the corre-

spondence between ASP and the modal logic K45. The close rela-

tion of only-knowing to classical modal systems of belief is further

studied by Lakemeyer and Levesque [15]. Earlier works of integrat-

ing modal epistemic logics with default reasoning are by Lin and

Shoham [23], Lifschitz [20], Amati et al. [1], and Denecker et al. [5],

but either require Autoepistemic Logic to be treated differently from

Default Logic or rely on a very complex semantics with fixed-point

constructions.

7 CONCLUSION
We presented a formalization of knowledge-based agents with de-

faults based on variants of Reiter’s regression and Levesque and

Lakemeyer’s Representation Theorem, thus laying the foundation for

an implementation where backend reasoning tasks can be outsourced

to off-the-shelf default reasoners.

Apart from coming up with an actual implementation and empiri-

cal evaluation thereof, there are many other possible lines for future
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work. One particularly promising would be to integrate our results

with [14] where yet another variant of only-knowing is presented

that correctly captures what it would mean to progress [22] a knowl-

edge base with defaults (though only Moore-style) through an ac-

tion in the presence of sensing. The formalization of [12] we have

used here is problematic in that respect as it may cause inconsisten-

cies between the default conclusions holding after an action and the

facts to be forgotten in the process of progression, which is why we

needed to reduce everything to the static case by means of regression.

The proposed solution is to introduce additional modalities that al-

low to distinguish default conclusion from “hard” facts, and it would

be interesting to combine our results with theirs to come up with a

progression-based variant of knowledge-based agents with defaults.
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Solving Multi-Agent Knapsack Problems
Using Incremental Approval Voting

Nawal Benabbou and Patrice Perny1

Abstract. In this paper, we study approval voting for multi-agent

knapsack problems under incomplete preference information. The

agents consider the same set of feasible knapsacks, implicitly de-

fined by a budget constraint, but they possibly diverge in the utilities

they attach to items. Individual utilities being difficult to assess pre-

cisely and to compare, we collect approval statements on knapsacks

from the agents with the aim of determining the optimal solutions by

approval voting. We first propose a search procedure based on mixed-

integer programming to explore the space of utilities compatible with

the known part of preferences in order to determine or approximate

the set of possible approval winners. Then, we propose an incremen-

tal procedure combining preference elicitation and search in order to

determine the set of approval winners without requiring the full elic-

itation of the agents’ preferences. Finally, the practical efficiency of

these procedures is illustrated by various numerical tests.

1 INTRODUCTION

Collective decision making on a combinatorial domain appears in

various contexts such as investment planning, resource allocation

or group configuration. Due to strategic aspects often surrounding

group decision-making and the possible divergences in individual

values, developing formal methods and tools for modeling prefer-

ences and solving multi-agent combinatorial optimization problems

is a critical issue. This has motivated a lot of work in the recent years,

in the field of computational social choice [9]. We focus here on the

multi-agent knapsack problem which consists of determining, given

a finite set of items, a subset of maximal utility under a budget con-

straint. This is a standard example of combinatorial problem with

many potential applications such as project selection, portfolio man-

agement or committee election, see e.g. [22, 16, 27, 31] for examples

of recent contributions in AI.

In combinatorial optimization problems, the agents cannot be ex-

pected to provide extensive preference models. Compact represen-

tations are needed to handle individual and collective preferences.

Usually, in knapsack problems, preference over subsets of items are

represented by additive utility functions. More precisely, the utility of

a subset of items for an agent is defined as the sum of the utilities of

its elements. Individual utilities are difficult to assess, especially on

a combinatorial domain. Although the elicitation task is simplified

when utilities are decomposable, elicitation methods based on sys-

tematic pairwise comparisons are practically unfeasible due to the

large amount of feasible subsets and their implicit definition. Hence

we are interested in designing incremental elicitation procedures, in

1 Sorbonne Universités, UPMC Univ Paris 06, CNRS, LIP6 UMR 7606, 4
Place Jussieu, 75005 Paris, France, email:name.surname@lip6.fr

which preference queries are selected iteratively, to be as informa-

tive as possible at every step, so as to progressively reduce the set of

admissible utility profiles until the set of optimal knapsacks can be

determined. This approach has been successfully used in AI for ad-

ditive utility elicitation on explicit sets [12, 33, 7], but also on com-

binatorial solution spaces [17, 3, 4].

Remark that, even if numerical representations of individual pref-

erences are accessible under the form of utility functions, they are

generally constructed independently for each agent. Hence, it is un-

likely that such representations allow the welfare of individuals to be

compared. In this context, the definition of a social utility as the sum

of individual utilities (utilitarism), for example, would be meaning-

less. Assuming that utilities of items are expressed on the same scale

or that utilities are normalized would not be sufficient to overcome

the problem, as shown by the following example:

Example 1. Consider a multi-agent knapsack problem involving
3 items and 2 agents with utilities: u1 = u1

1x1 + u1
2x2 + u1

3x3

and u2 = u2
1x1 + u2

2x2 + u2
3x3 to be maximized under the con-

straint x1 + x2 + x3 ≤ 2, where xi ∈ {0, 1}, i = 1, 2, 3, are
the decision variables and ui

j represents the utility of item j for
agent i. This problem could appear to elect a committee of size
2, given 3 candidates and 2 voters. Assume that individual prefer-
ence orders over committees have been elicited, and are equal to
{2, 3} �1 {1, 3} �1 {1, 2} and {1, 2} �2 {1, 3} �2 {2, 3} for
agents 1 and 2 respectively. One possible numerical representation
of these preferences (using the same utility scale for the two agents)
is given by: (u1

1, u
1
2, u

1
3) = (1, 2, 4) and (u2

1, u
2
2, u

2
3) = (4, 2, 1)

which leads to the following utilities for solutions of size 2:

{1, 2} {2, 3} {1, 3}
u1 3 6 5
u2 6 3 5

Note that these individual values are consistent with preference or-
ders �1 and �2. Now, if we are utilitarian, we could be tempted to
deduce that {1, 3} is the optimal knapsack because it maximizes the
total utility (5+5 = 10). However, such a conclusion would be mean-
ingless, it is only due to the particular numerical representation cho-
sen for individual utilities. Let us change the initial numerical scale
by replacing numbers (1, 2, 4) by (0, 3, 4). In this case we obtain
two new utility functions characterized by (u1

1, u
1
2, u

1
3) = (0, 3, 4)

and (u2
1, u

2
2, u

2
3) = (4, 3, 0) which leads to the following utilities for

solutions of size 2:

{1, 2} {2, 3} {1, 3}
u1 3 7 4
u2 7 3 4
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Note that these new individual values are still consistent with prefer-
ence orders �1 and �2. Yet, with the same utilitarian principle, we
should admit now that {1, 3} is the least preferred knapsack. There-
fore, choosing the solution maximizing the sum of individual utilities
would not be a good procedure. It would merely be a consequence of
arbitrary choices of numerical representations of preferences rather
than a robust conclusion derived from the observed preference pro-
file. Note that the problem persists if we normalize u1 and u2 utilities
to obtain value 1 for set {1, 2, 3}. Other examples could be found for
other aggregators (e.g. the minimum for an egalitarian aggregation).

In order to be able to compare the solutions of a knapsack problem

when individual utility scales are not commensurate and/or not rich

enough to allow the construction of a social utility, it seems natural to

resort to a voting rule. The main advantage of a voting rule is indeed

to perform an ordinal aggregation procedure. There is no need to

know how the welfare of individuals should be compared, we only

need to elicit individual preference orders. Some recent contributions

consider voting rules in a very different perspective, for example, by

investigating their ability to approximate the winner with respect to

the utilitarian criterion [29, 11, 6].

Preference elicitation can be performed incrementally so as to de-

termine the winner with a reduced amount of preference queries. Var-

ious incremental elicitation procedures have been proposed and stud-

ied in the context of single-winner elections with incomplete pref-

erences [18, 23, 14]. In this setting, several contributions study the

determination of possible and necessary winners from a partial pref-

erence profile, e.g., [20, 34, 21, 15], when the set of candidates is

defined explicitly.

In knapsack problems however, solutions are numerous and de-

fined implicitly, which is an additional challenge for the winner de-

termination. This explains the current interest for incremental voting

procedures on combinatorial domains and the purpose of this paper.

Our aim here is to propose an incremental voting rule in which in-

dividual preferences are progressively revealed until a collective de-

cision can be made, and to apply this procedure on the multi-agent

knapsack problem, taking advantage of the fact that individual pref-

erences are representable by additive utilities.

It is important to note that implementing a voting rule is not in

contradiction with the representation of individual values by utilities.

Individual utility functions are indeed seen as convenient representa-

tions of individual preference orders, and their use will significantly

contribute to relieve the preference elicitation burden. In the standard

knapsack problem, due to the linearity of preferences, the set of all

preference orders compatible with a given partial order can be char-

acterized by a convex polyhedron in the utility space. This makes it

possible to resort to mathematical programming to explore all pos-

sible completions of any partially known preference profile, but also

to look for possible winners, and to develop an efficient incremental

elicitation procedure for the determination of all winners, as it will

be seen later in the paper.

Implementing a voting rule for the knapsack problem with a par-

tially specified preference profile could be related to multi-winner

voting rules studied in the field of computational social choice. Most

approaches recently proposed for multi-winner elections assume that

individual preferences over items are sufficient to explain preference

over subsets because they derive satisfaction from their most pre-

ferred candidate (see e.g., [13, 26, 28, 30, 25, 22, 5, 16, 32], and see

[24] for incremental elicitation of voter preferences). This assump-

tion is well-suited to the election of representatives. However, for any

agent, it may happen that the selection of the most preferred candi-

date is not sufficient to counterbalance the presence of multiple least

preferred candidates in the elected committee. This limitation also

applies to the selection of items in multi-agent knapsack problems.

In this paper, we focus on approval voting because this is a simple

rule that can be decisive even if only a part of the preference profile

is known. Approval voting is the voting method which allows each

agent to approve of (vote for) as many solutions as she wishes, and

the solution with the most approval votes is the winner of the election

[8]. In approval voting, we only need to learn, for every agent, which

are the approved or disapproved subsets, so as to elect a solution

receiving the maximal support. We therefore investigate incremental

procedures for approval voting and their application to the knapsack

problem. This work differs from multi-winner approval voting [19,

2, 1] which only collects approval statements over items instead of

feasible subsets of items.

The paper is organized as follows: we introduce the multi-agent

knapsack problem in Section 2 and study computational issues for

this problem. In Section 3, we propose a search procedure for the

determination of the possible winners. Then, an incremental voting

procedure to determine the set of approval winners is proposed in

Section 4. Finally, numerical tests are provided in Section 5.

2 THE GENERAL FRAMEWORK
We consider a collective decision problem where a set of agents

N = {1, . . . , n} has to jointly select a set of items (e.g., candidates,

projects, objects) in a set P = {1, . . . , p}. Any subset of items can

be represented by a solution vector x = (x1, . . . , xp) ∈ {0, 1}p
where xj = 1 if item j is in the subset and xj = 0 otherwise.

Some linear constraints on variables xj , j ∈ P , are imposed to de-

fine the admissible solution vectors. For instance, one may want to

impose cardinality constraints to control the size of the subset and/or

to ensure gender parity in the elected committee; there may also exist

budget constraints (e.g., when the decision is subject to a maximum

total cost) or capacity constraints as in knapsack problems, making

some subsets of items unfeasible. For the simplicity of the presenta-

tion, we will only consider the standard knapsack constraint of the

form
∑

j∈P wjxj ≤ W where wj is the (positive) weight of item

j and W is a positive value representing the maximum total weight;

the set of feasible solutions will be denoted by X in the sequel. Our

purpose and the algorithms proposed in the paper also apply when

additional (linear) feasibility constraints are considered.

We assume that the preferences of agent i, i ∈ N , can be repre-

sented by a function ui : {0, 1}p → R measuring the overall utility

of any solution. Hence, given two solutions x, y representing two

subsets of items, x is at least as good as y for agent i ∈ N when-

ever ui(x) ≥ ui(y). Here ui(x) =
∑

j∈P ui
jxj , where ui

j ∈ R
represents the utility of item j for agent i. The profile (u1, . . . , un)
of utility functions will be denoted by u. Note also that ui, as a nu-

merical representation of a preference order, is generally not unique

and any transform preserving inequalities of type ui(x) ≥ ui(y) for

all solutions x, y could be considered as well.

Nevertheless, numerical representations of individual preferences

by utility functions ui, i ∈ N , can be used in approval voting. Un-

der the assumption that individual preferences are represented by

utility functions ui, i ∈ N , a solution x is approved by agent i
if and only if ui(x) ≥ δi where δi ∈ R is an approval (or util-

ity) threshold that separates approved and non-approved solutions.

The profile of thresholds (δ1, . . . , δn) will be denoted by δ in the

sequel. The pair (u, δ) characterizes approved and non-approved

solutions for all agents and enables the computation of approval

N. Benabbou and P. Perny / Solving Multi-Agent Knapsack Problems Using Incremental Approval Voting 1319



scores for any feasible solution x. This approval score is given by

f(x, u, δ) = |{i ∈ N, ui(x) ≥ δi}|, and the winner of the elec-

tion is a feasible solution maximizing this score (various tie-breaking

rules can be considered). In this paper, we consider the approval

multi-agent knapsack problem defined as follows:

APPROVAL MULTI-AGENT KNAPSACK PROBLEM (AMKP)

Input: A finite set P of items; a positive integer W ; for each j∈P ,

a weight wj ; a finite set N of agents; a positive integer K; for each

i ∈ N , an approval threshold δi, for each j ∈ P , a utility value ui
j .

Question: Is there a subset X ⊆ P such that
∑

j∈X wj ≤W and

|{i ∈ N,
∑

j∈X ui
j ≥ δi}| ≥ K?

Proposition 1. AMKP is NP-complete.

Proof. The proof is quite straightforward due to a simple reduction

from the knapsack decision problem. Testing the existence of an ad-

missible knapsack having a utility greater or equal to a given value

K′ is indeed equivalent to solving an instance of the AMKP prob-

lem involving a single agent with the same utilities over items, an

approval threshold equal to K′ and with K = 1.

There are obvious tractable cases when W is a constant and con-

sidering integer weights, for example, committee election problems

(wj = 1 for all j ∈ P ) such that the committee size is a constant

(W ) specified explicitly. Indeed, we have:

Proposition 2. When W is constant and wj ∈ N\{0} for all j ∈ P ,
AMKP is in P .

Proof. Since wj is a non-zero positive integer for all j ∈ P , then

we know that all feasible knapsacks necessarily include at most W
items. The number of knapsacks of size at most W is equal to:

W∑
k=0

(
p

k

)
=

W∑
k=0

p!

k!(p− k)!

This number is obviously polynomial in p when W is a constant.

Therefore, the result can be easily obtained by considering the fol-

lowing naive procedure: for all sets X ⊆ P of size at most W , we

test whether
∑

j∈X wj ≤ W (feasibility condition), and if the test

succeeds, we compute |{i ∈ N,
∑

j∈X ui
j ≥ δi}| (approval score).

This procedure is polynomial in p and n when W is a constant.

Proposition 1 shows that finding the knapsack maximizing the

approval score is NP-hard in the general case. Moreover, well-

known pseudo-polynomial solution methods proposed for the stan-

dard knapsack problem (based on dynamic programming) are not

easily transposable to the approval winner determination problem, as

shown in Example 2.

Example 2. Consider a collective decision problem where 2 agents
have to choose 2 representatives from a pool of 3 candidates, i.e.
N = {1, 2} and P = {1, 2, 3}. Assume that utilities and approval
thresholds are the following:

u1
1 u1

2 u1
3 δ1 u2

1 u2
2 u2

3 δ2

0.5 0.3 0.2 0.5 0.1 0.5 0.3 0.7

In this case, we have f({1}, u, δ) = 1 > 0 = f({2}, u, δ) but
f({1, 3}, u, δ) = 1 < 2 = f({2, 3}, u, δ). We observe a preference
reversal because {1} is preferred to {2} whereas {2, 3} is preferred
to {1, 3}. Thus, preferences induced by the approval score are not
additive with respect to union with disjoint items. This precludes to
construct the optimal knapsack from optimal subsets of items.

Nevertheless, the winner can be obtained by solving the following

mixed integer program (MIP1):

max
∑

i∈N ai

s.t.

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∑
j∈P

ui
jxj − δi ≥M(ai − 1), ∀i ∈ N

∑
j∈P

wjxj ≤W

xj ∈ {0, 1}, ai ∈ {0, 1}, ∀i ∈ N, ∀j ∈ P

In this program, M is a constant greater than max{δi−ui(x), i∈N}
that allows the introduction of boolean variables ai which will be

equal to 1 if and only if agent i approves solution x. Moreover, the

second Equation is the knapsack constraint.

However, in practice, the full elicitation of individual utilities and

approval thresholds is too expensive. Usually, we can observe simple

preference statements of type “I prefer solution x to solution y”, and

in the case of approval voting, “I approve solution x”, or “I don’t ap-

prove solution y”. These preference statements enable to restrict the

sets of possible utility functions but generally do not allow to derive

a precise utility function for each agent (see Example 1). Instead,

uncertainty sets representing all possible utility functions compatible

with the preference information obtained so far must be considered.

The same observation applies to approval thresholds. Under utility

uncertainty, we study now the determination of possible winners.

3 POSSIBLE WINNERS DETERMINATION

In this section, we propose an algorithm that enables to compute the

set of possible approval winners given some partial knowledge of

the agents’ preferences. More precisely, the input of the algorithm

consists of three sets of preference information for each i∈N : a set

Ai (resp. Āi) of solutions that are known to be approved (resp. not

approved) by agent i, and a set Pi of pairs (y, z) such that solution y
is known to be preferred to solution z by agent i. The elements of Pi

are not explicit approval statements, but they can be used to derive

new positive or negative approval statements from those included in

Ai and Āi.

For each agent i ∈N , let U i (resp. Δi) denotes the set of utility

functions (resp. approval thresholds) compatible with the available

preference statements Ai, Āi and Pi. Formally, (U i,Δi) is the set

of all pairs (ui, δi) such that:

∀y∈Ai, ui(y)≥δi; ∀y∈Āi, ui(y)<δi; ∀(y, z)∈Pi, ui(y)≥ui(z)

where ui is of the form ui(x) =
∑

j∈P ui
jxj and δi ∈ R.

Let U (resp. Δ) be the cartesian product U1 × . . . × Un (resp.

Δ1 × . . . × Δn). Given such uncertainty sets, the set of possible

approval winners is defined as follows:

Definition 1. The set PW (X , U,Δ) of possible approval winners
is the set of all solutions x∈X that maximize the approval score for
some utility profile u∈U and some approval threshold vector δ∈Δ.
More formally: PW (X , U,Δ) =

⋃
u∈U,δ∈Δ

argmax
x∈X

f(x, u, δ).

Recall that Example 2 shows that standard dynamic programming

procedures cannot be used to determine the approval winners when

utilities and approval thresholds are known. This difficulty remains

when utilities and/or approval thresholds are partially known.
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The branch and bound approach is the most commonly used

tool for solving NP-hard optimization problems. We propose here

a branch and bound procedure to compute the set PW(X , U,Δ),
where nodes of the search tree represent partial instances of the

decision variable vector x = (x1, . . . , xp). More precisely, each

node η of the tree is characterized by a pair (P 0
η , P

1
η ) where

P k
η = {j ∈ P, xj = k}, k = 0, 1. Let Pη = P \ (P 0

η ∪ P 1
η ) denote

the set of all undecided variables at node η. Thus, each node η is

associated with a region of the solution space as follows: solution

x = (x1, . . . , xp) is attached to node η if and only if xj = k for all

j ∈ P k
η , k = 0, 1. The set of feasible solutions attached to node η is

denoted by Sη hereafter. The main features of our search procedure

are the following:

Initialization. Using a heuristic, a branch and bound procedure de-

termines some feasible solutions before performing the search so as

to define an initial bound on candidate solutions.

In order to obtain such a bounding set for the knapsack problem,

denoted by S0 hereafter, we propose to initially ask the agents to

rank all the items by preference order. Let ri(j) denote the rank of

item j in the preference order provided by agent i. We can define the

score αi(j) = p−ri(j)
wj

for each agent i ∈ N and each item j ∈ P

representing the tradeoff achieved between preference and weight.

Hence, for each agent i, a “good” solution to the knapsack problem

can be obtained by a greedy algorithm selecting items one by one,

by decreasing order with respect to scoring function αi, skipping

elements whose weight is greater than the residual weight capacity.

The resulting solution is inserted in S0 for initialization because it

represents a good solution from the point of view of agent i. This

process is repeated for all agents i ∈ N .

Moreover, a similar procedure is used with the average scoring

function defined by α(j) = 1/n
∑n

i=1 α
i(j), to complete S0 with a

solution which is likely to be more consensual. This solution will be

denoted by s̄ in the sequel.

Evaluation and pruning. Let S be the set of solutions found so far

(initially S = S0) and O be the current set of nodes to be explored.

Our pruning rule is based on the notion of setwise max regret defined

as follows: the setwise max regret SR(A,B,U,Δ) of a set A ⊆ X
with respect to a set B ⊆ X is the maximal feasible approval score

difference between the best solution in B and the best solution in A.

More formally:

SR(A,B,U,Δ) = max
u∈U,δ∈Δ

{
max
b∈B

f(b, u, δ)−max
a∈A

f(a, u, δ)
}

If SR(A,B,U,Δ) < 0, then we know that B does not contain

any possible approval winner; it indeed induces that, for all solu-

tions b ∈ B, for all u ∈ U and for all δ ∈ Δ, there exists a ∈ A
such that f(b, u, δ) < f(a, u, δ). Therefore, we propose to prune a

node η ∈ O if the setwise max regret SR(S, Sη, U,Δ) of set S with

respect to set Sη is strictly negative. Note that SR(S, Sη, U,Δ) =
maxx∈Sη maxu∈U,δ∈Δ mins∈S{f(x, u, δ)−f(s, u, δ)}. This al-

ternative formulation of setwise max regrets enables to compute

SR(S, Sη, U,Δ) as the optimal value of the mixed-integer quadratic

program (denoted by MIQPη) given in Figure 1. In this program,

ξ > 0 is an arbitrary small value enabling to model strict inequal-

ities. Equations (2e-2g) enable to restrict utility functions and ap-

proval thresholds to those compatible with the available preference

information. Then, since the preferences of agent i, for any i∈N , are

invariant by positive affine transformations jointly applied to func-

tion ui and threshold δi, we can assume without loss of generality

max t

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t ≤
∑
i∈N

ai −
∑
i∈N

ai
s, ∀s ∈ S

∑
j∈P1

η

ui
j+

∑
j∈Pη

ui
jxj − δi ≥M(ai − 1), ∀i∈N

∑
j∈P

ui
jsj − δi + ξ ≤Mai

s, ∀s∈S, ∀i∈N∑
j∈Pη

wjxj +
∑
j∈P1

η

wj ≤W

∑
j∈P

ui
j = M, ∀i ∈ N

∑
j∈P

ui
jyj ≥ δi, ∀i ∈ N, ∀y ∈ Ai

∑
j∈P

ui
jyj ≤ δi − ξ, ∀i ∈ N, ∀y ∈ Āi

∑
j∈P

ui
jyj ≥

∑
j∈P

ui
jzj , ∀i ∈ N, ∀(y, z) ∈ Pi

xj ∈{0, 1}, ∀i∈N, ∀j∈Pη

ai∈{0, 1}, ai
s∈{0, 1}, ∀i∈N, ∀s∈S

ui
j ≥ 0, δi ≥ 0, ∀i∈N, ∀j∈P

(2a)

(2b)

(2c)

(2d)

(2e)

(2f)

(2g)

Figure 1. MIQPη

that utilities are positive and bounded above by a constant M > 0
(see Equation (2d)). Moreover, ai is a boolean variable that will be

equal to 1 iff agent i approves solution x, and ai
s is a boolean variable

that will be equal to 1 iff agent i approves solution s, s ∈ S. Finally,

Equation (2a) introduces variable t∈R representing the smallest ap-

proval score difference between solution x and a solution s, s ∈ S.

Note that constraints given in Equation (2b) include quadratic

terms of type ui
jxj , j ∈ Pη , since ui

j are also variables of the op-

timization problem. In order to linearize theses constraints, we intro-

duce positive variables vij , i ∈ N, j ∈ Pη, representing the product

ui
jxj and Equation (2b) is replaced by the following constraints:⎧⎪⎪⎨⎪⎪⎩

∑
j∈P1

η
ui
j +

∑
j∈Pη

vij − δi ≥M(ai − 1), ∀i∈N
vij ≤ ui

j , ∀i ∈ N, ∀j ∈ Pη

vij ≤Mxj , ∀i ∈ N, ∀j ∈ Pη

vij − ui
j ≥M(xj − 1), ∀i ∈ N, ∀j ∈ Pη

The resulting mixed-integer linear program will be denoted by MIPη .

Branching. Setwise max regrets SR(S, Sη, U,Δ) available for all

nodes η ∈ O are also used to select the next node to be explored.

More precisely, we select here a node η ∈ O which maximizes

SR(S, Sη, U,Δ). This branching strategy aims to maximally

improve the current solution set S. The optimal solution of MIPη

indeed maximizes the gap f(x, u, δ) − maxs∈S f(s, u, δ) over all

u ∈ U , all δ ∈ Δ and all x ∈ ⋃
η′∈O Sη′ . Then, Sη is split in two by

considering possible instantiations of a variable xj , j ∈ Pη chosen

among the variables equal to 1 in the optimal solution of MIPη .

Filtering. As we will see in Proposition 3, the proposed Branch and

Bound outputs, in general, a superset of the set of possible approval
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winners. To remove undesirable elements, we use a final filtering

process, named FILTER hereafter, which iteratively deletes all

solutions s′ ∈ S such that SR(S\{s′}, {s′}, U,Δ) < 0, using a

simplified version of MIPη .

The algorithm implementing these principles is referred to AS

(Approval-based Search) in the sequel and it is summarized by Al-

gorithm 1.

Algorithm 1: Approval-based Search

Input: S0: initial solutions; U,Δ: uncertainty sets

Output: PW(X , U,Δ): the set of possible approval winners

1 S ← S0

2 η ← [∅, ∅]
3 O ← {η}
4 while O �= ∅ do
5 Select a node η in argmaxη′∈O SR(S, Sη′ , U,Δ)
6 if Pη = ∅ then
7 S ← S ∪ Sη

8 else
9 Select j∈Pη s.t. xj =1 in the optimal solution of MIPη

10 Generate η0=[P 0
η ∪ {j}, P 1

η ] and η1=[P 0
η , P

1
η ∪ {j}]

11 forall η′ ∈ {η0, η1} do
12 if Sη′ �= ∅ and SR(S, Sη′ , U,Δ) ≥ 0 then
13 O ← O ∪ {η′}
14 end
15 end
16 end
17 O ← O \ {η}
18 end
19 S ← FILTER(S)
20 return S

This algorithm is justified by the following proposition:

Proposition 3. AS returns the set PW(X , U,Δ).

Proof. Since, the pruning rule only prunes nodes including no possi-

ble approval winner (by definition of setwise max regrets), we know

that S is a superset of PW(X , U,Δ) at the end of the while loop.

Let x be an element inserted in S such that x �∈ PW(X , U,Δ), if it

exists. Since x is not a possible winner, we know that, for all u ∈ U
and for all δ ∈ δ, there exists x′ ∈ PW(X , U,Δ) ⊆ S such that

f(x, u, δ) < f(x′, u, δ). Therefore, x is necessarily removed from

S during the filtering (by definition of the filtering process).

Depending on the uncertainty sets (U and Δ) implicitly defined

by the available preference information, possible approval winners

might be too numerous to be enumerated efficiently. In order to save

time, one may be interested in approximating the set of possible

approval winners with performance guarantees. We propose below

a variant of Algorithm AS for approximating possible winners with

some guarantees on the quality of the output.

Approximation. Given a constant ε > 0, a set X ⊆ X is an (1+ε)-
approximation of the set of possible winners if, for all x ∈ X , all

u ∈ U and all δ ∈ Δ, there exists x′ ∈ X such that f(x, u, δ) ≤
(1 + ε)f(x′, u, δ). In order to compute an (1 + ε)-approximation of

the set of possible winners, we introduce an approximate version of

the setwise max regret. The setwise max ε-regret SRε(A,B,U,Δ)
of a set A ⊆ X with respect to a set B ⊆ X is defined as follows:

SRε(A,B,U,Δ)= max
u∈U,δ∈Δ

{
max
b∈B

f(b, u, δ)−max
a∈A

(1+ε)f(a, u, δ)
}

If SRε(A,B,U,Δ) ≤ 0, then we know that, for all b ∈ B, all

u ∈ U and all δ ∈ Δ, there exists a ∈ A such that f(b, u, δ) ≤
(1 + ε)f(a, u, δ). Therefore, we propose a variant of AS where a

node η ∈ O is pruned if SRε(S, Sη, U,Δ) ≤ 0. This pruning rule

is sharper than the previous one and is more likely to prune nodes in

the search tree. The implementation is simple within Algorithm AS:

computations of SR values must simply be replaced by computations

of SRε values. Moreover, the value SRε is obtained using MIPη in

which Equation (2a) is simply replaced by:

t ≤
∑
i∈N

ai − (1 + ε)
∑
i∈N

ai
s, ∀s ∈ S

The resulting algorithm is denoted by ASε in the sequel. Then, the

following proposition holds.

Proposition 4. ASε returns an (1 + ε)-approximation of the set
PW(X , U,Δ).

Proof. Let x be a solution that does not belong to S at the end of

the search procedure. Let u ∈ U and δ ∈ Δ. We want to prove that

f(x, u, δ) ≤ (1 + ε)f(s, u, δ) for some s ∈ S.

If x was inserted in S at some step, then x has necessarily been

deleted during the filtering of S. In that case, by definition of the

filtering, we know that there exists s ∈ S such that f(x, u, δ) ≤
f(s, u, δ); hence, f(x, u, δ) ≤ f(s, u, δ) ≤ (1 + ε)f(s, u, δ).

Assume now that x was pruned at some step without ever be-

longing to S. In that case, we know that, at this step, there exists

s ∈ S such that f(x, u, δ) ≤ (1 + ε)f(s, u, δ). If solution s be-

longs to S at the end of the procedure, then we can directly infer

the result. If solution s is deleted during the filtering, then we know

that there exists s′ ∈ S such that f(s, u, δ) ≤ f(s′, u, δ). Therefore,

f(x, u, δ) ≤ (1+ε)f(s, u, δ) ≤ (1+ε)f(s′, u, δ) which completes

the proof (note that there is no chaining of errors).

4 ELICITATION FOR WINNER
DETERMINATION

In Section 3, we have introduced a procedure for the determination

of possible approval winners. It can be used in situations where a

significant part of approval judgements is available. However, with

incomplete preference information, the number of possible winners

remains often very large, due to the combinatorial nature of the knap-

sack problem. Actually, the notion of possible winner (even its ap-

proximate version) is not sufficiently discriminating to support effi-

ciently a collective decision making process. A more discriminating

concept is the notion of necessary winner defined as follows:

Definition 2. The set NW (X , U,Δ) of necessary approval winners
is the set of all solutions x ∈ X that maximize the approval score for
all utility profiles u ∈ U and all approval threshold vectors δ ∈ Δ.
More formally : NW (X , U,Δ) =

⋂
u∈U,δ∈Δ

argmax
x∈X

f(x, u, δ).

However, given the uncertainty sets U and Δ, it might be the case

that no necessary winner exists. In this situation, we need to collect

more preference information so as to be able to make a collective

decision. For this reason, we focus now on preference elicitation for

the approval winners determination.

One may consider a two stage procedure that consists first in elic-

iting the entire set of approval judgements and then in applying the

N. Benabbou and P. Perny / Solving Multi-Agent Knapsack Problems Using Incremental Approval Voting1322



approval voting method. However, the exhaustive elicitation, prior to

preference aggregation, is unfeasible due to the combinatorial nature

of the problem. Collecting all approval statements would indeed re-

quire O(n2p) queries, for n agents and p items. We propose instead

to combine preference elicitation and search so as to quickly focus

the search on the relevant subsets of items and to concentrate the elic-

itation burden on the useful part of preferences. Our proposal is to

collect approval statements from individuals during the search so as

to progressively reduce the uncertainty attached to approval scores

until determining the actual winners, i.e. the solutions maximizing

the approval score.

Note that the number of possible winners reduces with the uncer-

tainty about the agents’ preferences. More precisely, for any U ′ ⊆ U
and any Δ′ ⊆ Δ, we have PW(X , U ′,Δ′) ⊆ PW(X , U,Δ). More-

over, if U reduces to a single utility profile and Δ to a single approval

threshold vector, then the possible winners become the actual win-

ners of the election. More generally, if we consider an incremental

elicitation procedure that iteratively collects preference information

so as to progressively reduce sets U and Δ, we will necessarily reach

a point where all possible winners are necessary winners. This will

generally happen long before reducing U and Δ to singletons. At

that point, we know that the possible winners are the actual winners.

Therefore, we propose now an incremental elicitation procedure

progressively reducing uncertainty sets to U ′ and Δ′ such that

PW(X , U ′,Δ′) = NW(X , U ′,Δ′). Our incremental elicitation al-

gorithm consists in inserting preference queries in Algorithm AS

(see the previous section) so as to discriminate between the current

best solutions (those that were stored in S). In practice, S is now re-

stricted to the most approved solutions found so far. Within this set,

we can arbitrarily select a representant, named the incumbent. Ini-

tially, the incumbent may be any feasible solution to the knapsack

problem (e.g., solution s̄, see the initialization in Section 3). Each

time a new solution (or a challenger) is found (line 6, Algorithm 1),

it is now compared to the incumbent in terms of approval scores.

Note that, given the current uncertainty sets U and Δ, a solution

x ∈ X is necessarily approved by an agent i, i ∈ N, if and only

if ui(xj) ≥ δi holds for all u ∈ U and all δ ∈ Δ. This can be

checked by testing whether the optimum of the following linear pro-

gram is positive: min
∑

j∈P ui
jxj − δi subject to Equations (2d-2g)

and δi ≥ 0, ui
j ≥ 0 ∀j ∈ P . Similarly, testing whether a solution

x ∈ X is necessarily disapproved by an agent or not can be per-

formed using linear programming. Thus, each time a new solution is

found, we can efficiently determine the agents - if they exist - that

necessarily approve/disapprove it. Then, a natural query generation

strategy, denoted by σ0 hereafter, consists in questioning all the other

agents to know whether they approve this solution or not. The chal-

lenger will be inserted in S if it has the same approval score than

the incumbent. If the challenger is strictly better than the incumbent,

then S is reinitialized to include only the challenger. This strategy

provides an incremental search algorithm, named Algorithm IAS (In-

cremental Approval-based Search) in the sequel, that determines the

set of approval winners, as shown by the following proposition:

Proposition 5. IAS returns the exact set of approval winners.

Proof. To prove this result, it is sufficient to prove the following: for

any initial uncertainty sets U and Δ, Algorithm IAS terminates with

uncertainty sets U ′ ⊆ U and Δ′ ⊆ Δ such that PW(X , U ′,Δ′) =
NW(X , U ′,Δ′). Let s ∈ S be any solution returned by IAS. For

all x ∈ X , we want to prove that we have f(s, u, δ) ≥ f(x, u, δ)
for all u ∈ U ′ and all δ ∈ Δ′ at the end of the search procedure.

First, whenever a node η is pruned at some step k of IAS using the

current incumbent sk, we know that, for all x ∈ Sη , f(x, u, δ) ≤
f(sk, u, δ) for all u ∈ Uk and all δ ∈ Δk where Uk and Δk are

the current uncertainty sets at step k. Since U ′ ⊆ Uk and Δ′ ⊆ Δk,

we have f(x, u, δ) ≤ f(sk, u, δ) for all u ∈ U ′ and all δ ∈ Δ′.
Then, according to strategy σ0, solution sk is such that f(sk, u, δ) ≤
f(s, u, δ) for all u ∈ U ′ and all δ ∈ Δ′. The result is obtained by

transitivity.

Algorithm IAS can be interrupted at any time to obtain the best

solution found so far (the incumbent). Assume that IAS is interrupted

at some step k, and let sk denote the incumbent at the end of this

step. It is worth noting that the quality of sk can be measured by

considering the following notion of maximum regret:

MR(sk,X , Uk,Δk) = max
x∈X

max
u∈Uk

max
δ∈Δk

{f(x, u, δ)− f(sk, u, δ)}

where Uk,Δk and Ok respectively denote U , Δ and O at the end

of step k. This maximum regret is indeed an upper bound on the

gap to optimality: it represents the worst-case regret of choosing the

incumbent instead of any other solution in terms of approval scores.

This regret can be easily obtained using the available setwise max

regrets SR({sk}, Sη, Uk,Δk) computed to evaluate nodes η ∈ Ok

during the search. More precisely, the following proposition holds:

Proposition 6. At any iteration step k of IAS, we have:

MR(sk,X , Uk,Δk) = max
η∈Ok

SR({sk}, Sη, Uk,Δk)

Proof. We want to prove that maxx∈X R(sk, x, Uk,Δk) is equal

to maxη∈Ok SR({sk}, Sη, Uk,Δk), where R(sk, x, Uk,Δk) =
maxu∈Uk maxδ∈Δk{f(x, u, δ) − f(sk, u, δ)}. Let Y be the set of

solutions defined by Y = {x ∈ Sη, η ∈ Ok}. Note that Y is not

empty since Algorithm IAS has been interrupted. Then, by definition

of setwise max regrets, we have:

SR({sk}, Sη, Uk,Δk)=max
u∈Uk

max
δ∈Δk

max
x∈Sη

{f(x, u, δ)−f(sk, u, δ)}

=max
x∈Sη

max
u∈Uk

max
δ∈Δk

{f(x, u, δ)−f(sk, u, δ)}

=max
x∈Sη

R(sk, x, Uk,Δk)

for any η ∈ Ok. Therefore, maxη∈Ok SR({sk}, Sη, Uk,Δk) =
maxx∈Y R(sk, x, Uk,Δk). Moreover, by definition of the pruning

rule, we know that SR({sk}, Sη, Uk,Δk) ≥ 0 for any η ∈ Ok, and

so maxx∈Y R(sk, x, Uk,Δk) ≥ 0. As a consequence, to establish

the result, it is sufficient to prove that R(sk, x, Uk,Δk) ≤ 0 for any

solution x ∈ X\Y . Three cases may occur:

• For x = sk, we can easily infer R(sk, x, Uk,Δk) = 0.

• For x ∈ S, since sk is the incumbent, we know that f(x, u, δ)≤
f(sk, u, δ) for all u ∈ Uk and δ ∈ Δk (by definition of strategy

σ0). Therefore, we can infer R(sk, x, Uk,Δk)≤0.

• For x ∈ Sη , where η is a node that has been pruned during

the search, we know that SR({sk}, Sη, Uk,Δk) < 0 (by defi-

nition of the pruning rule). Then, since we have just proved that

SR({sk}, Sη, Uk,Δk) = maxx′∈Sη R(sk, x
′, Uk,Δk), we nec-

essarily have R(sk, x, Uk,Δk) < 0.

Hence maxx∈X R(sk, x, Uk,Δk) = maxx∈Y R(sk, x, Uk,Δk).
This establishes the result.
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5 NUMERICAL TESTS
Since finding the knapsack that maximizes the approval score is NP-

hard, even when all functions ui and thresholds δi are known (see

Proposition 1), a Branch and Bound for this problem may obviously

have bad running time (in the worst case, all solutions may be enu-

merated). Usually, the efficiency of a Branch and Bound method is

evaluated in an empirical way, analysing instances with a large num-

ber of solutions. It is also evaluated by the quality of the returned

solutions. We show below the practical efficiency of our algorithms.

5.1 Approval-based Search (AS)
In this subsection, we report numerical tests aiming at evaluating the

computation times (given in seconds) of possible winners calcula-

tion using AS and ASε (linear optimizations are performed using the

Gurobi solver). In these experiments, instances of the multi-agent

knapsack problem with p = 12 are generated as follows: weights

wj , j ∈ P, are uniformly drawn in {1, . . . , 100}. Then, capacity W
is set to d ×∑

j∈P wj where d = 0.3, 0.4 and 0.5 so as to vary

the number of solutions: the number of maximal (w.r.t. set inclusion)

feasible subsets is approximatively equal to 500, 1000 and 2000 re-

spectively. Moreover, to evaluate the impact of the uncertainty sets,

we randomly generate q = 10, 20 preference statements per agent

before running the algorithms. The computation times obtained by

averaging over 50 runs for instances with n = 20 are reported in

Table 1. We also report #S the average number of possible winners.

d = 0.3 d = 0.4 d = 0.5

method q time #S time #S time #S

AS 10 26.6 19.8 71.8 29.8 614.4 111.4
AS 20 25.2 17.4 55.7 23.9 442.3 90.3

AS0.1 10 1.1 1.9 2.7 3.8 13.9 8.3
AS0.1 20 1.0 1.6 2.3 2.7 9.4 5.0

Table 1. Computations of possible winners.

As expected, we can see that computation times increase with

the size of the problem, and decrease as the number of available

preference statements increase. Moreover, we observe that AS0.1 is

drastically faster than AS. More precisely, AS0.1 determines an 1.1-

approximation of possible winners in a few seconds while AS needs

a few minutes on average.

5.2 Incremental Approval-based Search (IAS)
In this subsection, we report various numerical experiments aiming at

evaluating the performance of IAS (presented in Section 4). In these

experiments, only the preference ranking over single items is initially

available for each agent. Then, answers to approval queries are sim-

ulated using approval thresholds and utility functions randomly gen-

erated with negative correlations so as to obtain difficult instances.

The first series of tests aims to evaluate the performance of its

pruning rule in terms of average number of explored nodes (which

corresponds to the average size of the search tree). For a basic com-

parison, we also report the number of nodes explored by exhaustive

enumeration (this basic procedure is named S0 hereafter). Due to the

possibility of collecting preference information during the search,

algorithm IAS is significantly faster than AS and can solve much

larger instances. For example, we report here the results obtained for

p = 12, 15, 18 and 20 (with d = 0.4), which approximatively repre-

sents 1000, 8500, 60000 and 250000 maximal (w.r.t. set inclusion)

feasible solutions respectively. Results obtained by averaging over

30 runs are reported in Table 2 for problems involving 30 agents.

p S0 IAS

12 3024 109
15 21468 238
18 152415 289
20 647834 440

Table 2. Number of explored nodes.

Table 2 shows that the average number of nodes explored by IAS

remains quite low when increasing the number of solutions, whereas

it drastically increases with an exhaustive enumeration. For example,

our regret-based pruning rule reduces the average size of the search

tree by a factor of 30 for instances with p = 12 (1000 feasible so-

lutions), while reducing this number by a factor of 1600 for p = 20
(250000 feasible solutions).

The second series of experiments aims to evaluate the performance

of IAS in terms of computation times (given in seconds) and average

number of queries per agent (denoted by #Q hereafter). Results ob-

tained by averaging over 50 runs are reported in Table 3 for instances

involving 10, 20 and 30 agents.

p = 15 p = 18 p = 20

n time #Q time #Q time #Q

10 9.2 10.5 29.8 12.2 48.7 14.3
20 17.7 9.8 42.2 10.1 162.1 14.9
30 29.7 10.9 154.0 11.8 225.7 13.1

Table 3. Computations of necessary winners.

In Table 3, we can see that IAS is very efficient both in terms of

number of queries per agent and computation times; for instance, for

problems with 10 agents and 20 items (250000 feasible solutions),

IAS determines the set of optimal knapsacks in less than 50 sec-

onds with less than 15 queries per agent on average, whereas the full

elicitation of approval statements would require 250000 queries per

agent. Moreover, although the number of feasible solutions increases

exponentially with p the number of items, we can see that the average

number of queries increases very slowly. This shows that the compact

numerical representation of individual preferences is well exploited

by IAS during the resolution. Finally, when comparing Tables 1 and

3, we observe that combining elicitation and search is more efficient

than asking preference queries prior to the search; for example, with

20 agents, IAS determines the approval winners with no more than

15 queries per agent for problems with 250000 solutions, whereas

asking 20 queries per agent prior to the search leaves us with 90 pos-

sible winners for smaller problems (2000 solutions) while doubling

computation times. This shows that elicitation driven by resolution

enables us to save both computation times and preference queries

needed to determine the optimum.

We focus now on the evaluation of the branching strategy of IAS.

The branching strategy is of crucial importance for the efficiency of
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the query generation strategy proposed in Section 4. This elicitation

strategy indeed consists in asking agents whether they approve or not

some solutions found during the search; these solutions are obviously

dependent on the branching strategy. For comparison, we also con-

sider the interactive branch and bound procedure (named Random

hereafter) that differs from IAS only on the branching strategy as

follows: the next node to be explored and the next variable to be in-

stantiated are both selected at random. For both branching strategies,

we compute the maximum regret (MR) attached to the incumbent

(using Proposition 6) each time an agent answers an approval query

during the resolution. Recall that this regret gives an upper bound

on the regret of choosing the incumbent instead of any other solu-

tion in terms of approval scores. Whenever this value equals zero,

the incumbent is necessarily an approval winner. Regrets are here

expressed on a normalized scale assigning value 1 to the initial maxi-

mum regret (computed before collecting any preference information)

and value 0 when the maximum regret is 0. Figure 2 shows the results

obtained by averaging over 30 runs.

Figure 2. Maximum regret attached to the incumbent with respect to the
total number of queries (p = 12, d = 0.4, n = 30).

In Figure 2, we can see that the maximum regret reduces much

more quickly with IAS than with Random. For instance, after 240
queries (i.e. 8 queries per agent) on average, the regret of choosing

the incumbent instead of any true approval winner is under 10% of

the initial regret, whereas it remains above 65% with the random

branching strategy. Hence, the elicitation strategy seems to be much

more informative using our regret-based branching strategy instead

of the random branching strategy.

Finally, we estimate the performance of IAS as an anytime algo-

rithm by computing the maximum regret attached to the incumbent

at each iteration step of IAS. This regret indeed provides a guarantee

on the gap to optimality at any step of the branch and bound pro-

cedure. For comparison, we consider here also the random branch

and bound procedure (named Random). The results reported in Fig-

ure 3 are obtained by averaging over 30 runs. We observe that the

maximum regret decreases much more quickly with IAS than with

Random, as the number of iteration steps increases. For instance, af-

ter 200 iteration steps on average, the maximum regret is under 10%

with our procedure while remaining above 70% for the random strat-

egy. Moreover, we observe that this regret drops drastically from the

very beginning of IAS. This shows that IAS provides (very quickly)

a good solution before the end of the search.

Figure 3. Maximum regret attached to the incumbent at each step of the
branch and bound procedures (p = 15, d = 0.5, n = 30).

6 CONCLUSION

We have presented a new approach for incremental approval voting

on combinatorial domains, illustrated on the knapsack problem. The

first specificity of this approach is to exploit compact numerical rep-

resentations of individual preferences (additive utilities) to propose

more efficient elicitation sequences. Thus, learning that agent i ap-

proves or not solution x is no longer an isolated preference infor-

mation; it induces a constraint on the utility space possibly reducing

the set of weak-orders consistent with the observed preferences. This

contributes to derive implicitly other approval judgements on other

knapsacks, which saves many preference queries.

The second specificity of our approach is to interleave preference

elicitation and search. This makes it possible to elicit preferences on a

combinatorial set implicitly defined with a twofold benefit in view of

winner determination: on the one hand, working on partial instances

of feasible solutions in the search tree facilitates the identification

of relevant queries and relieves the elicitation burden. On the other

hand, the search is earlier focused on the relevant part of the solution

space due to the integration of new preference information at decisive

steps of the search algorithm, which saves a significant part of the

computational effort. This enables to solve large instances for which

the systematic elicitation of all approval statements is not feasible.

We see several directions to extend this work. The first one is to re-

lax the additivity of individual utilities so as to be able to model inter-

actions between items. In this line, it seems natural to use generalized

additive utilities functions (GAI) that could also be elicited incremen-

tally [10]. Another direction would be to consider alternative voting

rules using possibly more information than approval statements. For

example, positional scoring rules may be worth investigating under

the assumption that individual preferences are representable by ad-

ditive utilities. This is a challenging issue because, when preferences

are only partially known, the ranges of possible ranks in individual

rankings is generally too large to be decisive.
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Propositional Abduction with Implicit Hitting Sets
Alexey Ignatiev 1, 2 and Antonio Morgado 1 and Joao Marques-Silva 1

Abstract. Logic-based abduction finds important applications in

artificial intelligence and related areas. One application example is

in finding explanations for observed phenomena. Propositional ab-

duction is a restriction of abduction to the propositional domain,

and complexity-wise is in the second level of the polynomial hier-

archy. Recent work has shown that exploiting implicit hitting sets

and propositional satisfiability (SAT) solvers provides an efficient

approach for propositional abduction. This paper investigates this

earlier work and proposes a number of algorithmic improvements.

These improvements are shown to yield exponential reductions in

the number of SAT solver calls. More importantly, the experimental

results show significant performance improvements compared to the

the best approaches for propositional abduction.

1 Introduction

Logic-based abduction finds relevant applications in artificial intelli-

gence and related areas [9, 12, 18–20, 25–27, 33, 49–52, 54, 58–60].

Given a background theory, a set of manifestations and a set of

hypotheses, abduction seeks to identify a cost-minimum set of hy-

potheses which explain the manifestations and are consistent given

the background theory. Propositional abduction is hard for the sec-

ond level of the polynomial hierarchy, but finds a growing num-

ber of applications [58, 60]. Noticeable examples of where propo-

sitional abduction algorithms can be applied include abductive infer-

ence [15–17, 55], logic programming [34, 36, 41], knowledge bases

updates [35, 59], security protocols verification [1], and constraint

optimization [21, 22], among many others.

Given the complexity class of propositional abduction, it is con-

ceptually simple to solve the problem with a linear (or logarithmic)

number of calls to a ΣP
2-oracle, e.g. a oracle for quantified Boolean

formulas (QBF) with one quantifier alternation. Unfortunately, in

practice QBF solvers are not as efficient as SAT solvers, and do not

scale as well. As a result, recent work [58] on solving propositional

abduction focused on using calls to SAT oracles instead of QBF ora-

cles, following a trend also observed for solving QBF [28,29,31,32].

This recent work on solving propositional abduction is motivated by

the practical success of implicit hitting set algorithms in a number of

different settings [4,10,11,13,23,24,28,29,31,32,37–39,45,53,58,

61].

The contributions of this paper can be summarized as follows.

The paper revisits QBF models for solving propositional abduc-

tion and proposes a Quantified MaxSAT (QMaxSAT) [23, 24]

model for propositional abduction. Moreover, the paper notes that

the MaxHS [13] approach for MaxSAT can be readily applied to

QMaxSAT by replacing the oracle used. The paper then investigates

the application of implicit hitting sets to solving propositional abduc-

1 LaSIGE, Faculty of Science, University of Lisbon, Portugal, email:
{aignatiev,ajmorgado,jpms}@ciencias.ulisboa.pt

2 ISDCT SB RAS, Irkutsk, Russia

tion [58] and identifies a number of algorithmic improvements. This

leads to a new algorithm, Hyper, for solving propositional abduction.

This new algorithm is shown to significantly outperform the current

state of the art, solving a large number of instances that could not

be solved with existing solutions. More importantly, the paper shows

that the algorithmic improvements proposed can save an exponen-

tial number of iterations when compared with the current state of the

art [58].

The paper is organized as follows. Section 2 introduces the defi-

nitions used throughout the paper, and also overviews related work.

Section 3 revisits a QBF model for abduction, which is then used for

developing a number of alternative approaches for solving proposi-

tional abduction. Among these, the paper proposes improvements to

recent work [58], which are shown to yield exponential reductions

on the number of SAT oracle calls. Section 4 analyzes the experi-

mental results, running existing and the proposed algorithms on ex-

isting problem instances [58]. Section 4 also provides experimental

evidence that the proposed algorithms for propositional abduction

can save an exponential number of oracle calls in different settings.

Section 5 concludes the paper, and identifies possible research direc-

tions.

2 Preliminaries
This section introduces the notation and definitions used throughout

the paper.

2.1 Satisfiability
Standard propositional logic definitions apply (e.g. [7]). CNF formu-

las are defined over a set of propositional variables. A CNF formula

(or theory) T is a propositional formula represented as a conjunc-

tion of clauses, also interpreted as a set of clauses. A clause is a

disjunction of literals, also interpreted as a set of literals. A literal is

a variable or its complement. The set of variables of a theory T is

denoted X � var(T ). The dependency of T on X can be made ex-

plicit by writing T (X). Where convenient, a formula can be rewrit-

ten with a fresh set of variables, e.g. we can replace X by Y , writ-

ing T (Y ). Conflict-driven clause learning (CDCL) SAT solvers are

summarized in [7]. Throughout the paper, SAT solvers are viewed

as oracles. Given a CNF formula F , a SAT oracle decides whether

F is satisfiable, and returns a satisfying assignment μ if F is satis-

fiable. A SAT oracle can also return a subset of the clauses (i.e. an

unsatisfiable core U ⊆ F ) if F is unsatisfiable.

CNF formulas are often used to model overconstrained problems.

In general, clauses in a CNF formula are characterized as hard, mean-

ing that these must be satisfied, or soft, meaning that these are to be

satisfied, if at all possible. A weight can be associated with each soft

clause, and the goal of maximum satisfiability (MaxSAT) is to find an

assignment to the propositional variables such that the hard clauses

are satisfied, and the sum of the satisfied soft clauses is maximized.
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Branch-and-bound algorithms for MaxSAT are overviewed in [7].

Recent work on MaxSAT investigated core-guided algorithms [3,46]

and also the use of implicit hitting sets [13].

In the analysis of unsatisfiable CNF formulas, a number of defi-

nitions are used. Given an unsatisfiable CNF formula F , a minimal

unsatisfiable subset (MUS) M ⊆ F is both unsatisfiable and irre-

ducible. Given an unsatisfiable CNF formula F , a minimal correc-

tion subset (MCS) C ⊆ F is both irreducible and its complement

is satisfiable. Given an unsatisfiable CNF formula F , a maximal sat-

isfiable subset (MSS) S is the complement of some MCS of F . A

largest MSS is a solution to the MaxSAT problem.

Additionally, it is well-known [40,56] that MUSes and MCSes are

connected by a hitting set duality. Given a collection Γ of sets from a

universe U, a hitting set h for Γ is a set such that ∀S ∈ Γ, h∩S �= ∅.
A hitting set h is minimal if none of its subsets is a hitting set. It is

straightforward to extend the previous definitions to the case where

there are hard clauses.

Quantified Boolean formulas (QBFs) are an extension of propo-

sitional logic with existential and universal quantifiers (∀, ∃) [7].

A QBF can be in prenex closed form Q1x1. . .Qnxn. ϕ, where

Qi ∈ {∀, ∃}, xi are distinct Boolean variables, and ϕ is a Boolean

formula over the variables xi and the constants 0 (false), 1 (true). The

sequence of quantifiers in a QBF is called the prefix and the Boolean

formula the matrix. The semantics of QBF is defined recursively.

A QBF ∃x1Q2x2. . .Qnxn. ϕ is true iff Q2x2. . .Qnxn. ϕ|x1=1 or

Q2x2. . .Qnxn. ϕ|x1=0 is true. A QBF ∀x1Q2x2. . .Qnxn. ϕ is true

iff both Q2x2. . .Qnxn. ϕ|x1=1 and Q2x2. . .Qnxn. ϕ|x1=0 are true.

To decide whether a given QBF is true or not, is known to be

PSPACE-complete [7].

2.2 Propositional Abduction

A propositional abduction problem (PAP) is a 5-tuple P =
(V,H,M, T, c). V is a finite set of variables. H , M and T are CNF

formulas representing, respectively, the set of hypotheses, the set of

manifestations, and the background theory. c is a cost function asso-

ciating a cost with each clause of H , c : H → R+.

Given a background theory T , a set S ⊆ H of hypotheses is an ex-

planation (for the manifestations) if: (i) S entails the manifestations

M (given T ); and (ii) S is consistent (given T ). The propositional ab-

duction problem consists in computing a minimum size explanation

for the manifestations subject to the background theory.

Definition 1 (Explanations for P [58]) Let P = (V,H,M, T, c)
be a PAP. The set of explanations of P is given by the set Expl(P ) =
{S ⊆ H | T ∧ S �⊥, T ∧ S �M}. The minimum-cost solutions of
P are given by Explc(P ) = argminE∈Expl(P )(c(E)).

The complexity of logic-based abduction has been investigated in

a number of works [9,18], and is surveyed in [58]. Checking whether

S ⊆ H is an explanation for a PAP is DP-complete. Deciding the

existence of some explanation is ΣP
2-complete. Finding a minimum-

size explanation can be achieved with a linear number of calls to a ΣP
2

oracle or, if the costs are polynomially bounded, with a logarithmic

number of calls to a ΣP
2 oracle.

Example 1 (Example abduction instance.) Consider the proposi-
tional abduction problem instance P = (V,H,M, T, c) with the set
of variables V , the set of hypotheses H , the manifestations M , and

Input: F WCNF formula

Output: (μ,Cost(μ)) MaxSAT assignment and cost

1 begin
2 K ← ∅
3 while true do
4 h← MinimumHS(K)
5 (st , μ)← SAT(F \ h)

// If st, then μ is an assignment
// Otherwise, μ is a core

6 if st then return (μ,Cost(μ))
7 K ← K ∪ {μ}
8 end

Algorithm 1: The MaxHS algorithm [13]

the background theory T given by,

V = {x1, x2, x3, x4}
H = {(x1), (x2), (x3)}
M = {(x4)}
T = {(¬x1 ∨ x4), (¬x2 ∨ ¬x3 ∨ x4)}

(1)

The (propositional) abduction problem for this example is to find a
minimum cost subset S of H , such that (i) S is consistent with T (i.e.
T ∧ S �⊥); and (ii) S and T entail M (i.e. T ∧ S �M ). For this
instance of propositional abduction, the minimum cost explanation
is then S = {(x1)}.

2.3 Related Work
This paper builds on recent work on algorithms for propositional ab-

duction [58], which builds on earlier work on solving maximum sat-

isfiability with implicit hitting set algorithms [13]. This work is also

tightly related to the body of work on handling hitting sets implic-

itly [10, 11, 13, 37, 45, 58], which is also tightly related with implicit

hitting set dualization [4, 38, 39, 53, 61], but also with abstraction re-

finement in QBF solving and optimization [23, 24, 28, 29, 31, 32].

The use of implicit hitting sets for solving MaxSAT is embodied

by MaxHS [13], which is summarized in Algorithm 1. The algorithm

computes minimum hitting sets of a set of sets, each of which repre-

sents an unsatisfiable subformula of the target formula. This essen-

tially exploits Reiter’s [56] well-known hitting set relationship be-

tween MCSes and MUSes [6, 8, 40], where an MCS is a minimal

hitting set of the MUSes and vice-versa. Moreover, since a minimum

hitting set is being computed, we are in search of the smallest MCS,

i.e. the MaxSAT solution. In case there are hard clauses, MaxHS

needs to take this into consideration, including checking the consis-

tency of the hard clauses. Besides MaxHS, recent work on MaxSAT

solving is based on iterative unsatisfiable core identification [3, 46].

Recent work on propositional abduction builds on MaxHS and

proposes a novel algorithm, AbHS/AbHS+. AbHS mimics MaxHS

in that the algorithm iteratively computes minimum cost hitting sets,

which identify a subset S ⊆ H . This set S is then used for checking

whether it represents an explanation of the propositional abduction

problem. Since it is a minimum hitting set then, if the conditions

hold, it is a minimum-cost explanation. AbHS is summarized in Al-

gorithm 2. As in MaxHS, the algorithm iteratively computes mini-

mum hitting sets using an ILP solver (line 13). The outcome is a sub-

set S of H . The abduction conditions are checked with two distinct

SAT oracle calls. One oracle call checks whether T ∧S∧(¬M) is in-

consistent, i.e. whether T ∧S �M . If the formula is satisfiable, then

the set of sets to hit (K) is updated with another set, of the clauses in

H falsified by the computed satisfying assignment. If T ∧S∧ (¬M)
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Input: PAP P = (V,H,M, T, c)
Output: Minimum cost explanation S

1 begin
2 K ← ∅
3 S ← ∅
4 (st , μ)← SAT(T ∧H ∧ (¬M))
5 if st then return ∅
6 while S �= H do
7 (st , μ)← SAT(T ∧ S ∧ (¬M))
8 if st then K ← K ∪ {{h ∈ H | μ(h) = 0}}
9 else

10 (st , μ)← SAT(T ∧ S)
11 if not st then K ← K ∪ {(H \ S)}
12 else return S

13 S ← MinimumHS(K)

14 return ∅
15 end

Algorithm 2: The AbHS/AbHS+ abduction algorithm [58]

is inconsistent, then a second oracle call checks whether T ∧ S is

consistent. If it is, then a minimum-cost explanation has been iden-

tified. Otherwise, AbHS creates a hitting set by requiring that some

non-selected clause of H be selected in subsequently computed min-

imum hitting sets. For the AbHS+ variant [58], the set added can be

viewed as the complements of the literals selecting each clause in S,

i.e. at least some clause in S must not be picked.

There is a vast body of work on exploiting implicit hitting sets. The

concept of exploiting implicit hitting sets is intended to mean that,

instead of starting from an explicit representation of the complete

set of hitting sets, hitting sets are computed on demand, as deemed

necessary by the problem being solved. An earlier example of ex-

ploiting implicit hitting sets is the work of Bailey and Stuckey [6],

in the concrete application to hitting set dualization. The concept

was re-introduced more recently [10, 13, 37], and then applied in a

number of different settings. Among this vast body of work, as will

become clear throughout the paper, our work can be related with

abstraction refinement ideas used in recent expansion-based QBF

solvers, namely RAReQS [24,28,31] and quantified optimization ex-

tensions [23, 29], but now in the context of handling implicit hitting

sets.

3 Algorithms for Propositional Abduction

This section overviews different algorithms for solving propositional

abduction, all of which are based on reducing the problem to QBF.

3.1 QBF Model for Abduction

Given a PAP P = (V,H,M, T, c), the problem of deciding whether

some set S is an explanation can be reduced to QBF. S ⊆ H is an

explanation of P iff:

∃XT (X) ∧ S(X) ∧ ∀Y ¬(T (Y ) ∧ S(Y ) ∧ ¬M(Y )) (2)

is true. (Observe X and Y denote sets of variables, thus highlight-

ing that different sets of variables are used.) (2) can be rewritten as

follows:

∃Xφ(X) ∧ ∀Y ψ(Y ), (3)

where φ = T ∧ S and ψ = ¬(T ∧ S ∧ ¬M).

As indicated in Section 2, the goal of propositional abduction is

to find a minimum cost explanation, i.e. to pick a minimum cost set

S ⊆ H that is an explanation of P .

The problem of finding a minimum cost explanation of P can be

reduced to quantified maximum satisfiability [24] (QMaxSAT). As-

sociate a variable ri with each clause Ci ∈ H , and create a set H ′

where each clause Ci ∈ H is replaced by (ri ∨Ci), to enable relax-

ing the clause. Let R denote the set of the ri (relaxation) variables,

with |R| = |H|. H ′ serves to create a modified QBF:

∃R∃XT (X)∧H ′(R,X)∧∀Y ¬(T (Y )∧H ′(R, Y )∧¬M(Y )) (4)

As before, (4) can be rewritten as follows:

∃R∃Xφ(X,R) ∧ ∀Y ψ(Y,R) (5)

The above QBF can be transformed into prenex normal formal, and

represents the hard part of the QMaxSAT problem. Moreover, the

fact that the goal is to compute a minimum cost explanation of P
is modeled by adding a soft clause (¬ri), with cost c(Ci), for each

ri ∈ R. Each soft clause denotes a preference not to include the

associated clause in H in the computed explanation.

Example 2 With respect to the PAP from example 1, the QBF asso-
ciated with the hard part of the QMaxSAT problem is:

∃r1,r2,r3∃x1,x2,x3,x4

(¬x1 ∨ x4) ∧ (¬x2 ∨ ¬x3 ∨ x4)∧
(r1 ∨ x1) ∧ (r2 ∨ x2) ∧ (r3 ∨ x3)

∀y1,y2,y3,y4
¬[(¬y1 ∨ y4) ∧ (¬y2 ∨ ¬y3 ∨ y4)∧
(r1 ∨ y1) ∧ (r2 ∨ y2) ∧ (r3 ∨ y3) ∧ (¬y4)]

(6)

with the soft clauses being {(¬r1), (¬r2), (¬r3)}.

The QMaxSAT formulation can be used to develop a number of al-

ternative approaches for solving PAP. These approaches are detailed

in the next sections.

Observe that, if the propositional abduction problem is not trivial

to solve, then the QBF (2) is false for S = ∅ and S = H .

3.2 Abduction with QMaxSAT

Similarly to MaxSAT, a number of algorithms can be envisioned for

solving QMaxSAT. These are analyzed in the subsections below, tak-

ing into account the specific structure of the reduction of proposi-

tional abduction to QMaxSAT.

3.2.1 Iterative QBF Solving

A standard approach for solving MaxSAT is iterative SAT solv-

ing [46]. Similarly, we can use iterative QBF solving for QMaxSAT.

At each step, and given cost k, the following pseudo-Boolean con-

straint is used:

PB(R, k) �

⎛⎝ ∑
Ci∈H

c(Ci)ri ≤ k

⎞⎠ (7)

For some positive k, the QBF (5) can be used for iteratively QBF

solving as follows:

∃RPB(R, k) ∧ ∃Xφ(X,R) ∧ ∀Y ψ(R, Y ) (8)
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Clearly, binary search can be used to ensure a linear (or logarith-

mic, depending on whether the costs are bounded) number of ΣP
2

oracle calls [18]. In practice, most QBF solvers expect clausal rep-

resentations. Clausification introduces one additional level of quan-

tification. Typically, each quantification level makes a QBF formula

harder to decide. And thus in practice, QBF solvers scale worse than

SAT solvers, and so this approach is unlikely to scale for large propo-

sitional abduction problem instances.

3.2.2 Core-Guided QBF Solving

Core-guided algorithms [3, 46] represent another approach for solv-

ing QMaxSAT. Many variants of core-guided MaxSAT algorithms

have been proposed in recent years [3, 46].

Given the reduction of propositional abduction to QMaxSAT,

any core-guided MaxSAT algorithm can be used, provided a core-

producing QBF solver is used [24, 42].

Nevertheless, for the abduction problem the use of alternative

MaxSAT solving approaches, based on MaxHS [13] is amenable to

efficient optimizations, which solely use SAT solvers [58].

3.2.3 Exploiting MaxHS

A recent approach for MaxSAT solving is MaxHS [13], which ex-

ploits integer linear programming (ILP) solving, resulting in sim-

pler SAT oracle calls, at the cost of a possibly exponentially larger

number of oracle calls. Recall that the MaxHS approach for solving

MaxSAT is outlined in Algorithm 1.

A straightforward solution for solving QMaxSAT is to replace the

SAT oracle by a QBF oracle in MaxHS. This approach is referred to

as QMaxHS, and it was implemented on top of DepQBF, the known

QBF solver which is capable of reporting unsatisfiable cores if the

input QBF is false [42]. It should be noted (and it is also mentioned

in Section 4) that the implementation of QMaxHS performs quite bad

(it cannot solve any benchmark instances considered in Section 4). A

possible explanation of this is that the QBF formulas, which are iter-

atively solved by the QBF solver, are too hard even though the orig-

inal idea of MaxHS-like algorithms is to get (many) simple calls to

the oracle. This suggests that implementing core-guided QMaxSAT

algorithms would not pay off as well since the QBF formulas in core-

guided QMaxSAT are much harder to deal with. Recent work on

propositional abduction [58] proposed a MaxHS-like approach, but

the QBF oracle call was replaced by two SAT solver calls, which is

expected to outperform QMaxHS.

3.3 Exploiting Implicit Hitting Sets
The use of implicit hitting sets for abduction was proposed in recent

work [58]. This work can be viewed as extending the MaxHS algo-

rithm for MaxSAT [13], which is based on implicit enumeration of

hitting sets. In contrast to MaxHS, instead of one SAT oracle call,

AbHS [58] uses two SAT oracle calls, one to check entailment of M
by T ∧S and another to check the consistency of T ∧S. A variant of

AbHS, AbHS+, differs on which sets are added to the hitting set rep-

resentation. Whereas the connection of MaxHS and AbHS with im-

plicit hitting sets is clear, the approach used in AbHS+ can be viewed

as adding both only positive clauses and only negative clauses to hit,

and so the connection with hitting sets is less evident. An alternative

way of explaining AbHS/AbHS+ is to consider (5). The ILP solver is

used for computing some minimum cost hitting set, which represents

a set of clauses S ⊆ H . Then, one SAT oracle call checks ∃Xφ(X),
given S, and another SAT oracle call checks ∀Y ψ(Y ), also given S.

(Observe that this second formula corresponds to checking unsatisfi-

ability.) This explanation of how AbHS/AbHS+ works is investigated

in greater detail below.

In the following, an alternative approach for propositional abduc-

tion is developed which, similarly to AbHS/AbHS+, is also based on

handling implicit hitting sets, but which is shown to yield exponential

reductions on the number of oracle calls in the worst case. The new

algorithm, Hyper, shares similarities with MaxHS and AbHS/AbHS+

in that minimum hitting sets are also computed, and an implicit rep-

resentation of the hitting sets is maintained. However, and in contrast

with AbHS/AbHS+, Hyper analyzes the structure of the problem for-

mulation, and develops a number of optimizations that exploit that

formulation.

The propositional abduction problem formulation can be pre-

sented in a slightly modified form, i.e. to find a smallest cost set

S ⊆ H , consistent with T (i.e. a T -consistent set S), which, together

with T , entails M . Consider a T -consistent candidate set S ⊆ H . If

T ∧S �M , then the formula T ∧S∧(¬M) is satisfiable and the sat-

isfying assignment returned by the SAT oracle is a counterexample
explaining why the selected set S is such that T ∧ S �M . More-

over, this satisfying assignment can be used for revealing a (possibly

subset-minimal) set of clauses in H \ S which are falsified. Clearly,

one of these falsified clauses must be included (i.e. hit) in any T -

consistent set S ⊆ H which, together with T , will entail M . Thus,

from each T -consistent candidate set S ⊆ H which, together with

T , does not entail M , we can identify a set of clauses, from which

at least one must be picked, in order to pick another T -consistent set

S ⊆ H , such that eventually T ∧ S �M .

The approach outlined in the paragraph above, although appar-

ently similar to the description of AbHS/AbHS+, reveals a number of

significant insights. First, checking the consistency of S with T can

be carried out concurrently with the selection of S itself. This is also

apparent from the QBF formulation (2), in that all existential quanti-

fiers can be aggregated and handled simultaneously. Thus, each min-

imum hitting set S is computed while guaranteeing that T ∧S holds.

More importantly, after each set S is picked, it is only necessary to

check whether T ∧ S �M , and this can be done with a single SAT

oracle call.

Concretely, the next minimum cost hitting set, given the already

identified sets to hit, is computed guaranteeing that the existential

part of (4) is satisfied:

∃R∃XT (X) ∧H ′(R,X) (9)

The selected set S, identified by the assignment to the R variables, is

then used for checking the satisfiability of the second component of

QBF (2):

∀Y ¬(T (Y ) ∧ S(Y ) ∧ ¬M(Y )) (10)

Observe that this can be decided with a SAT oracle call.

Thus, a careful analysis of the problem formulation enables im-

proving upon AbHS/AbHS+, specifically by eliminating one SAT

oracle call per iteration. However, as shown in the next section, the

new algorithm can save an exponentially large number of SAT oracle

calls when compared with AbHS/AbHS+.

Besides the aggregation of the existential quantifiers, additional

optimizations can be envisioned. Propositional abduction seeks a

minimum cost set S ⊆ H such that T ∧ S �M . Ideally, one would

prefer not to select a set S ⊆ H such that T ∧ S �M . Observe that

T ∧ S �M implies that T ∧ S ∧ M holds, but the converse is in

general not true. Thus, M can be added to (9), resulting in requiring

that T ∧S∧M be consistent when selecting the set S. The inclusion

of M when picking a minimum hitting set can also reduce the num-
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Input: PAP P = (V,H,M, T, c)
Output: Minimum cost explanation S

1 begin
2 (H ′, R)← RelaxCls(H)
3 B ← T ∧M ∧H ′

4 A← ∅
5 while true do
6 (st , h)← MinimumHS(A,B)
7 if not st then return ∅
8 S ← {Ci ∈ H ′ | ri ∈ h}
9 (st , μ)← SAT(T ∧ S ∧ (¬M))

10 if not st then return S
11 W ← PickFalseCls(H \ S, μ)
12 Y ← GetRelaxationVars(W )
13 A← A ∪ Y

14 end
Algorithm 3: Organization of Hyper

ber of oracle calls exponentially. This is also investigated in the next

section.

The new Hyper algorithm for propositional abduction is shown

as Algorithm 3. Clauses in H are relaxed, to allow each clause Ci ∈
H to be picked when the associated relaxation variable ri is assigned

value 1. The minimum hitting sets are computed for the set of sets

A, subject to a background theory B, which conjoins T , M and the

relaxed clauses of H . In Hyper minimum hitting sets are computed

with a MaxSAT solver [47], since the hard part (containing T , M
and H ′) plays a significant role in deciding consistency. If all hitting

sets have been (implicitly) tried unsuccessfully, then the algorithm

terminates and returns ∅. If not, and if T ∧S �M , then the algorithm

terminates and returns the computed set S. Otherwise, a subset of

the clauses in H \ S, which are falsified by the computed satisfying

assignment μ, is identified, and the associated relaxation variables

are used to create another set to hit, i.e. one of those clauses must be

included in any selected set S.

3.3.1 Additional Optimizations

A few additional optimizations are possible, which can be expected

to have some impact on the performance of Hyper. These are dis-

cussed next. The first two optimizations are implemented in a variant

of Hyper, Hyper�. The other optimizations are analyzed to explain

why performance improvements are not expected to be significant.

One optimization is to perform partial reduction of the counterex-

amples computed in lines 11–12 of Algorithm 3. Recall that coun-

terexamples, i.e. sets that need to be hit next time, comprise clauses

of H \ S that are falsified by a model μ of T ∧ S ∧ (¬M). Thus,

the counterexamples can be seen as correction subsets for the partial

CNF formula T ∧H ∧ (¬M), where T ∧ (¬M) is the hard part and

H is the soft part. Observe that instead of computing any correction

subset, one may want to reduce it to get a subset-minimal correc-

tion subset (an MCS), i.e. to try to minimize the number of falsified

clauses in H \ S. In Hyper� this is done using the standard linear

search algorithm [44], which iterates through the falsified clauses and

tries to satisfy them. In order not to spend too much time on doing

the reduction, the version of Hyper� presented here iterates only over

0.2×m falsified clauses of the initial counterexample starting from

the clauses of the smallest weight, where m is the size of the initial

counterexample.

A second optimization is to start by computing a fixed number of

minimum hitting sets. Given that T ∧H ∧ (¬M) is inconsistent, one

can enumerate MCSes of this formula, which must be hit, so that one

can eventually prove that there exists some set S with T ∧S �M . In

Hyper, 100 MCSes of T∧H∧(¬M) are computed before starting the

process of generating candidate sets S. These MCSes are computed

by size, using MaxSAT-based MCS enumeration [40, 48].

A third optimization respects the clauses in M . Any Cj ∈ M ,

such that T �Cj , can be removed from M . In a preprocessing step,

each clause in M is checked for entailment with respect to T . Any

entailed clause is removed. This technique reduces the practical hard-

ness of the formulas checked for unsatisfiability. Since most of the

running time of Hyper is spent on computing minimum hitting sets,

the impact of the technique is expected to be marginal.

A fourth, and final optimization respects the clauses in H . Any

Cj ∈ H that T �Cj , can also be removed from H , as it will not be

included in any minimum cost hitting set. It should be noted that the

gains of this technique should be also marginal. Since by construc-

tion T ∧ S is consistent, and the only computed counterexamples

satisfy T ∧ S ∧ (¬M), then any clause Cj ∈ H with T �Cj will

also be satisfied. Since, the counterexamples only consider falsified

clauses, then any clause Cj ∈ H entailed by T will never be included

in a set to be hit.

3.3.2 Exponential Reductions in Oracle Calls

This section argues that the new Hyper algorithm for solving propo-

sitional abduction can save an exponentially larger number of itera-

tions when compared with the AbHS/AbHS+ algorithm proposed in

earlier work [58].

Consider a PAP P1 = (V,H,M, T, c), with:

V = {t1, x1, y1,m1, . . . , tn, xn, yn,mn}
H = {(¬x1), (x1 ∨ t1), (¬y1), (y1 ∨ t1), . . . ,

(¬xn), (xn ∨ tn), (¬yn), (yn ∨ tn)}
M = {(m1), (m2), . . . , (mn)}
T = {(¬t1 ∨ ¬t2 ∨ . . . ∨ ¬tn),

(¬t1 ∨m1), . . . , (¬tn ∨mn)}

(11)

and c(Ci) = 1 for Ci ∈ H . Clearly, P1 has no solution. For M to

be entailed, S must imply all variables ti to 1; but this causes T ∧ S
to become inconsistent. Moreover, there are exponentially many sets

S, which are not consistent with T . AbHS+ will have to enumerate

all of these sets S and, for each such set S, it will use one additional

SAT oracle call to conclude that T ∧S is inconsistent. Since AbHS+

(or AbHS) selects all falsified clauses when blocking counterexam-

ples of T ∧ S ∧ (¬M), all subsets of S inconsistent with T will be

eventually enumerated. In contrast, since Hyper ensures consistency

between S and T when selecting a minimum hitting set, this expo-

nentially large number of oracle calls is not observed. (These dif-

ferences between AbHS/AbHS+ and Hyper are experimentally vali-

dated in Section 4.)

It should be clear that the exponentially large reduction in the num-

ber of oracle calls obtained with Hyper are hidden in the minimum

hitting set extractor. However, in Hyper the minimum hitting set ex-

tractor is based on MaxSAT (concretely core-guided MaxSAT), and

so this hidden complexity is handled (most often efficiently) by the

SAT solver.

The inclusion of M to find each set S can also potentially save

exponentially many iterations. Consider the following PAP P2 =
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(V,H,M, T, c):

V = {m, t1, x1, . . . , tn, xn}
H = {(m ∨ ¬x1), (m ∨ x1 ∨ t1),

(m ∨ ¬xn), (m ∨ xn ∨ tn)}
M = {(m)}
T = {(¬t1 ∨ . . . ∨ ¬tn)}

(12)

In contrast with the previous example, P2 has a solution, i.e. there

exists a subset S of H (with S = H) such that T ∧S �M . Until the

solution is found, all computed models of T ∧ S ∧ (¬M) will also

falsify T ∧ S ∧M . Any of these models might be filtered out if any

candidate set S is such that T ∧ S ∧M is consistent. It should be

noted that in this case there is no formal guarantee that the number of

SAT oracle calls must be exponential. This depends on the solutions

provided by the minimum hitting set algorithm used. Essentially, tak-

ing M into account when selecting S guarantees that the picked set

S will not be such that T ∧S �¬M . As the results in the next section

confirm, in practice AbHS/AbHS+ can generate exponentially many

candidates S for which T ∧ S �¬M .

4 Experimental Results
4.1 Experimental Setup
All the conducted experiments were performed in Ubuntu Linux on

an Intel Xeon E5-2630 2.60GHz processor with 64GByte of mem-

ory. The time limit was set to 1800s and the memory limit to 10GByte

for each process to run. A prototype of the Hyper algorithm proposed

above was implemented in C++ and consists of two interacting parts.

One of them computes minimum size hitting sets of the set of coun-

terexamples, also satisfying T ∧S∧M . This is achieved with the use

of an incremental implementation of the algorithm based on soft car-

dinality constraints [2, 47], which is a state-of-the-art MaxSAT algo-

rithm that won several categories in the MaxSAT Evaluation 20153.

The other part of the prototype checks satisfiability of T ∧S∧(¬M),
where S is a candidate hitting set reported by the hitting set solver.

Note that both parts of the solver were implemented on top of the

well-known SAT solver Glucose 3.04 [5]. Besides the basic version

of Hyper, we also implemented an improved version, which is be-

low referred to as Hyper� and contains the first two improvements

described in Section 3.3.1. Namely, the first improvement does par-

tial reduction of counterexamples by traversing and trying to satisfy

0.2×m clauses of each counterexample, where m is the size of the

counterexample. The second improvement used in Hyper� consists

in bootstrapping the hitting set solver with 100 MCSes of MaxSAT

formula T ∧ H ∧ (¬M). It should be noted that bootstrapping the

algorithm is not necessary but in some cases it can boost the perfor-

mance of the main algorithm. Also note that the MaxSAT solver in

both Hyper and Hyper� trims unsatisfiable cores [47] detected during

the solving process at most 5 times.

Hyper and Hyper� were compared to recent state-of-the-art algo-

rithms AbHS and AbHS+5 [58]. Additionally, we also implemented

the QMaxHS approach described in Section 3.3. The implementation

was done on top of DepQBF6, the known QBF solver which is capa-

ble or reporting unsatisfiable cores [42]. However, the performance

of QMaxHS is poor (i.e. in our evaluation it did not solve any instance

from the considered benchmark suite) and we decided to exclude it

from consideration.

3 See results for MSCG15b at http://www.maxsat.udl.cat/15/
4 http://www.labri.fr/perso/lsimon/glucose
5 http://cs.helsinki.fi/group/coreo/abhs/
6 http://lonsing.github.io/depqbf/

4.2 Abduction Problem Suite
In order to assess the efficiency of the new approach to propositional

abduction, the following benchmark suite was used, which was pro-

posed and also considered in [58]. According to [58], the benchmark

instances were generated based on crafted and industrial instances

from MaxSAT Evaluation 2014 with the use of the MaxSAT solver

LMHS7 [57] and the backbone solver minibones8 [30]. The reader is

referred to [58] for details. The resulting benchmark suite contains

6 benchmarks sets: pms-5, pms-10, pms-15, wpms-5, wpms-10, and

wpms-15, where the number indicates the number of manifestations.

In the conducted experimental evaluation, benchmark sets were ag-

gregated based on their type (weighted or unweighted) and resulted

in two benchmark sets: PMS and WPMS, having 847 and 795 in-

stances, respectively. The total number of instances is 1642.

The cactus plots reporting the performance of the considered al-

gorithms measured for the considered problem instances is shown in

Figure 1. As one can see in Figure 1a, for PMS benchmark instances,

Hyper and Hyper� perform significantly better than both AbHS and

AbHS+. More precisely, Hyper� solves 321 instances (out of 847),

which is 76 more (> 31%) than the number of instances solved by

AbHS+ (245). The second best competitor is Hyper, which solves

318 instances being 3 instances behind Hyper�. Finally, the worst

performance is shown by AbHS, which solves 174 instances. In

contrast to the unweighted problem instances, the performance of

the new algorithm for weighted instances is penalized by the use

of MaxSAT for computing minimal hitting sets. The reason is that

the MaxSAT solver used in Hyper does not exploit any modern and

widely used heuristics to efficiently deal with weights, e.g. Boolean

lexicographic optimization [43] or stratification [3].9 This can ex-

plain a similar performance shown by Hyper and Hyper� compared

to AbHS+. More precisely, Hyper� is able to solve 398 instances (out

of 795). AbHS+ comes second solving 389 instances while Hyper is

2 instances behind AbHS+ (387 solved). The worst performance is

shown again by AbHS, which solves 252 instances.

Regarding the performance of the virtual best solver (VBS), the

data for both sets of benchmarks can be seen in Figure 1 and it

is the following. For PMS, the VBS aggregating Hyper, Hyper� as

well as AbHS+10 is able to solve 328 instances, which is 7 more in-

stances than what Hyper� can solve alone. In contrast, for the WPMS

instances the picture is different: the VBS solves 425 instances,

which is 27 and 36 more instances than what Hyper� and AbHS+

can solve separately. This indicates that Hyper� and AbHS+ com-

plement each other in this case, which suggests building a portfolio

of the solvers for weighted instances. The performance comparison

between AbHS+ and Hyper� is detailed in the scatter plots shown

in Figure 2 and also confirms this conclusion. Although the exper-

imental results for the abduction problem suite show clear perfor-

mance gain of the proposed Hyper algorithm over the state-of-the-

art in propositional abduction (AbHS+), it is important to mention

that the benchmark suite was generated (see [58]) from the MaxSAT

instances by filtering out those of them that are hard for MaxHS-

like MaxSAT solvers, i.e. MaxHS [13,14] and LMHS [57]. This fact

suggests that applying similar ideas for generating problem instances

by targeting MaxSAT formulas that are easier for another family of

7 http://www.cs.helsinki.fi/group/coreo/lmhs/
8 http://sat.inesc-id.pt/˜mikolas/sw/minibones/
9 This conjecture is also suggested by the average numbers of iterations done

by Hyper� and AbHS+ for the WPMS benchmarks, which are 69 and 229,
respectively. Since Hyper� does significantly fewer iterations (on average)
and solves around the same number of instances as AbHS+ does, we as-
sume that the calls to the MaxSAT oracle are harder (on average).

10 AbHS is excluded from the VBS since it does not contribute to its perfor-
mance.
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Figure 1: Performance of Hyper, Hyper�, AbHS, and AbHS+ for the Abduction Problem Suite benchmarks.
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Figure 2: Hyper� vs AbHS+.

MaxSAT algorithms, e.g. the core-guided algorithms based on soft

cardinality constraints [47] (recall that the MaxSAT solver in Hy-

per is one of them), would result in even better performance of Hy-

per. Moreover, the results for the weighted benchmarks emphasize

the importance of applying modern techniques (e.g. Boolean lexico-

graphic optimization and stratification). With such improvements, we

expect Hyper to perform significantly better for problem instances

with weights.

4.3 Oracle Calls in AbHS+

This section studies the number of iterations for the considered ap-

proaches for the families of examples described in Section 3.3.2. For

both examples (11) and (12) we generated 10 instances varying size
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Table 1: The number of iterations and running time per solver for example family (11). Additionally, for AbHS/AbHS+ the number of iterations

of type 2 is also shown (in parentheses). Value n varies from 1 to 10.

1 2 3 4 5 6 7 8 9 10

AbHS 11 (7) 59 (49) 363 (343) 2401 (829) — — — — — —

0.0s 0.1s 3.4s 166.2s >1800s >1800s >1800s >1800s >1800s >1800s

AbHS+ 6 (2) 14 (4) 28 (8) 51 (16) 125 (32) 388 (64) 978 (128) 2242 (256) — —

0.0s 0.0s 0.0s 0.0s 0.3s 2.8s 24.3s 180.3s >1800s >1800s

Hyper 6 14 17 19 27 32 32 35 39 48

0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s

Table 2: The number of iterations and running time per solver for example family (12). Value n varies from 1 to 10.

1 2 3 4 5 6 7 8 9 10
AbHS / 5 11 21 54 133 350 878 1995 — —

AbHS+ 0.0s 0.1s 0.1s 0.2s 0.3s 2.0s 15.5s 168.8s >1800s >1800s

Hyper 6 16 17 14 20 29 18 27 30 37

0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s 0.0s

n of the instance from 1 to 10 in order to show how the number of

iterations grows with the growth of size n for each approach.11

Recall that example (11) aims at showing the importance of adding

the theory clauses into the hitting set solver by saving an exponential

number of iterations related to candidates that are not consistent with

the theory. In AbHS/AbHS+ the consistency check is done through

the second SAT call and results in a counterexample blocking the

candidate (AbHS+ also blocks its supersets). The idea of proposing

example family (11) is, thus, to show that the number of iterations

of this type (let us call them iterations of type 2 because they are

related with the 2nd SAT call) in AbHS and AbHS+ can be exponen-

tially larger than the number of iterations done by Hyper12. Indeed,

Table 1 confirms this conjecture indicating that the number of itera-

tions of type 2 in AbHS+ grows exponentially with the growth of n,

i.e. it is exactly 2n (see the values in parentheses), while the num-

ber of iterations done by Hyper is negligible. The situation gets even

more dramatic for AbHS. (As one can see, the total number of iter-

ations performed by AbHS and AbHS+ grows even faster.) The run-

ning time spent by AbHS and AbHS+ also grows significantly with

the growth of n. As a result, AbHS and AbHS+ cannot solve any

instances for n > 4 and n > 8, respectively, within 1800 seconds.

Observe that Hyper reports the result for each n immediately.

Regarding example (12), it shows the importance of adding M into

the hitting set solver. Table 2 confirms that it can save an exponential

number of iterations. As one can observe, the number of iterations

11 It should be noted that the pseudo-code in Algorithm 2 (taken from [58]),
as well as the actual source code, needs to be modified for AbHS+ to
produce correct results when a PAP does not have a solution, as is the
case with example (11). When blocking previously computed hitting sets,
AbHS+ can generate clauses both with positive literals and clauses with
negative literals and, for a PAP without solution, it will eventually com-
pute an empty hitting set, denoting that there is no solution to the con-
straints added as sets to hit. As a result, the pseudo-code (and the source)
needs to test for the case when the minimum hitting set returned is empty,
in which case it must return ‘no solution’. This fix was added to AbHS+ to
get the results presented in this section.

12 To test the number of iterations, the basic version Hyper was considered.

grows exponentially with growing value n for AbHS and AbHS+.

Note that in this case AbHS and AbHS+ behave similarly to each

other, which is why Table 2 does not have a separate row for AbHS+.

Analogously to the previous case, the performance of the solver (i.e.

its running time) is severely affected by the number of iterations.

Analogously to the previous example and in contrast to AbHS and

AbHS+, the basic version of Hyper does significantly fewer iterations

and spends almost no time for each of the considered instances.

5 Conclusions
Abduction finds many applications in Artificial Intelligence, with a

large body of work over the years. Recent work investigated propo-

sitional abduction, and proposed the use of a variant of the implicit

hitting set algorithm MaxHS for solving the problem [58].

This paper identifies several sources of inefficiency with earlier

work, and proposes a novel, implicit hitting set inspired, algorithm

for propositional abduction. The novel algorithm, Hyper, is shown

to outperform the recently proposed algorithms AbHS and AbHS+

on existing problem instances. In addition, the paper demonstrates

that the proposed improvements can result in exponential savings on

the number of SAT oracle calls, which helps explain the observed

performance improvements.

In a broader context, this paper contributes to the recent body of

work on implicit hitting set algorithms, and identifies algorithmic

optimizations that can be significant in other contexts.

A number of research directions can be envisioned. These include

improvements to the MaxSAT solver used for computing minimum

hitting sets, as this represents the main bottleneck of the Hyper algo-

rithm. Additional work will involve applying Hyper to a larger range

of problem instances.
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Improved Multi-Label Classification

via a Generative Mixture Model
Ramanuja Simha1 and Hagit Shatkay1

Abstract. Single-label classification associates each instance with

a single label, while multi-label classification (MLC), assigns multi-
ple labels to instances. Simple MLC systems assume that labels are

independent of one another, while more complex approaches cap-

ture inter-dependencies among labels. Experiments comparing per-

formance of MLC systems demonstrate that there is much room for

improvement.

Notably, when an instance is associated with multiple labels, a

feature-value of the instance may depend only on a subset of these

labels and thus be conditionally independent of the others given the

label-subset. Current systems do not account for such conditional in-

dependence. Moreover, dependence of a feature-value on a label is

likely to imply its dependence on other inter-dependent labels. Our

hypothesis is that by explicitly modeling the dependence between

feature values and specific subsets of inter-dependent labels, the as-

signment of multi-labels to instances can be done more accurately.

We present a probabilistic generative model that captures depen-

dencies among labels as well as between features and labels, by

means of a Bayesian network. We introduce the concept of label de-
pendency sets as a basis for a new mixture model that represents

conditional independencies between features and labels given sub-

sets of inter-dependent labels. Experimental results show that the per-

formance of the system we have developed based on our model for

MLC significantly improves upon results obtained by current MLC

systems that are based on probabilistic models.

1 Introduction

Multi-label classification (MLC) associates instances with possibly

multiple labels, in contrast to single-label classification, where each

instance is associated with a single label. Simple approaches for

multi-label classification transform the task into one or more single-

label classification task(s). For instance, under the Ranking by Pair-

wise Comparison method [22], a classifier is trained to distinguish

between each possible pair of labels (one-vs-one). A computation-

ally efficient alternative is the Binary Relevance method [22], where

each classification task corresponds to distinguishing a single label

from the rest (one-vs-all).

More advanced approaches for multi-label classification capture

dependencies among labels. For example, Multi-Label Search [8] ex-

plores a search space of label sets to capture such dependencies while

learning a mapping of instances to multi-labels. A more widely used

1 Computational Biomedicine and Machine Learning lab, Department of
Computer and Information Sciences, University of Delaware, Newark, DE
19716 USA. Email: {rsimha, shatkay}@udel.edu

method is a Classifier Chain [14, 15], which consists of multiple bi-

nary classifiers like those used in Binary Relevance, one classifier

per label. The chain is constructed based on an input label order-

ing. To capture relationships among labels, the feature-vector used

to represent an input instance given to a classifier F includes lab el

assignments obtained from all classifiers preceding classifier F in

the chain. Systems based on Classifier Chains include probabilis-

tic variants [5, 6, 16], and others that explicitly learn label inter-

dependencies such as a chain of Support Vector Machines [26], a

chain of naı̈ve Bayes classifiers [25], and an ensemble of Bayesian

networks [1]. Other approaches that employ graphical models, how-

ever not based on Classifier Chains, include Conditional Dependency

Networks [10], which use a fully-connected graphical model, and

systems that utilize probabilistic generative models [13, 17, 23], typ-

ically built for classifying text. The latter class of systems have not

been extensively tested against other MLC systems and on datasets

other than text.

In the context of MLC, a feature-value of an instance typically

depends on some subset of the instance labels and thus may be con-
ditionally independent of the other labels given this subset. For ex-

ample, the grade feature value of college students who are classified

(labeled) as Excelled in entrance tests and Admitted into a graduate
program is typically High, regardless of any other student labels. Fur-

thermore, dependence of a feature-value on a label is likely to suggest

its dependence on other inter-dependent labels. Current systems do

not account for the conditional independence between a feature-value

and other labels given a subset of labels. Moreover, performance of

current methods leaves much room for improvement. Our hypothesis

is that explicitly modeling the dependencies between feature values

and inter-dependent labels, as part of the classifier model, can sup-

port a more accurate assignment of multi-labels to instances.

We present a probabilistic generative model that captures depen-

dencies among labels as well as between features and labels, by

means of a Bayesian network. We introduce a mixture model to

represent conditional independencies between features and labels

given subsets of inter-dependent labels, and further develop a multi-

label classifier. Unlike previous approaches, our system uses an it-

erative process to infer values for multiple labels simultaneously.

In each iteration, the Bayesian network is modified to reflect inter-

dependencies among the most recently inferred label values; the ac-

curacy of the updated label assignments is thus improved by captur-

ing specific feature-label correlations and dependencies. We evaluate

our system on several multi-label datasets used before for evaluating

MLC systems, and demonstrate that the performance of our system

improves upon that obtained by current Classifier-Chain systems.

Using Inter-Dependence Structure
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In the next section we introduce relevant notations and present our

probabilistic generative model. Section 3 discusses procedures used

for learning structure and parameters of the model, and inference

techniques applied for multi-label classification. Section 4 provides

details about the multi-label datasets we use, performance evaluation

measures, and experimental results, while Section 5 concludes and

summarizes our findings and outlines future directions.

2 A Dependency-Based Mixture Model for
Multi-Label Data

Let D be a dataset containing m instances, and C={c1, . . . , cq}
be a set of q class-labels. Each instance in D is associated with a

subset of labels. As others have done before in the context of multi-

label classification (MLC) [1, 5], we represent an instance I ∈D as

a feature vector, �fI=〈f I
1 , . . . , f

I
d 〉, and I’s labels as a label vector,

�lI =〈lI1, . . . , lIq〉. Here d is the number of features, and lIi =1 if in-

stance I is associated with label ci, l
I
i =0 otherwise. Each feature

value fj is viewed as a value taken by a feature random variable Fj ,

and each label-indicator value li is viewed as a value taken by a la-

bel random variable Li. The task of multi-label classification thus

amounts to developing a classifier that takes as input an instance rep-

resented by a feature vector, and outputs a q-dimensional label vector.

2.1 Model Framework
We use a Bayesian network framework to model inter-dependencies

among labels as well as between features and labels. Each node rep-

resents either a label variable Li (1 ≤ i ≤ q) or a feature variable

Fj (1 ≤ j ≤ d), and each directed edge indicates a dependence re-

lationship between a pair of variables.

Representing label inter-dependencies

In the context of multi-label classification, labels may be directly

correlated with one another, regardless of their association with any

specific instance. As a simple example, drivers that are labeled as

Speeding are also likely to be labeled Accident-Prone, regardless of

any specific driver characteristics (features). We represent each un-
conditional dependence between a pair of labels ci and cj as a di-

rected edge from label variable Li to variable Lj . As another ex-

ample, Figure 1 shows the more complex inter-dependency structure

among label variables that we learn as part of our experiments (see

Section 4) in the context of the Emotions dataset [21]; in this exam-

ple, instances are songs and labels are emotions. A directed edge,

e.g. from Amazed-Surprised to Sad-Lonely, represents the assertion

that knowing that an instance is associated with the label Amazed-
Surprised influences the level of belief about the instance’s associa-

tion with the label Sad-Lonely.

A label may often depend on a small set of a few labels while being

conditionally independent of other labels given this set. To continue

L1

Relaxing-
Calm

L2

Amazed-
Surprised

L3

Angry-
Aggressive

L4

Quiet-
Still

L5

Sad-
Lonely

L6

Happy-
Pleased

Figure 1: An example Bayesian network structure over labels that we learn
using the Emotions dataset [21].

the previous simple example, the label Accident-prone is condition-

ally independent of the label New-driver given the label Speeding.

To capture such conditional independencies, we introduce the con-

cept of label dependency sets. A dependency set for a label ci is a

minimal set of labels, ci1 , . . . , cim such that knowing an instance’s

association with each label cij in the set is sufficient to infer the

likelihood of the instance to be associated with ci. We utilize the

Bayesian network framework to obtain a practical representation of a

label dependency set. The network structure captures both direct de-

pendencies between pairs of labels and conditional independencies

among labels given certain subsets of them. More specifically, each

label variable Li directly depends on its parents Pa(Li) while being

conditionally independent of its non-descendants given Pa(Li); the

joint distribution of the label variables is thus given by:

Pr(L1, . . . , Lq)=

q∏
i=1

Pr(Li|Pa(Li)) .

Employing the above conditional independence, we refer to a label

variable Li and its parents in the network as the label dependency
set for Li. Thus, for each variable Li (1 ≤ i ≤ q), we define a label

dependency set: LSi={Li} ∪ Pa(Li).

Representing dependencies between features and labels.

An instance’s association with certain labels is clearly correlated

with the instance feature values. Additionally, the value of a feature

may be correlated with multiple labels and not just with one. For ex-

ample, in the Emotions dataset [21], where instances are songs rep-

resented using rhythm and tone features and labels are emotions, the

value of the tone feature is typically Low when a song is labeled as

Sad-Lonely while it is typically High when a song is simultaneously

labeled as both Sad-Lonely and Amazed-Surprised.

As explained earlier while introducing label dependency sets

(LDS), the association of an instance with certain labels typically

provides information about its association with other labels. For in-

stance, a song that has a High tone feature value and is labeled as

Amazed-Suprised is likely to also be labeled as Sad-Lonely. We rep-

resent the dependence of a feature, Fj , on a subset of inter-dependent

labels, LSi (to which we refer as a label dependency set) by plot-

ting directed edges connecting each label variable in the set with the

feature variable. We thus capture the conditional dependence among
labels in the set LSi given the feature Fj . Figure 2 extends the ex-

L1 L2 L6L5L4L3

F1

Amazed-
Surprised Quiet-Still Sad-

Lonely

Tone

Parents of L5
Pa(L5)

Label Dependency Set for L5
LS5 = {L5} U Pa(L5)

= {L2, L4, L5}

L2 L3

Figure 2: An extension of the network shown in Figure 1, where labels are
emotions and features are rhythms/tones. The feature associated with the vari-
able F1 is tone. Bold-faced nodes (L5 and its parents L2 and L4) form the la-
bel dependency set, LS5. Solid directed edges represent dependencies among
the labels while dashed edges represent dependence between the feature, F1,
and the label dependency set, LS5.
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ample Bayesian network presented in Figure 1. The dashed arrows

from labels L2, L4, and L5 (i.e., Amazed-Surprised, Quiet-Still, and

Sad-Lonely) to the feature, F1 (i.e. Tone) in Figure 2 capture the de-

pendence of the feature on the subset of inter-dependent labels com-

prising the label L5 and its parents, L2 and L4; this label subset is

referred to as the label dependency set, LS5={L5} ∪ Pa(L5).
Moreover, when an instance is associated with multiple labels, a

feature-value of the instance may depend only on a subset of these

labels. As an example, the tone feature value of a song that is labeled

as Sad-Lonely and Amazed-Suprised is likely to be High regardless

of the song’s association with any other labels. That is, the tone is

conditionally independent of all other labels, given the two labels

Sad-Lonely and Amazed-Suprised. By explicitly representing depen-
dence between a feature and the labels in an LDS as discussed above,

our model captures conditional independence of the feature from all

other labels given the LDS.

We next present a probabilistic generative model that captures the

label inter-dependencies and dependencies between features and la-

bels discussed above.

2.2 Model Description
Generative models have been used before for multi-label classifica-

tion [13, 17, 23], typically for classifying text. While these models

address dependencies among labels, they do not represent intricate

dependencies between feature values and subsets of labels. In con-

trast, our proposed model captures conditional independencies of

features from labels by directly representing the dependencies be-

tween feature values and label subsets. (In addition, our model is de-

veloped in the general context of multi-label classification — not lim-

ited to text.) We next discuss the instance generation process, based

on a Bayesian network structure, and provide further detail about our

model.

The generation process comprises two steps:

I Labels assignment: To generate an instance I , its class-labels

are first determined, i.e., a label value lIi is assigned to each

label variable Li (1 ≤ i ≤ q). We view each label assignment

as a Bernoulli event, where lIi=1 when I is associated with

the label ci, and lIi=0 otherwise. Based on the Bayesian net-

work structure, the conditional probability of Li to be assigned

1 given the values of its parents denoted VPa(Li) is denoted as:

αi = Pr(Li=1|VPa(Li))
2 while its probability to be assigned 0

is 1−αi. The order in which label values are assigned is based

on the topological order of label variables, Lt1, . . . , Ltq in the

Bayesian network. The assigned label values form a label-vector
�lI for instance I .

II Features assignment: Based on the label-vector �l, a label depen-

dency set LSFj is selected for each feature Fj . We expect this

set to constitute a small subset of labels such that Fj’s value

depends only on the label subset. We introduce a Multinomial
random variable λFj that takes on a value k ∈ {1, . . . , q} with

probability: θ
�l
j,k = Pr(λFj =k|�l); λFj =k indicates the selec-

tion of the k’th label dependency set. We denote this set as:

LSk = {Lk} ∪ Pa(Lk). We refer to θ
�l
j,k as the mixture param-

eter as it models the dependence between the labels in each label

dependency set, LSk and the value of feature Fj .

The value for feature Fj is thus selected based on the val-

ues taken by the random variables in the set LSk, denoted as

2 Throughout the paper, for any set, S, of random variables, we denote by VS
the values taken by the variables in this set.

L1 L2
. . . Lq

λFj

θ
�l
j,k

LSk Fj

j = 1, . . . , d

Figure 3: Bayesian network representing the generative mixture
model of multi-label data.

VLSk . We view each feature value selection as a Multinomial
event, where the probability of Fj to take on a value v is:

φj,k(v) = Pr(Fj =v|λFj =k,VLSk ). Here φj,k(v) denotes the

conditional probability of feature Fj to take on the value v given

the label dependency set LSk. In the model, all feature variables

are assumed to take on discrete values. We thus discretize each

real-valued feature in the datasets used for our experiments, as

done by earlier studies [1] (see Section 4 for further details regard-

ing discretization). The selected values for all features together

form a complete feature-vector �f I representing the instance I .

We note that the process of assigning feature values enforces sev-

eral independence relationships. Having selected LSk as the label de-

pendency set, we denote by Lk the set of all label variables other than

{Lk} ∪ Pa(Lk), i.e., Lk = {L1, . . . , Lq} − LSk. The value selec-

tion — for each feature Fj — is conditionally independent of all

labels in Lk given LSk. Furthermore, the selected feature-value for

Fj is also conditionally independent of all other feature values given

the label vector �lI .

Formally stated, the independence assumptions enforced by our

model are:

(i) The feature values f I
1 , . . . , f

I
d of an instance I , are conditionally

independent of each other given the instance’s label vector �lI :

Pr(�f I |�lI) =
d∏

j=1

Pr(f I
j |�lI) . (1)

Although this assumption over-simplifies feature inter-

dependencies, it has been proven effective [1, 25].

(ii) Given the values taken by a label variable Lk and its parents

Pa(Lk) in a selected label dependency set LSk for an instance

I , a value f I
j of a feature is conditionally independent of all other

labels of I:

Pr(Fj =fI
j |λFj =k, L1= lI1, . . . , Lq= lIq) =

= Pr(Fj =fI
j |λFj =k, Lk= lIk,VPa(Lk)) . (2)

Figure 3 shows a graphical representation of the generative mix-

ture model presented above. Nodes represent random variables, and

directed edges represent dependencies among variables. Label and

feature random variables are denoted as circles. In contrast, the label

dependency set, LSk is denoted by a square as its value is determin-

istically assigned based on values taken by the label variable Lk and

its parents Pa(Lk). Notably, the node for LSk represents a set, and

as such the directed edge from LSk to the feature Fj is a short-hand
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for multiple edges connecting each label variable in LSk with Fj as

described in Section 2.1. Variables representing labels and features

are observed, that is, their values are provided within the training

dataset. These variables are shown as shaded in the figure. The value

of the variable λFj is governed by the mixture parameter θ
�l
j and is

not given as part of the dataset. As such, it is latent and shown as

unshaded.

Under all the above mentioned independence assumptions and

based on the structure of our generative model, the joint probabil-

ity of the label vector �lI and the feature vector �f I is expressed as:

Pr(�lI , �fI) = Pr(�lI) Pr(�f I |�lI) =

=

q∏
i=1

Pr(Li= lIi |VPa(Li))×

×
d∏

j=1

q∑
k=1

θ
�l
j,k Pr(Fj =f I

j |λFj =k, Lk= lIk,VPa(Lk)) ,

(3)

where:

(a)
∏q

i=1 Pr(Li= lIi |VPa(Li)) is the factorization of the joint proba-

bility Pr(�lI)=Pr(L1= lI1, . . . , Lq= lIq), based on the individual

q label values, given the conditional independencies encoded in

the network;

(b) Pr(Fj =f I
j |λFj =k, Lk= lIk,VPa(Lk)) denotes the conditional

probability of a feature value fI
j (1 ≤ j ≤ d, where d is the to-

tal number of features), given the values taken by a label variable

Lk and its parents Pa(Lk); Lk ∪ Pa(Lk) comprises the label de-

pendency set LSk (under the current generative mixture model);

(c) θ
�lI

j,k denotes the probability that the label dependency set LSk is

selected given a label-vector �lI for a feature Fj .

3 Model Learning and Inference
We next introduce a procedure for learning the structure and the pa-

rameters of our generative model, and present an inference technique

for multi-label classification.

3.1 Structure and Parameter Learning
We employ an iterative procedure to learn the Bayesian network

structure, specifically the structure of inter-dependencies among the

label nodes shown at the top of Figure 3, and to estimate the model

parameters shown on the RHS of Equation 3. This iterative procedure

is summarized in the pseudocode shown in Figure 4.

In each iteration, we first learn a label inter-dependency structure

using the BANJO package [20]; we then estimate the model param-

eters through an Expectation Maximization process; following that,

we infer multi-label values for instances in the training set. The inter-

dependency structure is learned in the first iteration from the training-

set labels, and in subsequent iterations, from the most recently in-

ferred label values. The model parameters are estimated throughout

the learning procedure using the training-set labels.

We use this iterative process as it modifies the network structure to

reflect inter-dependencies among the most recently inferred label val-

ues. We expect such a network to allow the system to capture specific

feature-label correlations and conditional independencies, which in

turn, may improve the accuracy of the updated label assignments.

As shown in the experiments section, this assumption is indeed sup-

ported by the improved performance of our system.

1 Initialize Bayesian network structure using the BANJO

package [20], based on training-set labels;

2 Initialize model parameters, αi and φj,k(v) using maximum

likelihood estimation, and θ
�l
j,k using EM algorithm, based on

training-set labels;

3 Set initial inferred label values (i.e. each lIi , i = 1, . . . , q) for

each instance I∈D to 0;

4 Set t to 0 and P to Hamming accuracy (or F1-score) of initial
model over training set;

5 while True do
6 Update Bayesian network structure using BANJO, based on

most recently inferred label values;

7 Update model parameters, αi, φj,k(f
I
j ), and θ

�l
j,k, based on

training-set labels;

8 while True do
9 Infer values taken by random variables in each label

dependency set LSk (see Figure 5 for details);

10 if Hamming accuracy (or F1-score) of model does not
improve then

11 break;

12 end
13 end
14 Set P

′
to Hamming accuracy (or F1-score) of updated

model over training set;

15 if P
′ ≤ P then

16 break;

17 end
18 P ← P

′
; t← t+ 1;

19 end

Figure 4: Summary of model learning.

At the end of each iteration we assess the classification perfor-

mance of our model over the training set; the iterative procedure is

terminated when there is no improvement in performance between

two successive iterations. For assessing model performance, we uti-

lize the F1-score metric when using the dataset of multi-localized

proteins, and the Hamming accuracy when using other multi-label

datasets; these performance measures are described later in Sec-

tion 4. The number of iterations needed to learn our model, which

we denote by t, may vary across different datasets and also depends

on the number of class-labels q; in our experiments, the number of

iterations did not exceed 10.

We use maximum likelihood estimation to compute the two sets

of observed model parameters (shown in Equation 3): (a) The

conditional probability of a label lIi given the values taken by

Li’s parents, αi = Pr(Li= lIi |VPa(Li)) and (b) The conditional

probability of a feature value fI
j given the values taken by all

variables in each label dependency set (LDS), LSk (1 ≤ k ≤ q),

φj,k(f
I
j ) = Pr(Fj =fI

j |λFj =k, Lk= lIk,VPa(Lk)). To estimate the

latent parameters, namely, the probability of each label dependency

set, LSk, θ
�l
j,k, for a given label vector �l and a feature Fj , we devel-

oped an Expectation Maximization algorithm [7]:
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1. Expectation step. For each instance I , we compute the prob-

ability of each LDS LSk, to be selected for feature Fj ,

that is, λFj =k, given I’s label vector �l and feature-value f I
j , as:

Pr(λFj =k|Fj =f I
j ,�l

I) =

=
θ
�lI

j,k Pr(Fj =f I
j |Lk= lIk,VPa(Lk))

q∑
k=1

θ
�lI

j,k Pr(Fj =f I
j |Lk= lIk,VPa(Lk))

.

2. Maximization step. Using the probabilities computed in the Ex-

pectation step, we marginalize over all instances in the training

set to re-estimate the mixture parameter, θ
�l
j,k , for each feature Fj

and label vector �l as:

θ
�l
j,k =

=

∑
vj

∑
{I|�lI=�l,fI

j=vj}

Pr(λFj =k|Fj =f I
j ,�l

I) Pr(Fj =f I
j |�lI)

q∑
k=1

∑
vj

∑
{I|�lI=�l,fI

j =vj}

Pr(λFj =k|Fj =f I
j ,�l

I) Pr(Fj =fI
j |�lI)

,

where vj takes on all possible values for feature Fj .

We denote by �lILSk
the restriction of the label vector �lI to

only those labels that are in the set LSk. The conditional prob-

ability of a feature Fj to be assigned a value v given the values

taken by the label variables in the label dependency set, LSk,

Pr(Fj =v|VLSk ), is calculated as:

Pr(Fj =v|Lk= lk,VPa(Lk)) = Pr(Fj =v|VLSk ) =

=

∑
{I|�lI

LSk
=�lLSk

,fI
j=v}

Pr(λFj =k|Fj =f I
j ,�l

I) Pr(Fj =f I
j |�lI)

∑
vj

∑
{I|�lI

LSk
=�lLSk

,fI
j=vj}

Pr(λFj =k|Fj =f I
j ,�l

I) Pr(Fj =f I
j |�lI)

.

Throughout the estimation process, we apply Laplace smooth-

ing [18] by adding fractional pseudocounts to observed counts of

events to all the parameters to avoid overfitting. The process of al-

ternating between the Expectation step and the Maximization step is

carried out until convergence is reached. To determine convergence,

we test that changes to the latent parameter values between iterations

are smaller than 0.05.

We next present the inference procedure for assigning multiple

labels to instances.

3.2 Probabilistic Multi-label Classification
Probabilistic inference in the context of multi-label classification

(MLC) amounts to assigning the most probable label vector �lI to

an instance I based on its feature vector �f I . Inferring the condi-

tional probability, Pr(�l|�f) for each label vector�l requires 2q calcula-

tions, where q denotes the number of labels. To avoid this exponen-

tial number of calculations, some current probabilistic methods for

multi-label classification assign a value to each label li (1 ≤ i ≤ q)

such that the conditional probability Pr(Li= li|�fI) is maximized

(see e.g. [1]). Others estimate the joint probability of the labels,

Pr(L1= l1, . . . , Lq= lq|�fI) and eventually infer each label value

based on estimates of other labels (see e.g. [5]; [25]). These methods

typically infer each label value by utilizing a fixed set of feature-label

dependencies captured by their respective models.

In contrast, our system iteratively infers values for sets of multiple

labels by capturing in each iteration specific feature-label dependen-

cies based on the most recently inferred label values. We assign val-

ues to label variables in each label dependency set (LDS) LSi (see

Section 2.1 for the LDS definition), such that the conditional proba-

bility Pr(VLSi |�fI) is maximized.

To ensure that our method is practically applicable, we set a limit

on the maximum number of parents, p, per label variable in the net-

work. In the experiments described here, we restrict the dependency-

set size to three (i.e. we set p=2) because the mean number of labels

per dataset is at most three; the number of inference calculations is

thus 2p+1q=23q=8q, where q ranges between 6 and 27. To gauge

the influence of changes to the values of p on classifier performance,

we ran experiments by varying the maximum number of parents in

the range 1-3 using Emotions and Scene datasets, which have a rel-

atively low number of labels. While increasing the value of p leads

to a notable increase in the Subset accuracy measure of the classi-

fier, there is no significant improvement in the classifier’s Hamming
accuracy measure (see Section 4 for details about these measures).

We anticipate that higher values of p can further improve classifier

performance when running experiments on datasets with higher num-

bers of labels.

As our system considers multiple dependency structures between

features and labels, we expect that setting a relatively low bound

on the dependency-set size considered in each structure, as we do

here, will still allow the system to capture the significant depen-

dencies and independencies among features and label subsets, even

in larger datasets. Moreover, unconditional direct dependencies are

not the only ones our model captures. While each label depends on

two parent-labels—thus conditionally independent of other labels,

indirect inter-dependencies are still captured throughout the network

structure. As demonstrated by the results in Section 4, our utilization

of label subsets of even a small size still significantly improves the

performance of our system compared to that of current systems.

Given a feature vector �fI of an instance I , our task is to pre-

dict its label vector �lI , which involves assigning a 0/1 value to each

of its labels lIi (1 ≤ i ≤ q). According to our probabilistic model,

since the value of each label variable Li depends only on values

of its parent nodes Pa(Li) in a Bayesian network setting, for each

Li, we infer the values of variables in the label dependency set,

LSi = {Li}∪Pa(Li). To infer these label values, we follow an it-

erative process, which is summarized in the pseudocode shown in

Figure 5. In each iteration, for all possible value assignments, li
and VPa(Li) to the label variable Li and its parents, respectively, we

1 foreach label dependency set LSi = Li ∪ Pa(Li) do
2 foreach value assignment to Li and to Pa(Li) do
3 Calculate conditional probability:

Pr(Li= li,VPa(Li)|�fI ,VI
Li
)3;

4 end
5 Select value assignment that maximizes the above

conditional probability;

6 Update inferred values for labels in LSi if classification

performance over training set improves;

7 end

Figure 5: Summary of label inference.
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Characteristic Our System EBN-M/EBN-J ECC-NB ECC-J48 BR-NB

Captures dependencies among labels Using a probabilistic graphical model Using classifier chains No label

inter-dependencies

represented
Captures conditional independence

between labels and features

(given subsets of other labels)

Using label dependency sets

and a mixture model
Do not capture such conditional independence

Employs a generative model for data Using Bayesian network
Using näive

Bayes

No generative

model used

Using näive

Bayes

Table 1: Comparison of current multi-label classification systems characteristics.

calculate the conditional probability: Pr(Li= li,VPa(Li)|�fI ,VI
Li
).3

The value assignment to Li and to its parents, Pa(Li), that maxi-

mizes this probability is used as their current estimates. We note that

label dependency sets do overlap, that is, the value of the same label

variable Li may be inferred multiple times, once for each depen-

dency set in which it participates. As such, once the value of Li is

inferred within an iteration, it is only going to be updated during the

same iteration if this improves the overall predictive performance of

the model. While we currently use the standard inference techniques

for Bayesian network models [18], there is much room for optimiza-

tion by using methods for approximate inference that consider only

the likely label combinations and fewer label sets, which we shall

pursue in the future.

4 Experiments and Results
We present in this section two sets of experiments. In the first, we

utilize the standard collection of multi-label datasets that were pre-

viously used to assess the performance of multi-label classification

(MLC) systems. In the second, we employ a dataset used for a

more concrete application in computational biology, namely predict-

ing locations of proteins within the cell, also known as protein multi-
location prediction. Details of these experiments are provided below.

4.1 Datasets and Performance Measures
For the first set of experiments, we use the same multi-label datasets

that have been previously used in several comprehensive studies

(e.g. [1, 8, 26]) to assess MLC system performance, namely: Emo-
tions (72 features, 6 labels), Scene (294 features, 6 labels), Yeast
(103 features, 14 labels), and Genbase (1186 features, 27 labels).

We compare the performance of our system to that of state-of-the-art

multi-label classification systems that were evaluated in a compre-

hensive study by Alessandro et al. [1]. The study focused primarily

on MLC systems based on Classifier Chains, and included: ensem-

ble of Bayesian networks, namely, EBN-J / EBN-M [1], ensemble

of chain classifiers [15] using Naı̈ve Bayes (denoted ECC-NB) and

using J48 (denoted ECC-J48), and Binary Relevance using Naı̈ve

Bayes (denoted BR-NB) [22]. We note that the last of these four sys-

tems is not a classifier-chain but was still included in that study and

is thus included here as well. As done in Alessandro’s study, we dis-

cretize each real-valued feature into four bins, select features using

a correlation-based feature selection technique [24], and employ the

3 Recall that Li denotes the set of all label variables other than Li and
Pa(Li) and that the values taken by the variables in Li is denoted as VLi

.

stratified 10-fold cross-validation for evaluating system performance.

Table 1 summarizes the main distinguishing properties of the com-

pared systems.

In the second set of experiments, we use a protein multi-location

dataset, derived from DBMLoc [27], where each protein is repre-

sented by 30 features, and the 9 possible subcellular locations corre-

spond to 9 class-labels (see [19] for detail). We compare the perfor-

mance of our system to that of state-of-the-art multi-location predic-

tion systems as reported by Briesemeister et al. [2], in their assess-

ment of the YLoc+ system [2], including Euk-mPLoc [3], WoLF

PSORT [11], and KnowPredsite [12]. According to the methods used

in the previous assessment [2], we employ minimal entropy parti-

tioning technique [9] for feature discretization, and stratified 5-fold

cross-validation for training/testing the classifiers.

Under our current unoptimized implementation, wall clock time

for model learning using training instances and inferring multi-labels

of test instances combined is on the order of several minutes for

datasets with a few labels, (lowest being≤10 minutes for Emotions),

and on the order of hours for datasets with more labels, (highest being

∼20 hours for Yeast). We note that while the run-time of the prototyp-

ical system grows quadratically with the number of labels, it grows

only linearly with the dataset size. For example, the run-time for the

protein multi-location dataset (containing 8503 instances, with only

9 labels) is about 0.25 of the run-time for the smaller Yeast dataset

(2417 instances) that has 13 labels.

Throughout the experiments, we use the valuation mea-

sures described below, which are the same as those ap-

plied in the corresponding previous work. For a given in-

stance I , let M I ={ci | lIi =1, where 1 ≤ i ≤ q} be the set of

labels associated with I according to the dataset, and let

M̂ I ={ci | l̂Ii =1, where 1 ≤ i ≤ q} be the set of labels assigned to

I by a classifier, where each l̂Ii is a 0/1 label assignment. The Ham-
ming (Hacc) and the Subset (Sacc) accuracies used for the evaluation

of multi-label prediction systems [1] are computed as:

Hacc=1− 1

|D|
∑
I∈D

1

|C| |M
IΔM̂I | , and

Sacc=
1

|D|
∑
I∈D

I(MI =M̂I) ,

where Δ is the symmetric difference between MI and M̂I . Addi-

tionally, the Multi-label accuracy (MLacc) and F1-label score used
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Measure Dataset Our system EBN-M / EBN-J ECC-J48 ECC-NB BR-NB

Hacc

Emotions .793 (± .021) .780 (± .022) .780 (± .027) .781 (± .026) .776 (± .023)

Scene .898 (± .010) .880 (± .010) .883 (± .008) .835 (± .007) .826 (± .008)

Yeast .786 (± .007) .773 (± .008) .771 (± .007) .703 (± .009) .703 (± .011)

Genbase .998 (± .001) .998 (± .001) .998 (± .001) .996 (± .001) .996 (± .001)

Sacc

Emotions .319 (± .036) .263 (± .062) .260 (± .038) .295 (± .060) .261 (± .049)

Scene .610 (± .030) .575 (± .030) .531 (± .038) .294 (± .022) .276 (± .017)

Yeast .158 (± .029) .127 (± .018) .132 (± .023) .102 (± .023) .091 (± .020)

Genbase .956 (± .022) .965 (± .015) .934 (± .015) .897 (± .031) .897 (± .0031)

Table 2: Hamming and Subset accuracies, Hacc and Sacc, for multi-label prediction systems. All values except ours are taken directly from
Tables 2, 3, 4, 6 in the paper by Alessandro et al. [1]. Highest values are shown in boldface. Standard deviations are shown in parenthesis.

Measure Our system YLoc+ Euk-mPLoc WoLF PSORT KnowPredsite

F1-label 0.71 (± 0.02) 0.68 0.44 0.53 0.66

MLacc 0.68 (± 0.01) 0.64 0.41 0.43 0.63

Table 3: F1-label and MLacc scores shown for protein multi-location prediction systems. All values except ours are taken directly from Table 3
in the paper by Briesemeister et al. [2]. Standard deviations are not available there. Highest values are shown in boldface.

for evaluating multi-location prediction systems [2] are computed as:

MLacc=
1

|D|
∑
I∈D

|MI ∩ M̂I |
|MI ∪ M̂I |

, and

F1-label=
1

|C|
∑
ci∈C

2× Preci ×Recci
Preci +Recci

,

where Preci and Recci for label ci are adapted measures of multi-

label precision and recall given by Briesemeister et al. [2]:

Preci =
1

|{I∈D|ci∈M̂I}|
∑

I∈D|ci∈M̂I

|M I ∩ M̂I |
|M̂I |

, and

Recci =
1

|{I∈D|ci∈MI}|
∑

I∈D|ci∈MI

|M I ∩ M̂I |
|M I | .

4.2 Classification Results
Table 2 shows the Hamming and the Subset accuracies (Hacc and

Sacc, respectively) of our system compared to that obtained by cur-

rent MLC systems (as reported by Alessandro et al. [1], Tables 2, 3,
4, 6 there), obtained over the same multi-label datasets and evalua-

tion measures. The results show that our system has higher Hacc and

Sacc than all other systems over all datasets except Genbase. The

differences in the improved performance values are statistically sig-

nificant (p � 0.05, according to the 2-sample t-test [4]). Over the

Genbase dataset, our system has the same Hacc as the others and a

slightly lower Sacc, although the latter difference is not statistically

significant. The reason for the lack of improvement in this case can

be attributed to the fact that in the Genbase dataset, the mean num-

ber of labels per instance is much lower than in the other datasets.

As such, there are relatively few dependencies and independencies

among labels and features to be utilized by our system.

Table 3 shows the F1-label score and Multi-label accuracy

(MLacc) of our system compared with those obtained by top multi-

location prediction systems (as reported by Briesemeister et al. [2],

Table 3 there), obtained over the same set of multi-localized proteins

and evaluation measures. The table shows that our system improves

over the performance of all other systems. The differences between

scores obtained by our system and those of the closest top performing

system, YLoc+, are highly statistically significant (p� 0.001).

Thus, the results clearly demonstrate that our system, which uti-

lizes the intricate dependence and independence structure among

features and labels, improves upon current multi-label classification

methods, as shown over a variety of multi-label datasets previously

used for systems-comparison.

5 Conclusions and Future Work
We presented a probabilistic generative model that captures inter-

dependencies among labels as well as dependencies between fea-

tures and labels. Unlike other approaches for multi-label classifica-

tion (MLC), our model represents conditional independencies be-

tween feature values and labels given subsets of other labels, par-
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ticularly by introducing the concept of label dependency sets. For

example, in the Emotions dataset, the tone feature of songs depends

on the class labels Quiet-Still, Sad-Lonely, Amazed-Surprised, and

Angry-Aggressive. Typically, songs labeled as belonging to the first

two classes have a Low tone while those in the last two classes have

a High tone. Our system directly captures the conditional indepen-

dence between the tone feature and the first two labels given the other

two labels. Notably, current systems do not attempt to capture such

subtle and informative dependencies and independencies. Our exper-

iments over diverse datasets indeed show that directly modeling these

dependence and independence relationships contributes to improved

accuracy in multi-label classification, compared to previously stud-

ied systems based on Classifier Chains.

While we employ relatively small dependency sets in this study,

the improved performance of our system strongly suggests that even

such small sets can still help model the significant dependencies be-

tween feature and label subsets. We plan to develop approximate

methods for inference by considering only the likely label combi-

nations and fewer label sets to enable the practical use of larger label

dependency sets.

Since utilizing label dependency sets has proven useful, our next

aim is to directly learn label combinations that are most likely to

strongly influence feature values. We will conduct experiments over

larger datasets from different application domains, including more

complex label combinations. We anticipate that employing such label

subsets in the mixture model framework will be crucial to effectively

integrate features from different sources, for example, from text and

non-text data, and improve multi-label classification performance.
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Accelerating Norm Emergence

Tianpei Yang 1 and Zhaopeng Meng 1,2 and Jianye Hao 3 and Sandip Sen 4 and Chao Yu 5

Abstract. Social norms serve as an important mechanism to reg-

ulate the behaviours of agents and to facilitate coordination among

them in multiagent systems. One important research question is how

a norm can rapidly emerge through repeated local interaction within

agent societies under different environments when their coordination

space becomes large. To address this problem, we propose a hier-

archically heuristic learning strategy (HHLS) under the hierarchical

social learning framework. Subordinate agents report their informa-

tion to their supervisors, while supervisors can generate instructions

(rules and suggestions) based on the information collected from their

subordinates. Subordinate agents heuristically update their strategies

based on both their own experience and the instructions from their

supervisors. Extensive experiment evaluations show that HHLS can

support the emergence of desirable social norms more efficiently and

can be applicable in a much wider range of multiagent interaction

scenarios compared with previous work. The influence of key related

factors (e.g., different topologies, population, neighbourhood and ac-

tion space size, cluster size) are also investigated and new insights are

obtained as well.

1 INTRODUCTION
In multiagent systems, social norms play an important role in reg-

ulating agents’ behaviors to ensure coordination among agents and

functioning of agent societies. One commonly adopted characteriza-

tion of a norm is to model it as a consistent equilibrium that all agents

follow during interactions where multiple equivalent equilibria coex-

ist [20]. How social norms can emerge efficiently in agent societies is

a key research problem in the area of normative multiagent systems.

There exist two major approaches for addressing norm emergence

problem: the top-down approach and the bottom-up approach. The

former approach investigates how to efficiently synthesize a norm

for all agents beforehand, while the latter one focuses on investi-

gating how a norm can emerge through repeated local interactions

by learning among agents. In distributed multiagent interaction en-

vironments, it is usually difficult to come up with any norm before

agents interactions start since there may not exist such a centralized

controller and also the optimal norm may vary frequently as the envi-

ronment dynamically changes and therefore, the bottom-up approach

via local learning promises to be more suitable for such kinds of dis-

tributed and dynamic environments.
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Until now, significant efforts have been devoted to investigat-

ing norm emergence problem from the bottom-up research direc-

tion [2, 3, 5–9, 12–17, 21–25]. Sen and Airiau [13] investigated the

norm emergence problem in a population of agents within ran-

domly connected networks where each agent is equipped with cer-

tain existing multiagent learning algorithms. The local interaction

among each pair of agents is modeled as two-player normal-form

games, and a norm corresponds to one consistent Nash equilibrium

of the coordination/anti-coordination game. Later a number of pa-

pers [2, 9, 12, 17] subsequently extended this work by using more

realistic and complex networks (e.g., small-world network and scale-

free network) to model the diverse interaction patterns among agents.

Additionally, different learning strategies and mechanisms have been

proposed to better facilitate norm emergence among agents within

different interaction environments [3, 6, 8, 11, 25].

Most of the previous works only focus on games with relatively

small size, which do not accurately reflect the practical interaction

scenarios where the action space of agents can be quite large. With

the increasing of the action space, unfortunately, most of the existing

approaches usually result in very slow norm emergence or even fail

to converge. Recently Yu et al. [21] proposed a hierarchical learn-

ing strategy to improve the norm emergence rate for the huge action

space problem. However, this work only considers the case in which

a norm corresponds to a Nash equilibrium where all agents select

the same action. This usually can be modelled as a two-player n-

action coordination game. One simple example with n=2 is shown

in Table 1. In contrast, in realistic interaction scenarios, a norm may

correspond to agents coordinating using different actions. One no-

table example is considering two drivers arriving at a road intersec-

tion from two neighbouring roads. To avoid collision, one possible

norm is ”yield to the left”, i.e., waiting for the car on the left-hand

side to go through the intersection first. This kind of scenario can

naturally be modelled as an anti-coordination game shown in Table

2, which exist two different norms (a, b) and (b, a).

Furthermore, agents may be faced with the challenge of high mis-

coordination cost and stochasticity of the environment. One repre-

sentative example is shown in Table 3, which we call it fully stochas-
tic coordination game with high penalty. In this game, there exist two

optimal Nash equilibriums each of which corresponds to one norm,

and one suboptimal Nash equilibrium. Two major challenges coex-

ist in this game: agents are vulnerable to converge to the suboptimal

Nash equilibrium due to the high penalty when agents mis-coordinate

on the outcomes; agents need to effectively distinguish between the

stochasticity of the environment and the explorations of other learn-

ers. It is not clear, a priori, how a population of agents can efficiently

evolve towards a consistent norm given the large space of possible

norms in such challenging environments.

Through Hierarchical Heuristic Learning
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Table 1. An example of coordination
game

Agent 2’s actions

a b

Agent 1’s

actions

a 1 -1

b -1 1

Table 2. An example of
anti-coordination game

Agent 2’s actions

a b

Agent 1’s

actions

a -1 1

b 1 -1

Table 3. Fully stochastic coordination game with high penalty

1’s payoff

2’s payoff

Agent 2’s actions

a b c

Agent 1’s

actions

a 8/12 -5/5 -20/-40

b -5/5 0/14 -5/5

c -20/-40 -5/5 8/12

To answer this question, in this paper we propose a novel

hierarchical heuristic learning strategy (HHLS) under the hierarchi-

cal social learning framework to facilitate the rapid norm emergence

in agent societies. In the hierarchical social learning framework, the

agent society is separated into a number of clusters of subordinate

agents, where each cluster’s strategies are monitored and guided by

one supervisor agent. For each supervisor agent, in each round, it

collects the interaction information of the subordinate agents under

its supervision and generates guided instructions in the forms of rules

and suggestions for its subordinates. On the other hand, for each sub-

ordinate agent, apart from learning from its local interaction, it also

adjusts its strategy based on the instructions from its supervisor. The

main feature of the proposed framework is that through hierarchi-

cally supervised subordinate agents, an effective compromise solu-

tion can be generated to effectively balance distributed interactions

and centralized control towards efficient and robust norm emergence.

We evaluate the performance of HHLS under a wide range of games

and experimental results show that HHLS can efficiently facilitate

the rapid emergence of norms compared with the state-of-the-art ap-

proaches. We also investigate the influence of a number of key factors

on norm emergence: the population size, the neighbourhood size, the

size of action space, cluster size, different network topologies, etc.

The remainder of the paper is organized as follows. Section 2

discusses related work. Section 3 introduces the hierarchical social

learning framework and the heuristic learning strategy. Section 4

presents experimental evaluation results comparing with two repre-

sentative state-of-the-art approaches. Finally Section 5 concludes the

paper and points out future directions.

2 RELATED WORK

Norm emergence problem has received a wide range of attention in

MASs literature. Shoham and Tennenholtz [14] firstly investigated

the norm emergence problem in agent society based on a simple

and natural strategy - the highest cummulative reward (HCR). In

this study, they showed that HCR achieved high efficiency on social

conventions in a class of games. Sen and Airiau [13] investigated

the norm emergence problem in a population of agents within ran-

domly connected networks where each agent is equipped with cer-

tain existing multiagent learning algorithms. They firstly proposed

the model of learning social learning, where each agent learns from

repeated interactions with multiple agents in a given secenario. In

this study, the local interaction among each pair of agents is mod-

eled as two-player normal-form games, and a norm corresponds to

one consistent Nash equilibrium of the game. Later a number of pa-

pers [2,9,12,17] subsequently extended this work by leveraging more

realistic and complex networks (e.g., small-world network and scale-

free network) to model the interaction patterns among agents and

evaluated the influence of heterogeneous agent systems and space-

constrained interactions on norm emergence. Savarimuthu [11] re-

capped the existing mechanisms on the multiagent-based emergence,

and investigated the role of three proactive learning methods in ac-

celerating norm emergence. The influence of the presence of liars on

norm emergence is also considered and simulation results showed

that norm emergence can still be sustained in the presence of liars.

Villatoro et al. [17] proposed a reward learning mechanism based

on interaction histories. In this study, they investigated the influence

of different network topologies and the effects of memory of past

activities on convention emergence. Later, they [15, 16] introduced

two rules (i.e., re-wiring links with neighbors and observation) to

overcome the suboptimal norm problems. They investigated the in-

fluence of Self-Reinforcing Substructure (SRS) in the network on im-

peding full convergence towards society-wide norms, which usually

results in reduced convergence rates. Hao et al. [5] investigated the

problem of coordinating towards optimal joint actions in cooperative

games under the social learning framework by introducing two types

of learners (IALs and JALs). Yu et al. [24] proposed a novel collec-

tive learning framework to investigate the influence of agent local

collective behaviours on norm emergence in different scenarios and

defined two strategies (collective learning-l and collective learning-

g) to promote the emergence of norms where agents are allowed to

make collective decisions within networked societies. Later Hao et

al. [6] proposed two learning strategies under the collective learn-

ing framework: collective learning EV-l and collective learning EV-g

to address the problem of high mis-coordination cost and stochas-

ticity in complex and dynamic interaction scenarios. Recently Yu et

al. [22] proposed an adaptive learning framework for efficient norm

emergence. However, all the aforementioned works usually focus on

relatively small-size games, and do not address the issue of efficient

norm emergence in large action space problems.

Hierarchical learning framework, as a promising solution to accel-

erate coordination among agents, has been studied in different multi-

agent applications (e.g., package routing [25], traffic control [1], p2p

network [4] and smart-grid [19]). For example, Zhang et al. [25, 26]

studied the package routing problem and proposed a multi-level or-

ganizational structure for automated supervision and a communi-

cation protocol for information exchange between higher-level su-

pervising agents and subordinate agents. Simulation shows that the

organization-based control framework can significantly increase the

overall package routing efficiency than traditional non-hierarchical

appraoches. Abdoos et al. [1] proposed a multi-layer organizational

controlling framework to model large traffic networks to improve the

coordination between different car agents and the overall traffic ef-

ficiency. Until recently, Yu et al. [21] firstly proposed a hierarchical

learning framework to study the norm emergence problem. In this

study, they proposed a two-level hierarchical framework. Agents in

the lower level interact with each other and report information to

their supervisors in the higher level, while agents in the higher level

called supervisors pass down guidance to the lower level. Agents

in the lower level follow guidance in policy update. However, their
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framework is designed for coordination game only where each agent

only needs to coordinate on the same action for norm emergence.

3 HIERARCHICAL SOCIAL LEARNING
FRAMEWORK

3.1 Framework Overview

We consider a population N of agents where each agent is con-

nected following the underlying network topology. In each round,

each agent interacts with one randomly selected agent from its neigh-

bourhood. An agent’s neighbourhood consists of all agents which it

is physically connected with. We model the interaction between each

pair of agents as a normal-form game. At the beginning of each in-

teraction, one agent is randomly assigned as the row player and the

other as the column player. We assume that each agent can only have

access to its own action and payoff information during interaction.

On the other hand, the population of agents are divided into multi-

ple levels, and the agents in each level supervise the behaviours of

agents from its neighbouring lower level. For the sake of exposition,

we present the hierarchical social learning framework in two levels.

However, it is straightforward to extend the hierarchical social learn-

ing framework into k > 2 levels.

One illustrating example of two-level hierarchical network is

shown in Figure 1. Each supervisor agent i in the higher level is in

charge of a group of subordinate agents (denoted as sub(i)) in the

bottom level surrounded by dashes lines. For each subordinate agent

j, its supervisor agent is denoted as sup(j). For subordinates, the

topological connections between them are determined by the original

network topology; for supervisors, a pair of supervisors are neigh-

bouring agents if the corresponding group of subordinates they su-

pervise are connected. Note that a supervisor agent can be viewed as

a special subordinate agent within the original network, which is also

allowed to communicate with its neighbouring supervisor agents.

�������	�	

����������
�����	

Figure 1. An example of the two-level hierarchical network

The interaction protocol of agents under the hierarchical social

learning framework is summarized in Algorithm 1. In each round,

each agent is paired with another agent randomly selected from its

neighbourhood to interact with (Line 3), and their roles are randomly

assigned (Line 4). Each agent then chooses an action following its

learning strategy (Line 5), and then updates its strategy based on its

current-round feedback (Line 6). After that, each subordinate agent

reports its action and reward information to its supervisor (Line 7-

9). At the end of each round, each supervisor collects all subordinate

agents’ information, generates and issues the instructions to its sub-

ordinate agents (Line 12-14). Finally each subordinate agent updates

its strategy based on the instructions accordingly (Line 15-17).

Algorithm 1 The interaction protocol of hierarchical framework

1: for each round of interaction do
2: for each agent i ∈ N do
3: Randomly choose a neighbouring agent j to interact;

4: Assign distinct roles randomly i→ state si, j → state sj
5: Select actions ai and aj and get rewards ri and rj ;

6: Update its strategy based on 〈si, ai, ri〉.
7: if agent i is a subordinate agent then
8: Reporting its experience 〈si, ai, ri〉 to sup(i);

9: end if
10: end for
11: for each supervisor agent j do
12: Generate instructions based on the information from

sub(j);
13: Provide the instructions to sub(j);
14: end for
15: for each subordinate agent k do
16: Update its strategy based on the instructions from sup(k);
17: end for
18: end for

3.2 Information Exchange between Supervisors
and Subordinates

In the hierarchical social learning framework, subordinate agents

send their feedback information to their corresponding supervi-

sors, while supervisors pass down instructions to their correspond-

ing subordinate agents. In details, each subordinate agent i reports

its current-round interaction experience 〈si, ai, ri〉 to its supervisor

sup(i). For supervisors, we distinguish two different forms of in-

structions that they can provide to their subordinates: suggestion
and rule [25]. Intuitively, a rule is a hard constraint that specifies an

action that subordinate agents are forbidden to select under certain

state next round; in contrast, a suggestion is a soft constraint which

indirectly affects the strategies of the subordinate agents next round.

A set F of rules consists of all the forbidden actions for subordi-

nates under different states. Formally we have,

F = {〈s, a〉|a ∈ A, s ∈ S} (1)

where each element 〈s, a〉 denotes that action a is forbidden to take

under state s; A and S are the action space and state space of the

subordinates.

A set D of suggestions specifies the recommendation degrees

for different state-action pairs, which can be formally represented as

follows,

D = {〈s, a, d(s, a)〉|a ∈ A, s ∈ S} (2)

where d(s, a) is the recommendation degree of action a under state

s. Given an action and a state 〈s, a〉, if d(s, a) < 0, it indicates that

action a is not recommended to select under state s; if d(s, a) > 0, it

indicates subordinate agents are encouraged to select action a when

they are in state s. The way of determining rules and suggestions will

be covered in details in Section 3.3.2.

3.3 Learning strategy
In this section, we first present the learning strategy of supervisors

and how the rules and suggestions are generated in Section 3.3.1 and
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freq(s, a) =
|{〈sk, ak, rk〉 | 〈sk, ak, rk〉 ∈ RepInf, sk = s, ak = a, rk = rmax(s, a)}|

|{〈sk, ak, rk〉 | 〈sk, ak, rk〉 ∈ RepInf, sk = s, ak = a}| (3)

3.3.2 respectively. Following that, we describe the learning strategy

of subordinate agents and how they utilize the instructions from su-

pervisors in Section 3.3.3. Without loss of generality, let us assume

that there is a set S of supervisors, and each supervisor i ∈ S, it su-

pervises the set sub(i) of subordinate agents. Each subordinate agent

j has a set neigh(j) of neighbours, and each supervisor agent i com-

municates with a set com(i) of other supervisors.

3.3.1 Supervisor’s strategy

We propose that each supervisor i holds a Q-value Qi(s, a) for

each action a under each state s (row or column player). Let us

denote the set of information from its subordinates as RepInfi =
{〈sk, ak, rk〉 | k ∈ sub(i)}. For each piece of information

〈s, a, r〉 ∈ RepInfi, supervisor agent i updates its Q-value follow-

ing the optimistic assumption shown in Equation (4),

Qi(s, a) = (1− αi) ∗Qi(s, a) + αi ∗ r (4)

where αi is its learning rate reflecting its updating degree between

using the past experience and using the current round information.

After that, supervisor i further updates its Q-values based on opti-

mistic assumption and the frequency information of each action sim-

ilar to the FMQ heuristic [7]. Formally we have,

FMQi(s, a) = Qi(s, a) + freq(s, a) ∗ rmax(s, a) ∗ C (5)

where rmax(s, a) is the max reward of each action a, freq(s, a)
is the frequency of receiving the reward of rmax(s, a) by choosing

action a under state s and C is a weighting factor.

The value of rmax(s, a) is obtained from the reported informa-

tion of its subordinate agents sub(i). Specifically, The value of

rmax(s, a) is computed as the maximum reward that all of its sub-

ordinates receives under state s by choosing action a in the current

round experience. Formally we have,

R(s, a) = {rk | 〈s, a, rk〉 ∈ RefInf} (6)

rmax(s, a) = max{R(s, a)} (7)

The frequency information freq(s, a) is calculated as the empir-

ical probability of receiving the maximum reward rmax(s, a) under

state s when action a is selected based on the reported information

RepInf collected from the subordinates which is shown in Equation

(3).

After updating the strategy based on the information collected

from its subordinates, we also allow each supervisor to learn from its

neighboring peers (supervisors). Specifically each supervisor com-

municates with a neighboring supervisor randomly selected and imi-

tates the neighbor’s strategy. The motivation of imitating peers comes

from evolutionary game theory [18], which provides a powerful

methodology to model how strategies evolve over time based on their

relative performance. One of the widely used imitation rules is the

proportional imitation [10], which is adopted here as shown in Equa-

tion (8),

p =
1

1 + e−β∗(FMQj(s,a)−FMQi(s,a))
(8)

where parameter β controls the degree of imitating the strategy (the

FMQ-value) of the neighbouring supervisor.

Finally each supervisor i updates its strategy (denoted as E-value

Ei(s, a)) for each action a under state s as the average between the

FMQ-values of its own and its neighbour j weighted by parameter p.

Formally we have,

Ei(s, a) = (1− p) ∗ FMQi(s, a) + p ∗ FMQj(s, a) (9)

3.3.2 Supervisor Instruction Generation

Next we introduce how a supervisor generates instructions for its

subordinates at the end of each round. As previously mentioned,

there are two forms of instructions from a supervisor: rules and

suggestions. First each supervisor i normalizes the E-values, which

serves as the basis for generating instructions for its subordinates.

Formally we have,

E′i(s, a) =
Ei(s, a)− Ei(s, a)

σ
(10)

where Ei(s, a) is the mean of E-values averaged over all state-action

pairs shown in Equation (11),

Ei(s, a) =

∑
a∈A Ei(s, a)

|A| (11)

The parameter σ is the standard deviation of FMQ-value following

Equation (12),

σ =

√
1

|A|
∑
a∈A

(Ei(s, a)− Ei(s, a))2 (12)

Given a state-action pair 〈s, a〉, if the E′-value E′(s, a) is smaller

than a given threshold, it indicates that selecting action a is not a wise

choice under state s, thus it is encoded as a rule. Formally we have,

F = {〈s, a〉|E′(s, a) < δ} (13)

where δ is the threshold which is set to the value of -0.5 in this paper.

For each state-action pair (s, a), its recommendation degree

d(s, a) is set to the value of E′i(s, a). Thus the set of suggestions

from supervisor i can be represented as follows,

D = {〈s, a, E′i(s, a)〉 | a ∈ A, s ∈ S} (14)

Given a state-action pair (s, a), if E′i(s, a) < 0, it indicates that

selecting action a is not recommended under state s; if E′i(s, a) > 0,

it indicates subordinate agents are encouraged to select action a when

they are in state s.

3.3.3 Learning Strategy of Subordinates

Similar to the strategies of supervisors, each subordinate agent j
also keeps a record of a Q-value Qj(s, a) for each action a ∈ Aj

under each state s. The Q-value Qj(s, a) indicates the past perfor-

mance of choosing action a under state s and serves as the basis

for making decisions [3]. For each subordinate agent j, let us first

denote its feedback information received by the end of round t as

FeedInf t
j = {〈sm, am, rm〉|m ∈ [1, t]}. At the end of each round

T. Yang et al. / Accelerating Norm Emergence Through Hierarchical Heuristic Learning 1347



t, subordinate agent j updates its Q-value based on its feedback

〈st, at, rt〉 as follows,

Qj(st, at) = (1− αj) ∗Qj(st, at) + αj ∗ rt (15)

where αj is the learning rate modelling its updating degree between

using the previous experience and using the most recent information.

Additionally each subordinate agent also updates its Q-values by

taking into consideration both the optimistic assumption and the fre-

quency information [7]. Formally we have,

FMQj(s, a) = Qj(s, a) + freq(s, a) ∗ rmax(s, a) ∗ C (16)

where rmax(s, a) is the max reward of each action a based on its

own experience, freq(s, a) is the frequency of getting the payoff of

rmax(s, a) until now for action a and C is a weighting factor defin-

ing the trade-off between updating using Q-values and maximum

payoff information. freq(s, a) is calculated the same as shown in

Equation (3).

After receiving supervisor’s suggestions, each subordinate further

adjusts its estimation of the goodness of each state-action pair based

on the FMQ-values as follows,

Ej(s, a) = FMQj(s, a) ∗ (1 + d(s, a) ∗ ρ) (17)

where d(s, a) is the suggestion degree on the state-action pair (s, a),
and ρ is a weighting factor controlling the influence of the recom-

mendation degree on the E-values.

Besides, supervisors also influence the subordinate agents’ explo-

ration rates. Let us suppose a subordinate agent j selects action a
under current state s. If the supervisor i’s recommendation degree

d(s, a) < 0, which indicates subordinate agent j’s current choice

is not recommended, and agent j should increase the exploration

rate to have more chance to select the recommended actions next

time. On the other hand, if the recommendation degree d(s, a) > 0,

it indicates the subordinates’ current choice is recommended. Thus

subordinate agent j decreases its exploration rate to avoid selecting

discouraging actions in the future. For both cases, the adjustment de-

gree varies depending on the absolute value of the state-action pair’s

recommendation degree. Formally each subordinate agent updates its

exploration rate as follows,

εj = εj ∗ (1− d(s, a) ∗ γ) (18)

where γ is a weighting factor controlling the influence degree of the

supervisor’s suggestion on the subordinates’ exploration rates.

Finally, given the current state s, each subordinate agent j chooses

its action from those actions whose corresponding state-action pair

do not belong to the set F of rules based on the corresponding set

of E-values according to the ε-greedy mechanism. Specifically each

agent chooses its action with the highest E-value with probability

1−εj to exploit the action with best performance currently (randomly

selection in case of a tie), and makes random choices with probability

εj to explore new actions with potentially better performance.

4 EXPERIMENTAL SIMULATION
In this section, we start with evaluating the norm emergence per-

formance of our approach HHLS under different types of games by

comparing with the state-of-the-art strategies. Following that we ex-

plore the influence of some parameters on norm emergence. Unless

otherwise mentioned, all simulation results are obtained under a pop-

ulation of 500 agents within a small-world network. The average con-

nection degrees of small-world and scale-free network are set to 6.

All results are averaged over 1000 runs. The parameter settings are

shown in Table 4.

Table 4. The initial value of parameters.

Parameters α ε β γ ρ θ

Value 0.99 0.93 0.1 0.05 0.01 0.005

4.1 Performance evaluation
We compare our approach HHLS with two previous works: hierar-

chical learning in [21] and social learning in [2]. All these three learn-

ing approaches are within the same social learning environment, i.e.,

each agent is allowed to interact with only one of its neighbours each

round. The work in [2] is the representative state-of-the-art approach

tackling norm emergence problem under multiagent social learning

framework without considering any hierarchical organization. The

work in [21] is the most recent approach introducing hierarchical

learning into multiagent social learning framework to improve norm

emergence efficiency. Four representative 6-action games are consid-

ered shown from Table 5 to Table 8.

Table 5. The payoff matrix of coordination game.

Agent 2’s actions

a b c d e f

Agent 1’s actions

a 1 -1 -1 -1 -1 -1

b -1 1 -1 -1 -1 -1

c -1 -1 1 -1 -1 -1

d -1 -1 -1 1 -1 -1

e -1 -1 -1 -1 1 -1

f -1 -1 -1 -1 -1 1

4.1.1 Coordination game (CG)

We first consider agents playing a 6-action coordination game (Table

5) in which there exist six norms. Agents are preferred to choose the

same action. Figure 2 shows the dynamics of the average payoffs of

agents with the number of rounds averaged for the three learning ap-

proaches. We can observe that all learning methods enable agents to

achieve an average payoff of 1. Our hierarchically heuristic learning

strategy converges faster than the hierarchical learning method [21],

and the social learning method [2] is the slowest. This is because

HHLS enables supervisor to influence subordinate agents in a more

efficient manner, thus accelerating norm emergence.

4.1.2 Anti-coordination game (ACG)

Similarly, we consider agents playing a 6-action anti-coordination

game (Table 6) in which there also exist six equivalently optimal

norms. However, different from coordination game, each norm re-

quires agents to choose different actions. Figure 3 shows the dynam-

ics of the average payoffs using three learning methods. We can ob-

serve that both social learning [2] and HHLS enable agents to achieve

an average payoff of 1, while the hierarchical learning fails. Besides,

our HHLS converge faster than the social learning approach [2],

which justifies the efficiency of introducing a hierarchical learning
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structure. For the hierarchical learning [21], it does not distinguish

the state information and thus cannot adaptively select different ac-

tions for different states.

Table 6. The payoff matrix of anti-coordination game.

Agent 2’s actions

a b c d e f

Agent 1’s actions

a -1 -1 -1 -1 -1 1

b -1 -1 -1 -1 1 -1

c -1 -1 -1 1 -1 -1

d -1 -1 1 -1 -1 -1

e -1 1 -1 -1 -1 -1

f 1 -1 -1 -1 -1 -1

4.1.3 Coordination game with high penalty (CGHP)

Next, we consider 100 agents play a 6-action coordination game with

high penalty (Table 7), in which there exist four optimal norms and

two suboptimal norms. In this kind of games, agents are vulnerable

to converge to suboptimal norms due to the existence of high mis-

coordination cost (-30). Figure 4 shows the dynamics of the average

payoffs of agents with the number of rounds for the three learning

approaches. We can see that only HHLS enables agents to achieve

an average payoff of 10 (i..e, converging to one optimal norm). The

other two learning methods converge to one of the suboptimal norms,

and they also converge slower than HHLS. We hypothesize the su-

perior performance of HHLS is due to the integration of optimistic

assumption during strategy update (to overcome mis-coordination

cost effect) and efficient hierarchical supervision (to accelerate norm

emergence speed).

4.1.4 Fully stochastic coordination game with high penalty
(FSCGHP)

Last, we consider agents playing a 6-action fully stochastic coordi-

nation game with high penalty (Table 8). In FSCGHP, each outcome

is associated with two possible payoffs and the agents receive one of

Table 7. The payoff matrix of coordination game with high penalty.

Agent 2’s actions

a b c d e f

Agent 1’s actions

a 10 0 -30 -30 0 -30

b 0 7 0 0 0 0

c -30 0 10 -30 0 -30

d -30 0 -30 10 0 -30

e 0 0 0 0 7 0

f -30 0 -30 -30 0 10

them with probability 0.5, which models the uncertainty of the inter-

action results. This game is in essence the same with the CGHP in

which there also exist four optimal norms and two suboptimal norms.

But it is more complex and difficult to emerge norms due to the

stochasticity of the environments. Figure 5 shows the dynamics of

the average payoffs of agents as the number of rounds for the three

learning strategies. We can observe that in this challenging game,

only HHLS enables agents to achieve an average payoff of 10 (one

optimal norm is converged to). In contrast, the other two learning

strategies converge to one of the suboptimal norms with a slower con-

vergence rate. Finally it is worth to mention that if the size of norm

space is further increased, the social learning method [2] and hierar-

chical learning method [21] cannot converge (to a suboptimal norm)

within 10000 runs. However HHLS still can support converging to

one optimal norm within approximately 200 rounds. The influence

of action size will be discussed in Section 4.2.2 in details.

4.2 Influence of key parameters

In this section, we turn to investigate the influence of key parameters

on the performance of norm emergence. We present the results for

hierarchically heuristic learning under the small-world network and

the CGHP game. The rest of parameters follow the same settings in

Section 4 except the parameter being evaluated is changed.
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Table 8. The payoff matrix of fully stochastic coordination game with high
penalty.

1’s payoff
2’s payoff

Agent 2’s actions

a b c d e f

Agent 1’s
actions

a 12/8 5/-5 -20/-
40

-20/-
40

5/-5 -20/-
40

b 5/-5 14/0 5/-5 5/-5 5/-5 5/-5

c -20/-
40

5/-5 12/8 -20/-
40

5/-5 -20/-
40

d -20/-
40

5/-5 -20/-
40

12/8 5/-5 -20/-
40

e 5/-5 5/-5 5/-5 5/-5 14/0 5/-5

f -20/-
40

5/-5 -20/-
40

-20/-
40

5/-5 12/8

4.2.1 Influence of population size

The influence of population size is shown in Figure 6. We can clearly

observe the norm emergence efficiency is reduced as the increase of

the population size. Given the cluster size unchanged, the number of

clusters increase as the population size becomes larger. Thus it takes

more time for each supervisor to coordinate between each other, and

also more efforts are required for supervisors to guide all of their

subordinate agents towards a consistent norm.

4.2.2 Influence of action size

Figure 7 shows the dynamics of the average payoffs of agents for

different action sizes. We can see that the average convergence rate

is decreased as the increase of the action space. This is reasonable

because the coordination space becomes larger when the action size

increases. Besides, larger action size usually results in more chances

of mis-coordination cost and suboptimal norms, which additionally

increases the coordination difficulty for agents toward a consistent

norm. Finally it is worth noting that with the increase the action

space, our framework can still efficiently support norm emergence

without significantly degrading the performance (supporting norm

emergence within 1000 rounds for all cases). In contrast, in previ-

ous socially learning framework without utilizing a hierarchical or-

ganization [2], the norm convergence speed is decreased significantly

when the action space is increased.

Table 9. The average number of rounds needed before convergence under
different network topologies.

Convergence
Speed

Game type

CG ACG CGHP FSCGHP

Network
topology

Grid 142 141 131 153

Ring 144 146 135 157

Random 146 136 122 162

Small-world 141 141 124 162

Scale-free 149 144 129 163

4.2.3 Network topology

We evaluate the influence of five different networks: random net-

work, grid network, ring network, small-world and scale-free net-

work. Table 9 shows the average number of rounds needed before

convergence. We find that hierarchical social learning framework is

robust to different network topologies. HHLS enables agents to con-

verge to norms in approximately the same number of runs under all

the above five network topologies for different types of games.

Table 10. The influence of neighborhood size

Neighbour
size 2 6 8 10 20 30 50 99

Convergence
Rate 144 141 143 139 141 141 142 139

4.2.4 Influence of neighborhood size

We empirically evaluate the influence of neighborhood size varying

it from 2 up to 99 (fully connected) with a population of 100 agents.
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Table 10 shows the the average number of rounds needed before con-

vergence for different neighborhood sizes. We can see that the aver-

age number of rounds required is stabilized around 140 rounds. This

finding is different from the results usually observed in the traditional

socially learning framework without a hierarchical structure [2]. This

is because in hierarchical social learning framework, each supervi-

sor supervises and guides a cluster of subordinate agents, which can

overcome the low connectivity disadvantage when the neighbour-

hood size is small.

4.3 Influence of cluster size

One unique feature of the hierarchical social learning framework is

the division of clusters of agents. Figure 8 and 9 show the influence

of cluster size on norm emergence with a population of 100 agents.

From Figure 8, we can see that the norm emergence rate is gradually

increased as the increase of the cluster size, and stabilized when the

cluster size is larger than 15. This phenomenon can be observed more

clearly in Figure 9, which shows the average no. of rounds needed

before convergence is reduced with the increase of cluster size and

stabilized around 100 rounds.

When the cluster size is increased to 100 in the extreme case, it

is essentially reduced to centralized control in which only one su-

pervisor agent supervises all the rest of agents. In this case, all the

communication and computation burden would fall on this single su-

pervisor agent. When the cluster size is 1, it is essentially equivalent

with the case of the traditional social learning without a hierarchi-

cal structure. When the cluster size varies between 1 and 100, with

the increase of the cluster size, each supervisor agent can supervise

more subordinate agents and thus it is easier for agents to coordi-

nate among each other. However, as the cluster size exceeds certain

threshold, the advantage of centralized supervision diminishes. This

property is desirable since the same level performance as fully cen-

tralized supervision can be achieved under distributed supervision,

which not only increases the robustness of the HHLS and the frame-

work itself but reduces the communication and computation burden

of supervisor agents.

Next we examine the robustness of HHLS in details by investigat-

ing the following questions: whether a consist norm can still rapidly

emerge and how is the emergence efficiency changed when certain

amount of supervisors are disabled? Figure 10 shows the dynamics

of expected payoffs of agents with some supervisors disabled, and

the results are averaged over 6-action coordination game with high

penalty. We can see that hierarchically heuristic learning still enables

agents to converge to a consist norm when certain amount of su-

pervisors are disabled. Though the convergence rate is gradually de-

creased as the increased of the number of disabled supervisors, better

performance can still be achieved than the traditional social learning

framework. This is expected since those subordinate agents without

supervisors can only learn based on their local information, and the

hierarchical social learning framework would be reduced into the tra-

ditional social learning framework when all supervisors are disabled.

5 CONCLUSION AND FUTURE WORK

We propose a hierarchically heuristic learning strategy to ensure

efficient norm emergence in different distributed multiagent envi-

ronments. Extensive simulation shows that our strategy can enable

agents to reach consistent norms more efficiently and in a wider va-

riety of games compared with previous approaches. The influence of

different key parameters (e.g., population size, action space, neigh-

bourhood size and network topology) is also investigated in details.

We also evaluate the influence of centralized and decentralized hier-

archically design by examining the effects of different cluster sizes

(e.g., different number of supervisors). We find that sufficient degree

of distributed supervision (large number of supervisors) can achieve

the same performance as fully centralized supervision (only one su-

pervisor), and thus making the HHLS robust towards the failure of

certain supervisors.

In this paper, we divide subordinate agents randomly into several

clusters. As future work, it is worthwhile investigating whether there

exists an optimal way of clustering agents in terms of maximizing

norm emergence rate and how an optimal clustering structure can be

formed automatically among agents.
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under constrained interactions in diverse societies’, in Proceedings of
the 7th international joint conference on Autonomous agents and mul-
tiagent systems-Volume 2, pp. 779–786. International Foundation for
Autonomous Agents and Multiagent Systems, (2008).

[10] Jorge M Pacheco, Arne Traulsen, and Martin A Nowak, ‘Coevolution
of strategy and structure in complex networks with dynamical linking’,
Physical review letters, 97(25), 258103, (2006).

[11] Bastin Tony Roy Savarimuthu, Rexy Arulanandam, and Maryam
Purvis, ‘Aspects of active norm learning and the effect of lying on norm
emergence in agent societies’, in Agents in Principle, Agents in Prac-
tice, 36–50, Springer, (2011).

[12] Onkur Sen and Sandip Sen, ‘Effects of social network topology and op-
tions on norm emergence’, in Coordination, Organizations, Institutions
and Norms in Agent Systems V, 211–222, Springer, (2010).
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Entity Embeddings with Conceptual Subspaces as a Basis
for Plausible Reasoning

Shoaib Jameel1 and Steven Schockaert2

Abstract. Conceptual spaces are geometric representations of con-

ceptual knowledge in which entities correspond to points, natural

properties correspond to convex regions, and the dimensions of the

space correspond to salient features. While conceptual spaces enable

elegant models of various cognitive phenomena, the lack of auto-

mated methods for constructing such representations have so far lim-

ited their application in artificial intelligence. To address this issue,

we propose a method which learns a vector-space embedding of enti-

ties from Wikipedia and constrains this embedding such that entities

of the same semantic type are located in some lower-dimensional

subspace. We experimentally demonstrate the usefulness of these

subspaces as approximate conceptual space representations by show-

ing, among others, that important features can be modelled as di-

rections and that natural properties tend to correspond to convex re-

gions.

1 INTRODUCTION
Despite the fact that several large-scale open-domain knowledge

bases are now available (e.g. CYC, SUMO, Freebase, Wikidata and

YAGO), few knowledge-driven applications rely on logical reason-

ing. An important reason for this is that available knowledge is often

inconsistent. For example, the concept ice cream shop is asserted to

be disjoint from restaurant in CYC, while it is considered a type of

restaurant on Wikipedia3. Another challenge for logical reasoning is

that available knowledge is seldom complete. For example, SUMO

encodes4 knowledge about chess, darts and poker, but mentions noth-

ing about checkers.

Humans are remarkably adept at overcoming such challenges

[5, 11]. For example, we can recognize that the aforementioned con-

flict between CYC and Freebase is caused by the vagueness of the

categories restaurant and shop, which both have ice cream shop as a

borderline case. Similarly, we can deal with knowledge gaps by mak-

ing inductive inferences, e.g. assuming that properties which hold for

chess, darts and poker should hold for checkers as well. Automating

such forms of plausible reasoning has proven challenging, among

others because they rely on an underlying notion of similarity, which

is difficult to characterize using purely symbolic methods.

The solution offered by the theory of conceptual spaces [13] is to

represent concepts as regions in a suitable metric space. The points

of this space correspond to (actual or possible) entities of a given se-

mantic type, such that similar entities are located close to each other.

1 Cardiff University, UK, email: JameelS1@cardiff.ac.uk
2 Cardiff University, UK, email: SchockaertS1@cardiff.ac.uk
3 https://en.wikipedia.org/wiki/Category:Types_of_
restaurants

4 https://github.com/ontologyportal/sumo/blob/
master/Sports.kif

It is furthermore posited that most natural properties correspond to

convex regions, in accordance with prototype theory [26]. Further-

more, the dimensions of a conceptual space correspond to the salient

features of the considered domain. For example, a conceptual space

of wines could have dimensions relating to sweetness, acidity, fruiti-

ness, amount of tannins, etc. Using conceptual space representations,

many cognitive phenomena, including vagueness and induction, can

be modelled in a natural way [13, 8, 27, 19]. However, existing ap-

plications have focused on a few particular domains in which con-

ceptual space representations can be derived from available metric

information. For example, several authors have considered concep-

tual spaces for music perception [12, 4]. In such cases, the definition

of the conceptual space, and its relationship to e.g. audio signals, re-

lies on well-understood insights from the field of music cognition.

The research question we consider in this paper is whether we can

automatically obtain approximate conceptual space representations

for a wide range of domains, by combining information found in ex-

isting knowledge bases with representations derived from large text

corpora such as Wikipedia.

Our approach builds on existing work for learning word embed-

dings from text corpora. Similar to conceptual spaces, word em-

beddings [21, 24, 29] represent the meaning of words in a high-

dimensional Euclidean space, typically as vectors5. There are, how-

ever, two important differences between word embeddings and con-

ceptual spaces. First, while word embeddings represent all words

in a single vector space, conceptual spaces model the entities (and

their properties) of a particular semantic type only (e.g. people and

cities would be modelled in separate conceptual spaces). Because of

this restriction, conceptual spaces can have dimensions that reflect

the salient properties of the underlying domain. This allows us to

use conceptual spaces for ranking entities (e.g. a conceptual space

of cities should have a dimension corresponding the population, al-

lowing us to rank cities from the least to the most populous), mod-

elling context effects6, and for describing how two entities or con-

cepts are semantically related (e.g. that the rules of chess are more

complex than the rules of checkers). In contrast, the dimensions of

a word embedding space are essentially meaningless. Second, con-

ceptual spaces clearly differentiate entities, which are modelled as

points, from properties, which are modelled as regions. As a result,

conceptual spaces can be used to model that a given entity has a given

property or belongs to a given category, to model typicality (e.g. an

ice cream shop could be located in the region modelling shop but to-

5 Two notable exceptions are [9] and [30], where words are represented using
densities

6 The context-dependent nature of similarity is modelled in conceptual spaces
by allowing dimensions to be rescaled, depending on the importance of the
corresponding property in the given context.
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wards the border), and to model semantic relations between different

properties and categories.

In [6] an approach was proposed for learning conceptual space

representations, which consists of (i) representing each entity of a

given semantic type as a bag of words (e.g. each movie is represented

as its set of user reviews), (ii) converting that bag of words represen-

tation to a vector space representation using multi-dimensional scal-

ing (MDS), and (iii) identifying directions corresponding to salient

properties of the considered domain in a post-hoc analysis.

An important limitation of the approach from [6] is that it cannot

take advantage of relationships between different conceptual spaces.

To address this, in this paper we propose a method that learns a sin-

gle domain-independent vector space, in which each semantic type

corresponds to a particular subspace. In other words, we learn con-

ceptual space representations which are themselves embedded in a

higher-dimensional vector space. Among others, this allows us to

model semantic type hierarchies (e.g. the conceptual space of hu-

mans, in our model, is a subspace of the conceptual space of living

things). Furthermore, different conceptual spaces can be aligned by

taking into account semantic relations between entities of the corre-

sponding types (e.g. the subspaces representing actors, directors and

genres can help to obtain a more accurate representation of movies).

Another important limitation of the approach from [6] is that MDS

requires a distance matrix whose size is quadratic in the number of

entities, which severely limits its scalability. In contrast, our model

can easily learn representations for millions of entities.

2 RELATED WORK

2.1 Word embedding

Word embeddings are vector space representations which are used

to model the meaning of words. Several existing models construct

a vector for each word by applying some form of matrix factoriza-

tion to a term-term co-occurrence matrix; see [29] for an overview of

such approaches. Recently, a number of models have been proposed

which instead explicitly optimize the predictive power of the word

vectors. For example, the popular Skip-gram model [21] tries to find

word vectors that can be used to predict the probability of seeing a

context word, given an occurrence of the word being modelled, while

the related continuous bag-or-words (CBOW) model focuses on the

probability of seeing the word being modelled, given the occurrence

of a context word.

An interesting property of word embeddings is that they often cap-

ture several kinds of semantic relations, beyond simple similarity. For

example, in [21] it is shown that analogical proportions of the form

a is to b what c is to d correspond to approximate parallelograms in

the space obtained by Skip-gram. They also found that vector addi-

tion sometimes corresponds to a form of semantic composition, e.g.

adding the vectors for Germany and capital resulted in a vector which

is close to the vector for Berlin.

The fact that the vector space obtained by the Skip-gram model

satisfies such linear regularities is at first glance somewhat surpris-

ing. In [24], the authors analyze what characteristics of a word em-

bedding model can explain this effect, and propose a new model,

called GloVe, which is explicitly aimed at capturing linear regulari-

ties. Since our model will build on GloVe, we briefly review its for-

mulation. The GloVe model relies on a term-term co-occurrence ma-

trixX = (xij), where xij is the number of times that word i appears

in the context of word j. For each term ti in the vocabulary, two word

vectorswi and w̃i and a bias bi are chosen by minimizing the follow-

ing objective:

J =
V∑

i=1

V∑
j=1

f(xij)(wi · w̃j + bi + bj − log xij)
2

(1)

where V is the number of words in the vocabulary. The function f
is used to limit the impact of rare terms, whose co-occurrence counts

are considered to be noisy. It is defined as follows:

f(xij) =

⎧⎨⎩
(

xij

xmax

)α

if xij < xmax

1 otherwise

(2)

where xmax is a constant which was fixed as 100. Intuitively, wi re-

flects the meaning of term ti while w̃j reflects how the occurrence of

that term in the context of another term tj impacts the meaning of tj .

2.2 Knowledge graph embedding
Knowledge bases such as Freebase and Wikidata can essentially be

seen as collections of (subject, predicate, object) triples, and can

thus be encoded as a graph, where nodes correspond to entities and

edges are labelled with relation types. Several authors have looked at

the problem of automatically expanding such knowledge graphs [7].

Here, we focus on models that rely on embedding knowledge graphs

in a vector space, as we will use similar ideas for aligning different

conceptual subspaces. The idea of embedding knowledge graphs in

a vector space was proposed in [3]. In particular, they propose the

model SE, in which each entity ei is represented as a vector and each

relation rk is represented using two matrices Rlhs
k and Rrhs

k . The con-

straint they impose is that the following distance should be small for

triples (ei, rk, ej) in the knowledge graph and large for other triples:

d(Rlhs
k ei, R

rhs
k ej)

where d is either the Euclidean or Manhattan distance. An important

drawback of this model is that it requires learning a large number of

parameters, which was empirically found to lead to underfitting [2].

In [2] a simpler alternative, called TransE, was proposed, which rep-

resents each relation as a vector and considers the following scoring

function instead:

d(ei + rk, ej)

Despite the simplicity of this model, it was shown to substantially

outperform SE in practice. However, as noted in [32], TransE is

mostly suitable for one-to-one relations. To obtain a more faith-

ful modelling of one-to-many, many-to-one and many-to-many re-

lations, the model TransH is proposed. In this model, both a hyper-

plane Hk and an (n − 1) dimensional vector rk is associated with

each relation type (with n the dimension of the embedding space),

and the following scoring function is considered:

d(e
Hk
i + rk, e

Hk
j )

where e
Hk
i and e

Hk
j are the orthogonal projections of ei and ej on

the hyperplane Hk. The TransR model, introduced in [20], follows

a similar strategy, but instead associates anm-dimensional vector rk
and anm× n matrixMk with each relation, and uses the following

scoring function:

d(eiMr + rk, ejMr)
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The underlying idea is to use the TransE model, after projecting the

entities onto a relation-specific space. While in general it is not re-

quired that n = m, this particular choice was used in all experiments.

Finally, [20] also proposes a variant CTransR, in which each entities

are clustered, and each relation can have a different representation

for each cluster.

In our model, the semantic types of entities play a crucial role.

One other approach that explicitly takes semantic type into account

is [14]. In particular, they add a regularization term to the objective

function of existing embedding models to encode the requirement

that entities of the same semantic type should be represented using

similar vectors, which they formalize based on two manifold learning

algorithms. Unfortunately, the scalability of the resulting method is

relatively limited.

In [31] a model is proposed that combines word embedding with

knowledge graph embedding. In particular, they jointly learn a rep-

resentation for words, entities and relations, where the word repre-

sentations are constrained similarly as in the Skip-gram model and

the entities and relations are constrained similarly as in the TransE

model. The entity and word representations are aligned either based

on Wikipedia anchors or based on the entity names. An improvement

of this method was proposed in [35], where the alignment is instead

based on the text of the Wikipedia article of the entity. Along similar

lines, [34] proposes a model in which the objective functions of Skip-

gram and TransE are combined. A third component in their objective

function allows the model to take into account an external similar-

ity relation, by imposing the requirement that similar terms should

have similar vectors. It is shown that the resulting model improves

the word embeddings from Skip-gram.

The model we propose in this paper also combines a word based

entity embedding component with a knowledge graph embedding

component, although our motivation is different. In particular, [31]

and [35] add a word based entity embedding component to a knowl-

edge graph embedding model to improve the predictive performance

for entities about which little or nothing is included in the knowl-

edge graph. For example, if the knowledge graph contains the fact

that entity a is in relation R with entity b, and from the word based

component we can derive that entity a′ is similar to entity a, then we

can plausibly derive that entity a′ might also be in relationRwith en-

tity b. Intuitively, we can thus view these approaches as using word

based entity embedding to add a kind of smoothing to the knowl-

edge graph embedding model. In contrast, our aim is to model how

different entities of the same type are related. The kind of seman-

tic relatedness in which we are interested (e.g. modelling that one

building is taller than another one) is typically not captured by exist-

ing knowledge graphs. Intuitively, we use the word based entity em-

bedding component to learn domain-specific vector space represen-

tations, and then use a knowledge graph embedding model to align

these spaces. This allows us to improve the representation for seman-

tic types about which little information is available in the considered

textual descriptions. In this sense, we can view our model as using

the knowledge graph embedding component to add a kind of smooth-

ing to the word based entity embedding. Our motivation is somewhat

similar in spirit to [34], but that model focuses on word embeddings

rather than entity embeddings.

To the best of our knowledge, our model is the first to use semantic

type information to learn domain-specific subspaces.

3 DESCRIPTION OF THE MODEL
Our aim is to learn a vector-space embedding of a set of entities

E, in which entities of the same semantic type lie in some lower-

dimensional subspace. Let S be the set of all semantic types. For

s ∈ S, we write Es for the set of all entities of type s. We further-

more assume that a set of binary relations R is available, and a set

G ⊆ E×R×E of triples of the form (e, k, f), encoding that entities

e and f are in relation k. Finally, we assume that for every entity e,

a bag of wordsWe describing that entity is available. The model we

propose has the following form:

J = αJtext + (1− α)(Jtype + Jrel) + βJreg (3)

where α ∈ [0, 1] and β ∈ [0,+∞[ are parameters controlling the

relative importance of the different components of the model. Com-

ponent Jtext will be used to constrain the representation of the entities

based on their textual description, Jtype will impose the constraint that

entities of the same type belong to a particular subspace, Jrel will use

the relations inR to improve the alignment between these subspaces,

and Jreg is a regularization component which will allow the model to

automatically select the most appropriate number of dimensions for

every subspace. We now discuss each of these components in more

detail.

3.1 Word based entity embedding
From the bag of words representations We, we want to find a point

pe ∈ Rn for each entity e such that similar entities correspond to

nearby points and such that salient features can be interpreted as di-

rections in the space. Specifically, let f be a feature of interest, and

let xi ∈ R be the value of feature f for entity ei, i.e. xi reflects

how much ei has feature f . Then there should be a vector wf ∈ Rn

such that the orthogonal projection p′ei of the point pei on the line

Lf = {q | q = λ ·wf , λ ∈ R} is given by p′ei = cfxiwf + bf for bf
and cf constants in R. In other words, in a coordinate system where

Lf coincides with one of the axes, the corresponding coordinate of

pe should be proportional to xi. This requirement is equivalent to7:

pei · wf = (cfxi + bf ) · ‖wf‖ (4)

Unfortunately, we do not actually know what are the salient fea-

tures in most domains. Following [6], we therefore use word co-

occurrence as a proxy for feature values. In particular, we assume

that each word potentially corresponds to a salient feature, and that

the number of times a word co-occurs with a given entity reflects

how much that entity has the corresponding feature. This leads to the

following constraint

pei · wj = g(yji) + bj (5)

where yji is the number of times word tj occurs inWei , g is a mono-

tonic function that maps co-occurrence statistics to feature values,

and bj is a constant. Typically it will not be possible to satisfy the

constraint (5) for all entities and all context words. The assumption

underlying this model is that the salient features of an entity affect the

co-occurrence statistics of many context words, and that the words

for which (5) is (approximately) satisfied, in an optimal solution, will

therefore be those that are strongly related to important features of

the entity ei.
Note that the requirement in (5) closely resembles the constraints

that are optimized by the GloVe model. Moreover, as in the GloVe

7 We are abusing notation here, using pei as a notation for the vector
−−→
0pei .
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model, we can choose g(yji) = log(yji)− bi and formalize the ob-

jective function as a least squares regression problem, weighted such

that frequent terms have a stronger impact on the objective function:

JEtext =
∑
ei∈E

∑
tj∈Wei

f(yji)(pei · wj + bi + bj − log yji)
2

where f is defined as in (2). The resulting model is essentially the

same as GloVe, but instead of modelling word-word co-occurrence

we now model entity-word co-occurrence. The geometric interpreta-

tion, however, is different, as we view entities as points and context

words as vectors. We can further constrain the word vectors wj by

adding a second component, capturing word-word co-occurrences,

which corresponds to the original GloVe model. In particular, we de-

fine Jtext = JEtext + Jglove, where Jglove is the objective function J
defined in (1).

3.2 Subspace constraints
A key distinguishing feature of our model is that all entities of a given

type s are imposed to belong to the same subspace. To formalize this

constraint, we associate with each semantic type s a set of n + 1
points ps0, ..., p

s
n ∈ Rn and express that for each entity ei of type s,

the point pei can be written as a convex combination of the points

ps0, ..., p
s
n:

Jtype =
∑
s∈S

∑
e∈Es

‖pe −
n∑

j=0

λe,sj p
s
j‖2

where we impose that λe,xj ≥ 0 and
∑n

j=0 λ
e,s
j = 1. Note that on

its own, this component is trivial, as it suffices to choose any set of

points ps0, ..., p
s
n in general linear position. However, we will addi-

tionally require that the space spanned by the points ps0, ..., p
s
n is as

low-dimensional as possible. In particular, letMs be the n × n ma-

trix whose ith row vector is psi − ps0. Then clearly the rank ofMs is

equal to the dimension of the space spanned by ps0, ..., p
s
n. We now

want to add a regularization term to penalize high-rank matricesMs.

Unfortunately, no efficient methods exist for directly minimizing the

rank of a matrixM . The relaxation suggested in [10] is to minimize

the nuclear norm ‖M‖∗ instead (i.e. the sum of the singular values

of M ). This technique was empirically shown to lead to low-rank

matrix solutions in many applications, and is known to be equivalent

to rank minimization in certain cases [25]. The regularization term

associated with Jtype is thus given by

J1reg =
∑
s∈S

‖Ms‖∗

To implement nuclear norm regularization, we have used the recently

proposed method from [16].

We will also consider a variant in which the points ps0, ..., p
s
n are

additionally required to be close to each other:

J comb
type =

∑
s∈S

( ∑
e∈Es

‖pe −
n∑

j=0

λe,sj p
s
j‖2 +

n∑
j=0

d(psj , c
s
j)
)

where csj = 1
n+1

∑
j p

s
j is the center-of-gravity of the points

ps0, ..., p
s
n.

3.3 Modelling relations
Often we have information about how entities of different types are

related, e.g. the fact that Steven Spielberg is the director of Jurassic

Park. Such relationships can help us to align the subspaces corre-

sponding to different types. Since our main aim is to improve the

entity embeddings, rather than predicting relationships between en-

tities of different types, methods such as TransH and TransR, which

rely on projecting the entities to a different space, are not directly

suitable. On the other hand, TransE is only suitable for one-to-one

relations.

We propose an alternative to TransE which is inspired by our mod-

eling of semantic types. As in TransE, we assume that every relation

k is represented as a vector rk. We furthermore write rhs(e, k) =
{f | (e, k, f) ∈ G} and lhs(k, f) = {e | (e, k, f) ∈ G}. Rather than

imposing that e + rk = f if (e, k, f) ∈ G, as in TransE, we re-

quire that the points in Pe,k = {pf | f ∈ rhs(e, k)} ∪ {pe + rk}
lie in a low-dimensional subspace and, similarly, that the points in

Pk,f = {pe | e ∈ lhs(k, f)} ∪ {pf − rk} lie in a low-dimensional

subspace. Note that in the case of one-to-many or many-to-one rela-

tions, this part of the model is similar to TransH in the special case

where the considered subspaces are one-dimensional. Note that in

the case of a one-to-many or many-to-many relation, the set of en-

tities rhs(e, k) is essentially treated as an additional semantic type

(e.g. the set of all films directed by Stephen Spielberg), and similar

for many-to-one relations and the set lhs(k, f). As for the semantic

types we will consider a number of variants:

Jdim
rel =

∑
k∈R

∑
p∈Pe,k

‖p−
n∑

j=0

μe,kj q
e,k
j ‖2

+
∑

p∈Pk,f

‖p−
n∑

j=0

μk,fj q
k,f
j ‖2

Jdist
rel =

∑
f∈rhs(e,k)

d(pf , pe + rk)
2 +

∑
e∈rhs(k,f)

d(pe, pf − rk)2

Jrel = Jrel + J
dist
rel

where we write e.g. p ∈ Pe,k to sum over all entities e and all points p
in Pe,k. Note that the variant Jdist

rel essentially corresponds to TransE.

For the variants Jrel and J comb
rel we again use nuclear norm regulariza-

tion to enforce low-dimensional subspaces. Let the ith row vector of

the matrix Me,k be given by qe,ki − qe,k0 and similar for Mk,f . We

define:

J2reg =
∑
k∈R

‖Me,k‖∗ + ‖Mk,f‖∗

Note that we only need to consider the combination (e, k) or the

combination (k, f) if there is at least one triple of the form (e, k, f)
in G, since otherwise we can trivially chooseMe,k andMe,k as the

zero matrix. The full regularization term is given by Jreg = J1reg+J
2
reg.

4 EVALUATION
4.1 Data acquisition
In our experiments, we have used Wikidata to obtain a set of enti-

ties E and their corresponding semantic types. To generate the bag-

of-words representation We of a given entity, we take advantage of

the fact that Wikidata entities e are linked to their corresponding

Wikipedia article de. The setWe contains the words occurring in de,

as well as them words before and after any mentions of the entity in

other Wikipedia articles. Following [24], we have used a window size

ofm = 10 (but without crossing sentence boundaries). In particular,

we treat every link from some Wikipedia article dx to de as a mention

of e, as well as any repeated occurrences of the corresponding anchor
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text in dx. The word-word co-occurrence in the Jglove component of

our model has been obtained from the entire Wikipedia corpus, as

in the standard GloVe model. Using the Wikidata dump from Octo-

ber 26, 2015 and the Wikipedia dump from November 02, 2015, we

have then selected those entities e which are mentioned in at least

10 Wikipedia articles, resulting in a set E containing 1,292,702 en-

tities. For each semantic type s, the set Es contains those entities

which are asserted to be of type s via the instance of property as

well as all instances which are asserted to belong to one of the super-

types of s, which was determined using the subclass of property. As

the set of binary relations R we considered all Wikidata properties

whose value is another entity, apart from instance of and subclass
of which have already been used to determine the sets Es. In the

case of Wikipedia, we adopted a fairly straightforward preprocess-

ing strategy, as used in many other works such as [31]. In particular,

we removed punctuations, lower-cased the tokens, and conducted

sentence segmentation using the NLTK library8. We also removed

words whose term frequency in the entire collection was less than

10. A script has been made available online9, which generates an ex-

act copy of our data set, starting from the publicly available dumps of

Wikipedia and Wikidata. The implementation of all variants of our

model has also been made available at the same link.

Most knowledge graph embedding models have been evaluated

on fragments of Freebase and WordNet. Our choice of Wikidata is

motivated by the fact that it has relatively clean semantic type in-

formation. For example, while Barack Obama is of type Human on

Wikidata, Freebase among others mentions the following types: film
subject, musical artist and building occupant. Furthermore, while

Freebase contains information about tens of millions of entities, the

standard benchmark datasets, called FB15k [2] and FB13 [28], are

relatively small: FB15k covers 14,951 entities and 1,345 relation

types, while FB13 covers 74,043 entities and 13 relation types. For

completeness, we will include a comparison of our model on these

standard benchmark sets for link prediction and triple classification,

which are the two standard evaluation tasks for knowledge graph

embedding. Our other experiments will be oriented more towards

evaluating the usefulness of our model for learning conceptual space

representations, in particular their ability to capture semantic rela-

tions between entities of the same type (which are not covered in the

knowledge graph). This requires a sufficient number of entities for

each of the considered semantic types, and a sufficiently clean se-

mantic type structure. Accordingly these tasks will be evaluated only

on the WikiData fragment described above. Finally, WordNet has a

rich semantic type hierarchy, but contains relatively few instances of

these types (e.g. of the 51K leaf nodes in WordNet 1.7 only 7K were

found to be instances in [1]) and is thus not suitable for our purposes.

The semantic types of the entities occurring in FB15k and FB13

have been obtained from the “type/instance” field in the Freebase

dump10. To link Freebase entities to Wikipedia, we have made use of

existing Freebase-WikiData mappings11.

4.2 Variants and baseline methods

Our main baseline is pTransE, which also learns an embedding of

entities by combining a word embedding model with a knowledge

8 http://www.nltk.org/
9 https://github.com/bashthebuilder/ECAI-2016/blob/
master/README.md

10 https://developers.google.com/freebase/data
11 https://developers.google.com/freebase/data#
freebase-wikidata-mappings

name type relation regularization

EECSfull Jtype Jrel J1
reg + J2

reg
EECSno rel Jtype - J1

reg
EECSno type - Jrel J2

reg
EECSno NN - Jrel -
EECStext - - -

EECSrel-dim Jtype Jdim
rel J1

reg + J2
reg

EECSrel-dist Jtype Jdist
rel J1

reg
EECStype-comb Jcomb

type Jrel J1
reg + J2

reg
EECStype-dist Jcomb

type Jrel J2
reg

Table 1: Overview of considered variants of our model.

graph embedding model. We used the it’s publicly available imple-

mentation12. We consider three variants of this baseline: pTransEanch

is the version proposed in [31], which uses anchor text for align-

ing word vectors and entity vectors; pTransEart is the improvement

proposed in [35], which uses the words in the Wikipedia article de
instead of anchor text (and a slightly different model); pTransEfull is

a variant of pTransEart, which uses the bag of words representation

We instead, as in our method. In addition, we compare our method

against RESCAL, as well as a number of knowledge graph embed-

ding methods: TransE, TransH, TransR and CTransR. The source

codes of these translation-based models are publicly available on-

line13. RESCAL [23] is a collective matrix factorization model based

on tensor factorization, which has been designed to account for the

inherent structure of dyadic relational data. The implementation of

RESCAL can be found here14. For the knowledge graph embedding

methods, we used Bernoulli sampling for selecting negative exam-

ples (see [31]); we also obtained results for uniform sampling (not

shown), and found the results to be very similar to Bernoulli sam-

pling but slightly worse. It is expected that all of these methods will

perform worse than both pTransE and our model, as they cannot ex-

ploit the text representationWe of the entities. We also compare our

method with Skip-gram and CBOW, which can only use text repre-

sentations and are thus also expected to perform worse. In particular,

to apply these models to learn entity embeddings, we use the same

method as for our model to determine entity mentions on Wikipedia,

and then apply the standard models based on the words surround-

ing these mentions. Finally, we have compared our method with the

multi-dimensional scaling (MDS) based method from [6], in which

case we learn a separate vector space for every semantic type. Be-

cause of the limited scalability of the latter model, however, we have

only considered this for semantic types with up to 10000 instances.

Following [6], for each of the remaining semantic types, a vector

space representation of the corresponding entities was obtained us-

ing Positive Pointwise Mutual Information (PPMI). We then applied

multi-dimensional scaling to obtain a lower-dimensional representa-

tion, using the angular difference between the initial vectors as met-

ric. We have used the MDS model implemented in MATLAB. We

have also considered the method from [14] as an additional baseline,

but found that this method could not scale to even the reduced data

set that we used for the MDS experiments.

Throughout this section, we will refer to our model as EECS (En-

tity Embeddings with Conceptual Subspaces). As an ablation study,

we will consider a number of variants of our model in which some

components have been removed. EECSfull refers to our full model,

in which Jtype is used for modelling semantic types and Jrel is used

for modelling relations; EECSno rel refers to a variant in which Jrel

12 https://github.com/Mrlyk423/Relation Extraction
13 https://github.com/Mrlyk423/Relation Extraction
14 https://github.com/mnick/rescal.py
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and the associated regularization component J2reg have been removed;

EECSno type refers to a variant in which Jtype and J1reg have been re-

moved; EECSno NN refers to a variant in which the regularization

component Jreg has been removed (which also trivializes the com-

ponent Jtype); EECStext refers to a variant in which only the com-

ponent Jtext is used, reducing our model essentially to a variant of

GloVe.

Furthermore, we have considered a few variants of EECSfull in

which we change the component Jtype or Jrel by one of the proposed

alternatives: EECSrel-dim refers to a variant in which Jrel is replaced

by Jdim
rel , EECSrel-dist refers to a variant in which Jrel is replaced by

Jdist
rel , EECStype-comb refers to a variant in which Jtype has been replaced

by J comb
type , and EECStype-dist refers to a variant in which only distance

information is considered for modelling semantic types (which cor-

responds to using J comb
type without regularization). An overview of the

considered variants of our model is provided in Table 1.

4.3 Methodology
All experiments were evaluated using five-fold cross validation.

For tuning the parameter β of our model, based on a tun-

ing/validation set in each experiment, we considered the range

{50, 100, 150, 200, 250, 300, 350, 400}. For the parameter α, we

considered values between 0 and 1 with an increment of 0.1. The

number of iterations for all models was set to 20, as we found that

beyond this number empirical results became fairly consistent in all

cases. Based on the tuning set, in each of the experiments the optimal

value of β was found to be 300, while the optimal values of α var-

ied between 0.4 and 0.7. The number of dimensions was always set

to 300 for our model, noting that because of the nuclear norm regu-

larization this only represents an upper bound on the actual number

of dimensions. All parameters of the baseline methods, including the

number of dimensions, have been optimized based on the tuning set

in each experiment. For the MDS method, the number of dimensions

was tuned for each semantic type separately (as this method learns a

separate vector space for each semantic type), considering the range

from 10 to 100 in steps of 10. For the remaining baselines, which

construct a single vector space, the number of dimensions was var-

ied between 50 to 300 in steps of 50.

Our model has been implemented in C using standard POSIX

threads, which helps scale our implementation to large text collec-

tions. For example, for the considered 1.2 million Wikidata entities

our full model takes about 30 minutes per iteration using 8 threads,

scaling almost linearly in the number of entities. In contrast, EECStext

takes about 18 minutes for each iteration using 8 threads.

4.4 Results
We will evaluate our model on four different tasks: ranking, induc-
tion, analogy making, and knowledge graph embedding. The first

two of these tasks are directly aimed at evaluating to what extent

the type-specific subspaces learned by our model are useful as con-

ceptual space representations. In particular, ranking will evaluate to

what extent important features of a given semantic type can indeed

be modelled as directions in the associated subspace, while induction
assesses to what extent we can use these representations to find new

instances of a given concept, given only a few example instances.

The analogy making task is aimed at evaluating how well the differ-

ent subspaces are aligned. As discussed above, these first three tasks

will be evaluated using a large fragment of WikiData. The motivation

behind the fourth tasks relates to the observation that even though our

Semantic Type Number of Entities NN-Dimensions
human 191211 288

railway station 4120 121
house 2762 136

organization 1379 88
national park 1307 56

building 1269 52
food 1155 55

college 858 33
automobile 31 12

candy 10 2

Table 2: Number of dimensions selected by the nuclear norm (NN)

regularization component of our model for some of the semantic

types.

Ranking Induction Analogy
ρ MAP P@5 MRR Acc.

Skip-gram 0.155 0.176 0.356 0.505 0.184
CBOW 0.159 0.182 0.350 0.500 0.213
RESCAL 0.081 0.020 0.189 0.423 0.371
TransE 0.110 0.060 0.200 0.451 0.382
TransH 0.142 0.072 0.210 0.415 0.382
TransR 0.100 0.102 0.302 0.489 0.378
CTransR 0.122 0.132 0.323 0.499 0.402
pTransEanch 0.099 0.101 0.301 0.488 0.476
pTransEart 0.202 0.218 0.475 0.751 0.512
pTransEfull 0.213 0.224 0.490 0.756 0.532
EECSfull 0.319 0.231 0.609 0.883 0.591
EECSno rel 0.301 0.229 0.588 0.868 0.552
EECSno type 0.266 0.225 0.585 0.854 0.549
EECSno NN 0.258 0.220 0.581 0.843 0.545
EECStext 0.254 0.218 0.579 0.831 0.540
EECStype-comb 0.312 0.231 0.601 0.883 0.595
EECStype-dist 0.295 0.231 0.585 0.858 0.550
EECSrel-dim 0.309 0.225 0.585 0.859 0.551
EECSrel-dist 0.299 0.225 0.585 0.855 0.549

Table 3: Experimental results for the full WikiData test data.

Ranking Induction Analogy
ρ MAP P@5 MRR Acc.

MDS 0.101 0.121 0.231 0.388 0.354
EECSfull 0.218 0.140 0.301 0.463 0.456

Table 4: Comparison with MDS on a subset of the WikiData test data.

motivation was rather different from the motivation behind pTransE,

both our model and pTransE combine a word based entity embedding

component with a knowledge graph embedding component. Since

pTransE has proven a successful approach for knowledge graph em-

bedding, we want to analyse whether our model has any advantages

in such a setting. As explained above, for this task we will use the

standard benchmark datasets FB15k and FB13.

An important aspect in the discussion of the result is to analyze

the effectiveness of nuclear norm regularization in identifying the

most appropriate number of dimensions for each of the semantic

types. To illustrate the behaviour of this regularization component,

Table 2 shows the number of dimensions that was found for a few

notable semantic types (when using the default configuration of our

model). As expected, semantic types with more entities generally end

up being associated with higher-dimensional subspaces, but other

factors affect the choice as well. For example, note that house has

fewer instances than railway station, while being represented by a

higher-dimensional subspace. Intuitively, this reflects the idea that

the type house is more diverse or complex than the type railway sta-
tion.
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4.4.1 Ranking

A characteristic feature of conceptual spaces is that they are encoded

as Cartesian products of interpretable dimensions. For a vector space

model to be meaningful as a conceptual space, it is therefore impor-

tant that salient properties can be modelled as directions15. Therefore,

we have evaluated the ability of our model to correctly rank entities

according to a given property. As we need the ground truth, we have

focused on properties with numerical values which are available in

Wikidata (but have not been considered when learning the space),

e.g. the date of birth for entities of type human, or the boiling point
of entities of type chemical element. In total, we have retrieved 26

numerical attributes which are available for at least 30 entities. Some

of these numerical attributes appear for different semantic types (e.g.

the property inception, referring to the foundation year, applies to the

semantic types film, organization and country, among others). In to-

tal, we obtained 73 such property-type combinations, by considering

for each numerical attribute all the maximally specific semantic types

with at least 30 instances that have the attribute. Each of these 73

combinations was considered as a problem instance. For each prob-

lem instance, the corresponding set of entities is split into 60% train-

ing, 20% validation and 20% testing sets. The full specification of the

73 problem instances and corresponding splits is available online16.

From the training set, a direction is estimated using the SVMRank

model17 [18]. The parameters of the resulting ranking models are op-

timized using the validation sets. Table 3 shows the performance on

the testing set, in terms of Spearman’s ρ18, expressing the correlation

between the ranking predicted by the model and the ranking accord-

ing to the numerical values found in Wikidata.

The results show that standard word and knowledge graph embed-

ding models are not competitive, which is not surprising given that

they use less information than our model. However, the results also

show that our model substantially outperforms pTransE, even the

variant pTransEfull which uses the same input as our model. Com-

paring the results for the variants of our model, we notice that the

relation component only has a small impact, i.e. the performance

of EECSno rel is close to EECSfull, and similarly, the performance

of EECSno type is close to EECStext. Regarding the variants of Jtype,

EECSfull and EECStype-comb are clearly better than EECStype-dist, which

shows the importance of nuclear norm regularization for identify-

ing low-dimensional subspaces. The results in Table 4 compare our

model against the MDS model from [6] on a reduced set of 27 prob-

lem instances. These results clearly show that the MDS method is

not competitive.

Tables 5 and 6 illustrate the results of the ranking experiment for

three attributes, by showing the 5 lowest and 5 highest ranked entities

respectively. Note that Table 5 starts with the lowest ranked entity

(i.e. the entity that has the lowest value for the considered attribute),

while Table 6 starts with the highest ranked entity (i.e. the entity that

has the highest value for the considered attribute). While the rankings

are not perfect (e.g. Bermuda, Monaco, San Marino and Barbados

are all less populous than Malta, Ptolemy lived around 500 years

after Plato), the model’s ability to separate high-scoring entities from

low-scoring entities is nonetheless remarkable, considering that none

15 Conceptual space representations also encode information about the cor-
relation between the underlying dimensions, which in our case is captured
by the angles between these directions.

16 https://github.com/bashthebuilder/ECAI-2016
17 https://www.cs.cornell.edu/people/tj/svm_light/
svm_rank.html

18 The reported average ρ values have been obtained using the Fisher z-
transformation.

Population Inception Date of Birth
Malta General Electric Valmiki
Bermuda IBM Jesus Christ
Monaco Hewlett Packard Cleopatra
San Marino Microsoft Ptolemy
Barbados Oracle Corporation Plato

Table 5: Five lowest ranked entities for a number of ranking problem

instances.

Population Inception Date of Birth
China Alphabet Inc. Prince George of Cambridge
India Tencent Holdings Isabela Moner
USA Facebook, Inc. Justin Bieber
Soviet Union Uber Lionel Messi
Brazil Amazon.com Kim Kardashian

Table 6: Five highest ranked entities for a number of ranking problem

instances.

of the information that was used to learn the vector space explicitly

referred to these attributes.

4.4.2 Induction

A second characteristic feature of conceptual spaces is that properties

correspond to convex regions. Moreover, it is often assumed that the

boundaries of these regions are determined based on the distance to

a particular point in the space, which acts as a prototype. In this ex-

periment, we test our method’s ability to make inductive inferences

based on this view. In particular, given a number of entities of the

same type which have some property in common, the task we con-

sider is to identify other entities that also have this property (without

any knowledge about the property being considered).

Problem instances in this case were obtained by omitting all triples

of the form (., r, f) for particular choices of r and f , when learning

the embeddings. The set of entities e for which (e, r, f) ∈ G then

defines a problem instance. For example, the property being consid-

ered could be “films directed by Stephen Spielberg”. Given a few

examples of such films, the task is to identify other films directed by

Stephen Spielberg (but without the knowledge that this is the prop-

erty being considered). For each (r, f) combination, the set of en-

tities {e | (e, r, f) ∈ G} is split into 60% training, 20% tuning and

20% testing sets. Details on the (r, f) combinations and associated

splits are available online19.

For evaluation purposes, we consider this task as a ranking task.

In particular, for each problem instance, we rank the entities of the

associated semantic type (defined as the most specific semantic type

that contains all the considered entities) based on their distance to the

center-of-gravity of the training instances, and evaluate the quality

of this ranking using mean average precision (MAP), Precision@5

(P@5) and Mean Reciprocal Rank (MRR); note that in all cases,

higher values are better.

The results in Table 3 show that our model again substantially

outperforms all of the baselines. Note, however, that in the case

of MAP, the differences with pTransEfull are rather small. The fact

that the differences are clearer for P@5 and MRR suggests that our

method is better able to select a few entities with high precision.

The MAP score tends to be dominated by outliers, leading to smaller

differences. Regarding the different variants of our model, the se-

mantic type component and relation component now play a more

equal role, given the rather similar performance of EECSno rel and

19 https://github.com/bashthebuilder/ECAI-2016
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EECSno type, although semantic type information is still more impor-

tant than the knowledge graph information (as EECSno rel performs

better than EECSno type). As for the ranking experiment, we notice

that using Jdisttype in EECSno type leads to worse results, highlighting

again the importance of nuclear norm regularization. A before, the

MDS model is not competitive.

4.4.3 Analogy making

Finally we have considered the problem of completing analogical

proportions of the form “a is to b what c is to ...”, which is a standard

evaluation task for word embeddings. Our main aim in this task is

to evaluate how well different subspaces are aligned. We have used

the test sets from the GloVe project20 that are about entities, resulting

in a total of 8363 problem instances. As there is no need for training

data, in this case we randomly split the data into 25% tuning and 75%

testing sets. Full details on the test sets and splits that were used have

been made available online21.

The results are largely consistent with the findings from the

previous two experiments. The main difference is that the vari-

ant EECStype-comb slightly outperforms EECSfull in this case. The

rather large difference in performance between EECStype-comb and

EECStype-dist again clearly illustrates the impact of nuclear norm reg-

ularization on the results.

4.4.4 Knowledge graph embedding

We have also conducted two knowledge graph embedding experi-

ments using the benchmark datasets FB15k and FB13. In particular,

we have evaluated our method on the widely used Link Prediction

and Triple Classification tasks.

Link prediction For the link prediction task [2], given an entity e
and a relation r, the aim is either to find an entity f such that (e, r, f)
or to find an entity f such that (f, r, e). We have used the stan-

dard FB15k test set for this evaluation, which allows us to compare

our model with the published results of the state-of-the-art knowl-

edge graph embedding models. Two widely used evaluation metrics,

which we will also use, are the average rank of correct entities, called

“Mean Rank”, and “HITS@10”, which is defined as the proportion of

test triples in which the target entity was ranked in the top 10. Note

that the Mean Rank score is to be minimized while the HITS@10

score is to be maximized. We have used the standard evaluation pro-

tocol, including the Bernoulli sampling trick to corrupt the head or

tail entity. Test instances were not filtered (which corresponds to the

so-called raw version of the task).

In Table 7 we show that our model clearly outperforms the stan-

dard baselines in both metrics. To a large extent, this is due to the fact

that, apart from pTransE, the other models do not exploit the bag-of-

words representations of the entities. Note that we do not show re-

sults for EECStext and EECSno rel in the tables because these models

do not take into account any input from the knowledge graph, and is

therefore not suitable. The baselines Skip-gram and CBOW are not

considered for the same reason.

Triple classification The objective in triple classification [28] is to

judge whether a given triplet (e, r, f) is correct or not, i.e. whether

20 http://nlp.stanford.edu/projects/glove/
21 https://github.com/bashthebuilder/ECAI-2016

Models Link Prediction (FB15k) Triple Classification
Mean Rank HITS@10 FB13 FB15k

RESCAL 683 44.1 65.3 71.6
TransE 125 47.1 81.5 79.8
TransH 87 64.4 83.3 79.9
TransR 77 68.7 82.5 82.1
CTransR 75 70.2 - 84.3
pTransEanch 58 84.6 73.3 74.3
pTransEart 55 85.3 75.8 75.5
pTransEfull 51 86.4 76.3 77.4
EECSfull 48 89.7 83.1 89.6
EECSno type 56 84.7 71.2 82.1
EECSno NN 59 82.7 70.1 81.4
EECStype-comb 47 89.9 83.3 89.9
EECStype-dist 54 83.2 81.1 82.1
EECSrel-dim 54 85.1 79.3 88.2
EECSrel-dist 52 85.3 78.8 87.1

Table 7: Link prediction and Triple classification results.

entities e and f are in relation r with each other. This can be natu-

rally cast as a binary classification task. We present results on FB13

and FB15k. The FB13 dataset already comes with golden negative

triplets, while we followed the methodology from [28] to construct

negative samples for FB15k. For the classification task, we need to

set a threshold δr for each relation r. We obtain δr by maximizing the

classification accuracies on the validation set. For the given triplet, if

the energy score is larger than the relation-specific δr , the instance

will be classified as positive, otherwise negative. This is the standard

experimental setting for this evaluation task.

Our experimental results are shown in Table 7. With the excep-

tion of the pTransE variants, we again show the published results

for the baseline models. The baseline results have been reported in

[33, 15, 17, 22]. On the FB13 dataset, our model matches the per-

formance of the TransH model, although we clearly outperform all

baselines on the FB15k dataset. This means that on the FB13 dataset,

the bag-of-words representations of the entities cannot be exploited

effectively, although our model is still not at a disadvantage. This

seems related to the fact that only 13 relation types are considered

in FB13, which were moreover specifically selected such that they

can be predicted from each other, in the sense that hard-to-predict

relation types have been removed [28].

5 CONCLUSIONS
We have proposed a new method for learning vector-space embed-

dings of entities, based on available semantic information (from

Wikidata) and textual descriptions (from Wikipedia). From a tech-

nical point of view, the main novelty of our model is the use of nu-

clear norm regularization to encode the requirement that entities of

the same semantic type should lie in a lower-dimensional subspace.

In particular, nuclear norm regularization allows the model to auto-

matically select the most appropriate number of dimensions for the

subspace corresponding to each type. From an application point of

view, our main motivation was to learn subspaces that are useful as

approximations of conceptual spaces. To support this view, among

others, we have shown that many numerical attributes can be faith-

fully modelled as directions and that the learned representations al-

low us to model induction based on distance to a centroid. In addi-

tion, we have also obtained good results for analogy making and for

two standard knowledge graph embedding tasks.
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Automatic Bridge Bidding Using
Deep Reinforcement Learning

Chih-Kuan Yeh1 and Hsuan-Tien Lin2

Abstract.
Bridge is among the zero-sum games for which artificial intelli-

gence has not yet outperformed expert human players. The main dif-

ficulty lies in the bidding phase of bridge, which requires cooperative

decision making under partial information. Existing artificial intel-

ligence systems for bridge bidding rely on and are thus restricted

by human-designed bidding systems or features. In this work, we

propose a pioneering bridge bidding system without the aid of hu-

man domain knowledge. The system is based on a novel deep re-

inforcement learning model, which extracts sophisticated features

and learns to bid automatically based on raw card data. The model

includes an upper-confidence-bound algorithm and additional tech-

niques to achieve a balance between exploration and exploitation.

Our experiments validate the promising performance of our proposed

model. In particular, the model advances from having no knowledge

about bidding to achieving superior performance when compared

with a champion-winning computer bridge program that implements

a human-designed bidding system.

1 Introduction

Games have always been a challenging testbed for artificial intelli-

gence (AI). Even for games with simple and well-defined rulesets,

AI often needs to follow highly complex strategies to gain victory.

One set of works on game AI focuses on full information games in-

cluding chess, go, and Othello [18], whereas the other set studies in-

complete information games such as poker and bridge [9, 17, 22]. In

both cases, traditional works usually excel by embedding the knowl-

edge of the best human players as computable strategies; however,

researchers have recently shifted their focus to machine learning, al-

lowing AI players to develop effective strategies automatically from

data [9, 18, 22].

Bridge, a standard 52-card game that requires players to be both

cooperative and competitive, is one of the most appraised partial-

information games for humans and for AI. The four players of the

bridge game are commonly referred to as North, East, West and

South, and form two opposing teams (North-South and East-West).

Each team aims to achieve the highest score in a zero-sum scenario.

A single bridge game starts with a deal followed by two phases:

bidding and playing. A deal distributes 13 random cards to each

player, and the cards are hidden from other players—each player only

sees partial information about the deal. The bidding phase runs an

auction to determine the declarer of the contract, where the contract

1 Department of Electrical Engineering, National Taiwan University, email:
b01901163@ntu.edu.tw

2 Department of Computer Science and Information Engineering, National
Taiwan University, email: htlin@csie.ntu.edu.tw

affects the score that the declarer’s team can get in the playing phase.

The auction proceeds around the table in a clockwise manner, where

each player chooses from one of the following actions: PASS, in-

creasing the current value of the bid with respect to an ordered set of

calls {1♣, 1♦, 1♥, 1♠, 1NT, 2♣, ..., 7NT}, DOUBLING and RE-

DOUBLING. The first two actions are general ones for deciding the

contract, while the latter two are special, less-used actions that mod-

ify the scoring function for the playing phase. The bidding sequence

ends when three consecutive PASSes are placed, and the last bid be-

comes the final contract. The number in the final contract (such as 4
in 4♠) plus 6 represents the number of rounds that the team aims to

win in the playing phase to achieve the contract (commonly referred

to as “make”), and the symbol (such as ♠) reflects the trump suit in

the playing phase.

In the playing phase of the bridge game, there are 13 rounds where

each player shows one card from her/his hand and compares the val-

ues of the cards based on some rulesets with the trump suit having

some priority. The player with the highest-valued card among the

four is the winner of the round. After the 13 rounds, the score of the

declarer’s team is calculated by a lookup table based on the final con-

tract and the number of winning rounds of the declarer’s team, where

making the contract leads to a positive score for the declarer’s team,

and not making (failing) the contract results in a positive score for

the the opponent’s team.

Bidding is an understandably a difficult task because of the

incomplete-information setting. Given that each player can only see

13 out of 52 cards, it is impossible for a single player to infer the best

contract for her/his team. Thus, each bid in the bidding phase needs

to serve as a suggestion towards an optimal contract, information-

exchanging between team members, or both. That is, a good bidding

strategy should balance between exploration (exchanging informa-

tion) and exploitation (deciding an optimal contract). Nevertheless,

because the bid value needs to be monotonically increasing during

the auction, the information exchanging is constrained to the extent

that it does not exceed the optimal contract. It is also possible that

the two opposing teams may both try to exchange information dur-

ing the bidding phase, called bidding with competition, which blocks

the other team’s information-exchanging opportunities.

In real human bridge games, the best human players are often in-

distinguishable in terms of their professional competence in the play-

ing phase. Thus, their competence in the bidding phase is the primary

game-deciding factor. The abovementioned facts indicate the relative

difficulty of the bidding phase over the playing phase for human play-

ers. The difficulty holds true in the case of designing AI players as

well. For the playing phase, it has been shown that AI players are

competitive against professional human ones. For example, in 1998,

the GIB program finished in the 12th place among 35 professional
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human players in a no-bidding bridge contest [8]. Nevertheless, for

the bidding phase, most existing AI players are based on replicating

human-designed rules of bidding, commonly referred to as human

bidding systems [3, 12, 19, 20]. The replication generally makes AI

players less competitive to human players in the bidding phase, as

explained below.

One of the main difficulties in replicating a human bidding system

is the inevitable ambiguity of the bids. Human bidding systems are

designed to have rules that cover different situations, but the rules can

be overlapping. Therefore, based on the cards of one player and the

other players’ bids, there can be conflicting suggestions that can be

arrived at from different rules, with every suggestion being a legiti-

mate bid under the system. Human players are expected to resolve

this ambiguity intelligently and select an appropriate choice from

the conflicting suggestions; in addition, professional human play-

ers devote a considerable amount of time to practice together with

team members to reduce the ambiguity through mutual understand-

ing. When AI players try to replicate human bidding systems, it is

extremely challenging to reach the same level of mutual understand-

ing that human players can achieve to resolve the ambiguity, making

AI players inferior in the bidding phase.

The ambiguity of the bids arises primarily because human bid-

ding systems need to be simple enough to be memorizable by human

players. Thus, the rules within the systems are often simple, too. On

the other hand, if there were a bidding system for AI players instead

of human players, the rules may not need to be so simple, and the

ambiguity issue may be resolved to improve the performance of AI

players in the bidding phase.

The aforementioned ideas were the motivation behind some exist-

ing works on enhancing AI for bridge bidding. Some works begin

by considering a human bidding system and then resolve the ambi-

guity using different techniques. For instance, combining lookahead

search with human bidding system was studied by Gambäck et al. [7]

and by Ginsberg [8]. Amit and Markovitch [1] built a decision tree

model along with Monte Carlo sampling on top of a human bidding

system to resolve the ambiguity of bids. DeLooze and Downey [6]

generated examples from a human bidding system, and then used

these examples as input for a self-organizing map for ambiguity res-

olution. In those works, human bidding systems play a central role in

AI players’ bidding strategy.

A more aggressive route for achieving bridge bidding AI is to

teach the AI about bidding without referencing a human bidding sys-

tem. This was considered by Ho and Lin [9] who proposed a deci-

sion tree model along with a contextual bandit algorithm. The model

demonstrates the possibility to learn to bid directly in a data-driven

manner [9]. Nevertheless, the study is somewhat constrained by the

decision tree model, which comes with a restriction of having at most

five choices per bid (decision-tree branch). Moreover, because of the

simple linear nodes in the decision tree, the model requires a more

sophisticated feature representation of the cards. Ho and Lin [9] thus

borrowed human knowledge about bidding by encoding the cards as

human-designed features, such as the number of cards for each suit.

The restrictions on bidding choices and feature representation limit

the potential of building a data-driven bidding system for AI.

In all the works discussed thusfar, human-designed features are

important either for the human bidding systems within the AI play-

ers [6], or for the AI bidding system being learned [9]. In [9], it

was actually reported that raw-card features resulted in considerably

worse performance than human-designed features. Inspired by the

recent success of deep learning in automatically constructing useful

features from raw and abstract ones [18], we propose a novel frame-

work that applies deep reinforcement learning for automatic bridge

bidding, which contributes to advancing the bridge bidding AI in two

aspects:

• learning data representation: Using deep neural networks for fea-

ture extraction, our proposed deep reinforcement learning model

is the first model that automatically learns the bidding system di-

rectly from raw data. Learning from raw data, without relying on

human-designed bidding systems or human-designed features, un-

leashes the full power of machines on using all possible informa-

tion. The promising performance of our proposed model show-

cases that learning a bidding system automatically with no human

knowledge is possible.

• resolving bid ambiguity: As discussed previously, the main dif-

ficulty of bridge bidding is the ambiguity of the bids. Using the

proposed reinforcement learning framework, sophisticated bid-

ding rules can be learned automatically to alleviate the ambiguity

problem. The reinforcement learning framework arguably mimics

what human players do in establishing mutual understanding by

practicing together. In this case, however, the framework does so

“together” with itself. To the best of our knowledge, it is the first

framework that achieves promising mutual understanding using

only machines in bridge bidding.

In summary, our proposed deep reinforcement learning framework

enables learning complex rules of bidding by nonlinear functions on

raw data to avoid ambiguity of the bids and improve bidding per-

formance. In Section 2, we formally establish the problem of bridge

bidding as a learning problem. In Section 3, we first introduce re-

inforcement learning and analyze the key issues in solving the bid-

ding problem. We then propose a novel deep reinforcement learn-

ing framework based a modification of Q-learning along with upper-

confidence-bound algorithms for balancing between exploration and

exploitation. We further introduce a modification of the Bellman’s

Equation, named penetrative Bellman’s Equation, to improve Q-

learning. Finally, we discuss our experiments that demonstrate the

promising performance of our proposed AI player based on the deep

reinforcement learning framework. We demonstrate that the player’s

bidding performance compares favorably against state-of-the-art AI

bidding systems [9] and a contemporary champion-winning bridge

software, Wbridge5, which implements a human bidding system.

2 Problem Setup
The general bidding problem can be divided into two subprob-

lems, namely bidding without competition, and bidding with com-

petition [9], both of which contain significant amounts of deals

in actual bridge games. Bidding without competition assumes that

the opponent’s team always calls PASS during bidding, and hence

information-exchanging would not be blocked; bidding with com-

petition means that both teams want to bid. In this study, we focus

on the subproblem of bidding without competition, as with existing

works [1, 6, 9]. The subproblem is a longstanding benchmark for

testing computerized bidding systems [12, 19, 20]. It is also called

the bidding challenge, which is common for evaluating the perfor-

mance of human bridge players during practice sessions and some

competitions.

For simplicity, we assume that the bidding team is composed of

two players, Player 1 and Player 2, sitting at the North-South posi-

tions, and their opponents always bid PASS. Player 1 is assumed to

bid in round 1 and the other odd rounds without loss of generality,

and Player 2 is assumed to bid in the even rounds.
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We use x1 and x2 to denote the cards of Player 1

and Player 2, and b to denote the bids of the two play-

ers. The element xi[k] of the boolean array xi indicates

whether Player i holds the kth card in the ordered set of

{♠2,♠3, ...♠A,♥2, . . . ,♥A,♦2, . . . ,♦A,♣2, . . . ,♣A}. Up to

the first t rounds, the element b(t)[j] of the boolean array b(t) in-

dicates whether Player 1 or Player 2 has made the jth bid in the or-

dered set of β = {PASS, 1♣, 1♦, . . . , 7NT}. As stated in bridge

rules, a new bid has to be higher than all previous bids, and thus it is

sufficient to infer which bid was bidden by whom given b(t).
We define the state s(t) to contain x(t) and b(t), where x(t) = x1

for an odd t, and x(t) = x2 for an even t. The state is defined so that

the player bidding in round t can only access her/his own hand. The

goal is to find a strategy G(s(t)) = a(t), where the bid a(t) is among

the ordered set of β = {PASS, 1♣, 1♦, . . . , 7NT}. Note that a

further constraint of a(t) ≥ a(t−1) needs to be added to meet the

rules of bridge. Furthermore, the “bid” of a(t) = a(t−1) indicates the

intent to terminate the bidding procedure, just like the case of a(t) =
PASS. For any given strategy G, the array b(t) will be updated by the

bid a(t) of the strategy in each bidding round.

We generate the data as follows to learn a good bidding strategy G.

For each instance within the data, we directly take the raw card vec-

tors (x1,x2) as the input features. We also generate the score of

each possible contract with respect to each (x1,x2) to guide learn-

ing. Because playing out each possible contract is extremely time-

consuming even with computer assistance, the score is calculated

without carrying out the playing phase. In particular, we use dou-

ble dummy analysis as in previous studies [9] to estimate the score

for each possible contract.

Double dummy analysis is a technique that attempts to compute

the number of tricks taken by each team in the playing phase under

perfect information and optimal playing strategy, and is generally

considered to be a solved problem in the art of bridge bidding AI.

Although the analysis is done with an optimistic assumption of per-

fect information, it has been shown to achieve considerable accuracy

with a more rapid analysis than an actual play.

Nevertheless, it is widely known that goodness of bridge bidding

is affected by the opponent team’s hands. A severe distribution of

the opponents’ trump cards may cause a good bidden contract to

fail. Human players generally bid to maximize the expected score

with respect to the opponent team’s hands. We approximate the ex-

pected score by randomly dealing the remaining cards to the East and

West players for 5 times for each given North-South cards (x1,x2).
Then, we perform double dummy analysis for each deal, and calcu-

late the final score of each possible contract by averaging on the 5

double dummy analysis results. After obtaining the final score for

each possible contract, we store the absolute difference between the

final score and the highest final score in a cost vector c, where c[j]
indicates the penalty of reaching a final contract j.

We now formally define our learning problem as follows. Given

a data set D = {(x1n,x2n, cn)}Nn=1, where N is the num-

ber of instances, we aim to learn a bidding strategy G. For each

(x1,x2), the strategy G is iteratively fed with the current state

s(t) = {(x(t), b(t))} until it calls PASS or the same bid at some

state s(∗). The cost of the final bid (contract), namely c[G(s(∗))], is

then used to evaluate G. Our goal is to minimize the expected test

cost, or equivalently, maximizing the expected test reward of G.

Figure 1. The structure of our bridge bidding deep reinforcement

learning framework.

3 Model
The difficulty of creating a bridge bidding AI lies in that evaluation of

a bid is not possible until the end of the playing phase. Even after we

introduce double dummy analysis, there is still no obtainable “score”

until the bidding phase is complete. Therefore, it would be difficult

to evaluate bids before the final bid, such as the opening and inter-

mediate bids. It would be most suitable that the intermediate bids are

scored by the ability to help the last bid achieve the best score. In

this section, we first introduce the reinforcement Q-learning model.

Then, we discuss how the model can be extended for conquering the

difficulty and solving the bridge bidding problem.

3.1 Reinforcement Q-Learning
Q-learning [21] is a form of the Reinforcement Learning algorithm

that does not require modeling of the environment. In Q-learning,

the value function of policies are represented by a two-dimensional

lookup table indexed by state-action pairs, defined as Q(s, a). The

optimal action-value function Q∗(s, a) is defined as the maximum

expected return achievable with any strategy after performing an ac-

tion a in state s. Similarly, Q∗(s,a) is the vector where each value

in the vector is obtained by the maximum expected return achievable

with any strategy after performing the corresponding action in vector

a and in state s.

The optimal action-value function follows an important equation

known as the Bellman equation. The Bellman equation condiders

that, given the current state s, all possible actions a′, and all resulting

states s′, the optimal value of Q∗(s, a) equals the expected sum of

the instant reward r and the total rewards after some best action a′ is

executed. Formally, we have

Q∗(s, a) = Es′ [r + γmax
a′

Q∗(s′, a′)|s, a] (1)

The general idea behind reinforcement learning is to obtain an es-

timate of the action-value Q-function by continuously modifying it

based on feedback from previous actions. After performing an action,

the Q-function is updated using the following relation.

Q(s, a)← αQ(s, a) + (1− α)[r + γmax
a′

Q∗(s′, a′)|s, a] (2)

The value iteration algorithm converges to the optimal Q-value even-

tually. It is important to note that the Q-learning does not specify the

next move, and allows arbitrary exploring, because Q-learning con-

structs a value function on the state-action space, instead of the state

space.
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For more complicated problems, a non-linear Q-function such as a

deep neural network may be used [13, 16]. Usually an error function

is introduced in order to measure the difference between the cur-

rent and newly experienced Q-values. A Q-network can be trained

by minimizing a squared-error measure as demonstrated below,

L = (Q(s, a)− [r + γmax
a′

Q∗(s′, a′)|s, a])2 (3)

Gradient descent techniques such as backpropagation can later be

applied to the Q-network in order to minimize the loss function. The

update rule is typically applied after each new sample.

3.2 Modeling for Bridge Bidding

The bridge bidding problem we consider can been modeled as a two-

player partial-information cooperative game with multiple stages.

However, the problem of learning a new bidding system can be com-

plicated. It is considerably very difficult to infer the full state by the

bidding sequence alone, because each call can either suggest an op-

tional contract or serve as information exchange between partners. A

different intention would lead to different inferences under the same

situation, thus partners often maintain a list of agreements about the

meaning of their bids, widely known as a bidding system. Interest-

ingly, the same exact bid may be considered good in one bidding

system and bad in another.

Therefore, while learning a new bidding system, players would

need to modify their interpretation of bids alongside their partners.

Moreover, the bidding ability of both players may affect the best pos-

sible bid in the early stages. For example, if a player is in placing the

last bid, he should be more aggressive in his earlier bids. On the other

hand, for a player incapable of bidding well in the later bids, it will be

better for him to bid more conservatively early on. This signifies that

one’s bidding competency in the later stage will affect the bidding in

the early stage.

The bidding problem without competition can be viewed as a

multi-agent game such that each bidder at different stages of bidding

are seen as different players. This model is equivalent to the origi-

nal bridge bidding problem. In this case, each player has a unique

sequence number; players with odd sequence number can share the

same 13-card information, while players with even sequence number

share another set of 13-card information. Each player knows the bid-

ding result of all the players before him. The game stops when PASS

is bid by a player with a sequence number greater than one. Thus, we

are able to separate the decision progress of each layer by “training”

for a different Q-function for each layer of bidding. The algorithm is

defined and illustrated in Algorithm 1.

In traditional Q-learning, the cost of each bid is updated by Bell-

man equation as in equation 1. Moreover, the exploration behavior is

often demonstrated by an ε-greedy strategy that follows the greedy

strategy with probability 1- ε and selects a random action with prob-

ability ε. This forms the baseline algorithm.

While Bellman’s Equation being a necessary condition for op-

timality, the convergence time for each Q-function is rather long.

Moreover, it has been shown that Q-learning performs considerably

poorly in some stochastic environments because of overestimation

of action values. In the problem of bridge bidding, being a partial

information cooperative game, the overestimation of action values

becomes a significant problem.

We define a penetrative Bellman’s Equation to deal with the over-

Algorithm 1: The Proposed Learning Algorithm

Input: Data = {(x1i,x2i,ci)} for i = 1, . . . , n
Algorithm P to determine cost of action a
Algorithm E to determine exploration and exploitation strategy

Output: A bidding strategy G based on the learned θi.

Initialize action-value function Qj with random weights

for j = 1, . . . , l
repeat

Randomly select a data instance (x1i,x2i,ci)

for round t = 1 to l do
initialize cost array c(a(t))
for all possible action a(t) do

determine the cost of action a(t) by P

record resulting cost in c(a(t))

save (S(t), c(a(t))) in Database D

select action a(t)by the highest estimated reward with

exploration by E

if a(t) == PASS then
Break

update b(t+1) by action a(t)

Set s(t+1) = (x(t+1), b(t+1))

for round t = 1 to l do
Sample random minibatch of (S(t), c(a(t))) from D

Perform a gradient descent step on

[(1− c(a(t)))−Q(s(t),a(t); θ)]2

until enough training iterations by early stopping

estimations of action values in the bridge bidding game as follows.

Q(i)∗(s, a) = max
a′

[Q(i+1)∗(s′, a′)|s, a] = Q(i+1)∗(s∗, a∗|s, a)
(4)

where instance reward is zero and γ = 1. We could further apply

Bellman’s equation on Q(i+1)∗(s∗, a∗) as:

Q(i+1)∗(s∗, a∗) = max
a(2)

[Q(i+2)∗(s(2), a(2))|(s∗, a∗)] (5)

while

max
a(2)

[Q(i+2)∗(s(2), a(2))|(s∗, a∗)] = Q(i+1)∗(s∗(2), a∗(2)|(s∗, a∗))
(6)

By combining equation 4, equation 5, and equation 6, we have

Q(i)∗(s, a) = Q(i+2)∗(s∗(2), a∗(2)|s, a) (7)

where s∗(2), a∗(2), s∗, a∗, s, and a satisfy equation 4 and equation 5.

By recursively applying Bellman’s equation, the process stops when

a∗(t) is the final bid of the game, and thus, the cost of the game can

be decided by the precalculated c(a∗(t)).

Q(i)∗(s, a) = Q(i+t)∗(s∗(t), a∗(t)|s, a) (8)

where s∗(i), a∗(i) represents the best possible action given

s∗(i−1), a∗(i−1) due to the Q-function. Typically, there are less than

6 bids in a game of bridge bidding between the two teammates, there-

fore the penetrative Bellman’s Equation is fairly efficient compared

with the original variant, while the cost of each action is much more

accurate and this leads to better results, as is discussed in the experi-

ment section later.

Because bridge bidding is a multi-agent cooperative game, the tra-

ditional ε-greedy algorithm would be detrimental for communication
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between partners. Note that the main objective in bridge bidding,

other than to find the best possible contract, is to convey some infor-

mation to one’s partner. However, randomly bidding any contract in

lieu of a certain possibility would make it difficult for the partner of

the bidder to understand the current bidding. This will result in poor

communication and slower convergence, which has more disadvan-

tages than it has advantages.

Further, exploration is one of the key elements in reinforcement

learning to reach the optimum. Without exploration, reinforcement

learning will likely be confined to some local optimal because the

value of some actions will never be explored. There are various stud-

ies investigating the problem of balancing exploration with exploita-

tion. Previous research on exploration of reinforcement learning pro-

poses the use of a sampling technique such as ”Thompson sampling”

to enhance the performance of exploring[14, 15].

However, most related approaches are not able to deal with one

of the key difference between bridge bidding and tradition reinforce-

ment learning: communication with the partner. One of the difficul-

ties of learning a good bidding strategy is the complexity in exploring

the value of an action. In games such as chess or go, one may learn

that a move is recommended by evaluating the state through play-

ing afterwards. However, in the game of bridge, a bid is only good

if one’s partner understands the bid and is able to react accordingly.

Even in the exploration phase, bids would need to be consistent with

the opponent’s knowledge.

Moreover, considering information theory, the exchange of infor-

mation would work best when the use of each bid is distributed

equally. Therefore, we design an exploration scheme using a ban-

dit algorithm. The bandit problem has been a popular research topic

in the field of machine learning [2, 4, 10, 11]. In the contextual ban-

dit problem, we would like to earn the maximum total rewards within

finite tries by pulling a bandit machine from M given machines in a

dynamic environment with context. The key is to balance exploration

and exploitation. The upper-confidence-bound (UCB) algorithms [4]

are some of the most popular contextual bandit algorithms. These al-

gorithms use the uncertainty term to achieve balance. For the bridge

bidding problem, we choose to use UCB1[2] for its simplicity in con-

necting with deep neural network and its good performance in previ-

ous works.

We now relate the bridge bidding problem to the contextual bandit

problem. We assume that each possible bid is a bandit machine, with

the context being the cards in one’s hand and the previous bids. The

reward of each bid is calculated by the penetrative Bellman’s Equa-

tion, which relates to the final cost vector and future strategy. Never-

theless, there may be uncertainty in terms of the action-value, espe-

cially for bids that are rarely used. Contextual bandit can be applied

to balance between using the best action inferred by the Q-function

and exploring bids that occurs less. The neural network of the Q-

function serves as a non-linear version of the reward, the WTX term

in UCB1. Therefore, we formally define algorithm E using UCB1 by

selecting a(t) = maxa(t) [Q(s(t), a(t); θ) + α
√

2 lnT
Ta

], where T is

the number of total examples used to learn the entire Q, and Ta is the

number of examples such that action a (bid a) has been selected. The

final algorithm is shown in Algorithm 1.

3.3 Preprocessing and Model Architecture

The features of training the bridge bidding AIs in previous works in-

clude bridge-specific features invented by humans such as high card

points3. Deep neural networks are known to contain feature selection

function. Therefore, we propose to use 52-dimension raw hand data

as our feature. There are debates upon the best form of high card

points, since tens and nines may very well serve an important role in

certain hands. By using the raw data, we do not limit the computation

of the strength of hands by human-designed technique. Moreover, we

are able to show that a well-performing bridge bidding system can be

designed without human knowledge in bridge.

There are several possible approaches when designing Q-function

using a neural network. One approach uses bidding history and the

actions as inputs to the neural network, while another involves list-

ing the cost of all possible outputs, only with the state as input. The

drawback of the former is that the computation cost will increase

linearly with the number of possible actions. Thus, we choose the

latter approach and therefore, it can be stated that the output of the

Q-function corresponds to a predicted cost vector of all the possible

bids. We denote the action vector a and the true cost vector of all

possible bids c(a). The gradient descent update of the Q-function

can be done on (c(a(t)) − Q(s(t),a; θ))2. Notably, there may be

actions illegal in certain states because they violate the bridge rule.

We set the cost of such actions to an extremely high value so that the

rule of bridge can be learned by the Q-function explicitly.

We now present the architecture of the Q-function of the bridge

bidding problem. We initialize l separate Q-functions, where l is

the length of total bids. For the first Q-function, the input is 52-

dimension raw data of Player 1’s hand using one-hot encoding, fol-

lowed by 3 layers of fully connected layers with 128 neurons each.

We obtain a 36-dimension output for the cost of each bid. Compared

with the first Q-function, in the case of other Q-functions, there is an

extra 36-dimension showing the bidding history of the both players,

where the 36-dimensions stands for {PASS, 1♣, 1♦, . . . , 7NT}.

The bids that have been bidden by any of the two players have the

value one, others have the value zero. The final structure of our learn-

ing framework is shown in Figure 1.

4 Experiment
We compare the proposed model with a baseline model, a state-

of-the-art model, and a well-known computer bridge software,

Wbridge5 [5], which has won the computer bridge championship for

several years. We randomly generate a dataset of 140,000 instances

to be used in our experiments. We use 100,000 instances for training,

and split the other 40,000 instances evenly for validation and testing.

We compare the sparse binary features for representing the existence

of each card to the condensed feature with second order extension

used in previous works [9].

We set the cost vectors c(a) from International Match Points,

which is an integer between 0 and 24 that is commonly used for com-

paring the relative performance of two teams in most bridge game.

The cost vector is obtained by subtracting the cost of action array

by the best possible bid followed by a normalization step, that is,

c(a) = [c(a)′ −minac(a)
′]/25. The result is divided by 25 to en-

sure the cost is normalized between 0 and 1. c(a)′ denotes the origin

cost of each action calculated by the double dummy analysis4. The

cost can be transformed to the reward using R(a) = 1 − c(a). We

set the cost of the rule-breaking bids to 1.2, therefore letting the bid-

ding system learn the bidding rules implicitly. Moreover, the bids in

the testing phase are chosen from legal bids.

3 High Card Points - total points for the picture cards. A=4; K=3; Q=2 ; J=1.
4 One technical detail is that c is generated by assuming that the player who

can win more tricks in the contract is the declarer
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Table 1. Comparisons between the average cost of two exploration methods where 3 values of parameter in each exploration method is tested

layer 2 3 4 5

ε-Greedy, ε = 0.001 2.9628 ±0.0257 2.7748 ±0.0328 2.7648 ±0.0290 2.7650 ±0.0031

ε-Greedy, ε = 0.005 2.9582 ±0.0036 2.8201 ±0.0282 2.7773 ±0.0419 2.7510 ±0.0457

ε-Greedy, ε = 0.01 2.9857 ±0.0227 2.8080 ±0.0113 2.7696 ±0.0179 2.7716 ±0.0305

ε-Greedy, ε = 0.05 3.0125 ±0.0689 2.8331 ±0.0413 2.8408 ±0.0367 2.8328 ±0.0079

ε-Greedy, ε = 0.1 3.0575 ±0.0092 2.8758 ±0.0240 2.8679 ±0.0228 3.0035 ±0.1720

no exploration 2.9600 ±0.0372 2.7914 ±0.0080 2.7559 ±0.0616 2.7949 ±0.0358

UCB1, α = 0.05 2.9329 ±0.0069 2.7776 ±0.0128 2.7451 ±0.0055 2.7695 ±0.0143

UCB1, α = 0.1 2.9391 ±0.0279 2.7289 ±0.0595 2.6984 ±0.0207 2.7397 ±0.0187

UCB1, α = 0.2 2.9542 ±0.0052 2.8042 ±0.0358 2.7183 ±0.0171 2.7465 ±0.0221

For deep neural networks, rmsprop is used to speed up the con-

vergence time. In the following experiments, we fix the parameters

related to the deep neural network. The following parameters were

used in the experiments of the fully connected deep neural network:

decay = 0.98, momentum = 0.82, step rate = 0.83, batchsize = 50

and η = 0.05. These parameters remain unchanged during our exper-

iments because the focus of our study is not on deep neural network

parameters. We use early stopping from the validation result to de-

termine the number of epochs to end the training.

4.1 Exploration Method
We compare the two exploration model, ε-greedy exploration and

UCB1, for the exploration algorithm E in algorithm 1. The pa-

rameter in ε-greedy exploration is to choose a random action with

possibility ε and follow the best action given the Q-function oth-

erwise. The parameter in UCB1 exploration is to select a(t) =

maxa(t) [Q(s(t), a(t); θ) + α
√

2 lnT
Ta

], where T is the number of

total examples used to learn the complete Q, and Ta is the num-

ber of examples such that action a (bid a) has been selected. We

perform experiments on ε ∈ {0.001, 0.005, 0.01, 0.05, 0.1} and

α ∈ {0.05, 0.1, 0.2}. We also list the result where no exploring

methods are used.

We can see from the table that the UCB1 exploration generally

outperforms that by ε-greedy, showing that the UCB1 exploration

fits well with the model. The ε-greedy exploration method performs

even worse than in the case of no exploration for ε ≥ 0.05, which is

arguably because of the enhanced ambiguity of random exploration.

It is noteworthy that the no exploration method does include some

sense of exploration in the dnn structure itself, because all the possi-

ble actions are updated in certain Q-functions, thus they contain the

actions which are not likely to be chosen as well. However, deep ex-

ploration such as in the case of UCB1 can further improve the result

as shown in Table 1. The best parameter for UCB1 exploration is α
= 0.1 for layer ≤ 3, and α = 0.05 for layer = 2. These parameter

values will be used in the experiments discussed in the remainder of

this paper.

Table 2. Comparisons between different methods of updating the Q-

functions

Total bids 2 3 4 5
Baseline 2.9308 2.8585 2.8795 2.9225
Penetrative Bellman’s Equation 2.9329 2.7289 2.6984 2.7397

4.2 Penetrative Bellman’s Equation
For the baseline model, we use Bellman’s Equation and UCB1 explo-

ration as Algorithm P and Algorithm E in Algorithm 1. We compare

the result of Bellman’s Equation and penetrative Bellman’s Equation

for candidates of algorithm P.

In Table 2, the average test cost is shown with the total bids as

variables. UCB1 is used as exploration method with the exploration

parameter α set to 0.1. We can see that when the total bids are

larger than 2, Penetrative Bellman’s Equation outperforms the base-

line method by a considerable margin. In fact, the baseline model

has little variance of performance with varying total bids. This can

be attributed to the cumulation of estimation errors of the Q-function

when the total bids increase. Therefore, the performance improve-

ment of the complexity of the model is cancelled out by the cumu-

lated error. We can infer that the primary reason that Penetrative Bell-

man’s Equation is effective is that it enables the possibility to learn

a deep Q-learning model with more total bids, by providing a more

accurate estimation of cost.

Table 3. Comparisons of average cost between different models and [9]

and wbridge5

Model training validation testing
layer = 2 2.8013 ± 0.0368 2.9150 ±0.0049 2.9329 ± 0.0069
layer = 3 2.6725 ± 0.0392 2.7363 ±0.0465 2.7289 ± 0.0595
layer = 4 2.5992 ± 0.0474 2.6700 ±0.0245 2.6984 ± 0.0207
layer = 5 2.6442 ± 0.0261 2.7150 ±0.0123 2.7397 ± 0.0187
[9] layer = 4 2.9730 ± 0.0315 3.0697 ±0.0388 3.0886 ± 0.0479
[9] layer = 6 2.9136 ± 0.0384 3.1267 ±0.0092 3.1657 ± 0.0199
Wbridge5 N/A N/A 3.0039

4.3 Comparison with the State-of-the-Art
We now discuss the experiment with different model structures. We

consider the Q-learning model with total bids∈ {2, 3, 4, 5}. For each

model structures, we use the validation result to determine the pa-

rameter α, where α ∈ {0.05, 0.1, 0.2}. We compare the bridge bid-

ding result with that in the work of [9], and a well-known computer

bridge software, Wbridge5 [5], which has won the computer bridge

championship for several years. It is known that Wbridge5 adopts

some human bidding conventions. It is believed that wbridge5 uses

a Monte-Carlo search in the bidding process, so it takes a consider-

able time to make a bid. The result will be influenced by potential

limits on bidding time. On the other hand, despite the longe training

time of deep neural network, our bridge bidding model is able to de-

cide the bid instantaneously. We run the same 140,000 data on our

model and that proposed [9], while running the 20,000 testing data

on Wbridge5, using the code provided by the author of [9].

The results in Table 3 shows that the deep reinforcement learning

model with layer = 4 has the best performance among all models.

Moreover, each deep reinforcement learning model outperforms the

result reached by Wbridge5. This showcases that deep reinforcement
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Table 4. 5 examples where features of Player 1 is listed in the actual column, and the estimation from Player 2 is listed in the estimate column. The bidding

history along with the best bid and cost are listed in the table too.

actual estimate actual estimate actual estimate actual estimate actual estimate

number of spades 5 5.1024 2 2.2202 3 3.1463 4 4.5931 3 2.7333

number of hearts 2 2.2983 4 4.9368 4 3.5169 3 2.5334 1 1.0620

number of diamonds 3 2.3366 5 2.9966 4 3.8936 2 3.0599 6 5.9515

number of clubs 3 3.2061 2 2.9111 2 3.3676 4 2.8925 3 3.2824

HCP 5 4.9745 21 19.5970 9 9.7680 19 18.5185 5 5.7930

bidding history P -1NT -2♠-4♥ 1♠-1NT -3♠-4♥ P -1♣-1NT -1NT 1♠-2♣-5♥-6♥ P -1♥-2♦-2♦
best contract 4♥ 4♥ or 3NT 2♦ 7NT or 7♥ 2♦ or 3♦
cost(IMP) 0 0 4 11 0

learning achieves a good result even with a simple model structure.

The result justifies that there is indeed a considerable potential to im-

prove the traditional approach of bridge bidding AI by ”borrowing”

human bidding systems.

4.4 Computational Time

In this section, we discuss the computing time for training our mod-

els. The code is written in MATLAB and executed on a Ubuntu Linux

12.04 LTS AMD64 system, using Intel Xeon X5560 CPU with 60

GB RAM. We list the training time for one epochs and the total

training time with the model with different layers. In Table 5, we

Table 5. approximate computation time for each model

layer 2 3 4 5
running time per epoch (sec) 121 278 492 713
running time until converge (hrs) 0.5 2.3 6.8 17.9

can observe that the training for models of 2 and 3 layers is quite

efficiency, whereas the training time becomes considerably long for

larger models. The total converging time is approximately in the or-

der of l3, where l is the total layer (or total bid) in the model. This is

because the complexity of penetrative Bellman’s Equation has an ex-

tra order of l compared with the complexity of Bellman’s Equation.

4.5 Understanding the Bidding System

One may wonder by learning a new bidding system, is the result of

new bidding system understandable? In this section, we show that

the learned bidding system is understandable by the bidder’s partner,

and show the opening table of our bidding system.

We design an experiment testing whether the feature of the part-

ner’s hand will be learned along the deep learning training process. In

section 3.3, we define the output layer of the dnn as a 36 dimension

vector containing the cost of each possible bid. We add a 5 dimension

vector to the output layer representing the number of cards in each

suit and the high card points, which is usually used as the deciding

feature of human bidding. That is, we let our bidding algorithm learn

a 5- dimension representative of the partner’s hand along with the

bidding system. We use the model with total bid = 4 and α = 0.1 in

the experiment. The results in Table 6 indicate whether adding the

Table 6. The resulting average cost with and without the extra 5 dimension

containing partner’s hand information in the training objective, where ours*

contains the extra 5 dimension
Model Ours Ours*
Cost 2.6984 ± 0.0207 2.6910 ± 0.0275

extra 5-dimension vector to the training objective leads to a consid-

erable difference in the average cost. In order to give a more concrete

idea of the result, we randomly choose 5 examples in the testing data

where the bidding remains for at least 4 turns. After Player 2 received

the third bid (which is bid by Player 1), we compare the estimation of

the feature of Player 1 by Player 2 with the actual feature of Player 1.

Thes result is shown in Table 4. The result demonstrates that Player

2 is able to precisely estimate the hand of Player 1, even when Player

1 has only made two bids.

We list the opening table for the model trained in Table 7. The

result is compared with SAYC and [9]. The abbreviation ”bal” refers

to a balanced distribution of cards in each suits.

Table 7. Opening Table comparison

Bid ours SAYC [1]
PASS 0-10 HCP 0-11 HCP 0-12 HCP
1♣ 11+ HCP 12+ HCP, 3+♣ 9-19 HCP, 4-6 ♥
1♦ 10+ HCP, 5+♥ 12+ HCP, 3+♦ 8-18 HCP, short♠ and 4-6♣
1♥ 12+ HCP, 5+♠ 12+ HCP, 5+♥ 12-23 HCP, w/o long suit
1♠ 16+HCP, bal 12+ HCP, 5+♠ 10-19 HCP, 4-6 ♠
1NT 12+ HCP, 6+♦ 15-17 HCP, bal Not used
2♣ Not used 22+ HCP 0-17 HCP, long ♣
2♦ Not used 5-11 HCP, 6+♦ 0-17 HCP, long ♦
2♥ 18+ HCP, 5-6♠ 5-11 HCP, 6+♥ 0-13 HCP, long ♥
2♠ Not used 5-11 HCP, 6+♠ 0-13 HCP, long ♠
2NT 15-17 HCP, 6+♠ 20-21 HCP, bal Not used

4.6 Different Initialization of Opening Bid

Thus far, this paper has been focusing on learning the bidding sys-

tem without the aid of current human bidding system. In this sec-

tion, we discuss an initial attempt to study the possibility to use

deep reinforcement learning to enhance the current human bidding

system. There is an opening bid for each human bidding system; a

well-known bidding system is the Standard American Yellow Card

(SAYC). Th bidding system is used widely by both amateur and

professional players. In this section, we implement a structure com-

bining the SAYC open bid and our deep reinforcement learning al-

gorithm by fixing the first bid with a written open table of SAYC.

Therefore, our learning algorithm learns all the bids after the open-

ing bid, where the opening bid is fixed. There is a bid called weak

bid in SAYC opening serving the purpose of interfering with oppo-

nents (2♦,2♥,2♠ in Table 7). Because there is no need of a weak

bid in this subproblem of bidding with no competitions, we perform

experiments on both SAYC opening with and without weak bidding,

which is denoted as ours-SAYC and ours-SAYCNW. We run experi-

ment with our best model, where the total bid is 4 and UCB1 α 0.1.

The result is compared with Wbridge5 as a comparison baseline.
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Table 8. Comparisons of average cost between initialization models

Model Wbridge5 Ours Ours - SAYC Ours - SAYCNW
Cost 3.0039 2.6793 2.8004 2.7795

We can see that in Table 8, our model with SAYC initialization for

opening bid outperforms the result of Wbridge5 by a considerable

margin. This verifies that our bidding model is able to not only learn

well, but also is and improvement on the existing human bidding

system. Moreover, our model has a lower cost than the model with

SAYC initialization, hinting that using human bidding system may

be limiting the potential power of computer bridge bidding.

5 Conclusion and Future Works
We propose a novel model that automatically learns to bid from raw

hand data by coupling deep reinforcement learning with improved

exploration and update techniques. To the best of our knowledge,

our proposed model is the first to tackle automatic bridge bidding

from raw data without additional human knowledge. We demonstrate

that our proposed model outperforms champion-winning programs

and state-of-the-art models by a considerable margin. The superior

performance validates the potential of deep learning for reaching a

competitive bidding system on its own.

We believe that it is possible to extend our model for the other

subproblem: bidding with competition. In particular, the flexibility

of the proposed model allows it to improve its bidding strategy, with

or without competition, by self-playing as its own opponent team, or

by playing with other human or AI teams.
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Hierarchical Strategy Synthesis for Pursuit-Evasion
Problems

Rattanachai Ramaithitima1 and Siddharth Srivastava2 and Subhrajit Bhattacharya1 and
Alberto Speranzon2 and Vijay Kumar1

Abstract. We present a novel approach for solving pursuit-evasion

problems where multiple pursuers with limited sensing capabilities

are used to detect all possible mobile evaders in a given environment.

We make no assumptions about the number, the speed, or the ma-

neuverability of evaders. Our algorithm takes as input a map of the

environment and sensor models for the pursuers. We then obtain a

graph representation of an environment using a Čech Complex. Even

with such a representation, the configuration space grows exponen-

tially with the number of pursuers. In order to address this challenge,

we propose an abstraction framework to partition the configuration

space into sets of topologically similar configurations that preserve

the space of possible evader locations. We validate our approach on

several simulated environments with varying topologies and numbers

of pursuers.

1 Introduction
With the advent of technology, robotics has come to play a signif-

icant role in many applications, including autonomous search and

pursuit-evasion. In this work, we address the problem of pursuit-

evasion where a team of coordinated pursuers needs to search a given

environment for an unknown number of evaders or targets. Pursuit-

evasion formulations can be used to represent many useful applica-

tions such as surveillance or search and rescue. For instance, con-

sider the problem of deploying a team of mobile sensing robots to

patrol a military base in order to detect any intruders breaking into

the base, or to search for survivors after a disaster. In such scenar-

ios, pursuers must take into account the fact that evaders are mobile

and may avoid being detected; they may also know the location of

all pursuers at all times and may move faster than the pursuers. As

a result, simply checking all areas is not sufficient and one needs to

generate sophisticated pursuit strategies.

The pursuit-evasion problem has been studied extensively from

many perspectives including differential game theory [8], graph-

based search [14, 10, 7] , visibility-based search[12, 5, 11, 4], prob-

abilistic search [2, 3, 6, 9, 13, 15], and sensor placement[1]. Isaacs

[8] determined sufficient and necessary conditions for a pursuer to

capture an evader in the scenario where a pursuer and an evader al-

ternatively take turn moving in finite space.

Parsons [14] pioneered the graph theory aspect of pursuit-evasion

problem in 1976 by solving the problem of searching for a lost man

in the known structure cave, which he represents as searching on a

discrete graph. In this framework, evaders reside on edges and can be

adversarial. To detect the evaders, the pursuer must move along the

1 University of Pennsylvania, USA, email: ramar@seas.upenn.edu
2 United Technologies Research Center.

edge occupied by the evaders and touch the evader. Initially all edges

are contaminated, and become cleared if they do not contain any

evaders. The edges can also be recontaminated if an evader moves

back to the cleared edge without being detected. The pursuers’ goal

is to find a trajectory that clears all edges.

Later in 2007, Kolling and Carpin [10] proposed an algorithm to

solve a similar problem called GRAPH-CLEAR, where the goal is to

compute an optimal solution in clearing the graph under special cir-

cumstances. Nevertheless, this form of edge-search, where evaders

reside on the edges, is not directly applicable to most robotics ap-

plications, especially in unstructured environments where construc-

tion of the graph is non-trivial. In more recent work, Hollinger et al.

[7] discussed an algorithm called GSST for adversarial search where

evaders reside on the node. GSST still suffers from reliance on graph

construction in unstructured environments and the solution is limited

to tree structures, which may extend to non-tree structures by placing

some stationary pursuers to break up the cycles.

On the other hand, LaValle et al. [12, 11], Guibas et al. [5] and

Gerkey et al. [4] formulated the pursuit-evasion problem as search-

ing in a continuous space where each pursuers has infinite line of

sight and the goal of the pursuers is to see all possible evaders. Their

method partitions free space based on the critical points, which are

vertices of the polygonal obstacles, and then performs a graph-based

searching technique. Nevertheless, their approach only works with

very few pursuers and the critical point technique is limited to two

dimensional environment.

Probabilistic formulations of pursuit-evasion relax the worst-case

scenario with the models of evaders or some uncertainty. Hespanha

et al. [6] pioneered the probabilistic framework by using a greedy

policy to control swarms of robots. Ong et al. [13] proposed an ap-

proximate sampling-based algorithm to solve pursuit-evasion as a

POMDP problem, while Isler [9] et al. proposed a randomized strat-

egy that allows one to two pursuers to capture any evader in simply

connected polygonal environment. On the other hand, Bourgault et

al. [2, 3] applied Bayesian filtering approaches to model the motion

of a non-adversarial target which were then extended to multiple tar-

gets by Wong et al [15].

In sensor networks, Adams and Carlsson [1] use tools from al-

gebraic topology to determine sufficient and necessary conditions to

identify the existence of an evasion path given the positions of each

mobile sensor in the space-time dimension of two dimensional envi-

ronments.

In this paper, we propose an alternative approach for solving the

worst-case adversarial pursuit-evasion problems where multiple pur-

suers equipped with limited-range sensors are used to detect and cap-

ture all possible mobile evaders in a given environment. Our main ob-
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(a) A graph representation is constructed for the
given environment and the pursuers sensor model.

s1

s2

s3

s4

(b) The entire configuration space of N = 2 pursuers is partitioned into a
set of abstract states (purple boxes), where a subset of them are being shown,
{s1, s2, s3, s4}. This abstraction is described in section 3. For each concrete mem-
ber state, the pursuers’ positions are depicted by blue shaded vertices. An edge oc-
curs between two abstract states s1 and s2 when it is possible to go in one move of
a pursuer, from a concrete member state of s1 to a concrete member state of s2.

π :

t0 t1 t2 tT−2 tT−1 tT

si1 si2 sik−1
sik

(c) The hierchical planner synthesizes a strategy as a sequence of abstract actions (πS) and then refines πS into a sequence
of actions (π) that can be executed by the pursuers for N = 2. In π, the positions of the pursuers are depicted by blue
shaded vertices, while the evader may reside in the unshaded vertices with red boundary.

Figure 1: Overview: Illustration of the main steps for synthesize the solution strategy for pursuit-evasion problem with our framework.

jective is to design a general algorithm for automatically computing

the strategy that pursuers should follow for detecting all evaders.

The essence of our approach is illustrated in Figure 1. Our algo-

rithm takes as input a map representing the environment, a sensor

model of the pursuers, and the number of pursuers. Using the sen-

sor model of the pursuers, we first construct a graph representation

of the environment as shown in Figure 1(a). Next, we formulate the

configuration space of the pursuers using the graph representation

and the number of pursuers N and partition it into the set of abstract

states (Figure 1(b)). Finally, we synthesize the strategy as a sequence

of abstract actions and then perform the refinement step to map the

abstract strategy into the solution strategy in the configuration space

of the pursuers as illustrated in Figure 1(c).

We begin with the presentation of the preliminaries including

problem description and formulation of pursuit-evasion as a partially

observable planning problem in section 2. In section 3, we introduce

the abstraction framework. Section 4 presents strategy synthesis over

the abstraction framework and our algorithm for retrieving the so-

lution strategy in the original graph representation. We validate our

approach with simulations and analysis in section 5.

2 Preliminaries
2.1 Problem Description
We consider the problem of pursuit-evasion (PE) for worst-case ad-

versarial targets with N pursuers, where the number of evaders is

unknown and the evader is capable of moving arbitrary fast.

A map is defined as a free space,F , in an n-dimensional Euclidean

space, where n is typically 2 or 3. The position of the ith pursuer is

specified by pi ∈ F , which can be applied to the sensor model O
to get the sensor footprint, a set of points in F that can be observed

from position pi, O(pi) ⊆ F . An evader space E is defined as a set

of points not being observed by any pursuers,

E = F \
⋃
i

O(pi).

Each point in the map can be clear or contaminated. The point is

contaminated if an evader could be present in it, otherwise it is clear.

The map is said to be clear when all points in F are clear. A point

can be made clear by being observed by any pursuer. However, a

clear point q ∈ E can become contaminated again if there exists a

path in the evader space from another contaminated point p ∈ E to

q, where the path from p to q is defined as a continuous function

τpq : [0, T ]→ E such that τpq(0) = p, τpq(T ) = q.

The process of clearing and contaminating the map as the pursuers

move around is illustrated in Figure 2. Initially, evader can be at any

unobserved points, so they are all contaminated. The pursuer then

moves forward and clears the points along the path. However, as the

pursuer moves further and clear points are exposed to the contami-

nated ones, they become contaminated again. The objective of PE is

then to compute trajectories for each pursuer for clearing all regions

in the evader space, where a trajectory of ith pursuer is defined as a

continuous function of time, pi(t) for t ∈ [0, T ].

Definition 1. (Strategy on map) Let F be a free space representing
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Figure 2: Illustration of the contaminated regions, shaded in red, and

cleared regions, shaded in green, as the pursuer moves around in the

free space. Initially, evader can be in any regions, so they are all

contaminated. The pursuer then moves forward and clear the

regions along the path. However, as the pursuer moves further and

the cleared regions are connected to the contaminated ones, they

become contaminated again.

a map. A strategy (π) is a collection of trajectories for all pursuers,
πF : [0, T ]→ FN , i.e. πF (t) = [p1(t), p2(t), ..., pN (t)].

Definition 2. (PE problem on a map) Given the map F with N
pursuers with sensor model O, determine a strategy π that clears the
map F .

Synthesizing a solution in continuous space can quickly become

intractable, especially when multiple pursuers are required. As a re-

sult, we choose to reduce PE problem on a map to PE problem on a
graph using Čech complex construction. We will first describe how

to construct a graph and then formally introduce PE problem on a

graph.

One of the main step in graph construction is choosing a set of rep-

resentative points such that every point in F can be observed from

at least one of the samples. Ideally, we also want to minimize the

size of the representative set. However, this is essentially a minimum

set cover problem, one of the well-known NP-complete problems

and hence we use a sampling-based method. First, we uniformly dis-

tribute the points to cover the convex hull of F based on the sensor

model O. We then keep the sampling points that lie within F and set

aside the rest. Next, we iterate through the points in F that are not

within the sensor footprints of any chosen positions and choose the

point in F closest to the nearest samples from the discarded points.

Assuming that O is convex and the pursuer can move holonomi-

cally, we then construct the Čech complex over the sampling points.

For Čech complex, a 0-simplex exists for each sampling point; a

1-simplex exists between two 0-simplices whose their correspond-

ing points have a non-empty intersected sensor footprints; and a 2-

simplex exists for every 3-tuple of points whose sensor footprints

have a non-empty intersection. To assert that we attain the hole-less

coverage of the free space, we want the 2-simplices to cover all the

points that are sufficiently far away from the obstacle. The points are

sufficiently far away if it cannot be observed from the closest bound-

ary of the obstacles.

Definition 3. (Graph representation) G = (V,E), where V is the
set of 0-simplices and E is the set of 1-simplices.

Similar to the map, each vertex on G can be either clear or con-

taminated. The vertex v is clear when pursuer visits. However, v
can be recontaminated at any time step if there exists a sequence

of unobserved vertices to another point u, i.e. (w1, ..., wk), where

w1 = v, wk = u, (wi, wi+1) ∈ E and all wi’s are unobserved. G is

clear when all vertices are clear.

The trajectory on a graph is then defined as a sequence of vertices,

(v0, v1, ..., vT ), vi ∈ V such that (vi, vi+1) ∈ E. For simplicity,

we will discretize the movement of pursuer into time step of 1. In ad-

dition, we assume that multiple pursuers can occupied same vertex.

Definition 4. (Strategy on a graph) Let G = (V,E) be a graph. A
strategy on graph (πG or π) is a collection of trajectories on graph,
π : {0, 1, ..., T} → V N , i.e. π(t) = [vt1, v

t
2, ..., v

t
N ].

Definition 5. (PE on a graph) Let G = (V,E) be a graph. Deter-
mine a strategy π that clears G.

Furthermore, the strategies computed on the graph can be trans-

lated back into executable trajectories on the map. For any (u, v) ∈
E, a path between u, v is defined as a continuous function τuv :
[0, 1] → F such that τ(0) = u and τ(1) = v. Additionally, to pre-

vent v from immediately contaminate u during execution, τuv must

satisfy the following property:⋂
t∈[0,1]

O(τuv(t)) = O(u) ∩O(v),

which ensures that the clearing process on the discrete graph would

entail the clearing process on the continuous map.

2 4 

3 
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7 

8 

5 

9 

1 

2 4 
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1 8 

9 

3 

Figure 3: Example of graph representation in 2D environment with

holomomic pursuer equipped with circular sensor footprint (left)

and its Čech Complex (right). The path between vertices are

denoted by solid lines, which are either a straight line or a pair of

lines through an intermediate point in the presence of obstacles.

In this paper, we will focus on the holonomic pursuer with sen-

sor model of a ball with radius r. We demonstrate the construction

of graph representation using Čech complex on a map with circular

sensor model in Figure 3. The path between any vertices will either

be a straight line or a pair of straight lines through the point inside

the intersection of their sensor footprints due to the presence of obsta-

cles. In both cases, these paths satisfy the property for τ that prevents

the immediate contamination during execution. For instance, τ3,7, a

straight line from vertex 3 to 7, and τ3,8, a pair of straight lines from

vertex 3 to 8, always cover their corresponding intersection as shown

in Figure 4.

2.2 Solving PE as a Partially Observable Planning
Problem

Since the positions of the evaders are unknown, we cannot fully ob-

serve the state during planning. Hence, we introduce the notion of

belief state. The belief state at any time step, denoted by x(t), con-

sists of the configuration/position of all pursuers, denoted by p, and
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7 

8 3 

τ3,8

Figure 4: A valid path exist for any edges in G. For instance, any

points along τ3,7 and τ3,8 remain observing O(3) ∩O(7) and

O(3) ∩O(8) respectively.

the possible positions of the evaders, which will be referred as the

contaminated regions denoted by c. We omit the argument in x(t)
when it is clear from the context. The collection of all belief states

is referred as the belief space, X , while the configuration space, P,
is spanned by the position of the pursuers. The span of contaminated

regions will be referred as the contamination space, C, so that

x = (p, c)

On the graph representation G, the configuration space is spanned by

the pursuer positions, p = {p1, ..., pN}, where pi ∈ V. On the other

hand, the contamination space can be defined as a set of vertices that

the evaders could be present in. Hence, it is a subset of a power of set

of V , c ∈ C ⊆ P(V ).
The update step occurs when the pursuers take action, i.e. move

along an edge in G. With the time discretization on graph, the action

can simply be written as the next configuration of the pursuers, p′,
and hence the update function can be defined as

Update(xt,p
′) :

xt+1 = (p′, UpdateContaminate(ct,p
′))

UpdateContaminate updates the contaminated vertices based on

the current contamination status and next configuration of the pur-

suers by computing a set of reachable vertices on G′ = (V \p′, E \
p′) beginning at ct\p′. In addition to all edges that contain occupied

vertices, the edge subtraction may require removing some additional

edges. The additional edge removal will be explained in section 3.1.

The solution strategy is then a sequence of actions in the belief

space such that the contaminated regions become an empty set, i.e.

π = {(p0, c0), (p1, c1), ..., (pT , ∅)}, where (p0, c0) is the initial

state. Solving this as a partially observable planning problem requires

search in an intractably large space of belief states, which is exponen-

tial in the number of joint pursuer-evader configurations. To address

this challenge, we will use a novel abstraction technique that is de-

scribed in the next section.

3 Abstraction Framework
3.1 Abstract State Space
To cope with the exponential growth of the belief space, we propose a

novel method to partition the configuration space into abstract state
space, denoted by S, by utilizing the topological invariants of the

evader space.

Although the contamination space might appear to be exponential

in |V |, not all combinations of the contaminated regions are reach-

able. Since the evader can move arbitrary fast, any adjacent regions

in the evader space will both be either contaminated or cleared.

(a)

7 

1 

2 

3 

4 

5 

6 

(b)

Figure 5: Illustration of an connected component function on G with

pursuers at p = 〈3, 3〉. (a) The sensor footprint is projected onto F
which then separates the evader space into multiple connected

components (b) The graph is reconstructed on the evader space

where the position of pursuers are depicted by blue-shaded vertices,

while the evader space are grouped by shaded boxes for each

connected component. CC(〈3, 3〉, G) = {{1, 2}, {4, 5}, {6, 7}}

2 

1 3 

(a) With pursuer at 〈2〉, 1
and 3 remain connected with
removal of 2 in G but actu-
ally get disconnected in F .

2 4 

1 3 

(b) Similarly, with pursuers at
〈2, 3〉, 1 and 4 remain connected
with removal of 2 and 3 in G but
actually get disconnected in F .

Figure 6: Additional edges removal is required when computing

connected component on G on these cases.

Utilizing this fact, we define the connected component (CC) func-

tion which returns the sets of adjacent vertices in the evader space of

G based on the assignment of pursuers, p, denoted by CC(p, G) or

simply CC(p) when G is obvious. The connected component func-

tion can be computed by projecting the sensor footprints of the pur-

suers onto the free space, and then reconstructing the graph represen-

tation of the evader space, E , as illustrated in Figure 5.

The connected component function can also be computed by sub-

tracting the vertices (and their associated edges) occupied by the pur-

suers from G. Nevertheless, in the present of obstacles, the evader

space might remain connected in G while becoming disconnected in

F as illustrated in Figure 6. These exceptions lead to additional edges

being removed from G. For 2D environment, there are only two pos-

sible scenarios. The first scenario occurs when the intersection of two

sensor footprints is completely contained inside the sensor footprint

of another vertex (Figure 6(a)). The other scenario occurs when there

is a 4-way intersection of sensor footprints, resulting in edge inter-

section in G (Figure 6(b)).

During graph construction, we can keep track of the intersection

between sensor footprints to handle the first scenario, while edge in-

tersection can be easily computed. Hence, the CC function can be

computed on G for 2D environment. For higher dimension, the CC

function can be computed on G only if all exceptions are tractable.

Otherwise, completeness is not guaranteed.
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Figure 7: Simple configuration space of two pursuers is partitioned

into abstract state space using equivalence relation.

Using the results of the CC function, we want to partition the con-

figuration space into abstract states in a way that preserves the topol-

ogy of the evader space, which is equivalent to the contamination sta-

tus of each connected component remains unchanged. Using abstract

state S1 in Figure 7 as an example, 〈3, 3〉 ∼ 〈3, 4〉 and there exists

a one-to-one mapping between CC(〈3, 3〉) and CC(〈3, 4〉) which

preserves the contamination status of each connected component. On

the other hand, the edge between two abstract states denotes the tran-

sition that does not preserve the topology of an evader space, which

could then lead to the changes in contamination status of the evader

space. For instance, the edge between S1 and S2 represents the tran-

sition between 〈3, 4〉 and 〈4, 4〉 which is resulted in two connected

components of CC(〈3, 4〉) merging and could potentially changes

their contamination statuses. We first introduce a relation between

two adjacent configurations and then formally define an equivalence

relation for partitioning the configuration space as follow.

Let p → q denotes two adjacent configurations p, q ∈ P s.t.

(pk, qk) ∈ E, ∀k ∈ {1, ..., N}. Given two adjacent configurations

we can define a relation, which we call transition relation, as follows.

Definition 6. (Transition Relation) Let p, q ∈ P s.t. p → q. The
transition relation ρp,q between connected components of p and q is
defined as

(ccp
i , cc

q
j) ∈ ρp,q ⇔ ccp

i ∩ ccq
j �= ∅ ,

where ccp
i ∈ CC(p), ccq

j ∈ CC(q).

Given the previous definition we can now formally introduce an

equivalence relation between states, which we will use to define a

state abstraction.

Definition 7. (Equivalence Relation) For all r, s ∈ P we say that r
is equivalent to s, or r ∼ s, if and only if there exists a finite sequence
{zi}T0 ∈ PT+1 with ρ such that

1. z0 = r, and zT = s;
2. zi → zi+1, with i ∈ {0, ..., T − 1};
3. ρzi,zi+1 is a bijection.

Hence, the abstract state space can be defined as S = P/∼, where

each abstract state si ∈ S is a collection of equivalent configurations.

As a result, the contamination status of each connected compo-

nent could only be changed upon transition between abstract states.

Hence, we can synthesize a solution strategy on the abstract state

space instead of synthesizing the strategy directly in the configura-

tion space.

In next section, we will describe the algorithm to incrementally

construct the abstract state space S , the function mapping P to S,

denoted by (γ), and the adjacency matrix of abstract states, denoted

byM.

3.2 Partition Algorithm

Algorithm 1 Partition algorithm

1: S ← ∅,M← ∅
2: Q.Insert(pI) for some arbitrary pI

3: while Q �= ∅ do
4: p← Q.GetF irst(), mark p as visited

5: γ(p)← null, AdjacentS ← ∅
6: for p′ ∈ Adjacent(p) do
7: if p′ is visited then
8: if CC(p) ∼ CC(p′) then
9: if γ(p) is null then

10: γ(p)← γ(p′)
11: else
12: Resolve conflict if needed

13: end if
14: else
15: AdjacentS .Insert(γ(p

′))
16: end if
17: else if p′ is unvisited then
18: Q.Insert(p′), mark p′ as alive

19: end if
20: end for
21: if γ(p) is null then
22: S.Insert(Abstract(p)), γ(p)← Abstract(p)
23: end if
24: for a ∈ AdjacentS do
25: UpdateM(γ(p), a)
26: end for
27: end while

Algorithm 1 outlines an incrementally construction of the abstract

state space and other components required for synthesizing a strat-

egy. The concept is to perform a forward search over the configu-

ration space P beginning at an arbitrary state pI and partition the

configuration states into the abstract state, a ∈ S, based on the out-

put of CC(p).
Following standard forward search algorithm (line 2-6, 17-18),

each state in P begins as unvisited and will be marked alive or visited
upon inserting to or removing from Q respectively. The set of alive

states is stored in the list Q and the search is completed when the

list Q is empty. The function Adjacent(·) in line 6 returns the set of

adjacent states by moving the pursuers along graph G. In this step,

we will restrict the adjacent states to one pursuer movement only.

The partitioning occurs between line 7-15 and 21-25, where we

compare the connected components of the current state to the visited

adjacent states and either assign the current state to the new abstract

state or append it to the existing one.

In general, comparing the connected component between two ar-

bitrary configurations is nontrivial. Comparing those of the adjacent

configurations is much simpler. In line 8, we compute the transition

relation, ρp,p′ , as defined in Definition 6 and check whether it is

bijective. This transition relation is also used for updating the con-

taminated regions when transiting between abstract states.

If the graph consists of cycles, a conflict might occur when two

similar configurations get assigned into two different abstract states.

This will be resolved in line 12 where two abstract states will be

combined.

Furthermore, the adjacency matrix, M, is updated based on the

connectivity of the corresponding configuration states. In line 15,
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AdjacentA keeps track of the adjacent abstract states which will

then update M in line 25. The adjacency matrix also store the tran-

sition relation(s) between two abstract states and the corresponding

configurations. The transition relation might not be unique if G con-

sists of cycles.

As a result, the computational complexity of the partition

algorithm is approximately O(dN |V |N+1), which consists of

O(dN |V |N ) from the forward search algorithm over the configu-

ration space of size |V |N where each configuration has O(dN) adja-

cent states, d denotes the average degrees of the vertices, and O(|V |)
from comparison of evader space in line 8. Although the number

might seem large, it is much smaller comparing to searching over

original belief space because the partition algorithm is only expo-

nential with respect to the number of pursuers, which is commonly

known as curse of dimensionality in multi-robot motion planning

problem. In the next section, we will explain how to use the output

of the partition algorithm to synthesize the solution strategy.

4 Hierarchical algorithm
To synthesize the strategy using the abstraction framework, we first

search for the strategy in the abstract state space and then refine the

strategy into the configuration space. If the number of pursuers, N
is given, planning in abstraction framework would either return the

strategy or indicate that no solution exists for the given N . The search

for strategy in the abstract state space can be done using existing

techniques for graph-based searching such as Dijkstra’s algorithm.

We will describe the abstract belief space for planning in the abstract

state space in section 4.1, and then discuss the refinement step in

section 4.2.

4.1 Planning in the abstract state space
The abstract belief state for the abstract state space, denoted by xS ,

becomes a pair of the abstract state (s) and the list of contaminated

regions (L), where each region represents a set of adjacent vertices

of the evader space.

xS = (s, L), L = {sj}.

The update step during planning will keep track of the contam-

inated regions using the information stored in the adjacency matrix

M. Since the transition relation ρ may not be unique, the update step

with input sk has to be called for each ρ stored inM(st, sk).

Update(xS,t, sk, ρ) :

Lt+1 = {sjk | ∃s
i
t ∈ Lt, (s

i
t, s

j
k) ∈ ρ}

xS,t+1 = (sk, Lt+1)

The solution strategy is a sequence of abstract belief states such

that the list of contaminated regions eventually becomes empty, de-

noted by πS = (ai1 , {aj
i1
}), (ai2 , {aj

i2
}), ..., (aik , ∅). We will then

describe how to map the solution strategy into the strategy on a graph

with the refinement process on the following section.

4.2 Refinement
The information stored in M provides the boundary configurations

representing the transition between abstract states. Given the se-

quence of abstract states, the entering configuration might not be ad-

jacent to the leaving one. For instance, in Figure 8, the incoming and

? 

Figure 8: The transition between abstract states represents the action

between boundary configurations, however, the incoming

configuration need not be adjacent to the outgoing one. Hence, the

refinement step is necessary to find the trajectories between them.

outgoing configuration of abstract state sj are not adjacent. Thus, the

refinement step is required to find the trajectory from the incoming to

outgoing configuration such that all intermediate configurations are

the member of sj .

Using mapping function γ, one method for refinement is to per-

form the forward search inside each abstract state to find the tra-

jectory from the incoming to outgoing configurations. However, this

method might be inefficient since we already expand the full config-

uration space while executing partition algorithm.

An alternative method is to store information of the spanning trees

of each abstract state during the partition algorithm and then search

for the trajectory on the spanning trees during refinement. The down-

side of this method is that the result is usually suboptimal compared

with one from forward search method.

Given the strategy πA = {s0, s1, s2, ..., sk} where γ(pI) = s0,

the refinement then first searches for a trajectory from pI to the

boundary configuration connecting to s1 while remaining within s0.

Then, we continue refine the solution inside s1 from the incoming

configuration from s0 to the outgoing configuration connecting to

s2 while remaining within s1. The same process continues until we

reach the final abstract state sk.

4.3 Minimizing the number of pursuers

The full algorithm for synthesizing the solution strategy is given in

algorithm 2 where the number of pursuers, N , required is unknown.

Note that incrementing N by one at each iteration is more efficient

that doing binary search because the computational complexity is

exponential with respect to N .

Algorithm 2 Hierarchical Strategy Synthesis

1: Construct G of free space F with sensor model O(·)
2: N ← 1, πS ← [ ]
3: while πS is empty do
4: Partition GN into abstract state space S
5: πS ← Planning(S,pI)
6: Increment N
7: end while
8: π ← Refine(πS)

5 Results

The construction of graph representation is implemented in MAT-

LAB, whereas the remaining components are implemented in C++.

We validate the proposed method in simulations with environments

of varying topologies and using different number of pursuers as dis-

cussed in section 5.1. Then, we compare our results with the graph-

based searching over the full belief space on simple environments in

section 5.2.
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5.1 Simulation Results

We evaluated the performance in simulation on environments with

three different topologies as show in Figure 9. Each pursuer has a

disc sensor footprint with a radius of one meter. Due to various struc-

tures of the environments, we represent their dimensions with the

number of vertices in the graph representation. Figure 9(c) illustrates

the graph representation of the testing environments and the sensor

footprint of the pursuer. The number of pursuers required in each

environment is computed by iterating from N = 1.

(a) (b) (c)

Figure 9: Testing Environments: (a) Tree Structures; (b) Ladder

Structures; (c) Random Loops Structures with graph representation

5.1.1 Tree Structures

We evaluated on the tree structures with varying number k and width

w of branches (vertical corridors). The graph representations contain

8−48 vertices. It requires 2 pursuers to clear the map for w = 1 and

3 pursuers to clear the map for w = 2. The execution times of each

component are illustrated in Figure 10.

Figure 10: The execution time of the proposed method on tree

structure with k branches of width w using N pursuers on graph

with V vertices.

5.1.2 Ladder Structures

We evaluated on the ladder structures with varying number k and

width, w, of steps (vertical corridors). The graph representations con-

tain 30−52 vertices. For ladder with single loop k = 2, it requires 2
pursuers to clear the map with w = 1 and 3 pursuers to clear the map

with w = 2. If the ladder with multiple loops k > 2, it requires 3
pursuers to clear the map with w = 1 and 4 pursuers to clear the map

with w = 2. The execution times of each component are illustrated

in Figure 11.

Figure 11: The execution time of proposed method on ladder

structure with k steps of width w using N pursuers on graph with V
vertices.

5.1.3 Random Loop Structures

We evaluated the proposed methods on two maps shown in 9(c) us-

ing 4 pursuers for the top one, which consists of 46 vertices, and

5 pursuers for the bottom map, which consists of 53 vertices. The

total execution times are 105.59 and 4076.32 seconds, in which ab-

straction framework are accounted for 103.25 and 4074.44 seconds

respectively. The intermediate steps during the clearing process are

shown in Figure 12 and Figure 13.

(a) Iteration: 10 (b) Iteration: 30

(c) Iteration: 100 (d) Final Iteration (147)

Figure 12: Snapshots of clearing process on 3× 4 grid map with all

narrow passages using 4 pursuers.

As explained in section 4.2, one the main disadvantages of refine-

ment using spanning tree is the lengthy strategy as indicated by a

high number of iteration in both examples. This strategy can be fur-

ther improved; however, this is out the scope of this paper.

The simulation results show that the abstraction framework is re-

sponsible for the majority of computation time as N increases, which

conforms with our analysis on computational complexity of the par-

tition algorithm. Nevertheless, the abstraction framework only needs

to be executed once for each given map with the same number of

pursuers. It is invariant of the initial position and thus we can quickly

synthesize the strategy again for different initial position. This can

be useful if an error occurs while executing the solution strategy and

the pursuers are deviated from the planned strategy.
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(a) Iteration: 30 (b) Iteration: 70

(c) Iteration: 250 (d) Final iteration (309)

Figure 13: Snapshots of clearing process on curved hallway with

vary passages size using 5 pursuers.

5.2 Comparison

We compare the results of our proposed algorithm with a baseline

(brute force) planner which searches for a strategy on the full belief

space, described in section 2.2. We used maps with tree and ladder

structures. The baseline planner can only solve the maps containing

up to 2 branches (13 vertices) for tree structure and the maps con-

taining one loop (14 vertices).

Map Our framework Baseline planner
Tree with 1 branch, V= 8 0.014 0.04

Tree with 2 branches, V=13 0.034 49.95
Ladder with 2 steps, V=14 0.018 1082.77

Table 1: Comparison of execution time (sec) between our framework

and baseline (brute force) planner.

The execution time of the baseline planner grows exponentially as

V increases. Additionally, the baseline planner suffers greatly from

the topological invariant of the loop structure (such as a ladder) due

to a large reachable states of the contamination space. On the other

hand, our framework reduces the configuration space of 2 pursuers

with one loop into only two abstract states; one for two pursuers be-

ing adjacent and other when they are separated.

6 Conclusion and Future Work

In this paper, we proposed an abstraction framework to solve a worst-

case adversarial pursuit-evasion problem where multiple pursuers

with limited-range sensor coverage are used to detect all possible

mobile evaders. This method involves constructing the graph repre-

sentation of an environment using the sensor model equipped on the

pursuers, partitioning the configuration space of the pursuers over

graph into an abstract state space, searching for a strategy in the ab-

stract state space, and finally refine the strategy into the configuration

space. We validate our proposed method by simulating environments

with different topologies and compare the result with a brute force

searching over the full belief space. Since the full belief space grows

exponentially with N and the number of vertices in V , the brute force

search can only solve PE problems on small maps (|V | < 20) for

N = 2. In contrast, our approach reduces the complexity into expo-

nential of N with base |V | and can solve the PE problems with a few

hundred vertices for N = 2 and up to 50 vertices for N = 5.

Although the abstraction framework requires inspecting the full

configuration space of N pursuers, this step needs to be done only

once for a given map with the same number of pursuers. The output

can be reused for different initial configurations. Furthermore, we

observe that many maps with the similar structure yield the same ab-

straction. This opens up an interesting problem of how can we apply

the result of one abstraction framework to the new maps with simi-

lar structure without recomputing it. Additionally, we are interested

in converting an abstraction framework into an on-line algorithms so

that we can concurrently synthesize for the solution strategy, which

may avoid exploring the entire configuration space.
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Decidable Reasoning in a First-Order Logic of
Limited Conditional Belief
Christoph Schwering1 and Gerhard Lakemeyer2

Abstract. In a series of papers, Liu, Lakemeyer, and Levesque ad-

dress the problem of decidable reasoning in expressive first-order

knowledge bases. Here, we extend their ideas to accommodate con-
ditional beliefs, as in “if she is Australian, then she presumably eats

Kangaroo meat.” Perhaps the most prevalent semantics of a con-

ditional belief is to evaluate the consequent in the most-plausible

worlds consistent with the premise. In this paper, we devise a tech-

nique to approximate this notion of plausibility, and complement it

with Liu, Lakemeyer, and Levesque’s weak inference. Based on these

ideas, we develop a logic of limited conditional belief, and provide

soundness, decidability, and (for the propositional case) tractability

results.

1 INTRODUCTION

Taking into account different contingencies is elementary for hu-

mans. For example, when we expect a guest for dinner, we might

believe her to be not Australian, but at the same time believe that if

she is Australian, then she presumably eats Kangaroo meat – and we

would plan the menu based on these beliefs. It is no surprise that the

concept of conditional belief is a subject of KR research, for example

in belief revision [13].

The goal of this paper is to devise a reasoning service that soundly

decides whether a given conditional knowledge base entails some

conditional belief. As with any knowledge-based system, this re-

quires to trade off expressivity and/or reasoning power against com-

putational feasibility. We will address this question by beginning

with a fully fledged first-order logic of conditional belief, and then

weaken its inference mechanism in order to achieve decidability,

while retaining the expressivity of a first-order language as well as

soundness wrt the fully fledged logic.

Our approach is based on Liu, Lakemeyer, and Levesque’s (hence-

forth LLL) work on limited reasoning [26, 19, 20, 21], where they

address the problem of decidable reasoning in expressive first-order

knowledge bases. They stratify belief in levels: level 0 only contains

the agent’s explicit beliefs; every following level k adds the beliefs

that can be inferred after k case splits, that is, by branching on the

possible truth assignments of k literals.

Two key features distinguish limited reasoning from other ap-

proaches to decidable first-order reasoning such as description logics.

Firstly, no limits are set with regard to first-order expressivity in the

query. Naturally then, soundness and decidability come at the cost

of completeness. Secondly, limited reasoning solves the problem of

logical omniscience [11]. Omniscience means that an agent knows

1 RWTH Aachen University, Germany and The University of New South
Wales, Australia, email: schwering@kbsg.rwth-aachen.de

2 RWTH Aachen University, Germany, email: gerhard@kbsg.rwth-aachen.de

all logical consequences of his knowledge, which is obviously not

realistic. LLL avoid omniscience by limiting the number of allowed

case splits; intuitively, this number represents the effort the reasoner

may spend to prove a belief.

Surprisingly perhaps, generalizing LLL’s ideas to the case of con-
ditional belief is far from trivial. The following running example

shall illustrate this.

Example 1 Suppose we expect a guest for dinner. We don’t know

much about her preferred diet yet, but we do have some (somewhat

narrow-minded) beliefs:

• Most Australians are not Italians, and vice versa.

• Australians usually eat kangaroo meat.

• We believe our guest is Italian or a vegetarian, and

if she is not Italian, she presumably is Australian.

• We know that kangaroo is meat, and that vegetarians do not eat

meat.

Given this conditional knowledge base, do we expect our guest to be

a vegetarian in case she is not Italian? Monotonic reasoning would

suggest so: our belief of her being Italian or a vegetarian yields that

she must be a vegetarian if not Italian. But then she also must be

Australian, hence eat kangaroo, and thus be a non-vegetarian – that

is, in a monotonic logic everything is believed if she is not Italian, be-

cause the beliefs are inconsistent with that contingency. Conditional

beliefs do not trap into inconsistency that easily. They detect that the

premise “not Italian” is inconsistent with the most-plausible scenar-

ios, and therefore go on to look for less-plausible scenarios where

the premise holds, and check the consequent in these scenarios. In

our example, we hence believe that if the guest is not Italian, she

presumably is an Australian kangaroo-eater, but not a vegetarian.

It is the consistency test that makes reasoning about conditional

beliefs more involved than normal beliefs. To understand why, we

need some details. An agent’s epistemic state with the contingen-

cies he considers possible can be represented as a system of spheres
[25, 9] as in Figure 1a (page 3). The innermost sphere contains the

most-plausible scenarios, and every outer sphere contains additional

less-plausible scenarios. A conditional “if φ, then presumably ψ” is

believed iff the material implication φ ⊃ ψ holds in the innermost

sphere that is consistent with φ. LLL provide us with a limited se-

mantics of first-order logic which is suitable for checking if φ ⊃ ψ
holds in a given sphere. On the other hand, it is insufficient for the

consistency check: as the semantics is incomplete wrt classical logic,

inconsistencies might go undetected, and wrong beliefs could come

out true. For that reason we devise an additional complete but un-
sound semantics complementary to LLL’s: the former can be used to
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soundly determine consistency, and the latter for sound inferences.

Together, they will allow us to develop a logic of limited conditional

belief.

The rest of the paper is structured as follows. After a survey of re-

lated work in the next section, we proceed with the technical part. To

start with, we introduce the logic BO for reasoning about conditional

belief; it will serve as a reference point for the following results. Sec-

tion 4 presents a derivative of LLL’s limited semantics of first-order

logic, and introduces a novel unsound but complete semantics. The

stage is then set for the paper’s main contribution in Section 5: a logic

of limited conditional belief called BOL, which is sound wrt BO and

decidable for a large class of knowledge bases and sometimes even

tractable. Then we conclude and discuss future work. While we il-

lustrate all techniques using the above example, we only sketch most

proofs for space reasons. The full proofs can be found in [33].

2 RELATED WORK

There are two principal directions to tackle the problem of decid-

able first-order reasoning: restricting the language or restricting the

inference mechanism. The earliest classes of syntactic fragments of

first-order logic are prefix-vocabulary classes of formulas in prenex

normal form whose symbols are taken from a certain vocabulary and

whose leading quantifier prefix adheres to a specific form. Today, it

is known which prefix-vocabulary classes are decidable and which

are not [4]. Modern work on decidable fragments concerns bounded

variable logics such as the two-variable fragment [37, 28], which

connects first-order logic with propositional modal logic [8] and the

prototypical description logicALC [29], which in turn has also been

the basis for epistemic description logics [2].

Unlike these syntactic approaches, the direction we take here is

based on restricting the inference mechanism. In other words, in-

stead of exchanging expressivity for decidability as do syntactic frag-

ments of first-order logic and description logics, we aim to trade off

completeness against decidability. The standard tool to give seman-

tics to knowledge and belief are Hintikka-style possible-worlds se-

mantics [10]. Typically they imply omniscience [11], which brings

along undecidability in the first-order case and intractability in the

propositional case. Approaches to solve the omniscience problem in-

clude rather syntactic ones [15, 38, 6] as well as semantic approaches

[22, 30, 16, 17, 5] based on tautological entailment [3, 1]. The for-

mer have the drawback of being very fine-grained and providing only

little guidance as to which beliefs to include and which to leave out.

The semantic approaches based on three- or four-valued semantics,

by contrast, are much closer to the classical possible-worlds seman-

tics, but miss out on many seemingly trivial inferences, such as sim-

ple unit propagation.

LLL’s work on limited belief [26, 19, 20, 21] steers a middle

course between these semantic and syntactic approaches. As we shall

see, their semantics has a somewhat syntactic flavour, yet it is per-

spicuously defined and motivated. Klassen et al. [14] recently pro-

posed a neighbourhood semantics that avoids the syntactic flavour;

however, it is restricted to the propositional case. The closest relative

of our approach among LLL’s work is [20].

Although the omniscience problem and logics of limited belief

have been around for over thirty years, the present paper is, as far

as we know, the first to address the problem in the context of con-

ditional belief. The underlying logic of conditional belief used as a

reference for the limited logic developed in this paper is an extension

of Levesque’s logic of only-knowing [23, 24] to the case of condi-

tional belief. Its semantics is defined in terms of plausibility-ranked

possible worlds.

Lewis [25] was the first to pick up the concept of possible worlds

to semantically characterize conditionals; Grove [9] adopted this

view and popularized it for belief change. The idea is to sequentially

nest sets of possible worlds to obtain a so-called system of spheres.

Intuitively, a system of spheres induces a plausibility ranking on the

worlds: the most plausible worlds are contained in the innermost set,

the second-most plausible worlds in the next set, and so on. Another

popular and equivalent technique are total preorders [12].

Unlike material implications (but like counterfactuals), condi-

tional belief is non-monotonic in the sense that strengthening the an-

tecedent is not valid. The closest relative among the non-monotonic-

reasoning approaches is Pearl’s System Z [31]: it can be shown that

conditional belief and only-believing subsume the non-monotonic 1-

entailment in System Z [33].

As we saw already, evaluating a conditional in a system of spheres

requires a consistency check. A sound consistency check, as neces-

sitated for a sound semantics of conditionals, in turn requires a com-

plete semantics. Relatively little work has been done in this area yet.

Schaerf and Cadoli [32] address both unsound and incomplete infer-

ence, but they apply propositional techniques to restricted fragments

of first-order logic. Recently, other methods of unsound reasoning

have been investigated [27, 7]. However, as these approaches are not

based primarily on subsumption and unit propagation, they do not fit

well with LLL’s techniques. We therefore propose a new complete

semantics to complement LLL’s sound inference.

3 CONDITIONAL BELIEF IN BO
This section introduces the first-order logic of conditional belief BO
[34]. It features two modal operators to represent beliefs, whose se-

mantics is defined through a system of spheres, that is, a sequence of

nested sets of possible worlds.

The language BO is defined as follows. The set of terms is the

least set that contains all first-order variables x and all (standard)
names n ∈ N = {#1, #2, ...}. The set of formulas is the least set of

expressions such that

• P (t1, ..., tj), (t1 = t2), (α ∨ β), ¬α, ∃xα,

• B(φ1 ⇒ ψ1), O{φ1 ⇒ ψ1, ..., φm ⇒ ψm}

are formulas, where P is a predicate symbol other than =, ti are

terms, α and β are formulas, and φi and ψi are objective formulas,

that is, φi and ψi mention no B or O operators. P (t1, ..., tj) and

(t1 = t2) are called (non-)equality atoms, respectively. A literal is

an atom a or its negation ¬a. The complement of a literal � is written

�. A formula is ground when it contains no variables. A sentence
is a formula without free variables. We let ∧, ∀, ⊃, ≡ be the usual

abbreviations, 	 stand for ∃x(x = x), and ⊥ abbreviate ¬	.

Standard names are special constants that represent all the indi-

viduals in the universe. They allow for a simpler semantics than

the classical Tarskian model theory; in particular, quantification can

be handled by simply substituting standard names. The formula

B(φ ⇒ ψ) intuitively expresses a conditional belief, namely the

belief that if φ is true, then presumably ψ is also true. The formula

O{φ1 ⇒ ψ1, ..., φm ⇒ ψm} goes one step further and says that

the conditional beliefs B(φi ⇒ ψi) are all that is believed; every-

thing that is not a consequence of these conditional beliefs is implic-

itly not believed. The concept is called only-believing; it generalizes

Levesque’s only-knowing [23, 24] to the case of conditional beliefs.

Before we give a semantics to this language, let us see how Exam-

ple 1 can be expressed in BO.
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(a) An epistemic state.

s2s1

(b) An approximation.

s′3s′2s′1

(c) A better approximation.

Figure 1. An epistemic state and two approximations. Each ellipse
represents the scenarios considered possible in that sphere.

Example 2 Let A, I, V represent that the guest is Australian, Ital-

ian, a vegetarian, respectively; E(x) that x is among her preferred

diet; M(x) that x is meat; and roo be a standard name representing

kangaroo meat. Then all we believe is

• A⇒ ¬I and I⇒ ¬A;

• A⇒ E(roo);

• 	 ⇒ I ∨V and ¬I⇒ A;

• ¬M(roo)⇒ ⊥ and ¬∀x(V ∧M(x) ⊃ ¬E(x))⇒ ⊥.

= Γ

(¬φ ⇒ ⊥ expresses indefeasible knowledge of φ.) The question “if

she is not Italian, is she presumably not a vegetarian?” then boils

down to whether OΓ entails B(¬I⇒ ¬V).

To investigate such problems, we define a possible-worlds seman-

tics for BO.

Definition 3 A world is a set of ground non-equality atoms. An epis-
temic state �e is an infinite sequence of sets of worlds e1, e2, ... such

that e1 ⊆ e2 ⊆ ... and for some p ∈ {1, 2, ...}, ep = ep+1 = ...

Intuitively, a world is a truth assignment of the ground non-

equality atoms, that is, of all P (n1, ..., nj) where the ni are stan-

dard names. An epistemic state stratifies sets of such worlds with

the subset relation. The intuition behind an epistemic state �e is to

model a system of spheres as discussed in the introduction: e1 con-

tains the most-plausible worlds, e2 adds the second-most-plausible

worlds, and so on. Note that in any epistemic state �e only finitely

many different sets of worlds are allowed, since the definition re-

quires that ep = ep+1 = ... for some p. (Just as well we could have

defined an epistemic state to be a non-empty finite sequence of su-

persets; the present definition however is often easier to work with.)

Given an epistemic state �e and a world w, we can define truth of a

sentence α in BO, written �e, w |= α. We let αx
n denote the result of

substituting all free occurrences of x by n. The objective part of the

semantics is defined inductively as follows:

1. �e, w |= P (n1, ..., nj) iff P (n1, ..., nj) ∈ w;

2. �e, w |= (n1 = n2) iff n1 and n2 are identical names;

3. �e, w |= (α ∨ β) iff �e, w |= α or �e, w |= β;

4. �e, w |= ¬α iff �e, w �|= α;

5. �e, w |= ∃xα iff �e, w |= αx
n for some n ∈ N .

To define the semantics of belief, it is convenient to define the plau-
sibility #�e |φ$ of an objective sentence φ in �e as the index of the first

sphere consistent with φ:

#�e |φ$ = min{p | p =∞ or �e, w |= φ for some w ∈ ep},

where∞ /∈ {1, 2, ...} represents an “undefined” plausibility with the

understanding that p +∞ = ∞ and p < ∞ for all p ∈ {1, 2, ...}.

Then the semantics of beliefs is as follows:

6. �e, w |= B(φ⇒ ψ) iff for all p ∈ {1, 2, ...},

if p ≤ #�e |φ$ and w′ ∈ ep, then �e, w′ |= (φ ⊃ ψ);

7. �e, w |= O{φ1 ⇒ ψ1, ..., φm ⇒ ψm} iff for all p ∈ {1, 2, ...},

w′ ∈ ep iff �e, w′ |= ∧
i:��e |φi�≥p(φi ⊃ ψi).

Rules 1–5 are straightforward. Notable is perhaps that quantifica-

tion can be handled substitutionally thanks to standard names. The

most interesting rules are the ones for belief, of course. According to

Rule 6, B(φ ⇒ ψ) holds iff φ ⊃ ψ is true in the innermost sphere

consistent with φ. Only-believing O{φ1 ⇒ ψ1, ..., φm ⇒ ψm} has

the effect of B(φi ⇒ ψi) plus maximizing every sphere: it requires

the sphere ep to contain all worlds that satisfy all (φi ⊃ ψi) for

which #�e |φi$ ≥ p.

When �e, w |= α for all �e (or w), we allow ourselves to omit �e
(or w, respectively). As usual, we use the symbol |= also to denote

entailment. In particular, OΓ |= B(φ⇒ ψ) is to say that for all �e, if

�e |= OΓ, then �e |= B(φ⇒ ψ).
The fundamental property of only-believing is that it uniquely de-

termines the epistemic state.

Theorem 4 There is a unique epistemic state �e such that
�e |= O{φ1 ⇒ ψ1, ..., φm ⇒ ψm}.

In fact, �e can be generated inductively: when spheres e1, ..., ep−1

are determined, we can decide whether #�e |φi$ ≥ p for every i, and

thus determine the next sphere ep using the right-hand side of Rule 7.

A proof of the theorem and this construction can be found in [34];

here, we illustrate the process by continuing Example 2 instead.

Example 5 The first sphere e1 of �e such that �e |= OΓ contains all

worlds that satisfy all materialized conditionals from Γ:

e1 = {w | w |= (¬A ∨ ¬I) ∧ (¬A ∨ E(roo)) ∧
(I ∨V) ∧ (I ∨A) ∧ μ}

where μ = M(roo) ∧ ∀x(V ∧ M(x) ⊃ ¬E(x)) represents our

knowledge about meat and vegetarians.

For the next sphere, we need to figure out the plausibilities #�e |φ$
for the conditionals φ ⇒ ψ ∈ Γ. To begin with, we need to answer

if #�e |A$ ≥ 2, that is, if e1 is inconsistent with A. To this end, we

can split on V: from V we obtain ¬E(roo) (by μ) and thus ¬A;

on the other hand, from ¬V we infer I and thus ¬A; so indeed e1
is inconsistent with A, that is, #�e |A$ ≥ 2. By the same argument,

#�e | ¬I$ ≥ 2. It is moreover easy to see that e1 is consistent and

thus #�e | I$ = #�e | 	$ = 1. Hence the conditionals A ⇒ ¬I, A ⇒
E(roo), ¬I ⇒ A, plus the knowledge about meat and vegetarians

determine the second sphere:

e2 = {w | w |= (¬A∨¬I)∧ (¬A∨E(roo))∧ (I∨A)∧μ}.

Again we need to check which premises are consistent with e2,

and only the remaining conditionals determine the next sphere e3. It

is easy to see that #�e |A$ = #�e | ¬I$ = 2, so for the third and last

sphere:

e3 = {w | w |= μ}.

Since �e is the unique model of OΓ in BO, it determines our be-

liefs. For example, OΓ |= B(¬I ⇒ ¬V) since #�e | ¬I$ = 2 and

w |= ¬I ⊃ ¬V for all w ∈ e2.

Now, how could a limited, decidable version of BO look like? As

for B(φ ⇒ ψ), we sketched the idea in the introduction already:

approximate the plausibility of φ from above, and then use sound

inference to check whether that sphere satisfies φ ⊃ ψ. Even if the
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|= satisfaction and entailment in BO
|•◦≈ satisfaction in sound first-order semantics

|•◦≈ satisfaction in complete first-order semantics

|≈ satisfaction and entailment in BOL

Table 1. The zoo of turnstile symbols used in the paper.

plausibility approximation leads to a too-far-out sphere, this is sound

because what can be inferred from an outer sphere can also be in-

ferred from any inner sphere. But another problem is how to approx-

imate the model of O{φ1 ⇒ ψ1, ..., φm ⇒ ψm}. Example 5 shows

that determining this epistemic state �e is not trivial, as reasoning is

necessary to figure out which beliefs are more plausible than others,

that is, which plausibilities are ≥ p to determine the pth sphere. Our

approximation of �e will be based on a lower and an upper bound

of the plausibilities of φi. As long as both bounds agree for every i
on whether the plausibility of φi is ≥ p, we can faithfully represent

the pth sphere in the approximation. Once the bounds are inconsis-

tent, though, it is not clear which conditionals shall determine the pth

sphere of the approximation, and hence we skip to the final sphere,

which represents at least those scenarios contained in the last sphere

of �e. Two such approximated epistemic states are depicted in Fig-

ure 1: in Figure 1b the bounds are inconsistent already for the sec-

ond sphere; Figure 1c faithfully represents the first two spheres, but

is pessimistic about the outermost ones, that is, considers too many

scenarios. It is important that the last sphere of the approximation

must not be optimistic, for otherwise it might satisfy formulas that

the last sphere of �e does not.

4 LIMITED OBJECTIVE REASONING

Here we introduce a sound but incomplete and another complete but

unsound semantics for objective formulas. As argued before, they

will lay the groundwork for BOL, the limited version of BO. Before

we elaborate on what is meant by soundness and completeness, we

define some fundamentals.

Definition 6 A clause is a set of literals [�1, ..., �k] (we use square

brackets to ease readability). The empty clause is written as [ ]. Every

non-empty clause corresponds to the disjunction (�1 ∨ ...∨ �k) (with

arbitrary brackets and order). A setup is a set of ground clauses.

As in [26, 19, 20, 21], setups are the primitives of our limited se-

mantics. Just like a set of possible worlds, a setup represents possibly

incomplete or disjunctive information. The semantics |•◦≈ and |•◦≈ are

sound and complete, respectively, in the following sense:

• whenever a setup s satisfies φ in the sound semantics |•◦≈, s clas-

sically entails φ, that is, every world that satisfies all c ∈ s also

satisfies φ in unlimited first-order logic;

• whenever a setup s classically entails φ, s satisfies φ in the com-
plete semantics |•◦≈.

Inference in both semantics is based on unit propagation and sub-

sumption. For example, if [A, I] and [¬I] are in the setup, then [A] is

inferred by unit propagation, and [A,V] follows by subsumption.

Definition 7 For a setup s, we write s− to remove all subsumed

clauses, s+ to add all subsumed clauses, and UP(s) to close s to-

gether with all valid equality literals under unit propagation:

s− = {c ∈ s | for all c′ � c, c′ /∈ s};

s+ = {c | for some c′ ⊆ c, c′ ∈ s};

EQ = {[(n = n)], [(n �= n′)] | distinct n, n′ ∈ N};

UP(s) = closure of EQ ∪ s under unit propagation.

We also write UP−(s) for UP(s)−, and UP+(s) for UP(s)+.

The following lemma states the equivalence of s, s−, s+, UP(s).

Lemma 8 For any world w and setup s,

i. w |= c for all c ∈ s iff

ii. w |= c for all c ∈ s− iff

iii. w |= c for all c ∈ s+ iff

iv. w |= c for all c ∈ UP(s).

Proof. Showing the equivalence of (i)–(iii) is straightforward. Here

we only show that (i) iff (iv). The if direction is immediate. For the

converse, suppose (i) holds and let c ∈ UP(s). The proof is by in-

duction on the length of the derivation of c. For the base case let

c ∈ EQ ∪ s. If c ∈ EQ, then clearly w |= c. If c ∈ s, then w |= c
by assumption. For the induction step suppose c ∈ UP(s) is the re-

solvent of c ∪ [�], [�] ∈ UP(s). By induction, w |= c ∨ � and w |= �.
Thus w |= c.

4.1 Sound but incomplete semantics
We are now ready to define the first satisfaction relation: s, k |•◦≈ φ for

a setup s, k ∈ {0, 1, 2, ...}, and an objective sentence φ. Intuitively,

k indicates how much effort is put into proving that φ is true in s.

The idea is that at level k = 0, only obvious inferences can be made,

that is, only what is subsumed by the setup s comes out true. At

every higher split level k > 0, the reasoner may pick a literal � and

consider the cases where the unit clauses [�] and [�] are added to the

setup. When � is chosen smartly, this may set off unit propagation

and lead to new inferences.

We define the sound semantics as follows:

1. s, k + 1 |•◦≈ φ iff s ∪ {[�]}, k |•◦≈ φ and s ∪ {[�]}, k |•◦≈ φ for

some ground literal �;

2. if c is a clause:

s, 0 |•◦≈ c iff c ∈ UP+(s);

3. if (φ ∨ ψ) is not a clause:

s, 0 |•◦≈ (φ ∨ ψ) iff s, 0 |•◦≈ φ or s, 0 |•◦≈ ψ;

4. s, 0 |•◦≈ ¬(φ ∨ ψ) iff s, 0 |•◦≈ ¬φ and s, 0 |•◦≈ ¬ψ;

5. s, 0 |•◦≈ ¬¬φ iff s, 0 |•◦≈ φ;

6. s, 0 |•◦≈ ∃xφ iff s, 0 |•◦≈ φx
n for some n ∈ N ;

7. s, 0 |•◦≈ ¬∃xφ iff s, 0 |•◦≈ ¬φx
n for all n ∈ N .

Let us first illustrate how the definition works by way of our run-

ning example.

Example 9 Let sμ = {[M(roo)], [¬M(n),¬E(n),¬V] | n ∈ N}
and s1 = {[¬A,¬I], [¬A,E(roo)], [I,V], [I,A]} ∪ sμ. This setup

corresponds to the first sphere e1 from Example 5. There we argued

that it is inconsistent with A. To obtain the same result in this limited

semantics, that is, s1, k |•◦≈ ¬A, one split is needed, that is, k ≥ 1:

clearly, [¬A] /∈ UP+(s1); but adding [V] to s1 triggers unit prop-

agation that first yields [¬M(roo),¬E(roo)], then [¬E(roo)], and
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then [¬A]; on the other hand, adding [¬V] yields [I] and then again

[¬A]. Hence, s1, k |•◦≈ ¬A iff k ≥ 1. Analogously we can argue that

s1, k |•◦≈ I iff k ≥ 1.

The following theorem establishes the aforementioned soundness

of |•◦≈ wrt classical logic. We write s |= φ to say that w |= φ for all w
with w |= c for all c ∈ s.

Theorem 10 If s, k |•◦≈ φ, then s |= φ.

Proof. By induction on k. We show the base case k = 0 by subin-

duction on |φ|. For any clause, s, 0 |•◦≈ c iff c ∈ UP+(s) only if

UP+(s) |= c iff (by Lemma 8) s |= c. The other subinduction cases

are trivial; for example, for an existential, s, 0 |•◦≈ ∃xφ iff s, 0 |•◦≈ φx
n

for some n ∈ N only if (by subinduction) s |= φx
n for some n ∈ N

only if s |= ∃xφ.

For the main induction step suppose the lemma holds for k and

that s, k + 1 |•◦≈ φ. Suppose w |= c for all c ∈ s. By the Rule 1,

s ∪ {[�]}, k |•◦≈ φ and s ∪ {[�]}, k |•◦≈ φ for some �. By induction,

s ∪ {[�]} |= φ and s ∪ {[�]} |= φ. Therefore, since either w |= � or

w |= �, we have w |= φ. Hence s |= φ.

Another interesting property is the following so-called eventual

completeness for propositional formulas.

Theorem 11 Let s be finite and φ be propositional.
Then s, k |•◦≈ φ for some k ∈ {0, 1, 2, ...} iff s |= φ.

Proof sketch. The only-if direction follows from Theorem 10. Con-

versely, let k be at least the number of atoms in s and φ. Then we can

split them all, which corresponds to testing all truth assignments for

these atoms.

We remark that |•◦≈ is a slightly restricted version of the semantics

in [20] to ease the presentation. The main cost of our simplification

is that we lose eventual completeness for formulas ∀�xφ where φ is

quantifier-free.

4.2 Complete but unsound semantics

Next, we turn to the complete but unsound semantics |•◦≈. In the com-

plete semantics, it is often more intuitive to consider the task of

disproving that s satisfies φ, that is, s, l •◦�|≈ φ where l ∈ {0, 1, 2, ...}.

Here l specifies the reasoning effort similar to the split levels k be-

fore. In s, k |•◦≈ φ one (roughly) shows that for some atoms, φ obvi-

ously comes out true in s under any truth assignment of these atoms

(where “obvious” means after unit propagation and subsumption).

By contrast, the objective for s, l •◦�|≈ φ is to show that s can be aug-

mented with l literals so the resulting setup obviously disproves φ.

In particular, this requires to detect whether the setup might be

inconsistent, because only a consistent setup can disprove φ. For that,

we use a very simple heuristic: whenever the setup mentions some

literal both positively and negatively after removing all subsumed

clauses, it is deemed possibly-inconsistent. While this heuristic is of

course not sophisticated, the idea is to compensate for its naivete by

increasing l, that is, by more reasoning effort.

Definition 12 We write XP(s) to close the set of all literals that

occur in UP−(s) under unit propagation, gnd(c) for the set of ground

instances of c, and s ⊗ � to augment s with all ground instances of

[�] which are not obviously inconsistent with s:

XP(s) = UP({[�] | � ∈ c for some c ∈ UP−(s)});
gnd(c) = {c�x�n | �x are the free variables of c, ni ∈ N};

s⊗ � = s ∪ {[��x�n] ∈ gnd([�]) | [� �x
�n] /∈ UP+(s)}.

The rationale behind s ⊗ � is that often a setup may contain

infinitely many instances of some clause, and we want to trig-

ger unit propagation for all of them. For example, when s =
{[¬P (#1)], [¬P (n), Q(n)] | n ∈ N}, then s ⊗ P (x) augments s
with the instances P (n) for all n �= #1. With unit propagation we

can then infer Q(n) for all n �= #1, but we avoid the empty clause.

XP(s) simply serves our simple heuristic to check whether a setup

might be inconsistent: it takes all literals from UP−(s) and closes

them under unit resolution. The next lemma is therefore no surprise.

Lemma 13 If [ ] /∈ XP(s), then for some w, for all c ∈ s, w |= c.

Proof. Let [ ] /∈ XP(s) and let w |= � iff [�] ∈ XP(s), which exists

as [�] /∈ XP(s) or [�] /∈ XP(s). By subsumption, w |= c for all

c ∈ UP−(s). By Lemma 8, w |= c for all c ∈ s.

For a setup s, effort l ∈ {0, 1, 2, ...}, and an objective sentence φ,

the complete satisfaction relation s, l |•◦≈ φ is defined inductively:

1. s, l + 1 |•◦≈ φ iff s⊗ �, l |•◦≈ φ for all literals �;

2. if c is a clause:

s, 0 |•◦≈ ¬c iff [ ] ∈ XP(s) or c /∈ UP+(s);

3. s, 0 |•◦≈ (φ ∨ ψ) iff s, 0 |•◦≈ φ or s, 0 |•◦≈ ψ;

4. if (φ ∨ ψ) is not a clause:

s, 0 |•◦≈ ¬(φ ∨ ψ) iff s, 0 |•◦≈ ¬φ and s, 0 |•◦≈ ¬ψ;

5. s, 0 |•◦≈ ¬¬φ iff s, 0 |•◦≈ φ;

6. s, 0 |•◦≈ ∃xφ iff s, 0 |•◦≈ φx
n for some n ∈ N ;

7. s, 0 |•◦≈ ¬∃xφ iff s, 0 |•◦≈ ¬φx
n for all n ∈ N .

The main differences between |•◦≈ and |•◦≈ are Rules 1 and 2. It may

be more intuitive to read the definition of |•◦≈ from the perspective

disproving. According to Rule 1 s, l + 1 •◦�|≈ φ means that we may

pick some literal � and show s ⊗ �, l •◦�|≈ φ. And Rule 2 says that

s, 0 •◦�|≈ ¬c when the setup is certainly consistent (since [ ] /∈ XP(s))
but satisfies c (since c ∈ UP(s)). We illustrate this with our example.

Example 14 Consider s1 from Example 9, and let us see whether

it is consistent with I, that is, s1, l
•◦�|≈ ¬I for certain l. For l = 0,

note that UP−(s1) mentions I and ¬I in clauses, so [ ] ∈ XP(s1), and

thus s1, 0 |•◦≈ ¬I. For l ≥ 1, however, we are allowed to add some

literal to s1 so as to build a countermodel that clearly disproves ¬I.
Indeed, adding, for example, [¬A] does the job: UP−(s1 ⊗ ¬A) =
{[¬A], [I]} ∪ {[M(roo)], [¬E(roo),¬V], [¬M(n),¬E(n),¬V] |
n ∈ N \ {roo}} ∪ EQ is obviously consistent, that is, [ ] /∈ XP(s1),
and moreover [I] ∈ UP+(s1 ⊗ ¬A). So by adding ¬A, we have

shown that s1 can falsify ¬I. Thus, s1, l
•◦�|≈ ¬I iff l ≥ 1.

The following theorem is the completeness result for |•◦≈.

Theorem 15 If s |= φ, then s, l |•◦≈ φ.

Proof. By contraposition and by induction on l. For the base case

let l = 0 and suppose s, 0 •◦�|≈ φ. Then clearly [ ] /∈ XP(s), so by

Lemma 13, there is a w such that w |= c for all c ∈ s (*). We

show that w �|= φ by subinduction on |φ|. For any negated clause,

s, 0 •◦�|≈ ¬c iff [ ] /∈ XP(s) and c ∈ UP+(s) only if (by (*) and

Lemma 8) w |= c iff w �|= ¬c. Very similarly, for any literal, s, 0 •◦�|≈ �
iff s, 0 •◦�|≈ ¬� only if (by the same argument as for negated clauses)

w �|= ¬� iff w �|= �. We omit the other cases; they are straightforward.

For the main induction step suppose the lemma holds for l and that

s, l+1 •◦�|≈ φ. Then s⊗ �, l •◦�|≈ φ for some �. By induction, s⊗ � �|= φ.

By monotonicity, s �|= φ.

Just like |•◦≈ is eventually complete for the propositional case, |•◦≈
is eventually sound, that is, all invalid inferences can be detected for

large enough l.
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Theorem 16 Let s be finite and φ be propositional.
Then s, l •◦�|≈ φ for some l ∈ {0, 1, 2, ...} iff s �|= φ.

Proof sketch. The only-if direction follows from Theorem 15. Con-

versely, when l is at least the number of atoms in s and φ, they can all

be set to the same value as in a world that satisfies s but not φ.

5 LIMITED CONDITIONAL BELIEF IN BOL
We are finally ready for BOL, the logic of limited conditional belief.

The language is the same as for BO, except that the belief operators

Bl
k and Ol

k are now decorated with k, l ∈ {0, 1, 2, ...} to indicate the

reasoning effort, and for simplicity we disallow predicates outside of

belief modalities.

Definition 17 A limited epistemic state �s is an infinite sequence of

setups s1, s2, ... such that UP+(s1) ⊇ UP+(s2) ⊇ ... and for some

p ∈ {1, 2, ...}, UP+(sp) = UP+(sp+1) = ...

The idea behind limited epistemic states is the same as for unlim-

ited epistemic states, except that in the limited case every sphere is

represented as a setup instead of a set of worlds.

Recall that the plausibility of a formula is the index of the first

sphere consistent with that formula. With the limited satisfaction re-

lations from the previous section, we can approximate this notion of

plausibility from below and above:

#�s, k |•◦ φ$ = min{p | p =∞ or sp, k
•◦�|≈ ¬φ};

#�s, l |•◦ φ$ = min{p | p =∞ or sp, l
•◦�|≈ ¬φ}.

It is easy to see that increasing the effort does not impair the qual-

ity of these the approximations, as stated in the next lemma.

Lemma 18 #�s, k |•◦φ$≤ #�s, k+1 |•◦φ$≤ #�s, l+1 |•◦φ$≤ #�s, l |•◦φ$.
Proof. For the first inequality, it is easy to see that sp, k + 1 •◦�|≈ ¬φ
implies sp, k

•◦�|≈ ¬φ. Similarly for the third inequality, sp, l
•◦�|≈ ¬φ

implies sp, l+1 •◦�|≈ ¬φ. For the remaining one, if sp, l+1 •◦�|≈ ¬φ, then

sp �|= ¬φ by Theorem 15, and so s, k+1 •◦�|≈ ¬φ by Theorem 10.

These approximations are key to the semantics of BOL. Recall

that in BO the semantics of conditional belief is that the plausibility

of the antecedent denotes the sphere in which the material implica-

tion of antecedent and consequent should be evaluated. And for only-

believing in BO the pth sphere of the epistemic state is determined

by those conditionals whose antecedent have a plausibility ≥ p.

In limited reasoning, we only have the approximate plausibilities.

For limited conditional belief Bl
k(φ ⇒ ψ) the idea is therefore to

approximate the plausibility of the φ from above. And for limited

only-believing Ol
k{φ1 ⇒ ψ1, ..., φm ⇒ ψm} we shall build up the

corresponding limited epistemic state only as long as the approxima-

tions from below and above are consistent: we say a limited epis-

temic state �s is l
k-plausibility-consistent at p ∈ {1, 2, ...} iff for all

i ∈ {1, ...,m}, #�s, k |•◦ φi$ ≥ p iff #�s, l |•◦ φi$ ≥ p.

Moreover, in analogy to how only-believing in BO maximizes ev-

ery set of world of the epistemic state, we here need to minimize the

setups in order to maximize the agent’s non-beliefs. We say a setup

s is minimal wrt s, k |•◦≈ φ iff s, k |•◦≈ φ and there is no s′ such that

UP+(s′) � UP+(s) and s′, k |•◦≈ φ. Finally, we let NF[υ] stand for

the prenex negation normal form of υ.

Truth of a sentence α in a limited epistemic state �s, written �s |≈ α,

is now defined inductively:

1. �s |≈ (α ∨ β) iff �s |≈ α or �s |≈ β;

2. �s |≈ ¬α iff �s �|≈ α;

3. �s |≈ ∃xα iff �s |≈ αx
n for some name n;

4. �s |≈ Bl
k(φ⇒ ψ) iff for all p ∈ {1, 2, ...},

if p ≤ #�s, l |•◦ φ$, then sp, k |•◦≈ (φ ⊃ ψ);

5. �s |≈ Ol
k{φ1 ⇒ ψ1, ..., φm ⇒ ψm} iff

for some limited epistemic state �s ′, and for all p∈{1, 2, ...},

– s′p is minimal wrt s′p, 0 |•◦≈
∧

i:��s ′,k |•◦φi�≥p NF[(φi ⊃ ψi)];

– sp =

{
s′p if �s ′ is l

k-plausibility-consistent at 1, ..., p;

s′p� otherwise;

where p
 is such that UP+(sp�)=UP+(sp′) for all p′≥p
.

As usual and as in BO, the symbol |≈ is also used to denote entail-

ment.

Rule 4 approximates the plausibility of φ from above, which

avoids too-plausible spheres inconsistent with φ, and then applies

sound inference. That way, Bl
k is a conservative variant of BO’s con-

ditional belief operator.

The same spirit is behind Rule 5. The intuition is to build up the

system of spheres as long as the lower and upper bound of all plau-

sibilities are consistent. Once they are not, it is unclear how the next

sphere should look like, so we skip to the “last” one, s′p� . That last

sphere is determined by conditionals which (mutually) contradict

their premises, so there is no scenario where any of them could be

true. The parameters k and l determine how much effort is put into

checking the plausibility-consistency. Note that there may be condi-

tionals φi ⇒ ψi with unsatisfiable antecedents which do not occur

in the last sphere. This is because we only take those conditionals

whose antecedents can been proved unsatisfiable by sound reasoning

(with effort k). If we used complete instead of sound reasoning here,

the outermost sphere could end up being too strong and then yield

false beliefs. Figure 1 illustrates such approximations.

Before we illustrate how the semantics works, we show a unique-

model property for a certain type of knowledge base.

5.1 Proper+ knowledge bases
The class of knowledge bases we are chiefly interested in is called

proper+ [18]. Essentially, it requires clausal form and disallows exis-

tential quantifiers.

Definition 19 A sentence π is proper+ when π is of the form∧
j ∀�xcj for clauses cj . Then we let gnd(π) =

⋃
j gnd(cj). A set

of conditionals Γ = {φ1 ⇒ ψ1, ..., φm ⇒ ψm} is proper+ when∧
1≤i≤m NF[(φi ⊃ ψi)] is proper+.

Bringing (φi ⊃ ψi) into prenex negation normal form has the

benefit many conditionals are proper+ which otherwise wouldn’t. For

example, (P ∧Q ⊃ R), which is just an abbreviation for ¬¬(¬P ∨
¬Q) ∨ R is not proper+, but eliminating the double negation does

the job already. Incidentally, this is also the reason why NF occurs in

Rule 5.

For the remainder of this paper we let π and Γ be proper+. Proper+

knowledge bases have been shown to have attractive properties for

limited belief [26, 19, 20, 21], and as we shall see these qualities

also hold for conditional belief. Above all, the unique-model prop-

erty from Theorem 4 carries over to limited belief.

Theorem 20 There is a unique (modulo UP+) limited epistemic state
�s such that �s |≈ Ol

kΓ, that is, for all �s ′ such that �s ′ |≈ Ol
kΓ and for

all p ∈ {1, 2, ...}, UP+(sp) = UP+(s′p).

Proof sketch. The crucial lemma is that for every proper+ π, s is

minimal wrt s, 0 |•◦≈ π iff UP+(s) = UP+(gnd(π)), proven in [19].
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With that result, the theorem can be shown by the same argument

used to prove the unique-model property in BO [34].

Finally, here is the kangaroo example with limited belief.

Example 21 Note that Γ from Example 2 is proper+. Let k = 1 and

l = 1, and let s1 and sμ be as in Example 9. Then s1 is the first

sphere of �s |≈ Ol
kΓ. To determine the next sphere, we first need to

see whether �s is k
l -plausibility-consistent at 2, that is, #�s, k |•◦ φ$ ≥ 2

iff #�s, l |•◦ φ$ ≥ 2 for all φ ⇒ ψ ∈ Γ. We can reuse our results from

Examples 9 and 14. For example, we have shown in Example 14 that

s1, l
•◦�|≈ ¬I, so we have #�s, l |•◦ I$ = 1. Similarly, in Example 9 we

have shown s1, k |•◦≈ ¬A, so #�s, k |•◦ A$ ≥ 2. That way and with

Lemma 18, we obtain

• #�s, k |•◦ I$ = 1 and #�s, l |•◦ I$ = 1;

• #�s, k |•◦ A$ ≥ 2 and #�s, l |•◦ A$ ≥ 2;

• #�s, k |•◦ 	$ = 1 and #�s, l |•◦ 	$ = 1;

• #�s, k |•◦ ¬I$ ≥ 2 and #�s, l |•◦ ¬I$ ≥ 2.

The plausibilities of the last two conditionals in Example 2 are omit-

ted, as they are vacuously ∞. Hence, �s is k
l -plausibility-consistent

at 2. The conditionals with plausibility ≥ 2 determine the second

sphere, so we obtain

UP+(s2) = UP+({[¬A,¬I], [¬A,E(roo)], [I,A]} ∪ sμ).

It is easy to see that #�s, k |•◦ A$ = #�s, k |•◦ ¬I$ = 2. Moreover

#�s, l |•◦ A$ = #�s, l |•◦ ¬I$ = 2 can be shown by adding A to the setup.

So for the final sphere s3 we have

UP+(s3) = UP+(sμ).

By Theorem 20, �s is the unique model of Ol
kΓ, so we can now prove

Ol
kΓ |≈ Bl′

k′(¬I ⇒ ¬V) for k′ = 1, l′ = 1: since #�s, l′ |•◦ ¬I$ = 2,

we only need to show s2, k
′ |•◦≈ I ∨ ¬V, which is easy by splitting I.

Note that for k = 0 or l = 0, the model of Ol
kΓ would have con-

sisted of s1 followed immediately by sμ, because of l
k-plausibility-

inconsistency at 2. In this case, no k′ or l′ would have been large

enough to show Bl′
k′(φ⇒ ψ).

In this example, we let k = l = k′ = l′ = 1. It is easy to see

that the entailment in fact holds for arbitrary k ≥ 1, l ≥ 1, k′ ≥ 1,

l′ ≥ 1. It is no surprise that increasing the effort retains the beliefs in

general, that is, effort behaves monotonically.

Theorem 22 Suppose Ol
kΓ |≈ Bl′

k′(φ⇒ ψ).
Then Ol̃

k̃
Γ |≈ Bl̃′

k̃′(φ⇒ ψ) for all k̃ ≥ k, l̃ ≥ l, k̃′ ≥ k′, l̃′ ≥ l.

Proof sketch. Suppose �e |= OΓ, �s |≈ Ol
kΓ, and �s ′ |≈ Ol̃

k̃
Γ. The

key argument is that �s ′ is at least as faithful to �e as �s is (cf. Figure 1).

This is proven by inductions on k̃ and l̃ using Lemma 18. It is then

easy to see that �s ′ entails at least the beliefs that �s does. Again using

Lemma 18, we can then show that beliefs proved with effort k′, l′

can also be proved for k̃′, l̃′.

More important perhaps is the question whether BOL is sound wrt

its archetype BO. Indeed this is the case for belief implications with

proper+ knowledge bases, as expressed by the following theorem.

Theorem 23 If Ol
kΓ |≈ Bl′

k′(φ⇒ ψ), then OΓ |= B(φ⇒ ψ).

Proof sketch. By Theorem 20, there is a unique (modulo UP+) �s
such that �s |≈ Ol

kΓ. All spheres but its last one faithfully match the

corresponding spheres of the unique �e such that �e |= OΓ, and the

final sphere of �s is weaker than the last sphere of �e (cf. Figure 1), so

everything that can be inferred from a sphere of �s by sound inference

can also be inferred from �e. It is then easy to show that #�e |φ$ ≤
#�s, l′ |•◦ φ$. Since sound inference is applied to prove (φ ⊃ ψ), the

claim follows.

5.2 Decidability of belief implications

Finally, we investigate computational questions of belief implica-

tions Ol
kΓ |≈ Bl′

k′(φ ⇒ ψ). We shall see that the problem is de-

cidable for proper+ knowledge bases, and in the propositional case

even tractable for fixed effort.

The fundamental idea behind the decidability result is that stan-

dard names that do not occur in the knowledge base or query cannot

be distinguished. Hence we only need to consider a finite number

of them: those from the knowledge base and query, plus a few more

(their number is bounded by the number of quantifiers and maximum

arity in the knowledge base and query). We first present decision pro-

cedures S and C for |•◦≈ and |•◦≈, and finally the procedure B for belief

implications.

Again we let π and Γ be proper+.

Definition 24 We let N(π, φ, j) contain all names that occur in the

formulas π or φ plus (j + 1) · max{|π|w, |φ|w} additional names,

where |υ|w is the maximum of the largest number of free variables in

any subformula of υ and the highest arity in υ. For any set of names

N , we let gndN (φ) and s ⊗N � be as gnd(φ) and s ⊗ � except that

the grounding is restricted to the names in N .

As sketched above, to decide gnd(π), k |•◦≈ φ it suffices to consider

only names from N(π, φ, k) for grounding, quantification, and split-

ting, and it is moreover easy to see that only literals whose symbols

occur in π or φ need to be considered. These ideas lead to the proce-

dure S[N, s, k, φ] ∈ {0, 1} with the following inductive definition:

• S[N, s, k + 1, φ] = 1 iff

S[N, s ∪ {[�]}, k, φ] = S[N, s ∪ {[�]}, k, φ] = 1 for some

ground literal � whose symbol occurs in s or φ and whose

names are from N ;

• if c is a clause:

S[N, s, 0, c] = 1 iff c ∈ UP+(s);

• if (φ ∨ ψ) is not a clause:

S[N, s, 0, (φ ∨ ψ)] = max{S[N, s, 0, φ], S[N, s, 0, ψ]};

• S[N, s, 0,¬(φ∨ψ)]=min{S[N, s, 0,¬φ], S[N, s, 0,¬ψ]};

• S[N, s, 0,¬¬φ] = S[N, s, 0, φ];

• S[N, s, 0, ∃xφ] = max{S[N, s, 0, φx
n] | n ∈ N};

• S[N, s, 0,¬∃xφ] = min{S[N, s, 0,¬φx
n] | n ∈ N}.

The following theorem says that S is a decision procedure for

gnd(π), k |•◦≈ φ.

Theorem 25 gnd(π), k |•◦≈ φ iff S[N, gndN (π), k, φ] = 1 where
N = N(π, φ, k).

Proof sketch. The key tool to show the theorem are bijections be-

tween standard names that leave the names from π and φ unchanged

but possibly swap any other names. For any clause c that mentions no

more than max{|π|w, |φ|w} names that do not occur in π or φ, and

a bijection ∗ that swaps these names with the additional names in N ,

it can be shown that c ∈ UP+(gnd(π)) iff c∗ ∈ UP+(gndN (π)); this

basically allows us to restrict grounding of π to N . Similarly, it can

be shown that quantification and splitting can be restricted to names

from N . Finally it is intuitively immediate that splitting only literals

whose symbols occur in π or φ can generate new inferences.
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Corollary 26 gnd(π), k |•◦≈ φ is decidable. In the propositional case,
the time complexity is O((|π|+ k)k+1 · |φ|k+1 · 2k).

In a very similar fashion we can design a decision procedure for

gnd(π), l |•◦≈ φ. For analogous reasons as in |•◦≈, it suffices to con-

sider only names from N(π, φ, l) and to augment the setup only

with literals whose symbols occur in π or φ. The resulting procedure

C[N, s, l, φ] ∈ {0, 1} is defined inductively as follows:

• C[N, s, l+1, φ] = 1 iff C[N, s⊗N �, l, φ] = 1 for all (including

non-ground) literals � whose symbols occur in s or φ and whose

names are from N ;

• if � is a positive literal:

C[N, s, 0, �] = C[N, s, 0,¬�];
• if c is a clause:

C[N, s, 0,¬c] = 1 iff [ ] ∈ XP(s) or c /∈ UP+(s);

• C[N, s, 0, (φ ∨ ψ)] = max{C[N, s, 0, φ],C[N, s, 0, ψ]};

• if (φ ∨ ψ) is not a clause:

C[N, s, 0,¬(φ∨ψ)]=min{C[N, s, 0,¬φ],C[N, s, 0,¬ψ]};

• if ¬φ is not a clause:

C[N, s, 0,¬¬φ] = C[N, s, 0, φ];

• C[N, s, 0, ∃xφ] = max{C[N, s, 0, φx
n] | n ∈ N};

• C[N, s, 0,¬∃xφ] = min{C[N, s, 0,¬φx
n] | n ∈ N}.

For similar reasons as for S and |•◦≈, we can show that C is a deci-

sion procedure for gnd(π), l |•◦≈ φ.

Theorem 27 gnd(π), l |•◦≈ φ iff C[N, gndN (π), l, φ] = 1 where
N = N(π, φ, l).

Corollary 28 gnd(π), l |•◦≈ φ are decidable. In the propositional
case, the time complexity is O((|π|+ l)l+1 · |φ|l+1).

So far we have established that reasoning in |•◦≈ and |•◦≈ is decidable

for proper+ knowledge bases, and that it is tractable for given effort

in the propositional case.

With these decision procedures for the objective limited semantics,

it is easy to translate BOL’s semantic rules for conditional belief and

only-believing to a decision procedure for limited belief implications

Ol
kΓ |≈ Bl′

k′(φ⇒ ψ) for proper+ Γ = {φ1 ⇒ ψ1, ..., φm ⇒ ψm}.

The steps of the procedure B[N, k, l, k′, l′,Γ, φ, ψ] ∈ {0, 1} are as

follows:

• let s′1, ..., s
′
m+1 be such that

s′p = gndN (
∧

i:p=1 or S[N,s′p−1,k,¬φi]=1 NF[(φi ⊃ ψi)]);

• let p� = max{p ∈ {1, ...,m} | for some i ∈ {1, ...,m},

max{S[N, s′p′ , k,¬φi] | p′ < p} =
max{C[N, s′p′ , l,¬φi] | p′ < p}};

• let (s1, ..., sp� , sp�+1) = (s′1, ..., s
′
p� , s

′
m+1);

• let p∗ = min{p | C[N, l′, sp,¬φ] = 0 or p = p� + 1};

• return S[N, k′, sp∗ , (φ ⊃ ψ)].

Theorem 29 Ol
kΓ |≈ Bl′

k′(φ⇒ ψ) iff B[N, k, l, k′, l′,Γ, φ, ψ] = 1
where N = N(

∧
i NF[(φi ⊃ ψi)], (φ ⊃ ψ),max{k, l, k′, l′}).

Proof sketch. The setups s′1, ..., s
′
m+1 in B correspond to �s ′ in Rule 5

of BOL’s semantics, for it is sufficient to consider only m+ 1 many

setups, since the number of different setups in �s ′ can be shown to be

bounded by m+ 1. Then s′p� is the last sphere that is l
k-plausibility-

consistent wrt Γ, and therefore s1, ..., sp�+1 in B correspond to �s in

Rule 5. Finally p∗ is denotes the approximated plausibility of φ, and

the last line evaluates (φ ⊃ ψ) in that sphere.

Corollary 30 Ol
kΓ |≈ Bl′

k′(φ⇒ ψ) is decidable. For propositional
Γ and φ, the time complexity is
O(m2 ·(‖Γ‖+j)2·(j+1)+m ·(‖Γ‖+j′)j+1 · |(φ ⊃ ψ)|j′+1), where
j = max{k, l}, j′ = max{k′, l′}, and ‖Γ‖ = |∧i(φi ⊃ ψi)|.

Note that the time complexity is exponential only in the effort

parameters. For fixed effort, propositional limited belief is hence

tractable.

6 CONCLUSION

This paper introduces a logic of limited conditional belief. It is shown

that reasoning in proper+ knowledge bases is decidable, and even

tractable in the propositional case. This is achieved by limiting the

effort to be spend on the reasoning task, thereby avoiding logical

omniscience while retaining the first-order expressivity in the query.

Generalizing LLL’s framework of limited reasoning to conditional

belief turned out to be surprisingly complicated. This is chiefly due

to the prominent role of plausibilities in conditional belief.

Semantically a conditional knowledge base can be uniquely repre-

sented by a system of spheres; inference then boils down to model-

checking. However, as it is undecidable in general which system

of spheres corresponds to the knowledge base, in limited reasoning

the best we can do is work with an approximation of the system of

spheres. By approximating the plausibilities of formulas from be-

low and above, we came up with an approximative system whose

first spheres faithfully represent the unlimited spheres, and whose

last sphere conservatively approximates the outermost sphere of the

unlimited system. Given such an approximative system of spheres for

a conditional knowledge base, a limited conditional belief is evalu-

ated by approximating the plausibility of its antecedent from above

to select a sphere, and then applying sound inference in that sphere.

We see several interesting avenues of future work. First and fore-

most, we are currently working on an implementation of the reason-

ing service described here, enriched with functions in the spirit of

[21]. The treatment of functions from [21] seamlessly carries over

to our logic; we skipped it here for simplicity. What makes func-

tions very attractive is, among other things, that they allow to ex-

press existentials in the knowledge base by way of Skolemization.

With that implementation, we plan to explore the practical utility of

limited reasoning (for example, for high-level control in robots) in

general and conditional belief in particular. Then the question will

arise which effort parameters to choose. A simple approach may be

to iteratively increase the effort with a situation-dependent timeout

after which the search procedure is aborted. Even when the expected

result could not be proved within the timeout, the tried effort param-

eters will give the system designer insight about why his program or

robot behaved the way it did.

We also plan to investigate notions of limited belief revision. The

problem with many belief revision operators is that they bring along

exponential growth in the number of iterated revisions. We hope to

alleviate this with a limited revision operator where the revised epis-

temic state is an approximative structure, similar as in limited only-

believing. Such a notion of limited revision could be used to devise

a limited variant of the situation calculus in the style of [20] but ex-

tended to defeasible beliefs and imperfect sensing [35, 36].
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A Temporal-Causal Modelling Approach to Integrated 
Contagion and Network Change in Social Networks  

Romy Blankendaal, Sarah Parinussa and Jan Treur1 
 
Abstract.1 This paper introduces an integrated adaptive temporal-
causal network model for dynamics in networks of social 
interactions addressing contagion between states, and changing 
connections within these social networks by two principles: the 
homophily principle and the more-becomes-more principle. The 
model has been evaluated in three different manners: by simulation 
experiments, by verification based on mathematical analysis, and 
by validation against an empirical data set.  

1 INTRODUCTION 
In today’s world being successful and popular is mostly influenced 
by your social capabilities and how you interact with the people 
you know and work with. These social interactions are heavily 
investigated over the last few decades, in which analysis and 
prediction of the behaviour of humans in social situations plays a 
major role. The area of Social Networks has already a longer 
tradition, starting in the Social Sciences over 40 years ago. More 
recently, it has gradually developed in other disciplines as well; 
see, for example [4, 7, 23]. This development also involves 
computational methods to analyse and simulate networks both 
from the perspective of network structure and of dynamics.  

Two main types of dynamics in relation to networks can be 
distinguished: dynamics within a given network structure (e.g., 
social contagion), and dynamics of a network (evolving networks). 
In the former case the network stays the same, but states (nodes) in 
the network change their level over time. In the latter case the 
network connections change, for example, their weights may 
increase or decrease. An example of this, also used in Section 6, is 
a network of adolescents followed over the years with the 
individuals’ opinions about alcohol drinking as states and their 
friendships as connections. These states and connections both 
change over time. In many cases the two types of dynamics are 
addressed computationally as separate phenomena. This paper will 
address both types of dynamics and their interactions in an 
integrated manner. 

The computational modelling approach used is the Network-
Oriented Modelling approach based on temporal-causal networks 
described in [21, 22]; see also the ECAI’16 tutorial on Network-
Oriented Modelling. This approach is a generic, dynamic AI 
modelling approach based on networks of causal relations but it 
differs from most other causal approaches (e.g., [17]) in that it 
incorporates a continuous time dimension to model dynamics in an 
adaptive manner, both of the states and of the network itself. This 
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temporal dimension enables causal reasoning and simulation for 
cyclic and adaptive causal networks, such as networks for 
connected mental or brain states, or for social interactions, or both. 
The modelling approach can incorporate ingredients that are 
sometimes used in specific types of (continuous time, recurrent) 
neural network models, and ingredients that are often used in 
probabilistic or possibilistic modelling. It is more generic than such 
methods in the sense that a much wider variety of modelling 
elements are provided, enabling the modelling of many types of 
dynamical systems, as described in [21, 22].  

For the dynamics within a network an existing approach to 
social contagion will be adopted. For the dynamics of the network, 
two different principles are considered and integrated, namely the 
homophily principle and the more becomes more principle. The 
main objective of this paper is to explore how combining of these 
three models for social contagion and network evolution can be 
used to analyse and predict human behaviour in social situations. 
The contagion principle indicates that the more a person interacts 
with someone else, the more their opinions or beliefs or emotions 
or other states will converge; e.g., [5]. The homophily principle in a 
sense indicates the converse of this: the similarity of states such as 
opinions or beliefs or emotions of persons affects the strength of 
the connection between them; e.g., [6, 12, 13, 19]. The more 
becomes more principle describes the phenomenon that whenever 
someone is popular (in the sense of the strength of connections), he 
or she will become more popular over time because it is believed 
that this person is worth relating to; e.g., [2, 15]. 

In this paper, in Section 2 the Network-Oriented Modelling 
approach based on temporal-causal modelling networks used is 
briefly described. Section 3 introduces the integrated network 
model, and in Section 4 simulation experiments are discussed. 
Section 5 addresses verification of the model by mathematical 
analysis of equilibria. In Section 6 validation of the model is 
addressed based on empirical data from [8]. Finally, a discussion is 
provided in Section 7. 

2 TEMPORAL-CAUSAL NETWORK MODELS 
Causal modelling, causal reasoning and causal simulation have a 
long tradition in AI; e.g., [10, 11, 17]. One of the challenges has 
been that causal modelling involving cyclic graphs is difficult; 
therefore, many approaches limit themselves to Directed Acyclic 
Graphs (DAG’s). The Network-Oriented Modelling approach 
based on temporal-causal networks described in [21, 22] can be 
viewed as part of this tradition. The computational model presented 
here has been designed using this network modelling approach. It 
is a widely usable generic dynamic AI modelling approach that 
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distinguishes itself by incorporating a dynamic and adaptive 
perspective, both on states and causal relations. This dynamic 
perspective takes the form of an added continuous time dimension, 
enabling modelling of cyclic and adaptive networks, and also of 
timing of causal effects. Due to this, causal reasoning and 
simulation is possible for adaptive networks that inherently contain 
cycles, such as adaptive networks for connected mental or brain 
states, or for social interaction. From the technical point of view, it 
has some ingredients in common with specific types of (continuous 
time, recurrent) neural network models, but is more generic in the 
sense that a much wider variety of modelling elements can be used, 
as will also be shown by the integrated model presented here. In 
[21, 22] a more detailed description of this Network-Oriented 
Modelling approach can be found. 

According to the adopted modelling approach, a model is 
designed at a conceptual level, for example, in the form of a 
graphical conceptual representation or a conceptual matrix 
representation. A graphical conceptual representation displays 
nodes for states and arrows for connections indicating causal 
impacts from one state to another, and includes some additional 
information in the form of: 
� for each connection from a state X to a state Y a connection 

weight �X,Y (for the strength of the impact of X on Y) 
� for each state Y a speed factor �Y (for the timing of the effect of 

the impact) 
� for each state Y the type of combination function cY(..) used (to 

aggregate multiple impacts on a state) 
To choose combination functions, a number of standard options is 
available, varying from linear functions or logistic functions, to 
product or max and min-based functions as often used in 
probabilistic and possibilistic approaches; e.g., [21]. The 
conceptual representation of a model can be transformed in a 
systematic or even automated manner into a numerical 
representation of the model as follows [21]; here the variable t 
indicates a time point; it varies over the real numbers. 

 

From conceptual to numerical representation 
� at each time point t each state Y in the model has a real number 

value (usually in the interval [0, 1]), denoted by Y(t) 
� at each time point t each state X connected to state Y has an 

impact on Y defined as impactX,Y(t) = �X,Y X(t) where �X,Y is 
the weight of the connection from X to Y  

� The aggregated impact of multiple states Xi on Y at t is 
determined using a combination function cY(..): 

aggimpactY(t) = cY(impactX1,Y(t), …, impactXk,Y(t))  
= cY(�X1,YX1(t), …, �Xk,YXk(t)) 

where Xi are the states with connections to state Y 
� The effect of aggimpactY(t) on Y is exerted over time 

gradually, depending on speed factor �Y:  
Y(t+�t) = Y(t) + �Y [aggimpactY(t) - Y(t)] �t 
dY(t)/dt = �Y [aggimpactY(t) - Y(t)]  

� This provides ase difference and differential equation for Y: 
Y(t+�t) = Y(t) + �Y [cY(�X1,YX1(t), …, �Xk,YXk(t)) - Y(t)] �t 
dY(t)/dt = �Y [cY(�X1,YX1(t), …, �Xk,YXk(t)) - Y(t)] 

 

These numerical representations can be used for mathematical and 
computational analysis and simulation. 

In cases in which connection weights �X,Y are dynamic, they 
are also considered as states. This means that in graphical 
conceptual representations connection weights which usually are 
depicted as labels for arrows, can also be handled as nodes: also 
arrows can occur from and to them, as shown, for example in Fig. 

1 and Fig. 2. For numerical representations dynamic connection 
weights also get a time argument: �X,Y(t). So the difference and 
differential equation for a state Y becomes: 

Y(t+�t) = Y(t) + �Y [cY(�X1,Y(t)X1(t), …, �Xk,Y(t)Xk(t)) - Y(t)] �t 
 dY(t)/dt = �Y [cY(�X1,Y(t)X1(t), …, �Xk,Y(t)Xk(t)) - Y(t)] 

Moreover, as they are considered states themselves, to model their 
dynamics, the dynamic connection weights will also be described 
by a difference or differential equation, which also can be based on 
a combination function and speed factor as above, and even on 
weights of connections to or from these connection weights (the 
latter will be assumed to have value 1 here). This will be illustrated 
in detail in next section. 

3 THE COMPUTATIONAL MODEL 
Three different elements will be addressed by the computational 
model: the contagion principle, the homophily principle, and the 
more becomes more principle. 

 

Contagion principle. This principle indicates that levels of states 
of connected nodes affect each other. A most basic form is that 
they are adjusted in a way that they become more equal, which can 
be considered a form of averaging; sometimes this is called 
absorption [5]. Also possible is that the level of one state amplifies 
the level of another state, so that spirals can occur; this is called 
amplification [5]. In the current paper an absorption model is used. 

 

Homophily principle. This principle indicates that the more 
similar (the levels of) the states of two connected nodes are, the 
stronger their connection will become: ‘birds of a feather flock 

together’ [6, 12, 13].  
More becomes more principle. This principle expresses that 
nodes that already have more and stronger connections get more 
and stronger additional connections than nodes with less or weaker 
connections (the rich become more rich and the poor remain poor). 
Analyses have been made showing that applying this principle 
usually leads to scale-free networks [2, 15]. When both the states 
and the connection weights are assumed dynamic, this leads to a 
circular causal relation state    connection. This may cause 
difficulties in explaining by which causes in the past observed 
phenomena in networks have developed. For example, when in a 
network it is found that similar state levels and strong connections 
occur together, due to such a circular causal relation it is difficult to 
tell which type of principle(s) was originally causing this situation; 
see for example: [1, 18, 20, 14]. 

3.1 Dynamics of States: Social Contagion  
In this section, XA denotes the level of state X for member A. This 
state X can be any type of state, either internal or externally 
observable (e.g. an internal state of feeling an emotion, or an 
expressed emotion state, or an (internal) intention, or an action 
performed, or a belief or opinion). The connection weights are 
denoted by �A,B for the connection from A to B. The following 
general model for contagion is used (see [21]): 

dXB /dt  =  �B [ cB(�A1,B XA1, … , �Ak,B XAk) – XB]  
XB(t+�t) =  XB(t) +  

�B [ cB(�A1,B XA1(t), … , �Ak,B XAk(t)) – XB(t)] �t 
For the states XB the model uses the scaled sum combination 
function (also see [5, 21]): 

cB(V1, … , Vk)   = ssum�(V1, … , Vk) = (V1 + … + Vk)/ � 
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with � = �A1,B + … + �Ak,B the sum of the incoming weights for 
state XB. This makes 

cB(�A1,B XA1(t), … , �Ak,B XAk(t)) =  
(�A1,B XA1(t) + … + �Ak,B XAk(t))/(�A1,B + … + �Ak,B) 

This is the weighted average of the state levels XA1(t), … , XAk(t) 
with weights proportional to �A1,B , … , �Ak,B, respectively. Using 
this combination function for the aggregated impact on state XB, 
the differential and difference equation are 
dXB /dt  =  �B [(�A1,B XA) +… + �Ak,B XAk)/(�A1,B + … + �Ak,B) – XB]   
XB(t+�t) =  XB(t) +   
�B [(�A1,B XA1(t) + … + �Ak,B XAk(t))/(�A1,B + … + �Ak,B) – XB(t)] �t 

3.2  Dynamics of Connections: Homophily  
The network characteristics are specified by the connection 
strengths �A,B. A first question to be answered is how these 
connection strengths are changing, and, in particular, the other 
states affecting them have to be identified. By the homophily 
principle the connection strengths �A,B are affected by the 
activation levels of the connected states of A and B. Such a 
dependency is depicted in fig. 1. Note that by adding these effects 
on the connection strengths cyclic relationships occur; for example 
see Figure 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
A next step is to determine how exactly the connection strengths 
are affected by the activation levels. This is needed to obtain a 
dynamic equation for �A,B. For the current model the dynamic 
connection weights �A,B are assumed to change over time based on 
a principle similar to the one from [16]: the closer the activation 
levels of the states, the stronger the mutual connections between 
the members will become, and the higher the difference between 
the activation levels, the weaker they will become. In other words: 
activation levels close to each other imply a strong upward change 
in �A,B, and activation levels far apart imply a downward change of 
�A,B. This is how the homophily principle works: the more you are 
alike, the more you like (each other); the inspiration for the model 
below was obtained from [6, 12, 13, 19].  

As an example of this principle in practical use, if you wonder 
whether there is a chance to become connected with somebody, 
you might consider whether you often like and agree on the same 
things. It can often be observed that persons that have close 
relationships or friendships are alike in some respects; e.g. they go 
to the same clubs, take the same drinks, have the same opinions, 
vote for the same or similar parties. Such observations might be 
considered support for the homophily principle: in the past they 
were attracted to each other due to being alike. However, also a 
different explanation is possible: they were often together and due 

to that they affected each other’s states by social contagion, and 

therefore they became alike. So, the cyclic relation between XB and  
�A,B as mentioned above leads to two possible causal explanations 
of a state of being alike and a state of being connected: 

being connected �  being alike 
being alike  �  being connected 

Such circular causal relations make it difficult to determine what 
came first. It may be a state just emerging from a cyclic process 
without a single cause. For more discussion on this issue, for 
example, see [1, 14, 18, 20]. 

The homophily principle may be formalised using a 
combination function cA,B(V1, V2, W) and speed factor �A,B  
according to the following general format (where connections to 
connection weights themselves are assumed to have weight 1): 
�A,B(t+�t)= �A,B(t) + �A,B [cA,B(XA(t), XB(t), �A,B(t)) - �A,B(t)] �t       
d�A,B/ dt = �A,B [cA,B(XA, XB,�A,B) - �A,B] 

Here it is assumed that the values of �A,B  stay within the interval 
[0, 1] and in particular the conditions 

cA,B(V1, V2, 0) � 0 and  cA,B(V1, V2,1) 	 1  
are fulfilled. The combination function cA,B(...) is assumed to 
depend on the one hand on W and on the other hand on the 
difference |V1 – V2| (which is always between 0 and 1) in such a 
way that lower values of |V1 – V2| relate to higher values of  cA,B(V1, 
V2, W), and higher values of |V1 – V2| relate to lower values of  
cA,B(V1, V2, W) : the higher |V1 – V2|, the lower cA,B(V1, V2, W) 
and in particular:   

| V1 – V2| = 1   
  �A,B  decreasing    
  d�A,B(t)/ dt  	 0    

    cA,B(V1, V2, W) 	 W  
| V1 – V2| = 0    
  �A,B  increasing  
  d�A,B(t)/ dt  � 0   
 
    cA,B(V1, V2, W) � W 

Furthermore, it is assumed that cA,B(V1, V2, W) only depends on the 
difference |V1 – V2| and not on the values of V1 and V2 themselves. 
Then as a simplification in notation the combination function 
cA,B(...) can be expressed as a function hA,B(D, W)  of D = |V1 – V2| 
and W: cA,B(V1, V2, W) = hA,B(D, W). As discussed above, the 
function hA,B is assumed to be monotonically decreasing in D: 

D1 	 D2   
 hA,B(D1, W) � hA,B(D2,W) 
D  = 1    
   hA,B(D, W) 	 W      
D  = 0   
   hA,B(D, W) � W 

Moreover, 
hA,B(D, 0) � 0  and  hA,B(D, 1) 	 1  

Somewhere between low values of D = |V1 – V2| (with hA,B(D, W) � 
W) and high values of D (with hA,B(D, W) 	 W) a value for D is 
assumed for which hA,B(D, W) = W. This is called the homophily 
threshold value, indicated by �homophily or by �A,B; so 

hA,B(D, W) � W  when  D 	 �A,B 
hA,B(D, W) = W  when  D = �A,B 
hA,B(D, W) 	 W  when  D � �A,B 

So, for this threshold value �A,B it holds: 
� an upward change of connection weight �A,B occurs  

when |V1 – V2| < �A,B  
� no change of connection weight �A,B occurs  

when |V1 – V2| = �A,B  
� a downward change of connection weight �A,B occurs  

when |V1 – V2| > �A,B  
A simple example of a continuous function hA,B(D, W) satisfying the 
above conditions for a given value of W is obtained when the 
threshold value �A,B is assumed to be a fixed value and then use a 
simple decreasing linear function in D through the point with 
coordinates (�A,B, W) (i.e., through the point with D = �A,B  and 
hA,B(D, W) =  W): 

 

�  

 

�  

�  

�  

   

 XA 
 XB 

     

  XC 

    

  XD 

Figure 1.  Conceptual representation: homophily principle 
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hA,B(D, W) = W + � (�A,B - D)  
for some �, that still can be chosen. To fulfil the conditions 

hA,B(D, 0) � 0 and  hA,B(D, 1) 	 1  
which prevent the weight value �A,B  go outside the interval [0, 1], � 
can be chosen as a function �(W) of W which can suppress the term 
�A,B - D when W comes closer to 0 or 1:  

hA,B(D, W) =  W + �(W) (�A,B - D)  
When this function �(W) is assumed to be always � 0  and close to 0 
when W is close to 0 or 1, then this can keep the value of �A,B 
within the interval [0, 1]. This can be satisfied by the function  

�(W) = W (1-W)  
which is 0 for W = 0 and for W = 1, and positive between these 
values with a maximum 0.25 for W = 0.5. This makes that � is 
changing slowly in the neighbourhood of 0 or 1, thus achieving 
that � does not cross these boundaries. Then the following example 
function fulfilling the above conditions is obtained: 

hA,B(D, W) = W + W (1-W) (�A,B - D)  
For the combination function cA,B(V1, V2, W) the above choice for  
hA,B(D, W) translates into: 

cA,B(V1, V2, W) = W + W (1- W) (�A,B - | V1 – V2|)  
Using this combination function, the dynamic relations for �A,B 
are: 
d�A,B/ dt = �A,B �A,B(1 - �A,B) (�A,B - |XA - XB| )  
�A,B(t+�t) = �A,B(t) + 

    �A,B  �A,B(t)(1 - �A,B(t)) (�A,B - |XA(t) - XB(t)| ) �t     
Note that in the example experiments discussed below one and the 
same homophily threshold value �homophily has been used for all 
connections. 

3.3   Dynamics of Connections: More Becomes More  
Another type of model for a dynamic connection from a member B 
to A takes into account to which extent other member’s C connect 
to member A. The idea behind this is that somebody who is very 
popular seems worth connecting to. This is called the ‘more 

becomes more’ principle. For example, if B is followed by many 
others C on Twitter, then B seems to be interesting to follow for A 
as well. As the connections of others to B may change over time, 
this will imply that also A will have a dynamic connection to B, 
and in turn this connection will affect the connection of others to B 
over time as well. This can be modelled taking into account the 
weights �Ci,B for i = 1,.., k of all connections from others Ci to B as 
follows. The inspiration for this model was obtained from [2, 15]. 
For a conceptual representation, see Fig. 2.  
 
 
 
 
 
 
 
 
 
 
 

  
 
From this the following numerical representation is obtained: 
        d�A,B /dt  = �A,B[cA,B(�C1,B .., �Ck,B) - �A,B] 
       �A,B(t+�t) =  �A,B(t) + �A,B[cA,B(�C1,B(t),  ..., �Ck, B(t)) - �A,B(t)] 

Here cA,B(…)  is a combination function for the values �C1,B, …, 

�Ck,B, for example, a logistic sum function, or a scaled sum 
function. The latter is chosen here with as scale factor the number k 
of other members involved: 
cA,B(�C1,B .., �Ck,B) = ssumk(�C1,B, .., �Ck,B) = (�C1,B + .. + �Ck,B)/k 
Note that in a network modelling the adaptation of connection 
weights the direction of this influence is not automatically the 
direction involving social contagion; this will depend on the 
application considered. For example, a network modelling a 
connection from A to B when A is following B on Twitter will not 
play a role in social contagion from A to B. For social contagion 
the opposite network plays a role where a connection from A to B 
occurs when A is followed by B, which is not initiated by A but by 
B: on Twitter and most other social media you cannot appoint your 
own followers. In other cases, it may be different. For example, if 
A wants to announce an event or new product, he or she can choose 
an occasion where many others will see the message, for example, 
posting it on a suitable forum; in such a case both the initiation and 
the social contagion are directed from A to the others. For the sake 
of simplicity, the latter is assumed here. 

3.4 Integration of the Different Models 
Within the integrated model the connection weights are affected by 
both the homophily principle and the more becomes more 
principle. These two effects have to be integrated. To achieve this a 
combination function is used that combines both the combination 
function for the homophily principle and for the more becomes 
more principle. Recall that the combination function for ωA,B based 
on the homophily principle is:  
chomo,�A,B(XA, XB, ωA,B)= ωA,B + ωA,B (1- ωA,B)*( τA,B -  |XA  - XB| )  
For the more becomes more principle the combination function for 
ωA,B is: 

cmore,�A,B(�C1,B, .. , �Ck,B) = (�C1,B + .. + �Ck,B)/k 
In order incorporate the influence of the separate models into the 
combined model, a parameter α between 0 and 1 is introduced and 
then for the integrated combination function c�A,B(…) the weighted 

average is chosen of the two separate combination functions: 
c�A,B(XA, XB, ωA,B, �C1,B, .. , �Ck,B) = α * chomo,�A,B(XA, XB, ωA,B) +  

     (1-α) * cmore,�A,B(�C1,B, .. , �Ck,B)  
This is used as aggregated impact in the following difference for 
weight �A,B:  
�A,B(t+�t) =  �A,B(t) +  
       ��A,B [c�A,B(XA(t), XB(t), ωA,B(t), �C1,B(t), .. , �Ck,B(t)) - �A,B(t)] 
Parameter  is called the homophily influence fraction. When α is 

close to 1, the homophily model is dominating, and when α is close 

to 0, the more becomes more model dominates. When α is 0.5, both 
models have equal influence on the new weight value.  

4 SIMULATION EXPERIMENTS 
The model described above can be used to make predictions about 
emergent properties of dynamic social networks. To examine this, 
some questions concerning emerging properties were formulated 
and these were tested by simulation experiments. Due to the 
contagion principle it may be expected that the state levels of the 
nodes connected in a social network to become more alike and due 
to the homophily principle and the more becomes more principle 
their connections will change over time. Via the more becomes 
more principle it may be expected that the nodes that are connected 
to nodes that have the most and stronger connections will keep 

     
      X  
 

XB 
 

    
  X  

   
     XA 
 

�  

�  

�  

Figure 2.  Conceptual representation: more becomes more principle 
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those connections and they will become stronger. The homophily 
principle also changes the connections depending on the levels of 
the nodes. An example social network has been designed to see 
what the outcome is for these questions in a case study. The 
network contains 14 nodes and consists of two groups that each are 
strongly interconnected and have only a few (bridge) connections 
between members of different groups; see Fig. 3. These could, for 
example, be two groups of friends of different high schools that 
have a few connections between them due to four members that 
went to the same primary school. The assumed connection weights 
are shown in the connection matrix in Table 1.  

So, will the integrated model change the levels of the states in 
each of the groups in such a way that they will converge to the 
same value for this group, depending on the popular nodes and the 
amount and strength of the connections? Or will the levels of all 
nodes converge to one and the same value for both groups?  
Besides that, due to the homophily principle, will the bridge 
connections between the two separate groups become weaker as 
their states are too different, or will they become stronger due to 
the more become more principle and due to the levels in the groups 
becoming more similar? Many types of emerging dynamic patterns 
may occur, and it is not so easy to predict them at forehand. 

In the example about the high school friend groups, by the 
homophily principle the bridge connections could disappear when 
the persons in first group all play basketball and the people in the 
other friend group don’t like basketball. However, when both 
groups like basketball, it is quite likely that the connections 
between the two groups will become stronger. And the more 
becomes more principle may still have a stronger effect to increase 
the bridge connections. 

 
Table 1.  Initial weights of the connections in the example network

 

4.1 Analysis of the Example Social Network 
Gephi version 0.8.2. [3] has been used to analyse the example 
social network, which is shown in Figure 3. It consists of 14 nodes 
or nodes and 39 edges. The average degree is 2.786 with a highest 
in-degree of 6, which means that there is one node who has 6 
connections directed towards him/her; this is node D. As can be 
seen from Fig. 3, the most ‘popular’ nodes in the network are 

nodes D, E, I and L, these are the biggest and the size here 
indicates the number of connections for nodes. Node E has the 
highest betweenness centrality of 80.167, after which node D 
follows with 72.5, node L with 41 and node I with 38.167. The 
highest values for the between-ness centrality are most likely the 
popular members and have the most influence on the rest of the 
connecting nodes. The number of communities is 3 and the 
modularity is 0.369. The example network was designed as having 
2 communities with a few nodes that also had bridge connections 
with the other community: nodes E, H, I, L, N. 

 
Figure 3.  The example social network with nodes (circles) and edges 

(arrows with direction) 

This group is also considered a community, probably since the 
modularity is 0.369 and the communities used here are small. For 
the two simulation experiments discussed here the parameter 
settings and initial values used are shown in Tables 1 to 3. 
Simulations were done in Matlab 2014v [4]. 

 
Table 2.  Parameters used for the simulation experiments 

 

4.2 Simulation Results for Experiment 1 
The first experiment addresses the case that the initial levels in the 
two groups do not differ much: the two groups have preferences 
about sports that match. The values of the levels of all nodes in the 
social network vary between 0.3 and 0.8. Because the levels are not 
so different, it may be expected that the bridge connections 
between the two groups (involving nodes E, H, I, L and N) will 
become stronger and the levels of all the nodes converge to the 
same value. Fig. 4 depicts the change of the levels of the nodes 
over time. The levels start at different initial values ranging from 
0.3 to 0.8, as can be seen in Table 3. The graph shows that indeed 
all levels converge into one value, around 0.53. 

 Table 3.  Initial values of the levels of the nodes 

  

 
Figure 4.  Experiment 1: changing levels of the states 

In Fig. 5 the weights of the bridge connections between the two 
groups are shown which are expected to develop higher values. 
This is indeed the case; eventually they all converge to 1. This 

Parameter α ηweights ηstates τhomophily time 
Value 0.5 0.2 0.2 0.05 100 

Node A B C D E F G H I J K L M N 
Experiment 1 0.4 0.6 0.3 0.7 0.5 0.6 0.4 0.8 0.5 0.3 0.6 0.6 0.7 0.4 
Experiment 2 0.8 0.6 0.7 0.9 0.7 0.5 0.6 0.8 0.2 0.4 0.1 0.3 0.4 0.2 
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happens because after time point 20 all levels differ less than 0.05, 
so both the homophily principle and the more becomes more 
principle have an increasing effect. 

 
Figure 5.  Experiment 1: changing bridge connection weights (between the 

nodes E, H, I, L and N) 

4.3 Simulation Results for Experiment 2 
In the second Experiment 1: changing bridge connection weights  
simulation experiment the two groups have their own opinion 
about sports. The first group, consisting of nodes A, B, C, D, E, F, 
G, H, considers basketball a really nice sport, therefore the initial 
levels of their states are high (values between 0.5 and 0.9). The 
second group, consisting of nodes I, J, K, L, M, N, have low initial 
levels as they do not like basketball (values between 0.1 and 0.4). 
One question was whether in some cases the bridge connections 
between nodes E, H, I and L will vanish over time due to the effect 
of homophily. Fig. 6 depicts the change of the levels of the nodes 
over time. As can be seen from the plot, the levels in both groups 
start of from the different initial values. Group 1 consists of the 
lines in the graph that start from 0.5 to 0.9 and group two consists 
of the lines starting below ranging from 0.1 to 0.4. The graph 
shows two things. First, there is an effect of increased clustering 
within each group (most in Group 2), but later the values of these 
clusters still converge to one value, around 0.53.  
 

 
Figure 6.  Experiment 2: changing levels of the states 

So, in the longer term the bridge connections still make that one 
value is reached, which indicates that the bridge connections do not 
vanish. In Fig. 7 the weights of the bridge connections between the 
two groups are shown. A question was whether they would 
decrease to close to 0, due to the homophily principle. As can be 
seen from the plot, this is not the case. The connections between 
these nodes stay quite high and they are becoming higher over 
time. This can be explained by the more becomes more principle as 
follows. Note that Fig. 3 shows that the bridge connections all 

involve quite popular nodes. Therefore, the more becomes more 
principle makes these connections stronger instead of weaker, as 
would the homophily principle do. Apparently the more becomes 
more principle dominates in this case, and makes that effects of the 
homophily principle do not emerge. When after some time the 
differences between the levels become less than the homophily 
threshold �homophily = 0.05, even the homophily principle starts to 
contribute to the increase of the connection weights. 

 

 
Figure 7.  Experiment 2: changing bridge connection weights (between the 

nodes E, H, I, L and N) 

5 VERIFICATION BY MATHEMATICAL 
ANALYSIS 

This section presents some of the results of a mathematical analysis 
for the model. These results agree with the example simulations 
that have been performed, some of which are shown in Section 4. 
This provides verification of the model. First, a variable V 
indicating a state or connection weight is called stationary at t if 
dV(t)/dt = 0, it is increasing at t when dV(t)/dt > 0 and decreasing 
at t when dV(t)/dt < 0. For a connection weight �A,B being 
stationary means d�A,B(t) /dt = 0; this is equivalent to: 

α chomo,�A,B(XA(t), XB(t), ωA,B(t)) + 
(1-α) cmore,�A,B(�C1,B(t), .. , �Ck,B(t)) = �A,B(t) 

which is modelled as 
 α (�A,B(t) + �A,B(t) (1 - �A,B(t)) (�A,B - |XA(t) - XB(t)|)) + 
(1-α)  (�C1,B(t) + .. + �Ck,B(t))/k  = �A,B(t) 

Similarly for states XA. An equilibrium is when all states and 
connections are stationary at t. By rewriting the above formulae the 
following criteria can be derived for �A,B being stationary, 
increasing, and decreasing at time t. 
 

Proposition 1 (Criteria for stationary, increasing, decreasing) 
Stationary at t: 

α �A,B(t) (1 - �A,B(t)) (�A,B - |XA(t) - XB|(t)) + 
(1-α) [ (�C1,B(t) + .. + �Ck,B(t))/k  - �A,B (t)] = 0 

Increasing at t: 
α  �A,B(t) (1 - �A,B(t)) (�A,B - |XA(t) - XB(t)|) + 
(1-α) * [ (�C1,B(t) + .. + �Ck,B(t))/k  - �A,B(t) ] > 0 

Decreasing at t: 
α �A,B(t) (1 - �A,B(t)) (�A,B - |XA(t) - XB(t)|) + 
(1-α) * [ (�C1,B(t) + .. + �Ck,B(t))/k  - �A,B(t) ] < 0 

 
Next, an equilibrium analysis will be made for the cases when 
0<<1. Later, in Proposition 4 the special case  = 0 (more 
becomes more) will be addressed and in Proposition 5 the case  = 
1 (homophily). An equilibrium state can be considered for a 
connection weight �A,B for the three cases �A,B = 0, �A,B = 1 or 0 < 
�A,B < 1.  
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Proposition 2 (Equilibrium) Let values XA and �A,B  for all A and 
B for an equilibrium state be given. Then for all A and B the 
following hold: 
(a) If �A,B = 0 and <1, then �C,B = 0 for all C connected to B 
(b) If �A,B = 1 and <1, then �C,B = 1 for all C connected to B  
(c) If 0 < �A,B < 1, and >0 then  

|XA - XB| =  
        �A,B + (1/ -1) * [ (�C1,B + .. + �Ck,B)/k  - �A,B ]/[�A,B(1 - �A,B)] 
 

Proof (a) From �A,B = 0 and <1 it follows that (�C1,B + .. + 
�Ck,B)/k  = 0, and since 0 ≤ �C,B ≤ 1 for all C this entails �C,B = 0 
for all C 
(b) Similar to (a) 
(c) This follows from: 
α * �A,B(1 - �A,B) (�A,B - |XA - XB|) = 

-(1-α) * [ (�C1,B + .. + �Ck,B)/k  - �A,B ]  
 �A,B - |XA - XB| = 
-(1-α) * [ (�C1,B + .. + �Ck,B)/k  - �A,B ]/[ α �A,B(1 - �A,B)] 
 |XA - XB| = �A,B 
+ (1/ -1) * [ (�C1,B + .. + �Ck,B)/k  - �A,B ]/[�A,B(1 - �A,B)]       ■ 
 
More specifically, for an equilibrium in which all values XA are the 
same the following is found. 
 
Proposition 3 (Equilibrium with equal state values) Assume 
0<<1. Let for an equilibrium state values XA and �A,B  for all A 
and B be given, such that XA = XB for all A and B. Then for each B 
the equilibrium values �C,B  for all C either are all equal to 0 or 
are all equal to 1: 

�C,B  = 0 for all C or �C,B  = 1 for all C 
Moreover, all connection weights �A,B > 0 are attracted to the 
equilibrium value �A,B = 1, and not to the value �A,B = 0. 
 

Proof  From XA = XB it follows that  
�A,B(1 - �A,B) (�A,B - |XA - XB|) = �A,B(1 - �A,B) �A,B ≥ 0 

 
Take the smallest �A,B for B. Then 

(�C1,B + .. + �Ck,B)/k  - �A,B  ≥ 0 
 
Therefore since their sum is 0, both �A,B(1 - �A,B) �A,B and (�C1,B + 
.. + �Ck,B)/k  - �A,B  are 0: 

�A,B (1 - �A,B) = 0, which is equivalent to �A,B = 0 or �A,B = 1 
(�C1,B + .. + �Ck,B)/k  = �A,B   

 
By Proposition 2 if �A,B = 0, then all �C,B = 0, and if �A,B = 1, then 
all �C,B = 1. So, either �C,B = 0 for all C or �C,B = 1 for all C. 
The case �C,B = 0 for all C is not attracting: if for one of the �C,B > 
0 and �C,B < 1, then (�C1,B + .. + �Ck,B)/k  - �A,B  ≥ 0 and �A,B(1 - 
�A,B) �A,B > 0, so it is increasing. 
 
Some special cases have been excluded in parts of the above 
analysis:  = 0 or  = 1. When  = 0 the model describes only the  
more becomes more principle. Then the equilibrium equations are: 

cmore,�A,B(�C1,B, .. , �Ck,B)  = �A,B 
(�C1,B + .. + �Ck,B)/k  = �A,B 

For this case the following can be found.  
 
Proposition 4 (More becomes more:  = 0). Assume  = 0 and let 
equilibrium values �C,B be given. Then for all C and D the 
equilibrium values �C,B and �D,B are equal: �C,B = �D,B.  
 

Proof Take the A such that �A,B is the lowest from the �C,B. Then 
from 

(�C1,B + .. + �Ck,B)/k  = �A,B 
it follows 

(�C1,B + .. + �Ck,B)  - k �A,B = 0 
(�C1,B - �A,B) + .. + (�Ck,B - �A,B)  = 0 

where each term �Ci,B - �A,B ≥ 0. Therefore �Ci,B = �A,B  for all i.  ■ 
 
Next, consider  = 1, a model for only the homophily principle. 
Then the equilibrium equation becomes 

chomo,�A,B(XA, XB, ωA,B) = �A,B 
�A,B + �A,B(1 - �A,B) (�A,B - |XA - XB|) = �A,B 
�A,B(1 - �A,B) (�A,B - |XA - XB|) = 0 

 
The solutions of this equation are: 

�A,B = 0 or �A,B = 1 or |XA - XB| = �A,B 

 
Proposition 5 (Homophily:  = 1). Assume  = 1 and let 
equilibrium values �A,B be given. Then for all A and B it holds 

�A,B = 0   or   �A,B = 1   or   |XA - XB| = �A,B 

6 VALIDATION FOR REAL WORLD DATA 
For validation, data have been used from [8] for a large network of 
adolescents at three time points in subsequent years at which 
measurements have been done about how the state or opinion about 
alcohol drinking is and how their friendships are. In total, there 
were 160 participants, but only 129 were present at all three 
measurements. For the network structure, the participants were 
asked to name a maximum of six friends. They were also asked 
about their behaviour, for example, about their alcohol drinking 
behaviour, whether they were using drugs and their smoking 
behaviour. The following data files from the collection were used: 
 

Friendship 1:  About the relationships between subjects at time point 1 
Friendship 2:  About the relationships between subjects at time point 2 
Friendship 3:  About the relationships between subjects at time point 3 
Alcohol:  The alcohol drinking behaviour of every subject  
 at the 3 time points 
 

The model uses continuous values between 0 and 1. Therefore, the 
data points from the dataset were transformed into values that are 
comparable with data that will be predicted by the model. The 
score ‘best friend’ has been mapped on value 0.9, ‘just a friend’ on 

0.5 and ‘no relation’ on 0.1. The values are chosen in this way 

partly because the function used to determine the next value of a 
connection weight � contains the factor ω(1-ω). That means that 

when ω is exactly 0 or 1, no change can occur. By using the above 

values, this will not be a problem. 
In order to compare the empirical data with the model data 

used in this project, simulations were performed for 20 times steps. 
At t = 0 the initial values were taken from the first time point of the 
empirical data, in this way giving the model the same starting 
position as the empirical data. Then the simulated values at time 
point 10 and at time point 20 were compared to the second and 
third time point of the empirical data. To compare the simulated 
data to the empirical data the parameters have been tuned to this 
specific network by Simulated Annealing (e.g., [9]); For the 
Simulated Annealing as an error function, the sum of squares of 
deviations between simulated model values and empirical values 
has been used, in order to get a minimal error. The parameters used 
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Figure 8. Simulated annealing: pattern of average of squares of deviations 
between empirical data and simulated data 

Figure 9. Two examples of the dynamics of connection weights in the 
model in comparison to the empirical values 

and their ranges are shown in Table 4. It was found out that the 
speed factors ηweights and ηstates should not be too high for proper 
functioning of the model. 

As mentioned, the Glasgow data [8] was collected for three 
time points in subsequent years. There are cases that at the first 
time point there was no reported relation between two subjects, but 
at time point 3 there was. However, this is not taken into account 
by the model used here. The model does not create new 
connections. An alternative option could be to assume by default a 
very low weight initially, but that option has not been chosen. 
Therefore, a selection of the Glasgow data was made: relations 
between two subjects who did not yet have a relation during the 
initial time point, have been ignored. By applying the Simulated 
Annealing parameter estimation method to the empirical data and 
the model data, the parameter values shown in the rightmost 
column in Table 4 were identified. 

 
Table 4.  Parameters, their ranges and the identified values 
Parameter Notation Interval Value 
Update speed factor for states ηweights [0, 0.55] 0.2811 
Update speed factor for connections ηstates [0, 0.25] 0.2065 
Fraction of homophily influence  [0, 1] 0.2556 
Threshold for homophily principle �homophily [0, 1] 0.1945 

 
The pattern for the error, defined as the average of the squares 

of the deviations between the empirical data and simulated data, is 
shown in Fig. 8. The lowest value is 0.0035; the square root of this 
value is 0.0592. Considered as a measure for deviations within the 
[0, 1] interval where the values of connections and states vary, this 
means an average deviation of 6%, which is not bad as an 
approximation; this provides a positive validation result. 
 

 
 
 
 
 
 

 
 

 
 
 
 

 
In Fig. 9 for just two typical examples of connection weights it 

is shown how the dynamics of the model compares to the empirical 
values. Note that in Fig. 9 the (isolated) empirical values have been 
displayed with connecting lines between them; however, there is 
no linear relation, they are just measurements at different time 
points. Note that due to the discrete scores in the empirical data, 
real values can only be 0.1, 0.5 or 0.9. Here the real value of 
weight 1 stays 0.9 all the time, whereas the value of the model 
changes a bit, but deviates at most 0.02. The real value of weight 2 
first stays 0.9 but then changes from 0.9 to 0.5 between the second 
and third time point. The value of the model also decreases, with 
deviations between 0.1 and 0.2.  

Note that the identified value of the homophily influence 
fraction parameter  was around 0.25. This can be interpreted in 

the sense that according to the model in this network the evolution 
of relations is determined for about 25% by the homophily 
principle based on similarity in alcohol drinking, and for about 
75% by the more becomes more principle. 
 

 
 

 
 
 

 
 
 
 
 
 

 
 

7 DISCUSSION 
The computational model for dynamics in social networks 
introduced in this paper was designed by integrating three models 
for the dynamics of states and relations of persons in a social 
network, addressing the contagion principle [5], the homophily 
principle [6, 12, 13, 19] and the more-becomes-more principle [2, 
15], respectively. The model relates to and differs from existing 
work as follows. The first two models were adopted as variations 
on existing models from [5, 19], and the third model and the 
integration of the three models are new, as far as the authors know.  

The integrated model was evaluated in three different manners: 
by various simulation experiments, by verification based on 
mathematical analysis, and by validation against an empirical data 
set. By all three methods a positive evaluation was found. The 
simulation results were as expected or at least were well 
explainable, the verification showed that the model provides the 
outcomes as predicted by the mathematical analysis, and the 
validation provided outcomes of the model with deviations from 
the empirical data within a 6% range of the [0, 1] interval. As part 
of the validation it was found that for the considered network of 
adolescents [8], according to the tuned model the dynamics of 
connections was determined by the homophily principle based on 
similarity in alcohol drinking for about 25%, and by the more 
becomes more principle for about 75%.  

For future research variations of the model can be analysed. For 
example, for the homophily sub-model, as an alternative a 
quadratic variant as introduced in [19] can be used. Moreover, 
homophily with respect to multiple states can be explored, for 
example, not only similarities for drinking alcohol but also for 
smoking and sports behaviour. Also alternatives for the more 
becomes more and social contagion sub-models can be analysed, 
for example by choosing other combination functions from the 
collection of possible combination functions shown in [21].  

Finally, validation can be performed for more empirical data on 
social networks and their dynamics over time. However, often data 
sets for social networks only provide data for one point in time and 
only about the connections. It is not easy to find data sets that 
include data about connections over time and in addition also data 
about states of the members of the network over time. In this sense 
the Glasgow data set [8] used here is very valuable and has a rather 
unique position. 
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Exact Particle Filter Modularization
Improves Runtime Performance

Padraic D. Edgington1 and Anthony S. Maida2

Abstract. Bayesian filters provide a robust and powerful technique

for integrating noisy information in dynamic environments. How-

ever, the computational cost of the filtering algorithm depends on the

size of the problem, and an effective solution may be constrained by

execution time. This paper applies basic concepts of clustering and

message passing to particle filters making them substantially faster

to compute, while still maintaining the original accuracy. An exam-

ple from vehicle state estimation is provided to illustrate how to im-

plement the technique. Our results indicate that modularization can

produce a speed up of over 28 times even on this small problem.

1 Introduction

Bayesian filters, such as the Kalman filter, offer a robust method for

addressing problems that can be modeled with a dynamic Bayesian

network where we are only interested in the current state [7, 8, 12,

23, 22, 9, 5, 6]. These types of problems tend to have sensors that

provide noisy observations about the state of a dynamic environ-

ment. In general, the goal is to continuously monitor the state of a

set of variables, which are indirectly related to the sensor measure-

ments. However, the computational cost of the filtering algorithm is

dependent on the size of the problem and an effective solution may

be constrained by execution time. This paper introduces a new tech-

nique which reorganizes a Bayesian filter into a set of modules. Each

module addresses a conditionally independent subset of the original

state variables. Each module uses a single Bayesian filter to process

its set of state variables and passes the results to any neighboring

modules to distribute the sensor information throughout the network.

The primary benefit of this modularization lies in reducing the exe-

cution time by reducing the size of individual problems. Specifically,

it reduces the problem of supralinear growth in time complexity as

a function of problem size. This also has the side effect of requiring

less memory to represent the smaller problems.

While Bayesian filters provide effective solutions for dynamic

Bayesian networks (DBNs) with continuous variables, there are sev-

eral other areas of research that are closely related [14]. Three

examples are dynamic Bayesian networks with discrete variables,

hidden Markov models (HMMs) and Bayesian networks. Dynamic

Bayesian networks with discrete variables generally use different

techniques than if they only had continuous variables, instead em-

phasizing building and parsing tables of conditional probabilities.

Hidden Markov models focus on a frequentist view of probability

rather than a causal model with noise. Bayesian networks are gen-

erally simpler forms of dynamic Bayesian networks: they generally

1 University of Connecticut, email: padraic@engr.uconn.edu
2 University of Louisiana at Lafayette, email: maida@cacs.louisiana.edu

have discrete variables, and their environment does not change as

time elapses.

Each of these areas of research are sufficiently similar mathemat-

ically that they have enjoyed fertile cross-pollination in recent years.

Many popular techniques are derived from Pearl’s [19] algorithms

for exact computation in Bayesian networks. Loopy belief propa-

gation (LBP) takes Pearl’s belief propagation algorithm for singly

connected networks and applies it to densely connected networks for

both Bayesian networks and dynamic Bayesian networks [16, 15].

Other techniques, such as the Boyen-Koller (B-K) method [2, 3] have

found their way from dynamic Bayesian networks to Bayesian net-

works and Hidden Markov models. Particle filters have been pro-

posed under many names as solutions to many types problems and

have been adopted into even more [22, 4, 5, 14, 17, 6].

The work solving these types of problems has fallen into two cate-

gories: exact inference methods and approximate inference methods.

Pearl’s [19] original work fell into the category of exact methods and

some research has since been performed to improve upon those al-

gorithms [11, 20, 24]. However, the majority of the research that has

been done since then—the B-K method [2, 3], loopy belief propaga-

tion [16, 15], the factored frontier algorithm [15], assumed density

filtering [13], thin junction tree filtering [18] and particle filtering

[22, 4, 5, 14, 17, 6]—has focused on approximate inference.

Several approaches have been developed for improving the exe-

cution time of inference in Bayesian networks [19, 11, 24]. While

none of those methods are directly applicable to Bayesian filters,

the concepts of clustering from poly-tree methods ([11, 19] see also

[1, 10, 21]) as well as using message-passing to perform local com-

putations [19] can be applied to this problem as well. Thus, we will

be creating statistically independent clusters that can interact with

each other.

Many of these algorithms explore similar concepts—primarily

clustering and message passing—and the present work is no differ-

ent. Modularization fundamentally breaks a filtering problem into a

series of independent clusters and passes information between them.

Thus, modularization brings the clustering concepts popular in tra-

ditional inference algorithms and Pearl’s message passing concepts

to filtering. This paper focuses on replicating the results of a particle

filter without adding any approximation. At the end, we will see how

the modularized version of the algorithm compares to a traditional

particle filter with the same parameters.

2 Modularizing Dynamic Bayesian Networks

This paper applies our modularization technique to particle filters.

The modularization focuses on taking an existing dynamic Bayesian

network (DBN) (e.g. Figure 1) and decomposing it into smaller mod-
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ules that are easier to solve than the original problem (e.g. Figure 2).

By modularized, we mean that the nodes representing model state

variables that compose a Markovian dynamic Bayesian network are

partitioned into subsets or clusters each forming an independent fil-

ter. Nodes in each cluster are generally correlated with each other,

but are independent of nodes in other clusters. This makes it possible

to assign a separate Bayesian filter to each cluster. Compared with a

monolithic filter, module filters are smaller and can be targeted to the

dynamics of each particular cluster. By exact, we mean that the mod-

ularized Bayesian network—with collective lower run time overhead

across the modularized filters—preserves the accuracy of the origi-

nal solution that used a monolithic filter for the entire network. In this

work, we will use Bayesian filters to refer to the entire class of filter-

ing algorithms, such as Kalman filters and extended Kalman filters

(collectively termed Gaussian filters), as well as particle filters.

The primary benefit from modularization lies in the computation

time. Since the execution time for a Bayesian filter is super-linearly

dependent on the size of either the state variables or the informa-

tion sources, reducing the number of elements that are processed at

any one time will improve the overall execution time. While there

is some overhead cost from reassembling the modular results, the fi-

nal cost will generally be lower than the non-modularized execution

time. The speedup of the resulting modular algorithm depends on

the size and complexity of the original DBN. Large problems have

more potential for improvement and the speedup is correlated with

the number of modules produced; however, some improvement can

be seen even on simple problems.

In modularizing a given DBN, we will create a set of modules,

with each module designed to calculate a disjoint subset of the state

variables. Each of these modules will have a separate Bayesian filter

to calculate the probability distribution for the state variables con-

tained in that cluster. The relationships between information sources

and the modules will remain the same. However, since information

sources will only be directly related to a single module, the computa-

tion for incorporating the belief about an information source can be

limited to the related module. To ensure that the information is well

distributed throughout the network, message passing is implemented

to allow modules to act as information sources for each other.

As a side effect, modularization also has the benefit of simplify-

ing much of the conceptual and mathematical structure of a Bayesian

filter. Instead of having to understand or calculate the complex rela-

tionships between distantly related elements in the network, much of

the work will be handled locally by the direct relationships. Thus,

the message passing mechanism will alleviate the need to calculate

all of the distant relationships; instead it uses the local relationships

when passing information between modules. Since this information

passing is cumulative, long distance relationships are effectively cal-

culated through function composition.

3 Building a Modularized Bayesian Filter

The first step in creating a modularized Bayesian filter is to group

the nodes (state variables) into conditionally independent clusters.

For the purposes of this paper, we will assume that this can be done.

For a small problem, it is possible to do this by hand, but for a larger

problem, we will want to use a clustering algorithm. As can be seen

in Figure 2, each cluster is present in every time step and they serve

to isolate their component nodes from other information sources in

the network.

Once the dynamic Bayesian network has been modularized, work

can begin on constructing the modularized Bayesian filter to solve the

problem. Constructing a filter has two major steps. First, filters will

be selected to process each cluster that was generated by clustering.

Once these filters have been defined, the message passing structures

that allow information to be propagated can be described.

3.1 Selecting Bayesian Filters
Selecting Bayesian filters for a modular dynamic Bayesian network

is quite similar to selecting a Bayesian filter for a regular dynamic

Bayesian network. The primary difference is that instead of selecting

a single filter to handle all of the calculations of the network, one fil-

ter will be selected for each cluster in the modular dynamic Bayesian

network.

This set of filters should be selected by the same criteria that are

used traditionally. In this case, instead of looking at the problem as a

whole, each cluster is examined independently of the rest of the net-

work. The only state variables that are of importance are those within

the cluster currently being examined. All of the adjacent nodes in the

graph can be considered as if they were static information sources,

regardless of whether they consist of a traditional information source

or another node in the original graph.

Thus, standard criteria such as linearity and the shape of the prob-

ability distribution are only considered within the scope of a single

cluster at a time. That is, a modularized filter can be decomposed into

a set of heterogeneous Bayesian filters. One caveat to this simplicity

is in the case where a cluster with a simple probability distribution is

adjacent to a cluster with a complex probability distribution. While it

is possible to manipulate the complex probability distribution so that

it can be related to the simple distribution, in some cases it may be

preferable to use a more complicated Bayesian filter for the simple

cluster to make the comparisons easier.

3.2 Message Passing
As stated earlier, the modularized filters communicate by message

passing. Message passing is—for the most part—a straightforward

process: messages will go in both directions, from a causal cluster to

a resultant cluster and vice-versa. Message passing utilizes the exist-

ing Bayesian filter algorithms for most of the work. Causal messages

improve the update information that is passed to a Bayesian filter. Re-

sultant messages act as an additional observation to be incorporated.

The major complication comes when information that was passed

causally may be returned in a resultant message.

Often causal links in a DBN indicate how a variable changes based

on the state of another variable. This is encapsulated in the notion

of updating the previous state with the changes that have occurred

since the last update. In this case, message passing works to provide

a more accurate update command for the receiving filter. The other

possibility is that the receiving filter only uses the information to set

the state of the variables. In this case, the message would not be used

to modify the previous state of the variables, but as the predicted

value for those variables. The basic difference between a traditional

Bayesian filter and a modular one here is that the state variables in the

causal cluster will be updated with the available information before

being used as a control action by the receiving filter.

In the case of resultant messages, it is expected that the receiving

filter has already predicted the state of the variables for this cycle. As

such, the message should be framed in terms of a measurement of

the state variables. Since the message is being viewed as a measure-

ment, it can be processed as such by the receiving Bayesian filter.

This means running just the measurement section of the receiving
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Bayesian filter to integrate the message with the existing probabilis-

tic belief.

It is hard to overstate the simplicity of the basic message passing

method, as it primarily involves passing the results of one Bayesian

filter to a related Bayesian filter using the existing relations defined

by the equations underlying the Bayesian network. This simplicity

will be shown more explicitly in our example. However, the mes-

sage passing method has one complication: there is the potential for

information to be duplicated.

Since problems will require passing information in both direc-

tions along graph edges, we should expect that information which

is passed as a causal message would also be returned as part of a

resultant message. To solve this problem, a novel inverse Bayesian

filter is used to remove the information in the causal message from

the information in the resultant message, thus only passing novel in-

formation to the causal module. This can be seen in Figure 3 with

precise descriptions of the messages being passed. Since Bayesian

filters work in a fixed manner, it is easy to work backwards through

a filter to retrieve a piece of information given the other pieces. This

method will also ensure a relatively fixed cost for the operation that is

independent of the number of information sources that the resultant

module has incorporated into its state variables.

3.3 Non-Standard Information Representations

The simplest information sources are represented as Gaussian func-

tions when they are used as parameters for a Bayesian filter. Since

message passing is a major part of modularized Bayesian filters, it

needs to be possible to pass the state of a particle filter as a message

to other filters.

There are two potential problems with using anything besides

a unimodal Gaussian function as an information source for other

Bayesian filters. The first—and most obvious—is that existing

Bayesian filters have all been designed to process Gaussian func-

tions as their information sources. Thus, either the probability distri-

bution must be represented as a Gaussian function or the Bayesian

filter needs to be modified to handle the complex probability distri-

bution directly. The second problem is more subtle: complex proba-

bility representations are often used to represent complex probabil-

ity distributions. Attempting to shoehorn them into a filter designed

to handle simple representations is likely to require some approxi-

mation. In the case that approximation is needed, it is beneficial to

minimize the amount of error added, while still being mindful of the

execution time of the approximation methods.

In general, when using a complex probability representation in a

simpler Bayesian filter, the probability representation will need to be

converted to something that the filter can process. An example of

this is shown in Section 3.3.1 in the form of converting particle sets

to Gaussian distributions for Kalman filters and extended Kalman fil-

ters. In contrast, if the receiving Bayesian filter is sufficiently robust,

then it may be possible to modify the filter to accept the complex

probability representation directly. An example of this is shown in

Section 3.3.2 where the particle filter will be modified to use particle

sets as updates and measurements. Conceptually, these ideas should

generalize well to other complex probability representations such as

mixtures of Gaussians or kernel functions.

3.3.1 Particle Sets as Information Sources for
Kalman-Filter Based Bayesian Filters

Particle sets have traditionally been limited to representing the prob-

ability density function for the state variables in a particle filter

[5, 6, 22]. Since the Kalman filter and extended Kalman filter per-

form operations on the Gaussian distributions directly, modifying the

algorithm would be overly complicated. Instead, it is easier to con-

vert a particle set to a Gaussian distribution.

The simplest method involves calculating the mean and covariance

of the particle set and using it as the parameter for the Bayesian filter.

The equations are similar whether calculating the Gaussian form for

an unweighted particle set or a weighted particle set. Equations (1)

and (2) show the formulas to calculate the mean and covariance for an

unweighted particle set. Equations (3) and (4) show the formulas to

calculate the mean and covariance for a weighted particle set. In both

cases the equations evaluate all n particles in the set x. In general,

the individual particles, xis, are composed of multiple state variables

and thus are processed as a vector.

This method can work quite well for many problems. However,

this is the simplest method for converting a particle set to a Gaussian

representation. For distributions that are more complex, alternative

manipulations may be required. Additionally, for the more compli-

cated variants of the Kalman filter, converting the particle set to a

mixture of Gaussians or a kernel function can be used to provide a

more accurate approximation of the particle set.

μ̂ =
1

n

n∑
i=1

xi (1)

Σ̂ =
1

n− 1

n∑
i=1

(xi − μ̂) (xi − μ̂)T (2)

μ̂ =
1(

n∑
i=1

wi

) n∑
i=1

wixi (3)

Σ̂ =
1(

n− 1

n

n∑
i=1

wi

) n∑
i=1

wi (xi − μ̂) (xi − μ̂)T (4)

3.3.2 Particle Sets as Information Sources for Particle
Filters

Using particle sets as information sources for particle filters provides

a more interesting case to consider. Since the particle filter itself is

quite robust, it is actually possible to use the particle sets as informa-

tion sources directly. There is some additional complexity in that the

methods for using a particle set as the control action will differ from

the methods for using a particle set as an observation. However, both

of these cases provide an interesting look at how complex probability

representations can be manipulated within a Bayesian filter.

The first information source that a particle filter uses is the control

action, which represents the belief about how the state of the envi-

ronment has changed since the previous time step. Traditionally, the

algorithm would take samples from the provided Gaussian distribu-

tion and apply them to selected particles from the previous time step

to arrive at a prediction about the current state of the environment.

Thus, the goal in modifying the particle filter to use a particle set

as the representation of the update command involves finding a way

to sample from the particle set. Those samples can then be used to

P.D. Edgington and A.S. Maida / Exact Particle Filter Modularization Improves Runtime Performance 1399



update selected particles representing possible previous states of the

environment.

A particle set represents the true probability distribution as a set of

particles. If the true probability density function is well represented

by the set of particles, then it is sufficient to sample from the particle

set. If the particle set is unweighted, then simply selecting particles

randomly with equal weight is sufficient to provide a high quality

sampling function for a particle set. However, if the particle set is

weighted, then a discrete pseudo-random number generator is used to

select particles with probability proportional to their weights. Both of

these techniques are generally easy to implement, as they are already

part of handling the main particle set in a particle filter.

Unfortunately, particle sets are not well suited for grading other

particles. While the weights on weighted particles are readily acces-

sible to a particle filter, the distribution described by the density of

the particle set is not readily accessible. As such, using a particle set

as the information provided as an observation is similar to using a

particle set with a Gaussian filter. The main difference in working

with a particle filter is that the particle set does not need to be con-

verted to a specific type of probability representation. Instead, any

representation that can quickly produce an estimation of the full dis-

tribution and then be used to grade particles will be effective for this

task.

However, there is one case—which is of particular interest in mod-

ularized Bayesian filters—in which particle sets can be used by a

particle filter directly. In modularized Bayesian filters, messages will

often be passed circularly. In these cases, the information passed as

the update command needs to be removed from the particle set. Nor-

mally, this would be done using an inverse Bayesian filter; however,

in this case the inverse filter only needs to ignore the information

about the distribution of the particles. the weights on the individual

particles can be readily used as the probability of that particle based

on other observations. As such, a particle can be graded simply by

applying the weight of the relevant part of the particle set. The exact

weight applied can be obtained by any of a number of simple tech-

niques, such as interpolation, or just selecting the nearest point in the

particle set and using its weight directly.

4 Computation Time for Modularized Bayesian
Filters

This section will examine a few simple cases for particle filters that

will show how the algorithm is capable of scaling for large problems.

The actual speedup obtained from applying these techniques depends

on the specific problem being addressed. There are two types of par-

ticle filters: one that uses a fixed number of particles and one that

varies the number of particles based on the complexity of the proba-

bility distribution. The original particle filter, which uses a fixed num-

ber of particles at each time step, has a fixed execution time based on

that number of particles. Since the number of particles produced is

chosen by hand, looking at this algorithm is not terribly interesting.

Instead, the KLD sampling variant provides a more robust and gen-

eralizable view of the cost of using a particle filter.

In the KLD sampling particle filter, the Kullback-Leibler diver-

gence ensures that the generated probability distribution represents

the true distribution within a specified tolerance. As long as the ac-

curacy of the information provided to the KLD sampling particle fil-

ter is constant, the number of particles generated remains reasonably

constant between iterations of the algorithm. For a single particle fil-

ter, the time complexity is O(pn); where p is the number of particles

required to represent a single dimension of the state space adequately

and n is the number of dimensions in the state space. For this exam-

ple, we will assume that p is constant across dimensions, though it

does not have to be. As an illustration, if the particle set was rep-

resenting a unimodal distribution, the particle distribution could be

seen as forming a hyper-ellipse, where the number of particles would

roughly correspond to the volume of the hyper-ellipse.

Dividing the problem into a set of m equally sized modules pro-

duces a time complexity of O(mpn/m) to calculate all of the mod-

ules. The time complexity of the inverse particle filter is based on

the method used to obtain a weight for each particle of interest. For

this example, we will assume that a k-d tree is used to select the

nearest particle. k-d trees are efficient, having a time complexity of

O(n log n) to create the tree and O(log n) to find the nearest element

in the tree, where n is the number of particles in the set. For this ex-

ample, that translates into a time complexity of O(pn/m log pn/m)
to construct each k-d tree and O(pn/m log pn/m) to grade all the par-

ticles in a set. Summing these together yields a full time complexity

of

O
(
mpn/m + 2 (m− 1) pn/m log pn/m

)
= O

(
mpn/m log pn/m

)
. (5)

For additional clarification, let us consider two test cases: in the

first case, there will be two modules with state variables evenly dis-

tributed between them; in the second case, there will be n mod-

ules, each processing one state variable. In the first case, substituting

m = 2 into (5) produces a time complexity of O(2pn/2 log pn/2) =
O(pn/2 log pn/2), which will clearly provide a healthy speedup

as compared to the original O(pn). In the second case, m = n
is substituted into (5). This produces the more attractive result of

O(npn/n log pn/n) = O(np log p), which can be further reduced to

O(n).
For a particle filter, the effects on memory usage are the same as

with time complexity. Since the number of particles generated di-

rectly influences the computation time and the amount of space re-

quired to hold the result, reducing the number of particles affects

both complexities the same way.

5 Vehicle State Estimation Example

Next, we will look at a complete example of building a modularized

Bayesian filter. This example considers a hypothetical automobile

moving in a planar environment. It respects the basic physical con-

cepts of motion, but ignores more complex aspects such as slip and

drag. The formulation of the problem provides a set of equations re-

lating acceleration, velocity and position variables. These equations

can then be used to create a dynamic Bayesian network that can be

clustered. Bayesian filters will then be applied to each cluster and

their interactions can be described explicitly.

The vehicle described here operates in a two-dimensional plane,

so it needs an x and y variable to represent its position in the plane.

Since it is a non-holonomic vehicle, its orientation also affects the

motion of the vehicle, so an angular pose variable θ is also neces-

sary. This example is modeled in terms of position, velocity and ac-

celeration so a set of three variables are needed for each level. This

produces nine state variables to estimate. The equations of motion
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Figure 1. The initial dynamic Bayesian network for the vehicle state es-

timation example. Circles indicate state variables, triangles denote control

values, and squares indicate observations or measurements.

for this vehicle are as follows:

ẋt = ẋt−1 + ẍtΔt (6)

ẏt = ẏt−1 + ÿtΔt (7)

θ̇t = θ̇t−1 + θ̈tΔt (8)

vm =
1

2

(√
ẋ2
t−1 + ẏ2

t−1 +
√

ẋ2
t + ẏ2

t

)
(9)

vθ =
1

2

(
θ̇t−1 + θ̇t

)
(10)

xt = xt−1 − vm
vθ

sin (θt−1) +
vm
vθ

sin (θt−1 + vθΔt) (11)

yt = yt−1 +
vm
vθ

cos (θt−1)− vm
vθ

cos (θt−1 + vθΔt) (12)

θt = θt−1 + vθΔt (13)

These equations can then be used to define a dynamic Bayesian net-

work. With the addition of a set of singly connected control (u) and

measurement (z) nodes, the graph will look like Figure 1.

This problem can be separated into two conditionally independent

clusters. The first cluster is comprised of the position and velocity

nodes, with the acceleration nodes in the second cluster. This clus-

tered network is shown in Figure 2. By collapsing all of the related

nodes and focusing on the information flow, we arrive at Figure 3.

The graph shows the two clusters as a pair of circles. Both of the clus-

ters have a set of related measurement variables. However, the con-

Figure 2. The clustered dynamic Bayesian network for the vehicle state

estimation example. The original problem with 9 state variables reduced to

subproblems of size 3 and 6.

trol variables only affect the acceleration cluster directly. The results

from the acceleration cluster will be fed to the position/velocity clus-

ter. The results from the position/velocity cluster are also fed back to

the acceleration cluster via an inverse Bayesian filter. Since the in-

verse filter will be decomposing the results of the position/velocity

cluster, it requires several of the position/velocity filter’s parameters

as well.

Most of the relationships in Figure 3 are directly derived from Fig-

ure 2, where the clusters and their relationships to the other parts of

the graph are fully defined. These relationships have been carried

over into Figure 3. The addition here is in the information flow. The

basic flow of causality to and from the information sources is un-

changed as indicated by the thin-bodied arrows. However, in order

for the information in these elements to be applied to all of the state

variables in the graph, the information must be able to pass between

clusters.

Since the state of the acceleration cluster causes the position and

velocity variables to change, the state of the acceleration cluster is

passed directly to the position/velocity cluster as its update. This al-

lows the information in the external update (control) command and

the information in the acceleration sensors to be applied to the po-

sition and velocity state variables. Since we also want the infor-

mation from the position and velocity sensors to be applied to the

acceleration calculations, this information also needs to be passed

from the position/velocity cluster to the acceleration cluster. How-
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Figure 3. The clustered dynamic Bayesian network with information flow

made explicit. Within cluster nodes are collapsed. The star-shaped node de-

notes an inverse filter.

ever, since the position and velocity calculations have already incor-

porated the information about the acceleration, the results of the posi-

tion/velocity cluster cannot be passed back to the acceleration cluster

directly. Instead, the current state of both the acceleration state vari-

ables, as well as the position and velocity state variables are passed

to an inverse Bayesian filter, which can separate the acceleration in-

formation from the position and velocity information, allowing the

remaining position and velocity measurements to be used to update

the acceleration information.

5.1 Selecting Bayesian Filters

Having defined two clusters for the problem, the next step is to se-

lect a Bayesian filter for each individual cluster. Since the individ-

ual clusters do not need to employ the same filters, we can select

a Bayesian filter that is appropriate for each cluster separately. As

defined in Equations 6–8, the three acceleration nodes have a sim-

ple linear relationship with the velocity nodes. Since the control and

measurement nodes are directly related for this example, the acceler-

ation cluster is well suited to a simple Kalman filter. The position and

velocity cluster on the other hand has several non-linear relationships

between its nodes and other nodes in the graph. As such, it would be

better suited to an extended Kalman filter (EKF) or particle filter. In

this paper, we will show how this case unfolds with a particle filter.

5.2 Assembling the Modular Particle Filter
Algorithm

These concepts can now be translated into a modularized Bayesian

filter algorithm. The algorithm for the modular particle filter is shown

Algorithm 1 A modular particle filter algorithm for the vehicle state

estimation example.

1: procedure MODULAR PARTICLE FILTER(. . . )

2:

[
ˆaμt

ˆaΣt

]
← KF

(
aμt−1,

aΣt−1, ut, M t,
azt,

aQt,
aAt,

aBt,
aCt

)
3:

p,vP t ← PARTICLE FILTER

(
p,vP t−1,

[
ˆaμt

ˆaΣt

]
,

[p,vzt
p,vQt]

)
4:

[
ẑIBF Q̂IBF

]
←INVERSE PARTICLE FILTER(p,vP t)

5:
[
p,vμt−1

p,vΣt−1

]
← PS2GAUSSIAN(p,vP t−1)

6: zIBF ← PREDICTION
−1

(
p,vμt−1, ẑIBF

)
7: QIBF ← PREDICTION

−1
(
Q̂IBF

)
8: [aμt

aΣt]← KFm( ˆaμt,
ˆaΣt, zIBF,QIBF, I)

9: return [p,vP t
aμt

aΣt]
10: end procedure

Algorithm 2 An inverse particle filter algorithm for the vehicle state

estimation example.

1: procedure INVERSE PARTICLE FILTER(P )

2: [μt Σt]← WEIGHTED PS2GAUSSIAN(P )
3: [ψt Ψ t]← UNWEIGHTED PS2GAUSSIAN(P )
4: K−1

t ← Ψ t (Ψ t −Σt)
−1

5: Qt ←K−1
t Σt

6: zt ←K−1
t (μt −ψt) +ψt

7: return [zt Qt]
8: end procedure

in Algorithm 1. The modular particle filter largely serves as a meta-

algorithm to call other algorithms based on the required parameters.

x a vector
X a matrix
f (·) a function
KF Kalman filter
ax an element related to the acceleration cluster
p,vx an element related to the position and velocity cluster
xIBF an element related to the inverse Bayesian filter
x̂ a temporary estimate of an element

Table 1. List of symbols used.

Line 2 begins by using a Kalman filter to integrate the previ-

ous acceleration state (aμt−1, aΣt−1) with the update information

(ut, M t) and the acceleration measurements (azt,
aQt). For con-

sistency, the previous acceleration state and the At matrix are both

passed to the Kalman filter. In this example, the At matrix is also the

zero matrix, so these variables do not actually contribute anything to

the calculations. As such, a tightly optimized algorithm would omit

these.

Since the update commands are only related to the acceleration

variables, there is no need to qualify any of these variables with the

cluster name. This is contrasted with the measurements, where only

the variables related to acceleration are used directly in the Kalman

filter. The result of the Kalman filter is another Gaussian distribution

reflecting the belief about the current state of the vehicle’s accelera-

tion ( ˆaμt,
ˆaΣt).

Line 3 uses a particle filter to integrate the previous state of the po-

sition and velocity variables (p,vP t−1) with the control action ( ˆaμt,
ˆaΣt) and the related sensor measurements (p,vzt,

p,vQt). The dif-

ference between a regular particle filter and the one used here, is that
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it uses the results from line 2 as the control action, instead of some-

thing defined externally. The result of the particle filter is a particle

set that contains all of the available information about the position

and velocity variables (p,vP t).

Line 4 calls an inverse particle filter to decompose the particle set

generated in line 3. If we assume that the particle filter produces a

weighted particle set, then the decomposition is simple. If the particle

filter returns an unweighted particle set, then the prediction needs to

be calculated directly. Since this is a simple problem, the particle set

is just converted into a pair of Gaussian distributions.

Algorithm 2 shows the algorithm used for the inverse particle fil-

ter for this example. This allows the the prediction distribution to

be removed from the result distribution. Line 2 converts the particle

set into a Gaussian distribution taking the particle weights into ac-

count. This produces a Gaussian representation of the current state

distribution (μt, Σt). Line 3 extracts the predicted state information

(ψt Ψ t) by not using the weight information. Lines 4–6 calculate

the change in the distribution as though an EKF had been used. Line 4

calculates the inverse Kalman gain. Lines 5 and 6 then remove the

predicted state from the final state to calculate the information that

was added by the particle filter algorithm. The measurement infor-

mation is left in terms of the position and state velocity variables,

which makes it relatable to the acceleration state variables.

Back in the modular particle filter, the goal of lines 5–7 is to trans-

form the measurement from the velocity space to a space that the

Kalman filter can access. There is a linear relationship between the

acceleration and the velocity, which enables this transformation to

be applied easily. In some complicated problems, it may be easier to

move this transformation into the inverse particle filter so that it can

be addressed at the same time. Furthermore, a couple of simplifica-

tions could be made for this problem. Since the velocity variables

are the only ones directly related to the acceleration variables, line 5

of the modular particle filter and lines 2 and 3 of the IPF algorithm

could be modified to only calculate the Gaussian distribution for the

velocity variables and ignore the position state variables. In addition,

since the inverse particle filter calculates a Gaussian distribution for

the particle set in line 2, this result could be held to be used directly

in line 5 of the modular particle filter instead of recalculating it.

The measurement part of the Kalman filter used in line 8 begins

with the assumption that there is an existing distribution about the ac-

celeration state variables that merely needs a measurement integrated

with it. The results from line 2 satisfy the first criterion. The mea-

surement data calculated in lines 4–7 satisfy the second part. Thus,

we can use the Kalman filter to integrate the new information into

the existing distribution. The measurement part of the Kalman fil-

ter starts by calculating the Kalman gain and then integrates the new

measurement.

6 Methods

To test this example and compare it to a traditional particle filter, a

simulated test bed was created to match the environment described

by (6)–(13) and Figure 1. Each of the information sources is calcu-

lated independently by adding noise to the true state of the related

state variable, where the noise was sampled from a zero mean Gaus-

sian distribution with a standard deviation of 0.10.

A standard KF was used for the simulation; however, the KLD

sampling variant of the particle filter was used for the particle fil-

ters. This allowed the particle set to adapt to the complexity of the

distribution for each situation. The KLD-sampling particle filter has

some extra parameters which control the precision of the particle set;

these parameters were fixed for both algorithms: ε = 0.01, z-score

of 1.645 (95%), and bin sizes of 0.025 in their respective measure-

ments. The algorithms were initialized with a single particle repre-

senting the true state of the vehicle.

This simulator was built using Java and tested on Java version

1.6.29. EJML version 0.17 was used as the linear algebra package

to calculate the Kalman filter equations. The code was not subjected

to substantial optimization. Instead, code reuse was the focus of al-

gorithm implementation so that none of the algorithms had an un-

fair advantage due to coding strategies. Likewise, the code was not

multi-threaded during testing. The algorithms were timed by start-

ing a nanosecond scale timer before the simulator entered into the

respective modularized Bayesian filter procedure and stopped imme-

diately after it exited the procedure. The results were then reported.

The simulator repeated this process at every time step until the list of

commands for the vehicle had been exhausted.

Each algorithm was run 50 times on each of three control plans.

The control plans described the motion the vehicle should take for

five minutes. Each plan was created separately. However, they were

each similar in that the vehicle always started in the same position

and ended at a stop after the five minutes. During the simulation the

vehicle varied its velocity or its turning radius every few seconds.

The simulations were performed on the Big Red cluster at the Uni-

versity of Louisiana at Lafayette. Big Red was a homogeneous Be-

owulf cluster that consisted of up to 70 compute nodes connected to

a primary distribution node. The cluster was built at the end of 2008

using relatively modern hardware for the time. Each of the machines

had a dual-processor motherboard with two Intel� XeonTM2.8GHz
dual core processors and 1GB of main memory. The nodes ran Cen-

tOS 4.4 with a 32-bit x86 SMP Linux kernel.

The simulations were scheduled so that only one simulation was

run on an individual machine at a time. This helped limit memory

issues with the particle filters; however, the particle filters were still

limited to one million particles per particle set to keep the algorithms

within the 1GB RAM limit so that paging was not an issue. As we

will see, this was only marginally successful, but did substantially

reduce the overall time to produce results.

7 Results

Averaging all of the simulations at each time step produces the charts

shown in Figures 4 and 5. Figure 4 shows the average amount of time

required to process the Bayesian filter (vertical axis) at each time

step (horizontal axis). Both algorithms are plotted as they progress

through the simulation. A numerical representation of the overall av-

erages is presented in Table 2. The table contains the mean and stan-

dard deviation for the execution time of each algorithm, as well as

the size of their particle sets.

When the traditional particle filter was not being delayed by pag-

ing issues, it took about 18 s to compute; however, the modular par-

ticle filter consistently required about 1 s for its computations. As

seen in Table 2, just comparing the averages directly, the modularized

particle filter was about 29 times faster than the traditional particle

filter under these conditions. The memory usage was substantially

decreased due to the smaller particle set size. The modular particle

filter required less than 9% as many particles as the traditional algo-

rithm. The actual results are far better than this comparison shows.

In this case, the traditional particle filter was explicitly limited to us-

ing 1 000 000 particles, and it did so every time. Without this limit,

the particle set size continues to grow; limited testing on 16GB ma-

chines showed that it would hit this increased limit within the first
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Figure 4. A chart of the simulation results showing the amount of time

required at each time step throughout the simulation.

0

2

4

6

8

10

12

14

16

18

0 60 120 180 240 300

X
 P

os
iti

on
 E

rr
or

 (m
m

)

Simulation Time (s)

PF Modular PF

Figure 5. Mean absolute error in the x dimension over the 150 simulated

runs for each algorithm. The other dimensions showed similar behavior.

couple seconds of simulation time.

Using the O() time complexity analysis above, we would ex-

pect the traditional particle filter to require time commensurate with

O(p9). This modular filter would require O(p6) for the particle fil-

ter, and O(2p6) to convert the particle set into Gaussian distribu-

tions for the inverse filter. The Kalman filter is cheap compared

to the processing for the particle sets, and so adds a negligible

amount of time to the computation. Thus, the overall computation

Table 2. A numerical presentation of the simulation results with EKF error

for comparison.

Algorithm μ̂ σ̂
Traditional PF 29.12 s 14.51

Particle Count 1 000 000 0.000
x-Dimension MAE 11.79mm 1.242

Modular PF 1.024 s 0.1042
Particle Count 87 087 9 445
x-Dimension MAE 11.90mm 1.316

Traditional EKF MAE 13.07mm 1.463

time should be O(3p6). Given that we find 87 087 particles were re-

quired to satisfy the conditions for the 6-state-variable particle filter,

p should be 6.658 and we would expect the traditional particle fil-

ter to want about 25 700 000 particles. Thus we would expect about

25 700 000/(3 · 87 087) = 98.37 times speedup on this problem.

However, the traditional particle filter was limited to 1 000 000 par-

ticles. This would reduce the speedup to 3.83 times. Excluding the

paging issues seen in the traditional particle filter, the speedup ob-

served was around 18 times, which is close to the predicted speedup.

Figure 5 shows that modularization does not affect the accuracy of

the filter on this problem. The mean error for both algorithms track

very closely together, and any discrepancy is clearly being dwarfed

by the noise from the measurements.

8 Conclusion
This research applied modularization to particle filters as a means

of improving execution time. Modularization works by dividing the

problem into a set of simpler sub-problems and recombining the re-

sults to maintain the accuracy of the traditional method. These mod-

ules then pass messages between them so that incoming information

can be distributed throughout the network. This work also addressed

a number of issues with filter construction with complex filters. An

example was given to show how modularization can be applied to a

practical problem. Finally, the example was tested in a simulator to

show that the method is effective, even on small problems.

The results from the simulation showed that modularization can

be effective even for small particle filters. On larger problems, mod-

ularization would allow implementers to choose between improving

execution speed and improving the precision of the results.

9 Further Research
The most obvious place for further research is in application. We

have shown results for vehicle state estimation here, but it is likely

that other Bayesian filter applications would also benefit. When ap-

plied to an existing application, a relative performance comparison

could be made. Modularization could also be applied to other types

of Bayesian filters. We have shown how modularization works with

particle filters, but there are several other filtering algorithms in use.

Some of those also use specialized probability distributions which

would require additional work to use as messages.
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Using the Sugeno Integral in Optimal Assignment
Problems with Qualitative Utilities

Soufiane Drissi Oudghiri1 and Patrice Perny2 and Olivier Spanjaard2 and Mohamed Hachimi1

Abstract. This paper is devoted to the assignment problem when

the preferences of the agents are defined by qualitative utilities. In

this setting, it is not possible to compare assignments by summing up

individual utilities because the sum operation becomes meaningless.

We study here the optimization of a Sugeno integral of the individual

utilities. We show that the problem is NP-hard in the general case,

but we also identify special cases that are solvable in polynomial

time. Furthermore, we provide a mixed integer programming formu-

lation in the general case, which leads to a compact formulation for

k-minitive capacities.

1 INTRODUCTION
Assignment problems appear in many AI applications, in various

contexts such as task allocation in robot teams [22], auctions with

side constraints [29], heuristic search [21]. Furthermore, the assign-

ment problem is of interest in many problems involving agents ex-

pressing preferences, such as automated resource allocation, match-

ing people with services, time-slot allocation. The standard as-

signment problem can be defined as follows: given a set N =
{a1, . . . , an} of agents and a set T = {t1, . . . , tn} of items, an

n × n utility matrix U = (uij), where uij represents the utility of

item tj for agent ai, we want to determine a one-to-one assignment

maximizing the sum of individual satisfactions. Formally, denoting

by x = (x1, . . . , xn) an assignment, where xi = j if item tj is as-

signed to agent ai, the utility of x for agent ai is ui(x) = uixi and

we want to maximize
∑n

i=1 ui(x) (utilitarian criterion). It is well-

known that the determination of such an optimal assignment can be

performed in polynomial time (e.g., by transforming the problem to

a minimization problem and using the Hungarian method [23]).

However the use of the utilitarian criterion requires utilities to be

evaluated on a cardinal scale. Cardinal utilities rely on the assump-

tion that the magnitude of increments to satisfaction can be com-

pared across different situations [27]. A cardinal utility scale is a

utility index that preserves preference orderings uniquely up to posi-

tive affine transformations. Nevertheless, in many situations, we deal

with data representing people’s opinions, interests, preferences, etc.

In this case, data are often ordinal, and therefore should be handled in

a suitable way unless we have some quite strong arguments making

us believe that it can be handled at a higher level (namely as a car-

dinal scale). As emphasized by Roberts [28], using numerical rep-

resentations of preference orders may lead people to derive mean-

ingless conclusions when preference aggregation is based on usual

1 Laboratoire des sciences de l’ingénieur (LabSi), Université Ibn Zohr,
BP 32/S, Agadir, Morocco, email: soufiane.drissioudghiri@edu.uiz.ac.ma,
m.hachimi@uiz.ac.ma

2 Sorbonne Universités, UPMC Univ Paris 06, CNRS, LIP6 UMR 7606, 4
place Jussieu 75005 Paris, France, email: name.surname@lip6.fr

arithmetic operations, even if the utilities uij take value in a valua-

tion scale L that is linearly ordered according to a binary relation *.

This is illustrated in the following example.

Example 1 Consider an assignment problem where |N | = |T | =
4 and the utilities uij are encoded on an ordinal scale L =
{++,+, 0,−,−−}. The scale is endowed with the following linear
order: ++ � + � 0 � − � −−. The utility matrix is:

⎛⎜⎜⎝
t1 t2 t3 t4

a1 ++ − 0 −
a2 − + 0 +
a3 ++ −− + 0
a4 + −− − −

⎞⎟⎟⎠.

Now, assume that the initial scale is transformed into a numer-
ical scale, using an arbitrary monotonic transformation function
φ : L → Z+. Consider two possible transformation functions φ
and φ′ defined by:

uij ++ + 0 − −−
φ(uij) 3 2 1 -2 -3
φ′(uij) 2 1 0 -1 -2

Note that both resulting numerical scales are compatible with L,
i.e. λ � λ′ ⇒ φ(λ) > φ(λ′) for all (λ, λ′) ∈ L2. Let us con-
sider now the two assignments x = (3, 2, 4, 1) and x′ = (1, 2, 3, 4).
The associated vectors of individual utilities are u(x) = (0,+, 0,+)
and u(x′) = (++,+,+,−), where the ith component is the utility
of agent ai. With a solver, it can easily be checked that, when using
φ for numerical encoding, assignment x is optimal and x′ is subopti-
mal. Moreover, when using φ′ for numerical encoding, we obtain the
opposite conclusion since x′ is optimal and x is suboptimal. Thus,
one observes that slight changes in the numerical values lead to very
different conclusions. This illustrates the need for algorithms specif-
ically dedicated to assignment problems with qualitative scales.

In order to compare assignments in a qualitative setting, we need to

be able to compare utility vectors y = (y1, . . . , yn), where y = u(x)
and x is an assignment. Several preference models have been pro-

posed to compare solutions when elements are evaluated on a quali-

tative scale (for simplicity, we present them in the setting of a quali-

tative assignment problem):

− Some preference models induce a partial order on the feasi-

ble solutions. The most popular model in this class is the pairwise

dominance relation defined by: y � y′ if there exists a bijection

π : [n] → [n] such that yi * yπ(i) for all i ∈ [n], where

[n] = {1, . . . , n}. The symmetric (resp. asymmetric) part of �, de-

noted by ∼ (resp. �), is the indifference (resp. preference) relation.
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In other words, an assignment x is preferred to x′ if there exists a

bijection π from A to A such that: every agent ai is at least as satis-

fied with x as agent aπ(i) with x′, and there exists at least an agent

ai that is more satisfied with x than agent aπ(i) with x′. We call this

rule ordinal dominance in the following. For example, in the previ-

ous instance, y � y′ for y = u(1, 2, 3, 4) = (++,+,+,−) and

y′ = u(4, 3, 2, 1) = (−, 0,−−,+). To our knowledge, this ordinal

dominance relation was introduced by Bartee [1], and revisited by

Bossong and Schweigert [2, 31]. Several recent works in a qualita-

tive setting use this relation [3, 4, 5].

− Other preference models induce a complete order on the feasible

solutions, namely variations of max ordering, leximax and leximin.

The max (resp. min) ordering relation consists in ranking feasible

assignments according to the agent whose satisfaction is better off

(resp. worse off) among all agents. For example, in the previous in-

stance, if one uses the min ordering relation then y = u(3, 2, 4, 1) =
(0,+, 0,+) is preferred to y′ = u(1, 2, 3, 4) = (++,+,+,−)
since 0 � −. The leximax (resp. leximin) relation is an enrichment

of the max (resp. min) relation, that consists in breaking ties by going

down the ranking (i.e., if the worst satisfactions are both equal, one

compares the second worsts, and so on...). Finally, one can also con-

sider k-max (resp k-min) aggregation operators consisting in evalu-

ating a solution according to its kth largest (resp. smallest) element

(in the sense of the order relation on L).

In this paper, we are interested in the second type of preference mod-

els (those inducing a complete order on the solutions). Finding an

optimal assignment according to all the above-mentioned models can

be performed in polynomial time [7, 15, 19, 32], and sometimes even

faster than in the standard cardinal case. Though appealing from the

algorithmic viewpoint, these preference models (inducing a complete

order on the solutions) are nevertheless quite simple from the norma-

tive and descriptive viewpoints.

Before going on with our contribution, let us mention two related

works that do not fit with the above classification. The first work

deals with assignment problems with ordinal data viewed as social

choice problems, typically with assignment functions based on scor-

ing rules [14]. This amounts to consider ranks instead of costs in the

standard Hungarian method, which does not raise new algorithmic

issues. The second (more recent) work is devoted to a variant of the

covering location problems [34] where the objective function is the

Sugeno integral. To our knowledge, this is the first attempt to make

use of the Sugeno integral in a combinatorial setting. Yet, their moti-

vation is totally different from ours, as they use it to model fuzziness.

We also study here this sophisticated aggregation operator named

Sugeno integral, that subsums all the previous models and encom-

passes a much broader set of decision behaviors. Namely, we inves-

tigate the optimization of a Sugeno integral of the individual utili-

ties. The paper is organized as follows. In Section 2, we present the

Sugeno integral and some special cases of interest. Then, we show

that the determination of an optimal assignment in these special cases

can be performed in polynomial time (Section 3) while the problem is

NP-hard in the general case (Section 4). Finally, we provide a mixed

integer programming formulation for the general case, and we briefly

discuss the results of preliminary numerical tests (Section 5).

2 THE SUGENO INTEGRAL
In order to compare assignments in a qualitative setting, we need to

be able to compare utility vectors y = (y1, . . . , yn), where yi ∈ L
is the utility of agent ai (in Example 1, yi corresponds to the grade

of the task assigned to agent ai) and L is any finite qualitative scale.

The Sugeno integral is precisely an aggregation operator for ordinal

scales, that enables to combine several qualitative values into a sin-

gle representative one. This operator has been introduced by Sugeno

[33], and has many applications in qualitative decision theory under

uncertainty [6, 12] and multicriteria decision making [11, 17].

Before coming to the Sugeno integral (and to ease its presenta-

tion), let us previously introduce the weighted maximum [9], that can

be seen as a qualitative version of weighted sum, where the sum is

replaced by operation max, and the product by operation min. As-

sume that each agent ai has an importance weight wi, expressed on

the same ordinal scale L as the utilities. The weighted maximum of

a vector y ∈ Ln then reads as follows: maxi∈[n] min{wi, yi}. For

instance, for allocating the different tasks involved in the writing of a

research consortium proposal, the head of the consortium may accept

to receive a low-rated task if it helps increase the overall satisfaction.

This can be modelled by stating that the utility of the head is at most

–let’s say– “−” whatever task assigned to her. In other words, the

only case in which the satisfaction level yi of the head is taken into

account should be when a task she rated −− is assigned to her. The

weighted maximum aggregation operator makes it possible by set-

ting wi = − for the head. Importantly, note that the discriminative

power of the weighted maximum can be enhanced by using for the

weights a scale L′ such that L′ ⊇ L. The possible aggregate values

are indeed then in L′, whose range can be much larger than the one

of L.

The Sugeno integral generalizes the weighted maximum by using

the notion of capacity. In this respect, it is acknowledged as the qual-

itative counterpart of the Choquet integral [30]. A capacity is a set

function v : 2N → L that represents the importance of a coalition of

agents in the present setting. Note that, as for the importance weights

in the weighted minimum, the utilities and the capacity values are

both expressed on scale L. Here also, the discriminative power of

the Sugeno integral can be significantly enhanced by using a scale

L′ ⊇ L for the capacity values. For simplicity, the range of the capac-

ity is assumed to be L in the sequel of the paper, but all the presented

results are still valid if an enriched scale is used for the capacity val-

ues. Another way of breaking ties is to use lexicographic refinements

of the Sugeno integral [8, 16]. Most of the algorithms proposed in the

remainder of the paper can be adapted to handle such refinements.

Definition 1 Consider the finite set [n] = {1, . . . , n} . A capacity is
a set function v : 2[n] → L such that:
i) v(∅) = ⊥, v([n]) = 	,
ii) ∀A,B ⊆ [n], A ⊆ B ⇒ v(A) + v(B),
where	 (resp.⊥) denotes the max (resp. min) element in L accord-
ing to *.

For any subset A ⊆ [n], v(A) represents the importance of coali-

tion A of agents. Let us now recall some definitions about capacities.

Definition 2 Let v be a capacity on [n]. We say that v is:
− minitive if for any subsets A,B ⊆ [n], v(A∩B) = v(A)∧v(B);
−maxitive if for any subsets A,B ⊆ [n], v(A∪B) = v(A)∨v(B);
− symmetric if for any subsets A,B ⊆ [n], |A| = |B| implies
v(A) = v(B);
where ∧ := min and ∨ := max.

We are now able to define the Sugeno integral:

Definition 3 The discrete Sugeno integral of y = (y1, . . . , yn) has

S. Drissi Oudghiri et al. / Using the Sugeno Integral in Optimal Assignment Problems with Qualitative Utilities 1407



the following equivalent formulas:

Sv(y) :=
n∨

i=1

(y(i) ∧ v(A(i))) (1)

Sv(y) :=
n∧

i=1

(y(i) ∨ v(A(i+1))) (2)

where (·) is a permutation on [n] such that y(1) + . . . + y(n),
∨ := max, ∧ := min, A(i) := {(i), . . . , (n)} and A(n+1) := ∅.

Note that, even if there are several permutations σ such that

yσ(1) + . . . + yσ(n) (due to possible ex aequos), the value of the

Sugeno integral is uniquely defined. In formula 2 above, v(A(i+1))
represents the importance of the coalition of agents that are better off

than ai in y. The utility yi of agent ai will be more taken into account

in the evaluation of y as the importance of this coalition will be low.

Example 2 Coming back to Example 1, consider assignment x =
(1, 2, 3, 4). The corresponding utility vector is y = (++,+,+,−).
Assume that v({1}) = 0, v({1, 2}) = +, v({1, 2, 3}) = ++. By
definition of a capacity, v(∅) = −− and v([4]) = ++. The Sugeno
integral Sv(y) of y reads as follows:∨4

i=1(y(i) ∧ v(A(i)))

= (y4∧v([4]))∨(y3∧v({1, 2, 3}))∨(y2 ∧v({1, 2}))∨(y1∧v({1}))

= (− ∧++) ∨ (+ ∧++) ∨ (+ ∧ +) ∨ (+ + ∧ 0) = +

Equivalently, it reads as follows:∧4
i=1(y(i) ∨ v(A(i+1)))

= (y4∨v({1, 2, 3}))∧(y3∨v({1, 2}))∧(y2∨v({1}))∧(y1∨v(∅))

= (− ∨++) ∧ (+ ∨+) ∧ (+ ∨ 0) ∧ (+ + ∨ −−) = +

A well-known example of Sugeno integral is the so-called h-index,

used to measure both the productivity and citation impact of a scien-

tist. If an author has published n papers, let us define (y1, . . . , yn)
as the citation vector of the author, where yi is the number of times

paper i is cited. By setting v(A(i)) = |A(i)| = n − i + 1, the value

Sv(y) is nothing else but the h-index of the author [35].

The Sugeno integral is more expressive than the weighted max-

imum, which is only a special case obtained for a maxitive capac-

ity v such that v({i}) = wi for all i ∈ [n] [18] (in this case,

v(A) = maxi∈A wi, which makes v a possibility measure, and

weighted max a qualitative expected utility [10]). Actually, Marichal

[25] showed that if one restricts to the use of a combination of

max and min operators (together with qualitative weights), then the

Sugeno integral is the only solution for aggregating qualitative val-

ues, provided one adds the natural constraint that the aggregated

value for (⊥, . . . ,⊥) should be⊥ and the one for (	, . . . ,	) should

be 	.

The Sugeno integral includes other well identified special cases

[18]:

− Sv(y) = mini yi iff v(A) := ⊥ for all A � [n];
− Sv(y) = maxi yi iff v(A) := 	 for all A ⊆ [n], A �= ∅;

− Sv(y) = k-miniyi iff v(A) := ⊥ for |A| ≤ n − k and 	
otherwise;

− Sv(y) is the ordered weighted maximum w.r.t. w defined by

OWMax(y) := ∨n
i=1(wi ∧ y(i)) where y(1) + . . . + y(n)

and w1 * . . . * wn, iff v is a symmetric capacity such that

v(A) = wn−|A|+1 for any A ⊆ [n], A �= ∅;

− Sv(y) is the ordered weighted minimum defined by

OWMinw(y) := ∧n
i=1(wi ∨ y(i)) where y(1) + . . . + y(n)

and w1 * . . . * wn, iff v is a symmetric capacity such that

v(A) = wn−|A| for any A � [n].

The ordered weighted minimum encompasses a gradation of aggre-

gation operators ranging from the min operator (wi = ⊥ for all i) to

the max operator (wn = ⊥ and wi = 	 for i �= n), including the

k-min operators. Note that the assumption w1 * . . . * wn is not

restrictive since ∧n
i=1(wi ∨ y(i)) = ∧n

i=1((∧i
k=1wi) ∨ y(i)).

Example 3 Coming back to Example 1, assume now that we wish to
evaluate utility vector y = (++,+,+,−) with the ordered weighted
minimum and weights w1 = ++, w2 = 0, w3 = − and w4 = −−.
The ordered weighted minimum OWMinw(y) is:

(w1 ∨ y(1)) ∧ (w2 ∨ y(2)) ∧ (w3 ∨ y(3)) ∧ (w4 ∨ y(4))
= (w1 ∨ y4) ∧ (w2 ∨ y3) ∧ (w3 ∨ y2) ∧ (w4 ∨ y1)
= (+ + ∨−) ∧ (0 ∨+) ∧ (− ∨+) ∧ (−− ∨++) = +

In the next section, we show that an assignment maximizing the

OWMinw operator can be determined in polynomial time, as well as

one optimizing the weighted minimum.

3 POLYNOMIAL CASES
This section is devoted to the presentation of polynomial time solu-

tion procedures for the determination of optimal assignments accord-

ing to special cases of the Sugeno integral.

3.1 Weighted min and weighted max
To warm up, we begin with the weighted minimum and the weighted

maximum because it is very simple to show the polynomial time

complexity in these cases. The solution procedures are derived from

the threshold method for the max min assignment problem.

The max min assignment problem aims at determining an assign-

ment x that maximizes mini ui(x), where ui(x) is the (qualitative)

utility of agent ai in assignment x. We recall that the threshold algo-

rithm to compute a max min assignment works as follows: it consists

in determining max{λ ∈ L : ∃x ∀i ui(x) * λ}. In order to

know if the max min value is greater or equal to a given λ ∈ L, one

uses a max flow algorithm to compute a maximal matching in the

bipartite graph Gλ = (V1, V2, E) where V1 = {a1, . . . , an} (resp.

V2 = {t1, . . . , tn}) is the set of agents (resp. tasks) and there is an

edge between ai and tj if uij * λ. We recall that a maximal match-

ing is a set of non-adjacent edges of maximal cardinality. It is said to

be perfect when the cardinality is n. The maximal matching is per-

fect in Gλ iff the value of a max min assignment is at least λ. One

can use a bisection search on L to speed up the determination of the

minimal λ such that a feasible assignment exists. This assignment is

then a max min assignment.

The adaptation of this method to compute a maximal assignment

according to a weighted minimum ∧n
i=1(wi ∨ ui(x)) simply con-

sists in replacing uij by uij ∨ wi in the matrix, and then applying

the threshold method used for the max min case. The correctness

of this approach is obvious. The generation of the transformed ma-

trix is in O(n2), and then there are at most log |L| calls to a max

flow algorithm in O(n3) [24]. The overall complexity is therefore

O(n3 log |L|).
This positive result also holds for the determination of an assign-

ment maximizing the weighted maximum ∨n
i=1(wi ∧ ui(x)). Such
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an assignment can indeed be simply computed as follows. Let i∗, j∗

denote indices such that ui∗j∗ = maxi maxj(uij ∧ wi). Any as-

signment where task tj∗ is assigned to agent ai∗ is optimal for the

weighted maximum.

3.2 OWMin and OWMax
The procedure to determine a maximal assignment according to the

OWMinw operator is also a threshold method, based on the following

proposition:

Proposition 1 Let y ∈ Ln. The following property holds:

|{i ∈ [n] : yi * λ}| ≥ |{i ∈ [n] : wi ≺ λ}| ⇔ OWMinw(y) * λ.

Proof Assume that |{i ∈ [n] : yi * λ}| ≥ |{i ∈ [n] : wi ≺ λ}|.
By definition of OWMinw(y), this implies that all values y(i) ≺ λ
are weighted by wi * λ. Consequently, OWMinw(y) * λ.

Conversely, assume that |{i ∈ [n] : yi * λ}| < |{i ∈ [n] : wi ≺
λ}|. By definition of OWMinw(y), this implies there exists a rank i
for which y(i) ≺ λ and wi ≺ λ. Consequently, OWMinw(y) ≺ λ.

Proposition 1 may be interpreted in the following way in the

setting of ordinal assignment problems: the value of the ordered

weighted min of an assignment is greater than or equal to λ if and

only if there are at least g(λ) agents whose (qualitative) utility is at

least λ, where g(λ) = |{i ∈ [n] : wi ≺ λ}|. A threshold method

can therefore be used to determine min{λ ∈ L : ∃x s.t. |{i ∈
[n] : ui(x) * λ}| ≥ g(λ)}. In order to know if the optimal

value is greater than or equal to a given λ ∈ L, one uses a max

flow algorithm to compute a maximal matching in the same bipar-

tite graph Gλ as above, where the set of edges is now defined by

E = {{ai, tj} : uij * λ}. If the cardinality of a maximal match-

ing is greater than or equal to g(λ), then the optimal value is greater

than or equal to λ, otherwise it is the opposite. By using here also

a binary search to determine the minimal λ, the complexity of the

whole threshold method is of course the same as for the max min

case (O(n3 log |L|)).

Example 4 Coming back to Example 1, assume that we wish
to determine an optimal assignment for OWMinw with w =
(++, 0,−,−−). The matrix with the utilities of the agents is re-
called on the top of Figure 1. Since we have |{i ∈ [n] : wi ≺
++}| = 3 and there does not exist a matching of cardinality 3
in G++ (graph in the bottom left corner of Figure 1), the optimal
value is necessarily strictly smaller than ++. However, we have
|{i ∈ [n] : wi ≺ +}| = 3 and there exists a matching of car-
dinality 3 in G+ (see the dotted egdes in the bottom right graph of
Figure 1). By completing this matching in a complete assignment (by
assigning task t4 to agent a4 here), one obtains an assignment x such
that OWMinw(u(x)) = +. This assignment is optimal for OWMinw.

A similar approach can be used for maximizing an OWMax op-

erator: the value of the ordered weighted max of an assignment is

greater than or equal to λ if and only if there are at least g(λ) + 1
agents whose qualitative utility is at least λ.

Remark 1 Note that the ordered weighted operators f : Ln → L
suffer from the drowning effect, i.e. one can have f(y) = f(y′)
while y′ � y (ordinal dominance). This is due to the fact that
all these operators use max and min operations. In order to guar-
antee that the returned assignment x is non-dominated (i.e., ∀x′

not(u(x′) � u(x))), one can adapt the threshold methods as fol-
lows. One replaces the max flow algorithm by a max flow min cost
algorithm from s to t in the network G = (V,E, c) with unit capaci-
ties, where V = {a1, . . . , an}∪{t1, . . . , tn}∪{s, t}, E = {(s, ai) :
i ∈ [n]} ∪ {(ai, tj) : i ∈ [n], j ∈ [n]} ∪ {(tj , t) : j ∈ [n]} and
the costs of edges (with unit capacities) are defined by c(ai, tj) = ελ
(resp. 1 + ελ) if uij * λ (resp. uij ≺ λ), c(s, ai) = 0, c(tj , t) = 0.
Futhermore, we assume that ελ < ελ′ for λ � λ′ and that ελ � 1
∀λ ∈ L. The reader can easily verify that the min cost of a max s-t
flow in G is strictler smaller than 1 (resp. n− g(λ) + 1) iff there are
at least n (resp. g(λ)) edges of costs ελ (λ ∈ L) with a flow 1. We
claim that the assignment corresponding to a max flow of min cost
for the optimal value of λ necessarily is non-dominated. This comes
from the fact that y′ � y ⇒∑

i∈[n] εy′i <
∑

i∈[n] εyi .

⎛⎜⎝
t1 t2 t3 t4

a1 ++ − 0 −
a2 − + 0 +
a3 ++ −− + 0
a4 + −− − −

⎞⎟⎠

G+

a1

a2

a3

a4

t1

t2

t3

t4

G++

a1

a2

a3

a4

t1

t2

t3

t4

Figure 1: Illustration of Example 4.

3.3 Sugeno with k-maxitive capacities

We now show how to extend the polynomiality result for the

weighted maximum to a wider class of Sugeno integrals. In order

to define this class, let us recall the definition of the Möbius trans-

form of a capacity v in a qualitative setting and the formulation of

the Sugeno integral in terms of ordinal Möbius masses. Note that the

Möbius transform is not uniquely defined in the ordinal case [18].

Nevertheless, we use in this paper a specific Möbius transform that

we call canonical ordinal Möbius transform.

Definition 4 The canonical ordinal Möbius transform of a capacity
v is the set function m on [n] defined by:

m(A) :=

{
v(A) if v(A) � v(A \ {i}), ∀i ∈ A

⊥ otherwise,

Note that if v(A) ∈ L then m(A) ∈ L. Coefficients m(A), for

A ⊆ [n], are called ordinal Möbius masses. Conversely, capacity v
can be recovered from m using the following equation:

v(E) =
∨

A⊆E

m(A)
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Interestingly enough, any Sugeno integral can be rewritten using or-

dinal Möbius masses as follows [18]:

Sv(y) =
∨

A⊆[n]

(
∧
i∈A

yi ∧m(A)) (3)

The computation of Sv(y) with Equation 3 involves 2n Möbius

masses. However only a polynomial number of them must be con-

sidered in some particular cases. For example, this is the case for

k-maxitive capacities that can be seen as ordinal counterparts of k-
additive capacities, see [26].

Definition 5 A capacity v defined on an ordinal scale L endowed
with a smallest (resp. greatest) element denoted by ⊥ (resp. 	) is
said to be k-maxitive if the canonical Möbius transform m satisfies:

(i) ∀A ⊆ [n], |A| > k ⇒ m(A) = ⊥

(ii) ∃A ⊆ [n], |A| = k s.t. m(A) �= ⊥

Given a capacity v, there is no need to explicitly compute all or-

dinal Möbius masses to decide whether it is k-maxitive or not. The

recognition can be made directly on v using the following character-

ization result:

Proposition 2 v is a k-maxitive capacity if and only if v(A) =
	 ∀A ⊆ [n] such that |A| ≥ k.

Proof Assume that v is k-maxitive. By definition, ∀A ⊆ [n],
|A| > k ⇒ m(A) = ⊥ which implies that ∀A ⊆ [n], |A| > k ⇒
v(A) = v(A \ {i}) ∀i ∈ A. Since v([n]) = 	 we obtain the desired

result by induction. Conversely, for any A such that |A| > k and

any i ∈ A, we have v(A) = v(A \ {i}) = 	. Hence m(A) = ⊥ by

Definition 4, which completes the proof.

Interestingly enough, the Sugeno integral can be reformulated as

follows for k-maxitive capacities:

Sv(y) =
∨

A⊆[n]

(
∧
i∈A

yi ∧m(A))

= (
∨

A⊆[n],|A|≤k

(
∧
i∈A

yi∧m(A)))∨(
∨

A⊆[n],|A|>k

(
∧
i∈A

yi∧m(A)))

= (
∨

A⊆[n],|A|>k

(
∧
i∈A

yi ∧m(A))) ∨ (
∨

A⊆[n],|A|>k

(
∧
i∈A

yi ∧ ⊥))

= (
∨

A⊆[n], |A|≤k

(
∧
i∈A

yi ∧m(A)))) ∨ (
∨

A⊆[n], |A|>k

(⊥))

=
∨

A⊆[n], |A|≤k

(
∧
i∈A

yi ∧m(A))

This compact formulation of the Sugeno integral, involving only(
n
k

)
coefficients, enables to identify a new polynomial case:

Theorem 1 The determination of an assignment x maximizing
Sv(u(x)) can be performed in polynomial time if the capacity is k-
maxitive for a fixed k.

Proof Given a feasible assignment x, the Sugeno value of u(x) for

a k-maxitive capacity reads:

Sv(u(x)) =
∨

A⊆[n],|A|≤k

(
∧
i∈A

uixi ∧m(A))

Thus, we easily deduce the following:

Sv(u(x)) * λ⇔
[
∃A ⊆ [n], |A| ≤ k s.t. (

∧
i∈A

uixi∧m(A)) * λ

]

To check if an assignment x s.t. Sv(u(x)) * λ exists, we propose

the following procedure. For every A ⊆ [n] |A| ≤ k s.t. m(A) * λ,

compute a maximal matching Mλ(A) in the bipartite graph

GA
λ = (A, T,Eλ), where Eλ = {(ai, tj) | uij * λ}. The proce-

dure can be stopped as soon as a set A such that |Mλ(A)| = |A|
is found. Matching Mλ can then be arbitrarily completed into a

feasible assignment, without downgrading the Sugeno value. If no

such set A is found, then maxx Sv(u(x)) ≺ λ. By using a standard

bisection algorithm, we can determine the maximal λ such that

Sv(u(x)) * λ for some feasible assignment x. The corresponding

assignment x is, by construction, an optimal assignment. For each

value of λ, there are at most O(nk) calls to a max flow algorithm in

O(n3). The number of examined values for λ is in O(log |L|). The

overall complexity is therefore O(n3+k log |L|).

4 COMPLEXITY IN THE GENERAL CASE

In this section we prove that the determination of a Sugeno optimal

assignment is an NP-hard problem. We assume that the size function

of an instance of the ordinal assignment problem is n. Consequently,

we also assume that the capacity function is not defined in extension

(which would take up O(2n) space), but rather that the determination

of v(A) for a given A ⊆ [n] can be carried out in polynomial time in

n. The following result holds:

Theorem 2 The determination of an assignment x maximizing
Sv(u(x)) is NP-hard, even if |L| = 2.

Proof The proof relies on a polynomial reduction from the mono-

tone 1-in-3-SAT problem defined as follows:

Instance: A collection of clauses C = {C1, · · · , Cm}, each clause

consists of exactly three variables, the set of boolean variables is de-

noted by B = {b1, · · · , bn}, and all literals are positive.

Question: Does there exists a truth assignment of boolean variables

in B such that each clause has exactly one true variable ?

From an instance of 1-in-3-SAT, we define an instance of the ordinal

assignment problem as follows:

− the set of agents is N = {b1i1 , b1j1 , b1k1
, . . . , bmim , bmjm , bmkm

} where

ip (resp. jp, kp) denotes the index of the first (resp. second, third)

variable in Cp;

− the set of tasks is T = {c1, . . . , cm} ∪ {f1, · · · , f2m} where task

cp represents clause Cp and tasks f1, · · · , f2m are added to have

|N | = |T | = 3m;

− the utility of assigning task cp to bp• (∀p ∈ [m]) is 	, otherwise it

is ⊥.

− the capacity v in the Sugeno integral is:

v(A) =

⎧⎪⎨⎪⎩
� if |A| > m
� if |A| = m and ∀i ∈ [n], A ∩Ni �= ∅ ⇒ Ni ⊆ A
⊥ if |A| = m and not(∀i ∈ [n], A ∩Ni �= ∅ ⇒ Ni ⊆ A)
⊥ if |A| < m

where Ni = {bpi : p ∈ [m] and bpi ∈ N} is the set of occurences of
variable bi in N (it is easy to check that the capacity is well defined).

For illustration, the matrix obtained from formula (b1 ∨ b2 ∨ b3) ∧
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(b1 ∨ b2 ∨ b5) ∧ (b2 ∨ b3 ∨ b4) is (all empty components are ⊥):

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c2 c3 f1 f2 f3 f4 f5 f6
b11 �
b12 �
b13 �
b21 �
b22 �
b25 �
b32 �
b33 �
b34 �

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We claim that the value of an optimal assignment w.r.t. Sv is 	 iff

the answer to the 1-in-3-SAT instance is yes.

First, assume that the value of an optimal assignment x w.r.t. Sv

is Sv(u(x)) = 	. Let y = u(x) denote the vector of individual

utilities (3m components) for x. We recall that our objective function

is Sv(y) = ∧3m
i=1(y(i) ∨ v(A(i+1))). By construction of the instance

of the ordinal assignment problem, there are at most m components

of y that are equal to 	. By definition of v, v(A(i+1)) = ⊥ for

i = 2m + 1, . . . , 3m (because |A(i+1)| < m). Consequently, we

necessarily have y(i) = 	 for i = 2m + 1, . . . , 3m (otherwise

Sv(y) �= 	). By looking at y(2m+1), . . . , y(3m), for each clause we

have therefore one variable (belonging to the clause) assigned to it.

By setting these variables to true and the other variables to false, one

obtains a feasible truth assignment for the 1-in-3-SAT instance if the

following property holds: if a variable belongs to several clauses, if

it is assigned to one of them, then it is assigned to all of them. This is

ensured by the way capacity v is defined. As shown previously, we

have indeed necessarily y(2m) = ⊥, which implies v(A(2m+1)) =
	 (otherwise Sv(y) �= 	). Note that |A(2m+1)| = m. By definition

of v, it means that ∀i ∈ [n] A ∩ Ni �= ∅ ⇒ Ni ⊆ A, which is

precisely the required property.

Conversely, assume that the answer to the 1-in-3-SAT instance

is yes. By assigning cp to bpi iff variable bi is true in the solution

of the 1-in-3-SAT instance, one obtains an assignment x such that

Sv(u(x)) = 	 (this is proved by similar arguments as above).

Since a polynomial procedure is unlikely to exist in the general

case (unless P = NP ), we looked for a MIP formulation. This is

the topic of the next section.

5 A MIP FORMULATION

To model our problem as a mixed integer program (MIP), we need

to find a linear reformulation of the Sugeno integral. In this respect,

Equations 1 and 2 are not very useful because they are based on a

sorting of the components of y, therefore their linearization would re-

quire to introduce binary permutation variables. Equation 3 presents

a more interesting form since the ordered aggregation is achieved by

an aggregation over all subsets of N . This type of formulation may

appear as intractable as the number of agents increase, but we are

going to show that it can be efficiently used to minimize the Sugeno

integral provided that the capacity is k-maxitive. Note that the maxi-

mization case has been treated in Section 3 dedicated to the polyno-

mial cases. Let us consider the following minimization problem, that

can be of interest when variables yi represent disutilities:

min
∨

A⊆[n]

(
∧
i∈A

yi ∧m(A))

s.t. y ∈ Y

where Y ⊆ [0, 1]n denotes the set of feasible utility vectors. It is

equivalent to the MIP:

min w (4)

s.t.

⎧⎨⎩
w ≥ tA ∀A ⊆ [n]
tA =

∑
i∈A bAi yi + bA0 m(A) ∀A ⊆ [n]∑

i∈A bAi + bA0 = 1 ∀A ⊆ [n]
(5)

where bAi ∈ [0, 1] and tA =
∑

i∈A bAi yi + bA0 m(A) represents

the value
∧

i∈A(yi ∧ m(A)) at optimum. Note that constraint 5 is

quadratic, but the quadratic terms can be removed by introducing

product variables pAi = bAi yi and the following constraints:

pAi ≤ bAi (6)

pAi ≤ yi (7)

pAi ≥ yi + bAi − 1 (8)

This usual reformulation through the linearization constraints 6, 7

and 8 is due to Fortet [13, 20]. Every triple of constraints insures that

bAi = 0 ⇒ pAi = 0 and bAi = 1 ⇒ pAi = yi. Hence we obtain the

following mathematical program:

min w

s.t.

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

w ≥ tA ∀A ⊆ [n]
tA =

∑
i∈A pAi + bA0 m(A) ∀A ⊆ [n]∑

i∈A bAi + bA0 = 1 ∀A ⊆ [n]
pAi ≤ bAi ∀A ⊆ [n] ∀i ∈ A
pAi ≤ yi ∀A ⊆ [n] ∀i ∈ A
pAi ≥ yi + bAi − 1 ∀A ⊆ [n] ∀i ∈ A

This formulation is not compact for general capacities since the num-

ber of variables and constraints grows exponentially with n. However

the formulation becomes compact for k-maxitive capacities. Under

the k-maxitivity assumption indeed, we have
∧

i∈A(yi∧m(A)) = ⊥
for |A| > k. The constraints and variables that were needed for all

subsets of [n] become therefore only necessary for all subsets of size

not greater than k. Hence the number of variables and constraints

becomes polynomial in n (assuming that k is a constant).

Unfortunately the linearization technique presented in the case of

a minimization does not apply directly for maximizing the Sugeno

integral. To overcome the problem, we now use another formulation

of the Sugeno integral based on ordinal co-Möbius masses [18]. We

use here the canonical ordinal co-Möbius transform m defined by:

m(A) :=

{
v([n]\A) if v([n]\A) < v(([n]\A)∪{i}), ∀i ∈ A

	 otherwise,

Note that, here also, m(A) ∈ L. The Sugeno integral can be ex-

pressed as a function of m as follows [18]:

Sv(y) =
∧

A⊆[n]

(
∨
i∈A

y(i) ∨m(A)) (9)

Let us consider now the maximization problem:

max
∧

A⊆[n]

(
∨
i∈A

y(i) ∨m(A))

s.t. y ∈ Y

This problem can be reformulated as:

max w (10)

s.t.

⎧⎨⎩
w ≤ dA ∀A ⊆ [n]
dA =

∑
i∈A bAi yi + bA0 m(A) ∀A ⊆ [n]∑

i∈A bAi + bA0 = 1 ∀A ⊆ [n]
(11)
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where bAi ∈ [0, 1] and dA =
∑

i∈A bAi yi + bA0 m(A) represents the

value
∨

i∈A y(i) ∨m(A) at optimum. Using the Fortet linearization

recalled above, the maximization problem can be reformulated as

follows:

max w (12)

s.t.

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

w ≤ dA ∀A ⊆ [n]
dA =

∑
i∈A pAi + bA0 m(A) ∀A ⊆ [n]∑

i∈A bAi + bA0 = 1 ∀A ⊆ [n]
pAi ≤ bAi ∀A ⊆ [n] ∀i ∈ A
pAi ≤ yi ∀A ⊆ [n] ∀i ∈ A
pAi ≥ yi + bAi − 1 ∀A ⊆ [n] ∀i ∈ A

(13)

Here also, a more compact formulation can be obtained for k-

minitive capacities:

Definition 6 A capacity v defined on an ordinal scale L endowed
with a smallest (resp. greatest) element denoted by ⊥ (resp. 	) is
said to be k-minitive if its ordinal co-Möbius transform is equal to
	 for any A ⊆ [n] such that |A| > k, and there exists at least one
subset A of exactly k elements such that m(A) �= 	. Formally:

(i) ∀A ⊆ [n], |A| > k ⇒ m(A) = 	
(ii) ∃A ⊆ [n], |A| = k s.t. m(A) �= 	

Given a capacity v, there is no need to explicitly compute all ordi-

nal co-Möbius masses to decide whether it is k-maxitive or not. The

recognition can be made directly on v by using the following result:

Proposition 3 v is a k-minitive capacity if and only if v([n] \ A) =
⊥ for all A ⊆ [n] such that |A| ≥ k.

Proof Assume that v is k-minitive. By definition, ∀A ⊆ [n],
|A| > k ⇒ m(A) = 	 which implies that ∀A ⊆ [n], |A| > k
⇒ v([n] \ A) = v(([n] \ A) ∪ {i}) ∀i ∈ A. Since v(∅) = ⊥ we

obtain the desired result by induction. Conversely, let A be a subset

such that |A| = k. We have v([n] \ A) = v([n] \ A) ∪ {i} = ⊥ for

all i ∈ A. Hence m(A) = 	 by definition of m, which completes

the proof.

Under the k-minitivity assumption, the constraints and variables

that were needed for all subsets of [n] become therefore only neces-

sary for all subsets of size not greater than k.

In order to apply this mathematical programming technique to the

Sugeno assignment problem (maximization case) where utilies are

expressed on a qualitative scale L, we need first to convert L to the

following numeric scale C = { 1
|L| ,

2
|L| , · · · , 1}. Then we consider

boolean variables zij representing assignment decisions. We have

zij = 1 whenever task j is assigned to agent i and zij = 0 otherwise.

Hence, assignment constraints are expressed as follows:∑n
i=1 zij = 1, j = 1, . . . , n (14)∑n
j=1 zij = 1, i = 1, . . . , n (15)

The utility of agent i is therefore defined by yi =
∑n

j=1 uijzij .

Note that, due to constraint (15), this definition of yi ensures that

yi ∈ [0, 1]. Hence, the vector of individual utilities is given by

y = (y1, . . . , yn) ∈ [0, 1]n. These variables yi can be used in combi-

nation with Program 12-13, which yields the following overall MIP:

max w

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑n
i=1 zij = 1 j = 1, · · · , n∑n
j=1 zij = 1 i = 1, · · · , n

yi =
∑n

j=1 uijzij i = 1, · · · , n
w ≤ dA ∀A ⊆ [n]
dA =

∑
i∈A pAi + bA0 m(A) ∀A ⊆ [n]∑

i∈A bAi + bA0 = 1 ∀A ⊆ [n]
pAi ≤ bAi ∀A ⊆ [n] ∀i ∈ A
pAi ≤ yi ∀A ⊆ [n] ∀i ∈ A
pAi ≥ yi + bAi − 1 ∀A ⊆ [n] ∀i ∈ A

zij ∈ {0, 1} ∀i, ∀j, w ∈ R+, yi ∈ R+ ∀i
dA ∈ R+ ∀A ⊆ [n], bAi ∈ R+ ∀A ⊆ [n], ∀i ∈ {0} ∪A

Some numerical tests have been carried out using IBM ILOG

CPLEX Optimization Studio 12.4 on a computer with 3.8 Gb of

memory and an Intel Core 2 Quad 2.40 Ghz processor. We used an

ordinal scale L with |L| = 5. Möbius masses corresponding to 2-

minitive capacities were randomly drawn in L, and the average com-

putation times over 20 instances (for each size) were observed. The

results showed that instances up to size n = 20 can be solved in a few

seconds, while the solution of instances of size 25 requires more than

600 seconds (value of the timeout in our tests). This fast growth of

the solution times goes with the O(n4) growth of the number of con-

straints in the MIP formulations: from 20 to 30 agents, the number

of constraints increases from∼160,000 to∼1,000,000. Interestingly,

for Möbius masses defined such that Sv(y) = mini yi, instances up

to 100 agents were solved in a few seconds. This tends to confort the

intuition that the more the Sugeno integral differs from the min, the

less effective the formulation becomes.

6 CONCLUSION
In this paper, we have studied the optimization of the Sugeno inte-

gral in ordinal assignment problems. Table 1 summarizes our con-

tributions in the maximization case. We have identified special cases

(weighted min, ordered weighted min) that admit a polynomial time

solution procedure, and we have shown that it is NP-hard in the gen-

eral case, even if the cardinality of the scale is only two. Finally, we

have provided the first MIP formulation for the optimization of the

Sugeno integral under linear constraints. The preliminary numerical

tests carried out showed that the operationality of this latter approach

is limited to instances of modest size. Nevertheless, for future works,

it would be interesting to study the possibility of other MIP formu-

lations. It is indeed worth noting that an efficient linearization of the

Sugeno integral would impact on a number of combinatorial prob-

lems other than the assignment problem studied here (e.g., minimum

spanning tree problem, traveling salesman problem).

Capacity Operator Complexity Algorithm
general Sugeno NP-hard MIP
minitive weighted min O(n3 log |L|) Threshold
maxitive weighted max O(n2) max

i,j
(uij ∧wi)

symmetric OWMin, OWMax O(n3 log |L|) Threshold

k-maxitive Sugeno O(n3+k log |L|) Threshold
k-minitive Sugeno ? compact MIP

Table 1: Summary of our contributions.
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Complexity Results for Probabilistic Datalog±

İsmail İlkan Ceylan1 Thomas Lukasiewicz2 Rafael Peñaloza3

Abstract. We study the query evaluation problem in probabilistic

databases in the presence of probabilistic existential rules. Our fo-

cus is on the Datalog± family of languages for which we define the

probabilistic counterpart using a flexible and compact encoding of

probabilities. This formalism can be viewed as a generalization of

probabilistic databases, as it allows to generate new facts from the

given ones, using so-called tuple-generating dependencies, or exis-

tential rules. We study the computational cost of this additional ex-

pressiveness under two different semantics. First, we use a conven-

tional approach and assume that the probabilistic knowledge base is

consistent and employ the standard possible world semantics. There-

after, we introduce a probabilistic inconsistency-tolerant semantics,

which we call inconsistency-tolerant possible world semantics. For

both of these cases, we provide a thorough complexity analysis rel-

ative to different languages, drawing a complete picture of the com-

plexity of probabilistic query answering in this family.

1 INTRODUCTION

Recent years have lead to a significant increase in the number of

application domains that generate large volumes of uncertain data.

This has paved the way for a number of systems tailored towards

such domains; most notably for large knowledge bases: Yago [22],

Nell [31], DeepDive [36], Google’s Knowledge Vault [17], and Mi-

crosoft’s Probase [42] are systems containing a large amount of un-

certain data. These systems are substantially based on the founda-

tions of probabilistic databases (PDBs) [37]. Arguably, PDBs pro-

vide the state-of-the-art means for modeling, storing, and processing
data in the presence of uncertainty.

Enriching databases with ontological knowledge is a common

paradigm [33], as it allows one to deduce facts that are not explic-

itly specified in the database. The most widely studied languages

for achieving such sophisticated data access are based on descrip-
tion logics (DLs) [2] and existential rules [9, 8]. Following this tradi-

tion, we study probabilistic query entailment under existential rules

(tuple-generating dependencies) relative to a database. We focus on a

particular family of existential rule languages, which is also referred

to as Datalog± [9, 8].

Our framework is rather general: We assume a set of probabilistic

events and annotate the facts and the rules with a Boolean expression

formed over these events, which we call contexts. This context-based

abstraction allows a compact specification of a probability distribu-

tion over the knowledge base. Similar approaches have been used

in knowledge representation [32] and are also related to data prove-
nance and lineage [23, 32, 37] in PDBs.

1 TU Dresden, Germany, email: ceylan@tcs.inf.tu-dresden.de
2 University of Oxford, UK, email: thomas.lukasiewicz@cs.ox.ac.uk
3 Free University Bozen-Bolzano, Italy, email: rafael.penaloza@unibz.it

The most common semantics for PDBs is the possible world se-
mantics: a PDB factorizes into a set of possible worlds, i.e., classical

databases, each of which is then associated with a probability. This

semantics is also used in probabilistic logic programming (see, e.g.,

ProbLog [16]) and is closely related to Poole’s independent choice

logic [34]. We first study probabilistic query entailment in Datalog±

under this semantics with a conventional assumption, i.e., the as-

sumption that the probabilistic knowledge base is consistent.
Datalog± programs can clearly lead to inconsistencies, as neg-

ative constraints, such as ∀x P(x) ∧ R(x)→ ⊥, are part of these

programs. The obvious question is, of course, whether forcing the

consistency assumption is always feasible? We answer this question

negatively: PDBs are typically constructed in an automated manner;

therewith, it is not easy to control which tuple is to be added to the

database next. Suppose, e.g., that both atoms P(u) and R(u) are ob-

tained with a positive probability. Clearly, adding both atoms would

lead to an inconsistency, as the disjointness imposed by the rule will

then be invalidated; i.e., we either throw away one of these atoms, or

the whole knowledge base becomes inconsistent.

One way of tackling this problem is to simply ignore the inconsis-

tent worlds imposed by the knowledge base, and as such, to slightly

change the possible world semantics to only consider consistent

worlds. We argue that this is not a solution to the problem, but rather

a patch, and show that considering only consistent worlds could lead

to loss of valuable information. In other words, inconsistent worlds

may produce meaningful answers that are lost, as they can not be

captured with an adequate semantics. Thus, to retrieve as much valu-

able information as possible, we base ourselves on the foundations

of inconsistency-tolerant reasoning, which is well-understood both

in the context of DLs [26, 5, 6] and Datalog± [28, 29, 27]. A well-

known approach in inconsistency-tolerant reasoning is based on re-
pairing the knowledge base by minimally removing some facts. As

there can be many different minimal repairs (see the example above),

the safe consequences are considered to be those that follow from

every possible repair. In this paper, we adopt the generalized repair
(GR) semantics from a recent work [18], which allows repairs both

on the database and on the program. Based on the GR semantics, we

define the inconsistency tolerant possible world semantics.

For both semantic approaches, we provide a through complexity

analysis relative to different existential rule languages, drawing a

complete picture of the complexity of probabilistic query entailment

in Datalog±. The most central class for our complexity analysis is

the class PP [20], which we describe in detail. Briefly stated, our re-

sults show an analogous behavior to the classical case, i.e., moving to

inconsistency-tolerant semantics can put the complexity of reasoning

one level higher in the respective hierarchy.
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2 MOTIVATION AND BACKGROUND
We enrich databases with ontological knowledge allowing to access

probabilistic data over a logical abstraction. We concentrate on exis-

tential rule languages, also known as tuple-generating dependencies.

2.1 Existential Rules and Datalog±

We recall some basics on existential rules from the context of

Datalog± [9, 8] and briefly introduce conjunctive query answering

under existential rules.

General. Consider (possibly infinite) mutually disjoint sets R of

predicates, C of constants, V of variables, and N of nulls. A term
t is a constant, a null, or a variable. An atom is an expression of

the form P(t1, . . . , tn), where P is an n-ary predicate, and t1, . . . , tn
are terms. A variable-free atom does not contain any variables as

terms, and a ground atom is an atom that contains only constants as

terms. An instance I is a (possibly infinite) set of variable-free atoms.

A database D is a finite set of ground atoms.

Programs. A tuple-generating dependency (TGD) (or existential
rule) σ is a first-order formula ∀xϕ(x)→ ∃y P(x,y), where

x ∪ y ⊂ V, ϕ(x) is a conjunction of atoms, and P(x,y) is an atom;

ϕ(x) is the body of σ, denoted body(σ), while P(x,y) is the head
of σ, denoted head(σ).4

A negative constraint (NC) ν is a first-order formula of the form

∀xϕ(x)→ ⊥, where x ⊂ V, ϕ(x) is a conjunction of atoms, called

the body of ν, denoted body(ν), and ⊥ denotes the truth constant

false; i.e., a contradiction. A Datalog± program is a finite set Σ of

TGDs and NCs. For brevity, we often omit the universal quantifiers in

front of TGDs and NCs, and write simply, e.g., ϕ(x)→ ∃y P(x,y).
Moreover, we often speak simply of programs when referring to

Datalog± programs.

Semantics. The semantics of programs is defined via homomor-

phisms. Briefly, a homomorphism is a substitution h : C∪N∪V→
C ∪ N ∪ V that behaves as the identity over C. For a homomor-

phism h and a set of variables x, we denote by h|x the restriction of h
to x. The instance I satisfies the TGD σ, written I |= σ, if for ev-

ery homomorphism h such that h(ϕ(x)) ⊆ I , there exists h′ ⊇ h|x
such that h′(P(x,y)) ∈ I . The instance I satisfies the NC ν, writ-

ten I |= ν, if there is no homomorphism h such that h(ϕ(x)) ⊆ I .

Given a program Σ, I satisfies Σ, written I |= Σ, if I satisfies each

TGD and NC of Σ. I is a model of the program Σ relative to the

database D, if D ⊆ I and I |= Σ. We denote the set of all models

of Σ relative to D as mods(D,Σ).
Unions of Conjunctive Queries. A conjunctive query (CQ) is an

existentially quantified formula ∃xψ(x), where ψ is a conjunction

of atoms. Consider, e.g., the query

q1(x) = ∃y StarredIn(x, y) ∧ Mov(y) ,

which asks for individuals that starred in a movie. Notice that x is a

free variable in q1, also called an answer variable. A Boolean con-
junctive query (BQ) is a CQ without any free variables. An example

is the query

q2 = ∃x, y StarredIn(x, y) ∧ Mov(y) ,

which asks whether there exists an individual that starred in a movie.

4 Notice that our definition of TGDs requires the head to contain only one
atom. This restriction is made w.l.o.g., as a TGD with a conjunction of
atoms in the head can be equivalently represented by a set of single-atom-
headed TGDs [8].

A union of Boolean conjunctive queries (UCQ) Q is a disjunction

of BQs. For notational convenience, we write Q to represent UCQs

and q to represent BQs. If we consider queries with free variables,

we make this explicit and write Q(x), or q(x), respectively.

Query Semantics. The answers to a CQ q(x) over an instance I ,

denoted q(I), is the set of all mappings Θ from x to the constants in

I such that q(Θ(x)) ∈ I . A Boolean query q has a positive answer

over I , denoted I |= q, if q(I) �= ∅. Given a database D and a pro-

gram Σ, the answers we consider are those that are true in all models

of Σ relative to D. Formally, the answer to a CQ q w.r.t. D and Σ is

the set of tuples ans(q,D,Σ) = ⋂
I∈mods(D,Σ){t | t ∈ q(I)}. The

answer to a BQ q is positive, denotedD∪Σ |= q, if ans(q, D,Σ) �=
∅. These notions are generalized to the class of UCQs in the obvious

way. Consider a database

D = {Actor(alPacino), StarredIn(pMiller, cw), Mov(cw)},

which asserts that Al Pacino is an actor, and that Penelope Miller has

starred in a movie. The query q1(x) produces only pMiller as an

answer on D. In the presence of the program

Σ = {〈 Actor(x)→ ∃y StarredIn(x, y), Mov(y)〉},

a new tuple (alPacino) is generated, and thus both alPacino and

pMiller become answers to q1(x).

2.2 Computational Properties of Existential Rules
In general, it is undecidable whether a BQ has an answer or not w.r.t.

a database D and a program Σ [4]. To regain decidability, many

different restrictions on the class of allowed TGDs have been pro-

posed. The most important (syntactic) restrictions studied in the lit-

erature are guardedness [8], stickiness [9], and acyclicity, along with

their “weak” counterparts, namely weak guardedness [8], weak stick-

iness [9], and weak acyclicity [19], respectively.

A TGD σ is guarded, if there exists an atom a ∈ body(σ) that con-

tains (or “guards”) all the body variables of σ. The class of guarded

TGDs, denoted G, is defined as the family of all possible sets of

guarded TGDs. A key subclass of guarded TGDs are the so-called

linear TGDs with just one body atom, which is automatically the

guard. The class of linear TGDs is denoted by L. Weakly guarded
TGDs extend guarded TGDs by requiring only the body variables

that are considered “harmful” to appear in the guard (see [8] for full

details). The associated class of TGDs is denoted WG. It is easy to

verify that L ⊂ G ⊂WG, in terms of the sets of TGDs they contain.

Stickiness is inherently different from guardedness, and its cen-

tral property can be described as follows: variables that appear more

than once in a body (i.e., join variables) must always be propagated

(or “stuck”) to the inferred atoms. A TGDs that enjoys this prop-

erty is called sticky, and the class of sticky TGDs is denoted by S.

Weak stickiness generalizes stickiness by considering only “harm-

ful” variables, and defines the class WS of weakly sticky TGDs. Ob-

serve that S ⊂WS.

A set Σ of TGDs is acyclic (and belongs to the class A), if its

predicate graph is acyclic. Equivalently, an acyclic set of TGDs can

be seen as a non-recursive set of TGDs. We say Σ is weakly-acyclic,

if its dependency graph enjoys a certain acyclicity condition, which

guarantees the existence of a finite canonical model; the associated

class is denoted WA. Clearly, A ⊂ WA. Interestingly, it also holds

that WA ⊂WS [9].

Another key fragment of TGDs, which deserves our attention, are

the so-called full TGDs, i.e., TGDs without existentially quantified

İ.İ. Ceylan et al. / Complexity Results for Probabilistic Datalog± 1415



variables. Their corresponding class is denoted as F. Restricting full

TGDs to satisfy linearity, guardedness, stickiness, or acyclicity yields

the classes LF, GF, SF, and AF, respectively. A known relation be-

tween these classes is that F ⊂WA [19] and F ⊂WG [8]. We extend

all these notions to programs Σ in the obvious way: by considering

the properties satisfied by the TGDs in Σ. Thus, for instance, Σ is

guarded, if all the TGDs in Σ are guarded.

When analysing the complexity of query answering, we consider

all these classes of programs unless explicitly mentioned otherwise.

To obtain a fine-grained analysis of the computational complexity,

we follow Vardi’s taxonomy [40], as described next. The combined
complexity of UCQ answering is calculated by considering all the

components, i.e., the database, the program, and the query, as part

of the input. The bounded-arity combined complexity (or simply

ba-combined complexity) assumes that the arity of the underlying

schema (i.e., the maximum arity of the predicates in R) is bounded

by an integer constant. In the context of description logics (DLs),

the combined complexity in fact refers to the ba-combined com-

plexity, since, by definition, the arity of the underlying schema is

at most two. The fixed-program combined complexity (or simply fp-
combined complexity) is calculated by considering the program (i.e.,

the set of TGDs and NCs) as fixed, while the data complexity addi-

tionally assumes that the query is fixed.

Table 1 summarizes the known complexity results for query en-

tailment in the different classes of programs that we consider. These

results will provide the basis for analysing the complexity of proba-

bilistic Datalog± programs in the following sections.

Data Comb. ba-comb. fp-comb.

L, LF, AF in AC0 PSPACE NP NP
G P 2EXP EXP NP
WG EXP 2EXP EXP EXP

S, SF in AC0 EXP NP NP
F, GF P EXP NP NP
A in AC0 NEXP NEXP NP

WS, WA P 2EXP 2EXP NP

Table 1: Complexity of BQ answering [27]. All entries except for “in

AC
0” are completeness ones, where hardness in all entries but the

fp-combined ones holds even for ground atomic BQs.

2.3 Complexity of Standard Probabilistic Inference

Our approach is based on annotating the facts in the database and the

rules in the Datalog± program with Boolean events, which we call

contexts. Here, we briefly introduce the basic notions, our assump-

tions, and the complexity of probabilistic Boolean inferences.

Consider a finite set of elementary events E = {e1, ..., en}. A

world is a conjunction w = s1∧...∧sn where si, 1 ≤ i ≤ n, is either

the event ei or its negation ¬ei. A context is a Boolean combination

of elementary events, i.e., if κ1 and κ2 are contexts, then so is ¬κ1

and κ1 ∧ κ2.

Contexts encompass the probabilistic component of our formal-

ism. For representing the probability distribution of events and con-

texts, we do not restrict to any specific probabilistic model, but rather

consider any representation for which deciding whether P(κ) > p
for some value p ∈ [0, 1) is PP-complete. Further details on the

complexity class PP and its relation to other complexity classes can

be found in Section 3.1.

3 PROBABILISTIC DATALOG±

To define our probabilistic extension of Datalog±, we annotate all

the rules and negative constraints with contexts, which will be inter-

preted through the probability distribution. Similarly, all the atoms in

a probabilistic database are associated with a context as well.

Definition 1 (Probabilistic Datalog±) A probabilistic TGD is an

expression of the form 〈σ : κ〉, where σ is a TGD, and κ is a context.

Analogously, a probabilistic negative contraint is of the form 〈ν : κ〉,
where ν is a negative constraint, and κ is a context. A probabilistic
program Γ is a finite set of probabilistic TGDs and probabilistic neg-

ative contraints.

A probabilistic atom is of the form 〈� : κ〉, where � is an atom,

and κ is a context. A probabilistic database P is a finite set of prob-

abilistic atoms. A probabilistic knowledge base is a pair K = (Γ,P)
that represents a probabilistic program Γ relative to a probabilistic

database P .

We extend the special cases of Datalog± programs defined in the

previous section to probabilistic programs in the obvious way. That

is, the probabilistic program Γ is guarded if the Datalog± program

{λ | 〈λ : κ〉 ∈ Γ} is guarded, and analogously for linear, sticky,

acyclic, and full programs, and their weak versions. For a class L of

Datalog± programs, we denote by ΥL its associated class of prob-

abilistic programs. Thus, for instance ΥG is the class of all guarded

probabilistic programs. Consider the probabilistic program Γm rela-

tive to the PDB Pm given in Figure 1. It asserts that actors star in at

least one movie and that actors and movies are disjoint entities. Both

expressions hold in the global context	. To ease reading, we usually

omit the global context from the expressions.

Intuitively, a probabilistic program relative to a PDB compactly

encodes a finite number of classical programs relative a classical

database, each of which associated with a different context, and

therefore a number of worlds. This semantics is commonly referred

to as the possible world semantics.

Definition 2 (Possible Worlds) Let K = (Γ,P) be a probabilistic

knowledge base. Every world w induces a classical knowledge base

K|w = (Γ|w,P|w) where

Γ|w = {λ | 〈λ : κ〉 ∈ Γ, w |= κ},
P|w = {� | 〈� : κ〉 ∈ P, w |= κ}.

A probabilisitic knowledge base K is consistent, if all the worlds

induced by K (with positive probability) are consistent.

The probabilistic program Γm relative to Pm encodes exponentialy

many worlds on the size of the context variables. For instance, given

the world w1 (see Figure 1), P|w1
contains all tuples from Actors

and Movies, but none from StarredIn. Similarly, as the rules in Γm

are global (i.e., they hold in every world), Γ|w1
contains both rules.

Observe also that tuple-independent probability models are a spe-

cial case of our abstraction, where every annotation is independent

from others. In this case, one can directly write probability values,

instead of the contexts with their independent probabilities.

Definition 3 (Query Semantics) Let K = (Γ,P) be a probabilistic

knowledge base, the probability of a UCQ Q is given by:

PK(Q) =
∑
K|w|=Q

P(w),

Given a query Q and p ∈ (0, 1], probabilistic query entailment is the

problem of deciding whether PK(Q) ≥ p.
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Actor Pr

alPacino a1
rDeNiro a2
mPfeiffer a3

Movies Pr

carlitosWay m1
godfather m2
taxiDriver m3

StarredIn Pr

alPacino carlitosWay ¬s1 ∧ s2
alPacino godfather s3 ∧ ¬s4
rDeNiro godfather ¬s5 ∧ s6
pMiller carlitosWay ¬s7 ∧ s1

Γm

R1 : 〈 Actor(x) → ∃y StarIn(x, y), Mov(y)〉
R2 : 〈 Actor(x), Mov(x) → ⊥〉

# Worlds Pr

w1 { a1, a2, a3, m1, m2, m3, s1, ..., s7 } .73
w2 { ¬a1, a2, a3, m1, m2, m3, s1, ..., s7 } .11
w3 ... .12
w4 ... .25
... ... ...
wn { ¬a1, ¬a2 , ¬a3, ¬m1, ¬m2, ¬m3, ¬s1, ..., ¬s7} .01

Figure 1: The probabilistic database Pm (depicted using tables) and the probabilistic program Γm = {R1, R2} composed of a TGD (R1) and

an NC (R2). The contexts are defined over the elementary events E = {a1, a2, a3, m1, m2, m3, s1, . . . , s7}.

Briefly, a UCQ describes a desired pattern for a given knowledge

base, and query entailment is then the task of deciding whether the

specified pattern holds in this KB. Probabilistic query entailment fac-

torizes this decision over different KBs, and we are interested in

learning how likely it is for a UCQ to be entailed. Consider, for in-

stance, the probabilistic KB Km = (Γm,P ′m), where

P ′m = { 〈Actor(alPacino, godfather : 0.5)〉 ,
〈Actor(rDeNiro, godfather) : 0.5〉},

and Γm given as before. The query q2 would return the probability

0.75 on the program Γm relative to the PDB P ′m. Notice that the

only world that does not satisfy the query is {Movie(gf)}∪Γm, and

this world has the probability 0.25. It is easy to see that q2 would

evaluate to 0, if it is posed only on P ′m.

3.1 Complexity Classes and Assumptions

For the sake of readability, we briefly recall some of the non-standard

complexity classes that we consider, and their relation to other clas-

sical complexity classes. The most typical counting complexity class

PPΣ
p
2

PPNPΣp
3 Πp

3

Πp
2Σp

2 PP

coNPNP

P

Figure 2: A portion of the counting polynomial-time hierarchy.

is #P [39], which is a functional complexity class originally intro-

duced in the context of counting problems. The corresponding de-

cision class PP [20] defines the set of languages recognized by a

polynomially bounded non-deterministic Turing machine (TM) that

accepts an input if and only if more than half of the computation

paths are accepting [38]; such machines are usually called PP TMs.

We also consider PPNP (resp., PPΣ
p
2 , PPNEXP), which as usual corre-

sponds to languages that can be recognized by a PP TM, with an NP

(resp., Σp
2 , NEXP) oracle. Most of these classes belong to the count-

ing polynomial-time hierarchy [41], which is partially illustrated in

Figure 2 along with the first levels of the polynomial hierarchy. The

following relations between complexity classes are a consequence of

the relationships depicted in Figure 2 and will also be useful through-

out the rest of this paper:

PPΣ
p
2⊆ PSPACE ⊆ EXP ⊆ NEXP ⊆ PNEXP ⊆ PPNEXP ⊆ 2EXP

3.2 Complexity Results
We will consider the complexity of query answering w.r.t. the differ-

ent classes of probabilistic programs relative to different languages.

Data Comb. ba-comb. fp-comb.

L, LF, AF PP PSPACE PPNP PPNP

G PP 2EXP EXP PPNP

WG EXP 2EXP EXP EXP

S, SF PP EXP PPNP PPNP

F, GF PP EXP PPNP PPNP

A PP NEXP NEXP PPNP

WS, WA PP 2EXP 2EXP PPNP

Table 2: Complexity of probabilistic entailment

We start with a general result that provides some bounds for the

complexity of query entailment in probabilistic KBs parameterized

on the complexity of its classical counterpart.

Theorem 4 Let L be a class of Datalog± programs, and k be
the complexity of query entailment in L relative to databases.
Then, probabilistic query entailment in ΥL relative to probabilistic
databases is (i) k-hard, (ii) PP-hard, and (iii) in PPk.

PP-hardness follows from the hardness of standard probabilistic

inference. The full proof shows a construction of a probabilistic KB

upon which standard query entailment can be decided, which proves

k-hardness. 5 Membership to PPk follows mainly from the observa-

tion that a probabilistic knowledge base is a factorized representation

of exponentially many classical knowledge bases. Thus, it is possi-

ble to solve the problem (after properly adjusting the probabilities of

the worlds) by deciding whether the majority of the oracle calls that

decide classical query entailment return true.

We analyze the consequences of Theorem 4. Observe first that if k
is a deterministic class that contains PP, then PPk = k and thus The-

orem 4 directly provides tight complexity bounds. Notice that this is

the case w.r.t. the combined complexities for all the classes except

A. In the case of the class A, the complexity of query entailment

5 For ease of presentation, we excluded the proofs from the main text; for the
interested reader, we refer to the appendix of this paper.
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is complete w.r.t. to the class NEXP, and it is not known whether

PPNEXP ⊆ NEXP. We observe that the non-determinism in the oracle

NEXP calls are used in a restricted fashion; this allows us to encode

the problem into exponentially many NEXP TMs, which can be sim-

ulated with a NEXP TM.

Lemma 5 Probabilistic query entailment in ΥA relative to a proba-
bilistic database is in NEXP w.r.t. the combined complexity.

With the help of Lemma 5 and Theorem 4, we conclude that for

all the rule languages, the complexity of probabilistic entailment re-

mains the same w.r.t. the combined complexity (see the second col-

umn in Table 2). Clearly, this result transfers to the case where all

events are assumed to be independent. Notice, however, that the im-

plication of Theorem 4 is stronger, as it also yields tight complexity

bounds for the languages G, WG, WS, and WA w.r.t. ba-combined

complexity, as well as for the language WG w.r.t. fp-combined com-

plexity. For the remaining languages, where k = NP, we prove The-

orem 6.

Theorem 6 If query entailment in L relative to databases w.r.t.
ba-combined (resp., fp-combined) complexity is NP-complete, then
probabilistic query entailment in ΥL relative to probabilistic
databases is PPNP-complete w.r.t. ba-combined (resp., fp-combined)
complexity.

Membership in PPNP is shown by a setting appropriate thresh-

old values and iterating over nondeterministic oracle calls until this

threshold value is exceeded. To show hardness for this class, we re-

quire more involved technical constructions. For these constructions,

we use the M-∃QBF problem [41].

Definition 7 (M-∃QBF) Given an integer constant c and a partially

quantified Boolean formula of the form

Φ= ∃y1 . . . ym φ1 ∧ φ2 ∧ · · · ∧ φk,

where every φi is a clause over {x1, . . . , xl, y1, . . . , ym} and

k, l,m≥ 1; M-∃QBF (Φ,c) is to decide whether for at least c of

the truth assignments τ to x1, . . . , xl, the formula τ(Φ) is true.

Note that M-∃QBF is different from majority satisfiability, as

here the threshold is set by an integer (not necessarily majority).

M-∃QBF is an PPNP-complete problem even if the clauses φi are

restricted to 3CNF [3].

The full proof constructs a probabilistic knowledge base

KΦ = (∅,PΦ) and a special query QΦ based on Φ. KΦ and QΦ to-

gether simulate the satisfiability conditions for the formula Φ. More-

over, the atoms in PΦ are associated with partial assignments over

the variables {x1 . . . x}. Notice that these are precisely the variables

upon which we want to decide whether the number of assignments

are at least c. This construction allows us to factorize the satisfiability

problem over the variables {x1 . . . x} and thus to obtain the result.

AsKΦ uses an empty program, and all atoms are bounded in the arity

by 3, we obtain tight complexity bounds for all entries in Table 2.

We have analyzed the complexity of probabilistic query entailment

under the standard possible world semantics. Using novel construc-

tions, we have provided tight complexity bounds for all languages

under consideration. Table 2 shows our results. Next, we provide

concrete examples on how the possible world semantics can be in-

competent under certain conditions, and concentrate on a different

semantics.

4 INCONSISTENCY HANDLING
Due to the presence of negative constraints, knowledge bases may

contain contradictory knowledge. In fact, this has lead to a quest of

finding alternative semantics to be able deal with inconsistent knowl-

edge in ontologies. Consider for example the knowledge base

Σinc = {P(x), R(x)→ ⊥} and Dinc = {P(u), R(u), P(v)}.

The NC requires the predicates P and R to be disjoint, but the

database states that u belongs to both of them. Thus, the program

has no model relative to the database. The fact that a knowledge base

contains an inconsistency makes standard reasoning very problem-

atic, as anything can be entailed from an inconsistent knowledge base

(“ex falso quodlibet”) under the standard semantics. Consequently,

one loses the ability of distinguishing between queries. From a tech-

nical perspective, the inconsistency problem immediately propagates

to probabilistic extensions. Consider a probabilistic variant of our ex-

ample; i.e., the KB Kinc = (Γinc,Pinc), where

Γinc = {〈P(x), R(x)→ ⊥ : 0.5〉} and

Pinc = {〈P(u) : 0.5〉 , 〈R(u) : 0.5〉 , 〈P(v) : 0.5〉}.

Observe that Kinc factorizes into worlds with positive probabil-

ity that contain inconsistent knowledge. More concretely, it imposes

16 worlds, two of which are inconsistent, i.e., the ones that contain

the NC together with both 〈P(u) : 0.5〉 and 〈R(u) : 0.5〉. Notice that,

even though a vast majority of the worlds are consistent, the knowl-

edge base as a whole is inconsistent, as it assigns a positive proba-

bility to an inconsistent world. It is possible to slightly change the

possible world semantics to only consider consistent worlds by set-

ting the probabilities of inconsistent worlds to 0 and renormalizing

the probability distribution over the set of worlds accordingly. More

precisely, assuming
∑

w|=⊥ PK(w) < 1, we obtain the distribution:

P(w) =
{ 0 if w |= ⊥

PK(w)/(1−∑
w′|=⊥ PK(w

′)) otherwise.

Notice that this semantics assumes that the error is in the probability

distribution; accordingly, it modifies the distribution. For our exam-

ple, it yields a probability less than 0.5 for P(v). Moreover, in the

same example, P(u) and R(u) evaluate to the same probability value

w.r.t. this semantics. This is not in line with the intuition; particularly,

because it puts as much responsibility on P(v) as much as it puts on

the other tuples. On the other hand, assuming that the error is on

the logical side, it is easy to see that responsibility needs to be shared

only by the NC 〈P(x), R(x)→ ⊥〉 and the tuples {P(u), R(u)}, since

they serve as the source of inconsistency. Thus, it is more intuitive to

expect the probability of P(v) to remain 0.5, as it does not contribute

to inconsistency in the logical sense.

The main question is then, how to identify the meaningful answers

in inconsistent worlds. We base ourselves on the recent advances on

inconsistency-tolerant reasoning developed for Datalog± [28, 29, 27]

and provide an inconsistency-tolerant possible world semantics. We

also show that under this semantics, P(v) evaluates to exactly 0.5.

Several inconsistency-tolerant semantics have been proposed in

the literature. One of the central semantics is first developed for

relational databases [1] and then generalized as the AR semantics

for several DLs [26]. The AR semantics is based on the key notion

of a repair, which is a ⊆-maximal consistent subset of the given

database D. Here, it is assumed that errors leading to inconsisten-

cies are only contained in the data, but not in the program. In recent
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work [18], authors allow errors also in the programs and introduce

the generalized repair (GR) semantics, which allows to separate the

program and the database into hard and soft parts, where the hard part

is assumed to be fixed, and the soft part can be subject to repairs.

Data Comb. ba-comb. fp-comb.

L⊥, LF⊥, AF⊥ coNP PSPACE Πp
2 Πp

2

G⊥ coNP 2EXP EXP Πp
2

WG⊥ EXP 2EXP EXP EXP

S⊥, SF⊥ , F⊥, GF⊥ coNP EXP Πp
2 Πp

2

A⊥ coNP PNEXP PNEXP Πp
2

WS⊥, WA⊥ coNP 2EXP 2EXP Πp
2

Table 3: Complexity of GR-BQ entailment under existential rules

[18]; all entries are completeness results. Hardness holds even in the

case where the whole database is soft, and the whole program is hard.

Table 3 illustrates the complexity of query answering under this

semantics, denoted GR-UCQ. For further details, we refer to [18].

We now extend the generalized repair (GR) semantics to probabilis-

tic Datalog±.

Definition 8 (Flexible programs and databases) A flexible PDB is

a pair P = (Ph;Ps) of two PDBs Ph and Ps, denoted hard and soft
PDB, respectively, while a flexible (probabilistic) program is a pair

Γ = (Γh; Γs) consisting of a finite set Γh of TGDs and NCs and a

finite set Γs of TGDs, denoted hard and soft program, respectively.

Consider again the probabilistic KB Kinc = (Γinc,Pinc), where we

would like to fix the whole program, and let the whole database be a

soft PDB. This can be achieved by setting Γinc = (Γh, ∅) and Pinc =
(∅,Ps), where Γh = Γinc and Pinc = Ps. This partition fixes the

program and views the whole PDB as a soft database. The notion of

generalized repair (GR) for flexible PDBs under flexible probabilistic

programs is then given as follows.

Definition 9 (Generalized repair) A generalized repair of a flexi-

ble PDB (Ph;Ps) and a flexible program (Γh; Γs) is a probabilis-

tic KB K = ((Γh; Γ
′
s), (Ph;P ′s)), where Γ′s ⊆ Γs and P ′s ⊆ P

such that (i) (Γh ∪ Γ′s ∪ Ph ∪ P ′s) is consistent, and (ii) there is no

t ∈ (Γs ∪ Ps)/(Γ
′
s ∪ P ′s) such that (Γh ∪ Γ′s ∪ Ph ∪ P ′s ∪ {t}) is

consistent. The set of all such repairs is denoted by rep(K).

Clearly, there may be many ⊂-maximal repairs for every world:

Observe that Kw = Σinc ∪ Dinc is a world over Kinc. Here, both

Kw/{〈P(u)〉} and Kw/{〈R(u)〉} are ⊂-maximal repairs. In this

case, these are all possible repairs. The query semantics then consid-

ers the consequences that are entailed from every ⊂-maximal repair,

i.e., the safe consequences.

Definition 10 (Inconsistency tolerant query semantics) Let K be

a probabilistic KB, the probability of a UCQ Q is given by:

PK(Q) =
∑

K|w|=GRQ

P(w),

where K|w |=GR Q holds iff for all repairs r ∈ rep(K|w), it holds

that r |= Q. Given a query Q and p ∈ (0, 1], probabilistic GR-UCQ
entailment is to decide whether PK(Q) ≥ p.

The implication of this semantics is clear. Consider again Kinc: It

is easy to verify that P(v) is entailed from all repairs of all worlds.

Therefore, it yields the probability 0.5 for P(v), as desired.

Data Comb. ba-comb. fp-comb.

L⊥, LF⊥, AF⊥ PPNP PSPACE PPΣ
p
2 PPΣ

p
2

G⊥ PPNP 2EXP EXP PPΣ
p
2

WG⊥ EXP 2EXP EXP EXP

S⊥, SF⊥, F⊥, GF⊥ PPNP EXP PPΣ
p
2 PPΣ

p
2

A⊥ PPNP in PPNEXP in PPNEXP PPΣ
p
2

WS⊥, WA⊥ PPNP 2EXP 2EXP PPΣ
p
2

Table 4: Complexity of probabilistic GR-UCQ entailment under ex-

istential rules; all entries but the “in” ones are completeness results.

Hardness holds even in the case where the whole database is soft and

the whole program is hard.

4.1 Complexity Results
As before, we will consider the complexity of query answering w.r.t.

the different classes of probabilistic programs relative to different

languages. Observe first that Theorem 4 is rather general, and thus,

all the results can be transferred to this semantics.

Corollary 11 Let k be the complexity of GR-UCQ entailment in L
relative to a databases; then probabilistic GR-UCQ entailment in ΥL
relative to probabilistic databases is k-hard, PP-hard, and in PPk.

As before, this yields tight complexity bounds for languages where

k is a deterministic class that contains PP. The language A⊥ re-

quires a special attention, as the complexity of GR-UCQ entailment

in A⊥ is PNEXP-complete. We provide an upper bound for probabilis-

tic GR-UCQ entailment.

Lemma 12 Probabilistic GR-UCQ entailment in ΥA relative to
probabilistic databases is in PPNEXP w.r.t. the combined and
ba-combined complexity.

Although we expect this problem to be complete for the class

PPNEXP, it is yet open whether this problem is PPNEXP-hard. The re-

sults for ba-combined and fa-combined cases require a much more

detailed analysis. We prove the following Theorem.

Theorem 13 Let k = Πp
2 be the complexity of GR-UCQ entail-

ment in the rule language L relative to databases w.r.t. ba-combined
(resp., fp-combined) complexity. Then, probabilistic GR-UCQ entail-
ment in ΥL relative to a probabilistic databases is complete in the
class PPΣ

p
2 w.r.t. ba-combined (resp., fp-combined) complexity.

While upper bounds can be shown using analogous arguments as

in the standard semantics, to be able to show hardness, we first define

a problem that is complete for the class PPΣ
p
2 , adopted from [41].

Definition 14 (M-∀∃QBF) Given an integer constant c and a par-

tially quantified Boolean formula of the form

Φ= ∀y1 . . . ym∃z1 . . . zn φ1 ∧ φ2 ∧ · · · ∧ φk ,

where every φi is a clause over {x1, . . . , xl, y1, . . . , ym, z1, . . . , zn}
and k, l,m, n≥ 1; M-∀∃QBF(Φ,c) is to decide whether for at least

c of the truth assignments τ to x1, . . . , xl, the formula τ(Φ) is true.

For an arbitrary instance of M-∀∃QBF, where the clauses are re-

stricted to 3CNF, we construct a probabilistic knowledge base that

consists of a program that contains a single negative constraint. The

reduction is correct and of polynomial size. As the KB provided is
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in the intersection of the class of languages considered, we obtain

hardness for all of these languages.

Our last result is about data complexities, for which GR-UCQ en-

tailment is coNP-complete (except for the class WG⊥, which has

exponential data complexity). We prove the following Theorem.

Theorem 15 If GR-UCQ entailment in L relative to databases is
coNP-complete (or NP-complete) in data complexity, then the data
complexity of probabilistic GR-UCQ entailment in ΥL relative to
probabilistic databases is PPNP-complete.

We use the canonical problem M-∃QBF to show hardness. Ob-

serve, however, that this requires a very different construction than

the one in Theorem 6, as here the query is fixed. This result con-

cludes our complexity analysis for inconsistency-tolerant semantics;

all of the results are summarized in Table 4.

5 RELATED WORK
Our work is closely related to probabilistic databases [37, 12]. In fact,

probabilistic Datalog± can be seen as a generalization of PDBs. As in

PDBs, query answering in probabilistic Datalog± is PP-hard. Notice

the novel dichotomy result in tuple-independent PDBs that classifies

the unions of conjunctive queries as either being safe (P), or unsafe

(#P-hard) [13]. Identifying special cases (as in [24]) of probabilistic

Datalog± that allows similar dichotomies is part of the future work.

We also note the recent work on Open-World PDBs [10], which al-

lows a more flexible representation for PDBs by providing default

probability intervals for unknown facts; significantly, this extended

setting preserves the full dichotomy result for UCQs.

The possible world semantics is widely employed in probabilis-

tic logic programming [34, 25, 35], and probabilistic query answer-

ing has been studied in light-weight probabilistic ontology languages

[11, 14, 24] before; see especially [30] for an overview of probabilis-

tic ontology languages. Our approach differs in several aspects: First,

we consider a family of existential rule languages that is known to be

well-behaved and provide tight complexity bounds for reasoning in

these languages for all of the cases except one. Second, our assump-

tions are rather flexible, as we do not require a specific probabilistic

model. Lastly, we propose an inconsistency-tolerant semantics, based

on [18], and study query evaluation under this semantics. Note that

inconsistency-tolerant semantics have been studied in Datalog± [21]

before, which we find closely related. Differently, we adopt a more

general repair semantics, as we allow repairs both on the data and on

the program, and it is possible to partition the knowledge base into

hard and soft components. Finally, we consider the full Datalog±

family (not only guarded rules), providing a complete picture of the

complexity of query evaluation.

6 SUMMARY AND OUTLOOK
We have studied probabilistic query entailment in Datalog± under

the standard possible world semantics and under an inconsistency-

tolerant variant of it. We have shown that the inconsistency-tolerant

semantics provides more information, while pushing the computa-

tional complexity of probabilistic query entailment higher in the

counting polynomial-time hierarchy in many cases. The differences

between these two semantic considerations represent yet another

trade-off between retrieving more information on the one side and

the increasing computational cost on the other side. Our analysis is

purely complexity-theoretical, and it is an open research problem to

find special cases where efficient algorithms can be developed. Such

algorithms can take the advantage of existing methods in knowl-

edge compilation [15, 7], as performing operations on a pre-compiled

structure is known to be very efficient.
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A PROOF SKETCH FOR THEOREM 4
We prove the result only w.r.t. the data complexity; the result w.r.t.

the ba-combined, fa-combined, and combined complexity can be ob-

tained using analogous arguments.

(Hardness) Let k be the data complexity of query entailment in L.

Probabilistic query entailment w.r.t. the data complexity is PP-hard,

as it is already so in PDBs w.r.t. data complexity. Thus, we only

need to show k-hardness w.r.t. data complexity. Suppose that prob-

abilistic query entailment is not k-hard in ΥL w.r.t. the data com-

plexity. Let Σ be an arbitrary program relative to an arbitrary

database D = {li | 1 ≤ i ≤ n} and construct the probabilistic KB

K′ = (Γ′,P ′) where

Γ′ = {λ | λ ∈ Σ}, P ′ = {〈li : 0.5〉 | li ∈ D, 1 ≤ i ≤ n} .

Clearly, this construction is polynomial, and given a query Q′, it is

easy to see that

(Σ,D) |= Q′ holds iff P(Q′) > 0.5n,

which implies that query answering in L is not k-hard in the data

complexity, which leads to a contradiction.

(Membership) We assume that the probability of each world is com-

putable in polynomial time, that it is a rational number, and that the

rational numbers of the probabilities of all worlds have the same de-

nominator. As for membership in PPk, intuitively, we first create mul-

tiples of each world (which then correspond to the nondeterministic

branches of a Turing machine), so that the probability distribution

over all thus generated worlds is the uniform distribution. Then, for

thresholds properly below (resp., above) 0.5, we introduce artificial

success (resp., failure) worlds (which correspond to other nondeter-

ministic success (resp., failure) branches of a Turing machine), so

that satisfying the resulting threshold corresponds to having a major-

ity of success worlds. We thus only have to verify whether for the

majority of the worlds, the query evaluates to true. As query evalua-

tion is in k, the computation is overall in PPk. �

B PROOF SKETCH FOR LEMMA 5
Let Q be a UCQ, and K = (Γ,P) be an arbitrary probabilistic

knowledge base where Γ is defined over ΥA. By Definition 3, it suf-

fices to decide whether
∑
K|w|=Q P(w) ≥ p. Let W be the set of all

worlds w. Guess a subset {w1, . . . , wn} ⊆W and verify whether

(1)
∑
K|wi

|= Q for all {wi | 1 ≤ i ≤ n} and (2)
n∑
1

P(wi) ≥ p.

It is easy to see that this procedure yields the correct decision.

We only need to show that this procedure is in NEXP. First, observe
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that the guess is of size exponential and can be produced by a non-

deterministic Turing machine that runs in exponential time. Second,

the verification of (1) can be done in (EXP × NEXP) = NEXP, as

there are exponentially many worlds and k = NEXP. Finally, the

verification of (2) can be done by traversing over exponentially many

worlds and computing their probabilities. As the latter can be done

in polynomial time, this verification is clearly in EXP. �

C PROOF SKETCH FOR THEOREM 6

(Membership) This result is a consequence of Theorem 4, where k is

set to NP.

(Hardness) To show hardness, we provide a reduction from the

M-∃QBF problem (Definition 7). Let the formula in 3CNF

Φ= ∃y1 . . . ym φ1 ∧ φ2 ∧ · · · ∧ φk,

be a partially quantified Boolean formula defined over V = {x1, . . . ,
xl, y1, . . . , ym}, where every φi is a disjunction of three literals,

and c is an integer constant. For every clause φi = ◦ui ∨ ◦vi ∨ ◦wi,

define ground atoms Mi(νi(ui), νi(vi), νi(wi)), where νi is a truth

assignment to the variables ui, vi, wi that satisfies φi. Observe

that, for every clause, the number of such assignments is bounded

by 23. The partial assignment ν|s1...sn denotes the restriction of ν
to the variables {s1, . . . , sn}. We construct the probabilistic KB

KΦ = (∅,PΦ), where

PΦ ={
〈
Mi(νi(ui), νi(vi), νi(wi)) : ν|{x1,...,xl}∩{ui,vi,wi}

〉
|

νi |= φi, 1 ≤ i ≤ k} .

Let the event space be defined over the x-variables such that every

world has the probability 0.5l. For the query

QΦ = ∃ x1 . . . xl, y1 . . . ym

k∧
i=1

Mi(ui, vi, wi),

we obtain the following reduction:

PKΦ(Q) ≥ c · 0.5l iff M-∃QBF(Φ, c) answers yes.

Observe that the above reduction can clearly be done in polyno-

mial time in the size of Φ, and that the resulting probabilistic program

is empty, and the arity of all predicates in the PDB is 3. �

D PROOF SKETCH FOR THEOREM 13

(Membership) This result is a consequence of Theorem 4 and Corol-

lary 11, where k is set to Πp
2 , and the fact that PPΣ

p
2 = PPΠ

p
2 .

(Hardness) We provide a reduction from an arbitrary instance of

M-∀∃QBF given in Definition 14. Let

Φ= ∀y1 . . . ym∃z1 . . . zn φ1 ∧ φ2 ∧ · · · ∧ φk,

be a partially quantified Boolean formula in 3CNF over V =
{x1, . . . , xl, y1, . . . , ym, z1, . . . , zn}, where every clause φi is

a disjunction of three literals, and c is an integer constant.

For every clause φi = ◦ui ∨ ◦vi ∨ ◦wi, define ground atoms

Mi(νi(ui), νi(vi), νi(wi)), where νi is a truth assignment to the

variables ui, vi, wi that satisfies φi. Observe that, for every clause,

the number of such assignments is bounded by 23. The partial

assignment ν|s1...sn denotes the restriction of ν to the variables

{s1, . . . , sn}. Construct the probabilistic KBKΦ = (ΓΦ,PΦ) where

PΦ = {
〈
Mi(νi(ui), νi(vi), νi(wi)) : ν|{x1,...,xl}∩{ui,vi,wi}

〉
|

νi |= φi, 1 ≤ i ≤ k}
∪ {〈S(0, 1, i)〉 , 〈S(1, 0, i)〉 | 1 ≤ i ≤ m},

ΓΦ = {S(x, y, z) ∧ S(y, x, z)→ ⊥}.

Here, all probabilistic facts are soft, and the NC is hard. Let the

event space be defined over the x-variables such that every world has

the probability 0.5l. Then, for the query

QΦ = ∃ x1 . . . xl, y1 . . . ym z1 . . . zl

k∧
i=1

Mi(ui, vi, wi) ∧
m∧
i=1

S(yi, y
′
i, i),

we obtain the reduction:

PKΦ(Q) ≥ c · 0.5l iff M-∃QBF(Φ, c) answers yes.

Observe that the above reduction can be done in polynomial time

in the size of Φ, that the resulting probabilistic program is fixed and

consists only of one NC, and the arity of all predicates is at most 3. �

E PROOF SKETCH FOR THEOREM 15
(Membership) This result is a consequence of Theorem 4 and Corol-

lary 11, where k is set to coNP, and the fact that PPcoNP = PPNP

(Hardness) We provide a reduction from the PPNP-complete problem

of, given a partially quantified Boolean formula

Φ= ∀y1 . . . ym φ1 ∨ φ2 ∨ · · · ∨ φk,

over V = {x1, . . . , xl, y1, . . . , ym}, where every φi is a conjunction

of three literals, and an integer constant c, deciding whether for at

least c truth assignments τ to x1 . . . xl, the formula

∀y1 . . . ym τ(φ1) ∨ τ(φ2) ∨ · · · ∨ τ(φk)

is true. Let φi = ◦ui,1 ∧ ◦ui,2 ∧ ◦ui,3. We define the PDB PΦ that

contains the deterministic tuples〈
M(ui,1, u

′
i,1, ui,2, u

′
i,2, ui,3, u

′
i,3, i)

〉
such that u′i,j = 1 (resp., u′i,j = 0), if ui,j occurs positively (resp.,

negatively) in φi, 1 ≤ i ≤ k, 1 ≤ j ≤ 3. Furthermore, we add the

soft probabilistic facts 〈S(0, 1, xi) : ¬xi〉 and 〈S(1, 0, xi) : xi〉 such

that i ∈ {1, . . . , l}, and the soft probabilistic facts 〈S(0, 1, yi)〉 and

〈S(1, 0, yi)〉 such that i ∈ {1, . . . ,m}.

We define the program ΓΦ = {S(x, y, z) ∧ S(y, x, z)→ ⊥},
consisting of one hard NC, and therewith the probabilistic KB

KΦ = (ΓΦ,PΦ). The event space is defined over the x-variables

such that every world has the probability 0.5l. Then, for the query Φ

∃ . . . M(ui, ai, vi, bi, wi, ci, i) ∧
S(ai, a

′
i, ui) ∧ S(bi, b

′
i, vi) ∧ S(ci, c

′
i, wi),

we obtain that PKΦ(Q) ≥ c·0.5l iff for at least c truth assignments τ
to x1 . . . xl, the formula

∀y1 . . . ym τ(φ1) ∨ τ(φ2) ∨ · · · ∨ τ(φk)

is true. This reduction can clearly be done in polynomial time in the

size of Φ, the resulting probabilistic program consists of exactly one

NC and is fixed, and the query is also fixed. �
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Strategic Voting in a Social Context: Considerate Equilibria

Laurent Gourvès and Julien Lesca and Anaëlle Wilczynski 1

Abstract. In a voting system, voters may adopt a strategic be-

haviour in order to manipulate the outcome of the election. This

naturally entails a game theoretic conception of voting. The speci-

ficity of our work is that we embed the voting game into a social

context where agents and their relations are given by a graph, i.e. a

social network. We aim at integrating the information provided by

the graph in a refinement of the game-theotical analysis of an elec-

tion. We consider coalitional equilibria immune to deviations per-

formed by realistic coalitions based on the social network, namely

the cliques of the graph. Agents are not fully selfish as they have

consideration for their relatives. The corresponding notion of equi-

librium was introduced by Hoefer et al. [12] and called considerate
equilibrium. We propose to study its existence and the ability of the

agents to converge to such an equilibrium in strategic voting games

using well-known voting rules: Plurality, Antiplurality, Plurality with

runoff, Borda, k-approval, STV, Maximin and Copeland.

1 Introduction
The way of aggregating the preferences of a society in order to make

a collective decision is a fundamental issue in every part of the com-

munity life. When several alternatives, or candidates, are available,

voting systems are classically used to make collective decisions in

many different contexts (political elections, decisions within com-

mittees, planning of meetings). In this respect, social choice theorists

designed various voting rules whose properties have been analyzed in

an axiomatic manner (see e.g. [18, 5] for an overview on that topic).

Most of these works implicitly assume that voters truthfully re-

veal their preferences. However, there is no possibility to ensure that

they tell the truth when they vote. Voters can think they will be bet-

ter off if they do not exactly align their ballot with their preferences

(tactical voting), what is called manipulation. This situation can lead

to an outcome that is more favorable to the manipulators. However,

one may loose the good properties of the voting rule (as underlined

in [8]). It is highly desirable for a voting rule to be immune to such

strategic behaviors. Unfortunately, the Gibbard-Satterthwaite theo-

rem [10, 25] shows that any reasonable non-dictatorial voting system

is manipulable.

One way to circumvent this impossibility result is to resort to vot-

ing rules which are computationally hard to manipulate. This compu-

tational complexity may constitute a barrier to malicious behaviours.

However this approach has raised many criticisms in the community

of computational social choice [6, 7]. The main reason is that con-

cepts used to define computational complexity are based on worst

case analysis, and there may be various voting situations where a

manipulation is easy to compute. Another approach consists in per-

ceiving an election as a strategic situation where the voters are the

1 Université Paris Dauphine, PSL Research University, CNRS, UMR [7243],
LAMSADE, 75016 PARIS, FRANCE email: name.surname@dauphine.fr

players of a game. In this case, a plausible outcome of the election is

a situation of equilibrium: those who can dethrone the current winner

prefer the winner to its possible contenders.

An important line of research consists in analyzing the existence

of an equilibrium and the ability of the participants to reach it in a

natural dynamic process where there is a deviation only if it is prof-

itable. These works have contributed to observe that the guaranteed

existence of an equilibrium, together with the convergence of the dy-

namics to such a stable state, depends on the voting rule, the initial

state and the type of deviations that are allowed. A fundamental work

about specific solution concepts in voting is due to Myerson and We-

ber [19] who define a voting equilibrium as a state consistent with a

preliminary poll. More classically, the existence of a Nash equilib-

rium [20] — a stable outcome regarding unilateral deviations — has

been well studied, especially around an axiomatic study of voting

rules which admit it, see e.g. [15].

Recently, many articles deal with convergence to a Nash equilib-

rium through an iterative voting framework [1], a voting process con-

sisting of several rounds, where at each round one voter is allowed

to change her ballot. As an illustration, one can think of online vot-

ing procedures like Doodle polls (online tool to schedule meetings).

Convergence for several voting rules has been established in this

way in [14, 16, 24] but convergence is far from being guaranteed,

conducting to reconsider the dynamic process with restricted devia-

tions [11, 21, 23]. As far as we know, iterative voting has never been

adapted to solution concepts different from the Nash equilibrium.

A drawback of the Nash equilibrium is its weakness against coali-

tional deviations. Actually, it is interesting to consider coalitions over

the agents, modeling for instance some political parties or groups of

friends. Well-known solution concepts take into account coalitional

deviations, e.g. the strong equilibrium [3] and the super-strong equi-
librium [29]. In these equilibria, every subset of agents is a possible

coalition. Unfortunately, the existence of such equilibria cannot be

guaranteed for most of the classical voting rules. The conditions of

existence of a strong equilibrium in a voting game have been ex-

plored for instance in [22]. A characterization is provided by Sertel

and Sanver [26] with an axiomatic point of view, as well as in [17] for

specific voting rules. In another type of equilibrium called coalition-
proof equilibrium [4], not every type of deviation is allowed.

Considering that any coalition of voters can form may be question-

able or unrealistic, because it supposes that all agents in any subset

are able to coordinate their moves in order to manipulate. Indeed,

such a coordination requires a high level of communication and trust

for the manipulators. In practice, one can reasonably exclude some

coalitions from the definition of an equilibrium that is stable against

group deviations. For example, this is the case of the partition equi-
librium introduced by Feldman and Tennenholtz [9] where only the

coalitions belonging to a prescribed partition of the voter set have the

ability to deviate.
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More generally, one can determine which coalitions can form by

exploiting social networks. Exploiting the social relations which bind

the members of group is receiving much attention [13]. In a strate-

gic game context, we can make the same observation and consider

that the agents are embedded in a social network and then, relations

among them are fully characterized by their links in that network.

To go further, one can suppose that a voter is tied by social relations

which force her to have consideration for other participants. Conse-

quently, we can assume that an agent is not only guided by her own

preferences over the candidates (or alternatives) but pursues the goal

of optimizing the welfare of the communities where she belongs,

as in [2]. A solution concept which naturally arises from this situa-

tion is the one where the social network is represented by a graph G
whose node set and the agent set coincide. The possible coalitions

are prescribed patterns of G and agents have consideration for their

neighbors in the graph. When considering cliques of G as coalitions,

such an equilibrium is called a considerate equilibrium. Introduced

by Hoefer et al. [12], a considerate equilibrium is a state robust to de-

viations by the cliques of the social network, but a coalition given by

a clique only deviates when it is not harmful for her relatives (neigh-

bors in the graph). As for the partition equilibrium that it extends, the

considerate equilibrium has only been studied, as far as we know, for

a special case of congestion game.

To our best knowledge, the social context in which the voters are

embedded has been surprisingly underestimated in strategic voting

games. Some recent papers started to investigate this question, as in

[27, 28] where the authors study iterative voting via social networks.

They consider that voters are not aware of every voter’s ballot but

only of the ballot of their neighbors in the social network. Thus, they

use social relations from the perspective of a gain of information, but

not in terms of defining which coalitions can form. In this article, we

propose to fill this gap.

Concretely, we explore the existence of a considerate equilibrium

in a strategic voting game and the ability of the game to converge

to such an equilibrium for different voting rules. Our main contri-

butions are existence proofs of a considerate equilibrium in a voting

game under well-established voting rules, namely Plurality, Antiplu-

rality, Plurality with runoff, STV and Maximin. We also investigate

the possibility for the voters to reach a considerate equilibrium in a

natural iterative process. In this respect, our results are rather nega-

tive because convergence to a partition equilibrium, or convergence

to a Nash equilibrium, which are less demanding goals than conver-

gence to a considerate equilibrium, fail.

The article is organized as follows. We first introduce in Section

2 the strategic voting game framework and the notion of consider-

ate equilibrium. Then we study in Section 3 the case of positioning

scoring rules such as Plurality and Antiplurality rules. Section 4 is

devoted to two voting rules with runoff and in Section 5, two voting

rules based on pair-wise comparisons of the alternatives (Copeland

and Maximin) are studied. We conclude in Section 6 with a discus-

sion on the global results and the impact of consideration within de-

viating moves.

2 Strategic voting games

We consider a strategic game defined on the basis of an election

(N,M,F) where N is a set of n ≥ 2 voters (also called agents),

M is a set of m ≥ 2 candidates (also called alternatives) and F is

a voting rule. Each voter is a player. All players have the same strat-

egy space S and every element of S is a possible ballot. A strategy

profile σ (also called state) is a member of Sn where σi designates

the strategy adopted by player i ∈ N . In general, the voting rule is a

mapping F : Sn → 2M . In this article we restrict ourselves to vot-

ing rules that output a singleton, i.e. F : Sn → M . In the game, the

elected candidate is F(σ) for σ being the players’ strategy profile.

The preference relation that a player i has over M is expressed

with a weak linear order �i. For x and y ∈ M , x �i y means that

player i values x at least as much as y. We write x ∼i y to say

that player i is indifferent between x and y. The strict part of �i

is denoted by �i. We denote by L(M) (resp., L(M)) the set of all

possible weak linear orders (resp., linear orders) over M .

We have �i∈ L(M) for each player i ∈ N and �=
(�1, . . . ,�n) ∈ L(M)N is called the truthful profile, i.e. the profile

of the true preferences of the players. We say that the preferences are

strict if the truthful profile belongs to L(M)N .

The way the strategy set S is defined depends on the voting rule. A

ballot can be a full ranking of the candidates or an unordered subset

of M . In the voting game, a player can be insincere and she may

strategically report a ballot that does not reflect her true preferences.

2.1 Solution concepts

The focus is on pure strategies and we consider that the players indi-

rectly evaluate a strategy profile, in a sense that they have preferences

overF(σ) instead of σ. In this article we analyze plausible outcomes

of the game, namely the states (strategy profiles) which are at equi-

librium. An equilibrium is a state that is immune to a predefined set

of possible moves (also called deviations). A single player or a group

of players (also called coalition) may deviate. Individual preferences

extend to collective preferences for each group C of players. For x
and y ∈M , we have

• x >C y ⇔ [∀i ∈ C, x �i y],
• x ≥C y ⇔ [∀i ∈ C, x �i y] and [∃j ∈ C, x �j y],
• x �C y ⇔ [∀i ∈ C, x �i y],
• x ∼C y ⇔ [∀i ∈ C, x ∼i y].

Let us give two notions related to the Pareto dominance. An alter-

native x ∈M is said to be undominated (resp., strictly undominated)

over a coalition C ⊆ N if there does not exist any alternative y such

that y ≥C x (resp., y �C x).

Example 1 Take four alternatives {a, b, c, d} and three players
{1, 2, 3} with the following preferences.

1 (a ∼ b) � c � d
2 (a ∼ b) � d � c
3 d � (a ∼ b) � c

For C = {1, 2, 3}, alternative d is strictly undominated, a and b are
undominated but not strictly undominated, and c is dominated.

An undominated alternative always exists for any non-empty coali-

tion C ⊆ N but strictly undominated alternatives may be absent.

Let C be a non-empty family of coalitions of N , i.e. C ⊆ 2N \∅; it

is the collection of coalitions that can possibly deviate. In the follow-

ing, σC and σ−C stand for the restriction of σ to the strategy adopted

by the players of C and N \ C, respectively. Thus, (σ′C , σ−C) de-

notes σ in which σi is replaced by σ′i iff i ∈ C.

Definition 1 (Improving move (IM)) For a coalition C ∈ C, an
improving move from a state σ is a joint strategy σ′C ∈ S|C| such
that F(σ′C , σ−C) >C F(σ).
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In an improving move, a coalition deviates only if each member

strictly prefers the new state. This type of deviation can be relaxed

by considering weak improving moves.

Definition 2 (Weak improving move (WIM)) For a coalition C ∈
C, a weak improving move from a state σ is a joint strategy σ′C ∈
S|C| such that F(σ′C , σ−C) ≥C F(σ).

Weak improving moves are appealing because they allow the par-

ticipation of some players who do not benefit, but the deviation can-

not harm its instigators.

Interestingly, we can use a pair (C, μ) for μ ∈ {IM,WIM} to

define a notion of equilibrium: a state σ is a (C, μ)-equilibrium if no

coalition C ∈ C can deviate from σ with a move of type μ. Thus,

a Nash equilibrium (NE) [20] is a (C,IM)-equilibrium where C =
{{i} : i ∈ N}. Similarly a strong equilibrium (SE) [3] is a (C,IM)-
equilibrium where C = 2N \ ∅. A super strong equilibrium (SSE)

[29, 9] is a (C,WIM)-equilibrium where C = 2N \ ∅. These three

solutions concepts are linked as follows: NE ⊇ SE ⊇ SSE.

On one hand, the strong equilibrium and the super strong equilib-

rium are more sustainable than the Nash equilibrium because they

preclude a larger set of possible deviations. On the other hand, (su-

per) strong equilibria are less likely to exist than Nash equilibria.

An argument against the (super) strong equilibrium is that in many

situations, not all coalitions are conceivable. In this article we con-

sider a special collection of coalitions C that takes into account the

social context in which the players are embedded. Given a social net-

work of voters represented by a graph G with node set N and edge

set E, an edge (u, v) ∈ E indicates that players u and v are related,

e.g. they have the possibility to communicate, so these two players

can participate in a deviating coalition. As done in [9, 12], it makes

sense to define the cliques of graph G as the possible coalitions. In

that case C = {C ∈ 2N | ∀i, j ∈ C, (i, j) ∈ E} and each coali-

tion C ∈ C has a set of neighbors N (C) = {i ∈ N \ C | ∃j ∈
C such that (i, j) ∈ E}.

Interestingly, the fact that the players are related implies that each

individual is not only guided by her own preferences, but she can also

care about how deviating can negatively impact her relatives. In order

to take into account the social context and the fact that a player can

have consideration for other players (her neighbors in the graph), an

appropriate notion of deviation, called considerate improving move,

was introduced in [12].

Definition 3 (Considerate improving move (CIM)) For coalition
C ∈ C, a considerate improving move σ′C from a state σ is a weak
improving move where in addition, F(σ′C , σ−C) �N (C) F(σ).

In a considerate improving move by coalition C, at least one player

in C is better off and no player of C ∪N (C) can be worse off.

Consequently, the pair (C,CIM), where C contains all the cliques

of the social network G = (N,E), leads to a new type of equilibrium

called considerate equilibrium [12]. In what follows, we will say that

a game always admits a considerate equilibrium if for any instance of

the game, and any social network G = (N,E), there exists at least

one state σ for which no coalition of players forming a clique in G
has a considerate improving move.

Example 2 Consider an instance where N = {1, 2, 3} and M =
{a, b}. The social network is a path, so the possible coalitions are
C = {{1, 2}, {2, 3}, {1}, {2}, {3}}. The profile of preferences is:

1 b ∼ a
2 b � a
3 a � b

Consider a state σ where a is elected. Coalitions {1, 2} and {2} are
the only coalitions having incentive to move, they want to make b
win since b ≥{1,2} a and b ≥{2} a. Because {3} ∈ N ({1, 2}) ∩
N ({2}) and a �3 b, coalitions {1, 2} and {2} cannot perform a
CIM (without even taking into account the ability of the coalitions to
change the outcome). Thus, σ is a considerate equilibrium.

Following the same idea, if the social network G = (N,E) is

composed of a set of disjoint cliques and only maximal cliques of G
are considered in C, then an equilibrium associated with (C,WIM)
is called a partition equilibrium [9] (in this case, a CIM move corre-

sponds to a WIM move). Clearly, if a considerate equilibrium exists,

then a partition equilibrium exists. Furthermore, if E = ∅, then a

considerate equilibrium corresponds to a Nash equilibrium. Thus, a

Nash equilibrium is a special case of a considerate equilibrium and

if a considerate equilibrium exists then a Nash equilibrium exists.

2.2 Dynamics
Beyond the existence of an equilibrium, we also take into account the

dynamics of the voting game. Starting from an inital state, the play-

ers (or coalitions of players) can manipulate by successively chang-

ing their strategy. Each such move is supposed to be an improvement

for the deviator(s) and we will exclusively study the moves defined

above: IM, WIM and CIM. We will resort to indices to stress the

step at which a state occurs. Namely σ0 is the initial state whereas σt

denotes the state at step t. A dynamics is a sequence σ0σ1 . . . σr such

that each pair of consecutive steps i, i + 1 is associated with an im-

proving move for some coalition2 that turns σi into σi+1. If the pos-

sible deviating coalitions belong to C and moves are of type μ then

the dynamics is said to be associated with the (C, μ)-equilibrium.

A dynamics ends when no further move is possible and therefore a

(C, μ)-equilibrium is reached. We have convergence when the dy-

namics is finite for every initial state. A natural restriction (see e.g.

[16]) is to suppose that the initial state is truthful. Indeed, the players

start by giving their true opinion and if they are not satisfied with

the outcome then they reconsider their vote. A dynamics fails to con-

verge when a state appears more than once.

In a non-equilibrium state σ, a coalition C (which can be a single-

ton) may have more than one possible improving moves. For improv-

ing moves of type μ, the better replies are the set of all joint strategies

σ′C such that F(σ−C , σ
′
C) ≥C F(σ), provided that a move of type

μ turns σ into (σ−C , σ
′
C). A better reply σ′C is a best reply if no

other joint strategy σ′′C satisfies F(σ−C , σ
′′
C) ≥C F(σ−C , σ

′
C), i.e.

it leads to an outcome that is undominated for C. We say that an im-

proving move is unanimous regarding a coalition C if all members

of C adopt the same strategy.

2.3 Voting rules
Numerous voting systems use scores and the rule is to elect the can-

didates who reach the highest score. Let Sc be a function which as-

sociates score Sc(σ, x) ∈ R with every pair (σ, x) ∈ Sn×M . Since

we focus on voting functions that output a single alternative, we use

in this work a deterministic tie-breaking rule which follows an abso-

lute priority ranking over the alternatives. Namely, a fixed ranking �
of the candidates is employed and amongst the candidates that attain

the best score, the one coming first in � wins the election.

Let us assume for the moment that S = L(M), i.e. every player

is asked to report a strict ordering of M . In positioning scoring rules

2 No two coalitions can move simultaneously.
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(PSR), the score Sc(σ, x) of alternative x under profile σ depends on

the absolute position of x in each ballot. Concretely, we are given a

vector α = (α1, . . . , αm) such that α1 ≥ · · · ≥ αm and α1 > αm.

If x is placed at position k in a ballot, then x receives αk points. The

score of x is defined as the sum of these points over all ballots.

Thus, each PSR is characterized by its vector α. We can mention

in particular the Borda rule in which α = (m − 1,m − 2, . . . , 0)
and the k-approval rule for k ∈ [m − 1] = {1, . . . ,m − 1} with

α = (1, . . . , 1, 0, . . . , 0) in which k consecutive ones are followed

by m−k consecutive zeros. If k is equal to 1, then the associated vot-

ing rule is called Plurality. If k is equal to m−1, then the associated

voting rule is called Antiplurality (also known as Veto).

Note that for Plurality and Antiplurality, only a single alternative

in each ballot is useful. This alternative is respectively the first one

(the only candidate approved by the voter) and the last one (the only

candidate vetoed by the voter). Thus, in these two cases, we assume

that the strategy space S is equal to M instead of L(M), and there-

fore a stategy profile σ belongs to Mn.

In runoff voting rules, the election runs in several rounds. We can

mention in particular the well-known Plurality with runoff which

is actually used for political elections in many countries. In such a

rule, given a strategy profile in L(M)n as an input, the first round

selects the two best ranked alternatives regarding Plurality (use �
to break ties). Then, all eliminated candidates are removed from the

profile, providing a profile where only the two selected alternatives

are present. The second round elects the winner of this resulting pro-

file under Plurality. Note that only the first round is necessary if an

alternative gets a majority of the votes. The Single Transferable Vote
(STV) rule is an iterated process taking as an input a strategy profile

in L(M)n. At each step, the loser of Plurality gets eliminated (use �
to break ties), and the profile is updated by removing this alternative

from the ballots of the agents. The process continues until an alter-

native obtains an absolute majority of votes under Plurality and thus

gets elected.

Given a strategy profile σ with the associated linear order �σ∈
L(M)n and two alternatives a, b ∈ M , let W (a, b) and ω(a, b) be

the set of voters who prefer a to b and the number of voters who

prefer a to b, respectively. That is, W (a, b) = {i ∈ N | a �σ
i b} and

ω(a, b) = |W (a, b)|.
Some voting rules, instead of taking into account the position of

an alternative in a ballot like PSRs, are based on pair-wise compar-

isons. The Copeland rule assigns to each alternative x the number

of alternatives that x beats in a pair-wise election in a given state

σ ∈ L(M)n, that is Sc(σ, x) = |{y ∈ M \ x | ω(x, y) > n
2
}|.

The Maximin rule assigns to x the mimimum number of voters

in favour of x in any pair-wise comparison in σ, i.e. Sc(σ, x) =
miny∈M\x ω(x, y).

3 Positionning Scoring Rules (PSRs)
3.1 Plurality
A profile σ is said to be unanimous if there exists a strategy s ∈ S
such that σi = s for all i ∈ N . Since S = M in the voting game with

Plurality, every alternative x induces a unanimous profile (x, . . . , x).
The voting game under Plurality always admits a Nash equilib-

rium, e.g. the unanimous profile (x, . . . , x) where x is the best alter-

native in the tie breaking rule �. However, it is known that a strong

equilibrium is not guaranteed to exist (see e.g. [26]), as we can see in

the following example showing a well-known Condorcet paradox.

Example 3 N = {1, 2, 3}, M = {a, b, c}, a � b � c and the
profile of preferences is:

1 a � b � c
2 c � a � b
3 b � c � a

If a is elected then players 2 and 3 have incentive to deviate to c. If
c is elected then players 1 and 3 have incentive to deviate to b. If b is
elected then players 1 and 2 have incentive to deviate to a.

This example also rules out the existence of a super strong equi-

librium but we shall see that a considerate equilibrium must exist.

Theorem 1 Every instance of the voting game with players’ prefer-
ences in L(M) and F=Plurality admits a considerate equilibrium.

Proof: The social network is a graph G = (N,E). Let a ∈M be the

best alternative w.r.t. �. Under Plurality, the only coalitions which

are able to change the outcome by deviating from a unanimous state

are cliques of size at least n/2. For the unanimous state (a, . . . , a),
these powerful coalitions are only those of size strictly larger than

n/2, that we denote Cp. Let Cn/2 be the set of cliques of size exactly

n/2. Let us denote byQ the set of all agents belonging to a coalition

which can change the outcome of a unanimous state, that is Q =⋃
Q∈Cp∪Cn/2

Q. If Cp = ∅ then the unanimous profile (a, . . . , a) is

a considerate equilibrium. Suppose from now on that Cp �= ∅.

For any coalitions C ∈ Cp and C′ ∈
(
Cp ∪ Cn/2

)
, C and C′ have

at least one member in common, therefore C ⊆ (N (C′) ∪ C′) and

Q ⊆ (C ∪N (C)), for all C ∈ Cp. Hence, C′ cannot deviate so that

a worse candidate, from the viewpoint of at least one member of C, is

elected. If an alternative x strictly undominated over C ∈ Cp exists,

then the unanimous profile (x, . . . , x) is a considerate equilibrium.

Suppose from now on that for every coalition C ∈ Cp, there does

not exist any strictly undominated alternative over C. However, an

undominated alternative over C must exist. For a coalition C and

an alternative x, let ICx be the indifference set of x within C, i.e.

ICx = {y ∈M \{x} : y ∼C x}. Let ND be the subset of alternatives

which are both undominated over at least one coalition of Cp and un-

dominated over Q. The set ND is never empty because Cp �= ∅. We

denote by x the best alternative of ND w.r.t � and C ∈ Cp is the

coalition for which x is undominated. We will analyze deviations

from the unanimous profile (x, . . . , x) and every time a deviation is

performed, then we will consider for the next step the unanimous pro-

file of the corresponding winner. Since we start from unanimous pro-

files, the deviations are only performed by coalitions in
(
Cp ∪ Cn/2

)
.

The winner of every deviation belongs to ICx ∪ {x} because the de-

viating coalitions have consideration for C. A coalition C′ ∈ Cp
cannot deviate from (x, . . . , x), because Q ⊆ (C′ ∪N (C′)), x is

undominated over Q by definition of ND and C′ ⊆ Q. However,

a coalition C′ ∈ Cn/2 can deviate if there exists y ∈ ICx such that

y ≥C′ x and y � x. If y ∈ ND then y � x contradicts the fact that

x is the best alternative of ND w.r.t. �, so y /∈ ND. Since y ≥C′ x
and x is undominated over Q, there exists j ∈ Q \ (C ∪ C′) such

that x �j y. If there exists C′′ ∈
(
Cp ∪ Cn/2

)
for which j ∈ C′′

with C′′ ∩ C′ �= ∅, then C′ cannot deviate to y by consideration

for j because j ∈ N (C′), therefore C′ = N \ C′ is a coalition

belonging to Cn/2 and j ∈ C′. It follows that Q = N . Obviously,

C′ ∩ C �= ∅ and C′ ∩ C �= ∅. These voters cannot be the benefi-

ciaries of a deviation since they are indifferent among alternatives of

ICx . Let I = C′ \ C and J = C′ \ C denote respectively the voters

of C′ and C′ who do not belong to C. Then, C′ deviates to y and we

consider for the next step the profile (y, . . . , y). Observe that for a

given succession of such deviations performed by coalitions in Cn/2,
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the winners are not in ND and the rank of the winner in � strictly im-

proves. Thus, there is only a finite number of such deviations. Now,

every time a coalition C′′ ∈ Cp can deviate to z ∈ ICx from a unan-

imous profile (yt, . . . , yt) where yt is the winner at step t (we can

verify that C ′′ cannot deviate to x), it follows that z ≥N yt because

Q ⊆ (C′′ ∪N (C′′)). There exists a voter i such that z �i y
t, thus

i ∈ I ∪ J , say i ∈ J , implying that j ∈ N (C′). So, no coalition can

make j less satisfied. Hence, the improvements within the sequence

of the defined deviations follow the preferences of every such j and

during a succession of deviations performed by coalitions of Cn/2 the

rank of the winner in � is improved. Since we have a finite number of

alternatives, we finally reach an alternative for which the unanimous

associated profile is a considerate equilibrium. �

Note that when n > 2, the considerate equilibria that we con-

structed in the previous proof are also Nash equilibria because they

are unanimous profiles, showing that we can combine two require-

ments which may be conflicting. Indeed, there exist instances for

n = 2 where the set of considerate equilibria and the set of Nash

equilibria do not intersect.

Theorem 1 gives the existence of a considerate equilibrium and

therefore, existence of a partition equilibrium, in any instance of the

voting game under Plurality. However, if we let the players deviate,

do we reach this equilibrium? Unfortunately, the answer may be neg-

ative even for the partition equilibrium and additional natural restric-

tions. We impose for instance that every deviation is a unanimous

direct best reply3, the initial profile is truthful and the players’ pref-

erences are strict.

Proposition 1 The dynamics associated with the partition equilib-
rium may not converge in the voting game with F=Plurality, even if
the initial profile is truthful, each move is a unanimous direct best re-
ply and the preferences are strict, single-peaked and single-crossing.

Proof: Consider an instance where N = {1, 2, . . . , 12}, M =
{a, b, c, d} and c � d � b � a. The profile of preferences is:

1, 2, 3 a � b � d � c
4 b � a � d � c
5, 6 b � a � d � c
7, 8, 9 c � d � b � a
10, 11 d � b � a � c
12 d � b � a � c

The preferences are single-peaked using the axis over the candi-

dates (c, d, b, a) and single-crossing using the axis over the voters

(1, 2, 3, 4, 5, 6, 10, 11, 12, 7, 8, 9). The partition over the voters is

{{1}, {2}, {3}, {4}, {5}, {6}, {7, 8, 9}, {10, 11}, {12}}. The next

table gives a sequence of states where the first and last ones coin-

cide. Deviations are marked with bold letters.

Steps

Players
1 2 3 4 5 6 7 8 9 10 11 12 Winner

0 a a a b b b c c c d d d c
1 a a a a b b c c c d d d a
2 a a a a b b c c c b b d b
3 a a a a b b d d d b b d d
4 a a a b b b d d d b b d b
5 a a a b b b d d d d d d d
6 a a a b b b c c c d d d c

�
3 Convergence to a Nash equilibrium is not guaranteed with better or best

replies but it converges with direct replies [16]. For Plurality, replies are
direct when the voters deviate by voting for the new winner.

Interestingly, Proposition 1 can be mitigated if we consider a spe-

cial partition of N where all coalitions have the same size. The result

follows from a simple extension of a proof given in [16].

Proposition 2 If P is a partition of N such that all coalitions of P
have the same size, then the dynamics associated with a (P,WIM)-
equilibrium converges for any profile of preferences, any initial pro-
file, and if unanimous direct replies are performed.

A Condorcet winner is an alternative x which wins with an abso-

lute majority against any other alternative, i.e. ω(x, y) > n
2

for all

y ∈ M \ {x}. Plurality is not Condorcet consistent which means

that it does not always elect the Condorcet winner when it exists. A

unanimous profile with the Condorcet winner is always a considerate

equilibrium (as stated in [26] for strong equilibria) since no absolute

majority of voters prefer another alternative. However, when a Con-

dorcet winner exists, the game may not converge to a state electing

it, even with a truthful initial profile. This observation is due to the

non-Condorcet consistency of the Plurality voting rule.

Example 4 Let N = {1, 2, 3}, M = {a, b, c, d}, a � b � c � d,
the coalitions are {{1}, {2}, {3}} and the profile of preferences is:

1 a � b � c � d
2 c � b � d � a
3 d � b � a � c

From the truthful initial profile {a, c, d} electing a, the only possible
deviation is that agent 2 deviates to alternative d, making d winner.
We reach the state {a, d, d} electing d, which is a considerate equi-
librium whereas b is Condorcet winner.

3.2 Antiplurality
Before going into detailled analysis of antiplurality, we provide the

definition of a feasible elimination procedure (f.e.p.), a tool intro-

duced in social choice theory (see e.g. [22]).

Definition 4 For a mapping β : M → N such that
∑

x∈M β(x) =
n+1, an f.e.p. is a sequence (x1, C1;x2, C2; . . . , Cm−1;xm) where
∀i ∈ [m − 1], Ci ⊆ N is such that: (i) |Ci| = β(xi) and ∀j ∈
[m− 1] \ {i}, Ci ∩ Cj = ∅, (ii) M =

⋃
k∈[m] xk, and (iii) ∀l ∈ Ci

and ∀k ∈ {i+ 1, . . . ,m}, xk �l xi.

It has been shown that an f.e.p. exists for any preference profile in

L(M)n and for any mapping β such that
∑

x∈M β(x) = n + 1

(see e.g. Remark 9.2.1 in [22]). We will use this fact4 to show the

following proposition:

Proposition 3 A strong equilibrium exists in any instance of the vot-
ing game with players’ preferences in L(M) and F=Antiplurality.

Proof: In order to prove the proposition, we show that it is possible

to construct, from a given f.e.p., a state σ which is a strong equilib-

rium for antiplurality. First of all, let us define the mapping β used to

define the f.e.p. The value β(x) corresponds to the minimum amount

of vetos required to ensure that x cannot be chosen by Antiplurality

(whatever the other ballots). Let q and r be the quotient and the rest

of the euclidean division of n by m, respectively. It is easy to check

that β(x) = q + 1 if x is ranked among the r + 1 first alternatives

4 Note that the condition n + 1 ≥ m appears in existence result of [22] but
it is easy to fulfill this condition by only keeping the n+ 1 first candidates
in the tie-breaking rule. Indeed, only these alternatives can be elected.
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in the tie-breaking rule �, and β(x) = q otherwise. Note that by the

definition of q and r,
∑

x∈M β(x) = n+ 1 holds.

Let (x1, C1, x2, C2, . . . , Cm−1, xm) be an f.e.p. for the mapping

β described above, and let σ be a state such that ∀i ∈ [m − 1] and

∀j ∈ Ci, σj = xi. Note that by the definition of β, F(σ) = xm.

We conclude the proof by showing that σ is a strong equilibrium.

By contradiction, if σ is not a strong equilibrium then there exists a

coalition C ⊆ N and a joint strategy σ′C such that F(σ′C , σ−C) >C

xm. Let y denote the candidate F(σ′C , σ−C). By the definition of

β, there must be i ∈ [m − 1] and l ∈ Ci such that y = xi and

l ∈ C, because otherwise y is vetoed by at least β(y) voters and

cannot be chosen by F . But by (iii) of Definition 4, this implies that

xm �l xi = y, a contradiction with y >C xm. �

Note that the strong equilibrium exhibited in the above proof can

be constructed in polynomial time.

Observe that when a Condorcet winner exists in the preference

profile, a strong equilibrium electing it may not exist, as we can see in

the next example. Actually, the notion of winner under Antiplurality

is far from being related to the concept of Condorcet winner, and a

minority of voters can have a significant power within this rule.

Example 5 Consider an instance where N = {1, 2, 3} and M =
{a, b, c, d}. The profile of preferences is:

1 b � a � c � d
2 c � d � a � b
3 b � d � c � a

Alternative b is the Condorcet winner. However, from a state where b
is elected, voter 2 has always incentive to deviate by vetoing b, and
this veto is sufficient to avoid the election of b. Hence, there is no
strong equilibrium electing b.

Even if we relax the assumption of strict preferences, Proposition

3 continues to hold. However, this proposition does not ensure the

existence of a super strong equilibrium when the preferences are not

strict, as illustrated by the following counterexample.

Example 6 Let N = {1, 2, 3}, M = {a, b} and the profile of pref-
erences is:

1 a � b
2 b � a
3 a ∼ b

If a is elected then coalition {2, 3} can deviate and veto a. If b is
elected then coalition {1, 3} can deviate and veto b.

Nevertheless, the following theorem shows that a considerate equi-

librium is guaranteed to exist even with non-strict preferences.

Theorem 2 A considerate equilibrium exists in any instance
of the voting game with players’ preferences in L(M) and
F=Antiplurality.

Proof: The proof relies on a refinement of the f.e.p. to the concept

of considerate equilibrium. The considerate f.e.p. (c.f.e.p.) is defined

in a similar fashion as f.e.p., except that condition (iii) is replaced by

(iii’) ∀l ∈ Ci and ∀k ∈ {i + 1, . . . ,m}, xk �l xi, or [xk ∼l xi

and xi �≥δ(l) xk], where δ(l) is the set of neighbors of l in G.

First of all, let us show that a c.f.e.p. exists for any preference pro-

file �∈ L(M)n. To this end, for any voter i ∈ N , we construct a

strict preference�′i which is consistent with the strict part of �i, and

where ties are broken by ≥δ(i) (or arbitrarily in case of incompara-

bility for ≥δ(i)). This construction leads to a profile of strict pref-

erences �′. By Remark 9.2.1 of [22], we know that an f.e.p. exists

for �′. We state that such an f.e.p. is also a c.f.e.p. for �. Indeed,

conditions (i) and (ii) trivially hold because they are similar for both

f.e.p. and c.f.e.p., and they do not depend on the considered profile of

preferences. Furthermore, the construction of�′ ensures that for any

l ∈ N , x �′l y implies x �l y, or [x ∼l y and y �≥δ(l) x]. Therefore,

(iii’) holds and the f.e.p. for �′ is also a c.f.e.p. for �.

The remainder of this proof follows the same line as the proof

of Proposition 3. Let (x1, C1;x2, C2; . . . , Cm−1;xm) be a c.f.e.p.

for the mapping β described in the proof of Proposition 3, and let

σ be a state such that σj = xi, ∀i ∈ [m − 1] and ∀j ∈ Ci.

Let us show that σ is a considerate equilibrium. By contradiction,

if σ is not a considerate equilibrium then there exists a coalition

C ∈ C and a joint strategy σ′C such that F(σ′C , σ−C) ≥C xm and

F(σ′C , σ−C) �N (C) xm. Let y denote the candidate F(σ′C , σ−C).
There must be i ∈ [m − 1] and l ∈ Ci such that y = xi and l ∈ C.

Furthermore, any neighbor of l in G belongs to C or N (C), and

no other voter belongs to C. Therefore, C ∪ N (C) = δ(i) ∪ {i}.

But by condition (iii’) of the definition of a c.f.e.p., this implies that

xm �l xi = y or xm ∼i xi and y = xi �≥C∪N (C) xm, a contradic-

tion with y ≥C x and y �N (C) xm. �

Unfortunately, the dynamics associated with the considerate equi-

librium is not guaranteed to converge, even if we restrict ourselves to

the dynamics associated with the partition equilibrium and we con-

sider unanimous direct best replies5.

Proposition 4 The dynamics associated with the partition equilib-
rium may not converge in the voting game with F=Antiplurality,
even if the initial profile is truthful, each move is a unanimous direct
best reply and the preferences are strict, single-peaked and single-
crossing.

Proof: Consider an instance where N = {1, 2, . . . , 6}, M =
{a, b, c, d} and a � b � c � d. The preferences are single-peaked

using the axis over the candidates (c, d, a, b) and single-crossing us-

ing the axis over the voters (2, 1, 6, 3, 4, 5). The profile of prefer-

ences is:

1 d � c � a � b
2 c � d � a � b
3 a � d � b � c
4, 5 b � a � d � c
6 a � d � c � b

The partition over the voters is {{1}, {2}, {3}, {4, 5}, {6}}. The

next table gives a sequence of states where the steps 1 to 7 form a

cycle. Deviations are marked with bold letters. Step 0 corresponds to

the truthful profile.

Steps

Players
1 2 3 4 5 6 Winner

0 −b −b −c −c −c −b a
1 −b −a −c −c −c −b d
2 −b −a −c −c −c −d a
3 −b −a −c −a −a −d b
4 −b −a −c −a −a −b d
5 −b −d −c −a −a −b c
6 −b −d −c −c −c −b a
7 −b −a −c −c −c −b d

�

5 Replies are direct under Antiplurality when the voters veto the current win-
ner. Convergence to a Nash equilibrium is guaranteed when direct replies
are performed [14, 24].
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3.3 Other PSRs
In this section, the strategy space S is L(M). Each PSR is charac-

terized by its score vector α. After normalization, the score vector

of every PSR can be written as α = (1, α2, . . . , αm−1, 0) where

αi ∈ [0, 1] and the αis remain non increasing. The PSR is neither

Plurality nor Antiplurality iff α2 > 0 and αm−1 < 1. If αi ∈ {0, 1}
for all i ∈ {2, . . . ,m− 1}, then the associated PSR is k-approval.

We know that for Borda and k-approval (k is a constant), a vot-

ing game may not converge to a Nash equilibrium [14], even if the

initial state is truthful and only best replies are used. Therefore, this

result holds too for a considerate equilibrium. Furthermore, we can

prove that a Nash equilibrium (and thus, a considerate equilibrium)

is not guaranteed to exist for Borda and k-approval where k is fixed

according to either the number of consecutive ones, or to the number

of consecutive zeros.

Proposition 5 Let l be an integer such that l > 1 and consider the
k-approval rule where k = l or k = m − l. A Nash equilibrium
is not guaranteed to exist in the voting game, even if the players’
preferences are strict and single-peaked.

Proof: Consider an instance where N = {1, 2}, M =
{x1, x2, . . . , x2k}, and x1 � x2 � · · · � x2k. Thus, m = 2k.

The profile of preferences is:

1 x1 � x2 � · · · � xm

2 xm � xm−1 � · · · � x1

With such a k and m, either the winner is present in the k first ranked

candidates of both voters, or the winner is x1. Moreover, there is

always one agent who prefers at least k alternatives to the current

winner. Suppose alternative xi is elected. If i ≤ k, then a better reply

for agent 2 is to rank candidates x1, . . . , xi last in her new ballot and

put at the first position her preferred candidate within the top k of

agent 1. If i > k, a better reply for agent 1 is to place candidates

xi, . . . , xm among the k last ranked of her new ballot. �

Proposition 6 A Nash equilibrium is not guaranteed to exist in the
voting game whereF is a PSR with 0 < α2 ≤ 1

2
, even if the players’

preferences are strict and single-peaked.

Proof: Consider a 2-player instance where M = {a, b, c}, a � b �
c and the profile of preferences is:

1 a � b � c
2 c � b � a

If a is elected then agent 2 puts a last in her new ballot and puts first

the best ranked alternative within agent 1’s ballot between b and c.

If c is elected then agent 1 puts c last in her new ballot and puts first

the best ranked alternative within agent 2’s ballot between a and b.

Finally, if b is elected then agent 1 can make a the winner: if c is

ranked first by agent 2 then agent 1 plays a � b � c, otherwise she

plays a � c � b. �

Note that Borda is covered by this proposition so a Nash equilib-

rium (and thus, a considerate equilibrium) is not guaranteed to exist.

4 Runoff voting rules
The voting game under Plurality with runoff and STV always admits

a Nash equilibrium, e.g. the strategy profile where the best alternative

coming first in the tie breaking rule � is placed on the top of each

ballot. More generally, we prove that a considerate equilibrium is

guaranteed to exist in any instance of the game under Plurality with

run-off and STV. We cannot generalize again to the existence of a

strong equilibrium, as we can see for the profile given in Example 3.

Theorem 3 Every instance of the voting game with players’ pref-
erences in L(M) and F ∈ {STV, Plurality with runoff} admits a
considerate equilibrium.

Proof: The proof follows the same idea as the proof for Plurality

(Theorem 1). It suffices to show that under STV and Plurality with

runoff the set of powerful coalitions Cp also corresponds to the set of

coalitions with size strictly larger than n/2. Indeed, if a is the best

alternative w.r.t. �, then in the unanimous profile where a is placed

on the top of each ballot, a is elected without any further round be-

cause it gets the absolute majority of votes. Thus, only a coalition of

size strictly larger than n/2 can make the outcome change by placing

another alternative unanimously on the top of the new ballot. �

We have existence of a considerate equilibrium. Unfortunately, the

game may not converge to it since it may not even converge to a Nash

equilibrium, as the next proposition states. Moreover, this is still the

case for restricted best replies.

Proposition 7 The dynamics associated with the Nash equilibrium
is not guaranteed to converge in the voting game with F ∈ {STV,
Plurality with runoff}, even if the initial profile is truthful, the play-
ers’ preferences are strict, single-peaked and single-crossing, and
each move is a best reply minimizing the distance to the truthful bal-
lot in terms of number of differences in pair-wise comparisons.

Proof: Consider an instance where N = {1, 2, 3, 4}, M =
{a, b, c, d} and a � b � c � d. The preferences are single-peaked

using the axis over the candidates (a, c, d, b) and single-crossing us-

ing the axis over the voters (2, 3, 4, 1). The next table gives a se-

quence of states where the first and last ones coincide. Deviations

are marked with bold letters. Step 0 represents the truthful profile.

Each linear order is the ballot of a voter and the last line of the table

specifies the winner at each step.
Step 0 Step 1 Step 2 Step 3 Step 4

c � a � d � b a � c � d � b a � c � d � b c � a � d � b c � a � d � b
b � d � c � a b � d � c � a d � b � c � a d � b � c � a b � d � c � a
d � b � c � a d � b � c � a d � b � c � a d � b � c � a d � b � c � a
c � d � a � b c � d � a � b c � d � a � b c � d � a � b c � d � a � b

b a d c b

This counterexample works for STV and Plurality with runoff. �

5 Voting rules based on pair-wise comparisons
5.1 Copeland
We show by a simple counterexample that even a Nash equilibrium is

not guaranteed to exist in the voting game when using the Copeland

rule. Therefore, a considerate equilibrium may not exist.

Proposition 8 A Nash equilibrium is not guaranteed to exist in the
strategic voting game where F=Copeland, even if the preferences
are strict and single-peaked.

Proof: Consider an instance where N = {1, 2}, M = {a, b, c} and

a � b � c. The profile of preferences is:

1 a � b � c
2 c � b � a
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An alternative x wins against y in a pair-wise election if x is ranked

before y in the two ballots. If a wins, then agent 2 deviates by placing

a at the last position of her new ballot and placing on top of her new

ballot the first ranked candidate in the ballot of agent 1 between b and

c. If c wins, then it suffices for agent 1 to place c at the last position

of her new ballot because c is ranked last in the tie-breaking. Finally,

if b wins, then if c is not ranked first in agent 2’s ballot, then agent 1

plays a � c � b; otherwise, agent 1 plays a � b � c. In conclusion,

there is no Nash equilibrium in this instance. �

5.2 Maximin
The voting game under Maximin always admits a Nash equilibrium,

e.g. the profile where the best alternative w.r.t. � is placed on top of

each ballot. However, a strong equilibrium is not guaranteed to exist

as we can see with the profile given in Example 3. Nevertheless, a

considerate equilibrium is guaranteed to exist in any instance.

Theorem 4 Every instance of the voting game where the players’
preferences are in L(M) and F=Maximin admits a considerate
equilibrium.

Proof: The proof follows the same idea as the proof for Plurality

(Theorem 1). It suffices to show that under Maximin the set of pow-

erful coalitions Cp also corresponds to the set of coalitions with size

strictly larger than n/2. Indeed, if a is the best alternative w.r.t �
then a gets elected in the unanimous profile where a is placed on top

of each ballot. From such a profile, only a coalition of size strictly

larger than n/2 can change the outcome by placing another alterna-

tive y unanimously on top of the new ballot. If the coalition has only

n/2 agents, it is not sufficient because a still has a maximin score of

n/2 and no other candidate can have a strictly better score. �

It is known that the strategic voting game under the Maximin rule

is not guaranteed to converge to a Nash equilibrium with an arbitrary

deterministic tie-breaking [14]. However, even with a deterministic

tie-breaking which is a linear order, the game under Maximin is not

guaranteed to converge, as we can see in the next proposition. More-

over, we do not use a general best reply but a restricted one.

Proposition 9 The dynamics associated with the Nash equilibrium
is not guaranteed to converge in the voting game with F=Maximin,
even if the initial profile is truthful, the players’ preferences are strict,
single-peaked and single-crossing, and each move is a best reply
minimizing the distance to the truthful ballot in terms of number of
differences in pair-wise comparisons.

Proof: Consider an instance where N = {1, 2, 3, 4, 5}, M =
{a, b, c, d} and a � b � c � d. The preferences are single-peaked

using the axis over the candidates (d, b, c, a) and single-crossing us-

ing the axis over the voters (1, 4, 3, 2, 5). The next table gives a se-

quence of states where the steps 1 to 5 form a cycle. Deviations are

marked with bold letters. Step 0 corresponds to the truthful profile.

Each linear order is the ballot of a voter and the last line of the table

specifies the winner at each step.

Step 0 Step 1 Step 2 Step 3 Step 4 Step 5

d � b � c � a d � b � c � a c � d � b � a c � d � b � a d � b � c � a d � b � c � a
a � c � b � d a � d � c � b a � d � c � b a � d � c � b a � d � c � b a � d � c � b
c � b � a � d c � b � a � d c � b � a � d c � b � a � d c � b � a � d c � b � a � d
b � d � c � a b � d � c � a b � d � c � a b � d � c � a b � d � c � a b � d � c � a
a � c � b � d a � c � b � d a � c � b � d a � b � d � c a � b � d � c a � c � b � d

c a c a b a

�

6 Discussion and perspectives
We proposed to explore voting games from a strategical and social

point of view. The considerate equilibrium captures a stable outcome

regarding every set of coalitions arising from a social network.

The next table summarizes the existence and convergence re-

sults for the different voting rules that we explored. They are clas-

sified by solution concepts, which allows to spot the gap between

existence/non-existence and convergence/non-convergence since the

different equilibria are related: ∃ considerate equilibrium ⇒ ∃ par-
tition equilibrium⇒ ∃ Nash equilibrium.

Plurality Veto k-approval Borda

strong
Existence � �(Prop.3) � �

Convergence � � � �

considerate
Existence �(Th.1) �(Th.2) � �

Convergence � � � �

partition
Existence � � � �

Convergence �(Prop.1) �(Prop.4) � �

Nash
Existence � � �(Prop.5) �(Prop.6)

Convergence �[16] �[14, 24] �[14, 24] �[14, 24]

STV PwRO Copeland Maximin

strong
Existence � � � �

Convergence � � � �

considerate
Existence �(Th.3) �(Th.3) � �(Th.4)

Convergence � � � �

partition
Existence � � � �

Convergence � � � �

Nash
Existence � � �(Prop.8) �

Convergence �(Prop.7) �(Prop.7) � �(Prop.9)

We can remark that convergence under general best replies (even

if they are refined as in Prop. 7 and 9) is difficult to achieve. We

restricted ourselves to almost general best replies. A possible exten-

sion would be to analyze convergence to a considerate equilibrium

for some restricted manipulation moves, as studied in [23, 11, 21]

for Nash equilibria. Another possible way to achieve convergence is

to focus on specific classes of graphs or coalition families, provided

that it matches with an actual social structure.

On the positive side, we were able to prove the existence of a con-

siderate equilibrium for a significant number of voting rules, namely

Plurality, Antiplurality, Plurality with runoff, STV and Maximin.

These results are encouraging because the notion of considerate equi-

librium covers a large spectrum of families of coalitions.

As a balance, the assumption of consideration within this equilib-

rium — the fact no coalition harms its neighbors — is rather strong.

Actually, without the consideration assumption, it is not possible to

generalize the existence of such an equilibrium to every class of

graph. As an example, take the complete graph which corresponds

to a super strong equilibrium and see Example 6. This counterexam-

ple holds for every voting rule for which we proved the existence of

a considerate equilibrium, showing the importance of the considera-

tion assumption.

Nevertheless, the consideration assumption is relevant if we as-

sume that agents are not fully selfish and that they care about their

relatives. Moreover, it allows to integrate a social dimension into the

game. If agents are connected in the social network, then they are

reluctent to act in a way that harm their partners. If one wants to es-

cape from the consideration assumption, then an option is to restrict

to specific classes of graphs, or to specific families of coalitions. For

example, with the partition equilibrium, our existence results hold

without the consideration assumption. One can also think of lami-
nar structures where there is either inclusion or empty intersection

between every pair of coalitions. Another possibility is to relax the

consideration assumption, e.g. a coalition C has consideration for an

agent i /∈ C if i has at least a given number of neighbors in C.

L. Gourvès et al. / Strategic Voting in a Social Context: Considerate Equilibria1430



REFERENCES
[1] S. Airiau and U. Endriss, ‘Iterated majority voting’, in Proceedings

of the First International Conference on Algorithm Decision Theory
(ADT-09), volume 5783 of LNCS, pp. 38–49, (October 2009).

[2] I. Ashlagi, P. Krysta, and M. Tennenholtz, ‘Social context games’, in
Internet and Network Economics, 675–683, Springer, (2008).

[3] R. J. Aumann, ‘Acceptable points in general cooperative n-person
games’, in Contribution to the Theory of Games, eds., A. W. Tucker
and R. D. Luce, volume IV of Annals of Mathematics Studies, 40, pp.
287–324. Princeton Univ. Press, (1959).

[4] B. D. Bernheim, B. Peleg, and M. D. Whinston, ‘Coalition-proof
nash equilibria i. concepts’, Journal of Economic Theory, 42(1), 1–12,
(1987).

[5] F. Brandt, V. Conitzer, U. Endriss, J. Lang, A.D. Procaccia, and
H. Moulin, Handbook of Computational Social Choice, Cambridge
University Press, 2016.

[6] P. Faliszewski, E. Hemaspaandra, and L. A. Hemaspaandra, ‘Using
complexity to protect elections’, Communications of the ACM, 53(11),
74–82, (2010).

[7] P. Faliszewski and A. D. Procaccia, ‘AIs war on manipulation: Are we
winning’, AI Magazine, 31(4), 53–64, (2010).

[8] A. M. Feldman and R. Serrano, Welfare economics and social choice
theory, Springer Science & Business Media, 2006.

[9] M. Feldman and M. Tennenholtz, ‘Partition equilibrium’, in Algorith-
mic Game Theory, Second International Symposium, SAGT 2009, Pa-
phos, Cyprus, October 18-20, 2009. Proceedings, eds., M. Mavronico-
las and V. Papadopoulou, volume 5814 of LNCS, pp. 48–59. Springer,
(2009).

[10] A. Gibbard, ‘Manipulation of voting schemes: a general result’, Econo-
metrica: journal of the Econometric Society, 587–601, (1973).

[11] U. Grandi, A. Loreggia, F. Rossi, K. B. Venable, and T. Walsh, ‘Re-
stricted manipulation in iterative voting: Condorcet efficiency and
borda score’, in Algorithmic Decision Theory, 181–192, Springer,
(2013).

[12] M. Hoefer, M. Penn, M. Polukarov, A. Skopalik, and B. Vöcking, ‘Con-
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The Complexity of Deciding Legality of a Single Step of
Magic: The Gathering

Krishnendu Chatterjee and Rasmus Ibsen-Jensen1

Abstract. Magic: the Gathering is a game about magical combat

for any number of players. Formally it is a zero-sum, imperfect in-

formation stochastic game that consists of a potentially unbounded

number of steps. We consider the problem of deciding if a move is

legal in a given single step of Magic. We show that the problem is

(a) coNP-complete in general; and (b) in P if either of two small sets

of cards are not used. Our lower bound holds even for single-player

Magic games. The significant aspects of our results are as follows:

First, in most real-life game problems, the task of deciding whether a

given move is legal in a single step is trivial, and the computationally

hard task is to find the best sequence of legal moves in the presence

of multiple players. In contrast, quite uniquely our hardness result

holds for single step and with only one-player. Second, we establish

efficient algorithms for important special cases of Magic.

1 Introduction

Magic: the Gathering (henceforth, Magic) is a collectible card game

where each player has the role of a mighty wizard that can cast spells

like fireballs or summon for instance dragons, angels, or demons. To

do so the wizards uses mana they get from lands or in other ways. The

objective of each player is to win over the other wizards by killing

them.

Legality of a move in a single step. We are interested in establishing

complexity bounds for deciding whether a move is legal in a single

step of a Magic game. Formally, Magic is a stochastic, imperfect in-

formation, zero-sum game over an unbounded number of turns. Each

turn is divided into some number of phases and each phase consists

of some number of steps, in which typically only one player has a

choice. The only exception to the turn-based nature is that some cards

require all players to perform some action at the same time.

Cards. Each card in the game represents a specific spell, creature,

or land, and has in general very different properties. We describe

the typical properties of Magic relevant for this work, and there are

many slight deviations which we omit. Each card has a name, a color

or colors (or is colorless) and consists of a drawing, illustrating the

effect of the card, and a text box stating what the card does. Whenever

we mention a card in the text we will write its name in bold font and

include a figure with the card. Each card can be in different zones.

The zones important for this paper are:

1. Nearly all cards start in some library from which cards can be

drawn. The cards in any library are not visible to any player.

1 IST Austria, Austria, email: {Krishnendu.Chatterjee,RIbsen}@ist.ac.at

2. The cards in a hand of a player consists of the cards drawn from

the library but not yet played. Cards in a hand can be played for

some cost. The cards in a hand is only visible to that player.

3. The stack consists of cards and effects that have been played or

triggered but are waiting to take effect. Whenever a card or ef-

fect is put on the stack, each player has, in turn, the opportunity

to play more cards or effects. Whenever no player wants to add

more to the stack, the top card or effect on the stack takes effect.

Alternately, if the stack is empty, the next phase or turn starts. The

content of the stack is visible to all players.

4. The cards on the battlefield consists of the cards that have a direct

influence on the game currently and are visible to all players.

5. The cards in the graveyard consists of cards that have been used

and are visible to all players.

Each card also has a card type. The important card types are:

1. Instant/sorcery which, when taking effect, has some immedi-

ate or short-term effect on the game and immediately goes to the

graveyard.

2. Artifact/enchantment which, when taking effect, enters the bat-

tlefield and have some long-term effect.

3. Planeswalker which, when taking effect, enters the battlefield,

with some amount of loyalty. On each of their turns, the controller

of the planeswalker can pick an effect, which typically includes

an increase or decrease (but not below 0) of loyalty. Planeswalk-

ers can also be attacked to decrease their loyalty. Whenever the

loyalty of a planeswalker falls below 1, they go to the graveyard.

4. Creature which, when taking effect, enters the battlefield. Most

creatures can attack and block in the combat phase and all crea-

tures have a power x and a toughness y, denoted x/y on the cards.

The power is the amount of damage the creature would do and the

toughness is how much damage a typical creature can take before

dying and going to the graveyard. Especially, a creature with 0

toughness dies immediately.

5. Land which does not use the stack, but can only be played when

the stack is empty. Each player can only play lands in his own turn

and only one land on each turn. Most lands are used to generate

mana which is often used in the cost of the other card types.

Trivia. Magic is a card game initially published in 1993, played by

around twenty million players worldwide and there exist 15.919 dif-

ferent Magic cards currently. Magic has the fourth largest real-life

tournament, and other than Poker variants, it has the largest tourna-

ment. Magic is the first collectible card game, a category including

quite a few different games nowadays. While Magic is a single game,

there exists many variants of the game, called formats, with currently
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22 different formats receiving some official support. Different for-

mats differs in which cards are legal, basic rules, number of players

and their relations (i.e. adversarial or team) and even how the decks

of cards played with are constructed. The value of cards can vary

greatly from basically nothing to $27.302 for a single card in regular

print.

One player variant: Goldfish. None of the official formats in Magic

are single-player, because the main purpose is real-world tourna-

ments with multiple players. However, the relevance of one-player

version is that any lower bound on this simple version represents

a stronger hardness result. We consider the most well-known one-

player variant:

• Goldfish. In goldfish, the lone player is playing against a “player”

that starts with no cards, never makes any choice and generally

never does anything unless forced to – a so called goldfish. Along

with the relevance mentioned above, the variant is used to provide

a benchmark on how fast a deck can win against a player that does

nothing relevant.

Research on Magic. Previous research works have focused on vari-

ous aspects of Magic, for instance, considering different strategies for

collecting Magic-cards ([3]) or used online auctions for Magic cards

to test revenue for various auction types ([16]). [5] have shown that

for Magic games with at least 6 players, there exist decks of cards,

such that for all Turing machines, there exists a polynomial-length

sequence of actions by the players, such that after the sequence, a

player eventually wins iff the Turing machine terminates2. While pre-

vious results on complexity consider multiple steps of the game, the

problem we consider (i.e., the complexity of a single step) has not

been considered before.

Research on other real-life games. There has been some research

on the complexity of other real-life games. For instance, [12, 4] con-

sidered the popular real-time strategy computer game Star Craft.

Also [11, 2] considered Bridge. Complexity of various general-

ized games have also been considered. For instance, checkers is

EXPTIME-complete [18] and Othello PSPACE-complete [15], when

the games are generalized to n by n boards. See also [14] for a sur-

vey about games and complexity. For the game Phutball, [10] showed

that deciding if a legal move that wins immediately exists is NP-

complete.

The rules of Magic. Magic has a very complex set of rules: The

simple introductory rules used for playing the first few games is 16

pages long, but this does not suffice for the purpose of this article.

The full set of rules is 210 pages long and is without pictures ([19]).

Therefore, explaining the rules of the game is not part of the goal of

this article. Instead, we will explain informally the key rules relating

to where the complexity is coming from.

Result of this paper. We present three main results.

1. Classification of requirements and restrictions. We classify the

requirements and restrictions on Magic cards into a few classes.

(Blockers must be declared such that all restrictions are satisfied

and as few requirements as possible are broken, see Section 2).

2. Complexity in general. We show that the legality of a move in a

single step can be decided in coNP in general and is coNP-hard

2 The construction has later been improved, see [6, 7, 8], however these texts
are posts on forums and less polished

even in goldfish games (the single-player variant) measured in the

number of objects.

3. Efficient algorithms for special cases. For two relatively small and

nearly disjoint sets of cards rarely used in tournaments, consisting

of 0.5% and 0.3% of all cards respectively, we show that finding

a legal move in a single step in Magic games not using those cards

are in DL (deterministic log-space) and P (PTIME) respectively.

It follows from our results that in these cases deciding the legality

of a move in a single step also has the same complexity.

Technical contributions. The key technical aspects are:

Figure 1. Card making tokens: Captain’s Call c©2016 Wizards of the
Coast LLC in the USA & other countries. Illustration by Greg Staples.

Image used with permission

1. Non-trivial complexity. Note that we consider games with a con-

stant number of players with a fixed and finite deck. Such restriction

in other games lead to trivial complexity (e.g., normal chess is triv-

ial in the sense that only a finite number of configurations can be

achieved and an optimal strategy can be found in a constant, but very

large, amount of time). The reason this does not happen in Magic is

the concept of tokens and the possibility of replaying cards. A token

is an object that is not a card. For instance Captain’s Call creates

3 creatures, though it is only a single card. It is possible to then get

Captain’s Call back to hand (without losing other cards) allowing it

to be played again, using some combinations of cards. By playing it

many times, any number of tokens can be created.

2. Relationship with classical graph algorithm. A key technical con-

tribution is that we establish a close relationship between the prob-

lem we consider and the classical graph algorithm of min-cost-flow.

While the min-cost-flow problem can be solved in P, we show that

the problem we consider requires a natural generalization: along with

the standard capacity constraints (which specify that the flow is at

most the capacity), we require new constraints that specify that the

flow is either 0 or at least a given threshold. Our result shows that

this natural generalization makes the problem coNP-complete. On

the other hand, if certain cards are not used, we present a many-to-

one reduction from our problem to the min-cost-flow problem.
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Significance. The main significant implications are:

1. Magic-specific result. There exists an online tool for playing

Magic, Magic Online ([20]), that checks the legality of a step.

However, the tool considers a special case of Magic where at

most 200 tokens are allowed per player (i.e., it gives an algo-

rithm for the special case when the size of the input problem is

small). In contrast, we first establish complexity of the general

problem, showing that it is coNP-hard (even for single-player)

and no efficient (polynomial-time) algorithm exists in general (un-

less coNP = P = NP). Second, we present efficient (polynomial-

time) algorithms for two special cases, where a small number of

cards are not used, but there is no restriction on the number of

tokens. Thus we present efficient solution to orthogonal special

cases as compared to the online tool.

2. Uniqueness of complexity. We consider games with a constant

number of players where each has a fixed and finite deck. More-

over, we consider the legality of a single step. In most real-life

games, either of the above restrictions would lead to trivial com-

putational complexity. The first restriction typically means that the

problem size is constant. The second restriction implies that we do

not consider strategic choices over multiple steps. In most real-life

games the complexity comes from strategic choices (i.e., that max-

imizes the probability to win over several steps). Quite uniquely

our lower bound is for legality of a single-step in a single-player

variant of Magic, and the complexity we obtain is neither from the

fact that the game is stochastic or imperfect information.

3. General graph algorithm. Our technical contribution considers

a generalization of the classic min-cost-flow problem on graphs

with additional constraints that either the flow is zero or at least

a threshold value. We show that such problem is coNP-complete,

and show that for real-life game problems (such as special cases

of Magic) the classical min-cost-flow algorithm can be used.

2 The complexity of a single step

In this section we consider the complexity of a single step of a Magic

game. Concretely we consider the complexity of deciding if in a

given step, a given choice is legal. For most types of steps, besides

the declare blockers step of the combat phase, this can easily be done

in log-space (hence in polynomial time). The reason for the log-space

complexity is that the legality of a choice (other than declaration of

blockers) is local, in the sense that legality can be decided by only

considering pairs of objects (i.e. a card c might target another card c′

and is legal iff c′ can be targeted by c) and counts (i.e. a card c might

target k cards, which would be legal if c can have k targets). This

can all be done in DL (deterministic log-space). We will thus focus

on the declaration of blockers and argue that it is coNP-complete to

find a legal declaration of blockers. We describe the problem using

the min-cost-flow terminology (since min-cost flow is in P, see [9],

and our problem is not, some parts require generalization of min-cost

flow).

Min-cost flow. The min-cost flow problem consists of a directed

graph G = (V,E), a capacity function c : V ∪E → N and a weight

function w : E → Z. Also, there is a designated source state s and

a designated sink state t. For a map M : E → N, let ΔM : V → Z
be ΔM (v) =

∑
(u,v)∈E M(u, v) −∑

(v,u)∈E M(v, u). A flow is

a map f : E → N such that (1) Δf (s) ≥ 0; (2) Δf (t) ≤ 0; and

(3) for all v ∈ (V \ {s, t}) the number Δf (v) is 0 (intuitively, there

is a flow from s to t and for other vertices the incoming flow matches

the outgoing flow). A flow f is feasible if (1) for all v ∈ (V \ {s, t})
we have

∑
(u,v)∈E f(u, v) ≤ c(v); and (2) for all e ∈ E we have

f(e) ≤ c(e). The value of a flow f is val(f) =
∑

e∈E f(e) · w(e).
The solution to a min-cost flow problem is a feasible flow with max-

imum value among all feasible flows. This problem is in P ([9]).

The declaration of blockers step. The declaration of blockers step

is a part of the combat phase of a turn. In the combat phase of a turn

first a set of creatures A, controlled by P , is declared as attacking P ′

by P (in general with more players each of the creatures can attack

different players other than P ). For the goldfish format, the player P
is the goldfish player (in our lower bound), and there exist cards that

ensure that all creatures must be declared attacking (this is the only

option for the goldfish player). The creatures controlled by P ′ is the

set B. After this step, if A is not empty, the defending player P ′ (in

general, a player is defending if he is attacked by some creature) can,

for each creature a ∈ A that attacks him, declare that some, perhaps

empty, subset Ba ⊆ B is going to block a. We will let BA be the

set
⋃

a∈A Ba of blocking creatures. For any b ∈ B, we also define

bA as {a | b ∈ Ba}, i.e. the creatures b blocks. The complexity of

finding a legal declaration of blockers comes from rule 509.1c ([19]),

which states, paraphrased, that a declaration of blockers is legal if it

satisfies all restrictions, while maximizing the number of satisfied

requirements.

The base case: No restrictions or requirements. If there are no

requirements or restrictions involved, each creature in A can be

blocked by any number of creatures in B, but each creature in B
can only block one creature of A and any such choice of blockers is

legal. Using terminology from min-cost flow, the graph G is a bipar-

tite graph, with the source on the right side and the sink on the left.

Each state (besides the sink) on the left side corresponds to a creature

in B and each state (besides the source) on the right side corresponds

to a creature in A, and the states on the left side has capacity 1 (be-

sides the sink, which has infinite capacity) while the states on the

right have infinite capacity. The source has an outgoing edge to each

state in B, each state in B has an outgoing edge to each state in A and

each state in A has an outgoing edge to the sink. The edges between

A and B each have capacity 1 and the edges to/from the sink/source

have each infinite capacity. Also, each edge has weight 0.

Restrictions and requirements. The complexity of the problem

comes from the requirements and restrictions. We will explain re-

quirements and restrictions in how they modify the min-cost flow

instance from the base case.

Restrictions. Rule 509.1b ([19]) states that for a declaration of

blockers to be legal, every restriction must be satisfied. A restric-

tion is statement that says that a specific creature cannot block/be

blocked unless some condition is met. This, in itself, does not cause

any complexity, since for a fixed declaration of blockers, checking if

a fixed restriction is satisfied is easy. We now consider the following

five types of restrictions3:

1. Local restrictions. Local restrictions are restrictions of the form:

a ∈ A cannot be blocked by b ∈ B (i.e. a local restriction is satis-

fied if it is satisfied for each pair of affected creatures). Concretely,

a could have flying and b could have neither reach or flying. A lo-

cal restriction between a ∈ A and b ∈ B can be modeled in our

min-cost flow instance by removing the edge (a, b). For instance,

3 To our knowledge, all restrictions fit into precisely one type
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Figure 2. The cards are sorted from left to right. First row - cards with various types of non-capacity restrictions:
(1) Local restriction: Razortooth Rats c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration by Carl
Critchlow. Image used with permission;
(2) Local counting restriction k = 2: Boggart Brute c©2016 Wizards of the Coast LLC in the USA & other countries.
Illustration by Igor Kieryluk. Image used with permission;
(3) Local counting restriction k = 3: Guile c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration by
Zoltan Boros & Gabor Szikszai. Image used with permission;
Second row - continued:
(4) Local counting restriction k = |B|: Tromokratis c©2016 Wizards of the Coast LLC in the USA & other countries.
Illustration by Matt Stewart. Image used with permission;
(5) Global counting restriction k = 1: Silent Arbiter c©2016 Wizards of the Coast LLC in the USA & other countries.
Illustration by Mark Zug. Image used with permission;
(6) Global counting restriction k = 2: Caverns of Despair c©2016 Wizards of the Coast LLC in the USA & other countries.
Illustration by Harold McNeill. Image used with permission.

Razertooth Rats creates a local restriction with all non-artifact

non-black creatures.

2. Local counting restrictions. Local counting restrictions are re-

strictions of the form: a ∈ A cannot be blocked except by k or

more creatures. Here, concretely, there exists cards for which k is

2 (i.e. cards with the ability Menace, like Boggart Brute), 3 (there

are six cards, for instance Guile) and |B| (the card Tromokratis).

Local counting restrictions have no nice interpretation in min-cost

flow terminology (note that there must be something for the prob-

lem to be coNP-complete, since min-cost flow can be solved in

P, see [9]). A local counting restriction on a ∈ A corresponds to

saying that a have either flow 0 or flow greater than k in min-cost

flow.

3. Global counting restrictions. Global counting restrictions are re-

strictions of the form: no more than k creatures can block. Here,

concretely, there exists cards for which k is 1 (the cards Silent
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Figure 3. Two first cards of first row - cards that can create capacity restrictions:
(1) Increase blocker capacity by 1: Iona’s Blessing c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration
by David Gaillet. Image used with permission;
(2) Set capacity of attacker to 1:
Alpha Authority c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration by Ron Spencer. Image used
with permission.
Last card on first row and cards in second row - cards with various kinds of requirements:
(1) Generic attacker requirement: Irresistible Prey c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration
by Jesper Ejsing. Image used with permission;
(2) Generic blocker requirement: Culling Mark c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration
by Tomasz Jedruszek. Image used with permission;
(3) Special generic requirement: Nacatl War-Pride c©2016 Wizards of the Coast LLC in the USA & other countries. Illustra-
tion by James Kei. Image used with permission;
(4) Specific requirement: Hunt Down c©2016 Wizards of the Coast LLC in the USA & other countries. Illustration by Christo-
pher Moeller. Image used with permission.

Arbiter and Dueling Grounds) and 2 (the card Caverns of De-
spair). While there is no straightforward interpretation in min-cost

flow, the global counting restrictions are easy to handle, by sim-

ply considering each creature or pair of creatures in B (depending

on whether k is at least 1 or 2) as the set of creatures that can

block and then solving the problem with only those creatures in

B (except that any Tromokratis cannot be blocked in this case,

assuming that |B| > 2 initially).

4. Blocker capacity restriction. Blocker capacity restrictions are

restrictions of the form: b ∈ B must be such that |bA| ≤ k. By

default there is a blocker capacity restriction on each creature for

k = 1, but k can be changed to any natural number4, using for

instance, a sufficiently large number of Iona’s Blessing. A blocker

capacity restriction on b ∈ B with k ∈ N is modeled in min-cost

4 It can also be infinite. However, there is no difference between infinite and
k ≥ |A|
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flow by having a capacity of k on b.

5. Attacker capacity restriction. Attacker capacity restrictions are

restrictions of the form: a ∈ A must be such that |Ba| ≤ k.

Currently k can only be 1, which can be achieved by for instance

using Alpha Authority. A attacker capacity restriction on a ∈ A
with k ∈ N can be modeled in min-cost flow with capacity of k
on a.

Requirements. Rule 509.1c ([19]) states that the declaration of

blockers must maximize the number of requirements satisfied, while

not breaking any restrictions. A requirement is an ability that says

that a specific creature must block/be blocked (perhaps by a specific

set of creatures). In min-cost flow the requirements can be modeled

as weights on edges5. We focus on three requirements6:

1. Generic attacker/blocker requirements. Generic attacker (resp.

blocker) requirements are parameterised by an attacker a ∈ A
(resp. blocker b ∈ B) and are satisfied if a is blocked (resp. if

b blocks). Generic attacker (resp. blocker) requirements can be

modeled in min-cost flow by having two edges pointing to a from

the source (resp. away from b to the sink), one with unbounded ca-

pacity and 0 weight and another with capacity 1 and weight equal

to the number of times the creature is affected by the requirement.

The requirement could for instance be caused by Irresistible Prey
(resp. Culling Mark).

2. Special generic requirements are parametrised by an attacker

a ∈ A and are satisfied if a is blocked by exactly one creature.

The requirement has no simple interpretation in min-cost flow, but

any flow that has a flow of 1 through a satisfies the requirement.

The requirement is only in effect if a is a Nacatl War-Pride.

3. Specific requirements are parametrised by an attacker a ∈ A and

blocker b ∈ B and are satisfied if b ∈ Ba. Specific requirements

could for instance be caused by Hunt Down. We can model k
specific requirements between a ∈ A and b ∈ B by having a

weight of k on the edge from a to b in min-cost flow.

Remark 1 Finding the categories. Categorizing the requirements
and restrictions of all cards in Magic is a demanding task (because
of the number of cards). To do so we made a case analysis with many
thousands of cases. We do not explicitly include the very technical
case analysis, but only the outcome, because of the huge size of the
case analysis.

2.1 Complexity bound in general case

Inclusion in coNP. For a fixed declaration of blockers, it is easy to

check that all restrictions are satisfied. In case any restriction is not

satisfied, it is easy to find a declaration of blockers satisfying all (con-

cretely, not declaring any blockers always satisfies all restrictions). It

is also easy to count the number of requirements satisfied. Hence,

the given declaration of blockers is legal precisely if no declaration

can be found that satisfies more requirements while satisfying all re-

strictions. Note that a declaration of blockers can be described as the

sets Ba for each a. This can be done in O(|A| · |B|) space, giving

a polynomial sized witness. Note that even in case of many players,

5 Except for the requirement caused by Nacatl War-Pride, which does not
have a simple interpretation in min-cost flow.

6 To our knowledge, all requirements fit into precisely one type

since the declaration of blockers is a turn-based step, the coNP upper

bound holds.

coNP-hardness. Our reduction will be from exact cover by 3-sets.

The exact cover by 3-sets problem is as follows: A set of elements E
and a set S ⊆ 2E of sets of elements of E is given, such that |s| = 3
for each s ∈ S, and the problem is to decide if there exists a subset

S′ of S such that
⋃

s∈S′ s = E and s ∩ s′ = ∅ for all s, s′ ∈ S′ .

The exact cover by 3-sets problem is NP-complete ([13]).

Consider an instance of the exact cover by 3-sets problem and we

will construct a combat instance and a declaration of blockers which

is not legal iff there exists a satisfying set S′ for the exact cover by

3-sets instance. There is a special attacker Tromokratis7, which has,

together with some arbitrary creature b ∈ B, been targeted by Hunt
down |E| − 1 times (hence, blocking it with all creatures in B will

satisfy |E| − 1 requirements). Besides that the attackers will play

the role of the sets of S and the blockers the elements of E. Each

attacker a, besides the Tromokratis, is a Guile8 and will correspond

to a set (e1, e2, e3) ∈ S and Hunt Down has been cast on a and

the blocker b1 corresponding to e1 (so that there is a specific require-

ment between a and b1). Similarly for a and e2 and a and e3. Hence,

blocking a with the creatures corresponding to e1, e2 and e3 will

satisfy 3 requirements. Each blocker can block only 1 creature (as is

default) and each attacker can be blocked by any number of creatures

(as is default). Blocking Tromokratis with all creatures is not legal

iff there exists an exact cover by 3-sets.

Note that we are giving creatures to the goldfish player. This is some-

times done even in real-life tournament Magic games, for instance it

often happens that a player of the Oath of Druids deck will give crea-

tures to his opponent.

Remark 2 How to make the setup in a concrete game of Magic:
This remark is meant for people familiar with the rules of Magic
and we do not include illustrations of the cards used. Play Impe-
rious Perfect, Intruder Alarm, 2 Birds of Paradise (these first
cards gives an arbitrary amount of mana), Djinn Illuminatus,
Tromokratis, Concordant Crossroads, Vedalken Orrey, Fumiko
the Lowblood and Guile. Djinn Illuminatus allows us to copy
spells an arbitrary number of times. On the opponents turn use Spit-
ting Image to create enough Guiles, Hunt Down to make the re-
quirements and Donate to give the attackers away (the cards can
be played at that point because of Vedalken Orrey). Fumiko the
Lowblood and Concordant Crossroads makes the creatures attack,
without choice.

Theorem 1 The complexity of a single step in a Magic game is
coNP-complete, and the hardness result holds even in the special
case of goldfish.

2.2 Special cases with better complexities

In this section we consider several special cases, and show that they

have much better complexity. Note that the upper bounds we get in

this section is for any number of players because the declare blockers

step is turn-based.

Restriction 1: Neither local counting restrictions (except for
Tromokratis) nor Nacatl War-Pride. As argued above besides lo-

7 which must either be left unblocked or blocked by all
8 which must either be left unblocked or blocked by 3 or more creatures
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cal and global counting restrictions and Nacatl War-Pride, every

requirement and restriction can be encoded in the standard min-cost

flow problem. We explain how to handle Tromokratis and global

counting restrictions.

• Handling Tromokratis. For any number k ≤ |A|, we can find the

optimal solution such that precisely k Tromokratis are blocked,

because of the following: For each Tromokratis a ∈ A, the num-

ber of requirements satisfied by blocking a with all creatures in

B, is independent of how else the creatures in B block. There-

fore, we can sort the Tromokratis after how many requirements

are satisfied, block the first k with all creatures in B, and then

solve the sub-problem where the set of attackers is A, except for

the Tromokratis, and each creature in B can block k less crea-

tures.

• Handling global counting restrictions. We can handle global

counting restrictions parametrised with k (even in the presence

of local counting restrictions) straightforwardly since k ∈ {1, 2}
(it is not clear if the problem is in polynomial time for k as a

parameter, but k is at most 2 for global counting restrictions in

Magic). That is, we simply guess the creatures in BA and then

solve the problem with only those creatures. We can, in the pres-

ence of global counting restrictions also handle local counting re-

strictions easily.

For an in depth complexity analysis see Section 2.3, where we

show the complexity is O(nm2 log n + mn2 log2 n + n2 logC)
time, where, in our min-cost flow instance, n is the number of

states and m the number of edges (i.e. n = 2 + |A| + |B| and

m ≤ |A|+ |B|+ |A| · |B|), and C is the greatest weight on an edge

(and thus C is at most the number of requirements). Hence, the prob-

lem is in polynomial time if none of the 37 cards (of which 31 have

or grants local counting restriction 2, i.e. Menace) that have or grants

a local counting restriction, besides Tromokratis, but also including

Nacatl War-Pride, is in the game. None of these 37 cards, which is

less than 0.3% of the distinct Magic cards, are heavily used. Menace

is a new ability that might be used in the future.

Restriction 2: Removing requirements. Another simple way to

make the problem easier is to remove the cards that have or grants re-

quirements. There are 63 cards, which is less than 0.5% of all distinct

Magic cards, that causes requirements on blocking, none of which is

used often. Note that only the card Nacatl War-Pride is in the 63

cards removed from this special case as well as the 37 cards removed

in the above considered special case. A declaration of blockers is then

legal iff it satisfies all restrictions. For each type of restriction, as de-

scribe above, it is easy to check in DL if the restriction is satisfied.

Hence, this special case is in DL ⊆ P.

Restriction 3: Removing tokens. Another simple way is to remove

all roughly 830 producers of tokens (i.e. creatures which are not

cards), which corresponds to less than 6.1% of all distinct Magic

cards, some of which are used heavily. At this point, the number of

creatures in play is bounded by the number of Magic cards in exis-

tence and the problem can be solved by considering each possible

declaration of blockers. Since the problem is bounded, it is trivial.

(We consider this restriction, since it is a reasonably obvious way to

make the problem simpler – it does not lead to an efficient algorithm

though). A variant of Restriction 3 is used in the online implemen-

tation of Magic ([20]) where at most 200 tokens can be created per

player (after which no more tokens appear when one tries to make

any).

Theorem 2 The complexity of a single step in a Magic game with
any of the Restriction 1-3, no matter the number of players, can be
solved in polynomial time.

Also note that for Restriction 1-3 it follows from our results that the

legality of a given move in a single step can be decided in the same

complexity as mentioned above.

2.3 In depth analysis of Restriction 1

We will, in this section, give a more in depth complexity analy-

sis, in case there are neither local counting restrictions (except for

Tromokratis) nor Nacatl War-Pride (that is, of Restriction 1). To

get a better complexity bound we consider the min-cost flow instance

created in this case in Section 2.2. Observe that it has n = |A|+ |B|
states. Also, there is an edge from a ∈ A to b ∈ B unless there is a lo-

cal restriction between them. Hence, m = |A|·|B|−c, where c is the

number of local restrictions between different pairs. Parametrising

like this, Orlin’s strongly polynomial algorithm for minimum cost

flow ([17]) runs in time O(m2 log n+mn log2 n).

We consider three cases:

1. If there is a global counting restriction of k (which is either 1

or 2), we can as explained in Section 2.2, consider each creature

or pair of creatures in B in turn and solve the resulting instance

when B only consists of those creatures. This takes n2 times the

time for the case when B consists of two creatures.

Remark 3 Observe that if the case where |B| = 2 can be solved
in O(n · f(n) + g(n)) time, where f(n) is a sum of terms, each
of which is at least constant, then this case can be solved in time
O(nm · f(n) + n2g(n)). This is because the time for a pair of
states u, v is then O((du+dv) ·f(du+dv)+g(du+dv)), where
du and dv is the degree of u and v respectively. Hence,∑

u,v

O((du + dv) · f(du + dv) + g(du + dv))

≤ O(n2g(n)) + f(n) ·
∑
u,v

O((du + dv))

= O(n2g(n)) + f(n) ·
∑
u

O(n · du +m)

= O(nmf(n) + n2g(n))

This shows that using Orlin’s method ([17]), this case would use
O(m2n2 log n+m2n log2 n) = O(m2n2 log n) time.

2. If Tromokratis is not in the game and there are no global count-

ing restrictions, then it is easy to solve it in time O(m2 log n +
mn log2 n), since it is a standard flow problem.

3. Otherwise, if there is no global counting restrictions and

Tromokratis is in play then we can guess the number Δ of

Tromokratis each creature should block (observe that this is

bounded by the number of creatures in A), by simply trying all

options. We can then find the Δ Tromokratis that, if blocked,

will give the most satisfied requirements, by sorting them af-

ter how many requirements will be satisfied (note that the num-

ber of satisfied requirements is independent of which other crea-

tures a creature block, and thus doing it greedily will find the

best set). We can then reduce the capacity of each blocker by Δ,

remove the Tromokratis and solve the resulting instance in

K. Chatterjee and R. Ibsen-Jensen / The Complexity of Deciding Legality of a Single Step of Magic: The Gathering1438



O(m2 log n+mn log n) using Orlin’s algorithm ([17]). This re-

quires O(nm2 log n+mn2 log2 n) time.

Observe that the worst case time, if we use Orlin’s algorithm ([17])

in the first case, will be the time for the first step. That said, there

exists specialized algorithms for this case, where one side is of con-

stant size, see [1], using time O(n + logC) where C is the great-

est weight. Specifically, C is in this case the maximum number of

times any single state (resp. pair of states) are effect by a generic

(resp. specific) requirement. This will ensure that the time for case 1

is then O(nm + n2 logC) and the total time is O(nm2 log n +
mn2 log2 n+ n2 logC).

3 Conclusion

In this work we establish the complexity of deciding the legality of a

move in a single step of Magic. In sharp contrast to existing real-life

games, where legality of a move in single step is trivial, we estab-

lish coNP-completeness for legality of a move in a single-step of

a single-player variant of Magic, which is quite unique and should

be of wide interest. Moreover, our result is established by showing a

close connection with a generalization of the min-cost-flow problem,

which is also of independent and general interest. While we show that

in general the legality of a move in a single-step is coNP-complete,

we present efficient algorithms for special cases which are different

from existing tools but these special cases are widely used. Hence

our algorithms are also practically relevant for automated tools to

analyzed important special cases in Magic.
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Description Logics Reasoning w.r.t. General TBoxes Is

Claudia Carapelle and Anni-Yasmin Turhan1

Abstract. Reasoning for Description logics with concrete domains

and w.r.t. general TBoxes easily becomes undecidable. However,

with some restriction on the concrete domain, decidability can be

regained. We introduce a novel way to integrate concrete domains

D into the well-known description logic ALC, we call the result-

ing logic ALCP(D). We then identify sufficient conditions on D
that guarantee decidability of the satisfiability problem, even in the

presence of general TBoxes. In particular, we show decidability of

ALCP(D) for several domains over the integers, for which decidabil-

ity was open. More generally, this result holds for all negation-closed

concrete domains with the EHD-property, which stands for ‘the exis-

tence of a homomorphism is definable’. Such technique has recently

been used to show decidability of CTL∗ with local constraints over

the integers.

1 Introduction

Description Logics (DLs) are a collection of knowledge representa-

tion formalisms with well-founded semantics. Most DLs are (decid-

able) fragments of First Order Logic (FO). They are employed nowa-

days in a range of application areas such as the bio-medical field or

the semantic web, and are the foundations of the web ontology lan-

guage OWL 2 [20]. DLs are an excellent tool to represent abstract

knowledge and to reason over it, but practical applications often re-

quire concrete properties with values from a fixed domain, such as

integers or strings and to support built-in predicates.

In [1], DLs were extended with concrete domains, where partial

functions map objects of the abstract domain to values of the concrete

domain. The resulting logicALC(D) extends the standard DLALC
by concrete domain restrictions over a concrete domain D. Concrete

domain restrictions can be used for building complex concepts based

on concrete qualities of their instances such as the age, temperature or

even measured values. For instance, the following GCI of ALC(D)-
concepts:

motor-vehicle-driver / Person 0 ∃has-age. ≥18

requires that drivers of a motor vehicle are at least 18 years old. A

concrete domain restriction can connect several abstract objects via

feature-paths, i.e. paths of functional roles, and assert a predicate

of arbitrary arity for concrete quantities of those objects. Concrete

domains are incorporated in a weakened form in OWL as data-types

for which only unary predicates are admitted [20].

If definitorial, acyclic TBoxes are used, then reasoning for ALC
extended by concrete domains that are admissible is decidable

1 Technische Universität Dresden, Institute for Theoretical Computer Sci-
ence, SFB HAEC; email: firstname.lastname@tu-dresden.de

[1]. Reasoning can become undecidable in the presence of gen-

eral TBoxes [11, 15] for such DLs. There have been several at-

tempts to regain decidability for reasoning in ALC(D) with gen-

eral TBoxes. Some approaches simply restrict concrete domain re-

strictions to unary predicates [10] or to feature-paths of length 1 [9].

These restrictions limit the modelling capabilities severely. Lutz and

Miličić took a different approach and showed that if a concrete do-

main respects a criterion called ω-admissibility, then satisfiability for

ALC(D) with general TBoxes is decidable [16]. The condition of

ω-admissibility essentially allows to lift local satisfiability of (con-

nected) concrete domain parts to global satisfiability by requiring

compactness and that the concrete domain parts need to conform on

the predicates asserted for the shared objects. This condition indi-

cates decidability of DL reasoning for some concrete domains, for

instance, the RCC8 relations and the Allen relations over the real

numbers [16]. However, several interesting domains do not satisfy

ω-admissibility, for instance, the ones based on non-dense numerical

sets, as the integers or the natural numbers. In [14] Lutz considers a

concrete domain over the rational numbers, and proves that reason-

ing w.r.t. general TBoxes is decidable. Such domain can, however,

not be used to reasonably represent some situations: certain concrete

features, such as ‘number of children’, cannot possibly be fractions.

In this paper we devise a new criterion for concrete domains that

guarantees decidability of the satisfiability problem in the presence of

general TBoxes. This criterion holds also for some concrete domains

that are known to be not ω-admissible, such as the integers. To this

end we introduce the new DL ALCP(D) that uses path constraints

instead of concrete domain restrictions. Unlike the latter, which only

allow feature-paths to connect an individual and a concrete value,

path constraints can use the full expressiveness of role-paths. This

enables to model for instance ‘person who only has younger sib-

lings’, as an individual whose age is greater than that of all his sib-

lings, where the sibling relation need not be functional. Furthermore,

ALCP(D) admits Boolean combinations of concrete domain predi-

cates in path constraints.

We show decidability of the satisfiability problem of ALCP(D)-
concepts w.r.t. general TBoxes if D (1) is negation-closed, which

requires that the complement of each (atomic) relation is effectively

definable by a positive existential first-order formula, and (2) has the

EHD-property, which stands for ‘the existence of a homomorphism

is definable’, expressing the ability of a certain logic L to distinguish

between those structures which can be mapped to D by a homomor-

phism and those who cannot. Our approach to show decidability of

ALCP(D) with concrete domains that fulfill the above conditions

is an adaptation of the EHD-method, used in [6, 7] for CTL∗ and

ECTL∗. This, in turn, uses a recent decidability result by Bojańczyk

and Toruńczyk for WMSO+B over infinite trees, an extension of
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weak monadic second order logic by the bounding quantifier B ([3]).

The idea for testing satisfiability of anALCP(D)-concept C w.r.t.

an ALCP(D)-TBox T is to proceed in two steps. First, an ordi-

nary ALC interpretation is built that satisfies an abstracted version

of C and T , where each path constraint is replaced by a fresh con-

cept name. Second, this interpretation is used to generate a so-called

constraint graph, which is a structure for storing the contribution of

the constraints that were abstracted away. We show that deciding

whether such a constraint graph allows a homomorphism to the con-

crete domain is enough to guarantee that the constraints are satisfied.

In contrast to the mentioned CTL variants,ALCP(D) is multi-modal

and uses features, i.e. functional roles, which required some adapta-

tion to apply the techniques from [6, 7].

By the newly established criterion for decidability of ALCP(D)
w.r.t. TBoxes, we confirm what the authors of Lutz and Miličić have

conjectured: that ω-admissibility is a sufficient, but not necessary

condition for decidability. We show, in fact, that reasoning with non

ω-admissible concrete domains over the natural numbers and the in-

tegers w.r.t. general TBoxes is decidable. We also show that it is

possible to consider an extension of the concrete domain over the

rational numbers presented in [12, 11], that allows to test whether a

certain concrete value is an integer.

This paper is structured as follows. In the next two sections we

give some preliminary notions and introduce the DLALCP(D) with

some of its properties. Section 4 explains the EHD-method and

shows decidability of DL reasoning for ALCP(D) with negation-

closed concrete domains that have the EHD-property. As customary,

the paper ends with conclusions and future work.

All omitted or shortened proofs can be found in full detail in [8].

2 Preliminaries
Before we define our DL ALCP(D), we introduce some basic no-

tions needed later on in the technical constructions. A (relational)
signature σ = {R1, R2, . . .} is a countable (finite or infinite) set of

relation symbols. Every relation symbol R ∈ σ has an associated

arity ar(R) ≥ 1. A σ-structure is a tuple A = (A,RA1 , RA2 , . . .),
where A is a non-empty set and for each R ∈ σ, RA ⊆ Aar(R) is

the interpretation of the relation symbol R inA, that is an ar(R)-ary

relation over A.

Example 1. A simple example of a {=, <}-structure is Z =
(Z,=Z , <Z), where =Z and <Z are defined as expected, namely

as {(a, b) ∈ Z2 | a = b} and {(a, b) ∈ Z2 | a < b}, respectively.

We often identify the relation RA with the relation symbol R. In

the example above, then, we would simply write (Z,=, <). For a σ-

structure A and a τ -structure B such that τ ⊆ σ, a homomorphism
from B toA is a mapping h : B → A such that for all R ∈ τ and all

tuples (b1, . . . , bar(R)) ∈ Bar(R) we have

(b1, . . . , bar(R)) ∈ RB ⇒ (h(b1), . . . , h(bar(R))) ∈ RA .

We write B + A if there is a homomorphism from B toA. Note that

we do not require this homomorphism to be injective.

We shortly introduce MSO and WMSO+B, for a more detailed

introduction we refer the reader to [3, 18]. We fix countably infinite

sets Ve and Vs of element variables and set variables, respectively.

Monadic second-order logic (MSO) is the extension of first-order

logic (FO) where also quantification over sets is allowed. MSO-

formulas over a signature σ are defined by the following grammar,

where R ∈ σ, x, y, x1, . . . , xar(R) ∈ Ve and X ∈ Vs:

ϕ := R(x1, . . . , xar(R)) |x = y |x ∈ X | ¬ϕ |(ϕ ∧ ϕ) |∃xϕ |∃Xϕ.

Using negation we can obtain disjunction ∨, universal quantification

∀x and ∀X , and implication →. MSO-formulas are evaluated on σ-

structures, where element and set variables range respectively over

elements and subsets of the domain. Weak monadic second-order
logic (WMSO) has the same syntax as MSO, but second-order vari-

ables are interpreted as finite subsets of the underlying universe.

WMSO+B is the extension of WMSO by the bounding quantifier
BXϕ for X ∈ Vs. The semantics of BXϕ on a structure A with

universe A is defined as follows: A |= BXϕ(X) if and only if there

is a bound b ∈ N such that whenever A |= ϕ(B) for some finite

subset B ⊆ A, then |B| ≤ b.

Finally, let BMWB denote the set of all Boolean combinations of

MSO-formulas and (WMSO+B)-formulas.

Example 2. Given a graph G = (V,E), WMSO can express reacha-

bility in G. We define the WMSO-formula reach(x1, x2) to be

∃Z x1∈Z ∧ ∀Y ⊆Z
[(
x1∈Y ∧ scl(Y )

)
→ x2∈Y

]
,

where scl(Y ) = ∀y∀z(y ∈ Y ∧ z ∈ Z ∧ E(y, z)) → z ∈ Y says

that the set Y is successor-closed. The semantics of reach seen as

an MSO-formula or a WMSO-formula are the same because b is

reachable from a in the graph G if and only if it is in some finite

subgraph of G.

In [3] Bojańczyk and Toruńczyk show that satisfiability for

WMSO+B over binary trees is decidable. This result can be ex-

tended to BMWB over trees of branching degree n (n-trees):

Theorem 3 (cf. [3, 7]). One can decide whether for a given formula
ϕ ∈ BMWB there exists an n-tree Tn such that Tn |= ϕ.

3 The Description Logic ALCP(D)
We introduce now the new DLALCP(D) and some basic notions on

DLs in general. We start with the (concrete domain) constraints.

Let us fix for the rest of this section a countably infinite set of

register variables Reg, a relational signature σ, and an arbitrary σ-

structure D = (D,R1, R2, . . .), called the concrete domain.

Definition 4. We define a constraint c(x1, . . . , xk) of arity k over D
as a Boolean combination of atomic constraints R(xi1 , . . . , xiar(R)

),
where R ∈ σ and ij ∈ {1, . . . , k}. We write D |= c(a1, . . . , ak) if

the constraint is satisfied in D by the assignment xi 1→ ai.

Example 5. Consider as concrete domain Z = (Z, <,=), the rela-

tional structure introduced in Example 1. Using infix notation for the

relations, c(x, y, z) = [(x < y ∨ x = y) ∧ ¬ y < z] is a constraint

of arity 3 over Z , and Z |= c(0, 1, 0).

Let us fix two countably infinite sets NC and NR of concept names
and role names respectively. Let then NF ⊆ NR be the set of features,

i.e. roles that are interpreted as partial functions. We call a finite se-

quence P = r1 · · · rn of role names a role-path of length n.

Definition 6. We recursively define ALCP(D)-concepts as follows

C := A | ¬C | (C 0 C) | ∃r.C | ∃P.c(Si1x1, . . . , S
ikxk)

where A ∈ NC, r ∈ NR, P is a role-path of length n ≥ 0, c is a

constraint of arity k, x1, . . . , xk ∈ Reg, and i1, . . . , ik ≤ n. We call

∃P.c(Si1x1, . . . , S
ikxk) a path constraint. The symbol S appearing

in the path constraints stands for successor, as the term Six points at

the register variable x in the i-th position of the path P .

ALC is the fragment of ALCP(D) without path constraints. As

usual, a general concept inclusion (GCI) is an expression of the form

C / D, where C and D are concepts. A TBox is a finite set of GCIs.
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Definition 7. A D-interpretation I is a tuple (Δ, ·I , γ), where Δ
is a set called the domain, ·I is the interpretation function, and γ :
Δ × Reg → D is the valuation function, assigning a value from

the concrete domain to each register variable in each element of the

interpretation domain. The interpretation function maps each concept

name A ∈ NC to some AI ⊆ Δ, each role name r ∈ NR to a

binary relation rI ⊆ Δ×Δ, with the condition that if r = f ∈ NF

the binary relation fI has to be functional, i.e. for all a, b, c ∈ Δ,

(a, b), (a, c) ∈ fI implies b = c. It is then extended to ¬C,C 0
D, ∃r.D as usual, and to a role-path P = (r1, . . . , rn) as:

P I := {(v0, . . . , vn) ∈ Δn+1 | (vi−1, vi) ∈ rIi for i = 1, . . . , n}.

Finally, if P has length n, we define (∃P.c(Si1x1, . . . , S
ikxk))

I as

{v ∈ Δ |∃(v0, . . . , vn) ∈ P I s.t. v0 = v,

and D |= c(γ(vi1 , x1), . . . , γ(vik , xk))} .

So the fact that an element v ∈ Δ belongs to the interpreta-

tion of a path constraint ∃P.c(Si1x1, . . . , S
ikxk) means that there

exists an instance of the path P I starting in v, namely some

(v0, v1, . . . , vn) ∈ P I with v0 = v, such that the assignment

yj 1→ γ(vji , xj) satisfies the constraint c(y1, . . . , yk). A term Si

inside the constraint is used to point at the i-th element of the path

P I . Note that the requirement that i1, . . . , ik ≤ n ensures that such

element is well-defined.

Note, also that an atomic constraint R(Si1x1, . . . , S
ikxk) is local

in the sense that it involves only nodes in a fixed neighborhood of the

position at which they are evaluated. We call d := max{i1, . . . , ik}
the depth of R. By extension, the depth of a constraint c is the maxi-

mum depth of all the atomic constraints which appear in c.

Let RegC,T denote the set of register variables that occur in C and

T . Obviously, the relevance of the valuation function γ is limited to

the domain (Δ× RegC,T ).

Definition 8. A D-interpretation I is a model of a TBox T (I |= T )

if and only if every GCI C / D ∈ T is satisfied, that is, if and

only if CI ⊆ DI . Given a concept C and a TBox T , we say C is

satisfiable with respect to T if and only if there exists a model I of

T such that CI �= ∅. We write I |=T C.

We define some usual abbreviations: C 2 D := ¬(¬C 0 ¬D),
∀r.C := ¬∃r.¬C, ∀P.c := ¬∃P.¬c, ∃P.C := ∃r1.∃r2. · · · ∃rn.C,

where P = r1 · · · rn, and special concept 	 := A 2 ¬A
Using this extended set of operators and DeMorgan’s laws we can,

given anALCP(D)-concept C, obtain an equivalent concept in nega-

tion normal form nnf(C), where negation only appears before con-

cept names or atomic constraints.

The TBox-concept of a TBox T is CT :=
�

C�D∈T (¬C 2 D).

Note that it is equivalent to ask that an interpretation I = (Δ, ·I , γI)
satisfies all GCIs from T and to ask that the CT is globally satisfied,

i.e. (CT )
I = Δ. Vice-versa, any globally satisfied concept C can

be seen as the GCI 	 / C. For technical reasons, it is convenient

for us to adopt this view, and from now on we will always assume

that a TBox consists of a single concept CT that needs to be globally

satisfied. We say a TBox T is in negation normal form if so is CT .

Example 9. Take again Z = (Z, <,=) as concrete domain and

consider the following TBox: T = {∃neighbor.(green grass <
Sgreen grass), ¬GreenThumb 2 (alive plants = plants)}2. Here

we consider three register variables: green grass measures the degree

2 Here the absence of a path quantifier before (alive plants = plants) means
that we are referring to a ‘path of length zero’.

of ‘greenness’ of an individual’s lawn, while plants and alive plants
count the number of plants (total or alive) of an individual. In any

model of T , every individual has a neighbor whose grass is greener,

and individuals with a green thumb keep all their plants alive.

In Example 9, there cannot exist a model for T with a finite un-

derlying domain, as the degree of greenness of neighboring lawns is

strictly increasing. This is never the case for ordinary ALC, which

enjoys the finite model property.

In the literature on description logics with concrete domains

(for instance in [1, 16]) one finds constraints of the kind

∃R(P1x1, . . . , Pkxk), where R is a relation from the concrete do-

main and each Pi is a path composed of features only. The con-

straint is satisfied by an element d if there exist k elements, d1 . . . dk,

reachable from d via the feature-paths P1 . . . Pk, such that the tuple

(γ(d1, x1), . . . , γ(dk, xk)) belongs to the relation R in the concrete

domain. Nonetheless, in many interesting cases this kind of con-

straint can be replaced with path constraints by introducing some

additional register variables. For example ∃(P1x1 < P2x2) can be

expressed as ∃P1.(S
|P2|x1 < z) 0 ∃P2.(z ≤ S|P2|x2), where z is

a fresh register variable. Also ∀(P1x1 < P2x2) can be replaced by

¬(∃P1.	0∃P2.	)2 (∃P1.(S
|P1|x1 < z)0∃P2.(z ≤ S|P2|x2)).

3

On the other hand, our constraints can use role-paths of arbi-

trary length, which—to the best of our knowledge—is not allowed

in the previously existing literature, where they are limited in length

or disallowed completely in favor of feature-paths. Therefore, al-

though generally incomparable in expressiveness, path constraints

are strictly more expressive on interesting concrete domains.

Note also that for each individual v of the abstract domain, the

value γ(v, x) is defined for all x ∈ Reg. This is essentially the same

as saying that each γ(·, x), in literature commonly called concrete
feature, is interpreted as a total function, more in the style of the

attributes used by Toman and Weddell (see [19]).

3.1 ALCP(D) has the Tree Model Property
Definition 10. Let I = (Δ, ·I , γ) be a D-interpretation and define

→:=
⋃

r∈NR
rI . We say I is a tree-shaped D-interpretation if and

only if (Δ,→) is a tree, that is:

• Δ ⊆ Σ∗ is (isomorphic to) a prefix-closed set of strings over some

alphabet Σ, and

• for all u, v ∈ Δ, u→ v if and only if v = ua for some a ∈ Σ.

We call I an n-treeD-interpretation if Δ = [1, n]∗ for some n ∈ N,

where [1, n] denotes the closed interval {1, . . . , n}.

A logic has the tree model property, if for every concept C and

every TBox T , C is satisfiable w.r.t. T iff there exists a tree-shaped

D-interpretation J such that J |=T C.

We show that ALCP(D) has a strong version of the tree model

property, in which we are able to give a bound on the branching de-

gree. Let T and C be an ALCP(D) TBox and concept, respectively.

We denote by Sub(T , C) the set of all concepts which appear in T
and C. If d is the maximum depth of an existential path constraint

occurring in T and C, and e is the number of existentially quantified

subconcepts in Sub(T , C) we can prove the following:

Lemma 11. C is satisfiable w.r.t. T iff there exists an n-tree D-
interpretation I such that I |=T C, where n = d · e.

3 Such translations must be applied after the concepts are converted to strong
negation normal form (see Sec. 3.2) because they preserve satisfiability but
are not necessarily closed under negation.
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Sketch of proof. First we show the normal tree model property, ob-

tained by unraveling. We need to deal with the constraints, but this

does not create particular problems. Successively we prune the tree,

going top bottom and leaving only those nodes that are necessary to

satisfy the existentially quantified formulas. These are at most e in

each node, and are witnessed at most by a path of d nodes. Once

the pruning is finished we have a tree-shaped interpretation J with

branching degree at most n. We can obtain an n-tree: for each node

we introduce the needed number of s-successors, where s is a role

that does not appear in C or T , and attach a copy of J to it until we

obtain an n-tree. This guarantees that the freshly introduced nodes

respect the TBox-concept.

Given this result, from now on we can restrict ourselves to D-

interpretations of the form I = ([1, n]∗, ·I , γI) where for each

u, v ∈ [1, n]∗ there exists r ∈ NR such that (u, v) ∈ rI if and

only if there exists i ∈ [1, n] such that v = ui.

3.2 Strong Negation Normal Form
We show now how, requiring that the concrete domain satisfies a

property called negation closure, we can obtain a strong negation
normal form, where negation only appears in front of concept names.

Definition 12. We call a σ-structure D = (D,RD1 , RD2 , . . . )
negation-closed if for every R ∈ σ the complement of RD is ef-

fectively definable by a positive existential first-order formula, i.e., if

there is a computable function that maps each relation symbol R ∈ σ
to a positive existential first-order formula ϕR(x1, . . . , xar(R)) (a for-

mula that is built up from relations of σ using ∧, ∨, and ∃) such that

Dar(R) \RD = {(a1, . . . , aar(R)) | D |= ϕR(a1, . . . , aar(R))}.

Example 13. Let =a := {a} be the unary predicate which holds

only for a, and ≡a,b := {a + kb | k ∈ Z} be a unary predicate

expressing that some number is congruent to a modulo b. Consider

the structure (Z, <,=, (=a)a∈Z, (≡a,b)0≤a<b). Such a structure is

negation-closed, we have in fact:

• ¬x = y if and only if x < y ∨ y < x,4

• ¬x < y if and only if x = y ∨ y < x,

• ¬x = a if and only if ∃y (y = a ∧ (x < y ∨ y < x)), and

• ¬x ≡ a mod b if and only if x ≡ c mod b for some 0 ≤ c < b
with a �= c : ∨

0≤c<b
a �=c

x ≡ c mod b .

Definition 14. We say that anALCP(D)-concept ϕ is in strong nega-
tion normal form if it is in negation normal form and if, additionally,

all constraints c(x1, . . . , xk) do not contain any negation. Conse-

quently we say that a TBox T is in strong negation normal form if

so is the TBox-concept CT .

Lemma 15. If D = (D,RD1 , RD2 , . . . ) is negation-closed, given
a concept C and a TBox T , one can compute Ĉ and T̂ in strong
negation normal form such that C is satisfiable with respect to T if
and only if Ĉ is satisfiable with respect to T̂ .

Sketch of proof. The idea is the following: Given a negated atomic

constraint ¬R(. . . ) of depth d, we want to substitute it with a

boolean combination of positive ones. We use the fact that the com-

plement of R is definable by an existential first order sentence ϕR.

4 We write x = y instead of =(x, y), x = a instead of =ax, and so on.

We deal with the variables existentially quantified in ϕR by adding

fresh register variables. These new registers are ‘placed’ at depth d,

so that (considering the tree-like structure of an ALCP(D) model)

they are unique for the path used to evaluate R.

Example 16. Consider the concrete domain (Z, <,=, (=a)a∈Z) and

the concept C = ∃rs.[S1x < S2x ∧ ¬S2x = 3]. An individual v
which belongs to an interpretation of C must necessarily have an r-

successor v1 which has an s-successor v2, such that the value of x in

v1 is smaller than the value of x in v2, which in turn must be different

than 3. As one can see from Example 13, D is negation-closed, and

we can find an existentially quantified positive first order formula,

namely ψ(a) = ∃z(z = 3 ∧ (a < z ∨ z < a)), such that ¬x = 3
if and only if ψ(x) holds. The strong negation normal form of C is

Ĉ = ∃rs.[S1x < S2x ∧ S2y = 3 ∧ (S2x < S2y ∨ S2y < S2x)].
As you can see we have introduced a new register variable y and

placed it at depth 2 inside the constraint to hold the value that was

existentially quantified in ψ.

Now that we have successfully eliminated negation from inside

the constraints, there is one last step to do, in order to obtain a nor-

mal form that will be useful in the next section. Observe that if a

constraint c(x1, . . . , xk) does not contain negation, it is possible to

apply distributivity repeatedly and obtain an equivalent constraint in

DNF or in CNF5 which still does not contain negation. Therefore we

can assume that all path constraints of the form ∃P.c (respectively

∀P.c) are such that the constraint c is in DNF (resp. CNF). Using

then the fact that universal quantification commutes with conjunc-

tion and that existential quantification commutes with disjunction,

we can easily prove the following facts:

∃P.
n∨

i=1

(ai
1 ∧ · · · ∧ ai

mi
) ≡

n⊔
i=1

∃P.(ai
1 ∧ · · · ∧ ai

mi
), and

∀P.
n∧

i=1

(ai
1 ∨ · · · ∨ ai

ni
) ≡

n�
i=1

∀P.(ai
1 ∨ · · · ∨ ai

ni
),

where each ai
j is an atomic constraint. Therefore, given a concept C

in strong negation normal form, and applying the above described

transformations, we can obtain a new concept C′ which is still in

strong negation normal form, and is such that all path constraints are

of the kind ∃P.c (or ∀P.c) where c is a conjunction (resp. disjunction)

of atomic constraints. We call this the constraint normal form of C.

4 The EHD Method

Following the approach in [6, 7] for CTL∗ and ECTL∗, we can re-

duce the satisfiability problem ofALCP(D) to the satisfiability prob-

lem for BMWB over n-trees, provided the concrete domain has right

properties.

4.1 The EHD-Property

The central notion used in the decidability proof is the EHD-
property. EHD stands for ‘the existence of a homomorphism is de-

finable’. It is a property of a relational structure A, expressing the

ability of a logic L to distinguish between those structures B which

can be mapped to A by a homomorphism (B + A) and those that

cannot.

5 Disjunctive or conjunctive normal form.
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Definition 17. Let L be a logic. A σ-structure A has the EHD(L)-
property, if there is a computable function that maps every finite

subsignature τ ⊆ σ to an L-sentence ϕτ s.t. for every countable

τ -structure B holds: B + A ⇔ B |= ϕτ .

We will see that for a negation-closed domain D with the

EHD(BMWB)-property, satisfiability ofALCP(D) is decidable. For

this reason, we are mainly interested in structures with EHD(L)-
property, where L is BMWB or some fragment of this logic. In this

case, we might omit L and simply write EHD.

Remark 18. In [6, 7, 5] several (classes of) relational structures are

investigated. Some of them that enjoy the property EHD are:

• the integers with equality-, order-, constants-, and modulo-

constraints: (Z,=, <, (=a)a∈Z, (≡a,b)a<b),
• the natural numbers with the same relational signature:

(N,=, <, (=a)a∈N, (≡a,b)0≤a<b),
• the class of all semi-linear orders (see [5]),

• the class of all trees of height h for some fixed h ∈ N,

• (Zn, <lex,=) where <lex is the lexicographic order,

• AllenZ: the set of intervals over the integers together with Allen’s

relations, which allow to describe their relative positioning.

It was shown in [6] that (Z, <) has the EHD-property. Consider

any countable {<}-structure A = (A,<). For x, y ∈ A we write

x <∗ y if there exist x1, . . . , xn s.t. x < x1 < · · · < xn < y in

A and call {x, x1, . . . , xn, y} a <-path from x to y. It is proved that

A + (Z, <) iff

• A is acyclic: there are no two elements x, y s.t. x <∗ y < x, and

• for every two elements x, y ∈ A, there exists a bound n such that

all <-path from x to y have at most n elements.

This can be expressed by the following BMWB-formulas:

¬∃x, y(reach<(x, y) ∧ y < x) and ∀x∀y BXPath(X,x, y). Here

reach< is the same as in Example 2, but with the edge relation E re-

placed by <, and Path(X,x, y) is a formula indicating that the set X
is a <-path from x to y (see [7, Ex. 2]). Here the bounding quantifier

limits the length of all paths between any two elements.

In [12, 13] concrete domains over the rationals are considered for

the logics Q-SHIQ and T DL. The difference between T DL and

ALCP(D) is that the T DL only allows feature-paths as connectors

to the concrete domain. For Q-SHIQ and T DL, it is stated that

adding a unary predicate int, expressing that a certain concrete value

has to be an integer, would be extremely useful. Decidability of rea-

soning in these logics under this addition remained an open problem.

We show that the domain Q = (Q, <, int, int), where int = Z and

int = Q \ Z, has the EHD-property. In [7, Lem. 38] it is shown that,

if a domain D has the EHD-property, then so does D=, obtained by

adding equality. This proves thatQ= = (Q,=, <, int, int) (which is

also negation-closed) has the EHD-property.

Proposition 19. Q = (Q, <, int, int) has the EHD-property.

Sketch of proof. Let A = (A,<, intA, int
A
) be an arbitrary count-

able structure. We prove that A allows a homomorphism toQ iff

H1 A is acyclic,

H2 there exists no x s.t. x ∈ intA ∩ int
A

,

H3 given any two elements x, y ∈ A, there exists a bound n s.t.

each <-path from x to y contains at most n elements from intA.

In this setting, it is only the number of elements of intA that needs to

be bounded on all paths between two elements. The reason is that, be-

ing Q dense, we can accommodate any countable amount of numbers

in any interval, provided that they are not forced to be integers. Prop-

erties H1-H3 are easily defined in BMWB: acyclicity is expressed as

above using reach<, H2 is given by ¬∃x(int(x) ∧ int(x)) and H3

by ∀x,y BX[X ⊆ intA ∧ ∃Z(X ⊆ Z ∧ Path(Z, x, y))].

4.2 Satisfiability of ALCP(D)
We are now ready to state our main result:

Theorem 20. If a concrete domainD is negation-closed and has the
property EHD(BMWB), the satisfiability problem for ALCP(D) is
decidable.

This theorem classifies all the concrete domains listed in Re-

mark 18 and the new one from Proposition 19 positively, yielding

a good number of decidability results for ALCP(D) w.r.t. general

TBoxes, which strictly improves what was known so far.

The idea behind the proof of this theorem is to separate the search

of a D-interpretation for a concept C w.r.t. a TBox T into two parts:

In a first step look for an ordinary ALC interpretation (i.e., with-

out the valuation function) that is a model for an abstracted version

of C and T . That is, replace each atomic constraint appearing in C
and T with a fresh concept name B and obtain a classical ALC-

concept Ca and TBox Ta, where the a stands for ‘abstracted’. The

fact that Ca is satisfiable w.r.t. Ta is clearly not enough to guarantee

that C is satisfiable w.r.t. T . For instance, the ALCP(D)-concept

∃r.(x < Sx ∧ Sx < x) is unsatisfiable, while its abstraction

∃r.(B10B2) is not. To avoid this effect, the second step creates from

the model of the abstracted concept a so-called constraint graph, a

structure for storing the information from the constraints that were

abstracted away. It turns out that if such constraint graph allows a

homomorphism to our concrete domain, then this guarantees that the

constraints are satisfied.

For the rest of this section let us fix a signature σ, a negation-closed

σ-structure D as concrete domain with the EHD-property, and an

ALCP(D)-concept C and TBox T , both in constraint normal form,

in which only the atomic constraints θ1, . . . , θn occur. Let di be the

depth of each θi, and let B1, . . . , Bn ∈ NC \ Sub(T , C).

Definition 21. Let P = r1 . . . rp and c be a conjunction of the atomic

constraints θ1, . . . , θm with m ≤ n with depths s.t. 0 =: d0 ≤
d1 ≤ · · · ≤ dm ≤ dm+1 := p (if this is not the case, it suffices to

reorder the constraints). Define the abstraction of an existential path
constraint E = ∃P.c(Si1x1, . . . , S

ikxk), as

Ea = ∃P1.(B10∃P2.(B20· · · ∃Pm.(Bm0∃Pm+1.	) . . . ) , (1)

where ∃Pi is short for ∃rdi−1+1 . . .∃rdi . If di = di+1, then

∃Pi+1 is empty. Let c′ be a disjunction of atomic constraints con-

taining θ1, . . . , θm with 0 =: d0 ≤ d1 ≤ · · · ≤ dm ≤
dm+1 := p. Define the abstraction of a universal path constraint
E = ∀P.c′(Si1x1, . . . , S

ikxk) as

Ea = ∀P1.(B1 2∀P2.(B2 2 · · · ∀Pm.(Bm 2∀Pm+1⊥) . . . ) . (2)

We define Ca and Ta as the ALC-concept and TBox obtained by C
and T by replacing every occurrence of a path constraint E by its

abstraction Ea.

Let us consider C = ∃.r1r2r3(x = y ∧ x < S2x∧ S1y = S2x),
its abstraction Ca is B1 0 ∃r1.∃r2.(B2 0 B3 0 ∃r3.	) , where the

new concept names are assigned to the atomic constraints in order

of appearance. Notice how we use the locality of constraints from

ALCP(D) to individuate the ‘lower’ node involved in the constraint
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(the one at depth di) and mark it as belonging to the fresh concept Bi.

This way, when considering a tree-model of the abstracted concept

Ca w.r.t. Ta, all paths of length di that end in a node marked with Bi

should satisfy the constraint θi.

Definition 22. Given an n-treeD-interpretation I = ([1, n]∗, ·I , γI)
s.t. B1

I = · · · = Bm
I = ∅, we define the abstraction of I as the

interpretation Ia = ([1, n]∗, ·Ia), where ·Ia is defined as

• AIa = AI for all A ∈ (NC \ {B1, . . . , Bm}),
• rIa = rI for all r ∈ NR,

• if θj = R(Si1x1, . . . , S
ikxk) has depth dj , then u ∈ Bj

Ia iff

– u = wv for some w, v ∈ [1, n]∗ with |v| = dj , and

– (γ(wv1, x1), . . . , γ(wvk, xk)) ∈ RD ,

where vt denotes the prefix of v of length it.

Hence, the fact that an element wv with |v| = dj belongs to the

interpretation of Bj means that the atomic constraint θj is satisfied

along every path that starts in node w and descends in the tree via

wv. Now let RegC,T be the set of register variables occurring in C
and T .

Definition 23. Take an n-tree interpretation J = ([1, n]∗, ·J )
where BJ1 , . . . , BJm can be non-empty. We define the constraint
graph GJ of J as a countable σ-structure GJ = (([1, n]∗ ×
RegC,T ), R

G
1 , R

G
2 , . . . ) as follows: The interpretation RG of the rela-

tion R ∈ σ contains all k-tuples ((wv1, x1), . . . , (wvk, xk)), where

k = ar(R), for which there are 1 ≤ j ≤ m and v ∈ [1, n]dj s.t.

wv ∈ BJj , and θj = R(Si1x1, . . . , S
ikxk), where vt still denotes

the prefix of v of length it.

The domain of GJ has one element for each pair (v, x) where v is

a member of the domain of J and x is a register variable appearing

in C. When we abstract an atomic constraint θi we replace it with

its placeholder Bi, but any occurrence of Bi marks a path where θi
needs to hold. Such information is stored in the relations of RG .

Example 24. Let D be a concrete domain having < and = in its

signature. Suppose the concept names B1 and B2 are used to replace

the atomic constraints θ1 = (x = y) and θ2 = (x < Sx) of depth

d1 = 0 and d2 = 1, respectively. Figure 1 depicts the constraint

graph associated with an ordinary 2-tree interpretation J .

In the next theorem, we illustrate the connection between the sat-

isfiability of an ALCP(D)-concept w.r.t. a TBox, and the satisfiabil-

ity of its abstraction. We denote by #E(T , C) the number of ex-

istentially quantified subconcepts that occur in Sub(T , C). Let C
be an ALCP(D)-concept and T a TBox—both in constraint normal

form—and let n = d ·#E(C, T ) where d is the maximum depth of

all constraints appearing in Sub(T , C). Then the following holds:

Theorem 25. C is satisfiable w.r.t. T iff there exists an ordinary n-
tree interpretation I = ([1, n]∗, ·I) s.t. I |=Ta Ca and s.t. GI + D.

Proof. Let θ1, . . . , θm, d1, . . . , dm and RegC,T be as before.

(⇒) W.l.o.g. assume that I = ([1, n]∗, ·I , γI) is an n-tree D-

interpretation s.t. I |=T C. Our first claim is that Ia |=Ta Ca,

which we show by induction on the structure of C, proving that for

all v ∈ [1, n]∗ and for all subconcepts E ∈ Sub(T , C), u ∈ EI

implies u ∈ EIaa . Due to space limitations, we show only some

cases. The remaining ones are shown in [8].

• If E ∈ Sub(T , C) is a concept name, then Ea = E.

• If E = F 0 G, then u ∈ EI implies u ∈ F I and u ∈ GI . By

induction hypothesis we have that u ∈ F Iaa and u ∈ GIaa which

yields u ∈ (Fa 0Ga)
Ia = EIaa .

• If E = ∃r.F and u ∈ EI , then there exists an element v ∈
[1, n]∗, s.t. (u, v) ∈ rI and v ∈ F I . Then (u, v) ∈ rIa by

definition of Ia and v ∈ F Iaa by induction hypothesis. Together

we obtain u ∈ (∃r.Fa)
Ia = EIaa .

• Let E = ∃P.c(Si1x1, . . . , S
itxt) with P = r1 · · · rp. Since C

and T are in constraint normal form, we can assume that (even-

tually renaming the atomic constraints) c = θ1 ∧ · · · ∧ θn where

the depths d1, . . . , dn satisfy that 0 =: d0 ≤ d1 ≤ · · · ≤ dn ≤
dn+1 := p. Since u ∈ EI , we know that there exists a tuple

(u0, . . . , up) ∈ P I s.t. u0 = u and that D |= c
(
γ(ui1 , x1),

. . . , γ(uit , xt)
)
. If we have θi = R(Sj1y1, . . . , S

jkyk), this

means that (γ(uj1 , y1), . . . , γ(ujk , yk)) ∈ RD . By definition of

Ia, this implies that udi ∈ BIai . Now, since (a, b) ∈ rI im-

plies (a, b) ∈ rIa , then (u0, . . . , up) ∈ P Ia as well. This, to-

gether with the fact that udi ∈ BIai for i = 1, . . . , n, implies that

u ∈ (∃P1.(B1 0 ∃P2.(B2 0 . . .∃Pn.(Bn 0 ∃Pn+1.	) . . . ))Ia ,

where ∃Pi is short for ∃rdi−1+1 . . .∃rdi . This shows the claim.

The second claim is that GIa +D. Specifically, we want to prove

that the valuation function

γI : ([1, n]∗ × RegC,T )→ D

is a homomorphism. For this, suppose that there is a tuple(
(u1, x1), . . . , (uk, xk)

)
∈ RG . By Definition 23 this means that

there exist j ∈ {1, . . . ,m} and wv ∈ (Bj)
Ia s.t. θj has the form

R(Si1x1, . . . , S
ikxk) with depth dj and s.t. v = v1 · · · vdj and

ut = wvit for all t = 1 . . . k. By Definition 22, this means that

(γI(u1, x1), . . . , γI(ut, xt)) ∈ RD , as wanted.

(⇐) Now we show that, given an ordinary n-tree interpretation

I = ([1, n]∗, ·I) s.t. I |=Ta Ca and a homomorphism h from

GI to D, we can construct a D-interpretation J s.t. J |=T C.

Let’s define J = ([1, n]∗, ·J , h), where ·J coincides with ·I on

all concept and role names, and is extended to all concepts using

the valuation function h. We can again prove by induction that, for

all concepts E ∈ Sub(T , C) and for all u ∈ [1, n]∗, u ∈ (Ea)
I

implies u ∈ EJ (we show only one interesting case):

Suppose E = ∃P.c(Si1x1, . . . , S
ikxk) where P = r1 · · · rp is a

role-path of length p and c is a conjunction of atomic constraints

θ1 ∧ · · · ∧ θn with depths d1, . . . , dn such that 0 =: d0 ≤ d1 ≤
· · · ≤ dn ≤ dn+1 := p. Then the abstraction of E is

Ea = ∃P1.(B1 0 ∃P2.(B2 0 . . .∃Pn.(Bn 0 ∃Pn+1.	) . . . )

with Pi = rdi−1+1 · · · rdi . If u ∈ (Ea)
I , then there exists a

tuple (u0, . . . , up) ∈ P I with u0 = u and s.t. udi ∈ (Bi)
I

for i = 1, . . . , n. Fix i ∈ {1, . . . , n}, if θi has the form

R(Sj1y1, . . . , S
jtyt), according to Definition 23, this means that

((uj1 , y1), . . . , (ujt , yt)) ∈ RG . Now, since h is a homomor-

phism from GI toD, we have (h(uj1 , y1), . . . , h(ujt , yt)) ∈ RD ,

which means that D |= R(h(uj1 , y1), . . . , h(ujt , yt)). Since this

is true for an arbitrary i ∈ {1, . . . , n} this holds true for the con-

junction θ1∧· · ·∧θn, that isD |= c(h(ui1 , x1), . . . , h(uik , xk)).
Also, since rI = rJ , we know that (u0, . . . , up) ∈ PJ .

This means that u ∈ EJ , as wanted.

We are now almost ready to give the proof of the main result, of

this paper: Theorem 20. We only need a few additional results.

Definition 26. Given an n-tree ordinary interpretation I =
([1, n]∗, ·I), we define an n-tree T (I) over the signature {S} ∪
NC ∪ NR, where NC and NR are seen as unary predicates whose

interpretation is given by: AT (I) = AI for each A ∈ NC and

rT (I) = {xi ∈ [1, n]∗ | (x, xi) ∈ rI} for all r ∈ NR.

C. Carapelle and A.-Y. Turhan / Description Logics Reasoning w.r.t. General TBoxes Is Decidable for Concrete Domains 1445



•

•

• •

•

• •

B1

B2

B1B2 B2

B1B2

B1B2

ε

...
...

...
...

J • •

• •

• • • •

• •

• • • •
...

...

GJ(ε, x) (ε, y)

<

<

<

< <

=

=

= =

Figure 1. An ordinary 2-tree interpretation (where B1 and B2 have non-empty interpretations) and its associated constraint graph GJ from Example 24.

Remark 27. The only difference between an n-tree interpretation I
and its induced n-tree T = T (I) is that roles are turned into unary

predicates s.t., if a pair (x, y) ∈ rI , now y ∈ rT . In particular, if

we define GT = (([1, n]∗ × RegC,T ), R
G
1 , R

G
2 , . . . ) (the constraint

graph of T ) exactly as in Definition 23, only substituting the inter-

pretation J with T , then GI = GT .

Lemma 28. Given C and T an ALC-concept and TBox in nnf, we
can write a FO-formula ϕ over the signature {S} ∪NC ∪NR, where
all elements of NC∪NR are seen as unary symbols, s.t. for any n-tree
interpretation I = ([0, 1]∗, ·I), I |=T C if and only if T (I) |= ϕ.

Proof. The method is similar to the one in [2, Chapter 3], with the

only difference that here roles and features are seen as unary pred-

icates added to the second node of the relation. This can be safely

done due to the use of tree-shaped models. We define two transla-

tions πx and πy which inductively mapALC-concepts to FO formu-

las with only one free variable, x or y respectively:

• πi(A) := A(i) for each A ∈ NC and i = x, y;

• πi(¬A) := ¬A(i) for each A ∈ NC and i = x, y;

• πi(D 0 E) := πi(D) ∧ πi(E) for i = x, y;

• πi(D 2 E) := πi(D) ∨ πi(E) for i = x, y;

• πi(∃r.D):=∃j.S(i,j)∧r(j)∧πj(D) for (i,j)=(x,y) or (y,x);
• πi(∀r.D):=∀j.(S(i,j)∧r(j))→πj(D) for (i,j)=(x,y) or (y,x);

Now let RT be the set of role names appearing in C and T , and let

F ⊆ RT be feature names. Keep in mind that the root ε of a tree is

definable in FO. We define

ψRT := ∀(x �= ε).
∨

r∈RT

r(x) ∧
∧

r,s∈RT ,r �=s

¬(r(x) ∧ s(x))

ψF := ∀x.∀(y �= z). S(x, y) ∧ S(x, z)→
∧
f∈F

¬(f(y) ∧ f(z)) .

The formula ψRT enforces that each pair of elements (x, y), where

y is a successor of x, is assigned a unique role name. ψF ensures

that the functionality of the features is respected. Then we can prove

easily that given a tree-shaped interpretation I and a TBox T =
{CT }, I |=T C if and only if T (I) is a model for the following FO
formula ϕ = ∃x.πx(C) ∧ ∀x.πx(CT ) ∧ ψRT ∧ ψF .

Lemma 29. Let C, T and ϕ be as in Lemma 28. Given an n-tree T
over the relational signature {S} ∪ NR ∪ NF that satisfies ϕ we can
build an n-tree interpretation I s.t. T = T (I) and s.t. I |=T C.

Sketch of proof. The fact that T |= ϕ means in particular that T |=
ψRT ∧ψF , which guarantees that each node of the tree T is assigned

at most one role name, and that the functionality of the features is

respected. We can therefore safely define AI = AT for all A ∈ NC

and rI = {(x, y) ∈ ([1, n]∗)2 | S(x, y) and y ∈ rT } for all r ∈ NR

and obtain a tree shaped interpretation. It is easy to see that T (I) =
T , and I |=T C can be proved by structural induction.

Next we show a useful property of BMWB, which is also needed

to prove our main result.

Definition 30. Let k ∈ N and let A = (A,RA1 , RA2 , . . . ) be a

structure over the signature σ that does not contain relation symbols

∼, P1, P2, . . . , Pk (∼ is binary and all Pi are unary). The k-copy of
A, denoted byA×k, is the (σ∪{∼, P1, P2, . . . , Pk})-structure with

domain (A× {1, 2, . . . , k}) and

• for all R ∈ σ if R has arity m, RA
×k

is defined as

{((a1, i), . . . , (am, i)) | (a1, . . . , am) ∈ RA, 1 ≤ i ≤ k} ,

• ∼A×k

= {((a, i1), (a, i2)) | a ∈ A, 1 ≤ i1, i2 ≤ k}, and

• for each 1 ≤ m ≤ k, Pm
A×k

= {(a,m) | a ∈ A}.

Given a structureA, the k-copy operation creates a new structure,

A×k, which contains k many copies of A: there are k disjoint sub-

structures of A×k (identifiable through the predicates P1, . . . , Pk)

which, seen as σ-structures, are isomorphic to A. The additional bi-

nary predicate ∼ relates all those members of A×k which are a du-

plicate of the same element in A.

The following proposition states that BMWB is compatible with

the k-copy operation, i.e., whatever property is specified on A×k

using BMWB can also be recognized by BMWB directly on A.

Proposition 31 (Prop. 2.26 of [4]). Let k ∈ N,A some infinite struc-
ture over the signature σ, and τ = σ∪{∼, P1, P2, . . . , Pk} where∼
is a fresh binary relation symbol and k a fresh unary relation symbols
P1, . . . , Pk. Given a BMWB-sentence ϕ over τ , we can compute a
BMWB-sentence ϕk over σ s.t. A×k |= ϕ iff A |= ϕk.

Let τ ⊆ σ, we say a τ -structure A with domain A is FO-
interpretable in a σ-structure B with domain B, if there exists a

FO-formula ϕ such that A ∼= {b ∈ B | B |= ϕ(b)}, and for

each R ∈ τ of arity k, there exists an FO-formula ϕR such that

RA ∼= {(b1, . . . , bk) ∈ Bk | B |= ϕR(b1, . . . , bk)}. Intuitively, we

can use FO to describe in B a substructure that is isomorphic to A.

Lemma 32. Suppose RegC,T = {x1, . . . , xk}, then for an n-tree T
over the signature {S} ∪ NC ∪ NR, GT is FO-interpretable in T×k.

Proof. The domains of GT and T×k, ([1, n]∗ × {x1, . . . , xk}) and

([1, n]∗ ×{1, 2, . . . , k}) respectively, are in a bijection via the map-

ping f : (v, xk) 1→ (v, k). We extend the bijection f to tu-

ples of elements of ([1, n]∗ × {x1, . . . , xk}) as f(a1, . . . , at) =
(f(a1), . . . , f(at)).
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We claim that the relations RG1 , R
G
2 , . . . from GT can be repre-

sented in T×k using FO. We describe how: suppose the relation

R ∈ σ of arity t is used to form one of the atomic constraints

θ = R(Si1y1, . . . , S
ityt), with y1, . . . , yt ∈ {x1, . . . , xk} and d =

max{i1, . . . , it}. Then we know that a tuple
(
(v1, y1), . . . , (vt, yt)

)
belongs to RG if (1) there exist elements w0, w1, . . . , wd ∈ [1, n]∗

s.t. wil = vl for l = 1, . . . , t and S(wj−1, wj) holds in T for

j = 1, . . . , d, and (2) vd ∈ BT
j . We would like to identify the tu-

ples in T×k in bijection through f with those tuples in GT satisfying

Conditions (1) and (2). These are the ones that satisfy the following

FO-formula

ϕθ(a1, . . . , at) = ∃b0 . . .∃bd
∧

j=1,...,d

S(bj−1, bj) ∧∧
l=1,...,t

bil ∼ al ∧
∧

i=1,...,t

Pzi(ai)

where i1, . . . , it are the same indices appearing in θ =
R(Si1y1, . . . , S

ityt) and zi is s.t. yi = xzi . Once ϕθj is defined

for the atomic constraints θ1, . . . , θn, which appear in C and T ,

we state the following: if the relation R of arity t is used in all

and only θj1 , . . . , θjk , then ā = (a1, . . . , at) ∈ RG if and only

if ϕR(f(ā)) = ϕθj1
(f(ā)) ∨ · · · ∨ ϕθjk

(f(ā)) holds. If the rela-

tion R ∈ σ of arity t is not used in any of the atomic constraints

θj1 , . . . , θjk , then there will be no tuple in GT which belongs to RG .

Therefore (a1, . . . , at) ∈ RG iff ϕR(f(ā)) = ⊥ holds.

Corollary 33 (of Lemma 32). If α is a BMWB-formula over the
signature σ, we can write a BMWB formula α′ over the signature
{S}∪NC ∪NR ∪{∼, P1, Pn} s.t. GT |= α if and only if T×k |= α′.

Sketch of proof. The formula α′ is obtained from α by replac-

ing any occurrence of a formula R(a1, . . . , at) by the formula

ϕR(a1, . . . , at) defined in the proof of Lemma 32.

We are now finally ready to give the proof of our main result.

Proof of Thm. 20. Let C be an ALCP(D)-concept and T a TBox

respectively. Let n = d ·#E(T , C) where d is the maximum depth

of all constraints that appear in Sub(T , C). Due to Lemma 15 we

can assume w.l.o.g., that C and T are in constraint normal form. By

Theorem. 25, we have to check, whether there is an ordinary n-tree

interpretation I s.t. I |=Ta Ca and GI + D.

Let τ ⊆ σ be the finite subsignature consisting of all relation

symbols that occur in C and T . Note that GI is actually a count-

able τ -structure. Since the concrete domain D has the property

EHD(BMWB), one can compute from τ a BMWB-sentence α s.t.

for every countable τ -structure B we have B |= α iff B + D. Our

new goal is to decide whether there is an ordinary n-tree interpreta-

tion I s.t.

I |=Ta Ca and GI |= α . (3)

Now Ta and Ca are ordinary ALC-concepts. We can use

Lemma 28, Lemma 29 and Remark 27, and obtain a FO formula

ϕ s.t. if Ca is satisfied w.r.t. Ta by some n-tree interpretation I, then

ϕ is satisfied by an n-tree T s.t. GI = GT . Also, if ϕ is satisfied

by some n-tree T , then there exists an n-tree interpretation I s.t.

I |=Ta Ca and s.t. GT = GI .

Then finding I s.t. (3) holds is equivalent to finding an n-tree T
s.t. T |= ϕ and GT |= α . By Corollary 33, we can find a BMWB-

formula β s.t. GT |= α iff T×k |= β. But we also know, due to

Proposition 31, that we can compute a formula βk s.t. T×k |= β
iff T |= βk. At this point we have to check whether there exists an

n-tree T s.t. T |= ϕ ∧ βk , where ψ ∧ βk is a BMWB-sentence. By

Theorem 3 this is decidable, which completes the proof.

5 Conclusion and Future Work
We have introduced a novel way to integrate concrete domains in

ALC, via path constraints. The resulting logic, ALCP(D), is of in-

comparable expressiveness with the several variants ofALC(D) that

are present in the literature. We have seen, however, how on the do-

mains that we are interested in, our logic is strictly more expressive:

ALCP(D) allows not only feature-paths, but also full role-paths, to

connect abstract individuals and their concrete attributes.

We exploit the path-structure of the constraints to show that

ALCP(D) is compatible with the EHD-method from [6] and show

the very general result: satisfiability forALCP(D) is decidable w.r.t.

general TBoxes, if the concrete domainD is negation-closed and has

the EHD-property. This solves the problem that has been open for

more than a decade (see [13]), whether reasoning in ALC with non-

dense concrete domains such as the natural numbers or the integers

would be decidable in the presence of general TBoxes, since these

domains enjoy our required properties. Such domains did not sat-

isfy the ω-admissibility criterion that was formulated in [16]. In this

sense, we prove that this ω-admissibility is not a necessary condition

to guarantee the decidability of reasoning over a concrete domain in

the presence of general TBoxes.

We could have easily chosen a more expressive DL than ALC as

underlying logic. In principle we could add any concept constructor

preserving the tree model property, and that can be then translated to

MSO over trees with one successor and unary predicates only (see

lemma 28). Examples of such constructors would be transitive clo-

sure, role hierarchy and qualified number restriction.

The main open question remains the complexity. The EHD method

is a reduction to satisfiability of WMSO+B over infinite binary

trees, which is shown to be decidable in [3]. Here the authors do

not provide complexity bounds for their decision procedure. On the

other hand, the WMSO+B-formulas that need to be checked for

decidability are fixed and depend solely on the concrete domain.

Roughly speaking, once we fix our domain D, the EHD method

transforms a given ALCP(D)-TBox and -concept into a constraint
normal form which already results in a blow-up of the size. This in

turn get transformed into an MSO-formula ϕ (which is clearly non

optimal). We then have to decide whether a conjunction of ϕ and

a fixed WMSO+B-formula ψ (which depends on D) is decidable.

Analyzing this procedure would very hardy lead to tight complexity

bounds. In our opinion the EHD-method is more of an admissibility

criterion, which provides easy conditions on a concrete domain D to

establish whether reasoning with it remains decidable or not.

Also, it would be interesting to know if one can add constant pred-

icates of the form (=q)q∈Q to the domainQ from Prop. 19 and prove

that the resulting structure still has the EHD-property. We conjecture

that a method similar to the one presented in [7] for constant predi-

cates over the integers could be applied to this case.

Another follow-up question is whether the EHD method be can

adapted to show decidability for fuzzy concrete domains, similarly as

it was shown in [17] for the criterion of ω-admissibility.
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Realisability of Production Recipes
Lavindra de Silva1 and Paolo Felli1 and Jack C. Chaplin1 and

Brian Logan2 and David Sanderson1 and Svetan Ratchev1

Abstract. There is a rising demand for customised products with

a high degree of complexity. To meet these demands, manufacturing

lines are increasingly becoming autonomous, networked, and intel-

ligent, with production lines being virtualised into a manufacturing

cloud, and advertised either internally to a company, or externally

in a public cloud. In this paper, we present a novel approach to two

key problems in such future manufacturing systems: the realisability
problem (whether a product can be manufactured by a set of manu-

facturing resources) and the control problem (how a particular prod-

uct should be manufactured). We show how both production recipes

specifying the steps necessary to manufacture a particular product,

and manufacturing resources and their topology can be formalised

as labelled transition systems, and define a novel simulation relation

which captures what it means for a recipe to be realisable on a pro-

duction topology. We show how a controller that can orchestrate the

resources in order to manufacture the product on the topology can

be extracted from the simulation relation, and give an algorithm to

compute a simulation relation and a controller.

1 INTRODUCTION
Automating the manufacture of complex products is key to competi-

tiveness in high-labour cost economies. However, automating the as-

sembly of manufactured products presents significant challenges. It

is widely acknowledged that responsiveness and customisability are

key to the future of manufacturing [19], resulting in a drive towards

“batch-size-of-one” production, in which each item produced dif-

fers from the items assembled immediately before and immediately

after it [4]. In addition, there is drive towards “manufacturing-as-a-
service” and the virtualisation and networking of resources to cre-

ate Cloud Manufacturing, in which manufacturing software and re-

sources are advertised and shared between members of a cloud [14].

In cloud environments, products may be manufactured by multiple

cloud participants, representing multiple different enterprises con-

nected via a supply chain. This trend toward flexible, adaptive, in-

telligent, and networked manufacturing systems has been termed the

fourth industrial revolution or Industrie 4.0, in which decentralised

intelligence in an Internet of Things connects embedded production

resources to form “smart factories” that communicate and collabo-

rate [12].

There is a growing body of work on automation to achieve flexibil-

ity, resilience, and monitoring in manufacturing. For example, Flexi-
ble Manufacturing Systems [7, 20, 10] increase the range of products

that may be assembled, and Reconfigurable Manufacturing Systems
[5, 13, 15, 21] reduce response time. However, to date, there has

1 Institute for Advanced Manufacturing, Faculty of Engineering, University
of Nottingham, first.last@nottingham.ac.uk

2 School of Computer Science, University of Nottingham, bsl@cs.nott.ac.uk

been little work on the assembly of highly-customised products in a

highly-networked manufacturing environment.

In such a setting, the set of products that will be manufactured

is not known in advance. Rather, production recipes specifying the

steps necessary to manufacture a particular product are matched

against virtualised manufacturing resources (such as a plant or as-

sembly line), and the matched resource must then self-configure to

assemble the product. Manufacturing control software must therefore

make decisions both about whether a particular product can be man-

ufactured by a particular set of manufacturing resources, and how
a particular customised product should be manufactured by the re-

sources (the steps an assembly line must perform in order to assem-

ble the product). Whether a product can be manufactured by a set

of manufacturing resources is termed the realisability problem; how

it should be manufactured by those resources is termed the control
problem.

In this paper, we present a new approach to the realisability and

control problems in manufacturing. We show how both production

recipes and manufacturing resources and their topology can be for-

malised as labelled transition systems, and define a novel simulation

relation which captures what it means for a recipe to be realisable on

a production topology. We give an algorithm for computing the sim-

ulation relation, and show how a controller to manufacture a product

specified by a production recipe on a topology can be extracted from

the simulation relation. To the best of our knowledge, our approach

is the first fully-automated solution to the realisability and control

problems in manufacturing. It forms a key component of the Evolv-

able Assembly Systems (EAS) architecture, an agent-based architec-

ture for manufacturing control software designed to address rapidly

changing product and process requirements including batch-size-of-

one customised production [8]. The EAS architecture is being evalu-

ated on a number of real-word production system demonstrators, and

we illustrate our approach with a simple example of the manufacture

of products (automotive hinges) by a flexible assembly platform.

2 ASSEMBLY SYSTEMS

In this section, we motivate and informally introduce the key ideas

needed for the formal development, including production recipes,

production resources, and their topology.

A production recipe specifies the steps necessary to manufacture

a particular product, including the constituent parts, the tasks and as-

sociated parameters required to process and assemble these parts into

the final product, any tests that must occur to verify the product dur-

ing and at the end of the manufacturing process, and how to respond

to the results of tests (e.g., whether a partially completed product

instance should be reworked or discarded following a test).

In industry, when recipe information is passed from the higher-

ECAI 2016
G.A. Kaminka et al. (Eds.)
© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-1449

1449



level enterprise control systems to lower level shop-floor control sys-

tems, it is usual for a “recipe file” to be used. Recipe files may be

specified in a proprietary format, or the ANSI/ISA-95 (Enterprise-

Control System Integration) family of standards [1] (also known as

IEC/ISO 62264 [3]). One common approach to implementing the

data models in the ISA-95 standard, is to use Business To Manufac-

turing Markup Language (B2MML) [2] XML schemas. Messages in

B2MML contain an operation schedule, which specifies each opera-

tion to be performed. An operation consists of one or more require-

ments (e.g., for personnel, equipment, physical assets, or material),

and precisely specifies the location and time the operation should be

performed. While languages such as B2MML allow a solution to the

control problem to be expressed (i.e., which resource should perform

which operation on which part, and when), they do not provide an

appropriate level of abstraction for specifying the inputs to the real-

isability and control problems. In our approach, we therefore specify

recipies in a language that has some similarities to Hierarchical Task

Networks (HTNs) [11] and Belief-Desire-Intention (BDI) [18] agent

systems (see Section 3). For example, like these languages, we al-

low steps to be partially ordered (including interleaved), and do not

specify which resource should perform each step.

A production recipe is enacted by a set of production resources.

Each resource has a set of capabilities describing the basic actions it

can perform, and in which order. Production resources are connected

by transport links (conveyor belts, shuttles, manual item movement,

etc.) to form a manufacturing line with a specific production topol-
ogy. The production topology implicitly determines which produc-

tion recipes can be manufactured by the line.

To illustrate these ideas, we briefly describe the Precision Assem-

bly Demonstrator (PAD), a flexible assembly platform consisting of

four production resources (see Figure 1a): two KUKA robot arms

each with an associated workspace allowing the robots to place parts

and perform operations, a testing and inspection workstation that can

perform mechanical and vision-based tests, and a manual loading and

unloading station where pallets of parts can be added or removed.

There is additionally a shared, passive tool-changing rack between

the two robot arms, and a shuttle transport system.

The shuttle transport system links workstations to give the produc-

tion topology shown in Figure 1b. The shuttle transports a pallet car-

rier, which allows one pallet of parts at a time to be moved between

resources. The robots use gripper end effectors to pick up or return

pallets from the shuttle and place them on their respective worksta-

tions, where they can change end effectors from the tool rack and

perform a variety of tasks.

The PAD demonstrator’s primary production recipe family is a de-

tent hinge for the use in automotive interiors. The simplest produc-

tion recipe consists of a hollow plastic hinge consisting of two leaves

(an interior and an exterior), which are linked with a metal hinge

pin. More complex recipes are achieved by adjusting the hinge de-

tent force by adding up to three metal balls and springs in slots in the

interior hinge leaf. Each spring-ball pair increases the force required

to engage the hinge. The robots assemble the hinge using a variety

of gripper end effectors. A wide range of new end effectors may be

added to alter the capabilities of the robot arms, such as new grip-

pers for alternative hinge designs, glue applicators for securing the

hinge pin, or engraving tools to give hinges serial codes. The flex-

ibility of the PAD assembly platform results in both a realisability

problem (how to determine if a recipe can be produced on a given set

of hardware), and a control problem (how to manage the production

of recipes on the hardware).
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Figure 1: (a) Our Precision Assembly Demonstrator (top); (b) its dia-

grammatic layout (centre); and (c) its LTS model (bottom).

3 PRODUCTION RECIPE

In this section, we formalise production recipes as labelled transition

systems (LTS), where labels are not just atomic steps but complex

“task expressions”.

We will make use of two sets: a set C of part constants, which

represent parts used in production, and a set of task labels, or simply

tasks, which represent operations. The latter set is the union of three

mutually disjoint sets: the set of observable tasks Tob, which only

occur in recipes and non-transport resources; the set of internal tasks

Tin, which only occur in transport resources; and the set of synchro-
nisation tasks Tsyn, which are used to “transfer” parts between pro-

duction resources. Specifically, Tsyn = {tx←|x ∈ �}∪{tx→|x ∈ �},

namely, the set of in (tx←) and out (tx→) synchronisation tasks; parts

are moved from resources performing out tasks (releasing a part) to

corresponding resources performing in tasks (accepting a part). Fur-

ther, we introduce the special task nop to denote the special “no-op”

task, which represents idling.

Production recipes specify how (though not where) tasks and

checks ought to be carried out in order to manufacture a desired end-

product. Tasks are specified by task expressions.

The smallest task expression is of the form t(c, c′), and is called

a parameterised task (p-task), where t ∈ Tob, and c ∈ C∗ and

c′ ∈ C+ are sequences of part constants such that any constant in C
occurs at most once in c and in c′. Given a p-task t(c, c′), sequences

c and c′ represent the “input” and “output” parameters of t, respec-
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tively: they represent the part(s) on which t is performed, and the

possibly new part(s) that results from doing ti. We use ε to denote

the empty sequence, and denote c by ◦t and c′ by t◦. We sometimes

write t instead of t(c, c′) when c and c′ are not relevant.

For instance, the task cut(c, c1 · c2) represents an operation that

takes a part c and produces two parts c1 and c2, whereas the task

load(ε, c) represents an operation that introduces a new part c into

the production facility.

The set of general task expressions is the smallest set of formulas,

denoted by Lang(Tg), generated by the grammar Tg := ?φ : T ,

where φ is a propositional formula from a propositional language

P and T is a task expression. A task expression is a formula in the

language generated by the grammar:

T := t(c, c′) | T ; T ′ | T ‖T ′ | T “|” T ′

The operator “;” denotes a sequence; “‖” denotes parallel composi-

tion; and “|” denotes interleaved composition. We refer to a p-task or

a parallel composition (of p-tasks) as an atomic task expression (or

as atomic).

We impose two additional constraints on task expressions:

• any expression T1‖. . .‖Tm occurring in T is restricted such that

each Ti is a p-task, and for each pair ti, tj of p-tasks, it does not

hold that ti and tj mention the same part, and ◦ti =
◦tj = ε;

• any interleaving T1| . . . |Tm occurring in T is restricted such that

each Ti does not mention operator “|”.

The first constraint restricts parallelism to atomic tasks, and requires

that parallel atomic tasks cannot share the same part constants, as a

part can be a parameter of only one task at a time. It also forbids

two or more parallel tasks with empty input parameters. The second

constraint forbids “nested” interleaving.

The general task expression ?φ : T specifies that T can only hap-

pen if the guard φ holds, based on a valuation for φ that is available

at runtime (based on data collected in real-time). Since our analysis

is instead performed offline, in the remainder of this paper, we will

ignore any guard appearing in general task expressions, thus consid-

ering any valuation as equally possible. Nonetheless, guards in gen-

eral task expressions stress the fact that any formula in the language

of task expressions Lang(T ) may be associated with a guard.

With these definitions at hand, it is now possible to define our no-

tion of production recipe (or simply recipe). A recipe is a labelled

transition system in which labels are task expressions and nodes rep-

resent the states of parts in the assembly. This definition essentially

allows for loops in task expressions, and for the specification of al-

ternatives among task expressions.

Definition 1 (Recipe) A recipe is a tuple R = (s0, S, L,→), where
S is a finite set of states, s0 ∈ S is the initial state, L ⊆ Lang(T )
is a set of task expressions, and → : S × L 1→ S is a non-empty
transition function. We denote a transition from state s to s′, with
task expression T , either by s T−→s′ or (s, T , s′) ∈→.

Figure 2 shows an example of a recipe to be executed on the as-

sembly platform in Figure 1. The first two p-tasks request a new pal-

let fixture (f ) to be loaded and then separated into the hinge pin (p)

and hollow hinge (h). These are followed by an interleaved compo-

sition, which requires glue to be applied to p, and for h to be en-

graved with a serial number (in any order). The two parts are then

combined to form the final hinge (h2), by inserting p into h. The

next step requests a visual test to be performed on h2, which simply

collects test data. After this, the recipe either requests a force test,

A

BCE

F D

load(ϵ,f);   separate(f,p·h);   applyglue(p,p) | engrave(h,h);   insert(p·h,h2);

store(h2,h2)

remove(h2,h2)

dotestf(h2,h2)

remove(h2,h2)

dotestv(h2,h2)

Figure 2: An example of a recipe. For readability, the sequence la-

belling the edge between A and B has been separated.

or for the hinge to be removed, based on the outcome of evaluating

guards (not shown) against real-time visual-test data. Similarly, the

outcome of evaluating guards against real-time force-test data deter-

mines whether the hinge is recycled or stored for delivery.

A trace of a recipe R is a sequence π = s0
T1−→s1

T2−→· · · Tn−−→sn,

namely, a sequence of states and transitions, of arbitrary length n ≥
0, such that si−1

Ti−→si for each i ∈ [1, n]. If not specified, we assume

s0 = s0.

Finally, we assume that cycles in a recipe are bounded, in order

to ensure that manufacturing the end-product will eventually cease.

Since bounded cycles can easily be removed by unfolding the recipe

graph, in what follows we deal only with acyclic recipes, i.e., recipes

where the edge-labelled graph (S,→) is acyclic.

4 PRODUCTION RESOURCE & TOPOLOGY
A production resource represents a production “station” (or “cell”),

which performs observable operations on parts. A transport resource
represents a transport mechanism such as a conveyer belt, which

performs internal operations that route parts between stations. We

model production and transport resources as labelled transition sys-

tems, where a node represents a state of the resource, and an outgoing

edge from a node corresponds to a task that can be performed from

that node.

Definition 2 (Resource) A production (resp. transport) resource is
a tuple (s0, S, L,=⇒), where S is a set of states, s0 ∈ S is the initial
state, L ⊆ Tob ∪ Tsyn ∪ {nop} (resp. L ⊆ Tin ∪ Tsyn ∪ {nop})
is a set of tasks,3 and =⇒ : S × L 1→ S is a non-empty transition
function.

Intuitively, the nop task allows a resource to idle for either a fixed or

an unbounded number of steps, before and/or after performing other

tasks. Note that =⇒ is a function: we assume that when a resource

performs a task from a state, there exists only one possible successor

state for that task.

Figure 1c shows a simplified model of the resources in Figure 1.

Multiple transitions between two states are depicted as one, with la-

bels separated by a comma. Resource R1 can load a new pallet (con-

taining a hollow hinge and hinge pin), and also store a hinge for

removal or delivery. Labels in1 and out1 are in and out synchro-

nisation tasks, respectively. Resource R2 is the first robotic arm in

Figure 1, which can either accept (via in2) a pallet fixture and sep-

arate it into the hollow hinge and pin, or accept these two parts, one

after the other, and then insert the pin into the hinge, thereby again

producing a single part. The second robotic arm is modelled as R3,

which can either apply glue to a given part, or engrave it with a serial

number. Resource R4 is the testing station, which can first analyse a

hinge to gather visual data about its assembly, followed possibly by

3 We could also allow production resources to specify internal tasks, which
would then enable operations such as data logging (e.g. from sensors).
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an analysis to gather data about hinge force. The latter is not allowed

before doing the former because a wrongly assembled hinge could

become damaged if it is manipulated to gather force data. Moreover,

due to design constraints, the resource also cannot idle between these

two operations, represented by the lack of a nop transition.

Finally, R5 is a transport resource, modelling the shuttle system

in Figure 1. This resource represents the “legal routes” between pro-

duction resources: e.g., while a newly loaded fixture can be delivered

from R1 to R2, delivering a glued part from R3 to R4 is forbid-

den, to prevent the part from becoming affixed during force analy-

sis. Thus, intuitively, “out” synchronisations in production resources

correspond to “in” synchronisations in transport resources, and vice

versa. For example, out1 in R1 corresponds to tr in1 in R5, and

tr out2 in R5 corresponds to in2 in R2.

A production topology (or simply topology) “connects” the avail-

able resources via synchronisation tasks, and represents the layout

of the production system. Technically, a topology is the cross prod-

uct of elements in resource tuples, excluding “invalid” transitions,

i.e., those having an out synchronisation without the corresponding

in synchronisation (and vice versa).

In what follows, we use two auxiliary notions. First, for any pair

of states s, s′ ∈ S and label t ∈ L, we use s =⇒t s′ to denote

(s, t, s′) ∈ =⇒. Second, we define the complement of a synchro-

nisation task t ∈ Tsyn, denoted by ∼ t, as tx← if t = tx→, and as

tx→ otherwise, where x ∈ �. For instance, referring to Figure 1c, if

t = out1, then∼ t = tr in1. While, strictly speaking, the definition

requires ∼ t = in1, in the figure we have used the prefix “tr” for

the purpose of readability. Taking inspiration from [6], we define a

production topology as follows.

Definition 3 (Topology) Let R1, . . . , Rn be resources, where each
Ri = (s0i , Si, Li,=⇒i). A topology is a tuple (s0, S, L,=⇒),
where S = S1 × · · · × Sn is the set of states; s0 = (s01, . . . , s

0
n) is

the initial state; L = L1 × · · · × Ln is the set of concurrent tasks;
and the transition relation =⇒ is such that for any s, s′ ∈ S and
t ∈ L, we have s =⇒t s′ iff for all i ∈ [1, n]:4

1. ti �∈ Tsyn and si =⇒i
ti s′i; or

2. ti ∈ Tsyn and si =⇒i
ti s′i, and there exists exactly one j ∈ [1, n]

such that sj =⇒j
tj s′j and tj = ∼ ti.

Thus, the topology depicts the concurrent execution of tasks ti in

different resources. Without loss of generality, condition (2) checks

that, within a single transition, a particular synchronisation only takes

place between one resource and exactly one other resource. This

is because we later use synchronisations to unambiguously transfer

parts between resources.

5 REALISABILITY OF A RECIPE ON A
TOPOLOGY

We shall now define what it means for a recipe to be realisable on a

topology. Our definition relies on some auxiliary notions, particularly

involving the movement of parts and the execution of a recipe on a

topology.

The notion of a topology as defined above is “static” in that it does

not account for parts which are moved between resources and ma-

nipulated by them. Thus, given a topology (s0, S, L,=⇒), we keep

track of the movement of parts (constants) during production via a

resource vector r = (c1, . . . , cn), where each ci ∈ C∗ is a (pos-

sibly empty) sequence of parts that do not occur anywhere else in

4 Recall that s = (s1, . . . , sn), s
′ = (s′1, . . . , s

′
n) and t = (t1, . . . , tn).

r; we denote ci by r(i) for any i ∈ [1, n], and the set of all possi-

ble resource vectors as V . Intuitively, we associate each state in the

topology with a resource vector r, specifying which parts are cur-

rently allocated to each resource. Note that each element in vector r
is a sequence and not a set: we assume a first-in-first-out approach

when moving parts between resources.

Part constants get allocated to resources as p-tasks in recipes

are processed. A resource Rj currently in state sj can execute an

(atomic) p-task t(c, c′) only if (a) the task t is available from state

sj in Rj , and (b) the parts ◦t appearing as the input parameters of t
are currently allocated to the resource, namely, r(j) = c. After its

execution, parts c′ appearing as its output parameters (i.e., t◦) are

allocated to Rj . For example, the separate(f, p ·h) p-task in Figure

2 is executable on resource R2 in Figure 1c only if part f is currently

allocated to R2, and the resource is in state 1. Executing the task

results in f being “removed” and R2 being allocated parts p and h.

Formally, given a task expression T = t1 ‖ . . . ‖ tm, a resource

vector r, a state s, and a transition s =⇒t s′ with t = (t′1, . . . , t
′
n), a

resource vector r′ is an allocation of T to t with respect to r, denoted

r′ ∈ AL(r, T , t), if and only if

• ∀j ∈ [1, n], either t′j �∈ Tob and r′(j) = r(j), or ∃i ∈ [1,m] s.t.

(a) t′j = ti (b) r(j) =◦ti and r′(j) = t◦i

• ∀i ∈ [1,m], ∃j ∈ [1, n] s.t. (a) and (b).

In other words, there must exist a one-to-one mapping from p-

tasks ti in T to observable tasks t′j in transition t, and from the parts

associated with ti to the ones corresponding to t′j (i.e., r(j)).
Allocated parts are transferred across resources by synchronisa-

tion tasks. Formally, a resource vector r′ is a transfer or “move”

of parts from r relative to t (r and t are as above), denoted r′ =
MOV(r, t), if r′ is obtained from r by replacing each c′i, c

′
j ∈ r

(c′i = c1 · · · cm) with respectively c2 · · · cm and c′j · c1, only if

t(i) = tx→, t(j) = tx← (x ∈ �), and m > 0; if m = 0, then

r′ = r.5 For example, the part p in resource R2 in Figure 1c is

moved to resource R5 via the synchronisation involving tasks out2
and tr in2.

Observe that a resource vector encodes the allocation of parts to re-

sources (that is, which parts are currently allocated to each resource),

and part allocations are not considered in the description of the re-

source itself. In other words, the description of a resource is purely

behavioural, in the sense that it encodes the sequence of operations

that it can (or is allowed to) execute, which is not constrained by the

presence of a part in a given internal state as in the case of, e.g., Petri

Nets [17]. The size of a resource vector is thus equal to the number

of resources, and the allocation of parts is independent from the cur-

rent state of the topology. This is an essential point to guarantee our

complexity result.

The final auxiliary notion needed to define the execution of a

recipe on a topology is the standard notion of a linearisation, which

we have adapted for interleaved compositions. Formally, a lineari-
sation T ′ of a task expression T = T1| . . . |Tm, denoted T ′ ∈
LIN(T ), is defined inductively as follows. If m ∈ {1, 2}, then T ′
is any sequence of the form T 1

1 ; T 1
2 ; T 2

1 ; T 2
2 ; . . . ; T n

1 ; T n
2 , where

T1 = T 1
1 ; . . . ; T n

1 , T2 = T 1
2 ; . . . ; T n

2 , and each T j
i is a possibly

empty sequence. If m > 2, then

T ′ ∈
⋃

T ′′∈LIN(T2|...|Tm)

LIN(T1|T ′′).

5 Given a label t = (t1, . . . , tk), we denote ti by t(i), for any i ∈ [1, k].
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(-,separate,-,-,-)

s , r s′ , r′

Figure 3: A graphical representation of a recursive application of the

NXT operator. Given the couple (s, r), where s = (1, 0, 0, 0, 0) and

r = (f, ε, ε, ε, ε), the state (s′, r′) is in NXT((s, r), separate(f, p ·
h)) due to two unobservable transitions (part f is moved to resource

R2 via two synchronisation steps), thereby allocating the p-task to

R2.

That is, when given two interleaved task expressions T1 and T2,

we make them the same length by arbitrarily “padding” with empty

elements, and then merging the two resulting expressions to form one

possible T ′.
We can now define what it means for a recipe to be executable on

a topology. We do this with the following operator, which captures

what it means to “execute” an arbitrary task expression on the topol-

ogy P , given a state s and resource vector r. Intuitively, it returns

the set of possible successor states of the topology, together with the

corresponding next resource vectors.

In what follows, let σ = (s, r).

Definition 4 (NXT) We define the operator NXT(σ, T ) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋃
σ′∈Σ

NXT(σ′, T2) if T = T1; T2 and Σ = NXT(σ, T1);

⋃
T ′∈LIN(T )

NXT(σ, T ′) if T = T1| . . . |Tn, n > 1;

Σ′
⋃

σ′∈Σ
NXT(σ′, T ) if T = t1‖. . .‖tn, n ≥ 1,

(4.1) Σ′ = {(s′, r′) | s =⇒t s′, t ∈ L,
r′′ ∈ AL(r, T , t), r′ = MOV(r′′, t)}, and

(4.2) Σ = {(s′, r′) | s =⇒t s′, t ∈ L,
r′ = MOV(r, t), ∀t ∈ t, t �∈ Tob}.

In this definition, an element (s′, r′) ∈ NXT((s, r), T ) is a “suc-

cessor” of (s, r), where s′ in the topology is a final state reachable

from s under guidance from T , and r′ is the resource vector of s′.
More specifically,

• if T = T1; T2, then one task at a time is considered according to

the sequence;

• if T = T1| . . . |Tn, then all linearisations of T are considered;

• if T = t1 ‖ . . . ‖ tn (including the base case T = t1), then Σ′

is the set of couples (s′, r′) such that s′ is a successor of s (in

the topology) for some label t, and r′ is the new resource vector

obtained from r by first allocating T to t, and then moving parts

according to synchronisation tasks in t. Similarly, Σ is the set of

couples (s′, r′) obtained from (s, r) when t is an “unobservable”

transition (one in which no observable tasks occur).

Thus, NXT((s, r), T ) is the set of couples (s′, r′), where s′ is

reachable from s by following a possibly empty sequence of unob-

servable transitions, followed by an allocation of T , and r′ is the re-

sulting resource vector. Figure 3 depicts one application of the NXT

operator in the context of Figure 1c.

We extend the above notion of executability to traces of a recipe

R as follows. A trace π = s0
T1−→s1

T2−→· · · Tn−−→sn of R is realisable
in a topology P iff (a) there exists a sequence of n couples

(s1, r1) · · · (sn, rn) such that (sj , rj) ∈ NXT((sj−1, rj−1), Tj)
for each j ∈ [1, n], and (b) (s0, r0) = (s0, r0). For brevity, we

shall write (sn, rn) ∈ NXT
∗((s0, r0), π). Then, we say that R

is realisable in P iff any trace π of R (recall that their number

is finite) is realisable in P from its initial state, i.e., ∃(s′, r′) ∈
NXT

∗((s0, r0), π) for any trace π of R.

Finally, note that the definition of realisability highlights how our

notion of a recipe is flexible. Multiple branches existing from a given

state constitute a universal requirement (AND-nodes), as we need to

be sure that, at run-time, any possible trace can be realised. At the

same time, task expressions with interleaving represent existential

requirements (OR-nodes), as it is sufficient to find a possible realis-

able linearisation. This makes the control problem in our setting more

involved than considering any possible trace of a finite-state machine

labelled with atomic tasks (as is the case in Behaviour Composition

[9]), or the language expressing the set of legal traces of the system

(as for Discrete Event Systems [22]).

5.1 Checking Realisability via Simulation
We can now define the notion of a task simulation relation for a

topology and recipe, inspired by the mathematical notion of simu-

lation [16]. Although this notion is generally applied to infinite pro-

cesses, its application here to finite recipes allows us to capture the

realisability property with respect to the state of the manufacturing

facility. Intuitively, it relates states in the topology to states in the

recipe with respect to current resource allocations, such that each

transition (task expression) in the recipe can be executed by transi-

tions (tasks) in the topology, and the same holds iteratively for the

entire recipe, irrespective of the actual recipe trace that might be fol-

lowed at execution-time (which depends on the outcome of evaluat-

ing guards in the recipe).

Definition 5 (Simulation) Let P = (s0, S, L,=⇒) be a topology,
and R = (s0, S, L,→) a recipe. A task simulation relation is a rela-
tion SIM ⊆ S×S×V ,6 such that a tuple (s, s, r) ∈ SIM implies that
for any T and s′, if s→T s′ then there exists a state s′ and a resource
vector r′ such that (s′, s′, r′) ∈ SIM, with (s′, r′) ∈ NXT((s, r), T ).

We say that a state s ∈ S simulates a state s ∈ S with respect to a

resource vector r if and only if there exists a task simulation relation

SIM such that (s, s, r) ∈ SIM. Indeed, many such task simulation

relations may exist, each accounting for one or more ways of real-

ising the recipe. Finally, topology P simulates recipe R if and only

if there exists a task simulation relation SIM (one is sufficient) such

that (s0, s0, r0) ∈ SIM, where r0 denotes the resource vector (with

|r0| = |s0|) composed of empty sequences, namely, the “empty”

resource vector.

Theorem 1 (Realisability via simulation) Given a topology P =
(s0, S, L,=⇒) and recipe R = (s0, S, L,→), the recipe is realis-
able in P iff P simulates R.

The proof for this is straightforward, as a task simulation only ex-

presses an invariant property with respect to task allocation (the NXT

operator). Proceeding by contradiction, suppose R is realisable in P
but that P does not simulate R. By the definition of a task simulation

6 Recall that V is the set of all resource vectors.
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relation, this means that there exists a trace π in R such that for any

(s′, r′) ∈ NXT
∗((s0, r0), π) we have that (s′, s′, r′) �∈ SIM, with s′

being the last state in π. Hence, it can be seen that π (and thus R) is

not realisable in P . The proof for the opposite direction is similar.

We conclude this section by observing that our notion of task sim-

ulation has some similarity with the notion of simulation between

transition systems that has been investigated to solve the problem of

Behaviour Composition [9]. However there are some fundamental

differences. First, the task simulation relation is defined with respect

to complex task expressions that can be allocated to resources in par-

allel, while the notion of a simulation relation applied to behaviour

composition assumes that only one behaviour module at the time is

allowed to execute actions. Second, each task in the recipe may here

be realised by a sequence of observable and unobservable transitions

in the topology, which is a more complex setting than the other.

6 CONTROLLER SYNTHESIS
When it is possible to manufacture a product using the given set of re-

sources, that is, when there exists a task simulation relation between

the recipe and the topology, the next step is to synthesise a controller
able to orchestrate the resources in order to execute the recipe and

thus manufacture the product.

Crucially, the task simulation relation between a topology P and

recipe R alone does not hold all the information that is necessary in

order to extract solutions: the relation is sufficient to answer whether

we can orchestrate the resources in order to realise the recipe, but not

how. For instance, given a tuple (s, s, r) in the task simulation rela-

tion, we know, when considering a transition s T1|T2−−−→s′ in the recipe,

that there must exist a linearisation LIN(T1|T2) that is executable on

the topology, but we do not know which. Indeed, such information

is not stored in the relation. The same applies to (atomic) p-tasks:

additional, unobservable transitions may be needed before the p-task

can be executed, which the relation does not keep track of.

This additional information is the set of sequences of transitions

(t1 · · · tk) in the topology that realise a task expression T , for any

couple σ = (s, r) and σ′ ∈ NXT(σ, T ), where σ′ = (s′, r′). We

denote this set by TRANSOF(σ, T , σ′). It is defined similarly to the

operator NXT(σ, T ) in Definition 4: an element (t1 · · · tk) is in the

set TRANSOF(σ, T , σ′) if and only it is one of the sequences of vec-

tors t corresponding to k recursive applications of steps (4.1) and

(4.2) in the definition. Thus, if (t1 · · · tk) ∈ TRANSOF(σ, T , σ′),
then the trace

s =⇒t1 · · · =⇒tk s′

is a trace of P . For example, the following sequence of transitions

(out1, t, t, t, tr in1) · (t, in2, t, t, tr out2) · (t, separate, t, t, t),
with t = nop, is in TRANSOF(σ, T , σ′), for σ and σ′ as in Fig-

ure 3. We omit the full definition for brevity, but we make its steps

clearer with an algorithm.

Let P be a production topology and R a production recipe. Sup-

pose that P simulates R, i.e., there exists a task simulation relation

SIM between P and R. Then, we define a “controller” as a state

machine in which a transition encodes a sequence of topology tran-

sitions that ought to be executed, given a transition in the recipe.

Definition 6 (Controller) Let P = (s0, S, L,=⇒) and R =
(s0, S, L,→) be as above. A controller for R and P is a finite state
machine C = (SIM, δ), where

• SIM is a non empty task simulation relation, whose elements cor-
respond to the set of states in the controller;
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separate(f,p·h)
(out1,-,-,-,tr_in1) ·
(-,in2,-,-,tr_out2) · 
(-,separate,-,-,-)

applyglue(p,p)
(-,out2,-,-,tr_in2) ·
(-,-,in3,-,tr_out3) ·
(-,-,applyglue,-,-)

engrave(h,h)
(-,-,out3,-,tr_in3) ·
(-,in2,-,-,tr_out2) ·
(-,out2,-,-,tr_in2) ·
(-,-,in3,-,tr_out3) ·
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insert(p·h,h2)
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(-,insert,-,-,-)

dotestv(h2,h2)
(-,out2,-,-,tr_in2) ·
(-,-,-,in4,tr_out4) ·

(-,-,-,dotestv,-)

Figure 4: A graphical representation of a single transition in a con-

troller between two tuples (s, s, r) ∈ SIM (the first and the last),

and therefore states in a possible controller. The states not in bold

correspond to “intermediate” steps, namely, applications of the NXT

operator to atomic tasks. For instance, the second transition corre-

sponds to (s′, s′) ∈ NXT((s, s), separate(f, p · h)), as in Figure

3. Therefore, the transition in the controller is labelled with (a) the

entire task expression T between A and B as in Figure 2, and (b)
the complete sequence of transitions in the topology that we need to

realise T , as they appear in this figure. Dashes are used in place of

nop tasks for readability.

• δ : SIM × Lang(T )× L+ 1→ SIM is a transition function: given
a state, an arbitrary task expression and a sequence of transitions
in the topology, it returns the successor state. Specifically, for any
state (s′, s′, r′) and task expression T , if and only if s T−→s′ for
some s′, then there exists at least one transition (s′, s′, r′) =
δ((s, s, r), T , (t1 · · · tk)), with (s′, r′) ∈ NXT((s, r), T ), and
(t1 · · · tk) ∈ TRANSOF((s, r), T , (s′, r′)).

Figure 4 depicts a controller between two tuples in the task sim-

ulation relation, in relation to the recipe and resources in Figures 2

and 1c.

We use function ω : SIM × Lang(T ) 1→ 2L
+

in order to “read”

the information stored in the controller’s transitions. Given the recipe

transition (task expression) that we want to execute, ω defines the set

of possible corresponding sequences of transitions in the topology.

Formally, ω(θ, T ) = {(t1 · · · tk) | ∃θ′ : θ′ = δ(θ, T , (t1 · · · tk))}.

In Section 5, we defined what it means for a recipe to be realisable

on a topology. Similarly, we define here what it means for a recipe to

be executed on a topology by a controller. First, we say that a trace

π = s0
T1−→s1

T2−→· · · Tn−−→sn of a recipe R is executed on a topology

P by a controller C if and only if

1. it holds by backward induction that for each i ∈ [0, n −
1], we have ω((si, si, ri), Ti+1) �= ∅ with (si, si, ri) =
δ((si−1, si−1, ri−1), Ti, (t1 · · · tk)) for some (t1 · · · tk) ∈
ω((si−1, si−1, ri−1), Ti);

2. (s0, s0, r0) = (s0, s0, r0) is the initial state.

That is, we first use ω to return the set of transitions in the topology

that we may choose in order to realise the current task expression Ti
from the current state (si, si, ri) in the controller, and then use δ to

compute the next state (si+1, si+1, ri+1), which corresponds to the

new state si+1 in the topology, the new state si+1 in the recipe (as

it appears in π) and the new allocation ri+1. This iterative process

is repeated at each step of π until the trace is completed, and can
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proceed (the set of choices is always non-empty) for any sequence

returned by ω. In other words, a trace of the recipe is executed by

a controller if, from their respective initial states, the controller can

always associate the current task expression in the trace to at least one

sequence of transitions in the topology realising that task, thereby

orchestrating the resources such that the task expression is realised.

A recipe R is executed on a topology P by a controller C iff all its

traces are executed on P by C.

Theorem 2 Given R and P as above, any controller C (for R and
P ) is such that R is executed on P by C.

PROOF. Let us proceed by induction on the length of traces π
in R. If π = s0 then the claim holds: point 1 above does not

apply because 0 = n, and point 2 is trivially true. If π =

s0
T1−→s1

T2−→· · · Tn−1−−−→sn−1 of R is executed by C on P , assume

that π Tn−−→sn is not, i.e., ω((sn−1, sn−1, rn−1), Tn) = ∅. By def-

inition of ω, this means that there is no transition (sn, sn, rn) =
δ((sn−1, sn−1, rn−1), Tn, (t1 · · · tk)) for any (t1 · · · tk) and suc-

cessor (sn, sn, rn). By definition of δ this also implies that either

there is no (sn, rn) in NXT((sn−1, rn−1) or no (sn, sn, rn) ∈
TRANSOF((sn−1, rn−1), Tn, (sn, rn)). From either case it follows

that (sn, rn) �∈ NXT
∗((s0, r0), π), and thus π is not realisable. Then,

by Theorem 1, no (non-empty) task simulation relation exists, and no

controller can be defined. �

We conclude this section with a discussion about complexity.

Theorem 3 (Complexity) Given R and P , checking the existence
of (and computing) a controller is polynomial on the size of the topol-
ogy and exponential in the size of the recipe and number of resources.

Intuitively, for any atomic expression in the recipe we need to con-

sider any possible combination (s, r) of a new state in the topology

together with any possible new resource vector (corresponding to re-

cursive applications of the definition of NXT) to check whether there

exists an allocation of the task (to a transition in the topology) such

that r is the resulting vector. The size of the topology is exponential

in the number of resources, and polynomial in their size. The size

of all possible resource vectors is exponential in the number of re-

sources and number of parts mentioned in the recipe. As the recipe

can be equivalently represented as a rooted tree, if we take the size of

the recipe as the maximum length of the sequences of atomic expres-

sions (for any linearisation) appearing along its traces, then comput-

ing a simulation relation has cost O((|P |×|V |)|R|). We conclude by

noting that we can compute the transitions in the controller (namely,

the sequences of transitions in the topology that allow to realise each

atomic task) while computing the simulation relation (see points (4.1)

and (4.2) in Definition 4, and the discussion before Definition 6).

Our complexity result is consistent with that of [9], which is expo-

nential in the number of available behaviours and polynomial in the

size of the so-called enacted system behaviour [9].

7 ALGORITHM FOR REALISABILITY AND
SYNTHESIS

We shall now provide an algorithm that computes a task simulation

relation, as well as a controller, from a given topology and recipe.

The algorithm clarifies how certain steps in our definitions could be

implemented. In particular, we show how linearisations can be con-

sidered incrementally, without computing them all at the outset; how

the closure of unobservable transitions are computed; how termina-

tion is ensured; and finally, how controller transitions are gathered.

The algorithms use some additional auxiliary notions, which

we define first. Given a possibly atomic task expression T =
T1; T2; . . . ; Tn, n > 0, we define its first element as FST(T ) = T1
(where T1 is either atomic or an interleaved composition), and the

rest of its elements as RST(T ) = T2; . . . ; Tn if n > 1, and as

RST(T ) = ε if n = 1. We also extend these notions as follows.

Given an interleaved composition T = T1| . . . |Tn, n > 1, and an

atomic task expression Ta, we define the following:

FST(T ) = {T1 : Ti = T1; . . . ; Tm, T1 is atomic},
RST(T , Ta) = {T1| . . . |Ti−1|Ti+1| . . . |Tn : Ti = Ta} ∪

{T1| . . . |Ti−1|T ′|Ti+1| . . . |Tn : Ti = Ta; T ′},
FSTRST(T ) = {T1; T2 : T1 ∈ FST(T ), T2 ∈ RST(T , T1)},

where T ′ is any non-empty sequence. These notions define the first

elements of interleaved composition T as the set of all first elements

in each of its sequences Ti, and the rest of T (relative to some first

element Ta) as the set of all interleaved compositions obtained from

T by removing Ta (once) if it occurs first in some Ti.
Given a topology and recipe, Algorithms 1 and 2 work as follows.

Algorithm 1 additionally takes a state s in the recipe and a couple

σ = (s, r) as input, where s is a state in the topology and r is a re-

source vector. Then, for each outgoing transition in the recipe, from

s to some s′, the algorithm checks whether the associated task ex-

pression T can be simulated from the corresponding topology state

s, and (recursively) whether the same holds for each outgoing transi-

tion from s′. Thus, s′ is passed as a parameter to Algorithm 2 in order

to “remember” to continue from s′. Whenever the pair s and s are in-

deed in simulation, they are added to the set SIM in line 6, together

with the corresponding resource vector r. Observe that this is done

in a post-order (depth-first) fashion, from the “deepest” states in the

recipe to the state that was passed into Algorithm 1 when it was first

called. For controller synthesis, the algorithm also passes the entire

recipe transition being considered and its corresponding couple σ as

respectively the third and fifth parameters (line 3) to Algorithm 2.

Intuitively, Algorithm 2 implements the NXT operator in Defini-

tion 4. Basically, the algorithm performs a depth-first traversal of the

topology to check whether task expression Tcur (initially T ) can be

simulated. We highlight the important lines below. Line 6 looks for

a transition in the topology from state snxt that matches the first el-

ement in Tcur , provided that the couple σnxt was not already ex-

plored in a previous (recursive) step. Lines 11 and 12 incrementally

check each linearisation of an interleaved composition Tcur , by re-

cursively checking the concatenation of each first element in Tcur ,

with a corresponding remainder. The loop exits as soon as any viable

linearisation is found. Line 14 is only applicable if Tcur could not be

simulated so far, and the topology-transition being considered is an

unobservable one. In this case, the transition is “skipped”, and a sim-

ulation of Tcur is tried from the next state s′ (with its corresponding

resource allocation). Line 2 is only applicable when Tcur has been

completely “processed”; it is at this point that a transition x is added

to the controller’s transition function δ (Definition 6). Finally, line 16

keeps track of the fact that σnxt is being explored, in order to guar-

antee termination. Combined with the fact that the recipe is acyclic,

the following results hold trivially.

Proposition 4 Algorithm 1 always terminates. Furthermore, it is op-
timal with respect to computational complexity.

Observe that line 16 (and other lines) in Algorithm 2 adds the

current transition label t to the end of the sequence of topology
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Algorithm 1 FindSim(σ, s)

Input: Topology (s0, S, L,=⇒) and recipe (s0, S, L,→);
the couple σ = (s, r); state s ∈ S.

Output: Either (∅, ∅) or a non-empty relation SIM and function δ.
1: δ, SIM, SIM

′ := ∅
2: for each (s, T , s′) ∈→ do
3: (SIM

′, δ) := EvalExp(σ, T , (s, T , s′), ε, σ, ∅)
4: if SIM

′ = ∅ then return (∅, ∅)
5: SIM := SIM ∪ SIM

′

6: return (SIM ∪ {(s, s, r)}, δ)

Algorithm 2 EvalExp(σnxt , Tcur , tr, (t1 · · · tk), σ0,Σ)

Input: Topology (s0, S, L,=⇒) and recipe (s0, S, L,→);
current successor couple σnxt = (snxt , rnxt);
task expression being processed Tcur;
current recipe-transition tr = (s, T , snxt);
current sequence of topology-transition labels (t1 · · · tk);
couple σ0 = (s0, r0), corresponding to s; visited couples Σ.

Output: Either (∅, ∅) or a non-empty relation SIM and function δ.
1: δ, SIM := ∅
2: if Tcur = ε then
3: x := (s0, s, r0)

T ,(t1···tk)−−−−−−−→(snxt , snxt , rnxt)
4: (SIM, δ) := FindSim(σnxt , snxt)
5: return (SIM, δ ∪ {x})
6: for each (snxt , t, s

′) ∈ =⇒ with σnxt �∈ Σ do
7: if FST(Tcur ) = t1‖. . .‖tn and

r′′ ∈ AL(rnxt , FST(Tcur ), t) then
8: σ′ := (s′, r′), where r′ = MOV(r′′, t)
9: (SIM, δ) :=

EvalExp(σ′, RST(Tcur ), tr, (t1 · · · tk · t), σ0, ∅)
10: else if FST(Tcur ) = T1| . . . |Tn (where n > 1) then
11: for each T ′ ∈ FSTRST(Tcur ) do
12: (SIM, δ) := EvalExp(σnxt , T ′, tr, (t1 · · · tk), σ0, ∅)
13: if SIM �= ∅ then return (SIM, δ)
14: if SIM = ∅ and ∀t ∈ t, t �∈ Tob then
15: σ′ := (s′, r′), where r′ = MOV(rnxt , t)
16: (SIM, δ) :=

EvalExp(σ′, Tcur , tr, (t1 · · · tk · t), σ0,Σ ∪ {σnxt})
17: if SIM �= ∅ then return (SIM, δ)
18: return (∅, ∅)

transitions t1 · · · tk being pursued. This essentially implements the

TRANSOF operator described in Section 6, and together with line 3,

leads to the fact that the algorithm correctly computes a controller

for the recipe and topology. Moreover, the algorithm also correctly

computes a task simulation relation for them.

Theorem 5 (Correctness) Let P = (s0, S, L,=⇒) be a topology
and R = (s0, S, L,→) a recipe. Let (SIM, δ) = FindSim(σ, s0)
with σ = (s0, r0). Then (a) SIM = ∅ iff R is not realisable in P ;
otherwise, (b) SIM is a task simulation relation between P and R;
and (c) (SIM, δ) is a controller of P and R.

PROOF SKETCH. This is an involved proof by induction on the

“height” h of vertices in the recipe. The main part involves show-

ing that SIM is a task simulation relation between P and R. For

the base case, we take h = 0. Then, there is no recipe transition

(s, T , s′) ∈ → for any T (line 2 in Algorithm 1). Thus, the algo-

rithm returns SIM = {(s, s, r)}, and (s, s, r) ∈ SIM also holds by

Definition 5. Next, we assume that the theorem holds if h ≥ x, for

some x ∈ �0 (induction hypothesis). For the inductive step, we take

h = x+ 1. Then, there must exist a recipe transition (s, T , s′) ∈→
for some T . We prove that if SIM

′ �= ∅ in line 3, then SIM
′ is “sound”.

We do this by induction on the length of expression Tcur in Algo-

rithm 2. The main point is that the couples in Σ′ and Σ in steps (4.1)

and (4.2) in Definition 4 are the same as in lines 8 and 15 in Algo-

rithm 2, respectively. Finally, if SIM
′ �= ∅ in line 3 of Algorithm 1

for all transitions considered in line 2, it follows that (s, s, r) ∈ SIM

also holds by the induction hypothesis and Definition 5. �

8 DISCUSSION AND FUTURE WORK
In this paper we presented an approach for modelling a flexible man-

ufacturing system and checking whether it is possible to manufac-

ture a given product in the system, represented as a manufacturing

recipe. This check is done by computing a task simulation relation

as discussed in Section 5. Further, we presented an approach for syn-

thesising a controller that is able to orchestrate the manufacturing

resources in the system so as to realise the recipe.

However, we did not address the problem of synthesising any con-

troller for the given recipe. Rather, (a) we computed a possible task

simulation relation, and (b) defined a possible controller. Moreover,

the algorithm presented in Section 7 returns a controller which rep-

resents exactly one way of orchestrating the resources to realise the

recipe, as this is sufficient for our application.

One direction for future research therefore involves the synthe-

sis of any controller for a given recipe, and the technical content

of this paper already allows for this extension. Computing any pos-

sible controller amounts to (a) computing the largest task simula-

tion relation, and (b) including in the controller, between two states

(s, s, r) and (s′, s′, r′), all possible sequences of transitions defined

by TRANSOF((s, r), T , (s′, r′)) and not just at least one, as in Defi-

nition 6. An algorithm can be devised accordingly.

Another research direction involves checking realisability (and

synthesising suitable controllers) offline, but for classes of recipes

instead of single recipes. A class of recipes can be expressed in

terms of a union of recipes, but also as unbounded (even cyclic) pro-

cesses, which is already handled by our notion of task simulation,

as it relies on the standard mathematical notion of simulation. To

check the realisability of a new recipe, it would therefore be suffi-

cient to check whether it can be simulated (task simulation) by one

such class, which is a polynomial check in the size of the recipe.

Finally, although our current formalism allows only parallel tasks

on different parts, we plan to extend it to capture parallel tasks op-

erating on the same part (e.g. two machines performing a joint task

on a single part). Allowing parallel tasks on the same part requires

machines to be able to “see” the workspaces of each other, thus in-

creasing the complexity of the algorithm proportionately.
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Towards Lifelong Object Learning by Integrating
Situated Robot Perception and Semantic Web Mining

Jay Young1 and Valerio Basile2 and Lars Kunze1 and Elena Cabrio2 and Nick Hawes1

Abstract.
Autonomous robots that are to assist humans in their daily lives are

required, among other things, to recognize and understand the mean-

ing of task-related objects. However, given an open-ended set of

tasks, the set of everyday objects that robots will encounter during

their lifetime is not foreseeable. That is, robots have to learn and ex-

tend their knowledge about previously unknown objects on-the-job.

Our approach automatically acquires parts of this knowledge (e.g.,

the class of an object and its typical location) in form of ranked hy-
potheses from the Semantic Web using contextual information ex-

tracted from observations and experiences made by robots. Thus,

by integrating situated robot perception and Semantic Web mining,

robots can continuously extend their object knowledge beyond per-

ceptual models which allows them to reason about task-related ob-

jects, e.g., when searching for them, robots can infer the most likely

object locations. An evaluation of the integrated system on long-term

data from real office observations, demonstrates that generated hy-

potheses can effectively constrain the meaning of objects. Hence, we

believe that the proposed system can be an essential component in a

lifelong learning framework which acquires knowledge about objects

from real world observations.

1 Introduction

It is crucial for autonomous robots working in human environments

such as homes, offices or factories to have the ability to represent,

reason about, and learn new information about the objects in their en-

vironment. Current robot perception systems must be provided with

models of the objects in advance, and their extensibility is typically

poor. This includes both perceptual models (used to recognise the

object in the environment) and semantic models (describing what the

object is, what it is used for etc.). Equipping a robot a priori with a

(necessarily closed) database of object knowledge is problematic be-

cause the system designer must predict which subset of all the differ-

ent domain objects is required, and then build all of these models (a

time-consuming task). If a new object appears in the environment, or

an unmodelled object becomes important to a task, the robot will be

unable to perceive, or reason about, it. The solution to this problem

is for the robot to learn on-line about previously unknown objects.

This allows robots to autonomously extend their knowledge of the

environment, training new models from their own experiences and

observations.

1 Intelligent Robotics Lab, School of Computer Science, Univer-
sity of Birmingham, United Kingdom, {j.young, l.kunze,
n.a.hawes}@cs.bham.ac.uk

2 INRIA Sophia Antipolis Méditerranée, Sophia Antipolis, France,
{valerio.basile, elena.cabrio}@inria.fr

The online learning of perceptual and semantic object models is a

major challenge for the integration of robotics and AI. In this paper

we address one problem from this larger challenge: given an obser-

vation of a scene containing an unknown object, can an autonomous

system predict the semantic description of this object. This is an im-

portant problem because online-learnt object models ([5]) must be

integrated into the robot’s existing knowledge base, and a structured,

semantic description of the object is crucial to this. Our solution com-

bines semantic descriptions of perceived scenes containing unknown

objects, with a distributional semantic approach which allows us to

fill gaps in the scene descriptions by mining knowledge from the Se-

mantic Web. Our approach assumes that the knowledge onboard the

robot is a subset of some larger knowledge base, i.e. that the object

is not unknown beyond the robot’s pre-configured knowledge. To de-

termine which concepts from this larger knowledge base might ap-

ply to the unknown object, our approach exploits the spatio-temporal

context in which objects appear, e.g. a teacup is often found next

to a teapot and sugar bowl. These spatio-temporal co-occurrences

provide contextual clues to the properties and identity of otherwise

unknown objects.

This paper makes the following contributions:

• a novel distributional semantics-based approach for predicting

both the semantic identity of an unknown, everyday object based

on its spatial context and its most likely location based on seman-

tic relatedness;

• an extension to an existing semantic perception architecture to

provide this spatial context; and

• an evaluation of these techniques on real-world scenes gathered

from a long-term autonomous robot deployment.

The remainder of the paper is structured as follows. In Section 2,

we first state the problem of acquiring semantic descriptions for un-

known objects and give an overview of our approach. We then dis-

cuss related work in Section 3. In Section 4, we describe the under-

lying robot perception system and explain how it is integrated with a

Semantic Web mining component. Section 5 describes how the com-

ponent generates answers/hypotheses to web-queries from the per-

ception module. In Section 6, we describe the experimental setup

and present the results. Before we conclude in Section 8, we provide

a detailed discussion about our approach in Section 7. We also make

available our data set and software source code for the benefit of the

community at: http://github.com/aloof-project/
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Room kitchen

Surface coutertop

Furniture refrigerator, kitchen cabinet, sink

Small Objects bowl, teabox, instant coffee, water boiler, mug

Figure 1. Perceived and interpreted kitchen scene, with various objects.

2 Problem Statement and Methodology

2.1 Problem Statement

The problem we consider in this work can be summarized as fol-

lows: Given the context of a perceived scene and the experience from
previous observations, predict the class of an as ’unknown’ identi-
fied object. The context of a scene can include information about the

types and locations of recognized small objects, furniture, and the

type of the room where the observation has been made.

In this paper we use the following running example (Figure 1) to

illustrate the problem and our approach:

While operating 24/7 in an office environment, a robot rou-

tinely visits the kitchen and scans all surfaces for objects. On

a kitchen counter it finds several household objects: a bowl, a

teabox, a box of instant coffee, and a water boiler. However,

one of the segmented objects, a mug, cannot be identified as

one of the known object classes. The robot’s task is to identify

the unknown object solely based on the context of the perceived

scene and scenes that have been previously perceived and in

which the respective object was identified.

The problem of predicting the class of an object purely based on

the context can also be seen as top-down reasoning or top-down pro-
cessing of information. This stands in contrast to data-driven bottom-

up processing where, for example, a robot tries to recognize an ob-

ject based on its sensor data. In top-down processing, an agent, or the

robot, has some expectations of what it will perceive based on com-

monsense knowledge and its experiences. For example, if a robot

sees a fork and a knife close to each other, and a flat unknown ob-

ject with a square bounding box next to them, it might deduce that

the unknown object is probably a plate. In the following, we refer

to this kind of processing which combines top-down reasoning and

bottom-up perception as knowledge-enabled perception.

Systems such as the one described in this paper are key compo-

nents of integrated, situated AI systems intended for life-long learn-

ing and extensibility. We currently develop the system with two main

use-cases in mind, both stemming from the system’s capability to

suggest information about unknown objects based on the spatial con-

text in which they appear. The first use case is as part of a crowd-

sourcing platform, allowing humans that inhabit the robot’s environ-

ment to help it label unknown objects. Here, the prediction system is

used to narrow down the list of candidate labels and categories to be

shown to users to select from alongside images of unknown objects

the robot has encountered. Our second use case will be to help form

more informative queries for larger machine learning systems, in our

case an image classification system trained on extensive, though cat-

egorised, image data from websites like Amazon. Here, having some

hints as to an object’s identity, such as a distribution over a set of

possible labels or categories it might belong to or be related to, could

produce a significant speed boost by letting the classification system

know what objects it does not have to test against. In this case, we

aim to use the system to help a robot make smarter, more informed

queries when asking external systems questions about the world.

2.2 Our Approach
In this work we address the problem of predicting information about

the class of an object based on the perceived scene context by min-

ing the Semantic Web. The extracted scene context includes a list of

recognized objects and their spatial relations among each other, plus

additional information from a semantic environment map. This in-

formation is then used to mine potential object classes based on the

semantic relatedness of concepts in the Web. In particular, we use

DBpedia as a resource for object knowledge, and will later on use

WordNet to investigate object taxonomies. The result of the web min-

ing component is a ranked list of potential objects classes, expressed

as DBPedia entries, which allows us access to further information

beyond just the class of an object, such as categorical knowledge. An

overview of the entire developed system is given in Figure 2.

Overall, we see our context-based class prediction approach as a

means to restrict the number of applicable classes for an object. The

aim of our knowledge-enabled perception system is not to replace a

bottom-up perception system but rather to complement it as an addi-

tional expert. For example, in the context of a crowdsourcing-based

labeling platform our system could generate label suggestions for

users. Thereby labeling tasks can be performed in less time and ob-

ject labels would be more consistent across users. Hence, we belief

that our system provides an essential functionality in the context of

lifelong object learning.

Before we present related work in Section 3 we briefly discuss

various resources of object knowledge.

Resources for object knowledge To provide a common format for

object knowledge, and to access the wide variety of structured knowl-

edge available on the Web, we link the observations made by the

robot to DBpedia concepts. DBpedia [2] is a crowd-sourced commu-

nity effort started by the Semantic Web community to extract struc-

tured information from Wikipedia and make this information avail-

able on the Web. DBpedia has a broad scope of entities covering dif-

ferent domains of human knowledge: it contains more than 4 million

things classified in a consistent ontology and denoted by a URI-based
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Figure 2. System overview. The robot perception component identifies all

object candidates within a scene. All object candidates that can be recog-

nized are labled according their class, all remaining objects are labeled as

’unknown’. Furthermore, the component computes the spatial relations be-

tween all objects in the scene. Together with context information from a se-

mantic environment map, the robot generates a query to a web service which

is processed by the Semantic Web mining component. Based on the semantic

relatedness of objects the component provides a ranked list of the potential

classes for all unknown objects.

reference of the form http://dbpedia.org/page/Teapot
for the Teapot concept. DBpedia supports sophisticated queries (us-

ing an SQL-like query language for RDF called SPARQL) to mine

relationships and properties associated with Wikipedia resources.

We link the objects that the robot can encounter in natural environ-

ments to DBpedia concepts, thus exploiting this structured, ontolog-

ical knowledge.

BabelNet [16] is both a multilingual encyclopedic dictionary and

a semantic network which connects concepts and named entities in a

very large network of semantic relations (about 14 million entries).

BabelNet covers and is obtained from the automatic integration of

several resources, such as WordNet [6], Wiktionary and Wikipedia.

Each concept contained in BabelNet is represented as a vector in a

high-dimensional geometric space in the NASARI resource, that we

use to compute the semantic relatedness among objects.

3 Related Work

To obtain information about unknown objects from the Web, a robot

can use perceptual or knowledge-based queries. Future systems will

inevitably need to use both. In this paper we focus on the knowledge-

based approach, but this can be seen as complementary to systems

which use image-based queries to search databases of labelled im-

ages for similarity, e.g. [17].

Although the online learning of new visual object models is cur-

rently a niche area in robotics, some approaches do exist [5, 7]. These

approaches are capable of segmenting previously unknown objects

in a scene and building models to support their future re-recognition.

However, this work focuses purely on visual models (what objects

look like), and does not address how the learnt objects are described

semantically (what objects are).

The RoboSherlock framework [1] (which we build upon, see Sec-

tion 4.1) is one of the most prominent projects to add semantic de-

scriptions to objects for everyday environments, but the framework

must largely be configured a priori with knowledge of the objects

in its environment. It does support more open ended performance,

e.g. through the use of Google Goggles, but does not use spatial

or semantic context for its Web queries, only vision. The same re-

search group pioneered Web and cloud robotics, where tools such as

KNOWROB [20] (also used in RoboSherlock) both formalised robot

knowledge and capabilities, and used this formal structure to exploit

the Web for remote data sources and knowledge sharing. In a more

supervised setting, many approaches have used humans to train mo-

bile robots about new objects in their environment [9, 19] and robots

have also used Web knowledge sources to improve their performance

in closed worlds, e.g. the use of object-room co-occurrence data for

room categorisation in [10].

The spatial organisation of a robot’s environment has also been

previously exploited to improve task performance. For example, [21,

12] present a system in which the previous experience of spatial ar-

rangements of desktop objects is used to refine the results of a noisy

object categorisation system. This demonstrates the predictive power

of spatial arrangements, which is something we also exploit in this

paper. However this prior work matched between scenes in the same

environment and input modality. In our work we connect spatial ar-

rangements in the robot’s situated experience to structured knowl-

edge on the Web.

Our predictions for unknown objects rely on determining the se-

mantic relatedness of terms. This is an important topic in several

areas, including data mining, information retrieval and web rec-

ommendation. [18] applies ontology-based similarity measures in

the robotics domain. Background knowledge about all the objects

the robot could encounter, is stored in an extended version of the

KNOWROB ontology. Then, WUP similarity [22] is applied to cal-

culate relatedness of the concept types by considering the depth of

the concepts and the depth of their lowest common super-concept in

the ontology. [14] presents an approach for computing the seman-

tic relatedness of terms using ontological information extracted from

DBpedia for a given domain, using the results for music recommen-

dations. Contrary to these approaches, we compute the semantic re-

latedness between objects by leveraging the vectorial representation

of the DBpedia concepts provided by the NASARI resource [3]. This

method links back to earlier distributional semantics work (e.g. La-

tent Semantic Analysis [13]) with the difference that here concepts

are represented as vectors, rather than words.

4 Situated Robot Perception

4.1 The RoboSherlock Framework

To be able to detect both known and unknown objects in its envi-

ronment a robot must have perceptual capabilities. Our perception

pipeline is based on the RoboSherlock framework [1], an open-source

framework for implementing perception systems for robots, geared

towards interaction with objects in human environments. The use of

RoboSherlock provides us with a suite of vision and perception al-

gorithms. Following the paradigm of Unstructured Information Man-
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agement (as used by the IBM Watson project), RoboSherlock ap-

proaches perception as a problem of content analysis, whereby sen-

sor data is processed by a set of specialised information extraction

and processing algorithms called annotators. The RoboSherlock per-

ception pipeline is a sequence of annotators which include plane seg-

mentation, RGB-D object segmentation, and object detection algo-

rithms. The output of the pipeline includes 3D point clusters, bound-

ing boxes of segmented objects (as seen in Figure 2), and feature vec-

tors (colour, 3D shape and texture) describing each object. These fea-

ture vectors are important as they allow the robot to track unknown

objects as it takes multiple views of the same scene. Though in this

paper we work with a collected and annotated dataset, we do not re-

quire the segmentation or 3D object recognition steps RoboSherlock

can provide via LINE-MOD-3D [11], though this component is used

in our full Robot and Simulated system where a range of perception

algorithms are connected and used instead of dataset input. We make

use of all other RoboSherlock capabilities the pipeline to process the

data and provide a general architecture for our representation and ex-

traction of historical spatial context, web query generation and the

application of Qualitative Spatial Relations, which we will discuss in

a following section.

4.2 Scene Perception
In this paper we assume the robot is tasked with observing objects

in natural environments. Whilst this is not a service robot task in it-

self, it is a precursor to many other task-driven capabilities such as

object search, manipulation, human-robot interaction etc. Similar to

prior work (e.g. [18]) we assume that the robot already has a semantic

map of its environment which provides it with at least annotations of

supporting surfaces (desks, worktops, shelves etc.), plus the semantic

category of the area in which the surface is located (office, kitchen,

meeting room etc.). Surfaces and locations are linked to DBpedia en-

tries just as object labels are, typically as entities under the categories

Furniture and Room respectively.

From here, we have access to object, surface and furniture labels

described by the data, along with 3D bounding boxes via 3D point

data. In the kitchen scene the robot may observe various objects typ-

ical of the room, such as a refrigerator, a cabinet, mugs, sugar bowls

or coffee tins. Their positions in space relative to a global map frame

are recorded and we can then record the distance between objects,

estimate their size (volume) and record information about their co-

occurrences, and the surfaces upon which they were observed, by

updating histograms attached to each object.

In the following we assume that each scene only contains a single

unknown object, but the approach generalises to multiple unknown

objects treated independently. Joint inference over multiple unknown

objects is future work.

4.3 Spatial and Semantic Context Extraction
In order to provide additional information to help subsequent compo-

nents predict the unknown object, we augment the scene description

with additional spatial and semantic context information, describing

the relationships between the unknown object and the surrounding

known objects and furniture. This context starts from the knowledge

we already have in the semantic map: labels for the room and surface

the object is supported by.

We make use of Qualitative Spatial Relations (QSRs) to repre-

sent information about objects [8]. QSRs discretise continuous spa-

tial measurements, particularly relational information such as the dis-

tance and orientation between points, yielding symbolic representa-

tions of ranges of possible continuous values. In this work, we make

use of a qualitative distance measure, often called a Ring calculus.

When observing an object, we categorise its distance relationship

with any other objects in a scene with the following set of sym-

bols: near0, near1, near2, where near0 is the closest. This is ac-

complished by placing sets of thresholds on the distance function

between objects, taken from the centroid of the 3D cluster. For exam-

ple, this allows us to represent that the mug is closer to the spoon than

the kettle (near0(mug, spoon) near2(mug, kettle)) without using

floating-point distance values based on noisy and unreliable readings

from the robot’s sensors. The RoboSherlock framework provides a

measure of the qualitative size of objects by thresholding the values

associated with the volume of 3D bounding-boxes around objects as

they are observed. We categorise objects as small,medium, large
in this way, allowing the robot to represent and compare object sizes.

Whilst our symbolic abstractions are currently based on manual

thresholds, approaches exist for learning parametrisations of QSRs

through experience (e.g. [23]) and we will try this in the future. For

now, we choose parameters for our qualitative calculi tuned by our

own knowledge of objects in the world, and how they might relate.

We use near0 for distances in cluster space lower than 0.5, near1
for distances between than 0.5 and 1.0, near2 for distances between

1.0 and 3.5 and near3 for distances greater than 3.5.

As the robot makes subsequent observations, it may re-identify the

same unknown object in additional scenes. When this happens we

store all the scene descriptions together, providing additional context

descriptions for the same object. In Figure 3 we show part of the

data structure describing the objects that co-occured with a plate in a

kitchen, and their most common qualitative spatial relations.

1 "co_occurrences": [
2 ["Coffee", 0.5, "near_0" ],
3 ["Kitchen_side", 1.0,"near_0" ],
4 ["Kitchen_cabinet", 1.0,"near_1" ],
5 ["Fridge", 0.625,"near_1" ],
6 ["Teabox", 0.625,"near_0" ],
7 ["Waste_container", 0.375,"near_2" ],
8 ["Utensil_rack", 0.625, "near_1" ],
9 ["Sugar_bowl_(dishware)", 0.625,"near_0" ]

,
10 ["Electric_water_boiler", 0.875,"near_1" ],
11 ["Sink", 0.625, "near_1" ] ],
12 "context_history": [
13 ["Kitchen", 1.0, "Kitchen_counter",1 ],
14 [ "Office", 0.0,"Desk", 0 ]],
15 "context_room_label": "Kitchen",
16 "context_surface_label": "Kitchen_counter",

Figure 3. An example data fragment taken from a series of observations

of a Plate in a series of kitchen scenes, showing object, furniture, room and

surface co-occurence

5 Semantic Web Mining
For an unknown object, our aim is to be able to provide a list of likely

DBpedia concepts to describe it, and we will later consider and com-

pare the merits and difficulties associated with providing object la-
bels and object categories. As this knowledge is not available on the

robot (the object is locally unknown), it must query an external data
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source to fill this knowledge gap. We therefore use the scene descrip-

tions and spatial contexts for an unknown object to generate a query

to a Web service. In return this service provides a list of the possi-

ble DBpedia concepts which may describe the unknown object. We

expect the robot to use this list in the future to either automatically

label a new object model, or to use the list of possible concepts to

guide a human through a restricted (rather than open-ended) learning

interaction.

The Web service provides access to object- and scene-relevant

knowledge extracted from Web sources. It is queried using a JSON

structure sent via an HTTP request (shown in Figure 2). This struc-

ture aggregates the spatial contexts collected over multiple observa-

tions of the unknown object. In our current work we focus on the

co-occurrence structure. Each entry in this structure describes an ob-

ject that was observed with the unknown object, the ratio of observa-

tions this object was in, and the spatial relation that most frequently

held between the two. The room and surface fields describe where

the observations were made.

Upon receiving a query, the service computes the semantic relat-
edness between each object included in the co-occurrence structure

and every object in a large set of candidate objects from which pos-

sible concepts are drawn from (we discuss the nature of this set in

Section 6).

This semantic relatedness is computed by leveraging the vectorial

representation of the DBpedia concepts provided by the NASARI

resource [3]. In NASARI each concept contained in the multilin-

gual resource BabelNet [16] is represented as a vector in a high-

dimensional geometric space. The vector components are computed

with the word2vec [15] tool, based on the cooccurrence of the men-

tions of each concept, in this case using Wikipedia as source corpus.

Since the vectors are based on distributional semantic knowl-

edge (based on the distributional hypothesis: words that occurr to-

gether often are likely semantically related.), vectors that represent

related entities end up close in the vector space. We are able to mea-

sure such relatedness by computing the inverse of the cosine dis-

tance between two vectors. For instance, the NASARI vectors for

Pointing device and Mouse (computing) have relatedness

0.98 (on a continuous scale from 0 to 1), while Mousepad and

Teabox are 0.26 related.

The system computes the aggregate of the relatedness of a candi-

date object to each of the scene objects contained in the query. Us-

ing relatedness to score the likely descriptions of an unknown object

follows from the intuition that related objects are more likely than

unrelated objects to appear in a scene, e.g., to identify a Teapot is

more useful to know that there is a Teacup at the scene rather than

a Desk.

Formally, given n observed objects in the query q1, ..., qn, and m
candidate objects in the universe under consideration o1, ..., om ∈
O, each oi is given a score that indicates its likelihood of being the

unknown object by aggregating its relatedness across all observed

objects. The aggregation function can be as simple as the arithmetic

mean of the relatedness scores, or a more complex function. For in-

stance, if the aggregation function is the product, the likelihood of an

object oi is given by:

likelihood(oi) =

n∏
j=1

relatedness(oi, qj)

For the sake of this work, we experimented with the product as

aggregating function. This way of aggregating similarity scores gives

higher weight to highly related pairs, as opposed to the arithmetic

mean, where each query object contributes equally to the final score.

The idea behind this choice is that if an object is highly related to the

target it should be regarded as more informative.

The information carried by each query is richer than just a bare set

of object labels. One piece of knowledge that can be exploited to ob-

tain a more accurate prediction is the relative position of the observed

objects with respect to the target unknown object. Since this informa-

tion is represented as a discrete level or proximity (from near 0 to

near 3), we can use this as a threshold to determine whether or not

an object should be included in relatedness calculation. In this work

we discard any object related by near 3, based on the intuition that

the further away an object is spatially, the less related it is. Section 6.2

includes an empirical investigation into approach.

For clarity, here we present an example of execution

of the algorithm described above on the query corre-

sponding to the kitchen example seen throughout the pa-

per. The input to the Web module is a query contain-

ing a list of pairs (object, distance): (Refrigerator, 3),

(Kitchen cabinet, 3), (Sink, 3), (Kitchen cabinet, 3),

(Sugar bowl (dishware), 1), (Teabox, 1),

(Instant coffee, 2), (Electric water boiler, 3). For

the sake of readability, let us assume a set of candidate objects made

only of three elements: Tea cosy, Pitcher (container) and

Mug. Table 1 show the full matrix of pairwise similarities.

Tea cosy Pitcher (container) Mug
Refrigerator 0.473 0.544 0.522
Sink 0.565 0.693 0.621
Sugar bowl (dishware) 0.555 0.600 0.627
Teabox 0.781 0.466 0.602
Instant coffee 0.821 0.575 0.796
Electric water boiler 0.503 0.559 0.488
product 0.048 0.034 0.047

Table 1. Object similarity of the three candidates Tea cosy,

Pitcher (container) and Mug to the objects observed at the ex-

ample kitchen scene. The last line shows the similarity scores aggregated by

product.

Among the three candidates, the one with highest aggregated score

is Tea cosy, followed by Mug and Pitcher (container).

For reference, the ground truth in the example query is Mug, that

ended up second in the final ranking returned by the algorithm.

We can also alter the performance of the system using the

frequency of the objects returned by the query. The notion of

frequency, taken from [4], is a measure based on the number

of incoming links in the Wikipedia page of an entity. Using

this measure we can choose to filter uncommon objects from

the results of the query, by thresholding with a given frequency

value. In the example above, the frequency counts of Tea cosy,

Pitcher (container) and Mug are respectively 25, 161 and

108. Setting a threshold anywhere between 25 and 100 would fil-

ter Tea cosy out of the result, moving up the ground truth to

rank 1. Similarly, we can filter out objects that are too far from

the target by imposing a limit on their observed distance. A thresh-

old of 2 (inclusive) for the distance of the objects in the example

would exclude Refrigerator, Kitchen cabinet, Sink and

Electric water boiler from the computation.

Other useful information available from the spatial context in-

cludes the label of the room, surface or furniture where the unknown

was observed. Unfortunately, in order to leverage such information,

one needs a complete knowledge base containing these kind of rela-

tions, and such a collection is unavailable at the moment. However,
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the room and the surface labels are included in the relatedness calcu-

lations along with the observed objects.

6 Experiments

In order to evaluate the effectiveness of the method we propose in

predicting unknown objects’ labels, we perform some experimental

tests. In this section we report on the experimental setup and the re-

sults we obtained, before discussing them in further detail.

6.1 Experimental Set-up

Our experimental evaluation is an experiment based on a collection

of panoramic RGB-D scans taken from an autonomous mobile ser-

vice robot deployed in a working office for a month. It took these

scans at fixed locations according to a flexible schedule. After the

deployment we annotated the objects and furniture items in these

sweeps, providing each one with a DBpedia concept. This gives us

1329 real world scenes (384 kitchen, 945 office) on which we can

test our approach. From this data, our evaluation treats each labeled

object in turn as an unknown object in a leave-one-out experiment,

querying the Web service with the historical spatial context data for

the unknown object similar to that shown in Figure 3.

Figure 4. An example office scene as an RGB image from our real-world

deployment. Our data contains 945 office scenes, and 384 kitchen scenes.

In all of the experiments we compare the ground truth (known la-

bel in the data) to the DBpedia concepts predicted by our system. We

measure performance based on two metrics. The first WUP similar-
ity measures the semantic similarity between the ground truth and the

concept predicted as most likely for the unknown object. The second

measure is the ranking of the ground truth in the list of suggested

concepts.

For the experiments, the set of candidate objects (O in Section 5)

was created by adding all concepts from the DBpedia ontology con-

nected to the room types in our data by up to a depth of 3. For ex-

ample, starting from office leads us to office equipment, computers,

stationary etc. This resulted in a set of 1248 possible concepts. We

set the frequency threshold to 20, meaning we ignored any suggest

concept which had a frequency value lower than this. This means un-

common concepts such as Chafing dish (frequency=13) would

always be ignored if suggested, but more common ones such as

Mouse (computing) (frequency=1106) would be kept.

6.2 Results

Figure 5. WUP similarity measure between WordNet synsets of ground

truth and top-ranked result, with t = 50, p = 2 using the prod method.

Ranks closer to 1 are better. Values closer to 1 indicate similarity, and values

closer to 0 indicate dissimilarity.

Figure 6. Rank in result by object category, matching the highest ranked

object with a category shared with the ground truth in the result set, with

varying values of the parameter t, with p = 2 and the prod method. Ranks

closer to 1 are better. Ranking is determined by the position in the result of

the first object with an immediate category in common with the ground truth.

56% (9/16) achieve <= 10.
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Figure 7. Rank in result by object label, matching the label of the ground

truth in the result set, with varying values of the parameter t, with p = 2

and the prod method. Increasing values of T can cause some objects to be

excluded from the result set entirely, such as the Teaware or Monitor at T=50

Figure 5 shows the result of calculating the WUP similarity [22]

between the WordNet synsets of the ground truth and the top-ranked

result from our semantic web-mining system. WUP measures seman-

tic relatedness by considering the depth of two synsets in addition to

the depth of their Lowest Common Subsumer (LCS). This means that

large leaps between concepts will reduce the eventual similarity score

more than small hops might. To do this we used ready available map-

pings to link DBPedia concepts in our system to WordNet synsets,

which are themselves organised as a hierarchy of is-a relations. This

is in contrast to DBPedia, which is organised as a directed acyclic

graph, and while that still means that we could apply the WUP mea-

sure to DBPedia nodes directly, WordNet offers a more structured

taxonomy of concepts that is more well-suited to this kind of work.

This serves to highlight the importance of a multi-modal approach

to the use of such ontologies. In the results, the system predicted

Lightpen when the ground truth was Mouse producing a WUP

score of 0.73, with the LCS being the Device concept, with Mouse
and Lightpen having depth 10 and 11 respectively, and Device hav-

ing depth 8 measured from the root node of Entity. In this case, the

system suggested an object that fell within 3 concepts of the ground

truth, and this is true for the majority of the results in 5. However,

in the case of refrigerator as the ground truth, the system sug-

gests keypad as the highest ranked result, producing a WUP score

of 0.52. Here, the LCS is at depth 6 with the concept Artifact, the

ground truth refrigerator is at depth 13 and the prediction keypad
is at depth 10. While in this case the node distance between the LCS

and the prediction is 4, where in the previous example it was 3, the

WUP score is much worse here (0.73 vs 0.52) as there are more

large leaps across conceptual space. Our best result in this experi-

ment is for Printer as the ground truth, for which the system sug-

gests keypad again, however the LCS here is the peripheral node

at depth 10, where printer is at depth 11 and keypad is at depth 12.

Mean Median Std. Dev Variance Range

WUP 0.69 0.70 0.12 0.01 0.43

Category Rank 17.00 9.50 20.17 407.20 73.00

Object Rank 50.93 36.5 50.18 2518.32 141

Figure 8. Statistics on WUP and Rank-in-result data, both for t = 50, p =

2 using prod

The system suggests a range of objects that are closely related to

the unknown object, inferred only from its spatial context and knowl-

edge of the objects and environment around it. From here this allows

us to generate a list of candidate concepts which we can use in a sec-

ond stage of refinement, such as by presentation to a human-in-loop.

Figure 6 shows how frequency thresholding effects the perfor-

mance of the system. In this experiment we consider the position

in the ranked result of the first object with an immediate parent DB-

Pedia category in common with the ground truth. Doing so essen-

tially maps the larger set of object labels to a smaller set of object

categories. This is in contrast to considering the position in the re-

sult of the specific ground truth label, as shown in Figure 7, and

allows us to generate a ranking over categories of objects. To en-

sure categories remain relevant to the situated objects we are in-

terested in, we prune a number DBPedia categories such as those

listing objects invented in certain years, or in certain countries. We

regard these as being overly broad, and provide a more abstract de-

gree of semantic knowledge about objects than we are interested in.

As such, we retrieve the rank-in-result of the first object that shares

an immediate DBPedia category with the ground truth, which in the

case of Electric water boiler turns out to be Samovar, a kind of

Russian water boiler, as both share the immediate ancestor category

Boilers (cookware). The Samovar, and thus the boiler category,

appears at rank 12, whereas the specific label Electric water boiler
appears near the end of the result set of 1248 objects, which covers

641 unique DBPedia categories. In our results, categories associated

with 9 of the 16 objects (56%) appear within the result’s top 10 en-

tries. Here as we filter out uncommon words by increasing the filter

threshold T we improve the position of the concept in the list. Whilst

this allows us to definitely remove very unlikely answers that appear

related due to some quirk of the data, the more we also start to re-

duce the ability of the robot to learn about certain objects. This is

discussed further in Section 7.

Unlike WordNet synsets and concepts, DBPedia categories

are more loosely defined and structured, being generated from

WikiPedia, but this means they are typically richer in the kind of

semantic detail and broad knowledge representation that may be

more suitable for presentation to humans, or more easily mapped

to human-authored domains. While WordNet affords us access

to a well-defined hierarchy of concepts, categories like device
and container are fairly broad, whereas DBPedia categories such

as V ideo game control methods or Kitchenware describe a

smaller set of potential objects, but may be more semantically mean-

ingful when presented to humans.

7 Discussion

Overall, whilst the results of our object category prediction system

show that it is possible for this novel system to generate some good

predictions, the performance is variable across objects. There are a

number of factors that influence performance, and lead to this vari-

ability. The first issue is that the current system does not rule out
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suggestions of things it already knows. For example if the unknown

object is a keyboard, the spatial context and relatedness may result

in a top suggestion of a mouse, but as the system already knows

about that, it is probably a less useful suggestion. However, it is pos-

sible that the unknown object could be a mouse, but has not been

recognised correctly. Perhaps the most fundamental issue in the chal-

lenge of predicting objects concepts from limited information is how

the limit the scope of suggestions. In our system we restricted our-

selves to 1248 possible concepts, automatically selected from DB-

pedia by ontological connectivity. This is clearly a tiny fraction of

all the possible objects in existence. On one hand this means that

our autonomous robot will potentially be quite limited in what it

can learn about. On the other hand, a large number of this restricted

set of objects still make for highly unlikely suggestions. One rea-

son for this is the corpus-based automatically-extracted nature of

DBpedia, which means that it includes interesting objects which

may never be observed by a robot (e.g. Mangle (machine)).

More interestingly though is the effect that the structure of the

ontology has on the nature of suggestions. In this work we have

been using hierarchical knowledge to unpin our space of hypothe-

ses (i.e. the wider world our robot is placed within), but have not

addressed this within our system. This leads to a mismatch between

our expectations and the performance of the system with respect

to arbitrary precision. For example, if the robot sees a joystick as

an unknown object, an appropriate DBpedia concept would seem

(to us) to be Controller (computing) or Joystick. How-

ever, much more specific concepts such as Thrustmaster and

Logitech Thunderpad Digital are also available to the sys-

tem in its current form. When learning about an object for the first

time, it seems much more useful for the robot to receive a sugges-

tion of the former kind (allowing it to later refine its knowledge to

locally observable instances) than the latter (which unlikely to match

the environment of the robot). Instead, returning the category of the

ranked objects our system suggests allows us to go some way to-

wards this as shown in Figure 6, but still provides us a range of pos-

sible candidate categories – though narrowed down from 641 possi-

ble categories, to in some cases less than 5. As such, from here we

can switch to a secondary level of labelling: that of a human-in-loop.

We will next integrate the suggestion system with a crowd-sourcing

platform, allowing humans that inhabit the robot’s environment to

help it label unknown objects. The suggestion system will be used

to narrow down the list of candidate categories that will be shown to

users as they provide labels for images of objects the robot has seen

and learned, but has not yet labelled. While further work is necessary

to refine the current 56% of objects that have a category in the top-

10 ranked result, we expect that the current results will be sufficient

enough to allow a human to pick a good label when provided a brief

list of candidates and shown images of the unknown objects. Such

systems are crucial for life-long situated learning for mobile robot

platforms, and will allow robot systems to extend their world models

over time, and learn new objects and patterns.

The issue of how to select which set of possible objects to draw

suggestions from is at the heart of the challenge of this work: make

the set too large and it is hard to get good, accurate suggestions, but

make it too small and you risk ruling out objects that your robot

may need to know about. Whilst the use of frequency-based filter-

ing improved our results by removing low-frequency outliers, more

semantically-aware approaches may be necessary to improve things

further. Further improvements can be made, for instance we largely

do not use current instance observations about the object, but prefer

its historical context when forming queries. This may be the wrong

thing to do in some cases, in fact it may be preferable to weight ob-

servations of object context based on their recency. The difference

between historical context and the context of an object in a particu-

lar instance may provide important contextual clues, and allow us to

perform other tasks such as anomaly detection or boost the speed of

object search tasks.

One issue we believe our work highlights is the need to integrate a

multi-modal approach to the use of differing corpora and ontologies.

For instance, the more formal WordNet hierarchy was used to cal-

culate the semantic relatedness of our experiment results, rather than

the less formal DBPedia ontology. However we hold that the DBPe-

dia category relationships are more useful in the human-facing com-

ponent of our system. There exist other ontologies such as YAGO

which integrates both WordNet and DBPedia, along with its own

category system, that will certainly be of interest to us in the future

as we seek to improve the performance of our system. One of our

primary goals is to better exploit the hierarchical nature of these on-

tologies to provide a way of retrieving richer categorical information

about objects. While reliably predicting the specific object label from

spatial context alone is difficult, we can provide higher-level ances-

tor categories that could be used to spur further learning or improve

previous results. As such, we view the prediction process as one of

matching the characteristics of a series of increasingly more specific

categories to the characteristics of an unknown object, rather than

immediately attempting to match the specific lowest-level character-

istics and produce the direct object label. This requires an ontology

both formally-defined enough to express a meaningful hierarchy of

categories for each item, and broad enough to provide us mapping

to a large set of common-sense categories and objects. It is not clear

yet which combination of existing tools will provide the best route to

accomplishing this.

8 Conclusions

In this paper we presented an integrated system for solving a novel

problem: the suggestion of concept labels for unknown objects ob-

served by a mobile robot. Our system stores the spatial contexts in

which objects are observed and uses these to query a Web-based sug-

gestion system to receive a list of possible concepts that could apply

to the unknown object. These suggestions are based on the related-

ness of the objects observed with the unknown object, and can be

improved by filtering the results based on both frequency and spatial

proximity. We evaluated our system data from real office observa-

tions and demonstrated how various filter parameters changed the

match of the results to ground truth data.

We showed that the suggestion systems provides object label sug-

gestions with a reasonably high degree of semantic similarity, as

measured by WUP similarity on WordNet synsets. We also achieved

success in retrieving the categories of objects, rather than their di-

rect labels. In the future we will explore the hierarchical nature of

the knowledge used for object concept suggestions, explore different

corpora and ontologies to base the suggesting system on, and perform

a situated evaluation of our system on a mobile robot with additional

perceptual learning capabilities, and crowd-sourcing functionality to

label objects on-line with the help of humans using the suggestion

system.

The research leading to these results has received funding from the
European Union Seventh Framework Programme (FP7/2007-2013)
under ALOOF project (CHIST-ERA program)
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Thiemo Wiedemeyer, and Zoltán-Csaba Marton, ‘Robosherlock: Un-
structured information processing for robot perception’, in ICRA,
(2015).

[2] Christian Bizer, Jens Lehmann, Georgi Kobilarov, Sören Auer, Chris-
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Declaratively Capturing Local Label Correlations with
Multi-Label Trees

Reem Al-Otaibi 1 2 and Meelis Kull 1 3 and Peter Flach 1

Abstract. The goal of multi-label classification is to predict mul-

tiple labels per data point simultaneously. Real-world applications

tend to have high-dimensional label spaces, employing hundreds or

even thousands of labels. While these labels could be predicted sepa-

rately, by capturing label correlation we might achieve better predic-

tive performance. In contrast with previous attempts in the literature

that have modelled label correlations globally, this paper proposes a

novel algorithm to model correlations and cluster labels locally. La-
CovaC is a multi-label decision tree classifier that clusters labels into

several dependent subsets at various points during training. The clus-

ters are obtained locally by identifying the conditionally-dependent

labels in localised regions of the feature space using the label correla-

tion matrix. LaCovaC interleaves between two main decisions on the

label matrix with training instances in rows and labels in columns:

splitting this matrix vertically by partitioning the labels into subsets,

or splitting it horizontally using features in the conventional way. Ex-

periments on 13 benchmark datasets demonstrate that our proposal

achieves competitive performance over a wide range of evaluation

metrics when compared with the state-of-the-art multi-label classi-

fiers.

1 Introduction and Motivation
In traditional classification each data point is assigned to a single

label. In binary classification each point can belong to one of two

classes, whereas in multi-class classification the setting is more gen-

eral, allowing each training point to belong to one of more than two

classes. Multi-label classification generalises both by allowing more

than one label for each data point [20, 28]. Thus, it allows for a wide

range of applications, such as text categorisation, image and movie

tagging, and gene function prediction. For example, a medical diag-

nosis might find a patient has multiple diseases at one time; an article

that gives statistics about the number of students who have applied

to Medical schools in a country could be categorised as both edu-

cational and medical; and an image that captures a beach at sunset

could belong to both beach and sunset groups. Thus, all these exam-

ples naturally yield multiple labels.

Existing approaches in multi-label learning can be categorised

into two main types. Problem transformation approaches decompose

multi-label data into several binary problems, in order to use a binary

classifier. For example, a multi-label problem with |L| labels can be

solved with |L| binary classifiers, in which all predictions are then

merged to produce final predictions. In the second type of approaches

the algorithms handle multi-label data directly.

1 Intelligent System Laboratory, University of Bristol, United Kingdom,
emails: ra12404, meelis.kull, peter.flach@bristol.ac.uk

2 King Abdulaziz University, Saudi Arabia
3 University of Tartu, Estonia

The main challenge to note is that labels in real-world applica-

tions often have a relationship or connection, whereby the presence

of one label affects or depends on another. Several studies argue that

exploiting label correlations is important in the area of multi-label

classification [7, 27, 28]. Although a considerable amount of work

has been done in this area, these have chiefly focused on a global ap-

proach, in which label correlations are identified as a pre-processing

step prior to training the model.

Decision tree algorithms are among the most widely used algo-

rithms for classification [13, 17]. Considering the advantages of de-

cision tree models, this paper proposes LaCovaC, which is a multi-

label decision tree classifier. LaCovaC utilises the label correlation

matrix at every node of the tree to find possible clusters among the

labels. In addition to internal nodes that split the dataset horizontally

based on selected features, LaCovaC introduces a second kind of

node for splitting the label space vertically. At deployment, a hori-

zontal split routes to exactly one child node according to a feature

value as per normal, while a vertical split tests all outgoing edges to

collect predictions about the entire labelset.

The remainder of this paper is organised as follows. Section 2 pro-

vides an overview of existing approaches to exploit correlations in

multi-label classification. LaCovaC is presented in Section 3, and

an experimental evaluation is presented and discussed in Section 4.

Section 5 concludes the paper by stating the main findings and pos-

sible avenues for further work.

2 Related Work
Two well-known baseline algorithms have been considered for use as

problem transformation methods: Binary Relevance (BR) [19] and

Label Powerset (LP) [23]. BR applies one binary classifier to each

individual label. It transforms the original dataset D into |L| datasets,

each of which comprises all examples of the original dataset. The ex-

amples are labelled positively if the labelset for the original example

contains this label, and negatively if not. To classify a new instance,

BR outputs the union of labels that have been positively predicted by

the |L| classifiers. Label Powerset (LP), also known as Label Combi-

nation, considers each unique set of labels that exists in a multi-label

training set as a new class in a multi-class classification task. It is ap-

parent that BR does not model label dependency, whereas LP does.

However, overfitting and the exponential number of label combina-

tions are potential difficulties affecting LP. Therefore, many different

directions have been taken in the literature to address label correla-

tions. We summarise these into several distinct approaches below.

The first approach is to transform a multi-label problem into sev-

eral binary classification tasks by considering label correlations. A

well-known algorithm called the Classifier Chain (CC) involves |L|
binary classifiers as in BR, but orders them along a chain, wherein
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each classifier deals with the binary relevance problem associated

with a label. Importantly, the feature space of each link in the chain

is extended with the 0/1 label predictions for all previous links [16].

The same authors of CC have proposed the Ensembles of Classi-

fier Chains (ECC), an ensemble method where the individual clas-

sifiers are trained with different orders of labels in the chain and a

random subset of the training data, encouraging variability among

the classifiers. These predictions are summed per label so that each

label receives a number of votes. A threshold is used to select the

most popular labels, which form the final predicted label set [16].

Clearly, CC and ECC are sensitive to the label order in the training

process. A number of extensions to the original CC method have

been proposed in [6, 7, 11, 15, 26], aiming at eliminating the key

drawback in the CC, which is the lack of a principled way to decide

on the label ordering.

Although CC considers label correlations by inserting the labels as

new features, there is an important point to consider. It is the fact that

all labels are inserted as additional features along the chain until the

last label in the chain contains all previous labels as extra input fea-

tures. This can be a limiting factor in high-dimensional label spaces.

Furthermore, these methods force all preceding labels to be addi-

tional features for the examined label which might not be relevant or

useful.

The second approach is to exploit correlations between labels by

clustering them. The hierarchy of multi-label classifier (Homer) or-

ganises all labels into a tree-shaped hierarchy, with leaf nodes con-

taining a single label [21]. Each node has training instances that are

annotated with at least one of its labels. In the training phase, a multi-

label classifier is trained for each node to predict a subset of labels in

that node. In particular, a leaf node constructs a binary classifier to

predict its single label. Given an unseen instance, Homer starts from

the root node and proceeds to any successor node only if at least one

of its labels was predicted by its parent node. In the end, this process

reaches a subset of leaves and the final prediction is combined from

predictions of these leaves. A recent work proposed in [4] combines

the LP and BR methods, and is called LPBR. Its first step is to ex-

plore the dependencies between labels and then to cluster these labels

into several independent subsets, according to the chi-squared statis-

tic. Subsequently, a multi-label classifier is learnt: if the set contains

only one label, BR is applied; for a group of dependent labels, LP

is used. LPBR implements a greedy clustering algorithm that con-

tinues clustering as long as the loss function improves. While LPBR

showed an improvement in terms of classification accuracy, it is com-

putationally expensive.

In [12] the authors propose a method ML-LOC which first clusters

the instances with respect to similarity of features and labels jointly.

Subsequently, the feature space is extended with an additional fea-

ture encoding the cluster membership. Given a test instance, this ad-

ditional feature is predicted using a regression model. The final pre-

dictions are then obtained from any standard multi-label classifier,

trained on the extended feature space.

The final approach is to adopt decision tree algorithms in a multi-

label setting. ML-C4.5 was proposed by [5] to deal with multi-label

data, while the basic strategy was to define multi-label entropy sepa-

rately over a set of multi-label examples. The modified entropy sums

the entropies for each individual label. Another recent work was pro-

posed in [10], and also builds a single tree for a multi-label dataset.

They proposed a hybrid decision tree architecture to utilise support

vector machines (SVMs) at its leaves. This approach, known as ML-

SVMDT, combines two models: ML-C4.5 and BR. It builds a single

decision tree, similar to ML-C4.5, whose leaves contain BR clas-

sifiers giving multi-label predictions using SVM. LaCova was pro-

posed in [2] and is a tree based multi-label classifier that uses label

covariance as a splitting criterion. The principle of LaCova is to use

the label covariance matrix at each node of the tree to treat labels

independently (i.e., learn a BR model from then on) or keep them

together (LP) for now.

In this work we explore the value of mediating between these

extreme decisions at each node in the tree. We propose LaCovaC
which – different from previous methods – clusters labels dynami-
cally during the construction of the decision tree, and hence mod-

els conditional label correlations at every node of the tree. Although

other models attempt to cluster labels, they do so over the entire

dataset, e.g. Homer and LPBR. In practice, conditional correlations

that are used for clustering may be local, and depend on specific fea-

ture values. Hence LaCovaC will not separate labels automatically

as happens in BR, but only in cases when labels are uncorrelated.

Additionally, LaCovaC would not model the joint distribution at all

times, as this can cause overfitting, as in LP. These decisions are

taken locally at every node in the tree.

3 The Proposed Model
The key theoretical underpinning of decision trees is that they iden-

tify regions in instance space with low label variance, which is built

into the splitting criterion. Naive extensions to the multi-label setting

would either lead to a separate tree for each label (as in BR) or keep-

ing all labels together (as in LP). Learning a separate tree for each

label would result in as many trees as there are labels, which can be

hundreds or thousands in some domains (in our experiments it can be

up to 374). Furthermore, the explanatory power of the decision tree

models would be reduced, which is an important factor in medical

domains, among many others.

3.1 An Illustrative Example
Before providing a formal definition, a simple example is introduced

here to illustrate the proposed algorithm. IMDB4 is a multi-label

dataset that contains keywords describing movies, and the classifica-

tion task is to predict the movie’s genre. Each movie can be assigned

multiple genres from among 27 labels. For simplicity, we have se-

lected two input features: dark and love; and three movie genres:

crime, horror and drama.

Table 1: A small multi-label dataset with 12 instances as might be

used in movie genre classification.

labels features
crime horror drama love dark

1 1 1 1 1 1
2 1 0 0 0 1
3 1 0 1 1 1
4 1 0 0 0 1
5 1 0 1 1 1
6 0 1 0 0 1
7 0 1 1 1 1
8 0 1 0 0 1
9 0 1 1 1 1

10 1 1 1 1 0
11 1 0 0 0 0
12 0 1 1 1 0

Inspired by the IMDB dataset we have created a toy dataset, shown

in Table 1, which we use to demonstrate the advantages of LaCovaC
4 http://meka.sourceforge.net/
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Figure 1: An example of a tree learned by LaCovaC. VS and HS

stand for vertical and horizontal splits, respectively. The leaves show

the probabilities of each label subset, except for the empty subset

which can be calculated as 1 minus the sum of the given probabilities.

over binary relevance. Figure 1 shows the tree generated using La-
CovaC. In this example, LaCovaC initially finds two label clusters:

{crime, horror} and {drama}. Therefore, it splits the dataset

vertically, and recursively creates a tree for each cluster of labels. On

the left-hand side of the tree a horizontal split can be observed at the

next level using the feature dark, leading to another vertical split on

the left and a node that requires further horizontal splitting. Note that

the second vertical split did not split further due to a minimum cardi-

nality constraint (2 instances in this toy example). As can be seen on

the left-hand side of the tree, {crime, horror} are independent

when dark is false, and dependent otherwise.

When the feature love is true both labels share the same es-

timated marginal probability of 0.6, which can lead to predicting

both of them as relevant labels, assuming 0.5 as a threshold. How-

ever, the proposed model suggests that the two subsets {crime=0,

horror=1} or {crime=1, horror=0} with the highest proba-

bility among other subsets can lead to a better prediction. In other

words, leaves predict the label subset that has the highest probability

among others, regardless of their marginal probabilities. With re-

gards to the third label {drama}, the proposed algorithm learns it

separately as can be seen on the right-hand side of the tree.

This example demonstrates the power of modelling label correla-

tions locally in the tree instead of globally in pre-processing, and also

that the tree model represents such local correlations in a declarative

way.

When applying the learned model on a test instance, one outgoing

branch of a horizontal split should be followed based on the feature

value as in a standard decision tree. In contrast, in a vertical split, all

outgoing branches should be followed to collect predictions for all la-

bels reaching the node. For example, in order to label a movie which

has features {dark=1, love=1}, the two branches of the first verti-

cal split should be visited. On the right-hand side of the tree, we find

that the drama label does apply. On the left-hand side of the tree, we

will have a horizontal split based on the dark feature leading to the

second horizontal node based on the love feature. The right leaf of

this second horizontal split suggests two label subsets: {crime=1,

horror=0} or {crime=0, horror=1}. Suppose that the first set

is chosen, then the overall predictions for this movie will be the fol-

lowing labels {crime=1, horror=0, drama=1}.

Figure 2 shows the result of binary relevance on this example with

single-label decision trees as base model. The leftmost tree is for

the crime label; the root node splits on the feature dark, when

dark=0 it leads to a leaf due to a minimum cardinality constraint (2

instances). On the right-hand side of the tree, it splits further based

on the feature love. Leaves show the estimated probabilities and

the predicted label. The middle and right-most tree were constructed

using the same method to learn labels horror and drama, respec-

tively.

In order to predict genres for a new movie with {dark=1 and

love=1} all three trees should be tested. The prediction for this

movie will be {crime, horror, drama}, using 0.5 as a threshold.

This is different from what the proposed model LaCovaC predicts.

3.2 The Main Algorithm
LaCovaC implements three key decisions at every node of the de-

cision tree, and the process can be summarised as follows. Firstly, if

labels are pure or the set of instances reaches the minimum number

of data points, the algorithm stops and returns a leaf. Secondly, if the

label’s correlation matrix suggests the presence of cluster structure,

the algorithm splits the dataset reaching that node according to the

label clusters (vertical split). Finally, a set of labels located together

at a node are learned, and the best features to split are determined

(horizontal split).

The first decision requires a threshold on the label variance. In our

experiments we found that, in combination with a minimum num-

ber of instances at a leaf, a variance threshold of 0 (i.e. all labels are

pure) works well. The detection of cluster structure is presented in the

next section. The third decision that splits instance space horizontally

also demands a splitting criterion. The most popular splitting crite-

ria in standard decision trees learning are Gini-split (which uses the

Gini index to measure impurity) and information gain (which uses

Shannon entropy). However, LaCovaC implements a splitting crite-

rion designed specifically for multi-label data, following a previous

work [2], which can be summarised as follows. It evaluates for each

child both its sum of label variances and its sum of absolute label co-

variances, and assigns as a splitting measure the minimum of these

two (low is better). Then, it selects the feature that has the lowest

splitting measure. This criterion can identify regions with either low

multi-label variance or low label covariance. We improve on this by

clustering the labels in a principled way into independent groups of

correlated labels.

Algorithm 1 details the main algorithm implementing the ap-

proach described here.

3.3 Label Clustering
The labels are clustered based on the correlation matrix Cor, which

is a square |L| by |L| matrix that contains the Pearson correlation co-

efficients cor jk between pair of labels l j and lk. As labels are binary

in the multi-label setting, the Pearson coefficient is reduced to the Phi

coefficient, a well-known measure of association between two binary

(dichotomous) variables [3, 24]. Whenever the absolute value of cor-

relation between two labels is greater than a threshold λ|D| calculated

from the number of instances (derivation given below), we decide

that these labels are correlated and should be in the same cluster.

Algorithmically, this can be achieved by single linkage agglomer-

ative hierarchical clustering as shown in Algorithm 2. The algorithm

starts by creating a separate cluster for each label. It then proceeds
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Figure 2: A separate decision tree for each label as learned by the binary relevance baseline method.

Algorithm 1 LaCovaC (D,L): Learn a tree-based multi-label classi-

fier from training data.

Input: Dataset D; Labelset L; Minimum number m of instances to

split

Output: Tree-based multi-label classifier

if Labels are pure or |D|<m then
Return Leaf with relative frequencies of labelsets, predicted la-

belset that has the highest probability

else
clust=CLUST(D,L)
if |clust|> 1 then

for each set s in clust do
Ds = Split D vertically based on the label cluster s
/* Learn a decision tree for the label cluster s */

Ts = LaCovaC (Ds,s).

end for
Return Node splitting on clust with subtrees Ts

else
f ,{Di}= SelectBestFeature(D)
for each child node Di do

Ti = LaCovaC (Di,L)

end for
Return Node splitting on f with subtrees Ti

end if
end if

iteratively by taking pairs of labels in the order of increasing distance

between them, where distance is defined as one minus absolute cor-

relation, dist jk = 1−|cor jk|. For each pair of labels, the clusters con-

taining these labels are merged (unless they belong to the same clus-

ter already). Such merges are performed until the distance between

labels becomes greater than 1−λ|D| (that is, absolute correlation less

than λ|D|).
We now derive the threshold λn to decide whether a pair of labels

are correlated or not, before merging them into one cluster. The idea

is to set this threshold equal to two standard deviations in the dis-

tribution of correlation under the assumption of independent labels,

hence enclosing a 95% confidence interval. The threshold depends on

n, which is the number of instances reaching the current node in the

tree. To derive the threshold we consider two labels with empirical

frequencies p j and pk, respectively. The empirical Pearson correla-

tion between these labels as Bernoulli variables can be calculated as

Algorithm 2 CLUST(D,L): Cluster labels based on the correlation

matrix

Input: Dataset D; a set of labels L = l1, · · · , l|L|;
Output: currClust - the clusters of labels

/* Compute the Pearson correlation coefficients between each pair

of labels.*/

Cor = Correlation Matrix

/* Compute the distance between each pair of labels using the ab-

solute correlations.*/

Dist = 1−|Cor|
/* Build initial clusters with each label in a separate cluster.*/

currClust = {l1},{l2}, · · · ,{l|L|}
/* Create a list of label pairs sorted in ascending order of distance

value.*/

pairList = all pairs of labels (l j, lk) with dist jk < 1−λ|D|, sorted

by dist jk ascendingly

for each label pair (l j, lk) in pairList do
if labels l j and lk are in different clusters then

merge clusters containing l j and lk within currClust

end if
end for
Return currClust

follows:

ĉor jk ≈
Cjk/n− p j pk√

p j pk(1− p j)(1− pk)
, (1)

where Cjk is the the number of instances with both of those la-

bels, and hence Cjk/n is the proportion of such instances. The terms

p j(1− p j) and pk(1− pk) in the denominator are the variances of

these Bernoulli variables.

Next, we study the distribution of ĉor jk under the assumption that

labels l j and lk are independent. This distribution can be generated

by randomly reassigning one of those labels between the instances,

keeping the total frequency constant. In such case Cjk has a hyper-

geometric distribution, and we can then directly calculate its mean μ
and variance σ2:

Cjk ∼ Hypergeometric(np j,npk,n)

μ = np j pk

σ2 =
n2

n−1
p j pk(1− p j)(1− pk)
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From this we can calculate the mean and variance of the correla-

tion ĉor jk between labels l j and lk, as follows:

mean(ĉor jk) =
np j pk/n− p j pk√

p j pk(1− p j)(1− pk)
= 0

var(ĉor jk) =
n2

n−1 p j pk(1− p j)(1− pk)/n2

p j pk(1− p j)(1− pk)
=

1

n−1

We define λn as the value enclosing a 95% confidence interval as-

suming a normal distribution for ĉor jk which can be calculated in

the usual way:

λn = 1.96 ·
√

var(ĉor jk) =
1.96√
n−1

(2)

where n is the number of instances reaching a particular decision

node in the tree. Note that this threshold is always less than 1 as

n > 5 in our experiments.

4 Experimental Evaluation

In total, 13 common benchmarks were retrieved for use from the

Meka5 and Mulan [22] repositories. The key statistics of these

datasets are shown in Table 2.

Table 2: The statistics for the datasets used in the experiments. |L|
is the number of labels, |D| is the number of instances, att is the

number of attributes (features), card is the average number of labels

per instance, and dens is the label density.

|L| |D| att card dens
Corel5k 374 5000 499 3.522 0.94%
Cal500 174 502 68 26.044 14.96%
Bibtex 159 7395 1836 2.402 1.51%
Language log 75 1460 1004 1.179 1.57%
Enron 53 1702 1001 3.378 6.37%
Medical 45 978 1449 1.245 2.76%
Genebase 27 662 1186 1.252 4.63 %
Slashdot 22 3782 1079 1.180 5.36%
Birds 19 645 260 1.014 5.30%
Yeast 14 2417 103 4.237 30.26%
Flags 7 194 19 3.392 48.45%
Emotions 6 593 66 1.869 31.14%
Scene 6 2407 294 1.074 17.89%

4.1 Experimental Setup

BR, LP, and CC algorithms were run in Meka, whereas Mulan was

used for the Homer and LPBR algorithms. When employing all these

methods, the trees were produced with Weka’s J48 algorithm 6. The

Homer algorithm was run using the best setting, as reported by [21].

LPBR requires parameter configurations, such as non-improving

counter to prevent clustering. The default parameters settings in Mu-

lan were 5 for the non-improving counter and a 5-fold cross valida-

tion for testing the clustering performance. The target loss function

to evaluate the clustering was set to exact-match according to Mulan.

Exact-match is a strict measure that examines whether the predicted

and actual label sets are equal or not.

5 http://meka.sourceforge.net/
6 http://sourceforge.net/projects/weka

LaCovaC was implemented in Java on the Meka platform. The

LaCova and ML-C4.5 implementations are provided in [2]. The min-

imal number of instances in the leaves in ML-C4.5, LaCova, and La-
CovaC was set to 5.

10-fold cross-validation was performed throughout except the two

largest datasets in terms of both number of labels and number of in-

stances: Corel5k and Bibtex. The exception is because cross valida-

tion was intensive for LPBR as we were not able to run this algorithm

using the available resources 7. Therefore, a train/test split was used

instead, which was provided by Mulan.

For all methods we used the Pcut method to convert the label prob-

abilities into relevant labels [1, 25]. This method uses a single thresh-

old for all labels, chosen such that the average label density in test

data is the same as in the training data.

4.2 Evaluation Metrics

All algorithms were evaluated under the Meka framework. We used

the most common multi-label metrics, namely multi-label accuracy

(Jaccard index), exact-match (subset accuracy), Hamming loss and

three versions of the F1 score: micro-averaged over all instance-label

combinations, macro-averaged per label, and macro-averaged per in-

stance. We also used a multi-label version of log-loss [16] to evalu-

ate the predicted probabilities. Log-loss evaluates a classifier’s con-

fidence by punishing errors with higher probability more severely.

We used a dataset-dependent maximum of log( 1
|D| ) to limit the mag-

nitudes of penalty as suggested in [16]. The description and formal

definition of these evaluation measures for multi-label data are given

below.

Multi-label accuracy calculates the ratio of the union and inter-

section of the predicted and actual labelsets, averaged over all exam-

ples [28]:

mla =
1

|D|
|D|
∑
i=1

|Yi∩ Ŷi|
|Yi∪ Ŷi|

(3)

where Yi and Ŷi are the set of actual labels and predicted labels for an

instance, respectively.

Exact-match examines if the predicted and actual label subsets

are equal or not [9]:

em =
1

|D|
|D|
∑
i=1

I(Yi = Ŷi) (4)

where I(true) = 1 and I( f alse) = 0.

Hamming loss takes the proportion of misclassified labels (labels

predicted incorrectly and correct labels that are not predicted) aver-

aged over all examples [18]:

hl =
1

|L| ∗ |D|
|D|
∑
i=1

|Yi Ŷi| (5)

where is the symmetric difference.

7 2.7 GHz Intel Core i5 processor and 8GB of memory
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Log-loss evaluates a classifier’s confidence by punishing errors

with higher probability more severely [16]:

ls =
1

|D|
|D|
∑
i=1

|L|
∑
j=1

log(pri j) · yi j + log(1− pri j) · (1− yi j) (6)

where yi j indicates whether the jth label is relevant for the ith in-

stance (value 1) or irrelevant (value 0). pri j is the probability estimate

for the ith instance and the jth label.

Micro F1 corresponds to the harmonic mean of precision and re-

call [14]. It put all predictions on all labels in one vector as in binary

classification and then calculates the F1:

micro F1 =
∑|D|i=1 ∑|L|j=1 2 · yi j · ŷi j

∑|D|i=1 ∑|L|j=1(yi j + ŷi j)
(7)

Macro fl is the averaged F1 score over labels [14]:

macro fl =
1

|L|
|L|
∑
j=1

F( j)
1 (8)

where F( j)
1 is the F1 score for the jth label vector.

Macro fe is the averaged F1 score over examples [14]:

macro fe =
1

|D|
|D|
∑
i=1

Fi
1 (9)

where Fi
1 is the F1 score for the ith instance row vector.

4.3 Results and Discussion

We conducted the Friedman test based on the average ranks for all

datasets [8]. This test ranks the algorithms for each dataset separately,

thus the best algorithm gets the rank of 1, the second best the rank

of 2, etc. Then, it calculates the test statistic on the ranks averaged

over all datasets in order to verify whether the differences between

algorithms are statistically significant.

Table 3 shows the average ranks for each algorithm over 13

datasets and seven evaluation measures. We also show the mean of

these average ranks aggregated over all evaluation measures, which

shows that overall LaCovaC scores highest, followed by CC and

BR. The Friedman test gave a significant difference at 5% confidence

for all metrics except multi-label accuracy; therefore, we carried out

post-hoc Nemenyi tests as shown in Figure 3.

It can be seen that LaCovaC outperforms Homer, ML-C4.5, and

LPBR in the average ranks with respect to all the evaluation measures

used in this paper, and in several cases statistically significantly. La-
CovaC is not significantly worse than the best performing algorithm

(LP) in terms of exact-match. In fact, according to Table 4 LaCovaC
loses to LP in the 4 datasets with the smallest numbers of labels (up

to 14), but wins in 6 out of the 9 datasets with more labels. This fact

confirms the assumption that LP can overfit the training data in case

of large number of labels and label combinations because it can only

model labelsets observed in the training. Notably, for exact-match

the proposed algorithm LaCovaC is the overall best method or tied

with the best in the three datasets with the biggest numbers of labels

(Corel5k, Cal500 and Bibtex with 374, 174 and 159 labels, respec-

tively). The proposed algorithm has better Hamming loss than LP in

9 out of 13 datasets.

Additionally, LaCovaC outperforms BR in terms of exact-match,

log-loss and Hamming loss. BR has the best average rank consid-

ering F1 score per instance average fe, F1 per label average fl and

micro F1 as it decomposes the multi-label problem into several bi-

nary classifiers, which can be better for F1 score.

We can further observe that LaCovaC has the best average rank

in terms of log-loss that evaluates the classifiers’ scores regardless

of the thresholding technique. It is significantly better than CC, ML-

C4.5, Homer and LP.

Finally, CC gets top average rank for Hamming loss and LaCo-
vaC is the second best without significant loss against CC. Detailed

results of the experiments are given in Tables 4, 5 and 6.

Table 3: Average ranks obtained by the Friedman test over 13

datasets. The last column shows the mean of the average ranks ob-

tained by each algorithm over all the evaluation measures, and the

algorithms are sorted on decreasing mean. mla, em, hl and ls denote

multi-label accuracy, exact-match, Hamming loss and log-loss, re-

spectively. micro F1 is the micro averaged F1. macro fl and macro

fe are F1 scores averaged in terms of labels and examples, respec-

tively.

mla em hl ls micro F1 macro fl macro fe mean
LaCovaC 3.57 2.69 2.73 2.23 3.88 4.34 3.96 3.34
CC 3.46 2.8 1.69 5.19 3.38 4.19 3.69 3.49
BR 4.57 6.8 4.8 2.3 2.69 1.92 3.26 3.76
LaCova 3.65 5.46 5.03 3.38 3.69 4.15 3.46 4.12
LP 4.92 2.42 4.34 6.46 6 5.57 5.61 5.05
LPBR 4.84 4.61 6.57 4.88 5.38 4.53 4.8 5.09
Homer 5.3 6.03 4.88 6.07 4.61 4.61 5.15 5.24
ML-C4.5 5.65 5.15 5.92 5.46 6.34 6.65 5.76 5.85
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Figure 3: Critical Difference diagrams using pairwise comparisons

for experiments where the Friedman test yields significance at 0.05.
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Table 4: Results on 13 datasets with regards to multi-label accuracy and exact-match, the higher the value the better.

BR LP CC Homer LPBR ML-C4.5 LaCova LaCovaC
multi-label accuracy

Corel5k 0.089(2) 0.080(7) 0.083(6) 0.092(1) 0.023(8) 0.087(4) 0.084(5) 0.088(3)
Cal500 0.201(6) 0.204(5) 0.208(4) 0.197(7) 0.067(8) 0.278(1) 0.254(2) 0.209(3)
Bibtex 0.259(5) 0.244(6) 0.276(3) 0.208(7) 0.296(1) 0.176(8) 0.267(4) 0.280(2)
Language log 0.245(2) 0.234(4) 0.247(1) 0.233(5) 0.184(8) 0.224(7) 0.235(3) 0.232(6)
Enron 0.296(3) 0.277(5) 0.315(2) 0.281(4) 0.320(1) 0.207(8) 0.256(6) 0.246(7)
Medical 0.729(4) 0.724(6) 0.728(5) 0.700(7) 0.745(2) 0.363(8) 0.732(3) 0.762(1)
Genebase 0.901(8) 0.980(3) 0.986(1) 0.952(5) 0.955(4) 0.946(7) 0.950(6) 0.981(2)
Slashdot 0.425(4) 0.420(5) 0.429(3) 0.379(6) 0.376(7) 0.372(8) 0.439(2) 0.449(1)
Birds 0.491(3) 0.453(7) 0.486(4) 0.493(2) 0.411(8) 0.466(6) 0.481(5) 0.499(1)
Yeast 0.391(6.5) 0.396(4.5) 0.397(3) 0.381(8) 0.411(2) 0.396(4.5) 0.416(1) 0.391(6.5)
Flags 0.534(6) 0.531(7) 0.540(5) 0.544(4) 0.509(8) 0.572(1) 0.556(3) 0.561(2)
Emotions 0.402(4) 0.416(2) 0.388(7) 0.390(6) 0.417(1) 0.406(3) 0.400(5) 0.384(8)
Scene 0.403(6) 0.432(2.5) 0.464(1) 0.380(7) 0.421(5) 0.366(8) 0.432(2.5) 0.429(4)
Average ranks 4.57 4.92 3.46 5.30 4.84 5.65 3.65 3.57

exact-match
Corel5k 0.000(8) 0.008(2) 0.006(3) 0.004(4.5) 0.002(6.5) 0.002(6.5) 0.004(4.5) 0.018(1)
Cal500 0.000(4.5) 0.000(4.5) 0.000(4.5) 0.000(4.5) 0.000(4.5) 0.000(4.5) 0.000(4.5) 0.000(4.5)
Bibtex 0.079(8) 0.137(2) 0.122(4) 0.084(7) 0.123(3) 0.092(6) 0.108(5) 0.149(1)
Language log 0.184(5) 0.205(1) 0.203(2) 0.183(6) 0.153(8) 0.195(4) 0.177(7) 0.197(3)
Enron 0.022(7) 0.079(1) 0.076(2) 0.031(5.5) 0.045(3) 0.020(8) 0.031(5.5) 0.032(4)
Medical 0.607(6) 0.642(3) 0.641(4) 0.598(7) 0.655(2) 0.293(8) 0.625(5) 0.673(1)
Genebase 0.809(8) 0.962(3) 0.971(1) 0.921(6) 0.938(4) 0.923(5) 0.914(7) 0.967(2)
Slashdot 0.296(7) 0.368(2) 0.356(3) 0.262(8) 0.306(6) 0.308(5) 0.353(4) 0.392(1)
Birds 0.398(4) 0.376(7) 0.410(1) 0.404(3) 0.339(8) 0.379(6) 0.395(5) 0.407(2)
Yeast 0.035(8) 0.134(1) 0.118(4) 0.050(7) 0.122(3) 0.109(5) 0.107(6) 0.124(2)
Flags 0.119(8) 0.202(2) 0.182(3) 0.155(5) 0.145(6) 0.207(1) 0.135(7) 0.171(4)
Emotions 0.125(8) 0.202(1) 0.157(4) 0.142(7) 0.165(3) 0.179(2) 0.143(5.5) 0.143(5.5)
Scene 0.284(7) 0.393(2) 0.416(1) 0.277(8) 0.375(3) 0.307(6) 0.354(5) 0.366(4)
Average ranks 6.80 2.42 2.80 6.03 4.61 5.15 5.46 2.69

Table 5: Results on 13 datasets with regards to Hamming loss and log-loss, the lower the value the better.

BR LP CC Homer LPBR ML-C4.5 LaCova LaCovaC
Hamming loss

Corel5k 0.017(5.5) 0.016(3) 0.011(1) 0.016(3) 0.023(7) 0.203(8) 0.016(3) 0.017(5.5)
Cal500 0.223(7) 0.201(5) 0.189(2.5) 0.204(6) 0.540(8) 0.188(1) 0.189(2.5) 0.198(4)
Bibtex 0.022(5.5) 0.020(4) 0.017(1) 0.022(5.5) 0.018(2.5) 0.026(8) 0.024(7) 0.018(2.5)
Language log 0.031(6) 0.026(3) 0.023(1) 0.027(4) 0.069(8) 0.029(5) 0.033(7) 0.025(2)
Enron 0.082(6) 0.078(4.5) 0.062(1) 0.078(4.5) 0.077(2.5) 0.202(8) 0.085(7) 0.077(2.5)
Medical 0.013(3.5) 0.014(5.5) 0.011(2) 0.016(7) 0.013(3.5) 0.163(8) 0.014(5.5) 0.010(1)
Genebase 0.008(4.5) 0.002(2.5) 0.001(1) 0.008(4.5) 0.019(7.5) 0.019(7.5) 0.012(6) 0.002(2.5)
Slashdot 0.055(3) 0.058(4.5) 0.045(2) 0.075(7) 0.086(8) 0.066(6) 0.058(4.5) 0.028(1)
Birds 0.072(3) 0.076(5.5) 0.063(1.5) 0.075(4) 0.113(8) 0.077(7) 0.076(5.5) 0.063(1.5)
Yeast 0.296(7) 0.288(4) 0.281(2) 0.290(6) 0.363(8) 0.289(5) 0.276(1) 0.285(3)
Flags 0.307(6) 0.309(7) 0.302(5) 0.301(4) 0.332(8) 0.273(1) 0.293(3) 0.280(2)
Emotions 0.296(2) 0.304(3) 0.286(1) 0.305(4.5) 0.309(7.5) 0.305(4.5) 0.309(7.5) 0.306(6)
Scene 0.193(3.5) 0.200(5) 0.185(1) 0.193(3.5) 0.238(7) 0.294(8) 0.201(6) 0.188(2)
Average ranks 4.80 4.34 1.69 4.88 6.57 5.92 5.03 2.73

log-loss
Corel5k 0.048(1) 0.101(5) 0.070(4) 0.206(6) 0.275(8) 0.216(7) 0.064(3) 0.061(2)
Cal500 0.481(4) 0.786(7) 0.741(6) 0.586(5) 0.853(8) 0.381(1) 0.407(3) 0.394(2)
Bibtex 0.068(1) 0.158(6) 0.132(5) 0.194(7) 0.075(3) 0.220(8) 0.078(4) 0.070(2)
Language log 0.080(1) 0.130(6) 0.113(4) 0.165(7) 0.122(5) 0.349(8) 0.085(2) 0.093(3)
Enron 0.197(1) 0.402(7) 0.353(5) 0.367(6) 0.230(3) 0.437(8) 0.261(4) 0.218(2)
Medical 0.035(1) 0.064(5) 0.052(3.5) 0.084(7) 0.052(3.5) 0.364(8) 0.066(6) 0.037(2)
Genebase 0.008(3) 0.007(2) 0.005(1) 0.022(6) 0.012(4) 0.064(8) 0.032(7) 0.017(5)
Slashdot 0.163(1) 0.346(7) 0.269(5) 0.333(6) 0.241(4) 0.368(8) 0.204(3) 0.171(2)
Birds 0.181(2) 0.262(8) 0.217(5) 0.238(6) 0.215(4) 0.239(7) 0.190(3) 0.180(1)
Yeast 0.671(4) 1.583(8) 1.540(7) 0.900(6) 0.799(5) 0.585(2) 0.566(1) 0.603(3)
Flags 0.619(4) 0.918(8) 0.897(7) 0.716(6) 0.713(5) 0.546(1) 0.616(3) 0.559(2)
Emotions 0.640(4) 1.243(7) 1.245(8) 0.832(6) 0.815(5) 0.603(1) 0.630(3) 0.619(2)
Scene 0.492(3) 1.095(8) 1.014(7) 0.726(5) 0.733(6) 0.530(4) 0.482(2) 0.475(1)
Average ranks 2.30 6.46 5.19 6.07 4.88 5.46 3.38 2.23
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Table 6: Results on 13 datasets with regards to micro F1, macro fl and macro fe, the higher the value the better.

BR LP CC Homer LPBR ML-C4.5 LaCova LaCovaC
micro F1

Corel5k 0.149(2) 0.114(6) 0.148(3) 0.154(1) 0.038(7) 0.031(8) 0.141(4) 0.126(5)
Cal500 0.334(5) 0.332(6) 0.338(4) 0.328(7) 0.182(8) 0.420(1) 0.397(2) 0.341(3)
Bibtex 0.345(4) 0.285(6) 0.361(2) 0.272(7) 0.391(1) 0.195(8) 0.311(5) 0.351(3)
Language log 0.175(2) 0.122(7) 0.177(1) 0.158(3) 0.123(6) 0.106(8) 0.152(4) 0.142(5)
Enron 0.428(2) 0.364(7) 0.426(3) 0.399(4) 0.442(1) 0.313(8) 0.373(5) 0.366(6)
Medical 0.778(3) 0.744(6) 0.786(2) 0.726(7) 0.774(4) 0.355(8) 0.761(5) 0.806(1)
Genebase 0.921(4) 0.982(2) 0.988(1) 0.920(5) 0.853(7) 0.841(8) 0.893(6) 0.981(3)
Slashdot 0.506(2) 0.429(6) 0.512(1) 0.456(5) 0.381(8) 0.383(7) 0.468(4) 0.496(3)
Birds 0.366(1) 0.295(7) 0.312(6) 0.334(4) 0.281(8) 0.330(5) 0.336(3) 0.346(2)
Yeast 0.541(2) 0.522(8) 0.528(5) 0.531(3) 0.530(4) 0.525(6) 0.549(1) 0.523(7)
Flags 0.690(5) 0.677(7) 0.680(6) 0.696(4) 0.665(8) 0.718(1) 0.704(3) 0.706(2)
Emotions 0.539(2) 0.521(4) 0.499(8) 0.520(5) 0.540(1) 0.511(6.5) 0.526(3) 0.511(6.5)
Scene 0.493(1) 0.445(6) 0.487(2) 0.466(5) 0.429(7) 0.380(8) 0.473(3) 0.472(4)
Average ranks 2.69 6.00 3.38 4.61 5.38 6.34 3.69 3.88

macro fl
Corel5k 0.040(1) 0.030(2) 0.027(4) 0.024(6) 0.012(8) 0.021(7) 0.029(3) 0.026(5)
Cal500 0.161(2) 0.147(6.5) 0.146(8) 0.156(3.5) 0.168(1) 0.147(6.5) 0.155(5) 0.156(3.5)
Bibtex 0.275(2) 0.193(6) 0.258(3) 0.147(7) 0.280(1) 0.118(8) 0.240(5) 0.248(4)
Language log 0.068(1) 0.039(6) 0.057(2) 0.050(4.5) 0.050(4.5) 0.038(7.5) 0.054(3) 0.038(7.5)
Enron 0.132(1) 0.090(7.5) 0.122(3) 0.123(2) 0.111(4) 0.098(5) 0.097(6) 0.090(7.5)
Medical 0.342(1) 0.311(6) 0.329(3) 0.304(7) 0.323(4) 0.172(8) 0.314(5) 0.334(2)
Genebase 0.518(4) 0.556(1.5) 0.556(1.5) 0.510(5) 0.504(6) 0.474(8) 0.492(7) 0.544(3)
Slashdot 0.332(1) 0.267(6) 0.315(2) 0.280(5) 0.235(8) 0.239(7) 0.294(4) 0.310(3)
Birds 0.208(1) 0.140(8) 0.143(7) 0.182(4) 0.164(5.5) 0.164(5.5) 0.190(2) 0.185(3)
Yeast 0.394(2) 0.372(7) 0.381(5) 0.389(3) 0.406(1) 0.359(8) 0.385(4) 0.379(6)
Flags 0.600(6) 0.601(5) 0.581(7) 0.616(3) 0.567(8) 0.622(1) 0.610(4) 0.620(2)
Emotions 0.530(1) 0.503(4) 0.488(8) 0.502(5) 0.527(2) 0.494(7) 0.511(3) 0.495(6)
Scene 0.244(2) 0.221(7) 0.247(1) 0.233(5) 0.223(6) 0.213(8) 0.236(3) 0.235(4)
Average ranks 1.92 5.57 4.19 4.61 4.53 6.65 4.15 4.34

macro fe
Corel5k 0.140(2) 0.115(7) 0.121(6) 0.143(1) 0.032(8) 0.131(3) 0.127(4) 0.125(5)
Cal500 0.330(5) 0.327(6) 0.334(4) 0.323(7) 0.119(8) 0.424(1) 0.393(2) 0.335(3)
Bibtex 0.339(4) 0.292(6) 0.341(2) 0.266(7) 0.369(1) 0.216(8) 0.338(5) 0.340(3)
Language log 0.133(1) 0.104(6) 0.124(2) 0.115(4) 0.096(7) 0.094(8) 0.121(3) 0.106(5)
Enron 0.416(2.5) 0.368(5) 0.416(2.5) 0.392(4) 0.434(1) 0.297(8) 0.360(6) 0.342(7)
Medical 0.770(3) 0.752(6) 0.757(5) 0.735(7) 0.776(2) 0.389(8) 0.769(4) 0.793(1)
Genebase 0.931(8) 0.985(3) 0.990(1) 0.962(4) 0.961(5) 0.952(7) 0.960(6) 0.986(2)
Slashdot 0.473(1) 0.438(5) 0.454(4) 0.422(6) 0.408(7) 0.394(8) 0.471(2) 0.469(3)
Birds 0.182(1) 0.142(6) 0.138(7.5) 0.150(4) 0.138(7.5) 0.146(5) 0.172(2) 0.160(3)
Yeast 0.520(3) 0.495(8) 0.502(4) 0.500(6) 0.526(1) 0.501(5) 0.524(2) 0.498(7)
Flags 0.647(6) 0.636(7) 0.650(5) 0.655(4) 0.618(8) 0.678(1) 0.673(3) 0.674(2)
Emotions 0.500(2) 0.494(3) 0.469(7.5) 0.483(6) 0.505(1) 0.487(5) 0.488(4) 0.469(7.5)
Scene 0.446(4) 0.445(5) 0.481(1) 0.416(7) 0.441(6) 0.394(8) 0.460(2) 0.451(3)
Average ranks 3.26 5.61 3.96 5.15 4.80 5.76 3.46 3.96

5 Concluding Remarks

We presented a novel decision tree algorithm for multi-label classi-

fication called LaCovaC. The key idea of this algorithm is to com-

pute the label correlation matrix at each node of the tree in order

to identify label correlations and then cluster them locally. Its main

innovation is to introduce vertical splits that separate locally inde-

pendent labels, in addition to the traditional feature-based horizontal

splits that divide the instance space as in the standard decision tree

algorithms.

To evaluate LaCovaC we compared it to state-of-the-art ap-

proaches. We used seven common evaluation metrics and 13 datasets.

LaCovaC has the best average rank for log-loss and the second best

for multi-label accuracy, exact-match and Hamming loss (without

significant loss). For exact-match, LaCovaC shows a comparable

performance to the best algorithm LP, which is a strong baseline for

exact-match and hard to beat. In addition, it outperforms LP on 6 of

the 9 largest datasets in terms of number of labels. This suggests that

combining LP and BR as in LaCovaC leads to improvement over

those metrics and reduces the overfitting risk.

Overall, the main strength of LaCovaC is its strong performance

across all these metrics, as can be seen in the right-most column of

Table 3. Furthermore, on each of the metrics individually LaCovaC
is not significantly worse than the top contender. It is widely recog-

nised in the literature that different multi-label evaluation metrics

measure different things; hence there is value in demonstrating that

an algorithm performs well across the board.

Several directions can be taken for further work. We plan to in-

vestigate the parameter configuration for LaCovaC, for example, a

stopping criterion for the clustering algorithm. Moreover, it would

be interesting to investigate alternative clustering approaches, such

as spectral clustering. Furthermore, to counteract the large variance

associated with decision tree learning – which carries over to the

proposed model – we could use bootstrap aggregates as in random

forests. Finally, using the significance threshold on correlation bal-

ances the sample size and the strength of the correlation, such that

both low correlation on a large sample size and high correlation on

a small sample are detected as significant. However, finding an even

better balance between effect size and sample size is an interesting

future research direction.
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Get Me to My GATE on Time: Efficiently Solving
General-Sum Bayesian Threat Screening Games

Aaron Schlenker and Matthew Brown and Arunesh Sinha and Milind Tambe1 and Ruta Mehta2

Abstract. Threat Screening Games (TSGs) are used in domains

where there is a set of individuals or objects to screen with a lim-

ited amount of screening resources available to screen them. TSGs

are broadly applicable to domains like airport passenger screening,

stadium screening, cargo container screening, etc. Previous work on

TSGs focused only on the Bayesian zero-sum case and provided

the MGA algorithm to solve these games. In this paper, we solve

Bayesian general-sum TSGs which we prove are NP-hard even when

exploiting a compact marginal representation. We also present an al-

gorithm based upon a adversary type hierarchical tree decomposition

and an efficient branch-and-bound search to solve Bayesian general-

sum TSGs. With this we provide four contributions: (1) GATE, the

first algorithm for solving Bayesian general-sum TSGs, which uses

hierarchical type trees and a novel branch-and-bound search, (2)

the Branch-and-Guide approach which combines branch-and-bound

search with the MGA algorithm for the first time, (3) heuristics based

on properties of TSGs for accelerated computation of GATE, and

(4) experimental results showing the scalability of GATE needed for

real-world domains.

1 Introduction

Screening for threats represents a significant security challenge,

whether it is preventing an attack at a sports complex, interdicting

illicit cargo shipping, or enforcing border protection. Such domains

require finding the best way to allocate limited screening resources

so as to reduce the expected consequences of a possible attack. This

challenge is especially pronounced in settings where both screening

efficiency and screening effectiveness are central objectives. As an

example, the Transportation Security Administration (TSA) in the

United States has launched the Dynamic Aviation Risk Management

Solution (DARMS) initiative where risk-based approaches are being

proposed to improve vital aspects of aviation security such as pas-

senger screening [1].

Threat Screening Games (TSGs) [4] have been introduced to

model screening domains where the screener must process a set of

people or objects coming into an secure area, while an adversary tries

to sneak in an attack through screening. An example is a terrorist try-

ing to pass through airport screening with plastic explosives in their

carry-on luggage to attack a flight from New York to Los Angeles.

Indeed, airport threat screening by itself is a vast worldwide prob-

lem, emphasizing the tremendous importance of research on the TSG

model; particularly given that the TSA in the United States appears

1 University of Southern California, United States, email:
{aschlenk,mattheab,aruneshs,tambe}@usc.edu

2 University of Illinois at Urbana-Champaign, United States, email: rutame-
hta@cs.illinois.edu

to be moving forward with this model [4]. However, even beyond air-

port screening the TSG model is applicable for screening of cargo in

ports (again an important worldwide challenge), the screening of sta-

dium patrons or protecting against illegal trafficking across borders.

In TSGs, the screener uses different types of screening resources

where each resource: (i) detects a possible attack method with dif-

ferent levels of effectiveness; and (ii) has a capacity limit in terms of

the number of screenees that can be processed by that resource in a

certain time period. The goal of the screener is to find the most ef-

fective way to allocate screenees to screening resources while being

constrained by the capacity limits on the use of those resources. Fur-

ther complicating the optimization is that screening resources can be

combined into screening teams. The presence of screening teams in-

troduce complex capacity constraints into the optimization problem

as all teams containing the same resource must satisfy the original

resource capacity constraints on that resource. This creates a diffi-

cult challenge as the most effective teams can only be used a limited

number of times and selecting the passengers to apply the highest

scrutiny to becomes an important problem.

The focus of this paper is on solving Bayesian general-sum TSGs.

Previous research in TSGs [4] solves the game with the zero-sum

assumption - a restrictive case that does not hold in many real world

domains. By using the zero-sum assumption and a compact marginal
representation the previous work[4] solves the game in polynomial

time using an LP. Unfortunately, Bayesian general-sum games are

NP-hard to solve even when exploiting a compact marginal represen-

tation for the screener’s strategy. Hence, the problem we are solving

is fundamentally more difficult than what is considered in previous

research and in order for the TSG model to be extended to real world

domains an approach to solve the general-sum case is necessary. Be-

yond [4], there has been work done on Bayesian general-sum secu-

rity games [6, 8, 13] but as discussed in Section 2, TSGs differ from

security games in crucial aspects. Thus, for large scale TSGs novel

techniques and efficient solution algorithms need to be developed to

apply the Bayesian general-sum TSG model to real world domains.

To solve Bayesian general-sum TSGs we present an algorithm

that uses hierarchical adversary type trees to break a TSG down

into smaller, restricted games containing a subset of the adversary

types. These restricted games are solved using an efficient branch-

and-bound search tree combined with MGA [4]; the solution infor-

mation from these ‘child’ nodes are then passed up to the ‘parent’

nodes in the hierarchical tree where the information provides (i) in-

feasible strategy information for pruning, (ii) tighter bounds, and (iii)

branching heuristics which provide faster computation at the parent

nodes. We also provide heuristics based upon the properties of TSGs

that increase the computational speed of the algorithm even further.

Thus, by improving upon techniques for solving Bayesian general-
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sum Stackelberg games and exploiting a compact TSG represen-

tation, we provide the following contributions: (1) GATE, the first

algorithm for solving Bayesian general-sum TSGs, which uses hi-

erarchical type trees and a novel branch-and-bound search, (2)

the Branch-and-Guide approach which combines branch-and-bound

search with MGA for the first time, (3) heuristics based on the prop-

erties of TSGs for accelerated computation of GATE by reducing the

adversary strategy space that needs to be explored in the hierarchical

type tree, and (4) solution quality and experimental results showing

the scalability of GATE for large scale TSG instances.

2 Related Work
The problem of threat screening has been explored extensively in lit-

erature. However, it has been pointed out [4] that the TSG approach

(which is inspired by security games) is much better than prior non-

game-theoretic models in domains such as, screening for shipping

containers [2], stadium patrons [15], and airport passengers [11, 12]

or simple game-based models such as [19]. Specifically, previous

non-game-theoretic approaches fails to model a rational adversary

aiming to take advantage of vulnerabilities in the screening strate-

gies whereas TSGs take this into account when devising screening

strategies.

Furthermore, previous solution methods for solving security

games fail to apply directly to our domain. This happens because

TSGs (i) include a group of non-player screenees that all must be

screened while a single adversary tries to pass through screening un-

detected, (ii) model screening resources with different efficacies and

capacities that can be combined to work in teams and (iii) do not

have an explicitly modeled set of targets. These are fundamental dif-

ferences from traditional security games [9, 14, 16, 18] where the

defender protects a set of targets against a single adversary. Previous

research in TSGs provides an efficient solution method for the zero-

sum case where our techniques are not helpful, but as mentioned

in the introduction these techniques are not applicable to Bayesian

general-sum TSGs.

In terms of solving Bayesian Stackelberg games there are three

main approaches in previous literature: the Multiple LPs ap-

proach [5], the DOBSS algorithm [13], and the HSBA algorithm [8].

Multiple LPs fails to scale up for Bayesian Stackelberg games as it

requires solving an exponential number of LPs [5]. DOBSS is an al-

gorithm that exactly solves Bayesian Stackelberg games. However, it

uses the normal form representation of the game which in our case is

infeasible as our pure strategy space is exponentially larger than the

space they were considering. HSBA represents the closest alternative

solution method for our problem. HSBA breaks down the Bayesian

game into smaller restricted games and solves the restricted games

using an efficient branch and bound search with column generation.

The solution information from these restricted games is then used to

solve the original game more effectively. Unfortunately, [4] shows

that column generation is not a scalable approach even for solving

large scale Bayesian zero-sum TSGs. Still, in this paper we make

use of some techniques in HSBA, namely breaking the game down

into smaller restricted games, which we describe in more depth in

Section 5 along with significant innovations for solving general-sum

TSGs in Sections 5 and 6.

3 Threat Screening Game Model
A threat screening game (TSG) is a Stackelberg game played be-

tween the screener (leader) and an adversary (follower) in the pres-

ence of a set of non-player screenees that pass through a screening

checkpoint operated by the screener. While TSGs are applicable to

many domains, given that readers may be familiar with passenger

screening at airports, we use examples from that domain. A TSG is

composed of the following:

• Time windows: These represent the temporal dimension of screen-

ing as screenees arrive over time. This is modeled by slicing the

game into a set of time windows W . The superscript w is used to

indicate a specific time window.

• Screenee categories: Screenees have implicit characteristics, e.g.,

risk level and flight, which can be used to aggregate them into

screenee categories c ∈ C as they are functionally indistinguish-

able within the context of the game. The total number of screenees

in each category c is Nc and the number of screenees in c that ar-

rive at the screening checkpoint during time window w is Nw
c . A

constant arrival rate is assumed for screenees within each screenee

category and time window. All screenees in a category arriving in

the same time window are screened equally in expectation accord-

ing to the randomized screening strategy.

• Adversary actions: The adversary chooses a time window w ∈W
to go through screening, a screenee category c ∈ C to pose as

during screening, and an attack method m ∈ M . An example ad-

versary action is w = 8:00AM-9:00AM, c = {HighRisk, Flight1},

and m = on-body explosives.

• Adversary types: The adversary has implicit characteristics that

cannot be chosen, e.g., TSA-assigned risk level. We consider ad-
versary types θ ∈ Θ, which restrict the adversary to select from

screenee categories Cθ ⊂ C. The adversary knows their own type,

but the screener only knows a prior distribution z over the adver-

sary types.

• Resource types: The set of screening resource types is R and all

resources of type r ∈ R, e.g., all walk-through metal detectors,

can be used to screen a combined total of at most Lw
r screenees

during time window w.

• Team types: Screenees are screened by one or more resources

types, e.g., walk through metal detector and x-ray machine. Each

unique combination of resources types constitutes a screening

team type t. The set of all valid team types, denoted by T , is given

a priori.

• Team type effectiveness: Team types vary in their ability to detect

different attack methods. For team type t, Et
m is the probability of

detection against attack method m.

Pure strategy A pure strategy P for the screener can be repre-

sented by |W | × |C| × |T | non-negative integer-valued numbers

Pw
c,t, where each Pw

c,t is the number of screenees in c assigned to

be screened by team type t during time window w. Pure strategy

P must assign every screenee to a team type while satisfying the

resource type capacity constraints for each time window, via the fol-

lowing constraints:∑
t∈T Itr

∑
c∈C Pw

c,t ≤ Lw
r ∀w, ∀r (1)∑

t∈T Pw
c,t = Nw

c ∀w, ∀c (2)

where Itr is an indicator function returning 1 if team type t contains

resource type r and 0 otherwise. We denote the set of all valid pure

strategies as P̂ and we assume P̂ �= ∅, i.e., it is possible to assign

every screenee to a team type.

For example, consider a game with one time window w1 and two

screening resources r1, r2 with capacity constraints Lr1,r2 = 20,

respectively. The resources are combined into three screening teams

t1 = {r1}, t2 = {r1, r2} and t3 = {r3}. There are three categories
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c1, c2 and c3 and each has Nc = 9 passengers. Figure 1(a) shows an

example of a pure strategy allocation in this game.

The pure strategies for the adversary types are denoted as aθ,w
c,m

which specifies that adversary type θ selects time window w, scree-

nee category c, and attack method m.
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Figure 1. TSG Strategies

In the security games literature, two approaches are commonly

used to handle scale-up: marginal strategies [9, 10] and column gen-

eration [6, 20]. To solve large-scale zero-sum TSGs [4] employed

a marginal-based approach, showing that such an approach signifi-

cantly outperformed the use of column generation. Hence we con-

tinue with the use of marginal strategies.

Marginal strategy A marginal strategy n for the screener can

be represented by |W | × |C| × |T | non-negative real-valued num-

bers nw
c,t, where nw

c,t is the number of screenees in c assigned to be

screened by team type t during time window w. We would want this

marginal strategy to be a valid mixed strategy (implementable), i.e.,

there should exist a probability distribution over P̂ given by qP (i.e.,∑
P∈P̂ qP = 1, 0 ≤ qP ≤ 1) such that nw

c,t =
∑

P qPP
w
c,t. An

example marginal screener strategy is shown in Figure 1(b) with the

same game parameters described previously.

Utilities Since all screenees in category c are screened equally in

expectation, we can interpret nw
c,t/N

w
c as the probability that a scree-

nee in category c arriving during time window w will be screened by

team type t. Then, the probability of detecting an adversary type in

category c during time window w using attack method m is given

by xw
c,m =

∑
t E

t
mnw

c,t/N
w
c . The payoffs for the screener are given

in terms of whether adversary type θ chooses screenee category c
and is either detected during screening, denoted as Ud

s,c, or is unde-

tected during screening, denoted as Uu
s,c. Similarly, the payoffs for

adversary type θ are given in terms of whether θ chooses screenee

category c and is either detected during screening, denoted as Ud
θ,c,

or is undetected during screening, denoted as Uu
θ,c. Given adversary

type θ pure strategy aθ,w
c,m, the screener’s expected utility is given by

Us(a
θ,w
c,m) = xw

c,mUd
s,c +(1−xw

c,m)Uu
s,c and the expected utility for

adversary type θ is given by Uθ(a
θ,w
c,m) = xw

c,mUd
θ,c+(1−xw

c,m)Uu
θ,c.

4 Approach
While it has been shown that Bayesian Stackelberg games are hard to

solve [5], it is interesting to observe that Bayesian general-sum TSGs

are hard to solve even in the marginal strategy space as we prove

next. This result shows that finding the optimal marginal strategy n
for Bayesian general-sum TSGs is fundamentally more complex than

the zero-sum case which can be solved in polynomial time as an LP.

Thus, it is not surprising that the solution approaches used in [4] are

not directly applicable to the general-sum case.

Theorem 1. Finding the optimal solution in Bayesian general-sum
TSGs is NP-hard even in the relaxed marginal strategy space.

Proof. We reduce from the knapsack problem to our problem. As-

sume n items with weights wi and value vi with a sack of capacity

K. Wlog, assume wi and K are integers. Construct a game with n
adversary types |Θ| = n. Each type of adversary has two flights

to board: f0, f1. Thus, C = {(θi, fj) | 0 ≤ i ≤ n, j ∈ {0, 1}}.

Choose the other parameters of the game as follows: two resources

r1,r2 with capacities Lr1 = K and Lr2 = ∞. We have two teams

t1 = {r1} and t2 = {r2}. There is only one attack method m1. For

this game Et1
m1

= 1 and Et2
m1

= 0, i.e., t2 is not effective at all at

detecting m1. The number of screenees for each screenee category

N(θi,f0) = wi and N(θi,f1) = 1 for all θi ∈ Θ. Each type θi occurs

with probability vi∑
θi

vi
.

The utilities for the screener are Ud
s,(θi,f0)

= 0, Uu
s,(θi,f0)

= 0,

∀ θi and Ud
s,(θi,f1)

= 2, Uu
s,(θi,f1)

= 1, ∀ θi. Thus, the screener

strictly prefers the adversary of every type to choose f1. The utilities

for the adversary are set as follows: Ud
Θ,(θi,f0)

= 1, Uu
Θ,(θi,f0)

= 2,

∀ θi and Ud
Θ,(θi,f1)

= 0, Uu
Θ,(θi,f1)

= 1, ∀ θi. Thus, the ad-

versary will choose (θi, f1) only when the probability of detection

x(θi,f0) = 1, x(θi,f1) = 0 (breaking ties in favor of the screener).

This happens only when all of the screenees N(θi,f0) = wi are

screened by t1. Thus, we have from the capacity constraints that∑
θi chooses f1

wi ≤ K. Therefore, for the choice of f1 by adver-

sary of type θi, the screener earns vi∑
θi

vi
and otherwise the screener

earns 0. Given, the optimization problem maximizes this utility:∑
θi chooses f1

vi∑
θi

vi
, the optimization provides a solution for the

knapsack problem.

The resulting TSG instance from the knapsack problem has two

flights, two resources, two teams, and as many adversary types as

the number of items n in the knapsack problem. The screenee types

assigned to t1 gives the knapsack solution. Therefore, the reduction

from the knapsack problem is overall polynomial in the number of

items n.

The optimal marginal strategy for a Bayesian general-sum TSG

can be obtained by solving the mixed integer linear program

MarginalStrategyMILP, provided below.

max
n,s,x,a

∑
θ∈Θ

zθsθ (3)

sθ − Us(a
θ,w
c,m) ≤ (1− aθ,w

c,m) · Z ∀θ, w, c,m (4)

0 ≤ kθ − Uθ(a
θ,w
c,m) ≤ (1− aθ,w

c,m) · Z ∀θ, w, c,m (5)

xw
c,m =

∑
t∈T

Et
m

nw
c,t

Nw
c

∀w, c,m (6)

∑
t∈T

Itr
∑
c∈C

nw
c,t ≤ Lw

r ∀w, r (7)

∑
t∈T

nw
c,t = Nw

c ∀w, c (8)

nw
c,t ≥ 0 ∀w, c, t (9)

aθ,w
c,m ∈ {0, 1} ∀θ, w, c,m (10)∑

w,c,m

aθ,w
c,m = 1 ∀θ (11)

Equations 10 and 11 force each adversary type θ to choose a pure

strategy. Equation 3 is the objective function which maximizes the

screener expected utility as a weighted summation of screener ex-

pected utility against adversary type θ, sθ , multiplied by the prob-

ability of encountering adversary type θ, zθ . Equation 4 defines the
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screener’s expected payoff against each adversary type, contingent

on the choice of pure strategies by the adversary types. The constraint

places an upper bound of Us(a
θ,w
c,m) on sθ , but only if aθ,w

c,m = 1, as

Z denotes an arbitarily large constant. For all other pure strategies of

adversary type θ, the RHS is arbitrarily large. Similarly, Equation 5

places an upper bound of Uθ(a
θ,w
c,m) on the utility of adversary type θ,

kθ , for aθ,w
c,m = 1. Additionally, Equation 5 also lower bounds kθ by

the largest Uθ(a
θ,w
c,m) over all aθ,w

c,m. Taken together these upper and

lower bounds ensure that the pure strategy selected by adversary type

θ is a best response to the screener marginal strategy n. Equations

7-9 requires that n satisfies the resource type capacity constraints

(i.e., Equation 1) and screenee category assignment constraints (i.e.,

Equation 2).

Even though MarginalStrategyMILP represents a NP-hard prob-

lem, solving it does not necessarily produce an implementable

marginal screener strategy, i.e., the marginal strategy may not map

to a probability distribution over pure strategies. The issue of im-

plementability was addressed in [4] for TSGs by introducing the

Marginal Guided Algorithm (MGA), which uses the (potentially

non-implementable) marginal strategy to additionally restrict the

constraints of a TSG to obtain a provably implementable marginal

strategy though it can possibly lose solution quality in the process.

5 GATE: Solving Bayesian General-Sum TSG
Despite operating in the marginal screener strategy space, solving the

MarginalStrategyMILP is computationally expensive due to the pres-

ence of the integer variables that encode the adversary strategy space.

Therefore, we instead seek to solve Bayesian general-sum TSGs

using an algorithmic approach for exploring the adversary strategy

space. An example of the adversary strategy space for two adversary

types and two actions per type is shown in Figure 2(a). The leaf nodes

in this tree represent all possible joint pure strategy combinations for

the two adversary types.

As mentioned previously a standard algorithmic approach that

could be used to solve Bayesian general-sum TSGs is Multiple LPs

[5]. This technique exploits the fact that, by fixing the joint adversary

pure strategy, the underlying optimization problem is converted from

a MILP to an LP. Thus, an LP can be solved for each leaf node in the

adversary strategy tree to obtain the best marginal screener strategy

which induces that joint adversary pure strategy as a best response.

The marginal strategy with the highest screener utility is returned

as the solution for the TSG. However, the number of joint adversary

pure strategies is exponential in the number of adversary types Θ and

thus Multiple LPs is not scalable for large problem instances. There-

fore, we propose the General-sum Algorithm for Threat screening

game Equilibria (GATE) and in this section we provide an intuitive,

high level description. In Section 6 we provide a detailed algorithm

as our experimental results show GATE does not scale leading to the

need for heuristics to further speed up computation.

5.1 Hierarchical Type Trees
At a high level GATE seeks to exploit the structure of TSGs and re-

duce the number of joint adversary pure strategies that need to be

evaluated. GATE achieves this reduction by building off intuition

from the HBSA algorithm [8], which involves constructing a hier-

archical type tree. Such a tree decomposes the game with each node

in the tree corresponding to a restricted game over a subset of ad-

versary types. The idea is to solve these smaller, restricted games to

efficiently obtain (1) infeasibility information to eliminate large sets

of joint adversary pure strategies, and (2) utility upper bound infor-

mation that can be used to terminate the evaluation of joint adversary

pure strategies.

GATE operates on restricted TSGs, where we define TSG(Θ
′
)

to be a TSG with a subset of adversary types Θ
′ ⊂ Θ. It is impor-

tant to note that, despite not including all adversary types, TSG(Θ
′
)

does not ignore the screenee categories associated with adversary

types Θ\Θ
′
. Indeed, TSG(Θ

′
) must still satisfy the constraint that

all screenees in each category must be assigned to a screening team

type, i.e., Equation 8. By continuing to enforce these constraints, the

upper bounds generated will be tighter as the screener cannot focus

all the screening resources on just a subset of screenee categories,

helping to improve the ability of GATE to prune out joint adversary

pure strategies.

The subsets of adversary types are decomposed such that each

level in the hierarchical type tree forms a partition over Θ satisfying

Θ
′
i ∩ Θ

′
j = ∅, ∀i, ∀j, i �= j as well as ∪iΘ

′
i = Θ. Additionally, the

set of adversary types in each parent node is the union of the sets of

adversary types of all of its children, with the root node of the hierar-

chical type tree corresponding to the full problem. Figure 2(b) shows

an example of a hierarchical tree structure with full binary partition-

ing for a game with four adversary types. The root node is the parent

to two restricted games with two adversary types, each of which is a

parent to two restricted games for individual adversary types.

The evaluation of the hierarchical tree starts at the leaf nodes and

works up the tree such that all child nodes are evaluated before the

parent nodes are evaluated. Every node is processed by evaluating

the pure strategies of the restricted game and propagating up only the

feasible pure strategies (i.e., pure strategies inducible as an adversary

best response). [8] proved that if a pure strategy aθ′ can never be a

best response for adversary type θ′ in a restricted game TSG(Θ′)
with Θ′ = {θ′} then any joint pure strategy containing aθ′ can never

be a best response in any TSG(Θ′′) with Θ′ ⊂ Θ′′. Thus, at a given

node, it is only necessary to consider joint pure strategies in the cross

product of the sets of feasible pure strategies passed up from the child

nodes.

For each pure strategy to be propagated, the corresponding utility

with respect to the restricted game is also passed up. [8] also proved

that it is possible to upper bound the screener utility for joint adver-

sary pure strategy aΘ in TSG(Θ) by
∑

θ∈Θ zθβ(aθ) where zθ is the

normalized probability of adversary type θ in TSG(Θ′) and β(aθ)
is the upper bound on the screener utility for adversary pure strategy

aθ in the restricted game TSG({θ}). These upper bounds can be

used to determine the order to evaluate joint pure strategies as well

as when it no longer necessary to evaluate joint pure strategies. This

propagation of pure strategies and upper bounds continues until the

root node is solved to obtain the best solution for the game.

Example Consider a game with four adversary types Θ =
{θ1, θ2, θ3, θ4}, like in Figure 2(b), where each adversary type has

two actions available, a1
θi
, a2

θi
. The full game is broken down into the

restricted games and we solve the leaf nodes in the hierarchical tree

first. Suppose that after we solve all of the leaf nodes we get the fol-

lowing action sets for the adversaries: θ1 = {a1
θ1
}, θ2 = {a1

θ2
, a1

θ2
},

θ3 = {a1
θ3
}, θ4 = {a1

θ4
} (as the other actions are found to be infeasi-

ble). Then, in the node {θ1, θ2} we evaluate [a1
θ1

,a2
θ2

] and [a1
θ1

,a1
θ2

]

while for node {θ3, θ4} we evaluate [a2
θ3

,a1
θ4

]. Now, at the root node

(Θ) we only have to evaluate two joint adversary pure strategies (i.e.,

[a1
θ1

,a1
θ2

,a2
θ3

,a1
θ4

] and [a1
θ1

,a2
θ2

,a2
θ3

,a1
θ4

]) instead of 16 (cross prod-

uct of all adversary type strategy sets) in order to find the optimal

strategy for the game.
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Figure 2. Bayesian Adversary Strategy Space

5.2 Advantages of GATE

As mentioned earlier, security games techniques do not apply to

TSGs directly, and thus, HBSA is not well suited for our problem. In

particular, HBSA utilizes a Branch-and-Price framework [3] which

requires running column generation (given the large number of de-

fender strategies in complex domains) to evaluate every single adver-

sary joint pure strategy in the hierarchical type tree. While Branch-

and-Price is a general approach frequently used for Bayesian Stack-

elberg games, column generation has been shown to be incapable of

scaling for large-scale TSGs even in the zero-sum case due to the

massive number of screener pure strategies [4]. Thus, having to re-

peatedly run column generation for the Bayesian general-sum TSGs

is a non-starter.

To efficiently evaluate the joint adversary pure strategies in the

nodes of the hierarchical tree, we introduce Branch-and-Guide,

which combines branch-and-bound search with MGA to simultane-

ously mitigate the challenges of both scalability and implementabil-

ity when solving Bayesian general-sum TSGs. Branch-and-Guide

may be run at the root node of the hierarchical type tree, so that given

a large of joint adversary pure strategies, we may be able to prune

out a large number of them using upper-bounds, speeding up our

computation. Furthermore, Branch-and-Guide exploits the fact that

for a fixed joint adversary pure strategy, an implementable marginal

screener strategy can be obtained quickly (even if it not necessarily

optimal) and thus can avoid having to rely on column generation.

An example of the adversary strategy tree explored in Branch-and-

Guide is shown in Figure 3, with the size and ordering of the tree

based on the feasible joint adversary pure strategies and correspond-

ing upper bounds propagated up by the child nodes. Branches to the

left fix the joint adversary pure strategy, converting MarginalStrate-
gyMILP into a linear program which can be solved efficiently. How-

ever, the resulting marginal strategy may not be implementable and

thus we run MGA on the marginal while ensuring that the selected

joint adversary pure strategy is still a best response. This two-step

process produces an implementable marginal strategy that gives a

lower bound on the overall solution quality. Branches to the right

represent the upper bound on the screener utility for the next best

joint adversary pure strategy which is calculated using the solution

quality information passed up from the child nodes. If the screener

utility for the best solution found thus far is higher than the upper

bound than the next best joint adversary pure strategy, then the exe-

cution of Branch-and-Guide can be terminated without exploring the

remaining joint adversary pure strategies.

MGA Node 

Upper Bound Node 

           Lower Bound 1: 
First Leaf: at1 = 1, arest = 0 

         Lower Bound 2: 
Second Leaf: at1 = 0, at2 = 1,  
                    arest = 0 

       Upper Bound 1: 
  First Node: aall ϵ [0,1] 

       Upper Bound 2: 
  Second Node: at1 = 0, arest ϵ [0,1] 

Upper Bound |a| 

         UB1  UB2  …  UB|a| 
LB1, … , LB|a|: Possibly Not Ordered  

      Lower Bound |a|: 
Last leaf: a|a| = 1, arest = 0 

Figure 3. Branch-and-Guide Tree

6 Scaling Up GATE

While GATE incorporates state-of-the-art techniques to solve

MarginalStrategyMILP, it fails to scale up to real world problem

sizes for TSGs (see comparison in Evaluation). Thus, we employ

intuitive heuristics that further narrows down the search space for

GATE, thereby enabling up to 10X run time improvement with only

5-10% solution quality loss. There are two distinct steps in GATE

where additional heuristics can help: the processing step at the leafs

of the hierarchical type tree and the processing step at the intermedi-

ate and root nodes. In this section we first present GATE-H (GATE

with heuristics) formally and then describe the heuristics used to

speed up the computation.

6.1 GATE-H: GATE with Heuristics

GATE-H solves TSGs efficiently by limiting both the number of ad-

versary pure strategies passed up the hierarchical adversary type tree

from restricted games and by limiting the number of adversary strate-

gies evaluated in the individual nodes. Each node in the hierarchical

tree is solved using Algorithm 1, beginning at the leaf nodes. The

feasible adversary pure strategy set, denoted as A
′
, is passed up to

the parent nodes as each child is solved. Notice that not all strategies

need be evaluated at a given node for the computation to terminate
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Algorithm 1: GATE− H− NODE(Θ,Ai
Θ,B

i,Us,UΘ,K)

//Ai
Θ: Pruned feasible pure strategy set for all adversary types

1. A
′′

:= all-Joint-Adversary-Pure-Strategies()

2. B
′
(aΘ) := getBound(aΘ, B

i) ∀aΘ ∈
∏

Θ Ai
Θ

3. sort(A
′′
, B

′
(aΘ)) //sort aΘ in descending order of B

′
(aΘ)

4. aΘ := [A1
Θ(1), A

2
Θ(1), ..., A

|Θ|
Θ (1)]

5. r∗, r
′
= −∞ //Save best and iterative solutions

repeat
6. (feasible, n, r) := MGA(aΘ)

if feasible then
7. A

′
:= A

′ ∪ aΘ

if r > r∗ then
8a. r∗ := r
8b. n∗ := n

9. B
′
(aΘ) := r

else
10. A

′′
:= A

′′\aΘ

11. Every K iterations

if r
′
= r∗ �= −∞ then

12. break

else
13. r

′
:= r∗

14. aΘ := getNextStrategy(aΘ, r
∗, Ai

Θ, B
i)

until aΘ = NULL

return (n∗, r∗, A
′
, B

′
)

as either the Branch-and-Guide heuristic or K cutoff heuristic, both

introduced later in this section, can end the computation early.

When solving a given node in GATE-H we take in the adversary

set (Θ) and the screener’s and adversary’s utilities (Us and UΘ, re-

spectively), with the feasible strategies (Ai
Θ) and bound information

(Bi) is acquired from the children of that node as shown in Algo-

rithm 1. In the case of solving a leaf node in the binary tree we

enumerate all of that adversary type’s strategies and get bound in-

formation by solving an upper bound LP, described in Section 6.2.

After constructing the joint adversary pure strategy set (Line 1), we

order the set by their upper bound values (Line 3) and evaluate each

strategy one by one (main loop starts after Line 5). Heuristics are

used inside of this loop, leading to GATE-H.

Algorithm 2: getNextStrategy(aΘ, r∗,Ai
Θ,B

i)

for i = |Θ| to 1 Step-1 do
j := index-of(aΘ,Ai

Θ)

//Set each adversary type strategy equal to left most leaf

ai
Θ := [A1

Θ(1), ..., A
|Θ|−1
Θ (1), A

|Θ|
Θ (j + 1)]

if r∗ < getBound(aΘ, B) then
return aΘ

return NULL

The first of the two heuristics used is the Branch-and-Guide ap-

proach (Line 14 - getNextStrategy()) which ends the computation

early if the value of the current best strategy is greater than the next

highest upper bound. The second heuristic, discussed in more detail

in Section 6.3, is the K cutoff (Line 11) which ends the computation

early if the current best solution is not improving after K iterations.

Algorithm 2 describes the getNextStrategy function in detail. Es-

sentially the function builds the next strategy to be evaluated by it-

erating through all of the adversary types and grabbing the highest

valued strategy in their respective pure strategy lists.

6.2 Tuning Leaf Node Computation
At the leaf nodes in our hierarchical type tree we solve the restricted

game for each adversary type. For GATE to be exact, we must re-

turn all feasible adversary strategies from each leaf node. If we do

not return all feasible pure strategies, we have a heuristic approach,

which may run well in practice but is not guaranteed to be optimal.

Nonetheless, in some cases even for optimality it might suffice for

us it might suffice for us to return only some promising strategies.

Below we note a special condition under which it is optimal to just

consider one adversary strategy at each leaf in the hierarchical tree.

Lemma 1. Let nθ represent the optimal allocation against type θ
at the leaf. Let nθ[Cθ] be the part of the allocation that is assigned
to screenees in screenee category Cθ . If the strategy n formed by
putting together all nθ[Cθ]: n =

∑
θ nθ[Cθ] is feasible then n is the

optimal defender strategy and the single adversary best response for
each single type is the adversary best response in the overall game.

Proof Sketch. First, note that the strategy n achieves the payoff∑
θ zθs

∗
θ , where s∗θ is the defender utility in the restricted game with

just the type θ. Also, clearly s∗θ is an upper bound on the defender

utility for the restricted game. By the result from [8], the upper bound

on the defender utility is
∑

θ zθs
∗
θ which is achieved by n.

We can use Branch-and-Guide as described earlier to return fewer

promising adversary strategies, but the question that arises when us-

ing Branch-and-Guide at the leaf nodes is how to compute the up-

per bounds for the nodes on the right of the tree (Recall for non-

leaf nodes this upper bound is computed from the upper bounds that

are propagated up from each child). One approach to compute this

upper bound is to adapt the ORIGAMI [9] approach; ORIGAMI is

the fastest technique for solving non-Bayesian general-sum security

games without resource scheduling constraints. The underlying idea

is to solve an LP to minimize the utility of the adversary by inducing

the largest possible attack set (set of targets that are equally and most

attractive for the attacker) and [9] shows this provides the optimal

defender utility in games without scheduling constraints. However,

even for a TSG with a single time window and a single adversary

type, ORIGAMI may not provide the optimal solution.

Therefore, ORIGAMI cannot be applied directly to find upper

bounds on the adversary pure strategies at the leaf nodes. Thus, we

provide UpperBoundLP, shown below, to calculate the upper bound

at the leaf nodes in the hierarchical tree.

min
n,q,s,x

kθ′ (12)

s.t. kθ′ ≥ xw
c,mUd

θ
′
,c
+ (1− xw

c,m)Uu
θ
′
,c
∀w, ∀c, ∀m

(13)

xw
c,m =

∑
t∈T Et

m
nw
c,t

Nw
c

∀w, ∀c, ∀m (14)∑
t∈T Itr

∑
c∈C nw

c,t ≤ Lw
r ∀r, ∀w (15)∑

t∈T nw
c,t ≤ Nw

c , nw
c,t ≥ 0 ∀c, ∀w (16)

The objective function 12 minimizes the attacker’s utility for the

adversary type θ
′
. Equation 13 enforces that the adversary payoff be

the maximal payoff for the adversary given a marginal strategy n.
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Equations 14-16 enforce the resource constraints from the original

game. This LP uses a slightly modified formulation when enforcing

the capacity constraints. Namely, replace Equation 7 with 16, i.e., we

relax the constraint that every passenger in a given category c for a

time window w must be screened.

Theorem 2. UpperBoundLP provides an upper bound on the
screener utility dθ′ for a non-Bayesian TSG.

Proof. By relaxing constraint 7 to constraint 16, we can only expand

the attack set of the adversary from the original formulation. This

happens as Equation 16 allows for an adversary to not be screened

which can only increase their utility for targets, thus possibly increas-

ing their attack set. Since the adversary breaks ties in the screener’s

favor this can only increase the screener’s possible utility.

The above approach serves two purposes: we enormously reduce

the set of strategies that are sent up to the parent even if all the ad-

versary strategies are evaluated in the Branch-and-Guide tree, as the

attack set is much smaller than the set of all feasible strategies. The

running time is also reduced, given the small attack set and the effi-

cient LP to obtain this attack set and upper bounds.

6.3 Tuning Non-leaf Node Computation

Section 6.2 focused on reducing the number of adversary pure strate-

gies returned from the leaf nodes. However, another very important

area to prune the search space is at the interior nodes in the binary

tree. One way to approach this problem is using Branch-and-Guide

in these nodes and stopping the search once the current best solution

is better than the next highest upper bound. This can possibly provide

significant speed-ups in terms of the computation speed of GATE but

it is not quite enough. Unfortunately, in our experiments it turned out

that most of the joint adversary pure strategies were evaluated in the

interior nodes by MGA as the stopping condition for Branch-and-

Guide was almost never met.

Thus, we take inspiration from column generation and security

games literature [17] where column generation is stopped if the so-

lution quality does not change much with new columns being added.

This heuristic almost always provides a very good approximation.

We adopt this same principle so that when evaluating adversary

strategies in the Branch-and-Guide approach if the current solution

quality does not change over the next K strategies then we can stop

the computation and declare the current solution as the final solu-

tion with the adversary strategies evaluated so far propagated to the

parent. This approach can also be adopted at the root. Here K is a

parameter that we can vary, but we use K = 30 for the experiments

as it seems to work the best for our problem. This approach serves

two purposes: (1) it reduces the run time at each intermediate node

and the root node and (2) it reduces the number of adversary pure

strategies propagated up the tree.

GATE-H then allows us to solve large-scale Bayesian general-sum

TSGs. Further, empirically these heuristics maintain high solution

quality while decreasing the runtime by an order of magnitude.

7 Evaluation

We evaluate GATE-H using synthetic examples from the passenger

screening domain as real world data is not available. We solved the

LPs and MILPs using CPLEX 12.5 with the barrier method, as this

was found to work the best, on USC’s HPC Linux cluster limited

to one Hewlett-Packard SL230 node with 2 processors. The adver-

sary and screener payoffs are generated uniformly at random with

Uu
a ∈ [2, 11] and Uu

s ∈ [−1,−10]. For both the adversary and the

screener we set Ud = 0. The default values for the experiments

Figure 4. Runtime Comparison - MILP and GATE

are 6 adversary risk levels, 5 screening resource types, 10 screen-

ing teams, 2 attack methods and 3 time windows unless otherwise

specified. For all experiments the capacity resource constraints also

remain constant. All results are averaged over 20 randomly generated

game instances.

Scaling Up and Solution Quality The first experiment tests the

scalability of each approach and provides solution quality informa-

tion for GATE-H relative to the MarginalStrategyMILP. This exper-

iment provides information about the trade-off between runtime and

solution quality for our heuristic algorithm. The four different vari-

ations of GATE that were tested are: (1) GATE which evaluates all

adversary pure strategies in each of the restricted games and only

uses Branch-and-Guide at the root, (2) GATE-H-BG which uses the

Branch-and-Guide heuristic in all nodes, (3) GATE-H-K which uses

the K = 30 cutoff in all nodes and (4) GATE-H-BG-K which uses

both Branch-and-Guide and the K cutoff in all nodes. In Figure 4

we show the runtime results for all of the algorithms. On the x-axis

we vary the number of flights from 60 to 120 in increments of 20.

On the y-axis is the runtime in seconds. For example, for 80 flights

MarginalStrategyMILP takes almost 10,000 seconds to finish. GATE

did not finish in any of the instances showing it cannot scale to large

TSG instances. GATE-H-BG also does not perform well as it fails to

beat the average runtime of the MILP over all of the instances. As

can be seen GATE-H-BG-30 and GATE-H-30 significantly reduce

the runtime with an average of a 10 fold improvement over all cases

and GATE-H-BG-30 providing a 20 fold speed up at 120 flights.

In Figure 5 we compare the solution quality of the MILP with

GATE-H-BG-30 and GATE-H-30. We do not include GATE and

GATE-H-BG as they do not finish in a majority of instances making

it difficult to compare the solution quality. On the x-axis we again

vary the number of flights from 60 to 120 in increments of 20. On

the y-axis is the screener’s utility. For instance, for 60 flights GATE-

H-BG-30 returns an average screener utility of -0.5974. As the graph

shows the average solution quality loss over these game instances

is always less than .0411 for both GATE-H-BG-30 and GATE-H-30

compared to the MILP. These results show that both GATE-H-BG-30

and GATE-H-30 provide good approximations for large scale TSGs.

Our next experiment aimed to test the ability of GATE-H-BG-30

and GATE-H-30 to scale up to much larger TSG instances. The re-
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Figure 5. Solution Quality - MILP and GATE

sults are shown in Figure 6. On the x-axis we increase the number

of flights from 160 to 220 in increments of 20. On the y-axis we

show the average runtime in seconds to solve each of the TSG in-

stances. For example, GATE-H-BG-30 took on average 2,396 sec-

onds to solve a game with 200 flights. An interesting trend here is

that the runtime peaks at 180 flights and starts to decrease afterward.

This trend could be related to the resource saturation problem as seen

in other security games [7], where the observation is that resource op-

timization is easiest when the resources available are comparatively

small or equal to the number of targets and becomes difficult when

this is not the case.
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Figure 6. Scaling Up to Larger TSG Instances

Moving Towards Zero Sum The last experiment aimed to test

what happens to the solution quality of GATE-H-BG-30 and GATE-

H-30 as the game payoffs move toward zero-sum. For this experi-

ment, we use 40 flights and have only one time window as the MILP

does not scale in these instances. We vary an r-coefficient from 0 to

-0.9 in increments of -0.1, where r = 0 means there is no correlation

between the attacker’s and screener’s payoffs and r = −1 means the

game is zero-sum (Note: -1 is not tested as there is a specialized algo-

rithm to deal with that case where our techniques are not useful). In

previous experiments we do not explicitly set a correlation between

the adversary’s and screener’s payoffs although it may be the case.

On the x-axis is the r-coefficient and the y-axis shows the screener’s

utility. For example, when r = 0 the MarginalStrategyMILP returns

a screener utility -0.889, GATE-H-BG-30 returns a screener utility

-0.917 and GATE-H-30 returns a solution quality of -0.931. In this

Figure 7. Solution Quality - Moving to Zero Sum

experiment an interesting trend appears. As we move toward zero-

sum games the relative performance of both GATE-H-BG-30 and

GATE-H-30 progressively worsens. However, until the game payoffs

are nearly zero-sum (r = −0.9) both GATE-H variations do have a

solution quality loss greater than 11.385%. This experiment again

shows that both GATE-H-BG-30 and GATE-H-30 provide good ap-

proximations in general-sum TSGs. (A careful reader might notice

in Figures 5 and 5 that there are slight differences in solution qual-

ity between GATE-H-BG-30 and GATE-H-30, however these are not

statistically significant.)

8 Summary

The TSG model provides an extensible and adaptable model for

game-theoretic screening in the real world. It improves upon previ-

ous models in security games that fail to capture important properties

of the screening domain, e.g., the presence of non-player screenees

in the game and complex team capacity constraints. The model also

improves on work done on threat screening, such as screening sta-

dium patrons [15], cargo container screening [2], and screening air-

port passengers [12, 11].

Previous work done on TSGs [4] focused on the Bayesian zero-

sum case and in this paper we extend TSGs to the Bayesian general-

sum case. We provide four contributions to accomplish this task: (1)

the GATE algorithm which efficiently solves large scale Bayesian

general-sum TSGs, (2) the Branch-and-Guide approach which com-

bines branch-and-bound search and MGA in order to efficiently solve

nodes in the hierarchical tree, (3) heuristics that speed up the compu-

tation of GATE, and (4) experimental evaluation of GATE showing

the scalability of our algorithm.

Using the aforementioned contributions this paper presents a prac-

tical approach for solving Bayesian general-sum TSGs that scales up

to problem sizes encountered in the real world. Thus, with this paper

we hope to increase the applicability of TSGs by providing tech-

niques for solving large scale Bayesian general-sum TSGs.
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False-Name-Proof Mechanisms for Path Auctions in
Social Networks

Lei Zhang1 and Haibin Chen1,2and Jun Wu1 and Chong-Jun Wang1 and Junyuan Xie1

Abstract. We study path auction mechanisms for buying path be-

tween two given nodes in a social network, where edges are owned

by strategic agents. The well known VCG mechanism is the unique

solution that guarantees both truthfulness and efficiency. However, in

social network environments, the mechanism is vulnerable to false-

name manipulations where agents can profit from placing multiple

bids under fictitious names. Moreover, the VCG mechanism often

leads to high overpayment. In this paper, we present core-selecting

path mechanisms that are robust against false-name bids and address

the overpayment problem. Specifically, we provide a new formula-

tion for the core, which greatly reduces the number of core con-

straints. Based on the new formulation, we present a Vickery-nearest

pricing rule, which finds the core payment profile that minimizes

the L∞ distance to the VCG payment profile. We prove that the

Vickery-nearest core payments can be computed in polynomial time

by solving linear programs. Our experiment results on real network

datasets and reported cost dataset show that our Vickery-nearest core-

selecting path mechanism can reduce VCG’s overpayment by about

20%.

1 Introduction
We consider the problem of buying shortest paths between two given

nodes in a social network. For example, in professional networks

like LinkedIn, job seekers might want to buy short paths to poten-

tial employers; in social media networks, advertisers might want to

buy short paths to target customers. In these examples, edges in the

networks are owned by strategic agents, and each agent i has a pri-

vate cost ci of being included in the path. The goal is to design a path

auction mechanism to determine which path to buy, and how much

each agent is paid.

The problem is hard because agents may lie about their costs if ly-

ing could increase their utilities. Previous work on path auctions have

focused on the well known Vickery-Clark-Groves (VCG) Mecha-

nism [24]. The mechanism pays each agent on the shortest path an

amount equal to the highest bid with which the agent could have won.

It can be shown that the VCG mechanism is the unique efficient and

dominant-strategy truthful path mechanism.

However, the VCG mechanism suffers from two economic prob-

lems that make it rarely used in practice. The first is that it can lead to

significant overpayment. For example, in Figure 1, VCG selects the

bottom path and pays 24, while the cost of the shortest path is only 3.

Previous work shows that all truthful path mechanisms can be forced

to make arbitrarily high overpayment in the worst case [14].
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2 Department of Electronic Technology, Engineering University of CAPF,
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Figure 1: Problems with the VCG path mechanism. Top: VCG pays

8 to agent b, c and d, and the total payment is 24; Bottom: VCG pays

10 to agent b for his three edges, but if agent b places three bids under

three different names, he will get 3 ∗ 8 = 24.

The second economic problem is that the VCG mechanism is vul-

nerable to false name manipulations [31]. In real world networks, an

agent may own multiple edges or even a whole sub-network. Mean-

while, it is also very easy for agents to create fake accounts in social

network environments. Then those agents that own many edges can

profit from false name manipulations where they place multiple bids

under these fictitious names. For example, in Figure 1, VCG pays 10
to agent b for the three edges in the bottom path, however, if agent b
submits three separate bids under three different names, he will get

a total payment of 24. Therefore, the VCG mechanism is not false-

name proof.

In this paper, we are interested in designing efficient path mech-

anisms to address the economic problems of the VCG mechanism.

Based on the framework of core-selecting auctions, we present core-

selecting path mechanisms which relax dominant-strategy truthful-

ness and use the core as the solution concept. We prove that core-

selecting path mechanisms are more frugal than the VCG mecha-

nism and are robust against false-name bids. We then give a new

core formulation that greatly reduces the number of core constraints,

which allows us to compute Vickrey-nearest core payments use linear

programming techniques. We further show that the Vickrey-nearest

core payments can be computed in polynomial time. We then eval-

uate core-selecting path mechanisms on real network data and show

that the Vickrey-nearest core-selecting path mechanism can greatly

reduce VCG’s overpayment under realistic bid (reported cost) distri-

butions.

Our main contributions in this work are: (1) We present a new core

formulation that reduces the number of core constraints to 2k, where

k is the network diameter. (2) We give a linear program to compute

the Vickery-nearest core payments which minimize the L∞ distance

to the VCG payments.
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2 Related Work

The problem of designing mechanisms for path auctions was first

studied in [24], where edges in a network are owned by strategic

agents, and the cost of the edges is private information of the agent

owning the edges. The VCG mechanism is applied to find the short-

est paths. The mechanism is shown to be dominant strategy truth-

ful, which means all agents reporting their true costs is a dominant

strategy equilibrium. It is also shown that the VCG payments can be

computed using n runs of Dijkstras algorithm in O(nm+ n2 log n)
time. It is later shown that if the graph is undirected then the VCG

payments can be computed in only O(m+ n log n) time [17].

Although the VCG mechanism for path auction is efficient and

truthful, it is found that the VCG mechanism has some undesirable

properties. Previous work has found that VCG path mechanism can

be forced to make arbitrarily high overpayment in the worst case, in

fact the result can be generalized to include all truthful path mecha-

nisms [14, 20]. This led to the study of frugal path mechanisms [2].

Previous work have also studied the VCG overpayment in the In-

ternet inter-domain routing graph [15] and large random graphs [19].

The results show that the VCG overpayment can be intriguingly low

when these graphs have unit edge costs. It is also noted the VCG

payments can be reduced by removing edges in the graph, but it is

NP-hard to determine the optimal set of edges to remove in order to

get the lowest VCG payments [13].

False-name manipulations have been studied in a number of

anonymous environments, including combinatorial auctions [30, 29,

26, 1], voting [28, 4, 3], matching [25] and social networks [7, 5].

Previous work have also studied first-price path auction mechanism

which can be shown to be false-name proof [12, 18].

In addition to the literature on mentioned above, our work is also

related to the literature on core-selecting auctions [22, 9, 11, 10, 8].

In particular, we use techniques from [8] to prove that core-selecting

path mechanisms are robust against false-name bids.

3 Preliminary

We consider a setting where there is a social network represented by a

graph G = (V,E), with |E| = n. Each edge in the graph represents

a strategic agent e that has a cost c(e) ∈ R≥0 of being included in

the path, and this cost is the private information of agent e. Given a

start node s and a goal node g, the goal is to buy the shortest (least-

cost) path from s to g. A solution to this problem is a subset of edges

and a payment profile that describes the payments to the agents in the

subset.

Since the costs c is private information, we set this up as a mech-

anism design problem. Each agent e who is a candidate for the path

will make a bid be > 0 and the path mechanism will use an alloca-

tion rule xe(b) ∈ {0, 1} and a payment rule te(b) ≥ 0 to determine

whether or not agent e is selected, and the payment to agent e, re-

spectively.

We assume agents are rational and strategic, they will choose bids

to maximize their own utilities and may lie about their cost if ly-

ing can increase their utilities. Let allocation x = (x1, · · · , xn)
and payment profile t = (t1, · · · , tn) denote the outcome of a path

mechanism. The utility of agent e is defined through the following

quasi-linear function,

πe =

{
te − ce if agent e is selected,

0 otherwise.

Note that agents are individual rational, which means that they are

willing to participate in a path mechanism only if they are guaranteed

a non-negative utility, so we have ∀e ∈ E, te ≥ be.

Denote the auctioneer by 0, its utility π0 = −∑
e∈E te. The so-

cial welfare of N = E ∪ {0} is then the cost of the chosen path,

w(N) = π0 +
∑
e∈E

πe = −
∑
e∈E

xece (1)

A path auction mechanism is efficient if it selects a minimum cost

path from s to g. The minimum cost is denoted as d(s, g,G).
Then the social welfare of an efficient mechanism is: w∗(N) =
−d(s, g,G).

3.1 The VCG Mechanism for Path Auctions
One appealing mechanism for the path auction problem is the VCG

mechanism [27, 6, 16]. The VCG mechanism is efficient, it chooses

a shortest path so that the social welfare is maximized. Bidders that

are not included in the chosen path are paid 0. For bidder e in the

chosen path, its utility is given by,

πVCG,e = w∗(N)− w∗(N − {e}) (2)

where w∗(N − e) is the social welfare if bidder e’s bid is ignored.

By the definition of πe, the VCG payment to agent e can be com-

puted as follows,

tVCG,e =πVCG,e + be

=w∗(N)− w∗(N − {e}) + be

=− d(s, g,G) + d(s, g,G− {e}) + be (3)

where G − {e} stands for the graph G with edge e removed and

d(s, g,G−{e}) is the cost of the shortest path from s to g in G−{e}.

Alternatively, d(s, g,G− {e}) can also be considered as the cost of

shortest path from s to g in the graph G if we set ce =∞.

The VCG mechanism is dominant strategy truthful. Note that in

Equation 3, as bidder e is in the chosen path, its bid be also appears

in d(s, g,G), so it can be cancelled with the last term. The VCG pay-

ment te is thus not dependent on bidder e’s reported cost be. There-

fore, it is a weakly dominant strategy for bidders to report their true

costs: ∀e ∈ E, be = ce.

3.2 Problems with the VCG Mechanism
The VCG mechanism is appealing because it is the only auction

mechanism that is both truthful and efficient. However, it suffers

from two problems that make it rarely used in practice.

The first is its overpayment problem. Consider a graph with two

disjoint paths from s to g, the shortest path p1 with cost 0 and the

second shortest path p2 with cost 1. The VCG mechanism pays 1 to

each agent in p1. If there is n − 1 edges in p1, then VCG will pay

n−1 for p1, which is a Θ(n) factor more than the cost of the second

cheapest path.

In fact, using results from single-parameter mechanism design

[23], it can be shown that such a worst-case overpayment is an in-

trinsic property of any truthful path mechanism [14].

The second problem of the VCG mechanism is that it is vulnera-

ble to false-name bidding or shill bidding, where bidders create fake

names and submit multiple bids under these names [31, 12]. This

kind of strategic bidding is easy to implement in path auctions on

social networks because it is hard to verify all the bidders’ identities.
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4 Core-Selecting Path Mechanisms
In this section, we propose core-selecting path mechanisms to ad-

dress the overpayment problem in the VCG mechanism and provide

robustness against false-name bids. Since VCG is the unique mech-

anism to guarantee both allocation efficiency and dominant strategy

truthfulness, we have to relax dominant-strategy truthfulness and use

alternative solution concepts. The idea is to model path auction as a

cooperative game (N,W ) and use the core as our solution concept.

The set of agents in the cooperative game is N = E ∪ {0}, which

includes all bidders in E and the buyer 0. For a coalition L ⊆ N , its

coalition value function W (L) is defined as,

W (L) =

{
−d(s, g, L) if 0 ∈ L,

0 otherwise.
(4)

where d(s, g, L) is the cost of the optimal s−g path in the graph

formed by L. Note that if a coalition does not include the buyer, then

its coalition value equals 0.

We can now define the concept of the core. An outcome is in the

core when the total utility of N equals W (N), and the total utility to

every coalition L of agents is at least W (L).

Definition 1 (Core outcome). A core outcome in a path auction
mechanism is an allocation and payment profile such that the util-
ity profile π = (π1, · · · , πn) satisfies:

(C0) : W (N) =
∑
i∈N

πi (5)

(C1) : W (L) ≤
∑
i∈L

πi ∀L ⊆ N (6)

The first core constraint (C0) requires that the total utility of N
equals −d(s, g,N), which means that the optimal path is always se-

lected. For any coalition L, the second core constraint set (C1) re-

quires that the total utility to L is no less than the value it could

obtain, which equals −d(s, g, L).

s t

5

1

3

1

1 2 3 4 p1

p2

1

2

3

4

VCG prices: (3,4)

The core

Figure 2: The core of a path auction. Left: There are four bidders

with cost 1, 1, 3, 5. Right: Core payments for bidders with cost 1.

The VCG payment profile (3, 4, 0, 0) is not in the core.

Given a bid profile b, let Core(b) be the set of payment profiles

in the core when the bidders’ cost profile c equals b. It can be veri-

fied that b is always in the core: b ∈ Core(b), so the set Core(b)
is always non-empty. This means that the first-price path auction is

core-selecting. We can now define the concept of core-selecting path

mechanisms.

Definition 2 (Core-selecting path mechanism). A path auction
mechanism is core-selecting if (1) it selects the optimal path; and
(2) the payment profile t is computed so that t ∈ Core(b).

Example 1. A path auction is shown in Figure 2. There are
four agents, the cost profile c = (1, 1, 3, 5). The optimal
path with cost 2 is selected in both the VCG mechanism and
core-selecting mechanisms. The VCG payment profile tVCG =
(3, 4, 0, 0). The core payments Core(b) is the convex hull of the set
{(1, 1, 0, 0), (1, 4, 0, 0), (3, 1, 0, 0), (3, 2, 0, 0)}. We can see that the
VCG payment profile tVCG �∈ Core(b), therefore the VCG mecha-
nism is not a core-selecting path mechanism.

5 Theoretical Results
In this section, we give several theoretical results for core-selecting

path mechanisms. The first is that they are always more frugal than

the VCG mechanism, specifically, core payments are never higher

than VCG payments.

Theorem 1. The VCG payment to bidder i equals its highest core
payment over all payment profiles in the core. That is,

∀i ∈ E, max{ti|t ∈ Core(b)} = tVCG,i (7)

Proof. First, note that there is a core outcome in which bidder i gets

its VCG payment tVCG,i = W (N) −W (N − i) + bi, while other

bidders are paid their cost and get a utility of 0. The buyer’s utility

π0 = W (N − i). We can verify that this utility profile is in the core.

Therefore, we have

max{ti|t ∈ Core} ≥ tVCG,i (8)

Meanwhile, suppose that in some core outcome bidder i is paid

strictly more than its VCG payment, then its utility πi > tVCG,i− bi.
For coalition N − i, we have∑

k∈N−i

πk = W (N)− πi < W (N − i) + bi ≤W (N − i) (9)

The core constraint corresponding to coalition N − i is violated, so

we have

max{ti|t ∈ Core} ≤ tVCG,i (10)

The proof is completed by combining (8) and (10).

The second result is that core-selecting path mechanisms are ro-

bust against false-name bidding. In fact, we show that they are the

only type of efficient path mechanisms that are robust against false-

name bidding.

Theorem 2. An efficient path auction mechanism has the property
that no bidder can earn more than its VCG payment by bidding with
false names if and only if it is a core-selecting mechanism.

Proof. Let L ⊆ N be a coalition of bidders, it’s possible that these

bidders are false-name bidders. The condition requires that these bid-

ders can not get more payment than if they were to submit their

merged bid in a VCG mechanism, which means
∑

i∈L ti ≤ tVCG,L.

In the VCG mechanism, the payment for coalition L is,

tVCG,L = W (N)−W (N − L) +
∑
i∈L

bi (11)

The condition is therefore∑
i∈L

ti ≤ tVCG,L = W (N)−W (N − L) +
∑
i∈L

bi (12)

L. Zhang et al. / False-Name-Proof Mechanisms for Path Auctions in Social Networks 1487



Since the path auction mechanism is efficient, we have W (N) =
π0 +

∑
i∈N πi. The condition can be written as,∑

i∈(N−L)∪{0}
πi ≥W (N − L) (13)

Since L is an arbitrary coalition of bidders, we have that for any

coalition T = N − L, ∑
i∈T∪{0}

πi ≥W (T ) (14)

Therefore all core constraints in C1 are satisfied. Combining this

with efficiency, we have t ∈ Core(b).

5.1 Core constraint set formulation
The core of a path auction is defined in terms of coalitions. For a

network with n edges, the number of core constraints in C1 is 2n.

However, many constraints are redundant, for example, if a coalition

L doesn’t contain s−g path, then W (L) = −∞, the corresponding

constraint is redundant and can be removed. We now formulate the

core constraint set C1 in terms of paths.

(C2) :
∑

e∈p−p∗
c(e) ≥

∑
e∈p∗−p

t(e) ∀p ∈ P (15)

where P is the set of all paths from s to g, p∗ is the optimal path, and

p− p∗ = {e ∈ p|e �∈ p∗}, p∗ − p = {e ∈ p∗|e �∈ p}.

The following proposition shows that constraint set C1 and C2
describe the same set of core payments.

Proposition 1. The two sets of constraints C1 and C2 describe the
same core.

Proof. Let L ⊆ N be a coalition of bidders. By C1, we have

W (L ∪ {0}) ≤ π0 +
∑
i∈L

πi (16)

Assume that the optimal s−g path in the sub-graph formed by L is

p. Since all bidders not in p∗ are not selected and have utility 0, the

constraint can be rewritten as

−
∑
e∈p

c(e) ≤ −
∑
e∈p∗

t(e) +
∑

e∈p∩p∗
[t(e)− c(e)] (17)

After rearranging the terms, we get∑
e∈p∗

t(e)−
∑

e∈p∩p∗
t(e) ≤

∑
e∈p

c(e)−
∑

e∈p∩p∗
c(e)

which is equivalent to the constraint in C2.

The size of core constraint set is reduced to the number of s−g
paths. However, there exists graphs with exponentially many s−g
paths, so there might still be an exponential number of core con-

straints in C2 in the worst case. In fact, it is #P-complete to count the

number of s−g paths in a general graph.

Note that p∗−p is a subset of p∗, we can enumerate all p∗−p and

create a new formulation for the core constraint set in terms of p∗’s

subsets.

(C3) : d(s, g,G− x)− d(s, g,G) +
∑
e∈x

c(e) ≥
∑
e∈x

t(e) ∀x ⊆ p∗

(18)

where d(s, g,G−x) is the cost of the optimal s−g path in the graph

G with edges in x removed. Theorem 3 shows that C3 still describes

the same set of core payments as C1 and C2.

Theorem 3. The two sets of constraints C2 and C3 describe the
same core.

Proof. We will show that for each constraint in one set, there is a

constraint in the other set that implies it. Therefore, the two sets de-

scribe the same core.

(C3) =⇒ (C2): Every constraint in (C2) corresponds to a

path p. For every such path p, there exists a subset x of p∗ such that

x = p∗ − p. By (C3), we have∑
e∈p∗−p

t(e) ≤ d(s, g,G−(p∗−p))−d(s, g,G)+
∑

e∈p∗−p

c(e) (19)

As p∗ − p = p∗ − (p∗ ∩ p), we get

−d(s, g,G) +
∑

e∈p∗−p

c(e) = −
∑

e∈p∗∩p
c(e) (20)

Since p ⊂ (G− (p∗ − p)), p is a valid path in G− (p∗ − p), we get

d(s, g,G− (p∗ − p)) ≤
∑
e∈p

c(e) (21)

Combining (19), (20), and (21), we have∑
e∈p∗−p

t(e) ≤
∑
e∈p

c(e)−
∑

e∈p∗∩p
c(e) =

∑
e∈p−p∗

c(e) (22)

which is p’s corresponding constraint in (C2). Therefore every con-

straint in (C2) also exists in (C3).
(C2) =⇒ (C3): Every constraint in (C3) corresponds to a

subset x of the optimal path p∗. For every such subset x, there exists

a path p such that p is the optimal path in the graph G − x, so we

have
∑

e∈p c(e) = d(s, g,G− x).
As x ⊆ p∗ and x ∩ p = ∅, we get∑

e∈p∗−p

t(e) =
∑
e∈x

t(e) +
∑

e∈(p∗−p)−x

t(e) (23)

By C2, we have∑
e∈x

t(e) +
∑

e∈(p∗−p)−x

t(e) ≤
∑
e∈p

c(e)−
∑

e∈p∩p∗
c(e) (24)

For each e ∈ p∗, we have c(e) ≤ t(e),∑
e∈x

t(e) ≤
∑
e∈p

c(e)−
∑

e∈p∩p∗
c(e)−

∑
e∈(p∗−p)−x

c(e) (25)

=
∑
e∈p

c(e)−
∑
e∈p∗

c(e) +
∑

e∈p∗−p

c(e)−
∑

e∈(p∗−p)−x

c(e)

(26)

= d(s, g,G− x)− d(s, g,G) +
∑
e∈x

c(e) (27)

Therefore, the constraint corresponding to p in C2 implies the con-

straint corresponding to x in C3.

The theorem indicates that for a shortest path with k edges, the

number of core constraints in (C3) is 2k. Real social networks often

have small diameter (longest shortest path length k), which allows

us to compute core payments efficiently using linear programming

techniques.
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6 Pricing Algorithms
As core-selecting path mechanisms are not dominant-strategy truth-

ful, it is important to provide incentives for bidders to bid truthfully.

In this section, we present Vickrey-nearest pricing rule for core-

selecting path mechanisms, which is shown to have good incentive

properties. The idea is to find core payments that maximize the total

payment and are as close to the VCG payments as possible.

6.1 Maximum Payment
We employ a two-step optimization algorithm to determine core pay-

ments. First, we maximize the total payment over the core. Recall the

core constraint set C3, for each subset x of the optimal path p∗, we

have ∑
e∈x

t(e) ≤ d(s, g,G− x)− d(s, g,G) +
∑
e∈x

c(e) (28)

Let βx = d(s, g,G− x)− d(s, g,G) +
∑

e∈x c(e), and denote the

vector of all βx values as β, we have

At ≤ β (29)

where A is a 2k × k matrix, k is the number of edges in p∗. Aij

equals 1 if bidder j is in the i-th subset and equals 0 otherwise. The

maximum total payment α can then be found using the following

linear program (LP-0):

(LP-0) : α =max t · 1
subject to: At ≤ β

t ≥ c

(30)

The linear program LP-0 has 2k+k constraints, which is exponen-

tial in the number of variables in LP-0, however, we can still prove

that LP-0 can be solved in polynomial time.

Proposition 2. The maximum core payment α can be computed in
time polynomial in k by solving the linear program LP-0.

Proof. We first show that there is a polynomial time separation or-

acle, which given a core payment profile t, answers that t satisfies

At ≤ β and t ≥ c, or returns an inequality that is not satisfied by t.
The second set of constraints t ≥ c is easy to verify. To check

that whether t satisfied the first set of constraints At ≤ β, we set

the cost of edges in the original optimal path p∗ to be t and then

compute a new optimal path p′. If the optimal path stays the same,

p∗ = p′, then the first set of constraints is satisfied; otherwise assume

that pp = p∗ − p′, then the following constraint corresponding to pp
is not satisfied:

∑
e∈pp t(e) ≤ βpp.

Since the separation oracle runs in polynomial time, the ellipsoid

method can give solutions to LP-0 in time polynomial in k.

6.2 VCG-Nearest Payments
In the second step, we find core payments to minimize the L∞ dis-

tance to the VCG payments. The L∞ between two payment vectors

x and y is defined as

L∞(x,y) = max{|x1 − y1|, |x2 − y2|, · · · , |xk − yk|}

Besides the core constraints in (LP-0), we add one more constraint

that the sum of payments should equal the maximum total payment:

t ·1 = α. Then we can find the Vickrey-nearest payments by solving

the following problem:

(NLP-1): r =min ‖t− tVCG‖∞
subject to: At ≤ β

t ≥ c

t · 1 = α

(31)

It is hard to optimize (31) directly. We reformulate it as a linear

program by adding a new variable y. Meanwhile, for each edge i in

the optimal path, we add a new constraint: |tVCG,i − ti| ≤ y. y can

be understood as the the maximum difference between tVCG
i and ti.

As ti ≤ tVCG,i, the new constraints can be rewritten as: t + y1 ≥
tVCG. Then we can find the Vickrey-nearest payments t by solving

the following linear program:

(LP-2): r =min y

subject to: At ≤ β

t ≥ c

t · 1 = α

t+ y1 ≥ tVCG

(32)

For an optimal path with k edges, the linear program (LP-2) has k
decision variables and 2k + 2k + 1 constraints.

Theorem 4. The Vickrey-nearest core payments can be computed in
polynomial time by solving linear program LP-2.

Proof. Given a core payment profile t and y, we already give a poly-

nomial time separation oracle for At ≤ β and t ≥ c in Proposition

2. The third set of constraints t ·1 = α is trivial to check. The last set

of constraints can also be sequentially verified in O(k) time. There-

fore, we can also solve LP-2 in polynomial time using the ellipsoid

method.

For the path auction in Figure 2, the maximum total payment α is

5, and the Vickerey-nearest core payments is (2, 3, 0, 0).
To analyze the incentive property of the Vickerey-nearest pricing

rule, we assume bidders know each others’ costs and analyze the

Nash equilibrium. Denote b̂−i as the bids of bidders other than i.
Given any b̂−i, let t̂VCG,i be the VCG payment to bidder i when i is

truthful. Then we have the following result,

Proposition 3. t̂VCG,i is a best response by bidder i to the bids b̂−i

of others.

Proposition 3 holds because if i’s bid is more than t̂VCG,i, then the

core constraint corresponding to coalition N−{i} is violated. Define

the regret of a bidder as the difference between his utility submitting

a best-response bid to the bids of others and his utility when bidding

truthfully. We can prove the following result,

Theorem 5. The Vickerey-nearest core-selecting path mechanism
minimizes the maximum regret for bidders across all core-selecting
path mechanisms.

Proof. Assume that all bidders are truthful. Fixing bids b−i of others,

the best response of bidder i is to bid his VCG payment tVCG,i. Then

bidder i’s regret is tVCG,i − ti, where ti is the VCG-nearest core

payment for bidder i. As the Vickerey-nearest payments t minimizes

the L∞ distance to the VCG payments tVCG, the maximum regret for

all bidders is minimized.
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7 Experiment Results

In this section, we evaluate the performance of false-name proof path

mechanisms.

7.1 Datasets and Problem Generation

First we describe the network and cost(bidding) datasets used in the

following experiments. The network datasets we used are from the

SNAP datasets [21], which consist of four social networks:

• Facebook network. The dataset consists of friends lists from Face-

book. The data was collected from survey participants using Face-

book app 3.

• Google+ network. This dataset consists of circles (friends lists)

from Google. The data was collected from users who had manu-

ally shared their circles.

• Twitter network. This dataset consists of friend list from Twitter.

The data was crawled from public sources.

• Wikipedia voting network. The network contains voting data for

Wikipedia administrators elections . Nodes in the network repre-

sent wikipedia users and a directed edge from node i to node j

represents that user i voted on user j.

The detailed network statistics are given in table 1.

Networks Nodes Edges dmax 90-percentile dmax

Facbook 4,039 88,234 8 4.7
Google+ 107,614 13,673,453 6 3.0
Twitter 81,306 1,768,149 7 4.5
Wiki-Vote 7,115 103,689 7 3.8

Table 1: Network statistics, dmax is the network diameter, or the max-

imum shortest path length, the last column is the 90-th percentile of

shortest path length distribution.
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Figure 3: Reported costs plotted against number of friends. The red

line shows average reported costs.

Compared with network data, the true costs of bidders are diffi-

cult to obtain. In our experiments, we use reported cost data from a

microblog advertising platform weiboyi 4, where microbloggers are

asked to report their costs to make recommendations to friends in

their social network. Figure 3 shows reported costs and the number

3 https://www.facebook.com/apps/application.php?id=201704403232744
4 http://www.weiboyi.com

of friends for 15082 microbloggers. As the correlation between re-

ported costs and the number of friends is rather small (-0.005), we

use a simulation approach to generate realistic bids. Each time we

take a cost at random from the microblogger bidding data and as-

sign it to an edge from our networks. We also use another unit cost

distribution where all costs are set to 1.

The compared path mechanisms include the VCG mechanism

(VCG) and the Vickrey-nearest core-selecting mechanism (VNC).

For each network and each path mechanism, we generate 3000 prob-

lem instances where the start node s and goal node g are selected

uniformly at random from all nodes. All problem instances are exe-

cuted using CPLEX 12.6 on a 3.1 GHz Intel Core i5 processor.

Networks
Avg. shortest

path cost
Avg. VCG
payments

Avg. VNC
payments

Avg. maximum
regret

Facebook 3.63 5.66 5.03 0.26
Wikipedia 2.99 3.78 3.43 0.18
Google+ 3.19 3.79 3.52 0.08
Twitter 4.81 6.07 5.46 0.18

Table 2: Average payment and average maximum regret under unit

cost distribution.

Networks
Avg. shortest

path cost
Avg. VCG
payments

Avg. VNC
payments

Avg. maximum
regret

Facebook 871.07 2113.19 1697.70 81.50
Wikipedia 1038.11 2982.92 2599.35 106.56
Google+ 673.71 1607.24 1479.95 35.16
Twitter 1380.82 3584.91 2982.22 162.17

Table 3: Average payment and average maximum regret under re-

ported cost distribution.

7.2 Payment Performance
We first study the payment performance of path mechanisms. In Ta-

ble 2 and 3, we show average payments for the unit cost distribution

and the reported cost distribution respectively. We can see that VNC

payments are always less than VCG payments. Under the unit cost

distribution, average overpayment is not very high for both mech-

anisms. However, under the reported cost distribution, VCG over-

payments become significant in all four networks. In particular, the

VCG mechanism overpays by 2304 in the twitter network when the

shortest paths cost only 1380.

The performance measure we used is the overpayment factors. The

overpayment factor of a path mechanism M is defined as the ratio

between its total payment and the true cost of the shortest path p∗.

OF =

∑
e∈p∗ tM (e)

cost(p∗)
(33)

We give detailed average overpayment factor results in Figure 4,

where average overpayment factors are plotted against the number of

edges in p∗. We can see that under the reported distribution, the VCG

mechanism overpays by a factor of 2.5 in the Facebook, Google+ and

Twitter networks, and overpays by a factor of 3 in the Wikipedia vot-

ing network. Meanwhile, the VNC mechanism only overpays by a

factor of 2 in these networks. Meanwhile, under unit cost distribu-

tion, there is little difference between the overpayment factors for

VCG and VNC mechanisms, this is because the overpayments are

already very low. Note that when the shortest path contains only one

edge (k = 1), the VNC payment is equal to the VCG payment, so
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Figure 4: Comparison of average overpayment factors under different cost distributions.
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Figure 5: Comparison of worst case overpayment factors under different cost distributions.

the overpayment factors are the same, this is confirmed by Figure 4.

We also plot worst case overpayment factor results in Figure 5. We

can see that under reported cost distributions, VNC’s overpayment

factors and VCG’s overpayment factors are very close in the worst

case.

We next evaluate bidders’ maximum regrets under the two cost

distributions. Define the maximum regret ratio as the ratio between

the maximum regret and the shortest path cost. Under the unit cost

distribution, the maximum regret ratio is less than 3% in the Google+

network and around 6% in the others. Under the reported cost distri-

bution, the maximum regret ratio is around 5% in the Google+ net-

work and around 10% in the others.

Networks first-price VCG maxpay VNC
Facbook 0.004 0.050 0.102 0.104
Google+ 0.156 5.382 6.921 6.922
Twitter 0.026 0.790 1.309 1.310
Wiki-Vote 0.001 0.042 0.055 0.056

Table 4: Average time performance (in seconds) under unit

cost for first-price mechanism (first-price), the VCG mechanism

(VCG), maximum payments (maxpay) and Vickrey-nearest pay-

ments (VNC).

7.3 Time Performance

In the next, we evaluate the time performance of path mechanisms.

Table 4 shows the average time performance of four different path

mechanisms under unit cost. We can see that the time performance

of the maximum core payment and the Vickrey-nearest payment is

very close. Moreover, in the Facebook network and the Twitter net-

work, core-selecting path mechanisms have comparable time per-

formance with the first-price mechanism and the VCG mechanism.

In the Google+ network and the Wikipedia voting network, core-

selecting path mechanisms use about twice the time compared with

the VCG mechanism, however, note that all mechanisms use less

than 1 seconds.

Networks first-price VCG maxpay VNC
Facbook 0.005 0.073 12.892 27.530
Google+ 0.220 6.220 29.420 29.431
Twitter 0.040 1.001 151.043 175.300
Wiki-Vote 0.001 0.054 0.330 0.382

Table 5: Average time performance (in seconds) under reported

cost for first-price mechanism (first-price), the VCG mechanism

(VCG), maximum payments (maxpay) and Vickrey-nearest pay-

ments (VNC).

Table 5 shows the average time performance of four different

path mechanisms under the reported cost distribution. We can see

from the table that the first-price path mechanism and the VCG path

mechanism only need less than 1 seconds in all networks except

the Google+ network, where it take 6 seconds on average to com-

pute the payments. Meanwhile, the maximum core payments and

VCG-nearest core payments need much more time to compute, in

the Wikipdia voting network the time performance is comparable

with that of the first-price mechanism and the VCG mechanism. In

the Twitter network, the core-selecting mechanisms have a very bad

time performance, where it takes more than 2 minutes on average to

compute the core payments. We believe the reason is that some agent

reported a very high cost, which make the linear program LP-0 very

hard to solve by CPLEX. This indicates one possible future research

direction that we may need to find more efficient algorithms for com-

puting the maximum core payments when very high cost (bids) can

be reported.
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8 Conclusions
In this paper, we propose false-name-proof path mechanisms to ad-

dress the overpayment problem of the VCG path mechanism and

provide robustness against false-name manipulations. Based on a

novel core constraint formulation, we give a polynomial time core-

selecting path mechanism which finds the core payment profile that

minimizes the L∞ distance to the VCG payment profile. We show

that the Vickrey-nearest core-selecting path mechanism has good in-

centive properties. Experiment results on real network and reported

cost data show that the overpayment of the VCG mechanism can be

very high, while the Vickrey-nearest core-selecting path mechanism

can reduce VCG’s overpayment by about 20%. Therefore, Vickrey-

nearest core-selecting path mechanism can be considered as an ap-

pealing candidate mechanism for path auctions in social network en-

vironments where false-name manipulations are too common to ig-

nore.

In this paper, we assume that all possible subsets of agents can

form coalitions, however, in real world applications it is reasonable

to assume that only connected agents can form coalitions. It is an

interesting direction to devise efficient payment algorithms for this

kind of environment.
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Multi-Robot Adversarial Coverage
Roi Yehoshua and Noa Agmon1

Abstract. This work discusses the problem of adversarial cover-

age, in which one or more robots are required to visit every point of

a given area, which contains threats that might stop the robots. The

objective of the robots is to cover the target area as quickly as pos-

sible, while maximizing the percentage of covered area before they

are stopped. This problem has many real-world applications, from

performing coverage missions in hazardous fields such as nuclear

power plants, to surveillance of enemy forces in the battlefield and

field demining. Previous studies of the problem dealt with single-

robot coverage. Using a multi-robot team for the coverage has clear

advantages in terms of both coverage time and robustness: even if one

robot is totally damaged, others may take over its coverage subtask.

Hence, in this paper we describe a multi-robot coverage algorithm

for adversarial environments that tries to maximize the percentage of

covered area before the team is stopped, while minimizing the cov-

erage time. We analytically show that the algorithm is robust, in that

as long as a single robot is able to move, the coverage will be com-

pleted. We also establish theoretical bounds on the minimum covered

area guaranteed by the algorithm and on the coverage time. Lastly,

we evaluate the effectiveness of the algorithm in an extensive set of

environments and settings.

1 Introduction

Coverage path planning is one of the fundamental problems in

robotics. The goal of coverage path planning is to find a sequence

of world locations which allows the robot(s) to visit every part of the

target area while optimizing some criteria, usually minimizing travel

cost while avoiding obstacles. This problem has many real-world ap-

plications, from automatic floor cleaning [2] and coating in super-

markets [4], to field demining [14] and surveillance by unmanned

aerial vehicles (UAVs) [7].

In a recently introduced version of the problem, adversarial cover-
age (e.g., [20]), the robot has to cover the given terrain without being

stopped by an adversary. Each point in the area is associated with a

probability of the robot being stopped at that point. The objective of

the robot is to cover the entire target area (including the threat points)

as quickly as possible while minimizing the probability that it will be

stopped before completing the coverage. This problem is a general-

ization of the original problem of coverage in neutral environments

(without adversarial presence), where risks do not exist, thus are not

accounted for, and the only goal is to minimize coverage time [13],

[5], [8].

Previous work of adversarial coverage dealt with the single-robot

version of the problem. There are obvious advantages in using mul-

tiple robots in the adversarial coverage task. Using multiple robots

1 Bar Ilan University, Israel, email: yehoshr1@cs.biu.ac.il, ag-
mon@cs.biu.ac.il

clearly decreases the time to complete the task due to workload di-

vision, as seen in the original multi-robot coverage problem [8], [1].

Additionally, using multiple robots improves robustness, as failure

of some members of the robot team can be compensated by oth-

ers. Therefore, in this paper we extend adversarial coverage to multi-

robot systems. We focus on coverage using a map of the work-area

(known as offline coverage [6]).

First, we formally define the multi-robot version of adversarial

coverage, and the problem of finding the safest coverage path for

a multi-robot team. In this paper we are mainly concerned about the

survivability of the team and not the coverage time. Nevertheless,

the algorithm we propose also tries to minimize the coverage time,

as long as the robots’ safety is not compromised. Clearly, there is

a tradeoff between the two objectives of survivability and coverage

time: trying to minimize the risk to the robots along their coverage

paths typically means making some redundant steps, which in turn

can make their coverage paths longer, and thus increase the risks in-

volved, as well as the coverage time.

Second, we describe an efficient distributed multi-robot adversar-

ial coverage algorithm, that tries to maximize the survivability of the

team while optimizing the coverage time. The algorithm is based on

decomposition of the target area into connected areas of safe and

dangerous locations, and prioritization of the coverage such that cov-

erage of safer areas comes before coverage of more dangerous ones.

Our method also utilizes graph partitioning techniques in cases where

more than one robot is assigned to the coverage of a given area, in

order to speed up its coverage. We provide a theoretical bound on

the expected coverage percentage guaranteed by the algorithm, and

also analyze the best-case and worst-case completion times for the

algorithm.

Finally, we evaluate our method in an extensive set of experiments.

The results show that adding more robots to the coverage task can

significantly increase the percentage of the area covered as well as

reduce the coverage time.

2 Related Work

The problem of single and multi-robot coverage has been extensively

discussed in the robotic literature (see Galceran and Carreras [6] for

a recent survey). Most approaches to multi-robot coverage extend

single-robot ideas to multiple robots by using a strategy to divide

the workload. Hazon and Kaminka [8] generalized the STC method

to multi-robot teams in the family of Multi Robot Spanning Tree

Coverage (MSTC) algorithms. Their solution, along with decreasing

the total coverage time, achieved robustness in the sense that as long

as one robot works properly, the coverage of the terrain is guaranteed.

They have also shown that in multi-robot teams redundancy might be

necessary for more efficiency. Agmon et al. [1] proposed a spanning

ECAI 2016
G.A. Kaminka et al. (Eds.)
© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-1493

1493



tree construction algorithm that provides efficient paths in terms of

distance, and can be used as a basis for MSTC.

Rekleitis et al. [16] presented a collection of algorithms for the

coverage planning problem using a team of mobile robots on an un-

known environment, based on an exact cellular decomposition. To

achieve coverage in line-of-sight-only communications, the robots

take two roles: some members, called explorers, cover the bound-

aries of the current target cell, while the other members, called cov-

erers, perform simple back-and-forth motions to cover the remainder

of the cell. For task/cell allocation among the robots, a greedy auc-

tion mechanism is used.

Other approaches to multi-robot coverage found in the literature

include methods inspired by biological behaviors found in nature.

For example, Luo and Yang [12] presented a biologically inspired

neural network approach for coverage tasks to multi-robot scenarios

where the robots see each other as moving obstacles. Wagner and

Bruckstein [17] explored the problem of room cleaning by a group

of robots, and proposed a robust algorithm for complete coverage

of a terrain. In their case, the robots have limited capabilities and

communicate with each other mainly using pheromones.

The offline single-robot adversarial coverage problem was for-

mally defined in [21], in which we proposed a simple heuristic al-

gorithm for generating a coverage path aiming at minimizing a cost

composed of both the survivability of the robot and the coverage path

length. The heuristic algorithm worked only for obstacle-free areas,

and without any guarantees. In a follow-up paper [22] we have ad-

dressed a more specific version of the problem, namely, finding the

safest coverage path. There we suggested two heuristic algorithms:

STAC, a spanning-tree based coverage algorithm, and GAC, which

follows a greedy approach. We have shown that while STAC tends

to achieve higher expected coverage, GAC produces shorter cover-

age paths with lower accumulated risk. In [18] we have built a more

sophisticated model of the adversary, in which it can choose the best

locations of the threat points, such that the probability of stopping the

covering robot is maximized. Lastly, the online single-robot version

of the problem was presented in [19].

In the related patrol problem ([15], [3]), a multi-robot team needs

to patrol around a closed area with the existence of an adversary at-

tempting to penetrate into the area. The patrol problem resembles the

coverage problem in the sense that both require the robot or group of

robots to visit all points in the given terrain. However, while coverage

seeks to minimize the number of visits to each point (ideally, visiting

it only once), patrolling seeks to maximize it (while still visiting all

points).

3 Problem Formulation

A team of k robots R = {R1, ..., Rk} needs to cover a given area.

The area contains threats that may stop the robots, as well as ob-

stacles. In contrast to obstacles which the robots cannot go through,

threat locations are places that the robots must visit, but might be

stopped at. The robots are given a map of the environment in ad-

vance. We assume that communication between the robots is avail-

able without any restrictions. Each robot autonomously covers the

area it is assigned, keeping track of all the covered and uncovered

space by communicating with the other robots (see section 4.2 for

the communication requirements).

Furthermore, we assume that the given area can be decomposed

into a regular grid with n cells. Let us denote this grid by G. G
contains two types of cells: free cells and cells that are occupied

by obstacles. Some of the free cells contain threats. Each free cell

i is associated with a threat probability pi, which measures the like-

lihood that a threat in that cell will stop a robot visiting it. We define

safe cells as cells in which the threat probability is pi = 0, while

dangerous cells are those in which pi > 0. The robots can move in

the four basic directions (North, South, East, West), and can locate

themselves within the work-area to a specific cell.

Figure 1 shows an example world map of size 20 × 20, with 8

robots located at the upper-left corner of the area. Obstacles are rep-

resented by black cells, safe cells are colored white, and dangerous

cells are represented by 5 different shades of magenta. Darker shades

represent higher values of pi (more dangerous areas).

Figure 1. A sample map with 8 robots located at the upper-left corner of
the environment. Darker shades represent more dangerous areas.

We assume that robots that have been stopped by threats do not

block live robots, i.e. other robots can move through their cells, and

that the threats remain there. An example for a real-world scenario in

which this assumption holds is when the covering robots are UAVs,

and the threats are constant in time (e.g., an anti-drone weapon aimed

at a particular location).

The survivability measure can be defined in two levels: the surviv-

ability of each single robot, and the survivability of the team. We say

that a robot survives the coverage, if it manages to finish its coverage

task unharmed. To formally define the survivability of a robot Ri, we

first denote the coverage path that it follows by Pi = (ci1, c
i
2, ..., c

i
ni
),

where cij is the cell that robot i is located at in time step j. Thus, the

probability that a robot Ri survives the coverage is:

Surv(Ri) =

ni∏
j=1

(1− pij) (1)

where pij denotes the probability that the robot is stopped by a

threat in cell cij .

We say that a team of robots survives the coverage, if at least one

of the robots in the team survives until all cells in the area are visited

(coverage completed). Thus, if it takes t time steps to cover the area,

the probability that a team of k robots R = {R1, ..., Rk} is able to

cover this area is:

Surv(R) =
t∏

j=1

[
1−

k∏
i=1

pij

]
(2)

R. Yehoshua and N. Agmon / Multi-Robot Adversarial Coverage1494



Following these definitions, we can now define the Multi-Robot

Safe Adversarial Coverage Problem (MRSACP) as follows:

Definition 1 Multi-Robot Safe Adversarial Coverage Problem (MR-
SACP): Given a team of k robots and a grid representation of a world
that contains obstacles and threat points, find a coverage path of the
grid that maximizes the survivability of the team.

The NP-hardness of MRSACP follows directly from the NP-

hardness of the single-robot safest coverage path problem [22].

4 Multi-Robot Adversarial Coverage Algorithm

The Multi-Robot Adversarial Coverage algorithm (MRAC, de-

scribed in Algorithm 1) uses a layered-based approach. It first tries

to cover all the safe cells in the target area as efficiently as possible,

using the given k robots. Then it covers the dangerous areas from the

least dangerous ones to the most dangerous ones. This way the al-

gorithm tries to maximize the coverage percentage before the entire

group of robots is stopped.

Before describing the algorithm in detail, let us introduce the fol-

lowing definitions:

Definition 2 A connected area is a connected subset of cells in the
grid that belong to the same threat level.

We also use the terms safe areas and dangerous areas to refer to

connected areas that are composed of only safe cells or only danger-

ous cells. Figure 2 shows an example of a grid containing two safe

areas and five dangerous areas that belong to two different threat lev-

els. The two low-threat-level areas are outlined by yellow lines and

the three high-threat-level areas are outlined by blue lines.

Figure 2. An example of a grid containing two safe areas and five
dangerous areas that belong to two different threat levels.

In addition, we denote the distinct threat probabilities that exist in

the grid by p0, ..., pl(p0 = 0) (l is finite, since the number of cells in

the grid is finite), and define threat level i as the group of all the cells

that contain threats with probability pi of stopping the robot.

The main steps of the multi-robot coverage algorithm are:

1. Split the target area into layers according to the threat levels, i.e.

layer i contains all the cells that belong to threat level i.
2. For each threat level i, denote by Ai

1, A
i
2, ..., A

i
ni

the connected

areas that belong to level i.

3. Each robot is assigned to a safe area A ∈ {A0
1, ..., A

0
n0
}, which

has the safest path from its current location. Areas with more than

one robot assigned to them are split between their assigned robots.

4. For the coverage of each area, we use a modified version of GAC

(Greedy Adversarial Coverage), the state-of-the-art solution to the

single-robot adversarial coverage problem [20].

5. When a robot Ri completes its current coverage task, it is allo-

cated an uncovered area from the safest threat level which has not

been completed yet. If more than one such area exists, the area

with the minimum-risk path from the robot’s current location is

chosen. If all areas have been allocated, then the robot is added to

an area that is already being covered by another robot. This area

is split into two, where each robot is assigned to the sub-area with

the safest path from its current location.

6. If a robot is hit by a threat during the coverage of its allocated

area, then this area is returned to the pool of unassigned areas.

7. If all the robots have completed their area coverage, and there are

no uncovered cells, then the robots declare the environment cov-

ered.

The algorithm consists of two main phases: the first phase (steps

1–3) is executed prior to the coverage and computes the initial al-

locations of areas to the robots. This computation can be performed

either offline or online by one of the robots, and then its results can

be transmitted to all the other robots in the team. The second phase

(steps 4–7) is executed independently by each of the robots in a dis-

tributed manner during the coverage process itself.

4.1 Multi-level Graph Partitioning
There are several places in the algorithm where we need to use a

graph partitioning scheme, in order to divide a given area between

several robots. More specifically, we need to apply graph partition-

ing in the initial allocation of areas to robots, and at the end of the

coverage when all the areas have been allocated and there are some

idle robots that can help their teammates finish their coverage task.

The problem of partitioning a graph into k equally-sized compo-

nents is known to be NP-Hard [10]. Therefore, practical solutions

are based on heuristics. Here we use a multi-level graph partitioning

algorithm [9], that consists of three main phases: coarsening, parti-

tioning, and uncoarsening (Figure 3). In the coarsening phase, a se-

quence of smaller graphs, each with fewer vertices is obtained by col-

lapsing vertices and edges into single vertices of the next level, which

are called multi-nodes. Then, in the partitioning phase, the coarse

graph obtained is partitioned. Lastly, in the uncoarsening phase, the

partitioning is refined while the original graph is restored.

4.2 Data Structures
The algorithm maintains a list of connected areas, denoted by A.

Each area can be in one of the following states:

1. Sunassigned - unassigned to any robot

2. Sassigned - assigned to a robot and not completely covered yet

3. Scovered - covered

An area that has been assigned to a robot can change its state to ei-

ther being covered (if the robot has successfully finished covering it)

or to unassigned (if the robot has been stopped by a threat during its

coverage). An area that has been completely covered cannot change

its state.

For each area A, we maintain the following fields:
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Figure 3. The three phases of multilevel k-way graph partitioning. [9]

• A.level - the threat level this area belongs to
• A.cells - the group of cells that belong to this area
• A.state - the current state of the area
• A.initial robots - the group of robots initially assigned to this

area. If the group contains more than one robot, then this area

would need to split between them.
• A.robot - the robot currently assigned to this area

Each robot in the team can be in one of the following states:

1. Sidle - waiting for a task assignment. This is the initial state of

each robot.

2. Straveling - traveling to the next area that the robot has to cover.

3. Scovering - in the process of covering a given area.

4. Sdone - the robot has finished covering its allocated area and there

are no more areas to be covered.

5. Sdead - the robot has been hit by a threat.

The transitions between the robot’s states are described in section

4.4. For each robot R, we maintain the following fields:

• R.state - the current state of the robot
• R.area - the current area the robot is assigned to
• R.location - the robot’s location
• R.path - the path the robot is currently following. This path can

be either the transition path to the robot’s next allocated area or

the coverage path of the area it is currently covering.

In addition to the global map, we assume that the following data

structures are shared (and synchronized) between the robots:

1. The status of each cell in the map (visited or not).

2. The list of connected areas and their states.

3. The states of all the robots, and the areas that they are assigned to.

4.3 Initial Allocation
Algorithm 1 is run prior to the coverage itself. It is responsible for

pre-processing of the map and the initial allocation of coverage tasks

to the robots.

The procedure Allocate Areas To Robots allocates the initial ar-

eas to the robots. The idea is to initially cover all the safe areas as fast

as possible, using all the robots available, before moving to the dan-

gerous areas. The procedure first computes the safest paths of each

Algorithm 1 Multi Robot Adversarial Coverage(G,R, d)

input: G - a grid representing the target area,R - group of k robots,

d - maximal area density

output: A - list of connected areas
1: A ← ∅
2: Group the cells in G into l + 1 threat levels, T0, ..., Tl
3: for each threat level i, 0 ≤ i ≤ l do
4: Build the graph Hi induced from the cells in Ti
5: Find the connected components (areas) of Hi using DFS
6: Let A1, ..., Ak be the connected areas of Hi
7: for each area Aj , 1 ≤ j ≤ k do
8: Aj .state ← Sunassigned
9: Aj .level ← i

10: Add Aj to A
11: Allocate Areas To Robots(A, R, d)

robot to every safe area. Then, it assigns each robot to the safe area

with the safest path from its current location, if this area is not too

dense with robots. We define a dense area as an area whose number

of cells is less than d times the number of robots assigned to it, i.e.,

each robot has less than d cells to cover on average (in experiments

we have found that d = 4 gave the best results). If the area chosen for

the robot is already too dense with robots, then the next safest non-

dense area will be allocated to it. After the allocation of areas for all

the robots, every area that is assigned to more than one robot is split

between the robots using the graph partitioning method described in

section 4.1.

1: procedure ALLOCATE AREAS TO ROBOTS(A, R, d)
input: A - list of connected areas, R - the group of robots, d - maximal
area density

2: S ← {A|A ∈ A ∧A.level = 0} � the safe areas
3: for each robot R ∈ R do
4: {Find safest paths to all safe areas}
5: for each area A ∈ S do
6: PA ← Find Safest Path To Area(A, R.location)

7: {Find safest non-dense area}
8: Let A1, ..., Ak be the areas sorted by PA.cost
9: i ← 1

10: while i ≤ k and R.area = null do
11: if |A.initial robots| · d ≤ |A.cells| then � check if area is

not too dense with robots
12: Add R to A.initial robots
13: else
14: i ← i+ 1
15: {Split the areas that are allocated to multiple robots}
16: for each area A ∈ S do
17: if |A.initial robots| > 1 then
18: Split Area Between Robots(A)
19: else if |A.initial robots| = 1 then
20: R ← A.initial robots[0]
21: R.path ← PA
22: Assign Area To Robot(A, R)

The procedure Find Safest Path To Area 2 searches for the

safest path from the current location of the robot to any of the cells

that belong to the given area. For that purpose, it runs Dijkstra’s

shortest paths algorithm on the graph induced from the grid’s cells,

using the following edge weights:

wij =

{
pj/pmin if cell j contains a threat

1/n otherwise
(3)

This weight function ensures that wij ≥ 1 for edges that target a

dangerous cell, while wij = 1/n (where n is the grid size) for edges

2 The pseudocode of some of the procedures is omitted due to space
constraints. The full pseudocode of these procedures can be found at
http://goo.gl/mfYn2Y
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that target a safe cell. This way, the cost of visiting one dangerous cell

is greater than the cost of visiting all the safe cells in the grid. Thus,

only when there are two equally safe paths, the robot will prefer the

shorter one.

The procedure Assign Area To Robot updates the data struc-

tures to indicate that an area A has been assigned to robot R.

The procedure Split Area Between Robots splits the given area

into k connected sub-areas using the multi-level graph partitioning

algorithm. Then it assigns each robot to the sub-area with the safest

path from its current location. Since each sub-area can be allocated

to only one robot, we use the Hungarian algorithm [11] for deciding

the optimal assignment.

1: procedure SPLIT AREA BETWEEN ROBOTS(A,R)
input: A - a connected area, R - the group of robots globals: A - list of
connected areas

2: Build the graph G induced from the area A’s cells
3: k ← |R|
4: Partition Graph(G, k)
5: Let G1, G2, ...Gk be the subgraphs created from the partition
6: for i ← 1 to k do
7: Create a subarea Ai
8: Ai.cells ← the nodes in Gi
9: Ai.level ← A.level

10: Add Ai to A
11: {Compute the safest path of each robot to the sub-area}
12: for j ← 1 to k do
13: Pij ← Find Safest Path To Area(Ai, Rj .location)
14: Cij ← Pij .cost � the cost matrix

15: O ← Hungarian Method(C) � O is the optimal assignment of
robots to sub-areas

16: Oi ← optimal assignment of robot i
17: for i ← 1 to k do
18: Ri.path ← POi,i
19: Assign Area To Robot(Oi, Ri)

20: Remove A from A

4.4 The Coverage Algorithm

We now describe the algorithm that is executed by each robot in-

dependently, after the initial allocations have been performed. Al-

gorithm 2 describes the action taken by each robot during one time

step.

The robot typically starts in the state Straveling , unless there were

not enough areas to allocate to all the robots in the initial phase (e.g.,

there was only one area with 20 cells and there are 10 robots). In

this case, the robot starts in Sidle and waits for a task assignment.

When the robot arrives at the area that it needs to cover, its state

changes to Scovering . If along the way to its designated area, the

robot completes a coverage of another area (e.g., an area that consists

of only one cell that resides on the connecting path between two

larger areas), then this area’s state is changed to Scompleted, and is

removed from the pool of available areas for coverage. Only when

the robot arrives at its designated area, the coverage path of this area

is computed. This is because by the time the robot gets to this area,

some of its cells may have already been visited along the connecting

paths of other robots.

When the robot finishes its coverage task, it is assigned a new area

to cover from the pool of unassigned areas and its state changes back

to Straveling . If there are no more unassigned areas, it joins another

covering robot to help it finish its coverage task. If there are no more

areas that can be shared, then the robot’s state changes to Sdone and it

waits until one of the areas becomes unassigned (e.g., when another

robot is stopped). If the robot is stopped during the coverage of its

assigned area or on its way to it, the robot’s state changes to Sdead

and its allocated area returns to the pool of unassigned areas.

Algorithm 2 Robot Action(R)

1: switch R.state do
2: case Straveling
3: c ← next cell on R.path
4: Mark c as visited
5: A ← the area that contains c
6: if all cells in A are visited then
7: A.state ← Scompleted

8: if robot was hit by a threat in c then
9: R.state ← Sdead

10: Reallocate Area(R.area)
11: else if c is the last cell on R.path then
12: R.path ← Area Coverage(R.area,R.location)
13: R.state ← Scovering

14: case Scovering
15: c ← next cell on R.path
16: Mark c as visited
17: if robot was hit by a threat in c then
18: R.state ← Sdead
19: Reallocate Area(R.area)
20: else if c is the last cell on R.path then
21: R.area.state ← Scompleted
22: Allocate Next Area(R)

23: case Sdone, Sidle
24: if an unassigned area exists in A then
25: Allocate Next Area(R)

26: case Sdead
27: R.area.state ← Sunassigned

The procedure Allocate Next Area allocates a new area to cover

for a robot that has completed its coverage task. If there are any unas-

signed areas, the robot is assigned to the safest unassigned area with

the safest path from its current location. If all the areas are already

assigned, the robot joins another covering robot to help it finish its

coverage task.

The procedure Find Area To Share tries to find for a given idle

robot an assigned area that it can help finish covering. If the path

from the given robot’s location to the designated area is longer than

the number of unvisited cells in that area, then there is no point of

sending the robot there, since by the time the robot arrives there, its

coverage will have been completed. If an area that can be shared has

been found, its connected unvisited parts are defined as new areas and

added to the pool of unassigned areas instead of the original area. If

there is only one such part (e.g., its assigned robot has not started

covering it), then it is split into two balanced parts. Finally, both the

assigned robot and the idle robot are (re-)assigned to the sub-areas

with the safest paths from their current location.

The procedure Assign Robot To Safest Area finds the safest

path from the robot’s location to each of the given areas and assigns

the robot to the area with the safest path.

For the coverage of each area, our algorithm is based on the

Greedy Adversarial Coverage (GAC), the state-of-the-art solution

to the single-robot adversarial coverage problem described in [20].

GAC follows a greedy approach, where in each step it leads the robot

to the safest nearest cell to its current location which has not been

covered yet.

We have modified the original coverage algorithm to take into ac-

count cells that have already been visited in the target area (see Al-

gorithm 3). By the time the designated area is allocated to the robot

and the robot reaches this area, other robots may already have visited

some cells in this area on the way to their own designated areas. Thus,

in order to avoid repeated coverage of these cells, we have changed

the algorithm to cover only unvisited cells in the given area. When
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transitioning between unvisited cells in the target area, the robot is

allowed to visit cells that belong to other areas (if they make the con-

necting path safer).

Algorithm 3 Area Coverage(A, s)

input: an area A, and a starting cell s
output: a coverage path P that covers all unvisited cells in A

1: P ← ∅
2: Build the graph H induced from A’s cells with the weight function w

from eq. (3)
3: Add the starting cell s to P
4: Mark s as visited
5: while there are unvisited cells in A do
6: Run Dijkstra’s shortest paths algorithm on H from s
7: v ← an unvisited node in A with minimum weighted distance from

s
8: Add the path s 	 v to P
9: Mark v as visited

10: s ← v
11: return P

Finally, the procedure Reallocate Area is used to reallocate an

area whose coverage was stopped in the middle, because its assigned

robot was hit by a threat. The procedure finds all the unvisited parts

of the given area and creates new unassigned areas from them. Then

these areas are added to the list of connected areas instead of the

given area. The next idle robot will be assigned to one of these sub-

areas in its next cycle (lines 24–25 in algorithm 2).

5 Analysis of the MRAC algorithm
We now analyze the MRAC algorithm. We first prove that the algo-

rithm is complete, i.e., that it generates coverage paths that together

cover all the accessible cells in the given area.

Theorem 1 (Completeness) Algorithm MRAC generates paths for
the robots that together cover every cell accessible from their starting
locations.

Proof. MRAC partitions the target area into k connected areas,

whose union is equal to the target area. Each of these areas is

eventually assigned to one of the robots, since no robot remains idle

while there are more areas to be covered (lines 24–25 in algorithm

2). The areas are covered by using the GAC algorithm. Previous

work has shown that GAC is complete, i.e. that it produces a path

that covers all the accessible cells in its given area (Theorem 8 in

[20]). Thus, the union of the coverage paths of the k connected areas

covers every accessible cell in the target area. �

As key motivation for using multiple robots comes from robust-

ness concerns, we now prove that MRAC is robust to robotic failures.

Theorem 2 (Robustness) Algorithm MRAC guarantees that the cov-
erage will be completed as long as at least one robot remains active.

Proof. The target area is divided into a set of connected areas.

Each area is eventually assigned to one of the robots. If a robot is

stopped while covering its assigned area, the uncovered parts of

this area are returned to the pool of unassigned areas (in procedure

Reallocate Area). These sub-areas are eventually assigned to one

of the remaining robots, since no robot remains idle while there are

more areas to be covered (lines 24–25 in algorithm 2). �

We now provide a bound on the minimum expected number of

cells that the robots will cover when following the policy generated

by the MRAC algorithm. We will use the definition of expected cov-

erage from [20]. Given a coverage path A of a robot R, we denote

the sequence of new cells discovered along A by (b1, ..., bn), and the

number of new cells visited by the robot until it is stopped by CA.

Furthermore, for each cell in the sequence bi, we will denote the sub-

path in A that leads from the origin cell a1 to it by gi. Then, under

the threat probability function p, the expected number of new cells

that robot R visits can be expressed as:

E(R) =
∑

i∈(b1,...,bn)

∏
j∈gi

(1− pj) (4)

Theorem 7 in [20] provides a bound on the minimum expected

number of cells that a single robot will be able to cover, given its

coverage path A and the threat probability function p.

Let l be the number of dangerous threat levels and the threat prob-

abilities of these levels be p0, ..., pl (p0 = 0). Let Ai,1, ..., Ai,ki be

the connected areas of threat level i, arranged in the order of their

visit by the robot R. Let |Ai,j | be the size of area Ai,j and mi,j the

number of cell visits needed to cover this area (mi,j ≥ |Ai,j |). Let

Ci,j be the set of cells on the connecting path between two consecu-

tive areas Ai,j and Ai,j+1, and Ci,ki be the set of cells on the con-

necting path between the last area of threat level i and the first area of

threat level i + 1. Denote by P (Ci,j) the probability to traverse the

cells in Ci,j without being hit by a threat. Then the expected number

of cells robot R will be able to cover before it is stopped is at least:

E(R) ≥ |A0,0|+
l∑

i=0

ki∑
j=1

[ i−1∏
x=0

[
(1−px)

∑kx
y=1 mx,y

kx∏
y=1

P (Cx,y)
]

· (1− pi)
∑j

y=1 mi,y

j−1∏
y=1

P (Ci,y)

]
|Ai,j |

(5)

We now use this theorem to provide a lower bound on the expected

coverage that can be attained by the entire robotic team.

Theorem 3 Let R be a group of k robots R = {R1, ..., Rk}. Let
l be the number of dangerous threat levels. Let A be the group of
connected areas and let C be the set of cells on the connecting path
between two areas. Then the expected number of cells the team R
will be able to cover before all robots inR are stopped is at least:

E(R) ≥
k∑

i=1

E(Ri)− |C| (6)

Proof. Since different robots in the team cover different areas

(when one area is assigned to more than one robot, it is split between

them), the expected number of cells that will be covered by the entire

team is equal to the total number of cells that will be covered by

each robot individually minus the number of cells on the connecting

paths between areas, since those might be visited multiple times by

different robots. �

Notice that the ideal expected coverage is attained when the robots

visit the cells precisely in increasing order of their threat probabili-

ties, i.e., when they first visit all the safe cells, then all the cells with

threat probability p1, etc. Thus, if we denote the cells that belong to

threat level i by ci,1, ..., ci,ni , then the ideal expected coverage is:

R. Yehoshua and N. Agmon / Multi-Robot Adversarial Coverage1498



l∑
i=0

ni∑
j=1

[ i−1∏
x=0

(1− px)
nx

]
· (1− pi)

j−1
(7)

In most environments the ideal expected coverage cannot be at-

tained, since typically some of the cells that belong to a given threat

level are disconnected, and the robots have to visit cells that belong

to a higher threat level or revisit threat points that have already been

covered in order to move between the disconnected cells. In these

cases, the cell visits cannot precisely follow the order of the threat

levels.

By comparing equations (6) and (7), we can see that the gap

between the ideal expected coverage and the expected coverage

achieved by MRAC depends on the quality of the coverage algorithm

of each connected area (which determines the gap between nx and∑kx
y=1 mx,y). Finding an optimal solution to the coverage problem is

NP-Hard [20]. However, MRAC uses for the coverage of each area

the algorithm GAC, which creates a close-to-optimal coverage paths

[20]. In fact, MRAC can utilize any single-robot coverage algorithm

for the internal coverage of each area.

The next theorem provides a bound on the coverage time that can

be attained by the robots following the policy generated by MRAC.

Theorem 4 The worst-case coverage time for k robots is equal to
that of a single robot. The best-case coverage time for k robots is
approximately 1/k the coverage time of a single robot.

Proof. The worst-case scenario is where all the robots start at

locations that are all inside dangerous areas, and thus they will be

stopped by threats in the beginning of their coverage paths. In such

case, using more than one robot will not improve the total coverage

time. The best-case scenario is when the target area consists of only

one contiguous safe area (or a few large safe areas with connecting

paths that have very low risk). In such scenario, the area is split into

k almost equally-sized components that are covered concurrently by

the k different robots. In such scenario, the coverage time of MRAC

highly depends on the quality of the graph partitioning algorithm,

which has no theoretical guarantee, however, in practice, it almost

always generated equally-sized sub-graphs. The coverage time in

this case also depends on the initial locations of the robots, e.g., if

the robots start the coverage at the same location, it will take them

some time to move to their assigned areas. �

6 Experimental Results
We have fully implemented the MRAC algorithm and evaluated it

in various types of simulated environments with varying parameters,

such as map size, number of robots, number of threat levels, distri-

bution of threats, number of obstacles, number of threats, etc. We

provide here the most interesting results from our experiments.

First, we demonstrate the algorithm’s results on a specific grid map

of size 20 × 20 (Figure 4). In this example, the maps contained 10

contiguous threat areas which were divided into 5 different threat lev-

els with the following threat probabilities: 4%, 8%, 12%, 16%, and

20%. We ran the algorithm on this map with two team sizes of 4

robots and 10 robots. All the robots start in the upper-left corner of

the area (as shown in Figure 1). The figure shows the locations of

the robots after the coverage has finished, and the total number of

times each cell in the grid has been visited by the robots. Using 10

robots instead of 4 robots has increased the coverage percentage from

80.33% to 97.33% and reduced the coverage time from 311 to 244

time steps. As can be seen in both maps, more dangerous areas are

less frequently visited by the robots.

Figure 4. A sample map with the results of MRAC with 4 robots (upper
figure) and 10 robots (lower figure). The number in each cell indicates the

number of visits in that cell.

Second, we examined the effect of changing the team size on

the performance of the algorithm. We used 500 randomly-generated

maps of size 20× 20, with varying number of robots between 1 and

20. In all the experiments, the obstacles ratio and the threats ratio

were both set to 25% of the cells. The maps contain 10 contiguous

threat areas which are divided into 5 different threat levels with the

following threat probabilities: 4%, 8%, 12%, 16%, and 20%. The lo-

cations of the obstacles were randomly chosen. Figure 5 shows the

percentage of covered area and the coverage time for each team size.

As can be clearly seen in the graph, the coverage percentage in-

creases and the coverage time decreases as we add more robots to

the team. Although the area that the robots are able to cover increases

as the team grows, they are able to cover it more quickly. The small

increase in the coverage time in the transition from one robot to two

robots is due to the fact that the area that two robots are able to cover

is significantly larger than one robot (62% for two robots vs. 44% for
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Figure 5. Comparing coverage percentage and coverage time for 1 to 20
robots in environments with contiguous areas of threats.

one robot), thus it takes more time until the two robots are stopped

despite the division of the workload between them (e.g., one robot

may be stopped much earlier than the second one).

Next, we examined environments where the threats are randomly

scattered across the map. We kept all the other map settings as in the

previous experiment (i.e., the same ratio of obstacles and threats, and

the same number of threat levels). Figure 6 shows the results.
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Figure 6. Comparing coverage percentage and coverage time for 1 to 20
robots in environments with randomly-scattered threats.

As previously, the coverage percentage increases and the coverage

time decreases as we add more robots to the team. However, the cov-

erage percentage that the team is able to achieve in this type of envi-

ronments is smaller than in environments with contiguous dangerous

areas, and it takes longer time for the team to complete the cover-

age. When the threats are scattered, the effectiveness of the team is

mitigated, since the robots spend much of their time in moving be-

tween cells with different threat levels than in covering large areas.

As a consequence, locations that reside on connecting paths between

cells that belong to different threat levels are repetitively visited by

different robots.

Lastly, we have examined the effect of changing the threats ratio in

the environment on the ability of the robotic team to cover it. Figure

7 shows the coverage percentage and coverage time for various threat

ratios between 0% and 35%. In all the experiments we used teams

of 8 robots to cover the area and the threats were concentrated in 10

dangerous areas. As expected, adding more threats the environment

causes the team to cover smaller percentage of the area. Note that

when the threats ratio is more than 15% the coverage time begins to

decrease, since the area that needs to be covered gets smaller thus the

team is able to cover it more quickly.
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Figure 7. Comparing coverage percentage and coverage time for varying
threat ratios between 0 and 0.35.

7 Conclusions and Future Work
In this paper, we described a multi-robot coverage algorithm for ad-

versarial environments that is complete and robust in face of threats

harming the robots. Our approach is based on decomposition of the

target area into areas of different danger levels, and assignment of

the robots to these areas based on the safety of the paths leading to

them. In our approach no robot remains idle while there are areas to

be covered. We examined the efficiency of the algorithm in terms of

both the survivability of the team and the coverage time, and have

shown that adding more robots to the team significantly improves

both measures. For future work, we would like to extend the multi-

robot coverage algorithm to online scenarios, in which the robots are

not given a map of the area in advance. In addition, we would like

to consider non-stationary environments, where the locations of the

threat points may change over time.
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Parameterized Complexity Results for
the Kemeny Rule in Judgment Aggregation

Ronald de Haan1

Abstract. We investigate the parameterized complexity of comput-

ing an outcome of the Kemeny rule in judgment aggregation, provid-

ing the first parameterized complexity results for this problem for

any judgment aggregation procedure. As parameters, we consider

(i) the number of issues, (ii) the maximum size of formulas used

to represent issues, (iii) the size of the integrity constraint used to

restrict the set of feasible opinions, (iv) the number of individuals,

and (v) the maximum Hamming distance between any two individ-

ual opinions, as well as all possible combinations of these parame-

ters. We provide parameterized complexity results for two judgment

aggregation frameworks: formula-based judgment aggregation and

constraint-based judgment aggregation. Whereas the classical com-

plexity of computing an outcome of the Kemeny rule in these two

frameworks coincides, the parameterized complexity results differ.

1 Introduction
The area of computational social choice places computational as-

pects of social choice procedures at a first-class level among selection

criteria for the choice between such procedures. For example, since

the seminal work of Bartholdi, Tovey and Trick [3], it has been well

known that for many voting rules the problem of computing who

won a particular election is computationally intractable. As a result,

the computational complexity of this winner determination problem

plays an important role in the selection of what voting scheme to use.

Traditionally, classical computational complexity theory has been

used to provide qualitative information about the difficulty of rele-

vant computational problems for social choice procedures. For in-

stance, completeness results for the classical complexity classes NP

and Θp
2 abound in the computational social choice literature (see,

e.g., [3, 8, 9, 21, 29, 40, 41]).

However, classical complexity theory—being a worst-case frame-

work that measures the running time of algorithms in terms of only

the bit-size of the input—is mostly blind to what aspects of the input

underlie negative complexity results. Consequently, negative com-

plexity results tend to be interpreted overly pessimistically. An illus-

trative example of this concerns the winner determination problem

for the Kemeny voting rule. This problem is Θp
2-complete in general

(which rules out algorithms that work efficiently across the board),

but efficient algorithms do exist for cases where the number of can-

didates is small [5, 6, 30, 33, 39].

The multidimensional framework of parameterized complexity
[13, 14, 23, 38] offers a mathematically rigorous theory to analyze

the computational complexity of problems on the basis of more than

just the input size in bits. Therefore, using this framework, one can

give much more informative complexity results that are sensitive to

1 Technische Universität Wien, email: dehaan@ac.tuwien.ac.at

various aspects of the problem input—in principle, any aspect of

the input can be taken into account. In the analysis of voting pro-

cedures, parameterized complexity has been used widely, to give a

more accurate picture of the complexity of many related computa-

tional problems, including the problem of winner determination (see,

e.g., [5, 6, 33]). In the area of judgment aggregation, however, pa-

rameterized complexity has been used to analyze the computational

complexity of problems only in very few cases [4, 19]. The funda-

mental problem of computing the outcome of judgment aggregation

procedures, as of yet, remains uninvestigated from a parameterized

complexity point of view.

We hope to initiate a structured parameterized complexity inves-

tigation of the problem of computing the outcome of judgment ag-

gregation procedures. Judgment aggregation studies the process of

combining individual judgments on a set of related propositions of

the members of a group into a collective judgment reflecting the

views of the group as a whole [15, 26, 34, 35]. Seen from a classical

complexity point of view, computing the outcome of many judgment

aggregation procedures is Θp
2-complete. However, as these negative

results pertain only to the case where every possible input needs to

be considered, there is a lot of room for relativizing these negative

results by taking a parameterized complexity perspective and consid-

ering various (combinations of) reasonable restrictions on the inputs.

Contribution In this paper, we start the parameterized complexity

investigation of judgment aggregation procedures by considering one

of the most prominent procedures: the Kemeny procedure for judg-

ment aggregation (or Kemeny rule, for short).2 The unrestricted prob-

lem of computing an outcome for this rule is Θp
2-complete [17, 32].

We consider a number of natural parameters for this problem—

capturing various aspects of the problem input that can reasonably be

expected to be small in some applications—and we give a complete

parameterized complexity classification for the problem of comput-

ing the outcome of the Kemeny rule, for every combination of these

parameters. The parameters that we consider are:

• the number n of issues that the individuals (and the group) form

an opinion on;

• the maximum size m of formulas used to represent the issues;

• the size c of the integrity constraint used to limit the set of feasible

opinions;

• the number p of individuals; and

• the maximum (Hamming) distance h between any two individual

opinions.

2 This procedure has also been called “MWA” [32], “Median rule” [37], “Sim-
ple scoring rule” [11], and “Prototype-Hamming rule” [36].
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The results in this paper open up interesting and natural lines of fu-

ture research. A similar parameterized complexity analysis can be

performed for the problem of computing the outcome of other judg-

ment aggregation procedures. Moreover, further parameters can be

taken into account in future parameterized complexity analyses of

the problem.

We develop parameterized complexity results for two formal

frameworks for judgment aggregation: formula-based judgment ag-
gregation and constraint-based judgment aggregation (the former

is often simply called ‘judgment aggregation’ [12, 17, 32] and the

latter is also called ‘binary aggregation with integrity constraints’

[24, 25])—we define these two frameworks in detail in Section 3. In

general, the computational complexity of computing the outcome of

a judgment aggregation procedure might differ for these two frame-

works [16], but for the Kemeny rule this problem is Θp
2-complete in

both frameworks [17, 24].

Nonstandard Parameterized Complexity Tools Since the inven-

tion of parameterized complexity theory, it has been applied mostly

to problems that are in NP. As a result, the most commonly used

parameterized complexity toolbox is insufficient to perform a com-

plete parameterized complexity analysis of problems that are beyond

NP (such as the Θp
2-complete problem of computing the outcome of

the Kemeny procedure). Recently, various novel parameterized com-

plexity tools have been developed that aid in analyzing the parame-

terized complexity of problems beyond NP [19, 20, 28]. The param-

eterized complexity results in this paper feature one of these inno-

vative parameterized complexity tools: the class FPTNP[few], which

consists of problems that can be solved by a fixed-parameter tractable

that can query an NP oracle a small number of times (that is, the

number of oracle queries depends only on the parameter value). We

define this class in detail in Section 2, where we discuss relevant no-

tions from parameterized complexity.

Parameters parameterized complexity result

c, n,m in FPT (Proposition 3)

h, p in FPTNP[few] (Proposition 1)

n in FPTNP[few] (Proposition 2)

h, n,m, p FPTNP[few]-hard (Proposition 8)

c, h, n, p FPTNP[few]-hard (Proposition 9)

c, h,m, p FPTNP[few]-hard (Proposition 10)
c, h,m para-Θp

2-hard (Corollary 6)
c,m, p para-Θp

2-hard (Proposition 7)

Table 1. Parameterized complexity results for OUTCOME(KEMENY)fb.

Parameters parameterized complexity result

n in FPT (Proposition 11)
c in FPT (Proposition 12)
h in XP (Proposition 13)
h, p W[SAT]-hard (Proposition 14)
p para-Θp

2-hard (Proposition 15)

Table 2. Parameterized complexity results for OUTCOME(KEMENY)cb.

Overview of Results We provide a parameterized complexity

classification for the problem of computing an outcome of the Ke-

meny rule, for all possible combinations of the parameters that we

consider—both (1) in the framework of formula-based judgment ag-

gregation and (2) in the framework of constraint-based judgment ag-

gregation.

For the framework of formula-based judgment aggregation, we

give a tight classification for each possible case. In particular, we

show the following. When parameterized by any set of parameters

that includes c, n and m, the problem is fixed-parameter tractable

(Proposition 3). Otherwise, when parameterized by any set of pa-

rameters that includes either n or both h and p, the problem is

FPTNP[few]-complete (Propositions 1, 2, 8, 9 and 10). For all re-

maining cases, the problem is para-Θp
2-complete (Corollary 6 and

Proposition 7).

For the framework of constraint-based judgment aggregation, we

show the following results. When parameterized by any set of pa-

rameters that includes either c or n, the problem is fixed-parameter

tractable (Propositions 11 and 12). Otherwise, when parameterized

by any set of parameters that includes h, the problem is W[SAT]-

hard and is in XP (Propositions 13 and 14). For all remaining cases,

the problem is para-Θp
2-complete (Proposition 15). The results for

the formula-based judgment aggregation framework are summarized

in Table 1, and the results for the constraint-based framework are

summarized in Table 2.

Interpretation of Results From a classical complexity point of

view, the problem of computing outcomes of the Kemeny rule in

judgment aggregation is equally difficult for both the formula-based

and the constraint-based frameworks [17, 24], despite the notable dif-

ferences between the frameworks. Our results show that the use of

a parameterized complexity perspective more accurate displays the

difference between the frameworks, in terms of their computational

properties.

For instance, in the constraint-based framework, the logical rela-

tions between the issues are represented only using the integrity con-

straint, whereas in the formula-based framework, these logical rela-

tions are expressed by both the integrity constraint and the agenda

formulas. As a result, in the constraint-based framework, taking ei-

ther c or n as parameter suffices to get fixed-parameter tractability,

whereas in the formula-based framework, one needs the combination

of c, n and m as parameter for fixed-parameter tractability. In fact,

in the formula-based framework, restricting both c and m to constant

values (but leaving n unrestricted) does not decrease the parameter-

ized complexity.

Another difference between the frameworks is that in the formula-

based framework, checking whether an opinion is feasible is an NP-

complete problem, whereas this is solvable in polynomial time in the

constraint-based framework. Intuitively, this difference results in the

fact that computing outcomes for the Kemeny rule is in XP when

parameterized by h in the constraint-based framework, but in the

formula-based framework, one needs both h and p as parameters to

even get membership in FPTNP[few].
The formula-based framework has the advantage that it allows

more succinct encodings than the constraint-based framework [16].

Our results show that this advantage comes with a drawback: when

encoding judgment aggregation scenarios using the formula-based

framework, one needs to be more careful to keep various parameter

values low, in order to support more efficient algorithmic methods.

Roadmap In the remainder of Section 1, we discuss relevant re-

lated work. Then, in Section 2, we give a brief overview of the con-

cepts and tools from the theory of (parameterized) complexity that

we use in this paper. In Section 3, we introduce the two formal judg-

ment aggregation frameworks, and we formally define the computa-

tional problem of computing an outcome for the Kemeny rule, as well

as all the parameterized variants of this problem that we consider. We
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provide the parameterized complexity results for all parameterized

variants of the problem (for both judgment aggregation frameworks)

in Section 4. Finally, we conclude in Section 5.

Related Work Parameterized complexity theory has been used to

investigate the complexity of the winner determination problem in

voting (which is analogous to the problem of computing the out-

come of a judgment aggregation procedure) for several voting rules

[5, 6, 33]. Parameterized complexity has also been used to study var-

ious other problems in the area of judgment aggregation, such as

problems related to bribery [4, 19]. The complexity of computing

outcomes for the Kemeny procedure in judgment aggregation (and

other procedures) has been studied from a classical complexity point

of view [17, 18, 24, 32]. It has also been studied what influence the

choice of formal framework to model the setting of judgment aggre-

gation has on the (classical) complexity of computing outcomes for

various judgment aggregation procedures [16].

2 Parameterized Complexity
We begin by briefly introducing the relevant concepts and notation

from propositional logic and (parameterized) complexity theory. We

use the notation [n], for any n ∈ N, to denote the set {1, . . . , n}.

Propositional Logic Propositional formulas are constructed from

propositional variables using the Boolean operators ∧,∨,→, and ¬.

A propositional formula is doubly-negated if it is of the form ¬¬ψ.

For every propositional formula ϕ, we let∼ϕ denote the complement
of ϕ, i.e., ∼ϕ = ¬ϕ if ϕ is not of the form ¬ψ, and ∼ϕ = ψ if ϕ is

of the form¬ψ. For a propositional formula ϕ, the set Var(ϕ) denotes

the set of all variables occurring in ϕ. We use the standard notion of

(truth) assignments α : Var(ϕ) → {0, 1} for Boolean formulas and

truth of a formula under such an assignment. We define the size |ϕ|
of a propositional formula ϕ as the total number of (occurrences of)

Boolean operators and propositional variables in ϕ.

Classical Complexity We assume the reader to be familiar with

the most common concepts from complexity theory, such as the com-

plexity classes P and NP. These basic notions are explained in text-

books on the topic; see, e.g., [2]. In this paper, we will also refer to

the complexity class Θp
2, that consists of all decision problems that

can be solved by a polynomial-time algorithm that queries an NP or-

acle O(log n) times. The following problem is complete for the class

Θp
2 under polynomial-time reductions [7, 31, 44].

MAX-MODEL

Instance: A satisfiable propositional formula ϕ, and a vari-

able w ∈ Var(ϕ).

Question: Is there a model of ϕ that sets a maximal number of

variables in Var(ϕ) to true (among all models of ϕ) and that sets w
to true?

Parameterized Complexity Next, we introduce the relevant con-

cepts of parameterized complexity theory. For more details, we refer

to textbooks on the topic [10, 13, 14, 23, 38]. An instance of a pa-

rameterized problem is a pair (x, k) where x is the main part of the

instance, and k is the parameter. A parameterized problem is fixed-
parameter tractable if instances (x, k) of the problem can be solved

by a deterministic algorithm that runs in time f(k)|x|c, where f is

a computable function of k, and c is a constant (algorithms running

within such time bounds are called fpt-algorithms). FPT denotes the

class of all fixed-parameter tractable problems. It often makes sense

to consider parameterized problems with multiple parameters. When

considering multiple parameters, we take their sum as a single pa-

rameter.

Parameterized complexity also offers a completeness theory, sim-

ilar to the theory of NP-completeness, that provides a way to ob-

tain evidence that a parameterized problem is not fixed-parameter

tractable. Hardness for parameterized complexity classes is based

on fpt-reductions, which are many-one reductions where the param-

eter of one problem maps into the parameter for the other. More

specifically, a parameterized problem Q is fpt-reducible to another

parameterized problem Q′ if there is a mapping R that maps in-

stances of Q to instances of Q′ such that (i) (I, k) ∈ Q if and only

if R(I, k) = (I ′, k′) ∈ Q′, (ii) k′ ≤ g(k) for a computable func-

tion g, and (iii) R can be computed in time f(k)|I|c for a computable

function f and a constant c. Central to the completeness theory are

the classes of the Weft hierarchy, including the class W[SAT]. The

parameterized complexity class W[SAT] can be characterized as the

set of those parameterized problems that can be fpt-reduced to the

problem MONOTONE-WSAT [1]. This problem is defined as follows.

MONOTONE-WSAT

Instance: A monotone propositional formula ϕ—i.e., ϕ contains

no negations—and a positive integer k.

Parameter: k.

Question: Does there exists a truth assignment that sets exactly k
variables in Var(ϕ) true and that satisfies ϕ.

Moreover, the parameterized complexity class XP consists of all

problems that can be solved in time O(nf(k)), for some computable

function f , where n is the input size and k is the parameter value.

The following parameterized complexity classes are analogues to

classical complexity classes. Let K be a classical complexity class,

e.g., Θp
2. The parameterized complexity class para-K is then defined

as the class of all parameterized problems Q for which there exist a

computable function f and a problem Q′ ∈ K such that for all in-

stances (x, k) we have that (x, k) ∈ Q if and only if (x, f(k)) ∈ Q′.
Intuitively, the class para-K consists of all problems that are in K after

a precomputation that only involves the parameter. A parameterized

problem is para-K-hard if it is K-hard already for a constant value of

the parameter [22].

The final parameterized complexity class that we consider is

FPTNP[few], consisting of all parameterized problems that can be

solved by an fpt-algorithm that queries an NP oracle at most f(k)
many times, where f is some computable function and where k de-

notes the parameter value [19, 20, 27]. Intuitively, this class consists

of those problems that can be reduced to SAT by a Turing reduction

that runs in fixed-parameter tractable time, and queries the oracle

at most f(k) times. The following parameterized variant of MAX-

MODEL is FPTNP[few]-complete under fpt-reductions.

LOCAL-MAX-MODEL

Instance: A satisfiable propositional formula ϕ, a subset X ⊆
Var(ϕ) of variables, and a variable w ∈ X .

Parameter: |X|.
Question: Is there a model of ϕ that sets a maximal number of

variables in X to true (among all models of ϕ) and that sets w to

true?

3 Judgment Aggregation
Next, we introduce the two formal judgment aggregation frameworks

that we use in this paper: formula-based judgment aggregation (as
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used by, e.g., [12, 17, 32]) and constraint-based judgment aggrega-
tion (as used by, e.g., [24]). For both frameworks, we will also define

the computational problem OUTCOME(KEMENY) of computing an

outcome of the Kemeny procedure, and we will formally define the

parameters that we consider.

Formula-Based Judgment Aggregation An agenda is a finite,

nonempty set Φ of formulas that does not contain any doubly-

negated formulas and that is closed under complementation. More-

over, if Φ = {ϕ1, . . . , ϕn,¬ϕ1, . . . ,¬ϕn} is an agenda, then we

let [Φ] = {ϕ1, . . . , ϕn} denote the pre-agenda associated to the

agenda Φ. A judgment set J for an agenda Φ is a subset J ⊆ Φ. We

call a judgment set J complete if ϕ ∈ J or ∼ϕ ∈ J for all ϕ ∈ Φ;

and we call it consistent if there exists an assignment that makes all

formulas in J true. Intuitively, the consistent and complete judgment

sets are the opinions that individuals and the group can have.

We associate with each agenda Φ an integrity constraint Γ, that

can be used to further restrict the set of feasible opinions. Such an in-

tegrity constraint consists of a single propositional formula. We say

that a judgment set J is Γ-consistent if there exists a truth assignment

that simultaneously makes all formulas in J and Γ true. Let J (Φ,Γ)
denote the set of all complete and Γ-consistent subsets of Φ. We say

that finite sequences J ∈ J (Φ,Γ)+ of complete and Γ-consistent

judgment sets are profiles, and where convenient we equate a pro-

file J = (J1, . . . , Jp) with the (multi)set {J1, . . . , Jp}.

A judgment aggregation procedure (or rule) for the agenda Φ and

the integrity constraint Γ, is a function F that takes as input a pro-

file J ∈ J (Φ,Γ)+, and that produces a non-empty set of non-empty

judgment sets. We call a judgment aggregation procedure F reso-
lute if for any profile J it returns a singleton, i.e., |F (J)| = 1;

otherwise, we call F irresolute. An example of a resolute judg-

ment aggregation procedure is the strict majority rule Majority,

where Majority(J) = {J∗} and where ϕ ∈ J∗ if and only if ϕ
occurs in the strict majority of judgment sets in J , for all ϕ ∈ Φ
(in case of a tie between ϕ and ¬ϕ, for ϕ ∈ [Φ], we arbitrarily

let ϕ ∈ J∗). We call a judgment aggregation procedure F complete
and Γ-consistent, if J is complete and Γ-consistent, respectively, for

every J ∈ J (Φ,Γ)+ and every J ∈ F (J). The procedure Majority

is not consistent. Consider the agenda Φ with [Φ] = {p, q, p → q},

and the profile J = (J1, J2, J3), where J1 = {p, q, (p→ q)}, J2 =
{p,¬q,¬(p → q)}, and J3 = {¬p,¬q, (p → q)}. The unique out-

come {p,¬q, (p→ q)} in Majority(J) is inconsistent.

The Kemeny aggregation procedure is based on a notion of dis-

tance. This distance is based on the Hamming distance d(J, J ′) =
|{ϕ ∈ [Φ] : ϕ ∈ (J \ J ′) ∪ (J ′ \ J) }| between two com-

plete judgment sets J, J ′. Intuitively, the Hamming distance d(J, J ′)
counts the number of issues on which two judgment sets disagree.

Let J be a single Γ-consistent and complete judgment set, and

let (J1, . . . , Jp) = J ∈ J (Φ,Γ)+ be a profile. We define the

distance between J and J to be d(J,J) =
∑

i∈[p] d(J, Ji). Then,

we let the outcome KemenyΦ,Γ(J) of the Kemeny rule be the set

of those J∗ ∈ J (Φ,Γ) for which there is no J ∈ J (Φ,Γ) such

that d(J,J) < d(J∗,J). (If Φ and Γ are clear from the context,

we often write Kemeny(J) to denote KemenyΦ,Γ(J).) Intuitively,

the Kemeny rule selects those complete and Γ-consistent judgment

sets that minimize the cumulative Hamming distance to the judg-

ment sets in the profile. The Kemeny rule is irresolute, complete and

Γ-consistent.

We formalize the problem of computing an outcome of

the Kemeny rule—in the formula-based judgment aggregation

framework—with the following decision problem OUTCOME-

(KEMENY)fb. Any algorithm that solves OUTCOME(KEMENY)fb can

be used to construct some J∗ ∈ Kemeny(J), with polynomial over-

head, by iteratively calling the algorithm and adding formulas to the

set L. Moreover, multiple outcomes J∗1 , J
∗
2 , . . . can be constructed

by adding previously found outcomes as the sets Li.

OUTCOME(KEMENY)fb

Instance: An agenda Φ with an integrity constraint Γ, a pro-

file J ∈ J (Φ,Γ)+ and subsets L,L1, . . . , Lu ⊆ Φ of the

agenda, with u ≥ 0.

Question: Is there a judgment set J∗ ∈ Kemeny(J) such that L ⊆
J∗ and Li �⊆ J∗ for each i ∈ [u]?

The parameters that we consider for the problem OUTCOME-

(KEMENY)fb are defined straightforwardly. For an in-

stance (Φ,Γ,J , L, L1, . . . , Lu) of OUTCOME(KEMENY)fb

with J = (J1, . . . , Jp), we let n = |[Φ]|, m = max{ |ϕ| : ϕ ∈
[Φ] }, c = |Γ|, p = |J |, and h = max{ d(Ji, Ji′) : 1 ≤ i < i′ ≤
p }.

Constraint-Based Judgment Aggregation Let I =
{x1, . . . , xn} be a finite set of issues. Intuitively, these issues

are the topics about which the individuals want to combine

their judgments. A truth assignment α : I → {0, 1} is called

a ballot, and represents an opinion that individuals and the

group can have. We will also denote ballots α by a binary vec-

tor (b1, . . . , bn) ∈ {0, 1}n, where bi = α(xi) for each i ∈ [n].
Moreover, we say that (p1, . . . , pn) ∈ {0, 1, �}n is a partial
ballot, and that (p1, . . . , pn) agrees with a ballot (b1, . . . , bn)
if pi = bi whenever pi �= �, for all i ∈ [n]. As in the case for

formula-based judgment aggregation, we introduce an integrity

constraint Γ, that can be used to restrict the set of feasible opinions

(for both the individuals and the group). The integrity constraint Γ
is a propositional formula on the variables x1, . . . , xn. We define

the set R(I,Γ) of rational ballots to be the ballots (for I) that

satisfy the integrity constraint Γ. Rational ballots in the constraint-

based judgment aggregation framework correspond to complete

and Γ-consistent judgment sets in the formula-based judgment

aggregation framework. We say that finite sequences r ∈ R(I,Γ)+
of rational ballots are profiles, and where convenient we equate a

profile r = (r1, . . . , rp) with the (multi)set {r1, . . . , rp}.

A judgment aggregation procedure (or rule), for the set I of issues

and the integrity constraint Γ, is a function F that takes as input a

profile r ∈ R(I,Γ)+, and that produces a non-empty set of ballots.

We call a judgment aggregation procedure F rational (or consistent),
if r is rational for every r ∈ R(I,Γ)+ and every r ∈ F (r).

As an example of a judgment aggregation procedure we con-

sider the strict majority rule Majority, where Majority(r) =
{(b1, . . . , bn)} and where each bi agrees with the majority of the i-th
bits in the ballots in r (in case of a tie, we arbitrarily let bi = 1). To

see that Majority is not rational, consider the set I = {x1, x2, x3}
of issues, the integrity constraint Γ = x3 ↔ (x1 → x2), and

the profile r = (r1, r2, r3), where r1 = (1, 1, 1), r2 = (1, 0, 0),
and r3 = (0, 0, 1). The unique outcome (1, 0, 1) in Majority(r) is

not rational.

The Kemeny aggregation procedure is defined for the constraint-

based judgment aggregation framework as follows. Similarly to the

case for formula-based judgment aggregation, the Kemeny rule is

based on the Hamming distance d(r, r′) = |{ i ∈ [n] : bi �= b′i }|,
between two rational ballots r = (b1, . . . , bn) and r′ = (b′1, . . . , b

′
n)

for the set I of issues and the integrity constraint Γ. Let r be a single
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ballot, and let (r1, . . . , rp) = r ∈ R(I,Γ)+ be a profile. We define

the distance between r and r to be d(r, r) =
∑

i∈[p] d(r, ri). Then,

we let the outcome KemenyI,Γ(r) of the Kemeny rule be the set of

those ballots r∗ ∈ R(I,Γ) for which there is no r ∈ R(I,Γ) such

that d(r, r) < d(r∗, r). (If I and Γ are clear from the context, we

often write Kemeny(r) to denote KemenyI,Γ(r).) The Kemeny rule

is irresolute and rational.

We formalize the problem of computing an outcome of

the Kemeny rule—in the constraint-based judgment aggrega-

tion framework—with the following decision problem OUTCOME-

(KEMENY)cb. Similarly to algorithms for OUTCOME(KEMENY)fb,

algorithms that solve OUTCOME(KEMENY)cb can be used to con-

struct multiple outcomes.

OUTCOME(KEMENY)cb

Instance: A set I of issues with an integrity constraint Γ, a

profile r ∈ R(I,Γ)+ and partial ballots l, l1, . . . , lu (for I),

with u ≥ 0.

Question: Is there a ballot r∗ ∈ Kemeny(r) such that l agrees

with r∗ and each li does not agree with r∗?

We define the parameters that we consider for OUTCOME-

(KEMENY)cb as follows. For an instance (I,Γ, r, l, l1, . . . , lu) of

OUTCOME(KEMENY)cb with r = (r1, . . . , rp), we let n = |I|, c =
|Γ|, p = |r|, and h = max{ d(ri, ri′) : 1 ≤ i < i′ ≤ p }. We

remark that the parameter m does not make sense in the constraint-

based framework, as issues are not represented by a logic formula.

When needed, the parameter m for OUTCOME(KEMENY)cb is de-

fined by letting m = 1.

4 Complexity Results

In this section, we develop the parameterized complexity results for

the different parameterized variants of OUTCOME(KEMENY)fb and

OUTCOME(KEMENY)cb that we consider.

4.1 Upper Bounds for the Formula-Based
Framework

We begin with showing upper bounds for OUTCOME(KEMENY)fb.

When parameterized either (i) by both h and p or (ii) by n, the prob-

lem is in FPTNP[few].

Proposition 1. OUTCOME(KEMENY)fb parameterized by h and p is
in FPTNP[few].

Proof. The main idea behind this proof is that with these parameters,

we can derive a suitable upper bound on the minimum distance of any

complete and Γ-consistent judgment set to the profile J , such that the

usual binary search algorithm with access to an NP oracle only needs

to make O(log h+ log p) many oracle queries.

We describe an algorithm A that solves OUTCOME-

(KEMENY)fb with the required number of oracle queries.

Let (Φ,Γ,J , L, L1, . . . , Lu) be an instance. The algorithm

needs to determine the minimum distance d(J,J) for any complete

and Γ-consistent judgment set J to the profile J . Let d∗ denote this

minimum distance. An upper bound on d∗ is given by h(p−1). This

upper bound can be derived as follows. Take an arbitrary J ∈ J .

Clearly d(J, J) = 0, and for every J ′ ∈ J with J �= J ′ we know

that d(J, J ′) ≤ h. Therefore, d(J,J) ≤ h(p− 1). Since J ∈ J , we

know that J is complete and Γ-consistent. Therefore, the minimum

distance of any complete and Γ-consistent judgment set to the

profile J is at most h(p− 1).
The algorithm A firstly computes d∗. Since d∗ ≤ h(p − 1), with

binary search this can be done using at most 4log h(p − 1)5 =
O(log h + log p) many queries to an oracle—the oracle decides for

a given value d0 whether there exists a complete and Γ-consistent

judgment set J with d(J,J) ≤ d0. Then, with a single additional or-

acle query, the algorithm A determines whether there exists a com-

plete and Γ-consistent judgment set J∗ with d(J∗,J) = d∗, L ⊆
J∗, and Lj �⊆ J∗ for each j ∈ [u].

When parameterized by the number n of formulas in the pre-

agenda, the number of possible judgment sets is bounded by a func-

tion of the parameter. This allows the problem to be solved in fixed-

parameter tractable time, using a single query to an NP oracle for

each judgment set to determine whether it it Γ-consistent.

Proposition 2. OUTCOME(KEMENY)fb parameterized by n is in
FPTNP[few].

Proof. The main idea behind this proof is that the number of possible

judgment sets is bounded by the parameter, that is, there are only 2n

many possible complete judgment sets. We describe an algorithm A
that solves the problem in fixed-parameter tractable time by querying

an NP oracle at most 2n many times. Let (Φ,Γ,J , L, L1, . . . , Lu)
be an instance. Firstly, the algorithm A enumerates all possible com-

plete judgment sets J1, . . . , J2n ⊆ Φ. Then, for each such set Ji, the

algorithm uses the NP oracle to determine whether Ji is Γ-consistent.

Each judgment set Ji that is not Γ-consistent, is discarded. This can

be done straightforwardly using 2n many calls to the NP oracle—

one for each set Ji. (The number of oracle calls that are needed can

be improved to O(n) by using binary search on the number of Γ-

consistent sets Ji.)

Then, for each of the remaining (Γ-consistent) judgment

sets Ji, the algorithm A computes the cumulative Hamming dis-

tance d(Ji,J) to the profile J . This can be done in polynomial

time. Then, those Ji for which this distance is not minimal—that

is, those Ji for which there exists some Ji′ such that d(Ji′ ,J) <
d(Ji,J)—are discarded as well. The remaining judgment sets Ji

then are exactly those complete and Γ-consistent judgment sets with

a minimum distance to the profile J .

Finally, the algorithm goes over each of these remaining sets Ji,

and checks whether L ⊆ Ji and Lj �⊆ Ji for all j ∈ [u]. This

can clearly be done in polynomial time. If this check succeeds for

some Ji, the algorithm A accepts the input, and otherwise, the algo-

rithm rejects the input.

When additionally parameterizing by c and m, Γ-consistency of

the judgment sets can be decided in fixed-parameter tractable time,

and thus the whole problem becomes fixed-parameter tractable.

Proposition 3. OUTCOME(KEMENY)fb parameterized by c, n
and m is fixed-parameter tractable.

Proof. We describe an fpt-algorithm A that solves the problem.

Let (Φ,Γ,J , L, L1, . . . , Lu) be an instance. The algorithm A works

exactly in the same way as the algorithm in the proof of Proposi-

tion 2. The only difference is that in order to check whether a given

judgment set Ji is Γ-consistent, it does not need to make an oracle

query. Determining whether a given judgment set Ji is Γ-consistent

can be done in a brute-force fashion (e.g., using truth tables) in

time 2c+nm · |Ji|, since there are at most c + nm propositional

variables involved. Therefore, the algorithm runs in fixed-parameter

tractable time.
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4.2 Lower Bounds for the Formula-Based
Framework

Next, we turn to parameterized hardness results for the problem

OUTCOME(KEMENY)fb. We begin with showing that the problem

is para-Θp
2-hard even when parameterized by c, h and m. We will

use the following lemma, whose straightforward proof we omit.

Lemma 4. Let ϕ be a propositional formula on the vari-
ables x1, . . . , xn. In polynomial time we can construct a proposi-
tional formula ϕ′ with Var(ϕ′) ⊇ Var(ϕ) ∪ {z1, . . . , zn} such that
for every truth assignment α : Var(ϕ) → {0, 1} it holds that (1) ϕ[α]
is true if and only if ϕ′[α] is satisfiable, and (2) if α sets exactly i
variables to true, then ϕ′[α] |= zi.

Proposition 5. OUTCOME(KEMENY)fb parameterized by c and h is
para-Θp

2-hard.

Proof. We show that OUTCOME(KEMENY)fb is Θp
2-hard already for

a constant value of the parameters, by giving a reduction from MAX-

MODEL. Let (ϕ,w) be an instance of MAX-MODEL with Var(ϕ) =
{x1, . . . , xn} and w = x1. Without loss of generality, we may

assume that there is a model α of ϕ that sets at least two vari-

ables xi to true. By Lemma 4, we can construct a suitable for-

mula ϕ′ = c1∧· · ·∧cb with additional variables z1, . . . , zn that rep-

resent a lower bound on the number of variables among x1, . . . , xn

that are true in models of ϕ.

We construct the agenda Φ by letting [Φ] =
{zw, z¬w, z1, . . . , zn} ∪ { yw,i, y¬w,i : i ∈ [n + 1] } ∪ { yi,j : i ∈
[n], j ∈ [i] } ∪ {χ, χ′}, where zw, z¬w and all yw,i, y¬w,i, yi,j
are fresh variables. We let Y = { yw,i, y¬w,i : i ∈
[n + 1] } ∪ { yi,j : i ∈ [n], j ∈ [i] }. Moreover, we let χ be such

that χ ≡ ¬((∨Y ∧ ∨
([Φ]\Y )) ∨ ((zw ↔ w ↔ ¬z¬w) ∧ ϕ′)),

and we define χ′ such that χ′ ≡ χ (that is, we let χ′ be a syntactic

variant of χ).

Then, we construct the profile J as follows. We let J =
{ Jw,i, J¬w,i : i ∈ [n + 1] } ∪ { Ji,j : i ∈ [n], j ∈ [i] }. Each

of the judgment sets in the profile includes exactly two formulas

in [Φ]. Consequently, the maximum Hamming distance between any

two judgment sets in the profile is 4. For each i ∈ [n + 1], we

let {yw,i, zw} ⊆ Jw,i and {y¬w,i, z¬w} ⊆ J¬w,i. Moreover, for

each i ∈ [n] and each j ∈ [i], we let {yi,j , zi} ⊆ Ji,j . It is

straightforward to verify that each J ∈ J is consistent. Finally, we

let L = {zw}, Γ = 	, and u = 0.

In other words, all formulas in [Φ] are excluded in a majority of

the judgment sets in the profile J . However, some formulas in [Φ]

are included in more judgment sets in the profile than others. The for-

mulas zw and z¬w are both included in n + 1 sets. Each formula zi
(for i ∈ [n]) is included in exactly i sets. All formulas in Y are in-

cluded in exactly one set. Finally, the formulas χ and χ′ are included

in none of the sets. Intuitively, the formulas that are included in more

judgment sets in the profile are cheaper to include in any candidate

outcome J∗.

The complete judgment set that minimizes the cumulative Ham-

ming distance to the profile J is the set J0 = {¬ψ : ψ ∈ [Φ] }
that includes no formulas in [Φ]. However, this set is inconsistent,

which is straightforward to verify using the definition of χ. It can

be made consistent by adding two formulas ψ1, ψ2 from [Φ] (and

removing their complements). The choice of ψ1, ψ2 that leads to

a consistent judgment set with minimum distance to the profile is

by letting ψ1 ∈ {zw, z¬w} and letting ψ2 = z, where � is the

maximum number of variables among x1, . . . , xn set to true in any

model of ϕ. Moreover, whenever ψ1 = zw, the resulting judg-

ment set is consistent if and only if there is a model of ϕ that

sets � variables among x1, . . . , xn to true, including the variable w.

From this, we directly know that (ϕ,w) ∈ MAX-MODEL if and

only if (Φ,Γ,J , L) ∈ OUTCOME(KEMENY)fb. This concludes our

para-Θp
2-hardness proof.

This hardness result can straightforwardly be extended to the case

where all formulas in the agenda are of constant size, by using the

well-known Tseitin transformation [43], leading to the following

corollary.

Corollary 6. OUTCOME(KEMENY)fb parameterized by c, h and m
is para-Θp

2-hard.

Proof. We can modify the proof of Proposition 5 as follows. We

replace the formula ¬χ (and its syntactic variant ¬χ′) by a 3CNF

formula that has the same effect. By using the standard Tseitin trans-

formation [43], we can transform ¬χ into a 3CNF formula ψ such

that for each truth assignment α : Var(¬χ) → {0, 1} it holds

that ¬χ[α] is true if and only if ψ[α] is satisfiable. Moreover, we

can do this in such a way that the variables in Var(ψ)\Var(¬χ)

are fresh variables. Similarly, we transform ¬χ′ into a 3CNF for-

mula ψ′. Let ψ = c1 ∧ · · · ∧ cb and ψ′ = c′1 ∧ · · · ∧ c′b (we can

straightforwardly ensure that ψ and ψ′ have the same number of

clauses). Then, similarly to the proof of Proposition 5, we let [Φ] =
{zw, z¬w, z1, . . . , zn} ∪ { yw,i, y¬w,i : i ∈ [n + 1] } ∪ { yi,j : i ∈
[n], j ∈ [i] } ∪ { ci, c′i : i ∈ [b] }. That is, instead of adding χ and χ′

to the agenda, we add the clauses of ψ and ψ′ as separate formulas

to the agenda.

In the proof of Proposition 5, we had that ¬χ,¬χ′ ∈ J for all

judgment sets J ∈ J . Instead, we now ensure that for all J ∈ J ,

we have ci, c
′
i ∈ J for all i ∈ [b]. From this, it follows that the

set Kemeny(J) of outcomes is in one-to-one correspondence with

the set of outcomes in the proof of Proposition 5. Moreover, the max-

imum Hamming distance between any two judgment sets in the pro-

file J is 4.

The problem is also para-Θp
2-hard when parameterized by c, m

and p.

Proposition 7. OUTCOME(KEMENY)fb parameterized by c, m
and p is para-Θp

2-hard.

Proof. We firstly show para-Θp
2-hardness for the problem parame-

terized by c and p, by giving a reduction from MAX-MODEL that

uses constant values of c and p. This reduction can be seen as a mod-

ification of the Θp
2-hardness proof for OUTCOME(KEMENY)fb given

by Endriss and De Haan [18, Proposition 7 and Corollary 8].

Let (ϕ,w) be an instance of MAX-MODEL. We may assume with-

out loss of generality that ϕ is satisfiable by some truth assignment

that sets at least one variable in Var(ϕ) to true. We construct an

instance (Φ,Γ,J , L) of OUTCOME(KEMENY)fb as follows. Take

an integer b such that b > 3
2
|Var(ϕ)|, e.g., b = 3|Var(ϕ)| + 1.

Let [Φ] = Var(ϕ) ∪ { zi,j : i ∈ [b], j ∈ [3] } ∪ {ϕ′i : i ∈ [b] },

where each of the formulas ϕ′i is a syntactic variant of the follow-

ing formula ϕ′. We define ϕ′ = (
∨

j∈[3]
∧

i∈[b] zi,j)∨ϕ. Intuitively,

the formula ϕ′ is true either if (i) all variables zi,j are set to true for

some j ∈ [3], or if (ii) ϕ is satisfied. Then we let J = {J1, J2, J3},

where for each j ∈ [3], we let Jj contain the formulas zi,j for

all i ∈ [b], all formulas in Var(ϕ), all the formulas ϕ′i, and no other

formulas from [Φ]. (For each ϕ ∈ [Φ], if ϕ �∈ Jj , we let ¬ϕ ∈ Jj .)
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Clearly, the judgment sets J1, J2 and J3 are all complete and consis-

tent. Moreover, we let Γ = 	, and L = {w}. It is straightforward to

verify that the parameters c and p have constant values.

We now argue that there is some J∗ ∈ Kemeny(J) with L ⊆ J∗ if

and only if (ϕ,w) ∈ MAX-MODEL. To see this, we first observe that

the only complete and consistent judgment sets J for which it holds

that d(J,J) < d(Jj ,J) (for any j ∈ [3]) must satisfy that J |= ϕ.

Moreover, among those judgment sets J for which J |= ϕ, the

judgment sets that minimize the distance to the profile J satisfy

that zi,j �∈ J for all i ∈ [b] and all j ∈ [3], and ϕ′i ∈ J for

all i ∈ [b]. Using these observations, we directly get that there is

some J∗ ∈ Kemeny(J) with L ⊆ J∗ if and only if there is a model

of ϕ that sets a maximal number of variables in Var(ϕ) to true and

that sets the variable w to true.

Then, to show that the problem is also para-Θp
2-hard when param-

eterized by c, m and p, we can modify the above reduction in a way

that is entirely similar to the proof of Corollary 6, replacing the for-

mulas ϕ′i by the clauses of 3CNF formulas that have the same effect

on the consistency of judgment sets as the formulas ϕ′i.

For all parameterizations that do not include all of the parame-

ters c, n and m, the problem OUTCOME(KEMENY)fb is FPTNP[few]-
hard. We begin with the case where c can be unbounded; this proof

can be extended straightforwardly to the other two cases.

Proposition 8. OUTCOME(KEMENY)fb parameterized by h, n, m
and p is FPTNP[few]-hard.

Proof. We show FPTNP[few]-hardness by giving an fpt-reduction

from LOCAL-MAX-MODEL. (This reduction from LOCAL-MAX-

MODEL is very similar to the reduction from MAX-MODEL used

in the proof of Proposition 7.) Let (ϕ,X,w) be an instance of

LOCAL-MAX-MODEL, with X = {x1, . . . , xk}. We construct an

instance (Φ,Γ,J , L) as follows. Take an integer b such that b >
3
2
|X|, e.g., let b = 3|X| + 1. We let [Φ] = X ∪ { zi,j : i ∈

[b], j ∈ [3] }. Moreover, we let Γ = ϕ′ = (
∨

j∈[3]
∧

i∈[b] zi,j) ∨ ϕ.

Intuitively, the formula Γ is true either if (i) all variables zi,j are

set to true for some j ∈ [3], or if (ii) ϕ is satisfied. Then we

let J = {J1, J2, J3}, where for each j ∈ [3], we let Jj contain the

formulas zi,j for all i ∈ [b], and all formulas in X , and no other for-

mulas in [Φ]. (For each ϕ ∈ [Φ], if ϕ �∈ Jj , we let¬ϕ ∈ Jj .) Clearly,

the judgment sets J1, J2 and J3 are all complete and Γ-consistent.

Finally, we let L = {w}. It is easy to verify that h = 2b = 6k + 2
and n = 3b + k = 10k + 3, where k = |X|, and that m and p are

constant. Therefore, all parameter values are bounded by a function

of the original parameter k.

We now argue that there is some J∗ ∈ Kemeny(J) with L ⊆ J∗

if and only if (ϕ,X,w) ∈ LOCAL-MAX-MODEL. The argument

for this conclusion is similar to the argument used in the proof of

Proposition 7. We first observe that the only complete and consis-

tent judgment sets J for which it holds that d(J,J) < d(Jj ,J) (for

any j ∈ [3]) must satisfy that J |= ϕ. Moreover, among those judg-

ment sets J for which J |= ϕ, the judgment sets that minimize the

distance to the profile J satisfy that zi,j �∈ J for all i ∈ [b] and

all j ∈ [3]. Using these observations, we directly get that there is

some J∗ ∈ Kemeny(J) with L ⊆ J∗ if and only if there is a model

of ϕ that sets a maximal number of variables in X to true and that

sets the variable w to true.

Proposition 9. OUTCOME(KEMENY)fb parameterized by c, h, n
and p is FPTNP[few]-hard.

Proof (sketch). We can modify the reduction from LOCAL-MAX-

MODEL used in the proof of Proposition 8. Instead of using the for-

mula ϕ′ as the integrity constraint Γ, we let Γ = 	, and we en-

force ϕ′ to be true by adding b syntactic variants ϕ′1, . . . , ϕ
′
b of it to

the agenda and to the judgment sets.

Proposition 10. OUTCOME(KEMENY)fb parameterized by c, h, m
and p is FPTNP[few]-hard.

Proof (sketch). We modify the reduction from LOCAL-MAX-

MODEL given in the proof of Proposition 9. We use the same trick

that we used in the proof of Corollary 6—that is, we use the standard

Tseitin transformation [43] to transform each of the formulas ϕ′i into

a 3CNF formula ϕ′′i that forces ϕ′i to be true. Then, we replace the

formulas ϕ′i by the clauses of ϕ′′i in the agenda and the judgment

sets.

4.3 Upper Bounds for the Constraint-Based
Framework

We now turn to showing upper bounds for OUTCOME(KEMENY)cb.

When parameterized by the number n of issues, the number of pos-

sible ballots is bounded by a function of the parameter. This allows

the problem to be solved in fixed-parameter tractable time.

Proposition 11. OUTCOME(KEMENY)cb parameterized by n is
fixed-parameter tractable.

Proof. The main idea behind this proof is that the number of possible

ballots is bounded by the parameter, that is, there are only 2n many

possible (rational) ballots. We describe an algorithm A that solves the

problem in fixed-parameter tractable time. Let (I,Γ, r, l, l1, . . . , lu)
be an instance. Firstly, the algorithm A enumerates all possible bal-

lots r1, . . . , r2n ∈ {0, 1}n. Then, for each such ballot ri, the algo-

rithm determines whether ri is rational, by checking whether Γ[ri]
is true. This can be done in polynomial time. Each irrational ballot is

discarded.

Then, for each of the remaining (rational) ballots ri, the algo-

rithm A computes the cumulative Hamming distance d(ri, r) to the

profile r. This can also be done in polynomial time. Then, those ri
for which this distance is not minimal—that is, those ri for which

there exists some ri′ such that d(ri′ , r) < d(ri, r)—are discarded

as well. The remaining ballots ri then are exactly those rational bal-

lots with a minimum distance to the profile r.

Finally, the algorithm goes over each of these remaining ballots ri,
and checks whether l agrees with ri and whether for all j ∈ [u], lj
does not agree with ri. If this check succeeds for some ri, the algo-

rithm A accepts the input, and otherwise, the algorithm rejects the

input.

Since the size c of the integrity constraint is an upper bound on

the number of issues that play a non-trivial role in the problem, this

fixed-parameter tractability result easily extends to the parameter c.

Proposition 12. OUTCOME(KEMENY)cb parameterized by c is
fixed-parameter tractable.

Proof. Since |Γ| = c, we know that the number of propositional

variables in Γ is also bounded by the parameter c. Take an in-

stance (I,Γ, r, l, l1, . . . , lu). Then, let I′ = Var(Γ) ⊆ I be the

subset of issues that are mentioned in the integrity constraint Γ. We

know that any outcome r∗ ∈ Kemeny(r) agrees with the majority

of ballots in r on every issue in I\I′ (in case of a tie, either choice
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works). Therefore, all that remains is to determine whether there are

suitable choices for the issues in I (to obtain some r∗ ∈ Kemeny(r)
that agrees with l and does not agree with lj for all j ∈ [u]).
By Proposition 11, we know that this is fixed-parameter tractable

in |I′|. Since |I′| ≤ c, we get fixed-parameter tractability also for

OUTCOME(KEMENY)cb parameterized by c.

Bounding the maximum Hamming distance h between any two

ballots in the profile gives us membership in XP.

Proposition 13. OUTCOME(KEMENY)cb parameterized by h is in
XP.

Proof. Let (I,Γ, r, l, l1, . . . , lu) be an instance, with r =
(r1, . . . , rp). We describe an algorithm to solve the problem in

time O(p·nh ·nc), for some constant c. The main idea behind this al-

gorithm is the fact that each ballot whose Hamming distance to every

ballot in the profile is more than h is irrelevant.

Take a ballot r such that d(r, ri) > h for each i ∈ [p]. We

show that there exists a rational ballot r′ with d(r′, r) < d(r, r).
Take any ballot in the profile, e.g., r′ = r1. Clearly, r′ is rational.

Since d(r, ri) > h for each i ∈ [p], we know that d(r, r) > hp. On

the other hand, for r′ we know that d(r′, ri) ≤ h for each i ∈ [p]
(and d(r′, r1) = 0), so d(r′, r) ≤ h(p − 1). Therefore, d(r′, r) <
d(r, r).

We thus know that every rational ballot with minimum distance to

the profile lies at Hamming distance at most h to some ballot ri in

the profile r. The algorithm works as follows. It firstly enumerates

all ballots with Hamming distance at most h to some ri ∈ r. This

can be done in time O(p ·nh). Then, similarly to the algorithm in the

proof of Proposition 11, it discards those ballots that are not rational,

and subsequently discards those ballots that do not have minimum

distance to the profile. Finally, it iterates over all remaining ratio-

nal ballots with minimum distance to determine whether there is one

among them that agrees with l and disagrees with each lj .

4.4 Lower Bounds for the Constraint-Based
Framework

Finally, we show parameterized hardness results for OUTCOME-

(KEMENY)cb. When parameterized by both h and p, the problem is

W[SAT]-hard.

Proposition 14. OUTCOME(KEMENY)cb parameterized by h and p
is W[SAT]-hard.

Proof. We give an fpt-reduction from the W[SAT]-complete prob-

lem MONOTONE-WSAT. Let (ϕ, k) be an instance of MONOTONE-

WSAT. We construct an instance (I,Γ, r, l) of OUTCOME-

(KEMENY)cb as follows. We let I = Var(ϕ) ∪ {z} ∪ { yi,j : i ∈
[3], j ∈ [3k + 3] }. Moreover, we let Γ = (z ∧ ϕ) ∨ (¬z ∧∨

i∈[3](
∧

j∈[3k+3] yi,j)). We define r = (r1, r2, r3) as follows. For

each ri, we let ri(w) = 0 for all w ∈ {z} ∪ Var(ϕ). Moreover,

for each ri and each y,j , we let ri(y,j) = 1 if and only if � = i.
It is readily verified that r1, r2 and r3 are all rational. Finally, we

let l be the partial assignment for which l(z) = 1, and that is un-

defined on all remaining variables. This completes our construction.

Clearly, p = 3. Moreover, h = 6k + 6.

By construction of Γ, the only ballots that are rational—and that

can have a smaller distance to the profile r than the ballots r1, r2
and r3—are those ballots r∗ that satisfy (z ∧ ϕ). The ballots r1, r2
and r3 have distance 4(3k + 3) = 12k + 12 to the profile r. Any

ballot r∗ that satisfies (z ∧ ϕ) minimizes its distance to r by setting

all variables yi,j to false. Any such ballot r∗ has distance 3(3k+3)+
3(w + 1) = 9k + 3w + 12 to the profile r, where w is the number

of variables among Var(ϕ) that it sets to true. Therefore, the distance

of such a ballot r∗ to the profile r is smaller than (or equal to) the

distance of r1, r2 and r3 to r if and only if 9k+3w+12 ≤ 12k+12,

which is the case if and only if w ≤ k. From this we can conclude

that there is some r∗ ∈ Kemeny(r) that agrees with l if and only

if (ϕ, k) ∈ MONOTONE-WSAT.

Finally, the proof of Proposition 7 can be modified to work also for

the problem OUTCOME(KEMENY)cb parameterized by p, showing

para-Θp
2-hardness for this case.

Proposition 15. OUTCOME(KEMENY)cb parameterized by p is
para-Θp

2-hard.

Proof. We modify the Θp
2-hardness reduction used in the proof of

Proposition 7 to work also for the case of OUTCOME(KEMENY)cb for

a constant value of the parameter p. Instead of adding the formulas ϕ′i
to the agenda Φ, as done in the proof of Proposition 7, we let Γ = ϕ′.
The remaining formulas in the agenda Φ were all propositional vari-

ables, and thus we can transform the instance (Φ,Γ,J , L) that we

constructed for OUTCOME(KEMENY)fb into an instance (I,Γ, r, l),
where r and l are constructed entirely analogously to J and L.

Clearly, p = 3. Moreover, by a similar argument to the one that

is used in the proof of Proposition 7, we get that (I,Γ, r, l) ∈
OUTCOME(KEMENY)cb if and only if (ϕ,w) ∈ MAX-MODEL.

5 Conclusion
We gave the first parameterized complexity results for the funda-

mental problem of computing outcomes of judgment aggregation

procedures. We studied parameterized variants of this problem for

the Kemeny rule, for all combinations of the parameters c, h, n, m
and p. Moreover, we performed this parameterized complexity anal-

ysis for two formal frameworks for judgment aggregation: formula-

based and constraint-based judgment aggregation.

Interestingly, for many combinations of parameters, the complex-

ity of the problem differs between the two frameworks—which is

in contrast with the fact that the problem has the same complexity

in both frameworks when viewed from a classical complexity point

of view. This reflects the ability of the framework of parameterized

complexity to more accurately indicate what aspects of the problem

input contribute to the complexity of the problem. The two judgment

aggregation frameworks distribute the aspects of the problem differ-

ently over various parts of the problem input.

Future work includes extending the parameterized complexity in-

vestigation for computing outcomes of the Kemeny rule to differ-

ent parameters. For instance, in particular for the constraint-based

judgment aggregation framework, restricting the maximum degree of

variables in the integrity constraint might lead to more positive pa-

rameterized complexity results. Other natural parameters that could

be considered are width measures that capture the amount of struc-

ture in the logic formulas in the problem input. Moreover, it would

be interesting to perform a similar parameterized complexity analysis

for other judgment aggregation procedures.
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Abstract. We introduce a logic for temporal beliefs and intentions

based on Shoham’s database perspective and we formalize his co-

herence conditions on beliefs and intentions. In order to do this we

separate strong beliefs from weak beliefs. Strong beliefs are inde-

pendent from intentions, while weak beliefs are obtained by adding

intentions to strong beliefs and everything that follows from that. We

provide AGM-style postulates for the revision of strong beliefs and

intentions: strong belief revision may trigger intention revision, but

intention revision may only trigger revision of weak beliefs. After

revision, the strong beliefs are coherent with the intentions. We show

in a representation theorem that a revision operator satisfying our

postulates can be represented by a pre-order on interpretations of the

beliefs, together with a selection function for the intentions.

1 Introduction
Recently there has been an increase in articles studying the dynam-

ics of intentions in logic [7, 10, 15, 26, 14, 9]. Most of those papers

take as a starting point the logical frameworks derived from Cohen

and Levesque [6], which in turn formalize Bratman’s [4] planning

theory of intention. In this paper, we take a different starting point,

and study the revision of intentions from a database perspective [23].

The database perspective consists of a planner, a belief database and

an intention database. Shoham [24] describes it as “(...) a generaliza-

tion of the AGM scheme for belief revision, (...). In the AGM frame-

work, the intelligent database is responsible for storing the planner’s

beliefs and ensuring their consistency. In the enriched framework,

there are two databases, one for beliefs and one for intentions, which

are responsible for maintaining not only their individual consistency

but also their mutual consistency.” (p.48) Shoham further developed

these ideas with Jacob Banks, one of his PhD students, and behav-

ioral economist Dan Ariely in the intelligent calendar application

Timeful, which attracted over $6.8 million in funding and was ac-

quired by Google in 20151, who aim to integrate it into their Calendar

applications. As Shoham [24] says himself: “The point of the story

is there is a direct link between the original journal paper and the ul-

timate success of the company.” (p.47) Thus, it seems clear that his

philosophical proposal has lead to some success on the practical side.

In this paper, we investigate whether his proposal can lead to inter-

esting theoretical insights as well. More specifically, the aim of this

paper is to develop a suitable formal theory for the belief and inten-

tion databases in the database perspective, to formalize the cohernece

conditions that Shoham puts on the databases, and to study belief and

intention revision for this theory. Following Shoham’s proposal, our

1 http://venturebeat.com/2015/05/04/google-acquires-scheduling-app-
timeful-and-plans-to-integrate-it-into-google-apps/

methodology is to generalize AGM revision [1] for temporal beliefs

and intentions and to prove a representation theorem.

In the area of intention revision and reconsideration, Grant et
al. [9] combine intention revision with AGM-like postulates. There

have also been a number of contributions applying AGM-style revi-

sion to action logics [22, 11, 20, 21, 3]. However, these proposals

only characterize revision using a set of postulates, without proving

representation theorems. There are also approaches that focus on the

semantical level by postulating revision on a Kripke model [2].

In this paper, we first review two recent formalisations based

on Shoham’s database perspective, namely the IPS (Icard-Pacuit-

Shoham) framework [10] and our own previous work PAL

(Parameterized-time Action Logic) [30], and we discuss the short-

comings of these logics. We extend PAL in order to formalize

Shoham’s database perspective. An overview of our approach is dis-

played in Figure 1. We separate strong beliefs from weak beliefs.

Strong beliefs are beliefs that are independent of the intentions of

the agent, while weak beliefs are those beliefs that are obtained by

adding the consequences of all intended actions to the strong be-

liefs, and everything that follows from that. A planner (outside of

our agent) may add beliefs and intentions. The belief database con-

sists of strong beliefs, and can only be updated by a strong belief for-

mula. Revision of strong beliefs affects weak beliefs but, according to

Shoham’s database perspective, they may only remove intentions. In-

tention revision may in turn trigger revision of the weak beliefs. The

main result is to characterize this revision process correctly through

postulates and to prove a representation theorem.

The structure of this paper is as follows. Section 2 is preliminary

and introduces Shoham’s database perspective, the IPS framework,

and PAL. In Section 3 we formalize strong and weak beliefs, and we

formalize Shoham’s coherence condition in Section 4. In Section 5

we study revision of beliefs and intentions, and in Section 6 we dis-

cuss related work.

2 Preliminaries: The Database Perspective

We start by introducing our running example that we will use fre-

quently throughout the paper.

Example 1 (Running Example) An agent located in Luxembourg
is considering to attend the IJCAI conference in New York City, NY
(USA) in July 2016 and the ECAI conference in The Hague (the
Netherlands) in August 2016. Although it would like to attend both
events, there is insufficient budget available for traveling. The agent
thus believes that it is possible to attend IJCAI at time 0 (July 2016)
and that it is possible to attend ECAI at time 1 (August 2016), but

ECAI 2016
G.A. Kaminka et al. (Eds.)
© 2016 The Authors and IOS Press.
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Figure 1: Our formalization of the database perspective. Strong be-
liefs are denoted by ϕ, weak beliefs by ψ, and intentions by i. An
arrow indicates that a component can add (+) or remove (-) a for-
mula from another component. The dashed line represents a coher-
ence condition on strong beliefs and intentions. Weak beliefs are ob-
tained from strong beliefs by adding the consequences of all inten-
tions. The planner is considered a black box and can update strong
beliefs and intentions. Strong beliefs may update intentions, but in-
tentions may only update weak beliefs.

also believes that it is impossible to attend both conferences. If the
agent decides to attend IJCAI, then it would like to combine this with
a visit to a colleague in New York at time 2 (September 2016).

2.1 Shoham’s Database Perspective
Shoham’s database perspective [23] contains a planner (e.g., a

STRIPS-like planner) that is itself engaged in some form of prac-

tical reasoning. In the course of planning, it may add actions to be

taken at various times in the future to an intention database and add

observations to a belief database. The intentions are future-directed
intentions of the form (a, t), meaning that action a will be executed

at time t.2 The beliefs are also time-indexed, and are of the form pt ,

meaning that p is true at time t. Shoham treats the planner as a “black

box”: It provides the databases with input but its internal workings

are unknown. Shoham proposes informal revision procedures for be-

liefs and intentions based on the following coherence conditions:

1. Beliefs must be internally consistent.

2. Intentions must be internally consistent.

(a) At most one action can be intended for a given time moment.

(b) If two intended actions immediately follow one another, the

earlier cannot have postconditions that are inconsistent with the

preconditions of the latter.

3. Intentions must be consistent with beliefs.

(a) If you intend to take an action you cannot believe that its pre-

conditions do not hold.3

(b) If you intend to take an action, you believe that its postcondi-

tions hold.

Note that requirement 3a and 3b describe an asymmetry between

pre-and postconditions: The postconditions are believed to be true af-

ter an intended action, but the preconditions may not. Therefore, we

2 The notion of intention here is rather restrictive and important characteris-
tics of intentions are missing. See the conclusion for a discussion.

3 Shoham notes here that “it is important to distinguish between the time of
belief, and the time to which the belief refers. When an intention to act at
time t2 is added at time t1 (with t1 < t2), then at time t1 it is believed that
right after the action is taken at t2 its postconditions will hold.” [23, p.7]

might think of the requirements as one of “optimistic” beliefs. Ac-

cording to Shoham [23]: “It is a good fit with how planners operate.

Adopting an optimistic stance, they feel free to add intended actions

so long as they are consistent with current beliefs.” (p. 7)

Shoham then “sketches” informal revision procedures, in which

belief revision may trigger intention revision and visa versa, poten-

tially leading to a long cascade of changes. Facts that are believed

because they are postconditions of currently held intentions are an-

notated as such, because “if the intention is withdrawn then the belief

in the postcondition can be eliminated as well.” (p. 8)

2.2 Icard et al. (IPS)
Icard et al. [10] develop a “formal semantical model to capture ac-

tion, belief and intention, based on the ‘database perspective”’ (p.1).

They assume a set of atomic sentences Prop = {p,q,r, . . .} and de-

terministic primitive actions Act={a,b,c, . . .}. Entries in the belief

database are represented by a language generated from:

ϕ := pt | pre(a)t | post(a)t | Do(a)t |�ϕ | ϕ∧ϕ | ¬ϕ

with p ∈ Prop,a ∈ Act, and t ∈ Z. pt means that p is true at time t,
Do(a)t means that the agent does action a at time t, and pre(a)t and

post(a)t represent respectively the precondition and postcondition of

action a at time t.
Icard et al. use a semantics of appropriate paths. They define P =

P (Prop∪{pre(a), post(a) : a ∈ Act}), and a path π :Z→ (P×Act)
as a mapping from a time point to a set of proposition-like formulas

true at that time (denoted π(t)1) and the next action a on the path

(denoted π(t)2). They define an equivalence relation π ∼t π′, which

means that π and π′ represent the same situation up to t. Using this,

they propose a notion of appropriateness:

Definition 1 (Appropriate Set of Paths) A set of paths Π is appro-

priate iff for all π ∈ Π:

• If π(t)2 = a, then post(a) ∈ π(t +1)1,
• If pre(a) ∈ π(t)1, then there exists π′ ∼t π s.t. π′(t)2 = a.

The truth definition |=Π is defined relative to an appropriate set of

paths Π, and the modality is defined as follows:

π, t |=Π �ϕ, iff for all π′ ∈ Π, if π∼t π′ then π′, t |= ϕ.

A model for a formula is an appropriate set of paths. They introduce

an intention database I = {(a, t), . . .} as a set of action-time pairs

(a, t) and put the following coherence condition on their logic:

Cohere∗(I) =�
∧

(a,t)∈I

pre(a)t .

This captures the intuition that an agent considers it possible to carry

out all intended actions. They state that a pair (Π, I) is coherent if and

only if there exists a path in Π in which Cohere∗(I) is true. IPS distin-

guishes intention-contingent, or weak, beliefs from non-contingent,
or strong, beliefs. Contingent beliefs BI are obtained from a belief-

intention database (B, I) as follows:

BI =Cl(B∪{Do(a)t : (a, t) ∈ I}).

In order to switch from belief bases to an appropriate set of paths,

Icard et al. introduce the functions ρ and β: “Given a set of formulas

B, we can consider the set of paths on which all formulas of B hold

at time 0, denoted ρ(B). Conversely, given a set of paths Π, we let
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β(Π) be defined as the set of formulas valid at 0 in all paths in Π.”

(p.3)

The first issue with IPS is that the definition of non-contingent

beliefs is problematic for coherence. We demonstrate this using our

running example.

Example 2 (Non-contingent beliefs in IPS) Suppose that the
agent believes it has to go to the ECAI conference at time 1
because the event will be held in The Hague, which is very close to
Luxembourg (where the agent is located) and thus is cheaper for
traveling. However, the agent has the intention to go to IJCAI. We
can formalize this in the IPS framework as a belief-intention base
(B, I) with {post(ECAI)2,¬�(do(IJCAI)0 ∧ post(ECAI)2)} ⊆ B
and (IJCAI,0) ∈ I. The coherence condition holds be-
cause Cohere∗(I) = �(pre(IJCAI)0 is consistent with B.
However, the contingent beliefs BI are inconsistent since
¬�(do(IJCAI)0 ∧ post(ECAI)2) ∧ do(IJCAI)0 implies
¬post(ECAI)2, but this is inconsistent with the initial belief
post(ECAI)2.

The example above shows that contingent beliefs may become in-

consistent if the agent has intentions that are conflicting with what it

believes non-contingently. While the agent believes that it will not go

to IJCAI, it still has the intention to do so. This is coherent according

to Cohere∗(I), since the agent doesn’t believe that it is impossible to

go to IJCAI. However, adding the consequences of the intention to

go to IJCAI results in a conflict with the fact that the agent believes it

will attend ECAI. The source of the problem is that non-contingent

beliefs in the IPS framework such as post(ECAI)2 are actually not

non-contingent, because they are contingent on the actions that occur

in the path (namely to attend ECAI in time 1). We solve this problem

in Section 3 by requiring that strong beliefs are always prefixed by

a modal operator. In this way, the beliefs are about possibility and

necessity, but they are not beliefs about a specific future.

The second issue with IPS is that the definition of ρ is circular, and

as a result it does not seem to be possible to apply it to all formulas

of their logic. The IPS definition of ρ is ρ(B) = {π | π |=Π B}. That

is, the set of paths for a belief base B is those paths in which all for-

mulas of B are true, given an appropriate set of paths Π. However,

the function ρ should construct the appropriate set of paths. There-

fore, the definition of ρ is circular. It seems that the function ρ only

works for belief bases containing no modalities. We omit details for

space constraints, but the construction of the canonical model in the

proof of their representation theorem uses the function ρ to switch

from a belief base to a set of paths (see Proof Sketch in the Appendix

of Icard et al. [10]). Therefore, the representation theorem does not

hold for all formulas of the logic, since it is not possible to apply the

function ρ to all beliefs.

Summarizing, we recognize two shortcoming of the IPS frame-

work as a formal basis for the database perspective: the definition

of contingent beliefs is problematic, and the representation theorem

does not hold for belief bases containing modalities.

2.3 Parameterized-time Action Logic
In our previous work, we develop Parameterized-time Action Logic

(PAL) [29, 30, 31] as an alternative to IPS. PAL differs syntactically

from IPS in that the �-modality is indexed by a time-point, and se-

mantically in that it uses a standard branching time logic semantics.

Definition 2 (PAL Language [31]) Let Act = {a,b,c, . . .} be a fi-
nite set of deterministic primitive actions, and Prop = {p,q,r, . . .}∪

{pre(a), post(a) | a ∈ Act} be a finite set of propositions.4 The sets
Prop and Act are disjoint. The language LPAL is inductively defined
by the following BNF grammar:

ϕ ::= χt | do(a)t |�tϕ | ϕ∧ϕ | ¬ϕ

with χ ∈ Prop,a ∈ Act, and t ∈ N. We abbreviate ¬�t¬ with �t , and
define ⊥≡ p0∧¬p0 and �≡ ¬⊥.

PAL uses a CTL*-like [19] tree semantics consisting of a tree T =
(S,R,v,act) where S is a set of states, R is an accessibility relation

that is serial, linearly ordered in the past and connected, v : S→ 2Prop

is a valuation function from states to sets of propositions, and act :

R → Act is a function from accessibility relations to actions, such

that actions are deterministic, i.e. if act((s,s′)) = act((s,s′′)), then

s′ = s′′.
Given a tree T = (S,R,v,act), a path π = (s0,s1, . . .) in T is a se-

quence of states such that (st ,st+1) ∈ R. The formula πt refers to the

t’th state of the path π, so v(πt) and act((πt ,πt+1)) refer respectively

to the propositions true and the next action on path π at time t. For

readability, act((πt ,πt+1)) is abbreviated with act(πt).
Similarly to IPS, we define an equivalence relation on paths: two

paths π and π′ are equivalent up to time t, denoted π ∼t π′, if and

only if they contain the same states up to and including time t.

Definition 3 (Model [31]) A model is a pair (T,π) where T =
(S,R,v,act) is a tree and π is a path in T , and for all π ∈ T the
following conditions hold:
1. If act(πt) = a, then post(a) ∈ v(πt+1),
2. If pre(a) ∈ v(πt), then there is some π′ in T with π ∼t π′ and

act(π′t) = a.

Definition 4 (Truth definitions) Let (T,π) be a model with T =
(S,R,v,act):

T,π |= χt iff χ ∈ v(πt) with χ ∈ Prop
T,π |= do(a)t iff act(πt) = a
T,π |= ¬ϕ iff T,π �|= ϕ
T,π |= ϕ∧ϕ′ iff T,π |= ϕ and T,π |= ϕ′
T,π |=�tϕ iff for all π′ in T : if π′ ∼t π, then T,π′ |= ϕ

We axiomatize PAL and show that it is sound and strongly com-

plete, i.e. T " ϕ iff T |= ϕ.

Furthermore, we characterize AGM belief revision in this logic by

bounding all inputs and output of the revision process up to some

time t. Using these constraints, we are able to represent a belief set B
as a propositional formula ψ such that B = {ϕ | ψ " ϕ} and we prove

the Katsuno and Mendelzon (KM) [12] representation theorem.

We now formalize the beliefs of our agent in the running example

in PAL.

Example 3 (PAL model) A possible partial PAL model (T,π2) of
the beliefs of our conference planning agent is shown in Figure 2,
where the thick path represents the actual path. In the actual path,
the agent believes it attends IJCAI at time 0 and visit a colleague at
time 1. It also considers it possible to do nothing at time 0 and attend
ECAI at time 1 in an alternative path. However, it does not consider
it to be possible to attend both conferences.5 Some formulas that are
true in Figure 2 are:

T,π3 |= ¬do(visit)1

4 Throughout this paper we denote atomic propositions with χ.
5 Note that pre(nop) ≡ post(nop) ≡ �. They have been omitted from the

figure for readability.
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T,π2 |= post(visit)2 →¬do(ECAI)1

T,π1 |=�0(do(IJCAI)0∧¬do(visit)1)
T,π2 |=�0�1do(ECAI)1

T,π1 |= ¬�0(do(IJCAI)0∧do(ECAI)1)

t = 0 t = 1 t = 2

s0

{pre(IJCAI)}

s1

{pre(ECAI)}

s2 {post(ECAI)}

s3

{pre(visit),
post(IJCAI)}

s4 {post(visit)}

s5

π1

π2

π3

nop

ECAI

IJCAI

visit

nop

Figure 2: Example PAL Model (T,π2) from t = 0 to t = 2.

In our previous work, we only consider the revision of PAL formu-

las. However, in the current approach we distinguish between strong

and weak beliefs, and define the belief database as a set of strong

beliefs (Figure 1). This means that our previous approach cannot be

applied directly. We cannot apply it to strong beliefs, because it is

not ensured that after revision we end up with strong beliefs again.

We can also not apply it to the beliefs that result as consequence

of intentions (weak beliefs), because revision of these beliefs should

not affect strong beliefs. We explain the details of strong and weak

beliefs in more detail in the next section.

3 Formalizing Strong and Weak Beliefs
Suppose the conference planning agent of our running example

adopts the intention to attend IJCAI at time 0. When adopting this

intentions, the agent will form new beliefs based on the success of

this intentions, e.g., that it will be in New York at time 1. These fur-

ther beliefs can be used in the course of further planning, for instance

it may adopt the intention to visit a colleague in New York at time

1. If the agent then learns that its flight from Luxembourg to New

York is canceled, it should drop the intention to attend IJCAI. Yet,

by dropping this intention that was based on the now-dropped be-

lief, other beliefs, including the belief that it will be in New York

at time 1, should also be dropped, which may in turn force the in-

tention to visit a colleague to be dropped. And so on. Thus, belief

revision may trigger intention revision, which again can trigger be-

lief revision, etc. However, intention revision should not change the

“basic” beliefs of an agent. For instance, if the agent adopts the in-

tention to attend IJCAI at time 0, and it does not annotate the beliefs

based on this intention in any way, then the planner may believe that

it is no longer necessary to attend IJCAI in order to be in New York

at time 1, and thus decide to retract the intention. This is the so-

called Little Nell paradox, and has been discussed extensively in the

literature [16, 5, 27]. Shoham proposed as well to annotate postcon-

ditions of intentions in coherence condition 3b in order to separate

them from ordinary beliefs (see Section 2.1).

In order to deal with these nuances, we separate strong and weak

beliefs (this is the terminology used by van der Hoek et al. [27] as

well). The idea behind strong beliefs is that they represent the agent’s

ideas about what is inevitable, no matter how it would act in the

world. They thus represent the agent’s view on the current situation

and the future within which it can plan its action. Formally, strong

beliefs at some time t are formulas that start either with �t or �t .

Definition 5 (Strong Beliefs) The set of all strong beliefs Bt in time
t for LPAL is inductively defined by the following BNF grammar:

ϕ ::= �tψ | ϕ∧ϕ | ¬ϕ,

where ψ ∈ LPAL and t ∈ N. A strong belief set Bt is a set of strong
beliefs closed under consequence, i.e. Bt =Cn(B′) where B′ ⊆ Bt . In
the remainder of this paper, we assume t = 0 and we simply write B
and B to abbreviate B0 and B0.

The weak beliefs WB(B, I) are obtained from strong beliefs B by

adding beliefs that are contingent on the intentions I. In other words,

weak beliefs are all the strong beliefs and moreover the consequences

of all intentions, and everything that follows from this.

Definition 6 (Weak Beliefs) Given a pair (B, I), the weak beliefs
are defined as:

WB(B, I) =Cn(B∪{do(a)t | (a, t) ∈ I}).

Let us formalize these notions in our running example.

Example 4 (Strong and weak beliefs) Let (B, I) be such that the
beliefs up to time 2 are represented by the model in Figure 26, and
let I = {(IJCAI,0),(visit,1)}. Some examples of strong beliefs are
�0do(IJCAI)0 (“it is possible at time 0 to attend IJCAI at time
0”), �0do(ECAI)1 (“it is possible at time 0 to attend ECAI at time
1), and ¬�0(post(ECAI)2 ∧ post(IJCAI)1) (“It is not possible that
the postconditions of attending ECAI and IJCAI are both true, re-
spectively at time 2 and 1”). Some examples of weak beliefs are
do(IJCAI)1, post(i jcai)2, and post(visit)2 → do(IJCAI)0.

The reader may already have noted that, semantically, strong be-

liefs are independent of the specific path on which they are true.

For instance, returning to Example 3, the belief ¬�0(do(IJCAI)0 ∧
do(ECAI)1) is true in path π1, but it is also true in all other paths of

the model. This seems to indicate that the models of a set of strong

beliefs are rather sets of trees instead of sets of tree-path pairs. It cap-

tures the intuition that strong beliefs are not dependent on a specific

future, but are about possibility and necessity. In Section 5, we will

make this property more precise and use it in order to characterize

revision of strong beliefs.

4 Formalizing Shoham’s Coherence Conditions

In this section we formalize Shoham’s coherence condition in our

framework. We first demonstrate that Cohere∗(I) of IPS (Section 2.2)

is too permissive because it allows models in which intentions are not

jointly executable.

Example 5 (Coherence in IPS) Suppose the agent of the running
example has two intentions: I = {(IJCAI,0),(ECAI,1)}. Intuitively,

6 In other words, all models are the same up to t = 2. This single model
property simplifies the exposition of our framework and we assume this
throughout the paper.
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the agent’s intentions do not cohere with its beliefs, because it be-
lieves it cannot execute them both due to insufficient budget. How-
ever, according to Cohere∗(I) the agent is coherent because the pre-
conditions of all intentions hold on some path (namely the actual
path of Figure 2). This is because while the precondition to attend
IJCAI is true at time 0, the agent only executes this action in a path
different from the path in which it attends ECAI as well.

Thus, Cohere∗(I) does not fulfill Shoham’s coherence condition

2b (Section 2.1). Although the preconditions of the intended actions

are true on a path, the intentions are not jointly executable because

the postcondition of the first action is inconsistent with the precon-

dition of the second. More specifically, the problem is that it is not

possible to define the precondition of a set of actions in terms of pre-

conditions of individual actions, because it cannot be ensured that

all the intentions are fulfilled on the same path as well. Therefore, in

order to formalize a coherence condition in PAL, we extend the lan-

guage with preconditions of finite action sequences, which ensures

that after executing the first action, the precondition for the remain-

ing actions are still true. We modify the language, the definition of

a model, the axiomatization, and we show that the new axiomatiza-

tion is sound and strongly complete. We call the new logic PAL-P

(Parameterized-time Action Logic with extended Preconditions).

Definition 7 (PAL-P Language) The language L is obtained from
LPAL by adding {pre(a,b, . . .)t | {a,b, . . .} ⊆ Act, t ∈N} to the set of
propositions.

We also extend the definition of a model accordingly.

Definition 8 (PAL-P Model) A model is a pair (T,π) with T =
(S,R,v,act) such that for all π ∈ T the following holds:

1. If act(πt) = a, then post(a) ∈ v(πt+1),
2. If pre(a) ∈ v(πt), then there is some π′ in T with π ∼t π′ and

act(π′t) = a,
3. If pre(. . . ,a,b)t ∈ v(πt), then pre(. . . ,a)t ∈ v(πt),
4. If pre(a,b, . . .)t ∈ v(πt), then there is some π′ in T with π ∼t π′,

act(π′t) = a, and pre(b, . . .)t+1 ∈ v(π′t+1).

We refer to models of PAL-P with m1,m2, . . ., we refer to sets of
models with M1,M2, . . ., and we refer to the set of all models with M.

Definition 9 The logic PAL-P consists of the all the axiom schemas
and rules of PAL [31] (Def. 7), and the following two:

pre(. . . ,a,b)t → pre(. . . ,a)t (A11)
(pre(a,b, . . .)t ∧do(a)t)→ pre(b, . . .)t+1 (A12)

The relation " is defined in the usual way with the restriction that
necessitation can be applied to theorems only.

Theorem 1 (Completeness Theorem) The logic PAL-P is sound
and strongly complete, i.e. T " ϕ iff T |= ϕ.

Note that it is not directly possible in PAL-P to express precon-

ditions for actions that do not occur directly after each other. In

order to do so, we simply make a disjunction over all possible ac-

tion combinations in the time points in between the actions. Thus, if

for instance Act = {a,b} and I = {(a,1),(b,3)}, then Cohere(I) =
�0

∨
x∈Act pre(a,x,b)1 =�0(pre(a,a,b)1∨ pre(a,b,b)1).

7

7 Our construction of preconditions over action sequences may lead to a co-
herence condition involving a big disjunction. This is a drawback in terms
of computational complexity. Alternatively, one may explicitly denote the
time of each precondition, e.g. pre(a,b)(t1 ,t2). We chose the former since

it is conceptually closer to the original syntax, but the latter can be imple-
mented straightforwardly.

Definition 10 (Coherence) Given an intention database I =
{(bt1 , t1), . . . ,(btn , tn)} with t1 < .. . < tn, let

Cohere(I) =�0

∨
ak∈Act:k �∈{t1,...,tn}
ak=bk :k∈{t1,...,tn}

pre(at1 ,at1+1, . . . ,atn)t1 .

For a given set of models M, we say that (M, I) is coherent iff there
exists some m ∈ M with m |=Cohere(I). For a given agent A = (B, I),
we say that the A is coherent iff B is consistent with Cohere(I), i.e.,
B �" ¬Cohere(I).

Naturally, if a set of intentions is coherent with a set of strong

beliefs, then its subset is coherent as well.

Lemma 1 if I′ ⊆ I, then Cohere(I) "Cohere(I′).

The following proposition was originally proposed by Icard et al.,
and holds in our framework.

Proposition 1 If (B, I) is coherent, then WB(B, I) is consistent.

Let us demonstrate the difference between Cohere∗(I) of IPS and

our Cohere∗(I) using the running example. It turns out the above

proposition does not hold for IPS.

Example 6 (Comparing the coherence conditions) Recall from
Example 5 that the model of Figure 2 is coherent with intentions
I = {(IJCAI,0),(ECAI,1)} according to Cohere∗(I) of the IPS
framework. However, the weak beliefs of this agent are inconsistent
because the agent believes it is impossible to execute both intentions.
Thus, Proposition 1 does not hold here.

On the other hand, the model is not coherent according to
Cohere(I), because the agent does not have the possibility to
jointly execute both intentions (i.e. the preconditions for both
actions together is false). Thus, none of the models satisfy
�0 pre(IJCAI,ECAI)0, even though they satisfy �0 pre(IJCAI)0 ∧
�0 pre(ECAI)1. Thus, we see that in this case Proposition 1 holds.

We now discuss Shoham’s coherence conditions. Condition 1 is

a direct consequence of Proposition 1. Condition 2a follows from

our notion of coherence: if a �= b,{(a, t),(b, t)} ⊆ I, and B is some

set of strong beliefs, then WB(B, I) " do(a)t ∧ do(b)t . On the other

hand, do(a)t →¬do(b)t is an of PAL-P (Axiom A7, Def. 7 [30]), so

the weak beliefs are inconsistent. By Proposition 1, B is not coherent

with I. We show that condition 2b holds in the following proposition.

Proposition 2 (Coherence Condition 2b) If {(a, t),(b, t + 1)} ⊆ I
and B is a set of strong beliefs such that (B, I) coherent, then
{pre(b)t+1, post(a)t+1} is consistent with B.

Condition 3a follows from our coherence condition: If (B, I) is

coherent, i.e. B �" ¬Cohere(I), then it follows by Lemma 1 that for

all (a, t) ∈ I,B �" ¬�0 pre(a)t (since Cohere({(a, t)}) =�0 pre(a)t ).

Finally, condition 3b is formalized using our notion of weak beliefs

and axiom A9 of PAL-P: do(a)t → post(a)t (Def. 7 [30]).

5 Belief and Intention Revision
In this section we formalize the revision procedures on an agent. That

is, we formalize all the arrows from Figure 1. Recall that we distin-

guish between the revision of strong beliefs, the revision of inten-

tions, and the revision of weak beliefs, which is a consequence of

both. The revision of strong beliefs may trigger intention revision,

while intention revision only triggers the revision of weak beliefs.
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5.1 Revision Postulates
Following KM, we fix a way of representing a belief set B consisting

of strong beliefs by a propositional formula ψ such that B = {ϕ | ψ "
ϕ}. Since intentions and beliefs that have been added by a planner

are naturally bounded up to some time point t, we define a bounded

revision function and we restrict the syntax and semantics of PAL-P

up to a specific time point. As a consequence, it is then possible to

obtain the single formula ψ for a set of strong beliefs B (Corollary 1).

The difficulty of obtaining this result is that when revising a belief

database that is bounded up to some time t with a strong belief, we

have to ensure that the resulting belief database is also bounded up

to t, and that it remains a strong belief. We first define some notation

that we use in the rest of this paper.

Definition 11 An agent is a pair (ψ, I) consisting of a belief formula
ψ, and an intention base I. A denotes the set of all agents, B denotes
the set of all strong beliefs, I denotes the set of all intentions, and
D denotes the set of all intention databases. We denote A,B,I, and
D bounded up to t with respectively A|t ,B|t ,I|t , and D|t . However,
if the restriction is clear from context, we may omit the superscript
notation. We define ε as a special “empty” intention.

We now define a bounded revision function ∗t revising an agent

(ψ, I) with a tuple (ϕ, i) consisting of a strong belief ϕ and an in-

tention i, denoted (ψ, I) ∗t (ϕ, i), where t is the maximal time point

occurring in ψ, I,ϕ, and i.

Definition 12 (Agent Revision Function) An Agent revision func-

tion ∗t : A× (B× I)→ A maps an agent, a strong belief formula,
and an intention— all bounded up to t— to an agent bounded up to t
such that if,
(ψ, I)∗t (ϕ, i) = (ψ′, I′),
(ψ2, I2)∗t (ϕ2, i2) = (ψ′2, I

′
2),

then following postulates hold:
(P1) ψ′ implies ϕ.
(P2) If ψ∧ϕ is satisfiable, then ψ′ ≡ ψ∧ϕ.
(P3) If ϕ is satisfiable, then ψ′ is also satisfiable.
(P4) If ψ≡ ψ2 and ϕ≡ ϕ2 then ψ′ ≡ ψ′2.
(P5) If ψ≡ ψ2 and ϕ2 ≡ ϕ∧ϕ′ then ψ′ ∧ϕ′ implies ψ′2.
(P6) If ψ≡ ψ2, ϕ2 ≡ ϕ∧ϕ′, and ψ′ ∧ϕ′ is satisfiable,

then ψ′2 implies ψ′ ∧ϕ′.
(P7) (ψ′, I′) is coherent.
(P8) If (ψ′,{i}) is coherent, then i ∈ I′.
(P9) If (ψ′, I∪{i}) is coherent, then I∪{i} ⊆ I′.
(P10) I′ ⊆ I∪{i}.
(P11) If I = I2, i = i2, and ψ′ ≡ ψ′2, then I′ = I′2.
(P12) For all I′′ with I′ ⊂ I′′ ⊆ I∪{i}:(ψ′, I′′) is not coherent.

Postulates (P1)-(P6) are simply the KM postulates in our setting,

which are equivalent to the AGM postulates [12]. They also state

that the revision of strong beliefs does not depend on the intentions.

Postulates (P7)-(P10) also appear in IPS. Postulate (P7) states that the

outcome of a revision should be coherent. Postulate (P8) states that

the new intention i take precedence over all other current intentions;

if possible, it should be added, even if all current intentions have to be

discarded. Postulate (P9) and (P10) together state that if it is possible

to simply add the intention, then this is the only change that is made.

Postulate (P11) states that if we revise with the same i but with a

different belief, and we end up with the same belief in both cases,

then we also end up with the same intentions. Finally, (P12) states

that we do not discard intentions unnecessarily. This last postulate

is comparable to the parsimony requirement introduced by Grant et
al. [9].

We now discuss our revision function in some more detail, starting

with a simple example.

Example 7 (Adding an intention) Suppose we have an agent A =
(ψ, I) such that all models of the strong beliefs B are the same as
the partial model in Figure 2 up to t = 2, and suppose that I =
{(IJCAI,0),(visit,1)}. That is, that agent has the intention to attend
IJCAI at time 0 and then visit a colleague at time 1. Suppose now that
the agent changes its intention to attend ECAI at time 1. Formally:
(ψ, I)∗2 (�, i) = (ψ, I′) with i= (ECAI,1). Since (ψ,{i}) is coherent
but (ψ, I′) is not, from (P8) and (P9) we obtain i ∈ I′. Furthermore,
from (P10) we have that I′ ⊆ {(IJCAI,0),(visit,1),(ECAI,1)}.
Combining this gives I′ = {(ECAI,1)} as the only coherent outcome.
Thus, the agent no longer intends to attend IJCAI and to visit the
colleague. Note that, although the strong beliefs didn’t change af-
ter revising with the new intention, the weak beliefs did change. For
example, post(IJCAI)1 ∈WB(ψ, I)\WB(ψ, I′) and post(ECAI)2 ∈
WB(ψ, I′)\WB(ψ, I).

The revision function ∗t takes a tuple (ϕ, i) as input, and the pos-

tulates (P1)-(P7) ensure that revision of strong beliefs occurs prior

to the revision of intentions. Therefore, it may seem plausible that

revising with (ϕ, i) is the same as first revising with (ϕ,ε) and then

with (�, ı). In other words, the following postulate seems to follow:

If (ψ, I)∗t (ϕ, i) = (ψ′, I′)
and ((ψ, I)∗t (ϕ,ε))∗t (�, i) = (ψ′′, I′′), (P13*)

then ψ′ ≡ ψ′′ and I′ = I′′.

However, this property does not follow from (P1)-(P12), and we

show in the following example that adding the postulate would in

fact conflict with the maximality postulate (P12).

Example 8 (Joint vs separate revision) Suppose some agent A =
(ψ, I) with beliefs up to t = 2 corresponding to the model on the left
of Figure 3. The agent has the possible actions to go to the dentist (d)
or to stay at work (w), and then go eating (e) or go to the movies (m).
Before revision, the agent has intentions I = {(d,0),(e,1)} (left im-
age of Figure 3, intentions shown as bold lines). It then revises with
the belief that it cannot go eating after going to the dentist (ϕ) and
as a result with the intention to go to the movie at time 1 (i = (m,1)).
The resulting strong beliefs after revising with ϕ are shown on the
right of Figure 3.

Let us first analyze joint revision. That is, (ψ, I)∗2 (ϕ, i) = (ψ′, I′).
Both (ψ′,{(d,0),(m,1)}) and (ψ′,{(m,1)}) are coherent, so by the
maximality postulate (P12), I′ = {(d,0),(m,1)}. Hence, the agent
intends to go to the dentist and go to the movie.

For separate revision, let (ψ, I) ∗2 (ϕ,ε) = (ψ′, I) and (ψ′, I) ∗2

(�, i) = (ψ′, I′) (note that ψ′ is the same as for joint revision, by
(P4)). Now, since (ψ′,{(d,0)}) and (ψ′,{(e,1)}) are both coherent,
we either have I = {(d,0)} or I = {(e,1)}. Suppose that I = {(e,1)}.
In that case, since (ψ′,{(e,1),(m,1)} is incoherent, we obtain I′ =
{(m,1)} by the postulates (P8) and (P10). Thus, (P13*) doesn’t hold.

In separate revision, the agent has to choose whether to go eating
or to go to the dentist after revising beliefs. When it chooses to go
eating, it has to drop this intention again when deciding to go to the
movies, since these two intentions conflict. In joint revision, this is
not the case since the agent can compare going to the movies with
both possibilities and choose the biggest set of intentions.
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Figure 3: Left: Partial model of strong beliefs ψ of agent (ψ, I) with
I = {(d,0),(e,1)} (bold lines). Right: Revised strong beliefs of agent
after learning its no possible to eat (e) after the dentist (d).

The following proposition states that revising with nothing doesn’t

change a coherent agent. That is, the new beliefs are equivalent to the

one prior to revision and the intention database is unchanged.

Proposition 3 Suppose an agent (ψ, I) is coherent, and (ψ, I) ∗t
(�,ε) = (ψ′, I′). Then ψ≡ ψ′ and I = I′.

5.2 Representation Theorem
We next characterize all revision schemes satisfying (P1)-(P12) in

terms of minimal change with respect to an ordering among inter-

pretations and a selection function accommodating new intentions

while restoring coherence. We bound models of strong beliefs up to

t, which means that all the paths in the model are “cut off” at t. This

ensures finitely many non-equivalent formulas for some belief set B.

A t-bounded model m|t = (T |t ,π|t) is a model containing a tree T in

which all paths, including π, have length t. Strong beliefs are about

possibility and necessity, and they are independent of a specific path.

Therefore, if a single path in a tree is a model of a strong belief, then

all paths in this tree are models of this strong belief. Formally, a set

of models of a strong belief MSB satisfies the following condition:

If (T,π) ∈ MSB, then (T,π′) ∈ MSB for all π′ ∈ T.

A set of t-bounded models of a strong belief M|tSB contains only t

restricted models of a strong belief. We write M|tSB to denote the set

of all sets of t-bounded models of strong beliefs. We now show that

we can represent a set of models of strong beliefs by a single formula.

Lemma 2 Let Ext(M|tSB) be the set of all possible extensions of a set

of bounded model of strong beliefs M|tSB to models, i.e. Ext(M|tSB) =

{m ∈ M | m|t ∈ M|tSB}. Given a set of t-bounded models of strong

beliefs M|tSB, there exists a strong belief formula f orm(M|tSB) such

that Mod( f orm(M|tSB)) = Ext(M|tSB).

Corollary 1 Given a t-bounded strong belief set B, there exists a
formula ψ such that B = {ϕ | ψ " ϕ}.

Proof Sketch. For a given belief set B, we can show that there exists

a set of t-bounded models of a strong belief M|tSB s.t. Ext(M|tSB) =

Mod(B). If ψ = f orm(M|tSB), then Mod(ψ) = Mod(B), and by the

completeness theorem, B =Cl(ψ).

Given an intention database I, we define a selection function γt
I

that tries to accommodate a new intention based on strong beliefs.

The selection function specifies preferences on which intention an

agent would like to keep in the presence of the new beliefs.

Definition 13 (Selection Function) Given an intention database I,
a selection function γt

I : MSB × I → D maps a set of models of a
strong belief and an intention to an updated intention database—all
bounded up to t— such that if γt

I(M
|t ,{i}) = I′, then:

1. (M|t , I′) is coherent.
2. If (M|t ,{i}) is coherent, then i ∈ I′.
3. If (M|t , I∪{i}) is coherent, then I∪{i} ⊆ I′.
4. I′ ⊆ I∪{i}.
5. For all I′′ with I′ ⊂ I′′ ⊆ I∪{i}:(M|t , I′′) is not coherent.

The five conditions on the selection function are in direct corre-

spondence with postulates (P7)-(P10), (P12) of the agent revision

function ∗t . Note that postulate (P11) doesn’t have a corresponding

condition in the definition above but is represented by the fact that the

selection function takes the revised beliefs as input. That is, intention

revision occurs after belief revision.

The following proposition states that a selection function does not

change intentions unnecessarily. That is, if an intention is already in

the intention database, or if it’s empty, the intention database remains

unchanged.

Proposition 4 Given some coherent pair (M, I), if i= ε or i∈ I, then
γt

I(M, i) = I.

KM define a faithful assignment from a belief formula to a pre-

order over models. Since we are also considering intentions, we ex-

tend this definition such that it also maps intentions databases to se-

lection functions.

Definition 14 (Faithful assignment) A faithful assignment is a
function that assigns to each strong belief formula ψ ∈ B|t a total
pre-order ≤t

ψ over M and to each intention database I ∈D|t a selec-
tion function γt

I and satisfies the following conditions:

1. If m1,m2 ∈ Mod(ψ), then m1 ≤t
ψ m2 and m2 ≤t

ψ m1.
2. If m1 ∈ Mod(ψ) and m2 �∈ Mod(ψ), then m1 < m2.
3. If ψ≡ φ, then ≤t

ψ=≤t
φ.

4. If T |t = T |t2 , then (T,π)≤t
ψ (T2,π2) and (T2,π2)≤t

ψ (T,π).

Conditions 1 to 3 on the faithful assignment are the same as those

of KM. Condition 4 ensures that we do not distinguish between mod-

els in the total pre-order ≤t
ψ whose trees are the same up to time t.

This is essentially what is represented in the revision function by

bounding the all input of the revision function ∗t up to t. Moreover,

≤t
ψ does not distinguish between models obtained by selecting two

different paths from the same tree. This corresponds to the fact that

we are using strong belief formulas in the revision, which do not dis-

tinguish between different paths in the same tree as well.

Theorem 2 (Representation Theorem) An agent revision operator
∗t satisfies postulates (P1)-(P12) iff there exists a faithful assignment
that maps each ψ to a total pre-order ≤t

ψ and each I to a selection
function γt

I such that if (ψ, I)∗t (ϕ, i) = (ψ′, I′), then:

1. Mod(ψ′) = min(Mod(ϕ),≤t
ψ)

2. I′ = γt
I(Mod(ψ′), i)

Finally, it turns out to be straightforward to formulate the DP pos-

tulates for iterated revision in our framework for the strong beliefs

and to prove their representation theorem. Due to space constraints

we have omitted these results.
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6 Related Work
Grant et al. [9] develop AGM-style postulates for belief, intention,

and goal revision. They provide a detailed analysis and propose dif-

ferent reconsideration strategies, but restrict themselves to a syntactic

analysis. Much effort in combining AGM revision with action log-

ics (e.g., the Event Calculus [17], Temporal Action Logics [13], ex-

tensions to the Fluent Calculus [25], and extensions to the Situation

Calculus (see [18, Ch.2] for an overview)) concentrates on extending

these action theories to incorporate sensing or knowledge-producing
actions. Shapiro et al. [22] extend the Situation Calculus to reason

about beliefs rather than knowledge by introducing a modality B and

shows that both the AGM postulates and the DP postulates are sat-

isfied in this framework. A similar approach concerning the Fluent

Calculus has been formalized by Jin and Thielscher [11], and is fur-

ther developed by Scherl [20] and Scherl and Levesque [21] by tak-

ing into account the frame problem as well. However, none of these

approaches prove representations theorems linking revision to a total

pre-order on models. Baral and Zhang [2] model belief updates on

the basis of semantics of modal logic S5 and show that their knowl-

edge update operator satisfies all the KM postulates. Bonanno [3]

combines temporal logic with AGM belief revision by extending a

temporal logic with a belief operator and an information operator.

Both these approaches do not take action or time into account and

do not prove representation theorems. The concept of strong beliefs

has been discussed extensively in the literature, for instance in the

story of Little Nell [16] or a paradox found in knowledge-based pro-
grams [8] (see van der Hoek et al. [27] for a detailed discussion).

7 Conclusion
We develop a logical theory for reasoning about temporal beliefs and

intentions based on Shoham’s database perspective. We propose pos-

tulates for revision of strong beliefs and intentions, and prove a rep-

resentation theorem relating the postulates to our formal model.

For future work, we aim to make the role of the planner more ex-

plicit. Currently, our agent only receives updates from the planner,

but allowing the agent to do planning tasks itself would allow it to,

for instance, replace intentions instead of merely discarding them.

This paves the road to develop a richer notion of intentions. If the

databases take over part of the planning, then well-known problems

such as the frame problem become more stringent: Once a fact is es-

tablished (for example, as a postcondition of an intention), it persists

until it explicitly contradicts postconditions established by future in-

tentions. Existing action logics (e.g., the Event Calculus or the Flu-

ent Calculus) have dealt with these problems in detail, so comparing

and possibly enriching them with our formalism seems both useful

and relevant future work. Finally, it is our long-term goal to apply

Shoham’s database perspective to decision making in large-scale en-

terprises [28, 29, 32], in a similar way Timeful applied it to decision

making for individuals.
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Proof Sketches
Proposition 5 (Coherence Condition 2b) If {(a, t),(b, t + 1)} ⊆ I
and B is a set of strong beliefs such that (B, I) coherent, then
{pre(b)t+1, post(a)t+1} is consistent with B.

Proof Sketch. Let I = {(a, t),(b, t + 1)} and let B be a set of strong

beliefs whose set of models is M. We need to show that consis-

tency of {pre(b)t+1, post(a)t+1} with B follows from our coher-

ence condition. Note that the coherence formula is Cohere(I) =
�0 pre(a,b)t . By the axiom (A12) (Definition 4) and the Deduction

theorem we have pre(a,b)t ∧ do(a)t " pre(b)t+1. Using the axiom

(A9): do(a)t → post(a)t+1 from PAL (Def. 7 [30]) and Deduction

theorem we obtain do(a)t " post(a)t+1. Consequently,

pre(a,b)t ∧do(a)t " pre(b)t+1∧ post(a)t+1.

Thus, in order to prove that {pre(b)t+1, post(a)t+1} is consistent

with B, it is sufficient to show that pre(a,b)t ∧ do(a)t is consistent

with B. If (B, I) is coherent, then there is a model m=(T,π)∈M such

that m |=Cohere(I), so there is π′ ∈ T such that (T,π′) |= pre(a,b)t .

By Definition 3.2, then there exist π′′ ∈ T such that π′ ∼t π′′ and

act(π′′t ) = a. Then (T,π′′) |= pre(a,b)t ∧ do(a)t . Since M is a set

of models of strong beliefs, we obtain (T,π′′) ∈ M, i.e., (T,π′′) is

also a model of B. Then B is consistent with pre(a,b)t ∧ do(a)t , by

Completeness theorem.

Proposition 6 If an agent A = (B, I) is coherent, then WB(B, I) is
consistent.

Proof Sketch. Using axioms A8, A11, and A12, one can show that

{pre(a0, . . . ,am)t} " �t(do(a0)t ∧ �t+1(do(a1)t+1 ∧ �t+2(. . .))).
By taking the contrapositive of A3, pre(a0, . . . ,am)t implies

�t
∧m

k=0 do(ak)t+k. Therefore, Cohere(I) (Def. 10) implies

�0

∨
ak∈Act:k �∈{t1,...,tk}
ak=bk :k∈{t1,...,tn}

�t1(do(at1)t1 ∧do(at1+1)t1+1∧ . . .∧do(atn)tn

Consequently, Cohere(I) implies �0�t1
∧n

k=1 do(btk )tk , and by (A3)

this implies �0
∧
(a,t)∈I do(a)t . Therefore, if (B, I) is coherent, then

the set B∪{�0
∧
(a,t)∈I do(a)t} is consistent. By the fact that B is a

strong belief set, B∪{∧(a,t)∈I do(a)t} is consistent, i.e. WB(B, I) is

consistent.

Theorem 3 (Representation Theorem) An agent revision operator
∗t satisfies postulates (P1)-(P12) iff there exists a faithful assignment
that maps each ψ to a total pre-order ≤t

ψ and each I to a selection
function γt

I such that if (ψ, I)∗t (ϕ, i) = (ψ′, I′), then:

1. Mod(ψ′) = min(Mod(ϕ),≤t
ψ)

2. I′ = γt
I(Mod(ψ′), i)

Proof Sketch. We only sketch the proof of “⇒′′: Suppose that some

agent revision operator ∗t satisfies postulates (P1)-(P12). Given mod-

els m1 and m2, let (ψ, /0)∗t ( f orm(m|t1 )∨ f orm(m|t2 ),ε) = (ψ′, /0). We

define ≤t
ψ by m1 ≤t

ψ m2 iff m1 |= ψ or m1 |= ψ′. We also define γt
I

by γt
I(M

|t
SB, i) = I′, where ( f orm(M|t SB), I)∗t (�, i) = (ψ2, I′) (note

that ψ2 ≡ f orm(M|t SB)).

Let us prove condition 4 of Definition 9. For m1 = (T,π) and m2 =

(T2,π2), let ψ′ be as above. Since ψ,ψ′ ∈ B|t and T |t = T |t2 , we have

m1 |= ψ iff m2 |= ψ and m1 |= ψ′ iff m2 |= ψ′, so m1 ≤t
ψ m2 and

m2 ≤t
ψ m1.

Following KM, one can show that conditions 1 to 3 from Defini-

tion 9 hold, and furthermore that Mod(ψ′) = min(Mod(ϕ),≤t
ψ). We

now prove I′ = γt
I(Mod(ψ′), i). By our definition of γt

I we have that

(ψ′, I) ∗t (�, i) = (ψ2,γt
I(Mod(ψ′), i)) (recall that ψ′ ≡ ψ2). Since

(ψ, I)∗t (ϕ, i) = (ψ′, I′), by (P11) we obtain that I′ = γt
I(Mod(ψ′), i).

Using postulate (P7)-(P10) and (P12) we can prove that γt
I is a selec-

tion function.
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[14] Emiliano Lorini, Mehdi Dastani, Hans P. van Ditmarsch, Andreas
Herzig, and John-Jules Ch. Meyer, ‘Intentions and assignments.’, in
LORI, volume 5834 of Lecture Notes in Computer Science, pp. 198–
211. Springer, (2009).

[15] Emiliano Lorini and Andreas Herzig, ‘A logic of intention and attempt’,
Synthese, 163(1), 45–77, (2008).

[16] Drew McDermott, ‘A temporal logic for reasoning about processes and
plans’, Cognitive science, 6(2), 101–155, (1982).

[17] Erik T Mueller, Commonsense reasoning, Morgan Kaufmann, 2010.
[18] Theodore Patkos, A formal theory for reasoning about action, knowl-

edge and time, Ph.D. dissertation, University of Crete-Heraklion, 2010.
[19] M. Reynolds, ‘An axiomatization of full computation tree logic’, Jour-

nal of Symbolic Logic, 66(3), 1011–1057, (2002).
[20] Richard B Scherl, ‘Action, belief change and the frame problem: A flu-

ent calculus approach’, in Proceedings of the Sixth workshop on Non-
monotonic Reasoning, Action, and Change at IJCAI, (2005).

[21] Richard B Scherl and Hector J Levesque, ‘Knowledge, action, and the
frame problem’, Artificial Intelligence, 144(1), 1–39, (2003).

[22] Steven Shapiro, Maurice Pagnucco, Yves Lesprance, and Hector J.
Levesque, ‘Iterated belief change in the situation calculus.’, Artificial
Intelligence, 175(1), 165–192, (2011).

[23] Yoav Shoham, ‘Logical theories of intention and the database perspec-
tive’, Journal of Philosophical Logic, 38(6), 633–647, (2009).

[24] Yoav Shoham, ‘Why knowledge representation matters’, Commun.
ACM, 59(1), 47–49, (January 2016).

[25] Michael Thielscher, ‘The concurrent, continuous fluent calculus’, Stu-
dia Logica, 67(3), 315–331, (2001).

[26] Wiebe van der Hoek, Wojciech Jamroga, and Michael Wooldridge,
‘Towards a theory of intention revision’, Synthese, 155(2), 265–290,
(2007).

[27] Wiebe Van der Hoek and Michael Wooldridge, ‘Towards a logic of ra-
tional agency’, Logic Journal of IGPL, 11(2), 135–159, (2003).

[28] Dirk van der Linden and Marc van Zee, ‘Insights from a Study on De-
cision Making in Enterprise Architecture.’, in PoEM (Short Papers),
volume 1497 of CEUR Workshop Proceedings, pp. 21–30, (2015).

[29] Marc van Zee, ‘Rational Architecture = Architecture from a Recom-
mender Perspective’, in Proceedings of the International Joint Confer-
ence on Artificial Intelligence, (2015).

[30] Marc van Zee, Mehdi Dastani, Dragan Doder, and Leendert van der
Torre, ‘Consistency Conditions for Beliefs and Intentions’, in Twelfth

International Symposium on Logical Formalizations of Commonsense
Reasoning, (2015).

[31] Marc van Zee, Dragan Doder, Mehdi Dastani, and Leendert van der
Torre, ‘AGM Revision of Beliefs about Action and Time’, in Proceed-
ings of the International Joint Conference on Artificial Intelligence,
(2015).

[32] Marc Van Zee, Georgios Plataniotis, Dirk van der Linden, and Diana
Marosin, ‘Formalizing enterprise architecture decision models using
integrity constraints’, in 2014 IEEE 16th Conference on Business In-
formatics, volume 1, pp. 143–150. IEEE, (2014).

M. van Zee and D. Doder / AGM-Style Revision of Beliefs and Intentions 1519



Facility Location Games with Optional Preference
Hongning Yuan 1 and Kai Wang 2 and Ken C.K. Fong 3 and Yong Zhang 4 and Minming Li 5

Abstract. In this paper, we propose the optional preference model
for the facility location game with two heterogeneous facilities on
a line. Agents in this new model are allowed to have optional pref-
erence, which gives more flexibility for agents to report. Aiming at
minimizing maximum cost or sum cost of agents, we propose differ-
ent deterministic strategy-proof mechanisms without monetary trans-
fers. Depending on which facility the agent with optional preference
cares for, we consider two variants of the optional preference model:
Min (caring for the closer one) and Max (caring for the further one).
For the Min variant, we propose a 2-approximation mechanism for
the maximum cost objective, as well as a lower bound of 4/3, and
a (n/2+1)-approximation mechanism for the sum cost objective, as
well as a lower bound of 2. For Max variant, we propose an optimal
mechanism for the maximum cost objective and a 2-approximation
mechanism for the sum cost objective.

1 INTRODUCTION

In this paper, we study facility location games with optional pref-
erence. The classic facility location game models the scenario where
the government plans to build a public facility on a street (modeled as
a line segment) where some self-interested agents who tend to min-
imize their own costs are situated. The agents are required to report
their locations as private information, which will then be mapped to
a single facility location by a mechanism. The purpose of the mecha-
nism is to optimize certain objectives like minimizing the sum cost or
maximum cost. Previous works on facility location games can mainly
be classified into three categories.

1. Only one facility is built and agents may like or dislike the fa-
cility.

2. Two or more homogeneous facilities are built and agents care
for the closer one.

3. Two heterogeneous facilities are built and agents’ utilities are
the summation of their utilities towards these two facilities.

Preference is a basic and key element in the facility location prob-
lem as we can see from the above three categories. For the two het-
erogeneous facility location game, there are three kinds of prefer-
ences, namely three kinds of agents: agents who like facility 1 (F1),
agents who like facility 2 (F2) and agents who like both facility 1
and 2 (F1, F2). In the existing literature, an agent who likes both fa-
cilities needs to access both of them at the same time and therefore
his cost will be the sum of the distances from these two facilities
[15]. In this paper, we generalize the cost function to be an arbitrary
function of the agent’s distances to the two facilities. A special case

1 City University of Hong Kong, email: hongnyuan2-c@my.cityu.edu.hk
2 City University of Hong Kong, email: kai.wang@my.cityu.edu.hk
3 City University of Hong Kong, email: ken.fong@my.cityu.edu.hk
4 Shenzhen Institutes of Advanced Technology, email: zhangyong@siat.ac.cn
5 City University of Hong Kong, email: minming.li@cityu.edu.hk

of this generalization is the optional preference model we focus on
in this paper, where the agent’s cost depends on the distance from
the closer/further facility. The optional preference model for the two
heterogeneous facility location game is also a natural extension from
the two homogeneous facility location game.

We consider two variants of optional preference: Min and Max, in
which the agents with preference for both facilities only care for the
closer one (Min) or the further one (Max) respectively. Both of these
two variants can find their applications in many real life scenarios.
For the Min variant, consider a local government building bus stops
for two bus routes on a street. Residents on this street whose desti-
nations for work are covered by both bus routes can go to either of
the stops, and to reduce their walking distance they would definitely
pick the closer one. For the rest who must take one of the bus routes,
they need to go to the respective ones. For the Max variant, consider
a factory requiring two different raw materials from two sites to start
manufacturing. The factory has multiple trucks which can be sent
out simultaneously. Therefore, assuming that trucks have the same
speed, the time the factory needs to wait for depends on its distance
to the further site. We allow the two facilities to be put in the same
location which is well justified in the bus stop scenario since the gov-
ernment has the choice to build one bus stop for two bus routes and
also in the factory scenario since the storage sites of the raw materials
can be the same place.

In the scenarios mentioned above, we assume all agents know the
mechanisms that the government will adopt. An agent may have a
chance to reduce his cost by misreporting. Given that locations are
usually detectable by the government, we assume that agents can
only lie about their preferences. A mechanism is strategy-proof if it
can guarantee that an agent cannot reduce his cost by misreporting. In
addition, we need to evaluate the mechanisms in terms of optimiza-
tion of sum cost (the sum of costs of all agents) or the maximum cost
(the maximum cost of all agents). The evaluation is mainly conducted
by the approximation ratio for the sum cost/maximum cost of a
mechanism, which is the worst ratio between the sum cost/maximum
cost of the mechanism output and the optimal sum cost/maximum
cost among all possible profiles.

1.1 Our contribution

We initiated the study of the optional preference model under two
objectives: minimizing maximum cost or sum cost. We proposed
strategy-proof mechanisms and also derived lower bounds for this
new model.

• For the Min variant, to minimize the maximum cost we proposed
a strategy-proof 2-approximation mechanism and showed that it
is impossible to achieve an approximation ratio better than 4/3. To
minimize sum cost, we gave a (n/2+1)-approximation strategy-
proof mechanism where n is the number of agents and managed
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to prove a lower bound of 2 in the form of a limit by showing that
the approximation ratio infinitely approaches 2 with the increase
of the number of agents.

• For the Max variant, we proposed an optimal strategy-proof mech-
anism to minimize the maximum cost. Meanwhile, we also pro-
posed a 2-approximation strategy-proof mechanism to minimize
the sum cost.

1.2 Related work

Mechanism design for the facility location game was firstly studied
by Procaccia and Tennenholtz [13] where results for single-peaked
preference by Moulin [12] were adopted. They also extended the fa-
cility location game to the scenario with two homogeneous facili-
ties or with one agent possessing multiple locations. Lu et al. [11]
[10] improved the bounds for both the two homogeneous facilities
scenario and one agent possessing multiple locations case. Fotakis
and Tzamos [8] explored the facility location game with k facilities
and showed that the strategy-proofness can be achieved by adding
winner-imposing constraints. Filos-Ratsikas et al. [7] extended the
single-peaked preference to double-peaked preference where every
agent has two ideal places for the facility on his two sides. Serafino
and Ventre [14, 15] initiated the study on two heterogeneous facility
location game where the cost of the agent is the summation of the
distances to both facilities. Other extensions of the classic facility
location game can be found at [1, 9, 16, 4, 6, 18].

Meanwhile, Cheng et al. [2] initiated the mechanism design for ob-
noxious facility location games, where agents have the preference to
stay as far away as possible from the facility, with both deterministic
and randomized group strategy-proof mechanisms. Later they further
extended the model into trees and circles [3]. Ye et al. [17] considered
the problem with the objective of maximizing sum of squares of dis-
tances and sum of distances. They gave lower bounds and proposed
both deterministic and randomized mechanisms.

Combining the above two directions together, dual preference
model was studied in [19, 5], where some agents want to be close
to the facility while others want to be far away from the facility. Zou
et al. [19] also studied another model where two facilities need to be
built within a certain distance and agents want to be close to one of
the facilities but far away from the other facility.

2 PRELIMINARIES

Let N = {1, 2, . . . , n} be the set of agents located on a line from
left to right in sequence and F = {F1, F2} be the set of facilities to
build. Each agent has a location xi ∈ R and a preference pi ⊆ F ,
where xi is public information and pi is private information, which
can be reported as single preference {F1}, {F2} or optional prefer-
ence {F1, F2}. We denote Xk as the set of locations of all agents
with preference {Fk}: Xk = {xi | pi = {Fk}, i ∈ N}, and
X1,2 as the set of locations of all agents with optional preference:
X1,2 = {xi | pi = {F1, F2}, i ∈ N}. We also denote L as the
full length of the line segment with agents located on, i.e., x1 = 0
and xn = L. A location profile x is a collection of location of the
agents x = {x1, x2, . . . , xn} where x1 ≤ x2 ≤ · · · ≤ xn. A pref-
erence profile p is a collection of preference reported by all agents p
= {p1, p2, . . . , pn}. A mechanism M is a function that takes a pro-
file p as input and returns the building locations of the facilities as
output. A solution s is a pair of building locations of the two facilities
s = (y1, y2), or s(M) = (y1, y2) with a given mechanism M , with

y1 being the building location for F1 and y2 for F2. Given the loca-
tions of the facilities, we will use d(i, Fk), or ds(i, Fk) (k ∈ {1, 2})
with a given solution s, to denote the distance from agent i to Fk.
The cost of agent i, denoted as costi, or costi(s) with a given solu-
tion s, is a function of the distances between him and his preferred
facilities, which may vary under different settings. For the Min vari-
ant of the optional preference model, we have the cost of agent i as
costi = minFk∈pid(i, Fk). In other words, the cost of agents with
optional preference depends on the closer one of the two facilities.
While for the Max variant of the optional preference model, we have
the cost of agent i as costi = maxFk∈pid(i, Fk). In other words,
the cost of agents with optional preference depends on the further
one of the two facilities.

Since we focus on the optional preference model, the cost of any
agent eventually depends on only one facility. If an agent’s cost even-
tually depends on the distance between him and facility Fk, we say
he is Fk-typed. We want to design strategy-proof mechanisms so that
no agent can benefit from lying about his preference.

Definition 1 A mechanism M is strategy-proof if for any agent i, we
have costi(s) ≤ costi(s

′), where s is the solution output by M when
agent i reports truthfully and s′ is the solution output by M when
agent i lies.

In this paper, we consider two objectives for minimizing the cost of
an agent set: minimizing the maximum cost, or minimizing the sum
cost. Given an agent set, the sum cost is the sum of costs from all
agents sc =

∑
i∈N costi, or sc(s) =

∑
costi(s) with a given solu-

tion s. The maximum cost is the maximum value of the costs from all
agents mc = maxi∈N costi, or mc(s) = maxi∈N costi(s) with a
given solution s. Our primary goal is to design strategy-proof mecha-
nisms to allocate the facilities. However sometimes the solution out-
put by the mechanism may not be optimal. Given an objective, we say
a mechanism is α-approximation or has an approximation ratio α if
for any given profile, let s be the solution returned by the mechanism
and s∗ be the solution with optimal cost, we have sc(s) ≤ α · sc(s∗)
for sum cost, or mc(s) ≤ α ·mc(s∗) for maximum cost.

3 OPTIONAL PREFERENCE (MIN)

In this section, we study the Min variant of the optional preference
model, i.e., costi = minFk∈pid(i, Fk).

3.1 Maximum Cost

We first analyze the objective of minimizing the maximum cost.

Upper bound

We present a 2-approximation strategy-proof mechanism.

Mechanism 1 Given a profile, let solution s1 = (0, L) and solution
s2 = (L, 0). If mc(s1) ≤ mc(s2), output s1, otherwise output s2.

Theorem 1 Mechanism 1 is strategy-proof.

Proof. From the mechanism, agents with preference {F1, F2} do not
have the incentive to lie as the two possible outputs are the same in
their perspectives.

In the following, we focus on any agent i of single preference.
Since his location is fixed and the facilities locations in the two out-
puts are fixed too, his cost can only be either xi or L − xi. One of
them will be costi(s1), and the other will be costi(s2).
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If solution s1 is returned, we can see that agent i only has an in-
centive to change the output when costi(s1) > L/2 > costi(s2),
which means he now has the larger one of the two possible costs and
he wants to change to the smaller one. In this case, however, since
agent i already has the larger one of the two possible costs, he cannot
make the mechanism think that he has a larger cost in solution s1
no matter what preference he lies to have. Since agent i is the only
lying agent, the value of mc(s1) will not increase. For the same rea-
son, since his cost in solution s2 is the smaller one, he cannot make
the mechanism think that he has a smaller cost in solution s2. Since
he is the only lying agent, the value of mc(s2) will not decrease.
Therefore we will still have mc(s1) ≤ mc(s2), which means agent
i cannot change the output by lying.

The analysis is similar when solution s2 is returned.
Therefore, Mechanism 1 is strategyproof. �

Theorem 2 Mechanism 1 is 2-approximation.

Proof. When there are two agents, it is easy to check that Mechanism
1 is 2-approximation.

When there are more than two agents, according to the preference
of agent 1 and agent n, there are four cases:

Case 1. p1 = pn = {F1} or p1 = pn = {F2}. In this case, it is
clear that the maximum cost returned by the mechanism is L which
comes from agent 1 or agent n, and the maximum cost in the optimal
solution is L/2 which comes from agent 1 and agent n. Therefore
the approximation ratio is L

L/2
= 2 in this case.

Case 2. p1 = {F1} and pn = {F2}. In this case, according to
the mechanism solution s1 = (0, L) is output. We will analyze the
case when the maximum cost comes from an F1-typed agent in so-
lution s1. The analysis when it comes from an F2-typed agent will
be similar by symmetry. Let agent m be this agent, we can see that
the maximum cost now will be xm − 0 = xm in solution s1. Mean-
while, if pm = {F1, F2}, we have xm ≤ L/2 otherwise he will be
F2-typed in solution s1. Therefore, in the optimal solution, if he is
F1-typed, we can see that the optimal maximum cost will be at least
(xm − x1)/2 = xm/2. If he is F2-typed, then the optimal maxi-
mum cost will be at least (L − xm)/2 ≥ xm/2. As a result, the
approximation ratio will be at most xm

xm/2
= 2 in this case.

Case 3. p1 = {F2} and pn = {F1}. The analysis is similar to
Case 2 by symmetry.

Case 4. {F1, F2} ∈ {p1, pn}. In this case, if agent 1 and agent n
are of the same type, then the analysis will be similar to Case 1. If
they are of different types, then the analysis will be similar to Case 2
or Case 3.

Therefore, Mechanism 1 is 2-approximation.
�

Lower bound
We show that the optimal solution is not strategy-proof and derive

the lower bound of the approximation ratio.
Consider two instances with the same location profile x =

{0, 2, 4, 6} depicted in Figure 1(a) and Figure 1(b), respectively.
The agents in Figure 1(a) have the preferences p1 = p2 = p4 =
{F1, F2} and p3 = {F2}; while the agents in Figure 1(b) have the
preference p1 = p3 = p4 = {F1, F2} and p2 = {F2}. To minimize
the maximum distance between each agent and his preferred facility,
the optimal allocation for the cases in Figure 1(a) and in Figure 1(b)
are s1 = (1, 5) and s2 = (5, 1), respectively. Both have the optimal
cost 1. Note that they are the only optimal solutions.

Consider another instance with the location profile x =
{0, 2, 4, 6} depicted in Figure 1(c). The agents in Figure 1(c) have

1 2 3 4

{F1, F2} {F1, F2} {F2} {F1, F2} {F1, F2} {F2} {F1, F2} {F1, F2}

(a) (b)

F1 F2 F2 F1

{F1, F2} {F2} {F2} {F1, F2}

(c)

F2 F ′2

1 2 3 4

1 2 3 4

Figure 1. Instances used for proving the lower bound of 4/3.

the preference p1 = p4 = {F1, F2} and p2 = p3 = {F2}. For this
instance, there are two types of optimal solutions s′1 = (y1, 2) where
4 ≤ y1 ≤ 6 and s′2 = (y1, 4) where 0 ≤ y1 ≤ 2. Both types have
the optimal cost 2.

However, neither s′1 nor s′2 can be the output of a strategy-proof
mechanism. Given the input as shown in Figure 1(c), if the mecha-
nism’s output is s′1, agent 2 from Figure 1(a) would be able to gain
by lying about his preference to be p′2 = {F2}; otherwise, if the
mechanism’s output is s′2, agent 3 from Figure 1(b) would be able to
gain by lying about his preference to be p′3 = {F2}.

Theorem 3 There exists no α approximation deterministic strategy-
proof mechanism for the facility location problem with α < 4/3.

Proof. Assume there is a deterministic strategy-proof mechanism M
with the approximation ratio α. Since the configuration in Figure
1(c) is symmetric, without loss of generality, we may assume that
mechanism M ’s output for this instance is (y1(c), y2(c)) such that
y1(c) ≥ y2(c). In other words, F2 is allocated to the left of F1.
Consider M ’s output (y1(a), y2(a)) for the instance in Figure 1(a).

1. If y = min{y1(a), y2(a)} ≤ 1, to guarantee the strategy-
proofness, agent 2 cannot gain by misreporting his profile from
{F1, F2} to be {F2}. That means for instance Figure 1(c), the
mechanism cannot allocate any facility between (y, 4− y). From
the previous assumption, in Figure 1(c), the mechanism allocates
F2 to the left. In this case, the maximum cost is at least 4 − y
while the optimal value is 2. Thus, the approximation ratio is at
least (4− y)/2 ≥ 3/2.

2. Otherwise, y = min{y1(a), y2(a)} > 1. Similarly to the previ-
ous analysis, to guarantee the strategy-proofness, the mechanism
cannot allocate any facility between (y, 4 − y). In this case, the
maximum cost is at least 4 − y and the approximation ratio is at
least (4− y)/2. Note that the approximation ratio for the instance
in Figure 1(a) is y. Combining these two cases, the approximation
ratio of the mechanism is at least max{(4− y)/2, y} ≥ 4/3.

From the above analysis, we can see that the approximation ratio
for any strategy-proof mechanism is at least 4/3. �

3.2 Sum cost

We now focus on the problem under the objective of minimizing the
sum cost.
Upper bound

We first present a (n/2+1)-approximation strategy-proof mecha-
nism.

Mechanism 2 Given a profile p, let profile q be the profile when we
treat every agent in profile p as an agent with preference {F1, F2}.
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We find the optimal solution s∗q of profile q and divide the agents into
two sets L and R from the middle, i.e., L = {i|xi ≤ (y1(s

∗
q) +

y2(s
∗
q))/2}, R = {i|xi > (y1(s

∗
q) + y2(s

∗
q))/2}. Let agent l and

agent r be the median agent of setL and setR. Then for profile p, we
have solution s1 = (xl, xr) and s2 = (xr, xl). If sc(s1) ≤ sc(s2),
output s1, otherwise output s2.

Theorem 4 Mechanism 2 is strategy-proof.

Proof. Given the mechanism, first we note that no agent with pref-
erence {F1, F2} has the incentive to lie as the two possible outputs
are the same in their perspectives. For agents with preference {F1}
or {F2}, we analyze the case for an agent in set L with the out-
put of Mechanism 2 being s1 and the results for other cases will be
the same by symmetry. If this agent has preference {F1}, he has no
incentive to lie as his cost only increases in s2. If this agent has pref-
erence {F2}, lying to have preference {F1} makes sc(s1) decrease
and sc(s2) increase, while lying to have preference {F1, F2} makes
sc(s1) decrease and sc(s2) remain the same. Note that to output s1
we already have sc(s1) ≤ sc(s2), which means the agent cannot
change the output of Mechanism 2 by lying.

Therefore, no agent has the incentive to lie, and Mechanism 2 is
strategy-proof. �

Theorem 5 Mechanism 2 is (n/2+1)-approximation, where n is the
number of agents.

Proof. Let s be the solution output by Mechanism 2 and s′ be the
other solution in Mechanism 2. Let scp and scq be the sum cost for
profile p and profile q respectively, we have scp(s) ≥ scq(s) and:

scp(s) − scq(s) =
∑

k∈{1,2}

∑
pi={Fk}

[ds(i, Fk) − min(ds(i, F1), ds(i, F2))]

Let s∗p be the optimal solution for profile p. We want to show the
following inequality:

scp(s) + scp(s
′) < (n+ 2)scp(s

∗
p) (1)

According to Mechanism 2, we can see that solution s and s′ have
the same cost as solution s∗q for profile q. Since s∗q is the optimal
solution of profile q, we have:

scq(s) = scq(s
′) = scq(s

∗
q) ≤ scq(s

∗
p) ≤ scp(s

∗
p)

Moreover, let βi =
∑

k∈{1,2} ds(i, Fk)−2min(ds(i, F1), ds(i, F2)) we
have: scp(s) + scp(s

′) = 2scq(s) +
∑

k∈{1,2}
∑

pi={Fk} βi.

Let d = xr − xl be the distance between agent l and r. For agent
i, if xl < xi < xr , we have βi ≤ d, otherwise βi = d.

Since scq(s) ≤ scp(s
∗
p) and βi ≤ d, we have

scp(s) + scp(s
′) < (n+ 2)scp(s

∗
p)

⇐ 2scq(s) +
∑

pi={Fk},k∈{1,2} βi < nscp(s
∗
p) + 2scp(s

∗
p)

⇐∑
pi={Fk},k∈{1,2} d < nscp(s

∗
p)

Note that
∑

pi={Fk},k∈{1,2} d ≤ nd, we have the inequality (1)

proved if scp(s∗p) ≥ d. Therefore we will focus on the case when
scp(s

∗
p) < d.

Given the two sets of agents L and R, we denote Lk = {i | pi =
{Fk}} ∩ L and Rk = {i | pi = {Fk}} ∩ R, k ∈ {1, 2}. We also

denote L− = {i | xi ≤ xl} andR+ = {i | xi ≥ xr}. It is clear that
|L−| ≥ 1 and |R+| ≥ 1.

We note that agent l and agent r must be of different types, other-
wise we have scp(s

∗
p) ≥ d. Without loss of generality, for profile p,

we assume l is F1-typed and r is F2-typed in s∗p. Then all agents in
L− must be F1-typed and all agents in R+ must be F2-typed, oth-
erwise we have scp(s

∗
p) ≥ d. According to the number of agents in

R1 and L2, we have the following 4 cases:
Case 1: |R1| = 0 and |L2| = 0.
In this case, we have all agents in set L being F1-typed and all

agents in R being F2-typed . We can see that solution s is already
the optimal solution.

Case 2: |R1| > 0 and |L2| = 0.
In this case, for any agent u ∈ R1, since agent l and u are

both F1-typed, we have scp(s
∗
p) ≥ |xu − xl|, i.e., costu(s) ≤

scp(s
∗
p). Meanwhile, we note that R1 ∩ R+ = ∅, otherwise we

have scp(s
∗
p) ≥ d. As a result, we have |R1| ≤ n/2. Therefore we

have the following inequality:

scp(s) ≤ scq(s) +
∑

u∈R1

costu(s) ≤ scq(s) + (n/2)scp(s
∗
p)

Note that scq(s) ≤ scp(s
∗
p). Therefore, we have scp(s) ≤ (n/2 +

1)scp(s
∗
p).

Case 3: |R1| = 0 and |L2| > 0.
For this case, we have the same result as Case 2 by symmetry.
Case 4: |R1| > 0 and |L2| > 0.
In this case, consider agent l and an arbitrary agent in R1, it is

clear that the sum of their cost is at least d/2, same for agent r and an
arbitrary agent in L1. Therefore we have scp(s) ≥ d/2 + d/2 = d,
which contradicts our setting.

Therefore, we have scp(s) ≤ (n/2 + 1)scp(s
∗
p) and the theorem

is proved. �

Figure 2. Instance used for proving the lower bound of 2.

H. Yuan et al. / Facility Location Games with Optional Preference 1523



Lower bound
In this section, we show that to minimize sum cost, the limit of

approximation ratio approaches 2 when the number of agents n ap-
proaches infinity.

Theorem 6 Given n+2, n ≥ 3 agents, for any τ → 0, there exists
no α-approximation deterministic strategy-proof mechanism for the
facility location problem with α < 2− 1/(n+ 1)− τ/n2.

To prove Theorem 6, we will first construct a set of profiles and
introduce some lemmas. Let xl = −n2, xb = −τ, xc = 0, xr =
n2 − 1 be four locations. We locate one agent at each location and
refer to these four agents as l, b, c, r respectively. As we have n + 2
agents in total, the remaining n− 2 agents will be located at xc.

Starting from profile J where all agents have preference {F1, F2},
we construct the following set of profiles by changing the preferences
of agent l, b, c and r. Note that only the preference of these four
agents are changed, and the preference of remaining n − 2 agents
at xc will always be {F1, F2} in these profiles:

I0 = J [pr −→ {F2}]
I3 = J [pb −→ {F1}], I2 = I3[pr −→ {F2}], I1 = I3[pr −→ {F1}]
E3 = J [pc −→ {F1}], E2 = E3[pr −→ {F2}], E1 = E3[pb −→
{F1}]
where I0 is the profile when agent r in J has preference {F2} in-
stead of {F1, F2}. Similar for other profiles. Meanwhile, in the fol-
lowing part, we will denote the lying of an agent in a similar way.

Ia
pi→{Fk}−−−−−−→ Ib means agent i in profile Ia lies to have preference

for Fk to change the profile to Ib. As agents are selfish, we will say
this lying is prevented if costi(Ib) ≥ costi(Ia), otherwise we will
say this lying is not prevented.

On the other hand, by exchanging the preference of agents with
preference {F1} and agents with preference {F2} in profile I , we get
the corresponding symmetric profile I∗, which is depicted in Figure
2. The analysis and results for these profiles will be similar by sym-
metry.

Let σ = 2− 1/(n+1)− τ/n2. For the sake of contradiction, we
assume that there exists an α-approximation deterministic strategy-
proof mechanism M with α < σ. We derive the available ranges
to put the facilities for the above profiles except profile J under this
assumption with lemmas. Then we prove Theorem 6 by showing that
given the available ranges derived there is no way to maintain the
assumption for profile J no matter where to put the facilities.

One can verify that the optimal sum cost for profile
J, I0, I1, I3, E1, E3 is opt1 = xr + τ and the optimal sum cost
for profile I2, E2 is opt2 = −xl + τ . As a result, the following
lemma easily follows:

Lemma 7 For any profile I , I ∈ {J, I0, I1, I2, I3, E1, E2, E3}, no
solution can have sum cost more than xr − xl − τ .

Proof. Any feasible solution with sum cost at least xr−xl−τ makes
α ≥ σ, since σ ·max(opt1, opt2) = σ(n2 + τ) < xr − xl − τ . �

Let y1(I) and y2(I) be the building locations of F1 and F2 for
profile I . Based on Lemma 7, we have the following lemma.

Lemma 8 For any profile I , I ∈ {I1, I2, I3, E1, E2, E3}, we have
d(c, y1(I)) < d(c, y2(I)).

Proof. Given the profile structure, note that there is at least one agent
with preference {F1} located at xb or xc and n − 2 agents with
preference {F1, F2} located at xc. If d(c, y1(I)) > d(c, y2(I)) or

{F1, F2} {F1, F2}{F1} {F2}
l b c r

...
F1

|y1(E2)− xc|

|y2(E2)− xc|

F2

costr

costl

Figure 3. The instance of profile E2 with d(c, y1(E2)) > d(c, y2(E2)).

d(c, y1(I)) = d(c, y2(I)), the n − 2 agents located at xc will be
F2-typed or can be regarded as F2-typed. Therefore, for profile E2

depicted in Figure 3, we can see the total cost for all agents located at
xc is already at least |y1(I)−xc|+ |y2(I)−xc|. Combined with the
cost for agent l and agent r, we have the sum cost sc at least xr−xl,
same for profile E1 and E3. For profile I1, I2, I3, we have the sum
cost sc at least xr − xl− τ for similar reasons. Therefore in order to
maintain α < σ, we must have d(c, y1(I)) < d(c, y2(I)). �

Let us now define hl = −n, hr = n2/(n+1)−1, h′r = n, which
will be part of the expressions of available ranges in the following
part. We have hl−xl ≥ (σ−1) ·opt1 and xr−hr ≥ (σ−1) ·opt2.

Lemma 9 For any profile I , I ∈ {I2, E2}, we have y1(I) < y2(I)
and y2(I) ∈ (hr, 2xr − hr).

Proof. Note that in I2 and E2, l has preference {F1, F2} and r has
preference {F2}. Therefore, the total cost of agent l and agent r is
already xr − xl if y1(I) ≥ y2(I). Combined with Lemma 8, all
agents except agent r will be F1-typed and their total cost is at least
opt2. Therefore, to keep α < σ, the cost of agent r cannot reach
(σ−1)·opt2, i.e., |y2(I)−xr| < (σ−1)·opt2. Since (σ−1)·opt2 ≤
xr − hr , we have y2(I) ∈ (hr, 2xr − hr)

6. �

{F2} {F1}{F1, F2} {F1, F2}
l b c r

...

Figure 4. The instance of profile I′3.

Lemma 10 For any profile I , I ∈ {I1, I3, E1, E3}, we have
y1(I) ∈ (hr, h

′
r) and y2(I) ∈ (2xl − hl, hl).

Proof. We will prove the lemma for profile I3 as the analysis for the
other profiles is similar. Let profile I ′3 = I3[pl −→ {F2}] depicted in
Figure 4. As it is symmetric in preference with profile E2, we can see
Lemma 9 is also applicable to I ′3 in a symmetric way, i.e., y2(I ′3) ∈
(2xl − hl, hl). Therefore, in order to prevent lying I3

pl→{F2}−−−−−−→ I ′3,
one facility must be located in (2xl−hl, hl). By Lemma 9, to prevent

lying I3
pr→{F2}−−−−−−→ I2, one facility must be located in (hr, 2xr−hr).

Moreover, if facility F1 is located in (2xl − hl, hl), since F1 is
closer to c by Lemma 8, the sum cost is already at least |hl − xl| +
6 Note that the ranges may be beyond xl and xr .
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|hl−xb|+(n− 1)|hl−xc| = (xc−xl− τ)+ (n− 1)(xc−hl) >
σ ·opt1. Therefore F1 must be located in (hr, 2xr−hr). Meanwhile,
we also have y1(I3) < h′r , otherwise the sum cost is already at least
|h′r − xb| + n|h′r − xc| + |h′r − xr| = (xr − xc + τ) + n(h′r −
xc) > σ · opt1.

Therefore, we have y1(I) ∈ (hr, h
′
r) and y2(I) ∈ (2xl − hl, hl).

�
Based on Lemma 10, we will make some extension to Lemma 9.

Lemma 11 For any profile I , I ∈ {I2, E2}, we have y1(I) ∈
(−hr, hr − 2τ).

Proof. We will prove the lemma for profile I2 as the analysis for
profile E2 is similar. According to Lemma 10, in order to prevent

lying I3
pr→{F2}−−−−−−→ I2, the cost of agent r must be at least xr − h′r .

As a result, if y1(I2) /∈ (−hr, hr − 2τ), the sum cost will be at least
(xc−xl−τ) + (n−1)hr + (xr−h′r) > σ ·opt2, which contradicts
our assumption.

Therefore, we have y1(I) ∈ (−hr, hr − 2τ). �

Lemma 12 For profile I0, one facility must be located in (−hr, hr−
2τ)

Proof. By Lemma 11, lying I0
pb→{F1}−−−−−−→ I2 is not prevented if no

facility is located in (−hr, hr − 2τ). �
With the above lemmas, we will focus on profile J and show the

proof for Theorem 6 below.

{F1, F2} {F1, F2}{F1, F2} {F1, F2}
l b c r

...

Figure 5. The instance of profile J .

Proof. Without loss of generality, we assume y1(J) ≤ y2(J) since
the preference of each agent is {F1, F2} and switching the positions
of F1 and F2 does not affect the sum cost. First we note that by
Lemma 10, the cost of agent b is at least hr + τ in I3. Therefore in

order to prevent lying I3
pb→{F1,F2}−−−−−−−−→ J and I∗3

pb→{F1,F2}−−−−−−−−→ J ,
neither F1 nor F2 can be located within (xb − (hr + τ), xb + (hr +
τ)), which is (−hr − 2τ, hr) for profile J . According to the relative
locations of the facilities and agent c, we have the following 4 cases:

Case 1) For J , if both F1 and F2 are on the left side of xc, the cost
of agent r is at least xr +hr +2τ . Note that for I0 we have
one facility located in (−hr, hr − 2τ) by Lemma 12. As a

result, J
pr→{F2}−−−−−−→ I0 can not be prevented. Therefore it is

not strategy-proof which contradicts our assumption.
Case 2) For J , if both F1 and F2 are on the right side of xc, the sum

cost is at least |hr − xl|+ |hr − xb|+ (n− 1)|hr − xc| =
(xc−xl+τ) + (n+1)hr > σ ·opt1, which makes α > σ
and contradicts our assumption.

Case 3) For J , if F1 and F2 are on different sides of xc and
d(c, y1(J)) ≤ d(c, y2(J)), combined with Lemma 8 and
9, in order to prevent lying between profiles E1, E3 and I3,
we have y1(E3) = y1(E1) = y1(I3). Meanwhile, to pre-

vent lying I3
pb→{F1,F2}−−−−−−−−→ J , there must be xb − y1(J) ≥

y1(I3)−xb. On the other hand, to prevent lying between E3

and J , there must be xc− y1(J) = y1(E3)−xc. However,

these two equations lead to xb ≥ xc, which contradicts our
setting.

Case 4) For J , if F1 and F2 are on different sides of xc and
d(c, y1(J)) > d(c, y2(J)), there must be y2(J) ∈
[hr, h

′
r). Otherwise sum cost is at least n(h

′
r − xc) +

τ + (xr − h
′
r) > σ · opt1. Meanwhile, for profile I0,

we must have d(r, y2(I0)) < d(r, y1(I0)). Otherwise sum
cost is at least xr − xl − τ no matter where to put the

facilities. Therefore, in order to prevent J
pr→{F2}−−−−−−→ I0

and I0
pr→{F1,F2}−−−−−−−−→ J , there must be |xr − y2(I0)| =

xr−y2(J). Hence for profile I0, facility F1 must be placed
in (−hr, hr − 2τ) by Lemma 12 since F2 cannot be placed
in (−hr, hr − 2τ). As a result, the sum cost is at least
(xc−xl + τ)+ (xr −h

′
r) > σ · opt1, which makes α > σ

and contradicts our assumption.

Therefore, mechanism M does not exist and the claim is proved.
�

4 OPTIONAL PREFERENCE (MAX)

In this section, we focus on the Max variant of the optional preference
model, i.e., costi = maxFk∈pid(i, Fk).

4.1 Maximum Cost

For maximum cost objective, we propose a deterministic strategy-
proof mechanism which is optimal at the same time.

Mechanism 3 Given a profile, output y1 = y2 = L/2 if {F1, F2} ∈
{p1, pn} or p1 = pn. Otherwise if p1 = {F1}, pn = {F2}, output
y1 = 1

2
max(X1 ∪ X1,2), y2 = L − 1

2
(L − min(X2 ∪ X1,2));

if p1 = {F2}, pn = {F1}, output y1 = L − 1
2
(L − min(X1 ∪

X1,2)), y2 = 1
2
max(X2 ∪X1,2).

Theorem 13 Mechanism 3 is strategy-proof.

Proof. Let y′1 and y′2 denote the corresponding output when an agent
lies. Given the mechanism, there are three cases:

Case 1. {F1, F2} ∈ {p1, pn} or p1 = pn. In this case, only agent
1 and agent n can influence the output by lying. Let us consider agent
1 to be the lying agent as the result for agent n would be the same.
If agent 1 has preference {F1, F2}, lying to have preference {F1}
will make y′2 = L − 1

2
(L − min(X2 ∪ X1,2)) > L/2 = y2 and

his cost will increase. Lying to have preference F2 would have the
same result. If agent 1 has preference for F1, lying to have preference
{F1, F2} does not change the output. Lying to have preference {F2}
will make y′1 = L− 1

2
(L−min(X1 ∪X1,2)) > L/2 = y1 and his

cost will increase. If agent 1 has preference {F2}, we would have the
same result. Therefore agent 1 has no incentive to lie, which means
no agent has the incentive to lie.

Case 2. p1 = {F1}, pn = {F2}. In this case, only agent 1, agent
n, the agent at max(X1 ∪X1,2) and the agent at min(X2 ∪X1,2)
can influence the output by lying. Let us consider agent 1 or the
agent at max(X1 ∪ X1,2) be the lying agent. The result for the
other two agents would be the same by symmetry. For agent 1, if
he lies to have preference {F1, F2} or {F2}, we will have y′1 =
L/2 > 1

2
max(X1 ∪ X1,2) = y1 and his cost will increase. For

the agent at max(X1 ∪ X1,2), he could only change the output
by lying to have preference {F2}, in which case we will have a
new value of max(X1 ∪ X1,2) (denoted as max(X1 ∪ X1,2)

′),
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