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Abstract. We consider the problem of trajectory prediction, where

a trajectory is an ordered sequence of location visits and correspond-

ing timestamps. The problem arises when an agent makes sequential

decisions to visit a set of spatial locations of interest. Each location

bears a stochastic utility and the agent has a limited budget to spend.

Given the agent’s observed partial trajectory, our goal is to predict

the agent’s remaining trajectory. We propose a solution framework

to the problem that incorporates both the stochastic utility of each

location and the budget constraint. We first cluster the agents into

groups of homogeneous behaviors called “agent types”. Depending

on its type, each agent’s trajectory is then transformed into a discrete-

state sequence representation. Based on such representations, we use

reinforcement learning (RL) to model the underlying decision pro-

cesses and inverse RL to learn the utility distributions of the spatial

locations. We finally propose two decision models to make predic-

tions: one is based on long-term optimal planning of RL and another

uses myopic heuristics. We apply the framework to predict real-world

human trajectories collected in a large theme park and are able to ex-

plain the underlying processes of the observed actions.

1 Introduction

How does a rational agent decide to visit a set of locations in space?

Assuming there are distinct points of interest (POIs), then the act of

visiting them has to happen sequentially. We call it spatial sequential

decision-making. It is reasonable to assume that each location bears a

non-negative utility (reward) to the decision-maker that would not be

fully realized until it is visited. Until then, utilities remain uncertain
and reflect the agent’s prior preferences. When making sequential

decisions, a rational agent should also weigh in the long-term costs of

visiting each of the locations in order to make an optimal plan, where

“costs” here are assumed to be proportional to physical distances.

Hence, answering the question above would require a model of the

agent’s sequential decisions for selecting locations, whose utilities

remain uncertain and costs are dynamic, and weighing in their long-

term consequences into the decision-making [15].

In practice, the agent typically has a limited amount of resources

(e.g., time) to run its plan, which we call a budget. Such a budget

constraint can significantly shape the agent’s decision-making pro-

cess and outcomes in non-obvious ways. In this paper, we propose a

framework based on reinforcement learning [24] to model the agent’s
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Figure 1: Visualizing the attractiveness of the same set of POIs in a

real-world theme park environment (to be discussed in Sect. 7) and

the pairwise transition probabilities (only those probabilities ≥ 0.20
are drawn) between them as observed by two groups of agents: “Type

1” and “Type 2”. Each group is given a certain amount of time budget

to visit the set of POIs, where Type 1 has, on average, 114 minutes

more than Type 2. The size of each POI is drawn to reflect its relative

popularity (attractiveness) among members of each group.

spatial sequential decision-making, taking into account the uncer-

tainty of the utilities and the budget constraint. Using the framework,

we could discover the underlying processes that drive real-world be-

haviors such as the condition for making long-term optimal decisions

in the defined setting. Indeed, traditional economic view of ratio-

nal decision-making as solving an optimization problem often fails

to predict reality due to bounded rationality [10]. Such discoveries

would give insights into real-world human behaviors and help bridge

the gap between human and machine intelligence [28, 15].

Our motivation comes from the problem of predicting the next se-

quence of location visits (called trajectory) of a mobile agent know-

ing its current trajectory and past observed trajectories of other simi-

lar agents. Accurate predictions of the agent’s next locations can en-

able numerous applications of location-based services such as real-

time prediction of visitor arrivals and congestion at POIs or devising

real-time advertising strategies or adaptive recommendation system

for a mobile agent knowing its probable future trajectory.

Consider the example illustrated in Fig. 1, whose data were col-

lected from real-world human behaviors in a theme park (to be dis-

cussed in Sect. 7). In this setting, suppose there are two groups of

agents (human visitors) of equivalent sizes called “type 1” and “type

2”. Each agent in each group is to visit the same set of POIs within

a given time frame (budget). Agent type 1 is given, on average, 114
minutes more than type 2. Such a budget difference can translate into

starkly different behaviors as illustrated in the figure. Not only is the

relative attractiveness of each of the POIs different, but the pairwise

transition probabilities among them also become discernibly distinct.

Type 1 appears to have a larger “coverage” of the POIs through their

sequential transitions, while type 2 tends to visit those POIs that are
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clustered together. These observations reflect the inherently different

underlying decision processes used by these agent types. Thus, in or-

der to make accurate trajectory predictions, it suffices to model the

sequential decision-making process of each group separately.

In this paper, we develop on and extend the capabilities of the

framework proposed by Le et al. [17] for spatial decision modeling.

Specifically, we set out to predict an ordered sequence of an agent’s

future locations (as opposed to an unordered bundle). Furthermore,

our novel contribution is that we do not rely solely on a generative

model as previously proposed to generate sequential actions (e.g.,

naive Bayes [14] or hidden Markov models (HMMs) [20]). Instead,

we integrate one of such (i.e., HMMs) into a reinforcement learning

framework to model an agent’s sequential decisions. We further pro-

pose decision models based on the learned utilities resulted from the

framework for trajectory prediction. Doing so enables us to explain

the underlying processes of the predicted outcomes, the effects of

budget constraint on decision-making, and evaluate the appropriate-

ness of the proposed decision models.

We summarize our contributions as follows:

• We model the sequential decision process of an agent in an inte-

grated framework to predict its trajectory;

• Our framework takes into account both the stochasticity of re-

wards and the budget constraint;

• We propose two decision models for prediction: one is based on

long-term optimal planning of reinforcement learning and another

uses myopic heuristics;

• We empirically evaluate our framework using real-world human

trajectories with compelling results.

2 Related Work

Trajectory prediction. The problem of predicting the future loca-

tion(s) of a mobile agent is not entirely new. Krumm and Horvitz

[14] propose a naive Bayes model called Predestination to predict

the final destination of a driving trip given its partially observed GPS

trajectory. In most recent work, some form of Markov model is often

used to learn the observed transitions and infer future locations. For

example, Mathew et al. [20] use hidden Markov models (HMMs) to

identify clusters of locations from raw GPS data and Gambs et al.
[9] propose a mobility model based on Markov chains to incorpo-

rate knowledge of the previous n visited locations. We also employ

HMMs in our framework, but in a radically different way: to repre-

sent the environment in which the agent interacts with. Recently, Le

et al. [17] propose a framework based on revealed preference learn-

ing to predict unordered bundles of spatial locations given an agent’s

budget information. In this respect, our work expands on [17] for

predicting ordered sequences of spatial decisions.

Sequential decisions. Modeling human sequential actions has

been traditionally studied in the domain of human-computer interac-

tion. For instance, mining sequential behaviors has been used to dis-

cover mobile users that share similar habits [19], or to imitate human

behaviors in order to provide better automated care to the disabled

and the elderly [11]. In this respect, modeling sequential decisions

as Markov processes is commonly used to simplify the representa-

tion of the user’s knowledge [26]. A common shortcoming among

these work is the lack of modeling of the users’ underlying decision

processes in order to explain the discovered patterns.

Reinforcement learning. Understanding human behaviors re-

quires finding the reward function that motivates the observed ac-

tions. Inverse reinforcement learning (IRL), first proposed by Russell

[22], provides an elegant framework to identify the reward function

being optimized by the agents given observations of their activities.

Ng and Russell [21] propose the original algorithms to tackle the

problem based on linear programming. Ever since, there has been a

wealth of algorithms developed to solve IRL [25]. IRL has enjoyed

diverse applications in automated control systems that try to imitate

the behaviors of expert human users (a.k.a. “learning from demon-

strations”) such as learning how to drive [2], controlling helicopters

[1], and predicting mouse movements [26]. In this respect, our frame-

work integrates IRL to model the stochasticity of rewards.

3 Problem Statement

We consider a set D of agents and a finite set G (|G| = n) of POIs

(locations). Each agent i ∈ D has a utility vector ui over each lo-

cation j ∈ G, where uij ∈ R≥0 is the utility of j to i. Agent i
has a budget constraint Bi and wishes to visit a subset si ⊆ G such

that
∑

j∈si cij ≤ Bi, where cij is i’s cost of visiting j. We denote

si as agent i’s trajectory that contains the ordered sequence of lo-

cations visited by i and the corresponding timestamps. Without loss

of generality, we assume throughout that the costs and budget con-

straint are in terms of travel time and i makes a binary decision vector

si ∈ {0, 1}n. Hence, cij is a dynamic cost for each j that depends

on the previous location in the sequence. We additionally assume the

proportionality between distance and travel time, where all distances

considered in this paper are spatial Euclidean distance.

Suppose D can be divided into non-overlapping subsets called

agent types, where each “type” implies homogeneous preferences

and behaviors. Given an agent of a certain type, his partial trajec-

tory (say the first k location visits) and the current budget, our goal is

to predict the agent’s remaining trajectory. The notion of agent type

comes from the idea that modeling each individual agent is imprac-

tical. It is much more feasible to divide them into finite and disjoint

clusters of similar preferences and behaviors. Thus, we also use the

terms “cluster” and “(agent) type” interchangeably.

Predicting an agent’s remaining trajectory requires sequential de-

cision modeling under uncertainty and budget constraint. The uncer-

tainty comes from the utility distributions of the remaining locations.

While the relative attractiveness of the locations can be easily worked

out using a simple frequency count, it is not straightforward how to

learn their utility distributions from the observed trajectories and how

to incorporate them into a sequential decision-making model.

4 Solution Overview

We propose an integrated framework to model and predict the next

sequence of locations given an agent’s observed partial trajectory and

budget constraint. The framework consists of two components: learn-

ing and prediction. Fig. 2 illustrates the overall framework. Table 1

summarizes the notations used in this paper.

Learning. We first divide the agents in the training set S into K
finite clusters, where each cluster Clj (1 ≤ j ≤ K) represents an

agent type. K is typically chosen heuristically via some clustering

coefficient (e.g., the silhouette index). Using the agents’ observed

features and the K clusters as class labels, we train a multi-class

classifier (e.g., multinomial logistic regression). We also model the

environment that the agents interact with as a finite set of states S,

where each state s ∈ S has a distinct vector of features fs. We use

hidden Markov models (HMMs) to transform the observed trajecto-

ries into finite sequences of states. Such a representation can then be
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Figure 2: The proposed framework to model and predict the remaining trajectory of a test agent i ∈ T given its observed partial trajectory

s̃i, current budget Bi, and trajectories of the agents in the training set S . “Trajec” stands for “trajectory”. S is the finite set of states, P is the

matrix of state transition probabilities, and f is the set of feature vectors of the states in S.

Table 1: Summary of notations used in the paper.

Notation Description
D,S, T Total dataset, training set and test set, respectively
G Set of POIs, where |G| = n
uij , cij Utility and cost of location j ∈ G for agent i
si, s̃i, Bi Trajectory, partial trajectory, and current budget of i
li Trajectory (sequence) length of agent i
K Number of clusters (agent types)
S Finite set of states for each agent type (|S| = N )
fs Feature vector of each state s ∈ S
Rk State-reward matrix ∀ agent type k (1 ≤ k ≤ K)
Ra Location-reward matrix for each location a ∈ G
Qi Expected reward level (“personal goal”) of agent i

modeled as a Markov decision process (MDP). The utility of each ac-

tion (i.e., location visit) can then be derived via the process of inverse

reinforcement learning (IRL) using the agents’ observed actions (rep-

resented in the transition probability matrix P of the MDP). The final

outcomes of IRL are the reward matrices R.

Prediction. Given the observed partial trajectory and features of

an agent i in the test set T , we first predict i’s type Clik using the

trained classifier above. We then use the Viterbi algorithm [7] to find

the most probable sequence of states s̃i for the observed trajectory.

We are then able to model i’s goal Qi (also called the “expected

reward level”) and predict the next sequence of visits that can meet

this goal within budget Bi. We finally propose two decision models

that take into account the uncertainty of the utilities (represented by

the matrix Rk for each type k) and budget Bi.

In the following sections, we elaborate on each of the components

of the proposed framework shown in Fig. 2.

5 Learning

5.1 Trajectory Clustering

For each agent i ∈ S, let li (1 ≤ li ≤ n) be i’s sequence length,

which is the total number of locations visited by i. We denote the

sequence of locations visited by i as y(i) = {y(i)
t }lit=1 and the se-

quence of corresponding timestamps as τ (i) = {τ (i)
t }lit=1. We define

i’s trajectory as s(i) = {(y(i)t , τ
(i)
t )}lit=1. We are able to discretize

τ (i) into T segments, where Δτ is the duration of each segment. We

can then derive a vector ai of length T for each s(i), where each

ait ∈ ai (1 ≤ t ≤ T ) indicates i’s observed location at time t.

We can now cluster the agents based on the similarities ai for all

i ∈ S using, e.g., hierarchical clustering (because of its simplicity

and effectiveness). In particular, we propose to use the agglomera-

tive approach that clusters the vectors recursively from bottom up.

To this end, we use the edit distance [6] to quantify the dissimilar-

ity between ai and aj with the substitution cost being the distance

between the pair of locations that differ. To select K, the hierarchi-

cal tree is “cut” at some height that splits S into K clusters. The

goodness of the clustering can then be quantified using, e.g., the sil-

houette coefficient. We choose K that best aligns with our domain

knowledge and produces a good enough clustering coefficient.

5.2 Environment Modeling
We use hidden Markov models (HMMs) to model the environ-

ment the agents interact with as a finite set of states S =
{S1, S2, . . . , SN}. An HMM describes the relationship between an

observed stochastic process and an unobserved (hidden) underlying

process. The hidden process follows a Markov chain and the obser-

vations are conditionally independent given the sequence of hidden

states. Let {Yt}Tt=1 and {Xt}Tt=1 represent the observations and the

corresponding hidden states, respectively. We denote f(yt|Θxt) =
Pr(Yt = yt; Θ|Xt = xt) as the (emission) density function of ob-

servation yt parameterized over Θ given hidden state xt. Each emis-

sion yt is a tuple (yk, τk) with the spatial component yk being a

discrete location drawn from G and the temporal component τk be-

ing a continuous timestamp drawn from the Gaussian distribution

N (μk, σk) (1 ≤ k ≤ N).
An HMM with N states is completely specified by:

1. The finite set of hidden states S = {S1, S2, . . . , SN};
2. The state transition matrix T = {tij}, where tij = Pr(Xt =

Sj |Xt−1 = Si), 1 ≤ i, j ≤ N ;

3. The parameter vector Θi of the response (or emission) density

function f(yt|Θxt) for each Si; and

4. The vector of initial (state) probabilities p = {pi}, where pi =
Pr(X1 = Si) and

∑N
i=1 pi = 1.

Each hidden state of the HMM can be thought of as a spatiotempo-
ral cluster of the visiting activities. Empirical observations confirm

that nearby locations are much more likely to be visited sequentially

in short periods of time, i.e., having “high” emission probabilities.

We fit the HMMs using the trajectories s(i) ∀i ∈ S. A well-known

method to estimate the parameters of an HMM is the Baum-Welch
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algorithm [4]. For each HMMj (1 ≤ j ≤ K), we select the opti-

mal number of states N∗
j using the Bayesian Information Criterion

(BIC) [8]. An important inference problem is that given a sequence

of observations, find the most probable sequence of hidden states that

produces it, which can be solved using the Viterbi algorithm [7].

5.3 Inverse Reinforcement Learning
5.3.1 Preliminaries.

Markov decision processes (MDPs) [5] provide an elegant frame-

work to model sequential decisions in an environment represented

as a finite state space S. At each state s ∈ S, the agent chooses

an action a ∈ A. Upon which, the process transitions into the next

state s′ ∈ S according to the probability Pa(s, s
′) = Pr(St+1 =

s′|St = s, at = a). The agent then receives a reward Ra(s, s
′). The

main concern of MDP is to find an optimal policy π∗ : S �→ A that

maximizes the long-term cumulative reward
∑
t

Rat(st, st+1).

Let Pπ(s) represent the transition probability matrix correspond-

ing to the application of some policy π. A finite-horizon MDP is

completely described by the tuple (S,A, Pπ(s), R). The value func-

tion V π(s) of policy π at state s represents the expected cumulative

reward from s. Thus, our goal is to find an optimal policy π∗ such

that V π∗(s) is maximized. It can be shown that there exists at least

one optimal policy such that V π(s) is maximized for all s ∈ S [24]

that can be expressed as:

π∗(s) ∈ argmax
a∈A

∑
s′∈S

Pa(s, s
′)[R(s, s′) + γV π(s′)]. (1)

A fundamental property of the value function is, for any policy π and

any state s:

V π(s) = Rπ(s)(s) +
∑
s′∈S

Pπ(s)(s, s
′)V π(s′). (2)

Eqn. (2) (called the Bellman equation) directly gives rise to efficient

dynamic programming (DP) formulations to find a long-term optimal

policy π∗ called value iteration and policy iteration [5].

Inverse reinforcement learning (IRL) is the inverse problem to

MDP, whose goal is to determine the reward function R that is be-

ing optimized given observations of the sequential decisions. Ng and

Russell [21] originally propose LP formulations to solve the prob-

lem with constraints leading to the optimal observed policy. Abbeel

and Ng [2] later propose a strategy of matching feature expectations
between an observed policy and an agent’s behaviors. The strategy

is both necessary and sufficient to achieve the same performance

as if the agent were in fact solving an MDP with reward function

linear in the features of the states. Denote ξi a state-based trajec-

tory (aka a “path”), f the sequence of feature vectors of a path, and

f̄ = 1
m

∑
i fξi the empirical expected feature count based on m tra-

jectories. Matching feature expectations is described by:∑
ξi

Pr(ξi)fξi = f̄ . (3)

We adopt the maximum entropy (MaxEnt) IRL algorithm [27] to

learn the reward distribution of each state. MaxEnt IRL is an effective

framework for modeling and understanding human activities, where

the recovered reward function intuitively encodes an individual’s set

of preferences [12]. The notion of reward distribution comes from

the fact that different people, even if classified into types, would still

have different preferences (utilities) for the same thing. Such diver-

sity in tastes can be best modeled as a probability distribution.

5.3.2 Maximum Entropy IRL (MaxEnt IRL).

Given a state-action sequence ξ = {(s, a)}i, where si ∈ S and

ai ∈ A, agent i is optimizing some function that linearly maps the

features of each state fsj ∈ Rk to a reward value that represents i’s
utility of visiting that state. This function is parameterized by some

weight vector θ and the reward of a trajectory is simply the sum of all

the state rewards. The reward weights are applied to the path feature

counts fξ =
∑

si∈ξ fsj such that the reward of the trajectory is the

weighted sum of the feature counts along the path:

R(fξ) = θ · fξ =
∑
sj∈ξ

θ · fsj . (4)

Since many distributions of paths may match the feature counts

and any one distribution from among this set may exhibit a prefer-

ence for some of the paths over others not implied by the path fea-

tures. Such ambiguity is solved using the principle of maximum en-
tropy by choosing the distribution that does not exhibit any additional

preferences beyond matching feature expectations. The resulting dis-

tribution over the paths is parameterized by the weights θ:

Pr(ξi|θ) = 1

Z(θ)
eθ·fξi =

1

Z(θ)
e
∑

sj∈ξi
θ·fsj , (5)

where Z(θ) is some partition function for the parameter weights.

This distribution also provides a stochastic policy (i.e., a distribution

over the actions at each state). Refer to [27] for more details.

We now build an MDP model (S,A, P,R) for each agent type,

where S is the set of states of the corresponding HMM and A is the

set G of locations. We then need a set of state sequences in order to

derive the transition matrix P and reward function R. To this end, we

convert each trajectory into its most probable sequence of (hidden)

states using the Viterbi algorithm [7]. P is then derived by sampling

the observed state transitions and action taken at each state.

MaxEnt IRL additionally requires a set of features fs for each state

s ∈ S. We use the spatiotemporal characteristics of each state as its

features. Specifically, recall that each state Si of the HMM is both

a spatial cluster (i.e., what locations are likely to be visited) and a

temporal cluster (described by the Gaussian mean μi). We use the

tuple (loi, lai, μi, σi) as the features fSi of Si, where loi and lai

are the “mean”4 longitude and latitude coordinates of Si and μi and

σi are the mean and standard deviation of the Gaussian emission,

respectively. Such weighted sum of the coordinates are referred to as

the “cluster centroids” of the states. Hence, each state Si admits a

unique cluster centroid Ci described by its (loi, lai).

Each run j of MaxEnt IRL produces a unique reward function

Rj : Si �→ R+, ∀1 ≤ i ≤ N . In order to produce a distribution of

reward for each state, we split the trajectories into subsets and run

MaxEnt IRL on each subset to get a unique reward function. The

probability of each reward value is the proportion of the subset in the

original set. Towards this end, we split the trajectories into subsets of

equal sequence lengths and run MaxEnt IRL on each of them.

We compute the distribution of reward for each location as fol-

lows. Let Rs be a state-reward matrix. Rs is of dimension l × N ,

where N is the number of states and l is the maximum sequence

length. For each state Sk (1 ≤ k ≤ N), let pk of length n = |G| be

the vector of multinomial emission probabilities of the HMM. Let Π
be the multinomial emission matrix of dimension N × n whose row

vectors are pk. We compute the location-reward matrix Ra as:

Ra = Rs ×Π. (6)

4 Precisely, loi and lai are the sum of the coordinates of the locations
weighted by the multinomial emission probabilities at Si.
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We assume that the stochastic reward R(a) of each location a fol-

lows a Gaussian distribution, whose mean and variance can be de-

rived from the corresponding column vector of Ra.

6 Prediction
In this paper, we present two decision models to the problem of tra-

jectory prediction: Adaptive MDP (AMDP) and Value Ratio (VR).

The former follows the long-term optimal policy of an MDP and the

latter uses myopic greedy heuristics to make decisions.

6.1 Adaptive MDP
Empirical evidence shows that the sequence lengths of the trajecto-

ries typically follow normal distributions [16, 18, 15]. We take advan-

tage of this to introduce stochasticity of reward and policy into our

model by splitting the training set into subsets of the same sequence

lengths. For each subset, we learn a unique reward/policy function. In

the end, we come up with a reward/policy matrix, where for each ma-

trix, the columns are the states and the rows are the sequence lengths

whose probability distribution follows that of the sequence lengths.

With the above setup, we obtain the following matrices from the

training set for each agent type:

1. Rs (or R): each entry is the reward (column) of each state that

corresponds to each sequence length (row);

2. V (l × N ): each entry is the value (column) of each state that

corresponds to each sequence length (row);

3. Optimal policy matrix Π∗ (l×N ): each entry is an optimal action

a ∈ A at each state (column) that corresponds to each sequence

length (row).

From R, we are able to derive the Gaussian distribution of reward

R(s) at each state s ∈ S using the probability distribution of the

sequence length (i.e., the rows).

An important consideration in our model is the agent’s expected
reward level. This comes about from the observation that an agent

may finish its trajectory even when there is sufficient budget to go

on. Such behavior may come from an intrinsic expected reward level,

such as a “personal goal”, having been met. Once such goal is met,

the agent would just be happy to finish there and then and not go on to

maximize the cumulative reward any further. In order to model such

a personal goal, we make use of the value function. From Eqn. (2),

the value function at state s is sum of the immediate reward Rπ(s)(s)
and the future expected reward. We use this future expected reward

to model agent i’s expected reward level Qi:

Qi = V π(s)−Rπ(s)(s). (7)

Since both V π(s) and Rπ(s)(s) are given (by V and R(s), respec-

tively), we can derive Qi for each agent i knowing its current state

s and the current sequence length k. Furthermore, the optimal policy

matrix Π∗ is stochastic because, given a state s, each column vector

of policies Π∗[:, s] is distributed according to the Gaussian distri-

bution of the sequence length. Algorithm 1 describes the proposed

Adaptive5 MDP decision model for trajectory prediction.

Algorithm 1 follows the long-term optimal policy of an MDP be-

cause it makes use of the optimal (stochastic) policy function to make

decision at each step. The policy function is long-term optimal as a

result of solving the Bellman equation (2).

5 “Adaptive” is used to mean that the algorithm is adapted to stochastic re-
wards/policies and the budget constraint.

Algorithm 1 Adaptive MDP decision model for agent i

1: Given agent i’s partial trajectory s̃i = {(s, a)}i of current length

k and i’s current budget Bi > 0
2: Let s = s̃i[k] be the current state

3: Sample reward R(s) from Gaussian distribution

4: Retrieve current state’s value V[k, s]
5: Let Qi = V[k, s]−R(s) be i’s expected reward level

6: Initialize i’s future cumulative reward Ui ← 0
7: Let ŝi ← ∅ be the predicted sequence

8: while Ui < Qi and Bi > 0 do
9: Sample an action a from policy Π∗[k : l, s]

10: while a ∈ s̃i {a has been visited} do
11: Repeat Step 9
12: end while
13: Sample next state s′ from Pa(s, s

′)
14: Update k ← k + 1; s← s′

15: Update ŝi ← ŝi ∪ (s, a); s̃i ← s̃i ∪ ŝi
16: Sample reward R(s) from Gaussian distribution

17: Let ta be the travel time from current location to a
18: Let Δa be the minimum duration to be spent at a
19: Update Ui ← Ui +R(s); Bi ← Bi − (ta +Δa)
20: end while
21: Return the sequence of actions in ŝi

6.2 Value Ratio

At each time step, the agent samples a random reward value rj from

the Gaussian distribution R(aj) of each of the remaining locations

aj . Given its current location, the agent heuristically maps itself to

the nearest cluster centroid (refer to Sect. 5.3.2) as a “point of refer-

ence” and derives the distances dj from the cluster centroid to each of

the remaining locations. The agent then chooses to visit the location

j∗ that has the largest ratio rj/dj (i.e., the ratio of the immediate

reward to its cost) and repeats until its budget runs out or there is

no unvisited location left. This is the well-known best “bang-for-the-

buck” greedy heuristic [3]. Algorithm 2 describes the model.

Algorithm 2 Value Ratio decision model for agent i

1: Given agent i’s current location ai, its current set of unvisited
locations Gi ⊆ G and the current budget Bi > 0

2: Let ŝi ← ∅ be the predicted sequence of visits

3: while |Gi| > 0 and Bi > 0 do
4: Sample reward rj from Gaussian distribution for each aj ∈ Gi
5: Let Ck∗ = argmink distance(ai, Ck) (1 ≤ k ≤ N)
6: Let dj = distance(aj , Ck∗), ∀aj ∈ Gi
7: Select aj∗ where j∗ = argmaxj rj/dj , ∀aj ∈ Gi
8: Update ŝi ← ŝi ∪ {aj∗}; Gi ← Gi \ {aj∗}
9: Let tj∗ be the travel time from ai to aj∗

10: Let Δj∗ be the minimum duration to be spent at aj∗

11: Update Bi ← Bi − (tj∗ +Δj∗); ai ← aj∗

12: end while
13: Return ŝi

7 Experiments

7.1 Dataset

We collaborated with a large theme park operator in a major Asian

city to conduct experiments and collect demographic and behavioral
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Figure 3: Visualization of the two clusters (agent types) of the training data in the experiments. Horizontal axes represent the timeline in discrete

intervals of 5 minutes from 9 a.m. to 7 p.m. Vertical axes represent the probability of the visitors of each type being at each of the 14 attractions

(or at some unknown location “0”). Attractions are represented by their color codes whose legend is shown at the bottom.

data from their visitors from January to April, 2014. The dataset con-

tains the visitors’ trajectories tracked using RFID devices. In the ex-

periments, visitors pay upfront a fixed amount in order to redeem up

to 14 participating attractions (locations). Visitors can only redeem

the attractions during the specified 10-hour period from 9 a.m. to 7

p.m. on a chosen day. Each attraction can only be visited once.

Our dataset D contains trajectories of 3, 867 unique and indepen-

dent visitors together with their demographic features. The empirical

distribution of the sequence length of these trajectories follows a typ-

ical bell-shaped characteristic of a Gaussian distribution.

7.2 Trajectory Clustering
We perform cross-validations6 on D. For each fold, the training set

S is used for trajectory clustering and decision modeling. Our hi-

erarchical clustering results in K = 2 clusters using the interval

Δτ = 5 minutes (refer to Sect. 5.1) for all the agents. The value of

K was chosen based on inspection of the hierarchical tree and empir-

ical goodness of clustering via the silhouette coefficient (partitions of

comparable sizes and good in-group cohesiveness).

Fig. 3 visualizes the 2 clusters using training data of one of the

random folds. The horizontal axes represent the discretized timeline

(by Δτ ) from 9 a.m. to 7 p.m. for each cluster and the vertical axis

represents the probability for each agent of each cluster to be at any

one of the 14 attractions at any interval. (Note that even after 7 p.m.,

some activities can still be recorded in the park.) The attractions are

identified by their numbers whose color codes are shown in the leg-

end at the bottom of the figure. We denote “0” (white color) when

we do not know for sure the location of an agent during a given time

interval (i.e., he was not observed at any known attraction during the

interval). We can see that, most of the time, visitors hang out in the

park without checking into any specific attractions.

The trajectory clustering reveals that the main differences between

the two agent types are their temporal behaviors. That is, agent type

6 Precisely, we performed 3-fold cross-validations to ensure a large enough
training/test partition per fold.

1 tends to arrive earlier and has their peak of visiting activities ear-

lier in the day (around 12–1 p.m.), and then (their visit frequency)

sharply drops off. Whereas, agent type 2 tends to arrive much later

and reaches their peak later (at round 3–4 p.m.), and then gradually

declines. If budget is defined as the duration from the time of entry

until the closing time (7 p.m.), then agent type 1 has, on average,

114 minutes more than agent type 2. As a result, we call agent type

1 the “early birds” and agent type 2 the “latecomers”. The two clus-

ters have roughly comparable sizes with cluster 1 being 54.42% and

cluster 2 being 45.58% of the set training S .

7.3 Evaluation

For each cluster in S , we learn the matrices R, V, and Π∗. The test

set T is used to validate the predicted trajectories. For each agent

i ∈ T , let li be i’s final sequence length. We first predict i’s type

using its demographic features and first timestamp via a multinomial

logistic model. Given i’s partial trajectory of length k, we predict i’s
remaining trajectory while varying k ∈ [2, li − 1]. Let s∗i and ŝi be

i’s actual and predicted remaining trajectory, respectively. We use the

Levenshtein edit distance [6] to quantify the similarity between s∗i
and ŝi. Each match receives a fixed positive score and each mismatch

incurs a negative penalty proportional to the distance (in kilometers)

between the two locations.

The following baseline models are used for evaluation:

1. HMM. At each time step, predict agent i’s current state s, generate

an unvisited location based on the state’s multinomial probabilities

ps and repeat until Bi runs out. This is based on [20].

2. Nearest neighbor. At each time step, agent i redeems a remaining

location that is nearest to its current location and repeats until Bi

runs out.

3. Random. At each time step, i redeems a random unvisited loca-

tion and repeats until Bi runs out.
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(a) (b)

Figure 4: (a) Comparison between the estimated reward distribution for each attraction (“attrId”) (top panel) and the empirical visit probability

for each attraction (bottom panel). (b) Similarity measures between the actual and predicted trajectories across different models: Random

(“Rand”), Nearest Neighbor (“NN”), HMM, Value Ratio (“VR”) and Adaptive MDP (“AMDP”).

7.4 Results

Our experimental results are summarized in Fig. 4. In Fig. 4a, the

mean reward per attraction learned from IRL and Eqn. (6) is plot-

ted together with its 95% confidence interval (top panel). The figure

shows that the mean rewards, in general, faithfully reflect their re-

spective empirical probabilities of attraction visit for both agent types

(i.e., their preferences – in the bottom panel).

It is noteworthy to observe in Fig. 4a that agent type 2 has, for

the most part, higher (absolute) immediate reward per attraction (top

panel) than agent type 1. This consequentially differentiates the un-

derlying decision processes employed by the two agent types. Fig. 4b

shows the distributions of the similarity measures (means and vari-

ances – represented by 95% confidence bars) across the models. Each

distribution is computed from the cross-validation while varying the

observed partial trajectory length k ∈ [2, li − 1]. A higher mean

similarity implies a more accurate prediction, on average. These dis-

tributions (in Fig. 4b) are empirically verified to be Gaussian.

For agent type 1, Fig. 4b shows that the Adaptive MDP model

has the most accurate prediction, on average. The Value Ratio and

HMM model both have about the same second best average predic-

tion score. The Random baseline model has the least accurate average

prediction, which is quite reasonable, followed by the Nearest Neigh-

bor model. For agent type 2, the figure shows that the Adaptive MDP

model performs marginally worse than the Value Ratio model, even

though it still fares much better than the other baselines. In other

words, the Value Ratio model makes the most accurate prediction,

on average, for this group of agents. This is a remarkable result that

warrants further discussion.

7.5 Discussion

From trajectory clustering, we have discovered that agent type 1 are

the early birds and agent type 2 are the latecomers. From the per-

spective of modeling, agent type 1 has a much larger budget (by 114
minutes, on average) than agent type 2. Larger budget means more

flexibility, more foresight and better long-term planning, which is

what the Adaptive MDP model reflects: it embodies the long-term

optimal policy of the corresponding reinforcement learning model.

This indeed performs better than other short-sighted baselines.

On the other hand, a smaller budget, which agent type 2 has, trans-

lates into less flexibility and less time for careful planning, which ul-

timately results in more myopic and suboptimal decisions (i.e., re-

sorting to greedy strategies). This is reflected in the experimental

results, where the greedy and myopic Value Ratio model performs

the best for agent type 2 (even though just marginally better than the

Adaptive MDP). This myopic decision-making corroborates with the

observations in Fig. 4a, where most of agent type 2’s immediate re-

wards are larger (in absolute terms) than agent type 1’s such that it

sees less values in delayed (future) rewards and finds more incentives

to act greedily [24]. This is also evidenced in Fig. 1, where type 2 has

a much stronger tendency to visit attractions that are nearby to one

another (i.e., maximizing the value ratio) than type 1.

8 Conclusion

In this paper, we address the problem of trajectory prediction using

reinforcement learning to model the agent’s sequential decisions. By

doing so, we have discovered from real-world trajectories how peo-

ple make decisions: they make more optimal decisions when given

enough time to do so. This is perhaps not surprising in retrospect,

because it is reasonable that foresighted decisions and careful plans

need time to coordinate, while myopic ones do not (as only the imme-

diate rewards are considered). On the other hand, this also validates

our framework’s ability to model real-world behaviors by finding out

what makes reasonable sense in real life.

Our main shortcoming here is the simplistic handling of the bud-

get constraint. We would like to see if handling it in more sophisti-

cated ways would improve predictions. For example, for foresighted

agents, we would like to experiment with decision models other than

MDP in our future work. One of which is the adaptive stochastic

knapsack [13], which it is similar to a traditional knapsack model ex-
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cept for the sequential decisions and stochastic reward of each item.

Another shortcoming of this work is the simplistic Value Ratio model

for myopic decision-making (type 2), which yields just slightly bet-

ter prediction than the Adaptive MDP for agent type 2. Hence, for

myopic agents, a more sophisticated decision model may be desir-

able to better model and predict their behaviors. One of such model

for sequential decisions has been proposed in the operations research

literature [23]. This is also worth investigating in the future work.
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Abstract. Person re-identification, aiming to identify images of the

same person from various cameras views in different places, has at-

tracted a lot of research interests in the field of artificial intelligence

and multimedia. As one of its popular research directions, the metric

learning method plays an important role for seeking a proper metric

space to generate accurate feature comparison. However, the exist-

ing metric learning methods mainly aim to learn an optimal distance

metric function through a single metric, making them difficult to con-

sider multiple similar relationships between the samples. To solve

this problem, this paper proposes a coarse-to-fine deep metric learn-

ing method equipped with multiple different Stacked Auto-Encoder

(SAE) networks and classification networks. In the perspective of the

human’s visual mechanism, the multiple different levels of deep neu-

ral networks simulate the information processing of the brain’s visual

system, which employs different patterns to recognize the character

of objects. In addition, a weighted assignment mechanism is present-

ed to handle the different measure manners for final recognition ac-

curacy. The experimental results conducted on two public datasets,

i.e., VIPeR and CUHK have shown the prospective performance of

the proposed method.

1 Introduction
Person re-identification aims to judge whether two persons which

come from different cameras views belong to the same person. Ow-

ing to its significance in tracking the escape route of suspects and

daily life, it has been widely used in the criminal investigation and

artificial intelligence [2]. Over the past decade, a large number of per-

son re-identification methods have been proposed in the literatures

[20, 1, 25, 23, 26, 19, 22, 16] and most of them have achieved satis-

fying performance. However, it is still a challenging problem because

of various surveillance conditions, such as, view switching, lighting

variations and image scaling (see Figure 1). Previous research on per-

son re-identification can be generally classified into two categories:

feature representation [25, 23, 13] and metric learning [26, 20, 9]. S-

ince lighting and view changes can cause significant appearance vari-

ations, designing a set of discriminative and robust features is still a

challenging problem [26, 21]. In order to boost the performance of

person re-identification, increasing number of researches are devot-
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Figure 1. The examples of aspects changes caused by different views,
lighting conditions, scaling variations from public datasets CUHK [14],

VIPeR [8], respectively. Each column shows two images of the same person
from two different cameras.

ed to learn a proper distance function to compare two person image

features [21, 11].

Most of the existing work focus on either feature representation

or metric learning step, lacking a global consideration of above two

steps. It is crucial to build an automatic connection among these com-

ponents in the training process for the overall system performance.

More recently, deep learning, which is based on an end-to-end net-

work, has been presented to solve the problem in a unified frame-

work. It has attracted a lot of research interests for its superb perfor-

mance in person re-identification and other visual tasks [11, 10].

Generally speaking, deep learning aims to learn features and met-

rics in a unified hierarchical framework directly from raw data. It

has also been used in metric learning [11, 24, 1]. Unlike most pre-

vious metric learning methods which usually seek a linear distance

to project samples into another linear space, the deep metric learning

methods try to compute the similarities of samples via multiple lay-

er nonlinear transformations. However, most of them just try to seek

a simplex manner to measure the similarities of the persons. Such

a simplicity of the metric manner may cause the problem that other

similarities relationship of samples cannot be well exploited. Figure

2 is a particular example, where the persons in the two pictures are

similar in shape contour and clothes, but they are not the same one in

fact. Therefore, the single metric learning methods may lose helpful

discriminative information for similarity comparison.

To relieve the problems with these limitations, we propose a

method with multiple coarse-to-fine SAE models (SAE networks and

classification networks) for deep metric learning. In our algorithm,

there exist several SAEs neural networks with different hidden lay-

ers for multi-scale metric learning and the similarities of multiple
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Distance(color)

Distance(contour)
Similar

Figure 2. Examples of dissimilar pairs. From this figure, we can see that
the persons in the same column are similar in color and contour. In fact, they
are not the same person. So the important information that judges whether

the samples belong to the same object may be lost via a single metric
manner.

levels for person image pairs are obtained via different deep neural

networks in a coarse-to-fine manner. Generally speaking, we judge

two persons which are the same one or not just via the physical char-

acteristic at first glance. Then the facial features and clothes can be

compared. At last, more details will be observed for final validation.

This process is the information handling of our visual system. In our

work, there are different deep neural networks for metric learning

and it includes many neural nodes for each network which simulates

the neuron of brain. There are fewer nodes in shallow neural network

and vice versa. These architectures are similar to the structure of the

brain in the view of bionics. In this way, we can simulate the infor-

mation processing of the brain’s visual system, which employs mul-

tiple different levels to recognize the character of objects. Besides, a

weighted assignment mechanism is presented to handle these results

which are from different SAEs networks.

The contribution of this paper can be summarized into two aspects:

Firstly, we propose a framework of multiple different SAEs net-

works and classification networks for metric learning to measure the

similarities of the samples from coarse-to-fine.

Secondly, a weighted assignment mechanism is presented for in-

tegrating the results that come from previous different deep neural

networks. The information processing mechanism of brain is simu-

lated via this coarse-to-fine manner. Experimental results validate the

effectiveness on two public person re-identification datasets.

2 Our Approach

2.1 Preliminaries

2.1.1 Person Re-identification Problem

As mentioned above, the purpose of person re-identification is to

match the pedestrians observed in non-overlapping cameras via var-

ious visual methods. In other way, this problem can also be seen as a

binary classification problem. For the convenience of following dis-

cussion, in our work, we consider a pair of cameras which are denot-

ed as Ca and Cb, respectively. The persons in each camera are ex-

pressed as {pa = p1a, p
2
a, ..., p

n
a} and {pb = p1b , p

2
b , ..., p

m
b }. The n

and m denote the numbers of the person in each camera view. Let the

label y = 1 if two pedestrian images (pia, p
i
b) are matched, and y=0,

otherwise. So a pair of person image is the object that we should con-

sider in this paper. P I
ab is the combination of two persons that from

different cameras views, respectively.

2.1.2 The Basic Auto-Encoders

We recall the basic principles of the auto-encoder models, e.g, [3].

The classical auto-encoder tries to learn a function hW,b(x) ≈ x. In

other words, the algorithm is trying to learn an approximation to the

identify function, so as to the output x̂ that is similar to the input x. It

is divided into two processes, that is “encoding” and “decoding”. In

the former, it is using a deterministic function of h = fθ = σ(Wx+
b) with parameters θ = {W, b}. And in the process of decoding, it is

used to reconstruct the input by a reverse mapping of f: h
′
= fθ′ =

σ(W
′
h+b

′
) with θ

′
= {W ′

, b
′}. The two parameter sets are usually

constrained to be of the form W
′
= WT , using the same weights

for encoding the input and the latent representation yi. A common

method to train the model is the famous Back-Propagation Algorithm

[18]. The cost function is described as below. For example, we just

have a set of training samples: {(x(1), y(1)), ..., (x(m), y(m))}. And

the cost function for one training case is described as following.

J(W, b;x, y) =
1

2
||hW,b(x)− y||2 (1)

In addition, cost function for the whole training set is described as

formula (2).

J(W, b) =
1

m

m∑
i=1

J(W, b;x, y) +
λ

2

nl−1∑
l=1

sl∑
i=1

sl+1∑
j=1

(W
(l)
ij )2 (2)

In order to train the model, we just need to minimize J(W, b). The

process of training is not belong to this range.

2.2 Multiple Coarse-to-Fine Deep Metric Learning
The architecture of the multi-scale learning method is shown in Fig-

ure 3. It includes four layers to get the coarse-to-fine deep metric

learning for person re-identification. The first layer is the monitored

person images that come from two different camera views. We ran-

domly combine the two person images together to form the original

input for the second layer. Then the pretreatment is executed via sub-

tracting the mean values and normalization for each sample pair. The

images are transformed into gray images and the input of the SAE

networks is formed. Then a softmax classifier is followed by each

of the stacked auto-encoder to get a classification result. At last, we

have utilized a weighted assignment mechanism to handle the clas-

sification results obtained from the former layer. And the multiple

deep metric learning framework includes two networks: the SAEs

network and classification network. The detail of each layer is de-

scribed as below.

There are several different SAE models for metric learning in our

algorithm. For each auto-encoder network, it has three layers: the

input layer, hidden layer and the output layer. In many previous work,

the auto-encoder networks were used for feature representation [17].

In this work, we have used it for metric learning. In details, each of

the SAE network is following by a softmax classifier (See Figure 3).

Each of them is trained via the back-propagation algorithm.

From Figure 3. we can see that the input of auto-encoder networks

is the person image pairs, which is reprocessed before being input

into the deep neural networks. The network parameters are trained

from the first hidden layer. And the output of the first hidden layer

is calculated via the parameters that were trained before. The output

for the next hidden layers is counted through the same way. After

that, the last hidden layer is followed by a softmax classifier. The

output of the last hidden layer is used to train parameters for the
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Figure 3. The Multiple Coarse-to-Fine Deep Metric Learning Framework. From left to right, there are four layers structured for last classification. For the
first layer, we randomly select the two person images which come from different camera views. And the second, the combined image pairs are obtained from

the previous layer that transformed into gray images. Then they are subtracted to the mean values and normalized into [0,1]. The coarse-to-fine SAEs structure
is following in the third layer. This layer includes several SAEs which equipped with a softmax classifier. In other word, The whole network is composed of

SAEs networks and classification networks. The parameter θ={W, b}(W is the weight, and b is bias.) is to be trained. The output of the softmax classifier is the
probability that the sample pair belongs to a certain class. And the weighted assignment mechanism is used for handle the classification results for the last layer.

softmax classifier. The cost function for the softmax classifier is de-

scribed as formula (3). For example, considering the training set is

{(x(1), y(2)), ..., (x(m), y(m))}. The m denotes the numbers of sam-

ples and x(i) represents the feature that is the output of the last hidden

layer in this work. The yi is the classification label for each sample.

J(θ) = − 1

m
[

m∑
i=1

k∑
j=1

1{y(i) = j} log eθ
T
j x(i)∑k

l=1
eθ

T
l
x(i)

] (3)

In order to train the model, we just need to calculate the J(θ). The

gradient decent method is used in the algorithm. And k is 2 for the

person re-identification problem. The last result is classified into two

classes.

In our model, there are several kinds of SAE networks and each

of them has different configurations. So we can capture different lev-

els metric results for each sample pair. A coarse metric learning is

implemented via the shallow network and vice versa. So the coarse-

to-fine metric manner is formed in this way. In our work, a pair of

person images is generated to form the input of the SAE network-

s. But the final output is the probability that a person belongs to a

class. Therefore, we can get multiple different results. These classi-

fied results are the sources that we can obtain the final recognition

accuracy. And then handling these classified results is described as

the following section.

2.3 Joint Learning for Weighted Assignment
As mentioned above, there are several kinds of SAE models for the

persons binary classification. The output of each softmax classifier is

a probability that the person pair belongs to a certain class. And the

probability values that we can obtain are diversified. How to handle

these results is remained to settle. In this work, we have utilized the

weighted assignment mechanism to solve this problem. In our work,

there are several SAE models for metric learning and the multiple

similarities are generated via these networks. As the characteristic

capability of each metric is different. So the weighted assignment

mechanism is presented to get the final result. And the process of

jointing is described in Figure 4.

SAEs SAEs

SAEs

Deep Neural Network Model SAEs

Weight Factor

=

=

(y=0|x)

(y=1|x)

Results

Figure 4. The process of the weights assignment mechanism. In our work,
there are three kinds of SAE models for pedestrians classification. The
weight factor λi is made via joining the deep networks. This process

includes three parts: the first one is the process of these SAE models joint
learning for three kinds of networks. The parameter θ={W,b} should be

trained. Then the weight factor is assigned for each SAE model. At last, the
final result is gotten via the operation of weight assignment.

In details, the output of the softmax classifier is two classes rep-

resented by the probabilities. From Figure 3, we assume that there

are three kinds of SAE models to classify for the person pair. The

notations P (y = 1|x) and P (y = 0|x) denote the probabilities that

the sample pair x belongs to the certain class. If the person pair is

matched, the label y = 1, and y = 0 otherwise. Generally speak-

ing, the two samples are similar, the other aspects of them are similar
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too. We try to consider multiple aspects of the samples for judging

whether they belong to the same object. For the person images pair

(pia, p
i
b), the probability they matched is P i

ab (P i
ab is from the i-th

SAE model. See Figure 3.). The weights assignment mechanism for

each probability matrix distribution is represented as formula (4). Af-

ter that, we reset the probabilities to get the last recognition result.

Algorithm 1 Weighted Assignment For Similar Probability

Input: N labeled a set of training samples (P i
ab, yi) where P i

ab is the

combination of two pedestrian images and yi ∈ {1,−1} denotes

whether the two person belong to the same one.

A distribution over all the training samples: D1(i) = 1/N for

i=1,...,N.

for t=1,...,K:

- Find the best localized feature λt for the current distribution

Dt.

- Calculate the edge γt
γt =

∑N

i=1
Dt(i)h(xi)yi

- If γt < 0 break

- Set αt =
1
2
ln 1+γt

1−γt

- Set Dt+1(i) =
1
Zt

Dt+1exp(−αth(xi)yi), where zt is a nor-

malizing factor

- Add αt, λt to the joint.

Output: The weight factor λ.

We assign different weights to each of the classification result to

get a better representation. Generally, for the task of deep neural net-

works, more hidden layers lead to greater weights as well as better

robust results. And the weights will be higher. In fact, these weights

are learnt like the process in [6]: AdaBoost is adaptive in the sense

that subsequent weak learners are tweaked in favor of those instances

misclassified by previous classifiers. Our approach is quite similar in

these respects, however our object is domain specific (i.e. only ap-

plicable to comparing which class the pedestrian belongs to). The

proposed probability assignment is a weighted ensemble of likeli-

hood ratio tests, made by the Algorithm 1, a brief review of which

that can be found below.

In training the weights are iteratively updated. The training set

is T = {P 1
ab, P

2
ab, ..., P

N
ab}. Initializing the weight distribution of

training data is representing like formula (4). And Dt(x) is the prob-

ability matrix which means the distribution for the combination of

two persons. λt is the weight factor.

D1 = (λ1,1, .., λ1,i, .., λ1,N ) s.t. λ1 =
1

N
, i = 1, 2, ..., N.

(4)

In algorithm 1, the h(xi) is week classifier, x → {−1,+1}. The

error of the update is γt and it generates in formula (5).

γt = P ((xi) = yi) =

N∑
k

λtiI(h(xi) = yi) (5)

The coefficient of h(xi) is calculated in formula (6)

αt =
1

2
ln

1 + γt
1− γt

(6)

The update of weight of probability distribution is representing in

formula (7) (8).(t denotes the numbers of iteration.)

Dt+1 = (λt+1,1, λt+1,2, ..., λt+1,N ) (7)

λt+1,i =
λti

Zt
exp(−αth(xi)yi) (8)

Zt is a normalized factor and represents in formula (9). It makes the

Dt+1 become a probability distribution.

Zm =

N∑
1

λtiexp(−αtyih(xi)) (9)

In algorithm 1, there are several iterations for the joint learning.

The similarity probability is searched for the best weights w.r.t the

current distribution and made the joint. And the weight for each prob-

ability matrix (i.e. the output of each SAE model) is assigned as for-

mula (10). N denotes the numbers of the SAE model. It is 3 in our

work.

f(x) =

N∑
t=1

λtDt(x) (10)

3 Experimental Results
In this section, we evaluate our multiple coarse-to-fine deep metric

learning algorithm on two person re-identification benchmarks: the

VIPeR and CUHK. For each dataset, we would give out the experi-

ment result and compare with other previous methods. The detailed

experimentation is described as following. We introduce the coarse-

to-fine metric learning method from three aspects. i.e. the physical

character, profile feature and facial feature. So there are three SAE

models simulating the human’s visual system. Besides, we imple-

ment our algorithm using the Andrew Ng’s deep learning framework

and write the code for our own architecture. It is time-consuming for

roughly 6 days for the deepest network on high-performance com-

puting platform.

3.1 The Datasets
The widely used VIPeR dataset is collected by Gray and Tao [8] and

contains 1264 outdoor images obtained from two views of 632 per-

sons. Each pair is made up of images of the same person from two

different cameras, under different viewpoints, poses and light con-

ditions, respectively. All images are normalized to 128 × 48 pixels.

Views changes are the matched image pairs containing a viewpoint

change of 90 degree.

The CUHK02 Campus dataset [14] contains 1816 persons and five

pairs of camera views (P1-P5, ten camera views). They have 971,

306, 107, 193 and 239 persons respectively. Each person has two

images in each camera view. This dataset is used to evaluate the per-

formance when camera views in test are different than those in train-

ing. In our experiment, we choose view pair P1 for evaluation. And

this view includes 971 subjects, 1942 images. Each subjects has two

images from 2 camera views. And the instances in the two datasets

could be seen as Figures.5.

3.2 Experimental Methods
Evaluation Protocol. Re-identification models are commonly evalu-

ated by the cumulative match characteristic (CMC) curve. This mea-

sure indicates how the matching performance of the algorithm im-

proves as the number of returned image increases. Given an algorith-

m and a test set of images of people with labels, each image in the

test set is compared against the remaining images under the given

algorithmic model and the position of the correct match is recorded.
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Figure 5. Some typical samples of the two public dataset. And each column shows two images of the same person from two different cameras with
significant changes on view point and illumination condition. (a) VIPeR dataset contains significant difference between different views. (b) CUHK is similar to

VIPeR, but more challenge as it contains more person pairs.

The CMC curve indicates for each rank the fraction of test samples

which had that rank or better. A perfect CMC curve would reach the

value 1 for rank 1. Specifically, let P = {p1, ..., p|P |} be a probe

set, where |P | is the size of P. And G = {g1, ..., gn} a gallery set.

For each probe images pi ∈ P , all gallery images gi ∈ G are ranked

by comparing the distance between pi and gi in ascending order. The

image of the same person pi in the gallery set is denoted as gpi . And

the index of which in the sorted gallery is denoted as r(gpi). The

CMC value of rank k is defined as formula (5)

CMCk =

∑|P |
i=1

1(r(gpi) ≤ k)

|P | (11)

where 1(•) is the indicator function.

Data Augmentation. In the training set, the matched sample pairs

(positive samples) are several orders fewer than non-matched pairs

(negative samples). If they are directly used to train the deep net-

work, the model tends to predict all the inputs as being non-matched.

The easiest and most common method to solve this problem is to ar-

tificially enlarge the positive samples and randomly reduce the neg-

ative samples using label-preserving transformations [4, 5]. In our

work, we exploited data augmentation by extracting random patches

from the previous image pairs like [12]. For example, in the VIPeR

dataset, the resolution of the combined image pairs is 128 ∗ 96, and

we chose the size of each patch is 112 ∗ 84. For the CUHK dataset,

the original resolution for each image is 160 ∗ 60. We tried to shrink

the images into 128 ∗ 48 first. After that, the compound mode of the

person images is similar with VIPeR dataset. Then, we shrank the

combined image into 112 ∗ 84 for each negative sample pair. So the

positive and negative samples pairs can be balanced via this way.

Training Platform and Training Strategy. We test the run time

of the process after feedback selection. The networks are trained on

the High-Performance Computing platform (HPC), which is com-

posed of Dawning Cluster, HP Cluster, HP SMP Mainframe, GPU

Cluster and Stroage System. And our algorithm is trained on the

Dawning Cluster, which includes 93 computing nodes, 6 I/O nodes,

2 management nodes. For each node, there are 2 CPU with 12 cores

with 2.2 GHz and the memory is 128 GB. It takes about 6 days to

train the deepest network for CUHK. In addition, as the training and

testing samples take up too much memory, our training algorithm

adopts the mini-batch stochastic gradient descent proposed in [7].

The training data is divided into several mini-batches. And training

errors are calculated upon each mini-batch in the softmax layer and

get Back-Propagation to the lower layers.

3.3 Experimental Results on VIPeR Dataset

In the first experiment, we evaluated our algorithm on the VIPeR

dataset. We exploited 316 person image pairs for training and 316

person image pairs for testing. Similar to [12] positive and negative

sample pairs were balanced in the procedure. It means that the di-

mension of the feature of each image pair was 9408 (112*84). Then,

the feature acted as the input of the SAE networks. Besides, each

sample belongs to a certain class. As described above, if the image

pair is matched. The label is y = 1 and y = 0, otherwise.

In our multiple SAE models, there were three kinds of deep net-

works. The hidden layers were set 2, 3 and 4 for these SAE net-

works, respectively. And the hidden units of each network were set

1000, correspondingly. In addition, for the single auto-encoder net-

work, the numbers of units for each hidden layer were the same.

We exploited the SAE-K(The K denotes the numbers of the hid-

den layers.) to represent the configuration of each SAE network. In

the training phase, the input of the SAE network was 9408*100000

(we randomly selected 100000 samples which included positive and

negative ones for training). There was a label for each one. At last,

the output of the deep network was following by a softmax classifier.

There were about 400 iterations for training the network architec-

ture. In the testing phase, we exploited 316 samples pairs for pre-

dicting the accuracy. Three kinds of probability matrix were generat-

ed by three kinds of SAE networks. Then, the weighted assignment

mechanism was used for making the final decision. After that, the

probability was transformed into the recognition accuracy. The final

performance would be confirmed through this way. After training an

auto-encoder network, we would like to visualize the weights (filter-

s) that learned by the algorithm and try to understand what has been

learnt. Figure 6 shows some filers learned by the first hidden layer

of our network. The filters of network have different texture patterns,

which mean that they capture the information in a unified manner.

The experiment results and all the Cumulative Matching Charac-

teristic (CMC) curves are shown in Figure 7. It shows not only the

3 results for 3 different networks, but also the combined results af-

ter balancing the similarities. From the figure, we conclude that the

matching results of the 3 networks are different, and each of them is

low. The CMC(1) for single SAE network is not very high. And the

more hidden layers of the network, the higher of the recognition ac-
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Figure 6. Visualization of Features: Visualization of some filters learned
by a single auto-encoder network trained on VIPeR. The weights (called

filters) of the first hidden layer for the auto-encoder network can be
visualized.
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Figure 7. The recognition accuracies for different SAE models in VIPeR.
The SAE-K denotes different hidden layers for the deep networks.

curacy for CMC(1). For the SAE-3, the accuracy is better than SAE-

2. After exploiting the weighted assignment mechanism, the holistic

recognition accuracy would be better than the single one and this

phenomenon is consistent with our intuition.

As it is a classification problem in our work. There would be a

final holistic accuracy for each SAE network and the classification

network. For the test samples, each of them has a label which indi-

cates the ground truth. It is a sign that was predicted by the softmax

classifier. There are positive and negative samples in the test datasets.

The holistic classification accuracy can manifest the performance of

the model. The performances of the three deep models (SAE network

and classification network) are shown in Figure 8. The accuracy in-

dicates the correct classification for each test sample. If the accuracy

is higher, the model is better to train. From the figure, the results are

consistent with the CMC curves in Figure 7. The CMC(1) for SAE-4

is lower than SAE-2 in the figure. We think that there may exist too

many connections and associated parameters between the adjacent

layers in SAE-4. And they are difficult to tailor the performance.

Comparing with other metric learning methods, our algorithm has

gotten the best recognition rate in CMC(1). The results can be seen as

in Table 1. We compared with other six metric learning algorithms.

The top two rows are the conventional metric learning methods. And

the next four are the deep metric learning algorithms. We can see that

our method enjoys the highest accuracy in CMC(1). When rank=10,

our result is not very competitive. We guess that the results of the

rank 10 may be led by the structure of SAE-4 which involves more

hidden layers and associated parameters. Because the parameters are

Figure 8. The overall classification performance in VIPeR for each deep
model. Acc means the accuracy. From this figure, we can see that the

coarse-to-fine classification mode is just like the character of the human
brain which has many different levels of visual way. The SAE-K denotes the

configurations of the SAEs.

Figure 9. Some filters are learned on the CUHK.

over-fitting and the single result lower the holistic rank performance.

Table 1. Comparative results with the other metric learning algorithms on
VIPeR.

Methods Deep or Not r=1 r=10
KISSME Not 19.6% 62.2%
LMNN Not 19.0% 58.1%

DML [24] Yes 28.23% 73.45%
DDML [10] Yes 29.56% 61.71%
DTML [11] Yes 32.12% 65.92%

DCA [1] Yes 34.81% 76.25%
Ours Yes 41.77% 66.92%

3.4 Experimental Results on CUHK Dataset
In the second experiment, we evaluated our method on the CUHK

dataset. The resolution of CUHK Campus is 60× 160. Before train-

ing, we scaled them to 48× 128 first. This dataset included 970 per-

sons, which was divided into 485 for training and 485 for testing.

They were also randomly selected. For each person image, we also

preprocessed it like the VIPeR dataset. And the compound mode for

each person image was the same as the first experiment. Some of

filters learning from the first hidden layer show in Figure 9. In this

experiment, there were also three kinds of deep neural networks to

train. The architectures of the SAE networks were set via the same

way like the previous one. In the training phase, we preprocessed the

combined image pairs like the way in the VIPeR dataset. And the size

for the input sample was also 9408(112*84). It was a label for each
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Figure 10. The recognition accuracies for different SAE networks in
CUHK. The symbols denote the similar meaning like Figure 6.

Figure 11. The overall classification performance in CUHK for each SAE
network. The meaning of each notation in the figure is the same as in VIPeR.

one. The hidden layers for each SAE networks were set 2, 3 and 4,

respectively. And the hidden units of each deep neural network were

set 800, correspondingly. There were about 300 iterations for training

the network architecture. At last, each of the auto-encoder networks

was following by a softmax classifier. And the fine tuning was exe-

cuted for the whole model via the back-Propagation algorithm. The

output for each softmax classifier was the probability that a pair be-

longs to a certain class. A final accuracy was obtained via handling

these probabilities. The recognition result can be seen as Figure 10.

Table 2. Comparative results with other metric learning algorithms on
CUHK.

Methods Deep or Not r=1 r=10
KISSME Not 29.40% 60.22%
LMNN Not 21.17% 57.53%

FPNN [15] Yes 27.87% 81.07%
DML [24] Yes 16.17% 45.82%

Ours Yes 47.42% 83.29%

From Figure 10, we can see that the single deep neural network

for recognition performance is not very high. But the result is en-

hanced via exploiting the weighted assignment mechanism. This is
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Figure 12. The different joint learning strategies on VIPeR. The weight
assignment is better than average strategy.

in accordance with our intuition. The multi-scale metric learning is

better than the single measure manner. The reason may be the same

as the first experiment. And the result is not very precise. The holistic

performance in this dataset is shown in Figure 11.

Comparing with other deep metric learning methods, our algorith-

m get the competitive result on the same dataset. The comparative

results can be seen as Table 2. From it, we can see that our algorithm

get the best accuracy comparing with other methods in CMC(1) and

CMC(10). In addition, our model is simpler than other deep models

for its architecture and training process comparing with [15, 1, 24].

Because they get involved into the structure modification, which take

more time to train the deep networks. In our work, the deep models

are just used to classification and the the results are joining together

to get the final result. The time complexity and space complexity are

simpler comparing with previous methods.

3.5 Performance Verification on Joint Learning
Strategies

In this section, we would compare the joint strategies for our previ-

ous experiments. Firstly, we exploited the average similarity strategy

as the joint learning on the two common datasets. Comparing with

the different strategies, the experiment result can be seen as Figure

as 12. From the figure, we can see that the performance of weights

assignment mechanism is better than average. In CUHK dateset, the

performance for compared strategy is also different. The results can

be seen as Figure 13. In fact, the average similarity strategy is the

special case for the weights assignment mechanism. As the architec-

ture of the neural network is different, the degree of contribution for

recognition accuracy is also different. So there are different weight

factor and the joint strategy is very important for the final result.

4 Conclusions and Future Work

In this work, we have presented a method which utilizes mul-

tiple coarse-to-fine auto-encoder models to address person re-

identification problem under varied environmental changes. In our

algorithm, we have trained several different SAE networks, with each

followed by a softmax classifier. So that the brain’s visual cortex can

be simulated by our established deep neural networks with different
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Figure 13. The different joint learning strategies on CUHK.

hidden layers. The preprocessed person image pairs via subtracting

the mean value are used for network input and a couple of classifica-

tion results are then produced. Finally, a weighted assignment mech-

anism is further used to boost recognition accuracy for the obtained

classification results. Extensive experimental results on two public

datasets have shown the superiority of our algorithm. Our established

multiple coarse-to-fine deep metric learning approach can be extend-

ed to other visual applications, such as images classification, object

detection and so on.
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How Hard Is Bribery with Distance Restrictions?
Yongjie Yang1,2 and Yash Raj Shrestha3 and Jiong Guo1

Abstract. We study the complexity of the bribery problem with

distance restrictions. In particular, in the bribery problem, we are

given an election and a distinguished candidate p, and are asked

whether we can make p win/not win the election by bribing at most

k voters to recast their votes. In the bribery problem with distance

restrictions, we require that the votes recast by the bribed voters are

close to their original votes. To measure the closeness between two

votes, we adopt the prevalent Kendall-Tau distance and the Hamming

distance. We achieve a wide range of complexity results for this

problem under a variety of voting correspondences, including the

Borda, Condorcet, Copelandα for every 0 ≤ α ≤ 1 and Maximin.

1 Introduction
Voting is a common method for preference aggregation and

collective decision-making, and has applications in many areas such

as political elections, multi-agent systems, web spam reduction and

pattern recognition [14, 15, 32, 37]. In real-world applications, there

exist many potential factors that may affect the result of voting.

For instance, a strategic individual may alter some of the already

submitted votes, or the votes that the voters intend to submit. An

example of scenario is when a candidate attempts to change the

preferences of voters by running a campaign, or in more extreme

cases where this strategy involves paying voters to change their

votes, or bribing election officials to get access to already submitted

votes in order to modify them. A prominent method to address

such issues concerning strategic behavior is to use complexity as a

barrier [23, 31, 39]. The key point is that if it is computationally

difficult for the strategic individual to figure out how to successfully

change the result, he may refrain from attacking the voting.

In this paper, we study a voting model in which an external agent

attempts in switching the voters’ preferences in order to make a

distinguished candidate win the election (constructive), or lose the

election (destructive). The external agent’s capacity is bounded by a

budget constraint. We observe that, while the voter is willing to recast

a new vote persuaded by an external agent, he may nevertheless

prefer to submit a preference that deviates as little as possible from

his true preference. Indeed, if voting is public, he may be worried

that switching his preference completely may harm his reputation,

yet he will not be caught out if his final preference is sufficiently

similar to his true preference. We call this model distance restricted
bribery. To quantify the amount of deviation of the new recast

vote and the original vote of a bribed voter, we use two distance
measures. Particularly, we consider what are arguably the most

prominent distances on votes, namely, the Hamming distance (see,

e.g., [8, 16, 34, 35, 40] for discussions of Hamming distance in

1 Shandong University, Jinan, China, email:jguo@sdu.edu.cn
2 Saarland University, Germany, email:yyongjie@mmci.uni-saarland.de
3 ETH Zürich, Zürich, Switzerland, email:yshrestha@ethz.ch

the context of voting) and Kendall-Tau distance (KT-distance for

short. See [2, 5, 6, 9] for further discussions). The definitions of

these two distances are in Section 2. We study the complexity of

the voting model for various voting systems, including the Borda,

Condorcet, Maximin and Copelandα. We obtain a broad range of

results showing that the complexity of bribery depends closely on the

settings. A primary conclusion from our results is that the distance

restricted bribery problem remains NP-hard for some voting systems

even when the distance is bounded by a very small constant. On

the other hand, there exist voting systems for which the distance

restricted bribery problem is polynomial-time solvable, when the

distance is bounded by 1 or 2, and voting systems for which

the distance restricted bribery problem is polynomial-time solvable

regardless of the values of the distance bound. In particular, we

achieve several dichotomy results with respect to the values of

the distance bound. For instance, for Condorcet, the constructive

restricted bribery problem with KT-distance restriction is polynomial

time solvable if the distance is bounded by at most 2; and NP-hard

otherwise. See Table 1 for further details on our results. Due to space

limitation, several proofs are deferred to a full version of the paper.

Our model is closely related to the bribery problem which has

been widely studied in computational social choice. Faliszewski,

Hemaspaandra and Hemaspaandra [22] introduced the bribery
problem, where one is to decide whether a distinguished candidate

can become a winner (constructive) or be prevented from being

a winner (destructive) by recasting at most R (a given integer)

votes. Clearly, the bribery problem studied in [22] can be considered

as a distance restricted bribery problem with the distance bound

being considerably large (depends on which distance concept we

adopt). The complexity of the bribery problem proposed in [22]

has been extensively studied in the literature for various voting

systems. In particular, it is known that, for Borda and Condorcet,

the constructive bribery problem is NP-hard, while the destructive

counterpart turned out to be polynomial-time solvable [11, 24].

For Maximin and Copelandα, both the constructive and the

destructive bribery problems are NP-hard [24, 26]. Our study

clearly complements these complexity results. Of particular interest

is that our study shed significant light on the complexity border

between polynomial-time solvability and NP-hardness of the bribery

problem, with respect to the distance bound. Recently, exploring the

complexity border for various strategic voting problems, with respect

to diverse structural parameters, has received a considerable amount

of attention of researchers from both theoretical computer science

and computational social choice communities [10, 18, 25, 43, 44, 45,

46]. The reason is that in many real-world applications, the votes of

the voters are subject to some natural combinatorial restrictions.

Our model is also related to some other variants of the

bribery problem. In [22], the authors also considered the $bribery

version where each voter has a price to change his vote. Later,
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General Kendall-Tau distance Hamming distance

Const Dest Const (�) Dest (�) Const (�) Dest (�)
1 2 3 ≥ 4 1 ≥ 2 3 ≥ 4 2 2 ≥ 3

Borda NP-h♦ P P NP-h (Thm. 2) P P P P P P

Condorcet NP-h♣ P♣ P P NP-h (Thm. 4) P P P P NP-h (Thm. 10) P P

Copelandα

NP-h♥ NP-h♥ NP-h (Thm. 5)
NP-h (Thm. 5)

NP-h (Thm. 9)
0 ≤ α ≤ 1 UNI: � ≥ 5

Maximin NP-h♣ NP-h♣ NP-h (Thm. 7) P NP-h NP-h (Thm. 11)

Table 1. A summary of the complexity of the bribery problems. Here, the general case refers to the bribery problem studied in [22]. In the table, “Const”
stands for “Constructive” and “Dest” stands for “Destructive”. Moreover, “	” is the distance upper bound. Furthermore, “P” stands for “polynomial-time

solvable” and “NP-h” stands for “NP-hard”. Unless stated otherwise, all results shown in this table apply to both the unique-winner model and the
nonunique-winner model. The complexity of the problems whose distance bound 	 is not shown in the table remains open. The polynomial-time solvability

results for the Kendall-Tau distance restriction are from Theorem 1, and the polynomial-time solvability results for the Hamming distance restriction are from
Theorem 8. The result marked by ♦ is from [11], by ♣ from [24], and by ♥ from [26].

Faliszewski [21] proposed a new notion of bribery, called nonuniform
bribery, where a voter’s price may depend on the nature of changes

he is asked to implement. A similar notion called microbribery was

considered in [26]. Elkind, Faliszewski and Slinko [17] introduced

the framework of swap bribery where the briber can ask a voter

to perform a sequence of swaps; each swap changes the relative

order of two candidates that are currently adjacent in this voter’s

preference list. Moreover, each swap may have a different price;

and the price of a bribery is the sum of the prices of all swaps

that it involves. In the same paper [17], the authors also studied the

shift bribery problem, which is a restricted variant of swap bribery.

In particular, in the shift bribery problem, only swaps involving

the distinguished candidate are allowed. Recently, Pini, Rossi and

Venable [42] investigated the complexity of bribery in voting with

soft constraints, where each candidate is an element of the Cartesian

product of the domains of some variables, and voters express their

preferences over the candidates via soft constraints. Mattei et al. [38]

studied the complexity of bribery in CP-nets.

In addition, our study is related to Obraztsova and Elkind’s

work [41] where a manipulator aims to make a distinguished

candidate win or lose the election by casting an untruthful vote. Here,

the untruthful vote should be as close as possible to the truthful vote

of the manipulator. They examined this problem for several voting

systems with the adoption of three prominent distances, namely, the

KT-distance, the footrule distance, and the maximum displacement

distance. Our model differs from theirs in the following aspects.

First, in our settings, at most R voters might be bribed, however,

they considered only one such voter. Second, their problems ask the

manipulator to cast an untruthful vote which is as close as possible

to the truthful vote. We mainly focus on the settings where the bribed

voters must cast their votes which have a small constant discrepancy

from their original votes.

2 Preliminaries
Voting system. A voting system can be specified by a set C of

candidates, a multiset ΠV = {πv1 , πv2 , ..., πvn} of votes cast by

a corresponding set V = {v1, v2, . . . , vn} of voters (πvi is cast

by vi), and a voting correspondence τ which maps the election
E = (C,ΠV ,V) to a subset of candidates τ(E), the winners. We

often discard V from the above notation for election E since ΠV
is sufficient to determine the winners. If there is only one winner,

we call it a unique winner; otherwise we call them co-winners.

Moreover, each vote πv ∈ ΠV is defined as a linear order over

the candidates. Throughout this paper, we interchangeably use the

terms “vote” and “voter”. The linear order of a vote is also called the

preference of the vote over the candidates. For convenience, we use

4v to denote the preference of the vote cast by the voter v. Therefore,

for a voter v who prefers the candidate a to b to c, the vote will be

written as πv : a 4v b 4v c. In context where 4v is clearly known

to be whose preference, we drop v from 4v . We say a is ranked
above b in a vote πv if a 4v b. The position of a candidate a ∈ C
in a vote πv , denoted as pos"v (a) (or simply posv(a)), is defined as

|{b ∈ C | b 4v a}|+ 1, i.e., the number of candidates ranked above

a in the vote plus 1.

For two candidates c and c′ in an election E = (C,ΠV), let

NE(c, c
′) denote the number of votes which prefer c to c′. We drop

the index E when it is clear from context. If NE(c, c
′) > NE(c

′, c),
we say c beats c′ by NE(c, c

′) in E ; otherwise if NE(c, c
′) =

NE(c
′, c) we say c ties c′ in E .

Voting Correspondences. We mainly study the following voting

correspondences.

Borda: Every voter gives 0 points to his last-ranked candidate, 1

point to his second-last ranked candidate and so on. A candidate

with the highest score is a winner.

Copelandα (0 ≤ α ≤ 1): For a candidate c, let B(c) be the set of

candidates who are beaten by c, and T (c) the set of candidates

who tie with c. The Copelandα score of c is then defined as

|B(c)| + α · |T (c)|. A Copelandα winner is a candidate with the

highest score.

Maximin: For a candidate c, the Maximin score of c is defined as

minc′∈C\{c}N(c, c′). A Maximin winner is a candidate with the

highest Maximin score.

Condorcet: A Condorcet winner is a candidate with Copeland0

score m − 1, and a weak Condorcet winner is a candidate

with Copeland1 score m − 1, where m denotes the number of

candidates. It is known that Condorcet winner (weak Condorcet

winner) may not exist in an election. However, if there is a

Condorcet winner in an election, it must be unique. Given an

election, the voting correspondence returns all weak Condorcet

winners if there is a weak Condorcet winner; otherwise, it returns

the empty set.

Distance. We mainly consider the Hamming distance and the

KT-distance in this paper. The Hamming distance, named after

Richard Hamming, was initially defined on strings [28]. In particular,
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the Hamming distance between two strings of equal length is

the number of positions at which the corresponding symbols are

different. For example, the Hamming distance between the string

“a 1 b b” and the string “a b 1 b” is two since there are two positions

(the second and the third positions) where the symbols are different.

In the context of Hamming distance in this paper, we regard each

vote as a string with each element being (the name of) a candidate.

For example, the vote defined as a 4 b 4 c 4 d will be considered

as the string “a b c d”. Hence, the Hamming distance between every

two votes with preferences 41,42, denoted as DHAM (41,42), is

the Hamming distance between the two strings corresponding to the

two votes.

The KT-distance was coined by Maurice Kendall [33]. In a formal

way, the KT-distance between two votes with preferences41 and42,

respectively, denoted as DKT (41,42), is equal to |{(a, b)|a, b ∈
C, a 41 b and b 42 a}|. Equivalently, the KT-distance between

two votes can be defined as the minimum number of swaps of

adjacent candidates needed to transform one into the other [4]. In

addition, the KT-distance also turns out to be equal to the number

of exchanges needed in a bubble sort (see [1] for an introduction to

bubble sort) to convert one full ranking to the other [19]. Due to this

fact, the KT-distance is also referred to as bubble-sort distance in the

literature [7, 12, 19, 20].

Problem Definitions. We mainly study the following problems

for different voting correspondences. In what follows, let τ be

a voting correspondence and “DIST” a distance function. In this

paper, “DIST” can be “KT” for the KT-distance or “HAM” for the

Hamming distance. Moreover, � is a positive integer. For two votes

with preferences 41,42 and a distance “DIST”, we say these two

votes are DIST(�)-close if DDIST (41,42) ≤ �. For each problem,

we study both the unique-winner model and the nonunique-winner
model. In the unique-winner model (resp. nonunique-winner model)

for τ not being Condorcet, a candidate c ∈ C wins an election

E = (C,ΠV) if and only if τ(E) = {c} (resp. c ∈ τ(E)), i.e.,

c is the unique winner (resp. c is either the unique winner or a

co-winner). For Condorcet, a candidate c wins an election (C,ΠV) in

the unique-winner model (resp. nonunique-winner model) if and only

if c is the Condorcet winner (resp. a weak Condorcet winner). In the

following, let “MOD” be either “UNI” standing for “unique-winner

model”, or “NON” standing for “nonunique-winner model”.

Constructive Distance Restricted Bribery under τ
(C-DIST(�)-τ -MOD)

Input: An election (C,ΠV), a distinguished candidate p ∈ C,

and a positive integer R ≤ |ΠV |. Here, p does not win the

election (C,ΠV) under τ .

Question: Is it possible to make p win the election by replacing

(recasting) at most R votes, under τ? Here, a vote can only be

replaced with a DIST(�)-close vote.

Destructive Distance Restricted Bribery under τ
(D-DIST(�)-τ -MOD)

Input: An election (C,ΠV), a distinguished candidate p ∈ C,

and a positive integer R ≤ |ΠV |. Here, p wins (C,ΠV) under τ .

Question: Is it possible to prevent p from winning the election

by replacing (recasting) at most R votes, under τ? Here, a vote

can only be replaced with a DIST(�)-close vote.

We give either polynomial-time algorithms or NP-hardness

reductions for the above problems. Our hardness proofs are based

on reductions from the X3C problem and the X4C problem defined

as follows. Let � be 3 or 4.

Exact �-Set Cover (X�C)

Input: A universal set U = {c1, c2, ..., c�·κ} and a collection

S = {s1, s2, ..., sn} of �-subsets of U .

Question: Is there an S′ ⊆ S such that |S′| = κ and each

ci ∈ U appears in exactly one set of S′?

It is known that both the X3C and the X4C problems are

NP-hard [3, 27]. In particular, the NP-hardness of both problems

holds even when each element ci ∈ U occurs in exactly 3 subsets

of S [3, 27]. Notice that under this assumption, n = 3κ in X3C.

The words “promote” and “degrade” are often used in

NP-hardness reductions and description of polynomial-time

algorithms with specific meanings in this paper. In particular, for a

vote π and a candidate c, promoting the candidate c by � positions

for some � < posπ(c) means recasting the vote π as follows: (1)

rank c in the (posπ(c) − �)-th position; (2) rank every candidate c′

with posπ(c) > posπ(c
′) ≥ posπ(c) − � in the (posπ(c

′) + 1)-th
position; and (3) rank all the remaining candidates in their original

positions. Degrading the candidate c by � positions means recasting

the vote π as follows: (1) rank c in the (posπ(c)+�)-th position of π;

(2) rank every candidate c′ with posπ(c) < posπ(c
′) ≤ posπ(c)+ �

in the (posπ(c
′) − 1)-th position; and (3) rank all the remaining

candidates in their original positions. See Figure 1 for an illustration.

a b c d e f� � � � � a c d b e f� � � � �
Degrading b by two positions.

a b c d e f� � � � � a e b c d f� � � � �
Promoting e by three positions.

Figure 1. Illustrations of promoting and degrading candidates.

3 Kendall-Tau Distance Restricted Bribery
In this section, we investigate the bribery problem with KT-distance

restrictions. In the following, we summarize our results in several

theorems. We begin with some polynomial-time solvability results.

Theorem 1 The following problems are polynomial-time
solvable: C-KT(1)-Borda-UNI/NON, C-KT(�)-Condorcet-UNI/NON
for � = 1, 2, D-KT(�)-Borda-UNI/NON for every possible
�, D-KT(�)-Condorcet-UNI/NON for every possible �,
D-KT(1)-Maximin-UNI/NON.

PROOF. Due to space limitation, we give only the polynomial-time

algorithms for the C-KT(2)-Condorcet-UNI problem and the

D-KT(1)-Maximin-UNI problem. Let ((C,ΠV), p ∈ C,R ) be a

given instance. Let m be the number of candidates and n the number

of votes, i.e., m = |C| and n = |ΠV |.
C-KT(2)-Condorcet-UNI. We reduce the problem to the

SIMPLE B-EDGE COVER OF MULTIGRAPHS problem which is

polynomial-time solvable [36].
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SIMPLE B-EDGE COVER OF MULTIGRAPHS (B-ECM)

Input: An undirected multigraph G = (U,E) where U is the

set of vertices and E is the set of edges, a function f : U → Z+

and a positive integer κ.

Question: Does there exist an E′ ⊆ E such that |E′| ≤ κ and

every vertex u ∈ U is incident to at least f(u) edges in E′?

Now we show how to reduce the C-KT(2)-Condorcet-UNI

problem to the B-ECM problem. For each candidate c ∈ C \ {p}
which is not beaten by p, we create a vertex. For simplicity, we still

use c to denote the corresponding vertex. We define ←−p v for a vote

πv where p is not ranked in the top as follows: if p is not ranked in

the second highest position in πv , then ←−p v is the set consisting of

the two candidates immediately ranked above p in πv; if p is ranked

in the second-highest position in πv , then←−p v is the set consisting of

the candidate ranked in the highest position in πv . For example, for

a vote πv with preference a 4 b 4 c 4 p 4 d,←−p v = {b, c}, while

for a vote πu with preference a 4 p 4 c 4 b 4 d, ←−p u = {a}.
The edges are created according to the votes. Precisely, for each

vote πv with |←−p v| = 2, if both candidates of ←−p v = {c, c′} are

not beaten by p, we create an edge between c and c′. On the other

hand, if only one of ←−p v is not beaten by p, we introduce a new

degree-1 vertex adjacent to the vertex in ←−p v that is not beaten by

p. For each vote πv with |←−p v| = 1, if the candidate in ←−p v is not

beaten by p, we introduce a new degree-1 vertex adjacent to the

candidate in ←−p v . Now we come to the capacities of the vertices.

Each vertex corresponding to a candidate c has a capacity f(c) =
(N(c, p)−N(p, c))/2+1 whenever N(c, p)−N(p, c) ≡ 0 mod 2,

and has a capacity f(c) = (N(c, p) + 1 − N(p, c))/2 otherwise.

Moreover, each newly introduced degree-1 vertex has capacity 0. The

value of the capacity f(c) indicates the minimum number of votes

which rank c above p, that are needed to be replaced with votes which

rank p above c in order to make p beat c. Finally, we set κ = R .

Now we get an instance of the B-ECM problem. Moreover,

given a solution E′ of the instance of the B-ECM problem, we

can get a solution for C-KT(2)-Condorcet-UNI in polynomial time.

In particular, for each edge (c, c′) ∈ E′, if none of {c, c′} is

a newly introduced degree-1 vertex, we recast the corresponding

vote by promoting p by two positions; otherwise, we recast the

corresponding vote by promoting p by one position.

D-KT(1)-Maximin-UNI: The algorithm first carries out a

polynomial number of guesses. In particular, the algorithm guesses

a candidate p′ which prevents p from being the unique winner, an

integer s which plays the role as an upper bound of the Maximin

score of p in the final election and a lower bound of the Maximin

score of p′ in the final election, and a candidate q with N(p, q) ≤ s
in the final election. These lead to at most (m−1)2×n subinstances

where m is the number of candidates and n the number of votes. To

make it clear, we give the formal definition of the subproblem.

Sub-D-KT(1)-Maximin-UNI

Input: An election E = (C,ΠV), a distinguished candidate p ∈
C, two further candidates p′, q ∈ C\{p} (it may be that p′ = q),

and two integers 0 ≤ s,R ≤ |ΠV |.
Question: Is there a submultiset ΠT ⊆ ΠV of votes such that

(1) ΠT contains at most R votes; and

(2) we can replace every vote πv ∈ ΠT with a new vote

obtained from πv by swapping two consecutively ranked

candidates so that N(p, q) ≤ s in the final election, and the

Maximin score of p′ is at least s in the final election?

Now we focus on solving the subproblem. Let Πp be the multiset

of votes which rank p immediately above q. Let A = {c ∈ C \{p′} |
NE(p

′, c) < s}. For each c ∈ A, let Πc ⊆ ΠV \Πp be the multiset of

votes that rank c immediately above p′. Clearly, for every distinct two

candidates c, c′ ∈ A, Πc ∩ Πc′ = ∅. Moreover, for every c ∈ A, let

f(c) = s−NE(p
′, c). The algorithm works as follows. For each c ∈

A, arbitrarily choose min{f(c), |Πc|} votes in Πc, and replace each

of them with a new vote obtained from the original vote by swapping

c and p′; then, set f(c) := f(c) −min{f(c), |Πc|} and R := R −
min{f(c), |Πc|}. If R < 0 after doing so, we cannot make p′ have a

Maximin score at least s by replaying at most R votes; and thus, the

algorithm returns “No”. Otherwise, let B = {c ∈ A | f(c) > 0}.
Then, for each c ∈ B, let Π̄c be the multiset of votes in Πp that

rank c immediately above p′. If |Π̄c| < f(c), the given instance is

a No-instance (since we cannot make p′ have a Maximin score at

least s in the final election); and thus, we return “No”. Otherwise, we

arbitrarily choose min{f(c), |Π̄c|} votes in Π̄c, and (1) replace each

of them with a new vote obtained from the original vote by swapping

c and p′; (2) remove them from the multiset Πp; and (3) set R :=
R −min{f(c), |Π̄c|}. If R < 0 or min{|Πp|,R } < NE(p, q) − s
after doing so, we return “No”. Otherwise, we return “Yes” since we

can get a solution by replacing arbitrary NE(p, q)− s votes in Πp by

new votes obtained from the original votes by swapping p and q.

Now we discuss the NP-hardness results. We begin with

constructive distance restricted bribery for Borda. We have seen

from Theorem 1 that the destructive counterpart turned out to

be polynomial-time solvable for every possible value of �. The

following theorem shows, however, that constructive distance

restricted bribery for Borda is NP-hard, even when the distance is

bounded by a small constant. We first define some useful notations.

For an order X = (x1, x2, ..., xi) over a set {x1, x2, ..., xi}, we

denote by
←−
X the reverse order of X , i.e.,

←−
X = (xi, ..., x2, x1). For a

subset Y ⊆ {x1, x2, ..., xi}, X \ Y is the order obtained from X by

deleting all the elements in Y . For example, for X = (1, 4, 3, 8, 5)
and Y = {4, 8}, X \ Y = (1, 3, 5). For two subsets X and Y of

candidates such that X ∩ Y = ∅, and a vote with preference 4,

X 4 Y means that every candidate in X is ranked above every

candidate in Y in the vote.

Theorem 2 C-KT (�)-Borda-UNI/NON are NP-hard for all � ≥ 3.

PROOF. We give only proofs for the case � = 3 here. We first

consider C-KT(3)-Borda-NON. The reduction is from X3C. Given

an instance F = (U = {c1, c2, ..., c3κ}, S = {s1, s2, ..., sm}) of

X3C, we create an instance E for C-KT(3)-Borda-NON as follows.

Candidates: For each c ∈ U , we create a corresponding

candidate. For convenience, we still use c to denote the

corresponding candidate. In addition, we create a set Y =
{y1, y2, ..., y6m−6} of 6m−6 dummy candidates, each of which has

a considerably less Borda score than that of any other candidate not

in Y . For ease of exposition, we partition the dummy candidates into

subsets Z1, Z2, ..., Zm. To be precise, for each i = 1, 2, ...,m − 2,

Zi = {y6i−5, y6i−4, y6i−3, y6i−2, y6i−1, y6i}. Moreover, Zm−1 =
{y6m−11, y6m−10, y6m−9} and Zm = {y6m−8, y6m−7, y6m−6}.
Finally, we create a distinguished candidate p.

Votes: We create 2m+2 votes in total. In the following, we do not

distinguish between the terms “set” and “order”. In particular, U is

considered as an order (c1, c2, ..., c3κ), and every s = {cx, cy, cz} ∈
S is considered as an order (cx, cy, cz) with x < y < z. Moreover,

each Zi where i ∈ {1, ...,m} is considered as an arbitrary but fixed

order of its elements.
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For each sj ∈ S with j = 1, 2, ...,m− 2, we create two votes as

follows.

πsj : sj 4 p 4 Zj 4 U \ sj 4 Y \ Zj

π′sj :
←−−−
U \ sj 4 Zj 4 p 4 ←−sj 4 Y \ Zj

Note that with the above 2(m − 2) votes, all candidates in U ∪
{p} have the same Borda score. The following four votes are created

according to the last two 3-subsets sm−1, sm ∈ S.

πsm−1 : sm−1 4 p 4 Zm∪Zm−1 4 U\sm−1 4 Y \(Zm∪Zm−1)

π′sm−1
:
←−−−−−−
U \ sm−1 4 Zm−1 4 p 4 Zm 4 ←−−−sm−1 4 Y \ (Zm ∪

Zm−1)
πsm : sm 4 p 4 Zm ∪ Zm−1 4 U \ sm 4 Y \ (Zm ∪ Zm−1)

π′sm :
←−−−−
U \ sm 4 Zm−1 4 p 4 Zm 4 ←−sm 4 Y \ (Zm ∪ Zm−1)

With the above four votes and the previously created 2(m − 2)
votes, p has exactly 6 more points than every candidate c ∈ U .

Finally, we have two votes with preferences U 4 Zm 4 p 4
Y \ Zm; and

←−
U 4 Zm 4 p 4 Y \ Zm, respectively.

With all the 2m+ 2 votes created as above, p has exactly 3κ+ 1
less points than every candidate c ∈ U , and all candidates in U have

the same Borda score.

Number of Replaced Votes: R = κ.

In the following, let A = {π′sj | sj ∈ S} and B the set of the last

two created votes. Now we discuss the correctness of the reduction.

(⇒:) Suppose that F is a Yes-instance and S′ is an exact 3-set

cover. Let ΠS′ = {πsj | sj ∈ S′} be the multiset of the votes of the

first type corresponding to S′. Every vote πsj in ΠS′ ranks the three

candidates in sj above p. Consider the election E ′ obtained from the

original election E by replacing each πsj ∈ ΠS′ with a vote obtained

from πsj by promoting p to the highest position. Precisely, for each

πsj ∈ ΠS′ defined as sj 4 p 4 Zj 4 U \sj 4 Y \Zj , we replace it

with a vote defined as p 4 sj 4 Zj 4 U \sj 4 Y \Zj . Clearly, each

replacement increases the score of p by 3, and decreases the score of

every candidate in sj by 1. Since there are exactly κ votes in ΠS′ , the

score of p is finally increased by 3κ. Since S′ is an exact 3-set cover,

for every c ∈ U , there is only one vote in ΠS′ which ranks c above p.

Therefore, all replacements decrease the score of each candidate in

U by 1. Since p has exactly 3κ + 1 less points than every candidate

c ∈ U in the original election E , p has exactly the same score as

every candidate c ∈ U in the final election E ′. Therefore, p becomes

a winner in E ′.
(⇐:) Suppose that E is a Yes-instance and ΠS′ is the multiset of

votes which are replaced. We assume that ΠS′ does not contain any

vote in A∪B. This assumption is sound due to the following lemma.

Lemma 3 If E is a Yes-instance, there must be a solution wherein no
vote in A ∪B is replaced.

PROOF. We prove the lemma by showing that it is always better

to replace a vote not in A ∪ B than to replace a vote in A ∪ B.

Suppose that π is a vote in A ∪ B that is replaced. Observe that

promoting p is always better than degrading candidates in U , since

promoting p by one position decreases the score gap between every

candidate in U and p by one, while degrading some candidate c ∈ U
by one position only decreases the score gap between c and p by

one (sometimes even increases the score gap between some other

candidate c′ ∈ U and p). Moreover, the amount of points that can be

decreased in the score gap between every candidate in U and p by

promoting p in π, can be also achieved by promoting p in any vote

that is not in A∪B. In fact, since in every vote in A∪B there are at

least three dummy candidates ranked below some candidates in U but

ranked above p, replacing votes which are not in A ∪ B can always

do better: replacing a vote πs ∈ A ∪ B where s = {cx, cy, cz}
with preference cx 4 cy 4 cz 4 p... with a vote with preference

p 4 cx 4 cy 4 cz... does not only decrease the score gap between

every candidate in U \s and p by 3, but better yet, decreases the score

gap between every candidate in s and p by 4.

Due to the above analysis, we assume that ΠS′ contains only the

votes in {πsj | sj ∈ S}, where S is the collection of 3-subsets in

F . Let S′ = {sj | πsj ∈ ΠS′} be the subcollection corresponding

to ΠS′ . First observe that for any vote πs ∈ ΠS′ where s ∈ S,

promoting p by three positions is always better than any other

combinations: by doing so, the score gap between every candidate in

U and p is decreased by at least 3 (for candidates in s, the score gaps

are decreased by 4). Therefore, we can assume that in the solution,

every vote in ΠS′ is replaced with a new vote obtained from the

original vote by promoting p by three positions. Since p has 3κ + 1
less points than every candidate in U in the original election E ,

and we can replace at most κ votes, every candidate in U must be

degraded by one position at least once. This implies that for every

c ∈ U , there must be a vote πs ∈ ΠS′ with c ∈ s, further implying

that S′ is an exact 3-set cover of F .

The reduction for C-KT(3)-Borda-UNI is similar to the

above reduction, with the difference in the last created vote.

Precisely, we remove the last vote created in the reduction for

C-KT(3)-Borda-NON, and create a vote with preference
←−
U 4 Zm ∪

{y6m−12} 4 p 4 Y \ Zm ∪ {y6m−12}.
By ranking the candidate y6m−12 between Zm and p, the score

gap between every candidate in U and p decreases to 3κ, one point

less than that in the reduction for C-KT(3)-Borda-NON.

Now we come to Condorcet. The C-KT(�)-Condorcet-UNI

problem is related to the Dodgson voting [13], where each

candidate has a Dodgson score defined as the minimum number

of swaps of adjacent candidates needed to make the candidate the

Condorcet winner. Calculating the Dodgson score of a candidate

is NP-hard [29, 30]. Recall that the KT-distance between two

votes is equal to the minimum number of swaps of adjacent

candidates needed to transform one into the other. Therefore,

if a candidate can become the Condorcet winner by recasting

at most R votes with respect to KT-distance upper bound �,
then the Dodgson score of the candidate is at most R · �. In

Theorem 1, we have shown that both C-KT(1)-Condorcet-UNI/NON

and C-KT(2)-Condorcet-UNI/NON are polynomial-time solvable. In

the following, we show that the polynomial-time solvability does

not hold for C-KT(�)-Condorcet-UNI/NON for every � ≥ 3. Recall

that in the general case, the constructive bribery for Condorcet is

NP-hard [26, 30].

Hereinafter, we assume that in both the X3C problem and the X4C

problem, each ci ∈ U occurs in exactly three subsets of S.

Theorem 4 C-KT (�)-Condorcet-UNI/NON are NP-hard for every
� ≥ 3.

PROOF. We first consider C-KT(3)-Condorcet-UNI. The reduction

is from the X3C problem. Given an instance F = (U =
{c1, c2, ..., c3κ}, S = {s1, s2, ..., s3κ) of X3C, we create an instance

E for C-KT(3)-Condorcet-UNI as follows.

Candidates: For each c ∈ U , we create a corresponding

candidate. For simplicity, we still use the same notation c to denote

this candidate. In addition, we have a distinguished candidate p and

a set Y = {y1, y2, y3} of three dummy candidates.

Votes: For each s = {cx, cy, cz} ∈ S, we create a vote πs defined

as s 4 p 4 U\s 4 Y . Here, the candidates in s, in U\s and in Y are
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ranked according to the increasing order of the indices, respectively.

In addition, we create 3κ − 5 votes defined as U 4 Y 4 p. Here,

the candidates in U and in Y are ranked according to the increasing

order of the indices, respectively. In total, we have 6κ− 5 votes.

Number of Replaced Votes: R = κ.

Now we discuss the correctness. Observe that c1 is the current

Condorcet winner, and no candidate in Y can become the Condorcet

winner by replacing at most κ votes with respect to the distance

restriction.

(⇒:) Suppose that F is a Yes-instance and S′ is an exact 3-set

cover. Let ΠS′ = {πsj | sj ∈ S′} be the multiset of votes

corresponding to S′. Consider replacing each vote πs ∈ ΠS′ by

another vote obtained from πs by promoting p to the highest position,

that is, replacing each vote πs ∈ ΠS′ defined as s 4 p 4 U \ s 4 Y
with a vote defined as p 4 s 4 U \ s 4 Y . Since s is a 3-subset, the

KT-distance between the original vote and the new vote is 3. Since

S′ is an exact 3-set cover, for every c ∈ U there is exactly one vote

in ΠS′ which ranks c above p (and p is ranked above c after the

replacement). Therefore, after κ replacements as discussed above,

for every c ∈ U , there are exactly 3κ − 2 votes ranking p above c,

implying that p is the Condorcet winner in the final election.

(⇐:) Suppose that E is a Yes-instance and ΠS′ is the multiset

of votes which are replaced. Since |Y | = 3 and each vote can be

replaced only with a vote which has KT-distance at most 3 from it,

replacing any of the last 3κ− 5 votes is not helpful in improving the

wining status of p (In other words, replacing a vote in the last 3κ− 5
votes is not helpful for p to beat any candidate in U , since the dummy

candidates in Y are ranked between U and p; and thus, according to

the distance restriction, p cannot be ranked above any candidate in

U via a replacement of a vote in the last 3κ − 5 votes.). Therefore,

we know that ΠS′ contains only votes corresponding to S. Let S′ =
{s ∈ S | πs ∈ ΠS′} be the subcollection of S corresponding to

ΠS′ . In order to make p the Condorcet winner, for every c ∈ U there

must be at least one vote, corresponding to some s with c ∈ s, which

is replaced with a vote ranking p above c. This implies that S′ is an

exact 3-set cover of F .

The above reduction directly applies to C-KT(3)-Condorcet-NON.

The NP-hardness of C-KT(4)-Condorcet-UNI/NON can be proved

via reductions from the X4C problem. The reductions are analogous

to the ones for C-KT(3)-Condorcet-UNI/NON (we need to create one

more dummy candidate y4 and add it to Y ). The NP-hardness of

C-KT(�)-Condorcet-UNI/NON for every � ≥ 5 is implied by the

NP-hardness reductions in Theorem 3.2 in [26].

Now we come to Copelandα. It is known that both the constructive

and the destructive bribery problems without distance restrictions

for Copelandα are NP-hard [26], for both the unique-winner model

and the nonunique-winner model. We show that these NP-hardness

results hold for the distance restricted bribery problem, even when

the distance bound is demanded to be a very small constant.

Theorem 5 The C-KT(�)-Copelandα-UNI/NON problem, the
D-KT(�)-Copelandα-NON problem for every � ≥ 3, and the
D-KT(�)-Copelandα-UNI problem for every � ≥ 5 are NP-hard. All
these results hold for every 0 ≤ α ≤ 1.

PROOF. We first consider the C-KT(3)-Copelandα-UNI problem.

The reduction is from X3C. Let F = (U = {c1, c2, ..., c3κ}, S =
{s1, s2, ..., s3κ}) be an instance of X3C. We create an instance E for

C-KT(3)-Copelandα-UNI as follows.

Candidates: We have |U | + 8 candidates in total. In particular,

for each ci ∈ U , we create a candidate. For simplicity, we still

use ci to denote this candidate. In addition, we have 8 candidates

p, y, z1, z2, z3, z
′
1, z

′
2, z

′
3, where p is the distinguished candidate. For

ease of exposition, let Z = {z1, z2, z3} and Z′ = {z′1, z′2, z′3}.
Votes: Let n = |S| = 3κ. We create 2n + 1 votes in total. In

particular, for each s = {ci, cj , ck} ∈ S, we create one vote πs with

preference y 4 Z′ 4 s 4 p 4 U \ s 4 Z. Here, the candidates

in Z,Z′, s, U \ s are ranked according to the increasing order of the

indices, respectively. In addition, we create n − 2 votes each with

preference U 4 Z 4 p 4 y 4 Z′. Finally, we create 3 votes each

with preference p 4 y 4 Z′ 4 U 4 Z. In the above n + 1 votes,

the candidates in U,Z and Z ′ are ranked according to the increasing

order of the indices, respectively. It is easy to verify that the candidate

y is the current (unique) winner.

Number of Replaced Votes: R = κ.

Now we prove that F is a Yes-instance if and only if E is a

Yes-instance.

(⇒:) Suppose that F is a Yes-instance and S′ is an exact 3-set

cover. Let ΠS′ = {πs | s ∈ S′} be the set of votes corresponding

to S′. Consider the election after replacing all votes in ΠS′ in the

following way: each πs ∈ ΠS′ with s ∈ S′ is replaced with a vote

defined as y 4 Z′ 4 p 4 s 4 U \ s 4 Z. Clearly, the KT-distance

between these two votes is 3. Since S′ is an exact 3-set cover, for

each ci ∈ U there is exactly one vote πs ∈ ΠS′ with ci ∈ s. Due to

the construction, ci is ranked above p in πs, while ranked below p in

the new vote which replaces πs. Therefore, after κ replacements as

discussed above, for every ci ∈ U there are n + 1 votes which rank

p above ci, implying that p beats every candidate ci ∈ U , further

implying that p is the unique Copelandα winner (holds for every 0 ≤
α ≤ 1).

(⇐:) Suppose that E is a Yes-instance and ΠS′ is the multiset of

votes which are replaced. Let E ′ be the final election obtained form

E by replacing the votes in ΠS′ with κ many new votes (we discuss

later what are the new votes). Observe that the candidate y beats

every other candidate except p in E . A deeper observation is that y
still beats these candidates in the final election E ′.

Lemma 6 The candidate y beats everyone in U ∪ Z ∪ Z′ in E ′.

PROOF. Clearly, y beats every candidate in Z′ in the final election

E ′ since all votes rank y above Z′. Now we consider the candidates

in U ∪ Z. Observe first that every vote in E either ranks y above

all candidates in U ∪ Z, or ranks all candidates in U ∪ Z above y.

Moreover, the votes that rank y above all candidates in U ∪ Z are

those corresponding to S, and the last three created votes. However,

in these votes, the candidates in Z′ (|Z′| = 3) are ranked between y
and every candidate in U ∪ Z; thus, we cannot replace a vote which

ranks y above a candidate a ∈ U ∪ Z by a KT(3)-close vote which,

however, ranks a above y. Therefore, the votes which rank y above

a candidate a ∈ U ∪ Z will still rank y above a in the final election

E ′. The lemma follows.

Due to the above lemma and the fact that p is the unique winner

in the final election E ′, we know that p beats every other candidate

in E ′. Observe that in the original election E , p is beaten by every

candidate in U . Then, due to the distance restriction, ΠS′ must be

from the votes corresponding to S. Let S′ = {s | πs ∈ ΠS′} be

the subcollection of 3-subsets corresponding to ΠS′ . Since p beats

all candidates in U in the final election E ′ and we can replace at most

R = κ votes, for each ci ∈ U there must be a vote πs ∈ ΠS′

with ci ∈ s, which is replaced with a new vote obtained from πs by

promoting p by three positions. Since |S| = 3κ, it follows that S′ is

an exact 3-set cover.
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The above reduction applies to D-KT(3)-Copelandα-NON if we

set y as the distinguished candidate.

Now we consider the C-KT(3)-Copelandα-NON problem. The

above reduction does not apply to this case, since p does not need

to beat every other candidate in the final election to become a winner

(p could also become a winner even there is no exact 3-set cover).

In order to overcome this situation, we introduce a new dummy

candidate y′ which beats p, but is beaten by y in the original election.

Precisely, we adopt the votes constructed as above, and rank y′ in

the votes as follows: (1) rank y′ immediately after y in all votes

corresponding to S and all the n− 2 votes following; and (2) rank y′

above p in all the three votes created in the last.

The NP-hardness of the C-KT(4)-Copelandα-UNI/NON

problem and the D-KT(4)-Copelandα-NON problem can be

proved via reductions from the X4C problem analogously. The

NP-hardness of the C-KT(�)-Copelandα-UNI/NON problem and the

D-KT(�)-Copelandα-UNI/NON problem for every � ≥ 5 is implied

by the NP-hardness reductions in Theorem 3.2 in [26].

We have just investigated the NP-hardness of the

C-KT(�)-Copelandα-UNI/NON and the D-KT(�)-Copelandα-NON

problems for every � ≥ 3, and the D-KT(�)-Copelandα-UNI

problem for every � ≥ 5, but left the complexity of the

D-KT(�)-Copelandα-UNI problem for each integer � ∈ {3, 4}
open. We cannot straightforwardly adopt the reductions for the

C-KT(3, 4)-Copelandα-NON problem to prove the NP-hardness of

the D-KT(3, 4)-Copelandα-UNI problem, since both candidates y
and y′ win the election, and thus, no candidate is valid to be the

distinguished candidate.

Now we investigate the complexity of the distance restricted

bribery problems for Maximin. It is known that both the constructive

and the destructive bribery problems for Maximin without distance

restrictions are NP-hard [24]. We prove that the NP-hardness holds

even when each bribed voter only wants to recast a new vote which

has a small constant discrepancy from his original vote.

Theorem 7 The D-KT(�)-Maximin-UNI/NON problem and the
C-KT(�)-Maximin-UNI/NON problem are NP-hard for every � ≥ 4.

4 Hamming Distance Restricted Bribery
In this section, we study the bribery problem with Hamming distance

restrictions. It should be noted that the Hamming distance between

every two votes is at least 2. We begin with several polynomial-time

solvability results.

Theorem 8 The D-HAM(�)-Condorcet-UNI/NON problem and the
D-HAM(�)-Borda-UNI/NON problem are polynomial-time solvable
for every positive integer �.

PROOF. We prove the theorem by deriving polynomial-time

algorithms for the problems stated in the theorem. We only describe

the algorithms for the unique-winner model in detail. The algorithms

for the nonunique-winner model are similar. Let m be the number of

candidates, n the number of votes, R the number of votes that can be

replaced, and p the distinguished candidate.

D-HAM(�)-Condorcet. We first consider D-HAM(2)-Condorcet.

The algorithm first guesses a candidate p′ which is not beaten by p
in the final election. This leads to m − 1 subinstances, each asking

whether we can make p′ not be beaten by p by replacing R ′ ≤ R
votes with R ′ many HAM(2)-close votes. To solve each subinstance,

we need only to arbitrarily choose up to R votes which rank p above

p′, and replace each of them with a new vote obtained from the

original vote by swapping p and p′. After this, if p′ is not beaten

by p, the subinstance is a Yes-instance; otherwise, the subinstance is

a No-instance. It is clear that the original instance is a Yes-instance

if and only if at least one of the subinstances is a Yes-instance. The

above algorithm directly applies to D-HAM(�)-Condorcet for every

possible � ≥ 2.

D-HAM(2)-Borda. The algorithm first guesses a candidate p′

which prevents p from being the unique-winner in the final election.

This leads to m− 1 subinstances, each asking whether we can make

p′ have an equal or greater Borda score than that of p by replacing

R ′ ≤ R votes with R ′ many HAM(2)-close votes. To solve each

subinstance, we order all votes πv according to a nonincreasing order

of max{posv(p′) − 1,m − posv(p), 2 · (posv(p′) − posv(p))}.
Let Π be the multiset of the first min{n,R } votes according to

this order. Then, we replace every vote in Π in the following

way. For each πv ∈ Π, if posv(p
′) − 1 ≥ m − posv(p) and

posv(p
′) − 1 ≥ 2 · (posv(p′) − posv(p)), then replace πv with

a new vote obtained from πv by swapping p′ and the first ranked

candidate in πv; otherwise, if m − posv(p) ≥ posv(p
′) − 1 and

m − posv(p) ≥ 2 · (posv(p′) − posv(p)), replace πv with a

vote obtained from πv by swapping p and the last ranked candidate

in πv; finally, if 2 · (posv(p′) − posv(p)) ≥ posv(p
′) − 1 and

2 · (posv(p′) − posv(p)) ≥ m − posv(p), replace πv with a vote

obtained from πv by swapping p and p′. After doing this for every

vote in Π, if p′ has an equal or greater Borda score than that of

p, the subinstance is a Yes-instance; otherwise, the subinstance is

a No-instance. It is clear that the original instance is a Yes-instance

if and only if at least one of the subinstances is a Yes-instance.

D-HAM(3)-Borda. The algorithm carries out m − 1 guesses as

in the above algorithm for D-HAM(2)-Borda. So, we need only to

focus on the subinstances. Notice that to prevent p from being the

unique winner, we have more choices to do in this case than in

D-HAM(2)-Borda. In particular, for a vote πv , to decrease the score

gap between p and the guessed candidate p′, we can either place p′

in the first position, p in the max{posv(p), posv(p′)}-th position,

the first ranked candidate in πv in the min{posv(p), pos(p′)}-th
position, or we can place p in the last position, p′ in the

min{posv(p), posv(p′)}-th position, the last ranked candidate in

πv in the max{posv(p), posv(p′)}-th position. Let sga(πv) be the

amount of the decrease of the score gap between p and p′ if we

perform the first operation, and sgb(πv) the amount of decrease of

the score gap between p and p′ if we perform the second operation.

Then, to solve each subinstance, we order the votes according to a

nonincreasing order of max{sga(πv), sgb(πv)} and recast the votes

accordingly, as discussed above.

D-HAM(4)-Borda. Similar to the above algorithms, the algorithm

for D-HAM(4)-Borda first carries out m−1 guesses, leading to m−1
subinstances. Now we restrict our attention to these subinstances.

For each subinstance, we partition the votes into two multisubsets

Π1 and Π2, where Π1 includes all votes that rank p above p′, and Π2

includes all votes that rank p′ above p. Then, we order the votes in Π1

according to a nonincreasing order of pos(p′) − pos(p). Moreover,

we choose the first min{|Π1|,R } votes, and replace each of them

with a vote obtained from the original vote by swapping p′ and the

first ranked candidate, and swapping p and the last ranked candidate.

After doing so, if p′ has an equal or greater score than that of p,

we return “Yes”. Otherwise, if p′ still has a less score than that of

p, we distinguish between two cases. If |Π1| ≥ R , we return “No”
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immediately. In the case that |Π1| < R , we order the votes in Π2

according to a nondecreasing order of pos(p) − pos(p′). Then, we

choose the first R − |Π1| votes, and replace each of them with a

vote obtained from the original vote by swapping p′ and the first

ranked candidate, and swapping p with the last ranked candidate.

After doing this, if p′ has an equal or greater score than that of p, the

subinstance is a Yes-instance; otherwise it is a No-instance.

D-HAM(�)-Borda. The algorithm for D-HAM(�)-Borda with � >
4 is exactly the same as for D-HAM(4)-Borda.

Now we show our hardness results. We begin with the distance

restricted bribery problem for Copelandα.

Theorem 9 The C-HAM(2)-Copelandα-UNI/NON problem and the
D-HAM(2)-Copelandα-UNI/NON problem are NP-hard for every
0 ≤ α ≤ 1.

PROOF. Due to space limitation, we give only the NP-hardness proof

for C-HAM(2)-Copelandα-UNI. Our reduction is from the X3C

problem. Let F = (U = {c1, c2, ..., c3κ}, S = {s1, s2, ..., s3κ})
be a given instance of the X3C problem. We create an instance E for

C-HAM(2)-Copelandα-UNI as follows.

Candidates: We create 3κ + 2 candidates in total. In particular,

for each element ci ∈ U , we create one candidate. For convenience,

we still use ci to denote the corresponding candidate. In addition, we

have two candidates p and q with p being the distinguished candidate.

Votes: For each s ∈ S, we create a vote πs with preference q 4
U \ s 4 p 4 s. In addition, we create κ − 1 votes with preference

p 4 q 4 U , and two votes with preference U 4 p 4 q. In total, we

have 4κ + 1 votes. The comparisons between every two candidates

are summarized in Table 2. It is easy to verify that q beats every other

candidate; and thus, q is the current unique winner.

Number of Replaced Votes: R = κ.

q p cj
q - 3κ 4κ− 1
p κ+ 1 - κ+ 2
ci 2 3κ− 1 · · ·

Table 2. Comparisons between every two candidates in the NP-hardness
reduction for C-HAM(2)-Copelandα-UNI in Theorem 9. The comparisons

between ci and cj for i �= j do not play any role in the correctness argument.

Now we prove the correctness of the reduction.

(⇒:) Suppose that F is a Yes-instance and S′ is an exact 3-set

cover. Let ΠS′ = {πs | s ∈ S′} be the set of votes corresponding to

S′. Consider the final election E ′ obtained from E by replacing each

vote πs where s ∈ S with a vote obtained from πs by swapping p and

q. More precisely, each πs ∈ ΠS′ with preference q 4 U\s 4 p 4 s
is replaced with a vote with preference p 4 U \ s 4 q 4 s. Clearly,

the Hamming distance between these two votes is two. Moreover,

we have that NE′(p, q) = 2κ+ 1. Now we consider the comparison

between p and every ci ∈ U . Since S′ is an exact 3-set cover, for

every ci there are exactly κ − 1 votes πs ∈ ΠS′ with ci ∈ s. All

these votes rank ci above p in E . However, these votes are replaced

with κ−1 votes which rank p above ci as discussed above, in the final

election E ′. Therefore, for every ci ∈ U , there are (κ+2)+(κ−1) =
2κ + 1 votes which rank p above ci, implying that p beats every

ci ∈ U in E ′. Therefore, p becomes the unique winner in E ′.
(⇐:) Suppose that E is a Yes-instance. Let E ′ be the final election

obtained from E by replacing at most κ votes. Since NE(q, ci) =

4κ − 1, we know that q beats every candidate ci ∈ U in E ′. As a

result, q is beaten by p in E ′, since otherwise, q would beat every

other candidate in the final election E ′, and thus, remains the unique

winner. Moreover, since p is the unique winner in E ′, p must beat

every other candidate in the final election E ′. Since NE(p, q) = κ+1,

in order to make p beat q, there has to be κ votes ranking q above p
that are replaced by κ new votes ranking p above q. Due to this,

we know that the replaced votes are from the votes corresponding to

S, since any other vote has already ranked p above q. Let ΠS′ be

the replaced votes, and S′ = {s | πs ∈ ΠS′} the subcollection of

3-subsets corresponding to ΠS′ . As discussed above, p beats every

candidate ci ∈ U in E ′. Since NE(p, ci) = κ+ 2, for every ci ∈ U ,

there must be at least κ− 1 votes in ΠS′ ranking ci above p that are

replaced by κ− 1 votes ranking p above ci. This happens only if S′

is an exact 3-set cover.

For Condorcet and Maximin, we have the following results.

Theorem 10 C-HAM(2)-Condorcet-UNI/NON are NP-hard.

Theorem 11 The D-HAM(2)-Maximin-UNI/NON problem and the
D-HAM(2)-Maximin-UNI/NON problem are NP-hard.

5 Conclusion

We have studied the complexity of the distance restricted bribery

problem which differs from the traditional bribery problem [22] in

that the bribed voters only recast new votes which are “close” to

their original votes. In particular, we adopted the Hamming distance

and the KT-distance to measure the closeness between two votes. We

achieved both polynomial-time solvability results and NP-hardness

results for Borda, Condorcet, Maximin and Copelandα. In particular,

we achieved dichotomy results for Condorcet. A primary conclusion

of our findings is that the constructive distance restricted bribery

problem is generally NP-hard even when the distance is bounded by

a very small integer (this holds for all cases studied in this paper

except the Hamming distance restricted bribery problem for Borda,

whose complexity remains open for every distance � ≥ 2). On the

other hand, there exist voting systems where the constructive distance

restricted bribery problem is polynomial-time solvable, when the

distance is bounded by 1 or 2. For the destructive distance restricted

bribery problem, it turned out that for Maximin and Copelandα it

has become NP-hard even when the distance is bounded by 2. On

the other hand, for many other cases, it is polynomial-time solvable

for every possible distance bound. As the bribery problem proposed

in [22] can be considered as a distance restricted bribery problem

with the distance bound being considerably large (m(m − 1)/2
in KT-distance restriction and m in Hamming distance restriction,

where m is the number of candidates), our work complements the

complexity results of the bribery problem obtained in [11, 24, 26].

Of particular importance is that our work pinpoints the complexity

border between polynomial-time solvability and NP-hardness of

distance restricted bribery problem, with respect to the distance

bound. See Table 1 for a summary of our results.

There remain several open problems as shown in Table 1.

For example, we do not know the complexity of the

D-KT(1)-Copelandα-UNI/NON problem. Another avenue of

research would be to explore these problems from the parameterized

complexity viewpoint. Furthermore, exploring the same problems

with respect to further distance measurements (see [14, 16, 33] for

several distance measurements on linear orders) is also an interesting

direction for future research.
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Beyond IC Postulates: Classification Criteria for Merging
Operators

Adrian Haret1 and Andreas Pfandler1,2 and Stefan Woltran1

Abstract. Merging is one of the central operations in the field of

belief change, which is concerned with aggregating the opinions

of individuals. Representation theorems provide a family of merg-

ing operators satisfying some natural desiderata for merging beliefs.

However, little is known about how these operators can be further

distinguished. In the field of social choice, on the other hand, numer-

ous properties have been proposed in order to classify voting rules.

In this work, we adapt these properties to the context of merging and

investigate how they relate to the standard postulates. Our results thus

lead to a more fine-grained classification of merging operators and

shed light on the question of which particular merging operator is best

suited in a concrete application domain.

1 Introduction
Belief merging studies methods for aggregating the opinions of in-

dividuals into a theory which captures the consensus of the agents

involved. The standard approach in the literature focuses on the design

of merging operators satisfying a set of normative properties. Consen-

sus is then obtained as the theory which comes as close as possible

to the agents’ expressed beliefs, subject to the limitations expressed

by the normative properties [13, 14]. In the field of belief merging

the variety of measures of closeness used gives rise via representation

theorems to a variety of merging operators with desirable properties.

Belief merging differs from voting, as analyzed in (computational)

social choice theory (for an overview see, e.g., [1, 16]), in that it does

not require the agents to provide full rankings of the alternatives, but

only to encode their first choices as logical theories. However, belief

merging and voting still share a common goal and methodology, and

it is natural to conclude that the two fields can be usefully brought to

bear on each other.

One direction of research views voting as a merging task [5, 10],

an approach which fits into the larger program of finding suitable

logics in which to represent preferences and embed aggregation prob-

lems stemming from (computational) social choice [2, 6]. A different

approach, which we follow here, looks at merging from a voting per-

spective and uses the rich set of criteria developed to analyze voting

rules in order to classify existing merging operators. Surprisingly, this

line of research has received little attention so far. Apart from some

interest in strategy-proofness and connections with Arrow’s theorem

[3, 7, 12, 15], the only other social choice properties that have made

their way in the literature on merging are the egalitarian properties dis-

cussed in [8]. Notwithstanding, the social choice literature on voting

features many other properties whose ideas are relevant in the context

of merging, but which have hitherto been left un-addressed. We aim

1 Institute of Information Systems, TU Wien, Austria
2 School of Economic Disciplines, University of Siegen, Germany

to fill this gap and investigate ways of looking at merging operators

that improve upon the fundamental classification into majority and

arbitration operators.

Our contribution lies, first of all, in proposing fourteen new proper-

ties for merging operators, obtained, mostly, by translating existing

properties from the voting literature. In doing so, we contribute to a

deeper understanding of merging as a social process, by exploiting

a natural analogy between voting and belief merging. Thus, theories

to be merged are voters, the merging operator is the voting rule, and

interpretations of the propositional variables are the candidates;3 we

also allow for the possibility of a constraint, which limits the range

of possible results. In keeping with the merging literature, we take

merging operators to be characterized by a core set of properties,

known as the IC postulates [13, 14]. Our new properties are meant to

extend this characterization by offering more fine-grained criteria for

evaluating merging operators. We group the properties according to

their character, and offer discussions on the behavior they are intended

to model. Second, in the case of each new property, we study its re-

lationship with the core set of IC postulates. When a property is not

guaranteed by the IC postulates, we investigate which of the standard

operators satisfy the property, give relevant counter-examples, and

provide model-based representation results for the most prominent of

these properties.

The motivation for proposing new properties is the same as the

motivation behind the original IC postulates: we are interested in

merging operators that are syntax independent, fair and that respond in

expected ways to changes in the input, and we want general principles

that capture these properties. Our claim, backed up by the voting

literature, is that there are many ways of making these intuitions

precise, some of which go beyond the core set of IC postulates.

2 Background
Propositional logic. We work with the language L of propositional

logic over a fixed alphabet P = {p1, . . . , pn} of propositional atoms.

An interpretation is a set w ⊆ P of atoms, with the intended meaning

that atom p is contained in w if the truth value of p is set to true. The set

of all interpretations over P is denoted byW . We will often represent

an interpretation by its corresponding bit-vector of length |P| (e.g.,

101 is the interpretation {p1, p3}). If interpretation w satisfies formula

ϕ, we call w a model of ϕ. We denote the set of models of ϕ by [ϕ].
A pre-order ≤ onW is a binary relation onW which is reflexive and

transitive. We denote by w1 < w2 the strict part of ≤, i.e., w1 ≤ w2

3 We make an exception to this and treat propositional atoms as candidates
when interpretations cannot be reliably seen to fulfil this role. Though this
introduces an ambiguity in our notion of “candidate”, we view it as a useful
step to take in order to capture more voting properties than would otherwise
be possible.
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but w2 � w1. We write w1 ≈ w2 to abbreviate w1 ≤ w2 and

w2 ≤ w1. IfM is a set of interpretations, then the set of minimal
elements ofM with respect to ≤ is defined as min≤M = {w1 ∈
M | �w2 ∈ M s.t. w2 ≤ w1, w1 ≤ w2}. By a renaming ρ of the

variables we understand a permutation of their names. A renaming

ρ applied to any formula, knowledge base or profile changes the

propositional variables in it according to ρ. For instance, if ρ swaps

only variables p1 and p2 among them and ϕ = p1 ∧ ¬p2 ∧ p3, then

ρ(ϕ) = p2∧¬p1∧p3. We also extend here the notion of renaming to

apply to interpretations. Thus, if ρ swaps p1 and p2 between them in a

formula, then ρ applied to an interpretation swaps the first and second

bits in the bit-vector representation. For instance, ρ(101) = 011. A

transposition τ is a renaming that swaps exactly two elements among

each other.

Belief Merging. A knowledge base is a finite set of proposi-

tional formulas over L. A profile is a non-empty finite tuple E =
〈K1, . . . ,Kn〉 of consistent, but not necessarily mutually consistent

knowledge bases. We denote by E (resp.K) the set of all profiles (resp.

knowledge bases) over L. If E1 and E2 are profiles, then E1 2 E2

is the concatenation of E1 and E2. Interpretation w is a model of

K ∈ K (resp. E ∈ E) if it is a model of every element in K (resp.

E). We denote by [K] and [E] the set of models of K and E, re-

spectively. We write
∧

E for
∧

K∈E
∧

ϕ∈K ϕ, ¬K for ¬∧K, and

¬E for 〈¬K1, . . . ,¬Kn〉. Profiles E1 and E2 are equivalent, written

E1 ≡ E2, if there exists a bijection f : E1 → E2 such that for any

K ∈ E1 we have [K] = [f(K)].
A merging operator is a function Δ: E × L → K, and we write

Δμ(E) instead of Δ(E, μ). The formula μ is called the constraint and

it encodes an external condition which needs to hold in the final result

regardless of the input knowledge bases. It can be thought of as a set

of legal requirements or limits of feasibility restricting the outcomes

of the merging process. Next, logical postulates set out properties

which any merging operator Δ should satisfy. An operator satisfying

the following postulates is called an IC merging operator [13, 14]:

(IC0) Δμ(E) |= μ
(IC1) If μ is consistent, then Δμ(E) is consistent

(IC2) If
∧

E is consistent with μ, then Δμ(E) ≡ ∧E ∧ μ
(IC3) If E1 ≡ E2 and μ1 ≡ μ2, then Δμ1(E1) ≡ Δμ2(E2)
(IC4) If K1 |= μ and K2 |= μ, then Δμ(〈K1,K2〉) ∧K1 is consis-

tent iff Δμ(〈K1,K2〉) ∧K2 is consistent

(IC5) Δμ(E1) ∧Δμ(E2) |= Δμ(E1 2 E2)
(IC6) If Δμ(E1) ∧ Δμ(E2) is consistent, then Δμ(E1 2 E2) |=

Δμ(E1) ∧Δμ(E2)
(IC7) Δμ1(E) ∧ μ2 |= Δμ1∧μ2(E)
(IC8) If Δμ1(E)∧μ2 is consistent, thenΔμ1∧μ2(E) |=Δμ1(E)∧μ2

Though these postulates lay out what properties Δμ(E) should have,

they do not spell out how to actually construct Δμ(E), given E and

μ. To this end it is useful to focus on so-called assignments that map

any E ∈ E to a pre-order ≤E onW . We say that such an assignment

represents a merging operator Δ if [Δμ(E)] = min≤E [μ], for any

E ∈ E and μ ∈ L. Konieczny and Pino Pérez [13] have defined the

central notion of syncretic assignments.

Definition 1. A syncretic assignment is a function mapping every

E ∈ E to a total pre-order ≤E onW such that, for any E,E1, E2 ∈
E , K1,K2 ∈ K and w1, w2 ∈ W the following conditions hold:

(s1) If w1 ∈ [E] and w2 ∈ [E], then w1 ≈E w2.

(s2) If w1 ∈ [E] and w2 /∈ [E], then w1 <E w2.

(s3) If E1 ≡ E2, then ≤E1=≤E2 .

(s4) If w1 ∈ [K1], then there is w2 ∈ [K2] s.t. w2 ≤{K1,K2} w1.

(s5) If w1 ≤E1 w2 and w1 ≤E2 w2, then w1 ≤E1�E2 w2.

(s6) If w1 ≤E1 w2 and w1 <E2 w2, then w1 <E1�E2 w2.

The classical result below characterizes all IC merging operators in

terms of syncretic assignments.

Theorem 1. A merging operator Δ is an IC merging operator iff
there is a syncretic assignment which represents it.

Specifying concrete merging operators is usually done via a notion

of distance (that induces pre-orders≤Ki ) and an aggregation function

(which combines the individual rankings ≤Ki into a final pre-order

≤E). More precisely: a pseudo-distance is a function d : W ×W →
R+ such that, for any w1, w2 ∈ W , (i) d(w1, w2) = d(w2, w1)
and (ii) d(w1, w2) = 0 if and only if w1 = w2. An aggregation
function is a function f such that, for any x1, . . . , xn, x, y ∈ R+

and any permutation π, (i) if x ≤ y, then f(x1, . . . , x, . . . , xn) ≤
f(x1, . . . , y, . . . , xn), (ii) f(x1, . . . , xn) = 0 if and only if x1 =
· · · = xn = 0, (iii) f(x) = x, and (iv) f(x1, . . . , xn) =
f(π(x1), . . . , π(xn)).

The Hamming distance between interpretations w and w′ is de-

fined as dH(w,w′) = |(w \ w′) ∪ (w′ \ w)|; the drastic distance
between w and w′ is given as dD(w,w′) = 0 if w = w′ and 1
otherwise. The minimal distance between interpretations and mod-

els of Ki yields ≤Ki . The distance d(w,Ki) between w and Ki

is computed by taking the minimal distance between w and all

w′ ∈ [Ki]. Now, the pre-order ≤Ki is defined by saying that

w ≤Ki w′ if d(w,Ki) ≤ d(w′,Ki). For aggregating the rankings,

common functions are summation (Σ), GMAX and GMIN . For

dH this gives us the operators ΔdH ,Σ, ΔdH ,GMAX and ΔdH ,GMIN .

These operators are all distinct, in the sense that they may give dif-

ferent results on the same input. On the other hand, operators de-

fined using the drastic distance are all equivalent, in the sense that

ΔdD,Σ
μ (E) ≡ ΔdD,GMAX

μ (E) ≡ ΔdD,GMIN
μ (E), for any E ∈ E

and μ ∈ L. We thus denote these operators by ΔdD . In general, we

will write ΔdH and ΔdD when our results hold with all of the three

aggregation functions presented. For details, see [13, 14].

Example 1. Consider three reviewers who are part of a conference

committee. They have to arrive at a decision concerning three papers

they have been assigned, in a process that requires combining their

individual (perhaps mutually inconsistent) beliefs about which of

the papers should be accepted or rejected. The acceptance of each

paper is represented by a propositional atom: pi means that paper i
is accepted, for i ∈ {1, 2, 3}. The opinions of the three reviewers are

encoded by three knowledge bases, as follows: K1 = {p1∧p2∧¬p3},
K2 = {¬p1 ∧ ¬p2}, K3 = {p1 ∧ p3}. In other words, Reviewer 1

thinks only Papers 1 and 2 should be accepted, Reviewer 2 thinks

Papers 1 and 2 should be rejected but has no stated opinion on Paper 3,

and Reviewer 3 thinks Papers 1 and 3 should be accepted. Additionally,

the rule for their committee is that not all papers can be accepted. This

rule can be encoded by the constraint μ = ¬(p1 ∧ p2 ∧ p3).
Thus, if E = 〈K1,K2,K3〉 is the profile, the task is to compute

Δμ(E). We illustrate the operators ΔdH ,Σ, ΔdH ,GMAX , ΔdH ,GMIN

discussed above. First we compute a pre-order ≤Ki onW for each

Ki based on the distance d(w,Ki). In our example (using Hamming

distance dH ), we obtain d(010,K3) = min{dH(010, w′) | w′ ∈
[K3]} = min{dH(010,101), dH(010,111)} = min{3, 2} = 2.

The complete set of distances is featured in Table 1. The next step

is to combine the pre-orders ≤Ki into a new pre-order, reflecting

A. Haret et al. / Beyond IC Postulates: Classification Criteria for Merging Operators 373



w K1 K2 K3 Σ GMAX GMIN
000 2 0 2 4 (2,2,0) (0,2,2)
001 3 0 1 4 (3,1,0) (0,1,3)
010 1 1 2 4 (2,1,1) (1,1,2)
011 2 1 1 4 (2,1,1) (1,1,2)
100 1 1 1 3 (1,1,1) (1,1,1)
101 2 1 0 3 (2,1,0) (0,1,2)
110 0 2 1 3 (2,1,0) (0,1,2)
111 1 2 0 3 (2,1,0) (0,1,2)

Table 1: Distances and aggregated values for Example 1

the consensus opinion. We use an aggregation function (in this case

Σ, GMAX and GMIN ) to obtain the final ranking ≤E . The ag-

gregation function Σ adds the numbers interpretation-wise, and the

final ranking ≤Σ
E is determined by the order of the final levels for

each interpretation. The aggregation functions GMAX and GMIN
order the vector of levels for each interpretation in descending and as-

cending order, respectively. Then we determine ≤GMAX
E and ≤GMIN

E

by ordering the vectors lexicographically. Finally, we pick from the

models of μ (highlighted in grey in Table 1) the ones with min-

imal levels in the final ranking: [ΔdH ,Σ
μ (E)] = {100, 101, 110},

[ΔdH ,GMAX
μ (E)] = {100}, [ΔdH ,GMIN

μ (E)] = {101, 110}.
We can now interpret this result back in propositional logic. For

instance, ΔdH ,Σ
μ (E) ≡ {p1 ∧ ¬(p2 ∧ p3)}, thus saying that Pa-

per 1 should be accepted, but Papers 2 and 3 cannot be accepted

together. Notice that this result is not resolute, as it does not tell

which of Papers 2 or 3 should be accepted, if any. On the other hand,

ΔdH ,GMAX
μ (E) ≡ {p1 ∧ ¬p2 ∧ ¬p3}, thus saying that only Paper 1

should be accepted.

In the next section we will revisit this example several times to

illustrate and clarify the definitions of the properties.

Voting Theory. Let C be a finite set of candidates with |C| = m
and V = {1, 2, . . . , n} be a finite set of voters. The preference of a

voter is modelled as a total order over C, the vote 4. The top-ranked

candidate of 4 is at position 1, the successor at position 2, . . ., and

the last-ranked candidate is at position m. A collection of preference

relations P = 〈41, . . . ,4n〉 is called a preference profile. A voter i
prefers candidate c over candidate c′ if c 4i c

′. An election is given

by E = (C, V,P). A voting correspondence F is a mapping from an

election E to a non-empty subset of the candidates W ⊆ C, i.e., the

winners of the election. We denote a preference profile comprising

pre-orders instead of total orders by 〈≤1, . . . ,≤n〉. For more details,

see [1] and [16, in particular Chapter 4].

3 Properties for Belief Merging

In this section we present a number of natural properties for belief

merging, several of which stem from the (computational) social choice

literature, where they are typically applied to voting procedures. We

group these properties according to common themes of interest in the

Knowledge Representation literature.

Syntax Independence

These properties require that the outcome does not depend on how

knowledge is encoded. In other words, the concrete syntactic formula-

tion of the profile should not affect the result of the merging process.

Note that IC3 already ensures syntax independence to some degree.

However, not all properties defined here are implied by IC3 and hence

are more restrictive.

Anonymity. A voting system satisfies anonymity if the winner cannot

be changed by permuting the votes in the profile. In a merging sce-

nario, we denote by π(E) = 〈Kπ(1), . . . ,Kπ(n)〉 the profile obtained

by changing the order of the knowledge bases in E in accordance

with a permutation π : {1, . . . , n} → {1, . . . , n}. Anonymity is then

defined as follows:4

(Anonymity) Δμ(E) ≡ Δμ(π(E)).

In Example 1, Anonymity requires that ΔdH ,Σ, ΔdH ,GMAX and

ΔdH ,GMIN produce the same result, respectively, when the profile

is 〈K1,K2,K3〉, or 〈K2,K1,K3〉, or is any other permutation of

the knowledge bases. One can see that Anonymity is satisfied by the

operators mentioned, as the final result does not depend on the order

in which the pre-orders are aggregated.

Neutrality. In a voting scenario, neutrality requires that if two can-

didates are swapped in all votes, then they are also swapped in the

result. The purpose is to ensure that all candidates are treated equally

in the determination of the winners, i.e., their name does not matter.

In a merging scenario, we have to enforce that renaming variables

does not affect the merging outcome. We define neutrality as follows:

(Neutrality) ρ(Δμ(E)) ≡ Δρ(μ)(ρ(E)).

Under the renaming ρ that swaps p1 and p2 among them, the knowl-

edge bases and constraint from Example 1 become: ρ(K1) =
{p2 ∧ p1 ∧ ¬p3}, ρ(K2) = {¬p2 ∧ ¬p1}, ρ(K3) = {p2 ∧ p3}
and ρ(μ) = ¬(p2 ∧ p1 ∧ p3). Computing ΔdH ,Σ

ρ(μ) (ρ(E)) we get that

ΔdH ,Σ
ρ(μ) (ρ(E)) ≡ {p2 ∧ ¬(p1 ∧ p3)} ≡ ρ(ΔdH ,Σ

μ (E)).

Entity resolution. Suppose that, at some point in the knowledge mod-

elling process, different variables, e.g., p and q, are discovered to

encode the same concept. The knowledge engineer would want to in-

corporate this equivalence in the merging outcome. One way to do this

is going through the knowledge bases and the constraint and renaming

p to q. This is a laborious and invasive operation, which might be

infeasible if access to the knowledge bases is limited or if the knowl-

edge bases are provided by the agents just in time before the merging

process. Another way is to add the equivalence p ↔ q directly to

μ. The property we propose explores the relationship between these

two operations and requires that all solutions of the latter operation

are also solutions of the former. We denote by μp/q and Kp/q the

formula and knowledge base obtained from μ and K, respectively,

by replacing every occurrence of p with q. We denote by Ep/q the

profile obtained from E by replacing every knowledge base K in E
by Kp/q , if Kp/q is consistent; if Kp/q is inconsistent, we remove it.

(Entity resolution) Δμ∧(p↔q)(E) |= Δ
μp/q (E

p/q).

Entity resolution has no direct equivalent in the voting scenario.

Nonetheless, we believe it is worth investigating, as it bears some

resemblance to Independence of clones (see below) and is moti-

vated by a similar intuition: alternatives that are in some sense re-

dundant should not skew the vote in their favour. In Example 1,

we obtain that ΔdH
μ∧(p1↔p2)

(E) ≡ {p1 ∧ p2 ∧ ¬p3} (regardless

of the aggregation function used). Replacing every occurrence of

p1 with p2 in μ and E leaves us with K
p1/p2
1 = {p2 ∧ ¬p3},

K
p1/p2
2 = {¬p2}, Kp1/p2

3 = {p2 ∧ p3} and μp1/p2 = ¬(p2 ∧ p3),
and ΔdH

μp1/p2
(Ep1/p2) ≡ {p2 ∧ ¬p3}. Clearly, in this case we have

that ΔdH
μ∧(p1↔p2)

(E) |= ΔdH
μp1/p2

(Ep1/p2). However, we show in

Section 4 that this does not hold in general.

4 Here and in the following, variables such as E, K and μ are understood to
be universally quantified, unless explicitly mentioned otherwise.
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Fairness

The second group proposes a set of fairness properties, stemming

from the intuition that all knowledge bases and all variables should

be treated “equally” in the merging process. Fairness is featured in

the IC postulates (through IC4), but our proposals show that there is a

wider range of constraints to consider.

Non-dictatorship. In a voting scenario, this property is satisfied if

there is no single voter that alone determines the outcome of the elec-

tion, and is usually featured as a key requirement that any reasonable

voting method should satisfy. Here we distinguish between two no-

tions: Non-Dictatorship1 is in the spirit of the property usually found

for voting, while Non-Dictatorship2 has a more semantic flavour.

(Non-Dictatorship1) There is no integer i such that for any E ∈ E
and μ ∈ L, it holds that Δμ(E) ≡ Δμ(〈Ki〉).

(Non-Dictatorship2) There is no K ∈ K such that for any E ∈ E
and μ ∈ L, it holds that if a K′ ∈ K occurs in E with K′ ≡ K,

then Δμ(E) ≡ Δμ(〈K′〉), for any μ ∈ L.

Property Non-Dictatorship2 specifies that there is no knowledge base

in the semantic sense (i.e., a specific set of beliefs modulo logical

equivalence) which, if present in a profile, unilaterally determines

the merging outcome. In a voting setting, this is equivalent to saying

there is no ranking of alternatives (think of it as a magic key) which,

if submitted by some voter, decides the winners. Non-dictatorship has

been mentioned before in relation to Arrow’s theorem [12], though it

has not been formalized explicitly.

Pareto consistency. A voting system is Pareto-consistent if whenever

all voters prefer a candidate ci over some candidate cj , then ci is

preferred over cj in the result. A stronger version stipulates that no

candidates other than those preferred by all voters should appear in the

result. In a merging scenario, we correspondingly distinguish between

a weak and a strong version of Pareto consistency.

(Weak Pareto) Δμ(〈K1〉) ∧ · · · ∧ Δμ(〈Kn〉) |=
Δμ(〈K1, . . . ,Kn〉).

(Strong Pareto) If Δμ(〈K1〉)∧ · · · ∧Δμ(〈Kn〉) is consistent, then

Δμ(〈K1, . . . ,Kn〉) |= Δμ(〈K1〉) ∧ · · · ∧Δμ(〈Kn〉).

Replacing IC5 and IC6 in the IC postulates with Weak Pareto and

Strong Pareto yields what is called a pre-IC merging operator. In [8]

it has already been noted that any IC merging operator is also a pre-IC
merging operator. Pareto conditions also occur in [4] in connection to

a related set of operators called fusion operators.

Citizen’s sovereignty. In a voting scenario, citizen’s sovereignty re-

quires that for any candidate c there is at least one election such that

c is the winner. In other words, no candidate is disadvantaged by

the voting system per se. In a merging scenario, we require that no

formula is disadvantaged by the operator per se.

(Citizen′s sovereignty) For any formula ϕ there exist E ∈ E and

μ ∈ L such that Δμ(E) ≡ ϕ.

SC-Majority. This property requires that a candidate c is a winner

whenever more than half of the voters have c as their most preferred

candidate. Considering a formula ϕ as a set of candidates (i.e., ϕ’s

models) and the knowledge bases Ki as the voters, we have:

(SC-Majority) If ϕ ∈ L is consistent and ϕ |= Δμ(〈Ki〉) for a

majority of i ∈ {1, . . . , n}, then ϕ |= Δμ(E).

In Example 1 there is no consistent formula ϕ such that ϕ |=
Δμ(〈Ki〉) for a majority of i ∈ {1, . . . , n}. Hence, when we view

ΔdH
μ (E) as an election over the models of μ, there is no major-

ity winner. However, merging the same profile under the constraint

μ′ = (p1 ⊕ p2) ∧ ¬p3, we observe that μ′ is a majority winner but

ΔdH
μ′ (E) ≡ {p1 ∧ ¬p2 ∧ ¬p3}. Clearly, though, μ′ � ΔdH

μ′ (E).

Condorcet criterion. In a voting scenario the Condorcet criterion is

satisfied if the voting system selects the Condorcet winner, if it exists.

The Condorcet winner is a candidate that beats every other candidate

in pairwise majority comparisons. In a merging scenario, our proposal

is to define majority comparisons in terms of complete formulas.5 We

opted to present this version here as it directly captures the intuition

of the Condorcet winner from the voting scenario. In a more extensive

treatment of the topic we would present it alongside an equivalent

simpler version.

Definition 2. Given a merging operator Δ, E ∈ E , μ ∈ L and two

complete formulas ϕ1, ϕ2 ∈ L such that ϕ1 |= μ and ϕ2 |= μ,

a head-to-head election between ϕ1 and ϕ2 occurs as follows: for

every Ki in E, we say that ϕ1 wins over ϕ2 with respect to Ki

if Δϕ1∨ϕ2
(〈Ki〉) ∧ ϕ1 is consistent and Δϕ1∨ϕ2

(〈Ki〉) ∧ ϕ2 is

inconsistent. If both Δϕ1∨ϕ2
(〈Ki〉) ∧ ϕ1 and Δϕ1∨ϕ2

(〈Ki〉) ∧ ϕ2

are consistent, we say that ϕ1 and ϕ2 are tied with respect to Ki.

We denote by WE(ϕ1, ϕ2) the number of wins of ϕ1 over ϕ2 in E.

Finally, we say that ϕ1 wins over ϕ2 in a head-to-head election over

E if WE(ϕ1, ϕ2) ≥WE(ϕ2, ϕ1).
6 A complete formula ϕ such that

ϕ |= μ is a weak Condorcet winner with respect to E and μ if for any

complete formula ϕ′ |= μ such that ϕ ≡ ϕ′, it holds that ϕ wins over

ϕ′ in a head-to-head election over E.

(Condorcet′s criterion) If ϕ is a weak Condorcet winner with re-

spect to E and μ, then ϕ |= Δμ(E).

According to our definition, a weak Condorcet winner on formu-

las can be shown to coincide with the more familiar notion of a

weak Condorcet winner from voting theory, by viewing the set of

pre-orders 〈≤〈K1〉, . . . ,≤〈Kn〉〉 in a syncretic assignment as a vot-

ing profile where [μ] is the set of candidates (see Theorem 3 and

the sCon property). Applying this result here, we consider merg-

ing the profile E from Example 1 under a constraint μ′ such that

[μ′] = {000, 001, 010, 100} and using Hamming distance and Σ as

aggregation function. We obtain the same table of distances from

Example 1, except that we restrict our attention to the models of

μ′. Table 2 records the number of wins of each interpretation in [μ′]
over the other in the resulting voting profile: an entry of k in row

i and column j means that interpretation wi has k wins over inter-

pretation wj . For instance, 000 has only one win over 001 (namely,

000 <K1 001). Likewise, 001 has only one win over 000 (namely,

001 <K3 000).7 Obviously, from a voting perspective it does not

make sense to compare an interpretation to itself, thus the entries on

the diagonal are marked with “-”. Inspection of Table 2 then shows

that 001 and 100 are the only models that do not lose to any other

interpretation, which means that they are the weak Condorcet win-

ners in this profile. Hence the formulas ϕ1 = ¬p1 ∧ ¬p2 ∧ p3 and

ϕ2 = p1∧¬p2∧¬p3 are the corresponding weak Condorcet winners.

5 Complete formulas have exactly one model.
6 We opted to go with the weak form of Condorcet winner because we did not

wish to restrict the set of winners to have exactly one model. However, we
could define a strong notion of Condorcet winner by requiring the inequality
between WE(ϕ1, ϕ2) and WE(ϕ2, ϕ1) to be strict and our analysis would
still go through. For reasons of space we omit this here.

7 We do not count the tie 000 ≈K2 001.
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000 001 010 100
000 - 1 1 1
001 1 - 2 1
010 1 1 - 0
100 2 1 1 -

Table 2: Computing the Condorcet winners

On the other hand, ΔdH ,Σ
μ′ (E) ≡ {p1 ∧ ¬p2 ∧ ¬p3} and it is clear

that ϕ1 � ΔdH ,Σ
μ′ (E) and thus ΔdH ,Σ

μ′ (E) does not select (all) the

weak Condorcet winners of this profile. In Section 4 we will show

that this observation generalizes to the other merging operators.

Intuitive Response to Profile Change

This group of properties ensures that changes in the knowledge base

produce an intuitive change of the outcome. Having an intuitive re-
sponse of the formalism is particularly important for knowledge en-

gineers as it reduces unnatural behavior and makes the effects of

changes in the knowledge bases easier to grasp.

Monotonicity. A voting system is monotone if the winner of an

election cannot be turned into a non-winner by improving its rank in

some of the votes. In the context of merging, we propose:

(Monotonicity) Δμ(E1 2 E2) ∧Δμ(E3) |= Δμ(E1 2 E3).

The intuition behind this formalization stems from seeing the models

of Δμ(E) as the winners in the election where the models of μ are

candidates and the knowledge bases in E are the voters. Thus, if

any candidates elected by the profile E1 2 E2 are also elected by

the profile E3 alone, then monotonicity would require that the same

candidates should also be elected when we replace E2 with E3 in

E1 2E2. The idea, to put it succinctly, is that a winner stays a winner,

if its position is only increased in the votes.

To illustrate the property, consider the knowledge bases in Ex-

ample 1 and a constraint μ′ such that [μ′] = {011, 100}. Then

100 ∈ [ΔdH
μ′ (〈K1,K2〉)]. In other words, the interpretation 100 is a

winner in an election where K1 and K2 are the voters and the inter-

pretations 011 and 100 (as models of μ′) are the sole candidates. We

also see, by consulting Table 1, that 100 ∈ [ΔdH
μ′ (〈K3〉)], i.e., the

voter K3 counts 100 among its most preferred states. Monotonicity
would then require that replacing K2 with K3 in the profile 〈K1,K2〉
would not harm the position of 100 in the result. And indeed, we

have that 100 ∈ [ΔdH
μ′ (〈K1,K3〉)], showing that Monotonicity is

satisfied in this particular instance. However, in Section 4 we show

that Monotonicity is not satisfied in general by ΔdH and ΔdD .

Participation. A voting system satisfies participation (also known as

the no-show paradox) if it is not possible to change the winner from

candidate ci to candidate cj by adding a vote in which candidate ci is

strictly preferred to candidate cj . In a merging scenario, we consider

adding a knowledge base K to a given profile E and require that

Δμ(E 2 〈K〉) should not be ‘worse’ than Δμ(E) with respect to K.

(Participation) If Δμ(E) ∧ K is consistent, then Δμ(E) ∧ K |=
Δμ(E 2 〈K〉).

In Example 1, take μ′ = ¬p2 ∧ p3, with [μ′] = {001, 101}. We

have that [ΔdH ,Σ
μ′ (〈K1,K2〉)] = {101}. In other words, if Review-

ers 1 and 2 decided alone, then 101 would be their most preferred

state, as chosen by ΔdH ,Σ. Notice that 101 is also a model of K3,

i.e., Reviewer 3 also has 101 among its most preferred states. We

can imagine Reviewer 3 has a choice: she can either express her

opinions, or stand by as a passive observer. Now, if there was a pos-

sibility that weighing in with her true opinions would decrease the

chance that 101 appears in the result, then Reviewer 3 would have

an incentive to keep her opinion to herself. This does not happen, as

101 ∈ [ΔdH ,Σ
μ′ (〈K1,K2,K3〉)]. Hence it is safe for Reviewer 3 to

weigh in on the reviewing process with her true opinions. We would

want all merging operators to emulate this property, as it incentivizes

agents to participate with their honest opinions.

Reversal symmetry. This property holds in a voting system if the

unique winner of an election can be turned into a non-winner by

reversing all votes. In a merging scenario, we interpret the condition

of having a unique winner as the outcome of merging being a complete

formula, and we take reversing the vote to mean that every knowledge

base is replaced with its negation, as defined in Section 2. Notice

that we require the outcome to be a complete formula to reflect the

requirement of a unique winner in the voting setting.

(Reversal symmetry) If Δμ(E) is a complete formula and μ has

more than one model, then Δμ(E) � Δμ(¬E).

In Example 1, replacing every knowledge base with its negation

gives ¬K1 = {¬(p1 ∧ p2 ∧ ¬p3)}, ¬K2 = {¬(¬p1 ∧ ¬p2)}
and ¬K3 = {¬(p1 ∧ p3)}. Merging these knowledge bases

with ΔdH ,GMAX under the constraint μ (from the example) pro-

duces the result ΔdH ,GMAX
μ (¬E) = {010, 011, 100, 101}. Thus,

ΔdH ,GMAX
μ (E) |= ΔdH ,GMAX

μ (¬E), and hence ΔdH ,GMAX does

not satisfy Reversal symmetry. In Section 4 it is shown that this result

extends to other merging operators as well.

Resolvability. In a voting scenario, resolvability (see, e.g., [17]) re-

quires that any winner can be made the unique winner by adding a

single vote. In a merging scenario, we require that we can refine the

output of merging as much as we desire by adding just one knowledge

base to E.

(Resolvability) For any ϕ ∈ L such that ϕ |= Δμ(E), there is a

K ∈ K such that Δμ(E 2 〈K〉) ≡ ϕ.

It has been pointed out in Section 2 that the output of a merging

operator is not always resolute, in the sense of selecting a completely

specified state of affairs. In Example 1 we got that ΔdH ,Σ
μ (E) ≡

{p1 ∧ ¬(p2 ∧ p3)}, thus saying that Paper 1 should be accepted

while Papers 2 and 3 cannot be accepted together, but not giving any

additional information on which (if any) of Papers 2 and 3 should

be accepted. This is because merging operators are designed to offer

a solution based on the available information, and that might be

insufficient to decide between a set of alternatives. However, in certain

circumstances, such as the one offered in Example 1, we might want

an answer that settles the question definitively. In such a case, it is

reasonable to do so by eliciting more information from the agents

involved. The Resolvability property analyzes the possibility that the

result can be refined enough by adding a single vote, so as to settle on

a decision regarding every option. In Example 1 we can settle on the

decision where, for instance, only Paper 1 is accepted by adding the

knowledge base K4 = {p1∧¬p2∧¬p3} to the profile. Notice that our

definition of resolvability does not require the operator to be resolute.

Independence of clones. In a voting scenario, we say that two candi-

dates are clones if they are ranked next to each other in any vote of the

election. A voting system is independent of clones if a non-winning

candidate cannot be made a winner by adding clones to the election.
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In a merging scenario, as it does not make too much sense to think of

introducing new interpretations, we think of clones as new variables
that are equivalent to existing ones. Thus, given a merging profile

E = 〈K1, . . . ,Kn〉, a propositional variable p and a set of “new”

propositional variablesQ ⊂ P not appearing in K1, . . . ,Kn (clones

of p), we denote by Ep,Q the profile obtained by adding the formula∧
q∈Q(p↔ q) to every knowledge base Ki contained in E. Indepen-

dence of clones for merging operators is formulated as follows:

(Independence of clones) If every K ∈ Ep,Q is consistent, then

Δμ(E) ≡ Δμ(E
p,Q).

Consider merging the knowledge bases {p} and {¬p} with the op-

erator ΔdH ,Σ: we get that ΔdH ,Σ
� (〈{p}, {¬p}〉) ≡ �. Adding a

clone q of p gives us that ΔdH ,Σ
� (〈{p, p↔ q}, {¬p, p↔ q}〉) ≡ �.

Adding a clone to the profile does not change the final result and this

seems fitting, as introducing the new information regarding q does not

change the agents’ beliefs regarding the “main” issue, represented by

p. Hence, one would like to see this behaviour reproduced more gen-

erally. However, Independence of clones as we have formulated it is

a very strong property. Thus, adding a clone p4 for p1 in Example 1

produces the result that ΔdH ,Σ
μ (E) ≡ {p1 ∧ ¬(p2 ∧ p3) ∧ p4},

ΔdH ,GMAX
μ (E) ≡ {p1 ∧ ¬p2 ∧ ¬p3 ∧ p4}, ΔdH ,GMIN

μ (E) ≡
{p1 ∧ p2 ∧ ¬p3 ∧ p4}. Obviously Independence of clones is not

satisfied here, and Section 4 shows that this result generalizes.

Modularity

Modularity properties capture circumstances where a profile can be

decomposed into sub-profiles while preserving the merging result.

Consistency. In a voting scenario, consistency requires that if an

election E is arbitrarily divided into sub-elections E1, . . . , En and if

candidate c is a winner in all of the sub-elections E1, . . . , En, then c is

also a winner of E. For merging we formulate consistency as follows:

(Consistency) For any partition E1, . . . , En of E it holds that

Δμ(E1) ∧ · · · ∧Δμ(En) |= Δμ(E).

Observe that Consistency and Weak Pareto do not coincide, as

Consistency is stronger than Weak Pareto.

Stability

These properties are subtly different to those describing intuitive

response to profile change: they model modifications of the knowledge

bases which should not affect the result of the merging process.

Homogeneity. A voting procedure satisfies homogeneity if for any

k ≥ 1 and any election, the result cannot be changed by “repeating”

each vote k times. In a merging scenario we require that the outcome

of merging does not change if we expand the profile by adding multi-

ple copies of itself. That is, the absolute “weights” of the knowledge

bases are not relevant—rather it is the relative weights that matter.

(Homogeneity) Δμ(E) ≡ Δμ(E 2 · · · 2 E).

Self-agreement. We require that the merging outcome is not disrupted

if we add it back to E and merge the new profile.

(Self-agreement) Δμ(E 2 〈Δμ(E)〉) ≡ Δμ(E).

4 Relationship with IC postulates
In this section we analyze the properties introduced in Section 3. The

results are summarized in Table 3. A significant number of the proper-

ties we introduced turn out to follow directly from the IC postulates,

whereas there are some that hold for certain operators only.

Property IC ΔdH ΔdD

Anonymity 	 	 	
Neutrality 	 	
Entity resolution × 	
Non-Dictatorship1, Non-Dictatorship2 	 	 	
Weak Pareto∗ 	 	 	
Strong Pareto∗ 	 	 	
Citizen′s sovereignty 	 	 	
SC-Majority � × ×
Condorcet′s criterion × 	
Monotonicity × ×
Participation 	 	 	
Reversal symmetry × 	
Resolvability 	 	 	
Independence of clones × ×
Consistency 	 	 	
Homogeneity 	 	 	
Self-agreement 	 	 	

Table 3: Summary of results. In the IC column, 	indicates that the

property is implied by the IC postulates, and � indicates that the

property is inconsistent with the IC postulates. The last two columns

indicate whether the property holds for operators based on Hamming

distance (ΔdH ) and drastic distance (ΔdD ). Results for properties

marked by ∗ have already been studied [8].

Theorem 2. Anonymity, Non-Dictatorship1, Non-Dictatorship2,
Weak Pareto, Strong Pareto, Citizen′s sovereignty, Participation,
Resolvability, Consistency, Homogeneity and Self-agreement fol-
low from the IC postulates.

Proof. For Anonymity take the bijection f(Ki) = Kπ(i) be-

tween E and π(E) and apply IC3. Non-Dictatorship1 follows

from Anonymity, as in the classical voting scenario. For Non-

Dictatorship2, suppose K1 is a dictator for Δ. Choose a (consistent)

K2 such that
∧

K1 ∧
∧

K2 is inconsistent, and μ =
∧

K1 ∨
∧

K2.

Clearly, Δμ(〈K1,K2〉) ∧
∧

K1 is consistent, and thus (by IC4) it

holds that Δμ(〈K1,K2〉) ∧
∧

K2 is consistent as well. But, since

K1 is a dictator, we have that Δμ(〈K1,K2〉) ≡ Δμ(〈K1〉). This

leads to a contradiction. Weak Pareto and Strong Pareto are dis-

cussed in [8]. For Citizen′s sovereignty take E = 〈{ϕ}〉, μ = ϕ
and apply IC2. For Participation take w ∈ [Δμ(E) ∧ K]. By IC1,

this implies that w ∈ [μ]. We also have that w ∈ [K], and from

IC2 it follows that Δμ(〈K〉) ≡
∧〈K〉 ∧ μ, hence w ∈ [Δμ(〈K〉)].

This implies that w ∈ [Δμ(E) ∧Δμ(〈K〉)], and by IC5 we get that

w ∈ [Δμ(E 2 〈K〉)]. For Resolvability, take K = {ϕ}. By IC0 it

follows that ϕ |= μ. Hence, K ∧μ is consistent, and by IC2 it follows

that Δμ(〈K〉) ≡
∧〈K〉 ∧μ ≡ ϕ. It follows that Δμ(E)∧Δμ(〈K〉)

is consistent. The conclusion follows by using IC5–IC6. Consistency
follows from repeated application of IC5, and Homogeneity from

repeated application of IC5–IC6. For Self-agreement first show, us-

ing IC0, IC1 and IC2, that Δμ(〈Δμ(E)〉) ≡ Δμ(E). From this, to-

gether with the fact that Δμ(E) ∧Δμ(〈Δμ(E)〉) is consistent, plus

IC5–IC6, we get Δμ(E 2 〈Δμ(E)〉) ≡ Δμ(E) ∧Δμ(〈Δμ(E)〉) ≡
Δμ(E).

The remaining properties require a different kind of analysis. Below

we present a series of conditions on assignments which turn out to

characterize several important remaining properties.
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Definition 3. For an assignment on profiles, we define the fol-

lowing properties, for any w,w1, w2 ∈ W , K1, . . . ,Kn ∈ K,

E,E1, E2, E3 ∈ E ,M⊆W and transposition τ :8

(sNeut) If w1 ≤E w2, then τ(w1) ≤τ(E) τ(w2).
(sMaj) If w1 ≤〈Ki〉 w2 for a majority of i ∈ {1, . . . , n}, then

w1 ≤〈K1,...,Kn〉 w2.

(sCon) If w ∈M is a weak Condorcet winner with respect to the pref-

erence profile 〈≤〈K1〉, . . . ,≤〈Kn〉〉 andM is the set of candidates,

then w ∈ min≤〈K1,...,Kn〉M.

(sMon) If w1 ≤E1�E2 w2 and w1 ≤E3 w2, then w1 ≤E1�E3 w2.

(sRev) If w1 <E w2, then w2 <¬E w1.

We say that property s of assignments characterizes property P of
merging operators if it holds that a merging operator satisfies P iff it

is represented by an assignment satisfying s.

Theorem 3. Properties sNeut, sMaj, sCon, sMon and sRev characterize
Neutrality, SC-Majority, Condorcet′s criterion, Monotonicity and
Reversal symmetry, respectively.

Proof. For sMaj, sCon, sMon and sRev it is straightforward to check

that they characterize their respective properties for operators. For

sNeut, suppose first that we have a neutral assignment and a merg-

ing operator Δ represented by it. We know that any renaming ρ is

the product of n transpositions. We show that Δ satisfies Neutrality
by induction on n. In the base case of n = 0, ρ is the identity

renaming and the claim holds trivially. For the inductive step, we

assume the claim holds for permutations of length n, and show

that it holds for permutations of length n + 1. Take, then, a renam-

ing ρ = τ1 · · · τnτn+1. By the inductive hypothesis, we know that

τ1 · · · τn(Δμ(E)) ≡ Δτ1···τn(μ)(τ1 · · · τn(E)). We apply τn+1 to

both sides. Using the results that for any ϕ ∈ L and transposition

τ it holds that [τ(ϕ)] = τ([ϕ]) and τ(τ(w)) = w, and that for any

E ∈ E , μ ∈ L, it holds that τ(Δμ(E)) ≡ Δτ(μ)(τ(E)), we derive

the conclusion. Conversely, assume Δ is a merging operator that satis-

fies Neutrality but is represented by an assignment that does not sat-

isfy sNeut. Then there exists E ∈ E , a transposition τ and w1, w2 ∈ W
such that w1 ≤E w2 and τ(w2) <τ(E) τ(w1). Take μ ∈ L such

that [μ] = {w1, w2}. We have that w1 ∈ [Δμ(E)] and hence

τ(w1) ∈ [τ(Δμ(E))]. On the other hand, [Δτ(μ)(τ(E))] = {w2}.
This shows that Δ is not neutral, which is a contradiction.

Theorem 4. None of the operators ΔdH and ΔdD satis-
fies Monotonicity or Independence of clones. The operators
ΔdH do not satisfy Entity resolution, Condorcet′s criterion and
Reversal symmetry, but ΔdD does. Furthermore, there is no IC merg-
ing operator that satisfies SC-Majority.

Proof. We provide here the relevant counter-examples. For

Monotonicity take K1 = {p ∧ q}, K2 = {¬q}, K3 = {p},
μ = p and E1 = 〈K1〉, E2 = 〈K2〉, E3 = 〈K3〉. We get

that ΔdH
μ (E1 2 E2) ≡ ΔdD

μ (E1 2 E2) ≡ {p}, ΔdH
μ (E3) ≡

ΔdD
μ (E3) ≡ {p} and ΔdH

μ (E1 2E3) ≡ ΔdD
μ (E1 2E3) ≡ {p∧ q}.

For Independence of clones take E = 〈K1,K2〉, K1 = {p} and

K2 = {q}, μ = p ∨ q and add a clone r of p. Then ΔdH
μ (E) ≡

{p ∧ q}. In the new setup, we get that ΔdH
μ (Ep,Q) ≡ {p ∧ q ∧ r}.

For Entity resolution and ΔdH , take E = 〈K1,K2,K3〉 with

K1 = {p ∧ ¬q ∧ r}, K2 = {p ∧ ¬r}, K3 = {¬p ∧ ¬q} and

μ = �. We get ΔdH
μ∧(p↔q)(〈K1,K2〉) ≡ {¬p ∧ ¬q}, while Ep/q =

8 We remind the reader that transpositions applied to formulas swap exactly
two atoms among each other and applied to interpretations they swap the
corresponding bits in the bit-vector representation.

〈{q ∧¬r}, {¬q}〉 and ΔdH
μp/q (E

p/q) ≡ {¬r}. For Entity resolution

and ΔdD , take w ∈ [ΔdD
μ∧(p↔q)(E)]. We have that if w ∈ [Ki] and

K
p/q
i is consistent, then w ∈ [K

p/q
i ]. This implies that the number

of 0’s in w’s vector of scores in ≤Ep/q is equal to the number of

0’s in w’s vector of scores in ≤Ep/q . If K
p/q
i is inconsistent, this

is because Ki implies either p ∧ ¬q or ¬p ∧ q, and thus w cannot

be a model of Ki; hence removing Ki can only decrease w’s final

score. For Condorcet′s criterion and ΔdH ,Σ or ΔdH ,GMAX , take

E = 〈K1,K2,K3〉, K1 = {p ∧ q ∧ r}, K2 = K3 = {¬p},
μ = (¬p ∧ ¬q ∧ ¬r) ∨ (p ∧ q ∧ r). Then [K1] = {111},
[K2] = [K3] = {000, 001, 010, 011} and [μ] = {000, 111}. We

have that ϕ = ¬p∧¬q ∧¬r is the only weak Condorcet winner with

respect to E and μ, but ΔdH ,Σ
μ (E) ≡ ΔdH ,GMAX

μ (E) ≡ {p∧q∧r}.
For ΔdH ,GMIN , take E = 〈K1,K2,K3〉, K1 = {¬p ∧ ¬q ∧ r},
K2 = {¬p ∧ q ∧ ¬r},K3 = {p ∧ q ∧ r} and μ from before. Then

the weak Condorcet winner with respect to E and μ is ¬p∧¬q ∧¬r,

but ΔdH ,GMIN
μ (E) ≡ {p ∧ q ∧ r}. It is straightforward to check

that dD together with any aggregation function generates an assign-

ment that satisfies sCon. Together with Theorem 3 and our obser-

vation that a weak Condorcet winner ϕ with respect to E and μ
corresponds to [ϕ] being a weak Condorcet winner in the voting

profile 〈≤〈K1〉 . . . ,≤〈Kn〉〉 restricted to [μ], we get that ΔdD sat-

isfies Condorcet′s criterion. For Reversal symmetry and dH , take

K1 = {p → q}, K2 = {p ∧ ¬q}, μ = ¬p and E = 〈K1,K2〉. We

get that ΔdH
μ (E) ≡ ΔdH

μ (¬E) ≡ {¬p∧¬q}. It is straightforward to

check that dD with any aggregation function generates an assignment

that satisfies sRev, thus ΔdD satisfies Reversal symmetry. To see why

the IC postulates and SC-Majority are incompatible, suppose there

is an IC merging operator which satisfies SC-Majority. Take [μ] =
{w1, w2} and [K1] = {w1, w2}, [K2] = {w1, w2}, [K3] = {w1}.
By SC-Majority we get that {w1, w2} ⊆ [Δμ(〈K1,K2,K3〉)]. How-

ever, by IC2 we get that [Δμ(〈K1,K2,K3〉)] = {w1}.

Finally, we show that Neutrality is not implied by the IC postu-

lates, even though ΔdH and ΔdD satisfy it. To do so, we first pro-

vide a characterization of Neutrality in terms of a corresponding

property for distance based operators. We call a pseudo-distance d
neutral if for any transposition τ and w1, w2 ∈ W , it holds that

d(w1, w2) = d(τ(w1), τ(w2)). The characterization is then captured

by the following result.

Theorem 5. For any pseudo-distance d and aggregation function
f , a merging operator Δd,f satisfies Neutrality if and only if d is
neutral.

Proof. For one direction of the proof, take an assignment generated

using a neutral distance d and an aggregation function f . First we

show that for any w ∈ W , K ∈ K and transposition τ , it holds that

d(w,K) = d(τ(w), τ(K)). Take w′ ∈ [K] such that d(w,K) =
d(w,w′). Since τ is neutral, we get that d(w,w′) = d(τ(w), τ(w′)).
We have that [τ(K)] = τ([K]), and thus τ(w′) ∈ [τ(K)]. We show

now that τ(w′) is at a minimal distance from τ(w) among the mod-

els of τ(K). Take, then, τ(w′′) ∈ [τ(K)], with w′′ ∈ [K]. We

have that d(w,w′) ≤ d(w,w′′), and since d is neutral it follows

that d(τ(w), τ(w′)) ≤ d(τ(w), τ(w′′)). Hence d(τ(w), τ(K)) =
d(τ(w), τ(w′)) = d(w,w′). From this we immediately derive that

for any E ∈ E , w ∈ W and neutral transposition τ , it holds that

d(w,E) = d(τ(w), τ(E)). Thus, if d(w1, E) ≤ d(w2, E), then

d(τ(w1), τ(E)) ≤ d(τ(w2, τ(E))), for any w1, w2 ∈ W . It fol-

lows that if w1 ≤E w2 then τ(w1) ≤τ(E) τ(w2), and therefore the

assignment satisfies sNeut. By Theorem 3 this implies Δd,f is neutral.
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Figure 1: Distances between w1, w2, τ(w1) and τ(w2)

Conversely, assume Δd,f satisfies Neutrality, but d is not neu-

tral. Then there must be w1, w2 ∈ W and a transposition τ such

that d(w1, w2) = d(τ(w1), τ(w2)). We show now that, by tak-

ing ρ = τ , we can always find some profile E and constraint

μ such that Δd,f does not satisfy Neutrality. Notice first that it

is not possible to have τ(w1) = w1 and τ(w2) = w2, as this

contradicts our assumption that d(w1, w2) = d(τ(w1), τ(w2)). In

the following we analyze the remaining cases, keeping in mind

that τ(τ(w)) = w and that [τ(K)] = τ([K]). Let us denote

d(w1, w2) = a, d(τ(w1), τ(w2)) = b, d(w1, τ(w2)) = c and

d(τ(w1), w2) = d (see Figure 1). Without loss of generality, we

assume that a < b. Case 1. τ(w1) = w1, τ(w2) = w2. Take K
and μ such that [K] = {w1} and [μ] = {w2, τ(w2)}. We have

that [τ(K)] = τ([K]) = {τ(w1)} = {w1}, and [τ(μ)] = [μ].
Then by b = c we obtain [Δd,f

μ (〈K〉)] = [Δd,f
τ(μ)(τ(〈K〉))] =

{w2}. This shows that Δd,f is not neutral, since [τ(Δd,f
μ (〈K〉))] =

τ([Δd,f
μ (〈K〉)]) = {τ(w2)}. Case 2. τ(w1) = w1, τ(w2) = w2.

Analogous to Case 1. Case 3. τ(w1) = w1, τ(w2) = w2. For

this case we have to analyze the relationship between a, b, c and d.

Case 3.1. min{a, c} < min{b, d} or min{b, d} < min{a, c}. Take

[K] = {w2, τ(w2)} and [μ] = {w1, τ(w1)}. Clearly, [τ(K)] = [K]
and [τ(μ)] = [μ]. In this case we have that d(w1,K) = min{a, c}
and d(τ(w1),K) = min{b, d}. Then [Δd,f

μ (〈K〉)] will consist of

exactly one interpretation out of {w1, τ(w1)}, call it w (see Table 4).

But this shows that Δd,f cannot be neutral, because we will get the

w {w2, τ(w2)}
w1 min{a, c}

τ(w1) min{b, d}
Table 4: min{a, c} = min{b, d}

same result of {w} for [Δd,f
τ(μ)(τ(〈K〉))], while [τ(Δd,f

μ (〈K〉))] =
{τ(w)}. Case 3.2. min{a, c} = min{b, d}. Here we analyze two

sub-cases, but the reasoning follows the same lines as in the previous

cases. Case 3.2.1. a ≤ c, d ≤ b, a = d. Take K and μ such that

[K] = {w1} and [μ] = {w2, τ(w2)}. Then [τ(K)] = {τ(w1)} and

[τ(μ)] = [μ] and we get that [Δd,f
μ (〈K〉)] = [Δd,f

τ(μ)(τ(〈K〉))] =
{w2}, whereas [τ(Δd,f

μ (〈K〉))] = {τ(w2)}. Case 3.2.2. c ≤ a,

d ≤ b, c = d. Take K1, K2 and μ such that [K1] = {w2},
[K2] = {τ(w2)}, [μ] = {w1, τ(w1)}. Then [τ(K1)] = {τ(w2)},
[τ(K2)] = {w2} and [τ(μ)] = [μ]. Notice, now, that from c = d,

a < b and properties (i) and (iv) of f as an aggregation function

(see Section 2), it follows that f(a, c) < f(d, b). Consequently,

[Δd,f
μ (〈K1,K2〉)] = [Δd,f

τ(μ)(τ(〈K1,K2〉))] = {w1}. However,

[τ(Δd,f
μ (〈K1,K2〉))] = {τ(w1)}. Thus, Δd,f is not neutral.

Using Theorem 5, we can now state our last result.

Theorem 6. Neutrality does not follow from the IC postulates, but
ΔdH and ΔdD satisfy it.

Proof. It is straightforward to check that dH and dD are neutral,

hence by Theorem 5 it follows that ΔdH and ΔdD satisfy Neutrality.

However Neutrality is not guaranteed by the IC postulates: there exist

distance-based operators satisfying the IC postulates where the dis-

tance d is nonetheless not neutral. One such example is a merging op-

erator for the Horn fragment of propositional logic based on a custom-

defined distance dS [11]. In a three letter alphabet the definition of

dS specifies that dS(000, 001) = 1 and dS(000, 010) = 2. Thus,

dS is not neutral, which can be seen by considering the transposition

that swaps the second and third bits among themselves. Nonetheless,

ΔdS ,Σ satisfies the IC postulates [11].

We conclude by a few comments on our results. First, notice that

Neutrality for distance-based operators depends only on the distance

used and not on the aggregation function. Concerning the connection

between our results and social choice, at first glance it might look

disappointing that there is no IC operator satisfying SC-Majority, but

it should be kept in mind that there are also important voting rules

(e.g., Borda) which do not satisfy this property. Furthermore, it is a

positive result that Participation holds for all IC operators, as this

is not the case for important voting rules (e.g., Copeland, Dodgson

and Young). Having Participation removes an agent’s incentive for

strategizing about whether to cast a vote. Also, it is not overly surpris-

ing that Independence of clones does not hold for all IC operators as

it does not hold for many voting rules either (e.g., Plurality, Borda,

Copeland and Dodgson). Finally, the result on Consistency is notable

as this property does not hold for several important voting rules (e.g.,

Copeland, Dodgson and Young).

Note that we consider the strongest setting, where the constraint μ is

unrestricted and properties have to hold for any μ and any profile. The

cases when either domain restrictions are imposed on μ, or μ ≡ �,

remain to be explored. Some of the proofs will carry over, whereas

several results will have to be revisited.

5 Conclusion

In this work we have investigated eighteen desirable properties for

belief merging operators, fourteen of which are newly formulated

using insights from voting theory. We show that some follow from the

IC postulates, some can never be satisfied by an IC operator, whereas

others are only satisfied by certain IC operators. For properties of the

last case, we additionally verified which of the standard operators

satisfy them. If a property already follows from the postulates this is

good news; if it does not, this shows that special care is needed when

designing tailor-made operators. The properties proposed in this work

are, however, to be seen as a first step on a long path and can certainly

be refined and extended.

Likewise, there are quite a number of possible directions for future

work. A natural step is to perform an extensive classification which

is not limited to standard operators. One could also have a closer

look at operators for fragments such as Horn, whenever a property is

not satisfied in the general setting. Furthermore, for each considered

property it is enticing to come up with a representation theorem for the

setting where the IC postulates are extended by this property. Certainly

also the relations between the properties studied in this work deserve

a closer investigation. In particular, it would be interesting to come up

with (IC) merging operators satisfying a maximal number of properties

and to complement these results with impossibility theorems for the

remaining cases. Also, as discussed above, the role of the constraint

formula μ deserves a closer investigation, in which domain restrictions

of μ are considered. Last but not least, we plan to explore the relation

between judgment aggregation and belief merging—for the general

case this relation was recently studied by Everaere, Konieczny, and

Marquis [9]—with a special focus on devising new suitable properties.
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Schema-Based Debugging of Federated Data Sources

Andreas Nolle1 and Christian Meilicke2 and Melisachew Wudage Chekol2 and
German Nemirovski1 and Heiner Stuckenschmidt2

Abstract. Information explosion leads to continuous growth of data

distributed over different data sources. However, the increasing num-

ber of data sources increases the risk of inconsistency. In such a fed-

erative setting, description logics can be applied to define a central

schema that serves as a conceptual view comprising and extending

the semantics of each data source. Consequently, each data source is

treated as a single knowledge base that is integrated in a federated

knowledge base. Following this idea, we propose an approach for

automated debugging of federated knowledge bases that targets the

identification and repair of inconsistency. We report on experiments

with a large distributed dataset from the domain of library science.

1 Introduction
The Linked Open Data (LOD) cloud grows continuously. However,

the more data is available, the higher is the probability of inconsis-

tency. Besides local clashes within data sources, two (or more) data

sources can be contradictory. In the context of library science, for

instance, one data source may catalogue a publication correctly as

a paper, whereas in another source it is mistakenly defined as pro-

ceedings. One approach to tackle this problem is the use of feder-

ated data or information integration, where a central schema serves

as a conceptual view that comprises and extends the semantics of

each integrated data source. As a consequence, the central schema

and its mappings to the different schemas which are used in the inte-

grated data sources represent the interface to the distributed data. By

using these mappings, original queries (mainly referring to the cen-

tral schema) can be transformed into queries referring to the related

schema of each data source. Thus, clients do not have to be aware of

the local schema in each integrated data source [24].

Let us illustrate this by the following example. We will use this

example throughout the remainder of the paper.

Example 1 Let T be a central schema and A1, A2, and A3 denote
three distributed data sources. T contains the following axioms.

Book 2 Paper & Publication Paper & ¬Book
Proceedings & Book Book 2 Paper & ¬SlideSet
∃isPartOf & Paper ∃isPartOf − & Proceedings

The three data sources contain the following assertions:
A1 A2 A3

Paper(I1) Paper(I1) SlideSet(I1)

isPartOf (I1,AI15) Proceedings(I1) SlideSet(I2)

Paper(I2) isPartOf (AI15, I1)

1 Albstadt-Sigmaringen University, Germany,
email: {nolle, nemirovskij}@hs-albsig.de

2 Research Group Data and Web Science, University of Mannheim, Germany,
email: {christian, mel, heiner}@informatik.uni-mannheim.de

The assertion that I1 is a Paper (inA1) and the assertion that I1 is
a SlideSet (in A3) are obviously in contradiction due to the axiom
Paper & ¬SlideSet in T . In addition, as the assertion Paper(I1)
can also be found inA2, it is also contradictory toA3. Furthermore,
we can entail this assertion in A1 from isPartOf (I1,AI15) and
the axiom ∃isPartOf & Paper in T .

Note that our example can easily be extended to the case where the

integrated data sources use different terminologies that are linked

by equivalence or subsumption axioms to an intermediary schema.

Without loss of generality, we will in the remainder of this paper as-

sume that there is only one central schema T which might be the

union of some data source specific schemas and an intermediary one

containing mappings between the data source specific vocabularies.

Furthermore, in our work, we will not address integration problems

related to the incoherency of T , i.e., we assume that T is coherent.

Note that there are other works that deal with debugging issues on

the terminological level, e.g., [10].

The main contribution of our approach is to exploit explicit but

also implicit redundancies caused by federating different sources to

verify or disprove assertions that are involved in logical conflicts and

to propose a resolution of these conflicts. In a setting with two or

more data sources, where each data source contains several thou-

sand assertions, it is challenging to propose a solution that takes the

dependencies between the involved conflicts in an appropriate way

into account. Based on techniques like query expansion (backward-

chaining) and by identifying inconsistencies via clash queries we first

collect all logical conflicts then we apply a two-phase debugging al-

gorithm to resolve the previously collected conflicts.

In particular, we apply a majority voting scheme. Based on this

approach we are able to resolve a subset of all conflicts in the first

phase of our debugging algorithm. The second phase uses the out-

come of the first phase to deduce a data source specific measure of

trust for certain types of assertions. Repairs of additional conflicts

can then be generated based on the statistical evidences gathered in

the first phase. We argue why our algorithm generates reasonable re-

pair plans and evaluate our approach against a large distributed LOD

dataset from the domain of library science.

The rest of the paper is organized as follows. In Section 2 we in-

troduce DL-LiteA as well as some fundamental terms and definitions

related to inconsistency detection in federated DL-LiteA knowledge

bases and conjunctive queries. In Section 3 we recall and extend our

previous approach of inconsistency detection in federated DL-LiteA
knowledge bases. Subsequently, we propose our algorithm for the

generation of repairs in Section 4 comprising the two phases of re-

solvable and learned repairs. In Section 5 we discuss some evaluation

results of our experiments with a large distributed LOD dataset. Be-

fore concluding in Section 7, we compare approaches related to our

work in Section 6.

ECAI 2016
G.A. Kaminka et al. (Eds.)
© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-381

381



2 Preliminaries
We briefly introduce our definition of federated DL-LiteA knowledge

bases (KBs), discuss basic notions related to inconsistency in DL

KBs, and describe conjunctive queries over DL-LiteA KBs.

2.1 Federated DL-LiteA Knowledge Bases
DL-Lite is a family of lightweight description logics proposed by

Calvanese et al. [4] with the aim to find a trade-off between expres-

siveness and reasoning complexity. This resulted in a family of lan-

guages comprising various DL-Lite logics where reasoning, such as

traditional DL reasoning services like checking KB satisfiability, can

be done in PTIME in the of size of the TBox and query answering

in AC0 in the size of the ABox. Furthermore, it has been shown that

members of the DL-Lite family are one of the maximal logics that

allow first-order logic (FOL)-rewritability of conjunctive query an-

swering and therewith a processing of query answering through stan-

dard database technology. For this study, we consider the sub-family

DL-LiteA, which has been especially designed for dealing efficiently

with huge amounts of extensional information.

In DL-LiteA concept, role, value-domain, and attribute expres-

sions are formed according to the following syntax:

B ::= ⊥C | A | ∃Q | δ(U) E ::= ρ(U)

C ::= �C | B | ¬B | ∃Q.C F ::= �D | T1 | . . . | Tn

Q ::= P | P− V ::= U | ¬U
R ::= Q | ¬Q

where �C denotes the top or universal concept, ⊥C the bottom or

empty concept, A an atomic concept, B a basic concept and C a gen-
eral concept. Similar to that, we have atomic roles denoted by P,

basic roles by Q and general roles by R. Atomic attributes are repre-

sented by U and general attributes by V whereas E denotes a basic
value-domain and F a value-domain expression. Furthermore, ∃Q
(unqualified existential restrictions) represent objects that are related

by role Q to some objects, ∃Q.C (qualified existential restrictions)

denote objects that are related by Q to objects denoted by concept

C, ¬ denotes the negation of concepts, roles or attributes and P− is

used to represent the inverse of role P. Concerning an attribute U
its domain is denoted by δ(U) and its range (set of values) by ρ(U).

Value domains are represented by T1 | . . . | Tn, where each Ti de-

notes a pairwise disjoint datatype of values and �D the universal
value-domain [4, 18]. In DL-LiteA a knowledge base K = 〈T ,A〉
consists of a TBox T also known as schema, and an ABox A, the

extensional knowledge part which represents a data source.

The TBox T contains a set of axioms of the form

B & C Q & R E & F U & V (funct Q) (funct U)

and the ABox A is a finite set of assertions of the form

A(a) P (a, b) U(a, v).

TBox assertions of the form B & C denotes concept inclusions,

Q & R role inclusion, E & F value-domain inclusion and U & V at-
tribute inclusion. Functionality assertions on roles and attributes in

T are denoted by (funct Q) and (funct U), respectively. TBox asser-

tions of the form B1 & B2 and Q1 & Q2 are called positive inclusions
(PI) whereas B1 & ¬B2 and Q1 & ¬Q2 negative inclusions (NI). For

ABox assertions a and b represent object constants and v represents

a value constant.

The semantics of DL-LiteA is given in terms of an interpretation
I = (ΔI , ·I), where ΔI (the domain) is a disjoint union of the two

non-empty sets ΔIO , the domain of objects, and ΔIV , the domain of

values; and ·I (the interpretation function) that maps each element in

the signature Σ (also known as alphabet or vocabulary) to a subset

of ΔIO and each value domain to a subset of ΔIV . DL-LiteA adopts

the unique name assumption (UNA), meaning that for every interpre-

tation I and constant pair c1 = c2, we have cI1 = cI2 . This means

that different constant names (encoded as IRIs) are interpreted differ-

ently and refer to different individuals. In terms of further semantics

we refer to the more precise definitions given in [4, 18].

In the context of federated settings, where each integrated data

source uses different terminologies that are linked by an intermediary

(central) schema, we can define a federated DL-LiteA KB as well as

federated ABox assertions as follows:

Definition 1 A federated DL-LiteA knowledge base is a DL-LiteA
knowledge base K with K = 〈Tc ∪

⋃
i∈F Ti,

⋃
i∈FAi〉 where Tc is a

central TBox, each Ti is a TBox and Ai is an ABox in data source i
and F is a set of indices that refers to the federated data sources. A
federated ABox assertion is a pair 〈α, i〉 where α denotes an ABox
assertion stated in Ai. For compact presentation we will write only
T instead of Tc ∪

⋃
i∈F Ti and A instead of

⋃
i∈FAi for the rest of

this paper.

2.2 Inconsistency in Description Logics
In description logics, an interpretation I that satisfies all KB asser-

tions in T ∪ A is called a model. The set of all models of K is

denoted by Mod(K) and if Mod(K) = ∅, we call K satisfiable or

consistent [2, 7]. Otherwise K is called inconsistent. K |= φ de-

notes that K logically entails or satisfies a closed first-order logic

sentence (formula) φ, if φI is true for every I ∈ Mod(K). If a set

of closed sentences denoted by F is entailed by K, we can also write

K |= F [21]. According to Kalyanpur et al. [11] an explanation (or

justification) for K |= φ is a subset K′ of K such that K′ |= φ while

K′′ |= φ for all K′′ ⊂ K′. An explanation can be understood as a

minimal reason that explains why φ follows from K. Analogously,

given an inconsistent knowledge base K, we are interested in expla-

nations for the inconsistency, i.e., minimal subsets K′ of K such that

Mod(K′) = ∅. More precisely, a minimal inconsistent subset (MIS)

denoted by K′ is a subset of K such that K′ is inconsistent while K′′
is consistent for allK′′ ⊂ K′. From our running example, we can see

that 〈T ,A1 ∪ A2 ∪ A3〉 is an inconsistent KB.

Example 2 One of the explanations for the inconsistency mentioned
in Example 1 is the set

{isPartOf (I1,AI15),SlideSet(I1),

Paper & ¬SlideSet , ∃isPartOf & Paper}.

A subset R ⊆ K is called a repair (or repair plan) of K, if K is

inconsistent and if K \ R is consistent. As shown in [20], a hitting

set over all MISs is a repair. Note that there is always a trivial repair

R = K. However, we are especially interested in those repairs that

remove a minimal number of assertions, i.e.,R is a minimal repair if

R is a repair and each proper subset ofR is not a repair.

2.3 Conjunctive Queries
A conjunctive query (CQ) q over a KB K is a Datalog expression of

the form q(x) ← conj (x, y). conj(x,y) denotes the body of q and is

a conjunction of atoms of the form A(x), P (x, y), x = y, or x = y
in which x and y are either constants in K or variables in x or y, and

A is a concept name or value-domain in K and P is a role or attribute
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name in K. In addition, x are distinguished variables that are part of

the head q(x) of a query q whereas y are non-distinguished variables
and do not occur in the head. If a variable does not correspond to the

set of distinguished variables and does not occur in at least two query

atoms, the variable is called unbound and is denoted by . Unions of
conjunctive queries (UCQ) are denoted by the expressions q(x) ←
conj1(x, y1), . . . , q(x)← conjn(x, yn), where each conji(x, yi) is a

conjunctive query.

Example 3 The following query, over the KB in Example 1, selects
all papers that have been published in proceedings:

q(x)← Paper(x), isPartOf (x, ).

3 Inconsistency Detection
This section recalls our previous approach of efficiently detecting

inconsistency in federated KBs as first presented in [17]. We extend

this approach and focus on the generation of federated explanations.

3.1 Inconsistency Detection in DL-LiteA
To determine if a KB is consistent or not, we have to search for ABox

assertions, that are in conflict with the TBox or that are contradicting

each other given the TBox. Lembo et al. [14] identified a complete

set of six different patterns that cause clashes in DL-LiteA KBs:

(a) an instantiation of an unsatisfiable (incoherent) concept, role or

attribute such that T |= A & ¬A and A(a) ∈ A (respectively

T |= P & ¬P and P(a, b) ∈ A for roles, and T |= U & ¬U and

U(a, v) ∈ A for attributes)

(b) ABox assertions contradicting axioms that restrict the interrela-

tion of individuals such that T |= P & ¬P or T |= ∃P & ¬∃P
and P(a, a) ∈ A

(c) incorrect datatypes such that T |= ρ(U) & T, U(a, v) ∈ A and

vI /∈ TI

(d) ABox assertions contradicting negative inclusions such that, e.g.,

T |= A & ¬∃P and {A(a), P(a, b)} ⊆ A
(e) ABox assertions contradicting role functionality such that

(funct P ) ∈ T and {P(a, b1), P(a, b2)} ⊆ A, where b1 = b2

(respectively (funct P ) ∈ T and {P(a1, b), P(a2, b)} ⊆ A,

where a1 = a2, for the functionality of a inverse role)

(f) ABox assertions contradicting attribute functionality such that

(funct U ) ∈ T and {U(a, v1), U(a, v2)} ⊆ A, where v1 = v2

The distribution of huge amounts of data over several sources

makes state of the art methods for inconsistency detection, such

as tableau-based reasoning algorithms, hardly applicable (see [17]),

since they mostly require to have all the data in one place. We pro-

pose an alternative approach, comprising the formulation and evalu-

ation of federated clash queries.

3.2 Clash Query Generation
Based on the clash definitions given above and referring to the work

of Calvanese et al. [4] we define a mapping function ϕ to generate

queries for inconsistency detection out of relevant axioms from T .

The function ϕ maps concepts, roles and attributes into query atoms

as follows:

A �→ A(x) δ(U) �→ U(x, ) P �→ P (x, y)
∃P �→ P (x, ) ρ(U) �→ U( , y) P− �→ P (y, x)
∃P− �→ P ( , x) T �→ T

Based on ϕ, the clash types (a)–(f) can be mapped into queries

(i)–(vi) as shown below:

(i) ϕ(A & ¬A) = q(x)← ϕ(A),
ϕ(X & ¬X) = q(x, y)← ϕ(X), where X ∈ {P,U},

(ii) ϕ(P & ¬P−) = q(x, y)← ϕ(P ), ϕ(P−) and

ϕ(∃P & ¬∃P−) = q(x)← ϕ(∃P ), ϕ(∃P−),
(iii) ϕ(ρ(U) & T ) = q(x, y)← U(x, y), datatype(y) = T ,

(iv) ϕ(C & ¬D) = q(x) ← ϕ(C), ϕ(D), where C,D ∈
{A, ∃P, ∃P−, δ(U)},
ϕ(R & ¬S) = q(x, y)← ϕ(R), ϕ(S) and

ϕ(V1 & ¬V2) = q(x, y)← ϕ(V1), ϕ(V2),
(v) ϕ(funct P ) = q(x, y, z)← P (x, y), P (x, z), y = z and

ϕ(funct P−) = q(x, y, z)← P (y, x), P (z, x), y = z, and

(vi) ϕ(funct U) = q(x, y, z)← U(x, y), U(x, z), y = z,

where A,P and U denote an atomic concept, an atomic role, and

an atomic attribute; x, y, z, are variables; ∃P, ∃P− and δ(U) are

concepts; R and S are roles; V1 and V2 are attributes; datatype(y)
is an external function which computes the datatype of a given data

value y; and T denotes a datatype of values, where each different

datatypes are pairwise disjoint. Except for the clash queries in (i), the

queries in (ii)–(vi) contain two atoms and an inequality constraint in

(v) and (vi) used as filters applied to the query answers. We refer to

the queries in (ii)–(vi) as two-atom queries.

Example 4 For the axiom Paper & ¬Book in Example 1, the map-
ping function ϕ generates the clash query: ϕ(Paper & ¬Book) =
q(x)← Paper(x),Book(x).

According to the definition above, the mapping function ϕ gen-

erates UCQs that may contain inequalities (because of clash queries

in (v) and (vi)), that in general makes query answering intractable.

However, since those queries are of fixed length (two atoms and an

inequality expression), the complexity of checking KB satisfiability

by a reduction into query answering is in AC0 in the size of the ABox

and NLOGSPACE in the size of the KB as shown by Artale et al [1].

3.3 Clash Query Expansion
To ensure that all implicit knowledge is taken into consideration

when computing the answers, the original query is expanded. The

resulting set of expanded queries (UCQs) will contain atoms address-

ing all possible concepts, roles and attributes that implicitly provide

individuals of the originally requested type. For DL-LiteA KBs query

expansion (backward-chaining) of a general UCQ can be efficiently

done in PTIME in the size of the TBox [4].

Definition 2 Given a TBox T and a query q(x) in the signature of
T . An expansion of q(x) is a UCQ denoted by qexp(x) =

⋃
i qi(x),

that is a rewriting of q(x) w.r.t. T , such that 〈T ,A〉 |= q(a) iff A |=
qexp(a), for any ABox A and any tuple a of individuals in A.

Example 5 The expansion of the clash query in Example 4 is the
following UCQ:

qexp(x)← Paper(x),Book(x),
qexp(x)← Paper(x),Proceedings(x),
qexp(x)← Paper(x), isPartOf ( , x),
qexp(x)← isPartOf (x, ),Proceedings(x),
qexp(x)← isPartOf (x, ),Book(x),
qexp(x)← isPartOf (x, ), isPartOf ( , x)

Subsumption axioms in DL-LiteA comprise only one element on

the left and one element on the right hand side, or can be normalized

to that form. Consequently, an expansion of a clash query is a UCQ
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where each conjunct has one or at most two query atoms and an

inequality constraint.

Since qexp may comprise query atoms containing unbound vari-

ables, we replace those variables by new distinguished variables so as

to make precise distinctions between different instantiations of them.

3.4 Generating Federated Explanations
Computing all inconsistency explanations, introduced earlier as MIS,

requires to generate and expand all clash queries. The resulting UCQs

comprise not only the semantics of the central TBox but also of each

integrated data source. Thus, each atom of those queries may address

several data sources. Local MISs are detected by evaluating the ex-

panded queries directly against a data source. Federated MISs are

detected by distributing the atoms of the expanded queries as atomic

queries to the data sources. Consequently, we apply a simple federa-

tion algorithm where each query atom is evaluated at all data sources.

Example 6 According to that, the following federated queries
will be generated for the expanded query qexp(x,y) ← Paper (x),
isPartOf (y,x) (third conjunct of Example 5):

qexp(x, y)← Paper(x), isPartOf (y,x)

q′(x)← Paper(x) q′′(x, y)← isPartOf (y,x)

A1, A2, A3 A1, A2, A3

The results of these queries are tuples of instances. However, we

are not interested in tuples of instances, but in the inconsistency ex-

planations (MIS) that can be derived from these results. Because of

that, the results of query pairs have to be joined and converted to

federated ABox assertions (see Example 7). Moreover, since we as-

sume that all of the terminological axioms are correct, we are only

targeting the subset of a MIS that contain only ABox assertions. In

the following we refer to such a subset of a MIS as a MISA (minimal

inconsistency preserving sub-ABox).

Example 7 The set of MISAs resulting from the evaluation of the
query in Example 6 is the set

{{〈Paper(I1), 1〉, 〈isPartOf (AI15, I1), 2〉},
{〈Paper(I1), 2〉, 〈isPartOf (AI15, I1), 2〉}}.

None of these operations has an impact on the complexity which

remains in AC0 in the size of the ABox and in NLOGSPACE in the

size of the whole KB, given a fixed set of data sources.

4 Repair Plan Generation
The generation of a repair plan is divided into two phases. In the first

phase we propose a partial repair plan following a simple majority

voting scheme (Section 4.1), while in the second phase (Section 4.2)

we try to repair the remaining conflicts following an approach guided

by the statistics gathered in the first phase.

4.1 Phase 1: Majority Voting
To resolve the identified contradictions we follow the assumption that

the more data sources are integrated, the higher is the probability that

correct assertions occur redundantly. Conversely, the probability that

an assertion is incorrect correlates with the number of contradictions

in which the assertion is involved.

Based on this assumption, we propose a greedy approach, given

in Algorithm 1, for generating repairs. The algorithm starts with the

Algorithm 1: GenerateResolvableRepairs(C)

Output: (partial) repairR resolved by majority voting

begin
R ← ∅
Cunary ← GetSingletonMISA(C)
foreach c ∈ Cunary do
R ← R∪ GetAssertion(c)
Cresolved ← GetResolvedMISAs(GetAssertion(c), C)
C ← C\Cresolved

while true do
Ccard ← DetermineCardinalities(C)
Cx ← GetResolvableMISAsWithMinCard(Ccard)
if Cx = ∅ then

break
foreach c ∈ Cx do

α← GetAssertionWithMaxCard(c, Ccard)
R ← R∪ α
Cresolved ← GetResolvedExplanations(α, C)
C ← C\Cresolved

returnR
end

trivial repair of a singleton MISA (resulting from clash type (b) or

(c)) by removing the only element in each singleton MISA. This re-

pair can also have an influence on the remaining steps, because the

element of a singleton MISA might also appear in a MISA with two

elements. The remaining part of the algorithm deals with a non triv-

ial repair of MISA with two elements. In the main loop the algorithm

first counts for each assertion in how many different MISAs it occurs.

We refer to the resulting number as a cardinality of an assertion. We

also compute the cardinality of a MISA which is defined as the sum

of the cardinalities of its two elements. We call MISAs that have ele-

ments with different cardinalities resolvable MISAs. With the help of

a majority voting heuristic, we can make a decision in favour of one

of the two elements of a resolvable MISA. We select all resolvable

MISAs with minimum cardinality and remove from these MISAs the

element with higher cardinality, which is the element that is involved

in more conflicts. Note that we resolve MISAs with minimum cardi-

nality first, to reduce the impact (of wrong decisions) on subsequent

decisions. After each removal operation we update the remaining set

of MISAs and repeat this procedure as long as resolvable MISAs can

be found. The algorithm terminates when no resolvable MISAs are

left to be repaired.

The algorithm is based on a heuristics that selects edges (MISAs)

with minimal weight and removes from such edges the vertex (as-

sertion) that is involved in more MISAs. Our algorithm runs in poly-

nomial time with respect to the number of vertices. It does not guar-

antee, even for the resolvable cases, to construct a minimal vertex

cover. The construction of a minimal vertex cover is known to be one

of Karps NP-complete problems [12].

Example 8 In our running example we have to deal with the feder-
ated assertions α1 to α8 listed as follows.

α1 = 〈Paper(I1), 1〉 α2 = 〈isPartOf (I1,AI15), 1〉
α3 = 〈Paper(I1), 2〉 α4 = 〈Proceedings(I1), 2〉
α5 = 〈isPartOf (AI15, I1), 2〉 α6 = 〈SlideSet(I1), 3〉
α7 = 〈Paper(I2), 1〉 α8 = 〈SlideSet(I2), 3〉
The set of MISAs C for this example is {{α1, α4}, {α1, α5},
{α1, α6}, {α2, α4}, {α2, α5}, {α2, α6}, {α3, α4}, {α3, α5},
{α3, α6}, {α4, α6}, {α5, α6}, {α7, α8}}. The assertion α1 has a
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cardinality of three because it appears in three MISAs; assertion α4

has a cardinality of four. Thus, MISA {α1, α4} has a cardinality of
seven. In the following we represent each assertion as a vertex in
a graph where each MISA is represented by an edge. This graph is
shown in the following to illustrate the iterations of Algorithm 1. Note
that we annotated the graph with assertion cardinalities, but omitted
MISA cardinalities due to the lack of space.
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As shown in the figure above, the algorithm needs three iterations to
construct a repair, i.e., to construct a vertex cover for the correspond-
ing conflict graph. Consequently, the resolvable repairs of our run-
ning example comprise α4, α5 and α6. Assertion α7 and α8 yield an
inconsistency, however, they are not conflicting with the other asser-
tions. This inconsistency cannot be resolved by Algorithm 1, because
α7 and α8 have the same cardinality which is one.

As illustrated in Example 8, the algorithm cannot resolve all logi-

cal conflicts. This will be the case, especially when the set of MISAs

contains some MISAs that are unresolvable (by comprising elements

having the same cardinalities) and are also not resolved during the

process of executing Algorithm 1 due to an overlap with a resolvable

MISA. Particularly, contradictory assertions of different values for a

functional role or attribute result in MISAs that are predestinated to

be unresolvable. How to deal with the remaining clashes is explained

in the next section.

4.2 Phase 2: Learned Repairs
In the second phase we use the statistical evidence, that is implicitly

available in the repair computed so far, to extend this repair. Sup-

pose that a large fraction of the assertions of type C(x) have been

removed from a data source Ai, while most of the assertions D(x)
in Aj have not been removed. Now suppose that we have a MISA

{〈C(a), i〉 , 〈D(b), j〉}. If we trust in the correctness of the repair

that we conducted so far, we are justified in removing 〈C(a), i〉 , be-

cause we have a higher trust in 〈D(b), j〉. Let us introduce the notion

of trust formally.

Definition 3 Given a federated knowledge baseK = 〈T ,⋃i∈FAi〉,
and a repairR computed by Algorithm 1. Let σ be either a concept,
a property or an attribute in the signature Σ of T , and let Ψ ⊆⋃

i∈FAi be a set of federated assertions, then sas(σ,Ψ, i) is defined
as the subset of assertions in Ψ that use σ and originate from Ai.
The trust in σ with respect to i is defined as

trust(σ, i) = 1− |sas(σ,R, i)|∣∣sas(σ,⋃i∈FAi, i)
∣∣ .

Based on this definition we define the trust of a federated assertion
〈α, i〉 that uses σ as trust(〈α, i〉) = trust(σ, i).

Example 9 From the repair of Example 8 it follows that we have
trust(Paper, 1) = 1− 0

2
= 1 and trust(SlideSet, 3) = 1− 1

2
=

0.5. Thus, we remove α8 as a learned repair due to the fact that α7

has a higher trust.

This example shows how to apply the notion of trust to a single

MISA, however, the set of all remaining MISAs might still contain

overlapping MISAs. Therefore, we have to implement it as part of a

more general algorithm. In [19] the authors proposed a linear algo-

rithm for debugging terminological alignments. The proposed algo-

rithm can be applied to any debugging scenario where a complete set

of conflict sets, in our case the set of MISAs, is given. The algorithm,

which we sketch in the following, requires a complete ordering of

assertions that are involved in the remaining clashes. We derive this

ordering from the trust values.

The input to Algorithm 2 are the unresolved MISAs C, the previ-

ously computed repair R, and a trust-ordered list Atrust of all as-

sertions that occur in C. The algorithm iterates over Atrust in de-

scending order, thus, starting with an assertion α for which there is

no assertion with higher trust. In each iteration the algorithm deter-

mines all those MISAs that contain α. For each such MISA {α, β}
the assertion β is added to the repair R′ if the trust of β is lower

than the trust of α. Thus, we finally remove β for the reason that we

presented at the beginning of this section.

Algorithm 2: GenerateLearnedRepairs(C,R, Atrust)

Output: all learned repairsR′
begin
R′ ← ∅
foreach α ∈ Atrust do
C′ ← {{x, y} ∈ C | α ∈ {x, y}}
foreach {x, y} ∈ C′ do

β ← x if x = α otherwise y
if trust(α) > trust(β) then
R′ ← R∪ β
Cresolved ← {{x′, y′} ∈ C | β ∈ {x′, y′}}
C ← C\Cresolved

returnR′
end

Algorithm 2 runs in the worst case in quadratic time with respect to

the number of vertices C (unresolved MISAs). Thus, the complexity

of the whole federated debugging approach, starting from the gener-

ation of the clash queries up to the the generation of resolvable and

learned repairs, runs in polynomial time.

Note that the algorithm will resolve all clashes if there is no MISA

comprising two assertions with the same trust value. However, this

will not always be the case. The repair of still remaining MISAs is

not addressed in this paper. A possible extension of our approach

could be the calculation of a general trust value for each data source

over all of its assertions. Alternatively, a user could decide upon the

problematic cases.

5 Experimental Evaluation
In order to evaluate the effectiveness of our approach we have set up

a large distributed LOD dataset from the domain of library science.

Specifically, we selected four LOD data sources, referred to as A1

to A4 in the following, and loaded their dumps into separate Virtu-

oso 7.2.2 instances (Open-Source Edition). In particular, these data
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sources are FacetedDBLP3 (A1), BibSonomy4 (A2), RKB Explorer

ePrints Open Archives5 (A3), and RKB Explorer DBLP6 (A4).

Note that our implementation relies on the usage of standard

SPARQL interfaces and does not put any additional requirements on

the data sources. Since the OWL 2 QL profile is based on DL-Lite,

we have used it as specification language of our central TBox that

includes the TBoxes of each data source. Note that we have applied

some small modifications of the data source specific TBoxes to en-

sure that the federated TBox is coherent. Since the federated TBox

lacks some negative inclusions and functionality assertions, we have

added respective axioms to the central TBox.

In contrast to DL-LiteA (see Section 2.1), the standard ontology

language OWL, i.e., the OWL 2 QL profile, does not make the UNA,

however, OWL provides the explicit object property owl:sameAs to

express that two IRIs denote the same individual. Due to the fact

that LOD sources following this strategy to link same individuals,

we took the owl:sameAs assertions into account and modified our

dataset such that all individuals representing the same entity also

have the same IRI. Note that according to the work of Calvanese

et al. [6] it is, under some restrictions, even possible to take into

account owl:sameAs statements for query answering and retain the

FOL-rewritability. But on grounds of simplicity of our experimental

evaluation we embark on the strategy of resolving linked individu-

als by modifying the datasets. In addition to that, to gain a higher

overlapping of the data sources we detected duplicates, especially

by the unique attributes denoting the ISBN or the ISSN of a publi-

cation. The collection of the central TBox as well as the referenced

TBoxes is available online7. For legal reasons we are currently not

able to publish the final dataset of each integrated data source. Please

contact us if you are interested in these datasets.

Based on the federated TBox our algorithm generates 422 clash

queries, where 8 of which result from functionality assertions and

414 result from negative inclusions. Since some of those clash

queries, i.e., the queries resulting from negative inclusions, can be

implicitly derived by another clash query, the number of those clash

queries is reduced to 281. The expansion of the remaining 289 clash

queries results in 44,072 queries that have to be evaluated within

the generation of explanations. Note that we do not consider clash

queries of type (iii) in our evaluation, since they will produce only

singleton MISAs (resulting from clash type (c): incorrect datatypes)

whose resolution is trivial and not crucial in federated settings.

We have run our implementation of detecting and repairing incon-

sistency, called ClashSniffer, on a CentOS 6.7 virtual machine con-

sisting of 4x Intel Xeon CPUs (à 4 cores @ 2.50 GHz) and 128 GB

of RAM. The Virtuoso instances are hosted in an Ubuntu 14.04 LTS

virtual machine with 6x Intel Xeon CPUs (à 4 cores @ 2.60 GHz)

and 96 GB of RAM (16 GB of RAM are assigned to each Virtuoso

instance). The runtime for inconsistency detection and the generation

for appropriate explanations over all four data sources takes 80.1 min

(minutes), where 56.5 min are required for evaluating the query parts.

This runtime depends on the performance of the machines that host

the data sources. The runtime for repair generation takes 6 min for

the first phase and 12.2 min for the second phase.

Table 1 summarizes the characteristics of each data source and

depicts the results of our experimental evaluation. Beside showing

statistics for each data source on its own, the table shows two fed-

3 http://dblp.l3s.de
4 http://www.bibsonomy.org
5 http://foreign.rkbexplorer.com
6 http://dblp.rkbexplorer.com
7 http://www.researchgate.net/publication/299852903

Table 1. Results of MISAs and Repairs

�triples �C
-MISAs-

|R|
-resolvable

repair-

|R′|
-learned
repair-

rem.
MISA
rate

A1 72,372,256 3,266,765 46,128
(291,025)

1,187,461
(1,188,115)

54.72%

A2 17,765,873 1,096,337 4,654
(15,525)

246,289
(247,180)

76.0%

A3 166,320,474 12,016,391 1,024,414
(2,057,807)

420,081
(433,827)

79.26%

A4 27,897,291 26,504 521
(23,419)

4
(4)

11.62%

Σ 284,355,894 16,405,997 1,075,717
(2,387,776)

1,853,835
(1,869,126)

74.05%

F 256,458,603 16,605,398 1,109,524
(4,770,557)

3,971,584
(10,368,294)

8.83%

F ′ 284,355,894 18,146,950 1,993,136
(7,166,005)

3,267,659
(9,574,136)

7.75%

erated settings on which we have run our implementation of detect-

ing and repairing inconsistency. We have defined the first federated

setting F that comprises data source A1, A2 and A3, whereas the

second one, referred to as F ′, comprises all four data sources. The

runtimes presented in the previous paragraph refer to the F ′ setting,

which comprises more than 284 million triples. We analyze these

two settings in order to understand the impact of adding an additional

data source, since we expect that the availability of an additional data

source comprising complementary and potentially redundant infor-

mation should have a positive impact not only on the quality of the

repair but also on the quantity of MISAs solved by the repair. Note

that we compare the two federated settings also against the local set-

tings, where we apply the approach to each data source on its own.

For that reason we have also added a row to the table headed with the

Σ symbol, where we sum up the numbers for all single data sources.

The first data column of Table 1 illustrates the size of each data

source and each federated KB, respectively. The second column

depicts the number of detected clashes. The largest data source is

ePrints Open Archives (A3) with more than 160 million triples and is

also the data source with the highest number of local clashes. While

local clashes are dominant in the dataset, we can also see that more

conflicts can be detected by analyzing the data sources in a federated

setting. The numbers increase from ≈16.4 (Σ) to ≈16.6 (F) and

to ≈18.1 million clashes (F ′). The clashes detected in F ′ comprise

12,209,235 clashes (67.3%) that result from functionality assertions

where 0.5% of these are federated and 5,937,715 clashes (32.7%)

caused by negative inclusions with a rate of 28.3% federated clashes.

Figure 1 shows the number of all federated clashes (MISAs) and

how they are distributed on the pairs of data sources in setting F ′.
Note that each possible combination of data sources results in more

than 40,000 clashes. Despite the fact that both data source A1 and

A4 are based upon DBLP, it is interesting to see that these two data

sources produce 77% of all federated clashes. A reason for this could

be that the underlying DBLP dataset is parsed, converted, and inter-

preted differently and is mapped to distinct TBoxes.

The numbers in column three and four of Table 1 show the number

of resolvable and learned repairs that are generated by our algorithm.

The values in parenthesis represent the numbers of MISAs that are

resolved by the generated repair. Note that this number is often sig-

nificantly higher than the size of the repair, which indicates a high

overlap of the MISAs. The last column comprises the rate of remain-

ing clashes after our algorithm was applied. It is interesting to see

that the rate of remaining MISAs in the federated settings F and F ′
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A1 vs. A2 [55,377]

A1 vs. A3 [112,636]

A1 vs. A4 [1,341,479]

A2 vs. A3 [57,892]

A2 vs. A4 [58,489]

A3 vs. A4 [115,080]

Figure 1. Distribution of Federated MISAs

is significantly lower than applying our algorithm in a local setting

of each single data source. Adding the additional data source A4 (F
vs. F ′) results in a larger size of the resolvable repair but in a lower

size of the learned repair. Moreover, this results in a higher number

of new conflicts, but decreases also the relative number of remaining

MISAs. Another positive effect is, that MISAs that are not resolvable

in the first phase of F are now solved in the first phase of F ′, why

the number of the learned repair is decreased in F ′.
Table 2 highlights the data source specific impact of our approach.

We compare the size of the local repair for each Ai, taking only in-

consistencies caused by assertions from Ai into account, against the

size of the subset of the federated repair restricted to assertions from

Ai. We conducted the comparison for both resolvable and learned

repair of each federated setting F and F ′. We can see, for exam-

ple, that in the federated setting F the size of the resolvable repair

for A1 was increased by 13.59% and that the learned repair for A1

was increased by 66.95%. For this data source the effect of the addi-

tional data source in F ′ is evidenced, since the size of the resolvable

repair for A1 was increased by 1, 896.71% compared to the local

application of our approach at this data source. The reason for this

significant increase is not only the fact that more MISAs of data

source A1 can be solved (represented by the decreased rate of re-

maining MISAs), but also due to the decrease of the learned repair

by −70.61%. Hence, more MISAs of this data source become re-

solvable, while in the federated setting F these MISAs can be re-

solve only by the learned repair. This positive impact on the quality

of the repair and also on the quantity of MISAs solved by the repair

by an additional data source, comprising complementary and poten-

tially redundant information, is also reflected by data sourceA2. The

last row shows the values based on summing up the results for all

data sources. In average +84.04% are gained for the resolvable re-

pair and this has again an impact measured in terms of +68.55%
for the learned repair in F ′. Note that the federated setting has also

an impact on reducing the number of local MISAs due to the fact

that assertions from other data sources interfere with the assertions

from local MISAs. Overall, the rate of remaining MISAs can be sig-

nificantly reduced from originally 74.05% in local application (see

Table 1) to 8.57% in federated setting F ′. These numbers illustrate

the positive impact of the federated setting which allows to achieve a

significantly higher recall rate for detecting problematic assertions.

Table 2. Impact of Federated Debugging

F F ′
ΔR

resolvable
repair

ΔR′
learned
repair

rem.
MISA
rate

ΔR
resolvable

repair

ΔR′
learned
repair

rem.
MISA
rate

A1 +13.59% +66.95% 24.37% +1,896.71% -70.61% 22.81%

A2 +236.53% +3.1% 59.49% +287.22% +2.18% 59.49%

A3 +1.51% +498.46% 0.15% +1.52% +500.83% 0.05%

A4 – – – +37.24% -100.0% 11.62%

Σ +3.04% +156.25% 8.95% +84.04% +68.55% 8.57%

(funct title) [10,398,370]

ScientificEssay  ¬Book [5,196,519]

(funct numPages) [1,809,853]

ScientificEssay  ¬Thesis [374,005]

Book  ¬∃partOf [197,344]

misc. [170,859]

Figure 2. Axioms Causing Inconsistency

To give an insight into the generated MISAs as well as the resolv-

able and learned repair for federated setting F ′ we have done some

further analysis. Starting with the generated MISAs, the axioms caus-

ing inconsistency are depicted in Figure 2. As already mentioned,

most of the clashes result from functionality assertions, especially

for the attribute title . Most of the clashes that are caused by a nega-

tive inclusion result from the axiom ScientificEssay & ¬Book .

The computation of resolvable repair in the federated setting F ′
comprised 413 iterations of the while loop in Algorithm 1. The high-

est cardinality found was 18,189. The reason for this high cardinality

is that “Bioinformatics”8, which is a journal series comprising lots of

articles assigned in data source A1 and A4, is wrongly defined as an

article in data source A3.

After generating the resolvable repair the trust values for all con-

cepts, roles and attributes occurring in unresolved MISAs are calcu-

lated with respect to each data source. The top 5 of lowest trust values

derived are depicted in Table 3. Especially the two lowest trust val-

ues lead to the conclusion that assertions on volume attributes are

probably misused in A1 and A3. Having a more detailed look into

the datasets of those sources confirms this conclusion, since volume
attributes are in both data sources not used at the level of collec-

tions like proceedings, journals or books, but on the level of articles

published in a collection. The low trust values for volume attributes

reflect also the fact that the negative inclusion ScientificEssay &
¬Book is part of the top 5 axioms causing inconsistency (see Fig-

ure 2), since the expansion of Book comprise ∃volume .

Table 3. Top 5 of Lowest Trust Values

trust value data source σ ∈ Σ

0.1045 A3 http://purl.org/ontology/bibo/volume

0.2741 A1 http://swrc.ontoware.org/ontology�volume

0.8889 A1 http://swrc.ontoware.org/ontology�MasterThesis

0.9476 A2 http://swrc.ontoware.org/ontology�Booklet

0.9587 A2 http://swrc.ontoware.org/ontology�Unpublished

Finally, we have analyzed the remaining MISAs that are not solved

by our approach. All of them are not federated and are exclusively

caused by functionality assertions. Approximately, 53% of the re-

maining MISAs comprise the axiom (funct numPages) and 47%

the axiom (funct title).

To evaluate the quality of the generated repairs 100 randomly se-

lected MISAs of each phase in each federated setting are manually

evaluated by three persons. Table 4 presents the precision of our de-

bugging approach based on the sample we analyzed. If an URI is not

accessible or at least two persons did not come to the same decision,

the decision specific case is annotated as uncertain.

The evaluation results indicate a high precision of our approach

and substantiate that the removal decisions are based on a reason-

8 http://bioinformatics.oxfordjournals.org/
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Table 4. Quality of Repairs

correct incorrect uncertain

resolvable repair RF 94% 0% 6%

RF′ 97% 0% 3%

learned repair R′F 96% 0% 4%

R′F′ 84% 2% 14%

able heuristics. The measured precision scores also confirm that the

majority voting scheme underlying our approach is a valid premise

which ensures also a high precision of the second phase, where we

use the statistical evidence of the first phase to apply the notion of

trust to the remaining MISAs. This is also suggested by the fact that

the precision scores for resolvable and learned repairs are roughly in

the same range. However, the subsets we analyzed are not compre-

hensive enough to enable a conclusion about the impact of adding

an additional data source. The precision of the resolvable repair is

slightly increased, at the same time we observe a marginal drop for

the learned repair. While we cannot prove a positive impact on pre-

cision, the previously presented results in terms of detected MISAs

and repair sizes have clearly shown the positive impact on recall.

6 Related Work

State-of-the-art DL reasoners that are used for inconsistency detec-

tion and its explanations basically process local KBs and are there-

fore inappropriate for distributed environments. Moreover, regardless

of the supported language expressiveness or the underlying reasoning

method (such as widely used tableau algorithms as in FaCT++ [23] or

Pellet [22]; the hypertableau technique of HermiT [9]; consequence-

driven approaches like the ones described by Kazakov [13]; and res-

olution based methods described by Motik & Sattler [16]), they do

not deal with inconsistency detection in a federated setting.

To the best of our knowledge there is currently no ready to use

approach that addresses inconsistency detection and generation of

repairs in the context of federated KBs. However, there are some

works in a similar direction.

Bonatti et al. [3] proposed an approach that can be applied to a

scenario similar to the one we analyzed in our experiments. Their ap-

proach is based on annotated logic programs for tracking indicators

of provenance and trust during the reasoning process. However, the

reasoning itself is not conducted in a given federated setting, while

our approach works directly on top of existing SPARQL interfaces.

This shall not be confused with the fact that Bonatti et al. described a

distributed implementation of the algorithm. Another important dif-

ference is the origin of the trust values. While we derive the trust

values required for the second phase from explicit and implicit con-

flicts in the data sources using reasoning in the first phase, Bonatti

et al. apply a well-known page rank algorithm that does not at all

consider logical dependencies.

Calvanese et al. [4] present apart from the initial definition of the

DL-Lite family among others a definition of a translation function δ
that transforms negative inclusions and functionality assertions into

queries (FOL formulas). This translation function is applied in the

algorithm Consistent to each negative inclusion and functionality

assertion that can be logically implied from the given TBox. After-

wards, a Boolean query comprising the union of all queries generated

by δ is evaluated over the given ABox. In contrast to our approach the

work of Calvanese et al. do not support DL-LiteA KBs. Besides this,

Calvanese et al. [5] expand their approach to DLR-LiteA,$, a new

member of the DL-Lite family that permits among others the use of

n-ary relations and conjunctions on the left-hand side of inclusion

assertions. Despite the fact that the algorithms Consistent proposed

in these works are similar to our approach, both only identify if there

is an inconsistency but do not specify these inconsistencies in greater

detail or give some explanations to them. Furthermore, our approach

additionally comprises the federation of distributed DL-Lite KBs.

The approach proposed by Lembo et al. [14, 15] facilitate mean-

ingful query results over inconsistent DL-Lite KBs under different

inconsistency-tolerant semantics. Therefore, an additional rewriting

under the defined semantics is applied to the rewritings produced

by PerfectRef in order to implement inconsistency tolerance on

query answering. Roughly speaking, queries generated by applying

backward-chaining are extended such that triples producing inconsis-

tency will not be considered on query answering. For this purpose,

similar to our approach ontology axioms that can be contradicted by

ABox assertions are used for query generation, i.e., its expansion,

but with the difference that their aim is to exclude all assertions that

cause inconsistency from query evaluation whereas our claim is to

select these assertions, which is exactly the opposite. Although the

method of Lembo et al. is suitable for accessing distributed data, it is

not designed for inconsistency detection and explanation.

Several approaches have already been proposed to solve the prob-

lem of repair plan generation [8]. Depending on the specifics of the

setting one might, e.g., be interested to remove a minimum number

of assertions causing inconsistency by computing a smallest min-

imal hitting set over all explanations. However, to the best of our

knowledge, none of these approaches consider federated settings and

make precise distinctions between assertions occurring in different

data sources.

7 Conclusions

In this paper we have described an approach for detecting and resolv-

ing inconsistency in federated large scale KBs. The approach is based

on the generation of clash queries which are known to be complete

for inconsistency detection in DL-LiteA KBs. Once all logical con-

flicts have been collected, a majority voting scheme is applied in the

first phase to determine a partial repair. This approach does not aim

at generating a global optimal repair, but applies an efficient heuristic

where each step in the algorithm corresponds to a reasonable deci-

sion. Based on determining the degree of trust for each assertion type

with respect to each data source by analyzing the partial repair, we

are able to extend the repair in the second phase.

We applied the approach in a federated setting using four LOD

data sources from the domain of library science. Overall, the feder-

ated KB consists of more than 284 million triples and we are able

to detect 18.1 million conflicts. The results of our experiments show

that we are able to solve 92.25% of those conflicts by the proposed

approach. Furthermore, according to our evaluation, we can conclude

that the rate of remaining MISAs can be reduced by taking the feder-

ated setting into account. By manually annotating samples from the

generated repairs, we measured a precision between 84% and 97%,

which is a surprisingly good result for a fully automated approach.

So far we have focused on ABox assertions of a federated KB.

In our future work, we will address a combined approach in which

we try to strike a balance between repairing a potentially erroneous

TBox and clashing ABox assertions. Furthermore, the assessment of

trustworthiness in owl:sameAs statements is an open issue that will

also be addressed in our future work.
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Belief Contraction Within Fragments of Propositional Logic

Nadia Creignou and Raı̈da Ktari and Odile Papini1

Abstract. Recently, belief change within the framework of frag-

ments of propositional logic has gained attention. In the context of

revision it has been proposed to refine existing operators so that

they operate within propositional fragments, and that the result of

revision remains in the fragment under consideration. In this paper

we generalize this notion of refinement to belief change operators.

Whereas the notion of refinement allowed one to define concrete ra-

tional operators adapted to propositional fragments in the context of

revision and update, it has to be specified for contraction. We pro-

pose a specific notion of refinement for contraction operators, called

reasonable refinement. This allows us to provide refined contraction

operators that satisfy the basic postulates for contraction. We study

the logical properties of reasonable refinements of two well-known

model-based contraction operators. Our approach is not limited to

the Horn fragment but applicable to many fragments of propositional

logic, like Horn, Krom and affine fragments.

keywords: Belief change, belief contraction, fragments of propo-

sitional logic, knowledge representation and reasoning.

1 INTRODUCTION
Belief change in knowledge representation for artificial intelligence

studies how a rational agent may modify his beliefs in presence of

new information. Belief contraction is a belief change operation that

occurs when some beliefs are retracted but no new information is

added. Within the symbolic frameworks, where an agent’s beliefs are

represented by theories, the AGM paradigm [1, 12] became a stan-

dard that provides rational postulates any reasonable belief change

operator, in particular any contraction operator, should satisfy. When

a theory is represented by a propositional formula, Katsuno and

Mendelzon [18] reformulated some of the AGM postulates. More

recently Caridroit et al. [3] provided a complete reformulation of the

AGM postulates for contraction and proposed a representation the-

orem that characterizes contraction operations in terms of total pre-

orders over interpretations.

Belief contraction has been studied within the framework of

propositional logic and several concrete belief contraction opera-

tors have been proposed [1, 12, 13, 11, 21, 14]. More recently, be-

lief contraction has been investigated in the Horn fragment and sev-

eral families of concrete contraction operators have been proposed

[9, 24, 2, 26, 8, 27]. Our goal is to provide new contraction operators

that operate in various fragments of propositional logic (including,

but not restricted to, the Horn fragment).

The motivation of such a study is twofold. First, in many ap-

plications, the language is restricted a priori. For instance, a rule-

based formalization of expert knowledge is much easier to handle for

standard users. Second, some fragments of propositional logic allow

1 Aix Marseille Univ, CNRS, Marseille, France, email:
{nadia.creignou,raida.ktari,odile.papini}@univ-amu.fr

for efficient reasoning methods, and then an outcome of contraction

within such a fragment can be evaluated efficiently.

We generalize the notion of refinement, initially defined for revi-

sion [6], to any belief change operator defined fromL×L toLwhere

L denotes propositional logic. A refinement adapts a belief change

operator defined in a propositional setting such that it can be applica-

ble in a propositional fragment. The basic properties of a refinement

are first to guarantee the outcome of the belief change operation to

remain within the fragment and second to approximate the behavior

of the original belief change operator, in particular to keep the behav-

ior of the original operator unchanged if the result already fits in the

fragment. We characterize these refined operators in a constructive

way.

We study the notion of refinement for contraction operators. Con-

trary to the case of revision and update [6, 5], the refined contrac-

tion operators do not necessarily satisfy the basic postulates for con-

traction. In order to overcome this problem, we introduce a specific

notion of refinement for contraction operators, called reasonable re-
finement. This specification allows us to provide concrete rational

contraction operators obtained from known model-based contraction

operators. We focus on the reasonable refinements of contraction op-

erators defined from Dalal’s and Satoh’s revision operators within the

Horn, Krom and affine fragments. We study the logical properties of

these operators in terms of satisfaction of postulates for contraction.

An important contribution of our study is that it provides new

rational belief contraction operators that work within propositional

fragments. In the Horn case, they do not coincide with any contrac-

tion operator previously proposed in the literature.

2 PRELIMINARIES

2.1 Propositional logic

Let L be the language of propositional logic built on an infinite

countable set of variables (atoms) and equipped with standard con-

nectives→, ⊕, ∨, ∧, ¬, and constants �, ⊥. A literal is an atom or

its negation. A clause is a disjunction of literals. A clause is called

Horn if at most one of its literals is positive; Krom if it consists of

at most two literals. An ⊕-clause is defined like a clause but using

exclusive- instead of standard-disjunction. We identify the following

subsets of L: LHorn as the set of all formulas in L being conjunc-

tions of Horn clauses; LKrom as the set of all formulas in L being

conjunctions of Krom clauses; and LAffine as the set of all formulas

in L being conjunctions of⊕-clauses. In what follows we sometimes

just talk about arbitrary fragments L′ ⊆ L.

Let U be a finite set of atoms. An interpretation is represented

either by a set m ⊆ U of atoms (corresponding to the variables set to

true) or by its corresponding characteristic bit-vector of length |U|.
For instance if we consider U = {x1, . . . , x6}, the interpretation
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x1 = x3 = x6 = 1 and x2 = x4 = x5 = 0 will be represented

either by {x1, x3, x6} or by (1, 0, 1, 0, 0, 1).
For any formula φ, let Var(φ) denote the set of variables occur-

ring in φ. As usual, if an interpretation m defined over U satisfies

a formula φ such that Var(φ) ⊆ U , we call m a model of φ. By

Mod(φ) we denote the set of all models (over U ) of φ. Moreover,

ψ |= φ if Mod(ψ) ⊆ Mod(φ) and ψ ≡ φ (φ and ψ are equiva-

lent) if Mod(ψ) = Mod(φ). For fragments L′ ⊆ L, we also use

TL′(ψ) = {φ ∈ L′ | ψ |= φ}.

2.2 Characterizable fragments of propositional
logic

Let us define the fragments of propositional logic we are interested

in. This requires some formal definition.

Let B be the set of Boolean functions β: {0, 1}k → {0, 1} with

k ≥ 1, that have the following properties:

• symmetry, i.e., for all permutation σ, β(x1, . . . , xk) =
β(xσ(1), . . . , xσ(k)), and

• 0- and 1-reproduction, i.e. for every x ∈ {0, 1}, β(x, . . . , x) = x.

Examples of such functions are: the binary AND function denoted

by ∧; the binary OR function denoted by ∨; the ternary MAJORITY

function, maj3(x, y, z) = 1 if at least two of the variables x, y,

and z are set to 1, and 0 otherwise; and the ternary XOR function

⊕3(x, y, z) = x⊕ y ⊕ z.

Recall that we consider interpretations also as bit-

vectors. We thus extend Boolean functions to interpretations

by applying coordinate-wise the original function. So, if

m1, . . .mk ∈ {0, 1}n, then β(m1, . . . ,mk) is defined by

(β(m1[1], . . . ,mk[1]), . . . , β(m1[n], . . . ,mk[n])), where m[i] is

the i-th coordinate of the interpretation m.

The next definition gives a general formal definition of closure.

Definition 1. Given a setM ⊆ 2U of interpretations and β ∈ B,
we define Clβ(M), the closure of M under β, as the smallest set
of interpretations that containsM and that is closed under β, i.e., if
m1, . . . ,mk ∈ Clβ(M), then β(m1, . . . ,mk) ∈ Clβ(M).

Definition 2. Let β ∈ B. A set L′ ⊆ L of propositional formulas is
a β-fragment if:

1. for all ψ ∈ L′, Mod(ψ) = Clβ(Mod(ψ))
2. for allM ⊆ 2U withM = Clβ(M) there exists a ψ ∈ L′ with

Mod(ψ) =M
3. if φ, ψ ∈ L′ then φ ∧ ψ ∈ L′.

We call fragments L′ ⊆ L which are β-fragments for a β ∈ B also
characterizable fragments (of propositional logic).

Well-known fragments of propositional logic are LHorn which is

an ∧-fragment, LKrom which is a maj3-fragment and LAffine which

is ⊕3-fragment [16, 23]. More generally such fragments were sys-

tematically investigated in [4].

2.3 Model-based contraction
Belief contraction consists in removing a belief from an agent’s belief

set (theory). More formally, in model-based approaches a belief set is

represented by a formula, and a contraction operator, denoted by −,

is a function from L × L to L that maps two formulas ψ (the initial

agent’s beliefs) and μ (the belief to be removed) to a new formula

ψ − μ (the contracted agent’s beliefs). We recall the KM postulates

for belief contraction [18].

(C1) ψ |= ψ − μ
(C2) If ψ |= μ, then ψ − μ |= ψ
(C3) If ψ − μ |= μ, then |= μ
(C4*) (ψ − μ) ∧ μ |= ψ
(C5) If ψ1 ≡ ψ2 and μ1 ≡ μ2, then ψ1 − μ1 ≡ ψ2 − μ2

(C1) ensures that after contraction, no new information was added

to the initial agent’s beliefs. (C2) expresses that if μ is not deducible

from ψ, then no change is made by the contraction of the initial

agent’s beliefs. (C3) guarantees that the only possibility for the con-

traction of ψ by μ to fail is that μ is a tautology. (C4*) says that the

initial belief set ψ is deducible from the conjunction of the result of

the contraction of ψ by μ and from μ. (C5) reflects the principle of

independence of syntax.

More recently Caridroit, Konieczny and Marquis [3] refor-

mulated (C4*) and proposed two new postulates (C6) and (C7):

(C4) If ψ |= μ, then(ψ − μ) ∧ μ |= ψ
(C6) ψ − (μ1 ∧ μ2) |= (ψ − μ1) ∨ (ψ − μ2)
(C7) If ψ − (μ1 ∧ μ2) |= μ1, then ψ − μ1 |= ψ − (μ1 ∧ μ2)

(C6) and (C7) express the minimality of change for the conjunc-

tion. (C6) says that the contraction by a conjunction always implies

the disjunction of the two contractions by the conjuncts. (C7) says

that if μ1 has not been removed during the contraction by μ1 ∧ μ2,

then the contraction by μ1 must imply the contraction by the con-

junction.

Caridroit, Konieczny and Marquis [3] proposed a representation

theorem for model-based contraction operators in the same spirit as

Katsuno and Mendelzon’s representation theorem for revision. This

theorem uses the notion of faithful assignment [17] which is a func-

tion that maps a formula ψ, to a pre-order ≤ψ on the interpretations

as follows:

• If m1 ∈ Mod(ψ) and m2 ∈ Mod(ψ), then m1 =ψ m2,

• If m1 ∈ Mod(ψ) and m2 /∈ Mod(ψ), then m1 <ψ m2,

• If ψ1 ≡ ψ2, then ≤ψ1=≤ψ2 .

Proposition 1. [3] A contraction operator − satisfies (C1)-(C7) if
and only if there exists a faithful assignment that maps each formula
ψ to a total preorder ≤ψ such that Mod(ψ − μ) = Mod(ψ) ∪
min(Mod(¬μ),≤ψ).

One can define model-based contraction operators from model-

based revision operators using Harper’s identity [15] ψ − μ ≡ ψ ∨
(ψ◦¬μ). We thus define two model-based contraction operators from

well-known revision operators, namely, Dalal’s [7] and Satoh’s [22]

revision operators.

In model-based revision operators the closeness between models

relies on the symmetric difference between models, that is the set of

propositional variables on which they differ.

Dalal measures the minimal change by the cardinality of model

change, Let ψ and μ be two propositional formulas and m and

m′ be two interpretations, mΔm′ denotes the symmetric differ-

ence between m and m′ and |Δ|min(ψ, μ) denotes the minimum

number of propositional variables on which the models of ψ and

μ differ and is defined as min{|mΔm′| : m ∈ Mod(ψ),m′ ∈
Mod(μ)}. The Dalal revision operator [7], denoted by ◦D , is then

defined by: Mod(ψ ◦D μ) = {m ∈ Mod(μ) : ∃m′ ∈
Mod(ψ) s. t. |mΔm′| = |Δ|min(ψ, μ)}.

Satoh interprets the minimal change in terms of set inclusion

instead of cardinality on model difference. More formally, let
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Δmin(ψ, μ) = min⊆{mΔm′ : m ∈ Mod(ψ), m′ ∈ Mod(μ)}.
The Satoh revision operator [22], denoted by ◦S , is then defined by:

Mod(ψ ◦S μ) = {m ∈ Mod(μ) : ∃m′ ∈ Mod(ψ) s. t. mΔm′ ∈
Δmin(ψ, μ)}.

The contraction operator obtained from Dalal’s revision opera-

tor in using Harper’s identity is denoted by −D , and is defined by

Mod(ψ−D μ) = Mod(ψ)∪Mod(ψ ◦D ¬μ). The contraction oper-

ator obtained from Satoh’s revision operator is denoted by −S , and

is defined by Mod(ψ −S μ) = Mod(ψ) ∪Mod(ψ ◦S ¬μ).
Contraction operator−D satisfies (C1)− (C7) [3] while contrac-

tion operator −S satisfies (C1)− (C6), but violates (C7) [19].

3 REFINEMENT OF BELIEF CHANGE
OPERATORS

The problem of standard belief change operators when applied in a

fragment of propositional logic is illustrated in the following exam-

ple, in the case of contraction.

Example 1. Let ψ and μ be two Horn formulas such that Mod(ψ) =
{∅, {a}, {b}} and Mod(μ) = {∅, {a}, {b}, {c}} (such formulas
exist since these sets of models are closed under ∧). Note that
Mod(¬μ) = {{a, b}, {a, c}, {b, c}, {a, b, c}}. The result of the con-
traction of ψ by μ using Satoh’s or Dalal’s operator can be easily
read in the following table, in which the distance between each model
of ψ and each model of ¬μ is indicated.

Mod(ψ) Mod(¬μ)
{a,b} {a,c} {b,c} {a,b,c}

{a} 1 1 3 2
{b} {c} {a,b,c} {b,c}

{b} 1 3 1 2
{a} {a,b,c} {c} {a,c}

∅ 2 2 2 3
{a,b} {a,c} {b,c} {a,b,c}

Therefore, Mod(ψ −S μ) = Mod(ψ −D μ) =
{∅, {a}, {b}, {a, b}, {a, c}, {b, c}}. This set is not ∧-closed
({c} is missing), therefore there is no formula in LHorn that has this
set of models.

In this example, in order to adapt −S (or likewise −D) so that the

outcome of the contraction is in LHorn we have several options: one

is to build the closure of the set of models, in our case we have to add

{c}; or to remove either {a, c} or {b, c} or both.

The considerations of the above example, originally studied in the

context of revision in [6], can be generalized to the following prob-

lem statement: given a belief change operator 
:L×L −→ L and a

fragmentL′ of propositional logic, how can 
 be adapted (or refined)

to a new operator � such that for all ψ, μ ∈ L′, also ψ�μ ∈ L′?
As proposed in [6] few natural desiderata for such refined opera-

tors can be stated.

Definition 3. Let L′ be a fragment of propositional logic and 
:
L × L → L a belief change operator. We call an operator � :
L′ × L′ → L′ a 
-refinement for L′ if it satisfies the following
properties, for each ψ,ψ′, μ, μ′ ∈ L′:

(i) Consistency: ψ�μ is satisfiable if and only if ψ 
 μ is satisfi-
able.

(ii) Equivalence: If ψ 
 μ ≡ ψ′ 
 μ′, then ψ�μ ≡ ψ′�μ′.
(iii) Containment: TL′(ψ 
 μ) ⊆ TL′(ψ�μ).
(iv) Invariance: If ψ 
 μ ∈ L′, then TL′(ψ�μ) = TL′(ψ 
 μ).

In [6] the authors defined such refined operators in the context of

revision through the notion of β-mappings as defined below. This can

be generalized to any belief change operator operating from L × L
to L.

Definition 4. Given β ∈ B, we define a β-mapping, fβ , as an ap-
plication from sets of models into sets of models, fβ : 22

U −→ 22
U

,
such that for everyM⊆ 2U :

1. Clβ(fβ(M)) = fβ(M), i.e., fβ(M) is closed under β.
2. fβ(M) ⊆ Clβ(M).
3. IfM = Clβ(M), then fβ(M) =M.
4. IfM = ∅, then fβ(M) = ∅.

Starting from well-known belief change operators we can define

new belief change operators adapted to any fragment of propositional

logic L′ in using β-mappings.

Definition 5. Let 
: L × L −→ L be a belief change operator
and L′ ⊆ L a β-fragment of classical logic with β ∈ B. Given a
β-mappingfβ , we denote with 
fβ : L′ × L′ −→ L′ the operator
for L′ defined as Mod(ψ 
fβ μ) := fβ(Mod(ψ 
 μ)). The class
[
,L′] contains all operators 
fβ where fβ is a β-mapping.

Interestingly and as in [6], this class actually captures all refine-

ments we had in mind.

Proposition 2. Let 
: L×L −→ L be a belief change operator and
L′ ⊆ L a characterizable fragment of classical logic. Then, [
,L′]
is the set of all 
-refinements for L′.

Proof. A similar result was obtained in [6] for basic (revision) op-

erators, i.e., operators satisfying � 
 μ ≡ μ. This assumption was

only used to prove that any 
-refinement can be defined through a

β-mapping. We give here an alternative proof that does not rely on

this assumption.

Let � be a 
-refinement for L′. We show that � ∈ [
,L′]. Let

f be defined as follows for any setM of interpretations: f(∅) = ∅
and forM = ∅, if there exists a pair (ψM, μM) of formulas from

L′ such that Mod(ψM 
 μM) = M, then we define f(M) =
Mod(ψM�μM), otherwise f(M) = Clβ(M). Thus the refined

operator � behaves like the operator 
f .

We show that such a mapping f is a β-mapping. Note that since

� is a β-refinement, it satisfies the property of equivalence, thus the

actual choice of the pair (ψM, μM) is not relevant, i.e., given M,

and pairs (ψM, μM), (ψ′M, μ′M) such that Mod(ψM 
 μM) =
Mod(ψ′M 
 μ′M) = M, we have that ψM�μM is equivalent to

ψ′M�μ′M. Thus f is well-defined.

We continue to show that the four properties in Definition 4

hold for f . Property 1 is ensured since for every M, f(M) is

closed under β. Indeed, either f(M) = Mod(ψM�μM) and

since ψM�μM ∈ L′ its set of models is closed under β, or

f(M) = Clβ(M). Let us show Property 2 , i.e., f(M) ⊆ Clβ(M)
for any set of interpretations M. It is obvious when M = ∅
(then f(M) = ∅), as well as when f(M) = Clβ(M). Other-

wise f(M) = Mod(ψM�μM) and since � satisfies containment

Mod(ψM�μM) ⊆ Clβ(Mod(ψM 
 μM). Therefore in any case

we have f(M) ⊆ Clβ(M). For showing Property 3 let us con-

sider M = ∅ such that M = Clβ(M). If f(M) = Clβ(M),
then f(M) = M. Otherwise, f(M) = Mod(ψM�μM) where

ψM, μM ∈ L′ such that Mod(ψM 
 μM) =M. Since � satisfies

invariance Mod(ψM�μM) =M. Thus, in any case, f(M) =M.

Property 4 is ensured by consistency of �.
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Hence, β-mappings will allow us to define a variety of refined

operators. We will consider two β-mappings in particular, namely

the closure Clβ defined above and Minβ defined below.

Definition 6. Let β ∈ B and suppose that ≤ is a fixed linear or-
der on the set 2U of interpretations. We define the function Minβ as
Minβ(M) =M if Clβ(M) =M, and Minβ(M) = Min≤(M)
otherwise.

For L′ a β-fragment and 
 an operator, the corresponding opera-

tors 
Clβ and 
Minβ are thus respectively given as Mod(ψ 
Clβ

μ) = Clβ(Mod(ψ 
 μ)) and Mod(ψ 
Minβ μ) =
Minβ(Mod(ψ 
 μ)).

Example 2. Recall Example 1 where we had ψ, μ ∈ LHorn

with Mod(ψ − μ) = {∅, {a}, {b}, {a, b}, {a, c}, {b, c}} (− ∈
{−D,−S}). Our refined operator −Cl∧ provides

Mod(ψ −Cl∧ μ) = {∅, {a}, {b}, {a, b}, {a, c}, {b, c}, {c}}.

Assume that we have the following order, ≤ on the set of interpre-
tations ∅ < {a} < {b} < {c} < {a, b} < {a, c} < {b, c} <
{a, b, c}. Then the refined operator −Min∧ provides

Mod(ψ −Min∧ μ) = {∅}.

A natural objective is now to study how refined belief change op-

erators behave with respect to satisfaction of postulates that char-

acterize rational operators. This has been already done for revision

operators [6], as well as for update operators [5]. We aim at doing it

for contraction.

Remind that Harper’s identity allows one to define model-based

contraction operators from model-based revision operators, ψ−μ ≡
ψ ∨ (ψ ◦ ¬μ). Nevertheless this identity does not allow one to ob-

tain a contraction operator that is adapted to a fragment from a revi-

sion operator that is so. Indeed, this identity makes first the revision

operator act on the negation of a formula, and second consider the

disjunction of two formulas. However characterizable fragments are

neither closed under negation nor under disjunction (i.e., given two

formulas μ1 and μ2 in a β-fragment L′, neither ¬μ1, nor μ1 ∨ μ2 is

necessarily equivalent to a formula in L′).
So, in order to obtain contraction operators that are adapted to

fragments it makes sense to study refinements of usual contraction

operators. This is what we do in the next section.

4 REFINEMENT OF CONTRACTION
OPERATORS

The characterization of refined operators gives a way to define con-

crete refined operators for which we can study the satisfaction of

rationality postulates. The property of containment for a refinement

(property (iii) in Definition 3) guarantees that the refined operator

approximates the original operator, in the sense that the refinement

preserves the logical consequences of the original operator within the

considered fragment. In the context of revision this property ensures

in particular that if μ is a logical consequence of the revision ψ ◦ μ,

then μ is also a logical consequence of the refined revision ψ • μ.

Hence, this property contributes to the preservation of basic postu-

lates when refining revision operators. In contrast, it turns out to be

insufficient in the case of contraction.

We say that a contraction operator satisfies a KM postulate (Ci)
(i = 1, . . . , 7) in L′ if the respective postulate holds when restricted

to formulas in L′.

4.1 Reasonable refinements
In this section we first show a positive result concerning the preser-

vation of two basic KM postulates by refinement of contraction op-

erators.

Proposition 3. Let − be a contraction operator satisfying KM pos-
tulate (C2) (resp., (C5)) and L′ ⊆ L be a characterizable fragment.
Then each refinement of this operator  ∈ [−,L′] satisfies (C2)
(resp., (C5)) in L′ as well.

Proof. Since L′ a characterizable fragment, L′ is a β-fragment for

some β ∈ B. According to Proposition 2 we can assume that  ∈
[−,L′] is an operator of the form −fβ , where fβ is a suitable β-

mapping. We show that −fβ satisfies (C2) and (C5) for all ψ and

μ ∈ L′.
(C2) states that if ψ |= μ, then Mod(ψ − μ) ⊆ Mod(ψ). Assume

that ψ |= μ. Since − satisfies (C2), then Mod(ψ − μ) ⊆ Mod(ψ).
Thus Clβ(Mod(ψ − μ)) ⊆ Clβ(Mod(ψ)) by monotonicity of the

closure. Hence, Clβ(Mod(ψ − μ)) ⊆ Mod(ψ) since ψ ∈ L′
and L′ is a β-fragment. According to property 2 in Definition 4

fβ(Mod(ψ−μ)) ⊆ Clβ(Mod(ψ−μ)), hence fβ(Mod(ψ−μ)) ⊆
Mod(ψ). By definition of , this means that ψ  μ |= ψ .

(C5) : Let ψ1, ψ2, μ1 and μ2 in L′ such that ψ1 ≡ ψ2 and μ1 ≡
μ2. Since − satisfies (C5), ψ1 − μ1 ≡ ψ2 − μ2. Since  is a −-

refinement, ψ1  μ1 ≡ ψ2  μ2 by the property of equivalence

(Definition 3).

In contrast postulates (C1) and (C3) are not preserved by all re-

finements as illustrated by the following proposition.

Proposition 4. Let − ∈ {−D,−S} and L′ ∈ {LHorn ,LKrom}.
Then the refined operator −Minβ violates postulates (C1) and (C3)
in L′.

Proof. Example 2 gives two formulas ψ and μ in LHorn such that on

the one hand Mod(ψ) ⊆ Mod(ψ −Min∧ μ), and on the other hand

Mod(ψ −Min∧ μ) ⊆ Mod(μ) but μ is not a tautology. Therefore

it proves the proposition in LHorn . Actually, it also proves it in the

case of LKrom since it is easily seen that the given sets of models are

also closed under maj3, and therefore there exist formulas in LKrom

having these sets of models as well.

In conclusion, in the context of contraction, while the notion of

refinement continues to express a kind of approximation of the orig-

inal operator, it fails at preserving all basic postulates, in particular

(C1) and (C3). Thus, refined contraction operators will not necessar-

ily behave rationally. To overcome this difficulty we have to restrict

refinements to reasonable ones, which are refinements having two

additional properties.

Definition 7. Let L′ be a fragment of propositional logic and − :
L × L → L a contraction operator. We call an operator  : L′ ×
L′ → L′ a−-reasonable refinement forL′ if it is a−-refinement that
satisfies in addition the two following properties. For all ψ,ψ′, μ and
μ′ ∈ L′,

• (v) : If TL(ψ − μ) ⊆ TL(ψ), then TL′(ψ  μ) ⊆ TL′(ψ).
• (vi) : If TL(μ) � TL(ψ − μ), then TL′(μ) � TL′(ψ  μ).

Property (v) states that if no new information is added to the

initial agent’s beliefs by the original operator, then none is either by

the refined operator. Property (vi) means that if μ is not deducible

from the result of the contraction ψ−μ by the original operator, then
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it is not either from the result of the contraction ψ μ by the refined

operator.

The refinement by the closure is such a reasonable refinement.

Proposition 5. For any contraction operator − : L × L → L and
any β-fragment L′ ⊆ L of classical logic, −Clβ is a reasonable
−-refinement for L′.

Proof. The operator −Clβ is a −-refinement for L′, it remains to

show that it is a reasonable one, i.e., that it verifies properties (v) and

(vi) in Definition 7.

(v) : Suppose that TL(ψ − μ) ⊆ TL(ψ), that is Mod(ψ) ⊆
Mod(ψ − μ). By monotonicity, Clβ(Mod(ψ)) ⊆ Clβ(Mod(ψ −
μ)). Since ψ ∈ L′, we thus get Mod(ψ) ⊆ Mod(ψ −Clβ μ), hence

TL′(ψ −Clβ μ) ⊆ TL′(ψ).
(vi) : Suppose that TL(μ) � TL(ψ − μ). Then, Mod(ψ −

μ) � Mod(μ), and a fortiori Clβ(Mod(ψ − μ)) � Mod(μ),
i.e. Mod(ψ −Clβ μ) � Mod(μ). Since μ is in L′, it follows that

TL′(μ) � TL′(ψ −Clβ μ).

We now show how to characterize all reasonable refinements.

4.2 Characterization of reasonable refinements
The characterization of all reasonable refinements of a contraction

operator within a fragment uses the notion of β-contract-mapping

defined as follows.

Definition 8. Given β ∈ B, we define a β-contract-mapping , fβ , as
an application fβ : 2

2U × 22
U × 22

U −→ 22
U

, such that for all sets
of modelsM,M1,M2 in 22

U
:

1. Clβ(fβ(M,M1,M2)) = fβ(M,M1,M2),
2. fβ(M,M1,M2) ⊆ Clβ(M),
3. IfM = Clβ(M), then fβ(M,M1,M2) =M,
4. IfM = ∅, then fβ(M,M1,M2) = ∅,
5. IfM1 ⊆M, thenM1 ⊆ fβ(M,M1,M2),
6. IfM �M2, then fβ(M,M1,M2) �M2.

Observe that by abuse of notation the application Clβ can be de-

fined by Clβ(M,M1,M2) = Clβ(M). It is then easy to verify

that this application satisfies all properties of Definition 8 and thus

is a β-contract-mapping. The concept of contract-mapping allows us

to define a family of reasonable refined operators for fragments of

propositional logic as follows.

Definition 9. Let − : L × L −→ L be a contraction operator
and L′ ⊆ L a β-fragment of classical logic with β ∈ B. For a
β-contract-mapping, fβ , we denote with −fβ : L′ × L′ −→ L′ the
operator for L′ defined as

Mod(ψ −fβ μ) := fβ(Mod(ψ − μ),Mod(ψ),Mod(μ)).

The class 〈−,L′〉 contains all operators −fβ where fβ is a β-
contract-mapping.

The next proposition reflects that the above class captures all rea-

sonable refined contraction operators we had in mind.

Proposition 6. Let − : L × L −→ L be a contraction operator
and L′ ⊆ L a characterizable fragment of propositional logic. Then,
〈−,L′〉 is the set of all reasonable −-refinements for L′.

Proof. Let us first show that any operator−fβ ∈ 〈−,L′〉 is a reason-

able −-refinement for L′. Observe that while a β–contract-mapping

is a ternary application, the first four properties defining it depend

only on the first variable and coincide with the properties of a β-

mapping. Therefore, according to Proposition 2 the operator −fβ is

−-refinement for L′. We only have to prove that it satisfies the two

additional properties in Definition 7.

(v) Suppose that TL(ψ − μ) ⊆ TL(ψ). Then, Mod(ψ) ⊆
Mod(ψ−μ) and according to property 5 in Definition 8, Mod(ψ) ⊆
fβ(Mod(ψ−μ),Mod(ψ),Mod(μ)), i.e., Mod(ψ) ⊆ Mod(ψ−fβ

μ). Hence, TL(μ) ⊆ TL(ψ −fβ μ), and a fortiori TL′(μ) ⊆
TL′(ψ −fβ μ).

(vi) Suppose that TL(μ) � TL(ψ − μ). Then, Mod(ψ − μ) �
Mod(μ) and according to property 6 in Definition 8, fβ(Mod(ψ −
μ),Mod(ψ),Mod(μ)) � Mod(μ), i.e., Mod(ψ−fβμ) � Mod(μ).
Hence, Mod(ψ −fβ μ) � Clβ(Mod(μ)) and since μ ∈ L′
TL′(μ) � TL′(ψ −fβ μ).

Conversely, given  a reasonable −-refinement for L′. Let us

prove that  ∈ 〈−,L′〉. Consider the application f defined for

all triple of sets of interpretations (M,M1,M2) as follows. If

M = ∅, then f(M,M1,M2) = ∅. If M = ∅ and if there ex-

ists a pair of formulas (ψM, μM) in L′, such that Mod(ψM −
μM) = M and Mod(ψM) = M1 and Mod(μM) = M2,

then we defined f(M,M1,M2) = Mod(ψM  μM). Otherwise

f(M,M1,M2) = Clβ(M).
First observe that this application is well defined. Indeed, since the

operator  is a reasonable−-refinement forL′, it does not depend on

the choice of the pair (ψM, μM). Moreover, this application satisfies

the first four properties in Definition 8. We have to verify the last two

ones.

(5) Suppose that M1 ⊆ M (the case where M = ∅ is trivial).

If f(M,M1,M2) = Clβ(M), then M1 ⊆ f(M,M1,M2).
Now, let us turn to the case where f(M,M1,M2) = Mod(ψM 
μM), with M = Mod(ψ − μ), M1 = Mod(ψ) and M2 =
Mod(μ). SinceM1 ⊆ M, TL(M) ⊆ TL(M1), that is TL(ψM −
μM) ⊆ TL(ψM). Since  satisfies property (v) in Definition 7,

we get TL′(ψM  μM ) ⊆ TL′(ψM). Therefore Mod(ψM) ⊆
Mod(ψM  μM) since ψM  μM ∈ L′. This proves thatM1 ⊆
f(M,M1,M2).

(6) Suppose that M � M2. If f(M,M1,M2) = Clβ(M),
then f(M,M1,M2) � M2. If f(M,M1,M2) = Mod(ψM 
μM), withM = Mod(ψM − μM),M1 = Mod(ψM) andM2 =
Mod(μM), then Mod(ψM − μM) � Mod(μM), i.e., TL(μM) �
TL(ψM−μM). Therefore, according to property (vi) in Definition 7,

we get TL′(μM) � TL′(ψMμM). Therefore, Mod(ψMμM) �
Mod(μM) since μM is in L′. This proves that f(M,M1,M2) �
M2.

So far we have considered −Clβ as one instantiation of a reason-

able−-refinement. In order to get further concrete reasonable refine-

ments we need to define further β-contract-mappings. An additional

example is as follows.

Definition 10. Let β ∈ B and suppose that ≤ is a total or-
der on the set 2U of interpretations. We define the function pβ as
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pβ(M,M1,M2) =⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

M ifM = Clβ(M)

Clβ(M1 ∪Min≤(M∩M2)) else and ifM1 ⊆M
andM∩M2 = ∅

Clβ(M) otherwise

It is easy to verify that the function pβ satisfies all six properties

in Definition 8. As such pβ is a β-contract-mapping. Therefore, ac-

cording to Proposition 6, for L′ a β-fragment and − a contraction

operator, it holds that the operator −pβ defined as

Mod(ψ −pβ μ) = pβ(Mod(ψ − μ),Mod(ψ),Mod(μ))

is a reasonable −-refinement for L′.

Example 3. Recall Example 1 where we had ψ, μ ∈ LHorn with
Mod(ψ) = {∅, {a}, {b}}, Mod(μ) = {∅, {a}, {b}, {c}}, and
Mod(ψ − μ) = {∅, {a}, {b}, {a, b}, {a, c}, {b, c}} . Suppose that
we have the following order, ≤, on the set of interpretations ∅ <
{a} < {b} < {c} < {a, b} < {a, c} < {b, c} < {a, b, c}.

Our refined operator −p∧ provides Mod(ψ −p∧ μ) =
Cl∧({∅, {a}, {b}} ∪ Min≤{{a, b}, {a, c}, {b, c}}, that is
Mod(ψ −p∧ μ) = {∅, {a}, {b}, {a, b}}.

4.3 Satisfaction of postulates
In this section we study the properties of our refined contraction op-

erators in terms of satisfaction of KM postulates.

We first show a positive result concerning four basic postulates.

We prove that (C1),(C2), (C3) and (C5) are preserved by any reason-

able refinement. For the other postulates we obtain more negative re-

sults. As a negative result we know that for the Horn fragment, there

is no reasonable refinement of any contraction operator that satisfies

(C4). We prove that the refinements of Satoh’s and Dalal’s contrac-

tion operators by the two mappings we consider here, Clβ and pβ ,

violate (C4) in the Krom fragment as well. We get a similar negative

result for the postulate (C6) in both Horn and Krom fragments. For

the postulate (C7) the results are more contrasted, the refinement by

closure preserves this postulate, while the pβ-refinement does not.

Proposition 7. Let− be a contraction operator and L′ ⊆ L a char-
acterizable fragment. If− satisfies postulate (C1),(resp. (C2), (C3)
and (C5)), then so does any reasonable refinement of this operator
 ∈ 〈−L′〉 in L′.

Proof. Since a reasonable refinement is a refinement, according to

Proposition 3 we only have to prove that (C1) and (C3) are pre-

served. We can assume that  = −fβ for some suitable β-contract-

mapping fβ . Let ψ and μ two formulas in L′.
(C1): Since − satisfies (C1), Mod(ψ) ⊆ Mod(ψ − μ). According

to property 5 in Definition 8, we have Mod(ψ) ⊆ fβ(Mod(ψ −
μ),Mod(ψ),Mod(μ)), i.e., ψ |= ψ −fβ μ. So, ψ |= ψ  μ.

(C3): Suppose that ψ  μ |= μ, i.e., Mod(ψ −fβ μ) ⊆ Mod(μ).
According to property 6 in Definition 8, we get Mod(ψ − μ) ⊆
Mod(μ). Since − satisfies (C3), |= μ holds.

A natural question is whether one can find reasonable refined op-

erators for characterizable fragments that satisfy all postulates. Actu-

ally, this question has already been answered in the Horn fragment.

Indeed, starting from another perspective Flouris et al. studied be-

lief change in a more general setting than classical logic [10]. They

gave a necessary and sufficient condition for the existence of a con-

traction operator satisfying the basic AGM postulates in terms of de-

composability. But it was shown in [20] that the Horn fragment is not

decomposable. Hence it is not possible to define a Horn contraction

that satisfies postulate (C4). In particular the following holds.

Proposition 8. Let − be a contraction operator. Then any reason-
ably refined refined operator  ∈ 〈−,LHorn〉 violates postulate
(C4) in LHorn .

As far as we know, there is no such a general result for the Krom

fragment. We get nevertheless a negative result for the refinement of

Satoh’s and Dalal’s contraction operators by the two mappings we

consider here, in the Krom fragment.

Proposition 9. Let − ∈ {−D,−S}. Then −Clmaj3 and −pmaj3

violate postulate (C4) in LKrom .

Proof. (C4) states that if ψ |= μ, then (ψ − μ) ∧ μ |= ψ.

Let − ∈ {−D,−S}. By definition there is a maj3-contract-

mapping fmaj3 such that  = −fmaj3 . Consider ψ and μ in

LKrom such that Mod(ψ) = {∅, {a, b}, {c, d}} and Mod(μ) =
{∅, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {c, d}, {a, c, d}}.
Such formulas exist since the corresponding sets of models are

maj3-closed. Observe in addition that ψ |= μ. We have Mod(¬μ) =
{{b, c}, {b, d}, {a, b, c}, {a, b, d}, {b, c, d}, {a, b, c, d}}.
One can easily check that Mod(ψ − μ) =
{∅, {a, b}, {c, d}, {a, b, c}, {a, b, d}, {b, c, d}}. Observe

that this set is not closed under maj3. In particular

{c} ∈ Clmaj3(Mod(ψ − μ)). Therefore, {c}, which is a

model of μ but not a model of ψ, belongs to Mod(ψ −Clmaj3 μ),
thus proving that (ψ −Clmaj3 μ) ∧ μ |= ψ.

Assume now that we have the following order on interpreta-

tions: {a, b, c} < {a, b, d} < {b, c, d}. Then Mod(ψ −pmaj3

μ) = Clmaj3({∅, {a, b}, {c, d}} ∪ {{a, b, c}}). Therefore, {c} ∈
Mod(ψ −pmaj3 μ) and we conclude as above.

We get also a negative result for postulate (C6).

Proposition 10. Let − ∈ {−D,−S}. Then −Cl∧ and −p∧ violate
postulate (C6) in LHorn , and −Clmaj3 violates postulate (C6) in
LKrom .

Proof. Let − ∈ {−D,−S}. We first show that −Clβ vi-

olates (C6) in LHorn . Let ψ, μ1 and μ2 be Horm for-

mulas such that Mod(ψ) = {{a, b, c, d}}, Mod(μ1) =
{∅, {c}, {d}, {a, b}, {c, d}, {a, b, c}, {a, b, d}, {a, b, c, d}} and

Mod(μ2) = {∅, {b}, {d}, {a, c}, {b, d}, {a, b, c}, {a, c, d}, {a, b, c,
d}}. We have then Mod(¬(μ1 ∧ μ2)) =
{{a}, {b}, {c}, {a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d}, {a, b, d}
, {b, c, d}, {a, c, d}}. On the one hand, Mod(ψ − (μ1 ∧ μ2)) =
{{a, b, c, d}, {a, b, d}, {a, c, d}, {b, c, d}}. This set is not closed

under ∧ ( {c, d} is missing). Therefore, Mod(ψ−Clβ (μ1 ∧ μ2)) =
{{a, b, c, d}, {d}, {a, d}, {b, d}, {c, d}, {a, b, d}, {a, c, d}, {b, c, d}
}. On the other hand Mod(ψ − μ1) =
{{a, b, c, d}, {b, c, d}, {a, c, d}}. This set is not

closed under ∧. Therefore Mod(ψ −Clβ μ1) =
{{a, b, c, d}, {b, c, d}, {a, c, d}, {c, d}}. Moreover Mod(ψ−μ2) =
{{a, b, c, d}, {a, b, d}, {b, c, d}}, which is not closed under ∧
either ({b, d} is missing). Therefore, Mod(ψ −Clβ μ2) =
{{a, b, c, d}, {a, b, d}, {b, c, d}, {b, d}}.
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Observe that Mod(ψ −Clβ μ1) ∪ Mod(ψ −Clβ μ2) =
{{a, b, c, d}, {b, c, d}, {a, c, d}, {a, b, d}, {c, d}, {b, d}}. We con-

clude that Mod(ψ −Clβ (μ1 ∧ μ2)) � Mod(ψ −Clβ μ1) ∪
Mod(ψ −Clβ μ2), which proves that −Cl∧ violates (C6) in LHorn .

Let us now prove that −pβ violates (C6) in LHorn . Consider ψ,

μ1 and μ2 Horn formulas such that

Mod(ψ) = {∅, {a, b, c}},
Mod(μ1) = {∅, {a}, {b}, {c}, {b, c}, {a, b, c}}

and

Mod(μ2) = {∅, {b}, {c}, {a, c}, {b, c}, {a, b, c}}.
Thus,

Mod(¬(μ1 ∧ μ2)) = {{a}, {a, b}, {a, c}}.
Assume that we have the following order on the interpreations

{a, b} < {a, c}.
On the one hand, Mod(ψ − (μ1 ∧ μ2)) =

{∅, {a}, {a, b}, {a, c}, {a, b, c}}. This set is closed under ∧ and thus

Mod(ψ −p∧ (μ1 ∧ μ2)) = {∅, {a}, {a, b}, {a, c}, {a, b, c}}. On

the other handM = Mod(ψ − μ1) = {∅, {a, b}, {a, c}, {a, b, c}}
is not closed under ∧. Thus,

Mod(ψ −p∧ μ1) = p∧(Mod(ψ − μ1))

= Clβ(Mod(ψ) ∪Min≤(M∩Mod(¬μ1)))

= Clβ({∅, {a, b, c}} ∪Min≤({{a, b}, {a, c}}))
= {∅, {a, b}, {a, b, c}} for {a, b} < {a, c}.

Moreover Mod(ψ − μ2) = {∅, {a}, {a, b}, {a, b, c}}, which is

closed under∧. Thus, Mod(ψ−p∧μ2) = {∅, {a}, {a, b}, {a, b, c}}.
Note that {a, c} ∈ Mod(ψ−p∧ (μ1∧μ2)) and {a, c} /∈ Mod(ψ−p∧

μ1) ∪Mod(ψ −p∧ μ2), that is to say ψ −p∧ (μ1 ∧ μ2) |= ψ −p∧

μ1 ∨ ψ −p∧ μ2. This proves that −p∧ violates (C6) in LHorn .

Finally, for LKrom formulas ψ, μ1 and μ2 in LKrom having as sets

of models Mod(ψ) = {{a, b, c, d}},
Mod(μ1) = {{a, c}, {b, d}, {a, b}, {c, d}, {a, b, c}, {a, c, d},

{a, b, d}, {b, c, d}, {a, b, c, d}}
and

Mod(μ2) = {{a, b}, {c, d}, {a, d}, {b, c}, {a, b, c}, {a, c, d},
{a, b, d}, {b, c, d}, {a, b, c, d}}.

can be used to prove that −Clmaj3 violates (C6) in LKrom .

For postulate (C7), we get a positive and a negative result.

Proposition 11. Let − be a contraction operator and L′ a β-
fragment. If − satisfies postulate (C7), then so does the refined op-
erator −Clβ in L′.
Proof. (C7) states that if ψ −Clβ (μ1 ∧ μ2) |= μ1 then ψ −Clβ

μ1 |= ψ −Clβ (μ1 ∧ μ2). Assume thar ψ −Clβ (μ1 ∧ μ2) |= μ1,

i.e. Clβ(Mod(ψ − (μ1 ∧ μ2))) � Mod(μ1). Since μ1 ∈ L′,
Clβ(Mod(μ1)) = Mod(μ1). We have Clβ(Mod(ψ−(μ1∧μ2))) �
Clβ(Mod(μ1)). By monotonocity of the closure operator it fol-

lows that Mod(ψ − (μ1 ∧ μ2)) � Mod(μ1). Since − satis-

fies (C7), we have Mod(ψ − μ1) ⊆ Mod(ψ − (μ1 ∧ μ2)). By

monotonocity of the closure operator it follows that Clβ(Mod(ψ −
μ1)) ⊆ Clβ(Mod(ψ − (μ1 ∧ μ2))). Hence, Mod(ψ −Clβ μ1) ⊆
Mod(ψ −Clβ (μ1 ∧ μ2)), thus proving that ψ −Clβ μ1 |= ψ −Clβ

(μ1 ∧ μ2).

Proposition 12. Let − ∈ {−D,−S} and L′ ∈ {LHorn ,LKrom}.
Then, the refined operators −pβ violates postulate (C7) in L′.

Proof. Let − ∈ {−D,−S}.
Let us first consider L′ = LHorn . Let ψ, μ1 and μ2 be Horn for-

mulas having as sets of models

Mod(ψ) = {{a, b}},

Mod(μ1) = {∅, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {a, d}, {b, c},
{b, d}, {c, d}, {a, c, d}, {b, c, d}, {a, b, c, d}}

and

Mod(μ2) = {∅, {c}, {d}, {a, b}, {c, d}, {a, b, c, d}}.

We have

Mod(¬(μ1 ∧ μ2)) = {{a}, {b}, {a, c}, {a, d}, {b, c}, {b, d},
{a, b, c}, {a, b, d}, {b, c, d}, {a, c, d}}.

Assume that we have the following order on interpretations

{a, b, c} < {a, b, d} < {a} < {b}.
On the one hand we get

Mod(ψ − (μ1 ∧ μ2)) = {{a, b}, {a}, {b}, {a, b, c}, {a, b, d}}.

This set is not closed under ∧. According to the order on interpreta-

tions Mod(ψ −p∧ (μ1 ∧ μ2)) = {{a, b}, {a, b, c}} � Mod(μ1).
On the other hand Mod(ψ − μ1) = {{a, b}, {a, b, c}, {a, b, d}},
which is closed under ∧. Therefore, Mod(ψ −p∧ μ1) =
{{a, b}, {a, b, c}, {a, b, d}}. Note that Mod(ψ −p∧ μ1) �
Mod(ψ−p∧ (μ1∧μ2)), which means that ψ−p∧ μ1 |= ψ−p∧ (μ1∧
μ2)), thus proving that −p∧ violates le postulat (C7) in LHorn .

Let us now turn to the Krom fragment. Consider two Krom for-

mulas, ψ and μ1, having as sets of models

Mod(ψ) = {{a, b, c, d}}

and

Mod(μ1) = {{a, c}, {b, d}, {a, b}, {c, d}, {a, b, c}, {a, c, d},
{a, b, d}, {b, c, d}, {a, b, c, d}}.

Let μ2 be the formula obtained from μ1 in exchanging the roles of c
and d:

Mod(μ2) = {{a, b}, {c, d}, {a, d}, {b, c}, {a, b, c}, {a, c, d},
{a, b, d}, {b, c, d}, {a, b, c, d}}.

Assume that we have the following order on interpretations {a, d} <
{b, c} < {a, c} < {b, d}.

On the one hand,

Mod(ψ− (μ1∧μ2)) = {{a, b, c, d}, {a, c}, {a, d}, {b, c}, {b, d}},

which is not closed under maj3 (e.g. {a, c, d} is missing). Accord-

ing to the order on interpretations, Mod(ψ −pmaj3 (μ1 ∧ μ2)) =
{{a, b, c, d}, {a, d}} � Mod(μ1). On the other hand Mod(ψ −
μ1) = {{a, b, c, d}, {a, d}, {b, c}}, which is closed under maj3.

Therefore Mod(ψ −pmaj3 μ1) = {{a, b, c, d}, {a, d}, {b, c}}. Note

that Mod(ψ−pmaj3 μ1) � Mod(ψ−pmaj3 (μ1∧μ2)), which means

ψ −pmaj3 μ1 |= ψ −pmaj3 (μ1 ∧ μ2)), thus proving that −pmaj3 vi-

olates (C7) in LKrom .
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5 CONCLUDING DISCUSSION

We have investigated to which extent established model-based be-

lief change operators can be refined to work within propositional

fragments. We have first defined desired properties any refined be-

lief change operator should satisfy and provided a characterization

of all such refined operators. We have then focused on contraction.

Our study was carried out in the context of model-based contraction

initiated by Katsuno and Mendelzon [18] and enriched by Caridroit

et al. [3]. It contributes to popularize this approach, which allows

one to study contraction operators in propositional fragments from

the models point of view within a suitable formal framework.

Compared to revision and update, refining contraction operators

is more involved. In order to obtain rational contraction operators

the notion of refinement has to be specified. It requires to take into

account not only the result of the initial contraction, but also two ad-

ditional parameters, the initial belief set and the information to be

removed. We have provided concrete refined contraction operators.

We have shown that they satisfy the basic postulates, whereas the re-

covery postulate (C4) and the postulates dealing with the minimality

of change (C6) and (C7) are more problematic.

In contrast to previous work on belief contraction that was mainly

devoted to the Horn logic, our approach applies to any propositional

fragment captured via closure properties on sets of models.

In the Horn case the proposed refined contraction operators pro-

vide new operators, that can be compared to two families of model-

based contraction operators previously proposed within the Horn

fragment, namely Model-based Horn Contraction (MHC) [25] and

Maxi Choice Horn Contraction based on Weak Remainder Sets
(MCHCWR) [8].

The closure-based refinement coincides with MCH in the special

case where the initial contraction operator is defined by ψ − μ =
Mod(ψ) ∪ Min(Mod(¬μ),≤ψ) where ≤ψ is a faithful preorder

over interpretations. This is the case, in particular, for Dalal’s and

Satoh’s contraction operators. Note that, more generally, for any

contraction operator satisfying (C1), (C2), (C3), (C5) and (C7), the

closure-based refinement provides a contraction operator which op-

erates within the Horn fragment and which satisfies these postulates

as well.

The pβ-refinement can behave on some instances as an MCHCWR

operator (but is not such an operator). Indeed, when the result

of the initial contraction is not closed, then Mod(ψ −pβ μ) =
Clβ(Mod(ψ) ∪ {m}) where m ∈ Mod(¬μ). However, while

for an MCHCWR operator the choice of m ∈ Mod(¬μ) is arbi-

trary, in the case of pβ-refinement this model has to be chosen in

Mod(ψ−μ)∩Mod(¬μ). As such it corresponds to an instantiation

of an MCHCWR operator which obeys to the principle of minimal

change. Let us examine once more Example 1. No matter what is

the fixed order on the interpretations, the model {a, b, c} (which is a

counter-model of μ and as such a valid candidate for an MCHCWR

operator) will never be considered as a candidate to be in the re-

sult of the contraction by our refined operator. Indeed it is further

away from ψ than any other counter-model of μ (e.g. for Dalal’s con-

traction operator, for any model m ∈ Mod(ψ −D μ) ∩Mod(¬μ),
min{|m′Δm| : m′ ∈ Mod(ψ)} = 1, while min{|m′Δ{a, b, c}| :
m′ ∈ Mod(μ)} = 2).

Natural extensions of this work are to study contraction when only

the formula representing the belief set is in the fragment but not the

formula representing the information to be removed, or when only

the formula representing the information to be removed but not the

formula representing the belief set. Our approach can handle these

extensions.

We plan to continue our study in exploring systematically other

belief change operations, in particular belief erasure, which is to con-

traction as update is to revision.

Besides, more ambitious issues could be investigated, namely the

computational complexity of refined contraction operators, and from

another point of view, the existence of decomposable characterizable

fragments, which would give more general results on the satisfaction

or not of postulate (C4).
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A Novel Cross-Modal Topic Correlation Model 
for Cross-Media Retrieval 

Yong Cheng, Fei Huang, Cheng Jin, Yuejie Zhang1 and Tao Zhang2 
 
Abstract.1 A novel cross-modal topic correlation model CMTCM is 
developed in this paper to facilitate more effective cross-modal 
analysis and cross-media retrieval for large-scale multimodal 
document collections. It can be modeled as a cross-modal topic 
correlation model which explores the inter-related correlation 
distribution over the deep representations of multimodal documents. 
It integrates the deep multimodal document representation, 
relational topic correlation modeling, and cross-modal topic 
correlation learning, which aims to characterize the correlations 
between the heterogeneous topic distributions of inter-related visual 
images and semantic texts, and measure their association degree 
more precisely. Very positive results were obtained in our 
experiments using a large quantity of public data. 

1 INTRODUCTION 
With the explosive growth of multimodal documents on the Web, 
how to seamlessly handle the complex structures of multimodal 
documents to achieve more effective cross-media retrieval has 
become an important research focus [1]. Usually, a multimodal 
document is exhibited in a form with different modalities (i.e., both 
visual and semantic), such as a web image with user defined 
annotation tags/narrative text descriptions, or a news article with 
paired visual images and textual illustrations. However, due to the 
semantic gap, there may be significant differences and independence 
among visual images and semantic texts for multimodal documents, 
which leads to the huge difficulty and high uncertainty in making 
full use of the corresponding relationships between the visual 
features (in images) and semantic features (in descriptions) [2]. Thus 
integrating multimodal information sources involved in multimodal 
documents to enable multimodal topic correlation has been the 
critical component for supporting cross-media retrieval. 

Although multimodal topic correlation has been extensively 
studied for cross-media retrieval since recent years [3] [4], it still 
remains the necessity of optimal solutions and three inter-related 
issues should be addressed simultaneously: 1) valid construction and 
discovery of valuable document element to characterize visual 
images and textual descriptions for multimodal document 
representation; 2) reasonable topic correlation modeling to identify 
better correlations between visual images and textual descriptions of 
multimodal documents; and 3) cross-modal topic correlation 
learning to optimize the objective measurement for inter-related 
image-description correlations. To address the first issue, it is very 
important to explore the optimal document element that can achieve 
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more precise and comprehensive visual and semantic feature 
expression for multimodal documents. To address the second issue, 
it is critical to establish a robust probabilistic topic model to 
maximize the likelihood of the observed multimodal documents in 
terms of the involved latent topics. To address the third issue, it is 
significant to map the attributes of different modalities into a 
common embedding space to efficiently maximize their statistical 
dependency and correlation. 

Based on the above observations, a novel Cross-Modal Topic 
Correlation Model (CMTCM) is developed in this paper to facilitate 
more effective cross-media retrieval for large-scale multimodal 
document collections. Our scheme significantly differs from other 
earlier work as follows. a) The document element of “deep word” is 

created for encoding both the visual features in visual images (i.e., 
deep visual word) and the semantic features in textual descriptions 
(i.e., deep textual word) to obtain better deep multimodal document 
representation. Compared to the traditional visual word and textual 
word, the deep visual word that is closer to the visual image 
semantics can alleviate the problem of semantic gap to a great degree, 
and the deep textual word that integrates various relationship 
information among textual words can be more representative for 
expressing the specific semantics of textual descriptions. b) A 
relational topic correlation modeling scheme is designed to achieve 
more precise characterization of the inter-related multimodal 
correlations between visual images and textual descriptions, in 
which the topic generation and multimodal correlation learning are 
fused together to break the limitation of topic consistency in the 
traditional topic modeling. Different topic sets can be generated for 
different modality information, and at the same time the 
heterologous topic information from other modalities can be 
integrated in the topic generation process for one modality. c) An 
efficient learning mechanism for cross-modal topic correlation is 
established to achieve the objective decision-making for multimodal 
correlation, in which the deep topic features for different modalities 
are particularly mapped into a common space for mining their inter-
related topic correlation. Compared to the traditional topic 
correlation learning strategies, the cross-modal topic correlation 
learning considers the heterologous property of topic for different 
modalities, and utilizes the specific mapping function to learn the 
topic correlation form different modalities. d) A new cross-modal 
topic correlation model is built by integrating the above deep 
multimodal document representation, relational topic correlation 
modeling, and cross-modal topic correlation learning, which can not 
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only enable cross-media retrieval users to present on the multimodal 
query panel whatever they imagine in their mind, but also obtain the 
most relevant multimodal documents to the original query intention. 

How to integrate multimodal information sources in topic 
correlation measurement for multimodal documents is an open issue, 
because it is hard to provide a common base for the correlations 
among multimodal documents because of the semantic gap. The 
main contribution of our work is that we effectively apply deep 
representation, relational modeling and cross-modal learning to 
enable cross-modal topic correlation model, which has provided a 
more reasonable base for us to integrate visual correlation with 
semantic correlation by determining an optimal correlated projection 
space. Such a cross-modal topic correlation model can be treated as 
an inter-related correlation distribution over deep representations of 
multimodal documents, in which the most important is to create 
more effective multimodal image-description topic correlation and 
measure what degree they are correlated. Our experiments on a large 
number of public data have obtained very positive results. 

2 RELATED WORK 
Topic correlation modeling is not a novel task, but has been the 
subject of extensive research in areas such as cross-media retrieval 
for large-scale multimodal documents. Earlier research placed the 
main emphasis on directly exploiting low-level visual features and 
simple semantic features to explore the image-description topic 
correlation [5] [6]. However, because of considering only limited 
shallow-level visual and textual implication in multimodal 
documents, such methods often demonstrate a poor performance. 
Recently, closer attention has been given to the methods that rely on 
cross-modal correlation mining with both deep-level visual and 
semantic features, that is, finding the high-level multimodal 
correlation to associate together visually and semantically correlated 
images and descriptions [7] [8]. Thus, there has been increasing 
research interests in leveraging the deep implication from multiple 
information sources and learning the cross-modal topic correlation 
for multimodal documents to satisfy more rigid requirements on the 
precision and efficiency for cross-media retrieval. 

In recent years, there is some related research work for modeling 
the topic correlation between visual contents and semantic 
descriptions in multimodal documents. Blei et al. (2003) built a set 
of increasingly sophisticated models for a database of annotated 
images, culminating in correspondence latent Dirichlet allocation 
(Corr-LDA), a model that found conditional relationships between 
latent variable representations of sets of image regions and sets of 
words [9]. Wang et al. (2009) developed a probabilistic model that 
simultaneously learned the salient patterns among images that were 
predictive of their class labels and annotation terms, in which the 
supervised topic modeling (sLDA) was extended to classification 
problems and a probabilistic model of image annotation was 
embedded into the resulting supervised topic model [10]. 
Putthividhya et al. (2010) presented the topic-regression multi-
modal Latent Dirichlet Allocation (tr-mmLDA), a novel statistical 
topic model for the task of image and video annotation, which lay a 
latent variable regression approach to capture correlations between 
image or video features and annotation texts [11]. Rasiwasia et al. 
(2010) studied the problem of joint modeling for the text and image 
components of multimedia documents, in which the text component 
was represented as a sample from a hidden topic model learned with 
latent Dirichlet allocation, and images were represented as bags of 

visual (SIFT) features [12]. Nguyen et al. (2013) proposed a novel 
method for image annotation based on combining feature-word 
distributions which mapped from the visual space to the word space, 
and word-topic distributions which formed a structure to capture 
label relationships for annotation [13]. Niu et al. (2014) addressed 
the problem of recognizing images with weakly annotated text tags, 
in which the text tags were first encoded as the relations among the 
images, and then a semi-supervised relational topic model (ss-RTM) 
was proposed to explicitly model the image contents and their 
relations [14]. Wang et al. (2014) proposed a supervised multimodal 
mutual topic reinforce modeling (M3R) approach, which sought to 
build a joint cross-modal probabilistic graphical model for 
discovering mutually consistent semantic topics via the appropriate 
interactions between model factors (e.g., categories, latent topics 
and observed multi-modal data) [3]. Zheng et al. (2014) considered 
the application of DocNADE to deal with multimodal data in 
computer vision, and proposed a supervised variant of DocNADE 
(SupDocNADE), which can be used to model the joint distribution 
over an image’s visual words, annotation words and class label [15]. 
Tian et al. (2015) presented a novel model that utilized the rich 
surrounding texts of images to perform image annotation, in which 
the words that described the salient objects in images were extracted 
by integrating the text analysis, and a new probabilistic topic model 
was built to jointly model image features, extracted words and 
surrounding text [16]. Wu et al. (2015) proposed a cross-modal 
learning to the rank approach called CML2R to discover the latent 
joint representation of multimodal data, and they assumed that the 
correlations between the multimodal data were captured in terms of 
topics, and used a list-wise ranking manner to learn the 
discriminative ranking function [17]. Chen et al. (2015) addressed 
the image-text correspondence modeling gap by introducing Visual-
Emotional LDA (VELDA), a novel topic model that captured 
image-text correlations through multiple evidence sources (namely, 
visual and emotional, yielding the method’s namesake) for cross-
modality image retrieval [4]. 

Unfortunately, all these existing approaches have not yet provided 
good solutions for the following crucial issues, which are tightly 
coupled with each other. (1) Discovering Deep Information for 
Multimodal Document Representation -- Most existing methods 
focus on exploiting the regular feature description of visual and 
semantic exhibition in multimodal documents, and do not consider 
the deep feature information in different modalities of the same 
multimodal document. This will result in a serious information loss 
problem for global visual semantics or inherent semantic 
associations, and forms the insufficient feature descriptions for 
multimodal documents. With the deep exploration of visual and 
semantic appearances for multimodal documents, it appears such a 
discovery mechanism can mitigate the lack of deep visual and 
semantic feature information. According to our best knowledge, no 
existing research has made full use of such both deep visual and 
semantic information to achieve more accurate multimodal 
document representation for topic correlation modeling. (2) 
Relational Topic Correlation Modeling in Deep Level -- Most 
existing work concerns finding the best topic correlation for 
multimodal documents underlying such an assumption that the latent 
topic sets for visual image and textual description of each 
multimodal document should be consistent, that is, the heterologous 
topic information is not considered for different modality 
information in the same multimodal document. However, for a 
multimodal document, the inter-related information in different 
modalities may not be completely incoordinate. With such an over- 
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strong assumption, the obvious noises will be introduced into the 
topic correlation measure between different modality information, 
and meanwhile the deep inclusion in multimodal content cannot be 
fully utilized. It’s a very significant way to fuse multimodal topic 
feature information in the deep level, set a novel topic generation 
pattern, and form an optimal relational topic correlation modeling 
scheme under more reasonable assumptions. (3) Cross-Modal 
Correlation Learning with Deep Topic Features -- Most existing 
approaches concentrate on directly matching the topic distributions 
in different modalities to capture the inter-related correlation 
between visual image and textual description of the same 
multimodal document. It’s due to a simple intuition that the more 
similar the topic distributions of different modalities are, the higher 
correlation they have. However, such a straightforward correlation 
learning strategy may lead to the imprecise correlation evaluation 
without the in-depth consideration of the deep topic features and the 
topic heterogeneity in different modalities. Cross-modal correlation 
learning could provide helpful hints on mining multimodal 
information for topic correlation modeling. Establishing multimodal 
associations between deep visual and semantic topic features may 
shed light on the in-depth understanding for multimodal documents. 
Thus, the explicit learning of cross-modal correlations between deep 
visual and semantic topic features becomes very important. From the 
viewpoint of multimodal document exploitation, it’s a significant 

way to combine both deep visual and semantic topic abstractions for 
images and descriptions in a joint space and establish an effective 
cross-modal joint learning mechanism. 

To tackle the above obstacles, we have developed a novel 
framework by integrating the deep multimodal document 
representation (i.e., mining the valuable multimodal feature 
information in the deep level), the relational topic correlation 
modeling (i.e., bridging the semantic gap between inter-related 
visual contents and semantic descriptions), and the cross-modal 
correlation learning (i.e., fusing the optimization mapping strategy 
to obtain more accurate multimodal topic correlation). In our study, 
we realize that a multimodal document usually appears with multiple 
correlated visual and semantic words and spans multimodal 
associations in both deep visual and semantic word levels. Our 
cross-modal topic correlation model aims at exploring the deep 
multimodal correlations involved in images and their descriptions to 
improve the reasoning ability for topic correlation. It’s a new attempt 

on exploiting such deep feature representation, modeling and 
learning optimization strategies on cross-modal topic correlation 
model to facilitate cross-media retrieval. 

3 DEEP MULTIMODAL DOCUMENT 
REPRESENTATION 

The multimodal information is the significant expression and 
exhibition for multimodal document content, that is, the visual 
image and textual description in each multimodal document. To 
acquire the cross-modal topic correlation between the visual image 
and textual description in each multimodal document, the optimal 
basic element for multimodal document representation should be 
detected and represented more precisely. Thus the deep multimodal 
document representation is implemented to exploit multiple 
document elements in the deep level (i.e., deep visual word and deep 
textual word) and explore the multimodal associations between deep 
visual property elements and deep semantic expression elements, as 
shown in Figure 1. 

 
Figure 1. An instantiation for Deep Multimodal Document Representation.

3.1 Deep Visual Word Construction via R-CNN 
The Region-based Convolution Neural Network (R-CNN) is a 
method combining region proposals with CNNs [18], which means 
extracting all the CNN features for all the regions in the image and 
is widely used in the field of computer vision [19] [20] [21]. R-CNN 
first uses selective search methods to generate possible object 
locations for each image in terms of image regions, and then extracts 
the feature vector from each region proposal based on CNN. For this 
purpose, each image region is converted to a fixed pixel size of 
227×227, and all the features are computed through a network with 
five convolutional layers and two fully connected layers. The 
advantage of R-CNN is that the visual features extracted via CNN 
are closer to the image semantics, which can alleviate the problem 
of semantic gap to a certain degree. Furthermore, the regions contain 
the important spatial information in the image, and the visual words 
constructed by R-CNN can better represent the deep image contents. 
Thus we leverage R-CNN to construct the deep visual words for 
representing the deep visual semantic properties in images. Firstly, 
each image is represented in the form of bag-of-regions based on R-
CNN, and each region can be viewed as a visual word. Since each 
region is represented as a feature vector, we use the Vector 
Quantization (VQ) method [22] to project the higher dimensional 
features into a sparse presentation. We construct the deep visual 
word vocabulary by clustering all the region features into a fixed-
number of classes, and then project all the regions in the same image 
into the deep visual word vocabulary. Finally, each image can be 
represented in the form of bag-of-deep-visual-words. Compared to 
the traditional visual word descriptors like SIFT, the main advantage 
of deep visual word is that it can compute visual features with a 
hierarchical and multi-stage process, which is more informative and 
effective for visual recognition than using just low-level and 
superficial visual features. 

3.2 Deep Textual Word Construction via Skip-gram 
The Skip-gram model is an efficient method to learn the distributed 
representations of textual words in a vector space from large 
amounts of unstructured text data [23], which has achieved better 
performance in a wide range of natural language processing tasks 
[20] [24]. Its training objective aims at learning deep word vector 
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representations that are good at predicting the nearby textual words, 
which can capture more precise syntactic and semantic relationships 
among textual words and group similar textual words together. 
Compared to other learning methods for textual word vector, the 
advantage of Skip-gram is that the training process is extremely 
efficient for massive text data since it does not involve dense matrix 
multiplications. Thus we leverage the Skip-gram model to construct 
the deep textual word for better representing the deep textual 
semantic properties in textual descriptions. 

Let DT be the textual description part of the whole multimodal 
document corpus, W denotes all the raw textual words in DT, and V 
is the textual word vocabulary. For each textual word w in W, Iw and 
Ow are the input and output vector representations for w, Context(w) 
represents the nearby textual words of w, here the context window 
size is set as 5. We define the set of all the input and output vectors 
for each textual word as a long vector ω R2*|V|*dim and dim is the 
dimension number of the input or output vector, thus the objective 
function of Skip-gram can be described as: 

   

         (1) 

Since the computing cost is extremely high for the standard softmax 
formulation of Skip-gram, the Negative Sampling is utilized to 
compute logP(wj|wi) approximatively. 

  (2) 
where σ(∙) is the sigmoid function; and m is the number of negative 
samples, each sample is drawn from the noise distribution P(w) 
based on the textual word frequency. With the learned textual word 
vector representations, we quantize all these textual word vectors by 
using the K-means clustering to obtain a discrete set of text terms, 
which form the new deep textual word vocabulary. Since the textual 
word vector considers the relationships between textual words, the 
clustering algorithm allocates the textual words with the high 
semantic similarity to one new textual word, and all these new 
textual words constitute the deep textual word vocabulary. Thus 
each description can be represented in the form of bag-of-deep 
textual words. Compared to the raw textual word, the main 
advantage of deep textual word is the consideration of the semantic 
relationships among raw textual words, which makes the deep 
textual words more representative to describe textual contents. 

4 RELATIONAL TOPIC CORRELATION 
MODELING VIA CROSS-MODAL 
LEARNING 

The general consideration for multimodal image-description topic 
correlation is that the topic distribution for the visual appearances of 
visual image is heterologous but related with the distribution for the 
semantic exhibitions of textual description. To achieve more precise 
topic correlation of multimodal documents, it’s very useful to 
establish an effective topic correlation modeling pattern for 
evaluating the intrinsic image-description association degree among 
all the multimodal documents in the whole database. Thus a 
relational topic correlation model is built to fine measure the image-
description association, in which the cross-modal learning
mechanism is especially conducted over multimodal topic 
distributions to facilitate more refined evaluation for multimodal 
topic correlation, as shown in Figure 2. 

 
Figure 2. An instantiation for Topic Correlation Modeling. 

4.1 Relational Topic Correlation Modeling 
Our main purpose aims at building a joint probabilistic model to 
maximize the likelihood of the observed multimodal documents. We 
assume that each deep word is generated from one latent topic, and 
such a topic is derived from a multinomial distribution over all the 
topics. The major difference of our modeling is that the latent topic 
sets for different modalities are different, that is, the number and 
meaning of the topics from different modalities are different. Such 
an intuitive perception is because that in many cases the visual image 
and the textual description in the same multimodal document are 
semantically correlated but not consistent on latent topics. 

We consider splitting the multimodal document collection DM 
into three parts, that is, the visual image set DV, the textual 
description set DT, and the linkage set LVT which indicates the 
multimodal image-description associations. DV is composed of the 
deep visual word set DWV and DVV is the deep visual vocabulary, 
while DT is composed of the deep textual word set DWT and DVT is 
the deep textual vocabulary. For lvt LVT, lvt=1 means that the visual 
image dv DV and the textual description dt DT is relevant, 
otherwise irrelevant when lvt=0. Given DTV is the visual topic set, 
DTT is the textual topic set, α and β are two hyper-parameters for the 
topic proportion and the topic-deep-word distribution, θ, θv and θt 
are the topic distributions for each multimodal document d, its visual 
image dv and its textual description dt, φ is the topic-deep-word 
distribution for each topic, z is the actual deep-word-related topics 
generated from θ, Dir( ) and Mult( ) denotes the Dirichlet and 
multinomial distribution, n denotes the nth deep word, and Nd is the 
total number of deep words in the multimodal document d, the basic 
framework of our modeling is shown as follows. 
1. For each visual topic tv DTV, sample the topic-deep-visual-word 

distribution over the deep visual vocabulary, i.e., φvtv~Dir(φv|βv). 
2. For each textual topic tt DTT, sample the topic-deep-textual-word 

distribution over the deep textual vocabulary, i.e., φttt~Dir(φt|βt). 
3. For each visual image dv DV: 

(a) Sample the visual topic distribution θvdv~Dir(θv|αv). 
(b) For each deep visual word wvdv, nv: 

i.  Sample the visual topic assignment zvdv, nv~Mult(θvdv). 
ii. Sample the deep visual word wvdv, nv~Mult(φvzv

dv, nv). 
4. For each textual description dt DT: 

(a) Sample the textual topic distribution θtdt~Dir(θt|αt). 
(b) For each deep textual word wtdt, nt: 

i.  Sample the textual topic assignment ztdt, nt~Mult(θtdt). 
ii. Sample the deep textual word wtdt, nt~Mult(φtzt

dt, nt). 
5. For each linkage lvt LVT for the relationship between the visual image 

dv and the textual description dt: 
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(a) Sample the linkage indicator lvt~TCor(lvt| , , Mv, Mt), where 
 and  are the empirical topic frequencies for dv and dt, 

, , Mv R|TV|*dim and Mt

R|TT|*dim are two mapping matrices to map the visual and textual topic 
distributions into one common space with the dimension of dim,  and 
TCor(lvt) denotes the topic correlation between dv and dt, TCor(lvt=1) 
is the topic correlation, while TCor(lvt=0) is the pairwise topic 
uncorrelation. 
Compared to the classical Corr-LDA, our modeling does not treat 

the multimodal document as a single one, but deals with the visual 
image and the textual description separately, which makes the 
limitation for the topic sets of different modalities looser and allows 
different constituents and properties for such topic sets, then the 
linkage LVT is utilized to link two empirical topic distributions of the 
visual image and the textual description, as shown in Figure 3:  
 
 
 
 
 
 
 

(a) Corr-LDA-based Modeling             (b) Our Modeling Mechanism 
Figure 3. Comparison between the Corr-LDA modeling and ours. 

Based on the above modeling assumption, a joint probabilistic 
topic model can be built to maximize the likelihood of the observed 
multimodal documents, which is defined as: 

 
  

  
     

  
                                                       (3) 

where the first part means the generation of topic-deep-word 
distributions, the middle two parts indicate the generation of deep 
visual and textual words, and the last part represents the generation 
of image-description linkages. 

Our relational topic correlation model considers the heterogeneity 
of the multimodal topics, and exploits the linkage probability 
function TCor( ) to associate the topic distributions of different 
modalities, which can break the constraint of the topic consistency 
in traditional multimodal topic models. 

4.2 Cross-Modal Correlation Learning 
Due to the topic heterogeneity for different modalities, directly 
learning the topic correlation over multimodal topic distributions 
becomes computationally intractable. Thus we develop a specific 
cross-modal learning mechanism by projecting multimodal topic 
distributions into a common space and making sure that the cross-
modal correlation can be maximized. 

As the important part in computing the multimodal topic 
correlation probability function TCor(lvt), the mapping matrices Mv 

and Mt aim at mapping the heterogeneous topic distributions into one 
common space. For the visual topic distribution   and the textual 
topic distribution fv and ft are two new feature vectors in the 
common space for  and . We can compute TCor(lvt) with the 
correlation measurement between fv and ft based on two commonly-
used vector correlation evaluation patterns, shown as follows: 

 

                              (4) 

where Pattern 1 utilizes the sigmoid function to map the dot product 
value into [0, 1], and Pattern 2 computes the topic correlation by 
normalizing the cosine similarity of two vectors. 

Based on the generated multimodal topic distributions, the cross 
iterative learning is explored to further learn the cross-modal topic 
correlation more precisely. We consider using Maximum Likelihood 
Estimate (MLE) to optimize Mv and Mt by maximizing the log 
probability of Formula (4), and the objective function for cross-
modal learning is defined as: 

  

   (5) 

With the above objective function, Mv and Mt can be computed by 
using the gradient descent strategy. It’s worth noting that in the 
actual training process the training numbers of positive image-
description linkages (lvt=1) and negative linkages (lvt=0) are 
imbalance, the number of negative ones is far more than that of 
positive ones. To solve this problem, we randomly sample negative 
linkages under the constraint that the pairwise image and description 
are from different classes, and set the proportion for positive and 
negative linkages as 1:1. Such cross-modal learning can bridge the 
gap between the heterogeneous topic distributions via mapping the 
multimodal topic distributions into the learned common space, in 
which the topic correlation can be integrated to the whole modeling. 

4.3. Related Model Inference 
Since the exact inference of topic model is generally intractable, 
some approximate strategies are usually conducted in the model 
inference. Thus we adopt the collapsed Gibbs sampling to infer the 
model parameters due to its simplicity and effectiveness [25]. 

The Gibbs sampling aims at inferring the latent topic for each 
deep word in each multimodal document. We first compute the 
marginal probability distribution of the observed deep words, topic 
assignments and linkages by integrating the other latent variables, 
shown as follows: 

  
  

* 

  

                                                                 (6) 

where md, t is the number of the topic t that occurs in the related 
document d, and nt, w is the number of the deep word w assigned to 
t. Based on this probability distribution, we can further deduce the 
single-variable probability distribution of the topic assignment z for 
the Gibbs sampling. The sampling rules for zv and zt are defined as: 

  

  

      (7) 
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where  denotes the occurrence number of the topic t in the 
document d excluding the current deep word; similarly  denotes 
the occurrence number of the deep word w assigned to the topic t 
excluding the current deep word. As described in Formula (5), the 
mapping matrices Mt and Mv can be updated in each sampling 
iteration by using the gradient descent method to get the optimized 
values. With the statistics of the topic assignment z acquired in the 
sampling process, the other latent variables like φV, φT, θV, θT can be 
computed as: 

 ,  

 ,     (8) 

5 EXPERIMENT AND ANALYSIS 

5.1 Dataset and Evaluation Metrics 
Our dataset is established based on two benchmark datasets of Nus-
Wide (Nus) [26] and Wiki_10cats (Wiki) [12]. The Nus-Wide dataset 
is collected from the Flickr website, which contains 269,648 images 
with 1,000-dimensional tags and 81-dimensional concepts. Each 
image in Nus-Wide is annotated with several user-defined tags. As 
the work in [3], we only select those image-text pairs that belong to 
the 10 largest categories. As a result, we get 20,000 image-
annotation pairs for training, 1,000 pairs for verification and 4,000 
pairs as testing queries. As for Wiki_10cats, all the image-text pairs 
are collected from the Wikipedia’s “featured articles”, which is a 
continually updated collection of articles selected by Wikipedia’s 

editors. These articles are accompanied by one or more pictures from 
Wikimedia Commons. In our work, 1,866 Wikipedia multimodal 
documents from the 10 most populated categories are selected for 
our experiment, with 2,173 pairs for training, 200 pairs for 
verification and 693 pairs as testing queries. In addition, each 
image/annotation or description in both datasets is represented as a 
500-dimensional bag of deep visual/textual words by a specific grid 
search method. 

To evaluate the effectiveness of our algorithm, the ground truth 
image-description correlation is considered to measure the official 
criteria of Precision-Recall (P-R) curves and Mean Average 
Precision (MAP) for cross-media retrieval. Cross-media retrieval 
allows different retrieval manners with the original queries in 
different modalities, that is, image query-to-text retrieval (return all 
the relevant texts for the given image query) or text query-to-image 
retrieval (return all the relevant images for the given text query). To 
measure the average performance of different retrieval manner, 
AMAP (the average MAP for both retrieval manners) is also used as 
an evaluation criterion in our experiment. The ranking score for such 
different retrieval manners can be defined as: 

 

                                                                   

 

                (9) 

where Mv and Mt are obtained through Formula (5) in the training 
process; and θd is the topic distribution for the test document d, 
which can be calculated by aggregating all the word-topic 
distribution for each word in d based on the topic-word distribution 
φ obtained through Formula (8) in the training process. 

5.2 Experiment on Cross-Modal Topic Correlation 
Model 

Our cross-modal topic correlation model is created by integrating 
Deep Multimodal Document Representation (DMDR), Relational 
Topic Correlation Modeling (RTCM), and Cross-Modal Correlation 
Learning (CMCL). To show the effect of each part, we focus on 
investigating the whole performance of our cross-modal topic 
correlation model for cross-media retrieval. We compare the 
performance rising speeds for different scheme settings of DMDR, 
RTCM and CMCL, which implies the effectiveness difference 
between the general topic correlation modeling without DMDR, 
RTCM or CMCL and our proposed modeling with the integration of 
these three components. The related experimental results for cross-
modal topic correlation model with different scheme settings are 
shown in Figure 4~6. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. The experimental results on our model with different scheme 
settings of DMDR, in which we take the representation with raw visual and 
textual words as the baseline (Baseline_RVW&RTW) and make a comparison 
to DMDR with deep visual and raw textual words (DMDR_DVW&RTW), 
DMDR with raw visual and deep textual words (DMDR_RVW&DTW) and 
DMDR with deep visual and textual words (DMDR_DVW&DTW). 

It can be seen from Figure 4 that for the cross-modal topic 
correlation model with DMDR on Nus-Wide and Wiki_10cats, we 
can obtain the best cross-media retrieval performance (MAP=0.5096) 
in the evaluation pattern of fusing DMDR_DVW&DTW with RTCM 
and CMCL. In comparison with the baseline pattern using the raw 
visual and textual word information for multimodal document 
representation, the performance could be greatly promoted by 
successively adding the deep visual and textual word representation, 
which confirms the obvious advantage of our deep multimodal 
document representation for cross-modal topic correlation model. 
Through comparing the baseline with two patterns using single deep 
visual or textual word information, our model can still gain the 
significant advantage for the performance on both Nus-Wide and 
Wiki_10cats. Meanwhile, we can find the performance with single 
deep visual word information appears better, which shows the 
beneficial effect of deep visual features on cross-modal topic 
correlation model. Comparing the results on Nus-Wide and 
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Wiki_10cats, the results on Nus-Wide appear less performant on the 
whole P-R curves, while better on the MAP values that are measured 
with the performance statistics for the top-50 ranking results. 
Overall, the performance difference for Nus-Wide and Wiki_10cats 
is not obvious, which reflects the performance advantage to some 
degree.  Due to the differences between these two datasets, we do 
not compare two patterns of DMDR_RVW&DTW and 
DMDR_DVW&DTW on Nus-Wide. Nus-Wide is a typical social 
annotated image dataset with discrete tags in each textual annotation, 
and these discrete annotation tags are independent and meaningful 
for describing images, so we just use the raw text words in our 
experiment. While Wiki_10cats is a Wikipedia featured article 
dataset with successive narrations in each textual description, there 
are a lot of redundant information in the raw documents, so the deep 
textual words are applied in Wiki_10cats. As shown in Figure 4, the 
same conclusions as above can be drawn from the P-R curves and 
MAP values for both Image Query-to-Text and Text Query-to-Image 
retrieval on Nus-Wide and Wiki_10cats, which show the consistence 
of our model on the performance indicators for different cross-media 
retrieval manners. These results are consistent with what we expect 
given deep affluent feature descriptions for multimodal documents. 

Figure 5. The experimental results on our model with different scheme 
settings of RTCM, in which we introduce the density graph to show the 
AMAP values for the average performance of cross-media retrieval with 
different numbers of visual and textual topics. 

It can be viewed from Figure 5 that the best performance can be 
achieved on both Nus-Wide and Wiki_10cats when the numbers for 
visual and textual topics are under different settings. This confirms 
the advantage of our modeling mechanism with the basis assumption 
that the topics in different modalities are heterologous. Meanwhile, 
we can find that the best performance can be obtained when the 
number of visual topics is more than the number of textual topics, 
which indicates the deep feature information involved in the visual 
image is richer than that in the textual description on both Nus-Wide 
and Wiki_10cats. In addition, we also observe that the best 
performance on Nus-Wide can be acquired when the visual and 
textual topic numbers are set as 40 and 80 respectively, while on 
Wiki_10cats the best performance can be implemented when the 
visual and textual topic numbers are set as 60 and 100 respectively. 
It’s obvious that the topic numbers utilized on Nus-Wide is smaller 
than those on Wiki_10cats, which is also due to the structural 
differences between these two datasets as mentioned above, and the 
contents in Wiki_10cats are more complicated and diverse. 

It can be found from Figure 6 that for the cross-modal topic 
correlation model with CMCL on Nus-Wide and Wiki_10cats, we 
can obtain the best performance (MAP=0.5096) in the evaluation 
pattern of fusing CMCL_Sigmoid with DMDR and RTCM. In 
comparison with the baseline Corr-LDA model [9], which has the 
tight restriction that the topic distributions for different modalities 

 
Figure 6. The experimental results on our model with different scheme 
settings of CMCL, in which we introduce the Corr-LDA (without learning 
but restricting the same topic distributions in different modalities) as the 
baseline (Baseline_Corr-LDA) and make a comparison with the models 
using two kinds of learning pattern, that is, CMCL with the sigmoid function 
to compute the topic correlation probability TCor(CMCL_Sigmoid), and 
CMCL with the cosine function to compute TCor(CMCL_Cosine). 

must be same, the whole performance could be greatly promoted by 
integrating the learning with CMCL_Sigmoid or CMCL_Cosine in 
the topic correlation modeling, which confirms the obvious 
advantage of our cross-modal correlation learning scheme. 
Comparing two learning patterns of CMCL_Sigmoid and 
CMCL_Cosine, the CMCL_Sigmoid-based learning achieves the 
better performance than the CMCL_Cosine-based one on Nus-Wide, 
while on Wiki_10cats the CMCL_Cosine-based learning performs 
better due to the different dataset structure from Nus-Wide. The same 
conclusions as above can also be drawn from the P-R curves and 
MAP values for both Image Query-to-Text and Text Query-to-Image. 

From all the above observations, it’s worth noting that our cross-
modal topic correlation model is available and presents more 
impactful ability for discovering the meaningful deep multimodal 
features and correlations. Our framework can not only significantly 
improve the cross-modal topic correlation measurement, but also 
greatly enhance the cross-media retrieval in different manners. The 
same conclusions from two different datasets of Nus-Wide and 
Wiki_10cats show the consistence of our model on different data 
sources. An instantiation of some cross-media retrieval results with 
our cross-modal topic correlation model is shown in Figure 7. 

5.3 Comparison with Existing Approaches 
Compared to the common topic correlation methods in recent years, 
our approach is a new exploration for taking full advantage of deep 
information in cross-modal topic correlation measurement. To give 
full exhibition to the superiority of our topic correlation model, we 
have also performed a comparison between our method and the other 
existing classical approaches in recent years. Three approaches 
developed by Blei et al. (2003) [9], Pereira et al. (2014) [27] and 
Wang et al. (2014) [3] respectively are analogous with ours to some 
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Figure 7. An instantiation of some retrieval results with our model. 
extent, and then we accomplished them on the same dataset. The 
experimental results are presented in Table 1, which reflect the 
difference of power among these four approaches. 

Table 1. The comparison results between our and the other approaches. 

Dataset Approach Evaluation Pattern
MAP 

AMAP Text Query- 
to-Image 

Image Query- 
to-Text 

Nus-Wide 

Corr-LDA 
(Blei et al., 2003) 

(Blei) 
Original 0.2513 0.2444 0.2479 

Original+DMDR 0.4051 0.3753 0.3902 
LDA-KCCA 

(Pereira et al., 2014) 
(Pereira) 

Original 0.3021 0.2726 0.2874 
Original+DMDR 0.4214 0.3829 0.4022 

M3R 
(Wang et al., 2014) 

(Wang) 
Original 0.2631 0.2714 0.2673 

Original+DMDR 0.4611 0.4092 0.4352 

Our Approach 
No_DMDR 

+RTCM+CMCL 0.2946 0.2833 0.2890 

DMDR+RTCM+CMCL 0.5096 0.4132 0.4614 

Wiki_10cats 

Corr-LDA 
(Blei et al., 2003) 

(Blei) 
Original 0.2261 0.2157 0.2209 

Original+DMDR 0.4187 0.3504 0.3846 
LDA-KCCA 

(Pereira et al., 2014) 
(Pereira) 

Original 0.2563 0.2268 0.2415 
Original+DMDR 0.4154 0.3587 0.3871 

M3R 
(Wang et al., 2014) 

(Wang) 
Original 0.2387 0.2135 0.2261 

Original+DMDR 0.4394 0.375 0.4072 

Our Approach 
No_DMDR 

+RTCM+CMCL 
0.2807 0.2291 0.2549 

DMDR+RTCM+CMCL 0.4864 0.4069 0.4467 

It can be found from Table 1 that for the topic correlation models
 on Nus-Wide and Wiki_10cats by Blei/Pereira/Wang et al.’s 

approaches, we can obtain the best AMAP values of 0.3902, 0.4022 
and 0.4352 in the evaluation pattern of Original+DMDR

 respectively. The main reason is that when considering the deep 
multimodal feature attributes all these three approaches can explore

 more precise multimodal topic distribution information for topic 
correlation measurement and then the relatively better AMAP values

 can be obtained on both Nus-Wide and Wiki_10cats in comparison
 with their original performance exhibitions (i.e., Blei/Pereira/Wang
 (Original)). This obviously confirms the prominent role of our
 DMDR in the topic correlation modeling. Comparing the results of 

Blei/Pereira/Wang (Original) and our baseline model with 
No_DMDR+RTCM+CMCL, we can find the best AMAP value of 
0.2890 appears in the results of our model, which is obviously higher 
than those AMAP values of 0.2479, 0.2874 and 0.2673 for

 Blei/Pereira/Wang (Original) respectively. This implies that our
 cross-modal topic correlation modeling mechanism with RTCM and
 

CMCL is feasible for facilitating more effective topic correlation 
evaluation and optimization. Compared to the improved 
Blei/Pereira/Wang et al.’s approaches that integrate with DMDR, 
our model with DMDR, RTCM and CMCL can still present the 
better performance on both Nus-Wide and Wiki_10cats, and the best 
AMAP value of 0.4614 differs greatly from those of 
Blei/Pereira/Wang et al.’s. This indicates that our approach is really 
superior to Blei/Pereira/Wang et al.’s, and also further confirms that 
our cross-modal topic correlation model with DMDR, RTCM and 
CMCL is exactly a better way for determining cross-modal image-
description topic correlation and can support cross-media retrieval 
with queries in different modalities more effectively. From the view 
of computational load performance, the retrieval efficiency of our 
model is high during the process of cross-media retrieval, and can 
meet the demand of real-time response. 

5.4 Analysis and Discussion 
Through the analysis for the topic correlated image-description 
linkages with failure, it can be found that the modeling quality is 
highly related to the following aspects. (1) The modeling effect is 
closely associated with the appropriate representation for 
multimodal document. It’s easier to introduce superficial and noisy 
information for images and descriptions, which will seriously affect 
the whole retrieval performance. (2) For multimodal topic model 
modeling, it’s helpful to integrate the topic generation and cross-
modal topic correlation analysis into one model, which can 
adaptively generate the latent topics related to both visual contents 
and textual information. (3) In some multimodal documents, the 
textual description has very weak correlation to the visual image 
content, which leads to the huge semantic topic gap between images 
and descriptions. It’s hard for such documents to successfully 
implement precise cross-modal topic correlation measurement. This 
may be the stubbornest problem. (4) The modeling effect is greatly 
influenced by the topic distribution and number, but such important 
information may be changed dynamically. It’s better to establish the 
adaptive strategy for finding the optimal settings. 

6 CONCLUSIONS AND FUTURE WORK 

A new cross-modal topic correlation model is implemented to 
exploit multimodal correlations between visual images and textual 
descriptions to enable more effective cross-media retrieval for large-
scale multimodal documents. The deep words are conducted to 
discover deep features for multimodal document representation. A 
relational topic correlation modeling scheme is designed to achieve 
more precise characterization of multimodal correlations. An 
efficient learning mechanism is established to achieve more 
objective decision-making for cross-modal image-description topic 
correlation. Our future work will focus on adding supervised 
information to our model and making our system available online, 
so that more Internet users can benefit from our research. 
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Situation Calculus Game Structures and GDL
Giuseppe De Giacomo1 and Yves Lespérance2 and Adrian R. Pearce3

Abstract. We present a situation calculus-based account of multi-

players synchronous games in the style of general game playing.

Such games can be represented as action theories of a special form,

situation calculus synchronous game structures (SCSGSs), in which

we have a single action tick whose effects depend on the combina-

tion of moves selected by the players. Then one can express prop-

erties of the game, e.g., winning conditions, playability, weak and

strong winnability, etc. in a first-order alternating-time μ-calculus.

We discuss verification in this framework considering computational

effectiveness. We also show that SCSGSs can be considered as a first-

order variant of the Game Description Language (GDL) that supports

infinite domains and possibly non-terminating games. We do so by

giving a translation of GDL specifications into SCSGSs and showing

its correctness. Finally, we show how a player’s possible moves can

be specified in a Golog-like programming language.

1 Introduction
Many types of problems can be viewed as games, where one or more

agents interact to ensure that certain objectives hold no matter how

the environment and other agents behave, e.g., contingent planning,

service orchestration, controller synthesis, etc. Moreover, general

game playing [13], where artificial agents compete in games that are

not known in advance, is an important emerging AI testbed. Logics

for reasoning about game settings, e.g., [35, 16, 24], has been an ac-

tive area, with Alternating-Time Temporal Logic (ATL) [1] a popular

choice. Model checking techniques have been used to verify proper-

ties of games specified in ATL and to synthesize strategies that agents

can use to force temporal properties to hold [21]. However, such log-

ics are usually propositional or limited to finite domains. Moreover,

the game settings are usually specified using low-level automata-like

languages. One exception is the Game Description Language (GDL)

[13, 22] developed for the general game playing competition, which

is based on logic programming, and allows for a quite high level rep-

resentation of games. Typically, however, GDL is intended to repre-

sent games with finite domains in a declarative way, with a semantics

based on “negation as failure” [13, 22, 27].

Within the situation calculus (SitCalc) [23, 26], a well known for-

malism for reasoning about action based on first-order logic (FOL)

(with a second-order axiom to specify the domain of situations), [11]

proposes an expressive logical framework for specifying and solving

game-like problems. Game settings are specified as a special kind

of SitCalc action theory. It is assumed that in any given state, only

one agent may act next, and thus the approach is concerned with
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turn-taking games. Complex temporal properties of games can be

expressed in a first-order (FO) variant of alternating-time μ-calculus.

Methods for verification and synthesis based on fixpoint approxima-

tion and regression are developed.

In this paper, inspired by [11], we develop a SitCalc-based spec-

ification and verification framework, which deals with multi-players

synchronous games, and is similar in spirit to GDL. Games are rep-

resented as action theories of a special form called situation calcu-
lus synchronous game structures (SCSGSs), where we have a single

action tick whose effects depend on the combination of moves se-

lected by the players (see Sec. 3). A FO variant of alternating-time

μ-calculus is used to specify and verify properties of the game (see

Sec. 5), including winning conditions, playability, weak and strong

winnability, etc.

The paper’s main contributions are:

1. We develop a truly first-order framework that can be used to spec-

ify games/systems that involve infinite domains and infinite sets of

states.

2. Games can be specified at a high level, using SitCalc action theo-

ries [26].

3. SCSGSs amounts to a variant of GDL where states are repre-

sented by first-order theories: we give a translation of GDL spec-

ifications into SCSGSs and show its soundness and completeness

(see Sec. 4).

4. Reasoning techniques developed for the SitCalc can be used to

verify properties of games, which can help in analyzing them and

developing better players. These includes sound but incomplete

techniques that apply to the general setting [11, 17], and tech-

niques that are sound and complete for the decidable “bounded

fluent extension” setting [8] (see Sec. 5).

5. Also agent moves can be specified procedurally in a variant of the

SitCalc-based programming language Golog [19] (see Sec. 6).

6. Recent verification techniques developed for Golog and

ConGolog programs, e.g., [10], can be applied (see again Sec. 6).

Like the original GDL formalism, our account assumes that agents

have full observability of the state and all past moves. Handling par-

tial observability, as in GDL-II [33, 30], is left for future work.

2 Preliminaries
The situation calculus (SitCalc) is a sorted predicate logic language

for representing and reasoning about dynamically changing worlds

[23, 26]. It includes three sorts, Actions, Situations and Objects. All

changes to the world are the result of actions, which are terms in the

logic. A possible world history is represented by a term called a sit-
uation. The constant S0 is used to denote the initial situation where

no actions have yet been done. Sequences of actions are built using

the function symbol do, where do(a, s) denotes the successor situa-

tion resulting from performing action a in situation s. Predicates and
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functions whose value varies from situation to situation are called flu-
ents, and are denoted by symbols taking a situation term as their last

argument (e.g., Holding(x, s)). Actions and fluents (except for the

last argument) can only take arguments of sort Objects. Notice that

we allow the object domain to be infinite. Within this language, we

can formulate action theories that describe how the world changes as

the result of actions. Here, we concentrate on basic action theories
as proposed in [26]. A basic action theory D is the union of the fol-

lowing disjoint sets: the foundational, domain independent, axioms

of the SitCalc (Σ); unique name axioms for actions; precondition

axioms stating when actions can be legally performed (Dposs); suc-

cessor state axioms describing how fluents change between situations

(Dssa); and axioms describing the initial configuration of the world

(DS0 ). A special predicate Poss(a, s) is used to state that action a is

executable in situation s; precondition axioms in Dposs characterize

this predicate. We say that a situation s (corresponding to a sequence

of actions) is executable, written Executable(s), if every action per-

formed in reaching s is possible in the situation it occurred [26]. In

turn, successor state axioms encode the causal laws of the domain;

they take the place of the so-called effect axioms and provide a solu-

tion to the frame problem.

3 Synchronous Game Structures

We focus on games where there are n players/agents each of whom

chooses a move at every time step. All such moves are executed syn-
chronously and determine the next state of the game. At each time

step, the state of the game is fully observable by all agents, as are all

past moves of every agent. This is in agreement with the assumptions

built into GDL [13, 22]. To represent such multi-player synchronous

games, we define a special class of basic action theories, called sit-
uation calculus synchronous game structures (SCSGSs), which are

defined as follows.

Agents A SCSGS involves a finite set of n agents, and we introduce a

subsort Agents of Objects which includes these finitely many agents

Ag1, . . . ,Agn, each denoted by a constant, and for which unique

names Agi = Agj for i = j and domain closure Agent(x) ≡ x =
Ag1 ∨ · · · ∨ x = Agn hold.

Moves. We also introduce a second subsort Moves of Objects, rep-

resenting the possible moves of the agents. These come in finitely

many types, represented by function symbols Mi(�x), which are

parametrized by objects �x and we have Move(m) ≡ ∨i ∃�x.m =
Mi(�x). Given that the parameters range over Objects, each agent

may have an infinite number of possible moves at each time step.

We have unique name and domain closure axioms (parametrized

by objects) for these functions Mi(�x) = Mj(�y) for i = j, and

Mi(�x) = Mi(�y) ⊃ �x = �y.

Actions. In SCSGSs, there is only one action type,

tick(m1, . . . ,mn), which represents the execution of a joint

move by all the agents at a given time step. The action tick has

exactly n parameters, m1, . . . ,mn, one per agent, which are of sort

Moves and corresponds to the simultaneous choice of the move to

perform by the n different agents.

Legal moves. A key component of a SCSGS is a characterization

of the legal moves available to each agent in a given situation. This

is specified formally using a special predicate LegalM , which is de-

fined by statements of the following form (one for each agent Ag i

and move type Mi):

LegalM (Ag i,Mi(�x), s)
.
= ΦAgi,Mi(�x, s)

meaning that agent Agi can legally perform move Mi(�x) in situa-

tion s if and only if ΦAgi,Mi(�x, s) holds. Technically LegalM is an

abbreviation for ΦAgi,Mi(�x, s), which is a uniform formula (i.e., a

formula that only refers to a single situation s).

Precondition axioms. The precondition axiom for the action tick is

fixed and specified in terms of LegalM as follows:

Poss(tick(m1, . . . ,mn), s) ≡
∧

i=1,...,n

LegalM (Ag i,mi, s)

This states that action tick(m1, . . . ,mn), denoting the joint move

of all agents, can be performed if and only if each selected move mi

is a legal move for agent Ag i in situation s. Since we only have one

action type tick , this is the only precondition axiom in Dposs.

Successor state axioms. We have successor state axioms Dssa,

specifying the effects and frame conditions of the joint moves

tick(m1, . . . ,mn) on the fluents. Such axioms, as usual in basic ac-

tion theories, are domain specific, and characterize the actual game

under consideration. Within such axioms, the agent moves, which oc-

cur as parameters of tick , determine how fluents change as the result

of joint moves.4

Initial situation description. Finally, the initial state of the game

is axiomatized in the initial situation description D0 as usual, in a

domain specific way.

Example 1 Consider the following example drawn from [29]. There
are two guard agents, Ag1 and Ag2, that cooperatively try to catch
a third agent, Ag3, who is trying to escape, in a 5 × 5 grid world.
Ag3 is initially at location (5, 5) and can escape after reaching any
of the other corners. Initially, Ag1 is at location (1, 1) and Ag2 at
(1, 5). At each time step, the agents can all move synchronously to an
adjacent square. Ag3 is caught and loses the game if he ends up on
the same square as one of the guards or if he crosses path with one
of them in a simultaneous move. We can specify this game as follows.
We have 3 possible moves, with the following definitions:

LegalM (ag ,move(d), s)
.
= ∃u, v, x, y.¬Terminal(s) ∧

At(ag , u, v, s) ∧Adj (u, v, d, x, y)

LegalM (ag ,Stay , s)
.
= ∃x, y.At(ag , x, y, s)

LegalM (ag ,Exit , s)
.
=

ag = Ag3 ∧ ¬Terminal(s) ∧AtExit(Ag3, s)

Thus an agent ag may perform move move(d) in s to move one step
in direction d provided that the game is not yet finished and moving
in direction d is possible given ag’s position in s. An agent may also
perform move Stay in a situation s to remain where he is provided
that he is on the grid in s. Finally an agent may perform move Exit
in s to exit the grid provided he is Ag3, the game is not yet finished,
and he is at an exit position in s. Terminal(s), meaning that the
game is finished in situation s, holds if Ag3 is at the same position
as one of the other agents in s and is “captured”, in which case Ag1

and Ag2 win, or if Ag3 has “exited” the grid in s, in which case Ag3

wins, and is defined as:

Terminal(s)
.
= ∃x, y.At(Ag1, x, y, s) ∧ At(Ag3, x, y, s) ∨

∃x, y.At(Ag2, x, y, s) ∧At(Ag3, x, y, s) ∨
¬∃x, y.At(Ag3, x, y)

Wins(ag , s)
.
= Terminal(s) ∧

ag = Ag3 ∧ ¬∃x, y.At(Ag3, x, y, s) ∨
ag = Ag3 ∧ ∃x, y.At(Ag3, x, y, s) ∧At(ag, x, y, s)

4 In many cases, moves don’t interfere with each other and the effects are just
the union of those of each move. One can also exploit previous work on
axiomatizing parallel actions to generate successor state axioms [26, 25].
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AtExit(ag , s)
.
=

At(ag , 1, 1, s) ∨ At(ag , 5, 1, s) ∨At(ag , 1, 5, s)

The following successor state axiom specifies how the game state
changes:

At(ag , x, y, do(a, s)) ≡ ∃u, v.MovesTo(ag , u, v, x, y, a, s) ∨
At(ag , x, y, s) ∧ ¬∃u, v.MovesTo(ag , x, y, u, v, a, s) ∧
¬∃m1,m2.(a = tick(m1,m2,Exit) ∧ ag = Ag3)

MovesTo(ag , u, v, x, y, a, s)
.
= ∃m1,m2,m3, d.

a = tick(m1,m2,m3) ∧At(ag , u, v, s) ∧Adj (u, v, d, x, y) ∧
[ag = Ag1 ∧m1 = move(d) ∨ ag = Ag2 ∧m2 = move(d) ∨
ag = Ag3 ∧m3 = move(d) ∧ ¬Capturing(Ag3,m3,Ag1,

m1, s) ∧ ¬Capturing(Ag3,m3,Ag2,m2, s)]

Capturing(ag ,m, ag ′,m′, s)
.
= ∃x, y, u, v, d, d′.ag = Ag3 ∧

At(Ag3, x, y, s) ∧ (ag ′ = Ag1 ∨ ag ′ = Ag2) ∧
At(ag ′, u, v, s) ∧m = move(d) ∧m′ = move(d′) ∧
Adj (x, y, d, u, v) ∧ Adj (u, v, d′, x, y)

The successor state axiom for At essentially says that agent ag
moves to position (x, y) in situation do(a, s) if a is a tick joint move
where ag performs a move in direction d, from a position (u, v),
which is adjacent from (x, y) in direction d, and moreover if ag is
Ag3, then he is not “being captured” by one of the other agents (see
below). Otherwise, ag remains at the position where he was in situa-
tion s except if ag is Ag3 and he performs move Exit , in which case
he will no longer be at any position on the grid. The axiom uses a de-
fined fluent (an abbreviation), Capturing(ag ,m, ag ′,m′, s), mean-
ing that ag ′ performing move m′ is capturing agent ag performing
move m in situation s, which holds if and only if ag is Ag3 and ag ′

is one of the other agents, and ag and ag ′ are performing moves that
overlap, i.e., where the starting position of one move is the ending
position of another.

The following axioms define the non-fluent predicates that we use:

Agent(ag) ≡ ag = Ag1 ∨ ag = Ag2 ∨ ag = Ag3

Move(m) ≡ ∃d.Dir(d) ∧m = move(d) ∨
m = Stay ∨m = Exit

Dir(d) ≡ d = N ∨D = E ∨ — directions
d = S ∨ d = W

Co(x) ≡ x = 1 ∨ x = 2 ∨ — coordinates
x = 3 ∨ x = 4 ∨ x = 5

Succ(x, y) ≡ — y is successor of x
x = 1 ∧ y = 2 ∨ x = 2 ∧ y = 3 ∨
x = 3 ∧ y = 4 ∨ x = 4 ∧ y = 5

Adj (x, y, d, x′, y′) ≡ — (x′, y′) is adjacent from (x, y)
d = N ∧ x′ = x ∧ Co(x) ∧ Succ(y, y′) ∨ in direction d
d = S ∧ x′ = x ∧ Co(x) ∧ Succ(y′, y) ∨
d = E ∧ y′ = y ∧ Co(y) ∧ Succ(x, x′) ∨
d = W ∧ y′ = y ∧ Co(y) ∧ Succ(x′, x)

The initial state is specified as follows:

At(ag , x, y, S0) ≡ ag = Ag1 ∧ x = 1 ∧ y = 1 ∨
ag = Ag2 ∧ x = 5 ∧ y = 1 ∨ ag = Ag3 ∧ x = 1 ∧ y = 5

The precondition axiom for the tick action is as discussed earlier. We
also have unique names for moves, agents, directions, and positions.

Note that it easy to obtain an infinite states version of this game,

for instance, by using an infinite grid, with positions (x, y) for all

x, y ∈ N. Then Ag3 can run away to avoid getting caught and the

others cannot corner her. We can then say that the game ends if the

guards catch Ag3 or if Ag3 gets North and East of both guards past

a given area (they can’t catch up if he keeps going North-East).

Let’s now consider another simple example which has infinite

states. It is not a game in the traditional sense, but we can analyse

what properties agents can enforce in it.

Example 2 We have a repair shop where items arrive, are repaired,
and then shipped. Items are denoted by a countably infinite set of
constants Item1, Item2, . . . , for which we have unique name axioms.
Ag1 represents the environment, Ag2 is a repairing robot, and Ag3

is a shipper agent. We have the following legal move axioms:

LegalM (ag,Wait , s)
.
= True

LegalM (ag , arrive(i), s)
.
=

ag = Ag1 ∧ Item(i) ∧ ¬InShop(i, s)
LegalM (ag , repair(i), s)

.
=

ag = Ag2 ∧ InShop(i, s)

LegalM (ag , ship(i), s)
.
=

ag = Ag3 ∧ Repaired(i, s)

and the following successor state axioms:

InShop(i, do(a, s)) ≡ ∃m,m′.a = tick(arrive(i),m,m′)
∨ InShop(i, s) ∧ ¬∃m,m′.a = tick(m,m′, ship(i))

Repaired(i, do(a, s)) ≡ ∃m,m′.a = tick(m, repair(i),m′)
∨ Repaired(i, s) ∧ ¬∃m,m′.a = tick(arrive(i),m,m′)

Shipped(i, do(a, s)) ≡ ∃m,m′.a = tick(m,m′, ship(i))
∨ Shipped(i, s) ∧ ¬∃m,m′.a = tick(arrive(i),m,m′)

We also have initial state axioms saying that initially no items are in
the shop, or have been repaired or shipped. Clearly, the domain is
infinite, as is the number of moves.

4 Relationship with GDL
SCSGSs are closely related to GDL specifications. We show that

GDL game descriptions where auxiliary predicates are “acyclic” or

“hierarchical” (without direct or indirect recursion) [20] can be trans-

lated into SCSGSs. Notice that formalisms in which the state descrip-

tion is based on first-order logic (FOL), such as the situation calculus,

cannot capture predicates on state defined recursively.

We first define a translation function τa,s for translating the bodies

of the rules for defining the initial situation, next situation, and legal

moves; only true, does atoms and auxiliary predicates aux(�x) can

occur in bodies:

τa,s(true) = true

τa,s(true(F (�t))) = F (�t)[s]
τa,s(does(R,M))) = ∃m1 . . .∃mR−1∃mR+1 . . .∃mn

a = tick(m1, . . . ,mR−1,M,mR+1, . . . ,mn)
τa,s(aux(�x)) = ∃�y.τa,s(bodyaux(�x, �y))
τa,s(α1 ∧ α2) = τa,s(α1) ∧ τa,s(α2)

τa,s(¬α) = ¬τa,s(α)
where bodyaux(�x, �y) denotes the body of the rule for aux(�x) (which

may involve disjunctions).

Initial situation. In GDL, the initial situation is specified by a set

of clauses of the form init(F (�t)) ← body(�t, �y), where body(�t, �y)
includes only true atoms and auxiliary predicates (facts are repre-

sented as init(F (�t)← true), involving terms �t and additional ex-

istential variables �y. In the SitCalc, we capture this through a set of

FOL formulas:

F (�x, S0) ≡
∨

init(F (�t))←body(�t,�y)

�x = �t ∧ ∃�y.τ ,S0(body(�t, �y))
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This is the familiar completion of the set of init clauses, which

captures their semantics given that the set of clauses is acyclic. Note

that since the bodies of these clauses cannot contain does atoms, the

action parameter of τ is irrelevant. We have a complete specification,

so there is a single model.

Effects. In GDL, the next state resulting from moves is specified by

a set of clauses of the form next(F (�t)) ← body(�t, �y), where body
includes only true and does atoms, and auxiliary predicates. In the

SitCalc, we capture this description through successor state axioms

of the form:

F (�x, do(a, s)) ≡
∨

next(F (�t))←body(�t,�y)

�x = �t ∧ ∃�y.τa,s(body(�t, �y))

Preconditions and legality. In GDL, the legality conditions for a

move M by a role R are expressed by a set of clauses of the form

legal(R,M(�t))← body(�t, �y), where body contains only true and

auxiliary predicates. In the SitCalc, we capture this through axioms

of the form:

LegalM (R,M(�x), s) ≡
∨

legal(R,M(�t))←body(�t,�y)

�x = �t ∧ ∃�y.τ ,s(body(�t, �y))

The preconditions of the tick joint move action are specified by the

action precondition axiom given earlier.

Goals and terminal states. For GDL goals, we have clauses of the

form goal(R, V ) ← body(�t, �y), where body includes only true

and auxiliary predicates. In the SitCalc, we have:

Goal(r, v, s) ≡
∨

goal(R,V )←body(�t,�y)

r = R ∧ v = V ∧ ∃�y.τ ,s(body(�t, �y))

Similarly for defining termination, we have in GDL clauses of the

form, terminal ← body(�y), where body includes only true and

auxiliary predicates. So we have:

Terminal(s) ≡
∨

terminal←body(�y)

∃�y.τ ,s(body(�y))

Unique name and domain closure for objects. We additionally

need to impose the unique name assumption and domain closure for

the object sort in the SitCalc to conform to the GDL assumption that

object terms are interpreted as themselves. In the SitCalc this corre-

sponds to assuming we have standard names for objects [18].

We can now show that the above mapping is correct.

Theorem 3 For any GDL specification that uses acyclic auxiliary
predicates only, the above translation is correct, i.e., it produces a
SCSGS whose only model is bisimilar to the transition system asso-
ciated with the GDL specification.

Proof (sketch). Notice that we have complete information. This

means the resulting SCSGS D has only one SitCalc model M (up

to isomorphism). We can associate to such a modelM a transition
system TM = 〈Δ,S, S0,→M, LM〉 induced byM where:

• Δ is the object domain of M, which is isomorphic to the set of

all ground object terms since we have unique name and domain

closure for objects.

• S is the set of possible states formed by all situations;

• S0 ∈ S is the initial state, where S0 is the initial situation;

• →M ⊆ S × S is the transition relation s.t. s →M s′ iff there

exists some a s.t. s′ = doM(a, s) and (a, s) ∈ PossM; note that

a will be some instantiation of the tick action type for some move

arguments;

• LM : S �→ IntM is the labeling function associating each

state/situation s with a first-order (FO) interpretation I = LM(s)
s.t. F I = {�o | M |= F (�o, s)}, for every predicate fluent.

On the other hand, one can use the techniques in [29] to generate

a transition system for the GDL specification G. We can associate

to such a game description G a transition system TG = 〈Δ, Q, q0,
→G, LG〉 where:

• Δ is the set of all ground object terms.

• Q is the set of possible states formed by all possible finite subsets

of ground “fluent” atoms;

• q0 = {F (�t)|G |= init(F (�t))};
• →G ⊆ Q × Q is the transition relation s.t. q →G q′ iff

there exists some ground move terms M1, . . .Mn s.t. G ∪ q |=
does(Agi,Mi) (for i = 1, . . . , n) and q′ = {F (�t)|G ∪ q ∪
{does(Ag1,M1), . . . , does(Agn,Mm)} |= next(F (�t))};

• LG : Q �→ IntG is the labeling function associating each state q
with a FO interpretation I = LG(q) s.t.

– GoalI = {(Agi, v) | G ∪ q |= goal(Agi, v)},
– TerminalI = true iff G ∪ q |= terminal}, and

– F I = {�t | G ∪ q |= F (�t)} for all other predicates.

The two transition systems TM and TG are bisimilar. Indeed there

is a relation B including (S0, qO) such that if (s, q) ∈ B then: (i)
LM(s) is isomorphic to LG(q); (ii) for all s′ such that s →M s′,
there exists a q′ such that q →G q′ and (s′, q′) ∈ B; (iii) for all

q′ such that q →G q′, there exists a s′ such that s →M s′ and

(s′, q′) ∈ B. One can check that one such relation is the isomor-

phism between state labeling of the transitions systems: i.e. B =
{(s, q) | LM(s) is isomorphic to LG(q)}. Given the bisimilarity-

invariance of the μ-calculus, we get that the two transition systems

satisfy the same μATL-FO formulas (see Sec. 5).

Notice that [34] shows trace-equivalence between GDL specifica-

tions and their translation into the C+ action language [14]. Remem-

ber that bisimilarity implies trace-equivalence. GDL also requires

that game specifications be stratified, “allowed”, and satisfy some

restrictions on recursion that ensure that the specification is equiva-

lent to a finite set of ground clauses [34]. In principle, when the game

is finite state as assumed in [13], we could drop the acyclicity restric-

tion and capture GDL in its entirety at the cost of compositionality.

5 Verification
To express properties about SCSGSs, we introduce a specific logic

μATL-FO, inspired by alternating-time μ-calculus, μATL, which is a

well-known generalization of ATL [1]. Our logic is a first-order vari-

ant of the μ-calculus [2] that works on games, by suitably consider-

ing coalitions acting towards the realization of a temporally extended

goal, as in μATL. The key building block in these kinds of logics is

the so-called force-next operator, which in our case is:

〈〈G〉〉 © ϕ ≡
∃mg1 , . . . ,mgk .

∧
{gi,...,gk}=G LegalM (gi,mgi ,now) ∧

∃mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G LegalM (gi,mgi ,now) ∧

∀mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G LegalM (gi,mgi ,now)

⊃ ϕ(do(tick(mg1 , . . . ,mgn),now))

Above, ϕ is a situation suppressed formula, i.e., one with situation

arguments in fluents suppressed (syntactically replaced by a place-

holder now ). We denote by ϕ[s] the formula obtained by restoring
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the suppressed situation argument s into all fluents in ϕ. Here, we

quantify existentially on legal moves when the agent is in the coali-

tion G, and universally when it is not. We are looking for some move

for each agent in the coalition G, such that for all moves by the agents

not in the coalition, ϕ becomes true next. Notice that in any case both

agents in the coalition and agents outside it must have a legal move.

Then, following [11], we define the logic μATL-FO as:

Ψ← ϕ | Z | ¬Ψ | Ψ1 ∧Ψ2 | ∃x.Ψ | 〈〈G〉〉 ©Ψ | μZ.Ψ(Z)

where ϕ is an arbitrary, possibly open, situation-suppressed SitCalc

uniform formula, Z is a predicate variable of a given arity, and

〈〈G〉〉 © Ψ is as defined above. μZ.Ψ(Z) is the least fixpoint con-

struct from the μ-calculus, which denotes the least fixpoint of the

formula Ψ(Z) (we use this notation to emphasize that Z may oc-

cur free, i.e., not quantified by μ in Ψ). Similarly νZ.Ψ(Z), defined

as ¬μZ.¬Φ[Z/¬Z] (where we denote with Φ[Z/¬Z] the formula

obtained from Φ by substituting each occurrence of Z with ¬Z), de-

notes the greatest fixpoint of Ψ(Z). We also use the usual abbrevia-

tions for first-order logic such as disjunction (∨) and universal quan-

tification ∀. Moreover we denote by [[G]]©Ψ the dual of 〈〈G〉〉©Ψ,

i.e., [[G]]©Ψ
.
= ¬〈〈G〉〉 © ¬Ψ.

As usual in the μ-calculus, formulas of the form μZ.Ψ(Z) (and

νZ.Ψ(Z)) must obey the syntactic monotonicity of Ψ(·) w.r.t. Z,

which states that every occurrence of the second-order variable Z
in Ψ(Z) must be within the scope of an even number of negation

symbols. This ensures that both the least fixpoint μZ.Ψ(Z) and the

greatest fixpoint νZ.Ψ(Z) always exist.

The least fixpoint formula μZ.Ψ is true in a situation if and only

if it belongs to the least set of situations Z that satisfy the temporal

formula Ψ(Z), where Z is a second-order predicate variable ranging

over sets of situations (a formal semantics is given below). Similarly,

the greatest fixpoint formula νZ.Ψ holds in a situation if it belongs

to the largest set of situations Z that satisfy Ψ(Z). Using these least

and greatest fixpoint constructs, we can express the ability of forcing
arbitrary temporal and dynamic properties. For instance, to say that

group G has a strategy to force achieving ϕ(�x) eventually, where

ϕ(�x) is a situation suppressed formula with free variables �x, we use

the following least fixpoint formula:

μZ. ϕ(�x) ∨ 〈〈G〉〉 © Z

In a first-order ATL, this could be expressed as 〈〈G〉〉�ϕ(�x). Simi-

larly, we use the greatest fixpoint construct to express the ability of a

coalition G to force maintaining property ϕ:

νZ.ϕ(�x) ∧ 〈〈G〉〉 © Z

In a first-order ATL, this could be expressed as 〈〈G〉〉�ϕ(�x).
The formal semantics of μATL-FO is based on characterizing how

to evaluate μATL-FO formulas in a SitCalc modelM. To do so, since

μATL-FO contains formulas with both individual and predicate free

variables, we need to introduce an individual variable valuation v,

and a predicate variable valuation V , i.e., a mapping from predicate

variables Z to subsets of the set of all situations S . Then, we assign

meaning to formulas by associating to M, v, and V an extension
function (·)Mv,V , which maps formulas to subsets of S, and is defined

inductively as follows:

(ϕ)Mv,V = {s ∈ S | M |= ϕ[s]}
(¬Ψ)Mv,V = S − (Ψ)Mv,V
(Ψ1 ∧Ψ2)

M
v,V = (Ψ1)

M
v,V ∩ (Ψ2)

M
v,V

(∃x.Ψ)Mv,V = {s ∈ S | exists t s.t. s ∈ (Ψ)Mv[x/t],V }
(〈〈G〉〉 ©Ψ)Mv,V = {s ∈ S | s ∈ Pre(G, (Ψ)Mv,V )}
(Z(�t)Mv,V ) = V (Z)
(μZ.Ψ)Mv,V =

⋂{E ⊆ S | (Ψ)Mv,V [Z/E] ⊆ E}

where:

Pre(G, E) = {s ∈ S |
∃mg1 , . . . ,mgk .

∧
{gi,...,gk}=G(M |= LegalM (gi,mgi , s)) ∧

∃mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G(M |= LegalM (gi,mgi , s)) ∧

∀mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G(M |= LegalM (gi,mgi , s))

⊃ do(tick(mg1 , . . . ,mgn), s) ∈ E}

Note that given a valuation V and a predicate variable Z and a set

of situations E we denote by V [Z/E ] the valuation obtained from V
by changing the value of Z to E . Similarly for v. Notice also that

when a μATL-FO formula Ψ is closed (w.r.t. individual and predicate

variables), its extension (Ψ)Mv,V does not depend on the valuations v
and V , and we denote the extension of Ψ simply by (Ψ)M. We say

that a closed formula Ψ holds in the SitCalc modelM, denoted by

M |= Ψ, if S0 ∈ (Ψ)M.

Example 4 Several key properties of games [13] can easily be ex-
pressed in μATL-FO, for example:

• Playability, i.e., at every step which is not terminal there exists a
legal joint move:

νZ.Terminal ∨ 〈〈ALL〉〉 © Z

• Termination, i.e., there is a way of playing the game that eventu-
ally leeds to termination:

μZ.Terminal ∨ 〈〈ALL〉〉 © Z

• Weak Winnability (by agent Ag), i.e., there is a way for agent Ag
to win if the others cooperate:

μZ.Terminal ∧ ∃v.Goal(Ag , v) ∧
(
∧

Ag′ 
=Ag ∃v′.Goal(Ag ′, v′) ∧ v′ ≤ v) ∨ 〈〈ALL〉〉 © Z

• Strong Winnability (by agent Ag), i.e., there is a way for agent
Ag to win no matter what the others do:

μZ.Terminal ∧ ∃v.Goal(Ag , v) ∧
(
∧

Ag′ 
=Ag ∃v′.Goal(Ag ′, v′) ∧ v′ ≤ v) ∨ 〈〈{Ag}〉〉 © Z

• Well-formed: if terminating, playable and weakly winnable.

In Example 1, one can check that the game is weakly winnable for all
agents, and that it becomes strongly winnable for either Ag3 or for
the coalition {Ag1,Ag2} starting from certain initial configurations
(where we change the initial position of some players). In Example 2,
one can check that Ag2 can ensure that all items that arrive are even-
tually repaired, and that Ag2 and Ag3 together can ensure that all
are eventually shipped.

Let us now discuss how one can effectively verify μATL-FO for-

mulas against a SCSGS in three key cases.
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Propositional case. The propositional case is the one where the

object domain is assumed to be finite. If this is the case, actions are

also finite (we have finite moves types and only one action type).

Hence, the only domain that remains infinite is that of situations

(though now the situation tree is only finitely branching). However

successor state axioms ensure that fluents in a given situation depend

only on the values of the fluents in the previous situation (not the

history). Hence in the presence of a finite object domain, one can ab-

stract situations into “states”, which are the interpretation of the flu-

ents for that situation [32]. Consequently one can show that there is

a finite transition system bisimilar to the SitCalc model, for example

along the lines of [8]. Given the invariance with respect to bisimula-

tion of the μ-calculus, one can use such a finite transition system for

the evaluation, or model checking, of the μATL-FO formulas (notice

also that first-order quantification can be eliminated because of the

finite object domain). Thus we have the following result:

Theorem 5 Let D be a SCSGS with a finite object domain and Ψ a
μATL-FO formula. Then checking whether D |= Ψ is decidable.

In practice μATL-FO reduces to standard alternating-time μ-calculus

(μATL) [1], and one can use standard algoritms and tools for the ver-

ification. In fact such tools can also be used for synthesis by consid-

ering that strategies can be extracted from the existential choices in

the 〈〈G〉〉 © ϕ operators as discussed in [1]. Verification techniques

for propositional GDL descriptions have been proposed in [27].

Bounded first-order case. We say that a SitCalc theory is

bounded if in spite of having an infinite object domain, it allows only

a bounded number of object tuples in the extension of fluents in each

situation [8]. Intuitively this is like saying that we have a bookshelf

of a fixed size in which we can freely add, remove and replace books

as long as we remain within the fixed size of the bookshelf. For in-

stance, we can obtain an infinite-states bounded version of Example 2

as follows: we make the arrive(i) move illegal if there are already k
items in the shop; we make Repaired become false when an item is

shipped, so it is also bounded by k; finally we replace Shipped(i, s)
by JustShipped(i, s), which only holds in the situation that follows

the ship(i) action, i.e., for at most one item (Move(m) and Item(i)
can be viewed as abbreviations, the latter standing for anything that is

not an agent or move). Such bounded action theories are known to be

decidable for model checking a first-order variant of the μ-calculus

without first-order quantification across situations [8] as well as with

quantification across [8, 15, 3]. Such results can be adapted to show

that μATL-FO model checking against SCSGSs is decidable:

Theorem 6 Let D be a SCSGS that is a bounded action theory and
Ψ a μATL-FO formula. Then checking whether D |= Ψ is decidable.

Proof (sketch). If Ψ does not include first-order quantification across

situations, we can apply the techniques in [8] which allow for build-

ing a finite transition system that is bisimilar to the one induced by

the SitCalc theory model (which is essentially unique if we assume

complete information). If quantification across is allowed, we cannot

use the techniques in [8] in general, but we can still use a similar

finite faithful abstraction if the quantification is over objects in the

active domain and is restricted to be persistence-preserving [9]. Fi-

nally if we allow unrestricted quantification, we can still generate

a finite faithful abstraction, which however, in this case depends on

the number of variables in Ψ as well [3, 4]. The key to adapting the

original proofs to our case is to suitably reformulate the preimage

construction used in evaluating μATL-FO formulas, so has to handle

the coalition existentially and the adversaries universally.

Synthesis can be done as in the propositional case.

General first-order case. In the general case, model checking of

μATL-FO in SCSGSs is undecidable. For example it is immediate to

reconstruct the undecidability result in [15] using very simple SCS-

GSs and μATL-FO formulas. In this case, we can adopt the approach

of [11], and base the verification method on two main ingredients:

(i) regression [26], and (ii) fixpoint approximates and the classical

Knaster and Tarski results [31].

Regarding regression, note that with LegalM defined as in Sec-

tion 3, if ϕ is regressable then 〈〈G〉〉 © ϕ is also regressable, and in

fact its (one step) regression is:

R(〈〈G〉〉 © ϕ)
.
=

∃mg1 , . . . ,mgk .
∧
{gi,...,gk}=G LegalM (gi,mgi ,now)) ∧

∃mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G LegalM (gi,mgi ,now) ∧

∀mgk+1 , . . . ,mgn .
∧
{gk+1,...,gn}=G LegalM (gi,mgi ,now)

⊃ R(ϕ(do(tick(mg1 , . . . ,mgn),now)))

The second element is the ability, in some cases, to compute fix-

point approximates. Suppose that we want to verify a least fixpoint

formula μZ.Ψ(Z), where Z occurs free in Ψ. We can try to evaluate

this formula using the general technique of iterated fixpoint approx-

imates, which guarantees that for some transfinite ordinal we get the

fixpoint [31]. The technique goes as follows. The approximates for a

least fixpoint of the form μZ.Ψ(Z) are as follows:

Z0
.
= Ψ(False)

Z1
.
= Ψ(Z0)

Z2
.
= Ψ(Z1)

. . .

Observe that all of these formulas Zi are situation suppressed which

means that they all talk about the same situation, say now.

At limit transfinite ordinals ω we have that:

Zω =
∨
i

Zi

Notice that in order to express this approximate we need infinitary

disjunction (for least fixpoint as here, and conjunctions for great-

est fixpoint).5 However, this technique becomes effective only when

such a fixpoint can be reached within a finite number of iterations.

For an in-depth discussion, see [11].

6 Golog-Based Players
We can also use programs to specify the possible behaviors of the

agents playing the game. In particular, we can assume that each agent

Ag i is following a program δi specifying her possible moves at each

step. For this, we use programs in a variant of the Golog program-

ming language [19] where instead of atomic actions, we use moves.

Such programs cannot be run in isolation; they must be executed con-

currently with all agents moving synchronously. Programs constructs

are the following:

m atomic move
ϕ? test for a condition
δ1; δ2 sequence
if ϕ then δ1 else δ2 conditional
while ϕ do δ while loop
δ1|δ2 nondeterministic branch
πx.δ nondeterministic choice of argument
δ∗ nondeterministic iteration

5 By the way, notice that the fixpoint formulas in the μ-calculus are not con-
tinuous, so going above limit ordinals is in general necessary.
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TransM(m, s, δ′,m′) ≡ m′ = m ∧ δ′ = nil

TransM(ϕ?, s, δ′,m′) ≡ False

TransM(δ1; δ2, s, δ
′,m′) ≡

∃δ′1.TransM(δ1, s, δ
′
1,m

′) ∧ δ′ = δ′1; δ2 ∨
FinalM(δ1, s) ∧ TransM(δ2, s, δ

′,m′)

TransM(if ϕ then δ1 else δ2, s, δ
′,m′) ≡

ϕ[s] ∧ TransM(δ1, s, δ
′,m′) ∨

¬ϕ[s] ∧ TransM(δ2, s, δ
′,m′)

TransM(while ϕ do δ, s, δ′,m′) ≡
ϕ[s] ∧ ∃δ′′.TransM(δ, s, δ′′,m′) ∧ δ′ = δ′′; (while ϕ do δ)

TransM(δ1|δ2, s, δ′,m′) ≡
TransM(δ1, s, δ

′,m′) ∨ TransM(δ2, s, δ
′,m′)

TransM(πz.δ, s, δ′,m′) ≡ ∃z.TransM(δ, s, δ′,m′)

TransM(δ∗, s, δ′,m′) ≡ ∃δ′′.TransM(δ, s, δ′′,m′) ∧ δ′ = δ′′; δ∗

TransM(nil , s, δ′,m′) ≡ False

FinalM(m, s) ≡ False

FinalM(ϕ?, s) ≡ ϕ[s]

FinalM(δ1; δ2, s) ≡ FinalM(δ1, s) ∧ FinalM(δ2, s)

FinalM(if ϕ then δ1 else δ2, s) ≡
ϕ[s] ∧ FinalM(δ1, s) ∨ ¬ϕ[s] ∧ FinalM(δ2, s)

FinalM(while ϕ do δ, s) ≡
ϕ[s] ∧ FinalM(δ, s) ∨ ¬ϕ[s]

FinalM(δ1|δ2, s) ≡ FinalM(δ1, s) ∨ FinalM(δ2, s)

FinalM(πx.δ, s) ≡ ∃x.FinalM(δ, s)

FinalM(δ∗, s) ≡ True

FinalM(nil , s) ≡ True

Figure 1. Axioms specifying TransM and FinalM

In the above, m is a term that represents a move, possibly with pa-

rameters, and ϕ is situation-suppressed SitCalc formula. Program

δ1|δ2 allows for the nondeterministic choice between programs δ1
and δ2, while πx.δ executes program δ for some nondeterministic

choice of a legal binding for variable x (observe that such a choice

is, in general, unbounded). δ∗ performs δ zero or more times. Note

that we leave out recursive procedures.

To assign semantics to such programs we use notions analogous

to Trans and Final from ConGolog’s transition semantics [6]. In

particular we introduce the predicate TransM(δ, s, δ′,m) to mean

that the program δ in situation s can perform move m leaving δ′

as the remaning program to execute, and the predicate FinalM(δ, s)
to mean that program δ can be considered terminated in situation s.

The definiton of these predicates appears in Figure 1. We can read

these axioms as follows: A program consisting of an atomic move

m can only perform move m with the remaining program being the

“empty” program nil . A test program ϕ? can never perform a move.

A sequence δ1; δ2 can perform move m in situation s if δ1 can per-

form it with the remaining program being what remains of δ1 fol-

lowed by δ2 or if δ1 can be considered completed in s and δ2 can

perform move m in s with the remaining program being what re-

mains of δ2. An if ϕ then δ1 else δ2 can perform move m in s if

δ1 can when ϕ is true, and if δ2 can when ϕ is false; the remaining

program is what remains of the selected branch. A “while” program

can perform move m in s if its condition is true in s and its body can

perform m; the remaining program is what remains of the body fol-

lowed by the “while” program itself. A nondeterministic branch can

perform move m in s if either one of its branches can, the remaining

program being what remains of the chosen branch. A nondetermin-

istic choice of argument πx.δ can perform move m in s if δ can

perform it for some value of variable x, which may occur in δ; the

remaining program is what remains of δ for this value. A nondeter-

ministic iteration δ∗ can perform move m in s if δ can perform it;

the remaining program is what remains of δ followed by δ∗ again.

Finally, the empty program nil can never perform a move.

For FinalM we have the following: A program consisting of an

atomic move m is never considered terminated. A test program ϕ?
is considered terminated in situation s if and only if ϕ holds in s. A

sequence δ1; δ2 is considered terminated in situation s if both δ1 and

δ2 are terminated in s. An if ϕ then δ1 else δ2 is terminated if δ1 is

when ϕ is true, and if δ2 is when ϕ is false. A “while” program is

terminated if its condition is false or if its condition is true and its

body is terminated. A nondeterministic branch is terminated if either

one of its branches is. A nondeterministic choice of argument πx.δ is

terminated if δ is terminated for some value of variable x, which may

occur in δ. A nondeterministic iteration δ∗ can always be considered

terminated, as it can execute 0 times. Lastly, the empty program nil
is always considered terminated.

Actually, we require that the agents’ behavior programs be move
determined.6 That is, we require that the step-by-step execution of

such programs be fully determined at each step by the selected move.

In other words, we cannot have nondeterminism in the program once

the move is selected. E.g., program m1; (m2 | m3) is move deter-

mined, but (m1;m2) | (m1;m3) is not; with the latter, the remaining

program after performing m1 could be either m2 or m3. We impose

this requirement because we use programs to specify the set of avail-

able moves for each agent in every game state. Using TransM we can

formalize that a program δ is move determined in a situation s as:

MoveDet(δ, s) .
=

∀m, δ′, δ′′.TransM(δ, s, δ′,m) ∧ TransM(δ, s, δ′′,m) ⊃ δ′ = δ′′

An agent Ag i is move determined in a game if its (remaining) pro-

gram is move determined in every situation that the game can reach.7

We can then define LegalM in terms of such programs by intro-

ducing a special fluent CurrProg(Agi, δi, s) that stores the reman-

ing program of each agent in the situation:

LegalM (Ag i,m, s)
.
=

CurrProg(Ag i, δi, s) ∧ ∃δ′i.TransM(δi, s, δ
′
i,m)

where the successor state axiom for CurrProg is as follows:

CurrProg(Ag i, δ
′
i, do(tick(mi, . . . ,mn), s)) ≡

CurrProg(Agi, δi, s) ∧ TransM(δi, s, δ
′
i,mi)

6 The notion of move-determined program is similar to that of situation-
determined program from [7].

7 Using CurrProg introduced here, this can be specified as follows:

∀s.∀δi.Executable(s) ∧ CurrProg(Agi, δi, s) ⊃ MoveDet(δi, s).
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That is, a move m is legal for agent Ag i in situation s if her current

remaining program δi in s can perform m, and when a joint move

tick(mi, . . . ,mn) is performed, the current remaining program of

each agent Agi is updated to be what remains of her current program

after her move mi.

Example 7 For the game of Example 1, we can define the legal
moves of Ag3 using the following program:

CurrProg(Ag3, δ, S0) ≡ δ = BehaviorAg3

where BehaviorAg3
.
=

while ¬Terminal do
([∃x, y.At(ag, x, y)?;Stay ] |
[AtExit(Ag3)?;Exit ] |
[πd.∃u, v, x, y.At(Ag3, u, v, s) ∧ Adj (u, v, d, x, y)?;move(d)])

For the guard agents Ag1 and Ag2, the program is similar, except
that the Exit move is not allowed:

while ¬Terminal do
([∃x, y.At(ag, x, y)?;Stay] |
[πd.∃u, v, x, y.At(ag, u, v) ∧Adj(u, v, d, x, y)?;move(d)])

We can also specify more constrained behaviors/strategies, e.g.,
one where Ag3 never moves in a direction where he may be captured:

BehaviorAg3
.
=

while ¬Terminal do
([∃x, y.At(Ag3, x, y)?;Stay ] |
[AtExit(Ag3)?;Exit ] |
[πd.∃u, v, x, y.At(Ag3, u, v) ∧ Adj (u, v, d, x, y) ∧

¬∃m.Capturing(Ag3,move(d),Ag1,m) ∧
¬∃m.Capturing(Ag3,move(d),Ag2,m)?;

move(d)])

When we do this, we verify properties of the system under the as-
sumption that agents behave as specified. We should of course en-
sure that all moves allowed by such a specialized behavior are legal
and that the agent always has some move it can make until the game
ends. The latter is just playability, which we discussed earlier. The
former requires establishing a simulation relation between the tran-
sition systems induced by the specialized and the orignal program,
cf. [28]; we leave this for future work.

The verification techniques of Sec. 5 can be adapted to handle

LegalM defined through programs.

Propositional case. The propositional case is straightforward.

Theorem 8 Let D be a SCSGS with a finite object domain, with
LegalM and CurrProg defined through programs. Then, for every
μATL-FO formula Ψ, checking whether D |= Ψ is decidable.

Proof (sketch). Since the domain is bounded, the number of possible

remaining programs within every computation is finite. Hence every

fluent, including LegalM and CurrProg has a finite extension (and

hence can be represented propositionally). Thus we can define a finite

transition system that is bisimilar to the model of the action theory

and check the property Ψ over it.

Bounded first-order case. For the bounded first-order case, we

can leverage on recent work [10]. The difficulty when the domain is

infinite is that the number of possible remaining programs within a

computation is infinite in general. Moreover their inductive structure

guides the definition of TransM and FinalM and hence ultimately of

LegalM and CurrProg . The results in [10] however, show that in the

absence of recursion, the source of having infinitely many program

terms is the pick operator π. Now, when the number of action types

is finite (and in our framework, moves (and hence actions) come in

finitely many move types), we can capture such programs as a pair

formed by a program schema (with pick variables uninstantiated) and

a separate set of variable substitutions, one for each pick variable in

the original program, which in turn can be assumed to range over

objects only w.l.o.g. In this way, the number of remaining program

schemas that are generated during a computation is finite (they act as

a program counter) while the number of possible substitutions is infi-

nite (they can get all possible values from the infinite object domain).

The point is that the number of pick variables in a program is syntac-

tically determined by the original program alone (not the remaining

programs that can be generated) and hence is naturally bounded.

As a final result [10] shows that for situation-determined pro-
grams, execution, as defined by Trans and Final, can be captured

using new suitable predicate fluents, which are bounded. The same

kind of reasoning can indeed be applied in our case to show that for

move-determined programs, TransM and FinalM can be captured us-

ing new predicate fluents, which are bounded. This, in turn, makes

the extension of LegalM and CurrProg bounded and hence we can

apply Theorem 6 to get decidability. Thus we get:

Theorem 9 Let D be a SCSGS that is a bounded action theory ex-
cept for LegalM and CurrProg defined through programs as above.
Then for every μATL-FO formula Ψ, checking whether D |= Ψ is
decidable.

General first-order case. For the general first-order case, we can

only obtain sound (but generally incomplete) methods, e.g., resort-

ing to the techniques in [11] based on program characteristic graphs

[5] or compilation techniques such as [12] and in [10] for situation-

determined (in our case move-determined) programs.

7 Conclusion
In this paper, we have defined a logical framework, SCSGSs, for rep-

resenting synchronous games-like systems and verifying temporal

properties over them. We have also shown that under some common

assumptions, GDL games can be represented as SCSGSs. Perhaps

more significantly our framework allows for representing first-order

GDL games in standard situation calculus, and thus allows one to

leverage on the wide literature on such a formalism for analyzing the

game, in particular for FO-temporal verification. Indeed, a key point

is that our framework is truly first-order and can be used to spec-

ify games/systems that involve infinite domains and an infinite set

of states. Further, when the SCSGS is “propositional” or “bounded”,

verification of large classes of temporal formulas are decidable. Even

in the general case, reasoners for our framework can be developed. A

prototype verifier that uses the iterated fixpoint approximation tech-

nique is discussed in [17]. Such reasoners could be used to verify

properties of interest in general game playing. One important as-

sumption in our framework is that the game state is fully observable

and no agent can any have private information. We would like to

generalize it to accomodate partially observable game settings.
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The Game of Reciprocation Habits

Gleb Polevoy and Mathijs de Weerdt and Catholijn Jonker1

Abstract. People often have reciprocal habits, almost auto-
matically responding to others’ actions. A robot who interacts
with humans may also reciprocate, in order to come across
natural and be predictable. We aim to facilitate decision sup-
port that advises on utility-efficient habits in these interac-
tions. To this end, given a model for reciprocation behavior
with parameters that represent habits, we define a game that
describes what habit one should adopt to increase the utility
of the process. This paper concentrates on two agents. The
used model defines that an agent’s action is a weighted com-
bination of the other’s previous actions (reacting) and either
i) her innate kindness, or ii) her own previous action (inertia).
In order to analyze what happens when everyone reciprocates
rationally, we define a game where an agent may choose her
habit, which is either her reciprocation attitude (i or ii), or
both her reciprocation attitude and weight. We characterize
the Nash equilibria of these games and consider their effi-
ciency. We find that the less kind agents should adjust to the
kinder agents to improve both their own utility as well as the
social welfare. This constitutes advice on improving coopera-
tion and explains real life phenomena in human interaction,
such as the societal benefits from adopting the behavior of the
kindest person, or becoming more polite as one grows up.

1 Introduction

Interaction is central in human behavior, e.g., at school, in file
sharing over networks, and in business cooperation. While in-
teracting, people tend to reciprocate, i.e., react on the past
actions of others [9, 11, 14]. Imagine software agents owned
by individuals repeatedly competing with the same people on-
line. People expect reciprocal behavior and tend to behave so
themselves. Virtual assistants also need to be reciprocal in or-
der to be credible. Countries at an arms race or arguing friends
also tend to be nicer if the other side is nicer [7, 27, 13]. In
these and other cases of repeated interaction, we can help peo-
ple and artificial agents obtain more from the interaction by
providing decision support. The decision is how to reciprocate.
Reciprocating efficiently includes defining to one’s software
agent or other artificial agents how to reciprocate with hu-
mans. In order to help people strategically choose efficient ap-
proaches for reciprocating, and to predict that strategic choice
of how to reciprocate, a model is needed that is amenable to
analytical analysis and has enough predictive power.

Consider the following example of an arms race.

Example 1 Consider n countries 1, 2, . . . , n; each country
can put a certain arsenal of weapons at the border with its

1 Delft University of Technology, email: g.polevoy@tudelft.nl

neighbors. What a country approximately does with respect to
another country at a given year is what was done in the pre-
vious year, adjusted to react to what the other countries did.
If they armed themselves against us, we also will, and if the
others aimed at us less, so shall we. This process is often re-
ciprocal with linear reactions [7, 27]. Perhaps, one reason for
that is that politicians can explain a reciprocal action as a
proper reaction to the nation. A crucial question is how to
make this process efficient, so that one’s country, and, prefer-
ably, everyone incurs the least possible cost.

In this example, an action had a negative influence on the
other country. We can also consider a positive influence on
the other side in this context; for instance, a concession.

Software agents can reciprocate automatically.

Example 2 Consider software agents running on computers
in a cloud. They need to agree on how much resources each
is allocated. Since their owners may want to be nice to others
reciprocally, it is reasonable to make them reciprocate. Every-
one wants her agent to reciprocate as efficiently as possible,
and also the society can save much money by efficient recip-
rocation.

Companies can reciprocate while achieving mutual gain.

Example 3 Reciprocation is useful in business life [25]. Re-
ciprocating means helping the other, for example, by redirect-
ing potential clients to another company. It is definitely eco-
nomically important to make this reciprocation efficient.

The existing studies of reciprocation (sometimes repeated)
either attempt to explain why reciprocation is there in the
first place [4, 3, 26, 10], or, given that reciprocation exists,
they analyze what happens in a short interaction where being
reciprocal pays off [5, 9, 23]. We, on the other hand, consider
a lengthy interaction, that is (naturally) bound to be recip-
rocal, but changing the approach of reciprocation is possible,
in order to receive more and do less.

To study such interactions, we employ the model from
Polevoy, de Weerdt and Jonker [22]2, which formally defined
and analyzed repeated intrinsic reciprocation, to understand
how reciprocity makes interaction evolve with time. We briefly
summarize the model. Actions, which are influences of an
agent on another one, are represented by weight, where a
higher value means a more desirable contribution to its re-
cipient. That model was mainly inspired by arms race mod-
els [7, 27] and a model of spouses arguments [13]. Given the
model, the paper [22] analyzes the interaction it engenders.

2 The full version can be found at http://arxiv.org/abs/1601.

07965.
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This model consists of two reciprocation attitudes, where the
action of an agent is a convex combination3 between i) one’s
own kindness or ii) one’s own last action (mental inertia), and
the other’s last action (reaction). The combination is deter-
mined by the agent’s reciprocation coefficient. Since the last
own action is, recursively, a product of previous actions, it
represents the agent at a given time, including her history.
Attitude i), which is connected to kindness, is called fixed,
and ii) depending on one’s own last action is called floating.

A reciprocation process converges, and in many cases, the
actions in the limit are found in [22]. We aim to to provide de-
cision support and predict the strategic reciprocation. A nat-
ural question to ask here is in what way the agents can strate-
gically influence the reciprocation process for their own good,
and what the social welfare will become when every individ-
ual behaves strategically. Setting one’s way of reciprocating
resembles Mastenbroek’s [17, Chapter 14] recommendation to
know one’s own negotiating style and adjust it. Assuming peo-
ple strategically choose each action is unrealistic, since peo-
ple usually act on habits [15], and a strategic choice consists
of choosing a habit for the reciprocal interaction. Here, the
habit, chosen after deliberation, can be the balance between
reacting and being faithful to oneself, as defined in the model.
It is also easy to prescribe a “habit” to a robot.

Choosing habits resembles bounded rationality, especially
that of procedures of choice [24, Chapter 2]. Indeed, our agent
follows the procedure of rationally choosing among the pos-
sible habits. The difference is that choosing a habit does in-
clude a rational step, and is, therefore, amenable to a stan-
dard game-theoretic analysis, like NE and price of anarchy
and stability. Choosing habits resembles metagames as well,
when an agent chooses a representative to play the underlying
game for her. For instance, Rubinstein [24, Chapter 8] and [21,
Chapter 9] define a machine game, where an agent wants a
well-paying strategy that is simple to implement. This trade-
off is modeled by choosing a finite deterministic automaton to
play the repeated game, where the agent’s utility increases in
the utility of the underlying game and decreases in the num-
ber of the states of the chosen automaton. The equilibria in
this game are found for the case of the utility of the repeated
game being defined as the limit-of-means or with discounting
in [6]. A player in a machine game chooses a finite automa-
ton, while our player chooses a habit. Choosing an automa-
ton, however, considers the bounding effect of finiteness and
attempt to minimize the automaton’s state space, while we
simply consider a best possible habit, all habits being equally
simple. Therefore, our model neither generalizes theirs nor is
our model generalized by theirs. Additionally, no finite au-
tomaton is able to model reciprocation, though it is possible
to approximate it arbitrarily.

To model strategically setting one’s habits, we define the
utility of an agent and then we consider the one-shot game of
setting one’s own reciprocation attitude or coefficient, each of
which represents a habit. We analyze changing reciprocation
attitude for a pairwise interaction. Pairwise interactions still
allow for many agents provided assuming that the agents do
not mix one relationship with the other ones.

All the agents choose their reciprocation habits and then
the reciprocation process plays itself. Our contributions in-

3 A combination is convex if it has nonnegative weights that sum
up to 1.

clude a characterization of this game’s Nash equilibria (NE)
and a discussion of their efficiencies. We consider only pure
NE in this paper. Analyzing this game provides an insight
into how people and machines could change their behavior to
achieve a more desirable behavior in the limit of the interac-
tion process. This desirability can be to themselves or to the
society. In addition to predicting the strategic reciprocation
and advising on what to do, the analysis explains the follow-
ing known phenomena. First, in reciprocation, we often notice
that when the example of the kindest person is followed by
others, it makes the group more successful [2]. We also notice,
that people tend to become more polite as they grow up [12],
which is yet another example of the utility of learning from
the behavior of the kindest.

We present the model in Section 2. To make this paper self-
contained, Section 2.3 provides the necessary background. We
consider the game of choosing the reciprocation attitude in
sections 3, 4 and 5, proving the central Theorems 4 and 5.
We also model in Section 6 what happens if an agent can
choose both own attitude and reciprocation coefficient. The
answers are given in the key Theorems 6 and 7.

We briefly describe the model and the results for n agents
in Section 7. We deal with convergence of the best response
dynamics to a NE in Section 8 and conclude in Section 9.

2 Modeling Reciprocation

We first model agents, times and actions. We conclude the
section by sharpening the model and providing explanatory
examples. Let N = {1, 2} be n = 2 interacting agents. Time

is modeled by a set of discrete moments t ∈ T
Δ
= {0, 1, 2, . . .}4,

defining a time slot when the agents act.
Denote the weight of an action by agent i ∈ N on another

agent j ∈ N at moment t ∈ T by xi,j : T → R. For example,
when interacting by file sharing, the actions of sending a valid
piece of a file, nothing, or a piece with a virus are decreasing
in weight. Since only the weight of an action is relevant, we
usually write “action” while referring to its weight.

We now define two reciprocation attitudes, which define
how an agent reciprocates. We need the following notions.
The kindness of agent i is denoted by ki ∈ R; w.l.o.g., k2 ≥ k1
throughout the paper. Kindness models inherent inclination
to help others; in particular, it determines the first action
of an agent, before others have acted. We model agent i’s
inclination to mimic the other agent’s action by reciprocation
coefficients ri ∈ [0, 1]. Here, ri is the fraction of xi,j(t) that
is determined by the last action of j upon i. Conceptually,
reacting to last actions, one reacts to the actor, since “who
you are is what you do” [18].

Intuitively, with the fixed attitude, actions always depend
on the agent’s kindness, while the floating attitude moves
freely in the reciprocation process, and kindness directly influ-

ences such behavior only at t = 0. In both cases xi,j(0)
Δ
= ki.

Definition 1 For the fixed reciprocation attitude, agent i’s
action on another agent j is determined by j’s last action
weighted by ri and by the agent’s kindness weighted by 1− ri.

4 Allowing agents to be non-synchronized is possible, but we assume
synchroneity for the sake of clarity.
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That is, for t ∈ T ,

xi,j(t)
Δ
= (1− ri) · ki + ri · xj,i(t− 1).

Definition 2 In the floating reciprocation attitude, agent i’s
action is a weighted average of that of the other agent j, and
of her own last action. To be precise, for t ∈ T ,

xi,j(t)
Δ
= (1− ri) · xi,j(t− 1) + ri · xj,i(t− 1).

The relations are (usually inhomogeneous) linear recur-
rences with constant coefficients, but many variables. We
could express the dependence of xi,j(t) only on xi,j(t

′) with
t′ < t, but then the coefficients would not be constant, besides
the case of two fixed agents. We are not aware of a method
to use the general recurrence theory to improve our results.

2.1 Context and Examples

Compared to the other reciprocation models, our model takes
reciprocal actions as given and looks at the process, while
other models either consider how reciprocation originates,
such as the evolutionary model of Axelrod [4], or take it as
given and consider specific games, such as in [5, 8, 9, 23].

In Example 1, let the reciprocation coefficients be r1 =
0.2, r2 = 0.7. Assume the kindness to be k1 = 0 and k2 = 0.5.
At t = 0, every country’s action on every other country is
equal to her kindness value, so xi,2 = 0 and x2,1 = 0.5. If
all countries rely on their previous action, meaning that they
are floating, then, at t = 1 they act as follows: x1,2(1) =
(1− 0.2) · 0+0.2 · 0.5 = 0.1, x2,1(1) = (1− 0.7) · 0.5+0.7 · 0 =
0.15. Theorem 2 implies they converge to the common limit

0.7
0.2+0.7

· 0+ 0.2
0.2+0.7

· 0.5 = 1/9. This is closer to k1 than to k2,
since country 1 is less responsive, in the sense that r1 < r2.

Consider modeling tit for tat [3]:

Example 4 In our model, a tit for tat agent with two op-
tions: cooperate or defect is easily modeled with ri = 1, ki = 1,
meaning that the original action is cooperating (1) and the
next action is the current action of the other agent. If one of
two tit-for-tat agents makes a mistake and begins with defec-
tion (k2 = 0), then they will alternate.

If the agents are human, this example predicts an indefinitely
long alternation, which seems unrealistic to us. Similarly, an
agent that sticks to his actions regardless the other seems
highly implausible. This provides evidence that extreme val-
ues of the reciprocation coefficients are uncommon in life.

2.2 Utility Definition

An agent’s utility at a given time moment is the action one
receives minus the effort incurred by the action one performs.
Colloquially, this is what the agent gets minus what she gives.
This classical way of defining utility is expressed, for instance,
in the quasilinear preferences of auction theory [20, Chap-
ter 9.3]. Formally, we define as follows.

Definition 3 The utility of agent i at moment t, ui,t : R ×
R→ R, is defined as

ui,t (xi,j(t), xj,i(t))
Δ
= xj,i(t)− βixi,j(t),

where βi is the relative importance of the effort incurred by
performed actions for i’s utility. The personal price of acting
is higher, equal or lower than of receiving an action, if β is
bigger, equal or smaller than 1, respectively.

Denote x(t)
Δ
= x1,2(t) and y(t)

Δ
= x2,1(t). Thus, at time t,

agent 1’s utility is y(t)−β1x(t) and 2’s utility is x(t)−β2y(t).
We take acting with a minus sign, to account for the ef-

fort it takes (a negative βi would mean that the agent enjoys
making effort). According to this formula, when βi > 0, a
negative action would suddenly contribute to the utility; we
needed to take the absolute value. Instead, we will assume
that actions are always non-negative, which is equivalent to
all kindness values being non-negative. We still can have neg-
ative influence, we have simply mathematically transformed
all the original kindness values by adding a sufficiently large
number so that they all have become nonnegative.

To model the utility in the long run, we give the fol-
lowing Define the asymptotic utility, or just the utility, of

agent i, ui : R∞ × R∞ → R, as ui

(⋃∞
t=0 {xi,j(t), xj,i(t)}

) Δ
=

limt→∞ ui,t (xi,j(t), xj,i(t)). When the parameters in the
parentheses are clear from the context, we may omit them.

This is the utility we consider in the paper. The utility
might be defined otherwise, like a discounted sum, though
since we have an exponential convergence, it is possible to sim-
plify it to looking at the limit, assuming that the discounting
is not extremely quick. It can be proven that our definition is
also equivalent to the other models from Osborne and Rubin-
stein [21, Chapter 8.3], which are limit of arithmetic means
and overtaking. We omit this for lack of space.

2.3 Background

In order to analyze utility in the long run, we use the following
convergence theorems from [22], representing what takes place
once the actions have stabilized. For two fixed agents, they
prove:

Theorem 1 If the reciprocation coefficients are not both
1, which means r1r2 < 1, then we have, for i ∈ N :

limt→∞ xi,j(t) =
(1−ri)ki+ri(1−rj)kj

1−rirj
.

For two agents, in the floating case, they show:

Theorem 2 If the reciprocation coefficients are neither both
0 and nor both 1, which means 0 < r1 + r2 < 2, then, as
t→∞, x(t) and y(t) converge to a common limit, which is

1

2

(
k1 + k2 + (k2 − k1)

r1 − r2
r1 + r2

)
=

r2
r1 + r2

k1 +
r1

r1 + r2
k2.

For a fixed and a floating agent, the following holds:

Theorem 3 If agent i employs fixed reciprocation and the
other agent j employs the floating one, assume that ri < 1
and rj > 0. Then, both limits exist and are equal to ki. The
convergence is geometrically fast.

The following holds for two agents with any attitudes:

Proposition 1 If k1 ≤ k2 and both action sequences con-
verge, then limt→∞ xi,j(t) ≤ limt→∞ xj,i(t).
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3 Utility Maximization

As a first step to analyzing strategic choices, consider how an
agent can maximize her utility by choosing either her recipro-
cation coefficient or reciprocation attitude, before the interac-
tion begins. This can be expected from a rational agent, who
reciprocates, but chooses her reciprocation habits. In the case
of Example 1, this models a country setting a smart foreign
policy with respect to arming. Since in reality the behavioral
parameters of others are unknown, choosing an optimal be-
havior will probably be harder, through trial and error, and
the theory predicts the trend of these choices. Some (parts of)
proofs are omitted for lack of space.

First, suppose that the only available option of agent i to
modify the reciprocation process is by setting its reciprocation
coefficient ri. We therefore analyze how i’s utility depends on
ri. In the results of this section, the asymmetry of the agents
stems from k2 ≥ k1.

For the fixed reciprocation attitude, we prove:

Proposition 2 In the fixed reciprocation attitude, the fol-
lowing holds: If r2 < 1 and agent 1 wants to maximize his util-
ity by choosing his reciprocation coefficient r1, then he should

set r1 to be

⎧⎪⎨⎪⎩
1 if r2 > β1,

anything r2 = β1,

0 r2 < β1.
If r1 < 1 and agent 2 wants to maximize his utility by

choosing his reciprocation coefficient r2, then he should set r2

to be

⎧⎪⎨⎪⎩
0 if r1 > β2,

anything r1 = β2,

1 r1 < β2.
These choices are the only utility maximizing ones.

The idea of the proof is to express the utility of an agent
and differentiate it by her reciprocation coefficient, to find
candidates for the extrema.

Proof. Let us prove for agent 1 choosing r1. We first express
1’s utility and then maximize it. Since r2 < 1, we have r1r2 <
1, and from Theorem 1,

lim
t→∞

x(t) =
(1− r1)k1 + r1(1− r2)k2

1− r1r2
,

lim
t→∞

y(t) =
(1− r2)k2 + r2(1− r1)k1

1− r1r2
⇒ u1 =

(1− r2)k2 + r2(1− r1)k1
1− r1r2

− β1
(1− r1)k1 + r1(1− r2)k2

1− r1r2
.

To find a maximum point of this utility as a function of r1,
we differentiate:

∂(u1)

∂(r1)
= . . . =

(r2 − β1)(1− r2)

(1− r1r2)2
(k2 − k1).

Therefore, if r2 = β1, then the derivative is zero, and the
utility is constant. Otherwise, the maximum is attained at an
endpoint: at the right endpoint, if the r2 > β1, and at the left
endpoint if r2 < β1.

The case of agent 2 choosing r2 is proven by analogy. �

For the floating reciprocation attitude, we prove:

Proposition 3 In the floating reciprocation attitude, the fol-
lowing holds: If r2 < 1 and agent 1 wants to maximize his util-
ity by choosing his reciprocation coefficient r1, then he should

set r1 to be

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if r2 > 0 and β1 < 1,

0 if r2 > 0 and β1 > 1,

anything if r2 > 0 and β1 = 1,

0 if r2 = 0 and β1 > 0,

anything positive if r2 = 0 and β1 < 0,

anything if r2 = 0 and β1 = 0.
If r1 < 1 and agent 2 wants to maximize his utility by

choosing his reciprocation coefficient r2, then he should set r2

to be

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if r1 > 0 and β2 < 1,

1 if r1 > 0 and β2 > 1,

anything if r1 > 0 and β2 = 1,

anything positive if r1 = 0 and β2 > 0,

0 if r1 = 0 and β2 < 0,

anything if r1 = 0 and β2 = 0.
These choices are the only utility maximizing ones.

The idea of the proof is as in the previous proof.
If the kindness values and reciprocation coefficient are set,

and an agent may only choose between fixed or floating recip-
rocation, we prove:

Proposition 4 If 0 < r1, r2 < 1, then, if agent 1 wants to
maximize her utility, and she may only choose whether to em-
ploy fixed or floating reciprocation, then she should choose⎧⎪⎪⎪⎨⎪⎪⎪⎩
fixed if (2 is fixed ∧ {β1 ≥ r2})
∨(agent 2 is floating ∧ {β1 ≥ 1}),
floating if (2 is fixed ∧ {β1 ≤ r2})
∨(agent 2 is floating ∧ {β1 ≤ 1}).

If agent 2 wants to maximize his utility by choosing fixed
or floating reciprocation, then he should choose⎧⎪⎪⎪⎨⎪⎪⎪⎩
floating if (1 is fixed ∧ {β2 ≥ r1})
∨(agent 1 is floating ∧ {β2 ≥ 1}),
fixed if (1 is fixed ∧ {β2 ≤ r1})
∨(agent 1 is floating ∧ {β2 ≤ 1}).

Supposing k1 < k2, an attitude choice given in this proposi-
tion is the only best one if and only if the relevant inequality
on the right-hand side of the conditions holds strictly.

The idea of the proof is to compare the possibilities, to see
when which option is best. For β1 = β2 = 0, which is when
both agents want only to receive more, all the results from this
section are intuitive, since a less kind agent should choose to
be very reciprocating, while the other agent should choose to
be completely non-reciprocating, thereby remaining kind and
pulling the other agent to act more.

In Example 1, if countries 1 and 2 have r1 = r2 = 0.5,
β1 = 0, β2 = 0.2 (acting is cheap), then, whatever attitude 2
employs, 1 should employ floating, to maximize its utility.

We have prepared the analysis of the game of choosing re-
ciprocation habits. To prepare the ground for analyzing the
efficiency of NE, our next step will be finding how the social
welfare can be maximized.
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4 Maximizing Social Welfare

Maximizing the social welfare is relevant for analyzing the
whole interaction of agents maximizing their own utilities as a
game, to see how good equilibria are for the society relatively
to the best possible social welfare. Regardless of the game,
the manager (say, the boss of a group of interacting workers)
wants to maximize the social welfare by influencing agents’
behavior through propaganda or an incentive mechanism.

We now define the social welfare.

Definition 4 The social welfare at time t (SWt : R2 → R) is
defined as the sum of utilities at time t, i.e.,

SWt
Δ
= u1,t + u2,t = (1− β1)x(t) + (1− β2)y(t). (1)

For the whole process, we define the (asymptotic) social wel-

fare, SW:
(
R2
)∞ → R, as SW Δ

= limt→∞ SWt.
In Example 1, changing the behavioral parameters to in-

crease the social welfare models the United Nations trying to
spread good practices among countries.

We first suppose that the only available option to influence
the interaction network is through choosing the reciprocation
coefficients of the agents, and ask what is the most efficient
setup of the r1, r2 parameters. To this end, we now analyze
how the asymptotic social welfare depends on these param-
eters. Recall that k2 ≥ k1. For given reciprocation attitudes
(not necessarily the same attitudes for both agents), we prove

Proposition 5 We can maximize the social welfare by set-
ting r1 and r2 to⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

r1 = 1, r2 = 0 if max {β1, β2} ≤ 1,

r1 = 0, r2 = 1 if min {β1, β2} ≥ 1,

r1 = r2 = 0 if β1 ≥ 1, β2 ≤ 1,

r1 = 1, r2 = 0 if β1 ≤ 1, β2 ≥ 1, β1 + β2 ≤ 2,

r1 = 0, r2 = 1 if β1 ≤ 1, β2 ≥ 1, β1 + β2 ≥ 2.

(2)

The idea of the proof is to consider, what limits should be
maximized, to maximize the social welfare.

Proof. If max {β1, β2} ≤ 1, then if we maximize both
limt→∞ x(t) and limt→∞ y(t), we maximize the social wel-
fare. For r1 = 1, r2 = 0, we obtain5 limt→∞ x(t) = k2 and
limt→∞ y(t) = k2, which are the maximum possible. Thus,
r1 = 1, r2 = 0 maximizes the social welfare.

We skip the easy cases, concentrating on the hard one.
If β1 ≤ 1, β2 ≥ 1, we first express the social welfare in a

handier form, and subsequently show how we can maximize

it. Denote δ
Δ
= 1 − β1 ⇒ δ ≥ 0 and ε

Δ
= 2 − β1 − β2. Then,

we have 1− β2 = −(δ − ε) and SW = (1− β1) limt→∞ x(t) +
(1− β2) limt→∞ y(t) = δ limt→∞ x(t)− (δ − ε) limt→∞ y(t) =
δ(limt→∞ x(t)− limt→∞ y(t)) + ε limt→∞ y(t).

Now, if β1 + β2 ≤ 2, then ε ≥ 0 and thus, if we max-
imize limt→∞ x(t) − limt→∞ y(t) and limt→∞ y(t), we max-
imize the social welfare. For r1 = 1, r2 = 0, we obtain5

limt→∞ x(t) = limt→∞ y(t) = k2, thus maximizing the first
(since by Proposition 1, limt→∞ xi,j(t) ≤ limt→∞ xj,i(t), the
first is non-positive) and the second. Thus, r1 = 1, r2 = 0
maximizes the social welfare.

5 This is evident from the definition of fixed or floating reciproca-
tion, without a convergence theorem.

r1 − 1/r2(β1 − 1) 1− r1(β1 − 1)

1 plays floating, 2 fixed. Both play fixed. 1 plays fixed, 2 floating.
β2

2− β1

1 plays floating, 2 fixed. 1 plays fixed, 2 floating.
β2

Figure 1: The upper figure is for β1 − 1 ≥ 0, and the lower
figure is for β1 − 1 < 0. The strategy profile written above
denotes a profile to maximize the social welfare, based on
where the value of β2 resides.

Now, if β1 + β2 ≥ 2, then ε ≤ 0 and thus, if we maxi-
mize limt→∞ x(t) − limt→∞ y(t) and minimize limt→∞ y(t),
we maximize the social welfare. For r1 = 0, r2 = 1, we ob-
tain5 limt→∞ x(t) = limt→∞ y(t) = k1, thus maximizing the
first and minimizing the second. Thus, r1 = 0, r2 = 1 maxi-
mizes the social welfare. �
Note that this proposition holds also if we may influence both
r1, r2 and the attitudes of the agents, since the proof maxi-
mizes and minimizes expressions for any possible attitudes.

Suppose now that the reciprocation coefficients are set, and
the manager only chooses whether the agents employ fixed or
floating reciprocation.

Proposition 6 If 0 < r1, r2 < 1, then the social welfare is
maximal by reciprocating as follows:⎧⎪⎪⎨⎪⎪⎩
1 floating, 2 fixed. if β2 ≤ 1−max

{
1
r2
(β1 − 1), β1 − 1

}
,

1 fixed, 2 fixed. if 1− 1
r2
(β1 − 1) ≤ β2 ≤ 1− r1(β1 − 1),

1 fixed, 2 floating. if β2 ≥ 1−min {r1(β1 − 1), β1 − 1} .

The statement of the proposition can be expressed geomet-
rically. We can maximize the social welfare depending on the
real interval where β2 is: Figure 1 shows a profile to maximize
the social welfare, based on the segment where the value of
β2 belongs.

The omitted proof compares the various options.
For β1 = β2 = 0, this result (agent 1 plays floating, 2 fixed)

is intuitive, since the less kind agent aligns to the kinder one.
Also the previous results of this section show that for β1 =
β2 = 0, the less kind agent should align to the kinder one,
to maximize the social welfare. By now, the preparation for
analyzing the whole interaction as a game are completed, so
we proceed to define and to analyze the game.

5 Reciprocation Attitude Game

We have considered an agent choosing her reciprocation co-
efficient or her fixed or floating reciprocation attitude, each
choice yielding certain (asymptotic) utility to the agent. This
situation is naturally modeled as a game where the strate-
gies of each agent are the above choices and the utility is the
asymptotic utility of the interaction. Recall that the utility
of agent i is limt→∞ {xj,i(t)− βixi,j(t)}. This is a one-shot
game, the attitude being chosen once, before the interaction
commences. Analyzing this game allows predicting the situa-
tion, supplying some advice to an external party (such as the
boss who wants to influence her employees) or to the agents
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themselves. As explained after Example 4, human agents usu-
ally neither completely mimic the others’ behavior, nor do
they completely ignore it, which means 0 < r1, r2 < 1. We
call this game the reciprocation attitude game (RAG). Theo-
rems 4 and 5 summarize our findings about RAG.

We first characterize the existence of pure NE in this game
and subsequently look into their efficiency. Then, we consider
how stable these NE are with respect to the best response
dynamics. We assume that k2 > k1 (strictly) in this section;
when the kindness is equal, everyone always keeps acting with
this equal value.

Theorem 4 The NE of RAG are characterized as follows:

(fixed, fixed) is an NE ⇐⇒ β1 ≥ r2 and β2 ≤ r1.
(float, fixed) is an NE ⇐⇒ β1 ≤ r2 and β2 ≤ 1.
(fixed, float) is an NE ⇐⇒ β1 ≥ 1 and β2 ≥ r1.
(float, float) is an NE ⇐⇒ β1 ≤ 1 and β2 ≥ 1.

The proof utilizes Proposition 4 about utility maximization
to see when no deviation is profitable.

Proof. Assume that β1 ≥ r2 and β2 ≤ r1. If the strategy
profile is (fixed, fixed), then, according to Proposition 4, no
agent will have an incentive to unilaterally deviate, meaning
this strategy profile is indeed an NE.

Assume now that (fixed, fixed) is an NE. We prove that β1 ≥
r2 and β2 ≤ r1 by contradiction. If β1 < r2, then Proposition 4
would imply that agent 1 would like to deviate, contradictory
to the profile being an NE. If β2 > r1, Proposition 4 would
imply that 2 would like to deviate, contradictory to the NE.

The remaining 3 cases are proven by analogy. �

Remark 1 (Existence of NE) If no characterizing condi-
tion holds, then no NE exists. For example, no characterizing
condition holds when β1 = 0.8, β2 = 0.9, r1 = 0.5, r2 = 0.2,
so no pure NE exists in this case. Since the game is finite, a
mixed NE always exists by the classical result by Nash [19].

We now illustrate the theorem for certain parameter values.

Example 5 Let β1 = 0.3, β2 = 0.6. Theorem 4 states that

(fixed, fixed) is an NE ⇐⇒ 0.3 ≥ r2 and 0.6 ≤ r1.
(float, fixed) is an NE ⇐⇒ 0.3 ≤ r2.

No other Nash equilibria exist.

5.1 PoA and PoS

The manager or the government may want to know how far
the social welfare in an equilibrium is from the maximum
possible social welfare. To this end, we consider the famous
measures of the efficiency of an equilibrium, namely price of
anarchy [16] (PoA) and price of stability [1] (PoS). PoA is the
smallest ratio of a social welfare in an NE to the optimum
social welfare, and PoS is the largest such ratio.

Theorem 4 provides all the NE, for each set of parameters.
Using Proposition 6, we know for each set of parameters what
the maximum social welfare is. Calculating the social welfare
at each of the Nash equilibria and finding its ratio to the
optimum social welfare enables us to find the price of anarchy
and stability in the following theorem.

Conditions: PoA = PoS :
1 + r2 − r2β2 > β1 > r2

∧{β2 < r1}
∑2

i=1 (1−βi)
(1−ri)ki+ri(1−rj)kj

1−rirj

(2−β1−β2)k2

{β1 > 1 + r2 − r2β2} ∧ {β2 < r1}
∧ {1 + 1/r1 − β2/r1 > β1} 1
β1 > 1 + 1/r1 − β2/r1

∧{β2 < r1}
∑2

i=1 (1−βi)
(1−ri)ki+ri(1−rj)kj

1−rirj

(2−β1−β2)k1

{β1 < r2} ∧ {β2 < 1} 1
{β1 > 1} ∧ {1 + r1 − β1r1 > β2}
∧ {β2 > max {1 + 1/r2 − β1, r1}} (2−β1−β2)k1∑2

i=1 (1−βi)
(1−ri)ki+ri(1−rj)kj

1−rirj

{β1 > 1}∧
β2 > max {1 + r1 − β1r1, r1} 1

{β1 < 1} ∧ {2− β1 > β2 > 1} r2
r1+r2

k1
k2

+ r1
r1+r2

{β1 < 1} ∧ {β2 > 2− β1} r2
r1+r2

+ r1
r1+r2

k2
k1

Table 1: The efficiency of NE in reciprocation attitude game.

Theorem 5 The efficiency of the equilibria is given in Ta-
ble 1. In the case of equality in the conditions, the highest
entry from our conditions that border the equal value is the
price of stability, and the lowest entry is the price or anarchy.

In particular, if β1 < r2, β2 < 1, then PoA = PoS = 1. We
now illustrate the efficiency ranges on Example 5.

Example 5 (Continued) Recall that β1 = 0.3, β2 = 0.6.
For these values, Theorem 5 implies the following.

Conditions: Price of anarchy and stability:

{0.3 > r2} and {0.6 < r1}
∑

i=1,2;j �=1 (1−βi)
(1−ri)ki+ri(1−rj)kj

1−rirj

1.1k2

{0.3 < r2} 1

Consider Example 2. If agents 1 and 2 have r1 = r2 = 0.5,
β1 = 0, β2 = 0.2 (acting is cheap), then, as just mentioned,
PoA = PoS = 1 and the only NE is (float, fixed). This is
intuitive, since agent 1 will align to the kinder 2, thereby each
agent maximizes the total action and, since acting is cheap,
also her own utility and the social welfare.

This completes the analysis of the agents setting their own
reciprocation attitudes. The next section considers agents who
set both their own reciprocation attitudes and coefficients.

6 Reciprocation Attitude and Coefficient
Game

In the previous section we looked at the game of choosing a
reciprocation attitude. It is also natural to consider what hap-
pens when the other habit, namely, the reciprocation coeffi-
cient, is chosen as well. Analyzing this game allows predicting
the situation of more choice than the situation analyzed in
RAG; for instance, the participants have more willpower or
knowledge than in RAG. As before, this is a one-shot game,
the attitude and reciprocation coefficient being chosen once,
before the interaction commences. As we did for RAG, since
people usually neither completely mimic the others’ behavior,
nor do they completely ignore it, we assume 0 < r1, r2 < 1.
We call this game the reciprocation attitude and coefficient
game (RACG). This game is analyzed in Theorems 6 and 7.
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We first characterize the existence of pure NE in this game
and then look into their efficiency, by finding the price of anar-
chy and stability. This section assumes that k2 > k1 (strictly).

Theorem 6 The only Nash equilibria of RACG are charac-
terized as follows:

An equilibrium profile : Condition :
(fixed, fixed, r1 = β2, r2 = β1) ⇐⇒ 0 < β1, β2 < 1.

(float, fixed, 0 < r1, r2 < 1, β1 ≤ r2) ⇐⇒ β1 < 1 ∧ β2 ≤ 1.
(fixed, float, 0 < r1, r2 < 1, r1 ≤ β2) ⇐⇒ β1 ≥ 1 ∧ β2 > 0.

(float, float, 0 < r1, r2 < 1) ⇐⇒ β1 = β2 = 1.

The proof is based on Theorem 4, which narrows down the
set of possible Nash equilibria, on Proposition 2 and Proposi-
tion 3 about utility maximization, and on convergence results
from [22] (See Section 2.3.)

Proof. We go over all the NE for RAG from Theorem 4
and look at all the possible choices of r1 and r2 to have an
equilibrium in the new game. No other equilibria exist, since
if no condition of Theorem 4 is satisfied, then even deviating
by changing only the attitude is possible.

We begin with (fixed, fixed), an NE in RAG if and only
if β1 ≥ r2 and β2 ≤ r1. Given these reciprocation attitudes,
Proposition 2 implies that to prevent the only best choice of
r1 being 0 or 1, we must have (r2 − β1) = 0, and to avoid
the situation where the only best choice of r2 is 0 or 1, we
must have (β2 − r1) = 0. This implies the necessity of the
conditions for an NE with fixed attitudes. Theorem 4 and
Proposition 2 imply that these conditions are also sufficient
to prevent deviations of only the attitude or only the recip-
rocation coefficient. If agent j simultaneously deviates to an-
other attitude and rj , then Theorem 3 implies that any rj > 0
yields the same utility, and therefore, this deviation may be
considered to consist of attitude only, which is known to be
not profitable. This proves the sufficiency.

Consider the profile (float, fixed) now, an NE in RAG if
and only if β1 ≤ r2 and β2 ≤ 1. Since r2 < 1 implies that
β1 ≤ r2 < 1, we have the necessity of the conditions for a
NE with floating and fixed attitudes. Theorem 4 implies that
deviating in attitude only is not profitable. By Theorem 3,
any r1, r2 ∈ (0, 1) suffice for a best response, and so deviat-
ing in reciprocation coefficient only is not profitable as well.
Consider a deviation of an agent to another attitude and re-
ciprocation coefficient simultaneously. Unless this includes r2
becoming less than β1, we still know from what we have just
proven that for this new profile, a deviation by the attitude
only would not benefit agent 2, and since changing r2 has not
been profitable, the whole deviation is not profitable. The only
remaining option is agent 2 becoming floating and changing
r2 to be less than β1. This would yield agent 2 the utility of
(1 − β2)(

r2
r1+r2

k1 + r1
r1+r2

k2), by Theorem 2, while he previ-
ously had, by Theorem 3, (1 − β2)k2. Since 1 − β2 ≥ 0 and
k2 > k1, the previous profit is not smaller than the new one.

The two remaining cases are similar. �

Remark 2 (Existence of NE) When no characterizing
condition holds, no NE exists. For instance, if β1 < 1 < β2,
no characterizing condition holds, and therefore, no (pure)
NE exists.

6.1 PoA and PoS

We now look at the efficiency of these equilibria, proving

Theorem 7 The efficiency of the NE is given in Table 2.

We find the possible NE from Theorem 6, and compare their
social welfare with the optimal social welfare, found based on
the proof of Proposition 5. We only use the ideas of what one
should minimize or maximize to maximize the social welfare
from the proof of Proposition 5, since the proposition sets re-
ciprocation coefficients to 0 and 1, so we cannot use it directly.
To calculate the social welfare, we use the definition of utility
and the limit values from Theorems 1, 2, and 3.

Proof. If 0 < β1, β2 < 1, Theorem 6 implies that there
exist exactly two Nash equilibria, namely (fixed, fixed, r1 =
β2, r2 = β1) and (float, fixed, 0 < r1, r2 < 1, β1 ≤ r2). For the
optimal social welfare, we need to maximize both limt→∞ x(t)
and limt→∞ y(t), as does, for instance, the second NE above,
yielding the social welfare of (2−β1−β2)k2. Taking the ratios
of the social welfare values gives row one in the table from the
statement of the theorem.

The remaining cases are proven using the same idea. �

For an RAG, Theorem 5 implies that small enough β1, β2

guarantee that all the NE are optimal. In RACG, however,
when 0 < β1, β2 < 1, the proof of Theorem 7 shows that
along with a socially optimal NE, the social welfare of the
NE (fixed, fixed, r1 = β2, r2 = β1) relative to the optimum is∑

i=1,2;j �=i (1−βi)
(1−βj)ki+βj(1−βi)kj

1−βjβi

(2−β1−β2)k2
. When the efforts of acting

approach zero for both agents, this expression approaches

lim
β1→0,β2→0

∑
i=1,2;j 
=i (1− βi)

(1−βj)ki+βj(1−βi)kj

1−βjβi

(2− β1 − β2)k2

=

∑
i=1,2;j 
=i ki

2k2
=

k1 + k2
2k2

=
1

2
(
k1
k2

+ 1).

That is, allowing more freedom (setting own reciprocation at-
titude and coefficient), we may lose up to half of the efficiency,
if k1/k2 is small. However, Theorem 7 leaves a sparkle of hope:
if at least one agent acts completely effortlessly or even enjoys
it, meaning that βi ≤ 0, then all the NE are socially optimal.

We now turn to the case of n agents, being done with 2.

7 Arbitrarily Many Agents

The original model of [22] is defined for any number n ≥ 2 of
reciprocating agents, where every agent has both ri and r′i,
the second reciprocation coefficient being the fraction of the
action, determined by reacting to the average of all the other
agents’ actions. They prove convergence, but find the limit
only when all the agents are floating, and that is the technical
obstacle to generalize this paper to n agents. We can, however,
assume n floating agents and analyze the game of choosing
only the reciprocation coefficient, called reciprocation coeffi-
cient game, by finding its equilibria and their efficiency.

In this case, we discover again that when acting is easy
(βi = 0), then the kinder agents should pull the less kind
ones to act more while not reacting much to the actions they
receive by acting less. The results also imply that if all the
1− βis have the same sign, then PoA = 1.
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Conditions: Price of anarchy: Price of stability:

0 < β1, β2 < 1

∑
i=1,2;j �=i (1−βi)

(1−βj)ki+βj(1−βi)kj
1−βjβi

(2−β1−β2)k2
1

β1 < 1 and β2 ≤ 1 but not 0 < β1, β2 < 1 1 1

β1 ≥ 1 and 0 < β2 ≤ 1 but not β1 = β2 = 1 (1−β1−β2)k1
(1−β1)k1+(1−β2)k2

(1−β1−β2)k1
(1−β1)k1+(1−β2)k2

β1 ≥ 1 and β2 > 1 1 1
β1 = β2 = 1 1 1

Table 2: The efficiency of NE for a reciprocation attitude and coefficient game.

In addition to the just described game, there exist many
other variations, even for two agents. For instance, for two
agents we are able to analyze the game of choosing the re-
ciprocation coefficient for the not floating case too. Another
variation would be choosing the reciprocation coefficient in a
closed segment [a, b], for any 0 < a < b < 1. This would limit
the domain, but the compactness of the domain may facili-
tate existence of NE. On the other hand, allowing the extreme
points ri = 0 or 1 with a proper handling of the cases of no
convergence is also an alternative. We can never cover every
possible model, but we believe our model sheds light on the
general phenomena.

8 Converging to NE

To analyze the stability of Nash equilibria, we recall the fa-
mous best response dynamics [21, Section 2.2], where each
agent best responds to the current profile of the others. A
reasonable question is when and whether this process con-
verges to a NE. For reciprocation attitude games, we prove
that given a NE and any profile, we can let each agent si-
multaneously choose her reciprocation attitude to maximize
her utility, such that it ends up in this NE. The same can be
proven for reciprocation coefficient games, described in Sec-
tion 7. For reciprocation attitude and coefficient game, how-
ever, the non-compactness of the domain does not allow a best
response to always exist. Therefore, the best response process
may be undefined. Details are omitted for lack of space.

9 Conclusions and Future Work

We aim to predict and advise on strategic behavior in recip-
rocation, in both human-human and human-machine interac-
tions. A reciprocal action is modeled as a balance between
the inner self and a reaction to others’ actions. We define
an agent’s utility asymptotically. We then consider choosing
the reciprocation attitude or coefficient to maximize her own
utility. We finally model the strategic behavior of the recipro-
cating agents in several games, characterize the NE and their
efficiency. We also show that NE may always be achieved by a
natural process, the best response dynamics [21, Section 2.2],
besides in a RACG. This gives hope for achieving a situation
that is stable to unilateral deviations without any regulation.

Our main advice is that both for maximizing own util-
ity and for maximizing the social welfare, if contributing is
cheaper than receiving, then, both in choosing the reciproca-
tion attitude and coefficient, the kinder agent should be most
stable (be fixed or have the reciprocation coefficient ri = 0),
and the opposite should be done if contributing is costlier
than receiving. When contributing is much cheaper than re-
ceiving (βis are smaller than all the other parameters), then,

for the reciprocation attitude game and for the reciprocation
coefficient game, the price of anarchy is 1, so rationally recip-
rocating agents will play socially optimally. In such equilibria,
the kinder agents are stable and the less kind agents follow
the kinder ones. For the reciprocation attitude and coefficient
game, the price of stability is 1, but the price of anarchy is
positive, meaning that rationally reciprocating agents may
play socially optimally, but may also play suboptimally, so
that coordination would be useful.

Comparing Theorem 5 for choosing only the reciprocation
attitudes to Theorem 7 for choosing the coefficients as well,
we observe that more freedom of choice allows for a socially
suboptimal equilibrium, achieving as little as about half of the
optimal social welfare, if the kindness values are very different.
This pitfall emphasizes the importance of cooperation, if more
freedom and power lies at our disposal. Like Churchill said6:
“Where there is great power there is great responsibility”.

The analysis also relates to some real-life phenomena. Our
results regarding maximizing utility and social welfare show
why in life, if acting is not too hard, then following the exam-
ple of the kindest makes the individuals and the society thrive,
which has already been observed [2]. Since being polite usu-
ally consists of words and simple gestures, and is therefore
quite easy for many people, this explains why people choose
this strategy with experience, becoming more polite, as is in-
deed observed [12]. In diplomacy (Example 1), these results
predict that diplomats will be polite to each other, since this
does not take much effort. Being polite benefits the individual
and the society by making people feel better easily.

Many interesting directions for further research exist:
a) Modeling changes in the reciprocity coefficients, attitudes,
or βs during the interaction and not only before it starts.
b) Modeling probabilistic reaction. c) Looking how the man-
ager can really influence the behavior of the agents. d) Real
agents often join and leave the interaction dynamically. For
example, people get born and immigrate to a country, some
die and emigrate. Therefore, dynamic interaction is very in-
teresting. e) We used others’ research, based on real data, as a
basis for the model. Therefore, verifying the model on relevant
data, like the arms race actions, would be interesting.

Our analysis provides behavioral advice and predicts recip-
rocation phenomena. It lays the foundation for further mod-
eling of reciprocation, required to even better anticipate and
improve the individual utilities and the social welfare.
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Randomized Distribution Feature for Image
Classification

Hongming Shan and Junping Zhang∗, 1

Abstract.
Local image features can be assumed to be drawn from an un-

known distribution. For image classification, such features are com-

pared through the histogram-based model or the metric-based model.

By quantizing these local features into a set of histograms, the

histogram-based model is convenient and has vectorial representa-

tion of image but information could be lost in vector quantization.

Unlike the histogram-based model, the metric-based model estimates

the metrics over the underlying distribution of local features immedi-

ately, achieving better predictive performance. However, the model

requires higher computational cost and loses the benefit of vectorial

representation of image.

To retain the advantages of these two models, this paper proposes

the (doubly) randomized distribution features that represent the un-

derlying distribution of local features in each image as a vectorial

feature by utilizing random Fourier feature. We prove the conver-

gences of the similarity and distance based on the randomized distri-

bution feature. Remarkable advantages of the randomized distribu-

tion feature are that it has vectorial representation and thus computes

efficiently as the histogram-based model. Besides, it provides rig-

orous theory guarantee and competitive performance as the metric-

based model. Compared with several state-of-the-art algorithms, ex-

periments in three real-world datasets justify that our proposed ap-

proaches attain competitive classification accuracy with faster com-

putational speed. Furthermore, we indicate that our proposed fea-

tures can utilize the methods in learning based on vectors, which are

broadly studied in traditional machine learning domain, to deal with

the problems in learning based on distribution.

1 Introduction

Image representation plays a crucial role in computer vision do-

mains. Generally, images could be represented by a set of high-

dimensional, unordered and finite local features. For example, the

shapes of object are characterized by a set of local descriptors at

edges and corner points [11], and facial expressions are represented

by a set of local image patches containing action units [8]. To some

extent, these features in each image can be assumed to be drawn from

an unknown distribution [25, 34], leading to a learning task based on

distribution such as distribution regression with scalar response [32]

and distribution to distribution regression [30].

Under this assumption, existing approaches to image classification

are roughly categorized into two types: the histogram-based model

1 Shanghai Key Laboratory of Intelligent Information Processing, School of
Computer Science, Fudan University, Shanghai 200433, China.
Emails: {hmshan, jpzhang}@fudan.edu.cn.
* Corresponding author: Junping Zhang.

and the metric-based one. The histogram-based model usually rep-

resents each image by the empirical, one-dimensional histogram that

enumerates the occurrence probability of each point set in the bag

of visual words. Here, the collection of these words is called a code-

book or dictionary. The disadvantages of this method are that the

size of codebook is difficult to select, and the computational cost of

generating the codebook by the quantization algorithms is expensive.

Besides, the information will be lost in the quantization process [34].

In contrast, the metric-based model estimates statistical metrics over

the underlying distribution of images with higher accuracy. The ad-

vantage of this model is that it does not require quantization tech-

niques and selecting the size of codebook, each of which could result

in the loss of performance in image classification. However, these

metrics suffer from high computational cost since they operate over

pairwise samples. Another drawback of the model is that the matrices

obtained by these metrics are only suitable for some specific learning

algorithms, e.g., kernel-based algorithms, but cannot be amenable for

off-the-shelf use with any standard learning algorithm [22].

In this paper, we propose the (doubly) Randomized Distribution

Feature (RDF) that could characterize the underlying distribution of

local image features of each image as a vector. In this way, the pro-

posed approaches achieve a vectorial representation of distribution,

and thus inherit the property of high efficiency of the histogram-

based model. Meanwhile, it can approximate the metrics defined on

distribution as the metric-based model. Specifically, the distribution

of local features is characterized as the mean of random Fourier fea-

tures which are a low-dimensional embedding representation of ker-

nel mapping function. As a result, the proposed approaches retain ad-

vantages from both the histogram-based model and the metric-based

model. We also prove the convergences of the similarity and distance

based on the randomized distribution feature in this paper. The exper-

imental results show that the proposed methods could achieve com-

petitive performance and reduce computational cost significantly.

The contributions of this paper are summarized here:

- We propose the (doubly) randomized distribution features that

represent the distribution of local features extracted from images

as a vector;

- We analyze the convergences of the similarity and distance based

on the randomized distribution feature;

- Experimental results show that the (doubly) randomized distribu-

tion features work better than BoW in vectorial representation,

and have competitive performance as the metrics defined over dis-

tributions directly. Most importantly, it is easy to implement and

computes much faster;

- The proposed method could make learning problems on distribu-

tion where each input is a distribution become our traditional ma-

chine learning problems, where each input is a vector.
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The paper is organized as follows. Section 2 briefly surveys the

associated algorithms that learn from the distribution. Section 3

presents the preliminaries of the metric-based model, especially the

similarity and distance between distributions. Section 4 introduces

the proposed (doubly) randomized distribution features, and theoret-

ically analyzes the convergences of the proposed approaches. Ex-

periments in Section 5 demonstrate a comprehensible comparison

between the performances of the proposed approaches and several

recently published methods. Finally, Section 6 presents a conclusive

summary.

2 Related works

Associated algorithms that deal with distributions could be roughly

divided into two categories: the histogram-based model and the

metric-based model. The most popular method in the histogram-

based model is the bag of word (BoW) [9]. By quantizing each lo-

cal feature into one of visual words by using K-means, BoW rep-

resents an image as one-dimensional histogram that enumerates the

occurrence probability of each local feature of images in the bag of

visual words. BoW suffers from high computational cost of gener-

ating codebook by K-means and the quantization process that the

information could be lost. Therefore, some recent researches are de-

voted to accelerating quantization process, such as hierarchical K-

means [28], KD-tree and random projection tree [7] and so on. To

alleviate the loss of information in the quantization process, several

researches attempt to learn more discriminant information from im-

ages by aggregating local descriptors [1, 16], learning a discriminant

codebook [28], and keeping fisher information [31], etc.

Alternatively, the metric-based model defines various metrics such

as similarity, distance and divergence between the distributions for

avoiding information loss of the histogram-based model. Specifi-

cally, mean map kernel (set kernel) [12, 40] measures similarities

among pairwise points. Distance metrics between two distributions

such as maximum mean discrepancy (MMD) [13, 25] and nonpara-

metric divergence [33, 34, 45] are commonly-used in machine learn-

ing and computer vision domains. Unlike the histogram-based model

where features must be quantized and vectorized, the metric-based

model can achieve better predictive performance since the compari-

son is done over the underlying distribution of local features. How-

ever, the metric-based model requires preserving the whole data sets

and calculating metric between training sets and a new unseen set,

which makes it infeasible even for a moderate-size problem. More-

over, the metric-based model is only suitable for some special learn-

ing algorithms that could use similarity/distance matrix between

samples. Though condensing local features of each image could im-

prove the speed and accuracy [45] , the aforementioned problem has

not been addressed in essence.

To address these issues, we propose an alternative way that rep-

resents the underlying distribution of images by random distribu-

tion feature, more concretely, by averaging random Fourier fea-

ture [36, 37]. Currently, two related works in literature employ ran-

dom Fourier feature to characterize the probability distribution in

cause-effect inference [22], and to construct match kernel heuristi-

cally [2]. Compared to these previous studies, the major difference in

this paper is that our work provides a theoretical analysis on the con-

vergences of the similarity and distance between images when using

random distribution feature. We also propose a doubly randomized

distribution feature to represent images for further promoting perfor-

mance.

3 Preliminary
In this section, we will introduce kernel embedding of the distribu-

tion and two metrics defined on distribution in details.

Following [22], the notations used in this paper are summarized

in Table 1. Assume that two images are represented by unknown

distributions P and Q separately, their local feature sets are S =
{xi}ni=1 ∼ P and T = {zj}mj=1 ∼ Q, respectively. Note that the

local feature x and z reside in a d-dimensional space and S∪T ∈ X .

In fact, S and T could construct their empirical distributions PS and

QT respectively, each of which is a set of local descriptors. For ex-

ample, these features can be extracted from the local regions of im-

ages by histogram of gradient (HOG) [6] or scale-invariant feature

transform (SIFT) [23].

Table 1. Notations used in this paper

E[ξ] Expected value of random variable ξ
P True distribution
S = {xi}ni=1 Point set randomly drawn from P
PS Empirical distribution of S
X Domain of random variable sampled from P and Q

κ Kernel function from X × X to R
Hκ RKHS induced by κ
μκ(P ) Kernel embedding of the distribution P
μκ(PS) Empirical kernel embedding of PS

κF Low-D representation of κ

μF
κ(P ) Low-D representation of μκ(P )

μF
κ(PS) Low-D representation of μκ(PS)

3.1 Kernel embedding of the distribution
Let P denote the probability distribution of some random variable X
taking value in a separable topological space (X , τX ). Then kernel
embedding of distribution P associated with a continued, bounded,

and positive-definite kernel function κ : X ×X → R is described as

follows:

μκ(P ) :=

∫
X
κ(x, ·) dP (x), (1)

where μκ(P ) is an element in the reproducing kernel Hilbert space

(RKHS)Hκ associated with kernel function κ [39].

Interestingly, a kernel function κ is said to be characteristic if the

mapping μκ is injective [43], i.e., ‖μκ(P )− μκ(Q)‖Hκ
= 0 iff

P = Q. In other words, kernel embedding of the distribution does

not lose any information about the distribution when equipped with

a characteristic kernel. An example of this kernel is the Gaussian

kernel. It will be used throughout this paper and is defined as follows:

κ(x, x′) = exp
(
− γ
∥∥x− x′

∥∥2
2

)
, γ > 0. (2)

Since it is unrealistic to get both the true distribution P and

true embedding μκ(P ) in practice, we utilize a sample set S =
{xi}ni=1 ∼ P to construct the empirical distribution PS instead. As

a result, we approximate the empirical kernel embedding μκ(PS)
through PS :

μκ(PS) :=
1

n

n∑
i=1

κ(xi, ·) ∈ Hκ. (3)

As summarized in [26], the estimator in eq. (3) has several nice

properties: 1) kernel embedding of distribution could preserve all the
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information about distribution with characteristic kernel; 2) basic op-

eration on distribution can be done by means of inner products in

RKHSs; 3) no intermediate density estimation is required. There-

fore, many algorithms benefit from eq. (3) such as maximum mean

discrepancy [13], kernel dependency measure [14], Hilbert space em-

bedding of HMMs [41] and kernel Bayes’ rule [10]. Despite that

the estimator in eq. (3) can be improved by utilizing Stein’s phe-

nomenon [26], this estimator is commonly used in practice. Further-

more, the convergence of empirical kernel embedding μκ(PS) to the

embedding of its population μκ(P ) in RKHS norm has been proven

in [22].

3.2 Mean map kernel
Note that kernel embedding of distribution does not result in any loss

of information by using characteristic kernel. The similarity between

distribution P and Q, called mean map kernel (MMK), is defined as

inner product in RKHS [25]:

KMMK(P,Q) := 〈μκ(P ), μκ(Q)〉Hκ = Ex,z[κ(x, z)], (4)

where x ∼ P and z ∼ Q.

When we have the empirical distribution PS and QT of im-

ages, similarly, the empirical mean map kernel is calculated as fol-

lows [25]:

KMMK(PS , QT ) =
1

nm

n∑
i=1

m∑
j=1

κ(xi, zj). (5)

It can be seen that MMK is a way of essentially aggregating the

pairwise similarity over two local feature sets. It possesses many nice

theoretical properties, e.g., it is a positive-definite kernel [12, 25].

However, the computational complexity of this estimator in eq. (5) is

O(mnd) where d is the dimension of local feature.

3.3 Maximum mean discrepancy kernel
An alternative metric between two distributions, maximum mean dis-
crepancy (MMD) [12], is to measure the distance between two dis-

tributions. Based on the same property of characteristic kernel, the

distance between two distributions, referred as two-sample prob-

lem [13], is defined as a RKHS norm:

D(P,Q) := ‖μκ(P )− μκ(Q)‖Hk
(6)

=
[
Ex,x′κ(x, x

′) + Ez,z′κ(z, z
′)− 2Ex,zκ(x, z)

]1/2
,

where two independent random variables x and x′ are drawn from P ,

and the other two independent random variables z and z′ are drawn

from Q. Furthermore, x is independent of z.

When we have the empirical distribution PS and QT , a biased (but

asymptotically unbiased) estimator of MMD is obtained based on the

law of large numbers:

D(PS , QT ) =

[
1

n2

n∑
i,j=1

κ(xi, xj) +
1

m2

m∑
i,j=1

κ(zi, zj)

− 2

mn

n,m∑
i,j=1

κ(xi, zj)

]1/2
. (7)

If combining MMD with a level-2 kernel [25], an alternative

similarity between two distributions, called MMD-based kernel

(MMDK) or Gaussian-type RBF kernel [5] will be obtained when

the Gaussian kernel defined in eq. (2) is used again. It is formulated

as a universal kernel [5]:

KMMD(PS , QT ) = exp
(
− γ′ ‖μκ(PS)− μk(QT )‖2Hκ

)
= exp

(
− γ′D2(PS , QT )

)
, (8)

where γ′ is a parameter for the level-2 kernel [25]. It is worth men-

tioning that although the combination of two level kernels makes

MMD kernel more flexible on learning procedure, tuning these two

bandwidths is very costly since the computational complexity of es-

timator in eq. (7) is O((m+ n)2d).

4 Randomized Distribution Feature

Since the kernel embeddings μκ(PS) ∈ Hκ are infinite dimensional

for some characteristic kernel functions, kernel matrices are often

used for dealing with the dual optimization problem. However, the

construction of kernel matrices needs at least O(n2) computational

and memory requirement, prohibitive for large n. Therefore, we em-

ploy the random Fourier feature to obtain a low-dimensional repre-

sentation of μκ(PS) [22] in order to avoid invoking the dual opti-

mization. Easy to implement, the proposed method possesses a lot

of additional advantages including vectorial representation, efficient

computation, nice theory guarantee and competitive performance.

Assume that kernel function κ is real-valued and shift-invariant,

Bochner’s theorem [38] shows that for any x, z ∈ X :

κ(x, z) = 2CκEw,b[cos(〈w, x〉+ b) cos(〈w, z〉+ b)], (9)

where w ∼ 1
Cκ

pκ, b ∼ U [0, 2π], pκ : X → R is the positive and

integrable Fourier transform of κ, and Cκ =
∫
X pκ(w) dw [22]. In

this paper, Gaussian kernel in eq. (2) which is a shift-invariant kernel

is approximated by eq. (9), if setting pκ(w) = N (w|0, 2γI) and

Cκ = 1 [22].

Sampling t times from pκ(w) and U [0, 2π], concretely, we have

the parameters {(wl, bl)}tl=1. The kernel mapping κ(x, ·) is then ap-

proximated by the following formula

κF(x, ·) =
√

2

t

[
cos
(
〈w1, x〉+b1

)
, . . . , cos

(
〈wt, x〉+bt

)]T
∈ Rt,

(10)

which is the low-dimensional representation of kernel mapping func-

tion κ(x, ·) in a t-dimensional space through random Fourier fea-

ture [36, 37]. This random Fourier feature has been widely used to

approximate kernel function in many applications [4, 20, 21] since

its computation is more efficient than those of kernel methods.

By eq. (10), the empirical kernel embedding μκ(PS) is further

approximated by

μF
κ(PS) =

1

n

n∑
i=1

κF(xi, ·) ∈ Rt. (11)

This estimator has been studied in cause-effect inference [22] and

heuristically used in match kernel [2]. Since it represents a distri-

bution by random Fourier feature into a vector, we call it the ran-
domized distribution feature (RDF) in this paper. It is noticeable that

this estimator is efficient because its computational complexity is

O(ndt).
In the following two subsections, we will show how to use RDF to

approximate the MMK and MMD between two distributions.
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4.1 RDF based similarity
Given the two local feature sets S and T from two images and the

sampled parameters {(wl, bl)}tl=1, vectorial feature IRDF of image

is represented by eq. (11). The similarity between two RDFs of im-

ages could be formulated as inner product:

KRDF = 〈μF
κ(PS), μ

F
κ(QT )〉. (12)

It is obvious that the similarity well approximates to MMK and is

easy to implement. The computational complexity of this similarity

is O((m+ n)dt) since it is linear with respect to the size of sample

sets. The convergence of the similarity based on RDF to MMK is

justified in the following theorem.

Theorem 1 For any shift-invariant kernel κ, for the given two em-
pirical distributions PS of P and QT of Q on X ,respectively, and
any δ > 0, we have∣∣∣KMMK(P,Q)−KRDF(PS , QT )

∣∣∣
≤ 2

√
2 log(

2

δ
)(
1

n
+

1

m
+

1

t
),

(13)

with the probability greater than 1 − δ over {xi}ni=1, {zj}mj=1, and
{(wl, bl)}tl=1.

Furthermore, the expected absolute error is

E
∣∣∣KMMK(P,Q)−KRDF(PS , QT )

∣∣∣
≤ 2

√
2π(

1

m
+

1

n
+

1

t
).

(14)

Proof to this theorem is attached in Appendix. Theorem 1 shows that

the similarity based on RDF converges to MMK at a rate of O(m−
1
2 )

(O(n−
1
2 )) with respect to the size of samples and O(t−

1
2 ) with re-

spect to the dimension of low-dimensional embedding space.

4.2 Doubly RDF based similarity
This subsection introduces how to approximate the MMD by RDF.

Similar to the introduction of MMD at Sec 3.3, the distance between

two distributions represented by RDF is formulated as the Euclidean

distance:

DRDF(PS , QT ) =
∥∥∥μF

κ(PS)− μF
κ(QT )

∥∥∥ . (15)

Compared to MMD in eq. (7), this distance can be computed ef-

ficiently since the computational complexity of this distance is

O((m + n)dt), which is linear with respect to the size of sample

sets. The convergence of DRDF(PS , QT ) to the MMD D(P,Q) is

shown in the following theorem.

Theorem 2 For any shift-invariant kernel κ, s.t., supx∈X κ(x, x) ≤
1, for the given two empirical distributions PS of P and QT of Q on
X , respectively, and any δ > 0, we have

DRDF2
(PS , QT )−D2(P,Q)

≤
[ 1
n
+

1

m

]
+ 4

√
log(

1

δ
)(
9

n
+

9

m
+

16

t
),

(16)

with the probability greater than 1 − δ over {xi}ni=1, {zj}mj=1 and
{(wl, bl)}tl=1.

Furthermore, the expected error is

E
[
DRDF2

(PS , QT )−D2(P,Q)
]

≤
[ 1
n
+

1

m

]
+

√
2π(

9

n
+

9

m
+

16

t
).

(17)

The proof for this can be seen in the Appendix. Theorem 2 im-

plies that the distance based on RDF converges to MMD at a rate of

O(m−
1
2 ) (O(n−

1
2 )) with respect to the size of samples and O(t−

1
2 )

with respect to the dimension of low-dimensional embedding space.

Once RDFs of images are constructed, the similarity between two

images is also formulated as

κ′(μF
κ(PS), μ

F
κ(QT )) = exp

(
− λ′DRDF2

(PS , QT )
)
, (18)

which approximates to MMD kernel.

However, there is still a level-2 kernel κ′ contained in this simi-

larity. It is observed that eq. (18) can also be represented in a low-

dimensional embedding space again by using the random Fourier

feature, we thus propose an alternative way to represent the image

as a vector by using the random Fourier feature twice, called doubly
randomized distribution feature (DRDF) in this paper. It is defined

as follows:

IDRDF = κ′
F
(μF

κ(PS), ·) ∈ Rt′ , (19)

where κ′
F
: Rt → Rt′ and t′ is the dimension of low-dimensional

embedding space for approximating the RHKS Hκ′ associated with

kernel function κ′. In this way, the similarity in eq. (18) can be easily

calculated by following inner product:

KDRDF(PS , QT ) = 〈IDRDF
PS

, IDRDF
QT

〉. (20)

where the computational complexity of this estimator is O((m +
n)dt + tt′). Compared to eq. (8), there is no parameter to be tuned

in eq. (20), resulting in high efficiency of computing DRDF.

4.3 Summary of the proposed methods
To facilitate the understanding of the proposed methods, a workflow

is shown in Figure 1. As depicted in the figure, the local features of

sample image are assumed to be drawn from an unknown mixture

distribution which contains the scene features and human activity

features to describe the event [19]. From bottom to top, the similarity

would be more accurate as increasing dimension of low-dimensional

embedding space into infinity, but the computational cost will be-

come more expensive. From left to right, level of kernel increases

in the methods with more flexibility. Technically, the level of ker-

nel can be more than 2. Most importantly, each distribution is well

represented by a vector.

5 Experiment
This section presents the application of proposed methods on image

classification and distribution regression with scalar response.

5.1 Image Classification
In this section, we show the empirical performance of the proposed

(doubly) randomized distribution feature in three real-world image

classification tasks.

For image classification tasks, the images are represented as “sets

of features”(SOF), e.g., sets of unordered local feature vectors. The
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Figure 1. Workflow of the proposed methods. From bottom to top, the similarity would be more accurate and computational cost would be more expensive.

From the left to right, level of kernel increases in the methods. Note that the red star denotes the mean point of red points.

proposed methods convert SOF into a vectorial representation like

BoW. Therefore, it can be used off-the-shelf in conjunction with any

learning algorithm for subsequent image classification. In this paper,

we take multi-class SVM as the learning algorithm. For comparison,

several algorithms are chosen from the histogram-based model and

the metric-based model as follows:

The histogram-based model The BoW model is taken as the

baseline algorithm. When we employ linear kernel and Gaussian ker-

nel, the methods are called BoW L and BoW G respectively. For the

fair comparison with other methods, the Euclidean distance is used

in BoW G method. The number of visual words is set as 1000 unless

noted otherwise.

The metric-based model Three algorithms of the metric-based

model, MMK [25], MMDK [25] and the state-of-the-art nonpara-

metric divergence estimator NPKL [34], are employed for compar-

ison. MMK has only one parameter λ to be decided, and MMDK
has two parameters λ and λ′ for embedding kernel and level-2 ker-

nel respectively. As for NPKL [34], the nonparametric Rényi-α di-

vergence between two distributions is used to approximate the KL
divergence by setting α = 0.99. Compared to MMD, the divergence

estimated by NPKL is non-symmetric. Therefore, the kernel matrix

based on nonparametric divergence should be projected to be a sym-

metric positive semi-definite matrix by symmetrizing the estimated

Gram matrix and then projecting to the core of positive semi-definite

matrices [15].

The RDF-based model The proposed RDF and DRDF are calcu-

lated based on our proposed (doubly) randomized distribution fea-

ture. Both dimensions of low-dimensional embedding space t for

approximating embedding kernel and t′ for approximating level-2

kernel are set as 1000 in this paper unless noted otherwise. γ and γ′

in the Fourier transform pκ and pκ′ are calculated using the median

trick separately [22]. For a given t (and t′ when used), the similarity

matrix we used in experiments is the average of 10 times repetition

considering the random sample of w and b.

Parameter setting For BoW L, RDF and DRDF, we use their

similarity matrices directly. For other methods, γ in Gaussian kernel

defined in eq. (2) is chosen from γ0×{2−9, 2−8, . . . , 29}, where γ0
is estimated by median trick. The penalty to points within the mar-

gin C is chosen from {2−7, 2−6, . . . , 24}. C and (when used) γ are

chosen through joint 3-fold cross-validation on the training set. Note

that there are two γ for different level Gaussian kernel in MMDK, it

is pretty hard to tune these two γ by cross-validation because of the

high computational cost of MMDK. According to the strategy used

in [25], the best γ in MMK obtained by cross-validation is used for

embedding kernel in MMDK, the γ′ in level-2 kernel is then tuned

by cross-validation. Finally, the 5th nearest neighbor in these estima-

tors is used according to the suggestion in [34].

Feature extraction Local features are extracted as follows. The

SOF representation of an image is based on the dense SIFT descrip-

tors where step size 10 is used to sample image patches and the size

of each patch is 12 in this paper unless noted otherwise. We only

use the grayscale images to extract SIFT features and each image is

represented by a set of 128-dimensional feature vectors. In order to

reduce computational cost of the metric-based model, the dimension

of SIFT is reduced by principal component analysis in our experi-

ments, preserving 80% variance [34]. Note that each SOF may have

different size, depending on the size of image.

Assessing running time For assessing the computational effi-

ciency, each method was implemented in MATLAB� 2014b and

executed on a server which has a total RAM of 512 GB and four

AMD Opteron 6378 processors, each of which contains 16 cores.

The running time of each algorithm for constructing the similar-

ity/distance/divergence matrix is assessed in this paper.

Algorithm implementation Multi-class SVM in LibSVM pack-

age [3] is employed for image classification tasks in this paper. Be-

sides, feature extraction of image and K-means use the PHOW and

kmeans functions of the VLFEAT package [44] repectively. Further-

more, the code of NPKL is provided by [34] and the codes of MMK,

MMDK and the proposed (D)RDF are implemented in MEX C++
files which are invoked by MATLAB.

5.1.1 Description of three benchmarked datasets

In this subsection, we will describe three benchmarked datasets for

different image classification tasks.

ETH-80 dataset [17] is widely used for object classification. This

dataset contains 8 categories of objects. Each category has 10 dif-

ferent objects, and each object has 41 images from different view

angles. Here we can suppose that the images with different view an-

gles are drawn from the same distribution of that object. Moreover,

all the images from one category could empirically describe the dis-

tribution of that category. Following [34], we extract dense SIFT

descriptors in each patch of size 6 for the whole 3280 images in our

experiments. The purpose of this experiment is to classify these ob-

jects into the 8 categories. In order to save the computational cost of

the metric-based model, SIFT features are reduced to 29 dimensions

by PCA in this experiment. Thus, each image is represented by a set

of 576 29-dimensional features and this dataset produces 1, 889, 280
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Figure 2. Accuracies on (a) ETH-80 dataset, (b) OT dataset and (c) SE dataset.

SIFT features in total.

OT data set [29] we consider here is a widely used benchmark for

scene classification. In general, a scene image can be described by a

distribution of local features, e.g., the proportion of sky, water, tree,

etc. OT dataset includes 8 outdoor scene categories: coast, forest,

highway, inside city, mountain, open country, street and tall build-

ing. There are 2688 images in total, and each image is in 256× 256
pixels. The purpose of this dataset is to classify test images into

one of the categories. The original SIFT features are reduced to 30-

dimension by using PCA. A typical image is thus represented by 484
30-dimensional local features, which means a total of 1, 300, 992
SIFT features are extracted from this dataset.

UIUC Sport Event (SE) datasets [19] is considered in the third

experiment since the various foreground activities of this dataset

make it more difficult than other traditional scene classification, e.g.,
the OT dataset we used above. This dataset contains Internet im-

ages of 8 sport event categories: badminton, bocce, croquet, polo,

rock climbing, rowing, snowboarding, and sailing. Each image can

be viewed as a mixture distribution of scene features and human ac-

tivity feature to describe the event [19]. The number of images in

each category varies from 137 to 250. We use all the 1574 images in

experiments. As the size of images varies, the number of local fea-

tures in each SOF varies from 88 to 484. As a result, there are totally

535, 678 SIFT features, each of which is reduced to 34 dimension.

5.1.2 Classification accuracy

For fair comparison and saving computational cost of metric based

model, we employ 2-fold cross-validation to split data, which means

50% of data set for training and remaining 50% for testing. The av-

erage performance of 20 random runs is reported in Figure 2. From

these three experimental results, it can be seen that the metric- and

RDF-based methods outperform BoW model since the quantization

in BoW results in the loss of information—potentially a lot of infor-

mation. As the similarities based on RDF and DRDF are the approx-

imators to MMK and MMDK respectively, it is not difficult to see

that DRDF and RDF perform slightly worse compared with MMK
and MMDK. These results justify that our proposed (D)RDF achieve

competitive performance with the metric-based model and better per-

formance than that of BoW.

In order to show whether the differences between the proposed

methods and their corresponding versions in metric-based model are

significant, a paired t-test at the significant level 5% is performed on

these three real-world datasets. With this significant test, the result

shows that RDF and MMK achieve statistically same performance

on the ETH-80 and OT datasets. Meanwhile, DRDF and MMDK are

statistically significant on these three datasets. A possible reason is

that random Fourier feature is used twice in DRDF, leading to the

loss of much more information for prediction when compared with

RDF. Note that the t-test relies on the pre-specified dimension of

vectorial representation in the proposed methods. Theorem 1 and2

indicate that RDF and DRDF converge to MMK and MMDK re-

spectively as the dimension of vectorial representation increases.

Comparisons between algorithms in each model show that non-

linear feature, i.e. mapped into kernel feature space, achieves higher

accuracy than original feature space. It can be noticed that NPKL
achieves best performances on two of three datasets since its non-

parameric estimation of divergence based on k-nearest neighbor. Re-

member that the metric-based model suffers from the expensively

computational cost.

5.1.3 Effect of parameters

We examine the effect of parameters upon the performance of

the proposed (doubly) randomized distribution feature on ETH-80

dataset.

Dimension of vectorial representation For fair comparison, the

number of visual words in BoW, the dimension of embedding space

t in RDF and another dimension t′ in DRDF are set as the same

value since this is the dimension of vectorial representation of each

image. To analyze the influence of this value, we vary it from from

10 to 10000 and report the results in Figure 3(a). It can be seen that

1) the (doubly) randomized distribution feature work better than his-

togram representation of BoW and 2) all the algorithms converge

when the dimension is greater than 1000. Note that BoW has not de-

generated in performance as the dimension increases because 10000
is still small compared to the number of the all SIFT features ex-

tracted from this dataset.

Running time as the dimension increases Running time for con-

structing the similarity/distance matrices versus the dimension of

image representation is reported in Figure 3(b). Since BoW L and

BoW G spend almost the same time constructing similarity matrix

and distance matrix, we combine them as one to show their running

time. From Figure 3(b) it can be seen that the BoW needs higher

computational cost than RDF and DRDF, especially when the num-

ber of vectorial representation gets large. DRDF needs more time

than RDF slightly since the random Fourier feature is applied twice

in DRDF.

Effect of two dimensions t and t′ in DRDF To show the effect

of DRDF caused by two dimensions t and t′, a subset of 400 images

is used to tune these two dimensions in order to reduce storage size.

The effect of DRDF with various t and t′ is shown in Figure 3(c). It
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Figure 3. Figures are (a) Varying the dimension of vectorial feature of images; (b) Running time for constructing the similarity matrices; and (c) Sensitivity

of DRDF with respect to t and t′.

can be seen that both dimension t and t′ are important to the perfor-

mance of DRDF, and dimension t tends to have more impact on the

predictive performance compared to dimension t′. This conclusion

coincides with effect of the two bandwidths in MMDK [25].

Influence of dimension reduction In order to investigate the influ-

ence of dimension reduction via PCA, we also perform experiments

on raw SIFT features which are 128-D feature and show the exper-

imental results in Table. 2. Due to expensively computational cost

of the metric-based model, the performances of MMK, MMDK and

NPKL are not included here.

Table 2. Classification accuracies and their standard deviations (in brackets)

on three benchmarked datasets with raw SIFT features.

Datasets BoW L BoW G RDF DRDF

ETH-80
0.9464

(0.0165)
0.9508

(0.0127)
0.9612

(0.0091)
0.9730
(0.0113)

OT
0.8506

(0.0117)
0.8569

(0.0103)
0.8701

(0.0145)
0.8749
(0.0146)

SE
0.7444

(0.0245)
0.7553

(0.0261)
0.7807

(0.0229)
0.7880

(0.0160)

By comparing classification accuracies on raw SIFT features as

shown in Table. 2 and accuracies with pre-proceeding by keeping

80% variance as reported in Figure 2, we can see that each algorithm

gains slightly improvement on its raw SIFT feature. On average,

BoW-based algorithms improve about 1.5% while RDF-based ones

improve only about 0.5%. We notice that RDF-based algorithms still

achieve better performance than that of BoW-based algorithms on

raw SIFT features. This means that although reducing the dimension

of SIFT features is not a necessary step, it is worth doing this step so

that the proposed algorithms can attain lower computational cost in

the dimension-reduced space.

5.1.4 Running time over three datasets

In this subsection, we compare the running time of each algorithm

for constructing the similarity/distance/divergence matrices over the

aforementioned four datasets by using their whole samples.

Running time of each algorithm is reported in Table 3. We can

see that the metric-based algorithms consume more computational

time than other algorithms do for attaining good performance. Even

though BoW saves more time than the metric-based models, it has

the worst performance among these algorithms we used since a lot

of information may be lost in the quantization process. To conclude,

our proposed algorithms require less computational time yet achieve

Table 3. Running time among different algorithms (seconds).

Dateset BoW NPKL MMK MMDK RDF DRDF
ETH-80 146 10277 4066 11924 5.9 17.5

OT 114 5171 1812 5227 3.8 11.0
SE 70 1022 352 1045 2.0 4.7

Average 110 5490 2076 6065 3.9 11.0

competitive predictive performance as the metric-based models do.

More specifically, our proposed RDF and DRDF are at least 10 times

faster than BoW in vectorial representation with achieving higher

accuracies, and at least 500 times faster than the metric-based models

with competitive performance on average.

5.2 Application on learning problems on
distribution

Besides image classification, we also apply randomized distribution

feature to learning problems on distribution. Distribution regression

with scalar response [35] is considered here where each input is dis-

tribution and output is the scalar response. The setup of this exper-

iment is to learn the skewness of Beta distribution when given their

sample set. We generated 300 sample sets from Beta(a, b) distribu-

tions where a was varied between [3, 20] randomly and b was fixed

to be 3. We used 200 sample sets for training and 100 for testing.

Each sample set consisted of 500 distributed i.i.d. points drawn from

Beta(a, 3). Note that the skewness of Beta(a, b) can be calculated as
2(b−a)
(2+a+b)

√
1+a+b

ab
.

Figure 4. Skewness of Beta distribution

In this experiments, we used a 20-dimensional random distribution

feature to represent a Beta distribution and regressed this vectorial

representation to its skewness by least squared regression method.

Figure 4 displays the predicted values for the 100 test sample sets.
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Here we only report the result of RDF, because RDF has provided an

accurate representation of distribution, and DRDF is to some extent

a nonlinear regression with RDF. This experiment shows the pro-

posed method could make learning problem on distribution become

a traditional machine learning problem whose input is vector. More

real-world applications can be concluded as the learning problems on

distribution and benefited from our proposed features, such as count-

ing the pedestrian or cells from a given image [18] and detecting

anomaly group [27].

6 Conclusion and Discussion
In this paper, we introduce the randomized distribution feature to

represent distribution. In this manner, the underlying distribution of

local features extracted from images can be represented as a vector

in image classification. Furthermore, we propose an alternative way

to represent image by a doubly randomized distribution feature for

further improving predictive performance. We also justify the con-

vergences of the similarity and distance based on RDF. Our recom-

mended feature representation of images inherits the advantages of

both the histogram-based model and the metric-based model. It has

vectorial representation and computes efficiently like BoW model,

and has nice theory guarantee and competitive performance as the

metric-based model. Experiments in three benchmark datasets jus-

tify these strengths of our proposed approaches. Furthermore, the

proposed features could make learning problems on distribution be-

come traditional machine learning problems where each input is a

vector.

Compared with VLAD [1] / FV [31] that attempt to learn dis-

criminant information for image classification task, our proposed

method focuses on a general representation of distribution that could

suit for not only image classification, but also other tasks such as

distribution regression. To consider the data structure of distribu-

tion, a data-dependent random distribution feature based on Nyström

method [46] deserves further studying. Theoretically, it is also of in-

terest to derive tight error bound of convergence of similarity and

distance based on RDF according to [42].
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APPENDIX
Proof 1 ( to Theorem 1) The similarity based on RDF is calculated
as follows:

KRDF(PS , QT ) =
2

nmt

n,m,t∑
i,j,l=1

[
cos(〈wl, xi〉+bl) cos(〈wl, zj〉+bl)

]
.

Taking expectation over xi, zj , (wl, bl), we derive the following
equality

Exi,zj ,wl,blK
RDF(PS , QT )

=
1

nmt

n,m,t∑
i,j,l=1

Exi,zjEwl,bl2
[
cos(〈wl, xi〉+ bl) cos(〈wl, zj〉+ bl)

]
=Ex,zκ(x, z) = KMMK(P,Q), (21)

where Bochner’s theorem in eq. (9) is applied here. Eq. (21) indicates
that KRDF(PS , QT ) is an unbiased estimator of KMMK(P,Q).

By introducing a variable Δ to measure the difference between
KRDF(PS , QT ) and KMMK(P,Q), we have

Δ = KRDF(PS , QT )−KMMK(P,Q) (22)

=
1

nmt

n,m,t∑
i,j,l=1

[
2 cos(〈wl, xi〉+ bl) cos(〈wl, zj〉+ bl)− Ex,zκ(x, z)

]
.

We first provide an upper bound on the difference between Δ
and its expectation. Note that changing either of xi, zj , (wl, bl) in
eq. (22) results in changes in magnitude of at most 4

n
, 4

m
, or 4

t
,

respectively. We can then apply McDiarmid’s theorem [24], given
a denominator in the exponent of n( 4

n
)2 + m( 4

m
)2 + t( 4

t
)2 =

16mn+nt+mt
mnt

, to obtain

P
[∣∣Δ− Exi,zj ,wl,blΔ

∣∣ ≥ ε
]
≤ 2 exp

( −mntε2

8(mn+ nt+mt)

)
.

Let δ = 2 exp( −mntε2

8(mn+nt+mt)
) > 0, we get ε =

2
√

2 log( 2
δ
)( 1

n
+ 1

m
+ 1

t
). Remember that Exi,zj ,wl,blΔ = 0 as

shown in Eq. (21), thus at least 1− δ, we have

∣∣Δ∣∣ ≤ 2

√
2 log(

2

δ
)(
1

n
+

1

m
+

1

t
). (23)

So we derive the first inequality of theorem. Next we will derive
the second inequality, i.e., the expected absolute error between
KRDF(PS , QT ) and KMMK(P,Q). The expected absolute error is

E
∣∣Δ∣∣ = ∫ ∞

0

P
[∣∣Δ∣∣ ≥ ε

]
dε (24)

≤
∫ ∞
0

2 exp
( −mntε2

8(mn+ nt+mt)

)
dε = 2

√
2π(

1

m
+

1

n
+

1

t
).

Here eq. (24) is from the fact that expectation over non-
negative probability distribution, i.e., E[X] =

∫∞
0

xfX(x) dx =∫∞
0

P [X ≥ x] dx, ∀x ≥ 0. �

Proof 2 ( to Theorem 2) This proof resembles Proof 1. We first
bound the differerence between DRDF2

(PS , QT ) and D2(P,Q) by
introducing a variable Δ as follows

Δ = DRDF2
(PS , QT )−D2(P,Q)

Similarly, changing either of xi, zj or (wl, bl) results in changes
in magnitude of at most 12

n
, 12

m
, or 16

t
, respectively. Applying Mc-

Diarmid’s theorem [24] gives a denominator in the exponent of
n( 12

n
)2 +m( 12

m
)2 + t( 16

t
)2 = 256mn+144t(n+m)

mnt
, to obtain

P
[
Δ− Exi,xi′ ,zj ,zj′ ,wl,blΔ ≥ ε

]
≤ exp

(
− mntε2

128mn+72t(n+m)

)
.

Different from Proof 1, DRDF2
(PS , QT ) is asymptotically unbiased

estimator and the expectation over the difference is bounded by

Exi,xi′ ,zj ,zj′ ,wl,blΔ ≤
1

n
+

1

m
.

Thus, we have the following inequality

P
[
Δ ≥ [

1

n
+

1

m
] + ε
]
≤ exp

(
− mntε2

128mn+ 72t(n+m)

)
.

The two inequalities in Theorem 2 can be derived from above in-
equality similarly to Proof 1. �

A detailed version of proof to theorems 1 and 2 can be

found at http://www.iipl.fudan.edu.cn/˜zhangjp/
supp/rdf_sup.pdf.
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[34] Barnabás Póczos, Liang Xiong, Dougal J Sutherland, and Jeff Schnei-
der, ‘Nonparametric kernel estimators for image classification’, in Pro-
ceedings of IEEE Conference on Computer Vision and Pattern Recog-
nition, pp. 2989–2996, (2012).
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Abstract. The deluge of images on the Web has led to a number

of efforts to organize images semantically and mine visual knowl-

edge. Despite enormous progress on categorizing entire images or

bounding boxes, only few studies have targeted fine-grained image

understanding at the level of specific shape contours. For instance,

beyond recognizing that an image portrays a cat, we may wish to

distinguish its legs, head, tail, and so on. To this end, we present

ShapeLearner, a system that acquires such visual knowledge about

object shapes and their parts in a semantic taxonomy, and then is

able to exploit this hierarchy in order to analyze new kinds of ob-

jects that it has not observed before. ShapeLearner jointly learns this

knowledge from sets of segmented images. The space of label and

segmentation hypotheses is pruned and then evaluated using Integer

Linear Programming. Experiments on a variety of shape classes show

the accuracy and effectiveness of our method.

1 Introduction
Motivation. Over the last decade, we have observed an explosion in

the number of images uploaded online. Sharing platforms like Flickr

have long been driving forces in turning previously undistributed

digital images into an abundant resource with billions of images

online. This vast amount of data holds great potential to revolutionize

the way computers organize and understand images. Deng et al. [9]

introduced ImageNet, a hierarchical organization of images, enabling

major advances in object recognition, to the point of current deep

convolutional neural networks being able to outperform humans in

certain respects [27].

Still, current object recognition systems mostly operate at the

coarse-grained level of entire images or of rectangular bounding

boxes, while segmentation algorithms tend to consider abstract dis-

tinctions (e.g., foreground/background).

In this work, we consider the next level of image understanding and

knowledge mining, aiming at a more fine-grained understanding of

images by automatically identifying specific shape contours and the

parts of objects that they portray. One of the major challenges for this

is that there is only limited relevant training data. While it is possible

to collect millions of images with social media tags [34] and it is

feasible to obtain bounding boxes via crowdsourcing [19], obtaining

training data with fine-grained hierarchical image information is much

more challenging. Analysis of objects with respect to their parts draws

from cognitive research of the human vision systems. Shapes of parts

play an important role in the lower stages of object recognition [23].

Given a relatively small object part, humans can recognize the object

1 The two authors contributed equally to the paper.
2 The corresponding author: yafang.wang@sdu.edu.cn

when the part is sufficiently unique [4, 3]. Unlike deep convolutional

neural networks, humans appear to be able to acquire new categories

from very few training examples.

Thus, fine-grained image understanding has remained an open

problem in AI, as it requires considerable background knowledge

about the objects. Progress on this challenging task has the potential

to benefit numerous applications in AI, e.g. in robotics and for self-

driving cars to interpret their environment, or in photography and

graphics for selective image manipulation (removing or replacing a

part of an object).

Contribution. We introduce ShapeLearner3, a system that learns

the shapes of families of objects, together with their parts and their

geometric realization, making the following contributions.

1. ShapeLearner requires only a small number of manually annotated

seed shapes for bootstrapping and then progressively learns from

new images. It achieves this by jointly performing shape classifi-

cation, segmentation, and annotation to transfer information from

seen to unseen images.

2. ShapeLearner can automatically analyse entirely new kinds of

shapes, relying on its inference mechanism based on soft con-

straints.

3. Rather than learning mere enumerations, the system acquires

hierarchical knowledge about the objects and their parts (Fig-

ures 1c and d). This hierarchical organization is critical for jointly

analysing families of objects.

2 Related Work
Image Knowledge Harvesting. In recent years, several new meth-

ods have appeared to organize the growing amount of images on the

Web [10]. The most prominent of these is ImageNet [9], a hierar-

chically organized image knowledge base intended to serve as the

visual counterpart to WordNet [11]. While ImageNet merely provides

image-level labels, subsequent research attempted to localize indi-

vidual objects within those images using bounding boxes [13]. The

SUN Attribute dataset [24] provides coarse-grained crowd-sourced

attributes of scenes (e.g. man-made, enclosed). LabelMe [28] crowd-

sourced large amounts of polygon labels, but the system does not

support any transfer learning. Moreover, the labels can be arbitrary

words and thus require significant cleaning and organization. Our

work differs from previous work by learning specific shape contours

and subparts of objects and then being able to transfer this knowledge

to new images and even new types of objects.

Other types of data have been organized as well. For videos, hier-

archical taxonomies have been used to train classifiers [32]. For 3D

3 http://irc.cs.sdu.edu.cn/ShapeLearner/
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Figure 1: The proliferation of images on the Web (a) enables us to extract shapes to train ShapeLearner (b), a 2D shape learning system that
acquires knowledge of shape families, geometrical instances of their inner parts and their inter-relations. Given an unknown shape (c), the
system automatically determines a classification, segmentation, and hierarchical part annotation (d).

shapes, ShapeNet [5] and 3DNet [37] organize 3D (CAD) models

following WordNet.

Stock graph based shape matching approaches [31] also build a

hierarchy, but do not segment the shape into semantically meaningful

parts. The goal is to model a complex shape using a hierarchical tree

according to geometric features of the shape, which can then be used

to compare the similarity of two different shapes. In our method, we

use the more recent inner-distance method [20] to model the shape

context for shape matching.

Segmentations and Semantic Relationships. Zhang et al. [40] ob-

serve that semantic relations of parts be shared among objects in a

class and learn a set of classifiers for verb-object relationships within

a class. Similarly, graph structures have been introduced for represent-

ing semantic relations of parts acquired from sets of images [22, 6, 39].

These methods focus on processing general images and scenes, while

we believe to be the first to focus on the inner parts and geometries of

individual shape classes.

Grammar-like descriptors for visual words and visual phrases may

be defined to enhance image processing and recognition [38]. Re-

cently, Chen et al. [7] presented a method for harvesting large amounts

object relationships from images based on their probabilistic struc-

tural patterns and geometric characteristics. While their analysis is at

the level of object relationships, our method focuses on a fine-grained

sub-part analysis. Multiple instances of objects and parts within a

class provide important contextual information that can be utilized for

joint learning and segmentation [1, 35, 18]. Huang et al. [17] recently

presented a data-driven approach for simultaneous segmentation and

annotation of free-hand sketches. Although this problem is quite dif-

ferent, we compare our algorithm with theirs later in Section 5.

Deep convolutional neural networks [36, 14] can be trained to pro-

duce segmentations, but they do not address our task setting, as they

depend on the existence of very large numbers of training examples

per label. Related work in this area [16, 36, 14] assumes a standard

supervised setting: given a large training dataset for a given class,

these methods learn new segmentations. Thus, existing approaches

have been limited to very small numbers of object classes, often even

just a single one such as human bodies. ShapeLearner, in contrast,

is aimed at learning new part segmentations for many classes, given

much more limited supervision and relying on knowledge transfer

from related classes.

3 Overview and Knowledge Model

High-Level Perspective. ShapeLearner constructs a relational hier-

archy that indexes 2D shapes by utilizing taxonomic knowledge of

object shape classes and their inner parts. Our goal is to progressively

acquire such knowledge by transferring information about indexed

shapes onto new ones.

We bootstrap the system by providing labeled seed images in sev-

eral categories (e.g., mammals, fowl, home appliances). This involves

segmenting images collected via Google Images to separate the ob-

jects from their environment. Objects are then manually segmented

further into meaningful parts and labeled following the WordNet tax-

onomy. ShapeLearner captures this information about parts and their

relations in a tree-like hierarchy by connecting parts to their siblings

and ancestors. This can be viewed as a knowledge base with isA,

isPartOf, and hasShape relationships.

ShapeLearner includes a knowledge transfer algorithm for under-

standing unknown shapes. It accounts for both shape geometry and

high-level semantic relations from its previously acquired knowledge

to infer the correct classification and segmentation of the new object

shape. This is illustrated in Figure 2: Given an unknown shape, we

compute a raw set of segmentation candidates considering merely the

shape’s geometry. We determine additional candidates by matching

with geometrically similar shapes and transferring their segmentation.

This yields a set of segmentation hypotheses about the unknown shape.

ShapeLearner then transfers its knowledge onto the shape by relying

on an inference step to remove false hypotheses and select a valid

segmentation that complies with the shape’s hierarchical taxonomy.

Finally, ShapeLearner transfers this knowledge back by indexing the

new shape and progressively updating its store of visual knowledge.

In the final part of the paper, we highlight some applications based

on ShapeLearner. We describe the ShapeExplorer system, which sup-

ports image retrieval based on partial shape queries and shape morph-

ing, among other things. We also describe our system for keyword-

based image retrieval with special support for attributes.

ShapeLearner’s Knowledge. ShapeLearner is directly linked to

the WordNet [11] taxonomy, which provides a semantic orga-

nization of classes. Focusing on a subset of this taxonomy, we

adopt its isA class hierarchy and additionally harvest knowledge

for isPartOf and hasShape facts (e.g. isPartOf(leg,
human), hasShape(baseball, round)). Thus, Shape-

Learner acquires knowledge of an object’s shape, its parts, and

shapes of the parts (see Figure 3).
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Figure 2: Workflow diagram. Given an unknown 2D shape (a), ShapeLearner first determines segmentation candidates by leveraging cut and
shape matching information (b). The system uses its acquired knowledge to label candidates (c). Finally, it makes use of reasoning to prune false
hypotheses and infer a classification and semantic segmentation of the shape (d).

Figure 3: A snapshot of the knowledge in ShapeLearner’s hierarchy, zooming in on mammals and fowl. We show also a subset of the relational
facts isA, isPartOf, and hasShape.

We begin by defining the four basic concepts that ShapeLearner

relies on:

• Shapes S = {s0, s1, ..., snS} define the contour of independent

2D objects in an image.

• Classes C = {c0, c1, ..., cnC} define a category (e.g., species) of

objects in the data repository.

• Parts P = {p0, p1, ..., pnP } define a decomposition of a shape

into meaningful components.

• Labels L = {l0, l1, ..., lnL} define the textual annotations for each

part.

Initially, a seed set of parts is manually preprocessed

and transferred into ShapeLearner. In this step, the user

manually annotates parts in shapes with labels from Word-

Net (e.g., head, tail, etc.) as well as semantic relations

such as hasShape(elephant,elephantShape),

isA(elephant,mammal), and

isPartOf(tail,elephant). ShapeLearner stores this

information in a hierarchical structure (see Figure 3).

Next, we use ShapeLearner to statistically infer the following

knowledge based on available evidence:

• Part number: the number of parts per class may be fixed or

bounded (e.g., a horse has 2 front legs, an elephant has 1 trunk).

• Part distinctiveness: Shape classes may have discriminate parts

defined by the frequency of a part in all classes (e.g., the elephant
class has trunks as a distinct part within the class of mammals).

Part distinctiveness is at the core of shape classification and disam-

biguation. The part distinctiveness score for a part p in class c ∈ C
is calculated as the inverse fraction of classes containing this part:
|C|
|p∈c| ≥ ε, where ε refers to the threshold for acknowledging a part

as distinctive. In our experiments, we use ε = |C|, which means

that the part occurs in just a single class.

4 Shape Analysis

Classification and semantic segmentation of an unknown object shape

typically pose a chicken-egg problem: we may require information

about one in order to solve the other. Given an unknown 2D shape,

ShapeLearner jointly solves for both classification and semantic seg-

mentation by relying on an inference procedure to reason from its

knowledge in accordance with statistical constraints and the shape

geometry. In fact, it jointly optimizes classification, segmentation, as

well as part annotation. We next provide the technical details of this

process.

4.1 Shape Segmentation Hypotheses

Given an unknown shape of an object, we compute a set of possible

part candidates specified by different cuts in the shape (see cuts in

Figure 5(c)). Initially, we compute cuts accounting merely for the

shape geometry, applying the short-cut rule of [21], which is moti-

vated by the human vision system. This method yields somewhat

consistent cuts tracking the geometric features of the shape contour.

Nevertheless, our algorithm does not require an exact segmentation
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into meaningful parts but only a loose approximation. A somewhat

reasonable segmentation is sufficient at this step.

Next, ShapeLearner transfers additional segment hypotheses from

its existing knowledge to further enrich the candidate set. Shape

matching plays an important role in adding new cuts that further

enrich segmentation and compensate when the short-cut geometry-

based method is insufficient. For instance, in Figure 5(a), the smooth

elephant head could not be segmented by the short-cut method.

To accomplish this, ShapeLearner finds the best matching shapes

in its existing collection and transfers their segmentation onto the

input shape. Shape matching is performed using the inner-distance

similarity metric [20]. We found this method suitable as it is compu-

tationally efficient, rotation-invariant, and robust with respect to other

state-of-the-art 2D contour matching techniques (e.g., [2]).

Following the inner distance metric [20], we define C(π(A,B))
as the matching cost value for two shapes A and B. In a nutshell,

given two shapes A and B, described by their contour point sequences

p1, p2...pn and q1, q2, ...qm, respectively, we define the cost value

c(pi, qj) as the χ2 statistic assessing the similarity of the correspond-

ing point histograms. We compute the optimal matching between

A and B, denoted as π : (pi, qπ(i)), using dynamic programming.

According to the inner distance approach [20], the mapping from

shape A to B should minimize the cost. This is based on dynamic

programming to solve the sequence matching problem. We define the

minimum cost value by C(π) =
∑n

i=1 c(i, π(i)) and the number of

matching points is M(π) =
∑n

i=1 δ(i), where δ(i) = 1 if π(i) = 0,

and 0 if π(i) = 0.

Next, we define a cut, i.e. cutA(pi, pj), as the 2D line connect-

ing contour points pi,pj in shape A. Thus, to transfer cutA(pi, pj)
from shape A in ShapeLearner onto the input shape B, we sim-

ply use the computed shape matching π and transfer cutA(pi, pj)
to cutB(qπ(i), qπ(j)) (Figure 5).

Figure 4: Cut con-
straints remove all dot
dashed cuts (l1, l4, l5).

To reduce noise in the segmentation

candidates, ShapeLearner considers only

the top k1 = 5 best matching shapes in

its collection. Additionally, it relies on

the following constraints to remove noisy

cuts (Figure 4):

• Cuts should be located in the interior

of the shape.

• When cuts intersect each other, only

the one corresponding to the longest

contour is kept.

• If two cuts are too close together,

specifically ‖cutB(d)− cutB(e)‖2 ≤
ε, where ε = 0.01 × |shape points|,
they are merged together.

4.2 Shape-Class and Part-Label Hypotheses
At this point, ShapeLearner has an unknown shape and a set of un-

labeled segments, so the shape may belong to different classes and

a cut may have different labels. Thus, ShapeLearner next annotates

segments with possible label hypotheses from its knowledge and com-

putes a valid segmentation that conforms to its acquired knowledge,

by cleaning false segments and label hypotheses.

We assign a unique ID for each cut in the shape and denote an

hypothesis as the pair label(cut,label)[.]. Additionally, we

define class hypotheses as class(shape,class)[.]. A hypoth-

esis may become a fact label(cut,label)[1] or be evalu-

ated as false, i.e. label(cut,label)[0], following an inference

process (e.g., label(cut@9, nose)[1], class(shape@1,
elephant)[0]).

Note that each cut corresponds to a part, so label(cut@9,
nose)[1] equals label(part@9, nose)[1]. Actually, each

cut produces two parts (e.g., body and leg), but here we only consider

the leg part. ShapeLearner matches the input shape against its knowl-

edge and selects the top k = 5 best matching shapes using the inner

distance metric. This yields multiple class and label assignments for

the hypotheses.

We define the cut confidence weight with respect to the top k
resulting set as follows. Given a cut cj , label li, and hypotheses:

label(cut@j, li)[.], the confidence weight of cut cj with label

li is calculated as wcj ,li = α× p1 + (1− α)× p2, (α = 0.6 in our

experiments), based on two factors:

• p1: the confidence of assigning label li to cut cj is hl
k

, where hl is

the frequency of label li in the top k result set.

• p2: A cut may match to more than one similar class. If a cut

has many possible label hypotheses (say l1, li, . . . , lm), the

confidence for each part is defined by the part shape matching

w′cj ,li = Mli(π)/Cli(π). Then p2 =
w′cj,li∑
l w′cj,l

.

Similarly, we define the class confidence weight with respect to the

top k result set as follows. Given the unknown part-shape sj , class ci
and hypothesis class(shape@j, ci)[.], the confidence of class

ci with respect to the top k result set is calculated as wsj ,ci = hc
k

,

where hc is the number of hits for class ci.

4.3 Shape Inference
ShapeLearner jointly solves for a consistent classification and labeling

by pruning noisy hypotheses and searching for the optimum class

and label assignment with respect to its knowledge constraints. We

formulate this problem as an Integer Linear Programming (ILP) that

considers both cut labels and shape classes to yield a consistent set of

truth value hypotheses.

We formulate the ILP variables as follows:

• xp,l ∈ {0, 1} denotes label(part, label) hypothesis l ∈
L for part p ∈ P .

• ys,c ∈ {0, 1} denotes class(shape, class) hypothesis c ∈
C for shape s ∈ S.

For each shape s, the objective function maximizes the overall con-

fidence of hypotheses (where wxp,l and wys,c are the confidence

weights for cut and class hypotheses respectively, wxp,l = wxc,l in

the previous step):

max
∑

p∈P,l∈L
wxp,l xp,l +

∑
c∈C

wys,c ys,c

subject to the following constraints derived statistically from the

knowledge collection.

Class Constraints.

• A shape s can be assigned to one class at most:∑
c∈C

ys,c ≤ 1

• Part-distinctiveness-1: A shape class assignment should conform

to its distinctive parts (if any). Denoting (l, c) ∈ DP as the pair set

(distinctive part, class), then:

∀p ∈ P ∧ c ∈ C ∧ (l, c) ∈ DP, xp,l − ys,c ≤ 0
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Figure 5: Semantic segmentation of an elephant. Given an unsegmented shape, cuts are computed from the geometry (a), as well as transferred
from similar shapes (b). This yields multiple class hypotheses (c) which are pruned, yielding a correct semantic segmentation and annotation of
the shape (d).

• Part-distinctiveness-2: A shape class should not consist of parts

that do not belong to the class (according to isPartOf).

∀p ∈ P ∧ c ∈ C ∧ (l, c) /∈ isPartOf(p, c), xp,l + ys,c ≤ 1

Label Constraints.

• Part-inclusion should conform to ShapeLearner’s part hierarchy.

Denoting HP as the set of inclusion part pairs (i.e., (l, l′) ∈ HP

if and only if l′ includes l and isPartOf(p, p′)), and using ⊂ for

“included by”, we require

∀p, p′ ∈ P, l, l′ ∈ L ∧ (l, l′) ∈ HP ∧ p ⊂ p′, xp,l + xp′,l′ ≤ 1,

∀p, p′ ∈ P, l, l′ ∈ L ∧ (l, l′) /∈ HP ∧ p ⊂ p′, xp,l + xp′,l′ ≤ 1.

• Part-number: The number of parts in a shape class should con-

form to the class. Denoting the number of parts as nP, we add the

constraint that ∑
p∈P

xp,l ≤ nPc, l.

Note that we require the number of parts to be less than or equal

to nP due to possible occlusions of the shape in the image (cf. the

back leg in Figure 5).

After this inference step, the accepted clean facts (i.e., those

of the form label(part, label)[1] or class(shape,
class)[1]) are integrated into ShapeLearner’s knowledge

base. The shape of each part is added as hasShape(part,
part-shape). Given a shape of a new class not yet in Shape-

Learner, parts of the new class are identified via knowledge transfer. If

the new class name is X, new facts are added as isPartOf(part,
X) and hasShape(part, part-shape).

5 Results
We now present a thorough set of experiments to evaluate Shape-

Learner.

Dataset. To compile a dataset for seeding and evaluating Shape-

Learner, we collected images from Google Images, Flickr, as well

as public domain data used by Ren et al. [25]. We manually collect

and sort these images, removing noise, frontal views, and heavily

occluded shapes. We then segment the shape from its background

with the aid of the open-source tool GrabCut [26]. This segmentation

does not need to be precise. Instead, we account for the multiplicity

of parts instances to average out the results and remove outliers. The

ground truth data was labeled by 3 people. We only keep cuts or draw

new cuts agreed by the majority. We extract the shape’s contour and

segment it into meaningful parts simply by drawing straight lines

inside the contour.

Shape and subparts are classified and annotated before being pro-

vided to ShapeLearner. Taxonomy relations (isA, isPartOf ) are taken

from WordNet and textual sources [15, 33] and are used to create the

hierarchy.

In total, our dataset consists of 2,020 images in 50 shape families

in 7 broad classes (as shown in Table 1). Examples include humans,

vases, kangaroos, mammal skeletons, handbags, umbrellas, goblets,

and mushrooms. Based on these diverse seeds, our system can classify

a wide range of objects if they are somewhat similar to seed images.

Labeling Accuracy. To quantify ShapeLearner’s output quality, we

rely on a pixel-based metric to evaluate the part segmentation [17].

Given a segmented part, we measure its overlap with the ground-truth

part as the number of pixels that are correctly labeled in the overlap

vs. the incorrect ones. A part is considered adequately labeled if a

reasonable percentage (precision > 75%) of pixels are in the overlap.

The terminology is as follows.

• True Positive (TP): correct cut/pixel label

• True Negative (TN): correct removed cut/pixel label

• False Positive (FP): a cut/pixel label supposed to be removed but

not removed

• False Negative (FN): a cut/pixel supposed to be labeled, but re-

moved.

Given these, we can use the standard definition of precision as
TP

TP+FP
, recall as TP

TP+FN
, and F1 = 2TP

2TP+FP+FN
. The class

precision scores given in Table 1 and Table 2 refer to the precision of

inferring class labels for the shape.

Baselines. Given all part hypotheses, we evaluate our method (both

class constraints and label constraints) against two simpler baselines.

However, we experiment with baselines that omit the Part-inclusion

constraint and optionally the Part-distinctiveness constraint to high-

light the importance of our algorithm’s advanced inference:

• N: the inference includes Part-number constraints and class con-

straints, but not Part-distinctiveness and Part-inclusion constraints.

• N+D: the inference includes Part-number,

Part-distinctiveness constraints and class constraints, but

not Part-inclusion constraints.

Comparison. For an experimental comparison, we used 20 images

per family as seed data. The remaining ones in each of the 50 families

were manually segmented and used as ground-truth for our evaluation.

Table 1 provides an evaluation of the segmentation and classifica-

tion for these baselines with respect to precision, recall, and the F1

measure. Our method outperforms these baselines in almost all cases

(except for a few cases with lower recall). Figure 6 illustrates a sub-

set of this evaluation, providing F1 results of baselines and of our

method.

In Figure 8(a), we investigate the scalability of our method with

respect to the number of initial seeds for classes with size larger than

50. Note that precision, recall, and F1 of the segmentation increase as
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Figure 6: Representative results by our method and baseline solutions. The F1 measure is shown below each result.

the number of seeds gets larger. After 20 seeds, the results appear to

converge and the improvement becomes marginal. Thus, 20 seeds are

a reasonable threshold in our experiments. This shows that a small

number of seeds can suffice to represent a shape-space sufficiently

well and adding more seeds can be redundant.

Figures 8(b) and 8(c) graphically plot a comparison between the

baselines and ShapeLearner’s full inference mechanism according to

the values in Table 1. We see that even for a small number of seeds,

our method outperforms other baselines and has very good precision,

recall, and F1.

Our classification (Table 1, bottom part) also outperforms the base-

lines on average. For a few classes, we did not improve over the

baselines, since their contours were quite similar and lacked distinc-

tive parts. For example, the small horn of the deer is similar to the ear

of the horse. A cat’s tail may be recognized as a back leg in unique

situations when the tail hangs down and the cat’s hind legs are oc-

cluded. Similarly, skeleton classes can be quite challenging. They are

similar in appearance both with other kinds of skeletons and with the

respective full living animal. Ribs in the skeleton are similar to legs

in size and orientation. Nevertheless, the segmentation of skeletons

is often successful in part precisely due to their similarity with liv-

ing mammals, enabling ShapeLearner to transfer the corresponding

knowledge.

Our method can infer a semantically correct segmentation even for

classes that are not currently indexed in ShapeLearner. The experi-

mental results in Table 3 show that even without any human-labeled

seeds from the target class, ShapeLearner is able to exploit seeds of

classes from related categories to transfer segmentation and annota-

tion information. When the seeds from different classes are rather

similar with the test shape, the outcome can be even better than the

direct segmentation and annotation (see the tiger and bedroom lamp

examples in Table 3). Morphological differences between tortoises

and other reptiles are quite profound. Thus in this case, the transfer

segmentation is less successful.

Figure 7 provides examples of three entirely new classes (a lion,

ostrich, and alpaca) that were properly segmented and annotated by

ShapeLearner without any prior knowledge about these classes.

We also compared the running time of our method with all con-

straints (“Ours”) to the method without constraints (“N”). The results

show that including all constraints does not increase the complexity,

increasing the runtime by just 0.5 seconds on average.

Evaluation and Comparison. Although our paper has a different

target, we compare our method with segmentation algorithms for

hand-drawn sketches ([17], direct retrieval (DR), and [29]). One ma-

jor difference is that that work is aimed at analysing the brush strokes,

which may contain significant information on the shape’s interior,

(a) Lion (b) Ostrich (c) Alpaca

Figure 7: Semantic segmentation of three new shapes (without prior
indexing of these classes by ShapeLearner).

while ours considers only the contour. From their dataset, we select all

object classes with meaningful contours (omitting three classes con-

sisting of many thin lines rather than clear contours) and compare the

average segmentation and annotation precision (see Table 4). While

the algorithm of Huang et al. can resolve many ambiguities due to oc-

clusions based on the interior brush strokes, our method nevertheless

gives superior results on a majority of classes, demonstrating the ef-

fective power of ShapeLearner’s knowledge. For the airplane and vase

classes, our method was inferior due to the large variety (airplanes)

and non-distinctiveness of parts (vases). Unfortunately, we could not

perform a more in-depth comparison (e.g., w.r.t. occlusions and a

larger variety of classes) since their code is not publicly available.

6 Use Cases
Finally, we present a set of use cases utilizing ShapeLearner to solve

a set of challenging shape related problems.

6.1 ShapeExplorer

We have developed a system called ShapeExplorer, an interactive

software tool based on a detailed analysis of images in terms of object

shapes and parts. For instance, given an image of a donkey, the system

may draw on ShapeLearner and its previously acquired knowledge

about zebras and dogs to automatically locate and label the head, legs,

tail, and so on. Based on such semantic models, ShapeExplorer can

then generate morphing animations, synthesize new shape contours,

and support object part-based queries (see Figure 9), as well as clipart-

based image retrieval. Details were published in Ge et al. [12]. Please

also refer to the URL https://youtu.be/JTQcQkBhvyk for

an online video of this system.

6.2 Keyword Queries

Our system enables novel forms of image queries referring to specific

parts of objects, e.g. for “pans with long handles”.
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Table 1: Experimental results for segmentation and annotation (top) and classification (bottom).

System Mammals Home Appliances Misc. Artifacts Foods Reptiles Fowl Skeletons All Avg.
N 68.3% 86.0% 88.5% 100.0% 74.5% 65.8% 57.3% 77.2% Prec.

N+D 69.2% 90.4% 92.3% 100.0% 74.5% 66.6% 59.8% 79.0%

Ours 79.4% 92.5% 92.6% 100.0% 84.1% 75.6% 71.8% 85.1%

N 85.5% 93.3% 93.7% 100.0% 85.4% 90.4% 76.4% 89.2% R
ecall

N+D 85.1% 92.4% 94.0% 100.0% 85.4% 90.3% 77.1% 89.2%

Ours 86.9% 93.6% 94.4% 100.0% 83.0% 91.4% 80.8% 90.0%

N 74.8% 88.1% 90.2% 100.0% 78.9% 74.3% 64.5% 81.6% F1N+D 75.3% 90.9% 93.0% 100.0% 78.9% 74.9% 66.4% 82.8%

Ours 82.2% 92.5% 93.3% 100.0% 82.9% 81.1% 74.6% 86.7%

N 65.3% 91.4% 87.8% 93.3% 92.5% 87.8% 61.9% 82.9% C
lassN+D 72.0% 93.2% 92.6% 93.3% 95.0% 88.9% 58.8% 84.8%

Ours 71.9% 93.7% 92.6% 93.3% 95.0% 89.3% 59.3% 85.0%

Table 2: Excerpts for segmentation and annotation (top) and classification (bottom).

System Mammals Home Appliances Misc. Artifacts Foods Reptiles Fowl Skeletons
Elephant Cow Deer Horse Cat Vase Hairdryer Broom Rifle Axe Mushroom Tortoise Crocodile Duck Bird Mammals Dinosaur

N 74.6% 62.4% 80.6% 64.5% 63.3% 67.8% 96.7% 96.7% 59.1% 93.3% 100.0% 65.6% 68.8% 63.2% 67.4% 62.2% 52.5% Prec.

N+D 75.8% 63.2% 81.7% 64.6% 65.5% 73.3% 96.7% 96.7% 78.2% 93.3% 100.0% 65.6% 68.8% 63.8% 69.2% 64.3% 55.3%

Ours 86.0% 71.4% 87.0% 77.9% 79.6% 73.3% 96.7% 96.7% 79.9% 93.3% 100.0% 78.2% 81.4% 74.4% 79.2% 75.1% 68.4%

N 90.5% 81.3% 87.7% 83.9% 80.3% 80.0% 96.7% 96.7% 85.3% 93.3% 100.0% 80.9% 84.8% 89.5% 90.6% 78.4% 74.5%

R
ecallN+D 88.9% 79.6% 87.7% 83.1% 80.6% 78.3% 96.7% 96.7% 86.8% 93.3% 100.0% 80.9% 84.8% 87.5% 92.2% 78.4% 75.9%

Ours 91.1% 84.2% 90.0% 86.2% 84.8% 78.3% 96.7% 96.7% 88.5% 93.3% 100.0% 81.1% 89.9% 86.7% 93.1% 82.8% 78.8%

N 81.2% 69.7% 83.0% 72.0% 70.1% 72.1% 96.7% 96.7% 67.8% 93.3% 100.0% 71.4% 75.4% 72.6% 75.6% 68.3% 60.6% F1

N+D 81.3% 69.5% 83.7% 71.8% 71.5% 75.0% 96.7% 96.7% 81.6% 93.3% 100.0% 71.4% 75.4% 72.4% 77.5% 69.6% 63.1%

Ours 88.0% 76.5% 87.8% 81.2% 81.4% 75.0% 96.7% 96.7% 83.3% 93.3% 100.0% 79.2% 84.9% 78.6% 84.1% 77.9% 71.4%

N 94.4% 53.1% 90.4% 37.8% 86.0% 90.0% 96.7% 76.7% 69.0% 70.0% 93.3% 96.6% 90.0% 83.5% 83.3% 34.0% 89.9% C
lassN+D 94.4% 60.5% 80.9% 76.7% 76.0% 86.7% 100.0% 76.7% 93.1% 70.0% 93.3% 96.6% 100.0% 89.9% 76.7% 37.7% 79.8%

Ours 94.4% 59.3% 80.9% 75.6% 76.0% 86.7% 100.0% 76.7% 93.1% 70.0% 93.3% 96.6% 100.0% 91.1% 76.7% 38.9% 79.8%

Table 3: Experimental results for with seeds (top) and with only transfer (bottom).

Method Feline Reptiles Lamp Canine
Cat Leopard Tiger Tortoise Crocodile Lizard Gecko Desk Lamp Floor Lamp Bedroom Lamp Dog Wolf Fox

Precision 79.6% 73.7% 75.1% 78.2% 81.4% 88.2% 88.7% 92.6% 94.6% 85.0% 79.8% 71.5% 77.3%

D
irectRecall 84.8% 91.1% 78.1% 81.1% 89.9% 78.5% 82.4% 90.7% 96.4% 85.6% 92% 84.6% 84.9%

F1 81.4% 80.3% 76.2% 79.2% 84.9% 82.6% 84.9% 91.4% 95.2% 83.2% 84.5% 76.1% 80.2%

Precision 66.7% 70.1% 86.7% 46.2% 71.3% 78.4% 81.2% 88.9% 92.9% 91.7% 78.0% 69.8% 74.3%

Recall 60.0% 72.6% 70.2% 52.9% 69.5% 71.9% 77.5% 87.0% 100.0% 78.9% 69.2% 77.1% 66.1%

Trans.F1 62.0% 69.6% 76.7% 48.6% 69.8% 74.8% 78.3% 87.7% 95.2% 82.1% 71.6% 71.2% 68.6%

(a) Scalability. (b) Comparison between baselines. (c) Classification results.

Figure 8: Experimental results graphs. In (a) we show the scalability of the average precision, recall and F1, and in (b) the comparison with
other baselines. In (c) we show classification precision comparison with other baselines.
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(a) (Partial) Shape Query. (b) Morphing. (c) Shape Synthesis and Completion.

Figure 9: ShapeLearner use cases, demonstrating partial shape querying of an elephant head and trunk (a), part-based morphing between a
horse and an elephant (b) and synthesis of a new creature (c).

Table 4: Comparison with Huang et al. (2014), DR, and Shen et
al. (2012) in precision.

Class DR Shen Huang Ours
airplane 40.2% 56.1% 66.2% 65.8%

candelabra 39.8% 56.1% 56.7% 68.5%
rifle 49.6% 48.5% 62.2% 67.2%

fourleg 52.3% 50.0% 67.2% 80.9%

vase 51.7% 54.1% 63.1% 51.0%

human 49.2% 47.7% 64.0% 94.1%

lamp 67.8% 76.9% 89.3% 94.9%

Nouns are matched with object and part names in the database,

while adjectives are matched with attributes as described below. Stop

words and other unmatched words are ignored.

Attributes that can be matched include colors, angles, size, and

length. All the objects are normalized according to their bounding

boxes. Given the segmented parts of an object, the key line of a part

is defined as the line connecting the middle point of the cut and the

midpoint of its contour. The angle of a part is defined as the angular

offset from a vertical line, i.e., the angle between the key line and a

vertical line. The length of a component is defined as the length of the

skeleton of its shape. To obtain the skeleton, we relied on an existing

method [30]. Table 5 provides 7 example queries. The corresponding

query results are shown in Figure 10.

Table 5: Example keyword queries.

Query

Q1 horse with head down

Q2 horse with long tail

Q3 long tail of horse

Q4 cup with small handle

Q5 small cup handle

Q6 cup with black handle

Q7 pot with handle on the top

We observe that if the segmentation is correct, we obtain meaning-

ful results, e.g. for Q1 and Q6. The quality of the cut of a part affects

the results. In Q2 and Q3, the tail of the fifth horse is shortened due

to inaccuracies in the cut of the tail. In Q4 and Q5, the system has

located a handle at the top of the first cup, rather than on the right

side.

7 Conclusion
We have introduced ShapeLearner, a novel system for organizing

2D shapes and their parts in a hierarchical structure that learns to

Figure 10: Keyword query results.

process new images and even new categories of objects. Our system

starts with annotated seed data but then augments its knowledge

by automatically processing new images and shapes. We derive a

set of statistical constraints that we apply to correctly classify and

segment an unknown input shape. ShapeLearner is able to transfer

hypotheses based on visual similarity and relies on integer linear

programming for joint inference. Our experiments show that, after

seeding, ShapeLearner is able to collect valuable knowledge about

shapes from uncategorized images. We additionally present several

applications as use-cases of ShapeLearner, showcasing enhanced

shape processing and manipulation.

In future work, we would like to extend ShapeLearner to focus

not only on 2D shapes represented by their contours, but also to

analyse the interior textures, for which we are exploring the use of

deep convolutional neural networks. While a reduction to 2D shape

contours reduces some of the noise, it results in a minimalist geometric

representation. By going beyond it, ShapeLearner could thus also be

extended to handle object shapes with severe shape occlusions.

We also plan to extend ShapeLearner to cover a wider range of

semantic relationships and integrate it more tightly with the growing

ecosystem of large-scale resources centered around the WordNet

taxonomy, including ImageNet [9], YAGO [15], and UWN [8].

Finally, we are in the process of extending the seed data to cover

many new categories, including medical data on bones and organs.

We are also investigating crowdsourcing techniques to harvest a very

broad range of categories. Initial experiments indicate that novices

can fairly quickly learn how to mark parts of an object’s shape. Thus,

crowdsourcing techniques could enable us to quickly grow Shape-

Learner’s knowledge to cover thousands of categories of objects.
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Observation-Based Multi-Agent Planning with
Communication

Luca Gasparini and Timothy J. Norman and Martin J. Kollingbaum1

Abstract. Models of decentralized online planning vary in the in-

formation that individual agents use to make local action decisions.

Some models consider only local observations, eschewing coordina-

tion through communication. Others use communication to ensure

that all agents are aware of the action decisions of others, but as-

sume costless and delay-free communication. In this paper, we pro-

pose a model of online planning (OB-MAP) that uses estimates of the

value of communicating to manage coordination through communi-

cation as costs vary. We compare this approach to existing models

in widely employed benchmark problems, demonstrating that OB-

MAP performs significantly better in many scenarios regardless of

varying (including infinite) cost of communication.

1 Introduction

Decentralized planning problems are often modelled as Decen-

tralized Partially Observable Markov Decision Processes (Dec-

POMDPs), where multiple agents, each with a local view of the

environment, must coordinate their actions in a decentralized fash-

ion in order to optimize some reward [1]. Goldman and Zilberstein

[6] have demonstrated, however, that even approximately solving a

Dec-POMDP is intractable. One of the reasons for this complexity

is that the number of possible joint-histories grows doubly exponen-

tially with the horizon. In order to address this problem, a number of

online planning algorithms [4, 5, 13, 15] have been proposed, which

interleave planning and enactment. These algorithms heuristically es-

timate the long-term value of an action and use some of the informa-

tion available at runtime in order to make planning more tractable.

The majority of existing algorithms (such as [5, 13, 15]) plan in such

a way that each agent always has full knowledge of what actions are

being performed by its team-mates. This is referred to as strict coor-
dination, and is often argued to be a necessary condition for effective

planning in decentralized settings [15]. In order to guarantee strict

coordination, however, agents must be limited in the extent to which

they exploit local observations. The argument is as follows. If agents

start with a common belief (a probability distribution) about the state

of the environment, and use the same planning algorithm, they will

agree on a common joint action to be performed. Since each agent

potentially receives a different local observation at each time step, if

they take into account these observations, their beliefs may diverge.

Each agent will, therefore, plan for a different joint-action, and will

have incorrect beliefs about the actions of its team-mates. As a result,

strict coordination is not guaranteed.

In contrast to strict coordination models, Chechetka and Sycara [4]

propose BaGa-S, which extends BaGa (Bayesian Games approxima-

1 Department of Computing Science, University of Aberdeen, Aberdeen, UK,
l.gasparini@abdn.ac.uk, tnorman@acm.org, m.j.kollingbaum@abdn.ac.uk

tion algorithm) [5] in order to take advantage of local observations.

BaGa-S has been shown to provide significant advantages over strict

coordination models in some scenarios. These scenarios are, how-

ever, those in which local observations provide the best evidence for

good local action decisions to maximise the reward. In contrast, we

show that this approach performs significantly worse in domains that

require a tighter coordination, supporting the strict coordination ar-

gument, albeit in an important class of problem domains.

Another important issue to consider when planning at runtime is

whether and when agents should communicate their local observa-
tions as opposed to action decisions. By sharing observation histo-

ries, a coalition of agents can synchronize on a common belief, and

take advantage of this information while maintaining strict coordina-

tion. Then, in algorithms that trade off strict coordination for a more

opportunistic exploitation of local observations, communication can

be used to re-synchronize agents’ beliefs once coordination is lost.

In this paper, we argue that agents are faced with an important

trade-off between maintaining (almost) strict coordination, and ex-

ploiting local observations to maximize their expected reward. We

analyse this trade-off by comparing the performance of different al-

gorithms in widely employed benchmark scenarios. We propose an

algorithm, OB-MAP, that attempts to capture the best of both worlds.

While OB-MAP does not guarantee strict coordination, we show ex-

perimentally that it performs at least as good as strict coordination

algorithms, and is able to take advantage of local observations in sce-

narios that favour a more opportunistic planning approach. We also

propose a heuristic that takes into account the value of communica-

tion in order to decide whether or not agents should communicate.

Before formalising OB-MAP, analysing its complexity, and eval-

uating its performance, in the following section we provide neces-

sary technical background. We present a précis of the Dec-POMDP

approach to multi-agent planning, and then give details of the two

on-line planning models that we use to represent the state-of-the-art

in on-line planning algorithms.

2 Background

A Dec-POMDP [1] is a tuple, 〈I, S, b0, {Ai}, P, {Ωi}, O,R〉where:

• I is a set of agents, and S is the set of states;

• b0 is an initial belief state, i.e. a probability distribution over pos-

sible initial states;

• Ai is a finite set of actions available to agent i and �a =
〈a1, . . . , an〉 is a joint-action consisting of one action for each

agent;

• P (sj |si,�a) represents the probability that taking joint-action �a in

state si will result in a transition to state sj ;
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• Ωi is a finite set of local observations oi available to agent i and
�Ω is the set of joint observations �o consisting of one local obser-

vation for each agent;

• O(�o | sj ,�a) specifies the probability of observing �o when per-

forming a joint-action �a that leads to a state sj ;

• R : S × �A → R is a reward function, and R(si,�a) specifies the

reward obtained by performing �a in si.

We define a local history hi for agent i up to time t as a sequence of

interleaved local actions and observations. hi = (a0
i , o

1
i , a1, . . . , o

t
i)

and a joint-history as a tuple �h consisting of one local history for

each agent �h = 〈h0, . . . , hn〉. A belief state at time t, bt : S → R,

is a function that represents the probability that the system is in each

state. Given a belief bt at time t, the belief state at time t+1 after the

agents have executed joint-action �ai and received joint-observation

�oj can be computed as follows:

bt+1(s) =

∑
s′

bt(s′) · P (s|s′,�ai)O(�oj |s,�ai)∑
s′,s′′

bt(s′) · P (s′′|s′,�ai)O(�oj |s′′,�ai)
(1)

We denote the updated belief state as p(∗|bt,�ai, �oj). The denomi-

nator corresponds to the probability of observing �oj after perform-

ing �ai from belief bt. Where we are interested in the expected joint

observation, we also use the explicit notation p(�oj |bt,�ai). A local

policy for agent i is a mapping from local histories to actions. A lo-

cal policy ut
i ∈ U t

i for an horizon length t can be represented as a

tree where each node represents an action, and each edge of the tree

an observation. We denote with aut
i

the local action prescribed by

a local policy ut
i and with ut

i(oi) the sub-policy (for horizon length

t − 1) that should be followed after receiving an observation oi. A

joint-policy �ut ∈ �U t is defined as consisting of one local policy for

each agent. We denote with �a�ut the joint action prescribed by policy

�ut and with �ut(�o) the joint sub-policies that the agents follow after

receiving joint observation �o. The value of executing a joint-policy

�u, from a state s with t steps to go can be computed recursively as

follows:

V (�u t, si) = R(si,�a�u t) +∑
sj ,�o

P (sj |si,�a�u t)O(�o|sj ,�a�u t)V (�u(�o), sj) (2)

Given a belief state, solving a Dec-POMDP means finding a joint-

policy �q that maximizes
∑

s b(s)V (�q, s).
Goldman and Zilberstein [6] demonstrated that even approxi-

mately solving a Dec-POMDP is intractable (NEXP-COMPLETE).

A great deal of research on offline planning for Dec-POMDPs, there-

fore, focuses on tractable approximate algorithms that do not pro-

vide a guarantee on solution quality. A different body of work has

explored heuristic-based online planning for Dec-POMDPs. These

algorithms interleave planning and execution, and use heuristics to

make decisions on what actions to perform next. The long-term ex-

pected value of executing joint-action �aj from a belief state bi is

Q(bi,�aj). This Q function can be computed, for example, by per-

forming an l-step lookahead and assuming that the state of the system

becomes fully observable after the l-th step.

Given our aim is to propose a model of on-line planning that ef-

fectively balances the trade-off between maintaining coordination

through communication and exploiting local observations, we choose

as our comparators MAOP-COMM [15] and BaGa-S [4].

Wu et al. [15] propose the MAOP-COMM algorithm for online

planning in Dec-POMDPs with communication. At each step, each

agent maintains a pool of possible joint-histories H (one local history

per agent), each associated with a probability and a joint belief; that

is, the belief that would be obtained by an hypothetical agent that has

complete knowledge of all the agents’ histories. Given a joint-history
�ht, we denote b�ht to be the belief associated with �ht, and p(�h) to be

its probability.

Each agent approximates a one-step lookahead policy �π that maps,

for each agent, a local history to an action. We denote πi to be the

local component of �π and πi(hi) to be the action associated with

history hi. Given a joint-history �h = 〈h0, . . . , hn〉 the joint-action

executed will be �π(�h) = 〈π0(h0), . . . , πn(hn)〉. The objective is to

find a policy �π that optimizes the following value function:

V (�π) =
∑
�h∈H

p(�h)Q(b�h, �π(
�h)) (3)

In order to efficiently find a policy, it is initialized randomly, and

then each agent improves its local policy by assuming the policies of

other agents are fixed. Improvement terminates when an equilibrium

among the local policies is found; i.e. when no agent can improve its

own policy. After each action, all the histories in the pool are updated

by considering the corresponding action and every possible observa-

tion, and all the joint beliefs are updated. Coordination is guaranteed

because each agent will maintain the same set of possible histories,

and they use the same seed for a pseudo-random generator to initial-

ize the policies. In MAOP-COMM, agents decide to communicate

if they receive an observation that is inconsistent with their current

history pool. Formally, given the current history pool H , a local ob-

servation oi, and a small number ε, an agent decides to communicate

if and only if:

max
�h∈H,�o−i

(∑
s′∈S

O(〈oi, �o−i〉|s′,�a)
∑
s∈S

P (s|�a, s′)b�h(s)
)

< ε (4)

The rationale for this is that agents should communicate when they

receive an unexpected observation.

While MAOP-COMM guarantees coordination, we argue that this

comes at a cost. In order to ensure that agents reach the same equi-

librium, each agent i must consider all their own possible previous

histories, whereas only one history has been observed. This informa-

tion, in fact, is not generally available to the other agents. Moreover,

by taking into account an observation oi, an agent is often able to in-

fer additional knowledge about the probability of other agents’ histo-

ries. Even though the current action of an agent depends on its local

history, the fact that MAOP finds equilibria among all possible histo-

ries, and uses only information that is available to all agents, it results

in policies that cannot take full advantage of local observations.

BaGa-S (Subjective Bayesian Game approximation algorithm) [4]

attempts to make use of local observations in a more opportunis-

tic way. In BaGa-S agents consider only histories that are consistent

with their local observations. Agent i estimates the best action for the

other agents in each history a∗−i(�h) (Equation 5) and then finds its

best response a∗i (Equation 6).

a∗−i(�h) = arg max
a−i∈A−i

(
max
ai

Q(b�h, ai)

)
(5)

a∗i = arg max
ai∈Ai

∑
�h

p(�h)Q(b�h, 〈ai, a
∗
−i(�h)〉) (6)

After executing an action and receiving an observation, each agent

updates its belief pool by considering, from each possible joint be-

lief, the estimated action of other agents and all the possible joint-

observations that are compatible with its local observation. In order
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to limit the exponential growth of the belief history, BaGa-S uses

weighted k-means clustering to find, after each update, a fixed num-

ber of beliefs that represent the distribution over possible histories.

k-means clustering divides joint beliefs into k clusters and maintains

only the centre of each cluster as a representation of it. The clus-

ters are found such that the sum of the distance of each belief from

the corresponding centre is minimized. The centre of each cluster is

a belief where the probability of each state is the weighted average

among the probabilities of that state given the beliefs in the cluster,

with the weights being the probability of each history. Given two

possible beliefs b1, and b2, held by an agent i, a distance measure for

joint beliefs can be defined as:

d(b1, b2) =

√∑
s

(b1(s)− b2(s))2 · p(h2) (7)

Intuitively, this estimates the expected loss of information obtained

by merging b2 with b1. We multiply the distance only by p(h2) be-

cause this merging represents a loss of information only if the true

belief is b2.

Note that, each agent takes into account its local observation in

updating the belief pool, and so the pools maintained by different

agents may diverge at runtime. This, in turn, will lead to different

policies being computed for each agent and a further divergence in

the belief pools. As pointed out by Wu et al. [15], this might lead to

arbitrarily bad outcomes. On the other hand, taking into considera-

tion local observations in computing a plan might prove beneficial in

scenarios where only loose coordination is necessary.

3 OB-MAP

We now present Observation Based Multi-Agent Planning (OB-

MAP), an online planning algorithm that provides a good balance be-

tween opportunistic exploitation of information and the maintenance

of a certain degree of coordination. We argue that BaGa-S fails to do

this because, when an agent i is planning, it doesn’t consider the fact

that agents other than i also have only a partial view of the environ-

ment. In Equation 5, for example, they assume that other agents are

able to observe the current joint belief. Moreover, the clustering of

histories only takes into account the distance among joint beliefs. It

has been demonstrated by Oliehoek et al. [12] that in order for the

clustering of joint-histories to be lossless, one should merge only his-

tories that are equivalent both in terms of joint beliefs, and in terms of

the probability distribution over joint histories held by other agents.

Merging only equivalent histories only allows for limited reduction

in the size of the joint-histories pool, especially in large scenarios

where the number of possible histories grows very quickly with the

execution horizon. Our aim is to define a distance metric that ap-

proximates the lossless criterion and to use it in standard clustering

algorithms to perform a more aggressive clustering while still mini-

mizing the loss of information.

In order to do that, while updating the belief pool we also keep

track of the local belief of each agent in each history. Formally we

define a belief-node nk as a tuple:

nk = 〈�hk, bk0 , b
k
1 , . . . , b

k
n, p

k〉 (8)

where �hk is a joint-history, bk0 is the joint belief associated with the

joint history, bki with 1 ≤ i ≤ n is the local belief for agent i and pk

is the probability associated with the node. Given a local belief, bti ,
for agent i at time t, the joint-action �at and the local observation oti ,

the local belief for i at time t+ 1 can be computed as follows:

bt+1
i (s) = p(s|bti,�at, oti) =∑

s′,o−i

bt(s′)p(s|s′,�at)O(〈oti, o−i〉|s,�at)∑
s′,s′′,o−i

bt(s′)p(s′′|s′,�at)O(〈oti, o−i〉|s′′,�at)

(9)

where o−i is a tuple consisting of local observations for all agents

other than i. The update procedure is similar to the one for a joint be-

lief, but considers all possible joint-observations that have oi as a lo-

cal component. We refer to the updated local belief as p(∗|bti,�at, oti).
Note that, while the update considers only the local component of an

observation, the complete joint-action is needed.

3.1 Planning
In common with BaGa-S, when planning, each agent estimates the

local action that will be taken by the other agents in each joint his-

tory and finds the best response. In doing so, however, it takes into

account the fact that if a set of joint histories is associated with the

same local history for agent j, the agent will not be able to distin-

guish among them, and will choose the same action for all of them.

A local policy π is defined in the same way as in MAOP-COMM;

i.e. a mapping from local histories to local actions. Let h(nk, i) de-

note the local history for agent i in the node nk. Given the current

set of belief nodes Ni held by an agent i, and a history hj for agent

j different from i, agent i estimates the local action performed by j
by finding the joint action that maximizes the following:

πj(hj) = arg max
aj∈Aj

⎛⎜⎜⎜⎝max
a−j

∑
nk∈Ni s.t.

h(nk,j)=hj

Q(bk0 , 〈aj ,�a−j〉) · pk

⎞⎟⎟⎟⎠
(10)

For each agent, j, we consider together all the nodes that are as-

sociated with the same local history for j. These nodes, therefore,

represent joint beliefs that are indistinguishable from j’s perspective.

We assume that j will select, for all these nodes, the action that max-

imises the expected reward over all the associated joint beliefs.

After an agent has estimated all the actions of other agents, it finds

the local action that maximizes its expected reward over all possible

nodes. Suppose we take π−i to denote the joint policy that maps each

node nk to a joint action that is left unspecified for agent i and that

associates the action πj(h(n
k, j)) to each agent j other than i. Now,

we can estimate the best action for agent i, thus:

a∗i = arg max
ai∈Ai

∑
nk∈Ni

q(bk0 , 〈ai, π−i(n
k)〉) · pk (11)

The expected value of local action a∗i corresponds to∑
nk∈Ni

q(bk0〈a∗, π−i(nk)〉) · pk. When describing the rea-

soning of agent i we will use πi(n
k) to denote the policy that assign

a∗i to every node nk and π to denote the joint policy that assigns to

each node nk the joint action 〈a∗i , π−i(n
k)〉.

There is an important point of comparison to note here regard-

ing the OB-MAP and BaGa-S models. If there are only two agents,

and assuming the same clustering technique is used by them both,

the plan computed by our algorithm will be identical to that com-

puted by BaGa-S. Consider, for example, the point of view of agent

1. Since agent 1 only maintains beliefs that are compatible with its

local history, each belief node in the pool must be associated with
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Algorithm 1 Belief propagation

Input: N t
i , π−i, oi

Output: N t+1
i

1: N t+1
i = ∅

2: for all nk ∈ N t
i do

3: �a = π(nk)
4: for all o−i ∈ Ω−i do
5: �o = 〈oi, o−i〉
6: b0(∗) = p(∗|bk0 ,�a, �o )
7: p = p(�o |bk0 ,�a )
8: for all 0 ≤ j ≤ n do
9: bj(∗) = p(∗|bkj ,�a, �o [j])

10: hj = (hk
j , πj(n

k), �o [j])
11: end for
12: �h = 〈h1, . . . , hn〉
13: N t+1

i = N t+1
i ∪ 〈�h, b0, b1, . . . , bn, p〉

14: end for
15: end for

a different history for agent 2, otherwise the two nodes would be

equivalent. When estimating the action of agent 2, each belief-node

will be considered separately and Equations 10 and 11 (OB-MAP)

are equivalent to Equations 5 and 6 (BaGa-S). When there are more

than 2 agents, two beliefs in the pool might have the same history for

agent 2, but a different one for, for example, agent 3.

After an action is taken and an observation received, the nodes in

the belief pool need to be propagated. We consider each node in the

pool, with the estimated joint action and, for each joint-observation

compatible with the local observation received, we update the joint-

history and all the joint and local beliefs. We refer to the set of all

possible joint observations as Ω−i, with the i-th component left un-

specified, and we refer to the local component of a joint observation

�o associated with agent j as �o [j]. Algorithm 1 specifies how this pool

of belief nodes is updated.

3.2 Clustering
After propagating the beliefs, we perform clustering in order to main-

tain a bounded number of beliefs. The distance metric for belief

nodes is defined as:

d(nk, nl) =

√∑
s

(
max
0≤i≤n

(bki (s)− bli(s))
2

)
· pl (12)

This captures the idea that, for each state, we take the maximum dis-

tance among all pairs of corresponding (joint or local) beliefs. More-

over, instead of using weighted k-means clustering, we use a modi-

fied k-medoid clustering. This algorithm partitions Ni into k clusters

and finds, for each cluster Cj = {nk, . . . }, the node n̄Cj that min-

imizes the sum of the distances of each other element of the cluster

from n̄Cj . Formally:

n̄Cj = arg min
nk∈Cj

∑
nl∈Nk

d(nl, nk) (13)

We refer to node n̄Cj as the medoid of the cluster. Since the medoid

is an actual data-point, k-medoids is more robust to outliers and

noise, which are important to consider in planning problems. For

each cluster, we retain the one node at the medoid of the cluster,

defined as follows:

n
Cj
∗ =

〈
�hCj , b̄0, . . . , b̄n, p

Cj
∗
〉

(14)

where:

- b̄0, . . . , b̄n are the joint and local beliefs of the medoid node n̄Cj .

- p
Cj
∗ =

∑
nk∈Cj

pk is the sum of all the probabilities of the nodes

in the cluster.

- �hCj = 〈hCj

1 , . . . , h
Cj
n 〉 consists of, for each agent, the local his-

tory that appears with highest probability in the cluster. Formally,

if Hi denotes the set of possible local histories for agent i:

h
Cj

i = arg max
hi∈Hi

∑
nk∈Cj s.t.

h(nk,i)=hi

pk (15)

3.3 Communication Heuristics

We consider agents that can communicate in order to share their lo-

cal histories and synchronize on a common joint belief. This enables

agents to obtain more precise information about the current state of

the environment and to restore coordination when this is lost due to

misaligned belief pools. We assume that communication comes at

a cost (a negative reward), and we propose a heuristic technique to

adaptively make decisions on whether or not to communicate, based

on the current level of uncertainty and the expected value obtained

from communication. Given a communication cost Rc, and the cur-

rent belief node pool Ni, agent i can estimate the expected value

obtained by communicating as follows:

Vc = −Rc +
∑

nk∈Ni

pk ·max
�a∈ �A

Q(bk0 ,�a) (16)

Informally, since after communicating each agent will have full

knowledge about the current joint belief, we assume that the agents

can choose a different joint-action for each joint belief. Each agent

finds the best action for each belief-node and averages over their ex-

pected values. The agent then subtracts the cost of communication

and, if the resulting Vc is greater than the estimated value without

communication, it chooses to communicate. Note that, since the ac-

tion chosen for other agents when updating the belief pool are only an

estimate, and because of the clustering, the actual joint belief might

not be present in the belief-node pool. Moreover, from the point of

view of agent i, the heuristic does not take into account the value

obtained by other agents when they receive i’s local history, but only

the value obtained by i when it receives other agent’s observations.

We will demonstrate experimentally that this heuristic works well in

practice and provides an efficient way to estimate the added value of

communication.

Algorithm 2 specifies the main function of the OB-MAP planner.

The belief-node pool is initialized with a single node corresponding

to the empty history and that is assigned the initial beliefs b0 of all the

agents (Line 1). The computePolicy function (Line 3) estimates the

actions of other agents and finds the best response according to Equa-

tions 10 and 11. ComputeCommValue finds the expected value after

communication by applying Equation 16. If this value is higher than

the estimated value without communication the agent will communi-

cate with its team-mates in order to sync their true histories and find

a common joint belief. If communication occurs, the agents must re-

compute their policies taking into account the true joint belief (Lines

4-9). After executing their part of the policy (the local action found

as best response) and receiving an observation, the agents will prop-

agate the current belief-nodes and use k-medoid clustering to find k
belief nodes that best represent all the possible histories.
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Algorithm 2 Main OB-MAP execution function

Input: b0, Rc, k
1: N = {〈(), b0, b0, . . . , b0, 1〉}
2: for t = 0 to T do
3: π = computePolicy(N)
4: VC = computeCommValue(N,Rc)
5: if VC ≥ V (π) then
6: 〈bt, ht〉 = sync()
7: N = {〈ht, bt, bt, . . . , bt, 1〉}
8: π = computePolicy(N)
9: end if

10: execute best local response.

11: o = received observation

12: N = propagateBeliefs(N, π, o)
13: N = cluster(N, k)
14: end for

3.4 OB-MAP Complexity
Before presenting an empirical analysis of our model, we analyse

its runtime complexity for both belief propagation and belief node

clustering. At each step, the size of the set of beliefs N is bounded

by k, the number of clusters specified for the k-medoids algorithm.

When expanding the beliefs we take each of these k beliefs, consider

the action given by the policy π(nk) and, for each observation that

is compatible with the observed oi, we update the joint belief and all

the local beliefs. This gives a time complexity of

O(|Ω−i| · k · |I| · |S|2)

where S2 is the belief update, and |Ωi| =
∏

j∈I\{i} |Ωi|.
For k-medoids, we use the Partitioning Around Medoid (PAM)

[8] algorithm, which performs O(I · (k · (N − k)2)) comparisons,

where I is the number of iterations performed by the algorithm, N is

the initial number of beliefs, and k the number of clusters. Since, as

discussed above, the number of data points is |Ω−i|·k, and each com-

parison (Equation 12) takes |I| · |S|, the complexity of the clustering

phase is:

O(I · |Ω−i|2 · k3 · |S| · |I|)
The complexity of the process of computing a policy will depend on

the heuristics employed, but, in general, we evaluate | �A| · k actions

at each step. For the large majority of problems, runtime is domi-

nated by the clustering phase (which we confirmed experimentally),

and PAM is not the most efficient algorithm that could be employed.

CLARANS, for example, is an efficient clustering model designed

for mining large data sets. Although our problem is to solve a large

number of small clustering problems, it was analysed to be “a few

times faster than PAM” [11] for small data sets, and hence could be

employed to further optimise OB-MAP.

4 Evaluation
In order to effectively evaluate the OB-MAP model, we consider a

number of widely-employed benchmark problems. We pitch OB-

MAP against two state-of-the-art algorithms: one that uses com-

munication to synchronise agents’ beliefs to maintain coordina-

tion (MAOP-COMM), and one that exploits only local observations

(BaGa-S). Furthermore, in order to provide a fair comparison, in each

benchmark we assess relative performance where communication is

cost-free (OB-MAP versus MAOP-COMM under the same assump-

tions) and where no communication is permitted (OB-MAP versus

BaGa-S under the same assumptions, and also MAOP-COMM with

no communication).

In all the benchmark problems, we used a multi-step lookahead

MDP-based Q heuristic, QMDP . The heuristic is defined as follows,

where VMDP (s) is the expected value of the optimal policy for the

underlying MDP, starting from state s:

QMDP (b,�aj , l) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∑
s,s′

b(s)(R(s,�a) + P (s′|s,�aj)VMDP (s
′)) if l ≤ 1∑

s′
[b(s′)R(s′,�a)] +

∑
�ok

[p(�ok|bti,�aj)

max
�al

{Q(b�ai,�ok ,�al, l − 1)}]
if l > 1

(17)

Essentially the heuristic assumes full communication for l steps

and full observability after that. A better approximation could be ob-

tained by using a POMDP policy, which assumes full communica-

tion, but partial observability, over the whole problem horizon.

The benchmark problems that we used are:

• The decentralized tiger problem [10]. In this scenario, two agents

are in a corridor facing two doors: “left” and “right”. Behind one

door lies a hungry tiger and behind the other lies a treasure. Each

agent can either open one of the doors or listen for the presence

of the tiger. After each step, each agent receives a noisy observa-

tion about the position of the tiger. By listening, agents increase

their probability of receiving the correct observation. The agents

minimize their loss if they jointly open the door with the tiger and

maximize their reward if they jointly open the treasure door. After

either door is opened the problem is reset.

• The variant of 3x3 grid problem presented by Amato et al. [2]. In

this problem two agents can move along 4 directions in a 3x3 grid

world. Each agent only receives noisy observations about neigh-

bouring walls. The objective of the agents is to meet in either the

top-left or bottom-right cell.

• The stochastic Mars rover problem [3]. In this scenario, two agents

must perform different experiments at certain research sites. Some

of these sites may require multiple agents performing an experi-

ment together in order to get the most scientific value, while other

sites may require a specific tool to be used by a single agent. Pos-

itive rewards are given for successfully performing experiments

at each site and the task is completed when all experiments have

been conducted.

In order to verify our claim that the approximate planning model

described by Equations 10 and 11 improves upon BaGa-S for sce-

narios with more than 2 agents, we compared our approach against

standard BaGa-S and BaGa-S with our medoids-based clustering ap-

proach in the following scenarios:

• A 3 agent version of the decentralized tiger problem.

• A 3 agent version of the broadcast channel problem [7]. In this

problem, 3 agents attempt to send messages over a shared chan-

nel. Each agent has a buffer of at most one message. The channel

can deliver only one message at a time. Moreover the channel ran-

domly switches between a functional and a non-functional state.

If only one agent attempts to send a message, the channel is func-

tioning, and the buffer of that agent has one message, the agents

receive a reward of +1. If no message is delivered because the

channel is not functioning, because of a collision, or because the

agent trying to send a message has an empty buffer, the agents

obtain a reward of −s, where s is the number of agents that at-

tempted to send a message. At each step each agent receiving a

noisy observation signalling whether there has been a collision, a

successfully delivered message, or the state of the channel.
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Figure 1. The 2-Agent Decentralized Tiger Scenario

For all the scenarios we used an horizon of 100 steps.

Table 1. The 2-Agent Decentralized Tiger Scenario

MAOP-COMM OB-MAP BaGa-S

RC 0 5 NO 0 5 NO NO

R −62.9 −185.3 −207.0 207.3 −6.7 −128.8 −174.1
±138.2 ±136.6 ±30.7 ±30.8 ±117.6 ±54.9 ±28.7

C 24.5 24.5 0 36.3 7.6 0 0
±4.1 ±4.1 ±0 ±2.4 ±3.3 ±0 ±0

T[ms] 0.65 0.65 0.80 0.53 0.57 0.61 1.07

Table 1 presents results for the 2-agent decentralized tiger sce-

nario. The table summarises the average and standard deviation over

100 trials of the reward (R), the number of communication steps

(C) and the average execution time per agent per step (T[ms]) for

the three algorithms with varying cost of communication (Rc). For

both BaGa-S and OB-MAP we maintained 20 clusters. Since BaGa-

S does not consider communication, we report only the results in the

absence of communication (NO). In Figure 1 we present the distribu-

tion of reward for each algorithm and for varying cost of communi-

cation. Notice that the frequency of communication does not change

with the communication cost in MAOP-COMM. This is due to the

fact that MAOP-COMM only allows us to specify whether agents can

or cannot communicate, and communication cost is not taken into ac-

count. In order to simulate different communication costs we simply

subtracted from the obtained reward the total cost of communication.

Comparing the results of BaGa-S and MAOP (i.e. MAOP-COMM

with no communication) we can see that this scenario favours a more

opportunistic approach over guaranteed coordination. The OB-MAP

planner has a better average than either of the other algorithms, and

it makes better use of communication when available in compari-

son with MAOP-COMM. Since the results are not normally dis-

tributed, we tested them for significance using the Kruskall Wallis

test with post-hoc analysis consisting of Bonferroni corrected Mann-

Whitney tests. We obtained an asymptotic p-value of 0.000 both for

the comparison with MAOP-COMM and with BaGa-S2. The execu-

tion times for OB-MAP are comparable, but slightly lower than those

for MAOP-COMM and almost half of those for BaGa-S.

Table 2. The 3x3 Grid Scenario

MAOP-COMM OB-MAP BaGa-S

RC 0 0.1 NO 0 0.1 NO NO

R 25.4 22.2 15.6 25.3 21.7 21.5 6.88
±1.4 ±1.8 ±3.2 ±1.2 ±2.7 ±3.9 ±5.7

C 32.2 32.2 0 68.3 0.6 0 0
±4.6 ±4.6 ±0 ±3.0 ±0.7 ±0 ±0

T[ms] 0.77 0.77 72 7.09 90.0 71.19 86.45

Table 2 and Figure 2 summarize the results for the 3x3 Grid sce-

nario. For this scenario we used the QMDP heuristic with lookahead

equal to 1 and we set the number of clusters to 20 for both BaGa-S

and OB-MAP. In this scenario MAOP-COMM performs better than

BaGa-S. We believe that this is because this scenario requires tighter

coordination among team-mates; see discussion of the strict coordi-

nation argument above. Our approach performs significantly better

(asymptotic p-value of 0.000) than either MAOP-COMM or BaGa-S

in the absence of communication. When communication is available,

however, the results for OB-MAP are not significantly different from

MAOP-COMM (asymptotic p-value of 0.508).

2 The p-value of 0.000 denotes 0 to the precision available from the statistical
analysis tool used.

Figure 2. The 3x3 Grid Scenario
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Table 3. The Stochastic Mars Rover Scenario

MAOP-COMM OB-MAP BaGa-S

RC 0 2 NO 0 2 NO NO

R 150.9 119.7 43.5 284.6 222.6 141.9 110.0
±8.8 ±10.2 ±15.8 ±12.01 ±29.8 ±61.9 62.1

C 15.5 15.5 0 30.9 15.9 0 0
±3.3 ±3.3 ±0 ±3.2 ±1.7 ±0 ±0

T[ms] 0.7 0.7 434.3 3.5 12.8 31.5 27.9

Table 3 and Figure 3 report results for the Stochastic Mars Rover

Scenario. This represents another situation in which BaGa-S signif-

icantly outperforms MAOP-COMM in the absence of communica-

tion. OB-MAP, however, performs better than either MAOP (asymp-

totic p-value of 0.000) or BaGa-S (asymptotic p-value of 0.005) in

the absence of communication. When communication is available,

OB-MAP significantly out-performs MAOP-COMM (asymptotic p-

value of 0.000) and adapts well to more costly communication. Note

that, since all the scenarios discussed so far include only two agents,

the differences between OB-MAP and BaGa-S are only due to the

different clustering methods used.

In Table 4 we present the results for the comparison between

BaGa-S and OB-MAP algorithms on the 3-agent version of the tiger

scenario. We could not test MAOP-COMM in this scenario because

the implementation of MAOP-COMM used (kindly provided by the

authors) does not support scenarios with more than two agents. In

order to separate the effects of the clustering algorithm used, and

the different action selection mechanisms, we also analysed the be-

haviour of a version of BaGa-S that uses medoid clustering (BaGa-
S-medoids in Table 5). In our experiments, BaGa-S with k-medoids

agents always listened, without ever attempting to open any door.

This is the reason why their reward is always −303 (where -1 is

Figure 3. The Stochastic Mars Rover Scenario

Table 4. The 3-Agent Decentralized Tiger Scenario

OB-MAP BaGa-S BaGa-S-medoids

Rc 0 5 NO NO NO

R 577.6 200.3 -267.5 −299.6 −303.0
±58.0 ±39.9 ±133.9 ±11.1 ±0

C 61.0 34.0 0 0 0
±2.5 ±1.1 ±0 ±0 ±0

T[ms] 7.16 10.29 62.3 157.6 97.5

the cost of one agent listening). BaGa-S agents deviate only slightly

from this behaviour. OB-MAP behaves significantly better (asymp-

totic p-value of 0.000) than either BaGa-S or BaGa-S-medoids, while

the results of BaGa-S with medoids are not different from those of

BaGa-S (p-value of 1.000). We argue that this difference is due to

the fact that agents using the BaGa-S algorithm fail to correctly es-

timate the other agents’ actions, because they assume that the true

joint belief is known to them.

In Table 5 and Figure 5 we report results for the BaGa-S and OB-

MAP algorithms on the 3-agent Broadcast Scenario. In this scenario

BaGa-S-medoids performs considerably better than standard BaGa-

S. OB-MAP obtains better rewards than either standard BaGa-S (p

value 0.000) or BaGa-S-medoids (p value 0.040). The significance

of this difference between OB-MAP and BaGa-S-medoids confirms

that our planning algorithm better captures scenarios where there are

more than two agents.

Figure 4. The 3-Agent Decentralized Tiger Scenario
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Table 5. The 3-Agent Broadcast Scenario

OB-MAP BaGa-S BaGa-S-medoids

Rc NO NO NO

R −3.72 −16.55 −6.75
±7.88 ±10.74 ±9.12

C 0 0 0
±0 ±0 ±0

T[ms] 520.7 300.0 514.0

Figure 5. The 3-Agent Broadcast Scenario

5 Discussion

Online decentralized planning under uncertainty has been the subject

of a number of prior studies. Roth et al. [14], for example, proposed

Dec-COMM, an approach to online planning that provides guaran-

teed coordination at the cost of completely ignoring observations

unless these have been shared with all the team-mates. In common

with OB-MAP, agents keep track of the possible joint beliefs of the

team and use a QMDP (or QPOMDP ) heuristic to find an action that

maximizes the expected reward over all possible beliefs. In order to

guarantee that all agents will agree on the same action, they do not

take into account their local observation when propagating the pos-

sible beliefs. Agents decide to communicate their observations when

including these would result in choosing a different action.

BaGa-S builds upon BaGa [5]. In the BaGa algorithm, each agent

keeps track of all possible types (local histories) of all agents and

finds a policy mapping, for each agent type to actions. A policy rep-

resents an equilibrium; i.e. a situation where no agent can improve

the expected value of the policy by unilaterally changing their lo-

cal policy. Montemerlo proposed a number of heuristics for deciding

whether or not to communicate, some of which take into account

the cost of communication. They consider a model of communica-

tion where agents can decide to broadcast their own history to other

agents, without requiring other agents to also synchronize their his-

tory. In order to estimate the value of communication, each agent

prunes all the possible histories that are incompatible with its local

histories and find a policy for that belief pool.

In MAOP-COMM [15], agents perform one-step planning in a de-

centralized manner and estimate the long-term value from a belief us-

ing a QMDP heuristic. In order to find a locally optimal equilibrium

among agents’ policies, they use alternative maximization, where

each agent iteratively improves its policies assuming other agents’

policies are fixed. Agents communicate when they receive a local

observation that is inconsistent with their beliefs. While these algo-

rithms represent improvements in the way observations are taken into

account, the fact that the policy must represent an equilibrium be-

tween all histories, even those that are not compatible with an agent’s

local history, results in policies that are sometimes too conservative.

Moreover, by taking into account only joint histories that are com-

patible with an agent’s observations, we can decrease the number of

candidate histories and obtain better clusters.

As mentioned by Wu et al. [15], BaGa is not able to deal with sce-

narios as large as those used to evaluate our approach. This is due to

the fact that the clustering technique used in BaGa does not ensure

that only a bounded number of beliefs is retained at each step. More-

over, the results reported by Wu et al. [15] shows that MAOP-COMM

out-performs Dec-COMM in most situations. For these reasons we

used MAOP-COMM to compare OB-MAP against; it represents the

best available state-of-the-art algorithm.

Kaufman and Roberts [9] analyse the trade-off between using lo-

cal information and guaranteed coordination in multi-agent planning.

Their analysis, however, considered limited scenarios where the tran-

sition probabilities are uniform and therefore the value of observa-

tions is limited.

6 Conclusion
In this paper we have proposed OB-MAP, a novel algorithm for on-

line planning in Dec-POMDPs. The algorithm is inspired by BaGa-S

in terms of the use of local observations, but also enables value-aware

communication between agents to maintain coordination in domains

in which local observations are insufficient. This provides a balance

between approaches that guarantee strict coordination but fail to take

into account local information during planning, and approaches that

use local information but fail to maintain acceptable levels of coor-

dination in many scenarios. We propose a heuristic to decide when,

given the cost of communication, agents should communicate in or-

der to synchronize their histories and agree on a common joint belief.

We evaluated our approach on a number of benchmark scenarios and

we have shown that it performs significantly better than two algo-

rithms that best represent the state-of-the-art.
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A Framework for Actionable Clustering Using Constraint
Programming

Thi-Bich-Hanh Dao1 and Christel Vrain1 and Khanh-Chuong Duong1 and Ian Davidson2

Abstract. Consider if you wish to cluster your ego network in Face-

book so as to find several useful groups each of which you can in-

vite to a different dinner party. You may require that each cluster

must contain equal number of males and females, that the width

of a cluster in terms of age is at most 10 and that each person in

a cluster should have at least r other people with the same hobby.

These are examples of cardinality, geometric and density require-

ments/constraints respectfully that can make the clustering useful for

a given purpose. However existing formulations of constrained clus-

tering were not designed to handle these constraints since they typ-

ically deal with low-level, instance-level constraints. We formulate

a constraint programming (CP) languages formulation of clustering

with these cluster-level styles of constraints which we call action-
able clustering. Experimental results show the potential uses of this

work to make clustering more actionable. We also show that these

constraints can be used to improve the accuracy of semi-supervised

clustering.

1 Introduction

Most clustering is unsupervised with a recent movement to adding

constraints, an area generally known as constrained clustering [2].

Previous work is most suitable for the semi-supervised setting where

a few instances are labeled and the instance-level must-link and

cannot-link constraints can be generated from them [2]. The

data is then clustered under small numbers of these constraints with

the number of clusters equaling the number of different labels. Per-

formance is typically measured in terms of prediction: how well the

clustering found matches the ground truth clustering induced by the

labels. However, in many domains experts can provide complex con-

straints that are not generated from a ground truth, rather they cap-

ture what makes the clustering useful (or not useful) in the domain.

To emphasize this focus we term this actionable clustering.

Consider our motivating example of clustering an ego network so

that each cluster can be invited to a separate dinner party. A cluster-

ing algorithm may find a useful grouping that results in a successful

party but is unlikely to unless we somehow encode what is required.

Further uses can be modeled in the semi-supervised clustering set-

ting if we know something about the underlying label set. Suppose

we have labels that correspond to gender. If we know that in our data

set there are twice as many males as females we can constrain the

cluster sizes accordingly. Similarly if we know the males are typi-

1 Univ. Orléans, INSA Centre Val de Loire, LIFO EA 4022, F-
45067, Orléans, France, email: thi-bich-hanh.dao@univ-orleans.fr, khanh-
chuong.duong@univ-orleans.fr, christel.vrain@univ-orleans.fr

2 Department of Computer Science, University of California, Davis, email:
davidson@cs.ucdavis.edu

cally closer in age than the females we can create the requirement to

enforce that the diameter of one cluster is smaller than the other.

Existing instance level constraints cannot be used to specify this

type of guidance. Consider the constraint that the number of males

and females in each cluster should be approximately equal. Since

instance level constraints are specified a priori to the algorithm be-

ginning execution they typically cannot constrain any property that

dynamically changes during the algorithm’s execution such as the

cluster composition. Constraining cluster level properties has proba-

bly not been well studied as it is challenging to do so in procedural

languages and mathematical programming but can be elegantly per-

formed in constraint programming (CP) languages which we use in

this work.

The use of CP means that any clustering algorithm implementation

will not scale to data sets larger than 10,000 points as these methods

find the global optimum. Though this will prevent our work’s usage

on big data problems, recently work has shown [15, 14] many inter-

esting real world problems are small data problems involving small

but difficult to understand data sets. One characteristic of these prob-

lems is the need to find the very best clustering (the global optima)

which effectively precludes scalability due to the intractability of the

underlying optimization problem. Our work can be considered as al-

lowing actionable clustering for these small data problems but our

work can still be applied to thousands of data points as we have done

in our experiments.

Our contributions are as follows:

• We look at new types of constraints beyond instance level con-

straints that must be calculated dynamically allowing for a new

style of cluster level constraints.

• We introduce cardinality, density and geometric styles of cluster

level constraints and show they can be easily specified in CP for-

mulations.

• We experimentally explore the uses of these constraints to enforce

guidance to ensure clusters are actionable by showing they can

find alternative clusterings.

• We show experimentally that these constraints can help in the

semi-supervised setting in a number of ways. They can be used

in addition to instance level constraints or can be used in lieu of

instance level constraints to improve clustering accuracy.

Our paper is laid out as follows. In the next section we outline the

actionable clustering problem and then related work. Next follows

the type of constraints we can build actionable clusters on including

geometric, density and cardinality constraints. Such constraints are

challenging to encode in procedural or mathematical programming

formulations so instead we use a CP framework that allows to en-

code a variety of objective functions. The benefits of modeling both
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the constraints and objective functions in CP include ease of solving

but also allow specifying a framework which others can build upon

by adding in more objectives and constraints. Next we describe our

experiments including a variety of data set types after which we con-

clude.

2 The Actionable Clustering Problem
Consider the classic clustering problem. We are given a data set X
where each instance x ∈ X is described by a vector of features f .

Typical objective functions include minimizing the vector quantiza-

tion error (k-means), minimizing graph cuts (spectral methods) if the

data is represented as a graph and a similarity measure is used, and

optimizing cluster properties such as minimizing the maximum clus-

ter diameter. In our work we present the novel extension that each

instance is further described by a set of properties from which the

definitions of what is actionable/interesting is given. To separate our

features and properties we use the notation: xf
i and xp

i to represent

the features and properties of the ith instance respectfully.

In our formulation the feature vectors X f are used to calculate the

clustering objective function value and the constraints are enforced

on the property vectors X p. However, there is nothing stopping the

same attribute of an instance being in both vectors and used as both

a feature and property.

Formally the actionable clustering problem is formulated as:

argminΠ g(X f ,Π) (1)

s.t. φc(X p,Π), φd(X p,Π), φg(X p,Π)

where Π is a partition/clustering,

g is an objective function,

φc,d,g models the cardinality, density and geometric constraints

The type of constraints we will explore in this paper can be di-

vided into four categories: i) cardinality, ii) density, iii) geometric

and iv) complex logical combination of these constraints which we

now discuss in turn. They are not the only relevant ones but the most

pragmatic in clustering: cardinality constraints are useful for cate-

gorical attributes, density constraints for relational information and

geometric constraints for real value attributes. It is important to note

that these constraints can be applied simultaneously for multiple
different properties on multiple clusters.

i) Cardinality constraints place a requirement on a count of the ele-

ments in a cluster having a property. They may be as simple as each

cluster should contain at least one female to more complex variations

such as the number of males must be no greater than two times the

number of females.

ii) Density constraints relate to a cardinality constraint in that it pro-

vides requirements on a count of a property except not for an entire

cluster but rather a subset of instances in the cluster. For example,

we may require each person have at least 10 people in his/her cluster

sharing the same hobby.

iii) Geometric constraints place an upper or lower bound on some

geometric property of a cluster or cluster combination. Examples in-

clude that the maximum diameter of a cluster with respect to the age

property is 10 years. This would prevent clusters containing individ-

uals with a wide range of ages.

iv) Complex logic constraints express logic combinations of con-

straints, which can be instance-level or cluster-level constraints. For

instance, we may require that any cluster having more than 2 profes-

sors should have more than 10 PhD students.

Positive vs Negative Requirements. Up to this point we have dis-

cussed finding clusters which are actionable since they meet a partic-

ular set of requirements. However, it is also likely that a clustering is

actionable because it does not contain a set of properties. This idea

of using negative feedback was first explored in the alternative clus-

tering literature [21, 3, 25, 19]. There the problem was given a good

(according to the objective function value) clustering Π which is not

actionable (perhaps because it is trivial or inappropriate) find an al-

ternative clustering Π′ such that Π′ has a good objective function

value but Π and Π′ are different using some sort of measure such as

the Rand index. However, that work is limited in that how Π′ is dif-

ferent to Π is not controlled. Instead with actionable clustering if the

existing clustering has undesirable properties such all females in one

cluster, we can explicitly require that females be equally distributed

(i.e. ∀i, j CountFemale(πi) ≈ CountFemale(πj) where πi is

the ith cluster).

3 Related Work
The style of constraints we explore in this paper to our knowledge

has not been explored before. We briefly survey the related areas of:

i) instance level constrained clustering, ii) relational clustering and

iii) clustering using CP.

Instance level constrained clustering. As mentioned earlier most

of this work is applicable to the semi-supervised setting where the

must-link and cannot-link constraints must be given apriori.

There have been a large variety of clustering algorithms to encode

these constraints such as k-means, hierarchical, expectation maxi-

mization (EM) and spectral methods [2]. Our work differs since we

explore more complex constraints beyond simple pairwise instance

level constraints. Moreover, our framework finds a global optimum

while classic clustering algorithms look for local optima.

Relational clustering. The area of relational clustering [20] aims

to cluster data represented by both feature and simple pairwise re-

lations such as brother, son-of and married. The technical

challenge is to combine both feature and relational information in

such a way that both can be used in the objective function of the

clustering algorithm. Our work differs since we are looking at more

complex guidance beyond relational information but also as we use

extra information beyond features as constraints to be enforced not

modeled as part of the objective function.

Clustering using CP. To our knowledge little work uses Constraint

Programming for clustering. We proposed a CP model for distance-

based clustering integrating several optimization criteria and differ-

ent kinds of constraints [4, 6]. This work integrates only classic con-

straints and does not contain the complex constraints on properties

we consider in this paper. A fundamentally different pattern mining

approach based on CP [10, 17] has been generalized to k-pattern set

mining [18] and applied to model conceptual clustering, where each

cluster is characterized by a set of properties common to all the ele-

ments of the cluster.

4 A Quick Primer on CP
There are many benefits to formulate our work in a CP language. Not

only does it allow elegant formulation as a constrained optimization

problem but it guarantees to find a global optimum, a critical require-

ment for valued data that are small and collected only once (eg. fRMI

data). Furthermore, relaxing the problem so it becomes just a satis-

faction problem allows to explore all the possible solutions and even

to determine if there exists a feasible one.
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A Constraint Satisfaction Problem is modeled by (X,Dom,C),
where X is a set of variables, each variable x ∈ X is associated

with a domain Dom(x) and C is a set of constraints, each constraint

expresses a condition on a subset of X . A solution is a complete as-

signment of value v ∈ Dom(x) to each variable x ∈ X that satisfies

all the constraints of C. When an objective function is added, the

problem becomes a Constraint Optimization Problem and the aim is

to find a solution that optimizes the objective. The originality of CP

solvers is to alternate two steps: propagation allowing to filter the

variable domains and branching. Different strategies can be used to

create and to order branches at each branching point. They can be

standard search strategies defined by CP solvers or can be specifi-

cally developed. Moreover, many kinds of constraints are available:

elementary constraints expressing arithmetic or logic relations, or

global constraints, as for instance the cardinality constraint, denoted

by # and allowing to count a set of objects and to place a constraint

on the obtained number. Although equivalent to conjunctions of el-

ementary constraints, global constraints usually benefit from more

efficient filtering algorithms. Reified constraints are available, which

allow to link a boolean variable to the truth value of a constraint.

5 A CP Formulation of Actionable Clustering

We begin by discussing how to find globally optimal clusterings in

CP and then move onto discuss how to encode the new types of con-

straints we introduce in this work. As is typical in the field, we show

how to encode these constraints in a generic language-free manner.

To aid in reproducibility of results all code will be made available in

the CP solver library Gecode3.

5.1 Clustering in CP

For modeling clustering we rely on the CP clustering model pro-

posed in our earlier work [6]. Clusters are identified by their index,

varying from 1 to K (K denotes the number of clusters). Instances

are also identified by their index, ranging from 1 to N . The assign-

ment of instances to clusters is modeled by the integer variables Gi

for i ∈ [1, N ], with Dom(Gi) = [1,K] (the set of integers from 1

to K): Gi = k means that the ith instance is put into cluster num-

ber k. A complete assignment of the variables Gi therefore defines

a clustering. However, several complete assignments can lead to the

same composition of the clusters, where the only difference is the

index of the clusters. In order to break this kind of symmetry, the CP

constraint precede([G1, .., Gn], [1, ..,K]) is used. This constraint en-

forces that the instance number 1 is in the cluster number 1, and an

instance number i can be in a cluster k if the cluster k − 1 is not

empty and contains an instance j with j < i.
The model in [6] integrates several optimization criteria: maximiz-

ing the minimal separation between clusters, minimizing the maxi-

mal diameter of the clusters, minimizing the within-cluster sum of

dissimilarities, or minimizing the within-cluster sum of squares [5].

All these criteria are NP-hard: minimizing the diameter is polynomial

for K = 2 but NP-hard for K ≥ 3 [16], maximizing the separation

is polynomial [11] but becomes NP-hard with user constraints [8],

minimizing the sum of dissimilarities is NP-hard since the weighted

max-cut problem, which is NP-complete [12], is a particular instance

of this problem with K = 2 and the NP-hardness of minimizing the

sum of squares is proven in [1]. These criteria can be used in our

framework where the distances are computed from X f .

3 http://www.gecode.org

We extend this previous work to integrate constraints put on the

property X p. From the semantic point of view these constraints can

be divided into four categories: cardinality constraints, density con-

straints, geometric constraints and complex logic constraints.

5.2 Cardinality Constraints
Cardinality constraints allow to express requirements on the number

of instances that satisfy some conditions in each cluster. The condi-

tion can be for instance being more than 20 years old and the car-

dinality constraint can state that each cluster must have more than

30 persons being more than 20 years old. The minimal capacity con-

straint (also called minimum significant constraint in [13]) is then a

special case of a cardinality constraint.

Given a condition, the set C of the instances that satisfy it can be

computed and the number of instances of C that are in a cluster k can

be captured using the CP cardinality constraint and a variable Yk:

#{i ∈ C | Gi = k} = Yk (2)

The constraint
∑K

k=1 Yk = |C| enforces the link between the vari-

ables Yk. Cardinality constraints are then expressed by arithmetic

constraints on Yk. Let us illustrate this by some examples.

• Each cluster must have at least 50 females of age more than 20.
The set C is the set of instances i such that female(i) = true and

age(i) > 20. For k ∈ [1,K], the constraint of Equation (2) is put

as well as the constraint Yk ≥ 50. The number of new introduced

variables is K and the number of constraints is 2K + 1.

• In each cluster, the number of teachers must be no less than half
the number of students. Let Ct and Cs be the sets of instances that

are teachers and students, respectively. For k ∈ [1,K], constraints

similar to Equation (2) are put with the variables Tk and Sk to

capture the number of teachers or students in the cluster k. These

variables are linked by the constraint 2Tk ≥ Sk. The number of

new variables is 2K and the number of constraints is 3K + 1.

5.3 Density Constraints
Density constraints provide bounds on the occurrence of some prop-

erties on a subset of instances in each cluster. For instance, each per-

son being more than 20 years old should have in his/her cluster more

than 5 persons sharing the same hobby. Density constraints allow

a more general form than the basic ε-ball count constraint [8]. To

express this constraint, for each instance i ∈ [1, N ] which is eligi-

ble (eg. more than 20 years old), the set of neighborhood instances

NI(i) (eg. persons having the same hobby) is determined. The num-

ber of instances of NI(i) in the same cluster as i can be captured

using the variable Zi and:

#{j ∈ NI(i) | Gj = Gi} = Zi (3)

Arithmetic conditions are then stated on Zi to express density con-

straints. Let us take the following examples.

• In the same cluster, each person should have at least 5 persons
having the same hobby. For each instance i, we compute the set

NI(i) = {j ∈ [1, n] | hobby(i) = hobby(j)}. The fact that

there must be at least 5 other persons of NI(i) in the same cluster

as i means the value of Gi must be taken at least 6 times by the

elements in NI(i). Therefore the constraint of Equation (3) is put

as well as the constraint Zi ≥ 6.
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• Each person of age between 20 and 55 should have at least 10%
persons with a difference in age less than 5 in the same cluster.
For each instance i such that 20 ≤ age(i) ≤ 55, NI(i) contains

all the instances j such that |age(i)−age(j)| ≤ 5. The constraint

of Equation (3) is put as well as the constraint Zi ≥ |NI(i)|/10.

In these cases, the number of new introduced variables is N and the

number of CP constraints is 2N . Let us notice that the computation of

the neighborhoods is done only once before putting CP constraints.

5.4 Geometric Constraints
Geometric constraints allow to set bounds on some geometric prop-

erties inside each cluster, or between the clusters.

• Any two clusters must be separated by at least 10 on the age
property. Therefore any pair of instances i, j having |age(i) −
age(j)| < 10 must be in the same cluster. For these pairs of in-

stances the constraint Gi = Gj is put.

• Each cluster must have at most 40 difference on the age property.
That means any pair of instances i, j having |age(i)− age(j)| >
40 must be in different clusters. For them, Gi = Gj is put.

In these cases, the number of CP constraints needed is at most

quadratic compared to the number of instances. However, we have

defined in our earlier work [6] the global constraints split and diam-
eter that use a distance d. The constraint split(G,S, d) enforces that

the minimal split (separation) between cluster is captured by a vari-

able S, and diameter(G,D, d) enforces that the maximal diameter

of the clusters is captured by a variable D. These global constraints

are more efficient than expressing split or diameter constraints by

must-link or cannot-link constraints. They can be used in our setting

with d defined by d(i, j) = |age(i) − age(j)|, the first case is then

expressed by two constraints split(G,S, d) and S ≥ 10.

A geometric constraint can also place a bound on the sum of all

the values on some properties inside each cluster, or a condition on

the ranges of some properties of the clusters. For instance, age ranges

of the clusters should or should not overlap, or the total sum of age

in each cluster must not exceed some value.

• The average age in each cluster must not exceed 50. To express

this constraint, for each instance i and each cluster k, we introduce

a boolean variable Bik ∈ {0, 1} (0:false and 1:true). A reified

constraint 4 Bik ↔ (Gi = k) is put, ie. Bik represents whether

or not instance i is in the cluster k. For each k ∈ [1,K], the sum

of age Sk and the cardinality Ck are linked by:∑
i∈[1,N ] age(i)Bik = Sk

#{i ∈ [1, N ] | Gi = k} = Ck

The bound is therefore expressed by: Sk ≤ 50Ck. In this case,

N × K boolean variables (Bik), K float point value variables

(Sk) and K integer value variable (Ck) are introduced. This case

is expressed by 3K CP constraints.

• Constraints on the property ranges of the clusters. We consider

constraints that state conditions on the ranges of the clusters on

a property p. To capture the range of a cluster, for each cluster

k, we introduce the variables Mink and Maxk that represent the

4 A reified constraint on a constraint c, stated by B ↔ c, links the truth
value of a constraint c to a boolean variable B: B is 1 if the constraint c is
satisfied, 0 if c cannot be satisfied, or B ∈ {0, 1} if the satisfaction of c
has not yet been determined.

minimal and the maximal values on the property p of the elements

in the cluster k. Let mp be the maximal value of the property p
for all the instances. The minimal and maximal values are linked

by the following constraints:

Mink = mini∈[1,n](p(i)Bik +mp(1−Bik))
Maxk = maxi∈[1,n](p(i)Bik)

The constraint that the ranges on p of the clusters should not over-

lap can be expressed by putting, for any two clusters k, k′,

(Mink > Maxk′) ∨ (Mink′ > Maxk)

A constraint stating that the range of a cluster k must be included

in the range of another cluster k′ can be expressed by:

Mink ≥Mink′ and Maxk ≤Maxk′

This requires N ×K boolean variables and 2K float point value

variables. The number of constraints is linear on K.

5.5 Complex Logic Constraints

Complex logic constraints can be used to enhance the expressivity

power of formulating knowledge. This can be done in CP using rei-

fied and Boolean constraints as shown by the following examples.

• Two instances 3, 9 are in the same cluster if the instances 11, 15
are in different clusters. Two Boolean variables B1, B2 are intro-

duced with the constraints: B1 ↔ (G11 = G15), B2 ↔ (G3 =
G9) and B1 ≤ B2.

• Any cluster having more than 5 professors must have at least 10
PhD students. For each k ∈ [1,K], let Pk and Sk be the variables

that capture the number of professors and students in the cluster k,

using cardinality constraints such as in Equation (2). Two Boolean

variables BPk and BSk are introduced and linked by BPk ↔
(Pk ≥ 5), BSk ↔ (Sk ≥ 10), and BPk ≤ BSk.

6 Experiments

We begin by outlining the underlying questions our experiments at-

tempt to address and then move onto the experimental methodology

and results. It is important to realize that many clustering papers will

have experiments showing how well their algorithm performed by

performance on some objective function value. These types of ex-

periments are not applicable in our setting since the CP framework

finds the global optima. Similarly experiments to verify our method

finds a clustering that satisfies the constraints are not required since

once the requirements are formulated by constraints, the CP frame-

work is guaranteed to converge if a feasible clustering exists. Our

experiments attempt to address the following questions:

1. In the semi-supervised clustering setting, can the quality of the

solution be improved with constraints beyond instance-level con-

straints?

2. Can our constraints be used to find actionable clusterings that are

alternatives to an existing clustering?

3. How do our constraints increase the run-time of the underlying

clustering algorithm?

For the first question, we show that a cardinality constraint added

to instance-level constraints yields better solutions than just using
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instance-level constraints (see Table 2). This is so as we can effec-

tively control the resultant cluster sizes to better match the label pop-

ulations, something instance level constraints cannot readily do. We

also show for the setting where different labels are not well separated

that a geometric constraint can increase performance where as previ-

ously no instance level constraints have been able to. Finally, we also

show that cardinality constraints enforcing cluster size by themselves

can improve semi-supervised clustering accuracy (see Figures 2 and

3). For the second question we show on a visually understandable

digit data set that our constraints are capable of finding quite dif-

ferent clusterings (Figures 4, 5 and 6) with even simple constraints.

Importantly this explores the novel direction of guided alternative

clustering. For the last question we show that examples of cardinal-

ity, diameter geometric and logical constraints do increase run times

compared to using no constraints (Tables 4, 6 and 7). This increase

is only fractional for most of cases but can be more important for

instance with a density constraint.

The framework is implemented using the CP solver library Gecode

4.3.3. The objective function in the experiments is to minimize the

maximal diameter of the clusters. As it was done in [4, 6], the in-

stances are reordered by the Furthest Point First algorithm [16], so

that instances that are far from the others have small index. Concern-

ing the search strategy, at each branching point, the solver chooses

an unassigned variable Gi with the smallest remaining domain. All

values k ∈ Dom(Gi) are examined and the distance between in-

stance i and cluster k is computed: it is equal to the smallest distance

d(i, j) such that Gj is instantiated to k, or 0 if cluster k is empty.

The value k of the closest cluster to i is chosen and two branches

are created with Gi = k and Gi = k. All experiments are per-

formed on a 3.4GHz Intel Core i5 processor with 8Gb of RAM under

Ubuntu 14.04. The relevant code to reproduce the results is available

on www.cp4clustering.com.

6.1 Improving Semi-Supervised Clustering Results

In the semi-supervised learning setting typically labels on a subset

of instances are used to generate instance-level constraints such as

must-link or cannot-link constraints. Here we first explore if the la-

bels can be better exploited by inferring more complex constraints

on the clusters. We illustrate this point by considering diverse UCI

datasets, which vary on the number of instances and on the number

of classes and that will be used in various conditions. They are de-

scribed in Table 1. In these experiments all the objects of the datasets

are considered and the number K of clusters is set to the true num-

ber of classes for each dataset. Performance is typically measured

in terms of prediction: how well the found clustering matches the

ground truth clustering. To measure the accuracy of a clustering P
compared to the ground truth clustering P ∗, we use the Rand Index

[23] which is defined by RI = (a + b)/(a + b + c + d), where a
and b are the numbers of pairs of instances for which P and P ∗ are

in agreement (a, or b, is the numbers of pairs of instances that are

in the same class, or respectively in different classes, in both P and

P ∗), c and d are the numbers of pairs of instances for which P and

P ∗ disagree (same class in P but different classes in P ∗ and vice

versa). This index varies from 0 to 1 and the better the partitions are

in agreement, the closer RI to 1.

Dataset # objects # classes

Iris 150 3

Wine 178 3

Glass 214 7

Ionosphere 351 2

Breast cancer 569 2

Synthetic control 600 6

Vehicle 846 4

Yeast 1484 10

Multiple feature morphology 2000 10

Image segmentation 2100 7

Table 1. Properties of datasets

6.1.1 Adding A Single Cardinality Constraint to Instance
Level Constraints

Instance-level constraints can decrease the quality of the found clus-

tering compared to the ground truth clustering, as was reported in our

earlier work [9]. We consider the datasets Iris, Wine, Breast Cancer

and Ionosphere in order to match the experiments in [9]. All the at-

tributes are considered as features (X f ) in order to compute pairwise

Euclidean distance and they are also considered as properties (X p).

We generate a number of randomly created (from labels) instance-

level constraints as is standard [2]: two instances are randomly taken,

whether their labels are the same or not a must-link or a cannot-link

constraint is stated, and this is repeated until required the number of

instance-level constraints is reached. On those same taken instances

we generate a minimum cardinality constraint for all clusters as fol-

lows: let the whole dataset be of N instances, the labeled sample be

of e instances, and the smallest cluster size observed on the labeled

sample be m, then for the whole dataset, the smallest cluster size is

set to 0.9m
e
N . This simulates a user guess at how big the smallest

cluster should be based on the less frequent occurring label.

We compare two cases: first, clustering with a set of randomly

generated instance-level constraints and second, clustering with the

very same instance-level constraints and a minimum cardinality con-

straint as described above. We perform 1000 experiments and report

the average Rand Index of all the experiments in Table 2. We can

observe that for Iris, Wine and Breast Cancer, adding a cluster cardi-

nality constraint helps to get better clusterings on average. For these

datasets, we analyze the distribution over all experiments of the ac-

curacy decrease or increase over not using any constraints. Figure 1

shows that adding instance-level constraints decreases the quality in

a large number of cases which agrees with [9]. On the other hand,

the improvement is more stable when using a minimum cardinality

constraint along with instance-level constraints. This is most like be-

cause enforcing a cardinality constraint prevents skewed cluster sizes

which can yield poor performance.

# Iris Wine Breast Cancer

0 0.8737 0.8737 0.6859 0.6859 0.5509 0.5509

10 0.8735 0.8743 0.6844 0.6899 0.5547 0.7110
20 0.8768 0.8782 0.6857 0.6959 0.5577 0.6757
30 0.8811 0.8825 0.6885 0.7031 0.5602 0.6419

Table 2. The average Rand Index vs number of instance-level constraints

over 1000 runs for 2 cases: just instance-level constraints (left) and instance-

level constraints with a minimal cluster cardinality constraint (right).

A Challenging Data Set. We observe from Table 3 what was ear-

lier reported [9] for Ionosphere, instance level constraints do not im-

prove results significantly. In that earlier paper of ours it was shown
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that the geometry of the data is quite different to the labels which

means that many labels of different types are inter-mixed close to-

gether, that is there is not naturally a cluster for each class. Not sur-

prisingly, adding a minimum cardinality constraint does not help ei-

ther, as the clusterings found for this dataset with instance level con-

straints have quite balanced cluster sizes. Adding a minimum cardi-

nality constraint in this case does not change therefore the result. We

therefore experiment with a third case, where we force separate clus-

ters as follows. From the subset of the labeled instances, we compute

the approximate minimal split S between clusters, and infer that the

clusters should be separated by at least 2
3
S. This enforces a clus-

ter separation that would normally not be found with instance level

constraints. This results in Table 3, which shows that this constraint

yields better clustering.

# Ionosphere

0 0.4988 0.4988 0.4988

10 0.4992 0.4992 0.5988
20 0.4997 0.4997 0.5584
30 0.5002 0.5002 0.5364

Table 3. The average Rand Index over 1000 runs for 3 cases: (1) instance-

level constraints, (2) instance-level constraints with a minimal cluster cardi-

nality constraint, (3) only geometric minimal split constraint.
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Figure 1. For the experiments reported in Table 2, the frequency distribu-

tion (y-axis) over the 1000 experiments by the amount of increase or decrease

in accuracy over not using any constraints (x-axis). Ordering of figures are for

Iris, Wine and Breast Cancer each one with 30 instance-level constraints. As

we can see instance-level + cardinality constraints (red-bar) produces more

increases and less decreases in accuracy.

6.1.2 Adding Multiple Cardinality Constraints

Here we consider the novel use of our work for semi-supervised clus-

tering. Rather than using the labeled data to generate must-link and

cannot-link constraints, we instead use the labels to provide upper

and lower bound estimates on the cluster sizes. The datasets Glass,

Breast cancer, Vehicle and Yeast, which have larger numbers of ob-

jects and of clusters are considered. We experiment four cases: (1) no

constraint, (2) a constraint on minimal cluster size α is added, (3) a

constraint on maximal cluster size β is added, and (4) a constraint on

minimal cluster size α and a constraint on maximal cluster size β are

added. The thresholds α and β are set depending on the known la-

bels of the datasets: they are respectively 9 and 90 for Glass, 150 and

400 for Breast cancer, 150 and 250 for Vehicle and 10 and 500 for

Yeast. The Rand Index is measured for each case and the results are

presented in Figure 2. We can clearly observe that with a size con-

straint the Rand Index is improved compared to the unconstrained

case. This behavior is the same for a small value of K (Breast cancer

with K = 2) or with a large value of K (Yeast with K = 10). The

improvement is very large for Breast cancer and convincingly shows

that if the cluster sizes can be effectively estimated based on labels

they can yield improved results over using no constraints.

Glass Brst. Canc. Vehicle Yeast
0.5
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size ≤ β α ≤ size ≤ β

Figure 2. Rand Index in different cases: without constraint and with mini-

mal and/or maximal size constraints

A related question is of course how do instance level and cardinal-

ity constraints interact. To explore this question we use a wide variety

of data set properties. Figure 3 presents the obtained Rand Index for

the datasets Breast cancer, Synthetic control, Multiple feature and

Image segmentation with four other cases. In the first case, there is

no user constraint. In the second case, 20 instance-level constraints

are randomly generated and added. In the third case, the constraints

requiring that the cluster size must be between α and β are added,

where α and β are respectively 150 and 400 for Breast cancer, 50

and 150 for Synthetic control, 50 and 350 for Multiple feature and

200 and 400 for Image segmentation. In the fourth case both cluster

size constraints and 20 instance-level constraints are added. For the

second and the fourth cases, we make 100 runs and report the aver-

age Rand Index of all the runs. We can observe different behaviors

with cluster size constraints here. While for Synthetic control, the

constraints slightly decrease the Rand Index, for Multiple Feature,

they bring slight improvement. The most significant improvement is

observed for Image Segmentation. This dataset is composed by 2100

objects of 7 classes with 300 objects per class. In the unconstrained

case, the clustering found has the Rand Index 0.226314 and is very

unbalanced, with two clusters of 1 object and with a large cluster of

1972 objects. The situation is not improved with 20 random must-

link or cannot-link constraints, the clusterings found are always un-
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balanced. Adding cluster size constraints such that the clusters must

have their size between 200 and 400, the clustering found has the

Rand Index grow to nearly 0.80. On Breast cancer we can see that

with only size constraints, the Rand Index is over 0.80, while the

same constraint together with 20 instance-level constraints gives the

Rand Index only about 0.66.

Brst. Canc. Synth. Cont. Mult. Feat. Image Seg.
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Figure 3. Rand Index in different cases: unconstrained, with instance-level

constraints and/or minimal and maximal size constraints

6.2 Guided Alternative Clustering

In the area of alternative clustering one tries to find an equally good

alternative to a given clustering [21, 3, 25, 19]. However, it is some-

what unrefined in that no guidance can be given to specify how the

clustering is to differ from the given clustering. To address this issue

we consider the UCI Pen Digit dataset where each instance corre-

sponds to a single digit and has 16 attributes, which represent the 8

x, y positions of the pen as the digit is being written. All the 16 at-

tributes are considered as features (X f ) in order to compute pairwise

Euclidean distances and are also considered as properties (X p). We

use 1000 random instances of the dataset. We aim to find alternative

ways that people write digits and we consider the simplest case where

the number of clusters k = 2. This effectively forms a dichotomy of

the two ways people in the data set write their digits.

Figure 4. The centroids of the clustering found without any constraints.

Time=1.16s, maximal cluster diameter=263.58. Arrows indicate pen move-

ment.

For each cluster, the centroid is computed, which is considered

as the representative of the cluster and can be easily visualized to

show the underlying digit prototype the cluster represents. In the

case of minimizing the maximal cluster diameter and without any

constraints, the centroids of the found clusters, which represent two

types of writing, are represented in Figure 4. The clustering found is

the global optimum of the clustering algorithm objective function.

However the centroids are not really meaningful unless of saying

that in one way people write from up to down then up again, and in

Figure 5. The centroids of the clustering found with a diameter constraint

on the horizontal value of the third time step. Time=0.02s, maximal cluster

diameter=291.50. Arrows indicate pen movement.

Figure 6. The centroids of the clustering found with a diameter constraint

on the horizontal value of the fifth time step. Time=0.02s, maximal cluster

diameter=269.68. Arrows indicate pen movement.

the other way only from up to down. Instead we wish to find an ac-

tionable alternative by adding a diameter constraint on the horizontal

position of the pen at the 3rd time step. This effectively means that

all digits in the same cluster must have a similar horizontal pen lo-

cation at the third time step. We obtain a different clustering whose

centroids are shown in Figure 5 but whose quality, in term of the ob-

jective function, is comparable to the first clustering found in Figure

4. These centroids have the 3rd positions respectively on the right

and on the left. The centroids can give an interpretation such that

in one way people write from left to right and in the other way like

a spiral from right to left and in both ways from up to down. By

adding a diameter constraint on the horizontal position of the pen at

the 5th time step, we obtain another very different clustering whose

centroids are shown in Figure 6. Again the centroids have the 5th

position either on the right or on the left, and the quality of this clus-

tering is comparable to the initial clustering in Figure 4. This is an

example of guided alternative clustering which unlike ours and oth-

ers earlier work [7, 3] did not find an arbitrary alternative clustering,

rather we find one with specific properties. Adding constraints can

deteriorate the quality in term of the objective function, however the

flexibility of our framework allows to control the gap between the

constrained case and the unconstrained case by means of constraints.

For instance let the maximal diameter of the clusters in the uncon-

strained case be Dopt, one can require an actionable alternative clus-

tering with both a diameter constraint on the horizontal position of

the pen at the 3rd time step and another constraint stating that the

maximal diameter of the clusters does not exceed 1.2Dopt.

6.3 Computational Effect of Constraints
To address the computational effect of constraints, we report times

taken by different cases in Subsection 6.1. The total runtimes (stating

constraints and search) are presented in Table 4, where +1800 means

the solver did not complete the search after 30 minutes. Cluster size

constraints can give large variations in runtime. One explanation is
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that the efficiency of a CP framework depends on the power of con-

straint propagation. For cardinality constraint filtering the domains

of all variables to arc-consistency [22] is NP-hard. However, when

setting an upper bound and a lower bound on the count variables,

efficient filtering algorithms have been developed [24], which help

pruning the search space.

Dataset N K case time (s)

Glass 214 7 unconstrained 0.02

9 ≤ size ≤ 90 0.62

Breast cancer 569 2 unconstrained 0.30

150 ≤ size ≤ 400 0.70

Vehicle 846 4 unconstrained 0.62

150 ≤ size ≤ 250 5.57

Yeast 1484 10 unconstrained 3.15

10 ≤ size ≤ 500 11.56

Synthetic Control 600 6 unconstrained 0.49

50 ≤ size +1800

size ≤ 150 2.58

50 ≤ size ≤ 150 3.02

Multiple Feature 2000 10 unconstrained 10.30

50 ≤ size 76.80

size ≤ 350 +1800
50 ≤ size ≤ 350 71.04

Image Segmentation 2100 7 unconstrained 3.29

200 ≤ size 86.85

size ≤ 400 +1800
200 ≤ size ≤ 400 92.00

Table 4. Total runtime in seconds for (un)constrained cases with cardinality

requirements.

For other kinds of constraints we consider the census dataset avail-

able at UCI5. This dataset has 48,842 instances, each one is described

by 14 attributes with 6 continuous and 8 symbolic. We choose 5 con-

tinuous attributes (age, capital-gain, capital-loss, hours-per-week and

fnlwgt) as features (X f ) to compute distances on. All of the 14 at-

tributes are used as properties. We generate 5 samples each one of

1000 instances and for each sample we conduct experiments with 5

use-cases described in Table 5. In each use-case, the number of clus-

ters is set to 2 and to 3. Tables 6 and 7 give average runtime across

five samples for the use cases with K = 2 and K = 3 respectively.

1 No constraints.

2 Cardinality constraint. A cardinality constraint is added,

which requires that in each cluster, the ratio of

#femalec/#malec for the cluster c is between a half

and twice the ratio of females and males in the sample.

3 Density constraint. A constraint is added, stating each per-

son of age between 20 and 50 must have at least 10% of

people with the same work occupation in the same cluster.

4 Diameter Geometric constraint. A constraint is added,

which states that the difference in age in each cluster must

not exceed 2(max(age)−min(age))/3.

5 Complex logic constraint. A constraint is added, which

states that a cluster having more than 20 persons younger

than 20 should have more than 30 persons older than 45,

and each cluster has at least 100 persons.

Table 5. The five use cases for testing the computation time effect of con-

straints.

5 https://archive.ics.uci.edu/ml/datasets/Adult

Sample UC1 UC2 UC3 UC4 UC5

1 0.42 0.41 2.51 0.42 0.49

2 0.32 0.69 1.71 0.32 0.35

3 0.44 0.54 2.94 0.41 0.34

4 0.44 0.31 0.71 0.32 0.34

5 0.36 0.48 2.16 0.32 0.32

Table 6. The runtime (seconds) for use cases (see Table 5) across five sam-

ples, for K = 2.

Sample UC1 UC2 UC3 UC4 UC5 UC3+4

1 0.32 1.93 +1800 0.40 0.36 4.14

2 0.44 2.79 6.82 0.44 0.45 2.72

3 0.50 2.23 +1800 0.48 0.40 +1800

4 0.44 0.33 +1800 0.86 0.34 1.19

5 0.33 2.30 +1800 0.36 0.32 2.91

Table 7. The runtime (seconds) for use cases (see Table 5) across five sam-

ples, for K = 3. Note how using UC3 and UC4 together mitigates the in-

creases of just using UC3.

We can see from Table 6 that the run-time to find the best solution

in the unconstrained setting is under 0.5 second (use case 1) for all the

5 samples. Use cases 2, 4 and 5 take comparable run-time. Use case

3, which is expressed by a large number of CP cardinality constraints,

is the most difficult among all the use cases. This trend is confirmed

with K = 3 (Table 7), for the solver does not complete the search

after the timeout of 30 min for 4 of the 5 samples.

One explanation for this variety of run times is that some con-

straints when added help the solver to prune the search tree at the

top levels which has a large effect. Some other constraints, for in-

stance, the cardinality constraint, however are useful in pruning the

search tree only in more deeper levels towards the leaf nodes reduc-

ing down the benefits of pruning. On the other hand, constraints such

as the diameter geometric constraint are useful in general. We have

combined the diameter geometric constraint of use case 4 with the

constraint of use case 3. The run-times of the combination reported

in the last column of Table 7 have almost dropped for most of the

samples.

7 Conclusion
Clustering is ubiquitously used in AI as it can add structure to col-

lections of images, documents and even songs. A recent progression

has been the addition of instance level constraints to clustering. These

constraints though useful are severely limited in the information they

can encode. In particular they cannot constrain any dynamic prop-

erty of the clustering and hence cannot be used to enforce complex

constraints such as those on cardinality (have equal number of males

and females) or density (each person in the cluster should have other

q persons with the same hobby). In this work we introduce three new

styles of complex constraints, geometric, cardinality and density as

well as logical combinations of them. We show how CP is a natural

vehicle to encode such constraints and has the added benefit of find-

ing the global optima. Although this requirement precludes scaling

our work to huge data sets in many settings finding the global op-

tima is desirable and our method works with thousands but not tens

of thousands of instances. We showed that our new constraints can

improve semi-supervised clustering accuracy when added to instance

level constraints, find guided alternative clusterings and finally does

not significantly increase run time except for density constraints.
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Repetitive Branch-and-Bound Using Constraint
Programming for Constrained Minimum

Sum-of-Squares Clustering
Tias Guns1 and Thi-Bich-Hanh Dao2 and Christel Vrain2 and Khanh-Chuong Duong2

Abstract. Minimum sum-of-squares clustering (MSSC) is a widely

studied task and numerous approximate as well as a number of exact

algorithms have been developed for it. Recently the interest of inte-

grating prior knowledge in data mining has been shown, and much

attention has gone into incorporating user constraints into clustering

algorithms in a generic way.

Exact methods for MSSC using integer linear programming or

constraint programming have been shown to be able to incorporate a

wide range of constraints. However, a better performing method for

unconstrained exact clustering is the Repetitive Branch-and-Bound

Algorithm (RBBA) algorithm. In this paper we show that both ap-

proaches can be combined. The key idea is to replace the internal

branch-and-bound of RBBA by a constraint programming solver,

and use it to compute tight lower and upper bounds. To achieve this,

we integrate the computed bounds into the solver using a novel con-

straint. Our method combines the best of both worlds, and is generic

as well as performing better than other exact constrained meth-

ods. Furthermore, we show that our method can be used for multi-

objective MSSC clustering, including constrained multi-objective

clustering.

1 INTRODUCTION

Cluster analysis or clustering is an important task in data mining,

which has various applications in different domains such as biology,

chemistry, medicine or business. Given a set of objects, cluster analy-

sis aims at partitioning the objects into homogeneous subsets, called

clusters. The homogeneity is usually formulated by an optimization

criterion. One of the most used criterion is minimizing the Within-

Cluster Sum of Squares (WCSS), which is defined by the sum of

the squared Euclidean distances from each object to the centroid of

the cluster to which it belongs. In order to make the clustering task

more accurately fit the problem at hand, prior user knowledge has

been integrated into the clustering process by means of user-defined

constraints.

Minimum sum-of-squares clustering (MSSC) has been proven to

be NP-Hard [1] and has been studied in numerous works. The well-

known k-means algorithm as well as other dedicated heuristic algo-

rithms find a local optimal for this criteria [21]. They have been also

extended to integrate different user constraints but they can fail to

1 KU Leuven, Department of Computer Science, Celestijnenlaan 200A, Leu-
ven, Belgium, email: tias.guns@cs.kuleuven.be

2 Univ. Orléans, INSA Centre Val de Loire, LIFO EA 4022, F-
45067, Orléans, France, email: thi-bich-hanh.dao@univ-orleans.fr, khanh-
chuong.duong@univ-orleans.fr, christel.vrain@univ-orleans.fr

find a solution that satisfies all the constraints even when such a so-

lution exists. On the other hand, general and declarative frameworks

using generic optimization tools offer the flexibility of handling a

wide variety of user constraints, and finding an exact solution of the

problem whenever one exists. As a consequence, this precludes the

use of these approaches on large datasets, but finding an exact so-

lution may be of high importance on small but valuable datasets.

Different frameworks have been proposed, based either on Integer

Linear Programming with column generation [4] or on Constraint

Programming [9].

On the other hand, Brusco [6] proposed a simple yet effective

method for unconstrained MSSC: the Repetitive Branch-and-Bound

Algorithm (RBBA). It computes increasingly tight bounds on the

MSSC score by repetitively searching for the optimal solution, start-

ing from a small subset of points up to the full set of all points. In this

work we show how the idea of clustering with RBBA can be com-

bined with the ideas of clustering with constraint programming [9].

Our contributions are as follows:

• We extend RBBA using Constraint Programming (CP) to support

user-defined constraints. The key idea is to use CP in each branch-

and-bound step and we show that this eases the modeling of a

range of user constraints;

• The use of CP enables the computation of (constrained) lower

bounds and upper bounds for the non-linear MSSC, and we de-

velop a novel CP constraint that incorporates these bounds;

• We show that the resulting method is generic yet better performing

than other exact constrained clustering methods.

• We experimentally illustrate the interest of our framework by its

use in a multi-objective constrained clustering setting that min-

imizes WCSS and maximizes the split between clusters. To the

best of our knowledge, this framework is the first one to support

this bi-criterion clustering and different kinds of user-constraints.

Outline. Section 2 gives the preliminaries and Section 3 reviews re-

lated work. Section 4 presents RBBA and the extension we propose

to integrate user constraints. Section 5 presents a framework using

CP to achieve the extension of RBBA. Section 6 is devoted to the

experiments and comparisons of our method with other existing ap-

proaches. Section 7 discusses perspectives and concludes.

2 PRELIMINARIES
Let us consider a dataset of N objects O in an Euclidean space. Let

d be the Euclidean distance (d(o, o′) = ||o − o′||). Minimum Sum-

of-Squares Clustering (MSSC) aims at finding a partition Δ of the
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objects into K clusters C1, ..., CK such that: (1) ∀k ∈ {1, . . . ,K},
Ck = ∅, (2)

⋃
k
Ck = O, (3) ∀k = k′, Ck ∩ Ck′ = ∅ and (4) the

Within-Cluster Sum of Squares (WCSS) is minimized. The WCSS

criterion is defined by:

WCSS(Δ) =
∑

k∈{1,...,K}

∑
o∈Ck

d(o,mk)
2

(1)

where for each k ∈ [1,K], mk is the centroid (mean) of the cluster

Ck. Equivalently [14, 16]:

WCSS(Δ) =
∑

k∈{1,...,K}

1

2|Ck|
∑

o,o′∈Ck

d(o, o′)2 (2)

There exists other optimization criteria, such as min-

imizing the Within-Cluster Sum of Dissimilarities cri-

terion (WCSD =
∑

k∈{1,...,K}
∑

o,o′∈Ck
d(o, o′)),

minimizing the maximal diameter D of the clusters

(maxDiam = maxk∈{1,...,K}maxo,o′∈Ck
d(o, o′)) or max-

imizing the minimal split S between clusters (minSplit =
mink,k′∈{1,...,K},k 
=k′ mino∈Ck,o

′∈Ck′ d(o, o
′)).

In applications, the user can have prior knowledge or requirements

on the objects. For instance, the labels of a subset of objects can be

known or an upper bound on the number of objects in each cluster can

be required. Prior knowledge is integrated into the clustering process

by user-defined constraints that have to be satisfied. User constraints

can be instance-level, specifying requirements on pairs of objects, or

cluster-level, giving requirements on the clusters. Instance-level con-

straints, introduced first in [25], are used most often. They are either

must-link (ML) or cannot-link (CL) constraints on pairs of objects,

which states that the objects must be or cannot be in the same clus-

ter. Different kinds of cluster-level constraints also exist, the most

popular ones being:

• A diameter constraint sets an upper bound γ on the cluster diame-

ter: ∀k ∈ {1, . . . ,K}, ∀o, o′ ∈ Ck, d(o, o′) ≤ γ. This constraint

can be expressed by cannot-link constraints: each pair of objects

o, o′ having d(o, o′) > γ must be in different clusters.

• A split constraint sets a lower bound δ on the separation be-

tween clusters: ∀k = k′ ∈ {1, . . . ,K}, ∀o ∈ Ck, ∀o′ ∈ Ck′ ,

d(o, o′) ≥ δ. This constraint can be expressed by must-link con-

straints: each pair of objects o, o′ having d(o, o′) < δ must be in

the same cluster.

• A density constraint requires that each object has in its neighbor-

hood of radius ε at least m objects belonging to the same cluster

as itself: ∀k ∈ {1, . . . ,K}, ∀o ∈ Ck, ∃o1, .., om ∈ Ck \ {o},
d(o, oi) ≤ ε, or at least m% objects: ∀k ∈ {1, . . . ,K}, ∀o ∈ Ck,
|{oi∈Ck|d(o,oi)≤ε}|
|{oi∈O|d(o,oi)≤ε}| ≥ m

100
.

• A minimal (maximal) capacity constraint requires each cluster to

have at least (at most, resp.) a given α (β, resp.) number of objects:

∀k ∈ {1, . . . ,K}, |Ck| ≥ α (or |Ck| ≤ β, resp.).

Constraint Programming (CP) is a constraint-based satisfaction

and optimization framework. A constraint optimisation problem is

expressed as a quadruple (V,D,C, f) where V is a set of variables
and each variable v ∈ V must take a value from its domain D(v).
The set C is a set of constraints over (a subset of) the variables V .

The function f is an objective function defined over V and a solution

that maximizes/minimizes f is an optimal solution.

Typical constraint solvers use depth-first branch-and-bound

search. Each node in the search tree represents a partial solution

consisting of a domain D′ where ∀v ∈ V : D′(v) ⊆ D(v). In

each node of the search tree, the constraint solver tries to propagate
each constraint. Propagation is achieved when a constraint reduces

the domains of its variables by removing those values that violate

the constraint. For example, a constraint X > 2 can remove from

D(X) = {1, 2, 3, 4, 5} the values 1 and 2. Constraint solvers contain

many different constraints, from logical to arithmetic and domain-

specific constraints, such as for scheduling, each with its own prop-

agation algorithm. If a propagator detects that the current partial so-

lution cannot be extended to a full solution, namely when the do-

main of a variable becomes empty, the search backtracks. A solution

is reached when the domain of each variable is reduced to a single

value: ∀v ∈ V : |D(v)| = 1 and none of the constraints is violated.

When a solution is reached, a new bound on the objective function

is added stating that the next solution must score better than the cur-

rently best solution. Due to this branch-and-bound search, constraint

solvers are exact: the search stops when it has proven that no better

solution exists.

3 RELATED WORK
Constrained Minimum Sum-of-Squares Clustering has been stud-

ied in both heuristic and exact approaches. Among the heuristic ap-

proaches, even in the case without user constraints, the k-means al-

gorithm as well as numerous other heuristic algorithms find a lo-

cal optimal [21]. Considering must-link and cannot-link constraints,

the k-means algorithm has been extended to COP-kmeans [26] or

LCVQE [20]. However, when the number of constraints increases,

such algorithms either fail to find a solution satisfying all the con-

straints even if one exists, or they find solutions that do not satisfy all

the constraints.

Exact approaches for MSSC without user constraints use branch-

and-bound search [18, 5, 6], dynamic programming [17, 23], Integer

Linear Programming (ILP) and column generation [13, 3], a cutting

plane algorithm [29] or a branch-and-cut semi-definite programming

[2]. There exists few exact methods for MSSC that can handle user

constraints [4, 9]. They are based on a generic optimization tool, so

that different kinds of user constraints can be expressed. Extending

[3], a framework based on ILP and column generation has been pro-

posed in [4]. Using Constraint Programming (CP), a generic frame-

work has been developed in [9], with a global constraint to compute

and prune the search space for the WCSS criterion of MSSC.

Constrained clustering settings using an objective function differ-

ent from WCSS have also been developed. A framework using ILP

is proposed in [19]; it requires a set of clusters to be given in advance

and considers different criteria to choose the best clustering from

candidate clusters. A SAT based framework has been developed for

constrained clustering for the diameter and the split criteria [11]. A

well-performing CP based framework is developed in [7, 8] that in-

cludes diameter, split and sum of squared distances criteria, as well

as user constraints.

Our work extends the Repetitive Branch-and-Bound Algorithm

(RBBA) [6]. This algorithm finds a global optimal for MSSC with-

out user constraints. We show that the methodology can be combined

with a CP framework to obtain an efficient method that can easily in-

corporate user constraints.

4 EXTENDING RBBA TO
USER-CONSTRAINTS

We first explain the bound used in RBBA and the standard RBBA

algorithm. We then show the validity of the bounds under user con-

T. Guns et al. / Repetitive Branch-and-Bound Using Constraint Programming for Constrained Minimum Sum-of-Squares Clustering 463



straints and how to extend the algorithm to support constraints in a

generic way.

Let O be a set of N points. Let Δ be a partition of O into at most

K clusters. For any subset S ofO, let ΔS denote the projection of Δ
onto the objects in S and WCSS(ΔS) the WCSS value of ΔS . Let

WCSS∗(S) = minΔ(WCSS(ΔS)). Let us note that in ΔS some

clusters of Δ may become empty.

4.1 Lower Bound Inequalities Without
User-Constraints

The bounds used in RBBA rely on the following result [18]. Let S
be a subset of O, and let S1 and S2 be such that S = S1 ∪ S2 and

S1 ∩ S2 = ∅ (non-overlapping). We have:

WCSS(ΔS) ≥WCSS(ΔS1) +WCSS(ΔS2) (3)

Since WCSS∗(S2) = minΔ(WCSS(ΔS2)), so WCSS∗(S2)
is the smallest WCSS value for all partitions of S2 into at most K
clusters. Hence we have:

WCSS(ΔS2) ≥WCSS∗(S2) (4)

and hence [6]:

WCSS(ΔS) ≥WCSS(ΔS1) +WCSS∗(S2) (5)

Eq. (5) can be used during the search for an optimal partition of S
as follows. Let us suppose that we have previously built a partition

of S, thus giving an upper bound for WCSS∗(S), that we have cur-

rently built a partial solution ΔS1 and that we know an optimal so-

lution of WCSS∗(S2). If WCSS(ΔS1)+WCSS∗(S2) is greater

than the actual upper bound, then the partial solution ΔS1 can never

lead to a better solution than the current upper bound.

4.2 Repetitive Branch-and-Bound Algorithm
The Repetitive Branch-and-Bound Algorithm (RBBA) [6] is pre-

sented in Algorithm 1.

Algorithm 1: RBBA input: objects O, number clusters K

1 OrderPoints(O)

2 OK ← {oN−K+1, . . . , oN}
3 Δ∗K ← Init(OK)
4 Wn ← 0, ∀n ∈ {1, . . . ,K}
5 for n = K + 1 to N do
6 On ← On−1 ∪ {oN−n+1}
7 Δn ← Greedy Extension(On,Δ

∗
n−1)

8 Un ←WCSS(Δn)
9 Δ∗n ← BaB Search(On, Un,W )

10 Wn ←WCSS(Δ∗n)

Points in O are first ordered following an heuristic by

OrderPoints(O). Different heuristics can be used for ordering points,

they will be presented in Subsection 4.5. We assume that according

to the ordering, points are named by their index i ∈ [1, N ]. On is

composed of the last n points according to this order.

In this algorithm, Δn indicates any partition ofOn into at most K
clusters and Δ∗n denotes the optimal partition of On into at most K
clusters. This algorithm starts with the set OK of the last K points

and Init(OK ) creates Δ∗K by putting each point alone in a cluster.

The optimal value WCSS(Δ∗n) is stored in Wn for each n, and the

first K values W1, . . . ,WK are 0 (each point in its own cluster).

The algorithm next iterates by adding to the setOn one point each

time, from the point N−K down to the first point;On represents this

set of last n points oN−n+1, . . . , oN ; Greedy Extension(On,Δ
∗
n−1)

greedily finds a partition Δn for On, by adding the new point to the

previous best partition Δ∗n−1 so that the value WCSS is minimally

increased. The value WCSS(Δn) constitutes an upper bound Un

for WCSS(Δ∗n). BaB Search(On, Un,W ) is a branch-and-bound

algorithm which searches for a global optimal partition Δ∗n on the

set of points On, using Un as an upper bound and exploiting Eq. (5)

with the Wi values (i < n) as lower bounds. Let om = oN−n+1

be the new point added at this step. The branch-and-bound search

considers the points in On in the order om, om+1, . . . , oN and tries

to assign them to clusters.

Let us consider an arbitrary step when a point number p (m ≤ p <
N ) is assigned to a cluster. Let S1 be the set of points {om, ..., op}
and S2 be {op+1, ..., oN}. All the points in S1 have already been

assigned and hence WCSS(ΔS1) is known. All the points in S2

are currently unassigned, however, WCSS∗(S2) has been computed

in a previous step of RBBA and stored in W|S2|; Un is the current

upper bound. Eq. (5) is used and if WCSS(ΔS1)+WCSS∗(S2) ≥
Un, we cannot extend ΔS1 to a solution having WCSS better than

Un. Therefore BaB Search will not continue to extend ΔS1 and the

branch is pruned. When p = N , the partition Δ is complete and Un

is set to WCSS(Δ). When the entire search space is explored, the

last complete partition found is the optimal solution.

This algorithm takes advantage of the optimal solutions previously

computed to provide lower bounds in the branch-and-bound search.

Also important are the upper bounds found by the greedy extension,

they are often tight (meaning that the greedy extension is the optimal

partitioning). Because of these tight bounds, even though the algo-

rithm runs the branch-and-bound search N times, it is nevertheless

one of the best exact algorithms for minimum sum-of-squares clus-

tering. A similar search method was proposed for valued (soft) CSPs

with an additive objective function, called Russian Doll Search [24].

4.3 Lower Bound Inequalities With
User-Constraints

We now study the conditions under which Eq. (5) is still valid

in the presence of a set of user constraints C on O. Given a set

of points S ⊆ O and a set of constraints C on S, S(S,C) de-

notes the set of all partitions ΔS of S satisfying C. We denote by

WCSS∗(S, C) the optimal WCSS of S ⊆ O under constraint set

C, that is, WCSS∗(S, C) = min({WCSS(ΔS)|ΔS ∈ S(S, C)}).
We denote by WCSS(ΔS , C) the WCSS value of a partition ΔS

under the condition that it satisfies the constraint set C.

One can see from this that Eq. (4) still holds when considering a

set of constraints C: WCSS(ΔS , C) ≥WCSS∗(S, C). Indeed, any

ΔS ∈ S(S, C) will have a score equal or worse than the optimal one

satisfying C.

The main question is then under what conditions Eq. (3), and

hence (5), holds in the presence of constraints. Eq. (3) is always

true, but the difficulty is that when considering a projection ΔSi of

ΔS with Si ⊂ S, some constraints may become ill-defined or even

be violated for ΔSi , even if they are satisfied by ΔS . For instance,

let us consider 5 points {a, b, c, d, e}, two cannot-link constraints

CL(a, b) and CL(b, c) and a minimal size constraint specifying that

each class must have at least 2 points. Let ΔS = {{a, c}, {b, d, e}},
S1 = {a, b} and S2 = {c, d, e}. Then ΔS1 = {{a}, {b}} and
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ΔS2 = {{c}, {d, e}}. The constraint CL(a, b) is satisfied on S1

whereas CL(b, c) is undefined on both S1 and on S2. Moreover the

minimal size constraint is satisfied on ΔS but it is no longer satisfied

on S1, nor on S2. The question is hence, given a set of constraints C
on S which ΔS satisfies, what set of constraints CSi can be put on

S1 and S2 such that Eq. (5) is still valid?

In general, given a set of C of constraints put on objects of S, we

can restrict the set CSi with Si ⊆ S to those constraints for which all

objects in the constraint are in the set Si. For example, one can add

to Si all instance-level constraints whose two objects are both in Si.

In the previous example, CL(a, b) can be considered on S1 whereas

CL(b, c) cannot. If a partition ΔS satisfies a set of constraints C,

then its projection onto Si (ΔSi ) will satisfy the subset of constraints

CSi . Therefore

WCSS(Δ, C) ≥WCSS(ΔS1 , CS1) +WCSS∗(S2, CS2) (6)

Many cluster-level constraints involve all variables and hence

with this approach cannot be considered until the very end. How-

ever, for two constraint sets C1 and C2 such that C1 ⊆ C2,

then S(S,C2) ⊆ S(S,C1) and therefore WCSS∗(S,C1) ≤
WCSS∗(S,C2). Hence, including more constraints can lead to

tighter lower bounds.

In order to incorporate some cluster-level constraints, we distin-

guish those that are anti-monotonic from those that are not. A con-

straint c is said to be anti-monotonic if when satisfied by a partition

ΔS , it is satisfied by all the projections ΔSi , with Si ⊆ S. In other

words, let vc be the function that tests whether c is satisfied on a parti-

tion. Then an anti-monotonic constraint satisfies the following prop-

erty: if Δ is a partition on S and Si ⊆ S then vc(ΔSi) ≥ vc(Δ).
As an example, a maximal size constraint is anti-monotonic whereas

a minimal size constraint is not.

Let Ca be the anti-monotonic constraints in C. Then, since ΔS2

satisfies the constraints on CS2 and the anti-monotonic constraints of

C, and similarly for S1, we have:

WCSS(Δ, C) ≥WCSS(ΔS1) +WCSS(ΔS2) (7)

≥WCSS(ΔS1 , CS1 ∪ Ca) +WCSS∗(S2, CS2 ∪ Ca) (8)

A constraint solver can additionally reason over partial solutions,

namely over the domain of a set of variables. A constraint solver is

guaranteed not to reject a partial solution that can be extended to a

full solution, while it can reject partial solutions that provably can not

satisfy a constraint (such as an anti-monotonic constraint and more).

This will ease searching for a partial solution ΔS1 in branch-and-

bound search, without needing to identify CS1 ∪ Ca each time S1

changes.

4.4 RBBA with User Constraints

Let C be the set of all constraints on O. We assume that the set C is

satisfiable on O, ie. there exists a partition Δ of O that satisfies C.

The extension of RBBA to incorporate user constraints is presented

in Algorithm 2.

After ordering points, Algorithm 2 constructs an initial partition

ΔK of at most K clusters taking constraints CK = COk into account.

It does so by putting each point that can be in its own cluster in a

separate cluster (if there is a must-link, the two points must be put in

the same cluster). Among all such partitions, the one with smallest

WCSS(ΔK) is chosen. Since C is satisfiable on O, the partition

Δ∗K must exist.

At each step n, for the set On of the last n points, Algorithm 2

searches in the solution space S(On, Cn). There are different options

for the constraint set Cn. As discussed in the previous section, Cn
can be COn or COn ∪ Ca. We note that the more constraints that

are considered at one step, the tighter the lower bound for the next

step would be. At the last step, when ON = O, the full set of user

constraints C, anti-monotonic or not, will be considered.

Feasible Extension tries to extend the best partition of the pre-

vious step Δ∗n−1 to a partition Δn of On that satisfies Cn. If

such an extension Δn exists, then WCSS(Δn) is an upper bound

for WCSS(Δ∗n). Otherwise, the upper bound is set to ∞. Con-
strained BaB(On, Cn, Un,W ) performs a branch-and-bound search

to find an optimal partition among all the partitions that satisfy the

set of constraints Cn. It uses Un as the initial upper bound and W for

the lower bounds, in the same way as BAB Search in Algorithm 1.

Algorithm 2: Extended RBBA

input: objects O, number clusters K, constraint set C
1 OrderPoints(O)

2 OK ← {oN−K+1, . . . , oN}
3 Δ∗K ← Init(OK , CK)
4 WK ←WCSS(Δ∗K)
5 for n = K + 1 to N do
6 On ← On−1 ∪ {oN−n+1}
7 Δn ← Feasible Extension(On, Cn,Δ∗n−1)

8 if Δn exists then
9 Un ←WCSS(Δn)

10 else
11 Un ←∞
12 Δ∗n ← Constrained BaB(On, Cn, Un,W )

13 Wn ←WCSS(Δ∗n)

4.5 Ordering of Points
Algorithms 1 and 2 start by ordering points and they do branch-and-

bound for an increasing set of points following this order. Different

orders can be used. In RBBA [6], the nearest-neighbor separation

heuristic is used: at each step of the ordering, the two points that

have the smallest distance among all pairs of points are withdrawn

from the set of points and are placed at opposite ends in the ordering.

This heuristic is aimed at putting easy-to-cluster points near the end

of the RBBA process, to avoid introducing disruptive points near the

end of the process and hence having to do much search there.

The ordering that we will use is based on the furthest-point-first

(FPF) algorithm [15]. This algorithm starts by choosing the furthest

point from all points and stores it as the first point in the ordering.

It then assigns this point as the head of all other points. At each

iteration, the point i that is the furthest to its head is marked as the

next point in the order, and all the unmarked points that are closer to

i than to their head change their head to i. This ordering tends to put

points that are far from each other early in the ordering, also aiming

to consider disruptive points earlier in the process.

5 A FRAMEWORK USING CONSTRAINT
PROGRAMMING

We present a framework to achieve Algorithm 2. In this framework,

CP is used both to do complete branch-and-bound search for each
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clustering step (Constrained Bab) and to construct a feasible cluster-

ing if one exists (Feasible Extension). We also present improvements

for enhancing the computation of lower and upper bounds.

5.1 A Basic CP Model for Constrained BaB
Constrained BaB(On, Cn, Un,W ) in Algorithm 2 aims at finding a

clustering Δ∗n on On that satisfies Cn and that minimizes the sum-

of-squares WCSS.

The CP model for this task is inspired by the model for constrained

clustering in [8], the main difference being the objective. In order to

define the assignment of points to clusters, integer value variables

G1, . . . , Gn with Dom(Gi) = {1, ..,K} are introduced. Gi = k
means that point i is assigned to the cluster number k. This formu-

lation ensures that a point can never belong to two clusters. A com-

plete assignment of the variables Gi therefore defines a partitioning.

However, different assignment can represent the same partitioning

but with a permutation on the cluster indices used. In order to break

this kind of symmetry and to enforce that each partition corresponds

to one complete assignment, the CP constraint precede(G, [1, ...,K])
is used [8]. This constraint enforces that point number 1 is in clus-

ter number 1, and point number i can only have cluster number k
if there is a point j < i with the same cluster number, or if k − 1
is the highest used cluster number so far. For the objective, we in-

troduce a floating point variable V to represent the sum-of-squares

of the clustering defined by the variables G. The domain of V is

initially [0, Un). The bounds of V are updated by a novel global con-

straint V = sumSquares(G, d,W ), where d is the (precomputed)

distance between each pair of points, and W contains the previous

WCSS* values (as per Algorithm 2).

Additional constraints can be expressed over the G variables, in-

cluding the user constraints defined in Section 2. Instance-level con-

straints are expressed by Gi = Gj for a must-link constraint and

Gi = Gj for a cannot-link constraint on i, j. A maximal cluster

size constraint, following its formal definition, is expressed by K CP

cardinality constraints: #{i ∈ [1, N ] | Gi = k} ≤ β for each

k ∈ [1,K]. Each of these constraints enforces that the number of

variables Gi that are assigned to k must not exceed β. Other con-

straints can be modelled following their formal definition as well,

see [8] for more examples.

According to the principle of RBBA, the variable order used dur-

ing search instantiates (branches over) the variables G1, . . . , Gn in

increasing order of their index.

5.2 A Novel Sum-of-Squares Constraint
The filtering algorithm for constraint V = sumSquares(G, d,W )
is detailed in Algorithm 3. Because of the variable order, at any time

the propagator is called, there is an index p (1 ≤ p < n) such that

G1, .., Gp are instantiated and Gp+1, ..., Gn are not.

Algorithm 3 enforces bound consistency for V by first computing

a lower bound for V . The values sum[k] and size[k] represent re-

spectively the sum of squared distances between any two points in

the cluster k and the number of points in that cluster. The value V1

represents the sum of squares of the partial clustering formed by the

first p assigned points, using Equation (2). Since Wn−p represents

the minimal WCSS value for the last n − p points (the unassigned

points Gp+1, ..., Gn), according to Equation (6) and (8), V1+Wn−p

is a lower bound for V (line 15). Since V.lb ≤ V < V.ub, a fail-

ure will occur if V1 +Wn−p ≥ V.ub (line 12) leading the search to

backtrack. Otherwise the lower bound V.lb is revised.

Algorithm 3 exploits also W to do a look ahead to filter the do-

main of Gp+1. Each value s[k] represents the contribution of point

p+ 1 in case it is assigned to cluster k. For each k ∈ Dom(Gp+1),
that is, all clusters k not forbidden for this point because of another

constraint, if point p + 1 is assigned to the cluster k, V ′1 is the re-

vised value of V1. So V ′1 represents the sum of squares of the partial

clustering formed by the first p+1 points. Since Wn−p−1 represents

the minimal WCSS value for the last n− p− 1 points, according to

Equation (6), if V ′1 + Wn−p−1 ≥ V.ub then a failure would occur.

This means point p+ 1 cannot be assigned to cluster k. The value k
is then removed from Dom(Gp+1).

Algorithm 3: Filtering of: “V = sumSquares(G, d,W )”

input: V,G, d,W with G1, ..., Gp assigned, Gp+1 unassigned

// computation of lower bound for V
1 for k = 1 to K do
2 sum[k]← 0; size[k]← 0; s[k]← 0

3 for i = 1 to p do
4 k ← Gi.val()
5 size[k]← size[k] + 1
6 for j = i+ 1 to p do
7 if Gj .val() == k then
8 sum[k]← sum[k] + d(i, j)2

9 V1 ← 0
10 for k = 1 to K do
11 V1 ← V1 + sum[k]/size[k]

12 if V1 +Wn−p ≥ V.ub then
13 return Failure

14 else
15 V.lb← max(V.lb, V1 +Wn−p)

// look ahead to filter Dom(Gp+1)
16 for i = 1 to p do
17 s[Gi.val()]← s[Gi.val()] + d(i, p+ 1)2

18 foreach k in Dom(Gp+1) do
19 V ′1 ← V1−sum[k]/size[k]+(sum[k]+s[k])/(size[k]+1)
20 if V ′1 +Wn−p−1 ≥ V.ub then
21 remove k from Dom(Gp+1)

The complexity of this algorithm is O(p2), due to the computa-

tion of sum and size. It can be reduced to O(p) when the arrays

sum and size are stored and computed incrementally over different

propagation runs.

5.3 Other Improvements

5.3.1 Must-link Constraints

Must-link constraints agglomerate related points to the same cluster.

Therefore to make better use of this kind of constraint, first of all the

transitive closure of all the must-link constraints is computed. This

defines a set of super-points or ML-blocks [10]. Instead of cluster-

ing the set of initial points, we search for a clustering on the set of

ML-blocks. Given a set of N initial points, assume that there are M
ML-blocks to be considered (M ≤ N ). The distance between two

ML-blocks bi, bj is defined as d(bi, bj) =
√∑

o∈bi,o′∈bj d(o, o
′)2.

Each block bi has also its weight w(i) =
∑

o,o′∈bi d(o, o
′)2/2 and
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its size s(i) which is the number of initial points in it. A block bi
that contains only one point has w(i) = 0 and s(i) = 1. Instance-

level constraints that remain to be satisfied are only cannot-link con-

straints. A cannot-link constraint is defined on two blocks bi, bj if

there exists a cannot-link constraint on two points o, o′ such that

o ∈ bi and o′ ∈ bj .

Using blocks means that in the model of Subsection 5.1, each vari-

able Gi corresponds to a block bi. All user constraints can be rede-

fined on blocks. For instance, a minimal cardinality constraint states

that each cluster should have at least α initial points. To express this

constraint, we define an array T , where each variable Gi is repeated

s(i) times. The size of T is therefore N and the minimal cardinality

constraint has to be expressed by |{j ∈ {1, . . . , N} | Tj = k}| ≥ α
for k ∈ [1,K]. Algorithm 3 can also be adapted to take into account

size and weight of blocks.

5.3.2 Finding a Feasible Extension

Without user constraints, Greedy Extension(On,Δ
∗
n−1) is found by

adding the new point to the previous best clustering Δ∗n−1. This typ-

ically yields a good upper bound, often even being the optimal value.

For Feasible Extension(On, Cn,Δ∗n−1) in Algorithm 2, one has to

additionally take the user constraints into account, since the cluster-

ing Δn must satisfy all Cn constraints.

We aim at finding a good feasible clustering that satisfies all the

user constraints quickly. To achieve this, the same model as described

in Subsection 5.1 is used with one restriction, namely that the last

n − 1 variables G2, . . . , Gn are assigned to the value they had in

clustering Δ∗n−1; this mimics a greedy strategy as only one variable

can be decided, corresponding to adding the point to an existing clus-

ter. If no such extension of the clustering exists, the clustering Δn is

undefined and its WCSS value is∞.

5.3.3 Local vs. Full Constraint Sets

Let C be the set of all user constraints on the whole set of points

{o1, . . . , oN}. There may be instance-level constraints (must-link or

cannot-link constraints) or cluster-level constraints (cardinality, den-

sity constraints etc.). At each step n, Constrained BaB finds a clus-

tering that minimizes the WCSS value and that satisfies the set of

constraints Cn. We propose two different ways to define the set Cn in

the constraint solver, following the discussion in Section 4.3.

Local model Let On be the set of points to cluster at step n. The

simplest way is to define Cn by COn , the set of user constraints on a

(sub)set of the elements of On. One can see that for n = N , ON =
O and hence we will consider the set CO = C of all constraints.

Full model To obtain tighter bounds, we can take anti-monotonic

constraints into account too. However, we can also use CP capabili-

ties to reason over partial solutions, to let it consider all constraints

at every step. In this case, at each iteration n ≤ N , Constrained BaB
operates on the full set of N variables and all the user constraints in C
are considered in the model. However, since we are interested in find-

ing a best clustering on the last n points of G only, the constraint sum-
Squares is defined only on the last n variables GN−n+1, . . . , GN .

The branching is also on these n variables only.

The interest of such a full model is that it can allow to prune ear-

lier cases that cannot be extended to a full solution. Let us take an

example with 3 points a, b, c (N = 3), K = 2 and two cannot-

link constraints CL(a, b) and CL(a, c). In step n = 2, the two last

points are considered, O2 = {b, c}. The local model that is defined

on Gb, Gc has no constraint (C2 = ∅) and will return a clustering

Δ2 where each point is in one cluster. The clustering Δ2 cannot be

used anymore at the next step, where the constraints cannot-link are

taken into account. Meanwhile, the full model at each step has the 3

variables Ga, Gb, Gc and two constraints Ga = Gb and Ga = Gc.

At step n = 2, even though only two variables Gb, Gc are instanti-

ated, the existence of Ga in the model prevents b and c to be in two

different clusters, since otherwise Dom(Ga) = ∅. The full model

can therefore yield better, higher but more realistic, lower bounds for

the WCSS attainable in later iterations.

6 EXPERIMENTS
We compare CPRBBA to other state-of-the-art exact clustering ap-

proaches: original RBBA3 [6], CPClustering 2.14 [9] using CP with

one phase branch-and-bound search and CCCG-0.5.15 [4] using Inte-

ger Linear Programming and column generation. Both unconstrained

and constrained settings are considered. We also show the interest

of our generic approach by its use in a multi-objective constrained

clustering setting, which minimizes the WCSS and maximizes the

separation between clusters.

CPRBBA is developed using the Gecode6 framework, version

4.3.3. Due to the computational demand of exact clustering we use

small but classic datasets from the UCI repository7 with the true

number of class labels, except for the Hatco dataset [6] which has

an unknown number of classes, see Table 1. All experiments are

performed on Intel Xeon E3-1225 CPUs running Ubuntu 14.04; a

time limit of 30 minutes is used and a memory limit of 4 giga-

bytes (which is never reached). Codes and examples are available

on http://www.cp4clustering.com.

6.1 Unconstrained Clustering
As noted before, the performance of (CP)RBBA can change depend-

ing on the ordering of the variables used. We compare in Table 1

CPRBBA (local model) with 4 different orderings: order in which

the points are read from the input file (input), average of 5 random

orderings (random), nearest-neighbor separation as used in RBBA

(NNS), and the furthest-point first ordering (FPF). We see that the

best ordering can differ from dataset to dataset. In the following, we

use the FPF strategy as it has the smallest average runtime.

We now compare CPRBBA to RBBA [6], to CPClustering using

CP [9] and CCCG using column generation [4]. Other unconstrained

exact methods have no publicly available implementation, but the

respective experiments point to RBBA as being the fastest for small

values of k, as is typical in data mining.

The results are shown in Table 2. We can see that both RBBA and

CPRBBA are better than the recent CPClustering and CCCG meth-

ods in case no constraints are added, and that the difference in run-

time between RBBA and CPRBBA is in accordance to the difference

in ordering used as reported in Table 1.

6.2 Clustering with User-Constraints
We compare CPRBBA with CPClustering and CCCG, supporting

also user constraints.

3 http://www.psiheart.net/QuantPsych/monograph.html
4 http://www.cp4clustering.com/
5 https://dtai.cs.kuleuven.be/CP4IM/cccg/
6 http://www.gecode.org
7 http://archive.ics.uci.edu/ml/
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dataset N K input random NNS FPF
ruspini 75 4 0.06 0.00 0.01 0.01
soybean 47 4 773.91 10.01 0.80 1.28
hatco 100 2 0.19 0.02 0.07 0.05
hatco 100 3 4.68 0.69 0.55 0.20
hatco 100 4 980.35 556.33 78.37 7.52
hatco 100 5 1800+ 1800+ 1800+ 1636.41
iris 150 3 1800+ 0.95 2.30 1.33
wine 178 3 1800+ 1800+ 16.37 53.57
seeds 210 3 1800+ 491.03 1353.26 170.67
breast 569 2 1167.62 1800+ 1800+ 1800+
average 1012.7 645.9 505.2 367.1

Table 1. Runtimes in seconds of CPRBBA for different point
orderings.

K CCCG CPClustering RBBA CPRBBA
ruspini 4 1800+ 0.41 0.01 0.01
soybean 4 1800+ 1.21 0.38 1.28
hatco 2 1800+ 1.74 0.03 0.05
hatco 3 1800+ 186.18 0.29 0.20
hatco 4 1800+ 1800+ 53.95 7.52
hatco 5 1800+ 1800+ 1800+ 1636.41
iris 3 1800+ 583.19 1.14 1.33
wine 3 1800+ 1800+ 7.86 53.57
seeds 3 1800+ 1800+ 542.74 170.67
breast 2 1800+ 1800+ 1800+ 1800+

Table 2. Runtimes in seconds of different exact methods

Instance-level constraints We randomly sampled a number of

must-link (ML) and cannot-link (CL) constraints from the true class

labels of the datasets. Two points are randomly taken and depend-

ing on whether they have the same label or not, a ML or a CL con-

straint is created. This is repeated until the required ML/CL number

is reached.

ML constraints only. We observe in Table 3 that CPRBBA outper-

forms the other two exact constrained clustering methods, CCCG

and CPClustering. For must-link constraints, there is no difference

between using -full or -local models because of the use of must-link

blocks. In only one case (a 50-constraint set for the wine dataset),

CPRBBA is not able to find a solution within the timeout.

#c CCCG CPClustering CPRBBA-local CPRBBA-full
iris 10 1800+ (5) 341.59 (0) 0.81 (0) 0.86 (0)
iris 50 1800+ (5) 135.32 (0) 0.23 (0) 0.25 (0)
iris 100 47.20 (0) 1.20 (0) 0.01 (0) 0.01 (0)
iris 150 0.20 (0) 0.07 (0) 0.01 (0) 0.01 (0)
wine 10 1800+ (5) 1800+ (5) 258.54 (0) 259.30 (0)
wine 50 1800+ (5) 1800+ (5) 363.34 (1) 363.62 (1)
wine 100 1800+ (5) 1800+ (5) 1.19 (0) 1.23 (0)
wine 150 10.60 (0) 18.92 (0) 0.13 (0) 0.13 (0)

Table 3. Runtimes averaged over 5 random samples of #c must-link
constraints; between brackets number of runs that timed-out

(counted as 1800 seconds in average).

CL constraints only. The results for cannot-link constraints are shown

in Table 4. Adding CL constraints can make the problem much

harder. Here too CPRBBA outperforms the others, which is in line

with the time difference in the unconstrained case. As more con-

straints are added, an optimal solution can be found in the given time-

out for fewer sampled constraint sets (see number between brackets),

leading to higher average runtimes.

#c CCCG CPClustering CPRBBA-local CPRBBA-full
iris 10 1800+ (5) 727.32 (0) 1.69 (0) 1.79 (0)
iris 50 1800+ (5) 1694.03 (4) 63.94 (0) 64.07 (0)
iris 100 1800+ (5) 497.90 (0) 368.41 (1) 15.40 (0)
iris 150 1800+ (5) 643.72 (1) 721.29 (2) 361.57 (1)
iris 250 1800+ (5) 1094.49 (3) 1080.66 (3) 0.74 (0)
wine 10 1800+ (5) 1800+ (5) 622.89 (1) 625.64 (1)
wine 25 1800+ (5) 1800+ (5) 1310.99 (2) 1326.51 (2)
wine 50 1800+ (5) 1800+ (5) 1697.94 (4) 1706.36 (4)
wine 100 1800+ (5) 1800+ (5) 1800+ (5) 1800+ (5)

Table 4. Runtimes averaged over 5 random samples of #c
cannot-link constraints; between brackets number of runs that

timed-out (counted as 1800 seconds in average).

These results extend to the combination of must-link and cannot-

link constraints (not shown).

Cluster-level constraints Table 5 shows runtimes for different

datasets when adding a minimal or a maximal cluster size constraint.

We can see that CPRBBA can handle such constraints well, and

better than CPClustering. CPRBBA-full considers more constraints

than CPRBBA-local in between iterations, and can hence provide

tighter bounds. However, we observe that for some datasets, obtain-

ing tighter bounds requires more search in one iteration to get them,

thus loosing the benefits of the tighter bounds in subsequent itera-

tions, and thus leading to overhead. For the iris dataset, the effort

of searching for a tighter bound does pay of in the experiments. We

observe similar results for a maximum cluster size constraint.

K min size cpclus. cprbba-local cprbba-full
ruspini 4 17 1.08 0.02 1.17
ruspini 4 18 270.00 9.00 24.06
soybean 4 10 1.28 1.39 1.78
soybean 4 11 1800+ 1563.12 1652.13
iris 3 38 564.86 1.32 1.67
iris 3 42 693.38 9.23 2.45
iris 3 46 933.23 341.23 18.46
iris 3 50 1508.77 1800+ 294.75

K max. size cpclus. cprbba-local cprbba-full
ruspini 4 20 0.54 0.01 0.05
ruspini 4 19 1800+ 602.82 794.83
soybean 4 14 1.28 1.32 1.83
soybean 4 13 17.52 13.19 17.44
iris 3 62 589.92 1.31 1.67
iris 3 58 723.63 3.95 3.04
iris 3 54 973.09 96.78 18.31
iris 3 50 1483.88 1800+ 158.75

Table 5. Runtime in seconds for clustering with minimum (top) and
maximum (bottom) size constraint

6.3 Multi-Objective Constrained Clustering
Constraints offer a way to find solutions that better fit the problem

at hand. Changing the objective function is another way. Curiously,

whereas the aim of clustering is to find homogeneous as well as well-

separated clusters, most measures, including WCSS, express only

homogeneity. One solution is to use multi-objective optimization,

with one measure for homogeneity and one for well-separatedness.

The result is a set of Pareto optimal solutions, where a Pareto opti-

mal solution is one for which it is not possible to improve the value

of one criterion without degrading the value of the other one.
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We propose an algorithm (Algorithm 4) to compute an exact set of

Pareto solutions for bi-objective WCSS/Split optimization, so as to

obtain both homogeneous and well-separated clusterings. It is based

on the ε-constraint algorithm [22] and is applicable to any complete

method that can optimize WCSS under must-link constraints. In this

algorithm, constrained single objective optimization (WCSS) is iter-

ated, each time with a condition on the best value of the other objec-

tive (minimal split) found so far. This minimal-split constraint can in

turn be translated into must-link constraints.

Algorithm 4: Bi-objective WCSS/Split

1 Pareto sols← ∅
2 min split← 0
3 repeat
4 Δ← Minimize WCSS(O, {Split > min split})
5 min split← Split(Δ)
6 if Δ is not dominated in Pareto sols then
7 Pareto sols← Pareto sols ∪ {Δ}
8 until no Δ was found;

In [12, 28, 27] the problem of finding the Pareto optimal solutions

for minimizing the maximal diameter of the clusters and maximizing

the minimal split between clusters is addressed, but without user-

constraints. To our best knowledge the only work that handles user-

constraints inside a multi-objective clustering problem is [8]. That

work does not consider the WCSS criterion, and the criteria used

often lead to thousands of equivalent clusterings corresponding to

each Pareto point. Algorithm 4 can be easily modified to incorporate

user-constraints, in case the Minimize WCSS algorithm supports it:

another set of user-constraints can simply be added to the split con-

straint at line 4.

Experiments Table 6 presents runtimes in seconds, number

of Pareto solutions and the maximal number of clusterings Δ′

corresponding to each Pareto solution Δ (i.e. WCSS(Δ′) =
WCSS(Δ) and Split(Δ′) = Split(Δ)). We can see here (last

column) that for each Pareto solution, there is always only one corre-

sponding clustering, which contrasts with the thousands of equivalent

solutions found in [8] for the Diameter/Split measure.

K time (s) #sols #c/s
ruspini 4 0.01 1 1
soybean 4 1.58 4 1
hatco 4 32.52 24 1
hatco 5 1979.38 22 1
iris 3 1.11 10 1
wine 3 100.58 9 1
seeds 3 178.62 17 1

Table 6. Runtime, # Pareto solutions, maximal number of
clusterings for each Pareto solution

Our framework can also be used for bi-objective WCSS/Split un-

der user constraints. To the best of our knowledge, it is the first

method to support this bi-criterion optimization both for instance-

and cluster-level constraints. Table 7 shows the results for differ-

ent use cases on the Iris dataset. For four of these cases, the exact

Pareto fronts are shown in Figure 1 (the two cases for 20 ML/CL

constraints with and without the minimal size constraint have the

same Pareto front). We can see here the interest of being able to han-

dle user-constraints during the optimization process. Indeed, in this

dataset, each ground truth cluster is of size 50, whereas in the un-

constrained use case, the Pareto solutions can give clusterings with

unbalanced clusters. For instance, the last point in the Pareto front

corresponds to a clustering with clusters of size 2, 50 and 98. The

constrained cases have the last Pareto solution with WCSS=86.5396
and Split=0.412311. This solution is common to all the 4 cases, and

the only corresponding clustering has clusters of size 49, 50, 51.

Use case time (s) #sols #c/s
unconstrained 1.11 10 1
20 ML/CL 13.68 7 1
40 ML/CL 9.66 8 1
size minimal 38 1.6 7 1
size minimal 40 1.8 4 1
20 ML/CL, size min 40 13.80 7 1
40 ML/CL, size min 40 9.75 8 1

Table 7. Results on Iris for bi-criterion constrained clustering cases
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Figure 1. Pareto fronts for different cases on Iris

7 CONCLUSION
In this paper, we address one of the most popular constrained

clustering task, the constrained minimum sum-of-squares clustering

(MSSC). We extend the Repetitive Branch-and-Bound Algorithm,

one of the best method for MSSC without user constraints, to inte-

grate user constraints. The framework we propose is based on Con-

straint Programming (CP), which is used in each internal branch-

and-bound step, as well as in the computation of upper and lower

bounds. We propose two different CP models in order to have tight

lower bounds and construct a specific propagation mechanism to

make better use of the computed bounds. Experiments on classic

datasets show that our approach, even though being generic, is com-

petitive compared to a dedicated implementation of RBBA in the un-

constrained case. For constrained cases, our approach outperforms

the existing state-of-the-art exact approaches. Furthermore, we show

how its generality allows it to be used in a bi-objective constrained

clustering setting.

To further enhance the efficiency of the framework, one may have

to consider other ordering heuristics, including dynamic ones. More-

over, RBBA has been applied to clustering tasks with other optimiza-

tion criteria such as WCSD, to which our approach can be extended

as well. Our bi-objective approach can also be used with non-exact

constrained clustering methods, though the resulting Pareto front will

be an approximation. Lastly, a mix of Russian Doll Search and our

approach may lead to advances for both valued CSPs and clustering.
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Is Spearman’s Law of Diminishing Returns (SLODR)
Meaningful for Artificial Agents?

José Hernández-Orallo1

Abstract. The progress of artificial intelligence is reaching a point

that some research questions that were only relevant for human and

other animal agents are becoming relevant for artificial agents as

well. One of those questions comes from human intelligence research

and is known as Spearman’s Law of Diminishing Returns (SLODR).

Charles Spearman, the father of factor analysis and the g factor (a

dominant factor explaining most of the variance in cognitive tests for

human populations), observed that when the analysis was restricted

to the subpopulation of most able subjects, the relevance of this dom-

inant factor diminished, as if the power of general intelligence were

saturated or not fully used by the most able individuals. In about a

century, there have been numerous theoretical explanations and ex-

periments to confirm or reject Spearman’s hypothesis. However, all

of them have been based on human or animal populations. In this

paper, we analyse for the first time whether the SLODR makes sense

for artificial agents and what its role should be in the analysis of

general-purpose AI. We use a synthetic scenario based on modified

elementary cellular automata (ECA) where the ECA rules work as

tasks and the population of agents is generated with an agent policy

language. Different slices of the population by ability and of the tasks

by difficulty are analysed, showing that SLODR does not really ap-

pear. Indeed, even if very slightly, we find the reverse, i.e., that more

correlation takes place for more able subpopulations, what we con-

jecture as the Universal Law of Augmenting Returns (ULOAR).

1 INTRODUCTION
While more and more specific applications are being successfully

solved by AI systems, the field is also progressing in the development

of systems that are able to solve a wider range of problems, usually

after a long training. Reinforcement learning [49], cognitive develop-

mental robotics [6] and machine learning in general incarnate —or

are integrated into— autonomous agents that solve a range of tasks.

Some recent developments have displayed significant performance in

a variety of tasks, at least in some domains. For instance, [39] com-

bine reinforcement learning and deep learning to attempt a diverse set

of Atari 2600 videogames. Although the system has to relearn from

scratch when the game changes slightly, it is still a general-purpose

technique, which can be evaluated for a range of tasks.

Despite the great number of competitions in AI for particular ap-

plications, some competitions and benchmarks are also moving in

the direction of more general-purpose systems (see [23]for a full ac-

count). These include the general game playing AAAI Competition

[17, 18], the reinforcement learning competition [54, 10] (includ-

ing, e.g., the ‘polyathlon’, with several domains), the genetic pro-

gramming benchmarks [38, 53], the general video game competition

1 DSIC, Universitat Politècnica de València, email: jorallo@dsic.upv.es

[43, 42], and the arcade learning environment [2, 43] (including the

Atari 2600 videogames mentioned above).

However, there are some questions that arise when one considers a

wide range of tasks, both when designing systems to behave well for

them or when designing tests to evaluate these systems. This discus-

sion is especially controversial when one wants to consider all possi-
ble tasks. On one hand, if one considers every possible problem’s out-

put as equally likely (technically known as “block uniformity” [29],

with the uniform distribution being a special case) then we have the

conditions for the so-called no-free-lunch theorems [57, 56], leading

to the conclusion that, on average, no method can be better than any

other. According to this, a general-purpose system and, indeed, the

very concept of ‘general intelligence’ would be impossible [14]. On

the other hand, if one considers problems as programs, then a uni-

form distribution is not possible. Instead, any universal distribution

can be assumed, which leads to the theory of universal prediction

using algorithmic probability developed by Solomonoff in the 1960s

[44, 45]. This has influenced several approaches based on algorithmic

information theory about how tasks can be generated and weighted

in definitions of intelligence [11, 19, 33, 25, 13, 30] and how theo-

retically general agents can be defined [28], only if weakly optimal

or suboptimal in general [41, 34]. Nevertheless, the idea of general

intelligence makes sense theoretically in this context: some agents

can be better than others in general.

The experimental and theoretical analysis of AI agents that are de-

vised and evaluated for a range of tasks has led to an approaching

to some similar ideas from the area of human intelligence evalua-

tion. The use of IQ tests for the evaluation of AI systems has been

advocated for by some [5, 4] but it has been criticised by others for

being anthropocentric [12, 27]). But other concepts and tools from

psychometrics, such as item response theory and the use of task dif-

ficulty to analyse the landscape of problems, are being vindicated in

artificial intelligence as well, under the term universal psychomet-

rics [26, 24]. In fact, one of the problems of the use of a universal

distribution of tasks for defining the general problem of intelligence

can be addressed differently if one considers a uniform distribution

of difficulties, a uniform distribution of policies per difficulty with

finally leaving the universal distribution to the conditional probabil-

ity of a task given an acceptable policy [21]. This replaces the notion

of a task-general intelligence (the so-called universal intelligence) as

addressing a diversity of tasks to that of a policy-general addressing a

diversity of solutions, expressed under a policy description language.

This debate replicates the controversy in psychometrics between

the IQ scores (results of the IQ tests, which depend on the task distri-

bution used in a test) and the g scores (a magnitude derived from the

estimated value of a latent factor, the g factor, which is more inde-

pendent to the particular task distribution used in a test). The g factor
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derives from the so-called positive manifold, one of the most repli-

cated experimental findings in the analysis of human intelligence.

The positive manifold indicates that given any test composed of a

set of (abstract) cognitive tasks we will find a high correlation in the

results produced by a human population. In other words, those who

perform well on some tasks will usually perform well on any other.

This supports the idea of general intelligence.

For artificial intelligence, this suggests the following question: if

we aim at building more general AI systems, will it be the case that

those that are better for some tasks will also be better for other tasks?

Is that a necessary or a contingent property? In order to study this

question, however, there is an important consideration: two equally-

general systems may have different levels of ability (or general in-

telligence). It is for those that are more intelligent we expect this

property to hold stronger. To put an extreme negative case, a random

agent is completely general, but not intelligent. We do not expect this

property to hold for random agents, despite their ‘generality’. This

suggests that the positive manifold will only start to be observed for

artificial agents when we have a population of minimally intelligent

agents. As long as AI progresses towards more generally intelligent

agents, this positive manifold would start to appear and then become

stronger. Surprisingly, in the realm of human intelligence, Spearman

found exactly the reverse observation. By taking subpopulations of

more able humans, the positive manifold was weaker, something

that was later known as Spearman’s Law of Diminishing Returns

(SLODR).

In this paper, we introduce a simple, but effective, setting to anal-

yse these questions for artificial agents. We adapt a class of tasks

consistent of elementary cellular automata (ECA) where we have in-

troduced an agent that interacts within these worlds (the ECA rules),

as done in [20]. Using this simple world and an elementary agent

language, we can analyse all tasks and all possible policies (solu-

tions) up to a certain size (determining the difficulty of the policy),

so really having a diversity of solutions to analyse whether some de-

gree of positive manifold appears. More interestingly, we can easily

analyse different subsets according to their average performance on

all policies (or slices of appropriate difficulty) and study whether the

SLODR holds or not.

The rest of the paper is organised as follows. Section 2 reviews the

notions of positive manifold, g factor and Spearman’s Law of Dimin-

ishing Returns (SLODR) and some of the explanations and experi-

ments performed to support or reject the law. Section 3 introduces the

environments and agents used for the analysis, describing how they

work and showing a few examples. Section 4 performs two different

experiments with the goal of discovering whether the SLODR holds

or not. Section 5 discusses the results and its implications. Finally,

Section 6 closes the paper with new questions and future work.

2 SPEARMAN’S LAW OF DIMINISHING
RETURNS (SLODR)

There are many kinds of cognitive tests that can be applied to hu-

mans. Some of them compose the popular IQ tests, whose develop-

ment started about a century ago. Charles Spearman was one of the

pioneers of a numerical analysis of human intelligence, by compiling

the results of several tests on human populations. He started to use

the recently introduced notion of correlation to analyse the results.

He found one important phenomenon: when he analysed a set of dif-

ferent tests taken by the same population, he found a positive aver-

age correlation in their results. In other words, the individuals that

obtained good results for some tests usually obtained good results

for the rest. This correlation was stronger the more culture-fair and

abstract the tests were. This phenomenon was known as the ‘positive

manifold’ [46, 47].

It is important to clarify that this phenomenon is not a property

of the tests alone nor a property of the population alone. A correla-

tion is clearly an effect that takes place for two subjects for a set of

tests, but the average correlation is calculated from the correlation

matrix, thereby involving both the population and the tests. Never-

theless, the positive manifold appeared again and again for different

human populations and different sets of tests, provided they were not

too linked to particular cultural or educational backgrounds (e.g., a

chess-playing test and a Korean vocabulary test). Spearman tried to

understand the findings through the invention of a rudimentary factor

analysis. He identified a dominant latent factor that explained much

of the variance, and called it the g factor. Since then, this factor has

been one of the most relevant (and replicated) findings in psychomet-

rics [31, 48] and has been found to predict many facets of life, from

academic performance to (lack of) religiosity in humans.

The dominance of g and its explanatory character for the positive

manifold led to the association of g with general intelligence, a la-

tent factor that pervaded or dominated all other factors and facets of

intelligence. Of course, this interpretation has been challenged many

times, even if g appears again and again.

Still more controversial than the interpretation of the g factor is an-

other finding that Spearman discovered. He calculated the strength of

g on subpopulations of different abilities. In particular, in one of the

analysis, he separated the results of several tests on a human popula-

tion into two groups, group A with normal abilities and B with low

abilities. After the split, he analysed the correlation matrices sepa-

rately. The result was that the mean correlations for group A were

0.47 but the mean correlations for group B was 0.78. Note that this

does not mean that group A had worse results (in fact, it was pre-

cisely the group with highest average results), but rather that the pro-
portion of the variance explained by g for the low-ability group was

much higher than for the normal-ability group. This result was strik-

ing, especially if g is understood as general intelligence. It looked as

if the more intelligent a population is, the less important g would be,

in relative terms, to explain its variability. This observation turned

to be known as Spearman’s Law of Diminishing Returns (SLODR).

The finding was replicated many times since then with different ex-

perimental settings [9, 8, 50]).

Spearman looked for an explanation and found it in the law of di-
minishing returns in economics. Many processes that are affected by

many factors do not grow continuously as the result of the increase

of one factor, so the influence of a single, albeit dominant, factor

can become less relevant at a given point, being saturated. Spearman

expressed it in this way: “the more ‘energy’ a person has available

already, the less advantage accrues to his ability from further incre-

ments of it” [47, p. 219].

But this simile was not an explanation. Spearman postulated the

“ability level differentiation”, which considered that challenging

items (those that can only solve the more able individuals) require

the combination of many skills, and the prevalence of g would be

slower. Basically, for the easy items, the general intelligence or some

general resources would be the only available skills for low-ability

subpopulations. Detterman and Daniel [9] argued similarly that if

“central processes are deficient, they limit the efficiency of all other

processes in the system. So all processes in subjects with deficits

tend to operate at the same uniform level. However, subjects without

deficits show much more variability across processes because they

do not have deficits in important central processes”. Other explana-
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tions were introduced, such as that the “genetic contribution is higher

at low-ability levels” [8] .

On the other hand, not only the above explanations but the exper-

imental evidence itself have been contested. One common counter-

explanation of the phenomenon argues that it is not that g is less

important for able subjects, but that they find many of the problems

in the tests less challenging than the normal population and then they

are not forced to use general intelligence as they can solve the prob-

lems without deep thinking, i.e., more mechanically. In other words,

the use of the same tests for both groups would be creating the effect.

In fact, Fogarty and Stankov [16] performed an experiment where the

more able group had to solve problems of higher difficulty whereas

the less able group had to solve problems of lower difficulty. Under

these conditions SLODR did not only appear but even the more able

group showed higher correlations! This seems to agree with the idea

that general intelligence is used when the individual finds a problem

challenging. It is important, however, to check that the difficult prob-

lems are created without the use of spurious complications, in order

to prevent that more difficult items are more specialised than the sim-

ple items. For instance, in number series problems, one can create a

complex series by using the Fibonacci series. This, however, will just

assess whether the subject has some particular mathematical knowl-

edge, not really expecting that the subject is going to discover the

Fibonacci series from scratch. This was already warned by Jensen,

pointing out “that it is the highly g-loaded tests that differ the least

in their loadings across different levels of ability, whereas the less

g-loaded tests differ the most” [32]. Usually, problems featuring ab-

stract thinking (inductive inference, analogies, etc.) are those with

higher g loadings.

Nevertheless, one of the most relevant criticisms (or explanations),

which will reappear later on in this paper, had a more statistical char-

acter. Jensen [31, p. 587] argued that the subgroups with higher abili-

ties had lower variance than the subgroups with lower variance. This

may be caused by the way the tests are designed to cover a wide

range of subjects or the way the two groups are split, but the differ-

ent variances were generally the case. As a consequence, the relative

relevance of g would be lower for more able groups as there is less

variance to explain.

All of the above suggests that there are several methodological

problems about the analysis of SLODR in human intelligence, start-

ing from putting into question all results for which both groups do

not have the same variance and also those that include spurious prob-

lems or sample the populations in ways to get the same variance by

introducing some other confounding factors. In the end, Murray et

al. argue that SLODR could just be “a statistical artifact” [40].

In what follows we take a different perspective of the debate by

using artificial tasks and artificial subjects. This can help us to rule

out some of the confounding factors by focussing on a controlled ex-

periment, where we can play with the population of agents and the

choice of tasks more freely. Nevertheless, our interest is to analyse

whether SLODR happens or not for artificial agents, and see whether

the results can tell us something about the construction and evalua-

tion of general-purpose AI agents.

3 A SETTING FOR ARTIFICIAL TASKS AND
AGENTS

In this section, we are going to adapt the simple setting introduced

in [20]. This is an appropriate scenario for practical reasons. First, it

is more illustrative to use minimalistic environments where the num-

ber of observations and actions are extremely reduced, while still

having some relatively rich phenomena with very simple transition

functions. Second, we are interested in simplistic policy languages

in order to be able to evaluate a large amount of agents quickly.

3.1 Agent-populated elementary cellular
automata: definition and examples

The environments we will work with are composed of an elemen-

tary cellular automaton (ECA) [55] for the space S and the transition

function τ , but we will let an agent see and modify part of the usual

behaviour of the automaton. The following definition specifies the

complete behaviour of this kind of environment:

Definition 1 A single-agent elementary cellular automaton
(SAECA) is a tuple

�
S, τ, ρ, π, �σ0, ν, p0

�
. The state space

S is represented by a one-dimensional array of bits or cells
�σ � �σ1, σ2, . . . , σm�, also known as configuration. We consider
the array to be finite (��σ� � m) but circular in terms of neigh-
bourhood (σ0 � σm and σm�1 � σ1). There is an initial array
�σ0, also known as seed. The transition function τ is given by a
number ν, as any of the 22

3

� 256 rules that can be defined looking
at each cell and its two neighbours according to the numbering
scheme convention introduced in [55]. For instance, the following
transitions for each triplet define an ECA rule:

111 110 101 100 011 010 001 000
0 1 1 0 1 1 0 1

The digits of the second row represent the new state for the middle
cell after each transition, depending on the triplet. In the above case,
01101101, in binary, corresponds to decimal number 109, the ECA
rule number with Wolfram’s convention. Given this rule, the array
01100 would evolve in the following way, looping at the end:

01100
01101
01111
11001
01001

�11001
Given the behaviour of the space, we consider just one agent π.
The agent is located at one cell (its position p) with 1 � p � m,
which is initially p0. The set of observations O is given by two bits
�σp�1, σp�1� representing the contents of the left and right neigh-
bouring cells respectively, i.e., σp�1 and σp�1. The actions A are
given by a ‘move’ and an ‘upshot’, denoted by the pair �V, U�. The
ordered set of moves is given by � left=0, stay=1, right=2
�, and the ordered set of upshots is � keep=0, swap=1, set0=2,
set1=3 �, which respectively mean that the content of the cell where
the agent is does not change, the content of the cell is swapped
(0 � 1, 1 � 0), the content is set to 0 and the content is set to
1. The rewards are calculated in the following way. If the agent is at
position p at time t, then we use this formula:

rt 	
�

j�1..�m�2�

σt
p�j 
 σt

p�j

2j�1

which counts the number of 1s which are in the neighbourhood of the
agent, weighted by their proximity. It is easy to see that 0 � rt � 1.
Basically, the goal of the agent is to be surrounded by the highest
number of 1s possible, by creating them or by exploiting the changes
performed by the ECA rule.

The order of events for each step in the system is: observations
are produced, actions are performed, the automaton is updated and
finally, rewards are produced.
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Note that the environment is parametrised by the original contents

of the array σ0, the ECA rule number ν, and the original position

of the agent p0. Given an environment and a computable agent, the

evolution of the system is computable and deterministic.

Let us see a few examples of how these environments work.

Figure 1 shows the evolution of several environments with seed

“010101010101010101010”, and several values of ν. We do not in-

clude any agent in the trials in this first figure. As a result, the space-

time diagram after 200 iterations is the same as a classical elementary

cellular automaton with each number ν (see, e.g., [55]).

3.2 Including agents: an agent policy language
Let us now explore what happens when we include agents in these

environments. We new a language for expressing the agents. There

are a few agent languages in the literature (see, e.g., [3, 35, 1]),

but they are too oriented towards the architecture, are too focussed

on Markov Decision Processes or are not sufficiently minimalistic

for bounding their size and having some interesting programs. We

present a very minimalist language, also taking into account the min-

imalist environment.

Definition 2 The agent policy language APL is given by a mem-
ory (or history) binary array mem, initially empty (and not circu-
lar), and an ordered set of instructions I = � back=0, fwd=1,
Vaddm=2, Vadd1=3, Uaddm=4, Uadd1=5 �. The numbers on the
right will be used as shorthand for the instruction. For instance, the
string 22142335 represents a program in APL. A program or policy
π is a sequence of instructions ι1, ι2, ..., ι�mem� in I. The interpreter
works on its memory by using two accumulators V and U , and the
action is given by the result of the accumulators at the end of the
process. Namely:

1. Read the observation �σp�1, σp�1� and its elements being ap-
pended to the history array mem.

2. Place the memory pointer b at the end of mem.
3. V � stay
4. U � keep
5. forall ι � π
6. case ι:
7. back : b � max�b� 1, 1	
8. fwd : b � min�b
 1, �mem�	
9. Vaddm : V � �V 
memb	 mod 3

10. Vadd1 : V � �V 
 1	 mod 3
11. Uaddm : U � �U 
memb	 mod 4
12. Uadd1 : U � �U 
 1	 mod 4
13. end case
14. endfor
15. return �V, U�

Let us see an example. If an agent is located at the fifth position

of the configuration 000110111 and has a current history mem �
111010 then the observations 1 and 0 will be appended to mem,

leading to mem � 11101010. If the policy 20242335 is applied, we

start with b � 8, V � 0 � stay and U � 0 � keep, and we have

the following execution:

1. ι1 � 2 � Vaddm, V � �V 
mem8	 mod 3 � 1 � stay.

2. ι2 � 0 � back, b � max�8� 1, 1	 � 7.

3. ι3 � 2 � Vaddm, V � �V 
mem7	 mod 3 � 2 � right.

4. ι4 � 4 � Uaddm, U � �U 
mem7	 mod 4 � 1 � swap.

5. ι5 � 2 � Vaddm, V � �V 
mem7	 mod 3 � 0 � left.

6. ι6 � 3 � Vadd1, V � �V 
 1	 mod 3 � 1 � stay.

7. ι7 � 3 � Vadd1, V � �V 
 1	 mod 3 � 2 � right.

8. ι8 � 5 � Uadd1, U � �U 
 1	 mod 4 � 2 � set0.

After this program, which is run internally, we obtain the action

that the agent will perform on the environment, which is given by

�V, U� = �2, 2� = �right, set0�. This means that the agent will

move right and set the content of the cell to 0.

While the class of policies generated by this language is infinite,

the language is still not universal, and all (finite) programs end. The

goal of this language is to be able to express some simple policies

that may be useful in the environment.

Figure 2 shows how the environment with elementary cellular au-

tomaton number 110 varies for several agent policies. The resulting

space-time diagram patterns are different. Similar things (where dif-

ferences are more visible with respect to the corresponding diagram

in Figure 1) happen with rule number 164 (Figure 3).

We define R as the (expected) response (the result) of agent π in

task μ, which is calculated as an average of the rewards rt for the 200

steps t. For instance, in Figure 3 policy 23555 for rule 164 seems to

have higher R than policy 24 for the same rule.

After introducing the environments (tasks) and agents (policies),

in the following section we explore SLODR using subpopulations.

4 ANALYSIS OF SUBPOPULATIONS

Using the agent policy language APL defined above we gener-

ated 400 agents with their instructions chosen uniformly from the

instruction set and a program length also uniformly distributed

between 1 and 20. We evaluated each agent with all the 256

possible ECA rules, with 21 cells, fixed initialisation (seed) of

”010101010101010101010”, using 100 of iterations per trial.

4.1 Experiment 1: confounding factors

From the 256 400 results, we scaled them task per task so that for

each task (ECA rule) we had mean 0 and standard deviation 1. As

we will work with Pearson (linear) correlations, this scaling does not

affect the correlations, but allows a better aggregation to determine

the abilities of each agent. Also from the results, we calculated the

256 256 correlation matrix for the 256 rules. From all the correla-

tions ( 256�255
2

� 32640), 29612 were positive. The average corre-

lation was 0.146. Then we averaged the results for each agent to get

their average score. We sorted agents per score and split the agent

population according to different quantiles (from best to worst). This

is shown in Figure 4.

Different size of the bins (subpopulations) were used for the quan-

tiles. On the left figure, the black cross on top represents one bin

with the whole population (400 agents), with an average correlation

of 0.146, as said above. The second shape (using orange triangles)

is formed by the 51 possible bins using agents 1..350, 2..351, . . . ,

51..400. For smaller bins underneath we see that the average corre-

lation decreases (in other colours). If we look at the concave shapes

we clearly see that the average correlation is not the same for the

whole range, with smaller values for middle quantiles (around 0.5 on

the x-axis). In fact, we see correlations are higher for the more able

group (high performance, lower quantiles) and the less able group

(low performance, higher quantiles).

Trying to interpret these first results, we can recall Jensen’s crit-

icism in section 2. What we observe can be easily explained by the

choice of best or worst subsamples. These have a tendency to agree
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Figure 1. Space-time diagram (evolution for t � 200 steps) of several elementary cellular automata without agent. The initial array (seed) is always

010101010101010101010, whose length is 21 bits.

on more tasks and should not be interpreted as any common factor.

In fact, the right plot shows the variance for each bin, which explains

most of what happens on the left plot.

Nevertheless, this first experiment still shows several things. Using

some quantiles split by performance, there are important differences.

Of course this is not supporting any law of diminishing returns for

the middle quantiles, but just a consequence of the different vari-

ances, as argued by Jensen. Also interesting is the fact that we get

some positive, albeit small, average correlations, even if we are us-

ing randomly-generated agents for all possible tasks (all ECA rules).

This is given by the reward mechanism, which is the same for all

tasks (having 1s in the surrounding cells) and there are some agents

that go well for this reward criterion disregarding the task.

In order to analyse the relevance of the reward criterion, we per-

form a second experiment where the reward mechanism is being mir-

rored half of the times (so agents cannot specialise to it). By mirror-

ing we mean changing the sign of the reward, so now the goal is

to be surrounded by as many 0s as possible. Also, the agent pol-

icy language is modified so that agents can now see the rewards.

These small changes lead to very important changes in Figure 5 (left),

where we now used 256 agents instead of 400. The top black cross

uses all tasks (256) and all agents (256) together. The second shape

(orange triangles) shows 17 bins, using agents 1..240, 2..241, . . . ,

17..256, and so on for the other shapes, according to the sizes shown

in the legend.

4.2 Experiment 2: variance and difficulty

The average correlation almost disappears. It is now just 0.004.

Again, Figure 5 (left) slices the agents in bins by their average abili-

ties and we have shapes that are similar to the previous experiment.

However, we now do an extra change in our analysis. Figure 5

(right) also slices the tasks by difficulty. We evaluate the more able

agents with more difficult tasks. In order to do this, we calculate dif-

ficulty of a task following [22], where we simplify the estimation of

difficulty here by only considering the length of the policies (and not

the execution steps as all policies have a finite execution time):

��ε��μ� � min
π�A�ε��μ�

L�π� (1)

i.e., the difficulty of a task μ is the length of shortest policy π that

is acceptable for the task. Note that this is not the Kolmogorov com-

plexity of the task (i.e., the shortest description for the task) but rather

the shortest description of any (acceptable) solution for the task. Ac-

ceptability is defined using a tolerance ε:

A�ε��μ� � �π : R�π, μ� � 1� ε� (2)

i.e., the set of all acceptable policies for a task μ is given by those

policies whose expected response is above a threshold, given by the

tolerance ε. Recall that we defined expected response R as the aver-

age reward result of agent π in task μ.

Given this approximation to difficulty, we chose tolerance to be

the response that separates the 10% best agents for each task and

we sliced tasks by difficulty, using the same bin size than for the

agents. As we only generated 256 agents in this experiment, the sizes

where also the same. In summary, Figure 5 (right) shows different

shapes. As mentioned above, the top black cross uses all tasks (256)

and all agents (256) together, with 0.004 correlation, and the second

shape (orange triangles) shows 17 bins, using agents 1..240, 2..241,

. . . , 17..256, and so on. But now, for each of the bins, we also slice

the problems (tasks) according to their difficulty. For instance, for

the first bin of the orange triangles, the most able agents 1..204, we

calculate the correlation with only the most difficult tasks 1..204.
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Figure 2. Space-time diagram (evolution for t � 200 steps) with different agent policies for the elementary cellular automaton with rule 110. The initial array

(seed) is always 010101010101010101010, whose length is 21 bits. The agent is represented by a red dot when the cell has a 0 (like the white ones) and by a

green dot when the cell has a 1 (like the black ones). The leftmost diagram is the empty policy (�stay, keep�).

The slicing by ability and corresponding difficulty for each group

now shows a very different picture. Figure 5 (right) shows some slope

in the distribution of results, where we find higher correlations for

higher abilities (lower quantiles). This is exactly the reverse of Spear-

man’s Law of Diminishing Returns.

5 DISCUSSION

Before jumping into any conclusion, let us first analyse the results

of this particular experiment. We are generating agents with a very

simple policy language. Still, it can now access the rewards and com-

pute actions with them so that meaningful policies are generated. For

instance, the policy that repeats the previous action if the reward is

good and do another action otherwise can be coded with a relatively

short program in this language. Nevertheless, we cannot expect any

agent that is especially good. Accordingly, many agents are com-

pletely lost in the environments. However, it is precisely a basic sce-

nario we wanted to explore first, resembling some kind of minimal

artificial life situation where we can consider all agents up to a cer-

tain complexity and see if any correlation appears, even if small. The

simplicity of the policies was also useful for a second, very impor-

tant thing. Difficulties are estimated from first principles also using

the agent policy language. As seen in eq. 1, difficulty is calculated

as the length of the shortest acceptable policy. This can only be esti-

mated in a reasonable amount of time with standard hardware if pro-

grams do not get very large. Of course, the simple scenario leads to

very small correlations, since we have very simple agents, and even

very small correlations (once the rewards were mirrored), but the re-

sults are consistent to a low expectation about the abilities of these

agents. This low correlation is also consistent to the very intuition

under ULOAR.

However, the interesting point is that we can study task correlation

in a very controlled experiment and find some trends by slicing per

ability and difficulty. If we focus on the more able agents, it is not

that they are just better for a random sample of tasks, but that they

have a slight higher chance of getting more difficult problems right.

The positive manifold starts appearing, the embryo of some kind of

general ability may be appearing here. This suggests the hypothe-

sis that given a population of agents, the more generally intelligent

and diverse they are, the stronger the positive manifold will be. We

can call this hypothesis the universal law of augmenting returns
(ULOAR) as the opposite to SLODR. In fact, as argued before, the

ULOAR makes more sense for AI, there is no reason to think that

for artificial agents we may find some kind of saturation, once the

tendency is initially found at very low degrees of general ability.

Of course, we cannot extrapolate from a single experiment that just

shows a slightly higher (yet very small) correlation for the more able

groups, but this contributes to the intuition that, for artificial agents,

SLODR may not hold in general. Also, we cannot extrapolate this for

human populations, and it is still unclear whether SLODR holds for

humans or, more precisely, whether it holds for some human popula-

tions with some distributions of tests. But when one conceives artifi-

cial agents of a wide range of resources and algorithms, the existence

of SLODR looks very counterintuitive in hindsight.
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Figure 3. Same as Figure 2, with rule 164 and other policies.
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Figure 4. Average correlations for 400 agents (randomly-generated programs) and 256 tasks (all the ECA rules). Left: average correlation per quantiles using

several bin sizes where agents are sorted by overall performance. Right: the variance of the bins.

6 CONCLUSION

In this paper we have argued that some questions that have been rele-

vant for human intelligence may become soon important for artificial

intelligence as well. One of these questions is the existence of general

intelligence and how it can be measured and distinguished from the

performance in particular skills. Given the notion of general intelli-

gence as performance in a range of tasks, we have followed the recent

theoretical and experimental analysis of the problem in AI (from the

no-free-lunch theorems to algorithmic information theory) and fo-

cussed on one particular phenomenon found in human populations,

known as Spearman’s Law of Diminishing Returns: the positive man-

ifold (the positive correlation of results for a set of cognitive tasks)

has been shown to be stronger for less able subpopulations than more

able subpopulations.

The choice of this phenomenon responds to its controversy in hu-

man intelligence research but also to the counterintuitive character

that it would have for artificial intelligence. If SLODR were true in

AI we would have that as long as we construct more general-purpose

AI systems, we would have that they show less correlation in perfor-
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Figure 5. Average correlations for 256 agents (randomly-generated programs) and 256 tasks (all the ECA rules), using mirrored rewards for half of the trials).

Left: average correlation per quantiles using several bin sizes, where results are sorted by agent performance. Right: each bin is only evaluated with the tasks of

that quantile of difficulty.

mance among a range of tasks thus, in a way, becoming less general.

We have not only challenged that possibility but also analysed

whether a reverse universal law of augmenting returns (ULOAR)

may appear in a very simple setting of tasks and agents, even with

agents of very reduced ability. Closely related to the methodological

issues of the analysis of SLODR in human intelligence, we have seen

how important it is to perform the analysis in the right way, by using

difficulty to have an appropriate level of challenging tasks for each

subpopulation to account for the variances. The advantages of this

artificial experimentation setting is that we can rule out many other

confounding factors that appear in human intelligence, such as the

existence of some tasks that have been more common in our evolu-

tionary history or culture, the existence of more efficient specialised

modules in our brain predisposed for them, etc.

It is too soon to see whether the current questions and the method-

ology used here can have any effect in the way general-purpose AI

agents will be developed and evaluated in the future, including multi-

agent architectures, for which the environment and policies can be

extended relatively easily [20]. However, there are some areas in AI

that can benefit from some of the issues raised in this paper more im-

mediately. For instance, the ULOAR can suggest new ways of em-

pirically analysing AI systems, to devise new benchmarks and com-

petitions and, most especially, to analyse their results. Of course, in

these cases, the tasks and agents would be less minimal (more real-

istic), but would have more issues about how arbitrarily they have

been chosen: many benchmarks include many tasks for which re-

searchers have specialised during decades, and the agents would be

a biased subpopulation composed of the participants of the compe-

titions. Another issue for real competitions would be the estimation

of difficulty, which is necessary to make the analysis properly. We

advocate for principled approaches, based on the policy descriptions,

as done here, but other approaches such as Item Response Theory

could be used [15, 7, 37].

Some competitions in AI would be better suited than others to

the concept of generality. For instance, while we can understand the

notion of generality for a planning competition [36] (i.e., a general

planner would be the one that is good for a wide range of planning

problems), it is for general-purpose agents where the notion of a gen-

eral factor is more intuitive and closer to the original notions in hu-

man intelligence. For instance, the reinforcement learning competi-

tion [54, 10] or the general video game competition [43, 42] would

have similar interpretations of results as those discussed here. Never-

theless, the use of correlation matrices for whatever AI competition

may show some general factors appearing. We could also investigate

whether they grow stronger or not, as the discipline advances.

Finally, an area that can be particularly suitable for this kind of

analysis is machine learning. There are already several ‘experiment

databases’ [51, 52] whose results can be used to analyse correlations,

positive manifolds and whether SLODR (or ULOAR) is taking place

there. The interpretation of the results will likely be intriguing but

the scope and implications may be fascinating.
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Efficient Computation of Exact IRV Margins
Michelle Blom and Vanessa Teague and Peter J. Stuckey and Ron Tidhar 1

Abstract. Computing the margin of victory (MOV) in an Instant

Runoff Voting (IRV) election is NP-hard. In an IRV election with

winning candidate w, the MOV defines the smallest number of cast

votes that, if modified, result in the election of a candidate other than
w. The ability to compute such margins has significant value. Argu-

ments over the correctness of an election outcome usually rely on the

size of the electoral margin. Risk-limiting audits use the size of this

margin to determine how much post-election auditing is required.

We present an efficient branch-and-bound algorithm for computing

exact margins that substantially improves on the current best-known

approach. Although exponential in the worst case, our algorithm runs

efficiently in practice, computing margins in instances that could not

be solved by the current state-of-the-art in a reasonable time frame.

1 Introduction
Instant Runoff Voting (IRV) is a system of preferential voting in

which voters rank candidates in order of preference. IRV is used

for all parliamentary lower house elections in Australia, parliamen-

tary elections in Fiji and Papua New Guinea, presidential elections

in Ireland and Bosnia/Herzogovinia, and local elections in numer-

ous locations world-wide, including the UK and United States [19].

Given candidates c1, c2, c3, and c4, each vote in an IRV election

is a (possibly partial) ranking of these candidates. A vote with the

ranking [c1, c2, c3] expresses a first preference for candidate c1, a

second preference for c2, and a third for c3. The tallying of votes

proceeds by distributing each vote to its first ranked candidate. The

candidate with the smallest number of votes is eliminated, with their

votes redistributed to subsequent, less preferred candidates. Elimi-

nation proceeds in this fashion, until a single candidate w remains,

who is declared the winner. The margin of victory (MOV) of the elec-

tion is the smallest number of cast votes that must be modified (their

ranking replaced with an alternate ranking) to ensure that a candidate

other than w is the last candidate standing and is elected.

Exact computation of IRV electoral margins is NP-hard [22]. It

is difficult to compute either the true runner-up of an IRV election,

or the margin by which they lost. Disputing an election outcome, or

proving that it is correct, generally requires some argument compar-

ing the electoral margin to the precision of the process. For exam-

ple, risk-limiting audits require knowledge of the MOV to determine

how much auditing is required [15]. A close election, in which the

MOV is small, requires more auditing than one with a large margin.

As more jurisdictions move toward electronic voting or post-election

digitisation of votes, software for election analysis, including MOV

computation, will become increasingly important.

Automatic recounting of ballots, for example, is triggered in many

jurisdictions if the last round margin (the difference between the tal-

lies of the last two remaining candidates, divided by two and rounded

1 The University of Melbourne, Australia, email: michelleb@unimelb.edu.au

up) of an IRV election falls below a threshold. The 2013 federal elec-

tion for the Australian seat of Fairfax, in Queensland, for example,

had a last round margin of just 4 votes, triggering a recount. The ac-

tual margin of victory for an IRV election, however, may be much

lower than its last round margin. The 2011 federal election for the

Australian seat of Balmain, New South Wales, had a last round mar-

gin of 1239 votes, with 2477 votes separating the last two remain-

ing candidates – a Liberal and a Green. The actual margin of victory,

however, was at most 388 votes, with 775 votes separating the Greens

and Labor in a prior round of elimination. Last round margins will

therefore trigger recounts in only a portion of eligible IRV elections.

This paper contributes an efficient algorithm, denoted margin, for

exact IRV margin computation that substantially improves on the cur-

rent best-known approach by Magrino et al. [16], denoted MRSW

throughout this paper. On a data set of 29 IRV elections held in the

United States between 2007 and 2014, MRSW computes margins in

several hundred seconds in 26 of the 29 instances, but fails to com-

pute a margin within 72 hours in the remainder. Although exponen-

tial in the worst case, our algorithm runs efficiently in practice on all

real IRV election instances for which we could obtain data. On all

IRV instances in our data set, our algorithm computes exact margins

in less than 6 seconds. The significance of our improved algorithm is

that MOV computation is now practical in elections with large num-

bers of candidates. In the 2007 San Francisco Mayoral election (with

18 candidates) our algorithm computes the MOV is less than 2 sec-

onds while MRSW times out after 72 hours. We compute the MOV in

the Minneapolis 2013 Mayoral election (36 candidates) and the Oak-

land 2014 Mayoral election (17 candidates) in less than 5 seconds,

while MRSW times out after 72 hours. In the 2015 Australian New

South Wales (NSW) state election (lower house), 93 IRV elections

were held to elect a member of parliament in 93 distinct electorates.

Our algorithm computes the MOV in each of these elections in less

than 0.04 seconds. MRSW requires up to several hundred seconds.

An obvious, but inefficient, algorithm for computing exact IRV

margins is to consider every possible order in which candidates could

be eliminated, and use a linear program (LP) solver such as CPLEX

to compute the exact number of manipulations (vote modifications)

necessary to achieve it. A manipulation replaces the ranking of a vote

(e.g., [c1, c2, c3]) with a different ranking (e.g., [c2, c1]). The MOV

is the smallest number of such modifications required to realise the

election of a different candidate. An insight of Magrino et al. [16] is

that this LP can be used to compute a lower bound on the number

of manipulations required to realise an elimination order ending in a

particular sequence of candidates. The branch-and-bound algorithm

of Magrino et al. [16] guides a search of the space of partial orders,

using these lower bounds, for a complete elimination order (involv-

ing all candidates) requiring fewest vote manipulations to realise.

Our algorithm has the same basic structure as MRSW but intro-

duces a new, easily computed, and often tighter, lower bound on the
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number of vote manipulations required to realise an elimination or-

der ending in a specific candidate sequence. Computing this lower

bound does not require the solving of an LP, and is often higher

in value than that computed by MRSW. Combining our new lower

bounds with those generated by the LP of MRSW allows us to prune

larger portions of the space of possible elimination orders, earlier in

search, and disregard many partial orders without the need to solve

an LP. This significantly reduces the time required to compute the

MOV. Like Magrino et al. [16], we compute margins under the as-

sumption that any manipulation applied to cast votes must leave the

number of votes unchanged. We further extend the work of Magrino

et al. [16] by presenting two variations of our algorithm in which this

assumption is not required. This allows us to answer important prac-

tical questions. If there were lost votes, could their inclusion have

altered the election outcome? If some people voted twice, could it

have made a difference to the outcome? The answer to these ques-

tions can be obtained by calculating the MOV under the assumption

that votes can only be added to the election (addition only) or re-

moved (deletion only). This type of manipulation is known as voter
control. We consider both settings in this paper.

The problem of computing margins in elections is related to that

of bribery in the literature (see [11, 10, 12, 4, 5, 13, 6]). In the bribery

problem, voters can be bribed in order to change their votes. Much

work has analysed the susceptibility of various voting rules (e.g.,

Condocert-based or plurality voting) to bribery, and the complexity

of manipulating an election with bribery. In the shift bribery prob-

lem, for example, each voter has prices (bribes) for which they are

willing to shift the position of a candidate in their vote forward by

i positions [5]. The bribery problem seeks to find a lowest cost set

of bribes such that an alternate candidate (to the original winner) is

elected. If each voter will change their vote at a price of 1, this lowest

cost is equivalent to the electoral MOV. While the complexity of the

bribery problem, and election manipulation in general, has been well-

studied, the work presented in this paper differs in that it presents a

practical and implementable algorithm for computing electoral mar-

gins in IRV elections, outperforming the current state-of-the-art.

The key contributions of this paper are as follows. We present: a

new, efficient method of computing a lower bound on the number of

vote manipulations required to realise the elimination of candidates

in an IRV election in a specific order; a modification of the MOV-

calculation algorithm of Magrino et al. [16] in which this bounding

procedure is used; a comparison of our approach with that of Ma-

grino et al. [16] on 29 IRV elections held in the United States be-

tween 2007 and 2014 (25 of which appear in the work of Magrino

et al. [16]), and 93 IRV elections from the 2015 NSW state election;

and two adaptations of our algorithm for settings in which votes can

only be added or removed, but not both.

This paper is structured as follows. Section 2 examines related

work in the complexity and computation of IRV margins. Definitions

and concepts underlying our approach are presented in Section 3.

Section 4 describes our improved algorithm for the computation of

margins, highlighting where it deviates from that of Magrino et al.

[16]. Section 5 evaluates our algorithm on a suite of IRV instances.

Section 6 examines two variations of our algorithm in which votes

may be deleted from or added to an election profile, but not both.

2 Related Work

Computing the exact MOV in an IRV election is NP-hard [22]. De-

termining whether a single voter can manipulate an IRV election to

achieve a desired outcome is also NP-hard [2]. This result has been

extended by Conitzer et al. [8, 9] to show that for a weighted vari-

ant of IRV in which there are more than 3 candidates (and votes are

weighted), finding a manipulation for which a specific candidate is

elected (constructive manipulation) is NP-complete. For elections of

more than 4 candidates, finding a destructive manipulation (ensur-

ing that a specific candidate is not elected) is also NP-complete. The

complexity of manipulating plurality and Condorcet-based elections

by adding or deleting voters (equivalent to the addition or deletion

of votes considered in this paper) is examined by Bartholdi III et al.

[3]. The complexity of strategic voting in schemes for which votes

can be partial rankings over candidates is investigated by Narodyt-

ska and Walsh [17]. See Rothe and Schend [20] for a review of such

complexity results. In some of these works, IRV is referred to as a

form of Single Transferable Vote (STV) with a single winner.

In this paper we seek to determine the smallest number of votes

cast in an IRV election that, if modified, will result in a different out-

come (a different winner). Similar questions have been considered

for alternate voting rules. The complexity of manipulating an elec-

tion with bribery is considered by Faliszewski et al. [12], under a

number of voting schemes: Condocert-based; approval voting; scor-

ing rules; veto rules; and plurality. Their aim is to find a manipula-

tion to achieve a desired election result, while minimising the cost of

bribes given to voters for changing their vote.

An algorithm for computing upper and lower bounds on the IRV

MOV has been developed by Cary [7]. The “Winner Elimination”

upper bound, for example, finds the most efficient way to eliminate

the winner in each round, returning the least-cost (involving fewest

vote changes) of these. Bounds on the MOV for IRV and other voting

schemes have also been provided by Sarwate et al. [21]. A lower

bound is computed by picking sets of candidates to eliminate in order

to maximise the difference between the number of votes allocated to

the candidates in these sets, and to the remaining candidate with the

fewest votes. The bounds defined by Cary [7] and Sarwate et al. [21]

can be computed in polynomial time, but are not necessarily tight

(i.e., they may differ significantly from the true margin).

In 31 IRV elections conducted in the United States and Ireland,

Sarwate et al. [21] compare their computed bounds to known exact

margins. Lower bounds equaled exact margins in 18 elections, and in

the others fell below exact margins by 0.6% to 19% of the total votes

cast. Computed upper bounds were typically within a few votes of

exact margins, with a number of exceptions. For the 2009 Aspen City

Council election, the lower and upper bound of Sarwate et al. [21]

differ from the exact margin by 2.5% (62 votes) and 9.9% (254 votes)

of the total number of votes cast. Our algorithm finds the exact MOV

in this election within 1.5 seconds. In the 2008 race for Pierce County

assessor, their lower and upper bound differ from the exact margin

by 0.6% (1945 votes) and 1.6% (5079 votes) of the total number of

votes. Our algorithm computes the MOV within 0.02 seconds.

Magrino et al. [16] present a branch-and-bound algorithm for com-

puting exact IRV margins. Applied to 25 IRV elections in the United

States, this approach successfully computes exact margins in all but

one instance. This algorithm, referred to as MRSW in this paper,

considers the space of possible alternate elimination orders of a set

of candidates C, in which the actual winner cw ∈ C is not the last

remaining candidate. Given one such order, a linear program (LP)

computes the smallest number of votes (of those cast) that must be

modified in order to realise this elimination order. When applied to

a partial sequence of candidates, π′, this LP computes the smallest

number of vote changes required to achieve this order of elimination

in a reduced election profile, in which all candidates not in π′ have

been eliminated (and their votes redistributed). It is clear that this
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Initially, all candidates remain standing (are not eliminated)

While there is more than one candidate standing

For every candidate c standing

Tally (count) the votes in which c is the highest-ranked

candidate of those standing

Eliminate the candidate with the smallest tally

The winner is the one candidate not eliminated

Figure 1. An informal definition of the IRV counting algorithm.

number is a lower bound on the number of vote changes required

to achieve any complete elimination order (involving all candidates)

ending in π′. The MRSW algorithm builds a tree of partial elimina-

tion orders, with the smallest LP evaluation obtained for each visited

leaf (a complete order) providing an upper bound on the electoral

margin. Partial orders whose associated lower bound is larger than

the best known upper bound are pruned from the search.

The main restricting cost of MRSW is the number of nodes that

are explored and evaluated via the LP. Our algorithm dramatically re-

duces the number of partial elimination orders (nodes) explored, rel-

ative to MRSW, through the use of a bounding rule assigning tighter

(higher) lower bounds to nodes close to the root of the tree. We are

thus able to prune larger portions of the search space, earlier.

3 Preliminaries

The tallying of votes in an IRV election proceeds by a series of

rounds in which the candidate with the lowest number of votes is

eliminated (see Figure 1) with the last remaining candidate declared

the winner. All votes in an eliminated candidate’s tally are distributed

to the next most-preferred (remaining) candidate in their ranking.

Let C be the set of candidates in an IRV election B. We refer to

sequences of candidates π in list notation (e.g., π = [c1, c2, c3, c4]),
and use such sequences to represent both votes and elimination or-

ders. We will often treat a sequence as the set of elements it contains.

An election B is defined as a multiset2 of votes, each vote b ∈ B
a sequence of candidates in C, with no duplicates, listed in order of

preference (most preferred to least preferred). Let first(π) denote the

first candidate appearing in sequence π (e.g., first([c2, c3]) = c2).

In each round of vote counting, there are a current set of eliminated

candidates E and a current set of candidates still standing S = C \ E .

The winner cw of the election is the last standing candidate.

Definition 1 Projection pS(π) We define the projection of a se-

quence π onto a set S as the largest subsequence of π that contains

only elements of S . (The elements keep their relative order in π).

For example: p{c2,c3}([c1, c2, c4, c3]) = [c2, c3] and

p{c2,c3,c4,c5}([c6, c4, c7, c2, c1]) = [c4, c2].

Each candidate c ∈ C has a tally of votes. Votes are added to

this tally upon the elimination of a candidate c′ ∈ C \ c, and are

redistributed from this tally upon the elimination of c.

Definition 2 Tally tS(c) Given candidates S ⊆ C are still standing

in an election B, the tally for a candidate c ∈ C, denoted tS(c),

2 A multiset allows for the inclusion of duplicate items.

Ranking Count
[c2, c3] 4

[c1] 20
[c3, c4] 9

[c2, c3, c4] 6
[c4, c1, c2] 15

[c1, c3] 6

(a)

Candidate Rnd1 Rnd2 Rnd3
c1 26 26 26
c2 10 10 —
c3 9 — —
c4 15 24 30

(b)

Table 1. An example IRV election profile, stating (a) the number of votes
cast with each listed ranking over candidates c1, c2, c3, and c4, and (b) the

tallies after each round of vote counting and elimination.

is defined as the number of votes b ∈ B for which c is the most-

preferred candidate of those remaining. Recall that pS(b) denotes

the sequence of candidates mentioned in b that are also in S.

tS(c) = | [b | b ∈ B, c = first(pS(b))] | (1)

Definition 3 Margin of Victory (MOV) The MOV in an election

with candidates C and winner cw ∈ C, is the smallest number of

votes whose ranking must be modified (by an adversary) so that a

candidate c′ ∈ C \ cw is elected.

If several candidates receive the same number of votes, at any

stage of the IRV count, we assume that the adversary can decide

which of the candidates is eliminated. This assumption is made by

Magrino et al. [16]. If this is not the case, the MOV of Definition 3

slightly underestimates (but never overestimates) the true margin.

Definition 4 Last Round Margin (LRMB) The last round margin

of election B, in which two candidates S = {c, c′} remain with

tS(c) and tS(c
′) votes in their tallies, is equal to half the difference

between the tallies of c and c′ rounded up.

LRMB = 8 |tS(c)− tS(c
′)|

2
9 (2)

Example 1 Consider the IRV election of Table 1. The tallies of can-
didates c1, c2, c3, and c4, in the 1st counting round are 26, 10, 9,
and 15 votes. Candidate c3 is eliminated, and 9 votes are distributed
to c4, who now has a tally of 24. Candidate c2, on 10 votes, is elimi-
nated next with 6 of their votes distributed to c4 (the remainder have
no subsequent preferences and are exhausted). Candidates c1 and c4
remain with tallies of 26 and 30. The last round margin is 2 votes.
Candidate c1 is eliminated from consideration and c4 elected.

4 A Fast Algorithm for Calculating Margins
We present a branch-and-bound algorithm for computing the MOV

in IRV elections. This algorithm has the same basic structure as that

of MRSW [16], being a traversal of the tree of possible orders of

candidate elimination. Our algorithm incorporates a substantially im-

proved pruning rule allowing us to dramatically reduce the portion of

this tree we must traverse to compute the MOV. In this section, we

describe our algorithm in detail and contrast its performance against

MRSW on 29 IRV elections held in the United States between 2007

and 2014, and the 2015 NSW lower house election held in Australia.

In the latter election, 93 IRV elections were held to elect a member

of parliament in 93 electorates.

Magrino et al. [16] define an LP, DISTANCETO, shown below, for

computing the minimum number of votes cast in an election B that, if
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manipulated, realises a specific complete elimination order π (involv-

ing all candidates C). When applied to a partial order π′ (π′ ⊂ C),

DISTANCETO computes a lower bound on the number of votes that,

if manipulated, will realise an elimination order ending in π′. In this

paper, we define a bounding rule that, when applied to a partial order

π′, computes an alternative, often tighter (higher), lower bound.

Let R denote the set of possible (partial and total) rankings R of

candidates C that could appear on a vote, NR the number of votes

cast in the election with ranking R ∈ R, and N the total number of

votes cast. For each ranking R ∈ R, we define variables:

qR number of votes to be changed into R;

mR number of votes with ranking R in the unmodified

election to be changed into something other than R; and

yR number of votes in the modified election with ranking R.

Given a partial or complete order π, the DISTANCETO LP is:

min
∑
R∈R

qR

NR + qR −mR = yR ∀R ∈ R (3)∑
R∈R

qR =
∑
R∈R

mR (4)

∑
R∈Ri,i

yR ≤
∑

R∈Rj,i

yR ∀ci, cj ∈ π . i < j (5)

n ≥ yR ≥ 0, NR ≥ mR ≥ 0, qR ≥ 0 ∀R ∈ R (6)

Constraint (3) states that the number of votes with ranking R ∈ R
in the new election is equal to the sum of those with this ranking in

the unmodified election and those whose ranking has changed to R,

minus the number of votes whose ranking has been changed from R.

Constraint (5) defines a set of special elimination constraints which

force the candidates in π to be eliminated in the stated order. Rj,i

denotes the subset of rankings in R (Rj,i ⊂ R) in which cj is the

most preferred candidate still standing (i.e., that will count toward

cj’s tally) at the end of round i (in which candidate ci is eliminated).

Constraint (4) ensures that the total number of votes cast in the elec-

tion does not change as a result of the manipulation.

4.1 Two New Lower-Bounding Rules
Let us consider a partial elimination order π′ ⊂ C. Each candidate

e ∈ C \ π′ must be eliminated before every candidate c ∈ π′ (recall

that we are computing a lower bound on the number of votes that

must be manipulated to realise an elimination order ending in π′).
We define Δ(c, e) as the number of votes b ∈ B for which c is ranked

higher than e, or c appears and e does not. This is equal to the number

of votes with rankings [c, e] or [c] when all candidates apart from c
and e are removed. At any time e is eliminated before c, c has a tally

of at most Δ(c, e) votes at the moment e is eliminated, with all other

votes assigned to e, or another candidate. Recall that pS(b) denotes

the projection of b onto set S (i.e., the ranking of vote b with all

candidates not in the set S removed).

Δ(c, e) = | [b | b ∈ B, p{c,e}(b) ∈ {[c, e], [c]}] | (7)

The primary vote of candidate c ∈ C, denoted f(c), is the number

of votes b ∈ B for which c is ranked highest.

f(c) = | [b | b ∈ B, c = first(b)] | (8)

To ensure that candidate e is eliminated before candidate c, we

require that f(e) ≤ Δ(c, e). In other words, we require that the

primary vote of e is less than or equal to the number of votes in which

c is ranked higher than e, or c appears and e does not. If it is the case

that f(e) > Δ(c, e), we need to change the relative counts by the

amount f(e) − Δ(c, e) for this order of elimination to be feasible.

Let l1(c, e) denote a lower bound on the number of votes that must

be modified to achieve the elimination of e before c.

l1(c, e) = max(0, 8f(e)−Δ(c, e)

2
9) (9)

Example 2 Consider the partial elimination order π′ = [c2] in the
election of Table 1. To realise an elimination order ending in c2, all
other candidates must be eliminated prior to c2’s election. To ensure
that c1 appears before c2 in the elimination sequence, we count all
votes that could possibly be in c2’s tally at the point at which c1 is
eliminated – this is denoted Δ(c2, c1) and defined in Equation 7.
In this example, Δ(c2, c1) = 10. The smallest number of votes that
c1 could have in their tally upon elimination is their initial tally (or
primary vote) f(c1), defined in Equation 8. Here, f(c1) = 26. For
c1 to appear before c2 in the elimination sequence, we must change
the votes so that, at the very least, the minimum number of votes that
c1 could have (upon elimination) is less than the maximum number
of votes c2 could have. Equation 8 computes this ‘minimal number’
of required vote changes, l1(c2, c1). Here, l1(c2, c1) = 8.

Since each candidate e ∈ C \ π′ has been eliminated prior to each

c ∈ π′, we can compute a lower bound on the number of votes

that must be modified to realise an elimination order ending in π′,
b1(π

′), as shown in Equation 10. In contrast to the DISTANCETO

LP, our lower bound does not consider the order in which candidates

are eliminated in π′, but computes a lower bound on the number of

votes we must alter to ensure that the candidates in π′ are the last

candidates standing. The DISTANCETO LP, however, operates on a

reduced election profile in which all candidates not in π′ have been

eliminated, and their votes redistributed. It computes the manipula-

tion required to realise π′ in this setting.

b1(π
′) = max{l1(c, e) | c ∈ π′, e ∈ C \ π′} (10)

Example 3 (Example 2 cont.) For the partial order π′ = [c2], we
compute lower bounds on the smallest number of vote changes re-
quired to eliminate each candidate ci (i = 2) prior to c2’s election,
l1(c2, ci). The largest l1(c2, ci) becomes our lower bound, b1(π′),
on the number of votes we must change to realise an elimination or-
der ending in [c2]. In this example, b1(π′) = 8. DISTANCETO would
assign a lower bound of 0 to π′ as in a reduced election involving
only c2, no votes need be changed to ensure they are elected.

The bound b1 can be tightened. Consider the partial elimination

order π′, for which all candidates e ∈ C \π′ are eliminated before all

c ∈ π′. We know that e has at least f(e) votes in its tally. Candidate c
may not have, in their tally, all votes which have been counted toward

Δ(c, e) (those in which c appears before e, or c appears, but e does

not). Some of these votes may lie in the tallies of other candidates

in π′, who have not yet been eliminated. We define ΔS(c, e) as the

maximum number of votes that c can have in their tally at the time

e is eliminated, where S = {e} ∪ π′ denotes the minimal set of

candidates that must be ‘still standing’ at this time.

ΔS(c, e) = | [b | b ∈ B, c = first(pS(b)] | (11)
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To realise a situation in which candidate e ∈ C \ π′ is elimi-

nated prior to candidate c ∈ π′, we require that f(e) ≤ ΔS(c, e). If

f(e) > ΔS(c, e) then we must modify at least l2(c, e, π
′) votes.

l2(c, e, π
′) = max(0, 8f(e)−ΔS(c, e)

2
9) (12)

Equation 13 defines a tighter lower bound on the number of votes

in B that must be changed to ensure that π′ ⊂ C are the last re-

maining candidates, b2(π
′). Note that l2(c, e, π

′) ≥ l1(c, e), for all

π′ ⊂ C, c ∈ π′, and e ∈ C \ π′. Hence, b2(π
′) ≥ b1(π

′) for all

π′ ⊂ C. Both b1(π
′) and b2(π

′) are independent of the order of can-

didates in π′.

b2(π
′) = max{l2(c, e, π′) | c ∈ π′, e ∈ C \ π′} (13)

Example 4 Consider the partial elimination order π′ = [c3, c1].
Our first lower bound on the number of manipulations required to
realise an elimination order ending in π′, b1(π′), equals 0. To com-
pute this we evaluate l1(ci, cj) for i = 1, 3, and j = 2, 4, and
take the maximum result. These values represent the smallest num-
ber of manipulations required to eliminate c2 and c4 before candi-
dates c3 and c1. To compute our second lower bound, b2(π′), we
evaluate l2(ci, cj , π

′) for i = 1, 3, and j = 2, 4 (via Equation 12),
and take the maximum result. We find that l2(ci, cj , π′) = 0 for all
i and j with the exception of l2(c3, c2, π′) which equals 1. Hence,
b2(π

′) = 1. DISTANCETO assigns π′ a lower bound of 0.

4.2 A Branch-and-Bound Algorithm: margin
Figure 2 outlines our algorithm, denoted margin, for computing ex-

act margins in IRV elections. This algorithm shares the basic struc-

ture as MRSW [16], both being branch-and-bound algorithms.

An initially empty priority queue Q of partial elimination orders is

maintained throughout the algorithm (step 1). An upper bound on the

number of votes that must be modified to realise a winning candidate

other than cw is initialised to the last round margin of the election,

LRMB (step 2). A partial order π′ = {c} for all c ∈ C \ cw (i.e.,

we do not consider orders that will end in the winning candidate) is

inserted into Q with a score given by b2(π
′) of Equation 13 iff that

score is lower than the current upper bound (steps 5–7). If this score

is larger or equal to the upper bound, π′ and all its descendents are

pruned (will not be explored). MRSW adds these orders to Q with a

score of 0 (as in a reduced election involving only one candidate c,

no votes need to be altered to ensure that c wins).

We repeatedly select the partial order π′ in Q with the smallest

score (i.e., the smallest lower bound on the size of the manipulation

required to realise an elimination order ending in π′). This order is

removed from Q (step 10), and is expanded. It is at this point that

we evaluate π′ with the DISTANCETO LP (step 13). We have found,

from experimentation, that DISTANCETO can provide a higher bound

than b2, albeit infrequently. If the revised bound from DISTANCETO

is larger or equal to the current upper bound, π′ is pruned from the

tree in step 14–15 (i.e., it is not added to Q). Otherwise, we consider

each candidate c ∈ C \ π′ and create new order π in which c is

eliminated just prior to the first candidate in π′ (step 17). If π is

a complete order, containing all candidates, we compute the exact

number of vote changes required to realise π with DISTANCETO.

If this number is lower than the current upper bound, U is replaced

with the smaller number (step 19). If π is a partial order, we compute

b2(π) as defined in Equation 13 (step 20). If this lower bound is

lower than the current upper bound, π is inserted into Q (steps 21–

22), otherwise it and its descendents are pruned from the search.

margin(C, B, cw)

1 Q := ∅
2 U := LRMB
3 for(c ∈ C \ {cw})
4 π′ := [c]

5 l := b2(π
′)

6 if(l < U )

7 Q := Q ∪ {(l, π′)}
8 while Q = ∅
9 (l, π′) := argminQ

10 Q := Q \ {(l, π′)}
11 U := expand(l, π′, U,Q, C,B)

12 return U

expand(l, π′, U,Q, C,B)

13 l′ := max{l, DISTANCETO(π′, C,B)}
14 if(l′ ≥ U )

15 return U
16 for(c ∈ C \ π′)
17 π := [c] ++π′

18 if(|π| = |C|)
19 return min{U,DISTANCETO(π,C, B)}
20 l′′ = max{l′, b2(π)}

21 if(l′′ < U )

22 Q := Q ∪ {(l′′, π)}
23 return U

Figure 2. MOV computation for an IRV election B with candidates C and

winner cw ∈ C; # denotes where our algorithm differs from MRSW [16].

The b2 bound is not guaranteed to generate a tighter bound than

DISTANCETO (although in practice we find that it is tighter in a ma-

jority of instances). In using our lower bounding rules to select partial

orders for expansion, and evaluating DISTANCETO only on these se-

lected orders, we reduce the number of LPs solved by our algorithm.

MRSW evaluates the DISTANCETO LP for each child formed upon

the expansion of a node.

When all elimination orders have been examined, or pruned, mar-
gin terminates (step 12), returning U , which now equals the smallest

number of vote changes required to alter the outcome of election B.

4.3 Comparing MRSW and margin: An Example
Consider the IRV election of Table 1. Figure 3a records the partial

elimination orders considered by MRSW when computing the MOV.

Each node denotes an elimination order that is traversed and eval-

uated by MRSW, with its score recorded. MRSW first considers the

partial orders [c2], [c3], and [c4], assigning each a score of 0. The up-

per bound on the manipulation size required to change the election

outcome is set to 2 votes (the last round margin). MRSW considers

the children of node [c3] – [c2, c3] with a score of 5, [c1, c3] with

a score of 11, and [c4, c3] with a score of 0. These scores are ob-

tained by solving DISTANCETO. Nodes [c2, c3] and [c1, c3] can be

pruned as their scores are higher than the current upper bound. Node

[c4, c3] is expanded, creating children [c2, c4, c3] with a score of 0

and [c1, c4, c3] with a score of 6 (consequently pruned). The leaf

node [c1, c2, c4, c3] is then visited and assigned a score of 11 (also

pruned). MRSW continues to expand nodes in this manner as shown
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Figure 3. Traversal of elimination orders by (a) MRSW, and (b) margin,
recording the sequence in which orders are evaluated (circled), and the score

given to each order, for the election of Table 1.

in Figure 3a, visiting 23 nodes and solving 20 LPs (the children of

the root node have a value of 0 as in a reduced election with one

candidate, no votes need to be changed to ensure they are elected).

Our algorithm visits and evaluates the nodes shown in Figure 3b,

reporting beside each node the score we assign to it. Nodes [c3], [c2],

and [c1], are assigned scores of 4, 8, and 0, respectively. Nodes [c3]

and [c2] are immediately pruned as their scores are larger than the

current upper bound of 2. This allows us to concentrate on elimina-

tion orders ending in c1. Nodes [c3, c1], [c2, c1], and [c4, c1], are

assigned scores of 0, 3, and 0 (when [c3, c1] and [c4, c1] are se-

lected for expansion, DISTANCETO is solved for these nodes and

their scores revised to 1 and 2, respectively). Node [c3, c1] is ex-

panded, visiting nodes [c2, c3, c1] and [c4, c3, c1] with scores of 3

and 1. The leaf [c2, c4, c3, c1] is given a score of 1 by solving DIS-

TANCETO. The upper bound is updated to 1. DISTANCETO is then

solved for node [c4, c1], assigned a score of 0 by our bounding rules,

obtaining a revised lower bound of 2. As this is greater than the cur-

rent upper bound, [c4, c1] can be pruned immediately. Our algorithm

assigns scores to 9 nodes, but solves only 4 LPs in the process –

DISTANCETO is solved at a node only when it has been selected for

expansion, or if it is a leaf node. Scores assigned by our lower bound-

ing rules are used to determine which nodes to select for expansion.

5 Computational Results
We have evaluated our improved algorithm (Figure 2) on 29 IRV

elections held in the United States, and 93 IRV elections involved in

the 2015 NSW state election (lower house). We contrast the perfor-

mance of our approach on this data set with that of MRSW. Execu-

tion was performed on a machine with four 2.10 GHz CPUs, 7.7 GB

of memory, and with a 72 hour timeout. CPLEX 12.5.1 was used to

solve all LPs. Table 2 reports, for each election considered, the num-

ber of candidates and votes cast, the number of calls to DISTANCETO

made by MRSW and by our algorithm (denoted margin), the com-

putation time (in milliseconds) of the two algorithms, the MOV and

the last-round margin. Of the 93 IRV elections in the 2015 NSW state

election, 4 reported a MOV that differed from its last round margin.

Our algorithm substantially reduces both the number of calls to

DISTANCETO and computation time. For example, we are able to

compute the MOV of the 2007 San Francisco Mayoral election,

where MRSW timed out after 72 hours. In generating these results,

our algorithm uses the tighter b2 pruning rule of Equation 13. In the

majority of instances considered, pruning with b2 was either faster,

or as fast, as pruning with b1. The b2 rule is more costly to com-

pute, however, than b1. In the 2007 San Francisco Mayoral election,

for example, 1300 ms are used to compute the margin when prun-

ing with b2 (solving 94 LPs). In contrast, 1139 ms are used when

pruning with b1, even though 970 LPs are solved in the process. For

the Aspen 2009 City Council race, however, 1241 ms are used when

pruning with b1 and 1039 ms when pruning with b2. For the Pierce

2008 County Assessor instance, 17 ms and 9 ms are used when prun-

ing with b1 and b2, respectively. The full table of results comparing

the performance of b1 and b2 has been omitted for brevity.

In the 93 IRV elections of the 2015 NSW state election, MRSW

computed the MOV in 14 to 354,007 ms, solving 21 to 23,768 LPs.

Our margin algorithm computed margins in 1 to 35 ms, solving 1 to

13 LPs. Table 2 reports the results of 16 of these IRV elections – in

4 of which (Ballina, Maitland, Lismore, and Willoughby) the MOV

differs from the last round margin. The number of candidates in each

election range from 5 to 8. MRSW, in general, requires more time to

compute margins in elections with more candidates.

We have additionally applied margin to all instances of the Pre-

fLib data set3 that can be interpreted as an election (261 instances).

The number of candidates and votes cast in these instances range

from 3 to 2819, and 4 to 15,101, respectively. Margin computation

in all instances with more than 500 candidates is trivial, with only 4

votes cast. With a 30 minute time limit, margin computes margins

in all but 10 instances, while MRSW fails in 30 instances. In the 10

instances for which margin fails to compute a margin in 30 minutes,

it finds lower and upper bounds on the margin that differ by up to 9

votes in 7/10 instances and by 22 to 789 votes in the remainder.

6 Variations: Voter Control
Suppose some votes are lost during an election. We extend margin
to determine the minimum number of votes that must be added to

change an election outcome as follows. We first remove the division

by two when calculating the last round margin (Definition 4), and l1,

b1, l2, and b2 of Equations 9–13 (in this setting, manipulations can

only add votes). We then modify the DISTANCETO LP to calculate

the minimum number of vote additions required to enforce a certain

elimination order. To do so, we interpret variable qR as the number

of votes with ranking R ∈ R added to the election. We set mR = 0
for R ∈ R, and remove Constraint (4) which forces the number of

votes to remain constant. If the computed MOV is larger than the

number of lost votes, then their inclusion could not have altered the

election outcome. In the 2013 election of candidates to six seats in

Western Australia’s Senate a discrepancy of 1,375 initially verified

votes was discovered during a recount (resulting from a lost ballot

box) [18]. The election result was overturned, and a repeat election

held in 2014. While Single Transferable Vote (STV) is used in Aus-

tralian Senate elections – a more complex scheme than IRV – this

case demonstrates the impact of such mistakes when they occur.

3 http://www.preflib.org/
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|C| # Votes MRSW margin MRSW margin MOV LRM Election Name
Cast LPs LPs Time (ms) Time (ms)

2 45,986 1 0 1 1 15,356 15,356 Berkeley 2010 Auditor
2 15,243 1 0 1 1 4,830 4,830 Oakland 2010 D2 School Board
2 14,040 1 0 1 1 4,826 4,826 Oakland 2010 D6 School Board
2 23,494 1 0 1 1 8,338 8,338 San Leandro 2010 D3 City Council
3 122,268 6 1 1 1 17,081 17,081 Oakland 2010 Auditor
3 15,243 6 1 1 1 2,175 2,175 Oakland 2010 D2 City Council
3 23,494 6 1 1 1 742 742 San Leandro 2010 D5 City Council
4 4,862 22 1 4 1 364 364 Berkeley 2010 D7 City Council
4 5,333 23 2 4 1 878 878 Berkeley 2010 D8 City Council
4 14,040 24 2 4 1 2,603 2,603 Oakland 2010 D6 City Council
4 43,661 19 1 3 1 2,007 2,007 Pierce 2008 City Council
4 159,987 19 1 3 1 8,396 8,396 Pierce 2008 County Auditor
5 312,771 49 4 9 1 2,027 2,027 Pierce 2008 County Executive
5 2,544 65 1 12 1 89 89 Aspen 2009 Mayor
5 6,426 85 1 17 1 1,174 1,174 Berkeley 2010 D1 City Council
5 5,708 64 1 12 1 517 517 Berkeley 2010 D4 City Council
5 13,482 49 1 9 1 486 486 Oakland 2012 D5 City Council
5 28,703 65 2 13 1 2,332 2,332 San Leandro 2012 D4 City Council
7 23,494 292 1 81 1 116 116 San Leandro 2010 Mayor
7 312,771 312 19 98 9 1,111 3,650 Pierce 2008 County Assessor
7 26,761 351 19 111 8 386 684 Oakland 2012 D3 City Council
8 23,884 4,989 2 3,905 2 2,329 2,329 Oakland 2010 D4 City Council
8 57,492 7,737 2 6,772 2 8,522 8,522 Berkeley 2012 Mayor
8 34,180 1,301 2 666 2 423 423 Oakland 2012 D1 City Council
11 122,268 26,195 4 90,988 18 1,013 1,013 Oakland 2010 Mayor
11 2,544 15,109 224 64,705 1,039 35 162 Aspen 2009 City Council
17 101,431 — 234 timeout 5,067 10,201 10,201 Oakland 2014 Mayor
18 149,465 — 94 timeout 1,300 50,837 50,837 San Francisco 2007 Mayor
36 79,415 — 2 timeout 1,173 6,949 6,949 Minneapolis 2013 Mayor

5 44797 130 1 37 2 8235 8235 Seat of Lakemba, NSW 2015 lower house
5 45467 1,071 1 2,326 2 8,495 8495 Seat of Liverpool, NSW 2015 lower house
5 47348 130 1 36 2 10,806 10,806 Seat of Manly, NSW 2015 lower house

6 47,933 222 13 161 12 4,012 5,446 Seat of Maitland, NSW 2015 lower house
6 47,208 173 8 107 9 209 1,173 Seat of Lismore, NSW 2015 lower house
6 47,370 655 12 502 11 10,160 10,247 Seat of Willoughby, NSW 2015 lower house

7 47,865 380 11 652 35 1,130 1,267 Seat of Ballina, NSW 2015 lower house
7 48,358 867 1 1,693 9 3,132 3,132 Seat of Newcastle, NSW 2015 lower house
7 45497 710 1 1,323 9 3,536 3,536 Seat of Newtown, NSW 2015 lower house
7 48065 1071 1 2,326 10 4253 4253 Seat of Lake Macquarie, NSW 2015 lower house

8 47,590 7,091 1 79,637 22 4,069 4,069 Seat of Clarence, NSW 2015 lower house
8 47,803 21,054 1 190,066 18 7,311 7,311 Seat of Hawkesbury, NSW 2015 lower house
8 48,571 9,923 1 100,143 21 4,974 4,974 Seat of Swansea, NSW 2015 lower house
8 46,756 23,768 2 354,007 34 8,574 8,574 Seat of Murray, NSW 2015 lower house
8 48,002 4,106 1 29,211 20 2,576 2,576 Seat of Penrith, NSW 2015 lower house
8 42,892 2,369 1 11,243 18 2,864 2,864 Seat of Sydney, NSW 2015 lower house

Table 2. Running times and margins computed for 29 IRV elections in the United States, and 16/93 IRV elections held in the 2015 NSW state election (lower
house), using MRSW and margin. Cases where the margin of victory (MOV) differs from the last round margin (LRM) are in bold

In Australian state and federal elections, each polling station has

a book containing the names and addresses of all voters in the re-

gion. As each voter casts their vote, their name is struck off by hand.

This does not prevent a voter from voting more than once at multi-

ple polling stations. In the 2013 Australian federal election, the Aus-

tralian Electoral Commission (AEC) ‘investigated almost 19,000 in-

stances of multiple voting’ [1]. In this situation we know the number

of invalid votes, but not which votes are invalid. If this total exceeds

the minimum number of votes that, if removed, change the result

of the election, we know these invalid votes may have influenced

the outcome. To determine this number, we extend margin as fol-

lows. The division by two in our definition of last round margin, and

bounding rules, is removed. Variable mR becomes the number of

cast votes with ranking R ∈ R that we will delete. We set qR = 0
for R ∈ R, and remove Constraint (4). We replace qR with mR in

the DISTANCETO objective, as we seek to minimise the number of

deleted votes required to realise an alternate outcome.

Our margin algorithm, when applied to our suite of IRV instances,

is able to find the MOV in both the addition- and deletion-only set-

tings, with runtimes similar to those in Table 2. Table 3 reports, for

each election in Table 2, the number of candidates and votes cast, the

number of calls to DISTANCETO made by MRSW and margin, in

the addition-only setting, together with the computation time (in mil-

liseconds) of the two algorithms, the MOV and the last-round margin.
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|C| # Votes MRSW margin MRSW margin MOV LRM Election Name
Cast LPs LPs Time (ms) Time (ms)

2 45,986 1 0 1 1 30,711 30,711 Berkeley 2010 Auditor
2 15,243 1 0 1 1 9,660 9,660 Oakland 2010 D2 School Board
2 14,040 1 0 1 1 9,651 9,651 Oakland 2010 D6 School Board
2 23,494 1 0 1 1 16,675 16,675 San Leandro 2010 D3 City Council
3 122,268 6 1 1 1 34,162 34,162 Oakland 2010 Auditor
3 15,243 6 1 1 1 4,349 4,349 Oakland 2010 D2 City Council
3 23,494 6 1 1 1 1,484 1,484 San Leandro 2010 D5 City Council
4 4,862 22 1 2 1 728 728 Berkeley 2010 D7 City Council
4 5,333 24 2 2 1 1,756 1,756 Berkeley 2010 D8 City Council
4 14,040 24 2 2 1 5,205 5,205 Oakland 2010 D6 City Council
4 43,661 19 1 2 1 4,014 4,014 Pierce 2008 City Council
4 159,987 19 1 2 2 16,792 16,792 Pierce 2008 County Auditor
5 312,771 49 4 4 1 4,054 4,054 Pierce 2008 County Executive
5 2,544 65 1 6 1 177 177 Aspen 2009 Mayor
5 6,426 79 1 7 1 2,348 2,348 Berkeley 2010 D1 City Council
5 5,708 62 1 5 1 1,033 1,033 Berkeley 2010 D4 City Council
5 13,482 49 1 4 1 972 972 Oakland 2012 D5 City Council
5 28,703 62 2 6 1 4,664 4,664 San Leandro 2012 D4 City Council
7 23,494 292 1 35 1 232 232 San Leandro 2010 Mayor
7 312,771 312 19 53 7 2,221 7,299 Pierce 2008 County Assessor
7 26,761 351 19 70 6 771 1367 Oakland 2012 D3 City Council
8 23,884 3,801 2 1,714 2 4,657 4,657 Oakland 2010 D4 City Council
8 57,492 5,693 2 2,465 2 17,044 17,044 Berkeley 2012 Mayor
8 34,180 1,186 2 315 2 845 845 Oakland 2012 D1 City Council
11 122,268 23,541 4 45,285 21 2,025 2,025 Oakland 2010 Mayor
11 2,544 13,943 220 50,117 862 70 323 Aspen 2009 City Council
17 101,431 — 224 timeout 4,812 20,402 20,402 Oakland 2014 Mayor
18 149,465 — 94 timeout 1,273 101,674 101,674 San Francisco 2007 Mayor
36 79,415 — 2 timeout 1,176 13,898 13,898 Minneapolis 2013 Mayor

5 44797 123 1 36 1 16,470 16,470 Seat of Lakemba, NSW 2015 lower house
5 45467 121 1 35 1 16,989 16,989 Seat of Liverpool, NSW 2015 lower house
5 47348 116 1 30 1 21,612 21,612 Seat of Manly, NSW 2015 lower house

6 47,933 213 13 194 15 8,023 10,892 Seat of Maitland, NSW 2015 lower house
6 47,208 173 8 134 11 417 2345 Seat of Lismore, NSW 2015 lower house
6 47,370 503 12 449 14 20319 20493 Seat of Willoughby, NSW 2015 lower house

7 47,865 385 11 945 50 2,259 2,534 Seat of Ballina, NSW 2015 lower house
7 48,358 819 1 2,182 8 6,264 6,264 Seat of Newcastle, NSW 2015 lower house
7 45,497 632 1 1,624 14 7,072 7,072 Seat of Newtown, NSW 2015 lower house
7 48,065 1,005 1 3,031 14 8,506 8,506 Seat of Lake Macquarie, NSW 2015 lower house

8 47,590 4,663 1 50,983 33 8,137 8,137 Seat of Clarence, NSW 2015 lower house
8 47,803 12,963 1 130,655 27 14,621 14,621 Seat of Hawkesbury, NSW 2015 lower house
8 48,571 6,679 1 62,190 31 9,948 9,948 Seat of Swansea, NSW 2015 lower house
8 46,756 11,624 2 156,357 38 17,147 17,147 Seat of Murray, NSW 2015 lower house
8 48,002 3,389 1 25,774 33 5,151 5,151 Seat of Penrith, NSW 2015 lower house
8 42,892 2,304 1 14,119 26 5,727 5,727 Seat of Sydney, NSW 2015 lower house

Table 3. Running times and margins computed for each of the IRV elections of Table 2, using MRSW and margin, under the restriction that votes can only
be added (not deleted or modified). Cases where the margin of victory (MOV) differs from the last round margin (LRM) are in bold.

7 Concluding Remarks

We have presented an algorithm, denoted margin, for computing

IRV margins that significantly outperforms the current state-of-the-

art. Our algorithm can efficiently compute the MOV in all IRV in-

stances for which we could obtain data. This includes a number of

instances for which the current state-of-the-art approach could not

compute the margin, in a reasonable time frame of 72 hours. The sig-

nificance of this work is that automated margin computation is now

practical for IRV elections with a large number of candidates. We

have presented two easily computed lower bounds on the degree of

manipulation required to realise an elimination order ending in a spe-

cific sequence. This allows us to prune large portions of the space of

possible alternate elimination orders when computing IRV margins.

Moreover, we have described how our margin algorithm can be used

to determine whether lost votes, or invalid votes (e.g., from electors

voting multiple times), could have influenced an election outcome.

IRV has several extensions, including various forms of the Single

Transferable Vote (STV). STV is used to elect candidates to the Aus-

tralian Senate, in all elections in Malta, and in most elections in the

Republic of Ireland [14]. The extension of our algorithm for com-

puting margins in IRV elections to STV elections, where candidates

are elected to multiple seats, and the votes of elected candidates are

redistributed at a fractional value, is a topic of future research. Pre-

liminary results suggest that our margin algorithm can be adapted to

apply to STV, using a non-linear version of DISTANCETO.
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On Labelling Statements
in Multi-Labelling Argumentation

Pietro Baroni1 and Guido Governatori2 and Régis Riveret3

Abstract. In computational models of argumentation, argument jus-

tification has attracted more attention than statement justification, and

significant sensitivity losses are identifiable when dealing with the jus-

tification of statements by otherwise appealing formalisms. This paper

reappraises statement justification as a formalism-independent com-

ponent in argument-based reasoning. We introduce a novel general

model of argument-based reasoning based on multiple stages of la-

bellings, the last one being devoted to statement justification, identify

two alternative paths from argument acceptance to statement justifica-

tion, and compare their expressiveness. We then show that this model

encompasses several prominent literature proposals as special cases,

thereby enabling a systematic comparison of existing approaches to

statement justification, evidencing their merits and limits. Finally we

illustrate our model by specifying a generic ignorance-aware state-

ment justification and showing how it can be seamlessly integrated

into different formalisms.

1 INTRODUCTION

In studies of argument-based reasoning, argument justification has

received far more attention than statement justification, often treated

as a simple byproduct of the former. As a consequence, significant

expressiveness and sensitivity problems can be identified in the treat-

ment of statement justification by otherwise appealing formalisms. In

particular, in a recent paper [4] we have pointed out that even in very

simple common sense reasoning examples the statement justification

outcomes produced by different argumentation formalisms may be

significantly different and show counterintuitive aspects. To overcome

these limitations, in [4] we have proposed a preliminary approach

where statement justification is regarded as a formalism-independent

tunable component of argument-based reasoning. The approach is

based on a generic multi-labelling system and its application and

relevant advantages have been exemplified in the case of ASPIC+[11].

In this paper we provide a twofold advancement in this research direc-

tion. First we identify two alternative design choices in multi-labelling

systems and compare their expressiveness. Second we illustrate the

application of multi-labelling systems to model a representative set of

argumentation formalisms, thus confirming their potential to provide

a common formalism-independent reference for the investigation of

statement justification principles and methods. The presentation is

supported by a common sense example, illustrated below.

Example 1. Suppose that Dr. Smith says to you: “Given your clinical
picture, you are affected by disease D1, not disease D2”. Suppose then

1 DII, Univ. of Brescia, email: pietro.baroni@unibs.it
2 Data61, CSIRO, email: guido.governatori@data61.csiro.au
3 Data61, CSIRO, email: regis.riveret@data61.csiro.au

Dr. Jones, considered equally competent, says to you: “Given your
clinical picture, you are affected by disease D2, not by disease D1”.
Your view on the justification of the statements S1=“I am affected by
disease D1” and S2=“I am affected by disease D2” may become quite
uncertain. In a different situation, at home, you use an off-the-shelf
test kit suggesting you have caught disease D3. You then undertake a
serious and reliable clinical test, which excludes disease D3. Would
you consider the same status for the statement S3=“I am affected by
disease D3” and the statements S1, S2? What about the justification
status of the statement S4=“I am affected by D4”, where D4 is a
poorly studied and initially asymptomatic disease you never heard
of? Intuitively, different justification statuses seem reasonable and
useful. Actually, such distinctions may be decisive. Surprisingly, as
will be discussed in the following, the current versions of several
well-known structured argumentation formalisms fail to distinguish
these justification statuses, equating, for instance, the justification
status of S4 with the one of S3, or with that of S1 and S2, or even the
justification status of S3 with that of S1 and S2.

We advocate that the loss of sensitivity to statements’ statuses is not

intrinsic to the formalisms, but is rather due to the relatively limited

attention paid to justification of statements, often treated as a sort of

appendix of the notions of acceptance and justification of arguments.

To address this limitation, we propose a multi-labelling model of the

argumentation process, showing that starting from the common basis

of argument production and acceptance two alternative approaches to

statement justification can be considered.

The paper is organised as follows. In Section 2 we propose multi-

labelling systems for argumentation, catering for an argument-focused

approach and a statement-focused approach. In Section 3 we compare

the expressiveness of the two approaches. We show in Section 4 that

several literature proposals can be seen as instances of our model,

and in Section 5 how it can support tunable statement justification

labellings, before concluding in Section 6.

2 MULTI-LABELLING SYSTEMS
To investigate the different notions of justification involved in

a generic argument-based reasoning system, one may define a

generic multi-labelling model of the argumentation process. In [4]

we preliminarily introduced a model consisting of four stages (or

levels), namely argument production, argument acceptance, argument

justification, statement justification. Here we extend our analysis with

two variants of the model, called the argument-focused approach

and the statement-focused approach. These two approaches differ

at the third stage (see Fig. 1). In the argument-focused approach,

argument acceptance gives rise to argument justification at a third

stage, from which statement justification is derived at a fourth stage.
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In the statement-focused approach, argument acceptance is projected

on statements, giving rise to statement acceptance at a third stage,

from which statement justification is again derived at a fourth stage.

The description and formal definitions of these different stages are

provided in the sequel, preceded by some basic concepts. Due to

space limits we cannot include illustrative examples in this section:

they are provided with the analyses developed in Sections 3 and 4.

Basic concepts. Multi-labelling systems are based on the notion of

labelling.

Definition 1 (Labelling). Given a set of labels Λ and a set T , a
Λ-labelling L of T is a (possibly partial) function L : T → Λ.

The idea is then that argument-based reasoning can be regarded as

a sequence of labelling activities where the starting point consists in

producing labellings for arguments and the final result is a labelling

for the statements about which the arguments are built. Moving across

the stages, the labellings produced at one stage are used as input

to produce new labellings at the next stage, where the labels, their

meaning and/or the labelled elements change. As we will see, it may

happen that sets of labels are projected or transferred from the ele-

ments of a stage to those in the subsequent one (e.g. a statement may

“receive” the set of labels associated to all the arguments concluding

it). In these cases a synthesis (S) operator is required.

Definition 2 (S-operators). Given two sets of labels Λ1 and Λ2, a
S-operator from Λ1 to Λ2 is a function S : Pow(Λ1)→ Λ2, where
Pow(T ) denotes the powerset of T . A double S-operator from Λ1 to
Λ2 is a function S : Pow(Λ1)× Pow(Λ1)→ Λ2.

Intuitively, a synthesis operator associates with each set of labels in

Λ1 a single corresponding label in Λ2. Such an operator is naturally

applied to projected or transferred sets of labels belonging to Λ1

to obtain a synthetic representation in the context of Λ2. Double

synthesis operators will have a role when contraries come into play.

Argument production. The first stage regards the production of a

set of arguments A whose structure and mutual relationships are left

unspecified. The only relevant property for our purposes is that each

argument A ∈ A has a conclusion, denoted as Con(A), belonging to

a languageL. We do not make any assumption on the set of arguments,

while we assume that the language is equipped with a contrariness

relation. In its simplest form the contrariness relation corresponds to

the traditional notion of negation but other more general forms of con-

trariness have been considered in the literature [10, 3]. To encompass

this wider view, we assume a contrariness relation Cnt, allowing the

existence of multiple (or no) contraries for each statement, and hence

being compatible with a variety of argumentation formalisms.

Definition 3 (Language). A language L is a set of statements
equipped with a contrariness relation Cnt : L → Pow(L). For
all ϕ ∈ L, ψ ∈ Cnt(ϕ) is called a contrary of ϕ.

The outcomes of the argument production stage can be summarised

in an abstract form as an argument-conclusion structure.

Definition 4 (Argument-conclusion structure). An argument-

conclusion structure (ACS) is a triple 〈L,A, Con〉 where L is a
language, A is a finite set of arguments and Con : A → L is a
relation associating every argument with its conclusion.

Note that some elements of L may not play the role of conclusions,

e.g. if L encompasses negation as failure.

In general each statement ϕ ∈ L is supported by a (possibly empty)

set of arguments denoted as Arg(ϕ). This notion can obviously be

extended to sets of statements as in the following definition.

Definition 5 (Supporting arguments). Given an ACS 〈L,A, Con〉
and a set Φ ⊆ L, the set of supporting arguments of Φ is defined as

Arg(Φ) � {A ∈ A | Con(A) ∈ Φ}.

Argument acceptance. The second stage concerns the acceptance

evaluation of a set of arguments, the outcome is a set of argument

acceptance labellings using a set of labels ΛAA. Each label in ΛAA

represents an individual argument acceptance status and a labelling

LAA altogether represents a “reasonable” viewpoint (in general among

many possible ones) about the acceptance of the arguments in A.

Definition 6 (Argument acceptance labelling and evaluation). Given
an ACS AC = 〈L,A, Con〉 and a set of acceptance labels ΛAA, an

argument acceptance ΛAA-labelling for AC is a ΛAA-labelling of A.
A ΛAA-acceptance evaluation for AC is a set of argument accep-

tance ΛAA-labellings for AC denoted as LAA(AC) or just LAA where
not ambiguous.

Different ways of using the set LAA give rise to two alternatives for

the subsequent stages. In a nutshell, in the argument-focused approach,

the set of acceptance labelling is projected on arguments and then

synthesised, giving rise to an argument justification stage, while in the

statement-focused approach, the focus is transferred from arguments

to their conclusions, giving rise to a statement acceptance stage.

Argument-focused (AF) approach

Argument justification. In the AF approach, the third stage deals

with the definition of an argument justification labelling LAJ using a

a set ΛAJ of argument justification labels.

It is natural to assume that LAJ is functionally dependent on LAA

and, in particular, we make two basic assumptions on the nature of

this dependency. First, for each argument A, LAJ(A) depends only on

the acceptance labels of A in LAA; second, cardinality does not count

in this evaluation, i.e. for each label λ ∈ ΛAA it only matters whether

there is any LAA ∈ LAA such that LAA(A) = λ. Following these

assumptions, LAJ is obtained by first projecting LAA on arguments

and then applying a synthesis operator from ΛAA to ΛAJ.

Definition 7 (Argument acceptance projection). Let AC =
〈L,A, Con〉 be an ACS and LAA a ΛAA-acceptance evaluation for
AC. For every A ∈ A the projection of LAA on A is defined as

ΣAA(A) � {λ ∈ ΛAA | ∃LAA ∈ LAA : LAA(A) = λ}.

Definition 8 (Argument justification labelling and evaluation). Given
a set of justification labels ΛAJ and an ACS AC = 〈L,A, Con〉,
an argument justification ΛAJ-labelling for AC is a ΛAJ-labelling of
A. Given a ΛAA-acceptance evaluation LAA for AC, an argument
justification ΛAJ-labelling LAJ is the synthesis of the projection of
LAA based on a S-operator SAJ from ΛAA to ΛAJ if for every argument
A ∈ A it holds that LAJ(A) = SAJ(ΣAA(A)).

AF statement justification. The fourth stage in the AF approach

caters for the justification status of statements, i.e. the elements of the

language L. We assume that this is functionally dependent on a given

argument justification labelling, as defined above, and is represented

by exactly one statement justification labelling LASJ using a set of
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statement justification labels ΛSJ. We assume that the contraries of a

statement may play a role in the assessement of its justification and of

course that LASJ depends on the outcome of the third stage: for each

statement ϕ the justification labels are transferred from arguments to

ϕ itself and to its contraries, yielding ΥAJ(ϕ) and ΥAJ(ϕ) according

to the following definition.

Definition 9 (Justification transfer). Let AC = 〈L,A, Con〉 be an
ACS and LAJ an argument justification ΛAJ-labelling for AC. For ev-
ery statement ϕ ∈ L the supporting transfer and contrary-supporting

transfer of LAJ on ϕ are respectively defined as

ΥAJ(ϕ) � {λ ∈ ΛAJ | ∃A ∈ Arg({ϕ}) : LAJ(A) = λ}

ΥAJ(ϕ) � {λ ∈ ΛAJ | ∃A ∈ Arg(Cnt(ϕ)) : LAJ(A) = λ}.
Based on ΥAJ(ϕ) and ΥAJ(ϕ), assigning a justification label

in ΛSJ to each statement amounts to define a double S-operator

SASJ : Pow(ΛAJ)× Pow(ΛAJ)→ ΛSJ.

Definition 10 (AF statement justification labelling and evaluation).
Given an ACS AC = 〈L,A, Con〉 and a set of statement justifi-
cation labels ΛSJ, an AF statement justification ΛSJ-labelling for
AC is a ΛSJ-labelling of L. Given an argument justification ΛAJ-
labelling LAJ for AC, an AF statement justification ΛSJ-labelling
LASJ is the synthesis of the transfer of LAJ based on a double
S-operator SASJ from ΛAJ to ΛSJ if for every statement ϕ ∈ L
LASJ(ϕ) = SASJ(ΥAJ(ϕ),ΥAJ(ϕ)).

Statement-focused (SF) approach

Statement acceptance. Since multiple arguments may have the same

conclusion, within each single labelling LAA ∈ LAA(AC) one can

transfer the acceptance labels from arguments to statements and then

synthesise them to obtain a statement acceptance labelling. In this

way, a set of statement acceptance labellings can be derived from an

argument acceptance evaluation.

Definition 11 (Acceptance transfer). Let AC = 〈L,A, Con〉 be
an ACS and LAA an argument acceptance ΛAA-labelling for AC.
For every statement ϕ ∈ L the supporting transfer and contrary-
supporting transfer of LAA on ϕ are respectively defined as

ΥAA(ϕ) � {λ ∈ ΛAA | ∃A ∈ Arg({ϕ}) : LAA(A) = λ}

ΥAA(ϕ) � {λ ∈ ΛAA | ∃A ∈ Arg(Cnt(ϕ)) : LAA(A) = λ}.
Definition 12 (Statement acceptance labelling and evaluation). Given
a set of statement acceptance labels ΛSA and an ACS AC =
〈L,A, Con〉, a statement acceptance ΛSA-labelling for AC is a ΛSA-
labelling of L. Given an argument acceptance ΛAA-labelling LAA for
AC, a statement acceptance ΛSA-labelling LSA is the synthesis of the
transfer of LAA based on a double S-operator SSA from ΛAA to ΛSA

if for every ϕ ∈ L LSA(ϕ) = SSA(ΥAA(ϕ),ΥAA(ϕ)).
A statement acceptance evaluation for AC is a set of statement

acceptance labellings for AC denoted LSA(AC) or just LSA where
not ambiguous.

SF statement justification. In the SF approach, the statement accep-

tance evaluation is projected on each statement and on its contraries.

Definition 13 (Statement acceptance projection). Let AC =
〈L,A, Con〉 be an ACS and LSA a statement acceptance evalua-
tion for AC. For every statement ϕ ∈ L the projection of LSA on ϕ
and on its contraries are respectively defined as

ΣSA(ϕ) � {λ ∈ ΛSA | ∃LSA ∈ LSA : LSA(ϕ) = λ}

ΣSA(ϕ) � {λ ∈ ΛSA | ∃ϕ ∈ Cnt(ϕ), ∃LSA ∈ LSA : LSA(ϕ) = λ}.

Then, for each statement ϕ, a statement justification labelling LSSJ

is a function of the acceptance labels of ϕ itself, and its contraries.

Definition 14 (SF statement justification labelling and evaluation).
Given an ACSAC = 〈L,A, Con〉 and a set of statement justification
labels ΛSJ, a SF statement justification ΛSJ-labelling forAC is a ΛSJ-
labelling of L. Given a statement acceptance evaluation LSA for AC,
a SF statement justification ΛSJ-labelling LSSJ is the synthesis of the
projection of LSA based on a double S-operator SSSJ from ΛSA to ΛSJ

if for every statement ϕ ∈ L LSSJ(ϕ) = SSSJ(ΣSA(ϕ),ΣSA(ϕ)).

Figure 1. Overview of a multi-labelling system.

A multi-labelling system (MLS) consists of an ACS equipped with

the relevant evaluations either in the AF or SF approach. Accordingly,

two classes of multi-labelling systems can be identified:

• an AF MLS is a tuple LA = 〈AC,LAA, LAJ, LASJ〉;
• an SF MLS is a tuple LS = 〈AC,LAA,LSA, LSSJ〉;

where all the symbols are interpreted as in the previous definitions.

3 COMPARING THE AF AND SF
APPROACHES

In the AF approach the idea is that the outcomes of the second stage

(i.e. the acceptance labellings of arguments) are first projected and

synthesised on the argument themselves, giving rise to argument justi-

fication. Then argument justification outcomes are transferred to state-

ments and synthesised in turn, taking contraries into account, to get

statement justification. On the other hand in the SF approach the out-

comes of the argument acceptance stage are immediately transferred

and synthesised on statements, giving rise to statement acceptance.

Then the acceptance outcomes of a statement and of its contraries are

taken into account to derive statement justification.

One may wonder whether, under the assumptions we made, the

two approaches feature the same expressiveness, i.e. whether any

statement justification labelling produced by an AF MLS can be

obtained by a corresponding SF MLS and vice versa.

We show that the answer is negative, using some simple examples

with the set of argument acceptance labels ΛAA = {IN,OUT}.
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A distinction expressible only by the SF approach.

C1. Consider a first case C1 where there are (possibly among oth-

ers) two arguments A and B such that, for some statement ϕ,

Arg({ϕ}) = {A,B} (i.e. they have the same conclusion ϕ and no

other arguments conclude ϕ). For simplicity, let us also assume that

Arg(Cnt(ϕ)) = ∅. Suppose that the outcome of the argument accep-

tance stage consists of two labellings, i.e. LAA(AC) = {L1
AA, L

2
AA}

such that L1
AA(A) = IN and L1

AA(B) = OUT, while L2
AA(A) = OUT

and L2
AA(B) = IN.

• In the AF approach, at the argument justification stage, we get

ΣAA(A) = ΣAA(B) = {IN,OUT} and, whatever S-operator SAJ is

adopted it must be that LAJ(A) = LAJ(B) = SAJ({IN,OUT}) =
λ for some λ ∈ ΛAJ. At the statement justification stage, we have

ΥAJ(ϕ) = {λ} and ΥAJ(ϕ) = ∅. Then, whatever S-operator SASJ

is adopted, we get that LASJ(A) functionally depends on the pair

({λ}, ∅) i.e. LASJ(ϕ) = SASJ({λ}, ∅).
• In the SF approach, at the statement acceptance stage, we

get Υ1
AA(ϕ) = Υ2

AA(ϕ) = {IN,OUT}. Therefore, L1
SA(ϕ) =

L2
SA(ϕ) = SSA({IN,OUT}, ∅) = λ0 for some λ0 ∈ ΛSA. At

the statement justification stage, ΣSA(ϕ) = {λ0} and LSSJ(ϕ) =
SSSJ({λ0}, ∅).

C2. Consider a second case C2 where there is a single argument A
with conclusion ϕ, i.e. Arg({ϕ}) = {A}, and assume again that

Arg(Cnt(ϕ)) = ∅ and that the outcome of the argument acceptance

stage consists of two labellings, i.e. LAA(AC) = {L1
AA, L

2
AA} such

that L1
AA(A) = IN while L2

AA(A) = OUT.

• In the AF approach, at the argument justification stage, as

in the case C1, ΣAA(A) = {IN,OUT} and then LAJ(A) =
SAJ({IN,OUT}) = λ. Hence, at the statement justification stage,

we get ΥAJ(ϕ) = {λ} and ΥAJ(ϕ) = ∅ from which LASJ(ϕ) =
SASJ({λ}, ∅) must be the same as in case C1.

• In the SF approach, at the statement acceptance stage, we get

Υ1
AA(ϕ) = {IN} and Υ2

AA(ϕ) = {OUT}. Therefore, L1
SA(ϕ) =

SSA({IN}, ∅) = λ1 and L2
SA(ϕ) = SSA({OUT}, ∅) = λ2, for

some λ1, λ2 ∈ ΛSA. At the statement justification stage, ΣSA(ϕ) =
{λ1, λ2}, and LSSJ(ϕ) = SSSJ({λ1, λ2}, ∅), which may give rise

to a different outcome than in case C1.

We observe that in the cases C1 and C2 the statement justification

of ϕ must be the same by the AF approach, while the statement

justification of ϕ may be different by the SF approach. Hence, we

conclude that the AF approach is unable to capture some distinctions

which can be captured by the SF approach.

A distinction expressible only by the AF approach.

C3. Consider a case C3, where, similarly to case C1, there are two ar-

guments A and B such that, for some statement ϕ, Arg({ϕ}) =
{A,B} and Arg(Cnt(ϕ)) = ∅. Suppose also that the outcome

of the argument acceptance stage consists of two labellings, i.e.

LAA(AC) = {L1
AA, L

2
AA} such that L1

AA(A) = IN and L1
AA(B) = IN,

while L2
AA(A) = IN and L2

AA(B) = OUT.

• In the AF approach, at the argument justification stage, we get

ΣAA(A) = {IN} and ΣAA(B) = {IN,OUT}. Then let LAJ(A) =
SAJ({IN}) = λ and LAJ(B) = SAJ({IN,OUT}) = λ′. It fol-

lows that ΥAJ(ϕ) = {λ, λ′} while ΥAJ(ϕ) = ∅, from which

LASJ(ϕ) = SASJ({λ, λ′}, ∅).
• In the SF approach, at the statement acceptance stage, we

get Υ1
AA(ϕ) = {IN}, Υ2

AA(ϕ) = {IN,OUT}, and L1
SA(ϕ) =

SSA({IN}, ∅) = λ1, and L2
SA(ϕ) = SSA({IN,OUT}, ∅) = λ2 for

some λ1, λ2 ∈ ΛSA. Then ΣSA(ϕ) = {λ1, λ2} on which LSSJ(ϕ)
functionally depends.

C4. Consider now a case C4 which differs from case C3 because

there is an additional argument labelling L3
AA, namely LAA(AC) =

{L1
AA, L

2
AA, L

3
AA} where L1

AA and L2
AA are as in case C3, while

L3
AA(A) = OUT and L3

AA(B) = IN.

• In the AF approach, at the argument justification stage, we get

ΣAA(A) = ΣAA(B) = {IN,OUT}. Then LAJ(A) = LAJ(B) =
SAJ({IN,OUT}) = λ′. It follows that ΥAJ(ϕ) = {λ′} and

LASJ(ϕ) = SASJ({λ′}, ∅), which may give rise to a different

outcome than in case C3.

• In the SF approach, at the statement acceptance stage, we get

Υ3
AA(ϕ) = Υ2

AA(ϕ) = {IN,OUT}, hence L3
SA(ϕ) = L2

SA(ϕ) = λ2.

Then also in the case C4 we get ΣSA(ϕ) = {λ1, λ2} and hence

LSSJ(ϕ) must be the same as in case C3.

We observe that in the cases C3 and C4 the statement justification

of ϕ may be different by the AF approach, while the statement

justification of ϕ must be the same by the SF approach. Hence, we

conclude that the SF approach is unable to capture some distinctions

which can be captured by the AF approach.

In summary, the AF and the SF approaches are incomparable in

terms of expressiveness.

4 ARGUMENTATION FORMALISMS AS MLSs

In this section we illustrate how to cast argumentation formalisms

into MLSs. In particular we will consider ASPIC+, Assumption-

Based Argumentation, and Defeasible Logic Programming and ex-

amine for each formalism whether it can be seen as an instance of

the argument-focused approach, the statement-focused approach, or

both. This analysis involves identifying some argument and statement

labellings and the relevant synthesis operators corresponding to the

original definition of each formalism. We will also show how this

reconstruction in terms of MLSs and associated properties can ease

the analysis and comparison of argumentation formalisms.

Due to space limitations we will not recall the definitions of these

formalisms, which are typically very rich, but we will rather focus on

the properties relevant for our development. The reader is referred to

the original references for all the details.

Some of the considered formalisms deal with infinite and/or circu-

lar arguments. As these kinds of argument would require a specific

additional treatment, due to space limitations and in order to focus on

the main message of the paper, we will consider only finite and non-

circular arguments in the context of each of the reviewed formalisms.

Moreover, we will assume that the monotonic or strict part of the

knowledge base is consistent, that is, it does not support the derivation

of contrary conclusions.

Also, we will not formally develop Example 1 for each formalism,

but will refer directly to the statement justification outcome, assuming

that the underlying formalisation is quite immediate in each case. As

a brief informal description, we assume that two mutually attacking

arguments support the statements S1 and S2, that the argument sup-

porting the statement S3 is defeated by another (stronger) argument

supporting the negation of S3 (denoted ¬S3), and that there are no

arguments supporting S4, nor its negation.

In the remainder, all proofs are omitted due to space limitations.
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4.1 Basic properties of MLSs
MLSs are useful to analyse and compare actual argumentation for-

malisms on a common ground consisting of abstract general properties.

In particular we will consider in this paper the notions of full coverage

and contrary-sensitivity.

The first property requires that the relevant functions are total.

Definition 15 (Coverage). An AF MLS LA = 〈AC,LAA, LAJ, LASJ〉
(resp. a SF MLS LS = 〈AC,LAA,LSA, LSSJ〉) is said to provide
• a full coverage of argument acceptance if every LAA ∈ LAA is

total,
• a full coverage of argument justification (resp. of statement accep-

tance) if LAJ (resp. every LSA ∈ LSA) is total,
• a full coverage of statement justification if LASJ (resp. LSSJ) is

total.
LA (resp. LS) provides an exhaustive coverage if it provides all the
three levels of full coverage introduced above.

Sensitivity to contrariness concerns statement justification only:

the idea is that the justification status of a statement ϕ is actually

somehow affected also by the contraries of ϕ. Formally this amounts

to require that they make some difference in the evaluation.

Definition 16 (Contrary-sensitivity). Given an AF MLS LA =
〈AC,LAA, LAJ, LASJ〉, LASJ is contrary-sensitive iff ∃ϕ,ψ ∈ L such
that ΥAJ(ϕ) = ΥAJ(ψ), ΥAJ(ϕ) = ΥAJ(ψ), and LASJ(ϕ) =
LASJ(ψ).

Given a SF MLS LS = 〈AC,LAA,LSA, LSSJ〉, LSSJ is contrary-

sensitive iff ∃ϕ,ψ ∈ L such that ΣSA(ϕ) = ΣSA(ψ), ΣSA(ϕ) =
ΣSA(ψ), and LSSJ(ϕ) = LSSJ(ψ).

We will use the properties of coverage and contrary-sensitivity to

analyse argumentation formalisms in the remainder of this section. So,

an argumentation formalism F can be considered, at a very general

level, as a mechanism to produce ACSs and the relevant labellings.

The universe of all ACSs possibly produced by a formalism F is

denoted as Ω(F). Concepts concerning MLSs and their components

can be applied to argumentation formalisms considering the elements

of Ω(F). For instance a formalism F is said to provide an exhaustive

coverage if all of the MLSs associated to every ACS in Ω(F) provide

an exhaustive coverage.

4.2 ASPIC+

ASPIC+ (denoted as A+ for short) is a rule-based argumentation

formalism which assumes the existence of a generic language L
equipped with a contrariness relation [12, 10, 11].

A+ arguments may attack each other, and argument acceptance is

based on Dung’s formalism of argumentation frameworks [7] and

its semantics. Accordingly, it is possible to refer to the labelling-

based version of Dung’s semantics [2], where a set of three argument

acceptance labels is adopted, namely ΛIOU
AA = {IN,OUT, UN}. The

ΛIOU
AA -based argument acceptance labellings prescribed by the various

abstract argumentation semantics proposed in the literature are all

total. Note however that stable semantics fails to produce any labelling

in some cases. In general, the argument acceptance phase for an

argument collection AC in A+ produces the acceptance evaluation

LAA(AC) and the relevant projection ΣAA (Definition 7).

Concerning the subsequent stage, A+ focuses on argument justifica-

tion, hence it belongs to the AF approach, and adopts the traditional

notion of skeptical and credulous justification (see Def. 3.1 of [11])

which says that an argument is skeptically justified (denoted SKJ) if

it is labelled IN in all labellings prescribed by the adopted semantics,

while it is credulously justified (denoted CRJ) if it is labelled IN in

some labellings. It is easy to see that, with a small adjustment to keep

the two notions disjoint, it fits Definition 8.

Proposition 1. Given the set of argument justification labels ΛA+
AJ =

{SKJ, CRJ}, the argument justification labelling LA+
AJ prescribed by A+

for everyAC ∈ Ω(A+) is such that LA+
AJ (A) = SA+

AJ (ΣAA(A)) where
the S-operator SA+

AJ from ΛIOU
AA to ΛA+

AJ is defined for T ∈ Pow(ΛIOU
AA )

as
• SA+

AJ (T ) = SKJ iff T = {IN};
• SA+

AJ (T ) = CRJ iff T � {IN}.

It can be immediately observed that literally LA+
AJ does not provide

full coverage, since it does not cover the cases where IN /∈ ΣAA(A).
This can be explained by the emphasis on acceptance in A+. It is

anyway easy to recover a full coverage by defining a third status (let

say not justified, denoted as NOJ), covering the remaining cases, i.e.

letting ΛA+
AJ = {SKJ, CRJ,NOJ}.

In A+, statements inherit directly the justification status of the

“best justified” argument supporting them: a statement is skeptically

justified if and only if it is the conclusion of a skeptically justified

argument, while it is credulously justified if and only if it is not

skeptically justified and it is the conclusion of a credulously justified

argument. Again, it can be proved that this fits Definition 10, applying

the transfer of Definition 9 to LA+
AJ .

Proposition 2. Given the set of statement justification labels
ΛA+

SJ = {skj, crj}, the statement justification labelling LA+
ASJ pre-

scribed by A+ for every AC ∈ Ω(A+) is such that LA+
ASJ(ϕ) =

SA+
ASJ(ΥAJ(ϕ),ΥAJ(ϕ)) where the double S-operator SA+

ASJ from ΛA+
AJ

to ΛA+
SJ is defined for T, U ∈ Pow(ΛA+

SJ ) as
• SA+

ASJ(T, U) = skj iff SKJ ∈ T ;
• SA+

ASJ(T, U) = crj iff CRJ ∈ T and SKJ /∈ T .

LA+
ASJ does not provide full coverage since it does not cover the

cases where ΥAJ(ϕ) ∩ {SKJ, CRJ} = ∅, i.e. the justification status

is left undefined for all the various cases where a statement is not

supported by any justified argument. Again this can be easily fixed

by defining a third statement label (denoted as noj) covering the

remaining cases, i.e. letting ΛA+
SJ = {skj, crj, noj}. Note, anyway that

by the properties of the formalism, that we can not discuss in detail

due to space limitation, not all cases are possible. For instance, under

some well-formedness hypotheses of the set rules, if a statement is

skeptically justified its contraries cannot be skeptically justified nor

credulously justified.

With the above analysis and in particular with Proposition 1 and

2 we have built an AF MLS for ASPIC+. It can be shown (using the

same line of reasoning presented in the second part of Section 3) that

it is impossible to build a SF MLS which, starting from LAA(AC),
produces the same statement justification labelling as ASPIC+in all

cases. More precisely, the situation of the arguments A and B in the

case C3 presented in Section 3 can be obtained, for instance4, with a

Dung’s argumentation framework consisting of three arguments, A,

B, C, where B and C mutually attack each other. Applying stable

semantics to this framework gives rise to two labellings L1
AA and L2

AA

whose restriction on A and B is as described in Section 3. Similarly,

4 We omit the underlying rule based-reasoning and admit that these small
ad-hoc examples can be felt as somehow unrealistic: the same situation for
A and B could be obtained in a realistic rule-based reasoning scenario with
a larger number of arguments.
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the situation of the arguments A and B in the case C4 can be ob-

tained with a Dung’s argumentation framework consisting of four

arguments, A, B, C, D where A and D mutually attack each other,

B and C mutually attack each other, and in addition D attacks C.

Again, applying stable semantics to this framework gives rise to three

labellings L1
AA, L2

AA,L3
AA whose restriction on A and B is as described

in Section 3. Under the assumption that Arg({ϕ}) = {A,B}, we

get that in case C3, LA+
AJ (A) = SKJ, LA+

AJ (B) = CRJ, from which

LA+
SJ (ϕ) = skj. In case C4 we get LA+

AJ (A) = LA+
AJ (B) = CRJ from

which LA+
ASJ(ϕ) = crj. So the justification of the statement ϕ is dif-

ferent in the two cases, while as shown in Section 3 this difference

can not be obtained in the statement focused model. This shows that

the argument and statement justification mechanisms adopted in AS-
PIC+, as, defined in [11], belong to the AF camp. Since ASPIC+is a

generic formalism admitting many instances, note also that this does

not show that it is in general impossible to reconstruct actual instances

of ASPIC+in the SF approach: there can be some instance-specific

constraints preventing cases like the ones illustrated above to actually

occur.

Moreover it is evident that A+ is not contrary-sensitive, given that

SA+
ASJ does not actually use its second parameter U , i.e. ΥAJ(ϕ) does

not have any effect in the definition of LA+
SJ (ϕ). As above, this can be

explained by the focus on positive support in A+. Hence these limita-

tions are certainly not intrinsic to A+, rather they can be overcome by

providing more articulated definitions for the notions of justification,

leaving unchanged all the rest of the formalism.

Example 2. Referring to Example 1, we observe that according to
A+, with every semantics, S3 and S4 get the same justification status
(undefined or noj), while ¬S3 would be skj. The status of S1 and
S2 is semantics-dependent: both would get the status crj if a Dung
multiple-status semantics (e.g. preferred or stable) is adopted, while
they would be equated to S3 and S4 (undefined or noj) in the case of
a Dung single-status semantics (e.g. grounded or ideal)5.

4.3 Assumption-Based Argumentation
Assumption-Based Argumentation (denoted as ABA for short) is

a rule-based argumentation formalism which, similarly to ASPIC+,

assumes the existence of a generic language L equipped with a con-

trariness relation, see [13] for a tutorial. Similarly to ASPIC+, ABA
uses Dung’s argumentation frameworks and their semantics hence

the set of argument acceptance labels ΛIOU
AA = {IN,OUT, UN} and the

relevant considerations are the same as for ASPIC+.

The situation is more articulated concerning the other stages since

both a credulous and a skeptical6 stance [6] have been considered

in the literature. In the credulous stance (see a detailed description

in [13]) a statement ϕ is justified if there is at least one acceptance

labelling supporting ϕ. This can be directly reconstructed in the AF

approach: using the terminology of [13], an argument is justified if it

belongs to at least one winning set. This corresponds to being labelled

IN in at least one labelling in Definition 8.

Proposition 3. Given the set of argument justification labels
ΛAB·cr

AJ = {WIN}, the credulous argument justification labelling

5 An argumentation semantics is single-status if, ∀AC |LAA(AC)| = 1, is
multiple-status if ∃AC such that |LAA(AC)| > 1.

6 Unfortunately these terms are overloaded in the literature. In particular
the skeptical stance of [6] is significantly different e.g. from the notion of
skeptical justification in ASPIC+. To avoid to introduce a new terminology
we are forced to the use of the same term with different meanings in different
formalisms.

LAB·cr
AJ prescribed by ABA for every AC ∈ Ω(ABA) is such that

LAB·cr
AJ (A) = SAB·cr

AJ (ΣAA(A)) where the S-operator SAB·cr
AJ from

ΛIOU
AA to ΛAB·cr

AJ is defined for T ∈ Pow(ΛIOU
AA ) as SAB·cr

AJ (T ) = WIN

iff T ⊇ {IN}.

This labelling does not allow full coverage (since it does not cover

the cases where IN /∈ T ), but it is immediate to recover full coverage

by introducing a complementary “not winning” label NOWIN.

In the credulous stance of ABA, statements inherit directly the

justification status from arguments: a statement is winning if it is the

conclusion of a winning argument. This easily fits Definition 10.

Proposition 4. Given the set of statement justification labels
ΛAB·cr

SJ = {win}, the statement justification labelling LAB·cr
ASJ pre-

scribed by ABA for every AC ∈ Ω(ABA) is such that
LAB·cr

ASJ (ϕ) = SAB·cr
ASJ (ΥAJ(ϕ),ΥAJ(ϕ)) where the double S-operator

SAB·cr
ASJ from ΛAB·cr

AJ to ΛAB·cr
SJ is defined for T, U ∈ Pow(ΛAB·cr

AJ ) as
SAB·cr

ASJ (T, U) = win iff WIN ∈ T .

Again, literally speaking, this labelling does not provide full cover-

age (which can however be easily recovered with an additional label

nowin) and it is not contrary-sensitive. Here similar observations as

for the case of ASPIC+ apply.

It can be easily shown that the credulous stance can also be recon-

structed in the SF model. We omit it due to space limitation.

Example 3. According to the credulous stance in ABA, with every
semantics, S3 and S4 get the same justification status (undefined
or nowin), while ¬S3 is win. The status of S1 and S2 is semantics-
dependent: both get the status win (thus being equated to ¬S3) if a
multiple-status semantics is adopted, while they are equated to S3 and
S4 (undefined or nowin) in the case of a single-status semantics.

In [6], in addition to the credulous statement justification reviewed

above, a skeptical notion of justification is considered: basically a

statement ϕ is skeptically justified if all acceptance labellings sup-

port ϕ. On this basis, a more articulated classification of statement

justification, distinguishing credulously, skeptically and not justified

statements can be introduced. This stance, denoted as AB · sk can be

reconstructed in the SF approach as we illustrate below.

Definition 17. Given the set of statement acceptance labels ΛAB·sk
SA =

{in, nin}, the double S-operator SAB·sk
SA from ΛIOU

AA to ΛAB·sk
SA for AB·sk

is defined for T, U ∈ Pow(ΛIOU
AA ) as:

• SAB·sk
SA (T, U) = in iff IN ∈ T ;

• SAB·sk
SA (T, U) = nin otherwise.

So, by applying SAB·sk
SA , for a given statement ϕ and a single accep-

tance labelling LAA, if at least one argument supporting ϕ is labelled

IN in LAA, then LSA(ϕ) = in, else LSA(ϕ) = nin.

The final stage of statement justification requires the statement

justification labels corresponding to skeptical, credulous and no justi-

fication, and a double S-operator, which is rather simple since, as the

other cases considered above, AB · sk is contrary insensitive.

Proposition 5. Given the set of statement justification labels
ΛAB·sk

SJ = {skj, crj, noj}, the statement justification labelling LAB·sk
SSJ

prescribed by ABA for every AC ∈ Ω(ABA) is such that
LAB·sk

SSJ (ϕ) = SAB·sk
SSJ (ΣSA(ϕ),ΣSA(ϕ)) where the double S-operator

SAB·sk
SSJ from ΛAB·sk

SA to ΛAB·sk
SJ is defined for T, U ∈ Pow(ΛAB·sk

AJ ) as
• SAB·sk

SSJ (T, U) = skj iff T = {in};
• SAB·sk

SSJ (T, U) = crj iff T � {in};
• SAB·sk

SSJ (T, U) = noj otherwise.
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Proposition 5 completes the reconstruction of AB · sk in the SF

approach. It is interesting to note that such a reconstruction is not

possible in the AF approach: this can be proved with the same line of

reasoning used in the first part of Section 3.

Example 4. AB · sk behaves similarly to A+: with every semantics,
S3 and S4 get the same justification status (undefined or noj), while
¬S3 would be skj. The status of S1 and S2 is semantics-dependent:
both would get the status crj if a Dung multiple-status semantics (e.g.
preferred or stable) is adopted, while they would be equated to S3 and
S4 (undefined or noj) in the case of a Dung single-status semantics.

4.4 Defeasible Logic Programming
Defeasible Logic Programming (denoted as DeLP ) “provides a com-

putational reasoning system that uses an argumentation engine to

obtain answers from a knowledge base represented using a logic

programming language extended with defeasible rules” [8]. DeLP
encompasses two forms of contrariness, namely strong and default

negation. On this basis, defeat relations between arguments can be de-

fined. For language statements, a notion of complement is introduced,

based on strong negation only.

Differently from the approaches surveyed in the previous sections,

DeLP does not use Dung’s framework for argument acceptance eval-

uation, rather it adopts a dialectical procedure. This leads to a single

status approach where each argument is marked as Defeated or Un-

defeated, hence the set of argument acceptance labels is defined as

ΛDe
AA = {D, U}. In other words the dialectical procedure is guaran-

teed to produce a unique total ΛAA-based acceptance labelling: for

every AC ∈ Ω(DeLP) |LAA(AC)| = 1. Based on this property, in

the AF approach acceptance projection (Definition 7) and argument

justification (Definition 8) can be defined essentially as identity.

Proposition 6. Given the set of argument justification labels ΛDe
AJ =

{D, U}, the argument justification labelling LDe
AJ prescribed by DeLP

for every AC ∈ Ω(DeLP) is such that LDe
AJ(A) = SDe

AJ(ΣAA(A))
where the S-operator SDe

AJ from ΛDe
AA to ΛDe

AJ is defined for T ∈
Pow(ΛDe

AA) as SDe
AJ(T ) = D iff T = {D}; SDe

AJ(T ) = U iff T = {U}.

A statement is said to be warranted if it is the conclusion of an

argument whose justification label is U. On this simple basis, an

articulated notion of justification status for a statement ϕ based on

four labels (corresponding to the possible answers to a DeLP query)

is introduced: yes if ϕ is warranted; no if the complement of ϕ is

warranted; und(ecided) if neither ϕ nor its complement are warranted;

unk(nown) if ϕ in not in the signature of the program. This fits

Definition 10 as shown by Proposition 7 (see also Table 1).

Proposition 7. Given the set of statement justification labels ΛDe
SJ =

{yes, no, und, unk}, for every AC ∈ Ω(DeLP), the statement justi-
fication labelling LDe

SJ prescribed by DeLP is such that LDe
ASJ(ϕ) =

SDe
ASJ(ΥAJ(ϕ),ΥAJ(ϕ)) where the double S-operator SDe

ASJ from ΛDe
AJ

to ΛDe
SJ is defined for T, U ∈ Pow(ΛDe

SJ ) as
• SDe

ASJ(T, U) = yes iff U ∈ T ;
• SDe

ASJ(T, U) = no iff U ∈ U ;
• SDe

ASJ(T, U) = und iff T ∪ U = {D};
• SDe

ASJ(T, U) = unk iff T ∪ U = ∅.

In contrast with the previous formalisms, this labelling provides a

full coverage, since all possible cases for a statement are considered

(note in particular that it is guaranteed that U /∈ ΥAJ(ϕ) ∩ ΥAJ(ϕ),
i.e. a statement and its complement cannot be both warranted). In

ΥAJ(ϕ) \ ΥAJ(ϕ) ∅ {U} {D} {U,D}
∅ unk yes und yes
{U} no n.a. no n.a.
{D} und yes und yes
{U,D} no n.a. no n.a.

Table 1. Justification status of statement ϕ depending on ΥAJ(ϕ) and
ΥAJ(ϕ) in DeLP .

particular it distinguishes three cases of non acceptance (while non

acceptance was overlooked in the previously surveyed formalisms).

This is also due to the fact that this approach is contrary sensitive.

Example 5. DeLP would label S3 as no, ¬S3 as yes, both S1 and
S2 as und, and S4 as unk.

Since DeLP is single-status at the stage of argument acceptance,

it encompasses a single notion of positive justification, while, for

instance, ASPIC+ distinguishes credulous and skeptical justification.

This suggests that combining the most expressive aspects of different

approaches may give rise to a more general treatment of the notion

of argument and statement justification. Further, it can be shown that

(omitted due to space limitations) the DeLP statement justification

labelling can be reconstructed in the SF approach too.

5 TOWARDS TUNABLE JUSTIFICATION

From the analysis in the previous section, it emerges that different ar-

gumentation formalisms adopt quite different notions of justification,

both concerning arguments and statements, featuring different proper-

ties and sometimes failing to satisfy some intuitive requirements like

full coverage and contrary-sensitivity. However these differences do

not seem to be caused by technical motivations, but rather to depend

on arbitrary choices based on the intended use of the notion of justi-

fication in the presentation of the formalisms themselves. Moreover,

some proposals (ABA in the credulous stance and DeLP ) fit both the

AF and SF approach, while others (ABA in the sceptical stance and

ASPIC+) fit only one (the SF and AF approach respectively). These

observations back up our claim that the notion of justification (and in

particular of statement justification) has been somehow neglected in

the development of argumentation formalisms, often more focused

on the notion of argument acceptance. Moreover they suggest that

justification notions, instead of being “hardwired” in the definitions,

could better be conceived as tunable components of any argumenta-

tion formalism, with a role similar to those played by argumentation

semantics in ASPIC+and ABA. These formalisms do not stick to a

single argumentation semantics, rather they assume that one is cho-

sen among the various available ones (including possibly those to be

developed in the future).

We aim now at illustrating how our model can be used to build

alternative options for statement justification, by providing an ex-

ample of a generic approach to statement justification, the so-called

ignorance-aware labelling. Due to space limits, we do this for the AF

approach only, analogous ideas are applicable to the SF approach too.

The ignorance-aware labelling captures different reasons for which

a statement is not justified: this may be because it is falsified in some

way, or due to to some lack of knowledge or because the available

knowledge carries some undecidedness. To support this distinction,

we assume the set of labels ΛIa
SJ = {yes, fal, unk, ni}, where the label

yes indicates that the statement is justified, the label fal indicates that

the statement is falsified, unk stands for an ‘unknown’ statement,

while ni captures other cases of indecision about the statement.
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Assuming accordingly the set of labels ΛIa
SJ and full coverage as

a basic requirement, the adoption of the ignorance-aware labelling

in a formalism essentially amounts to specify for each possible pair

(ΥAJ(ϕ),ΥAJ(ϕ)) the corresponding yes, fal, unk or ni label, i.e a

double S-operator SIa
ASJ from ΛAJ to ΛIa

SJ, where ΛAJ is the set of

justification labels adopted in the formalism. For the sake of con-

ciseness, in the following we will leave implicit the definition of

the S-operator SIa
ASJ and will express directly the dependence of the

statement labelling on ΥAJ(ϕ) and ΥAJ(ϕ).
Let us consider ASPIC+ first and assume ΛA+

AJ = {SKJ, CRJ,NOJ}.
A first, skeptically oriented, option corresponds to the idea that a

statement is labelled yes if it is supported by a skeptically justified

argument. A second, credulously oriented, option labels a statement

yes if it is supported by a skeptically or credulously justified argument.

Definition 18. The skeptical ignorance-aware labelling for ASPIC+

is defined as follows:
• LIa·A+·sk

ASJ (ϕ) = yes iff SKJ ∈ ΥAJ(ϕ);
• LIa·A+·sk

ASJ (ϕ) = fal iff SKJ ∈ ΥAJ(ϕ)
7;

• LIa·A+·sk
ASJ (ϕ) = unk iff ΥAJ(ϕ) ∪ΥAJ(ϕ) = ∅;

• LIa·A+·sk
ASJ (ϕ) = ni otherwise.

Definition 19. The credulous ignorance-aware labelling for ASPIC+

is defined as follows
• LIa·A+·cr

ASJ (ϕ) = yes iff {SKJ, CRJ} ∩ΥAJ(ϕ) = ∅;
• LIa·A+·cr

ASJ (ϕ) = fal iff {SKJ, CRJ} ∩ΥAJ(ϕ) = ∅ and {SKJ, CRJ} ∩
ΥAJ(ϕ) = ∅;
• LIa·A+·cr

ASJ (ϕ) = unk iff ΥAJ(ϕ) ∪ΥAJ(ϕ) = ∅;
• LIa·A+·cr

ASJ (ϕ) = ni otherwise.

Example 6. In the skeptical labelling, S1 and S2 are labelled as ni,
S3 as fal, ¬S3 as yes, while in the credulous labelling S1 and S2
are labelled as yes, S3 as fal, ¬S3 as yes. In both the skeptical and
credulous version, S4 is labelled unk.

Turning to ABA (in the credulous stance), the same observations

as for ASPIC+apply to the ignorance-aware labelling counterpart.

Definition 20. The skeptical ignorance-aware labelling for ABA is
defined as follows
• LIa·AB·sk

ASJ (ϕ) = yes iff WIN ∈ ΥAJ(ϕ) and WIN /∈ ΥAJ(ϕ);
• LIa·AB·sk

ASJ (ϕ) = fal iff WIN /∈ ΥAJ(ϕ) and WIN ∈ ΥAJ(ϕ);
• LIa·AB·sk

ASJ (ϕ) = unk iff ΥAJ(ϕ) ∪ΥAJ(ϕ) = ∅;
• LIa·AB·sk

ASJ (ϕ) = ni otherwise.

Definition 21. The credulous ignorance-aware labelling for ABA is
defined as follows
• LIa·AB·cr

ASJ (ϕ) = yes iff WIN ∈ ΥAJ(ϕ);
• LIa·AB·cr

ASJ (ϕ) = fal iff WIN /∈ ΥAJ(ϕ) and WIN ∈ ΥAJ(ϕ);
• LIa·AB·cr

ASJ (ϕ) = unk iff ΥAJ(ϕ) ∪ΥAJ(ϕ) = ∅;
• LIa·AB·cr

ASJ (ϕ) = ni otherwise.

Example 7. In the skeptical labelling for ABA, S1 and S2 are la-
belled as ni, S3 as fal, ¬S3 as yes, S4 as unk, while in the credulous
case, S1 and S2 are labelled as yes, S3 as fal, ¬S3 as yes, S4 as unk.

As to DeLP , the original labelling reified in Proposition 7 is

ignorance-aware, modulo two label names: no for fal, und for ni.

7 We don’t specify the additional condition SKJ /∈ ΥAJ(ϕ) since, by the

properties of ASPIC+, it is already implied by SKJ ∈ ΥAJ(ϕ).

Definition 22. The (skeptical) ignorance-aware labelling for DeLP
is defined as follows
• LIa·De

ASJ (ϕ) = yes iff U ∈ ΥAJ(ϕ);
• LIa·De

ASJ (ϕ) = fal iff U ∈ ΥAJ(ϕ);
• LIa·De

ASJ (ϕ) = unk iff ΥAJ(ϕ) ∪ΥAJ(ϕ) = ∅;
• LIa·De

ASJ (ϕ) = ni otherwise.

Example 8. According to Definition 22, S1 and S2 are labelled as ni,
S3 as fal, ¬S3 as yes, S4 as unk.

It can be noted that the credulous and skeptical versions of the

ignorance-aware labelling provide (respectively) coincident results

for all the formalisms considered, while the outcomes were different

(not only formally but also substantially) with the original definitions.

Example 9. For every statement S in {S1, S2, S3,¬S3, S4, S5}:
• LIa·A+·sk

ASJ (S) = LIa·AB·sk
ASJ (S) = LIa·De

ASJ (S), and
• LIa·A+·cr

ASJ (S) = LIa·AB·cr
ASJ (S).

6 CONCLUSION
Argument-based reasoning is a complex activity which is based on,

but is not limited to, the tasks of argument production and argument

acceptance evaluation, on which many current literature formalisms

are mainly focused. In particular, treating statement justification as a

simple byproduct of the previous reasoning stages tends to hide the

conceptual richness of this task too. As we have shown, this gives

rise to disagreements and/or losses of sensitivity in some well-known

formalisms even in simple common-sense examples.

To overcome these limits, we have proposed the novel notion of

multi-labelling system for argument-based reasoning, which restores

statement justification as a first-class formalism-independent compo-

nent of the overall process and promotes the idea that it is tunable,

much in the way argumentation semantics is a tunable component

in several formalisms. We have shown that at least two approaches,

namely the AF and the SF approach, can be considered in this context

and that they are incomparable in terms of expressiveness. We have

then shown how the process leading from argument acceptance to

statement justification in three well-known argumentation formalisms

can be regarded as a kind of either AF or SF multi-labelling sys-

tem. Multi-labelling systems can be tuned, and we illustrated this by

‘plugging’ a (so-called ignorance-aware) labelling for statement justifi-

cation into the three considered formalisms, thus achieving agreement

in the example used in the paper.

Overall, the paper provides a first foundational contribution towards

a deeper study of statement justification in argument-based reasoning

and opens the way to several future research directions. In particular,

we mention a systematic study of general principles and properties

for statement labellings. This would represent a complementary con-

tribution with respect to the literature works on rationality postulates

[5, 1] which deal with the collective properties (e.g. consistency and

closure) of the conclusions of a set of arguments rather than with the

notion of justification of the conclusions themselves. Moreover we

will consider the investigation of other pluggable statement justifica-

tion methods and of their relationships, and the revision of some of

the assumptions underlying the approaches considered in this paper.

For instance, revising some of these assumptions may allow one to

overcome the expressiveness gaps evidenced in Section 3. Finally, a

first analysis carried out on Defeasible Logic [9] shows the necessity,

in this context, of more articulated approaches taking into account

the different types of arguments and attacks present in the underlying

formalism.
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Annotate-Sample-Average (ASA): A New Distant
Supervision Approach for Twitter Sentiment Analysis

Felipe Bravo-Marquez and Eibe Frank and Bernhard Pfahringer 1

Abstract. The classification of tweets into polarity classes is a pop-

ular task in sentiment analysis. State-of-the-art solutions to this prob-

lem are based on supervised machine learning models trained from

manually annotated examples. A drawback of these approaches is the

high cost involved in data annotation. Two freely available resources

that can be exploited to solve the problem are: 1) large amounts of

unlabelled tweets obtained from the Twitter API and 2) prior lexical

knowledge in the form of opinion lexicons. In this paper, we propose

Annotate-Sample-Average (ASA), a distant supervision method that

uses these two resources to generate synthetic training data for Twit-

ter polarity classification. Positive and negative training instances are

generated by sampling and averaging unlabelled tweets containing

words with the corresponding polarity. Polarity of words is deter-

mined from a given polarity lexicon. Our experimental results show

that the training data generated by ASA (after tuning its parameters)

produces a classifier that performs significantly better than a clas-

sifier trained from tweets annotated with emoticons and a classifier

trained, without any sampling and averaging, from tweets annotated

according to the polarity of their words.

1 Introduction

Twitter2 is a service in which users can post messages or tweets lim-

ited to 140 characters and subscribe to tweets posted by other users.

It has become the most popular microblogging platform, with hun-

dreds of millions of users who produce millions of posts on a daily

basis. The great volume of publicly available social data that is pub-

lished in Twitter has made it a rich resource for sentiment analysis

[9].

A popular approach for classifying tweets (posts in Twitter)

into polarity classes is to represent tweets from a corpus of hand-

annotated tweets by feature vectors and train supervised models on

them [18]. However, considering that annotation of tweets into sen-

timent classes is a time-consuming and labour-intensive task, super-

vised models can be impractical in the absence of labelled tweets.

Distant supervision models are heuristic labelling functions [16]

for creating training data from unlabelled corpora. These models

have been widely adopted for Twitter sentiment analysis because

large amounts of unlabelled tweets can be easily obtained through

the use of the Twitter API. A well-known distant supervision ap-

proach for Twitter polarity classification is the emoticon-annotation

approach (EAA), in which tweets with positive :) or negative :(

emoticons are labelled according to the polarity indicated by the

1 University of Waikato, New Zealand, email: fjb11@students.waikato.ac.nz,
{eibe,bernhard}@cs.waikato.ac.nz

2 http://www.twitter.com

emoticon after removing the emoticon from the content [22]. This

method is affected by two main limitations:

1. The removal of all tweets without emoticons may cause a loss of

valuable information.

2. There are many domains such as politics, in which emoticons are

not frequently used to express positive and negative opinions.

Opinion lexicons are another type of resource that has been used

for supporting the sentiment analysis of tweets. An opinion lexicon

is a list of terms or opinion words annotated according to sentiment

categories such as positive and negative. Examples of positive opin-

ion words are love and happy, and examples of negative opinion

words are disgusting and horrible. There are several opinion lexi-

cons freely available on the web, e.g., SentiWordNet3, MPQA Subjec-
tivity Lexicon4, and AFINN5. Opinion lexicons can be used as prior

lexical knowledge for calculating the sentiment of tweets [27], and

to extract message-level features for training classifiers [3, 9, 18].

In this paper we propose a distant supervision method called

Annotate-Sample-Average (ASA) for training polarity classifiers in

Twitter in the absence of labelled data. ASA takes a collection of

unlabelled tweets and a polarity lexicon composed of positive and

negative words and creates synthetic labelled instances for Twitter

polarity classification. Each labelled instance is created by sampling

with replacement a number of tweets containing at least one word

from the lexicon with the desired polarity, and averaging the feature

vectors of the sampled tweets. This allows the usage of any kind

of features for representing the tweets, e.g., unigrams and part-of-

speech tags (POS) tags.

Polarity lexicons are normally formed by thousands of opinion

words, so there is a high probability that a tweet contains at least

one word from the lexicon, which means that ASA can potentially

exploit more unlabelled data than EAA because the latter is based on

a small number of positive and negative emoticons.

The intuition behind ASA is that a tweet containing a word with

a certain known positive or negative polarity has a certain likelihood

of expressing the same polarity in the whole message. Of course,

the opposite polarity may also be expressed due to the presence of

negation, sarcasm, or other opinion words with the opposite polarity.

We propose a hypothesis, which we refer to as the “lexical polar-

ity hypothesis”, stating that the first scenario is more likely than the

second one. Based on that, when sampling and averaging multiple

tweets exhibiting at least one word with the desired positive or nega-

tive polarity, we increase the confidence of obtaining a vector located

3 http://sentiwordnet.isti.cnr.it/
4 http://mpqa.cs.pitt.edu/opinionfinder/
opinionfinder_2/

5 http://neuro.imm.dtu.dk/wiki/AFINN
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in the region of the desired polarity.

Most sentiment analysis datasets are imbalanced in favor of posi-

tive examples [12]. This is presumably because users are more likely

to report positive than negative opinions. The shortcoming of training

sentiment classifiers from imbalanced datasets is that many classifi-

cation algorithms tend to predict test samples as the majority class

[7] when trained from this type of data. A popular way to address

this problem is to rebalance the data by under-sampling the majority

class or by over-sampling the minority class. A noteworthy property

of ASA is that it incorporates a rebalancing mechanism in which bal-

anced training data can be generated.

We compare classifiers trained with ASA against other distant su-

pervision methods on three collections of hand-annotated polarity

tweets. The baselines we consider are EAA and a lexicon-based an-

notation approach (LAA) that annotates tweets according to the po-

larity of their words. The experimental results show that ASA, with

appropriate choice of the number of tweets averaged for each gener-

ated instance, outperforms the other methods in all cases.

This article is organised as follows. In Section 2, we provide a

review of related work. In Section 3, we describe the proposed ASA

method. The lexical polarity hypothesis is empirically studied in Sec-

tion 4. The evaluation of the method is presented in Section 5. The

conclusions are discussed in Section 6.

2 Related Work

State-of-the art solutions for Twitter polarity classification are based

on supervised techniques such as logistic regression and support vec-

tor machines trained from hand-annotated polarity corpora. Some of

the features used for describing the tweets are: n-grams, POS tags,

Brown clusters [4], and features derived from polarity lexicons [18].

In the absence of training data most previous distant supervision

approaches for Twitter sentiment analysis rely on strong sentiment

signals such as emoticons or hashtags e.g., #joy, #sadness, for la-

belling tweets into positive and negative polarity classes, after drop-

ping these signals from the content [6].

Emoticon-annotated tweets have been used for a variety of senti-

ment analysis tasks: training of polarity classifiers [6, 20], training

incremental classifiers from Twitter streams [2], fitting sentiment-

oriented language models [14], inducing polarity lexicons [18], and

initialising the parameters of deep neural networks [23, 26].

Other types of knowledge are lexical knowledge provided by opin-

ion lexicons and contextual knowledge provided by unlabelled cor-

pora. There is some work exploiting these sources of knowledge for

training document-level sentiment classifiers from small collections

of labelled documents. In [24], words and documents are jointly

represented by a bipartite graph of labelled and unlabelled nodes.

The sentiment labels of words and documents are propagated to the

unlabelled nodes using regularised least squares. In [13], the term-

document matrix associated with a corpus of documents is factorised

into three matrices specifying cluster labels for words and docu-

ments using a constrained non-negative tri-factorisation technique.

Sentiment-annotated words and documents are introduced into the

model as optimisation constraints. A generative naive Bayes model

based on a polarity lexicon, which is then refined using sentiment-

annotated documents, is proposed in [15]. Zhang et al. [29] proposed

a lexicon-based approach for annotating unlabelled tweets into po-

larity classes regarding a given entity by aggregating the polarities

of words from a lexicon with positive and negative words using a

scoring function. The automatically labelled tweets are then used for

training a classifier.

Another approach based on distant supervision and lexical prior

knowledge is proposed in [25]. The authors build a graph that has

users, tweets, words, hashtags, and emoticons as its nodes. A subset

of these nodes is labelled by prior sentiment knowledge provided by

a polarity lexicon, the known polarity of emoticons, and a message-

level classifier trained with emoticons. These sentiment labels are

propagated throughout the graph using random walks.

A semi-supervised model for imbalanced sentiment classification

is proposed in [12]. The model exploits both labelled and unlabelled

documents by iteratively performing under-sampling of the majority

class in a co-training framework using random subspaces of features.

The ASA method proposed in this paper exploits prior lexical

knowledge and unlabelled data for creating synthetic polarity data

by sampling and averaging multiple tweets without requiring any la-

belled tweets. ASA works on the whole message rather than being

entity oriented as the method in [29]. Moreover, ASA can be used

for creating training data with any size and distribution of labels and

hence may be useful for dealing with the class imbalance problem

reported in [12]. To the best of our knowledge, this is the first distant

supervision method for Twitter sentiment analysis with these charac-

teristics.

3 Annotate-Sample-Average Method
In this section, we describe the Annotate-Sample-Average (ASA) al-

gorithm for generating training data for Twitter polarity classifica-

tion. The method receives two data inputs: 1) the source corpus, and

2) the opinion lexicon.

The source corpus is a collection of unlabelled tweets C on which

the generated instances are based. The corpus can be built using the

public Twitter API6, which allows the retrieval of public tweets. The

tweets must be written in the same language as the opinion lexicon,

and the type of tweets included in the collection should depend on

the type of sentiment classifier intended to be built. For instance, in

order to build a domain-specific sentiment classifier (e.g., for a polit-

ical election), the collection should be restricted to tweets associated

with the target domain. This can be done using the Twitter API by

specifying key words, users, or geographical areas. In this work, we

focus on domain-independent polarity classification. Thus, we con-

sider a general purpose collection of English tweets.

The opinion lexicon L is a list of words labelled by sentiment. In

this work, we consider positive and negative sentiment categories.

The positive and negative subsets of the lexicon are denoted by sym-

bols L+ and L− respectively. Several existing opinion lexicons can

be used here. There are basically two families of lexicons that can be

considered:

1. Manually annotated lexicons, in which the sentiment of the words

is annotated according to human judgements. Crowdsourcing

tools such as Amazon Mechanical Turk can be used to support

the annotation [17].

2. Automatically-annotated lexicons that are created by automati-

cally expanding a small set of opinion words using relations pro-

vided by semantic networks, e.g., synonyms, and antonyms [8], or

using statistical associations calculated from document corpora,

e.g., point-wise mutual information [28].

Manually-annotated lexicons tend to be smaller than the automat-

ically made ones. Conversely, automatically-annotated lexicons are

likely to be noisy and may include several neutral words that are not

6 https://dev.twitter.com/overview/api
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very useful for polarity classification [3]. In this work, we use the

AFINN lexicon [1], which is a manually annotated lexicon formed

by 1176 positive words and 2204 negative words. The lexicon in-

cludes informal words commonly found in Twitter such as slang, ob-

scene words, acronyms and Web jargon. It is important to mention

that AFINN does not include any emoticons.

The other parameters of ASA are: a, which determines the num-

ber of tweets to be averaged for each generated instance, p, which

corresponds to the number of positive instances to be generated, n,

corresponding to the number of negative instances, and m, which is a

flag specifying how to handle tweets with both positive and negative

words.

The tweets from C are preprocessed according to the procedure

proposed in [6]. All tweets are lowercased and tokenised. The words

are simplified by replacing sequences of letters occurring more than

two times with two occurrences of the letter (e.g., huuungry is re-

duced to huungry, loooove to loove) and replacing user mentions and

URLs with the generic tokens “USER” and “URL”, respectively.

The first step of the algorithm is the annotation phase, in which

the tweets from C are annotated according to the prior sentiment

knowledge provided by the lexicon. Every time a positive word from

L+ is found in a message, the whole tweet is added to a set called

posT; analogously, if a negative word is found in L−, the tweet is

added to a set called negT. Tweets with both positive and negative

words will be discarded if the flag m is set, and will be simultane-

ously added to both posT and negT otherwise.

The tweets contained in posT and negT are candidates for build-

ing the synthetic labelled instances. The assumption here is that

tweets in each set, positive and negative, are more probable to ex-

press the corresponding polarity in the whole message than the op-

posite polarity. This can be explained by the the short length of

tweets. As tweets are short straight-to-the-point messages, the pres-

ence of a polarity word has a strong correlation with the overall po-

larity expressed in the message. For example, the tweet: “Hey guess
what? I think you’re awesome” contains the word awesome and is

clearly expressing a positive sentiment. Conversely, there also tweets

with opinion words than can express the opposite polarity, e.g., “Not
happy where I’m at in life”. This can occur due to several factors

such as the presence of other words with the opposite polarity, nega-

tions, or sarcasm. However, we hypothesise that the first situation is

more likely than the the second one. We refer to this hypothesis as

the “lexical polarity hypothesis” and we study it empirically in Sec-

tion 4.

We represent all the candidate tweets by vectors of features. We

consider three type of features, which are concatenated for building

the feature space. These features have been proven to be useful for

analysing the sentiment of tweets [18]:

1. Word unigrams (UNI): a vector space model based on counting

the frequency of unigrams.

2. Brown clusters (BWN): a vector space model based on counting

the frequency of word clusters trained with the Brown cluster-

ing algorithm [4]. This algorithm produces hierarchical clusters

of words by maximising the mutual information of bigrams.

3. Part-of-speech tags (POS): a vector space model based on count-

ing the frequency of each POS tag in the message.

The second step of ASA is the sampling step. ASA randomly sam-

ples with replacement a tweets from either posT or negT for each

generated instance. Next, in the averaging step the feature vectors

of the sampled tweets are averaged and labelled according to the po-

larity of the set from which they were sampled. The rationale behind

this step is that, assuming that the “lexical polarity hypothesis” holds,

averaging multiple tweets sampled from the same set increases the

confidence of generating instances located in the region of the de-

sired polarity.

We define the random variable D as the event of sampling a tweet

with the desired positive or negative polarity from either posT or

negT. We assume that D is distributed with a Bernoulli distribu-

tion of parameter pd. According to the lexical polarity hypothesis,

pd > 0.5. We define another random variable M as the event that

the majority of the a randomly sampled tweets from posT or posN
have the desired polarity. This is equivalent to saying that at least

"a
2
#+1 tweets from the sample have the desired positive or negative

polarity. If we assume that the tweets in posT and negT are inde-

pendent and identically distributed (IID), the probability of M can

be calculated by adding the values of the Binomial probability mass

function from "a
2
#+ 1 to a. This corresponds to adding all the cases

in which more than the half of the sampled tweets (the majority) have

the desired polarity. This probability is calculated as follows:

P (M) =
a∑

i=� a
2
�+1

(
a

i

)
pid(1− pd)

a−i

Note that this value is equivalent to 1 minus the cumulative distribu-

tion function of the Binomial distribution evaluated at "a
2
#. The prob-

abilities of M for different values of a (a ≥ 3) and pd (pd > 0.5)

are shown in Table 1.

pd = 0.6 pd = 0.7 pd = 0.8 pd = 0.9
a = 3 0.648 0.784 0.896 0.972
a = 5 0.683 0.837 0.942 0.991
a = 10 0.633 0.850 0.967 0.998
a = 50 0.902 0.998 1 1
a = 100 0.973 1 1 1
a = 500 1 1 1 1
a = 1000 1 1 1 1

Table 1. Probabilities of sampling a majority of tweets with the desired
polarity.

From the table, we observe that all the calculated probabilities are

greater than pd and generally increase when increasing pd or a (ex-

ceptions occur when switching from an odd to an even number of

votes). Thus, assuming the lexical polarity hypothesis is true and

pd > 0.5 for posT and negT, we can say that the majority of the

tweets sampled by ASA have the desired polarity with a probability

greater than pd. We can expect that the instances produced by ASA

will behave similarly to the majority of the instances they are ob-

tained from. Thus, compared to sampling individual tweets, we can

have greater confidence that ASA instances will be in the desired

polarity region.

The ideas discussed above are inspired by Condorcet’s Jury The-

orem, which is used in the context of decision making. The theorem

states that if a random individual votes for the correct decision with

probability pd > 0.5, the probability of the majority being correct

tends to one when increasing the number of independent voters. This

is a consequence of the law of great numbers, and as was shown in

[10], the same conclusions can be obtained after relaxing the inde-

pendence assumption.

In our problem, each tweet sampled from posT or negT can be

interpreted as a vote for the polarity of the averaged instance. We

expect a trade-off in the value of a. While a small value of a will

decrease the confidence of generating an instance with the target
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Algorithm ASA(C, L, a, p,n,m)
foreach tweet ∈ C do

if m and (hasWord(tweet,L+) and hasWord(tweet,L−))
then

continue

if hasWord(tweet,L+) then
tweetVec← extractFeatures(tweet)

posT.put(tweetVec)

if hasWord(tweet,L−) then
tweetVec← extractFeatures(tweet)

posN.put(tweetVec)

end
i← 0
while i ≤ p do

pInst← sampleAndAverage(posT,a)
pInst.label← pos

O.put(pInst)

i← i+ 1

end
i← 0
while i ≤ n do

nInst← sampleAndAverage(negT,a)
nInst.label← neg

O.put(nInst)

i← i+ 1

end
return O;

Procedure sampleAndAverage(T,a)
i← 0
inst← newZeroVector

while i ≤ a do
x← randomSample(T)

inst← inst + (x/a)
i← i+ 1

end
return inst;

Algorithm 1: ASA ALGORITHM

polarity, a very large value will generate instances that, despite be-

ing likely to have the right label, will be very similar to each other.

This could affect the generalisation ability of a classifier trained from

those instances.

The resulting training datasetO is created by repeating the sample

and average steps p times for the positive class and n times for the

negative one. The pseudo-code of ASA is given in Algorithm 1.

Setting the flag m in the algorithm will generate polarity instances

from tweets in which words from the opposite polarity are never ob-

served. Considering that positive and negative tweets are likely to

contain words with the opposite polarity, we expect that unsetting

the flag will produce instances with better generalisation properties.

Both setups are compared in Section 5.

We use ASA for creating balanced training data by setting p and

n to the same value. This is done to address the sentiment imbal-

ance problem discussed in [12]: classifiers trained from imbalanced

datasets may have difficulties recognising the minority class. The

balancing properties of ASA are inspired by a well-known resam-

pling technique used for training classifiers from imbalanced datasets

called Synthetic Minority Over-sampling Technique (SMOTE) [5].

SMOTE oversamples the minority class by generating synthetic ex-

amples for the minority class. Each new instance is calculated as a

random weighted average between an existing example of the minor-

ity class and one of its nearest neighbours. The similarity between

ASA and SMOTE is that both methods generate new instances by

averaging existing ones. The difference is that in ASA the average is

unweighted and can involve more than two examples. Furthermore,

ASA does not require calculating the distance between the exam-

ples being averaged. This is a convenient aspect of ASA considering

that tweets are represented by high-dimensional vectors. Another im-

portant difference relates to the type of data used for generating the

instances. SMOTE combines labelled instances; ASA combines un-

labelled instances annotated using an opinion lexicon.

4 The Lexical Polarity Hypothesis
In this section, we study the lexical polarity hypothesis on which

ASA is based. It encapsulates the idea that a single opinion word in

a tweet is a very strong indicator of the polarity of the message. The

hypothesis is expressed in the following two statements:

1. A tweet containing at least one positive word is more likely to be

positive than negative.

2. A tweet containing at least one negative word is more likely to be

negative than positive.

We study this hypothesis empirically by estimating the proba-

bilities of events corresponding to these statements using the Se-
mEval7 corpus of hand-annotated positive and negative tweets and

the AFINN lexicon. The SemEval [19] corpus contains 5232 posi-

tive tweets and 2067 negative tweets, annotated by human evaluators

using the crowdsourcing platform Amazon Mechanical Turk8. Each

tweet is annotated by five Mechanical Turk workers and the final

label is determined based on the majority of the labels. We take a

balanced sample of 2000 positive and 2000 negative tweets from this

corpus to avoid bias caused by unevenly distributed tweets and focus

the analysis on how the polarity of tweets is affected by the polarity

of their words. Hence, we calculate the sets posT and negT from this

corpus and study the polarity distribution of their messages.

We first study the distribution of posT and negT by unsetting the

m flag. Hence, we include tweets with mixed positive and negative

words in both sets. The set postT has 2419 tweets, which corre-

sponds to 60% of the tweets, and has a distribution of 826 nega-

tive and 1593 positive tweets. Thus, the estimated probability of a

tweet from posT of having a positive polarity is 0.66. The set negT
contains 1774 tweets, corresponding to 44% of the tweets, and has

a distribution of 1354 negative and 420 positive tweets. This gives

an estimated probability of 0.76 that a tweet from negT is negative.

These results suggest that negative words are stronger indicators than

positive words for determining the polarity of a tweet.

We also study the distribution of posT and negT after discarding

tweets with mixed positive and negative words (m turned on). In this

case, the size of posT is reduced to 1552 (39% of the total) tweets

with a distribution of 284 negative and 1268 positive tweets. This

gives an estimated probability of 0.817 that a tweet from posT is

positive. The size of negT is reduced to 907 tweets (23% of the total)

with a distribution of 812 negative and 95 positive tweets. This gives

an estimated probability of 0.9 that a tweet from negT is negative.

The polarity distribution of these sets is presented as bar charts

in Figure 1. The figure shows how the distributions become more

skewed when removing tweets with mixed positive and negative

opinion words.

7 http://www.cs.york.ac.uk/semeval-2013/task2/
8 http://www.mturk.com
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Figure 1. Polarity distributions of posT and negT.

We also study the distribution of tweets with mixed positive and

negative words. We found 857 such tweets (21% of the total) with

a distribution of 542 negative and 325 positive tweets. These num-

bers also indicate that negative opinion words have a greater effect

than positive words on the polarity of the tweets in which they occur.

However, negative words are also less frequent than positive ones.

The results obtained in this section support the lexical polarity hy-

pothesis on which ASA is based. We can conclude that opinion words

are indeed strong indicators of the polarity of tweets. We observed

that discarding tweets with mixed opinion words produces a stronger

effect. However, it is important to bear in mind that discarding these

tweets may also cause loss of valuable information. The further ef-

fects of averaging multiple tweets containing opinion words with the

same polarity are investigated in the following section.

5 Classification Experiments

In this section, we conduct an experimental evaluation of the pro-

posed ASA algorithm. We evaluate the performance of classifiers

trained with instances generated by ASA on different datasets of

hand-annotated tweets. We compare these classifiers with classifiers

trained on data obtained from two other distant supervision baselines:

1. Emoticon-annotation approach (EAA): labels tweets with positive

or negative emoticons according to the emoticon’s polarity after

removing the emoticon from the message. Tweets containing both

positive and negative emoticons are discarded.

2. Lexicon-annotation approach (LAA): annotates tweets using the

AFINN lexicon. Tweets with at least one positive word and no

negative words are labelled positive, and analogously, tweets with

at least one negative word and no positive words are labelled nega-

tive. The positive and negative instances from LAA are equivalent

to the sets posT and negT from ASA when m is turned on.

The goal of comparing ASA against EAA and LAA is to deter-

mine which distant supervision model generates better training data

for polarity classification from a source corpus of unlabelled tweets.

Considering that positive signals such as positive emoticons or pos-

itive opinion words occur more frequently in tweets than their nega-

tive counterparts, we also study balanced versions of EAA and LAA.

The balanced baselines are referred to as EAA B and LAA B, and

are obtained by undersampling the majority class in each case.

The unlabelled tweets used as source corpora in all methods are

taken from the Edinburgh corpus (ED) [21], which is a general pur-

pose collection of 97 million unlabelled tweets in multiple languages

collected with the Twitter streaming API between November 11th

2009 and February 1st 2010. Tweets written in languages different

from English are discarded, resulting in a corpus of around 50 mil-

lion English tweets.

The positive and negative emoticons used for labelling tweets with

EAA are: “:)”, “:D”, “=D”, “=)”, “:]”, “=]”, “:-)”, “:-D”, “:-]”, “;)”,

“;D”, “;]”, “;-)”, “;-D”, and “;-]” for positive tweets and “:(”, “=(”,

“;(”, “:[”, “=[”, “:-(”, “:-[”, “:(”, “:[”, and “D:”, for negative tweets.

The features used for representing the tweets in both approaches

are: unigrams, POS tags, and Brown word clusters. The tokenisation

and the POS tagging of the tweets is conducted using the TweetNLP
library9. The word clusters are also taken from the TweetNLP project

and correspond to 1000 different clusters trained from a collection of

around 56 million tweets using the Brown-clustering algorithm.

With the aim of analysing the effect of averaging multiple tweets

for building training instances, we study different values of the a pa-

rameter of ASA. We also study the effect of including or excluding

tweets with mixed positive and negative words by comparing the per-

formance of ASA with the flag m turned on and off, respectively. We

create balanced training datasets with size equal to 1% of the size of

the source corpus by setting parameters p and n to 0.5% of the source

corpus size.

The evaluation of ASA, EAA, and LAA is carried out by compar-

ing the performance obtained by an L2-regularised logistic regres-

sion trained with data generated from those two models, applied on

three test collections of tweets that were manually assigned to pos-

itive and negative classes. These collections are: 6HumanCoded10,

Sanders11, and SemEval12, which was also used in Section 4. The

6HumanCoded dataset is a collection of tweets scored according to

positive and negative numerical scores by six human evaluators. The

ratings are averaged and we use the difference of these scores to cre-

ate polarity classes. We discard messages where this difference is

zero. The Sanders dataset consists of 570 positive and 654 negative

tweets evaluated by a single human annotator. The number of posi-

tive and negative tweets per dataset is given in Table 2.

Positive Negative Total
6HumanCoded 1340 949 2289
Sanders 570 654 1224
SemEval 5232 2067 7299

Table 2. Manually-annotated collections of tweets.

9 http://www.ark.cs.cmu.edu/TweetNLP/
10 http://sentistrength.wlv.ac.uk/documentation/
6humanCodedDataSets.zip

11 http://www.sananalytics.com/lab/
twitter-sentiment/

12 http://www.cs.york.ac.uk/semeval-2013/task2/
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The tweets from the target collections are mapped into the same

feature-space as the tweets generated by the distant supervision mod-

els. The logistic regression model is taken from LIBLINEAR13, with

the regularisation parameter C set to 1.0. Each distant supervision

model is trained ten times on data generated from ten independent

partitions of 2 million tweets from the source corpus. The aver-

age performance of each classifier trained with ASA is compared

with the average performance of classifiers trained with each of the

four distant supervision baselines 1) EAA, 2) EAA B, 3) LAA, 4)

LAA B, using a paired Wilcoxon signed-rank test with the signifi-

cance value set to 0.05.

Different distant supervision models produce different numbers of

labelled instances from the same corpus of unlabelled tweets. The

average number of positive and negative instances generated by each

distant supervision model from the ten collections of 2 million unla-

belled tweets is shown in Table 3.

Avg. Positive (%) Avg. Negative (%) Avg. Total (%)
EAA 130, 641 (6.5%) 21, 537 (1.1%) 152, 179 (7.6%)
EAA B 21, 537 (1.1%) 21, 537 (1.1%) 43, 074 (2.2%)
LAA 681, 531 (34.1%) 294, 177 (14.7%) 975, 708 (48.8%)
LAA B 294, 177 (14.7%) 294, 177 (14.7%) 588, 354 (29.4%)
ASA 10, 000 (0.5%) 10, 000 (0.5%) 20, 000 (1%)

Table 3. Average number of positive and negative instances generated by
different distant supervision models from 10 collections of 2 million tweets.

We use the macro-averaged F1 score and the weighted area un-

der the ROC curves (AUCs) as evaluation measures for comparing

classifiers. Macro-averaged F1 was used in the SemEval sentiment

analysis in Twitter task14, and AUC is a useful metric for compar-

ing the performance of classifiers because it is independent of any

specific value for the decision threshold.

The comparisons are done for each target collection of tweets and

the results for the macro-averaged F1 score and AUC are given in Ta-

ble 4. The statistical significance tests of each configuration of ASA

with respect to each of the four baselines are indicated by a sequence

of four symbols. Improvements are denoted by a plus (+), degrada-

tions by a minus (-), and cases where no statistical significant differ-

ence is observed by an equals (=). The baselines are also compared

amongst each other.

We observe that EAA performs substantially worse than the other

baselines in F1 score. EAA B performs substantially better than

EAA. From Table 3 we observe that EAA is the model that produces

the most uneven distribution of positive and negative instance. This

suggest that the macro-average F1 score is very sensitive to classifiers

trained from heavily imbalanced data. In contrast, we can note that

balancing EAA does not cause any improvement in AUC. AUC is a

more robust measure for classifiers trained from imbalanced datasets.

Regarding the LAA baseline, we observe a degradation in F1 after

balancing the data (LAA B). On the other hand, LAA B performs al-

most identically to LAA in AUC. We believe that the reason why bal-

ancing is not causing a positive impact in the lexicon-based approach

is that LAA produces a less skewed distribution of positive and neg-

ative instances than EAA. The benefits of resampling are more sub-

stantial for F1 for very skewed distributions such as those produced

by EAA. There is no clear consensus about which baseline is the

best. The baselines based on lexicons perform better than the ones

based on emoticons in SemEval for both F1 and AUC. In Sanders, the

13 http://www.csie.ntu.edu.tw/˜cjlin/liblinear/
14 http://alt.qcri.org/semeval2016/task4/

lexicon and the balanced emoticons behave similarly in F1, but the

emoticons perform better for AUC. In 6HumanCoded EAA B per-

forms better than LAA and LAA B in F1, but in AUC they produce

almost identical results. It is worth mentioning that the emoticon-

based approach can achieve competitive results to the lexicon-based

one even though it generates substantially less training data (Table 3).

Regarding ASA, we observe that the performance achieved by our

proposed method depends on the parameter setting. When the tweets

with mixed positive and negative tweets are discarded (m=T) we ob-

serve that the best results are achieved when very few tweets are av-

eraged. There is a strong decline in the performance of ASA (m=T)

when the value of a is increased. We believe that this is because

instances become too similar when formed by averaging too many

tweets. ASA (m=T) with a=1 is essentially a subsampled version of

LAA B, and indeed produces very similar results. ASA (m=T) is not

capable of producing statistically significant improvements over the

four baselines for either AUC and F1 score for any dataset, even with

its optimum value of a. This suggests that there is no clear contribu-

tion in the sample and average steps of ASA when tweets with mixed

positive and negative tweets are discarded.

On the oher hand, when tweets with mixed positive and negative

words are simultaneously added to both sets (m=F), ASA produces

statistically significant improvements over all the baselines in all tar-

get collections for both F1 and AUC, for appropriate values of a. The

best value of a is ten in the three target collections, for both perfor-

mance metrics. These results indicate that ASA, with calibrated pa-

rameters, outperforms existing distant supervision models for Twitter

polarity classification. The fact that turning m off is better than dis-

carding tweets with mixed positive and negative words suggests that

mixed tweets contribute to better generalisation. This is because real

positive and negative tweets are likely to contain words with both

polarities.

We clearly observe that setting a to one in ASA (m=F) produces

results that are far from the optimum. This validates the idea that av-

eraging multiple tweets with at least one word with the same polarity

increases the chance of producing an instance of the desired polarity.

We observe again a decline in performance when the value of a is

further increased.

Based on the numbers in Table 3 we are using 7.6 and 48.8
times more training data with EAA and LAA than with ASA respec-

tively. It is noteworthy that ASA classifiers outperform the classifiers

trained with EAA and LAA even though they are trained with less

data. This essentially shows that ASA can produce a more compact

and efficient training dataset than previous distant supervision mod-

els.

Examples of tweets from the SemEval corpus classified using

ASA, with a = 10 and m = F , are given in Table 5. The posi-

tive and negative words from the AFINN lexicon are marked with

blue and red colours respectively. The classification outputs reveal

some insights about the strengths and shortcomings of our method.

The correctly classified examples suggest that ASA is capable of

learning sentiment expressions that go beyond the lexicon used in the

annotation phase. This is observed in the second and third negative

examples, and the last positive one, which are all correctly classi-

fied even though they do not contain AFINN words with the same

polarity than the corresponding tweet. ASA learns opinion words co-

occurring with the words from the lexicon, because all words from

a tweet are considered in the feature space. This is an indirect form

of polarity lexicon expansion. Regarding the misclassified examples,

we observe that the current implementation of ASA is not capable of

accurately handling complex sentiment patterns involving negations
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Macro-averaged F1

6HumanCoded Sanders SemEval

EAA U 0.576 ± 0.007 = - - - 0.506 ± 0.018 = - - - 0.591 ± 0.018 = - - -

EAA B 0.735 ± 0.008 + = + + 0.709 ± 0.018 + = = = 0.711 ± 0.006 + = - =

LAA U 0.729 ± 0.004 + - = + 0.711 ± 0.003 + = = + 0.725 ± 0.002 + + = +

LAA B 0.719 ± 0.002 + - - = 0.703 ± 0.004 + = - = 0.712 ± 0.002 + = - =

ASA (a = 1, m = T ) 0.734 ± 0.005 + = + + 0.721 ± 0.010 + + + + 0.724 ± 0.004 + + = +

ASA (a = 5, m = T ) 0.745 ± 0.005 + + + + 0.723 ± 0.010 + + + + 0.722 ± 0.006 + + = +

ASA (a = 10, m = T ) 0.737 ± 0.003 + = + + 0.703 ± 0.011 + = - = 0.708 ± 0.007 + - - =

ASA (a = 50, m = T ) 0.693 ± 0.003 + - - - 0.643 ± 0.004 + - - - 0.639 ± 0.006 + - - -

ASA (a = 100, m = T ) 0.672 ± 0.004 + - - - 0.620 ± 0.005 + - - - 0.607 ± 0.006 + - - -

ASA (a = 500, m = T ) 0.638 ± 0.004 + - - - 0.599 ± 0.008 + - - - 0.563 ± 0.005 - - - -

ASA (a = 1000, m = T ) 0.635 ± 0.004 + - - - 0.594 ± 0.010 + - - - 0.554 ± 0.003 - - - -

ASA (a = 1, m = F ) 0.717 ± 0.007 + - - = 0.691 ± 0.013 + - - - 0.699 ± 0.008 + - - -

ASA (a = 5, m = F ) 0.755 ± 0.004 + + + + 0.730 ± 0.008 + + + + 0.735 ± 0.005 + + + +

ASA (a = 10, m = F ) 0.761 ± 0.003 + + + + 0.735 ± 0.015 + + + + 0.742 ± 0.006 + + + +

ASA (a = 50, m = F ) 0.749 ± 0.004 + + + + 0.673 ± 0.005 + - - - 0.699 ± 0.009 + - - -

ASA (a = 100, m = F ) 0.717 ± 0.003 + - - - 0.645 ± 0.006 + - - - 0.664 ± 0.005 + - - -

ASA (a = 500, m = F ) 0.665 ± 0.002 + - - - 0.621 ± 0.007 + - - - 0.621 ± 0.004 + - - -

ASA (a = 1000, m = F ) 0.653 ± 0.003 + - - - 0.619 ± 0.007 + - - - 0.613 ± 0.002 + - - -

AUC

6HumanCoded Sanders SemEval

EAA U 0.805 ± 0.005 = = - - 0.800 ± 0.017 = = + + 0.802 ± 0.006 = + - -

EAA B 0.809 ± 0.001 = = = = 0.795 ± 0.016 = = + + 0.798 ± 0.007 - = - -

LAA U 0.809 ± 0.001 + = = = 0.778 ± 0.002 - - = = 0.814 ± 0.000 + + = =

LAA B 0.809 ± 0.001 + = = = 0.778 ± 0.003 - - = = 0.813 ± 0.001 + + = =

ASA (a = 1, m = T ) 0.806 ± 0.003 = = - - 0.786 ± 0.007 - - + + 0.808 ± 0.002 + + - -

ASA (a = 5, m = T ) 0.809 ± 0.002 = = = = 0.787 ± 0.005 - = + + 0.810 ± 0.003 + + - -

ASA (a = 10, m = T ) 0.804 ± 0.001 = - - - 0.776 ± 0.008 - - = = 0.806 ± 0.003 + + - -

ASA (a = 50, m = T ) 0.756 ± 0.003 - - - - 0.697 ± 0.005 - - - - 0.763 ± 0.002 - - - -

ASA (a = 100, m = T ) 0.729 ± 0.002 - - - - 0.672 ± 0.006 - - - - 0.739 ± 0.002 - - - -

ASA (a = 500, m = T ) 0.696 ± 0.003 - - - - 0.642 ± 0.008 - - - - 0.707 ± 0.005 - - - -

ASA (a = 1000, m = T ) 0.690 ± 0.004 - - - - 0.637 ± 0.008 - - - - 0.701 ± 0.006 - - - -

ASA (a = 1, m = F ) 0.793 ± 0.005 - - - - 0.762 ± 0.016 - - - - 0.787 ± 0.007 - - - -

ASA (a = 5, m = F ) 0.837 ± 0.004 + + + + 0.807 ± 0.010 = = + + 0.833 ± 0.003 + + + +

ASA (a = 10, m = F ) 0.845 ± 0.001 + + + + 0.812 ± 0.015 + + + + 0.840 ± 0.003 + + + +

ASA (a = 50, m = F ) 0.815 ± 0.003 + + + + 0.759 ± 0.006 - - - - 0.810 ± 0.004 + + - -

ASA (a = 100, m = F ) 0.781 ± 0.003 - - - - 0.720 ± 0.007 - - - - 0.779 ± 0.004 - - - -

ASA (a = 500, m = F ) 0.723 ± 0.002 - - - - 0.670 ± 0.008 - - - - 0.729 ± 0.005 - - - -

ASA (a = 1000, m = F ) 0.712 ± 0.002 - - - - 0.665 ± 0.007 - - - - 0.721 ± 0.005 - - - -

Table 4. Macro-averaged F1 and AUC measures for different distant supervision models. Best results per column for each measure are given in bold.

and but clauses. We attribute these problems to two factors: 1) the an-

notation phase is solely based on unigrams, and 2) the current feature

space omits the order in which words occur. The first factor could be

addressed by using a lexicon of sentiment annotated phrases, and the

second one by using more sophisticated feature representations such

as n-grams or paragraph vector-embeddings [11].

We also study the effect of increasing the source corpus size in all

different distant supervision methods: EAA, EAA B, LAA, LAA B,

and ASA. It is important to remark that the number of generated

instances in the four distant supervision baselines increases when in-

creasing the size of the source corpus. The increments are propor-

tional to the percentages shown in Table 3.

We trained classifiers using partitions of the source corpus ranging

from ten thousand to ten million tweets. For the ASA model we set

a to 10 and m to false, which were the best parameters according to

the previous experiments (Table 4), and kept p and n with values set

to 0.005 × |C|, for generating balanced datasets with size equal to

1% of the size of the source corpus. Thus, the number of generated

instances in ASA is also increased when using a larger source corpus.

The learning curves produced by logistic regressions applied to

the SemEval dataset, trained with data generated using ASA and the

four baselines from source corpora of different sizes, are shown in

Figure 2. The performance metrics are again the macro-averaged F1

measure and AUC.

The figure indicates that most methods increase their performance

when increasing the corpus size, and that these improvements tend

to plateau when using more than 2 million tweets as input. We ob-

serve again that EAA exhibits poor performance in F1 and that bal-

ancing this method (EAA B) produces substantial improvemets for

this measure. Surprinsingly, the lexicon-based baselines LAA and

LAA B exhibit a slight decrease in F1 when increasing the source

corpus size after the million tweet mark.

We observe in the initial part of the curves that LAA and LAA B

are the best distant supervision methods for source corpora smaller

than 1 million tweets. This suggests that the prior knowledge from

the lexicon can be very useful with small collections of data. It is

important to consider that the setup of ASA for this experiment gen-

erates very few examples when the source corpus is small. This can

be easily changed by generating more training data when the source
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Negative Tweets Positive Tweets

f(x)=neg Can we just haw class cancelled tomorrow? Cause I really don’t want to Never start working on your dreams and goals tomorrow... tomorrow never comes....

go to BCA 101. I’d rather eat worms.... if it means anything to U, ACT NOW! #getafterit

I never had a good time, I sat by my bedside. With papers and poetry about Estella Just did Spartacus 2.0 and sauna imma be sore tomorrow but so worth it

I got tickets to the NC State game saturday @patrishuhx7 I have English tomorrow but it honestly doesn’t bother me

and nobody to go with.. for some reason. Rella always makes my day. Don’t ask

f(x)=pos Wish me lucky on the Cahsee tomorrow I’m pretty nervous Happy Valentine’s Day!!! @MAziing: Everyday is the 14th!

I haven’t talked to you since July 19 th and all you can say is So do you like Ground hog day is such a good film, Sunday is for food and films #sunday

Beyonce’s new cd GTFO

Being in Amsterdam this early on a friday morning is not my ideal, I just want to get home! Going to see Kendrick Lamar with @Pea Starks in jan :D

Table 5. Examples of tweets classified with ASA. Positive and negative words from AFINN are marked with blue and red colours respectively. The leftmost
column indicates the classifier’s output.
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Figure 2. Learning curves over the SemEval dataset.

corpus is too small.

We also observe that after passing the million tweet mark, the

emoticon-based models are better than LAA and LAA B, and that

ASA outperforms all the other models. These results indicate that

ASA is a powerful distant supervision model that can be used for

training accurate message-level polarity classifiers without relying

on very large collections of unlabelled data.

6 Conclusions
We propose a new model called ASA to generate synthetic training

data for Twitter sentiment analysis from unlabelled corpora using the

prior knowledge provided by an opinion lexicon15. The method an-

notates tweets according to the polarity of their words, using a given

polarity lexicon, and generates balanced training data by sampling

15 The source code of the model is available for download at http://www.
cs.waikato.ac.nz/ml/sa/ds.html#asa.

and averaging tweets containing words with the same polarity. ASA

is based on the lexical polarity hypothesis: because tweets are short

messages, opinion words are strong indicators of the sentiment of

the tweets in which they occur, and therefore tweets with at least one

word with a certain known prior polarity are more likely to express

the same polarity on the message level than the opposite one. The

sample and average steps of ASA exploit this hypothesis by increas-

ing the confidence of generating an instance located in the desired

polarity region. ASA also incorporates a novel way for incorporating

the knowledge provided by tweets with mixed positive and negative

words.

The experimental results show that ASA produces better classi-

fiers than the widely-adopted approach of using emoticons for la-

belling tweets into polarity classes and also better results than la-

belling tweets based on the polarity of their words, without sampling

and averaging. Moreover, classifiers trained with data generated by

ASA achieve better results than the other distant supervision mod-

els using substantially less training data. This shows that ASA can

generate compact and efficient dataset for learning polarity concepts.

The proposed model can be used for training Twitter polarity clas-

sifiers in scenarios without labelled training data and for creating

domain-specific sentiment classifiers by collecting data from the tar-

get domain. Considering that opinion lexicons are usually easier to

obtain than corpora of polarity-annotated tweets, ASA can save sig-

nificant labelling efforts for learning polarity classifiers in Twitter.

ASA opens several directions for further research. In essence,

ASA allows the transfer of sentiment labels from the word-level to

the message-level. Therefore, it could potentially be used for clas-

sifying tweets according to other sentiment labels associated with

words, such as subjectivity labels, numerical scores indicating senti-

ment strength, and multi-label emotions.

Considering that ASA can generate large amounts of training data

from large source corpora, it could also be suitable for training

deep neural networks that learn more sophisticated representations

of tweets for sentiment classification.

Another important aspect of ASA is its flexibility: it can be used

with any kind of features for representing the tweets. For example,

paragraph vector-embeddings [11], which have shown to be powerful

representations for sentences, could be trained from large corpora of

unlabelled tweets and included in the feature space.

Finally, ASA could also be adapted for training incremental po-

larity classifiers in an on-line fashion from a stream of time-evolving

tweets. This approach could be used for online opinion mining from

social media streams [2], and potentially be useful for tracking pub-

lic opinion regarding high-impact events on Twitter, such as political

campaigns, movie releases and natural disasters.
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Semi-Supervised Group Sparse Representation:
Model, Algorithm and Applications

Longwen Gao1 and Yeqing Li2 and Junzhou Huang3 and Shuigeng Zhou4

Abstract. Group sparse representation (GSR) exploits group struc-

ture in data and works well on many problems. However, the group

structure must be manually given in advance. In many practical s-

cenarios such as classification, samples are grouped according to

their labels. Constructing a consistent group structure in such cas-

es is not easy. The reasons are: 1) samples may be incorrectly la-

beled; and 2) label assigning in big data is time-consuming and ex-

pensive. In this paper, we propose and formulate a new problem,

semi-supervised group sparse representation (SS-GSR) to support

group sparse representation among both labeled and unlabeled data,

while learning a more robust group structure, which can be further

exploited to more effectively represent other unlabeled data. We de-

velop a model to tackle the SS-GSR problem, based on the manifold

assumption in subspace segmentation that samples in the same group

lie close in feature space and span the same subspace. We also pro-

pose an alternating algorithm to solve the model. Finally, we validate

the model via extensive experiments.

1 INTRODUCTION

Sparse representation (SR) [18] and group sparse representa-

tion (GSR) [24] have been successfully applied to many regression

problems [24] and machine learning tasks, such as the classification

tasks of images [15, 22], texts [20, 9] and biological data [13, 23].

GSR considers the group structure of data as prior knowledge and

benefits from it when the data is consistent with such structure. For

example, in most classification tasks, samples can be seen naturally

with a group structure, because samples in the same class tend to be

grouped together. For such cases, GSR usually outperforms SR [15]

because group sparsity works better when the underlying samples are

strongly group-sparse [10]. However, GSR requires that the group

structure is explicitly given in advance, which is implied in the class

relationship of labeled samples. In real applications, accurate label

information may not be easy to acquire. On the one hand, the samples

may be incorrectly labeled. On the other hand, it requires a lot human

effort to assign the labels, which is prohibitively expensive for big

data. Consequently, a large fraction of data in reality are unlabeled

although we know that they should have certain labels. In parallel to
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semi-supervised learning, if we can exploit the large amounts of un-

labeled data in the GSR process, better data representation should be

achieved.

With this in mind, in this paper we propose a new problem, semi-
supervised group sparse representation (SS-GSR) to conduct GSR

over a dataset consisting of both labeled and unlabeled samples. The

aim is two-fold: 1) representing each sample with respect to the other

samples while the representation coefficients are consistent with the

underlying group structure of the whole dataset; 2) learning a more

robust group structure underlying the dataset via exploiting also the

unlabeled samples. SS-GSR is not only a nontrivial advancement but

also a significant complement to the traditional GSR that represents

unlabeled samples with a dictionary of labeled samples by imposing

the group sparsity constraint. SS-GSR performs GSR among labeled

and unlabeled data, meanwhile refines the group structure explicitly

given in the labeled data by additionally utilizing unlabeled data.

To reveal the underlying group structure of the dataset, we believe

that the coefficient matrix should be in a specific form. Manifold as-

sumption and block-diagonal constraint are introduced in subspace

segmentation [21] to cluster samples into groups. Samples (labeled

and unlabeled) are assumed to be grouped according to their underly-

ing subspace and the distance in the feature space. This assumption

allows the block-diagonal constraint on the affinity matrix to find

clustering structure among samples [8]. In this paper, we employ the

same assumption to the SS-GSR problem and formulate our model

with block-diagonal constraint, thus the underlying group structure

can be discovered with the block structure in the coefficient matrix.

Furthermore, to exploit the group structure of unlabeled data in s-

parse representation, we construct the affinity matrix using the co-

efficient matrix and try to maintain the local consistency of group

structure among samples according to the affinity matrix as in [27].

Contributions of this paper are as follows:

• We propose the problem of SS-GSR to extend GSR so that unla-

beled data can be also exploited in the representation process.

• We formulate our model to automatically learn the underlying

group structure by utilizing the manifold structure of data, and

develop an efficient algorithm to solve the model.

• We validate our model by extensive experiments of two typical ap-

plications. Experimental results show that our model outperforms

the existing GSR model and three semi-supervised learning meth-

ods (including one proposed recently).

The rest of this paper is organized as follows: Section 2 reviews

the traditional group sparse representation (GSR) model, which is

the starting point and the most related work to our model proposed

in this paper. Section 3.2 presents the new model that is called semi-

supervised group sparse representation (SS-GSR). Section 4 intro-
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duces the algorithm to solve the proposed model. Section 5 gives

the validation of the proposed model on two applications. Section 6

concludes this paper.

2 GROUP SPARSE REPRESENTATION (GSR)
GSR explores group structure information during representation by

requiring the coefficients corresponding to different groups to be s-

parse. The training samples used to represent other samples together

constitute a dictionary X ∈ Rd×n. Let Gg be the group of indices of

training samples with group id g ∈ {1..c}, given another test sample

y ∈ Rd, GSR can be formulated as:

min
z∈Rn

1

2
‖y −Xz‖22 + λ

c∑
g=1

∥∥zGg∥∥2, (1)

with tradeoff parameter λ>0. Here, the non-zero elements of vector

zGg are the same as those of vector z indexed in Gg . The first term is

the regression error, and the second term can be seen as an �21-norm:

the �2-norm is for the elements of the coefficient vector z inside each

group and �1-norm measures the sparsity among groups.

Given the group structure, GSR favors the selection of multiple

correlated samples in the dictionary to represent the test sample, and

thus promotes the representation of the test sample in terms of all the

training samples from the correct group [15]. Even though, it requires

that the group structure of the whole dictionary should be given in

advance and the structure should be correct according to the prior

knowledge. However, in practice the given structure might not be

fully consistent with data due to the complexity of data and noise in

data collection. Assigning structures to all samples in the dictionary

via human labor might be prohibitively expensive if not impossible

when large amount of data are collected. In this paper, we will try

to exploit the group structure information of some samples properly

and learn the group structure of all samples automatically.

3 SS-GSR MODEL
3.1 Problem statement
Suppose we have a dataset X ∈ Rd×n whose column vector

Xi (i = 1, . . . , n) corresponds to each of the n samples. These sam-

ples can be grouped into c non-overlapping groups. However only

part of these samples are given with group labels in C = {1, . . . , c},
and for the rest of them, the group labels are unknown. We simply

assume that the first m samples X1...m are given with group labels,

and these group labels form a group label vector G ∈ Cm. Our prob-

lem is to decide a coefficient matrix Z ∈ Rn×n, whose columns are

representation coefficients Zi that represent sample Xi using the

others, and the non-zero elements in Zi should correspond to sam-

ples in the same underlying group with sample Xi. That is, the group

sparsity on Zi should be the underlying group sparsity. Since we do

not want samples to represent themselves, we fix the diagonal ele-

ments in Z to be 0 to avoid such trivial representations. Accordingly,

we have the following equation:

X = XZ, s.t. Zi
i = 0, ∀i ∈ {1, . . . , n}. (2)

If we rearrange the samples to an order that the samples in the

same underlying group are put together, the desired coefficient ma-

trix Z would be a block-diagonal matrix with each block correspond-

ing to a group structure. This gives us the inspiration that we might be

possible to find the underlying group structure by finding the block

structure in the coefficient matrix Z.

However, when we assume the given group structure of X1...m

to be unreliable, we need some other assumptions on data that can

help find the block structure in Z. Interestingly, the works of sub-

space segmentation [21, 7, 14, 8] follow similar idea to build a block-

diagonal affinity matrix W ∈ Rn×n
+ . Subspace segmentation is

to segment the samples according to the manifold assumption. The

work of [8] explicitly imposes a fixed rank constraint on the graph

Laplacian, which constrains the number of connected components in

the affinity matrix W as:

rank (LW ) = n− c, (3)

where LW is the Laplacian matrix for W and c is the number of con-

nected components (a connected component corresponds to a group

of samples). Thus the optimal affinity matrix is constrained to be a

c-block-diagonal matrix.

Here, we employ the manifold assumption and the block con-

straint into GSR, with which the underlying group structure can be

obtained by finding the block structure of the coefficient matrix. Note

that though we used a similar block constraint form to that in [8],

our work is different from subspace segmentation [8] at least in t-

wo aspects: a) The task is different. Their work aims at solving an

unsupervised learning problem, while ours aims at extending the tra-

ditional group sparse representation, and applied it to both supervised

and semi-supervised learning problems. b) The solution is different.

Their work follows a two-step scheme: first they compute an affini-

ty matrix W from data, and then perform regular clustering on the

affinity matrix. And the first step is independent from the second step.

However in our work, the second step (classification) also affects the

first step (computing the affinity matrix). Thus, we propose a com-

bined scheme that solves the affinity matrix and the label assignment

jointly, in order to simultaneously obtain a better affinity matrix and

a more accurate label assignment.

3.2 Model formulation
We introduce a confidence matrix F ∈ Rn×c

+ whose elements indi-

cate the probability that a sample belongs to a certain group. So we

have the following equation and inequation:

c∑
j=1

F j
i = 1, ∀i ∈ {1, . . . , n},

0 ≤ F j
i ≤ 1, ∀i ∈ {1, . . . , n}, j ∈ {1, . . . , c}.

As the first m samples’ labels are already known, thus:

FGi
i = 1, ∀i ∈ {1, . . . , n};

F j
i = 0, ∀j = Gi, j ∈ {1, . . . , c}, i ∈ {1, . . . , n}.

The first m rows of F are fixed and we write them as FL. The rest

part of F is denoted by FU . Thus F = [F�L F�U ]�.

We take two steps to formulate our model according to the two

problems in GSR: first we try to detect the underlying group struc-

ture in samples whose group structure is given, then we present the

procedure of finding the hidden group structure of the whole set of

samples by taking also the unlabeled samples into consideration.

3.2.1 Detecting the underlying structure of labeled data

First, we focus on detecting the underlying structure in labeled data.

To avoid the influence of unlabeled data, we fix the coefficients corre-

sponding to those samples as 0, namely Zm+1,...,n
m+1,...,n = 0, and denote
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the Laplacian from labeled data to labeled data as L̂W = L
W

1,...,m
1,...,m

,

where LW is the Laplacian matrix of the affinity matrix W .

Based on the requirement in Equation (2) and our assumption in

Section 3.1, as well as the group sparsity regularization term, we

formulate our model as:

min
Z,F

1

2
‖X −XZ‖2F + λ

m∑
i=1

∥∥∥Zi
∥∥∥
G(F )

+ γtr(F�L L̂WFL)

s.t. rank(L̂W ) = m− c,W = (|Z|+ |Z|�)/2. (4)

Above, the norm ‖·‖G(F ) is a group sparse norm in which the group

structure is given by the column number of the maximum element of

each row in F , namely, samples with the same column number are

considered to be in the same group.

The first term in the objective function is to ensure the represen-

tation to be of small residual error to meet the requirement in Equa-

tion (2). The second term uses the confidence matrix to help decide

the group structure of the coefficient matrix, and the third term us-

es the Laplacian matrix constructed by the coefficient matrix as the

affinity matrix and perform label propagation on Laplacian graph.

The rank constraint is equivalent to a block-diagonal constraint on

W [8], which encourages the samples to be clustered into groups

according to the manifold assumption.

3.2.2 Finding the group structure for the entire dataset

Next, we go to find the hidden group structure of the whole set of

samples and use the learned structure information for group sparse

representation. Since we only have the group structure of part of the

samples, we have to propagate the group structure with respect to

the Laplacian LW as in the works of graph-based semi-supervised

learning (SSL) [4, 27, 26]. Since in our first step, we have already

learned a coefficient matrix and then an affinity matrix can be con-

structed as W = (|Z| + |Z|�)/2, the same propagation process

as in graph-based SSL can be directly applied to our first model (4).

Therefore, we have:

min
Z,F

1

2
‖X −XZ‖2F + λ

n∑
i=1

∥∥∥Zi
∥∥∥
G(F )

+ γtr(F�LWF )

s.t. rank(LW ) = n− c,W = (|Z|+ |Z|�)/2. (5)

In the above formulation, the coefficient matrix Z is learned for all

samples, and the rank constraint is performed on the whole Laplacian

graph.

Although we have formulated the model, solving the optimization

problem is not easy because it is a non-smooth and non-convex prob-

lem, and the rank constraint is generally NP-hard. In Section 4, we

will present an algorithm to efficiently solve the problem.

3.3 The Advantages of SS-GSR
In our model formulation (5), the affinity matrix W can be divided

into four parts:

W =

[
WLL WLU

WUL WUU

]
, (6)

where WUL = W�
LU indicates the relationship between labeled

samples and unlabeled samples, and WLL and WUU indicate re-

spectively the relationships among labeled samples and unlabeled

samples. In the best case, all the four matrices are block-diagonal

matrices as shown in Figure 1.

Algorithm 1 Iteration between Z and F

Input: dictionary X , initial labels FL

Initialize W
repeat

Solve FU using Equation (9)

Solve Z using Algorithm 2

Update W = (|Z|+ |Z|�)/2
until Z and F converge

Algorithm 2 Projected subgradient descent

Input: dictionary X , labels F , initial Zinit

Initialize step size η
repeat

Calculate subgradient g of the objective in Equation (7)

Subgradient descent Z = Z − ηg
Project Z = ΠK (Z) as in Algorithm 3

until Z converges

We discuss the advantages of our model from two aspects:

1) learning the underlying group structure that is consistent with the

labeled samples; 2) finding the underlying group structure by exploit-

ing both labeled and unlabeled samples, and using the structure to

represent all samples.

For the first aspect, how a sample is consistent with its group struc-

ture can be measured by the group sparsity of the corresponding col-

umn of WLL. Since our model learns the underlying group structure

automatically, the properly learned WLL will show us how samples

are consistent with their group structures and therefore improves the

group sparse representation. We take the supervised classification

task as an example, where unlabeled samples are classified one by

one. For our model, only one sample is unlabeled (the one to be clas-

sified), and the matrix WUU becomes a single real number which

is set to 0 since it is also the diagonal element, that is, we solve the

model (4). In this case, though WUU will not help in classifying the

unlabeled samples, our model can still outperforms GSR via learn-

ing WLL. Obviously, GSR can be seen as a special case of our model

when the matrix WLL is fixed as an zero matrix.

For the second aspect, we compare our model with graph-based

semi-supervised learning (SSL) methods because they all use the

group information of unlabeled samples. The major difference is

that, for the graph-based SSL methods, the affinity matrix W must

be constructed in advance and is fixed during the learning process.

However, in our model the affinity matrix is constructed by coeffi-

cient matrix Z, which is learned during the model optimization. Fur-

thermore, W in our model contains the underlying structure of data,

while a pre-given W in graph-based SSL methods may not be con-

sistent with the structure of data [25]. In Section 5, our experiments

over five real datasets clearly show that our model outperforms the

graph-based SSL methods even when similar initialized W is used.

4 SS-GSR ALGORITHM
In this section, we first design an alternating algorithm to solve the

proposed model, and then briefly discuss the convergence of the al-

gorithm.

4.1 Alternatively solving Z and F

Note that the rank constraint is all about the coefficient matrix Z, so

we first alternate between solving Z and solving F as outlined in
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Algorithm 3 Projecting Z into K
Input: Z0 and c
Initialize Z = Z0; ρ = 1.1; β = 1× 10−4

repeat
Solve the first quadratic problem in (13) for Z
Calculate L̃ via Equation (14)

Update J = J + β(L̃−LW )
Update β = ρβ

until Z and L̃ converge

Algorithm 1.

When F is fixed, the optimization problem becomes:

min
Z

1

2
‖X −XZ‖2F + λ

n∑
i=1

∥∥∥Zi
∥∥∥
G(F )

s.t. rank (LW ) = n− c.

(7)

We will further show how to solve this in Algorithm 2.

When Z is fixed, the optimization problem becomes:

min
F

tr
(
F�LWF

)
, (8)

and this unconstrained problem has a closed form solution [27]:

FU = (DUU −WUU)−1 WULFL, (9)

where D is a diagonal matrix whose diagonal elements are the sums

of every row of W and DUU is that of WUU .

4.2 Sub-gradient descent for Z

The optimization problem (7) is a non-smooth and constrained prob-

lem, which can be solved by the projected subgradient descen-

t method. Let K be the set of c-block-diagonal matrix as:

K = {Z|rank(LW ) = n− c} . (10)

Thus the rank constraint can be rewritten as Z ∈ K. For each iter-

ation, we perform a subgradient descent on Z and then project Z
back into the feasible set K. This process is shown in Algorithm 2.

4.3 Projecting Z into K
To distinguish between input variable and output variable, we assume

that the variable to be projected is Z0. The projection step is to find

a matrix in the set K, which is closest to Z0 as follows:

min
Z

1

2
‖Z −Z0‖2F , s.t. Z ∈ K. (11)

We introduce an auxiliary variable L̃ to replace the Laplacian ma-

trix LW and rewrite the projection (11) via Augmented Lagrangian

Multiplier as in [1]:

min
Z,L̃

1

2
‖Z −Z0‖2F +

〈
J , L̃−LW

〉
+

β

2

∥∥∥L̃−LW

∥∥∥2
F
,

s.t. rank(L̃) = n− c, (12)

where J is the Lagrangian multiplier and β is an increasing weight

parameter. This problem can be solved by alternatively updating Z,

L̃ and J as follows:

Z = argmin
Z

1

2
‖Z −Z0‖2F − 〈J ,LW 〉+ β

2

∥∥∥L̃−LW

∥∥∥2
F
;

L̃ = argmin
L̃

〈
J , L̃
〉
+

β

2

∥∥∥L̃−LW

∥∥∥ s.t. rank(L̃) = n− c;

J = J + β(L̃−LW ). (13)

The first problem above can be solved via quadratic programming

because except for the first term, all the other terms contain only |Z|.
Thus the sign of all elements in the optimal Z are the same as those

of elements in Z0. The second problem has a closed-form solution

via SVD [6]:

L̃ = U1:(n−c)Σ
1:(n−c)

1:(n−c)(V
1:(n−c))�, (14)

where UΣV � = LW − 1
β
J . The projection process is outlined in

Algorithm 3.

Our algorithm has a relatively higher computational complexity,

because we try to solve a much more challenging problem than the

existing algorithms. The main challenge is the noise in labeled data

and the unknown group structure of a large fraction of unlabeled data,

which have not been considered in the existing works. Furthermore,

our algorithm is suitable for a branch of accelerating strategies. For

example, with stochastic sub-gradient descent, our algorithm can be

implemented in a distributed way.

Figure 1. illustration of W learned via SS-GSR.

4.4 Convergence of the algorithm
The optimization problem in Model (5) is strongly non-convex and

we solve it using an EM-like algorithm (Algorithm 1). The motiva-

tion of using such an algorithm is based on the fact that minimizing

the objective with respect to F is obviously a convex problem and

minimizing the objective with respect to Z has been approximated

using its convex relaxation as in [1]. Therefore, by convex relaxation,

the optimization problem actually solved is a bi-convex problem with

respect to F and Z.
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Also, the gradient descent with projection used in solving Z is

guaranteed to converge to the global optimum because the Scalable

Restricted Isometry Property holds [1, 17].

It is worthy of noting that in our experiments, the algorithm usual-

ly gets converged within 10 outer iterations, and achieves satisfactory

result.

0 0.2

0 0.2

0 0.2

Figure 2. Pictures of Z on Caltech7. From top to bottom are: (a) Z
generated by GSR, (b) ZLU generated by SS-GSR-1 and (c) ZLU

generated by SS-GSR-2. SS-GSR-1 learns the group structure using only
labeled data, while SS-GSR-2 learns the group structure using both labeled

and unlabeled data.

Table 1. Group sparsity results of different representation methods on
dataset Caltech7. SS-GSR-1 learns the group structure using only labeled
data, while SS-GSR-2 learns the group structure using both labeled and

unlabeled data.

Representation Method Group Sparsity
GSR 4455.0
SS-GSR-1 3455.2
SS-GSR-2 3144.8

Table 2. Details of datasets used in the experiments.

Dataset Data type Num. of samples Num. of classes
Caltech7 images 1471 7
PENDIGITS images 5620 10
OPTDIGITS images 5620 10
Reuters texts 7424 6
WEBKB4 texts 4196 4

5 Performance Evaluation and Applications
To validate the effectiveness of our method, here we apply it to both

supervised and semi-supervised classification tasks. Concretely, we

first evaluate the improvement on representing samples with the help

of SS-GSR, we then test the performance of SS-GSR on both a su-

pervised classification task and a semi-supervised classification task,

and compare it with some major existing methods. We evaluate those

methods with performance metrics Accuracy, Precision and Recall,
which are first evaluated on each class and then averaged over the

classes.

5.1 Model validation: SS-GSR vs. GSR
We compare the representation abilities of GSR and SS-GSR on

dataset Caltech7 [12] in terms of group sparsity. To calculate the

group sparsity, we generate the coefficient matrices that use labeled

data to represent the other data with the same parameter. For GSR, it

is the whole coefficient matrix Z; for SS-GSR, it is the matrix ZLU .

We generate two results for SS-GSR: SS-GSR-1 represents the test

data one by one so that the matrix ZUU is fixed as 0, namely it learns

only the group structure of the labeled data as in model (4); SS-GSR-

2 represents the test data with both labeled and test data, namely it

learns the group structure of all data (labeled and unlabeled) as in

model (5).

Figures 2 (a)-(c) show the normalized coefficient matrices. As we

have already sorted the samples according to their labels, the ex-

pected coefficient matrix should be a block-diagonal matrix. In our

above figures, those with fewer non-zero elements outside the diago-

nal blocks are better representations. We can see that the color of the

Table 3. Supervised classification results. Both algorithms classify test
samples one by one.

Dataset Method Accuracy Precision Recall

Caltech7
GSR 96.33% 87.63% 87.14%

SS-GSR 96.73% 89.05% 88.57%

PENDIGITS
GSR 99.63% 98.33% 98.13%

SS-GSR 99.63% 98.35% 98.13%

OPTDIGITS
GSR 99.40% 97.32% 97.00%

SS-GSR 99.42% 97.38% 97.10%

Reuters
GSR 92.67% 65.13% 63.71%

SS-GSR 93.71% 68.18% 66.86%

WEBKB4
GSR 84.00% 68.00% 68.00%

SS-GSR 85.13% 71.81% 70.25%
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Figure 3. Performance on Caltech7 with 5%-30% labeled samples.
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Figure 4. Performance on PENDIGITS with 5%-30% labeled samples.
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Figure 5. Performance on OPTDIGITS with 5%-30% labeled samples.
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Figure 6. Performance on Reuters with 5%-30% labeled samples.

area outside the diagonal blocks of Figure 2 (a) is obviously deeper

than the color of the area outside the diagonal blocks of Figure 2 (b),

and the color of the area outside the diagonal blocks of Figure 2 (b) is

slightly deeper than the color of the area outside the diagonal blocks

of Figure 2 (c). Thus, Figure 2 (c) is better than Figure 2 (b) and Fig-

ure 2 (b) is better than Figure 2 (a). We further calculate the group
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Figure 7. Performance on WEBKB4 with 5%-30% labeled samples.

sparse norm of normalized Z in GSR and normalized ZLU in GSL,

and the results are listed in Table 1. By comparing Figure 2 (a), Fig-

ure 2 (b) and Figure 2 (c) and checking the results in Table 1, we

can conclude that: 1) the coefficient matrices generated by SS-GSR

are sparser than the one generated by GSR, which indicates that SS-

GSR can more effectively mine and exploit the relationship between

the labeled data and the unlabeled data than GSR; 2) As far as spar-

sity is concerned, learning the structure from the whole data set is

better than learning the structure from only the labeled data. The re-

sults meet the expectation of our model: exploiting both labeled and

unlabeled data in a semi-supervised way can do better group sparse

representation.

5.2 Performance comparison in two applications

We apply the new model to two applications: supervised classifica-

tion and semi-supervised classification, and compare its performance

with that of some major existing methods. Five datasets, including

Caltech7 [12], PENDIGITS [2], OPTDIGITS [2], Reuters [11] and

WEBKB4 [5] are used. The details of these datasets are shown in

Table 2. Three performance metrics Accuracy, precision and recall
are employed for performance comparison.

5.2.1 Supervised classification task

The first application is text classification, a popular supervised learn-

ing task. In this task, our aim is to compare the performance of the

traditional GSR model and our new model SS-GSR (when no unla-

beled data are used). For each dataset in Table 2, we perform 10-fold

cross-validation to compare the classification results of GSR and SS-

GSR: give labels to 9 subsets of samples and then use GSR and SS-

GSR to classify the rest samples one by one. This process is repeated

10 times and the output results are averaged. The results are shown

in Table 3. We can see that SS-GSR works better than GSR in su-

pervised classification. This is because samples in the dictionary are

not fully consistent with their labels. For those real datasets, noisy

feature vectors can not be given simple labels and outliers cause mis-

labeling. Nevertheless, SS-GSR can learn a more consistent group

structure from the labeled data and selects more precise groups of

data according to their underlying group structure.

5.2.2 Semi-supervised classification task

This second application is semi-supervised text classification, a semi-

supervised learning task. In this classification task, we compare the

capability of our model in group structure learning with that of

three typical (including one proposed recently) graph-based semi-

supervised methods:

• Harmonic function (HF) [27]: it assumes that the harmonic prop-

erty of label function should be preserved with respect to the

graph with given affinity matrix (weight matrix). Equivalently, this

method minimizes the quadratic energy function which results in

a harmonic solution.

• Consistency method (CM) [26]: it proposes a regularization

framework which contains two terms: the smoothness term and

the fitting term. The former penalizes on the changes between n-

earby points and the latter penalizes on the change from the given

labels. By trading-off between these two terms, the method find-

s a smooth solution with respect to the intrinsic structure of data

points.

• Mumford-Shah-Potts model (Potts) [3]: it extends the

Mumford-Shah method [16] and Potts method [19] to transduc-

tive learning problem using �1 relaxation.

For each dataset in Table 2, we give labels only to 5%− 30% ran-

dom samples (uniformly selected from each class), so the remaining

samples are not labeled. We then use the three SSL methods and SS-

GSR to decide the labels of the unlabeled samples. This process is

repeated 100 times and the output results are averaged. The results

of recall, precision and accuracy are presented in Figures 3-7.

From those figures, we can see that SS-GSR clearly outperform-

s the SSL methods even though they are initialized with the same

affinity matrices. There reasons are: on the one hand, manually set-

ting affinity matrix in SSL methods has the consistency problem with

real data. On the other hand, the affinity matrix learned by SS-GSR

contains the underlying group structure information of all samples

and thus is more accurate.

6 CONCLUSION
In this paper, we propose and formulate semi-supervised GSR (SS-

GSR) to conduct group sparse representation on datasets containing

both labeled and unlabeled data. It can overcome the two drawback-

s of the traditional GSR: 1) the pre-defined group structure in GSR

may not be fully consistent with that in data; and 2) the underly-

ing group structure of unlabeled data is not exploited in GSR. Com-

pared with GSR, SS-GSR is able to utilize the prior group structure

of labeled data properly and take advantage of the group structure

information of the unlabeled data. In comparison with SSL methods,

SS-GSR can automatically learn the structured affinity matrix from

the data instead of using a fixed one. We apply SS-GSR to both su-

pervised and semi-supervised classification tasks, which validate the

effectiveness and advantages of SS-GSR.
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Modeling Bounded Rationality for Sponsored Search
Auctions

Jiang Rong1 and Tao Qin2 and Bo An3 and Tie-Yan Liu2

Abstract. Sponsored search auctions (SSAs) have attracted a lot of

research attention in recent years and different equilibrium concepts

have been studied in order to understand advertisers’ bidding strate-

gies. However, the assumption that advertisers are perfectly rational

in these studies is unrealistic in the real world. In this work, we ap-

ply the quantal response equilibrium (QRE), which is powerful in

modeling bounded rationality, to SSAs. Due to high computational

complexity, existing methods for QRE computation have very poor

scalability for SSAs. Through exploiting the structures of QRE for

SSAs, this paper presents an efficient homotopy-based algorithm to

compute the QRE for large-size SSAs, which features the following

two novelties: 1) we represent the SSAs as an Action Graph Game

(AGG) which can compute the expected utilities in polynomial time;

2) we further significantly reduce redundant calculations by leverag-

ing the underlying relations between advertisers’ utilities. We also

develop an estimator to infer parameters of SSAs and fit the QRE

model into a dataset from a commercial search engine. Our experi-

mental results indicate that the algorithm can significantly improve

the scalability of QRE computation for SSAs and the QRE model can

describe the real-world bidding behaviors in a very accurate manner.

1 Introduction
Sponsored search has become a major monetization means for com-

mercial search engines (e.g., Google, Yahoo! and Bing) and has

shown great success [23, 29, 38]. When a user issues a query to a

search engine, in addition to several relevant webpages, a set of s-

elected advertisements will also be displayed on the search result

page. To show his/her ad on the search result page, an advertiser (or

bidder) is required to submit a bid for the query. Most of the time,

there are many more advertisers bidding for the query than the num-

ber of available ad slots and the search engines need a mechanism to

decide which ads should be shown on the result page, how to allocate

the slots to the shown ads, and how to charge an advertiser if his/her

ad is clicked by users.

Generalized Second Price (GSP) is the most popular mechanism

used in sponsored search auctions (SSAs) and has attracted much re-

search attention recently [16, 35, 38, 40]. Among those studies, equi-

librium analysis is a hot topic to understand advertisers’ behaviors.

Varian [45] studied the concept of symmetric Nash equilibrium for

GSP auctions and proved its existence. Edelman et al. [15] defined

a subset of Nash equilibria called locally envy-free equilibria which

1 The Key Lab of Intelligent Information Processing, Institute of Computing
Technology, Chinese Academy of Sciences; University of Chinese Acade-
my of Sciences. Email: rongjiang13@mails.ucas.ac.cn

2 Microsoft Research. Email: {taoqin, tie-yan.liu}@microsoft.com
3 School of Computer Science and Engineering, Nanyang Technological U-

niversity. Email: boan@ntu.edu.sg

are equivalent to the symmetric Nash equilibria. Borgers et al. [5]

further proved the existence of multiple Nash equilibria in GSP auc-

tions. The forward looking Nash equilibrium was studied in [7, 8].

A critical limitation of existing studies on equilibrium analysis is

that they assume the full rationality of advertisers. That is, advertisers

are very smart; they can find their optimal strategies and take opti-

mal actions. In practice, an advertiser may fail in estimating his/her

competitors’ bidding strategies and therefore cannot take the “best-

response” action [21, 46]. As a result, it is necessary to study the

equilibrium for SSAs based on bounded rationality, which is the fo-

cus of this work.

In this paper, we introduce the quantal response equilibrium
(QRE) [17, 20, 33, 34] into SSAs, which can deal with bounded

rationality and has demonstrated very good performance in gener-

al normal form games (NFGs). Specifically, because of the limited

information about the market and opponents in the real world, an ad-

vertiser cannot calculate his/her accurate utility, where the error is

assumed to follow some distribution (e.g., the extreme value distri-

bution [33, 34]) with a precision parameter (i.e., a measurement of a

advertiser’s rationality). Due to the disturbance of the errors, adver-

tisers can only maximize their inaccurate utilities in each round of

the auctions, which makes their outcome policies to form a QRE —

a mixed-strategy equilibrium in which strategies with higher utilities

are more likely to be chosen than those with lower utilities, but the

best one is not chosen with certainty. A higher precision parameter

implies that the advertiser is more rational and hence can choose the

better strategies with higher probabilities.

We focus on designing an algorithm for the search engine (or the

auctioneer) to compute the QRE4 in SSAs, which can be used to cap-

ture advertisers’ bidding behaviors. We show that the calculation of

a QRE is equivalent to computing the fixed point of Browder’s func-

tions [6, 28, 42], the complexity of which is at least PPAD-complete

[10, 11, 37]. We further formulate the problem as finding a solution

of a continuous non-linear function. Basic Newton-type algorithms

are usually locally convergent and work well only when we could

provide a good starting point, which, however, is difficult to find

in SSAs. To address this problem, we leverage the homotopy prin-

ciple [2, 3, 30], which has been used for equilibrium computation

[18, 22, 39, 44]. Advantages of homotopy-based methods include

their numerical stability and potential to be globally convergent. We

noticed that Gambit [32] used a similar method to compute the QRE

for NFGs, which, however, is very time-consuming and cannot be di-

rectly applied to large-size SSAs. To tackle this challenge, we lever-

age some nice properties of the SSAs (as compared to general N-

4 There might be multiple QREs and the one computed with our algorithm
is called the principal equilibrium, which is mostly studied in the literature
[18, 22, 44]
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FGs), including the context-specific independence structure and the

underlying relations between advertisers’ utilities, to refine the com-

putational procedure and significantly speed up the algorithm. The

experimental results show that the improved homotopy algorithm can

efficiently compute a QRE for SSAs in large sizes. We also investi-

gate how to use the QRE model to infer the parameters, including the

values and precisions of bidders and the click-through-rates (CTRs).

We develop an estimating algorithm based on the commonly used

Maximum Likelihood Estimation (MLE) principle [1, 26, 36]. Our

experiments show that the QRE model fits the real data well.

To sum up, this paper makes two major contributions. First, we

design an efficient homotopy-based algorithm to compute the QRE

for large-size SSAs by utilizing the nice properties of SSAs. Second,

we fit the QRE model into the real data and do extensive experiments

to show that, comparing with Nash equilibria, the QRE is more prac-

tical since it can handle bidders’ bounded rationality and model the

real world in a very accurate manner.

The rest of this paper is organized as follows. In Section 2, we

introduce the model of the GSP mechanism and then define the QRE

for SSAs. The homotopy-based algorithm is proposed in Section 3,

including the methods for significantly improving the efficiency of

the algorithm. Section 4 gives the parameter estimation algorithm.

Then we conduct extensive experiments in Section 5 to evaluate our

algorithms. Conclusions are given in the last section.

2 Quantal Response Equilibrium
In this section, we first demonstrate our motivation of investigating

the QRE for SSAs, following which we give some notations and as-

sumptions and then define the QRE for SSAs.

2.1 Motivation
Given that GSP is not a dominant-strategy mechanism, Nash equilib-

rium solutions become an important means to understand how bid-

ders behave in SSAs. While there exist quite a few Nash equilibrium

concepts proposed and studied for SSAs, symmetric Nash equilib-

rium [45] and locally envy-free Nash equilibrium [15] are the most

famous two: the former captures the notion that there should be no

incentive for any pair of bidders to swap their slots, and the latter

captures the notion that there should be no incentive for any bidder

to exchange bids with the bidder ranked one position above him/her.

While those equilibrium concepts have many nice properties, a

common limitation of them is that they assume the perfect rational-

ity of bidders, i.e., bidders have perfect knowledge about their util-

ities and take optimal actions to maximize their utilities. However,

the perfect rationality assumption is too good to be true in real-world

SSAs. Therefore, a natural question arises: how can we weaken the

perfect-rationality assumption and still obtain some meaningful so-

lution concept for SSAs?

Observing that in real-world SSAs, an advertiser usually has un-

certainty about his/her utility and is more likely to choose strategies

with higher utilities instead of always choosing the best one. We in-

troduce the quantal response equilibrium to model the bounded ra-

tionality of bidders in the following two subsections.

2.2 Notations and Assumptions
We focus on the GSP mechanism. Generally there are N bidders

competing for K ad slots (N ≥ K). We use the symbol [N ] to rep-

resent the set {1, 2, . . . , N}. Let vi denote the private value of bidder

i, which expresses the maximum per-click price he/she is willing to

pay, and the vector v = (v1, v2, . . . , vN ) represents the value pro-

file of all bidders. We use bi to represent the bid submitted by i to

participate in the auction. θik is the CTR of i’s ad when placed at

slot k, which is usually assumed to be the product of the ad CTR

αi and the slot CTR βk [38]. We use α = (α1, α2, . . . , αN ) and

β = (β1, β2, . . . , βK) to denote the profiles of ad and slot CTRs

respectively. Following the common practice [38], without loss of

generality, we assume

β1 ≥ β2 ≥ · · · ≥ βK .

In the GSP mechanism, bidders are ranked in the descending order

of their ranking scores which is defined as

si = αibi.

The top k ≤ K bidders whose scores are not less than the reserve

price r are allocated at the first k slots. If an ad is clicked, the pay-

ment of the corresponding bidder is the minimum amount that main-

tains his/her current rank position.

2.3 Definition of QRE
Let Bi denote advertiser i’s bid space and bij be the j-th minimal

price in Bi. We define the score space of bidder i as

Si = {sij |sij = αibij , j ∈ [|Bi|]},

where |Bi| represents the size of Bi, and define the joint score space

of all advertisers except i as

S−i = ×l∈[N ]\{i}Sl.

Then we have that

|Si| = |Bi|, ∀i ∈ [N ].

Let qij(s−i) and pij(s−i) denote the slot allocated to and the pay-

ment of bidder i, given s−i ∈ S−i and sij ∈ Si. Then the utility of

advertiser i is

uij(s−i)=

{
0, sij < r;

(vi − pij(s−i))αiβqij(s−i), sij ≥ r.
(1)

Let σi be i’s mixed strategy over Bi and σij denote the probabil-

ity on bij . Similarly, we define σ = (σ1, σ2, . . . , σN ) and σ−i =
(σ1, . . . , σi−1, σi+1, . . . , σN ). The expected utility of i with sij ,

given σ−i, is

uij(σ−i) =
∑

s−i∈S−i

P (s−i|σ−i)uij(s−i), (2)

where P (s−i|σ−i) is the probability that the score profile of other

bidders except i is s−i given σ−i. The quantal response πij of bidder

i to others’ mixed strategy profile σ−i is defined as5

πij(σ−i) =
1

λi
· 1

|Bi|
+ (1− 1

λi
)

euij(σ−i)λi∑
k∈[|Bi|] e

uik(σ−i)λi

5 In the commonly-used logit form of quantal response [33, 44], multiplying
αi and dividing λi for all i ∈ [N ] by the same constant will not change the
QRE outcome, which means that they are undistinguishable. To address this
problem, we use a slightly different definition which satisfies the principle
of QRE, i.e., better strategies are more likely to be chosen.
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=
1

λi|Bi|
+ (1− 1

λi
)

1∑
k∈[|Bi|] e

(uik(σ−i)−uij(σ−i))λi
, (3)

where λi∈[1,+∞) is the precision parameter of bidder i. We can

easily verify that Eq. (3) is consistent with our expectation that better

strategies are more likely to be chosen than worse ones. When λi=1,

we have πij(σ−i) =
1
|Bi| , which means that i uniformly chooses any

strategy in Bi; and when λi �→+∞, the choice probability of the bid

strategy with the highest expected utility approaches 1. To sum up,

λi is a parameter to measure i’s “rationality”. That is, a larger λi

suggests that i will choose the best strategy with a higher probability.

We use the vector λ = (λ1, λ2, · · · , λN ) to denote the precision

profile. A QRE [17, 33] is defined as follows.

Definition 1. A quantal response equilibrium with λ is a mixed s-
trategy profile σ such that for all i ∈ [N ] and j ∈ [|Bi|], σij =
πij(σ−i).

Definition 1 implies that a QRE strategy profile is a fixed point of

Browder’s functions [6]. Besides, the Nash equilibrium is a special

case of the QRE with λi → +∞ for all i ∈ [N ].

3 Equilibrium Computation

In this section, we design an efficient homotopy-based algorithm to

compute the QRE for SSAs. We first describe the algorithm and then

show how to significantly speed it up by exploiting peculiarities of

SSAs.

3.1 The Homotopy-based Algorithm

In this subsection, we discuss how to compute a QRE given v, λ, α
and β. We define

U =
∑
i∈[N ]

|Bi|

and obtain a continuous function F : [0, 1]U �→ [0, 1]U from Defini-

tion 1 as below:

Fij(σ) = πij(σ−i)− σij , ∀i ∈ [N ], j ∈ [|Bi|].

Now we can see that computing a QRE of SSAs is equivalent to

finding a zero point of the nonlinear function F (σ). If a good start-

ing point is available, we can directly apply Newton-style iteration

methods. However, we have little information about such a good ini-

tial point. As pointed out by Allgower and Georg [2, 3], Newton-style

iteration methods often fail because poor starting points are very like-

ly to be chosen.

The basic idea of the homotopy is composed of two steps: given

a problem we want to solve, first, define a problem with a unique

easy-to-compute solution and then build a continuous transforma-

tion from the artificial problem into the original problem we want to

solve; second, begin with the solution of the easy-to-solve problem

and trace solutions of the associated problems of the transformation

until finally the solution of the original problem is found.

To design a homotopy-based algorithm, our first step is to propose

a degenerate problem which is easy solve. In particular, we can find a

degenerated form of F (denoted as G) by letting uij(σ−i), ∀i ∈ [N ]
and j ∈ [|Bi|], be zero:

Gij(σ) =
1

|Bi|
− σij , i ∈ [N ], j ∈ [|Bi|].

Obviously, G(σ) has a unique zero point: σij = 1/|Bi|, ∀i ∈
[N ], j ∈ [|Bi|]. Then we define a homotopy function H : [0, 1]U ×
[0, 1] �→ [0, 1]U between F (σ) and G(σ) as

Hij(σ, t) =
1

λi|Bi|
+ (1− 1

λi
)R(σ−i, t)

−1 − σij ,

R(σ−i, t) =
∑

k∈[|Bi|]
e(uik(σ−i)−uij(σ−i))λit,

which is a continuous transformation from H(σ, 0) = G(σ) to

H(σ, 1) = F (σ) as t grows continuously from 0 to 1.

We further define the solution set of H(σ, t) = 0 as

H−1(0) = {(σ, t)|H(σ, t) = 0}.

It follows from Browder’s fixed point theorem [6] that, for a given t ∈
[0, 1], there is a σ(t) such that H(σ(t), t) = 0. From the definition

of H we know that σ(0) and σ(1) correspond to the zero point of

G(σ) and F (σ) respectively. The remaining problem is to trace out

a path consisting of (σ(t), t) ∈ H−1(0), which starts at (σ(0), 0)
and ends at (σ(1), 1). Considering the possibility of the existence

of turning points [27], increasing t monotonically when tracing the

path may lead to points far away from the path. A common practice

to avoid the disturbance of turning points is to view the σ and t as

functions of an implicit parameter a simultaneously and to compute

a parametric path

c(a) = (σ(t(a)), t(a)),

which satisfies

H(c(a)) = 0. (4)

The method we use to trace the path is called predictor-corrector

(PC) [2, 3], the basic idea of which is to numerically trace the path

c(a) by generating a sequence of points ci = (σ, t)i, i = 1, 2, . . .
along the path satisfying ‖H(ci)‖ ≤ ε for some ε > 0. In partic-

ular, given that we have found a point ci on the path c(a), an Euler

predictor step is used to predict the next point ci+1 on c(a):

ci+1 = ci +Δ ·
c′(a)
∣∣
c(a)=ci

‖ c′(a)
∣∣
c(a)=ci

‖ , (5)

where c′(a) is the derivative of c(a) with respect to a and Δ >
0 is the step length. Then a corrector phase is necessary to refine

the accuracy of ci+1. We make use of the Gauss-Newton method as

presented below:

ĉi+1 = ci+1 −H ′(ci+1)
+H(ci+1), (6)

where H ′(ci+1)
+ is the Moore-Penrose inverse6 of the Jacobian ma-

trix H ′(ci+1) of H(·) at point ci+1, and ĉi+1 is the refined point of

ci+1. If ‖H(ĉi+1)‖ > ε, we will substitute ĉi+1 into the right side of

Eq. (6) to further refine it. The corrector procedure may be performed

several times until we find the satisfactory point which will be used

in the predictor phase to infer the next point. The PC method, starting

with (σ(0), 0), is applied step by step until (σ(1), 1) is reached.

Now we discuss how to compute the derivative c′(a) in Eq. (5)

and the Jacobian matrix H ′(ci+1) in Eq. (6). We first consider the

calculation of c′(a). By differentiating Eq. (4) we get the following

equation:

H ′(c(a))c′(a) = 0. (7)

6 The Moore-Penrose inverse is defined by A+=AT (AAT )−1.
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The solution of Eq. (7) is

c′d(a) = μ · (−1)d · det(H ′
−d(c(a))) (8)

where c′d(a), d=1, · · · , U+1, denotes the d-th7 component of c′(a)
and H ′

−d(c(a)) is H ′(c(a)) with the d-th column removed; det(·) is

the determinant operation; μ=±1 is the sign of c′(a) to be chosen.

We know from Eq. (8) that once H ′(c(a)) is given, c′(a) can be

obtained directly. Eq. (6) also involves computing H ′(·). So next we

will concentrate on how to compute H ′(·). We use ũij to represent

uij(σ−i)λi for simplicity in the remaining part of this paper. Since

the function H is a mapping from [0, 1]U × [0, 1] to [0, 1]U , its

Jacobian matrix contains U ·(U + 1) partial derivatives that can be

divided into four cases:

Case 1. i ∈ [N ] and j ∈ [|Bi|]:
∂Hij

∂σij
= −1;

Case 2. i ∈ [N ], j and k ∈ [|Bi|], j = k:

∂Hij

∂σik
= 0;

Case 3. i and l ∈ [N ], j ∈ [|Bi|], m ∈ [|Bl|], i = l:

∂Hij

∂σlm
= −(1− 1

λi
)R(σ−i, t)

−2 ∂R(σ−i, t)

∂σlm
,

∂R(σ−i, t)

∂σlm
= te−ũijt

∑
k∈[|Bi|]

eũikt(
∂ũik

∂σlm
− ∂ũij

∂σlm
);

Case 4. i ∈ [N ], j ∈ [|Bi|]:
∂Hij

∂t
= −(1− 1

λi
)R(σ−i, t)

−2 ∂R(σ−i, t)

∂t
,

∂R(σ−i, t)

∂t
= e−ũijt

∑
k∈[|Bi|]

eũikt(ũik − ũij).

We choose μ to ensure that the derivative of t with respect to a,

which corresponds to the (U + 1)-th component in c′(a), is positive

at (σ(0), 0), i.e.,

μ · (−1)U+1det(H ′
−(U+1)(σ(0), 0)) > 0.

Substituting t = 0 into this inequality and combining with cases 1-3,

we get

μ · (−1)U+1 · (−1)U = (−1)2U+1μ > 0,

which indicates that μ = −1 at (σ(0), 0).
By now we have discussed how to compute Eqs. (5) and (6). Then

we can use the PC method to find the point (σ(1), 1) ∈ H−1(0) step

by step, the convergence property of which is analyzed in [2, 3].

The complete process of our proposed method is summarized in

Algorithm 1. In line 1 we assign t with 0 and the starting point c1 with

(σ(0), 0). Line 2 initializes Δ and ε. Lines 3-8 use the PC method

to generate a set of points ci, i = 2, 3, . . . along the path until even-

tually the point (σ(1), 1) is found. Line 4 is the Euler predictor step

which computes the next point ci+1 given ci according to Eq. (5).

The Gauss-Newton corrector step is performed repeatedly in lines 5-

6 to improve the accuracy of the point predicted in line 4. The value

of t is updated in line 7 and the step length is adjusted in line 8 based

on the Asymptotic Expansion method proposed in [2, 3]. The result

is returned in line 10.

7 σij ’s are assumed to be assigned to c(a) in lexicographic order of their
subscripts. The last component of the vector corresponds to t.

Algorithm 1: Computing a QRE

1 t← 0, c← (σ(0), 0);
2 initialize Δ and ε;
3 while t = 1 do
4 c← c+Δ · c′(a)|c(a)=c

‖(c′(a)|c(a)=c)‖
;

5 while ‖H(c)‖ > ε do
6 c← c−H ′(c)+H(c);

7 t← the last component of c;
8 Adjust the step length Δ;

9 (σ, t)← c;
10 return σ;

3.2 Efficient Computation for SSAs
Algorithm 1 indicates that we need to compute the Jacobian matrix

H ′(·) at each predictor and corrector step when tracing the path.

Thus the efficiency of calculating H ′(·) will significantly affect the

scalability of the algorithm. In this subsection, we discuss how to

reduce the complexity of Algorithm 1 through efficient calculation

of H ′(·) by leveraging the properties of SSAs. First. we represent

the SSAs as an Action Graph Game (AGG) [24, 25, 43] which can

compute the components of H ′(·) in polynomial time, while general

NFGs cost exponential time to calculate them. Second, we further

significantly reduce redundant calculations based on the analyses of

the relations between advertisers’ utilities.

3.2.1 Representing SSAs as AGG

The elements in H ′(·) are classified into four cases as shown in Sec-

tion 3.1, the last two cases of which involve computing ũij and
∂ũij

∂σlm
.

We can rewrite Eq. (2) as

uij(σ−i)=
∑

m∈[|Sl|]
σlm

∑
s−il∈S−il

P (s−il|σ−il)uij(s−il, slm)

=
∑

m∈[|Sl|]
σlm

∂uij(σ−i)

∂σlm
, ∀l = i, (9)

where S−il = ×i′∈[N ]\{i,l}Si′ and s−il is an element of S−il. So

the main effort on calculating H ′(·) is to compute a set of partial

derivatives, i.e.,

D = {∂uij(σ−i)

∂σlm
|i, l ∈ [N ]; l = i; j ∈ [|Bi|];m ∈ [|Bl|]}.

We need to traverse the
∏

i′∈[N ]\{i,l} |Bi′ | realizations in S−il to

compute
∂uij(σ−i)

∂σlm
if we view SSAs as general NFGs. Clearly, this

traversal method (TM for short) is exponential, i.e., O(MN ), where

M=max{|Bi′ |
∣∣i′ ∈ [N ]}.

Fortunately, expected utilities in SSAs with GSP mechanism have

many special properties that could be utilized to reduce the compu-

tational complexity. Here we take bidder i with sij and bidder l with

slm as an example (sij ≥ r) and define

IG = {n|sn > sij , n = i}.

Similarly, we further define

IE = {n|sn = sij , n = i}
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and

IL = {n|sn < sij , n = i}.
We assume the tie is broken randomly. It thus follows that:

1. When |IG| ≥ K, i’s utility is zero.

2. When |IG| < K and |IG|+ |IE | ≥ K, bidder i has a probability
1

|IE |+1
to be allocated at a slot ranging from |IG| + 1 to K and

his/her payment is pi = bij . According to our assumption on the

tie, i’ utility in such case is

1

|IE |+ 1
(vi − bij)

K∑
k=|IG|+1

αiβk.

3. When |IG| + |IE | < K, i’s location will be any one from slot

|IG|+1 to slot |IG|+|IE |+1 with an identical probability 1
|IE |+1

.

His/her payment is pi = bij if ranked at the slot between |IG|+1
and |IG| + |IE |. On the other hand, his/her payment is pmax/αi

if allocated at slot |IG|+ |IE |+ 1, where

pmax = max{r, sn|n ∈ IL}.

Bidder i’s utility in this case is

1

|IE |+ 1
((vi−bij)

|IG|+|IE |∑
k=|IG|+1

αiβk+(vi−pmax)αiβ|IG|+|IE |+1).

The above properties indicate that given bidder i’s score si = sij ,

his/her utility only depends on |IG|, |IE | and pmax, but not on who

are in IG and IE or exactly what their bids are, and not on whose

ranking score is pmax. That is SSAs have considerable context-

specific independence structure and can be represented compactly

by an AGG. An action graph (AG) is a trie8, each leaf of which cor-

responds to a tuple (|IG|, |IE |, pmax). Specifically, when computing
∂uij(σ−i)

∂σlm
, because 1) we just consider the cases where |IG| < K,

2) |IE | ≤ N , and 3) pmax has at most NM different values, the AG

has O(KN2M) leaves, which can be built in time O(KN2MN) =
O(KN3M) by a dynamic program [24]. Compared with that of TM

(O(MN )), it is a significant improvement.

3.2.2 Reducing Redundancy

The computation of the set D with AGG involves two steps: 1) build-

ing the AGs and 2) calculating the partial derivatives based on these

AGs. Intuitively, we need to apply the two procedures to each of the

N(N − 1)M2 elements of D. Actually, we can significantly reduce

the calculations by utilizing the properties of SSAs.

We first focus on the process of AG construction (i.e., step 1). The

AG for
∂uij(σ−i)

∂σlm
is built by a dynamic program which traverses the

union set

{snk|n ∈ [N ] \ {i, l}, k ∈ [|Bn|]} ∪ {slm},

the first part of which is the same for all m ∈ [|Bl|]. Thus we can just

build one trie with {snk|n ∈ [N ] \ {i, l}, k ∈ [|Bn|]}, from which

the AGs for
∂uij(σ−i)

∂σlm
, ∀m ∈ [|Bl|], can be directly derived by fur-

ther taking slm into consideration. This observation implies that we

can compute D by building at most N(N−1)M AGs. Next we show

how to further refine step 1 based on the following propositions.

8 Trie is an ordered tree data structure. More details can be found at https:
//en.wikipedia.org/wiki/Trie and [4].

Proposition 1. For all l = i, ∂uij(σ−i)

∂σlm
= 0 if sij < r.

This proposition is straightforward since Eq. (1) indicates that

uij(s−il, slm) = 0 if sij < r.

Proposition 2. For all l = i,

∂uij(σ−i)

∂σlm
=

∂uij+1(σ−i)

∂σlm
= . . . =

∂uij+k(σ−i)

∂σlm
,

if there is no sl′m′ , l′ = i and m′ ∈ [|Bl′ |], satisfying sij ≤ sl′m′ ≤
sij+k.

Proof. IE is empty under the assumption. Given b−il, bidders except

i are either in IG or in IL and will not change their positions when

i’s score changes from sij to sij+n, n ∈ [k]. Then we have that,

for all s−il ∈ S−il, uij(s−il, slm) = uij+n(s−il, slm), ∀n ∈ [k],
because they have the same IG, IE and IL. Taking expectation over

S−il completes the proof according to Eq. (9).

Proposition 3. For all l = i, the AGs for ∂uij(σ−i)

∂σlm
and ∂ulj(σ−i)

∂σim

are the same if Si = Sl.

Proof. Since the AG is indeed a trie, we only need to show that

they have the same leaves. Given s−il ∈ S−il, because sij =
slj and sim = slm, the profiles s−i = (s−il, slm) for sij
and s−l = (s−il, sim) for slj can be mapped to the same tuple

(|IG|, |IE |, pmax). By traversing S−il and considering that there is a

one-to-one correspondence between the tuples and leaves, we prove

the proposition.

Proposition 2 shows that if a subset {sij , sij+1, . . . , sij+k} of Si

satisfies the constraint, then
∂uij+1(σ−i)

∂σlm
,. . .,

∂uij+k(σ−i)

∂σlm
can be ob-

tained directly through
∂uij(σ−i)

∂σlm
without building the AGs. Propo-

sition 2 cannot be applied to the case where bidders have the same

score space. By contrast, Proposition 3 is particularly useful for this

case, which can reduce the number of AGs to
N(N−1)M

2
in step 1.

The next proposition is used to speed up step 2.

Proposition 4. For all l = i,

∂uij(σ−i)

∂σlm1

=
∂uij(σ−i)

∂σlm2

,

if 1) slm1 , slm2 ≤ r or 2) slm1 , slm2 > sij .

Proof. Similar to the proof of Proposition 2, we just need to prove

that for all s−il ∈ S−il, uij(s−il, slm1) = uij(s−il, slm2), which

is true due to the fact that (s−il, slm1) and (s−il, slm2) correspond

to the same tuple (|IG|, |IE |, pmax) for sij on each of the two con-

ditions.

We use an example where bidders have the same score space to

analyze the effects of Propositions 3 and 4 in step 2. We assume

r = 0 for ease of analysis. Given i and l, we only need to compute
∂uij(σ−i)

∂σlm
for j < M and m ≤ j + 1, and

∂uiM (σ−i)

∂σlm
for m ≤ M ,

because those for j < M and m > j + 1 are equal to
∂uij(σ−i)

∂σlj+1
ac-

cording to Proposition 4. Then the amount of components calculated

with AGs is

(2 + 3 + . . .+M +M) =
M2 + 3M − 2

2
.

On the other hand, given j and m, Proposition 3 implies that
∂uij(σ−i)

∂σlm
and

∂ulj(σ−i)

∂σim
as a pair can be computed simultaneously
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with one AG. There are
N(N−1)

2
such pairs. As a result, the number

of calculations reduced in total is

N(N − 1)M2 − N(N − 1)

2

M2 + 3M − 2

2

>
3

4
N(N − 1)M(M − 1).

Since D has N(N − 1)M2 elements, the efficiency for step 2 is

improved by about 75%.

4 Parameter Estimation

In this subsection, we propose an algorithm based on the principle

of MLE and QRE to estimate v, α and β of SSAs from real data.

It is pointed out in [19] that the auctioneer itself can not accurately

estimate the CTRs and it is not rare to get a 50% error. Our mod-

el provides an alternative way for the search engine to infer these

parameters when they are unknown.

Given a QRE strategy σ, the logarithmic likelihood of the un-

known parameters v, λ, α and β is

L(v, λ, α, β|σ) = log(
∏

i∈[N ]

∏
j∈[|Bi|]

πij(σ−i)
σij ) (10)

Then the parameters can be estimated by maximizing the likeli-

hood as shown in the following optimization problem:

max
v,λ,α,β

L(v, λ, α, β|σ) (11)

s.t.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
vi ≥ 0, ∀i ∈ [N ];

λi ≥ 1, ∀i ∈ [N ];

1 > βs ≥ βs+1 > 0, ∀s ∈ [K − 1];

0 < αi < 1, ∀i ∈ [N ].

(12)

However, qij(s−i) is not a continuous function of αi, ∀i ∈ [N ], nor

are the utilities of bidders. As a result, the likelihood defined in Eq.

(10) is not continuous with respect to α.

To address the discontinuity of the likelihood function, we split

the unknown parameters into two groups and sequentially optimize

them: we treat v, λ, β as a group and α as the other group; in each

iteration, we first optimize v, λ, β and then α.

The function L(v, λ, α, β|σ) in Eq. (11) is continuous with respect

to the parameters in the first group. We can learn a better set of v, λ, β
by solving the following sub optimization problem:

max
v,λ,β

L(v, λ, α, β|σ) (13)

s.t.

⎧⎪⎨⎪⎩
vi ≥ 0, ∀i ∈ [N ];

λi ≥ 1, ∀i ∈ [N ];

1 > βs ≥ βs+1 > 0, ∀s ∈ [K − 1].

(14)

Since the above optimization problem is non-convex, it is difficult to

find the global maximum. We turn to find a set of local maxima with

different starting points and then choose the best one to improve the

possibility of reaching the global maximum of the sub problem.

As aforementioned, the likelihood function is not continuous with

respect to α. Here we do not optimize bidders’ ad CTRs simultane-

ously. Instead, we deal with them one by one. Let us take the ad CTR

αi of bidder i as an example and keep αj , ∀j = i fixed. Given that all

the other parameters are fixed, it is easy to know that the likelihood

has the following discontinuous points:

{αjbj
bi

∣∣0 <
αjbj
bi

< 1, j ∈ [N ] \ {i}, bi ∈ Bi, bj ∈ Bj}.

Then we can partition the feasible domain of αi into several intervals

where the likelihood function L is continuous with respect to αi, and

then by solving the optimization problem defined in Eq. (15) in each

interval we can find a better αi given all the other parameters:

maxαi L(v, λ, α, β|σ) (15)

s.t. αi in the continuous interval.

Similarly, the above optimization problem is not convex. To avoid

being tracked into a bad local maximum, we can also find a set of

local maxima with different starting points and choose the best one.

Algorithm 2: Parameter estimation

1 L∗ ← −∞;
2 Randomly generate an ad CTR profile α;
3 while True do
4 Fix α and update v, λ, β by solving the problem shown in

Eqs. (13) and (14);
5 for i← 1, 2, · · · , N do
6 Fix αj , ∀j = i, v, λ, β and update αi by solving the sub

problem as shown in Eq. (15) in each continuous
interval;

7 L̂← L(v, λ, α, β|σ);
8 if L̂ > L∗ then
9 L∗ ← L̂;

10 else return the learned parameters v, λ, α, β;

The complete procedure is presented in Algorithm 2. In line 1 we

initialize the likelihood of the original optimization problem with

negative infinity. Line 2 sets an initial α. Lines 3-9 iteratively op-

timize the two groups of parameters. Line 4 fixes α and updates

(v, λ, β). Lines 5-6 fix (v, λ, β) and update α. Lines 7-10 control

the optimization process: if we make progress in this iteration, we

continue the optimization; otherwise, we return the latest parameter-

s. Again, to avoid a bad local maximum, we run the algorithm for

multiple times with different initial α’s in Line 2 and choose the best

parameters as the final output in our experiments.

5 Experimental Evaluation
We conduct extensive experiments to evaluate the algorithms for

QRE computation and parameter estimation.

5.1 Effectiveness of the Homotopy Algorithm
We first evaluate the runtime of the three different approaches for

computing D: TM, AGG, and AGG combined with our speed-up

methods (AGGSU for short). The experiments are divided into two

groups based on whether bidders have the same score space. In each

group, we test the three methods with different game sizes where

N = 5, 6, . . . , 20 and M = 10, 15, 20. In all the experiments,

α, β and Bi, ∀i ∈ [N ], are sampled from uniform distributions

with supports (0.1, 1)N , (0.1, 1)K and (0,M)M respectively. We

let K = "N/2# and vi = maxbi∈Bi bi, ∀i ∈ [N ]. The runtime for

each method in each setting is averaged over 100 experiments. The
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results are depicted in Figure 1 with logarithmic y-axis, where da-

ta greater than 104 seconds are not displayed and the symbol “-S”

(“-D”) denotes the same (different) score space group. Since the run-

times for TM in the two groups are almost the same, we just plot the

average of them.

We see from Figure 1 that the runtime of TM increases exponen-

tially as N grows. The 8×10 (i.e., N = 8, M = 10) game cannot be

solved by TM within 1 hour. As a comparison, both AGG and AG-

GSU are much more efficient than TM. We observe that AGGSU-D

(AGGSU-S) is about ten times faster than AGG-D (AGG-S), which

confirms the efficiency of our speed-up methods proposed in Section

3.2.2. We further notice that AGGSU-S (AGG-S) always runs slower

than AGGSU-D (AGG-D). That is because IE is almost an empty set

for AGGSU-D (AGG-D) and thus its AGs have O(KNM) leaves,

while the AGs for AGGSU-S (AGG-S) contain O(KN2M) leaves.

Overall, our AGGSU method performs the best in all the settings.

Next we evaluate the performance of Algorithm 1. The parameters

of the experiments are generated as above and λ is uniformly sam-

pled from the support (0, 10)N . We do not assume the identical score

space and the set D is computed with AGGSU-D. The experiments

are based on three different settings (game sizes). We use dynamic

(Dy) and various fixed step lengths to test Algorithm 1. The results

are depicted in Table 1, which shows the runtime of the algorithm

in seconds (time), the number of Euler steps (#E), and the averaged

amount of Gauss-Newton steps (#G) in one Euler step.

Table 1. Performance of Algorithm 1

N=10, M=5 N=10, M=10 N=15, M=10
Δ time #E #G time #E #G time #E #G

Dy 0.55 5.10 2.40 5.66 8.00 2.44 19.5 5.42 2.38
0.1 1.92 26.0 0.73 18.6 47.0 0.76 82.1 29.1 0.68
0.3 0.85 10.9 1.03 8.58 18.1 1.05 37.8 11.2 1.03
0.5 0.82 7.45 1.71 7.67 12.3 1.83 33.0 8.03 1.37
0.7 0.81 6.76 2.40 7.68 10.7 2.32 26.8 5.45 2.44
0.9 0.82 5.44 2.60 7.92 8.12 3.56 30.1 4.96 2.75
1.1 0.85 4.34 3.25 10.8 10.2 3.91 37.7 5.02 3.03

We learn from Table 1 that larger step lengths usually lead to few-

er Euler procedures, but more Gauss-Newton processes are needed

to correct the zero point predicted in the Euler phase. The Gauss-

Newton corrector often fails to converge when Δ ≥ 1.3, which im-

plies that Newton-style methods cannot be directly used to compute

the QRE. When Δ is small, the predicted zero points are often accu-

rate enough and the corrector step is not needed, hence the averaged

number of Gauss-Newton steps may be less than 1. Another interest-

ing finding is that the numbers of steps for the predictor and corrector

phases do not increase with the game size. We can verify that, given

the numbers of bidders (N ) and strategies (M ), the runtime of Algo-

rithm 1 is positively correlated to the total amount of steps and the

dynamic step length strategy outperforms those strategies with fixed

step lengths. The results indicate that our algorithm can efficiently

compute the QRE for large-size SSAs.

5.2 Evaluate the Estimation Algorithm

We first used Algorithm 2 to infer the parameters of the QREs com-

puted in Section 5.1 and found that the estimated parameters are al-

ways equal to the generated ones, which verifies the effectiveness of

Algorithm 2 in parameter estimation. Next we conduct experiments

based on Yahoo’s public data on advertising and market [14, 41, 47],

which contain the information about advertisers’ bids and ranks over

4 months. More than 89% of the queries9 in the dataset have less than

5 bidders. We find that bidders’ information in many queries are very

incomplete, i.e., there are only several records about a bidder over the

4 months. As in some related work like [13], we pick out 70 queries

with almost complete information in the log (which do not include

the queries containing just one bidder), and further remove the bid-

ders who give a very high or very low bid and never make a change

since these bidders will create singularity issues for the estimation

and provide little information about bidders’ behaviors.

We fit the QRE model into the processed dataset, in which the dis-

tribution of the number of bidders is shown in Table 2. Specifically,

for each query, we first compute bidders’ real mixed strategy profile

σ with the log file, then we use Algorithm 2 to infer parameters with

the QRE model, next by substituting the estimated parameters into

Eq. (3), we compute bidders’ quantal responses πi for all i ∈ [N ].
We first evaluate whether πi is equal to σi, ∀i ∈ [N ], for each query,

i.e., whether advertisers’ bidding strategies (σ) form a QRE. To do

this, we calculate the error 1∑
i∈[N] |Bi|

∑
i∈[N ],j∈|[Bi]| |πij − σij |

for each query, based on which we compute the maximum, mini-

mum and average of the errors over each of the four scenarios. The

results are depicted in Table 2.

Table 2. Fitting Accuracy Evaluation

scenario No. of
bidders

distribution maximum minimum average

1 3 77.14% 0.0732 0.0002 0.0373
2 4 15.71% 0.0813 0.0002 0.0388
3 5 4.29% 0.0922 0.0011 0.0432
4 ≥ 6 2.86% 0.1078 0.0106 0.0592

We see from Table 2 that for some queries, the minimal errors are

at the magnitude of 10−4, and on average the errors are less than

0.06, which indicates that the QRE can model advertisers’ behav-

iors in the real world well. In most cases, the worst-case errors are

around 0.08. Thus it is reasonable to assume that bidders were play-

ing the QRE. Next, following the practice in [45], we use two specif-

ic queries to show details about the parameters estimated with QRE

model and then make a comparison with the mixed strategy Nash

equilibrium (MSNE) model10.

The parameters estimated with the QRE are depicted in Table 3,

by substituting which into Eq. (3) we compute bidders’ quantal re-

sponses (πi) and expected utilities (ui), as shown in Tables 4 and

5. We see that better strategies are chosen with higher probabilities,

which is consistent with the principle of QRE. We find that the quan-

tal responses (πi) are very close to the real mixed strategies (σi) in

both tables, which implies that the QRE model can accurately de-

scribe bidders’ bidding behaviors in the real world.

Table 3. Estimated parameters with QRE

query i vi λi αi β L∗

1 66.5 85 .04 .07
1 2 43.0 1078 .03 .06 -3.2804

3 61.4 1602 .03 .05

1 6.00 6251 .13 .15
2 2 1.65 222 .65 .10 -2.6098

3 5.67 4700 .18 .05

9 For simplicity, we only consider exact match between a query and keyword-
s. For broad match, please refer to [9, 12, 31].

10 We do not compare the QRE with the symmetric Nash equilibrium [45]
because the latter is a pure-strategy equilibrium which cannot explain ad-
vertisers’ mixed-strategy behaviors.
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Figure 1. Runtime of TM, AGG and AGGSU

Table 4. Strategies comparison for query 1

σ1 π1 u1 σ2 π2 u2 σ3 π3 u3

.1261 .1239 .1202 .2975 .2979 .0479 .2609 .2607 .0906

.3025 .3563 .1328 .5950 .5948 .0485 .3565 .3697 .0908

.4202 .3714 .1333 .1074 .1073 .0469 .3826 .3697 .0908

.1513 .1484 .1224

Table 5. Strategies comparison for query 2

σ1 π1 u1 σ2 π2 u2 σ3 π3 u3

.2927 .2682 .0339 .6897 .6881 .0633 .0522 .0524 .0581

.2439 .2682 .0339 .1466 .1040 .0548 .1304 .1304 .0583

.4634 .4635 .0340 .1207 .1040 .0548 .8174 .8172 .0587
.0431 .1040 .0548

We learn from Table 3 that bidders’ precision parameters differ

from each other significantly. Note that Eq. (3) implies that besides

λi, the magnitude of the difference between bidder i’s expected u-

tilities has a strong impact on his/her quantal response. To see this

impact, we take bidder 1 in query 2 for an example. We know from

Table 3 that λ1 = 6251 for query 2, which seems to indicate that bid-

der 1 should be very rational because λ1 is large. However, the quan-

tal response π1 = (.2682, .2682, .4635) for query 2 in Table 5 indi-

cates that bidder 1 is not very rational since he/she does not choose

the optimal strategy with very high probability. That is because the d-

ifference between the components of u1 is at the magnitude of 10−4,

which reduces the effect of
∑

k∈[|B1|] e
(u1k(σ−1)−u1j(σ−1))λ1 in E-

q. (3) even though λ1 is at a magnitude of thousands.

Next we fit the MSNE into the dataset, where each player’ expect-

ed utilities by choosing different pure strategies are the same. Hence

we solve the following optimization problem with Algorithm 2:

L̃(v, α, β|σ) = log(
∏

i∈[N ]

∏
j∈[|Bi|]

(
uij(σ−i)∑

k∈[|Bi|] uik(σ−i)
)

1
|Bi| ) (16)

s.t.

⎧⎪⎨⎪⎩
vi ≥ 0, ∀i ∈ [N ];

1 > βs ≥ βs+1 > 0, ∀s ∈ [K − 1];

0 < αi < 1, ∀i ∈ [N ].

(17)

which get its maximal value when

uij(σ−i)∑
k∈[|Bi|] uik(σ−i)

=
1

|Bi|
, ∀i ∈ [N ], j ∈ [|Bi|],

or equivalently, when

uij(σ−i) = uik(σ−i), ∀i ∈ [N ], j ∈ [|Bi|], k ∈ [|Bi|].

The estimated results are in Table 6. It shows that the maximal

likelihoods of the queries with MSNE (L̃∗) are less than those with

QRE (L∗), which implies that QRE is more accurate than MSNE

for modeling advertisers’ pricing policies. We learn from the log that

B1 = {10, 15, 20, 30}, B2 = {10, 20, 25} and B3 = {15, 25, 35}
for query 1. The values estimated by QRE are all larger than bids,

which is consistent with the experience that bidders usually do not

overbid [21]. As a comparison, the values predicted by MSNE are

not very reasonable. Besides, the estimated CTRs (θik) of MSNE for

query 1 are overly large, e.g., α1β1 = 0.42 and α2β1 = 0.76, while

the CTRs in the real world are generally lower than 10%. Further-

more, the log shows that the maximal bid in query 2 is not greater

than 10, while the estimated values are at the magnitude of 106,

which does not make sense. The slot CTRs (β) estimated by MSNE

for query 2 also seem strange since in the real world CTRs usually

decrease from the top position to the bottom one. As a comparison,

those estimated with QRE match the real world well. Overall, QRE

can fit the real data much better than MSNE.

Table 6. Estimated parameters with MSNE

query i vi αi β L̃∗

1 18.1 .51 .83
1 2 12.8 .91 .02 -3.5835

3 112.2 .16 .02

1 8.4×106 .02 .07
2 2 4.8×106 .05 .07 -4.7594

3 3.08×106 .09 .07

6 Conclusion

In this paper, we introduced the solution concept of QRE into S-

SAs to model the bounded rationality of advertisers’ bidding behav-

iors. Along this line, we made two key technical contributions. First,

we designed an efficient homotopy-based algorithm to compute the

QRE for SSAs. By further utilizing the special structure of adver-

tisers’ expected utilities, we significantly improved the efficiency of

our algorithm which can be applied to large-size SSAs. Second, we

developed an estimation algorithm and fitted the QRE model into re-

al data to infer values, precisions and CTRs of the SSAs. In addition,

we conducted extensive experiments to evaluate the performance of

our algorithms, which show that the proposed homotopy algorithm

for computing QRE is very efficient and the QRE model can fit the

real data much better than previous models.
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An Improved State Filter Algorithm for SIR Epidemic
Forecasting

Weipeng Huang 1 and Gregory Provan 1

Abstract. In epidemic modeling, state filtering is an excellent tool

for enhancing the performance of traditional epidemic models. We

introduce a novel state filter algorithm to further improve the perfor-

mance of state-of-the-art approaches based on Susceptible-Infected-

Recovered (SIR) models. The proposed algorithm merges two tech-

niques, which are typically used separately: linear correction, as seen

in the Ensemble Kalman Filter (EnKF), and resampling, as used in

the Particle Filter (PF). We compare the inferential accuracy of our

approach against the EnKF and the Ensemble Adjustment Kalman

Filter (EAKF), using algorithms employing both an uncentered co-

variance matrix (UCM) and the standard column-centered covari-

ance matrix (CCM). Our algorithm requiresO(DN) more time than

EnKF does, where D is the ensemble dimension and N denotes the

ensemble size. We demonstrate empirically that our algorithm with

UCM achieves the lowest root-mean-square-error (RMSE) and the

highest correlation coefficient (CORR) amongst the selected meth-

ods, in 11 out of 14 major real-world scenarios. We show that the

EnKF with UCM outperforms the EnKF with CCM, while the EAKF

gains better accuracy with CCM in most scenarios.

1 Introduction

Epidemic prediction has a long history, and an early model SIR

model [27] has proved essential for accurate forecasting [4, 28]. The

SIR model divides the population into three sub-populations: sus-

ceptible (S), infected (I) and recovered (R). During the outbreak of

an infectious disease, some susceptible individuals will become in-

fected by contact with the infected individuals, and some infected

individuals will recover within a certain period of time.

Recently, Shaman and Karspeck, and Yang et al. [34, 44] showed

that state filtering methods significantly improve the inferential ac-

curacy of the SIRS-humidity model (which is a variant of SIR) [4].

Yang et al. also empirically demonstrated that EnKF, EAKF and PF

have the lowest RMSE [44]. Although the difference in the perfor-

mance of these three filters is small, EAKF comes out on top, while

PF is in bottom place. They examine the model performance con-

cerning 115 cities in the United States (U.S.), using only Google Flu

Trends (GFT) data [16].

The EnKF is a Monte Carlo approximation of the Kalman filter,

which represents the distribution of the system state using a collec-

tion of state vectors, called an ensemble, and replace the KF covari-

ance matrix by the sample covariance computed from the ensem-

ble. The EnKF assumes Gaussian-distributed models, while the PF

does not impose that restriction. However, Kalman-type filters re-

1 The Insight Centre for Data Analytics, Department of Computer Science,
University College Cork, Cork, Ireland
Email: weipeng.huang@insight-centre.org, gprovan@cs.ucc.ie

quire fewer ensemble members (or particles) than the PF to guaran-

tee good performance [36]. Moreover, the EnKF applies linear cor-

rection updates to the states to satisfy the Maximum Likelihood; the

PF updates its ensemble members from the existing particles by sam-

pling from their weight distributions, where the weights are assigned

by the ensemble members’ importance (a.k.a importance weighting)

[12, 10, 30]. Our algorithm integrates all these techniques, correcting

the states with Maximum Likelihood, and updating the ensemble by

sampling from the best-performing particles. The algorithm imposes

only slight additional time complexity to the EnKF; however, it re-

quires the same ensemble size as the EnKF, provided the improved

performance over the two single filters is attained.

[43] shows that the EnKF underestimates the state covariance ma-

trix. Therefore, we compare the model accuracy of the Kalman-type

filters empirically, with UCM and CCM. UCM [5] is mostly dis-

cussed in Principal Component Analysis (PCA), hence, our use of

UCM in the EnKF and the EAKF is novel. Centering the data or

keeping it uncentered remains an open question in pattern recogni-

tion [20]. There are only two theoretical papers [5, 20] analyzing

UCM and CCM, and they both performed eigen-analysis of certain

features of both types. We empirically compare these approaches us-

ing real-world infection data [7] from the U.S. Center for Disease

Control and Prevention (CDC), which contains weekly influenza-like

illnesses (ILI) statistics.

Our contributions are as follows. We compare our state filter al-

gorithms with state-of-the-art filters on the nationwide ILI data of

2011-15 and the regional ILI data of 2014-15. The empirical results

demonstrate that our approach obtains the optimal RMSE and CORR

amongst the examined filters, in 11 out of 14 cases. It also shows that

the EnKF and our approach create more accurate predictions with

UCM rather than CCM, whereas the EAKF gains better performance

with CCM, given the tested scenarios.

In the rest of the paper, Sect. 2 reviews the related work. Sect. 3

elaborates on the models. Following that, Sect. 4 discusses our ap-

proach, and then conducts the empirical analysis in Sect. 5. Finally,

Sect. 6 concludes the paper.

2 Related Work

Kermack and Mckendrick [27] introduced a key early model for epi-

demic forecasting, the SIR model. Later, several models were derived

from it, such as SI, SIRS, SEIR, SIS, etc. [4, 19]. Researchers have

also developed other types of models for computational epidemiol-

ogy, e.g., agent-based models, meta-population models, spatial mod-

els, and stochastic models [35].

Recently, data-driven solutions have shown great promise. Gins-

berg et al. [15] used Google search data to build a logistic regression
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model based on the odds ratio of the search-term frequency. Santil-

lana et al. [33, 32] then used the term frequency directly with several

machine learning techniques, such as Support Vector Machine, Least

Absolute Shrinkage and Selection Operator, and AdaBoost regres-

sion etc., to outperform Google’s solution. These innovative methods

obtain great performance, but at a high computational cost.

Shaman and Karspeck [34] applied the EAKF to the SIRS-

humidity model (SIRS-EAKF). SIRS-humidity adds the humidity

data as a component to the standard SIRS model, given a correlation

between the spread of the epidemic and the humidity levels. Yang et

al. [44] then compared a few filtering methods, such as EnKF, EAKF,

PF, Maximum Likelihood Filter etc., on the SIRS model. They re-

ported that the EAKF, the EnKF and the PF were the top three per-

formers. Later, [45] estimated a few SIRS-EAKF epidemiological

parameter ranges for the seasonal flu and pandemics for a few sea-

sons. We compare the EnKF and the EAKF, with CCM and UCM,

while [44] only tested on the generic cEnKF and cEAKF2.

There are related works connecting the EnKF and the PF. Hoteit

et al. [22] introduced the method of combing Kalman correction and

resampling, and later simplified the algorithm by removing the un-

necessarily complex steps in the resampling circle [21]. [41] then

extended Hoteit’s method to mixture Gaussian models. Different

from the above principle, [14, 9] suggested a strategy that adopts

the weighted sum of the posterior states propagated with the EnKF

and the PF. Slivinski et al. presented a hybrid filter EnKF-PF for La-

grangian data assimilation [40, 39]. The most complex step in most

methods is the covariance matrix approximation; however we per-

formed a comparison between CCM and UCM for deciding the sim-

plest covariance approximation procedure. Our algorithm thereby ad-

dresses the overwhelming complexity in the existing approaches.

3 Models
3.1 Notation
In SIR modeling, the population has three sub-categories: suscep-

tible (S), infected (I), and recovered (R). Given the total popula-

tion M , the percentages of the three sub-groups are {s, i, r}, where

s = S/M , likewise for i and r. Lastly, β and γ denote the mean

contact rate and the mean recovery rate, respectively.

For the filtering approaches, we first denote the state vector by

x =
[
s i
]T

. We denote the one-element estimate vector by y =[
i
]
, the observation by z =

[̂
i
]
, and parameter θ =

[
β γ

]T
. We

use a transition function f(·), and the state to observation mapping

matrix, H , to define the following dynamical state space system

xt+1 = f(xt, θt) + ut (1a)

yt+1 = Hxt+1 + vt (1b)

Moreover, we denote the observed data zt for time t. In our formula-

tion, f(·) is governed by the SIR dynamics and H =
[
0 1
]
.

Let ∼ denote “distributed according to”; henceforth we assume

the noise is zero-mean Gaussian such that u ∼ N (0, U) and v ∼
N (0, V ). We define an ensemble as a group of particles, where a par-

ticle is a random sample from a certain distribution. The N -ensemble

of states, estimates, and parameters are respectively depicted as

Xt =
{
x
(n)
t

}N
Yt =

{
y
(n)
t

}N
Θt =

{
θ
(n)
t

}N
.

2 We add “c” in front of the filter names to indicate the filters using CCM,
and use prefix “u” for those using UCM.

Hence, the ensemble version of the dynamical system is:

Xt+1 = f(Xt,Θt) +
{
u
(n)
t

}N
(2a)

Yt+1 = HXt+1 +
{
v
(n)
t

}N
(2b)

We denote the weights of the ensemble members, by wt =[
w

(1)
t . . . w

(N)
t

]T
. Therefore, for the ensemble or particle based

methods, it is the expected value of the infection rate (a.k.a. preva-

lence) at time t, such that

yt =
[
it
]
= HE[Xt] (3)

where E [X] returns the mean of X . Let I denote the identity matrix

and∝ denote “proportional to”. 0D×N refers to a D-by-N matrix of

zeros, and 1N is a length-N vector of ones.

Parameter estimation with KFs. The parameter estimation with

the EnKF and the EAKF proceeds by regarding the parameters as

augmented states [29, 23, 13, 1]. Specifically, we denote the refined

state vector by x̃ and its corresponding ensemble set X̃ , such that

x̃ =

[
x
θ

]
=⇒ X̃ =

[
X
Θ

]
(4)

Given Eq. (1) and (2), we get H̃ =
[
0 1 0 0

]
. In implementing

the KFs, we replace x, X and H by x̃, X̃ and H̃ , respectively. In the

PF, we use the original x, X and H .

3.2 Suceptible-Infected-Recovered
We select the version of the SIR [28] that uses the ratios s, i, and

r. As SIR assumes that the birth and death are negligible to the

whole population during a period, the population M is constant and

st + it + rt ≡ 1 holds at any time within a particular period. The

model depicts the dynamics by assuming the susceptible individu-

als become infected with probability β, and infected individuals can

recover from the disease with recovery rate γ.

∂s

∂t
= βstit

∂i

∂t
= βstit − γit

∂r

∂t
= γit (5)

Apparently, r does not contribute to computing the prevalence i. We

thus only present s and i in the state vector x, and omit the equations

related to r in the rest of this paper.

3.3 Kalman Filter
The KF is a method that computes the posterior states based on

the Maximum Likelihood of a linear Gaussian dynamical system

[8, 36, 30]. During each KF round, Eq. (6) and (7) execute a pre-

diction phase, and Eq. (8) to (10) run a correction phase. P denotes

the covariance of the states, and K the Kalman Gain matrix. Also,

we use a transition matrix B to approximate the transition function

f(·). We thus obtain

xt|t−1 = Bxt−1|t−1 (6)

Pt|t−1 = BPt−1|t−1B
T + U (7)

Kt = Pt|t−1H
T
(
HPt|t−1H

T + V
)−1

(8)

xt|t = xt|t−1 +Kt

(
zt −Hxt|t−1

)
(9)

Pt|t = (I −KtH)Pt|t−1 (10)

W. Huang and G. Provan / An Improved State Filter Algorithm for SIR Epidemic Forecasting 525



The critical step of a KF is to compute the Kalman Gain K, then

combine the observed data to calibrate the state vector x. The KF

assumes that the posteriori xt|t is more probable as the input for the

next estimation than the priori xt|t−1. Eq. (9) is known as a Kalman-

type (or linear) correction step.

3.3.1 Ensemble Kalman Filter

The KF is an optimal filter for linear Gaussian systems with Gaus-

sian noise [8]. For nonlinear systems, researchers have developed the

Extended Kalman Filter, the Unscented Kalman Filter, the EnKF and

the EAKF, etc. [11, 36, 30]. We consider the EnKF and the EAKF as

they require less parameter tuning than the other Kalman Filters.

The EnKF estimates the covariance matrix P , through the sample

covariance of the ensemble [11, 25, 12, 13]. Therefore, Eq. (7) and

(10) are not used in the EnKF. With the sample covariance denoted

by C, we have the Kalman Gain K:

Kt = Ct|t−1H
T
(
HCt|t−1H

T + V
)−1

(11)

We now show the UCM Cc and the CCM Cu are computed using:

Cu =
1

N − 1
XXT

(12a)

Cc =
1

N − 1
(X − x̄1TN )(X − x̄1TN )T, (12b)

where the mean vector x̄ = 1
N
X1N . The CCM is the UCM of the

ensemble after being centered. It follows that:

Cc =
1

N − 1

(
XXT − x̄1TNXT −X1N x̄T + x̄1TN1N x̄T

)
=

1

N − 1
XXT − N

N − 1
x̄x̄T

= Cu − N

N − 1
x̄x̄T

(13)

Given any X > 0D×N , Cc is strictly smaller than Cu. The sam-

ple covariance matrix Cu and Cc both approach the correspond-

ing population covariance matrix asymptotically as N grows, as

limN→∞N − 1 = N .

Finally, the EnKF executes the correction as in Eq. (9) to update

every prior state particle x
(n)

t|t−1 to the posterior state x
(n)

t|t .

3.3.2 Ensemble Adjustment Kalman Filter

The EAKF adds one more step at each round to improve the EnKF

[2, 26]. This filter runs an EnKF round, and then employs a matrix A
to further correct the ensemble members such that

x̂
(n)

t|t = AT
(
x
(n)

t|t−1 − xt|t−1

)
+ xt|t n = 1 . . . N (14)

Anderson [2] stated that a number of values for A exist, raising a

new problem of choosing A. [34, 44] used A = 1.03I for the GFT

data they examined. The research to date mostly selects A based on

empirical tests [2, 34, 44, 45]. Ensemble adjustment in the EAKF is

superior to the EnKF in preventing the filter divergence caused by

the dubiously small prior covariances.

3.4 Particle Filter

A PF [3, 10, 30] is a sequential Monte Carlo method that can perform

filtering for arbitrary models. It employs sequential importance sam-

pling and resampling to draw samples from certain distributions, in

order to approximate the “true” state variables by a weighted mean

that satisfies

E [Xt] =
N∑

n=1

w
(n)
t x

(n)
t . (15)

These Monte Carlo methods approximate the true distribution of

a state through sampling from a proposal distributions. For the

simulations, we implement Storvik’s PF algorithm [42], instead

of the generic PF. At each timestamp, Storvik’s PF samples θt

and xt from the proposal distributions qθ
(
θ
(n)
t

∣∣∣ x(n)
t−1, zt

)
and

qx
(
x
(n)
t

∣∣∣ x(n)
t−1, zt, θ

(n)
t

)
in sequence. Hence, it normalizes the

weights such that for every n,

w
(n)
t ∝ w

(n)
t−1

p
(
θt

∣∣∣ s(n)
t

)
p
(
zt

∣∣∣ x(n)
t , θ

(n)
t

)
p
(
x
(n)
t

∣∣∣ x(n)
t−1, θ

(n)
t

)
qθ
(
θ
(n)
t

∣∣∣ x(n)
t−1, zt

)
qx
(
x
(n)
t

∣∣∣ x(n)
t−1, zt, θ

(n)
t

)
(16)

where st refers to the sufficient statistics for the parameters in the

distribution. A sufficient statistic for an unknown parameter in a dis-

tribution, is the statistic that provides sufficient information for de-

ciding that parameter. We approximate the required distributions by

assuming some known distribution (e.g., Gaussian) rather than using

the Markov Chain Monte Carlo, since [24, 6] suggested that a PF

with appropriate assumption of distributions can yield better accu-

racy and far better computing efficiency.

The PF suffers from degeneracy, where the significant weights are

occupied by a minor portion of the particles [3, 30]. It then uses the

quantity of the effective sample size Seff to control the resampling

switch, where

Seff :=
N

1 + Var [wt]
≈
[

N∑
n=1

(
w

(n)
t

)2]−1

If Seff is smaller than a certain threshold, it is thought to be suffering

from degeneracy. In such a case, the PF resamples Xt indirectly by

sampling the indices of the states according to the weight distribution

wt. After resampling, all weights will be reset to N−1.

4 Proposed State Filter

Our approach, ensemble adjustment using resampling (BASS), incor-

porates the Kalman-type (linear) correction, resampling and impor-

tance weighting, which prunes the worst-performing particles and

weight the particles after every Kalman correction. The resampling

helps the ensemble members converge more quickly to the true pos-

terior distributions. The linear correction reduces the ensemble size,

and makes the process more tractable. BASS ideally retains a suffi-

ciently large proportion of the states, and the information of them.

That is, we conduct partial resampling, in which the particles with

negligible weight are replaced by those with large weight. It then nat-

urally protects the process from degeneracy if there are sufficiently

many ensemble members performing well. To mitigate against sam-
ple impoverishment, i.e., the loss of diversity amongst the ensem-

ble population [3, 30], we also introduce noise when resampling the

states.
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4.1 BASS

BASS integrates the EnKF and the PF, and focuses on the state cor-

rection step. The correction phase prepares the posterior particles

Xt|t as input for the next prediction. Since the prior particles Xt|t−1

(e.g., generated by the SIR model) and the observations zt are col-

lected, it first runs one EnKF correction and fetches Xt|t. Next, it

proceeds with weighting and partial resampling on Xt|t, to update

Xt|t and fetch the weights wt. The forecasting procedure is shown

in Algorithm 1. The EnKF execution is contained in the algorithm

BASS (Algorithm 2).

Algorithm 1: FORECASTING
(
X0|0, ε, H

)
1 Initialization w0 ←

{
N−1
}N

2 for t← 1 . . . T do � T ←∞ for continuous forecasting

3 Xt|t−1 ← SIR
(
Xt−1|t−1

)
4

[
it
]
← H

∑N
n=1 w

(n)
t−1x

(n)

t|t−1 � the prediction

5 if t = T − 1 then
6 zt streams in

7
(
Xt|t, wt

)
← BASS

(
Xt|t−1, wt−1, zt, ε

)

Compared with full resampling, partial resampling decreases the

computational costs and removes particles with small weights.Partial

resampling in BASS uses a global threshold variable, ε, and a weight

score variable w
(n)
t for each particle n. More specifically, the weight

represents the normalized likelihood w
(n)
t = p

(
z1:t

∣∣∣ x(n)
1:t

)
. If the

particle’s weight score is less than the threshold ε, we replace it with

a randomly picked existing particle with large weight. Consider the

system in a Hidden Markov representation, we have

p
(
z1:t

∣∣∣ x(n)
1:t

)
= p
(
z1:t−1

∣∣∣ x(n)
1:t

)
p
(
zt

∣∣∣ x(n)
1:t

)
= p
(
z1:t−1

∣∣∣ x(n)
1:t−1

)
p
(
zt

∣∣∣ x(n)
t

)
∝ w

(n)
t−1p
(
zt

∣∣∣ x(n)
t

)
The likelihood also coincides with the chained performance of the

particular particle. From existing research [34, 44], we know that

there must be state samples that consistently forecast well. Thus, the

chained performance over time can be used for filtering out the worst-

performing (with small likelihood) particles. Every newly resampled

particle inherits the weight score from the root particle. As the weight

is also the chained performance, we do not reset the weights back to{
N−1
}N

as in the PF, thus keeping the historical information of the

particles.

BASS is detailed in Algorithm 2. The weights are initialized to a

uniform one-sum vector. First, line 2 executes one EnKF execution

and returns the posterior states, by ENKF(·). The normalization in

line 5 prevents the likelihood from tending towards 0 as time grows.

NORM(·) takes a non-negative weight vector and returns a normal-

ized one-sum weight vector, such that the sum of the weights divides

each weight. The particles fitting to the observations satisfactorily

survive. Hence, we call E (in line 6) the non-survivor set, and ws (in

line 7) the survivors weight set. Normalizing the survivors’ weights

(in line 8) guarantees the under-performing particles are all replaced.

Line 6 to 11 present the partial resampling procedure. It splits the

particles into survivors and non-survivors depending on the thresh-

old ε, hence it resamples the particles from the survivors (according

to their weights) to replace the non-survivors.

Algorithm 2: BASS
(
Xt|t−1, wt−1, zt, ε

)
1 Function BASS

(
Xt|t−1, wt−1, zt, ε

)
2 Xt|t ← ENKF

(
Xt|t−1, zt

)
3 for n← 1 . . . N do
4 w

(n)
t ← w

(n)
t−1p
(
zt

∣∣∣ x(n)

t|t

)
5 wt ← NORM (wt)

6 E ←
{
n : w

(n)
t−1 < ε, n = 1 . . . N

}
7 ws ←

{
w

(n)
t−1 : w

(n)
t−1 ≥ ε, n = 1 . . . N

}
8 ws ← NORM (ws)
9 Sample |E| indices G ∼ ws � |E| returns the size of E

10 w
(E)
t ← w

(G)
t

11 X
(E)

t|t ← X
(G)

t|t +
{
u
(g)
t

}G
12 wt ← NORM (wt)
13 return

(
Xt|t, wt

)
4.1.1 Time Complexity

BASS consists of the EnKF and the supplement (resampling and

weighting). The time of the supplement for each iteration is in

O(DN), where D is the state dimension and N is the ensemble

quantity. In the algorithm, three normalizations in line 5, 8 and 12,

force O(3 × 2N) steps. Checking and computing the likelihood

consumes time in O(N), from line 3 to 4. Next, drawing the sur-

vivors sets also takes time in O(N), in line 6 and 7. Ideally, re-

sampling (from line 9 to 11) is just for a small portion of the par-

ticles, while the worst case costs the time O(2N + 2DN). Given

the assumption D is at least close to 5, the extra time is bounded by

O(6N +N +N + 2N + 2DN) = O(DN) at each round.

5 Empirical Study
5.1 Experimental Setup
The ILI data [7] records the weekly infection statistics for the U.S.,

both nationwide and regionally. We select the data of 2011-15, and

the 10 regions in 2014-15. Our simulations focus on the forecasts of

the infection rate, for the national cases (4 cases) and the regional

cases (10 cases) separately. We mainly focus on the RMSE between

our predictions and the observations, and also present their CORR.

Initialization. Every initial infection percentage i
(n)
0 , for the n-th

particle, is sampled from a uniform distribution U(0, b), in which b
approximately doubles the first observation of the ILI data z, such

that the population mean μ = a+b
2
≈ z0. Given s

(n)
0 + i

(n)
0 +r

(n)
0 =

1 and r
(n)
0 = 0 for the particle n, we have s

(n)
0 = 1 − i

(n)
0 , n =

1 . . . N . Hence, β and γ are sampled from U(0, 1). The process will

resample the state vector when β ≤ γ is detected. The reproduction

number is given by R0 = β/γ, and R0 ≤ 1 means there would not

be an epidemic outbreak. With respect to the Kalman Filters, we set

the noise r ∼ N (0, 10−4I) and s ∼ N (0, 10−4). For the EAKF, we

pick A = 1.001I for A in Eq. (14). For uBass and cBass, we find that

the resampling threshold ε = 10−5 is rather robust for all cases. For

the PF solution, given Eq. (16), we select the proposal distributions
according to the setting:

qθ
(
θ
(n)
t

∣∣∣ x(n)
t−1, zt

)
= p

(
θt

∣∣∣ s(n)
t

)
qx
(
x
(n)
t

∣∣∣ x(n)
t−1, zt, θ

(n)
t

)
= p

(
x
(n)
t

∣∣∣ x(n)
t−1, θ

(n)
t

)
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Table 1. Mean RMSE% for the methodologies, with the 0.99 confidence interval within the parentheses. Every approach is repeated 50 times. In each tested

situation, the best performer is labeled with bold face.

2011-12 2012-13 2013-14 2014-15

cBass 0.202 (0.200, 0.204) 0.469 (0.458, 0.480) 0.376 (0.369, 0.383) 0.594 (0.580, 0.608)
cEAKF 0.651 (0.637, 0.664) 0.510 (0.498, 0.522) 0.522 (0.508, 0.536) 0.520 (0.512, 0.528)
cEnKF 0.391 (0.391, 0.391) 1.373 (1.253, 1.494) 1.053 (0.990, 1.115) 1.372 (1.243, 1.501)
PF 0.449 (0.413, 0.486) 0.689 (0.657, 0.721) 0.569 (0.523, 0.615) 0.677 (0.641, 0.714)
uBass 0.163 (0.158, 0.168) 0.406 (0.395, 0.417) 0.269 (0.260, 0.279) 0.427 (0.415, 0.440)
uEAKF 0.562 (0.550, 0.574) 1.005 (0.989, 1.020) 0.847 (0.834, 0.860) 0.925 (0.910, 0.939)
uEnKF 0.146 (0.145, 0.146) 0.417 (0.417, 0.417) 0.295 (0.295, 0.296) 0.446 (0.446, 0.447)

2014-15 Region 1 2014-15 Region 2 2014-15 Region 3 2014-15 Region 4 2014-15 Region 5

cBass 0.351 (0.337, 0.365) 0.339 (0.330, 0.348) 0.898 (0.873, 0.922) 0.861 (0.833, 0.889) 0.630 (0.609, 0.651)
cEAKF 0.531 (0.520, 0.543) 0.610 (0.597, 0.623) 0.855 (0.845, 0.866) 0.734 (0.723, 0.744) 0.715 (0.697, 0.733)
cEnKF 0.955 (0.955, 0.956) 1.757 (1.732, 1.782) 1.897 (1.897, 1.898) 1.696 (1.695, 1.696) 2.207 (2.132, 2.283)
PF 0.855 (0.677, 1.033) 0.607 (0.569, 0.646) 1.325 (1.259, 1.392) 1.046 (0.825, 1.267) 1.589 (1.353, 1.825)
uBass 0.276 (0.269, 0.283) 0.267 (0.260, 0.274) 0.809 (0.793, 0.825) 0.718 (0.702, 0.735) 0.467 (0.453, 0.481)
uEAKF 0.845 (0.833, 0.858) 0.797 (0.781, 0.812) 1.218 (1.206, 1.230) 1.219 (1.204, 1.234) 1.116 (1.102, 1.129)
uEnKF 0.445 (0.441, 0.449) 0.986 (0.934, 1.037) 1.740 (1.660, 1.821) 1.567 (1.392, 1.743) 0.874 (0.779, 0.969)

2014-15 Region 6 2014-15 Region 7 2014-15 Region 8 2014-15 Region 9 2014-15 Region 10

cBass 0.639 (0.622, 0.655) 0.462 (0.445, 0.478) 0.462(0.443, 0.481) 0.395 (0.386, 0.403) 0.436 (0.423, 0.449)
cEAKF 0.506 (0.499, 0.513) 0.455 (0.445, 0.466) 0.477 (0.462, 0.492) 0.617 (0.607, 0.628) 0.402 (0.397, 0.407)
cEnKF 2.690 (2.670, 2.719) 1.473 (1.434, 1.512) 1.096 (1.096, 1.096) 1.157 (1.156, 1.159) 1.086 (1.086, 1.086)
PF 0.934 (0.880, 0.987) 2.012 (1.649, 2.376) 0.818 (0.620, 1.016) 0.681 (0.650, 0.711) 1.138 (0.915, 1.361)
uBass 0.601 (0.556, 0.647) 0.472 (0.461, 0.483) 0.331 (0.320, 0.342) 0.341 (0.330, 0.351) 0.374 (0.366, 0.381)
uEAKF 1.100 (1.086, 1.114) 1.106 (1.094, 1.119) 0.985 (0.969, 1.002) 0.867 (0.848, 0.876) 0.808 (0.792, 0.820)
uEnKF 3.111 (2.171, 4.050) 1.054 (1.039, 1.069) 0.742 (0.721, 0.763) 1.155 (1.103, 1.207) 0.824 (0.795, 0.852)

We also assume that p
(
x
(n)
t

∣∣∣ zt) is distributed by Gaussian. The

sufficient statistics for the Gaussian N (μ, σ2) are the sample mean

for μ and sample variance for σ2, or sample covariance matrix for Σ
in the multivariate GaussianN (μ,Σ). Finally, let Seff = N/2.

Implementation. The program is developed in Python, and is

available at https://github.com/weipeng/pyepi.

5.2 Discussion

5.2.1 Performance Result

For this task, we find that the CORR is strongly correlated to the

RMSE and therefore we focus on the RMSE. We average our results

over 50 for each case. In each season and region, we carry out the

Analysis of Variance (ANOVA) on the mean RMSE, with the null

hypothesis that all methods gain equal RMSE. The data show that

for all the scenarios, the null hypothesis is rejected with the P-values

all less than 2e−16. A statistical comparison is thought to be signif-

icant when its P-value is less than 0.05. We apply the Tukey test to

conduct pairwise comparisons of the approaches. The Tukey test is

commonly thought to be better than the pairwise t-test, as it embeds

the protection to the rise in the risk of Type I error. The statistical

analysis is carried out through the built-in functions in the statistical

computing language R [31].

Mean RMSE. The mean RMSE result is shown in Table 1 and the

Tukey result involving the Bass solutions is shown in Table 2. From

2011-15, uBass, uEnKF and cBass are the top 3 performers in order.

The algorithm uBass achieves the optimal prediction accuracy in 3

seasons (2012-15), while uEnKF achieves the optimal accuracy for

2011-12. Also, cBass is the third best performer in the nationwide

cases, gaining the third best performance in 3 cases. In 10 regional

cases, uBass, cBass and cEAKF are the top three performers in or-

der. The mean RMSE of uBass is significantly lower than that of both

cBass and cEAKF in 5 regions, however, demonstrates better accu-

racy than both cBass and cEAKF in 4 regions (amongst the other 5

regions) although the differences between them are not significant.

Our cBass achieves significantly lower RMSE than cEAKF in 2 re-

gions, and lower (but not significantly) RMSE in 7 regions.

RMSE of the Mean Estimates. Fig. 1 displays the RMSE and the

CORR of the mean estimates over 50 repetitions. In the RMSE heat-

map, the lighter color implies better accuracy. In the CORR heat-

map, the darker color implies higher correlation, and red indicates the

positive direction while blue indicates the negative. In view of such a

situation, uBass gains both the optimal RMSE and CORR in 11 out of

14 cases. Both heat-maps demonstrate uBass is clearly optimal, and

cBass is the third across all cases. In conclusion, uBass and cBass

consistently perform better in predicting the seasonal influenza level

in the U.S.

Confidence Interval. Table 1 exhibits the mean RMSE, with the

99% confidence intervals. Our uBass approach consistently obtains

high accuracy, and maintains a small/tight confidence interval gap

(gap < 0.03%), except for region 6. Besides, cBass yields the gaps

smaller than 0.03% in 13 situations, and cEAKF achieves the tight

gaps in all situations. Notice that, uEnKF has the smallest (compared

with others) interval gaps for the 4 nationwide predictions, but gets

large uncertainty in the regional predictions of 8 regions. However,

as a derivation from uEnKF, uBass overcomes the adversity in the

regional forecasting simulations.

Fig. 2 illustrates that most approaches have tight confidence in-

tervals even at the 99% level. The PF and cEnKF show the visible

intervals for all scenarios, and uEnKF illustrates strong uncertainty

in regional scenarios.
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Table 2. Tukey test of 0.99 confidence interval for measuring the mean of the RMSE of all approaches on the national influenza level amongst 2011-15 and

the regional influenza level in 2014-15. Only the comparisons involving uBass and cBass are presented.

2011-12 2012-13 2013-14 2014-15

7 P-value 7 P-value 7 P-value 7 P-value

cEAKF-cBass 4.483 0.000 0.132 0.999 1.462 0.000 −0.739 0.098
cEnKF-cBass 1.891 0.000 8.768 0.000 6.768 0.000 7.782 0.000
PF-cBass 2.472 0.000 1.926 0.000 1.932 0.000 0.837 0.037
uBass-cBass −0.394 0.000 −0.933 0.006 −1.064 0.000 −1.666 0.000
uEAKF-cBass 3.597 0.000 5.081 0.000 4.717 0.000 3.309 0.000
uEnKF-cBass −0.566 0.000 −0.796 0.033 −0.805 0.000 −1.476 0.000
uBass-cEAKF −4.878 0.000 −1.065 0.001 −2.526 0.000 −0.927 0.013
uBass-cEnKF −2.286 0.000 −9.701 0.000 −7.832 0.000 −9.449 0.000
uBass-PF −2.866 0.000 −2.859 0.000 −2.996 0.000 −2.503 0.000
uEAKF-uBass 3.992 0.000 6.014 0.000 5.781 0.000 4.975 0.000
uEnKF-uBass −0.172 0.265 0.136 0.998 0.259 0.599 0.190 0.993

2014-15 Region 1 2014-15 Region 2 2014-15 Region 3 2014-15 Region 4 2014-15 Region 5

7 P-value 7 P-value 7 P-value 7 P-value 7 P-value

cEAKF-cBass 1.804 0.000 2.705 0.000 −0.422 0.463 −1.273 0.277 0.851 0.685
cEnKF-cBass 6.046 0.000 14.182 0.000 9.997 0.000 8.346 0.000 15.770 0.000
PF-cBass 5.041 0.000 2.681 0.000 4.275 0.000 1.848 0.021 9.586 0.000
uBass-cBass −0.749 0.357 −0.721 0.000 −0.890 0.001 −1.427 0.158 −1.632 0.038
uEAKF-cBass 4.945 0.000 4.574 0.000 3.203 0.000 3.579 0.000 4.855 0.000
uEnKF-cBass 0.939 0.121 6.466 0.000 8.424 0.000 7.065 0.000 2.436 0.000
uBass-cEAKF −2.554 0.000 −3.427 0.000 −0.468 0.334 −0.154 1.000 −2.484 0.000
uBass-cEnKF −6.795 0.000 −14.904 0.000 −10.887 0.000 −9.773 0.000 −17.402 0.000
uBass-PF −5.790 0.000 −3.402 0.000 −5.165 0.000 −3.275 0.000 −11.218 0.000
uEAKF-uBass 5.694 0.000 5.296 0.000 4.093 0.000 5.006 0.000 6.488 0.000
uEnKF-uBass 1.688 0.000 7.188 0.000 9.314 0.000 8.492 0.000 4.068 0.000

2014-15 Region 6 2014-15 Region 7 2014-15 Region 8 2014-15 Region 9 2014-15 Region 10

7 P-value 7 P-value 7 P-value 7 P-value 7 P-value

cEAKF-cBass −1.325 0.992 −0.063 1.000 0.148 1.000 2.229 0.000 −0.341 0.989
cEnKF-cBass 20.548 0.000 10.117 0.000 6.336 0.000 7.629 0.000 6.499 0.000
PF-cBass 2.949 0.702 15.509 0.000 3.553 0.000 2.863 0.000 7.018 0.000
uBass-cBass −0.372 1.000 0.105 1.000 −1.314 0.020 −0.540 0.001 −0.624 0.809
uEAKF-cBass 4.612 0.180 6.448 0.000 5.231 0.000 4.672 0.000 3.698 0.000
uEnKF-cBass 24.718 0.000 5.922 0.000 2.799 0.000 7.608 0.000 3.875 0.000
uBass-cEAKF 0.952 0.999 0.168 1.000 −1.462 0.006 −2.769 0.000 −0.283 0.996
uBass-cEnKF −20.920 0.000 −10.012 0.000 −7.649 0.000 −8.169 0.000 −7.123 0.000
uBass-PF −3.322 0.571 −15.405 0.000 −4.867 0.000 −3.403 0.000 −7.642 0.000
uEAKF-uBass 4.984 0.114 6.343 0.000 6.544 0.000 5.211 0.000 4.322 0.000
uEnKF-uBass 25.090 0.000 5.817 0.000 4.113 0.000 8.148 0.000 4.500 0.000

7 the difference (×103)

5.2.2 Curve Fitting

We describe the calibration power/capacity and discuss the curve

fitting (in Fig. 2) for each filter in the following paragraphs.

Fig. 2 demonstrates the curve fitting plots for the chosen nation-

wide and regional cases, including the 99% confidence interval. A

Kalman-type filter is thought to have strong calibration power if it

raises a big numerical change when correcting the prior states to the

posterior states (Eq. (9)). The calibration power is decided by the

Kalman Gain and thus decided by the covariance matrix. A calibra-

tion that is too strong introduces oscillations in the predicting curve,

while a calibration capacity that is too weak fails to make the predic-

tions close to the observed data. Hence a suitable calibration helps

the filter forecasts more accurately.

We find that uEnKF works well in the nationwide cases, but

achieves relatively large RMSE in 9/10 regional cases. The method

cEnKF perceptibly fails to predict the epidemic. In comparison, the

capacity of calibration in uEnKF is stronger than that in cEnKF. The

predicting curves of uEnKF are oscillating, whereas cEnKF fails to

approach the observations, particularly in the regional cases. Accord-

ing to Eq. (13), CCM of the non-negative state ensemble is numeri-

cally less than or equal to its UCM. We also find that a numerically

small matrix will be influenced by noise easily. However, an exces-

sively strong calibration makes the methods hit the boundaries of the

states (e.g. 0 ≤ s, i ≤ 1). For instance, in regions 6 and 8, it shows

that, the states hitting the bounds will be corrected by the hard limits

(Fig. 2), rather than by the filter, distorting the nature of the filtering

methods. This problem falls into the category of constrained Kalman

Filter [17, 18, 38, 37].

It shows that cEAKF have higher RMSE than uEAKF in all situ-

ations. In contrast to EnKF, uEAKF holds a weaker calibration ca-
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(a) RMSE

(b) CORR

Figure 1. Heat map of the performance metrics, with the mean estimates of

the 50 repeated forecasting simulations. R is short for Region.

pacity. For all scenarios after the epidemic peak, the predictions of

uEAKF never manage to approach the observations until the very

end of the flu seasons. Additionally, cEAKF converges to the ob-

servations slower than uEAKF before the epidemic peak, however

outperforms uEAKF after the peak. It implies that the calibration ca-

pacity of uEAKF gradually declines over time.

The plots show that the performance of the PF strongly relies on

the underlying models. The curve fitting for region 3 and 5 illustrates

that the PF is not able to accommodate the fluctuations in the obser-

vation curves. [34, 44] availed of the SIRS model with the humid-

ity data as extra features, which is superior to the SIR model. Their

model addresses the epidemic peak, or multiple peaks, through the

filter or humidity component. For a standalone PF, it is not capable

of handling multiple peaks, since the SIR model foremost decides

the shape of the prediction curve.

BASS with UCM consistently outperforms that with CCM (in 13

scenarios). The comparison between uBass and cBass follows the

similar pattern of that in the EnKF. Both methods fit the observation

curves well, but uBass has a more suitable calibration capacity and

achieves better inferential accuracy.

5.2.3 Resampling Size Analysis

Table 3 exhibits the expected value of the average resampling size

over time for the two Bass candidates of the 50 simulations. The two

algorithms both resample only a small portion of their particles on

average, even when providing accurate forecasts. Amongst all cases,

the maximum percentage is merely 13.04% generated by cBass for

the region 6 in 2014-15. It also shows that uBass consumes signif-

icantly smaller average resampling size per round, compared with

cBass (P-values smaller than 10e−11 for 10 cases). Only in region

6 and 10, does cBass resample less (with P-values 1 and 0.75). In

our 500-particle simulations, the mean resampling size interval is

[34.67, 67.06] for cBass, and [19.64, 63.54] for uBass.

Table 3. Average resampling size in the BASS algorithm of 500 particles,

with the error threshold ε = 10−5. The 0.99 confidence intervals are shown

in the parentheses. R is short for region in the first column, for 2014-15. The

rightmost column shows the t-test on the null hypothesis μ1 ≤ μ2, where

μ1 and μ2 are the expectation of average resampling quantities of cBass and

uBass respectively.

average resampling size μ1 ≤ μ2

cBass uBass P-value
2011-12 34.67 (34.34, 35.00) 19.64 (18.44, 20.84) < 2e−16
2012-13 52.77 (51.20, 54.22) 35.19 (32.27, 38.11) < 2e−16
2013-14 47.98 (46.14, 49.81) 25.60 (23.96, 27.24) < 2e−16
2014-15 55.02 (53.15, 56.90) 32.94 (31.07, 34.81) < 2e−16
R 1 42.81 (41.75, 43.88) 34.55 (33.23, 35.87) < 2e−16
R 2 43.54 (41.62, 45.46) 35.54 (34.06, 37.01) 2.75e−14
R 3 67.06 (64.08, 70.05) 53.62 (51.16, 56.08) 2.4e−15
R 4 60.57 (58.27, 62.87) 51.54 (49.61, 53.45) 1.13e−12
R 5 53.85 (51.33, 56.36) 35.07 (33.13, 37.01) < 2e−16
R 6 65.21 (62.17, 68.26) 63.54 (60.37, 66.72) 0.16
R 7 48.69 (46.85, 50.53) 62.43 (60.38, 64.48) 1
R 8 49.96 (48.28, 51.63) 34.04 (32.55, 35.54) < 2e−16
R 9 48.73 (47.23, 50.24) 40.01 (38.54, 41.48) < 2e−16
R 10 49.55 (48.45, 50.65) 50.02 (48.56, 51.47) 0.75

5.2.4 Drawback of the Filtering Approach

The shortcoming of the SIR-filter approaches is a one-week lag for

predicting the epidemic peak, although the Kalman filters address the

micro details to a certain extent. Shaman et al. [34] and Yang et al.

[44] employed the SIRS assimilated with the humidity component.

More orthogonal features may add value to the standalone SIR pre-

dictions. In future work, we plan to investigate how social content

(web searches, Tweets, etc.) could help improve the model by allow-

ing proactive predictions to address the peak timing.

6 Conclusion
This paper proposed an improved SIR-based filter algorithm, BASS,

for predicting the seasonal influenza level. It empirically achieves the

optimal RMSE and CORR in 11 out of 14 major real-world cases.

We also examined UCM and CCM in the BASS, EnKF and EAKF.

The experimental results indicate that, in our formulation, the BASS

and EnKF perform better with UCM, and it is ideal for the EAKF to

utilize CCM. Our future work includes combining social data to fur-

ther enhance the approach of model and filters. We are also interested

in combining the SIRS model with the filters to predict seasonal flu

continuously. In addition, we would also like to assess whether our

filtering algorithm is applicable to other general problems.
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Socially-Aware Multiagent Learning: Towards Socially
Optimal Outcomes

Xiaohong Li 1,2 and Chengwei Zhang 2and Jianye Hao 3 and Karl Tuyls 4

and Siqi Chen 5 and Zhiyong Feng 6

Abstract. In multiagent systems the capability of learning is impor-

tant for an agent to behave appropriately in face of unknown oppo-

nents and a dynamic environment. From the system designer’s per-

spective, it is desirable if the agents can learn to coordinate towards

socially optimal outcomes, while also avoiding being exploited by

selfish opponents. To this end, we propose a novel gradient ascent

based algorithm (SA-IGA) which augments the basic gradient-ascent

algorithm by incorporating social awareness into the policy update

process. We theoretically analyze the learning dynamics of SA-IGA

using dynamical system theory, and SA-IGA is shown to have lin-

ear dynamics for a wide range of games including symmetric games.

The learning dynamics of two representative games (the prisoner’s

dilemma game and coordination game) are analyzed in detail. Based

on the idea of SA-IGA, we further propose a practical multiagent

learning algorithm, called SA-PGA, based on the Q-learning update

rule. Simulation results show that an SA-PGA agent can achieve

higher social welfare than previous social-optimality oriented Con-

ditional Joint Action Learner (CJAL) and also is robust against indi-

vidually rational opponents by reaching Nash equilibrium solutions.

1 Introduction
In multiagent systems the ability of learning is important for an agent

to adaptively adjust its behaviours in response to coexisting agents

and unknown environments in order to optimize its performance.

Multiagent learning algorithms have received extensive attention in

the literature, and many learning strategies [6, 15, 4, 14, 17] have

been proposed to facilitate coordination among agents.

The multi-agent learning criteria proposed in [5] require that an

agent should be able to converge to a stationary policy against

some class of opponents (convergence) and the best-response policy

against any stationary opponent (rationality). If both agents adopt a

rational learning strategy in the context of repeated games and also

their strategies converge, then they will converge to a Nash equilib-

rium of the stage game. Indeed, convergence to Nash equilibrium has

been the most commonly accepted goal to pursue in multiagent learn-

ing literature. Until now, a number of gradient-ascent based multia-

gent learning algorithms [20, 5, 1, 24] have been subsequently pro-
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posed in order to converge to Nash equilibriums with improved con-

vergence performance and more relaxed assumptions (less informa-

tion is required). Another well-studied family of multiagent learning

strategies is based on reinforcement learning (e.g., Q-learning [23]).

Representative examples include distributed Q-learning in coopera-

tive games [11], minimax Q-learning in zero-sum games [12], Nash

Q-learning in general-sum games [10], and other extensions [13, 6],

to name just a few.

1’s payoff
2’s payoff

Agent 2’s actions

C D

Agent 1’s
actions

C 3/3 0/5

D 5/0 1/1

Table 1: The Prisoner’s Dilemma Game

All the aforementioned learning strategies pursue converging to

Nash equilibriums under self-play, however, Nash equilibrium solu-

tions may be undesirable in many scenarios. One well-known ex-

ample is the prisoner’s dilemma (PD) game shown in Table 1. By

converging to the Nash equilibrium (D,D), both agents obtain the

payoff of 1, while they could have obtained a much higher payoff

of 3 by coordinating on the non-equilibrium outcome (C,C). In sit-

uations like the PD game, converging to the socially optimal out-

come under self-play would be more preferred. To address this issue,

one natural modification for a gradient-ascent learner is to update its

policy along the direction of maximizing the sum of all agents’ ex-

pected payoff instead of its own. However, in an open environment,

the agents are usually designed by different parties and may have not

the incentive to follow the strategy we design. The above way of up-

dating strategies would be easily exploited and taken advantage by

(equilibrium-driven) self-interested agents. Thus it would be highly

desirable if an agent can converge to socially optimal outcomes un-

der self-play and Nash equilibrium against self-interested agents to

avoid being exploited.

In this paper, we first propose a new gradient-ascent based algo-

rithm (SA-IGA) which augments the basic gradient ascent algorithm

by incorporating social awareness into the policy update process. A

SA-IGA agent holds a social attitude to reflect its socially-aware de-

gree, which can be adjusted adaptively based on its relative perfor-

mance compared to its opponent. An SA-IGA agent seeks to update

its policy in the direction of increasing its overall payoff, which is de-

fined as the average of its individual and the social payoff, weighted

by its socially-aware degree. We theoretically show that for a wide
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range of games (e.g., symmetric games), the dynamics of SA-IGAs

under self-play exhibit linear characteristics. For general-sum games,

it may exhibit non-linear dynamics which can still be analyzed nu-

merically. The learning dynamics of two representative games (PD

game and coordination game) are analyzed in details. Like previous

theoretical multiagent learning algorithms, SA-IGA also requires to

know the opponent’s policy and the game structure.

To relax the above assumption, we then propose a practical gradi-

ent ascent based multiagent learning strategy, called Socially-aware

Policy Gradient Ascent (SA-PGA). SA-PGA relaxes the above as-

sumption by estimating the performance of itself and the oppo-

nent using Q-learning techniques. We empirically evaluate its perfor-

mance in different types of benchmark games and simulation results

show that SA-PGA agent outperforms previous learning strategies

in terms of maximizing the social welfare and Nash product of the

agents. Besides, SA-PGA is also shown to be robust against individu-

ally rational opponents and converges to Nash equilibrium solutions.

The remainder of the paper is organized as follows. Section 2 re-

views normal-form games and the basic gradient ascent approach.

Section 3 introduces the SA-IGA algorithm and analyzes its learn-

ing dynamics theoretically. Section 4 presents the practical multia-

gent learning algorithm SA-PGA in detail. In Section 5, we exten-

sively evaluate the performance of SA-PGA under various bench-

mark games. Lastly we conclude the paper and point out future di-

rections in Section 6.

2 Background

2.1 Normal-form games

In a two-player, two-action, general-sum normal-form game, the pay-

offs for each player i ∈ {r, c} can be specified by a matrix as follows,

Ri =

[
ri11 ri12
ri21 ri22

]
Each player i simultaneously selects an action from its action set

Ai = {1, 2}, and the payoff of each player is determined by their

joint actions. For example, if player r selects the pure strategy ac-

tion 1 while player c selects the pure strategy action 2, then player r
receives a payoff of rr

12 and player c receives the payoff of rc
12.

Apart from pure strategies, each player can also employ a mixed

strategy to make decisions. A mixed strategy can be represented as

a probability distribution over the action set and a pure strategy is

a special case of mixed strategies. Let pr ∈ [0, 1] and pc ∈ [0, 1]
denote the probability of choosing action 1 by player r and player

c respectively. Given a joint mixed strategy (pr, pc), the expected

payoffs of player r and player c can be specified as follows,

Vr (pr, pc) =rr
11prpc + rr

12pr (1− pc) + rr
21 (1− pr) pc

+ rr
22 (1− pr) (1− pc)

Vc (pr, pc) =rc
11prpc + rc

12pr (1− pc) + rc
21 (1− pr) pc

+ rc
22 (1− pr) (1− pc)

(1)

respectively.

A joint strategy is called a Nash Equilibrium (NE), if no player

can get a better expected payoff by changing its current strategy

unilaterally. Formally, (p∗r , p
∗
c ) ∈ [0, 1]2 is a NE, iff Vr (p

∗
r , p

∗
c ) ≥

Vr (pr, p
∗
c ) and Vc (p

∗
r , p

∗
c ) ≥ Vc (p

∗
r , pc) for any (pr, pc) ∈ [0, 1]2.

2.2 Gradient Ascent (GA)
When a game is played repeatedly, an individually rational player up-

dates its strategy in order to maximize its expected payoffs. A player

i employing GA-based algorithms updates its policy towards the di-

rection of its expected reward gradient, which can be shown in the

following equations.

Δp
(t+1)
i ← η

∂Vi

(
p(t)
)

∂pi
(2)

p
(t+1)
i ← Π[0,1]

(
p
(t)
i +Δp

(t+1)
i

)
(3)

where parameter η is the gradient step size, and Π[0,1] is the projec-

tion function mapping the input value to the valid probability range

of [0, 1], used to prevent the gradient moving the strategy out of the

valid probability space. Formally, we have,

Π[0,1] (x) = argminz∈[0,1] |x− z| (4)

To simplify the notations, let us denote ui = ri11+ri22−ri12−ri21,

ci = ri12−ri22 and di = ri21−ri22. For the two-player case, the above

way of GA-based updating in Equation 2 and 3 can be represented as

follows,

p(t+1)
r ← Π[0,1]

(
p(t)r + η

(
urp

(t)
c + cr

))
(5)

p(t+1)
c ← Π[0,1]

(
p(t)c + η

(
ucp

(t)
r + dc

))
(6)

In the case of infinitesimal gradient step size (η → 0), the learn-

ing dynamics of the players can be modeled as a system of differen-

tial equations and analyzed using dynamic system theory [20]. It is

proved that the agents will converge to a Nash equilibrium, or if the

strategies themselves do not converge, then their average payoffs will

nevertheless converge to the average payoffs of a Nash equilibrium.

Following [20], various GA-based algorithms have been proposed

to improve the convergence performance towards Nash equilibria and

representative examples include IGA-WoLF (Win or Learn Fast) [5],

Weighted Policy Learner (PWL) [1] and Gradient Ascent With Policy

Prediction (IGA-PP) [24]. In contrast, in this work, we seek to incor-

porate the social awareness into GA-based strategy update and aim to

improve social welfare of the players under self-play rather than pur-

suing Nash equilibrium solutions. Meanwhile, individually rational

behaviour is employed when playing against a selfish agent. Similar

idea of adaptively behaving differently against different opponents

was also employed in previous algorithms [13, 9, 16, 7]. However, all

the existing works focus on maximizing an agent’s individual payoff

against different opponents in different types of games, but do not di-

rectly take into consideration the goal of maximizing social welfare

(e.g., cooperate in the prisoner’s dilemma game).

3 Socially-Aware Infinitesimal Gradient Ascent
(SA-IGA)

In our daily life, people usually do not behave as a purely rational

entity that seeks to achieve Nash equilibrium solutions. For exam-

ple, when two persons play a PD game, reaching mutual cooperation

may be observed frequently. Similar phenomena have also been ob-

served in extensive human-based experiments in games such as the

Public Good game and Ultimatum game, in which human subjects

are usually found to obtain much higher payoffs by mutual cooper-

ation rather than pursuing Nash equilibrium solutions. If the above
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phenomenon is transformed into computational models, it indicates

that an agent may not only update its policy in the direction of maxi-

mizing its own payoff, but also take into consideration the payoff of

others. We call this type of agents socially-aware agents.

In this paper, we incorporate the social awareness into the

gradient-ascent based learning algorithm. As such, apart from learn-

ing to maximize its individual payoff, an agent is also equipped with

the social awareness such that it can (1) reach mutually cooperative

solutions faced with another socially-aware opponent (self-play); (2)

behave in a purely individually rational manner against a purely ra-

tional opponent.

Specifically, for each agent i ∈ {r, c},we distinguish two types of

expected payoffs, namely V idv
i and V soc

i . The payoff V idv
i (pr, pc)

and V soc
i (pr, pc) represent the individual and social payoff (the av-

erage payoff of both players) that agent i perceives under the joint

strategy (pr, pc) respectively. The payoff V idv
i (pr, pc) follows the

same definition as Equation (1) and the payoff V soc
i (pr, pc) can be

defined as follows,

V soc
i (pr, pc) =

1

2
[V idv

r (pr, pc) + V idv
c (pr, pc)], ∀i ∈ {r, c} (7)

Each agent i adopts a social attitude wi to reflect its socially-

aware degree. The social attitude intuitively models an agent’s so-

cially friendly degree towards its partner. Specifically, it is used as

the weighting factor to adjust the relative importance between V idv
i

and V soc
i , and agent i’s overall expected payoff is defined as follows,

Vi (pr, pc) = (1− wi)V
idv
i (pr, pc) + wiV

soc (pr, pc) (8)

where i ∈ {r, c}. Each agent i updates its strategy in the direction

of maximizing the value of Vi. Formally we have,

Δpi ← ηp
∂Vi (pr, pc)

∂pi
,

pi ← Π[0,1] (pi +Δpi)

(9)

where parameter ηp is the gradient step size of pi. If wi = 0, it means

that the agent seeks to maximize its individual payoff only, which is

reduced to the case of traditional gradient-ascent updating; if w = 1,

it means that the agent seeks to maximize the sum of the payoffs of

both players.

Finally, each agent i’s socially-aware degree is adaptively adjusted

in response to the relative value of V idv
i and V soc

i as follows. During

each round, if player i′s own expected payoff V idv
i exceeds the value

of V soc, then player i increases its social attitude wi, (i.e., it becomes

more social-friendly because it perceives itself to be earning more

than the average). Conversely, if V idv
i is less than V soc t, then the

agent tends to care more about its own interest by decreasing the

value of wi. Formally we have,

wi =

{
Π[0,1] (wi +Δwi) if V idv

i > V soc
i

Π[0,1] (wi −Δwi) if V idv
i < V soc

i
(10)

where Δwi is the adjustment step size of wi.

3.1 Theoretical Modeling and Analysis of SA-IGA
An important aspect of understanding the behaviour of a multiagent

learning algorithm is theoretically modelling and analyzing its un-

derlying dynamics [22, 18, 4, 2]. In this section, we first show that

the learning dynamics of SA-IGA under self-play can be modeled as

a system of differential equations.

Based on the adjustment rules in Eq (9) and (10), the learning dy-

namics of a SA-IGA agent can be modeled as a set of equations in

(11). For ease of exposition, we concentrate on unconstrained update

equations by removing the policy projection function which does

not affect our qualitative analytical results. Any trajectory with lin-

ear (non-linear) characteristic without constraints is still linear (non-

linear) when a boundary is enforced.

Δp
(t+1)
i ← ηp

∂Vi

(
p
(t)
r , p

(t)
c

)
∂pi

Δwt+1
i ← ηw(V

idv
i − V soc)

p
(t+1)
i ← p

(t)
i +Δp

(t+1)
i

w
(t+1)
i ← w

(t)
i +Δw

(t+1)
i

(11)

As ηp → 0 and ηw → 0, it is straightforward to show that the above

equations become differential. Substituting V idv
i and V soc

i by their

definitions (Eq. (1) and (7)). Thus the unconstrained dynamics of the

strategy pair and social attitudes as a function of time is modelled by

the following system of differential equations:

ṗr =
(
ur +

uc − ur

2
wr

)
pc +

cc − cr

2
wr + cr

ṗc =
(
uc +

ur − uc

2
wc

)
pr +

dr − dc

2
wc + dc

ẇr = ε [(ur − uc) prpc + (cr − cc) pr + (dc − dr) pc + e]

ẇc = −ε [(ur − uc) prpc + (cr − cc) pr + (dc − dr) pc + e]

(12)

where ui = ri11 + ri22 − ri12 − ri21, ci = ri12 − ri22,di = ri21 − ri22,

e = rr
22 − rc

22 with i ∈ {r, c} and ε = ηw
ηp

> 0.

Based on the above theoretical modelling, next we analyze the

learning dynamics of SA-IGA qualitatively as follows.

Theorem 1 SA-IGA has non-linear dynamics when ur = uc.

Proof 1 From the system of differential equations in (12), it is
straightforward to verify that the dynamics of SA-IGA learners are
non-linear when ur = uc due to the existence of wrpc, wcpr or prpc

in all equations.

Since SA-IGA’s dynamics are non-linear when ur = uc, in gen-

eral we cannot obtain a closed-form solution, but we can still resort

to solve the equations numerically to obtain useful insight in the sys-

tem’s dynamics. Moreover, a wide range of important games fall into

the category of ur = uc, in which the system of equations become

linear. Therefore, it allows us to use dynamic system theory to sys-

tematically analyze the underlying dynamics of SA-IGA.

r’s payoff
c’s payoff

Agent c’s actions

action 1 action 2

Agent r’s
actions

action 1 a/a c/d

action 2 d/c b/b

Table 2: The General Form of a Symmetric Game

Theorem 2 SA-IGA has linear dynamics when the game itself is
symmetric.

Proof 2 A two-player two-action symmetric game can be repre-
sented in Table 2 in general. It is obvious to check that it satisfies
the constraint of ur = uc, given that ui = ri11 + ri22 − ri12 − ri21,
i ∈ {r, c}. Thus the theorem holds.
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3.2 Dynamics Analysis of SA-IGA
In the previous section we mainly analyzed the dynamics of SA-IGA

in a qualitative manner. In this section, we provide a detailed analy-

sis of SA-IGA’s learning dynamics in two representative games: the

Prisoner’s Dilemma game (Table 3) (as a symmetric game example )

and Coordination game (Table 4) (as an asymmetric game example).

Specifically we analyze the SA-IGA’s learning dynamics by identi-

fying the existing equilibrium points, which provides useful insights

into understanding the dynamics of SA-IGA.

Theorem 3 The dynamics of SA-IGA algorithm under Prisoner’s
Dilemma (PD) game have three types of equilibrium points:

1. (0, 0, w∗r , w
∗
c ), where w∗r , w

∗
c < min

{
2(T−R)
T−S

, 2(P−S)
T−S

}
;

2. (1, 1, w∗r , w
∗
c ), where w∗r , w

∗
c > max

{
2(T−R)
T−S

, 2(P−S)
T−S

}
;

3. (p∗, p∗, w∗, w∗), others

The first and second type of equilibrium points are stable, while the
last is not. We say that an equilibrium point is stable if once the
strategy starts ”close enough” to the equilibrium (within a distance
δ from it), it will remain ”close enough” to the equilibrium point
forever.

r’s payoff
c’s payoff

Agent c’s actions

C D

Agent r’s
actions

C R/R S/T

D T/S P/P

Table 3: The Prisoner’s Dilemma Game(where T > R > P > S)

Proof 3 Following the system of differential equations in Equations
(12), we can express the dynamics of SA-IGA in PD game as follows:

ṗr = (u) pc +
T − S

2
wr + S − P

ṗc = (u) pr +
T − S

2
wc + S − P

ẇr = ε (S − T ) (pr − pc)

ẇc = −ε (S − T ) (pr − pc)

(13)

where ε = ηw
ηp

> 0,u = R + P − S − T . We start by prov-
ing the last type of equilibrium points: If there exist an equilibrium
eq = (p∗r , p

∗
c , w

∗
r , w

∗
c )

T ∈ (0, 1)4, then we have ṗi (eq) = 0
and ẇi (eq) = 0, i ∈ {r, c}. By solving the above equations, we
have p∗r = p∗c = S−T

2u
w∗ + P−S

u
and w∗ = w∗r = w∗c . Since

p∗r , p
∗
c ∈ (0, 1), then we have,

wr, wc > min

{
2 (T −R)

T − S
,
2 (P − S)

T − S

}
wr, wc < max

{
2 (T −R)

T − S
,
2 (P − S)

T − S

}
Then eq = (p∗r , p

∗
c , w

∗
r , w

∗
c )

T is an equilibrium. The stability of
eq can be verified using theories of non-linear dynamics[19]. By ex-
pressing the unconstrained update differential equations in the form
of ẋ = Ax+B, we have

A =

⎡⎢⎢⎣
0 u T − S 0
u 0 0 T − S

ε (S − T ) ε (T − S) 0 0
ε (T − S) ε (S − T ) 0 0

⎤⎥⎥⎦

After calculating matrix A’s eigenvalue, then we have λ1 = 0, λ2 =
u, λ3 = −u

2
+ k and λ4 = −u

2
− k, where k is a constant. Since

there exist an eigenvalue λ > 0, the equilibrium eq is not stable.
Next we turn to prove the first type of equilibrium. In this case, we

need to put the projection function back since we are dealing with
boundary cases. If pi = 0, i ∈ {r, c}, according to the known con-

ditions, we have wr, wc < min
{

2(T−R)
T−S

, 2(P−S)
T−S

}
. Combined with

the unconstrained update differential equations, we have limpi ṗi <
0, then pi remains unchanged. And because pr = pc = 0, then for
∀wi ∈ [0, 1], ẇi ((0, 0, w

∗
r , w

∗
c )) = 0, then ((0, 0, w∗r , w

∗
c )) is an

equilibrium.
Because wr, wc < min

{
2(T−R)
T−S

, 2(P−S)
T−S

}
, there exist a δ > 0,

and a set U (eq, δ) =
{
x ∈ [0, 1]4 | |x− eq| < δ

}
, that for ∀x ∈

U (eq, δ), limpi ṗi < 0. Thus p will stabilize on the point of 0. Also,
because

lim
t→0

ẇi = (S − T ) lim
t→0

(pr − pc) = (S − T ) lim
t→0

(0− 0) = 0

then w is also stable, and thus the equilibrium eq is stable.
The second type of equilibrium can be proved similarly, which is

omitted here.

Intuitively, for a PD game, from Theorem 3, we know that if both SA-

IGA players are initially sufficiently social-friendly (the value of w

is larger than a certain threshold), then they will always converge to

mutual cooperation of (C,C). In other words, given that the value of

w exceeds a certain threshold, the strategy point of (1, 1) (or (C,C))
in the strategy space is asymptotically stable. If both players start

with a low socially-aware degree (w is smaller than certain thresh-

old), then they will always converge to mutual defection of (D,D)
eventually. For the rest of cases, there exist infinite number of equi-

librium points in-between the above two extreme cases, all of which

are not stable.

Next we turn to analyze the dynamics of SA-IGA in a coordination

game by identifying all equilibrium points. The general form of a co-

ordination game is shown in Table 4. Intuitively, both Nash equilibria

(C, C) and (D, D) can be part of the equilibrium points depending on

the agents’ social-aware degrees. Formally we have,

r’s payoff
c’s payoff

Agent c’s actions

C D

Agent r’s
actions

C R/r S/s

D T/t P/p

Table 4: The General Form of a Coordination Game (where R >
T ∧ P > S and r > s ∧ p > t)

Theorem 4 The dynamics of SA-IGA algorithm under a coordina-
tion game have three types of equilibrium points:

1. (0, 0, w∗r , w
∗
c ), with w∗r = 1 ∧ w∗c = 0 when P > p > s; w∗r =

0 ∧ w∗c = 1 when T < P < p; and
(
s−S
2

w∗r < P − S
)
∧(

T−t
2

w∗c < p− t
)

when P = p;
2. (1, 1, w∗r , w

∗
c ), with w∗r = 1 ∧ w∗c = 0 when R > r > t; w∗r =

0 ∧ w∗c = 1 when T < R < r; and
(
T−t
2

w∗r < R− T
)
∧(

S−s
2

w∗c < r − s
)

when R = r;
3. others non-boundary equilibrium points (p∗r , p

∗
c , w

∗
r , w

∗
c )
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The first and second types of equilibrium points are stable, while
the last non-boundary equilibrium points are not. The definition of a
stable equilibrium point is the same as in Theorem 3.

Proof 4 Following the system of differential equations in Equations
(12), we can express the dynamics of SA-IGA in coordination game
as follows:

ṗr =
(
ur +

uc − ur

2
wr

)
pc +

cc − cr

2
wr + cr

ṗc =
(
uc +

ur − uc

2
wc

)
pr +

dr − dc

2
wc + dc

ẇr = ε [(ur − uc) prpc + (cr − cc) pr + (dc − dr) pc + e]

ẇc = −ẇr

(14)

where ε = ηw
ηp

> 0,ur = R+P−S−T > 0, uc = r+p−s−t > 0,
cr = S − P , cc = s− p, dr = T − P , dc = t− p, and e = P − p.

We can see that the dynamic of coordination game is nonlinear
when ur = uc. We start with proving the last type of equilibrium
points first:

If there exist an equilibrium eq = (p∗r , p
∗
c , w

∗
r , w

∗
c )

T ∈ (0, 1)4,
then we have ṗi (eq) = 0 and ẇi (eq) = 0, i ∈ {r, c}. By linearizing
the unconstrained update differential equations into the form of ẋ =
Ax+B in point eq = (p∗r , p

∗
c , w

∗
r , w

∗
c )

T , we have

A =

⎡⎢⎢⎣
0 u∗r a13 0
u∗c 0 0 a24

−εa13 εa24 0 0
εa13 −εa24 0 0

⎤⎥⎥⎦
where u∗r = ur+

uc−ur
2

w∗r , u∗c = uc+
ur−uc

2
w∗c , c∗r = cc−cr

2
w∗r +

cr, and d∗c = dr−dc
2

w∗c + dc. The parameters aij are represented as
functions of p∗r , p

∗
c , w

∗
r and w∗c . Without loss of generality, we set

ur ≥ uc. Because of ur ≥ uc > 0, and w∗r , w
∗
c ∈ [0, 1], we have

u∗r ∈ [uc+ur
2

,ur] and u∗c ∈ [uc,uc+ur
2

], which means u∗r > u∗c > 0.
After calculating matrix A’s eigenvalue in Matlab, we have an

eigenvalue λ1 = 0, an eigenvalue λ2 with its real part Re (λ2) > 0,
an eigenvalue λ3 with Re (λ3) < 0 and an eigenvalue λ4 close to
0. Since there exists an eigenvalue λ > 0, the equilibrium eq is not
stable[19].

Next we turn to prove the first type of equilibrium. In this case, we
need to put the projection function back since we are dealing with
boundary cases.

For the case P > p > s, we have V idv
i (eq) > V soc

i (eq),
thus ẇr (eq) > 0 and ẇc (eq) < 0, which means wr and wc will
keeps wr = 1 and wc = 0. Because ṗr (eq) = s−p+S−P

2
< 0

and ṗc (eq) = t − p < 0, then pr and pc will keeps pr = 0 and
pc = 0. According to the continuity theorem of differential equations
[8], (0, 0, 1, 0) is a stable equilibrium. The case p > P > T can be
proved similarly, which is omitted here.

For the case P = p, we have V idv
i = V soc

i , then ẇr (eq) =
−ẇc (eq) = ε

(
V idv

r − V soc
r
)
= 0. Because

(
T−t
2

w∗c < p− t
)
, we

have ṗr = T−t
2

w∗c + t − p < 0. Because
(
s−S
2

w∗r < P − S
)
, we

have ṗc = s−S
2

w∗c + S − P < 0. According to the continuity theo-
rem of differential equations, (0, 0, w∗r , w

∗
c ) is a stable equilibrium.

The stability of the second type of equilibrium points can be proved
similarly, which is omitted here.

4 A Practical Algorithm
In SA-IGA, each agent needs to know the policy of its opponent and

the payoff matrix, which are usually not available before a repeated

game starts. Based on the idea of SA-IGA, we relax these assump-

tions and propose a practical multiagent learning algorithm called

Socially-Aware Policy Gradient Ascent (SA-PGA). The overall flow

of SA-PGA is shown in Algorithm 1. In SA-PGA, each agent only

needs to observe the payoffs of both agents by the end of each round.

In SA-IGA, we know that agent i’s policy (the probability of selec-

Algorithm 1 SA-PGA for player i

1: Let α ∈ (0, 1) and δp, δw ∈ (0, 1) be learning rates.

2: Initialize Qidv
i (a)← 0, Qop

i (a)← 0,Qi (a)← 0,

wi ← 0.5, πi (a)← 1
|Ai| .

3: repeat
4: Select action a ∈ Ai according to mixed strategy πi with

suitable exploration.

5: Observing reward r and its opponent’s reward r′,
Qidv

i (a)← (1− α)Qidv
i (a) + αr,

Qop
i (a)← (1− α)Qop

i (a) + αr′,
6: Qi (a)←

(
1− w

2

)
Qidv

i (a) + w
2
Qop

i (a),
7: Average payoff Vi =

∑
a∈Ai

πi(a)Qi(a)
8: for each action a ∈ Ai do
9: πi (a)← πi (a) + δp (Qi (a)− Vi (s))

10: end for
11: πi ← Π&[πi]
12: V idv

i =
∑

a∈Ai
πi (a)Q

idv
i (a)

13: V op
i =

∑
a∈Ai

πi (a)Q
op
i (a)

14: V soc
i = 1

2

(
V idv
i + V op

i

)
15: wi ← wi + δw

(
V idv
i − V soc

i

)
16: until the repeated game ends

tion each action) is updated based on the partial derivative of the ex-

pected value Vi, while the social attitude w is adjusted according to

the relative value of V idv
i and V soc

i . In SA-PGA, we first estimate the

value of V idv
i and V op

i using Q-values, which are updated based on

the immediate payoffs received during repeated interactions. Specif-

ically, each agent i keeps a record of the Q-value of each action for

both its own and its opponent (Qidv
i and Qop

i ) (Line 2). Both Q-

values are updated according to the Q-learning update rule at the end

of each round (Line 5). The overall Q-value of each agent is calcu-

lated as the weighted average of Qidv
i and Qop

i , weighted by its social

attitude w (Line 6). Based on the Q-values, we estimate the value of

Vi in SA-IGA as the expected Q-value over all actions given the cur-

rent policy (Line 7). However, Vi is simply an estimated value instead

of a function which cannot be differentiated. To obtain the derivative

of Vi with respect to different actions, we estimate it as the differ-

ence between each action’s Q-value and the expected Q-value over

all actions (the value of Vi) (Line 9). Agent i’s probability of select-

ing an action is updated in the direction of the estimated derivative of

the action’s expected value (Line 8-10). After that, agent i’s policy

is mapped back to the valid probability space (Line 11). Similarly,

the expected individual payoff and its opponent’s payoff when agent

i plays policy πi are estimated based on its current policy and Q-

values (Line 12-13). The value of V soc
i is calculated as the average

between V idv
i and V op

i (Line 14). Finally, the social attitude of agent

i is updated in the same way as we introduced in SA-IGA based on

the estimated V -values (Line 15). The updating direction of wi is

estimated as the difference between V idv
i and V soc

i .
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5 Experimental Evaluation
We start the performance evaluation with analyzing the learning per-

formance of SA-PGA under two-player two-action repeated games.

In general a two-player two-action game can be classified into

three categories[21]:

Category 1: (rr
11−rr

21)(r
r
12−rr

22) > 0 or (rc
11−rc

12)(r
c
21−rc

22) >
0. In this case, each player has a dominant strategy and thus the

game only has one pure strategy NE.

Category 2: (rr
11 − rr

21)(r
r
12 − rr

22) < 0 and (rc
11 − rc

12)(r
c
21 −

rc
22) < 0 and (rr

11 − rr
21)(r

c
12 − rc

22) > 0. In this case, there are

two pure strategy NEs and one mixed strategy NE.

Category 3: (rr
11 − rr

21)(r
r
12 − rr

22) < 0 and (rc
11 − rc

12)(r
c
21 −

rc
22) < 0 and (rr

11 − rr
21)(r

c
12 − rc

22) < 0. In this case, there only

exists one one mixed strategy NE.

where rr
ij and rc

ij are payoffs of player r and player c respectively

when player r takes action i while player c takes action j. We select

one representative game for each category for illustration.

5.1 Category 1
For category 1, we consider the PD game as shown in Table 1. In this

game, both players have one dominant strategy D, and (D,D) is the

only pure strategy NE, while there also exists one socially optimal

outcome (C,C) under which both players can obtain higher payoffs.

Figure 1(a) show the learning dynamics of the practical SA-PGA

algorithm playing the PD game. The x-axis p1 represents player 1’s

probability of playing action C and the y-axis p2 represents player

2’s probability of playing action C. We randomly selected 20 initial

policy points as the starting point for the SA-PGA agents. We can

observe that the SA-PGA agents are able to converge to the mutual

cooperation equilibrium point starting from different initial policies.

Figure 1(b) illustrates the learning dynamics predicted by the the-

oretical SA-IGA approach. Similar to the setting in Figure 1(a), the

same set of initial policy points are selected and we plot all the learn-

ing curves accordingly. We can see that for each starting policy point,

the learning dynamics predicted from the theoretical SA-IGA is well

consistent with the learning curves from simulation. This indicates

that we can better understand and predict the dynamics of SA-PGA

algorithm using its corresponding theoretical SA-IGA model.

5.2 Category 2
For category 2, we consider the CG game as shown in Table 5. In

this game, there exist two pure strategy Nash equilibria (C, D) and

(D, C), and both of them are also socially optimal.

Figure 2(a) illustrates the learning dynamics of the practical SA-

PGA algorithm playing a CG game. The x-axis p1 represents player

1’s probability of playing action C and the y-axis p2 represents

player 2’s probability of playing action C. Similar to the case of PD

game, 20 initial policy points are randomly selected as the starting

points. We can see that the SA-PGA agents can converge to either of

the aforementioned two equilibrium points depending on the initial

policies they start from.

Figure 2(b) shows the learning dynamics predicted by the theo-

retical SA-IGA approach. Similar to the setting in Figure 2(a), we

adopt the same set of 20 initial policy points for comparison pur-

pose. All the learning curves starting from these 20 policy points

are drawn accordingly. We can observe that for each starting policy

point, the learning dynamics predicted from the theoretical SA-IGA

is well consistent with the learning curves obtained from simulation.

Therefore, the theoretical model can facilitate a better understanding

and prediction of the dynamics of SA-PGA algorithm.

1’s payoff
2’s payoff

Agent 2’s actions

C D

Agent 1’s
actions

C 3/4 0/0

D 0/0 4/3

Table 5: Coordination game (Category 2)

5.3 Category 3
The game we use in Category 3 is shown in Table 6. In this game,

there only exist one mixed strategy Nash equilibrium, while the pure

strategy outcome (C,D) is socially optimal.

Figure 3(a) illustrates the learning dynamics of the practical SA-

PGA algorithm playing the game in Table 6. The x-axis p1 and y-axis

p2 represent player 1’s probability of playing action C and player 2’s

probability of playing action C respectively. Similar to the previous

cases, 20 initial policy points are randomly selected as the starting

points. From Figure 3(a), we can see that the SA-PGA agents can

always converge to the socially optimal outcome (C,D) no matter

where the initial policies start from.

Figure 3(b) presents the learning dynamics of agents predicted by

the theoretical SA-IGA approach. Similar to the setting in Figure

3(a), we adopt the same set of 20 initial policy points for comparison

purpose, and the corresponding learning curves are drawn accord-

ingly. From Figure 3(b), we can observe that for each starting policy

point, the theoretical SA-IGA model can well predict the simula-

tion results of SA-PGA algorithm. Therefore, a better understanding

and insights of the dynamics of SA-PGA algorithm can be obtained

through analyzing its corresponding theoretical model.

1’s payoff
2’s payoff

Agent 2’s actions

C D

Agent 1’s
actions

C 3/2 4/4

D 1/3 5/1

Table 6: An example game of Category 3

5.4 Performance in General-sum Games
In this section we turn to evaluate the performance of SA-PGA

with previous representative learning strategies CJAL [3] and WoLF-

PHC [5] in two-player’s repeated games under self-play. CJAL is se-

lected since this algorithm is specifically designed to enable agents to

achieve mutual cooperation (i.e., maximizing social welfare) instead

of inefficient NE for games like prisoner’s dilemma. WoLF-PHC is

selected as one representative NE-oriented algorithm for baseline

comparison purpose. For all previous strategies the same parameter

settings as communicated in their original papers are adopted.

We use all possible structurally distinct two-player, two-action

conflict games as a testbed for SA-PGA. In each game, each player

ranks the four possible outcomes from 1 to 4.We use the rank of an
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(a) SA-PGA in PD game
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(b) SA-IGA in PD game

Figure 1: The Learning Dynamics of SA-IGA and SA-PGA in PD game (parameter wr(0) = wc(0) = 0.85, δp = 0.001, α = 0.8 and
ε = 0.02 )
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(a) SA-PGA in CG
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(b) SA-IGA in CG

Figure 2: The Learning Dynamics of SA-IGA and SA-PGA in coordination game (parameter wr(0) = wc(0) = 0.85, δp = 0.001, α = 0.8
and ε = 0.02 )
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(a) SA-PGA for the game with one mix NE
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(b) SA-IGA for the game with one mix NE

Figure 3: The Learning Dynamics of SA-IGA and SA-PGA in game with one mix NE (parameter wr(0) = wc(0) = 0.85, δp = 0.001,
α = 0.8 and ε = 0.02 )
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outcome as the payoff to that player for any outcome. We perform the

evaluation under 100 randomly generated games with strict ordinal

payoffs. We perform 10,000 interactions for each run and the results

are averaged over 20 runs for each game.

We compare their performance based on the the following two cri-

teria: utilitarian social welfare and Nash social welfare. Utilitarian

social welfare is the sum of the payoffs obtained by the two play-

ers in their converged state, averaged over 100 randomly generated

games. Nash social welfare is the product of the payoffs obtained

by two players in their converged state, averaged over 100 randomly

generated games. Both criteria reflect the system-level efficiency of

different learning strategies in terms of the total payoffs received for

the agents. Besides, Nash social welfare also partially reflects the

fairness in terms of how equal the agents’ payoffs are. The over-

all comparison results are summarized in Table 7. We can see that

SA-IGA outperforms the previous CJAL strategy under both criteria.

The WoLF-PHC strategy is designed to achieve NE and thus can only

achieve the same level of performance as adopting NE solutions.

Table 7: Performance comparison with CJAL and WoLF-PHC

Utilitarian Social
Welfare

Nash Product

SA-PGA (our strategy)
(wr(0) = wc(0) = 0.85)

7.241± 0.003 12.706± 0.015

CJAL [3] 6.504± 0.032 10.887± 0.114
WoLF-IGA [5] 6.536± 0.004 10.943± 0.145

5.5 Against Selfish Agents
If a learning agent is facing selfish agents that attempt to exploit

others, one reasonable choice for an effective algorithm is to learn

a Nash equilibrium. In this section, we evaluate the ability of SA-

PGA against selfish opponents. We adopt the same three represen-

tative games used in previous sections as the testbed and the results

are given in Figure 4, 5 and 6 respectively. We can observe that for

the PD and coordination games, the SA-PGA agent can successfully

achieve the corresponding NE solution. This property is desirable

since it prevents the SA-PGA agent from being taken advantage of

by selfish opponents. The results also show how the socially-aware

degree w of SA-PGA agent changes, which varies depending on the

game structure. For PD and coordination game, a SA-PGA agent

eventually behaves as a purely individually rational entity and one

pure strategy NE is eventually converged to. In contrast, for the third

type of game (Table 6), a SA-PGA agent behaves as a purely socially

rational agent and cooperates with the selfish agent towards the so-

cially optimal outcome (C,D) without fully exploiting the opponent.

This indicates the cleverness of SA-PGA algorithm since higher in-

dividual payoff can be achieved under the outcome (C, D) than pur-

suing the Nash equilibrium (C, C).

6 Conclusion and Future Work
In this paper, we proposed a novel way of incorporating social aware-

ness into traditional gradient-ascent algorithms to facilitate reaching

mutually beneficial solutions (e.g., (C, C) in PD game). We presented

a theoretical gradient-ascent based policy updating approach (SA-

IGA) and analyzed its learning dynamics using dynamical system

theory. For PD games, we showed that mutual cooperation (C,C) is a

stable equilibrium point as long as both agents are strongly socially-

aware. For CG games, either of the Nash equilibria (C,C) and (D,D)

can be a stable equilibrium point depending on the agents’ socially-

aware degrees. Following that, we proposed a practical learning al-

gorithm SA-PGA relaxing the impractical assumptions of SA-IGA.
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Figure 4: SA-PGA against a selfish agent for in PD game(wr(0) = 1,
pr(0) = 0.2 and pc(0) = 0.8)
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Figure 5: SA-PGA against a selfish agent for in coordination
game(wr(0) = 1, pr(0) = 0.2 and pc(0) = 0.8)

0 1000 2000 3000 4000
0

0.2

0.4

0.6

0.8

1

N

p

 w1

 p1

 p2

Figure 6: SA-PGA against a selfish agent for the game with only one
mix NE(wr(0) = 1, pr(0) = 0.2 and pc(0) = 0.8)

Experimental results show that a SA-PGA agent can achieve higher

social welfare than previous algorithms under self-play and also is

robust against individually rational opponents. As future work, more

testbed scenarios (e.g., population of agents) will be applied to fur-

ther evaluate the performance of SA-PGA. Another interesting direc-

tion is to investigate how to further improve the convergence rate of

SA-PGA.
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Factors of Collective Intelligence: How Smart Are Agent
Collectives?

Nader Chmait and David L. Dowe and Yuan-Fang Li and David G. Green1and Javier Insa-Cabrera2

Abstract. The dynamics and characteristics behind intelligent cog-

nitive systems lie at the heart of understanding, and devising, suc-

cessful solutions to a variety of multiagent problems. Despite the

extant literature on collective intelligence, important questions like

“how does the effectiveness of a collective compare to its isolated

members?” and “are there some general rules or properties shaping

the spread of intelligence across various cognitive systems and envi-

ronments?” remain somewhat of a mystery. In this paper we develop

the idea of collective intelligence by giving some insight into a range

of factors hindering and influencing the effectiveness of interactive

cognitive systems. We measure the influence of each examined fac-

tor on intelligence independently, and empirically show that collec-

tive intelligence is a function of them all simultaneously. We further

investigate how the organisational structure of equally sized groups

shapes their effectiveness. The outcome is fundamental to the under-

standing and prediction of the collective performance of multiagent

systems, and for quantifying the emergence of intelligence over dif-

ferent environmental settings.

1 INTRODUCTION

Collective intelligence emerges in all sorts of cognitive systems, from

natural (e.g., animal and human) to artificial (e.g., software agents

and robotics), by cause of diverse social organizations (human soci-

eties, efficient markets, social insect colonies, group collaborations

via the web, etc.). It seems that the complex structure and operation

of these systems hinder our understanding of the dynamics and char-

acteristics behind intelligent collectives, which are fundamental for

devising successful models and solutions to a variety of multiagent

problems. Despite the extant literature on collective intelligence (CI),

the questions consisting of, “how does the effectiveness of a collec-

tive compare to its isolated members?” and, more importantly, “are

there some general rules shaping the spread of intelligence which can

be perceived across different cognitive systems and environments?”

remain somewhat of a mystery. Now imagine we had a series of per-

formance tests over which we can administer any type of cognitive

system, could we then disclose any patterns or factors at all, explain-

ing the emergence of intelligence among all of these systems? In

this paper, we give insight into the main components and character-

istics of collective intelligence, by applying formal tests for the pur-

pose of measuring and quantifying the influence of several factors on

the collective behaviour and the accuracy of a group of agents, and

analysing how the results compare to individual agent scenarios. We

attempt to uncover some of the dynamics and circumstances behind

1 Faculty of IT, Clayton, Monash University, Australia, email:
{nader.chmait,david.dowe,yuanfang.li,david.green}@monash.edu

2 Universitat Politècnica de València, Spain, email: jinsa@dsic.upv.es

intelligent collectives in general, hoping this would reinforce the un-

derstanding and prediction of the behaviour of groups, by bringing

some new results into the AI community.

2 BACKGROUND
Earlier studies [13, 43] have revealed that a collective intelligence

factor can emerge in human groups. We know that collectives can

outperform individuals, and further that their performance is con-

trolled by one or more of a) their organisational or network struc-

ture [29, 3, 30], b) the information aggregation details among their

individuals [1], and c) the diversity between their members [20, 17].

Crowd-computing and crowd-sourcing [32, 24, 2] methodologies are

excellent examples of CI that harness the wisdom of the crowd [37].

After carefully looking at the literature on collective intelligence

including the abovementioned works and others including [28, 42,

38, 8, 41], we filter a set of factors or features from these works -

that are not coupled to one particular cognitive system, problem or

environment - which are intimately relevant to the performance of

collectives, some of which are the number of members in a group,

the communication or interaction protocol, as well as the difficulty

of the environment. Curiously, there are some other factors which

are often relatively neglected, such as the reasoning/learning speed

of the agents and the interaction time of the collective as a whole.

These features, in addition to some hypothetical combinations of

them (grouped in ellipses) are depicted in Figure 1. It is not known in
which circumstances and how much each these features individually

influences the intelligence of the group, let alone the simultaneous

influence of multiple features combined, which is what we attempt

to quantitatively investigate in this paper.

Collective 
intelligence

Environment

Space uncertainty
Algorithmic 
complexity

Individual 
members

Individual 
intelligence

al 
ce Speed

Cooperation

Communication 
protocol

Number of agents 
in a group

Interaction time

Figure 1: Factors and features relevant to the notion of collective in-

telligence (CI) perceived throughout various cognitive systems, and

some hypothetical relationships between them grouped in ellipses.

The next section introduces our methodology for assessing indi-
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vidual and collective agent performances. The agent behaviours to

be evaluated and their communication and interaction protocols are

described in Sections 4 and 5 respectively. After we present our ex-

perimental setup in Section 6, we discuss and analyse our results

from these experiments (in Sections 7 and 8) by making a series of

observations on how the intelligence of the evaluated agents was in-

fluenced by a collection of factors, and draw some interesting con-

clusions connecting the research outcomes. We conclude in Section 9

by a brief summary and give some directions for future work.

3 EVALUATING INTELLIGENCE
To achieve our aims, we need a dynamic environment in which we

can assess the influence of the factors appearing in Figure 1 on the

performance of various types of cognitive systems over different en-

vironmental settings. While many environments could be appropri-

ate, we have chosen for our purpose the Anytime Universal Intelli-
gence Test (ANYNT) [18], which is derived from formal information

theoretic backgrounds that have been practically used to evaluate di-
verse kinds of entities [21, 5, 6, 22], and was proven [18] to be an

unbiased, dynamic setting which can be stopped at anytime.

3.1 The Anytime Universal Intelligence Test
We introduce the Λ∗ (Lambda Star) environment class that focuses

on a restricted - but important - set of tasks in AI. This environment

extends the Λ environment class [18, Sec. 6][23] which implements

the theory behind the Anytime Universal Intelligence Test [18]. The

general idea is to evaluate an agent that can perform a set of actions,

by placing it in a grid of cells with two special objects, Good (⊕) and

Evil (<), travelling in the space using movement patterns of measur-

able complexities. Rewards are defined as a function of the position

of the evaluated agent with respect to the positions of ⊕ and <.

3.1.1 Structure of the test

We generate an environment space as an m-by-n grid-world popu-

lated with objects from Ω = {π1, π2, . . . , πx,⊕,<}, the finite set

of objects. The set of evaluated agents Π ⊆ Ω is {π1, π2, . . . , πx}.
Each element in Ω can have actions from a finite set of actions

A ={left, right, up, down, up-left, up-right, down-left, down-right,
stay}. All objects can share the same cell at the same time except for

⊕ and< where in this case, one of them is randomly chosen to move

to the intended cell while the other one keeps its old position. In the

context of the agent-environment framework [25], a test episode con-

sisting of a series of ϑ iterations is modelled as follows:

1. the environment space is first initialised to an m-by-n toroidal

grid-world, and populated with a subset of evaluated agents from

Π ⊆ Ω, and the two special objects ⊕ and <,

2. the environment sends to each agent a description of its range of 1
Moore neighbour cells [16, 40] and their contents, the rewards in

these cells, as an observation,

3. the agents (communicate/interact and) respond to the observations

by performing an action in A, and the special objects perform the

next action in their movement pattern,

4. the environment then returns a reward to each evaluated agent

based on its position (distance) with respect to the locations of

the special objects,

5. this process is repeated again from point #2 until a test episode is

completed.

We are using a toroidal grid space in the sense that moving off one

border makes an agent appear on the opposite one. Consequently, the

distance between two agents is calculated using the surpassing rule

(toroidal distance) such that, in a 5-by-5 grid space for example, the

distance between cell (1, 3) and (5, 3) is equal to 1 cell.

�

⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕⊕

�������� π1

π2

π3

π4

π5 π6

πi agent; ��� path of �; · · · > path of ⊕;
rewards: -1.0←�����→+1.0

Figure 2: A diagrammatic representation of a sample 10-by-10 Λ∗

environment, used to implement the theory behind the Anytime Uni-

versal Intelligence Test [18].

3.1.2 Rewarding function

The environment sends a reward to each evaluated agent from the set

of rewardsR ⊆ Q where −1.0 ≤ R ≤ 1.0.

Let d(a, b) denote the (toroidal) distance between two objects a
and b. Given an agent πj , its positive reward at one test iteration is

calculated as: 1/(d(πj ,⊕) + 1) if d(πj ,⊕) < 2, or 0 otherwise.

Likewise its negative reward at that iterations is:−1/(d(πj ,<)+ 1)
if d(πj ,<) < 2, or 0 otherwise. Its total reward, rij at iteration i, is

the sum of its positive and negative rewards at that iteration.

3.2 Algorithmic Complexity
We regard the Kolmogorov complexity [27] of the movement pat-

terns of the special objects as a measure of the algorithmic com-

plexity K(μ) of the environment μ in which they operate. For in-

stance, a Λ∗ environment of high Kolmogorov complexity is suf-

ficiently rich and structured to generate complicated (special object)

patterns/sequences of seeming randomness. We measure the Lempel-

Ziv complexity [26] of the movement patterns as an approximation

to K(μ) as suggested in [26, 14]. Note that, at one test episode, the

movement patterns of ⊕ and < are different but (algorithmically)

equally complex. The recurrent segment of the movement pattern is

at least of length one and at most "ϑ/2#, cyclically repeated until the

final iteration (ϑ) of the test.

3.3 Search Space Complexity
We measure the search space complexity H(μ) as the amount of

uncertainty in μ, expressed by Shannon’s entropy [35]. Let N be

the set of all possible states of an environment μ such that a state

sμ, is the set holding the current positions of the special objects
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{⊕,<} in the m-by-n space. Thus the number of states |N | in-

creases with the increase in the space dimensions m and n, and it

is equal to the number of permutation m×nP2 = (m×n)!
(m×n−2)!

. The

entropy is maximal at the beginning of the test as, from an agent’s

perspective, there is complete uncertainty about the current state of

μ. Therefore p(sμ) follows a uniform distribution and is equal to

1/|N |. Using log2 as a base for our calculations, we end up with:

H(μ) = −∑sμ∈N p(sμ) log2 p(sμ) = log2 |N | bits.

Despite the test’s being originally designed to return a general

measure of intelligence, we do not make this assumption in this pa-

per. Nevertheless, we appraise the test, at a minimum, as an accurate

measure of the testee’s ability of performing over a class of: inductive

inference, compression and search problems, all of which are partic-

ularly related to intelligence [9, 10, 11, 19, 34, 12]. Note, however,

that we will use the term intelligence to describe the effectiveness or

accuracy of an evaluated agent over this test. It is of great importance

that the illustrative class of problems assessed by the test is shared

across, and applies to, various types of cognitive systems since this

meets our criteria for the evaluation, as raised in the introduction.

4 AGENT TYPES AND BEHAVIOURS

We evaluated agents of five different behaviours, both in isolation

and collectively in (cooperative) groups over the Λ∗ environment. A

description of these agents is given in the following paragraphs.

Local search agents: given an agent πj , we denote by cij and

r(cij) the cell where πj is located at iteration i, and the reward in

this cell respectively. Let N i
j and R(N i

j ) denote respectively the set

of range of 1 Moore neighbour cells [16, 40] of agent πj (including

cij) at iteration i, and the reward values in these cells. R(cij , a) is a

function that returns the reward agent πj gets after performing action

a ∈ A when it is in cell cij . The behaviour of local search agents is

defined as follows: ai
j ← argmax

a∈A
R(cij , a). If all actions return an

equivalent reward, then a random action in A is selected.

Reinforcement learning agents: two of the most frequently used

RL (reinforcement learning) behaviours are Q-learning [39] and

Sarsa [33, 39]. In the Q-learning behaviour, agents learn using an

action-quality function in order to find the best action-selection pol-

icy for a given MDP (Markov Decision Process). Alternatively, Sarsa

agents learn a MDP policy using an on-policy temporal-difference

learning technique. Before learning starts, we initialise the elements

of the Q-table to 2.0 so that the quality of a state-action pair,

Q← S ×A, is always positive despite that rewards fall in the range

[−1.0, 1.0]. Because the testing environment is dynamic, each state

in S was designated to be the unique combination of one cell posi-

tion c at one iteration i of the test, leading to a total number of states3

|S| = (m×n)ϑ. Before evaluation, we trained the RL agents for 100
rounds previous to each episode using both a discount factor γ and a

learning rate α of 0.30, selected after fine-tuning these parameters on

a single agent scenario to reach a general (average) optimal payoff.

Our agents learn offline, and thus cease to update their Q-table once

their training is complete.

Oracle agents: an oracle agent knows the future movements of

⊕, the Good special object. At each step i of an episode this agent

approaches the subsequent i + 1 cell destination of ⊕ seeking max-

imum payoff. However, if ⊕ has a constant movement pattern (e.g.,

moves constantly to the right) pushing it away from the oracle, then

the oracle will move in the opposite direction in order to intercept

3 Recall that m and n refer to the grid space dimensions, while ϑ is the
number of iterations in a single test episode.

⊕ in the upcoming test steps. Once it intercepts ⊕, it then continues

operating using its normal behaviour.

Random agents: a random agent randomly choses an action from

the finite set of actionsA at each iteration until the end of an episode.

The scores of the random and oracle agents will be used as a base-

line for our experiments, where a random agent is used as a lower

bound on performance while the oracle is used as an upper bound.

5 COMMUNICATION PROTOCOLS
The agents were also evaluated collectively in groups. A description

of the interaction and communication protocols used in these collec-

tives are given below.

Stigmergy or indirect communication: we propose a simple al-

gorithm for enabling communication between local search agents us-

ing stigmergy [15] (indirect communication). For instance, we let the

agents induce fake rewards in the environment, thus indirectly inform

neighbour agents about the proximity of the special objects. Note

that fake rewards will not affect the score (real reward payoff) of the

agents. Let R̂(N i
j ) denote the set of fake rewards in the neighbour

cells of agent πj (including cij) at iteration i, and R̂(cij , a) is a func-

tion returning the fake reward agent πj gets after performing action

a ∈ A when it is in cell cij at iteration i. Fake rewards are induced

in the environment according to Algorithm 1. Each agent proceeds

Algorithm 1 Stigmergic or indirect communication: fake reward

generation over one iteration i of the test.

1: Input: Π (set of evaluated agents), 0 < γ < 1 (fake reward discounting
factor), a test iteration i.

2: Initialize: ∀πj ∈ Π: R̂(N i
j)← 0.0.

3: Begin
4: for j← 1 to |Π| do � loop over agents

5: rmax ← maxR(N i
j)

6: rmin ← minR(N i
j)

7: r̂ ← γ(rmax + rmin) � average expected reward

8: R̂(N i
j)← R(N i

j) + r̂

9: end for
10: End

by selecting an action by relying on fake rewards this time instead of

the real rewards, as follows: ai
j ← argmax

a∈A
R̂(cij , a). If all actions

are equally rewarding, then a random action is selected. Thereupon,

we expect local search agents using stigmergy to form non-strategic

coalitions after a few iterations of the test as a result of tracing the

most elevated fake rewards in the environment.

Implicit leadership through auctions and bidding: in this co-

operative setting, local search agents go into a single dimensional
English auction [31] at each iteration i, and bid on the right to lead

the other agents in their group by appointing one target cell to be ap-

proached. At each iteration, each auctioneer (agent) generates a value

of the maximum reward existing in its neighbourhood, which is then

used as its bidding “money” for the auction. The richest agent4 wins

the auction visibly to all the other agents. It then selects the target
cell to be approached by all other agents in the collective. This bid-

ding behaviour is described in Algorithm 2 in which ni
j ∈ N i

j and

r(ni
j) denote one of the Moore neighbour cells of agent πj (without

excluding cij) at iteration i, and the reward in this cell respectively.

Imitating super-solver agents: a group of isolated local search

agents is put in the same space with one (unevaluated) oracle agent.

4 If more than one agent are equally rich then, for the sake of simplicity, the
last one to participate in the auction wins.
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Algorithm 2 Single dimensional English auction at one iteration i of

the test.

1: Input: Π (set of evaluated agents), −1.0 <bid< 1.0, a test iteration i.
2: Initialize: bid← −1.0
3: Begin
4: for j← 1 to |Π| do � loop over agents

5: money ← maxR(N i
j)

6: if money >= bid then
7: bid← money
8: target← arg max

ni
j∈Ni

j

r(ni
j)� set the target to the neighbour

cell ni
j holding the highest reward r(ni

j) at iteration i

9: end if
10: end for
11: End

Local search agents imitate the oracle by following it into the same

cell only when it is in their visibility range (neighbourhood) other-

wise, they operate using their normal behaviour.

Wisdom of the crowd (WOC) by information aggregation:
where the collective opinion of the evaluated agents is aggregated

from the opinions of all the members of the collective.

In the case of reinforcement learning collectives, we let their mem-

bers share and update a common Q-table, thus making them all learn

and coordinate simultaneously. We evaluated both Q-learning and

Sarsa collectives independently.

In the case of local search collectives, the observations of all

agents in the collective are aggregated into one global observation

(and rewards from these observations are averaged in the case of

overlap). Then, each member proceeds by selecting the action max-

imising its reward in line with the global observation.

6 EXPERIMENTAL SETUP
Each experiment consists of 1000 episodes (runs) of the test, each

consisting of a number of iterations equal to 50. In each episode,

agents are administered over a different task with complexity K(μ),
such that K(μ) ∈ [2, 23], where a K(μ) of 23 corresponds to a, more

or less, complex pattern prediction or recognition task. Moreover, in

each episode, the collectives are re-initialised with different spatial

(network) arrangements between their members.

Local search agents were evaluated in isolation as well as collec-

tively using four communication or interaction protocols: stigmergy,

implicit leadership, imitation (of the oracle agent) and harnessing

the WOC through information aggregation. Likewise, reinforcement

learning agents were evaluated in isolation and collectively by har-

nessing the wisdom of the crowd (WOC) through sharing and updat-

ing a common Q-table.

Test experiments were conducted over different search space

uncertainties H(μ), and the (intelligence) scores (in the range

[−1.0, 1.0]) of the evaluated agents/collectives averaged over the

1000 episodes were recorded. The score of the collective is calcu-

lated as the mean of the scores of its members. For instance, the met-

ric of (individual agent) universal intelligence defined in [18, Defi-

nition 10] was extended into a collective intelligence metric (Defini-

tion 2) returning an average reward accumulation per-agent measure

of success (Definition 1) for a group of agents Π, over a selection of

Λ∗ environments.

Definition 1 Given a Λ∗ environment μ and a set of (isolated or in-
teractive) agents Π = {π1, π2, . . . , πn} to be evaluated, the (av-
erage per-agent per-iteration) reward R̃Π,μ,ϑ of Π over one test

episode of ϑ iterations is calculated as: R̃Π,μ,ϑ =
∑n

j=1

∑ϑ
i=1 rij

nϑ
.

Definition 2 The (collective) intelligence of a set of agents Π is cal-
culated as: 1

ω

∑
μ∈L R̃Π,μ,ϑ, where L is a set of ω environments

{μ1, μ2, . . . , μω} such that ∀μt, μq ∈ L : H(μt) = H(μq), and
∀μi ∈ L,K(μi) is extracted from a range of (special object move-
ment patterns with) algorithmic complexities in ]1,Kmax].

7 RESULTS AND DISCUSSION

Table 1: Intelligence test scores for collectives of 10 agents across dif-

ferent environment uncertainties H(μ)∈ [13.2, 19.6] bits, evaluated

for 50 test-iterations. A plot of these results is also found in Figure 3.

H(μ) value in bits 13.2 15.6 17.2 18.5 19.6
1 Random agent -0.00079 0.00048 0.00008 -0.00013 0.00002

2
Local search (LS)
agent

0.3365 0.1696 0.0936 0.0575 0.0423

3
LS collective using
stigmergy

0.4025 0.2555 0.1431 0.0829 0.0579

4
LS collective
harnessing the WOC

0.3828 0.3475 0.3118 0.2601 0.2110

5
LS collective using
implicit leadership

0.3744 0.2842 0.2143 0.1722 0.1438

6
LS collective using
imitation

0.5729 0.2880 0.1666 0.1022 0.0731
7 Q-learning agent 0.2516 0.0950 0.0484 0.0301 0.0207

8
Q-learning collective
harnessing the WOC

0.4030 0.1832 0.0870 0.0482 0.0309

9 Sarsa agent 0.2708 0.1007 0.0501 0.0308 0.0228

10
Sarsa collective
harnessing the WOC

0.4511 0.2042 0.1010 0.0563 0.0348

11 Oracle agent 0.8207 0.7905 0.7619 0.7339 0.7059
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Figure 3: A plot of the test scores appearing in Table 1.

Sample results from the previously-mentioned experiments run in

different environment (search space) uncertaintiesH(μ) are listed in

Table 1 for isolated agents and collectives Π, each having a number

of agents or members |Π| = 10 agents. The standard deviation of the

test scores σ is less than 0.001 between identical experiments.

7.1 Collectives outperform individuals
Results in Figure 3 clearly show (in at least three separate cases)

that cooperative or interactive individuals can be more effective than

isolated ones. (From Definition 1, the score of the whole is more than

the sum of its parts.) This is consistent with earlier results (e.g., [29,

1]) for obvious reasons owing to diffusion of information (synergy)

leading to the reduction of uncertainty inside the collective.

Yet the question remains, what are the dynamics which have led to

such results? We recall our main aims, which consist of investigating

and quantifying the influence of a list of factors on (individual and

collective) intelligence. We address each of these factors in detail in

the remainder of this paper.
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7.2 Communication and interaction protocol
We observe in Figure 3 that the effectiveness of the (same selec-

tion of) agents is highly dependent on the collective decision-making

technique or the communication protocol used to aggregate the infor-

mation received from these agents. For instance, adopting auctions

in local search collectives to claim leadership can be more effective

than using stigmergy over some settings. Figure 3 also shows that,

under certain circumstances, introducing heterogeneity in a group of

local search agents by imitating a (super-solver) oracle agent leads

to more effective coalitions that outperform their homogeneous (and

isolated) peers by aggregating new information into the collective.

However, the comparison between local search collectives is rather

more complicated as their intelligence measures seem to further de-

pend on the uncertainty of the testing environment, and not only on

the interaction protocol. We also observe that harnessing the wisdom

of the crowd by aggregating the observations of local search agents is

very effective over highly uncertain environments, yet not exception-

ally efficient in the opposite situation. The latter protocol seems to be

very robust (in comparison to others) with respect to the changes in

the uncertainty of the search space. A more thorough analysis on the

efficiency of the examined communication protocols over different

problem uncertainties is addressed in the following subsection.

In the case of RL agents, we observe that agents of different types

(Q-learning and Sarsa) using the same cooperation technique to ag-

gregate their information have achieved different scores. Sarsa agents

outperform Q-learning agents up to about a similar extent both in co-

operative and isolated settings. This indicates that the collective in-

telligence of the group also depends on, and is correlated with, the

individual intelligence (or the type) of the agents in the group.

Furthermore, despite the broad differences in the interaction proto-

cols and the wide range of task complexities, collective intelligence

manifested across the various collectives, showing that CI can also

emerge in a non-human context or environment, thus reinforcing and

adding to the conclusions of [13] conclusions.

7.3 Uncertainty in the environment
Figure 3 shows that the performance of the evaluated agents de-

creases with the increase in uncertainty5 H(μ), in accordance with

former tests [22] that have been applied on humans and artificial

agents. Moreover, the gap between the scores of the isolated and co-

operative agents varies in view of the uncertainty in the environment,

but the relationship between both variables cannot be easily grasped

from the figure.

We wish to measure the variation in the weight of the cooperative

agents’ scores to their score in the isolated setting, across different

environment uncertainties. Therefore, we define the coefficient of ef-
fectiveness θ = α/β, as the ratio of the score of a set of agents

Π working in some cooperative scenario (α = score(Πcoop)), to

its score in the isolated scenario
(
β = score(Πisolated)

)
. We cal-

culated θ for the different agent types across different uncertainties

and plotted the results in Figure 4.

Figure 4a shows that the θ values corresponding to local search

groups using imitation (θimitation) and those relying on stigmergy

(θstigmergy) are more or less steady across the different H(μ)
values, implying that each of these protocols is approximately

equally advantageous over different problem uncertainties. In addi-

tion, θimitation > θstigmergy over the selected uncertainties, and

thus collectives relying on imitation are more effective than those

5 Except for random agents which always score around zero.
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(a) Local search (LS) collectives.
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Figure 4: Shift in effectiveness θ for local search and RL agents over

different environment uncertainties in bits.

using stigmergy. The observations are more interesting for collec-

tives using auctions to claim leadership. For instance, in environ-

ments of uncertainties lower than 16 bits, imitating a smart agent is

more advantageous than following a leader. Whereas, the inverse is

true for environments of higher uncertainties. The effectiveness of

local search agents using auctions significantly increases to become

much higher than that of the same group of agents imitating an ora-

cle. Similar results are observed for local search collectives harness-

ing the wisdom of the crowd. We conclude that relying on the best

(super-solver) agent in the groups does not guarantee an optimal per-

formance. This is somewhat consistent with [20]’s claims re diversity

vs. ability, even though the intuitions here are different. These results

have a fundamental impact on the choice of the communication pro-

tocol to be used in order to aggregate the information received from

a group of agents, especially over problems where the search com-

plexity can be estimated in advance.

For RL agents, Figure 4b shows an overall similar shift in ef-

fectiveness for both Q-learning and Sarsa collectives. Their perfor-

mances significantly increase over isolated agents to reach a peak

around H(μ) = 16 bits, but then start to drop down over higher un-

certainties. This illustrates the fact that cooperative RL collectives are

most advantageous over environments which are somewhat highly-

uncertain for isolated RL agents to be efficient, yet not too uncer-

tain for them (the cooperative collectives) to be considerably effi-

cient. In other words, collective intelligence might only be slightly

perceived in groups operating in very simple environments (or prob-

lems) where individuals could perform relatively well, or in those

too difficult (broad) to be explored within a limited interaction time,

given a limited number of members in the group. Thus, in order to

understand the global picture of collective behaviour and its dynam-

ics, it is crucial to look into the latter two factors (interaction time

and number of members) and measure their effects, if any exist, on

group intelligence.
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Figure 5: Intelligence scores recorded across different numbers of

agents 5 ≤ |Π| ≤ 70, in 17.8-bitH(μ) environments.

7.4 Number of agents in a group

In all our previous experiments the number of evaluated agents in

each collective was set to 10. Whereas, Figure 5 illustrates the scores

of the evaluated collectives across different number of agents vary-

ing between 5 and 70. The general picture shows that local search

collectives relying on stigmergy and auctions gradually improve in

performance as more agents are added into the collective. This is

not the case for collectives relying on imitation, which only show

a shallow variation in score. In fact, local search agents relying on

imitation performed better than those using auctions when |Π| was

set to 5 agents. However, the opposite was true when we increased

the number of agents to 10 and higher. This illustrates that, when

the group is small in number, relying on a super-solver agent might

be more advantageous than interacting between the individual mem-

bers, however, as the group gets larger, more information is added

into the collective and the expertise of a single oracle becomes rudi-

mentary in comparison to the aggregated experiences (synergy) from

individual members. Moreover, we observe that local search collec-

tives harnessing the WOC improve faster in performance than those

following a leadership. Nonetheless, when the number of agents gets

higher the performances of these two collectives get closer to one

another.

We also observe that, increasing the number of local search agents

is more effective and has greater influence on the scores for agents

relying on auctions than those using stigmergy. On another hand,

the increase in efficiency is slightly non-linear to the number of

agents introduced. For instance, the main improvements in scores are

more concentrated at the early introductions of agents. Afterwards

the scores continue to rise, but less and less significantly.

Similar observations illustrate that the effectiveness of RL collec-

tives harnessing the WOC improves as we increment the number of

agents. Moreover, Sarsa collectives seem to be slightly more effi-

cient than Q-learning collectives as new agents are introduced into

the group. The key issue in this experiment is that, collective intelli-

gence cannot be considered independently of the number of members

in the group. Instead, it is a function of - so far - at least three factors,

each having a different influence that we have measured, and bearing

distinctive properties of which we have identified some.

7.5 Time and intelligence

In this paragraph we address the relevance of time to intelligence,

which is often ignored in the assessment of collective intelligence.

Figure 6 shows the variations in the intelligence scores as we extend
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Figure 6: Variations in the agents’ intelligence scores as we extend

the evaluation time (number of iterations) of the test.

the interaction time (number of iterations or interaction steps) of the

test. We observe that some scores incline to converge as more time

is given to the members to perform on the test. Figure 6a shows that

the advantage of cooperative local search agent groups over isolated

agents is higher at the early stages of the test in the case of agents

using auctions to claim leadership. Afterwards, the gap in perfor-

mance slowly decreases with time until iteration number 600. On the

contrary, the gap between the scores of local search agents imitat-

ing an oracle and their isolated peers grows as we let the test run,

implying that local search agents relying on imitation require longer

periods of time to reach their best performance. We have already

shown in Figure 3 that over some uncertainties, local search agents

relying on auctions outperform those imitating an oracle, which is

again consistent with the results in Figure 6a (up to iteration 300).

However, this experiment also suggests that imitating a super-solver

is highly rewarding over time, leading to better-scoring collectives

than when using leadership through auctions. These results illustrate

how diverse social organisations between the members of the collec-

tive determine its performance over time. For instance, a (dynamic)

leadership scheme or organisation seems to be more rewarding than

a simple flat hierarchy relying on stigmergic communication given a
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limited interaction time with the environment.

Moreover, the general picture shows that a local search collective

harnessing the WOC is most advantageous over isolated agents (and

other collectives) mainly before the 300th iterations, at which point

its performance begins to converge slowly.

In the case of RL agents (Figure 6b), both isolated agents and col-

lectives improve in performance with time, keeping an overall steady

relationship between the differences in their scores. This raises an-

other concern re the intelligence of artificial agents. It is intriguing

as to what ideally counts as more intelligent, a fast re-active agent

with a humble performance, or a slow one with an exceptional per-

formance over an extended period of time? Should we consider the

potential intelligence of an agent instead? To understand the impor-

tance of time in measuring intelligence, we compare the scores of

RL and local search collectives over 13.2-bitH(μ) environments af-

ter 50 and 300 test iterations as illustrated in Figure 6c. We find that

local search collectives outscored Sarsa collectives up to the first 50
iterations while the opposite is true at iteration 300. This type of ex-

periment is one of the most revealing of how the (communication

and interaction) reasoning/learning speed of multiagent systems in-

fluences their measured performance given a finite/bounded opera-

tion or interaction time.

7.6 Algorithmic complexity and intelligence

In this paragraph we shed some light on how the performance of

(groups of) agents is influenced by the algorithmic complexity of the

task. To minimise the effect of search and exploration (relative to

exploitation) on the scores we initialised all agents to neighbour lo-

cations from ⊕. We then evaluated the agents over tasks of different

algorithmic complexities (randomness) K(μ) grouped into three dif-

ficulty levels: easy ∈ [6, 8], medium ∈ [9, 13] and hard ∈ [14, 19].
This experiment stands out from previous related experiments in the

field, as collectives are assessed against tasks of quantifiable algo-

rithmic complexity, as opposed to ones qualitatively ranked based of

their difficulty. Results illustrated in Figure 7 show that the perfor-
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Figure 7: Scores over different task complexitiesK(μ) using collec-

tives of |Π| = 10 agents, evaluated in 13.2-bit H(μ) environments

for 50 interactions.

mance of artificial agents, similar to that of individual human perfor-

mance [22], decreases when evaluated over patterns of higher algo-

rithmic complexities. For instance, learning and predicting random

patterns is more difficult, per se, than learning or inferring compress-

ible ones. Moreover, this experiment suggests that RL collectives

are better learners than their isolated peers since the difference be-

tween the cooperative agents’ scores over the 3 levels of difficulties

is significantly smaller than that of the isolated ones. What’s more

intriguing in Figure 7 is the difference in behaviour between cooper-

ative RL agents and local search collectives. While RL collectives are

still more effective over isolated agents when evaluated over learning

problems, all local search agents (isolated and collectives) performed

equally when the effect of search and exploration was minimised.

More importantly, we find that RL collectives are more robust with

respect to the change in algorithmic complexity as opposed to local

search agents which display a wide gap in scores over the three levels

of complexity.

All in all, what this experiment suggests is that, further to the pre-

viously examined factors, (collective) intelligence is a function of

the agent type and the algorithmic complexity of the given task, both

combined.

8 ORGANISATIONAL BEHAVIOUR
In spite of the different communication protocols we have evaluated,

it is still not clear how the organisational structure of the group [3, 30]

affects its performance on intelligence tests. Therefore, we have fur-

ther evaluated the performance of equally sized collectives of local

search agents organised in four different (divisional and network)

structures and studied their organisational behaviour. These struc-

tures are illustrated in Figure 8 below. In the flat, fully connected,

©
©

©

©

©
©

(a) Flat (fully-connected) struc-
ture.
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(b) Subgroup structure.

(c) Hierarchical (tree-like)
structure.
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(d) Autocracy.

Figure 8: Graphical representation of different group organisational

structures. Nodes represent agents and edges reflect the flow of com-

munication and interaction between these agents.

structure (Figure 8a) all agents share their observations between one

another. This absolute aggregation of information leads to a similar

effect as that of local search collectives harnessing the wisdom of the

crowd. In the subgroup structure (Figure 8b) we divide the collec-

tive into four smaller subgroups. Each one of those subgroups then

implements a flat structure as the one described previously. In the hi-

erarchical structure (Figure 8c), each (non-leaf) agent receives feed-

back from its children at each iteration of the test before selecting

an action. Leaf-nodes operate in isolation. Finally, in the autocratic

structure (Figure 8d), a single agent controls the actions of the rest of

the collectives irrespective of its members’ observations.

The results from our experiments show that flat, fully-connected,

network structures are the most efficient since they maximise the ag-

gregation of information received from the members of the collec-
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Figure 9: Scores of local search collectives organised in different net-

work structures, across various number of agents. The collectives are

evaluated in 17.2-bitH(μ) environments for 50 iterations. The label

(×) in this figure depicts the average score of the agent at the top of

the hierarchy (root node of the binary-tree).

tive. However, it is known that this type of structure is very costly as

it requires a large number of connections (n(n − 1)/2 connections,

where n is the number of agents) to be introduced between the mem-

bers of the group [36]. In this type of organisation (and for the corre-

sponding environment uncertainty and evaluation-time parameters)

the number of agents did not significantly affect the performance of

the collective. Whereas, after dividing this collective into smaller

subgroups, the number of agents turns out to be of major impor-

tance6. The effectiveness of each subgroup improved gradually with

the increase in the number of agents thus reducing the gap in perfor-

mance between this organisational structure and fully-connected one.

This shows that dividing a collective into smaller groups is most ben-

eficial for highly populated collectives, especially when the number

of connections inside the collective grows very large and becomes a

bottleneck on communication.

In the hierarchical and autocratical structures, the measured effec-

tiveness is low compared to the previous two models. We observe that

the average performance of a hierarchical group is slightly steadier

than that of a group governed by single agent with absolute control

on decision-making. Interestingly, we have noticed that in the hier-

archical structure, high-scoring agents are the ones at the top of the

hierarchy since (in our model) they receive feedback from their chil-

dren (which in turn receive feedback from theirs) while the ones at

the bottom perform in isolation and have low scores. Figure 9 shows

that the average scores of the root agents in the hierarchy are sig-

nificantly higher than the average score of the collective, indicating

a high standard deviation between the members’ scores in this or-

ganisational structure. Since the number of leaves is almost half the

number of nodes7, and the number of agents declines quickly as we

move up the hierarchy, this organisation does not deliver a high av-

erage group performance.

Finally, our results show that the performance of a local search

collective implementing an autocracy is similar on average to that of

isolated local search agents. Agents in this organisational structure do

not show any significant discrepancies in their scores or behaviours.

6 Note that all four evaluated subgroups showed a similar performance, but
scores were only plotted for the first subgroup to enhance readability.

7 Number of leaves in a full binary tree is equal to (#nodes+ 1)/2.

9 CONCLUSIONS AND FUTURE WORK

We have addressed the relevance of several factors and their interac-

tion to the notion of intelligence and its emergence. We first started

by looking at the different contexts in which collective intelligence

has been shown to emerge, from face-to-face human groups, group

collaborations via the web, social insect colonies and swarms, etc.

Accordingly, we filtered a series of factors and features that are not

coupled to one particular cognitive system, problem or environment,

and illustrated how they influence the collective behaviour of the

group, and hinder its intelligence.

The studied factors were shown to have a major influence on the

performance of collectives that we have also measured. But, what

made our conclusions more intriguing is the peculiar nature of col-

lective intelligence seen as a function of all the examined factors

simultaneously, as well as some of them combined. We identified

circumstances where one cooperative system outperformed another

under some values or setups of the studied factors yet failed to do

so under others (e.g., in Section 7.5, limited vs. extended interaction

time and, in Section 7.3, low vs. high environment uncertainty), re-

flecting on how these factors independently but also jointly shape the

effectiveness of multiagent systems, and the spread of intelligence

in these systems. Some of our conclusions (in Section 7.3) reflected

how relying on an expert (super-solver) agent in the group does not

guarantee its optimal performance. We also measured the effect of in-

troducing more agents into the group (Section 7.4), and showed that

it is tightly controlled by the communication protocol used between

its members. We have highlighted scenarios (in Section 7.6) where

only some types of collectives outperform their equally sized group

of isolated agents over (algorithmically) complex environments, and

shown how the influence of the environment difficulty (uncertainty

and complexity) is a major factor controlling the capacity for intelli-

gence. Moreover, we looked (in Section 8) into how the effectiveness

of (the same selection of) agents adopting different organisational

and network structures can significantly vary from one structure to

another.

We have answered a fundamental question by showing the exis-

tence, and quantitatively measuring the influence, of some general

factors and principles shaping the spread of intelligence that are reg-

ularly perceived across different cognitive systems.

In order for our results to be transferred to a guideline for design-

ing multiagent cooperation, we have released the source code and

scripts to run our experiments as open-source in [7, Section 5.1]. This

will allow both additional testing and extensions to (the current ver-

sion of) the Λ∗ environment. The motivation is to encourage people

in the AI community to quantitatively evaluate new types of heuris-

tics, algorithms, communication protocols and network structures.

Another future goal is to further evaluate agents and collectives

over a wide range of general AI problems. For example, agents (iso-

lated or collectives) could be evaluated over exploration/exploitation

problems in an environment consisting of a hidden fitness landscape

with many local, and only one global, optima as further elaborated

in [7, Section 6.2]. Other possible examples might include pattern

recognition (and sequence completion) problems, in which payoff is

determined by how accurately a subject learns and predicts a pattern.

Other general multiagent problems that require coordination [7, Sec-

tion 6.1] (e.g., lifting and moving an object), or scheduling [4] (e.g.,

job shop scheduling), can be used for alternative evaluation.

Finally, we hope that - by following this direction in the quantifi-

cation of intelligence - we would pave the way towards a rigorous

and unified model of collectively intelligent groups and societies.
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Synthesizing Argumentation Frameworks from Examples

Andreas Niskanen and Johannes P. Wallner and Matti Järvisalo1

Abstract. Argumentation is nowadays a core topic in AI research.

Understanding computational and representational aspects of ab-

stract argumentation frameworks (AFs) is a central topic in the study

of argumentation. The study of realizability of AFs aims at under-

standing the expressive power of AFs under different semantics. We

propose and study the AF synthesis problem as a natural extension of

realizability, addressing some of the shortcomings arising from the

relatively stringent definition of realizability. Specifically, AF syn-

thesis seeks to construct, or synthesize, AFs that are semantically

closest to the knowledge at hand even when no AFs exactly repre-

senting the knowledge exist. Going beyond defining the AF synthesis

problem, we (i) prove NP-completeness of AF synthesis under sev-

eral semantics, (ii) study basic properties of the problem in relation to

realizability, (iii) develop algorithmic solutions to AF synthesis using

constrained optimization, (iv) empirically evaluate our algorithms on

different forms of AF synthesis instances, as well as (v) discuss vari-

ants and generalization of AF synthesis.

1 INTRODUCTION

The study of representational and computational aspects of argu-

mentation is a core topic in modern artificial intelligence (AI) re-

search [5]. A current strong focus of argumentation research is

the extension-based setting of abstract argumentation frameworks

(AFs) [14] and its generalizations. A fundamental knowledge rep-

resentational aspect related to AFs is realizability [15], i.e., the ques-

tion of whether a specific AF semantics allows for exactly represent-

ing a given set of extensions as an AF. With important motivations

from various perspectives—including the analysis of the relation-

ships of central AF semantics [15] (in terms of the range of sets of ex-

tensions different semantics allow for representing as AFs) and con-

nections to the study of argumentation dynamics [13, 11] (in terms of

the ability to construct an AF for revised extensions)—realizability

has recently been studied by several authors [15, 3, 16, 23, 19, 20].

While the study of realizability has provided various fundamental

insights into AFs, the concept of realizability is quite strict in that

a set E of extensions is considered realizable (under a specific AF

semantics σ) if and only if there is an AF the σ-extensions of which

are exactly those in E. Implicitly, this definition hence requires that

all other sets of arguments must not be extensions of the AF of in-

terest. This strictness requires that we have complete knowledge of

the extensions of interest, and further, in order to actually construct a

corresponding AF of interest, relies on the assumption that the set of

extensions are not conflicting in terms of allowing them to be exactly

represented by an AF. However, from more practical perspectives,

we foresee these requirements to be somewhat cumbersome. Firstly,

1 Helsinki Institute for Information Technology HIIT, Department of Com-
puter Science, University of Helsinki, Finland

the requirement of complete knowledge implies in the worst case tak-

ing into account an exponential number of extensions. Secondly, the

definition does not allow for “mistakes” or noise in the process of

obtaining the extensions, and also rules out the possibility of dealing

with multiple sources of potentially conflicting sets of extensions.

In this work, with a central goal of generalizing the concept of re-

alizability to accommodate incomplete and noise information on ex-

tensions, we propose and study what we call the AF synthesis prob-

lem2. Specifically, AF synthesis relaxes the notion of realizability

to incomplete information—assuming only partial knowledge of ex-

tensions and non-extensions as positive and negative examples—and

noisy settings, by allowing for expressing relative trust in the exam-

ples via weights. In this generalized setting, we define AF synthesis

as the constrained optimization task of finding an AF that optimally

represents the given examples in terms of minimizing the costs (de-

fined via the weights of the given examples) incurred from the AF

by including a negative example or not including a positive exam-

ple. Beyond precisely defining the AF synthesis problem, our main

contributions include the following.

• We formally analyze the relationship of AF synthesis and realiz-

ability in terms of necessary and sufficient conditions for an AF

synthesis instance to be realizable under different AF semantics

(Section 3).

• We provide complexity results for AF synthesis under three cen-

tral AF semantics, namely, the conflict-free, admissible, and stable

semantics, with the main result that AF synthesis is in the general

case NP-complete under each of these semantics (Section 4).

• We develop a first constraint-based approach to optimal AF syn-

thesis, by providing declarative encodings for AF synthesis in

the Boolean optimization paradigm of maximum satisfiability

(MaxSAT), and furthermore, discuss how by simple modifications

to the encoding one can account for structural constraints over the

AFs to be synthesized (Section 5).

• We present results from an empirical evaluation of the approach

based on benchmarks from the recent ICCMA’15 argumentation

solver competition [26] as well as additional randomly generated

AF synthesis instances (Section 6).

• We discuss further variants and generalizations of AF synthesis

from representational and computational complexity perspectives,

including how to adapt the problem to multiple sources of ex-

tensions and allowing for mixtures of different AF semantics, as

well as symbolic representations of examples via Boolean formu-

las (Section 7).

A more detailed overview of connections to related work is pro-

vided after the main contributions (Section 8). For readability, more

complicated formal proofs are detailed in Appendix A.

2 Alternatively, one could refer to the problem focused on in this paper as an
AF learning problem.
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2 ARGUMENTATION FRAMEWORKS

We start by briefly recalling argumentation frameworks [14] (see

also [2]) as the central formalism in abstract argumentation.

Definition 1. An argumentation framework (AF) is a pair F =
(A,R), where A is a finite non-empty set of arguments and R ⊆
A × A is the attack relation. The pair (a, b) ∈ R indicates that a
attacks b. An argument a ∈ A is defended (in F ) by a set S ⊆ A
if, for each b ∈ A such that (b, a) ∈ R, there is a c ∈ S such that

(c, b) ∈ R.

Semantics for AFs are defined through functions σ which assign

to each AF F = (A,R) a set σ(F ) ⊆ 2A of extensions. We consider

for σ the functions stb, adm , com , and grd , which stand for stable,

admissible, complete, and grounded, respectively.

Definition 2. Given an AF F = (A,R), the characteristic function

FF : 2A → 2A of F is FF (S) = {x ∈ A | x is defended by S}.

Moreover, for a set S ⊆ A, the range of S is S+
R = S∪{x | (y, x) ∈

R, y ∈ S}.

Definition 3. Let F = (A,R) be an AF. A set S ⊆ A is conflict-free

(in F ) if there are no a, b ∈ S such that (a, b) ∈ R. We denote the

collection of conflict-free sets of F by cf (F ). For a conflict-free set

S ∈ cf (F ) it holds that

• S ∈ stb(F ) iff S+
R = A;

• S ∈ adm(F ) iff S ⊆ FF (S);
• S ∈ com(F ) iff S = FF (S);
• S ∈ grd(F ) iff S is the least fixed-point of FF .

For any AF F , we have cf (F ) ⊇ adm(F ) ⊇ com(F ) ⊇ stb(F ).
We use “σ-extension” to denote an extension under a semantics σ.

3 THE AF SYNTHESIS PROBLEM

In this section we introduce the AF synthesis problem. For a given

set of weighted examples that represent semantical information, with

weights intuitively representing relative trust in the examples, the

task is to synthesize an AF that has minimum cost over the examples

not satisfied. We assume a given non-empty set of arguments A from

which we are to construct an AF. Formally, an example e = (S,w) is

a pair with S a subset of the set of arguments, i.e., S ⊆ A, and a posi-

tive integer w > 0 representing the example’s weight. We denote the

set of arguments of an example e = (S,w) by Se = S and weight

by we = w. For a set E of examples, we define SE = {Se | e ∈ E}
as a shorthand for the set of all sets of arguments occurring in E.

An instance of the AF synthesis problem is a quadruple P =
(A,E+, E−, σ), with a non-empty set A of arguments, two sets of

examples, E+ and E−, that we call positive and negative examples,

respectively, and semantics σ. An AF F satisfies a positive exam-

ple e if Se ∈ σ(F ); similarly, F satisfies a negative example if

Se /∈ σ(F ). For a given AF F , the associated cost w.r.t. P , denoted

by cost(P, F ), is the sum of weights of examples not satisfied by F .

Formally, cost(P, F ) is∑
e∈E+

we · I(Se /∈ σ(F )) +
∑

e′∈E−

we′ · I(Se′ ∈ σ(F )),

where I(·) is the indicator function that returns 1 if the property

(membership in a set) is satisfied, and otherwise 0. The task in AF

synthesis is to find an AF of minimum cost over all AFs.

AF Synthesis

INPUT: P = (A,E+, E−, σ)
TASK: Find an AF F ∗ with

F ∗ ∈ argmin
F=(A,R)

(cost(P, F )).

Example 1. Consider the set of positive examples E+ =
{({a, b}, 1), ({a, c}, 1), ({b, c}, 5)} and the set of negative exam-

ples E− = {({a}, 1), ({a, b, c}, 5)}. We illustrate these examples

in Figure 1. Here we see that the positive examples claim together

that each pair of arguments of A is a σ-extension, and the nega-

tive examples claim that the whole set A is not a σ-extension and

that the singleton set {a} is likewise not a σ-extension. Let Pcf =
(A,E+, E−, cf ) with A = {a, b, c} be an AF synthesis instance un-

der conflict-free semantics. An optimal solution AF Fcf = (A,Rcf )
with cost(Pcf , Fcf ) = 2 is given by Rcf = {(a, b)}. This AF Fcf

does not satisfy the positive example ({a, b}, 1) and the negative ex-

ample ({a}, 1).
Regarding admissible semantics, let Padm = (A,E+, E−, adm).

In this case AF Fadm = (A,Radm) is an optimal solution with

Radm = {(b, a)}. Except for positive examples ({a, b}, 1) and

({a, c}, 1), all other examples are satisfied by Fadm for Padm . Thus

cost(Padm , Fadm) = 2.

For stable semantics, let Pstb = (A,E+, E−, stb). An op-

timal solution AF to Pstb is given by Fstb = (A,Rstb) with

Rstb = {(a, b), (b, a)}. Here stb(Fstb) = {{a, c}, {b, c}} and

cost(Pstb , Fstb) = 1.

We now investigate the existence of 0-cost solutions for the AF

synthesis problem by relating the problem with realizability results

from [15]. In contrast to the AF synthesis problem, [15] consider the

problem of a given unweighted set S of sets of arguments, and ask

whether there is an AF F s.t. S = σ(F ). In words, in the setting

of realizability, the given set exactly specifies which sets have to be

σ-extensions and which must not be σ-extensions. Further, [15] do

not consider weights attached to examples, and the set of arguments

A is not specified and may contain more arguments than occurring in

S. Restricting the set of arguments to only arguments occurring in S
is studied in [3, 20], although not directly applicable to our problem.

We make use of and generalize the notions proposed in [15] by

specifying conditions under which 0-cost solutions exist and as well

as properties 0-cost solutions satisfy. We first focus on the conflict-

free semantics. We utilize the following concept adapted from [15,

Definitions 6 and 7], defining a consequence operator that states

which sets must be conflict-free if we assume a given set of sets S
to be conflict-free in an AF. Let ImpliedCF (S) = {X | a, b ∈
X implies ∃S ∈ S with {a, b} ⊆ S}. Intuitively, if each set in S is

conflict-free, and each pair of arguments in a set X is contained in

one set of S, then X is conflict-free as well. Note that a and b in

this definition need not be distinct ({a, b} is equal to {a} if a = b).

Further, ∅ is in ImpliedCF (S) for any S.

Lemma 1. Let F = (A,R) be an AF and S ⊆ 2A. If S ⊆ cf (F ),
then ImpliedCF (S) ⊆ cf (F ).

Example 2. Continuing from Example 1, consider SE+ =
{{a, b}, {a, c}, {b, c}}. If each element of SE+ is conflict-free in an

AF F (SE+ ⊆ cf (F )), then, e.g., {a, b, c} ∈ cf (F ), since there can-

not be an attack between any of these three arguments. In particular,

we have ImpliedCF (SE+) = SE+ ∪ {∅, {a}, {b}, {c}, {a, b, c}}.

This directly shows for Pcf from Example 1 that there is no solution
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positive E+ negative E−

e1 = ({a, b}, 1) e4 = ({a}, 1)
e2 = ({a, c}, 1) e5 = ({a, b, c}, 5)
e3 = ({b, c}, 5)

a b

c

Fcf

a b

c

Fstb

a b

c

Fadm

Figure 1. AF synthesis example with optimal solution AFs

AF to Pcf of cost 0. In fact, there is no AF satisfying both the posi-

tive example ({a, b}, 1) and the negative example ({a}, 1) under the

conflict-free semantics. Also, there is no AF satisfying all three posi-

tive examples and negative example ({a, b, c}, 5) under the conflict-

free semantics.

Equipped with the preceding lemma, we give a necessary and

sufficient condition for 0-cost solutions for AF synthesis under the

conflict-free semantics.

Proposition 2. Let P = (A,E+, E−, cf ) be an instance of AF

synthesis. There is a solution AF F to P with cost(P, F ) = 0 iff

ImpliedCF (SE+) ∩ SE− = ∅.

Intuitively, to synthesize an AF F that has SE+ as its conflict-

free sets, ImpliedCF (SE+) need to be conflict-free, too. Moreover,

using results from [15], one can show that there is an AF F with

cf (F ) = ImpliedCF (SE+). Furthermore, if no negative example

e claims that a set of ImpliedCF (SE+) should not be conflict-free,

i.e., Se /∈ ImpliedCF (SE+), then this implies that F has cost 0.

Now consider admissible sets. Similarly as for conflict-free sets,

we define the following consequence operator. For a set of sets S,

let ImpliedADM (S) = {X | X =
⋃

S∈S′ S, S′ ⊆ S, X ∈
ImpliedCF (S)}. Briefly put, if we assume S to be a collection of

admissible sets, then each union of sets in S that is conflict-free,

i.e., in ImpliedCF (S), is also an admissible set. By this definition,

∅ ∈ ImpliedADM (S) for any S.

Lemma 3. Let F = (A,R) be an AF and S ⊆ 2A. If S ⊆ adm(F ),
then ImpliedADM (S) ⊆ adm(F ).

Example 3. Consider SE+ = {{a, b}, {a, c}, {b, c}} from Exam-

ple 1. Then ImpliedADM (SE+) = SE+ ∪{{a, b, c}, ∅}. Regarding

the set S′ = {{b, c}} which is the set of positive examples satisfied

by Fadm , we have ImpliedADM (S′) = S′ ∪ {∅}.

Consider P ′adm = ({a, b, c}, E+
1 , E−1 , adm) with E+

1 =
{({a, c}, 1), ({b, c}, 1)} and E−1 = {({a}, 1)}. We have

ImpliedADM (S
E+

1
) = S

E+
1

∪ {∅} and ImpliedADM (S
E+

1
) ∩

S
E−1

= ∅. Unlike for the conflict-free semantics, this condi-

tion for the admissible semantics does not imply existence of a

0-cost solution AF for P ′adm . In fact, a 0-cost solution AF does

not exist for P ′adm . A 0-cost solution is possible, however, if

the set of arguments A includes more arguments. For instance,

take F ′ = ({a, b, c, d}, {(b, a), (a, b), (c, d), (d, a), (d, d)}). We

have adm(F ′) = {∅, {b}, {c}, {b, c}, {a, c}} and, for P ′′adm =
({a, b, c, d}, E+

1 , E−1 , adm), we have cost(P ′′adm , F ′) = 0. Such

“auxiliary” arguments, i.e., arguments not present in the examples,

are not always required for 0-cost solutions under the admissible se-

mantics. For instance, given only two positive examples ({a, c}, 1)
and ({b, c}, 1), and negative example ({a, b, c}, 1), one can synthe-

size a 0-cost AF with a mutual attack between a and b.

Similarly as for conflict-free semantics, each 0-cost solution under

the admissible semantics implies that for no negative examples e we

have Se ∈ ImpliedADM (SE+). For existence of an AF F with

ImpliedADM (SE+) = adm(F ), we make use of results from [15]

which requires auxiliary arguments, i.e., arguments not present in

SE+ . We use the abstract function AuxArgs(adm, SE+) that returns

the number of auxiliary arguments needed to construct F as specified

in [15, Definitions 13 and 14].

Proposition 4. Let P = (A,E+, E−, adm) be an instance of the

AF synthesis problem. Consider the following conditions.

1. ImpliedADM (SE+) ∩ SE− = ∅.

2. |A \ (
⋃

S∈S
E+

S)| > AuxArgs(adm, SE+).

If there is a solution AF F to P with cost(P, F ) = 0, then condition

1 holds. If both conditions 1 and 2 hold, then there is a solution AF

F to P with cost(P, F ) = 0.

We move on to the stable semantics, under which the picture is

more complex. Existence of a 0-cost solution for an AF synthe-

sis instance implies that the set of positive examples SE+ is ⊆-

incomparable, does not include ∅, is disjoint from the negative sets

SE− , and no positive set S ∈ SE+ is a proper subset of an implied

conflict-free set in ImpliedCF (SE+). These conditions are quite in-

tuitive, since, e.g., a violation of the last condition violates the fact

that stable extensions attack all arguments outside the set.

These conditions imply the existence of 0-cost solutions if a cer-

tain number of auxiliary arguments is available in A, i.e., arguments

not present in SE+ . For achieving this result, we use again results

from [15], providing a construction in this case that utilizes such

auxiliary arguments to synthesize the AF. We provide here a rough

bound for auxiliary arguments from [15, Definition 12]. More con-

cretely, we use the function AuxArgs(stb, SE+) that is equal to the

maximum number of stable extensions for any AF with |SE+ | many

arguments (for more details, see [4, Theorem 1]).

Proposition 5. Let P = (A,E+, E−, stb) be an instance of the AF

synthesis problem. Consider the following conditions.

1. Any two distinct S, S′ ∈ SE+ are incomparable w.r.t. ⊆.

2. ∀S ∈ SE+ we have S �⊂ S′ for all S′ ∈ ImpliedCF (SE+).
3. ∅ /∈ SE+ .

4. SE+ ∩ SE− = ∅.

5. |A \ (
⋃

S∈S
E+

S)| > AuxArgs(stb, SE+).

If there is a solution AF F to P with cost(P, F ) = 0, then conditions

1-4 hold. If conditions 1-5 hold, then there is a solution AF F to P
with cost(P, F ) = 0.

Interestingly, the negative examples play a relatively minor role in

0-cost solutions under the stable semantics (see condition 4 of Propo-

sition 5). In contrast to conflict-free or admissible sets, existence of

stable extensions does not directly imply existence of further stable

extensions for an unrestricted set of arguments A (this observation is

also implicitly stated in [15, Lemma 2 and Proposition 1]).
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Example 4. The AF Fstb from Example 1 has stb(Fstb) =
{{a, c}, {b, c}} = S′. Conditions 1-4 from Proposition 5 hold for

S′. One can synthesize an AF, e.g., Fstb , as a 0-cost solution to

P ′stb = ({a, b, c}, {({a, c}, 1), ({b, c}, 1)}, ∅, stb) without auxiliary

arguments. An example where auxiliary arguments are required to

synthesize an AF with 0-cost can be found in [3].

4 COMPLEXITY OF AF SYNTHESIS

We continue by analyzing the computational complexity of the AF

synthesis problem. As the main results of this section, we show

that AF synthesis is NP-complete in the unrestricted case under

the conflict-free, admissible, and stable semantics. Furthermore, we

show that while restricting either E+ or E− to be empty yields frag-

ments of the problem where a trivial AF solves the problem opti-

mally, NP-completeness persists even for E− = ∅ under the stable

semantics. The results are summarized in Table 1.

Table 1. Complexity of AF synthesis

no restrictions E
+ = ∅ E

− = ∅

Conflict-free NP-c trivial trivial

Admissible NP-c trivial trivial

Stable NP-c trivial NP-c

We first outline special cases of AF synthesis in which a trivial

solution AF is guaranteed to be optimal. In particular, if no positive

examples are present, then the complete digraph F = (A, 2A × 2A)
satisfies all negative examples (F has no stable extensions, and the

only conflict-free and admissible set is ∅). If the set of negative ex-

amples E− is empty, then AF synthesis under the conflict-free and

admissible semantics is trivial by constructing the AF F = (A, ∅)
(every subset of A is conflict-free and admissible).

Proposition 6 (Trivial solutions). An optimal solution AF F ∗ can

be computed in polynomial time for an AF synthesis instance P =
(A,E+, E−, σ) if one of the following conditions holds.

1. σ ∈ {cf , adm, stb} and E+ = ∅.

2. σ ∈ {cf , adm} and E− = ∅.

We now turn our attention to the NP-hard cases of the AF syn-

thesis problem under the conflict-free, admissible, and stable seman-

tics. Formally, the decision problem corresponding to AF synthesis

consists of an AF synthesis instance P = (A,E+, E−, σ) and an

integer k ≥ 0, and asks whether there is an AF F = (A,R) with

cost(P, F ) ≤ k.

Intuitively, the main source of NP-hardness for the AF synthesis

problem for the considered semantics lies in finding an optimal sub-

set of examples from which to synthesize an AF. We start with the

conflict-free semantics and prove NP-hardness by a reduction from

the Boolean satisfiability problem; recall that all formal proofs are

detailed in Appendix A. For intuition on the reduction, “choosing”

a truth assignment can be simulated by a set of examples similarly

as in Example 1 (shown in Figure 1). In other words, for positive

examples containing the sets {a, b}, {a, c}, and {b, c}, and negative

example {a, b, c}, one can attach high weights (beyond the bound

k) to the last two examples and unit weights to the first two. In this

way any solution AF of cost at most k does not satisfy both of the

unit-weighted examples, thus mimicking a truth assignment, i.e., one

has to choose which of these two examples to satisfy. The reduc-

tion is completed by additional examples that simulate satisfaction

of clauses of a Boolean formula, by ensuring that attacks have to be

present via negative examples.

Proposition 7. AF synthesis is NP-complete under the conflict-free

semantics.

The reduction we use for establishing NP-hardness under the ad-

missible semantics follows essentially the same idea.

Proposition 8. AF synthesis is NP-complete under the admissible

semantics.

For the stable semantics, we establish NP-completeness as well;

however, surprisingly, in contrast to the conflict-free and admissible

semantics, AF synthesis under the stable semantics is NP-complete

even when E− is empty. The reduction is technically more involved.

Intuitively, presence of attacks can be simulated via arguments out-

side the set of a positive example, since if the set is stable, it has to

attack all arguments outside the set. This is also a reason why hard-

ness holds even if E− is empty.

Proposition 9. AF synthesis is NP-complete for stable semantics,

even if the set of negative examples is empty.

Finally we observe that AF synthesis under the grounded semantics

is trivial, since exactly one grounded extension is present in an AF.

Proposition 10. Let P = (A,E+, E−, grd) be an instance of the

AF synthesis problem. An optimal solution AF F ∗ to P can be con-

structed in polynomial time.

Proof. For each e ∈ E+ an AF F with grd(F ) = {Se} and with

cost(P, F ) equal to the sum of all weights of E+ \ {e} plus we′ if

e′ ∈ E− and Se = Se′ , can be constructed in polynomial time by

adding a self-attack to all A \Se. Further, if 2A \ SE+ is non-empty,

pick S ∈ 2A \ SE+ with minimum-weighted e′′ ∈ E− ∪ {e | Se ∈
2A \ SE− , we = 0} s.t. S = Se′′ (best solution for synthesizing set

of arguments not among positive examples). One can compute e′′ in

polynomial time. Computing weights for all elements in E+ and e′′

yields an optimal solution AF.

5 CONSTRAINT-BASED SYNTHESIS OF AFs

We continue by presenting MaxSAT encodings of AF synthesis. For

background on MaxSAT, recall that for a Boolean variable x, there

are two literals, x and ¬x. A clause is a disjunction (∨) of literals. A

truth assignment τ is a function from variables to true (1) and false

(0). Satisfaction is defined as usual. A weighted partial MaxSAT (or

simply MaxSAT) instance consists of hard clauses ϕh, soft clauses

ϕs, and a weight function w associating to each soft clause C ∈ ϕs

a positive weight w(C). An assignment τ is a solution to a MaxSAT

instance (ϕh, ϕs, w) if τ satisfies ϕh. The cost of τ , c(τ), is the

sum of weights of the soft clauses not satisfied by τ . A solution τ to

MaxSAT instance ϕ is optimal if c(τ) ≤ c(τ ′) for any solution τ ′ to

ϕ.

Let P = (A,E+, E−, σ) be an AF synthesis instance with A =
{a1, . . . , an} the set of arguments, E+ the set of positive examples,

E− the set of negative examples, and σ ∈ {cf , adm, stb, com} a

semantics. In order to synthesize an optimal solution AF F = (A,R)
for P , we declare propositional variables ExtSe

σ for each e ∈ E+ ∪
E−, and ra,b for each a, b ∈ A. Now τ(ExtSe

σ ) = 1 indicates Se ∈
σ(F ), and τ(ra,b) = 1 indicates (a, b) ∈ R. The hard clauses are

for each e ∈ E+ ∪ E− equivalences of the form

Ext
Se

σ ↔ ϕσ(Se),
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where ϕσ(Se) encodes the fact that Se is a σ-extension. In other

words, for conflict-free sets we have

ϕcf (Se) =
∧

a,b∈Se

¬ra,b,

stating that no attacks should occur between arguments in the exam-

ple. Admissible sets are encoded as

ϕadm(Se) = ϕcf (Se) ∧
∧

a∈Se

∧
b∈A\Se

(
rb,a →

∨
c∈Se

rc,b

)
,

that is, the extension is conflict-free and every argument in the set is

defended. Likewise, if an example is a stable extension, it is conflict-

free and its range is the whole set of arguments, encoded as

ϕstb(Se) = ϕcf (Se) ∧
∧

a∈A\Se

( ∨
b∈Se

rb,a

)
.

Finally, we note that some further semantics can be covered in a sim-

ilar fashion; for instance, an NP encoding for complete semantics is

ϕcom(Se) = ϕadm(Se) ∧
∧

a∈A\Se

(∨
b∈A

(
rb,a ∧

∧
c∈Se

¬rc,b

))
,

ensuring that every argument that is defended is included.

The soft clauses, on the other hand, encode the objective function

of AF synthesis under minimization. For each e ∈ E+, we have a

soft clause ExtSe

σ , and for each e ∈ E−, a soft clause ¬ExtSe

σ , with

corresponding weights. An optimal solution to an AF synthesis in-

stance is directly extracted from an optimal solution τ to the MaxSAT

instance by including (a, b) to the attack structure iff τ(ra,b) = 1.

MaxSAT also allows for declaring additional constraints on the so-

lution AFs of interest by encoding such constraints as hard (or soft)

clauses. For instance, any particular attack (a, b) can be fixed by in-

cluding the hard clause (ra,b). Furthermore, one can for instance also

synthesize an AF with the minimum number of attacks satisfying the

maximum number of examples by adding soft clauses which state

that the secondary preference is minimizing the number of attacks

in the style of multi-level Boolean optimization [1]; in this case, in

order to still guarantee that the primary objective of satisfying the

maximum number of examples is met, the weights of the examples

can be adjusted to be larger than the sum of the weights imposed on

adding individual attacks to the solution AFs.

6 EXPERIMENTS

We implemented our MaxSAT encodings; the resulting system and

benchmarks are available at http://www.cs.helsinki.fi/
group/coreo/afsynth/. Here we present results from a first

empirical evaluation of the scalability of the approach. The experi-

ments were run on 2.83-GHz Intel Xeon E5440 quad-core machines

with 32-GB memory and Debian GNU/Linux 8 using a per-instance

timeout of 900 seconds. For the experiments, we used the state-of-

the-art MaxSAT solver MSCG [21].

We used two different approaches to construct AF synthesis in-

stances. The first set of benchmarks was generated based on the

benchmark AFs used in the ICCMA’15 competition [26] as follows.

We selected all AFs among the benchmarks that have at least five

stable extensions. The number of arguments in these 17 AFs ranges

from 141 to 964. For each AF, we picked uniformly at random 5

positive examples from the set of extensions. To obtain negative ex-

amples, we selected 10, 20, . . . , 150 subsets of
⋃

SE+ uniformly at

random, using parg =
∑

e∈E+ |Se|/|E
+|

|
⋃

S
E+ |

as the probability of includ-

ing an argument in a negative example. For intuition, this choice

of parg makes the sizes of positive and negative examples approxi-

mately the same. Letting A =
⋃

SE+ resulted in instances contain-

ing 54 to 370 arguments. Further, we introduced noise by swapping

each of the initial positive and negative examples with a probability

pnoise ∈ {0, 0.25, 0.5}. Weights were associated to each example by

picking uniformly at random integers from the interval [1, 10].
The second set of benchmarks was generated using the following

random model. We picked 5, 10, . . . , 80 positive examples from a set

of 100 arguments uniformly at random with probability p+arg = 0.25.

Then |E−| = 20, 40, . . . , 200 negative examples were sampled from

the set A =
⋃

SE+ , and each argument was included with probabil-

ity p−arg =
∑

e∈E+ |Se|/|E
+|

|
⋃

S
E+ |

. Again, each example was assigned as

weight a random integer from the interval [1, 10]. For each choice of

parameters, this procedure was repeated 10 times to obtain a repre-

sentative set of benchmarks.

A summary of the results for the admissible and stable semantics

is shown in Figure 2. We exclude results for ICCMA instances under

admissible, as these turned out to be very easy for our approach until

running out of memory due to the increasing size of the encoding.

For the ICCMA instances under the stable semantics (Figure 2 left),

almost every instance can be solved within the timeout limit for up

to 100 examples, with a median running time of only ≈ 10 seconds

at 100 examples. Increasing the noise probability clearly increases

hardness; we hypothesize this to be due to the fact that by increasing

noise we are increasing the number of positive examples. On the ran-

dom instances the number of negative examples under the admissible

semantics (Figure 2 right) clearly correlates with runtimes. Under the

stable semantics (Figure 2 middle), the number of negative examples

does not appear to have a noticeable effect on the runtimes. This is

inline with our complexity analysis (recall Section 4), as under the

stable semantics AF synthesis remains NP-complete even without

any negative examples, unlike under admissible.

7 VARIANTS AND EXTENSIONS

We discuss further variants of AF synthesis: synthesis from multi-

ple sources, synthesis under multiple semantics, and synthesis from

symbolically represented examples.

Multiple Sources. The problem of AF synthesis is in a natural way

applicable when the examples originate from multiple sources, e.g.,

collections of extensions of several source AFs, and resulting in an

AF that optimally solves the task of synthesizing the union of seman-

tical collection or examples of the different sources. This use of the

AF synthesis problem shares resemblance with aggregation or merg-

ing of multiple AFs studied in [12, 11].

Multiple Semantics. So far for each AF synthesis problem we re-

quired that all examples are given w.r.t. a specific semantics. A nat-

ural generalization is to let each example individually be linked to a

semantics. Formally, an example e = (S,w, σ) is then a triple with

a semantics σ, denoted by σe. The cost of an AF F is given by∑
e∈E+

we · I(Se /∈ σe(F )) +
∑

e∈E−

we · I(Se ∈ σe(F )).

Example 5. Consider E+ = {({a, c}, 1, cf ), ({b, c}, 1, stb)} and

E− = {({a}, 1, adm)}. This defines a unique 0-cost AF F =
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Figure 2. ICCMA instances for stable semantics (left); random instances for stable (middle) and admissible (right).

(A,R) with A = {a, b, c} for the AF synthesis instance with multi-

ple semantics P = (A,E+, E−) by R = {(b, a)}.

The corresponding decision problem, i.e., for a given AF synthesis

problem with multiple semantics P = (A,E+, E−), is there an AF

F with cost(P, F ) ≤ k for an integer k ≥ 0, does not exhibit higher

computational complexity among the conflict-free, admissible, and

stable semantics.

Corollary 11. AF synthesis with multiple semantics among the

conflict-free, admissible, and stable semantics is NP-complete.

For solving AF synthesis with multiple semantics we can make

use of our encodings of Section 5. In particular, we can conjoin the

corresponding formulas for the different semantics and sharing the

variables for attacks.

Symbolic Representation of Examples. For a set A of arguments,

there can be in general up to 2|A| positive or negative examples. This

exponentiality in the input can be restrictive for large number of ex-

amples. Following ideas from [15], we note that, instead of explicit

representation, examples could also be represented symbolically by

encoding them succinctly in Boolean logic. This gives rise to the

problem variant of AF synthesis with symbolic representation, with

instances of the form P = (A, φ+, φ−, σ), where φ+ and φ− are

Boolean formulas. Let Mod(φ) be the set of models (satisfying as-

signments) of a Boolean formula φ, represented as sets themselves

(variables assigned to true). For a given AF F , its associated cost

cost(P, F ) is∑
m∈Mod(φ+)

I(m /∈ σ(F )) +
∑

m∈Mod(φ−)

I(m ∈ σ(F )),

that is, unit weight is applied when a model of φ+ is not a σ-

extension of F and when a model of φ− is a σ-extension of F .

Lemma 12. Let φ be a Boolean formula, A the vocabulary of φ, F
an AF, and σ a semantics. It holds that |Mod(φ)| = cost(P, F ) for

P = (A, φ, φ, σ).

Proof. Any AF F satisfies exactly |Mod(φ)| examples encoded in

the formulas, since if m ∈ Mod(φ), then either m ∈ σ(F ) or m /∈
σ(F ) (each implies unit weight). If m /∈ Mod(φ), then both m ∈
σ(F ) and m /∈ σ(F ) imply no weight.

Based on this lemma, determining the cost of a given AF for an

AF synthesis instance with symbolic representation is presumably

very complex. In particular, we show #P-hardness, #P being the

class of counting problems where the task is to count the number of

accepting paths of a given non-deterministic polynomial-time Tur-

ing machine (see [27, 28]). As a prominent example, counting the

number of models of a Boolean formula is #P-complete.

Corollary 13. Counting the number of examples from a given AF

synthesis instance with symbolic representation that are not satisfied

by a given AF is #P-complete under the conflict-free, admissible,

complete, and stable semantics.

8 RELATED WORK

Before conclusions, we briefly discuss some of the most related work

to ours within and beyond argumentation.

As we generalize the notion of realizability, the most closely

related work to ours are recent articles focusing on realizabil-

ity of AFs, and most recently, of abstract dialectical frameworks

(ADFs) [8, 23, 19]. The central question studied in these works, as

initiated in [15], is whether a given set of sets (of arguments) S can be

realized by an AF, i.e., whether an AF with σ(F ) = S for a seman-

tics σ exists. In [3, 20] realizability was studied under the restriction

that the set of arguments of the constructed AF has to match exactly

the set of arguments occurring in the input, i.e., is in S. In [16] the au-

thors give a construction for an AF using additional arguments in the

three-valued labeling setting under the preferred and semi-stable se-

mantics. We study the problem of synthesizing an AF that optimally

matches a given set of examples semantically, even when an exact

realization (a 0-cost solution) is not possible. Also, we analyze the

complexity of AF synthesis, showing that, in contrast to polynomial-

time results for checking realizability [15], AF synthesis is in gen-

eral NP-complete. To our best knowledge, no previous systems for

solving realizability have been empirically evaluated. Most recently,

in [23, 19] a declarative encoding in answer set programming (ASP)

for realizability was presented but not empirically evaluated. Our

MaxSAT-based implementation for the AF synthesis problem also

covers realizability.

In related work that incorporates AF construction from examples,

[22] formally studies a logical characterization of inductive con-

cept learning and AF learning in a multi-agent setting. In contrast

to our work, they induce a rule-based theory and construct an AF

based on conflicting rules. Very recently, [24] study probabilistic

AF [17, 18, 25] learning with non-exact methods; we tackle the exact

optimization problem of AF synthesis.
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Finally, going beyond argumentation, there is a long line of re-

search of constructing, inducing, or learning logical structures from

examples, from [29] to, e.g, work for constraint acquisition [7] as

well as inductive logic programming [10, 6].

9 CONCLUSIONS

We proposed AF synthesis as a generalization of the important prob-

lem of realizability in abstract argumentation, relaxing in a natural

way the stringent requirements for realizability to accommodate in-

complete and noisy information. From the theoretical perspective,

we related AF synthesis to realizability, and analyzed the complex-

ity of AF synthesis both in the general case and in restricted set-

tings. Motivated by the NP-completeness of AF synthesis in general

under three key AF semantics, we proposed Boolean optimization

based algorithmic solutions for the problem, and empirically studied

this first approach to AF synthesis using a state-of-the-art MaxSAT

solver on different types of AF synthesis instances. In terms of fur-

ther work, we hope to establish the computational complexity of AF

synthesis under further central AF semantics, and thereafter extend

the MaxSAT-based approach to cover additional semantics.
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A FORMAL PROOFS

We provide formal proofs for the results presented in Sections 3

and 4. We start by restating definitions from [15].

Definition 4. ([15, Definitions 6, 7, and 8]) Let A be a set of argu-

ments and S ⊆ 2A a set of sets of arguments. Set S is

• incomparable if S �⊆ S′ holds for all S, S′ ∈ S with S �= S′;
• tight if for all S ∈ S and all a ∈ A it holds that S ∪ {a} /∈ S

implies that there exists a b ∈ S s.t. {a, b} �⊆ S′ for all S′ ∈ S;

• conflict-sensitive if for each S, S′ ∈ S s.t. S ∪S′ /∈ S it holds that

∃a, b ∈ S ∪ S′ s.t. {a, b} �⊆ S′′ for all S′′ ∈ S; and

• downward closed if S = {S′ | S ∈ S, S′ ⊆ S}.

Proof of Lemma 1. Assume that S ⊆ cf (F ) holds. Let S ∈
ImpliedCF (S). By definition it follows that for each a, b ∈ S we

have ∃S′ ∈ S with {a, b} ⊆ S′. If S ⊆ cf (F ) then S′ ∈ cf (F ) and

thus {a, b} ∈ cf (F ). This implies that S ∈ cf (F ) (each pair in S is

conflict-free).

For proving Proposition 2 we use the following auxiliary lemma.

Lemma 14. Let S ⊆ 2A for a set A. It holds that ImpliedCF (S)
(i) contains ∅, (ii) is downward closed, (iii) is tight, and (iv) S ⊆
ImpliedCF (S).

Proof. From the definition it directly follows that ∅ is contained in

ImpliedCF (S) for any S. Let S ∈ ImpliedCF (S). Then for all

a, b ∈ S it holds that ∃S′ ∈ ImpliedCF (S) s.t. {a, b} ⊆ S′. It

follows that for any S′′ ⊆ S it holds that S′′ ∈ ImpliedCF (S). To

show (iii), suppose that the set is not tight, i.e., ∃S ∈ ImpliedCF (S)
and a ∈ A s.t. S ∪ {a} /∈ ImpliedCF (S) and for all b ∈ S there

exists an S′ ∈ ImpliedCF (S) s.t. {a, b} ⊆ S′. This implies that for

all x, y ∈ S ∪ {a} we have ∃S′′ ∈ ImpliedCF (S) s.t. {x, y} ⊆ S′′

and thus S ∪ {a} ∈ ImpliedCF (S) which contradicts the assump-

tion that ImpliedCF (S) is not tight. Finally, if S ∈ S then it follows

that S ∈ ImpliedCF (S) (iv).

Proof of Proposition 2. For the “only-if” direction, assume AF F is

an optimal solution to P of cost 0, i.e., cost(P, F ) = 0. It follows

that SE+ ⊆ cf (F ). By Lemma 1 we have ImpliedCF (SE+) ⊆
cf (F ). Thus ImpliedCF (SE+)∩SE− = ∅, since cf (F )∩SE− = ∅.

For the “if” direction, assume ImpliedCF (SE+) ∩ SE− = ∅.

By Lemma 14 it follows that ImpliedCF (SE+) is tight, down-

ward closed, and contains ∅. Due to [15, Proposition 5] it immedi-

ately follows that there exists an AF F = (A′, R′) s.t. cf (F ) =
ImpliedCF (SE+). Since ImpliedCF (SE+) ∩ SE− = ∅, it follows

that cost(P, F ) = 0. In [15, Proposition 5] the set A′ is specified

as all arguments occurring in ImpliedCF (SE+). If A contains more

arguments, then we construct F = (A,R) by extending R′ with

self-attacks for each A \A′.

Proof of Lemma 3. Assume S ⊆ adm(F ) holds and let S ∈
ImpliedADM (S). Then S ∈ ImpliedCF (S) and thus S ∈ cf (F )
(Lemma 1). Finally, every union of admissible sets which is conflict-

free is again an admissible set (see [9, Lemma 1]).

For proving Proposition 4 we utilize the following lemma.

Lemma 15. Let S ⊆ 2A for a set A. It holds that ImpliedADM (S)
(i) contains ∅ and (ii) is conflict-sensitive.

Proof. Claim (i) follows from definition. Suppose (ii) does not

hold, i.e., there exist S, S′ ∈ ImpliedADM (S) s.t. S ∪ S′ /∈
ImpliedADM (S) and for all a, b ∈ S ∪ S′ there exists an S′′ ∈
ImpliedADM (S) with {a, b} ⊆ S′′. It follows that S ∪ S′ ∈
ImpliedCF (S) and S ∪ S′ ∈ ImpliedADM (S). This contradicts

the assumption that ImpliedADM (S) is not conflict-sensitive.

Proof of Proposition 4. For the first claim, assume that there exists

an AF F with cost(P, F ) = 0. Then SE+ ⊆ adm(F ) and thus

ImpliedADM (SE+) ⊆ adm(F ), due to Lemma 3. For the second

claim, assume ImpliedADM (SE+) ∩ SE− = ∅ and condition 2

holds. By Lemma 15, ImpliedADM (SE+) is conflict-sensitive and

contains ∅. By [15, Proposition 8], there exists an AF F ′ = (A′, R′)
s.t. A′ ⊆ A and adm(F ′) = ImpliedADM (SE+). Define F =
(A,R) by extending R′ to have self-attacks for each argument in

A \ A′. It follows that adm(F ) = ImpliedADM (SE+). Assuming

conditions 1-2, we have cost(P, F ) = 0.

Proof of Proposition 5. The claims of the proposition follow directly

for the special case with E+ = ∅. We proceed with the case that

E+ is non-empty. For the first claim, assume that F is a 0-cost so-

lution to P . Conditions 1, 3, and 4 follow immediately. For condi-

tion 2, since SE+ ⊆ stb(F ) it follows that SE+ ⊆ cf (F ) and thus

ImpliedCF (SE+) ⊆ cf (F ). Supposing condition 2 does not hold

directly violates that SE+ ⊆ stb(F ) (stable extensions are subset-

maximal conflict-free sets). For the second claim, assume that condi-

tions 1-5 hold. Then SE+ is a subset of the ⊆-maximal elements of

ImpliedCF (SE+), since SE+ ⊆ ImpliedCF (SE+) (Lemma 14),

and by assumption of condition 2. By [15, Lemma 2] it follows that

SE+ is tight. Further, by [15, Proposition 7] and conditions 1-5, it

follows that there exists an AF F ′ = (A′, R′) with A′ ⊆ A s.t.

stb(F ′) = SE+ . Construct F = (A,R) by extending R′ to con-

tain self-attacks for each argument in A \ A′ and attacks from each

argument in SE+ to each A \A′.

We continue with proofs for the special cases of empty E+ or E−.

Proof of Proposition 6. If the first condition is met, AF F = (A,R)
with R = (A×A) satisfies cf (F ) = adm(F ) = {∅} and stb(F ) =
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∅. If the second condition is met, AF F ′ = (A, ∅) satisfies cf (F ′) =
adm(F ′) = 2A.

We move on to proofs of complexity results.

Proof of Proposition 7. For an AF synthesis instance P =
(A,E+, E−, cf ) membership in NP follows from a guess of an AF

F = (A,R), since cost(P, F ) can be computed in polynomial time.

For hardness, we provide a reduction from the satisfiability prob-

lem of conjunctive normal form (CNF) Boolean formulas. Let φ be a

propositional formula in 3-CNF over variables X = {x1, . . . , xn},

|X| = n and set of clauses C. Let b = n+ 1.

E+ ={({xi, x
T
i }, 1) | xi ∈ X} ∪ (1)

{({xi, x
F
i }, 1) | xi ∈ X} ∪ (2)

{({xT
i , x

F
i }, b) | xi ∈ X} ∪ (3)

{({y, z}, b) | xi, xj ∈ X, i �= j,

y ∈ {xi, x
T
i , x

F
i }, z ∈ {xj , x

T
j , x

F
j }}

(4)

E− ={({xi, x
T
i , x

F
i }, b) | xi ∈ X} ∪ (5)

{({xi, x
T
i | xi ∈ c} ∪ {xi, x

F
i | ¬xi ∈ c}, b) | c ∈ C} (6)

Let P = (A,E+, E−, cf ) be the constructed instance for AF syn-

thesis with bound k = n. Intuitively, one cannot satisfy all examples

of forms (1), (2), (3), and (5) simultaneously, and due to the chosen

weights and cost limit, one has to violate either (1) or (2) for a given

xi ∈ X , thus “choosing” a truth assignment over X (true iff an at-

tack between xi and xF
i is synthesized). We now claim that there

exists an AF F = (A,R) with cost(P, F ) ≤ n iff φ is satisfiable.

“Only-if” direction: assume that F = (A,R) has cost(P, F ) ≤
n. Then all examples with weight n + 1 are satisfied by F . It is im-

mediate that for each xi ∈ X we have either {xi, x
T
i } ∈ cf (F )

or {xi, x
F
i } ∈ cf (F ) but not both (if both would be conflict-free

then together with {xT
i , x

F
i } being conflict-free in F implies that

{xi, x
T
i , x

F
i } if conflict-free which contradicts that cost of F is lower

than n+ 1 (5); if none of the sets with weight 1 are conflict-free for

xi ∈ X , then overall cost would be over n as well). This straightfor-

wardly defines a truth assignment τ(xi) = 0 iff {xi, x
T
i } ∈ cf (F )

and 1 otherwise. Suppose τ does not satisfy φ. Then there exists a

c ∈ C s.t. τ �|= c and τ does not satisfy any literal l in c.

τ(l) = 0, ∀l ∈ c

iff ∀l ∈ c

l = xi implies τ(xi) = 0 and

l = ¬xi implies τ(xi) = 1

iff ∀l ∈ c

l = xi implies {xi, x
T
i } ∈ cf (F ) and

l = ¬xi implies {xi, x
F
i } ∈ cf (F )

iff {xi, x
T
i | xi ∈ c} ∪ {xi, x

F
i | ¬xi ∈ c} ∈ cf (F ) (∗)

only-if cost(P, F ) ≥ n+ 1

Conclusion (∗) follows from (4): for each xi, xj ∈ X with xi �=
xj no attacks are in between sets {xi, x

T
i , x

F
i } and {xj , x

T
j , x

F
j }.

“If” direction: assume φ is satisfiable. Construct AF F = (A,R)
with R = {(xi, x

T
i ) | τ(x) = 0} ∪ {(xi, x

F
i ) | τ(x) = 1}. It

is immediate that F satisfies all non-unit weighted examples except

for (6), which follows from similar consideration as in the only-if

direction. Finally, cost of F is n.

Proof sketch of Proposition 8. NP-completeness for admissible se-

mantics follows the same reasoning as proof of Proposition 7. For the

“only-if” direction, just note that the same unit-weighted examples

are mutually exclusive for a solution AF as in the conflict-free case.

For “if” direction, the constructed AF has mutual attacks instead of

uni-directional ones (conflict-free sets are then admissible).

Proof sketch of Proposition 9. Membership follows from a non-

deterministic guess of an AF F and checking each example individ-

ually whether it is satisfied (which can be done in polynomial time).

For hardness, we provide a reduction from the Boolean satisfiabil-

ity problem. Let φ be a Boolean formula in CNF, with vocabulary X ,

with |X| = n, and set of clauses C. Let b = n+ 1.

A =X ∪ {xT , xF , dx | x ∈ X} ∪ {d′c, d
′′
c | c ∈ C} ∪ {d} (7)

E+ ={({d′c} ∪ {xT | x ∈ c} ∪ {xF | ¬x ∈ c}, b) | c ∈ C}∪ (8)

{({d′c, d
′′
c , d}, b) | c ∈ C} ∪ (9)

{({xT , xF , dx}, b) | x ∈ X} ∪ (10)

{({xT , dx, d}, 1) | x ∈ X} ∪ (11)

{({xF , dx, d}, 1) | x ∈ X} (12)

Let P = (A,E+, ∅, stb) and bound k = n. We claim that φ satisfi-

able iff there exists an AF F s.t. cost(P, F ) ≤ n.

Assume such an AF F exists. It is immediate that all examples

with weight n + 1 are satisfied by F . For each x ∈ X it holds that

exactly one example of {({xT , dx, x}, 1), ({x
F , dx, x}, 1)} is satis-

fied. If none of them is satisfied the cost of F would be higher than

n. If both are satisfied, then there is no attack between xT , xF , dx,

and d, thus {xT , xF , dx} cannot be stable (does not attack d). This

defines a truth assignment τ(x) = 0 iff ({xT , dx, d}, 1) is satisfied

by F . We claim that τ |= φ. Suppose the contrary, then ∃c ∈ C with

τ �|= c and all literals in c are not satisfied by τ . Consider the set

{d′c} ∪ {xT | x ∈ c} ∪ {xF | ¬x ∈ c}, which must be stable in

F by assumption. By construction of τ and example (9), it follows

that no argument in that set attacks d, thus it cannot be stable, which

contradicts the assumption that τ does not satisfy φ.

Assume that φ is satisfiable. Construct AF F = (A,R) with

R ={(d′′c , dx), (dx, d
′′
c ) | c ∈ C, x ∈ X} ∪

{(d′′c , x
T ), (d′′c , x

F ), (xT , d′′c ), (x
F , d′′c ) | c ∈ C, x ∈ X} ∪

{(a, b), (b, a) | a∈{d′c, d
′′
c }, b∈{d′c′ , d

′′
c′}, c, c

′∈C, c �= c′} ∪

{(dx, dy), (dx, z), (z, dx) | x, y ∈ X,x �= y, z∈{yT , yF }} ∪

{(dx, d
′
c), (d

′
c, dx) | c ∈ C, x ∈ X} ∪

{(d′c, x
T ), (xT , d′c) | c ∈ C, x ∈ X,x /∈ c} ∪

{(d′c, x
F ), (xF , d′c) | c ∈ C, x ∈ X,¬x /∈ c} ∪

{(xT , d), (d, xT ) | τ(x) = 1} ∪

{(xF , d), (d, xF ) | τ(x) = 0}.

Briefly put, this involved construction adds mutual attacks between

arguments to ensure that all the examples (9) and (10) are stable.

A mutual attack is added between xT and d (xF and d) based on

the truth assignment τ , violating one of the unit weighted examples.

Finally, examples of form (8) are satisfied, since one of the arguments

in these sets (except d′c) attacks d due to assumption that τ satisfies φ.

Intuitively, the examples encoding the clauses (8) are satisfied since

one of the arguments corresponding to the chosen truth assignment

that satisfies one of the literals attacks d.
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Budgeted Multi–Armed Bandit in Continuous Action
Space

Francesco Trovò, Stefano Paladino, Marcello Restelli, Nicola Gatti1

Abstract. Multi–Armed Bandits (MABs) have been widely con-

sidered in the last decade to model settings in which an agent wants

to learn the action providing the highest expected reward among a

fixed set of available actions during the operational life of a system.

Classical techniques provide solutions that minimize the regret due

to learning in settings where selecting an arm has no cost. Though,

in many real world applications the learner has to pay some cost for

pulling each arm and the learning process is constrained by a fixed

budget B. This problem is addressed in the literature as the Budgeted

MAB (BMAB). In this paper, for the first time, we study the prob-

lem of Budgeted Continuous–Armed Bandit (BCAB), where the set

of the possible actions consists in a continuous set (e.g., a range of

prices) and the learner suffers from a random reward and cost at each

round. We provide a novel algorithm, named B–Zoom, which suffers

a regret of Õ(B
d+1
d+2 ), where d is the Zooming dimension of the prob-

lem. Finally, we provide an empirical analysis showing that, despite

a lower average performance, the proposed approach is more robust

to adverse settings as compared to existing algorithms designed for

BMAB.

1 Introduction

In a Multi–Armed Bandit (MAB) problem [3], an agent, called

learner, is allowed to select a single option, called arm, from a fi-

nite number of available options and to observe the corresponding

stochastic reward. The techniques developed for a MAB problem

minimize the loss, called regret, incurred during the learning process

and provide theoretical guarantees about convergence to the optimal

arm. Most regret–minimization algorithms available in the literature

provide solutions to the case in which there is a constraint over the

maximum number of rounds the agent is allowed to pull arms. How-

ever, in many applications, an agent is subject to different constraints.

A very common case is when the learner has a fixed budget which she

uses to pay a stochastic cost associated with the pulling of a specific

arm. Simply, the constraint over the budget reduces to the constraint

over the maximum number of rounds when each arm has a fixed uni-

tary cost.

In this setting, known as Budgeted MAB (BMAB) [10], the learner

is given a fixed budget in advance and she is allowed to pull arms

until the budget has been totally spent. The BMAB is able to model

a wide range of concrete applications. For instance, bidding in Spon-

sored Search Auctions (SSA) [6] when an advertiser has no infor-

mation neither about the probability of being clicked (usually called

click–through rate) nor about the cost of being clicked is a BMAB

1 Politecnico di Milano, Italy, email: {francesco1.trovo, stefano.paladino,
marcello.restelli, nicola.gatti}@polimi.it.

problem. In the same field, the problem of optimizing an advertis-

ing campaign presents a similar model. Another application that can

be modeled by means of a BMAB problem consists in determining

the optimal sensor to interrogate in a wireless sensor network sce-

nario [16, 18]. More precisely, when we retrieve information from

a sensor, we gain information about the monitored process and, at

the same time, we spend budget in terms of energetic costs. Also the

problem of a service provider trying to balance the costs of the em-

ployed resources and the revenues gained by the provided services

fits the BMAB model [2].

In many applications, the use of a finite set of arms provides an ex-

tremely raw model of the situation one studies, potentially forcing the

learner to pull only suboptimal arms and thus to suffer a linear regret

over time (or budget). Natural examples of spaces of continuous arms

are prices and costs. In this paper, to the best of our knowledge, we

study the first generalization of the BMAB to continuous arm spaces,

named the Budgeted Continuous–Armed Bandit (BCAB). In order to

cope efficiently with continuous space, we need additional assump-

tions over the regularity of the average reward and cost functions.

In particular, as customary in the literature on Continuous–Armed

Bandits (CAB), we assume Lipschitz continuity over the expected

reward and cost functions. Such an assumption is largely supported

by real–world scenarios, e.g., in SSAs similar bids have similar ex-

pected rewards and payments.

Related works A number of recent results on sequential learning

settings whose stopping time depends on a fixed budget can be found

in the literature. Some of them consider fixed costs [1, 7, 11, 17],

while others assume to have stochastic ones [10, 19, 20]. There is a

wide literature studying settings in which exploration and exploita-

tion phases are separate and only the exploration phase is subject

to costs [1, 7, 11]. Only few works consider settings with determin-

istic costs without separating exploration and exploitation phases. In

particular, in [17], the authors tackle the problem by relying on an ap-

proximated optimization technique of the unbounded knapsack prob-

lem, which hardly generalizes to the setting with stochastic costs.

[5, 10, 19, 20] consider the BMAB problem with stochastic rewards

and costs over a discrete space of arms. In [10], the authors propose a

frequentist approach that relies on UCB–like bounds [3] achieving an

O(logB) regret for a generic instance of the BMAB having budget

B. This approach has been extended to consider also linear bandits

in [19].2 [20] considers the Thompson sampling algorithm to solve

the budgeted MAB in the same setting having the same theoretical

upper bound by relying on a Bayesian framework. Finally in [5], an

algorithm providing a distribution–free bound of Õ(
√
B) has been

2 In linear bandit problems, the reward function is forced to be linear.
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proposed.3

The literature provides a large number of results analyzing the

CAB setting without costs and budget [4, 8, 9, 12, 13, 14, 15]. The

CAB problem is arbitrarily hard in the general setting in which the re-

ward function can be arbitrary, presenting Θ(T ) regret over a horizon

of T rounds. Positive results can be obtained when the reward func-

tion exhibits some structure. Under the assumption of Lipschitzianity

of the expected reward functions, the lower bound over the regret is

Ω(T 2/3) for the one dimensional version of the problem [14]. The

former techniques for the CAB problem are based, initially, on the

discretization of the action space by exploiting the structure of the

problem and, subsequently, on the adoption of MAB techniques over

the discretized problem [4, 9, 15] (let us notice that the application

of MAB algorithms to any “blind” discretization may lead to a regret

Ω(T )). Recently, new techniques adopting a different, more efficient,

approach which changes the set of arms during time on the basis of

the observed performance of the arms previously chosen have been

developed. One of the most promising techniques for this setting is

the Zooming algorithm [12, 13]. This algorithm is designed for CAB

problems in metric spaces and, differently from most of the previ-

ous works, that consider a uniform discretization of the space which

is fixed in advance, it starts from a single arm and, if needed, auto-

matically adds arms over time in the domain. Moreover, it provides

an upper bound on the regret of Õ(T
d+1
d+2 ), where d is the Zooming

dimension associated with the reward function (in the single dimen-

sion version d = 1 and therefore the Zooming algorithm matches

the lower bound). Another algorithm designed for the same setting is

called HOO [8]. It is based on the idea of using a search tree to find

the best arm. Although it assures an upper bound comparable to the

Zooming one of Õ(T
p+1
p+2 ), where p is the packing dimension, it may

have higher computational complexity.

Original contributions Our original contributions are as follow.

We design the first algorithm, named B–Zoom, able to work in the

BCAB setting; the B–Zoom algorithm extends the Zooming algo-

rithm to the case with budget. We provide a theoretical regret analysis

of the B–Zoom algorithm, showing that it suffers a regret Õ(B
d+1
d+2 )

matching the regret of the Zooming algorithm in the case in which

the BCAB setting reduces to the CAB one (i.e., B = T and unitary

cost for all the arms). We experimentally evaluate B–Zoom compar-

ing its performance w.r.t. that of a number of frequentist algorithms.

2 Problem formulation
We denote by A ⊆ [0, 1] the space of the available actions, also

called arms, and by x a generic arm. In the BCAB setting, at each

round t ∈ N+, a learner is allowed to choose an arm xt ∈ A.

She receives a reward rt(xt) and incurs a cost ct(xt). Rewards

rt(x) are realizations of i.i.d. random variables Rt(x) ∼ Dr([0, 1]),
where Dr([0, 1]) is a generic probability density function (pdf) over

support [0, 1], and expected value E[Rt(x)] = μr(x) with μr :
A → [0, 1]. Costs ct(x) are realizations of i.i.d. random variables

Ct(x) ∼ Dc([0, 1]), where Dc([0, 1]) is a generic pdf over support

[0, 1], and expected value E[Ct(x)] = μc(x) with μc : A → [λ, 1].
Here λ > 0 is a known lower bound on the average cost of an action,

needed to exclude the case with costless actions.4

3 We write un = Õ(vn) when un = O(vn) up to a logarithmic factor.
4 Without loss of generality, we considered from now on the setting in which

the arms are selected in A ≡ [0, 1] and average reward μr(x) and cost
functions μc(x) have images in [0, 1] for each x ∈ A. In the case that

A fixed budget B > 0 is available to the learner at the beginning

of the learning process. We denote by B(t) := B −∑t−1
i=1 ci(xi)

the residual budget available at round t due to the costs incurred in

having pulled the arms during the previous t− 1 rounds. As custom-

ary in the previous works on budget, in the case the learner is not

able to pay at t for the cost of the chosen arm xt, she is forced to

stop and does not gain any reward due to xt. Moreover, we assume

that the reward function μr(x) and cost function μc(x) are Lipschitz

with known constant Lr and Lc, respectively. These assumptions are

usual in Lipschitz bandits and here required to solve our problem.

A generic policy U for a BCAB problem is an algorithm able to de-

cide the arm xt to pull at round t, on the basis of the history in terms

of previous realizations of the rewards {r1(x1), . . . , rt−1(xt−1)},

costs {c1(x1), . . . , ct−1(xt−1)} and pulled arms {x1, . . . , xt−1}.

We define the stopping time ta of a generic policy U which chooses

arm xt at round t the longest t such that B(t) ≥ 0. Notice that ta
is a random variable depending on the costs Ct(x) and the initial

budget B.

In a BCAB problem, a policy should be able to select a sequence

of arms that minimizes the amount of budget spent and maximizes

the reward collected during the process. The loss of a generic policy

U in a BCAB problem with budget B is represented by the pseudo–
regret R(B):

R(B) = R∗(B)− Er,c

[
ta∑
t=1

rt(xt)

]
, (1)

where, R∗(B) is the optimal expected total reward when the distri-

bution of rewards Dr([0, 1]) and costs Dc([0, 1]) are known, i.e., the

one which solves the following stochastic optimization problem:

max
U

E

[
ta∑
t=1

rt(xt)

]
, s.t.

ta∑
t=1

ct(xt) ≤ B,

where the expected value E[·] is taken w.r.t. the randomness associ-

ated to the policy U, the rewards, and the costs.

3 The proposed method

In what follows, we introduce our algorithm named B–Zoom to

tackle the BCAB problem. The B–Zoom algorithm is based on the

idea of the Zooming algorithm and is its extension to the case where

a fixed budget B is available and the learner incurs a stochastic cost

Ct(x) in pulling arm x at round t. After a brief description of its main

features, we provide its theoretical analysis, giving an upper bound

over the pseudo–regret R(B).

3.1 The B–Zoom algorithm

Initially, we introduce the following function on which our algorithm

is based:

Definition 1. Given an average reward function μr(x) and an aver-
age cost function μc(x), we define the expected reward–to–cost ratio

function μ : A →
[
0, 1

λ

]
as:

μ(x) =
μr(x)

μc(x)
.

the space and the average functions are over different domains, a rescaling
procedure should be performed so they have values and images in [0, 1].
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Algorithm 1 The B–Zoom Algorithm

1: Input: Budget B, Minimum average cost λ, Arm support set A
2: iph = 0
3: B(0) ← B
4: t ← 0
5: while B(t) > 0 do
6: iph ← iph + 1
7: X(iph) ← ∅
8: for t ∈ {2iph−1, . . . , 2iph − 1} do
9: if B(t − 1) > 0 then
10: C ← ∪x∈X(iph)B(Et−1(x), x)

11: NC ← A \ C
12: if NC �≡ ∅ then
13: Randomly pick x ∈ NC
14: X(iph) ← X(iph) ∪ {x}
15: r̄t(x) ← 0
16: c̄t(x) ← 0
17: nt(x) ← 0
18: ut(x) ← +∞
19: Et(xt) ← +∞
20: Play arm xt s.t.: xt = argmaxx∈X(iph) ut(x)

21: Suffer cost ct(xt)
22: B(t) ← B(t − 1) − ct(xt)
23: if B(t) ≥ 0 then
24: Gain reward rt(xt)
25: nt(xt) ← nt−1(xt) + 1

26: r̄t(xt) ← (nt(xt)−1)r̄t−1(xt)

nt(xt)
+

rt(xt)
nt(xt)

27: c̄t(xt) ← (nt(xt)−1)c̄t−1(xt)

nt(xt)
+

ct(xt)
nt(xt)

28: Et(xt) ← 1
λ

(
1 + 1

λ

)√ 8iph+ln(4)

nt(xt)

29: ut(x) ← r̄t(x)
max{λ,c̄t(x)} + 2Et(x)

We can show that function μ(x) is Lipschitz when both μr(x) and

μc(x) are Lipschitz.

Lemma 1. Given an average reward function μr : A → [0, 1], Lr–
Lipschitz, and an average cost function μc : A → [λ, 1], λ > 0,
Lc–Lipschitz, the average reward–to–cost ratio function μ(x) is L′–
Lipschitz with L′ ≤ Lc+Lr

λ2 .

Proof. Thanks to the Lipschitz assumption over functions μr(x) and

μc(x), we have:

|μr(x1)− μr(x2)| ≤ Lr|x1 − x2| ∀x1, x2 ∈ [0, 1]

|μc(x1)− μc(x2)| ≤ Lc|x1 − x2| ∀x1, x2 ∈ [0, 1]

thus:

|μ(x1)− μ(x2)| =

=

∣∣∣∣μr(x1)

μc(x1)
− μr(x2)

μc(x2)

∣∣∣∣ = |μr(x1)μc(x2)− μr(x2)μc(x1)|
μc(x1)μc(x2)

≤ 1

λ2
|μr(x1)μc(x2)− μr(x1)μc(x1)+

+ μr(x1)μc(x1)− μr(x2)μc(x1)|

≤ 1

λ2
(μr(x1)|μc(x2)− μc(x1)|+ |μr(x1)− μr(x2)|μc(x1))

≤ Lc + Lr

λ2
|x1 − x2| ≤ L′|x1 − x2|.

From now on, without loss of generality, we assume L′ = 1 Lips-

chitz constant for the function μ(·). Indeed, a scaling procedure can

be always performed to obtain L′ = 1.

The B–Zoom algorithm pseudo–code is presented in Algorithm 1.

The functioning of the algorithm is split into temporal phases, where

the i–th phase is denoted by iph and the length of phase iph is 2iph−1

rounds. Each phase iph is associated with a (potentially different)

subset of arms X(iph) ⊂ A named active arms, which is initially

empty and is incrementally populated over the phase iph. Further-

more, each active arm x ∈ X(iph) is associated with an open ball

B(Et(x), x) with radius Et(x) and centered in x, where Et(x) is a

confidence radius defined as follows:

Et(x) =

{
1
λ

(
1 + 1

λ

)√ 8iph+ln(4)

nt(x)
if nt(x) > 0

+∞ otherwise
,

where nt(x) =
∑t

i=1 I{xi = x} is the number of rounds an arm x
has been pulled up to round t and I{·} is the indicator function. The

confidence radius Et(x) varies over time, reducing as the number of

rounds an arm x has been pulled increases. Notice that, if an active

arm x has never been pulled, its ball B(Et(x), x) contains entirely

A, the radius Et(x) being infinite independently of t.
At time t, we define the covering set of the active arms C =

∪x∈X(iph)B(Et−1(x), x) as the union of the balls of all the active

arms. We say that a set A is covered by C if and only if C ⊇ A.

The covering of a set A by C can be easily checked by means of a

covering oracle (as we discuss below for the sake of presentation);

we denote by NC := A\ C the subset of A that is not covered by C.

At each round t, the first task accomplished by the B–Zoom algo-

rithm is to decide whether or not to add new active arms. The ratio-
nale whereby such a decision is taken follows. If at round t the arm

space A is not covered by the covering set C of active arms X(iph),
the algorithm randomly draws an arm x ∈ NC with an arbitrary

probability distribution and add it to the active arm set X(iph). No-

tice that, independently of the shape of NC, no more than one active

arm is added at each round t. Indeed, once an active arm has been

added, the radius of its ball is, by definition, infinite and therefore the

new covering set C covers the whole arm space A.

At each round t, once the coverage of A by C has been evaluated

and, potentially, a new active arm has been introduced in X(iph), the

B–Zoom algorithm plays the arm xt ∈ X(iph) having the maximum

upper bound ut(xt) defined as:

ut(x) =
r̄t(x)

max {λ, c̄t(x)}
+ 2Et(x), (2)

where r̄t(x) =
∑t

i=1 ri(x)I{xi=x}
nt(x)

and c̄t(x) =
∑t

i=1 ci(x)I{xi=x}
nt(x)

are the estimated average reward and cost for arm x, respectively.

The idea behind the computation of ut(x) is that we want to upper

bound (in high probability) the average reward–to–cost ratio func-

tion μ(x) with the first term in the r.h.s. of Equation 2 plus a radius

Et(x) and we consider another radius Et(x) to be able to bound

μ(x̃) for all arms x̃ ∈ B(Et(x), x) by relying on the Lipschitzianity

of the function μ(x). Once the arm xt has been played, the B–Zoom

algorithm pays a cost ct(xt) and, in the case there is still enough

budget remaining B(t) > 0, it gains reward rt(xt) and updates

the necessary statistics r̄t(xt), c̄t(xt) and nt(xt) corresponding to

arm xt, otherwise the algorithm stops. Notice that, in ut(x), we use

max {λ, c̄t(x)} in place of the unbiased estimator c̄t(x) since for

some realizations it could happen that c̄t(x) < λ, but we a priori
know that μc(x) ≥ λ.

The B–Zoom algorithm does not require the setting of any param-

eter, but it requires information about the Lipschitz constant L′ (or

equivalently of the constants Lr and Lc related to the average re-

wards and costs, respectively) and of the minimum average cost λ.

Moreover, it requires also a covering oracle. In the case the arm space

A is one dimensional, we can state the following (the complexity in

higher dimensional spaces might be higher [8]).
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Theorem 1. A covering oracle for the B–Zoom algorithm over A ⊂
R has computational complexity O(n), where n = |X(iph)| and | · |
is the cardinality operator.

Proof. Let us suppose that at a given round t we are storing in

a list s for each arm x ∈ X(iph) an interval [pt(x), qt(x)] =
[x − Et−1(x), x + Et−1(x)] and we ordered them w.r.t. ascending

values of pt(x). At each new round, we have either to insert a new

arm or modify the confidence radius of an existing one. In the case

we introduce a new arm xj in the set of active arms X(iph), we need

to insert the interval [pt(xj), qt(xj)] in the ordered list s. This op-

eration requires a computational cost of O(log2(n)) (binary search).

Otherwise, if an existing arm x is selected, we have to delete the

old interval [pt−1(x), qt−1(x)] from the list s and insert the new one

[pt(x), qt(x)], which has a total computational cost of O(log2(n)).
After that, we need to form the covering set C. Let us

assume that the list of intervals is s = {I1, . . . , In} =
{[pt(x1), qt(x1)], . . . , [pt(xn), qt(xn)]} (with pt(x1) ≤ . . . ≤
pt(xn)). At first, we have C1 = I1. For each i ∈ {2, . . . , n} we

perform Ci = Ci−1 ∪ Ii. If Ci is still an interval, i.e., if we have

cM ≥ pt(xi) with Ci−1 = [cm, cM ], we continue the procedure,

otherwise we can say that the set A is not covered by C. If we reached

the n–th interval and Cn = C ⊇ A, then A is covered by C. This pro-

cedure consists in a maximum of n interval union operations, whose

cost is constant. Thus, the computation of the covering set has re-

quires a computational cost of O(n). By considering an empty list s
at the first round and by using an inductive argument, we complete

the proof.

At each round t, the B–Zoom algorithm has a computational com-

plexity of O(n) with n ≤ t due to the complexity of the covering or-

acle. Moreover, notice that n is upper bounded by O
(

λ4

(λ+1)2
t

ln(t)

)
and therefore in practice n � t. For comparison, the HOO algorithm

[8], in its general formulation requires O(t) at turn t.

3.2 Theoretical analysis
Considering the problem formulation described in Section 2, we can

show that:

Theorem 2. The regret R(B) over a generic BCAB problem of the
B–Zoom algorithm is:

R(B) ≤ C̃ · (ln(B))
1

d+2 ·B
d+1
d+2 ,

where d is the Zooming dimension of the Lipschitz MAB problem
(A, l, μ), with l(x, y) = L′|x−y|, and C̃ is an appropriately defined
constant.

Proof. At first, by defining the arm with largest expected reward–to–

cost ratio x∗ ∈ A as:

x∗ := argmax
x∈A

μ(x) = argmax
x∈A

μr(x)

μc(x)
,

we are able to decompose regret R(B) defined in Equation (1) into

two parts:

R(B) =R∗(B)− Er,c

⎡⎣ t∗a∑
t=1

rt(x
∗)

⎤⎦
︸ ︷︷ ︸

R1

+

+ Er,c

⎡⎣ t∗a∑
t=1

rt(x
∗)

⎤⎦− Er,c

[
ta∑
t=1

rt(xt)

]
︸ ︷︷ ︸

R2

,

where R1 is the component considering that the best possible strat-

egy is not the one choosing always x∗ until t∗a (the stopping round of

action x∗), and R2 is the component considering the loss due to the

process of finding the arm x∗.

Regret R1 can be bounded by trivially extending the result dis-

cussed in [20] for BMAB to the case of BCAB:

Lemma 2. Given any instance of the BCAB problem we have:

R1 ≤ 2μ(x∗) = 2
μr(x

∗)

μc(x∗)
≤ 2

λ
.

Instead, bounding R2 is not trivial. For sake of clarity, we divide

the proof into three steps. In the first step, we define an auxiliary Lip-

schitz CAB problem (A, l, μ), i.e., a CAB problem without budget

or, equivalently, in which each arm has unitary cost and the budget

corresponds to a temporal deadline. We show that the execution of

the B–Zoom algorithm up to t = ta to problem (A, l, μ) is equiva-

lent to the execution of a modified version of the Zooming algorithm.

We use this relation to bound the regret of this problem with RΔ(t)
over a generic horizon t ≤ ta. In the second step, we show that R2

is bounded by RΔ(ta). In the third step, we derive the relationship

between the stopping round ta and the budget B of a BCAB problem

and use it to formulate the bound over R2 in terms of the budget B.

Step 1. Since Lemma 1 holds, the instance of the CAB problem

(A, l, μ), with l(x, y) = L′|x − y|, is a Lipschitz MAB problem

[13]. The regret of the B–Zoom algorithm executed over the Lips-

chitz problem (A, l, μ) at round t ≤ ta is defined as:

RΔ(t) :=

log2(t)∑
iph=1

∑
x∈X(iph)

(
μr(x

∗)

μc(x∗)
− μr(x)

μc(x)

)
nt(x)

=

log2(t)∑
iph=1

∑
x∈X(iph)

(μ(x∗)− μ(x))nt(x).

By verifying that the bounds used in the B–Zoom algorithm satisfy

the properties required in Lemma 4.15 in [13] we are able to resort

on the regret bound results presented in the same work. More specifi-

cally we require that the following two properties are satisfied by the

B–Zoom algorithm:

Property 1. Consider an instance of the Lipschitz CAB problem
(A, l, μ) and a generic algorithm U considering estimates μ̂(x) and
confidence radius bt(x) for the arm x in phase iph. A phase iph is
clean with probability δ if for each t s.t. 2iph ≤ t ≤ 2iph+1 − 1 and
for each arm x ∈ A:

|μ̂(x)− μ(x)| < rt(x)

holds with probability at least 1− δ.

Property 2. Consider the instance of the Lipschitz CAB problem
(A, l, μ) and a generic algorithm U considering estimates μ̂(x) and
confidence radius bt(x) for the arm x in phase iph. The radius bt(x)
is (c0, β)–good if there exist c0 > 0 and β > 0, at a given phase
iph s.t. for all x ∈ X(iph) if μ(x∗) − μ(x) < Et(x) then nt(x) ≤
c0(μ(x

∗)− μ(x))−βiph.
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At first, we want to show that both these properties are satisfied by

the B–Zoom algorithm when applied to problem (A, l, μ).

Lemma 3. Each phase iph of the B–Zoom algorithm applied to
Lipschitz CAB problem (A, l, μ) is clean with probability at least
1− 4−iph .

Proof. The proof will show that the probability of the phase iph of

not being clean is smaller than t−4. Since the B–Zoom algorithm

considers estimates μ̂(x) := r̄t(x)
c̄t(x)

and radius bt(x) := Et(x), we

have that:

P
[∣∣∣∣ r̄t(x)c̄t(x)

− μ(x)

∣∣∣∣ > Et(x)

∣∣∣∣x = xj

]
= P
[∣∣∣∣ r̄t(x)c̄t(x)

− μr(x)

μc(x)

∣∣∣∣ > Et(x)

∣∣∣∣x = xj

]

= P

⎡⎢⎢⎢⎣ r̄t(x)c̄t(x)
− μr(x)

μc(x)
> Et(x)︸ ︷︷ ︸

e1

∣∣∣∣∣∣∣∣∣x = xj

⎤⎥⎥⎥⎦+

+ P

⎡⎢⎢⎢⎣ r̄t(x)c̄t(x)
− μr(x)

μc(x)
< −Et(x)︸ ︷︷ ︸

e2

∣∣∣∣∣∣∣∣∣x = xj

⎤⎥⎥⎥⎦ .

The event e1 implies that at least one of the following two inequal-

ities holds:

• r̄t(x) ≥ μr(x) + εt(x),
• c̄t(x) ≤ μc(x)− εt(x),

where εt(x) =
√

8iph+ln 4

nt(x)
. In fact, if r̄t(x) ≤ μr(x) + εt(x) ∧

c̄t(x) ≥ μc(x)− εt(x) and since c̄t(x) ≥ λ, ∀x ∈ A, we have:

r̄t(x)

c̄t(x)
− μr(x)

μc(x)
=

r̄t(x)μc(x)− μr(x)c̄t(x)

c̄t(x)μc(x)

±μc(x)μr(x)
=

[r̄t(x)− μr(x)]μc(x) + [μc(x)− c̄t(x)]μr(x)

c̄t(x)μc(x)

≤ εt(x)μc(x) + εt(x)μr(x)

c̄t(x)μc(x)
=

=
εt(x)

c̄t(x)
+

εt(x)μr(x)

c̄t(x)μc(x)
≤ εt(x)

λ
+

εt(x)

λ2

=
1

λ

(
1 +

1

λ

)
εt(x) = Et(x).

The event e2 implies that at least one of the following two inequal-

ities holds:

• r̄t(x) ≤ μr(x)− εt(x),
• c̄t(x) ≥ μc(x) + εt(x).

In fact, if r̄t(x) ≥ μr(x)− εt(x)∧ c̄t(x) ≤ μc(x)+ εt(x) we have:

r̄t(x)

c̄t(x)
− μr(x)

μc(x)
=

r̄t(x)μc(x)− μr(x)c̄t(x)

c̄t(x)μc(x)

±μc(x)μr(x)
=

[r̄t(x)− μr(x)]μc(x) + [μc(x)− c̄t(x)]μr(x)

c̄t(x)μc(x)

≥ −εt(x)μc(x)− εt(x)μr(x)

c̄t(x)μc(x)
=

= −εt(x)

c̄t(x)
− εt(x)μr(x)

c̄t(x)μc(x)
≥ −εt(x)

λ
− εt(x)

λ2

= − 1

λ

(
1 +

1

λ

)
εt(x) = −Et(x)

Thus, we can write:

P
[∣∣∣∣ r̄t(x)c̄t(x)

− μ(x)

∣∣∣∣ > Et(x)

∣∣∣∣x = xj

]
≤

P [r̄t(x) ≥ μr(x) + εt(x)] + P [c̄t(x) ≤ μc(x)− εt(x)] +

+ P [r̄t(x) ≤ μr(x)− εt(x)] + P [c̄t(x) ≥ μc(x) + εt(x)] .

We can provide a bound to each single term in the r.h.s. of the previ-

ous inequality by means of the Hoeffding’s bound:

P
[∣∣∣∣ r̄t(x)c̄t(x)

− rt(x)

ct(x)

∣∣∣∣ > Et(x)

∣∣∣∣x = xj

]
≤ t−4

4
+

t−4

4
+

t−4

4
+

t−4

4
= t−4

with εt(x) =
√

8iph+ln 4

nt(x)
.

Taking the union bound over all the nt(x) < t, integrating over

xj ∈ [0, 1] and taking the union bound over i ∈ [0, t] concludes the

proof.

Lemma 4. The radius Et(x) of the B–Zoom algorithm applied to
Lipschitz CAB problem (A, l, μ) is (c0, β)–good with c0 = 10(1+λ)2

λ4

and β = 2.

Proof. By using the definition of Et(x) in the B–Zoom algorithm

and by defining Δ := μ(x∗)− μ(x):

Δ < Et(x)

Δ <
1

λ

(
1 +

1

λ

)√
8iph + ln 4

nt(x)√
8iph + ln 4

nt(x)
>

λ2Δ

1 + λ

10iph
nt(x)

>
λ4Δ2

(1 + λ)2

nt(x) <
10(1 + λ)2

λ4
Δ−2iph

thus, taking c0 = 10(1+λ)2

λ4 and β = 2 concludes the proof.

Since both Lemmas 3 and 4 hold, it is possible to use Lemma 4.15
in [13] to bound the regret RΔ(t) of the B–Zoom algorithm applied

to the Lipschitz CAB problem (A, l, μ).

Theorem 3. Consider the instance of the Lipschitz MAB problem
(A, l, μ). Fix any c > 0 and let d be the Zooming dimension with
multiplier c [13]. The regret RΔ(t) of the B–Zoom algorithm satis-
fies:

RΔ(t) ≤ C̄(ln(t))
1

d+2 · t
d+1
d+2 ,

for any t > 0, where C̄ is an appropriate constant (depending on c).
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Step 2. In what follows, we bound R2 in terms of RΔ(ta). It can

be observed that, by considering the arm xt selected by the B–Zoom

algorithm at round t, we have the guarantee that at each round t it

holds μ(x∗) − μ(xt) ≤ 3Et(xt). Notice that this inequality does

not represent a bound on the instantaneous regret μr(x
∗) − μr(xt).

Indeed, the limit of the difference μr(x
∗)− μr(xt) as 3Et(xt) goes

to zero may be a constant 1−λ (e.g., consider the case: μr(x
∗) = 1,

μc(x
∗) = 1, μr(xt) = λ − ε and μc(xt) = λ with ε � λ; we

have μ(x∗) − μ(xt) = ε
λ

while μr(x
∗) − μr(xt) = 1 − λ + ε),

and therefore the results described in [13] cannot be directly applied

to bound R2. Instead, to bound R2, we restate R2 as:

R2 = Er,c

⎡⎣ t∗a∑
t=1

rt(x
∗)

⎤⎦− Er,c

[
ta∑
t=1

rt(xt)

]
=

= Ec

⎡⎣Er

⎡⎣ t∗a∑
t=1

rt(x
∗)

⎤⎦− Er

[
ta∑
t=1

rt(xt)

]⎤⎦ =

= Ec

⎡⎣μr(x
∗)t∗a −

log2(ta)∑
iph

∑
x∈X(iph)

μr(x)niph(x)

⎤⎦
︸ ︷︷ ︸

R2

,

where X(iph) is the set of active arms in phase iph and niph(x) is
the number of rounds we pull x during phase iph. Let us consider a

generic round t ≤ ta, with residual budget B(t) = B − B̄ ≥ 0.
With notation overload, we denote by B(x, iph) the amount of bud-
get spent by arm x in phase iph. Each arm x ∈ X(iph) spent
B(x, iph) = μc(x)niph(x) in the phase iph (in expectation w.r.t. the

reward) and
∑log2(t)

iph=1

∑
x∈X(iph) B(x, iph) = B̄. Let us define

t∗(x) :=
μc(x)niph

(x)

μc(x∗) for every x ∈ X(iph) and for every iph, i.e.,

the amount of rounds the arm x∗ should be pulled to spend a budget
of B(x, iph) = μc(x)niph(x). To bound R2, we need to consider

t = ta. It is easy to show that
∑log2(ta)

iph=1

∑
x∈X(iph) t

∗(x) = t∗.

Thus, we have:

R2 =

log2(ta)∑
iph=1

∑
x∈X(iph)

(
μr(x

∗)t∗(x)− μr(x)niph (x)
)

=

log2(ta)∑
iph=1

∑
x∈X(iph)

(
μr(x

∗)
μc(x)

μc(x∗)
niph (x)− μr(x)

μc(x)

μc(x)
niph (x)

)

=

log2(ta)∑
iph=1

∑
x∈X(iph)

(
μr(x∗)

μc(x∗)
− μr(x)

μc(x)

)
niph (x)μc(x)

≤
log2(ta)∑
iph=1

∑
x∈X(iph)

(
μr(x∗)

μc(x∗)
− μr(x)

μc(x)

)
niph (x) = RΔ(ta),

where the last inequality holds since μc(x) ≤ 1 for every x ∈ A.

Step 3. In this step we formulate the regret for the Lipschitz CAB

problem (A, l, μ), previously defined on the basis of ta, as depending

on B. Initially, we state:

Lemma 5. For each δ ∈ (0, 1), with probability at least 1 − δ, the
number of rounds t used to spend a budget of B̄ is:

t ≤ B̄

λ
+

2(1− λ)

λ
√
λ

√
B̄ ln(1/δ) +

(
1− λ

λ

)2

ln(1/δ).

Proof. Consider the unbiased estimator of the average cost

∑t
i=1 ci(xi)

t
until round t, we have:

P

(∑t
i=1 ci(xi)

t
≤ λ− ε

)

≤ P

(∑t
i=1 ci(xi)

t
≤
∑t

i=1 μc(xi)

t
− ε

)

since μc(x) > λ for every x ∈ A. Thus, we can bound the r.h.s. of

the previous equation by using the Hoeffding’s bound:

P

(∑t
i=1 ci(xi)

t
≤ λ− ε

)
≤ δ → ε =

√
ln(1/δ)(1− λ)2

2t

At round t and with probability at least 1− δ the budget spent is:

B̄ ≥ t

(
λ−
√

ln(1/δ)(1− λ)2

2t

)
2λt−

√
2 ln(1/δ)(1− λ)2t1/2 − 2B̄ ≤ 0

t1/2 ≤
√

2 ln(1/δ)(1− λ)2 +
√

2 ln(1/δ)(1− λ)2 + 16λB̄

4λ

t1/2 ≤
√

2 ln(1/δ)(1− λ)2 +
√

2 ln(1/δ)(1− λ)2 +
√
16λB̄

4λ

t ≤
(
4(1− λ)

√
ln(1/δ) + 4

√
λB̄

4λ

)2

t ≤
(√

B̄

λ
+

(1− λ)
√

ln(1/δ)

λ

)2

t ≤ B̄

λ
+

2(1− λ)

λ
√
λ

√
B̄ ln(1/δ) +

(
1− λ

λ

)2

ln(1/δ)

which concludes the proof.

Since the bound in Lemma 5 holds also for the stopping round

ta (when the budget spent is B), by considering δ = B− 1
d+2 and

ln(B) ≤ B we have:

ta ≤ B

λ
+

2(1− λ)

λ
√
λ

√
B ln(1/δ) +

(
1− λ

λ

)2

ln(1/δ)

ta ≤ B

λ
+

2(1− λ)

λ
√
λ
√
d+ 2

B +

(
1− λ

λ

)2
B

d+ 2

ta ≤ 6

λ2(d+ 2)
B

Finally, by taking the expectation over time (or over costs equiva-

lently), we have that there exists constant C̃ (depending on λ, d and

c) s.t.:

R(B) ≤ R1 + (1− δ)R2 + δB

≤ R1 + (1− δ)RΔ(ta) + δB

≤ 2

λ
+ (1− δ)C̄(ln(ta))

1
d+2 · t

d+1
d+2
a + δB

≤ 2

λ
+ C̄(ln(B))

1
d+2 ·B

d+1
d+2 ) + δB

≤ C̃(ln(B))
1

d+2 ·B
d+1
d+2

which concludes the proof.
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4 Experimental analysis
In this section, we evaluate the empirical performance of the B–

Zoom algorithm. Our evaluation is twofold and it is based on the

comparison with other frequentist algorithms, ours being of this

class. In particular, we compare the performance of the B–Zoom al-

gorithm (denoted BZ for short) w.r.t. the one of the Zooming algo-

rithm [12] (denoted Z for short) suited for CAB problems, analyz-

ing empirically the impact of taking into account explicitly informa-

tion about budget and costs. We recall indeed that, in the worst–case

analysis, the Zooming algorithm performs arbitrarily worse than the

B–Zoom one if a budget constraint is present, since it is assured to

find the arm maximizing the expected reward, which in general is

different from the optimal reward–to–cost ratio optimal arm x∗. Fur-

thermore, we empirically analyze the impact of exploiting informa-

tion about the continuous structure of the arm space by comparing

the performance of the B–Zoom algorithm w.r.t. the UCBBV1 algo-

rithm [10], designed for BMAB problems, and the UCB1 [3] one,

designed for MAB problems, both applied to a finite set of arms ob-

tained by some discretization of the arm space A and kept fixed for

all the rounds. We recall that in the worst–case analysis the UCBBV1

and UCB1 algorithms applied to a finite set of arms randomly drawn

from the arm space perform arbitrarily worse than the B–Zoom al-

gorithm when expected reward and costs are Lipschitz. Indeed, con-

sider the case the reward–to–cost ratio μ(x) is flat except for a small–

supported peak in which there is the optimum. The UCBBV1 algo-

rithm might perform as good as a random choice when the finite set

of arms is such that all the arms are positioned in the flat part of μ(x).
In what follows, we consider the cumulative profit of a policy U

over a fixed budget B as figure of merit, defined as:

PU(B) =

ta∑
t=1

rt(xt).

Experimental setting To provide a thorough experimental eval-

uation of each algorithm, we consider different settings with

budget B ∈ {50, 000; 100, 000; 500, 000} and with λ ∈
{0.05; 0.10; 0.25; 0.50}. We select the average reward–to–cost ratio

functions μ(x) s.t. the average reward μr(x) and cost μc(x) are:

μr(x) = 0.05x+ 0.95,

μc(x) = λ+
1

5

(
1− e−500(x−x̃)2

)
,

where x̃ is the arm with the lowest expected cost. The value for the

arm x̃ is sampled for each of the experiments from a uniform dis-

tribution over [0, 1]. The instantaneous reward rt(x) and cost ct(x)
for pulling an arm x are sampled from Bernoulli distributions, i.e.,

Rt(x) ∼ Be(μr(x)) and Ct(x) ∼ Be(μc(x)), respectively. The

above functions are modeling a setting where the reward is linearly

increasing in the value x ∈ A of the arms and the cost is constant

except for a small area around x̃, where it is sensibly lower, which

generates a unimodal reward–to–cost ratio function. For each pair

of values of B and λ, we generate 100 different instances charac-

terized by potentially different reward–to–cost ratio functions. Given

the empirical profit obtained by an algorithm over the 100 instances,

we compute the empirical mean P̄ , the minimum m, the 25–th per-

centile Q1 (first quartile) and the 50–th percentile Q2 (second quar-

tile or median value).

For the UCBBV1 and UCB1 algorithms we use different numbers

of arms K ∈ {5, 10, 15} randomly placed over the arm space A.

For sake of comparison, we here adopt a version of the B–Zoom

Table 1 Results for the cumulative profit provided in thousand of re-

ward units. The highest cumulative profit for each row is highlighted

in bold.
PBZ PZ PUCBBV 1 PUCB1

K – – 5 10 15 5 10 15

λ
=

0
.0
5 m 203 199 198 199 199 198 199 198

Q1 212 200 200 203 204 201 207 203
Q2 215 201 204 215 213 206 216 209
P̄ 217 212 266 236 216 215 216 211

λ
=

0
.1

m 170 165 165 165 166 165 166 166
Q1 175 166 167 168 172 167 168 169
Q2 180 167 173 184 192 171 174 174
P̄ 181 173 230 224 219 178 176 176

λ
=

0
.2
5 m 113 110 110 111 110 110 110 111

Q1 117 111 111 112 118 111 112 112
Q2 119 111 114 129 144 112 114 115
P̄ 119 115 134 139 142 115 115 115

λ
=

0
.5

m 72 71 71 71 71 71 71 71
Q1 73 71 71 72 74 71 72 72
Q2 74 71 72 77 85 72 73 73
P̄ 74 74 78 80 83 73 73 73

B = 50, 000

λ
=

0
.0
5 m 413 397 398 398 400 397 397 398

Q1 428 400 400 405 414 400 410 411
Q2 442 401 408 429 459 413 432 423
P̄ 442 426 542 554 520 427 436 426

λ
=

0
.1

m 347 331 330 332 332 332 332 332
Q1 362 333 334 336 342 334 337 341
Q2 372 334 345 386 430 341 353 348
P̄ 374 351 463 476 494 353 353 352

λ
=

0
.2
5 m 232 221 221 221 221 221 222 221

Q1 242 222 223 224 236 223 225 226
Q2 246 222 231 263 311 225 231 230
P̄ 247 230 275 284 301 230 231 231

λ
=

0
.5

m 145 142 142 143 143 142 142 142
Q1 150 143 143 143 147 143 143 144
Q2 152 143 144 161 171 144 146 145
P̄ 152 147 156 164 168 146 146 146

B = 100, 000

λ
=

0
.0
5 m 2129 1995 1995 1997 1998 1996 1994 1995

Q1 2249 2001 2002 2037 2083 2001 2042 2060
Q2 2368 2005 2050 2999 2654 2088 2155 2123
P̄ 2376 2111 3383 4372 4022 2171 2162 2146

λ
=

0
.1

m 1923 1661 1662 1664 1666 1662 1664 1664
Q1 2120 1666 1667 1682 1788 1667 1687 1707
Q2 2308 1669 1700 2201 3076 1675 1757 1769
P̄ 2267 1725 2457 2758 3082 1756 1769 1768

λ
=

0
.2
5 m 1360 1107 1109 1110 1109 1108 1110 1109

Q1 1432 1111 1111 1187 1248 1112 1115 1124
Q2 1471 1112 1142 1599 1743 1123 1145 1142
P̄ 1461 1142 1343 1554 1608 1153 1152 1149

λ
=

0
.5

m 784 712 713 713 714 713 713 712
Q1 807 714 715 718 800 715 716 719
Q2 821 715 730 874 928 722 729 729
P̄ 816 724 808 845 890 735 730 731

B = 500, 000

and Zooming algorithms that do not consider exponentially long

phases iph, but we use a single phase and a confidence radius equal

to Et(x) = 1
λ

(
1 + 1

λ

)√ 8(lnB−lnλ)+ln 4
nt(x)

, where the term B
λ

is a

rough estimation of the average stopping time of the learning process.

The experiments here reported have been performed in MATLAB.

Results We report in Table 1 the results of our experiments. Ini-

tially, we focus on the empirical mean P̄ . The B–Zoom algorithm

outperforms the Zooming one for all the configurations, providing

a larger profit up to about 30%. This was expected since the B–

Zoom algorithm exploits more information than the Zooming al-

gorithm. Similar results can be observed when compared with the

UCB1. Unexpectedly, the UCBBV1 applied to a randomly gener-
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ated set of arms outperforms the B–Zoom algorithm for all the con-

figurations, providing a larger profit up to about 40%. In order to

understand the reasons behind such a behavior, we need to focus on

the other indices: m, Q1, and Q2. The B–Zoom algorithm in most

of the cases outperforms the other algorithms for the indices m and

Q1. More specifically, with B = 50, 000 all the minimum values m
provided by the B–Zoom algorithm are higher than the one achieved

by other algorithms and the difference in terms of cumulative profit

increases as the minimum average cost λ decreases. In this setting,

when λ = 0.05 and λ = 0.10 even the first quartile Q1 has higher

values. Conversely, in terms of median (Q2), the UCBBV1 algorithm

with K = 15 arms provides the largest profit in most of the settings,

despite being less robust to unfavorable cases. Similar results also

hold for the settings with B = 100, 000 and B = 500, 000. These

results suggest that the B–Zoom algorithm is the most robust algo-

rithm in the worst case, assuring the best performance for m and Q1,

but, in order to be robust, it must pay a cost in the average case (and

in some situations in the median case). This suggests also that, in our

experiments, the worst case occurs with low probability, otherwise

the B–Zoom algorithm would provide good performance also for the

empirical mean P̄ . This is clear by observing Figure 1, where we re-

port the boxplot for the case with B = 100, 000 and λ = 0.10: the

B–Zoom algorithm provides the best performance at m and Q1, but

it also presents a compact distribution with an extremely low vari-

ance. Instead, the performance of the UCBBV1 algorithm presents

a very large variance that allows it to have both poor and excellent

profits.

By analyzing how different values of initial budgets B affect the

performance of the algorithms, we can observe how the B–Zoom

algorithm is able to improve the minimum cumulative profit from

approximately 1% in the case B = 50, 000 scenario to more than

10% in the case B = 500, 000. This behavior was expected since

we have assurance of convergence to the optimal solution for the B–

Zoom algorithm, while an algorithm relying on a fixed discretization

of the space or considering a different minimization objective func-

tion (loss of cumulative reward) might not converge to the optimal

arm.
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Figure 1. Boxplots of PU(500, 000) for different algorithms with λ = 0.1

Summarily, the theoretical guarantee over the regret minimization

of the B–Zoom algorithm represents an intrinsic limit to outperform

Table 2 Results for the cumulative profit with fixed cost λ = 0.5,

provided in thousands of reward units. The highest cumulative profit

for each budget and row is highlighted in bold.

PZ PUCB1 PZ PUCB1 PZ PUCB1

K – 5 10 15 – 5 10 15 – 5 10 15

m 0.7 0.0 0.0 0.0 2.6 0.0 0.0 0.0 43.3 0.0 0.0 0.0
Q1 1.4 0.0 0.0 1.5 4.0 0.0 0.4 2.4 48.6 0.0 8.0 27.2
Q2 2.0 0.1 2.9 5.7 4.7 0.3 5.7 11.7 53.2 14.7 46.3 70.7
P̄ 1.9 2.2 3.4 4.7 5.0 4.6 7.2 9.3 51.9 32.3 48.6 60.1

B = 50, 000 B = 100, 000 B = 500, 000

other algorithms that do not have any theoretical guarantee in terms

of mean empiric profit. However, the B–Zoom algorithm is more ro-

bust w.r.t. the other algorithms in terms of the minimum m and first

quartile Q1 of cumulative profit. In principle, this makes the B–Zoom

algorithm more suitable for situations in which the learner is risk

averse.

Additional results On the basis of the results described above, we

investigate whether the poor performance in terms of empiric mean

profit of the B–Zoom algorithm is intrinsic in the need for being ro-

bust to the worst case with continuous arm space independently of

the presence of budget constraints or it is due exclusively to the pres-

ence of budget constraints in continuous arm space. To evaluate this

issue, we compare the performance of an algorithm suited for the

CAB case, i.e., the Zooming algorithm, versus the one provided by a

discrete MAB, i.e., the UCB1, once a random discretization of the

space is applied reducing the budget constraint to a time horizon

constraint. We consider a setting with fixed costs for all the arms

Ct(x) = λ, ∀x, t and rewards Rt(x) drawn from Bernoulli distribu-

tions with expected value μr(x) =
1
5
e−500(x−x̃)2 and x̃ is uniformly

drawn from [0, 1], where the optimal arm x̃ for the reward–to–cost

ratio function coincides with the optimal arm for the reward func-

tion. In this way, the BCAB problem reduces to a CAB problem with

T = B/λ. We repeat the experiments for 100 independent runs.

We report our experimental results in Table 2. Even in these ex-

periments the continuous approach is able to provide a risk–averse

alternative to the discretized ones, at the expense of loss in terms of

average performance. Again, the values for the minimum m is always

higher and the first quartile Q1 is higher in the case we have a larger

budget. This behaviour is explained by the fact that the Zooming

algorithm always adds arms over the whole space to cope with pos-

sible worst–case settings, which decreases its average performance.

The loss due to the introduction of such arms is balanced by the con-

vergence to the optimal arm, which asympotically provides higher

profits and at the same time is able not to reduce the losses in unfa-

vorable settings.

5 Conclusions and future works
In this paper, we present a new problem, the Budgeted Continuous–

Armed Bandit (BCAB), and an algorithm, the B–Zoom, specifically

suited for this setting. We study the proposed algorithm both in terms

of theoretical properties and empirical performances. While it suffers

a regret of Õ(B
d+1
d+2 ), it is able to provide empirical evidence that it

is more risk averse than the algorithms present in the literature of

BMAB.

Some of the most promising works for future research are: intro-

ducing a vector of costs and a stopping round dependent on a com-

bination of these costs. Moreover, we may explore the problem of

having a search space A with more than one dimension. Finally, it

could be interesting to extend other existing algorithms for the CAB

setting to the BCAB problem.
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A Framework for Automatic Debugging of Functional
and Degradation Failures

Nuno Cardoso1 and Rui Abreu2 and Alexander Feldman3 and Johan de Kleer4

Abstract. Software diagnosis is a particularly challenging problem

for modern systems, which may consist of dozens, if not hundreds,

of components computing on concurrent and potentially distributed

platforms, and using infrastructure and services built by many orga-

nizations. We propose a framework that generalizes state-of-the-art

classical reasoning-based fault diagnosis which tolerates observation

uncertainty and addresses degradation of quality of service. Empir-

ical evaluation involving 27 000 highly realistic synthetic scenarios

demonstrates an average accuracy improvement of 20% (with 99%
statistical significance) which is considerable in the domain of Soft-

ware Fault Localization (SFL). We measure the improvement in ac-

curacy on well-established SFL performance metrics.

Introduction

One of the most important way to improve the trustworthiness of

software systems is to increase their robustness in the face of (run-

time) failures. While design-time methods are useful in improving

confidence in software (e.g., [3, 13, 16, 19, 22, 31]), they cannot by

themselves eliminate the possibility of run-time failures, which are

induced by a variety of factors largely outside the control of the orga-

nization producing that software: faults in runtime infrastructure and

components provided by third-parties, unpredictable loads, variable

resources, and malicious attempts to break a system. Moreover, as

mentioned in [12], the distinction between “healthy” and “broken” is

often indistinct and fuzzy, and there is a gradual transition, over time,

between these two states [12]. Consequently, stakeholders must take

increasing responsibility for improving the trustworthiness of their

systems through building automatic runtime problem detection and

repair [12, 23].

Diagnosis for today’s complex systems, however, is particularly

challenging. First, the presence of concurrency makes it difficult

to identify which computation might have caused a problem. Sec-

ond, reliance on middleware for distributed communication, and

more generally the use of components and infrastructure produced

by many organizations, means that in many cases neither specifica-

tions nor code is available for all parts of the system. Third, in many

systems, problems may be intermittent, caused by transient faults or

variability in loads. Fourth, many of the “faults” that we care about

are reflected indirectly by violation of a systems quality of service

goals, such as degradation of response latency, rather than by a di-

rect failure such as a server or system crash. Such “soft” faults may

1 University of Porto and HASLab / INESC TEC, Portugal. email: nunopcar-
doso@gmail.com

2 Palo Alto Research Center, Inc, USA. email: rui@parc.com
3 Palo Alto Research Center, Inc, USA. email: afeldman@parc.com
4 Palo Alto Research Center, Inc, USA. email: dekleer@parc.com

be difficult to detect and diagnose [12]. Consequently, although fault

diagnosis has been studied extensively for both hardware and soft-

ware systems as a development time activity, the ability to do this at

run-time (i.e., while the system is operational) in a systematic way

for complex systems has remained an elusive goal [8].

As no behavioral models are typically available, current ap-

proaches to software diagosis abstract the system under analysis in

terms of component activity and correct/incorrect behavior, notably

lacking mechanisms to encode soft faults.

We propose a framework that generalizes state-of-the-art classi-

cal reasoning-based fault diagnosis (such as, Spectrum-based Fault

Localization (SFL) [4], GDE [19]) to accommodate functional and

degradatation failures. In particular, the framework is capable of rea-

soning under uncertainty (there is a variety of sources of uncertainty

as the ability to observe the behavior of a system may be limited

by the kinds of monitoring infrastructure available) and handle soft

faults. In many cases the existence of a fault is linked to degrada-

tion of quality of service. For example, high latencies of responses

to queries may indicate that servers are overloaded, that a network

connection is faulty, or both.

Our framework improves the classical reasoning approach in 65%
of the cases and achieved at least equal performance in 94% of the

cases. The overall relative improvement in the diagnostic quality was

of 20% on average, with a 99% confidence interval.

This paper makes the following contributions:

• We discuss the limitations imposed by the classical reasoning-

based fault diagnosis;

• We propose a generalization of the classical reasoning-based di-

agnostic framework aimed at improving its accuracy when diag-

nosing soft faults;

• We compare the accuracies of the classical and our novel approach

using a simulation-based setup, which has been shown to be able

to generate realistic scenarios [9].

Reasoning-Based Diagnosis

In this section we introduce concepts and definitions used throughout

the paper, as well as the reasoning-based SFL approach to diagnosis.

Definition 1 (Diagnostic System). A diagnostic system DS is a set
of components COMPS = {c1, c2, . . . , cm}.

The type of systems we consider typically consists of hundreds to

thousands of components. These components can be code-blocks,

assembly-level instructions or whole state machines. The systems

can be distributed, hybrid, and can contain network components such

as routers and balancers.
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Definition 2 (Transaction). A transaction 〈A, e〉 is a pair containing
A ⊆ COMPS and the transaction outcome e ∈ {0, 1}.

Transactions are typically computed by executing programs or

program tasks and recording success or failure e. The program com-

ponents that participate in A are instrumented by using debugger-like

methods [14]. The convention is that e = 1 means failure and e = 0
means success. Transactions where e = 1 are also known as con-

flicts [19]. A conflict represents a set of components that cannot be

simultaneously healthy to explain the observed erroneous behavior.

Definition 3 (Hit Spectrum). A hit spectrum A is a set of transac-
tions A = {〈A1, e1〉, 〈A2, e2〉, · · · , 〈An, en〉}.

We assume that an external diagnostic engine [21, 28, 11, 1, 5]

computes a set of diagnoses. These diagnoses are used as an input to

our algorithm.

Definition 4 (Diagnosis). A diagnosis 〈d,Pr(d)〉 is defined by a set
of components d ⊆ COMPS and a prior probability Pr(d).

The prior probability Pr(d) estimates to what extent a candidate,

without further evidence, is responsible for the system’s malfunction.

To define Pr(d), let pj denote the prior probability that a component

cj is at fault. The value of pj is application dependent. In the context

of development-time fault localization, pj is often approximated as

pj = 1/1000, i.e., 1 fault for each 1000 lines of code [7].

Assuming that components fail independently, the prior probabil-

ity for a particular diagnosis d is given by

Pr(d) =
∏
j∈d

pj ·
∏

j∈COMPS\d
(1− pj) (1)

When the pj are equal the larger the candidate the smaller its a priori
probability will be.

This leads us to our main goal which is to apply a Bayes condi-

tioning rule.

Definition 5 (Bayes Conditioning). Given a diagnosis d and a hit
spectrum A, the a posteriori probability Pr(d|A) is:

Pr(d|A) = Pr(d) ·
∏

i∈1,2,...,N

Pr(Ai, ei | d)
Pr(Ai)

(2)

In order to characterize the optimality of our algorithm we need to

compute posteriori probability (given A) for a whole set of diagnoses

and to rank them. This gives us our main computational problem:

Problem 1 (Diagnostic Ordering). Given a set of diagnoses D =
{〈dk,Pr(dk)〉} for k ∈ {1, 2, . . . ,K} and a hit spectrum A, com-
pute Pr(dk|A) and order D such that:

∀dk ∈ D : Pr(dk|A) ≥ Pr(dk+1|A) (3)

In what follows we describe the relevant aspects of the classical

reasoning-based SFL approach to address the ranking problem [3,

19].

To simplify computation we assume conditional independence

throughout the process, i.e., our Bayes classifier is naı̈ve.

The denominator Pr(Ai) is a normalizing term that is identical for

all d ∈ D and needs not to be calculated for ranking purposes as it

does not alter the rank order.

To bias the prior probability taking run-time information (i.e., ob-

servations) into account, Pr(Ai, ei | d) (referred to as likelihood) is

defined as

Pr(Ai, ei | d) =
{

G(d,Ai) if ei = 0

1− G(d,Ai) otherwise
(4)

G(d,Ai) (referred to as transaction goodness) is used to account for

the fact that components may fail intermittently, estimating the prob-

ability of nominal system behavior under an activation pattern Ai

and a diagnostic candidate d.

Let gj (referred to as component goodness) denote the probability

that a component cj performs nominally. Considering that all compo-

nents must perform nominally to observe a nominal system behavior,

G(d,Ai) is defined as

G(d,Ai) =
∏

j∈(d∩Ai)

gj (5)

In scenarios where the values for gj are not otherwise available,

those values can be estimated by maximizing Pr(A, e | d) (Maxi-

mum Likelihood Estimation (MLE) for naı̈ve Bayes classifier) under

parameters {gj | j ∈ d ∧ 0 ≤ gj ≤ 1} [3].

Approach

In this section we discuss how degradation failures can be more ac-

curately detected/represented and how the diagnostic framework pre-

sented in the previous section can be enhanced to more accurately

diagnose such kind of errors.

Fuzzy Error Detection

The first challenge in diagnosing soft failures related to their detec-

tion. Existent approaches to error detection (e.g., [8], SFL [4], and

GDE [19]) make use of first-order logic descriptions of the correct

behavior of the system (weak-fault models) to assign transactions to

one of two possible sets: the pass set and the fail set (P and F re-

spectively, where F = P ). A consequence of such fault models is the

crisp distinction between correct and incorrect system states. While

this crisp logic description enables an accurate representation of hard

failures, it is unable to accurately represent a large variety of soft fail-

ures. Take for instance a type of soft failure that, informally, can be

described by the statement “The system is slow.” Even though we can

easily relate the slowness of the system to an appropriate metric (e.g.,

response time), it is not easy to define a crisp boundary in this same

metric to distinguish acceptable and slow transactions. By setting a

crisp boundary at, for instance, 1 second, a response time of 0.9999
seconds would be considered to be correct whereas a marginally su-

perior response time would be considered incorrect. Also, a response

time of 0.9999 seconds would result in the same type of error in-

formation (pass) as a smaller response time even though the larger

response time may represent an error symptom.

To overcome the expressiveness limitation of crisp logic error de-

tection mechanisms, we propose a generalization using fuzzy logic

[29]. Fuzzy logic extends the notion of binary set membership by in-

troducing the concept of membership functions, denoted μω (mem-

bership function for set ω – in the context of this paper ω ∈ {F, P}),

that map a particular domain on the real continuous interval [0, 1],
where the endpoints of 0 and 1 conform to no membership and full

membership, respectively. Let x be an arbitary event. In the context

of error detection, the concept of fuzzy membership enables the rep-

resentation of 3 types of system states:

correct: μF (x) = 0,

incorrect: μF (x) = 1, and

degraded: 0 < μF (x) < 1
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As a consequence of the new fuzzy error model, a degraded trans-

action exhibits both correct and incorrect behaviors simultaneously,

however with different degrees. As F = P , it follows that

μP (x) = 1− μF (x) (6)

As an example, consider the crisp fail set containing all response

times (rt) above 1 second. This same set could be represented in

terms of a membership function as

ecrisp(rt) = μF (rt) =

{
0 , rt ≤ 1

1 , rt > 1
(7)

To achieve the goal of representing soft failures (and implicitly the

degraded state), consider that all response times below 0.5 seconds

could be considered correct and all times above 1 second incorrect.

Furthermore, consider that the amount of degradation follows a linear

pattern between those two thresholds. The fuzzy fail set representing

this particular type of error could be defined as

efuzzy(rt) = μF (rt) =

⎧⎪⎨⎪⎩
0 , rt < 0.5

2 · rt− 1 , 0.5 ≤ rt ≤ 1

1 , rt > 1

(8)

Both membership functions are presented in Figure 1. It is important

to point out that the assumption of linear degradation introduced in

Equation 8 was only for simplicity. In real-world scenarios, the mem-

bership functions are application dependent and can exhibit arbitrary

patterns. We treat the membership functions are treated as black-

boxes. Figure 2 shows a set of alternative membership functions for

the error previously described. Despite their odd shapes they are ac-

ceptable membership functions, provided that they correctly describe

the error state of the transaction.

0 rt1 0.5 rt2 1 rt3
0

0.5

1

0.8

rt

ecrisp(rt) efuzzy(rt)

Figure 1: Crisp vs. fuzzy sets

0 0.5 1 1.5
0

0.5

1

rt

Figure 2: Arbitrary membership functions

Furthermore, it is possible to change the error detection sensitivity

by raising efuzzy to an exponent, as depicted in Figure 3 using μF . We

can see that by raising efuzzy to an exponent in the interval [1,+∞],
the error detection becomes less sensitive to errors in the fuzzy zone

(i.e., the error value in the fuzzy zone becomes smaller than the orig-

inal). In contrast, by raising efuzzy to an exponent in the interval [0, 1],

the error detection becomes more sensitive to errors. In fact, when the

exponent tends to either +∞ or 0, the fuzzy membership becomes a

binary membership and errors in the fuzzy zone become passes and

fails, respectively.

0 0.5 1 1.5
0

0.5

1

rt

efuzzy

efuzzy
2 efuzzy

8 efuzzy
32

efuzzy
1/2 efuzzy

1/8 efuzzy
1/32

Figure 3: Error detection sensitivity intuition

t rt A
e

ecrisp(rt) efuzzy(rt)
1 0.3 {c2} 0 0
2 0.9 {c1} 0 0.8
3 1.5 {c1, c2} 1 1

Table 1: Fuzzy error hit spectrum example

To illustrate the fuzzy error detection process, consider the spec-

trum presented in Table 1, which also contains the run-times for each

transaction (marked in Figure 1). From this spectrum we can see that,

in particular for t2, the crisp error vector neglected an error symptom

whereas the fuzzy error vector categorized that same transaction as

being 80% degraded.

Fuzzy Error Diagnosis

Using fuzzy logic to detect errors, it is possible to assert that a partic-

ular transaction is 80% degraded (i.e., μF̃ = 0.8 and consequently

μP̃ = 0.2). The remaining challenge consists in integrating this ad-

ditional knowledge in the diagnostic process.

As an example, consider again the spectrum depicted in Table 1.

Using the approach explained in the previous section, more concretly

Barinel [3], with e ∈ {0, 1}, it follows that the diagnosis candidates5

d1 = {c1} and d2 = {c2} are ranked equally. This is because the

components in both candidates are involved in the same number of

passed and failed transactions. However, intuitively we would expect

d1 to be ranked ahead of d2 since transaction t2, in which component

c1 was involved, shows error symptoms whereas t1 does not.

To solve this limitation we make use of the concept of probability

of a fuzzy event in Equation 4. From [30], it follows that the proba-

bility of a fuzzy event is defined as

Pr(Ai, ei|d) =
∑
ω∈Ω

μω(x) · Pr(Ai, ei|d) (9)

where Ω ∈ {F, P} and x is an arbitary event (an observation; rt in

5 The candidates for the fuzzy approach are calculated by setting a threshold
for e to discretize transactions in terms of pass/fail. In this example we use
the threshold e = 1.
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(a) 2D view (b) 3D view

Figure 4: Likelihood function plot

our working example). From Equation 9, Equation 4 generalizes to

Pr(Ai, ei | d) =

ω=F︷ ︸︸ ︷
ei · (1− G(d,Ai))+ (10)

ω=P︷ ︸︸ ︷
(1− ei) · G(d,Ai)

where ei = μF (ω) and 1 − ei = μP (ω). The term (1 − G(d,Ai))
accounts for Equation 4’s first branch, and G(d,Ai) for the second

one. In contrast to Equation 4, this generalization is valid for fuzzy

error values (i.e., e = efuzzy). Figure 4 shows the plot of the Equation

10 with respect to ei and G(d,Ai). For comparison, we also plot

Equation 4 with thick black lines.

We next illustrate the framework for our running example. The

probabilities of the two candidates (d1, d2) are calculated as follows

Pr(d|A) = Pr(d) ·
∏

i∈1,2,...,N

Pr(Ai, ei, rt|d)
Pr(Ai)

(11)

where

Pr(d1) = Pr(d2) =
1

1000
· (1− 1

1000
) = 9.99× 10−4

(12)

Pr(A, e, rt|d1) = (0.8 · (1− g1) + (1− 0.8) · g1)︸ ︷︷ ︸
t2

× (1 · (1− g1) + (1− 1) · g1)︸ ︷︷ ︸
t3

(13)

Pr(A, e, rt|d2) = (0 · (1− g2) + (1− 0) · g2)︸ ︷︷ ︸
t1

× (1 · (1− g2) + (1− 1) · g2)︸ ︷︷ ︸
t3

(14)

As an example, setting g1 and g2 as 0.1 yields the diagnostic rank-

ing 〈d1, d2〉, where the true faulty explanation is the first place of the

ranking. However, as component goodnesses are assumed not to be

available, g1 and g2 are estimated using maximum likelihood estima-

tion in both symbolic expressions: Pr(A, e | d1) and Pr(A, e | d2).

0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

g1

(a) Pr(A, e, rt|d1)

0 0.25 0.5 0.75 1
0

0.1

0.2

0.25

g2

(b) Pr(A, e, rt|d2)

Figure 5: Likelihood plots

As can be seen directly from Figure 5, the Prs are maximized when

g1 ≈ 0 and g2 = 0.5.

Applying the maximizing values to both expressions, it follows

that

Pr(A, e, rt|d1) = 0.8

Pr(A, e, rt|d2) = 0.25

.

Hence,

Pr(d1|A) = 0.76

Pr(d2|A) = 0.24

The diagnostic ranking is therefore 〈d1, d2〉, which breaks the am-

biguity between d1 and d2, thus improving the diagnostic accuracy.

Benchmark

In this section we describe our benchmark approach and discuss re-

sults.

Simulator

Performing benchmarks on real applications requires extensive adap-

tation and is therefore very time consuming. Furthermore, the use of

a limited set of applications limits the generalization of the conclu-

sions.
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To overcome such issues, we make use of a simulator as pro-

posed in [9]6. The simulator provides functions to describe and exe-

cute a probabilistic model of an arbitrary system, thereby gathering

the required spectra. The authors of the simulator showed [9] that

the benchmark results for both real and synthetic data are compa-

rable. This is mainly due to the fact that, since systems are highly

abstracted, the spectra generated by real and simulated systems is

similar.

The simulator consists of a stack automaton which takes as input

a probabilistic model of the system (such as, for instance, the one

depicted in Figure 6) and, through a Monte Carlo process, generates

spectra. The probabilistic model describes the systems topology, the

interaction between components, and the systems faults. To build the

topology portion of the model, two primitives exist: components and

links (depicted in white and light gray, respectively).

c0

c1 : 0.2, c2 : 0.8

c3 : 0.5, ∅ : 0.5

c2

c1 : 0.1, c3 : 0.9

c1

〈0.7, 0.2, 0.3, 0.4〉

c3

c4 : 1

c4

〈0, 0.1, 0.9, 1〉

Start

80%

20
%

10
%

90%

10
0% 50%

Figure 6: Probabilistic topology model

Concretely, a component (identified by its numeric ID) contains a

list of links. A link consists of a list of component IDs with associated

transition probabilities (∅ corresponds to no transition). Whenever

a component is activated all the links belonging to that particular

component are sequentially activated. A link is an abstraction to the

components’ interaction that contains a set of component IDs with

their respective call probabilities. With the activation of a link, the

current component and link list position are pushed onto a call stack

and a component is randomly selected to continue the execution. At

the end of the component’s execution, an element is popped from

the call stack, returning the control to the caller component. Using

this model, a transaction can be generated by pushing a component

marked as an entry point onto the call stack.

To emulate the error behavior, components may be injected with

faults (depicted in dark gray), which are parameterized over 4 vari-

ables (pc, pd, pi, and pf ). pc, pd, and pi correspond to the proba-

bilities of correct, degraded, and incorrect behavior. During the sim-

ulation, whenever a faulty component is activated, the outcome of

such activation (in terms of correct, degraded, or incorrect) is ran-

domly determined using such probabilities. In the event of a compo-

nent performing erroneously, it has an associated probability pf of

failure which, whenever it occurs, it results in a premature end of the

transaction (in Figure 6, an error in component c4 always results in

a failure whereas an error in component c1 only has a 40% chance

of resulting in a failure). To determine the transaction’s fuzzy error

value, we apply the following rules:

e =

⎧⎪⎨⎪⎩
1, if at least one component performed erroneously

0, if all components performed correctly

rand(0, 1), otherwise

(15)

6 https://github.com/SERG-Delft/sfl-simulator

Setup
We generate the spectra required for our benchmark in two phases. In

the first stage, we randomly generate a set of system models, while

in the second, we use such models to generate the required spectra.

...

Faults

T
∈
[3
,1
0]

Ci ∈ [3, 10]

Figure 7: N-tier service architecture

We generated system models that comply with a N-tier service ar-

chitecture (Figure 7). Systems were created by randomly selecting

the number of tiers (T ∈ [3, 10]) as well as the number of compo-

nents in each tier (Ci ∈ [3, 10], 1 ≤ i ≤ T ). Every component is

connected to all the components of the next tier with random transi-

tion probabilities. To exhibit erroneous behavior, a number of faults

(F ) was randomly injected (in terms of position) in the systems.

In our setup, we generated 100 systems for each value F ∈ [2, 4],
totaling 300 systems. The injected faults had 90% and 10% proba-

bilities of degraded, and erroneous behavior, respectively.

The spectra generation is parameterized over a single variable E,

representing the number of errors at the end of which the simulation

stops. For each generated system, we ran 10 simulations for each

value E ∈ [1, 9], totaling 90 spectra per system. Overall, our bench-

mark is composed of 300× 90 = 27000 test cases.

Metrics
The wasted effort metric evaluates how many components need to

be inspected before all faulty components are found [25]. To calcu-

late this metric one must undergo an iterative process. Starting with

the first candidate, all of the candidate’s components are inspected to

determine whether or not that particular set of components was re-

sponsible for the erroneous behavior. Depending on the result of such

inspection two outcomes may occur. On the one hand, if the compo-

nent is found to be faulty, that particular component is removed from

all other candidates in the ranking. On the other hand, if the compo-

nent is found to be healthy, all candidates in the ranking containing

that particular component are removed. This process is repeated un-

til all faulty components are found. In the case of the last inspected

candidate being tied with other candidates, it is assumed that, on av-

erage, half of the healthy components are examined.

During this iterative process, we keep track of two counters: in-

spected components (I) and faulty components (C). Using these two

counters, the wasted effort metric is calculated as

W = I − C (16)
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d Rank I C
1 {c1, c4} 1 2 1
2 {c2, c3, c4} 2
3 {c3, c4, c5} 3
4 {c1, c2} 4

4 2
5 {c3, c5} 4

Table 2: Example diagnostic report

As an example consider the diagnostic report presented in Table

2 for which the correct diagnostic candidate is d = {c1, c2}. In or-

der to calculate the wasted effort, we start by examining c1 and c4
finding that c1 is faulty while c4 is healthy. Due to c4 being healthy,

candidates d2 and d3 are not examined. Examining d4 we observe

that the only unexplored component (c2) is faulty. Additionally, we

see that both system’s faults were discovered. However, as d5 is tied

with d4, we must inspect half of the healthy components. The wasted

effort of this diagnosis is therefore W = 4− 2 = 2, meaning that 2

healthy components (c4 and c3/c5) were examined in the process of

finding the root cause of the system errors.

A normalized version of the wasted effort is called diagnostic qual-

ity and is defined as

Q = 1−W/(M − C) (17)

where M is the number of system components. The diagnostic qual-

ity value is contained between zero and one and estimates the fraction

of system’s healthy components that need to be examined before all

faulty components are found.

In this paper we refine the diagnostic quality metric to take into ac-

count the fact that, for a specific spectrum, not all components of the

system can be at fault. As an example consider a system with 1000
components with a spectrum consisting of a single failing transaction

activating 2 components. Assuming the diagnostic algorithm only

proposes plausible7 candidates, the quality is contained in the inter-

val between 1 and 999
1000

. Instead of calculating the diagnostic quality

using the M components of the system, we use Ms, the number of

“suspicious” components to calculate the new metric, which shall be

referred to as “fair quality” (Qf ). A component is said to be suspi-

cious if it was activated in a failing transaction. A consequence of

using Qf is that the diagnostic qualities of all possible permutations

of the ranking always have a lower bound quality of 0.

Results

We compare the performance of the crisp, state-of-the-art, diagnostic

approach, presented in the Reasoning-based Diagnosis Section, with

our fuzzy approach for the generated spectra. For more information

regarding this approach, see [3].

In Figure 8, we compare the average Qf for each test scenario.

From the analysis of the plot we can see that the fuzzy approach

always (on average) outperforms by the crisp approach. This is due to

the fact that the fuzzy approach is able to successfully take advantage

of the extra information to break the ties in the ranking (as shown

in the example from Table 1) that occur when dealing with small

numbers of erroneous transactions.

A more detailed analysis of the data (Figure 9) shows that our

approach outperformed the crisp approach in 65% of the test cases.

Moreover, in 94% of the cases our approach was at least as accurate

as the classical approach. In the remaining 6% of the test cases the

accuracy loss was due to (1) lack of observations, and (2) marginal

7 By plausible we mean that all the candidate’s components were at least
activated once in an erroneous transaction.
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0.8

0.9

1.0

1 2 3 4 5 6 7 8 9
Number of errors
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Number of faults 2 3 4

Diagnosis Crisp Fuzzy

Figure 8: Benchmark Averages

variations in the posterior probability, still enough to make the rel-

ative ranking change. The overall average improvement of quality

introduced by our algorithm was of ΔQf = 0.153, representing

a relative improvement of 21%. By performing a paired one-tailed

T-test, we can ascertain that our approach introduced a relative im-

provement of 20%, with a 99% confidence interval.

Average: 0.153

Fuzzy > Crisp: 65%

Fuzzy >= Crisp: 94%

Crisp > Fuzzy: 6%

0

2

4

−1.0 −0.5 0.0 0.5 1.0

D
en

si
ty

Qf (Fuzzy)−Qf (Crisp)

Figure 9: Quality improvement density plot

In Figure 10, we present a set of boxplots8 comparing the qual-

ity distributions of both approaches for each test scenario. From the

analysis of the plots we can see that not only the fuzzy approach has

a better performance than the crisp approach, but also that the fuzzy

approach distribution is much more skewed towards better quality re-

sults than the crisp approach. Additionally, we can see that the fuzzy

approach exhibits a higher consistency (i.e., smaller inter-quartile

range) than the crisp approach.

A final remark is that, with the increase of erroneous transactions,

it appears that the crisp approach quality seems to converge towards

to the same average quality as the fuzzy approach. This happens due

to the fact that the information introduced by the occurrence of errors

eventually compensates the limitations imposed by the crisp error

abstraction.

8 For each test scenario, the box corresponds to 2nd and 3rd quartiles (i.e.,

50% of the cases), the vertical lines correspond to the 1st and 4th quartiles,
and the small dashes correspond to test cases categorized as outliers. A test
case is considered to be an outlier if its distance from the box is greater that
1.5 ∗ IQR (inter-quartile range, i.e., the height of the box).
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Figure 10: Benchmark Boxplots

Related Work

SFL and the improvement described in this paper occupy the ground

between machine learning and model-based diagnosis [20]. Machine

learning techniques [27] require a lot of training data which in the

case of SFL is hit spectra. Hit spectra may look like a lot of data,

however, the “per component” information is limited (we get n la-

bels per component). Further, the per component pass/no pass infor-

mation is Boolean and machine learning has to be trained for expo-

nential number of multiple-faults, something that is not required in

our approach. Last, if a lot of learning data is available, then machine

learning easily overfits due to the Boolean nature of the features.

Model-based diagnosis is an attractive diagnostic approach be-

cause some frameworks are complete, others fast [11], and the com-

plete ones use all available information to reason from symptoms

to diagnoses. There are two fundamental problems with MBD ap-

proaches, however: (1) the exponential reasoning cost for complete

algorithms and (2) the modeling problem for all MBD-based algo-

rithms. Complex logical systems like computer programs cannot be

mathematically modeled without encountering problems with decid-

ability and halting.

Technique similar to ours, but applied to a different problem do-

main is the one of Kahuna [26]. There, the authors apply peer simi-

larity to diagnose performance problems in map-reduce systems. In

the black-box approach, the authors use learning from successfully

passed tests. The Kahuna [26] black-box approach can be improved

by using non-Boolean classification similar to the one proposed in

this paper.

In [18], the authors apply the same concept to the diagnosis of

failures in distributed file systems, such as PVFS or Lustre.

Computer programs nowadays fail mostly due to combination of

faults. Single-faults are ruled-out with the help of classical debug-

ging and unit-testing. Reasoning about multiple faults comes at steep

computational price. Efficient lightweight fault localization tech-

niques to diagnose software systems are PINPOINT [10], TARAN-

TULA [17], and OCHIAI [2]. While extremely efficient, they do not

reason in terms of multiple faults.

The approach in this paper improves state-of-the-art multiple-fault

health estimation. This gives increased accuracy compared to simple

similarity-based SFL which is optimal only in the case of single-

faults. The improved ranking is shown and analyzed in [3], [19], and

[6].

The algorithm described in this paper is very suitable for trou-

bleshooting of large and complex, network systems. There are var-

ious latencies and degradations in these systems that make the

pass/fail qualification of a test inadequate. Discrete event systems

[24] are currently used for monitoring and diagnosis of networked

systems but they have enormous computational cost and, unlike our

approach, are more difficult to randomize and sample.

The approach in this paper is related to hybrid automata [15], an

approach also originating in the control community. Hybrid automata

merge Hidden-Markov Models and dynamic systems.

Conclusions

We presented a generalization to the classical reasoning-based ap-

proach that not only guarantees equal diagnostic quality when diag-

nosing functional failures but also improves the diagnostic quality

when diagnosing performance degradation failures (soft failures).

The conducted synthetic benchmark showed that, for our setup

with 27000 test cases, our approach improved the diagnostic quality

in 65% of the cases and performed at least as good as the classical

approach in 94% of the test cases. On average, the relative improve-

ment introduced by our approach was of 20%, with a 99% confidence

interval.

Future work includes the extension of existent error detection

frameworks to include the fuzzy error abstraction proposed in this

paper. Comparison with other approaches than the crisp approach

(Barinel) has remained for future work, because our goal was to

improve current crisp-based SFL approach (relevant due to its low-

cost modeling and diagnostic effort, thus scaling to large, real

software/hardware systems) in order to deal gracefully with non-

functional errors. The existence of such a framework would enable

a real-world validation of the proposed approach. Furthermore, the

broader impact of this paper is that the approach paves the way to

automatic oracles in the context of automatic test generation and self-

healing systems.
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Online Adaptation of Deep Architectures with
Reinforcement Learning

Thushan Ganegedara, Lionel Ott and Fabio Ramos 1

Abstract. Online learning has become crucial to many problems

in machine learning. As more data is collected sequentially, quickly

adapting to changes in the data distribution can offer several compet-

itive advantages such as avoiding loss of prior knowledge and more

efficient learning. However, adaptation to changes in the data distri-

bution (also known as covariate shift) needs to be performed with-

out compromising past knowledge already built in into the model to

cope with voluminous and dynamic data. In this paper, we propose

an online stacked Denoising Autoencoder whose structure is adapted

through reinforcement learning. Our algorithm forces the network to

exploit and explore favourable architectures employing an estimated

utility function that maximises the accuracy of an unseen valida-

tion sequence. Different actions, such as Pool, Increment and Merge
are available to modify the structure of the network. As we observe

through a series of experiments, our approach is more responsive, ro-

bust, and principled than its counterparts for non-stationary as well

as stationary data distributions. Experimental results indicate that our

algorithm performs better at preserving gained prior knowledge and

responding to changes in the data distribution.

1 Introduction
Over the past decade, Deep Architectures [5], [1] have become a

widely-discussed topic in machine learning. One key reason being

the ability to jointly perform feature-extraction and classification on

raw data, outperforming many other techniques in various domains

including object recognition [7], [2], hand-writing recognition [5]

and speech recognition [4]. A deep network can be understood as a

neural network consisting of many hidden layers [3]. While the inter-

est in deep networks arose quite early, only the recent hardware and

optimisation developments (e.g. Graphical Processing Units (GPUs),

Greedy pre-training) sparked the practicality of deep architectures.

Despite the note-worthy learning capacity, deep architectures are

still susceptible to the past-knowledge being overridden due to Co-
variate Shift [15]. Covariate shift is a common phenomenon that

transpires in online settings. Covariate shift essentially refers to the

difference in training and testing data distributions. Successful ex-

ploitation of adaptive capabilities of deep networks to minimise the

adverse effects of the covariate shift will lead to new frontiers in data

science.

While many algorithms (especially Support Vector Machines

(SVM)) have been enhanced with online learning capabilities

[9], [11], only few attempts of incorporating online learning for

Neural Networks have been proposed in the literature, notably in

[19], [13], [10], and [14]. Of these, only [14] and [19] focus on

1 University of Sydney, Australia email: tgan4199@uni.sydney.edu.au,
lott4241@uni.sydney.edu.au and fabio.ramos@sydney.edu.au

changing the structure of the network, where the others focus on

adapting a fixed architecture accordingly. [14] proposes an intriguing

approach to evolve neural networks using genetic algorithm, by mu-

tating weights and nodes in the network and crossing over existing

networks to generate more fit off-springs. However, this technique

is not scalable for deep networks and requires many repetitive runs

through the data. [19] proposes a structural adaptation technique for

deep architectures relying on simple heuristic (i.e. immediate per-

formance convergence). [19] does not seek a long-term reward and

lacks in responsiveness, as it waits for a pool of data to be filled in

order to add nodes to the structure. These limitations motivate the

question of how to explore the space of different architectures in an

online setting in a more responsive, robust and principled manner.

In this paper, we introduce a state-of-the-art mechanism to modify

deep architectures (specifically Denoising Autoencoders [18]) based

on reinforcement learning. The decision making behaviour exploits

and explores possible actions to discover favourable modifications

to the structure (i.e. adding/removing nodes) by maximising a stip-

ulated reward over time. Adding nodes helps to accommodate new

features, while removing nodes helps to remove redundant features.

An additional pooling operation fine-tunes the network with previ-

ously observed data. The method keeps track of a continuously up-

dated utility (long-term reward) function to decide which action is

best for a given state, whose estimation will improve over time. The

experimental results on three datasets clearly show that our algorithm

outperforms its counterparts in both stationary and non-stationary sit-

uations.

2 Background
2.1 Online Learning
By online learning we refer to the ability to accommodate new

knowledge (i.e. features) without overriding previously acquired

knowledge (i.e. features) [17]. This is becoming more popular due to

the explosive growth of data. Online learning has the ability to learn

from a continuous stream of data without a loss of past knowledge

and attempts to address the non-stationary nature of data by allowing

more flexibility in the model. For this reason, online algorithms per-

form significantly better in handling problems with covariate shift.

2.2 Deep Networks
We begin the presentation of the method by introducing the following

notation:

• x - Inputs

• y - Input labels

• K - Number of classes

ECAI 2016
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• x̃ - Noise-corrupted input

• x̂ - Reconstructed input

• W - Weights of a neuron layer

• b - Bias of a neuron layer

• b′ - Reconstruction bias of a neuron layer

2.2.1 Autoencoder

An Autoencoder [6] maps a set of inputs x ={xi ∈ [0, 1]D} ∀i =
1, ..., N where xi = {x1

i , x
2
i , ..., x

D
i } and D is dimensionality of

data to a latent feature space H with hW,b(x) = sig(Wx+b), where

W ∈ IRH×D , b ∈ IRH and sig(s) = 1
1+exp−s

. An autoencoder can

reconstruct the input x̂i ∀i = 1, ..., N from the latent feature space

H with x̂ = sig(WT × hW,b(x) + b′) where superscript T denotes

transpose and b′ ∈ IRD . For simplicity we assume tied weights.

2.2.2 Denoising Autoencoder

The Denoising Autoencoder (DAE) is a variant of autoencoder which

uses a corrupted (noisy) version of the example as the input [18].

This forces the algorithm to become more robust to noise. DAE

works in the following manner.

First, the inputs are corrupted by introducing noise using a bino-

mial distribution with probability p. Let us call the corrupted input

x̃. Next, x̃ is mapped to a hidden representation using hW,b(x̃) =
sig(W x̃+b) where W ∈ IRH×D , b ∈ IRH and sig(s) = 1

1+exp−s
.

Finally, the decoding function retrieves the reconstructed input, x̂ =
sig(WT ×hW,b(x̃)+ b′), where b′ ∈ IRD . In this work, we assume

tied weights for encoding and decoding. Cross entropy is used as the

cost function (Equation 1),

Lgen(x, x̂) =
D∑

j=1

xj
log(x̂j) + (1− xj)log(1− x̂j). (1)

The optimal values for parameters W, b, b′ are found by minimising

the cost function,

Wopt, bopt, b
′
opt = argminW,b,b′Lgen(x, x̂).

2.2.3 Stacked Denoising Autoencoders

A Stacked Denoising Autoencoder (SDAE) [18] is a set of con-

nected autoencoders. A SDAE undergoes two main processes; pre-

training and fine-tuning. In the pre-training process, the network is

considered as a set of autoencoders AE1, ..., AEL. The output of

AEl = {W l, bl, b′l}, hl
W,b where l is the current layer, is calculated

as follows,

hl
W,b =

{
sig(W lx̃+ bl); if l = 1

sig(W lhl−1
W,b + bl); Otherwise.

In the fine-tuning phase, the network is treated as a single deep

autoencoder and trained using labelled data D. Assuming labelled

data in the format D = (xi,yi), ∀i = 1, ..., N where yi ∈ {0, 1}K
such that if yj

i are the elements of yi then
∑

j y
j
i = 1, we can use

a softmax layer with parameters {W out, bout,b′out}. The output of

the network is defined as ŷ = softmax(W outhL
W,b + bout), where

softmax(ak) =
exp(ak)∑
k′ exp(ak′ )

. Then the cost function becomes,

Ldisc(y, ŷ) =
K∑

j=1

(yj
logŷj + (1− yj)log(1− ŷj)). (2)

Finally, from Equation 2, we can formulate the optimisation problem

to learn W , b and b′ as,

Wopt, bopt, b
′
opt = argminW,b,b′Ldisc(y, ŷ),

where Wopt=(W
1
opt, ...,W

L
opt,W

out
opt ), bopt=(b

1
opt, ..., b

L
opt, boutopt)

and b′opt=(b
′1
opt, ..., b

′L
opt, b

′out
opt ).

2.3 Incremental Feature Learning for Denoising
Autoencoders

Merge-Incremental Denoising Autoencoders (MI-DAE) is an online

learning stacked denoising autoencoder proposed in [19]. Initially,

the network is pre-trained using a pool of data (typically first 12,000

examples). Then, for every batch of data bt, add hard examples (i.e.

xi if Lgen(xi, x̂i) >

∑
∀xj∈bt

Lgen(xj,x̂j)

|bt| ) to a pool, B. The method

then performs merging of nodes within the same layer or adds new

nodes to the network. Once the number of points in B exceeds a

threshold, τ , retrieve previously calculated pairs of nodes with the

highest similarity (ΔMrg) and add ΔInc new nodes to the network.

Next, use B to greedily train newly added features. Afterwards, up-

date ΔMrg and ΔInc [20] and remove all data from B. Finally repeat

this process for all the batches in the sequence. Pseudo-code for this

algorithm is presented in Algorithm 1.

Algorithm 1 MergeInc Algorithm

1: procedure MERGEINC(bt ,ΔMRG,ΔINC)

2: Define: μ - Average reconstruction error for the

3: most recent 10,000 examples

4: Define: τ - Pool threshold (10,000 examples)

5: Compute objective Ldisc(yj, ŷj), ∀ {xj,yj} ∈ bt
6: Add hard example xj to B if Lgen(xj, x̂j) > μ of bt
7: if |B| > τ then
8: Merge 2ΔMrg candidates to ΔMrg

9: Add ΔInc nodes and fine-tune ΔInc new nodes with

{xj,yj} ∈ B while keeping rest of the network constant

10: Update ΔMrg and ΔInc (Heuristic-based [20])

11: Set B = ∅
12: end if
13: Fine-tune all the features (with ΔMrg and ΔInc) with bt
14: end procedure

2.4 Reinforcement Learning and Markov Decision
Processes

After describing SDAE, we now introduce notation and the basics

of reinforcement learning (RL). RL enables an agent to learn a pol-
icy, π (a function that defines which action to take in a given state),

by interacting with its environment, preferably trading-off between

exploration and exploitation. A reinforcement learning task that sat-

isfies the Markov Property can be formulated as a Markov decision

process (MDP) [16]. Formally a Markov Decision Process can be

defined using the following,

• A set of states - S

• A set of actions - A

• A transition function - T : S ×A× S → [0, 1]
• A reward function - R : S ×A× S → IR.

T. Ganegedara et al. / Online Adaptation of Deep Architectures with Reinforcement Learning578



Table 1. The notations and definitions used in Section 3

Notation Description Notation Description

N Number of data points Br Pool of data containing most recent τ examples

D Dimensionality of data Bft Pool of data containing dissimilar inputs

K Number of classes Λ Distance threshold for Bft

p Number of data points in one batch L̃n(m) Exponential Moving Average of error L in the window

n−m to n
n sequence number of the current batch of data νn

l Ratio between the current count of neurons and the ini-

tial count for neuron layer l for nth data batch

τ Size of data pools ΔInc Number of neurons to add at a given time

xi ith data point ΔMrg Number of neurons to remove at a given time

yi Vectorized label of xi s.t ∀ yj
i ∈ yi y

j
i ∈ {0, 1} s.t.∑

j y
j
i = 1

rn The reward for the nth batch of data

D Dataset containing {{x1,y1}, {x2,y2}, . . .} γ Discount rate for Q value update

Dn nth batch of data (Dn ⊂ D) Q(s, a) Utility function

Ln
g Generative error for nth batch of data η1 The duration until beginning to collect state-action pairs

Ln
c Classification error for nth batch of data η2 The duration until beginning to exploit Q-values

In this paper, RL is used to find the policy to adapt the structure of the

network, given the current network configuration or state. Therefore,

at a given instance i, from state si an action ai is performed and

the network transits to state si+1. Actions are modifications to the

network such as adding new nodes or removing existing nodes. The

state is a function of the network performance and will be defined in

Section 3. The reward ri for going from state si to si+1 by taking

action ai is calculated based on the errors produced on the learning

task. State si+1 depends on the current state si and current action

ai, and is conditionally independent of all the previous states and

actions, thus satisfying the Markov Property. The ultimate goal is to

learn an optimal policy π∗(si, ai) that recommends the best action

ai for a given state si.
In order to learn the policy to select the best action for a given

state, Q-Learning is used. Q-Learning (a variant of Temporal dif-

ference [16]) is an off-policy model-free approach to finding the

optimal policy, π∗. Q-Learning estimates the utility value in an on-

line manner and, as an off-policy learning, it learns a value func-

tion independent of the agent’s experience. This leads to exploring

new tactics the agent has not tried. Furthermore, Q-Learning can be

employed for MDPs with unknown transition and reward functions.

Q-Learning proceeds as follows,

1. Define Q(sn, an), where sn ∈ S and an ∈ A.

2. Initialise Q0(si, ai) = 0, ∀si ∈ S and ∀ai ∈ A.

3. Update Qt+1(sn, an) = (1 − α) × Qt(sn, an) + α ×
[R(sn, an, sn+1) + γ(maxa′(Q(sn+1, a′)))] where γ is the dis-

count rate, α is the learning rate, and si+1 is the state after action

ai.

One of the applications of using Q-learning is to train a multi-layer

perceptron as found in [13]. More recently, a variant of Q-Learning

was successfully used in a Convolutional Deep Network when the

network was trained to play the Atari games using raw pixel images

[10].

3 Reinforced Adaptive Denoising Autoencoder
(RA-DAE)

3.1 Limitations of MI-DAE
MI-DAE (Algorithm 1) introduces several interesting concepts use-

ful for online learning such as, pooling data and update rules for

ΔMrg and ΔInc. However, the approach has several limitations: (1)

The response of the algorithm to changes is slow as it waits for a

pool of data (B) to be filled in order to execute an operation; (2)

While the algorithm incorporates an intuitive criteria (performance

convergence) to modify the network (update rules), the method is

based on simple heuristics such as the immediate future reward that

does not generally reflect a holistic view of the effect an action has

on the network.

3.2 Overview of RA-DAE

Motivated by the drawbacks in MI-DAE, we propose a more robust

and principled solution which relies on RL. In essence, our algo-

rithm estimates an utility function Q(s, a) for each state-action pair

by sampling from the environment, where actions are modifications

in the network structure. Using Q(s, a), the algorithm selects the best

action for a given state. The utility function is based on the accuracy

measured on an unseen validation batch. Our approach is beneficial

as,

• Actions are taken for every batch of data, resulting in fast response

to sudden changes in the data distribution;

• The utility function ensures that actions are taken based on the

long-term benefit they incur on the accuracy;

• A new pool operation refreshes the network’s knowledge by fine-

tuning the network using a pool of data containing data points

significantly different from each other.

Notation: An input data stream is denoted as D =
{{x1,y1}, {x2,y2}, . . .}, where xi is a normalized data

point, xi ∈ [0, 1]D , yi ∈ {0, 1}K and yj
i are the elements

of yi with
∑

j y
j
i = 1. The nth data batch is written as

Dn = {{x(n−1)×p ,y(n−1)×p}, ..., {xn×p,yn×p}}, where p
is the number of examples per batch. Denote the generative error as

Ln
g =

∑
∀xi∈Dn Lgen(xi,x̂i)

p
and the classification (or discriminative)

error as Ln
c =

∑
∀yi∈Dn �

k̂i=ki
p

, where � is the indicator function

and ki = argmaxk′({yk
′

i }), ∀k′ = 1, ...,K of the nth batch.

rn denotes the reward for the nth batch. Finally define two pools
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Br = {Dn−τ , ...,Dn} and

Bft =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Dn if Bft = ∅
Dn ∪Bft if d(Dn,Dj) > Λ ∀Dj ∈ Bft

Bft −Dj j = argminj′(∀Dj′∈Bft) if |Bft| > τ

Bft otherwise

(3)

for some d distance measure and a similarity threshold Λ ∈ [0, 1].
η1 and η2 are pre-defined thresholds for starting to collect observed

state-action pairs and exploiting Q-values respectively. α is the learn-

ing rate for Q-learning. A summary of the notation is in Table 1 for

quick reference.

3.3 RL Definitions
To calculate when and which actions to take, we employ a MDP for-

mulation. We define a set of states S, a set of actions A, and a reward

function rn below.

3.3.1 State Space

The state space S is defined as follows. For the nth batch,

S = {L̃n
g (m), L̃n

c (m), νn
1 } ∈ IR3

(4)

where the moving exponential average (L̃) is defined as L̃n(m) =
αLn + (1 − α)L̃n−1(m − 1), n ≥ m and m is a pre-defined

constant. L̃g and L̃c denote L̃ w.r.t. Lg and Lc, respectively, and

νn
l = Node Countcurrent

Node Countinitial
for the lth hidden layer. L̃ is defined in terms

of recursive decay to respond rapidly to immediate changes.

This state space takes into account the following attributes:

• Ability of RA-DAE to classify an unseen batch of data;

• Difference between current data distribution and previously ob-

served distributions;

• Complexity of RA-DAE’s current structure.

The justification for the choice of state space is discussed in Section

4.2.1.

3.3.2 Action Space

The actions space is defined as,

A = {Pool, Increment(ΔInc),Merge(ΔMrg)}, (5)

where Increment(ΔInc) adds ΔInc new nodes and greedily ini-

tialise them using pool Br . The Merge(ΔMrg) operation is per-

formed by merging the 2ΔMrg nodes. Merge operation is executed

by selecting the closest pairs (e.g. minimum Cosine distance) of

ΔMrg nodes and merging each pair to a single node. The Pool op-

eration fine-tunes the network with Bft. Both operations (i.e. Incre-

ment and Merge) are performed in the 1st hidden layer. Equations 6,

7 and 8 outline the calculations for ΔInc and ΔMrg,

Δ = λ exp
−(ν−μ̂)

2σ2 |Ln
c − Ln−1

c | (6)

ΔInc =

{
Δ; if a = Increment

0; Otherwise
(7)

ΔMrg =

{
Δ; if a = Merge

0; Otherwise
(8)

Algorithm 2 RA-DAE algorithm

1: procedure RA-DAE

2: define : n - Current batch ID

3: Initialise Q(s, a) = 0 ∀s ∈ S, a ∈ A
4: s, a = null
5: while Dn �= NULL do
6: s′, a′, Q′,ΔMrg,ΔInc,= GetCtrlParam(n,Q, s, a)

7: if a′ = Pool then
8: Fine-tune using Bft

9: else if a′ = Increment then
10: Add ΔInc new nodes to the network

11: Train the ΔInc nodes greedily using Br

12: else if a′ = Merge then
13: Merge 2ΔMrg nodes into ΔMrg

14: end if
15: Train the network with Dn

16: s = s′, a = a′, Q = Q′

17: n = n+ 1
18: end while
19: end procedure

where λ is a coefficient controlling the amount of change, μ̂ and σ
are chosen depending on how large or small the network is allowed to

grow, and a is the current action chosen by Algorithm 3. We defined

ΔMrg and ΔInc as a function of νn
1 and Ln

c . The objective of Equa-

tion 6 is to minimise the error while preventing the network from

growing too large or too small. For example, if the error is high, the

algorithm increases Δ to reduce the error. If the error has converged,

i.e. has not changed for two consecutive batches, Δ will be small.

The need for two pools, Br and Bft is justified as follows. The

pool operation is designed to revise the existing knowledge. Thus,

Bft is composed of a diverse set of data batches that differ in the

distribution of the data. The objective of the increment operation is

to add the most recent features. Br is ideal for this purpose as it

contains the most recent data.

3.3.3 Reward Function

The reward function rn is defined as,

rn =

⎧⎪⎨⎪⎩
en − |μ̂− νn

1 | if νn
1 < V1

en − |μ̂− νn
1 | if νn

1 > V2

en; Otherwise,

(9)

where en = (1− (Ln
c − L

n−1
c ))× (1− L

n
c ) (10)

and V1 and V2 are predefined thresholds. en is specified so that the

reward will be higher for lower errors and higher rates of error change

(Equation 10). Equation 9 penalises rn if the network grows too

large or too small.

3.4 RA-DAE Algorithm

With S, A and rn defined, we present the general approach used

to solve the MDP (Algorithm 3). Q-Learning was utilised with the

following steps,

For the nth iteration, with data batch Dn,

1. Until adequate samples are collected (i.e. n ≤ η1), train with Br .
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Figure 1. Random examples from the extended MNIST, CIFAR-10 and
MNIST-rot-back datasets, respectively

2. With adequate samples collected (i.e. n > η1), start calculating Q-

values for each state-action pair observed {sn, an}, where sn ∈
S, and an ∈ A as defined in Algorithm 3.

3. During η1 < n ≤ η2, uniformly perform actions from A =
{Increment,Merge,Pool} to develop a fair utility estimate for all

actions in A.

4. With an accurate estimation of Q (i.e. n > η2), the best action

a′ is selected by a′ = argmaxa′(Q(sn, a′)) with a controlled

amount of exploration (ε-greedy).

5. if a′ =Increment, calculate ΔInc from Equation 7, add randomly

initialised ΔInc nodes and greedily initialise only the new nodes

with Br , while keeping the rest constant.

6. if a′ =Merge calculate ΔMrg from Equation 8 and average

the closest pairs of ΔMrg nodes to amalgamate 2ΔMrg nodes to

ΔMrg nodes.

7. if a′ =Pool fine-tune the network with Bft.

8. Train the network with Dn.

9. Calculate the new state, sn+1 (Equation 4) and the reward rn

(Equation 10).

10. Update the Value (Utility) Function Q(s, a) as,

Q(t+1)(sn−1, an−1) = (1−α)×Qt(sn−1, an−1)+α×q, (11)

where q = rn + γ ×maxa′(Q
t(sn, a′)).

3.5 Function Approximation for Continuous Space

For clarity of presentation, Algorithms 2 and 3 assume discrete state

space. However, the same algorithms can be extended for continuous

state space. The idea is to, for a given action a and an unseen state s̃,

predict the utility value Q(s̃, a) = f̂(s̃,w) through function approx-

imation where f̂ is the function and w is the approximated parameter

vector [16]. In this paper, Gaussian Process Regression (GPR) [12]

with squared exponential kernel, kSE(x, x
′) = σ2(exp(− (x−x′)2

2l2
))

has been used for this regression task. The hyperparameters σ and

l are optimised by maximising the marginal likelihood w.r.t. the hy-

perparameters [12]. Formally, we collect at least η2 − η1 observed

states and corresponding value pairs {sn, Q(sn, an)}. Next, for each

a ∈ A, separate curves are fitted with GPR for the {sn, Q(sn, an)}
collection of pairs by separating pairs w.r.t. an, so that there are |A|
curves. Then, for an unseen state s̃ and a given action a′, Q(s̃, a′) is

calculated using the curve fitted for action a′. The continuous space

is preferred as it provides a detailed representation of the environ-

Algorithm 3 Control Parameter Calculation algorithm

1: procedure GETCTRLPARAM(n,Q, s, a)

2: define : n - Current batch ID

3: define : Q - Utility function

4: define : s, a - Previous state,action

5: define : γ - Discount rate

6: define : α - Learning rate

7: if n < η1 then
8: return null, Pool,Q, 0, 0
9: end if

10: Calculate current state, s′ (Equation 4)

11: if s, a �= null then
12: q = rn + γ ×maxa′(Q(s′, a′))
13: Q(s, a) = (1− α)×Q(s, a) + α× q
14: end if
15: if n < η2 then
16: Evenly chose action a′ from ∈ A
17: else
18: Explore with ε-greedy (ε = 0.1)

19: OR
20: a′ = argmaxa′(Q(s′, a′))
21: end if
22: Calculate ΔMrg and ΔInc (Eq. 7 and 8)

23: return s′, a′, Q, ΔMrg,ΔInc

24: end procedure

ment with fewer variables, as opposed to the discrete space. This is

sensible as the information extracted is continuous (e.g. Lg, Lc, ν).

3.6 Summary

Our proposed solution is detailed in Algorithm 2 and can be seen is

a repeated application of Algorithm 3. For each batch of data Dn,

the state sn+1 and reward rn is calculated using Equations 4 and

10 respectively. Next, the best action a′ for the new state is retrieved

by a′ = argmax′
a(Q(sn+1, a′). To calculate Q(sn+1, â) for some

action â ∈ A, GPR is employed as explained in Section 3.5. Next

the action a′ is performed. Then the network is fine-tuned using Dn.

This process is repeated until the end of the data stream.

4 Experiments

4.1 Overview and Setup

The experiments are based on extended versions of three datasets (i.e.

MNIST2, MNIST-rot-back3 and CIFAR-10 4). Random samples from

each dataset are depicted in Figure 1. The extended versions of each

dataset consist of 1,000,000 examples. Examples were masked with

noise during the generation to make them unique. We generated non-

stationary distributions for each dataset using Gaussian processes

(GP) [12], simulating the covariate shift effect. Formally, the ratio for

each class of labels is generated using ratiok(t) =
exp{ak(t)}∑K

j=1 exp{aj(t)}
where ak(t) is a random curve generated by the GP.

Experiments were conducted with three different types of deep

architectures; SDAE (Standard Denoising Autoencoders), MI-DAE

(Merge-Incremental Denoising Autoencoders) and RA-DAE (our ap-

proach). For MI-DAE, we used a modified ”update rule I” introduced

2 http://yann.lecun.com/exdb/mnist/
3 www.iro.umontreal.ca/ lisa/twiki/bin/view.cgi/Public/MnistVariations
4 http://www.cs.toronto.edu/ kriz/cifar.html
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Figure 2. Analysis of Global Error Eglb for different state spaces for
CIFAR-10 and a network with 3 layers with 1000 neurons on each. The

mathematical definitions of state spaces 1,2,3 and 4 can be found in Section
4.2.1. It is clear that State Space 4 shows a steeper reduction of error

compared to its counterparts.

in [20] as they claim the performance is fairly robust to different up-

date rules as follows,

ΔNt+1 =

⎧⎪⎪⎨⎪⎪⎩
ΔNt + 30; , et

et−1
< (1− ε1)

ΔNt/2; , et
et−1

> (1− ε2)

ΔNt, Otherwise

ΔMrg = �γratioΔInc�; for γratio = 0.2, as these modifications pro-

duced better performance.

Several initial layer configurations (hidden layer sizes) were used,

as outlined in Table 2. To refer to a certain algorithm, we use the

following notation. We use the superscript for the number of lay-

ers and the subscript to indicate the size of each layer. For example,

SDAEl3
1500 denotes a SDAE with three layers and 1500 nodes in each

layer. The configurations in Table 2 maximise the performance of the

algorithms tested. The continuous state space (Equation 4) was used

for all the experiments. We define two error measures for evaluating

performance. A local error Elcl = Ln+1
c , measured on a validation

set, Dn+1 (batch succeeding the current batch) and a global error

Eglb =
∑
∀i Li

c
|Dtest| s.t. Di ∈ Dtest measured on an unseen independent

test set Dtest, which contains an approximate uniform distribution

of all the classes. These two sets of data enable us to respectively,

evaluate how the network preserve immediate past knowledge and

the globally accumulated knowledge.

All experiments were carried out using a Nvidia GeForce GTX

TITAN GPU and Theano5. For all experiments we used 20% corrup-

tion level, 0.2 learning rate, batch size of 1000. We empirically chose

γ = 0.9 (Equation 11) m (Equation 4) 30, and η1 and η2 (Algo-

rithm 3) to be 30 and 60 respectively. Λ (Equation 3) was selected

as 0.7 and 0.995 for non-stationary and stationary experiments re-

spectively. τ = 10, 000 (for Br , Bft and B) was chosen from a set

of sizes {1000, 5000, 10000} as 10,000 produced the best results.

Results are depicted in Figure 3.

4.2 Results

4.2.1 Evaluation of State Spaces

As mentioned in Section 3.3.1 the state space was chosen while

paying close attention to the performance against an unseen data

batch, difference between observed data distributions and complex-

ity of the network. We utilised various quantifiable measures. Ln+1
g

5 http://deeplearning.net/software/theano/

Figure 3. Performance of RA-DAE and MI-DAE for different pool sizes.
Pool size of 10000 yielded the best results. It can be seen that RA-DAE with

a pool size of 1000 performs similarly to MI-DAE with pool size 10000.
This can be attributed to the learned policy and the pooling technique.

Table 2. Initial layer configurations for different datasets. The superscript
of the algorithm name specifies the number of layers and the subscript

indicates the size of each layer.

MNIST CIFAR-10 MNIST-rot-back

SDAEl1
500 SDAEl1

1000 SDAEl1
1500

SDAEl3
500 SDAEl3

1000 SDAEl3
1500

MI-DAEl1
500 MI-DAEl1

1000 MI-DAEl1
1500

MI-DAEl3
500 MI-DAEl3

1000 MI-DAEl3
1500

RA-DAEl1
500 RA-DAEl1

1000 RA-DAEl1
1500

RA-DAEl3
500 RA-DAEl3

1000 RA-DAEl3
1500

and Ln+1
c were employed to evaluate RA-DAE’s ability to clas-

sify an unseen batch of data (i.e. Dn+1). Kullback-Leibler diver-

gence (DKL(P
n||Qn)) [8] was used to measure the divergence

between the distribution of current data and previously fed data;

DKL(P
n||Qn) =

∑K
i Pn(i)log(P

n(i)
Qn(i)

), where Pn(i) =
Countni

p
,

Countni is the number of data points with class i in Dn, p is as de-

fined in Table 1 and Qn(i) =
∑j

j−m P j(i)

m
. Finally the complexity

of RA-DAE at a given time is captured by νn.

With the aforementioned quantities defined, the following state

spaces were defined:

• State Space 1 - {L̃g(m3), L̃c(m1), L̃c(m2), L̃c(m3), ν}
• State Space 2 -{L̃g(m3), L̃c(m1), L̃c(m2), L̃c(m3), ν,DKL(P

n||Qn)}
• State Space 3 - {L̃g(m), L̃c(m), ν}
• State Space 4 - {L̃g(m), L̃c(m), ν,DKL(P

n||Qn)}

The constants m1,m2,m3 and m were chosen empirically and

set to 5,15,30 and 30 respectively. The reason for calculating L̃ for

several m values is to learn whether augmenting the state space of Lg

and Lc contribute additional information. However, from the experi-

mental results, it was evident that a simpler state space yields the best

results. Furthermore, it was surprising to verify that DKL(P
n||Qn)

had no significant positive impact on the results. The performance of

different state spaces is depicted in Figure 2.

4.2.2 Analysis of Structure Adaptation

We studied the adaptation pattern of RA-DAE and MI-DAE in both

stationary and non-stationary environments. Figure 5(c) depicts the

number of nodes in the first layer for MI-DAE and RA-DAE as they

adapt to data distributions changes with the CIFAR-10 dataset. In

non-stationary problems, RA-DAE exhibits repeated peaks in the

number of nodes. This can be explained by the changes in class distri-

bution in Figure 5(f). Node number changes in Figure 5(c) align with
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Figure 4. Visualisation of the value function (Q(s, a)) evolution for stationary and non-stationary distributions. Annotations on the top-right graph indicate
note-worthy behaviours of the value function. The left and top-right graphs depict the complete progression of the data distribution. For clarity, a reduced

version of CIFAR-10 with only two classes and 200,000 examples was used. For stationary data distribution, the graph indicates how Pool and Merge operations
dominate the behaviour as there are no significant data distribution changes. In the non-stationary setting, the value function for action Increment surges in face

of a sharp distribution change (Annotation 2). Merge and Pool operations take over when data distributions are consistent (Annotation 3 and 4 respectively).

the peaks appearing for various class distributions in Figure 5(f).

For sharp distribution changes, RA-DAE quickly increases the num-

ber of neurons. However, MI-DAE shows a moderate growth in the

number of nodes, despite the rapid changes in the data distribution.

This demonstrates that RA-DAE is more responsive than MI-DAE

in adapting the architecture in the face of changes. For a stationary

data distribution, MI-DAE shows a constant node count after the first

few hundred batches, where RA-DAE increases the number of nodes

over time. This can be attributed to the fact that reducing the num-

ber of neurons tends to increase the error, occasionally making the

reduction operation not preferable to RA-DAE. This is acceptable as

RA-DAE will not increase nodes unnecessarily as it would lead to

poor results due to overfitting. An alternative is to perform the pool

operation after reduce, which would reduce the error at an increased

computational cost.

4.2.3 Analysis of Local and Global Error

Finally, the capability to preserve past knowledge, balancing imme-

diate and global rewards for the algorithms was assessed by using

the local error, Elcl, and the global error, Eglb. We used the hybrid

objective function (Ldisc+λLgen for λ = 0.2) [19] to fine-tune the

network.

Figure 5 depicts several interesting results. Figure 5(a) illus-

trates the behaviour of the Elcl. RA-DAEl1
500 shows a clear im-

provement w.r.t Elcl over time. Note how in RA-DAEl1
500 the fluc-

tuations shrink over time. Moreover, Figure 5(d) delineates a sig-

nificant Eglb error margin maintained by RA-DAEl1
500 compared to

SDAEl1
500 and MI-DAEl1

500. RA-DAE’s ability to grow the network

faster compared to MI-DAE explains this significantly lower error.

Figure 5(b) and (e) portray the performance of the algorithm in a

stationary environment (CIFAR-10). Though we expected all algo-

rithms to perform comparably well in the stationary environment,

RA-DAEl3
1000 achieves the lowest Elcl and Eglb and the steepest er-

ror reduction. Both RA-DAEl3
1000 and MI-DAEl3

1000 demonstrate bet-

ter performance than SDAEl3
1000. This highlights that structure adap-

tation strategies enhance the performance of deep networks in both

stationary and non-stationary environments.

Table 3 summarises the errors (mean±standard deviation of the

last 250 batches) for various datasets. The number 250 was chosen,

as the last 250 batches displayed a consistent performance in most

instances. There are several key observations from Table 3. First,

RA-DAEl3 has outperformed its counterparts in both stationary and

non-stationary scenarios, where RA-DAEl1 and MI-DAEl1 have per-

formed equally well. By observing the performance of RA-DAEl1

and RA-DAEl3 it is evident that the performance of RA-DAE has

improved as the network becomes deeper. MI-DAE has exhibited the

same property in most occasions. The rationale being, not only deep

networks are more robust to structural modifications in terms of er-

ror, but also they are able to learn more descriptive representations

as depth increases. However, performance of SDAEl3 is worse than

SDAEl1 in both cases. This observation justifies the need for better

techniques to leverage deep architectures in online scenarios.

A surprising observation can be made in {SDAE,MI-DAE,RA-

DAE}l1 for MNIST-rot-back. Even though we expected RA-DAE

to perform the best, SDAEl1 shows the best performance with a

52.8 ± 7.0% and 65.7 ± 2.7% for Elcl and Eglb respectively. Close

examination of the behaviours of Elcl and Eglb of SDAE, MI-DAE

and RA-DAE, shows that MI-DAE and RA-DAE do not perform as

well as SDAE. This is due to the fluctuation of Elcl being fast, which

causes the algorithm to increase the number of nodes unnecessarily.

Consequently, MI-DAE and RA-DAE lead to poor accuracy due to

overfitting. This issue alleviates as the network becomes deeper.

4.2.4 Analysis of the Policy Learnt

In order to analyse the policy learnt by RA-DAE, it is imperative to

take a close look at the value function (i.e. Q(s, a)) learnt by RA-

DAE. Figure 4 depicts the evolution of the value function over time

with note-worthy behaviours annotated. For the purpose of visualisa-

tion, a simplified version of CIFAR-10 dataset (CIFAR-10-bin) has

been used. CIFAR-10-bin comprises only two classes and has a total

of 200,000 data points. Figure 4 depicts the value function for two

settings; stationary and non stationary. The annotation graphs at top-

right highlight the changes in data distribution at the points of interest

in the top graph.

In the stationary setting, it can be seen that Pool and Merge op-

erations have dominated the policy, Figure 4(right). This is sensible

as the data distribution stays constant throughout and a necessity to

increase the number of nodes hardly emerges.
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Table 3. This table presents the Elcl and Eglb obtained for various datasets and depths. Errors are in the format of mean±standard deviation for the last 250
batches. The lowest errors are highlighted in bold. RA-DAE has shown the best performance (smallest local and global errors) in most occasions (for both

stationary and non-stationary).

MNIST CIFAR-10 MNIST-rot-back CIFAR-10 (Stationary)

Elcl% Eglb% Elcl% Eglb% Elcl% Eglb% Elcl% Eglb%

SDAEl1 10.9± 5.8 27.2± 5.7 65.9± 4.9 82.8± 1.1 52.8± 7.0 65.7± 2.7 67.9± 1.5 70.2± 0.6

MI-DAEl1 6.4± 3.2 23.9± 4.4 50.4± 4.7 74.9± 3.0 61.8± 9.0 72.0± 2.6 55.5± 1.9 61.4± 0.8

RA-DAEl1 5.1± 1.4 11.3± 0.7 50.6± 7.2 74.0± 2.4 62.3± 8.8 69.6± 2.8 59.8± 1.9 61.9± 1.1

SDAEl3 11.2± 5.9 31.6± 5.4 76.3± 6.6 88.4± 1.9 67.6± 8.9 77.1± 3.2 71.8± 1.4 72.7± 0.7

MI-DAEl3 5.4± 4.4 31.3± 4.0 43.7± 8.5 71.0± 1.6 56.0± 9.2 65.5± 2.1 56.1± 1.8 58.9± 1.1

RA-DAEl3 4.1± 3.0 13.4± 0.1 32.4± 8.0 62.7± 0.7 48.2± 9.2 60.6± 3.4 50.6± 2.1 53.6± 2.1

Figure 5. (a) and (d) show the behaviour of Elcl and Eglb in a non-stationary (Non-St) situation, where (b) and (e) show the behaviour of Elcl and Eglb in a
stationary (St) situation. The titles consist of the name of the dataset followed by number of hidden layers and neuron count in each layer, within parenthesis.
RA-DAE exhibits the lowest Elcl and Eglb at the end, and a more consistent reduction compared to SDAE and MI-DAE. (c) presents node adaptation patterns

of MI-DAE and RA-DAE in both stationary and non-stationary situations. (f) shows the class distribution of data over time and each curve denotes a single
class. By comparing to (f), (c) clearly indicates that RA-DAE is more sensitive to changes in data distribution than MI-DAE in terms of the neuron adaptation.

The horizontal axis represents the number of batches in the training dataset.

For the non-stationary setting, it can be seen how Pool and Merge
operations have a high value as the algorithm has not seen an signif-

icant data distributions, thus suppressing Increment operation. Next,

at annotation 2 it can be seen how the value of Increment operation

boosts up due to the massive data distribution change. Then, at point

3, Merge operation takes over as data distribution is somewhat con-

sistent. And finally, at point 4, Pool operation dominates the graph

due to the consistency of the distribution of data.

5 Conclusion

Online learning can be widely beneficial for deep architectures as

it allows network adaptation for streaming data problems. However,

defining the structure of the network, including number of nodes,

can be difficult to do in advance. To address this, [19] introduces

MI-DAE which can dynamically change the structure of the network

but relies on simple heuristics. The novelty of this work is an online

learning stacked denoising autoencoder which leverages reinforce-

ment learning to modify the structure of the deep network. In this,

we use a model-free reinforcement learning approach and calculate

a utility function for actions by sampling from the incoming states.

Compared to the counterpart, our approach is more principled and

responsive in adapting to new information. The method leverages

RL to make decisions in a dynamic fashion. The control behaviour

combined with powerful pooling techniques allows our approach to

preserve past-knowledge effectively. Finally, our solution make de-

cisions based on long-term versus immediate reward. Experimental

results indicate that our solution often outperforms its counterparts

with a lower classification error, and the performance improves as

the network becomes deeper. Also, the approach is more sensitive

to changes in the data distribution. Future work will address other

deep learning architectures such as convolutional neural nets and

deep Boltzmann machines.
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Multi-Class Probabilistic Active Learning
Daniel Kottke1 and Georg Krempl1 and

Dominik Lang2 and Johannes Teschner2 and Myra Spiliopoulou3

Abstract. This work addresses active learning for multi-class

classification. Active learning algorithms optimize classifier perfor-

mance by successively selecting the most beneficial instances from

a pool of unlabeled instances to be labeled by an oracle. In this

work, we study the influence of the following factors for active learn-

ing: (1) an instance’s impact, (2) its posterior, and (3) the reliabil-

ity of this posterior. To do so, we propose a new decision-theoretic

approach, called multi-class probabilistic active learning (McPAL).

Building on a probabilistic active learning framework, our approach

is non-myopic, fast, and optimizes a performance measure (like accu-

racy) directly. Considering all influence factors, McPAL determines

the expected gain in performance to compare the usefulness of in-

stances. For this purpose, it calculates the density weighted expecta-

tion over the true posterior and over all possible labeling combina-

tions in a closed-form solution. Thus, in contrast to other multi-class

algorithms, it considers the posterior’s reliability which improved the

performance. In our experimental evaluation, we show that the com-

bination of the selected influence factors works best and that McPAL

is superior in comparison to various other multi-class active learning

algorithms on six datasets.

1 INTRODUCTION
In supervised classification, prediction models are learned from la-

beled training data. In some applications, unlabeled data is avail-

able or easy to collect but the labeling (annotation) of this data is

expensive, time-consuming or exhausting. For such applications, ac-

tive learning methods provide solutions that optimize the labeling

process by selecting the most useful unlabeled instances to be passed

to an oracle for labeling. Thereby, active learning aims to achieve

high performance with as few labeled instances as possible [23].

A particular and little researched challenge [26] in active learning

is its generalization to multi-class settings, with multinomial rather

than binary labels. The few works that have addressed this task so

far mostly use either uncertainty sampling for active learning with

support vector machines, thereby concentrating on instances close to

the anticipated decision boundary [6, 12, 29], optionally extended

by information about density or diversity [4, 14]. Others use ex-

pected error reduction by simulating the impact of a label acquisition

on the whole dataset to determine the expected performance [13].

Both approaches have known limitations [7, 15]: the former fast,

information-theoretic heuristic often fails in exploring the dataspace,

the latter decision-theoretic method has high computation time.
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Magdeburg, Germany, email: {daniel.kottke, georg.krempl}@ovgu.de

2 Faculty of Computer Science, Otto von Guericke University, Magdeburg,
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We contribute a multi-class active learning approach that com-

bines the advantages of the approaches mentioned above, i.e. opti-

mizing expected performance directly while being nearly as fast as

uncertainty sampling. Following the recently proposed probabilistic

active learning framework [17], the key idea is to compute the expec-

tation over the true posterior by incorporating the number of labels in

a neighborhood of the label candidate as a proxy for the posterior’s

reliability. The resulting score is weighted with the density which we

use as a proxy for the new label’s impact on the whole dataset. We

compare our approach with the most relevant state-of-the art methods

from the literature and present experiments on six datasets.

In addition, we expose the three influence factors that are used in

our method: the posterior, the reliability of that posterior, and the im-

pact of a labeling candidate. We explain their role in active learning

and evaluate their effect experimentally. To the best of our knowl-

edge, we are the first that use the number of labels inside a candi-

date’s neighborhood for multi-class active learning, which we show

to has a strong impact on the learner’s performance. Furthermore,

by adding another decision-theoretic method to propositions in the

comparative study of [14], we contribute to the important research

question on how to combine the posteriors of many classes into one

comparable score.

The next section summarizes the related work by introducing the

basic approaches of multi-class active learning. The main section

presents our new approach including an analysis of its characteris-

tics, and is followed by our experimental evaluation. The paper is

concluded with a summarizing discussion.

2 RELATED WORK

Active learning aims to optimize the annotation of unlabeled in-

stances (candidates), by selecting the ones that improve a given clas-

sifier’s performance the most [23]. As active learning in general is far

more researched than multi-class active learning, we concentrate on

the most relevant work before summarizing multi-class approaches.

Most active learning techniques define a usefulness score for each

label candidate. A simple but common information-theoretic heuris-

tic is to use the instances with highest uncertainty [18]. This uncer-

tainty sampling method chooses instances near the classifier’s current

decision boundary, i.e. instances with a posterior probability near the

decision threshold (for binary cases 0.5). Related approaches like us-

ing the posteriors’ entropy have been addressed in [23]. In contrast,

the decision-theoretic expected error reduction approach estimates a

candidate’s usefulness by simulating its label’s realizations and mea-

suring the resulting model’s performance on a representative set of

evaluation instances [21]. This computationally expensive calcula-

tion of the expected performance over all possible labels and the in-

stances of the representative set builds the usefulness score [3].
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Krempl et al. [16] argue that using posterior estimates directly in

the expectation step leads to inaccuracies. They observed that these

posterior estimates are highly unreliable especially having only few

labeled instances. Probabilistic active learning [17] therefore tries to

overcome these difficulties by introducing label statistics that include

the posterior of the positive class (they only consider binary classi-

fication tasks) and the number of nearby labels as a proxy for reli-

ability. The usefulness score is calculated with the expectation over

the true posterior as well as over the possibly appearing labels. Other

approaches aim to reduce the classification variance by using an en-

semble of classifiers and request instances where the ensemble’s dis-

agreement is high [24].

For active learning with multiple classes, the main challenge is

the mapping of posterior values into a comparable score to select

the most useful labeling candidate. Körner and Wrobel [14] ana-

lyzed different heuristics that have been also used by other papers:

(1) usual confidence-based uncertainty sampling chooses the in-

stance with the lowest posterior for the best decision, which is com-

parable to selecting the instances near the decision boundary (see

also [5, 11, 28, 29]), (2) entropy-based sampling chooses the in-

stance with highest posterior entropy (see also [30]), (3) Best-vs-

Second-Best (BvsSB) sampling (also called margin-based) uses the

difference between the posterior of the best and the second best class

(see also [5, 12]), and (4) sampling using a specific disagreement that

combines margin-based disagreement with the maximal probability4.

Expected error reduction-based methods have also been consid-

ered for multi-class active learning. Joshi et al. [13] proposed an al-

gorithm called Value of Information (VoI) that estimates the expected

misclassification costs plus the expected labeling costs. They com-

pare the performance of the current classifier and each hypothetical

classifier which are evaluated for each labeling candidate and each

class on an evaluation set. As these algorithms take long for execu-

tion, the authors propose three approximations for speedup. For mu-

sic annotation applications, Chen et al. [4] developed a method that

finds a set of instances to be labeled based on a volume criterion (sim-

ilar to SVM volume reduction [25]), a density score that favors dense

regions and a diversity score that enforces diversity among instances

from the labeling set. More recently, Guo and Wang [6] developed

a stepwise method consisting of an initial selection of instances to

be labeled (via random, clustering or discrepancy), followed by an

active learning step. This is based on the characteristics of One-

versus-Rest (OvR) Support Vector Machines (SVMs) where a label-

ing candidate can belong to one class with support from zero, one or

more than one OvR SVMs. To choose the next instance for labeling,

they define a rejection score, a compatibility score and an uncertainty

score, and propose rules on how these score have to be considered.

Wang et al. [26] propose an ambiguity-based multi-class approach

that uses possibilistic membership from One-vs-Rest SVMs. These

membership values are between 0 and 1 but do not necessarily sum

up to one like posteriors. Their ambiguity measure is based on fuzzy

logic operations and has a parameter γ which has to be optimized and

is not known in advance. A more theoretical work on cost-sensitive

multi-class active learning is given by [1]. He analyzed the regret

and label complexity for data with labels that are generated with a

generalized linear model.

Some approaches consider settings with different costs for mis-

classifying an instance of a specific class [5, 13]. Additionally, [13]

also includes annotation cost, i.e. the cost of labeling one instance.

4 Note, that the selection of instance based on confidence and BvsSB would
be exactly the same in a two-class problem but is different for multiple
classes (see [23]).

The acquisition of instances can be done in a successive manner or

in form of instance batches. Most approaches choose to acquire in-

stances one-by-one, except for [4, 30]. Besides SVMs (often used

with a probabilistic version), [14] used an ensemble of trees, [11]

proposed a probabilistic version of the k-nearest-neighbor (pKNN)

classifier, [5] tested their algorithms on a random forest, and [30]

used random walks over a markov chain.

3 OUR METHOD
In this section, we propose probabilistic active learning for mul-

tiple classes, an extension of the binary version proposed in

[16]. In the first subsection, we present the active learning

framework and explain our influence factors. Next, we propose

our Multi-class Probabilistic Active Learning (McPAL) approach,

followed by the derivation of a closed-form solution. Finally, we con-

clude our results and compare its behavior to existing approaches in

an analytical way.

3.1 AL framework and influence factors
In an active, multi-class classification tasks with C different classes,

each instance has a feature vector �x and a label y ∈ {1, . . . , C},

which is unknown at the beginning. As shown in Fig. 1, the active

learner successively selects the most useful instances �x∗ from the

candidate pool U and requests its label y from the oracle. After re-

training the classifier with the new labeled set L ∪ (�x∗, y), this pro-

cedure is repeated until the budget b is consumed. In our setting, the

active component’s decision is based on outputs (posteriors and dis-

tribution of labeled instances) of a generative probabilistic classifier

[19], which is updated according to the contents of L.

function al_framework(U){
L = {}
cl = init_classifier()
for(i=1; i<=b; i++){
x* = active_learning(U, cl, L)
y = ask_oracle(x*)
U = remove(U, {x*})
L = append(L, {x*, y})
cl = train_classifier(L)

}
}

Figure 1. Pseudocode of the active learning framework

Throughout our research on active learning, we identified different

influence factors that affect active learning positively. The labeling

candidate’s class posterior P̂ (y | �x) is the most commonly used one,

as it indicates the probability of an instance �x to be classified as y.

For simplicity, we denote �̂p as the vector of estimated posterior prob-

abilities, i.e. p̂i = P̂ (y = i | �x), 1 ≤ i ≤ C. If the posteriors for all

classes are similar, this indicates a high uncertainty of the classifier

at the instance’s location �x. Here, we have to distinguish between the

aleatoric uncertainty that is caused by high Bayesian error, and the

epistemic uncertainty, which is caused by a lack of information [22].

We are not able to reduce the aleatoric uncertainty, but we can ac-

quire more labels to reduce the epistemic uncertainty in the currently

considered neighborhood.

Measuring the number of nearby labels n as a proxy for the reli-
ability of the class posterior enables the separation of the aleatoric

and the epistemic uncertainty. The higher this number is, the more
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likely it is for the observed posterior p̂ to be close to the unknown

true posterior.

The third influence factor is the impact on the whole dataset.
Weighting the usefulness score by the instances’ density as a proxy

for its impact prefers instances in dense regions over those in sparse

ones. We assume that it is more beneficial to focus on regions with

high density as more future classification decision benefit from the

information increment there.

One of the most important questions in multi-class active learn-

ing is how to combine the different posteriors to one comparable

score [14]. In binary situations, this function p̂ �→ R is only one-

dimensional as p̂2 = 1 − p̂1 and can be easily visualized. Three-

class problems typically are visualized with ternary plots (see also

[14, 23]). In Fig. 2, we show a ternary heatmap plot where the

darker shades indicate higher usefulness. This is a barycentric coor-

dinate system, where each position stands for one specific posterior

probability. The figure shows the usefulness values for confidence-

based sampling (Conf), and for the Best-vs-Second-Best (BvsSB)

approach. The entropy-based score has a more circular shape (not

shown here) [23].
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Figure 2. Ternary heatmap plot of the usefulness of confidence-based
(Conf) and Best-vs-Second-Best (BvsSB) sampling. Dark color indicates

high usefulness of a posterior in that barycentric coordinate system.

In the next section, we propose our method, which combines all

three influence factors in a decision-theoretic way. Then, we visu-

alize the behavior of McPAL (without the density weight) also with

ternary plots, and evaluate our theory of influence factors experimen-

tally comparing their effects on active learning performance in Sec.

4.2. Our mathematical symbols are summarized in Tab. 1.5

C - Number of classes
Y = {1, . . . , C} - Vector of all possible labels
L - Set of labeled instances (x, y)
U - Set of unlabeled instances (x, .)
�p = (p1, . . . , pC) - Vector of true posteriors
�k = (k1, . . . , kC) - Vector of frequency estimates
n =
∑

ki - Number of observed labels (reliability)
�̂p = �k/n - Vector of observed posteriors
�d = (d1, . . . , dC) - Decision vector (see Eq. 8)
m ∈ N - Number of hypothetically considered labels
�l = (l1, . . . , lC) ∈ NC - Vector representing the number of hypo-

thetic labels per class (
∑

li = m)

Table 1. Overview of used mathematical symbols.

3.2 Multi-class probabilistic active learning
In probabilistic active learning for two classes, it is assumed that the

appearance of a label of class y is a Bernoulli experiment [17]. A

label of class i in the neighborhood of an instance �x appears with

5 All unspecified iterators start at i = 1 and end at C.

a probability of P (y = i | �x) =: pi building the vector of true

posteriors �p. For multiple classes, we naturally generalize the 2-class

Binomial distribution to a Multinomial one. The probability of ob-

serving a specific labeling situation �k given the true posterior �p is

then calculated according to Eq. 1. Each entry ki in the vector �k
represents the number of instances with label i, 1 ≤ i ≤ C in the

neighborhood of �x. This vector also indicates the number of observed

labels n =
∑

ki, which is used as the reliability proxy (�k = n · �̂p).

We use the generalized multinomial coefficient for non-integer argu-

ments containing the Γ function by Legendre [20].

P (�k | �p) = Multinomial�p(�k) =

( ∑
ki

k1, . . . , kC

)
·
∏(

pki
i

)
(1)

=
Γ ((
∑

ki) + 1)∏
(Γ (ki + 1))

·
∏(

pki
i

)
(2)

In the active learning setting, we do not know the true posteriors

�p, but we are able to estimate the number of observations �k. To de-

termine a probability distribution for the true posterior, we take the

normalized likelihood function [16] as given in Eq. 3-5.

L(�p | �k) = P (�k | �p) (3)

P (�p | �k) = L(�p | �k)∫
�p′ L(

�p′ | �k) d�p′
=

Γ (
∑

(ki + 1))

Γ ((
∑

ki) + 1)
· L(�p | �k) (4)

=
Γ (
∑

(ki + 1))∏
(Γ (ki + 1))

·
∏(

pki
i

)
(5)

The density function P (�p | �k) has its maximum for �p = �̂p and the

variance decreases by increasing n =
∑

ki.
Given a performance measure like accuracy, a Bayesian optimal

classifier [16] selects the most probable class ŷ (based on its ob-

served frequency kŷ) according to Eq. 6. The true posterior pŷ of this

selected class corresponds to the resulting accuracy, as expressed by

the performance function in Eq. 7.

ŷ = arg max
y∈{1,...,C}

(ky) (6)

perf
(
�k | �p
)
= pŷ (7)

=
∏

pdii di =

{
1 if i = ŷ

0 if i �= ŷ
(8)

Given such a performance function, we calculate the expected cur-

rent performance for the neighborhood around �x with observed fre-

quencies in �k:

expCurPerf
(
�k
)
= E

�p

[
perf
(
�k | �p
)]

(9)

=

∫
�p

P (�p | �k) · perf
(
�k | �p
)
d�p (10)

The goal of our approach is (1) to estimate the gain of performance

resulting from an upcoming label based on the set of unlabeled data

U and of labeled data L and (2) to choose the candidate with the

maximal gain (see Eq. 11). Having chosen a generative, probabilistic

classifier cl like the Parzen window classifier [3] or the probabilistic

k-nearest-neighbor [11], we are able to count the number of labeled

occurrences per class given a kernel function K (see Eq. 12). The

kernel function is a similarity score with K(�x, �x) = 1. Finally, we

define our active learning score as the density weighted performance

gain given in Eq. 13.
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�x∗ = arg max
�x∈U

(alScore
(
�x | L,U)

)
(11)

�k = cl
(
�x | L
)
; ki =

∑
{(�x′,y′)∈L : y′=i}

K(�x, �x′) (12)

alScore
(
�x | L,U

)
= P (�x | L ∪ U) · perfGain

(
cl
(
�x | L
))

(13)

We determine the performance gain in Eq. 14 by the difference be-

tween the expected performance considering m new labels and the

expected current performance. The latter is simply calculated as in

Eq. 9, the more general expected performance (see Eq. 15) con-

siders multiple possibilities of a labeling. Therefore, we addition-

ally calculate the expectation value over these possible labelings
�l = (l1, . . . , lC) ∈ NC . Given a number of hypothetical labels that

are allowed to be acquired m ∈ N,
∑

li = m in one step, the label-

ing vector represents the change of observations that would be added

to the �k vector if this labeling would be obtained. Hence, after re-

ceiving a labeling �l, the classifier output changes to �k + �l. Note that

this calculation is exact for m = 1, but only an approximation for

m > 1, as it is unlikely to have another instance �x′ at exactly the

same location as the current label candidate �x (similarity of �x and �x′

should be 1 to be exact). However, as we only select one instance for

labeling at each step, this effect is negligible. Finally, we divide the

gain by m to have the average gain per label acquisition.

perfGain
(
�k
)
= max

m≤M

(
1

m

(
expPerf

(
�k,m
)
− expCurPerf

(
�k
)))

(14)

expPerf
(
�k,m
)
= E

�p

[
E
�l

[
perf
(
�k +�l | �p

)]]
(15)

The labeling �l is multinomial distributed given the true posterior:

P (�l | �p) = Multinomial�p(�l) =
Γ ((
∑

li) + 1)∏
(Γ (li + 1))

·
∏(

plii

)
(16)

With help of these equations it is possible to determine the next best

instance for labeling as given in Eq. 13 numerically. Achieving a

good numerical performance would be computationally expensive

and highly dependent on the number of classes C as well as the step

width for integrating the true posterior �p.

Hence, we propose a closed-form solution for this approach in the

following section that reduces the computational cost seriously.

3.3 Fast closed-form solution

To get rid of numerical integration, it is sufficient to simplify the ex-

pected performance, as the expected current performance is a special

case of the former (see Eq. 17ff.).

expCurPerf
(
�k
)
= expPerf

(
�k, 0
)

(17)

expPerf
(
�k,m
)
= E

�p

[
E
�l

[
perf
(
�k +�l | �p

)]]
(18)

=

∫
�p

P (�p | �k) ·
∑
�l

P (�l | �p) · perf
(
�k +�l | �p

)
d�p (19)

=
∑
�l

∫
�p

P (�p | �k) · P (�l | �p) · perf
(
�k +�l | �p

)
d�p (20)

=
∑
�l

∫
�p

Γ (
∑

(ki + 1))∏
(Γ (ki + 1))

·
∏(

pki
i

)
· Γ ((

∑
li) + 1)∏

(Γ (li + 1))
·
∏(

plii

)
· perf

(
�k +�l | �p

)
d�p (21)

=
∑
�l

Γ (
∑

(ki + 1))∏
(Γ (ki + 1))

· Γ ((
∑

li) + 1)∏
(Γ (li + 1))

·
∫
�p

∏(
pki+li
i

)
· perf

(
�k +�l | �p

)
d�p (22)

After separating the normalization factors from the integral, we

simplify the integral by inserting the performance from Eq. 8 and by

calculating the definite integral as above in Eq. 4.

∫
�p

∏(
pki+li
i

)
· perf

(
�k +�l | �p

)
d�p (23)

=

∫
�p

∏(
pki+li
i

)
·
∏

pdii d�p (24)

=

∫
�p

∏(
pki+li+di
i

)
d�p =

∏
Γ (ki + li + di + 1)

Γ (
∑

(ki + li + di + 1))
(25)

Reinserting the integral into Eq. 22 and sorting the terms yields

the following equations.

expPerf
(
�k,m
)
=
∑
�l

Γ (
∑

(ki + 1))∏
(Γ (ki + 1))

· Γ ((
∑

li) + 1)∏
(Γ (li + 1))

·
∏

Γ (ki + li + di + 1)

Γ (
∑

(ki + li + di + 1))
(26)

=
∑
�l

Γ (
∑

(ki + 1))

Γ (
∑

(ki + li + di + 1))

·
∏

Γ (ki + li + di + 1)∏
(Γ (ki + 1))

· Γ ((
∑

li) + 1)∏
(Γ (li + 1))

(27)

The first and second factors are simplified as follows.

Γ (
∑

(ki + 1))

Γ (
∑

(ki + li + di + 1))
(28)

=
Γ (
∑

(ki + 1))

Γ (
∑

(ki + 1) + (
∑

li) + (
∑

di)))
(29)

=

⎛⎜⎝
(∑

(ki+li+di+1)
)
−1∏

j=
∑

(ki+1)

1

j

⎞⎟⎠ Γ (
∑

(ki + 1))

Γ (
∑

(ki + 1))
(30)

=

(∑
(ki+li+di+1)

)
−1∏

j=
∑

(ki+1)

1

j
(31)

∏
Γ (ki + li + di + 1)∏

(Γ (ki + 1))
=
∏ Γ (ki + li + di + 1)

Γ (ki + 1)
(32)

=
∏ (∏ki+li+di

j=ki+1 j
)
Γ (ki + 1)

Γ (ki + 1)
=
∏⎛⎝ki+li+di∏

j=ki+1

j

⎞⎠ (33)

Using Eq. 27, 31 and 33, we get the fast version of the expected
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performance, a value within [0, 1].

expPerf
(
�k,m
)
=
∑
�l

⎛⎜⎝
(∑

(ki+li+di+1)
)
−1∏

j=
∑

(ki+1)

1

j

⎞⎟⎠
·
∏⎛⎝ki+li+di∏

j=ki+1

j

⎞⎠ · Γ ((
∑

li) + 1)∏
(Γ (li + 1))

(34)

Now, the final McPAL usefulness score from Eq. 13 is calculated

using Eq. 14 and Eq. 34.

As an example, we calculate the expected performance for m = 0
which is equivalent to the expected current performance. As men-

tioned before, ŷ = arg maxy∈{1,...,C}(ky).

expPerf
(
�k, 0
)
=
∑
�l

⎛⎝(
∑

(ki+1)+(
∑

li)+(
∑

di))−1∏
j=

∑
(ki+1)

1

j

⎞⎠
·
∏⎛⎝ki+li+di∏

j=ki+1

j

⎞⎠ · Γ ((
∑

li) + 1)∏
(Γ (li + 1))

(35)

=

⎛⎝∑
(ki+1)+0+1−1∏
j=

∑
(ki+1)

1

j

⎞⎠ · (kŷ + 1) · 1 =
kŷ + 1∑
(ki + 1)

(36)

3.4 Characteristics of McPAL
As briefly discussed in Sec. 3.1, there are different ways to combine

the posterior estimates �̂p from the classifier to determine a useful-

ness score. The examples in Fig. 2 show different shapes that lead to

different behavior, which is evaluated in Sec. 4.

Fig. 3 shows the ternary heatmap plots for the performance gain

function of the McPAL algorithm, i.e. the active learning score with-

out the density weight. In contrast to all other multi-class active

learning approaches, McPAL does not only consider the observed

probability �̂p but also includes the reliability n =
∑

ki, which is

summarized in the frequency vector �k = n · �̂p. This extends the

ternary plot by an additional degree of freedom. Therefore, we pro-

vide two exemplary figures, one showing the behavior for n = 1,

and one for n = 2.

The left plot of Fig. 3 shows a similar but not identical shape

as the confidence based (Conf in Fig. 2). While contour lines for

confidence-based sampling are linear, these of McPAL are slightly

concave. The highest gain is in the center, which represents regions

of absolute uncertainty as the posteriors are equal. The lowest gains

are in the corners of the triangle. An increase of reliability n de-

creases the gain (see right plot), as the epistemic uncertainty (caused

by lack of information) decreases. This means that there are situa-

tions where instances with a non-equal posterior vector are preferred

over those with equal posteriors if there is more evidence that the

equal posteriors are more likely to be correct.

The number of hypothetical label acquisitions M in the neighbor-

hood of a labeling candidate is bounded by the globally available

budget. In the beginning, it is sufficient to have M = 1, as one in-

stance has the highest average benefit for the classification task. Over

time, we need more hypothetical labels to achieve this benefit. In our

experiments, it was sufficient to set M = 2. Applications with more

labels should adjust the M to greater values accordingly.

From a decision-theoretic view, it is more reasonable to prefer con-

fidence based active learning over entropy or best-vs-second-best, but

Figure 3. Ternary plot for performance gain for situations with
n =
∑

ki = 1 (left) and n = 2 (right).

the reliability makes a huge difference in the performance as the next

section will show.

4 EVALUATION
The goals of our evaluation are twofold: on the one hand, we show

the advantage of combining our previously defined impact factors,

and on the other hand we compare our multi-class probabilistic active

learning approach with state-of-the-art methods. All experiments are

conducted based on the setup explained in the following subsection.

4.1 Experimental setup
The proposed method and several other active learning strategies are

tested on six datasets, labeling instances successively until the avail-

able budget of b = 60 label acquisitions has been exhausted. This is

done on multiple, seed-based splits of the datasets into independent

training and test subsets (training 67%, test 33% of the data) where

the number of different training-test-splits for the smaller datasets

(ecoli, glass, iris, wine) is 100 and for the large datasets (vehicle,

yeast) is set to 50 due to execution time. All experiments are re-

ported by its mean and standard deviation of misclassification cost

across all splits. Additionally, we compared each algorithm on all

datasets against our method McPAL to determine if our method is

significantly better. Therefore, we used a Wilcoxon signed rank test

[27] at a p-value of 0.05 and performed the Hommel procedure [10]

to prevent the results from errors induced by multiple testing.

The most used visualization of evaluation results are learning

curves, which plot the performance in comparison to the number of

acquired labels. Our learning curves in Fig. 4 and 5 show the classi-

fication error of each active learner on the y-axis, the standard devi-

ation of the error across all splits indicated as an error bar, and the

number of instances sampled for the labeled set on the x-axis. In ad-

dition to these plots, the results are given in Tab. 4, showing the error

and standard deviation of the different active learning methods for all

used datasets. The tables show the learner’s performance at three dif-

ferent steps, i.e. after 20, 40 and 60 labels have been acquired. Since

60 is the maximum number of sampled instances in the experiments,

these steps show the performance in the beginning, intermediate and

end phase of the learning process. All results are reported separately

for each classifier and dataset. We computed our experiments on a

computer cluster running the Neurodebian [8] system.

Besides the proposed method of this paper, six other active

learning strategies are used. The McPAL method is executed with

M = 2, as higher M just increased the execution time but

did not change the performance. As a standard baseline, we use

a randomly sampling method (Rand). Confidence-based sampling
(Conf) selects the instance with the lowest maximal posterior (x∗ =
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arg minx∈U maxy∈Y p̂y) [11]. The next approach uses the shan-

non entropy to model the uncertainty of an instance (Entr) [13].

Best-vs-Second-Best (BvsSB) samples this instance of the unlabeled

set that minimizes the difference of the posterior probabilities of

the most probable and the second most probable class [12, 13, 14].

Maximum-Expected-Cost (MaxECost) determines the value of an

instance based on the expected cost associated with the misclassifica-

tion of that instance. Consequently, the learner samples the instance

tied to this score [5]. The last strategy belongs to the expected error

reduction based methods. The original Value of Information (VoI)

criterion as suggested by Joshi et al. [13] selects the instance �x that

minimizes a risk measure defined by them. It has to be mentioned

that the computational effort of this algorithm forced us to exclude

it from the experiments on the vehicle and yeast datasets, since they

possess a large number of instances and/or classes, leading to infea-

sible execution times.

Active learning algorithms require robust classifiers for robust use-

fulness estimation. Therefore, we choose generative classifiers [19],

namely the Parzen window classifier (PWC) [3], and a probabilis-

tic variant of the k-nearest-neighbor classifier (pKNN, with k = 9;

received good results for our classification tasks (between 3 and 9

classes)) proposed by Jain and Kapoor [11]. These classifiers can be

used with any arbitrary similarity function. As the optimization of the

overall performance level is not the scope of this paper, we choose to

simply standardize each attribute (z-standardization) and use an uni-

variate Gaussian kernel with fixed standard deviation of σ = 0.7 for

all datasets and active learning algorithms. This ensures fair compa-

rability that is independent of a classifier bias.

Table 2. Datasets with the number of instances, the number of attributes
and the class frequencies.

Dataset #Inst. #Attr. #Instances per class

Ecoli 336 8 143, 77, 52, 35, 20, 5, 2, 2
Glass 214 10 70, 76, 17, 13, 9, 29
Iris 150 4 50, 50, 50
Vehicle 846 18 212, 217, 218, 199
Wine 178 13 59, 71, 48
Yeast 1484 8 463, 429, 244, 163, 51, 44, 35, 30, 20

We evaluate our algorithm on six multi-class datasets from the

UCI repository [2]. The distribution of classes and the number of

instances and attributes are summarized in Tab. 2. The ecoli dataset

was originally used for predicting protein localization sites in eu-

karyotic cells. The attributes describe properties of proteins. Glass
was originally generated for classification of types of glass left at

a crime scene. The attributes describe chemical ingredients to pre-

dict for example whether the glass is from a car window or a win-

dow of a building. The iris dataset classifies the type of an iris plant,

the features describe measures of the plant. Vehicle contains features

of car models for predicting the manufacturer. The attributes of the

wine dataset describe the chemical ingredients of a wine instance.

The class values are derived from three different cultivars. The yeast
dataset is also used for predicting the localization site of protein in

bacteria. The first column, which held the sequence name, was re-

moved.

The complete results together with an implementation are avail-

able at our companion website6.

6 http://kmd.cs.ovgu.de/res/mcpal/

4.2 Impact of influence factors
In Sec. 3.1, we introduced three different influence factors that are

considered in McPAL. Fig. 4 shows learning curves on selected

datasets and classifiers of McPAL variants with different input pa-

rameters using the previously described experimental setup. Thereby,

we aim to measure the importance of the different influence factors

posterior, reliability, and impact. In addition to the original McPAL
algorithm, we show variants that exclude information either (1) about

the reliability by normalizing the �k vector to
∑�k = n = 1 (denoted

w/o reliability), or (2) about the posterior by replacing the

kernel frequency estimate with a uniform one ki = n/C, 1 ≤ i ≤ C
(denoted w/o posterior), or (3) about the density by setting it

to a constant (denoted w/o impact).

Our selection in Fig. 4 shows that the combination of all influence

factors works best. In some cases, the variant without impact is better

than the McPAL method. We explain this behavior with the fact that

the density, which is used as a proxy for the impact of a label on the

complete dataset, gets inaccurate. Especially when there are many

labels added to the dataset, this estimate gets worse as the influence

also depends on the explicit label situation on the dataset. Neverthe-

less, the density improved the overall performance although leaving

it out is less critical than leaving out one of the other factors.

Especially the results on yeast with the PWC are interesting. Here,

leaving out the reliability or the posterior leads to no performance

improvement, but unifying these approaches (McPAL) achieves the

lowest error.

4.3 Competitiveness of our method
Fig. 5 shows the learning curves of the experiment results with the

pKNN classifier, Tab. 4 shows the results using the PWC. As shown

in Tab. 4 the McPAL algorithm outperforms its competitors consis-

tently on 4 of the 6 datasets (best performance highlighted in bold

text), for the first 20 sampled instances even on 5 out of 6. Using the

PWC, our method is only the second best by a close margin after 40

and 60 samples on the vehicle data. After 20 samples random sam-

pling performed best. On the wine dataset, our method scores best

at 20 sampled instances but falls behind Entr later. As wine data is

easy to learn, it is important to mention that the performance almost

converged at 30 labels. In general the BvsSB and Entr algorithms

seem to be the most consistent competitors to McPAL in the experi-

ments, the former being the best scoring on the vehicle dataset after

40 samples and the latter outperforming McPAL on the wine dataset

after 40 samples.

A good active learning algorithm is characterized by a fast con-

vergence to a good final performance. As can be seen in Fig. 5, our

proposed method manages to reduce the classification error quicker

than its competitors, in some cases even starting out with a lower

error (e.g. ecoli, glass, yeast). Over all datasets, McPAL reduces the

error quicker than the other algorithms in the early steps. On top of

that, the McPAL algorithm shows a lower standard deviation across

all trials compared its competitors (indicated by the error bars in the

plots and the brackets in Tab. 4), making it not only the best perform-

ing but also the most stable method in the experiments.

For another perspective on the results, the performance of the al-

gorithms in comparison to randomly sampling instances (Rand, grey

dotted line) should be considered. In case of both the vehicle and

yeast dataset McPAL’s competitors surpass random instance sam-

pling only late in the learning process in terms of classification error.

Even on the iris dataset Conf, BvsSB and VoI struggle to perform

better than random selection.
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Figure 4. Learning curves of mean misclassification cost (including standard deviation as error bars) different variants of the McPAL algorithm on all six
datasets. The upper plots show results from the pKNN classifier, the lower ones with the PWC.

Table 3. Mean execution time for each algorithm for choosing one
instance for labeling on the specified dataset in s (sorted by dataset size)

Dataset McPAL BvsSB MaxEC. Conf Entr VoI Rand

Iris 0.363 0.085 0.083 0.097 0.092 15.94 0.001

Wine 0.584 0.145 0.148 0.153 0.147 36.22 0.001

Glass 1.794 0.200 0.205 0.204 0.204 136.1 0.001

Ecoli 4.590 0.306 0.317 0.313 0.308 518.5 0.001

Vehicle 2.128 0.389 0.394 0.385 0.386 NA 0.001

Yeast 28.06 1.175 1.207 1.171 1.186 NA 0.001

In Tab. 3, we summarized the mean execution time of all algo-

rithms on every dataset. Our proposed method does require more

time to sample an instance than its competitors with exception of the

VoI algorithm, which takes much longer than any other algorithm

used in the experiments. Due to the higher complexity of the McPAL

method in comparison to more simple methods like uncertainty-

based ones, a longer execution time is to be expected. Considering

the performance and stability of McPAL mentioned before, the in-

creased time requirement is still a good trade off. In contrast to the

fast methods, McPAL has an additional factor which is the sum over

each labeling that is dependent on the m value.

5 CONCLUSION
This paper addresses active learning for multiple classes. This chal-

lenging topic opens up different aspects like the combination of

the posterior vector into one comparable score. In this paper, we

proposed a new multi-class probabilistic active learning method

(McPAL) that addresses this problem in a decision-theoretic way. To

this end, we developed a generalized probabilistic model that com-

bines all of our mentioned influence factors impact, posterior, and

the reliability of the posterior. Our approach directly optimizes a per-

formance measure like accuracy, is non-myopic and fast. We showed

how the influence factors depend on each other in our probabilistic

framework and evaluated their behavior in multiple experiments. Es-

pecially the combination of the posterior and its reliability makes a

huge difference. Our experimental comparison with the most relevant

multi-class active learning approaches shows that McPAL is superior

in most cases or at least comparable. We suggest that our approach

can still be optimized by replacing the proxies of our influence fac-

tors by even more appropriate ones, which will be part of our future

research. The complete results together with an implementation are

available at our companion website7.
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Figure 5. Learning curves of mean misclassification cost (including standard deviation as error bars) of McPAL and its competitors on all six datasets using
the pKNN classifier.

Table 4. Mean misclassification cost and its standard deviation of the all algorithms on all six datasets using the Parzen window classifier. We report the
results after 20, 40, and 60 acquired labels. The best method is printed in bold numbers. Results showing significant superiority of McPAL against other

algorithms are indicated with *.

20 samples ecoli glass iris vehicle wine yeast

McPAL 22.70 (± 4.45) 30.17 (± 4.22) 3.94 (± 1.97) 149.14 (± 11.94) 2.66 (± 1.43) 275.24 (± 26.35)
BvsSB 24.75 (± 4.84) * 35.95 (± 5.57) * 12.63 (± 7.06) * 148.68 (± 18.25) 2.80 (± 1.67) 289.90 (± 23.13) *
MaxECost 25.42 (± 6.63) * 33.33 (± 5.09) * 8.23 (± 6.24) * 155.98 (± 17.71) 2.95 (± 1.88) 294.20 (± 32.95) *
Conf 24.64 (± 7.07) * 33.93 (± 5.02) * 12.48 (± 7.32) * 156.52 (± 17.19) 2.90 (± 1.79) 292.92 (± 34.42) *
Entr 26.94 (± 8.01) * 33.04 (± 5.50) * 14.61 (± 3.17) * 153.44 (± 18.82) 3.41 (± 1.76) * 298.60 (± 32.63) *
VoI 40.14 (± 9.59) * 38.20 (± 3.98) * 16.55 (± 2.67) * NA 2.89 (± 2.68) NA
Rand 32.52 (± 7.89) * 36.69 (± 5.00) * 9.91 (± 4.47) * 145.38 (± 13.27) 4.35 (± 3.04) * 300.12 (± 23.56) *

40 samples ecoli glass iris vehicle wine yeast

McPAL 19.15 (± 4.06) 29.14 (± 4.22) 2.85 (± 1.58) 125.88 (± 8.99) 1.78 (± 1.06) 258.36 (± 24.40)
BvsSB 21.02 (± 4.42) * 32.28 (± 4.36) * 11.78 (± 7.78) * 122.90 (± 14.43) 1.92 (± 1.26) 273.52 (± 22.95) *
MaxECost 20.80 (± 4.10) * 29.70 (± 4.46) 7.70 (± 6.44) * 131.82 (± 14.44) 1.90 (± 1.16) 274.54 (± 30.65) *
Conf 19.60 (± 4.30) 29.79 (± 4.87) 11.69 (± 7.79) * 133.56 (± 14.90) * 1.94 (± 1.19) 276.36 (± 32.40) *
Entr 23.55 (± 4.80) * 30.64 (± 4.61) * 13.88 (± 3.49) * 139.02 (± 18.57) * 1.77 (± 1.14) 284.38 (± 28.05) *
VoI 41.46 (± 7.22) * 38.06 (± 3.78) * 16.74 (± 2.58) * NA 1.92 (± 1.89) NA
Rand 29.80 (± 6.57) * 34.57 (± 5.18) * 8.28 (± 4.03) * 129.88 (± 13.31) 2.65 (± 1.61) * 281.84 (± 25.48) *

60 samples ecoli glass iris vehicle wine yeast

McPAL 18.41 (± 3.69) 27.08 (± 3.95) 5.81 (± 2.54) 115.26 (± 7.60) 1.63 (± 1.06) 244.12 (± 20.71)
BvsSB 19.69 (± 4.44) * 29.71 (± 4.22) * 12.71 (± 7.64) * 113.42 (± 9.95) 1.76 (± 1.13) 259.68 (± 22.66) *
MaxECost 20.29 (± 4.55) * 27.99 (± 4.25) 8.12 (± 5.62) * 120.06 (± 12.42) * 1.66 (± 1.03) 257.60 (± 26.75) *
Conf 19.91 (± 4.29) * 28.46 (± 4.59) * 12.40 (± 7.59) * 122.34 (± 13.39) * 1.62 (± 1.12) 259.98 (± 25.76) *
Entr 22.54 (± 4.55) * 31.65 (± 4.91) * 11.94 (± 4.07) * 126.06 (± 14.60) * 1.53 (± 1.00) 272.44 (± 24.93) *
VoI 34.20 (± 5.78) * 37.22 (± 4.72) * 15.06 (± 3.49) * NA 1.54 (± 1.22) NA
Rand 28.32 (± 5.65) * 33.55 (± 5.17) * 6.92 (± 2.76) * 123.28 (± 13.26) * 2.30 (± 1.43) * 276.42 (± 26.98) *
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Online Prediction of Exponential Decay Time Series with
Human-Agent Application

Ariel Rosenfeld1, Joseph Keshet2, Claudia V. Goldman3, Sarit Kraus4

Abstract. Exponential decay time series are prominent in many

fields. In some applications, the time series behavior can change over

time due to a change in the user’s preferences or a change of envi-

ronment. In this paper we present an innovative online learning algo-

rithm, which we name Exponentron, for the prediction of exponential

decay time series. We state a regret bound for our setting, which the-

oretically compares the performance of our online algorithm relative

to the performance of the best batch prediction mechanism, which

can be chosen in hindsight from a class of hypotheses after observing

the entire time series. In experiments with synthetic and real-world

data sets, we found that the proposed algorithm compares favorably

with the classic time series prediction methods by providing up to

41% improvement in prediction accuracy. Furthermore, we used the

proposed algorithm for the design of a novel automated agent for the

improvement of the communication process between a driver and

its automotive climate control system. Throughout extensive human

study with 24 drivers we show that our agent improves the commu-

nication process and increases drivers’ satisfaction, exemplifying the

Exponentron’s applicative benefit.

1 Introduction

Exponential decay functions are popular in modeling real-world phe-

nomena. For example, the decrease in radioactivity levels of radioac-

tive substances, the cooling of an object in a cold environment [24]

and human decline of memory retention over time [13] are all as-

sumed to decay exponentially over time, and are usually modeled

using exponential decay functions.

There are several learning algorithms for the prediction of expo-

nential decay time series such as the Bayesian [6], regressive [12] or

autoregressive [9] methods based on labeled training data (i.e, set of

observed time series). However, most of these algorithms introduce

two limitations: First, the algorithms are batch in nature and need to

get the whole training set in advance. As such, batch algorithms can-

not adapt to changes over time in the modeled phenomenon which

may occur after the initial training phase, for example when model-

ing human preferences over time. Second, the algorithms are general
purpose, and do not exploit the exponential decay nature of the time

series. While a few online learning versions of the above models have

been investigated recently [20], to the best of our knowledge none

have specifically addressed exponential decay time series.

In this paper we present an online learning algorithm, which we

call Exponentron, for the prediction of exponential decay time series.

1 Bar Ilan University, Israel, email: arielros1@gmail.com
2 Bar Ilan University, Israel.
3 General Motors Advanced Technical Center, Herzliya, Israel.
4 Bar Ilan University, Israel.

The online learning algorithm takes place in a sequence of consec-

utive rounds. In each round, the learner first receives a time series

instance. Then, the learner is required to predict its parameters. At

the end of the round, the learner obtains the correct parameters, and

uses this information to improve its future predictions.

The Exponentron algorithm focuses on a special hypothesis fam-

ily capturing the assumed exponential decay behavior of time series.

It is aimed at optimizing the square loss function, and like other on-

line learning algorithms it does not require any training data before

deployment.

We state a regret bound for the Exponentron algorithm. Regret

bounds are common in the analysis of online learning algorithms. A

regret bound measures the performance of an online algorithm rela-

tive to the performance of the best competing hypothesis, which can

be chosen in hindsight from a class of hypotheses, after observing

the entire time series.

Empirically, we show that the algorithm significantly outperforms

classic time series prediction methods’ accuracy in predicting as-

sumed exponential decay time series in two repeated real-world set-

tings by up to 41%. Exponentron is then used for the enhancement of

driver-automotive climate control system (CCS) interaction. A novel

intelligent agent for Natural Interaction with humans in CCS using

the Exponentron algorithm, which we named the NICE agent, is pre-

sented. The NICE agent was extensively evaluated with 24 human

drivers in hot summer conditions. The agent successfully reduced

the number of interactions needed by the driver to achieve her de-

sired comfort state by 19% compared to state-of-the-art CCSs. The

agent is also shown to achieve high driver satisfaction.

This paper makes the following contributions; (1) We propose a

novel online learning algorithm, named Exponentron, for the predic-

tion of exponential decay time series. The algorithm is the first of

its kind as it is tailored to a unique class of time series. We provide

both theoretical analysis and empirical evaluation of the algorithm.

(2) We present a novel intelligent agent, named the NICE agent, that

provides the driver with intelligent, natural interface with which she

can change the parameters of her automotive climate control system

(CCS). The agent reduces the driver’s need for interaction with the

CCS, and increases the driver’s subjective satisfaction.

2 Time Series Preliminaries

A time series s = (s0, s1, . . . , sT ) is an ordered sequence of values

measured in equally spaced time intervals, where st ∈ R denotes

an element at time t, 0 ≤ t ≤ T . In this work, we assume that the

time series was created by an exponential decay process. Assuming

(s0, s1, . . . , st−1) is the beginning of a series, the prediction of the

next element is denoted ŝt.
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Intelligent agents often use time series prediction to improve their

decision-making. A few recent examples include the repositioning

of bikes in bike-sharing systems based on the prediction of bike us-

age [25], maintenance scheduling based on the prediction of ongoing

game scores [31] and the prediction of passenger demand for better

taxi routing [22]. A common theme among these systems is the use

of classical, general purpose time series prediction methods as the

basis for their domain-specific proposed approach and design.

Among the most commonly applied techniques for forecasting the

continuation of a time series given its beginning are the autoregres-

sive (AR) model, the autoregressive-moving average (ARMA) model

(see [9] for a review) and the exponential smoothing (ES) forecasting

method (see [15] for a review).

The autoregressive (AR) model generates its prediction using the

following equation:

ŝt = c+

p∑
i=1

ϕist−i (1)

where c, p and ϕi are parameters of the model.

An AR model is in fact a linear regression of the current value of

the time series against one or more prior values of the time series. The

value of p is called the order of the AR model. The most commonly

applied AR method, which is also used in this study, uses p = 1.

This model is sometimes denoted AR(1).
A popular extension of the AR model uses a moving aver-

age (MA), resulting in the autoregressive-moving average (ARMA)

model [9]. ARMA is also known as the Box-Jenkins Approach. The

ARMA model generates its prediction using the following equation:

ŝt = c+

p∑
i=1

ϕist−i +

q∑
i=1

θiet−i. (2)

where ej = sj − ŝj and c, p, q, ϕi, θi are parameters of the model.

An ARMA model is in fact a linear regression of the current value

of the time series against one or more prior values of the time series

and one or more prior noise terms. The value of p is called the order

of the AR part of the model and q is the order of the MA part of the

model. The most commonly applied ARMA method, which is also

used in this study, uses p = q = 1. This model is sometimes denoted

ARMA(1, 1).
Another prediction method is the exponential smoothing (ES)

scheme (also known as the exponentially weighted moving average),

which weighs past elements of the time series using exponentially de-

creasing weights. The most suitable exponential smoothing method,

which is used in this study, is the double exponential smoothing

method, denoted ES. ES forecasts the continuation of a time series

using the following equations:

ŝt = αst−1 + (1− α)(ŝt−1 + bt)

bt = γ(ŝt − ŝt−1) + (1− γ)bt−1

(3)

where 0 < α ≤ 1 and 0 < γ ≤ 1.

There are several methods for choosing ŝ0 and b0. The most com-

mon one, which is also used in this study, is ŝ0 = s0 and b0 = 0.

Note that single exponential smoothing does not fit time series which

present trends, and therefore is unsuitable for this study. Triple ex-

ponential smoothing, also known as the Holt-Winters exponential

smoothing technique [16], is popular in forecasting seasonal time

series. In our settings we assume no seasonality. The smoothing pa-

rameters, α and γ, used by the ES method are usually found using

grid search.

Note that the above three methods are both general purpose (that

is, they can fit a large variety of time series) and work batch (the

models’ parameters do not change during the prediction).

An online version of the ARMA model, denoted O-ARMA was

recently analyzed in [1]. The proposed version uses the ARMA
model specified in Equation 2, yet the model’s parameters may

change over time. Nevertheless, note that this method is still general

purpose, as is the basic ARMA model.

In this work we provide a solution to the task of online predicting

the continuation of an assumed exponential decay time series. To

the best of our knowledge, no intelligent system or machine learning

algorithm has addressed this challenged to date.

The above four models (AR, ARMA, ES and O-ARMA) are

evaluated as baseline models in Section 4 of this study, showing the

Exponentron algorithm’s superiority.

3 The Exponentron Algorithm
We assume the following set of hypotheses:

ŝt(θ) = a+ b e−c (t−t0), (4)

where θ = (a, b, c) is the set of 3 parameters that should be esti-

mated, θ ∈ R3
+, and t0 ∈ R+ is a time offset parameter.

In this work we focus on the online settings, where learning

takes place in rounds. In round t, the algorithm observes the series

(s0, s1, . . . , st−1) and is required to make a prediction for the next

element in the series, ŝt. The algorithm maintains a set of param-

eters that are updated every round. After making its prediction, ŝt,
the correct value, st, is revealed and an instantaneous loss �(ŝt, st)
is encountered. The round ends with an update of the parameters θ
according to the encountered loss. In this work we use the squared

loss function, namely

�(ŝt(θ), st) = (ŝt(θ)− st)
2 = (a+ b e−c (t−t0) − st)

2. (5)

Our algorithm, which is called Exponentron, is given in Algo-

rithm 1. The algorithm is aimed at minimizing the cumulative loss.

The algorithm starts with a set of feasible parameters θ0 ∈ R3
+,

that is, θ0 = (a0, b0, c0) satisfies the constraints on the parameters.

We initialize t0 by setting the first prediction to be correct, namely,

ŝt = st for t = 0, and get

t0 = log((s0 − a)/b)/c. (6)

Now the set of parameters needs to satisfy the constraints a ≤ s0,

b ≥ 0 and c ≥ 0.

The following proposition states that the hypothesis function is a

convex function.

Proposition 1. The hypothesis function

ŝt(θ) = a+ b e−c (t−t0) (7)

is a convex function in the set of parameters θ = (a, b, c).

Proof. Since b > 0 we can rewrite it as b = eb̃, and the hypothesis

becomes ŝt(θ) = a+ eb̃−c (t−t0). Now it is easy to verify that

ŝt(αθ1 + (1− α)θ2) ≤ αŝt(θ1) + (1− α)ŝt(θ2),

for the sets θ1 = (a1, b̃1, c1), and θ2 = (a2, b̃2, c2) which satisfy

the constraints, and α ∈ (0, 1).
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Since our loss function in Eq. (5) is also a convex function, it turns

out that the loss is convex.

Our algorithm is based on gradient projected methods [7, pp. 228].

The algorithm starts with a set of feasible parameters θ0 ∈ R3
+,

that is, θ0 satisfies the constraints. At the t-th round the algorithm

predicts the next element in the time series based on the parameters

θt−1. Then, if the encountered loss, �(ŝt(θt−1), st), is greater than

zero, the parameters are updated by a gradient step: θ′ = θt−1 +
ηt∇θ�, where the gradient of the loss is the following vector:

∇t = 2(ŝt(θ)− st)[1, e
−c (t−t0),−b(t− t0)e

−c (t−t0)]. (8)

The parameter ηt is the learning rate. Specifically in our case we set

ηt = η0/
√
t, where η0 is chosen when the algorithm starts (as in

[33, 8]).

At the end of each round the algorithm projects θ′ on a set of

constraints in order to get θt, a feasible vector.

Algorithm 1 The Exponentron Algorithm

Require: initialize θ0, learning parameter η.

1: observe s0 and set t0 according to Eq. (6)

2: for t = 1, 2, . . . , T do
3: predict ŝt = at−1 + bt−1 e

−ct−1 (t−t0)

4: observe true value st
5: encounter loss �(ŝt, st)
6: update parameters and project

7: at = min{s0, at−1 − 2ηt(ŝt − st)}
8: bt = max{0, bt−1 − 2ηt(ŝt − st)e

−ct−1 (t−t0)}
9: ct = max{0, ct−1 + 2ηt(ŝt − st)bt−1

(t− t0)e
−ct−1 (t−t0)}

Note that the Exponentron algorithm does not require any training

before deployment.

Often the performance of an online algorithm is measured by how

competitive it is with the hypothesis of the best fixed parameters θ∗.

This is captured by the notion of the algorithm’s regret, which is

defined as the excess loss for not consistently predicting with the

parameters θ∗,

regret(θ∗, T ) �
T∑

t=1

�(ŝt−1(θ), st)−
T∑

t=1

�(ŝt(θ
∗), st). (9)

The following theorem states that the regret of the Exponentron al-

gorithm is bounded.

Theorem 2. The Exponentron algorithm has the following regret
bound for every θ∗ in R3

+,

regret(θ∗, T ) ≤
√
T

2
‖θ‖2 + 1

2
√
T

T∑
t=1

‖∇t‖2. (10)

Proof. The analysis is based on the stochastic gradient descent with

projection analysis [7]. Denote by θt−1 the set of parameters before

the update, by θt−1/2 the set of parameters after the gradient step,

and by θt the set of parameters after the projection step. We have

‖θt − θ∗‖2 − ‖θt−1 − θ∗‖2

= ‖θt − θ∗‖2 − ‖θt−1/2 − θ∗‖2

+ ‖θt−1/2 − θ∗‖2 − ‖θt−1 − θ∗‖2

≤ ‖θt−1/2 − θ∗‖2 − ‖θt−1 − θ∗‖2

= ‖θt−1 − η∇t − θ∗‖2 − ‖θt−1 − θ∗‖2

= −2η (θt−1 − θ∗) · ∇t + η2‖∇t‖2

≤ −2η
(
�(ŝt(θt−1), st)− �(ŝt(θ

∗), st)
)
+ η2‖∇t‖2

From the second line to the third line we used the property of projec-

tions, ‖θt − θ∗‖2 ≤ ‖θt−1/2 − θ∗‖2. We now sum over all t, and

get

‖θT − θ∗‖2 − ‖θ0 − θ∗‖2

≤ −2η

T∑
t=1

(
�(ŝt(θt−1), st)− �(ŝt(θ

∗), st)
)
+

1

2
η

T∑
t=1

‖∇t‖2

By rearranging terms we get the desired result.

4 Exponentron Evaluation
We first evaluate the Exponentron algorithm using synthetic expo-

nential decay time series. Then, we evaluate the Exponentron algo-

rithm in two real-world prediction tasks of significant importance:

First, we evaluate the Exponentron in predicting drivers’ desired in-

terior cabin temperature during a drive. Specifically, we focus on the

cooling condition, where a driver wishes to cool the interior cabin

temperature of a car in order to achieve a comfortable state. Sec-

ond, we wish to predict the number of arriving calls at a call center.

Specifically, we consider a call center in which human service agents

can handle both inbound calls and other back-office tasks, making

the prediction of arriving calls an important factor in real-time work

schedule adjustment and managerial decision-making [14].

We compare Exponentron against 4 time series prediction meth-

ods, AR,ARMA,ES and O-ARMA which are described in Sec-

tion 2.

4.1 Synthetic Data Prediction
To gain intuition about the relative strengths of the Exponentron algo-

rithm, we evaluate the Exponentron in a synthetic exponential decay

time series prediction task.

To this end, we synthetically generated 1,000 exponential decay

time series, which all start at the value 100 at t = 0, denoted

s0 = 100. Each time series is represented as a tuple θ = (a, b, c) and

is generated according to Equations 4 and 6; st(θ) = a+b e−c (t−t0)

where t0 = log((s0 − a)/b)/c. We synthetically generated the

time series by sampling a ∈ U [10, 80], b ∈ U [20, 90] and c ∈
U [0.1, 0.5].5 We then randomly assigned 900 time series to a train-

ing set and the remaining 100 time series were assigned to the test

set. The training set time series are used to train the Exponentron al-

gorithm, alongside the four baseline models described in Section 2.

The coefficients used by the AR and ARMA methods were learned

using a simple linear regression over the training set time series.

5 a, b and c were chosen as such to allow a significant range of possible
hypotheses and yet restrict the range to allow a reasonable first estimation
of a, b and c by each of the tested algorithms.
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Similarly, the smoothing parameters used by the ES method were

found using a grid search. O-ARMA was implemented according

to [1]. The Exponentron’s initial parameters, θ0, were set to the least

squares regression parameters calculated based on the training data

as described in [32].

The prediction models were tested over the test set time series.

Overall, Exponentron significantly outperforms each of the tested

baseline models using univariate ANOVA with the prediction method

as the independent factor and the prediction mean absolute error as

the dependent variable, p < 0.05. An illustration of the predicted val-

ues made by the Exponentron and the ARMA model is presented in

Figure 1.

Figure 1: All time series were sampled from the confined space be-

tween the upper and lower bounds. The green line is one of the tested

time series (represented by a = 79, b = 20, c = 0.15) and the purple

and light blue lines are the predictions made by the Exponentron and

ARMA, respectively.

This synthetic experiment demonstrates the advantage of the Ex-

ponentron in exponential decay time series prediction. We now turn

to investigate the Exponentron’s advantages using two real-world

data sets.

4.2 Predicting Desired Climate Changes in a Car’s
Interior

4.2.1 Data Collection

The cabin temperature time series is (s0, s1, . . . , sT ) where s0 is the

initial cabin temperature when a driver turns the CCS on, and sj is

the cabin temperature k seconds after sj−1. In our setting, k was set

to 15 seconds.6 A driver’s preferred cabin temperature time series is

(s∗0, s
∗
1, . . .) where s∗0 = s0 and s∗i is the desired cabin temperature

at time frame i. A cabin temperature is said to be steady if in a period

of 1 minute the driver does not change the CCS features and the cabin

temperature does not change more than ε. In our setting, ε was set to

0.1◦C.7 We focus on the task of predicting s∗i given (s∗0, . . . , s
∗
i−1)

until a steady cabin temperature has been reached.

We recruited 28 drivers, ranging in age from 25 to 57 (average of

35), 22 males and 6 females. Each subject was asked to enter a car,

which was parked in a garage, in order to experience the environmen-

tal conditions – temperatures ranging from 21◦C to 31◦C, averaging

27◦C. Each subject was presented with a newly designed graphical

6 A time interval of 15 seconds was chosen to allow sufficient time for our
thermometer to adapt to the changing temperature inside the car. The ther-
mometer specification states that it takes up to 15 seconds for the ther-
mometer to adapt to its environment.

7 The inaccuracy interval of our thermometer.

interface presented on a tablet which we call the natural interface.

The natural interface presents natural terms such as “Too cold”, “Too

hot” and “Noisy”, which are unavailable in most CCSs. Each subject

was instructed to interact with the system, such that after any button

was pressed the subject had to manually change the features of the

CCS using the car’s standard interface with the help of our research

assistant. Namely, the natural interface did not have any functionality

behind it at this point. The session stopped once the cabin tempera-

ture of the car was steady. While in the car the subject was given a

cell phone with a driving simulator “Bus Simulator 3D”8 to be played

while the experiment was conducted. The motivation was to set the

conditions similar to regular driving conditions and give the subjects

something to do. Unfortunately, due to insurance reasons, we could

not conduct the study while subjects were actually driving.9 The sub-

ject was then asked to exit the car for a period of 10 minutes while

the car’s doors were left open in order to simulate the initial condi-

tions. Note that the subject could choose to click on any button at any

given moment, thereby changing the CCS (manually).

During the session, the internal cabin temperature of the car was

recorded using a state-of-the-art thermometer that we placed between

the driver’s and the front passenger’s seats. The temperature was

measured once every 15 seconds (again, to allow sufficient time for

our thermometer to adapt).

Overall, 56 time series were collected. The shortest time series

consisted of 6 data points whereas the longest consisted of 26 data

points (mean of 13).

4.2.2 Analysis

The Exponentron algorithm, alongside the four baseline models de-

scribed in Section 2, was evaluated based on the collected data.

The baseline models were trained and evaluated using a one-left-

out methodology. Namely, we took out one series at a time from the

data set and used the remaining series as training data. All four mod-

els were trained as described in Section 4.1.

Note that the Exponentron algorithm and O-ARMA do not ne-

cessitate any training prior to deployment, but instead require an ini-

tialization of the parameters (θ0 in Algorithm 1). Nevertheless, we

chose to set the initial parameters to the least squares regression pa-

rameters calculated based on the training data using a one-left-out

methodology as described in [32]. We also examined the initializa-

tion of the Exponentron’s parameters using only a subset of the train-

ing data. Surprisingly, using any single time series from the training

data to determine the Exponentron’s initial parameters resulted in a

less than 10% decrease in the Exponentron’s accuracy compared to

using all of the training data.

The Exponentron’s mean absolute error was found to be

0.13◦C per value in the time series. The Exponentron’s predictions

are 28% more accurate as compared to the best tested baseline model,

O-ARMA, which yields a 0.18◦C mean absolute error. Table 1 pro-

vides a summary of the tested models’ prediction errors.

Overall, Exponentron significantly outperforms each of the tested

baseline models using univariate ANOVA with the prediction method

as the independent factor and the prediction mean absolute error as

the dependent variable, p < 0.05.

8 Available free at Google Play store.
9 “Bus Simulator 3D” was also used in previous human-CCS interaction stud-

ies in order to simulate driving conditions [5].
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Method
Mean Absolute Error (per

15 seconds)

AR(1) 0.21
ARMA(1, 1) 0.2
ES(1, 0) 0.24

O-ARMA(1, 1) 0.18
Exponentron 0.13

Table 1: Prediction of the desired interior temperature of the car.

Numbers indicate the mean absolute error made by each prediction

method per 15 second frame.

4.3 Inbound Calls in a Real-World Call Center
4.3.1 Real-World Call Center – Secondary Data

We use data that was collected and analyzed in [21]. The data ac-

counts for all inbound calls arriving at the small call center of a bank

in 1999 [17]. On weekdays the center is open from 7am to midnight

(17 hours) and provides service to over 2,000 callers (on average).

We focus on the 16:00-24:00 (8 hours) time frame, in which an aver-

age of approximately 750 calls arrive at the call center in an assumed

exponential decay manner.

Following the original analysis procedure, we processed the data

such that all national holidays were removed and each of the daily

recordings was translated into a time series. For this evaluation we

used a time series of the form (c17, c18, . . . , c24) where ci is the

number of arriving calls during the (i − 1)th hour of the day. For

example, all calls arriving between 17:00 and 18:00 will count as

c18.

Overall, 222 time series were constructed. Each time series con-

sists of 8 data points.

4.3.2 Analysis

The Exponentron algorithm, alongside the baseline models described

in Section 2, was evaluated using the same procedure as described in

Section 4.2.2. Again, we noticed that using any single time series

from the training data to determine the Exponentron’s initial param-

eters resulted in a less than 15% decrease in the Exponentron’s accu-

racy compared to using the entire training data.

At each time frame of one hour the Exponentron’s mean absolute

error was found to be 5.8 calls. The Exponentron’s predictions are

41% more accurate than the best tested baseline model, ARMA,

which yields a mean absolute error of 9.8 calls. Table 2 provides a

summary of the tested models’ prediction errors.

Method
Mean Absolute Error

(hourly)

AR(1) 10.2
ARMA(1, 1) 9.8
ES(0.9, 1) 13.7

O-ARMA(1, 1) 9.9
Exponentron 5.8

Table 2: Prediction of call arrivals in a real-world call center. Num-

bers indicate the mean absolute error made by each prediction

method.

Figure 2 demonstrates the predictions provided by the Exponen-

tron and ARMA(1, 1) for the number of arriving calls per hour dur-

ing the evening of February 8th, 1999.

Overall, Exponentron significantly outperforms each of the tested

baseline models using pairwise t-tests (p < 0.05).

Figure 2: The prediction of inbound calls made by the ARMA and

Exponentron models for the evening of 8/2/1999.

5 The Exponentron-Based NICE Agent
5.1 The Agent-Human Interaction Challenge
In this section we focus on an agent-human interaction challenge in

Climate Control Systems (CCSs). We aim to automatically adjust

the CCS features (e.g, fan speed) in order to provide comfortable

settings for the user. Specifically, we address a situation in which a

driver enters a hot vehicle and the agent’s goal is to automatically set

and adjust the car’s CCS features throughout the ride to the driver’s

satisfaction.

The agent’s main goal is to bring about the driver’s desired cabin

setting in the car, namely, the appropriate interior cabin temperature

and other CCS features. Reaching the target cabin settings is not in-

stantaneous, and may take time and adjustment of the CCS features.

In an interview-based preliminary experiment we conducted with

18 drivers, we noticed that the drivers’ satisfaction from their CCS is

affected not only by the target cabin setting of the car but, and even

more importantly, by the cabin setting endured during the adjustment

process. Furthermore, we observed that people have different prefer-

ences for both of the above. However, their preferences during the

adjustment process exhibit similar exponential decay tendencies. For

example, Alice’s target interior cabin temperature is 21◦C and she

wishes to reach it as fast as possible (she does not mind enduring

extreme CCS settings in the process). Bob, on the other hand, wants

to reach 19◦C but refrains from settings in which the fan speed is

higher than 3 and thus prefers milder adjustments. However, both

prefer that the interior temperature decrease exponentially.

5.2 Background
Recent evidence suggests that drivers’ current user experience of-

ten does not meet drivers’ wishes, making many drivers desire more

natural car interfaces [19, 27]. For that purpose, some intelligent

systems use drivers’ observed behavior to automatically elicit the

drivers’ state or goals [11]. For example, in [29, 30], the authors have

shown that learning drivers’ behavior can improve the performance

of the adaptive cruise control system to drivers’ satisfaction. Others

offer more expressive interfaces that are more natural for the driver to

use and understand [18, 26]. The most relevant works within the con-

text of CCS are [5, 28, 4], in which the authors try to elicit drivers’

climate control preferences in order to provide advice to the driver

that will help him reduce the climate system’s energy consumption.

The authors did not account for the possibility of the agent automat-

ically changing the CCS settings nor did they allow for natural input

from the driver.
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The thermal comfort of human subjects has been exhaustively in-

vestigated over the last four decades, resulting in the ISO 7730 stan-

dard10 [2]. The standard, which was also found to be applicable in car

cabins, is aimed at predicting the degree of thermal comfort of an av-
erage person exposed to a certain steady environment (see [10] for a

recent survey). Unfortunately, the standard does not provide answers

on how a system should bring about a comfortable state.

Furthermore, the standard relies on the assumption that user-

specific parameters are available such as thermal sensitivity, cloth-

ing and activity level. Despite recent attempts to personalize thermal

comfort models [3], state-of-the-art thermal comfort models do not

provide personalized or adaptive thermal comfort predictions.

Using the Exponentron algorithm, we will next describe a com-

peting approach which does not necessitate the identification of user-

specific characteristics prior to its deployment.

5.3 The NICE Agent Design

The NICE agent’s goal is to minimize the number of interactions

needed by a driver to reach her desired comfort state and maximize

the driver’s satisfaction from the interaction process.

The agent implements the Exponentron algorithm (Algorithm 1)

in order to predict the driver’s desired climate changes during the

ride and thereby change the CCS setting.

During the process, the driver may provide feedback to the agent

using natural comments, such as “Too cold” or “Too hot”, using the

natural interface described in Section 4.2. These comments, in turn,

are used to adapt the Exponentron’s predictions, as we will soon de-

scribe.

A CCS setting is a tuple ω =< temp, f, d >, where temp is

the set temperature (an integer between 16 and 35 degrees C), f is

the fan strength (an integer between 1 and 8) and d is the air delivery

(1=face only, 2=face and feet, 3=feet). Two additional parameters are

e, which is the external temperature (the temperature outside the car),

and i, which is the internal cabin temperature. At time t, we denoted

the CCS setting as ωt, the external temperature as et and the internal

cabin temperature as it.
The NICE agent uses 3 models; a CCS model, a human driver

model and an Exponentron prediction model. The construction of

these models is described later in this section. The NICE agent uses

the three models in the following manner: At time t, the NICE agent

predicts the driver’s desired cabin temperature for the next time

frame, ît+1, using the Exponentron prediction model. Given ît+1,

the agent calls the CCS model and receives and implements a CCS

setting ωt which is predicted to bring about ît+1. Given that no com-

ment is presented by the driver during the next 15 seconds, the agent

assumes that the Exponentron’s prediction, ît+1, and the CCS set-

ting ωt suit the driver’s preferences and the process is repeated. The

com signal takes the value of 0 since no comment was given by the

driver. The driver can interrupt the above process (which otherwise

will continue throughout the entire ride) by providing feedback. If

a comment (c) is given within 15 seconds of implementing ωt, then

the agent uses the human driver model to predict the driver’s de-

sired CCS setting, ω̂t, and implements it instantaneously in the CCS.

Then, the system maintains the new CCS setting until 15 seconds

pass in which no further feedback is provided by the driver. Namely,

if the driver provides another comment within 15 seconds of his last

comment, the human driver’s model is called on once again and the

15-second timer is re-set. Once 15 seconds pass without further com-

10 Also known as Fanger’s Predicted Mean Vote (PMV) criteria.

ments, the resulting cabin temperature is used to update the Expo-

nentron’s parameters. To that end, the com signal is set to 1. That is,

the Exponentron’s parameters can only be adjusted when the driver

interacts with the agent. Figure 3 illustrates the agent’s algorithmic

scheme.

5.3.1 The CCS Model

Recall that the CCS model is used to determine which CCS setting ωt

will bring about the desired change in the internal cabin temperature

over a course of 15 seconds. For that purpose, the model receives it,
ωt−1 and ît+1.

In order to train the CCS model, thirty distinct CCS settings were

selected such that their set temperature, temp, was lower than the ini-

tial cabin temperature, i0, at the time of the experiment. This prop-

erty is required to enforce a cooling condition, which we examine

in this study. We counter-balanced the selected CCS settings to ac-

count for the different possible ωs; namely, different temp, f and

d values. Each CCS setting was manually configured to the CCS at

the beginning of the trial. The cabin temperature, i, and the external

temperature, e, were recorded every 15 seconds until the car’s cabin

temperature reached a steady state. Between every 2 consecutive ex-

periments the car was turned off and the car’s doors were left open

for 10 minutes so as to simulate the initial conditions.

From the 30 trials we conducted over the course of 3 days, we

recorded 657 measurements. Each of the measurements corresponds

to a change in the car’s cabin temperature, ij+1 − ij , given ej , and

the CCS setting ω used in the trial. We fit the data using a simple

linear regression model which yields the best fit out of the tested

models11. Namely, we constructed a model which, given it and ω,

predicts it+1. To find a ω which is most likely to bring about the

desired change, we iterate through all possible ωs. In the case of a

tie, where more than a single CCS setting is expected to change the

cabin temperature in the desired manner, the model outputs one of

the CCS settings which is most similar to the previous CCS setting,

ωt−1. Recall that a CCS setting is a vector < temp, f, d >, therefore

similarity is easily defined. In this work we used the cosine similarity.

Using cross-validation, the learned model yields a mean absolute

error of 0.15◦C and a strong correlation coefficient of 0.9. In com-

parison, using the last cabin temperature change, Δj = ij − ij−1, as

an estimation for the next cabin temperature, îj+1 = ij +Δj , yields

a mean absolute error of 0.51 and a correlation coefficient of 0.3.

5.3.2 The Human Driver Model

Given a driver’s comment, denoted c0, the human driver model is

used to predict the driver’s desired CCS settings. The model is based

on multi-dimensional regression: At time t when a comment (de-

noted as c) is given (i.e, a button is pressed), the model predicts the

desired CCS setting ω̂t, given ωt, et, it, c0 and the last 2 previously

provided comments, denoted c1, c2.

In order to train the human driver model, we used the data

collected in Section 4.2. Recall that in our experiment drivers

were asked to interact with the newly designed natural interface

while changing the CCS settings manually. The experiment record-

ings were translated into more than 100 vectors of the form <

11 We also examined other, more sophisticated modeling, for example using
SVM with kernels. These models did not provide a significant improve-
ment in prediction accuracy.
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Figure 3: The NICE agent’s algorithmic scheme.

ωt, et, it, c0, c1, c2 > as described above, with the drivers’ manu-

ally set CCS setting, ω′, as their label. Each session resulted in a

different number of vectors, depending on the session’s length.

The multi-dimensional regression consists of 3 linear regression

models, each predicting a different component of the desired CCS

setting ω′ =< temp, f, d >. Using cross-validation, the prediction

model yields a mean absolute error of 0.9 in predicting the next fan

speed, f , and a mean absolute error of 1.02◦C for the next set tem-

perature, t. A high 97% accuracy in predicting the desired air deliv-

ery, d, was also recorded.

5.3.3 The Exponentron Prediction Model

The Exponentron prediction model implements the Exponentron al-

gorithm (Algorithm 1). The Exponentron is trained with the same

procedure used in Section 4.2. The model receives an additional in-

put bit com, signaling whether the driver provided a comment in the

last time frame. If and only if the com bit is 1, then an adaptation of

the model parameters is executed using the current cabin temperature

it.
The θ learned parameters represent the driver’s preferences.

Specifically, the parameter a represents the driver’s intended steady

state cabin temperature and the parameters b and c represent the way

in which the driver wishes to bring about the desired cabin tempera-

ture.

5.4 Evaluation
5.4.1 Experimental Methodology

We recruited 24 drivers who did not participate in the data collection

phase described in Section 4.2, with an equal number of males and

females, ranging in age from 25 to 60 (average of 34). In a similar

protocol to that described in Section 4.2, each subject was asked to

enter a car that was parked in a garage, recreating the environmental

conditions with temperatures ranging from 32◦C to 37◦C, averag-

ing 35◦C. Each subject participated in two consecutive trials. In each

trial the subject was equipped with either the Technical CCS or the

NICE agent. The technical CCS presented buttons similar to those

available in the common CCS, with which the driver can explicitly

select her desired CCS setting. Namely, it presented two scales: one

for the fan speed and the other for the temperature. The driver could

change the setting by selecting her preferred fan speed and temper-

ature on the designated scales. Namely, in a single interaction, the

driver could change the CCS setting completely. Note that no intelli-

gent agent was implemented to support it. The NICE agent uses the

natural interface which is the same interface as described in Section

4.2. In both conditions, the GUI was presented on a tablet covering

the car’s central stack in order to avoid biasing the results. Each sub-

ject was instructed to interact with the system as she saw fit by using

the buttons available in the presented interface. While in the car the

subject was given a cell phone with a driving simulator “Bus Simu-

lator 3D” to be played while the experiment was conducted.

Once the cabin temperature, i, reached a steady state, the session

came to an end. Each session lasted 2-6 minutes (mean of 4 minutes).

After the session ended, the driver was asked to exit the car for a pe-

riod of 10 minutes while the car’s doors were left open in order to

simulate initial conditions. The process was repeated once more un-

der the condition that was not examined in the first session. Subjects

were counter-balanced as to which condition they experienced first

in order to maintain the scientific integrity of the results.

During each session we recorded the number of interactions

needed by the driver in order to reach her desired steady state. At

the end of the experiment, drivers were asked to fill out a post-

experiment questionnaire aimed at evaluating their satisfaction from

the examined interfaces.

5.4.2 Results and Analysis

We first analyze the number of interactions needed by drivers to reach

their desired steady states under the examined conditions. Then we

summarize the subjects’ answers in the post-experiment question-

naire. Note that the technical CCS is the current state-of-the-art CCS

and acts as the benchmark in the following analysis.

The NICE agent required a significantly lower number of inter-

actions from the driver compared to the technical CCS using t-test

(p < 0.05). The NICE agent averaged 5.35 interactions carried out
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by the driver until a steady state was reached while the technical

CCS averaged 6.54 interactions. Out of the 24 subjects, only 8 sub-

jects required more interactions while equipped with the NICE agent

compared to their benchmark score. See Figure 4 for a summary.

NICE agent Technical CCS
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8

#
In
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ra
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Figure 4: Average number of interactions per interface; (the lower the

better). Error bars indicate standard errors.

Recall that the NICE agent’s goal is to automatically set and adjust

the car’s CCS setting throughout the ride to the driver’s satisfaction.

In order to assess the driver’s satisfaction from the interaction, at

the end of the experiment we asked each driver which, if any, of

the tested conditions she would want to see available in her car. Out

of the 24 subjects, 13 subjects stated that they want to use the NICE

agent, while 10 subjects stated their preference for the technical CCS.

We also asked subjects to state their satisfaction level from the tested

conditions. Subjects reported an average score of 6.2 out of 10 when

asked for their satisfaction from the technical CCS. This result is

significantly lower, using t-test (p < 0.05), compared to the NICE

agent which recorded an average score of 7.2 out of 10.

To summarize, the results indicate that the NICE agent is able

to reduce the number of interactions needed by drivers in order to

achieve their desired comfort states (6.54 vs. 5.35) to the drivers’

satisfaction, as portrayed in the increase of the subjects’ subjective

satisfaction (7.2 vs. 6.2) and the subjects’ preferred interaction mode

(13 vs. 10).

6 Conclusions
In this paper we presented the Exponentron algorithm for the online

prediction of assumed exponential decay time series. The Exponen-

tron algorithm was evaluated both theoretically and empirically; the-

oretically we show a regret bound that compares our algorithm to the

best batch algorithm, which is given the entire time series in advance.

Empirically, the Exponentron was evaluated in synthetic and real-

world prediction tasks in which it significantly outperformed classic

time series prediction methods. Furthermore, we demonstrated the

Exponentron algorithm’s benefit using the novel NICE agent, which

significantly enhances the driver-automotive CCS interaction process

compared to standard CCS control.

From an applicative perspective, our proposed methodology is not

restricted to CCS-based agents. For example, in the development

of personal assistance agents, the prediction of human forgetfulness

may be beneficial. Specifically, an agent may need to predict the time

it would take for its user to forget an important piece of information

and provide a reminder for it. The forgetting curve [13] predicts the

decline of memory retention in time and is assumed to decay expo-

nentially for all people, though significant differences between indi-

viduals may be observed. Significant differences over time may also

be presented for any specific person, which would necessitate online

adaptation. In a similar fashion to the natural interface, which was

presented in Section 4.2, a user can express her feedback in a natural

manner, e.g., “Remind me later”.

Future work will include the investigation of other time-dependent

phenomena that are likely to adhere to an a priori assumed functional

behavior. For example, we will tackle the challenge of automatically

adjusting exercise levels in online tutoring systems. The progress in

which new skills are learned is commonly assumed to follow a sig-

moid curve, with some measure of skill on the Y axis and the number

of trials on the X-axis [23]. In the spirit of the presented work and

the NICE agent’s design, the agent will be able to adjust, online, the

exercise level according to its estimation of the student’s learning

curve. The student will be able to express her feedback in a natural

manner, for example “The exercises are too difficult”, and thus make

the agent adapt its behavior.
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Set-Valued Conditioning in a Possibility Theory Setting
Salem Benferhat and Amélie Levray and Karim Tabia 1 and Vladik Kreinovich 2

Abstract. Possibilistic logic is a well-known framework for deal-
ing with uncertainty and reasoning under inconsistent or prioritized
knowledge bases. This paper deals with conditioning uncertain infor-
mation where the weights associated with formulas are in the form
of sets of uncertainty degrees. The first part of the paper studies
set-valued possibility theory where we provide a characterization of
set-valued possibilistic logic bases and set-valued possibility distri-
butions by means of the concepts of compatible possibilistic logic
bases and compatible possibility distributions respectively. The sec-
ond part of the paper addresses conditioning set-valued possibility
distributions. We first propose a set of three natural postulates for
conditioning set-valued possibility distributions. We then show that
any set-valued conditioning satisfying these three postulates is nec-
essarily based on conditioning the set of compatible standard pos-
sibility distributions. The last part of the paper shows how one can
efficiently compute set-valued conditioning over possibilistic knowl-
edge bases.

1 INTRODUCTION

Possibilistic logic is a well-known framework for dealing with
uncertainty, reasoning under inconsistent and prioritized knowledge
bases and partial knowledge [25]. Many extensions have been
proposed for possibilistic logic to deal for instance with impre-
cise certainty degrees [4, 5], symbolic certainty weights [6, 7],
multi-agent beliefs [2], temporal and uncertain information [15],
uncertain conditional events [10, 9, 11], generalized possibilistic
logic [8, 19, 21], reasoning with justified beliefs [22], etc.

This paper proposes a new extension of possibilistic logic where
the weights associated with formulas are in the form of sets of
uncertainty degrees. Standard possibilistic logic expressions are
propositional logic formulas associated with positive real degrees
belonging to the unit interval [0, 1]. However, in practice it may
be difficult for an agent to provide exact degrees associated with
formulas of a knowledge base. This paper proposes an extension
of standard possibility distributions and standard possibilistic bases
where a set of possibility/certainty degrees may be associated with
interpretations or formulas. A set of certainty degrees associated
with a formula may represent the reliability levels of different
sources that support the formula (see Example 1). Another important
issue dealt with in this paper is the one of updating or conditioning a
set-based knowledge base.

1 Univ Lille Nord de France, F-59000 Lille, France UArtois, CRIL -
CNRS UMR 8188, F-62300 Lens, France, email: {benferhat, levray,
tabia}@cril.univ-artois.fr

2 Department of Computer Science, University of Texas at El Paso, 500 W.
University El Paso, Texas 79968, USA, email: {vladik@utep.edu}

Conditioning is an important task for updating the current uncer-
tain information when a new sure piece of information is received. A
conditioning operator is designed to satisfy some desirable properties
such as giving priority to the new information and ensuring minimal
change while transforming an initial distribution into a conditional
one. This paper deals with conditioning in a possibility theory and
possibilistic logic frameworks [8, 14, 19, 13]. Conditioning in stan-
dard (single-valued) possibility theory has been addressed in many
works [24, 27, 18, 23, 17, 3]. There are two major definitions of
possibility theory: min-based (or qualitative) possibility theory and
product-based (or quantitative) possibility theory. At the semantic
level, these two theories share the same definitions, including the
concepts of possibility distributions, necessity measures, possibility
measures and the definition of normalization condition. However,
they differ in the way they define possibilistic conditioning. This
paper focuses on a so-called min-based conditioning [24] (or
qualitative-based conditioning) which is appropriate in situations
where only the ordering between events is important. In this case,
the unit interval [0, 1] is viewed as an ordinal scale where only the
minimum and the maximum operations are used for propagating and
updating uncertainty degrees.

The first contribution of this paper concerns the definition of
a set-valued possibility theory which generalizes both standard
possibility theory and interval-based possibility theory [4]. The
second contribution deals with conditioning in a set-valued possi-
bility theory setting. We first propose three natural postulates for
a set-valued conditioning. We show that any set-valued condition-
ing satisfying these postulates is necessarily based on applying
min-based conditioning on each compatible standard possibility
distribution. We also provide the exact set of possibility degrees
associated with min-based conditioning a set-valued distribution.
The last contribution concerns efficient and syntactic computations
of conditioning set-valued knowledge bases.

The rest of this paper is organized as follows: Section 2 provides
a brief refresher on the possibility theory and possibilistic logic set-
tings. Section 3 presents set-valued possibility theory and set-valued
possibilistic logic. In Section 4, we focus on set-valued conditioning
while Section 5 provides a syntactic computing of set-valued condi-
tioning. Section 6 provides concluding discussions.

2 BRIEF REMINDER ON POSSIBILITY
THEORY

Possibility distributions: Possibility theory [29, 20] is a well-known
uncertainty theory. It is based on the concept of possibility distribu-
tion π which associates every state ω of the world Ω (the universe
of discourse) with a degree in the interval [0, 1] expressing a partial
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knowledge over the world. In this paper, Ω denotes the set of proposi-
tional interpretations. ω � φ means that ω is a model of (or satisfies)
φ in the sense of propositional logic. The degree π(ω) represents the
degree of compatibility (or consistency) of the interpretation ω with
the available knowledge. By convention, π(ω)=1 means that ω is
fully consistent with the available knowledge, while π(ω)=0 means
that ω is impossible. π(ω)>π(ω′) simply means that ω is more com-
patible than ω′. A possibility distribution π is said to be normalized
if there exists an interpretation ω such that π(ω)=1, it is said to be
subnormalized otherwise.

As it is already mentioned in the introduction, possibility degrees
are interpreted either i) qualitatively (in min-based possibility theory)
where only the ordering of the values matters, or ii) quantitatively (in
product-based possibility theory) where the possibilistic scale [0, 1]
is quantitative as in probability theory. Min-based or qualitative pos-
sibility theory refers to the possibilistic setting where only the order-
ing induced by possibility degrees is important. In this setting, only
the max and min operators are used for the reasoning and updating
tasks.
Min-based conditioning: In the standard possibilistic setting, condi-
tioning comes down to updating a possibility distribution π encoding
the current knowledge when a completely sure event called evidence
or observation, denoted by φ⊆Ω is received. This results in a con-
ditional possibility distribution denoted by π(.|φ). There are many
definitions of conditioning operators in the standard possibilistic set-
ting [24, 27, 18, 23, 17].
Hisdal [24] proposed that a definition of a conditioning operator in
the qualitative setting should satisfy the condition:

∀ω � φ, π(ω) = min(π(ω|φ),Π(φ)).

Where Π(φ) denotes the possibility measure of an event φ, defined
by:

Π(φ) = max{π(ω) : ω∈Ω, ω�φ}.
Dubois and Prade [16] proposed to select the largest conditional pos-
sibility distribution satisfying this condition, leading to the following
conditioning operator.

Definition 1 (min-based conditioning). Let π be a possibility distri-
bution, φ ⊆ Ω be a sure event. min-based conditioning of π by φ,
simply denoted by π(.|mφ), is defined as:

∀ω∈Ω, π(ω|mφ)=

⎧⎨⎩
1 if π(ω)=Π(φ) and ω∈φ;
π(ω) if π(ω)< Π(φ) and ω∈φ;
0 otherwise.

(1)

When Π(φ)=0, then by convention ∀ω∈Ω, π(ω|mφ)=1.
Possibilistic knowledge bases: A possibilistic formula is a pair
(ϕ, α) where ϕ is a propositional logic formula and α∈[0, 1] is
a certainty degree associated with ϕ. The higher the certainty de-
gree α is, the more important is the formula ϕ. A possibilistic base
K={(ϕi, αi), i = 1, ..., n} is simply a set of possibilistic formulas.

A possibilistic knowledge base is a well-known compact represen-
tations of a possibility distribution. Given a possibilistic baseK, we
can generate a unique possibility distribution where interpretations ω
satisfying all propositional formulas in K have the highest possible
degree π(ω)=1 (since they are fully consistent), whereas the oth-
ers are pre-ordered with respect to the highest formulas they falsify.
More formally:

Definition 2. Let K be a possibilistic knowledge base. Then, the
corresponding possibility distribution πK is given by: ∀ω∈Ω,

πK(ω)=

{
1 if ∀(ϕ, α)∈K, ω � ϕ
1−max{αi : (ϕi, αi)∈K,ω � ϕi} otherwise.

(2)

The following lemma will be helpful for establishing proofs of
some propositions. It states that ’zero-weighted’ formulas can be
added or removed from possibilistic knowledge bases without chang-
ing theirs distributions.

Lemma 1. Let K be a possibilistic knowledge base K such that
(δ, 0)∈K. LetK′=K\{(δ, 0)}. Then ∀ω∈Ω, πK(ω)=πK′(ω).

This lemma can be easily shown since if a formula δ has a
certainty degree equal to 0, then if there is an interpretation ω that
falsifies only the formula δ then, according to Definition 2, the
possibility degree associated to ω will be 1−0=1.

An important notion that plays a central role in the inference
process and conditioning is the one of α-cut. Let α be a positive
real number. An α-cut is a set of propositional formulas defined by
K≥α={ϕ : (ϕ, β)∈K and β≥α}.

The concept of α-cut can be used to provide the syntactic coun-
terpart of conditioning a possibilistic knowledge base with a propo-
sitional formula:

Definition 3. Let K be a possibilistic knowledge and φ be a sure
piece of information. The result of conditioningK by φ, denotedKφ

is defined as follows:

Kφ ={(φ, 1)}∪
{(ϕ, α) : (ϕ, α) ∈ K andK≥α ∧ φ is consistent.}

Namely, Kφ is obtained by considering φ with a certainty degree
’1’, plus weighted formulas (ϕ, α) ofK such that their α-cut is con-
sistent with φ. It can be checked that:

∀ω ∈ Ω, πKφ(ω) = πK(ω|mφ),

where πK and πKφ are given using Definition 2 and πK(.|mφ) is
obtained using Definition 1.

Next section generalizes standard possibility theory and possibilis-
tic logic into a set-valued setting.

3 SET-VALUED POSSIBILITY THEORY AND
SET-VALUED POSSIBILISTIC LOGIC

Let us first start with a short example to motivate our extension.

Example 1. Suppose we are interested in the amenities and facili-
ties of a hotel in Paris to organize a conference. For this, we posted
a question on a specialized Internet platform. To simplify, the ques-
tion was about the presence of a large conference room in the hotel
(represented by the variable c) and if the hotel has a great restaurant
(represented by a the variable r) to host the gala dinner. We also
asked people to specify how certain of the answers they are, using a
unit scale [0, 1]. Assume that we got three answers of three people:
p1 is a former hotel employee, the second, p2, is an employee of the
Paris tourism office and the third, p3, is a client of the hotel. The cer-
tainty levels of these people with respect to different scenarios3 are
summarized as follows:

3 In this example, the scenario cr means that the hotel has a conference room
and has a great restaurant while the scenario c¬r means that the hotel has
a conference room but does not have a great restaurant .
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Table 1. Example of multiple sources information

p1 p2 p3
cr 1 1 1
¬cr 1 1 1
c¬r .3 .2 .4
¬c¬r .4 .4 .4

In this example, the confidence degrees provided by the respon-
ders can be viewed as possibility degrees. Now, suppose that we got
hundreds or thousands of answers or suppose that there is a large
number of variables, then it will be interesting to find a compact
way to encode the obtained answers and more importantly to reason
with them (answer any request of interest and update the available
information when new sure information is obtained). Set-valued
possibility theory is especially tailored to this type of information.

Let us now introduce the concept of set-valued possibility distri-
bution.

3.1 Set-valued possibility distributions

In the set-valued possibilistic setting, the available knowledge is en-
coded by a set-valued possibility distribution Sπ where each state ω
is associated with a finite set Sπ(ω) of possible values of possibility
degrees π(ω).

If S is a set, then we denote by S and S the maximum and
minimum values of S respectively. When all S’s associated with
interpretations (or formulas) are singletons (meaning that S = S),
we refer to standard distributions (resp. standard possibilistic bases).
Here, Sπ(ω) (resp. Sπ(ω)) denotes the minimum (resp. maximum)
of the possibility degrees of ω.

Clearly, set-valued possibility theory is also an extension of
interval-based possibility theory [4], where the set is denoted as an
interval of possible values. Therefore, we now consider sets of de-
grees and we define a set-valued possibility distribution as follows:

Definition 4 (Set-valued possibility distribution). A set-valued pos-
sibility distribution Sπ is a mapping Sπ : Ω→S from the universe of
discourse Ω to the set S of all sub-sets included in the interval [0, 1],
with the normalization property requiring that maxω∈Ω Sπ(ω)=1.

The information corresponding to Example 1 could be compactly
encoded as follows:

Example 2. (Example 1 cont’d.) Let us represent the available
knowledge from Example 1 as a set-valued possibility distribution
given in Table 2.

Table 2. Set-valued distribution corresponding to the multiple source
information of Table 1.

Sπ
cr {1}
¬cr {1}
c¬r {.2, .3, .4}
¬c¬r {.4}

As in an interval-based possibility theory [4], we also interpret a
set-valued possibility distribution as a family of compatible standard
possibility distributions defined by:

Definition 5. Let Sπ be a set-valued possibility distribution. A nor-
malized possibility distribution π is said to be compatible with Sπ if
and only if ∀ω∈Ω, π(ω)∈Sπ(ω).

As shown in Example 3, compatible distributions are not unique.
We denote by C(Sπ) the set of all possibility distributions compati-
ble with Sπ.

Example 3. Let Sπ be a set-valued possibility distribution described
in the Table 3.

Then following Definition 5, the possibility distributions π1 and
π2 (from Table 3) are compatible with Sπ.

However, π3 is not compatible with Sπ since
π3(cr)=.4 	∈Sπ(cr)={1}.

Table 3. Example of set-valued possibility distribution Sπ, compatible
possibility distributions π1 and π2 and a non compatible one π3.

ω∈Ω Sπ ω∈Ω π1 π2 π3

cr {1} cr 1 1 .4
¬cr {1} ¬cr 1 1 1
c¬r {.2, .3, .4} c¬r .3 .4 .2
¬c¬r {.4} ¬c¬r .4 .4 .4

Let us now see how to generalize standard possibilistic logic into
a set-valued setting.

3.2 Set-valued possibilistic logic

Contrary to standard possibilistic logic where the uncertainty is de-
scribed with single values, set-valued possibilistic logic uses sets.
The syntactic representation of set-valued possibilistic logic gener-
alizes the notion of a possibilistic base to a set-valued possibilistic
knowledge base as follows:

Definition 6. A set-valued possibilistic knowledge base, denoted by
SK, is a set of propositional formulas associated with sets:

SK = {(ϕ, S), ϕ∈L and S is a set of degrees in [0, 1]}
In Definition 6, ϕ∈L denotes again a formula of a propositional

language L.

A set-valued possibilistic base SK can be viewed as a family of
standard possibilistic bases called compatible bases. More formally:

Definition 7 (Compatible possibilistic base). A possibilistic baseK
is said to be compatible with a set-valued possibilistic base SK if and
only ifK is obtained from SK by replacing each set-valued formula
(ϕ, S) by a standard possibilistic formula (ϕ, α) with α ∈ S.

In other words, each compatible possibilistic base is such that
K = {(ϕ, α) : (ϕ, S)∈SK and α∈S}.

We also denote by C(SK) the finite set of all compatible possi-
bilistic bases associated with a set-valued possibilistic base SK.

Example 4. In the following, we will use this set-valued possibilistic
knowledge base to illustrate our propositions. Let SK be a set-valued
possibilistic knowledge base such that:

SK = {(¬c ∨ r, {.4, .7, .8}), (r, {.6})}.
An example of a compatible possibilistic knowledge base is:

K = {(¬c ∨ r, .4), (r, .6)}.
As in standard possibilistic logic, a set-valued knowledge base SK

is also a compact representation of a set-valued possibility distribu-
tion SπSK .
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3.3 From set-valued possibilistic bases to
set-valued possibility distributions

Let us go one step further with the contribution on how to compute
the set-valued possibility distribution from a set-valued base.

Let SK={(ϕi, Si): i=1, ..., n} be a set-valued possibilistic
knowledge base. A natural way to define a set-valued possibility dis-
tribution, associated with SK and denoted by SπSK , is to consider
all standard possibility distributions associated with each compatible
knowledge base. Namely:

Definition 8. Let SK be a set-valued possibilistic knowledge base.
The set-valued possibility distribution SπSK associated with SK is
defined by:

∀ω ∈ Ω, SπSK(ω) = {πK(ω) : K ∈ C(SK)}.

Recall that C(SK) is the set of compatible knowledge bases (given
in Definition 7) and πK is given by Definition 2.
Similar to the single valued possibilistic logic setting, we can get
rid of some formulas of a set-valued knowledge base without any
information loss. More precisely, we can ignore any formula of SK
attached with only one certainty degree equal to zero, as stated in the
following lemma.

Lemma 2. Let SK be a set-valued possibilistic base such
that (δ, {0}) ∈ SK. Let SK′=SK \ {(δ, {0})}. Then ∀ω∈Ω,
SπSK(ω)=SπSK′(ω).

Lemma 2 is again useful for establishing proofs of some propo-
sitions. The idea behind this lemma stands in the definition of
compatible bases and Lemma 1. Indeed, in the case where SK is
such that (δ, {0}) ∈ SK, then in every compatible base K, we have
(δ, 0) ∈ K, therefore, as stated in Lemma 1, the weighted formula
(δ, 0) can be ignored from K without changing its associated
distributions, and this can be generalized to the set-valued formula
(δ, {0}).

Let us now characterize SπSK . The following proposition pro-
vides the conditions under which the highest possibility degree ’1’
belongs to SπSK(ω):

Proposition 1. Let SK be a set-valued possibilistic knowledge base.
Let ω be an interpretation. Then:

1∈SπSK(ω) iff ω �
∧
{ϕ : (ϕ, S) ∈ SK and S > 0}

Namely, 1 ∈ SπSK(ω) if and only if ω satisfies all formulas hav-
ing a strictly positive certainty degree.

Proof. Recall that 1∈SπSK(ω) means that there exists a com-
patible possibilistic base K ∈ C(SK) such that πK(ω) = 1.
Now, formulas of K having a certainty degree equal to ’0’ can be
removed, thanks to Lemma 1, without changing πK . The fact that
πK(ω) = 1 implies that ω is a model of {ϕ : (ϕ, α) ∈ K,α > 0}.
This also means that ω is also a model of {ϕ, (ϕ, S) ∈ SK, S > 0}.

Let us now show the converse. Assume that ω is a model of
{ϕ, (ϕ, S) ∈ SK, S > 0}. Let K be a compatible possibilistic
knowledge base obtained from SK by replacing each set-valued S
by its lower bound S. Clearly, {ϕ : (ϕ, S) ∈ K} is satisfied by ω.
Hence, 1 ∈ SπSK(ω).

Example 5. (Example 4 cont’d) Let us continue with the knowledge
base from Example 4. Recall that

SK = {(¬c ∨ r, {.4, .7, .8}), (r, {.6})}

Following Proposition 1, interpretations cr and¬cr will have among
their possibility degrees the degree 1 (namely 1∈SπSK(cr) and
1∈SπSK(¬cr)) since these interpretations are models of all the for-
mulas of SK attached only to strictly positive degrees.

We now study under which conditions a possibility degree (1−α)
belongs to SπSK(ω), with α∈[0, 1]. Clearly, if (1−α)∈Sπ(ω)
then there exists a compatible base K such that πK(ω)=1−α.
Hence, there exists (ϕ,α)∈K such that ω � ϕ. Then there exists
(ϕ, S)∈SK such that ω�ϕ and α∈S.

To determine the possible values of SπSK(ω), it is enough to
browse all certainty degrees associated with formulas of SK falsified
by ω and check whether their inverse will belong or not to SπSK(ω).

This is precisely specified by the following proposition:

Proposition 2. Let ω be an interpretation. LetA =
⋃{S : (ϕ, S) ∈

SK, ω � ϕ}. Let a ∈ A∪{0}. Then,

(1− a)∈SπSK(ω) iff ω � {ϕ : (ϕ, S) ∈ SK, S > a}

Proof. Proposition 2 recovers Proposition 1 in case where a=0.
Hence, we only focus on the case a>0. To see the proof, assume
that a>0 and (1−a)∈SπSK(ω). This means that there exists a
compatible possibilistic knowledge base K ∈ C(SK), such that
πK(ω)=1−a.

This means that {ϕ : (ϕ, b), b > a} is consistent and satisfied
by ω. Since {ϕ : (ϕ, S), S > a} ⊆ {ϕ : (ϕ, b), b > a}, this also
means that {ϕ : (ϕ, S), S > a} is consistent and satisfied by ω.

Let us show the converse. Assume that ω � {ϕ : (ϕ, S), S>a} ∧
ω. Clearly, if A=∅ (namely, a=0) or A={0} then whatever is
the compatible base K, ω will satisfy each formula in K, hence
πK(ω)=1, and (1− a) ∈ SπSK(ω). Assume that a ∈ A and a > 0.
Let (ϕ1, S1) be a formula of SK such that a ∈ S1 and ω � ϕ1. Let
K be a compatible base defined by:

K = {(ϕ, S) : (ϕ, S) ∈ SK, ϕ 	= ϕ1} ∪ {(ϕ1, a)}.

Namely, K is obtained from SK by replacing S by S for each for-
mula in SK, except for ϕ1 where a is used instead of S. It is easy
to see thatK is compatible with SK, namelyK ∈ C(SK). It is also
easy to see that πK(ω) = 1 − a, since {ϕ : (ϕ, b) ∈ K, b > a} is
satisfied by ω, {ϕ : (ϕ, b) ∈ K, b > a} ∪ {(ϕ1, a)} is falsified by
ω. Therefore (1− a) ∈ SπSK(ω).

Let us continue our example, and illustrate Proposition 2.

Example 6. (Example 4 cont’d) We need to check which degrees
belong to SπSK(ω). For each interpretation, we first compute A =⋃{S : (ϕ, S) ∈ SK, ω � ϕ}. For instance, let us consider ω=c¬r
then A={.4, .7, .8, .6}. Now, let us analyse each value a of A∪{0},

• For a=0, c¬r � {¬c ∨ r, r}, then 1 	∈ SπSK(c¬r);
• For a=.4, c¬r � {r}, then .6 	∈ SπSK(c¬r);
• For a=.7, ∅ ∧ c¬r is consistent, then .3∈SπSK(c¬r);
• For a=.8, ∅ ∧ c¬r is consistent, then .2∈SπSK(c¬r)
• Finally, for a=.6, ∅ ∧ c¬r is consistent, then .4∈SπSK(c¬r).

Then we can conclude that SπSK(c¬r)={.2, .3, .4}.
Let us take another interpretation, for instance ω=¬c¬r. Then

A = {.6} and for each a∈A∪{0},
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• For a=0, ¬c¬r � {¬c ∨ r, r}, then 1 	∈ SπSK(¬c¬r);
• And for a=.6, ∅ ∧ ¬c¬r is consistent, then .4 ∈ SπSK(¬c¬r).

We can conclude that SπSK(¬c¬r)={.4}.
The whole distribution is exactly the one given in Example 2.

Let us now deal with the issue of conditioning a set-valued possi-
bilistic base. The following section extends min-based conditioning
to set-valued possibility distributions.

4 CONDITIONING SET-VALUED
POSSIBILISTIC INFORMATION

Before providing our extension of min-based conditioning to the set-
valued setting, let us first focus on the natural properties that a set-
valued conditioning operator should fulfill.

4.1 Three natural requirements for the set-valued
conditioning

The first natural requirement (called recovering standard condition-
ing) is that in the degenerate case, namely when each set Sπ(ω) con-
tains exactly one single degree π(ω), the result of the new condition-
ing procedure should coincide with the result π(.|mφ) of the orig-
inal conditioning procedure (Definition 1). For each possibility dis-
tribution π, by {π(ω)} we denote its set-valued representation, i.e.,
a set-valued possibility distribution for which, for every ω∈Ω, we
have Sπ(ω)={π(ω)}. In these terms, the above requirement takes
the following form:

S1. If for every ω∈Ω, we have Sπ(ω)={π(ω)}, then
Sπ(ω|φ)={π(ω|mφ)} for all ω and φ.

The second requirement (called specificity) is related to the fact
that we do not know the precise values Sπ(ω) since we only have
partial information about them. In principle, if we can get some ad-
ditional information about these values, then this would lead, in gen-
eral, to narrower sets (indeed, the cardinality of a set captures the
ignorance regarding the exact value of π(ω)). Let us define the con-
cepts of specificity between set-valued possibility distribution:

Definition 9. Let Sπ and Sπ′ be two set-valued possibility dis-
tributions. Then Sπ is said to be more specific than Sπ′, denoted
Sπ⊆Sπ′, if Sπ(ω)⊆Sπ′(ω) holds for all ω∈Ω.

S2. If Sπ(ω)⊆Sπ′(ω) for all ω, then Sπ(ω|φ)⊆Sπ′(ω|φ) for all ω.

Of course, these two postulates are not sufficient. For example, we
can take Sπ(.|φ)={π(.|mφ)} for degenerate set-valued possibility
distributions and Sπ(ω|φ)=[0, 1] for any other set-valued distribu-
tion Sπ. To avoid such extensions, it is reasonable to impose the
following minimality condition:

S3. There does not exist a conditioning operation ’|1’ that satisfies
both properties S1–S2 and for which:

• Sπ(ω|1φ) ⊆ Sπ(ω|φ) for all Sπ, ω, and φ,
• Sπ(ω|1φ) 	= Sπ(ω|φ) for some Sπ, ω, and φ.

S3 is called minimality condition. The following theorem provides
one of our main results where we show that there is only one set-
valued conditioning satisfying S1-S3 and where the set conditional
possibility degree Sπ(ω|φ) is defined as the closure of the set of all
π(.|mφ), where π is compatible with Sπ.

Theorem 1. There exists exactly one set-valued conditioning, also
denoted by Sπ(.|φ) for sake of simplicity, that satisfies the properties
S1–S3, and which is defined by: ∀ω ∈ Ω,

Sπ(ω|φ) = {π(ω|mφ) : π ∈ C(Sπ)} (3)

where |m is the min-based conditioning given in Definition 1.

Proof. 1◦. Let us denote the corresponding set-based conditioning
by Sπ(.|φ). We need to prove:

• that this closure Sπ(.|φ) satisfies the properties S1–S3, and
• that every operation Sπ(.|1φ) that satisfies the properties S1–S3

coincides with the set-conditioning Sπ(.|φ).

2◦. One can easily see that the operation Sπ(.|φ) satisfies the prop-
erties S1–S2.

3◦. Let us now prove that if an operation Sπ(.|1φ) satisfies the prop-
erties S1–S2, then for every Sπ and φ, we have Sπ(.|φ) ⊆ Sπ(.|1φ).

Then, for every distribution π∈C(Sπ), we have {π} ⊆ Sπ and
thus, due to the postulate S2, we have {π}(.|1φ) ⊆ Sπ(.|φ). By the
property S1, we have {π}(ω|1φ) = {π(ω|mφ)}. Thus, the above
inclusion means that π(.|mφ) ∈ Sπ(.|1φ).

The set Sπ(ω|1φ) therefore contains all the values π(ω|mφ) cor-
responding to all possible π∈C(Sπ):

{π(ω|mφ) : π ∈ C(Sπ)} ⊆ Sπ(ω|1φ).

Thus, we conclude that Sπ(ω|φ) ⊆ Sπ(ω|1φ) for all ω.
The statement is proven.

4◦. We can now prove that Sπ(.|φ) also satisfies the property S3.
Indeed, if there is some other operation |1 that satisfies S1 and

S2, and for which Sπ(ω|1φ) ⊆ Sπ(ω|φ) for all ω, then, since we
have already proven the opposite inclusion in Part 3 of this proof, we
conclude that Sπ(ω|1φ) = Sπ(ω|φ) for all ω, so indeed no narrower
conditioning operation is possible.

5◦. To complete the proof, let us show that if some Sπ(.|1φ) satisfies
the properties S1–S3, then it coincides with Sπ(.|φ).

Indeed, by Part 3 of this proof, we have Sπ(ω|φ) ⊆ Sπ(ω|1φ)
for all ω. If we had Sπ(ω|φ) 	= Sπ(ω|1φ) for some ω and φ,
this would contradict the minimality property S3. Thus, indeed,
Sπ(.|φ) = Sπ(.|1φ). Uniqueness is proven, and so is for the the-
orem.

4.2 Analyzing set-based conditioning

Now, we can go one step beyond Theorem 1 and provide the exact
contents of the conditioned set Sπ(.|mφ). Let us first start with the
following lemma which delimits the set of possible values associated
with models of φ after the conditioning operation.

Lemma 3. Let Sπ be a set-valued possibility distribution. Let φ⊆Ω.
Then ∀ω∈Ω,

• If ω � φ, Sπ(ω|φ) = {0},
• And if ω � φ, Sπ(ω|φ) ⊆ Sπ(ω)∪{1}.

The proof of this lemma is immediate. Indeed, if π is a standard
possibility distribution, then by definition π(ω|mφ) is either equal to
π(ω) or to 1 for models of φ. Hence, the only admissible values for
Sπ(ω|φ) are those in Sπ(ω) and the value 1. For counter-models of
φ (namely, ω � φ), then clearly Sπ(ω|φ) = {0} since π(ω|mφ) = 0
for each compatible distributions π.

Given this lemma, we need to answer two questions:
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• Under which conditions does the fully possibility degree 1 belong
to Sπ(ω|φ)?

• Under which conditions will a given possibility degree a ∈ Sπ(ω)
still belong to Sπ(ω|φ)?

The answer to these questions is given in the following proposi-
tion:

Proposition 3. Let Sπ be a set-valued possibility distribution. Let
φ ⊆ Ω.

i) 1 ∈ Sπ(ω|φ) iff ∀ω′ 	=ω, Sπ(ω) ≥ Sπ(ω′).
ii) Let a ∈ Sπ(ω) (with a 	= 1). Then a ∈ Sπ(ω|φ) iff ∃ω′ 	= ω,
Sπ(ω′) > a.

Proof. For item (i) assume that 1 ∈ Sπ(ω|φ). This means that there
exists a compatible distribution π of Sπ such that π(ω|mφ) = 1.
This also means that ∀ω′ 	= ω, π(ω) ≥ π(ω′). Since, Sπ(ω) ≥
π(ω), and π(ω′) ≥ Sπ(ω′), hence we have ∀ω′ 	= ω, Sπ(ω) ≥
Sπ(ω′). For the converse, assume that ∀ω′, Sπ(ω) ≥ Sπ(ω′).
Let π be a compatible distribution such that π(ω) = Sπ(ω) and
∀ω′ 	= ω, π(ω′) = Sπ(ω). Clearly, ∀ω′ 	= ω, π(ω) > π(ω′).
Hence π(ω|mφ) = 1 and 1 ∈ Sπ(ω|φ).

For item (ii), let a∈Sπ(ω) where a	=1. Assume that ∃ω′ 	=ω,
such that Sπ(ω′)>a. Consider a compatible distribution π where
π(ω′)=Sπ(ω′) and π(ω)=a. Then clearly, π(ωm|φ)=a∈Sπ(ω|φ).
For the converse, assume that a∈Sπ(ω|φ) and a	=1. This means that
there exists a compatible distribution π such that π(ω|mφ)=a<1.
Hence, ∃ω′, π(ω)=a<π(ω′). Since π(ω′)≤Sπ(ω′) this means that
Sπ(ω′)>a.

Example 7. In this example, we deal with conditioning a set-valued
possibility distribution. Therefore, let us continue Example 2 and as-
sume that the manager of the hotel tells us that the restaurant of the
hotel has closed down definitively a few weeks ago. Then we need to
condition with the new piece of information φ=¬r. Let us run the
conditioning operation step by step. For every interpretation model
of φ,

• For ω=c¬r,
i) since, with ω′=¬c¬r, .4≥.4, then 1 ∈ Sπ(c¬r|¬r);

ii) For a=.2, since, Sπ(¬c¬r)=.4>.2, then .2∈Sπ(c¬r|¬r).
For a=.3, since, Sπ(¬c¬r)=.4>.2, then .3∈Sπ(c¬r|¬r).
For a=.4, since, Sπ(¬c¬r)=.4≯.4, then .4 	∈Sπ(c¬r|¬r).

• For the interpretation ω=¬c¬r, we follow the same computation
steps.

• For counter-models of ¬r, we have Sπ(ω|φ) = {0}.

Given the distribution in Table 2, we sum up the result of conditioning
this distribution in Table 4.

Table 4. Set-valued distribution Sπ of Example 2 conditioned by φ=¬r.

Sπ(.|φ)
cr {0}
¬cr {0}
c¬r {.2, .3, 1}
¬c¬r {1}

5 SYNTACTIC COUNTERPART OF
SET-VALUED CONDITIONING

Let us first consider again conditioning a standard possibilistic
knowledge base K and rewrite the result of conditioning K. Recall
that K≥a={ϕ : (ϕ, α) ∈ K and α ≥ a} be a set of propositional
formulas from K having a weight greater or equal to a. Then, the
result of conditioningK by φ, denoted byKφ, given by Definition 3
can be rewritten as:

Kφ = {(φ, 1)}
∪ {(ϕ, α) : (ϕ, α) ∈ K≥α ∧ φ is consistent }
∪ {(ϕ, 0) : (ϕ, α) ∈ K≥α ∧ φ is inconsistent }.

The only difference with Definition 3 is that ’0’ weighted formulas
have been added. This has no influence thanks to Lemma 1. Namely,
Kφ is obtained fromK by adding φ with a fully certainty degree and
ignore some formulas fromK. By ignoring some formulas, we mean
the certainty degrees of these formulas are set to ’0’.

SK

Set-valued possibilistic base

KnK1 K2

K1φ K2φ Knφ

SK′

Figure 1. Compatible-based conditioning

The aim of this section is to provide syntactic computation of
set-valued conditioning when set-valued possibility distributions are
compactly represented by set-valued possibilistic knowledge bases.
As illustrated in Figure 1, the input is an initial set-valued knowledge
base SK and a formula φ. The output is a new set-valued knowl-
edge base SK′ that results from conditioning the set of all com-
patible bases of SK with φ. This new set-valued knowledge base
SK′ is obtained by considering the set of all compatible possibilistic
knowledge bases, Ki ∈ C(SK). More precisely, it is done in three
steps:

• First, from SK we generate the set of compatible bases
K1,K2, ...,Kn

• then, we condition each compatible base Ki with φ. The result is
Kiφ and obtained using Definition 3.

• Lastly, we define SK′ by associating with each formula ϕ of SK
the set of degrees present in at least one conditionedKiφ .

Namely: SK′ = {(ϕ, S) : S =
⋃{αk : (ϕ, αk) ∈ Kφ,K ∈

C(SK)}}.
Hence, a naive algorithm for computing SK′ is given.
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Algorithm 1 Naive computation of SK′

Input: SK: a set-valued knowledge base
φ: a propositional formula

Output: SK′: the result of conditioning SK with φ
SK′ ←− {(φ, 1)}
foreach (γ, S) ∈ SK do
S′ ←− ∅
foreach K compatible with SK do

ComputeKφ

S′ ←− S′ ∪ {α : (γ, α) ∈ Kφ}
end foreach
SK′ ←− SK′ ∪ {(γ, S′)}

end foreach
return SK′

Clearly, this algorithm is not satisfactory since the number of com-
patible bases may be exponential.

Our aim is then to equivalently compute SK′ without exploiting
the set of all compatible possibilistic knowledge bases.

It is easy to show that ∀ω∈Ω, πK′(ω)=πK(ω|φ). Now, in the set-
valued setting, conditioning SK comes down first to apply standard
conditioning on each compatible base then gathering all certainty de-
grees. Clearly, SK′ is obtained from SK by ignoring some weight.
The conditions under which a weight should be ignored is given by
the following proposition:

Proposition 4. Let SK be a set-valued knowledge base, φ be a
propositional formula. Let (γ, S) ∈ SK and a ∈ S. Let S′ be the
new set associated with γ in SK′. Then:

a ∈ S′ iff φ ∧ {ϕ : (ϕ, S) ∈ SK,S ≥ a} ∧ γ is consistent.

Proof. The proof is as follows. Assume that a ∈ S′. This means
that there exists a compatible base K such that (γ, a) ∈ K′. Since
{ϕ : (ϕ, α) ∈ K′} is consistent, and (γ, a) ∈ K′ and (φ, 1) ∈
K′ then trivially φ ∧ γ ∧ {ϕ : (ϕ, b) ∈ K′} is consistent. Hence,
φ ∧ γ ∧ {ϕ : (ϕ, b) ∈ K′, b ≥ a} is consistent and φ ∧ γ ∧ {ϕ :
(ϕ, S) ∈ SK, S ≥ a} is consistent.

Now, assume that φ∧γ∧{ϕ : (ϕ, S) ∈ SK, S ≥ a} is consistent.
Let K be a compatible base, where each (ϕ, S) such that ϕ 	= γ is
replaced by (ϕ, S) and (γ, S) is replaced by (γ, a). Clearly, K is
a compatible. Besides, (γ, a) ∈ K′ since K≥a ∧ φ is consistent.
Hence, a ∈ S′.

Based on the above propositions, we propose an algorithm (Algo-
rithm 2) to compute the result of conditioning SK with φ. It consists
in browsing all the degrees of SK and checking whether each degree
should be replaced by 0 or not.

In Algorithm 2, the costly task is checking consistency of the state-
ment marked by (#). Hence, the complexity of computing SK′ is
O(|SK| ∗ n ∗ SAT ) where n is the number of different certainty
levels in SK (namely, n = |⋃{S : (ϕ, S) ∈ SK}|). This is stated
in the following proposition.

Proposition 5. Let SK be a set-valued possibilistic knowledge base
and φ be the new evidence. Let SK′ be a set-valued possibilistic
knowledge base computed using Algorithm 2. Then computing SKφ

is in O(|SK| ∗ n ∗ SAT ) where SAT is a satisfiability test of a set
propositional clauses and n is the number of different weights in SK.

Example 8. Let us illustrate Algorithm 2. To do so, we continue
Example 4 where SK = {(¬c ∨ r, {.4, .7, .8}), (r, {.6})} and with
the new information φ = ¬r. For each pair (ϕ, S),

Algorithm 2 Syntactic set-valued conditioning
Input: SK: a set-valued knowledge base
φ: a propositional formula

Output: SK′: the result of conditioning SK with φ
SK′ ←− {(φ, 1)}
foreach (γ, S) ∈ SK do
S′ ←− ∅
foreach a ∈ S do

if (#) φ∧γ∧{ϕ : (ϕ, S) ∈ SK,S ≥ a} is consistent then
S′ ←− S′ ∪ {a}

else
S′ ←− S′ ∪ {0}

end if
SK′ ←− SK′ ∪ {(γ, S′)}

end foreach
end foreach
return SK′

• First let us take (¬c ∨ r, {.4, .7, .8}) then:

– For a = .4, {r,¬c ∨ r} ∧ {¬r} ∧ {¬c ∨ r} is not consistent
then, 0∈S′;

– For a = .7, ∅ ∧ {¬r} ∧ {¬c ∨ r} is consistent then, .7∈S′;
– We use the same reasoning for a=.8, then, .8∈S′.

• Now for the second pair (r, {.6})} we have:

– For a=.6, {r} ∧ {¬r} ∧ {r} is not consistent so 0∈S′;

The new base is SK′={(¬r, {1}), (¬c∨r, {0, .7, .8}), (r, {0})}.
Thanks to Lemma 2, we can exclude the pair (r, {0}), this is our
new base: SK′={(¬r, {1}), (¬c ∨ r, {0, .7, .8})}. The correspond-
ing set-valued possibility distribution according Definition 8 is given
in Table 5.

Table 5. Set-valued distribution corresponding to set-valued knowledge
base SK′.

SπSK′
cr {0}
¬cr {0}
c¬r {.2, .3, 1}
¬c¬r {1}

6 RELATED WORKS AND DISCUSSIONS

This paper dealt with representing and reasoning with qualitative in-
formation in a possibilistic setting and it provided three main contri-
butions:

• The first one is a new extension of possibilistic logic called set-
valued possibilistic logic particularly suited for reasoning with
qualitative and multiple source information. We provided a natural
semantics in terms of compatible possibilistic bases and compati-
ble possibility distributions.

• The second main contribution deals with a generalization of the
well-known min-based or qualitative conditioning to the new set-
valued setting. The paper proposes three natural postulates ensur-
ing that any set-valued conditioning satisfying these three postu-
lates is necessarily based on the set of compatible standard possi-
bility distributions.
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• The third main contribution concerns the syntactic characteriza-
tion of set-valued conditioning. Efficient procedures are proposed
to compute the exact set-valued possibility distributions and their
syntactic counterparts. Interestingly enough, the proposed setting
generalizes standard possibilistic and conditioning does not re-
quire extra computational cost with respect to the standard sin-
gle valued possibilistic setting. We provide an algorithm which
does not generate explicitly the set of all compatible possibilistic
knowledge bases.

Many extensions have been proposed to generalize possibilistic
logic. The closest one to set-valued possibilistic logic, proposed in
this paper, is interval-based possibilistic logic [4, 11, 5]. The two set-
tings view a knowledge base (resp. possibility distribution) as a fam-
ily of compatible bases bases (resp. distributions). Of course, inter-
vals are particular sets. However, in [5] conditioning operator deals
only with quantitative interpretation of possibility theory [5] while
set-valued possibilistic logic deals with qualitative possibility theory.
Besides, the rational postulates given in [5] does not characterise the
uniqueness of conditioning operator while in this paper, this three
postulates S1, S2, and S3 guarantee the uniqueness of the condition-
ing operation.

Among the other extensions, symbolic possibilistic logic [6, 7]
deals with a special type of uncertainty where the available uncertain
information is in the form of partial knowledge on the relative
certainty degrees (symbolic weights) associated with formulas. In
[2], a multiple agent extension of possibilistic logic is proposed.
This extension associates sets of agents to sets of possibilistic logic
formulas and aims to reason on the individual and mutual beliefs of
the agents. Note that no form of conditioning the whole knowledge
is proposed for this setting.

Note that the idea of compatible-based conditioning in the
interval-based possibilistic setting is somehow similar to condi-
tioning in credal sets [1, 26] and credal networks [12] where the
concept of convex set refers to the set of compatible probability
distributions composing the credal set. Regarding the computational
cost, conditioning in credal sets is done on the set of extreme
points (edges of the polytope representing the credal set) but
their number can reach N ! where N is the number of interpreta-
tions [28]. In this paper, our set-valued conditioning operator has a
complexity close to the one of standard possibilistic knowledge base.

Clearly, many of the qualitative extensions of possibilistic logic
mentioned in this section could benefit from our conditioning oper-
ators as far as they can be encoded as set-valued possibilistic bases.
This will be our main track for future works.
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An Improved CNF Encoding Scheme
for Probabilistic Inference

Anicet Bart1 and Frédéric Koriche and Jean-Marie Lagniez and Pierre Marquis2

Abstract. We present and evaluate a new CNF encoding scheme for

reducing probabilistic inference from a graphical model to weighted

model counting. This new encoding scheme elaborates on the CNF
encoding scheme ENC4 introduced by Chavira and Darwiche, and

improves it by taking advantage of log encodings of the elementary

variable/value assignments and of the implicit encoding of the most

frequent probability value per conditional probability table. From the

theory side, we show that our encoding scheme is faithful, and that

for each input network, the CNF formula it leads to contains less vari-

ables and less clauses than the CNF formula obtained using ENC4.

From the practical side, we show that the C2D compiler empowered

by our encoding scheme performs in many cases significantly better

than when ENC4 is used, or when the state-of-the-art ACE compiler

is considered instead.

1 INTRODUCTION

A number of approaches have been developed during the past fifteen

years for improving probabilistic inference, by taking advantage of

the local structure (contextual independence and determinism) which

may occur in the input graphical model (a weighted constraint net-

work, representing typically a Bayesian network or a Markov net-

work) [4, 34, 22, 3, 28, 18, 9, 16, 23, 36]. Among them are ap-

proaches which consist in associating with the input graphical model

a weighted propositional formula via a polynomial-time translation

[14, 33, 7, 37, 10, 11]. Once the translation has been applied, the

problem of computing the probability (or more generally, the weight)

of a given piece of evidence (assignments of values to some vari-

ables) mainly amounts to solving an instance of the (weighted) model

counting problem.

While this problem is still #P-complete, it has received much

attention in the past few years, both in theory and in practice;

thus, many algorithms have been designed for solving the model

counting problem #SAT, either exactly or approximately (see e.g.,

[2, 19, 20, 31, 5]); search-based model counters (like Cachet [32]

and sharpSAT [35]) and preprocessing techniques for #SAT [21]

have been developed and evaluated. Propositional languages support-

ing the (weighted) model counting query in polynomial time have

been defined and investigated, paving the way to compilation-based

model counters (i.e., when the propositional encoding of the model is

first turned into a compiled representation). The most prominent ones

are the language Decision-DNNF of decision-based decomposable

negation normal form formulas [12] and the language SDD consisting

1 LINA-CNRS-INRIA and Ecole des Mines de Nantes, F-44000 Nantes,
France, email: anicet.bart@univ-nantes.fr

2 CRIL, Univ. Artois and CNRS, F-62300 Lens, France, email: {koriche,
lagniez, marquis}@cril.univ-artois.fr

of sentential decision diagrams – a subset of d-DNNF – [17]. Com-

pilers targeting those languages have been developed (many of them

are available on line); let us mention the top-down compilers C2D
and Dsharp targeting the Decision-DNNF language [12, 15, 25], and

the top-down compiler and the bottom-up compiler targeting the SDD
language [27, 17].

In the following, we present and evaluate a new CNF encoding

scheme for weighted constraint networks. This new encoding scheme

elaborates on the CNF encoding scheme ENC4 introduced in [10],

and improves it by taking advantage of two supplementary ”ideas”:

the log encodings of the elementary variable/value assignments and

of the implicit encoding of the most frequent probability value per

table. While log encodings of variables is a simple idea which has

been considered before for credal networks (and defined as ”bina-

rization”) [1], as far as we know, it had never been tested before for

encoding weighted constraint networks into CNF. Furthermore, us-

ing an implicit encoding of the most frequent probability value per

table seems brand new in this context.

Interestingly, unlike the formulae obtained using ENC4, the CNF
formulae generated by our encoding scheme can be compiled into

Decision-DNNF representations which do not need to be minimized

(thanks to a specific handling of the weights given to the negative

parameter literals). As such, they can also be exploited directly by

any weighted model counter. From the theory side, we show that

our encoding scheme is faithful, and that for each weighted con-

straint network, the CNF formula it leads to contains less variables

and less clauses than the CNF formula obtained using ENC4. From

the practical side, we performed a large-scale evaluation by com-

piling 1452 weighted constraint networks from 6 data sets. This

evaluation shows our encoding scheme valuable in practice. More

in detail, we have compared the compilation times and the sizes

of the compiled representations produced by C2D (reasoning.
cs.ucla.edu/c2d/) when using our encoding scheme, with the

corresponding measures when ENC4 is considered instead. Our en-

coding scheme appeared as a better performer than ENC4 since it

led most of the time to improved compilation times and improved

compilation sizes. We have also done a differential evaluation which

has revealed that each of the two ”ideas” considered in our encod-

ing is computationally fruitful. We finally compared the performance

of C2D empowered by our encoding scheme with those of ACE, a

state-of-the-art compiler for Bayesian networks based on ENC4, see

http://reasoning.cs.ucla.edu/ace. Again, our empiri-

cal investigation also showed that C2D equipped with our encoding

scheme challenges ACE in many cases. More precisely, it was able to

compile more instances given the time and memory resources allo-

cated in our experiments, and it led often to compiled representations

significantly smaller than the ones computed using ACE.
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2 FORMAL PRELIMINARIES

A (finite-domain) weighted constraint network (alias WCN) is a

triple WCN = (X ,D,R) where X = {X1, . . . , Xn} is a finite

set of variables; each variable X from X is associated with a finite

set, its domain DX , and D is the set of all domains of the variables

fromX ;R = {R1, . . . , Rm} is a finite set of (possibly partial) func-

tions over the reals; with eachR inR is associated a subset scope(R)
of X , called the scope of R and gathering the variables involved in

R; each R is a mapping from its domain Dom(R), a subset of the

Cartesian product DR of the domains of the variables of scope(R),
to R; the cardinality of scope(R) is the arity of R. In the following,

each function R is supposed to be represented in extension (i.e., as a

table associating weights with assignments).

An assignment a of WCN over a subset S of X is a set a =
{(X, d) | X ∈ S, d ∈ DX} of elementary asignments (X, d),
where for eachX ∈ S there exists a unique pair of the form (X, d) in

a. If a is an assignment ofWCN over S and T ⊆ S , then the restric-

tion a[T ] of a over T is given by a[T ] = {(X, d) ∈ a | X ∈ T }.

Given two subsets S and T of X such that T ⊆ S , an assignment a1
ofWCN over S is said to extend an assignment a2 ofWCN over T
when a1[T ] = a2. A full assignment of WCN is an assignment of

WCN over X .

A full assignment s ofWCN is a solution ofWCN if and only if

for everyR ∈ R, we have s[scope(R)] ∈ Dom(R). The weight of a

full assignment s ofWCN iswWCN (s) = 0 when s is not a solution

of WCN ; otherwise, wWCN (s) = ΠR∈RR(s[scope(R)]). Finally,

the weight wWCN (a) of an assignment a ofWCN over S is the sum

over all full assignments s extending a of the values wWCN (s).

Example 1 Let us consider as a running example the following
”toy” WCN = (X = {X1, X2}, D = {DX1 , DX2}, R =
{R}), where DX1 = {0, 1, 2}, DX2 = {0, 1}, and R such that
scope(R) = {X1, X2} is given by Table 1.

X1 X2 R
0 0 0
0 1 8/30
1 0 1/10
1 1 1/10
2 0 8/30
2 1 8/30

Table 1: A tabular representation of R.

a = {(X2, 1)} is an assignment ofWCN over S = {X2}. We have
wWCN (a) = 8/30 + 1/10 + 8/30 = 19/30.

3 ON CNF ENCODING SCHEMES

Our objective is to be able to compute the weight of any assignment

a of a givenWCN . Typically, the WCN under consideration will be

derived without any heavy computational effort (i.e., in linear time)

from a given random Markov field or a Bayesian network, and the

assignment a under consideration will represent some available piece

of evidence. In such a case, w(a) simply is the probability of this

piece of evidence.

In order to achieve this goal, an approach consists in translat-

ing first the input WCN = (X ,D,R) into a weighted proposi-
tional formula WPROP = (Σ, w, w0). In such a triple, Σ is a

propositional representation built up from a finite set of proposi-

tional variables PS , w is a weight distribution over the literals over

PS , i.e., a mapping from LPS = {x,¬x | x ∈ PS} to R, and

w0 is a real number (a scaling factor). The weight of an interpre-

tation ω over PS given WPROP is defined as wWPROP(ω) =
w0×Πx∈LPS |ω(x)=1w(x)×Π¬x∈LPS |ω(x)=0w(¬x) if ω is a model

of Σ, andwWPROP(ω) = 0 in the remaining case. Furthermore, the

weight of any consistent term γ over PS given WPROP is given

by wWPROP(γ) = Σω|=γwWPROP(ω). Given a CNF formula Σ,

we denote by #var(Σ) the number of variables occurring in Σ, and

by #cl(Σ), the number of clauses in Σ. Finally, a canonical term

over a subset V of PS is a consistent term where each variable of V
occurs.

Computing w(γ) from a consistent term γ and a WPROP =
(Σ, w, w0) is a computationally hard problem in general (it is #P-

complete). Weighted model counters (such as Cachet [32]) can be

used in order to perform such a computation when Σ is a CNF for-

mula. Reductions from the weighted model counting problem to the

(unweighted) model counting problem, as the one reported in [6], can

also be exploited, rendering possible the use of (unweighted) model

counter, like sharpSAT [35]. Interestingly, when Σ has been com-

piled first into a Decision-DNNF representation (and more generally

into a d-DNNF representation3), the computation of w(γ) can be

done in time linear in the size of the input, i.e., the size of γ, plus

the size of the explicit representation of the weight distribution w
over LPS , the size of the representation of w0, and the size of the

d-DNNF representation of Σ. Stated otherwise, the problem of com-

putingw(γ) from a consistent term γ and aWPROP = (Σ, w, w0)
where Σ is a d-DNNF representation can be solved efficiently.

Whatever the targeted model counter (direct or compilation-

based), the approach requires a notion of translation function (the

formal counterpart of an encoding scheme):

Definition 1 (translation function) A mapping τ associating any
WCN = (X , D, R) with a weighted propositional formula
τ(WCN ) = (Σ, w, w0) and any assignment a of WCN over a
subset S of X with a term τ(a) over the set of propositional vari-
ables PS on which Σ is built, is a translation function.

Valuable translation functions are those for which the encoding

scheme is correct. We say that they are faithful:

Definition 2 (faithful translation) A translation function τ is faith-

ful when it is such that for any WCN = (X ,D,R) and any
assignment a of WCN over a subset S of X , wWCN (a) =
wτ(WCN )(τ(a)).

Some faithful translation functions have already been identified in

the literature, see [13, 33, 8, 10, 11]. Typically, the set PS of proposi-

tional variables used in the translation is partitioned into two subsets:

a set of indicator variables λi used to encode the assignments, and a

set of parameter variables θj used to encode the weights. Formally let

us denote by ΛX the set of indicator variables used to encode assign-

ments of variable X ∈ X and ΘR be the set of parameter variables

introduced in the encoding of R ∈ R. Every literal l over all those

variables has weight 1 (i.e.,w1(l) = w4(l) = 1), except for the (pos-

itive) literals θj . Translations functions are typically modular ones,

where ”modular” means that the representation Σ to be generated is

the conjunction of the representations τ(X) corresponding to the en-

coding of the domain DX of each X ∈ X , with the representations

τ(R) corresponding to each mapping R inR:

Σ =
∧

X∈X
τ(X) ∧

∧
R∈R
τ(R).

3 But existing d-DNNF compilers actually target the Decision-DNNF lan-
guage [26].
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As a matter of example, let us consider the translation functions

τ1 and τ4 associated respectively with the encoding schemes ENC1
[13] and ENC4 reported in [8]. In ENC1 and ENC4, direct encoding

is used for the representation of elementary assignments (X, d). This

means that every (X, d) is associated by τ1 (and similarly by τ4) in

a bijective way with an indicator variable τ1((X, d)) = τ4((X, d)),
and every assignment a is associated with the term τ1(a) = τ4(a)
which is the conjunction of the indicator variables τ1((X, d)) for

each (X, d) ∈ a. The encoding τ1(X) = τ4(X) consists of the

following CNF formula:

(
∨

d∈DX

τ1((X, d)))∧(
∧

d1,d2∈DX |d1 �=d2

¬τ1((X, d1))∨¬τ1((X, d2))).

Finally, in τ1 and τ4, the scaling factor (w1)0 = (w4)0 is 1.

Contrastingly, ENC1 and ENC4 differ in the way mappings

R are encoded. In ENC1, each τ1(R) is a CNF formula, con-

sisting for each a ∈ Dom(R) of the following CNF formulae:

(
∨

(X,d)∈a
¬τ1((X, d)) ∨ θa) ∧

∧
(X,d)∈a

(τ1((X, d)) ∨ ¬θa). This

formula contains c × (a + 1) clauses where c is the cardinality

of Dom(R) and a is the arity of R. Here, θa is a parameter vari-

able which is specific to a. For each a, the corresponding CNF for-

mula actually states an equivalence between τ1(a) and θa. Finally,

w1(θa) = R(a).
In ENC4, for eachR ∈ R, one parameter variable θj per non-null

weight in R is introduced, only. Thus, no parameter variable is

introduced for the a ∈ Dom(R) such that R(a) = 0. Furthermore,

all the assignments a ∈ Dom(R) which are associated with the

same value R(a) are associated with the same parameter variable θj
which is such that w4(θj) = R(a). Each τ4(R) is a CNF formula,

obtained first by computing a compressed representation of R in

a way similar to the way a simplification of a Boolean function f
is computed using Quine/McCluskey algorithm, i.e., as a minimal

number of prime implicants of f the disjunction of which being

equivalent to f (see [29, 30, 24] and [10] for details). Once R has

been compressed, τ4(R) is computed as the conjunction for each

a ∈ Dom(R) of the following clauses:∨
(X,d)∈a

¬τ4((X, d)) if R(a) = 0,∨
(X,d)∈a

¬τ4((X, d)) ∨ θj if R(a) 	= 0.

Note that τ4 by itself is not a faithful translation: the generated

formula Σ4 (the conjunction of all τ4(X) for X ∈ X and of all

τ4(R) for R ∈ R) must be minimized first w.r.t. its parameter vari-

ables in order to get a faithful translation. Such a ”cardinality mini-

mization”, noted minθ(Σ4), leads to a strengthening of Σ4, obtained

by removing every model of it assigning to true more than one pa-

rameter variable associated with a given R. Now, for each variable

X ∈ X , given the CNF formula τ4(X), exactly one of the indicator

variables τ4((X, d)) for d ∈ DX can be set to true in a model of Σ4.

Accordingly, the ”global cardinality minimization” min(Σ4) of Σ4

(i.e., when ”cardinality minimization” is w.r.t. all the variables) can

be done instead, since we have min(Σ4) = minθ(Σ4). The main

point is that the mapping τmin
4 associatingWCN = (X ,D,R) with

the WPROP (min(Σ4), w4, (w4)0) is faithful. Interestingly, when

Σ4 has been turned first into an equivalent d-DNNF representation,

such a ”global cardinality minimization” process leading to a min-

imized d-DNNF representation min(Σ4) can be achieved in linear

time [12].

Example 2 (Example 1 continued) As a matter of illustration, let
us present the encodings obtained by applying τ1 and τ4 to our run-
ning example. τ1 and τ4 are based on the same set consisting of 5

indicator variables, λji , where λji corresponds to the elementary as-
signment (Xi, j), and on the same set of indicator clauses:

λ01 ∨ λ11 ∨ λ21,
¬λ01 ∨ ¬λ11,

¬λ01 ∨ ¬λ21,
¬λ11 ∨ ¬λ21,

λ02 ∨ λ12,
¬λ02 ∨ ¬λ12.

τ1 and τ4 differ as to their parameter variables, and as to their
parameter clauses. For τ1, one parameter variable per element of
Dom(R) (hence per line in Table 1) is introduced: each θi corre-
sponds to line i, thus 6 variables are introduced. For τ4, one param-
eter variable per non-null value taken by R is considered, hence two
parameter variables θ1 (corresponding to 1/10) and θ2 (correspond-
ing to 8/30) are introduced. On this ground, τ1(R) consists of the
following parameter clauses:

¬λ01 ∨ ¬λ02 ∨ θ1,
λ01 ∨ ¬θ1,
λ02 ∨ ¬θ1,
¬λ01 ∨ ¬λ12 ∨ θ2,
λ01 ∨ ¬θ2,
λ12 ∨ ¬θ2,

¬λ11 ∨ ¬λ02 ∨ θ3,
λ11 ∨ ¬θ3,
λ02 ∨ ¬θ3,
¬λ11 ∨ ¬λ12 ∨ θ4,
λ11 ∨ ¬θ4,
λ12 ∨ ¬θ4,

¬λ21 ∨ ¬λ02 ∨ θ5,
λ21 ∨ ¬θ5,
λ02 ∨ ¬θ5,
¬λ21 ∨ ¬λ12 ∨ θ6,
λ21 ∨ ¬θ6,
λ12 ∨ ¬θ6,

with w1(θ1) = 0, w1(θ2) = w1(θ5) = w1(θ6) = 8/30, w1(θ3) =
w1(θ4) = 1/10, and every other literal has weight 1. Σ1 contains 24
clauses, over 11 variables.

Contrastingly, with τ4, R is first compressed into

X1 X2 R
0 0 0
0 1 8/30
1 1/10
2 8/30

As a consequence, τ4(R) consists of the following parameter
clauses:

¬λ01 ∨ ¬λ02,
¬λ01 ∨ ¬λ12 ∨ θ2,

¬λ11 ∨ θ1,
¬λ21 ∨ θ2,

with w4(θ1) = 1/10, w4(θ2) = 8/30, and every other literal has
weight 1. Σ4 contains 10 clauses, over 7 variables.

4 A NEW, IMPROVED CNF ENCODING
SCHEME

We present a new translation function τ4linp, which is modular as τ1
and τ4. τ4linp elaborates on τ4 in two directions: the way elementary

assignments are encoded, and the implicit handling of one parameter

variable per mapping R.

Thus, within the translation function τ4linp, log encoding (aka bit-

wise encoding) is used for the representation of elementary assign-

ments (X, d). The corresponding τ4linp(X) CNF formula aims at

forbidding the interpretations which do not correspond to any el-

ementary assignment. Thus, there is no such constraint (i.e., it is

equivalent to �) when the cardinality of the domain ofX is a power

of 2.

As to the parameter variables and the parameter clauses, our trans-

lation function τ4linp is reminiscent to τ4. However, there are some

important differences. First, log encoding is used to define the indi-

cator variables within the parameter clauses. Second, one parameter
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variable θR per R is kept implicit once R has been compressed; it

is selected as one of those θj such that w4(θj) 	= 0 is one of the

most frequent weight in R once compressed. Then we take the scal-

ing factor (w4linp)0 to be equal to the product of all the weights

w4(θR) when R varies in R, and we replace the weight w4(θj)
of all the remaining parameter variables θj associated with R by

w4linp(θj) = w4(θj)/w4(θR). The benefits achieved by this scal-

ing come from the fact that there is no need to add any clause into

τ4linp(R) for the assignments a such that R(a) = w4(θR). More

formally, for each R ∈ R, R is first compressed as in ENC4; then

we define τ4linp(R) as a CNF formula, consisting of the conjunction

for each a ∈ Dom(R) such that R(a) 	= w4(θR) of the following

clauses:∨
(X,d)∈a

¬τ4linp((X, d)) if R(a) = 0,∨
(X,d)∈a

¬τ4linp((X, d)) ∨ θj if R(a) 	= 0.

Here ¬τ4linp((X, d)) is the clause which is obtained as the disjunc-

tion of the negations of all literals occurring in τ4linp((X, d)).
Finally, considering the same weight distribution w4linp = w4 as

the one considered in ENC4 would not make the translation faithful;

in order to ensure it, we now assign a specific weight to the negative

parameter literals, so that w4linp(¬θj) = 1 − w4linp(θj) for every

parameter variable θj considered in the parameter clauses of R, for

every R ∈ R.

As we will show it later, no minimization step is mandatory with

τ4linp; furthermore, this translation is modular (like τ4 but unlike

τmin
4 ); more importantly, we obtain as a side effect that any weighted

model counter can be considered downstream (unlike τ4, which re-

quires a minimization step).

Example 3 (Example 1 continued) For the WCN considered in Ex-
ample 1, one just needs to consider two indicator variables for en-
coding the elementary assignments associated with X1 (let us say,
λ01 and λ11) and one indicator variable for encoding the elementary
assignments associated withX2 (λ2). The correspondances between
elementary assignments and their representation as terms over the
indicator variables are as follows forX1:

X1 λ1
1 λ0

1
0 0 0
1 0 1
2 1 0

and for X2, λ2 corresponds to (X2, 1) (thus, ¬λ2 corresponds to
(X2, 0)). We have τ4linp(X1) = ¬λ11 ∨ ¬λ01 and τ(X2) = �. The
most frequent value achieved by R(a) is w4(θR) = 8/30. SinceR =
{R}, we get that (w4linp)0 = 8/30. τ4linp(R) consists of the two
following clauses:

λ01 ∨ λ11 ∨ λ2, λ11 ∨ ¬λ01 ∨ θ1.

The first clause aims at ensuring that the weight corresponding to
the full assignment {(X1, 0), (X2, 0)} is 0. The purpose of the sec-
ond clause is to enforce the parameter variable θ1 to be true when
any assignment extending {(X1, 1)} is considered. We finally have
w4linp(θ1) = 3/8 and w4linp(¬θ1) = 5/8, while every other literal
has weight 1. Σ4linp contains only 3 clauses, over 4 variables.
Table 2 makes precise for each interpretation over the variables
λ01, λ11, λ2, and θ1 the corresponding full assignment of WCN over
{X1, X2} (if any) and the associated weight w4linp.

Proposition 1 τ4linp is faithful.

λ1
1 λ0

1 λ2 θ1 X1 X2 w4linp

0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 1 1/6
0 0 1 1 0 1 1/10
0 1 0 0 1 0 0
0 1 0 1 1 0 1/10
0 1 1 0 1 1 0
0 1 1 1 1 1 1/10
1 0 0 0 2 0 1/6
1 0 0 1 2 0 1/10
1 0 1 0 2 1 1/6
1 0 1 1 2 1 1/10
1 1 0 0 - - 0
1 1 0 1 - - 0
1 1 1 0 - - 0
1 1 1 1 - - 0

Table 2: The full assignment of WCN over {X1, X2} and the the

weight w4linp associated with each interpretation over the variables

of Σ4linp.

Proof: By definition of log encoding, every (partial) assignment a

of WCN over a subset S of X is associated with a term τ4linp(a)
over ΛWCN =

⋃
X∈X ΛX . Furthermore, every full assignment s of

WCN is associated in a bijective way with a term τ4linp(s) over

ΛWCN which implies
∧

X∈X τ4linp(X).
Let us recall that the weight of any full assignment s is

wWCN (s) = 0 when s is not a solution of WCN and is

wWCN (s) = ΠR∈RR(s[scope(R)]) otherwise.

Assume first thatwWCN (s) = 0. Then either s is not a solution of

WCN or s is such thatR(s[scope(R)]) = 0 for at least oneR ∈ R.

Hence there exists R ∈ R such that either s[scope(R)] 	∈ Dom(R)
or R(s[scope(R)]) = 0. Subsequently, there exists a clause in

Σ4linp such that τ4linp(s) falsifies it. This implies that every inter-

pretation over ΛWCN ∪ΘR which extends τ4linp(s) falsifies Σ4linp.

Accordingly, w4linp(τ4linp(s)) = 0 as expected.

Assume now that s is such that wWCN (s) 	= 0. By construc-

tion, for every R ∈ R, the contribution of R to wWCN (s) is equal

to the factor R(s[scope(R)]). Suppose that k parameter variables

θ1, . . . , θk have been introduced in τ4linp(R). Then there are two

cases to be considered: (1) R(s[scope(R)]) = w4(θR) and (2)

R(s[scope(R)]) 	= w4(θR).
In case (1), by construction, τ4linp(s) satisfies every clause of

τ4linp(R). Hence each of the 2k canonical terms extending τ4linp(s)
over the k parameter variables implies τ4linp(R). Therefore, the con-

tribution of R to w4linp(τ4linp(s)) is equal to the sum, for each

canonical term, of the products of the parameter literals occurring in

it. But this sum is also equal to Πk
i=1(w4linp(θi)+w4linp(¬θi)) = 1

= w4(θR)/w4(θR) = R(s[scope(R)])/w4(θR).

In case (2), by construction, there is a clause

¬τ4linp(s[scope(R)]) ∨ θj in τ4linp(R), so that the parameter vari-

able θj is set to true in every model of Σ4linp extending τ4linp(s). As

above, each of the 2k−1 canonical terms extending τ4linp(s) over the

k− 1 remaining parameter variables (i.e., all of them but θj) implies

τ4linp(R). Therefore, the contribution of R to w4linp(τ4linp(s))
is equal to the sum, for each canonical term, of the products of

the parameter literals occurring in it. But this sum is also equal to
R(s[scope(R)])/w4(θR) × Πk

i=1|i �=j(w4linp(θi) + w4linp(¬θi)) =
R(s[scope(R)])/w4(θR).

Whatever the case (1) or (2), since (w4linp)0 is equal

to ΠR∈Rw4(θR), the factor w4(θR) of this product balances

the denominator of the ratio w4(θR)/w4(θR), so that finally,

w4linp(τ4linp(s)) = ΠR∈RR(s[scope(R)]) = wWCN (s) as ex-

pected.

Our purpose was also to compare the efficiency of τ4linp w.r.t. the
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efficiency of τ4, where the efficiency is measured as the number of

variables and/or as the number of clauses in the corresponding CNF
encodings Σ4linp and Σ4. We obtained that τ4linp is more efficient

than τ4 for both measures:

Proposition 2 Given WCN = (X ,D,R), let τ4(WCN ) = (Σ4,
w4, (w4)0), and τ4linp(WCN ) = (Σ4linp, w4linp, (w4linp)0).
Then we have:

• #var(Σ4linp) < #var(Σ4),
• #cl(Σ4linp) < #cl(Σ4).

Proof:

• #var. When the cardinality of DX is k, τ4(X) uses k indicator

variables, while τ4linp(X) requires only �log2(k)� indicator vari-

ables. As to the parameter variables, by construction, τ4linp(R)
requires one variable less than τ4(R).

• #cl. By construction, τ4(X) contains k×(k−1)+1 clauses when

k is the cardinality of DX . Contrastingly, τ4linp(X) contains at

most k − 2 ”blocking clauses” (this worst case is obtained when

k = 2l+1 for some l). Hence, the number of clauses in τ4linp(X)
is strictly lower than the number of clauses in τ4(X). Further-

more, by construction, τ4linp(R) contains at least one clause less

than τ4(R) (this worst case situation is obtained when all the val-

ues w(θj) 	= 0 of the parameter variables θj considered by τ4(R)
are distinct).

5 EXPERIMENTS

Our benchmarks consist of 1452 WCNs downloaded from

http://www.hlt.utdallas.edu/˜vgogate/uai14-
competition/index.html and http://reasoning.
cs.ucla.edu/ace/. Those instances correspond to Bayesian

networks or random Markov fields in the UAI competition format.

They are gathered into 6 data sets, as follows: Diagnose (100), UAI

(377), Grids (320), Pedigree (22), Promedas (238), Relational (395).

We translated each input WCN into a WPROP, using both the

τ4 and the τ4linp translation function. Downstream to the encoding,

we took advantage of the C2D compiler which targets the Decision-

DNNF language [12, 15] to compute, for each instance, a minimized

Decision-DNNF representation of the CNF formula generated by τ4,

and a Decision-DNNF representation of the CNF formula generated

by τ4linp. C2D has been run with its default parameters. Note that we

could also consider a model counter (like Cachet, which supports

weights) downstream to the CNF encoding produced by τ4linp. For

space reasons, we refrain from reporting the corresponding empirical

results here because C2D performs often much better that Cachet
on CNF instances issued from graphical models (the dtree computed

to guide the Decision-DNNF computation achieved by C2D has a ma-

jor positive impact on the process).

Our experiments have been conducted on a Quad-core Intel XEON

X5550 with 32GiB of memory. A time limit of 900s for the compila-

tion phase (including the translation time and the minimization time

when τ4 has been used4), and a total amount of 8GiB of memory

for storing the resulting Decision-DNNF representations have been

4 Minimization can be achieved in linear time on d-DNNF representations
[12]. It may have a valuable reduction effect on the size of the compiled
form.

considered for each instance. Both the instances used in our ex-

periments, the run-time code of our translator bn2Cnf implement-

ing the τ4 encoding scheme and the τ4linp encoding scheme, and

some detailed empirical results are available on line from http:
//www.cril.fr/KC.

In order to figure out the reductions in the number of variables and

in the number of clauses done by τ4linp compared to τ4, we com-

puted the number of variables #var and the number of clauses #cl
of Σ4linp and Σ4 for each instance. Some of our empirical results are

depicted using scatter plots with logarithmic scales. Thus, the scatter

plots (a) and (b) from Figure 1 report respectively the relative per-

formances of τ4 and τ4linp w.r.t. the measurements #var and #cl.
They cohere with Proposition 2 and show that τ4linp leads in prac-

tice to CNF encodings which are exponentially smaller w.r.t. both the

number of variables and the number of clauses than those produced

by τ4.

The two scatter plots (c) and (d) from Figure 1 report respectively

the CPU times (in seconds) needed to compute the Decision-DNNF
representations associated with the input WCNs (for each of the two

encoding schemes τ4 and τ4linp) and make precise the sizes (in num-

ber of arcs) of those Decision-DNNF representations.

Table 3 presents a selection of the results available from http:
//www.cril.fr/KC and used in the scatter plots from Figure 1.

The columns of the table make precise, from the leftmost one to the

rightmost one:

• data about the input instance, namely:

– the family of the input WCN, among the six families considered

in the experiments;

– the type of the instance (Bayes net or Markov net);

– the name of the instance;

– the number of variables of the instance;

– the number of tables of the instance;

– the cardinality of (one of) the largest domain(s) of a variable of

the instance;

– the arity of (one of) the relations of the instance, of largest arity;

– the total number of tuples in the instance (i.e., the sum of the

cardinalities of the relations);

– the sum of the cardinalities of the domains of the variables;

• and for each of the two encoding schemes τ4 and τ4linp under

consideration:

– the number of variables in the CNF encoding of the instance;

– the number of clauses in the CNF encoding of the instance;

– the time (in seconds) required to generate the CNF encoding,

plus the time needed by C2D to generate a Decision-DNNF rep-

resentation from it (and to minimize it when τ4 has been used);

– the size (in number of arcs) of the resulting Decision-DNNF
representation produced by C2D (after minimization when τ4
has been used).

Clearly enough, the scatter plots (c) and (d) from Figure 1 as well

as Table 3 illustrate the benefits that can be achieved by consid-

ering τ4linp instead of τ4 when C2D is used downstream. Indeed,

τ4linp led most of the time to improved compilation times and im-

proved compilation sizes. To be more precise, as to the compilation

times, τ4linp proved strictly better than τ4 for 911 instances (while

τ4 proved strictly better than τ4linp for 87 instances). As to the sizes
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Figure 1: Comparing τ4linp with τ4.

Instance τ4 τ4linp
Family Name Type #var #Rel max dom. max ari. #tuples #values #var #cl time C2D size C2D #var #cl time C2D size C2D

Promedas or chain 96.fg MARKOV 719 719 2 3 4260 1438 3058 4663 216.4 3058 1620 1942 111.5 1620
Promedas or chain 223.fg MARKOV 988 988 2 3 5754 1976 ? ? ? ? 2268 2639 1427.4 2268
Promedas or chain 178.fg MARKOV 1021 1021 2 3 5936 2042 ? ? ? ? 2314 2715 816.3 2314
Promedas or chain 132.fg MARKOV 723 723 2 3 4058 1446 3009 4522 95.6 3009 1563 1818 199.6 1563
Promedas or chain 86.fg MARKOV 892 891 2 3 5020 1784 3789 5602 499.6 3789 ? ? ? ?
Pedigree pedigree23 MARKOV 402 402 5 4 5025 784 1479 2933 525.4 1479 737 1276 174.4 737
Pedigree pedigree30 MARKOV 1289 1289 5 5 12819 2491 4802 8860 1836.2 4802 2468 3802 1282.6 2468
Pedigree pedigree18 MARKOV 1184 1184 5 5 12198 2291 4407 8252 927.7 4407 2262 3560 1140.9 2262

Grids 50-20-8 BAYES 400 400 2 3 3042 800 2556 3428 872.8 2556 1756 1887 1073.0 1756
Grids 90-46-1 BAYES 2116 2116 2 3 16562 4232 ? ? ? ? 3503 6727 87.9 3503
Grids 90-42-2 BAYES 1764 1764 2 3 13778 3528 6228 13756 57.2 6228 2700 5513 48.6 2700
Grids 90-50-7 BAYES 2500 2500 2 3 19602 5000 9222 19846 420.3 9222 ? ? ? ?
Grids 90-50-8 BAYES 2500 2500 2 3 19602 5000 ? ? ? ? 4131 8048 145.7 4131
Grids 75-26-4 BAYES 676 676 2 3 5202 1352 3020 5446 496.7 3020 1668 2468 376.4 1668

Diagnose 3073 BAYES 329 329 6 12 34704 763 1695 3436 151.5 1695 1020 741 27.0 1020
UAI 404.wcsp MARKOV 100 710 4 3 4538 258 1678 3421 1653.5 1678 839 1037 777.1 839
UAI moissac4.pre BAYES 462 462 3 3 7308 1386 2593 7338 39.7 2593 1669 3585 32.5 1669
UAI linkage 21 MARKOV 437 437 5 4 6698 941 1722 3638 1136.4 1722 ? ? ? ?
UAI prob005.pddl MARKOV 2701 29534 2 6 125726 5402 ? ? ? ? 2701 29534 249.7 2701
UAI log-1 MARKOV 939 3785 2 5 16266 1878 5663 13393 45.0 5663 939 3785 11.4 939
UAI CSP 13 MARKOV 100 710 4 3 4538 258 ? ? ? ? 839 1037 468.9 839

Relational blockmap 15 03-0003 BAYES 18787 18787 2 3 132436 37574 56451 141138 473.2 56451 18877 51827 152.4 18877
Relational blockmap 20 01-0009 BAYES 39297 39297 2 3 278138 78594 ? ? ? ? 39334 108649 303.5 39334
Relational blockmap 22 02-0006 BAYES 56873 56873 2 3 405240 113746 ? ? ? ? 56955 157979 625.8 56955
Relational mastermind 10 08 03-0004 BAYES 2606 2606 2 3 18658 5212 8250 19699 277.7 8250 3038 7446 176.5 3038
Relational blockmap 20 01-0008 BAYES 39297 39297 2 3 278138 78594 ? ? ? ? 39334 108649 364.7 39334
Relational blockmap 22 03-0008 BAYES 59404 59404 2 3 423452 118808 ? ? ? ? 59533 165085 490.0 59533

Table 3: Comparing τ4linp with τ4. Each ’?’ means that the process aborted with a time-out or a memory-out.
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of the compiled representations, τ4linp proved strictly better than τ4
for 759 instances (while τ4 proved strictly better than τ4linp for 239

instances). Using the τ4 encoding scheme, C2D has been able to gen-

erate a Decision-DNNF for 903 instances over 1452 within the time

and memory limits. Contrastingly, when equipped with τ4linp, C2D
has been able to generate a Decision-DNNF for 1007 instances using

the same computational resource bounds.

In order to evaluate the impact of the two ”ideas” used in our

encoding, we also performed a differential evaluation. Table 4 re-

ports the number of instances for which the whole process – encod-

ing+compilation+minimization (when needed) – terminated before

the time limit, when the input encoding scheme is, respectively, τ4,

τ4l (log encoding of the indicator variables), τ4inp (implicit encoding

of the most frequent probability value per table), and τ4linp.

τ4 903
τ4l 975

τ4inp 982
τ4linp 1007

Table 4: Number of instances compiled within a time limit of 900s.

The cactus plot given at Figure 2 makes precise for each of those

four encodings, the number of instances processed successfully de-

pending on the allocated time. Both Table 4 and Figure 2 show that

each of the two ”ideas” used in our encoding has a positive influence

on the time needed to ”compile” the input WCN.5
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Figure 2: Number of instances compiled depending on the allocated

time.

Finally, we also compared the performance of C2D empowered by

our encoding scheme with those of ACE (version 3.0), a package that

compiles a graphical model into an arithmetic circuit (AC) and then

uses the AC to answer multiple queries with respect to the model, see

http://reasoning.cs.ucla.edu/ace. In our experiments,

logical model counting is used as a basis for compilation (we used the

5 The computation times reported for τ4l are lower bounds, since they do not
include the times required for achieving the minimization step w.r.t. the pa-
rameter variables. Indeed, this step has not been implemented. Especially,
given that min(Σ4l) �= minθ(Σ4l), it was not possible to take advan-
tage of the ”global cardinality minimization” functionality offered by C2D
to compute minθ(Σ4l). Nevertheless, since cardinality minimization of a
specific subset of variables is feasible efficiently from a Decision-DNNF
representation, the approximation done does not question the conclusions
drawn about the impact of the two ”ideas” used in our encoding.

-forceC2d option of ACE for ensuring it). In this case, compilation

proceeds by encoding the model into a propositional formula, com-

piling it into Decision-DNNF (using the C2D knowledge compiler),

and extracting the AC from the compiled Decision-DNNF.

ACE is mainly based on ENC4, but incorporates several improve-

ments; thus, exactly one constraints (alias Eclauses) are generated in

the encoding used by C2D (so that this encoding is not exactly a CNF
encoding); such constraints are useful for representing the domains

of the variables (they can replace the indicator clauses); furthermore,

no parameter variable and no parameter clause are introduced for the

a ∈ Dom(R) such that R(a) = 1.

Like in the previous experiments reported in the paper, the com-

parison between τ4linp+C2D and ACE -forceC2d mainly con-

cerns the generation (using C2D) of a Decision-DNNF representation

from an input WCN. However, there is a fundamental difference: in

the previous experiments, nothing changed but the encoding under

consideration; for this reason, it was possible to draw firm conclu-

sions about the relative efficiency of the encodings; in the compar-

ison with ACE, the situation is different because the input of C2D
when run within ACE does not simply consist of the encoding of the

given WCN. Indeed, a dtree derived from the input WCN (using the

well-known minfill heuristic) is considered as well for guiding

the compilation process. This dtree may easily be distinct from the

one considered by C2D when computed from the encoding, only, and

may lead to improved compilation times and compilation sizes. Ac-

cordingly, one must keep in mind that the empirical protocol used

for comparing τ4linp+C2D with ACE -forceC2d is not favorable

to τ4linp+C2D.

The scatter plots (a) and (b) from Figure 3 show respectively

the compilation times and the compiled form sizes obtained by

using τ4linp+C2D on the one hand, and ACE -forceC2d on

the other hand. As to the compilation times, τ4linp+C2D proved

strictly better than ACE -forceC2d for 335 instances (while ACE

-forceC2d proved strictly better than τ4linp+C2D for 667 in-

stances). As to the sizes of the compiled representations, τ4linp+C2D
proved strictly better than ACE -forceC2d for 676 instances (while

ACE -forceC2d proved strictly better than τ4linp+C2D for 326

instances). Overall, ACE -forceC2d has been able to generate a

Decision-DNNF for 922 instances over 1452 within the time and

memory limits. Contrastingly, τ4linp+C2D has been able to generate

a Decision-DNNF for 1007 instances using the same computational

resource bounds.

Empirically, ACE -forceC2d appeared as a better performer

than τ4linp+C2D w.r.t. the compilation times. Here are two possible

explanations for it. Firstly, the dtree computed derived from the in-

put WCN can lead to a better decomposition, as explained above (this

looks particularly salient for instances from the ”Relational” family).

Secondly, there are numerous instances for which ACE -forceC2d
terminated within 10s, while τ4linp+C2D did not. This can be ex-

plained by the fact that each reported time actually covers all the

computation time required by the process starting from the input

WCN and finishing with the generation of the resulting Decision-

DNNF representation. Especially, it includes the time required to

generate the dtree used by C2D, and this dtree generation time can

be much smaller when the generation process exploits the structure

of the given WCN than when its input is just an encoding of the

WCN. On the other hand, the combination τ4linp+C2D solved more

instances than ACE -forceC2d within the time and memory lim-

its and led to significantly smaller compiled representations in many

cases. This is a further illustration of the practical benefits which can

be achieved by taking advantage of our encoding τ4linp.
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Figure 3: Comparing ACE -forceC2d vs. τ4linp+C2D.

6 OTHER RELATED WORK
Interestingly, the key ideas used in τ4linp are not specific to the

CNF encoding pointed out, but could also be exploited to define a

CDNF encoding (i.e., a conjunction of DNF representations), which

can serve as an input to the bottom-up SDD compiler [17]. This can

prove useful since bypassing intermediate representations in CNF can

lead in some cases to a more efficient compilation algorithm (some-

times by orders of magnitude) [11].

Let τ4linp−sdd be the translation leading to the WPROP

(Σ4linp−sdd, w4linp−sdd, (w4linp−sdd)0) where Σ4linp−sdd =∧
X∈X τ4linp−sdd(X) ∧ ∧

R∈R τ4linp−sdd(R). We define

τ4linp−sdd(X) = τ4linp(X) for every X ∈ X . Then for ev-

ery R ∈ R, τ4linp−sdd(R) is a simplified DNF formula computed

from the compressed representation of R as the disjunction of all

terms τ4linp−sdd(a) for a ∈ Dom(R) such thatR(a) = w(θR), and

all terms τ4linp−sdd(a) ∧ θj for a ∈ Dom(R) such that R(a) 	= 0
and R(a) 	= w(θR). The simplification step is achieved using

Quine/McCluskey algorithm.6 Let us finally define w4linp−sdd as

w4linp (and (w4linp−sdd)0 = (w4linp)0).

Proposition 3 τ4linp−sdd is faithful.

Proof: The result comes easily from the fact that τ4linp is faithful and

that under
∧

X∈X τ4linp−sdd(X) (equivalent to
∧

X∈X τ4linp(X)),
each DNF formula τ4linp−sdd(R) is equivalent to the CNF formula

τ4linp(R).

Example 4 (Example 1 continued) τ4linp−sdd(R) is computed by
considering first the DNF representation reported in the next table
(left part), where the last line corresponds to a don’t care.

λ1
1 λ0

1 λ2 θ1
0 0 1
1 0
0 1 1
1 1

λ1
1 λ0

1 λ2 θ1
0 1

1
1 1

This DNF representation is then simplified, leading to the DNF repre-
sentation reported in the table (right part), equivalent to

λ11 ∨ (¬λ01 ∧ λ2) ∨ (λ01 ∧ θ1).
6 Terms conflicting with

∧
X∈scope(R) τ4linp−sdd(X) can also be added

as don’t cares prior to the simplification step; this may lead to smaller DNF
representations.

This DNF representation is also equivalent under∧
X∈X τ4linp(X) = ¬λ11 ∨ ¬λ01 to

τ4linp(R) = (λ01 ∨λ11 ∨λ2) ∧(λ11 ∨ ¬λ01 ∨ θ1).

7 CONCLUSION
We have presented a new CNF encoding scheme τ4linp for reducing

probabilistic inference from a graphical model to weighted model

counting. This scheme takes advantage of log encodings of the ele-

mentary variable/value assignments and of the implicit encoding of

the most frequent probability value per conditional probability table.

We have proved that τ4linp is faithful. Experiments have shown that

τ4linp can be useful in practice; especially, the C2D compiler em-

powered by it performs in many cases significantly better than when

ENC4 is used, or when ACE is considered instead.

This work opens several perspectives for further research. From

the practical side, we set a time limit to 900s in our experiments and

we did not repeat the computations with C2D because the number

of instances considered (1452) was large. However, default settings

of C2D uses randomization to generate dtrees, which guide the com-

pilation process and may have a huge impact on the total process.

Thus we plan to repeat the experiments a few times with a greater

time limit, averaging the obtained results to minimize the effect of

randomization. On a different, yet empirical perspective, we plan

also to compare the performances of τ4linp+C2D with those of ACE

-forceC2d, when C2D is guided in both cases by a dtree derived

from the input network.

On the other hand, instead of associating specific weights with the

negative parameter literals, it would be enough to ask (via the intro-

duction of a further constraint) that at most one parameter variable

for any relation R ∈ R is set to true. Our preliminary investigation

showed that, empirically, this approach is less efficient than τ4linp

when one considers the compilation times obtained by C2D used

downstream, but also that it leads to compiled representations which

are typically of smaller sizes. It would be interesting to look for a

trade-off by taking advantage of the two approaches (introducing

specific weights for negative parameter literals for someR and intro-

ducing at most one constraints for other R). In the future, we plan

also to evaluate in practice the benefits offered by such approaches

when Decision-DNNF is targeted, and by the τ4linp−sdd translation

when SDD is targeted.
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A Bayesian Approach to Norm Identification

Stephen Cranefield1 and Felipe Meneguzzi2 and Nir Oren3 and Bastin Tony Roy Savarimuthu4

Abstract. When entering a system, an agent should be aware of
the obligations and prohibitions (collectively norms) that affect it.
Existing solutions to this norm identification problem make use of
observations of either norm compliant, or norm violating, behaviour.
Thus, they assume an extreme situation where norms are typically
violated, or complied with. In this paper we propose a Bayesian ap-
proach to norm identification which operates by learning from both
norm compliant and norm violating behaviour. We evaluate our ap-
proach’s effectiveness empirically and compare its accuracy to ex-
isting approaches. By utilising both types of behaviour, we not only
overcome a major limitation of such approaches, but also obtain im-
proved performance over the state of the art, allowing norms to be
learned with fewer observations.

1 Introduction

Norms, as instantiated through obligations, permissions and prohibi-
tions, are a popular approach to declarative behaviour specification
within multi-agent systems [25, 21, 7, 1]. Such norms describe the
expected behaviour of agents, but can be violated in exceptional cir-
cumstances. A large body of work exists on how agents should be-
have in the presence of norms [10, 3, 14, 15, 13]. Recently, work has
emerged addressing norm identification—how an agent can identify
norms already present in an environment. This problem is impor-
tant in open, dynamic multi-agent systems, where agents can enter
and leave the system at any time, and no assumption regarding norm
knowledge can be made. While it is often assumed that norms can
be communicated to agents when they enter a system [20], factors
such as limited bandwidth, implicit norms (in some systems), lack
of a shared ontology, malicious behaviour and changing norms can
invalidate this assumption, instead requiring that agents be able to
identify norms dynamically.

Previous work on dynamic norms often focuses on the conse-
quences of norm emergence to society [17], that is, evaluating what
happens to a society when norms change. However, only recently
have researchers started to investigate practical approaches to the
problem posed to individual agents of inferring new norms as they
emerge. Such work often makes a combination of assumptions re-
garding what available evidence can actually be used to identify new
norms. The work of Savarimuthu et al. [18, 19], is a typical example
of an existing approach to norm recognition, based on the detection
of a sanctioning signal—an action responding to an agent’s norm vi-
olation that may (possibly) be performed by a peer of the agent or an
institutional authority. Crucially, it is assumed that these signals may
be recognised as conveying some negative emotional or institutional
force, even before details of the specific norms in the society have

1 University of Otago, New Zealand, email: stephen.cranefield@otago.ac.nz
2 Pontifical Catholic University of Rio Grande do Sul, Brazil, email:

felipe.meneguzzi@pucrs.br
3 University of Aberdeen, UK, email: n.oren@abdn.ac.uk
4 University of Otago, New Zealand, email: tony.savarimuthu@otago.ac.nz

been inferred5. By learning the situations in which such sanctioning
signals arise, agents are able to infer their triggering norms. How-
ever, while such an approach works well when sanctioning signals
are common, it is more difficult to apply in systems where agents
(largely) comply with norms.

To address this difficulty, Oren and Meneguzzi [16] introduced a
plan recognition based mechanism for norm identification. In their
approach, by observing the behaviour of agents, and identifying what
states these agents avoid or always achieve, prohibitions and obliga-
tions can be identified. However, in its simplest form, this approach
must assume fully norm-compliant behaviour. An adaptation sug-
gested by Oren and Meneguzzi overcomes this limitation, but is too
memory intensive to be practical in any reasonably sized domain.

There have been other works in the realm of norm identification
[6, 2, 11]. The work done in the EMIL project by Campenni et
al. [6] infers norms using observed behavioural patterns based on
a threshold-based approach, where the observations could be from a
range of sources: deontic commands, evaluative statements and as-
sertions made by agents that are being observed. Based on aggregat-
ing this information, an agent could infer potential norms. For ex-
ample if behaviour A is more prevalent than behaviour B in a given
context, then A is considered to be a norm. This work assumes that
an observer already knows how to interpret the normative statements,
and hence has an implicit notion of a norm. However, in real life an
observer new to a society may not have prior knowledge of what the
norms might be and why an agent is being sanctioned. The work of
Alrawagfeh et al. [2] aims to extract permission norms similarly to
that of Campenni et al. [6], and prohibitions similarly to the work
of Savarimuthu et al. [19, 18], thus suffering from the limitations of
these two approaches. Additionally, this work does not infer obliga-
tions. The work of Mahmoud et al. [11], like the work of Savarimuthu
et al. [19, 18], requires a sanctioning signal in order to function.

Existing work on norm identification therefore assumes that norms
are almost always either complied with or violated [11, 19, 18, 16, 2],
and is not appropriate in less extreme (and more realistic) cases. The
core contribution of this paper is an approach to norm identification
that operates well in domains where both norm compliance and vi-
olation can regularly occur. Thus we relax the strong assumptions
of all existing work and develop an algorithm that can infer norms
using a variety of possible sources of evidence. Our approach, de-
scribed in Section 2, uses Bayesian inference to compute for each
candidate norm the odds that it is an established norm, compared to
the null hypothesis that there are no norms, given observations of
other agents’ behaviour. To act in a norm compliant way, an agent
uses these odds to select which norms should be followed. We re-
port on an empirical evaluation of our approach in Section 3, which

5 For example, in human society, observing someone shouting or gesturing
angrily at another can be understood as a message of displeasure, even with-
out overhearing their conversation. Similarly, if we observe a policeman is-
suing an infringement notice to another, we are aware that a violation has
been detected, even if we do not know the details.
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shows two key results: first, that norm-compliant behaviour is pos-
sible after relatively few observations of the actions of others; and
second, that our approach outperforms existing approaches to norm
identification. Finally, we contextualise our work and point to future
research directions in Section 4.

An extended abstract of this paper has been published previ-
ously [8]. That did not provide details of the approach, and reported
on some preliminary experimental results. In this paper we provide
a full account of the models and algorithms used in the work, and
discuss a new experimental evaluation.

2 The Model and Approach
The first question that we must address is how our normative sys-
tem should be encoded. There is a long history of utilising transition
systems to model agents within a multi-agent system. These transi-
tion systems model the state space as nodes in a graph, and actions
are encoded as edges allowing transitions between nodes (states).
Therefore, following Oren and Meneguzzi [16], we consider an ab-
stract normative environment where norms govern motion through
such a graph, and seek to identify legal and illegal paths within this
graph. As in transition systems, nodes in the graph represent individ-
ual states, while edges represent transitions through the space due to
agent actions. However, unlike the graphs used in transition systems,
we abstract away from the interpretation function used to associate
values with variables in each state, and instead consider only motion
through the graph itself. Therefore, a path within such a graph repre-
sents the actions of an agent following a plan to transition from some
initial state (its start node) to a goal state (its destination node). One
such graph is shown in Figure 1.

a

b c

d

ef

g

h

Figure 1: A sample graph

We conceptualise plans as sequences of nodes, and make no as-
sumptions about the source of those plans: they may be generated
dynamically given a goal and a set of possible actions, or they may
come from a plan library, such as a BDI agent program. Our norm
identification mechanism is based on the assumption that the ob-
served agents’ plan libraries (or available actions and planning mech-
anism) are known to the observing agent, at least at some level of
abstraction. This would be the case if all agents share the same plan
library, if their possible plans can be inferred from public knowledge
about the problem domain, e.g. public transport routes and timeta-
bles, or (as assumed by Oren and Meneguzzi [16]) if the observing
agent has a plan recognition mechanism. Alternatively, in the absence
of any other information, an agent may have no other option than to
simply assume that other agents are like itself, in order to gain some
traction on the norm identification problem. It is important to note
that for the purposes of norm identification, agents only need to in-
fer the plans of other agents that govern their publicly observable
behaviour.

Identifying norms then involves observing the movements of oth-
ers through the graph to identify their goals and the paths that cor-

...
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Infer agent 
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odds for norms
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norm 
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Likelihood:
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a, c, e, d, …

a, b, !, d, c, ...

Observe traces, 
including

sanctioning signals

Figure 2: Overview of the approach

respond to plan executions. Given a set of norm hypotheses, we use
observations as evidence to compute the odds of each hypothesis be-
ing a norm compared to the null hypothesis that there are no norms.
In addition, we assume that when violations of norms occur, other
agents may choose to sanction the offending agents, that these sanc-
tioning actions can be recognised through sanctioning signals, and
that these actions are spontaneously performed by agents rather than
being generated by the plans they follow. These signals are another
source of evidence that can be used to update the odds of the norm
hypotheses.

Figure 2 illustrates our approach to norm identification. The left-
most boxes in the diagram illustrate the inputs of our approach. The
top left shows that, as discussed above, we must obtain an approx-
imation (at least) of the plans that observed agents use to generate
their publicly observable behaviour. We must also choose a set of
candidate norms, as shown at the bottom left of the diagram. These
are the hypotheses for which we iteratively compute their odds of be-
ing norms in the agent society (compared to the null hypothesis that
there are no norms), as observations of agent behaviour are made.
Section 2.1 describes our normative language and the instances of
this language that form our hypothesis set in the graph traversal do-
main.6 The middle left of Figure 2 shows one other requirement of
our approach. Our Bayesian approach to norm identification involves
computing the likelihood of observed behaviour, given each candi-
date norm and the null hypothesis. As we are assuming that agent
behaviour is generated by plans, we need a model explaining how
agents choose which plans to follow in the presence of norms. This
is discussed in Section 2.5. In addition, we assume that agents may
choose to sanction others if they have violated a norm, and that this
sanctioning behaviour is not part of the plan execution process, but
rather a reactive process that runs in parallel with plan execution. We
model this by the use of parameters specifying society-wide proba-
bilities of observing and then choosing to sanction norm violations.
We also consider the possibility of agents choosing to punish other
agents for their own (non-normative) reasons, and model the chance
of this occurring using another parameter. These parameters and their
use in computing the likelihood of observations are discussed in Sec-
tion 2.4.

6 The largest set of norm hypotheses arises if we consider all possible norm
formulas generated by the normative language, which is what we use for
our experiments.
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The right hand side of Figure 2 shows the run-time Bayesian in-
ference that updates the odds of the norm hypotheses as observations
are made of agent behaviour. These observations are traces of agent
movement on the graph, annotated with any sanctioning signals ob-
served (denoted ‘!’ in the figure). Given prior odds for each norm
hypothesis (we currently use a uniform prior distribution), Bayes’
Theorem explains how to update the odds for the norm hypotheses
after making a new observation, by computing the likelihood of the
observation under each hypothesis. This is discussed in Section 2.2.

2.1 Normative language
Our norm hypothesis space is defined by the following subset of lin-
ear temporal logic (LTL), where cn and n range over the labels of
nodes in the graph7, � denotes true , and and denote “eventu-
ally” and “in the next state”, respectively.

NORM = [¬] n | cn ∧ � → [¬] n
| cn ∧ � → [¬] n

These norms are interpreted as obligations or prohibitions constrain-
ing the agents’ motion through the graph.

These three norm types, with and without the optional nega-
tion, are abbreviated and interpreted as follows (in the order shown
above):

1. eventually(n) / never(n): These unconditional norms constrain
a plan execution to include or exclude node n, and correspond to
the obligation that n eventually occurs, or (respectively) that state
n is prohibited.

2. next(cn, n) / not next(cn, n): These are conditional obligations
and prohibitions, triggered whenever the agent reaches node cn
(we refer to this as the “condition node” for the norm) and the end
state has not been reached8. In this case the norm states that node n
must be (or, respectively, must not be) the next node reached. We
restrict our norm hypotheses to only include next and not next
formulae for which there is an edge from cn to n in the graph.

3. eventually(cn, n) / never(cn, n): These are also conditional
norms, expressing that beginning from the node after the condi-
tion node, node n must be eventually reached or (respectively)
never reached.

Since eventually and next norms are obligations and never and
not next are prohibitions, they could alternatively be expressed us-
ing explicit deontic modalities, with temporal logic semantics for
each modality that specify the traces in which future violations are
deemed to occur (e.g. see the approach of Broersen et al. [5]). How-
ever, for our purpose in this paper, the syntax above and the semantics
of violation given (later) in Table 1 are sufficient.

2.2 Bayesian updating
Bayesian approaches to machine learning make use of Bayes’ Theo-
rem, which in its diachronic interpretation states how the probability
of a hypothesisH should be updated in the light of new dataD.

p(H|D) = p(H)p(D|H)

p(D)

The probability p(H) is known as the prior probability of hypoth-
esis H , p(D|H) is the likelihood of the observed data D given the

7 Technically, cn and n are nominals from Hybrid Logic [4, p.435]: proposi-
tional symbols that are constrained to be true in exactly one state.

8 Formally, the end state of a trace can be identified as the one in which �
is false.

hypothesis, and p(H|D) is the posterior probability of H given D.
The denominator p(D) is the probability of the data being observed
under any hypothesis, and is a normalising term for the probabilities
p(H|D).

The calculation can be repeated as further data is observed by re-
placing the prior with the previously calculated posterior and using
Bayes’ Theorem again to compute an updated posterior. This process
is known as Bayesian updating.

If H is a mutually exclusive and collectively exhaustive set of hy-
potheses, the denominator can be expanded as follows.

p(H|D) = p(H)p(D|H)∑
H′∈H p(H

′)p(D|H ′)

However, the hypotheses of interest in a problem domain may not
be mutually exclusive (independent of each other), and/or we may
not be able to enumerate a finite set of hypotheses. This is the case
when the hypotheses are norms that may hold in a society. Norms
may not be independent of each other, and this can depend on the
environment, for example, given the graph below and the goal of
travelling from node a to node d, a norm prohibiting movement to
node b after visiting node a has precisely the same effect as a norm
obliging travel to c after visiting a.

c

a

b

d

2.3 Updating the odds of norms
When the normalising term p(D) cannot be easily computed, e.g. be-
cause the hypotheses are not mutually exclusive and collectively ex-
haustive, an alternative approach to using Bayes’ Theorem is to work
with odds. The odds of hypothesis H1 over hypothesis H2, given
some observed data D, is denoted O(H1:H2|D) and is defined as
follows:

O(H1:H2|D) = p(H1|D)
p(H2|D)

=
p(H1)p(D|H1)/p(D)

p(H2)p(D|H2)/p(D)

= O(H1:H2)
p(D|H1)

p(D|H2)

where O(H1:H2) = p(H1)
p(H2)

denotes the prior odds of H1 with re-

spect toH2.
In this formulation the normalising constant p(D) cancels out and

the odds of two competing hypotheses given new data can be com-
puted using only the prior odds and the likelihoods of the two hy-
potheses. The probabilities of all other hypotheses do not need to
be considered. In this paper we consider the odds of our hypotheses
of interest (norms) compared to a specific null hypothesis: the hy-
pothesis that there are no norms, written H∅. We write O∅(H) =
O(H:H∅) for the prior odds of H and O∅(H|D) = O(H:H∅|D)
for the posterior odds of H given D. By definition, O∅(H∅) = 1.
For other norm hypotheses we set the prior odds uniformly to an
arbitrary value less than one. The precise values of prior odds are
unimportant for our work as we are interested in finding the norms
with the maximum odds compared to the null hypothesis.

Whenever new data D is observed, we can then update the poste-
rior odds for each norm hypothesisH by multiplying them by the ra-
tio of the likelihoods ofD givenH andH∅. We consider two sources
of evidence for norms. For each observation, we separately compute
its likelihood based on (a) the observed sanctioning signals, and (b)
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procedure update-odds(p, s, g, P,H)
begin
likelihoodsig

H∅ = psig(p, s |H∅)

likelihoodplans
H∅ = pplans(p |H∅, g, P )

for n ∈ H
O∅(n) = O∅(n) ∗ psig(p, s |n) / likelihoodsig

H∅
O∅(n) = O∅(n) ∗ pplans(p |n, g, P ) / likelihoodplans

H∅
end

end

Figure 3: The procedure for updating odds

Table 1: Violation indices vn(p) for the six norm types, given the path
p = 〈p1, · · ·, p�〉

Norm type Violation indices
eventually(n) {} if ∀i∈{1, · · ·, } pi 	=n, else ∅
never(n) {i : pi = n}
next(cn, n) {i+1 : 1≤ i< ∧ pi=cn ∧ pi+1 	=n}
not next(cn, n) {i+1 : 1≤ i< ∧ pi=cn ∧ pi+1=n}
eventually(cn, n) {} if ∃i∈{1, · · ·, } (pi=cn ∧

∀j∈{i+1, · · ·, } pj 	=n)
else ∅

never(cn, n) ∅ if ∀i∈{1, · · ·, }, pi 	=n, else
{j : min({i : pi=cn})<j≤ ∧ pj =n}

a plan-based approach, and update the odds based on each of these.
Each observation consists of a path p and a set s of path indices at
which sanctioning signals were observed. For our norm hypotheses
we only consider a single norm at a time9, i.e., our hypothesis set H
consists of all norms from the language defined in Section 2.1.

The procedure for updating the odds10 for all norm hypotheses in
the hypothesis set H, given a new observation 〈p, s〉 is shown in Fig-
ure 3, where psig and pplans are as defined in the following sections.
The parameters passed to the update-odds function are the observed
path and sanctioning signals, a goal g and set P of plans used by the
plan-based likelihood computation, and the norm hypothesis set.

2.4 The likelihood of observed sanctions
We assume that agents may (sometimes) observe paths traversed by
other agents in the graph. The observed paths represent possibly par-
tial traversals of the graph by the other agents: they may be segments
of longer paths traversed, but there are no unobserved nodes internal
to the paths. Violations are detected through signalling actions (also
known as signals) that indicate sanctioning of the observed agent
[18, 19]. Such a signalling action could occur due to norm violation,
or due to the sanctioner sanctioning the observed agent improperly
(e.g., due to maliciousness, or a violation of the sanctioner’s per-
sonal values). We model the latter case by assuming there is a small
population-wide probability ppun of a non-normative punishment
signal being observed after any step of an observed path. We also as-
sume there are fixed probabilities of norm violations being observed
(pobs ) and of observed violations being sanctioned (psanc). We model
all signalling actions by a single symbol—we do not assume that
sanctions are specific to particular norms, nor that agents can distin-
guish normative sanctions from non-normative punishments.

9 Our approach can be extended to consider hypotheses that are non-singleton
norm sets, but we leave this for future work. If more than one norm can
hold, it is still useful to identify the norms with the highest individual rela-
tive odds, before considering which sets of norms to add to the hypothesis
space.

10 In our implementation, we work with log odds.

function choose-plan(goal, plans, norm)

1. poss-plans = plans(goal, plans)
2. Decide whether to be norm-compliant
3a. if norm-compliant

nvp = non-viol-plans(poss-plans, norm)
if nvp = ∅

return null
else

return random-weighted-choice(nvp)
3b. else

if poss-plans = ∅
return null

else
return random-weighted-choice(poss-plans)

Figure 4: Model for an agent’s choice of plan

Given an observed trace annotated with sanctioning actions, we
can compute the likelihood of this observation given a hypothesized
norm as follows.

Let p = 〈p1, · · · , p�〉 be an observed path and the set s be a record
of the indices of the path at which signals were observed.11 The sig-
nal is represented by including index i in set s. We define vn(p) as
the set of indices of the path p at which violations of the norm n
occurred, defined in Table 1. The occurrence of i ∈ vn(p) is inter-
preted as the violation occurring after the action to move to node pi,
and may be a result either of that move or of the path ending if the
destination node has been reached and an eventually norm is vio-
lated.

Given a norm hypothesis n, the likelihood of observing trace p=
〈p1, · · ·, p�〉, where set s contains the indices at which sanction or
punishment signals were observed, is then:

psig(p, s |n) =
∏

1≤i≤�

psigi (i ∈ vn(p), i ∈ s |n)

where psigi , which takes two Boolean arguments, denotes the likeli-
hood of the observation at path index i, as defined by the following
table.

i∈s i 	∈s
i∈vn(p) ppun + ((1−ppun) (1−ppun) · (1−pobs .psanc)· pobs · psanc)
i 	∈vn(p) ppun 1−ppun

The first row of the table is for the case when a violation occurs at
index i. If a signal is observed at i, then this is either a non-normative
punishment or the violation was observed and sanctioned. If no sig-
nal is observed, then there is no punishment and the violation has not
been both observed and sanctioned. When there is no violation at i
(second row), a signal can only be a non-normative punishment, so
the likelihood of a signal occurring (or not) is the probability of the
punishment occurring (or not).

2.5 Likelihood using knowledge of agent plans
Following the approach of Oren and Meneguzzi [16] we can use
knowledge of agent plans (e.g. through plan recognition [22]) to
compute the likelihood of an observed path through the graph (ignor-
ing any sanction or punishment signals). We assume that all agents

11 We currently assume that sanctions are applied (if at all) immediately after
a movement to a node pi in the path causes a norm to be violated. Relaxing
this assumption would require a more complex likelihood function that
considers the possible matches of signals with possible past violations.
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pplans(o |n, g, P ) = pcomp

⎛⎝ ∑
π∈non-viol-plans(plans(g,P ),n)

weight(π)∑
π′∈non-viol-plans(plans(g,P ),n) weight(π′)

p(o |π)

⎞⎠
+ (1− pcomp)

⎛⎝ ∑
π∈plans(g,P )

weight(π)∑
π′∈plans(g,P ) weight(π′)

p(o |π)

⎞⎠

= pcomp

∑
π∈non-viol-plans(plans(g,P ),n)
∩ plans-containing(plans(g,P ),o)

weight(π)

∑
π∈non-viol-plans(plans(g,P ),n)

weight(π)
+ (1− pcomp)

∑
π∈plans(g,P )

∩ plans-containing(plans(g,P ),o)

weight(π)

∑
π∈plans(g,P )

weight(π)

Figure 5: Likelihood of an observed path using knowledge of agent plans

share the same set of possible plans (choices of paths in the graph),
and that the observing agent can infer the observed agent’s goal
(comprising starting and destination nodes).

To define the likelihood of an observed path given a norm hypoth-
esis, a goal and a plan library, we require a model for the decision-
making process of the observed agents, which must choose and exe-
cute plans to achieve their goals in the possible presence of a norm.
The analysis in this section is based on the decision-making model
shown in Figure 4.

In this model, the agent first generates all plans for the goal. The
returned plans may be weighted, (e.g., to indicate agent preferences
or execution costs), but our examples use equal weights for simplic-
ity. Next, the agent decides whether it it will act in a norm-compliant
manner. If so, it filters the possible plans to keep only those that do
not violate the norm, and chooses a plan using a random weighted
choice. Otherwise, it makes a random weighted choice from the full
set of plans for the goal. Note that this is intended to be a simple
abstract model for the purpose of defining a likelihood function in
the absence of any information about an observed agent. We do not
claim that this is, or should be, the exact control mechanism used in
any agent implementation.

We define the likelihood, based on knowledge of agent plans, of
an observed path o on the graph, given a norm hypothesis n, an in-
ferred goal g and a set of plans P , as shown in Figure 5. We write
pcomp for the rate of norm compliance in the society. The first two
lines of the figure multiply the probability of choosing a plan π and
the probability p(o |π) that the plan contains the observed path, for
the norm-compliance and non-norm-compliance cases. As p(o |π) is
either 1 or 0, the last two lines replace this factor with a union in the
limits of the sum. The function non-viol-plans filters out plans that
cause violations, using the violation indices function vn (Table 1).

There are two cases when the formula in Figure 5 cannot be eval-
uated due to zero values in the denominator of a fraction: when there
are no plans for the inferred goal, and when there are no norm-
compliant plans for the goal. The former case invalidates our assump-
tion that the observed behaviour is generated using a plan taken from
a known set of plans to fulfil the inferred goal, and we abandon the
odds update based on plan knowledge for the current observation. In
the latter case we replace the first addend in the last line of the figure
with 0. This represents the assumption that a norm compliant agent
would have abandoned its goal in this case.

3 Experiments
We have performed a set of experiments to validate and evaluate
our approach to norm detection. These experiments use a random
graph [9] containing 35 nodes, representing states in a state space,

and edges connecting these nodes represent actions available to an
agent. The algorithm we used to generate observations works ex-
actly like an agent randomly choosing possible plans to reach a goal
state, subject to the normative constraints, with a certain probability.
Table 2 summarises the parameters common to all experiments.

Table 2: Parameters used across experiments.

ppun 0.01 psanc 0.99

pobs 0.99 Prior odds O∅(n) 0.5

Here, we differentiate the norms used to generate the observations,
which we call Ng , from the norms inferred by our norm detection
approach, which we call Nd. Norm likelihood is estimated using log
odds against there being no norm (rather than a probability), and we
infer the norms from a set of observations by ranking the odds of
each norm (against no norm), and consider a given number of the
norms with the highest odds to be the norms in the society.

In the experiments, we ran an agent fully aware of the norms to
generate a random set of observations following the algorithm of
Figure 4 (i.e. random, but norm-compliant behaviour), while allow-
ing for the possibility of occasional non-compliant behaviour with a
probability set at 1% unless otherwise noted. Thus (1 − pcomp) =
0.01. We then applied our norm identification method to these obser-
vations in order to compute the odds of all possible norm hypotheses.
Our experiments consisted of submitting a sequence of 100 observa-
tions to an agent and measuring its ability to produce norm-compliant
behaviour after increasing numbers of observations. Each experiment
was repeated 50 times and the results were averaged to reduce the
impact of any particularly informative or uninformative sequence of
observations.

Our aim is to allow an agent to undertake norm-compliant be-
haviour, even without an exact model of the norms. One approach
to doing this is to consider the T most likely norms, even if they
are less likely than the null hypothesis (i.e., they may not exist since
they are less likely than there being no norm). In such a situation, the
agent can be thought of as acting conservatively, as it may avoid po-
tentially permitted courses of action. Another approach is to have the
agent consider only norms that are more likely than the null hypothe-
sis12. In the remainder of this work, we consider the functioning of an
agent utilising norm identification and acting using the conservative
approach, and evaluate its effectiveness in generating norm compli-
ant behaviour.

Our experiments measure precision and recall as a function of
the number of observations supplied to the detection mechanism.

12 However, this is dependent on the prior odds chosen.
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Figure 6: Inferred norms
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Figure 7: Inferred norms, with 30% violations

As norms may subsume each other, we measured precision and re-
call in terms of compliant behaviour rather than the exact norms in-
ferred. Thus, in our evaluation, precision means the fraction of norm-
compliant plan executions generated by an agent using a sample of
the inferred norms Nd to drive its behaviour, and recall is the frac-
tion of plans that are compliant with the true underlying norms Ng

that are sampled by the agent. Specifically, we compute precision by
updating the odds of each norm hypothesis after an observation and
choosing the set Nd with the top T norms.

Our experiments are illustrated in the graphs of Figures 6–8. Our
first set of experiments, illustrated in Figure 6, shows precision and
recall as a function of the number of observations with error bars de-
noting standard deviation for these measures. Each experiment was
conducted in the presence and absence of sanctioning actions—“SA”
in the figure legends indicate the use of sanctioning actions.13 The re-
sults indicate that precision varies from a starting point of around 55
without sanctioning actions and 60 with them. Precision and recall
increase rapidly in the first 10 observations and then tend to slowly
increase as more observations are taken into consideration, while
variance in precision diminishes as more observations are made.

Moreover, as we increase the amount of non-compliant behaviour
in the observations, illustrated in Figure 7, the effect of sanctioning
actions becomes more pronounced. Precision improves, while recall
gets worse, as potential norm compliant plans are filtered out (pos-
sibly due to non-normative punishment actions) while fewer non-
compliant plans are executed. Thus, as long as the agent has choices

13 Note that the values for the sanctioning action (SA) case are shifted two
points to the right to prevent error bars from overlapping.
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Figure 8: Precision and recall as a function of norms

available to itself with regards to plans which it can execute, sanc-
tioning actions appear to be beneficial. It is also important to note
that while recall is lower in the presence of sanctioning actions, it
still remains relatively high.

We also computed precision and recall as a function of the num-
ber of norms in the system. In this experiment, we randomly selected
elements of the power set P(Ng) of the set of seven norms in the
scenario and, for each size of subset of P(Ng), we determined preci-
sion and recall after 100 observations. The results, shown in Figure 8,
indicate a slight increase in precision and recall as more norms are in-
troduced into the system. However, the highly overlapping error bars
prevent us from asserting that the number of norms present in the
system has an impact on the ability of the approach to infer norms.

Finally, we ran experiments comparing the effectiveness of our
approach against the previous state-of-the-art approaches, each of
which makes different assumptions about the behaviour of the under-
lying agents. We compared the Bayesian approach to the approaches
of Savarimuthu et al. [18, 19], which assume that observed agents
generate non-compliant behaviour for norms to be inferred, and that
of Oren and Meneguzzi [16], which assumes that observed agents
mostly comply with the norms14. In all of these comparative exper-
iments we generated 20 observations and included sanctioning ac-
tions, since the approaches of Savarimuthu et al. relied on these sig-
nals. Like our previous experiment, we performed 50 repetitions to
smooth out random variations in the observations. Unlike our pre-
vious experiments, which used 100 observations, we stopped at 20
observations, since by the 20th observation precision and recall had
dropped to 0 for all comparable approaches. We conducted exper-
iments with compliance ranging from almost full (a 0.01% proba-
bility of violations) to none (a 100% probability of violations). The
results are presented in Table 3, which shows, for each approach,
the mean of the following measures after a given number of obser-
vations (indicated by the #Obs column) have been made: the num-
ber of norms inferred, precision and recall. Standard deviations for
each measure are shown in parentheses. Here, the Bayesian approach
clearly outperforms previous approaches after a very small number
of observations. For all competing approaches, precision and recall
tend to drop towards 0 as the number of observations increase. Since
these approaches infer norms more aggressively, they tend to over-
constrain the agent’s behaviour, inferring many more norms than the
Bayesian approach. As a result, the competing approaches tend to
generate no “true positive” plan evaluations, that is, for plans that are
compliant with the real underlying norms, these approaches tend to
erroneously evaluate them as being non-compliant.

14 In the comparison we describe, a threshold of 0.5 was used in Oren and
Meneguzzi’s second algorithm.
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Table 3: Comparison of the Bayesian approach with the data mining [19, 18] and plan recognition [16] approaches. In each line, the best results
are shown in bold.

#Obs #Norms (σ) Precision (σ) Recall (σ)
Bayesian Approach

Probability of violation=0.01
1 18.00 (0.00) 62.63 (27.50) 43.16 (28.08)
5 18.00 (0.00) 59.59 (15.91) 86.31 (12.81)
10 18.00 (0.00) 63.58 (8.94) 91.87 (7.22)
15 18.00 (0.00) 59.97 (11.64) 90.17 (12.48)
20 18.00 (0.00) 64.76 (12.24) 95.54 (7.16)

Probability of violation=0.3
1 18.00 (0.00) 40.43 (32.15) 31.48 (29.33)
5 18.00 (0.00) 52.59 (21.72) 77.94 (27.72)
10 18.00 (0.00) 60.50 (16.34) 88.92 (13.73)
15 18.00 (0.00) 62.42 (9.77) 92.37 (8.74)
20 17.95 (0.21) 67.36 (10.12) 85.14 (9.54)

Probability of violation=0.6
1 18.00 (0.00) 58.48 (34.09) 34.77 (30.56)
5 18.00 (0.00) 54.58 (14.59) 82.34 (15.77)
10 18.00 (0.00) 55.63 (11.26) 82.41 (16.93)
15 18.00 (0.00) 58.57 (13.48) 87.97 (9.58)
20 18.00 (0.00) 62.34 (10.90) 81.03 (12.50)

Probability of violation=1
1 18.00 (0.00) 35.13 (35.01) 22.97 (23.26)
5 17.95 (0.21) 61.71 (26.40) 50.87 (30.00)
10 18.00 (0.00) 52.05 (20.25) 69.37 (28.50)
15 18.00 (0.00) 63.59 (20.83) 73.97 (24.45)
20 17.95 (0.21) 56.83 (19.22) 74.22 (21.27)

#Obs #Norms (σ) Precision (σ) Recall (σ)
Data Mining Approach [19, 18]

Probability of violation=0.01
1 7.90 (2.14) 60.00 (48.98) 9.56 (9.60)
5 10.55 (2.97) 25.00 (43.30) 3.16 (5.88)
10 8.20 (2.42) 50.00 (50.00) 9.40 (11.07)
15 7.35 (1.15) 55.00 (49.74) 6.44 (6.28)
20 7.95 (2.29) 45.00 (49.74) 5.22 (6.47)

Probability of violation=0.3
1 7.30 (2.12) 30.00 (45.82) 5.22 (9.02)
5 11.75 (3.25) 15.00 (35.70) 1.37 (3.27)
10 13.45 (3.84) 10.00 (30.00) 1.26 (4.18)
15 15.20 (4.28) 5.00 (21.79) 0.38 (1.67)
20 16.45 (3.33) 5.00 (21.79) 0.90 (3.96)

Probability of violation=0.6
1 6.40 (2.53) 70.00 (45.82) 10.62 (9.87)
5 13.50 (3.78) 15.00 (35.70) 1.59 (3.95)
10 13.20 (3.52) 15.00 (35.70) 2.85 (8.91)
15 15.75 (4.49) 0.00 (0.00) 0.00 (0.00)
20 17.05 (4.42) 0.00 (0.00) 0.00 (0.00)

Probability of violation=1
1 6.10 (2.56) 45.00 (49.74) 8.80 (11.05)
5 11.40 (5.04) 5.00 (21.79) 0.38 (1.67)
10 12.15 (4.87) 0.00 (0.00) 0.00 (0.00)
15 17.25 (6.54) 0.00 (0.00) 0.00 (0.00)
20 16.90 (5.65) 0.00 (0.00) 0.00 (0.00)

#Obs #Norms (σ) Precision (σ) Recall (σ)
Plan Recognition Approach [16]

Probability of violation=0.01
1 30.00 (0.00) 60.00 (48.98) 11.43 (10.46)
5 28.25 (1.84) 0.00 (0.00) 0.00 (0.00)
10 27.95 (1.85) 0.00 (0.00) 0.00 (0.00)
15 27.50 (2.71) 0.00 (0.00) 0.00 (0.00)
20 27.00 (2.38) 0.00 (0.00) 0.00 (0.00)

Probability of violation=0.3
1 30.00 (0.00) 40.00 (48.98) 6.51 (10.20)
5 27.25 (2.38) 0.00 (0.00) 0.00 (0.00)
10 26.50 (2.01) 0.00 (0.00) 0.00 (0.00)
15 26.15 (2.72) 0.00 (0.00) 0.00 (0.00)
20 25.15 (2.39) 0.00 (0.00) 0.00 (0.00)

Probability of violation=0.6
1 30.00 (0.00) 80.00 (40.00) 14.82 (11.65)
5 27.20 (1.99) 0.00 (0.00) 0.00 (0.00)
10 27.35 (2.57) 0.00 (0.00) 0.00 (0.00)
15 26.45 (2.20) 0.00 (0.00) 0.00 (0.00)
20 25.70 (2.23) 0.00 (0.00) 0.00 (0.00)

Probability of violation=1
1 30.00 (0.00) 60.00 (48.98) 8.93 (9.38)
5 27.45 (1.59) 0.00 (0.00) 0.00 (0.00)
10 27.15 (1.45) 0.00 (0.00) 0.00 (0.00)
15 26.50 (1.96) 0.00 (0.00) 0.00 (0.00)
20 26.15 (1.98) 0.00 (0.00) 0.00 (0.00)

We note that, given the different expressivity of the competing ap-
proaches, and the fact that our experiments used norms expressed in
the temporal modalities used in our approach, there may be a mis-
match in the detection capabilities within the experiments. Neverthe-
less, since our experiments measured precision and recall in terms of
compliant behaviours rather than the specific norms, we believe that
our analysis is valid.

4 Discussion and Conclusions
The Bayesian approach presented in this paper combines ideas from
the sanctioning action observation [19, 18] and plan recognition [16]
norm identification approaches to create a powerful new mechanism.
As our experiments indicate, we generate norm-compliant behaviour
in a norm-identifying agent approximately 60% of the time across a
range of violation likelihoods, and show that the presence of sanc-
tioning actions substantially improves recall.

As mentioned in Section 2, we assume that we can determine an
agent’s starting point and goal. If we consider AgentSpeak(L) style
agents, then the identification of a plan, and from this its context and
guard conditions, would allow an agent to determine the observed
agent’s start point in many situations. Furthermore, once a plan has
been identified, its goal can be trivially determined. While we assume
that sanctioning actions (signals) are observable, we do not assume
that it is possible to associate specific norms with specific signals. We
also assume that one cannot differentiate between sanction and pun-
ishment signals. Lifting such restrictions would improve the learning
rate, but is not realistic.

We intend to pursue several avenues of future work. First, while
our model permits it, we have not evaluated the effects of conflict-
ing norms on the norm identification process or on the conserva-
tive strategy described in this paper, and we intend to investigate
what additional mechanisms must be created to function in such do-
mains. Given that norms can subsume others, we believe the use of a
subsumption-based norm conflict resolution mechanism [24] would
result in an agent with an enhanced ability to identify norms and act
in a norm compliant manner. We also plan to investigate weighting
mechanisms and their effects on norm identification. Such mecha-
nisms could, for example, originate from a trust and reputation model
[12]. Here, highly trusted agents could be assumed to (normally) act
in a norm-compliant manner, while less trustworthy agents would be
expected to trigger more sanctioning actions. The addition of trust
information could allow us to consider which agents are performing

the sanctioning actions. An agent often signalling that a trustworthy
agent is acting in a norm-violating manner could have its opinion
discounted, while those signalling that untrustworthy agents are vi-
olating norms could have their opinion strengthened. The addition
of such a mechanism should improve the performance of our model,
and given the Bayesian underpinnings of many trust systems [23],
should be a relatively straightforward addition.

Another source of weightings we could exploit within the model
originates from the plans themselves. In this work, we assumed that
all plans to achieve some goal are equally likely to be used by
an agent. However, some of these plans could be more expensive
(e.g. from a resource utilisation point of view) than others, and a
utility maximising agent would be expected to select cheaper plans
(subject to normative constraints). We believe that the use of such
weights would increase the rate at which norms are identified, and
also increase the precision and recall of our approach.
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Subsumed Label Elimination for Maximum Satisfiability
Jeremias Berg and Paul Saikko and Matti Järvisalo1

Abstract. We propose subsumed label elimination (SLE), a so-

called label-based preprocessing technique for the Boolean opti-

mization paradigm of maximum satisfiability (MaxSAT). We for-

mally show that SLE is orthogonal to previously proposed SAT-based

preprocessing techniques for MaxSAT in that it can simplify the un-

derlying minimal unsatisfiable core structure of MaxSAT instances.

We also formally show that SLE can considerably reduce the num-

ber of internal SAT solver calls within modern core-guided MaxSAT

solvers. Empirically, we show that combining SLE with SAT-based

preprocessing improves the performance of various state-of-the-art

MaxSAT solvers on standard industrial weighted partial MaxSAT

benchmarks.

1 INTRODUCTION

Maximum satisfiability (MaxSAT), the optimization counterpart of

Boolean satisfiability (SAT), is becoming a competitive approach

to solving hard optimization problems due to recent advances in

MaxSAT solving [2, 38]. As MaxSAT is finding an increasing num-

ber of applications in solving real-world optimization problems—

ranging from, e.g., inconsistency analysis, diagnosis, design debug-

ging, and fault localization [15, 14, 4, 32, 44, 30, 39, 27, 35] to fur-

ther applications in AI, combinatorics, data analysis, and bioinfor-

matics [41, 23, 43, 3, 10, 21, 8, 9, 42]—there is a high demand for

new techniques for speeding up MaxSAT solving further.

This paper focuses on improving the efficiency of solving real-

world MaxSAT instances via preprocessing the instances before call-

ing a state-of-the-art MaxSAT solver. In particular, effective pre-

processing techniques for MaxSAT have the promise of providing

solver-independent speeds-up to overall solving times, similarly to

SAT where preprocessing is today an integral part of the solving pro-

cess [20, 29]. This motivates work on MaxSAT-level preprocessing,

in hope of bridging the gap between highly successful SAT prepro-

cessing and the currently less studied and understood role of prepro-

cessing for MaxSAT [7, 11, 31, 5, 13].

One approach to MaxSAT preprocessing is to lift commonly ap-

plied SAT preprocessing techniques, such as bounded variable elim-

ination [20], self-subsuming resolution, and forms of clause elimina-

tion [26], to MaxSAT. Direct applications of such SAT preprocess-

ing techniques are not correct w.r.t. preserving the optimal solutions

of MaxSAT instances [7]. However, correct liftings to MaxSAT are

enabled by the so-called labelled conjunctive normal form (LCNF)

representation [7, 6].

A natural next goal for MaxSAT preprocessing is to go beyond

lifting well-known SAT preprocessing techniques, by developing

novel MaxSAT-specific LCNF-level preprocessing techniques that

1 Helsinki Institute for Information Technology HIIT, Department of Com-
puter Science, University of Helsinki, Finland

can be applied in conjunction with SAT-based preprocessing tech-

niques, ideally with orthogonal simplification properties. In this pa-

per, we address this challenge by proposing label-based preprocess-
ing as a form of native LCNF-level MaxSAT preprocessing. In par-

ticular, we propose the preprocessing technique of subsumed label
elimination (SLE). The main aim of SLE is, working in conjunction

with SAT-based preprocessing on labelled MaxSAT instances, to de-

tect and eliminate redundant labels, i.e., auxiliary variables that are

first added to maintain correctness under SAT-based preprocessing,

but which can be inferred to be redundant by a simple polynomial-

time deduction rule that SLE implements. Arising from deduction

rules proposed in the nineties for the so-called binate covering prob-

lem [17, 16], a key insight of SLE is that redundant labels can be

eliminated by comparing the label-setsL of clausesCL on the LCNF

level, i.e., regardless of the contents of C. While SLE is based on a

relatively simple observation, it significantly differs from the earlier

proposed SAT-based preprocessing techniques for MaxSAT. In prac-

tice it also tends to provide further speed-ups to the MaxSAT solving

process for several state-of-the-art MaxSAT solvers.

In more detail, we analyze how known LCNF-lifted SAT prepro-

cessing techniques and SLE modify key properties of MaxSAT in-

stances: the (labelled) minimal unsatisfiable cores (LMUSes) and (la-

belled) minimal correction sets (LMCSes). We show that SLE is fun-

damentally different from LCNF-lifted SAT preprocessing. In con-

trast to SAT preprocessing which is unable to simplify LMUSes and

LMCSes, SLE can effectively remove labels from LMUSes. Via a

straightforward translation of LCNFs to standard MaxSAT, this im-

plies that SLE can reduce the number of standard MUSes in the re-

sulting MaxSAT instance. This can improve the performance of so-

called core-guided MaxSAT solvers, such as [22, 25, 40, 36, 37], as

well as those based on the implicit hitting set approach [18, 19, 11].

Giving a concrete witnessing family of LCNF-MaxSAT instances,

we show that SLE has the potential to drastically decrease the num-

ber of iterations performed by various core-guided MaxSAT solvers.

Complementing the theoretical analysis, we show empirically that

by combining SLE with LCNF-lifted SAT preprocessing, noticeably

more labels (i.e. redundancies) are eliminated than without SLE on

weighted partial MaxSAT instances of the industrial track of Max-

SAT Evaluation 2015. Further, we show that the additional simplifi-

cations translate into runtime improvements for various state-of-the-

art MaxSAT solvers on industrial weighted partial instances.

This paper is organized as follows. After preliminaries on labelled

CNFs and SAT-based preprocessing for MaxSAT (Section 2), we de-

tail subsumed label elimination (Section 3), and provide a theoretical

analysis of SLE both in terms of its effects on the core structure of

MaxSAT instances (Section 4) and its potential to speed-up MaxSAT

solving (Section 5). Empirical results on simplifications provided by

SLE and the impact of SLE on the performance of MaxSAT solvers

are provided in Section 6.
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2 PRELIMINARIES
Throughout this paper, we work with labelled CNFs (LCNFs) [7, 6]

which allow for generalizing MaxSAT and provide a convenient for-

malism for describing correct liftings of SAT preprocessing tech-

niques to MaxSAT. For an intuitive reading, in LCNF a set of labels is

associated with each clause. An empty label-set denotes that the cor-

responding clause is hard, while a non-empty label-set implies that

the corresponding clause is soft. Furthermore, key concepts such as

maximum satisfiability, minimal unsatisfiable subsets and minimal

correction sets, are defined over the label-sets L of LCNF clauses

CL instead of the clauses C.

Before the formal definitions, consider the MaxSAT instance with

three unweighted soft clauses shown in Figure 1 (1). As argued in

[7], in order to apply e.g. bounded variable elimination (VE) [20]

and still maintain the set of optimal solutions, each soft clause Ci

needs to be attached an auxiliary fresh variable li, resulting in the

instance (Figure 1, 2a). On the level of LCNFs [6], the resulting in-

stance is shown in Figure 1 (2b). Restricting VE from eliminating

any of the added variables allows for sound application of most SAT

preprocessing techniques in terms of MaxSAT. As an example, first

eliminating the variable x and then y gives (possibly among others;

here ��x denotes resolving on x) the clause shown in Figure 1 (3a).

Notice how the original one-to-one mapping between the clauses and

labels vanishes, as after VE a clause may contain multiple labels. To

solve the MaxSAT instance after preprocessing, the clauses obtained

by preprocessing are then considered hard, and for each li the unit

soft clause (¬li) with weight inherited from Ci is added into the in-

stance. On the LCNF level, labelled VE [7] results equivalently in

the LCNF instance (3b), explicitly separating original variables and

the labels in each of the clauses.

(1) MaxSAT instance:

C1 = (x ∨ y ∨ z), C2 = (¬x ∨ ¬a ∨ y), C3 = (¬y ∨ ¬a ∨ ¬b)
(2a) After adding labels:

C1 = (x ∨ y ∨ z ∨ l1)
C2 = (¬x ∨ ¬a ∨ y ∨ l2)
C3 = (¬y ∨ ¬a ∨ ¬b ∨ l3)
. . .

(3a) After variable eliminating

x and y:
((C1 ��x C2) ��y C3)
= (¬a ∨ ¬b ∨ z ∨ l1 ∨ l2 ∨ l3)
. . .

(2b) LCNF representation:

C
{l1}
1

C
{l2}
2

C
{l3}
3

. . .

(3b) After labelled variable

elimination on x and y:
((C

{l1}
1 ��x C

{l2}
2 ) ��y C

{l3}
3 )

= (¬a ∨ ¬b ∨ z){l1,l2,l3}
. . .

Figure 1: Example of SAT-based preprocessing on the CNF and LCNF level.

2.1 Labelled CNFs and MaxSAT
Assume a countable set Lbl of labels. A labelled clause CL consists

of a clause C and a (possibly empty) set L ⊆ Lbl of labels. A LCNF

formula Φ is a set of labelled clauses.Cl(Φ) and Lbls(Φ) denote the

set of clauses and labels of Φ, respectively, and LCl(Φ, l) = {CL |
CL ∈ Φ, l ∈ L} the set of labelled clauses in Φ that have l in their

label-set. A LCNF formula is satisfiable iff Cl(Φ) (a CNF formula)

is satisfiable.

Given a LCNF formula Φ and a subsetM ⊆ Lbls(Φ) of its labels,

the subformula Φ|M of Φ induced by M is {CL ∈ Φ | L ⊆ M},

i.e., the LCNF formula obtained by removing from Φ all labelled

clauses with at least one label not inM ; notice that Φ|Lbls(Φ)\M =
{CL ∈ Φ | L∩M = ∅}. The removal REMOVE(Φ,K) of the label-

set K ⊆ Lbls(Φ) from Φ gives {CL\K | CL ∈ Φ}, i.e, the LCNF

formula obtained by removing all labels from Φ that are in K (note

that removal does not remove clauses).

A (labelled) unsatisfiable core of an unsatisfiable LCNF formula

Φ is a label-set L ⊆ Lbls(Φ) such that Φ|L is unsatisfiable. An

unsatisfiable core L is minimal (a LMUS) iff Φ|L′ is satisfiable for

all L′ ⊂ L. We denote the set of minimal unsatisfiable cores of Φ
by LMUS(Φ). A (labelled) minimal correction subset (LMCS) of Φ
is a label-set R ⊆ Lbls(Φ) such that (i) Φ|Lbls(Φ)\R is satisfiable,

and (ii) Φ|Lbls(Φ)\R′ is unsatisfiable for all R′ ⊂ R. We denote the

set of LMCSes of Φ by LMCS(Φ). Hitting set duality, formalizing a

connection between LMUSes and LMCSes, is useful in this work.

Theorem 1 (Hitting set duality [6]) A label-set R ⊆ Lbls(Φ) of a
LCNF formula Φ is a LMCS of Φ iff R is an irreducible hitting set
over LMUS(Φ), i.e., iff R is a hitting set over LMUS(Φ) and no
R′ ⊂ R is a hitting set of LMUS(Φ).

A LCNF-MaxSAT instance consists of a LCNF formula Φ, and a

weight function w : Lbls(Φ) → N assigning a positive weight w(l)
to each label l ∈ Lbls(Φ). The cost of a label-set L ⊆ Lbls(Φ) is

the sum of the weights of the labels in L. Given a LCNF-MaxSAT

instance Φ such that Φ|∅ is satisfiable, any assignment τ that satisfies

Φ|∅ is a solution to the LCNF-MaxSAT instance. A solution τ is

optimal if it satisfies Φ|Lbls(Φ)\R for some minimum-cost LMCS R
of Φ. The cost of τ is the cost of R. We treat the MaxSAT problem

for LCNFs as the problem of computing R. In the rest of the text

we will always assume that solutions to (Φ, w) exist, i.e., that Φ|∅ is

satisfiable.

A (standard/non-labelled) MaxSAT instance F = (Fh, Fs, w)
consists of a set Fh of hard and a set Fs of soft clauses, together with

a functionw : Fs → N assigning a positive weightw(C) to each soft

clause C ∈ Fs. A (standard) minimal correction set (MCS) of F is

a subset-minimal subset of Fs whose removal from Fs makes the in-

stance satisfiable. Similarly, a (standard) minimal unsatisfiable core

(MUS) of F is a subset-minimal subset F ′
s for which Fh ∪ F ′

s is an

unsatisfiable set of clauses. Given a non-labelled MaxSAT instance

F , any truth assignment τ satisfying all hard clauses is a solution to

the instance. A solution τ is optimal if the sum of the weights of the

soft clauses τ satisfies is the maximum over all solutions. Notice that

the soft clauses falsified by an optimal solution form a minimum-cost

MCS of F .

A MaxSAT instance F = (Fh, Fs, w) can be viewed as a LCNF-

MaxSAT instance (ΦF , w) by introducing (i) for each hard clause

C ∈ Fh the labelled clause C∅, and (ii) for each soft clause C ∈ Fs
the labelled clause C{lC}, where lC is a distinct label for C with

weight w(lC) = w(C). It is easy to see that any optimal solution

to ΦF is an optimal solution to F , and vice versa. An essential intu-

ition is that LMCSes of (ΦF , w) correspond exactly to the MCSes of

(Fh, Fs, w) in that for any MCS {C1, . . . , Ck} there is a correspond-

ing LMCS {lC1 , . . . , lCk} (and vice versa). Similarly, LMUSes of

(ΦF , w) correspond to MUSes of (Fh, Fs, w).
To the other direction, a LCNF-MaxSAT instance (Φ, w) can be

viewed as a MaxSAT instance FΦ by associating with each label

li ∈ Lbls(Φ) a distinct variable ai, and introducing (i) for each la-

belled clause CL ∈ Φ a hard clause C ∨∨li∈L ai, and (ii) for each

li ∈ Lbls(Φ), a soft clause (¬ai) with weight w((¬ai)) = w(li),
where w(li) is the weight of the label li. Again, using this reduction,

LMUSes and LMCSes of (Φ, w) correspond exactly to the MUSes

J. Berg et al. / Subsumed Label Elimination for Maximum Satisfiability 631



and MCSes of FΦ. Importantly for this work, especially the discus-

sion in Section 5, this reduction allows one to treat any standard Max-

SAT solver as a LCNF-MaxSAT solver.

Example 2 Consider the MaxSAT instance Fex = (Fh, Fs, w) with
w(C) = 1 for all C ∈ Fs, Fh = {(x ∨ y), (¬t ∨ ¬z), (¬z ∨
y), (¬y∨z), (z∨t)}, and Fs = {(¬x), (x), (y∨t), (z∨t∨x)}. The
assignment τ for which τ(t) = τ(x) = 0 and τ(y) = τ(z) = 1 is
an optimal solution to Fex with cost 1. The LCNF-MaxSAT instance
ΦFex corresponding to Fex is

ΦFex = {(x ∨ y)∅, (¬t ∨ ¬z)∅, (¬z ∨ y)∅, (¬y ∨ z)∅, (z ∨ t)∅,
(¬x){l1}, (x){l2}, (y ∨ t){l3}, (z ∨ t ∨ x){l4}}

with w(li) = 1 for i = 1..4. Now Cl(ΦFex) = Fh ∪ Fs and
Lbls(ΦFex) = {l1, l2, l3, l4}. The label-set L = {l1, l2} is an
LMUS of ΦFex as

ΦFex |L ={(x ∨ y)∅, (¬t ∨ ¬z)∅, (¬z ∨ y)∅, (¬y ∨ z)∅,
(z ∨ t)∅, (¬x){l1}, (x){l2}}

is unsatisfiable. The sets R1 = {l1} and R2 = {l2} are examples of
(minimum-cost) LMCSes of ΦFex . The fact that τ is an optimal solu-
tion to the LCNF-MaxSAT instance ΦFex can be verified by checking
that τ satisfies ΦFex |Lbls(ΦFex )\R2

. Converting ΦFex back to Max-
SAT results in the instance F ′ = (F ′

h, F
′
s, w) with

F ′
h = {(x ∨ y), (¬t ∨ ¬z), (¬z ∨ y), (¬y ∨ z), (z ∨ t),

(¬x ∨ a1), (x ∨ a2), (y ∨ t ∨ a3), (z ∨ t ∨ x ∨ a4)}
and F ′

s = {(¬a1), (¬a2), (¬a3), (¬a4)}.

2.2 SAT-based Preprocessing for LCNFs
A motivation for viewing MaxSAT instances as LCNF in [7] was

to develop sound applications of SAT preprocessing techniques for

MaxSAT. Many important SAT preprocessing techniques, including

bounded variable elimination (VE) [20], self-subsuming resolution

(SSR), and subsumption elimination (SE), cannot be used directly

on MaxSAT instances [7]. However, the techniques can be applied

on LCNFs by taking into account the natural restrictions implied by

the SAT-level techniques on the label-sets of labelled clauses. With

this intuition, the following LCNF-liftings of VE, SSR, and SE were

proposed [7].

• LCNF-lifting of the resolution rule: The resolvent of two labelled

clauses (x ∨ A)L1 and (¬x ∨ B)L2 w.r.t. x is (x ∨ A)L1 ��x
(¬x ∨B)L2 = (A ∨B)L1∪L2 .

• LCNF-lifting of VE (LVE): Let Φx and Φ¬x, resp., denote the

sets of labelled clauses that contain the literal x and the literal

¬x, resp. LVE allows for replacing Φx ∪ Φ¬x with Φx ��x
Φ¬x = {AL1 ��x B

L2 | AL1 ∈ Φx, B
L2 ∈ Φ¬x, A ∨

B non-tautological} given that |Φx ��x Φ¬x| ≤ |Φx ∪ Φ¬x|.
• LCNF-lifting of SE (LSE): A labelled clause AL1 subsumes BL2

if A ⊆ B and L1 ⊆ L2. LSE allows for removing subsumed

clauses.

• LCNF-lifting of SSR (LSSR):
Given labelled clauses (l∨A)L1 and (¬l∨B)L2 , ifAL1 subsumes

BL2 , LSSR allows for replacing (¬l ∨B)L2 with BL2 .

Blocked clause elimination (BCE) [28] is sound for MaxSAT [7],

and could as such be directly applied on MaxSAT instances. How-

ever, for a uniform presentation, it makes sense to consider a straight-

forward lifting of BCE.

• LCNF-lifting of BCE (LBCE): A labelled clause CL is blocked in

Φ if C is blocked in Cl(Φ). LBCE allows for removing blocked

clauses.

Example 3 Consider the LCNF-MaxSAT instance ΦFex from Exam-
ple 2. Applying LSE to remove (z ∨ t ∨ x){l4} and LVE to eliminate
x and t results in the formula

{(y){l1}, (¬z ∨ y)∅, (¬y ∨ z)∅, (){l1,l2}, (y ∨ ¬z){l3}}.

Removing (y ∨ ¬z){l3} by LSE and eliminating z by LVE results in
the preprocessed formula Φpre

Fex
= {(y){l1}, (){l1,l2}}.

LVE, LSSR, LSE, and LBCE are correct due to the following.

Proposition 4 ([7]) Let Φ be a LCNF-MaxSAT instance and Φpre the
LCNF-MaxSAT instance resulting from an application of LVE, LSSR,
LSE, and LBCE on Φ. Then LMUS(Φ) = LMUS(Φpre) and, by The-
orem 1, LMCS(Φ) = LMCS(Φpre).

3 SUBSUMED LABEL ELIMINATION
We propose and analyze subsumed label elimination (SLE), a label-
based preprocessing technique for MaxSAT. The primary goal of

SLE is to provide further simplifications when applied in conjunction

with SAT-based preprocessing; SLE focuses on removing labels from

non-singleton label-sets (produced starting from non-labelled Max-

SAT instances mainly by LVE). Before a formal definition of SLE,

we begin with an example to illustrate some of the shortcomings of

SAT-based preprocessing for MaxSAT that SLE seeks to address.

Example 5 Consider the MaxSAT instance F = (Fh, Fs, w) with
w(C) = 1 for all C ∈ Fs and

Fh = {(x ∨ y)} and Fs = {(¬x), (¬y)}.

Converting F to LCNF gives the instance ΦF = {(x ∨
y)∅, (¬x){l1}, (¬y){l2}}. Applying LVE to eliminate both x and y
results in the LCNF-MaxSAT instance pre(ΦF ) = {(){l1,l2}}. Fi-
nally, converting pre(ΦF ) back to MaxSAT gives the MaxSAT in-
stance F ′ = (F ′

h, F
′
s, w) with

F ′
h = {(a1 ∨ a2)} and F ′

s = {(¬a1), (¬a2)},

i.e., the exact same instance as F modulo variable naming. In other
words, LVE (or LSSR, LSE, and LBCE) is unable to simplify F . Fur-
thermore, notice that F contains exactly one MUS: {(¬x), (¬y)}.
As the clauses (¬x) and (¬y) occur in exactly the same MUSes, no
optimal solution to F falsifies both of them. As an alternative view,
no MCS of F contains both (¬x) and (¬y), which means that either
clause could be hardened, i.e., changed to a hard clause, without re-
moving all of the optimal solutions of the instance. As we will see,
SLE captures this simplification on the LCNF-level.

More concretely, consider a LCNF-MaxSAT instance Φ. SLE is

based on the following observation. Consider two labels l1, l2 ∈
Lbls(Φ) such that w(l1) ≤ w(l2), and l1 appears in at least the

same LMUSes of Φ as l2. Then l2 is redundant in that l2 can be re-

placed by l1 in any LMCS R of Φ without increasing the cost of

R. Hence l2 can be removed from Φ while maintaining at least one

minimum-cost LMCS. This is more formally stated as Theorem 6.

Theorem 6 Let l1, l2 ∈ Lbls(Φ) and Φpre = REMOVE(Φ, {l2}).
Assume that, for all L ∈ LMUS(Φ), l2 ∈ L implies l1 ∈ L. Then
∅ 	= LMCS(Φpre) ⊆ LMCS(Φ).
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Proof. Φpre|Lbls(Φpre)\R = Φ|Lbls(Φ)\R for any label-set

R ⊆ Lbls(Φpre). Hence it suffices to show that there is an R ∈
LMCS(Φ) s.t. R ⊆ Lbls(Φpre). This can be verified by viewing

R as an irreducible hitting set of LMUS(Φ). If R 	⊆ Lbls(Φpre),
then l2 ∈ R. By assumption, R′ = (R \ {l2}) ∪ {l1}, a subset

of Lbls(Φpre), is also an irreducible hitting set of LMUS(Φ) and

hence a LMCS of Φ. �
While the assumption in Theorem 6 is likely not checkable in poly-

nomial time, a stricter, easier-to-check version of the assumption, for-

malized in Proposition 7, gives the basis for SLE. In words, let L be

any label-set and CL′ any labelled clause of Φ. If L′ contains labels

l1 and l2 such that l2 ∈ L but l1 /∈ L, then CL′ is not a member of

the formula Φ|L. This is specifically true for any LMUS of Φ.

Proposition 7 Let l1, l2 ∈ Lbls(Φ) and LCl(Φ, l2) ⊆ LCl(Φ, l1).
Then, for all L ∈ LMUS(Φ), l2 ∈ L implies l1 ∈ L.

Proof. Let L be a label-set such that l2 ∈ L and l1 /∈ L. We show

that L is not a LMUS of Φ. From the assumption LCl(Φ, l2) ⊆
LCl(Φ, l1) it follows that, if CL′ is a labelled clause for which

l2 ∈ L′, then l1 ∈ L′. ThusCL′ /∈ Φ|L, and hence Φ|L = Φ|L\{l2}.

As such L /∈ LMUS(Φ) as either Φ|L is satisfiable or Φ|L1 is unsat-

isfiable for L1 = L \ {l2} ⊂ L. �

The final part in the formalization of SLE ensures that the removal

of l2 preserves at least one minimum-cost LMCS of the instance. This

follows by adding an assumption on the weights of l1 and l2.

Proposition 8 Let l1, l2 ∈ Lbls(Φ) and Φpre =
REMOVE(Φ, {l2}). Assume that, for all L ∈ LMUS(Φ), l2 ∈ L
implies l1 ∈ L, and w(l1) ≤ w(l2). Then all minimum-cost LMCSes
of Φpre are also minimum-cost LMCSes of Φ.

Proof. Following the proof of Theorem 6 letR′ = (R\{l2})∪{l1}
be the LMCS of Φ constructed in order to replace the LMCS R 	⊆
Lbls(Φpre). The extra assumption on the weights guarantees that the

cost of R′ is not higher than the cost of R. �
Putting these results together gives SLE. Informally, SLE re-

moves subsumed labels l2, or, more formally, converts Φ into

REMOVE(Φ, {l2}).
Definition 9 (Subsumed Label Elimination (SLE)) Let Φ be a
LCNF-MaxSAT instance and l1, l2 ∈ Lbls(Φ). We say that l1 sub-
sumes l2 if (i) LCl(Φ, l2) ⊆ LCl(Φ, l1), and (ii) w(l1) ≤ w(l2).
SLE allows for removing subsumed labels from LCNF-MaxSAT in-
stances.

Example 10 Consider the LCNF-MaxSAT instance

Φ ={(xi ∨ yj)∅ | i, j = 1..4} ∪
{(¬xi ∨ ¬x3)∅, (¬xi ∨ ¬x4)∅ | i = 1, 2} ∪
{(¬yi){l,li}, (¬yi){l,ti} | i = 1..4}

with w(l) = 1 and w(li) = w(ti) = 2 for all i. First note that
LVE, LSSR, LSE, and LBCE cannot simplify Φ. Specifically, as every
variable appears both negatively and positively at least twice and
no produced resolvents are tautologies, LVE cannot eliminate any
variables. However, l subsumes all of the other labels, and hence
applying SLE gives

{(xi ∨ yj)∅ | i, j = 1..4} ∪
{(¬xi ∨ ¬x3)∅, (¬xi ∨ ¬x4)∅ | i = 1, 2} ∪
{(¬yi){l} | i = 1..4}.

Each yi appears negatively only in a single clause and can hence be
eliminated by LVE, resulting in

{(xi){l} | i = 1..4} ∪ {(¬xi ∨ ¬x3)∅, (¬xi ∨ ¬x4)∅ | i = 1, 2}.

Now each xi only appears positively in a single clause. LVE then
gives Φpre = {(){l}}.

Remark 1 While the main focus of this work is on understanding
the effect of SLE on the core structure of MaxSAT instances and
the potential of SLE to speed up state-of-the-art MaxSAT solvers,
we note that SLE (for MaxSAT) can be viewed as the counterpart
of the so-called dominance rule proposed in the early 90s in con-
junction with branch-and-bound approaches for the so-called binate

covering problem [17, 16] with applications in logic synthesis. More
details on this connection are provided in Appendix A. To the best
of our knowledge, however, SLE has not been previously proposed,
analyzed, or empirically evaluated in the context of MaxSAT.

4 EFFECTS OF SLE
We continue by analyzing SLE in terms of how it simplifies LCNFs.

We show that SLE is orthogonal to the LCNF-lifted SAT-based pre-

processing techniques in terms of the LMUSes and LMCSes—and

hence MaxSAT solutions—preserved under simplification.

We start with relatively simple corollaries of the definition. First,

we observe that subsumed labels remain subsumed after applications

of SAT-based preprocessing.

Proposition 11 Let l ∈ Lbls(Φ) and assume that SLE can eliminate
l from Φ. Let Φpre be Φ after applying LVE, LSSR, LSE, or LBCE.
Then SLE can eliminate l from Φpre.

Proof. Let l1 be a label that subsumes l in Φ. It suffices to

show that the preconditions of SLE are satisfied in Φpre. First,

the precondition w(l1) ≤ w(l) is trivially satisfied as none of

the techniques alter the weights of labels. For the second pre-

condition, LCl(Φpre, l) ⊆ LCl(Φpre, l1), the non-trivial case is

LCl(Φpre, l) 	= ∅. As LCl(Φ, l) ⊆ LCl(Φ, l1), it is enough to ver-

ify that none of the SAT-based preprocessing techniques introduce a

labelled clause CL ∈ Φpre with l ∈ L and l1 /∈ L. This is trivially

true for LSE and LBCE as they only remove clauses. This is also true

for LSSR as it only removes literals, not labels. Finally, LVE cannot

produce resolvents which contain l but not l1, since there are no la-

belled clauses CL′ in Φ with l ∈ L′ and l1 /∈ L′. Thus the label-set

of any resolvent produced by LVE, which is a union of label-sets in

Φ, contains either both or neither of l1 and l. �
Thus it makes sense to incorporate SLE into the preprocessing

loop together with LVE, LSSR, LSE, and LBCE.

In analogy with Proposition 11, subsumed labels remain subsumed

also under SLE steps quite generally. An exception comes from cases

in which two labels l1 and l2 subsume each other, i.e., when l1 and

l2 occur in exactly the same label-sets and w(l2) = w(l1). Note

also that, generally, if l1 subsumes l2, and l2 subsumes l3, then l1
subsumes l3.

Turning to comparing SLE and SAT-based preprocessing, Propo-

sitions 4 and 12 together illustrate fundamental differences between

SLE and LVE, LSSR, LSE, and LBCE. By Proposition 4, LVE,

LSSR, LSE, and LBCE preserve the LMUSes of LCNF-MaxSAT

instances. This is not true for SLE. Instead, SLE guarantees (only)

that at least one minimum-cost (optimal) LMCS and, as such, that at

least one optimal solution of the instance is preserved.
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Proposition 12 SLE does not in general preserve LMUSes (or
LMCSes) of LCNF-MaxSAT instances.

Proof. Consider the instances Φ and Φpre from Example 10. The

sets {l, li} and {l, ti} are LMUSes of Φ for all i but not of Φpre. �
An alternative way of stating Proposition 12 is that applying SLE

does not in general preserve all optimal solutions to LCNF-MaxSAT

instances. For a simple example, consider the LCNF-MaxSAT in-

stance Φ = {(x){l1}, (¬x){l2}} with unit-weighted labels. There

are two optimal solutions to Φ: τ1(x) = 1 satisfying Φ|Lbls(Φ)\{l2},

and τ2(x) = 0 satisfying Φ|Lbls(Φ)\{l1}. However, by LVE we can

simplify Φ to {(){l1,l2}} and by SLE further to {(){l1}}. The only

LMCS of the simplified instance is {l1}, corresponding to the solu-

tion τ2.

Instead of preserving LMUSes, SLE could be seen as a form of

LMUS minimization in the sense that all LMUSes remaining after

SLE are projections of LMUSes of the original LCNF onto the re-

maining set of labels.

Theorem 13 Let Φ be a LCNF-MaxSAT instance and l ∈ Lbls(Φ)
a subsumed label. Let Φpre = REMOVE(Φ, {l}), i.e., the formula
after eliminating l by SLE from Φ. Then all LMUSes Lp of Φpre are
of the form Lp = L ∩ Lbls(Φpre) for some LMUS L of Φ.

Proof. First notice that Φ|Lp ⊆ Φpre|Lp as the restriction operator

only removes labels from label-sets, not clauses. If Φ|Lp = Φpre|Lp ,

then the same will be true for any Lp
s ⊆ Lp, so Lp itself is an LMUS

of Φ. Otherwise, the reason for a labelled clause CL to be in Φpre|Lp

but not in Φ|Lp is that the eliminated label l was in L, i.e., CL /∈ Φ
but CL∪{l} ∈ Φ. Hence Φ|Lp∪{l} = Φpre|Lp , and Lp ∪ {l} is a

LMUS of Φ. �
For further differences between SLE and LVE, LSSR, LSE, and

LBCE, consider a MaxSAT instance F and a soft clause C ∈ Fs.

Let ΦF be the LCNF-MaxSAT instance corresponding to F and lC
the label for which C{lc} ∈ ΦF . A simple application of Theorem 4

gives that if lC is removed from ΦF by LVE, LSSR, LSE, or LBCE,

then any optimal solution to ΦF , which is also an optimal solution to

F , will satisfy C.

Proposition 14 Let Φpre
F be the instance resulting after an applica-

tion of LVE, LSSR, LSE, or LBCE on ΦF . If lC /∈ Lbls(Φpre
F ), then

any optimal solution τ to ΦF , which is also an optimal solution to
F , will satisfy C.

Proof. Since τ is optimal, it satisfies ΦF |Lbls(ΦF )\R for some

minimum-cost LMCS R of ΦF . By Theorem 4, lC /∈ R, and thus

C ∈ Cl(ΦF |Lbls(ΦF )\R). �
Informally, it could be said that SAT-based preprocessing can only

remove labels that are “uninteresting” in terms of LMCS computa-

tion. In contrast, elimination of lC by SLE means that some (but not

necessarily all) optimal solutions of F satisfy C, as shown next.

Proposition 15 Let Φpre
F be the instance resulting from an appli-

cation of SLE on ΦF . If lC /∈ Lbls(Φpre), then there is an optimal
solution τ to ΦF and F that satisfiesC. Furthermore, there may exist
optimal solutions to ΦF that do not satisfy C.

Proof. By the assumption that lC is subsumed, it follows from The-

orem 6 and Proposition 8 that there is a minimum-cost LMCS R of

ΦF for which lC /∈ R. The first part of the claim follows by observ-

ing that ΦF |Lbls(ΦF )\R is satisfiable and C ∈ Cl(ΦF |Lbls(ΦF )\R).
For the second part of the claim, consider the discussion following

Proposition 12. �

5 SLE AND CORE-GUIDED SOLVERS

We now show that SLE has the potential to considerably lower the

number of iterations made by so-called core-guided MaxSAT solvers,

one of the most successful current MaxSAT solving approaches.

The core-guided approach has several variants, e.g. [2, 38, 22, 25,

40, 36, 37, 18, 19]. In this work, we study the effect of SLE on

two different types of core-guided solvers through generic abstrac-

tions. The first one, CG-MaxSAT (Algorithm 1), iteratively employs

a SAT solver to extract unsatisfiable cores and rules out each of the

found cores from the formula by a clause replication and relaxation
step. Several algorithms that fit the CG-MaxSAT abstraction have

been proposed [22, 25, 40, 36, 37]. The second one, MaxHS (Algo-

rithm 2), is an abstraction of the implicit hitting set approach to Max-

SAT [18, 19], iteratively using a SAT solver to extract unsatisfiable

cores, and an exact minimum-cost hitting set algorithm to compute

hitting sets over the found cores.

In more detail, at each iteration i, CG-MaxSAT invokes a SAT

solver on the clauses of a working formula F i
w (initialized as all

clauses of the MaxSAT instance viewed as hard). If the working for-

mula is satisfiable, CG-MaxSAT terminates and returns the satisfying

assignment returned by the SAT solver. Otherwise, the SAT solver re-

turns an unsatisfiable core κ of F i
w. CG-MaxSAT then duplicates the

clauses in κ to create two sets κr and κr̄ . Both sets contain exactly

the same clauses as κ; each clause C ∈ κ is duplicated into two:

Cr ∈ κr and C r̄ ∈ κr̄ . The weight of Cr is set to wm, the min-

imum weight over the clauses in the core, and the weight of C r̄ to

w(C) − wm. The clauses of κr̄ are added to the working formula

unaltered. Finally, the working formula is updated by relaxing the

clauses in κr . The method of relaxation varies between core-guided

solvers. For our analysis, the important consequences of relaxation

are that the (possibly altered) clauses of κr do not appear as a core in

future iterations, and that the optimal cost of F i+1
w (when viewed as a

MaxSAT instance) is exactly wm lower than the optimal cost of F i
w.

Termination of CG-MaxSAT is guaranteed by the fact that wm > 0
on all iterations and that a MaxSAT instance of cost 0 is satisfiable

as a SAT instance. For a concrete example of a relaxation step, con-

sider the classical Fu-Malik algorithm [22] and its extensions to the

weighted case [33, 1]. These algorithms augments each Ci ∈ κr
with a fresh relaxation variable ri, creating the clause Ci ∨ ri, and

additionally adds a hard exactly-one constraint
∑
ri = 1 over the

relaxation variables. The intuition behind this step is that assign-

ing a relaxation variable to 1 effectively removes the corresponding

clause from the formula, hence removing the core κr . Additionally,

Input: MaxSAT instance F = (Fh, Fs, w).
Output: An optimal solution τ for F .

F 0
w ← Fh ∪ Fs

for i=0,. . . do
(result, κ, τ)← SATSOLVE(F i

w)
if result=”satisfiable” then

return τ // optimal solution

else
F i
w = (F i

w \ κ) // SAT solver returned unsat core

wm ← min{w(C) | C ∈ κ}
(κr, κr̄)← CLAUSEREPLICATE(κ,wm)
F i
w ← F i

w ∪ κr̄
F i+1
w ← RELAX(F i

w, κ
r)

end
end

Algorithm 1: CG-MaxSAT
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Input: MaxSAT instance F = (Fh, Fs, w).
Output: An optimal solution τ for F .

K ← ∅ // set of found unsat cores of F
Fw ← (Fh ∪ Fs)
while true do
H ← MINCOSTHITTINGSET(K)
Fw ← Fh ∪ (Fs \H)
(result, κ, τ)← SATSOLVE(Fw)
if result=”satisfiable” then

return τ // optimal solution

else
K ← K ∪ {κ} // SAT solver returned unsat core

end
end

Algorithm 2: MaxHS

the exactly-one constraint ensures that the cost is lowered exactly by

wm.

MaxHS is a hybrid algorithm that uses a SAT solver for core ex-

traction over a working formula Fw (initialized as all clauses of the

input instance viewed as hard). Given a collection K of extracted

cores, MaxHS uses an exact algorithm (integer programming solver

in practice) to find a minimum-cost hitting set hs over K. The work-

ing formula is then updated to contain all clauses of F except for

the soft clauses in hs, and the SAT solver is invoked again. If the

working formula is satisfiable, the satisfying assignment obtained is

an optimal solution to F . Otherwise another core is obtained and the

search continues again with hitting set computation.

The main result of this section is that there are families of LCNF-

MaxSAT instances on which SLE can significantly decrease the num-

ber of SAT solver calls and clause replication when subsequently

solving the instances with CG-MaxSAT or MaxHS.

Proposition 16 For A ∈ {CG-MaxSAT, MaxHS}, there is a fam-
ily of LCNF-MaxSAT instances ΦN , with Θ(N) different labels, on
which

(i) A requires Θ(N) calls to its SAT solver, and, for A = CG-
MaxSAT, A requires Θ(N) clause replication steps, on Θ(N !)
different executions; while

(ii) A is guaranteed to require only two (one unsatisfiable and one
satisfiable) SAT solver calls if SLE is applied on ΦN before A

under the assumption that the internal SAT solver is guaranteed to
return minimal unsatisfiable cores.

Proof. The family of LCNF-MaxSAT instances witnessing the claim

is the same for CG-MaxSAT and MaxHS. LetN be sufficiently large

and define

ΦN :=

2N−2⋃
i=1

Pi ∪
N−1⋃
i=1

Hi, where

Pi =
N⋃

j=1

{(¬pji ∨ ¬pjk)
∅ | k = (i+ 1)..(2N − 1)} and

Hi =

⎧⎨⎩
(

N∨
j=1

pjk

){l,li} ∣∣∣∣ k = i..(N + i)

⎫⎬⎭ ,
with w(l) = w(lN−1) = N and w(li) = 1 for all other labels li.
Notice that ΦN contains N − 1 LMUSes of the form {l, li} for all

1 ≤ i ≤ N − 1. Hence, the only minimum-cost LMCS of ΦN is

{l}. Furthermore, refuting any of the LMUSes requires proving the

unsatisfiability of the formula ΦN |{l,li}, which corresponds to an

instance of the pigeonhole principle; meaning that the extraction any

of the LMUSes of ΦN requires an exponentially long SAT solver

call [24]. Next we sketch the executions of both CG-MaxSAT and

MaxHS that require Θ(N) SAT-solver calls when solving ΦN .

Conversion of ΦN to MaxSAT results in the formula F =
(Fh, Fs, w), where

Fh =

2N−2⋃
i=1

N⋃
j=1

{(¬pji ∨ ¬pjk) | k = i..(2N − 1)}

∪
N−1⋃
i=1

{(
al ∨ ai ∨

N∨
j=1

pjk

) ∣∣∣∣ k = i..(N + i)

}
and Fs = {(¬al), (¬a1), . . . , (¬aN−1)}
with w((¬al)) = w((¬aN−1)) = N and w(C) = 1 for all other

C ∈ Fs. The MUSes of F correspond exactly to the LMUSes of ΦN

and are of the form {(¬al), (¬ai)} for all i = 1..N −1. For an intu-

ition on the executions requiring a linear number of SAT solver calls

of both algorithms, notice that both can terminate immediately and

only after encountering and processing the MUS {(¬al), (¬aN−1)}
corresponding to the the LMUS {l, lN−1}.

For A = MaxHS, assume that the internal SAT solver returns the

MUSes of in any order with {(¬al), (¬aN−1)} last. Then the hitting

set hs computed by MaxHS will not contain the clause (¬al) before

the (N − 1)th iteration and as such MaxHS can not terminate as

F \ hs will always contain the MUS {(¬al), (¬aN−1)}. There are

a total of (N − 2)! executions in which the MUS {(¬al), (¬aN−1)}
is returned last.

For A = CG-MaxSAT, the long executions are similar. Assume

that the first MUS returned by the SAT-solver in CG-MaxSAT is

{(¬al), (¬a1)}. The smallest weight wm of the clauses in the core

is 1, so CG-MaxSAT proceeds by replicating the clause (¬al) into

two clauses Cr = (¬al) and C2 = (¬al), setting w(Cr) = 1
and w(C2) = N − 1, adding C2 back into the working formula,

relaxing the core {Cr, (¬a1)}, and reiterating. Assume that CG-

MaxSAT proceeds similarly by processing the cores {(¬al)i, (¬ai)}
for i = 1..N − 2 during the first N − 2 iterations where (¬al)i
is the copy of the clause (¬al) produced in the previous itera-

tion. Finally on the (N − 1)th iteration CG-MaxSAT encounters

the core {(¬al)N−2, (¬aN−1)}. At this point w((¬al)N−2) = 2
and w((¬aN−1)) = N , so CG-MaxSAT replicates (¬aN−1) and

relaxes the core before invoking its SAT solver one final time in

order to find the current working formula satisfiable. In total, CG-

MaxSAT performsN SAT solver calls andN−1 clause replications.

A similar argument can be made for any ordering of the MUSes with

{(¬al), (¬aN−1)} last.

Part (ii) of the proposition follows by noting that SLE can remove

lN−1 due to l, resulting in the formula

pre(ΦN ) :=

2N−2⋃
i=1

Pi ∪
N−2⋃
i=1

Hi ∪⎧⎨⎩
(

N∨
j=1

pjk

){l} ∣∣∣∣ k = (N − 1)..(2N − 1)

⎫⎬⎭ .
The only LMUS of the preprocessed formula is {l}, which is why

both algorithms are guaranteed to need only a single unsatisfiable

and a single satisfiable SAT-solver call, and furthermore, why CG-

MaxSAT needs no clause replication steps, during solving. �
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6 EXPERIMENTS

Complementing the theoretical analysis, we evaluate the practi-

cal effects of SLE on the 2015 MaxSAT Evaluation benchmarks

(http://www.maxsat.udl.cat/15/). We observe that SLE is beneficial

especially on industrial weighted partial benchmark instances. When

applying SLE in conjunction with the LCNF-lifted SAT-based pre-

processing techniques (LVE, LSSR, LSE, LBCE), noticeably more

labels can be removed than without applying SLE. Furthermore, SLE

improves the overall performance of various state-of-the-art Max-

SAT solvers on industrial weighted partial benchmarks.

All reported solving times include the time spent in preprocess-

ing as well as in the actual MaxSAT solving. The experiments were

run on 2.53-GHz Intel Xeon quad-core machines with 32-GB RAM

under Linux. A per-instance timeout of 1800 seconds and a memory

limit of 30 GB were enforced.

We implemented SLE by extending the Coprocessor 2.0 SAT pre-

processor [34] in the following way. Given a MaxSAT instance as

input, we convert the instance to LCNF, apply Coprocessor to pre-

process the LCNF, and then convert the preprocessed LCNF back to

a MaxSAT instance. LVE, LSSR LSE, LSSR, and LBCE are realized

by representing a labelled clause CL as C ∨ ∨li∈L ai in Copro-

cessor, applying the existing implementations of VE, SSR, SE and

BCE, while forbidding the elimination of any of the ai variables cor-

responding to the labels.

A simple way of implementing SLE consists of explicitly check-

ing for each label l whether or not l is subsumed. A potentially more

efficient way of implementing SLE would be to track the resolvents

produced by LVE and only check labels that have appeared in re-

solvents produced. However, as shown in Figure 3, even the simple

implementation appears to be sufficient; we did not observe any sig-

nificant increase in total preprocessing time (w/pre+SLE) compared

to not using SLE (w/pre). We also note that SLE does not increase

overall memory consumption wrt SAT-based preprocessing.

The fraction of labels (i.e. soft clauses) remaining after prepro-

cessing with and without SLE (applying in both cases LVE, LSSR,

LSE, and LBCE) is shown in Figure 2 for both unweighted and

weighted partial industrial and crafted instances. SLE is effective in

removing additional labels in particular on the industrial weighted

partial instances. For example, for one third of the instances (x =
0.3), with SLE close to 80% of the labels are eliminated (y ≈ 0.2,

i.e., some 20% of the labels remain afterwards); in comparison, with-

out SLE only ≈ 45% are eliminated. As a side-note, when examin-

ing the instance families in more detail, we found that out of the 172

industrial benchmarks in which no labels were removable by prepro-
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Figure 2: Fraction of labels remaining in industrial (left) and crafted (right)
unweighted (PMS) and weighted (WPMS) benchmarks after preprocessing
with and without SLE.
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Figure 3: Influence of SLE on preprocessing time

cessing, 151 were new instances in the 2015 evaluation. In fact, when

preprocessing the 2014 evaluation instances—which are a subset of

the 2015 evaluation instances—using SLE, at least 80% of the labels

are eliminated from over 50% of the instances. This suggests that, in

terms of SLE, the instances added for 2015 are structurally different

from the ones from 2014.

Table 1: Number of solved industrial weighted partial benchmarks and total
time spent on solved instances without preprocessing (default), with SAT-
based preprocessing (w/pre), and with both SAT-based preprocessing and
SLE (w/pre+SLE).

Solved instances (total running time over solved in seconds)
config. Eva LMHS Open-WBO Primal-Dual
default 379 (22,543) 354 (50,981) 331 (15,762) 390 (18,423)
w/pre 384 (20,613) 368 (46,525) 369 (12,345) 391 (15,267)
w/pre+SLE 386 (19,138) 389 (48,277) 369 (11,739) 392 (13,925)

The additional simplifications obtained via SLE are also reflected

in the total number of solved instances and solver runtimes on indus-

trial weighted partial instances. Results are shown in Table 1 for the

state-of-the-art MaxSAT solvers Eva [40], core-guided, best indus-

trial weighted partial solver in 2014; LMHS [11], one of the best

crafted and industrial weighted partial solvers in 2015, a labelled

lifting of the SAT-IP hybrid MaxSAT solver MaxHS [18]; Open-

WBO [36], one of the best industrial unweighted solvers in 2015;

and Primal-Dual [12], a new core-guided solver from 2015. SAT-

based preprocessing together with SLE results in the highest num-

ber of solved instances for each of the solvers. The increase in the

number of solved instances is especially noticeable for LMHS. SLE

also decreases the total runtime over all solved instances for each of

the solvers. For example, for both Eva and Primal-Dual, using SLE

improves further on applying only SAT-based preprocessing by de-

creasing the total runtime by approximately 10%, at the same time

enabling Primal-Dual and Eva to solve one and two more instances,

respectively. Finally, Figure 4 shows a comparison the running times

of the individual instances with the solvers are presented in the or-

der LMHS (first column), Eva (second), Open-WBO (third), and

Primal-Dual (fourth column). For each solver, we compare runtimes

on logscale when applying SLE together with LVE, LSSR, LSE, and

LBCE (’w/pre+SLE’) to (i) without preprocessing (left), and (ii) pre-

processing only with LVE, LSSR, LSE, and LBCE (’w/pre”, right).

For a majority of the instances, SLE improves the total solving time

of each of the solvers both compared to using no preprocessing, and

only using LVE, LSSR, LSE and LBCE.
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Figure 4: Effect of SLE on runtimes without (top) and with (bottom) other preprocessing on industrial weighted partial instances.

7 CONCLUSIONS
We proposed subsumed label elimination (SLE) as a MaxSAT pre-

processing technique that is beneficial to apply in conjunction with

SAT-based preprocessing techniques before MaxSAT solving. SLE

is orthogonal to SAT-based preprocessing in that SLE can eliminate

redundant auxiliary variables (labels) from clauses irrespective of the

original variables occurring in clauses. On the level of labelled CNFs,

this accounts to removing redundant labels from LMUSes, thereby

resulting in cases in a decrease in the number and sizes of MUSes of

MaxSAT instances. Furthermore, SLE has the potential to drastically

reduce the number of iterations performed by core-guided MaxSAT

solvers, currently one of the important classes of MaxSAT solvers.

Applying SLE further improves the running times of various state-

of-the-art MaxSAT solvers on standard industrial weighted partial

benchmarks. For future work, we aim to study more general notions

of redundancies over labels in LCNFs to obtain further label-based

preprocessing techniques for MaxSAT, as well as to study potential

applications in MUS extraction.
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A SLE and Dominance in Binate Covering
SLE (for MaxSAT) can be viewed as the counterpart of the so-called

dominance rule proposed in the early 90s in conjunction with branch-

and-bound approaches for the so-called binate covering problem [17,

16] with applications in logic synthesis. In short, in the binate cover-

ing problem, we are given a Boolean function f : {0, 1}n → {0, 1}
over the variables x1, . . . , xn, and a function cost : {1..n} → N
assigning a non-negative cost cost(i) to each variable xi. The task

is to find a truth assignment τ over x1, . . . , xn that minimizes∑n
i=1 τ(xi) · cost(i) subject to f(τ(x1), . . . , τ(xn)) = 1. The

dominance rule for binate covering is described in [17] for the so-

called modified covering matrix representation of binate covering for

Boolean functions in CNF. We interpret the rule directly on the defi-

nition as follows: variable xi dominates xj if (i) the literal xi occurs

in a clauseC whenever the literal xj occurs inC; (ii) ¬xj occurs in a

clause C whenever ¬xi occurs in C; and (iii) cost(xi) ≤ cost(xj).
A dominated variable can be assigned to 0.

A LCNF-MaxSAT instance (Φ, w) can be viewed as an instance

of binate covering by viewing each labelled clause CL ∈ Φ as the

clause C ∨ L, and letting cost(l) = w(l) for each l ∈ Lbls(Φ)
and cost(x) = 0 for each variable in

⋃
Cl(Φ). After this reduction,

one can observe that, for any label l ∈ Lbls(Φ), it holds that l is

dominated in the resulting binate covering instance if and only if

SLE can eliminate l from (Φ, w).

J. Berg et al. / Subsumed Label Elimination for Maximum Satisfiability 637



REFERENCES
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Vertical Optimization
of Resource Dependent Flight Paths

Anders N. Knudsen and Marco Chiarandini and Kim S. Larsen1

Abstract. Flight routes are paths calculated on a network of
waypoints representing 3D-coordinates. A common approach
is first to calculate a path in a 2D-network, taking into account
feasibility constraints, and then to optimize the altitude of the
flight.

We focus on the problem of determining the vertical trajec-
tory defined by an altitude at each waypoint of a 2D-route.
The cost of an airway depends, directly, on fuel consump-
tion and on flying time, and, indirectly, on weight and on
weather conditions. These dependencies invalidate the FIFO
property, which is commonly assumed for time-dependent net-
works. Moreover, the amount of fuel at departure has an im-
pact on the weight and depends on the length of the route.
This, therefore, needs to be decided upon for our problem.
We aim at minimizing the total cost.

We study path-finding algorithms, both exact and heuristic,
that we iterate in a line-search procedure to decide the fuel
amount at departure. We use real-life data for the experimen-
tal analysis and conclude that on those data the assumption
of the FIFO property remains a good heuristic choice.

1 Introduction

Flight route optimization aims at finding 3D-paths for aircraft
in airway networks that minimize the total cost determined by
fuel consumption and flying time. It has evident financial and
environmental impacts. Airway networks can be huge, due to
the added dimension compared with road networks, and side
constraints complicate further the problem. Moreover, most
of the constraints are determined by a central control insti-
tution, e.g., Eurocontrol in Europe and FAA in USA, and
change rapidly with time in order to take traffic conditions
into account. Therefore, the common practice is to determine
the precise flight route a few hours before take-off. For this
to be feasible and bring any advantage, the route determina-
tion must be very fast, say on the order of a few seconds. If
necessary, the route can then be adjusted during the flight by
real-time optimization, considering more up-to-date informa-
tion.

In this work, we focus on the off-line flight route optimiza-
tion. The common approach in the industry has been to de-
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compose the problem: first a shortest, feasible 2D-route is
found and, afterwards, the vertical trajectory is optimized.
The problem consists in finding a shortest path in a network,
made of nodes that are the combination of waypoints, de-
cided by the 2D-route returned by the first stage, and the
allowed altitudes for the aircraft. Arcs connect nodes belong-
ing to consecutive waypoints in the 2D-route if the distance
between them is enough for the aircraft to make the corre-
sponding altitude transition.

The costs of flying through these arcs depend on two re-
sources: time and fuel. There is a direct dependency because
airlines calculate the total cost as a weighted sum of time and
fuel consumed and there is an indirect dependency, because
the amount of time and fuel consumed depends on the per-
formance of the aircraft, which is influenced by the weather
conditions, which in turn depend on time, and by the weight,
which in turn depends on the fuel consumed. A consequence of
these dependencies is that the cost and the feasibility of each
arc are not statically given but become known only when the
path to a node is determined. The situation is further compli-
cated by the fact that the amount of fuel at departure is not
given, since it is also a decision that can be optimized. The
main issue for solution algorithms is that due to the indirect
dependencies and the impossibility to wait at the nodes (even
at the departure airport), the total cost is a non-monotone
function with respect to time and fuel. That is, it may be dis-
advantageous to arrive cheaply at a node (and hence earlier or
lighter than other alternatives) as it may preclude the chance
to obtain high savings in the remaining path due to favorable
weather conditions developing somewhere at a later time. For
labeling algorithms, this means that a total ordering of the
labels at the nodes is not available.

In the latest years, a considerable amount of research has
focused on engineering aspects of algorithms for the shortest
path problem (SPP) on large road networks [1]. Huge im-
provements have been achieved using several advanced tech-
niques, most of which we deem inapplicable in our setting
due to arc costs being unknown before starting the search. In
time-dependent SPP arc costs can change with the time of
traversal. In one of the first solution attempts to solve this
variant, Bellman’s iterative algorithm [3] was extended by
performing finitely many iterations for any possible starting
time [5]. A property of the problem that demarcates solution
approaches is the FIFO property. If a network is FIFO, then a
vehicle leaving a node cannot be overtaken by another vehicle
leaving the same node at a later stage. The SPP in time-
dependent FIFO networks is polynomially solvable [9], while
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the problem becomes NP-hard for non-FIFO networks [12]. A
variation of the FIFO property, which we will continue to refer
to as FIFO, can be formulated also for the vertical trajectory
problem that we study here. However, in general this prop-
erty does not hold for this problem. Most of the literature has
focused on FIFO networks. In [4], the authors present an ex-
tension for FIFO networks that results in significant speed-up
over earlier Dijkstra approaches. In [6], a lower bound on the
cost from each node to the goal, for use as the heuristic in A∗,
is calculated in a preprocessing step by backwards breadth-
first search assuming the fastest possible speed on each arc.
In [2], travel time profile queries are discussed, where the de-
parture time at the source can be shifted at convenience, in
a similar fashion as we can decide the amount of fuel to em-
bark at departure. The shortest path with time-dependencies
in non-FIFO networks has so far been disregarded in the liter-
ature. Articles discussing a problem similar to ours appeared
only in specialized literature (see e.g., [13]).

We study the classical shortest path methods, breadth-
first[11][10], Dijkstra[7] and A∗[8] search, modified to take
resource dependencies into account. We compare their per-
formance in terms of quality and running time. In particu-
lar, we set out to assess empirically whether it is important
in terms of final cost to work without the FIFO assump-
tion and whether it is computationally feasible. We design
a lower bound for A∗. Under the FIFO assumption we show
that this A∗ search runs faster than Dijkstra’s algorithm while
still producing optimal solutions under the assumption. Then,
we show that the A∗ approach in [6] but without the FIFO
assumption leaves the search computationally infeasible. To
improve running time we introduce an upper bound to prune
path extensions. We are able to conclude that for the real
life data, on which we based our study, the increased scrutiny
obtained by relaxing the FIFO assumption does not pay off.

Our work is in collaboration with the industrial partner
Aviation Cloud (AC) A/S, a Danish company, whose core
business is in flight route planning. The company is inter-
ested in an algorithm that can solve the problem very fast,
within a few seconds, since it must be used as an aiding tool
for flight route planning in an interactive setting. Differently
from other sources, e.g., [13], that used the Base of Aircraft
Data, an open source database provided by Eurocontrol, our
experimental analysis is conducted on data from the specific
business case of Aviation Cloud. As common in the sector,
aircraft manufacturers supply airlines with look-up tables to
calculate the resource consumption of operating the aircraft.
Airlines then provide these data to Aviation Cloud. We in-
clude a comparison of the quality of our vertical trajectories
with the solution currently in use at Aviation Cloud.

2 Problem formulation

Airspaces in different areas of the world are represented by
2D networks, i.e., directed graphs D2D = (V2D, A2D). The
nodes in V2D represent waypoints defined by latitude and lon-
gitude coordinates. Altitude is not part of a waypoint descrip-
tion. The arcs in A2D represent feasible connections between
waypoints. A 2D (flying) route is an (s, g)-path in D2D rep-
resented by n waypoints plus a departure node (source) s
and an arrival node (goal) g, that is, R = (s, r1, . . . , rn, g),
s, ri, g ∈ V2D for i = 1..n, (ri, ri+1) ∈ A2D for i = 1..n − 1

and (s, r1), (rn, g) ∈ A2D.
In this work we assume that a 2D route R is given and we

want to optimize the vertical trajectory. Aircraft may only
cruise at specific (standard) flight levels that may differ from
area to area. Hence, at each waypoint ri, i = 1..n, of R we
associate a set of flight levels F1, . . . , Fn. Thus, for a 2D route
R a vertical trajectory is an (s, g)-path in a layered, directed
graph DR = (VR, AR) where VR = {s}∪F1∪. . .∪Fn∪{g} and
AR = A0 ∪A1 ∪ . . .∪An−1 ∪An with A0 = {(s, f) | f ∈ F1},
An = {(f, g) | f ∈ Fn}, Ai = {(f, h) | f ∈ Fi, h ∈ Fi+1} for
i ∈ {1..n−1}. If we denote by m the size of all Fi for i = 1..n,
then |VR| = nm+ 2 = Θ(nm) and |AR| = (n− 1)m2 + 2m.

Connections in AR exist if allowed by regulations and by
the operational properties of the aircraft. Aircrafts can only
begin a climb or a descent at waypoints but they cannot climb
or descend more than at a given rate, which depends on the
current weight and weather conditions.

For these reasons the existence of connections in DR can be
determined only during the search for routes when the state
of the aircraft at a node becomes known.

We consider fuel and time as resources whose amounts are
nonnegative, i.e., they belong to R+. The resource consump-
tion accumulated at a node u in VR along an (s, u)-path P
in DR is a pair �τP = (τxP , τ

t
P ) ∈ R2

+, where the superscripts
x and t are used to denote the fuel and time components of
the resource cost. We assume known the departure time from
the starting airport, τ ts , and unknown the amount of fuel at
departure, τxs .

The changes in the resource consumption associated with
an arc (u, v) ∈ AR are given by resource extension func-
tion (REF) values and can be represented by the vector
�fuv = (fxuv, f

t
uv) ∈ R2

+. The components of a REF vector,
fxuv and f tuv, depend on the consumption of resources at the
tail node u of arc (u, v), which can be calculated from the
resource consumption accumulated along a path P from s
to u. Specifically, the fuel at u is τxs − τxP and the time is
τ ts + τ

t
P . The resource consumption accumulated along a path

P ′ = (s, . . . , u, v) that extends P by an arc (u, v) is thus

�τP + �fuv(�τP ).
For a given aircraft, REF values are looked up in a set of

tables of aircraft performance data that output the time and
fuel consumption for an arc using as inputs: (i) flight level
of starting and arrival point, (ii) weight, (iii) temperature
deviation, (iv) wind component, and (v) cost index. The cost
index, ρ, is an efficiency ratio between the time-related cost
and the fuel cost that airlines use to specify how to operate
the aircraft. It determines the speed of the aircraft and we
assume it given. It is decided at strategic level and it cannot
be changed during the planning phase. Note that for a path
P = (s, . . . , u) and an arc (u, v) ∈ AR, �fuv depends on τxP
because of (ii) and depends on τ tP because of (iii) and (iv).

A path P = (s, v1, . . . , vk) inDR is resource feasible if τxP ′ >
0 for any prefix path of P ′ (there are no restrictions for τ tP ′).
Both resources contribute to define the cost function c : AR×
R2

+ → R+ for the network specified by DR. This function
represents the monetary cost of flying through an arc. Airlines
use the following formula (see e.g. [13]):

c((u, v), �τP ) = f
t
uv(f

x
uv/f

t
uv + ρ).

For an arbitrary path P = (v1, . . . , vk) in DR with prefixes
Pi = (v1, . . . , vi), i = 2..k−1, its resource-dependent cost, cP ,
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is defined recursively as follows:

cP1 = 0
cPi = cPi−1 + c((vi−1, vi), �τPi−1)

We can now, more formally, define our vertical flight tra-
jectory optimization problem.

Definition 1 (Vertical flight trajectory problem). Given a
2D flight route R from a departure node s to an arrival node
g, the layered digraph DR = (VR, AR) constructed from R
and the available flight levels, a resource extension function
�f : AR → R2, a cost function c : AR × R2

+ → R+, and a
departure time τ ts at s; find an amount of fuel at departure,
τxs , and a resource feasible (s, g)-path P in DR such that cP
is minimum, i.e.,

cP = min{cQ | Q is an (s, g)-path in DR and τxQ′ > 0

for any prefix Q′ of Q}.

Further we define two functions λ, μ : AR → R+ with the
following properties:

λ(u, v) ≤ c((u, v), �τP ) ∀ (u, v) ∈ AR,

�τP ∈ R2
+, P = (s, . . . , u) ⊆ DR

μ(u, v) ≥ c((u, v), �τP ) ∀ (u, v) ∈ AR,

�τP ∈ R2
+, P = (s, . . . , u) ⊆ DR

In other terms, λ is a lower bound and μ an upper bound
on the cost of arcs independent on resources. In our appli-
cation, the minimal cost can be given by any condition from
having the strongest tailwind and carrying as little fuel as
possible to having the strongest headwind and carrying the
maximum amount of fuel.2 The values of λ and μ for every
arc uv ∈ AR are calculated in a global preprocessing phase
and saved in a table. More precisely, for each arc, we look
up the corresponding distance and flight level change in the
aircraft performance data and try all conditions recording the
smallest and highest cost. Distances are discretized and the
value to look up is rounded down for calculating λ and up for
μ.

Using these functions, it is possible to calculate a lower and
an upper bound on the cost of a path from any node u ∈ VR
to the final node g, i.e.,

LB(u, g) = min

{ n∑
i=1

λ(vi, vi+1) | (v1, . . . , vn+1)

path in DR with v1 = u, vn+1 = g

}

UB(u, g) = max

{ n∑
i=1

μ(vi, vi+1) | (v1, . . . , vn+1)

path in DR with v1 = u, vn+1 = g

}
2 Indeed, although counterintuitive, high weight may imply low
cost, because it may allow descents at a speed otherwise impossi-
ble. Similarly, strong headwind may allow an airplane to climb or
descend larger differences in altitude for a given ground distance
than under normal conditions.

These values can be computed in a preprocessing stage by a
backwards breadth-first search.

An analogous of the FIFO property (or non-overtaking
property) for time-dependent networks can be defined for our
case as follows.

Definition 2 (FIFO property). For any pair of nodes, u, v ∈
VR, and any pair of paths, P = (s, . . . , u) and Q = (s, . . . , u),
arriving in u with �τP and �τQ, respectively, if cP < cQ then
cP + c((u, v), �τP ) ≤ cQ + c((u, v), �τQ).

However, this property may be violated in our case. In-
deed, if at node u an (s, u) path Q is more expensive than
an (s, u)-path P (cP < cQ) then, because of the way the cost
is calculated, it must be that Q has consumed more time or
more fuel or both. But in all these cases it is still possible
that there is a cheaper (s, . . . , u, v) path extending Q rather
than P if, for example, weather conditions at time τ ts + τ tQ
are more beneficial than at time τ ts + τ tP (and waiting is not
possible). Although the FIFO property seems not to hold in
theory it is unclear how much it is violated in the real data
and how much worse we do by assuming it as a heuristic. We
study therefore both the FIFO and the non-FIFO cases.

3 Algorithm design

The overall solution approach is sketched in Alg. 1. The main
function, findFuelAndPath(), performs a line search on the
amount of fuel at departure. We start with an initial guess
τxs,0. Then at each iteration i, we call a path finding proce-
dure, findPath, with the current guess τxs,i. If the amount of
fuel is sufficient to find a path in DR from s to g such that
τxg,i ≥ 0, then we update our guess with τxs,i+1 = τxs,i − τxg,i.
Otherwise, the path finding procedure continues with empty
tank until the goal is reached accumulating a negative τxg,i,
which is used to update τxs,i+1 yielding an increase of value.
We continue in this way until the tentative values converge,
that is, when the amount of fuel carried, but not spent, τxg,i,
is less than 2% of the fuel at departure, τxs,i. Depending on
the discretization of the aircraft performance data, the algo-
rithm might never reach this state. This can be counteracted
by increasing the threshold after several iterations. However,
this was not necessary in any of our tests.

The core of the findFuelAndPath function is the path
finding function findPath, which will be executed a few
times. We focus, therefore, on algorithms to make this func-
tion effective and efficient. We consider breadth-first search
and variants of best-first search. In Alg. 1 we give a general
template that remains valid for all the algorithms described
below. A label is a piece of information associated with a
node of DR and created when the algorithm first considers or
“opens” a node. The expansion of a label is the operation of
generating a new label for any node in DR reachable by an
arc going out from the node of the label under expansion.

The algorithm takes as input information about how to
construct the network, the REF tables, the amount of fuel at
departure and the departure time. It then works with a list
of open labels Q and in turn expands labels from this list.
The specific algorithms differ by how a label is selected for
expansion (line 13) and by how it is inserted in the list (line
20).
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1 Function findFuelAndPath(DR, �f, c, τ
t
s)

2 initialize τxs,0

3 P, τxg,0, τ
t
g,0 ← findPath(DR, �f, c, τ

x
s,0, τ

t
s,0)

4 i← 0
5 while τxg,i ≥ 0.02 · τxs,i do
6 P, τxg,i, τ

t
g,i ← findPath(DR, �f, c, τ

x
s,i, τ

t
s,i)

7 τxs,i+1 = τxs,i − τxg,i
8 i = i+ 1

9 return P, τxs

10 Function findPath(DR, �f, c, τ
x
s , τ

t
s)

11 initialize the open list Q by inserting a label for the
departure node

12 initialize  with an empty path of cost infinite
13 while true do
14 ′ ← select a label from Q � Selection criterion

depends on algorithm
15 if (cost of ′ greater than cost of ) then break
16 if (′ is at destination) and (cost of ′ smaller

than cost of ) then
17 ← ′
18 break

19 foreach reachable and allowed node at next
waypoint do

20 calculate cost of reaching node
21 add new label to Q � Insertion depends on

algorithm

22 return P, τxg , τ
t
g of 

Algorithm 1: A general template for solving the flight tra-
jectory problem

When expanding a label on line 18 the possible reachable
nodes in the next layer are calculated. The distance between
consecutive waypoints is given by the 2D-route. It is then
possible to calculate which flight levels in the next layer can
be reached from a node by iteratively trying higher or lower
altitudes until the distance available is not enough for the
climb or descent. Using the aircraft performance data one can
retrieve the REF vector for each of the reachable altitudes and
for each node create a label. Since aircraft are allowed to reach
waypoints outside of standard flight levels, we might have to
add labels at nodes that are not associated with a standard
flight level. These labels are flagged, meaning that they can be
expanded only by a climbing or descending arc and not by a
cruising arc. Only two of these labels need to be created: one
at the maximum climb rate and one at the maximum descent
rate. Due to the discretization of the performance data, we
allow only one flagged label of each kind between each pair of
adjacent standard flight levels. The influence of these on the
graph is discussed in the analysis section.

Initial fuel amount The initial fuel, τxs,0, which is used as
the first value in the line search, is calculated as follows. We
start with the maximum load and adjust its value using the
information gathered by a linear time greedy algorithm. This
algorithm expands only one label at each waypoint. The la-
bel expanded belongs to the next waypoint and has flight
level equal to the minimum between a given value h and the
highest flight level reachable given the current condition of

the aircraft. Whenever from a waypoint the destination node
cannot be reached at the steepest descent, the construction
backtracks to the previous waypoint and descends directly
to the destination from there. After such construction the
amount of fuel at departure is updated. The whole procedure
is repeated decreasing h through all standard flight levels and
halting when either 5 iterations are done or the fuel amount
left after the path is less than 2% of the value at departure. Fi-
nally, τxs,0 is set equal to the value that generated the cheapest
route during this phase.

Breadth-first search All labels at one layer of DR (corre-
sponding to all the different flight levels at one waypoint of
the 2D route) are expanded before moving on to the next
waypoint. The order of expansion is not relevant. Using the
FIFO property, label domination occurs at each node: for mul-
tiple labels reaching a node only the cheapest one is kept. We
denote this baseline algorithm by F-BFS.

Dijkstra The open list is sorted according to the current cost
of the labels and the cheapest label is selected for expansion.
The FIFO property is used for label domination and an ad-
ditional list of closed nodes prevents expanding nodes more
than once. We denote this algorithm by F-Dijk.

A∗ The cost of labels is given by the sum of the cost of the
path to the corresponding node plus a heuristic cost of the
path from the node to the goal. The cheapest label is selected
for expansion and, under the FIFO assumption, at any given
node, the cheapest label dominates the others, which are then
removed from (or never added to) the open list. To guaran-
tee optimality the heuristic must be admissible, i.e., it never
overestimates the cost of reaching the goal, and consistent,
i.e., for every node u, the estimated cost of reaching the goal
from there is no greater than the cost of getting to a succes-
sor v plus the estimated cost from v to the goal. It is easy
to show that consistency is a stronger property as it implies
admissibility. We use the lower bounds LB defined in Sec. 2
that is thus both consistent and admissible. We denote this
algorithm F-A∗.

Non-FIFO A∗ Lifting the FIFO assumption in F-A∗ means
that labels cannot be dominated at nodes based purely on the
cost of reaching that node. This algorithm, denoted by nF-A∗,
does not use the FIFO assumption but it tries to reintroduce
some form of domination at nodes. It does so using the upper
bound UB (see Sec. 2). Let P and Q be two paths in DR

from s to u and let  and ′ be the corresponding labels in u,
respectively. The label ′ is dominated by , if cQ > cP and
cQ − cP > UB(u, e) − LB(u, e). That is, it is impossible for
the most expensive label ′ to gain the difference in cost over
the cheapest label  in the remaining path to destination even
if in the case that ′ continues in the best possible way and 
in the worst possible way. When a new label is created it may
either be dominated by the currently cheapest label on that
node, or it may dominate any number of the more expensive
current labels at the node. Selection is still based on the cost
of the path plus the heuristic cost to the goal.

A∗ with an inconsistent and inadmissible heuristic
Experimental analysis shows that nF-A∗ lacks efficiency. The
heuristic via lower bound LB is quite weak and this is bad
when domination can occur only seldom. Further experimen-
tal observations suggested that using always maximum tail
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wind and zero fuel in the calculations of the λ values asso-
ciated to each arc led to a stronger LB bound and therefore
to faster searches. However, as explained earlier in this way
we cannot guarantee the consistency and admissibility of the
heuristic. However in order to be able to solve instances of a
considerable sizes, we introduce a variant of nF-A∗, which uses
the stronger bound. We denote it nF-iA∗. In Sec. 5 we analyze
the trade-off between computation speed and quality of the
solutions in the two variants.

We also tested the impact of the stronger lower bound in a
FIFO setting. F-iA∗ is a variant of F-A∗ that uses the stronger
bound, but also allows a node to be revisited, should a cheaper
label be discovered later. The point of allowing revisits is that
it causes inconsistency to no longer lead to suboptimal results.
This limits the amount of instances where the algorithm does
not find optimal solutions. However, it does not fix problems
caused by inadmissibility, so optimality is still not guaranteed.

4 Analysis

Data structures The open list is implemented as a red-black
tree. We maintain a pointer to the minimum cost label, so
we are able to retrieve it for expansion in amortized constant
time. Access is worst case constant time and rebalancing after
deletion is amortized constant time. To check domination,
when a new label is created, the label must be compared with
the minimum cost label at the same node. For F-Dijk and
F-A∗, there can only be a single label for each node and so they
can be stored in a simple list. For nF-A∗, we need to keep track
of the labels per node and be able to retrieve the minimum
and the maximum cost labels. This is achieved by keeping a
red-black tree of labels at each node with a pointer to the
minimum cost label and one to the maximum. The entries
in these trees have pointers to the corresponding entries in
the open list and vice versa. Then we are able to perform all
extractions and deletions in the two structures in amortized
constant time. Finally, the closed list is implemented as a
bitwise array with one bit per node.

FIFO algorithms Let n be the number of waypoints and
m the number of standard flight levels. Due to the domina-
tion in F-BFS, F-Dijk, and F-A∗, we can expand exactly one
label for each node at a standard flight level. Hence, the size
of the open list and the number of labels we can expand is
O(nm). Each expanded label can generate a maximum of m
additional labels. This means that we can create O(nm2) la-
bels overall. This is also true when taking into account the
climb- and descent-only labels. Whenever expanding a label
leads to the creation of either, it means that some number of
standard labels were not created. The expansion of the climb-
or descent-only label can then generate exactly that number
of additional labels, leading to a maximum ofm+2 labels cre-
ated per expansion if both kinds are created. Due to allowing
revisits the labels created by F-iA∗ may increase exponentially
to O(mn).

Upon creation, a label must be inserted into the open list
and into the node list. F-BFS simply inserts it into a simple list
in O(1). F-Dijk, F-A∗ and F-iA∗ insert them into the red-black
tree that implements the open list in O(log(nm)). With our
datasets this cost is, however, dominated by the constant time
needed to expand a label, due to several look-ups to calculate
the cost of an arc.

Non-FIFO Since domination is restricted in both nF-A∗ and
nF-iA∗, the number of labels in the open list grows exponen-
tially with respect to the depth of the search, which we know
to be n. Thus, the open list can end up containing O(mn)
labels. The insertion of each label costs O(nlogm).

Preprocessing The A∗ algorithms need the values LB(u, g)
for all u ∈ VR. Since these values are resource independent we
calculate them once for every (s, g)-path query, that is, before
running findPath and hence it is unaffected by the repetition
of findPath. We do this by a backwards breadth-first search
in O((n ·m) · (n+m)). For nF-A∗ we also calculate UB(u, e)
for all u ∈ V . This latter needs additional O((n ·m) · (n+m))
for a backwards breadth-first search.

5 Experimental Assessment

All algorithms described above except nF-A∗ are heuristic al-
gorithms, that is, because of the FIFO assumption or the use
of inconsistent and inadmissible heuristics they do not guar-
antee to terminate with optimal solutions. We set out then to
assess the deterioration in quality of the heuristic algorithms
and their running time with the goal of suggesting the best
trade off. We also compare the quality of our solutions with
those found by AC, a fast greedy algorithm previously in use
at Aviation Cloud.

We use real life data provided by Aviation Cloud. This data
consists of aircraft performance data, weather data forecast in
standardized GRIB2 format and 2D-routes provided by Avi-
ation Cloud’s route planner. The aircraft performance data
refers to one single aircraft and the standard flight levels are
from 0 to 48000 feet in intervals of 200 feet. The weather
data forecast are from three different days with intervals of
three hours and with varying top wind speeds (the strongest
wind speed recorded was 270 km/h). A specific test instance
(or query) is determined by the time of departure and the
2D-route. The same aircraft performance data and weather
conditions are shared by several instances. All tests were run
with a default of 5% contingency fuel. To account for fluctua-
tions in CPU time measurement, each instance was tested 15
times and only the fastest was recorded.

The instances have been grouped by the number of way-
points in the 2D-routes, varying from 11 to 50 with increments
of 1. This is the most important factor for the complexity of
the problem. For each different number of waypoints 30 routes
are available, arbitrarily chosen among the routes serviced by
Aviation Cloud. Overall we tested on 3600 instances, which
should be enough to guarantee that the visual differences be-
tween algorithms in the following analysis are statistically sig-
nificant.

All algorithms were implemented in C# and the tests were
carried out on a virtual machine in a cloud environment with
an Intel Xeon E5-2673 processor at 2.40Ghz and with 7GB
RAM. We introduced time limits for the non-FIFO algorithms
that were 30 seconds for nF-iA∗ and 10 minutes for nF-A∗.
nF-A∗ was able to solve instances only with less than 14 way-
points. FIFO A∗ algorithms used in the worst case 100 MB of
memory of which 90 MB was used to store the preprocessed
aircraft performance data. nF-iA∗ reached 500 MB when the
time limit was reached and nF-A∗ reached more than 5 GB in
several instances.
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Figure 1. Scatter plot of percentage gap to the best solutions on each instance.

Cost assessment We ran each algorithm i on each instance
j and recorded the cost returned by the algorithm, xij ,
and the cheapest cost found by any algorithm in our study
on an instance, x∗j . We then computed the percentage gap
yij = 100 · (xij − x∗j )/x∗j. A scatter plot of this metric is re-
ported in Fig. 1. We observe that F-BFS, F-Dijk, and F-A∗ find
trajectories of exactly same cost. nF-A∗ also finds the same so-
lutions in the instances it is able to solve. These solutions are
also always the best except for one single instance where the
two non-FIFO algorithms find a better solution. This is the
only case out of 3600 where we observed that not assuming
the FIFO property is necessary to achieve better solutions.
For instances below 14 waypoints, where nF-A∗ terminated,
a gap equal to zero indicates that the solution is provably
optimal. For more waypoints the optimal solutions could be
better than those found in our experiments and hence the im-
pact of assuming FIFO might be more pronounced. Another
explanation for the low impact of the FIFO assumption can
be the low frequency of changes in our weather data. Given
more frequent changes, the impact might be more relevant. It
should also be noted that fluctuating weather conditions could
make the optimal route bumpy, and, therefore, unpleasant for
the passengers. Our algorithm could be adjusted to prevent
bumps however this turned out to be unnecessary in our tests
that resulted always in stable routes.

As expected, inconsistency and inadmissibility issues in
both F-iA∗ and nF-iA∗ seem to have a considerable impact
on the deterioration of solution quality. Finally, the solutions
we found with any algorithm in this study are better than
those of AC.

Computation cost assessment The running time of the whole
trajectory optimization algorithm comprises the time to carry
out preprocessing computations, where needed, and the time
to execute findPath until convergence. The number of calls
to findPath was in most of the cases two or three with peaks
of four or five with many waypoints. There is no significant
influence on this number by the algorithm used to implement
findPath, hence in the analysis that follows we consider re-
sults only on preprocessing and single runs of findPath. A
scatter plot of the number of opened and expanded nodes and
of the computation time in milliseconds is reported in Fig. 2.

It is evident from the figure that the number of labels
opened and expanded is much higher in non-FIFO algorithms.
As a consequence several runs do not terminate within the
time limit. For this reason we stopped prematurely running

nF-A∗ on instances with more than 14 waypoints. The use of
the inconsistent and inadmissible heuristic in nF-iA∗ was in-
stead effective. It reduces by a good margin the amount of
labels opened and expanded, and thus nF-iA∗ can solve also
the instances with high number of waypoints, although still
not all. This comes at the cost of suboptimal routes though.

We observe that F-Dijk opens fewer nodes than F-BFS but
expands about the same number of nodes and hence has al-
most the same running times. Optimal paths typically climb
to a high altitude and then cruise at that altitude for most
of their lengths. However, F-Dijk gets trapped expanding la-
bels of descending nodes, as these are almost always cheaper.
Whenever F-BFS opens a label, it only needs to insert it into
a list, whereas F-Dijk needs to add it to the red-black tree.
This fact has however no evident consequence on the running
time, which is anyway dominated by the calculation of the
cost of an arc and, hence, by the number of labels expanded.
F-A∗ opens and expands less nodes than F-Dijk and is there-

fore also slightly faster, even including the preprocessing time
required to do the backwards breadth-first search to find the
heuristic values. However, as mentioned earlier the bound is
not very strong and thus the decrease in search space is not
impressive. F-iA∗ reduces the search space by a much larger
margin, and is also considerably faster. Once again though,
this comes at the cost of suboptimal routes.

6 Conclusions

We found impractical from a computational point of view
finding optimal trajectories without assuming the FIFO prop-
erty. Then, our best suboptimal algorithm without assuming
FIFO is nF-A∗. However, we found only a single instance out of
3600 tested, where this algorithm finds better solutions than
those found by much faster algorithms that instead assume
the FIFO property. To solve the problem in a FIFO setting,
either F-A∗ or F-iA∗ is the best choice, depending on whether
solution cost or running time is deemed most important. F-A∗

finds always the solution of best cost, which is optimal in the
most common case that the FIFO property holds in the data.
F-A∗ finds less good solutions but is faster.

The design of a heuristic for A∗ that makes the algorithm
optimal while maintaining its efficiency is a possible focus for
further research. However, important savings in costs could be
found by an integrated solution approach for 3D route opti-
mization, where the 2D route and the trajectory are optimized
together.
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Figure 2. Above, semi-logarithmic plot of the number of opened and expanded nodes; below, semi-logarithmic plot of the computation
time of preprocessing and findPath. There is no preprocessing in F-BFS and F-Dijk. Data points related to runs that exceeded the time

limit are marked in black.
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Exploiting Bayesian Network Sensitivity Functions for
Inference in Credal Networks

Janneke H. Bolt1 and Jasper De Bock2 and Silja Renooij 3

Abstract. A Bayesian network is a concise representation of a joint

probability distribution, which can be used to compute any probabil-

ity of interest for the represented distribution. Credal networks were

introduced to cope with the inevitable inaccuracies in the parametri-

sation of such a network. Where a Bayesian network is parametrised

by defining unique local distributions, in a credal network sets of lo-

cal distributions are given. From a credal network, lower and upper

probabilities can be inferred. Such inference, however, is often prob-

lematic since it may require a number of Bayesian network compu-

tations exponential in the number of credal sets. In this paper we

propose a preprocessing step that is able to reduce this complexity.

We use sensitivity functions to show that for some classes of parame-

ter in Bayesian networks the qualitative effect of a parameter change

on an outcome probability of interest is independent of the exact nu-

merical specification. We then argue that credal sets associated with

such parameters can be replaced by a single distribution.

1 INTRODUCTION
Ever since the introduction of Bayesian networks [19], we have seen

a growing interest for probabilistic graphical models in AI. A prob-

abilistic graphical model concisely represents joint probability dis-

tributions over a set of stochastic variables, by combining the use

of a graph to represent the independence relation among the vari-

ables with probability distributions over subsets of those variables.

A Bayesian network defines a unique joint probability distribution

by combining an acyclic directed graph with local discrete distribu-

tions, one for each node in the graph conditioned on its parents. A

Bayesian network can be used to infer any probability of interest

from the represented distribution.

Since in practice the specified probabilities, also called parame-

ters, may be inaccurate, methods were developed to cope with such

inaccuracies. A sensitivity analysis, for example, can be used to

study the impact of inaccuracies on outcome probabilities of inter-

est [16]. Alternatively, credal networks adopt the framework of im-

precise probabilities [2, 23] by allowing the use of closed convex sets

of distributions (also called credal sets), rather than defining unique

local distributions per variable. Credal networks as such represent a

set of Bayesian networks [1, 11, 12].

One of the main computational problems in a credal network is the

computation of tight lower and upper bounds on the outcome proba-

bilities that correspond to the represented Bayesian networks. These

computations in essence require a number of Bayesian network in-

ferences that is exponential in the number of imprecise local credal

1 Utrecht University, The Netherlands, email: j.h.bolt@uu.nl
2 Ghent University, Belgium, email: jasper.debock@ugent.be
3 Utrecht University, The Netherlands, email: s.renooij@uu.nl

sets, which are the local credal sets that consist of more than one

distribution.

Although this combinatoric explosion can, in general, not be

avoided, in many cases a reduction is possible. For example, similar

to what can be done for Bayesian networks, it is possible to apply a

preprocessing step in which the variables that are irrelevant for a spe-

cific problem, such as d-separated or barren nodes, are pruned in ad-

vance [11]. In this paper, we introduce a second type of preprocessing

step to reduce the combinatoric complexity of credal network infer-

ence. Unlike the use of d-separation or the removal of barren nodes,

our preprocessing step is tailored specifically to credal networks, and

does not apply to Bayesian networks, as it involves replacing some

of the local imprecise credal sets by a single distribution.

In order to prove the validity of our preprocessing step for credal

network inference, we exploit results that we derive from Bayesian

network sensitivity functions. More specifically, we use sensitivity

functions to prove that for certain categories of distributions we can

predict the qualitative effect of changing their parameters on an out-

come probability, irrespective of the numerical specification of the

network. In a credal network, this result allows us to identify, prior to

the inference, local credal sets that can be replaced by a single distri-

bution without changing the result of the inference. By applying this

preprocessing step, the number of imprecise local credal sets and

the corresponding combinatoric complexity of inference is reduced.

Moreover, we demonstrate that for some widely used special classes

of networks even all credal sets can be replaced by a single distribu-

tion, thereby essentially reducing the problem of computing a lower

or upper probability in a credal network to an inference problem in a

single Bayesian network.

This paper is organised as follows. In Section 2, we introduce the

notation used throughout the paper. In Section 3, we start with a brief

review of Bayesian networks and subsequently derive the properties

of sensitivity functions for Bayesian networks that we want to exploit

in the context of credal networks. Section 4 introduces the concept of

a credal network, and then uses the results in Section 3 to establish

the aforementioned preprocessing technique. We end the paper with

conclusions and suggestions for future research.

2 NOTATION

This paper is concerned with graphical models for (sets of) joint

probability distributions Pr(V) over a set of finite-valued random

variables V.

We use upper case V to denote a single random variable, writing

v ∈ V to indicate a value (lowercase v) of V . For binary-valued

V , we use v and v to denote its two possible value assignments.

Boldfaced letters are used to indicate sets (capitals), both of variables
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and of value assignments, or a joint value assignment (lowercase) to

a set of variables; the distinction will be clear from the context. For

example V ∈ W indicates that V is a variable in a set of variables

W, whereas w ∈W indicates that w is a joint value assignment of

that same set of variables W.

Two value assignments are said to be compatible, denoted by ∼,

if they agree on the values of the shared variables; otherwise they

are said to be incompatible, denoted by �. For example, for three

distinct variables U , V andW in V, and value assignments u, u′ ∈
U , v ∈ V and w ∈ W such that u 	= u′, we have that uv ∼ uvw
and uv � u′vw. Assignments to disjoint sets are always considered

to be compatible.

The probabilistic graphical models that we consider are Bayesian

networks and credal networks. The graphical part of these models

consists of a directed graph, the nodes of which have a one-to-one

correspondence with the random variables V in V. For a given node

V , π indicates its set of parents in the directed graph, and we will

use π to indicate a joint instantiation of these parents. Without loss

of generality, we assume that the set V of all random variables con-

sists of the disjoint subsets H (hypothesis variables), E (evidence

variables) and R, with V = H ∪ E ∪ R. The sets of hypothesis

variables and evidence variables that do not have parents in R are

denoted by H|�R and E|�R, respectively. Similarly, the set H|�H con-

sists of those hypothesis variables that have no parents in H.

Finally, when referring to monotonic functions, we will use

the term increasing to indicate both strictly increasing and non-

decreasing functions; likewise decreasing refers to both strictly de-

creasing and non-increasing functions.

3 BAYESIAN NETWORKS’ SENSITIVITY
PROPERTIES

In this section, we first briefly review Bayesian networks and sen-

sitivity analysis. Subsequently, we establish guarantees on the be-

haviour of sensitivity functions for some categories of parameters.

Next, we use these results to define types of local distributions, which

will then allow us in Section 4 to exploit our results in the context of

credal networks.

3.1 Bayesian network preliminaries
A Bayesian network B is a concise representation of a joint prob-

ability distribution. It uses a directed acyclic graph to capture the

(in)dependences among its variables V using the well-known d-

separation criterion [19]. 4 Furthermore, for each variable V ∈ V,

it specifies exactly one local distribution Pr(V |π) over the values

of V for each value assignment π to π; the separate probabilities

in these distributions are termed the network’s parameters. The joint

probability distribution Pr factorises over the local distributions as

follows:

Pr(v) =
∏
V ∈V

Pr(v |π)
∣∣
vπ∼v

where the notation |prop is used to indicate the properties the argu-

ments in the preceding formula adhere to. Outcome probabilities of

the form Pr(h |e) can be computed with various algorithms [15].

4 For any three disjoint sets of nodes X , Y , Z, the set Z is said to d-separate
X and Y if there do not exist any active chains between X and Y given
evidence for Z. A chain between two nodes is active if each of its head-to-
head nodes is either instantiated or has an instantiated descendant, and none
of its other nodes are instantiated. The variables captured by d-separated
nodes are considered probabilistically independent.

An example Bayesian network is shown in Figure 1. The figure

shows a graph with hypothesis variables H = {G,H,K} (double

circles), evidence variables E = {E,F} (shaded), and remaining

variable R = {R}. The figure also shows conditional probability

tables (CPTs) that specify the local distributions. Actual numbers are

not provided, but the top row in the table for Pr(H |G) could for

example specify the parameters Pr(h |g) = 0.4 and Pr(h |g) = 0.6.

The probabilities computed from a Bayesian network depend on

the parameters specified in the network, which are inevitably inaccu-

rate. To study the effects of such inaccuracies on an output probabil-

ity of interest, a sensitivity analysis can be performed. One approach

to performing a sensitivity analysis is to compute so-called sensitiv-

ity functions [16]. An n-way sensitivity function describes an output

probability of interest Pr(h |e) as a function of n network parame-

ters �x = {x1, . . . , xn}:

Pr(h |e)(�x) = Pr(he)(�x)

Pr(e)(�x)

where both the numerator and the denominator are known to be

multi-linear expressions in �x. For n = 1, the one-way sensitivity

function takes the general form

Pr(h |e)(x) = τ1 · x+ τ2
κ1 · x+ κn

where the constants τ1, τ2, κ1 and κ2 are composed of non-varied

network parameters. Throughout this paper we assume Pr(e) to be,

and to remain, strictly positive.

Upon varying a parameter x of a distribution, the other parameters

of the same distribution have to be co-varied to let the distribution

sum to 1. If the distribution is associated with a binary variable, the

co-varying parameter equals 1−x. If a variable is multi-valued, how-

ever, different co-variation schemes are possible [21].

Based upon graphical considerations alone, in computing a prob-

ability Pr(h |e), and thus also for performing sensitivity analyses

with respect to this output probability, a Bayesian network can be

safely pruned by removing variables that are either d-separated from

H given E, or that are barren given these sets.5 The remaining vari-

ables all have evidence or parameters that may be required for the

computation of Pr(h |e) [22]. This set of requisite variables coin-

cides with the union of E and the so-called sensitivity set [18], which

is the set of variables for which a change in one of its parameters may

result in a change in Pr(h |e) [10]. In our example network in Fig-

ure 1 all variables are in the sensitivity set of Pr(ghk |ef).

3.2 Guaranteed effects of parameter changes
In this section, we first consider one-way sensitivity functions

Pr(h |e)(x) and identify categories of parameters that are guaran-

teed to give monotonically increasing and parameters that are guar-

anteed to give monotonically decreasing one-way functions. We also

identify parameters inside the sensitivity set of Pr(h |e) that are not

used in computing the outcome probability Pr(h |e). Next, we use

these results to provide guarantees on n-way functions Pr(h |e)(�x).
We begin by categorising the different parameters x = Pr(v |π)

of a Bayesian network with respect to a specific outcome probability

Pr(h |e). We only categorise the subset of all parameters for which

we can provide guarantees on their qualitative effect on the outcome

probability. The categorisation is given in Table 1. For our example

network in Figure 1, the categories are indicated with respect to the

output probability Pr(ghk |ef).
5 Barren variables are in the set R and have just barren descendants.
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Figure 1: An example Bayesian—and credal—network. The CPTs are labelled with parameter categories (see Table 1) and distribution types

(see Section 3.3) with respect to output probability Pr(ghk |ef).

Table 1: Categorisation of parameters x = Pr(v |π) with respect to

the outcome probability Pr(h |e).

π ∼ h π � h

π � e cat. 0 cat. 0

V ∈ E, v � e and π ∼ e cat. 1b cat. 2b

V ∈ E|�R and vπ ∼ e cat. 1a cat. 2a

V ∈ E \E|�R and vπ ∼ e - cat. 2a

binary V ∈ H|�R and π ∼ e cat. 3a (v ∼ h) -

cat. 3b (v � h)

The following proposition states that parameters from category 1a

result in sensitivity functions that are monotonically increasing,

whereas parameters from category 2a give monotonically decreas-

ing sensitivity functions, irrespective of the values of the non-varied
network parameters and irrespective of the co-variation scheme that
is used.

Proposition 1 Consider a Bayesian network B and a probability of
interest Pr(h |e). Let x = Pr(v |π) be a parameter of V ∈ E with
vπ ∼ e. If V ∈ E|�R and π ∼ h, then the sensitivity function
Pr(h |e)(x) is monotonically increasing. If π � h, then the sensi-
tivity function Pr(h |e)(x) is monotonically decreasing.

Proof. We first consider the numerator of the sensitivity function:

Pr(he) =
∑
r∈R

Pr(rhe) =
∑
r∈R

∏
V ∗∈V

Pr(v∗ |π∗)
∣∣
v∗π∗∼rhe (1)

Note that x = Pr(v |π) is a factor in this expression only if π ∼ h.

For π � h, therefore, Pr(he)(x) = τ1 for some constant τ1 ≥ 0.

Returning to the case where π ∼ h, we observe that if V ∈ E|�R, we

have that π ∼ rhe for all r ∈ R and we thus find that

Pr(he)(x) = x ·
(∑
r∈R

∏
V ∗∈V\{V }

Pr(v∗ |π∗)
∣∣
v∗π∗∼rhe

)

Given π ∼ h and V ∈ E|�R, therefore, Pr(he)(x) = x ·τ1 for some

constant τ1 ≥ 0.

Next, we consider the denominator of the sensitivity function:

Pr(e) =
∑

r∈R,h∗∈H
Pr(rh∗e)

=
∑

r∈R,h∗∈H

∏
V ∗∈V

Pr(v∗ |π∗)
∣∣
v∗π∗∼rh∗e (2)

We observe that x = Pr(v |π) is a factor in each term of the sum-

mation for which π ∼ rh∗, and otherwise is absent. That is, no

term includes x as a co-varying parameter. Therefore, Pr(e)(x) =
κ1 · x+ κ2, for constants κ1, κ2 ≥ 0.

We are now able to determine the general form of the sensitiv-

ity function Pr(h |e)(x) under the given conditions. Moreover, we

can use the first derivative of this sensitivity function to determine

whether the function is increasing or decreasing. If π ∼ h and

V ∈ E|�R, we find that

Pr(h |e)′(x) = τ1 · κ2
(κ1 · x+ κ2)2

.

This first derivative is always non-negative which implies that

Pr(h |e)(x) is a monotone increasing function, irrespective of the

values of the non-varied network parameters and irrespective of the

co-variation scheme. If π � h, we find that

Pr(h |e)′(x) = −τ1 · κ1
(κ1 · x+ κ2)2

.

This first derivative is always non-positive, which implies that

Pr(h |e)(x) is a monotone decreasing function, irrespective of the

values of the non-varied network parameters and irrespective of the

co-variation scheme. �

Our next proposition states that parameters from category 3a re-

sult in monotonically increasing sensitivity functions, whereas pa-

rameters from category 3b give monotonically decreasing sensitivity

functions, again irrespective of the values of the non-varied network
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parameters. The proposition concerns parameters for binary hypoth-

esis variables, which implies that the co-variation scheme is fixed.

Proposition 2 Consider a Bayesian network B and a probability of
interest Pr(h |e). Let x = Pr(v |π) be a parameter of a binary
variable V ∈ H|�R , with π ∼ e and π ∼ h. If v ∼ h then
the sensitivity function Pr(h |e)(x) is monotonically increasing. If
v � h then Pr(h |e)(x) is monotonically decreasing.

Proof. We first consider the parameters x with v ∼ h. As in the

proof of Proposition 1, the numerator of the sensitivity function can

be rewritten as

Pr(he)(x) = x ·
(∑
r∈R

∏
V ∗∈V\{H}

Pr(v∗ |π∗)
∣∣
v∗π∗∼rhe

)
because, under the given conditions, x is a factor in all terms of the

summation. Therefore, we have that Pr(he)(x) = x ·τ1, for some

constant τ1 ≥ 0.

The assumption that V is binary enforces the following co-

variation scheme: Pr(v |π) = 1−Pr(v |π). Therefore, with respect

to the denominator of the sensitivity function—see Equation (2)—

we observe the following: 1) x itself is a factor in any term of the

summation for which π ∼ h∗ and v ∼ h∗, 2) x appears as (1 − x)
for π ∼ h∗ and v � h∗, and 3) x is absent whenever π � h∗.

Hence, Pr(e)(x) = x·κ1 +(1−x)·κ2 +κ3, with constants κi ≥ 0,

i = 1, 2, 3.

We now find that the first derivative of the sensitivity function

equals the following non-negative function:

Pr(h |e)′(x) = (κ2 + κ3)·τ1
(κ2 + κ3 + κ1 ·x− κ2 ·x)2

This implies that Pr(h |e)(x) is a monotonically increasing function

irrespective of the values of the non-varied network parameters.

Next, we consider the parameters x = Pr(v |π) with v � h. Since

we know that Pr(v |π) = 1 − Pr(v |π) with v ∼ h, an increase

(decrease) of x is equivalent to a decrease (increase) of the parameter

consistent with h. Hence, using the first part of this proof, it follows

that Pr(h |e)(x) is a monotonically decreasing function irrespective

of the values of the non-varied network parameters. �

Although the above propositions are concerned with one-way sen-

sitivity functions, we have shown that their monotone increasing or

decreasing behaviour does not depend on the actual values of the

non-varied parameters which determine the constants of the func-

tion. As a result, our observations extend to specific n-way sensitivity

functions.

Theorem 1 Consider a Bayesian network B and a probability of in-
terest Pr(h |e). Let �x+ = {x+1 , . . . , x+k } be a set of parameters from
categories 1a and/or 3a, and let �x− = {x−1 , . . . , x−l } be a set of
parameters from categories 2a and/or 3b. Then the (k + l)-way sen-
sitivity function Pr(h |e)(�x+, �x−) is monotonically increasing for
increasing parameters x+i and decreasing parameters x−i ; the sen-
sitivity function is monotonically decreasing for decreasing x+i and
increasing x−i .

Proof. From Propositions 1 and 2 we have that a one-way sensitivity

function Pr(h |e)(x+i ) increases with increasing x+i and a one-way

sensitivity function Pr(h |e)(x−i ) increases with decreasing x−i , ir-

respective of the values of the non-varied parameters, and irrespec-

tive of the co-variation scheme. Given a simultaneous increase of

parameters in �x+ and decrease of parameters in �x−, therefore, the

probability Pr(h |e)(�x+, �x−) will increase. A similar observation

holds for decreasing x+i and increasing x−i . �

The above results describe an output probability of interest as a

function of changing input parameters of categories 1a, 2a, 3a and 3b.

The example network in Figure 1 also includes parameters of cate-

gory 0, 1b and 2b. Parameters of these categories are not used in com-

puting the output probability. For category 0, the parameters make

up an entire local distribution (see e.g. the CPT for Pr(K |FR)); for

parameters of categories 1b and 2b, parameters are in a local distri-

bution with a parameter of category 1a or 2a (see e.g. the CPTs for

Pr(E |G) and Pr(F |HR)).

Proposition 3 Consider a Bayesian network B and a probability of
interest Pr(h |e). Let Pr(v |π) be a parameter. If v � e and/or
π � e, then Pr(v |π) is not used in the computation of Pr(h |e).

Proof. As before, we have that

Pr(h |e) = Pr(he)

Pr(e)

with numerator

Pr(he) =
∑
r∈R

Pr(rhe) =
∑
r∈R

∏
V ∗∈V

Pr(v∗ |π∗)
∣∣
v∗π∗∼rhe

The parameter Pr(v |π) can only be a factor in this numerator if

v ∼ e and π ∼ e. A completely analogous observation holds for the

denominator as well. �

Note that we cannot conclude from the above proposition that the

sensitivity function Pr(h |e)(x) for parameters x = Pr(v |π) of cat-

egories 1b and 2b is constant. A change of such parameters may, by

co-variation, induce a change in the parameter Pr(v′ |π) of the same

local distribution with v′ ∼ e which is used in the computation of

Pr(h |e). The actual value of a parameter with v � e, however, is

irrelevant for Pr(h |e). We can conclude that the sensitivity func-

tion Pr(h |e)(x) for parameters of category 0 is a constant, however,

since given a parameter with π � e this condition is fulfilled for all

parameters in the same local distribution.

3.3 Defining local distribution types
In the previous subsection we have focused on properties of different

categories of parameters in a Bayesian network. In order to apply our

results in the context of credal networks, it will be useful to lift these

properties to the level of distributions. To this end, we define four

types of local distributions Pr(V |π), again with respect to a specific

outcome probability of interest Pr(h |e).

Definition 1 (Local distribution of Type 0) Consider a Bayesian
network B and a probability of interest Pr(h |e). A local distribu-
tion Pr(V |π) is said to be of Type 0 if π � e.

All parameters of a local distribution of Type 0 are in category 0.

From Proposition 3, we know that parameters from a local distri-

bution of Type 0 are irrelevant for the computation of the outcome

probability Pr(h |e).

Definition 2 (Local distribution of Type I) Consider a Bayesian
network B and a probability of interest Pr(h |e). A local distribu-
tion Pr(V |π) is said to be of Type I if π ∼ e, V ∈ E|�R and
π ∼ h.
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The unique parameter of a distribution of Type I with v ∼ e is in

category 1a. Any other parameter Pr(v′ |e) of the distribution is in

category 1b and is therefore irrelevant for computing Pr(h |e), since

v′ � e. Given changes in a local distribution of Type I, therefore,

knowing the qualitative change of the parameter with v ∼ e suffices

to know the qualitative effect of the changes in the entire distribution

on Pr(h |e). In particular, an increase (decrease) of this parameter

results in an increase (decrease) of Pr(h |e).

Definition 3 (Local distribution of Type II) Consider a Bayesian
network B and a probability of interest Pr(h |e). A local distribu-
tion Pr(V |π) is said to be of Type II if π ∼ e, V ∈ E and π � h.

Analogous to distributions of Type I, knowing the qualitative change

of the parameter with v ∼ e is sufficient to know the qualitative

effect of changes in the entire local distribution on Pr(h |e). Now

the unique parameter with v ∼ e is in category 2a, which implies

that an increase (decrease) of this parameter results in an decrease

(increase) of Pr(h |e).

Definition 4 (Local distribution of Type III) Consider a Bayesian
network B and a probability of interest Pr(h |e). A local distribution
Pr(V |π) is said to be of Type III if π ∼ e, π ∼ h, V ∈ H|�R and
|V | = 2.

Distributions of Type III consist of exactly two parameters, one for

v and one for v, which are related by the fixed co-variation scheme:

Pr(v |π) = 1 − Pr(v |π). The parameter that is compatible with h
is in category 3a, which implies that an increase (decrease) of this

parameter results in an increase (decrease) of Pr(h |e). The param-

eter that is not compatible with h is in category 3b, which implies

that the concurrent decrease (increase) of this parameter results in an

increase (decrease) of Pr(h |e) as well.

By Theorem 1 and Proposition 3 we have that, given simultaneous

changes in multiple local distributions, Pr(h |e) will increase (de-

crease) given an increase (decrease) of the parameters with v ∼ e
in the distributions of Type I and III and a decrease (increase) of the

parameters compatible with v ∼ e in the distributions of Type II.

The outcome probability Pr(h |e) is not affected by changes in local

distributions of Type 0.

3.4 Important special cases
In Section 3.3 we identified types of distributions for which we can

guarantee the direction of change in Pr(h |e) upon changes in cer-

tain parameters from those distributions. In general, as illustrated in

Figure 1, a network will include distributions that do not belong to

any of those types. We can, however, identify classes of networks

for which the majority of distributions—or even all of them—can be

classified as Type 0, I, II or III.

Consider for example a network obeying the following constraint:

each observed variable only has hypothesis variables or other ob-

served variables as parents, that is, E = E|�R. It then follows from

Definitions 1–3 that all local distributions of the observed variables

are of type 0, I or II. Bayesian network classifiers with full evidence

obey this constraint. Bayesian classifiers, a special type of Bayesian

network, are widely used in practice (see [14] for an overview).

Now consider a network obeying the constraint that all hypothesis

variables are binary valued and can only have observed variables as

parents, that is, H = H|�R ∩H|�H and |V | = 2 for each V in H. It

then follows from Definitions 1 and 4 that all local distributions of

the hypothesis variables are of Type 0 or III.6 This second constraint

is for example obeyed by Bayesian network classifiers with a single

binary class variable, or by Bayesian network classifiers with multi-

ple binary class variables, provided that these class variables have no

class parents.7 Given full evidence, these two types of Bayesian net-

work classifiers also satisfy the first constraint, it follows therefore

that, given full evidence, for those networks all the distributions are

of Type 0, I, II or III.

4 AN APPLICATION TO CREDAL NETWORKS
Since a sensitivity function is an object that is associated with a given

Bayesian network, it might at first sight seem as if it has little to do

with credal networks, because these are essentially sets of Bayesian

networks. However, for the particular sensitivity properties that we

developed in the previous section, this is not the case. As we will ex-

plain in this section, these sensitivity properties allow us to replace

some of the local credal sets of a credal network by a single probabil-

ity mass function, and in this way, the combinatoric nature of credal

network inference can be reduced.

4.1 Credal network preliminaries
An important limitation of Bayesian networks is that they require

the exact specification of a large number of probabilities. Since these

probabilities have to be elicited from experts or estimated from data,

this requirement is often unrealistic. By enforcing it anyway, as is

conventionally done, we run the risk of ending up with a model

whose precision is unwarranted, thereby making the resulting con-

clusions unreliable. In order to avoid these issues, credal networks

explicitly drop the assumption that probabilities should be speci-

fied exactly, and instead adopt the framework of imprecise proba-

bilities [2, 23, 25], thereby trading off precision for reliability.

Basically, a credal network [1, 11, 12] is just a Bayesian network

of which the local models are partially specified, in the sense that

they are only known to belong to some set of candidate distributions.

Specifically, for every random variable V ∈ V and every instantia-

tion π of its parents π, the local distribution Pr(V |π) is replaced

by a non-empty set M(V |π) of candidate distributions. This set is

usually taken to be closed and convex, and is then called a credal
set. The local credal sets of a credal network can be obtained in var-

ious ways [23], the most typical of which are to elicit them from

experts [20], to learn them from data [4, 24] or to create a neighbour-

hood model around some distribution [3].

For example, in Figure 1, if an expert judges that the probability

of g is at most 2/3 but not less than 1/3, then in particular, we are lead

to consider the local credal setM(G) that is defined by

Pr(G) ∈M(G) ⇔ 1

3
≤ Pr(g) ≤ 2

3
. (3)

The same credal set can also be obtained by ε-contaminating the uni-

form probability distribution on {g, g} with ε = 1/3 [3] or by learn-

ing it from a dataset in which each of the two possible outcomes—g
and g—is counted twice, using the Imprecise Dirichlet Model (IDM)

with s = 2 [4, 24]. As another example, consider a situation in

which, conditional on G = g, an expert judges that e is at least as

6 V ∈ H|�H implies that π ∼ h
7 Note that, by definition, in Bayesian classifiers class variables do not have

feature parents, as a consequence, H = H|�R, even in case of incomplete

evidence.
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e

Figure 2: Every point in the above equilateral triangle of height one

can be identified with a distribution Pr(E |g) on {e, e′, e′′}, by let-

ting Pr(e |g) be equal to the perpendicular distance from that point

to the edge that opposes the corner that corresponds to e, and simi-

larly for Pr(e′ |g) and Pr(e′′ |g). In this way, the grey area depicts

the distributions in the credal setM(E |g) of Equation (4).

probable as e′′ and that the probability of e′ is at most 2/3 and at least
1/3. In that case, we are lead to consider the credal setM(E |g) that

is defined by

Pr(E |g) ∈M(E |g)

⇔ Pr(e |g) ≥ Pr(e′′ |g) and
1

3
≤ Pr(e′ |g) ≤ 2

3
, (4)

as depicted in Figure 2. The other local credal sets can be obtained

similarly. Depending on the amount of data and/or expert assess-

ments that is available, some of these local credal sets—such as the

two examples we have just provided—will be imprecise, meaning

that they consist of multiple distributions, while others may be pre-
cise, meaning that they consist of a single distribution.

If all the local credal sets are precise, a credal network is exactly

the same as a Bayesian network. However, if some of the credal sets

M(V |π) are imprecise, then since the local distributions Pr(V |π)
are only known to belong to these credal sets, they do not determine

a unique Bayesian network. Therefore, in general, a credal network

corresponds to a set of Bayesian networks B, defined by8

B ∈ B ⇔ (∀V ∈ V) (∀π ∈ π) Pr(V |π) ∈M(V |π).

If all the local credal sets are precise, the set B consists of a single

Bayesian network.

An important computational problem in credal networks consists

in computing tight lower and upper bounds on the probabilities that

correspond to the Bayesian networks B in B, which are called lower

and upper probabilities. In particular, we consider the problem of

computing tight lower and upper bounds on probabilities of the form

Pr(h |e), defined by

Pr(h |e) := min
B∈B

Pr(h |e) and Pr(h |e) := max
B∈B

Pr(h |e). (5)

8 There are also other ways in which the local credal sets of a credal network
can be combined to form a global model, depending on the type of credal
network that is considered [11]; our definition corresponds to what is called
a credal network under complete independence. Our results also apply to
credal networks under strong independence, which replace B by its convex
hull, but not to credal networks under epistemic irrelevance [5, 7, 9] or
epistemic independence [8].

In order for these definitions to make sense, we require that Pr(e) is

strictly positive for all B ∈ B.9

Computing the lower and upper probabilities in Equation (5) con-

sists in optimising Pr(h |e), which is a fraction of two multilin-

ear functions of the network’s parameters, under the constraint that

each of the local distributions Pr(V |π) belongs to its credal set

M(V |π). Obtaining the exact solution is only possible in special

cases [13, 17] or for networks that are sufficiently small. Therefore,

applied work on credal networks often resorts to approximate algo-

rithms; see Reference [1] for a recent overview.

Most of the existing algorithms exploit the fact that for the pur-

poses of computing Pr(h |e) or Pr(h |e), the—closed and convex—

credal setsM(V |π) can be replaced by their set of extreme points10

ext(M(V |π)) [13]:

Pr(h |e) = min
B∈Bext

Pr(h |e) and Pr(h |e) = max
B∈Bext

Pr(h |e),

where Bext is the set of Bayesian networks in B whose local distri-

butions Pr(V |π) take values in ext(M(V |π)), defined by

B ∈ Bext ⇔ (∀V ∈ V) (∀π ∈ π) Pr(V |π) ∈ ext (M(V |π)) .

The reason why this is useful is because in practice, credal sets are

usually finitely generated, meaning that they are defined by means

of a finite number of linear constraints, or equivalently, that they

have a finite number of extreme points. For example, the credal set

M(G) of Equation (3) has two extreme points, which are char-

acterised by Pr(g) = 1/3 and Pr(g) = 2/3, respectively. Simi-

larly, the credal set M(E |g) in Figure 2 has four extreme points

Pr(E |g) = (Pr(e |g),Pr(e′ |g),Pr(e′′ |g)):

(
1

3
,
1

3
,
1

3
), (

2

3
,
1

3
, 0), (

1

3
,
2

3
, 0) and (

1

6
,
2

3
,
1

6
). (6)

If all the local credal sets are finitely generated, Bext is finite, and

computing lower and upper probabilities is then a combinatoric opti-

misation problem, the size of which is exponential in the number of

local credal sets that are imprecise.

4.2 Reducing imprecise credal sets to precise ones
As we will now show, in many cases, we can use the sensitivity prop-

erties of Section 3.2 to reduce the computational complexity of infer-

ence in credal networks.

Basically, the idea is that, for the purposes of computing Pr(h |e)
or Pr(h |e), some of the local credal sets of a credal network can be

replaced by a singleton, that is, some imprecise local credal sets can

be replaced by precise ones, without changing the result of the infer-

ence. In this way, the size of the combinatoric optimisation problem

that needs to be solved can be reduced in advance, as a preprocessing

step, before applying an inference algorithm of choice.

We introduce four types of local credal sets for which this is the

case. Their definitions are completely analogous to the local distri-

bution types that were defined in Section 3.3. For example, a local

credal setM(V |π) is of Type 0 if and only if its distributions are of

Type 0, and similarly for credal sets that are of type I, II or III.

9 For a detailed discussion on how to define Pr(h |e) and Pr(h |e) if Pr(e)
is zero for some—but not all—B in B, see Reference [6].

10 An extreme point of a set is a point that cannot be written as a proper
convex combination of two other points of that set. If a set is a closed and
convex subset of a finite-dimensional space, then by Minkowski’s finite-
dimensional version of the Krein-Milman theorem, it is the convex hull of
its extreme points.
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Definition 5 (Local credal set types) Consider a credal network B
and a lower or upper probability of interest Pr(h |e) or Pr(h |e). A
local credal setM(V |π) is then said to be of

Type 0 if π � e;

Type I if π ∼ e, V ∈ E|�R and π ∼ h;

Type II if π ∼ e, V ∈ E and π � h;

Type III if π ∼ e, π ∼ h, V ∈ H|�R and |V | = 2.

Since the elements of a credal set M(V |π) of Type 0 are distri-

butions of Type 0, it follows from Proposition 3 that this credal set

is of no influence to the inference at hand. The following result is an

immediate consequence of this fact.

Proposition 4 Consider a credal network B and a lower or upper
probability of interest Pr(h |e) or Pr(h |e). Then replacing a credal
setM(V |π) of Type 0 with a singletonM′(V |π) := {Pr(V |π)}
that consists of an arbitrary probability mass function Pr(V |π) on
V will not change the result of the inference.

Note that Pr(V |π) is not required to be an element of M(V |π),
and that it can therefore be chosen as simple as possible.

As we are about to show, similar results can also be obtained for

credal sets of Type I, II and III. However, in those cases, the distri-

bution Pr(V |π) can no longer be chosen arbitrarily. We start with

credal sets of Type I or II.

Since a distribution in a credal set of Type I or II is itself of Type

I or II, we infer from the discussion in Section 3.3 that, for the pur-

poses of computing Pr(h |e), the only part of this distribution that is

relevant is the parameter Pr(v |π), with v the unique instantiation of

V that is compatible with e. Furthermore, because of the monotone

effect of changing this parameter—see Theorem 1—we know that

the minimum and maximum value of Pr(h |e) will be obtained by

a Bayesian network B ∈ Bext for which the parameter Pr(v |π) is

minimal or maximal, in the sense that it is equal to the local lower

probability

Pr(v |π) := min
Pr(V |π)∈M(V |π)

Pr(v |π)

or the local upper probability

Pr(v |π) := max
Pr(V |π)∈M(V |π)

Pr(v |π),

and we can predict in advance which of these two extreme values

it will be. Combined, these two observations allow us to replace the

(possibly imprecise) credal set M(V |π) with a precise one. The

following proposition makes this explicit.

Proposition 5 Consider a credal network B and a lower or upper
probability of interest Pr(h |e) or Pr(h |e). A credal set M(V |π)
of Type I or II can then be replaced with a singleton M′(V |π) :

= {Pr(V |π)}, without changing the result of the inference. If we
let v be the unique value of V that is compatible with e, then for
Pr(h |e), Pr(V |π) can be any probability mass function on V such
that

Pr(v |π) =
{
Pr(v |π) if M(V |π) is of Type I;

Pr(v |π) if M(V |π) is of Type II,

and for Pr(h |e), Pr(V |π) can be any probability mass function on
V such that

Pr(v |π) =
{
Pr(v |π) if M(V |π) is of Type I;

Pr(v |π) if M(V |π) is of Type II.

Proof. We only prove the result for Pr(h |e); the proof for Pr(h |e)
is completely analogous.

If the local credal setM(V |π) is of Type I, then because of The-

orem 1, the minimum value of Pr(h |e) is obtained for a local dis-

tribution Pr(V |π) of which the parameter Pr(v |π) is minimal—

equal to Pr(v |π). Furthermore, due to Proposition 3, the other pa-

rameters of this local distribution are irrelevant. Hence, for the pur-

poses of computing Pr(h |e), M(V |π) can be replaced by a pre-

cise credal set M′(V |π) := {Pr(V |π)} that consists of a single

distribution Pr(V |π) on V , with Pr(v |π) = Pr(v |π). If the lo-

cal credal set M(V |π) is of Type II, it follows from Theorem 1

that the minimum value of Pr(h |e) is obtained for a local distribu-

tion Pr(V |π) of which the parameter Pr(v |π) is maximal—equal

to Pr(v |π)—and therefore, M(V |π) can again be replaced by a

singleton that consists of a single distribution Pr(V |π), now with

Pr(v |π) = Pr(v |π). �

Note that Pr(V |π) is again not required to be an element of

M(V |π), which allows us to choose it as simple as possible.

Consider for example the network in Figure 1, and assume that

we want to compute Pr(ghk |ef). The local credal set M(E |g)—
defined in Equation (4) and depicted in Figure 2—is then of Type

I and can therefore be replaced by a singleton M′(E |g) =
{Pr(E |g)}, where Pr(E |g) can be any probability mass function

on {e, e′, e′′} such that

Pr(e |g) := Pr(e |g) = 1

6
.

The values of Pr(e′ |g) and Pr(e′′ |g) are of no importance. If we

want Pr(E |g) to belong to M(E |g), then the only possible choice

is Pr(e′ |g) = 2/3 and Pr(e′′ |g) = 1/6, which corresponds to one

of the extreme points in Equation (6). However, this is not necessary.

For example, choosing Pr(e′ |g) = 0 and Pr(e′′ |g) = 5/6 works

equally well.

Finally, for local credal sets that are of Type III, we obtain a result

that is very similar to that of Proposition 5.

Proposition 6 Consider a credal network B and a lower or upper
probability of interest Pr(h |e) or Pr(h |e). A credal set M(V |π)
of Type III can then be replaced with a singleton M′(V |π) :

= {Pr(V |π)}, without changing the result of the inference. For
Pr(h |e), Pr(V |π) is defined by

Pr(v |π) :=
{
Pr(v |π) if v ∼ h;

Pr(v |π) if v � h,
(7)

and for Pr(h |e), Pr(V |π) is defined by

Pr(v |π) :=
{
Pr(v |π) if v ∼ h;

Pr(v |π) if v � h.

Proof. We only prove the result for Pr(h |e); the proof for Pr(h |e)
is completely analogous.

Let v be the unique value of V that is compatible with h. If the

local credal setM(V |π) is of Type III, then because of Theorem 1,

the minimum value of Pr(h |e) is obtained for a local distribution

Pr(V |π) of which the parameter Pr(v |π) is minimal—equal to

Pr(v |π)—and the parameter Pr(v |π) is maximal. The unique dis-

tribution for which this is the case is given by Equation (7). Hence,

for the purposes of computing Pr(h |e), M(V |π) can be replaced

by the singletonM′(V |π) := {Pr(V |π)}. �
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Note that in this case, Pr(V |π) is unique and belongs toM(V |π).
For example, if we again consider the network in Figure 1, and

revisit the problem of computing Pr(ghk |ef), then the local credal

setM(G)—defined in Equation (3)—is of Type III and can therefore

be replaced by a singletonM′(G) = {Pr(G)}, with

Pr(g) := Pr(g) = 1/3 and Pr(g) := Pr(g) = 2/3.

In our example, in total, eight out of the fifteen credal sets of the

credal network in Figure 1 can be replaced by a singleton, whereas

other preprocessing techniques—such as the removal of barren or

d-separated nodes—are not able to simplify the problem.

4.3 Special cases
Since a local credal set is of a given type if and only if its elements

are, the special cases that were discussed in Section 3.4 carry over

to credal networks. For example, for a credal network classifier with

full evidence, the credal sets that correspond to the evidence vari-

ables are all of Type 0, I or II, and therefore, they can be replaced by

singletons. It is essentially this feature that allows for tractable com-

putations in basic credal classifiers such as the naive credal classifier

[26] and the tree-augmented naive classifier [27]. In fact, many of the

formulas in References [26] and [27] can be shown to follow from

our results.

In the special case where we do not only have full evidence, but

also know that each of the hypothesis variables V ∈ H is binary

and has no parents in H, then all the local credal sets of the credal

network can be classified as one of the four types in Definition 5.

This has far-reaching consequences: in this case, due to the results

in the previous section, it follows that for the purpose of comput-

ing Pr(h |e) or Pr(h |e), all the local credal sets can be replaced

by singletons, without changing the result of the inference. Hence,

in this case, computing Pr(h |e) or Pr(h |e) reduces to the problem

of computing Pr(h |e) in a specific Bayesian network, the parame-

ters of which can easily be determined by means of the methods in

Section 4.2.

For example, in this special case, for the purpose of computing

Pr(h |e), the local credal sets of a credal network can be replaced by

precise distributions Pr•(V |π), the parameters of which are defined

by

Pr•(v |π) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Pr(v |π) if V ∈ H and v ∼ h

Pr(v |π) if V ∈ H and v � h

Pr(v |π) if V ∈ E, v ∼ e and π ∼ h

Pr(v |π) if V ∈ E, v ∼ e and π � h

... if V ∈ E and v � e

(8)

This definition does not distinguish between the cases π ∼ e and

π � e because we know from Proposition 4 that a parameter for

which π � e does not effect the result of the inference anyway.

Similarly, the definition for the case with V ∈ E and v � e is not

provided because we know from Proposition 5 that these parameters

do not influence the result of the inference either.

As an immediate consequence, for this special case, we obtain the

following expression:

Pr(h |e) =
∏

V ∈V Pr•(v |π)
∣∣
vπ∼he∑

h∗∈H
∏

V ∈V Pr•(v |π)
∣∣
vπ∼h∗e

Furthermore, by removing the parameters Pr•(v |π) for which V
and its parents π belong to E—since these are common factors of

the numerator and denominator—and then explicitly applying Equa-

tion (8) to the numerator, this expression can be simplified even

more:

Pr(h |e) =
∏

V ∈K Pr(v |π)
∣∣
vπ∼he∑

h∗∈H
∏

V ∈K Pr•(v |π)
∣∣
vπ∼h∗e

where K is the set of variables that consist of the variables in H and

their children variables.

Similar conclusions can be reached for the problem of computing

Pr(h |e). In the special case of Section 3.4, this problem can again be

reduced to computing Pr(h |e) in a single Bayesian network. How-

ever, of course, it might not be the same Bayesian network as the one

that is used to compute Pr(h |e). In this case, the local credal sets

can be replaced by distributions Pr•(V |π), the parameters of which

are defined by

Pr•(v |π) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Pr(v |π) if V ∈ H and v ∼ h

Pr(v |π) if V ∈ H and v � h

Pr(v |π) if V ∈ E, v ∼ e and π ∼ h

Pr(v |π) if V ∈ E, v ∼ e and π � h

... if V ∈ E and v � e

5 CONCLUSIONS AND FUTURE WORK

A credal network represents a set of Bayesian networks thereby al-

lowing for imprecisions in its parametrisation. One of the main com-

putational problems in a credal network is the computation of lower

and upper probabilities. Given a brute force approach, however, this

requires a number of Bayesian network inferences that is exponential

in the number of imprecisely specified local probability distributions.

The pruning of all variables irrelevant for a specific problem is a

well-known approach to make inference more tractable. In this paper

we proposed a different type of preprocessing step. Using Bayesian

network sensitivity functions, we proved that for certain categories of

parameters, we can predict the qualitative effect of their change on

an outcome probability without needing any knowledge of the nu-

merical specification of the network. This result allows for the iden-

tification of imprecisely specified local distributions that can be re-

placed by precisely specified ones, without affecting the outcome of

the computation. Depending on the structure of the network and the

specific problem at hand, our preprocessing step can be quite reward-

ing. We argued, for example, that for some classes of networks, even

all imprecisely specified local distributions can be replaced by pre-

cise ones. In this case, credal network inference reduces to a single

Bayesian network computation.

In future work, we would like to investigate the empirical impact

of our preprocessing step on various existing algorithms. Moreover,

we would like to use our results as a basis for the design of new al-

gorithms. For example, we foresee that the algorithm in [13] could

be extended to more general cases. Finally, we would like to ex-

tend our work to other types of inference, such as the computation

of lower and upper expectations, choosing the most likely hypothe-

sis, and maximising expected utility.
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Abstract. We generalise the interval-based relaxation to sequen-

tial numeric planning problems with non-linear conditions and ef-

fects, and cyclic dependencies. This effectively removes all the limi-

tations on the problem placed in previous work on numeric planning

heuristics, and even allows us to extend the planning language with

a wider set of mathematical functions. Heuristics obtained from the

generalised relaxation are pruning-safe. We derive one such heuristic

and use it to solve discrete-time control-like planning problems with

autonomous processes. Few planners can solve such problems, and

search with our new heuristic compares favourably with them.

1 Introduction

The ability to express quantitative information is crucial to realisti-

cally model many planning domains, in particular domains that in-

volve interaction with physical systems. Examples include positions

in time and space, quantities such as pressure, flow or volume, as

well as resources.

Planning with unbounded numeric variables is significantly harder

than classical planning with only finite-domain variables. Not only

can the values of variables grow unboundedly, but even finite values

may be reachable only asymptotically. For example, repeatedly ap-

plying the effect x = (x+y)/2 brings x arbitrarily close to y, whilst

repeatedly applying the pair of effects x = (x+y)/2 and y = x×y
can either diverge to ±∞ or converge to 0 or 1, depending on the

starting values of x and y. In general, numeric effects can be state-

dependent: The effect on x of the update x = (x+ y)/2 depends on

the current value of both x and y. Behaviours of this kind complicate

reachability analysis, and therefore the construction of informative

heuristics for numeric planning. Because of this, work on heuris-

tic search for numeric planning has focused on restricted forms of

numeric conditions and effects, such as linear expressions. Starting

from the MetricFF planner [17], the majority of numeric planning

heuristics have (implicitly or explicitly) relied on an interval relax-

ation, which approximates reachable values with upper and lower

bounds. Only recently did Aldinger et al. [1] examine the interval-

based relaxation theoretically, and show that asymptotic reachability

is decidable for the full range of numeric effects expressible with

arithmetic expressions (built using +, −, × and ÷), as allowed in

PDDL 2.1 [11]. However, even their analysis is restricted to prob-

lems with only a very limited form of cyclic dependencies between

variables. The example above, in which the effect on both x and y
depend on the value of both variables, is outside their scope.

In this paper we show that interval-based relaxed reachability

analysis is feasible, and produces informative heuristic guidance,

for a much wider range of numeric planning problems, involving

cyclic dependencies as well as expressions using standard mathemat-

ical functions such as exponentiation, square root, and others. This

is achieved by two innovations: an asymptotic relaxed reachability

analysis that works also with cyclic dependencies among additive

numeric effects, and a syntactic transformation of the problem which

eliminates non-additive state-dependent effects, at the cost of induc-

ing an additional relaxation.

Finally, we apply the resulting heuristic to solve time-discretised

planning problems with autonomous processes, which feature com-

plex numeric conditions and non-linear effects. Few planners have

the expressive range to attempt these problems and heuristic search

using our generalised interval-based relaxation heuristic is more ef-

ficient than comparable alternatives.

Figure 1: The ball moves along the plane, and is accelerated by tilting

the plane. The goal is to make it fall into the winning hole on the

right. If the ball falls off the left side, the game is lost.

2 Motivating Example
Let us consider the numeric domain represented in Figure 1: A ball,

at position x on a plane, moves with velocity v, possibly falling from

one of the sides. x = 0 at the centre, and position and velocity is

positive to the right. The change in velocity is a function of the incli-

nation α of the plane, accounting for gravity (g) and drag along the

surface, proportional with a constant μ to the speed squared (like in

the car domain by Bryce et al. [3]). The drag always acts in the oppo-

site direction to the current velocity. An action models the discretised
movement of the ball over δt units of time, changing variables x and

v as follows:

x = x+ vδt

v =

{
v + (g sinα− μv2)δt when v ≥ 0

v + (g sinα+ μv2)δt when v < 0

The left hand side is the updated value of x and v. δt is a constant and

determines the precision of the discretisation. The other two actions

increase and decrease α by a constant amount, by tilting the plane.
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The goal is to bring the ball into the hole on the right; this is achieved

when x exceeds a given threshold.

This domain has both cyclic dependencies (i.e., a self-cycle in

the second numeric effect) and non-linear effects (e.g., the velocity

squared). Earlier work on defining heuristics for numeric planning

has focused on linear effect expressions [17, 5, 13] or on acyclic
planning tasks [1]. By removing these two assumptions, we address

this class of numeric planning problems. Our key concern is the re-

laxation that underlies heuristics.

3 Notation and Background Material
We focus on sequential numeric planning with ground actions, cor-

responding to PDDL 2.1 level 2 [11] but extended with additional

interpreted mathematical functions.

A state of the system is a partial assignment over propositions P
and real-valued numeric variables X ; V = P ∪ X . A propositional

condition is a positive literal, while a numeric condition is a tuple

〈ξ,�, 0〉 where � ∈ {≥, >,=} and ξ is a numeric expression re-

cursively defined as follows: (I) a rational constant is an expression;

(II) a variable x ∈ X is an expression; (III) if ξ′ is an expression,

then so are ξ ⊕ ξ′ where ⊕ ∈ {+,−, ·,÷}, ξn , where n ∈ N,

bξ and logb(ξ), where b ∈ R and b > 0, and
√
ξ. Other functions

(e.g., trigonometric functions, nth root, etc) can also be supported,

as long as they are functions in the mathematical sense, and com-

putable; for the interval-based relaxation, functions must also have an

interval extension (cf. next section). We write val(x, s) and val(ξ, s)
for the value of variable x and expression ξ in state s, respectively.

The value of a variable not assigned in s is undefined. Undefinedness

propagates through expressions, in the sense that the value of a func-

tion is undefined whenever any of its arguments is. Some functions

have restricted domains, and their result is undefined when any of

their arguments is outside its domain; for example,
√
x is undefined

whenever x < 0. A condition 〈ξ,�, 0〉 is unsatisfied whenever the

value of ξ is undefined [11]. With slight abuse of notation, we write

x ∈ ξ to mean that variable x appears in expression ξ.
Let C be a set of propositional and numeric conditions. We write

s |= C when state s satisfies all conditions in C.

Definition 1 (Numeric Action). A numeric action a is a pair
〈pre(a), eff(a)〉 where pre(a) is a set of propositional and numeric
conditions and eff(a) is a set of effects. A classical effect is of the
form p = � or p = ⊥ (p ∈ P). A numeric effect is x◦= ξ, where
◦=∈ {=,+=,−=} and ξ is an expression over variables in X .
eff(a) cannot contain multiple effects on the same variable.

We use subscripts to distinguish propositional and numeric parts

(e.g., effnum(a) is the set of numeric effects of a). For an effect e,
lhs(e) denotes the affected variable, op(e) the effect operator (=,

+= or −=) and rhs(e) denotes the right-hand side expression.

Definition 2 (Numeric Planning Problem). A numeric planning
problem is a tuple Π = 〈s0,A,G,V〉 where V = P ∪ X is the
set of variables, s0 is an assignment to variables in V that is com-
plete for variables in P , A is a set of numeric actions, and G is a set
of propositional and numeric goal conditions.

An effect is called state-dependent if the right-hand side is not a con-

stant. Increase and decrease effects can be reformulated as assign-

ments (e.g., x+= ξ as x = x + ξ). However, we will see that this

distinction is, surprisingly, crucial, because increase and decrease ef-

fects are additive operations, which assignments are, in general, not.

Given an action a, we partition effnum(a) into sets incr(a), decr(a)
and assn(a) of increase, decrease and assign effects, respectively.

We also write const assn(a) for the set of state-independent propo-

sitional and numeric assignment effects of a (e.g., x = 5).

Action a is applicable in state s iff s |= pre(a), and its execution

results in state s′ = succ(s, a) such that ∀x ∈ V : val(x, s′) =⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

rhs(e) if ∃e ∈ const assn(a) : lhs(e) = x
val(rhs(e), s) if ∃e ∈ assn(a) : lhs(e) = x
val(x, s) + val(rhs(e), s) if ∃e ∈ incr(a) : lhs(e) = x
val(x, s)− val(rhs(e), s) if ∃e ∈ decr(a) : lhs(e) = x
val(x, s) otherwise (Frame Axiom)

Definition 3 (Plan). A plan π for Π = 〈s0,A,G,V〉 is a se-
quence of actions a0, ..., an−1 from A such that each action in π
is applicable in the state resulting from the application of its pre-
decessors, i.e., s0 |= pre(a0), succ(s0, a0) |= pre(a1), etc, and
succ(sn−1, an−1) |= G. A plan π is said to be optimal if, among all
valid plans, it has a minimal number of actions.

3.1 The Interval-Based Relaxation

Numeric planning is harder than propositional planning, and unde-

cidable in the general case [15]. To obtain useful heuristics we must

look for relaxations of the model that yield a computationally ef-

fective representation of the task to solve. Moreover, it is important

to look for relaxations generating heuristics that are adequate for the

task they are relaxing [17]. We consider only relaxations (and heuris-

tics) that are pruning-safe. A relaxation is pruning-safe if it has no

solution only when the original (non-relaxed) problem is also un-

solvable; that is, it overestimates the space of reachable states.

An idea pursued in previous work in both classical and numeric

planning is that of abstracting away negative effects of the actions,

considering only their positive contribution towards achieving a goal

or precondition. In propositional planning this amounts to ignoring

the delete effects of actions. In general, it implies a possibilistic re-

laxed interpretation, in which variables accumulate sets of possible

values monotonically [14]. Applying this principle to numeric vari-

ables, which have unbounded domains, requires a compact represen-

tation of the set of values; this is provided by the interval-based rep-

resentation [1, 23]. Pioneered by Hoffman [17]1, the interval-based

relaxation [1] is the underlying principle used in nearly all heuris-

tics for numeric planning [17, 13, 5, 6]. An exception is the work

of Eyerich et al. [9] on the Temporal Fast Downward system, which

extends the context-enhanced additive heuristic [16] to temporal and

numeric planning. However, this heuristic does not account for indi-

rect effects: action a indirectly affects variable x when the effect e
of another action b on x depends on a variable y (in rhs(e)) which

is changed by a. Ignoring indirect effects in numeric planning makes

any reachability analysis not pruning-safe (The context-enhanced ad-

ditive heuristic is also not pruning-safe, but for a different reason.)

For ease of presentation, we will in the following describe only the

relaxation of the numeric part of the problem. The propositional part

is handled by standard delete-relaxation. The two parts interact only

in the relaxed satisfaction of conjunctive conditions.

1 Note that Hoffman does not exploit the interval representation explicitly,
but uses a transformation to Linear Normal Form where variables’ domains
can only increase. This can be interpreted as constructing an enclosure, by
lower and upper bounds, of the possible values attainable by a variable.
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3.1.1 Definition of the Interval-Based Relaxation

In the interval-based relaxation (IBR), a state assigns each (defined)

numeric variable to an interval of the real line, representing the set

of values that the variable can possibly attain. We will refer to this as

a relaxed state, s+. A closed interval x = [x, x] denotes the lower

bound x and upper bound x a variable x can attain. An open interval

x = (x, x) is analogous but with x and x excluded; i.e., (x, x) =
{z : x < z < x, z ∈ R}. A mixed bounded interval mixes open

and closed bounds. Closed interval binary operations between two

intervals x and y are defined as follows [23]:

• x+ y = [x+ y, x+ y];
• x− y = [x− y, x− y];
• x× y = [min(xy, xy, xy, xy),max(xy, xy, xy, xy)];
• x÷y = [min(x÷y, x÷y, x÷y, x÷y),max(x÷y, x÷y, x÷
y, x÷ y)] (if 0 /∈ y otherwise one of the bounds diverges [23]).

Binary operations between open or mixed bounded intervals fol-

lows the same rules; if an open and a closed bound contribute to the

new interval bound, the result is open.

The interval extensions of other mathematical functions in the

planning language (such as xn,
√
x, bx, logb(x)) can be similarly de-

fined. The requirement is only that the result of the interval operation

contains every value that could result from applying the function to

any value(s) in the argument interval(s). To illustrate, we show the

interval power, exponentiation and square root. Let x be an interval

[x, x], n ∈ N and b ∈ R, b > 0. We have:

xn =

⎧⎪⎨⎪⎩
[xn, xn], if x > 0 or n is odd

[xn, xn], if x < 0 and n is even

[0,max(xn, xn)], if 0 ∈ x and n is even

bx = [bx, bx] for 0 < b < 1

bx = [bx, bx] for b ≥ 1

√
x =

⎧⎪⎨⎪⎩
[
√
x,
√
x], if x ≥ 0

[0,
√
x], if x ≥ 0

undefined, otherwise

The square root of a negative value is not a real number. Hence, the

interval square root is the result of restricting the argument interval

to the range over which the function is defined, and undefined only

if there is no such value. All three extend to open or mixed bounded

intervals: for integral power, inequalities in the two first cases are

non-strict; for the square root, the second case applies when x > 0.

Expressions, conditions and actions in the IBR are syntactically

the same as in the original PDDL problem; what changes is their

interpretation. In particular, the value of an expression ξ in a relaxed

state s+, denoted val+(ξ, s+), is the interval computed using interval

operations as defined above. Note that mathematical identities are

not necessarily preserved by the relaxed interpretation. For example,

if val+(x, s+) = [−2, 2], then val+(x × x, s+) = [−4, 4], while

val+(x2, s+) = [0, 4]. A numeric condition 〈ξ,�, 0〉 is satisfied in a

relaxed state s+ if val+(ξ, s+) is defined and there exists some value

v ∈ val+(ξ, s+) such that v�0. A set of conditions (that can appear

both in the goal or action preconditions) is relaxed satisfied iff each

condition in the set is. We write s+ |= C when s+ satisfies C.

An action a is applicable in s+ if s+ |= pre(a). In the IBR, action

effects can only extend the set of possible values of a variable. To

define the relaxed successor state, we need the convex union:

Definition 4. The convex union between two closed intervals x, y is
x � y = [min{x, y},max{x, y}]. The extension to open or mixed

bounded intervals uses open/closed bounds according to those used
for x and y.

Definition 5 (Relaxed Action Effects). Let s+ be a relaxed state
and a an action such that s+ |= pre(a). The successor state s+1 =
succ+(s+, a) is such that ∀x ∈ X , val+(x, s+1 ) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

val+(x, s+) � [rhs(e), rhs(e)] if x = lhs(e), e ∈ const assn(a)
val+(x, s+) � val+(rhs(e), s+) if x = lhs(e), e ∈ assn(a)
val+(x, s+) � (val+(x, s+) + val+(rhs(e), s+))

if x = lhs(e), e ∈ incr(a)
val+(x, s+) � (val+(x, s+)− val+(rhs(e), s+))

if x = lhs(e), e ∈ decr(a)
val+(x, s+1 ) otherwise

Applying actions’ effects in the IBR can only monotonically in-
crease the variables’ intervals, because the convex union of two inter-

vals contains both. Hence, this relaxation, just like the classical delete

relaxation, is also monotonic with respect to condition satisfaction:

what is true before an action is applied is also true after its execution.

This property ensures that the relaxation over-approximates the set

of reachable conditions, and therefore that it is pruning-safe.

Given a numeric planning problem Π, we denote its relaxation by

Π+. The initial state s+0 of Π+ assigns to each variable x ∈ V the

unit interval [val(x, s0), val(x, s0)], if x is defined in s0.

3.1.2 Asymptotic Behavior of Additive Numeric Effects

In numeric planning, there may be no upper bound on the length of

the action sequence needed to reach a state (or condition). Because

of this, Aldinger et al. [1] considered asymptotic reachability in the

interval-based relaxation, i.e., the variable intervals that are reachable

in the limit of an infinite repetition of actions’ effects. The following

proposition is slightly adapted from their work. (We present it for

increase effects only; the result for decrease effects is analogous.)

Proposition 1. Let s+ be a relaxed state, x ∈ X a numeric variable,
a ∈ A an action such that s+ |= pre(a), and x+= ξ an effect of
a. Let s+lim be the relaxed state reached in the limit by applying a an
unbounded number of times in s+. Then the upper and lower open
bounds of x in s+lim are as follows:

• if ∃y′ > 0 ∈ val+(ξ, s+) then x =∞ in s+lim ; and
• if ∃y′ < 0 ∈ val+(ξ, s+) then x = −∞ in s+lim .

In other words, if the right-hand side of an increase effect affecting

variable x can attain a positive value, no matter how small, then the

value of x can be made arbitrarily large by repeated application of the

action. This follows directly from the monotonicity of the interval-

based relaxation, since if the interval of the right-hand side of the

effect, ξ, contains a positive value in s+ then it contains that value

in any successor state. The rate of increase is not constant in general,

but always greater or equal to the rate in the first state.

The following notion of dependency between numeric variables

was defined by Aldinger et al. We repeat it here because it is neces-

sary for stating precisely how we generalise their work.

Definition 6 (Slightly adapted from Aldinger et al. [1]). A numeric
variable x1 is directly dependent on a numeric variable x2 in task
Π if there exists an action a in A with a numeric effect 〈x1◦= ξ〉
(◦=∈ {=,+=,−=}) such that x2 ∈ ξ.
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A variable may depend on itself. However, formulating effects

with increase and decrease operators can avoid certain cycles. For

example, the assignment x = x+ 1 causes x to self-depend, but the

equivalent increase effect x+= 1 does not.

Aldinger et al. [1] proved that asymptotic reachability in the

interval-based relaxation is decidable for planning problems where

the dependency relation over the numeric variables has no cycle. In

this paper, we remove this restriction. Moreover, we also show that

the IBR can support an extended set of mathematical functions in

the planning language, such as exponentiation and square root, which

have not been supported in previous work.

We approach the derivation of a heuristic based on the interval

relaxation in two parts: First, we present a procedure to determine if

a condition is asymptotically reachable in the relaxed problem; only

if that is the case do we then compute an estimate of the number of

actions required to achieve it. The second part treated in Section 5.3.

4 The Additive Effects Transformation
Our generalisation starts from the observation that one reason why

Aldinger et al. [1] required the acyclic dependency assumption is the

presence of state-dependent non-additive action effects. Non-additive

effects can be transformed into additive ones by simple reformulation

which preserves their semantic in the real (non-relaxed) problem. An

assignment x = ξ can be rewritten as x+= ξ − x. The expressions

x+ ξ − x and ξ are equivalent in real arithmetic. Formally:

Definition 7 (Additive Effects Transformation). The additive trans-
formation of an effect e is

• τ(e) := lhs(e)+= rhs(e)− lhs(e) if op(e) is an assignment and
rhs(e) is non-constant; and

• τ(e) := e otherwise.

The additive effects transformation of a numeric planning problem
Π is obtained by applying τ to all effects of all actions in Π, and is
denoted by τ(Π).

Note that this tranformation does not change constant (numeric or

propositional) assignments. We refer to the interval-based relaxation

applied to the additive effects transformation of Π as the Additive

Interval-Based Relaxation (AIBR) of Π.

Definition 8. The additive interval-based relaxation of a numeric
planning problem Π is the interval-based relaxation of τ(Π), and is
denoted by Π++.

A natural question is what is the relation between AIBR and

IBR? AIBR is an over-approximation of IBR: The space of reach-

able states in Π++ includes that of Π+. This implies that heuris-

tics based on the the AIBR are also pruning-safe. The inclusion

is a simple consequence of how the interval arithmetic is defined:

x ⊆ x + y − y for any intervals x, y, and consequently z � x ⊆
z � (x+ y − y), for any z. To see how the AIBR can overestimate

(asymptotic) reachability, consider a very simple planning example

with two actions a = 〈∅, x = y〉 and b = 〈∅, y = 1〉 and a state

s = 〈x = 0, y = 0〉. In the IBR, the (asymptotically) reachable

value of x is the interval [0, 1]. Applying the additive effects trans-

formation to a we get τ(a) = 〈∅, x+= y − x〉. From Proposition 1

it is easy to see that the asymptotically reachable value of x is now

[0,∞). Applying b we have val+(y, succ+(s+, b)) = [0, 1], and,

since intervals can only grow, 0 ∈ val+(x, succ+(s+, · · · )). Hence

the right-hand side of the additive effect (y − x) includes 1, and ap-

plying the action repeatedly achieves arbitrary large values of x. Of

course, if the task does not include any state-dependent assignment

effects, the set of reachable states is exactly the same.

The transformation addresses only partially the problem, since

cyclic dependencies can still occur. Crucially, however, those depen-

dencies are only between additive effects.

5 From Numeric Actions to Supporters and the
Asymptotic Relaxed Planning Graph

As observed in the previous section, we can identify the asymptotic

implications of additive numeric effects on a variable by evaluating

the sign of its right-hand side. The case of constant assignments (x =
k where k is a constant) is simpler as these are idempotent; repeated

application of such effects does not change their initial effect.

A difficulty arises when the possible value of the right-hand side

of some numeric effect depends on the state in which the effect is

applied, since this state depends on the sequence of actions that were

executed before it. As noted by Aldinger et al. [1], this is particularly

problematic when the planning problem has cyclic dependencies. In

this case there is no a-priori ordering of actions that is guaranteed to

produce the complete set of reachable values. If, on the other hand,

the dependency relation is acyclic, it suffices to apply the asymptotic

effect of each action once, in order of the dependency relation.

5.1 Supporters Set

State-dependent numeric effects can be interpreted as a compact way

of expressing conditional effects. Each of these conditional effects

depends on the specific value of the right hand side of the effect,

which in turn depends on the sequence of actions done before. The

main idea of our asymptotic reachability analysis is to make explicit

the conditions for such indirect effects to occur through the use of

auxiliary actions called “supporters”.

Each action a is split into a set of supporters, each modelling one

possible asymptotic outcome of an effect of a. As observed in Propo-

sition 1, an additive numeric effect can extend the interval of the

affected variable to ∞ or −∞. The idea of supporters is to model

explictly the condition enabling these asymptotic behaviors. A sup-

porter is similar to an action, with the difference that it can express a

numeric interval effect x = (x,∞) or x = (−∞, x). As per Defini-

tion 5, this effect updates the state to the convex union of the interval

x in the current state and (x,∞) or (−∞, x), respectively.

Definition 9 (Supporters of Action a). Each additive numeric effect
e ∈ effnum(a) generates two supporters e+ and e−: If op(e) is +=,
then e+ has the precondition pre(a)∪{〈rhs(e), >, 0〉} and the effect
lhs(e) = (x,+∞); the precondition of e− is pre(a)∪{〈rhs(e), <
, 0〉} and the effect lhs(e) = (−∞, x). The supporters generated
by a decrease effect are defined analogously, but with the left-hand
sides of the effects swapped. A constant assignment effect x = k
generates only one supporter, with precondition pre(a) and the effect
unchanged.

Note that in actual numeric planning, assigning an interval is not

possible. The supporters are used only in the AIBR to compactly

represent application of an effect an arbitrary number of times.

From the set of actions A we generate a set of supporters Ω using

this mechanism. The size of Ω is no more than 2n|A|, where n is the

maximum number of effects per action. Supporters have no cyclic

dependencies, according to Definition 6, because their effects are all

constant assignments. The dependencies are instead captured by their
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preconditions. We can therefore compute asymptotic relaxed reacha-

bility in a manner analogous to relaxed planning graph construction

over Ω, as described in the next section.

5.2 Asymptotic Relaxed Planning Graph
This section describes the construction of the Asymptotic Relaxed

Planning Graph (ARPG), G, from the set of supporters. As in the

classical relaxed plan graph construction, G is a digraph of alternat-

ing interval (corresponding to “fact”) and supporter (corresponding

to “action”) layers. The construction of G starts with the unit inter-

vals corresponding to the initial state of the planning task, and ex-

pands it with a supporter layer containing all supporters in Ω whose

preconditions are relaxed satisfied, followed by a new interval layer

updated with the effects of the applied supporters. The process iter-

ates until either the goal condition is relaxed satisfied in the last inter-

val layer, or no new supporters can be added (in which case the goal is

unreacheable). Algorithm 1 formalises the process. With slight abuse

of notation, we write succ+(s+,S) for the (relaxed) state that results

from simultaneously applying all actions in supporter set S . This is

well-defined since all supporters are constant assignments and the

successor state is defined by taking the convex union.

Algorithm 1: Asymptotic Relaxed Planning Graph (ARPG)

Input: Π++

Output: Is G reachable?

1 Ω = supporters of A.

2 s+ = s+0 .

3 S = {a ∈ Ω : s+ |= pre(a)}
4 while S 	= ∅ and s+ � G do
5 s+ = succ+(s+,S)
6 Ω = Ω\S
7 S = {a ∈ Ω : s+ |= pre(a)}
8 return s+ |= G

Figure 2 shows an example of the conversion from actions to sup-

porters, and a sketch of the asymptotic reachability analysis.

Proposition 2 (Termination). The ARPG construction terminates.

Proof Sketch: The set of supporters is finite, so, since repetitions

are not allowed, the number of layers that can be built is finite. In

the worst case, the construction will terminate when all applicable

supporters have been tried.

Proposition 3 (Safeness). If ARPG(Π++) returns False, then G is
unreachable in Π.

Proof Sketch: Π++ is a proper relaxation of Π. Assume G is reach-

able, by a plan π = b0, ..., bm that takes s0 to a state s′ such that

s′ |= G. The plan is executable in Π++ (by monotonicity) and the

goal is relaxed satisifed in its final state. From the relaxed execution

of π, we can extract the corresponding supporters that are used; as

these are relaxed applicable, the ARPG construction returns True.

5.3 Heuristic Estimation
The ARPG construction decides only whether G is reachable, in the

relaxed problem, by application of some, arbitrarily large, number

of actions. To compute an estimate of how many actions, we can

proceed to build an RPG in the standard fashion, applying (sets of)

Figure 2: Left: Cyclic dependency (≺) example. Action a depends

on y which is modified by b; b depends on x which is modified

by a. Right: Supporters generated for the two actions. Dependen-

cies between supporters are due to the added preconditions (e.g.,

pre(e+(x)) = {y > 0}). If s0 = 〈x = −5, y = −5〉, support-

ers in the first layer are e+(y) and e−(x). Asymptotically all values

of x and y are reachable both in the AIBR and in the original prob-

lem. If we want to reach goal y < −100 in the AIBR we have to

apply first e+(y) (i.e., using action b) then e+(x) (i.e., action a), and

then e−(y) (i.e., action b again).

relaxed applicable actions until the goal is reached and then counting

how many were needed. Algorithm 2 shows the relaxed plan com-

putation procedure, for the sake of completeness. Because the goal

has already been determined to be relaxed reachable, this process is

guaranteed to terminate in a finite number of steps.

Algorithm 2 simply counts the number of actions applied before

the goal is achieved. This is the heuristic estimate used in our experi-

ments. Although it can obviously overestimate the size of the relaxed

plan substantially, it is very simple to implement and still provides ef-

fective heuristic guidance, as shown in Section 7. The heuristic could

be made more accurate by removing fromA′ actions that do not con-

tribute to achieving G, in a way that is similar to relaxed plan extrac-

tion. How to do that efficiently and in a principled way, as well as

how to find an admissible estimate, is a question for future work.

Algorithm 2: Compute AIBR Estimate

Input: Π++

Output: Integer

1 A′ = ∅
2 s = s+0
3 Loop
4 foreach a ∈ A do
5 if a is relaxed applicable in s then
6 s = succ+(s, a)
7 A′ = A′ ∪ {a}
8 if s |= G then
9 return |A′|

6 Planning with Autonomous Processes in PDDL+
Sequential numeric planning is a crucial building block to support-

ing more expressive planning formalisms, such as planning with au-

tonomous processes as captured in PDDL+ [12]. In the theory of

waiting, proposed by McDermott [22] for planning with autonomous

processes, instantaneous actions (the agent decisions) are interleaved

with waiting (environment evolution). During a waiting action, the

agent observes the evolution of the world for a potentially unbounded
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amount of time. During this time, the state changes according to the

accumulated, additive, effect of active processes. The activation of

processes is determined by their conditions on the evolving state.

In principle, the amount of time an agent must wait in a given

situation can be arbitrarily large or small. Waiting too long it may

miss a window of opportunity to take some action whose precon-

dition is only briefly satisfied, or the dynamics of the world may

change as its evolution triggers a change in the set of active pro-

cesses. Fixing the minimum waiting time to a constant δt results in

a time-discretised approximation of the model, and a sequential nu-

meric planning problem. The domain presented in Section 2 is an

example of such a model. As shown by Löhr et al. [20, 21], this ap-

proximation is good enough to solve a number of challenging realis-

tic hybrid control problems. The “discretise-and-validate” approach

to planning with processes, exemplified by the UPMurphi planner

[8], also has planning for a time-discretised model at its core, and

embeds it into an iterative scheme in which the proposed plan is

checked against the continuous-time model and the discretisation re-

fined if it is found to be invalid. Importantly, the time-discretisation

of a process model typically results in a sequential planning prob-

lem with complex numeric conditions and effects. UPMurphi solves

this problem by blind search; a recently developed successor system,

DiNo [24], uses a heuristic based on relaxed planning graphs.

We focus here on planning for time-discretised models with in-

stantaneous actions, processes and global constraints2. A global con-

straint is a boolean formula over propositional and numeric condi-

tions that must be satisfied in every state along the plan trajectory,

and they are equivalent to always constraints of PDDL. We use the

global constraint mainly to model the equivalent of PDDL+ events.

In many PDDL+ domains, events restrict particular plan trajecto-

ries by leading to dead-end states (e.g., blowing up the engine in the

CAR domain), playing a role similar to global constraints. Whether

events do in fact make the language more expressive than global con-

straints alone can is an open question, but they are known to be the

cause of significant modeling and computational complications (e.g.,

infinite cascades of events [10]).

We solve the sequential numeric planning problem with a best-first

search using the AIBR heuristic. Because the AIBR is monotonic,

applying the effect of processes in the relaxed problem becomes op-

tional rather than mandatory (i.e., a “may” instead of a “must” se-

mantic). Likewise global constraints, which are always satisfied in

the state being evaluated, cannot be invalidated in the relaxed prob-

lem. In spite of these approximations, the heuristic provides effective

guidance, as shown in the next section.

7 Experiments

To evaluate the effectiveness of the AIBR heuristic, we perform ex-

periments on a set of time-discretised PDDL+ domains involving

autonomous processes and global constraints. We did not consider

IPC numeric planning benchmarks. These have only simple (linear

or constant) conditions and effects, which are already known to be

handled, in most cases quite effectively, by heuristics based on the

interval relaxation. Next, we present the setting and domains used,

then a summary of results, an in-depth analysis for selected domains,

and a comparison with two state of the art numeric planners.

2 As observed by Fox et al. [12], durative actions can be compiled away
using two instantaneous actions modeling the start and the stop of a process,
which in turns captures the continuous effects of the durative action.

7.1 Setting
We implemented a numeric planner using best-first search on f(n) =
g(n)+h(n), where h(n) is the AIBR heuristic. As in McDermott’s

planner [22], branching is on both (sets of) instantaneous action(s)

and waiting. The waiting time is fixed to a constant δt. The succes-

sor state of the waiting realises the cumulative effect of all processes

active at that particular moment. The planner is correct and complete

for the time-discretised problem; of course, like UPMurphi [8] with-

out the validation, the approach is incomplete for the continuous-

time PDDL+ semantics (e.g., we can miss opportunities during the

δt), and can produce invalid plans as we do not check zero-crossings

within the waiting time (e.g., there could be other processes trig-

gered, or global constraints invalidated in that interval). Since our

heuristic can overestimate the actual distance to the goal, it is inad-

missible and can produce suboptimal plans.

The implementation is in JAVA 1.8, and experiments were run on

Ubuntu 14.04 on an Intel I5-vPro with 8 GB of memory. The plan-

ner is called Expressive Numeric Heuristic Search Planner (ENHSP),

and will be publicly available.

7.2 Planning Domains
The large majority of our test domains require reasoning about

autonomous non-linear processes. They include the well-known

PDDL+ domains CAR [12] and GENERATOR [3], in both their lin-

ear and non-linear versions, the CONVOYS domain introduced by

McDermott [22], and two new domains INTERCEPT and HVAC. To

these, we add a challenging pure sequential numeric planning do-

main called COMPLEXPOURING.

Both CAR domain versions involve instantaneous accelerate/de-

celerate actions and processes updating the distance driven and speed

of the car. The non-linear version features a new process, which is

active when the speed v is positive and additionally accounts for the

drag k, according to dv
dt

= −k · v2. Like Bryce et al. [3], we test

the scalability of our approach by increasing the maximum accelera-

tion/deceleration (from 1 to 8) to enlarge the branching factor .

GENERATOR describes power generation by an engine which con-

sumes fuel and may need (concurrent) refilling from various fuel

tanks. The linear [12] and non-linear [3] versions both have turn-

on/turn-off generator and start/stop refuelling actions but different

refuelling dynamics. In the non-linear case, the rate of increase of

the fuel level f caused by refuelling is given by df
dt

= α.t2 where

α is a constant and t the refuelling time. Problem instances differ by

increasing the number of tanks needed to achieve the goal of gen-

erating power for a given duration. Dead-ends appear whenever the

planner delays refuelling for too long or when refueling is impossible

due to the lack of space in the generator’s tank. As in previous work

[3], the largest instance has 8 tanks, all of which are needed.

CONVOYS features a set of convoys that must reach specific loca-

tions starting from their initial positions. The time needed by convoy

c to move between two positions a and b on the map depends on the

speed vc of the convoy and on the inverse of the square of the traf-

fic Ta,b in that specific road segment. There is a process per convoy

and road segment, which updates the distance travelled according to
dDc,a,b

dt
= − vc

T2
a,b

as long as the segment end point is not reached.

Instances in this domain involves up to 8 locations and 4 convoys.

INTERCEPT involves a vampire v and a bird b in the two-

dimensional space Q2. Two processes describe their movement,

given as a function of the speed in the two dimensions. The task is

to launch the vampire (initially stationary) at the right time and with

E. Scala et al. / Interval-Based Relaxation for General Numeric Planning660



the right speed for it to intercept the bird. This happens when the

Euclidean distance between the two is lower than a given radius r,
which is encoded using the constraint (xv−xb)2+(yv−yb)2 ≤ r2.

Instances scale according to the initial distance between the vampire

and the bird, and by the radius defining the goal condition.

HVAC is an abstraction of a ventilation, air-conditioning and cool-

ing (HVAC) control problem [19]3. For each zone l in a building,

two HVAC control parameters, the supply air flow rate aSA
l and sup-

ply air temperature T sa
l , must be adjusted from time to time so as to

ensure that the zone temperature Tl meets given constraints. These

constraints reflect the schedule of activities occuring at the zone. In

our abstraction, there are instantaneous actions to increase/decrease

TSA
l and aSA

l by a given amount. A single process updates the actual

time, and a process per zone computes the rate of temperature change

in this zone as dTl
dt

= β.aSA
l .(T

SA
l − Tl), where β is a constant.

Time in this representation is implicitly captured by the progress of

the plan, in contrast to the MIP formulation presented in [19], where

each variable is explicitly located on the timeline. Moreover, since

nonlinear optimisation solvers struggle with this problem, the MIP

formulation linearises the bilinear terms in the above equation. In-

stances in this domain are generated by increasing the number of

scheduled activities from 1 to 16.

COMPLEXPOURING is the problem of filling buckets using water

tanks arranged in a complex directed network. Each tank and bucket

has a given capacity and initial volume of water. This is a purely

sequential problem which has no processes but just an action that en-

ables the transfer of water from one container to a connected one.

The transfer is modelled by Toriccelli’s law which states that the vol-

ume V of water left in a tank with an initial volume U of water after

t seconds with an open tap is V = (−kt−
√
U), with t ∈ (0,

√
U
k

),
where k is a constant that depends on the cross-sectional area of the

tank, the size of the tap, and gravity [18]. In our formulation this law

is discretised to model the change happening after 1 second. In or-

der to achieve the goal, we may have to transfer water from different

tanks into intermediary ones, and so on. In this domain, we study the

complexity arising from two different sources, leading to two differ-

ent instance sets. In the first set, tanks arranged in a flat structure all

feed into a single bucket and we vary the number of tanks from 2 to

10. In the second set, we vary the structure of the network of tanks,

which includes from 3 to 10 tanks and 1 or 2 buckets to fill.

7.3 Summary of Results
Table 1 reports number of instances (I), coverage (C), run time (T),

plan length (PL), and number of expanded nodes (Exp) for all the

domains described in the previous section. The planner was able to

solve all the instances provided.

Domain I C T PL Exp
CAR 8 8 0.1 17.2 30.6
CAR (NL) 8 8 0.3 20.8 353.9
GENERATOR 8 8 3.7 1005.5 1006.5
GENERATOR (NL) 8 8 4.9 1005.5 1006.5
CONVOYS 6 6 25.1 23 935
INTERCEPT 10 10 1.5 114.4 2750.9
HVAC 16 16 16.5 110.6 9235.4
COMPLEXPOURING 17 17 4.9 14.1 1693

Table 1: Overall picture of the experimental results. PDDL+ domains

ran with δt = 1 (apart from INTERCEPT, which requires δt = 0.1 to

make the instances solvable). Time-out is set to 1800 seconds. Plan

Length includes both actions and waiting actions.

3 We only consider the control part of the problem and ignore external influ-
ences such as the temperature of adjacent rooms.

With Heuristic Guidance Blind Search
Exp Eval PL T Exp PL T

1 34 68 20 0.10 359209 20 96
2 73 148 20 0.14 NA NA NA
3 388 948 21 0.34 NA NA NA
4 448 1002 21 0.36 NA NA NA
5 472 1158 21 0.39 NA NA NA
6 472 1158 21 0.39 NA NA NA
7 472 1158 21 0.41 NA NA NA
8 472 1158 21 0.41 NA NA NA

(a) Non-Linear CAR

With Heuristic Guidance Blind Search
Exp Eval PL T Exp PL T

1 1003 1005 1002 2.70 NA NA NA
2 1004 1009 1003 3.05 NA NA NA
3 1005 1014 1004 3.77 NA NA NA
4 1006 1020 1005 4.60 NA NA NA
5 1007 1027 1006 5.01 NA NA NA
6 1008 1035 1007 5.93 NA NA NA
7 1009 1044 1008 6.86 NA NA NA
8 1010 1054 1009 7.65 NA NA NA

(b) Non-Linear GENERATOR

With Heuristic Guidance Blind Search
Exp Eval PL T Exp PL T

1 8 7 7 0.02 7 7 0.06
2 12 22 6 0.05 64 6 0.15
3 386 688 13 0.54 NA NA NA
4 1389 1651 15 1.85 NA NA NA
5 16 30 8 0.05 269 8 0.27
6 7 12 6 0.05 66 6 0.17
7 26 72 11 0.86 88661 11 30.2
8 204 742 14 1.03 NA NA NA
9 309 1131 22 1.01 NA NA NA

10 50 144 11 0.19 88563 11 19.7
11 429 1606 16 1.15 NA NA NA
12 408 1889 19 1.50 NA NA NA
13 1163 6097 21 3.25 NA NA NA
14 18356 109777 24 51.79 NA NA NA
15 5933 33500 22 19.38 NA NA NA
16 35 171 14 0.82 NA NA NA
17 50 363 10 1.22 NA NA NA

(c) COMPLEXPOURING

Table 2: Detailed results

The low average number of expanded nodes in the domain is in-

dicative of heuristic effectiveness; the next section provides more de-

tails. Many domains have non-linear dependencies among numeric

variables, and some require (implicit) temporal reasoning (e.g., GEN-

ERATOR, INTERCEPT). The heuristic is more inaccurate in these do-

mains, especially HVAC which has many global constraints. Since

AIBR is monotone, it does not capture negative effects on them.

7.4 In-Depth Analysis
Next, we present a more in-depth analysis of heuristic guidance for

a subset of domains. AIBR informativness and impact on plan

length is evaluated comparing it with blind search (f(n) = g(n),
i.e, uniform-cost search). We used uniform-cost search rather than

uninformed depth-first search since the latter only solved a few in-

stances of one domain (with plans 10–100 times longer). Since, the

search space is usually infinite, depth-first search often fails to termi-

nate also for solvable instances.

Car domain. Table 2a shows the number of expanded (Exp) and

evaluated nodes (Eval), plan length (PL) and run-time (T) for the

non-linear instances. The increasing spectrum of possible accelera-

tions in instances 1 to 8 only marginally affects ENHSP’s runtime.

Blind search finds minimal-length plans, but is not able to scale up

beyond instance 1. The plans produced using the heuristic, whilst

suboptimal, are still of a good quality.

Non-linear Generator. Table 2b shows data for each instance. Here

the number of necessary plan steps depends on the time the genera-

tor has to run, and on the number of tanks that must be used. With a
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shortest plan length of about a 1000 actions and an average branch-

ing factor of 3 actions, even the smallest instance has a huge search

space. Despite this, the AIBR heuristic solves all instances, whilst

blind search solves none. Surprisingly, the heuristic overestimation

favours states where fewer actions are possible (a tank can be used

just once in this domain). This causes planner to favour refuelling

over waiting, thus avoiding the generator running out of fuel.

Complex Pouring. Table 2c reports the data for each instance. In-

stances 1-9 belong to the set of instances with a flat network struc-

ture (see Subsection 7.2) The largest instance (instance 9) has a larger

volume of liquid to be poured so as to increase the length of plans. In-

stances 10-16 involving a more complex network of tanks. The depth

of the network affects the length of plans. Blind search was able to

produce plans within the timeout but only for a subset of these in-

stances. This is because, except for the instances requiring more than

11 actions, the state space is small enough to be blindly explored.

Interestingly, none of the plans produced with the heuristics is longer

than the plan produced by blind search. It turns out that, despite its

inadmissibility, our heuristic leads to optimal plans in this domain.

ENHSP outperforms blind search on the other domains. Blind

search only solved instances from the linear version of CAR (ex-

panding on the average 387605 nodes), and 3 instances of CON-

VOYS (average expanded nodes: 10621).

7.5 Comparative Analysis

We compared ENHSP with dReal [3] and UPMurphi [8], both of

which follow the planning via model-checking paradigm. Neither of

them is strictly designed for sequential numeric planning, but they

were the closest comparable planners that we were aware of and that

were available at the time of writing. Another planner with similar

capabilities was proposed by Bajada et al. [2], and two more systems

for planning with non-linear processes have only recently become

available [4, 24]. Examining their comparative performance, and that

of ENHSP on newly proposed benchmarks [24], is a question for

future work.

Table 3 reports the planners’ runtimes on the CAR and GENER-

ATOR domains. The UPMurphi runtimes were obtained by running

the latest version of the planner4 in its standard configuration with a

discretisation step of 1 sec, on the same PDDL+ formalisation the

we use for ENHSP. The dReal runtimes are taken from Bryce et al.’s

paper [3]. This is because dReal does not support PDDL with pro-

cesses natively; a model-checking formulation of each instance has to

be written manually, which includes a mode for each possible combi-

nation of processes (note that there could be an exponential number

of modes to consider). We strived to make our PDDL+ formulations

as close as possible to those in the dReal distribution5.

dReal uses some heuristic guidance, but the heuristic is intended to

estimate the number of jumps between different modes, and ignores

the numeric part of the problem. UPMurphi automatically translates

PDDL+ to the model-checking formulation, but unlike dReal, it uses

blind search and is not guided by any heuristic. Table 3 shows that the

AIBR heuristic provides better search guidance than the mechanisms

employed by these two planners.

However, these results should only be considered as indicative,

rather than as a fair comparison. There are several differences be-

tween the three planners which must be taken into account. For in-

stance, dReal is an approximate planner where preconditions and

4 Available at http://github.com/gdellapenna/UPMurphi
5 http://github.com/danbryce/dreal

Instance 1 2 3 4 5 6 7 8
CAR

ENHSP 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
dReal 1.1 1.2 1.2 1.2 1.2 1.3 1.3 1.2
UPMur. 0.3 0.6 1.0 1.5 1.8 2.1 2.3 2.6

NLCAR

ENHSP 0.1 0.1 0.3 0.4 0.4 0.4 0.4 0.4
dReal 16.7 16.7 16.3 16.8 16.6 16.8 17.4 16.6
UPMur. 4.9 42.7 84.3 113 139 171 187 204

GENERATOR

ENHSP 1.9 2.6 2.7 3.1 4.0 4.4 5.1 5.6
dReal 3.1 15.6 134.7 1699 TO TO TO TO
UPMur. 113.4 MO MO MO MO MO MO MO

NLGENERATOR

ENHSP 2.7 3.1 3.8 4.6 5.0 5.9 6.9 7.7
dReal 12.8 71.6 1696 TO TO TO TO TO
UPMur. 128 MO MO MO MO MO MO MO

Table 3: Comparison of the run times (in sec.) of ENHSP, dReal and

UPMurphi. Each instance can end with a solved situation, timeout

(TO), or out of memory (MO).

goals are satisfied up to an approximation error. ENHSP and UP-

Murphi may also produce unsound plans, but for a different reason,

due to discretisation of time and lack of zero-crossing check. To rem-

edy this would require introducing a plan validation step, and subse-

quent refinement of the discretisation [8]. dReal only finds plan with

a bounded number of steps, specified in advance, so in general must

be run several times, with increasing step bounds. The CPU times in

Table 3 are for a single run only, in which the planner is given the

optimal number of steps for each problem. (CPU times for the whole

process, on some instances, can be found in [4].) In contrast, ENHSP

does not require any a priori bound.

8 Conclusions

The interval-based relaxation is the natural extension of the principle

of monotonic (delete-free) relaxation to numeric planning [17], and

the basis of most numeric planning heuristics [13, 6, 7, 5, 24]. How-

ever, these apply only to restricted problems, for example having lin-

ear conditions and effects. Up to now, it has not been clear if (asymp-

totic) reachability in the relaxation is even decidable for unrestricted

problems, which may have cyclic dependencies [1]. We have shown

that relaxed reachability is computable, through a novel asymptotic

relaxed planning graph formulation, for problems with additive ac-

tion effects, and moreover that non-additive state-dependent effects

can be removed by a syntactic problem transformation, at the price of

a further relaxation. The resulting additive interval-based relaxation

(AIBR) and heuristics derived from it are pruning-safe.

Sequential numeric planning problems with complex non-linear

effects arise naturally as time-discretisations of planning in the pres-

ence of autonomous continuous-time processes [8, 20], and efficient

and general numeric planners are a key building block for support-

ing more expressive forms of planning. Evaluation of a planner using

a heuristic obtained from the AIBR on various non-linear sequen-

tial planning problems and time-discretised PDDL+ problems with

global constraints showed it to be competitive with some planners

designed for such problems [3, 8].

In addition to extending the comparison to other recent planners,

our future work is aimed at understanding how to make the heuristic

more accurate and/or better integrated with the search engine used,

for example through the extraction of helpful actions [17].
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Randomized Canonical Correlation Discriminant
Analysis for Face Recognition
Bo Ma and Hui He and Hongwei Hu and Meili Wei 1

Abstract. As an important technique in multivariate statistical anal-

ysis, Canonical Correlation Analysis (CCA) has been widely used in

face recognition. But existing CCA based face recognition methods

need two kinds of expression for the same face sample, and usually

suffers high computational complexity in dealing with large samples.

In this paper, we present a supervised method called Randomized

Canonical Correlation Discriminant Analysis (RCCDA) based on

Randomized non-linear Canonical Correlation Analysis (RCCA) to

make up for the shortage of CCA based face recognition methods. We

first obtain basis vectors approximately with random features instead

of the calculation of kernel matrix to improve the efficiency of com-

putation, then we use these basis vectors to compute random optimal

discriminant features which can reduce the dimension of face features

while preserving as much discriminatory information as possible. The

result of experiments on Extended Yale B, AR, ORL and FERET face

databases demonstrates that the performance of our method compares

favorably with some state-of-the-art algorithms.

1 Introduction

Face recognition, which is one of the most important fields in com-

puter vision, has been widely used in military and commercial appli-

cations. In the past 40 years, many face recognition methods have

been presented to solve the problem of the illumination, occlusion, ex-

pression and position diversification. But face recognition is still such

a challenging and interesting problem that it has attracted researchers

who have different backgrounds: psychology, pattern recognition,

neural networks and computer vision[46].

According to the type of feature, face recognition methods can

be classified into three categories: holistic matching methods, local

matching methods and hybrid methods. In holistic matching meth-

ods, a whole face region is used as the raw input for a recognition

system, such as eigenfaces (using Principal Component Analysis

(PCA))[37], Fisherfaces (using Fisher linear Discriminant Analysis

(FDA))[3], Kernel Principal Component Analysis (KPCA)[16], 2D-

PCA[40], Local Preserving Projection (LPP)[23], sparsity preserving

projections[28]. Although the holistic methods perform well under

certain conditions, they need a large and representative training set

to achieve high accuracy. Moreover, the misalignment of face image

may degrade the performance of recognition.

Contrary to holistic matching methods, local matching methods

first extract local features such as eyes, nose, and mouth, then put their

locations and local statistics (geometric and/or appearance) into a

1 Beijing Laboratory of Intelligent Information Technology, School of
Computer Science and Technology, Beijing Institute of Technology,
Beijing, China, email: {bma000, hehui, huhongwei}@bit.edu.cn, meili-
wei1314@163.com.

structural classifier. It has been proved that early local methods based

on the geometric characteristics matching perform worse than global

methods[4]. However, other local feature representations, which use

patches instead to extract face features, has achieved promising per-

formance in face recognition[11] because of their robustness on illu-

mination, expression and occlusion, such as Gabor wavelets[1], Local

Binary Patterns (LBP)[2] and Local Ternary Patterns (LTP)[36], local

gabor binary pattern[45], local graph structure[13].

Hybrid methods combine the advantages of the holistic feature

representation and local feature representation. Similar to human

perception system, both local features and the whole face region

are used to recognize a face in machine recognition system, such as

Gabor+FDA[21], Gabor+KPCA[20], LBP+KPCA[35]. Considering

the superiority of hybrid method, in this paper, we use this method

to obtain more local discriminative information and complete facial

representation.

CCA, which is first applied in data mining, aims to find the correla-

tion between two sets of data. After the establishment of CCA frame-

work for image recognition presented by Sun et al. [32], multi-modal

identification face recognition methods based on CCA have been

attracting extensive attention. Many algorithms have been proposed

to improve the performance of CCA, for example, KPCA+CCA[10],

generalized CCA[31], discriminative CCA[34], 2D-CCA[17].

Although CCA based face recognition methods achieve good re-

sults, there still exists some drawbacks: 1) CCA needs two views

of the same face. In the methods mentioned above, they extract two

types of feature to compute CCA, then fuse features to train classifiers.

However, the chosen features and the fusion methods are hand-crafted,

which are hard to be optimized. 2) High computational cost. In the

process of solving small sample size problem, CCA generally re-

quires suitable methods to reduce the sample dimension such as PCA,

which needs extra calculation. Kernel Canonical Correlation Analysis

(KCCA) can project visual features into higher space by using kernel

tricks to deal with the data involving non-linear correlation, it has a

high computational complexity.

Randomization, which can yield comparable generalization per-

formance at a fraction of the computational cost, has recently been

considered as an alternative to optimize kernel methods[39]. Random

features can be used to approximate kernel matrix when the scale of

sample is very large, instead of intractable kernel computation.

As an effective feature in face recognition, Fisher optimal discrim-

inant vectors, which can reduce the dimension of face features to a

more manageable size while preserving more discriminatory informa-

tion before classification , can be obtianed by FDA. But in order to

find out the optimal non-linear discriminant function, FDA still has

high computational cost.

This paper presents a new method for face recognition, Random-
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ized Canonical Correlation Discriminant Analysis (RCCDA), that

combines the advantages of stochastic methods and FDA to address

both problems of CCA simultaneously. We first extract local feature

as a representation of face image, which is more robust for illumi-

nation and occlusion, then use RCCDA to obtain random optimal

discriminant features, which reduces computational complexity and

preserves discriminatory information as much as possible at the same

time.

The method consists two main contributions. First, we bridge a gap

between KCCA and Kernel Fisher Discriminant Analysis (KFDA)[30]

called Kernel Canonical Correlation Discriminant Analysis (KCCDA),

thus we can obtain optimal discriminant vectors more efficiently with

only a set of labeled samples, which is easy to be optimized. Second,

we use Randomized non-linear CCA (RCCA)[22] to achieve a similar

accuracy to KCCDA with greatly computational speed-ups (more

than 10 times).

2 Random Optimal Discriminant Features
In this section, we first review the CCA and KCCA method, then

show the details of KCCDA and introduce randomized method with

it to form RCCDA.

2.1 Kernel Canonical Correlation Analysis
CCA is introduced by Hotelling[12] to describe the linear relation

between two multi-dimensional(or two sets of) variables. The problem

of CCA is finding basis vectors for each set such that the projections

of the two variables on their respective basis vectors are maximally

correlated.

In another words, CCA processes two different views of the same

object, such as speech audio signals, paired video frames and two

viewing images of the same object, and returns their maximally corre-

lated linear transformations[18].

In the form of matrix, given two sets X ∈ Rn×dx and Y ∈ Rn×dy

, the CCA projections a ∈ Rdx×k and b ∈ Rdy×k are the solution to

max aTXTY b

s.t. aTXTXa = 1

bTY TY b = 1

(1)

The canonical correlations ρ1, ...ρk and basis vectors a and b form

the eigensystem of the generalized eigenvalue problem[7]:(
0 CXY

CY X 0

)(
a
b

)
=

ρ

(
CXX + γxI 0

0 CY Y + γyI

)(
a
b

) (2)

where CXY is the covariance cov(X,Y ), γxI, γyI are regulariza-

tion terms.

To extend CCA to non-linear mappings, the data can be mapped

to a new feature space via function Φ, Φx : Rn×dx → Rn×p,Φy :
Rn×dy → Rn×q . In this new feature space, the function need to be

maximized is:

max aTΦx(X)TΦy(Y )b

s.t. aTΦx(X)TΦx(X)a = 1

bTΦy(Y )TΦy(Y )b = 1

(3)

According to the theory of reproducing kernel, we can use a =
Φx(X)Tc and b = Φy(Y )

Td to replace a, b in the equation above.

Let K ∈ Rn×n be the kernel matrix and [K]ij = k(xi,xj) =
〈Φ(xi),Φ(xj)〉. Thus, the function needed to be maximized is:

max cTKxKyd

s.t. cTKxKxc = 1

dTKyKyd = 1

(4)

This problem can also be translated to the generalized eigenvalue

problem: (
0 KxKy

KyKx 0

)(
c
d

)
=

ρ

(
KxKx + γxI 0

0 KyKy + γyI

)(
c
d

) (5)

where Kx,Ky are kernel matrix of X,Y , (γx, γy) are positive reg-

ularizers mandatory to avoid spurious ±1 correlations and c,d are

basis vectors in feature space.

2.2 Kernel Canonical Correlation Discriminant
Analysis

In this section, we will give a brief description of KFDA to help clarify

the relationship between KFDA and KCCA, then combine it with

randomized method.

FDA[9] is a variance preserving approach with the goal of finding

the optimal linear discriminant function. By extending FDA to non-

linear mappings, KFDA maps the data into a high dimensional feature

space, then executes linear discriminant analysis in it, which is equal

to execute non-linear discriminant analysis in original space.

The objective function of FDA is designed to be maximized by a

projection that maximizes the inter class scatter and minimizes the

intra class scatter. An optimal discriminant vector ω can be obtained

by solving the following:

max
ωTSbω

ωTSwω
(6)

where Sb is the inter scatter matrix and Sw is the total intra scatter

matrix of data.

After mapped into high-dimensional space by function Φ and re-

placed the dot product in the new feature space with a kernel function,

the objective function transforms to:

max
ωTSΦ

b ω

ωTSΦ
wω

(7)

where SΦ
b and SΦ

w are between-class and with-in covariance matrix

in feature space.

In order to replace the dot product in the new feature space with a

kernel function, we use αTΦ(X) to substitute ω. The numerator of

objective function can then be written as:

ωTSΦ
b ω = αTKbα

Kb =

c∑
k=1

nk
n

UkU
T
k =

1

n
KHKT

Uk = (
1

nk

nk∑
i=1

k(x1,xki), ...,
1

nk

nk∑
i=1

k(xn,xki))
T

(8)

where α is optimal discriminant vector, [K]ij = k(xi,xj) is the

kernel matrix, H = diag(H1...Hc) and Hk = 1
nk

Ink×nk (k =

1, .., c), nk the number of samples in class k.
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Similarly, the denominator can be written as:

ωTSΦ
wω = αTKwα

Kw =
1

n
(KKT −KHKT)

(9)

We can solve the problem of KFDA by the generalized eigenvalue

problem:

Kbα = λKwα (10)

Substituting Kb and Kw with K and H in equation above, the

goal of KFDA becomes:

KHKα =
λ

1 + λ
KKα (11)

Reviewing the solution of KCCA in Eq. (5), with regularizers

ignored, the base vectors c can be calculate as an eigenvalue problem:

KxKy(KyKy)
†KyKxc = ρ2KxKxc (12)

where † indicates a generalized inverse.

Let X be the n×pmatrix of predictor variables, and Y be the n×c
matrix of dummy response variables encoded by one-of-k label[14]:

Y =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1n1 0n1 0n1 ... 0n1

0n2 1n2 0n2 ... 0n2

...
...

...
. . .

...

0nk 0nk 1nk ... 0nk

...
...

...
. . .

...

0nc 0nc 0nc ... 1nc

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
n×c

(13)

where 1nk and 0nk are column vectors with nk number of 1 and 0

respectively, nk the number of samples in class k.
Considering non-linear mapping Φx : x → Φx(x) and self-

mapping Φy : y → y, the canonical direction c of X can be ob-

tain by solving KCCA. In this example, Kx is a kernel matrix and

Ky = Y Y T. Replacing these in Eq. (12), the equation can be rewrit-

ten as:

KxY Y T(Y Y TY Y T)†Y Y TKxc = ρ2KxKxc (14)

The key point is that the matrix Y Y T(Y Y TY Y T)†Y Y T is

equal to matrix H defined in Eq. (8). Then the equation above trans-

forms to:

KxHKxc = ρ2KxKxc (15)

It is easy to find the equivalency of Eq. (11) and Eq. (15) by set-

ting ρ2 = λ
1+λ

. This shows that the vector c giving the maximum

correlation also maximizes the ratio of between class sum of squares

to within class sum of squares of the projected data. Thus, we can

use KCCA to compute the optimal discriminant direction of KFDA,

which is called KCCDA method.

2.3 Randomized Canonical Correlation
Discriminant Analysis

In order to handle the high complexity of KCCA, RCCA has been

presented in [22] as a low-rank approximation of KCCA. Thus, com-

parable generalization performance can be yielded by selecting the

appropriate scale random features. By using RCCA method, RCCDA

has been proposed as an approximation of KCCDA.

The idea of random features is to define a lower-dimensional map-

ping, z : Rd → Rm through a random sampling scheme such that

[K]ii′ ≈ z(xi)
Tz(xi′)[39]. Thus, using random features, non-linear

functions with respect to x can be learned as linear functions in z(x)
leading to significant computational speed-ups[25].

Fix m ! n and randomly(uniformly) sample a subset M =
{x̂i}mi=1 ofm points from the data {xi}ni=1 . Let K̂ denote the Gram

matrix [K̂]ii′ where i, i′ ∈M . The Nyström method[43], which uses

random subsampling to approximate the Gram matrix, constructs a

low-rank approximation to the Gram matrix as

K ≈ K̃ =

n∑
i=1

n∑
i′=1

z(xi)
Tz(xi′)

z(xi) = D̂− 1
2 V̂ T[κ(xi, x̂1), ..., κ(xi, x̂m)]T

(16)

where z(xi) is random feature, the columns of V̂ are the eigenvectors

of K̂, D̂ is a diagonal matrix whose entries are the corresponding

eigenvalues. Constructing features in this way reduces the time com-

plexity of learning a non-linear prediction function from O(n3) to

O(n)[8].

Let K̃x and K̃y , which are obtained by random method, be the

approximations to Kx and Ky (as defined in Eq. (5)). The objective

function of RCCA is:

max cTK̃xK̃yd

s.t. cTK̃xK̃xc = 1

dTK̃yK̃yd = 1

(17)

Replacing K̃x, K̃y with zx(X)Tzx(X), zy(Y )Tzy(Y ) and let

a = zx(X)c, b = zy(Y )d, then what we need to maximize is

max aTzx(X)zy(Y )Tb

s.t. aTzx(X)zx(X)Ta = 1

bTzy(Y )zy(Y )Tb = 1

(18)

It is easy to find that we can compute the RCCA(X,Y ) just by

CCA(zx(X), zy(Y )). That is to say, RCCA can be understood as

linear CCA performed on a pair of randomized non-linear mappings:

zx : Rn×p → Rn×mx , zy : Rn×q → Rn×my of the data X ∈
Rn×p and Y ∈ Rn×q . Schematically,

RCCA(X,Y ) = CCA(zx(X), zy(Y ))

≈ KCCA(X,Y ).
(19)

As mentioned in section 2.2, we can use KCCA to calculate KFDA.

Similar to KCCA, RCCA can be used to accelerate the computation

of KFDA. As an approximation of KCCDA, the equation of RCCDA

defined as:

RCCDA(Xy) = RCCA(X,Y )

= CCA(zx(X), zy(Y ))

≈ KCCDA(Xy)

= KFDA(Xy)

(20)

where Y is a hand-crafted class matrix, Xy means X depend on

Y implicitly. zx is a randomized non-linear mappings: zx : Rn×p →
Rn×mx and zy is a self-mapping, zy : y → y.

Algorithm 1 details our method to obtaining random optimal dis-

criminant features, which can reduce the dimension of face features

while preserving as much discriminatory information as possible. The

setting is that we have labeled data {X,y} and dimension of random

featurem.
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