
ECAI 2016 



 

Frontiers in Artificial Intelligence and Applications 

The book series Frontiers in Artificial Intelligence and Applications (FAIA) covers all aspects of theoretical and applied Artificial 

Intelligence research in the form of monographs, doctoral dissertations, textbooks, handbooks and proceedings volumes. 

The FAIA series contains several sub-series, including ‘Information Modelling and Knowledge Bases’ and ‘Knowledge-Based Intelligent 

Engineering Systems’. It also includes the biennial European Conference on Artificial Intelligence (ECAI) proceedings volumes, and other 

EurAI (European Association for Artificial Intelligence, formerly ECCAI) sponsored publications. An editorial panel of internationally well-

known scholars is appointed to provide a high quality selection. 

Series Editors: 

J. Breuker, N. Guarino, J.N. Kok, J. Liu, R. López de Mántaras, 

R. Mizoguchi, M. Musen, S.K. Pal and N. Zhong 

Volume 285 

Recently published in this series 

Vol. 284. D. Pearce and H.S. Pinto (Eds.), STAIRS 2016 – Proceedings of the Eighth European Starting AI Researcher Symposium 

Vol. 283. R. Ferrario and W. Kuhn (Eds.), Formal Ontology in Information Systems – Proceedings of the 9th International Conference 

(FOIS 2016) 

Vol. 282. J. Mizera-Pietraszko, Y.-L. Chung and P. Pichappan (Eds.), Advances in Digital Technologies – Proceedings of the 7th 

International Conference on Applications of Digital Information and Web Technologies 2016 

Vol. 281. G. Chen, F. Liu and M. Shojafar (Eds.), Fuzzy System and Data Mining – Proceedings of FSDM 2015 

Vol. 280. T. Welzer, H. Jaakkola, B. Thalheim, Y. Kiyoki and N. Yoshida (Eds.), Information Modelling and Knowledge Bases XXVII 

Vol. 279. A. Rotolo (Ed.), Legal Knowledge and Information Systems – JURIX 2015: The Twenty-Eighth Annual Conference 

Vol. 278. S. Nowaczyk (Ed.), Thirteenth Scandinavian Conference on Artificial Intelligence – SCAI 2015 

Vol. 277. E. Armengol, D. Boixader and F. Grimaldo (Eds.), Artificial Intelligence Research and Development, Proceedings of the 18th 

International Conference of the Catalan Association for Artificial Intelligence 

Vol. 276. H. Fujita and S.-F. Su (Eds.), New Trends on System Sciences and Engineering – Proceedings of ICSSE 2015 

Vol. 275. J. Mizera-Pietraszko and S. Fong (Eds.), Advances in Digital Technologies – Proceedings of the 6th International Conference on 

Applications of Digital Information and Web Technologies 2015 

Vol. 274. W.C.-C. Chu, H.-C. Chao and S.J.-H. Yang (Eds.), Intelligent Systems and Applications – Proceedings of the International 

Computer Symposium (ICS) held at Taichung, Taiwan, December 12–14, 2014 

Vol. 273. J. Seibt, R. Hakli and M. Nørskov (Eds.), Sociable Robots and the Future of Social Relations – Proceedings of Robo-Philosophy 

2014 

Vol. 272. B. Thalheim, H. Jaakkola, Y. Kiyoki and N. Yoshida (Eds.), Information Modelling and Knowledge Bases XXVI 

Vol. 271. R. Hoekstra (Ed.), Legal Knowledge and Information Systems – JURIX 2014: The Twenty-Seventh Annual Conference  

Vol. 270. H.-M. Haav, A. Kalja and T. Robal (Eds.), Databases and Information Systems VIII – Selected Papers from the Eleventh 

International Baltic Conference, DB&IS 2014 

Vol. 269. L. Museros, O. Pujol and N. Agell (Eds.), Artificial Intelligence Research and Development – Recent Advances and Applications 

Vol. 268. A. Utka, G. Grigonytė, J. Kapočiūtė-Dzikienė and J. Vaičenonienė (Eds.), Human Language Technologies – The Baltic 

Perspective: Proceedings of the Sixth International Conference Baltic HLT 2014 

Vol. 267. P. Garbacz and O. Kutz (Eds.), Formal Ontology in Information Systems – Proceedings of the Eighth International Conference 

(FOIS 2014) 

Vol. 266. S. Parsons, N. Oren, C. Reed and F. Cerutti (Eds.), Computational Models of Argument – Proceedings of COMMA 2014 

Vol. 265. H. Fujita, A. Selamat and H. Haron (Eds.), New Trends in Software Methodologies, Tools and Techniques – Proceedings of the 

Thirteenth SoMeT_14 

Vol. 264. U. Endriss and J. Leite (Eds.), STAIRS 2014 – Proceedings of the 7th European Starting AI Researcher Symposium 

Vol. 263. T. Schaub, G. Friedrich and B. O’Sullivan (Eds.), ECAI 2014 – 21st European Conference on Artificial Intelligence 

Vol. 262. R. Neves-Silva, G.A. Tshirintzis, V. Uskov, R.J. Howlett and L.C. Jain (Eds.), Smart Digital Futures 2014 

Vol. 261. G. Phillips-Wren, S. Carlsson, A. Respício and P. Brézillon (Eds.), DSS 2.0 – Supporting Decision Making with New 

Technologies 

Vol. 260. T. Tokuda, Y. Kiyoki, H. Jaakkola and N. Yoshida (Eds.), Information Modelling and Knowledge Bases XXV 

Vol. 259. K.D. Ashley (Ed.), Legal Knowledge and Information Systems – JURIX 2013: The Twenty-Sixth Annual Conference 

Vol. 258. K. Gerdes, E. Hajičová and L. Wanner (Eds.), Computational Dependency Theory 

Vol. 257. M. Jaeger, T.D. Nielsen and P. Viappiani (Eds.), Twelfth Scandinavian Conference on Artificial Intelligence – SCAI 2013 

ISSN 0922-6389 (print) 

ISSN 1879-8314 (online) 



ECAI 2016 

22nd European Conference on Artificial Intelligence 

29 August–2 September 2016, The Hague, The Netherlands 

 

Including 

Prestigious Applications of Artificial Intelligence (PAIS 2016) 

 

Proceedings 

 

Edited by 

Gal A. Kaminka 

Bar Ilan University, Israel 

Maria Fox 

King’s College London, United Kingdom 

Paolo Bouquet 

University of Trento & OKKAM srl, Italy 

Eyke Hüllermeier 

Paderborn University, Germany 

Virginia Dignum 

Delft University of Technology, The Netherlands 

Frank Dignum 

Utrecht University, The Netherlands 

and 

Frank van Harmelen 

Vrije Universiteit Amsterdam, The Netherlands 

 

Organized by the European Association for Artificial Intelligence (EurAI) 

and the Benelux Association for Artificial Intelligence (BNVKI). 

Part 1/Part 2 

 

Amsterdam • Berlin • Washington, DC 



 

© 2016 The Authors and IOS Press. 

This book is published online with Open Access and distributed under the terms of the Creative Commons Attribution Non-Commercial 

License 4.0 (CC BY-NC 4.0). 

ISBN 978-1-61499-671-2 (print) 

ISBN 978-1-61499-672-9 (online) 

Library of Congress Control Number: 2016949341 

Publisher 

IOS Press BV 

Nieuwe Hemweg 6B 

1013 BG Amsterdam 

Netherlands 

fax: +31 20 687 0019 

e-mail: order@iospress.nl 

Distributor in the USA and Canada 

IOS Press, Inc. 

4502 Rachael Manor Drive 

Fairfax, VA 22032 

USA 

fax: +1 703 323 3668 

e-mail: iosbooks@iospress.com 

LEGAL NOTICE 

The publisher is not responsible for the use which might be made of the following information. 

PRINTED IN THE NETHERLANDS 



Introduction 

This volume contains the proceedings of the Twenty-second European Conference on Artificial Intelligence 

(ECAI 2016), held from August 29th to September 2nd, 2016, in The Hague, The Netherlands. Since 1974, the 

biennial European Conference on Artificial Intelligence, organized by the European Association for Artificial Intel-

ligence (EurAI, formerly named ECCAI), has been the premier venue for presenting AI research in Europe. ECAI 

is the place for researchers and practitioners of Artificial Intelligence (AI) to gather and to discuss the latest trends 

and challenges in all subfields of AI as well as to demonstrate innovative applications and uses of advanced AI 

technology. 

ECAI 2016 was co-located with Collective Intentionality X, the interdisciplinary conference on collective in-

tentionality, and the IEEE Symposium on Ethics of Autonomous Systems (SEAS Europe). As in the past, ECAI 

2016 incorporates the Conference on Prestigious Applications of Intelligent Systems (PAIS 2016) and the Starting 

AI Researcher Symposium (STAIRS). The papers from PAIS are included in this volume, while the papers from 

STAIRS are published in a separate volume. ECAI 2016 also featured a special topic on Artificial Intelligence for 

Human Values, with a dedicated track and a public event in the Peace Palace in The Hague.  

The program of ECAI 2016 included five invited plenary talks, including two, by Michael Bratman and Johan-

na Seibt, shared with Collective Intentionality X, and an extensive workshop and tutorial program. 

In total, 656 papers were submitted to ECAI 2016. Of these, 177 (27%) were accepted as long papers and 123 

(19%) were accepted as short papers, of which 108 were presented at the conference. This makes ECAI 2016 the 

largest edition in the 40-year history of ECAI conferences, reflecting the growth and vitality of AI as a research 

field. This year we pioneered the idea of supporting continuity of the peer reviewing process, by allowing authors 

to submit resubmissions of papers rejected from IJCAI 2016, alongside their reviews from that conference. We also 

introduced a Summary Reject process, enabling Senior Program Committee (SPC) members to use their knowledge 

and experience to help to reduce the load on reviewers. We also tried a new process of allocating papers to Program 

Committee (PC) members, in which SPCs allocated papers to a team of PC members that they had recruited them-

selves, in order to encourage team-working. Thanks to the dedicated support of SPC and PC members, these inno-

vations worked well. Out of the short paper acceptances, 12 (9.8%) and out of the accepted long papers, 31 (17.4%) 

were former IJCAI submissions. Clearly people took advantage of the opportunity, and a large proportion of their 

revised submissions were rewarded by success. During the paper discussion period, four papers were given the 

option of transferring to PAIS. The PAIS programme consisted of 10 papers presenting substantial applications of 

AI research. 

We were lucky to be part of a dedicated team. We would like to thank Meir Kalech for putting in place an ex-

tensive workshop program of 18 workshops; Sophia Ananiadou and Leon van der Torre for attracting 13 exciting 

tutorials, including 5 “Spotlight” tutorials; Helena Sofia Pinto and David Pearce for developing an exciting 

STAIRS 2016 program; Jeroen van den Hoven and Henry Prakken for managing the AI and Human Values Track; 

Robert-Jan Sips for organising the AIckathon, and last but not least Eyke Hullermeijer and Paolo Bouquet for 

chairing PAIS 2016.  

We would also like to thank the local organizers, Frank Dignum and Virginia Dignum, and the General Chair, 

Frank van Harmelen. We are indebted to our predecessor, Torsten Schaub, whose materials we found helpful, and 

Thomas Preuss for help and advice in using the Confmaster system. Finally, heartfelt thanks to all PC and SPC 

members, reviewers, sponsors, and all authors who submitted to ECAI 2016. 

Maria Fox and Gal A. Kaminka 

Program Chairs 

ECAI 2016 
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When Do Rule Changes Count- s Legal Rule Changes?
Thomas C. King and Virginia Dignum and Catholijn M. Jonker 1

Abstract. Institutions regulate societies. Comprising Searle’s con-

stitutive counts-as rules, “A counts-as B in context C”, an institu-

tion ascribes from brute and institutional facts (As), a social reality

comprising institutional facts (Bs) conditional on the social reality

(contexts Cs). When brute facts change an institution evolves from

one social reality to the next. Rule changes are also regulated by

rule-modifying counts-as rules ascribing rule change in the past/pre-

sent/future (e.g. a majority rule change vote counts-as a rule change).

Determining rule change legality is difficult, since changing counts-as

rules both alters and is conditional on the social reality, and in some

cases hypothetical rule-change effects (e.g. not retroactively criminal-

ising people). However, without a rigorous account of rule change

ascriptions, AI agents cannot support humans in understanding the

laws imposed on them. Moreover, advances in automated governance

design for socio-technical systems, are limited by agents’ ability to un-

derstand how and when to enact institutional changes. Consequently,

we answer “when do rule changes count-as legal rule changes?” in a

temporal setting with a novel formal framework.

1 Introduction
Institutions regulate and govern society and have been widely for-

malised (see Andrighetto et al. [2013]). Institutions construct a de-

scriptive and prescriptive social reality from brute facts with Searle’s

(Searle [1969, 2005]) counts-as rules, “A counts-as B in context C”.

When the brute facts change an institution’s social reality evolves ac-

cording to counts-as rules. Counts-as rules can also be modified over

time. In legal systems, secondary counts-as rules ascribe rule change

(Biagioli [1997]). We view these rules as rule-modifying counts-as

rules - “A counts-as modifying a rule in context C”.

Yet, it is difficult to determine which rule changes can be made

according to rule-modifying counts-as rules. Rules build the social

reality, ascribe rule changes conditional on the social reality, and are

also subject to being changed. This affects which rule changes are

possible in the first place, for example:

• A group of people voting to change a rule counts-as a legal rule

change if they constitute the government. A rule change can affect

the social reality by redefining it (e.g. who counts-as being in

government); rule changes are conditional on the built social reality.

• The UK government voted to retroactively require UK residents

in a business partnership abroad to pay tax ([Fin, 2008, Sec. 58]),

criminalising people in the past. Criminalising retroactive modifi-

cations are impossible according to the European Convention of

Human Rights ([Council of Europe, 1953, Art. 7]). Rule change

affects the social reality (e.g. criminalising people in the past);

rule change is conditional on its hypothetical effects (e.g. being

impossible if it would criminalise people in the past).

1 Delft University of Technology, Netherlands, email addresses: {t.c.king-1,
m.v.dignum, c.m.jonker}@tudelft.nl

• A monarch or parliament can change laws. The monarch enacts a

law obliging all fences are painted white. The parliament retroac-

tively repeals the power for the monarch to enact laws, reversing

the fence-painting law enactment. Retroactive rule change affects

past rule-modifying counts-as rules; past rule modifications can be

unravelled due to retroactive modifications.

An interdependency exists between the counts-as rules that con-

struct a social reality and rule-modifying counts-as rules. Changing

counts-as rules affects the past/present/future social reality and can

change the modifications which happened in the past up until the

present; rule modifications are conditional on the past/present/future

social reality and the hypothetical rule change effects. Whether a rule

change counts-as a legal rule change requires assessing the social

reality in which the change takes place and the potential rule change

effects, thus affecting whether a rule change is legal in the first place.

A defeasible logic for rule change over time has been proposed

(Governatori et al. [2005]; Governatori and Rotolo [2010]). But, cru-

cially, not for rule change ascribed by counts-as rules accounting for

the interdependency between changing rules and building a social

reality. In (Boella and van der Torre [2004]) counts-as rules that regu-

late rule modifications are formalised, but not in a temporal setting.

Yet, there has been little attention paid to formalising rule change reg-

ulated by counts-as rules in a temporal setting. This limits endeavours

in AI to assist human agents in understanding the laws that govern

them. Moreover, whilst AI agents are increasingly used to synthesise

normative systems (Morales et al. [2014, 2015]), they are held back

in enacting institutional rule changes by not understanding how and

when laws can be changed.

This raises the question, in a temporal setting - when do rule
changes count-as legal rule changes? We address this question with

a novel formalisation for past/present/future institution rule change

ascribed by counts-as rules. Our desiderata being that if a rule change

is legal then it occurs, and otherwise it does not and the institution

continues to operate ‘as usual’. In particular, taking into account the

interdependency between ascribing rule change and changing rules.

We posit that the most recent rule modifications take precedent and po-

tentially change past modifications. We extend rules commonly found

in the literature from being conditional on the present, to the past,

different institution versions and hypothetical rule change effects.

We continue with our approach (2). Then we introduce the formal-

ism, comprising a representation (3) and semantics (4). The frame-

work is applied to five case studies (5). Finally, we discuss related

work (6) and conclusions (7).

2 Approach
This paper formalises institutional rule change in a temporal setting.

Foundational reasoning is required for institutions in a temporal set-

ting, on which our framework is built. We require reasoning about

A
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counts-as rules, “A counts-as B in context C”, of two types. Firstly,

rules that ascribe institutional events from other institutional events or

observable events (brute facts) conditional on the social reality. For

example, “the event we call a person paying tax (brute) counts-as

paying tax (institutional)”, and “paying tax (institutional) counts-as

fulfilling your duties (institutional)”. Secondly, rules which ascribe

institutional fluents (institutional facts describing the state of affairs)

from institutional events and cause the social reality (institutional

state) to change. For example, “signing a business declaration counts-

as initiating you are a business partner”. We require reasoning for

counts-as rules that cause events to occur and the institutional state to

change, which the InstAL (Institution Action Language) framework

(Cliffe et al. [2007]; Cliffe [2007]) provides. Crucially, InstAL lacks

representation and reasoning for rule change ascription.

We extend InstAL’s institutions with counts-as rules that ascrip-

tively regulate rule changes and counts-as rules that themselves are

modifiable. Rule modifications activate/deactivate rules in the past/pre-

sent/future, analogous to enacting regulatory changes. Rule-modifying

counts-as rules, “an event A counts-as a rule-modifying event B in

context C”, ascribe past/present/future rule modifications.

Unlike in InstAL, in this paper institutions evolve dually: 1. when

a rule change is ascribed by counts-as rules, the institution evolves to

the next version potentially comprising different (active) counts-as

rules at different time points, and 2. when observable events occur,

each institution version evolves from one state to the next.

For example, an institution starts at version one, only comprising

rules which enable rules to be added. A rule is added to the institution

on Monday, stating that the tax year’s start causes an obligation to

pay tax. Thus, on the Monday the institution evolves to version two,

where the tax rule becomes active on the Monday, at which point

version two becomes the current version. On Tuesday it is the first

tax year month, both versions evolve to a new state, in version two

the new state contains an obligation to pay tax, but not in version

one since the tax rule was activated in version two. Each institution

version evolves from state to state, and the institution evolves from

one current version to the next when rule change events occur.

Contexts in counts-as rules are extended from being conditional

on the present state to also past institution versions and states. This

supports representing rule change conditional on its potential retroac-

tive effects. For example, a condition on rule change not criminalising

people in a version’s past compared to the previous version’s past.
To summarise, we extend institutions to evolve along rule version

and state timelines according to counts-as rules conditional on past

versions and states, and potential rule change effects.

3 Representation
We begin with representing institutions which regulate their own

temporal rule modifications.

Definition 1. Institution An institution is a tuple I = 〈E ,F ,C,G,Δ〉.
Institutions are distinguished with a superscript (e.g. Iuk =
〈Euk,Fuk,Cuk,Guk,Δuk〉). Σ = 2F denotes all states for I .

Where:

1. E = Eobs ∪Einst ∪Emod is a finite set of events comprising:

• Observable events Eobs and institutional events Einst.

• Rule modification events Emod = {mod(op, id, t) | op ∈
{act,deact}, id ∈ ID, t ∈ N} - a rule with the identifier id (the

identifier set being ID) is activated/deactivated (op) at a time t.

2. F = Fdom ∪Fract is a finite set of fluents describing the:

• Domain Fdom.

• Active rules Fract = {active(id) | id ∈ ID} identified as id.

3. X is the set of all contexts ϕ expressible in the following grammar

for fluents f ∈ F :

ϕ ::= � | f | ¬ϕ | ϕ ∧ϕ | ϕ ∨ϕ | ϕ → ϕ | P |
PrS(ϕ) | PaS(ϕ) | PrV(φ) | PaV(φ)

φ ::= ϕ | NS(ϕ)

Each expression’s informal meaning is the usual for propositional

logic symbols. The operators bear truth in the following cases:

(a) P if the context is retroactive (i.e. the state in which P operates

on is at a time before the version to which it belongs becomes

the current version), and (b) if ϕ is true in: the previous state

(PrS(ϕ)), all past states (PaS(ϕ)), the same state in the previous

version (PrV(ϕ)), the same state in all past versions (PaV(ϕ)), and

the next state (NS(ϕ)).The next state operator is restricted to past

versions, meaning rules are never conditional on the actual future.

4. G : X × 2E → 2Einst - is the event generation function where

G(X ,E) is an event set caused by the events that occur (E) when

the context X holds.

5. C :X ×E → 2Fdom ×2Fdom is the state consequence function where

for a context X ∈X and an event e ∈ E the consequence function’s

result is notated C(X ,e) = 〈C↑(X ,e),C↓(X ,e)〉 s.t. the initiated

fluent set is C↑(X ,e) and the terminated fluent set is C↓(X ,e)
6. Δ ⊆ F is the initial institution state

For example, the following rule states that if Ada is found guilty

(g(ada)) then she becomes a criminal (crim(ada)). That is, the fluent

crim(ada) is initiated by the event of being found guilty according to

the consequence function (C↑).

C↑(�,g(ada))  crim(ada)

A government rule change (gmod(act, id, t))) that does not retroac-

tively criminalise people counts-as a legal rule change. The condition

is in all past retroactive states someone is not a criminal (crim(ada))
if in the previous version (prior to rule change) they were not.

G(PaS(P → PrV(¬crim(ada))→¬crim(ada))),

{gmod(act, id, t)})  act(id, t)

In order to reason about modifying specific institutional rules, we tie

rule identifiers to the institutional rules they represent. Specifically

we map the inputs and single outputs of G and C to identifiers (i.e. not

the whole set of events or initiated/terminated fluents).

Definition 2. Rule Identifier Function A rule identifier function for
an event generation function G : X ×2E → 2Einst is ridG : X ×2E ×
Einst → ID. The rule identifier functions for a consequence function
C : X ×E → 2Fdom ×2Fdom are ridC↑

: X ×E×Fdom → ID and ridC↓
:

X ×E ×Fdom → ID.

So, the previous rule criminalising Ada has the ID crim0 =
rid↑(�,g(ada),crim(ada)). Examples/case studies omit this function.

4 Semantics
This section defines institution semantics, following InstAL’s method

using just sets and functions, with the following considerations.

Observable events cause an institution rule version to transition

from state to state by generating transitioning events according to

T.C. King et al. / When Do Rule Changes Count-As Legal Rule Changes?4



the event generation function G and initiating and terminating fluents

according to the consequence function C. An institution transitions

from one version of rules to another when rule modifying events are

generated by the event generation function G.

An institutional interpretation represents this dual evolution as a

tuple M = 〈R,V 〉 where: 1. V = 〈V0, ...,Vj〉 is a tuple of versions each

comprising a state and event set sequence up to length k with typical el-

ement Vv = 〈Sv,Ev〉. The state sequence for v is Sv = 〈Sv:0, ...,Sv:k+1〉
with typical element Sv:i ∈ Σ and the event set sequence (the events

transitioning between states) is Ev = 〈Ev:0, ...,Ev:k〉 with typical ele-

ment Ev:i ⊆ E . States denoted Sv:i and event sets Ev:t are denoted

with the version v to which they belong and their time instant i.
2. R : [0,k] → [0, j] is a function stating which institution version

is the current version for a given time.

R also represents when rule change events occurring in a version

can change that version’s rules. Rule modification events only change

version rules if the institution has not already evolved to a later version.

For example, if on Monday a rule is added, then the institution evolves

to a new current version where that rule is actually added on Monday.

When the version evolves, previous versions become obsolete from

then onwards (e.g. Monday) meaning their rules are not changeable.

If R(i)≤ v then an event occurring in version v at time i can modify

rules in v since the version is not yet obsolete.

The semantics are defined with respect to the interpretation M =
〈R,V 〉, an institution I = 〈E ,F ,C,G,Δ〉, the set of all institutional

interpretations I, and an observable event trace et = 〈O0, ...,Ok〉.

4.1 Institutional Change
Counts-as rules, causing institution state and version change, are con-

ditional on a context being modelled by the state in an interpretation.

Definition 3. Modelling Context For all X ∈ X and f ∈ F , context
models 〈M,Sv:t〉 |= X is defined for �, ∨ and → w.r.t. ¬ and ∧ as
usual and for the other symbols as:

〈M,Sv:t〉 |= f ⇔ f ∈ Sv:t (3.1)

〈M,Sv:t〉 |= ¬ψ ⇔ 〈M,Sv:t〉 �|= ψ (3.2)

〈M,Sv:t〉 |= ψ ∧φ ⇔ 〈M,Sv:t〉 |= ψ and
〈M,Sv:t〉 |= φ (3.3)

〈M,Sv:t〉 |= P ⇔ R(t)< v (3.4)

〈M,Sv:t〉 |= PrS(ψ) ⇔ 〈M,Sv:t−1〉 |= ψ (3.6)

〈M,Sv:t〉 |= PaS(ψ) ⇔ ∀t ′ ∈ [0, t −1] : 〈M,Sv:t−1〉 |= ψ (3.7)

〈M,Sv:t〉 |= PrV(ψ) ⇔ 〈M,Sv−1:t〉 |= ψ (3.8)

〈M,Sv:t〉 |= PaV(ψ) ⇔ ∀v′ ∈ [0,v−1] : 〈M,Sv′−1:t〉 |= ψ (3.9)

〈M,Sv:t〉 |= NS(ψ) ⇔ 〈M,Sv:t+1〉 |= ψ (3.10)

Semantics are as usual for modelling a fluent (3.1), weak negation

(3.2) and conjunction (3.3). A state is retroactive if at that time the

version is not the current version but it will be in the future (3.4) - for

example, if on a Wednesday the institution evolves to a new version,

then anything occurring on the Monday is retroactive to the new

version (i.e. occurring in the version’s past). States model formula

as expected for a previous state (3.6), all previous states (3.7), the

previous version (3.8), all past versions (3.9) and the next state (3.10).

An event ‘B’ occurs when transitioning to a new state in a version

according to a rule - “A counts-as B in context C” (G) - if an event ‘A’

occurs, the context ‘C’ is modelled by the state and the counts-as rule

itself is active in the version’s state. Events occurring in response to

observable events E are formalised as an event generation operation.

Definition 4. Event Generation Operation The event generation op-
eration GR : Σ×2E ×I→ 2E is defined such that GR(Sv:t ,E,M) = E ′
iff E ′ only satisfies the following conditions:

E ⊆ E ′ (4.1)

∃X ∈ X ,e ⊆ E,e′ ∈ G(X ,e)∩Einst : id = ridG(X ,e,e′),
〈M,Sv:t〉 |= X ∧active(id) ⇒ e′ ∈ E ′ (4.2)

∃X ∈ X ,e ⊆ E,e′ ∈ G(X ,e)∩Emod : id = ridG(X ,e,e′),
〈M,Sv:t〉 |= X ∧active(id),R(t) �= v ⇒ e′ ∈ E ′ (4.3)

∃X ∈ X ,e ⊆ E,e′ ∈ G(X ,e)∩Emod : id = ridG(X ,e,e′),
〈M,Sv:t〉 |= X ∧active(id),R(t) = v ⇒ (e′ ∈ E ′ or e′ �∈ E ′) (4.4)

Any fixed point reached after iterative applications of GR is denoted
as GRω (Sv:t ,E,M).

Events that have occurred still occur (4.1). If an active rule states

an event e causes an event e′ in a context modelled by the state, then

e can cause e′ to occur depending on e′’s type. Specifically, whether

e′ is a type that could cause an inconsistency (e.g. removing rules that

ascribe rule modifications, for more on the paradox of rule change see

Suber [1990]). An event e′ always occurs if it is a non-rule-modifying

institutional event (4.2) or occurs when the version is obsolete and

it cannot modify rules (4.3). Rule modifying events in non-obsolete

versions can cause rule changes and a potential paradox. So they

optionally occur in a non-obsolete version where they can cause rule

change and/or a paradox (4.4). Hence, GR is multi-valued.

Iterating the event generation operation until a fixed point is reached

obtains all events which occur. At least one fixed point is guaranteed.

Lemma 1. For any set of events E ⊆ E , interpretation M and state
Sv:t ∈ Σ there exists a fixed point GRω (Sv:t ,E,M).

Proof sketch. GR always has a monotonically increasing value (w.r.t.

set inclusion) and a finite domain.

An institution version transitions between states, driven by event

occurrences, according to a state transition operation.

Definition 5. State Transition Operation The state transition oper-
ation TR : Σ×2E × I→ 2E is defined for a state Sv:t , a set of events
Ev:t and an interpretation M as:
TR(Sv:t ,Ev:t ,M) =

{ f | f ∈ Sv:t ∩TERM(Sv:t ,Ev:t ,M) or (5.1)

f ∈ INIT(Sv:t ,Ev:t ,M)} (5.2)

where:
INIT(Sv:t ,Ev:t ,M) =

{ f |∃e ∈ Ev:t ,X ∈ X : id = ridC↑
(X ,e, f ),

f ∈ C↑(X ,e)∩Fdom,〈M,Sv:t〉 |= X ∧active(id) or (5.3)

∃t ′ ∈ [0,k],�t ′′ ∈ [t ′,k] : id = ridC↑
(X ,e, f ),

R(t ′)≤ v,R(t ′′)≤ v,mod(act, id, t) ∈ Ev:t ′ ,

mod(deact, id, t) ∈ Ev:t ′′ , f = active(id)} (5.4)

TERM(Sv:t ,Ev:t ,M) =

{ f |∃e ∈ Ev:t ,X ∈ X : id = ridC↓
(X ,e, f ),

f ∈ C↓(X ,e)∩Fdom,〈M,Sv:t〉 |= X ∧active(id) or (5.5)

∃t ′ ∈ [0,k],�t ′′ ∈ [t ′,k] : id = ridC↓
(X ,e, f )

R(t ′)≤ v,R(t ′′)≤ v,mod(deact, id, t) ∈ Ev:t ′ ,

mod(act, id, t) ∈ Ev:t ′′ , f = active(id)} (5.6)
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Transitioning from one state to the next follows common-sense

inertia - a fluent holds in a new state if it held in the previous state

and was not terminated (5.1) or it was initiated in the previous state

(5.2). A domain fluent is initiated/terminated if an event causes it to

be according to a rule defined by the state consequence function C
that is active in the current state with a condition (context) that is

modelled in the state (5.3 for initiation and 5.5 for termination). A

fluent denoting an active rule is initiated/terminated in a state if a rule

activating/deactivating event occurs at a time when the version is not

obsolete and no contradictory deactivation/activation event occurs at a

later time when the version is not obsolete (5.4 for activating rules and

5.6 for deactivating rules). The most recent modifications in a version

take precedent if they occur when the version is a non-obsolete version

and simultaneous contradictory rule modifications are cancelled.

4.2 Models
Now we define when an interpretation is an institutional model for an

observable event set trace. An institutional interpretation is, broadly

speaking, an institutional model for an observable event set trace iff:

1. each version evolves according to the event generation and state

transition operations, and 2. the institution evolves from one version to

another when rules are modified. However, the event generation oper-

ation is multi-valued since rule modifications are optional. Thus, there

are potentially multiple candidate event sets for transitioning between

states and therefore multiple interpretations to select as models.

We want to maximise the rule modification events that are not self-

contradicting (e.g. not applying modifications that retroactively re-

move a rule making retroactive rule removal possible). Interpretations

are prioritised, denoted as <, based on maximising rule modifications.

An interpretation has higher priority over another if at the earliest time

in the earliest version in which the interpretation differ it contains a

superset of rule modifying events compared to the ‘same’ set for the

lower priority interpretation.

Definition 6. Prioritised Interpretation Let M0 = 〈R0,V 0〉 ∈ I and
M1 = 〈R1,V 1〉 ∈ I be two interpretations for institution I where:
V 0 = 〈V 0

0 , ...,V
0
i 〉 with typical element V 0

v = 〈E0
v ,S

0
v〉 s.t. E0

v =

〈E0
v:0, ...,E

0
v:k〉, and V 1 = 〈V 1

0 , ...,V
1
j 〉 with typical element V 1

v =

〈E1
v ,S

1
v〉 s.t. E1

v = 〈E1
v:0, ...,E

1
v:k〉. The ordering < is a relation be-

tween interpretations M0 and M1 such that:

M0 < M1 ⇔ ∃t ∈ [0,k],�t ′ ∈ [0, t-1] :

v = R0(t),E0
v:t ∩Emod ⊃ E1

v:t ∩Emod

v′ = R0(t ′),E0
v′:t ′ �= E1

v′:t ′

We operationally characterise a model by constructing a ‘correct’

interpretation. That is, constructing versions comprising correct state

transitions and generated events. We could construct each institution

version by starting at an initial state and proceeding from one state to

the next according to the event generation and state transition opera-

tions. However, this would require knowing which rule modification

events happen in each version’s past, present and future.

To give an example for an observable event set trace 〈O0, ...,Ok〉.
An institution starts at an initial state only comprising an active rule

enabling a government to make retroactive modifications (Δ = S0:0 =
{active(gov0)}). First, a fence is observably built (O0 = {fb}, occur-

ring during the first state transition fb ∈ E0:0 = GRω (S0:0,O0,M)).
But, there is no active rule that causes the next state to be different

(S0:1 = TR(S0:0,E0:0) = S0:0 = {active(gov0)}). Then, the govern-

ment votes to retroactively activate a rule in state zero, stating building

a fence initiates an obligation to paint it. Consequently, the second

state which has already been determined, S0:1, seems wrong since it

lacks the fence painting rule and its effects. In fact, the institution

should transition to a new rule version V1. This new version should

start at the same initial state S1:0 = Δ. But, crucially, transition to the

next state (S1:0 = TR(S1:0,E1:0)) with the knowledge that in the future

of the new version the fence painting rule will be retroactively added

at state zero (S1:0) and become active in the second state (S1:1). State

transitions are defined with respect to an interpretation comprising

past/present/future rule modification events which might be unknown

when each state and transitioning event set is constructed.

We define an interpretation successor operation which addresses

the problem of constructing a ‘correct’ interpretation without the

knowledge of each version’s past/present/future. The successor opera-

tion takes as input a preceding interpretation which supplies versions

comprising a past/present/future on which each version in the new

succeeding interpretation can be constructed according to TR and GR.

That is, a new interpretation is produced using the version timelines of

the previous interpretation, taking into account past/present/future rule

modifications from the preceding interpretation’s version timelines.

A succeeding interpretation might not be the same as the previous

interpretation, since the previous interpretation might have been built

without knowledge of its own past/present/future. That is, the new

interpretation might differ in its temporal evolution (comparable ver-

sion timelines in each interpretation being different). Consequently,

the succeeding interpretation might have new, previously unknown,

rule modification events that also need to be accounted for and thus

another succeeding interpretation must be produced.

The idea is to iteratively apply the institution successor operation

until a succeeding interpretation is produced that is the same as the

previous interpretation. That is, until the operation reaches a fixed

point, which is guaranteed according to lemma 3 we give later on.

Intuitively, the fixed point characterises an interpretation that is built

taking into account its own past/present/future modifications in each

version (since it was built with respect to an identical preceding

interpretation). Formally, the successor interpretation operation is:

Definition 7. Successor Interpretation Operation Let et =
〈O0, ...,Ok〉 be an observable event trace for I of length k. Let
M′ = 〈R′,V ′〉 ∈ I be an interpretation such that V ′ = 〈V ′

0, ...,V
′
j′ 〉 is a

tuple of institution versions. The interpretation successor operation
SUCC : I×ET → I is defined for the interpretation M w.r.t. I and et
such that SUCC(M,et) = M′ iff M′ satisfies the following conditions:

∀v ∈ [0, j′] : S′v:0 = Δ (7.1)

∀v ∈ [0, j′], t ∈ [0,k] : E ′
v:t = GRω (S′v:t ,Ot ,M) (7.2)

∀v ∈ [0, j′], t ∈ [0,k] : S′v:t+1 = TR(S′v:t ,E
′
v:t ,M) (7.3)

R′(t) =

⎧⎪⎪⎨⎪⎪⎩
0, t = 0,E ′

0:t ∩Emod = /0

1, t = 0,E ′
0:t ∩Emod �= /0

R′(t-1), t > 0,E ′
R(t-1):t ∩E′

mod = /0

R′(t-1)+1, t > 0,E ′
R(t-1):t ∩E′

mod �= /0

(7.4)

Given that V ′ = 〈V ′
0, ...,V

′
j′ 〉,R′(k) = j′ (7.5)

Every institution version starts at the same initial state (7.1). Each

state transition (an event set) in a version is produced by the event

generation operation applied to the previous state and the observable

events occurring at that time (7.2). The next state in a version is the

state produced by the state transition operation applied to the previous

state and the transitioning events occurring in that version with respect
to the preceding institutional interpretation (7.3). That is, transitioning

T.C. King et al. / When Do Rule Changes Count-As Legal Rule Changes?6



from one state to the next takes into account the rule modification

events occurring in the past/present/future of the same version in the

preceding interpretation. Rule modifications in the latest version cause

the current version to evolve/increment to the next version. If no rule

modification takes place the version remains the same or the zeroeth

version for the zeroeth time instant (7.4). If a rule modification does

take place in the latest version, then the current version at that time

incremented by one, or is the first version for the zeroeth time point

(7.4). The version sequence only goes up until the current version at

the last time instant (7.5).

At least one fixed point for the successor interpretation operation,

starting at any initial interpretation, is always guaranteed. A fixed

point is denoted as SUCCω (M,et). To see why, the general idea is

that there always exists a series of successive interpretations that

monotonically increase which versions and states they agree on.

The following lemma is used to prove that there always exists a

series of such interpretations and therefore that there always exists a

fixed point. Informally, the lemma is conditional on there being two

successors M′ and M′′ to any interpretation that agree with each other

up until a particular time (h) in a version ( j). The consequence is that

the second interpretation M′′ has the same events at time h and state

transition at time h+1 in version j as if the event and state transitions

were produced with respect to M′′’s own past/present/future timeline.

Lemma 2. If I is an institution, M an interpretation and et an ob-
servable event trace of length k for I and there exists interpretations
M′ = SUCC(M, et) and M′′ = SUCC(M′,et) where ∃h ∈ [0,k], j ∈
[0,v′],∀i ∈ [0,k] :

〈V ′
0, ...,V

′
j−1〉= 〈V ′′

0 , ...,V
′′
j−1〉 (A2.1)

〈S′j:0, ...,S′j:h〉= 〈S′′j:0, ...,S′′j:h〉 (A2.2)

mod(op, id, h) ∈ E ′
v:i,

R′(i)≤ j
⇔ mod(op, id, h) ∈ E ′′

j:i,

R′′(i)≤ j
(A2.3)

then E ′′
j:h = GRω (S′′j:h,Oh,M′′) and S′′j:h+1 = TR(S′′j:h,E

′′
j:h,M

′′)

Proof sketch. Follows from the assumptions, and definitions 3-5.

The previous lemma’s assumptions can always be met starting

from any interpretation M. Firstly, since in the worst case, from any

interpretation we can obtain a successor starting at the institution’s

initial state - so both successors agree at least on the initial state.

Secondly, by making the non-deterministic choice in the event gen-

eration operation to select the same rule modifications for both the

successor and the successor to the successor (in the worst case, no rule

modifications). We can continue to incrementally produce successive

interpretations that monotonically increase the time point they agreed

upon. Note that, this may mean backtracking by changing preceding

interpretations (e.g. selecting no rule modifications).

Lemma 3. There exists a fixed point for the interpretation successor
operation denoted SUCCω (M,et) for any M and et.

Proof sketch. A proof can be obtained by structural induction, ap-

plying Lemma 2, and ensuring each successive interpretation agrees

with the preceding interpretation on rule modifications (potentially

removing modifications in previous interpretations).

In fact, there can be multiple fixed points, as exemplified:

Example 4.1. An institution I contains a legislative rule with

the id leg0 ∈ ID stating that an agent, Ada, voting to acti-

vate a rule (votea(act, id, t) ∈ Eobs) counts-as activating the rule:

G(�,{votea(act, id, t)})  mod(act, id, t). In the initial state the leg-

islative rule is active Δ = {active(leg0)}. In an observable event trace

et = 〈O0〉 Ada votes to activate another rule with the id leg1 ∈ ID in

the initial state O0 = {votea(act, leg1, 0)}.

From an initial empty interpretation M we have the following suc-

cessors and interpretations for example 4.1(differences are in bold):

M2 = SUCC(M, et) = SUCCω (M, et) s.t. V 2 = 〈V 2
0 〉,R2(0) = 0,R2(1) = 0,

S2
0:0 = {active(leg0)},S2

0:1 = {active(leg0)},E2
0:0 = {votea(act, leg1, 0)}

M1 = SUCC(M, et) = SUCCω (M, et) s.t. V 1 = 〈V 1
0 ,V

1
1 〉,R1(0) = 1,R1(1) = 1,

S1
0:0 = {active(leg0)},S1

0:1 = {active(leg0)},
E1

0:0 = {votea(act, leg1, 0),mod(act, leg1 , 0)}
S1

1:0 = {active(leg0)},S1
1:1 = {active(leg0)},E1

1:0 = {votea(act, leg1, 0)}
M0 = SUCC(M, et) = SUCCω (M, et) s.t. V 0 = 〈V 0

0 ,V
0
1 〉,R0(0) = 1,R0(1) = 1,

S0
0:0 = {active(leg0)},S0

0:1 = {active(leg0)},
E0

0:0 = {votea(act, leg1, 0),mod(act, leg1 , 0)}
S0

1:0 = {active(leg0)},S0
1:1 = {active(leg0),active(leg1)},

E0
1:0 = {votea(act, leg1, 0),mod(act, leg1 , 0)}

Each fixed point has different rule modifications. M2 does not add

the rule leg1. M1 contains an attempt to add the rule in the version

zero but not in version one. Finally, M0 adds the rule in the version

zero and version one, version one being the current version when

the rule is added meaning the rule addition is successful. In fact,

the following prioritisation holds M0 < M1 < M2 meaning that M0

maximises successful rule modifications.

Models are interpretations which maximise successful rule modi-

fications. Thus we characterise models by combining the successor

interpretation fixed point and interpretation prioritisation. Given an

empty interpretation we find a fixed point successor interpretation for

a given event set trace (8.1). The fixed point is a model if there is no

greater prioritised successor fixed point interpretation (8.2).

Definition 8. Models Let M = 〈R,V 〉 be an empty interpretation such
that V = 〈V0〉, V0 = 〈E0,S0〉, E0 = 〈〉 and S0 = 〈〉. The interpretation
M′ = 〈R′,V ′〉 is a model for I w.r.t. an observable event set trace
et = 〈O0, ...,Ok〉 iff:

M′ = SUCCω (M,et) and (8.1)

There does not exist an M′′ < M′ meeting 8.1. (8.2)

From lemma 3 and definition 8 we have the following property.

Lemma 4. There exists at least one model for any institution I w.r.t.
an observable event set trace et.

These semantics operationalise answering “when does a rule

change count-as a legal rule change?”. Generally, a rule change counts-

as a legal rule change if and only if a rule ascribes the change in a

context that is consistent with the modification. Models always con-

tain ‘legal’ rule modifications, defined as fixed point interpretations

which maximise rule modifications. So, ‘legal’ rule-changes occur in

at least one model whilst illegal rule changes do not occur at all (the

non-deterministic choice for a rule modification to occur in 4.4) and

the institution continues to operate ‘as usual’, meeting our desiderata.

5 Case Studies
Now we apply the framework to concrete case studies. For brevity we

use variables to denote: all rule identifiers (id ∈ ID), all rule change

operations (op ∈ {act, deact}), and all time instants (t ∈ N). The first

case concerns a simple rule change procedure.
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Case 5.1. An institution Isgov describes a simple government com-

prising two agents, Ada and Bertrand. Both Ada and Bertrand

voting to activate or deactivate a rule in the context that nei-

ther are criminals (crim(ada),crim(bert) ∈ F sgov
dom ) counts-as activat-

ing/deactivating the rule. The rule modifying counts-as rules are

identified with leg0 ∈ ID and formalised as Gsgov(¬crim(ada) ∧
¬crim(bert),{votea(op, id, t),voteb(op, id, t)})  mod(act, id, t). At

time point one Ada and Bertrand vote to add a rule with id crim0,

O1 = {votea(act, crim0, 1),voteb(act, crim0, 1)}. The rule identi-

fied as crim0 states that if Ada or Bertrand are found guilty of a

crime (g(ada),g(bert) ∈ E sgov
obs ) then they become criminals, formally

- C↑(�,g(ada))  crim(ada) and Csgov↑(�,g(bert))  crim(bert).
Next, Bertrand is found guilty of a crime O2 = {g(bert)}. Finally,

Bertrand and Ada vote to deactivate the criminalising rule, O3 =
{votea(act, crim0, 3),voteb(act, crim0, 3)}.

For clarity, models are represented graphically. The model for

case 5.1 is shown in Figure 1. Lines represent when domain and ac-

tive rule fluents hold. We distinguish between whether a fluent holds

in a state Sv:t : 1. retroactively in the version’s past and not in the

previous version, (i.e. R(t)< v and 〈M,Sv−1:t〉 �|= f ), 2. when

the version is the current version, ) (i.e. R(t) = v), and 3. when

the version is obsolete, (i.e. R(t)> v). Time instants are marked

if they have successful or non-successful rule modification events in

versions where modifications can have an effect (i.e. non-obsolete

versions): 1. denoting that all the rule modification events occurring

in the previous version occur again (i.e. Ev:t ∩Emod = Ev−1:t ∩Emod).

Meaning, the conditions (contexts) for the rule modifying events to be

ascribed are consistent with the version and therefore with applying

the rule modifications (the non-deterministic choice to include a rule

modification in Ev:t according to 4.4 is always made) 2. denoting

that at least one rule modification event which occurred in the previous

version does not occur again (i.e. Ev:t ∩Emod �= Ev−1:t ∩Emod). Mean-

ing, the conditions (contexts) for rule modifying events to be ascribed

are inconsistent with the version they occur in and therefore with

applying the rule modifications (a non-deterministic choice according

to 4.4 to not include a rule modification is made when building Ev:t ).

Figure 1 shows case 5.1’s model. Throughout version zero the

legislative rule (leg0) is active, stating Ada and Bertrand voting to

add a rule counts-as adding a rule. When at time instant one Ada and

Bertrand vote to add a new rule (crim0), stating people found guilty

become criminals, the model succeeds to version one where the new

rule is successfully added. At time instant three Bertrand becomes a

criminal. When they vote again to modify a rule it is unsuccessful,

since rule change is conditional on neither being criminals. Adding

a criminalising rule altered the built social reality in version one’s

future, changing what could be ascribed as a legal rule modification.

0 1 2 3 4

Fluent

crim(bert)
active(crim0)

active(leg0)

active(leg0)

Version

1

0

Time

Figure 1. Model for case 5.1 with two institution versions.

The next case presents an institution Iuk representing the UK’s

legislation rules. The cases are based on past changes to a court

decision on UK tax laws (Pad), and past changes to tax laws (Fin

[2008]). The UK government can unconditionally enact any rules

effective at any time. Observable events where the government

activates/deactivates a rule (gmod(op, id, t)) count-as modifying

the rule (mod(op, id, t). Legislative rules identified as leg0 ∈ ID
cause rule activations Guk(�,{gmod(act, id, t)})  mod(act, id, t)
and legislative rules identified as leg1 ∈ ID cause rule deacti-

vations Guk(�,{gmod(deact, id, t)})  mod(deact, id, t). A model

Muk = 〈Ruk,V uk〉 is produced for an observable event trace et =
〈O0,O1,O2,O3,O4〉 for Iuk. The model comprises four versions

V uk = 〈V uk
0 ,V uk

1 ,V uk
2 ,V uk

3 〉. We begin the case:

Case 5.2. A rule states that any UK resident (e.g. person a re-

sides in the UK -r(a, uk)) in a business partnership in the UK (p(a,
uk)) or elsewhere such as Jersey (p(a, jers)) in the first tax year

month is obliged to pay tax (oblt). We have for all locations L ∈
{uk, jers} a tax rule Cuk↑(r(a, uk)∧ p(a, L),mon1)  oblt identified

as tax0 ∈ ID. Initially the legislative rules leg0 and leg1, and the tax

rule tax0 are active (Δuk = {active(leg0),active(leg1),active(tax0)}).

At time point one it is the first tax year month (O1 = {mon1}).

Following a court challenge (Pad) the government retroactively

replaces the tax rule with id tax0 with a new rule with id tax1
(O2 = {gmod(deact, tax0, 0),gmod(act, tax1, 0)}). The new rule,

tax1, states that only people in a UK business partnership are obliged

to pay tax - Cuk↑(r(a, uk)∧p(a, uk),mon1)  oblt.

Rule/ Fluent

leg2
leg3

Version

EUUK 3

0 1 2 3 4 5 6

tax0
oblt
leg0
leg1

tax2
oblt
leg0
leg1

tax1
leg0
leg1

tax0
oblt
leg0
leg1

UK 3

UK and

EUUK 2

UK and

EUUK 1

UK and

EUUK 0

Time

Figure 2. Model for case 5.2 with four institution versions for the institution

Iuk (denoted UK) and a model for case 5.3 with four versions for the institution

Ieuuk (denote EUUK). Institutions Iuk and Ieuuk have identical versions 0 to

2. Not shown, in all states person ‘a’ is in a Jersey-based business partnership

(p(a,jersey)) and is a UK resident (r(a,uk)).

In Figure 2 version zero (V uk
0 ) obliges person ‘a’ to pay tax in

state two. In state two (Suk
0:2) the current institution version changes

when the rule obliging UK residents to pay tax (tax0) is replaced

with the rule obliging UK business partners to pay tax (tax0)

(act(t1,0),deact(t0,0) ∈ Euk
0:2) to version one (V uk

1 s.t. Ruk(2) = 1).

Due to this change, the version one (V uk
1 ), does not oblige tax to be

paid in its third state (Suk
1:2) since person a resides in the UK but is in

a Jersey-based business partnership.

Case 5.2 (Continued). The government partially reverses the

tax change at time point three. This is by retroactively re-

placing the rule obliging people in a UK business partner-

ship to pay tax (tax1) with new rule identified as tax2 (O3 =
{gmod(deact, tax1, 0),gmod(act, tax2, 0)}). The new rule obliges

T.C. King et al. / When Do Rule Changes Count-As Legal Rule Changes?8



UK residents in a business partnership to pay tax if it does not crimi-

nalise them retroactively (i.e. in a retroactive state an obligation to pay

tax is initiated conditional on the obligation holding in the next state

of the previous version). For all locations L ∈ {uk, jersey} the rule

is Cuk↑((r(a, uk)∧ p(a, L)) → (P) → PrV(NS(oblt))),mon1)  oblt.
Next, it is the first tax year month again (O4 = {mon1}).

In Figure 2 version two (V uk
2 ), like version zero, does not oblige

‘a’ to pay tax in the past. But, it does oblige them to pay tax after the

second time the first tax year month occurs (mon1 ∈ Euk
2:4).

Case 5.2 (Continued). The UK government decides to reverse the

previous judgements going back to the original rule set (O5 =
{gmod(deact, tax2, 0),gmod(act, tax0, 0)}).

In Figure 2, version three (V uk
3 ) reverts to the original legislation.

Thus we have the same situation as if the legislation in version zero

had not been modified. That is, an obligation to pay tax after the first

occurrence of the first tax year month (mon1 ∈ Euk
3:1).

The next case is a variation on the previous describing an institution

Ieuuk, incorporating EU human rights law.

Case 5.3. The European Convention on Human Rights [Council of

Europe, 1953, Art. 7] (ECHR) blocks retroactive legislative modi-

fications that criminalise formerly innocent people. The institution

Ieuuk contains the same rules as Iuk with the same identifiers minus

the legislative rules leg0 and leg1. Instead, legislative rules state that

observable rule modifications count-as rule modifications conditional
on the changes not retroactively criminalising people. In all states

where rules are being applied retroactively, if there is not an obligation

to pay tax in the previous version then there must not be an obliga-

tion to pay tax in the current version. We have rules with the identi-

fier l2: Geuuk(PaS(P → PrV(¬oblt)→¬oblt)),{gmod(act, id, t)}) 
act(id, t), and rules with the identifier l3: Geuuk(PaS(P →
PrV(¬oblt)→¬oblt)),{gmod(deact, id, t)})  deact(id, t). Initially,

person ‘a’ is in a Jersey based business partnership (p(a,jersey))
and is a UK resident (r(a,uk)), and the first tax rule and the leg-

islative rules conditional on being non retroactively criminalising

are active such that Δeuuk = {p(a,uk),r(a,uk), tax0, l2, l3}. The same

events occur as in case 5.2, et = 〈 /0,{mon1}, {gmod(deact, t0, 0),
gmod(act, t1, 0)}, {gmod(deact, t1, 0), gmod(act, t2, 0)}, {mon1},
{gmod(deact, t2, 0), gmod(act, t0, 0)}〉.

Figure 2 shows a model Meuuk for Ieuuk. The first three versions are

identical to our previous case 5.2 (where the UK’s legislature was not

constrained by EU rules blocking retroactively criminalising modifica-

tions), since the first two rule modifications do not criminalise people

retroactively. Unlike in our previous case 5.2, the version two contains

no tax rules. The reason being that tax rule two - “obliging uk resi-

dents in a business partnership to pay tax but on the condition that if

it is retroactive then those people were obliged to pay tax in the previ-

ous version”, is deactivated since its deactivation does not criminalise

retroactively. On the other hand, tax rule zero - “any UK resident in a

business partnership in the first tax year month is obliged to pay tax”

(Cuk↑(r(a, uk)∧p(a, L),mon1)  oblt) is not reactivated, even though

it was reactivated in our previous case 5.2. Its reactivation would

retroactively criminalise people if activated in version three, meaning

its activation does not occur since legislative rule - l2: Geuuk(PaS(P →
PrV(¬oblt)→¬oblt)),{gmod(act, id, t)})  act(id, t) - has a condi-

tion that is not met.

The next cases look at modifying legislative rules themselves.

Case 5.4. An institution Ip describes a parliament that can retroac-

tively modify rules through a majority vote pvote(act, id, t) ∈ Eobs.

The legislative rules are identified the id parl0∈ ID for activating rules

Gp(�,{pvote(act, id, t)})mod(act, id, t) and with the id parl1∈ ID
for deactivating rules Gp(�,{pvote(deact, id, t)}) mod(deact, id, t).
In the initial state all rules are active such that active(id) ∈ Δ. In an

observable event set trace tr = 〈O0,O1〉 at time point one the parlia-

ment votes to retroactively remove the rule which ascribes retroactive

modifications (O1 = {pvote(deact, parl1, 0)}.

Depicted in Figure 3 a single model Mp = 〈Rp,V p〉 comprises two

institution versions V p = 〈V p
0 ,V

p
1 〉. An event occurs in version zero at

time instant one, where the parliament votes to retroactively modify

a rule and the corresponding rule modification event occurs (Ep
0:1 =

{pvote(deact, parl1, 0),mod(deact, parl1, 0)}). Consequently the in-

stitution transitions to version one (Rp(1) = 1). Importantly, in version

one, the same rule modifying event does not occur. The reason being,

if the modification event did occur then the rule parl1 ascribing the

modification event - Gp(�,{pvote(deact, id, t)})  mod(deact, id, t) -

would be inactive in version one state one Sp
1:1, and the deactivation

could not occur in the first place (contradiction). This exemplifies how

the formalism always guarantees a model, paradoxical rule modifica-

tions do not occur if they make the rule modifying event impossible

in the first place.

0 1 2

Time

Fluent

active(parl0)
active(parl1)

active(parl0)
active(parl1)

Version

1

0

Figure 3. Model for case 5.4

The next case extends the previous case 5.4:

Case 5.5. This case describes an institution Imp where a monarch

and a parliament can retroactively modify rules, including all the rules

from the previous case’s institution Ip. Additionally, a rule identified

as fence0 ∈ ID states that if a fence is built fb ∈ Emp
obs it is obliged

the fence is painted white oblpf ∈ Fmp
inst - Cmp↑(�, fb)  oblpf. A rule

identified as mon0 states the monarch issuing a rule change decree

mdecree(act, id, t) ∈ Emp
obs to activate a rule counts-as activating the

rule - Gmp(�,{mdecree(act, id, t)})  mod(act, id, t). A rule identi-

fied as mon1 state the monarch issuing a decree to deactivate a rule

counts-as deactivating the rule Gmp(�,{mdecree(deact, id, t)}) 
mod(deact, id, t). All legislative rules are initially active, but the fence

painting rule is not (s.t. active(fence0) �∈ Δmp). At time point one

the parliament votes for the fence-painting obligation rule to be ac-

tivated, (O1 = {pvote(act, fence0, 1)}), a fence is built (O2 = {fb}),

the monarch issues by decree the fence-building rule to be retroac-

tively deactivated at the time it was activated, cancelling its acti-

vation (O3 = {mdecree(deact, fence0, 1)}). Finally, the parliament

votes to retroactively disenable the monarch from deactivating rules

(O4 = {pvote(deact, mon1, 0)}).

Depicted in Figure 4 the model Mmp = 〈Rmp,V mp〉 comprises

four versions V mp = 〈V mp
0 ,V mp

1 ,V mp
2 ,V mp

3 〉. At version zero time

instant zero the parliament votes to add the rule obliging built

fences to be painted white, causing a rule modification event (Emp
0:1 =

{pvote(act, fence0, 1),mod(act, fence0, 1)}) and the institution to

transition to the version one (Rmp(1) = 1) where the same modi-

fication occurs (Emp
1:1 = {pvote(act, fence0, 1),mod(act, fence0, 1)}).
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In the version one time instant two building a fence (fb ∈ Emp
1:2)

causes an obligation to paint the fence oblpf ∈ Smp
1:3. At time instant

three the monarch retroactively deactivates the fence painting rule

(mdecree(deact, fence0, 1)∈ Emp
1:3) causing the institution to transition

to the version two (Rmp(3) = 2) where the modification takes effect

(mdecree(deact, fence0, 1) ∈ Emp). Consequently, the fence painting

obligation rule is deactivated and its effects (an obligation) no longer

hold. When the parliament retroactively removes the ability for the

monarch to deactivate rules the institution transitions to the final

version three (Rmp(4) = 3) where the parliament’s retroactive rule

removal takes effect (pvote(deact, mon1, 0),mod(deact, mon1, 0) ∈
Emp

3:4) causing the monarch’s modifications to be unravelled (note that

at the final version’s third time instant the monarch’s rule modifica-

tion is unsuccessful even though it was successful in the previous

version). Consequently, the fence painting obligation rule and its ef-

fects (an obligation) is reinstated by retroactively removing the ability

to deactivate the fence painting rule.

0 1 2 3 4 5

Fluent

active(parl0)
active(parl1)
active(mon0)
active(mon1)

active(fence0)
oblpf

active(parl0)
active(parl1)
active(mon0)
active(mon1)

active(parl0)
active(parl1)
active(mon0)
active(mon1)

active(fence0)
oblpf

active(parl0)
active(parl1)
active(mon0)
active(mon1)

Version

3

2

1

0

Time

Figure 4. Model for case 5.5 with four institution versions.

6 Related Work
In (Governatori et al. [2005]; Governatori and Rotolo [2010]) a de-

feasible logic is proposed for temporal rule modification operations.

Operations include, in (Governatori and Rotolo [2010]), complete

rule removal (annulment) and removing immediate rule effects (ab-

rogation). Meta-rules are used to introduce rule changes, which bear

similarity to our rule-modifying counts-as rules. However, the meta-

rules are only conditional on a single state. For comparison, we for-

malise richer conditions on past versions, states and hypothetical

rule changes required to capture a number of important examples we

address (such as rule change being non-retroactively criminalising).

The focus of these papers is on rule change operations found in the

legal domain, rather than the relation between ascribing a social real-

ity and rule modifications with counts-as rules. In (López and Luck

[2003]; López et al. [2006]) electronic institutions are specified in the

Z specification language where legislation norms restrict legislative

actions. The conditions for legislation norms are less expressive than

our proposal and the authors do not consider the interdependency

between changing rules in the past/present/future and the built social

reality. On the other hand, in Boella and van der Torre [2004] rule

modifications ascribed by counts-as rules are formalised where there

is such a potential interdependency, but the setting is non-temporal.

Our proposal is thematically related to work in the institution-

al/normative reasoning sphere, in particular work on: 1. constitutive

rule classes (Grossi et al. [2005, 2006, 2008]; Grossi [2008, 2011]),

2. norm change postulates (Boella and van der Torre [2004]), 3. detect-

ing and/or resolving norm inconsistencies (Jiang et al. [2015]; Jiang

[2015]; Kollingbaum et al. [2007]; Corapi et al. [2011]; Li [2014];

Vasconcelos et al. [2008]), rectifying non-compliant institutions (King

et al. [2015a,b]) and 4. temporal norm updates (Alechina et al. [2013];

Knobbout et al. [2014]). However, these papers do not look at rule

change legality ascribed by constitutive rules over time.

7 Conclusions

This paper answers “when do rule changes count-as legal rule

changes?” with a novel formalism. Our framework formalises reason-

ing about institutional rule change over time ascribed by counts-as

rules. A novel semantics defines how an institution evolves from one

social reality to the next and from one version of rules to another.

Under the proposed semantics counts-as rules define the past/present/-

future social reality. In turn, rule modifications change counts-as rules

in the past/present/future and therefore the constructed social reality.

A rule change counts-as a legal rule change if and only if - 1. the

rule change is ascribed by counts-as rules, conditional on a context

which can include the potential changes to the social reality the rule

modification would make. 2. the rule change results are consistent

with the context the rule change is conditional on. In particular, tak-

ing into account the rule modification’s past/present/future effect on

counts-as rules, any changes to previous rule modifications, and the

rule modification being ‘undone’ by future modifications. Legal rule

changes always occur. Meeting our desiderata, illegal rule changes do

not occur and the institution continues to operate ‘as usual’.

There are many avenues for future work. First, extending the frame-

work to deal with further cases. In particular, rules which explicitly

block retroactive modifications altogether (e.g. [USC, Art. 1 Sec. 9

Cl. 3] “No Bill of Attainder or ex post facto Law shall be passed”).

Preventing retroactive modifications can be expressed as a lack of a

rule ascribing past rule changes, but not rules which block past rule

changes. Second, the fixed-point institutional model characterisation

can be implemented in any adequately expressive language. One pos-

sibility is Answer-Set Programming (Gebser et al. [2011b]; Gelfond

and Lifschitz [1988]) as used in the InstAL framework (Cliffe et al.
[2007]). Third, agent planning for rule changes, such as by building

on existing agent-planning in Answer-Set Programming (Gebser et al.
[2011a]; Lifschitz [1999]). Fourth, looking at agents bringing about

legal rules, known as social commitments (e.g. promises, contracts),

through locutions (Austin [1975]). In particular, looking at how social

commitments can be created with the special role of ascribing changes

to social commitments, such as by building on Event Calculus based

frameworks (Chesani et al. [2012]; Günay and Yolum [2012]).
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Constant Time EXPected Similarity Estimation for
Large-Scale Anomaly Detection

Markus Schneider1 and Wolfgang Ertel and Günther Palm

Abstract. A new algorithm named EXPected Similarity Estimation
(EXPOSE) was recently proposed to solve the problem of large-scale
anomaly detection. It is a non-parametric and distribution free kernel

method based on the Hilbert space embedding of probability measures.

Given a dataset of n samples, EXPOSE takes O(n) time to build a

model and O(1) time per prediction.

In this work we describe and analyze a simple and effective stochas-

tic optimization algorithm which allows us to drastically reduce the

learning time of EXPOSE from previous linear to constant. It is crucial

that this approach allows us to determine the number of iterations

based on a desired accuracy, independent of the dataset size n. We

will show that the proposed stochastic gradient descent algorithm

works in general possible infinite-dimensional Hilbert spaces, is easy

to implement and requires no additional step-size parameters.

1 INTRODUCTION
Anomaly detection is used in a variety of fields [13, 14] such as net-

work intrusion detection [15], credit card fraud detection [3], medical

diagnosis [30, 21] and failure detection in industrial environments

[34]. Commonly, “anomaly detection refers to the problem of find-

ing patterns in data that do not conform to expected behavior. These

non-conforming patterns are often referred to as anomalies” [8]. The

challenge in detecting anomalies is that anomalous instances or events

are by definition rare. “Virtually all [anomaly] detection algorithms

create a model of the normal patterns in the data, and then compute

an [anomaly] score of a given data point on the basis of the deviations

from these patterns” [2].

The EXPected Similarity Estimation (EXPOSE) algorithm was pro-

posed to solve the problem of large-scale anomaly detection where the

dataset sizes are too immense to be processed by standard techniques

[26]. As explained later in detail, the EXPOSE anomaly detection

classifier

η(y) = 〈φ(y), μ[P]〉

calculates a score (the likelihood of y belonging to the class of normal

data) using the inner product between a feature map φ and the kernel

mean map μ[P] of the distribution P (Fig. 1). Given a dataset of size

n, the authors provide a methodology to train this classifier in linear

time with O(n) computational complexity. The question arises if it is

possible to improve the linear training time and create an algorithm

which is completely independent of the dataset size.

The answer to this question is positive if a high accuracy sample es-

timate of μ[P] does not improve the anomaly detection performance.

1 Institute of Neural Information Processing, University of Ulm, Germany
Institute for Artificial Intelligence, University of Applied Sciences
Ravensburg-Weingarten, Germany

Figure 1. Sketch of the EXPoSE scores η(y) in R2, some samples (black
dots) from P.

As Bousquet and Bottou [6] observed, for most machine learning

applications there is no need for a high accuracy estimation of an em-

pirical cost function since it is itself an approximation of the expected

costs and therefore contains errors. With this idea in mind we will

show that it is possible to achieve any desired accuracy (the maximal

deviation from the optimal EXPOSE model) with a fixed number of

samples and that this number is independent of the datasets size n.

1.1 Contributions & Related Work
In the next section we derive a methodology to build an ε-accurate

model w of μ[P] using a fixed random subset of the training data by

means of stochastic optimization.

Definition 1. We say an algorithm finds an ε-accurate solution w of
a real valued objective function f if

f(w) ≤ inf f + ε

for a given ε > 0.

We will show that for the proposed objective function f we can

achieve a rate of convergence of O(1/t) that is

f(wt)− f(μ[P]) ≤ O(1/t),

where wt only needs access to t ∈ N independent random samples

from P. The key observation is that for any given an ε > 0 we can

reach ‖wt − μ[P]‖ < ε in a fixed number of iterations independent
of the dataset size. Moreover, it can be shown that (without further as-

sumptions) the O(1/t) rate is optimal for stochastic optimization [1].
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Before we start with a detailed problem description we would like

to put the choice of a stochastic optimization approach for EXPOSE

in the context of other machine learning methods which already use

such techniques with great success.

Stochastic optimization and especially stochastic gradient (SG)

methods [6, 25], are widely used to train machine learning models

on very large-scale datasets, since a single iteration of SG requires

only little computational time compared to a full gradient calculation.

SG techniques are used for example to train support vector machines

[27], logistic regression [5] and lasso models [28]. However, this is
the first time that EXPOSE is considered as an optimization problem
and we will show that the derived algorithm is of general interest

for applications of the kernel mean map μ[P]. More sophisticated

optimization techniques such as projected gradient descent [7] or

Nesterov’s accelerated gradient descent [17, 18] are also applicable

in principle, however a single gradient evaluation has already a linear

computational complexity and is therefore slower than the original

proposed approach. Other stochastic gradient methods [25] can obtain

a better convergence rate for an objective composed of a sum of

smooth functions. However, this requires multiple passes over the

datasets is therefore of no benefit.

Our main contributions are:

• An ε-accurate approximation of EXPOSE model which reduces the

training time complexity from linear to constant.
• A formal definition of the empirical kernel mean map as an infinite-

dimensional stochastic optimization problem.

• A detailed theoretical analysis and proofs of ε-accurate solutions.

• Experimental evaluation on three large-scale datasets.

2 PROBLEM DESCRIPTION
EXPOSE is a probabilistic anomaly detector which assumes that the

normal (non-anomalous) instances are distributed according to some

probability measure P. We assume there is a random variable X which

maps into a measurable input space (X ,X ) and denote realizations

of X by X = x. Moreover we will operate in a reproducing kernel

Hilbert space (RKHS)H associated with the kernel k : X × X → R.

The function φ : X → H with

k(x, y) = 〈φ(x), φ(y)〉

is called feature map denoted by φ(x) = k(x, ·). To avoid technical

difficulties we assume that the input space X is separable and the

kernel k is continuous on X such that φ is measurable.

Given these preliminaries, EXPOSE calculates a score which can

be interpreted as the likelihood of a query point belonging to the

distribution of normal data P. This is done in the following way.

Definition 2 (Expected Similarity Estimation). The expected similar-

ity of y ∈ X with respect to the (Borel probability) distribution P is
defined as

η(y) = E [φ(y)] =

∫
X
k(y, x) dP(x), (1)

where k : X × X → R is a continuous reproducing kernel.

Intuitively the query point y is compared to all other points of

the distribution P using the kernel as a similarity measure. We will

see that this equation can rewritten as an inner product between the

feature map φ(y) and the kernel mean map μ[P] of P.

The key idea of the kernel mean map [10, 29, 32, 11] is to embed a

probability distribution into a reproducing kernel Hilbert space (RKHS)

where it is then in a more accessible form and can be manipulated

efficiently.

Definition 3 (Kernel Embedding). The kernel embedding or kernel

mean map of a measure distribution P is given in terms of the Bochner
integral

P �→ μ[P] =
∫
X
k(·, x) dP(x),

where k : X × X → R is the associated reproducing kernel.

We see that μ maps every distribution to a single point in the RKHS

H. This mapping is injective if k is characteristic [32, 9, 31]. However,

we emphasize that the characteristic property is not relevant for the

EXPOSE anomaly detection algorithm and we therefore explicitly

allow kernel mean embeddings which are not injective. To facilitate

the further analysis, we assume that the kernel k is measurable and

bounded in expectation2 i. e. there is a constant c > 0 such that∫
X

√
k(x, x) dP(x) ≤ c

which is sufficient to show that μ[P] exists for all Borel probability

measures on X [31]. Equation (1) can now be rewritten in terms of

the kernel embedding

η(y) =

∫
X
k(y, x) dP(x)

= 〈φ(y), μ[P]〉.

where we interchanged the integral and inner product. This is possible

since φ is strong integrable and therefore coincide with the weak

integral, a property we will need several times.

Lemma 1. If f is strong (Bochner) integrable then f is weak (Pettis)
integrable and the two integrals coincide. [4, Theorem 11.50]

In anomaly detection, we cannot expect to know the distribution

of normal data P explicitly. However we assume to have access to a

sample (X1, . . . , Xn) = (x1, . . . , xn) from P. The empirical mea-

sure after n draws Pn = 1
n

∑n
i=1 δXican now act as a proxy for P

and we can use Pn to construct an approximation μ[Pn] of μ[P] as

μ[Pn] =
1

n

n∑
i=1

φ(xi)

which is called empirical kernel embedding [29]. With the empirical

kernel embedding μ[Pn] we can derive an empirical version of EX-

POSE substituting μ[P] by μ[Pn] whenever the distribution P is not di-

rectly accessible and has to be estimated from samples (X1, . . . , Xn).
Obviously, the empirical kernel embedding has aO(n) computational

complexity and is responsible for the linear training time of EXPOSE

which we tackle in the remainder of this work.

In the next section, we will look at the EXPOSE classifier from

the perspective of a stochastic optimization problem. We will show

that this allows us to replace μ[Pn] by an ε-accurate approximation

of μ[P] which can be computed in constant time. We expect this be

beneficial for all techniques which use the kernel mean map and not

just EXPOSE. However the main focus of this work is to reduce the

EXPOSE training time complexity.

2 Bounded in expectation is weaker than the assumption of k being bounded.
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3 STOCHASTIC OPTIMIZATION
Let H be a separable Hilbert space and H be a closed and convex

subset ofH. The classic stochastic approximation algorithm [24] tries

to solve

min
w∈H

E[f(w,X)] = min
w∈H

∫
X
f(w, x) dP(x)

where X a random variable taking values in the (X ,X ) as defined

in the previous section. All expectations are taken with respect to

this random variable need to exist. To solve this problem, stochastic

approximation techniques make the following two assumptions.

• It is possible to generate independent samples x1, x2, . . . from the

probability distribution P.

• Given a point (w, x) ∈ H × X we assume to have access to a

stochastic gradient of f at w.

A stochastic gradient ∇f(w,X) is a random variable whose ex-

pectation is a gradient of f i. e. it has the property that ∇f(w) =
E[∇f(w,X)]). The stochastic approximation algorithm then creates

the sequence (wt), t ∈ N as

wt+1 = ΠH

(
wt − γt∇f(w,X)

)
with the aim to minimize E[f(w,X)] starting at some w1 ∈ H . Here

(γt) is a sequence of positive step sizes and the operator

ΠH(w) = argmin
v∈H

‖w − v‖

is called the projection of w onto H . ΠH(w) is unique in H and the

function w �→ ΠH(w) is non-expanding which means that

‖ΠH(w)−ΠH(v)‖ ≤ ‖w − v‖

for all w and v in H. We will denote the optimal solution to the

optimization problem (which may not exits and is not necessary

unique) by w̌ = minw∈H E[f(w,X)].
Most literature on this topic is concerned with the optimization of

an objective function defined on some finite-dimensional Euclidean

vector space. For example Nemirovski et al. [16] consider H to be a

non-empty closed bounded convex subset ofH = Rd and show that

stochastic approximation can obtain a O(1/t) convergence rate if the

objective function f is differentiable and α-strongly convex onH.

Definition 4 (α-Strongly Convex Function). Let H be a convex subset
of a normed space. A function f : H → R is called α-strongly convex

if for some α > 0

f(λu+ (1− λ)v) ≤ λf(u) + (1− λ)f(v)− α

2
λ(1− λ)‖u− v‖2

for all u, v ∈ dom(f) and λ ∈ [0, 1].

This implies that a function f is α-strongly convex if and only if

the function

u �→ f(u)− α

2
‖u‖2

is convex. Nemirovski et al. require in addition, that the stochastic

gradients ∇f(w,X) are bounded in expectation i. e. there exists a

constant c > 0 such that

E
[
‖∇f(w,X)‖2

]
≤ c2

for all w ∈ H . Under these conditions, Nemirovski et al. demonstrate

that

E
[
f(t)− f(w̌)

]
≤ O(1/t) and

E
[
‖wt − w̌‖2

]
≤ O(1/t).

Without further assumptions on the objective function f , these rates

are unimprovable [1].

4 INFINITE-DIMENSIONAL STOCHASTIC
OPTIMIZATION

This section lays the theoretical foundation to prove the rate of conver-

gence for the EXPOSE optimization problem. We will see that if a min-

imizer exists and the gradient of the objective function f is bounded

we can achieve rates similar to the ones derived by Nemirovski et al.

However, since our optimization problem is infinite-dimensional, the

main challenge will be to overcome the technical difficulties that arise

in such spaces.

In finite-dimensions, closed and bounded sets are compact, guaran-

teed by the Heine–Borel theorem. Compact sets have several desirable

properties i. e. compactness of a nonempty set L suffice to show that

a continuous function f : L → R attains its minimum on L which

means there is some w̌ ∈ L such that f(w̌) = infw∈L f(w). Further-

more, if (wt) is a minimizing sequence for f , that is

lim
t→∞

f(wt) = inf f

and if (wt) converges to w̌, then w̌ ∈ argmin f . This is easy to see

from the Bolzano–Weierstrass theorem: Since (wt) is bounded, f(wt)
is bounded and there exists a subsequence (wtk ) which converges to

some w̌ and because L is closed, w̌ is an element of L. Since (wt)
is a minimizing sequence, it follows from the continuity of f that

f(wtk )→ f(w̌) = inf f . However, the situation is entirely different

in infinite-dimensional spaces like the Hilbert space H we have to

consider in our optimization problem.

In infinite-dimensional Banach spaces, closed balls are not com-

pact. [33]

Moreover, in this situation, closed and bounded sets need not even

be sequentially compact. That is not every sequence in the set has

a converging subsequence that converges to a point in that set. In

infinite-dimensional optimization we can try to surrogate Bolzano-

Weierstrass theorem by the property that a bounded sequence in a

reflexive Banach space always has a weakly convergent subsequence

[33, Theorem 2.C].

Definition 5 (Weak Convergence). A sequence (wt) in a Banach
spaceH converges weakly to w if

lim
t→∞
〈u�, wt〉� = 〈u�, w〉�

for all u� in the dual ofH� ofH and is denoted by wt ⇀ w.

4.1 Strongly Convex Convergence Rates
We start to derive convergence rates for general strongly convex

functions with Lipschitz-continuous gradients and then apply them to

EXPOSE. The derivation follows closely the on for finite-dimensional

literature [18, 7, 16] with additional assumptions where necessary.

The next lemma plays an important rule in the derivation of the central

theorems about the convergence rate of strongly convex functions with

domain in infinite-dimensional Hilbert spaces (theorems 1 and 2).
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Lemma 2. LetH be an (infinite-dimensional) Hilbert space, H ⊂ H
and f : H → R be continuous and α-strongly convex. If w̌ is a global
minimizer of f , then

〈∇f(v), v − w̌〉 ≥ α‖w̌ − v‖2

for all v in H and any gradient∇f(v) of f(v).3

Lemma 2 leads directly to a second important inequality bounding

the distance form the minimizer in terms of the gradient.

Lemma 3. Under the prerequisites of Lemma 2

‖v − w̌‖2 ≤ ‖∇f(v)‖
2

α2

for all v ∈ H .

We are now in the position to state one of the main theorems.

Theorem 1. LetH be a Hilbert space, H a non-empty closed convex
subset ofH and f : H → R be α-strongly convex. Assume the mini-
mizer w̌ ∈ H exists and∇f(wt, X) is strongly (Bochner) integrable,
then the stochastic approximation sequence (wt)

wt+1 = ΠH

(
wt − γt∇f(wt, X)

)
converges strongly to w̌ with rate

E
[
‖wt − w̌‖2

]
≤ ‖∇f(wt)‖2

α2t

for any wt ∈ H and t ∈ N.

Proof. We will use the facts that ΠH is non-expanding and w̌ ∈ H
by definition.

‖wt − w̌‖2 = ‖ΠH

(
wt − γt∇f(wt, X)

)
− w̌‖2

= ‖ΠH

(
wt − γt∇f(wt, X)

)
−ΠH

(
w̌
)
‖2

≤ ‖wt − γt∇f(wt, X)− w̌‖2

= ‖wt − w̌‖2 + γ2
t ‖∇f(wt, X)‖2

− 2γt〈wt − w̌,∇f(wt, X)〉

We will take expectations on both sides. As∇f(wt, X) is assumed

to be strongly integrable we can interchange the inner product and

expectation operator (lemma 1) and therefore

E
[
〈wt − w̌,∇f(wt, X)〉

]
= 〈wt − w̌,E[∇f(wt, X)]〉.

Furthermore, by Jensen’s inequality

E
[
‖∇f(wt, X)‖2

]
≤ ‖E[∇f(wt, X)]‖2

and hence applying lemma 2 yields

E
[
‖wt − w̌‖2

]
≤ ‖wt − w̌‖2 + γ2

t ‖∇f(wt)‖2 − 2γtα‖w̌ − v‖2

= (1− 2γtα)‖wt − w̌‖2 + γ2
t ‖∇f(wt)‖2

= (1− 2t−1)‖wt − w̌‖2 + ‖∇f(wt)‖2
α2t2

where we used γt =
1
αt

in the last step. For t = 1 we know that

E
[
‖w1 − w̌‖2

]
≤ ‖∇f(w1)‖2

α2

by lemma 3. The claim follows by an induction argument.

3 A proof can be found in the appendix.

Theorem 1 implies aO(1/
√
t) rate of convergence for the sequence

(wt)→ w̌, whenever ‖∇f(wt)‖2 is bounded. Furthermore, the step
size determined to be γt = 1

αt
and there is no need to tune it manually.

Using the previous argumentation we can also derive a bound for the

objective function f .

Theorem 2. Assume the prerequisites of theorem 1 are fulfilled. As-
sume additionally that f is Fréchet differentiable with β-Lipschitz
continuous stochastic gradient ∇f(w) = E[∇f(w,X)] and let
∇f(w,X) be strongly integrable as before, then

E
[
f(wt)− f(w̌)

]
≤ β

2

‖∇f(wt)‖2
α2t

for all wt ∈ H .

Proof. Since∇f(w) is β-Lipschitz continuous it holds4 that

f(v)− f(w) ≤ 〈∇f(w), v − w〉+ β

2
‖w − v‖2

for all v, w ∈ H . Furthermore, 〈∇f(w̌), v − w̌〉 = 0 if w̌ is a

minimizer of f in H by Fermat’s rule. Combined with theorem 1 and

lemma 1 this yields

E
[
f(wt)− f(w̌)

]
≤ β

2
E
[
‖w̌ − v‖2

]
≤ β

2

‖∇f(wt)‖2
α2t

which concludes the proof.

It follows that the rate of convergence of the objective function f
is O(1/t).

5 CONVEX EXPOSE

The previous results are independent of EXPOSE and can be used for

general infinite-dimensional optimization problems.

In this section we look at the EXPOSE anomaly predictor from

the perspective of such a stochastic optimization problem to find an

ε-accurate constant time approximation of μ[P]. Hereby we apply the

bounds derived in the previous sections and show that there exists an

optimal solution to our optimization problem and that this solution

is unique. To achieve this goal we need to show that the objective

function is strongly convex and the derivative is β-Lipschitz and

Bochner integrable.

Obviously, if μ[P] ∈ H ⊂ H, then the kernel mean map is the

solution of the following optimization problem

min
w∈H

g(w) = min
w∈H
‖μ[P]− w‖2

= min
w∈H
〈w,w〉 − 2〈μ[P], w〉+ 〈μ[P], μ[P]〉

= min
w∈H

1

2
〈w,w〉 − 〈μ[P], w〉.

This is equivalent to the stochastic optimization problem where we

minimize over the expectation of the objective function f

min
w∈H

E[f(w,X)] = min
w∈H

∫
X
f(w, x) dP(x),

where f is defined as f(w,X) = 1
2
〈w,w〉 − 〈φ(X), w〉. For the

remainder of this work we are concerned with this objective functions.

4 [20, Proposition Lemma 1.30]
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5.1 Existence & Uniqueness
In the following let H ⊂ H be a ball with radius c defined as

H =
{
g ∈ H

∣∣ ‖g‖ ≤ c
}

which is a closed bounded convex set. Then μ[P] ∈ H since

‖μ[P]‖ =
∥∥∥∫
X
φ(x) dP(x)

∥∥∥
≤
∫
X
‖φ(x)‖ dP(x)

≤
∫
X

√
k(x, x) dP(x)

≤ c

by assumption that k bounded in expectation and shows the existents
of a minimizer in H . Our next concern is the uniqueness of w̌ = μ[P]
which requires f to have certain properties. We start with smoothness

and convexity.

Proposition 1. The objective function f(w,X) = 1
2
〈w,w〉 −

〈φ(X), w〉 is α-strongly convex and its gradient ∇f(w,X) =
w − φ(X) is β-Lipschitz with α = β = 1.5

The sufficient conditions for w� to be unique are given by [20,

Corollary 2.19] which states the following.

Corollary 1. Let H be a subset ofH. If f : H → R is proper, convex,
coercive and lower-semicontinuous then argmin f is non-empty and
weakly compact. If, moreover, f is strictly convex, then argmin f is
a singleton.

Proof of the uniqueness of w̌. All Hilbert spaces are reflexive. Since

f is continuous, proper (dom(f) = {}) and strongly convex it is also

convex, coercive and lower-semicontinuous.

5.2 Convergence Rates of the Kernel Mean Map
In order to derive exact rates of convergence for EXPOSE it remains to

bound the stochastic gradient∇f(wt, X) in theorem 1 and theorem 2.

The main contribution of this section is the next theorem.

Theorem 3. Let k be a continuous kernel which is bounded in ex-
pectation i.e.

∫
X
√

k(x, x) dP(x) ≤ c andH be the corresponding
RKHS. Let H be the ball inH with radius c, then

E
[
‖wt − w̌‖2

]
≤ 4c2

t
and

E
[
f(wt)− f(μ[P])

]
≤ 2c2

t

for all t ∈ N.

Proof. We first note that for wt ∈ H for all t ∈ N since w1 ∈ H
by definition and for subsequent t ≥ 2 the projection operator ΠX

guarantees that wt ∈ H which implies ‖wt‖ ≤ c. By definition of

the EXPOSE gradient we get

E
[
‖∇f(wt, X)‖2

]
= E
[
‖wt − φ(X)‖2

]
≤ ‖wt‖2 + E

[
‖φ(X)‖2

]
+ 2‖wt‖E

[
‖φ(X)‖

]
≤ c2 + E

[
k(X,X)

]
+ cE
[√

k(X,X)
]

≤ 4c2

which also shows that∇f(wt, X) is strongly integrable as required

by theorem 1 and theorem 2 in which be plug in the upper bound of

∇f to conclude the proof.

5 A proof can be found in the appendix.

5.3 Convergence of EXPoSE
Since wt converges strongly to w̌ as shown in theorem 3 we also have

the weak convergence [20]

lim
t→∞
〈u,wt〉 = 〈u, w̌〉, ∀u ∈ H

and especially

lim
t→∞
〈φ(y), wt〉 = 〈φ(y), μ[P]〉 = η(y)

for all y ∈ X which justifies the use of wt as a proxy for μ[P]. The

final stochastic optimization procedure for EXPOSE is summarized in

Algorithm 1.

Algorithm 1 A stochastic optimization procedure for EXPOSE

REQUIRE:

1: T : the number of iterations or ε : accuracy

ALGORITHM:

2: Set w1 ← 0
3: FOR t← 1, 2, . . . , T DO

4: Sample xt uniformly from P
5: Set γt ← 1

t

6: Set f(wt, X)← wt − φ(xt)
7: Update wt+1 ← wt − γt∇f(wt, X)
8: Project wt+1 ← wt+1 ·max{1, c‖wt+1‖}−1

9: RETURN wT+1

We emphasize that the stochastic optimization procedure presented

here is relatively simple and requires only a few lines of code to

implement. It also does not introduce additional parameters since

the step-size in known to be γt = 1
t
. Step-sizes are crucial and

difficult to determine in most optimization algorithms as they have

a significant effect on the results. The bound of the kernel function

is typically known and the number of iterations T is a trade off

between computing time and accuracy. Alternatively, the number

of iterations T can be calculated given a desired accuracy ε. The

projection operator ΠH(w) in the last step, projecting w onto the ball

H , takes a form which can efficiently be computed.

6 EXPERIMENTAL EVALUATION
In this section we present experimental results demonstrating the

benefit of the proposed approach. This is challenging since the true

data distribution P is unknown it is therefore not possible to determine

a closed form solution of μ[P]. After all we use the empirical kernel

mean map μ[Pn] as a surrogate for μ[P] to evaluate the behavior of

‖wt − μ[Pn]‖ ≈ ‖wt − μ[P]‖

as the number of iterations t increase. For sufficiently large sample

sizes n we can expect μ[Pn] to be a good proxy for μ[P] by the

law of large numbers. While it is theoretically possible to calculate

‖wt−μ[Pn]‖ explicitly, this operation is of orderO(n2) and therefore

intractable for large n. We face the dilemma that with a small sample

size n we cannot expect μ[Pn] to be a good proxy for μ[P] and with a

large n we are not able compute ‖wt − μ[Pn]‖. This requires us to

replace the explicit feature maps φ by their approximate counterpart

φ̂ in the following experiments.

The idea of approximate feature maps is to find approximations

φ̂ : X → Rr of φ such that

k(x, y) ≈ 〈φ̂(x), φ̂(y)〉
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for all x, y ∈ X and r ∈ N. We will utilize the Random Kitchen

Sinks (RKS) approach [22, 23] which is based on Bochner’s theorem

for translation invariant kernels such as the squared exponential, the

Laplace, the Matérn and may others kernel functions.6 In all exper-

iments we apply the squared exponential kernel with 20 000 kernel

expansion7. The squared exponential is a general purpose kernel like

the Euclidean distance is the standard metric. However other choices

pose a possibility to include domain and expert knowledge about the

problem.

We emphasize that the use of approximate feature maps has no

impact on the previous theoretical analysis and all bounds hold in

infinite-dimensional RKHSs and corresponding φ. The solely purpose

of these maps are the experimental evaluations.

6.1 Setup & Datasets
The following datasets, which all have purposely very different feature

characteristics, are used to evaluate anomaly detection algorithms. We

refer to [26] for a more detailed description of the datasets and their

feature characteristic.

• The MNIST database contains 8 100 000 images of handwritten

digits. We use the raw pixel values which results in an input space

dimension of 784.

• KDDCUP is an intrusion detection dataset which contains 4 898 431

connection records of network traffic. As in [26] we rescale the 34

continuous features to [0, 1] and apply a binary encoding for the 7

symbolic features.

• The third dataset contains 600 000 instances of the Google Street
View House Numbers (SVHN) [19] where we use the Histogram
of Oriented Gradients (HOG) with a cell size of 3 to get a 2592-

dimensional feature vector.

The kernel bandwidth σ2 used for these datasets are 7.0, 5.6 and 7.8

respectively, which we found to yield a reasonable anomaly detection

performance8. The other datasets used in [26] are too small to benefit

form the stochastic approximation approach and are hence omitted.

Since SVHN and MNIST are multi-class and not anomaly detection

datasets we use all instances of digit 1 as normal data and add 1% of

randomly sampled images from the remaining digits as anomalies9.

At each iteration of Algorithm 1 we sample without replacement an

instance from the training dataset which is assumed to comprise inde-

pendent realizations from P. We then update the model wt according

to the algorithm.

In addition to the convergence rate of the model, we will examine

the anomaly detection scores

η(y) = 〈φ(y), μ[Pn]〉 and

ηt(y) = 〈φ(y), wt〉

calculated by the original EXPOSE predictor and the stochastic opti-

mization approximation, respectively. For this purpose we periodically

evaluate η and ηt on 10 000 test instances which contain 50% normal

and 50% anomalous instances. These test instances are not part of the

training datasets and dedicated to evaluate the classifier.

6 We refer to the literature and the references therein for a detailed discussion
of these techniques.

7 Using more expansions result in better kernel approximations as the Monte
Carlo estimate becomes more accurate. A value between 10 000 and 20 000
is sufficient for most applications.

8 Here, we are not interested to tune these parameters towards an optimal
anomaly detection rate.

9 A different normal/anomaly setup had no significant impact on the experi-
mental results.

6.2 Evaluation
The experimental results with approximate feature maps are shown in

Fig. 2. The first plot in each column contains traces of the objective

function f(wt)− f(w̌), where we estimated w̌ by μ[Pn]. We see that

the stochastic optimization algorithm already reaches a reasonable low

objective after a few thousand iterations. More important, we observe

a similar effect in the second row when comparing ‖wt − w̌‖. We get

near to w̌ relatively fast, but it takes much more samples to estimate

w̌ with a high accuracy. However, a high accuracy estimation is not

necessary to obtain good anomaly detection performance as shown

in the following. To measure the anomaly detection rate, we first

plug wt and w̌ into the EXPOSE estimators ηt and η respectively and

calculate scores for all instances of the test dataset. The differences

between these scores are shown in the third row. We see again that

the stochastic optimization approximation ηt yields similar scores

as η using the full model. The last row illustrates the development

of the area under ROC [12] as the optimization routine performs

more iterations. After only a few thousand iterations ηt reaches the
same predictive performance as the original EXPOSE predictor η.
This confirms that a high accuracy approximation of μ[P] does not

necessarily lead to a better predictor. The key is, that for a given

ε we can reach ‖wt − μ[P]‖ < ε in a fixed number of iterations,

independent of the dataset size n which reduced the computational

complexity from O(n) to O(1) as claimed.

To see the performance gain in seconds, we stopped the algorithms

at a relatively high accuracy ‖wt − μ[P]‖ ≤ ε = 0.005 and compare

the full model η with the approximation ηt (table 1).

Table 1. Comparison of the η and the stochastic approximation ηt

TIME [sec] AUC

η ηt η ηt

SVHN 437 32 0.890 0.890

MNIST 248 19 0.991 0.990

KDDCUP 961 81 0.981 0.981

We observe that the training time is significant shorter while the

predictive performance (the area under ROC) is still very close to

the one obtained by the full model. It is important to note that the

computational complexity of ηt is constant which means that even if

the datasets grow in size, we would not need more training time to

achieve the same accuracy.

7 SUMMARY
This is the first time the EXPOSE anomaly detection algorithm is

viewed from the perspective of a stochastic optimization problem

which enables us to find an ε-accurate approximation of the kernel

mean map μ[P] in constant time, independent of the training dataset

size n. Such constant time algorithms are the key to tackle large-scale

machine learning problems.

To achieve this goal we take existing stochastic optimization ap-

proaches and port them to infinite-dimensional problems. Moreover

we carefully choose an objective function f such that an optimal

solution can be shown to exist and to be unique. Hereby the choice

of the working subset H inH is of crucial importance to bound the

gradient and to automatically derive the step size. It is also essential

that f is chosen such that it is strongly convex and obeys a Lipschitz
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continuous gradient with the right constants. Despite all these con-

straints we tried to minimize our assumptions. We only require the

input space to be separable and the kernel function to be continuous

and bounded in expectation.

As a result, the proposed approximation reduces the computational

complexity of EXPOSE and the empirical kernel mean map μ[Pn]
from the previous O(n) to O(1) whenever an ε-accurate estimation

is sufficient. More precisely, we are able to determine the number of

necessary stochastic optimization iterations T for a user defined error

threshold ε such that E
[
‖wT −μ[P]‖

]
< ε. The intuition is that a very

high accuracy estimation μ[P] does not necessarily result in a better

anomaly detection performance and hence there is no benefit in spend-

ing more computational resources. This intuition is also confirmed

experimentally on three large-scale datasets, where we reach the same

anomaly detection performance long before all data is incorporated

into the model. We emphasize that, unlike other optimization prob-

lems in this class, EXPOSE does not have a regularization parameter.

This is important as the authors of Pegasos noticed that

[. . .] the runtime to achieve a predetermined suboptimality

threshold would increase in proportion to λ [the regularization

parameter]. Very small values of λ (small amounts of regular-

ization) result in rather long runtimes. [27]

We expect out contribution to have significant implications for large-

scale applications such as anomaly detection problems and other

techniques, which are based on the kernel mean embedding.

APPENDIX
Definition 6 (Strong Integral). Let (X ,X ,P) be a σ-finite measure
space and let φ : X → H be measurable. Then φ is strong integrable

(Bochner integrable) over a set D ∈ X if and only if its norm ‖φ‖ is
Lebesgue integrable over D, that is,∫

D
‖φ‖ dP(x) <∞.

If φ is strong integrable over each D ∈ X we say that φ is strong

integrable. [4, Theorem 11.44]

Definition 7 (Weak Integral). Let (X ,X ,P) be a σ-finite measure
space. A function φ : X → H is weakly integrable over a setD ∈ X
if there exists some λ ∈ H satisfying

〈f, λ〉 =
∫
D
〈f, φ(x)〉 dP(x)

for each f ∈ H. The weak integral is denoted by

λ =

∮
D
φ dP(x)

and the unique element λ ∈ H is called weak integral of φ over D. If
the integral exists for eachD ∈ X we say that φ is weakly integrable.
[4, Section 11.10]

Proof of lemma 2
Proof. By definition of α-strong convexity we know that10

f(w) ≥ f(v) + 〈∇f(v), w − v〉+ α

2
‖w − v‖2

10 [20, Proposition 3.23]

and therefore

f(v)− f(w) ≤ 〈∇f(v), v − w〉 − α

2
‖w − v‖2

〈∇f(v), v − w〉 ≥ f(v)− f(w) +
α

2
‖w − v‖2

for all v, w in H . If w̌ is a global minimizer of f , then

f(v)− f(w̌) ≥ 0

for all v ∈ H which concludes the proof.

Proof of lemma 3
Proof. By the Cauchy–Schwarz inequality we obtain

α2‖v − w̌‖4 ≤ 〈v − w̌,∇f(v)〉2

≤ ‖v − w̌‖2‖∇f(v)‖2

α2‖v − w̌‖2 ≤ ‖∇f(v)‖2

which concludes the proof.

Proof of proposition 1
Proof. We know that f is α-strongly convex with α = 1 since

w �→ f(w,X)− α

2
‖w‖2 =

1

2
〈w,w〉 − 〈φ(X), w〉 − α

2
‖w‖2

= −〈φ(X), w〉

is convex in w ∈ H. Furthermore, Df(w,X) : z �→ 〈w −
φ(X), z〉� ∈ H� is the Fréchet derivative of f at w ∈ H since

lim
h→0

‖f(w + h,X)− f(w,X)− 〈Df(w,X), h〉�‖
‖h‖ = 0

using the notation 〈·, ·〉� for the dual map. By Riesz’ representation

theorem we can identify Df(w,X) : z �→ 〈w − φ(X), z〉� with an

element in H which we denote by ∇f(w,X) = w − φ(X). This

function is β-Lipschitz with constant β = 1 since

‖∇f(w,X)−∇f(v,X)‖ = ‖w − φ(X)− v + φ(X)‖
= ‖w − v‖

for all w and v inH.
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Figure 2. Evaluation of the stochastic optimization approach for EXPOSE. Each column refers to a different dataset. Each experiment was repeated 5 times
represented by a dot. A darker color indicates a value closer to the mean of the 5 repetitions.
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AUC Maximization in Bayesian Hierarchical Models
Mehmet Gönen1

Abstract. The area under the curve (AUC) measures such as the
area under the receiver operating characteristics curve (AUROC) and
the area under the precision-recall curve (AUPR) are known to be
more appropriate than the error rate, especially, for imbalanced data
sets. There are several algorithms to optimize AUC measures instead
of minimizing the error rate. However, this idea has not been fully
exploited in Bayesian hierarchical models owing to the difficulties in
inference. Here, we formulate a general Bayesian inference frame-
work, called Bayesian AUC Maximization (BAM), to integrate AUC
maximization into Bayesian hierarchical models by borrowing the
pairwise and listwise ranking ideas from the information retrieval lit-
erature. To showcase our BAM framework, we develop two Bayesian
linear classifier variants for two ranking approaches and derive their
variational inference procedures. We perform validation experiments
on four biomedical data sets to demonstrate the better predictive per-
formance of our framework over its error-minimizing counterpart in
terms of average AUROC and AUPR values.

1 INTRODUCTION

In binary classification problems, we are given a sample of N inde-
pendent and identically distributed training instances X = {xn ∈
X}Nn=1 and their class labels y = {yn ∈ {−1,+1}}Nn=1. We
then use X and y to learn usually a parametric function that can
be used to predict the class labels of unseen test instances. Let
f = {fn ∈ R}Nn=1 be the output values of this parametric function
when evaluated on the training instances. The output values can be,
for example, posterior probabilities assigned to one of the classes in
neural networks or discriminant outputs in support vector machines.
During training, the classification parameters used to generate the
output values are selected by optimizing an objective function, which
usually contains a loss function defined on f and y such as the hinge
loss and squared error loss to minimize the expected error rate on test
instances.

The error rate is by far the most commonly used performance
measure to compare different classification models. However, the
area under the curve (AUC) measures such as the area under the
receiver operating characteristics curve (AUROC) and the area un-
der the precision-recall curve (AUPR) are better suited to imbal-
anced binary classification problems. As noted by many earlier stud-
ies [5,9,11,21], minimizing the error rate may not lead to better AUC
measures. To the best of our knowledge, there is not a full-Bayesian
algorithm to optimize AUC measures owing to the difficulties in in-
ference.

In this work, we study AUC maximization for Bayesian hier-
archical models and propose a novel inference framework, called
Bayesian AUC Maximization (BAM), to optimize AUC measures

1 Department of Industrial Engineering, Koç University, İstanbul, Turkey,
email: mehmetgonen@ku.edu.tr

with a full-Bayesian treatment. To this aim, we borrow the pair-
wise and listwise ranking ideas from the information retrieval lit-
erature and show how they can help us maximize AUROC values
in Bayesian hierarchical models. We demonstrate the better predic-
tive performance of our framework on four biomedical data sets by
comparing it to an error-minimizing baseline algorithm.

2 MODELING AUC MAXIMIZATION USING
CATEGORICAL DISTRIBUTIONS

To be able to model AUC maximization in Bayesian hierarchical
models, we first write AUROC as a function of the output values
and then show two possible strategies to represent this function us-
ing random variables from the categorical distributions (also known
as generalized Bernoulli distribution or multinomial distribution with
a single trial).

It is very well-known that AUROC is equal to the value of the
Wilcoxon-Mann-Whitney statistic in the discrete case [7]:

AUROC(f ) =
1

|P||N |
∑
n∈P

∑
o∈N

δ(fn > fo),

where P = {n : yn = +1}, N = {n : yn = −1}, | · | gives the
cardinality of the input set, and δ(·) represents the Kronecker delta
function that returns 1 if its argument is true and 0 otherwise.

The first strategy to represent AUROC using the categorical distri-
butions is similar to the pairwise ranking models in the information
retrieval literature, which force the output value of a relevant docu-
ment to be larger than that of an irrelevant document for all relevant–
irrelevant document pairs [3, 6, 10]. The Wilcoxon-Mann-Whitney
statistic considers all pairs defined between the positive and negative
instances, which we can represent using auxiliary random variables
drawn from categorical distributions with two possible outcomes and
their respective probabilities calculated using the softmax function:

zn,o|fn, fo ∼ C
(
zn,o; {n, o},

[
exp(fn) exp(fo)

]
exp(fn) + exp(fo)

)
, (1)

where (n, o) ∈ P × N and C(·;E,π) denotes the categorical dis-
tribution with the event set E and the event probabilities π. Figure 1
illustrates the pairwise ranking idea applied on a toy data set with two
positive and two negative instances, which requires four categorical
random variables to be defined. To maximize AUROC during train-
ing, we can treat zn,o variables as observed variables and set each of
them to the index of the positive instance involved, i.e., zn,o = n.

The pairwise ranking strategy requires |P| × |N | categorical ran-
dom variables to be added, whereas we can reduce this number to
min(|P|, |N |) using the listwise ranking models in the information
retrieval literature, which force the output value of a relevant doc-
ument to be larger than those of all irrelevant documents at once
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Figure 1. Pairwise ranking applied to modeling AUC maximization using categorical distributions.
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Figure 2. Listwise ranking applied to modeling AUC maximization using categorical distributions.

[4, 13, 20]. Without loss of generality, we assume that |P| < |N |
in the following. For each positive instance, we can add an auxiliary
random variable drawn from a categorical distribution with (|N |+1)
possible outcomes and their respective probabilities calculated using
the softmax function:

zn|{fo}o∈Wn ∼ C

⎛⎜⎝zn;Wn,

⎡⎢⎣ exp(fo)∑
p∈Wn

exp(fp)

⎤⎥⎦
o∈Wn

⎞⎟⎠, (2)

where n ∈ P andWn = {n} ∪ N . Figure 2 illustrates the listwise
ranking idea applied on a toy data set with two positive and two neg-
ative instances, which requires two categorical random variables to
be defined. To maximize AUROC during training, we can treat zn
variables as observed variables and set each of them to the index of
the positive instance involved, i.e., zn = n. Reducing the number
of categorical random variables from |P| × |N | to min(|P|, |N |)
would help us make our inference procedures more effective as de-
tailed later.

3 BAYESIAN AUC MAXIMIZATION

To showcase our framework, without loss of generality, we use
Bayesian probit regression model as our baseline method [1]. We
first describe this model briefly and then give detailed derivations for
our two AUC-maximizing variants of this model.

3.1 Bayesian Probit Regression as Baseline Linear
Classifier

The distributional assumptions of Bayesian probit regression model
are defined as

γ ∼ G(γ;αγ , βγ),

b|γ ∼ N (b; 0, γ−1),

ηd ∼ G(ηd;αη, βη) ∀d,
wd|ηd ∼ N (wd; 0, η

−1
d ) ∀d,

fn|b,w,xn ∼ N (fn;w
�xn + b, 1) ∀n,

yn|fn ∼ δ(fnyn > ν) ∀n, (3)

where {fn}Nn=1 is the set of output values introduced to make the
inference procedures efficient [1]. The nonnegative margin parame-
ter ν is introduced to resolve the scaling ambiguity and to place a
low-density region between two classes, similar to the margin idea in
support vector machines. N (·;μ,Σ) represents the normal distribu-
tion with the mean vector μ and the covariance matrix Σ. G(·;α, β)
denotes the gamma distribution with the shape parameter α and the
scale parameter β.

We can approximate the required posterior as

p(γ,η, b,w, f |X,y)

≈ q(γ,η, b,w, f ) = q(γ)q(η)q(b,w)q(f ),

and define each factor in the ensemble just like its full conditional
distribution:

q(γ) = G(γ;α(γ), β(γ)),

q(η) =
D∏

d=1

G(ηd;α(ηd), β(ηd)),

q(b,w) = N
([

b
w

]
;μ(b,w),Σ(b,w)

)
,

q(f ) =
N∏

n=1

T N (fn;μ(fn),Σ(fn), ρ(fn)),
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where α(·), β(·), μ(·), and Σ(·) denote the shape parameter, the
scale parameter, the mean vector, and the covariance matrix for their
arguments, respectively. T N (·;μ,Σ, ρ(·)) represents the truncated
normal distribution with the mean vector μ, the covariance ma-
trix Σ, and the truncation rule ρ(·) such that T N (·;μ,Σ, ρ(·)) ∝
N (·;μ,Σ) if ρ(·) is true and T N (·;μ,Σ, ρ(·)) = 0 otherwise.

We can bound the likelihood using Jensen’s inequality:

log p(y|X)

≥ Eq[log p(γ,η, b,w, f ,y|X)]− Eq[log q(γ,η, b,w, f )],

where Eq[·] denotes the posterior expectations, and optimize this
bound by maximizing with respect to each factor until convergence,
leading to the following update equations:

α(γ) = αγ +
1

2
, β(γ) =

(
β−1
γ +

1

2
Eq[b

2]

)−1

, (4)

α(ηd) = αη +
1

2
, β(ηd) =

(
β−1
η +

1

2
Eq[w

2
d]

)−1

, (5)

Σ(b,w) =

[
Eq[γ] +N 1�X�

X1 diag(Eq[λ]) +XX�

]−1

, (6)

μ(b,w) = Σ(b,w)

([
1�

X

]
Eq[f ]

)
, (7)

Σ(fn) = 1, ρ(fn) � fnyn > ν, (8)

μ(fn) = Σ(fn)Eq[w
�xn + b], (9)

where 1 denotes a vector of ones of appropriate dimension.

3.2 AUC-Maximizing Linear Classifier Variant
Using Pairwise Ranking

To develop our linear classification variant with pairwise ranking fla-
vor, we first start by replacing (3) in our baseline Bayesian probit
regression model with (1). In this modified model, the update equa-
tions for γ, η, b, and w remain intact because they are assumed to
be independent from f in the posterior approximation. However, we
can not have closed-form update equations for the parameters of the
output values {fn}Nn=1 owing to the softmax function in (1). Instead,
we update these parameters by solving a series of unconstrained op-
timization problems on the lower bound.

The lower bound we need to maximize to update the parameters
of the output values is

Lq(f ) =
N∑

n=1

(Eq[log p(fn|b,w,xn)]− Eq[log q(fn)])

+
∑
n∈P

∑
o∈N

Eq[log p(zn,o|fn, fo)] + const.,

where the first two terms are log-likelihood and negative entropy
terms for the output values, whereas the third term stems from the
auxiliary random variables introduced in (1). The log-likelihood term
can be decomposed as

Eq[log p(fn|b,w,xn)]

= Eq

[
−1

2
log(2π)− 1

2
(fn −w�xn − b)2

]
= −1

2
log(2π)− 1

2
Eq[f

2
n] + Eq[fn]Eq[w

�xn + b]

− 1

2
Eq[(w

�xn + b)2],

where Eq[fn] = μ(fn) and Eq[f
2
n] = μ(fn)

2+Σ(fn). The negative
entropy term is

Eq[log q(fn)] = −1

2
(log(2πΣ(fn)) + 1).

The last term with the softmax function can be lower bounded with a
local variational approximation, which uses a linear Taylor expansion
of the log function [2]:

Eq[log p(zn,o|fn, fo)] = Eq

[
log

(
exp(fn)

exp(fn) + exp(fo)

)]
= Eq[fn]− Eq[log(exp(fn) + exp(fo))]

≥ Eq[fn]−
(
(Eq[exp(fn)] + Eq[exp(fo)])

ζn,o
− 1 + log(ζn,o)

)
,

where {ζn,o}n∈P,o∈N is the set of variational parameters introduced
and Eq[exp(fn)] = exp(μ(fn) + Σ(fn)/2).

We can now write the lower bound as a function of {μ(fn)}Nn=1,
{Σ(fn)}Nn=1, and {ζn,o}n∈P,o∈N , and optimize the lower bound
with respect to each of these three sets of parameters separately.

3.2.1 Optimizing Lq(f) with respect to {ζn,o}n∈P,o∈N

Given {μ(fn)}Nn=1 and {Σ(fn)}Nn=1, the optimal values for
{ζn,o}n∈P,o∈N can be found as

ζ�n,o = exp

(
μ(fn) +

Σ(fn)

2

)
+ exp

(
μ(fo) +

Σ(fo)

2

)
. (10)

3.2.2 Derivatives of Lq(f) with respect to {μ(fn)}Nn=1

Given {Σ(fn)}Nn=1 and {ζn,o}n∈P,o∈N , we can find the first and
second derivatives of the lower bound with respect to {μ(fn)}n∈P
as follows:

∂Lq(f )

∂μ(fn)
= −μ(fn) + Eq[w

�xn + b] + |N |

−
∑
o∈N

1

ζn,o
exp

(
μ(fn) +

Σ(fn)

2

)
∂2Lq(f )

∂μ(fn)2
= −1−

∑
o∈N

1

ζn,o
exp

(
μ(fn) +

Σ(fn)

2

)
,

and with respect to {μ(fo)}o∈N as follows:

∂Lq(f )

∂μ(fo)
= −μ(fo) + Eq[w

�xo + b]

−
∑
n∈P

1

ζn,o
exp

(
μ(fo) +

Σ(fo)

2

)
,

∂2Lq(f )

∂μ(fo)2
= −1−

∑
n∈P

1

ζn,o
exp

(
μ(fo) +

Σ(fo)

2

)
.

3.2.3 Derivatives of Lq(f) with respect to {Σ(fn)}Nn=1

Given {μ(fn)}Nn=1 and {ζn,o}n∈P,o∈N , we can find the first and
second derivatives of the lower bound with respect to {Σ(fn)}n∈P
as follows:

∂Lq(f )

∂Σ(fn)
= −1

2
−
∑
o∈N

1

2ζn,o
exp

(
μ(fn) +

Σ(fn)

2

)
+

1

2Σ(fn)
,

∂2Lq(f )

∂Σ(fn)2
= −

∑
o∈N

1

4ζn,o
exp

(
μ(fn) +

Σ(fn)

2

)
− 1

2Σ(fn)2
,
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and with respect to {μ(fo)}o∈N as follows:

∂Lq(f )

∂Σ(fo)
= −1

2
−
∑
n∈P

1

2ζn,o
exp

(
μ(fo) +

Σ(fo)

2

)
+

1

2Σ(fo)
,

∂2Lq(f )

∂Σ(fo)2
= −

∑
n∈P

1

4ζn,o
exp

(
μ(fo) +

Σ(fo)

2

)
− 1

2Σ(fo)2
.

As our overall inference scheme, we first perform closed-form
variational updates for γ, η, b, and w as given in (4)–(7) at each
iteration. However, to optimize the parameters of the output values
f , we replace (8)–(9) with a series of unconstrained optimization
problems. At each iteration, we perform the following four steps to
update these parameters:

(i) update {ζn,o}n∈P,o∈N using (10),

(ii) optimize {μ(fn)}Nn=1 using {∂Lq(f )/∂μ(fn)}Nn=1 and
{∂2Lq(f )/∂μ(fn)

2}Nn=1,

(iii) update {ζn,o}n∈P,o∈N using (10),

(iv) optimize {Σ(fn)}Nn=1 using {∂Lq(f )/∂Σ(fn)}Nn=1 and
{∂2Lq(f )/∂Σ(fn)

2}Nn=1.

In the steps (ii) and (iv), we use minFunc Matlab package by Mark
Schmidt, which uses a quasi-Newton strategy with limited-memory
BFGS updates and is publicly available at https://goo.gl/
Vrd5DL. Note that the step (iv) needs to be performed in the log-
domain to ensure the non-negativity of the variance parameters.

3.3 AUC-Maximizing Linear Classifier Variant
Using Listwise Ranking

We follow the same strategy to develop our linear classification vari-
ant with listwise ranking flavor and start by replacing (3) in our base-
line Bayesian probit regression model with (2). Different from the
pairwise ranking variant, we now need fewer auxiliary random vari-
ables, and the lower bound becomes

Lq(f ) =
N∑

n=1

(Eq[log p(fn|b,w,xn)]− Eq[log q(fn)])

+
∑
n∈P

Eq[log p(zn|{fo}o∈Wn)] + const.,

where the first two terms are the same as before. The third term with
the softmax function can again be lower bounded with a local varia-
tional approximation:

Eq[log p(zn|{fo}o∈Wn)] = Eq

⎡⎢⎣log
⎛⎜⎝ exp(fn)∑

o∈Wn

exp(fo)

⎞⎟⎠
⎤⎥⎦

= Eq[fn]− Eq

[
log

( ∑
o∈Wn

exp(fo)

)]

≥ Eq[fn]−
( ∑

o∈Wn

1

ζn
Eq[exp(fo)]− 1 + log(ζn)

)
,

where {ζn}n∈P is the set of variational parameters introduced. We
expect the lower bound approximation in the listwise setting with

significantly fewer variational parameters to be much tighter than that
of the pairwise setting.

We can again write the lower bound as a function of the mean, co-
variance, and variational parameters, and optimize them separately.

3.3.1 Optimizing Lq(f) with respect to {ζn}n∈P

Given {μ(fn)}Nn=1 and {Σ(fn)}Nn=1, the optimal values for
{ζn}n∈P can be found as

ζ�n =
∑

o∈Wn

exp

(
μ(fo) +

Σ(fo)

2

)
. (11)

3.3.2 Derivatives of Lq(f) with respect to {μ(fn)}Nn=1

Given {Σ(fn)}Nn=1 and {ζn}n∈P , we can find the first and second
derivatives of the lower bound with respect to {μ(fn)}Nn=1 as fol-
lows:

∂Lq(f )

∂μ(fn)
= −μ(fn) + Eq[w

�xn + b] + δ(yn = +1)

−
∑
o∈Bn

1

ζo
exp

(
μ(fn) +

Σ(fn)

2

)
,

∂2Lq(f )

∂μ(fn)2
= −1−

∑
o∈Bn

1

ζo
exp

(
μ(fn) +

Σ(fn)

2

)
,

where Bn is P if yn = −1 and {n} otherwise.

3.3.3 Derivatives of Lq(f) with respect to {Σ(fn)}Nn=1

Given {μ(fn)}Nn=1 and {ζn}n∈P , we can find the first and second
derivatives of the lower bound with respect to {Σ(fn)}Nn=1 as fol-
lows:

∂Lq(f )

∂Σ(fn)
= −1

2
−
∑
o∈Bn

1

2ζo
exp

(
μ(fn) +

Σ(fn)

2

)
+

1

2Σ(fn)
,

∂2Lq(f )

∂Σ(fn)2
= −

∑
o∈Bn

1

4ζo
exp

(
μ(fn) +

Σ(fn)

2

)
− 1

2Σ(fn)2
.

Different from our pairwise variant, we now need to update
{ζn}n∈P using (11) in the steps (i) and (iii) during the variational
inference.

4 EXPERIMENTS

To illustrate the effectiveness of our AUC-maximizing variants with
pairwise ranking (BAMP) and with listwise ranking (BAML), we re-
port their results on four biomedical data sets (i.e., two cancer and
two HIV data sets) and compare them to the error-minimizing base-
line algorithm (i.e., Bayesian probit regression; BPROBIT). We im-
plement these three algorithms in Matlab, and our implementations
are publicly available at https://goo.gl/DYh7ZR.

We use AUROC and AUPR values from repeated random sub-
sampling validation experiments to compare the classification per-
formance of the algorithms. For each data set, we create 100 random
train/test splits to obtain robust results. For each replication, the train-
ing set is defined by randomly selecting 75% of the data points with
stratification on the phenotype, and the remaining 25% of the sam-
ples are used as the test set. The training set is normalized to have
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Figure 3. Classification results on two cancer data sets. The box-and-whisker plots show the results of the error-minimizing baseline algorithm (BPROBIT),
our AUC-maximizing variant with pairwise ranking (BAMP), and our AUC-maximizing variant with listwise ranking (BAML) over 100 replications in repeated
random subsampling validation experiments. The numbers above the figures give the average performance values for each experiment.

zero mean and unit standard deviation, and the test set is then nor-
malized using the mean and the standard deviation of the original
training set.

Owing to the high dimensional inputs in our applications, we rep-
resent data points using an empirical kernel map, i.e., replacing xn

with
[
k(x1,xn) . . . k(xN ,xn)

]�
, which is the main idea be-

hind relevance vector machines [18]. This step reduces the dimen-
sionality of the input space from D to N . We perform experiments
with the linear and Gaussian kernels, where we normalize the lin-
ear kernel to have unit diagonal entries, and the kernel width of the
Gaussian kernel is selected as the average pairwise distance between
the training instances.

The hyper-parameter values are selected as (αγ , βγ) = (1, 1) and
(αη, βη) = (1, 1) for all algorithms, and ν = 1 for BPROBIT. We
perform at most 200 iterations or stop when the improvement in the
lower bound between successive iterations is less than 0.001% during
variational inference.

4.1 Classification Results on Cancer Data Sets

Micro-satellite instability is a hypermutable phenotype caused by the
loss of DNA mismatch repair activity. It is frequently observed in
several tumor types such as colorectal, endometrial, gastric, ovarian,
and sebaceous carcinomas [19]. Tumors with micro-satellite insta-
bility do not respond to chemotherapeutic strategies developed for
micro-satellite stable tumors, leading to its clinical importance. That
is why we address the problem of predicting micro-satellite insta-
bility status of cancer patients from their gene expression data. We
use two publicly available data sets provided by the Cancer Genome
Atlas (TCGA) consortium: (i) colon and rectum adenocarcinoma
(COADREAD) patients [16] and (ii) uterine corpus endometrial car-
cinoma (UCEC) patients [17].

The phenotype values of cancer patients for both data sets are
downloaded from the TCGA website (https://tcga-data.
nci.nih.gov), which groups the patients into three categories:
(i) micro-satellite instability high (MSI-H), (ii) micro-satellite insta-

bility low (MSI-L), and (iii) micro-satellite stable (MSS). The pre-
processed genomic characterizations of primary tumors from the pa-
tients (i.e., mRNA gene expression) are downloaded from http:
//dx.doi.org/10.7303/syn300013, where 20530 normal-
ized gene expression intensities are provided for each profiled pri-
mary tumor. We remove the patients with missing phenotype value
or genomic data from further analysis. At the end, there are 261
(37 MSI-H, 43 MSI-L, and 181 MSS) and 330 (108 MSI-H, 27
MSI-L, and 195 MSS) patients with available phenotype value and
genomic data for COADREAD and UCEC data sets, respectively.
We run binary classification experiments to separate MSI-H patients
from others (i.e., MSI-L and MSS), which is in agreement with the
earlier studies that combine MSI-L and MSS tumors into the same
group [19].

Figure 3 compares the performance of the baseline algorithm and
our two variants on two cancer data sets in terms of AUROC and
AUPR over 100 replications, and reports the average AUROC and
AUPR values for each experiment. We clearly see that our AUC-
maximizing variants obtain better classification results than the error-
minimizing baseline in most scenarios (and comparable results in
few cases). Note that our listwise variant BAML obtains better AU-
ROC values than our pairwise variant BAMP in all scenarios, possi-
bly owing to its tighter lower bound approximation.

4.2 Classification Results on HIV Data Sets

Predicting the effect of a drug using pretreatment genomic informa-
tion is a current computational challenge in modern medicine. For
example, HIV Drug Resistance Database (HIVDB) contains pheno-
type (i.e., drug susceptibility results) and genotype (i.e., amino acid
sequences) information about HIV-1 [14], which is publicly available
at http://hivdb.stanford.edu. On HIVDB, we address the
problem of predicting drug susceptibility of reverse transcriptase se-
quences obtained from HIV patients using the genotype informa-
tion. We extract all sequences originated from subtype B strains and
treated with Zalcitabine (known as DDC) or Emtricitabine (known

M. Gönen / AUC Maximization in Bayesian Hierarchical Models 25
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Figure 4. Classification results on two HIV data sets. The box-and-whisker plots show the results of the error-minimizing baseline algorithm (BPROBIT),
our AUC-maximizing variant with pairwise ranking (BAMP), and our AUC-maximizing variant with listwise ranking (BAML) over 100 replications in repeated
random subsampling validation experiments. The numbers above the figures give the average performance values for each experiment.

as FTC). We remove the sequences with no phenotype or genotype
information, leading to two final data sets with 472 (174 suscepti-
ble and 298 resistant) and 165 (46 susceptible and 119 resistant) se-
quences for DDC and FTC, respectively.

We use drug susceptibility results measured using the PhenoSense
method for these two nucleoside analogs. Drug susceptibility results
are given as fold change:

IC50 ratio =
IC50 of an isolate

IC50 of a standard wild-type control isolate
,

where IC50 of a resistant or wild-type control isolate gives its half
maximal inhibitory concentration. We label sequences as “resistant”
or “susceptible” using drug-specific cutoff values as done similarly
in the earlier studies [8, 15]. The cutoff is set to 1.5 for DDC and to
3.0 for FTC. For each reverse transcriptase, genotype information is
extracted from the amino acid sequence of positions 1–240. Amino
acid differences from the subtype B consensus wild-type sequence
are considered as mutations. There are 856 and 520 unique mutations
for DDC and FTC, which means that sequences can be represented
as 856- or 520-dimensional binary vectors.

Figure 4 compares the performance of the baseline algorithm and
our two variants on two HIV data sets. We see that our listwise
variant BAML improves AUROC and AUPR values compared to
the baseline algorithm in all scenarios, whereas our pairwise vari-
ant BAMP can consistently improve AUROC values only with the
Gaussian kernel but not with the linear kernel. Similar to the results
on cancer data sets, our listwise variant BAML shows better perfor-
mance than our pairwise variant BAMP in all scenarios.

5 DISCUSSION

We introduce a novel Bayesian inference framework to optimize
AUC measures in Bayesian hierarchical models. This full-Bayesian
treatment is made possible by borrowing the pairwise and listwise
ranking ideas from the information retrieval literature. To showcase
our framework, we develop two linear classification algorithms by

modifying Bayesian probit regression model and derive their vari-
ational inference procedures. We then illustrate the practical im-
portance of our framework on four biomedical data sets by valida-
tion experiments. These results show that our algorithms can obtain
better AUROC and AUPR values compared to the baseline error-
minimizing algorithm.

To bound the softmax function, we use a simple local variational
approximation with a linear Taylor expansion of the log function [2].
An interesting topic for future research is to replace this bound with
a much tighter bound such as the one proposed by [12] to further
improve the generalization performance of our framework.
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Validating Cross-Perspective Topic Modeling for
Extracting Political Parties’ Positions from

Parliamentary Proceedings

Janneke M. van der Zwaan1 and Maarten Marx and Jaap Kamps2

Abstract.
In the literature, different topic models have been intro-

duced that target the task of viewpoint extraction. Because,
generally, these studies do not present thorough validations
of the models they introduce, it is not clear in advance which
topic modeling technique will work best for our use case of
extracting viewpoints of political parties from parliamentary
proceedings. We argue that the usefulness of methods like
topic modeling depend on whether they yield valid and re-
liable results on real world data. This means that there is
a need for validation studies. In this paper, we present such
a study for an existing topic model for viewpoint extraction
called cross-perspective topic modeling [11]. The model is ap-
plied to Dutch parliamentary proceedings, and the resulting
topics and opinions are validated using external data. The
results of our validation show that the model yields valid top-
ics (content and criterion validity), and opinions with content
validity. We conclude that cross-perspective topic modeling
is a promising technique for extracting political parties’ posi-
tions from parliamentary proceedings. Second, by exploring a
number of validation methods, we demonstrate that validat-
ing topic models is feasible, even without extensive domain
knowledge.

1 Introduction

Over the last fifteen years, topic modeling has been estab-
lished as a method for uncovering hidden structure in docu-
ment collections. Traditionally, these methods learn probabil-
ity distributions over words along a single dimension of top-
icality, and do not take into account other dimensions, such
as sentiment, perspective, or theme [20]. More recently, vari-
ous extensions to topic modeling have been proposed that do
allow for multiple dimensions. In our work, we are interested
in opinion or viewpoint extraction from text.

Different topic models have been proposed that target the
task of viewpoint extraction, each of which is based on differ-
ent assumptions about what an opinion or viewpoint consists
of, and impose different requirements on the data. Section
2 provides an overview of these methods, and their partic-
ularities. Studies introducing new topic models usually only

1 Netherlands eScience Center, The Netherlands, email:
j.vanderzwaan@esciencecenter.nl

2 University of Amsterdam, The Netherlands, email:
{maartenmarx, j.kamps}@uva.nl

evaluate model fit based on held-out perplexity and provide
anecdotal evidence that the results make sense. Systematic
validations of new algorithms are rare. As a result of this, it
is not clear in advance which topic modeling technique will
work best for our use case of extracting viewpoints of political
parties from parliamentary proceedings.

It can be argued that the usefulness of methods like topic
modeling depend on whether they yield valid and reliable re-
sults on real world data. In order for researchers from other
domains to trust and use methods such as topic modeling,
insight into the strengths and limitations of individual tech-
niques is indispensable. In domains applying these text min-
ing techniques, e.g., political science, the need for validation
is already recognized [14]. However, from a computer science
perspective, validation of methods is also important, because
insight into why methods are successful or not can help to im-
prove existing methods and inform the design of new methods.

This paper presents a validation of one particular topic
model for viewpoint extraction: the cross-perspective topic
model [11]. The cross-perspective topic model learns topics
and opinions from a corpus that is (or can be) divided in
perspectives (e.g., political parties). Topics are learned from
topic words (nouns) in the entire corpus, whereas opinions are
learned from opinion words (adjectives) for each perspective
separately. The model is applied to Dutch parliamentary pro-
ceedings from 1999 to 2012. The Dutch multiparty political
system allows us to apply cross-perspective topic modeling
to data consisting of more than just two or three perspec-
tives. We demonstrate that cross-perspective topic modeling
yields valid topics. While opinions extracted from the parlia-
mentary proceedings are representative of the political par-
ties’ positions, these positions were uncorrelated with clas-
sical left/right rankings of the parties. These results indicate
that cross-perspective topic modeling is a promising technique
for extracting political parties’ positions from parliamentary
proceedings.

This paper is organized as follows. Section 2 introduces the
related work by reviewing existing topic models for viewpoint
extraction. In section 3, we provide an in-depth explanation
of cross-perspective topic modeling. Section 4 presents the
design of the validation study. Topic and opinion validity are
assessed in section 5. The results are discussed in section 6.
Finally, we present our conclusions in section 7.
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2 Related Work

Opinion mining or sentiment analysis is concerned with ex-
tracting subjective information from text. Pang and Lee pro-
vide a broad introduction to this diverse research area [19].
This section provides a review of topic models for opinion or
viewpoint extraction, and discusses the need for validation
studies.

2.1 Topic Models for Viewpoint Extraction

The Joint Topic and Perspective (JPT) model assumes lexical
variation in ideological text can be attributed to the topic
and the author’s point of view [18]. Consequently, for each
word in the vocabulary two weights are learned: a topical
and an ideological weight. The model needs a collection of
texts on the same topic that is divided into two contrasting
perspectives. In essence, this method learns a single topic per
perspective; so, there are two topics in total.

The Joint Topic Viewpoint (JTV) model proposed by Tra-
belsi and Zäıane assumes documents contain expressions of
one or more divergent viewpoints [25]. Each term in a docu-
ment is assigned a topic and a viewpoint. The model generates
a probability distribution over terms for each topic-viewpoint
pair. This means that ‘objective’ (i.e., substantive) and ‘sub-
jective’ (i.e., viewpoint-specific) information are mixed. Al-
though, theoretically, the number of perspectives can be > 2,
for the experiments presented in the paper it is set to 2 (i.e.,
the viewpoints are ‘supporting’ and ‘opposing’).

Gottipati et al. propose a topic model to infer topics and
positions (pro/con) by exploiting the hierarchical structure in
which debates are organized on Debatepedia3 [12]. The model
learns to classify terms either as named entities, ‘general’ po-
sition terms, ‘topic-specific’ position terms, ‘topic’ terms, or
‘background’ terms. The positions are limited to pro and con.

The Topic-Aspect (TAM) model was designed to capture a
text’s underlying perspectives [20]. In addition to a mixture
component to filter ‘background’ words, the model assigns
words either to an aspect-neutral or aspect-dependent distri-
bution. This means ‘objective’ and aspect-specific information
is separated. The number of aspects (perspectives) is a param-
eter of the model. The model learns the perspectives from the
data, so documents do not need to be labeled; in fact, it is
assumed that documents contain mixtures of perspectives.

The Viewpoint and Opinion Discovery Unification Model
(VODUM) uses heuristics to learn topics, viewpoints, and
opinions from text [23]. A viewpoint is defined as a stand-
point on a set of topics, and an opinion is a wording that is
specific to a topic and a viewpoint. VODUM separates topic
and opinion words based on their part of speech tag. In addi-
tion, words in the same sentence are assumed to belong to the
same topic, and all text in a document is assumed to belong to
the same viewpoint. These constraints help to improve model
fit.

Generally, topic models for viewpoint extraction target
slightly differing tasks, ranging from finding arguments or
evidence for or against standpoints to discovering words in-
dicative of viewpoints or perspectives, and are usually de-
signed to exploit characteristics of the particular data used

3
http://www.debatepedia.org/

(e.g., document structure as with documents from Debatepe-
dia). Although work that presents new viewpoint extraction
topic models includes evaluations of the results produced by
these models, the evaluations typically are limited. Quanti-
tative evaluations usually assess model fit, based on held-out
perplexity (i.e., [11, 18, 23, 25]). However, it is not surpris-
ing that topic models that exploit particularities of the data
and/or tasks, generally result in models with a better fit to
the data. Also, evaluations of model fit do not take into ac-
count the extent to which topics and viewpoints learned from
data make sense at all. In fact, topics from a model with
lower perplexity are not necessarily more meaningful to hu-
mans than topics from a model with higher perplexity [10].
We argue that in order to gain insight into the contents of
document collections, topic modeling results must be seman-
tically meaningful to humans. Therefore, it is necessary to
evaluate performance in other ways than just calculating per-
plexity. In this study, we use additional, domain specific data
to validate topic modeling results.

Qualitative evaluations of topic modeling results presented
in the related work are anecdotal, and do not go beyond pre-
senting anecdotal results for topics and opinions/viewpoints
(i.e., [11, 12, 20, 23, 25]). Again we contend that more thor-
ough evaluations are required in order for the results to be
useful representations of documents in collections.

This paper presents a validation study of the results of
cross-perspective topic modeling [11]. There were multiple
reasons to select this method and not one of the others. The
cross-perspective topic model yields explicit representations
of viewpoints, which allows us to quantify differences between
the viewpoints. This is helpful for representations that can be
compared directly to external data. Also, the CPT model al-
lows for more than two perspectives on a topic, whereas many
other models aim to learn pro/con stances towards topics only.
Although this results in a counterintuitive notion of what an
opinion is (i.e., probability distribution over words vs. argu-
ments for or against), it allows for a more nuanced represen-
tation of opinions and differences between opinions. Finally,
CPT is conceptually simpler than some of the other models,
which makes it easier to implement.

2.2 Assessing Validity

Grimmer and Stewart note that ‘all automated [text min-
ing] methods are based on incorrect models of language’ [14].
While this does not imply that the results of these methods
are therefore useless, it does mean that output of automated
text mining methods must be validated before their results
can be trusted. In the introduction, we argued that valida-
tion studies are relevant for both domain scientists that use
these methods to explore text corpora, and computer scien-
tists that work on developing new text mining methods and
improving existing ones.

Validity refers to the extent to which a measure measures
what it is intended to measure [9]. Table 1 lists different types
of validity. According to Grimmer and Stewart, ‘to validate
the output of an unsupervised method, scholars must combine
experimental, substantive, and statistical evidence to demon-
strate that the measures are as conceptually valid as measures
from an equivalent supervised model’ [14].
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Type Description

Face The extent to which results appear to be valid.
Content The extent to which a method for measuring a

latent construct represents all of its facets.
Criterion Correlation between a measure and other measures

that reflect the same concept.
Construct The extent to which a measure behaves as ex-

pected in a theoretical context.

Table 1: Types of validity (adapted from [9]).

Quinn et al. performed a validation study of topic model-
ing on speech in the US Senate [21]. They show that, with the
exception of ‘procedural’ topics, words from the same topic
generally have common substantive meaning, that hierarchi-
cal clusterings of topics yield meaningful semantic relation-
ships between topics, that topics found in speeches correlate
with roll-calls and hearings, and that there is correlation be-
tween topics found in speeches and exogenous events. How-
ever, the different steps of the validation are mostly qualita-
tive. In addition, the topic modeling method used is simpler
than cross-perspective topic modeling; a speech can be as-
signed to a single topic only, and opinions are not taken into
account.

In this paper, we address content validity and criterion va-
lidity of topics and opinions extracted using cross-perspective
topic modeling.

3 Cross-Perspective Topic Modeling

The cross-perspective topic model [11] is an extended form of
Latent Dirichlet Allocation (LDA) [6]. Topics are learned by
doing LDA on the topic words (nouns) in the corpus. Opin-
ions are learned from a separate LDA process using opinion
words (adjectives, verbs, and adverbs). A topic is a probabil-
ity distribution over topic words. An opinion is a probability
distribution over opinion words. While the topics are shared
among the entire corpus, opinions depend on the perspective
a document belongs to. A document can only belong to a sin-
gle perspective, and the division of the corpus in perspectives
is fixed and must be known in advance.

The imaginary process for generating documents is: one
first selects a topic, based on the topic mixture of that docu-
ment. Then a topic word is drawn from the topic. This pro-
cedure is repeated until all topic words have been selected.
Next, one selects an opinion based on the frequency of topic
words associated with the topics in the document. The more
words associated with a certain topic, the higher the chance
that the corresponding opinion will be selected. The contents
of the opinion (i.e., probabilities of opinion words) depend on
the generator’s perspective. Next, an opinion word is drawn
from the selected opinion. This procedure is again repeated
until all opinion words have been selected. More formally, this
generative process can be described as follows.

1. Draw a perspective-independent multinomial topic word
distribution φ from Dirichlet(β) for each topic z

2. Draw a perspective-specific multinomial opinion word dis-
tribution φi

o from Dirichlet(βi
o) for each opinion x for per-

spective ci

3. For each document d choose a topic mixture θ from
Dirichlet(α)

4. For each topic word w in document d

(a) Draw a topic z from Multinomial(θ)

(b) Draw a word w from Multinomial(φ) conditional on z

5. For each opinion word o in document d ∈ ci

(a) Draw an opinion x from Uniform(zw1 , zw2 , . . . , zwNw(d)
)

(b) Draw an opinion word oi from Multinomial(φi
o) condi-

tional on xi

There are 2+C parameters that need to be estimated for the
cross-perspective topic model: the document-topic distribu-
tion θ, the topic-word distribution φ, and, for every perspec-
tive, the opinion-word distribution φc

o. As Fang et al. [11], we
chose to implement a Gibbs sampler to estimate the param-
eters [13]. Gibbs sampling is a type of Markov Chain Monte
Carlo (MCMC) algorithm [1]. MCMC algorithms aim to con-
struct a Markov chain that have the target posterior as the
stationary distribution. In Gibbs sampling, new assignments
of variables are sequentially sampled by drawing from the dis-
tributions conditioned on the current values of all other vari-
ables. To estimate parameters of opinions, additional Markov
chains are introduced to simulate the generation of opinions.
The sampling equations of the topic variable z for each topic
word wi is as follows. The notation used in these equations is
explained in table 2.

p(zi = k|wi = v, z−i,w−i, α, β)

∝ nk(d)−i + α∑K
k=1 nk(d)−i +Kα

× nv(k)−i + β∑V
v=1 nv(k)−i + V β

The sampling equation of opinion variable xc for each opin-
ion word oi is

p(xc
i = s|oi = r,xc

−i,o−i, βo)

∝ nr(s)−i + βc
o∑T

r=1 nr(s)−i + Tβc
o

× ns(d)

Nw(d)

For every sample thus obtained, the relevant parameters
are estimated using the following equations:

θkd =
nk(d) + α∑K

k=1 nk(d) +Kα

φvk =
nv(k) + β∑V

v=1 nv(k) + V β
φc
rs =

nr(s) + βc
o∑T

r=1 nr(s) + Tβc
o

Our implementation of a Gibbs sampler for cross-
perspective topic modeling is available online4.

4 Study Design

As mentioned in section 2, most existing work on topic mod-
els for viewpoint extraction only addresses ‘face validity’ and
model fit. This paper assesses content validity and crite-
rion validity of topics and opinions extracted using cross-
perspective topic modeling. In order to do so, we need to
determine to what extent topics and opinions correspond to
political subjects and political parties’ ideological positions.

4
https://github.com/NLeSC/cptm
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Symbol Description

w, o Topic word and opinion word
d, v, r, k, s, c Variable instances; d for document, v for topic

word, r for opinion word, k for topic, s for opin-
ion, c for perspective

D,K,C The number of documents, topics, and per-
spectives

V, T The size of the topic and opinion vocabulary
z,x Topic and opinion
w−i, z−i,o−i The vector values of wi, zi, and oi on all di-

mensions except i
Nw(d) The number of topic words in document d
nk(d)[−i] The number of times topic k has occurred in

document d [except the current instance]
nv(k)[−i] The number of times word v is assigned to

topic k [except the current instance]
nr(s)[−i] The number of times word r is assigned to

opinion s [except the current instance]
ns(d) The number of times opinion s occurs in doc-

ument d
θ D ×K matrix containing the document-topic

distribution
φ K × V matrix containing the topic-word dis-

tribution
φc
o K×T matrix containing the opinion-word dis-

tribution for perspective c

Table 2: Notation used in the cross-perspective topic model
(adapted from [11]).

This section presents the design of our validation study. After
introducing the research questions, we provide a description
of the dataset and experiments.

4.1 Research Questions

To assess validity of the topics, the following research ques-
tions need to be answered.

• Do the topics learned from the parliamentary proceedings
cover all relevant political subjects? (content validity)

• Can the topics learned from the parliamentary proceedings
be used to predict the political subject of texts? (criterion
validity)

To assess content validity of the topics, we need to deter-
mine whether the topics extracted from the data cover all
relevant political subjects. As a set of ‘all relevant political
subjects’, we use the Comparative Agendas Project (CAP)
main coding categories [5]. The 21 CAP main coding cate-
gories are listed in table 4. We check whether there is at least
one topic covering each CAP coding category by training a
text classifier on manually coded data, and use this classi-
fier to predict CAP codes for the topics extracted from our
data. To assess criterion validity, we apply our topic models
to the manually coded data, and use the results to predict
CAP codes. Performance of this ‘classifier’ is compared to
two other text classifiers; a Naive Bayes classifier and Sup-
port Vector Machine (SVM). To make it a fair comparison,
the classifiers are trained using the topic words (nouns) only.

To assess validity of the opinions, the following research
questions are addressed.

• Are party opinions learned from the parliamentary proceed-
ings representative of party manifestos? (content validity)

• Is there substantial correlation between party rankings gen-
erated from the opinions and rankings from domain ex-
perts? (criterion validity)

To assess content validity of the opinions, we need to de-
termine whether the topics and associated opinions are rep-
resentative of a party’s ideological position. In order to do
so, we estimate opinion word perplexity of party manifestos5.
We can conclude the opinions have construct validity if there
is a correspondence between the perspective that has lowest
perplexity for a manifesto and the political party that pub-
lished it. With regard to criterion validity, we test whether
we can use the parties’ opinions to rank them on a left/right
scale. As a gold standard of the left/right scale we use expert
rankings of political party ideology from the Chapel Hill Ex-
pert Survey (CHES) [4]. To generate rankings from our data,
we apply principal components analysis (PCA) to the parties’
opinions and project them on the first few principal compo-
nents. We can conclude the opinions have criterion validity if
there is substantial correlation between these and the CHES
rankings.

4.2 Data and Experiments

The data used for validity assessment consists of Dutch parlia-
mentary proceedings from the House of Parliament and Sen-
ate between September 21, 1999 and September 11, 20126. It
contains 20,594 documents in total. Each document contains
speeches that are tagged with a political party. These tags are
used to divide the corpus in perspectives. For this study, we
made two divisions of the data. In the first division, there is a
perspective for each political party. The parties dataset con-
sists of 11 perspectives. For the second division, parties/time,
the data is divided by party and government term. This set
contains 59 perspectives. The numbers of documents per per-
spectives for the two datasets are listed in table 3. Figure 1
presents a timeline of the government terms and the period
covered by the dataset. The light blue lines represent the gov-
ernment terms, while the dark line represents the time period
covered by the parliamentary proceedings.

Party parties parties/time
name K.II B.I B.II B.III B.IV R.I

CDA 6416 1165 296 1715 240 1788 1212
CU 2783 332 138 673 77 828 735
D66 4151 941 236 1010 118 813 1033
GL 4960 986 262 1335 163 1176 1038
LPF 846 13 151 666 14 2 -
PvdA 6590 1134 300 1864 263 1685 1344
PvdD 667 - - - 20 285 362
PVV 2179 - - - 57 1105 1017
SGP 2669 531 139 767 120 712 400
SP 5506 611 199 1307 203 1867 1319
VVD 5976 1054 252 1552 227 1770 1121

Table 3: Number of documents per perspective in the parties
and parties/time datasets.

5 Party manifestos were obtained through The Manifesto Project
(MP) [17]. The MP provides manually coded versions of party
manifestos. For the validation, we only used the texts.

6
http://ode.politicalmashup.nl/data/summarise/folia/
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Figure 1: Timeline of period covered by the government terms
and parliamentary proceedings dataset.

All text was part-of-speech (POS) tagged and lemmatized
using Frog [26]. Nouns are saved as topic words. Because pre-
liminary experiments showed that verbs and adverbs mostly
add noise to the opinions, only adjectives are used as opin-
ion words. The topic and opinion vocabularies were filtered.
Terms occurring less than six times, the top 100 most frequent
terms, and the top 100 terms that occur in the most docu-
ments were removed. The topic vocabulary contains 38,145
terms and the opinion vocabulary contains 6245 terms.

The cross-perspective topic model has 2 + C Dirichlet hy-
per parameters: α, β and βi; i ∈ perspectives. α affects the
number of topics found in a document (lower α leads to fewer
topics per document), whereas β affects the number of words
a topic consists of (lower β leads to topics with fewer words).
Because the values of these parameters mostly affect the con-
vergence of Gibbs sampling and not the results [13], we fix
them to α = 50/K, and β = βi = 0.02 (cf. [13]). Based on
previous experience with the Dutch parliamentary proceed-
ings, the number of topics (K) is set to 100. Gibbs sampling
is done for 200 iterations, and the final θ, topics, and opinions
are calculated by taking the average of every tenth iteration
starting from iteration 80.

5 Results

In this section, we answer the research questions formulated
in section 4. Sections 5.1 and 5.2 address topic and opinion
validity respectively.

5.1 Topic Validity

This section addresses content and criterion validity of the
topics. For the assessment of content validity, topics are di-
vided into two sets: high quality topics and low quality top-
ics. Topic quality is determined by calculating topic coherence
measure NPMI [7, 22] using the Dutch Wikipedia as a refer-
ence corpus [27]. Topics are considered to be of high quality
if their NPMI score is above the mean.

5.1.1 Content Validity

In order to determine whether all political subjects are cov-
ered by our two sets of 100 topics, we train a text classifier
that predicts CAP main categories based on manually coded
data. The dataset we use are manually coded parliamentary

questions7 8 [24]. To train text classifiers, we selected the
parliamentary questions texts from September 21, 1999 to
September 11, 2012. One text that was not coded properly
was removed. The resulting dataset consists of 834 texts. Ta-
ble 4 lists the percentages of texts coded with each CAP main
coding category. There are three CAP codes that do not oc-
cur in this dataset: 9, 18, and 23. These are excluded from
analysis. Note that CAP codes 11 and 22 do not exist and are
therefore also excluded.

CAP Description % texts

1 Domestic Macroeconomic Issues 3.36
2 Civil Rights, Minority Issues, and Civil Lib-

erties
8.63

3 Health 10.55
4 Agriculture 2.88
5 Labor and Employment 9.47
6 Education 8.03
7 Environment 2.40
8 Energy 2.52
9 Immigration and Refugee Issues 0.00
10 Transportation 5.52
12 Law, Crime, and Family Issues 12.95
13 Social Welfare 7.19
14 Community Development and Housing Is-

sues
4.08

15 Banking, Finance, and Domestic Commerce 3.48
16 Defense 3.36
17 Space, Science, Technology, and Communi-

cations
1.68

18 Foreign Trade 0.00
19 International Affairs and Foreign Aid 7.67
20 Government Operations 5.64
21 Public Lands, Water Management, and Ter-

ritorial Issues
0.60

23 Cultural Policy Issues 0.00

Table 4: CAP main codes and percentages of texts in the
parliamentary questions dataset.

Topic words (nouns) extracted from the texts were used to
train two classifiers: a Naive Bayes classifier and SVM. Results
reported in table 5 were obtained through 5-fold cross vali-
dation. Performance of the SVM is significantly better than
performance of the Naive Bayes classifier (Welch’s two-sided
t-test, p < 0.05). Based on these results the SVM was selected
to map topics to coding categories.

Text classification was performed on the top 10 topic words
of our two sets of 100 topics. Figures 2 and 3 show the num-
bers of topics that were mapped to the different CAP coding
categories for all topics and the high quality topics. The fig-
ures show that all CAP coding categories are covered by the
topics.

7 In addition to the parliamentary questions data, there is a second
dataset available: the Queen’s speeches [8]. However, a text clas-
sification experiment using the Queen’s speeches resulted in very
low performance (Naive Bayes F1 ≈ 0.06; SVM F1 ≈ 0.07). This
can be explained by the fact that the Queen’s speeches data con-
sists of coded sentences that are to short to learn anything from
(20.59 words on average; std = 10.40). We therefore decided not
to use the Queen’s speeches data to assess content validity.

8 The parliamentary questions data has the disadvantage that the
texts are also part of the parliamentary proceedings. However,
given that there is no other suitable manually coded dataset
available, and that these texts make up a very small part of the
parliamentary proceedings, this data was used to assess content
validity.
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Figure 2: Number of topics and high quality topics from the
parties dataset that is predicted for each main CAP code.
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Figure 3: Number of topics and high quality topics from the
parties/time dataset that is predicted for each main CAP
code.

With regard to the high quality topics: the parties dataset
does not contain high quality topics for CAP codes 1, 8, and
21; in the parties/time dataset there are no high quality topics
for CAP code 21. As shown in table 4, these coding categories
are relatively rare in the parliamentary questions data (0.60%
- 3.36%). Based on these results, we conclude that topics ex-
tracted using cross-perspective topic modeling have content
validity.

5.1.2 Criterion Validity

To assess criterion validity, we use the mapping between top-
ics and CAP coding categories described in the previous sec-
tion to predict CAP codes of the manually coded parliamen-
tary questions texts. In order to do so, we estimate θ for the
parliamentary questions texts using φtopic obtained through
the experiments. Then, the most important topic found for
a text is mapped to a CAP category. Because the results of
topic modeling are probabilistic, this procedure was repeated
10 times. Classification performance is calculated using accu-
racy and F1. Table 5 presents the results of the Naive Bayes
classifier (baseline), SVM, and the topic model classifiers.

All differences in performance are statistically significant
at p < 0.05, except the differences between the two topic
model classifiers. The results for the topic model classifiers
are higher than the results obtained with the Naive Bayes
classifier (baseline) and lower than the performance of the
SVM. When interpreting the results, it is important to keep
in mind that the Naive Bayes and SVM are algorithms for
supervised learning, whereas topic modeling is unsupervised.

Accuracy F1

Naive Bayes 0.447 ± 0.026 0.377 ± 0.028
SVM 0.603 ± 0.030 0.585 ± 0.032
Topic models parties 0.537 ± 0.009 0.529 ± 0.008
Topic models parties/time 0.550 ± 0.008 0.548 ± 0.008

Table 5: Machine learning performance of parliamentary
questions data

We are not so much interested in classifier performance per
se, but instead investigate whether there is meaningful corre-
lation between the most important topic in a text and manu-
ally assigned CAP codes. Because the SVM was used to map
topics to CAP codes, its performance effectively is an upper
bound for the performance of the topic model classifiers. The
closer performance of the topic model classifiers is to perfor-
mance of the SVM, the better. Based on the results found,
we conclude that the topics have criterion validity.

5.2 Opinion Validity

This section addresses content and criterion validity of the
opinions.

5.2.1 Content Validity

To assess content validity of the opinions, we use party man-
ifestos as implicit, but complete representations of political
parties’ viewpoints on the topics they find most important.
To assess whose opinion is expressed in party manifesto d, we
need to calculate

argmax
i∈C

p(d|oi)

Assuming equal probabilities for each perspective (political
party), p(d|oi) ∝ p(o|d). p(o|d) is calculated as the opinion
word perplexity for party manifesto document d:

perplexity(d) = exp− log(p(o))

No

where

p(o) =

No∏
i=1

K∑
k=1

p(oi|zi = k)p(zi = k|d)

In this equation o is the set of opinion words in document d;
No is the number of opinion words in document d; p(oi|zi = k)
is learned from the original experiments on the parliamen-
tary proceedings; and p(zi = k|d) is estimated from the party
manifestos using parameters estimated in the original exper-
iments.

Dutch party manifestos from 2006 onwards are available in
the Party Manifesto Project dataset. We downloaded mani-
festos for the elections in 2006, 2010, and 2012 for all par-
ties except LPF, which is not present in the Party Manifesto
Project dataset. Documents were subjected to the same pre-
processing procedure as the parliamentary proceedings, and
per document opinion word perplexity was calculated as de-
scribed above.

As shown in table 6, the party with lowest perplexity for
the parties dataset is correct for 66.67% of the party mani-
festos. The confusion matrix in figure 4 shows that mistakes

J.M. van der Zwaan et al. / Validating Cross-Perspective Topic Modeling for Extracting Political Parties’ Positions 33



are made all over the political spectrum. First, the opinions of
two confessional parties CDA and CU can’t be distinguished.
Also, SGP, which is a more conservative confessional party
is confused with CU for one of the three manifestos. On the
left side of the political spectrum, PvdD is confused with GL
and/or SP, which are all left-wing parties. Parties closer to
the center of the political spectrum, D66, VVD, and PvdA,
are also confused. These results are in line with a common
preconception of Dutch politics that although there is a mul-
tiparty system, the differences between individual parties are
small.

Accuracy

parties 0.667
parties/time previous 0.300
parties/time next 0.100
parties/time parties 0.567

Table 6: Accuracy of predicting the parties of party mani-
festos.
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Figure 4: Confusion matrix of predictions for party mani-
festos based on perplexity calculated using parameters learned
from the parties data.

For the parties/time data, the time parameter has to be
taken into account. Because it is not clear in advance whether
party manifestos represent a party’s viewpoints of the pre-
vious or next government term, accuracy was calculated for
both these possibilities. The results in table 6 show that politi-
cal parties’ opinions of the government term before an election
are more similar to the party manifestos than the opinions of
the next government term (accuracy of 0.300 and 0.100 re-
spectively). Figure 5 shows the confusion matrix of the par-
ties/time previous results. The black squares on the diagonal
show that there is correlation between the actual party and
government term and what is predicted. The results are dis-
torted by two vertical lines, one over B.IV-CDA, the other
over B.IV-PvdA. Showing the dominance of center parties
(CDA and PvdA), and the government term B.IV, which is
the longest government term in the time period we have party
manifestos for (2006–2012). These results can be explained by

the fact that there are more documents available for govern-
ment term B.IV than for B.III.
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Figure 5: Confusion matrix of predictions for party mani-
festos based on perplexity calculated using parameters learned
from the parties/time data.

When removing the time dimension from the predictions,
accuracy increases to 0.567. This is slightly lower than accu-
racy for the parties opinion perplexity experiment. The con-
fusion matrix is very similar to figure 4 and is not displayed.
Based on the results found, we conclude that the opinions
have content validity.

5.2.2 Criterion Validity

To assess criterion validity of the opinions, we use the opinions
to generate rankings of perspectives and compare these rank-
ings to rankings of political parties in the CHES dataset [4].
The CHES dataset is based on expert knowledge, and contains
estimates of political party positions on different subjects, in-
cluding European integration, ideology, and policy issues for
national parties in different European countries. The survey
is repeated every few years. For this study, we use data from
1999, 2002, 2006, and 2010. Traditionally, one of the most im-
portant scales political parties are ranked on is the left/right
spectrum. The CHES dataset contains two variables that are
relevant to this scale: lrgen, which measures ideological stance
(left/right spectrum), and lrecon, which measures ideological
stance on economic issues. Rankings generated from the opin-
ions are compared to rankings based on these two variables.

Rankings of the different perspectives based on the opinions
learned from the parties and parties/time data are generated
by doing PCA on the opinions. For each dataset, we create
rankings of perspectives by projecting the opinions on the
first 5 principal components. CHES rankings for for parties
are generated by averaging lrgen and lrecon over parties. For
the parties/time data, years are mapped to government terms,
and averaged over party/government term combinations.

To compare the rankings, we calculate Kendall’s Tau [15]
and Spearman’s r [16]. The results for the parties dataset are
presented in table 7. There are very few significant results.
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We conclude that there is no linear relation between opinions
from the parties and CHES lrgen or lrecon. Table 8 presents
the results for the parties/time data. These results are very
similar to the results for parties. Again we conclude that a
linear relation between opinions from the parties and CHES
lrgen or lrecon does not exist. This means that there is no
criterion validity with regard to the left/right distinction.

PC 1 PC 2 PC 3 PC 4 PC 5

Kendall’s Tau
lrgen 0.382 0.236 0.127 -0.273 0.127
lrecon 0.164 0.164 0.055 -0.636† -0.091

Spearman’s r
lrgen 0.364 0.136 -0.882† 0.055 0.164
lrecon 0.209 0.173 -0.827† 0.427 0.200

Table 7: Correlation between opinions learned from the par-
ties dataset projected on the first five PCA components and
CHES lrgen and lrecon († statistically significant at p < 0.05).

PC 1 PC 2 PC 3 PC 4 PC 5

Kendall’s Tau
lrgen -0.191 0.094 0.037 -0.077 0.009
lrecon -0.048 0.031 0.066 -0.060 0.140

Spearman’s r
lrgen 0.153 0.123 0.042 0.010 0.537†

lrecon 0.093 0.045 0.076 0.038 0.643†

Table 8: Correlation between opinions learned from the par-
ties/time dataset projected on the first five PCA compo-
nents and CHES lrgen and lrecon († statistically significant
at p < 0.05).

6 Discussion

In this paper, we explore a number of validation methods, and
demonstrate that validating the results of topic modeling is
feasible, even without extensive domain knowledge. The re-
sults of our study reveal that cross-perspective topic modeling
is a promising technique for extracting political parties’ po-
sitions from parliamentary proceedings. We have shown that
the topics have content and criterion validity, and the opin-
ions have content validity. However, in order to be able to
apply cross-perspective topic modeling, the data must be di-
vided (or at least dividable) into perspectives. Because not all
datasets meet these requirements, the CPT model certainly
does not solve all viewpoint extraction tasks.

For criterion validity of the opinions, we tried to use opin-
ions to rank political parties on a left/right scale. The results
indicate that the differences between the opinions of political
parties are more complicated. There are two possible solu-
tions to this problem. First, there might other valid domain-
specific interpretations of the rankings generated by applying
PCA to the opinions, such as standpoints towards European
integration, or socio-cultural liberal-conservative dimensions.
Unfortunately, because for Dutch political parties this data
is not available in the CHES data, we have been unable to
test these hypotheses. Generally speaking, solving the crite-
rion validity problem of political parties’ positions, requires
additional domain knowledge.

Another way that might help to correct the rankings gen-
erated from the opinions is by improving the quality of top-
ics and opinions, as it is known topics learned from the par-
liamentary proceedings are noisy [3]. In the original paper,
Fang et al. used an elaborate method involving supervised
machine learning to select sentences containing opinion words
[11]. The resources required to do this for Dutch data do not
exist, and would therefore need separate validation. However,
higher quality opinions could lead to better results. Another
possibility to improve opinion quality is to impose constraints
on the dataset, as done in VODUM [23]. Especially the con-
straint that words in the same sentence are assigned to the
same topic might help to reduce noise in topics and opinions.
Finally, topic and opinion quality could be improved by apply-
ing postprocessing techniques. For example, parsimonization
might be used to select high quality topic and opinion terms
[2].

In addition to content and criterion validity, there is also
construct validity. Construct validity refers to the extent to
which a measure behaves as expected in a theoretical context.
Assessing this aspect of validity requires extensive domain
knowledge, which is why we did not include construct validity
in our study. What we have shown, however, is that exten-
sive domain knowledge is not required in order to validate a
topic model. What is required, of course, is the availability of
external data to validate against.

The validation of new topic modeling methods is also im-
peded by the fact that researchers who introduce new models
rarely provide implementations of these models. Of the work
discussed in section 2, only an implementation of VODUM
[23] was made available. To facilitate validation studies, pro-
viding access to source code of new algorithms would be very
helpful.

7 Conclusion

This paper presented a validation study of cross-perspective
topic modeling [11] using Dutch parliamentary proceedings.
The results show that the method yields valid topics (con-
tent and criterion validity). While opinions were found to be
representative of the political parties’ positions as expressed
in party manifestos (content validity), we were unable to find
correlation between opinions and positions on the left/right
political spectrum (criterion validity). Further work is re-
quired to determine whether differences between opinions cor-
relate with other politically meaningful dimensions. We also
propose to investigate the effect of improving topic and opin-
ion quality on the validation results.

The second contribution of this paper is that we show val-
idation studies are feasible, even without extensive domain
knowledge. We contend that in order for topic models to be
useful, the results must be semantically meaningful to hu-
mans. Because anecdotal qualitative evaluations and/or as-
sessments of model fit fail to capture this essential aspect,
validation of results is required before researchers from other
domains will apply these methods.
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Finite Unary Relations and Qualitative Constraint
Satisfaction

Peter Jonsson1

Abstract. Extending qualitative CSPs with the ability of restrict-

ing selected variables to finite sets of possible values has been pro-

posed as an important research direction with important applications.

Complexity results for this kind of formalisms have appeared in the

literature but they focus on concrete examples and not on general

principles. We propose three general methods. The first two methods

are based on analysing the given CSP from a model-theoretical per-

spective, while the third method is based on directly analysing the

growth of the representation of solutions. We exemplify our methods

on temporal and spatial formalisms including Allen’s algebra and

RCC5.

1 INTRODUCTION
Qualitative reasoning has a long history in artificial intelligence and

the combination of qualitative reasoning and constraint reasoning has

been a very productive field. A large number of constraint-based

formalisms for qualitative reasoning have been invented, most no-

tably within temporal and spatial reasoning, and they have been in-

vestigated from many different angles. Recently, there has been a

strong interest in combining different qualitative CSPs. Wolter and

Zakharyaschev [45] refer to temporal and spatial reasoning when

they write the following motivation.

The next apparent and natural step would be to combine these

two kinds of reasoning.

The importance of such a step for both theory and applications

is beyond any doubt.

It has also been noted that another (but related) line of research is

highly relevant. Cohn and Renz [17] write the following.

One problem with this [constraint-based] approach is that spa-

tial entities are treated as variables which have to be instantiated

using values of an infinite domain. How to integrate this with

settings where some spatial entities are known or can only be

from a small domain is still unknown and is one of the main

future challenges of constraint-based spatial reasoning.

That is, they regard the question of how to extend constraint for-

malisms (in particular, spatial formalisms) with constants and other

unary relations2 as being very important; the same observation has

been made in a wider context by Kreutzmann and Wolter [32]. Un-

fortunately, this question has not received the same amount of atten-

tion as the question of how to handle combined formalisms. Let us

1 Department of Computer and Information Science, Linköping University,
SE-58183 Linköoping, Sweden. Email: peter.jonsson@liu.se

2 Finite unary relations are sometimes referred to as landmarks in the AI
literature. We will use the standard mathematical term throughout the paper.

consider finite-domain CSPs for a moment so let D denote a finite

domain of values and let Df = {U | U ⊆ D}, i.e. the finite set of

unary relations over D. For every finite constraint language Γ over

D, the computational complexity of CSP(Γ ∪ Df ) is known due to

results by Bulatov [10]. This is an important complexity results in

finite-domain constraint satisfaction and it it has been reproven sev-

eral times using different methods [1, 11]. The situation is radically

different when considering infinite-domain CSPs where similar pow-

erful results are not known. This can, at least partly, be attributed to

the fact that infinite-domain CSPs constitute a much richer class of

problems than finite-domain CSPs: for every computational problem

X , there is an infinite-domain constraint language ΓX such that X
and CSP(ΓX) are polynomial-time Turing equivalent [3]. For finite

domain CSPs, we know that the problem is in NP and that the major-

ity of computational problems cannot be captured by finite-domain

CSPs.

Nevertheless, there are concrete examples where interesting qual-

itative and/or infinite-domain CSPs have been extended with finite

unary relations. A very early example is the article by Jonsson &

Bäckström [28] where several temporal formalisms (including the

point algebra and Allen’s interval algebra) are extended by unary

relations (and also other relations). A more recent example is the

article by Li et al. [35] where the point algebra and Allen’s al-

gebra are once again considered, together with the cardinal rela-

tion algebra, and RCC-5 and RCC-8 with two-dimensional polyg-

onal regions, The results for the temporal formalisms by Jonsson

& Bäckström are not completely comparable with the results by

Li et al.: Jonsson & Bäckström’s approach is based on linear pro-

gramming while Li et al. use methods based on enforcing consis-

tency. Consistency-enforcing methods have certain advantages such

as lower time complexity and easier integration with existing con-

straint solving methods. At the same time, the linear programming

method allows for more expressive extensions with retained tractabil-

ity. Both consistency-based and LP-based methods have attracted at-

tention lately, cf. Giannakopoulou et al. [22] and Kreutzmann and

Wolter [32], respectively, and generalisations of the basic concepts

have been proposed and analysed by de Leng and Heintz [18].

Our approach is different: instead of studying concrete examples,

we study basic principles and aim at providing methods that are ap-

plicable to various constraint formalisms. We present three different

methods. The first two methods are based on analysing the given

CSP from a model-theoretical perspective, i.e. we investigate proper-

ties such as model-completeness and homogeneity. The third method

is more of a toolbox for proving that the size of solutions grows in a

controlled way, and that problems consequently are in NP. We illus-

trate the methods on both temporal and spatial formalisms (including

Allen’s algebra and RCC-5). The reader may find it strange that we
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mostly consider extensions with constant relations. The explanation

is the close connection between problems extended with constants

and with finite unary relations: if one of them is in NP, then both

are in NP (see Lemma 3). Most problems under consideration be-

come NP-hard when adding unary relations containing at least three

elements: for example, if the constraint language contains the dise-

quality relation =, then NP-hardness follows from a straightforward

reduction from 3-COLOURABILITY. However, this is not always true

if we only add constants to the language. Thus, we can extract more

information by considering constants instead of finite unary relations.

The same viewpoint is taken by, for instance, Li et al. [35].

The paper has the following structure. We introduce the basic con-

cepts from CSPs and logic together with some information about

homomorphisms in Section 2. The three different methods are pre-

sented in Sections 3, 4, and 5, respectively. We conclude the paper

with a brief discussion in Section 6.

2 PRELIMINARIES

This section is divided into three parts where we consider constraint

satisfaction, logic, and automorphisms of relational structures, re-

spectively.

2.1 Constraint satisfaction problems

We begin by presenting CSPs in terms of homomorphisms. This view

is the most common in the literature on finite-domain CSP and it

will provide us with certain advantages: some of the properties that

we consider later on are inherently based on homomorphisms. One

should note, however, that there is no fundamental difference with

the more common AI viewpoint that constraint satisfaction is about

assigning values to variables in a way that satisfy certain constraints.

In fact, we will use both viewpoints in the sequel.

A relational signature τ is a set of relation symbols Ri with an

associated arities ki ∈ N. A (relational) structure Γ over relational
signature τ (also called τ -structure) is a set DΓ (the domain) to-

gether with a relation RΓ
i ⊆ Dki

Γ for each relation symbol Ri of

arity ki. If the reference to the structure Γ is clear, we may omit the

superscript in RΓ
i . We sometimes use the shortened notation x for a

vector (x1, . . . , xn) of any length.

Let Γ and Δ be τ -structures. A homomorphism from Γ to Δ is a

function f from DΓ to DΔ such that for each n-ary relation sym-

bol R in τ and each n-tuple a = (a1, . . . , an), if a ∈ RΓ, then

(f(a1), . . . , f(an)) ∈ RΔ.

Let Γ be a (possibly infinite) structure with a (possibly infinite) re-

lational signature τ . Then the constraint satisfaction problem (CSP)
for Γ is the following computational problem.

CSP(Γ)
INSTANCE: A τ -structure Δ.

QUESTION: Is there a homomorphism from Δ to Γ?

In the homomorphism perspective on CSPs, the structure Γ is

typically called the template of the constraint satisfaction problem

CSP(Γ). The reader should be aware that several different names

are used in the literature; constraint language is probably the most

common within AI.

A homomorphism from a given τ -structure Δ to Γ is called a so-
lution of Δ for CSP(Γ). It is in general not clear how to represent

solutions for CSP(Γ) on a computer; however, for the definition of

the problem CSP(Γ) we do not need to represent solutions since we

only have to decide the existence of solutions. To represent an in-

put structure Δ of CSP(Γ), we need to fix a suitable representation

of the relation symbols in the signature τ . We will see in the forth-

coming sections that the choice of representation is very important.

Given a particular representation of relation symbols, we let ||Δ||
denote the size of an input structure Δ.

Example 1 (k-COLOURABILITY). For k ≥ 1, the k-

COLOURABILITY problem is the computational problem of

deciding for a given finite graph G whether the vertices can be

coloured by k colours or not such that adjacent vertices get different

colours. It is well-known that the k-colouring problem is NP-hard

for k ≥ 3 and tractable when k ≤ 2. For k ≥ 1, let Kk denote the

complete loop-free graph on k vertices. We view undirected graphs

as τ -structures where τ contains a single binary relation symbol

E which denotes a symmetric and anti-reflexive relation. Then the

k-COLOURABILITY problem can be viewed as CSP({Kk}).
Example 2 (Digraph acyclicity). Consider the problem CSP({<})
where < is the binary order relation of the set Q of rational numbers.

Let G = (V,A) be a directed graph. It is easy to see that there is

a homomorphism from G to (Q;<) if and only if G contains no

directed cycle. Thus, CSP({<}) is solvable in polynomial time since

cycle detection in directed graphs can be carried out in polynomial

(in fact, linear) time.

Clearly, we can equivalently define the instances of the CSP(Γ)
problem as a tuple (V,C) where V is a set of variables and C is a

set of constraints of the form R(xi1 , . . . , xik ) where R ∈ Γ, k is the

arity of R, and xi1 , . . . , xik ⊆ V . In this case, a solution is a function

from V to the domain of Γ satisfying (f(xi1 , . . . , f(xik )) ∈ R for

every R(xi1 , . . . , xik ) ∈ C.

Let D be a value domain with a particular representations and

let ||d|| denote the size of the representation of d ∈ D. We let

Dc = {{d} | d ∈ D} and Df = {D′ ⊆ D | D′ is finite}. Given a

representation of the elements in D, we always represent the mem-

bers of Df as sets of elements in D and we may assume that the

size of Df is linear in the sizes of its elements. Other ways of repre-

senting Df are possible but they are outside the scope of this paper.

If Γ is a constraint language with domain D, then CSP(Γ ∪ Dc} is

the problem CSP(Γ) extended with constants and CSP(Γ ∪ Df} is

the problem CSP(Γ) extended with finite unary relations. The next

lemma is basically Proposition 1(iii) in Li et al. [35] extended to ar-

bitrary constraint languages.

Lemma 3 CSP(Γ ∪Dc) is in NP if and only if CSP(Γ ∪Df ) is in
NP.

Proof. There is a trivial polynomial-time reduction from CSP(Γ ∪
Dc) to CSP(Γ ∪ Df ) so we consider the other direction. Let I =
(V,C) be an arbitrary instance of CSP(Γ ∪ Df ). Assume I has a

solution s : V → D. Each constraint U(x) ∈ C with U ∈ Df

can be replaced by the constraint {s(v)}(v). The resulting instance

I ′ is an instance of CSP(Γ ∪Dc), it is satisfiable, and ||I ′|| ≤ ||I||.
The problem CSP(Γ ∪ Dc) is in NP so the satisfiability of I ′ can

be polynomial-time verified by a certificate X . A polynomial-time

verifiable certificate for I is thus the tuple (I ′, X).

Lemma 3 allows us to, for example, concentrate on CSP(Γ ∪Dc)
instead of CSP(Γ ∪Df ) when proving membership in NP.

2.2 Logic
First-order formulas ϕ over the signature τ (or, in short, τ -formulas)

are as usual inductively defined using the logical symbols of univer-
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sal and existential quantification, disjunction, conjunction, negation,

equality, bracketing, variable symbols and the symbols from τ . The

semantics of a first-order formula over some τ -structure is defined

in the ordinary Tarskian style. A τ -formula without free variables is

called a τ -sentence. We write Γ |= ϕ if and only if the τ -structure

Γ is a model for the τ -sentence ϕ, that is, satisfies ϕ; this notation is

lifted to sets of sentences in the usual way.

One can use first-order formulas over the signature τ to define rela-

tions over a given τ -structure Γ: for a formula ϕ(x1, . . . , xk) where

x1, . . . , xk are the free variables of ϕ the corresponding relation R
is the set of all k-tuples (t1, . . . , tk) ∈ Dk

Γ such that ϕ(t1, . . . , tk)
is true in Γ. In this case we say that R is first-order definable over Γ.

Note that our definitions are always parameter-free, i.e. we do not al-

low the use of domain elements in them. We say that the τ -structure

Γ admits quantifier elimination if every relation with a first-order

definition in Γ has a quantifier-free definition in Γ. We also say that

a set of formulas T admit quantifier elimination if each F ∈ T has a

logically equivalent quantifier-free formula.

A first-order τ -formula φ(x1, . . . , xn) is called existential if it is

of the form

∃xn+1, . . . , xm.ψ

where ψ is a quantifier-free first-order formula. A subset of existen-

tial formulas is of particular interest to us: a first-order τ -formula

φ(x1, . . . , xn) is called primitive positive if it is of the form

∃xn+1, . . . , xm.ψ1 ∧ · · · ∧ ψl

where ψ1, . . . , ψl are atomic τ -formulas, i.e., formulas of the form

1. R(y1, . . . , yk) with R ∈ τ and yi ∈ {x1, . . . , xm} or

2. y = y′ for y, y′ ∈ {x1, . . . , xm}.

If the relation R has a primitive positive definition in Γ, then

we say that R is pp-definable in Γ, and we define 〈Γ〉 to be the

set of relations that are pp-definable in Γ. It is well-known [27]

(and not hard to prove) that if Γ is a structure and a relation R is

pp-definable in Γ, then there is a polynomial-time reduction from

CSP(Γ ∪ {R}) to CSP(Γ). This explains why pp-definitions are im-

portant when studying the complexity of CSP problems. To exem-

plify, consider the constraint language Γ = {{1, 2, 3, 4}, =} with

the natural numbers as its domain. We see that the binary relation

K4 = {(x, y) ∈ {1, 2, 3, 4}2 | x = y} (from Example 1) is pp-

definable in Γ since

K4(x, y)⇔ {1, 2, 3, 4}(x) ∧ {1, 2, 3, 4}(y) ∧ x = y.

and it follows that CSP(Γ) is NP-hard.

It is worth mentioning that many of the operations in relational

algebra can be viewed as pp-definitions. Let R and S denote binary

relations. Then, the converse R� has the pp-definition R�(x, y)⇔
R(y, x), the intersection R∩S has the pp-definition (R∩S)(x, y)⇔
R(x, y) ∧ S(x, y), and the composition R ◦ S has the pp-definition

(R ◦ S)(x, y)⇔ ∃z.R(x, z) ∧ S(z, y).

2.3 Automorphisms
Keeping the homomorphism definition of CSPs in mind may be help-

ful in the rest of this section. Let Γ and Δ denote two relational

τ -structures. An injective homomorphism that additionally preserve

the complement of each relation is called an embedding. Homomor-

phisms from Γ to Γ are called endomorphisms of Γ. An automor-
phism of Γ is a bijective endomorphism whose inverse is also an

endomorphism; that is, they are bijective embeddings of Γ into Γ.

The set containing all endomorphisms of Γ is denoted End(Γ) while

the set of all automorphisms is denoted Aut(Γ).

Example 4 Let R+ = {(x, y, z) ∈ Z3 | x + y = z}. For arbitrary

a ∈ Z, let ea : Z → Z be defined as ea(n) = a · n. Let e : Z → Z
be an arbitrary endomorphism of (Z;R+); e is a homomorphism so

(e(x), e(y), e(z)) ∈ R+ whenever (x, y, z) ∈ R+ and, more gener-

ally, e(
∑k

i=1 xi) =
∑k

i=1 e(xi) when x1, . . . , xk ∈ Z. Arbitrarily

choose n ∈ Z and note that

e(n) = e(1 + · · ·+ 1︸ ︷︷ ︸
n times

) = n · e(1).

It follows that End((Z;R+)) = {ea | a ∈ Z}. Note that ea has

an inverse if and only if a ∈ {−1, 1}. Thus, Aut((Z;R+)) =
{ea | a ∈ {−1, 1}}.

A useful observation is that if (V,C) is an instance of CSP(Γ)
with a solution s : V → D, then s′ : V → D defined by s′(x) =
α(s(x)) is a solution to (V,C) for every α in Aut(Γ) or End(Γ).
If a function s : V → D is not a solution to (V,C), then s′(x) =
α(s(x)) is not a solution for any α ∈ Aut(Γ) while s′ may or may

not be a solution if α ∈ End(Γ) \Aut(Γ).
In the following, let G be a set of permutations of a set X . We say

that G is a permutation group if the identity permutation is in G and

for arbitrary g, f ∈ G, the functions x �→ g(f(x)) and x �→ g−1(x)
are also in G. In other words, G is closed under function composition

and inversion. If Γ is a τ -structure, then Aut(Γ) is a permutation

group on the set DΓ. For n ≥ 1, the orbit of (t1, . . . , tn) ∈ Xn

under G is the set {(α(t1), . . . , α(tn)) | α ∈ G}. Clearly, the orbits

of n-tuples under G partition the set Xn, that is, every (t1, . . . , tn) ∈
Xn lies in precisely one orbit under G.

Example 5 Consider once again the structure (Z, R+) from Exam-

ple 4. It is obvious that {e1, e−1} forms a (trivial) group under func-

tion composition. If a ∈ Z, then the orbit of (a) equals {a,−a} so

(Z;R+) admits an infinite number of different orbits under its auto-

morphism group.

A (first-order) theory is a set of first-order sentences. When the

first-order sentences are over the signature τ , we say that T is a τ -
theory. The (full) theory of a τ -structure Δ (denoted Th(Δ)) is the

set of τ -sentences φ such that Δ |= φ. A model of a τ -theory T
in a τ -structure Δ such that Δ satisfies all sentences in T . Theories

that have a model are called satisfiable. We now define a central con-

cept: a satisfiable first-order theory T is ω-categorical if all count-

able models of T are isomorphic, and a structure is ω-categorical

if its first-order theory is ω-categorical. All ω-categorical structures

that appear in this article will be countably infinite, we make the

convention that ω-categorical structures are countably infinite. Note

that the first-order theory of a finite structure does not have infinite

models so finite structures are ω-categorical. One of the first infinite

structures that were found to be ω-categorical (by Cantor [15]) is the

linear order of the rational numbers (Q;<). There are many charac-

terisations of ω-categoricity and the most important one is in terms

of the automorphism group.

Definition 6 A permutation group G over a countably infinite set

X is oligomorphic if G has only finitely many orbits of n-tuples for

each n ≥ 1.

An accessible proof of the following theorem can be found in

Hodges’ book [25].
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Theorem 1 (Engeler, Ryll-Nardzewski, Svenonius) Let Γ be a
countably infinite structure Γ with countable signature. The follow-
ing are equivalent.

1. Γ is ω-categorical,
2. Aut(Γ) is oligomorphic, and
3. a relation is first-order definable in Γ if and only if it is preserved

by the automorphisms of Γ.

Example 5 immediately implies that (Z;R+) is not an ω-

categorical structure. Consider the structure (Z;<). One can verify

that Aut((Z;<)) = {x �→ x + a | a ∈ Z}. Hence, (Z;<) is not

ω-categorical (despite the fact that (Q;<) is indeed ω-categorical):

the orbits of (0, 0), (0, 1), (0, 2), . . . are distinct.

We conclude this section by presenting a result that connects first-

order definability with ω-categoricity.

Theorem 2 (Thm. 7.3.8 in Hodges [25]) If Γ is an ω-categorical
structure and Δ is first-order definable in Γ, then Δ is ω-categorical,
too.

3 METHOD I: MODEL-COMPLETE CORES
Our first method is based on analysing a given constraint language Γ
with respect to its endo- and automorphisms. We first need to intro-

duce the concept of homomorphically equivalent CSPs. Let Γ and Δ
denote two relational τ -structures. A bijective homomorphism from

Γ to Δ is called an isomorphism. If Γ and Δ are isomorphic, then it is

clear that CSP(Γ) and CSP(Δ) are the same computational problem.

However, Γ and Δ may be non-isomorphic and still have the same

CSP. This is, for instance, the case when there simultaneously exists

a homomorphism from Γ to Δ and a homomorphism from Δ to Γ. In

this case, we say that Γ and Δ are homomorphically equivalent and

this defines an equivalence relation on structures. We note that there

are structures that have the same CSP even when they are not homo-

morphically equivalent. Consider for example the structures (Z;<)
and (Q;<). They have the same CSP and there is a homomorphism

from (Z;<) to (Q;<) but there is no homomorphism from (Q;<)
to (Z;<).

For ω-categorical structures Γ, the equivalence classes have inter-

esting properties: the homomorphic equivalence class of Γ contains a

distinguished member Δ which is up to isomorphism uniquely given

by two properties: Δ is a core and Δ is model-complete. A relational

structure Γ is a core if all endomorphisms (i.e. homomorphisms from

Γ to Γ) are embeddings. Cores are important when studying the com-

plexity of finite-domain CSPs: we refer to the textbook by Hell and

Nešetřil [23] that extensively covers cores in the context of graph

homomorphisms and to Bulatov et al. [13] that covers cores in gen-

eral finite-domain CSPs. Model completeness is a central concept in

model theory: a structure Γ is model-complete if every formula in

Th(Γ) is equivalent to an existential formula modulo T . This may

be viewed as a limited notion of quantifier elimination.

Consider the relation < over the rationals Q. The structure (Q;<)
admits quantifier elimination [33] so every formula in Th({<}) is

equivalent to a quantifier-free formula (and, naturally, an existential

formula). It follows that (Q;<) is model-complete, and that every

Γ that is first-order definable in (Q;<) is model-complete, too. The

structure (Q;<) is also a core. Let e : Q→ Q be an endomorphism

of (Q;<), i.e. if a < b, then e(a) < e(b). Clearly, e is injective and

it preserves the relation ≥ (that is, the negation of <) since if a > b,

then e(a) > e(b) and if a = b, then e(a) = e(b). However, there are

relations R that are first-order definable in (Q;<) and (Q;R) is not

a core. One trivial example is the equality relation =. The function

x �→ 1 is obviously an endomorphism of = but it is not injective and

thus not an embedding. We have the following important result.

Theorem 3 (Bodirsky [5]) Every ω-categorical structure Δ is ho-
momorphically equivalent to a model-complete core structure Γ
which is unique up to isomorphism. Moreover, Γ is ω-categorical
and the orbits of n-tuples are pp-definable in Γ for all n ≥ 1.

Since homomorphically equivalent structures have the same CSP,

one can focus on ω-categorical structures that have these properties.

The fact that we can pp-define the orbits of n-tuples will now become

highly important.

Theorem 4 Let Γ be a constraint language over the domain D. As-
sume the following:

1. Γ is a model-complete ω-categorical core and
2. the domain elements are represented in a way such that given a

vector d̄ = (d1, . . . , dn) ∈ Dn, a pp-definition in Γ of the or-
bit of d̄ can be generated in polynomial time (in the size of the
representation of d1, . . . , dn).

Then, CSP(Γ) and CSP(Γ ∪Dc) are polynomial-time equivalent.

Proof. Let Γ′ = Γ ∪ Dc. The reduction from CSP(Γ) to CSP(Γ′)
is trivial so we concentrate on the other direction. Let I ′ = (V ′, C′)
be an instance of CSP(Γ′). Assume without loss of generality that

if {di}(x) is in C′, then there is no variable y = x such that

{di}(y) ∈ C′; if so, the constraint {di}(y) can be removed and

the variable y be replaced by x. Normalising an instance in this way

can easily be done in polynomial-time. We assume (without loss of

generality) that the only constraints in C′ with relations from Dc are

{d1}(x1), . . . , {dm}(xm). This can be achieved in polynomial time

by renaming of variables.

Compute (in polynomial time) the formula F (x1, . . . , xm) for the

orbit of (d1, . . . , dm). Define I = (V,C) such that C equals C′

extended with F (x1, . . . , xm) and the constant relations removed.

Let V denote V ′ expanded with the existentially quantified variables

in F (x1, . . . , xm). Note that I can be constructed in polynomial time

and it is an instance of CSP(Γ).
If the instance I has no solution, then it follows immediately that

I ′ does not have a solution—one can view I as being a relaxation of

I ′ since the formula F (x1, . . . , xm) is, in particular, satisfiable when

x1 = d1,. . . ,xm = dm. If the instance I has a solution s : V → D,

then we claim that there is a solution s′ : V ′ → D to I ′, too. Since

F describes the orbit of (d1, . . . , dm), there is an automorphism α
of Γ such that α(s′(xi)) = di, 1 ≤ i ≤ m. This implies that that

α(s′(x)) restricted to the set V is a solution to I .

By Theorem 3, we know that orbit-defining formulas always can

be pp-defined in Γ under the given assumptions. Whether these can

be generated or not in polynomial time is a completely different

question, though. We give an example based on constraint languages

that are first-order definable in (Q;<). Such constraint languages

are sometimes called temporal constraint languages. They are well-

studied in the literature and, in fact, the computational complexity

of CSP(Γ) is known for every finite Γ [4]. A concrete example of

a temporal constraint language is the point algebra PA: we see that

x ≤ y ⇔ (x < y)∨ (x = y) and x = y ⇔ ¬(x = y). Furthermore,

temporal constraint languages are ω-categorical due to Theorem 2

and it is known (by Junker and Ziegler [31], also see Cameron [14])

that there are five possible choices of Aut(Γ). We concentrate on
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the (for our purposes) most interesting case when < ∈ 〈Γ〉 and

Aut(Γ) = Aut(Q;<). Arbitrarily choose such a language Γ and

assume (without loss of generality) that < ∈ Γ. We know that Γ is

model-complete so we assume that Γ is a core (for instance, Γ may

be the point algebra PA). We represent all members of Q in the natu-

ral way, i.e. as (a/b) where a, b = 0 are integers written in binary.

The automorphisms of (Q;<) are the bijective functions f :
Q → Q that are monotonously increasing. The orbit of 1-tuples

equals Q while the orbit of a 2-tuple (a, b) with a < b equals

{(x, y) ∈ Q2 | x < y}. More generally, the orbit of a k-tuple

(a1, . . . , ak) with a1 < a2 < · · · < ak equals

{(x1, . . . , xk) ∈ Qk | x1 < x2 < · · · < xk}

so the orbit-defining formulas can be generated in polynomial time.

Theorem 4 is thus applicable and CSP(Γ ∪ Qc) is polynomial-time

equivalent to CSP(Γ). In particular, CSP(Γ ∪ Qc) is in P if CSP(Γ)
is in P, and CSP(Γ ∪Qc) is in NP if CSP(Γ) is in NP.

This example shows that ω-categoricity is indispensable. Theo-

rem 4 combined with the tractability of CSP((Q;<, =)) implies

that CSP(ΓQ) is in P when ΓQ denotes (Q;<, =) extended with

the unary relations in Qc. Recall that (Z;<) and (Z;<, =) are

not ω-categorical and define ΓZ by expanding (Z;<, =) with Zc.

The problem CSP(ΓZ) is NP-hard since the relation {0, 1, 2} can

be pp-defined via x ∈ {0, 1, 2} ⇔ −1 < x ∧ x < 3, and the

problem CSP((Z; {0, 1, 2}, =)) is NP-hard since there is an obvious

polynomial-time reduction from 3-COLOURABILITY.

4 METHOD II: HOMOGENEITY

Homogeneous structures have been intensively studied in mathemat-

ics and logics (for instance, in connection with combinatorics, model

theory, and group theory) and they are becoming more and more

relevant in the study of CSPs. Homogeneous structures have useful

properties such as admitting quantifier elimination and they are ω-

categorical whenever the structure contains a finite number of rela-

tions and the domain is countably infinite. Examples include (Q;<),
the random (or Rado) graph, and certain structures with connections

to phylogenetic reconstruction problems. There are also many struc-

tures that are well-studied in AI that can be represented by homo-

geneous structures: examples include Allen’s algebra [24] and RCC-

8 [9]. We need some machinery before providing the formal defini-

tion. Let D be the domain of a relational τ -structure Γ and arbitrar-

ily choose S ⊆ D. Then the substructure induced by S in Γ is the

τ -structure Δ with domain S such that RΔ = RΓ ∩ Sn for each

n-ary R ∈ τ ; we also write Γ[S] for Δ. The structure Γ is called

homogeneous if every isomorphism f : D1 → D2 between finite

induced substructures of Γ can be extended to an automorphism of

Γ, i.e. there exists an automorphism α such that f(x) = α(x) when

x ∈ D1. One should note that homogeneity is a more “fragile” con-

cept than ω-categoricity. For instance, Γ being homogeneous and Δ
being first-order definable in Γ does not necessarily imply that Δ is

homogeneous.

To simplify the presentation, we will turn our attention to binary

constraints and partition schemes; this concept was introduced by

Ligozat & Renz [37] and it has been highly influential in CSP re-

search. Let D be a non-empty domain. Given a finite family B =
{R1, . . . , Rk} of binary relations over D, we say that B is jointly
exhaustive (JE) if

⋃B = D2 and that B is pairwise disjoint (PD) if

Ri ∩ Rj = ∅ whenever 1 ≤ i = j ≤ k. If B is simultaneously JE

and PD, then B forms a partition of the set D2.

Definition 7 Let D be a non-empty domain and let B =
{R1, . . . , Rk} be a set of binary relations over D. We say that B
is a partition scheme if the following holds:

1. B is JEPD,

2. the equality relation EQD = {(x, x) ∈ D2} is in B, and

3. for every Ri ∈ B, the converse relation R�
i is in B.

It is important to note that if B is a partition scheme over a domain

D, then for arbitrary d, d′ ∈ D there exists exactly one B ∈ B
such that (d, d′) ∈ B. Given a finite set of binary relations B =
{R1, . . . , Rk}, we follow notational conventions from [16, 30] and

define B∨= as the set of all unions of relations from B. The set B∨=
and the problem CSP(Γ) where Γ ⊆ B∨= are the natural objects that

are studied in connection with partition schemes.

Theorem 5 Let B = {B1, . . . , Bk} be a partition scheme over the
domain D. Assume the following:

1. B∨= is homogeneous, and
2. the domain elements are represented in a way such that given two

elements a, b ∈ D, it is possible to find (by using an algorithm A)
the unique Bi, 1 ≤ i ≤ m, such that (a, b) ∈ Bi in polynomial
time (measured in the size of the representations of a and b).

If B ⊆ Γ ⊆ B∨=, then CSP(Γ) and CSP(Γ∪Dc) are polynomial-
time equivalent.

Proof. Let Γ′ = Γ∪Dc. The reduction from CSP(Γ) to CSP(Γ′) is

trivial so we concentrate on the other direction. Let I ′ = (V ′, C′) be

an instance of CSP(Γ′). We assume without loss of generality (just

as in the proof of Theorem 4) that the only constraints in C′ with

relations from Dc are {d1}(x1), . . . , {dm}(xm).
Construct an instance I = (V,C) of CSP(B∨=) as follows: let

• V = V ′,
• Ĉ = {A(di, dj)(xi, xj) | 1 ≤ i = j ≤ m}, and

• C = (C ′ ∪ Ĉ) \ {{d1}(x1), . . . , {dm}(xm)}.

The instance I = (V,C) can obviously be generated in polyno-

mial time.

If the instance I ′ has a solution, then it follows immediately that I
has a solution—the constraints in Ĉ are satisfiable by the assignment

x1 = d1,. . . ,xm = dm.

If the instance I has a solution s : V → D, then we claim

that there is a solution s′ : V → D to I ′, too. Let S =
{s(x1), . . . , s(xm)} and T = {d1, . . . , dm}. The set T contains

m elements by our initial assumptions and the set S contains m el-

ements due to the constraints in Ĉ; all variables in {x1, . . . , xm}
are assigned distinct values since none of the constraints in Ĉ allows

equality (due to the fact that B is a partition scheme and d1, . . . , dm
are distinct values). Thus, f : S → T is a well-defined bijective

function if we let f(s(xi)) = di, 1 ≤ i ≤ m. We continue by

proving the following claim.

Claim: f is an homomorphism from B[S] to B[T ] when B ∈ B.

Arbitrarily choose a tuple (a, b) ∈ B[S]. By the choice of S, we

know that a = s(xi) and b = s(xj) for some distinct 1 ≤ i, j ≤ m.

We see that

(f(a), f(b)) = (f(s(xi)), f(s(xj))) = (di, dj).

We know that di, dj ∈ T so it remains to show that (di, dj) ∈ B.

If A(di, dj) = B, then we are done. If A(di, dj) = B′ = B, then
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B′(xi, xj) ∈ Ĉ ⊆ C so (s(xi), s(xj)) ∈ B′. This contradicts that

a = s(xi), b = s(xj), and (a, b) ∈ B since B ∩B′ = ∅.

We show that f is a homomorphism from B∨=[S] to B∨=[T ].
Since f is bijective, it follows that f is an isomorphism between

B∨=[S] and B∨=[T ], too. Arbitrarily choose a relation R ∈ B∨=
where R = B1 ∪ · · · ∪ Bp and Bi ∈ B, 1 ≤ i ≤ p. Arbitrarily

choose (a, b) ∈ R[S]. The tuple (a, b) is a member of some rela-

tion Bi in {B1, . . . , Bp}. By the Claim, (f(a), f(b)) ∈ Bi[T ] so

(f(a), f(b)) ∈ R[T ] since Bi ⊆ R. It follows that f is a homomor-

phism from R[S] to R[T ] since (a, b) was arbitrarily chosen in R[S].
This, in turn, implies that f is a homomorphism B∨=[S] to B∨=[T ]
since R was arbitrarily chosen in B∨=.

Since B∨= is a homogeneous structure, the function f can be ex-

tended to an automorphism α of B∨=. It follows that the function

s′ : V → D defined such that s′(x) = α(s(x)) is a solution to I ′;
merely note that s′(xi) = di, 1 ≤ i ≤ m.

Consider Allen’s algebraA with domain I where intervals are rep-

resented as (I−, I+) where I− < I+, I−, I+ ∈ Q, and the mem-

bers of Q are represented as in Section 3. Hirsch [24] has shown that

A is a homogeneous structure and the second precondition of Theo-

rem 5 is clearly satisfied with the given representation. We conclude

that CSP(A∪ Ic) and CSP(A∪ If ) are NP-complete problems since

CSP(A) is NP-complete. We can also conclude that CSP(H ∪ Ic)
is in P when H is the ORD-Horn subclass [40] since H contains

all 13 basic relations. More examples of homogeneous structures

that are relevant for computer science are described in, for example,

Bodirsky [5], Bodirsky and Chen [6], and Bodirsky and Wölfl [9].

5 METHOD III: SMALL SOLUTIONS
The methods in Section 3 and 4 provide polynomial-time equiva-

lences between CSP(Γ) and CSP(Γ ∪Dc) under certain conditions.

In this section, we will instead analyse the constraint language Γ∪Dc

directly. The main result will be weaker than in the previous two sec-

tions since we will only be able to prove membership in NP. On the

other hand, the approach is applicable also without ω-categoricity.

Let Γ be an arbitrary constraint language with domain D, and as-

sume that the relations in Γ and the elements in D are represented

is some fixed way. We say that Γ has the small solution property if

there exists a polynomial p (that only depends on the choice of Γ)

such that for every satisfiable instance I = (V,C) of CSP(Γ), there

exists a solution s : V → D such that ||s(v)|| ≤ p(||I||) for every

v ∈ V .

Lemma 8 Let Γ denote a constraint language over the domain D.
Assume that

1. Γ has the small solution property and
2. there exists an algorithm A and a polynomial q such that for ar-

bitrary k-ary R ∈ Γ and d1, . . . , dk ∈ D, algorithm A can
verify whether (d1, . . . , dk) ∈ R or not in time O(q(||R|| +∑k

i=1 ||di||)).

Then CSP(Γ) is in NP.

Proof. Let (V,C) denote an arbitrary instance of CSP(Γ). To show

that I = (V,C) is satisfiable, non-determinstically guess a solu-

tion s : V → D such that ||s(v)|| ≤ p(||I||) for every v ∈ V
(where p denotes a fixed polynomial). Such a solution exists since

Γ has the small solution property, and the size of s is consequently

polynomially bounded in ||I||. The solution s can thus be verified in

polynomial time with the aid of algorithm A.

The small solution property is particularly useful in connection

with partition schemes.

Lemma 9 Let B be a partition scheme with domain D such that
precondition (2) of Lemma 8 is satisfied. If B ∪ Dc has the small
solution property, then B∨= ∪ Dc has the small solution property
and both CSP(B∨= ∪Dc) and CSP(B∨= ∪Df ) are in NP.

Proof. Let I = (V,C) denote an instance of CSP(B∨= ∪Dc) with

solution s : V → D. Replace each binary constraint x(b1 ∪ · · · ∪
bm}y ∈ C (where {b1, . . . , bm} ⊆ B) with the constraint x{bi}y,

1 ≤ i ≤ m, and (s(x), s(y)) ∈ bi. The resulting instance I ′ =
(V,C′) is solvable, ||I ′|| ≤ ||I||, and it is an instance of CSP(B ∪
Dc). We know that B ∪Dc has the small solution property so there

is a solution s′ : V → D such that ||s′(v)|| ≤ p(||I ′||) for every

v ∈ V and some polynomial p that only depends on B. Since s′ is

a solution to I , too, it follows that ||s′(v)|| ≤ p(||I ′||) ≤ p(||I||).
Thus, B∨= ∪ Dc has the small solution property. Lemma 8 implies

that CSP(B∨= ∪ Dc) is in NP and consequently Lemma 3 implies

that CSP(B∨= ∪Df ) is in NP.

Many well-known structures possess the small solution property.

A prime example is relations R defined by linear expressions, that is,

R is defined by

(x1, . . . , xk) ∈ R⇔
k∑

i=1

ci · xi ≤ c0

or

(x1, . . . , xk) ∈ R⇔
k∑

i=1

ci · xi = c0

where the coeffecients are in Z and the variables ranges over, for in-

stance, Q or Z. Given a constraint language Γ containing such rela-

tions, the small solution property for Q follows from the fact that

linear programming can be solved (and a concrete solution writ-

ten down) in polynomial time while the property for Z has been

proven by Papadimitriou [41]. This example is interesting in sev-

eral respects. First of all, the constants in Qc are, of course, linear.

Furthermore, we know (from Example 4) that not even the language

Γ = {{(x, y, z) ∈ Z3 | x + y = z} is ω-categorical; the same can

be proved for the domain Q. Thus, the methods in Section 3 and 4

are not applicable in this case.

We illustrate the small solution property with a different example:

the RCC-5 formalism. The RCC formalisms [42] are designed for

reasoning about spatial regions and they are the basis for a large part

of the work in qualitative spatial reasoning (QSR). There are several

variants such as RCC-23, RCC-8, and RCC-5. We concentrate on the

simplest formalism RCC-5. The interpretation of the five basic rela-

tions in RCC-5 is given in Figure 1 and it is easy to see that they

constitute a partition scheme. The choice of objects is important in

RCC-5 and different choices may give rise to different computational

problems. A (slightly degenerated) example is if the set of regions

only contains one member. In this case, all basic relations except EQ

are empty and this makes the CSP problem for the power set of the

partition scheme tractable. If we instead assume that the regions are

non-empty regular subsets of an infinite topological space, then the

very same problem is NP-hard [43]. In the sequel, we consider the

variant of RCC-5 where the objects are non-empty subsets of an infi-

nite set, e.g., of N. We denote this variant by RCC-5Set and we letR
be the corresponding set of basic relations. This particular interpreta-

tion is interesting since it can be viewed as the least restricted variant
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of RCC-5: if there is a solution to an RCC-5 instance when the re-

gions are taken from some set X that does not contain the empty set,

then there is a solution where the regions are taken from 2N \∅. This

is well-known and it can quite easily be proved by methods similar

to those used in Drakengren and Jonsson [20] (which, incidentally,

also have inspired the proof of Proposition 10 below). Further discus-

sions concerning different interpretations of RCC-5 and other spatial

formalisms can be found in [6, 21, 36].

We first establish that the methods in Sections 3 and 4 are not ap-

plicable. One could do this by analysing the automorphism group

and conclude that RCC-5Set is not ω-categorical. A simpler way is

the following (but it is tacitly based on the assumption P = NP).

Let Γ = R ∪ {=} where = equals
⋃R \ {EQ}. It is known that

CSP(Γ) is in P [29, 43]. We extend Γ with one constant: Γ′ =
Γ ∪ {{0, 1, 2}}. Consider the constraints {y{PP}z, {0, 1, 2}(z)}. It

is clear that if s is a solution, then s(y) ∈ 2{0,1,2} \ {∅, {0, 1, 2}},
i.e. there are 6 distinct possible choices for the variable y. This im-

plies that there is a straightforward polynomial-time reduction from

6-COLOURABILITY to CSP(Γ′) (since the relation = is in Γ′) and,

consequently, that CSP(Γ′) is NP-complete. If Theorem 4 or The-

orem 5 were applicable, then CSP(Γ′) would be polynomial-time

solvable.

Proposition 10 Let D = 2N\∅. The constraint languageR∨=∪Dc

has the small solution property and CSP(R∨= ∪Dc) is in NP.

Proof. By Lemma 9, it is sufficent to show that R ∪ Dc has the

small solution property. Let I = (V,C) be a satisfiable instance of

CSP(R ∪ Dc) with solution s : V → 2N \ {∅}. Construct a new

instance I ′ = (V ′, C′) as follows.

Step 1. Remove every x{EQ}y constraint: this can be done by col-

lapsing the variables x and y (we leave the obvious details of this

step to the reader).

Step 2. Replace every x{PP�}y constraint with y{PP}x.

Step 3. Remove every x{PO}y constraint by replacing it with

z1{DR}z2 z2{DR}z3 z3{DR}z1
z1{PP}x z1{DR}y
z2{PP}x z2{PP}y
z3{PP}y z3{DR}x

where z1, z2, z3 are fresh variables.

Note that I ′ is still a satisfiable instance of CSP(R ∪ Dc) and

that the only non-unary relations that appear in I are DR and PP.

Additionally note that if there is a solution to I with codomain S,

then there is a solution to I ′ with codomain S.

We say that two variables u, v in I ′ are PP-connected if there exists

a sequence of variables w1, . . . , wp such that

1. w1 = u,

2. wp = v, and

3. wi{PP}wi+1 ∈ C′ for all 1 ≤ i < p.

Note that if u and v are PP-connected, then in any solution s′ of I ′

we have that (s′(u), s′(v)) ∈ PP.

Let T denote the number of elements in the largest unary rela-

tion appearing in I . If u is PP-connected with some variable v and

U(v) ∈ C, then we know that |s′(u)| < T for any solution s′

to I ′. We prove that at most |V | · T different elements are needed

for representing a solution by induction over the number of vari-

ables in V ′. This implies the result by reasoning as follows: we can

without loss of generality assume that the set of possible values is

2{1,...,|V |·T}\{∅}. To represent such a value, we need at most |V |·T
bits if we view each value as a 0/1-vector where the i:th component

equals 1 if and only i is a member of the value. Hence, CSP(R∪Dc)
has the small solution property since |V | ≤ ||I ′|| ≤ ||I|| and

T ≤ ||I ′|| ≤ ||I||.
Basis step. If |V ′| = 1 and V = {v}, then either one value is suf-

ficient (if v is not constrained by a unary relation) or T values are

sufficient (otherwise).

Induction hypothesis. Assume the claim holds when |V ′| = p.

Induction step. We show the claim when |V ′| = p+1. Choose a vari-

able v ∈ V such that v is maximal with respect to PP-connectedness,

i.e. v is not PP-connected to any other variable. By the induction hy-

pothesis, we need at most pT values for the instance I ′ \{v}. If there

exists U(v) ∈ C, then we need at most T values for v which gives us

at most pT +T = (p+1)T values in total. If there is no U(v) ∈ C,

then we need at most one additional value for v so we need at most

pT + 1 ≤ (p+ 1)T values in total. To see this, v may (in the worst

case) be PP-connected to every other variable and v must (by the in-

duction hypothesis) contain at least pT different values. However, it

must also be a strict superset of the other variables and this is accom-

plished by adding one fresh element.

The basic proof idea of Proposition 10 is to analyse the growth of

the variables that are not constrained by any unary relation. Clearly,

if a variable v is constrained by a constant relation {c}, then any

solution must satisfy s(v) = c and ||c|| ≤ ||I||. Otherwise, PP-

connectedness gives a way of estimating the size of the contents of

the other variables. This idea can readily be extended to other classes

of relations that are related to RCC-5 such as (certain variants of) set
relations (cf. Bodirsky and Hils [7] and the references in their pa-

per), and it can also be generalised in other directions. An interesting

observation is that the NP membership results for RCC5 and RCC8

with polygonal regions in the plane by Li et al. [35] is implicitly

based on the small solution property. Here, the representational size

of the regions are analysed and bounded by exploiting a particular

parameter that is related to embeddings of planar graphs in the plane.

Another interesting observation is that Li [34] uses concepts that are

similar to PP-connectedness when constructing different realisations

of the RCC8 formalism. This may indicate that the approach taken

in the proof of Proposition 10 may quite easily be adapted to other

spatial formalisms.

We conclude this section by a few observations concerning the

small solution property. First of all, it is important to realise that the

converse of Lemma 8 does not necessarily hold. To see this, define

the rapidly increasing function

Tower(n) = 22
..
2︸︷︷︸

n times

.

Clearly, log(Tower(n)) grows faster than any polynomial in n.

Now consider the constraint language Γ = {U1, U2, . . . } where

Ui = {x ∈ N | x = Tower(i)}. Checking if there an instance of

CSP(Γ) is satisfiable or not can trivially be solved in polynomial time

if U1, U2, . . . are represented in a reasonable way—for instance, if

Ui is represented by the number i written in binary. Thus, CSP(Γ)
is in NP, too. It is obvious, though, that Γ does not have the small

solution property if we represent the natural numbers in binary.

Another important observation is that it is not sufficient to verify

that Γ itself has the small solution property—one need to verify that

Γ ∪ Dc has the small solution property. We exemplify by using the
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X{PP}Y ⇔ X ⊂ Y

X{PP�}Y ⇔ X ⊃ Y
X{DR}Y ⇔ X ∩ Y = ∅
X{PO}Y ⇔ ∃a, b, c : a ∈ X, a ∈ Y, b ∈ X, b ∈ Y, c ∈ X, c ∈ Y
X{EQ}Y ⇔ X = Y

Figure 1. The five basic relations of RCC-5.

relation R = {(x, y) ∈ N2 | x = 2y−1}. The constraint language

{R} has the small solution property since every instance has the

solution that assigns 1 to every variable. However, CSP({R, {2}})
does not have small solutions. Consider the instance (V,C) where

V = {x0, . . . , xn} and

C = {{2}(x0), R(x1, x0), R(x2, x1), . . . , R(xn, xn−1)}.

It is easy to verify that (V,C) is solvable and every solution s :
V → N must satisfy s(xn) = Tower(n).

Finally, we want to emphasise once again that the choice of exact

interpretation and representation of relations and domain elements is

extremely important. Bodirsky and Chen [6] have presented an inter-

pretation of RCC-5 that is homogeneous. In this case, adding con-

stants preserves computational complexity (up to polynomial-time

reductions) by Theorem 5 (given that relations and domain elements

are represented in a suitable way). We know from earlier examples

that this does not hold for RCC-5Set.

6 DISCUSSION
We have presented three different methods for analysing the com-

plexity of qualitative CSPs extended with finite unary relations, and

identifying additional general methods for studying the complexity

of such CSPs is an obvious research direction. One should observe

that restricting oneself to finite unary relations may be reasonable

in certain cases but not in others. For instance, a substantial part of

the literature on temporal reasoning is concerned with TCSPs and

the simple temporal problem (STP) [19]: the basic binary relations

here are expressions a ≤ x − y ≤ b (where a, b ∈ Q and x, y are

variables) and unary relations a ≤ x ≤ b (which are either con-

stants or infinite unary relations depending on the choice of a and

b). It is easy to see that extending a formalism with (non-trivial) infi-

nite unary relations may yield an easier computational problem than

adding finite unary relations. For instance, PA extended with the fi-

nite unary relation {0, 1, 2} is NP-hard since the disequality rela-

tion = is in PA, while PA extended with the infinite unary relation

{x ∈ Q | 0 ≤ x ≤ 2} is tractable [28]. Thus, it would be inter-

esting to study the computational complexity of CSPs extended with

non-finite unary relations.

Our methods I and II are based on certain model-theoretical prop-

erties of the underlying constraint languages. While methods based

on model theory and universal algebra have been very common

when studying CSPs from the viewpoint of theoretical computer

science [2, 4, 12], such methods have been less popular within the

AI community (with some notable exceptions such as Huang [26]).

Thus, we take the opportunity to discuss these methods in slightly

more detail.

Method I. (model-complete cores) The main obstacle for apply-

ing method I is the need for computing orbit-defining formulas ef-

ficiently. In fact, it is not even known if this problem is decidable

or not in the general case. Studying this problem is a very impor-

tant future research direction. In cases where we do not know how to

effeciently generate orbit-defining formulas, there are (at least) two

possible workarounds. The first one is proposed by Bodirsky [5, Sec.

7]: if the set of possible constants is finite, then an orbit-defining

formula for these constants can be computed off-line and subse-

quently be used without additional cost. Another workaround is to

sacrifice polynomial-time equivalence and allow more time for com-

puting the orbit-defining formula. If the problem at hand is NP-hard,

then a (preferably mildly) exponential algorithm can be acceptable.

In both cases, algorithmic methods for generating orbit-defining for-

mulas would be helpful. We note, on the positive side, that related

definability problems have recently been successfully addressed, cf.

Bodirsky et al. [8]. Their methods are interesting since they combine

methods taken from universal algebra, Ramsey theory, and topologi-

cal dynamics.

Method II. (homogeneity) We have chosen to present the re-

sults when the constraint language is restricted to partition schemes.

This is convenient but not inherently necessary—generalisations to

(for instance) higher-arity relations are possible. One should con-

sequently not view our results as the only possible way of exploit-

ing homogeneity: how to exploit homogeneity must be decided on a

case-by-case basis.

Given a structure Γ, it may be difficult to verify that it is indeed

homogeneous. Here, one should note that if Γ contains a finite num-

ber of relations, the domain of Γ is countably infinite, and Γ is ho-

mogeneous, then Γ is ω-categorical. This is a consequence of The-

orem 1 and the details are to be found in Macpherson [39]. A first

step is thus to verify the ω-categoricity of Γ, and this can quite often

be accomplished by using Theorem 1. If Γ is ω-categorical, then Γ
is homogeneous if and only if every formula in Th(Γ) is equiva-

lent to a quantifier-free formula (see, for instance, Macpherson [39]).

This gives an alternative way of proving homogeneity than using the

automorphism-based definition directly. This also clarifies the con-

nections between method I and method II: recall that Γ is model-

complete if and only if every formula in Th(Γ) is equivalent to an

existential formula.

Another approach for using homogeneity is to construct suitable

homogeneous structures “from scratch”. The main tool for this is

Fraı̈ssé amalgamation. The details are outside the scope of this ar-

ticle: Macpherson [39] outlines the approach and concrete construc-

tions for RCC5 and RCC8 can be found in Bodirsky and Chen [6]

and Bodirsky and Wölfl [9], respectively. One should note that amal-

gamation is quite common in the literature on CSPs and related

problems; however, it is often referred to as the patchwork prop-
erty [26, 38, 44]
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Dynamic Choice of State Abstraction in Q- earning
Marco Tamassia and Fabio Zambetta and William L. Raffe and Florian ‘Floyd’ Mueller and Xiaodong Li1

Abstract. Q-learning associates states and actions of a Markov De-

cision Process to expected future reward through online learning. In

practice, however, when the state space is large and experience is still

limited, the algorithm will not find a match between current state and

experience unless some details describing states are ignored. On the

other hand, reducing state information affects long term performance

because decisions will need to be made on less informative inputs.

We propose a variation of Q-learning that gradually enriches state

descriptions, after enough experience is accumulated. This is coupled

with an ad-hoc exploration strategy that aims at collecting key infor-

mation that allows the algorithm to enrich state descriptions earlier.

Experimental results obtained by applying our algorithm to the arcade

game Pac-Man show that our approach significantly outperforms Q-

learning during the learning process while not penalizing long-term

performance.

1 Introduction
Planning and learning under uncertainty are fundamental problems

in artificial intelligence. A framework to address such problems is

the Markov Decision Process (MDP) [1]. MDPs are based on the

Markov assumption which states that it is sufficient to know the cur-

rent state of the environment to make predictions about the outcome

of actions. One way for an agent to learn useful information about

the environment dynamics is by interacting with it, in a sequence of

observations of state and action. Based on the Markov assumption,

Temporal Difference (TD) algorithms [2] encode useful information

about the environment in the form of associations of states to utilities.

For example, Q-learning, one of the most popular TD algorithms,

associates state-action pairs to future rewards [3]. When a TD agent

needs to make a decision, it will choose the action that is likely to yield

the highest long-term utility value according to previous experience.

If states are rich in information, in the early stages of the learning

process, the agent knowledge of the environment is sparse. If the agent

considers every feature making up the state, it will take a considerable

amount of time to learn associations for all of the many possible states,

especially if outcomes are stochastic. To quote Andre and Russell,

“Without state abstraction, every trip from A to B is a new trip” [4].

During this learning period, an agent may make blind decisions due to

“details” in the state preventing an exact match with past experience.

TD agents lack the ability to use knowledge of states similar to the

current one. This research problem falls under the umbrella of Transfer

learning [5].

The most common approach to address this issue is to use linear

approximation [6], [7]. In this instance, an agent only has to learn the

weights of the linear transformation mapping state features to utility.

However, a linear approximation may not be sufficient if non-linear

dynamics exist in the environment. In this case, sparsity issues are

1 RMIT University, Melbourne, Australia, email: first.last@rmit.edu.au

addressed by stripping states of “superfluous” details. This process

is called state abstraction, and it consists in aggregating states. By

only considering the most important information and ignoring details,

two states that are effectively different will appear the same, inducing

a partitioning of the state space. The drawback of this, however, is

that if the information used to encode states is not rich enough, the

agent will not be able to make informed decisions. Examples of this

approach are coarse coding and tile coding [1].

State abstraction has attracted attention in the reinforcement learn-

ing community in the past two decades. Most of the literature on

the subject focuses on choosing an abstraction prior to the actual

learning [8]–[11]. McCallum’s work, however, explored online state

abstraction, which is also the focus of our work. [12]–[14].

In this paper we propose an algorithm that shifts from coarse parti-

tionings to more fine-grained ones through time. The choice of which

partitioning to use is done at every step and can be different from

state to state, allowing for more flexible learning. The criteria used

by our algorithm to decide when to enrich state information is to

compare the confidence interval of utility estimates. The idea is that,

at the beginning of the process, most decisions are made using coarse

partitionings while, in the long run, more choices are made with more

informative partitionings. To our knowledge, this is the first attempt

to combine both coarse and fine-grained partitionings online.

We evaluate our algorithm by comparing it with Q-learning in the

context of the video game Pac-Man. Our experiments show that the

proposed algorithm produces better performance than fixed state-size

Q-learning during the learning phase. We also propose a strategy to

direct exploration in a way that allows the algorithm to switch to

fine-grained abstractions earlier. Experiments show that this strategy

produces better performance than the standard ε-Greedy.

The paper is structured as follows: in Section 2 we introduce

Markov Decision Processes and Q-learning and provide an overview

of the relevant literature; in Section 3 we introduce our algorithm and

our ad-hoc exploration strategy; in Section 4 we detail the setup of our

experiments and in Section 5 we report the results of our experiments.

2 Background and Notation
A Markov Decision Process is formally defined by a tuple M =
(S,A, T, R, γ), where S is the set of all possible states of the envi-

ronment;A is the set of actions the agent can perform; T : S ×A →
P(S) associates a state-action pair to a next state probability distribu-
tion; R : S×A → R associates a state-action pair to a reward; γ < 1
is a discount factor used to decrease the value of future rewards.

An agent interacting with the environment, tries to maximize the

cumulative reward collected over time. While interacting with the

environment, the agent collects information: at time t, after observing

state st, it decides which action at to perform and observes the reward

rt it receives and the next state st+1 to which the environment tran-
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sitions. Collected information can be used to make informed future

decisions.

An effective way to achieve optimal decision making is to compute,

for all s ∈ S and a ∈ A, an estimate Q∗(s, a) of the expected cumu-

lative reward to be expected by taking action a while in state s and

behaving optimally afterwards. Then, the optimal policy π∗ is defined

as: π∗(s) = argmaxa∈AQ∗(s, a). The Q-learning algorithm [3]

updates of the estimates after each step of the agent according to the

following rule:

Q(st, at)
α← rt+1 + γmax

a∈A
Q(st+1, a)−Q(st, at),

where x
α← y is short for x← x+ αy and 0 < α ≤ 1 is a learning

factor.

Since the agent starts the process with no information about the

environment, it needs to balance exploration of the environment with

exploitation of the current knowledge. This is to avoid focusing on

what the agent believes to be the best action and missing the actual

best action due to incomplete knowledge. A common exploration

strategy, which we also use in this work, is called ε-greedy and is

defined as follows:

πε(s) =

{
argmaxa∈AQ(s, a) with prob. 1− ε

random(A) with prob. ε
,

where 0 ≤ ε ≤ 1 balances exploration and exploitation.

Q-learning is said to learn “off-policy”; this means that, in the

long run, its estimates Q(·, ·) approximate the exact values Q∗(·, ·)
regardless of what policy the agent is following2. This allows an agent

to learn the optimal policy while using a sub-optimal exploration-

oriented policy, such as ε-greedy.

Related work
Significant research effort has been directed in state abstraction. How-

ever, most of the work has been focused on choosing an abstraction

prior to the learning phase. Many papers fall in this area: [8] use hy-

pothesis testing to discover useful abstractions using Q-values learned

in multiple runs; [9] select the features that are useful to reproduce

the behavior of a given set of demonstrations; [10] use time-series

data to select among the models provided by a human expert; [11]

provide theoretical guarantees on the used abstraction, but their ap-

proach requires the use of value iteration, an expensive, model-based

algorithm [1].

In the recent years there has been work at the intersection of Deep

Learning and Reinforcement Learning. In the work by Mnih et al.,
neural networks are able to learn features of the game state from

very unstructured data (such as pixels) [15]. We propose a different

approach: rather than learning features over time from raw data, we

suggest that, given a set of meaningful features, an algorithm can use

more and more of them over time to make its decisions, and that this

can help achieve better performance at the early stages of the learning

process, when knowledge of the environment is still scarce.

Literature covers two different, principled approaches at online

learning of state abstractions:

• adaptively expanding memories to store past information, which is

helpful when past information is relevant to make good decisions

[12]–[14];

• adaptively split tiles in tile coding [1], [16]–[18], which works well

when state features range widely in ordinal values.

2 as long as there is a non-zero probability of visiting each state

The first of these approaches are all works of McCallum. In [12],

he expands temporal memory to distinguish variations in rewards, and

does so via hypothesis testing; this approach, however, is slow because

memory is expanded one step at a time. In [13] he proposes to store

raw history, so when memory is expanded, history can be re-analysed

to properly compute values; this approach, reportedly, does not handle

noise very well. In [14], he proposes to use, along with stored history,

a tree to know how deep (how far back in history) one needs to look

to distinguish situations: branches are added when a statistical test

says that samples come from two different distributions3.

The second approach focuses on tile coding. Tile coding (TC) [1],

[16] is a technique to extract useful features from large state spaces

including widely varying ordinal features. The idea is to produce

multiple discretizations (tilings) of the state features with different

offsets: for each discretization, every tile becomes a state feature all

of which but one are set to zero. To expand on this, Whiteson et al.
propose to adaptively split tiles so as to maximize changes in the

value function or in the policy during learning [17]. More recently, a

paper by Scopes and Kudenko proposes to split tiles that are closer to

the optimal transition path and suggests that perpendicular tiles to the

optimal path can achieve better performance that square tiles.

The approach we propose complements the above mentioned, be-

cause we focus on augmenting the set of features used to describe the

state, as opposed to adding information from the past or augmenting

the granularity within the features. the video game Pacman is one

example of scenario where the mentioned approaches would not work

well. To an agent that already has information about food and ghosts,

it is more useful to know where the closest power capsule is than

it is to know where food and ghosts were in the past. Tile coding

(and derivatives) are also ill-suited to Pacman because the features

have few possible values each, so they would not allow for many

tiles; furthermore,half of the features are not ordinals, making TC

inapplicable on them. TC could possibly be applied to the original

features, but this would mean counting pills per tile, and this, to the

best of our knowledge, has not been tried before and deserves a deep

analysis per se.

3 Dynamic Abstraction Choice
In reality, because environments are often stochastic, a number of

trials are necessary for each state and action pair to evaluate reason-

able estimates. In particular, in the early stages of an agent’s life,

its knowledge is rather sparse, often leading to blind decisions. To

deal with this, a common approach is not to model the entire MDP,

but a simplified one obtained by reducing the state space size via

state aggregation [5], [20]. By means of carefully engineered state

aggregations, Q-learning generalizes well over the little information

it has.

However, it is desirable that in the long-run, the agent makes its

decisions considering all the nuances of each state, rather than based

on coarse aggregations. More information on the state allows the

agent to make more informed decisions.

We propose a novel algorithm to achieve the advantages of both

situations, at the cost of a slight increase in processing time. In the

following, we refer to abstractions as functions mapping a state to an

aggregation of states. Each abstraction induces an abstrated state space

of smaller size than the original one and, consequently, a smaller Q-

table. However, such Q-tables do not need to be memorized since they

can be inferred by appropriately aggregating entries of the original

Q-table.

3 The test used is Kolmogorov-Smirnov [19]
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Algorithm 1: Multi-Abstraction Q-learning algorithm for abstrac-

tion shifting.
⊎

indicates a multiset sum; a multiset is a set where

information about the number of occurrences of each element is

preserved. X indicates the sample average. Procedure CI com-

putes the confidence interval of the mean of the given sample.

Input :Learning rate α
Input :Exploration parameter ε
Input :Abstractions β1 > β2 > . . . > βm

Input :Default Q-value, initQ

Input :Significance level for t-tests, σ
1 for s, a ∈ S ×A do
2 Q(s, a)← initQ

3 H(s, a)← empty list // history of Q(s, a)

4 end
5 s← observe state

6 repeat
7 j∗ ← m
8 found← false

9 for j ← 1 . . .m do
10 ξ ← { s′ ∈ S | βj(s

′) = βj(s) } // siblings

11 for a ∈ A do
12 Xj

a ←
⊎

s′∈ξ H(s′, a) // samples of siblings

13 ⊥j
a,�j

a ← CI(σ,Xj
a) // lower and upper bounds

14 end
15 a∗ ← argmaxa∈AXj

a

16 if ⊥j
a∗ > �j

a for all a ∈ A, a = a∗ then
17 j∗ ← j − 1
18 found← true

19 go to line 22

20 end
21 end

22 a∗ ←
{
argmaxa∈AXj∗

a with prob. 1− ε

random(A) with prob. ε

23 perform action a∗

24 s′ ← observe state

25 r ← receive reward

26 q̂ ← r + γmaxa′∈AQ(s′, a′)

27 Q(s, a∗)
α← q̂ −Q(s, a∗)

28 append q̂ to H(s, a∗)
29 s← s′

30 until apocalypse

The algorithm we propose, “Multi-Abstraction Q-learning”, is pre-

sented in pseudocode in Algorithm 1. Multi-Abstraction Q-learning

is given a list of abstractions of decreasing granularity, and maintains

the Q-table associated with the original state representation. At deci-

sion time, the algorithm chooses the most granular abstraction whose

Q-values are precise with sufficient confidence.

Formally, an abstraction is defined as βi : S → Si. We also

introduce an ordering for abstractions, based on their granularity.

Formally, an abstraction β is more granular than a second abstraction

β′ (denoted β > β′) if both the following conditions hold:

• Any two states s, s′ ∈ S mapped to the same abstracted state by

(the more granular) abstraction β are also mapped to the same

abstracted state by (the more coarse) abstraction β′. Formally:

∀s, s′ ∈ S . β(s) = β(s′)⇒ β′(s) = β′(s′)

• There is at least a pair of states s, s′ ∈ S that are mapped to

different abstracted states by (the more granular) abstraction β but

that are mapped to the same abstracted state by (the more coarse)

abstraction β′. Formally:

∃s, s′ ∈ S . β(s) = β(s′) ∧ β′(s) = β′(s′)

Algorithm 1 is given a list of abstractions of decreasing granularity.

The algorithm decides which action to take by choosing the most

suitable abstraction at every time step. The chosen abstraction is the

most granular one that provides a high confidence that the action with

the highest estimated Q-value is actually the best one. Confidence

of a state-action pair (s, a) is computed by running a t-test over the

history H(s, a) of values that the Q-table entry Q(s, a) has assumed.

The steps used to test the confidence of an abstraction are as follows:

1. the action a∗ with the highest estimated Q-value is found;

2. the boundaries ⊥a,�a of the confidence intervals of all actions a
are calculated;

3. for all a = a∗, test whether ⊥a∗ > �a: each test is passed with a

1− σ confidence level;

4. if all the tests are passed, it is reasonable to assume that the true

Q-value of a∗ is actually the highest.

Optimization
The procedure described in Algorithm 1 has some significant ineffi-

ciencies. However, notice that they can be overcome and have been

introduced in the listing for the purpose of clarity. In the follwing

paragraphs, we briefly explain how to address these issues.

There are two main bottlenecks. The first is at line 12, where the

union operation iterates over all the states to find the siblings. This

adds a significant amount of computational time to compute the same

information repeatedly. In fact, caching the state space partitioning

(i.e. the sets of “siblings”) for each abstraction is a better solution.

By doing so, the time complexity of retrieving such information is

constant at the cost of a linear (in the number of states and abstractions)

increase in memory complexity.

The second bottleneck is the procedure at line 13 which computes

the confidence intervals. The procedure iterates over the whole set Xj
a

of samples at every invocation to compute their mean and variance.

An alternative, more efficient solution is to store mean and variance

of the Q-value for every state-action pair and update them online [21].

It is, then, possible to efficiently compute mean and variance of a

virtual union set by aggregating the stored statistics [22]. This modifi-

cation makes storing the history of Q-values unnecessary, significantly

reducing the space requirements of the algorithm.

Confidence driven exploration
While ε-greedy is expected to shrink the confidence intervals in the

long run through random exploration, it has no awareness of their

existence. It is reasonable to suppose that using a different explo-

ration strategy making use of this knowledge would produce better

results. Such a strategy would bias the exploration so as to perform

actions whose confidence intervals are preventing the use of the next

abstraction. We propose a variation on the traditional ε-greedy strat-

egy that integrates such bias. The close-form definition is slightly

cumbersome; so, with clarity in mind, we provide the pseudocode

instead. The pseudocode in Algorithm 2 describes such procedure and

is meant to replace line 22 of Algorithm 1.
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Algorithm 2: C.I. driven exploration.

1

⎧⎪⎨⎪⎩
return a∗ with prob. 1− εCI − εR

return random(A) with prob. εR

go to line 11 with prob. εCI

2 if j∗ = 1 // most granular abstraction already in use then
3 return a∗ // no exploration needed

4 end
5 if found // acceptable abstraction found then
6 ĵ ← j∗ − 1 // use it

7 else
8 ĵ ← m // use the most coarse one

9 end

10 a∗ ← argmaxa∈AX ĵ
a

11 K1 =

{
a ∈ A

∣∣∣∣ �ĵ
a > X ĵ

a∗

}
12 K2 =

{
a ∈ A

∣∣∣∣ X ĵ
a > ⊥ĵ

a∗

}
13 if K1 = ∅ andK2 = ∅ then
14 return random(K1 ∪ { a∗ })
15 else if K1 = ∅ then
16 return random(K1)
17 else
18 return a∗

19 end

This procedure requires two parameters εCI and εR, which set the

probability of exploring versus exploiting, similarly to ε-greedy. Un-

like ε-greedy, however, this procedure performs a second type of

exploration. That is, with probability εCI, it selects an action whose

confidence interval needs to be reduced in order for the next abstrac-

tion to be usable.

Figure 1 shows a qualitative representation of the reasoning behind

Algorithm 2. Depicted are the different possible situations in which

confidence intervals of actions a∗ (action with the highest mean) and

a overlap. On top of each subfigure, the behavior of the algorithm

in lines 11–12 is reported. Notice that in many cases there will be

multiple actions matching the criteria of a: in such cases the choice is

random among them. For the sake of concisenes, in the remainder of

this section as well as in Algorithm 2 we will refer to the confidence

interval of the estimate of the average Q-value of action a simpy as

the confidence interval of a.

Line 11 of Algorithm 2 captures cases shown in figures 1a, 1b,

1e, 1f, 1g, where the upper bound of the confidence interval of some

action a is higher than the average Q-value of the best action a∗.

Such actions are stored in set K1. Line 12 of Algorithm 2 captures

cases shown in figures 1c, 1d, 1e, 1f, 1g, where the average Q-value

of some action a is higher than the lower bound of the confidence

interval of the best action a∗. Such actions are stored in set K2.

Algorithm 2 makes the simplifying assumption that further samples

will shrink the confidence intervals without moving the average value.

Notice that this does not introduce bias since the average value is an

unbiased estimate of the mean value. With this assumption in mind,

the procedure selects:

• a random action from K1 if K1 = ∅ and K2 = ∅ because the only

way to remove the overlaps of the confidence intervals is to shink

those of the actions in K1;

a ∈ K1
a /∈ K2

(a)

a ∈ K1
a /∈ K2

(b)

a /∈ K1
a ∈ K2

(c)

a /∈ K1
a ∈ K2

(d)

a ∈ K1
a ∈ K2

(e)

a ∈ K1
a ∈ K2

(f)

a ∈ K1
a ∈ K2

(g)

a /∈ K1
a /∈ K2

(h)

Figure 1: A visual qualitative representation of the possible situations

in which confidence intervals overlap. Here, a∗ is the action with

the highest mean and a is another action. When confidence inter-

vals overlap, the confidence level cannot be guaranteed. On top of

each subfigure, the decision made by Algorithm 2 at lines 11–12 is

indicated.

• a∗ if K1 = ∅ and K2 = ∅ because, while choosing actions

from K2 would also be an effective way to remove the overlaps,

choosing a∗ is the choice with the highest expected future reward;

• a random action from K1 ∪ {a∗} if K1 = ∅ and K2 = ∅ because

of the same reasons explained above.

Notice that the case where K1 = ∅ and K2 = ∅ is only possible if

the all the abstractions are usable, but this case is captured in lines

2–4. Following this strategy, confidence intervals that are overlapping

will shink until they do not overlap anymore, therefore allowing the

usage of the next abstraction, until the most fine-grained abstraction

is usable.

4 Experiments
We evaluate the effectiveness of our algorithm using Pac-Man, a real-

time arcade retro game4. Games of this type are of interest to the

4 Additional information can be found at http://www.gamasutra.
com/view/feature/3938/the_pacman_dossier.php?
print=1 (checked on March 3rd, 2016).
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scientific Artificial Intelligence community due to the challenges of

open-endedness and tight time-constraints they pose [23]. Pac-Man

has been used as test-bed in a sizable amount of literature, including

[24]–[26]. We adopted the implementation currently used in UC

Berkeley to teach AI, originally developed by DeNero and Klein

[27]5. Our algorithms were implemented in Python using the Numpy

library6 [28] and parallelized using GNU Parallel7 [29].

Pac-Man
In the game, the player controls Pac-Man, an agent moving in a two-

dimensional environment whose purpose is to maximise a score. The

score increases by collecting food pills while steering clear of ghosts,

which will kill Pac-Man when colliding with it. Special capsules in

the game area can be picked up by the player that make all the ghosts

edible for a limited period of time. If Pac-Man collides with an edible

ghost, the ghost dies and reappears at the center of the game area

in a threatening (non-edible) state. The level topology used in the

experiments is depicted in figure 2. This is not a standard Pac-Man

level, but a simpler one provided with the codebase. We chose this

because experiments require less computational time.

Figure 2: A screenshot of the video game used in the experiments,

Pac-Man.

Players receive a score based on their performance. In the imple-

mentation we used, Pac-Man receives 10 points for each eaten pill,

and it loses 1 point at each time step, while receiving 200 points

every time a ghost is killed. Furthermore, 500 points are earned upon

victory (i.e. when all the pills have been eaten), while 500 points are

lost upon death. These scores have been chosen by the developers of

the framework, and we adopt them without changes in this work.

Tests
The first question we wanted to answer is what significance setting σ
yields the highest performance in Multi-Abstraction Q-learning (Algo-

rithm 1) with εCI strategy. To answer this question, we tested the algo-

rithm with σ ∈ {0.1, 0.2, 0.5, 0.9}. All the configurations used food

and threatening ghosts information to describe states, successively

adding edible ghosts information and, lastly, capsules information;

5 Currently available for download at http://ai.berkeley.edu/
project_overview.html

6 http://www.numpy.org/
7 http://www.gnu.org/software/parallel/

these represents the abstractions βi in Algorithm 1. In these tests, we

set εCI = 0.05 and εR = 0.05.

Secondly, we wanted to evaluate whether shifting abstractions -

from coarse to fine-grained - improves agents performance. To test

this, we ran tests on Pac-Man using different agent algorithms:

• Q-learning where states included food and threatening ghosts in-

formation;

• Q-learning where states included food, threatening ghosts and

edible ghosts information;

• Q-learning where states included food, threatening ghosts, edible

ghosts and capsules information.

We compared the performance of these algorithms with those of the

best configuration from the previous test, that with σ = 0.9. The

exploration strategy used in these three configurations was ε-Greedy

with ε = 0.1.

We ran tests using each of these algorithms for 30000 consecutive

episodes and we measured the reward collected during each of them.

We repeated this 50 times and averaged the results. Agent perfor-

mance is expected to improve over time, as they gather information

on the environment: however, improvement rate and final performance

depend upon the agent algorithm and its state representation.

The final question we wanted to answer is to what degree the

performance of the other experiments are due to Multi-Abstraction

Q-learning versus to the εCI-Greedy strategy. To test this, we ran

experiments using the following algorithms:

• Multi-Abstraction Q-learning with ε-Greedy with ε = 0.1;

• Q-learning with εCI with εCI = 0.05 and εR = 0.05.

We compared the performance of these algorithms with the perfor-

mance of the best configuration in the first experiment, that with

σ = 0.9. The features used in these experiments are the same used in

the first set of experiments; that is, all of them: food, threatening/edi-

ble ghosts and capsules.

State space
Performance of MDPs are heavily influenced by the shape of the state

space. In our experiments, the state space is the cartesian product

of 8 features. Each of the features is related to objects in game;

i.e., threatening/edible ghosts, pills and capsules. Features are either

distance or direction information to such objects.

The “direction” feature specifies the direction that Pac-Man should

follow to reach the closest object of the category. The direction infor-

mation can assume five different values: one for each of the cardinal

directions, plus an additional value used when there are no instances

of the objects; e.g., if all the ghosts are edible, there is no threatening

ghost. In the case of distance, the feature specifies "log2 d#, where d
is the length of the shortest path to the closest object of the category.

Shortest paths are computed by the Dijkstra algorithm for shortest

path on graphs (see [30] for more information). Distance information

can be null as well.

Annealing exploration
We compared different exploration strategies; i.e. ε-Greedy and our

proposal, εCI-Greedy, showed in Algorithm 2. Even though we pre-

sented the naïve versions of the two strategies, in our experiments we

used the simulated annealing version. This technique slowly decreases

the amount of exploration as time progresses, so to gradually shift

M. Tamassia et al. / Dynamic Choice of State Abstraction in Q-Learning50

http://ai.berkeley.edu/project_overview.html
http://ai.berkeley.edu/project_overview.html
http://www.numpy.org/
http://www.gnu.org/software/parallel/


from an exploration policy to the greedy policy over time. In ε-Greedy

policies this is done by decreasing the value of ε. In εCI-Greedy, we

similarly decrease both εR and εCI. The annealing schedule we chose

is based on the sigmoid function, s(x) = 1
1+ex

. Our schedule is

defined as follows:

ε(t) = ε̂ · s (u · (m− t)) ,

where ε̂ is the maximum value for the exploration parameter, t is the

current episode number, m is the desired center for the schedule and

u controls the width of the function.

5 Results
In this section we discuss the results of the experiments we performed.

All the figures in this section are smoothed using a moving average

weighted by a Hanning function. The Hanning function is bell-shaped

and smoothly zeroes at the edges. Using it to weight contributions in

a moving window gives greater importance to central elements while

still taking the surrounding element in account.

In the first experiment, different σ-values are compared in Multi-

Abstraction Q-learning (Algorithm 1) using εCI-Greedy. The scores

achieved by the different configurations are shown in Figure 3a. It is

surprising that the lines dominating the chart are those using 0.5 and

0.9 as σ-values.

The most likely explanation for this is that 0.1 and 0.2 are too

conservative values. While in normal t-tests values of 0.1 are unac-

ceptably high, the trend here is heavily shifted. In fact, orthodox t-tests

assume that the distributions are static over time. Here, however, (ex-

pected) Q-values veer from the common initial value towards their

true values. For this reason, seemingly “premature” Q-values, which

have a “high variance” from a t-test perspective, reliably estimate the

best action.

Figures 4a and 4b show the percentage of decisions that have

been made with each abstraction in successive episodes for the two

configurations σ = 0.2 and σ = 0.5. There is a remarkable difference

in that the former keeps using coarse abstractions throughout the

learning process, while the latter barely uses any, except at the very

early stages.

Figure 3b shows the percentage of victories for the configurations

in the first experiment. The configurations winning the most often

are σ = 0.1 and σ = 0.2. Considering the scores shown in Figure

3a this seems counterintuitive, because one would expect that the

configurations with the highest scores are also those winning the most

often. However, these numbers make sense when the structure of the

game is considered: to maximize the score, Pac-Man needs to eat

ghosts, but that poses an added risk in terms of winning/losing (i.e.

if the ghost suddenly turns back to a threatening status). Figure 3c

shows the average number of ghosts eaten in each successive episode:

it can be observed that there is a significant difference between the

configurations σ = 0.1 and σ = 0.2 and the configurations σ = 0.5
and σ = 0.9. The similarity of the trends showed in Figures 3c and

3a, where dominant configurations are σ = 0.5 and σ = 0.9 in both

cases, supports this theory.

In the second experiment, our technique is compared with three

configurations of Q-learning, each using an increasing amount of

features. Figure 5 compares them to the best configuration of the first

experiment, Multi-Abstraction Q-learning with σ = 0.9.

The curves show that the Q-learning configuration with the least

features, at first, performs the best, showing that using more features at

the beginning worsens the performance. However, this configuration is

later surpassed by the Q-learning configuration using the intermediate

(a) Scores of the games

(b) Victories to total games ratio

(c) Eaten ghosts

Figure 3: Data (y axis) per succesive episode (x axis) using Multi-

Abstraction Q-learning with εCI-Greedy, varying significance parame-

ter.

amount of features, showing that having more features pays off when

sparsity fades out. Finally, the Q-learning configuration using the

most features surpasses both the other two Q-learning configurations.

These trends show how, in normal Q-learning, more features produce

better performance at later stages at the cost of performance in the

early stages.
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(a) σ = 0.2

(b) σ = 0.5

Figure 4: Decisions made with each abstraction (y axis) for each

successive episode (x axis), using different values of significance in

Multi-Abstraction Q-learning with εCI-Greedy. The second plot shows

fewer episodes (x axis) because the more coarse abstractions quickly

become almost unused.

Figure 5: Score (y axis) per succesive episode (x axis) using Multi-

Abstraction Q-learning with εCI-Greedy versus standard Q-learning

with different sets of features.

Except at the very beginning of the process, Multi-Abstraction

Q-learning produces significantly better results than the other con-

figurations. Importantly, it also converges to the same values as the

Figure 6: Score (y axis) per succesive episode (x axis) using Multi-

Abstraction Q-learning with ε-Greedy versus εCI-Greedy.

Q-learning configuration using all of the features: this shows that the

early improvement in performance does not come at the cost of later

performance.

It could be argued that our approach can be replaced by prede-

termined rules. In fact, the intersection points of Q-Learning perfor-

mance curves in Figure 5 provide a clear indication of when it is

convenient to switch abstraction. This would produce better perfor-

mance than any of the three Q-Learning agents. However, because

our approach allows each state to be used at a different abstraction,

it is more adaptive and produces far better performance during the

learning phase, as shown in Figure 5.

It could also be argued that, since the final performance of Multi-

Abstraction Q-learning is the same as that of standard Q-Learning, an

agent might as well just use standard Q-Learning. While this is true,

the advantage of Multi-Abstraction Q-learning is an improvement in

performance during the learning phase as opposed to an improvement

in final performance.

Finally, notice that Algorithm 1 has the same convergence guaran-

tees of Q-learning [31]. This is because the set of features in use at

each state is expanded to the full features set within a finite amount of

time. Notice that Algorithm 2 guarantees at least the same amount of

exploration of ε-greedy.

MQL QL w/4 QL w/3 QL w/2
Mean 1281.07 1152.11 1133.77 1099.25
Std. err 23.71 20.51 9.46 7.62

Table 1: Mean and standard error of the average reward per episode

across the 50 runs of the experiments in Figure 5. Columns report

values, respectively, for Multi-Abstraction Q-learning and for Q-

Learning with features Fd,Gh,ScGh,Cp, Fd,Gh,ScGh and Fd,Gh.

The results of the third experiment are shown in Figure 6. The

experiment shows that Multi-Abstraction Q-learning and εCI-Greedy

do create a synergy in performance. On one side, εCI-Greedy does

not seem to affect the performance of Q-learning; on the other side,

Multi-Abstraction Q-learning without εCI-Greedy performs worse

than Q-learning. However, when Multi-Abstraction Q-learning is

used in concert with εCI-Greedy, they produce better performance

than all other combinations.

M. Tamassia et al. / Dynamic Choice of State Abstraction in Q-Learning52



Statistical analysis of Q-learning performance
The experiments showed that Multi-Abstraction Q-learning produces

better performance than Q-Learning with any set of features. To

quantitatively measure the performance of the different configurations,

we computed the average reward per episode for each of the 50 runs

of each of the 3 agents. This operation induces a distributions for each

agent, all of which appear to be approximately normally distributed,

as shown in Figure 7. Table 1 shows the means and standard errors

of the data. Three two-samples t-tests (with unequal variance) have

been executed to pairwise compare the agents sorted by average per-

episode reward. All t-tests determined that the distributions mean are

different with p-value < 0.001, therefore confirming that both agents

using learned options perform significantly better than the agent that

does not use options.

6 Conclusions
In this paper we presented a novel variation of Q-learning, which we

name “Multi-Abstraction Q-learning”. The algorithm we propose uses

different state-abstractions for each state, increasing the level of detail

over time. This allows the agent to overcome the initial sparsity in

its utility estimates, typical of richer state representations. The agent

can still make full use of the maximum level of detail later on in the

learning process. Our experiments show that this algorithm produces

better performance than standard Q-learning.

We also proposed a novel exploration strategy, εCI-Greedy. This

strategy directs exploration to reduce sparsity of information, thereby

allowing the agent to switch to more detailed abstractions earlier.

Our experiments show that this strategy produces better results than

standard ε-Greedy.

The proposed algorithm takes advantage of similarity in Q-values

of similar states. In particular, factored state spaces where states in

(hyper-)rectangular regions share similar values are a good fit for the

algorithm. However, the algorithm just works with increasingly gran-

ular abstractions: it cannot take advantage of redundancy in regions

defined by different sets of features. For example, in the case of Pac-

Man, in states where a threatening ghost is nearby, food information

has a low impact on Q-values, while in states where all threatening

ghosts are distant, the direction from which they are likely to come

has a low impact on Q-values.

To optimize the use of redundancy in these cases, the algorithm

would need to consider multiple, separate sets of features. This means

that the abstractions provided in input should be allowed to form a

lattice, as opposed to just a list. In fact, while a list allows for only

one “line of specialization”, a lattice allows for more possibilities. In

other words, the proposed algorithm does not have a choice in what
information to add over time: it can solely choose when to add it.

Using a lattice, different sets of features could be selected for different

states and they would still all converge to the abstraction with all

features in the end. This is currently the strongest limitation of the

algorithm and is an important direction for future research.

One drawback of our approach is its reliance on meaningful features

and, hence, domain knowledge. An interesting avenue of research is

to investigate a combination of our approach and a general-purpose

function approximation architecture, similar in spirit to [32].

It would also be interesting to combine temporal approaches [12]–

[14] and/or adaptive tile coding approaches [17], [18] with the pro-

posed approach in more complex domains.

Figure 7: Histograms of the average reward per episode.
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A Dialectical Proof Theory for Universal Acceptance in
Coherent Logic- ased Argumentation Frameworks

Abdallah Arioua and Madalina Croitoru 1

Abstract. Given a logic-based argumentation framework built over

a knowledge base in a logical language and a query in that language,

the query is universally accepted if it is entailed from all extensions.

As shown in [2, 14], universal acceptance is different from skepti-

cal acceptance as a query may be entailed from different arguments

distributed over all extensions but not necessarily skeptical ones. In

this paper we provide a dialectical proof theory for universal accep-

tance in coherent logic-based argumentation frameworks. We prove

its finiteness, soundness, completeness, consistency and study its dis-

pute complexity. We give an exact characterization for non-universal

acceptance and provide an upper-bound for universal acceptance.

1 Introduction

Dialectical proof theories have their roots in the dialogical approach

to logic traditions [23]. In the Greek antiquity logic was studied in

a dialogical context where two parties exchange arguments over a

central claim. In modern logic the dialogical approach (or dialogical
logics) is used to provide a game-theoretical semantics for logical

systems. Proofs according to dialogical logics is a dialogue game

between two parties arguing about a thesis while respecting some

fixed rules. The dialogue is adversarial where one party plays the role

of the defender of the thesis (proponent) and the other argues against

the thesis (opponent). Each dialogue ends after a finite number of

moves with a winner and a loser.

Since the work of Dung [16] many attempts have been made to

adapt the dialogical approach to provide formal proof theories for

formal argumentation, this is often referred to as dialectical proof
theories. The works of [20, 28] define, similarly to dialogical logic, a

dialectical proof theory as an argument game with a winning criterion

alongside with a legal move function that decides the allowed moves

to be played. Given an argumentation framework, a semantics x and

an argument a, the objective is to prove whether the argument a is

skeptically/credulously accepted under a semantics x.

The TPI (Two Party Immediate response) procedure proposed in

[30] and further formalized in [17] is used for credulous and skep-

tical games in finite and coherent argumentation frameworks where

two players exchange arguments (moves) until one of them cannot

play. The justification status of the argument (skeptical/credulous)

is decided with respect to the wining criterion. The turn in TPI-

disputes shifts after one move with the move mi attacks the prece-

dent one (hence immediate response). Their dialectical proof theo-

ries are sound and complete. In [12], the same guideline is followed

but with a refinement on the size of the proof, where [12] produces

1 GraphIK, INRIA: INRA, LIRMM and University Montpellier, France.
Email: abdallaharioua@gmail.com

shorter proofs than [17]. In [25] a different dialectical proof theory

has been proposed for skeptical acceptance where, instead of ex-

changing arguments the proponent and the opponent exchange whole

admissible sets. The goal is to construct a block, which is an admis-

sible set of arguments that conflicts with all admissible sets around

the argument in question [25, Theorem 6.7]. Following the same

idea, [15] constructs such block in a meta-argumentation frame-
work within a meta-dialogue where admissible sets are considered

as moves, then the classical credulous proof theory of [12] is used as

a sub-procedure to prove skeptical acceptance. In [29] a more gen-

eral framework has been provided which is sound for any argumenta-

tion frameworks and it is complete for general classes of finitary ar-

gumentation frameworks including the class of finite argumentation

frameworks using the notions of dispute derivation and base deriva-

tion. For skeptical preferred, the proof theory proposes to find a base

then check whether it is complete or not. A base of an argument a is a

set of admissible sets that (each of which) contains a such that when-

ever a is in an extension then there is an admissible set in the base

that belongs to this extension. The base is complete if all extensions

contains an admissible set from the base.

When it comes to logic-based argumentation the situation is quite

different. In logic-based argumentation we differentiate between the
acceptance of an argument and the acceptance of a query. A query

is universally accepted under a semantics x if it is entailed from ev-
ery extension. A query is skeptically accepted under a semantics x
if it is entailed from a skeptically accepted argument. It is important

to notice that the universal acceptance of a query does not necessar-

ily mean that the query is skeptically accepted whereas the skeptical

acceptance of a query necessarily yields the universal acceptance of

the query. Skeptical acceptance can be easily handled by state of the

art dialectical proof theories. However, already proposed dialectical

proof theories fail when it comes to the universal acceptance as this

one is not implied by skeptical acceptance.

In this paper, following [17], we propose a new TPI-like dialecti-

cal proof theory for universal acceptance. We limit the scope of the

work to finite and coherent logic-based argumentation frameworks.

In coherent argumentation frameworks the stable and preferred ex-

tensions coincide. Therefore, our dialectical proof theory works for

all the above mentioned semantics. We show the soundness, com-

pleteness and finiteness of the proposed proof theory and analyse its

dispute complexity properties.

2 The Dialectical Proof Theory

2.1 Preliminaries and Motivating Example

To facilitate the readability of this section, we first introduce neces-

sary background notions then we shift directly to Example 1 (moti-
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vating example) that shows how existing work cannot be applied to

universal acceptance. Then we give a complete characterization of

such acceptance.

We consider existential rules, widely used nowadays on the Se-

mantic Web [27, 6, 26], they generalize certain Description Logics

(such as EL [5] and DL-Lite [11] families) with cyclicity notions

and predicate arity. This language is a fragment of first-order logic

(aka Datalog± [10]) composed of formulas built with the only log-

ical connectives (∧,→), the quantifiers (∃, ∀) and the special con-

stant ⊥. An atom is of the form p(t1, . . . , tk) where p is a predi-

cate of arity k and the ti are terms (variables or constants). A finite

set of atoms A is called an atomset, we denote by terms(A) (resp.

vars(A)) the set of terms (resp. variables) that occur in A. Given

atomsets A1 and A2, a homomorphism π from A1 to A2 is a substi-

tution of vars(A1) by terms(A2) such that π(A1) ⊆ A2. In this

case we say A2 |= A1 where |= is the FOL entailment. An existential
rule is of the form R = ∀�x∀�y(B → ∃�zH), where B and H are con-

junctions of atoms2, with vars(B) = �x ∪ �y, and vars(H) = �x ∪ �z.

B and H are respectively called the body and the head of R. A rule

with an empty body (resp. head set to ) is called a fact (resp. negative
constraint). A boolean conjunctive query (BCQ)Q has the form of a

fact. From now on we use the general term query to mean BCQ. We

denote variables by uppercase letters X,Y, Z, . . ., constants by low-

ercase letters a, b, c, . . . and predicate symbols by lowercase letters

p, q, r, s, etc.

A knowledge base K = (F ,R,N ) is composed of a finite sets

of facts F , rules R and negative constraints N . Facts represent fac-

tual knowledge about the world, rules represent generic rule-based

knowledge, and negative constraints represent logical falsehood (e.g.

∀X(cat(X) ∧ dog(X) → ⊥)). We say a rule R ∈ R is applicable

on a fact F ∈ F iff there is a homomorphism from F to the body

of R. This application gives a new fact F ′ which is the head of R
with instantiated variables. For instance ∀X(p(X) → q(X)) is ap-

plicable on p(a) and it gives q(a). The application of all rules R on

all facts F exhaustively until termination is referred to as the chase
and it produces the set of facts ClR(F ) (all deducible facts). We re-

strict our work to the finite expansion fragment that guarantees that

the chase halts and ClR(F ) is finite [6]. We say a query is entailed

from K iff ClR(F) |= Q. Since the chase always halts then query

entailment is decidable. For a given K, we say that a set of facts

F ⊆ F is inconsistent (consequently K) iff ClR(F) |= ⊥.

The definition of an argument in this language is similar to the

usual definition in logic-based argumentation of [7, 1].

Definition 1 (Argument). Given a knowledge baseK = (F ,R,N ).
An argument is a tuple (H,C) such that: (1) H ⊆ F with
ClR(H) |= ⊥ (consistency), and (2) C ∈ ClR(H) and H |= C
(entailment), and (3) there is no H ′ ⊂ H that verifies (1) and (2)
(minimality). The support (resp. conclusion) of an argument a are
denoted by Supp(a) = H (resp. Conc(a) = C).

We denote arguments by subscripted lowercase letters ai, bi, etc.

However, we may use a, b, . . . when there is no ambiguity.

Arguments may attack each other with different types of attacks

identified in the literature [8]. Here we focus on the assumption at-
tack of [18] as it satisfies the rationality postulates [14].

Definition 2 (Attack). An argument a attacks b iff ∃h ∈ Supp(b)
such that ClR({Conc(a), h}) |= ⊥.

Definition 3 (Argumentation framework). Let K = (F ,R,N ) be a
knowledge base. The corresponding argumentation framework is a
2 We follow [6] in considering conjunctions of atoms as atomsets.

pair H = (Arg(F),U) where Arg(F) is the set of all arguments
that can be constructed from F and U is the attack relation.

Notation 1. Let K be a knowledge base and H = (A,U) its corre-
sponding argumentation framework such that S ⊆ A. We denote:

• range+(a) = {b | (a, b) ∈ U}, range−(a) = {b | (b, a) ∈ U}.
• range+(S) =

⋃
a∈S range+(a) and range−(S) =⋃

a∈S range−(a).
• A set of arguments S attacks an argument b if there exists an ar-

gument a ∈ S with (a, b) ∈ U .

Definition 4 (Semantics). Let K be a knowledge base and H =
(A,U) its corresponding argumentation framework. Let E ⊆ A and
a ∈ A. We say that E is conflict free iff there exists no arguments
a, b ∈ E such that (a, b) ∈ U . E defends a iff for every argument
b ∈ A, if we have (b, a) ∈ U then E attacks b. E is admissible iff it is
conflict free and defends all its arguments. E is a preferred extension

iff it is maximal (w.r.t⊆) admissible set. E is a stable extension iff it is
conflict-free and for all a ∈ A\E , E attacks a. We denote by Ext(H)
the set of all extensions ofH under the preferred/stable semantics. An
argument is skeptically accepted if it is in all extensions, credulously
accepted if it is in at least one extension and rejected if it is not in
any extension.

It has been show in [14] that argumentation frameworks in our set-

ting are coherent, i.e. the stable and the preferred semantics coincide.

Definition 5 (Universal acceptance [2, 14]). Given an argumentation
framework H over an inconsistent knowledge base K. A query Q is
universally accepted inH if and only if ∀E ∈ Ext(H), Concs(E) |=
Q where Concs(E) = ⋃a∈E Conc(a).

After introducing the universal acceptance, let us explain why it is

different from skeptical acceptance. Note that a query is skeptically

accepted if and only if it is entailed by a conclusion of a skeptically

accepted argument.

Example 1 (Motivating example). We consider an inconsistent
knowledge base K: F = {p(a), q(a), r(a)}, R = {∀X(p(X) →
s(X)), ∀X(q(X)→ s(X))} andN = {∀X(p(X)∧q(X)→ ⊥)}.

The arguments that can be built from F are:
• a1 = ({p(a)}, {p(a)}), a2 = ({q(a)}, {q(a)}).
• a3 = ({p(a)}, {s(a)}), a4 = ({q(a)}, {s(a)}).
• a5 = ({p(a), r(a)}, {p(a), r(a)}).
• a6 = ({q(a), r(a)}, {q(a), r(a)}).
• a7 = ({p(a), r(a)}, {s(a), r(a)}).
• a8 = ({q(a), r(a)}, {s(a), r(a)}).
• a9 = ({r(a)}, {r(a)}).

The attacks are U = {(a1, a2), (a1, a4), (a1, a6), (a2, a1),
(a2, a3), (a2, a5), (a5, a6), (a6, a5), (a2, a7), (a1, a8)}. The pre-
ferred extensions: E1 = {a1, a3, a5, a7, a9} and E2 =
{a2, a4, a6, a8, a9} with a9 = (r(a), r(a)) being a skeptical ar-
gument. As one may notice that the query Q = s(a) is not skepti-
cally accepted but it is universally accepted. Indeed, Q = s(a) can
be deduced from every extension (precisely, from the conclusions of
{a3, a7} ⊂ E1 and {a4, a8} ⊂ E2). However, Q′ = r(a) is univer-
sally and skeptically accepted. Note that the queryQ′′ = s(a)∧r(a)
is also universally accepted but not skeptically accepted.

In what follows we give a fine-grained characterization of univer-

sal acceptance that will help us to give a clear proof theory for it.

It turns out that universal acceptance can be characterized using the

concepts of query supporters, reduct, proponent set and block.
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Definition 6 (Query’s supporters). Given an argumentation frame-
work H over an inconsistent knowledge base. The set of all argu-
ments that supports the queryQ is defined as follows:

SUP(Q) = {a | a is credulously accepted and Conc(a) |= Q}

Definition 7 (Reduct of extension). Given an extension E ⊆ A and
a query Q. The reduct EQ ⊆ E of the extension E w.r.t the query Q
is defined as the non-empty intersection SUP(Q)⋂ E . The reduct of
the set of all extensions Ext(H) w.r.t Q is defined as Ext(H)Q =
{EQ|E ∈ Ext(H)}.

The reduct EQ of the extension E w.r.t the query Q is defined as

the set of all supporters of Q which belong to E . This means that a

complete set of reducts covers the set of all extensions.

Definition 8 (Complete reduct). The set of all reducts Ext(H)Q w.r.t
a queryQ is complete if and only if there exists no E ∈ Ext(H) such
that EQ /∈ Ext(H)Q.

An incomplete reduct corresponds to the case where there is an

extension that does not contain any supporter.

Proposition 1. A query Q is credulously accepted if and only if
Ext(H)Q = ∅. A query Q is universally accepted if and only if
Ext(H)Q is complete.

The proponent set is similar to the concept of a complete base in

[29]. Before defining it we need the concept of a hitting set.

Definition 9 (Hitting set). Given a collection C = {S1, ..., Sm} of
finite nonempty subsets of a set B (the background set). A hitting set

of C is a set A ⊆ B such that Sj ∩ A = ∅ for all Sj ∈ C. A hitting
set of C is minimal (w.r.t ⊆) if and only if no proper subset of it is a
hitting set of C. A minimum hitting set is a minimal hitting set w.r.t
set-cardinality.

Definition 10 (Proponent set). A set of arguments S ⊆ A is a pro-
ponent set of Q if and only if S is a minimal (w.r.t ⊆) hitting set of
Ext(H)Q.

Proposition 2. A query Q is universally accepted if and only if it
has a proponent set.

It is clear that a proponent set holds the smallest set of arguments

which are distributed over all extensions and support the queryQ. So,

if one extension does not contain any supporter then the query is not

universally accepted. The reason for the absence of such supporter

is what we call the presence of a block. We follow the notion of a

block from [25] and instantiate it in our setting. A block B is a set of

arguments which are (1) all credulously accepted, (2) attack all the

supporters ofQ, and (3) they can all together be extended to form an

extension.

Definition 11 (Block). Let Q be a query and let C =
{range−(a) | a ∈ SUP(Q)}. A set of arguments B ⊆ A is a
block of Q if and only if: (1) B is a hitting set of C; and, (2) there
exists an admissible set A ⊆ A such that B ⊆ A.

While a query may have more than one block or more than one

proponent set, it is never the case that it has the two together.

Proposition 3. A query Q has a block iff Q has no proponent set.

Consequently, a query is not universally accepted iff it has a block.

2.2 Universal Dialectical Proof Theory
Given a query Q and an argumentation framework H, the universal

dialectical proof theory is a two-person argument game between a

proponent (PRO) and an opponent (OPP). The proponent and the op-

ponent are engaged in an argumentation dialogue of precisely defined
types of moves respecting a turn taking mechanism. The turn taking

mechanism is deterministic where odd indexed moves are advanced

by PRO and even index moves are advanced by OPP. The moves of

the dialogue are defined in terms of speech acts: support, counter and

retrace. The move SUPPORT(a) advances an argument a which sup-

ports the query in question. The move COUNTER(A) counterattacks

the position of PRO by advancing a set of arguments that attack the

previously advanced supporters. The move RETRACE(A, i) is used

to retrace to the stage i in the dialogue. The dialogue is asymmetric

where SUPPORT can only be played by PRO, whereas COUNTER and

RETRACE
3 can only be played by OPP.

Definition 12 (Dialogue). Let H = (A,U) be an argumenta-
tion framework. A dialogue based on H is a finite sequence dn =
(m1, . . . ,mn) of moves where each mj is either:

• Support move: mj = SUPPORT(a) such that a ∈ A (In this case
we denote Arg(mj) = a and Sp(mj) = SUPPORT).

• Counter move: mj = COUNTER(A) such that A ⊆ A (In this
case we denote Arg(mj) = A and Sp(mj) = COUNTER).

• Retrace move: mj = RETRACE(A, i) such that A ⊆ A and i < j
(In this case we denote Arg(mj) = A, Sp(mj) = RETRACE).

Odd-indexed (resp. even-indexed ) moves are played by PRO (resp.
OPP). We denote by d · d′ and d · m the concatenation of the di-
alogues d and d′ and the dialogue d with the move m respectively.
The retrace move has a special parameter i called the index (denoted
as Idx(m)). The subscript of dn refers to the stage of the dialogue.4

Let Q be a query, any dialogue of this dialectical theory starts

by PRO advancing SUPPORT(a) that supports Q (i.e. a ∈ SUP(Q)
). Then, OPP presents an argument (or a set of arguments) that at-

tacks the previously advanced argument. Next, PRO tries to avoid this

attack and reinstate the query using another argument which is not

attacked by the already advanced attackers. OPP in turn, tries to ex-

tend the previous set of attackers so that it attacks all the supporters

advanced so far. When OPP fails to extend the set, it retraces back

and chooses another set of attackers and continues the dialogue from

thereafter. By doing so OPP is somehow trying to construct a set of

arguments that attack all the supporters of the query Q, i.e. a block
forQ.

Following [17] we introduce the notion of a dialectical state which

helps in controlling the dialogue.

Definition 13 (Dialectical state). Let dk be a dialogue at stage k.
The dialectical state of dk is a tuple δk = (πk, hk, θk, βk,Δk)

5:

• πk: the set of arguments available to PRO.
• hk: the set of arguments that have been played so far by PRO.
• θk: the set of arguments available to OPP.
• βk: the current block constructed by PRO.
• Δk: the sets of arguments that have been shown to be not blocks.

d0 is the empty dialogue and δ0 is its initial dialectical state.

3 When there is no risk of ambiguity we refer to moves by their speech acts.
4 We may sometimes omit the subscript when it is not needed.
5 To be able to understand the terms think of π as the first letter of proponent,
h as history, θ as opponent and β as block.
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A dialectical state defines at a any stage k of the dialogue dk the

set of arguments πk available to PRO to be used in order to support the

query Q. In the dialectical state, we find also the set hk that shows

the arguments so far played by PRO. In addition, it presents the set

θk of arguments that can be used to attack the arguments previously

advanced by PRO. βk presents the currently constructed block. When

OPP fails to extend the current block to another that attacks all the

previously played supporters, the RETRACE move is used. By doing

so we keep track of the sets of arguments that cannot be extended to

blocks. These are stored in Δk.

At the beginning stage, when the dialogue d0 has not yet been

started, the set of available arguments π0 for PRO ranges over all the

possible supporters of the query Q. The played arguments h0, the

available arguments θ0, current block β0 and Δ0 are empty.

2.3 Dialogue Rules

The advancement of moves within the dialogue are usually controlled

by a legal move function [25] which can be expressed in terms of

rules, called dialogue rules. Every move depends on certain precon-
ditions about the actual dialectical state and the previous move ad-

vanced by the other party. Every move also determines the next move

to be played (postcondition).

Let dk be a dialogue and δk the current dialectical state of dk. Let

mk+1 be a move and δk+1 be the dialectical state of the dialogue

dk+1 = dk ·mk+1 after playing the move mk+1. For a given move

we index preconditions (resp. effects) by the first letter of the speech

act of the move followed by P (resp. E) and subscripted by a number.

Move:
mk+1 = SUPPORT(a).

Description:
advances an argument that supports the query in question.

Preconditions:

(SP1) k + 1 is odd.

(SP2) a ∈ πk.

Postconditions:
the next move can be either COUNTER or RETRACE.

Effects:

(SE1) πk+1 = πk/a.

(SE2) hk+1 = hk ∪ {a}.
(SE3) θk+1 = range−(hk+1).

(SE4) βk+1 = βk.

(SE5) Δk+1 = Δk.

This move is advanced by PRO, therefore k + 1 should be odd

(SP1). It advances an argument a that supports the query Q (SP2).

To respond, OPP should either use COUNTER or RETRACE.

As one may notice, the support move mk+1 changes the set of

available arguments πk+1 of PRO. In fact a supporting argument

ceases to be available once it is played (SE1). In contrast it is added

to the history hk+1. The support move alters the set of available argu-

ments of OPP by adding to θk+1 all the arguments that can be played

in the future by OPP (SE3), which are those that can attack the ad-

vanced supporting arguments. As indicated in the postconditions of

the support move, a counter move is allowed to be played next.

Move:
mk+1 = COUNTER(A).

Description:
this move advances a set of arguments that attacks all the argu-

ments presented so far.

Preconditions:

(CP1) k + 1 is even.

(CP2) A = βk ∪ S such that S ⊆ θk (i.e. A extends βk by S).

(CP3) A attacks hk and belongs to (or is) an admissible set.

(CP4) there is no A′ ∈ Δk such that A′ ⊆ A.

Postconditions:
the next move should be SUPPORT.

Effect:

(CE1) πk+1 = πk/range
+(A).

(CE2) hk+1 = hk.

(CE3) θk+1 = θk.

(CE4) βk+1 = A.

(CE5) Δk+1 = Δk.

This move is advanced by OPP therefore k + 1 should be even

(CP1). It tries to extend the current block βk to another set of argu-

ments that attacks all the supporters presented so far (CP2 and CP3).

OPP does so by incorporating arguments from θk. The new current

block (βk+1 = A) or one of its subsets should have not been already

proven to be not a block (CP4). After advancing mk+1, πk+1 con-

tains all the arguments from πk+1 except those which are attacked by

A (CE1), thus they are spared from further use. Note that the spared

arguments may be readded afterwards, this is particularly the case

when we use retrace as we shall mention later.

Since A attacks all the supporting arguments so far provided, it is

considered the current block (CE4). The sets θk+1,Δk+1 and hk+1

are left unchanged (CE2, CE3 and CE5).

After a support move, OPP can also play a retrace move. This is

particularly needed when he is unable to play a counter move.

Move:
mk+1 = RETRACE(A, i).

Description:
this move retraces to the recent stage i from which it can extend

the current block of i.
Preconditions:

(RP1) k + 1 is even, i < k + 1 and i is odd.

(RP2) there is no set of arguments S ⊆ θk such that βk ∪ S is (or

belongs to) an admissible set and attacks hk.

(RP3) A = βi ∪ S such that S ⊆ θi.

(RP4) A attacks hi and belongs to (or is) an admissible set.

(RP5) there is no A′ ∈ Δk such that A′ ⊆ A.

Postconditions:
the next move should be SUPPORT.

Effect:

(RE1) πk+1 = πi/range
+(A).

(RE2) hk+1 = hi.

(RE3) θk+1 = θi.

(RE4) βk+1 = A.

(RE5) Δk+1 = Δk ∪ βk.

When OPP cannot extend the current block βk with arguments

from θk (RP2), it should retrace back and choose other arguments.

A. Arioua and M. Croitoru / A Dialectical Proof Theory for Universal Acceptance in Coherent Logic-Based Argumentation Frameworks58



The index i (which should be odd) determines the point of a support

move from which OPP can mount another line of attack. By starting

a new line of attack, OPP should opt for a new block that attacks all

the supporters from stage i up to the stage 1 (RP3) by extending βi

using θi. The new block βk+1 = A or one of its subsets should have

not been already proven to be not a block (CP5).

When the retrace move is advanced, πk+1 is reset to its ancient

state i in addition to excluding all the arguments that can be attacked

afterwards (RE1). The current block βk+1 is set to A (RE4), and

Δk+1 is set to Δk ∪ βk (RE5), i.e. the block of stage k that OPP

could not extend. If one precondition is not satisfied OPP looks for

other stages to build a new attack. OPP follows the procedure:

Procedure 1. Let dn be a dialogue and mn be the last played move
such that Sp(mn) = SUPPORT. If OPP cannot play a counter move
mn+1 then it tries to play the retrace move mn+1 as follows: 6

1. do y = y−1 until my = RETRACE(A, x) or my = SUPPORT(a).
2. if my = RETRACE(A, x) then:

(a) play mn+1 = RETRACE(A′, x) that respects the preconditions
and exit. If there isn’t such move then set y = x and goto 1.

3. if my = SUPPORT(a) then:

(b) play mn+1 = RETRACE(A′, y) that respects the preconditions
and exit. If there is no such move then goto 1.

OPP starts by looking for the most recent retrace or support move

(line 1). If a retrace move is found (line 2) then it tries to play a

retrace to stage x that respects the preconditions (line a) by looking

exhaustively for all possible sets A′ that makes the move respect the

preconditions. If he succeeds to play such move, the procedure exits.

Otherwise it continues the search by setting y to x. If a support move

my is found (line 3) then it plays a retrace with index to y. Otherwise,

it continues the search for other moves from which OPP can play.

The dialogue represents a compact representation of a tree where

nodes are arguments or set of arguments played by both parties.

Nodes in the odd levels are played by PRO and nodes in the even

level are played by OPP. This tree is called the dialogue tree. In this

tree retrace moves represent branching points.

Definition 14 (Dialogue tree). Given a dialogue dn =
(m1, . . . ,mn), its dialogue tree is a labeled tree T (dn) = (V,D)
where V is a set of nodes and D is a binary relation over V . T (dn)
is defined as follows: while n > 0, D(dn) is recursively defined as:⎧⎨⎩
D(dn) = ∅ n = 1

D(dn−1) ∪ {(Arg(mi), Arg(mn))} n > 1, mn = RETRACE(A, i)

D(dn−1) ∪ {(Arg(mn−1), Arg(mn)} n > 1, mn �= RETRACE(A, i)

The set of all nodes is defined as V = {Arg(mi) |mi ∈ dn} with
Arg(m1) as the root node of the tree. Note that |T (dn)| = |V| refers
to the size of the tree which is equal to the number of its nodes.

Note that this dialogue tree is similar to the well-known dispute

tree in the work of [17, 25]. The difference is in the nature of nodes

where the nodes of OPP in the dialogue tree contain set of arguments

as opposed to a dispute tree.

The dialogue tree enjoys the following properties.

Proposition 4. Le dn be a dialogue, T (dn) its dialogue tree and
Pre(T (dn)) the pre-order traversal of T (dn) with Seq(dn) =
(c1, . . . , cn) such that ci = Arg(mi). The following hold:

6 Note that y is initialized to n and x < y, and a, A are arbitrary (set of)
arguments respectively.

1. T (dn) is unique.
2. |dn| = |T (dn)|.
3. Pre(T (dn)) = Seq(dn).

What is left for the dialectical proof theory is to determine the

termination condition.

Definition 15 (Termination and wining). A dialogue dn is a termi-
nated dialogue if and only if neither PRO nor OPP can play a move.
The winner of dn is the player of the last move mn.

It is easy to determine the winner of a dialogue from its tree:

Proposition 5. Le dn be a dialogue, T (dn) its dialogue tree. The
following statements are equivalent:

• the length of the rightmost path is odd.
• PRO is the winner of dn.

We conclude the section by defining a dialectical proof.

Definition 16 (Dialectical proof). Given a queryQ and a terminated
dialogue dn aboutQ. We call dn a dialectical proof for the universal
acceptance ofQ if and only if PRO is the winner. 7

In Section 4 we provide the properties of the dialectical proof the-

ory. We now give an example to better illustrate it.

3 Illustrating Example
Consider the argumentation frameworkH of Figure 1. This argumen-

tation framework is coherent (preferred and stable extensions coin-

cide). Suppose that the gray-colored arguments support a query Q
(i.e. SUP(Q) = {a, d, e, l, h}). In what follows, we show how the

queryQ is universally accepted by providing a dialectical proof.

The dialectical proof is presented in Table 1 and its dialogue tree

is shown in Figure 2.

Figure 1: The argument graph. The circles are the extensions pre-

sented in an increasing order from E1 to E6 with the extension E1
being the inner circle and the extension E6 the outer circle.

At stage (0) the dialectical state is initialized as defined previously.

The dialogue starts at stage (1) by PRO playing the supporter a from

the available supporters in π0. When PRO plays a, the argument a is

moved from the available supporters π1 to the history of advanced

arguments h1 by PRO. The set of available attackers θ1 becomes the

set of all attackers that can attack h1. This means when the turn of

7 Otherwise it is called a dialectical proof for non-universal acceptance ofQ.
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i Move πi hi θi βi Δi

0 - {a, d, e, l, h} ∅ ∅ ∅ ∅
1 S(a) {d, e, l, h} {a} {g, i} ∅ ∅
2 C({g}) {e, l, h} {a} {g, i} {g} ∅
3 S(l) {e, h} {a, l} {g, i, c, b} {g} ∅
4 C({g, c}) {e, h} {a, l} {g, i, c, b} {g, c} ∅
5 S(e) {h} {a, l, e} {g, i, c, b, k} {g, c} ∅
6 R({i}, 1) {d, e, l, h} {a} {g, i} {i} {β5}
7 S(d) {e, l, h} {a, d} {g, i, f, j, b} {i} {β5}
8 C({i, f}) {l, h} {a, d} {g, i, f, j, b} {i, f} {β5}
9 S(h) {l} {a, d, h} {g, i, f, j, b, k} {i, f} {β5}
10 C({i, f, k}) {l} {a, d, h} {g, i, f, j, b, k} {i, f, k} {β5}
11 S(l) ∅ {a, d, h, l} {g, i, f, j, b, k, c} {i, f, k} {β5}
12 R({i, j}, 7) {e, l, h} {a, d} {g, i, f, j, b} {i, j} {β5, β11}
13 S(h) {e, l} {a, d, h} {g, i, f, j, b, k} {i, j} Δ12

14 C({i, j, k}) {l} {a, d, h} {g, i, f, j, b, k} {i, j, k} Δ12

15 S(l) ∅ {a, d, h, l} {g, i, f, j, b, k, c} {i, j, k} Δ12 ∪
{β14}

Table 1: A dialectical proof for the query Q. For space reasons

S(), C() and R() denote SUPPORT(), COUNTER() RETRACE()
respectively.

i Move πi hi θi βi

0 - {a, d, e, h} ∅ ∅ ∅
1 S(h) {a, d, e} {h} {k, f, b} ∅
2 C({k}) {a, d} {h} {k, f, b} {k}
3 S(a) {d} {a, h} {k, f, b, g, i} {k}
4 C({k, i}) {d} {a, h} {k, f, b, g, i} {k, i}
5 S(d) ∅ {d, a, h} {k, f, b, g, i, j} {k, i}
6 C({k, i, j}) ∅ {d, a, h} {k, f, b, g, i, j} {k, i, j}

Table 2: A dialectical proof for the non-universal acceptance of

Q′. Note that we omit Δi as it is always empty in this example.

dialogue tree for universal acceptance Q.

(a) Dialogue tree for the non-
universal acceptance ofQ′.

(b) Another dialogue tree for
the universal acceptance ofQ.

Figure 3: Dialogue trees for the the illustrating example.

OPP comes at stage (2) he shall choose from this set. At stage (2)

OPP advances a counter move with argument g that attacks all the

advanced supporters (i.e. h1 = {a}). After advancing such move, the

argument d is removed from the set of available arguments π2 since

g attacks d, thus PRO will not be able to play d. Since {g} attacks

all the supporters advanced so far, it becomes the current block, i.e.

β2 = {g}. At stage (3), PRO responds by a support move with the

argument l that is not attacked by the current block. At stage (4), OPP

extends the current block β3 = {g} by the argument c which attacks

l. Note that {g, c} is a subset of the admissible set {g, c, e}. Now,

β4 = {g, c} attacks all the presented supporters. At stage (5), PRO

presents another unattacked supporter (i.e. e). Note that the choice of

the supporters is arbitrary.

At stage (6), OPP could not extend the current block β5 into an-

other that attacks e too. Therefore OPP plays a retrace move R({i}, 1)
that can be read as “retrace to stage (1) and play a counter move with

{i}”. By doing so, OPP creates another line of dialogue and roll back

all the changes that have been made on the dialectical state up to the

stage (1). That is why at stage (6) the sets π6, h6 and θ6 are computed

with respect to π1, h1 and θ1. The current block is changed to {i}
and the ancient block β5 is moved to Δ6 = {β5}. The former would

say that this set or any of its supper sets will never form a block. This

is important to avoid unnecessary moves. The same thing happens

at stage (12) where OPP retraces to stage (7) because he could not

retrace to the stage (9). The current block β12 is set to {i, j} which

extends β7.

The dialogue continues until stage (15) where PRO plays a support

move with argument l against which OPP could neither attack nor

retrace to previous stages. For instance, OPP has not been able to

extend {i, j, k} by c because it would be conflicting (not admissible).

At this stage the dialogue ends and PRO is declared as the winner.

The dialogue tree in Figure 2 shows clearly the relation between

the advanced arguments played by both parties. The tree in Figure 3b

is another dialogue tree for another dialogue where PRO is the winner.

This can be easily observed since all leaf nodes are in odd levels.

Let us now take an example where the query is not universally

accepted. Consider a query Q′ that happens to have the supporters

SUP(Q′) = {a, d, e, h}. The dialogue is presented in Table 2 and

its dialogue tree is shown in Figure 3a. In this example, OPP has

been able to construct the block β6 = {k, i, j} in the last move

which attacks all the supporters. This made PRO unable to continue

the dialogue. Note that we do not allow retracing for PRO because

one block is sufficient to prove the non-universal acceptance.

Figure 2: The
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4 Dialectical Proof Theory Properties
4.1 Finiteness, Soundness and Completeness
As indicated in [3, 21], finiteness or termination is an important prop-

erty for any dialogue, since a possibly infinite dialogue will fail to

meet the intended goal. In what follows we show how our dialectical

theory produces always finite dialogues.

To establish such property we need to show that for any dialogue

d its dialogue tree is finite. Such result can be established by showing

that the height of the tree is finite and that for each node the number

of its child nodes is finite.

Lemma 1. Let H be an argumentation framework, D∝ be the set
of all possible dialogues over H, Height(T (d)) is the height of the
tree T (d) and C(v) is the set of all child nodes of v. Given T (d) =
(V,D) of any d ∈ D∝ the following hold:

1. Height(T (d)) ∈ N.
2. ∀ v ∈ V , |C(v)| ∈ N.

Proof. Let us suppose that Height(T (d)) is infinite, and let P be the

longest path in T (d) starting from the root node. This means either

there are infinitely many supporting arguments used in P , or there are

some infinity repeated supporting arguments used in P . The first one

is impossible since we are dealing with finite argumentation frame-

work (the set of all arguments is finite). The second is impossible

since once an argument is played it cannot be advanced afterwards in

the same path (see SE1 of SUPPORT move).

Let us suppose that |C(v)| is infinite. This means that either (i) v
is a supporting argument and it has infinitely many attacker; or (ii) v
contains arguments that are advanced to attack previous supporters.

The first case is impossible since the argumentation framework is

finite, and the second is impossible since if it were the case then

PRO would be allowed to retrace against counter moves, which is

forbidden in our framework.

Now we can proceed to finiteness by showing the following.

Proposition 6 (Finiteness). Let H be an argumentation framework
and D∝ be the set of all possible dialogues over H. Then for every
d ∈ D∝: |d| ∈ N.

Proof. Let us suppose that d is infinite. This means, either (i)

Height(T (d)) is infinite; or (ii) there is a node in T (dn) with in-

finitely many child nodes. From the previous lemma, the two cases

are impossible.

In [3] an additional constraint has been added to finiteness, i.e. the

finitness of the moves’ contents. This constraint ensures that the ar-

guments advanced within the dialogue are finite. In our context we

distinguish tow cases, (i) the argument in the support moves should

be finite, and (ii) the set of arguments advanced in the counter moves

should be finite too. Fortunately, the two cases are verified in our

argumentation framework because the set of argumentsA for any ar-

gumentation framework over a possibly inconsistent knowledge base

(in our logical setting) is finite and the set of attackers for a given ar-

gument is finite. All in all, the argumentation framework is finite.

Before proceeding to soundness let us show that the dialectical

proof theory is consistent in the sense that there is no two dialogues

about a query Q such that PRO wins in the former and loses in the

later. Put differently, if one of the participant wins a dialogue about

a given query Q then we are sure that he will win all the other dia-

logues aboutQ.

Proposition 7 (Consistency). Let D∝Q ⊆ D∝ be the set of all dia-
logues aboutQ inH and let d ∈ D∝Q. Then, if d is won by PRO (resp.
OPP) then so are all d ∈ D∝Q.

This property is very important since we do not want to have a

dialectical proof theory that is contradictory. It turns out that this

property is important for soundness. In what follows, soundness is

characterized by the existence of a winning dialogue (by PRO or OPP).

Proposition 8 (Soundness). Given a dialogue d about the query Q,
if d is won by PRO thenQ is universally accepted.

Proof. Let us proceed by contradiction. Suppose that d is won by

PRO but Q is not universally accepted. On the one hand, recall that

if Q is not universally accepted then there exists a block B against

all Q’s supporters. On the other hand, if PRO has won d then PRO

could not find any block that attacks all supporters advanced in d.

This means that either (i) OPP search was not exhaustive or (ii) there

is no such block. As one can see, (ii) is in contradiction with the

assumption and (i) is in contradiction with the fact that the move

procedure is exhaustive.

If the dialectical proof theory is sound but does not provide di-

alectical proofs for all universally (resp. non-universally) accepted

queries then it would be incomplete.

Proposition 9 (Completeness). Given a queryQ. IfQ is universally
accepted then PRO wins any dialogue aboutQ.

Proof. By contradiction, if Q is universally accepted and PRO loses

then OPP has constructed a block βn forQ. This means thatQ is not

universally accepted, which is a contradiction.

In this subsection we have proved the finiteness, completeness and

soundness of the proposed theory as well as its consistency.

4.2 Dispute Complexity
In this subsection we are interested in the question of how many

moves the dialogue would contain for a query (at best-case) to estab-

lish its universal acceptance (non-universal acceptance). The work

of [17] introduced the so-called dispute complexity for a given argu-

ment in a given argumentation framework. We adapt this definition

and define the dispute complexity for a given query over a given in-

stantiated argumentation framework as follows.

Definition 17 (Dispute complexity). Let H be an argumentation
framework and Q be a query. The dispute complexity δ(H,Q) of
the queryQ inH is defined as follows:

δ(H,Q) = min(|d| : d is a terminated dialogue aboutQ inH)

The dispute complexity is the minimal number of moves that can

be used to prove thatQ is universally accepted or not universally ac-

cepted. The work of [17] has given an exact characterization of such

complexity for credulous acceptance by considering as an input the

argumentation framework and all admissible sets. Our goal in what

follows is to propose some bounds for such complexity in universal

(or non-universal) acceptance.

Let Q be a query, H an argumentation framework such that Q is

not universally accepted inH and C = {range−(a)|a ∈ SUP(Q)}.
We will use the following notations:

• MHS(H,Q) is the set of all minimal (w.r.t ⊆) hitting sets of C.

• MinBS(H,Q) denotes the set of all minimal (w.r.t ⊆) blocks.
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• the block number ofQ inH is the size of the minimum block:

τ(H,Q) = min(|B| : B ∈ MinBS(H,Q)).
• the hitting set number is the size of the minimum hitting set of C:

α(H,Q) = min(|S| : S ∈ MHS(H,Q)).

The block number corresponds to the minimum block which is

the smallest block (w.r.t set-cardinality) among all blocks. Note that

it is not necessary that every minimum hitting set of C is a minimum

block (because a block imposes that its members have to belong to

the same admissible set). Therefore it is possible to have a block

which is minimum but does not correspond to any minimum/minimal

hitting set. In contrast, a minimum block has to be a hitting set. We

get the following straightforward relation.

Corollary 1. τ(H,Q) � α(H,Q).

In the context of a dialogue about a query Q, the minimum block

represents what the opponent would play in order to finish the dia-

logue as fast as possible. Therefore, the dispute complexity of non-

universal acceptance can be characterized by such number.

Proposition 10. For any terminated dialogue d aboutQ in an argu-
mentation frameworkH whereQ is not universally accepted:

δ(H,Q) = 2× τ(H,Q).

Sketch. If the size of the minimum block B equals n then at each

stage OPP will extend his current block by advancing one attacker

at each stage. Therefore, for each SUPPORT move we will have a

COUNTER move that extends the current block by one argument.

When the current block reaches the size n, that means OPP has played

all the arguments of the minimum block, PRO will have no support-

ing argument to advance, thus the dialogue terminates after 2 × n
moves.

The property above provides an exact bound for the dispute

complexity of the non-universal acceptance. The proposition be-

low gives the upper bound for universal acceptance. In order to de-

fine this we define the attack degree of Q in H as deg(H,Q) =
max(|range−(a)| : a ∈ P(Q)) such that P(Q) is the set all sup-

porting arguments that belongs to at least one minimum proponent

set. And the proponent number is the size of the minimum propo-

nent set ρ(H,Q) = min(|S| : S is a proponent set ofQ inH). It

is obvious that dialogues where PRO plays with minimum propo-

nent sets are shorter than all other dialogues. Because in the latter

dialogues PRO will play only the support moves that are needed to

terminate the dialogue. Let Θ(H,Q) be the size of the shortest dia-

logue where PRO plays only with a minimum proponent set. It is clear

that δ(H,Q) � Θ(H,Q). To bound δ(H,Q) we need to bound

Θ(H,Q). The latter can be bounded by imagining that the dialogue

tree would have at worst-case the height equals to 2 × ρ(H,Q) and

each proponent node (even-indexed) has exactly deg(H,Q) child

(worst-case). Therefore, the upper-bound for Θ(H,Q) is the size

(number of nodes) of the this dialogue tree.

Proposition 11. For any dialogue d about Q in an argumentation
frameworkH whereQ is universally accepted the following holds:

δ(H,Q) � 2× (
deg(H,Q)ρ(H,Q) − 1

deg(H,Q)− 1
− 1)

Example 2. Consider the argumentation framework of Figure 1. Let
SUP(Q′′) = {a, d, e, l, h, k} be the set of supporters for an arbi-
trary universally accepted query Q′′. Then, the query has two mini-
mum proponent sets P = {{k, h}, {k, e}}. The attack degree ofQ′′

is max(1, 2, 3) = 3 for k, e, h respectively. The proponent number
is ρ(H,Q′′) = 2. The upper-bound is:

δ(H,Q′′) � 2× (
32 − 1

3− 1
− 1) = 6

The real dispute complexity which corresponds to the shortest di-
alogue (S(e), C({k}), S(k), R({b}, 1), S(k)) is equal in this case to
δ(H,Q′′) = 5 < 6.

It is clear that the bounds proposed for the dispute complexity of

universal and non-universal acceptance are estimated in terms of the

proponent and the block numbers. Unfortunately, these numbers are

not given as inputs and they should be computed. It is obvious that

computing such numbers is hard [19] 8. Fortunately if one can esti-

mate the cardinality of the minimum hitting set one can easily esti-

mate the proponent or the block number. This can be achieved by us-

ing the results from [19] on the independence number in hypergraphs

which is the complement of the hitting set number (also known as the

transversal number).

5 Discussion and Conclusion

In this paper we have provided a dialectical proof theory for univer-

sal acceptance in coherent logic-based argumentation frameworks.

We proved its finiteness, soundness, completeness, consistency and

studied its dispute complexity.

It is important to point out that this dialectical proof theory can

also be used in abstract settings like the one in [2]. In this work,

Dung’s abstract framework [16] is used in decision-support systems

where arguments support different options (or decisions) and the fi-

nal decision is computed using Dung’s semantics. The author have

introduced the concept of universal acceptance for a given option

and shown that skeptical and universal are different. In fact, the dis-

tinction is important and practical since in certain decision making

situations we may opt for an option that is supported by different

arguments from different extensions but not supported by skeptical

arguments (as there may be none). Our dialectical proof theory can

offer an interesting feature in such settings, explanation. Dialectical

proof theories in general provide, as argued by [25], explanation as

to why a given output (option, conclusion, argument, etc.) is believed

to be accepted. So, alongside to its capability of computing the ac-

cepted outputs, it can explain why and how the output are accepted.

Aside from abstract settings, this intrinsic quality of explanation in

our dialectical proof theory can lend itself to other domains such as

(deductive) databases systems, more precisely in consistent query an-

swering over inconsistent knowledge bases [4, 22, 9]. In fact it has

been proven in [14] that the universal acceptance is equivalent to the

well-known consistent query answering semantics [4], so our dialec-

tical theory can be used in explaining why certain queries are entailed

or not under the consistent query answering semantics which would

have a great impact on the usability of such systems (as stipulated by

[24]).

As a final remark, it seems that the concept of “arguments sup-
porting a query” in our dialectical proof theory can somewhat be re-

lated to bipolar argumentation frameworks [13] that extends Dung’s

framework by a support relation between arguments. This will be

the subject of our future work. Another future work is to look at the

behavior of this dialectical proof theory on non-coherent or infinite

argumentation frameworks.

8 In fact they are equivalent to finding a minimum proponent or block for the
query, which would solve the problem in the first place.
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Adaptive Binary Quantization for Fast Nearest Neighbor
Search

Zhujin Li1 and Xianglong Liu∗2 and Junjie Wu3 and Hao Su4

Abstract. Hashing has been proved an attractive technique for fast

nearest neighbor search over big data. Compared to the projection

based hashing methods, prototype based ones own stronger capabil-

ity of generating discriminative binary codes for the data with com-

plex inherent structure. However, our observation indicates that they

still suffer from the insufficient coding that usually utilizes the com-

plete binary codes in a hypercube. To address this problem, we pro-

pose an adaptive binary quantization method that learns a discrimina-

tive hash function with prototypes correspondingly associated with

small unique binary codes. Our alternating optimization adaptive-

ly discovers the prototype set and the code set of a varying size in

an efficient way, which together robustly approximate the data rela-

tions. Our method can be naturally generalized to the product space

for long hash codes. We believe that our idea serves as a very help-

ful insight to hashing research. The extensive experiments on four

large-scale (up to 80 million) datasets demonstrate that our method

significantly outperforms state-of-the-art hashing methods, with up

to 58.84% performance gains relatively.

1 Introduction
In the past decade, hashing technique has been widely studied for

fast nearest neighbor search, owing to its successful applications in

many areas like large-scale visual search [4, 23, 33, 25, 30], ma-

chine learning [9, 19, 26, 21], recommendation system [22], etc. As

the most essential concept in hashing based nearest neighbor search,

Locality-Sensitive Hashing (LSH) was first introduced in [8], which

guarantees that the nearest neighbors share the similar binary codes,

and thus enables fast search with compressed storage over gigantic

databases.

The pioneer LSH research adopted a random projection paradig-

m for the metrics like lp-norm (p ∈ (0, 2]) [1]. Due to its simple

form and efficient computation, projection based hashing has be-

come the most widely accepted hashing paradigm, where the data

point is first projected along certain direction and further quantized

to a binary value. Since the randomly generated projection vectors

are independent from the data, they usually suffer from the heavy

redundancy and the lack of discriminative power for nearest neigh-

bors. To leverage the information contained in the data, recent studies

attempted to learn the projection based hash function, which have

shown the success in the generation of discriminative hash codes

[31, 3, 13, 12, 27, 16, 33, 7, 22, 17, 34, 32, 11].
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Despite the progress in the projection based hashing research,

state-of-the-art methods still cannot well approximate the nearest

neighbor relations using their binary codes. This is mainly because

that the linear form is somewhat beyond the strong capability of

capturing the data characteristics with complex inherent structures

[5, 24]. Although the nonlinear mapping techniques, like kernel

which uplifts the data into an informative space, have been widely

used to alleviate the problem [28, 15, 14, 18], they are a little time-

consuming on the one hand, and still hard to exploit the underlying

data structures using the binary quantization on the other hand.

In the literature, clustering has been proved a powerful quantiza-

tion method to well model the complex relationships among data us-

ing a number of prototypes. This inspires the recent hashing studies

that attempt to exploit the clustering structure among data in the bi-

nary quantization. Typical methods include spherical hashing (SPH)

[6] and K-means hashing (KMH) [5], both of which explicitly pur-

sued a number of prototypes to approximate the data relations, and

adopted different coding schemes to quantize the data samples based

on these prototypes. Different from projection based hashing where

each hash function is parameterized by the projection vectors, these

prototype based hashing methods define the hash functions based on

the discovered prototypes, and promisingly increase the search per-

formance with much less quantization loss.

Existing prototype based hashing methods like KMH make use

of the complete binary code set, which geometrically forms a hy-

percube with a fixed dimension and structure among the codes (or

the vertices). In practice, the real-world data usually distribute with

a complex structure, which can be hardly characterized by such a

hypercube. A demonstrative case on a subset of SIFT-1M dataset is

presented in Figure 1, where KMH as the typical prototype based

hashing outperforms the state-of-the-art projection based ITQ (see

Figure 1 (a) and (b)), however using 3-bit codes the Hamming dis-

tances among the prototypes (marked by stars with different colors)

cannot well approximate the original ones (the hypercube is skewed

in Figure 1(b)).

In fact, a better coding solution only relying on a small subset

of binary codes (instead of the complete set) can largely educe the

quantization loss (see Figure 1 (c)). This is because the incomplete

coding can match with the data distribution in a more reasonable

way, and thus better approximate neighbor relations. Motivated by

this observation, this paper proposes an adaptive binary quantization

(ABQ) method that can pursue a discriminative hash function with

varying number of prototypes, each of which is associated with a

unique and compact binary code. The prototype set and codes are

jointly discovered to respectively characterize the data distribution

in original space and align the code space to the prototype distribu-

tion. Therefore, the learnt prototype based hash function can promise
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(c) ABQ (ours)

Figure 1. The geometric view of the binary quantization using different methods on a subset of SIFT-1M (projected into 3-dimensional space using PCA like
ITQ method). The quantization loss is computed according to (3).

discriminative binary codes that can largely approximate the neigh-

bor structures. We further apply product quantization to generaliz-

ing our method for long hash codes. Experimental results over four

large-scale datasets demonstrate that the proposed method signifi-

cantly outperforms state-of-the-art hashing methods.

2 Prototype Based Binary Quantization
Along the direction of prototype based hashing, this section will

present our proposed adaptive binary quantization method (denoted

as ABQ hereafter) in details.

2.1 Hash Function with Prototypes
Supposing we have a set of n training samples, we denote xi ∈
Rd×1, i = 1 . . . n to be the feature vector of i-th sample, where

d is the feature dimension. Let X = [x1,x2, . . . ,xn] ∈ Rd×n be

the data matrix. Our basic idea is to learn an informative binary hash

function that encodes the training data X into b-length hash codes

Y = [y1,y2, . . . ,yn] ∈ {−1, 1}b×n, which show sensitivity to

neighbor structures of the data.

The literature has proved that as representative samples among the

large-scale database, the prototypes show robustness to the more gen-

eral metric structure for the data in high dimensional space. Subse-

quently, in order to capture the neighbor structure using the prototype

based hashing, the hash codes should preserve the relations among

the prototypes. To meet this goal, one simple, yet powerful way is to

assign each prototype a unique binary code in certain order.

In particular, a set of prototypes P = {pk|pk ∈ Rd} are learnt

from the training data, and each prototype is associated with a b bit

binary code ck ∈ {−1,+1}b, forming a binary codebook C. Then

for any data point x, it can be represented by its nearest prototype

pi∗(x) according to the specific distance function do(·, ·), where

i∗(x) = argmin
k

do(x,pk), (1)

and encoded by the code ci∗(x) associated with pi∗(x).

Subsequently, we can define the hash function h(x) as

h(x) = ci∗(x). (2)

Most of existing hashing methods attempt to pursue a series of

hash functions, each of which generates a hash bit, forming a long

hash code. Therefore, these methods have to append additional con-

straints to reduce the redundancy among these individual bits, which

usually degenerates the performance with unreasonable assumption-

s. Our prototype based hashing like the most related work k-means

hashing [5] can exploit the complex data structure and jointly gener-

ate a number of hash bits at the same time.

Ideally, the small set of representative prototypes can reduce the

computation and introduce sparsity without using the full dataset in

binary quantization step. Meanwhile, they can capture the discrimi-

native essence of the dataset with the sensitivity to metric structure

and the robustness to overfitting. Therefore, choosing the positioning

of the prototypes wisely can lead to a drastically reduced effort while

maintaining the discriminative power of the original dataset.

2.2 Space Alignment

The binary codes encoding the data are constrained in the vertices

of a hypercube with constant affinities between them. However, in

practice it rarely happens that the data geometrically distribute in

such a perfect structure. Therefore, an optimal binary coding strate-

gy is highly required to jointly find the discriminative prototypes and

their associated binary codes, which respectively characterize the in-

herent data relations, and maintain the affinities between samples in

Hamming space.

Intuitively, the prototype based hash function h should approx-

imate the relations between any two samples xi and xj using their

binary codes. A straightforward way is to concentrate on the distance

consistence so that codes in Hamming space will be aligned with the

original data distribution. Formally, we introduce the quantization

loss to measure the space alignment:

Q(Y,X) =
1

n2

n∑
i,j=1

‖λdo(xi,xj)− dh(yi,yj)‖2 (3)

where dh(yi,yj) =
1
2
‖yi − yj‖ is the square root of the Hamming

distance between yi = h(xi) and yj = h(xj), and λ is a constant

scale parameter for the space alignment.

The above loss function involves n2 sample pairs, which preven-

t the efficient learning over a large training set. As we mentioned

above, the prototypes, as promising representatives of the whole da-

ta, have been proved to be able to substantially reduce the compu-

tation in many applications. Therefore, for any xi the distance from
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another sample xj can be approximated as follows:

do(xi,xj) ≈ do(xi,pi∗(xj)). (4)

Motivated by the fact that the hash code of each sample xi is actually

equivalent to that of its nearest prototypes, namely, yi = ci∗(xi), the

above loss function can be rewritten in a more simple and efficient

way with respect to the prototypes P and their binary codes C

Q(P, C, i∗(X)) =
n∑

i=1

|P|∑
k=1

wk

n2
‖λdo(xi,pk)− dh(ci∗(xi), ck)‖

2,

where wk is the number of samples represented by pk.

Note that the above approximation actually corresponds to the

widely-used asymmetric distance, where the database samples are

substituted by their prototypes. The literature has shown that such

asymmetric approximation usually owns great power to alleviate the

quantization loss. Minimizing the above loss leads to a set of pro-

totypes that well capture the intrinsic neighbor structure among the

data, and thus a discriminative coding solution that consistently pre-

serves the original relations in Hamming space. Besides, the above

loss actually enforces that the close samples in the original space can

be clustered in the same group represented by one prototype, and

meanwhile their hash codes also maintain the distribution in Ham-

ming space, which together align the neighbor structures between

the two spaces.

Therefore, we can formulate the hashing problem in terms of the

space alignment as follows:

min
P,C,i∗(X)

Q(P, C, i∗(X))

s.t. ck ∈ {−1, 1}b; cTk cl = b, l = k.
(5)

Here, the constraints on the binary codebook C will guarantee that

each prototype will be assigned a unique binary code.

It should be pointed out that here the number of prototypes or the

size of the codebook isn’t fixed beforehand, which is quite differen-

t from prior hashing research like [6, 5] where all possible binary

codes (i.e., 2b using b bits) are assumed to be used in the binary

quantization. Indeed, we adaptively decide the number in our opti-

mization according to the data metric structure. To some extent, this

strategy will avoid the rigorous and difficult alignment between the

prototypes and the hypercube binary codes, and thus faithfully helps

discover more consistent and discriminative prototypes and the cor-

responding codebook.

By solving the above problem, the prototype setP can be obtained

that captures the overall data distribution, which can also be reflected

by the codebook C. Each prototype will be associated with a distinc-

t binary code, which together serve as a hash function that encodes

those points belonging to the prototype using the corresponding bi-

nary code. For a novel sample x, its hash bits can be computed fast

by first determining its nearest prototype according to (1), and then

assigning the binary code according to (2).

3 Alternating Optimization
To solve the above problem with respect to a small b, we present

an alternating optimization solution, which pursues the near-optimal

prototypes and adaptively determine the corresponding binary codes

in an efficient way. For the efficiency, usually we choose a small b
(e.g., b ≤ 8), and later we will discuss how to obtain a much longer

hash code.

3.1 Adaptive Coding

Supposing we have the prototypes and the assignment index for each

sample (see the initialization in Section 3.4), the problem turns to the

discriminative binary coding that consistently keeps the distribution

information of the samples in the original space. Although k-means

hashing [5] as the most related work can capture the cluster structure

and find an encouraging binary coding solution, its discriminative

power is still limited due to the concentration on the full hypercube

structure, which is beyond the true data distribution in practice.

Quite different from the previous research, we adopt an adaptive

coding that directly finds the binary codes most consistent with the

prototypes. Given the prototypes P and the assignment of each sam-

ple, we will sequentially find a locally optimal binary code for each

prototype in a greedy way. Specifically, supposing the prototypes

p1, . . . ,pl (1 ≤ l ≤ |P|) have been respectively assigned the binary

codes c1, . . . , cl, we next select the optimal code ck for prototype

pk from the set C̃ = {−1, 1}b − {c1, . . . , cl} of remaining hash

codes. Then for ck, the objective function in (5) turns to

min
ck∈C̃

∑
i∗(xi)=k

∑
k′ 
=k

wk′‖λdo(xi,pk′)− dh(ck, ck′)‖2

+
∑

i∗(xi)
=k

wk‖λdo(xi,pk)− dh(ci∗(x), ck)‖2.
(6)

Since the code space is quite limited (|C̃| ≤ 2b), the above optimal

code pursuit can be completed efficiently using exhaustive search

over C̃.

As to the first step, we can simply choose any binary code as

the optimal c1. This is because the code space is highly symmetric

with a hypercube structure. After repeating |P| steps, we can assign

each prototype a unique hash code with the minimal coding loss, and

meanwhile greedily keep the original data distribution information.

3.2 Prototype Update

While the binary codebook C is discovered, the prototypes P should

be further calibrated to simultaneously capture the data distribution

and align it to the geometric structure in the code space. Therefore,

the above problem turns to:

min
P

n∑
i=1

|C|∑
k=1

wk‖λdo(xi,pk)− dh(ci∗(xi), ck)‖
2. (7)

To pursue a set of prototypes that well represent the data, we adopt

a two-step optimization, since the prototype discovery involves the

assignment variable i∗(xi). We first determine which prototype the

samples belong to, and then update the position of each prototype

based on the assignment.

Deriving from (7), the prototype that yields the least loss for each

sample xi can be found using a simple search:

min
k′≤|C|

|C|∑
k=1

wk‖λdo(xi,pk)− dh(ck′ , ck)‖2. (8)

With the assignment of each sample, we approximately recalculate

the position of each prototype:

pk =
1

wk

∑
i∗(xi)=k

xi, 1 ≤ k ≤ |C|. (9)
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Figure 2. Demonstration of the adaptive binary quantization in one subspace (b = 8) on GIST-1M using 32 bits.

Algorithm 1 Adaptive Binary Quantization.

Input: Training data X, and the binary code length b.

Output: Hash function h, the prototype set P and the correspond-

ing binary code set C.

1: Initialize the assignment index i∗(X) and the prototype set P
using k-means.

2: Initialize the scale parameter λ according to (11).

3: repeat
4: for l = 1, . . . , |P| do
5: Find the local optimal code cl for pl by solving (6);

6: end for
7: Update the prototype set P according to (8) and (9);

8: Update the distribution i∗(X) according to (10);

9: until convergence

In this step the number of the prototypes varies, i.e., P is shrunk,

where the uninformative prototypes are eliminated. This is the most

different part from the previous research. Subsequently, the prototype

set can gradually adapt the binary codes to the data distribution in the

alternating optimization.

Figure 2 demonstrates how the performance benefits from the

adaptive prototype set, where as the number of prototypes decreas-

es, only a subset of the binary codes in the hypercube are utilized to

maximally capture the neighbor relations among data (also see Fig-

ure 1(c)), significantly reducing the quantization loss and meanwhile

improving the precision of nearest neighbor search.

3.3 Distribution Update

After the prototype set P is updated, the binary codebook size in the

next alternating round will be also determined. Moreover, the data

distribution with respect to P , characterized by the variable i∗(X),
will change slightly. Since the binary coding should maximally pre-

serve the data distribution, we further append an assignment updating

step to capture the distribution variation. This can be easily done by

employing a similar step in k-means:

i∗(xi) = arg min
k≤|P|

do(xi,pk). (10)

This is consistent with the hash function definition in (1), guarantee-

ing that the hash function can discriminatively preserve the intrinsic

data relations based on the prototypes.

3.4 Algorithm Details
Algorithm 1 lists the main steps of our adaptive binary quantization,

where some algorithm details are discussed as follows.

3.4.1 Initialization

To start the alternating optimization, we should first initialize the in-

dices i∗(X) and the prototype set P . In practice this can be complet-

ed by first fixing the size ofP to 2b, and then performing the classical

k-means algorithm on the training data X, where the cluster centers

are treated as the prototypes P , and each sample is assigned to its

nearest prototype.

Here we simply adopt k-means clustering to initialize the proto-

types. Although the quality of the prototypes depends on the cluster-

ing algorithm or seed selection in the k-means initialization phase,

we found that they do not affect the overall performance much. This

is mainly because the positions and the quantity of the prototypes

will be refined gradually in the iterative optimization to align the da-

ta distribution to the code space, and even with a coarse initialization,

one can still obtain the identical informative prototypes in a number

of iterations. Besides, since it has minor effects on the performance

according to our empirical results, we randomly select the order in

which the prototypes are processed in the adaptive coding step, i.e.,
Equation (6).

As to the scale parameter λ in Equation (3), it is intuitively adopt-

ed to make the distances comparable between the original and Ham-

ming space. Since we found it usually insensitive to the binary coding

process, we simply set it to a constant based on the initialization us-

ing k-means, assuming that all 2b prototypes are assigned different

binary codes:

λ =

1
2b

∑
ck,cl∈{−1,1}b dh(ck, cl)

1
n

∑n
i=1

∑2b

k=1 do(xi,pk)
. (11)

3.4.2 Product Quantization

For a desired level of performance, usually a long hash code is re-

quired in many practical applications. However, for the represen-

tation power and the computational efficiency, the prototype num-

ber usually ranges from tens to hundreds at most, which makes the

above algorithm only generate small codes with b ≤ 8. Fortunately,

our problem can be naturally generalized to product space for longer

hash codes, following the idea of product quantization (PQ) [10, 5].

In order to generate a sufficient long code of b∗ $ b length, the PQ
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method divide the original space into M = b∗/b subspaces, in which

a small code of b = b∗/M length is respectively associated with each

sample and concatenated as a long one in a Cartesian product man-

ner.

Specifically, a vector x is represented as M sub-vectors in the way

x = [x̂(1), x̂(2), . . . , x̂(M)]T , where x̂(m) ∈ Rd×1 is the m-th sub-

vector of x, and its hash code ŷ(m) ∈ {−1, 1}b×1 can be generated

using the proposed adaptive quantization based on the sub-prototypes

p̂(m) ∈ Rd×1 and the sub-codebook ĉ(m) ∈ {−1, 1}b×1. The hash

code y for vector x is the concatenation of the sub-codes of its sub-

vectors: y = [ŷ(1), ŷ(2), . . . , ŷ(M)].
Recall that Equation (4) corresponds to the asymmetric distance

computation (ADC) in PQ. If the original distance do is defined as

Euclidean distance, PQ can approximate the distance between two

vectors using codewords (prototypes):

do(xi,xj) ≈ do(xi,pi∗(xj))

=

√√√√ M∑
m=1

do(x̂
(m)
i , p̂

(m)

i∗(x̂(m)
j )

)2
(12)

In each subspace, the learnt codes can approximate the origi-

nal distance do well using the Hamming based distance dh, i.e.,
λdo(x̂

(m)
i , p̂

(m)
k ) ≈ dh(ŷ

(m)
i , ĉ

(m)
k ). Then, with the definition of

the distance dh, we have:

λdo(xi,pk) ≈

√√√√ M∑
m=1

1

4
‖ŷ(m)

i − ĉ
(m)
k ‖2

=
1

2
‖yi − ck‖ = dh(ci∗(xi), ck)

(13)

Putting (12) and (13) together, it is easy to show that the origi-

nal distance between any two samples can be approximated by the

Hamming based distance between their hash codes in the Cartesian

space:

λdo(xi,xj) ≈ dh(ci∗(xi), ci∗(xj)) (14)

Note that the above approximation requires that the scale parame-

ter λ remains the same across all subspaces, which holds roughly in

practice over many datasets. Therefore, we set it to the average of the

values computed according to Equation (11) in all subspaces.

Prior research has pointed out that equally splitting the space into

M parts might result in ineffective hash codes, due to the unbalanced

information distribution [5]. Usually independent subspaces are pur-

sued to balance the information among the small codes of each sam-

ple. Therefore, in the space decomposition, we apply the eigenvalue

allocation method to evenly distribute the variance using PCA pro-

jection without dimension reduction [2]. One can also further append

an adaptive bit allocation to maximally capture the data information

using different number (or code length) of hash bits [20].

3.4.3 Complexity

To learn the hash functions that can generate binary codes of b∗

length, we need to compute the small codes in M = b∗/b inde-

pendent subspaces. For each subspace, there are maximally 2b pro-

totypes in d/M feature space.

At the training stage, the adaptive coding greedily finds the lo-

cally optimal code for each prototype over {−1, 1}b in O(nd22b)
time. The prototype and distribution update steps require at most

O(nd22b) time to compute the distances between training samples

and prototypes. Therefore, when using t (usually t ≤ 20) iterations

in the alternating optimization, totally O(22bndt) time is spent on

the training. Since the code space is quite limited for each subspace

(b ≤ 8), the term 22b can be treated as a constant. Therefore, it can

be considered that the training time scales linearly with respect to the

size of the training set.

When it comes to the online search, for each query point the hash

function needs O(2bd) time to compute the nearest prototype and

O(1) time for the code assignment, which is linear to the feature

dimension d as most projection based hashing methods like LSH [1]

and ITQ [3]. Furthermore, our method only utilizes a small subset

(e.g., a quarter) of codes, which directly reduce the time consumption

at the stage of hash code generation.

Compared with other lookup based methods like KMH, our

method usually owns faster speed when performing online search

in practice (see Table 1). The high efficiency of our method mainly

benefits from the adaptive coding combined with PQ, which allows

to compute and store only a small number of codewords (prototypes),

while presenting a large dictionary to maximally preserve the infor-

mation of data distribution in the original space.

4 Experiments

In this section we will evaluate the proposed adaptive binary quanti-

zation (ABQ) on large-scale nearest neighbor search, and compare it

with several state-of-the-art hashing algorithms, including the classi-

cal projection based ones like Locality Sensitive Hashing (LSH) [1],

Spectral Hashing (SH) [31], Kernelized Locality Sensitive Hashing

(KLSH) [14], Anchor Graph Hashing (AGH) [18], Iterative Quanti-

zation (ITQ) [3] and Kronecker Binary Embedding (KBE) [35], and

two representative prototype based ones: Spherical Hashing (SPH)

[6] and K-Means Hashing (KMH) [5].

• LSH: LSH generates Gaussian random projection vectors and p-

reserves the locality with high probability.

• SH: SH formulates the binary coding problem as a spectral em-

bedding in the Hamming space, and generalizes the approximated

solution for out-of-sample extension.

• KLSH: KLSH constructs randomized locality-sensitive functions

with arbitrary kernel functions. We feed it the Gaussian RBF ker-

nel ‖(xi,xj) = exp (−α‖xi − xj‖2) and 300 support samples.

The kernel parameter α is tuned to an appropriate value on each

dataset.

• AGH: AGH approximates the intrinsic structure underlying the

data based on anchors, and generates hash codes based on the an-

chor representation.

• ITQ: ITQ iteratively finds the data rotation in a subspace to mini-

mize the binary quantization error.

• KBE: KBE generates linear hash functions with a structured ma-

trix, which can achieve fast hash coding over high-dimensional

data. We adopt the optimized version of Kronecker projection.

• SPH: SPH iteratively adjusts the spherical planes to generate in-

dependent and balanced partitions, which serve as the nonlinear

hash functions based on the distances to the centers. In SPH, each

partition can generate a hash bit independently.

• KMH: KMH generates affinity affine clusters using k-means in

the partitioned subspaces of the training features, and maps each

cluster to a binary hash code for the out-of-sample coding.
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Table 1. Hashing performance and time efficiency on SIFT-1M and GIST-1M.

MAP PH (32 BITS) TIME (128 BITS)

32 BITS 64 BITS 128 BITS r = 1 r = 2 TRAIN (S) SEARCH (S)

SIFT-1M

LSH 5.43±0.30 13.00±0.82 26.04±0.68 18.89 19.70 0.03 0.02

SH 10.70±0.58 17.84±0.37 25.30±0.59 32.20 41.93 0.25 0.25

KLSH 7.08±0.44 15.61±0.57 29.48±0.72 23.72 23.32 0.28 0.02

AGH 6.26±0.27 9.11±0.31 11.10±0.23 15.90 11.93 0.55 0.04

ITQ 9.70±0.14 20.14±0.47 33.23±0.49 28.38 22.09 5.08 0.16

SPH 8.57±0.12 18.23±0.54 31.11±0.14 26.90 30.82 8.93 0.04

KMH 11.51±0.27 22.50±0.31 32.06±0.52 35.63 40.00 680.64 0.12

KBE 6.43±0.31 14.73±0.61 27.65±0.57 20.62 16.97 3.28 0.02

ABQ 12.47±0.26 24.92±0.61 41.34±0.56 41.30 43.09 40.37 0.06

GIST-1M

LSH 1.34±0.08 3.15±0.07 5.97±0.19 5.41 7.15 0.21 0.05

SH 1.90±0.23 3.19±0.19 4.92±0.19 8.94 6.58 1.70 0.24

KLSH 2.41±0.09 5.23±0.18 9.76±0.23 9.31 10.70 0.44 0.05

AGH 2.09±0.15 3.05±0.10 3.98±0.14 5.55 4.13 0.90 0.09

ITQ 4.43±0.06 6.93±0.10 9.49±0.15 14.08 17.8 5.87 0.17

SPH 3.65±0.14 6.97±0.10 11.52±0.19 12.20 17.05 25.24 0.07

KMH 3.58±0.18 5.57±0.07 6.92±0.07 14.77 17.39 2380.61 0.15

KBE - - 6.58±0.22 - - 13.66 0.06

ABQ 4.92±0.06 10.06±0.20 16.10±0.17 23.46 17.84 46.10 0.10

4.1 Evaluation Protocols
To comprehensively evaluate the proposed method, we first employ

two well-known large-scale datasets SIFT-1M (1M) and GIST-1M
(1M) [10]. The two datasets respectively contain one million 128-

D SIFT and 960-D GIST descriptors, each of which complies with

a separate query subset. We respectively construct a training set of

10,000 random samples and a testing set of 1,000 random queries on

both datasets. Besides, we employ another two much larger dataset-

s SIFT-20M (20M) [10] and Tiny-80M (80M) [29], respectively

consisting of 20 million 128-D SIFT and 80 million 384-D GIST

features. We respectively sample 50,000 and 100,000 points as the

training sets, and 3,000 random queries as the testing ones. As to

the groundtruth of each query, we select the 1,000 Euclidean near-

est neighbors among the database on SIFT-1M, GIST-1M and SIFT-

20M, and 5,000 on Tiny-80M.

We adopt two common search schemes to evaluate the hashing

performance, i.e., Hamming distance ranking and hash table lookup.

The former ranks all candidates based on the Hamming distances

from the query, and the later treats points falling within a small Ham-

ming radius r (r ≤ 2) from the query code as the retrieved results.

As to KMH and our ABQ with product quantization, we set b = 4
for SIFT features when using less than 64 bits, and b = 8 for all oth-

er cases. In each experiment, we run 10 times in a workstation with

2.53 GHz Xeon CPU and report the averaged performance.

4.2 Results and Discussions
4.2.1 Euclidean Nearest Neighbor Search

We first evaluate all hashing methods in the task of Euclidean nearest

neighbor search over SIFT-1M and GIST-1M. We adopt both preci-

sion and recall to comprehensively study their performance. Table

1 lists the mean average precision (MAP) using Hamming distance

ranking with respect to different number of hash bits. From the ta-

ble we can observe that all methods increase their MAP performance

when using more hash bits from 32 to 128 bits. Moreover, method-

s like ITQ, SPH, KMH and our ABQ, which encode the data from

the view of clustering quantization, consistently achieve much better

performance than other methods like LSH, SH and AGH. This indi-

cates that it is a promising way to discover a particular quantization

strategy for binary hashing. Among all these methods, ABQ obtains

the best performance, and gets significant performance gains over the

best competitors, e.g., using 128 bits, 24.41% over ITQ on SIFT-1M,

and 39.76% over SPH on GIST-1M.

Figure 3 further plots the recall curves with respect to different

number of retrieved results on both datasets, where we can get the

same conclusion that ABQ performs best in all cases. The reason is

mainly that compared to the baselines where the codebook is fixed,

ABQ can adaptively generate the codebook of a varying size and well

match the binary codes to the prototypes. For the performance of

Hamming distance ranking, we compare our ABQ with the baseline

methods in terms of precision, besides recall and MAP performance

in the paper. Figure 3 also plots the precision curves with respect to

different cutting points of the retrieved result lists on SIFT-1M and

GIST-1M, where we vary the number of hash bits from 64 to 128.

We can see that our ABQ performs best in all cases with significant

performance superiority to other methods.

Besides Hamming distance ranking, hash table lookup is anoth-

er common search strategy over the hash codes. In this case, usual-

ly a small code (e.g., 32 bits for one million data) is used to avoid

the memory and time consumption derived from the exponentially

huge amount of indexing buckets. Table 1 further reports the preci-

sion within a small Hamming radius r = 1 and r = 2 (PH1 and

PH2 for short). This is also a popular evaluation metric in practice,

because with a small lookup radius, nearest neighbor search can be

efficiently completed by only locating data falling in buckets with

Hamming distance less than the radius from the query. Similarly, it

is easy to see that the ABQ outperforms the baselines with a large

margin, e.g., 15.91% and 58.84% PH1 gains over KMH respectively

on SIFT-1M and GIST-1M. Compared to SPH and KMH that also

exploit the prototype based hash functions, the encouraging preci-

sion gains obtained by ABQ indicate that our ABQ can approximate

the neighbor relations much better by encoding the data using a sub-
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(a) 64 bits on SIFT-1M
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(b) 128 bits on SIFT-1M
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(c) 64 bits on GIST-1M
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(d) 128 bits on GIST-1M

Figure 3. Recall performance of different hashing methods on SIFT-1M and GIST-1M.
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(a) 64 bits on SIFT-20M
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(b) 128 bits on SIFT-20M
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(c) 64 bits on Tiny-80M
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(d) 128 bits on Tiny-80M

Figure 4. Recall performance of different hashing methods on SIFT-20M and Tiny-80M.

set of binary codes in Hamming space. This intuition is also visually

demonstrated in Figure 1 using a subset of SIFT-1M.

4.2.2 Nearest Neighbor Search over Large Datasets

To investigate the performance of different hashing methods over

more large-scale dataset, we adopt two of the largest datasets to-

date: SIFT-20M and Tiny-80M. Table 2 reports the precision per-

formance in terms of Hamming distance ranking and hash table

lookup. Here, due to the facts that in practice users are more con-

cerned about the top ranked results, and while computing the MAP

of the full Hamming distance ranking list is quite time-consuming

[18, 17], we present the average precision of top 1,000 returned sam-

ples (P@1,000) instead of MAP with respect to the varying code

length (32, 64 and 128). Similar to the results in Table 1, in all cases

our ABQ consistently obtains the best precision, especially on Tiny-

80M dataset with remarkable superiority, e.g., up to 45.87% perfor-

mance gain over the best competitor SPH. As to hash table lookup,

Table 2 also lists the PH1 performance using 32 bits hash table, from

which we can get a similar observation that ABQ shows a better ca-

pability of capturing the neighbor structures, and thus covers much

more nearest neighbors than all baselines.

Figure 4 respectively depicts the recall curves using 64 and 128

bits on SIFT-20M and Tiny-80M. Compared to all the baselines, our

ABQ boosts the recall with the most significant improvement when

using more hash bits, and consistently performs best in all cases. On

the real-world dataset Tiny-80M, this observation can be more ob-

vious as shown in Figure 4(c) and (d), where the recall of the top

104 result list increases largely from 14.61% to 22.93% with more

hash bits, and meanwhile the best performance among all baselines

is 17.90% achieved by SPH using 128 hash bits. This fact further

demonstrates that our ABQ can faithfully boost the overall hashing

performance in terms of precision and recall, using Hamming dis-

tance ranking or hash table lookup. As to the precision performance,

since the groundtruth number is fixed to a constant number, a similar

observation can be obtained as recall performance, which means that

the proposed method can obtain the best recall and meanwhile the

best precision performance on the two much larger datasets SIFT-

20M and Tiny-80M.

4.2.3 Groundtruth Number Effect

Prior research have pointed out that the number of groundtruth may

have effects on the performance [5]. Therefore, to illustrate the ro-

bustness of our method with respect to the groundtruth number nn,

we further conduct the experiments on SIFT-1M and GIST-1M by

varying nn in {10, 100, 1000}. In Figure 5 we compare the recall

performance of ABQ using 128 bits to those of the two state-of-the-

art methods ITQ and KMH, which archived the best performance

among all baselines as shown in prior experiments. In this figure, we

vary the groundtruth number nn on different datasets.

As we can see from the figure, when using more nearest neigh-

bors as the groundtruth (from 10 to 1000), all methods decrease the

recall performances. This is because that as the distance between the

database point and query increases, the collision probability between

them will decrease. Nevertheless, for different settings, our ABQ

consistently achieves the best performance and significantly outper-

forms others in all cases. For instance, with nn = 100 on GIST-1M,

ABQ can achieve much higher recall than ITQ and KMH, and even

better than them with nn = 10. This means that our method is very

robust to the task of nearest neighbor search. Besides, in all these ex-

periments we adopt the same parameter settings, which indicates that

the proposed ABQ is practical without complex parameter tuning.
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Table 2. Hashing performance on SIFT-20M and Tiny-80M.

SIFT-20M TINY-80M

P@1,000 PH (32 BITS) P@1,000 PH (32 BITS)

32 BITS 64 BITS 128 BITS r = 1 r = 2 32 BITS 64 BITS 128 BITS r = 1 r = 2

LSH 4.34 11.26 22.81 9.86 8.03 0.75 2.18 4.24 0.83 0.51

SH 8.00 13.91 20.19 22.70 17.34 2.77 5.12 9.06 3.37 1.71

ITQ 8.48 17.69 28.47 20.18 14.69 5.25 9.99 14.10 10.59 7.47

SPH 6.06 14.06 25.09 14.72 10.10 4.53 10.90 20.03 9.51 5.67

KMH 8.29 16.90 26.08 22.54 16.18 5.31 9.41 11.92 11.64 7.50

ABQ 8.95 18.92 31.86 25.97 17.59 7.51 15.93 26.56 12.67 7.57
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(a) recall on SIFT-1M
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(b) recall on GIST-1M

Figure 5. Recall performance of different hashing methods with respect to
different number of groundtruth (10, 100, 1000) on SIFT-1M and GIST-1M.

4.2.4 Efficiency Issue

Figure 2 shows that the proposed ABQ can converge fast in less than

10 iterations. Therefore, in practice, the algorithm can achieve effi-

cient training and support the large-scale learning. This is consistent

with our complexity analysis in Section 3.4.3, e.g., the training time

scales linearly to the size of the training set.

Table 1 further lists the offline training time and online search time

when using 128 hash bits on SIFT-1M and GIST-1M. We can see

that usually the iterative binary quantization methods like ITQ, SPH,

KMH and our ABQ take more training time than the others. This

is mainly due to the difficulty of finding an optimal coding solution

that can align the Hamming space with the original one. Among these

methods, our ABQ costs much less time than KMH, while gives the

best performance with a little more training time than SPH and ITQ.

Moreover, at the online search stage, only a small set of prototypes

(smaller than 2b, b ≤ 8 in each subspace) will be checked, and thus

the hashing time is very close to the prior projection based methods.

Namely, it can support the real-time nearest neighbor search as the

existing methods do.

5 Conclusions
Inspired by our observation that in prototype based hashing there

might exist a better coding solution that only utilizes a small sub-

set of binary codes instead of the complete set, this paper proposed

an adaptive binary quantization method that jointly pursues a set of

prototypes in the original space and a subset of binary codes in the

Hamming space. The prototypes and the codes are correspondingly

associated and together define the hash function for small hash codes.

Our method enjoys fast computation and the capability of generating

long hash codes in product space, with discriminative power for near-

est neighbor search. The significant performance gains over existing

methods were obtained in our extensive experiments on several large

datasets, which encourage us to further study the effective coding for

binary quantization.
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Exploring Parallel Tractability of
Ontology Materialization

Zhangquan Zhou1 and Guilin Qi1 and Birte Glimm2

Abstract. Materialization is an important reasoning service for ap-

plications built on the Web Ontology Language (OWL). To make ma-

terialization efficient in practice, current research focuses on decid-

ing tractability of an ontology language and designing parallel rea-

soning algorithms. However, some well-known large-scale ontolo-

gies, such as YAGO, have been shown to have good performance for

parallel reasoning, but they are expressed in ontology languages that

are not parallelly tractable, i.e., the reasoning is inherently sequential

in the worst case. This motivates us to study the problem of parallel

tractability of ontology materialization from a theoretical perspec-

tive. That is, we aim to identify the ontologies for which material-

ization is parallelly tractable, i.e., in NC complexity. In this work, we

focus on datalog rewritable ontology languages. We identify several

classes of datalog rewritable ontologies (called parallelly tractable
classes) such that materialization over them is parallelly tractable.

We further investigate the parallel tractability of materialization of

a datalog rewritable OWL fragment DHL (Description Horn Logic)

and an extension of DHL that allows complex role inclusion axioms.

Based on the above results, we analyze real-world datasets and show

that many ontologies expressed in DHL or its extension belong to the

parallelly tractable classes.

1 Introduction
The Web Ontology Language OWL3 is an important standard for on-

tology languages in the Semantic Web and other application areas.

Materialization is a basic reasoning service for computing all im-

plicit facts that follow from a given OWL ontology. Since there is an

exponential growth of semantic data [18], it is challenging to perform

materialization on such large-scale ontologies efficiently.

To make materialization sufficiently efficient and scalable in prac-

tice, many works employ parallel reasoning systems. For example,

RDFox [19] is a parallel implementation for materialization of data-

log rewritable ontology languages. Parallel reasoning is also studied

for the ontology language RDFS [22, 26]. There are also parallel im-

plementations for scalable reasoning of highly expressive ontology

languages [25, 33]. However, according to [5], even for RDFS and

datalog rewritable ontology languages, which have PTime-complete

or higher complexity4 of reasoning in the worst case, they are not

parallelly tractable, i.e., reasoning may be inherently sequential even

on a parallel implementation. On the other hand, some well-known

large-scale ontologies, such as YAGO, have been shown to have good

1 School of Computer Science and Engineering, Southeast University, email:
{qzz, gqi}@seu.edu.cn

2 Institution of Artificial Intelligence, University of Ulm, email:
birte.glimm@uni-ulm.de

3 The latest version is OWL 2: http://www.w3.org/TR/owl2-overview/
4 We consider the data complexity for materialization here.

performance for parallel reasoning [14], but they are expressed in

ontology languages that are not parallelly tractable. The theoretical

results on the complexity of ontology languages can hardly explain

this. While one can try out different parallel implementations to see

whether an ontology can be handled by (one of) them efficiently, the

aim of our study is to identify properties that make an ontology paral-

lelly tractable and that can also guide ontology engineers in creating

ontologies for which parallel tractability can be guaranteed theoreti-

cally. According to [19], many real large-scale ontologies are essen-

tially expressed in the ontology languages that can be rewritten into

datalog rules. Thus, we focus on such datalog rewritable ontology

languages in this paper. Our aim is to identify the classes of datalog

rewritable ontologies such that materialization over these ontologies

is parallelly tractable, i.e., in the parallel complexity class NC [5].

This complexity class consists of problems that can be solved effi-

ciently in parallel.

To show that a problem is in the NC class, one can give an NC algo-

rithm that handles this problem in parallel computation [5]. However,

current materialization algorithms (e.g., the algorithm used in RDFox

[19]) are not NC algorithms, since their computational complexity is

PTime-complete. Thus, we study the parallel tractability of materi-

alization by first giving several NC algorithms that perform materi-

alization, and then identifying the corresponding classes of datalog

rewritable ontologies (called parallelly tractable classes) that can be

handled by these NC algorithms. We next study the specific ontol-

ogy language Description Horn Logic (DHL) [6], which is a datalog

rewritable fragment of OWL, and investigate what kinds of ontolo-

gies expressed in DHL are in the parallelly tractable classes. We give

a case of a DHL ontology where materialization can hardly be par-

allelized. Based on the analysis of this case, we propose to restrict

the usage of DHL such that materialization over the restricted on-

tologies can be handled by the proposed NC algorithms. We further

extend the results to an extension of DHL that also allows complex
role inclusion axioms. Finally, we analyze well-known benchmarks

and real-world datasets and show that many ontologies following the

proposed restrictions belong to the parallelly tractable classes.

The rest of the paper is organized as follows. In Section 2, we

introduce some basic notions. We then give some NC algorithms in

Section 3 and Section 4. We study the parallelly tractable materializa-

tion of DHL and its extension in Section 5 and Section 6 respectively.

In Section 7, we analyze real-world datasets. We then discuss related

work in Section 8 and conclude in Section 9. The technical report

can be found at “https://github.com/quanzz/ECAI2016”.

2 Preliminaries

In this section, we introduce some notions that are used in this paper.

ECAI 2016
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Datalog. We discuss the main issues in this paper using standard

datalog notions. In datalog [1], a term is a variable or a constant.

An atom A is defined by A ≡ p(t1, ..., tn) where p is a predicate
(or relational) name, t1, ..., tn are terms, and n is the arity of p. If

all the terms in an atom A are constants, then A is called a ground
atom. A datalog rule is of the form: ‘B1, ..., Bn → H’,5 where H
is referred to as the head atom and B1, ..., Bn the body atoms. Each

variable in the head atom of a rule must occur in at least one body

atom of the same rule. A fact is a rule of the form ‘→ H’, i.e., a rule

with an empty body and the head H being a ground atom. A datalog

program P consists of rules and facts. A substitution θ is a partial

mapping of variables to constants. For an atom A, Aθ is the result

of replacing each variable x in A with θ(x) if the latter is defined.

We call θ a ground substitution if each defined Aθ is a ground atom.

A ground instantiation of a rule is obtained by applying a ground

substitution on all the terms in this rule with respect to a finite set

of constants occurring in P . Furthermore the ground instantiation of

P , denoted by P ∗, consists of all ground instantiations of rules in P .

The predicates occurring only in the body of some rules are called

EDB predicates, while the predicates that may occur as head atoms

are called IDB predicates.

DHL. DHL (short for description horn logic) [6] is introduced

as an intersection of description logic (DL) and datalog in terms

of expressivity. In what follows, CN, RN and IN denote three dis-

joint countably infinite sets of concept names, role names, and in-
dividual names respectively. The set of roles is defined as R :=
RN ∪ {R−|R ∈ RN} where R− is the inverse role of R.

For ease of discussion, we focus on the simple forms of axioms

shown in the left column of Table 1. These simple forms can be

obtained by using well-known structure transformation techniques

[12]. We define a DHL ontology O as a triple: O = 〈T ,R,A〉,
where T denotes the TBox containing axioms of the forms (T1) and

(T2);R is the RBox that is a set of axioms of the forms (R1-R3); A
is the ABox containing assertions of the forms (A1) and (A2). In an

axiom of either of the forms (T1-T2 and R1-R3), concepts A(i) and

B are either concept names, top concept (�) or bottom concept (⊥);

R and S(i) are roles in R. An axiom of the form A & B is a special

case of (T1) where only one concept appears on the left-hand side.

For an axiom of the form A & ∀R.B that is also allowed in DHL,

we only consider its equivalent form ∃R−.A & B.

Table 1: Axioms and corresponding datalog rules
Axioms Datalog Rules

(T1) A1 �A2 	 B A1(x), A2(x)→ B(x)
(T2) ∃R.A 	 B R(x, y), A(y)→ B(x)
(R1) S 	 R S(x, y)→ R(x, y)
(R2) S 	 R− S(x, y)→ R(y, x)
(R3) R ◦R 	 R R(x, y), R(y, z)→ R(x, z)
(R4) R1 ◦R2 	 R R1(x, y), R2(y, z)→ R(x, z)
(A1) A(a) A(a)
(A2) R(a, b) R(a, b)

In the initial work of DHL [6], complex role inclusion axioms
(complex RIAs) of the form R1 ◦ ... ◦ Rn & R are not considered,

although they can be naturally transformed to datalog rules. In this

paper, we also consider an extension of DHL (denoted by DHL(◦))
that allows complex RIAs. Since a complex RIA can be transformed

to several axioms of the form (R4), we then require that an RBox

R of a DHL(◦) ontology can contain axioms of the forms (R1-R4).

Note that (R3) is actually a special case of (R4).

5 In datalog rules, a comma represents a Boolean conjunction ‘∧’.

A DHL (or DHL(◦)) ontology can be transformed to a datalog

program (see the corresponding rules in the right column of Table 1).

In what follows, for an ontology O = 〈T ,R,A〉, we also use P =
〈R, I〉 to represent the corresponding datalog program where R is

the set of rules transformed from the axioms in T and R, I is the

set of facts that are directly copied from the assertions in A. Further,

we use R1 &∗ R2 to denote the smallest transitive reflexive relation

between roles such that R1 & R2 ∈ R implies R1 &∗ R2 and

R−1 &∗ R−2 . In this paper, we also use the notion of simple role,

which is initially proposed to restrict the usage of highly expressive

ontology languages [10]. Specifically, a role S ∈ R is simple if, (1)

it has no subrole (including S) occurring on the right-hand side of

axioms of the forms (R3) and (R4); (2) S− is simple.

DHL is related with other ontology languages. First, DHL is es-

sentially a fragment of the description logic Horn-SHOIQ with

disallowing nominal, number restriction and right-hand existential
restriction (A & ∃R.B). Second, the expressivity of DHL covers

that of RDFS to some extent [6]. Reasoning with RDFS ontologies is

NP-complete [29] and, thus, is not parallelly tractable. However, by

applying some simplifications and restrictions, RDFS statements can

be expressed in DHL axioms [6].

Ontology Materialization. Based on the above representations,

ontology materialization corresponds to the evaluation of datalog

programs. Specifically, given a datalog program 〈R, I〉, let TR(I) =
{Hθ|∀B1, ..., Bn → H ∈ R,Biθ ∈ I(1 ≤ i ≤ n)}, where θ is

some substitution; further let T 0
R(I) = I and T i

R(I) = T i−1
R (I) ∪

TR(T
i−1
R (I)) for each i > 0. The smallest integer n such that

Tn
R(I) = Tn+1

R (I) is called stage, and materialization refers to the

computation of Tn
R(I) with respect to R and I. Tn

R(I) is also called

the fixpoint and denoted by Tω
R (I). In this paper, we consider the data

complexity of materialization, i.e., we assume that the rule set R is
fixed.

NC. The parallel complexity class NC, known as Nick′s Class [5],

is studied by theorists as a parallel complexity class where each de-

cision problem can be efficiently solved in parallel. Specifically, a

decision problem in the NC class can be solved in poly-logarithmic

time on a parallel machine with a polynomial number of proces-

sors. We also say that an NC problem can be solved in parallel poly-
logarithmic time. Although the NC complexity is a theoretical anal-

ysis tool, it has been shown that many NC problems can be solved

efficiently in practice [5].

From the perspective of implementations, the NC problems are

also highly parallel feasible for other parallel models like BSP [31]

and MapReduce [11]. The NC complexity is originally defined as a

class of decision problems. Since we study the problem of materi-

alization, we do not require in this work that a problem should be a

decision problem in NC. In addition, since many parallel reasoning

systems (see related work in Section 8) are implemented on shared-

memory platforms, we study all the issues in this work by assuming

that the running machines are in shared-memory configurations.

3 Parallelly Tractable Class

Parallelly Tractable Class. Our target is to find for which kinds

of ontologies (not ontology languages) materialization is parallelly

tractable. Since we assume that for any datalog program 〈R, I〉 the

rule set R is fixed, the materialization problem is thus in data com-

plexity PTime-complete, which is considered to be inherently se-

quential in the worst case [5]. In other words, the materialization

problem on general datalog programs cannot be solved in parallel

poly-logarithmic time unless P=NC. Thus, we say that materializa-
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tion on a class of datalog programs is parallelly tractable if there

exists an algorithm that handles this class of datalog programs and

runs in parallel poly-logarithmic time (this algorithm is also called

an NC algorithm). Formally, we give the following definition to iden-

tify such a class of datalog programs.

Definition 1. (Parallelly Tractable Class) Given a class D of data-
log programs, we say that D is a parallelly tractable datalog pro-
gram (PTD) class if there exists an NC algorithm that performs mate-
rialization for each datalog program in D. The corresponding class
of ontologies of D is called a parallelly tractable ontology (PTO)
class.

According to the above definition, if we find an NC algorithm A
for datalog materialization, then we can identify a PTD class DA,

which is the class of all datalog programs that can be handled by A.

However, current materialization algorithms are not NC algorithms,

since their computational complexity is PTime-complete. Thus we

give our NC algorithms. In the following, we first give a parallel ma-

terialization algorithm that works for general datalog programs. We

then restrict this algorithm to an NC version and identify the target

PTD class.

Materialization Graph. In order to give a parallel materialization

algorithm, we introduce the notion of materialization graph. It makes

the analysis of the given algorithm convenient.

Definition 2. (Materialization Graph) A materialization graph, with
respect to a datalog program P = 〈R, I〉, is a directed acyclic graph
denoted by G = 〈V,E〉 where,

• V is the node set and V ⊆ Tω
R (I);

• E is the edge set and E ⊆ Tω
R (I)× Tω

R (I);

G satisfies the following condition:

• ∀H,B1, ..., Bn ∈ V such that e(B1,H), ..., e(Bn, H) ∈ E and
B1, ..., Bn are all. the parents of H , we have that B1, ..., Bn →
H ∈ P ∗.

For some derived atom H , there may exist several rule instan-

tiations where H occurs as a head atom. This also means that H
can be derived in different ways. The condition in the definition

above results in only one way of deriving H being described by

a materialization graph. Suppose G is a materialization graph, the

nodes whose in-degree is 0 are the original facts in I. We call such

a node an explicit node. We call the other nodes in G the implicit
nodes. We say that a node v is a single-way derivable (SWD) node

if v has at most one implicit parent node; nodes with more than one

implicit parent nodes are called multi-way derivable (MWD) nodes.

The size of G, denoted by |G|, is the number of nodes in G. The

depth of G, denoted by depth(G), is the maximal length of a path

in G. We next give an example of a materialization graph.

Example 1. Consider a DHL(◦) ontology Oex1 where the TBox
is {∃R.A & A}, the RBox is {S ◦ R & R} and the ABox is
{A(b), R(a1, b), S(ai, ai−1)} for 2 ≤ i ≤ k and k is an integer
greater than 2. The corresponding datalog program of this ontol-
ogy is Pex1 = 〈R, I〉 where I contains all the assertions in the
ABox and R contains the two rules ‘R(x, y), A(y) → A(x)’ and
‘S(x, y), R(y, z) → R(x, z)’. The graph in Figure 1 is a materi-
alization graph with respect to Pex1 , denoted by Gex1 . The explicit
nodes whose in-degree is 0 are the original facts in I. Each of the
implicit nodes corresponds to a ground instantiation of some rule.

For example, the node A(ak) corresponds to the ground rule instan-
tiation ‘R(ak, b), A(b) → A(ak)’. The size of this materialization
graph is the number of nodes, that is 3k. The depth of Gex1 is k.
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Figure 1. An example of a materialization graph.

We say that a materialization graph G is a complete materialization
graph when G contains all ground atoms in Tω

R (I). The set of nodes

in a complete materialization graph is actually the result of materi-

alization. Thus, the procedure of materialization can be transformed

to the construction of a complete materialization graph. We pay our

attention to complete materialization graphs and do not distinguish

it to the notion ‘materialization graph’. It should also be noted that

there may exist several materialization graphs for a datalog program.

A Parallel Algorithm. In this part, we propose a parallel algo-

rithm (Algorithm 1) that constructs a materialization graph for a

given datalog program.

Algorithm 1. Given a datalog program P = 〈R, I〉, the algo-

rithm returns a materialization graph G of P . Recall that P ∗ denotes

the ground instantiation of P , which consists of all possible ground

instantiations of rules in R. Suppose we have |P ∗| processors, and

each rule instantiation in P ∗ is assigned to one processor.6 Initially

G is empty. The following three steps are then performed:

(Step 1) Add all facts in I to G.

(Step 2) For each rule instantiation B1, ..., Bn → H , if the body

atoms are all in G while H is not in G,7 the correspond-

ing processor adds H to G and creates edges pointing from

B1, ..., Bn to H .

(Step 3) If no processor can add more nodes and edges to G, termi-

nate, otherwise iterate Step 2. �

Example 2. We consider the datalog program Pex1 in Exam-
ple 1 again, and perform Algorithm 1 on it. Initially, all the facts
(A(b), R(a1, b), S(a2, a1), ..., S(ak, ak−1)) are added to the result
Gex1 (Step 1). Then in different iterations of Step 2, the remaining
nodes are added to Gex1 by different processors. For example a pro-
cessor p is allocated a rule instantiation ‘R(a2, b), A(b)→ A(a2)’.
Then, processor p adds A(a2) to Gex1 after it checks that A(b) and

6 This might not be practically feasible, but we focus on a theoretical anal-
ysis here. In practice, one can map several rule instantiations to a single
processor.

7 Suppose that each processor can use O(1) time units to access the state of
ground atoms, i.e., whether this ground atom has been added to the ma-
terialization graph. This can be implemented by maintaining an index of
polynomial size.
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R(a2, b) are in Gex1 . Algorithm 1 halts when A(ak) has been added
to Gex1 (Step 3).

Lemma 1 shows the correctness of Algorithm 1 and that, for any

datalog program P , Algorithm 1 always constructs a materialization

graph with the minimum depth among all the materialization graphs

of P . The proofs of Lemma 1 and other lemmas and theorems can be

found in the technical report.

Lemma 1. Given a datalog program P = 〈R, I〉, we have

1. Algorithm 1 halts and returns a materialization graph G of P ;
2. G has the the minimum depth among all the materialization

graphs of P .

Proof sketch. This lemma can be proved by performing an induction

on Tω
R (I). The stage (see the related contents in Section 2) of P is the

lower-bound of the depth of the materialization graphs. Based on the

previous induction, one can further check that, for the materialization

graph G constructed by Algorithm 1, its depth equals the depth of the

stage.

We now discuss how Algorithm 1 can be restricted to an NC ver-

sion. (I) Since Algorithm 1 does not introduce new constants and

each predicate has a constant arity, one can check that |P ∗| is poly-

nomial in the size of P . This also means that the number of pro-

cessors is polynomially bounded. (II) The computing time of Step 1

and Step 3 occupies constant time units because of parallelism. (III)

The main computation part in Algorithm 1 is the iteration of Step 2.

In each iteration of Step 2, all processors work independently from

each other. Thus, in theory, Step 2 costs one time unit. The whole

computing time turns out to be bounded by the number of iterations

of Step 2. (IV) We use the symbol ψ to denote a poly-logarithmically

bounded function. The input of ψ is the size of P and the output is

an non-negative integer. Based on (I, II, III, IV), for any datalog pro-

gram P , if we use ψ(|P |) to bound the number of iterations of Step 2,

then Algorithm 1 is an NC algorithm, denoted by Aψ
1 .

Based on Aψ
1 , we can identify a class of datalog programs D

A
ψ
1

where all the datalog programs can be handled by Aψ
1 . It is obvious

that D
A
ψ
1

is a PTD class.

We further show that D
A
ψ
1

can be captured in terms of material-

ization graph properties based on the following theorem.

Theorem 1. For any datalog program P , P ∈ D
A
ψ
1

iff P has a

materialization graph whose depth is upper-bounded by ψ(|P |).

Proof sketch. We can first prove that the number of iterations of

Step 2 is actually the depth of the constructed materialization graph.

This theorem then follows by considering Lemma 1.

The algorithm Aψ
1 is restricted in the sense that it cannot even work

on the rather simple datalog program Pex1 in Example 1. The graph

Gex1 in Figure 1 is the unique materialization graph of Pex1 . One

can also check that depth(Gex1 )= k. This means that the depth

of Gex1 is linearly bounded by k. On the other hand, the size of

Pex1 is a polynomial of the integer k. Thus, for any ψ that is poly-

logarithmically bounded, we can always find a k large enough such

that Aψ
1 terminates without constructing a materialization graph of

Pex1 . However there indeed exists an NC algorithm that can handle

Pex1 . We discuss this in the next section.

4 Two Optimized NC Algorithms
In this section, we discuss how to optimize Algorithm 1 such that

Pex1 can be handled. Based on the optimized variants of Algo-

rithm 1, we can identify other PTD classes.

An Optimization Strategy. We discuss our optimization based on

a general case in Example 3. We find that, in this kind of case, the

construction of a materialization graph can be accelerated.

Example 3. Consider a snapshot of Algorithm 1 in Figure 2. A ma-
terialization graph G is being constructed for some datalog program
〈R, I〉. The bottom nodes in the dashed box are the original facts in
I. In this snapshot, v0 has been newly added to G in the lth (l ≥ 1)
iteration. Each of the nodes vi (1 ≤ i ≤ k) is an SWD (single-
way derivable) node. The node v′ is an MWD (multi-way derivable)
node. All of the nodes vi (1 ≤ i ≤ k) and v′ would be added to G
afterwards.
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Figure 2. A partial materialization graph.

In Example 3, vk would be added to G after at least k iterations

by performing Algorithm 1. Observe that vk is reachable from v0
through the path (v0, v1, ..., vk). On the one hand, each node vi (1 ≤
i ≤ k) can be added to G whenever its parent vi−1 is in G, since

vi is an SWD node, i.e., vi−1 is the unique implicit parent node of

vi. Since v0 has been added to G, one can add all the nodes vi (1 ≤
i ≤ k) to G right after v0. Based on this observation, we optimize

Algorithm 1 using the following strategy:

(Strategy) In every iteration of Step 2, for each SWD node v, we
add v to G immediately if v is reachable from some node that has
been in G through a path containing only SWD nodes.

For an SWD node v in some materialization graph G, we say that

a path τ is a derivable path of v if τ starts from some node that has

been in G and ends in v and only contains SWD nodes. To describe

the reachability between two nodes, we use a binary transitive re-

lation rch ⊆ Tω
R (I) × Tω

R (I), e.g., rch(v1, v2) means that v2 is

reachable from v1. In each iteration of Step 2, we compute a rch
relation (denoted by Srch) by performing the following process:

(†) For each rule instantiation of the form B1, .., Bi, .., Bn → H
where H is not in G:

1. if the body atoms B1, ..., Bn are all in G, add
rch(B1,H), ...,rch(Bn, H) to Srch;

2. if Bi is the unique implicit node in the body and not yet in G,
add rch(Bi,H) to Srch. �

We then compute the transitive closure of rch with respect to Srch.

From the transitive closure, we can identify such SWD nodes that
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can be added to G in advance. The following algorithm applies this

optimization strategy.

Algorithm 2. The algorithm requires two inputs: a datalog pro-

gram P = 〈R, I〉 and a (partial) materialization graph G that is con-

structed from P . The following steps are performed:

(i) Compute a rch relation Srch by following the above process

(see (†)).
(ii) Compute the transitive closure S∗rch of Srch.

(iii) Update G as follows: for any rch(Bi,H) ∈ Srch that corre-

sponds to ‘B1, .., Bi, .., Bn → H’ such that rch(B′,H),
rch(B′′, Bi) ∈ S∗rch where B′, B′′ are in G; If H is not

in G or H is in G but has no parent pointing to it, add

H and Bi (if Bi is not in G) to G, and create the edges

e(B1, H), ..., e(Bn, H) in G. Do nothing for other statements

rch(Bj , H) ∈ Srch. �

It is well known that there is an NC algorithm for computing

the transitive closure [2]. Based on this result and Algorithm 2, we

propose a variant of Algorithm 1:

Algorithm 3. Given a datalog program P = 〈R, I〉, the algo-

rithm returns a materialization graph G of P . Initially G is empty.

The following steps are then performed:

(Step 1) Add all facts in I to G.

(Step 2) Compute Srch by performing (i) in Algorithm 2; use an NC
algorithm to compute the transitive closure S∗rch (see (ii) in

Algorithm 2); update G by performing (iii) in Algorithm 2.

(Step 3) If no node has been added to G (in Step 2), terminate, oth-

erwise iterate Step 2. �

The following lemma shows the correctness of Algorithm 3.

Lemma 2. Given a datalog program P = 〈R, I〉, Algorithm 3 halts
and outputs a materialization graph G of P .

Proof sketch. This lemma is proved in two stages: (1) the graph G re-

turned by Algorithm 3 is a materialization graph; (2) G is a complete

materialization graph. We prove (1) by an induction on the iterations

of Step 2 in Algorithm 3. To prove (2), we use the same method as

in the proof for Lemma 1 to show that all atoms in Tω
R (I) have to be

added to G.

Example 4. We perform Algorithm 3 on the datalog program
Pex1 in Example 1. Initially, R(a1, b) is in the materializa-
tion graph Gex1 . In the first iteration of Step 2, all the rule
instantiations are in two kinds of forms: ‘R(ai, b), A(b) →
A(ai)’ and ‘S(ai, ai−1), R(ai−1, b) → R(ai, b)’ (2 ≤ i ≤
k), Srch is the set {rch(R(ai−1, b), R(ai, b))|2 ≤ i ≤
k} ∪ {rch(R(ai, b), A(ai))|1 ≤ i ≤ k}. In the transi-
tive closure of Srch, one can check that rch(R(a1, b), R(ai, b)),
rch(R(a1, b), A(ai)) ∈ S∗rch(2 ≤ i ≤ k). Thus, R(ai, b) and A(ai)
(2 ≤ i ≤ k) can all be added to Gex1 in the first iteration of Step 2.

We obtain an NC variant of Algorithm 3 analogously to the pro-

cess for Algorithm 1. It can be checked that an iteration of Step 2

in Algorithm 3 costs poly-logarithmic time, since the main part is

computing S∗rch by an NC algorithm. Thus, if the number of iterations

of Step 2 is upper-bounded by a poly-logarithmical function, Algo-

rithm 3 is an NC algorithm. Analogously to Aψ
1 , we use Aψ

3 to denote

an NC variant. Specifically, for any datalog program P , the number

of iterations of Step 2 in Algorithm 3 is bounded by ψ(|P |), where

ψ is a poly-logarithmically bounded function.

Based on Aψ
3 , we can identify a PTD class D

A
ψ
3

. The following

theorem shows that D
Aψ
3

can also be captured by the properties of a

materialization graph.

Theorem 2. For any datalog program P , P ∈ D
A
ψ
3

iff P has a
materialization graph G such that the number of MWD nodes in each
path of G is upper-bounded by ψ(|P |).
Proof sketch. (⇒) Suppose each materialization graph of P has a

path where the number of MWD nodes is not upper-bounded by

ψ(|P |). This also means the number of iterations of Step 2 is not

upper-bounded by ψ(|P |) when constructing a materialization graph

of P . Thus Aψ
3 cannot handle P .

(⇐) Suppose P has a materialization graph G such that the number

of MWD nodes in each path is upper-bounded by ψ(|P |). It is not

hard to check that Aψ
3 returns either of G or the other materialization

graph G′ that has fewer MWD nodes in each path than that of G.

Further Optimizing Algorithm 3. Algorithm 3 can be further

optimized. In step (i) of Algorithm 2, when computing Srch, for the

rule instantiations of the form ‘B1, .., Bi, .., Bn → H’, B1, ..., Bn

(except Bi) are restricted to be explicit nodes (see (†)). We now

extend Srch by allowing that B1, ..., Bn (except Bi) could also be

implicit nodes which have been added to the constructed material-

ization graph. Consider Example 3 again. If all the other implicit

parents (except vk) of v′ have been added to the materialization

graph, rch(vk, v
′) can also be put in Srch. This allows some MWD

nodes being added to the materialization graph in advance. In this

way, a derivable path represents such a path where the starting node

is in the constructed materialization graph and each of the other

nodes (whether or not it is an SWD node) has only one parent that

is not in the constructed materialization graph. Algorithm 4 is given

based on this optimization.

Algorithm 4. This algorithm is almost the same as Algorithm 3

except Step 2. Thus we only give the new step here.

(Step 2) For all rule instantiations of the form B1, .., Bi, .., Bn → H
where H is not yet in G, compute Srch as follows:

(1) if all of B1, ..., Bn are in G, add rch(B1, H),...,rch(Bn, H)
to Srch;

(2) if B1, ..., Bn (except Bi) are already in G, put rch(Bi, H) in

Srch.

Compute S∗rch; update G based on S∗rch. �

It is easy to prove the correctness of Algorithm 4 by referring to

Lemma 2. Similarly, we use Aψ
4 to denote the NC variant of Algo-

rithm 4, and D
A
ψ
4

is the corresponding PTD class. Further, we have

the following corollary. This corollary also implies that Algorithm 4

performs better than Algorithm 1 and Algorithm 3 in terms of com-

puting time.

Corollary 1. For any poly-logarithmically bounded function ψ, we
have that D

Aψ
1
⊆ D

Aψ
3
⊆ D

Aψ
4

.

Proof sketch. Suppose P ∈ D
Aψ
1

. According to Theorem 1, the

depth of the materialization graph G constructed by Aψ
1 is upper-

bounded by ψ(|P |). It is obvious that the number of MWD nodes in

each path of G is also upper-bounded by ψ(|P |). Similarly we can

prove that D
A
ψ
3
⊆ D

A
ψ
4

.
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5 Parallelly Tractable Materialization of DHL
In this section, we study whether Aψ

4 can handle DHL ontologies.

Unfortunately there exist DHL ontologies such that Aψ
4 does not

work. In the following, we first give such an ontology to illustrate

the reason why Aψ
4 cannot work. Based on the analysis of this case,

we propose to restrict the usage of DHL in order to achieve parallel

tractability of materialization.

Path Twisting. We find that, an unlimited usage of axioms of the

form B1 ( B2 & A may make it impossible for Algorithm 4 to

construct a materialization graph in a poly-logarithmical number of

iterations of Step 2. We use the following example to illustrate it.
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Figure 3. A partial graph of
Gex2 .
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Figure 4. A partial materialization graph
Gex3 .

Example 5. Given a DHL ontology Oex2 where its TBox contains
three axioms: B1 ( B2 & A, ∃S.A & B1 and ∃R.A & B2; the
ABox is {S(ai, ai−1), R(ai, ai−1), A(a1)} for 2 ≤ i ≤ k and
k is an integer greater than 2. We denote the corresponding data-
log program of Oex2 by Pex2 = 〈R, I〉, where R contains three
rules: ‘B1(x), B2(x) → A(x)’,‘S(x, y), A(y) → B1(x)’ and
‘R(x, y), A(y) → B2(x)’. The materialization graph of Pex2 con-
structed by Algorithm 4 is denoted by Gex2 . Figure 3 shows a partial
graph of Gex2 . Note that all binary predicates in Pex2 (S and R) are
EDB predicates. We include only unary atoms in Figure 3 for clarity.
Further, all MWD nodes are filled with black color.

One can check that Gex2 is the unique materialization graph of

Pex2 . We focus on the partial materialization graph in Figure 3. Ob-

serve that there exists a path (e.g., A(a1), B1(a2), A(a2), ..., A(ak))
involving k − 1 MWD nodes. Obviously there is not a poly-

logarithmical function ψ such that Aψ
3 handles Pex2 . Further, when

performing Algorithm 4, it can be checked that all the k − 1 MWD

nodes (A(a2), ..., A(ak−1)) have to be added to Gex2 in at least

k − 1 iterations. Thus Algorithm 4 cannot handle Pex2 in a poly-

logarithmical number of iterations either. The intuitive reason is that,

at least two paths exist starting from A(a1) to A(ak). These paths

‘twist’ mutually and share the same MWD nodes. It makes the op-

timization of acceleration used in Algorithm 3 and Algorithm 4 in-

valid. That is, for each node A(ai) (2 ≤ i ≤ k), until its parents

(B1(ai) and B2(ai)) are added to Gex2 , there would not exist an

available derivable path for A(ai). We use ‘path twisting’ to repre-

sent such cases.

Note that, applying the rules corresponding to either of (T2) or

(R3) can also generate MWD nodes. However, we find that these

rules do not lead to the situations of ‘path twisting’. We show this in

the proof of Theorem 3, which can be found in our technical report.

Simple Concept. In order to make Algorithm 4 terminate in a

poly-logarithmical number of iterations, we consider restricting the

usage of axioms of the form B1 ( B2 & A to avoid ‘path twisting’.

An intuitive idea is to ensure that there is only one path between each
two MWD nodes generated from the rules corresponding to (T1). We

explain it using the following example where the ontology is modi-

fied from that in Example 5.

Example 6. Consider an ontology where the TBox contains three
axioms: B1 ( B2 & A, ∃S.A & B1 and B3 & B2; the
ABox is {S(ai, ai−1), B3(ai), A(a1)} for 2 ≤ i ≤ k and k is
an integer greater than 2. We denote the corresponding datalog
program by Pex3 where the rule set contains: ‘B1(x), B2(x) →
A(x)’,‘S(x, y), A(y) → B1(x)’ and ‘B3(x) → B2(x)’. Pex3 has
a unique materialization graph denoted by Gex3 . Figure 4 shows a
partial graph of Gex3 where only unary atoms are involved, and all
MWD nodes are filled with black color.

In the above example, for the axiom B1 ( B2 & A, all derived

atoms of the form B2(x) are SWD nodes. This ensures that only one

path exists between each two MWD nodes among A(a2), ..., A(ak).
Further, when constructing Gex3 , Algorithm 4 can terminate after

two iterations of Step 2. Specifically, Algorithm 4 adds all SWD

nodes (B3(ai) and B2(ai), 2 ≤ i ≤ k) to Gex3 in the first iteration;

after that, all the other nodes (including MWD nodes) are added to

Gex3 in the second iteration (because each MWD node has a deriv-

able path). Motivated by this example, we consider restricting the

usage of the axioms B1 ( B2 & A such that all atoms of the form

B1(x) or B2(x) are SWD nodes. To this end, we first define simple
concepts as follows:

Definition 3. Given an ontology O = 〈T ,R,A〉, a concept A ∈
CN is simple, if (1) A does not occur on the right-hand side of some
axiom; or (2) A satisfies the following conditions:

1. for each B & A ∈ T , B is simple;
2. for each ∃R.B & A ∈ T , B is simple;
3. there is no axiom of the form B1 (B2 & A in T .

Based on simple concepts, we restrict DHL ontologies such that, in

all axioms of the form B1 (B2 & A, at least one concept of B1 and

B2 should be a simple concept (we call it simple-concept restriction).

Intuitively, for the restricted DHL ontologies, the situation of ‘path

twisting’ would not happen. This is because, if in each axiom of the

form B1 ( B2 & A, w.l.o.g., B1 is a simple concept, then none of

MWD ancestors of B1(x) for some x is generated from the rules

corresponding to (T1).

Example 7. In the ontology of Example 5, all of A, B1 and B2 are
non-simple concepts. In the ontology of Example 6, A and B1 are
non-simple concepts, while B3 and B2 are simple concepts. Fur-
ther, it can be checked that, the ontology of Example 6 follows the
simple-concept restriction and can be handled by Aψ

4 for some poly-
logarithmical function ψ.

We define the following class of DHL ontologies based on the

above restriction and give Theorem 3 to show that any DHL ontology

that satisfies the simple-concept restriction can be handled by Aψ
4 for

some poly-logarithmical function ψ.

Definition 4. Let Ddhl be a class of datalog programs where each
program is rewritten from a DHL ontology that follows the condition
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that, for all axioms of the form A1 ( A2 & B, at least one concept
of A1 and A2 should be a simple concept.

Theorem 3. There exists a poly-logarithmically bounded function ψ
s.t. Ddhl ⊆ DA

ψ
4

.

Proof sketch. Suppose G is a materialization graph of a datalog pro-

gram P in Ddhl. In G, the nodes of the form R(x, y) can only be

derived by applying the rules corresponding to (R1-R3). All ground

atoms derived from (R1) and (R2) correspond to the SWD nodes

in G. Thus, MWD nodes of the form R(x, y) are only derived

by applying (R3), which is to compute transitive closures. It can

be checked that all binary atoms would be added to G in poly-

logarithmically many iterations of Step 2 by performing Algorithm 4.

The unary atoms of the form A(x) can also be added to G in poly-

logarithmically many iterations of Step 2 due to the simple-concept

restriction.

6 Parallelly Tractable Materialization of DHL(◦)
In this section, we study parallelly tractable materialization of

DHL(◦) ontologies. In addition to the rules in DHL, we also have

to consider complex RIAs (R4). In the following, we first show

that complex RIAs may also cause the situation of ‘path twisting’.

Inspired by the simple-concept restriction, we then propose to re-

strict the usage of complex RIAs such that Aψ
4 works for some poly-

logarithmical function ψ.

Restricting Usage of Complex RIAs. With complex RIAs, ‘path

twisting’ may also happen when constructing a materialization graph

by Algorithm 4. Consider the following example.

Example 8. Given a DHL(◦) ontology Oex4 where its TBox
is empty; the RBox R contains three axioms: R1 ◦ R2 &
R, R3 ◦ R & R1 and R ◦ R4 & R2; the ABox A is
{R(a1, a1), R3(ai, ai−1), R4(ai−1, ai)} for 2 ≤ i ≤ k and
k is an integer greater than 2. The corresponding datalog pro-
gram Pex4 contains three rules: ‘R1(x, y), R2(y, z) → R(x, z)’,
‘R3(x, y), R(y, z) → R1(x, z)’ and ‘R(x, y), R4(y, z) →
R2(x, z)’. The materialization graph of Pex4 constructed by Algo-
rithm 4 is denoted by Gex4 .

One can check that the materialization graph Gex4 has the same

shape as that of Gex2 in Figure 3. A twisted path exists in Gex4 in-

volving R(ai, ai)(2 ≤ i ≤ k) as MWD nodes. Further, all the roles

R1, R2, R3, R4 and R in this example are non-transitive roles.

Inspired by what we do for axioms B1(B2 & A, we require that,

for all axioms of the form R1 ◦R2 & R, if R is not a transitive role,

at least one of R1 and R2 is a simple role.8 Consider such an axiom

R1 ◦ R2 & R (denoted by α1) where R is a transitive role. That is

we also have R ◦ R & R (denoted by α2). By replacing R on the

left-hand of α2 using R1 and R2, we can get a complex RIA in the

form of R1 ◦ R2 ◦ R1 ◦ R2 & R (denoted by α3). If one of R1 and

R2 is not a simple role, the corresponding rule of α3 may also lead

to ‘path twisting’.9 The reason can be explained as follows. Without

loss of the generality, R2 is a simple role while R1 is not. For some

atom R(x, y), it may depend on two different MWD nodes of the

predicate R1 through the corresponding rule of α3. To tackle this

issue, we require both of R1 and R2 in α1 to be simple roles (we call

8 See the definition of a simple role in Section 2.
9 Obviously, applying the rules of α1 and α2 separately has the same effect

to that of only applying the rule of α3.

the above restriction for transitive and non-transitive roles simple-
role restriction). Combined with the simple-concept restriction, we

define a class of DHL(◦) ontologies as follows:

Definition 5. Ddhl(◦) is a class of datalog programs where each pro-
gram is rewritten from a DHL(◦) ontology and the following condi-
tions are satisfied:

1. for all axioms of the form A1 (A2 & B, at least one concept of
A1 and A2 should be a simple concept;

2. for all axioms of the form R1 ◦ R2 & R, if R is not a transitive
role, at least one of R1 and R2 is a simple role; otherwise, both
of R1 and R2 are simple roles.

Example 9. For the ontology Oex4 in Example 8, all of the roles
R1, R2 and R are non-simple roles. Thus, Oex4 does not follow the
simple-role restriction because of R1 ◦R2 & R. Consider the ontol-
ogyOex1 in Example 1 again. The role R is a non-simple role, while
S is a simple role. Thus Oex1 follows the simple-role restriction. All
the implicit nodes in Gex1 are SWD nodes. Thus, ‘path twisting’ can-
not happen when materializing Oex1 by Algorithm 4.

We further give Theorem 4 to show that Aψ
4 can handle all the

datalog programs in Ddhl(◦) for some poly-logarithmical function ψ.

Theorem 4. There exists a poly-logarithmically bounded function ψ
s.t. Ddhl(◦) ⊆ DA

ψ
4

.

Proof sketch. The proof idea of this theorem is similar to that of The-

orem 3. Specifically, we can separate the materialization of DHL(◦)
ontologies into two parts: in the first part (Part 1), all the rules of the

forms (R1-R4) are exhaustively applied; in the second part (Part 2),

the rules of the forms (T1) and (T2) are then applied while the results

of Part 1 serve as facts. In Part 1, since the rules of the form (R4)

follow the simple-role restriction, it can be checked that all binary

atoms would be added to the target materialization graph in a poly-

logarithmical number of iterations of Step 2 by performing Algo-

rithm 4. Part 2 can also be handled by Aψ
4 due to the simple-concept

restriction.

7 Practical Usability of the Theoretical Results
In this section, we analyze different kinds of datasets including

benchmarks, real-world ontologies and datasets that can be expressed

in ontology languages. Based on the analysis of these datasets, we

find that, ignoring imports, many of them belong to Ddhl or Ddhl(◦).
Benchmarks. In the Semantic Web community, many bench-

marks are proposed to facilitate the evaluation of ontology-based

systems in a standard and systematic way. We investigate several

popular benchmarks using our results and find that the ontologies

used in some benchmarks have simple structured TBoxes that can be

expressed in RDFS and belong to Ddhl. These benchmarks include

SIB10 (Social Network Intelligence BenchMark), BSBM11 (Berlin
SPARQL Benchmark) and LODIB12 (Linked Open Data Integra-
tion Benchmark). The ontology used in IIMB13 (The ISLab Instance
Matching Benchmark) follows the simple-concept restriction.

In the latest version of LUBM14 (The Lehigh University Bench-

mark), there are 48 classes and 32 properties. Statements about prop-

erties, such as inverse property statements, can be rewritten into data-

log rules allowed in Ddhl. Most of the statements about classes can

10 https://www.w3.org/wiki/Social Network Intelligence BenchMark
11 http://wifo5-03.informatik.uni-mannheim.de/bizer/berlinsparqlbenchmark/
12 http://wifo5-03.informatik.uni-mannheim.de/bizer/lodib/
13 http://islab.di.unimi.it/iimb/
14 http://swat.cse.lehigh.edu/projects/lubm/
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be rewritten into datalog rules that are allowed in Ddhl. Five axioms

have, however, the form A & ∃R.B, which requires existentially

quantified variables in the rule head when rewriting the axiom into a

logic rule:

A(x)→ ∃y(R(x, y) ∧B(y)) (1)

Rule (1) introduces new anonymous constants. This kind of rule is

not considered when using OWL RL reasoners to handle LUBM [30,

32]. On the other hand, in some cases, this kind of rule can also be

eliminated when taking a rewriting approach [4]. In summary, if rules

such as (1) are not considered, the materialization of a LUBM dataset

can be handled by algorithm Aψ
4 .

YAGO. The knowledge base YAGO15 is constructed from

Wikipedia and WordNet and the latest version YAGO3 [17] has more

than 10 million entities (e.g., persons, organizations, cities, etc.) and

contains more than 120 million facts about these entities. In order to

balance the expressiveness and computing efficiency, a YAGO-style

language, called YAGO model, is proposed based on a slight exten-

sion of RDFS [27]. In addition to the expressiveness of RDFS, YAGO

model also allows stating the transitivity and acyclicity of a property.

Making full use of RDFS features cannot lead to parallel tractability.

However, in [27], a group of materialization rules is specified, which

is more efficient. All of these rules are allowed inDdhl. Thus, we have

that a well-constructed YAGO dataset belongs to Ddhl.

Real Ontologies. We investigated 151 ontologies that cover many

domains like biomedicine, geography, etc. These ontologies are col-

lected from the Protege ontology library,16 Swoogle17 and Oxford

ontology lib.18 All ontologies are available online.19 Among these

ontologies, 111 of them belong to Ddhl or Ddhl(◦), and 21 DHL on-

tologies contain conjunctions and follow the simple-concept restric-

tion. The remaining ontologies have simple TBoxes, i.e., no conjunc-

tion (A1(A2) appears in these ontologies. We also find two DHL(◦)
ontologies that follow the simple-role restriction.

For ontologies that satisfy the simple-concept and simple-role re-

strictions, users have a guarantee of parallel tractability. On the other

hand, developers and users can also refer to Ddhl and Ddhl(◦) when

building their own ontologies.

8 Discussions and Related Work

Parallel reasoning with ontology languages has been extensively

studied in the past decade.

The parallel reasoner RDFox [19] handles reasoning on datalog

rewritable ontology languages. Algorithm 1 proposed in Section 3

is similar to the main algorithm for RDFox (see [19], Sections 3 and

4). A thread in RDFox handles several rule instantiations with respect

to a fact. Such a thread corresponds to a group of processors in Al-

gorithm 1 that is assigned with the rule instantiations handled by the

thread. Thus the materialization of the datalog program in Example 1

is serial on RDFox. We use Algorithm 3 and Algorithm 4 to show

that the datalog program in Example 1 is also parallelly tractable,

i.e., belonging to D
A
ψ
3

and D
A
ψ
4

.

The authors of [3] propose a parallel approach for RDFS encod-

ing and reasoning and SPARQL query answering on the Cray XMT

supercomputer. In [8] the authors study stream reasoning over RDF

15 http://www.mpi-inf.mpg.de/home/
16 http://protegewiki.stanford.edu/wiki/Protege Ontology Library
17 http://swoogle.umbc.edu/
18 http://www.cs.ox.ac.uk/isg/ontologies/lib/
19 https://github.com/quanzz/ECAI2016

data and SPARQL query answering using Yahoo S4. The authors

in [7] report their work on RDFS reasoning on massively paral-

lel GPU hardware. In [22], the RETE algorithm is used to improve

RDFS reasoning. The authors of [26] propose a more efficient stor-

age technique and optimize the join operations in RDFS reasoning.

The above works study parallel reasoning in RDFS or its fragment

ρdf [20].

Distributed parallel platforms, like MapReduce or Peer-to-Peer

networks, are also used for RDFS reasoning. The representative sys-

tems are WebPIE [30], Marvin [21] and SAOR [9]. Data partitioning

strategies are also studied [24, 32]. To study parallel tractability on

distributed platforms, we have to discuss other issues, e.g., network
structures and communications. This is not considered in this work.

Parallel reasoning is also implemented for other OWL fragments,

e.g., OWL RL [14], OWL EL [13], OWL QL [15], and even highly

expressive languages [25, 16, 23, 33]. Parallelism can also improve

the performance of reasoning in non-monotonic logics [28]. Unlike

the above work, the aim of our work is not to devise an efficient par-

allel reasoning algorithm, but to identify ontologies that are tractable

for parallel materialization.

9 Conclusions and Future Work
In this paper, we studied the problem of finding ontologies such

that the materialization over them is parallelly tractable. To this

end, we proposed several NC algorithms that perform materializa-

tion on datalog rewritable ontology languages. Based on these al-

gorithms, we identified the corresponding parallelly tractable data-
log program (PTD) classes such that materialization on the datalog

programs in these classes is in the complexity class NC. We fur-

ther studied two specific ontology languages, DHL and its extension

DHL(◦), and proposed two restrictions such that materialization is

parallelly tractable. To verify the usefulness of our theoretical re-

sults, we analyzed different kinds of datasets, including well-known

benchmarks, real-world ontologies and a famous dataset YAGO. Our

analysis shows that YAGO and many real ontologies belong to the

parallelly tractable class Ddhl or Ddhl(◦). On the other hand, develop-

ers and users can also refer to Ddhl and Ddhl(◦) to create large-scale

ontologies for which parallel tractability is theoretically guaranteed.

In our future work, we will study in detail how to further apply the

theoretical results in practice. One idea is to study the impact of the

simple-concept and simple-role restrictions by analyzing more real-

world ontologies. We also want to study parallelly tractable material-

ization on distributed systems. This is more challenging since several

factors like network structure and communication should be taken

into account. Finally, we plan to investigate the problem of parallel

tractability of other OWL fragments, e.g., OWL RL and OWL EL.

Acknowledgement
We would like to thank the reviewers for their comments, which

helped improve this paper considerably. Guilin Qi is supported

by NSFC grant 61272378 and the 863 program under Grant

2015AA015406. Birte Glimm acknowledges the support of the Tran-

sregional Collaborative Research Centre SFB/TRR 62 “Companion-

Technology for Cognitive Technical Systems” funded by the German

Research Foundation (DFG).

Z. Zhou et al. / Exploring Parallel Tractability of Ontology Materialization80



REFERENCES

[1] Serge Abiteboul, Richard Hull, and Victor Vianu, Foundations of
Databases, Addison-Wesley, 1995.

[2] Eric Allender, ‘Reachability problems: An update’, in Proc. of CiE, pp.
25–27, (2007).

[3] Eric L. Goodman, Edward Jimenez, David Mizell, Sinan Al-Saffar, Bob
Adolf, and David J. Haglin, ‘High-performance computing applied to
semantic databases’, in Proc. of ESWC, pp. 31–45, (2011).

[4] Bernardo Cuenca Grau, Ian Horrocks, Markus Krötzsch, Clemens
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Student-t Process Regression with ependent
Student-t oise

Qingtao Tang1and Yisen Wang and Shu-Tao Xia

Abstract. Gaussian Process Regression (GPR) is a powerful

non-parametric method. However, GPR may perform poorly if

the data are contaminated by outliers. To address the issue,

we replace the Gaussian process with a Student-t process and

introduce dependent Student-t noise in this paper, leading to a

Student-t Process Regression with Dependent Student-t noise model

(TPRD). Closed form expressions for the marginal likelihood and

predictive distribution of TPRD are derived. Besides, TPRD gives a

probabilistic interpretation to the Student-t Process Regression with

the noise incorporated into its Kernel (TPRK), which is a common

approach for the Student-t process regression. Moreover, we analyze

the influence of different kernels. If the kernel meets a condition,

called β-property here, the maximum marginal likelihood estimation

of TPRD’s hyperparameters is independent of the degrees of freedom

ν of the Student-t process, which implies that GPR, TPRD and

TPRK have exactly the same predictive mean. Empirically, the

degrees of freedom ν could be regarded as a convergence accelerator,

indicating that TPRD with a suitable ν performs faster than GPR.

If the kernel does not have the β-property, TPRD has better

performances than GPR, without additional computational cost. On

benchmark datasets, the proposed results are verified.

1 INTRODUCTION
Gaussian processes are powerful Bayesian nonparametric methods

with good interpretability and non-parametric flexibility. In addition,

Gaussian processes have simple learning, exact inference and

impressive empirical performances without manual parameter tuning

[12].

In a regression problem, the basic model is y = f(X) + ε,

where y is the target vector, X is the feature matrix and ε is

the noise. Gaussian Process Regression (GPR) assumes the latent

function f is a Gaussian process and ε is independent and identically

distributed (i.i.d.) Gaussian noise. Based on these assumptions, exact

inference can be performed by the Bayes’ theorem [12]. However,

GPR performs poorly on data sets contaminated by outliers because

of the thin-tailed property of Gaussian distribution. To address the

issue, heavy-tailed distributions, e.g., the Student-t distribution, have

been introduced into GPR. Generally speaking, there are two ways.

The first way assumes that the noise is from an i.i.d Student-t
distribution. Then a Gaussian process with the i.i.d Student-t noise is

obtained. Exact inference, however, is analytically intractable. Then

one has to turn to approximate inference methods, such as MCMC

(Markov Chain Monte Carlo, [10]), variational approximation [6]

and Laplace approximation [16]. However, these methods require

additional computational cost.

1 Tsinghua University, Beijing, China, email: tqt15@mails.tsinghua.edu.cn

The second way assumes that the latent function f is a Student-

t process, which leads to the Student-t Process Regression model

(TPR) [12, 14]. The problem of this way is that the sum of two

independent Student-t distributions or the sum of a Student-t and

a Gaussian distribution is analytically intractable. In other words, the

Student-t process regression with independent Gaussian or Student-t
noise is analytically intractable. Thus, Rasmussen and Williams [12]

said “Allowing for independent noise contributions removes analytic

tractability, which may reduce the usefulness of the t process ”. Later

in [14, 15, 19], in order to increase the usefulness of TPR, the noise

is incorporated to the kernel function, which leads to the Student-

t process regression with the noise incorporated into its Kernel

(TPRK). By this method, good empirical performances are achieved,

however, probabilistic properties of the noise remain unknown.

In this paper, to obtain a model with robustness, reasonable

computational cost and probabilistic interpretation, we propose a

Student-t Process Regression with Dependent Student-t noise model

(TPRD), which replaces the Gaussian process in GPR with a Student-

t process and introduces dependent Student-t noise. The variance

of the noise is dependent on how well the noise-free model fits

the data. Owing to the novel noise, TPRD owns all the advantages

of GPR, such as good interpretation, exact inference and simple

hyperparameter learning. Besides, the marginal likelihood of TPRD

is equivalent to that of TPRK, which indicates that TPRD gives

a probabilistic interpretation to TPRK. Moreover, if the kernel

has the β-property (defined later), we prove that the maximum

marginal likelihood (ML) estimation of TPRD’s hyperparameters

is independent of the degrees of freedom ν, resulting in that

TPRD, TPRK and GPR have the same predictive mean. And TPRD

outperforms GPR without additional computational cost if the kernel

does not have the β-property. Various experiments are conducted to

evaluate the properties mentioned above.

In summary, the main contributions of this paper are as follows:

• We prove that GPR is a special case of TPRD. And closed form

expressions for the marginal likelihood and predictive distribution

of TPRD are derived.

• TPRD gives a probabilistic interpretation to the way of

incorporating the noise into the kernel function, adopted by

TPRK.

• If the kernel has the β-property, we prove that the ML estimation

of TPRD’s hyperparameters is independent of the degrees of

freedom ν, and GPR, TPRD, TPRK have exactly the same

predictive mean. But experiments show that TPRD with a suitable

ν is faster than GPR.

• If the kernel does not have the β-property, empirically, TPRD

obtains better performances at no additional computational cost

over GPR .
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The rest of the paper is organized as follows: Section 2 describes

GPR and proposes TPRD. Section 3 analyzes the theoretical

properties of TPRD and TPRK. Section 4 presents the experimental

results. Section 5 concludes the work.

2 TPR WITH DEPENDENT STUDENT-T NOISE
In this section, we will give a brief review to GPR and propose

TPRD. Besides, we also discuss the relationships between TPRD,

GPR and TPRK.

2.1 Review of GPR
In a regression problem, we have a training set D of n instances,

D = {X, y}, where X = {xi}ni=1 is the n ×D design matrix with

D being the dimension of attributes, and y = {yi}ni=1 denotes the

output or target vector of dimension n. In GPR, the basic model is

yi = f (xi) + εi, i = 1, 2, ..., n, (1)

where εi is the i.i.d Gaussian noise. The latent function f is given a

Gaussian process prior. In practice, as n is finite, f = {f(xi)}ni=1

has a multivariate Gaussian distribution as

p (f|X,Kg) = N
(
f|μg,Kg

)
, (2)

where μg is the mean. The subscript g indicates that the

hyperparameters are of GPR. Usually, for notational simplicity, we

assume μg = 0. And Kg is the covariance matrix. (Kg)i,j =
cov(f(xi), f(xj)) = k(xi, xj ;θ), where k is a kernel function,

θ = (θ1, θ2, . . . , θl) is the parameters of the kernel and l is the

number of parameters. As εi is i.i.d Gaussian, the likelihood is

p (y|f, σg) = N
(
y|f, σ2

gI
)
, (3)

where σ2
g is the variance of the noise and I denotes the identity

matrix. By the Bayes’ theorem and integrating out f , we can get the

marginal likelihood

p (y|X,σg,Kg) = N (y|0,Σg) , (4)

where Σg = Kg+σ2
gI . Then, to learn the hyperparameters σg and θ,

the maximum marginal likelihood can be used, which is equivalent

to minimizing the negative logarithm marginal likelihood denoted by

− ln p (y|X,σg,Kg) =
1

2
yTΣ−1

g y +
1

2
ln |Σg|+ n

2
ln 2π. (5)

The three terms of the negative marginal likelihood in Eq. (5) are

explained in [12]: the only term involving the observed targets

is the data-fit term 1
2

yTΣ−1
g y; ln |Σg| is the complexity penalty

depending only on the kernel function and the inputs; and n
2
ln 2π

is a normalization constant.

After learning the hyperparameters σg and θ, for a known input

x∗ ∈ RD , the predictive distribution is given as follows [12]

p(y∗|y) = N (y∗|μ∗, σ∗), (6)

μ∗ = kT
∗ Σ

−1
g y, (7)

σ2
∗ = k(x∗,x∗;θ)− kT

∗ Σ
−1
g k∗, (8)

k∗ = {k(xi,x∗;θ)}ni=1. (9)

Clearly, the predictive mean of GPR is a linear combination of yi(i =
1, 2, . . . , n) and the predictive variance does not depend on y.

2.2 Derivation of TPRD
The definition of a multivariate Student-t distribution is as follows.

Definition 1. An n-dimensional random vector x =
(x1, . . . , xn)

T is said to have the n-variate Student-t distribution

with degrees of freedom ν, mean vector μ, and correlation matrix R
if its joint probability density function (PDF) is given by

St(x|ν,μ, R) =
Γ[(ν + n)/2]

Γ(ν/2)νn/2πn/2|R|1/2

·
[
1 +

1

ν
(x− μ)TR−1(x− μ)

]−(ν+n)/2

.(10)

We adopt the most common definition of Student-t distribution here,

which could be found in [5, 8].

Now we introduce the Student-t process regression with

dependent Student-t noise. In the regression problem Eq. (1), the

latent function f is given a Student-t process prior, i.e., f =
{f(xi)}ni=1 has the PDF

p(f |X,θ)) =St(f |ν,0,Kt)

=
Γ [(ν + n)/2]

Γ(ν/2)νn/2πn/2 |Kt|1/2
[
1 +

1

ν
fTKt

−1f

]−(ν+n)/2

.

(11)

Just as in GPR,

(Kt)i,j = k(xi,xj ;θ), (12)

and we also assume the mean vector is 0 for simplicity.

Assume the noise ε is an n-dimensional Student-t distribution

dependent on p(f |X,θ) with the following form

p (ε|β) = St

(
ε
∣∣∣ν + n,0,

(
1 +

1

ν
fTK−1

t f

)
1

β
I

)
. (13)

For a given ν, 1
ν
fTK−1

t f is the data-fit term without considering

noise by Eq. (1) and the explanation of the first term of Eq. (5). The

variance of the noise depends on how well the noise-free model fits

the data. To be specific, if the noise-free model fits the data well, the

negative logarithm marginal likelihood is small, which implies the

variance in the Eq. (13) is small. Otherwise, if the noise-free model

does not fit the model well, the variance in the Eq. (13) is relatively

large. And the degrees of freedom of ε is n + ν, larger than the

degrees of freedom of f by n. As in practice, the number of instances

n is relatively large, ε approximates to a multivariate Gaussian

distribution with a diagonal covariance matrix, which implies that the

noise εi(i = 1, 2, . . . , n) approximate to i.i.d Gaussian distributions.

In summary, TPRD is in effect a Student-t process with approximate

i.i.d Gaussian noise whose variance is adjusted to the data-fit term

of noise-free model. Since the Student-t process is more robust than

the Gaussian process, it is expected that TPRD performs better than

GPR in some cases.

With the assumptions of Eq. (11) and Eq. (13), exact inference is

achieved as follows,

p (y|f , β) =St

(
y
∣∣∣ν + n, f ,

(
1 +

1

ν
fTKt

−1f

)
1

β
I

)
=

Γ[(ν + 2n)/2]βn/2

Γ[(ν + n)/2](ν + n)n/2πn/2
(
1 + 1

ν
fTKt

−1f
)n/2

·
[
1 +

β

(ν + n)

(y − f)T (y − f)

1 + 1
ν
fTKt

−1f

]−(ν+2n)/2

.

(14)
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Multiplying Eq. (11) by Eq. (14), the joint distribution of y and f is

p (y, f |X,θ, β) ∝
[
1 +

1

ν
fTKt

−1f

+
β

(ν + n)
(y − f)T (y − f)

]−(ν+2n)/2

∝
[
1 +

β

ν + n
yT

(
I − β

ν + n
A−1

)
y

+(f − f̄)
T
A(f − f̄)

]−(ν+2n)/2

,

(15)

where

A =
1

ν
Kt
−1 +

β

ν + n
I,

f̄ =
β

ν + n
A−1y.

(16)

By integrating out f in Eq. (15), we get the marginal likelihood

p(y) ∝
[
1 +

β

ν + n
yT

(
I − β

ν + n
A−1

)
y

]−(ν+n)/2

, (17)

p(y) =
Γ[(ν + n)/2]

Γ(ν/2)νn/2πn/2|Σt|1/2
[
1 +

1

ν
yTΣt

−1y

]−(ν+n)/2

,

(18)

where Σt is the correlation matrix of y and Σ−1
t = νβ

ν+n
(I −

β
ν+n

A−1). It’s not difficult to show that Σt = Kt +
ν+n
ν

1
β
I , i.e.,

Σt = Kt + σ2
t I, σ2

t =
ν + n

ν
· 1
β
. (19)

The negative logarithm marginal likelihood of TPRD is

− ln p(y) =
ν + n

2
ln

[
1 +

1

ν
yTΣt

−1y

]
+

1

2
ln |Σt|

− ln

(
Γ[(ν + n)/2]

Γ(ν/2)νn/2πn/2

)
.

(20)

Similar to the three terms of GPR’s negative logarithm marginal

likelihood in Eq. (5), the three terms in Eq. (20) has readily

interpretable roles: the second term 1
2
ln |Σt| is the complexity

penalty depending only on the kernel function and the inputs; the

last term ln( Γ[(ν+n)/2]

Γ(ν/2)νn/2πn/2 ) is for normalization; the first term is

related to the data-fit term yTΣt
−1y. Comparing the first term in

Eq. (20) with the one in Eq. (5), the main difference is that the first

term in Eq. (20) is a logarithm function of yTΣt
−1y while the one

in Eq. (5) is a linear function of yTΣg
−1y. That implies if there are

outliers in y, the negative logarithm marginal likelihood of TPRD

would be much less disturbed than that of GPR. So, from the view

of the negative logarithm marginal likelihood, TPRD should be more

robust than GPR.

After deriving the negative logarithm marginal likelihood of

TPRD Eq. (20), we need to estimate the hyperparameters σt,θ and

ν. It’s not difficult to derive the partial derivatives of the marginal

likelihood of TPRD for each hyperparameter, which implies that

the hyperparameters σt,θ and ν can be learned by gradient-based

optimization methods.

After learning the hyperparameters, we can make predictions by

the following result [14].

Lemma 1 Suppose y ∼ St(ν,μ,K). y1 ∈ Rn1 and y2 ∈ Rn2

represent the first n1 and remaining n2 entries of y respectively.
Then y1|y2 ∼ St(y1|μ1|2,K1|2, ν + n1), where μ1|2 =

K12K
−1
22 (y2 − μ2) + μ1, K1|2 = ν+α1

ν+n1
(K22 − K21K

−1
11 K12),

α1 = (y1 − μ1)
TK−1

11 (y1 − μ1).

For a known input x∗ ∈ RD , we need to give the prediction y∗.

As {y, y∗} is a multivariate Student-t distribution, by Lemma 1,

p(y∗|y) = St

(
y∗
∣∣∣kT
∗ Σ

−1
t y,

ν + αt

ν + n

(
k(x∗, x∗;θ)− kT

∗ Σ
−1
t k∗

))
k∗ = {k(xi,x∗;θ)}ni=1, αt = yTΣ−1

t y.

(21)

Comparing Eq. (21) with Eq. (6), we see that the form of the

predictive mean of TPRD is identical to that of GPR, which implies if

the kernel function and hyperparameters are the same, the predictive

mean of TPRD is also the same to that of GPR. As mentioned in

Section 2.1, the predictive covariance of GPR does not depend on the

target vector. In contrast, from Eq. (21), we see that the predictive

covariance of TPRD explicitly depends on the target vector, which

implies the uncertainties are better accounted for.

2.3 Relation to GPR
Theorem 1 TPRD→ GPR when ν → +∞.

As ν→+∞, it’s well known that a Student-t distribution converges

to a Gaussian distribution (refer to, e.g., [9]), hence,

p (f |X) = St
(
f
∣∣∣ν,0,K)→ N (f |0,K) ,

p(ε) = St

(
ε
∣∣∣ν + n,0,

(
1 +

1

ν
fTK−1f

)
1

β
I

)
→ N

(
ε
∣∣∣0, 1

β
I

)
,

(22)

i.e., TPRD→ GPR when ν → +∞, which implies that if we choose

ν by cross-validation, we can guarantee the performances of TPRD,

if not better, are at least as good as that of GPR. Of course, cross-

validation for hyperparameter selection requires more computational

cost. But gradient-based optimization methods can roughly achieve

the same performances, as showed in the experiments of Section 4.

2.4 Relation to TPRK
The Student-t process has been studied for a long time [11].

However, as the sum of two independent student-t distributions or

the sum of a student-t distribution and a Gaussian distribution is

analytically intractable, it is difficult to use Student-t process with

noise.

In [14, 15, 19], the noise is incorporated into the kernel function,

specifically, by adding a diagonal matrix to the kernel matrix. In

this way, the covariance matrix of marginal likelihood equals the

kernel matrix plus a diagonal matrix. In practice, this way achieved

good performances. However, probabilistic properties of the noise

are unknown. In [14], the negative marginal likelihood of TPRK has

the form

− ln p (y|ν, σa,θ) =
ν + n

2
log

(
1 +

1

ν − 2
yTΣ−1

a y

)
+

1

2
log (|Σa|)− ln

(
Γ[(ν + n)/2]

Γ(ν/2)(ν − 2)n/2πn/2

)
,

(23)
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where Σa = Ka + σ2
aI , σ2

a denotes the noise incorporated to the

kernel . Comparing Eq. (23) with Eq. (20), it is easy to see that if

Σa = ν−2
ν

Σt, Eq. (23) and Eq. (20) would have exactly the same

form. The slight difference is caused by the fact that [14] adopts

a slightly different definition of Student-t distribution, where the

definition is

St(ν,μ, R) =
Γ( ν+p

2
)

Γ( ν
2
)(ν − 2)p/2πp/2|R|1/2

·
[
1 +

1

ν − 2
(y − μ)TR−1(y − μ)

]− ν+p
2

.

(24)

It is not difficult to prove that if we applied this definition of Student-

t distribution to Eq. (11) and Eq. (13), the marginal likelihood of

TPRD would have the same form as that of TPRK. Besides, Σt is

equivalent to Σa. So, TPRD is equivalent to TPRK. In fact, TPRD

gives a probabilistic interpretation to TPRK. By incorporating the

noise into the kernel, in fact, the noise approximates to the i.i.d

Gaussian noise with variance adjusted to the data-fit term.

3 THEORETICAL ANALYSIS
GPR, TPRD and TPRK are all kernel methods. With different

kernels, their performances change a lot. In this section, we will

give the definition of the β-property. Then we will prove that if the

kernel has the β-property, the predictive mean of TPRD has the same

predictive mean as GPR does. Moreover, TPRK also has identical

predictive mean as GPR does.

3.1 Maximum likelihood estimation of
hyperparameters independent of ν

In this section, we will prove the maximum marginal likelihood

estimation of hyperparameters θ and σt is independent of ν if the

kernel function has the β-property, which is defined as follows.

Definition 2. For a kernel function k(x1,x2; θ1, θ2, . . . , θl),
where θ1, θ2, . . . , θl is the parameters of the kernel, if

k(x1,x2; θ1, θ2, . . . , θl) = g(θ1)k(x1,x2; 1, θ
′
2, . . . , θ

′
l), where

θ′i(i = 2, 3, . . . , l) corresponds to θi one to one for given θ1, and

g(θ1) is an injective function of θ1 with the range (0,+∞), then the

kernel k(x1,x2; θ1, θ2, . . . , θl) is called to have the β-property.

There are several common kernels with the β-property, e.g., a

diagonal squared exponential kernel [13] has the form

k(x1,x2;σf , �) = σ2
f exp

(
− 1

2�2
xT
1 x2

)
= σ2

fk(x1,x2; 1, �), σf > 0,

(25)

and a linear with diagonal weighting kernel [13]

k(x1,x2;λ) =xT
1 Λ

−2x2, Λ = diag(λ1, λ2, . . . , λD)

=
xT
1 Λ

′−2x2

λ2
1

, Λ′ = diag

(
1,

λ2

λ1
, . . . ,

λD

λ1

)
=

1

λ2
1

k

(
x1,x2; 1,

λ2

λ1
, . . . ,

λD

λ1

)
, λ1 > 0,

(26)

where λ = (λ1, λ2, . . . , λD).
There are also common kernels without the β-property, e.g., a

squared exponential kernel [13] has the form

k(x1,x2; �) = exp

(
− 1

2�2
xT
1 x2

)
. (27)

By Eq. (19), σt seems to be dependent on ν, however, we have the

following surprising results.

Theorem 2 If the kernel in TPRD has the β-property, then the
maximum likelihood estimation of hyperparameters θ and σt is
independent of ν. Furthermore, the predictive mean of TPRD is the
same as that of GPR.

Proof. The marginal likelihood of TPRD has the form

p(y|θ, σt) =
Γ[(ν + n)/2]

Γ(ν/2)νn/2πn/2|Σt|1/2
[
1 +

1

ν
yTΣt

−1y

] (ν+n)
−2

,

(28)

where Σt = Kt + σ2
t I . As the kernel has the β-property, we have

Σt = Kt + σ2
t I, (Kt)ij = k(xi,xj ; θ1, θ2, . . . , θl)

= g(θ1)K
′
t + σ2

t I, (K′
t)ij = k(xi,xj ; 1, θ

′
2, . . . , θ

′
l)

= σ2
tΣ
′
t, (29)

where

Σ′t = λK′
t + I, λ =

g(θ1)

σ2
t

, (30)

and θ′i(i = 2, 3, . . . , l) depends on θ1 and θi.
As g(θ1) is an injective function, it is not difficult to show that

σt, λ, θ
′
2, . . . , θ

′
l have one-to-one mapping to σt, θ1, θ2, . . . , θl. By

Eq. (28), for a given ν, we have

max
σt,θ

p(y|σt,θ)

⇔ max
σt,λ,θ

′
2,...,θ

′
l

p(y|σt, λ, θ
′
2, . . . , θ

′
l)

⇔ min
σt,λ,θ

′
2,...,θ

′
l

(p(y|σt, λ, θ
′
2, . . . , θ

′
l))

−2
v+n

⇔ min
σt,λ,θ

′
2,...,θ

′
l

h(y|σt, λ, θ
′
2, . . . , θ

′
l),

(31)

where

h(y|σt, λ, θ
′
2, . . . , θ

′
l)

=

[
1

|Σt|1/2
(
1 +

1

ν
yTΣt

−1y

) v+n
−2

] −2
v+n

= |Σt|
1

ν+n (1 +
1

ν
yTΣt

−1y)

= σ
2n

ν+n
t |Σ′t|

1
ν+n (1 +

1

νσ2
t

yTΣ′t
−1

y). (32)

Recall that σt and λ have one-to-one mapping to σt and θ1. Then

deriving h(y|σt, λ, θ
′
2, . . . , θ

′
l) with respect to σt,

∂h(y)

∂σt
=

2n

ν + n
σ

2n
ν+n

−1

t |Σ′t|
1

ν+n − 2σ
2n

ν+n
−3

t |Σ′t|
1

ν+n

ν + n
yTΣ′t

−1
y.

(33)

Letting Eq. (33) be zero, we get the maximum marginal likelihood

estimation of σt

σ̂t =

√
yTΣ′−1

t y

n
. (34)

From Eq. (34) and Eq. (30), we can see that σ̂t is determined by

training dataD and hyperparameters λ, θ′2, θ
′
3, . . . , θ

′
l, which implies

that σ̂t is independent of ν. From Eq. (34) and Eq. (32), we obtain

h(y) =

(
yTΣ′t

−1
y

n

) n
ν+n

|Σ′t|
1

ν+n

(
1 +

n

ν

)
. (35)
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Let h′(y) =
(
yTΣ′t

−1y

n

)n
|Σ′t| and φ = λ, θ′2, . . . , θ

′
l, similar to Eq.

(31) we have

min
φ

h(y)

⇔min
φ

(
yTΣ′t

−1
y

n

) n
ν+n

|Σ′t|
1

ν+n

⇔min
φ

h′(y).

(36)

Since h′(y) is independent of ν, the solution of ∂h′(y)/∂φ = 0 is

independent of ν.

Now, we have proved that the maximum likelihood estimation

of σt, λ, θ
′
2, . . . , θ

′
l is independent of ν. As there is a one-to-

one mapping between θ, σt and σt, λ, θ
′
2, . . . , θ

′
l, the maximum

likelihood estimation of θ, σt is independent of ν.

From Lemma 1 in Section 2.2, we know the predictive mean of

TPRD has no relationship with ν, it is only determined by the training

data D and hyperparameters θ, σt. If the kernel has the β-property,

the hyperparameters θ, σt are shown to be independent of ν, which

implies that the predictive mean of TPRD is independent of ν. In

other words, no matter what ν is, the prediction of TPRD does not

change. As GPR is a special case of TPRD with ν → +∞, the

predictive mean of TPRD is the same as that of GPR. �
This result might be interesting. Since in Section 2.2, we state

TPRD should be more robust than GPR since the difference of

their negative logarithm marginal likelihoods. Now, we prove that

they have the same predictive mean with the β-property kernel. The

underlying reason is that the β-property kernel has a free factor

g(θ1), which compromises their difference between the negative

logarithm marginal likelihoods.

As the degrees of freedom ν does not affect the predictive mean,

we can choose a suitable ν for speedup.

3.2 Predictive mean comparison
In TPRK, the marginal likelihood is different from the marginal

likelihood of GPR. So, Shah, Wilson and Zoubin [14] expect that the

predictive mean of TPRK would differ from that of GPR. However,

we prove that when we use the maximum marginal likelihood

to estimate the hyperparameters, the predictive mean of TPRK is

identical to that of GPR if the kernel has the β-property.

Theorem 3 If the maximum marginal likelihood is used to estimate
the hyperparameters and the kernel has the β-property, for a given
ν, the predictive mean of TPRK is the same as that of TPRD.

Proof. Firstly, as the kernel has the β-property, we have

k(x1,x2; θ1, θ2, . . . , θl) = g(θ1)k(x1,x2; 1, θ
′
2, . . . , θ

′
l), (37)

where the range of g(θ1) is (0,+∞). We assume the maximum

marginal likelihood estimation solution of TPRD’s hyperparameters

is (σ0
t , θ

0
1, θ

′0
2 , . . . , θ′0l ). As g(θ1) is an injective function with the

range (0,+∞) and in TPRK ν > 2 , there is a θ′01 satisfying that
ν−2
ν

g(θ′01 ) = g(θ01). Then at
(√

ν
ν−2

σ0
t , θ

′0
1 , θ′02 , . . . , θ′0l

)
, we have

k
(
x1,x2; θ

′0
1 , θ′02 , . . . , θ′0l

)
=

ν

ν − 2
k
(
x1,x2; θ

0
1, θ

′0
2 , . . . , θ′0l

)
(38)

Σa = Ka + σ2
aI =

ν

ν − 2
Kt +

ν

ν − 2
σ2
t I =

ν

ν − 2
Σt, (39)

which implies the marginal likelihood value of TPRK equals that

of TPRD. In fact, at
(√

ν
ν−2

σ0
t , θ

′0
1 , θ′02 , . . . , θ′0l

)
, the marginal

likelihood value of TPRK reaches the maximum. Otherwise, if

there is another set of hyperparameters at which the marginal

likelihood value of TPRK is larger, there is a corresponding set of

hyperparameters at which the marginal likelihood of TPRD is larger,

contradictory to the fact that the maximum marginal likelihood

solution of TPRD is (σ0
t , θ

0
1, θ

′0
2 , . . . , θ′0l ).

For a given known x∗ ∈ RD , the predictive mean of TPRK is

k(x∗, X; θ′01 , θ′02 , . . . , θ′0l )TΣ−1
a y

=
ν

ν − 2
k(x∗, X; θ01, θ

′0
2 , . . . , θ′0l )T

ν − 2

ν
Σ−1

t y

= k(x∗, X; θ01, θ
′0
2 , . . . , θ′0l )TΣ−1

t y.

(40)

The RHS is the predictive mean of TPRD. �

Corollary 1 If the maximum marginal likelihood is used to estimate
the hyperparameters and the kernel has the β-property, the predictive
mean of TPRK is the same as the prediction of GPR.

Proof. By Theorem 3, we know that if the maximum marginal

likelihood is used to estimate the hyperparameters and the kernel has

the β-property, the predictive mean of TPRK has the same predictive

mean as that of TPRD. And in that case, by Theorem 2, TPRD and

GRP also have the same predictive mean. We conclude that in that

case, TPRK has the same predictive mean as that of GPR. �
This result is interesting. As the negative logarithm marginal

likelihood of TPRK is different from the one of GPR. The predictive

mean of TPRK is expected to be different from that of GPR after

learning the hyperparameters in [14]. However, by Corollary 1,

TPRK and GPR have identical predictive mean if the maximum

marginal likelihood is used and the kernel has the β-property. The

underlying reason is that the kernel with the β-property has a

free factor g(θ1), which compromises the difference between their

marginal likelihood.

4 EXPERIMENTS

Our experiments are designed to verify the following three

propositions:

• If the kernel has the β-property, the ML estimation of TPRD’s

hyperparameters is independent of ν and the predictive mean of

TPRD is the same as that of GPR. ν influences the convergence

rate.

• If the kernel has the β-property and ML estimation is used, TPRK,

TPRD and GPR have the same predictive mean.

• If the kernel does not have the β-property, TPRD performs better

than GPR.

4.1 Data sets

We use the following seven data sets to carry out the experiments.

All data are from the UCI data sets [7].

• Servo Data. This data set contains 4 attributes and 167 instances

from a simulation of a servo system. The attributes include motor,

screw, pgain and vgain. The output variable is class from 0.13 to

7.10.
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• Stock Data. This data set includes returns of Istanbul Stock

Exchange with seven other international index. There are 536

instances and 8 attributes. We randomly choose a subset of 400

instances for the experiments.

• Wine Data [2]. This data set contains 12 attributes and 1599

instances associated with red wine. The attributes include acidity,

residual sugar, pH and so on. The output variable is quality (score

between 0 and 10). We randomly choose a subset of 400 instances

for the experiments.

• Airfoil Data. Airfoil data comprises different size NACA 0012

airfoils at various wind tunnel speeds and angles of attack. It

contains 1503 instances and 6 attributes. We randomly select a

subset of 400 instances for the experiments.

• Yacht Data. This data set is used to predict the hydodynamic

performances of sailing yachts from dimensions and velocity. It

contains 308 instances and 7 attributes.

• Space Data. This data set is to predict the number of O-rings that

will experience thermal distress for a given flight when the launch

temperature is below freezing point. It contains 23 instances and

4 attributes.

• Concrete Data [18]. This data set is about the slump flow of

concrete. It contains 1030 instances and 9 attributes. We randomly

choose a subset of 400 instances for the experiments.

4.2 Experimental setup

We use the gradient descent algorithm [1] to get the minimum of

the negative logarithm marginal likelihood. The maximum iteration

number is 5000 and the stop criterion is that the absolute value of

each hyperparameter’s derivative is less than 10−8. The initial value

for step length is 0.001. And the initial value for the hyperparameters

σ and θi(i = 1, 2, · · · , l) are 1. All the data are standardized.

4.3 ν independent of the β-property kernel

We verify the ν independent property on two kernels and two data

sets. The kernels are the diagonal squared exponential kernel Eq. (25)

and the linear kernel with isotropic weighting [13], which has the

form k(x1,x2; �) =
xT
1 x2

�2
. As shown in Eq. (25) and Eq. (26), both

of the kernels have the β-property. The data sets are the Servo and

Stock data. We compare TPRD(ν = 3, 10, 1000, 100000) with GPR.

Table 1. The ML estimation results on the Servo data set with the linear
kernel

Model ln 	 lnσ MSE iteration

GPR 0.4880 -0.3706 0.7947 486
TPRD(ν=3) 0.4880 -0.3706 0.7947 581
TPRD(ν=10) 0.4880 -0.3706 0.7947 339
TPRD(ν=1000) 0.4880 -0.3706 0.7947 384
TPRD(ν=100000) 0.4880 -0.3706 0.7947 418

Table 2. The ML estimation results on the Servo data set with the diagonal
squared exponential kernel

Model ln 	 lnσf lnσ MSE iteration

GPR 0.5588 0.6278 -1.2413 0.3041 1500
TPRD(ν=3) 0.5588 0.6278 -1.2413 0.3041 767
TPRD(ν=10) 0.5588 0.6278 -1.2413 0.3041 598
TPRD(ν=1000) 0.5588 0.6278 -1.2413 0.3041 2265
TPRD(ν=100000) 0.5588 0.6278 -1.2413 0.3041 2004

Table 3. The ML estimation results on the Stock data set with the linear
kernel

Model ln 	 lnσ MSE iteration

GPR 1.1757 -0.7758 0.1954 1406
TPRD(ν=3) 1.1757 -0.7758 0.1954 496
TPRD(ν=10) 1.1757 -0.7758 0.1954 322
TPRD(ν=1000) 1.1757 -0.7758 0.1954 2484
TPRD(ν=100000) 1.1757 -0.7758 0.1954 3386

Table 4. The ML estimation results on the Stock data set with the diagonal
squared exponential kernel

Model ln 	 lnσf lnσ MSE iteration

GPR 2.7766 1.7299 -0.7949 0.1377 5000
TPRD(ν=3) 2.7767 1.7300 -0.7949 0.1377 1002
TPRD(ν=10) 2.7767 1.7300 -0.7949 0.1377 887
TPRD(ν=1000) 2.7752 1.7282 -0.7949 0.1377 5000
TPRD(ν=100000) 2.7659 1.7170 -0.7953 0.1378 5000

From Table 1-4, we can see that the ML estimation of

hyperparameters of TPRD is indeed the same as that of GPR. The

slight difference in Table 4 is caused by that fact the maximum

iteration is reached before the optimization point is reached. And the

MSE of TPRD and GPR is identical, which implies that they have

the same predictive mean.

Another interesting phenomenon is that the convergence rate is

indeed influenced by ν. On most data sets, when ν is set to 10, TPRD

has the smallest number of iteration, faster than GPR. Empirically,

we recommend that ν is set around 10. The underlying reason may

be that the tail thickness is appropriate for most data when ν is around

10, considering that ν controls the thickness of the tail.

The result may be remarkable, since the computational cost is an

important problem of GPR. As the main computational cost lies on

solving the inverse of the covariance matrix, most efforts are focused

on the covariance matrix, e.g., from the sparsity [4], distributed

method [3], and exploiting the structure of covariance matrix [17].

Our model provides an iteration-less way, which may be able to

combine with the covariance matrix way.

4.4 Predictive mean of GPR, TPRD and TPRK
with the β-property kernel

Now, we use the experiments to verify the Theorem 3 and Corollary

1 that the predictive mean of TPRK is identical to that of GPR and

TPRD with the β-property kernel and ML estimation.

We compare TPRK(ν = 3, 10, 1000, 100000) with GPR and

TPRD(ν = 10) on the Servo data set. The following are the

experimental results.

From Table 5 and 6, we see that on each β-property kernel,

whatever ν is, the MSE of TPRK is the same as that of GPR and

TPRD, which implies these three models have the same predictive

mean.

Besides, different from TPRD, ν influences the ML estimation of

hyperparameters of TPRK. Next, we exploit how the ν influences

them. From Section 3.2, we know that if the ML estimation of

TPRD’s hyperparameters is (σ0
t , θ

0
1, θ

′0
2 , . . . , θ′0l ), the ML estimation

of TPRK’s hyperparameters is (σ0
a, θ

′0
1 , θ′02 , . . . , θ′0l ), where

σ0
a =

√
ν

ν − 2
σ0
t , (41)

ν − 2

ν
g(θ′01 ) = g(θ01). (42)
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Table 5. The ML estimation results on the Servo data set with the linear
kernel

Model ln 	 lnσ MSE

GPR 0.5866 -0.3603 0.6628
TPRD(ν=10) 0.5866 -0.3603 0.6628
TPRK(ν=3) 0.03733 0.1890 0.6628
TPRK(ν=10) 0.4751 -0.2487 0.6628
TPRK(ν=1000) 0.5856 -0.3593 0.6628
TPRK(ν=100000) 0.5866 -0.3603 0.6628

Table 6. The ML estimation results on the Servo data set with the diagonal
squared exponential kernel

Model ln 	 lnσf lnσ MSE

GPR 0.5977 0.5297 -1.1933 0.1397
TPRD(ν=10) 0.5977 0.5297 -1.1933 0.1397
TPRK(ν=3) 0.5977 1.079 -0.6440 0.1397
TPRK(ν=10) 0.5977 0.6413 -1.082 0.1397
TPRK(ν=1000) 0.5977 0.5307 -1.192 0.1397
TPRK(ν=100000) 0.5977 0.5297 -1.193 0.1397

Taking TPRK(ν=3) for example, we check whether the experimental

results are consistent with the relationship above.

For the hyperparameters θ01 and θ′01 , from Table 6, we know

ν − 2

ν
g(θ′01 ) =

ν − 2

ν
(σf )

2

=
ν − 2

ν
exp(2σf )

=
3− 2

3
exp(2× 1.079)

= 2.8846

g(θ01) = (θ01)
2

= exp(2× 0.5297)

= 2.8846,

(43)

which verifies the Eq. (42).

For σ0
a and σ0

t , we have√
ν

ν − 2
σ0
t =

√
3

3− 2
exp(−1.1933)

= 0.5252

σ0
a = exp(lnσ0

a)

= exp(−0.6440)
= 0.5252,

(44)

which is consistent with the Eq. (41).

As the ML estimation of TPRD’s hyperparameters is not

influenced by ν, from the relationship, we know that ν does not affect

the ML estimation of hyperparameters of TPRK, except σa and θ′01 .

From Table 6, it is clear that ν indeed does not affect the estimation

of �.

4.5 Robustness of TPRD with non-β-property
kernel

Now, we evaluate the robustness of TPRD on all the data sets

(Section 4.1) with the squared exponential kernel, which does not

have the β-property. Table 7 reports the MSE of TPRD and GPR.

The MSE of data sets on which TRPD is significantly better than

GPR is in boldface. We see that on the data set Airfoil, Concrete,

Servo and Stock, TPRD has similar performances with GPR. Then

in each training dataset, 5% of the instances are chosen randomly

and each value of the target variable in these instances is randomly

added or subtracted by 3 standard derivations of the target variable.

It’s clear that TPRD performs more robustly than GPR when the

data are contaminated by the outliers. And on the data sets Space,

Yacht, Wine, TPRD outperfoms GPR. Just as we state in Section

2.2, the negative logarithm marginal likelihood of TPRD is a

logarithm function of the data-fit term, while that of GPR is a linear

function. Therefore, TPRD is more robust than GPR theoretically

and empirically, with the non-β-property kernel.

Table 7. The MSE of GPR and TPRD

Data Set GPR MSE TPRD MSE

Airfoil 0.3153 0.3108
Airfoil with outliers 0.5524 0.3557
Concrete 0.1545 0.1665
Concret with outliers 0.5503 0.2706
Servo 0.1541 0.1550
Servo with outliers 0.8616 0.2451
Stock 0.2744 0.2756
Stock with outliers 0.7833 0.2928

Space 0.4258 0.3386
Yacht 0.0544 0.0458
Wine 0.8362 0.6580

5 CONCLUSION
We have proposed a Student-t Process Regression with Dependent

Student-t noise model (TPRD) in this paper, which is proved to be

a generalization of GPR. In addition, TPRD gives a probabilistic

interpretation to the Student-t Process Regression with noise

incorporated into the Kernel (TPRK). In fact, by incorporating the

noise into the kernel, the noise approximates to the Gassian noise

with the variance adjusted to the data-fit term. More importantly,

we analyze the influence of different kernels on TPRD and TPRK.

Specifically, if the kernel has the β-property, the ML estimation of

TPRD’s hyperparameters is independent of ν and we also discuss

how ν influences the ML estimation of the TPRK’s hyperparameters.

Besides, the predictive mean of TPRD, TPRK and GPR is identical,

which is not expected by [14]. In that case, empirically, ν is a

convergence accelerator and TPRD can be faster than GPR. On the

other hand, if the kernel does not have the β-property, owing to

the dependent noise, experimental results show that TPRD achieves

significantly better performances than GPR.
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An Extension of the Owen-Value Interaction Index
and Its Application to Inter-Links Prediction

Piotr L. Szczepański1 and Tomasz P. Michalak2 ,3 and Talal Rahwan4 and Michael Wooldridge2

Abstract. Link prediction is a key problem in social network anal-

ysis: it involves making suggestions about where to add new links in

a network, based solely on the structure of the network. We address

a special case of this problem, whereby the new links are supposed

to connect different communities in the network; we call it the inter-
links prediction problem. This is particularly challenging as there are

typically very few links between different communities. To solve this

problem, we propose a local node-similarity measure, inspired by the

Owen-value interaction index—a concept developed in cooperative

game theory and fuzzy systems. Although this index requires an ex-

ponential number of operations in the general case, we show that our

local node-similarity measure is computable in polynomial time. We

apply our measure to solve the inter-links prediction problem in a

number of real-life networks, and show that it outperforms all other

local similarity measures in the literature.

1 INTRODUCTION

Link prediction is one of the key problems in social network anal-

ysis [32, 28, 45]. Informally, it involves making recommendations

about where to add new links in a network, based solely on the struc-

ture of that network. Link prediction has many applications, such as

(i) identifying potential customers in online shops [10]; (ii) discover-

ing the interactions between proteins in biological networks [5]; and

(iii) finding hidden connections between terrorists [23].

The problem of link prediction is strongly associated with the no-

tion of similarity between nodes in a network [32]: the greater the

similarity between two nodes, the greater the likelihood of having a

link between them. Broadly speaking, computing the similarity be-

tween any two nodes may either involve local or global informa-

tion about those nodes. Each approach has its relative strengths and

weaknesses. In particular, compared to local measures, global ones

generally yield better results but are harder to compute, which limits

their applicability to small networks (more details can be found in

Section 7). In this paper, we restrict our attention to the problem of

link prediction based on local information.

Some researchers [43, 50] have suggested exploiting the fact that,

in real-life networks, nodes tend to form densely-connected groups,

or communities [15], and that nodes from the same community are

more likely to be connected.

We address a new problem, whereby we are given a network and a

community structure, and want to recommend new links between dif-

ferent communities. We call these “inter-links” (as opposed to intra-

1 Warsaw University of Technology, Poland
2 University of Oxford, UK
3 University of Warsaw, Poland
4 Masdar Institute, UAE

links, which connect nodes belonging to the same community). To

see why this new problem is significant, consider some applications

of the general link-prediction problem:

• One of the most lucrative business applications of link prediction

is product recommendation in e-commerce [29], whereby any cus-

tomer viewing a certain product is presented with a list of simi-

lar products. In this context, besides obviously-similar products, it

may be worthwhile to also recommend some other products that

are different yet relevant. This can be modeled as the problem of

recommending inter-links between products belonging to differ-

ent categories, or “communities”.

• Another promising application of link prediction is to recommend

new collaborations in academic networks [52]. While current tools

focus on recommending collaborations between academics from

the same field of study, such tools can benefit from identifying

any promising collaborations between members of different com-

munities, e.g., to foster interdisciplinary research and promote the

creation of diverse teams.

Our approach to the inter-link prediction problem draws inspiration

from the field of cooperative game theory. Concepts from network

science may be understood in a cooperative game theoretic setting as

follows:

• a node is represented as a player;

• a group centrality [13] is represented as a characteristic function
that assigns to each group a real value reflecting its payoff, or

power, according to some metric;

• a community (or a subset of nodes) is a coalition (or a subset of

players), and the community structure corresponds to a coalition
structure.

With this mapping in place, it is possible to measure the similarity

between any two nodes using the interaction index [18]—a game-

theoretic concept that measures the interaction between two players

by analyzing the payoffs of the many possible coalitions in the game.

At its core, an interaction index is built around a payoff-division
scheme (more on this in Section 2). Among the many schemes that

can be used for this purpose, one particularly attractive family of

schemes is Semivalues [19]; by using it, we obtain the Semivalue
interaction index. This particular index was recently proposed as a

local measure of node similarity [45]. Although this measure was

shown to be useful for link prediction, it does not take into account

the underlying community structure. To overcome this issue, our idea

is to use the Owen value [37]—a payoff division scheme inherently

designed to handle situations where there is an underlying coalition

structure; the resulting node-similarity measure is the Owen-value in-
teraction index. We also propose a family of schemes that generalize
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the Owen value, namely Coalitional Semivalues [47]; the resulting

node-similarity measure is the Coalitional-Semivalue interaction in-
dex. To the best of our knowledge, we are the first to study this latter

interaction index.

In summary, the contribution of this paper is as follows:

• We formulate the problem of inter-link prediction in networks

with a community structure;

• We introduce an extension of Owen-value interaction index called

the Coalitional-Semivalue interaction index, and use it to define

the new local similarity measure on networks;

• We propose polynomial time algorithms to efficiently compute the

Owen-value and Coalitional-Semivalue interaction index on net-

works;

• We empirically evaluate our measure by applying it to solve the

inter-links prediction problem for a number of real-life networks,

and show that it outperforms other local node-similarity measures.

The remainder of this paper is organized as follows. In Section 2,

we introduce some basic notations and concepts from graph theory

and cooperative games theory. We formally define the new node-

similarity measure in Section 5, and analyze its computational com-

plexity in Section 4. An efficient algorithm is then presented in Sec-

tion 5. The experimental results are presented in Section 6. A brief

discussion of related bodies of literature is presented in Section 7,

before concluding the paper.

2 PRELIMINARIES
In this section we introduce the key definitions and notation used

throughout the paper.

Network notation: A graph (or a network) is denoted by G(V,E),
where V = {v1, . . . , v|V |} is the set of nodes and E is the set of

edges. We will sometimes write G instead of G(V,E) for brevity. In

this paper we consider only undirected and unweighted graphs. We

will often use v and u to denote two arbitrary nodes. For any two

nodes, v, u ∈ V , the distance (i.e., the length of the shortest path)

between them will be denoted by d(v, u). A community in a network

is a subset of nodes, whereas a community structure is an exhaustive

and disjoint set of communities.

A centrality index (or simply a centrality) measures the impor-

tance of individual nodes. One of the fundamental centrality indices

is degree centrality [14, 13, 36], which simply measures the impor-

tance of a node, v, based solely on the degree of v—the number of

nodes within 1 step from v. This can be generalized to k steps, re-

sulting in what is know as k-steps degree centrality. The notion of

centrality can also be generalized to groups of nodes, resulting in

what is known as group centrality [13]. One such group centrality

that we will focus on in this paper is k-steps group degree centrality.

Definition 1 Given a network G, an integer k ∈ {1, . . . , |V |}, and
a community S ⊆ V , the k-steps group degree centrality of S is:∣∣∣ {v ∈ V : min

u∈S
d(u, v) ≤ k

}
\ S
∣∣∣ (1)

Some authors [35, 45] interpret the above formula as a sphere of
influence of the community S in the network. From this perspective,

the parameter k can be interpreted as the “diameter” of this sphere.

Coalitional games: A coalitional game in characteristic function
form (also called a cooperative game) is comprised of a set of play-

ers N = {1, 2, . . . , |N |} and a characteristic function ν : 2N → R

which evaluates each coalition C ⊆ N of players, under the assump-

tion that ν(∅) = 0. We often refer to ν(C) as the value, or payoff, of

C.

Semivalues: This is a family of payoff-division schemes, or solution
concepts, designed to specify how the payoff of any given coalition

should be divided among its members [11]. It is centered around the

notion of marginal contribution; for every player, i ∈ N , and every

coalition, C ⊆ N , the marginal contribution of i to C is:

MC(C, i) = ν(C ∪ {i})− ν(C).

Now, let β : {0, . . . , |N | − 1} → [0, 1] be a discrete probability

distribution, where β(k) is the probability that a coalition of size k
is drawn from the set of all possible coalitions whose size is no more

than |N | − 1. Then, a Semivalue is defined as follows:

Definition 2 Given a game, (N, ν), and a discrete probability dis-
tribution, β : {0, . . . , |N | − 1} → [0, 1],

∑
0≤k<|N| β(k) = 1, the

Semivalue of a player, i ∈ N , is:

SEMI i(N, ν) =
∑

0≤k<|N|
β(k)E[MC(Xk, i)], (2)

where Xk is a coalition of size k drawn uniformly from {C : C ⊆
N \ {i} ∧ |C| = k}, and E[·] is the expected-value operator.

The first Semivalue to appear in the literature was the Shapley
value [42], which is now recognized as a fundamental concept in

cooperative game theory due to its many desirable properties, see,

e.g., [7]. Another prominent Semivalue is the Banzhaf power index
[3], which has also been studied extensively. Those two Semivalues

are defined by the following β-functions:

βShapley(i) =
1

|N | and βBanzhaf (i) =

(|N|−1
i

)
2|N|−1

.

Interaction index: One possible way to interpret the synergy (or

added value) that results from the interaction between players i and

j is as follows: S(i, j) = ν({i, j}) − ν({i}) − ν({j}). One can

also measure such synergy with respect to any particular coalition,

C ⊆ N , as follows:

S(C, i, j) = MC(C, {i, j})−MC(C, i)−MC(C, j),

where MC(C, {i, j}) = ν(C ∪ {i, j}) − ν(C). The interaction in-
dex of i and j, denoted by Ii,j(N, ν), is a weighted average of such

synergy, taken over all coalitions in the game. The absolute value of

Ii,j(N, ν) indicates the intensity of the interaction between the two

players; greater values indicate greater intensity. In contrast, the sign

of Ii,j(N, ν) reflects the nature of the influence that i and j have on

one another: Ii,j(N, ν) < 0 means they influence each other neg-

atively; Ii,j(N, ν) > 0 means they influence each other positively;

Ii,j(N, ν) = 0 means they either do not influence each other, or their

influences cancel out.

By combining a Semivalue with the interaction index, we obtain a

Semivalue interaction index, defined as follows:

Definition 3 Given a game, (N, ν), and a discrete probability dis-
tribution, β : {0, . . . , |N | − 1} → [0, 1],

∑
0≤k<|N| β(k) = 1, the

Semivalue interaction index of a pair of players, i, j ∈ N , is:

ISEMI
i,j (N, ν) =

∑
0≤k≤|N|−2

β(k)E[S(Xk, i, j)], (3)
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where Xk is a coalition drawn uniformly at random from: {C : C ⊆
N \ {i, j} ∧ |C| = k}, and E[·] is the expected-value operator.

The three Semivalue interaction indices that are widely studied in

literature are presented in Table 1.

interaction index name β(l)

Shapley-value interaction index [37, 17] 1
|V |−1

Banzhaf-index interaction index [41]

(|V |−2
l

)
2|V |−2

Chaining interaction index [34] 2(l+1)
(n−1)(n−2)

Table 1. Values of β for the three main Semivalue interaction indices.

In addition to cooperative game theory, the interaction index has

also been studied in various other fields, such as fuzzy systems, ag-

gregation function theory, multi-criteria decision making, statistics

and data analysis [33].

Cooperative games with coalition structure: A cooperative game

can be viewed and analyzed from the ex ante perspective, where

the agents have not yet decided on which coalitions to form. Con-

versely, the game may be analyzed from the a priori perspective,

where the agents have already formed a specific coalition structure,

CS = {C1, . . . , Cm}. From this perspective, a cooperative game
with a coalition structure is a tuple, (N,CS , ν). Arguably, the most

established extension of the Shapley value to such games is the Owen
value [38]. Before explaining how it works, we need to first intro-

duce the notion of a quotient game. In particular, given a cooperative

game with a coalition structure, (N,CS , ν), the corresponding quo-

tient game, (CS , νQ), is a game whose set of players is CS (i.e.,

every coalition in CS is considered to be a single player), and whose

characteristic function is defined as follows:

νQ(R) = ν

( ⋃
r∈R

Cr

)
for all R ⊆M,

where M = {1, . . . ,m} is the set of coalition numbers. For ev-

ery R ⊆ M , we will use QR to denote
⋃

r∈R Cr . For example, if

CS = {C1, C2, C3} : C1 = {1, 2}, C2 = {3, 4}, C3 = {5}, then

Q{1,3} = {1, 2, 5}, and νQ({1, 3}) = ν({1, 2, 5}).
Having presented the quotient game, we are now ready to define

the Owen value as follows:

Definition 4 Given a cooperative game with a coalition structure,
(N,CS , ν), the Owen value of a player i ∈ Cx ∈ CS is:

OV i(N,CS , ν) =
∑

R⊆M\{x}

1

|M |
(|M|−1
|R|
)

∑
C⊆Cx\{i}

1

|Cx|
(|Cx|−1
|C|
)MC(QR ∪ C, i). (4)

One generalization of the Owen value that was recently introduced

in the literature is Coalitional Semivalues [47], defined as follows:

Definition 5 Given a game, (N,CS , ν), and a discrete probability
distribution, β : {0, . . . , |M | − 1} → [0, 1],

∑
0≤k<|M| β(k) = 1,

the Coalitional Semivalue of a player i ∈ Cx ∈ CS is:

CSEMI i(N,CS , ν) =
∑

0≤k≤|M\{x}|
β(k)

∑
0≤l<|Cx|

α(l)E[MC(QTk ∪Xl, i)], (5)

where T k is a subset drawn from {R : R ⊆ M \ {x} ∧ |R| = k}
uniformly at random; Xl is a subset of size l drawn from {C : C ⊆
Cx \ {i} ∧ |C| = l} uniformly at random; E[·] is the expected-value
operator; and α : {0, . . . , |Cx| − 1} → [0, 1],

∑|Cx|−1
l=0 α(l) = 1.

As shown in Table 2, by adopting the appropriate probability dis-

tributions, we obtain the Owen value [38] or any of its modifications

proposed in the literature to date, namely: Owen-Banzhaf value [39],

symmetric coalitional Banzhaf value [2], and symmetric coalitional
p-binomial Semivalues [6].

Solution name β(k) α(l)

Owen value [38] 1
|M|−1

1
|Cx|−1

Owen-Banzhaf value [39]

(|M|−1
k

)
2|M|−1

(|Cx|−1
l

)
2|Cx|−1

symmetric coalitional
Banzhaf value [2]

(|M|−1
k

)
2|M|−1

1
|Cx|

symmetric coalitional
p-binomial Semivalue [6]

pk(1−p)|M|−1−k

p ∈ [0, 1]
1
|Cx|

Table 2. Values of α and β for the Owen value and its various extensions.

Interaction index on games with coalition structure: Finally we

are ready to define the Owen-value interaction index for cooperative

games with a coalition structure. Here, our definition is for the inter-

action between nodes belonging to different coalitions [53].

Definition 6 Given a cooperative game with a coalition structure,
(N,CS , ν), and two players, i ∈ Cx ∈ CS and j ∈ Cy ∈ CS such
that Cx = Cy , the Owen-value interaction index between i and j is:

IOV
i,j (N,CS , ν) =

∑
R⊆M\{x,y}

1

(|M | − 1)
(|M|−2
|R|
)

∑
C⊆(Cx∪Cy)\{i,j}

S(QR ∪ C, i, j)

(|Cx|+ |Cy| − 1)
(|Cx|+|Cy|−2

|C|
)

(6)

3 A NEW INTERACTION INDEX FOR
NETWORKS

Inspired by the inter-links prediction problem, we construct a new

node-similarity measure using three building blocks. The first block

is the interaction index (to analyze pairs of nodes), the second block

is the Coalitional Semivalue (to analyze nodes given a community

structure), and the third block is the k-steps group degree centrality
(to quantify the importance of subsets of nodes). To put the three

pieces together, our first step is to introduce the following game.

Definition 7 A cooperative game with a coalition structure (played)
on a graph is a tuple, (G,CS , νG), where G is a graph, CS is a
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community structure, and νG : 2|V | → R is a characteristic function
defined over the graph G.

We use one such game, where the characteristic function is the k-
steps group degree centrality, defined for all k ∈ {1, . . . , |V |} and

all S ⊆ V as follows:

νk
D(S) =

∣∣∣ {v ∈ V : min
u∈S

d(u, v) ≤ k
}
\ S
∣∣∣.

The second step is to combine the Coalitional Semivalue with the

interaction index, as shown below:

Definition 8 Given a cooperative game with a coalition structure,
(N,CS , ν), a discrete probability distribution, β : {0, . . . , |N | −
2} → [0, 1],

∑
0≤k≤|N|−2 β(k) = 1, and two players, i ∈ Cx ∈

CS and j ∈ Cy ∈ CS such that Cx = Cy , the Coalitional-
Semivalue interaction index between i and j is:

ICSEMI
i,j (N,CS , ν) =

∑
0≤k≤|M\{Cx,Cy}|

β(k)

∑
0≤l≤|Cx∪Cy\{i,j}|

α(l)E[S(QTk ∪Xl, i, j)], (7)

where T k is a subset of size k drawn from {R : R ⊆ M \ {x, y} ∧
|R| = k} uniformly at random; Xl is a subset of size l drawn from
{C : C ⊆ Cx ∪ Cy \ {i, j} ∧ |C| = l} uniformly at random; E[·]
is the expected-value operator; α : {0, . . . , |Cx ∪ Cy \ {i, j}|} →
[0, 1],

∑|Cx∪Cy\{i,j}|
l=0 α(l) = 1.

This is a natural extension of Owen-value interaction index that

is in line with the definition of Coalitional Semivalues. For instance,

by setting β(k) = 1
|M|−1

and α(l) = 1
|Cx|−1

, we obtain the Owen-

value interaction index.

Now, we are ready to introduce our new node-similarity measure:

Definition 9 The Coalitional-Semivalue similarity measure between
v ∈ Cx and u ∈ Cy in graph G(V,E) with community structure CS
is defined as:

ICSEMI
u,v (V,CS , νk

D).

Many standard measures evaluate the similarity between two

nodes by quantifying the intersection of their spheres of influence. In

contrast, the main advantage of our measure is that the intersection is

evaluated in the context of the exponential number of subsets of com-

munities and nodes in the network, which may allows us to compute

similarity more accurately. One potential drawback of our approach

is its potentially-high computational complexity, due to the exponen-

tial number of subsets. However, in the following section we develop

the closed-form formula for the k-steps Coalitional-Semivalue simi-

larity measure which allows us to compute it in polynomial time.

4 COMPUTATIONAL ANALYSIS
In this section, we circumvent the main potential obstacle that

may hamper the application of the Coalitional-Semivalue interaction

index—the computational complexity. In more detail, Equation (7)

requires iterating over an exponential number of subsets of V . How-

ever, building upon a combinatorial and probabilistic analysis, we

will develop two polynomial algorithms: one for the Coalitional-

Semivalues interaction index, which runs in O(|V |3) time, and the

other is for a special case of this index, namely the Owen-value in-

teraction index, which runs in just O(|V |) time.

To this end, let CSDEGREEII denote the problem of calculating

ICSEMI
u,v (V,CS , νk

D), where CS is a community structure, νk
D is the

k-steps degree centrality, and u, v ∈ V . The main theoretical result

in this paper is as follows:

Theorem 1 CSDEGREEII is in P.

We note that the above theorem fills a gap in the literature, as high-

lighted in Table 7 (see Section 7). Before presenting the proof, we

first need some additional notation. For every node v ∈ V , let Nk(v)
denote the set of “neighbors” reachable from v with at most k steps,

and let degk(v) denote the number of such nodes. More formally, we

have: Nk(v) = {u ∈ V : d(v, u) ≤ k ∧ v = u} and degk(v) =
|Nk(v)|. We extend this notation to sets of nodes. That is, Nk(C) =⋃

v∈C Nk(v)\C and degk(C) = |Nk(C)|. Moreover, for any given

node, v ∈ Cx ∈ CS , we denote the set of adjacent communities

as NCS
k (v) = {Cy ∈ CS \ Cx : Cy ∩ Nk(v) = ∅}, the inter-

community degree as degCS
k (v) = |NCS

k (v)|, the set of neighbors

within some community Cy ∈ CS as Ny
k (v) = Nk(v) ∩ Cy , and

the corresponding intra-community degree as degyk(v) = |Ny
k (v)|.

These can be extended to two communities as follows: Ny,z
k (v) =

Nk(v) ∩ (Cy ∪ Cz) and degy,zk (v) = |Ny,z
k (v)|.

In our proof we follow the line of our earlier work [45], where we

developed an algorithm to computed the Shapley value-based inter-

action index was proposed. In this work, we will extend the proof

from [45] to take into consideration both the community structure

the Owen value-based interaction index, which is much more com-

plex than its Shapley value-based counterpart.

Proof: First of all, let us focus on Equation (7). More specifically,

for each pair of nodes v, u ∈ V such that: v ∈ Ci ∈ CS and u ∈
Cj ∈ CS and Ci = Cj , we will show how to compute E[S(QTk ∪
Xl, u, v)]—the expected value of their synergy with respect to the

random set QTk ∪ Xl. Recall that T k is drawn uniformly from the

set {R : R ⊆ M \ {i, j} ∧ |R| = k}, and Xl is drawn uniformly

from the set {C : C ⊆ Ci ∪Cj \ {u, v} ∧ |C| = l}. Also recall that

QR denotes
⋃

r∈R Cr . Now if we denote Rk,l = QTk ∪Xl, then:

E[S(Rk,l, u, v)]=E[MC(Rk,l, {u, v})]−E[MC(Rk,l, u)]−E[MC(Rk,l, v)]

=E[MC(Rk,l, u)]+E[MC(Rk,l, v)]−E[MC(Rk,l, u ∩ v)]

−E[MC(Rk,l, u)]−E[MC(Rk,l, v)]

=− E[MC(Rk,l, u ∩ v)],

where MC(Rk,l, u ∩ v) is what we call the “common” contribution

of two nodes v and u, which is illustrated in Figure 1, and defined as

follows:5

E[MC(Rk,l, u ∩ v) =E[MC(Rk,l, u)] + E[MC(Rk,l, v)]

−E[MC(Rk,l ∪ {u}, v)]−E[MC(Rk,l ∪ {v}, u)].
Now given the function νk

D , the pair of nodes v, u ∈ V can make

a positive common contribution to the set of nodes Rk,l only through

some node from the intersection of their neighborhoods, i.e., some

node n ∈ Nk(v) ∩ Nk(u). Intuitively, this happens when such a

node n is not under the influence of the set Rk,l but is under the

influence of Rk,l ∪ {u, v}.
5 Here, we do not mean to take the intersection of nodes u and v, as this

would be incorrect. Instead, for notation convenience, we write u∩v when
referring to the intersection between the contributions of u and v.
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MC(Rk,l, {u}) MC(Rk,l, {v})

Figure 1. An illustration of MC(Rk,l, u ∩ v).

We formalize the above observation by introducing the Bernoulli

random variable indicating whether nodes v, u make a positive com-

mon contribution to the set Rk,l through a node n ∈ Nk(v)∩Nk(u):

E[B+
k,l,v,u,n] = P [(Nk(n) ∪ {n}) ∩Rk,l = ∅]. (8)

On the other hand, the pair v, u ∈ V can make a negative common

contribution to the set of nodes Rk,l through v or u. This happens

when either of those two nodes is under the influence of Rk,l but not

under the influence of Rk,l ∪ {v, u}.6 Note that when analyzing the

common contribution, we only consider nodes in Nk(v)∩Nk(u). As

such, from the negative-contribution perspective, we only consider

cases where v ∈ Nk(u) or u ∈ Nk(v).
We formalize the above observation by introducing two Bernoulli

random variables indicating whether nodes v, u make a negative

common contribution to Rk,l through the node v or u is defined as:

E[B−k,l,v] = P [(Nk(v)) ∩Rk,l = ∅], (9)

E[B−k,l,u] = P [(Nk(u)) ∩Rk,l = ∅]. (10)

Now, we will develop an exact formula for the equations (8), (9) and

(10). We start with a positive contribution. The important observation

is that the set Rk,l is drawn from the sample space Ω, where |Ω| =(|M|−2
k

)(|Ci|+|Cj |−2

l

)
. Having this in mind, we denote P [(Nk(n) ∪

{n}) ∩Rk,l = ∅] by P+ and we get:

P+ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(|M|−1−degCS
k (n)

k )(|Ci|+|Cj |−deg
i,j
k

(n)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

if n /∈ Ci ∪ Cj

(|M|−1−degCS
k (u)

k )(|Ci|+|Cj |−1−deg
i,j
k

(n)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

if n ∈ Ci ∪ Cj

(11)

Now if n /∈ Ci∪Cj , the above formula has the following combina-

torial interpretation. The random set Rk,l can contain any community

from CS except for Ci and Cj ; there are |M |−2 such communities,

where M = {1, . . . ,m} is the set of community numbers. In order

to satisfy the condition Nk(v) ∩ T k = ∅, from all communities in

CS \ {Ci, Cj} we can draw all those that are not in the scope of n.

There are |M |−2−degCS
k (n) such communities. However, two ad-

ditional facts also play an important role: the fact that the community

containing n should not be in Rk,l, and the fact that Rk,l can con-

tain any community from CS except for Ci and Cj . Taking this into

account, the final number of communities is: |M | − 1 − degCS
k (n).

Thus, the probability of choosing a set Rk,l satisfying our condition

Nk(v) ∩ T k = ∅ is exactly:
(|M|−1−degCS

k (n)
k

)
/
(|M|−2

k

)
.

Next, we show how to satisfy the condition that Nk(v)∩Xl = ∅.

6 In some work the definition of νkD(C) also counts the nodes from C [35].
However, in this paper we follow the convention that the influence of C
affects only nodes from outside C.

To this end, from the set (Ci∪Cj)\{v, u} we need to exclude those

nodes that are in the scope of n. There are |Ci∩Cj |−2−degi,jk (n)
such nodes. However, taking into account that v, u ∈ N i,j

k (n), the

probability of choosing a set Rk,l satisfying the condition Nk(v) ∩
Xl = ∅ is exactly:

(|Ci|+|Cj |−deg
i,j
k

(n)

l

)
/
(|Ci|+|Cj |−2

l

)
.

In order to compute the negative contribution, we consider the

complementary event: P− = 1 − P [(Nk(v)) ∩ Rk,l = ∅]. Using

the same combinatorial argument as the one used to compute P+,

we get:

P− = 1−
(|M|−1−degCS

k (v)
k

)(|Ci|+|Cj |−1−deg
i,j
k

(v)

l

)(|M|−2
k

)(|Ci|+|Cj |−2

l

) , (12)

The formula combining equations (8) and (9) and its analytic form

given in equations (11) and (12) is:

E[S(Rk,l, u, v)] = E[B−k,l,v] + E[B−k,l,u]−
∑

n∈Nk(v)∩Nk(u)

E[B+
k,l,v,u,n]

= −
∑

n∈(Nk(v)∩Nk(u))\(Ci∪Cj)

((|M|−1−degCS
k (n)

k

)(|Ci|+|Cj |−deg
i,j
k

(n)

l

)(|M|−2
k

)(|Ci|+|Cj |−2

l

) )

−
∑

n∈(Nk(v)∩Nk(u))∩(Ci∪Cj)

((|M|−1−degCS
k (n)

k

)(|Ci|+|Cj |−1−deg
i,j
k

(n)

l

)(|M|−2
k

)(|Ci|+|Cj |−2

l

) )

+
∑

n∈({v}∩Nk(u))∪({u}∩Nk(v))

(
1−
(|M|−1−degCS

k (n)
k

)(|Ci|+|Cj |−1−deg
i,j
k

(n)

l

)(|M|−2
k

)(|Ci|+|Cj |−2

l

) )
(13)

Notice that the sets NCS
k (u), N i,j

k (u) and Nk(u) are easily com-

putable in polynomial time. Based on this, the closed-form formula

(13) together with Equation (7) prove that CSDEGREEII is solvable

in polynomial time, i.e., it belongs to the class P.

Finally, note that in our proof we omitted the case when u and v
belong to the same community. Although, in this case, the reasoning

slightly differs from the above, it results in almost the same formula.

Nevertheless, such a case is not interesting from the perspective of

inter-links recommendation. �

Now, let us denote by OVDEGREEII the problem of calculat-

ing IOV
u,v (V,CS , ν

k
D, ) where CS is a community structure, νk

D is

the k-steps degree centrality, and u, v ∈ V . Then, the following

corollary immediately follows from Theorem 1:

Corollary 1 OVDEGREEII is in P.

Building upon the above theoretical results, we will propose in the

next section two algorithms; one solves CSDEGREEII in O(|V |3)
time; the other solves OVDEGREEII in just O(|V |) time, after some

preprocessing stage that requires O(|V |2) time.

5 ALGORITHMS
In this section, we use Equation (13) to develop a polynomial time al-

gorithm for computing the k-steps Coalitional-Semivalue interaction

index. In particular, Algorithm 1 computes the k-steps Coalitional-

Semivalue interaction index for a given pair of nodes u, v ∈ V
in the graph G. This algorithm is basically an implementation of

Equation (7), whereby the expected value operator E[S(Rk,l, u, v)]
is computed using Equation (13).
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Algorithm 1: Computing the k-steps Coalitional-Semivalue in-

teraction index

Input: Graph G(V,E), functions β and α, community structure

CS , nodes v, u ∈ V where v ∈ Ci ∈ CS , u ∈ Cj ∈ CS

Data: for u ∈ V :

Nk(u)—the set of k-neighbors

NCS
k (u)—the set of adjacent communities

N i,j
k (u)—the set of adjacent nodes within Ci ∪ Cj

Output: ICSEMI
u,v k-steps coalitional-Semivalue interaction index

1 ICSEMI
u,v ← 0;

2 for k ← 0 to |M | − 2 do
3 for l← 0 to |Ci ∪ Cj | − 2 do
4 S← 0;

5 foreach n ∈
(
Nk(v) ∩Nk(u)

)
\
(
Ci ∪ Cj

)
do

6 S← S− (|M|−1−degCS
k (n)

k )(|Ci|+|Cj |−deg
i,j
k

(n)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

7 foreach n ∈
(
Nk(v) ∩Nk(u)

)
∩
(
Ci ∪ Cj

)
do

8 S← S− (|M|−1−degCS
k (n)

k )(|Ci|+|Cj |−1−deg
i,j
k

(n)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

9 if v ∈ Nk(u) then
10 S←

S + 1− (|M|−1−degCS
k (v)

k )(|Ci|+|Cj |−1−deg
i,j
k

(v)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

S←
S + 1− (|M|−1−degCS

k (u)

k )(|Ci|+|Cj |−1−deg
i,j
k

(u)

l
)

(|M|−2
k )(|Ci|+|Cj |−2

l
)

11 ICSEMI
u,v ← ICSEMI

u,v + β(k)α(l)S

It is easy to see that Algorithm 1 runs in O(|V |3) time. Note

that the algorithm requires a preprocessing stage in which the sets

NCS
k (u), N i,j

k (u) and Nk(u) are computed. Let us analyze the time

required to perform this preprocessing stage. For each node n ∈ V ,

the sets NCS
k (u) and Nk(u) can be computed using breadth-first

search in O(|V |(|V | + |E|)) time. Furthermore, we can store all

coalition values, i.e., store ν(C), ∀C ⊆ N , using O(|V |2) space.

Next, for the pair of communities Ci and Cj we can compute the

set N i,j
k (n) in O(|V |2) time. As can be seen, compared to the time

required to run Algorithm 1, the preprocessing stage takes negligible

time.

Although O(V 3)—the time required to run Algorithm 1—is very

fast compared to a naive (exponential-time) algorithm, it is still

not fast enough to be applied for link prediction in large networks.

With this in mind, we now present an even faster algorithm to com-

pute k-steps Owen-value interaction index; see Algorithm 2. Specifi-

cally, this algorithm runs in O(|V |) time, and requires the aforemen-

tioned preprocessing stage to compute the sets NCS
k (u), N i,j

k (u) and

Nk(u). This improvement allows us to compute the similarity be-

tween each pair of nodes (not just a single pair) in O(|V |3) time.

Thus, the entire procedure of link prediction also requires O(|V |3)
time.

6 Emiprical Evaluation
In this section, we empirically demonstrate the effectiveness of

our node-similarity measure in detecting links across communities.

Specifically, in our experiments we use the Owen value-based variant

Algorithm 2: Computing the k-steps Owen-value interaction in-

dex

Input: Graph G(V,E), community structure CS , nodes

v, u ∈ V where v ∈ Ci ∈ CS , u ∈ Cj ∈ CS

Data: for u ∈ V :

Nk(u)—the set of k-neighbors

NCS
k (u)—the set of adjacent communities

N i,j
k (u)—the set of adjacent nodes within Ci ∪ Cj

Output: IOV
u,v k-steps coalitional-Semivalue interaction index

1 IOV
u,v ← 0;

2 foreach n ∈
(
Nk(v) ∩Nk(u)

)
\
(
Ci ∪ Cj

)
do

3 IOV
u,v ← IOV

u,v − 1

(degCS
k

(n))(deg
i,j
k

(n))

4 foreach n ∈
(
Nk(v) ∩Nk(u)

)
∩
(
Ci ∪ Cj

)
do

5 IOV
u,v ← IOV

u,v − 1

(degCS
k

(n))(deg
i,j
k

(n)−1)

6 if v ∈ Nk(u) then
7 IOV

u,v ← IOV
u,v + 1− 1

(degCS
k

(v))(deg
i,j
k

(v)−1)

8 IOV
u,v ← IOV

u,v + 1− 1

(degCS
k

(u))(deg
i,j
k

(u)−1)

of our measure, as it can be computed efficiently using Algorithm 2.

We compare our measure against six local similarities measures out-

lined in Table 3; these are arguably the most efficient solutions to the

local link-prediction problem in the literature [32, 45].

Similarity Name Measure

Common Neighbors
(CN) SCN

u,v = Nk(u) ∩Nk(v)

Salton Index (SI) SSI
u,v =

Nk(u)∩Nk(v)√
Nk(u)×Nk(v)

Jaccard Index (JI) SJI
u,v =

Nk(u)∩Nk(v)
Nk(u)∪Nk(v)

Adamic-Adar Index
(AA) SAA

u,v =
∑

n∈Nk(u)∩Nk(v)
1

logNk(n)

Resource Allocation
(RA) SRA

u,v =
∑

n∈Nk(u)∩Nk(v)
1

Nk(n)

Shapley-value
interaction index (SV) SSV

u,v = ISVi,j (V, νkD)

Table 3. The six local node-similarity measures used in our experiments.

We evaluate the effectiveness of each node-similarity measure us-

ing a standard procedure from the literature on link-prediction. In

particular, we compute the similarity of each pair of disconnected

nodes, v, u ∈ V : (v, u) /∈ V , belonging to two different commu-

nities, Ci, Cj ∈ CS where v ∈ Ci, u ∈ Cj . After that, links are

proposed between the most similar such pairs of nodes. Since in this

paper we focus on finding the most accurate predictions based only

on local information, we set k = 1 in all our experiments. Each such

experiment is conducted as follows: given a graph G = (V,E) with

a community structure CS , we create a new graph G′ = (V,E′),
which is similar to G and with the same CS but where 10% or 20%
of inter-edges are removed at random.7 Then, we compute the simi-

larity of each disconnected pair of nodes from different communities

7 We also conducted experiments in which 30% and 40% of inter-edges were
removed. The effectiveness of all measures was reduced proportionally.
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in G′. In order to evaluate the results, we use the Area Under the
Curve (AUC) measure [32]. The whole process is repeated 100 times

and the average AUC is taken.

In more detail, the AUC is computed using the Mann-Whitney

U test [22]. To this end, let R be the set of all disconnected pairs

of nodes from different communities in G′. This set can be divided

into two disjoint sets: the set of “missing” links, denoted by M (i.e.,

M = E \ E′), and the set of “non-existing” links, denoted by N
(i.e., N = (V × V ) \ E). Let n = |M ||N | be the number of all

comparisons between the missing links and the non-existing links.

Furthermore, let n′ be the number of such comparisons in which the

missing link is ranked higher than the non-existing link. Finally, let

n′′ be the number of such comparisons in which both links are ranked

the same. Then, the AUC is computed as follows:

AUC =
n′ + n′′

2

n
.

With this forumla, if AUC equals 1 then all missing links are ranked

higher than the non-existing links; this is the best possible ranking,

where n′ = n and n′′ = 0. On the other extreme, if AUC equals 0
then none of the missing links is ranked higher than, or even the same

as, any of the non-existing links; this is the worst possible ranking,

where n′ = 0 and n′′ = 0. A completely random ranking falls

between the two extremes, with an expected AUC of 0.5.

We study 8 widely-used real-life networks: Tribes [12], Taro [21],

Zachary [54], Terrorists [24], Surfers [30], Polbooks [1], Football

[15] and Jazz [16]. Table 4 specifies the sizes of these eight networks,

as well as the sizes of the community structures therein.8. For each

of them, we report the results for the community structure identi-

fied by the multilevel community-detection algorithm [51]. We also

experimented with other community-detection algorithms, such as

Walktrap [40], Fastgreedy [9], and Girvan-Newman [15]; they pro-

duced almost the same community structures as the multilevel algo-

rithm. As such, the choice of the community-detection algorithm had

a negligible impact on our results.

Network |V | |E| |CS | Network |V | |E| |CS |
Tribes 16 58 3 Surfers 43 336 2

Taro 22 39 5 Polbooks 105 441 4

Zachary 34 78 4 Football 115 613 10

Terrorists 64 243 5 Jazz 198 2742 4

Table 4. The sizes of the networks and their community structures used in
the experiments.

Tables 5 and 6 present the results for our Owen value-based mea-

sure, as well the other local link-prediction measures from Table 3.

As can be seen, in the experiments where 10% of inter-links were

removed (i.e., Table 5), our measure outperforms all the other mea-

sures. As for the experiments where 20% of inter-links were removed

(i.e., Table 6), our measure also outperforms the other alternatives for

all networks except for the Football network.

The results in Tables 5 and 6 demonstrate how detecting inter-

links locally can be a rather challenging task. For instance, given

the Football network, all local node-similarity measures are biased;

they produce results that are worse than even a completely random

classifier whose AUC is expected to be 0.5. Likewise, given the Taro
network, all measures are either worse, or slightly better than, the

8 The datasets for the eight networks were downloaded from the link:
http://www-personal.umich.edu/˜mejn/netdata/ as well as the
link: http://konect.uni-koblenz.de/networks/.

Network OV SV RA CN AA JI SI

Tribes 0.754 0.438 0.579 0.502 0.581 0.633 0.658

Taro 0.573 0.483 0.394 0.516 0.550 0.571 0.483

Zachary 0.703 0.628 0.684 0.533 0.657 0.573 0.617

Terrorists 0.834 0.774 0.778 0.744 0.795 0.782 0.748

Surfers 0.881 0.731 0.770 0.746 0.765 0.797 0.791

Polbooks 0.806 0.783 0.789 0.743 0.785 0.755 0.772

Football 0.403 0.346 0.365 0.314 0.336 0.373 0.388

Jazz 0.962 0.918 0.928 0.927 0.902 0.919 0.918

Table 5. The area under curve (AUC) for our measure (OV) as well as the
six measures from Table 3, given 8 real-life networks in which 10% of

inter-links were removed.

Network OV SV RA CN AA JI SI

Tribes 0.729 0.421 0.584 0.493 0.569 0.622 0.641

Taro 0.525 0.431 0.439 0.358 0.441 0.505 0.510

Zachary 0.644 0.584 0.622 0.519 0.616 0.511 0.548

Terrorists 0.819 0.771 0.782 0.746 0.785 0.759 0.715

Surfers 0.867 0.735 0.766 0.730 0.762 0.766 0.778

Polbooks 0.780 0.739 0.748 0.746 0.747 0.752 0.748

Football 0.351 0.313 0.334 0.300 0.331 0.353 0.365
Jazz 0.966 0.919 0.928 0.905 0.918 0.921 0.924

Table 6. The area under curve (AUC) for our measure (OV) as well as the
six measures from Table 3, given 8 real-life networks in which 20% of

inter-links were removed.

random one. Nevertheless, for the remaining networks, all measures

outperform the random one with very few exceptions.

Finally, we show in Figure 2 how the runtime of our Algorithm 2

grows with the size of the network. Specifically, the dotted line rep-

resents the time needed for the preprocessing stage, whereas the

solid line represents the time needed for computing the 1-step Owen

Value-based interaction index between each pair of nodes in the net-

work. As can be seen, even for 5000 nodes, our algorithm takes less

than one minute.
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Figure 2. The performance of 1-step Owen value interaction index.

We conclude this section with some negative results. Specifically,

when using our measure for quasi-local (rather than local) link pre-

diction (i.e., when k > 1) the performance of our algorithm drops

considerably in terms of AUC for all the networks in our exper-

iments. We believe this comes from the expression degCS
k (n). In

particular, even for a small k, every node in the network can reach

many different communities, which can negatively influence the per-

formance. This is because in such a case the differences between the

nodes diminish, and nodes become indistinguishable by our measure.
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7 RELATED WORK

Our contribution falls at the intersection of (i) positive computational

results in cooperative game theory and (ii) efficient link prediction

in graph theory. In this section, we briefly discuss both areas of re-

search.

Starting with cooperative game theory, most solution concepts are

NP-hard [7]. However, for cooperative games described over net-

works there is a growing body of literature with various positive re-

sults. In particular, when either group degree centrality, group close-
ness centrailty, or group betweenness centrality [13] is used as a

characteristic function, it was shown that the Shapley value can be

computed in time polynomial in the network size [35, 46]. More-

over, it was proven that the problem of computing any Semivalues—

parametrized by any polynomial time computable discrete probabil-

ity distribution—belongs to the class P for degree and closeness cen-

tralities [44], as well as betweenness centrality [46].

Regarding games with a coalition structure, there are positive re-

sults about degree and closeness centralities. In more detail, for both

of them we can compute the Owen value and the Coalitional Semi-

value in polynomial time [47, 48]. However, it is still an open ques-

tion whether the same holds of r betweenness.

Other positive results can be found on the computation of the in-

teraction index on graphs. More specifically, it was shown that we

can compute efficiently the Shapley-value and Semivalue interaction

indices with degree centrality [45].

The results that are most closely related to our work are presented

in Table 7. The abbreviations SVDEGREE, SDEGREE, OVDE-

GREE and CSDEGREE stand for computing the Shapley value-, the

Semivalue-, the Owen value- and the Coalitional value-based degree

centrality, respectively. Furthermore, SVDEGREEII, SDEGREEII,

OVDEGREEII and CSDEGREEII are analogous problems related to

computing the interaction indices.

Computational result Algorithm complexity

SVDEGREE is in P O(|V |+ |E|) [35]

SDEGREE is in P O(|V |2) [44]

OVDEGREE is in P O(|V |+ |E|) [47]

CSDEGREE is in P O(|V |3)| [47]

SVDEGREEII is in P O(|V |)∗ [45]

SDEGREEII is in P O(|V |2) [45]

OVDEGREEII is in P O(|V |)∗ [this paper]
CSDEGREEII is in P O(|V |3) [this paper]

(∗) some precomputation is required.

Table 7. Computational complexity results for degree centrality and
coalitional games played on graphs.

The second body of literature that is strongly related to our work

is that on link prediction. Here, we focus on methods based on node-

similarity measures [32]. Generally, one can distinguish distinguish

between three groups of link prediction algorithm: local, quasi-local
and global. In more detail, global algorithms consider the entire net-

work, which is prohibitive in for large networks. To date, the most

efficient algorithm in this group is Random Walk with Restart [49],

which is based on PageRank [4]. In contrast, quasi-local algorithms
try to strike a balance between prediction runtime and efficiency. The

most effective algorithms here are Local Random Walk and Super-
posed Random Walk [31]. Finally, local algorithms predict a link be-

tween any pair of nodes based solely on the direct neighborhood of

those nodes (see Table 3). In practice, these are the only algorithms

that can be applied to large networks, e.g., with millions of nodes.

To the best of our knowledge, the two best approaches in this group

are: (i) the Resource Allocation approach [55], which is inspired by

the resource allocation dynamics on complex networks; and (ii) the

Shapley-value interaction index [45] approach, which is rooted in

cooperative game theory.

Some authors have already tried to increase the accuracy of link

prediction by taking advantage of the community structure of a net-

work [43, 50]. While they managed to enhance the prediction perfor-

mance by adding an extra score to nodes from the same community,

such an approach method seems to have little value in our application

as we are only interested in predicting connections between different

communities.

In addition to the methods that are based on node similarity, link

prediction can also be carried out based on maximizing likelihood

[8, 20], or based on probabilistic models [26, 25]. These methods are

computationally complex and are out of scope of this paper.

8 SUMMARY AND FUTURE WORK

In this paper, we proposed a new local node-similarity measure for

networks with a community structure. We empirically demonstrated

its effectiveness as a solution to the problem of detecting links be-
tween (rather that within) communities. Our measure outperforms

other local node-similarity measure from the literature, since it is the

first one designed specifically to detect links between heterogeneous

nodes, rather than homogeneous ones as is the case with the other

measures. Importantly, the Owen value-based variant of our measure

can be computed very efficiently; it requires O(|V |) time, after a pre-

processing stage that requires O(|V ||E|) time. Interestingly, despite

the inherent complexity of our measure (which comes from the com-

plexity of the Owen value), link prediction using our algorithm takes
the same time as the fastest alternative from the literature.

There are several directions for future work. Firstly, while we

showed in this paper that the problem OVDEGREEII is in P, it would

be interesting to verify whether the problems OVCLOSENESSII and

OVBETWEENNESSII are also in P. It would also be interesting to

study the similarity measures that correspond to the aforementioned

problems, and to evaluate their effectiveness as node-similarity mea-

sures for inter-link prediction.

Secondly, since our measure is only restricted to non-overlapping

communities, another interesting direction would be to extend our

measure to graphs with overlapping communities [27]. Recently, an

approach to measure the power of individual nodes in such net-

works was proposed [48]. In more detail, the authors defined a co-

operative game with overlapping coalitions on a graph, and used a

game-theoretic concept called the Configuration value to compute

the power of an individual node. It is an open question whether

CVDEGREE and CVDEGREEII are in P, where CVDEGREE stands

for Configuration value-based degree centrality, and CVDEGREEII

for Configuration-value interaction index.

Finally, it would be worthwhile to introduce a graph-related ax-

iomatization of our similarity measure, following a similar approach

to that with which the interaction indices was axiomatized based on

concepts from cooperative games.
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[45] P.L. Szczepański, A.S. Barcz, T.P. Michalak, and T. Rahwan, ‘The
game-theoretic interaction index on social networks with applications
to link prediction and community detection’, in IJCAI’15, pp. 638–644,
(2015).
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[55] T. Zhou, L. Lü, and Y.C. Zhang, ‘Predicting missing links via local
information’, The European Physical Journal B-Condensed Matter and
Complex Systems, 71(4), 623–630, (2009).
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Cluster-Driven Model for Improved Word and Text
Embedding

Zhe Zhao and Tao Liu and Bofang Li and Xiaoyong Du1, 2

Abstract. Most of the existing word embedding models only con-

sider the relationships between words and their local contexts (e.g.

ten words around the target word). However, information beyond lo-

cal contexts (global contexts), which reflect the rich semantic mean-

ings of words, are usually ignored. In this paper, we present a gener-

al framework for utilizing global information to learn word and text

representations. Our models can be easily integrated into existing lo-

cal word embedding models, and thus introduces global information

of varying degrees according to different downstream tasks. More-

over, we view our models in the co-occurrence matrix perspective,

based on which a novel weighted term-document matrix is factorized

to generate text representations. We conduct a range of experiments

to evaluate word and text representations learned by our models.

Experimental results show that our models outperform or compete

with state-of-the-art models. Source code of the paper is available at

https://github.com/zhezhaoa/cluster-driven.

1 Introduction

Word embedding models (also known as neural language model-

s) encode syntactic and semantic information of words into low-

dimensional real vectors, where words share similar meanings tend

to have similar representations. Generating word embedding is one

of the most fundamental tasks in the NLP literature. Word embed-

dings are widely used in tasks such as tagging and text classification,

and have been reported to bring significant improvements on those

tasks. Most word embedding algorithms are trained by modeling the

relationships between target words and their local contexts, which

is based on the distributional hypothesis of Harris: words in similar
contexts have similar meanings. However, global contexts, which

usually reflect semantic meanings of target words, are generally ig-

nored by these models. For example, words that often co-occur in the

same texts tend to reflect similar topics or sentiment tendencies, even

they seldom appear in each others’ local contexts.

As far as we know, there is still rare research which utilizes glob-

al context for word embedding training besides the following three

works. Huang et al. [8] propose GCANLM on the basis of C&W [2],

where authors use weighted average of word embeddings to repre-

sent texts (global contexts), and the embeddings of words and their

corresponding texts are trained to obtain higher scores. However,

C&W and GCANLM are slow in computation and are reported to

perform relatively poorly on various linguist tasks compared to state-

of-the-art methods, such as models in the word2vec toolkit 3 [19, 18].

1 Key laboratory of Data Engineering and Knowledge Engineering, MOE,
email: [helloworld][tliu][libofang][duyong]@ruc.edu.cn

2 School of Information, Renmin University of China
3 https://code.google.com/p/word2vec/

Paragraph Vector(PV), proposed by Le and Mikolov [12], intro-

duces global information into word2vec. PV embeds texts by predict-

ing the words they include, and thus introduces global information

into word embedding indirectly, though the aim of PV is training text

embedding. Sun et al. [22] demonstrate the superiority of PV (or the

variants of PV) on various word-level linguistic tasks. The problem

of PV is that, it has to give every text a vector. For large-scale datasets

such as Wikipedia, the number of texts is much larger than the vocab-

ulary size, which requires expensive computational resources during

the training process. Besides that, none of GCANLM and PV intro-

duce global information of different degrees according to different

applications. Intuitively, for tasks like word syntactic analogy, more

local information is preferred, while tasks such as sentiment analysis

tend to favor global information, where rich semantics are included.

Figure 1. Visualization of forming clusters in two dimensional case.

In this paper, a more general and powerful framework of utiliz-

ing global context is proposed for learning improved word and tex-

t embedding, namely, the cluster-driven models. The main idea of

our models follow the concept of clustering algorithms. The mod-

els are trained to make the embedding of words in the same text to

form a cluster (as shown in figure 1). Different from other cluster-

ing algorithms, in our models, which word belongs to which cluster

is preordained and a word may belong to multiple clusters (a word

occurs in different texts). Nevertheless, the objectives of our models

are the same with other clustering methods: intra-cluster distances

are minimized while inter-cluster distances are maximized. As a re-

sult, our models extend words’ contexts from local windows to the

whole texts. Though our model is not based on neural networks, we

still call it embedding model since it is trained in an on-line, stochas-

tic fashion. The cluster-driven models can be used standalone, which

are able to capture rich semantic information, and can also be inte-

ECAI 2016
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grated into existing word embedding models easily, and hence the

degree of utilizing global information can be adapted to the require-

ments of different applications.

From word embedding to text embedding, considerable attention

has been paid to designing various Neural Networks (NNs) to learn

complex compositionality of texts, such as word order, sentence

structure and even document structure [7]. Word order is taken into

consideration in convolutional NNs (CNNs) [10] and recurrent NNs

(RNNs) [17, 3]; Recursive NNs (RecNNs) make fully use of syntac-

tic information by constructing neural networks on the basis of parse

tree [21]; Recently several works have been proposed to use combi-

nation of NNs to model the documents hierarchically [11, 23]. For

example, Li [15] uses recursive NN to learn sentence embeddings

from word emebddings and use recurrent NN to learn document em-

beddings from sentence embeddings. Though complex composition-

ality are learned upon word embedding, these models still don’t show

significant superiority over bag-of-words models [9]. In this paper,

we discover that with richer semantic word embeddings, superior

text embeddings, at least for sentiment analysis, can be obtained even

by simple strategy such as word embeddings averaging (VecAvg).

This paper also provides us better understanding of Paragraph Vec-

tor (PV), a very popular method for learning text embeddings. We

discover that the superiority of PV comes from the use of global in-

formation, rather than the way it trains text embeddings (it trains in

prediction manner).

For a thorough comprehension of the cluster-driven models, we

analyze it in the co-occurrence matrix perspective. Count-based and

embedding methods are two families for generating low dimensional

word and text representations. Count-based methods directly utilize

co-occurrence statistics and usually obtain dense representations by

factorizing co-occurrence matrix [4]. Count-based methods usually

served as poor baselines in various linguistic tasks until the works

done by Levy and Goldberg [13] and Pennington et al. [20], which

demonstrate that count-based models can compete with state-of-the-

art word embedding models [14]. In this paper, we extend their works

from word representations to text representations. We present count-

based counterparts of our cluster-driven models, based on which we

factorize a novel weighted matrix of term-document type. Experi-

mental results show this new count-based model can achieve compa-

rable results with state-of-the-art text embedding models, and even

outperforms previous approaches on small-scale datasets.

2 Models
2.1 Embedding Models Revisit: Train in Local

Manner
Word embedding models can capture the syntactic and semantic in-

formation of words from large-scale unlabeled corpus. In contrast to

traditional bag-of-words representations, relationship between word

embeddings mirrors the syntactic and semantic similarities between

two words. For example, words that share similar meanings are close

to each other, e.g. ‘strong’ and ‘powerful’. And embedding model-

s can also preserve some interesting linear translation patterns, e.g.

Vec(‘Madrid’) - Vec(‘Spain’) + Vec(‘France’) = Vec(‘Paris’).

Most word embedding algorithms are trained by maximizing the

log-likelihood of the probability of the target word given its local

context [1]:

L(θ1, θ2) =

|WN|∑
i=1

logP (wi|wcontext
i ) (1)

where wcontext
i denotes the local context of word wi. |WN | is the

number of training words in the whole dataset. Word embeddings

and parameters in neural network are respectively denoted by θ1 and

θ1. Different word embedding models differ in how they define the

conditional probability and how they represent the local contexts.

2.2 Cluster-Driven Models: Train in Global
Manner

One obvious drawback of the existing models is that they don’t use

information beyond local contexts. For capturing global informa-

tion, two versions of the cluster-driven models are designed: pair-

wise model and centric model, both of which are trained by making

embeddings of words in the same text to form a cluster.

2.2.1 Pairwise Cluster-Driven (PCD)

In pairwise model, word pairs are sampled for distance adjustment

according to whether they are in the same text or not. The objective

function of the model consists of two components.

Minimizing intra-cluster distances The first component of the ob-

jective function is to decrease the distance between the embedding of

words in the same texts. A certain number of word pairs are sampled

and distances between them are minimized as the following objec-

tive:

GP
1 (θ1) =

|T |∑
i=1

|ti|∑
j=1

|POS|∑
k=1

Ewk∼PTi(w)intra dis(ewij , ewk ) (2)

where intra dis is used to measure the distance between two

words in the same text. It penalizes the case where embeddings

of two words in the same text are far away from each other.

ti={wi1,wi2,......,wi|ti|} denotes ith text and T={t1,t2,......,t|T |}
denotes the whole dataset. ew denotes the embedding of word w.

For each word wij , |POS| words in the same text are sampled from

the distribution PTi(w) and distances between them are minimized.

Intuitively, it is better to shorten the distance between two related

words, like ‘amazing’ and ‘amazingly’, instead of ‘amazing’ and

‘the’. It is also favorable that the probabilities of words pairs being

sampled decline as their distance increases, since very distant word

pairs tend to share less relevant information. However, in this paper,

PTi(w) is just the uni-gram distribution of the ith text. We find

this simple strategy works pretty well if the number of word pairs

sampled is large enough.

Maximizing inter-cluster distances The second component of the

objective function is to increase the distance between embeddings

of words in different texts. Word pairs are sampled from the whole

dataset and the following objective function is maximized:

GP
2 (θ1) =

|T |∑
i=1

|ti|∑
j=1

|NEG|∑
k=1

Ewk∼Pn(w)inter dis(ewij , ewk ) (3)

where inter dis is used to measure the distance between two words in

different texts. It penalizes the case where the embedding of words in

different texts are close to each other. For each training word, |NEG|
words are drawn from distribution Pn(w), a uni-gram distribution

raised to the n-th power [19].
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The final objective function of the model is as follows:

G(θ1) = GP
1 (θ1)−GP

2 (θ2) (4)

The size of the global contexts is much larger than local contexts.

Intuitively, models require much more training time to exploit global

contexts. However, in this model, global information can be utilized

efficiently and effectively through sampling.

2.2.2 Centric Cluster-Driven (CCD)

In centric model, centroid vector which has the same dimension with

word embedding is introduced to denote the center of each cluster.

Instead of adjusting distances between the embedding of words di-

rectly, we adjust distances between centroid vectors and word em-

beddings. Like the pairwise case, the objective of the centric model

also consists of two components. The first component is to mini-

mize the distances between the centroid vector and the embedding of

words in the corresponding text:

GC
1 (θ1, ct) =

|T |∑
i=1

|ti|∑
j=1

intra dis(ewij , ct
i) (5)

where cti denotes the centroid vector of the text ti. By introducing

centroid vectors, we indirectly decrease the distances between all

word pairs in the text.

The second component of the objective is to maximize the dis-

tances between the centroid vector and the embedding of words in

different texts:

GC
2 (θ1, ct) =

|T |∑
i=1

|NEG|∗|ti|∑
k=1

Ewk∼Pn(w)inter dis(ewk , ct
i) (6)

|NEG| words are drawn from distribution Pn(w) for each training

word. Namely, |NEG| ∗ |ti| words are drawn for text ti and dis-

tances between the centroid vector and the embedding of these sam-

pled words are maximized.

Empirically, the centric model requires less training time to

achieve comparable results with the pairwise model. However, the

centric model requires much more memory since each text has a u-

nique centroid vector. Besides that, The centric model performs rel-

atively poorly in sentence-level texts. We speculate the reason is that

too much noise is introduced when utilizing a vector to represent on-

ly a few words.

2.2.3 Distance Measures

Distance/Similarity measures reflect the degree of closeness or sep-

aration of two embeddings. They are important for the performance

of models. In this paper, different distance measures are used ac-

cording to whether two words are in the same text or not. Table 1

lists two sets of distance measures. To make sure that global objec-

tives are in the same numeric range with local objectives, we add

sigmoid function on distance measures since most objectives of the

local embedding models are trained by maximizing the conditional

probabilities of target words. When we use the second set of distance

measures, the centric model is similar to PV-DBOW, a variant of PV

[12]. PV-DBOW can be viewed as a special case of cluster-driven

models when only negative sampling is used as softmax.

Table 1. Different sets of distance measures.

Intra-cluster Inter-cluster

Measures1 (σ(e1T e2)− 1)2 −(σ(e1T e2)− 0)2

Measures2 log( 1
σ(e1T e2)

) log(σ(−e1T e2))

2.3 Integrated Model

The cluster-driven models can be integrated into existing word em-

bedding models by linearly combining the local and global objective

functions:

(1− λ)(−L(θ1, θ2)) + λG(θ1) (7)

By adjusting λ, we can easily balance the local and global informa-

tion during the training process. When λ equals to zero, the model is

the same with existing local embedding models. More global infor-

mation is introduced into the model as λ increases. When λ equals to

one, only global information is utilized to train word embeddings. In

section 5.2, we will demonstrate that the embedding trained in local

manner tends to capture syntactic information while the embedding

trained in global manner tends to capture semantic information. As a

result, we can train word embeddings of different properties accord-

ing to where embeddings are used. Figure 2 shows the framework of

the integrated model.

Figure 2. Illustration of the integrated model.

2.4 From Word Embedding to Text Embedding

PV and VecAvg are two approaches for learning text embedding from

word embedding in an unsupervised framework [12]. Here, we use

PV to refer to the process of learning text embedding by predict-

ing the words it includes. Assumption behind PV is that a good text

embedding should be able to predict the words it includes in larger

probabilities, while assumption behind VecAvg is that a good tex-

t embedding should be similar with the words it includes. They are

both essentially bag-of-words models and enjoy the advantages of

being efficient and robust. In this paper, we discover that with rich

semantic word embedding, neural bag-of-words models like PV and

VecAvg can still rival the models that learn complex compositionali-

ty upon word embeddings.
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3 Theoretical Analysis
To better understand the cluster-driven models, we further explore

them in co-occurrence matrices perspective though they do not re-

quire to construct co-occurrence matrices at all. Following the the-

oretical analysis, we factorize the shifted positive pointwise mutual

information matrix (SPPMI) of term-document type via singular val-

ue decomposition (SVD) to obtain text representations. Count-based

models usually serve as poor baselines or are even seldom taken into

consideration for generating text representation [16]. However, we

discover that when suitable weighted co-occurrence matrix is factor-

ized, count-based models can still achieve comparable results with

state-of-the-art models.

3.1 Co-occurrence Matrix Perspective for
Cluster-Driven Model

Take CCD for example, we begin by rewriting its objective:

|T |∑
i=1

|ti|∑
j=1

intra dis(ewij , ct
i)

−
|T |∑
i=1

|NEG|∗|ti|∑
k=1

Ewk∼Pn(w)inter dis(ewk , c
i)

(8)

For specific term-document pair (wa,tb), the objective is:

c(wa, tb) ∗ intra dis(ewa , ct
b)

−|tb| ∗ |NEG| ∗ Pn(wa) ∗ inter dis(ewa , ct
b)

(9)

where c(wa,tb) is the number of times word wa appears in text tb .

From equation 9, we can see more clearly that our model utilizes no

more information than term-document co-occurrence matrices and

some other basic statistics, such as the length of texts and words dis-

tribution. Next, we rewrite the equation by replacing intra dis and

inter dis with concrete distance measures:

c(wa, tb) ∗ (σ(ewa
T ctb)− 1)2

−|tb| ∗ |NEG| ∗ Pn(wa) ∗ (−(σ(ewa
T ctb)− 0)2)

(10)

c(wa, tb) ∗ log(1/σ(ewa
T ctb))

−|tb| ∗ |NEG| ∗ Pn(wa) ∗ log(σ(−ewa
T ctb))

(11)

Following the work done by Levy and Goldberg [13], we assume

that the objectives of different term-document pairs are independent

to each other. Therefore we can directly optimize the objective of

each specific pair. Without loss of generality, n is chosen to be 1. We

take derivatives of objectives in equation 10 and 11 with respect to

wT
a ct

b and compare them to zero. In both cases, the objectives are

optimized when the inner product of specific term-document pairs

equals to the shifted pointwise mutual information (SPMI) of them:

wa
T ctb = log(

c(wa, tb)

|tb| ∗ P1(wa)
)− log(|NEG|) (12)

Therefore, optimizing equation 8 is implicitly factorizing a SPMI

matrix of term-document type. For PCD, we can easily prove that

it utilizes no more information than term-term matrix and it is im-

plicitly factorizing SPMI matrix of term-term type.

It is worth mentioning that assuming the objectives of different

term-document pairs are independent is not realistic, especially in

term-document case. A word may occur in many texts and a text

always contains multiple words. A word can affect many objectives,

so does a text. The independence of the objectives is a hypothesis that

is far from the real situation. However, the analysis above inspires us

to factorize this matrix to obtain improved text representations.

3.2 Shifted Positive PMI Matrix of Term-document
Type Factorization

Shifted PMI matrix can not be directly factorized since it contains too

many −∞ (log0) values, which correspond to the term-document

pairs that are never observed in the dataset. A well-known substi-

tution for PMI matrix is positive PMI (PPMI). We factorize shifted

positive PMI (SPPMI) matrix of term-document type and it is defined

as follows:

max(PMI(w, t)− log(|NEG|), 0) (13)

Levy and Goldberg [13] and Levy et al. [14] factorize SPPMI term-

term matrix via SVD for acquiring dense word and context vectors.

Since all negative values are replaced by zeros, SPPMI term-term

matrix lose the information about which term pairs are negatively

associated and to what extent.

However, it is not the case for SPPMI matrix of term-document

type. We find that PMI term-document matrix usually contains rare

negative values besides −∞ . Moreover, it is better to assume term-

document pairs are uninformative rather than negatively correlated if

they are not found in the dataset, because a text only includes hun-

dreds of words, which is small compared to vocabulary size. Viewed

from this point, SPPMI is a relatively ideal matrix to be factorized.

Experimental results show that text representation obtained by fac-

torizing this novel co-occurrence matrix can compete with or even

outperform state-of-the-art baselines.

4 Word Analogy Experiment
4.1 Datasets and Experimental Setup
The word analogy dataset proposed by Mikolov et al. [18] is to eval-

uate linguistic regularities of word representations. Questions in this

dataset are in the form: ‘a is to b as c is to ?’, which are answered by

finding the nearest neighbor of ea-eb+ec. Training corpus used for

word analogy task varies among different published results, and we

choose a comparatively widely used corpora Wikipedia2010 4 as the

training data. Pre-processing includes tokenization, lowercasing and

substituting number with special character.

Stochastic gradient descent (SGD) is used for objective optimiza-

tion. We find that two distance measures in table 1 can be used inter-

changeably as long as they are used with suitable hyper-parameters,

such as learning rate and epoches. Here, distance measure 1 is used

for PCD and distance measure 2 is used for CCD. Two state-of-the-

art local context embedding models, skip-gram (SG) and continues

bag-of-words (CBOW), are used as alternatives for integration. The

above training protocols are applied to all experiments in this paper.

4 http://nlp.stanford.edu/data/WestburyLab.wikicorp.201004.txt.bz2
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4.2 Integrated Model vs Local Model

As shown in table 2, when the global information is introduced into

the models, significant improvements are obtained on semantic anal-

ogy questions. Intuitively, global information can hardly provide any

information for capturing syntactic regularities. In this sense, glob-

al information is the noise and may hurt the models performance in

syntactic analogy questions. However, to our surprise, accuracies on

syntactic analogy questions do not decline when a certain degree of

global information is introduced. Overall, significant improvements

on total accuracies are obtained.

To further understand why global information is beneficial for

capturing semantic analogy regularities, we analyze some mistakes

made by local models. We discover that local models give the wrong

answers mainly for the reason that they fail to distinguish words

which have similar semantic meanings. Take an analogy question

‘son, daughter, grandfather, ?’ for example. The correct answer is

‘grandmother’, but the local model returns the wrong answer ‘grand-

daughter’. We notice that when the model is trained in local manner,

the embedding of these two words are very close. Local information

is not enough to distinguish these two words. However, more infor-

mation is available when global information is introduced. For exam-

ple, ‘aged’, ‘life’, ‘maternal’ frequently occur in the global contexts

of ‘grandmother’, while they seldom occur in the global contexts of

‘granddaughter’. These different global contexts can help to distin-

guish the semantics of these two words.

Table 2. Comparison of the local and integrated models. For PCD, λ and
|POS| are set to be 0.1 and 5 respectively. For CCD, λ is set to be 0.6.

Hyper-parameter settings of the local embedding models follow the
word2vec toolkit.

Dim. Model Sem. Syn. Model Sem. Syn.

50
CBOW 55.7 59.9 SG 45.9 50.7
+PCD +4.0 -0.6 +PCD +3.7 +0.3
+CCD +3.8 +1.6 +CCD +4.4 +2.5

100
CBOW 69.5 71.0 SG 62.7 66.0
+PCD +3.9 +0.1 +PCD +3.7 +0.2
+CCD +5.1 +1.5 +CCD +4.1 -0.1

4.3 Comparison of Word Embedding Models

Different state-of-the-art word embedding models are compared in

table 3. The corpus size has been shown to be a minor factor com-

pared to the embedding dimensions. Therefore, we group results ac-

cording to the dimensions. Here, we still list the corpus size for keep-

ing consistent with other researches.

We can observe that CBOW has provided strong baselines on word

analogy dataset. By introducing global information upon CBOW,

more competitive results are achieved. We can observe that our

models perform consistently better than previous state-of-the-art ap-

proaches in all dimension settings.

PDC and HDC also introduce global information into word em-

beddings. The source of superiority of our models to PDC and HDC

comes from the choice of λ values, which controls the degrees of

global information utilized during the training. Suitable λ can en-

hance the accuracy in semantic questions significantly without hurt-

ing the accuracy in syntactic questions. We also find that different

types of word analogy tasks favor different λ, which will be further

explored in our future work.

Table 3. Comparison of different word embedding models on word
analogy task. The results are grouped according to the dimensions of word
embedding. The best methods in each group are underlined and the best in

the whole table are also in bold

Model Dim. Size Sem. Syn. Tot.
C&W[18] 50 0.66B 9.3 12.3 11.0

GCANLM[18] 50 1B 13.3 11.6 12.3
GLOVE[20] 50 6B 48.5 44.4 46.2

CBOW 50 1B 55.7 59.9 58.3
SG 50 1B 45.9 50.7 48.9

PDC[22] 50 1B 61.2 55.1 57.9
HDC[22] 50 1B 57.8 49.8 53.4

CCDCBOW 50 1B 59.5 61.5 60.7
CCDSG 50 1B 50.3 53.2 51.8

GLOVE[20] 100 1.6B 67.5 54.3 60.3
CBOW 100 1B 69.5 71.0 70.4

SG 100 1B 62.7 66.0 64.7
PDC[22] 100 1B 72.8 68.4 70.4
HDC[22] 100 1B 69.6 64.3 66.7

CCDCBOW 100 1B 74.6 72.5 73.3
CCDSG 100 1B 66.8 65.9 66.3

GLOVE[20] 300 6B 77.4 67.0 71.7
GLOVE[20] 300 42B 81.9 69.3 75.0

CBOW 300 1B 74.6 74.0 74.2
PDC[22] 300 1B 79.6 70.5 74.8
HDC[22] 300 1B 79.7 67.7 73.1

CCDCBOW 300 1B 82.5 75.4 78.1

5 Sentiment Analysis Experiment
5.1 Datasets and Experimental Setup
Four sentiment analysis datasets are used to evaluate the effective-

ness of our models. Datasets RT-s and Subj include sentence-level

texts while IMDB and RT-2k include document-level texts. Since RT-

s and RT-2k datasets only contain limited snippets or documents, ad-

ditional texts in IMDB dataset are added to them during the training

process.

Text embeddings obtained by our models can be regarded as texts

features and then fed to logistic regression classifier [6]. 10% of the

training set is selected as the validation set to identify optimal hyper-

parameters, such as learning rate, |POS| and λ. IMDB dataset has

train/test split. The rest three datasets are evaluated by 10-fold cross-

validation.

5.2 Words Semantic and Syntactic Relatedness
Analysis

We evaluate the quality of word embeddings by judging if the top

k nearest neighbors are semantic or syntactic related to the target

word. Models are trained on a movie review dataset, IMDB. Both

qualitative and quantitative results are presented, which shed some

light on the reason why global information is preferred for sentiment

analysis tasks.

From Table 4, we can observe the local model tends to return syn-

tactic related words, while the global model tends to return seman-

tic related words. For example, word ‘best’ is the neighbor of word

‘worst’ when the local model is used. Both words are superlative ad-

jectives, but they have opposite sentiment polarities. When trained

in global manner, word ‘worst’ has the neighbor word ‘0/10’, which

indicates the lowest user rating score in a movie review. Though they

have different POS tags, they share exactly the same sentiment ten-

dency.

In addition to just giving several examples and understanding them

intuitively, word embedding properties are further analyzed quantita-
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tively. Two widely used evaluation criteria in information retrieval lit-

erature, average mean precision and DCG@10, are respectively used

to evaluate the syntactic and semantic relevance of ranked neigh-

bor lists to the target words. Specifically, 100 target words are sam-

pled in the corpus, and top 30 neighbors of each word are obtained.

Whether two words are syntactically related are judged by checking

if they have the same POS tags. The semantic relatedness between t-

wo words are obtained from the average of judgments from 5 person-

s. Figure 3 demonstrates that when global information is increasingly

introduced into the model, the embeddings reflect more semantic in-

formation and are less constrained by syntactic regularities.

Table 4. Illustration of the nearest neighbors of the target words.

Target Word
Neighbors

By Local Model By Global Model
amazing great, wonderful 10/10, amazingly

worst dumbest, best 0/10, zero
worthless talentless, untalented 1/10, lowest

Figure 3. Evaluating the semantic and syntactic information contained in
word embedding quantitatively.

5.3 Sentiment Analysis Prefer Global Information
As discussed in Section 2.4, two simple neural bag-of-words meth-

ods, PV and VecAvg, are used for generating text embeddings. From

Figure 4, we can observe that more global information is preferred

for document-level sentiment analysis tasks. Nearly 5 percent im-

provements are witnessed when global information is introduced. In

fact, only about 2 percent improvements are obtained when word

order information is taken into consideration in [24]. In this sense

global information is of vital importance for document-level senti-

ment analysis. The performances of PCD and CCD are almost the

same on document-level dataset. Therefore, Figure 3 only shows ac-

curacies in the CCD case for the sake of space saving. For sentence-

level datasets, introducing global information can not improve ac-

curacy significantly since local windows usually already cover most

of the sentences. However, strong results are obtained by using the

cluster-driven models standalone, which requires less training time

and computational resources.

From Figure 4, we can also observe that PV does not perform bet-

ter than VecAvg. In contrast to the conclusion from [12], we discover

that PV is not superior to VecAvg. In fact, they are both essentially

bag-of-words models, where order information is totally ignored.

5 http://github.com/mesnilgr/iclr15

Figure 4. Accuracies on two document level datasets when global
information is introduced in different degrees. Concatenation of PV and

VecAvg performs better.

Table 5. Results from row 3 and 4 are from Mesnil et al [17]. Their work
publishes the source code5 and argues that the results provided by Le and

Mikolov [12] can not be reproduced. For document-level datasets, integrated
models are used while for sentence-level datasets, the cluster-driven models
are used standalone. VecAvg is used to generate text embedding from word
embedding. CON. (row 9) represents the concatenation of VecAvg and PV.
The models are grouped according to how they exploit information in the

text. The best methods in each group are underlined and the best in the
whole table are also in bold.

Category Model RTs Subj IMDB RT2k

bag-of-words

SVM-uni[24] 76.2 90.8 87.0 86.3
NBSVM-uni[24] 78.1 92.4 88.3 87.8

PV-DM[17] 76.9 91.7 89.6 88.8
PV-DBOW[17] 76.1 90.1 89.1 88.7
DAN-RAND[9] 77.3 - 88.8 -

DAN[9] 80.3 - 89.4 -
PCD 78.0 92.4 90.4 89.7
CCD 75.4 90.9 90.6 90.1
CON. 78.5 92.6 91.1 90.4

words order

SVM-bi[24] 77.7 91.7 89.2 87.4
NBSVM-bi[24] 79.4 93.2 91.2 89.5
NBSVM-tri[17] - - 91.9 -
RNN-LM[17] - - 86.6 -
Ensemble[17] - - 92.6 -
SA-LSTM[3] - - 92.8 -

CNN[10] 81.5 93.6 - -

complex structure

DCNN[5] - - 89.4 -
RecNN[21] 77.7 - - -

RecNN-RNN[15] - - 87.0 -
WNN[15] 77.8 - 90.2 -
BENN[15] 77.2 - 91.0 -

5.4 Comparison of Sentiment Analysis Models
In Table 5, our models are compared with state-of-the-art sentimen-

t analysis techniques, which are categorized according to how they

exploit information in the text. One of the simplest representations is

bag-of-words (BOW), where order information is totally discarded.

Though BOW seems to be oversimplified, it still enjoys the advan-

tages of being efficient, robust and concise. Word order is often im-

portant for text understanding. Bag-of-ngrams models use n-grams

as features to capture words order in short context. CNNs use convo-

lutional filters to extract n-gram information from texts. RNNs model

texts sequentially and in theory can capture long-distance patterns in

natural languages. Beyond word orders, more complex information

such as syntax, relations among sentences is considered to train better

text representations. Though information such as order and syntax is

important for understanding texts, it always comes at a cost. We sur-

prisingly observe that, even though our models are essentially bag-
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of-words models, they can even compete with models which exploit

complex information of texts. Since our models ignore word order

and syntactic information, they require less training time and com-

putational resources compared to other state-of-the-art approaches.

Our models are also robust and concise. They perform well on both

sentence and document level datasets. In contrast, models like CNNs

and RecNNs are hard to extend to document-level dataset. Besides

that, neural networks or their combinations usually have a large num-

ber of hyper-parameters and require careful hyper-parameter tuning.

Their performance also closely rely on several sub-tasks, such as pre-

trained word embedding and parsing.

5.5 Embedding Models vs. Count-based Models
Almost all the recent works on sentiment analysis take count-based

methods as poor baselines. However, work in section 3 inspires

us to factorize SPPMI matrix of term-document type. The hyper-

parameter includes shifted-constant |NEG| and the threshold for re-

moving low frequency words, which are chosen by validation set. We

compare four approaches which utilize exact the same source of in-

formation: term-document co-occurrence matrix. As shown in table

6, the novel count-based method can achieve comparable accuracies

with state-of-the-art embedding methods such as PV-DBOM and C-

CD, and is even more robust when dataset is small. We can observe

that the performance of embedding models is poor on RT-2k dataset,

unless additional unlabeled data is included.

Table 6. Comparison between count-based and embedding methods for
sentiment analysis. Results of LSA are from Maas et al. [16]. Results of

CCD are different from table 5 since results in table 5 are obtained by using
both local and global information. Results of CCD in table 6 only utilize

global information, where only term-document matrix information is taken
into consideration.

Model IMDB RT2k RT2k+Unlabeled
SPPMI 89.6 89.2 89.7

LSA 84.0 82.8 -
PV-DBOW 89.6 85.4 89.5

CCD 90.5 85.7 90.0

6 Conclusion
In this paper, we introduce the cluster-driven models to exploit glob-

al information to learn better word and text embeddings. When the

models are used standalone, trained word embeddings can capture

rich semantics. The models can also be integrated into existing lo-

cal embedding models to introduce global information of different

degrees. Besides that, analyzing the model in co-occurrence matrix

perspective inspires us to factorize SPPMI matrix of term-document

type to obtain text representations. From experimental results we can

obtain several conclusions:

• Global information enriches the semantic information contained

in word embeddings. Improvements are witnessed on all experi-

ments by introducing global information into the models.

• Bag-of-words models can still compete with complex deep neural

networks when global information is exploited. We also discover

that the superiority of PV comes from the introduction of global

information. Training text embedding in prediction manner (PV)

is not superior to word embedding average (VecAvg).

• Count-based models are not inferior to embedding models. Strong

results on sentiment analysis are achieved by factorizing a novel

term-document matrix.
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[17] Grégoire Mesnil, Tomas Mikolov, Marc’Aurelio Ranzato, and Yoshua
Bengio, ‘Ensemble of generative and discriminative techniques for sen-
timent analysis of movie reviews’, CoRR, abs/1412.5335, (2014).

[18] Tomas Mikolov, Kai Chen, Greg Corrado, and Jeffrey Dean, ‘Effi-
cient estimation of word representations in vector space’, CoRR, ab-
s/1301.3781, (2013).

[19] Tomas Mikolov, Ilya Sutskever, Kai Chen, Gregory S. Corrado, and Jef-
frey Dean, ‘Distributed representations of words and phrases and their
compositionality’, in Advances in Neural Information Processing Sys-
tems 26: 27th Annual Conference on Neural Information Processing
Systems 2013. Proceedings of a meeting held December 5-8, 2013, Lake
Tahoe, Nevada, United States., pp. 3111–3119, (2013).

[20] Jeffrey Pennington, Richard Socher, and Christopher D. Manning,
‘Glove: Global vectors for word representation’, in Proceedings of the
2014 Conference on Empirical Methods in Natural Language Process-
ing, EMNLP 2014, October 25-29, 2014, Doha, Qatar, A meeting of
SIGDAT, a Special Interest Group of the ACL, pp. 1532–1543, (2014).

[21] Richard Socher, Jeffrey Pennington, Eric H. Huang, Andrew Y. Ng, and
Christopher D. Manning, ‘Semi-supervised recursive autoencoders for
predicting sentiment distributions’, in Proceedings of the 2011 Confer-
ence on Empirical Methods in Natural Language Processing, EMNLP
2011, 27-31 July 2011, John McIntyre Conference Centre, Edinburgh,
UK, A meeting of SIGDAT, a Special Interest Group of the ACL, pp.
151–161, (2011).

[22] Fei Sun, Jiafeng Guo, Yanyan Lan, Jun Xu, and Xueqi Cheng, ‘Learn-
ing word representations by jointly modeling syntagmatic and paradig-
matic relations’, in Proceedings of the 53rd Annual Meeting of the As-
sociation for Computational Linguistics and the 7th International Joint
Conference on Natural Language Processing of the Asian Federation
of Natural Language Processing, ACL 2015, July 26-31, 2015, Beijing,
China, Volume 1: Long Papers, pp. 136–145, (2015).

[23] Duyu Tang, Bing Qin, and Ting Liu, ‘Document modeling with gated
recurrent neural network for sentiment classification’, in Proceedings
of the 2015 Conference on Empirical Methods in Natural Language
Processing, EMNLP 2015, Lisbon, Portugal, September 17-21, 2015,
pp. 1422–1432, (2015).

[24] Sida I. Wang and Christopher D. Manning, ‘Baselines and bigrams:
Simple, good sentiment and topic classification’, in The 50th Annual
Meeting of the Association for Computational Linguistics, Proceedings
of the Conference, July 8-14, 2012, Jeju Island, Korea - Volume 2: Short
Papers, pp. 90–94, (2012).

Z. Zhao et al. / Cluster-Driven Model for Improved Word and Text Embedding106



Learning Temporal Context for Activity Recognition

Claudio Coppola and Tomáš Krajnı́k and Tom Duckett and Nicola Bellotto 1

Abstract. We investigate how incremental learning of long-term

human activity patterns improves the accuracy of activity classifi-

cation over time. Rather than trying to improve the classification

methods themselves, we assume that they can take into account prior

probabilities of activities occurring at a particular time. We use the

classification results to build temporal models that can provide these

priors to the classifiers. As our system gradually learns about typical

patterns of human activities, the accuracy of activity classification

improves, which results in even more accurate priors. Two datasets

collected over several months containing hand-annotated activity in

residential and office environments were chosen to evaluate the ap-

proach. Several types of temporal models were evaluated for each of

these datasets. The results indicate that incremental learning of daily

routines leads to a significant improvement in activity classification.

1 Introduction

Automated recognition of human activities is a hot topic of research.

It enables a wide range of applications such as security, retail or

healthcare, but recently a huge focus has been given to the recog-

nition of the Activities of Daily Living (ADL) due to its potential ap-

plication in Ambient Assisted Living (AAL). This technology could

help to address the predicted shortage of health workers and improve

the quality of life of the increasing elderly population in the near fu-

ture, by assisting people in their daily tasks and identifying potential

problems. Furthermore, it could be used also in security applications

to detect anomalous situations that could endanger people or prop-

erty. The introduction of new technologies has made this problem

easier to address. In particular, RGB-D sensors together with pose

estimation software and smart sensors for the Internet of Things have

enabled the possibility of acquiring data for such applications, giv-

ing birth to many related datasets [3, 16, 38, 1]. The development

of activity recognition is furthermore supported by novel techniques

to manage huge quantities of data (‘Big Data’) and the increased

computational power of modern computers, enabling real-time im-

plementations.

The main focus of the recognition models has been the recognition

of patterns derived from the data acquired from the sensors. The fea-

tures used for pattern recognition typically relate to the body move-

ment and the surrounding context, in the case of RGB-D sensors,

or by the sensor events in a smart environment. By contrast, in this

work we aim to exploit the long-term patterns of recurring activi-

ties to improve the performance of activity classification. Prior work

showed that the patterns of the spatio-temporal dynamics of the envi-

ronment can be exploited to improve indoor localization [20] or path

planning [12] of a mobile robot in long-term scenarios.

1 Lincoln Centre for Autonomous Systems, University of Lincoln, UK
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In a similar way this work proposes an approach to calculate prior

probabilities of an activity happening at a certain time, which reduces

the error rate of a given classification algorithm. We analyse sev-

eral possible techniques, including a novel approach based on Adap-

tive Interval Based Models, which delivers continuous improvement

to the recognition performance on-the-fly by incrementally perform-

ing naı̈ve Bayesian learning. We evaluate our methods on the Aruba

Dataset [3], based on the activities of daily living and the Witham

Dataset [18], manually annotated from an overhead camera record-

ing in an office environment.

There are two main contributions in this paper: (i) the introduc-

tion of a probabilistic formulation to incrementally model temporal

and spatial context to improve activity recognition performance of a

given classifier, (ii) the introduction of novel probabilistic models of

temporal and spatial context, (iii) comparison of different temporal

models in order to understand which ones can better represent the

temporal structure of daily activities.

The remainder of this paper is organized as follows. Section 2

gives an overview of the state-of-the-art for activity recognition per-

formed with smart sensors and RGB-D cameras and on the use of

temporal and spatial models for activity recognition. Section 3 pro-

vides a formulation of the activity recognition problem. Section 4

introduces the temporal models used in our experiments. Section 5

explains our method of evaluation for the temporal models. Section 6

reports the results of our experiments, and finally Section 7 presents

the conclusion and future work.

2 Related work

Human activity recognition aims to recognize the actions and goals

of human agents using a sequence of observations of the agents’ ac-

tions and the environmental conditions. Tracking and understanding

human behaviour through videos is a very important and challeng-

ing problem with various useful applications. Activity recognition

has originally been performed on RGB video streams with a wide

spectra of solutions [15, 30], including a recent approach [14] with

unsupervised deep-learning-based hierarchical feature models. This

allows to create a system that learns and improves itself by updat-

ing the activity models incrementally over time. The development of

cheap RGB-D cameras has contributed to the increased focus on this

problem, since they allow to reduce the computational requirement

for estimating the pose of the human body and the contextual pat-

terns in the scene in real-time. In [10, 11] a probabilistic ensemble

of classifiers called a Dynamic Bayesian Mixture Model (DBMM)

is proposed to combine different posterior probabilities from a set

of classifiers for activity recognition. Wang et al. [39] show a deep

structured model built with layered convolutional neural networks. A

biologically inspired approach adopting an artificial neural network

to combine pose and motion features for action perception is pro-
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posed by [28]. In [6], a simple way to apply qualitative trajectory

calculus to model 3D movements of the tracked human body using

hidden Markov models (HMMs) is presented. A method for social

activity recognition based on proximity of the interacting humans is

presented in [5]. Sung et al. [32, 33] perform activity recognition in

unstructured environments such as homes and offices with an RGB-

D camera. The movement is modelled by transforming the rotation

matrix of each joint to the body torso and inferring the activities and

sub-activities with a two-layered Maximum Entropy Markov Model

(MEMM). A three-level hierarchical discriminative approach is pre-

sented in [23]. The activities are decomposed into a lower level rep-

resenting the pose data, an intermediate level where the poses are

combined into simple human actions, and a high level where the ac-

tions are spatially and temporally combined into complex human ac-

tivities. The approach presented in [29] uses HMMs combined with

Gaussian Mixture Models (GMM) to model the combination of con-

tinuous joint positions over time for activity recognition. In [37], the

authors use random occupancy patterns to model activities using con-

text from depth data.

Smart environments allow to mine though the sensor events to

classify which activity has happened. Fleury et al. [13] present a

dataset with smart sensors for ADL recognition, where the classifi-

cation is performed using Support Vector Machines (SVM). A min-

ing technique to find the association rules between the activities and

their frequent patterns in smart environments is presented in [40]. In

[9], the authors use the Back-Propagation algorithm to train a feed-

forward Neural Network with features extracted from the motion

sensor events. In [8], a method for evaluating the confidence of clas-

sification is presented. The method is able to reduce false positives

by identifying samples with low confidence that can be further inves-

tigated by a human operator. In [4] an activity discovery algorithm is

presented which identifies patterns in sensor data with a greedy ap-

proach. It searches for a sequence pattern that best compresses the

input data; the data is scanned to create initial patterns of length one,

which are extended in every loop while minimizing the description

of the data.

In [27] analysis of human activities in an office environment is per-

formed using a Layered Hidden Markov Model (LHMM) architec-

ture based on real-time streams of evidence from video, acoustic, and

computer interactions. Similarly, a multi-level HMM is presented in

[41] for recognising office activities and tracking the users across

the rooms. In [26] a solution for office activity recognition is pro-

posed, which handles multiple-user, multiple-area situations, based

on an ontological approach, using low-cost, binary and wireless sen-

sors. The idea of exploiting long-term analysis has been presented

already by Van Laerhoven et al. [36], using wrist-worn sensors to

collect daily activity data to create rhythmic models of the activities.

These models are created off-line using a frequentist approach, accu-

mulating the amount of times an annotated activity starts and stops

within a certain time interval, which is represented as a bin. In [24]

a long-term annotated dataset using many different sensors is intro-

duced. The classification is performed using a binary classifier for

each learned activity, collecting features from the sensor data in par-

ticular time windows. Daily routines are recognized in [2] from fea-

tures extracted with a sliding window approach. These are clustered

with k-means to calculate their occurrence statistics and store them

in a histogram which is classified using a Joint Boosting technique.

Suryadevara et al. [34] introduce a wellness determination process

to help healthcare providers to assess the performance of the elderly

in their daily activities. It verifies the behaviour of elderly people at

three different stages (usage of appliances, activity recognition and

forecast levels) in a smart home monitoring environment integrating

the spatial and temporal information.

In [7] a model is introduced for long-term monitoring of activities

in a smart home. The classification is performed with a Probabilistic

Neural Network (PNN), and the daily schedules of activities are then

clustered with k-means. The clusters with highest inter-variation are

considered as normal and the others as their deviations. Minor et al.

[25] present a way of predicting future activity occurrences, with a

recurrent predictor, based on the structure of the temporal sequence

of the activities. Long-term modelling of indoor environments has

been exploited also in other cases. In [19], the authors argue that

part of the environment variations exhibit periodicities and represent

the environment states by their frequency spectra. The concept of

Frequency-based Map Enhancement (FreMEn) was applied to oc-

cupancy grids in [22] to achieve compression of the observed envi-

ronment variations and to landmark-based maps in order to increase

robustness of mobile robot localization [20].

In this paper, we proposed a method that can be applied to ex-

isting classification algorithms for activity recognition, learning the

temporal structure of the classified activities in order to incremen-

tally improve the classification results on-line. In some sense, our

approach provides an abstraction for meta-classification that is inde-

pendent from the particular classification method, i.e. HMM, SVM,

etc, and can be combined with any of those, improving their perfor-

mance. We investigate several possible representations which can be

used to model the (prior) occurrence probability of the learned activ-

ities.

3 Problem formulation
We formulate the activity classification problem simply as a Bayesian

decision making problem. Let us assume that at time t, a person is

performing an (unknown) activity from the set of possible activities

A while being observed by a set of sensors. Let some algorithm C
processes the sensory readings and classifies that the activity being

performed is o ∈ A. Let us assume that we have experimentally es-

tablished the performance of C on some representative dataset and

thus, we know C’s confusion matrix, i.e. we can characterise the per-

formance of C as a conditional probability distribution p(o|a), where

a represents the activity performed. Thus, every time the algorithm

C provides us with an observation o, we can establish the posterior

distribution p(a|o, t) over the possible activities at time t as:

p(a|o, t) = p(o|a) p(a, t)∑
b∈A p(o|b)p(b, t) . (1)

In our case, we will use a separate spatial/temporal model for each

activity. To emphasize that the models are calculated separately, we

rewrite the Equation (1) for a single activity a as

pa(o, t) =
p(o|a) pa(t)

p(o|a)pa(t) + p(o|¬a)(1− pa(t))
, (2)

where pa(t) represents the probability of the activity a being per-

formed at time t, i.e. the temporal prior of a. The expression pa(t)
was chosen to emphasize that the temporal models are built indepen-

dently - it corresponds to p(a, t) in Equation (1).

While most of the research in activity recognition is aimed at the

performance of the activity recognition algorithm C, which increases

the likelihood of correct activity classification by improving p(o|a)
in Equation (2), our work is not concerned with the actual method

that is used to determine the activity from the sensory readings. In-

stead, we focus on the term pa(t) in (2), which effectively represents
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the temporal context of a given activity. We hypothesize that since

people tend to perform certain activities on a regular basis, pa(t) is

a (pseudo-)periodic function that can be learned over time and that

better knowledge of pa(t) would positively impact the performance

of the classification system represented by Equation (2).

To learn pa(t), we apply Equation (2) iteratively. Initially, we start

with all pa(t) = 1/|A|, i.e. we assume that the activities occur with

the same probability regardless of the time. Whenever an activity is

classified by (2), we use the output of (2) to update pa(t). Then we

use the updated pa(t) in the following classification step.

The key questions that our paper addresses are:

1. Which model should be used to represent the temporal activity

context (or prior) pa(t)?
2. How much does the temporal context impact the performance of

state-of-the-art classifiers?

3. Can we learn the temporal context even with a weak classifier?

To answer these questions, we tested four different temporal mod-

els on two datasets, which contain human activities labelled minute-

by-minute over several weeks.

4 Temporal models
In our work, a temporal model of activity a is a function pa(t), which

represents the probability of the activity a occurring at time t. We

consider four types of temporal models: Frequency Map Enhance-

ment (FreMEn), which represents cyclic processes by their frequency

spectra, Gaussian Mixtures, which are well established in several do-

mains, and naı̈ve and adaptive versions of interval-based models.

4.1 Frequency Map Enhancement
Frequency Map Enhancement (FreMEn) is an emerging technique

that improves the efficiency of mobile robots that operate au-

tonomously for long periods of time [20, 12]. The method assumes

that states of the robots’ operational environments are affected by

pseudo-periodic processes, whose influence and periodicity can be

obtained through the Fourier transform. Thus, the uncertainty of a

given state s(t) is represented as a probabilistic function of time that

is a combination of harmonic functions:

p(t) = α0 +
n∑

i=1

αicos(ωit+ ϕi), (3)

where the amplitude αi, phase shift ϕi and frequency ωi correspond

to the most prominent spectral components of the observations of the

original state s(t).
In our case, the state s(t) of the FreMEn model is a binary func-

tion of time oa(t) which indicates if the activity a was observed at

time t and pa(t) will be our probabilistic function p(t). To build the

FreMEn model, we simply take the results of the past classifications

and form a sequence oa(t) for each activity a ∈ A. Then, we cal-

culate the Fourier spectrum of each sequence oa(t), select n of its

most prominent (i.e. with highest amplitudes) spectral components

and use their amplitudes, periodicities and phase shifts as (αi, ωi

and ϕi) parameters of the predictive FreMEn model in Equation (3),

which is used as a prior for classification in Equation (2). Since the

performance of the FreMEn model is affected by the choice of the

model order n, we run our experiments with n ranging from 1 to 9

and chose the best performing setting, which was n = 2. To speed

up calculations, we used the version of FreMEn introduced in [21],

which allows for incremental updates.

The main advantage of the FreMEn model is that it naturally rep-

resents multiple periodicities that are inferred automatically from the

data. However, it poorly represents periodic, but short duration activ-

ities, such as teeth brushing or tea making.

4.2 Gaussian Mixture Model
Gaussian Mixture Models, which approximate multi-dimensional

functions as weighted sums of Gaussian component densities, are

a well-established method that find their applications in numerous

fields from Psychology to Astrophysics [35]. A Gaussian Mixture

Model of a function f(t) is a weighted sum of m Gaussian func-

tions:

f(t) =
1√
2π

m∑
j=1

wj

σj
e
− (t−μj)

2

2σ2
j . (4)

The parameters of the GMM components, i.e. the means μj , vari-

ances σj and weights wk, are typically calculated from the train-

ing data by iterative Expectation Maximization (EM) or Maximum

Aposteriori (MAP) algorithms. Since the classic GMMs are not

meant to represent periodic functions, we simply assume that peo-

ple perform most of their activities on a daily basis and limit the time

domain of GMM-based models to one day. While this assumption is

not entirely correct (as activities of weekdays differ from the week-

end ones), such a temporal model might still perform better than a

‘static’ one, where the probability of a given activity is constant in

time.

To build the GMM model of pa(t), we first create a temporal se-

quence of observations oa(t) for each activity in the same way as in

the FreMEn case. Then, we calculate an initial prior as follows:

p′a(t) =
k

τ

�k/τ�∑
i=1

oa(t+ (i− 1)τ), (5)

where τ is the assumed period (in our case τ = 86400 s), k is the s(t)
sequence length, and "k/τ# is a floor operator, that returns the inte-

ger part of k/τ . After calculating p′a(t), we employ the Expectation

Maximization algorithm to find the means μi, standard deviations σi

and weights wi of its Gaussian Mixture approximation:

pa(t) =
1√
2π

n∑
i=1

wi

σi
e
− ((t mod τ)−μi)

2

2σ2
i , (6)

where τ is the apriori known period of the function pa(t) and mod
is a modulo operator.

The advantages of periodic GMMs are complementary to the ad-

vantages of the FreMEn. Periodic GMMs can approximate short-

duration activities, but they can represent only one period that has to

be known apriori. Similarly to FreMEn, the performance of GMMs

depends on the choice of n, which represents the number of Gaus-

sians used in the mixture model. Again, we run our experiments with

n ranging from 1 to 9 and chose the best performing setting, which

was n = 3.

4.3 Interval-based Model
Another temporal model that has been considered partitions the time

into disjoint intervals, each with a different prior probability pa(t).
Similarly to the GMM-based models, the partitioning requires that

the periodicity τ and model order n (the number of intervals) are

chosen apriori. In our interval-based model, pa(t) is represented by
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n values p′a(k) that denote prior probabilities of a given activity

occurring between τm+ τ k
n

and τm+ τ k+1
n

, where m ∈ N and

k ∈ {0, 1 . . . n− 1}. In the following text, we will refer to the time

interval τ/n as the “interval width”. To update or retrieve pa(t), one

has to simply determine the index k of the relevant interval:

pa(t) = p′a(k) = p′a("(t mod τ)
n

τ
#). (7)

Unlike the FreMEn and GMM models, the interval-based model is

updated according to Bayes rule in Equation (2). Thus, when a clas-

sification is performed at time t, we first calculate k by Equation (7)

and then perform the model update by

p′a(k)←
p(o|a) p′a(k)∑
a∈A p(o|a)p′a(k)

. (8)

Again, a crucial question here is model granularity (i.e. the interval

width that is determined by the number of the represented intervals

n). Models with wide intervals cannot represent short-duration activ-

ities, whereas models with short intervals require larger amounts of

data for training, therefore their learning rate is slow.

4.4 Adaptive Interval Model

To deal with the aforementioned problem, we can store the number

of updates performed for each interval u(k) and calculate pa(t) by

aggregating the probabilistic values of neighbouring intervals, so that

pa(t) is based at least on l updates. While the model update remains

the same as in the previous case (see Equation (8)) with the only dif-

ference is that the value of u(k) is increased by 1, calculating pa(t)
differs. To determine pa(t), we first calculate the index of the rele-

vant interval k as "(t mod τ)n
τ
# (see Equation (7)). We check if the

number of updates performed to calculate p′a(k) is at least l and if

not, we include the neighbouring intervals and calculate p(t) as the

weighted (by the number of updates) average. This is repeated until

the number of measurements used to determine pa(t) exceeds l. See

Algorithm 1 for more details.

Algorithm 1 Adaptive interval prior calculation

1: function CALCULATEPRIOR(t, τ, n,u,p′
a, l)

2: k ← "(t mod τ)n
τ
# � determine interval index

3: m← u(k) � initialize total number of measurements

4: p← mp′a(k) � initialize prior probability

5: while m < l do � num. of measurements must be at least l
6: p← p+ p′a(k + 1)u(k + 1) � add neighbour prior

7: p← p+ p′a(k − 1)u(k − 1) � add neighbour prior

8: m← m+ u(k + 1) + u(k − 1) � update meas.num.

9: end while
10: pa(t)← p/m � the resulting prior is a weighted average

11: end function

This “adaptive interval” method calculates pa(t) over several in-

tervals in the case there is not enough data available, which is equiv-

alent to adjusting the interval width to the number of data gathered.

However, one still has to choose the minimal interval width (in our

case 60 s), the periodicity (in our case τ = 1 day) and l, which is the

minimal number of measurements required to calculate pa(t). The

optimal number of measurements l is subject to investigation in the

following sections.

4.5 Modelling the spatial context
Although the main aim of this paper is investigation of long-term

temporal models, for the sake of completeness, we included also the

evaluation of a spatial model. The use of spatial context is motivated

by the fact that certain activities are tied to specific locations, e.g.

cooking typically occurs in a kitchen. Similarly to temporal models,

we formalise a spatial model of activity a as a function pa(l), which

represents the probability of the activity a performed by a person at

location l. The process of using and building a spatial context model

is similar to the interval temporal models:

pa(l)← p(o|a) pa(l)∑
a∈A p(o|a)pa(l)

. (9)

The only difference is that the location l is not calculated based on

time, but on the position of the person. The combination of spatial

and temporal context is considered for an extended version of this

work.

4.6 Model overview and evaluation
Each of the aforementioned models has advantages and drawbacks.

The main aim of this work is to investigate how these models per-

form when used as priors for activity recognition. We abstract from

the actual algorithm that is used for classification - we simply as-

sume that the classifier can use the priors provided by our spatial and

temporal models to estimate which activity is being performed. We

assume that if the priors are not provided, the performance of a given

classifier depends on its confusion matrix, which represents the con-

ditional probability distribution p(o|a). The primary metric to be in-

vestigated is the overall activity recognition error, i.e. the probability

that o = a.

Aruba dataset Witham dataset

Bed to Toilet Go Outside
Eating Reading
Enter Home Writing
Housekeeping Watching a video
Leave Home Cooking
Meal Preparation Talking
Relax Sleeping
Resperate Phonecall
Sleeping Go to toilet
Wash Dishes Other
Work

Table 1. Activities of the Aruba and Witham experiments.

5 Experiments
To evaluate the usefulness of the individual models for activity recog-

nition, we compared their performance on two datasets that cover

several weeks of human activity at home and at work.

The first dataset, ‘Aruba’, was collected by the Center for Ad-

vanced Studies in Adaptive Systems (CASAS) to support their re-

search concerning smart environments [3]. The Aruba dataset con-

tains ground-truthed activities (Table 1) of a home-bound person

in a small apartment for 16 weeks. The second dataset, ‘Witham’,
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Figure 1. Aruba dataset - reconstructed layout of the apartment [3].

Figure 2. Aruba dataset - topological structure of the apartment.

was gathered at the Lincoln Centre for Autonomous System (L-

CAS) as part of the large-scale EU-funded STRANDS project, which

aims to enable long-term autonomous operation of intelligent robots

in human-populated environments. The Witham dataset, which was

gathered for four weeks, contains activities (Table 1) of one of the

L-CAS researchers.

Both datasets are freely available as a part of the long-term dataset

collection provided by the L-CAS [18, 31] The entire pipeline that

we used for our experiments is open source and is available through

the website of the FreMEn temporal modelling method [17].

5.1 Aruba dataset

The Aruba dataset [3] consists of measurements collected by 41

motion, temperature and door closure sensors distributed over a

10 × 12 m2, seven-room apartment (see Figure 1) over a period of

16 weeks.

During data collection, the apartment was occupied by a single

person who was occasionally visited by other people. While the start-

ing and finishing times of activities are provided with the CASAS

dataset, the location of the person is not. Thus, we partitioned the

apartment into nine different locations, seven of which represent dif-

ferent rooms and two correspond to corridors, and estimated the per-

son location from the events of the apartment’s 33 motion detectors.

Thus, the Aruba dataset contains a minute-by-minute timeline of 12

different activities performed at 9 different locations over the course

of 16 weeks.

5.2 Witham dataset

The Witham dataset was collected in an open-plan office of the Lin-

coln Centre for Autonomous Systems (L-CAS). The office consists

of a kitchenette, resting area, lounge and 20 working places that are

occupied by students and postdoctoral researchers. We installed a

ceiling camera that took a snapshot of the office every 10 seconds for

3 weeks, and we hand-annotated activities and locations of one of the

researchers over time.

The Witham dataset contains a minute-by-minute timeline of 10

different activities performed at 10 different locations over the course

of 3 weeks.

5.3 Evaluation

As mentioned before, we abstract from the internal working of the

classifier itself and we simply assume that it can take into account

the priors provided by our spatial and temporal models. Thus, we

base our evaluation on the fact that we know the conditional proba-

bilities p(o|a) which are represented by the confusion matrix of the

evaluated classifier.

The evaluation starts with the prior models being invariant to time

(and location) and equal to each other, i.e.

pa(t) =
1

|A| , ∀a ∈ A, ∀t ∈ R. (10)

Then, we retrieve the activity performed at time t = 0 from the

given dataset and, using the priors initialised by Equation (10) and

known p(o|a), we calculate the posterior probabilities pa(t|o) with

the Bayes Equation (2). After that, we simulate the stochastic na-

ture of the activity classification process by running a Monte-Carlo

scheme over the probabilities pa(t|o) and we obtain the simulated

classification result o(t) ∈ A. Then, we update the binary sequences

oa(t) of each activity as follows:

oa(t) = 1 ⇐⇒ o(t) = a,
oa(t) = 0 ⇐⇒ o(t) = a.

(11)

These sequences are then processed by the models. Then, we in-

crement the time by 60 s and repeat the procedure again. After 1440

iterations, which represent the activity recognition results minute-

by-minute for a full day, we compare the ground truth to the results

of the simulated activity recognition o(t) and calculate the activity

classification error for that particular day. This error is calculated for

every day of the available datasets.

Figure 3. Witham dataset - topological structure of the apartment.
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5.3.1 Evaluated classifiers

We evaluated the spatial and temporal models with three differ-

ent classifiers represented by different distributions p(o|a). The first

‘weak’ classifier has only a 20% probability of correct recognition,

i.e. its confusion matrix has 0.2 on the diagonal and the other ele-

ments are equal. This corresponds to a high, 80% classification er-

ror. The second, ‘good’ classifier has a low, 20% classification error,

which means that the diagonal elements of its confusion matrix are

equal to 0.8 and the non-diagonal elements are identical.

Finally, we consider a real classifier that was evaluated on the

Aruba dataset in [8]. Here, the authors evaluate the performance of

a classifier that can indicate lack of evidence to perform an actual

classification. This is represented by a special type of observation,

called “Irregular”, which constitutes an additional column in their

classifier’s confusion matrix. To obtain a square confusion matrix re-

quired by our method, the conditional probabilities represented by

this additional column are uniformly redistributed across the matrix.

The average value of the diagonal elements of the real classifier’s

confusion matrix is 85.14% (Figure 4a).

On the Witham dataset, instead, there are no classifiers existing

from previous works. To represent the p(o|a) of the real classifier for

the Witham dataset, we used a 10×10 submatrix of the real classifier

used with the Aruba dataset (Figure 4b).
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Figure 4. Confusion matrices which characterize the p(o|a) of the ’real’
classifiers for the Aruba(a) and Witham(b) datasets.

6 Experimental results

Each of the models mentioned in Section 4 depends on a parameter

as summarised in Table 2. Here we discuss the sensitivity of these

models to the parameter values and how well the models perform on

the aforementioned datasets.

Temporal model Parameter type Units Used value

GMM num. of Gaussians - 3
FreMEn num. of periodics - 2
Interval-based interval width minutes 5
Adaptive interv. num. of samples - 1000

Table 2. The list parameters for each temporal model which improve the
results the most on the datasets.

6.1 Model Parameters

The FreMEn results in Figure 5 show that it can identify periodicities

in the observed activities and use them to improve activity classifica-

tion. Although increasing the FreMEn order does improve the classi-

fication performance, the effect is not significant, as shown in Figure

5. The only exception is the static component in the Aruba dataset,

since in the case of a weak base-classifier the performance increase

does not reach the same magnitude as the higher orders. This sug-

gests that using a FreMEn model of order 3 is sufficient to obtain a

good reduction of the error rate.

A similar result was observed using Gaussian Mixture Model

based priors. Indeed, as can be seen in Figure 6, the results are fairly

stable with respect to the order of the model.

For the Interval Models, the choice of the interval width is im-

portant, as shown in Figures 7. In the case of a weak base classifier,

an interval width of one hour produced the best results. Furthermore,

this choice is the only one improving the same classifier on the Aruba

dataset. In all the other cases the sensitivity of the error rate is not

very strong.

The Adaptive Interval Models adapt the interval width according

to the available quantity of evidence, so the smaller the number of

samples the closer the behaviour will be to the atomic unit (1 minute

in our case). As shown in Figure 8, the Adaptive Interval Model with

a single sample has the same behaviour as the static interval with

1 minute width. In the case of weak classifiers, the number of samples

for the adaptation of the intervals does not influence the classification

performance, and the same happens with a real base-classifier. In the

case of a good classifier (20% error rate) using a higher number of

samples improved the model performance.

According to our experiments, the models which are the least sen-

sitive to the variation of classifier and to the parameter choice are the

FreMEn and GMM models. Following these results, we will use the

best performing cases to compare the models. The parameters used

are the ones shown in Table 2.
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Figure 5. Impact of the number of modelled periodical processes on the
FreMEn model. Best viewed in color.
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6.2 Model Comparison

Our experiments showed that the use of incrementally learned mod-

els for spatial and temporal context can improve the performances

of an activity recognition system. In Figure 10, it can be seen that

all the temporal models improved the classification results. It is in-

teresting to notice how the Location-based (or spatial) model on the

Aruba dataset reduced the error only slighly, while on the Witham

dataset it outperformed all the temporal models. This might depend

on the fact that the association between activities and locations has
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Figure 6. Impact of the number of Gaussians included on the performance
of the Gaussian Mixtures. Best viewed in color.
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Figure 7. Impact of the interval width on the performance of the Interval
models. Best viewed in color.

a higher correlation in an office-like environment rather than in a

domestic one. Furthermore, we can observe that the Static compo-

nent of FreMEn improves, but only slightly compared to the other

models, showing the need of having higher frequencies in the weak

base-classifiers. Figure 11 shows how the Interval Models tend to fail

to represent the temporal context, especially without the adaptive in-

tervals, being unable to improve the results. As in the previous case,

the Location-based model works better on the Witham dataset. The

remaining models are able to reduce the error rate again. Finally,

Figure 12 shows how a realistic base-classifier would benefit from

learning of the contextual prior probabilities. The results show that

using the right model and parameters, the error rate can be signifi-

cantly reduced over time, as can be seen in Figures 10, 11 and 12.

To compare the performance of the models, we performed a paired

t-test on each pair of models using their error rates for the last 7 days

of the experiment with the realistic classifiers. The results of the t-
tests are summarized in Figure 9, showing which methods perform

significantly better than others at the 95% confidence level.

Overall, the models that produced the most reliable results were

the GMM and FreMEn, which had similar performances in reduc-

tion of the error rates and stability to the choice of parameters. The

only real difference lies in the fact that the GMM starts to reduce

the errors right from the beginning, while FreMEn tends to increase

the errors, creating pronounced spikes in the error rate during the

early days of execution. This effect is caused by the fact that while

the GMM is given the information about daily periodicities apriori,

FreMEn determines the periodicities by itself, which requires the in-

put data to be at least twice as long as the period that it attempts to

detect. The Interval-based Models can actually perform an improve-

ment comparable to the aforementioned models, in the case of a weak

classifier (Figure 10), while they appear to worsen performance if the

classifier is a strong one (Figures 11, 12). Additional tests indicated

that the Interval-based Models improve the performance of classi-

fiers with accuracy lower than 70%, while their use with better clas-

sifiers might result in reduction of their performance. This might be
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Figure 8. Impact of the number of samples used for prior estimation on the
performance of the Adaptive Interval Models. Best viewed in color.
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Figure 9. Comparative performance of the examined methods on the
Aruba (left) and the Witham (right) dataset. An arrow from A to B indicates
that method A has a significantly lower classification error than method B.
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Figure 10. The impact of various spatial and temporal priors on the activity
recognition error over time - weak classifier with 80% classification error.

caused by the lack of sufficient evidence during the estimation of the

probability priors when the confidence of the classifier is high. The

latter can be demonstrated by the fact that the adaptation of the inter-

vals according to the actual evidence improves the model behaviour,

reaching performances similar to the GMM and FreMEn.

The Location-based probability priors had discordant results on

the two datasets. In the Aruba dataset, it had a negative effect on the

error rate of the classification, although it improved when a strong

classifier was used. This could mean that the model requires high

base accuracy in complex indoor environments, in which the activi-

ties do not have a direct association to the place where they occur. On

the Witham dataset instead, it did not only improve performance, but

also outperformed some of the other temporal prior models. This de-

pends directly on the high association of the activities performed with

places in office environments; for example, the activity of writing on

the keyboard will always be performed close to the workplace. The

effect might be also related to social constraints and office etiquette.

For a single-inhabited household, one does not have to consider oth-

ers, which makes the activity-location constraints a bit weaker.

7 Conclusion

This paper presented a novel approach to activity recognition for in-

door environments based on incremental modelling of long-term spa-

tial and temporal context. The presented approach allows to integrate

several observations of the same environment in spatial and tempo-

ral models that capture the periodic behaviour of the activity occur-

rences and use this knowledge to construct time and location depen-

dent probability priors to improve the recognition of the activities. In
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Figure 11. The impact of various spatial and temporal priors on the activity
recognition error over time - good classifier with 20% classification error.
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Figure 12. The impact of various spatial and temporal priors on the activity
recognition error over time - real classifiers with ∼13% classification error.

other words, given the assumption of spatial and temporal structure

of the activities, we have tried to learn those patterns to improve the

performance of a base classifier with different models. The ability of

the models to improve the classification performance through con-

tinuous learning was evaluated on two datasets representing home

and office environments over a duration of two weeks. The experi-

ments indicated that naı̈ve methods, based on histograms of activity,

do not necessarily lead to improvement of the classification rate. On

the other hand, more advanced methods reduced the error of activity

classification in a significant way. The best performing models were

based on the concept of Frequency Map Enhancement (FreMEn),

which represents the environment dynamics in the spectral domain,

and on periodic Gaussian Mixtures adjusted to model the daily pat-

terns of people behaviour. Both of these temporal models demon-

strated the ability to reduce the activity classification error through

continuous learning of long-term patterns of human behaviour. The

experiments also indicated that the use of spatial context might im-

prove the performance of activity classification as well. Here, the im-

provement was more significant in the office environment, where the

activities are strongly correlated with the location where they occur.

Possible future works will include combination of spatial and tem-

poral models, e.g. by combining FreMEn and Gaussian processes or

by applying a different temporal model in each spatial element of the

environment. To allow reproduction of the experiments presented and

to facilitate the work on the long-term temporal context for activity

recognition, we have published the datasets [18] and the evaluation

pipeline used in our experiments as open-source code [17].
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[19] Tomáš Krajnı́k, Jaime Pulido Fentanes, Grzegorz Cielniak, Christian
Dondrup, and Tom Duckett, ‘Spectral analysis for long-term robotic
mapping’, in International Conference on Robotics and Automation
(ICRA), (2014).
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Leader-Follower MDP Models with Factored State Space
and Many Followers – Followers Abstraction, Structured

Régis Sabbadin1 and Anne-France Viet2

Abstract. The Leader-Follower Markov Decision Processes (LF-

MDP) framework extends both Markov Decision Processes (MDP)

and Stochastic Games. It provides a model where an agent (the

leader) can influence a set of other agents (the followers) which

are playing a stochastic game, by modifying their immediate reward

functions, but not their dynamics. It is assumed that all agents act

selfishly and try to optimize their own long-term expected reward.

Finding equilibrium strategies in a LF-MDP is hard, especially when

the joint state space of followers is factored. In this case, it takes

exponential time in the number of followers. Our theoretical con-

tribution is threefold. First, we analyze a natural assumption (sub-
stitutability of followers), which holds in many applications. Under

this assumption, we show that a LF-MDP can be solved exactly in

polynomial time, when deterministic equilibria exist for all games

encountered in the LF-MDP. Second, we show that an additional

assumption of sparsity of the problem dynamics allows us to de-

crease the exponent of the polynomial. Finally, we present a state-
aggregation approximation, which decreases further the exponent

and allows us to approximately solve large problems. We empirically

validate the LF-MDP approach on a class of realistic animal disease

control problems. For problems of this class, we find deterministic

equilibria for all games. Using our first two results, we are able to

solve the exact LF-MDP problem with 15 followers (compared to 6

or 7 in the original model). Using state-aggregation, problems with

up to 50 followers can be solved approximately. The approximation

quality is evaluated by comparison with the exact approach on prob-

lems with 12 and 15 followers.

1 Introduction
The Leader-Follower Markov Decision Processes (LF-MDP) frame-

work [20] is a framework which has been recently proposed to ex-

tend both Markov Decision Processes (MDP) [14] and Stochastic

Games (SG) [18, 4]. In a LF-MDP, an agent (the leader) partially

controls the reward functions of several followers acting selfishly

in a stochastic game, to optimize their long-term expected reward.

However, the leader does not influence the dynamics of the stochas-

tic game, which is only governed by the followers’ actions. Some

recent applications of the LF-MDP framework include management

in organizations [21, 13].

Many real-life problems exist where a set of followers act selfishly

on a dynamical system in order to maximize their own long-term

1 MIAT, INRA,Toulouse, France, mail: Regis.Sabbadin@toulouse.inra.fr
2 BIOEPAR, INRA, Oniris, Nantes, France, email: anne-france.viet@oniris-

nantes.fr

profit (in a game-theoretic fashion) while a leader, not acting directly

on the system, fixes the rules of the game so that game equilibria fa-

vor its own long term objective. The following are intuitive examples

of such problems:

• Carbon tax: here, the leader fixes a carbon emission tax level

(as a modifiable rate of the total carbon emissions), while follow-

ers (firms) can take costly measures to decrease their own carbon

emission rate. The followers are the only ones to emit carbon,

but their rewards/costs are functions of other followers actions

(through global carbon emissions) and leader’s actions (through

taxes). The leader has its own profit function, which depends on

total carbon emission as well as total taxes paid by followers.

• Soccer league: In a soccer league, clubs (followers) want to max-

imize both the number of points they score during a whole season

(which determines their ranking) and their financial profit. The

league (leader) does not own a club, but wishes to maximize its

own profit (through taxes on clubs’ benefits) and the interest of

the championship (which helps generating profit). The league’s

actions consist in modifying game rules, introducing salary cap,

changing tax level, etc. But these do not change directly the state

of the system (ranking, points...).

• Animal health management: Individual farmers (followers)

breed cattle in an area where some disease can spread. Their aim

is to maximize their own profit. Control actions (depopulation,

treatment) can be applied by followers, but at some cost. The

leader can decide on financial incentives to control. These cost

him money if followers apply control actions, but the reduction in

the disease spread rewards the leader [16].

Even though solution algorithms have been proposed for LF-MDP,

based on dynamic programming [16] or reinforcement learning [21],

these do not scale to the case where the followers’ joint state space

is factored, except under very drastic assumptions (no more than two

states for each follower in [16]). Even in the case where the state

space is not factored, one has to solve multiple instances of n players

games, where n is the number of followers, which can only be done

in time exponential in n.

In this article, we consider LF-MDP in which n is higher than in

usual LF-MDP (> 10) and where the joint state space is a product of

followers state spaces. After reviewing the LF-MDP model in Sec-

tion 2, we show in Section 3 that under some natural assumptions

about the followers (substitutability, structured dynamics), we can

find equilibrium strategies for the leader and followers in time poly-

nomial in n. Substitutability of followers, in particular, occurs when

the transition and reward functions of each follower do not depend on
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the “labeling of other followers”. When this holds, we show that the

equilibrium policies of followers which are in the same state are also

the same. This suggests that a LF-MDP with substitutable followers

can be replaced with smaller a LF-MDP, where the number of follow-

ers is reduced to the size of the followers’ state space. However, we

show that, unfortunately, the solution of the reduced LF-MDP is dif-

ferent from the one of the original LF-MDP in general, except when

solution polices are deterministic. Fortunately, our experiments show

that this seems to occur very often in practice...

While polynomial in n, time complexity of reduced LF-MDP is

still exponential in the size of the state space of each follower, which

keeps them hard to solve, especially when n is large (>15). We thus

present an approximation of the solution through state aggregation
which decreases the value of the exponent of n in time complexity.

Finally, in Section 5, we present an illustration of the approach based

on a realistic problem of coordination of farmers to limit the spread of

the Porcine Reproductive and Respiratory Syndrome within a group

of farms [11]. It is used, in particular, to empirically validate the qual-

ity of approximate policies obtained through state aggregation.

2 The Leader-Follower MDP model
2.1 Definition of the LF-MDP model
2.1.1 States, actions, transitions and rewards

A single leader/multiple followers finite-horizon MDP model [20]

is a multiple time steps decision process involving one leader and

n followers. It is defined, in the finite horizon case, as3: M =<
n,Σ, AL, {AF

i }i=1..n, T, r
L, {rFi }i=1..n, H >, where:

• Σ is the joint state space of the leader and the followers. It can

have a very general form and can be factored, e.g. as Σ = SL ×
SF
1 × . . .× SF

n .

• AL = {1, . . . ,m} is the finite leader action space.

• AF
i = {1, . . . , pi} is the finite action space of follower i. For

sake of notational simplicity, we will consider in this paper that

all followers have the same action space AF = {1, . . . , p}.
• T : Σ × (AF )n × Σ → [0, 1] is the joint state transition func-

tion. T
(
σ′|σ, {aF

i }i=1..n

)
is the probability to transition from

state σ to state σ′, when the actions of the followers are set to

aF = {aF
i }i=1..n. Note that the leader’s actions do not influence

transition probabilities.

• rL : Σ×AL× (AF )n → ) is the leader instant reward function.

• rFi : Σ×AL×AF → ) is the instant reward function of follower

i.
• H is the horizon of the problem.

2.1.2 Policies of the leader and the followers

As usual in finite horizon sequential decision problems, we assume

that agents choose their actions at time step t according to non-

stationary policies, δLt , {δFt,i}i=1...n. We will focus on Markovian,

stochastic policies. δLt (a
L|σ) is the probability that aL ∈ AL is cho-

sen by the leader at time t, given current state σ ∈ Σ. δFt,i(a
F
i |σ, aL)

is the probability that aF
i ∈ AF is chosen by follower i at time t,

given current state σ and after having observed the current action aL

of the leader.

Policies are deterministic, when δLt , {δFt,i}i=1...n take value in

{0, 1}. In this case, we write aL = δLt (σ) or aF
i = δFt,i(σ, a

L).

3 Transitions and rewards are considered stationary for the sake of notational
simplicity, but the results can be easily extended to the non-stationary case.

2.1.3 Values of policies, equilibrium policies

Let Δ =
{
δLt , {δFt,i}i=1...n

}
t=1...H

be a given joint policy of the

leader and the followers. The values QL
Δ and QF,i

Δ to the leader and

the followers are defined as follows, in every joint state and time step:

QL
Δ(σ, t) = E

[ H∑
t′=t

rLt′ | Δ, σ
]
, (1)

QF,i
Δ (σ, t) = E

[ H∑
t′=t

rFt′,i | Δ, σ
]
. (2)

Solving a LF-MDP consists in finding an equilibrium joint policy,

Δ∗ =
{
δL∗t , {δF∗t,i }i=1...n

}
t=1...H

, for the leader and the follow-

ers4.

Definition 1 (LF-MDP equilibrium joint policy)
Δ∗ =

{
δL∗t , {δF∗t,i }i=1...n

}
t=1...H

is an equilibrium policy if and
only if it verifies, ∀t, δLt , {δFt,i}, σ:

QL
Δ∗(σ, t) ≥ QL

Δ∗↓δL (σ, t), ∀δL, (3)

QF,i
Δ∗(σ, t) ≥ QF,i

Δ
∗↓δF

i
(σ, t), ∀i, δFi . (4)

Δ∗↓δ
L

(resp. Δ∗↓δ
F
i ) is the set of policies where the δL∗t (resp. δF∗t,i )

have been replaced with arbitrary policy δLt (resp. δFt,i), ∀t (∀i).

In [20], extending results of [4] from stochastic games to LF-MDP,

it was shown that there exist at least one Markovian equilibrium

joint policy in which the leader equilibrium policies are determin-

istic. Such an equilibrium policy can be computed by a backward
induction type algorithm [14], interleaving Nash equilibria compu-

tation steps for the followers and backward induction steps for the

leader, at each time step.

2.2 LF-MDP solution algorithm
LetM be a LF-MDP. An equilibrium joint policy, Δ∗ can be com-

puted backward by the following algorithm [16]:

2.2.1 Final time step

At the final time step, H , any follower i applying action aF
i ∈ AF

while the state is σ and the leader action is aL, receives an immedi-

ate reward rFi (σ, aL, aF
i ), regardless of the other followers’ actions.

Therefore, δF∗H,iis deterministic and:

δF∗H,i(σ, a
L) ∈ arg max

aF
i ∈AF

rFi (σ, aL, aF
i ) and

QF,i

Δ∗,aL(σ,H) = max
aF
i ∈AF

rFi (σ, aL, aF
i ), ∀(σ, aL). (5)

We define the expected immediate reward of the leader at time

t ∈ {1, . . . , H}, for a joint followers stochastic policy δFt =
{δFt,i}i=1..n:

rLδFt
(σ, aL) =

∑
aF

( n∏
i=1

δFt,i(a
F
i |σ, aL)

)
rL(σ, aL, aF ). (6)

4 In the following, we use the terms equilibrium joint policy (or equilibrium
policy, for short) for a solution of a LF-MDP and Nash equilibrium for the
solution of a normal form game, in order to avoid confusion between the
two notions.
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Then, for the leader at time step H:

δL∗H (σ) ∈ arg max
aL∈AL

rLδF∗
H

(σ, aL), (7)

QL
Δ∗(σ,H) = max

aL∈AL
rLδF∗

H
(σ, aL), ∀σ.

2.2.2 Induction step

A followers’ joint equilibrium policy at time step t, given subse-

quent time steps joint equilibrium policies, is defined inductively as

stochastic Nash equilibria5 of normal form n-players games (∀σ, aL)

[10], where each player’s action belongs to AF .

The game value to player i of joint action aF in state σ at time t
under leader action aL and assuming that a joint equilibrium policy

is applied at subsequent time steps is defined as:

Gt
σ,aL,Δ∗(i, a

F ) = rFi (σ, aL, aF
i ) (8)

+
∑
σ′

T
(
σ′|σ, aF

)
QF,i

Δ∗(σ
′, t+ 1).

Let {α∗1, . . . , α∗n} be a solution of the game Gt
σ,aL,Δ∗ (α∗i is a

probability distribution over AF ). A followers joint equilibrium pol-

icy is given by: δF∗t,i (a
F
t,i|σ, aL) = α∗i (a

F
i ) and

QF,i

Δ∗,aL(σ, t) =
∑
aF

( n∏
j=1

α∗j (a
F
j )
)
Gt

σ,aL,Δ∗(i, a
F ). (9)

Since a followers’ Nash equilibrium is determined from action

aL through Equation (9), the leader optimal policies can be com-

puted as the solutions of a non-stationary Markov Decision Process

< Σ, AL, {TδF∗t
}, {rL

δF∗t
}t=1..H , H >, where the {rL

δF∗t
}t=1..H

have been defined previously and

TδF∗t
(σ′|σ, aL) =

∑
aF

n∏
j=1

δF∗t,j (a
F
j |σ, aL)T (σ′|σ, aF ). (10)

Functions TδF∗t
and rL

δF∗t
are determined before being required at

each step of the backward induction algorithm.

Optimal policies δL∗t (σ) and value functions QL∗
Δ∗(σ, t) are also

computed backward:

δL∗t (σ) ∈ arg max
aL∈AL

{
rLδF∗t

(σ, aL)

+
∑
σ′∈Σ

TδF∗t
(σ′|σ, aL)QL∗

Δ∗(σ
′, t+ 1)

}
,

QL
Δ∗(σ, t) = max

aL∈AL

{
rLδF∗t

(σ, aL) (11)

+
∑
σ′∈Σ

TδF∗t
(σ′|σ, aL)QL∗

Δ∗(σ
′, t+ 1)

}
.

2.3 Computational complexity considerations

The various steps of the generic LF-MDP solution algorithm de-

scribed above have different time and space complexities.

5 Note that since game solutions are involved, there may be more than one
Nash equilibrium, leading to different equilibrium values. When solving a
LF-MDP, one is usually interested into finding a single such Nash equilib-
rium.

2.3.1 Step 1: Normal form games generation

To compute a followers Nash equilibrium, we need to build normal

form games Gt
σ,aL,Δ∗ (Equation 8). Each game has O

(
n× |AF |n

)
elements and there are |Σ| × |AL| games. The time complexity to

generate them all is thus O
(
n× |AF |n × |Σ| × |AL|

)
, but we re-

quire to store only one such game at a time.

2.3.2 Step 2: Followers policies computation and storage

Followers Nash equilibria are solutions of the games computed

above. Storing followers’ optimal policies requires space in O(n ×
|Σ| × |AF | × |AL|). Finding an (approximate) Nash equilibrium in

a game is a hard task6 by itself [2].

2.3.3 Step 3: Leader transition and reward computation

Transition tables TδF∗t
are computed through Equation 10.

They require O
(
|Σ|2 × |AL|

)
space to store and time

O
(
n× |AF |n × |Σ|2 × |AL|

)
to compute. The reward func-

tions rδF∗t
require O

(
|Σ| × |AL|

)
space to store and time

O
(
n× |AF |n × |Σ| × |AL|

)
to compute, using Equation 6.

2.3.4 Step 4: Leader dynamic programming step

δL∗t requires O(|Σ|) space to store and O
(
|Σ|2 × |AL|

)
to compute

(Equation 11).

2.3.5 What can we do to decrease space and time
complexity?

Given these complexity considerations, one can notice that the time

and space complexities of all steps of solving a LF-MDP are at least

either exponential in n or at least linear in |Σ| (or both). In the case

where the joint state of the problem σ ∈ Σ is factored7, for example

when Σ =
(
SF
)n

, |Σ| is itself exponential in n.

Next, we explore the property of substitutability of followers in

LF-MDP problems. Under this property, the above steps can be per-

formed, exactly or approximately, at a lower complexity cost. It al-

lows state abstraction, a classical property of factored MDP [6, 3, 9].

It also allows followers abstraction, i.e. a potential reduction of the

number of players of all considered games. Since the complexity of

solving games (and LF-MDP) is exponential in the number of fol-

lowers, this may induce an important reduction in time (and space)

complexity. Furthermore, in some cases, followers abstraction leads

to an exact solution of the LF-MDP.

We will consider two other complexity reduction approaches.

(i) Structured followers dynamics: We will exploit the sparsity of the

transition matrix of each follower, to reduce further LF-MDP solu-

tion complexity, without adding new approximations.

(ii) Joint state aggregation: An additional state abstraction approach

will allow us to design an approximate LF-MDP solution method that

scales to problem with 50-100 followers.

Substitutability and aggregation are particularly legible properties

when the leader policy must be expressed in a simple and intelligi-

ble way and when followers’ states are imperfectly observed. It is

6 This problem is PPAD-complete, where PPAD is a specific complexity class,
“believed” to strictly include P.

7 In the most general case, Σ = SL × SF
1 × . . .× SF

n , but we will give up

the dependency on SL to simplify notations.
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common in human-based systems (economical or social), where the

leader often has to consider aggregate states of “anonymous” follow-

ers.

3 Exploiting problem structure to decrease the
complexity of solving LF-MDP

3.1 Followers substitutability
3.1.1 State space reduction through substitutability

In Section 2, we considered global state σ = (s1, . . . , sn). but, in

many applications, followers are substitutable: in the view of the

leader, all followers in the same state behave identically.

Definition 2 (Substitutability of followers)
Followers are substitutable8 in a LF-MDPM if and only if:

• SF
i = SF

j , AF
i = AF

j and rFi = rFj , ∀i, j ∈ {1..n}2.
• For any τ and τ−i, permutations of {1, . . . , n} where τ−i leaves i

at its place (τ−i(i) = i), we have T (σ′τ |στ , a
F
τ ) = T (σ′|σ, aF ),

rL(στ , a
L, aF

τ ) = rL(σ, aL, aF ) and rFi (στ−i , a
L, aF

i ) =

rFi (σ, aL, aF
i ).

Example 1 Followers are substitutable when:

• T (σ′|σ, aF ) =
∏n

i=1 p(s
′
i|si, f(σ), aF

i ),
• rL(σ, aL, aF ) =

∑n
i=1 rL(si, a

L, aF
i ) and

• rF (σ, aL, aF
i ) = rF (si, a

L, aF
i ),

with rL and rF rewards functions and provided that function f veri-
fies f(σ) = f(στ ), ∀τ .

Proposition 1 (Substitutability of optimal policies) If followers
are substitutable in a LF-MDP M, then: δL∗t (σ) = δL∗t (στ ),
δF∗t,i (·|σ, aL) = δF∗t,i (·|στ−i , a

L), ∀, σ, t, τ, τ−i. The same property
holds for QL

Δ∗ and QF,i
Δ∗ functions.

Sketch of proof: The proof follows the induction. Step H is easy, us-

ing the invariance of rL and rF from which easily follows the substi-

tutability of rδF
H

, δF∗H,i, Q
F,i
Δ∗(·, H), δL∗H and QL

Δ∗(·, H). The induc-

tion step goes as easily, once we have noticed that games Gt
σ,aL,Δ∗

are also substitutable. �
An important consequence of this proposition is that if a LF-MDP

is substitutable, then it can be replaced with an equivalent LF-MDP

which (reduced) state space, denoted ΣL is composed of the equiv-
alence classes of Σ for the “permutation” relation ≡: σ ≡ σ′ iff

∃τ, σ′ = στ .

It is easy to show that any equivalence class can be represented

by a reduced global state, modeling the number of followers in each

of the k = |SF | states. This reduced global state can thus be repre-

sented by the tuple of integers:

c = (c1, . . . , ck) ∈ {0, . . . , n}|S
F |, where

k∑
h=1

ch = n. (12)

ΣL is thus the set of tuples satisfying Equation 12. The size of the

reduced state space of the leader is |ΣL| =
(
n+k−1
k−1

)
= O(nk),

instead of kn for |Σ|.
The time and space complexities of the steps of the algorithm (Ta-

ble 1) are now reduced, by replacing every occurrence of |Σ|, with

|ΣL|. Step 4 becomes polynomial in n.

8 Note that the current definition has links with stochastic bisimilarity [6].
However, stochastic bisimilarity only handles factored state space, not fac-
tored action space.

3.1.2 Action space reduction through substitutability

Followers’ substitutability implies the substitutability of followers

policies δF∗t,i . In the case where followers’ policies are determinis-

tic, then any two followers’ actions are identical when the follow-

ers are in the same state. So, the action profiles of the n follow-

ers, (a1, . . . , an), are limited to profiles in which all followers in

the same state perform the same action. In this way, a followers’ ac-

tion profile is of the form dF = (dF1 , . . . , d
F
k ) ∈ (AF )k, leading to

decreased joint action space size (|AF |k instead of |AF |n).

However, optimal policies of followers can be stochastic, mean-

ing that two identical policies may lead to different actions choices.

Thus, it may be that even under the substitutability assumption, a

Nash equilibrium for the followers may give non-zero probabilities

to all the |AF |n potential profiles. For equilibrium computation, in

order to limit the size of the joint action space, we make the approxi-

mation that even when followers policies are stochastic, followers in

the same state actually implement the same action.

This suggests the following modifications to Equations 8 and 9,

which are now used to compute games and followers policies of di-

mension k: ∀h = 1, . . . , k,

Gt
c,aL,Δ∗(h, d

F ) = rFh (c, aL, dFh ) (13)

+
∑
c′

T̄
(
c′|c, dF

)
QF,h

Δ∗ (c
′, t+ 1).

And, if {α∗1, . . . , α∗k} is a stochastic Nash equilibrium of the above

game, δF∗t,h(d
F
h |c, aL) = α∗h(d

F
h ) and

QF,h

Δ∗,aL(c, t) =
∑
dF

k∏
j=1

α∗j (d
F
j )G

t
c,aL,Δ∗(h, d

F ). (14)

We will see in the next subsection how T̄ is defined, but first re-

mark that with the above approximation it is assumed that actions for

all followers are chosen in the following way : An action dFh ∈ AF

is chosen at random for each h ∈ 1, . . . , k, following distribution

δF∗t,h(·|c, aL), then all followers j which are in state h apply the same

action dFh .

When all Nash equilibria are deterministic, this assumption holds,

even in the original LF-MDP. In all other cases, the computed

equilibria are only approximate. Notice also that when replacing

Equations 8 and 9 with Equations 13 and 14, the time complexi-

ties of the steps are reduced. For Step 1, for example, it becomes

O(k|AF |k|ΣL||AL|) = O(nk). The space complexity of Step 2 be-

comes O(nk) and the games to solve are k-players games so their

time complexity is independent on n. In Step 3, Equation 10 can be

replaced with: ∀c, c′ ∈ ΣL, aL ∈ AL,

TδF∗t
(c′|c, aL) =

∑
dF

k∏
h=1

δF∗t,h(d
F
h |c, aL)T̄ (c′|c, dF ). (15)

The complexity of Step 3 also depends on the computation of T̄ ,

which we now describe.

3.1.3 Transitions in the reduced model

Making use of the reduction of the state and action spaces, we can

compute an aggregate transition function T̄ : ΣL × (AF )k ×ΣL →
[0, 1]. T̄ (c′|c, dF ) is the probability to transition from any state

σc ∈ Σ “compatible” with c to any state σc′ ∈ Σ “compatible”
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with c′, when applying an action aF = (aF
1 , . . . , a

F
n ) “compatible”

with dF = (dF1 , . . . , d
F
k ).

To be more precise, T̄ is defined as: ∀c, c′, dF ,

T̄ (c′|c, dF ) =
∑

σ′|=c′
T (σ′|σc, . . . , dFh , . . . , d

F
h︸ ︷︷ ︸

ch

, . . .), (16)

where σc = (1, . . . , 1︸ ︷︷ ︸
c1

, . . . , k, . . . , k︸ ︷︷ ︸
ck

) is a full state compatible with

c. σ′ |= c′ means that if σ′ = (s′1, . . . , s
′
n) then, ∀h = 1, . . . , k,

there are exactly c′h indices i such that s′i = h.

Proposition 2 T̄ defined in Equation 16 is well-defined.

Proof: By well-defined, we mean that T̄ (c′|c, dF ) does not depend

on the actual choice of σc compatible with c. Indeed, this holds

thanks to the substitutability of T . �
The space and time complexities of computing T̄ are

O
(
|ΣL|2|AF |k

)
and O

(
n|Σ||ΣL||AF |k

)
. Indeed, since we have to

sum over all σ′ compatible with c′ and this for all c′ to compute T̄ ,

we still have to explore Σ entirely once. Hence, computing T̄ is still

exponential in n, even though the exponent has been reduced from

2n to n.

However, for a fixed c and given follower state h, the ch follow-

ers in state h change their state to a new repartition (c1h, . . . , c
k
h)

(with c1h + . . . + ckh = ch) according to a multinomial distribution

Γh
ch,dF

h
(c1h, . . . , c

k
h) of parameters {p(h′|h, c, dFh )}h′=1..k. Further-

more, ∀c, c′, dF ,

T̄ (c′|c, dF ) =
∑

(c1h,...,ckh),∑k
h′=1

ch
′

h =ch,∑k
h=1 ch

′
h =c′

h′

k∏
h=1

Γh
ch,dF

h
(c1h, . . . , c

k
h).

Proposition 3 The time complexity9 of computing T̄ is
O(nk|ΣL||AF |k) = O(n2k|AF |k).

Sketch of proof: For any c = (c1, . . . , ck), each ch can transition

to
(
ch+k−1

k−1

)
k-tuples (c1h, . . . , c

k
h). Therefore, for fixed c and dF ,

we need to evaluate only
∑

h

(
ch+k−1

k−1

)
terms to compute the values

T̄ (c′|c, dF ), for all feasible c′. The result comes from the fact that∑
h

(
ch+k−1

k−1

)
= O(nk). �

3.1.4 Approximate reduced LF-MDP: Followers
abstraction

The construction of the reduced versions r̄L and r̄F is immediate in a

LF-MDP with substitutable followers. In the end, we get an approx-

imate LF-MDP M̄ =< k,ΣL, AL,
∏k

h=1 A
F
h , T̄ , r̄

L, {r̄Fh }, H >,

which is only exponential in k (and no more in n) to solve. Note the

following important proposition:

Proposition 4 In the case where the joint followers equilibrium poli-
cies of approximate LF-MDP M̄ are deterministic, they can be used
to build deterministic joint equilibrium policies for the original LF-
MDPM. This also holds for the leader equilibrium policies which
are always deterministic.

9 The complexity results given in the paper are not the tightest possible, for

ease of exposition. Here, for example,
∑

h

(ch+k−1
k−1

)
= O(knk−1) =

o(nk).

Sketch of proof: Just note that the only approximation in the pro-

cess we have described concerns the interpretation of stochastic Nash

equilibria. When Nash equilibria are pure, there is a complete equiv-

alence betweenM and M̄. �
In the view of Proposition 4, two facts should be highlighted: (i)

Since games may have more than one equilibrium, we should re-

turn in priority deterministic equilibria of the games and (ii) Even

though the above approach may not be exact in all cases, it is pos-

sible to check, after equilibrium policies have been computed in the

reduced LF-MDP, whether these provide equilibrium policies in the

original LF-MDP. It is enough to check that the games which have

been solved for all (t, c, aL) have a deterministic equilibrium.

3.1.5 Connection with state / action abstraction in MDP
and Stochastic Games

The state-space reduction approach that we have described in Section

3.1.1 is very close to state aggregation approaches in MDPs [9, 6,

3, 19] or in stochastic games [17]. We basically identify the case

where state aggregation leads to an optimal solution in a LF-MDP

(extending both MDP and SG cases). What is especially useful here,

is that state aggregation leads to an exponential reduction of the state

space.

More original is the form of followers abstraction in stochastic

games that we propose in Section 3.1.2. State and action spaces ab-

straction have already been proposed in the field of game theory [5, 8]

or in stochastic games [17]. However when action spaces are ab-

stracted, as in [17] (the closest work to ours we have found), only

followers action spaces AF are abstracted10. In the case we consider,

action spaces AF are already small and need not be abstracted. In-

stead, we propose to “lump” players together, which is a way to ab-

stract a game where the joint action space is large, due to the num-

ber of players and not to the size of individual action spaces. To our

knowledge, this is the first proposition in that direction in (stochastic)

game theory, or LF-MDP.

3.2 Structured dynamics of followers
Recall that a transition c→ c′ is obtained through the aggregation of

n individual changes of states h→ h′. Each transition has probabil-

ity p(h′|h, c, dFh ) and is independent of the other transitions, c and

dFh being given.

We can further decrease complexity when the dynamics is struc-

tured, i.e. when a follower in state h can only transition to a few

possible states, say at most NSucc < k states.

Proposition 5 When, in LF-MDP M̄, followers in any state h
transition to at most NSucc possible states, Computing T̄ requires
O(nk+NSucc |AF |k) time.

Sketch of proof: The number of terms that should be computed for

a given pair (c, dF ) is reduced to
∑

h

(
ch+NSucc
NSucc−1

)
= O(nNSucc). �

4 State aggregation
State aggregation allows us to further decrease the exponent of n in

time complexities and suppress it from space complexities, but there

is no performance guarantee anymore on the returned policies, and

we must resort to experiments to empirically evaluate the merits of

this approach (which we will do in the case study section). It consists

10 The authors considering stochastic games, there is no leader.
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Table 1. LF-MDP objects complexity, with and without suggested simplifications/approximations.

Naive Substitutability Aggregation

State space size |Σ| = O (kn) |ΣL| = O
(
nk
)

|ΣL| = O
(
Kk
)

Action space size |AF |n |AF |k |AF |k

Joint state transition |T | = O
(
k2n|AF |n

)
|T̄ | = O

(
n2k|AF |k

)
| |T̄ | = O

(
nk+NSucc |AF |k

)
|T̂ | = O

(
K2k|AF |k

)
Single game size |Gt

σ,aL,Δ∗ | = O
(
n|AF |n

)
|Gt

c,aL,Δ∗ | = O
(
k|AF |k

)
|Gt

κ,aL,Δ∗ | = O
(
k|AF |k

)
Nb games / time step nb = |AF |n|AL| nb = |AF |k|AL| nb = Kk|AL|

in considering a partition of the set {0, . . . , n} into K + 2 intervals,

where K is an integer dividing N : I0 = {0}, IK+1 = {n} and

Ii = { (i−1)n
K

+1, . . . , i.n
K
}, ∀i = 1, . . . ,K. Then, we define aggre-

gate states as tuples of integers (κ1, . . . , κk) ∈ {0, . . . ,K}k. These

correspond to every combinations of sets Iκ1 × . . .× Iκk , such that

there exists a reduced state c ∈ ΣL, ch ∈ Iκh , ∀h = 1, . . . , k. Let

ΣL denote the set of aggregate states. Obviously, |ΣL| = O(Kk),
which is now independent of n.

We define two functions, relating reduced and aggregate states:

• κ(c) ∈ ΣL is the unique aggregate state which is compatible with

the reduced state c ∈ ΣL,

• ĉ(κ) ∈ ΣL is a representative of the aggregate state κ ∈ ΣL,

defined as the compatible reduced state which components ĉh are

the “closest possible” to the centers of intervals Iκh . These can be

computed, e.g. by solving small size integer linear programs (one

for each κ).

Finally, it is possible to generate a LF-MDP on the aggregate state

space. The transition function T̂ : ΣL ×
(
AF
)k × ΣL → [0, 1] is

defined as

T̂ (κ′|κ, dF ) =
∑

c′,κ(c′)=κ′
T̄ (c′|ĉ(κ), dF ). (17)

Reward functions r̂L and r̂Fh are defined accordingly:

r̂L(κ, aL, dF ) = rL(ĉ(κ), aL, dF ) and r̂Fh (κ, aL, dFh ) =
rL(ĉ(κ), aL, dFh ).

Proposition 6 The time complexity of computing T̂ is in
O(|AF |kKknk).

The proof is obvious, using the form of Equation 17. �
Complexity still depends on n, due to the sum over all c′, but all

other steps are independent on n. Note that since we are interested

in probabilities to transition to aggregate states κ′ and not reduced

states c′, we could estimate these by simulating the transitions. So

doing, the sample size would be a function of |ΣL| and not |ΣL|, and

thus independent on n.

Solution policies of this LF-MDP will assign the same policies to

all reduced states compatible with the same aggregate state, and of

course to the full states compatible with these reduced states. This

may result in a loss of quality of the returned strategies. In Section

5, we illustrate the impact of state aggregation on a disease control

problem.

The contributions of this paper to LF-MDP complexity reduction

are summarized in Table 1.

5 Case study
In order to demonstrate the practical interest of exploiting substi-

tutability, structured dynamics and state aggregation in LF-MDP, we

will focus on a case study concerning a problem of coordination of

farmers to limit the spread of the Porcine Reproductive and Respira-

tory Syndrome (PRRS) within a group of farms [11].

This problem, as many others in animal health management (or

other applications, listed in the introduction) involves some followers

and one leader that has the ability to indirectly control their dynam-

ics. The followers each own one herd that may be infected by an en-

demic disease (PRRS). PRRS is an endemic, non-regulated disease,

meaning that treating infected herds is non-compulsory. However, in

order to limit the spread of the disease, which impacts pig growth

and meat production, farmers associations may propose financial in-

centives, to limit the cost of treatments to farmers.

This is typically a case where the followers directly influence

the dynamics of the system (disease spread) through management,

while the leader (the Association) influences their reward functions

(through incentives). The farmers are assumed to maximize their own

long-term profit, while the association maximizes its own, including

both an infection-spread related reward and incentive costs.

5.1 The LF-MDP model of PRRS spread control

5.1.1 The model

We consider a group of n farmers taking decisions for their own herd

(followers). PRRS is modeled with a compartmental approach, with

five compartments (k = |SF | = 5):

• S: Susceptible (=non-infected).

• Sb: Susceptible with management (biosecurity measure).

• I: Infected by PRRS.

• I0: Infected, with control measure starting. Not fully efficient yet

• IC Infected, controlled (efficient).

Actions are different in each herd state, but at most two actions (’do

nothing’, ’manage’) are available in each state.

These govern the transition probabilities from each state11 (see

Figure 1):

• S: A S herd becomes I (infected) with probability βS . Else, either

stays S (if action=do nothing) or becomes Sb (action=manage).

• Sb: For a Sb herd, only ’manage’ action is available. Transition

probability to I is reduced to νβS .

• I: Transitions are deterministic: to I (do nothing) or to I0 (man-

age).

• I0: Only ’manage’ action is available: transition to IC with prob-

ability ψ, modeling a stochastic sojourn time in state I0.

• IC : Transitions are deterministic: To IC (do nothing) or to S
(manage=depopulation).

11 Self-transition probabilities are omitted, for sake of readability.
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Table 2. Values of parameters in the three sets used for n = 15. In addition, ψ = 0.5, β = (0, 0, 0.08, 0.06, 0.01), βout = 0.005 and LL = red× LF .

Set ν LF cF cL perc red

2001 0.5 (0,0,6,5,4) (4,1,4,2,101) (0,3) 0.5 0.75

824 0.73 (0,0,8.76,5.84,2.92) (8.53,1.46,12.79,2.92,147.46) (0,4.38) 0.26 0.73

131 0.7 (0,0,4.8,5.6,2.8) (7.84,1.4,11.76,2.8,101.4) (0,4.2) 0.7 0.7

Note that while ν and ψ are constants, βS is a function of the state

of all herds. We assume that, the group of herds being tightly linked

(geographically, but also by sales and purchases), βS only depends

on the total numbers of herds in each of the 5 states (equation 18).

This implies the substitutability of the transition model.

βS(c) =
1

n

k∑
h=1

β(h)c(h) + βout (18)

where the β(h) and βout are real-valued parameters.

The reward functions are the following:

rL(σ, aL, aF ) = −cL(aL)−
n∑

i=1

cF (si)q
L(aL, aF

i )− LL(si),

rF (σ, aL, aF
i ) = −Es′i

[
LF (s′i)

]
−

n∑
i=1

cF (si)q
F (aL, aF

i ),

where

• cL is the cost of the leader action,

• LX(si) are the losses of the herd in state si for either the farmer

if X = F or the leader if X = L,

• cF (si)q
L(aL, aF

i ) is the amount of the action cost of a herd in

state si payed by the leader,

• cF (si)q
F (aL, aF

i ) is the amount of the action cost of a si herd

payed by the farmer.

Where qL(aL, aF
i ) and qF (aL, aF

i ) are defined by:

• qL(aL, aF
i ) = perc if aL = 1 and aF

i = 1,

• qL(aL, aF
i ) = 0 else;

• qF (aL, aF
i ) = 1 if aL = 0 and aF

i = 1,

• qF (aL, aF
i ) = 1− perc if aL = 1 and aF

i = 1,

• qF (aL, aF
i ) = 0 else.

It can be easily checked that they are also substitutable (note that

expectation Es′i [·] is taken with respect to a substitutable transition

function).

5.1.2 The experiments

The comparison with the exact model was run in Matlab for H = 10
with n = 12, K ∈ {3, 4, 6} and n = 15, K ∈ {3, 5}. For n = 12
and K = 3, we generated 1000 sets of parameters values with vary-

ing values of costs and losses. For most sets, the leader policy con-

sisted in always doing nothing. For the comparison with the exact

model (using the substitutability assumption), we selected 17 scenar-

ios. For comparison with the case n = 15, due to the computing time

to solve the exact model, we explored only the three sets of parameter

values described in Table 2.

We evaluated the impact of the number of classes, K, on various

model results at the leader level. As far as the followers policies were

concerned, we simply checked whether or not they were determinis-

tic.

S

Sb

IC

I0

I

Do Nothing Manage

S

Sb

IC

I0

I
βS

νβS

ψ

βS

νβS

ψ

11− βS

1

Figure 1. Transitions between follower’s states.

To compare the leader optimal policies computed with the differ-

ent K (noted δK ) with the global optimal policy δ∗, we computed 3

indicators :

• Last Diff : The absolute difference between times of the last

leader management, between the aggregate and global optimal

policies.

• #Diff : Number of time steps for which both policies were not

equal.

• Max Gap: Maximum (over all time steps) proportion of states

for which both policies differ.

Different policies may lead to similar distributions over states at

each time step. So, in order to further evaluate our approximation,

we compared the distributions over states at time step H obtained

when applying δ∗ or δK . To compute these distributions, we have to

choose an initial distribution (time step 1). We considered two ini-

tial distributions : (i) ΓU uniform over all states, and (ii) ΓE uniform

only on “highly infected” states (states where around 40% of follow-

ers are in state S or Sb and around 40% are in state IC ). To compare

the distributions resulting from δK and δ∗, we computed the Bat-

tacharyya distances [1] between them, denoted DB U and DB E
for ΓU and ΓE respectively.

As different policies may be equivalent in terms of values, we

evaluated the impact of the approximation on the objective function.

We computed a distance derived from the root mean square error

(RMSE):

RMSE x =

√∑
c∈ΣL

((V K(c)− V ∗(c))2 × Γx).

with x = U or x = E and V K(.) is the value function of policy δK .

R. Sabbadin and A.-F. Viet / Leader-Follower MDP Models with Factored State Space and Many Followers122



5.2 Experimental results
5.2.1 Empirical complexity reduction

The decrease in state space size using aggregation of course depends

on K and N (Table 3). One should note that state aggregation does

not partition the state space into uniform clusters (Fig. 2). We will

see in the following section that this does not have a dramatic impact

on the performance of the computed policies.

Table 3. Size of the leader states space according to the value of K (|ΣL|
if K = n or |ΣL| else; − if not applicable)

n K = n K = 3 4 5 6 10 25
12 1,820 236 361 - 745 - -
15 3,876 251 - 631 - - -
20 10,626 - 496 806 - 10 -
50 316,251 - - 876 - 6,376 79,101
100 4,598,251 - - 876 - 6,376 114,526

� � �

Figure 2. For n = 12, repartition of the number of global states per
aggregate state for (A) K=3, (B) K=4 and (C) K=6.

5.2.2 Comparison results

Followers’ optimal policies were found deterministic in all param-

eters sets tested. The leader policies varied when K varied. When

considering the time steps where the action ’manage’ was retained

by the leader in at least one state, we had two possible profiles for

the leader policy: management only at one time step (for example for

parameters set 824) or management in several time steps (for exam-

ple the sets 2001 and 131). In the tested sets, these profiles were kept

when changing K and n. In the three tested configurations, the last

management time step was the same for all K, both for n = 12 and

n = 15 (Last Diff = 0). Still, the policies differed in some states

when K varied (#Diff > 0). The proportion of states where the

policies differed also varied (Max Gap between 1.5% and 30% for

the tested sets).

The impact on the final distributions and expected values varied.

For parameters set 824, the impact was null for the distributions and

very low for the values. It can be explained by the fact that the poli-

cies differed in only one time step. For other parameters sets, the final

distributions varied with K, but the variations were low. The impact

of the initial distribution (ΓU or ΓE) on the variation of expected

value with different K was not consistent between different parame-

ters’ sets and number of followers (Fig. 3). Overall, even though this

conclusion should be taken with caution, given the small number of

configurations tested, it seems that the approximation becomes better

when K increases, which seems logical.

6 Concluding remarks and future work
In this article, we have proposed approximation methods to com-

pute solutions to LF-MDP problems. Even though these experiments

����
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����

����	�
 ����	�


����	�
 ����	�


Figure 3. For parameter sets 2001 and 131 (table 2), comparison of the
approximated results to the exact ones for various K and n.

have not been reported in the paper, we observed that the suggested

approximations permitted to solve approximately problems with up

to 100 followers (and K = 5). The number of classes for state ag-

gregation were observed in the three parameter sets to be correlated

to the approximation quality on the case study whatever n, but this

obviously has to be confirmed by further experiments.

Note that, in the proposed approach, the computed equilibria are

equilibria in the reduced LF-MDP, not in the original one. However,

we have a way to check a posteriori (apart in the case of state aggre-

gation), whether all the returned equilibria of games are determinis-

tic. If so, the solution is exact. If not, it is approximate. We leave for

further research the question of approximability of LF-MDP equi-

librium strategies, which is certainly worth considering and extends

that of stochastic Nash equilibrium approximation.

One perspective of this work is to model the heterogeneity of fol-

lowers, which can be done rather straightforwardly by “duplicating”

followers state spaces and modeling followers types by different re-

ward functions. Transitions are allowed between the duplicated state

spaces if and only if followers can change their type over time.The

new problem is still a LF-MDP, with more states, but potentially

more “structure” as well. If followers keep the same “type” all along

the problem, no transition is allowed between the duplicated state

spaces.

As mentioned in the end of Section 4, the dependency on n of

time complexity could be suppressed if simulation-based approaches

were used to approximate T̂ (e.g. Bayesian RL [7]). Bayesian ap-

proaches have also been used in the framework of Partially Observed
MDP (POMDP) [15]. Partial observability of followers states could

be considered as well in LF-MDPs, leading to LF-POMDP models,

mixing dec-POMDP with Bayesian games, in the line of [12], for

example.
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CUBE: A CUDA pproach for
Bucket Elimination on GPUs

Filippo Bistaffa1 and Nicola Bombieri2 and Alessandro Farinelli3

Abstract. We consider Bucket Elimination (BE), a popular al-

gorithmic framework to solve Constraint Optimisation Problems

(COPs). We focus on the parallelisation of the most computationally

intensive operations of BE, i.e., join sum and maximisation, which

are key ingredients in several close variants of the BE framework (in-

cluding Belief Propagation on Junction Trees and Distributed COP

techniques such as ActionGDL and DPOP). In particular, we pro-

pose CUBE, a highly-parallel GPU implementation of such opera-

tions, which adopts an efficient memory layout allowing all threads

to independently locate their input and output addresses in mem-

ory, hence achieving a high computational throughput. We compare

CUBE with the most recent GPU implementation of BE. Our results

show that CUBE achieves significant speed-ups (up to two orders of

magnitude) w.r.t. the counterpart approach, showing a dramatic de-

crease of the runtime w.r.t. the serial version (i.e., up to 652× faster).

More important, such speed-ups increase when the complexity of the

problem grows, showing that CUBE correctly exploits the additional

degree of parallelism inherent in the problem.

1 INTRODUCTION

Bucket Elimination (BE) [9] is a general algorithmic framework that

adopts Dynamic Programming (DP) to incorporate many reasoning

techniques. In this paper, we focus on the version of BE that solves

Constraint Optimisation Problems (COPs), a general class of prob-

lems that can be used to model several optimisation scenarios [8].

BE operates on functions in tabular form by means of two funda-

mental operations, i.e., join sum and maximisation, which are the

most computationally intensive tasks of the entire algorithm. Such

operations are also the key ingredients in several close variants of

the BE framework, including Belief Propagation (BP) on Junction

Trees [15], and Distributed COP techniques such as ActionGDL [24]

and DPOP [20].

Nevertheless, in many large COP instances BE may result in pro-

hibitive computation requirements (both in memory and runtime), as

its computational complexity is exponential in the induced width of

the graph representation of the problem [9]. For this reason, several

works in the constrained optimisation literature have tried to deal

with this complexity adopting various approaches. On the one hand,

Dechter [7] proposed Mini-Bucket Elimination, an approximate ver-

sion of BE with limited memory requirements and reduced compu-

tation. On the other hand, a recent strand of literature [17, 18] has in-

vestigated the use of AND/OR search trees, proposing several heuris-

tic approaches and bounding methods to reduce the search space.

1 University of Verona, Italy, email: filippo.bistaffa@univr.it
2 University of Verona, Italy, email: nicola.bombieri@univr.it
3 University of Verona, Italy, email: alessandro.farinelli@univr.it

In this paper we propose the use of parallel architectures to

speed-up the computation associated to COP solution techniques.

In particular, in recent years, many computationally intensive ap-

plications have successfully employed Graphics Processing Units

(GPUs), achieving speed-ups of several orders of magnitude [10].

Parallelisation has also been investigated to speed-up search-based

approaches for COP on multi-core CPUs [19], but the application

of these techniques to GPUs is difficult for several reasons. On the

one hand, general depth-first search is known to be difficult to paral-

lelise [21], especially on highly parallel architectures such as GPUs.

Moreover, the use of branch-and-bound may result in heavily un-

balanced search trees, requiring complex techniques to balance the

workload among the threads [19]. Such techniques are not effective

on GPUs, where load balancing is crucial to achieve a high compu-

tational throughput.

Against this background, in this paper, we investigate the use of

GPUs for BE, motivated by the above discussion, by previous works

that successfully parallelised DP on GPUs [13, 6, 23, 5], and by

the work of Fioretto et al. [11], who recently proposed a GPU ap-

proach for BE. Specifically, we propose CUBE (CUda Bucket Elim-

ination), providing a highly parallel implementation for the join sum

and maximisation operations associated to BE. CUBE proposes a

novel methodology for the parallelisation of such operations, which

is specifically designed to consider two fundamental aspects of the

GPU algorithmic design: thread independence and memory manage-

ment. This allows CUBE to achieve significant speed-ups with re-

spect to previous approaches and specifically to Fioretto et al. [11].

Our work opens future research developments in the field of con-

straint optimisation as it provides valuable techniques that can help

improving the performance, apart from BE itself, in other algorithmic

frameworks that adopt join sum and maximisation as subroutines.

These operations represent the key ingredients of several solution

techniques for COPs that have been proposed to overcome the mem-

ory requirements of BE, such as Mini-Bucket Elimination [7] (which

adopts the same join sum and maximisation operations discussed in

this paper), and the AND/OR search-based approaches proposed by

Marinescu and Dechter [17, 18], in which Mini-Bucket heuristics are

used to guide the search.

In more detail, this paper advances the state-of-the-art in the fol-

lowing ways:

• We propose a computational model for the join sum and max-

imisation operations where each thread is completely independent

from the others. More specifically, in our approach each thread

retrieves its input data and performs the necessary computations

avoiding any interaction with the other threads. This allows us to

significantly reduce sequential computation, hence fully exploit-

ing the computational capabilities of the GPU.
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• We avoid unnecessary, expensive memory accesses by proposing

a technique that allows threads to locate their input data only on

the base of their own ID. We take advantage of the data reuse
pattern inherent in the join sum and the maximisation operations

by caching the input data in the shared memory, i.e., the fastest

form of memory in the GPU hierarchy [10]. Bandwidth efficiency

is also ensured by the high spatial locality inherent in our data

representation, achieved through a technique recently proposed by

Bistaffa et al. [5] for BP.

• We compare CUBE to the approach proposed by Fioretto et

al. [11] on the same experimental settings, i.e., we used the

same dataset and the same baseline sequential benchmark (i.e.,

FRODO [16]). Our results show that CUBE is up to 652× faster

than FRODO and that the speed-up obtained by CUBE is up to two

orders of magnitude higher than the other GPU approach. In con-

trast to the approach proposed by Fioretto et al. [11], the speed-ups

achieved by CUBE increase when the complexity of the problem

grows, thus showing that CUBE correctly exploits the degree of

parallelism inherent in the problem. This improvement allows us

to compute solutions for COP instances that could not be tackled

by previous BE approaches in a reasonable amount of time, show-

ing that our approach is a viable method for real-world problems.

2 BACKGROUND
In this section, we first provide a brief introduction to the BE al-

gorithm (Section 2.1), while Section 2.2 discusses previous works

related to BE on GPUs. Section 2.3 describes the main features of

GPUs, and Section 2.4 discusses the table memory layout employed

by CUBE [5].

2.1 Bucket Elimination
Bucket Elimination (BE) [9] is a general algorithmic framework that

adopts DP to incorporate many reasoning techniques. The input of

BE is given as a knowledge-base theory encoded by several functions

or relations over subsets of variables (e.g., clauses for propositional

satisfiability, constraints, or conditional probability matrices for be-

lief networks). In this work, we focus on Constraint Networks (CN),

following the definitions provided by Dechter [9].

Definition 1 A Constraint Network (CN) consists of a set X =
{x1, . . . , xn} of n variables such that x1 ∈ D1, . . . , xn ∈ Dn,
where Di represents the domain of the variable xi, together with a
set of m constraints {C1, . . . , Cm}.

Definition 2 A constraint Ci is a relation defined on a set Xi =
{xi1 , . . . , xih} of h variables, called the scope of the constraint,
such that Xi ⊆ X . Such a relation denotes the variables simul-
taneous legal assignments. Non-legal assignments are denoted as
unfeasible. Notice that Ci is a subset of the Cartesian product
Di1 × · · · ×Dih .

In this work we focus on the version of BE that solves COPs, and

specifically on Algorithm 1 detailed by Dechter [9]. COPs are a gen-

eral class of problems, which can be used to model several optimisa-

tion scenarios [8].

Definition 3 A Constraint Optimisation Problem is a CN augmented
with a set of functions. Let F1, . . . , Fl be l real-valued functional
components defined over the scopes Q1, . . . , Ql, Qi ⊆ X , let
ā = (a1, . . . , an) be an assignment of the variables, where ai ∈ Di.

The global cost function F is defined by F (ā) =
∑l

i=1 Fi(ā), where
Fi(ā) means Fi applied to the assignments in ā restricted to the
scope of Fi. Solving the COP requires to find ā∗ = (a∗1, . . . , a∗n),
satisfying all the constraints, such that F (ā∗) = maxāF (ā) (or
F (ā∗) = mināF (ā), in case of a minimisation problem).

Algorithm 1 BUCKETELIMINATIONCOP (CN, F1, . . . , Fl, o)

1: Partition {C1, . . . , Cm} and {F1, . . . , Fl}
into n buckets according to o

2: for all p← n down to 1 do
3: for all Ck, . . . , Cg over scopes Xk, . . . , Xg , and

for all Fh, . . . , Fj over scopes Qh, . . . , Qj , in bucket p do
4: if xp = ap then
5: xp ← ap in each Fi and Ci

6: Put each Fi and Ci in appropriate bucket

7: else
8: Up ←

⋃
i Xi {xp}

9: Vp ←
⋃

i Qi {xp}
10: Wp ← Up ∪ Vp

11: Cp ← πUp (�
g
i=1 Ci)

12: for all tuples t over Wp do
13: Hp (t)← ⇓ap:(t,ap) satisfies {C1,...,Cg}

⊕j
i=1 Fi (t, ap)

14: Place Hp in the latest lower bucket mentioning a variable

in Wp, and Cp in the latest lower bucket with a variable

in Up

15: Assign maximising values for the functions in each bucket

16: Return F (ā∗), i.e., the optimal cost computed in the first bucket

and ā∗, i.e., the optimal assignment

BE operates on the basis of a variable ordering o, which is used to

partition the set of functions into n sets B1, . . . , Bn called buckets,

each associated to one variable of the COP. In particular, each func-

tion Fi is placed in the bucket associated to the last bucket that is

associated with a variable in Qi, i.e., the scope of Fi. Figure 2 shows

the buckets corresponding to the example COP in Figure 1, adopting

the ordering o = 〈x1, x3, x2, x5, x4, x6〉.

x1

x2 x3

x4

x5 x6

F12

F
13

F14

F23

F
2
4

F
25 F35

F56

Figure 1: Example COP.

Then, buckets are processed from last to first (top to bottom), by

means of two fundamental operations, i.e., join sum (denoted as ⊕)

and maximisation (denoted as ⇓). Specifically, all the cost functions

in Bp, i.e., the current bucket, are composed with the ⊕ operation,

and the result is the input of a ⇓ operation. Such operation removes

xp (i.e., the variable associated to Bp) from the table, and produces

a new function Hp that does not involve xp, which is then placed in

the last bucket that is associated to a variable appearing in the scope

of the new function.
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{F56}B6:

{F14, F24}B4:

{F25, F35}B5:

{F12, F23}B2:

{F13}B3:

{}B1:

Figure 2: Initial buckets.

Figure 3 shows the execution of BE on the previous example. In par-

ticular, if a bucket, say B4, contains more than one Fi, such functions

are first composed with ⊕ and then the corresponding variable (i.e.,

x4) is maximised out. In Figure 3, we represent these two subsequent

operations by means of the compact notation ⇓⊕. In the case of B4,

the result of ⇓⊕ is a function h4 (x1, x2) without x4, which is placed

in B2. By operating in such a way, we can guarantee that the result-

ing function in the first bucket (i.e., H3 (x1) in Figure 3) contains

only the first variable in o, i.e., x1, since all the remaining ones have

been maximised out during the previous steps. Hence, we compute

the optimal assignment for x1 as the one that maximises H3 (x1),

and propagate such assignment back to the second bucket. Then, we

proceed in the same way as before, computing the optimal assign-

ment for the corresponding variable, and propagating the result until

all buckets have been processed. Such process terminates when the

optimal assignment for all variables has been computed.

{F56 (x5, x6)}B6:

{F14 (x1, x4) , F24 (x2, x4)}B4:

{F25 (x2, x5) , F35 (x3, x5) , H6 (x5)}B5:

{F12 (x1, x2) , F23 (x2, x3) , H5 (x2, x3) , H4 (x1, x2)}B2:

{F13 (x1, x3) , H2 (x1, x3)}B3:

{H3 (x1)}B1:

⇓

⇓⊕

⇓⊕

⇓⊕

⇓⊕

Figure 3: BE execution.

Dechter [9] proves that the computational complexity of the BE al-

gorithm is directly determined by the ordering o.

Proposition 1 The complexity of BE is time and space exponential
in w∗ (o), the induced width of the problem given the variable order-

ing o, i.e., O
(
m · kw∗(o)

)
, where k bounds the domain size and m

is the number of constraints.

As a consequence, it is of utmost importance to adopt a variable or-

dering o that minimises the induced width w∗(o). Unfortunately, the

task of computing such ordering is NP-complete [9], and, for this

reason, a greedy procedure (Algorithm 2) [9] is usually adopted to

compute a variable ordering of acceptable quality.

Algorithm 2 GREEDYORDERING (CN,metric (·))
1: for all k ← n down to 1 do
2: x∗ = argmin

xi∈X
metric (xi)

3: o[k]← x∗

4: Introduce edges in CN between all neighbours of x∗

5: Remove x∗ from CN

6: return o

Notice that Algorithm 2 can be parametrised with different

metric (·) functions, that evaluate each node on the basis of different

properties. The most commonly used are the min-degree heuristic (in

which metric (xi) is the number of neighbours of xi) and the min-
fill heuristic (in which metric (xi) is the number of edges that need

to be added to the graph due to the elimination of xi).

2.2 Related Work

To the best of our knowledge, the only work that specifically focuses

on the implementation of the BE algorithm for many-cores architec-

tures is the one by Fioretto et al. [11], in which the authors devise

an algorithm to realise the join sum and the maximisation operations

(referred as aggregate and project) on GPUs, by exploiting the high

degree of parallelism inherent in these operations.

Although this approach represents a significant contribution to the

state-of-the-art, there are some drawbacks that hinder its applicabil-

ity. First, the indexing of the tables is executed by using a Minimal
Perfect Hash function [3], i.e., a hash function that maps n keys to

n consecutive integers, which can be easily adopted as the indices of

such keys. Although minimal perfect hash functions can be used in

parallel by different threads to index the input, their construction is

inherently sequential, since the index of a key depends on the indices

assigned to the previously considered keys [2]. This aspect reduces

the efficiency of this approach especially on big instances, as shown

by our experiments in Section 4. In contrast, our focus on thread

independence and memory management allows us to obtain better

speed-ups that increase when growing the size of the instances.

This is possible thanks to the preprocessing technique proposed by

Bistaffa et al. [5], which exploits the improved table layout achieved

with such preprocessing to implement an efficient GPU version of

the base operations of Belief Propagation on Junction Trees (BP on

JTs) [15], i.e., reduction and scattering.

Nonetheless, their approach cannot be directly applied to BE. On

the one hand, the join sum operation is fundamentally different from

both reduction and scattering, as the reduction corresponds to the

maximisation in BE, and scattering computes a completely different

output than the join sum. On the other hand, Bistaffa et al. [5] do not

adopt the current state-of-the-art technique to implement the reduc-

tion operation (i.e., segmented reduction) and, hence, their approach

can suffer from a reduced computational throughput.
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2.3 GPUs
GPUs are designed for compute-intensive, highly parallel computa-

tions. These architectures perform particularly well on problems that

can be modelled as data-parallel computations where data elements

correspond to parallel processing threads, as they are designed on the

basis of the Single Instruction Multiple Data (SIMD) model [10]. We

program the GPU using the NVIDIA CUDA framework, which re-

quires the definition of particular functions, called kernels, executed

in parallel by thousands of threads on different inputs. Threads are

grouped into thread blocks. Threads of the same block share fast

forms of storage and synchronisation primitives. Memory plays a

crucial role in the design of efficient GPU algorithms. In fact, mod-

ern GPUs contain very fast but small-size memories (i.e., registers,

cache and shared memory), intended to assist high performance com-

putations, stacked above a slower but larger memory (i.e., global
memory), suitable to hold large amounts of data. Accessing global

memory is particularly expensive, and should be reduced as much

as possible. To do that, a common practice suggests to exploit data

locality, i.e., transferring small portions of frequently used data from

global to shared memory and to complete all the computational tasks

that use such data before accessing to new one. This allows min-

imising global memory accesses. Such transfers should be executed

in order to have consecutive threads fetching data from consecutive

memory addresses, which is denoted as memory coalescing (Fig-

ure 4). Coalesced accesses are related to the principle of locality of

information and they allow the hardware to combine multiple trans-

fers between global and shared memory into a single transaction. In

contrast, sparse data results in poor memory performance (Figure 5).

Figure 4: Coalesced accesses.

Global Shared
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...
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thread1

thread
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Figure 5: Uncoalesced accesses.

2.4 Preprocessing Tables

BE, as well as BP on JTs, operates on functions in tabular form con-

sidering groups of rows having the same assignments of the shared
variables between two tables. As an example, both tables in Figure 6

contain x1, thus BE (and, in particular, the join sum and maximi-

sation operations) will operate on groups having the same value for

x1 (coloured in white and grey). Bistaffa et al. [5] notice that, in

general, the arrangement of rows may suffer from poor data local-

ity (i.e., white and grey groups are interleaved in Figure 6), reducing

the efficiency of computations associated to BP. Thus, they propose

a preprocessing approach for tables to achieve the row arrangement

shown in Figure 7. Such arrangement allows optimised memory ac-

cesses and it enables tables to be split into smaller chunks (which are

now in consecutive memory addresses), so to handle tables that may

not fit into the GPU global memory. This table layout enables the

GPU to execute coalesced loads, grouping several memory accesses

and improving the computational throughput (Figure 5).

T1

x3 x2 x1 φ1

0 0 0 α1

0 0 1 α2

0 1 0 α3

0 1 1 α4

0 2 0 α5

0 2 1 α6

1 0 0 α7

1 0 1 α8

1 1 0 α9

1 1 1 α10

1 2 0 α11

1 2 1 α12

T2

x5 x4 x1 φ2

0 0 0 β1

0 0 1 β2

0 1 0 β3

0 1 1 β4

0 2 0 β5

0 2 1 β6

1 0 0 β7

1 0 1 β8

1 1 0 β9

1 1 1 β10

1 2 0 β11

1 2 1 β12

Figure 6: Original tables.

T p
1

x1 x3 x2 p(φ1)

0 0 0 α1

0 0 1 α3

0 0 2 α5

0 1 0 α7

0 1 1 α9

0 1 2 α11

1 0 0 α2

1 0 1 α4

1 0 2 α6

1 1 0 α8

1 1 1 α10

1 1 2 α12

T p
2

x1 x5 x4 p(φ2)

0 0 0 β1

0 0 1 β3

0 0 2 β5

0 1 0 β7

0 1 1 β9

0 1 2 β11

1 0 0 β2

1 0 1 β4

1 0 2 β6

1 1 0 β8

1 1 1 β10

1 1 2 β12

Figure 7: Preprocessed tables.

3 BE ON GPUS

This section presents CUBE, a GPU implementation of the joint sum

and maximisation operations of BE.
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3.1 Join Sum on GPUs
We first discuss the implementation of the join sum operation on

GPUs. Such operation, denoted as ⊕, is very similar to the join of

relational algebra, in which the output table contains one row for

each couple of rows of the input tables that have a matching assign-

ment of the shared variables. In the case of the join sum, the value of

each row is given by the sum of the values of the corresponding input

rows. To better explain how the join sum works, we consider the ta-

bles T p
1 and T p

2 in Figure 7. In what follows, we denote as group a set

of rows that all have the same assignment over the shared variables,

or, more intuitively, the same colour.

In order to achieve a full parallelisation of the join sum, we adopt

the gather paradigm [14], in which each thread is responsible of the

computation of exactly one element of the output. Such a paradigm

offers many advantages w.r.t. the counterpart approach, i.e., the scat-
ter4 paradigm, in which each thread is associated to one element

of the input and contributes to the computation of many output ele-

ments. In fact, scatter-based algorithms have a reduced degree of par-

allelism since they often require atomic primitives (which inherently

serialise parts of the computation) to avoid having multiple threads

concurrently operating on the same output. As previously discussed,

only the array φ is stored in memory, since we assume that tables are

complete5 and, hence, it is not necessary to store the variable assign-

ment part. Therefore, we only discuss on how we compute the array

φ of the output table Ti ⊕ Tj , denoted as φ⊕. We map one GPU

thread t to each element of φ⊕, denoted as φ⊕[t].
6

Our main goal is that each thread should be capable of computing

the indices of its input rows in T p
1 and T p

2 in a closed form only on the

base of its own ID t, with the aim of avoiding unnecessary memory

accesses to the input data. To achieve this, we now introduce some

background concepts needed to explain our indexing approach. First,

notice that the number of rows in each group is equal to the number of

all the possible assignments of the non-shared variables in the scope

of the table, i.e., the product of the domain sizes of such variables. In

particular, each group in T p
1 consists of 6 rows, as |D2| · |D3| = 6,

and the same applies to T p
2 , i.e., |D4| · |D5| = 6. Since the join

sum operation associates each of these 6 rows in T p
1 to each of the

6 matching rows in T p
2 , the corresponding group in the output table

will contain |D2| · |D3| · |D4| · |D5| = 36 rows. In general, it is easy

to verify that, if Xi = {xi1 , . . . , xih} and Xj = {xj1 , . . . , xjk}
are the scopes of the input tables Ti and Tj , the output table Ti ⊕ Tj

(where the ⊕ operator represents the join sum) contains a number of

rows equal to⎛⎝ ∏
xa∈Xi∩Xj

|Da|

⎞⎠ ·
⎛⎝ ∏

xb∈Xi Xj

|Db|

⎞⎠ ·
⎛⎝ ∏

xc∈Xj Xi

|Dc|

⎞⎠
︸ ︷︷ ︸

rows(Xi,Xj)

.

(1)

For convenience, we define the function rows to denote the number

of rows in each group of the output table induced by the scopes Xi

and Xj . Formally, rows : 2X × 2X → N, where 2X denotes the

powerset of X .

4 Even if this paradigm shares the same name with the scattering phase of
BP, it refers to a completely different concept.

5 A table Ti with the scope Xi is complete if it contains all the possible as-
signments over the domains of the variables in Xi. We represent unfeasible
rows as ∞ values.

6 We adopt the zero-based convention, i.e., arrays start at index 0.

Algorithm 3 JOINSUMGPU(t,Xi, Xj)

1: g ← " t

rows(Xi,Xj)
# {Output group t belongs to}

2: idx← t mod rows (Xi, Xj) {ID of t within g}
3: #i ←

∏
xb∈Xi Xj

|Db| {# of rows associated to g in Ti}

4: #j ←
∏

xc∈Xj Xi

|Dc| {# of rows associated to g in Tj}

5: γ ← g ·#i + " idx#j
# {Input row in Ti}

6: δ ← g ·#j + idx mod #j {Input row in Tj}
7: φ⊕[t]← φi[γ] + φj [δ] {Compute and store output}

Algorithm 3 summarises the approach we propose to compute the

join sum of two tables Ti and Tj , which is executed in parallel by

each thread to index the input tables and to compute each row of the

output table. As a first step, each thread t identifies which group it

belongs to (Line 1), by dividing its index t for the number of rows

in each output group, i.e., rows (Xi, Xj). Specifically, t operates

within the gth group. Furthermore, t computes its index idx relative

to the first row of its group in Line 2.

Then, to compute the indices γ and δ of its two input rows, t first

calculates #i and #j , representing the number of rows of each group

in Ti and Tj respectively, by multiplying the sizes of the domains of

the non-shared variables in each table (Lines 3 and 4).

A further inspection of Lines 5 and 6 reveals how Algorithm 3

organises the rows (Xi, Xj) elements of the gth output group among

the corresponding GPU threads. It associates the first #j rows of

such group to the first row of the gth group in Ti, and each of these

threads is then associated to each of the #j rows of the gth group in

Tj . This pattern is then repeated for the second row of the gth group

in Ti, and so on for all the #i rows of the gth group in Ti (Figure 8).

The offsets g ·#i and g ·#j ensure the selection of the gth group in

Ti and Tj , as they represent the total number of rows in the g groups

that precede the gth one in each input table.

Example 1 For a better understanding, we show how Algorithm 3
computes the row at index 59 of T p

1 ⊕ T p
2 . Such a row would be

computed by the thread t = 59, associated to the index idx = 23
of the output group g = 1, i.e., the grey one. In fact, as introduced
earlier in this section, rows (X1, X2) = 36. It is easy to verify that
#i = #j = 6. Then, t computes the indices of its input rows in T p

1

and T p
2 , i.e., γ = 6 + 3 = 9 and δ = 6 + 5 = 11. Hence, t = 59

computes the element at index 23 of the output grey group, i.e., the
one associated to the line at index 3 of the grey group in T p

1 and the
last line of the grey group in T p

2 , as represented by γ and δ.

Note that the only input required by each thread executing Algo-

rithm 3 is its own ID t, since Xi and Xj are equal and known in

advance by all threads. t does not determine which operations are

executed (as they are equal for all threads), but only where the in-

put data is located. For these reasons, Algorithm 3 fits perfectly the

SIMD model adopted by GPU architectures. In addition, Algorithm 3

does not contain any branching instruction, which would cause a phe-

nomenon called divergence, which reduces the degree of parallelism

by forcing the serialisation of threads executing different branches of

the program [12], hence limiting its computational throughput.

Finally, Algorithm 3 relies on a data reuse pattern, as each row of

Ti is the input of #j output elements and, symmetrically, each row of

Tj is the input of #i output elements. We avoid expensive accesses

to the GPU global memory7 by first transferring each coloured group

7 Global memory, in which the data is initially stored, is the slowest type of
memory of the GPU hierarchy [10].
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Figure 8: Join sum output computation.

to the shared memory, which allows threads to fetch data roughly

100× faster [10]. Notice that the use of the shared memory is pos-

sible only because we represent the input data with the table layout

discussed in Section 2.4, in which coloured groups are in small, con-

tiguous chunks of memory. Since GPUs only have tens of KB of

shared memory available, it is not possible to achieve the same ben-

efits with the original tables (Figure 6), which should be transferred

in toto, possibly exceeding the hardware capabilities of the GPU.

For the same reason, CUBE is capable of processing tables that

are larger than the GPU global memory. In fact, our approach ex-

ploits the proposed table layout by splitting large tables into manage-

able chunks that can be processed independently. Specifically, this

division is achieved by computing the maximum number of kernels,

namely maxs, which can execute at the same time without exceed-

ing the memory capabilities of the device. In our implementation,

maxs is dynamically determined at runtime as the maximum num-

ber of kernels whose total amount of input and output data can be

stored into global memory. We also take into account the space con-

straints deriving from the use of shared memory (see Section 2.3), by

enforcing that single coloured chunks of data can fit in such memory.

Figure 9 shows an example in which the input is processed in three

different pieces by the kernels K1, K2 and K3. Notice that the inde-

pendence among such computations can be exploited by enabling a

pipelined execution model, in which each kernel Ki starts processing

as soon as its input chunk has been transferred to the GPU. Nonethe-

less, consumer NVIDIA GPUs have only one channel that can be

used for data transfers, preventing the parallelisation of the transfers

from the host to the device with the ones from the device to the host.

However, more advanced GPUs (e.g., NVIDIA Tesla) feature an ad-

ditional transfer channel, enabling a full pipeline (Figure 10).

Kernels

Transfers H→D1 H→D2 H→D3 D→H1 D→H2 D→H3

K1 K2 K3

Figure 9: Pipeline with one transfer channel.

Device→ Host

Kernels

Host→ Device H→D1 H→D2 H→D3

D→H1 D→H2 D→H3

K1 K2 K3

Figure 10: Pipeline with two transfer channel.

3.2 Maximisation on GPUs
Maximisation can be seen as a particular case of the relational alge-

bra project operation. In the case of BE, maximisation operates by

removing the variable associated to the current bucket from the input

table Ti. As a consequence, the resulting table contains Dp copies of

each unique assignment of the variables in its scope, i.e., Xi {xp}.
Maximisation then maps each unique assignment to the maximum of

the Dp values mentioned above. For example, if we want to compute

the maximisation of T1 (Figure 6) by removing x3, we first obtain the

table shown in Figure 11, in which each unique variable assignment

is highlighted with a different colour (here Dp = D3 = 2). The final

output is computed as shown in Figure 12. Figures 11 and 12 high-

light the high degree of parallelisation inherent in the maximisation

operation, as each coloured group can be processed independently

from the others. The maximisation of the Dp values within each

coloured group can be realised with a reduction operation, which can

be efficiently implemented on the GPU by means of a well-known

parallel algorithm [10].

x2 x1 φ1

0 0 α1

0 1 α2

1 0 α3

1 1 α4

2 0 α5

2 1 α6

0 0 α7

0 1 α8

1 0 α9

1 1 α10

2 0 α11

2 1 α12

Figure 11: T1 without x3.

x2 x1 m(φ1)

0 0 max(α1, α7)
0 1 max(α2, α8)
1 0 max(α3, α9)
1 1 max(α4, α10)
2 0 max(α5, α11)
2 1 max(α6, α12)

Figure 12: Maximisation output.

Nonetheless, Figure 11 also highlights the poor data locality of this

table layout (similar to the one in Figure 6), which causes the same

issues discussed in Section 2.4. To overcome these problems, we pre-

process the input table to achieve the row arrangement shown in Fig-

ure 13. In particular, we aim at placing each coloured group in con-

secutive memory locations, so to achieve a better data locality and

improve the efficiency of the maximisation operation. This is equiv-

alent to moving xp to the last column, and is implemented in CUBE

with Bistaffa et al.’s technique by considering as shared all the vari-

ables in the scope of the table minus xp.

This table layout enables an efficient GPU algorithm to compute

the final output of the maximisation operation, i.e., m(φ1) in the

above example. In general, the array φ of the output table can be
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x2 x1 x3 p(φ1)

0 0 0 α1

0 0 1 α7

0 1 0 α2

0 1 1 α8

1 0 0 α3

1 0 1 α9

1 1 0 α4

1 1 1 α10

2 0 0 α5

2 0 1 α11

2 1 0 α6

2 1 1 α12

Figure 13: T1 after the preprocessing.

computed with a segmented reduction algorithm [22], a well-known

GPU primitive that differs from the standard reduction in that the lat-

ter operates on the entire set of input elements (e.g., it computes the

maximum over the entire length of the input array), while the for-

mer operates on several fractions of the input data, i.e., the coloured

groups in our case. The use of the segmented reduction allows an

improved computational throughput w.r.t. the approach proposed by

Bistaffa et al. [5], in which the authors implement the same operation

by manually devising a series of small standard reductions that can

lead to a low GPU utilisation when the coloured segments are small.

Finally, we further increase the efficiency of CUBE with two im-

provements. On the one hand, we avoid unnecessary data transfers

between the host and the device when computing the maximisation

operation. In particular, since the BE algorithm always applies the

maximisation operation on the result of the join sum operation, we

can avoid to transfer the join sum result (produced on the GPU mem-

ory) from the GPU to the CPU and directly run the maximisation on

the GPU, hence saving two data transfers. On the other hand, if the

tables are particularly small, we execute both the join sum and the

maximisation on the CPU, since the overhead of the transfers to the

GPU would hinder the benefits of parallelisation.

4 EMPIRICAL EVALUATION

The main goals of the empirical analysis are: i) to evaluate the par-

allel speed-up that CUBE achieves w.r.t. a sequential version of BE,

ii) to compare CUBE against the most recent approach to parallelise

BE on GPU, i.e., the work by Fioretto et al. [11], and iii) to evaluate

the scalability of our approach w.r.t. the size of the problem.

Following Fioretto et al. [11], we considered 3 different CN

topologies: i) random networks with a graph density of 0.3, ii) scale-
free networks generated with the Barabási-Albert model [1] using

m = 2, and iii) 2-dimensional square grid networks, in which in-

ternal nodes are connected to four neighbours, while nodes on the

edges (resp. corners) are connected to two (resp. three) neighbours.

Each function Fi is generated using uniformly distributed random

integer values in [0, 100] and the constraint tightness (i.e., ratio of

entries in such tables different from ∞) is set to 0.5 for all experi-

ments. Domain size is 5 for all experiments. We compared both GPU

approaches with FRODO [16], a standard sequential COP solver also

adopted by Fioretto et al. as baseline benchmark. In particular, within

FRODO we employ the DPOP algorithm [20].

To ensure a fair comparison, we run all the algorithms on the same

instances and adopting the same variable ordering, i.e., the one pro-

duced by FRODO. We consider the entire execution time for all the

algorithms, including data transfers.8 All our experiments are run

on a machine with a 3.10GHz processor, 16 GB of memory and a

NVIDIA Tesla K40. CUBE is implemented in CUDA.9 For Fioretto

et al.’s approach we use the authors’ implementation.

4.1 Experimental Results

Figures 14–16 show the speed-up of both GPU approaches w.r.t.

FRODO when increasing the number of variables in the CN. Each

data point in the plots represents the average over 20 random in-

stances of the ratio between the runtime required by the GPU ap-

proach and FRODO’s runtime.

The results show that CUBE allows a dramatic runtime reduction

w.r.t. to FRODO, by computing the solution at least one order of

magnitude faster than the sequential approach in every experiment.

In particular, CUBE is, on average, 530× faster than FRODO when

considering the biggest instances in our experiments (i.e., random

networks with n ≥ 30 and scale-free and grid networks with n ≥
70), by reaching a maximum speed-up of 652×.

More important, such speed-ups increase when the complexity of

the problem grows, thus confirming the scalability of CUBE, which

correctly exploits the additional degree of parallelism inherent in the

problem. In contrast, the speed-up of the approach by Fioretto et al.

decreases when the size of the problem increases.

Finally, the results show that the speed-up saturates after a cer-

tain number of variables (25 for random networks, 70 for scale-free

networks, and 36 for grid networks). This saturation happens when

the GPU reaches a full occupancy and it runs the maximum number

of threads (i.e., 30720 for our GPU model). After that, the hardware

forces blocks of threads to run sequentially, hence limiting the max-

imum speed-up.
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Figure 14: Speed-up on random networks.

8 We measured that, on average, data transfers take approximately 20% of
the entire CUBE runtime.

9 Available at https://github.com/filippobistaffa/CUBE.
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Figure 15: Speed-up on scale-free networks.
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Figure 16: Speed-up on grid networks.

5 CONCLUSIONS

This paper proposes CUBE (CUda for Bucket Elimination), a high-

throughput GPU implementation of the BE algorithm. Our experi-

mental results show that CUBE outperforms the most recent GPU

implementation of BE, by achieving parallel speed-ups up to two or-

ders of magnitude higher. More important, the speed-ups achieved by

CUBE increase when the complexity of the problem grows, allowing

us to solve problems that could not be tackled by the sequential BE

implementation in a reasonable amount of time.

Future work will aim at validating our approach on real-world

COP instances, such as pedigree haplotyping problems [19] and

satellite management problems [4]. We also plan to integrate our

GPU techniques in other algorithmic frameworks, such as Mini-

Bucket Elimination [7] (which adopts the same join sum and maximi-

sation operations discussed in this paper), and the AND/OR search-

based approaches proposed by Marinescu and Dechter [17, 18], in

which Mini-Bucket heuristics are used to guide the search.
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Managing Energy Markets in Future Smart Grids Using

Caillière Romain, Aknine Samir 1 and Nongaillard Antoine 2 and Sarvapal D. Ramchurn 3

Abstract. Future smart grids will empower home owners to buy en-

ergy from real-time markets, coalesce into energy cooperatives, and

sell energy they generate from their local renewable energy sources.

Such interactions by large numbers of small prosumers (that both

consume and produce) will engender potentially unpredictable fluc-

tuations in energy prices which could be detrimental to all actors in

the system. Hence, in this paper, we propose negotiation mechanisms

to orchestrate such interactions as well as pricing mechanisms to help

stabilise energy prices on multiple time scales. We then prove 1) that

our solution guarantees that, while prices fluctuations can be con-

strained, 2) that it is individually rational for agents to join energy

cooperatives and 3) that the negotiation mechanisms we employ re-

sult in pareto-optimal solutions.

1 INTRODUCTION

Future smart grids aim to allow the seamless integration of dis-

tributed renewable energy (wind or solar) to provide clean and re-

newable energy. Moreover, as smart meters are deployed as part of

smart grid initiatives, home owners will be able to participate in en-

ergy markets to, not only buy and store energy, but also shift their

consumption according to real-time prices as well as sell the surplus

energy they generate from their local energy sources, acting as pro-
sumers [8]. Crucially, with smarter communication technologies and

home energy management systems, prosumers will be able to form

collectives to have a greater say in energy markets.

The smart grid will therefore engender an influx of such new and

smaller actors into the energy markets trading alongside larger exist-

ing players energy producers that manage large energy sources (nu-

clear or gas). Experience from existing energy wholesale markets

and commodity stock markets, indicate that, in contrast to markets

with a few large suppliers, prices in these open markets will tend to

fluctuate unpredictably whenever imbalances exist between demand

and supply (see figure 1). This may lead to speculation in the market,

which exacerbates the situation. In such circumstances, the complex-

ity of coping with fluctuating prices will make it even more difficult

for consumers to save money and manage their energy. Moreover, the

difficulty of predicting demand and supply could lead to dangerous

imbalances that could cause blackouts. Previous work has investi-

gated allocating demand according to supply using specific pricing

signals [11, 7], which incentives consumers to shift their needs to

times where supply is high. Moreover, they have proposed the use of

batteries and the exchange of energy [3, 14] to buy and stock when

1 Univ. Lyon LIRIS, UMR 5205, F-69622, Lyon, France, email:
surname.name@univ-lyon1.fr

2 Univ. Lille, CNRS, Centrale Lille, UMR 9189 - CRIStAL (SMAC), F-
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Figure 1. The evolution of the spot price. The red (resp. blue) line
represents the price on the German (resp. French) market in 2013 (e /MWh)

energy is cheap and consume or store when energy is expensive. Fi-

nally, some authors propose to gather consumers into cooperatives

[2] or coalitions [12] to benefit from cheaper prices in the forward

market and to buy less as possible on the spot market. Unfortunately,

these different works assume that the grid is always able to provide

energy, if the other sources (renewable generators or batteries) can-

not.

In this paper, we study the problem of forming such cooperatives

without such assumptions and provide negotiation-based solutions

to the settlement of contracts between prosumers. We consider co-

operatives because they significantly improve the buying power of

small prosumers. To help manage such cooperatives, we assume that

they are set up and led by individual aggregators that buy from se-

lected providers to supply energy at the cheapest rate to the cooper-

ative. Similar to [12], aggregators do so using predictions of energy

consumption provided by individual prosumers. Moreover, to ensure

that prosumers are incentivised to predict their behaviours accurately,

the aggregator penalises any deviations from such predictions. These

penalties reflect charges they would incur from the provider should

they over or under consume. However, in so doing, a key challenge

they face is that individual consumers may want to consume more to

avoid being penalised by the aggregator (and in turn the producer).

Moreover, despite the formation of large cooperatives, there is no

guarantee that prices will stabilise in the long run.

Against this background, we propose an approach that uses pric-

ing signals while attempting to control the high price volatility when

there is (or when agents forecast and speculate) an imbalance be-

tween supply and demand in the energy market. To address such is-

sues, we propose a model based on bilateral contracts that constrain

Bilateral Contracts
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© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-133

133



the retail price as well as the demand. In a similar way to existing

energy trading protocols (e.g., in the UK or Netherlands), our frame-

work breaks down the creation of energy supply contracts according

to three different timescales: yearly, daily, and hourly. By so doing,

contracts account for different levels of perceived uncertainty in de-

mand on these timescales. Given this scenario, this paper advances

the state of the art in the following ways:

1. We propose a new mechanism to manage energy markets through

the use of constraints on energy prices and demand for energy .

We prove that the negotiation of the annual contract (the first of

the three levels), between providers and aggregators, where these

constraints are set, leads to pareto-optimal solutions.

2. We propose a novel pricing scheme that we apply at the two lower

levels (i.e., daily and hourly). Our pricing scheme incentivises pro-

sumers to (i) make predictions to know the amount of energy

they need during the different parts of the day ahead allowing

them to optimise their costs (by shifting the use of their appli-

ances, using their batteries, etc...) according to the price signal

and (ii) avoid deviating from their predicted hourly consumption.

We prove the monotonicity of the price with respect to consump-

tion (i.e. agents are not incentivised to consume in order to avoid

under-consumption penalties) and provide a closed-form formula

to compute expected payments for any prosumer in a cooperative.

3. We develop an algorithm based on mathematical programming,

that allows agents to minimise their cost given the price signal they

receive and the limits of consumption that they are committed to

holding. We prove that, in our mechanism, prosumer agents who

use this algorithm, are encouraged to join a cooperative.

The rest of the paper is structured as follows. Section 2 presents the

state of the art. Section 3 gives the model of each type of agents

and Section 4 gives their behaviour. Section 5 shows the negotiation

mechanism. Section 6 analyses the different properties of the mecha-

nism, Section 7 describes the experiments and we conclude in section

8.

2 RELATED WORK
To tackle the problem of peak demand, several works proposed in-

centive tariff schemes which aim to balance supply and demand. In

Demand-Response models [4], suppliers change their tariffs when

the demand is high, encouraging consumers to reduce their consump-

tion. Several mechanisms based on Demand-Response have been

proposed: Time-of-use (TOU) in which price of energy is high at

peak times and low at off-peak times (typically after 11pm). Crit-
ical peak pricing [6] imposes a much higher price at peak times

compared to tariffs with TOU. Real Time pricing (RTP) [10] varies

the price across the day in line with supply and demand at individ-

ual time points. Recently, a new tariff scheme has been proposed by

[13], called Prediction-of-use (POU). In this model, consumers give

a forecast of their baseline consumption against which they are given

a price for predicted consumption. If they deviate from this forecast

based consumption, they will be penalised. This tariff scheme in-

centives consumers to forecast their consumption accurately. In our

model, we combine TOU with POU schemes to both account for

varying levels of demand and supply during the day and to obtain

accurate predictions of consumption from prosumers.

Other works study the formation of prosumer (or consumer) agent

coalitions or cooperatives with the aim to reduce energy costs and

increase storage efficiency. [2] presents a scheme for electricity con-

sumption shifting. Agents participating in the scheme are motivated

to form cooperatives, in order to reduce their electricity bills via

lower group prices granted for sizable consumption shifting from

high to low demand time intervals. Even though this work uses agents

cooperatives to shift peak load, it doesn’t focus on price volatil-

ity. [11] proposes a new multiagent coordination algorithm to shape

the energy consumption of the cooperative. To coordinate individual

consumers, they introduce a virtual signal sent by a central coordina-

tor, to induce consumers to shift demand. They show that their algo-

rithm is scalable with respect to the number of agent, but they use a

two-level threshold rate, which is a high constraint to deal with the

price volatility. In our work, the price has an upper and lower bound

which are negotiated according to agents’ preferences. Among these,

we note the work of [12] that proposes a coalition formation mech-

anism in which agents set up a coalition which simulates a Virtual
Energy Consumer (VEC). The VEC buys an important amount of

energy on the forward market where prices are fixed and quite cheap.

If the VEC needs more, it buys more on the spot market, where prices

are higher. Being in a cooperative, agents buy more energy on the for-

ward market (compared to the spot market) and compensate for their

deviation within the cooperative. However, this work focuses on sta-

ble coalition formation rather than controlling price volatility. In [9],

authors study the POU scheme and analyse the case of efficient buyer

groups. They study the structure groups should take to buy in an ef-

ficient way in POU context. In contrast, in our model, one level of

our architecture uses the TOU approach to negotiate a baseline price.

This price is taken as reference to use POU scheme.

3 MODEL OF AGENTS
In this work, we consider three sets of agents. AU denotes the set of

prosumer agents, AA denotes the set of aggregator agents and AF

denotes the set of provider agents. We provide the model of each

type of agents. In the following sections, we describe the model of

prosumer agents which may own a storage capacity, a generator

and smart meters allowing them to manage their demand to fit the

production signal. As well as prosumers, producers can estimate

their production (with smart meters technologies) and produce a

signal that foster the best behaviour of their customers, i.e. stalling

the level of demand on the production. In our model, the ability

of the prosumer/consumer to fit the production signal leads to the

control of the price volatility. Next, we assume that a day is divided

into a set T of hourly slots such that each agent needs to decide its

behaviour for each slot.

3.1 Model of prosumer agents
Let psu be an agent, representing a prosumer u, belonging to a

cooperative. At each slot, psu requests for an amount of energy

qps, from the cooperative, to support its needs. psu is committed

itself to respect limits of requested energy withQmin
ps (resp.Qmax

ps ),

the minimum (resp. maximum) energy requested by psu from the

cooperative ∀t ∈ T . btps is the energy needed by psu at slot t. bps
is different from qps as it only takes into account the appliance con-

sumptions but not the possible production or use of storage energy

owned by the prosumer. sps is the storage capacity of psu. soc−ps
represents the state of charge and soc+ps represents the remaining

storage capacity, i.e. soc−ps + soc+ps = sps. pps represents the energy

produced by the prosumer’s renewable generator, pps ≤ pmax
ps ,

with pmax
ps the maximum production capacity of the generator.

σb
ps is the forecast mean error of psu consumption. The deviation
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between the forecast of psu’s needs and its real needs follows a

normal lawN (bps, σ
b
ps) (see [5] for explanation). σp

ps is the forecast

mean error of psu production. The deviation between the forecast

of the prosumer’s production and its real production follows the

normal law N (pps, σ
p
ps). psu can always sell its over-supply to its

cooperative, even if its predictions are not accurate. We next prove

in Property 3 that it is interesting for a prosumer to belong in a

cooperative.

3.2 Model of provider agents
Each provider agent pvf ∈ AF has a production capacity

ppv ∈ [0; pMAX
pv ] where pMAX

pv is its maximum production capacity.

We assume that each pvf has an optimal production capacity pOPT
pv

which allows it to maximise its profit, with 0 < pOPT
pv < pMAX

pv .

The tariff proposed by the provider is minimal when the demand is

equal to pOPT
pv and increases as the demand deviates from it. Apv is

the annual subscription cost of pvf and penpv represents its penalty

costs. Moreover, each psf has a maximal tariff trMAX
pv above which

nobody is willing to buy its energy. The properties 1 and 2 show that

pOPT
pv and trMAX

pv lead to bounded tariffs.

3.3 Model of aggregator agents
Let aga be an aggregator agent, withQMIN

ag (resp.QMAX
ag ), the min-

imum (resp. maximum) amount of energy requested by the coopera-

tive from its providers ∀t ∈ T . If at slot t the energy qtag requested

by aga is higher than QMAX
ag , this involves that some prosumers

request more than they can. In so doing, the prosumers who over-

consume have to contract with providers to account for their over-

consumption. Property 4 shows that in this way the cooperative is not

penalised. σb
ag is the forecast mean error of the cooperative consump-

tion. Coopag represents the set of agents managed by the aggregator

and Pag represents the set of providers it contracts with.

4 BEHAVIOUR OF AGENTS
In this section, we describe the behaviour of each type of agents.

First, the prosumer behaviour is modelled by a linear program that

minimises its day energy cost, given its needs, production, storage

and shifting capacities and the price signal, for each slot. Second, we

propose a tariff computation formula used by the provider to set the

price according to the requested energy and its production. Third,

we introduce the algorithm of the aggregator behaviour that com-

putes the best amount to request for the annual contract negotiations

with several providers and distributes the penalty of the cooperative

among its prosumers.

4.1 Prosumer agents behaviour
The optimisation of psu cost is held on three time scales: (i) at the

annual contract level, psu announces its limits Qmin
ps and Qmax

ps

which make him pay the cheapest subscription cost and lower the

maximum tariff allowing the cooperative to satisfy its needs, (ii) at

the daily contract level, psu announces the vector <qtps, . . . , q
t+n
ps >

which minimises its cost taking into account its storage capacities, its

production, its possible shifting and the price signal, (iii) at the hourly

contract level, psu should not deviate from qtps to avoid penalties.

Every day, prosumer minimises equation (2) subject to constraints

{c0, ..., c13} :

min
∑24

t=1 tr
t.qt (2)

With trt, the tariff at slot t and qt the energy requested at slot t by

the agent.

c0 : qt = btps − ptps + qs+,t
ps − qs−,t

ps + ef+,t
ps − ef−,t

ps

c1 : qt ≥ btps − ptps − betps − soc−,t
ps

This guarantees that the requested energy at slot t is enough to sup-

port the prosumer’s need according to the available energy in its bat-

tery, its production and shifting, with betps ∈ [0, btps] the part of btps
which is shiftable at slot t. ef+,t

ps represents shifting that can be made

in advance, i.e. increase the demand at slot t and ef−,t
ps ≤ betps shift-

ing that can be done later, i.e. decrease the demand at slot t. qs+,t
ps

is the amount of energy stored in the battery at slot t and qs−,t
ps the

energy extracted from the battery at slot t.
c2 : qt ≤ Qmax

ps

c3 : qt ≥ Qmin
ps

The above two constraints guarantee that the requested energy at slot

t respects the upper and lower limits.

c4 : soc−,t
ps ≥ qs−,t

ps − qs+,t
ps

This constraint guarantees that the extracted energy from the battery

at slot t is lower than the remaining energy in the battery.

c5 : soc+,t
ps ≥ qs+,t

ps − qs−,t
ps

This constraint guarantees that the remaining storage capacity is

higher than the amount of energy stored at slot t.
c6 : soc−,1

ps = socinitps
c7 : soc+,1

ps = sps − socinitps
The above two constraints initialize the program with the energy

available (and remaining capacity) in the battery at the first slot.

c8 : soc−,t
ps + soc+,t

ps = sps
c9 : soc+,t+1

ps = socps+,t − qs+,t
ps + qs−,t

ps

c10 : soc−,t+1
ps = soc−,t

ps + qs+,t
ps − qs−,t

ps

These three constraints guarantee the battery integrity.

c11 : soc−,24
ps = socrps

This guarantees that a specific level of energy, socrps, will remain at

the end of the day.

c12 :
∑

t∈T ef+,t
ps =

∑
t∈T ef−,t

ps

c13 :
∑

t∈T ef+,t
ps ≤

∑
t∈T betps

The above two constraints guarantee the management of the shifting.

This linear program allows prosumers to benefit from their battery

and their shifting possibilities to adjust their consumption according

to the price signal and take advantage of the lower price during the

day.

Prosumer agent states : (i) Each prosumer is initialised with param-

eters Qmin
ps ,Qmax

ps , sps, p
max
ps , σb

ps, σ
p
ps and sends its profile to its

aggregator. (ii) At the end of each day, ps computes socrps, solves

(2) and sends the resulted schedule of hourly demand to the aggrega-

tor. (iii) When aggregator returns the price signal, ps solves (2) again

and sends back the new schedule.

4.2 Provider agent behaviour
The provider uses a function F : Q → T r whereQ is an amount of

energy and T r a tariff.

Fpv(q
tot
pv ) = trOPT

pv + trmax
ag (1− e

(
−|pOPT

pv −qtotpv |
trmax

ag
)
) (3)

trOPT
pv is the tariff proposed by the provider when pOPT

pv = qtotpv

and trmax
ag ∈ [0, trMAX

pv ] is the coefficient negotiated in the an-

nual contract. qtotpv =
∑

ag∈AA
qag , with qag the amount of en-

ergy requested by the aggregator aga who has an annual contract

with pvf . Designed in this way, the tariff function allows having a

monotonous and continuous increasing behaviour between trOPT
pv

and trOPT
pv + trmax

ag and incentivised prosumers to adjust their con-

sumption to the production.
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Property 1: Under the hypothesis that the provider computes the tar-

iffs according to (3), the maximal tariff he will apply to a cooperative

is less or equal to trOPT
pv + trmax

ag .

Proof. To prove that, we study the evolution of the price when the
difference between the supply and demand goes toward infinity. We
will show that lim

|pOPT
pv −qtotpv |→+∞

Fpv(qtotpv ) = trOPT
pv + trmax

ag . First,

lim
|pOPT

pv −qtotpv |→+∞
trag =

lim
|pOPT

pv −qtotpv |→+∞
trOPT

pv + trmax
ag (1− e

(
−|pOPT

pv −qtotpv |
trmax

ag
)
)

e−x → 0 when x→ +∞ so, by substitution, we get:

lim
|pOPT

pv −qtotpv |→+∞
trOPT

pv + trmax
ag (1− e

(
−|pOPT

pv −qtotpv |
trmax

ag
)
) =

lim
|pOPT

pv −qtotpv |→+∞
trOPT

pv + trmax
ag (1− 0)

As a result lim
|pOPT

pv −qtotpv |→+∞
Fpv(qtotpv ) = trOPT

pv + trmax
ag .

The first property guarantees that supply cannot rationally rise

without an increase of the demand, because the lower the prices, the

less profitable is the mechanism.

Property 2: Under the hypothesis that the provider computes the tar-

iffs according to (3), the minimal tariff it will apply to a cooperative

is trOPT
pv .

Proof. The tariff is minimal if the total amount of requested energy

is equal to the optimal production of the provider, i.e. pOPT
pv = qtotpv .

To prove that, we study the level of the price when the supply is equal

to the demand.

if pOPT
pv = qtotpv , we have e

(
−|pOPT

pv −qtotpv |
trmax

ag
)
= e

( 0
trmax

ag
)
= 1 and

trOPT
pv + trmax

ag .(1− 1) = trOPT
pv

The second property guarantees that prices are lower when all

produced energy is requested.

4.3 Aggregator agent behaviour
An aggregator agent manages supply and demand within a coop-

erative. This agent contracts with providers to meet the demand of

the cooperative (the sum of the demands of the agents in the co-

operative) allowing to benefit from competition between providers

to decrease the energy price4. We differentiate three kinds of con-

tracts: (i) the annual contract sets the maximum tariff applicable by

a provider and the maximal and minimal demands requested by the

cooperative at each slot, (ii) the daily contract fixes a set of hourly

contracts a day ahead, (iii) the hourly contract matches an amount of

energy and a tariff at a given slot. POU tariff scheme is applied on

hourly contracts taking as baseline negotiated earlier in the daily con-

tract. Indeed, some prosumers may under-consume while others may

over-consume. Individually, each agent will pay penalties if it under-

consumes or over-consumes. However, inside the cooperative, under

consumption of some prosumer will balance over-consumption of

others and vice versa. As shown in section 4.4, it allows cancelling

or reducing agent penalties and limiting the need for agents to re-

quest the market to sell the energy they under-consume or to buy the

energy they over-consume, thus, limiting the volatility in the energy

market.

4 We suppose the financial profit brought by these multiple subscriptions
should be higher than the involved costs.

The aggregator will spread the need of the cooperative between sev-

eral contracts negotiated with potential suppliers, using the following

linear program. This linear program computes the upper and lower

bound to negotiate with each potential provider with the purpose of

minimising the cost over the year, considering the subscription cost

and the penalty cost of each provider.

min
∑

pv∈Pag
Apv.x

pv
ag + penpv.σag.H.ypv

ag (5)

With xpv
ag = Qmax

ag,pv the maximal amount of energy requested by the

aggregator agent to provider pvf , ypv
ag = Qmax

ag,pv −Qmin
ag,pv the width

of the energy band of the aggregated demand of the cooperative to the

provider pv, H is the number of hours in a year and σag the mean

deviation consumption of the cooperative.

s.t.
∑

pv∈Pag
xpv
ag = QMAX

ag , withQMAX
ag the upper bound of the

aggregated demand of the cooperative.
The sum of the maximal amount of energy in aga’s contract must

allow providingQMAX
ag to the cooperative.

s.t.
∑

pv∈Pag
xpv
ag − ypv

ag = QMIN
ag

This sum guarantees that the deviation sum
∑

pv∈Pag
Qmax

ag,pv −
Qmin

ag,pv = QMAX
ag − QMIN

ag compensates the total deviation of the

cooperative.

s.t. ∀pv ∈ Pag, x
pv
ag ≥ yag

This inequality is equivalent to Qmax
ag,pv ≥ Qmax

ag,pv − Qmin
ag,pv . It

allows not having Qmax
ag,pv < Qmin

ag,pv . With Qmax
ag,pv (resp. Qmin

ag,pv)

the maximum (resp. minimum) energy requested by aga from pvf .

4.3.1 Prosumers production tariffication

We consider the case where a prosumer agent psu produces more

than its needs i.e. ptps > btps. It first meets its needs, then it will sell

the oversupply to other members of the cooperative, knowing that the

sale price is lower than the providers’ prices. The agent which be-

longs to the cooperative makes sure that it sells its energy. In return,

the cooperative can benefit from cheaper energy than the providers

one. The remuneration of psu, computed by aga, can be formulated

as:

trtps = Fag(q
t
ag + ppred,tps ).(1− e−|p

pred,t
ps −preal,t

ps |) (4)
where trtps is the sale tariff of psu at slot t. Fag(q

t
ag + ptps) is

the mean tariff applied by the set of providers Pag to aga for de-

mand qtag + ppredps , with qtag the cooperative demand and ppred,tps the

forecast production of psu. This tariff is only effective if the agent

produces exactly what it forecasts. If not, the tariff is multiplied by

(1 − e|p
pred,t
ps −preal,t

ps |). The more the deviation between the fore-

cast and the real production is high, the less psu will be rewarded,

because the deviation involves possible penalties for the cooperative.

The formulation of (4) incentives prosumers to forecast accurately

their production.

Property 3: Under the hypothesis that aga negotiates with several

providers, and considering an agent psu, who forecasts that it will

produce an oversupply ppredps at slot t, agents in the cooperative find

it preferable to consume the locally produced energy, i.e. consume

the oversupply of psu, each time it’s possible.

Proof. As (1− e−|p
pred,t
ps −preal,t

ps |) ∈ [0, 1[, we have the inequality

Fag(q
t
ag + ptps).(1− e−|p

pred,t
ps −preal,t

ps |) � Fag(q
t
ag + ptps)

The third property guarantees that agents will exchange energy

between them before resorting to the grid, involving less exchanges

on the market.
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4.3.2 Prosumers and providers interactions

When psu announces its consumption limits, it commits to the co-

operative to not deviate from these limits at each slot. If psu doesn’t

respect this limit commitment and the amount request by the aggre-

gator become higher than the upper bound negotiated in the annual

contract, it has to directly pass a contract with a provider for each

slot where the limits are not respected.

Property 4: The agents belonging to a cooperative are not penalised

by an agent who consumes more than its higher limit at one slot, i.e.

qrealps > Qmax
ps involves qag > QMAX

ag , since it will contract for its

over demand (demand > Qmax
ps without available balancing into the

cooperative).

Proof. Let qag/{ps} < QMAX
ag/{ps} and qrealps > Qmax

ps the devia-

tion of the agent such that qag/{ps} + qrealps > Qmax
ag/{ps} + Qmax

ps .

psu will pass a contract directly with a provider for the quantity

qrealps − Qmax
ps . So the quantity bought by the cooperative becomes

qag/{ps} + qrealps − (qrealps − Qmax
ps ) = qag/{ps} +Qmax

ps which is

less thanQMAX
ag/{ps} +Qmax

ps as qag/{ps} < QMAX
ag/{ps}.

Property 4 guarantees an incentive for prosumers to respect their

commitment towards the cooperative.

4.4 Penalty distribution
Before introducing the computation formula of penalty distribu-

tion, we denote: Δqag =
∑

ps∈Coop q
pred
ps − qrealps : the deviation

consumption of the cooperative. If Δqag > 0 (resp. Δqag < 0),

the cooperative under-consumes (resp. over-consumes). Let

Δqps = |qpred,tps − qreal,tps |: the deviation consumption of psu,

Pena =
∑

pv∈Pag
Penpv: the penalty of the cooperative, penps:

the penalty of psu, C+ =
∑

ps∈Coop f(q
pred
ps , qrealps , difag) with:

f(x, y, z) =

⎧⎨⎩
1 if z > 0 and x > y

or z < 0 and x < y
0 else

The function f returns 1 if psu contributes to penalise the

cooperative, i.e. it over-consumes (resp. under-consumes) when

the cooperative over-consumes (resp. under-consumes). The sum

enumerates the agents who penalise the cooperative Q− =∑
ps∈Coop g(q

pred,t
ps , qreal,tps , difag).Δqps with:

g(x, y, z) + f(x, y, z) = 1
The function g returns 1 when psu contributes to decrease the devia-

tion of the cooperative, i.e. it over-consumes (resp. under-consumes)

when the cooperative under-consumes (resp. over-consumes). The

product g().Δqps computes the amount of energy which was

under-consumed (resp. over-consumed) when the cooperative over-

consumed (resp. under-consumed). The penalties distribution for-

mula applied by the aggregator agent to the prosumers of the co-

operative is then:

penps =

⎧⎨⎩ Penag.
Δqps−Q

−
C+∑

Δag
if f(.)=1

0 else

The fraction Q−
C+ (=

∑
ps∈Coop g(qpred,tps ,qreal,t

ps ,difag).difps∑
ps∈Coop f(q

pred,t
ps ,q

real,t
ps ,difag)

) corre-

sponds to the compensation of the cooperative which is spread be-

tween all the agents in a fair way. Now that the aggregator knows the

amount it will request for each supplier, it will negotiate with each of

them, to fix the tariff and the lower bound of the contracts. The fol-

lowing section provides the description of the interactions between

the agents. The algorithm 1 gives a global view of aggregators’ be-

haviour detailed in section 5.

Algorithm 1: Algorithm of an aggregatror aga

1 if all the prosumer profile are received then
2 QMIN

ag ←∑ps∈CoopQmin
ps , QMAX

ag ←∑ps∈CoopQmax
ps ,

σag ←
√∑

ps∈Coop(σ
b
ps)2 and solve (5);

3 for pv ∈ Pag do
4 trmax

pv ← 0, Qmin ← Qmin
pv,ag, Qmax ← Qmax

ag,pv (5);
5 aga submits the proposal to pvf ;

6 if aga receives a proposal (Annual-Contract:Xag,Xpv ,id) then
7 aga computes Uag and Upv;
8 if Uag ≥ Upv then
9 aga accepts (Annual-Contract:Xag,Xpv,id);

10 for ps ∈ Coop do
11 Δps = Qmax

ps −Qmin
ps , Δag =

∑
ps ∈ CoopΔps;

12 else
13 aga computes Qmax′

pv , Qmin′
pv , trmax′

pv such that
Zag > Zpv;

14 Xag ← {Qmax′
pv ,Qmin′

pv }, Xpv ← {trmax′
pv };

15 aga proposes the new
Annual-Contract(Xag,Xpv,id);

16 if the plannings of all the prosumers are received then
17 for ps ∈ Coop, t ∈ T do
18 schedule[t] = schedule[t] + qpvt ;

19 if there is no difference in the plannings then
20 aga accepts the daily contract;
21 else
22 aga sends the new Planning;

23 if aga receives all the tariffs from its providers then
24 aga sends the price signal to the prosumers;

25 if end of slot then
26 Penag =

∑
pv∈P penpv ∗ |qrealag − qpredag |;

27 for ps ∈ Coop do
28 if f(ps) == 1 then

29 penps ← Penag.
ΔQps−Q

−
C+

ΔQCoop ;

30 aga sends penu to psu;

5 NEGOTIATION MECHANISM
In this section, we present the negotiation mechanism, used for con-

tracts over the three time scales, and formalise the different types of

contracts handle in each scale. At the first level, providers and pro-

sumers agree on tariff and demand constraints, that lower levels have

to satisfy. The goal of the first level is to guarantee to the provider

a bounded demand, while it guarantees to prosumers a tariff range.

The bounded demand allows to easily know what would be the de-

mand in the future, thus, decreasing the speculation possibilities. For-

mally, an annual contract is a triplet: {Qmin,Qmax,trmax}. At the

second level, providers and aggregators contract on a daily contract,

formalised by a vector of n hourly contracts: <Ht,Ht+1,. . . ,Ht+n>.

An hourly contract is a triple <qag, trpv, t> with qag the forecast de-

mand selling at trpv at slot t.
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5.1 Negotiation of the annual contract
Over the period set out in the contracts, the aggregator will spread the

demand of the cooperative among several providers. The maximum

amount requested on each provider results from (5). Hence, aggre-

gator and providers will negotiate. They will do concessions on the

coefficient trmax and the lower boud using MCP5 (there are no con-

cessions onQmax since the cooperative has to be sure to get enough

energy at each slot). In the MCP, agents submit round by round pro-

posals making a concession at each new proposal. An agreement is

reached when, uag(xag) ≤ upv(xag), or upv(xpv) ≤ uag(xpv),
with xag the proposal of the aggregator agent, xpv the proposal of

the provider agent, uag the aggregator utility function and upv the

provider utility function. The Zeuthen strategy indicates the agent

which has to make a concession during the next round by calculating

the Zeuthen index, Zi =
ui(xi)−ui(xj)

ui(xi)
. The agent with the lower Zi

has to make a concession. To negotiate the annual contract, aggrega-

tors aga and providers pvf use the following utility functions:

• uag = 2.Qmax
ag,pv −Qmin

ag,pv − trmax
ag

• upv = Qmin
ag,pv + trmax

ag

The utility of aggregators is high if the negotiated energy band is

high, i.e.Qmax
ag,pv−Qmin

ag,pv is high and when trmax
ag is low. Moreover,

the utility is high if Qmax
ag,pv is high, allowing a bigger amount of

energy for the cooperative. The utility of the provider is high when

Qmin
ag,pv is high, i.e. when the negotiated energy band is narrow (as

Qmax
ag,pv is constant the abilities to predict the demand is facilitated)

and when the tariff is high. To guarantee the pareto-optimality of

negotiated solution with the MCP, both utility functions have to be

symmetric, i.e. if ui(X1) = ui(X2) then uj(X1) = uj(X2).
So, let ui(x1) = 2.Qmax

x1
−Qmin

x1
− trx1

ag and ui(x2) = 2.Qmax
x2
−

Qmin
x2
− trx2

ag , with ui(x1) = ui(x2).
Then uj(x1) = Qmin

x1
+ trx1

ag and uj(x2) = Qmin
x2

+ trx2
ag .

If ui(x1) = ui(x2) then 2.Qmax
x1
− Qmin

x1
− trx1

ag = 2.Qmax
x2
−

Qmin
x2
− trx2

ag . As Qmax
ag,pv are constant during the negotiations we

have−Qmin
x1
− trx1

ag = −Qmin
x2
− trx2

ag soQmin
x1

+ trx1
ag = Qmin

x2
+

trx2
ag and uj(x1) = uj(x2) if ui(x1) = ui(x2). Thus, both utility

functions are symmetric.

The concession strategy is the following one for the provider:

• trmax
t+1 = trmax

t .
Qmax−Qmin

t +1

Qmax−Qmin
t +t

, with trmax
t+1 < trmax

t ∀t

• Qmin
t+1 = Qmin

t .
Qmax−Qmin

t +1

Qmax−Qmin
t +t

; withQmin
t+1 < Qmin

t ∀t

We can see that the concessions on trmax
t and Qmin

t are monotonic

and decreasing. The concession strategy for aggregator are the fol-

lowing one:

• trmax
t+1 = trmax

t + σb
a, with trmax

t+1 > trmax
t ∀t

• Qmin
t+1 = (Qmin

t + 1). Qmax

σb
a+penf .Qmax , withQmin

t+1 > Qmin
t ∀t

We can see that the concessions on trmax
t and Qmin

t are monotonic

and increasing. Since (i) the utility functions are symmetric and fol-

low a monotonic behaviour (according to the concession functions),

(ii) the use of Zeuthen index, (iii) the MCP context, then the ne-

gotiation will converge on a pareto-optimal solution. Moreover, in

a context where a cooperative can negotiate with several providers,

there are no incentive to lie on the price for the provider. Indeed, if

he proposes a higher price, the cooperative will negotiate with other

providers and if he proposes a lower price he will do less benefit.

5 For these negotiations, agents adopte, in the first instance, the MCP and the
Zeuthen strategy. We choose to apply the MCP but our model allows to use
other protocols.

5.1.1 Annual contract steps

(i) Each prosumer agent sends its consumption profile to the aggre-

gator. (ii) The aggregator computes the cooperative profile and the

distribution of the demands between the providers. It submits the an-

nual contract proposals. (iii) The provider accepts or counters pro-

posals. (iv) The negotiation between the agents continues following

the MCP protocol.

5.2 Negotiation of the daily contract

The negotiation of the daily contract follows the following steps:

1. Each prosumer agent sends its consumption profile of the day to

the aggregator

<qtps,qt+1
ps ,. . . ,qt+n

ps >.

2. The aggregator computes the profile of the cooperative

<
∑

ps∈Coop q
t
ps,
∑

ps∈Coop q
t+1
ps , . . . ,

∑
ps∈Coop q

t+n
ps > and re-

quests providers.

3. Providers send their tariffs <trtpv ,trt+1
pv ,. . . ,trt+n

pv >.

4. Aggregators transfer pricing signal as proposed in [7, 14, 11]. Pro-

sumers can reschedule their planning to reduce their bill.

5. Go to step 2 if there are reschedules.

5.3 The hourly contract

There are no negotiations for the hourly contract. Agents pay for their

consumption with penalties according to their deviation.

We will show in the next section that, according to their expected

payment, prosumers have an incentive to participate in a cooperative.

6 THEORETICAL ANALYSIS

This section studies three properties of the model. First, we show

that prosumers reduce their cost when they consume less, even if

they have to pay penalties. Then, we give the expected bill of an

agent who is a member of a cooperative. We take up this property

to show that, in our model, prosumers pay fewer penalties in a

cooperative. Finally, we prove the volatility minimisation.

6.1 Monotonicity with respect to consumption

A prosumer may not be incited to consume unnecessarily in order

to avoid paying penalties. The perceived benefit by an agent who

doesn’t consume has to be higher than any penalty: qtps.tr
t
ag >

qt
′

ps.tr
t
ag + penpv.(|qtps − qt

′
ps|). Let qtps be the energy requested and

qt
′

ps the energy consumed:

qtps.tr
t
ag > qt

′
ps.tr

t
ag + penpv.(q

t
ps − qt

′
ps)

qtps.tr
t
ag > qt

′
ps.tr

t
ag + penpv.q

t
ps − penpv.q

t′
ps

qtag.tr
t
ag − penpv.q

t
ps > qt

′
ps.tr

t
ag − penpv.q

t′
ps

qtag.(tr
t
ag − penpv) > qt

′
ps.(tr

t
ag − penpv)

qtag > qt
′

ag if (trtag − penpv) > 0
The first inequality shows that our system does not incite agents to

consume to avoid under consumption penalties subject to the condi-

tion trtag−penpv > 0 ; i.e. the tariff is higher than the penalties. This

shows that the property coming from POU is kept in our case, thus

agents are not incited to request energy on the grid to avoid penalties.
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6.2 Expected payment
We can formulate the expected penalty paid by an agent by:

penps = penag(σ
b
ag −

√∑
ps∈Coop(σb

ps)
2

C+ )

with
√∑

ps∈Coop(σ
b
ps)2 the mean deviation of the consump-

tion of the set of agents who limit the deviation, with∑
ps∈Coop f(x, y, z) = C+, the number of agents in this set. Let xag

be the variable representing the deviation of the cooperative, xps the

variable representing the deviation of psu, μag the mean consump-

tion of the cooperative and μps the mean consumption of the pro-

sumer. The prosumer will pay a penalty only in two of these cases:

P (xag > μag).P (xps > μps) + P (xag < μag).P (xps < μps) =
1
4
+ 1

4
= 1

2
. The expected penalty of an agent is:

penps = 1
2
.pena(σ

b
ps −

√∑
ps∈Coop(σb

ps)
2

C+ )
The expected payment of an agent becomes :∑n

t=0 tr
t
ag.q

t
ps +

1
2
.penag(σ

b
ps −

√∑
ps∈Coop(σb

ps)
2

C+ )

6.3 Individual rationality
We will show that an agent has interest to be a member of a coop-

erative, by demonstrating that its expected payment is lower when

the agent is in a cooperative. Hence, we demonstrate the following

inequality:

n∑
t=0

trtag.q
t
ps +

1

2
.penag.(σ

b
ps −

√∑
ps∈Coop(σ

b
ps)2∑

ps∈Coop f(xps, yps, z)
)

<

n∑
t=0

trtag.q
t
ps + penps.σ

b
ps

(1)

Suppose that penag = penps, in this case the inequality becomes:

1
2
.(σb

ps −
√∑

ps∈Coop(σb
ps)

2∑
ps∈Coop f(xps,yps,z)

) < σb
ps

σb
ps

2
−

√∑
ps∈Coop(σb

ps)
2

2.
∑

ps∈Coop f(xps,yps,z)
< σb

ps

−
√∑

ps∈Coop(σb
ps)

2

2.
∑

ps∈Coop f(xps,yps,z)
<

σb
ps

2

−
√∑

ps∈Coop(σb
ps)

2∑
ps∈Coop f(xps,yps,z)

< σb
ps√∑

ps∈Coop(σ
b
ps)2 ≥ 0 and σb

ps ≥ 0 by definition of standard

deviation.
∑

ps∈Coop f(xps, yps, z) ≥ 1 because f(xps, yps, z) = 1
for prosumer agent psu. The negative sign in front of the ration of

two positive numbers guarantees the inequality. Joining the third

property encourage agents to exchange energy in the cooperative

before requesting the grid.

6.4 Volatility minimisation
According to function (3), the tariff applied by a provider pvf is con-

stant and equal to tropt if its requested amount of energy qtotpv = poptpv .

Thus, in case of any pricing signal that encourages consumers to re-

quest an amount of energy equal to the optimal production of produc-

ers, we have the sum
∑24

i=1

√
(qtotpv − poptpv )2 which is minimising.

This leads to
∑24

i=1

√
(tripv − trpv)2 → 0, with trpv the mean tar-

iff, due to (3). The volatility is the standard deviation of the price. As∑24
i=1

√
(tripv − trpv)2 is the standard deviation of the price we can

say that the volatility is going toward 0.

7 EMPIRICAL EVALUATION
In this section, we first describe the initialization of our data. Then,

we present and discuss the results of our evaluation. Our goal is to

show the price evolution according to the tariff scheme we propose.

Thus, we look at the tariff evolution according to the demand evolu-

tion (shifting and use of storage capacity to store) and the level of the

penalties inside a cooperative which may add volatility in the final

price paid by the prosumer.

7.1 Experimental setup
We begin by considering a scenario where each agent is in a cooper-

ative and has a generator, a storage capacity, some loads, some shift-

ing possibilities, some forecast capacities and expected consumption

limits.

Consumption limits : Qmax (resp. Qmin) is drawn randomly in

[Qmin,2.Qmin] (resp. [6.5, 11.5]) as in [11].

Generator : Each agent is equipped with a generator with a maximal

production drawn randomly in [1, 6] 6 KW is the maximum delivery

power for suitable domestic6 wind turbine or solar panel.

Storage capacity : Each agent is equipped with a storage capacity

which is drawn randomly in [0; 6, 4], the 6.4 KWh correspond to the

powerwall storage capacity7. At the beginning of the simulation the

storage capacity starts with an amount of energy which is drawn ran-

domly in [0, sps].
Loads : At each slot, the forecast consumption of a consumer is

drawn randomly in [0,Qmax] . Then the real consumption is drawn

randomly following the law N (qpred, σb), so the real consumption

can be higher thanQmax.

Forecast capacities : σb is randomly drawn between 3.59 and 17.9

percent ofQmax, 3.59 represents poor predictors and 17.9 good pre-

dictors in [13]. σp is randomly drawn between 0 and 5 percent of

Pmax.

Shifting possibilities : For each slot, the shifting possibility of the

slot is drawn randomly between 0 and 50 percent of the forecast con-

sumption of the slot.

Number of agents : We begin by testing the model with one cooper-

ative. The number of agents in the cooperative is set to 10.

LP Solver : For the different linear programs we use the glpk solver

[1].

7.2 Empirical results
Figure 3 shows the deviation harmonization effect. We can observe

that the deviation is lower when the agents are in a cooperative than

when they are alone. The harmonization effect leads to a reduc-

tion of 63% of the deviation, i.e. the under-consumption (or over-

consumption) of some agents is compensated at 63% of the over-

consumption (or under-consumption) of the others. Thus, this abates

the level of penalties, and so doing, the volatility of the rate paid by

the prosumers. The mechanism uses the combination of storage ca-

pacities and shifting possibilities. The use of this combination allows

to shift the demand of the cooperative towards slots where tariffs are

low. As figure 2a shows at slot 8, we can observe a peak of demand

from the cooperative. At the same slot on figure 2b, we can observe

that this peak of demand is in part due to a shift of demand, agents

move their shiftable needs and store energy on this slot. On figure 2c,

we can note that at slot 8, tariff is not moving so much far from the

6 http://www.energysavingtrust.org.uk/domestic/wind-turbines
7 http://www.teslamotors.com/powerwall
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Figure 2. Evolution of the demand of a cooperative and the associated prices

Figure 3. The harmonization effect on consumer deviation

mean price (81.7 for a mean of 84.17). On a more global vision, Fig-

ure 2a and 2b show quite high flows in the cooperative management

of energy. The demand of the cooperative moves between 50 and 200

kWh/slot during a day. On the shifting side, they evolve from 30 to

-90 kWh/slot in the day (-90 denotes that the consumption is sched-

uled earlier in the day). Against that, figure 2c shows that the range

of price is quite low, moving between 81.7 and 86.7 per slot. The

volatility of the price in the day is 1.92 (standard deviation) with a

mean of 84.17. For comparaison, in 2014, a report8 outlines a volatil-

ity of 11.51 between the beginning of 2009 and the end of 2012.

8 CONCLUSION
In this paper, we attack the problem of designing a sustainable mech-

anism to limit the pricing volatility in smart grids energy market

where lot of agents are willing to buy and sell energy. The mecha-

nism we present extends on three time scales; at the first level nego-

tiations provide pareto-optimal solutions where energy bands and tar-

iff bands are defined. We introduce a new tariff scheme which takes

place at the two lowest levels to incentive agents to make and respect

their forecast consumption a day ahead. We propose the algorithms

of prosumer agents to minimise their cost in the context of bounded

prices and demand. We show that our mechanism keeps some prop-

erties of POU tariff scheme (individual rationality and monotonicity

on price w.r.t the consumption) and reduces the price volatility. Fi-

nally, we present an experiment evaluation that shows, in the case of

our parameters, that the price progresses in a narrow window. This

work is developed in collaboration with an industrial partner in build-

ing construction. Further works will focus on island of prosumers

8 http://www.wec-france.org/DocumentsPDF/RECHERCHE/79rapportfinal.pdf

(in a building for example) which can be autonomous and discon-

nected from the grid (in some slot). The goal is to reduce or lower

the provider’s need and incentives the exchange between prosumer

or between islands of prosumers.
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A Rational Account of Classical Logic Argumentation for
Real- orld Agents

M. D’Agostino and S.Modgil1

Abstract.
Classical logic based argumentation (ClAr) characterises sin-

gle agent non-monotonic reasoning and enables distributed non-

monotonic reasoning amongst agents in dialogues. However, features

of ClAr that have been shown sufficient to ensure satisfaction of ra-

tionality postulates, preclude their use by resource bounded agents

reasoning individually, or dialectically in real-world dialogue. This

paper provides a new formalisation of ClAr that is both suitable

for such uses and satisfies the rationality postulates. We illustrate

by providing a rational dialectical characterisation of Brewka’s non-

monotonic Preferred Subtheories defined under the assumption of

restricted inferential capabilities.

1 Introduction

Context. In Dung’s seminal theory of argumentation [13], arguments

are built from a possibly inconsistent knowledge base B. Attacks be-

tween arguments are defined, and preferences over arguments can

then be used to decide whether one argument successfully attacks

(defeats) another [1, 18]. The graph of arguments and defeats is then

evaluated, based on the intuitive principle that an argument is justi-

fied if all its defeaters are themselves defeated by justified arguments.

B’s argumentation defined consequences are then the justified argu-

ments’ conclusions, and have been shown to correspond to the conse-

quence relations of a number of non-monotonic logics. For example,

classical logic arguments [15] are pairs (Δ, α) built from a base B
of classical wff, where the premises Δ are a consistent subset of B
that classically entail the conclusion α, and no proper subset of Δ
entails α. An argument X attacks Y if X’s conclusion negates one

of Y ’s premises. [2, 18] show that given preferences over arguments

defined on the basis of a total ordering on B, the argumentation de-

fined consequences correspond to the non-monotonic consequences

from B defined by Preferred Subtheories (PS) [4].

Argumentation’s dialectical characterisation of non-monotonic

consequence, and the intuitive, familiar nature of the evaluative prin-

ciples, accounts for its widely advocated benefits in enabling individ-

ual agent reasoning, and distributed (‘dialogical’) reasoning amongst

computational and/or human agents [19]. However, features of clas-

sical logic instantiations of Dung graphs (ClAr) posited to ensure sat-

isfaction of rationality postulates [5, 6], preclude its use by resource-

bounded agents reasoning dialectically2, either as individuals or in

real-world dialogues. Firstly, the consistency and subset minimality

checks on arguments’ premises incur prohibitive computational ex-

1 University of Milan, email: marcello.dagostino@unimi.it, and King’s Col-
lege London, email: sanjay.modgil@kcl.ac.uk

2 By ‘dialectic’ we mean ‘a method of examining and discussing opposing
ideas in order to find the truth’ (www.merriam-webster.com).

pense. Moreover, the inconsistency of arguments’ premises are in

real-world argumentation established dialectically, by showing that

an interlocutor contradicts herself. On the other hand, the consis-

tency check ensures satisfaction of the non contamination postulates

[6]. Secondly, exclusively targeting attacks at an argument’s premises

leads to the so called ‘foreign commitment problem’ whereby an

agent is forced to commit to the premises of his interlocutor when at-

tacking his interlocutor’s arguments [16]. However, allowing attacks

on the conclusions of arguments results in violation of the consis-
tency postulates [5]. Thirdly, consistency may also be violated unless

one assumes that a Dung graph includes all arguments defined by a

base B. However, this further precludes the use of ClAr by resource-

bounded agents.

Contributions This paper proposes a new account of ClAr that

is suitable for resource bounded agents reasoning individually and

in real-world dialogues, and is provably rational. We review back-

ground in Section 2, and then Section 3 presents our first contribu-

tion. We propose a new dialectical ontology for ClAr arguments that

distinguishes amongst premises assumed true, and those assumed

true ‘for the sake of argument’. Agents are therefore not forced to

commit to the premises of their interlocutors despite the fact that at-

tacks are targeted at premises. We also accommodate the use of ClAr
by resource bounded agents, by not requiring consistency or subset

minimality checks on arguments’ premises, and, subject to intuitive

assumptions on available resources for constructing arguments, we

allow for instantiation of Dung graphs by subsets of arguments de-

fined by a base. Our formalisation also accommodates the real-world

move whereby the mutual inconsistency of arguments’ premises is

demonstrated dialectically. We then provide an account of Preferred

Subtheories that assumes limited inferential resources, and show that

the defined non-monotonic consequence relation corresponds to the

argumentation defined consequences obtained by our dialectical for-

malisation of ClAr. Section 4 presents our second contribution. We

show that our approach satisfies key results that hold for Dung’s the-

ory3 despite our conservative adaptation of Dung’s evaluative prin-

ciples. We also show that despite satisfaction of the above desider-

ata for real-world applications of ClAr, the consistency and closure

postulates [5], as well as the non contamination postulates [6], are

satisfied. Section 5 concludes by discussing related and future work.

2 Background
We review classical logic instantiations of Dung graphs (ClAr)

[15, 18] that study [5]’s rationality postulates. We assume the

propositional language L consisting of atoms ⊥, a, b, c, . . . with the

3 We will refer the reader to [11] where space limitations preclude full details
of proofs in this paper.
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A = ({a},a) B = ({b},b)

C = ({   a        b},     a       b)¬ ∨ ¬   ¬ ∨ ¬   

¬ ∨ ¬   G = ({a ,    a        b } ,  b)¬¬ ∨ ¬   F = ({b ,    a        b } ,  a)¬

H = ({a , b } ,   (   a         b) )¬ ∨ ¬   ¬

Figure 1. Attacks on premises are solid arrows. Dotted arrows are
additional attacks if attacks can target conclusions.

usual connectives and definition of classical wff. Lower case and

upper case Greek letters (as well as the symbol B) respectively refer

to arbitrary classical wff and finite sets of classical wff. We assume

the complement function:

φ = ψ if φ is of the form ¬ψ; else φ = ¬φ
and let Cn(Δ) denote {α | Δ , α}, where , is the classical con-

sequence relation. The arguments A defined by a base B of classi-

cal propositional wff, are pairs (Δ, α) where Δ ⊆ B, and: 1) the

premises Δ are consistent; 2) Δ , α; 3) no strict subset of Δ satis-

fies 2.

[15] study ClAr assuming variously defined notions of attacks.

[18] additionally assume a strict argument preference relation ≺
⊆ A×A (X ≺ Y denotes Y strictly preferred to X), and define at-

tacks and defeats as follows. For any X = (Δ, α), Y = (Γ, β) ∈ A:

• X attacks Y (denoted (X,Y ) ∈ C) if α = γ for some γ ∈ Γ, in

which case X is said to attack Y on γ (or on ({γ}, γ)).
• X defeats Y (denoted (X,Y ) ∈ D) if X attacks Y on γ, and

X ⊀ ({γ}, γ) (X ⇒ Y (X � Y ) denotes that X does (not)

defeat Y ).

[18] study well known preference relations over arguments

that are defined by an ordering ≤ over the formulae in B (where

< and ∼ are defined in the usual way). In particular, for any

X = (Δ, α), Y = (Γ, β):

X ≺El Y if ∃δ ∈ Δ, ∀γ ∈ Γ: δ < γ (Elitist preference)

A Dung argumentation framework (AF ) is then a tuple (A,D). For

any E ⊆ A, X ∈ A is acceptable w.r.t. (i.e., defended by) E if ∀Y
s.t. Y defeats X , ∃Z ∈ E s.t. Z defeats Y . The extensions (sets

of justified arguments) can then be defined under Dung’s semantics

[13]:

Definition 1 Let (A,D) be a AF . Then E ⊆ A is conflict free if

∀X,Y ∈ E: X � Y . For any conflict free E ⊆ A:

E is said to be an extension that is: admissible if every X ∈ E is

acceptable w.r.t. E; complete if admissible and every X ∈ A that is

acceptable w.r.t. E, is in E; grounded if E is the minimal (under set

inclusion) complete extension; preferred if E is a maximal (under set

inclusion) complete extension; stable if every Y /∈ E is defeated by

an argument in E.

A correspondence then holds between the stable extensions of a

AF = (A,D) defined by (B,≤) (where≤ is total, andA, C,≺El,D
are defined as above), and the widely studied Preferred Subtheories

(PS) non-monotonic consequence relations defined over (B,≤) [4].

Definition 2 Let (B1, . . . ,Bn) be the stratification of (B,≤) such

that α ∈ Bi, β ∈ Bj , i < j iff β < α. A preferred subtheory (ps) Σ
is a set Σ1 ∪ . . . ∪ Σn such that for i = 1 . . . n, Σ1 ∪ . . . ∪ Σi is a

⊆-maximal consistent subset of B1 ∪ . . . ∪ Bi.

Intuitively, a ps is obtained by taking a ⊆-maximal consistent

subset of B1, extending this with a ⊆-maximal consistent subset of

B2, and so on. For example, Σ = {a,¬a ∨ ¬b} and Σ′ = {a, b} are

the ps of (B1 = {a},B2 = {¬a ∨ ¬b, b}). [18] then show that:

Σ is a preferred subtheory of (B,≤) iff E is a stable extension of the

AF defined by (B,≤), where Δ ⊆ Σ iff (Δ, α) ∈ E.

One then obtains a correspondence between the PS non-monotonic

consequences and the argumentation defined consequences. These

can be defined either sceptically:

{α | ∀Σ : Σ , α} = {α | ∀E : ∃(Δ, α) ∈ E}
or credulously, which involves selecting the classical consequences

of a single ps, equivalently the conclusions of arguments in a single

stable extension. For example, Figure 1 shows some of the arguments

and attacks (represented as solid arrows) defined by ({a, b,¬a ∨
¬b}, b ∼ ¬a ∨ ¬b < a). The ordering determines that F ≺El A,

hence F � A,F � H,F � G, and the remaining attacks succeed

as defeats. Then {A,C,G} and {A,H,B} are, respectively, subsets

of the two stable extensions E and E′, and α is a conclusion of an

argument in E iff α ∈ Cn({a,¬a ∨ ¬b}), α is a conclusion of an

argument in E′ iff α ∈ Cn({a, b}).
A number of features of ClAr ensure that rationality postulates for

argumentation are satisfied.

Firstly, the consistency check on arguments’ premises ensures sat-

isfaction of the non contamination postulates [6]. Essentially, these

postulates state that arguments built from syntactically disjoint sub-

sets of B should not impact on each other’s justification status. To

illustrate, suppose B = {p,¬p, s}, and suppose we allow the ‘incon-

sistent argument’ Y = ({p,¬p},¬s) which attacks X = ({s}, s).
Then (assuming ≺= ∅) there is a complete extension (the grounded

extension) that does not include X4. However, intuitively the status

of X should not be affected by arguments built from the syntactically

disjoint {p,¬p}.
Secondly, exclusively targeting attacks on arguments’ premises

ensures satisfaction of the consistency postulates [5]. To see why,

observe that if attacks on conclusions are additionally permitted (as

illustrated by the dotted attacks in Figure 1), then (assuming ≺= ∅),
one obtains an additional stable extension containing {A,B,C},
whose conclusions are mutually inconsistent.

Thirdly, in ClAr it is tacitly assumed that all arguments defined by

B are included in the AF for evaluation. In particular:

if (Γ, α) ∈ A, then ∀γ ∈ Γ, (Γ \ {γ} ∪ {α}, γ) ∈ A
(contraposition)

is posited as sufficient for satisfaction of the consistency postulates.

To illustrate, suppose in Figure 1’s example, that the AF only in-

cludes F and A, and let F ≺ A. Then neither A or F defeat each

other, and both are contained in a complete extension E that violates

consistency. However, assuming contraposition the AF must addi-

tionally include G and H . Moreover, [18] also show that if F ≺ A,

and ≺ satisfies properties that are deemed ‘reasonable’, then it must

be that either G ⊀ B or H ⊀ C, and so either G defeats F on B,

or H defeats F on C. But then E cannot be complete. To see why, if

4 In general, all arguments in an AF will be attacked by arguments built from
inconsistent premises (given the ex-falso principle), and it is well known
that ∅ is the grounded extension of an AF that contains no un-attacked
arguments.
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either G or H defeats F , then by assumption of E being complete,

there must be an argument in E that defends F by defeating G or H .

But then any such argument must also defeat A or F , and so E would

not be conflict free. Hence, contraposition and reasonable preference

relations are shown to guarantee satisfaction of consistency (note that

[18] show that the Elitist preference is reasonable).

3 Dialectical Classical Logic Argumentation
3.1 Motivation
Apart from its intuitive characterisation of single agent reasoning,

a key advantage of argumentation [19] is that it provides a for-

mal basis for dialogue amongst computational and/or human agents

[17]. Given argumentative characterisations of non-monotonic con-

sequence relations (e.g. Logic Programming [13], Prioritised Default

Logic [23] and Preferred Subtheories [18]), such dialogues effec-

tively enable distributed non-monotonic reasoning amongst commu-

nicating agents. Agents submit arguments5 in order to establish ac-

ceptance of the initial claim (a belief or decision option). Intuitively,

the agent advocating the initial claim, attempts to build an admissible

extension that includes an argument concluding the claim. In these

dialogues, a base Bp is incrementally defined by the agents’ ‘public

commitments’; that is, the contents of exchanged locutions (rather

than assuming a given initial base in the case of single agent rea-

soning), and agents can construct arguments from premises in their

private bases and the incrementally defined Bp.

However, we argue that the three features of ClAr shown to ensure

satisfaction of rationality postulates (as discussed in the previous sec-

tion): 1) preclude use of ClAr by resource bounded agents reasoning

individually or in dialogues, and; 2) preclude modelling features of

dialectical reasoning that are ubiquitous in real-world dialogue.

Firstly, the tacit assumption that an AF is instantiated by all ar-

guments defined by a base B, is clearly not feasible for resource

bounded agents, given that deciding whether Δ , α is in general NP-

hard (hence most likely intractable). One would thus want to identify
as ‘undemanding’ a set of assumptions as possible on available re-
sources for constructing arguments, such that rationality is preserved
when AF s are not instantiated by all definable arguments (D1).

In particular one would want to relax the contraposition condi-

tion. To illustrate, suppose arguments are classical Intelim natural

deduction (I-ND) proofs [9]. I-ND allows parameterisation of proofs

by the depth of nesting of discharged assumptions, such that step-

wise increments in depth define a hierarchy of tractable inference

relations, and each depth bounded system can be used to reflect

the assumed inferential capabilities of real-world agents. Now, sup-

pose Ag1 submits arguments whose premises include the inconsis-

tent Π = {p, p → ¬q, p → q}. Ag2 can respectively attack these

premises with A = ({p → q, p → ¬q},¬p) or B = ({p, p →
q},¬(p → ¬q)), or C = ({p, p → ¬q},¬(p → q)). Assuming

≺ is reasonable, one such attack must be a defeat. Hence Ag1 must

defend itself by submitting an argument that defeats A or B or C.

But then this argument must defeat one of Ag1’s own arguments on

a premise in Π, and so Ag1 cannot construct an admissible set con-

taining the arguments with premises Π. However, suppose neither of

the attacks by B and C succeed, so that Ag2 must defeat with A. But

then it may be that Ag2 has insufficient resources to construct A (in-

deed, in I-ND, constructing A requires greater nesting of discharged

assumptions than B or C) and so Ag1 may be able to construct an

5 Arguments may be defined implicitly, e.g., ({q, q → p}, p) obtained by
claiming q and (responding to a ‘why’ locution) asserting ‘since q, q → p’.

admissible extension containing arguments with mutually inconsis-

tent premises.

Furthermore, the computational non-viability of ClAr is further

exacerbated by the checks on arguments’ premises. Checking for

consistency is of course as computationally demanding as deciding

Δ , α6. Moreover, the subset minimality check implies that for ev-

ery constructed argument (Δ, α), one must in the worst case check

that ∀Δ′ ⊂ Δ, Δ′ �c α. Hence, for resource bounded agents one

would want a rational account of ClAr that does not require checking
for consistency or subset minimality of premises (D2).

Moreover, in real-world dialogues, the inconsistency of argu-

ments’ premises is typically established dialectically, via the well

known Socratic move of demonstrating that an opponent’s argu-

ment(s) rests on inconsistent premises [7, 21]. Also, in real-world

dialogues one wants to avoid the anomaly of an agent being forced

to commit to the premises of his interlocutor (known as the ‘foreign

commitment problem’ [16]), which arises due to restricting attacks

to targeting premises. To illustrate, consider an agent Ag1 submit-

ting A in Figure 1. Ag2 counters with F . Ag1 cannot now counter

F with A, but rather has to publically commit to a premise of his

opponent (either b or ¬a ∨ ¬b), by defending A with either H or G,

and so having to possibly defend these premises from challenges by

other agents. Hence, one would want an account of ClAr that accom-
modates the dialectical demonstration that arguments’ premises are
inconsistent (D3) and avoids the foreign commitment problem (D4).

3.2 Defining Dialectical Argumentation

We now formalise an account of ClAr that satisfies the desiderata D1
– D4. Our starting point is the observation that when interlocutors

construct arguments, they typically distinguish their own premises

that they accept as true, from the premises that their opponent com-

mits to and that they want to criticise: “on the basis of the premises

I regard to be true, and supposing for the sake of argument what you

regard to be true, then I can show some conclusion that contradicts

one of your premises”. This pattern is pervasive in real argumen-

tation practice, and motivates the following definition of arguments

in which we also drop the consistency and subset minimality checks.

Attacks are then targeted only at premises and not suppositions. Also,

arguments may now conclude ⊥, and these can target any premise.

However, letting atoms(B) denote the set of propositional atoms in

B, we henceforth assume finite bases B such that ⊥ /∈ atoms(B)
(i.e., ⊥ is reserved as a notational device to express that an inconsis-

tency has been reached in the course of constructing an argument).

Definition 3 A dialectical argument X defined by B is a triple

(Δ,Γ, α) such that (Δ ∪ Γ) ⊆ B and α ∈ Cn(Δ ∪ Γ).

We say that Δ, Γ and α are, respectively, X’s premises, suppositions

and conclusion. We let prem(X) = Δ, supp(X) = Γ, and

generalise this notation to sets of arguments in the obvious way.

Also, if Cn(Δ ∪ Γ) = L then X is said to be inconsistent; else

X is consistent. Finally, if supp(X) = ∅ then X is said to be

unconditional; else X is conditional.

Let A be the dialectical arguments defined by B. Then:

C = {(X,Y ) | X,Y ∈ A, X = (Δ,Γ, φ)(φ = α or φ = ⊥),
Y = (Π,Σ, ψ) and if φ = α then α ∈ Π}.
If φ = α, X is said to attack Y on premise α; equivalently, on the

6 Consistency checking is computationally hard not just for isolated or artifi-
cially constructed examples, but also in typical cases, as shown in [8].

M. D’Agostino and S. Modgil / A Rational Account of Classical Logic Argumentation for Real-World Agents 143



argument Y ′ = ({α}, ∅, α). If φ = ⊥, X attacks Y on any β ∈ Π
(any Y ′ = ({β}, ∅, β)).

In dialogues, agents can suppose the truth of premises in their

interlocutors’ argument(s), when attacking their interlocutors’ argu-

ments. This motivates the following notion of dialectical attacks:

Definition 4 Let S ⊆ A. Then X ∈ A dialectically attacks Y ∈
A, with respect to S (denoted X →S Y ) iff (X,Y ) ∈ C and
supp(X) ⊆ prem(S).

Example 1 The dialectical arguments A defined by B =

{a, b,¬a ∨ ¬b} include:

A1 = ({a}, ∅, a) B1 = ({b}, ∅, b)
C1 = ({¬a ∨ ¬b}, ∅,¬a ∨ ¬b) F1 = ({b,¬a ∨ ¬b}, ∅,¬a)
G1 = ({a,¬a ∨ ¬b}, ∅,¬b) H1 = ({a, b}, ∅,¬(¬a ∨ ¬b))
F2 = ({b}, {¬a ∨ ¬b},¬a) G2 = ({a}, {¬a ∨ ¬b},¬b)
H2 = ({a}, {b},¬(¬a ∨ ¬b)) I1 = ({a, b,¬a ∨ ¬b}, ∅,⊥)
I2 = (∅, {a, b,¬a ∨ ¬b},⊥)

Notice that G1 and G2 are epistemically distinguished by the

partitioning of premises and suppositions, but are ‘logically equiv-

alent’7. In what follows, we refer to preference relations that are in-
variant modulo logical equivalence.

Definition 5 Let X = (Δ,Γ, α). Then:

• [X] = {X ′ = (Δ′,Γ′, α) | Δ′ ∪ Γ′ = Δ ∪ Γ}.
∀Y, Z ∈ [X] we say that Y and Z are logically equivalent.

• ≺⊆ A×A is invariant modulo logical equivalence (imle) if

Y ≺ X implies ∀X ′ ∈ [X], ∀Y ′ ∈ [Y ] : Y ′ ≺ X ′

We now define dialectical defeat, acceptability and extensions un-

der Dung’s semantics. Any defeating argument Y challenging the

acceptability of X w.r.t. E, can suppose the truth of premises in ar-

guments in E, and any defense against Y can suppose the truth of

premises in Y :

Definition 6 Let (A, C,≺) be a Dialectical Classical Framework

(DCF ) where A, C are defined as in Definition 3, and ≺ is imle.

•X ∈ A defeats Y ∈ A, with respect to S ⊆ A (denoted X ⇒S Y )

iff X →S Y on Y ′, and X ⊀ Y ′.

• Let E ⊆ A. Then X ∈ A is acceptable w.r.t. E iff ∀Y ∈ A s.t.

Y ⇒E∪{X} X , ∃Z ∈ E s.t. Z ⇒{Y } Y .

Conflict free sets and extensions of DCF s are defined as in Def-

inition 1, where E ⊆ A is now conflict free if for no X,Y ∈ E,

X ⇒E∪{Y } Y , and an extension is stable if ∀Y /∈ E, ∃X ∈ E s.t.

X ⇒{Y } Y . The argumentation defined consequences are then the

conclusions of unconditional arguments8 in extensions of a DCF .

Example 2 (Example 1 cont.) Suppose {A1, G1, G2, C1} ⊆ E,

F1 ⊀ A1. Then:

F1 ⇒E∪{A1} A1. Also, F2 ⇒E∪{A1} A1 since {¬a ∨ ¬b} ⊆
prem(E ∪ {A1}) and ≺ is imle.

G1 attacks F1 and F2 on b (on B1), and G2 →{F1} F1 on B1, but

G2 �{F2} F2 since supp(G2) � prem(F2).
Suppose G1 ⊀ B1. Hence, G1 ⇒{F1} F1, G1 ⇒{F2} F2, and since

≺ is imle, G2 ⇒{F1} F1.

7 In the sense that they are identical proofs distinguished only by the dis-
tinction between premises and suppositions. This is a stronger notion
of equivalence than that which would apply to ({a, b}, ∅, a ∧ b) and
({a ∧ b}, ∅, a ∧ b).

8 Since their conclusions are based only on premises assumed true, and not
premises supposed true for the sake of argument.

Continuing with this example, suppose the Elitist preference ≺El

defined by an ordering≤ on B. We illustrate how the desiderata D1 –

D4 are satisfied. We will formally show satisfaction of the rationality

postulates in Section 4

(D4) Suppose an admissible extension E1 containing A1, such that

F1 ⇒E A1 (when a defeat is on X ∈ E we will index the defeat

with E rather than E ∪ {X}). Now, rather than defending A1 with

G1, it suffices to include G2 in E1 in order to defeat F1. G2 does not

include as a premise (and so does not imply commitment to and the

potential need to defend) the opponent’s premise ¬a ∨ ¬b.

(D2) Note that any argument in E1 will be attacked (on any

premise) by the inconsistent I1. However, I2, which has empty

premises and so cannot be attacked (and is therefore said to be unas-
sailable), is trivially acceptable w.r.t. any set of arguments, and so

can be included in E1. I2 attacks I1 (since supp(I2) ⊆ prem(I1))
on each of I1’s premises (i.e., on A1, B1 and C1), and at least one of

these attacks must succeed as a defeat. To suppose otherwise would

mean that I2 ≺El A1, I2 ≺El B1 and I2 ≺El C1. But it is easy to

verify that these preferences hold only if we assume α < α for some

α ∈ {a, b,¬a ∨ ¬b}, contradicting the irreflexivity of <. This il-

lustrates how non-contamination is satisfied, despite arguments with

inconsistent premises. Recall the example base {p,¬p, s} in Section

3.1. Then X = ({s}, ∅, s) is in every complete extension E, since

even though I = ({p,¬p}, ∅,¬s) may defeat X , any such E will

include the unassailable (∅, {p,¬p},⊥) which must (by the same

reasoning as above) defeat I on p or ¬p, and so defend X .

(D3) Furthermore, we can now formalise the dialectical move

whereby one shows that an interlocutor contradicts himself. Recall

Section 3.1 and the arguments with inconsistent premises p, p →
¬q, p → q. Any E that includes these arguments cannot be admis-

sible since given I = (∅, {p, p → ¬q, p → q},⊥), then I →E X
for any X ∈ E, and (reasoning as above) either I ⇒E ({p}, ∅, p)
or I ⇒E ({p → ¬q}, ∅, p → ¬q) or I ⇒E ({p → q}, ∅, p → q).
Since I is unassailable, no argument in E can defend against I .

(D1) The above illustrates that consistency is preserved, despite

not having to assume all arguments defined under contraposition. We

now define the notion of a partially instantiated DCF (pDCF ),

which makes a relatively undemanding (in terms of the required re-

sources) set of assumptions as to the arguments that must be included

in a DCF and that suffice to guarantee satisfaction of the rationality

postulates. One can thus, for example, assume instantiation by a finite

subset of the arguments defined by a base, and so accommodate uses

of argumentation by real-world agents with limited resources. Before

defining pDCF s, we introduce the following required notation:

Notation 3 B‖B′ denotes atoms(B) ∩ atoms(B′) = ∅ (B and B′ are

said to be syntactically disjoint). Also, B|At = {α ∈ B | atoms({α})
⊆ At} (e.g., {¬a ∨ ¬b, c ∧ a}|{a,b} = {¬a ∨ ¬b}).
Definition 7 (A, C,≺) is a partially instantiated DCF (pDCF ) if

A is any subset of the set of all arguments defined by a base B, such

that:

P1 ∀α ∈ B : ({α}, ∅, α) ∈ A
P2 If X ∈ A then ∀X ′ ∈ [X] : X ′ ∈ A
P3 If (Δ1,Γ1, α) ∈ A, (Δ2,Γ2, α) ∈ A, then (Δ1 ∪ Δ2,Γ1 ∪

Γ2,⊥) ∈ A.

P4 If (Δ ∪ Γ, ∅, α) ∈ A and Δ‖Γ ∪ {α}, then either (Δ, ∅,⊥) ∈ A
or (Γ, ∅, α) ∈ A.

P1 is self-explanatory. P2 expresses that given some X , additional

resources are not required to assume construction of logically equiv-

alent arguments (since these differ only in terms of the epistemic dis-

tinction between premises and suppositions). P3 is key for showing
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consistency. It expresses that given arguments with conflicting con-

clusions, then resources suffice to combine their premises and sup-

positions to yield inconsistent arguments. To illustrate, in Example

1, suppose we only assume construction of the conflicting A1 and

F1, and F1 ≺ A1. By P3 and P2, we have the unassailable I2 which

must (reasoning as described earlier) defeat F1 or A1. Hence no ad-

missible extension can include the conflicting F1 and A1, despite

the absence of arguments defined under contraposition.

Finally, P4 is required to show satisfaction of the non-

contamination postulates. To elaborate, since standard accounts of

ClAr make no reference to specific proof theories for constructing

arguments, they employ subset minimality as a somewhat ‘blunt in-

strument’ for ensuring that premises are relevant to deriving the argu-

ment’s conclusion9. However, in practice agents clearly do not check

for subset minimality. Rather, the proof theoretic means by which

one entails a conclusion from premises, may ensure to varying de-

grees, the relevance of the premises for deriving the conclusion. Now,

let us identify a notion of relevance that in principle can be satisfied

by specific proof theories. Observe that by the properties of classical

logic, if Δ∪Γ , α, Δ‖Γ∪{α}, and α is not a tautology, then either

α is provable from Γ (in which case Δ is redundant) or α must be

provable from the inconsistent Δ by the explosivity of classical logic

(in which case Γ is redundant). Of course, if α is a tautology, then

Γ , α. Indeed, the I-ND natural deduction proof theory of [9] allows

for a notion of proof that does not make use of syntactically disjoint

premises; thus irrelevant proofs of this kind cannot be constructed

(see [10, Definition 15, Theorem 9]). However, for proof theories

that do allow such proofs, P4 simply states that if resources suffice to

construct an argument that redundantly uses premises, then resources

suffice to construct their non-redundant versions 10.

We now show that Dialectical ClAr characterises Preferred Sub-

theories, where the latter is now defined under the assumption that

resources may not suffice to infer all classical consequences from a

base.

Definition 8 Let ,r ⊆ , be any resource bounded classical conse-

quence relation, such that: 1) for any Δ, if β ∈ Δ then Δ ,r β; 2) if

Δ ,r α and Δ ,r ¬α then Δ ,r ⊥.

We say Δ is r-inconsistent iff Δ ,r ⊥; r-consistent otherwise. A r-

preferred subtheory of (B,≤) is then defined as in Definition 2, with

‘r-consistent’ substituting for ‘consistent’.

The following uses the notation Args(Σ) = {X | prem(X) ⊆ Σ}.

Theorem 4 Let (A, C,≺El) be a pDCF defined by (B,≤), such that
(Δ,Γ, α) ∈ A iff Δ ∪ Γ ,r α. Then:
1) Σ is a r-preferred subtheory of (B,≤) implies E = Args(Σ) is a
stable extension of (A, C,≺El).
2) E is a stable extension of (A, C,≺El) implies Σ =⋃

X∈E Prem(X) is a r-preferred subtheory of B.

PROOF.

Proof of 1): Suppose for contradiction that E is not conflict free.
Then X,Y ∈ E, X = (Δ,Γ, φ) (φ = ⊥ or β), X ⇒E Y on

9 Clearly arguments may not be subset minimal and yet use all the premises
to derive a conclusion, e.g., two applications of modus ponens deriving q
from p, p→ q, p→ ((p→ q)→ q).

10 For example, consider r provable from (Γ = {p, p → r}) ∪ (Δ = {q}).
Assuming natural deduction rules, one could by ∧I obtain p ∧ q, then by
∧E , p, and then by→E , r from p and p→ r. Clearly, such a proof, which
redundantly makes use of q, implies sufficient resources for a proof of r
from Γ (by a single application of→E ).

β ∈ prem(Y ). We have Σ ,r β. Since Γ ⊆ prem(Y ) ⊆ prem(E),
then Σ ,r ⊥ or β. Either case contradicts Σ is r-consistent.
Suppose Y ∈ A \ E. Hence ∃γ ∈ prem(Y ), γ /∈ Σ. We show
∃X ∈ E,X ⇒{Y } Y . By construction, Σ = Σ1 ∪ . . . ∪ Σn

such that for i = 1 . . . n, Σ1 ∪ . . . ∪ Σi is a maximal r-
consistent subset of B1, . . . ,Bi. Hence, suppose γ ∈ Bj for
some j = 1 . . . n. Then Σ1 ∪ . . . ∪ Σj ∪ {γ} ,r ⊥. Hence
X = (Δ, {γ},⊥) ∈ Args(Σ1 ∪ . . . ∪ Σj) ⊆ E s.t. X ⇀{Y } Y .
Since γ ∈ Bj , and Δ ⊆ ⋃j

k=1 Bk, X ⊀El ({γ}, ∅, γ). Hence
X ⇒{Y } Y .

Proof of 2): Suppose for contradiction that Σ =
⋃

X∈E Prem(X)
is not r-consistent (i.e., Σ ,r ⊥). Then Z = (∅,Σ,⊥) ∈ A. By
properties of ≺El (see Section 3.2) ∃α ∈ Σ, Z ⊀ ({α}, ∅, α).
Hence ∃B ∈ E, Z ⇒E B on α. No argument in E can defeat the
unassailable Z, contradicting E is stable.
Suppose for contradiction that Σ is not ⊆-maximal r-consistent. Let
Σ1, . . . ,Σn partition Σ s.t. for i = 1 . . . n, Σi is a (possibly empty)
subset of Bi. Then, for some i, for k = 1 . . . i − 1, Σ1, . . . ,Σk is a
⊆-maximal r-consistent subset of B1, . . . ,Bi−1, and ∃α ∈ Bi s.t.:

i) α /∈ Σi ii) Σ1 ∪ . . . ∪ Σi−1 ∪ Σi ∪ {α} �r ⊥.
Given i), ∃Y = ({α}, ∅, α) ∈ A, Y /∈ E. Since E is stable,
∃X ∈ E, X ⇒{Y } Y , hence X ⊀El Y . Consider two cases:
• Suppose X concludes ⊥. It cannot be that supp(X) = ∅, since
this would imply prem(X) , ⊥, contradicting the r-consistency of
Σ. Hence X = (Δ, {α},⊥).
• Suppose X concludes α, prem(X) = Δ, supp(X) = ∅ or {α}.
By P3 and P2 (Def.7), ∃X ′ = (Δ, {α},⊥). Since X and X ′ have
the same premises, and E is complete, then (by [11, Lemma 14])
X ′ ∈ E. Since X ⊀El Y then ∀β ∈ Δ, β ≮ α, and so X ′ ⊀El Y
and X ′ ⇒{Y } Y .
Given ii), it must be that ∃β ∈ Δ, s.t. β ∈ Ej , j > i. But then
X ≺El Y , respectively X ′ ≺El Y , contradicting X ⊀El Y , re-
spectively X ′ ⊀El Y .

QED

As in Section 2, this result establishes a correspondence between

the PS and argumentation consequence relations, where the latter are

conclusions of unconditional arguments in stable extensions.

4 Properties and Postulates
4.1 Dung’s Fundamental Lemma and

Monotonicity of the Characteristic Function
We now study two key properties of AF s [13] as they apply to

pDCF s. Firstly, the Fundamental Lemma (FL) states that:

if X,X ′ are acceptable w.r.t. an admissible E, then E ∪ {X}
is admissible and X ′ is acceptable w.r.t. E ∪ {X}.

Secondly, an AF ’s characteristic function F is defined as:

F(S) = {X | X is acceptable w.r.t. S} where S ⊆ A
Hence, the fixed points of F are an AF ’s complete extensions. Then

F is shown to be monotonic: E ⊆ E′ implies F(E) ⊆ F(E′).
For pDCF s, the FL and monotonicity of a pDCF ’s charac-

teristic function cannot straightforwardly be shown, since proofs

of these properties rely on the fact that attacks and defeats on any

argument X is fixed and independent of the premises in a given

set E. However, we can show similar properties for ‘epistemically

closed’ sets E that enjoy the following property:

if W = (Π,Σ, β) ∈ E, then for any Σ′ ⊆ Σ such that

Σ′ ⊆ prem(E), E also includes W ′ = (Π ∪ Σ′,Σ \ Σ′, β).
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Epistemically closed sets are so named, as commitment to premises

Σ′ in E implies commitment to the logically equivalent W ′.

Definition 9 Let Clec(E) = E ∪ {W ′ | W ∈ E,W ′ ∈ [W ],
prem(W ) ⊆ prem(W ′), prem(W ′) ⊆ prem(E)}.
Then E is epistemically closed (ec) if E = Clec(E).

Proofs of the following two propositions are shown in [11, Lemma

19] and [11, Lemma 23] respectively .

Proposition 5 Let X,X ′ be acceptable w.r.t. an admissible exten-

sion E of a pDCF (A, C,≺). Then:

1. Clec(E ∪ {X}) is admissible.

2. X ′ is acceptable w.r.t. Clec(E ∪ {X}).
Proposition 6 Let E,E′ be two ec admissible extensions of

(A, C,≺) such that E ⊆ E′. Then F(E) ⊆ F(E′).

We sketch a key step in the proof of Proposition 5 that illustrates

the importance of assuming epistemically closed sets.

Suppose X acceptable w.r.t. an admissible E where Y ∈ E. In-

clusion of X in E may mean Z ⇒E∪{X} Y , but Z �E Y , since:

Z = (Δ,Γ, φ), Φ ⊆ Γ and Φ ⊆ prem(X), Φ � prem(E).

Since Z �E Y , we cannot assume that the admissibility of E im-

plies some Q in E (and hence E ∪ {X}) defeating Z. Hence, we

cannot immediately assume that Y is acceptable w.r.t. E ∪{X}, and

so E ∪ {X} is admissible.

However we can show that there is an argument in Clec(E∪{X})
that defeats Z. Consider the following line of reasoning:

• Z′ ⇒E Y where Z′ = (Δ ∪ Φ,Γ \ Φ, φ)
• Hence ∃W = (Π,Σ, β) ∈ E, W ⇒{Z′} Z′

• Note: Σ ⊆ Δ ∪ Φ and Π ∪ Φ ⊆ prem(E ∪ {X}) (1)
Consider two cases:

a) Suppose W defeats Z′ on α ∈ Φ.

We have the logically equivalent W ′ = (Σ ∩Δ,Π ∪ (Σ ∩ Φ), β).

Given (1), W ′ ⇒E∪{X} X . Since X is acceptable w.r.t. E, ∃Q ∈ E
s.t. Q⇒{W ′} W

′. Since prem(W ′) ⊆ prem(Z), then Q⇒{Z} Z.

b) Suppose W defeats Z′ on a premise in Δ. We have W ′ = (Π ∪
(Σ∩Φ),Σ∩Δ, β), W ′ ⇒{Z} Z. Given (1) and the assumption that
E ∪ {X} is epistemically closed, then W ′ ∈ E ∪ {X}.
Proposition 5 suffices to prove a key result implied by the FL:

Proposition 7 Every admissible extension of a pDCF is a subset of

a preferred extension.

See [11, Proposition 22] for proof of the above. Proposition 6, to-

gether with the fact that every fixed point of F is epistemically

closed, facilitates proof of a key result following from the mono-

tonicity of F (the proof of which is shown in [11, Proposition 25]):

Proposition 8 The characteristic function F of a pDCF has a

unique least fixed point (the grounded extension).

4.2 Rationality Postulates
We now show that the rationality postulates in [5] and [6] are satis-

fied, under some intuitive assumptions on preference relations.

Recall that in Example 1, no admissible extension contains the

conflicting A1 and F1 since the unassailable I2 must defeat either

A1, or F1 on B1, or F1 on C1. To suppose otherwise implies

I2 ≺ A1, I2 ≺ B1, and I2 ≺ C1. But such a preference relation

would be incoherent as one would be rejecting the dialectical

demonstration that A1 and F1 make use of mutually inconsistent

premises, and effectively prefers arguments built from inconsistent

premises. Indeed, in general, a strict preference Y ≺ X , where

Y = (Δ,Γ, φ) attacks X = ({α}, ∅, α), can be interpreted as:

from amongst the inconsistent Δ∪Γ∪{α}, one preferentially

accepts arguments constructed from α and rejects arguments

constructed from Δ ∪ Γ.

Hence I1 ≺ A1, I1 ≺ B1, and I1 ≺ C1 collectively indi-

cate preferentially accepting arguments built from the inconsistent

{a, b,¬a ∨ ¬b} and rejecting arguments built from {a, b,¬a ∨ ¬b}.
Contradiction.

Given the above interpretation of Y ≺ X it should follow that

Y ′ ≺ X , where Y ′ = (Δ,Γ ∪ {α}, φ) (φ = α or φ = ⊥). Hence, if

F1 ≺ A1 then ({b,¬a ∨ ¬b}, {a},¬a) ⊀ A1 would be incoherent.

Similarly, if ({b,¬a ∨¬b}, {a},¬a) ≺ A1 then F1 ⊀ A1 would be

incoherent. We therefore assume that preference relations satisfy the

following properties:

Definition 10 Let (A, C,≺) be a pDCF . Then ≺ is dialectically

coherent iff:

∀(∅,Δ,⊥) ∈ A: ∃α ∈ Δ such that (∅,Δ,⊥) ⊀ ({α}, ∅, α).
(Pref1)

∀X = ({α}, ∅, α), Y = (Δ,Γ, φ), Y ′ = (Δ,Γ∪{α}, φ) (φ = α
or φ = ⊥): Y ≺ X iff Y ′ ≺ X . (Pref2)

We prove [5]’s closure and consistency rationality postulates for

pDCFs, under the assumption that ≺ is dialectically coherent (note,

one can straightforwardly show that the Elitist ≺El is dialectically

coherent). [5] state theses postulates with reference to complete

extensions. Also, recall (Section 3 and footnote 8), that the argu-

mentation based consequences are the conclusions of unconditional
arguments. Hence we define:

conc(E) = {φ | (Δ, ∅, φ) ∈ E}.
[5]’s postulates are stated with respect to a general framework for ar-

gumentation logics that integrate deductive and defeasible reasoning,

so that arguments are trees whose links denote application of strict

and defeasible inference rules, and sub-arguments correspond to sub-

trees. [18] extend the framework to accommodate ClAr, in which ar-

guments are constructed from premises (the leaf nodes) that entail a

conclusion (root node), via application of a single strict inference rule

encoding the classical entailment. Hence, for ClAr, an argument X
is a tree of depth 1, whose leaves are the ‘elementary’ arguments as-

sociated with the premises of X , and are X’s sub-arguments. There-

fore, we have the following formulation of the sub-argument postu-
late which [5] state as: if X is in a complete extension E, then all

sub-arguments of X are in E:

Theorem 9 [Sub-argument Closure] Let E be a complete exten-
sion of a pDCF (A, C,≺), and X ∈ E. Then for all α ∈ prem(X) :
({α}, ∅, α) ∈ E.

PROOF. By P1 (Definition 7), X ′ = ({α}, ∅, α) ∈ A. If Y ⇒E∪{X′}
X ′, then Y ⇒E∪{X} X (on X ′). Since E is complete, X is accept-
able w.r.t. E and so ∃Z ∈ E s.t. Z ⇒{Y } Y . Hence X ′ is acceptable
w.r.t. E, and since E is complete, X ′ ∈ E. QED
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We now prove that direct consistency holds more generally for

admissible, and not just complete, extensions.

Theorem 10 [Direct Consistency] Let E be an admissible exten-
sion of a pDCF (A, C,≺). Then ∀α, β ∈ conc(E), α = ⊥ and
α = β.

PROOF. Suppose for contradiction that E contains X = (Δ, ∅, α)
and Y = (Γ, ∅, β), and 1) α = ⊥, or 2) α = β. Suppose 1) is the
case. By P2, Z = (∅,Δ,⊥) ∈ A. Suppose 2) is the case. By P3,
∃Z′ = (Δ∪Γ, ∅,⊥) ∈ A. By P2, Z = (∅,Δ∪Γ,⊥) ∈ A. In either
case, supp(Z) ⊆ prem(E). Hence ∀β ∈ supp(Z), ∃W ∈ E s.t.
Z →E W on ({β}, ∅, β). By Pref1 (Definition 10), at least one such
attack succeeds as a defeat. Since the unassailable Z cannot itself
be defeated by an argument in E, then this contradicts W ∈ E is
acceptable w.r.t. E. QED

[5]’s closure under strict rules postulate states that if conc(E) ,
α, then there is an argument X in E that concludes α. This postulate

is stated for pDCF s, under the assumption that resources suffice

to construct such an X . We refrain from mentioning [5]’s indirect
consistency postulate as this immediately follows from direct consis-

tency and closure under strict rules. Note however that (together with

P2 and P3) the proofs of direct consistency and closure indicate that

if resources suffice to recognise inconsistency in a set of premises,

either through use of these premises in constructing an argument

concluding ⊥, or arguments with conflicting conclusions, then this

suffices to ensure satisfaction of the rationality postulates.

Theorem 11 [Closure under Strict Rules] Let E be a complete ex-
tension of a pDCF (A, C,≺), E′ ⊆ E, and conc(E′) , α. Suppose
there exists a X = (Δ, ∅, φ) ∈ A such that Δ = prem(E′). Then
X ∈ E.

PROOF. Suppose Y ⇒E∪{X} X on some X ′ = ({α}, ∅, α).
prem(X) ⊆ prem(E) implies supp(Y ) ⊆ prem(E). Hence since
α ∈ prem(E), ∃X ′′ ∈ E s.t. Y ⇒E∪{X′′} X ′′ on X ′. Since E is
complete ∃Z ∈ E s.t. Z ⇒{Y } Y . Hence X is acceptable w.r.t. E.
Since E is complete, X ∈ E. QED

Finally, the contamination postulates – non-interference and crash
resistance [6] – essentially state that the conclusions of arguments

in complete extensions of an AF defined by B1 are preserved when

unioning some B2 with B1, such that the propositional atoms in B2
are disjoint from those in B1. However, [6] does not account for the

use of preferences. For pDCFs, we also need to refer to the prefer-

ences over arguments defined by the union of B1 and B2, such that

the preference relations over arguments defined for each of B1 and

B2 are preserved. In what follows, we define a composition operator

for pDCF s, and assume the same resources are available for con-

structing arguments from B1, B2 and B = B1 ∪ B2, so that for A
defined by B, (A1∪A2) ⊆ A. Also, if resources suffice to construct

a ‘tautological’ argument X = (∅, ∅, α) from B1 (B2), then X can

also be constructed from B2 (B1) and B.

Definition 11 Let (A1, C1,≺1) be defined by B1, (A2, C2,≺2) de-

fined by B2. Then (A, C,≺) = (A1, C1,≺1)⊕ (A2, C2,≺2), iff:

1. A1 ∪ A2 ⊆ A (it is obvious to see that (C1 ∪ C2) ⊆ C).

2. ∀X = (∅, ∅, α) : X ∈ A1 iff X ∈ A2 iff X ∈ A.

3. ≺ is any preference ordering such that:

• ∀X1, Y1 ∈ A1 : (X1, Y1) ∈≺1 iff (X1, Y1) ∈≺

• ∀X2, Y2 ∈ A2 : (X2, Y2) ∈≺2 iff (X2, Y2) ∈≺

In Section 3.2 we informally described how the contaminating ef-

fect of inconsistent arguments is avoided in our approach. However,

contamination may also arise as a result of dropping the subset min-

imality check on arguments.

Example 12 Let B1 = {p,¬p} and B2 = {s}, and :

• A1 =

{X1 = ({p}, ∅, p), X ′1 = (∅, {p}, p), Y1 = ({p}, {¬p},⊥),
X2 = ({¬p}, ∅,¬p), X ′

2 = (∅, {¬p},¬p), Y2 = ({¬p}, {p},⊥),
Z = ({¬p, p}, ∅,⊥), U = (∅, {¬p, p},⊥)}.

Suppose also that X2 ≺1 X1. Then X2 �E1 X1, and Y2 �E1 X1

(since by Pref2 Y2 ≺1 X1), and Z �E1 X1 (Z ≺1 X1 since ≺1 is

imle). E1 = {X1, X
′
1, X

′
2, Y1, U} is the single complete (grounded

and preferred) extension.

E2 = {X2, X
′
2, Y2, U} is not admissible, since X2 and Y2 are both

defeated by X1 and Y1, and neither defeats can be defended.

• A2 = {S = ({s}, ∅, s), S′ = (∅, {s}, s)}, and ≺2= ∅.
• (A, C,≺) = (A1, C1,≺1)⊕ (A2, C2,≺2), whereA = A1∪A2 ∪
{C = ({¬p, s}, ∅,¬p), Z′ = ({¬p, s, p}, ∅,⊥)} and their logically

equivalent arguments, and ≺=≺1
11. Now, we obtain two preferred

extensions:

E′1 that is a superset of E1 and contains S and S′;

E′2 that is a superset of E2 and contains S, S′ and C.

We obtain the additional E′2 because X2 and Y2 are now defended by

C, since C ⊀ X1 and so C ⇒{X1} X1. Furthermore, the grounded

extension E now contains S (recall that U ∈ E will defend against

Z’s (and Z′’s) defeat on S) but not P . Hence, contamination has

taken place since adding the syntactically disjoint s has changed the

credulously and sceptically defined consequences of (A1, C1,≺1).

The problem here is that by adding premise s to X2 to obtain C,

X2 has been strengthened, since (given ≺=≺1) X2 ≺ X1 but C ⊀
X1. However, the strengthening of X2 is clearly counter-intuitive,

since s is an irrelevant premise in C. Thus we would expect that

C ≺ X1. Given this latter preference, we then obtain that E′1 is the

single complete (grounded and preferred) extension of (A, C,≺).
Hence, preference relations must satisfy the following property in

order to prevent contamination

Definition 12 Let (A, C,≺) be a pDCF . Then ≺ is relevance
coherent iff ∀X,Y, Y ′ such that

Y = (Γ, ∅, α), Y ′ = (Δ∪Γ, ∅, α), and Δ‖Γ∪ {α} (Δ syntacti-

cally disjoint from Γ ∪ {α}): if Y ≺ X then Y ′ ≺ X .

Of course, relevance coherence is trivially satisfied by proof the-

ories that preclude construction of arguments with syntactically dis-

joint premises [10]. Note also that one can straightforwardly show

that the Elitist ≺El is relevance coherent.

The following results assume pDCF s whose preference relations

are dialectically and relevance coherent. In [6, 22], the crash resis-
tance and non-interference postulates are formulated w.r.t. the ‘con-

sequences’ of an AF. We analogously define the consequences of

pDCF s, and state satisfaction of the postulates for the complete (and

hence grounded, preferred and stable) semantics (recall that conc(E)
denotes the conclusions of unconditional arguments).

11 Note that all three pDCF s satisfy P1 – P4 in Definition 7.
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Definition 13 Let (A, C,≺) be a pDCF . Then Cn((A, C,.)) =

{conc(E1), . . . , conc(En)} where E1, . . . , En are the complete ex-

tensions of (A, C,≺).

Non-interference states that the consequences of a pDCF defined

by a base B1, restricted to the atoms in B1, remain unchanged in the

pDCF defined by the union of B1 and a syntactically disjoint B2.

Theorem 13 [Non Interference] Let B1‖B2, (A, C,≺) =
(A1, C1,.1)⊕ (A2, C2,≺2). Then:

Cn((A1, C1,.1))|atoms(B1) = Cn((A, C,.))|atoms(B1)
12.

PROOF. See [11, Theorem 37]. QED

Referring to Example 12, Cn((A1, C1,≺1))|atoms(B1) = {{p}}.
If ≺ is not relevance coherent then Cn((A, C,≺))|atoms(B1) =

{{p}, {¬p}}. However, assuming relevance coherence, then C ≺
X1, C �{X1} X1, E′2 is not a complete extension of (A, C,.), and

so Cn((A, C,≺))|atoms(B1) = {{p}}.

Definition 14 A base B1 is said to be contaminating iff there exists

a (A1, C1,≺1) defined by B1, such that for any B2 and (A2, C2,≺2)
defined by B2, where B1‖B2: Cn((A1, C1,≺1)) = Cn((A, C,≺)),
where (A, C,≺) = (A1, C1,≺1) ⊕ (A2, C2,≺2).

Theorem 14 [Crash Resistance] There does not exist a contami-
nating base B.

PROOF. See [11, Theorem 39]. QED

Referring to Example 12, Cn((A1, C1,≺1)) = {{p}} =
Cn((A, C,≺)) = {{p, s}}.

5 Conclusions
This paper has argued that features of propositional classical logic

instantiations of AF s (ClAr) that suffice to ensure satisfaction of ra-

tionality postulates, preclude uses of argument characteristic of real-

world dialectical reasoning by resource bounded agents. Our solution

has been to provide an account of ClAr in which the ontology of clas-

sical logic arguments explicitly distinguishes between an argument’s

premises assumed true, and those supposed true for the sake of ar-

gument. In so doing, we obviate the need for checking consistency

and subset minimality of premises, and identify an intuitive set of as-

sumptions on the available resources for constructing arguments for

inclusion in a framework, and show that the resulting formalism sat-

isfies the closure, consistency, non-interference and crash resistance

postulates. We thus provide a rational account of ClAr that is suit-

able for use by resource bounded agents. Our account also avoids

the foreign commitment problem, and formalises the real-world use

of argument in dialectically demonstrating that an agent’s premises

are inconsistent. We have shown that key properties of Dung’s theory

are preserved, and we provide an argumentative characterisation of

the Preferred Subtheories non-monotonic logic, under the assump-

tion that agents have limited inferential capabilities.

[14] also identify requirements for practical applications of argu-

mentation. They stipulate that the computational cost of validating

the legitimacy of a constructed argument should be at most poly-

nomial (in the size of the arguments), and whether an argument at-

tacks another should be at most linear (in the size of the argument’s

conclusion). Both are satisfied by our approach (the former trivially

since we drop checks on premises). [14] also argue that an argu-

ment’s premises should be relevant to its conclusion. Although we

12 Recall Notation 3

drop the subset minimality check, we suggest that the issue of rele-

vance should be addressed by the specific proof theoretic means for

constructing arguments.

Pragmatic considerations also motivate dropping consistency and

subset minimality checks on arguments in [3]. Arguments are

Gentzen style sequents and arguments with inconsistent premises

are attacked by sequents with empty antecedents. In this work,

the distinction between premises and suppositions, and the use of

preferences are not considered. The postulates in [5] are not stud-

ied and neither is there consideration of argumentation under re-

source bounds. Finally, [7] also distinguish between premises and

suppositions, but in a restricted logical setting (arguments are con-

structed from literals and defeasible rules). This work studies only

the grounded semantics, does not consider preferences or investigate

satisfaction of the rationality postulates.

A number of works show satisfaction of the non-interference and

crash resistance postulates for argumentation formalisms that inte-

grate deductive and defeasible reasoning. [6] show that logic pro-

gramming and Default Logic instantiations of Dung frameworks sat-

isfy these postulates under the semi-stable semantics. In [22], argu-

ments are built from a set of classically consistent propositional for-

mulae, and defeasible and strict inference rules. [22] do not consider

the use of preferences, and show satisfaction of the postulates un-

der the assumption that inconsistent arguments (identified as those

whose contained premises together with the conclusions of defea-

sible rules are classically inconsistent) are excluded from the argu-

mentation framework. Finally, [12] define a version of the ASPIC+

framework [18] in which the strict inference rules encode inference

in [20]’s paraconsistent logic. The focus of [12] is on showing sat-

isfaction of the closure and consistency postulates, and satisfaction

of non-interference and crash resistance is not formally shown (the

authors state that satisfaction of these postulates can be taken for

granted given the absence of the Ex Falso principle). Finally, we have

identified that contamination may result if one does not implement

the subset minimality check on an argument’s premises. While we

drop the subset minimality check, we identify a notion of relevance

that is more readily addressed by classical proof theories. For proof

theories that do not exclude construction of arguments making use of

irrelevant premises, we show that contamination is avoided if pref-

erence relations do not strengthen arguments upon addition of irrel-

evant premises (one such preference relation being the widely used

Elitist preference). This result is closely related to a result shown

in [18], which states that the argumentation defined consequences

of a framework remain unchanged if one additionally includes non-

subset minimal arguments, provided that they are not stronger than

their subset minimal counterparts.

With regard to future research directions, we recognise that while

we accommodate agents who resources are bounded with respect to

the construction of arguments, we need to investigate the complex-

ity of computing semantics (i.e, evaluation of arguments) given our

dialectical definition of attacks (defeats) on arguments. Finally, we

are currently extending our dialectical formulation of arguments and

acceptability to the ASPIC+ framework [18]. ASPIC+ is a general

framework for structured argumentation that accommodates argu-

ments built from strict inference rules that encode the inference re-

lations of deductive logics, as well as defeasible inference rules. We

thus aim to provide a general account of structured argumentation for

use by real-world resource bounded agents.
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Two Dimensional Uncertainty
in Persuadee Modelling in Argumentation

Anthony Hunter1

Abstract. When attempting to persuade an agent to believe (or

disbelieve) an argument, it can be advantageous for the persuader

to have a model of the persuadee. Models have been proposed for

taking account of what arguments the persuadee believes and these

can be used in a strategy for persuasion. However, there can be un-

certainty as to the accuracy of such models. To address this issue,

this paper introduces a two-dimensional model that accounts for the

uncertainty of belief by a persuadee and for the confidence in that

uncertainty evaluation. This gives a better modeling for using lot-

teries so that the outcomes involve statements about what the user

believes/disbelieves, and the confidence value is the degree to which

the user does indeed hold those outcomes (and this is a more refined

and more natural modeling than found in [19]). This framework is

also extended with a modelling of the risk of disengagement by the

persuadee.

1 INTRODUCTION

Computational models of argument can potentially be used for sys-

tems to persuade users to change their behaviour (e.g. to eat less,

to exercise more, to use less electricity, to vote, etc) [17]. However,

most proposals for dialogical argumentation focus on protocols (e.g.

[26, 27, 12, 7]) with strategies being under-developed. See [35] for a

review of strategies in multi-agent argumentation.

There are some proposals for using probability theory in dialogical

argumentation: A probabilistic model of the opponent is used for se-

lection of moves by an agent based on what it believes the other agent

is aware of [31]; The history of previous dialogues is used to predict

the arguments that an opponent might put forward [13]; A probabilis-

tic finite state machine can represent the possible moves that each

agent can make in each state [18], and generalized to POMDPs when

there is uncertainty about what an opponent is aware of [14]. How-

ever, none of these use the beliefs of the persuadee or use asymmetric

dialogues where only the persuader presents arguments (a require-

ment when the persuader is a software agent and it is not possible for

it to understand natural language arguments from the persuadee). In

[4], a probabilistic model of beliefs of the persuadee is used by the

persuader to choose beliefs to present, but there is no consideration

of update of the model resulting from dialogue, of confidence in the

model, of persuasion outcomes involving statements about belief, of

expected utility, or of risk of disengagement (which are issues we

consider here).

There is a recent proposal for asymmetric persuasion dialogues

with a general definition for probabilistic user models, and a general

definition for updating user models in terms of mass redistributions

1 Department of Computer Science, University College London, London, UK

[19]. In this paper, that proposal is generalized by introducing a two-

dimensional notion of uncertainty with multiple user models and a

measure of confidence in them. We will use a logical language to

represent and reason with the beliefs in the user models and the con-

fidence in them. This enables a more accurate modelling of expected

utility than in [19] since belief statements in the logical language are

outcomes in the utility analysis. This is extended with a modelling

of risk of disengagement by the persuadee (a key problem when a

dialogue is too long) and use this for selecting optimal dialogues.

2 PRELIMINARIES

This paper is based on abstract argumentation [10]. The dialogues

concern an argument graph G without self-attacks where Args(G)
is the set of arguments in G, and Attacks(G) is the set of attack

relations in G.

A system (the persuader running as an app) has a dialogue with a

user (the persuadee using the app) to persuade him/her to believe (or

disbelieve) some combination of arguments (e.g. about doing more

excercise) as explained in Section 4. The system is aware of all the

arguments in the argument graph G whereas the user is not necessar-

ily aware of all the arguments in G.

A dialogue is a sequence of moves D = [m1, . . . ,mk]. Equiva-

lently, we can use D as a function with an index position i to return

the move at that index (i.e. D(i) = mi). A protocol specifies what

moves should/can follow each move in a dialogue.

In this paper, we consider one protocol as an illustration. The only

moves are posit of an argument A by the system, denoted A!, or ter-

mination by the system, denoted ⊕, or by the user, denoted ⊗. Once

terminated, no further moves are possible. An example of untermi-

nated dialogue is [A!, C!, D!, A!, C!, D!, A!], of a system-terminated di-

alogue is [A!, C!,⊕], and of a user-terminated dialogue is [A!, C!,⊗].

3 PROBABILISTIC USER MODELS

We will use the epistemic approach to probabilistic argumentation

[34, 16, 21, 2].

Definition 1. A mass distribution P over Args(G) is such that∑
X⊆Args(G) P (X) = 1. Let Dist(G) be the set of mass distri-

butions over G. The probability of an argument A is P (A) =∑
X⊆Args(G) s.t. A∈X P (X).

For a mass distribution P , and A ∈ Args(G), P (A) is the belief

that an agent has in A (i.e. the degree to which the agent believes

the premises and the conclusion drawn from those premises). When

P (A) > 0.5, then the agent believes the argument to some degree,
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whereas when P (A) ≤ 0.5, then the agent disbelieves the argument

to some degree.

The following constraint ensures that the mass distribution re-

spects the structure of the graph, without forcing an unattacked ar-

gument to be believed [16].

Definition 2. A mass distribution P is rational for G iff ∀(A,B) ∈
Attacks(G), if P (A) > 0.5, then P (B) ≤ 0.5.

Example 1. Consider the following argument graph. Mass distribu-
tion P1(A) = 0.6, P1(B) = 0.9, and P1(C) = 0.9 is not rational,
whereas P2(A) = 0.6, P2(B) = 0.3, and P2(C) = 0.9 is rational,
and P3(A) = 0, P3(B) = 1, and P3(C) = 0.3 is rational.

A B C

The system (the persuader) uses a mass distribution P as a model

of the user (the persuadee), and it can update the model at each stage

of the dialogue (see Section 7). This is useful for asymmetric dia-

logues where the user is not allowed to posit arguments. So the only

way the user can treat arguments that s/he does not accept is by dis-

believing them (and the system aims to reflect this in the user model).

In contrast, in symmetric dialogues, the user may be allowed to posit

counterarguments to an argument that s/he does not accept.

4 PERSUASION OBJECTIVES
An objective is a Boolean combination of arguments. If A ∈
Arg(G), then A is a positive literal, and ¬A is a negative literal.

Let AFormulae(G) denote all the formulae that can be formed from

the arguments in G using ∧, ∨, and ¬ as connectives in the usual

way.

Informally, an objective is positive or negative from the point of

view of the persuader. If it is positive (respectively negative), then

the persuader wants the objective to be satisfied (respectively not sat-

isfied) by the arguments believed by the persuader. We consider how

to specify whether an objective is positive or negative in Section 9.

In order to formalize the satisfaction of objectives, we treat each

subset of Args(G) as a model (i.e. a possible world).

Definition 3. The satisfaction relation, denoted |=, is defined
as follows where X ⊆ Args(G), A ∈ Args(G), and α, β ∈
AFormulae(G): (1) X |= A when A ∈ X; (2) X |= α ∧ β iff X |=
α and X |= β; (3) X |= α ∨ β iff X |= α or X |= β; and (4)
X |= ¬α iff X |= α.

Essentially |= is a classical satisfaction relation. So if α is a clas-

sical tautology, then X |= α for all X ⊆ Args(G), and if α is

a classical contradiction, then X |= α for all X ⊆ Args(G). For

α ∈ AFormulae(G), let Models(α) = {X ⊆ Args(G) | X |=
α}. For each graph G, we assume an ordering over the arguments

〈A1, ..., An〉 so that we can encode each model by a binary number:

For a model X , if the ith argument is in X , then the ith digit is 1,

otherwise it is 0. E.g. for 〈A, B, C〉, the model {A, C} is represented

by 101.

According to the user model, the probability of an objective φ is

the sum of the probability of each model satisfying the objective.

Definition 4. For P ∈ Dist(G), the probability of objective φ ∈
AFormulae(G) is P (φ) =

∑
X∈Models(φ) P (X).

Suppose α ∈ AFormulae(G) and P is a mass distribution. If α
is a contradiction of classical logic, then P (α) = 0, and if α is a

tautology of classical logic, then P (α) = 1. Also, if {α} , β, then

P (α) ≤ P (β), and if ¬(α ∧ β) is a classical tautology, then P (α ∨
β) = P (α) + P (β).

5 BELIEF STATEMENTS
We use statements (defined next) involving a mass distribution ap-

plied to an objective as atoms in a language. These represent the be-

lief a persuadee has in an objective.

Definition 5. A belief statement is of the form P (α)#x where α ∈
AFormulae(G) is an objective, # ∈ {=, ≥, ≤, >, <}, and x ∈
[0, 1]. A belief formula is a Boolean combination of belief statements
(i.e. if φ is a belief statement, then it is a belief formula, and if φ and
ψ are belief formulae, then each of φ ∧ ψ, φ ∨ ψ and ¬φ is a belief
formula). Let BFormulae(G) be the set of belief formulae.

Example 2. For A, B ∈ Args(G), (P (A∧B) > 0.9)∨(P (¬A∧¬B) <
0.5) is an example of a belief formula.

We assume equivalences, denoted ≡, between belief formulae: (1)

P (α) ≥ x ≡ (P (α) = x) ∨ (P (α) > x), (2) P (α) ≤ x ≡
(P (α) = x) ∨ (P (α) < x), (3) P (α) = x ≡ ¬(P (α) = x), (4)

P (α) > x ≡ ¬(P (α) > x), and (5) P (α) < x ≡ ¬(P (α) < x).

Definition 6. The satisfying distributions for a belief statement
P (α)#x is Sat(P (α)#x) = {P ′ ∈ Dist(G) | P ′(α)#x}, where
# ∈ {=,≥,≤, >,<}. The set of satisfying distributions for a be-
lief formula is as follows where φ and ψ are belief formulae: (1)
Sat(φ∧ψ) = Sat(φ)∩Sat(ψ); (2) Sat(φ∨ψ) = Sat(φ)∪Sat(ψ);
and (3) Sat(¬φ) = Sat(�) \ Sat(φ).

Example 3. For 〈A, B〉, if P1(11) = 1 and P2(00) = 1, then
P1, P2 ∈ Sat(P (A ∧ B) = 1) ∨ P (¬A ∧ ¬B) = 1). For 〈C〉, if
P3(1) = 0.5 and P4(1) = 0.6, then P3 ∈ Sat(P (C) > 0.5) and
P4 ∈ Sat(P (C) > 0.5).

Proposition 1. (1) For x ∈ (0, 1], Sat(P (⊥) = x) = ∅. (2)
Sat(P (�) = 1) = Dist(G). (3) For any objective α, Sat(P (α) ≤
1) = Dist(G) and Sat(P (α) ≥ 0) = Dist(G). (4) When x = y,
Sat(P (α) = x ∧ P (α) = y) = ∅. (5) When , α ↔ β,
Sat(P (α) = x) = Sat(P (β) = x).

Definition 7. φ, ψ ∈ BFormulae(G) are disjoint iff Sat(φ) ∩
Sat(ψ) = ∅.

Example 4. Each pair of statements is disjoint: (1) P (A) =
0.5, P (A) = 0.7; (2) P (A) ≥ 0.6, P (A) < 0.5; (3) P (A) >
0.5, P (¬A) > 0.7; and (4) P (A) = 0.3, P (A ∧ B) = 0.7.

Definition 8. {φ1, . . . , φk} ⊆ BFormulae(G) are exhaustive iff
Sat(φ1) ∪ . . . ∪ Sat(φk) = Dist(G).

Example 5. The set of belief formulae {P (A) > 0.8, P (A) ≤ 0.8 ∧
P (A) > 0.6, P (A) ≤ 0.6} is exhaustive.

Proposition 2. Let S ⊂ BFormulae(G) and let φ, φ′ ∈
BFormulae(G). If S ∪ {φ} is exhaustive and pairwise disjoint, and
Sat(φ) = Sat(φ′), then S∪{φ′} is exhaustive and pairwise disjoint.

As we see in Section 9, belief formulae can represent de-

sired/undesired outcomes of a dialogue. The system may want to

persuade the user to believe α to some degree (i.e. it is a positive

objective). For instance, the system may want the user to believe

α above a threshold of 0.9 (i.e. P (α) > 0.9). Or it may want to

persuade the user to disbelieve α and so α is a negative objective

(e.g. P (α) ≤ 0.5). So the aim of the dialogue is to change the be-

lief/disbelieve in an objective depending on whether it is a positive

or negative objective.
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6 CONFIDENCE IN BELIEF FORMULAE
The confidence distribution is a probability distribution over mass

distributions. It gives the probability that a given user model is the

correct representation of the user’s beliefs.

Definition 9. A confidence distribution is Pr : Dist(G) → [0, 1]
s.t.
∑

P∈Dist(G) Pr(P ) = 1. For a belief formula φ, a formula con-
fidence is Pr(φ) =

∑
P∈Sat(φ) Pr(P ).

For instance, the formula confidence Pr(P (A) = 0.7) > 0.5
means that the persuader has at least 0.5 confidence in the persuadee

belief in A being 0.7.

Example 6. For 〈A, B〉, consider P1, P2, and P3, defined be-
low. Some examples of confidence are: Pr(P (A) = 1) = 1/2,
Pr(P (A) ≥ 1/2) = 1, Pr(P (A) = 1/2) = 1/2, Pr(P (B) =
0) = 1/4, Pr(P (¬B) = 1) = 1/4, Pr(P (¬B) = 1/2) = 1/4, and
Pr(P (A ∧ B) ≥ 1/4) = 3/4.

Pr(P1) = 1/2 Pr(P2) = 1/4 Pr(P3) = 1/4

11 1 0 1/4
10 0 1/2 1/4
01 0 0 1/4
00 0 1/2 1/4

Clearly, for all Pr, Pr(P (⊥) = 0) = 1, Pr(P (⊥) = 1) = 0,

Pr(P (�) = 1) = 1, and Pr(P (�) = 0) = 0.

Proposition 3. For objectives α, and β, and x, y, z ∈ [0, 1], formula
confidence satisfies: (1) Pr(P (α) ≥ x) > z if Pr(P (α) ≥ y) > z
and y ≥ x; (2) Pr(P (α) ≥ x) ≥ Pr(P (α) ≥ y) when y ≥ x; (3)
Pr(P (α) ≥ x) ≥ Pr(P (β) ≥ x) where {β} , α; (4) Pr(P (α) ≥
x) = Pr(P (¬α) ≤ (1 − x)); (5) Pr(P (α) ≥ 0.5 ∨ P (β) ≥
0.5) = 1 where {β} , ¬α; (6) Pr(P (α) ≥ x) = Pr(P (α) =
x) + Pr(P (α) > x); and (7) Pr(P (α) < x) + Pr(P (α) = x) +
Pr(P (α) > x) = 1.

If there is positive confidence that the attacker (respectively attac-

kee) is believed, then there is positive confidence that the attackee

(respectively attacker) is not believed.

Proposition 4. Let Pr be s.t. if Pr(P ′) > 0, then P ′ is rational.
For all (A,B) ∈ Attacks(G),

1. if Pr(P (A) > 0.5) > 0.5, then Pr(P (B) ≤ 0.5) > 0.5.
2. if Pr(P (B) > 0.5) > 0.5, then Pr(P (A) ≤ 0.5) > 0.5.

The following results ensure that we can use belief formulae as

outcomes in a lottery (Section 10).

Proposition 5. If {φ1, . . . , φn} ⊆ BFormulae(G) is exhaustive,
then Pr(φ1 ∨ . . . ∨ φn) = 1.

Proposition 6. If φ, ψ ∈ BFormulae(G) are disjoint, then Pr(φ ∨
ψ) = Pr(φ) + Pr(ψ).

We can treat atoms in BFormulae(G) as atoms in a classical

propositional language, thereby use , as the classical propositional

consequence relation.

Proposition 7. Let φ, ψ ∈ BFormulae(G). If {φ} , ψ, then
Pr(φ) ≤ Pr(ψ).

As the number of different mass distributions with non-zero con-

fidence increases, the confidence in some belief formulae will fall.

Proposition 8. Let Pr1 and Pr2 be confidence distributions, and
let Dom(Pr) = {P | Pr(P ) > 0}. If Dom(Pr1) ⊆ Dom(Pr2),
then there is a φ ∈ BFormulae(G) such that Pr1(φ) ≥ Pr2(φ).

The confidence value is important for two reasons. First, it gives

a better modeling for using lotteries so that the outcomes involve

statements about what the user believes/disbelieves, and the confi-

dence value is the degree to which the user does indeed hold those

outcomes (and this is a more refined and more natural modeling than

found in [19]). Second, it allows for uncertainty about the user to be

better managed. If we are sure we know what the user believes, then

have one probability distribution, whereas for example, if we are not

sure about the user we have, we may have multiple distributions.

So we will treat belief statements as outcomes in a lottery (for

calculating expected utility), and use a confidence distribution to give

the probability that we get that outcome.

7 UPDATING USER MODELS
This section reviews some proposals in [19]. To update a user model

during a dialogue, a mass redistribution function takes a mass distri-

bution and returns a revised mass distribution. Possibilities for this

include probabilistic conditioning. However, in this paper, we use

an alternative defined next for redistributing mass from models (i.e.

possible worlds) not satisfying α to models satisfying α.

Definition 10. [19] Let α ∈ AFormulae(G) be a literal, let P
be a mass distribution, and let k ∈ [0, 1]. A refinement function,
denoted Hk

α(P ), returns the mass distribution P ′ as follows where
X ∈ Models(G)

P ′(X) =

{
P (X) + (k × P (hα(X))) if X |= α
(1− k)× P (X) if X |= α

and where hα(X) = X \ {A} when α is of the form A and hα(X)
= X ∪ {A} when α is of the form ¬A.

The above function is called refinement because it refines the mass

distribution using an update. See Table 1 for examples of redistribu-

tion using the refinement function. In the above definition, hα returns

the model closest to X but with α no longer satisfied. If k = 1, then

all the mass is transferred from the models not satisfying α to mod-

els satisfying α. If k < 1, then only a proportion is transferred. This

gives flexibility to model update in different kinds of user. For in-

stance, if we want to model a user that when conceding an argument

is believable, s/he does not fully believe the argument, we can use

k < 1 to update the model so that the argument is not fully believed

in the model.

Table 1. Examples of mass redistribution

AB P H1
A(P ) H1

¬A(P ) H0.75
A (P ) H1

B(P )

11 0.6 0.7 0.0 0.675 0.8
10 0.2 0.3 0.0 0.275 0.0
01 0.1 0.0 0.7 0.025 0.2
00 0.1 0.0 0.3 0.025 0.0

Given a mass distribution P , representing a user’s beliefs at the

current state of the dialogue, we want to update the model depend-

ing on the move made. For this, we consider the notion of an update

method σ(Pi−1, D(i)) = Pi which generates a mass distribution Pi
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from Pi−1 based on the move D(i). Each method σ is defined as a

rule with a condition (based on the move, the current mass distribu-

tion, and the graph), and a consequent that specifies the redistribu-

tion.

To illustrate, the trusting method (below) raises the belief in a

posit, and lowers the belief in attackers and attackees.

Definition 11. [19] For step i in the dialogue, the trusting method
generates Pi from Pi−1 as follows, where Φ = {¬C | (A,C) ∈
Attacks(G) or (C,A) ∈ Attacks(G)}.

If D(i) = A!, then Pi = H1
Φ(H

1
A(Pi−1)).

Example 7. For 〈A, B〉, consider the argument graph in Example 1
with dialogue [A!,⊕] and the trusting method. Let the initial mass be
P0(011) = 0.3, P0(010) = 0.2, P0(001) = 0.3, and P0(000) = 0.2.
After move A!, P1(101) = 0.6, and P1(100) = 0.4.

The strict method (defined next) only allows a posit to update the

belief in the posit when there is no attacker of the posit that is be-

lieved.

Definition 12. [19] For step i in the dialogue, the strict method
generates Pi from Pi−1 as follows, where Φ = {¬C | (A,C) ∈
Attacks(G)}.

If D(i) = A!,
and for all (B,A) ∈ Attacks(G), Pi−1(B) ≤ 0.5,
then Pi = H1

Φ(H
1
A(Pi−1)), else Pi = Pi−1

Example 8. For 〈A, B, C〉, consider the graph in Example 1 with di-
alogue [A!, C!, A!,⊕] and the strict method. Let the initial mass be
P0(111) = 0.2, P0(110) = 0.3, P0(011) = 0.3, and P0(010) = 0.2.
After the first A!, P1(111) = 0.2, P1(110) = 0.3, P1(011) = 0.3, and
P1(010) = 0.2. After C!, P2(101) = 0.5, and P2(001) = 0.5. After
the second A!, P3(101) = 1.

m1 m2 mi mn

P 1
0 P 1

1 P 1
2 P 1

i P 1
n

P x
0 P x

1 P x
2 P x

i P x
n

Figure 1. Schematic of the update of the 2D model where
D = [m1, . . . ,mn] and P0 = 〈P 1

0 , . . . , P
x
0 〉. At the end of the dialogue,

the user models are Pn = 〈P 1
n , . . . , P

x
n 〉.

See [19] for further update methods and for more discussion of

how they are used. These are only illustrative of updates methods.

With a wider range of moves, a wider range of update methods can

be considered. For instance, with moves to get information from the

user, further update methods can be defined.

8 2D MODELS
We combine user models (i.e. a mass distribution representing the

persuadee beliefs) with the confidence distribution.

Definition 13. A 2D model is a tuple (P, P r) where P is a tuple
〈P 1, . . . , P x〉 s.t. each P i in P is a mass distribution and Pr is a
confidence distribution s.t.

∑x
i=1 Pr(P i) = 1.

So each P i in the tuple denotes a mass distribution modelling the

user. We may have different ones because we are unsure which is

correct, though some may be identical.

The most certain 2D model is when the mass distributions are

identical (i.e. for all P i, P j ∈ P , if Pr(P i) > 0 and Pr(P j) > 0,

then P i ≡ P j).

At the other extreme, the least certain 2D model is when there is

a P ∈ P for each X ⊆ Args(G) such that P (X) = 1, and where

Pr(P ) = 1/k s.t. k = 2n and |Arg(G)| = n.

In the following definition for updating the 2D model, we can use a

different update method for each user model to mimic different ways

a user might update his/her beliefs.

Definition 14. Let (Pi−1, P ri−1) is a 2D model where Pi−1 =
〈P 1

i−1, . . . , P
x
i−1〉, let mi be a move, and let σj be the up-

date method for user model P j . The 2D model update Pi+1

is 〈σ1(P 1
i−1,mi), . . . , σ

x(P x
i−1,mi)〉 where for all P j ∈ Pi,

Pri(P
j
i ) = Pri−1(P

j
i−1).

So for each step i of the dialogue, the above definition updates

Pi−1 to give Pi. This is represented schematically in Figure 1. For

a dialogue D with n moves, and initial 2D model (P0, P r0) s.t.

P0 = 〈P 1
0 , . . . , P

x
0 〉, we use the function Update(P0, P r0, D) =

(Pn, P rn) to denote the iterative application of the above definition

starting with m1, then m2, and so on, until mn.

Example 9. For 〈A, B, C〉, consider the argument graph in Example 1
with dialogue D = [C!, A!,⊕]. Let P0 = 〈P 1

0 , P
2
0 〉 where P 1

0 (m) =
1/8 for all models, and P 2

0 (011) = 1/2 and P 2
0 (010) = 1/2. Also

let σ1 be strict update and σ2 be trusting update. For move m1 = C!,
P1 = 〈P 1

1 , P
2
1 〉 where P 1

1 (101) = 1/2 and P 1
1 (001) = 1/2,

and P 2
1 (001) = 1. Then for move m2 = A!, P2 = 〈P 1

2 , P
2
2 〉

where P 1
2 (101) = 1, and P 2

2 (101) = 1. So Update(P0, P r0, D)
= (P2, P r2).

For some update functions, e.g. the trusting method, and some be-

lief formulae, we can always construct a dialogue that will result in

total confidence in the formulae, and so the mass distributions in P0

become more similar. For instance, the following result shows that

for a conflictfree set of arguments, each argument can be posited in

a dialogue, and the trusting update method ensures that they are all

believed.

Proposition 9. For a 2D model (P0, P r0), and belief statement
π of the form P (α) ≥ 0.5, where α is a conjunction of argu-
ments, if σ is the trusting update method for all P ∈ P , and there
are no conjuncts A,B in α such that (A,B) ∈ Attacks(G), then
there is a dialogue D = [m1, . . . ,mn] s.t. Prn(π) = 1, where
Update(P0, P r0, D) = (Pn, P rn).

To recap, the 2D model allows us to use multiple user models and

multiple update methods to represent the persuadee.

9 UTILITY CONSTRAINTS
The objectives introduced in Section 4 represent what the persuader

wants the persuadee to believe or disbelieve.

Definition 15. An objective tuple is a pair (Q+, Q−) where Q+ ⊆
AFormulae(G) and Q− ⊆ AFormulae(G) such that Q+∩Q− = ∅.
We refer to Q+ as the set of positive objectives and Q− as the set of
negative objectives.
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Example 10. An example of an objective tuple is ({A}, {B}) where A
is “You are doing little excercise, and so you should do a brisk 30min
walk everyday” and B is “Sugar-loaded sports drinks are advertised
for sports people, and therefore they are healthy”.

So a positive objective is an objective that the system wants the

user to believe and a negative objective is an objective that the sys-

tem wants the user to disbelieve. Therefore, for an objective tu-

ple (Q+, Q−), outcomes are belief statements as tabulated below.

Hence, for a positive objective α, belief in α is a positive outcome,

and disbelief in α is a negative outcome. For example, for a positive

objective, α, P (α) > 0.9 is a positive outcome and P (α) < 0.4 is

a negative outcome. Similarly, for a negative objective α, belief in α
is a negative outcome, and disbelief in α is a positive outcome.

objective x belief statement as outcome

α is +ve x ∈ (0.5, 1] P (α) > x is +ve outcome.

α is -ve x ∈ (0.5, 1] P (α) > x is -ve outcome.

α is +ve x ∈ [0, 0.5] P (α) ≤ x is -ve outcome.

α is -ve x ∈ [0, 0.5] P (α) ≤ x is +ve outcome.

We can generalize to arbitary formulae in BFormulae(G) as fol-

lows: If φ and ψ are +ve (respectively -ve) outcomes, then φ∧ψ and

φ∨ψ are +ve (respectively -ve) outcomes. And if φ is a +ve (respec-

tively -ve) outcome, then ¬φ is a -ve (respectively +ve) outcome.

Definition 16. A persuasion utility function, denoted U , for an ob-
jective tuple (Q+, Q−) is an assignment from BFormulae(G) to R
such that: (1) If φ is a +ve outcome, then U(φ) > 0; (2) If φ is a -ve
outcome, then U(φ) < 0.

Example 11. Continuing Example 10, we can choose the outcomes
and U such that U(P (A) > 0.9) = 10, U(P (A) > 0.5 ∧ P (A) ≤
0.9) = 8, U(P (A) ≤ 0.5) = −10, U(P (B) > 0.5) = 5, and
U(P (B) ≤ 0.5) = −5.

Note, if a formulae is neither +ve nor -ve, it is not necessarily of

zero utility. For example, let φ be +ve, and ψ be -ve, then U(φ ∧ ψ)
might be greater than 0 if φ is more important than ψ, or less than 0

if ψ is more important than φ.

Definition 17. A persuasion utility function U for (Q+, Q−) is sen-
sible iff U satisfies the following conditions.

1. If x > y, and α is a +ve (resp. -ve) objective, then U(P (α) ≥
x) ≥ U(P (α) ≥ y) (resp. U(P (α) ≥ x) ≤ U(P (α) ≥ y)).

2. If {α} , β, and α, β are +ve (resp. -ve) objectives, then
U(P (α) ≥ x) ≥ U(P (β) ≥ x) (resp. U(P (α) ≥ x) ≤
U(P (β) ≥ x)).

3. If {φ} , ψ, and φ, ψ are +ve (resp. -ve) outcomes, then U(φ) ≥
U(ψ) (resp. U(φ) ≤ U(ψ)).

This definition provides intuitive constraints on the persuasion

utility function. Condition 1 ensures increased (resp. decreased) be-

lief in a +ve (resp. -ve) objective has increased (resp. decreased) util-

ity; Condition 2 ensures belief in an inferentially stronger +ve (resp.

-ve) objective has increased (resp. decreased) utility; and Condition

3 ensures an inferentially stronger +ve (resp. -ve) outcome has in-

creased (resp. decreased) utility.

Proposition 10. If (Q+, Q−) is an objective tuple, then there is a
persuasion utility function U for (Q+, Q−) such that U is sensible.

So if the positive and negative objectives are disjoint, then we are

guaranteed to identify a persuasion utility function that is sensible (in

the sense of Definition 17).

10 EXPECTED UTILITY

A lottery with possible outcomes o1,..,on that are pairwise dis-

joint and exhaustive (i.e. exactly one of them is guaranteed to oc-

cur), that occur with probabilities p1, .., pn respectively, is written as

[p1, o1; ....; pn, on]. For a utility function U , the expected utility of a

lottery L is
∑n

i=1 pi × U(oi). We harness this notion of a lottery as

follows.

Definition 18. Let D be a dialogue, let S = {φ1, . . . , φk} be
a set of disjoint and exhaustive outcomes (i.e. belief formulae),
let (P0, P r0) be the initial 2D model, let Update(P0, P r0, D) =
(Pn, P rn), and let U be a utility function. The lottery for Pr, U , S
is Lot(Pr, U, S) =

[Pr(φ1), φ1; . . . ;Pr(φk), φk]

Then the expected utility for Pr, U , S is EU(Pr, U, S) =

(Pr(φ1)× U(φ1)) + . . .+ (Pr(φk)× U(φk))

Example 12. For 〈A, B〉, let P 1
n(11) = 1, P 2

n(11) = 0.6, P 2
n(01) =

0.4, and P 3
n(01) = 1, with Pr(P 1

n) = 0.5, Pr(P 2
n) = 0.3, and

Pr(P 3
n) = 0.2. Let the objective tuple be ({A}, ∅). Hence, φ1 is a

positive outcome, φ2 is neither a positive nor negative outcome, and
φ3 is a negative outcome. So using the values for Pr and U in the
table, the expected utility is 4.5.

φ Pr(φ) U(φ)

φ1 = P (A) > 0.9 0.5 10
φ2 = (P (A) ≤ 0.9) ∧ (P (A) > 0.5) 0.3 5
φ3 = P (A) ≤ 0.5 0.2 -10

Using the 2D model, we can determine the optimal dialogues for

a lottery as follows.

Definition 19. A dialogue D is optimal w.r.t. the initial 2D
model (P0, P r0), utility function U , and Update(P0, P r0, D) =
(Pn, P rn), when EU(Prn, U, S) is maximized.

In the following example, we show how we can choose between

dialogues using a 2D model.

Example 13. Consider the following argument graph with the ob-
jective tuple ({A ∨ C}, ∅).

AB C D

Let P0 = 〈P 1
0 , P

2
0 〉 be defined as follows, and assume we use the

strict update method. Note, we give the probability for each argument
rather than each model to save space.

A B C D

P 1
0 0 1 0 0

P 2
0 0 0 0 1

The updated mass distributions are given below for dialogue D1 =
[A!,⊕] (left) and for dialogue D2 = [C!,⊕] (right).

A B C D

P 1
0 0 1 0 0

P 2
0 1 0 0 1

A B C D

P 1
0 0 1 1 0

P 2
0 0 0 0 1
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Assume Pr(P 1
n) = 2/3 and Pr(P 2

n) = 1/3. and outcomes φ1 =
P (A ∨ C) > 0.5 and φ2 = P (A ∨ C) ≤ 0.5 s.t. U(φ1) = 5 and
U(φ2) = −5. So for dialogue D1, expected utility is (1/3 × 5) +
(2/3×−5) = −5/3, and for dialogue D2, expected utility is (2/3×
5) + (1/3×−5) = 5/3.

We could select a longer dialogue D3 = [A!, C!,⊕] giving the
following updated mass distributions, and with expected utility (1×
5) + (0×−5) = 5.

A B C D

P1 0 1 1 0
P2 1 0 0 1

For the shorter dialogues, D2 is better than D1. However, D3 is
better than both D2 and D1, but D3 is longer.

At one extreme, if the 2D model only contains one user model,

then the outcome is known with certainty (i.e there is complete con-

fidence in the belief statement).

Proposition 11. If [Pr(φ1), φ1; . . . ;Pr(φk), φk] is a lottery, and
|P| = 1, then there is a φi ∈ {φ1, . . . , φk} s.t. Pr(φi) = 1, and for
all φj ∈ {φ1, . . . , φk} \ {φi}, Pr(φi) = 0.

Example 14. Consider the disjoint and exhaustive outcomes P (A ∨
B) = 1, P (¬A ∧ ¬B) = 1, and P (A ∨ B) < 1 ∧ P (¬A ∧ ¬B) <
1. Let P = {P ′} and so Pr(P ′) = 1. Let P ′(11) = 1. Hence,
Pr(P (A ∨ B) = 1) = 1.

At the other extreme, there are various situations that give rise to

a uniform distribution over the outcomes. We consider the following

which reflects the ignorance when there are multiple mass distribu-

tions with no agreement.

Proposition 12. Let [Pr(φ1), φ1; . . . ;Pr(φn), φn] be a lottery
where Pr is a uniform distribution over P . Also for each P ∈ P ,
there is a X ⊆ Args(G) s.t. P (X) = 1, and for each X ⊆ Args(G),
there is a P ∈ P s.t. P (X) = 1. If there is an x > 0 s.t. for
each φi ∈ {φ1, . . . , φn}, |Sat(φi)| = x, then for each φi, φj ∈
{φ1, . . . , φn}, Pr(φi) = Pr(φj).

Example 15. For 〈A〉, let P = {P1, P2} where P1(1) = 1 and
P2(0) = 1. Let Pr(P1) = 1/2 and Pr(P2) = 1/2. Consider
the outcomes P (A) > 0.5 and P (¬A) > 0.5. Hence, Pr(P (A) >
0.5) = 1/2 and Pr(P (¬A) > 0.5) = 1/2

Between these extremes, the 2D model can be valuable in iden-

tifying the optimal dialogues. Note, that normally we do not envis-

age that the 2D model will contain many mass distributions. Fur-

thermore, we will focus on update methods that are computationally

efficient. Hence, we envisage the approach is computationally viable.

11 MODELLING DISENGAGEMENT
For every user-terminated dialogue D, there is a probability that the

user of the app will disengage before the end of the dialogue (e.g.

through loss of interest). This can rise as the length of the dialogue

increases. We assume a stay-in probability, denoted q, which for

step i in the dialogue is the probability that the user will remain en-

gaged for the next step i+1. We assume no disengagement after the

ultimate posit.

Definition 20. Let D = [m1, . . . ,mn] be a system-terminated dia-
logue with stay-in probability q. If n > 2, the probability of engage-
ment is probengage = qn−2 and the probability of disengagement

is probdisengage =
∑n−2

i=1 q(i−1) × (1− q). If n = 1 or n = 2, then
probengage is 1, and probdisengage is 0.

Example 16. Consider the dialogue in Figure 2 with the stay-in
probability being 0.9. So probengage is 0.9 × 0.9 = 0.81 and
probdisengage is 0.1 + (0.9× 0.1) = 0.19.

A!

B! ⊗
C! ⊗

⊕

0.9 0.1

0.9 0.1

1

Figure 2. For dialogue [A!, B!, C!,⊕], each node is a move. The left branch
is the system-terminated dialogue, and each branch that ends in ⊗ is a

user-terminated dialogue. Each arc in the tree is labelled with the probability
of engagement (leftwards) or disengagement (rightwards).

Proposition 13. For a system-terminated dialogue D, and a stay-in
probability q, probengage + probdisengage = 1.

Since disengagement is often a clear event in a dialogue, obtain-

ing a stay-in probability can be obtained from analyzing previous

dialogues for a class of users.

Given the probability of engagement Probengage and a lottery

[Pr(φ1), φ1; . . . ;Pr(φn), φn], we form a revised lottery as speci-

fied in the following result where ⊗ denotes the outcome of disen-

gagement..

Proposition 14. If [Pr(φ1), φ1; . . . ;Pr(φn), φn] is a lottery, and
Probengage ∈ [0, 1], then the following is a lottery where for each
outcome φi, Pr∗(φi) is Pr(φi)× Probengage.

[Pr∗(φ1), φ1; . . . ;Pr∗(φn), φn; 1− Probengage,⊗]

Example 17. For 〈A, . . . , F〉, consider the graph with P = {P0}
where P0(010010) = 1. So P0(B) = 1 and P0(E) = 1.

A B C D E F

Let A be a +ve objective, and let P (A) ≥ 0.9 and P (A) < 0.9 be
outcomes in the lottery. So D1 = [C!, A!,⊕] and D2 = [F!, D!, A!,⊕]
are dialogues that terminate with Pr(P (A) ≥ 0.9) = 1 accord-
ing to the strict update method. Let the stay-in probability be 3/4.
So Probengage = 3/4 for D1 and Probengage = 9/16 for D2.
Hence, the revised lottery has for D1, Pr∗(P (A) ≥ 0.9) = 3/4,
Pr∗(P (A) < 0.9) = 0, and Pr∗(⊗) = 1/4, and for D2,
Pr∗(P (A) ≥ 0.9) = 9/16, Pr∗(P (A) < 0.9) = 0, and Pr∗(⊗) =
7/16. So for this stay-in probability, the optimal dialogue is D1.

A B C D E F

P0 0 1 0 0 1 0
Pn for D1 1 0 1 0 0 0
Pn for D2 1 0 0 1 0 1

Shorter dialogues can be preferable (as above). In general, we

trade a decrease in expected utility for a decrease in risk of disen-

gagement (e.g. for Example 13 whether D2 or D3 is optimal would

depend on the stay-in probability).
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12 DISCUSSION

This paper provides the following contributions (which are poten-

tially important features for using argumentation in software for

changing behaviour): (1) A 2D model of uncertainty giving predic-

tions of the beliefs of the persuadee, and of the confidence in those

predictions; (2) A framework for updating the 2D model through di-

alogues; and (3) Shown how the 2D model can be used to optimize

choice of moves while taking into account the risk of disengagement.

For this, the epistemic approach to probabilistic argumentation has

been used. This contrasts with the constellations approach (e.g. [11,

23, 15]) which is concerned with the uncertainty about the structure

of the graph rather than belief in arguments.

The proposal in this paper relies on 2D models. This can be gener-

ated by querying the user, or by learning from previous interactions

with the user or similar users. Some recent studies indicate the po-

tential viability of an empirical approach [30, 9, 33].

Utility theory has been considered previously in argumentation

(for example [29, 32, 24, 25]) though none of these represent the

uncertainty of moves made by each agent in argumentation. There

is an approach using expected utility where outcomes are specified

as particular arguments being included or excluded from extensions

[20], but it is based on the constellations approach (as opposed to the

epistemic approach), and there is no consideration of updates to the

model. Outcomes from asymmetric dialogues have also been con-

sidered in [5], but that work focuses on whether it is guaranteed,

possible, or impossible to present a winning coalition of arguments

with respect to grounded semantics, and there is no consideration of

uncertainty.

There is increasing interest in formalizing the notion of the

strength of an argument, with a number of proposals (e.g. [3, 8, 24,

22, 1, 6, 28]). It would be interesting to investigate the pros and cons

of using these conceptualizations of strength of an argument instead

of epistemic probabilities in this framework. Nonetheless, some clear

advantages of the epistemic approach are the clear semantics for the

evaluation of the arguments, the ease with which epistemic approach

can be used in a lottery, and the possibility to obtain the probabilities

by analysing statistical data concerning the behaviour agents.

The work in this paper goes beyond [19]: (1) to better model lot-

teries so that outcomes involve statements about user beliefs, and the

confidence value is the degree to which the user does indeed hold

those outcomes which is a more refined and natural modeling than

[19]; (2) to allow for uncertainty about the user to be handled, and so

if we are sure we know the users beliefs, then we have one distribu-

tion, whereas if we are unsure about kind of user, we have multiple

distributions; and (3) to model the risk of disengagement which is a

practical issue that significantly affects the usability of any argumen-

tation approach for behavior change.

Our current research is directed at generating probability distribu-

tions for user models. We are exploring the use of queries to the user

where the user can express belief in individual arguments (such as

strongly agree, agree, neither agree nor disagree, etc which are then

mapped to the [0,1] interval). If we do this for some arguments, we

can attempt to guess the belief in remaining arguments. We are also

exploring how classes of user might believe/disbelieve certain argu-

ments. So by knowing beliefs in arguments for some members of the

class, and by having criteria for assigning individuals to a class with

some probability, we may construct the 2D model for a user. We en-

visage that by surveying representative samples of individuals, we

can obtain useful 2D models. We aim to develop similar methods to

those used in [30, 9, 33]. We plan to undertake empirical evaluation

of the approach in apps to persuade users to change their behaviour

with respect to some aspect of their lifestyle (e.g. to eat less, to drink

less alcohol, to drive more safely, to recycle more, etc). We see the

theoretical developments in this paper being viable and valuable for

the prototype system that we are implementing.
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A Data Driven Similarity Measure and Example
Mapping Function for General, Unlabelled Data Sets

Damien Lejeune and Kurt Driessens1

Abstract. Deep networks such as autoencoders and deep belief

nets are able to construct alternative, and often informative, repre-

sentations of unlabeled data by searching for (hidden) structure and

correlations between the features chosen to represent the data and

combining them into new features that allow sparse representations

of the data. These representations have been chosen to often increase

the accuracy of further classification or regression accuracy when

compared to the original, often human chosen representations. In

this work, we attempt an investigation of the relation between such

discovered representations found using related but differently repre-

sented sets of examples. To this end, we combine the cross-domain

comparison capabilities of unsupervised manifold alignment with

the unsupervised feature construction of deep belief nets, resulting

in an example mapping function that allows re-encoding examples

from any source to any target task. Using the t-Distributed Stochastic

Neighbour Embedding technique to map translated and real exam-

ples to a lower dimensional space, we employ KL-divergence to de-

fine a dissimilarity measure between data sets enabling us to measure

found representation similarities between domains.

1 Introduction

While raw data is abundant, the difficulty with using this data, and

according to the authors’ one of the biggest challenges in the current

big data hype, is the lack of any structured way of representing the

data, leading to many different, human chosen, but unmatching rep-

resentations of similar or related, but most of the time not identical2

data. Examples of this are numerous, ranging from data stemming

from medical questionnaires, where almost never the same questions

are asked, but the topics are often similar, over gene transcription data

where old style microarray data and more recent RNAseq measure-

ments exist over a pool of intersecting but not identical gene sets to

control oriented data where samples of system behaviour of a num-

ber of control problems exist, but almost never match in the chosen

representation.

The subfield of machine learning in which this problem is tack-

led is known under the names transfer learning, inductive transfer

and domain adaptation. The idea behind transfer learning is to en-

hance learning performance on a task by employing, i.e., re-using

data, experience, and/or solutions from different but related tasks

that were solved earlier. Existing work on transfer learning and in

domain adaptation for supervised tasks [18, 9, 11] mainly focuses on

the shift of the probability distributions observed between different

tasks and how to correct for those, but not on the issue of different

1 Maastricht University, email: kurt.driessens@maastrichtuniversity.nl
2 With identical, we refer to the representation and domain of the data, not

the examples measured.

representations. Also in reinforcement learning, the usual drawback

of the tabula rasa approach when confronting new tasks has lead to a

flurry of research on transfer learning [28]. Historically, defining the

relation between the old task and the new, e.g. feature mapping, goal

mapping, translating the model or policy to match the representations

was handled by a human expert [29].

More recent work proposes autonomous transfer methods that aim

at deriving the inter task mapping from learning examples of the two

tasks automatically [27, 8, 7, 5]. These work by studying, or hav-

ing an algorithm analyse the internal structure of the examples in

the data set and trying to exploit the similarities between data sets in

such structure. For example, in reinforcement learning, the dynamics

of the task to be solved can be observed from sample interactions

with the environment, consisting of the state the agent was in, the

action that was selected and the state the action lead to. Analysing

these dynamics and mapping the samples from both tasks into a joint

feature space can give an indication of how the two tasks are re-

lated, i.e. where and how they shared dynamics and control response.

The same idea applies to standard supervised learning tasks such as

classification or regression, where the structure arises from the fact

that, in principle, examples do not uniformly cover the entire exam-

ple space as defined by the human chosen representational format.

Existing work that takes this approach has used sparse coding [8]

and manifold alignment [32] to define the joint space.

The contribution of this work is twofold, as we introduce:

(i) a data driven difference measure for comparing data sets

(ii) an automatically derived inter-task mapping that can be used

to compare any two data sets and thus learning tasks, whether they

are supervised, unsupervised or reinforcement learning.

The approach takes the shape of a pipeline employing well studied

and tested techniques. The pipeline relies on deep belief nets to gen-

erate expressive features for both data repositories and on unsuper-

vised manifold alignment to find the best mapping between these

features. Applying one deep belief net to generate hidden feature

activations, a forward and backwards projection into the alignment

space and the other deep belief net to reconstruct the visible node ac-

tivations from the projected hidden node activations, it becomes pos-

sible to translate learning examples from a source task into examples

for the target task. By comparing the embedding of the original and

the translated examples in a low dimensional projection built using

the t-Distributed Stochastic Neighbour Embedding, we define a dif-

ference measure based on the Kullback-Leibler divergence between

the two example distributions. Experiments show that the pipeline is

able to autonomously find meaningful analogies between data-sets

that match human intuition.

The pipeline draws on the power of already developed techniques
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and applies and combines them in a new problem domain. The com-

bination of the techniques adds little to no complexity to these tech-

niques except for the way in which they are combined. No additional

parameters to set or tune are introduced and no expert knowledge on

any of the involved tasks is required. The exact set-up of the pipeline

will be further discussed in section 3.

The rest of the paper is structured as follows: we introduce the

necessary concepts and discuss related work in section 2. Section 4

demonstrates the capabilities of the pipeline using data sets from a

number of well known classification tasks and reinforcement learn-

ing benchmarks to show that the discovered relations and similarities

have a striking resemblance to human intuition.

2 Preliminaries
In this section, we introduce the problem we are trying to address

with this work, we present related work and introduce the different

concepts we will use later on. Given the similarity possible appli-

cation of our technique to transfer learning and the similarity of the

settings, we will adopt the vocabulary of the transfer learning domain

and talk about source and target data sets/tasks to make referencing

the two different domain easier.

2.1 Autonomous Transfer Learning
Transfer learning [30, 28] is concerned with the re-use of data, or

experience in the case of reinforcement learning, or the learned mod-

els and policies from a previously learned source task, to improve

learning performance in a new, sometimes more complex target task.

Shallow transfer is concerned with the transfer of information when

the learning examples from the source and the target task share their

feature space. However, since these features are usually chosen by

a human expert, or simply chosen by their availability for a learn-

ing task, they often differ between tasks, leading to what is known as

deep transfer. This is the setting under which we operate in this work.

When reusing previous experience from a source task S with feature

representation ψS in a new target task T with different features ψT ,

the two representations need to be related. This relation often takes

the form of an inter-task mapping T : ψS → ψT that relates the

expert chosen features to each other.

When a set of source tasks (S1, S2, . . . , Sn) is available to trans-

fer from, or if the task is to build an optimised learning path through

a number of related learning tasks, a task similarity measureM can

be used to select which source task to transfer from, or which task to

select next. Such a measure will map any combination of two learn-

ing tasks to R, giving a score to each combination according to their

similarity.

Related Work

Given the difficulties with its tabula rasa learning premise, transfer

learning for reinforcement learning tasks has received quite a bit

of attention in the past years [28]. Where historically the required

inter-task mapping was defined by domain experts [29] more recent

work has focussed on completely autonomous transfer. Bou Ammar

et al. [8] construct a joint space for the source and task domain sam-

ples through sparse coding [21]. In this joint space, samples from

the source and the target domain are paired using a Euclidean dis-

tance and used as learning examples in a supervised learning task

that attempts to model the inter-task mapping. The problem with this

approach is that in the commonly high dimensional joint space, the

Euclidean distance carries little information. In follow up work [7],

Bou Ammar et al. use a three way restricted Boltzmann machine to

learn the inter-task mapping. This setup relies on a complex training

phase based on mini-batch learning and re-learning that randomly

pairs samples from the two domains and relies on the reconstruction

error of the Boltzmann machine to select which pairs match best.

This makes training the machine quite involved, as many repetitions

of randomly paired samples are necessary.

For supervised learning tasks, unsupervised manifold alignment

has been used to relate the learning examples from the source and tar-

get tasks [32]. Very recently, Bou Ammar et al. [2] applied this man-

ifold alignment technique to policy gradient reinforcement learning.

Since this technique is so closely related to ours, in fact, the unsuper-

vised manifold alignment is a part of our pipeline, we will compare

the inter-task mapping generated by both techniques in our experi-

mental section.

On top of the inter-task mapping, our approach also gives rise to

a domain similarity measure. Of existing work on domain similarity

measures, the most related to ours in the work by Bou Ammar et al.

on RBDist [6] that bases its similarity measure on the reconstruc-

tion error of a single restricted Boltzmann machine and the follow

up work on DRBDist [4] using a combination of Deep Belief Nets

a bit like ours. The main difference is that DRBDist uses an identity

mapping between the top layers of two DBNs. This not only places

a restriction on the number of nodes of the top layer of the DBNs,

i.e. the number of nodes must be equal, it also assumes a ordered

pairwise similarity between the features learned by both networks.

Additionally, since the similarity measure relies on the reconstruc-

tion error, it is very sensitive to the convergence results of the DBN

learning phase. In fact, when trying to reproduce the results from this

work, we were unable to reach the same results.

2.2 Deep Belief Networks

A restricted Boltzmann machine (RBM) is a neural network (NN)

consisting of two layers (one visual and one hidden) of stochastic

nodes that can be trained to represent a probability distribution over

data points [19]. Each neuron in a layer is connected to all neurons in

the other layer forming a fully connected bipartite graph. An RBM

is trained using gradient descent where the gradient is not directly

computed but estimated by the contrastive divergence algorithm [17].

A deep belief network (DBN) is a stack of RBMs trained in a layer-

wise setup. Increasing the number of layers is done to improve the

fit of the probability distribution and can be shown to extract, in an

unsupervised way, higher level features from a dataset.

While a single hidden layer RBM is able to capture basic fea-

tures, stacking multiple layers on top of each other allows learning

higher level features. Such a stack of RBMs, which itself forms a

NN, is called a Deep Belief Network (DBN). Each layer is trained

in a greedy, layer wise fashion. This forces each additional hidden

layer to learn a new feature representation to encode the layer below

and makes this technique well suited for automated feature extrac-

tion. It has been successfully applied to domains like handwritten

digit recognition [25], speech recognition [15] and Atari games [23],

among other things [3].

2.3 Manifold Alignment

Finding feature correspondences in a source and a target task

is important when assessing the similarity between them. Chang
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Figure 1. Pipeline using DBNs, manifold alignment and t-SNE.

Wang [32] proposed a method to align two datasets of arbitrary di-

mensions by finding these correspondences in an unsupervised way.

The alignment is performed in a new space into which the data can

be mapped. The algorithm also provides inverse mappings which al-

low to reconstruct data points belonging to a source task into a target

task’s original space. It then follows that the quality of this recon-

struction will depend on the quality of the alignment and therefore

will depend on the similarity between the two datasets.

The alignment and the corresponding transformation is achieved

by first computing intra-similarities between the points in the same

dataset. Then, the local geometries in both domains are represented

by the distances of the k-nearest neighbours for each point. Intu-

itively, if the two sets have the same local geometries, up to affine

transformations, the sets can be perfectly aligned.

Having this local information, the mappings for both domains can

be found by minimising a cost function that forces points exhibit-

ing similar geometries to be mapped closely together in the common

space, and at the same time enforce the points which are close to

others in their respective space to also be close in the common space.

2.4 t-Distributed Stochastic Neighbour Embedding
Measuring similarities between data points or data sets in high

dimensional spaces is complex and not always meaningful. t-

Distributed stochastic neighbour embedding or t-SNE [31] is a di-

mensionality reduction method that aims to maintain the same data

distribution from the original high dimensional (HD) space in a low

dimensional (LD) one. Since the technique originates in visualisa-

tion, LD space is usually two dimensional.

The mapping done in such a way that close points in the HD space

should also be close into the LD space. In other words, t-SNE finds,

in an unsupervised way, a mapping Rn → R2 that conserves the lo-

cal geometries of the original dataset. To do so, it computes a joint

probability distribution for observing a point xj around a point xi

using a multivariate Gaussian distribution centred at xi. The algo-

rithm also finds a proper variance for each distribution at xi in order

to model the local geometries by taking the density around that point

into consideration. This probability is at the core of the method as the

LD space should reflect the same probability distribution as the HD

one and therefore model the same similarities. To achieve this, a gra-

dient descent search is performed on the Kullback-Leibler divergence

with the aim at minimising the difference between the distribution in

Rn and the one in R2. The embedding in the low dimensional space

comes at the price of not conserving the global geometries of the

original dataset. Points far away in the HD space will be even farther

away in the LD.

3 Data Driven Similarity Construction
We want our approach to match and find similarities between the

two domains completely autonomously, so we define a set-up that

computes a similarity measure between any two previously unseen

(and possibly unlabelled) domains and constructs a mapping between

the two domains that allows re-encoding samples from one domain

into samples of the other. The similarity measure will indicate the

degree to which the two domains match and will quantify the quality

of the re-encoding.

3.1 Working Constraints
Having the inter-task mapping and the domain similarity measure

constructed completely unsupervised leads to the following con-

straints:

(i) No prior information about the domains must be required besides

data samples.

(ii) No requirements can be placed on the dimensionality of the dif-

ferent domains.

Our approach consists of a pipeline that makes use of three core

methods to construct both the inter-task mapping and the similarity

measure: (i) deep belief networks [16], (ii) manifold alignment [32]

without correspondence and (iii) t-SNE [31].

3.2 The pipeline
Our pipelined approach, illustrated by Figure 1, goes as follows:

(i) For each of the datasets, a separate DBN is used to extract high

level features. Each dataset consists of (unlabelled) samples from

one domain. This step is expected to result in a better representa-

tion of the data for each domain and to help increase the compar-

ativeness by working on underlying characteristics instead of the
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low level (human chosen) features of the raw data. No restrictions

are placed on the number of nodes used in any layer or on the

number of layers itself, so the DBN can be optimised to match the

domain it is used for, independent of the rest of the pipeline and

according to the experience of the user.

(ii) The manifold alignment uses samples from two domains, re-

encoded into the feature space extracted by the DBNs, and com-

putes a mapping to a space where the samples from the source and

the target domains can be compared. As mentioned in Section 2.3,

this method is able to work with data originating from spaces with

different dimensionalities, to get rid of affine transformations and

to provide an inverse mapping that allows the data from one do-

main to be transformed into the other domain. The quality of this

transformation is influenced by the quality of the alignment which

in turn is dependent of the similarity between the two datasets. A

good alignment will transform the source’s data points into a set

of data points that matches the original target distribution.

(iii) In order to obtain a meaningful similarity measure, t-SNE re-

duces the original, usually high dimensional, space into a two

dimensional one. Then, the Kullback-Leibler divergence (KL-

divergence) is computed in t-SNE’s space between the original

target distribution and the distribution of the reconstructed source

samples. This KL-divergence represents the measure between the

source and target datasets.

The training of the DBNs is done for each domain to be measured,

but since this step is independent of any other domains involved,

it only has to be executed once for each domain. Subsequently, the

manifold alignment is trained with the source’s and target’s last hid-

den layers activations for each pair of domains that we want to com-

pare. The last phase is to train the t-SNE algorithm in order to re-

duce the dimensionality of the target’s space. With the aim to use the

KL-divergence over points laying on the plane generated by t-SNE,

probability distributions for the target’s original and reconstructed

datasets have to be estimated. In the experiments reported below, we

used kernel density estimators at 150× 150 equidistant points.

4 Experiments
In this section we empirically evaluate the pipeline presented above.

Since there is no ground truth when comparing different datasets

with respect to the inter domain mapping and the computed similarity

measure, we’ve selected domains that can be matched using human

intuition, as well as domains from reinforcement learning where re-

lated work generated a base for comparison.

To compare with previous work and to illustrate the importance of

each step in the pipeline we first use the MNIST dataset of written

characters [20]. Since this dataset is composed of easy to interpret

images, this data allows us to clearly show how the approach works

and what the influence is of each step. To allow comparisons on this

data set, we treat the samples of each digit as a separate domain, al-

lowing us to visually show the results of the re-encoding to compare

the similarity measure to human intuition.

To illustrate the use of the pipeline on data stemming from spaces

with different dimensionality, we then apply our approach to ac-

complish transfer between the pen-digits dataset [1] and the MNIST

dataset. This setup again allows us to show qualitative results of the

re-construction. Additionally, we present some quantitative results of

the influence our inter-task mapping method could have on classifier

accuracy through example transfer.

We end with a set of experiments on reinforcement learning bench-

marks which allows us to compare to previously published data

driven similarity measures [4].

Figure 2. Experiment using 3 as source and 4 as target. (a) samples used as
source (b) shows the reconstruction of with the full pipeline. (c) the

reconstruction without manifold alignment. (d) the reconstruction without
DBNs
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4.1 MNIST

The MNIST [20] dataset holds images of centered handwritten digits,

each composed of 28× 28 grayscale pixels. The goal of this experi-

ment is to measure the similarity between different digits in MNIST.

For example, it aims at testing if the digit 0 is closer to 8 than it is to

4. Multiple parameters had to be set up and have been kept fixed for

all experiments in this section. Given that the pipeline is independent

of the used DBN architecture, we decided to follow literature and

composed the DBN of two hidden layers: the first one having 300

units and the second one having 100 units. Each NN was trained to

model the distribution of one digit, using on average 6000 examples

per digit. The manifold alignment used a parameter μ = 1 and was

trained on 1000 sets of activations (i.e. samples) per dataset. Once

the data is reconstructed by the target DBN, it is used to compute the

t-SNE scatter plot. t-SNE initialised the LD space embedding using

a PCA with 2 components and used a maximum of 1000 iterations

for the optimisation.

Figure 2b shows the results when using the full pipeline, taking

samples of the digit 3 as source and digit 4 as the target. The re-

constructed digits are a bit more blurry than the originals, but the

samples do cover both the open version of the digit 4 as well as the

closed top version. The t-SNE scatter plot in Figure 3a shows that the

reconstructed samples are centred inside the distribution of the origi-

nal samples. This means that less variance will be observed from the

reconstructed samples. The dissimilarity measure for this experiment

was 11.61.

Figure 3. Examples of t-SNE for the experiment using 3 as source and 4 as
target. (a) t-SNE associated to Figure 2b of the experiment with the full

pipeline. (b) t-SNE associated to Figure 2c when the manifold alignment has
been removed from the pipeline

Table 1 shows all dissimilarity values computed by our measure.

For example 8 is easier to reconstruct from a 3 than a 4 which, from

a human perspective, is explained by the loops and shape of 3 being

similar to 8. Because of the lack of a ground truth, the table also in-

cludes the summarised results of an online survey we held to estimate

human intuition about the similarity of written digits. In case two dig-

its received approximately the same number of votes, both are listed.

The survey was filled in by approximately 100 participants. One can

observe that our approach agrees with the survey results for a number

of case, but surely not all.

4.1.1 Removing the DBNs

As discussed in the related work section, recent work by Bou Am-

mar et al. [2] constructs an inter-task mapping using only the mani-

fold alignment part of our setup. In Figure 2d we depict the results

obtained by attempting to transform a 3 digit into a 4 using the man-

ifold alignment on the raw MNIST data. Comparing the results with

those of Figure 2b shows the amount of noise generated by this ap-

proach.

4.1.2 Removing the manifold alignment

Figure 2c shows the experiment again, but removing the manifold

alignment step, a setup briefly mentioned in [4]. Since both DBNs

have the same architecture, the activations of the source’s last hidden

layer can be mapped with an identity function to those of the target.

It has to be noted that there is no theoretically foundation for the

use of an identity mapping. The weights of the DBN are initialised

randomly in order to break symmetry [14, p. 173] which leads to a

random allocation of the high level features to the nodes, even when

the DBN is trained multiple times on the same data. This experi-

ment empirically demonstrates the necessity of using a method in-

variant under affine transformations. The results given by t-SNE in

Figure 3b show that two distant distributions have been found. The

KL-divergence for these distributions is 57.17, much higher than the

value from the experiment using the full pipeline.

The results presented above demonstrate the necessity and advan-

tages of each step in the pipeline. Each stage is required to solve a

part of the problem described.

4.2 Pendigits

The pen-digits dataset [1] represents handwritten digits captured us-

ing a graphic tablet. Each instance is composed of 8 pairs of x, y
coordinates taken along the path of the digit as depicted in Figure 4.

The following experiment compares this sequential digit representa-

tion to the images of MNIST. While the domain of the two datasets

is hand-written digits, the representation of the data is very differ-

ent: first of all, the pen-digit samples have only 16 dimensions and

represents coordinates over time, while MNIST uses 784 pixels in-

tensities. While in this case, there seems to be a ground truth for the

similarity measure to discover, without any background information

about the two data-sets, they are very difficult, if not impossible for

humans to match.

The pen-digit DBNs use two hidden layers with sizes of 60 units

for the middle and 80 units for the last layer. The MNIST DBNs as

well as the manifold alignment and t-SNE were configured as before.

Figure 4 shows the original pen-digit data for the digit 8 mapped

on a two dimensional field, the reconstructed MNIST like images
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Source\Target 0 1 2 3 4 5 6 7 8 9

0 1 1 49.67 12.38 3.47 10.15 12.70 9.03 15.91 6.75 11.18

1 14.19 1 1 10.96 10.27 10.99 12.50 10.03 7.16 7.74 13.20

2 13.98 46.41 1 1 12.36 11.78 8.68 14.35 16.64 4.94 9.83

3 11.24 39.71 10.90 1 1 11.61 8.48 13.14 16.91 3.58 8.08

4 13.58 32.64 11.14 7.80 1 1 11.40 12.71 10.12 4.40 9.04

5 13.39 56.18 9.50 5.45 10.80 1 1 15.84 14.43 5.42 15.16

6 11.78 41.37 10.27 6.21 8.22 11.73 1 1 15.66 5.23 13.61

7 14.38 47.07 8.61 7.19 6.07 12.23 12.22 1 1 9.69 8.34

8 14.14 44.05 9.30 6.95 12.56 10.44 16.73 17.46 1 1 15.98

9 12.99 41.39 8.37 5.07 9.30 13.56 13.81 9.36 6.29 1 1

2nd most similar 3 4 9 0 7 3 0 1 3 3

3rd most similar 6 3 7 9 6 2 1 9 4 4

human choices 6 7 3 8;2 9 6 0;5 1 3 4

Table 1. Similarity measure values obtained when comparing different MNIST digits. The bottom row represents the most similar digit according to a
humans obtained with an online survey.

generated and the t-SNE plot of the resulting probability distribu-

tions. Again, it can be observed that although the reconstructions are

a bit more blurry than the originals, a variety of recognisable 8 digits

is produced.

We show the full dissimilarity matrix for all digits in Table 2. Sur-

prisingly, most of the time, the pen-digits and their corresponding

MNIST digit turn out to be the most similar by a huge margin when

compared to others. For digit 3, there is a clear mismatch. For digits

1 and 2, the difference between the first and second closest digit is so

small that it should be considered ambiguous. Given that t-SNE in-

volves stochasticity in the mapping, two runs of the algorithm could

give slightly different results [31] pointing to a different most similar

digit. Nonetheless, even then, the matching digits remain among the

topmost similar.

4.3 A Transfer Learning Scenario: Mapping
Pendigit to MNIST

While not the primary aim of our data similarity measure, the inter-

task mapping generated by our approach gives rise to a simple trans-

fer learning scenario, as examples from one domain can be trans-

formed into additional learning examples in another domain. To

make this approach useful however, one would need to have both

sufficient data to learn a deep belief network modelling the target

data while at the same time, too few examples of the target set to

be able to learn a good classification algorithm. Although these two

seem to contradict each other, unsupervised learning of the DBN,

followed by a fine tuning stage using a limited amount of data might

be possible.

We tested the performance of such a transfer scenario using our

automatically generated inter-task mapping. We performed a simple

classification experiment that aims at identifying the digit 8 in a full

set of digits, i.e. classifying 8’s versus all other digits. For this we

compared using a standard MNIST dataset with a 10% share of the

dataset for each digit, with datasets that included an extra share of

re-constructed 8’s. We believe that this is a good analogy to how

this technique could be used in practice, by generating a number of

extra learning examples through the re-construction of a number of

available source task examples. All experiments were performed us-

ing 10-fold cross validation, using the SMO support vector machine

implementation in WEKA [13]. The results are displayed in Table 3.

They show a contribution made by the re-encoded learning examples.

Unfortunately, we were unable to measure a correlation between the

similarity measure and the amount of improvement in this setting.

We assume the re-encodings of the examples are too close to mea-

sure a difference, enhanced by the fact that the re-encodings often

appear at the center of the originals data distribution.

We would also like to emphasise that the experiment described in

Table 3 is closely related to the problem described in domain adap-

tation [18, 9, 11]. Techniques used in domain adaptation attempt at

using source data related to target data used to train a classifier in

order to improve its accuracy [11]. The pipeline presented in this

work could and should be investigated further in conjunction with

the problems addressed by domain adaptation.

4.4 Comparing Markov Decision Processes

Next, we test our approach on three standard reinforcement learn-

ing benchmarks that have been previously compared [7]: (1) inverted

pendulum, where the goal is to swing up and balance a pole with

an underpowered motor, (2) cart pole, where the goal is to balance a

pole hinged to a cart by pulling the cart back and forth and (3) moun-

tain car, where the goal is to drive an under-powered car up a hill by

building up momentum.

The datasets for these tasks were generated by uniformly sam-

pling the environment for a state s, picking the action a that max-

imises a Q-function learned by SARSA and adding the state s′ that

the chosen action led to to build < s, a, s′ > triplets that sample

the domain’s transition function. For each task 5000 samples were

generated. Computing the similarities between the different domains

resulted in Table 4 and match the ranking found in [4].

The table highlights the similarities between IP→MC and

CP→MC and the fact that the similarity measure is not symmetric.

MC does not seem to present a close similarity to IP nor CP. We be-

lieve this is caused by the relative simplicity of the learned policy of

MC. The t-SNE space for the CP→MC transfer case is shown in Fig-

ure 5. It can be observed that the samples from MC are divided into,

what we believe are, separate pathways. The samples re-constructed

from CP do not follow these pathways, but represent a decent spread

over the example space. In the reverse transfer case (MC→CP), this

is not the case and all samples re-encoded from MC are grouped to-

gether instead.
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Pen\MNIST 0 1 2 3 4 5 6 7 8 9

0 22.42 68.09 87.47 71.72 81.99 63.04 70.19 83.23 72.56 77.77

1 57.56 45.06 59.04 62.30 57.06 64.08 55.95 60.24 51.51 62.28

2 68.76 55.05 45.15 63.49 60.09 51.46 60.44 51.13 63.08 58.88

3 66.01 54.63 81.02 51.42 63.86 32.06 81.85 61.56 64.90 65.14

4 56.88 61.22 55.08 58.84 17.40 48.34 44.61 50.52 64.18 29.66

5 43.86 46.51 49.61 31.60 46.95 18.01 49.10 44.59 31.57 37.20

6 70.12 60.91 65.05 73.87 69.00 71.35 24.17 63.41 73.54 62.02

7 61.41 56.61 53.34 50.77 47.28 57.02 63.48 14.02 58.72 46.40

8 61.43 43.34 44.75 42.24 45.75 24.45 58.16 46.80 8.31 48.55

9 73.64 66.28 65.04 62.55 48.07 53.82 61.94 44.28 56.28 12.71
Most similar 0 8,1* 8,2* 5 4 5 6 7 8 9

Table 2. Table of dissimilarities between the pen-digits as source and the MNIST as target. Asterisks highlight ambiguities in the similarity between digits.

Figure 4. Pen-digit experiment. The top image shows samples from the
pen-digit dataset. Only the dots are taken into consideration by the DBNs,
the lines represent the sequential nature of the measurements. The middle

image shows the corresponding MNIST reconstruction. The bottom image is
the t-SNE plot.

Source Dissimilarity Value ROC area for class 8
none n/a 0.848

pen digit 5 31.57 0.92
pen digit 6 73.54 0.92
pen digit 8 8.31 0.92

Table 3. Table of dissimilarities between the pen-digits as source and the
MNIST as target. Asterisks highlight ambiguities in the similarity between

digits.

Figure 5. t-SNE space for transferring CP samples to MC.

5 Conclusions and Future Work
We presented a fully autonomous and data driven technique for com-

puting (i) an inter-task mapping and (ii) dissimilarity measure for

unrestricted data sets. While domain specific data driven similarity

measures exists, for example in the image analysis field [26], it is our

belief that we are the first to present a technique that is able to trans-

Source\Target IP CP MC
IP 0.76 20.84 4.23
CP 18.35 5.19 7.05
MC 20.12 21.70 0.002

Table 4. The dissimilarity values between all reinforcement learning tasks.
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late learning examples between highly dissimilar domains with such

high correlation to human intuition. We showed in the experimen-

tal section that the presented technique can be applied to supervised,

unsupervised and reinforcement learning tasks. We showed a num-

ber of experiments that both quantitatively and qualitatively illustrate

of the power of the presented technique as well as the necessity and

contribution of each part of the involved pipeline.

In future work we would like to approach even more challenging

tasks such as measuring the similarity of phonemes in speech and

test the robustness by using, for example, affNIST (i.e. MNIST with

affine transformations). We would also like expand the technique to

e.g. bigger images that require convolutional networks. This leads to

additional complexity caused by the challenge in reversing convolu-

tion and pooling layers. However, related work exists for reversing

these networks and using them to reconstruct data [22, 10] that could

be useful to extend the pipeline presented.

We also plan to research transfer learning scenarios in which this

technique could be used as a basis. While there are straightforward

applications of the dissimilarity measure, such as source domain se-

lection when multiple sources are available, the initial test using the

inter-taks mapping to do example transfer does not yet seem to lead

to a useful approach. The examples transformed through a success-

ful mapping function seem to converge to the center of the target

data set, not necessarily leading to additional information about the

classes boundaries. To make the approach successful, a way will have

to be devised to generate a more diverse set of transferred examples.
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On Stochastic Primal-Dual Hybrid Gradient Approach
for Compositely Regularized Minimization

Linbo Qiao1,2 and Tianyi Lin3 and Yu-Gang Jiang4 and Fan Yang5 and Wei Liu6 and Xicheng Lu1,2

Abstract. We consider a wide spectrum of regularized stochastic

minimization problems, where the regularization term is composite

with a linear function. Examples of this formulation include graph-

guided regularized minimization, generalized Lasso and a class of

�1 regularized problems. The computational challenge is that the

closed-form solution of the proximal mapping associated with the

regularization term is not available due to the imposed linear com-

position. Fortunately, the structure of the regularization term allows

us to reformulate it as a new convex-concave saddle point problem

which can be solved using the Primal-Dual Hybrid Gradient (PDHG)

approach. However, this approach may be inefficient in realistic ap-

plications as computing the full gradient of the expected objective

function could be very expensive when the number of input data

samples is considerably large. To address this issue, we propose a

Stochastic PDHG (SPDHG) algorithm with either uniformly or non-

uniformly averaged iterates. Through uniformly averaged iterates,

the SPDHG algorithm converges in expectation with O(1/
√
t) rate

for general convex objectives and O(log(t)/t) rate for strongly con-

vex objectives, respectively. While with non-uniformly averaged it-

erates, the SPDHG algorithm is expected to converge with O(1/t)
rate for strongly convex objectives. Numerical experiments on dif-

ferent genres of datasets demonstrate that our proposed algorithm

outperforms other competing algorithms.

1 Introduction

In this paper, we are interested in solving a class of compositely reg-

ularized convex optimization problems:

min
x∈X

E [l(x, ξ)] + r(Fx), (1)

where x ∈ Rd, X is a convex compact set with diameter Dx,

r : Rl → R is a convex regularization function, and F ∈ Rl×d

is a penalty matrix (not necessarily diagonal) specifying the desired

structured sparsity pattern in x. Furthermore, we denote l(·, ·) :
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Rd × Ω → R as a smooth convex function when applying a pre-

diction rule x on a sample dataset {ξi = (ai, bi)}, and the corre-

sponding expectation is denoted by l(x) = E [l(x, ξ)].
When F = I , the above formulation accommodates quite a few

classic classification and regression models including Lasso obtained

by setting l(x, ξi) = 1
2

∥∥a�i x− bi
∥∥2 and r(x) = λ ‖x‖1, and lin-

ear SVM obtained by letting l(x, ξi) = max
(
0, 1− bi · a�i x

)
and

r(x) = (λ/2) ‖x‖22, where λ > 0 is a parameter. Moreover, the

general structure of F enables problem (1) to cover more compli-

cated problems arising from machine learning, such as graph-guided

regularized minimization [6] and the generalized Lasso model [17].

However, this modeling power also comes with a challenge in

computation. In particular, when F is not diagonal, it is very likely

that the proximal mapping associated with r(F (x)) does not admit

a closed-form expression. To cope with this difficulty, we could re-

formulate problem (1) as a convex-concave saddle point problem by

exploiting some special structure of the regularization term, and then

resort to the Primal-Dual Hybrid Gradient (PDHG) approach [23].

This approach has exhibited attractive numerical performance in im-

age processing and image restoration applications [5, 3, 23, 19]. We

refer readers to [4, 8, 9] to visit convergence properties of PDHG and

its variants.

In practice, E [l(x, ξ)] is often replaced by its empirical average

on a set of training samples. In this case, the computational com-

plexity of calling the function value or the full gradient of l(x) is

proportional to the number of training samples, which is extremely

huge for modern data-intensive applications. This could make PDHG

and linearized PDHG suffer severely from the very poor scalability.

Therefore, it is promising to propose a Stochastic variant of PDHG

(SPDHG). Like many well-studied incremental or stochastic gradient

methods [11, 14, 10, 1, 20], we draw a sample ξk+1 in random and

compute a noisy gradient∇l(xk, ξk+1) at the k-th iteration with the

current iterate xk. As a result, the proposed SPDHG method enjoys

the capability of dealing with very large-scale datasets.

Another way to handle the non-diagonal F and the expected

objective function E [l(x, ξ)] is stochastic ADMM-like methods

[12, 21, 7, 15, 18, 2, 22, 16] which aim for solving the following

problem after introducing an additional variable z:

min
x∈X ,z=Fx

l(x) + r(z), (2)

whose augmented Lagrangian function is given by l(x) + r(z) +
λ�(z − Fx) + γ

2
‖z − Fx‖22. Comparing this function with the

convex-concave problem (1) in Section 3, we can see that ADMM-

like methods need to update one more vector variable than PDHG-

type methods in every iteration. Thus, it can be expected that the

per-iteration computational cost of ADMM-like methods is higher
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than our proposed algorithm SPDHG, as confirmed by the numerical

experiments in Section 5.

Our contribution. To the best of our knowledge, we propose in

this paper a new convex-concave formulation of problem (1), as well

as the first stochastic variant of the PDHG algorithm for both uni-

formly and non-uniformly averaged iterates with achievable iteration

complexities. In particular, for uniformly averaged iterates, the pro-

posed algorithm converges in expectation with the rate of O(1/
√
t)

and O(log(t)/t) for convex objectives and strongly convex objec-

tives, respectively. It is worth mentioning that the O(1/
√
t) conver-

gence rate is known to be best possible for first-order stochastic algo-

rithms under general convex objective functions [1], which has also

been established for the well-known stochastic ADMM (SADMM)

[12]. Moreover, when optimizing strongly convex objectives, non-

uniformly averaged iterates generated by SPDHG converge with

O(1/t) expected rate, which is the same as that of Optimal SADMM

proposed in [2]. However, as mentioned before, the significant ad-

vantage gained by SPDHG beyond SADMM is the low per-iteration

complexity. The effectiveness and efficiency of the proposed SPDHG

algorithm are demonstrated by encouraging empirical evaluation in

graph-guided regularized minimization tasks on several real-world

datasets.

2 Related Work
Given the importance of problem (1), various stochastic optimiza-

tion algorithms have been proposed to solve problem (1) or the more

general form of problem (1), which can be written into

min
x∈X ,y∈Rd

E [l(x, ξ)] + r(y), (3)

s.t. Ax+By = b.

It is easy to verify that problem (1) is a special case of problem (3)

when A = F , B = −I and b = 0.

In solving problem (3), Wang and Banerjee [18] proposed an on-

line ADMM that requires an easy proximal map of l. However, this

is difficult for many loss functions such as logistic loss function.

Ouyang et al. [12], Suzuki [15], Azadi and Sra [2], Gao et al. [7],

and recently Zhao et al. [21] developed several stochastic variants

of ADMM, which linearize l by using its noisy subgradient or gra-

dient and add a varying proximal term. Furthermore, Zhong and

Kwok [22] and Suzuki [16] respectively proposed a stochastic av-

eraged gradient-based ADM and a stochastic dual coordinate ascent

ADM, which can both obtain improved iteration complexities. How-

ever, these methods did not explore the structure of r and need to

update one more vector variable than PDHG-type methods in every

iteration. We will show in the experiments that our proposed SPDHG

algorithm is far more efficient than these algorithms.

It is worth mentioning that another stochastic version of the

primal-dual gradient approach was also analyzed in recent work [10].

However, their convex-concave formulation is different from ours,

and their algorithm cannot be applied to solve problem (1). Regard-

ing the iteration complexity, the proposed SPDHG algorithm has ac-

complished the best possible one for first-order stochastic algorithms

under general convex objective functions [1]. A better convergence

rate of O(1/t2 + 1/
√
t) can be obtained by using Nestrov’s acceler-

ation technique in [11].

The most related algorithm to our proposed SPDHG algorithm is

the SPDC algorithm [20] plus its adaptive variant [24]. Similar to our

SPDHG algorithm, the SPDC algorithm is also a stochastic variant of

the batch primal-dual algorithm developed by Chambolle and Pock

[4], which alternates between maximizing over a randomly chosen

dual variable and minimizing over the primal variable. However, the

SPDC algorithm does not explore the special structure of the regular-

ization term (Assumption 3), and their convex-concave formulation

is different from ours. This leads to the inability of the SPDC algo-

rithm to solve problem (1). Specifically, [20] suggests to reformulate

problem (1) as

min
x∈X

max
y∈Rd

{E [〈y, x〉 − l∗(y, ξ)] + r(Fx)} , (4)

where l∗(y, ξ) = supα∈Rd {〈α, y〉 − l(α, ξ)} is the convex con-

jugate of l(x, ξ). Then the SPDC algorithm in solving problem (4)

requires that the proximal map of l∗ and r(Fx) be easily computed,

which is somewhat strong for a variety of application problems. In

addition, the SPDC algorithm requires r to be strongly convex.

In contrast, our SPDHG algorithm only needs the smoothness of

l and the convexity of r, and hence efficiently solves a wide range

of graph-guided regularized optimization problems, which cannot be

solved by the SPDC algorithm and its adaptive variant.

3 Preliminaries
3.1 Assumptions
We make the following assumptions (Assumption 1-4) regarding

problem (1) throughout the paper:

Assumption 1 The optimal set of problem (1) is nonempty.

Assumption 2 l(·) is continuously differentiable with Lipschitz con-
tinuous gradient. That is, there exists a constant L > 0 such that

‖∇l(x1)−∇l(x2)‖ ≤ L ‖x1 − x2‖ , ∀x1, x2 ∈ X .

Many formulations in machine learning satisfy Assumption 2. The

following least square and logistic functions are two commonly used

ones:

l(x, ξi) =
1

2

∥∥∥a�i x− bi

∥∥∥2 or l(x, ξi) = log
(
1 + exp

(
−bi · a�i x

))
,

where ξi = (ai, bi) is a single data sample.

Assumption 3 r(x) is a continuous function which is possibly non-
smooth, and it can be described as follows:

r(x) = max
y∈Y
〈y, x〉 ,

where Y ∈ Rd is a convex compact set with diameter Dy .

Note that Assumption 3 is reasonable for the learning problems with

a norm regularization such as �1-norm or nuclear norm:

‖x‖1 = max
{
〈y, x〉 | ‖y‖∞ ≤ 1

}
,

‖X‖∗ = max
{
〈Y,X〉 | ‖Y ‖2 ≤ 1

}
.

Assumption 4 The function l(x) is easy for gradient estimation.
That is to say, any stochastic gradient estimation ∇l(·, ξ) for ∇l(·)
at x satisfies

E [∇l(x, ξ)] = ∇l(x),
and

E
[
‖∇l(x, ξ)−∇l(x)‖2

]
≤ σ2.
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Algorithm 1 SPDHG

Initialize: x0 and y0.

for k = 0, 1, 2, · · · do
Choose one data sample ξk+1 randomly.

Update yk+1 according to Eq. (6).

Update xk+1 according to Eq. (8).

end for
Output: x̄t =

t∑
k=0

αk+1xk+1 and ȳt =
t∑

k=0

αk+1yk+1.

where σ is some small number, and it is used in the proof of Lemma

(7).

Assumption 5 l(·) is μ-strongly convex at x. In other words, there
exists a constant μ > 0 such that

l(y)− l(x)− (y − x)�∇l(x) ≥ μ

2
‖y − x‖2 , ∀y ∈ X .

We remark that Assumption 5 is optional, and it is only necessary for

the theoretical analysis that can lead to a lower iteration complexity.

3.2 Convex-Concave Saddle Point Problem
According to Assumption 3, we are able to rewrite problem (1) as the

following convex-concave saddle point problem:

min
x∈X

max
y∈Y
{P (y, x) = l(x) + 〈y, Fx〉} . (5)

Remark 6 We remark here that the formulation (5) is greatly dif-
ferent from those used in [10, 20, 24], where they formulate prob-
lem (1) as another convex-concave saddle point problem (4) by us-
ing the convex conjugate of l. Therefore, their algorithms are limited
to solving problem (1) due to the fact that the proximal mapping of
r(Fx) is difficult to compute.

This problem can be solved by Linearized PDHG (LPDHG) with the

following iteration scheme:

yk+1 := argmax
y∈Y

{
P (y, xk)− 1

2s

∥∥∥y − yk
∥∥∥2} , (6)

xk+1 :=
[
xk − β

(
∇l(xk) + F�yk+1

)]
X
. (7)

However, the above algorithm is inefficient since computing∇l(xk)
in each iteration is very costly when the total number of samples n
is large. This inspires us to propose a stochastic variant of PDHG,

where only the noisy gradient ∇l(xk, ξk+1) is computed at each

step.

4 Stochastic PDHG
In this section, we first propose our Stochastic Primal-Dual Hy-

brid Gradient (SPDHG) algorithms with either uniformly or non-

uniformly averaged iterates for solving problem (5); and then provide

the detailed convergence analysis of the proposed algorithms.

4.1 Algorithm
The SPDHG is presented in Algorithm 1, where we have addressed

the following three important issues: how to apply the noisy gradient,

how to choose the step-size, and how to determine the weights for the

non-uniformly averaged iterates.

Stochastic Gradient: Our SPDHG algorithm shares some com-

mon features with the LPDHG algorithm. In fact, the y-subproblems

for both algorithms are essentially the same, while for the x-

subproblem we adopt the noisy gradient ∇l(xk, ξk+1) in SPDHG

rather than the full gradient∇l(xk) in LPDHG, i.e.,

xk+1 :=
[
xk − βk+1

(
∇l(xk, ξk+1) + F�yk+1

)]
X
. (8)

That is, in SPDHG we first maximize over the dual variable and

then perform one-step stochastic gradient descent along the direction

−∇l(xk, ξk+1)− F�yk+1 with step-size βk+1.

The Step-Size βk+1: The choice of the step-size βk+1 varies with

respect to the different conditions satisfied by the objective function

l. Different step-size rules also lead to different convergence rates.

Note that a sequence of vanishing step-sizes is necessary since we do

not adopt any technique of variance reduction in the SPDHG algo-

rithm.

Non-uniformly Averaged Iterates: It was shown in [2] that the

non-uniformly averaged iterates generated by stochastic algorithms

converge with fewer iterations. Inspired by their work, through non-

uniformly averaging the iterates of the SPDHG algorithm and adopt-

ing a slightly modified step-size, we manage to establish an acceler-

ated convergence rate of O(1/t) in expectation.

For the convenience of readers, we summarize the convergence

properties with respect to different settings in Table 1.

Table 1: Convergence properties.

l General Convex Strongly Convex

βk+1 1√
k+1+L

1
μ(k+1)+L

2
μ(k+2)+2L

αk+1 1
t+1

2(k+1)
(t+1)(t+2)

Rate O( 1√
t
) O(

log(t)
t

) O( 1
t
)

4.2 Convergence of uniformly averaging under
convex objective functions

In this subsection, we analyze the convergence property of the

SPDHG algorithm with uniformly averaged iterates for general con-

vex objective functions.

Lemma 7 Let (yk+1, xk+1) be generated by Algorithm 1, and βk+1

and αk+1 be shown in Table 1. For any optimal solution (y∗, x∗) of
problem (5), it holds that

0 ≥ E
[
P (yk+1, x∗)− P (y∗, xk+1)

]
(9)

≥
√
k + 1 + L

2

(
E
∥∥∥x∗ − xk+1

∥∥∥2 − E
∥∥∥x∗ − xk

∥∥∥2)
+

1

2s

(
E
∥∥∥y∗ − yk+1

∥∥∥2 − E
∥∥∥y∗ − yk

∥∥∥2)
−λmax(F

�F )D2
y + σ2

√
k + 1

.

Proof. For any optimal solution (y∗, x∗) of problem (5), the first-

order optimality conditions for Eq. (6) and Eq. (8) are

0 ≤
(
y∗ − yk+1

)� (
−Fxk +

1

s

(
yk+1 − yk

))
0 ≤
(
x∗ − xk+1

)� [
xk+1 − xk + βk+1

(
∇l(xk, ξk+1) + F�yk+1

)]
,
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which implies that(
x∗ − xk+1

)�
∇l(xk, ξk+1)−

(
y∗ − yk+1

)�
Fxk+1

+
(
x∗ − xk+1

)�
F�yk+1

≥ 1

2βk+1

(∥∥∥x∗ − xk+1
∥∥∥2 − ∥∥∥x∗ − xk

∥∥∥2 + ∥∥∥xk+1 − xk
∥∥∥2)

+
1

2s

(∥∥∥y∗ − yk+1
∥∥∥2 − ∥∥∥y∗ − yk

∥∥∥2)
+
(
y∗ − yk+1

)� (
Fxk − Fxk+1

)
. (10)

Furthermore, for any γ > 0 we have(
y∗ − yk+1

)� (
Fxk − Fxk+1

)
≥ −λmax(F

�F )D2
y

γ
− γ

4

∥∥∥xk − xk+1
∥∥∥2 , (11)

and (
x∗ − xk+1

)�
∇l(xk, ξk+1)

=
(
x∗ − xk+1

)�
∇l(xk) +

(
x∗ − xk+1

)�
δk+1

≤ l(x∗)− l(xk+1) +
L

2

∥∥∥xk − xk+1
∥∥∥2 + (x∗ − xk+1

)�
δk+1

≤ l(x∗)− l(xk+1) +
(
x∗ − xk

)�
δk+1

+
L+
√
k + 1/2

2

∥∥∥xk − xk+1
∥∥∥2 + 1√

k + 1

∥∥∥δk+1
∥∥∥2 ,

where the first inequality holds due to Lemma 6.2 [7], and δk+1 =
∇l(xk, ξk+1) − ∇l(xk). Then by letting γ =

√
k + 1 in Eq. (11),

we obtain

l(x∗)− l(xk+1) +

(
y∗ − yk+1

x∗ − xk+1

)� ( −Fxk+1

F�yk+1

)
≥ 1

2βk+1

(∥∥∥x∗ − xk+1
∥∥∥2 − ∥∥∥x∗ − xk

∥∥∥2)
+

1

2s

(∥∥∥y∗ − yk+1
∥∥∥2 − ∥∥∥y∗ − yk

∥∥∥2)− λmax(F
�F )D2

y√
k + 1

−
(
x∗ − xk

)�
δk+1 −

∥∥δk+1
∥∥2

√
k + 1

.

Since xk is independent of ξk+1, we take the expectation on both

sides of the above inequality conditioning on xk, yk, and conclude

that

E
[
P (yk+1, x∗)− P (y∗, xk+1)

]
≥ 1

2βk+1

(
E
∥∥∥x∗ − xk+1

∥∥∥2 − ∥∥∥x∗ − xk
∥∥∥2)− E

∥∥δk+1
∥∥2

√
k + 1

+
1

2s

(
E
∥∥∥y∗ − yk+1

∥∥∥2 − ∥∥∥y∗ − yk
∥∥∥2)− λmax(F

�F )D2
y√

k + 1
.

Finally, Eq. (9) follows from the above inequality and Assumption 4.

�

We present the main result for uniformly averaged iterates under gen-

eral convex objective functions in the following theorem.

Theorem 8 Denote βk+1, αk+1 and
(
ȳt, x̄t

)
as shown in Table 1.

For any optimal solution (y∗, x∗) of problem (5),
(
ȳt, x̄t

)
converges

to (y∗, x∗) with O(1/
√
t) rate in expectation.

Proof. Because (yk, xk) ∈ Y×X , it holds true that (ȳt, x̄t) ∈ Y×X
for all t ≥ 0. By invoking the convexity of function l(·) and using

Eq. (10), we have

E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≥ 1

t+ 1

t∑
k=0

[
1

2s

(
E
∥∥∥y∗ − yk+1

∥∥∥2 − E
∥∥∥y∗ − yk

∥∥∥2)

+

√
k + 1 + L

2

(
E
∥∥∥x∗ − xk+1

∥∥∥2 − E
∥∥∥x∗ − xk

∥∥∥2)
−λmax(F

�F )D2
y√

k + 1
− σ2

√
k + 1

]

≥ − D2
y

2s(t+ 1)
− LD2

x

2(t+ 1)
− D2

x + 2λmax(F
�F )D2

y + 2σ2

√
t+ 1

.

This together with the fact that E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≤ 0 im-

plies the conclusion in Theorem 8. �

4.3 Convergence of uniformly averaging under
strongly convex objective functions

In this subsection, we analyze the convergence property of the

SPDHG algorithm with uniformly averaged iterates for strongly con-

vex objective functions.

Lemma 9 Let (yk+1, xk+1) be generated by Algorithm 1, and βk+1

and αk+1 be shown in Table 1. For any optimal solution (y∗, x∗) of
problem (5), it holds that

0 ≥ E
[
P (yk+1, x∗)− P (y∗, xk+1)

]
(12)

≥ μ(k + 1) + L

2
E
∥∥∥x∗ − xk+1

∥∥∥2 + 1

2s
E
∥∥∥y∗ − yk+1

∥∥∥2
−μk + L

2
E
∥∥∥x∗ − xk

∥∥∥2 − 1

2s
E
∥∥∥y∗ − yk

∥∥∥2
−λmax(F

�F )D2
y + σ2

μ(k + 1)
.

Proof. By using the same argument as Lemma 7 and the strongly

convexity of l, we have

(
x∗ − xk+1

)�
∇l(xk, ξk+1) (13)

≤ l(x∗)− l(xk)− μ

2

∥∥∥x∗ − xk
∥∥∥2 + l(xk)− l(xk+1)

+
L

2

∥∥∥xk − xk+1
∥∥∥2 + (x∗ − xk+1

)�
δk+1

≤ l(x∗)− l(xk+1) +
(
x∗ − xk

)�
δk+1 − μ

2

∥∥∥x∗ − xk
∥∥∥2

+
L

2

∥∥∥xk − xk+1
∥∥∥2 + κ

4

∥∥∥xk − xk+1
∥∥∥2 + 1

κ

∥∥∥δk+1
∥∥∥2 .

Substituting Eq. (11) with γ = μ(k + 1) and Eq. (13) with κ =
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μ(k + 1) into Eq. (10) yields that

l(x∗)− l(xk+1) +

(
y∗ − yk+1

x∗ − xk+1

)� ( −Fxk+1

F�yk+1

)

≥ 1

2s

∥∥∥y∗ − yk+1
∥∥∥2 − 1

2s

∥∥∥y∗ − yk
∥∥∥2 − ∥∥δk+1

∥∥2
μ(k + 1)

+
μ(k + 1) + L

2

∥∥∥x∗ − xk+1
∥∥∥2 − μk + L

2

∥∥∥x∗ − xk
∥∥∥2

+

(
1

2βk+1
− L+ μ(k + 1)

2

)∥∥∥xk − xk+1
∥∥∥2 .

−λmax(F
�F )D2

y

μ(k + 1)
−
(
x∗ − xk

)�
δk+1.

Then we obtain Eq. (12) as the same as that in Lemma 7. �

We present the main result in the following theorem when the objec-

tive function is further assumed to be strongly convex.

Theorem 10 Denote βk+1, αk+1 and
(
ȳt, x̄t

)
as shown in Table 1.

For any optimal solution (y∗, x∗) of problem (5),
(
ȳt, x̄t

)
converges

to (y∗, x∗) with O(log(t)/t) rate in expectation.

Proof. Because (yk, xk) ∈ Y × X , it holds that (ȳt, x̄t) ∈ Y × X
for all t ≥ 0. By invoking the convexity of function l(·) and using

Eq. (12), we have

E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≥ 1

t+ 1

t∑
k=0

[
1

2s

(
E
∥∥∥y∗ − yk+1

∥∥∥2 − E
∥∥∥y∗ − yk

∥∥∥2)
+
μ(k + 1) + L

2

∥∥∥x∗ − xk+1
∥∥∥2 − μk + L

2

∥∥∥x∗ − xk
∥∥∥2

−λmax(F
�F )D2

y + σ2

μ(k + 1)

]

≥ − D2
y

2s(t+ 1)
− LD2

x

2(t+ 1)
−
(
λmax(F

�F )D2
y + σ2

)
log(t+ 1)

μ(t+ 1)
.

This together with the fact that E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≤ 0 im-

plies the conclusion in Theorem 10. �

4.4 Convergence of non-uniformly averaging
under strongly convex objective functions

In this subsection, we analyze the convergence property of the

SPDHG algorithm with non-uniformly averaged iterates for strongly

convex objective functions.

Lemma 11 Let (yk+1, xk+1) be generated by Algorithm 1, and
βk+1 and αk+1 be shown in Table 1. For any optimal solution
(y∗, x∗) of problem (5), it holds that

0 ≥ E
[
P (yk+1, x∗)− P (y∗, xk+1)

]
(14)

≥ μ(k + 2) + 2L

4
E
∥∥∥x∗ − xk+1

∥∥∥2 + 1

2s
E
∥∥∥y∗ − yk+1

∥∥∥2
−μk + 2L

4
E
∥∥∥x∗ − xk

∥∥∥2 − 1

2s
E
∥∥∥y∗ − yk

∥∥∥2
−2λmax(F

�F )D2
y + 2σ2

μ(k + 1)
.

Proof. By substituting Eq. (11) with γ = μ(k+1)
2

and Eq. (13) with

κ = μ(k+1)
2

into Eq. (10), we have(
y∗ − yk+1

)� (
Fxk − Fxk+1

)
≥ −2λmax(F

�F )D2
y

μ(k + 1)
− μ(k + 1)

8

∥∥∥xk − xk+1
∥∥∥2 ,

and (
x∗ − xk+1

)�
∇l(xk, ξk+1)

≤ l(x∗)− l(xk+1) +
(
x∗ − xk

)�
δk+1 − μ

2

∥∥∥x∗ − xk
∥∥∥2

+
L

2

∥∥∥xk − xk+1
∥∥∥2 + μ(k + 1)

8

∥∥∥xk − xk+1
∥∥∥2

+
2

μ(k + 1)

∥∥∥δk+1
∥∥∥2 .

Then we plug the above two inequalities into Eq. (10), and then fol-

low the same argument as Lemma 9 to obtain the desired inequality

in Eq. (14). �

We present the main result for non-uniformly averaged iterates under

strongly convex functions in the following theorem.

Theorem 12 Denote βk+1, αk+1 and
(
ȳt, x̄t

)
as shown in Table 1.

For any optimal solution (y∗, x∗) of problem (5),
(
ȳt, x̄t

)
converges

to (y∗, x∗) with O(1/t) rate in expectation.

Proof. We have (ȳt, x̄t) ∈ Y × X for all t ≥ 0. By invoking the

convexity of function l(·) and using Eq. (14), we have

E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≥ 2

(t+ 1)(t+ 2)

t∑
k=0

(k + 1)

[
−2λmax(F

�F )D2
y + 2σ2

μ(k + 1)

+
μ(k + 2) + 2L

4

∥∥∥x∗ − xk+1
∥∥∥2 − μk + 2L

4

∥∥∥x∗ − xk
∥∥∥2

1

2s

(
E
∥∥∥y∗ − yk+1

∥∥∥2 − E
∥∥∥y∗ − yk

∥∥∥2)]
≥ − D2

y

s(t+ 2)
− LD2

x

t+ 2
− 4λmax(F

�F )D2
y + 4σ2

μ(t+ 2)

+
μ

2(t+ 1)(t+ 2)

t∑
k=0

[
(k + 2)(k + 1)

∥∥∥x∗ − xk+1
∥∥∥2

−(k + 1)k
∥∥∥x∗ − xk

∥∥∥2] .
Therefore, we conclude that

0 ≥ E
[
P (ȳt, x∗)− P (y∗, x̄t)

]
≥ − D2

y

s(t+ 2)
− LD2

x

t+ 2
− 4λmax(F

�F )D2
y + 4σ2

μ(t+ 2)
,

which implies the conclusion in Theorem 12. �

5 Experiments
We conduct experiments by evaluating two models: graph-guided lo-

gistic regression (GGLR) (15) and graph-guided regularized logistic

regression (GGRLR) (16) [22],

min
x∈X

l(x) + λ‖Fx‖1 (15)
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Figure 1: Comparison of SPDHG with STOC-ADMM (SADMM), RDA-ADMM, OPG-ADMM, Fast-SADMM (FSADMM), Ada-

SADMMdiag, Ada-SADMMfull and LPDHG on Graph-Guided Logistic Regression Task. Epoch for the horizontal axis is the number of

iterations divided by the dataset size. Left Panels: Averaged objective values. Middle Panels: Averaged test losses. Right Panels: Averaged

time costs (in seconds).

and

min
x∈X

l(x) +
γ

2
‖x‖22 + λ‖Fx‖1. (16)

Here l(x) = 1
N

[
N∑
i=1

l(x, ξi)

]
is empirical average of

l(x, ξi) on a set of samples, and l(x, ξi) is logistic function

log
(
1 + exp

(
−bi · a�i x

))
, where ξi = (ai, bi). λ is the regulariza-

tion parameter. F is a penalty matrix promoting the desired sparse

structure of x, which is generated by sparse inverse covariance

selection [13]. To proceed, we reformulate problems (15) and (16)

into the convex-concave saddle point problem (5) and apply our

proposed SPDHG algorithm. On the other hand, we can reformulate

problems (15) and (16) into problem (2) by introducing an additional

variable z = Fx and then apply stochastic ADMM algorithms.

In the experiments, we compare our SPDHG algorithm with

the LPDHG algorithm, and six existing stochastic ADMM algo-
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Figure 2: Comparison of SPDHG-SC1 (Uniformly Averaged) and SPDHG-SC2 (Non-Uniformly Averaged) with STOC-ADMM (SADMM),

RDA-ADMM, OPG-ADMM, Fast-SADMM (FSADMM), Ada-SADMMdiag, Ada-SADMMfull and LPDHG on Graph-Guided Regular-
ized Logistic Regression Task. Epoch for the horizontal axis is the number of iterations divided by the dataset size. Left Panels: Averaged

objective values. Middle Panels: Averaged test losses. Right Panels: Averaged time costs (in seconds).

rithms7: SADMM [12], OPG-ADMM [15], RDA-ADMM [15],

FSADMM[22], and two variants of adaptive SADMM (i.e., SADM-

Mdiag and SADMMfull) [21]. We do not include online ADMM [18]

and SDCA-ADMM [16] since [15] has shown that RDA-ADMM

performs better than online ADMM while [20] has shown that the

7 We use the code of SADMM, OPG-ADMM, RDA-ADMM and FSADMM
provided by the authors while implementing two variants of adaptive
SADMM according to [21].

performance of FSADMM is comparable to that of SDCA-ADMM.

Finally, SPDC and Adaptive SPDC are excluded from the experi-

ments since they cannot solve problem (15) and problem (16), as

clarified in Section 2.

The experiments are conducted on six binary classification

datasets: 20news8, a9a, mushrooms, w8a, splice and svmguide39. On

8 www.cs.nyu.edu/roweis/data.html.
9 https://www.csie.ntu.edu.tw/ cjlin/libsvm/.
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Table 2: Statistics of datasets.

dataset number of samples dimensionality
svmguide3 1243 21

splice 1000 60
a9a 32,561 123
w8a 64,700 300

20news 16,242 100
mushrooms 8,124 112

each dataset, we use 80% samples for training and 20% for testing,

and calculate the lipschitz constant L as its classical upper bound

L̂ = 0.25max1≤i≤n ‖ai‖2. The regularization parameters are set

to λ = 10−5 and γ = 10−2. To reduce statistical variability, ex-

perimental results are averaged over 10 repetitions. We set the pa-

rameters of SPDHG exactly following our theory while using cross

validation to select the parameters of the other algorithms. Addi-

tionally, we use the metrics in [22] to compare our algorithm with

the other algorithms, including objective values, test losses and time

costs to compare our algorithm with the other. The “test loss” means

the value of the empirically averaged loss evaluated on a test dataset,

while the “objective value” means the sum of the empirically av-

eraged loss and regularized terms evaluated on a training dataset,

and the “time cost” means the computational time consumption of

each algorithm. Specifically, we use test losses (i.e., l(x)) on test

datasets, objective values (i.e., l(x)+λ‖Fx‖1 on the GGLR task and

l(x) + γ
2
‖x‖22 + λ‖Fx‖1 on the GGRLR task) on training datasets,

and computational time costs on training datasets.

Figure 1 shows the objective values, test losses and time costs as

the function of the number of epochs on the GGLR task, where the

objective function is convex but not necessarily strongly convex. We

observe that our algorithm SPDHG mostly achieves the best perfor-

mance, surpassing six stochastic ADMM algorithms, all of which

outperform LPDHG by a significant margin. FSADMM sometimes

achieves better solutions but consumes much more computational

time than SPDHG. In fact, our algorithm requires the least iterations

and computational time among all the evaluated algorithms. There-

fore, the performance of our algorithm SPDHG on four datasets is

most stable and effective among all algorithms.

We further compare our algorithm against the other algorithms on

the GGRLR task, where the objective function is strongly convex.

The experimental results are displayed in Figure 2. Our algorithm

still outperforms the other algorithms consistently, which supports

our analysis in the previous sections. We also find that the difference

between uniformly averaging and non-uniformly averaging shown in

Figure 2 is not significant. One reason is that our algorithm converges

within only one or two effective epochs. In this case, non-uniformly

averaging will not exhibit its advantage.

6 Conclusions
In this paper, we proposed a novel convex-concave saddle point for-

mulation to resolve problem (1) as well as the first stochastic vari-

ant of the PDHG algorithm, namely SPDHG. The new algorithm can

tackle a variety of real-world problems which cannot be solved by the

existing stochastic primal-dual algorithms proposed in [10, 20, 24].

We further proved that the proposed SPDHG algorithm converges in

expectation with the rate of O(1/
√
t) and O(log(t)/t) for general

and strongly convex objectives, respectively. By averaging iterates

non-uniformly, the SPDHG algorithm converges in expectation with

the rate of O(1/t) for strongly convex objectives.

The SPDHG algorithm is well-suited for addressing compositely

regularized minimization problems when the penalty matrix F is

non-diagonal. The experiments in performing graph-guided logis-

tic regression and graph-guided regularized logistic regression tasks

demonstrated that our SPDHG algorithm outperforms the other com-

peting stochastic algorithms.
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Decentralized Large-Scale Electricity Consumption
Shifting by Prosumer Cooperatives

Charilaos Akasiadis and Georgios Chalkiadakis1

Abstract. In this work we address the problem of coordinated con-

sumption shifting for electricity prosumers. We show that individ-

ual optimization with respect to electricity prices does not always

lead to minimized costs, thus necessitating a cooperative approach.

A prosumer cooperative employs an internal cryptocurrency mech-

anism for coordinating members decisions and distributing the col-

lectively generated profits. The mechanism generates cryptocoins in

a distributed fashion, and awards them to participants according to

various criteria, such as contribution impact and accuracy between

stated and final shifting actions. In particular, when a scoring rules-

based distribution method is employed, participants are incentivized

to be accurate. When tested on a large dataset with real-world pro-

duction and consumption data, our approach is shown to provide in-

centives for accurate statements and increased economic profits for

the cooperative.

1 Introduction

Demand-side management (DSM) in Smart Grid environments gen-

erally aims to induce changes to the consumers’ demand curves, so

as for the total demand to match the production [10, 26, 22]. In or-

der to provide incentives for consumption rescheduling to the actors,

variable pricing techniques are often used. This means that instead of

applying a flat pricing scheme, time-of-use (TOU), or real-time pric-

ing (RTP) are employed [7, 20]. By setting higher electricity price

values for buying energy during intervals of high demand, and lower

values during intervals of low demand, it is possible for an electricity

consumer to reduce her expenses by rescheduling her energy usage

to the most profitable intervals [2]. This is a task that becomes even

more important (and challenging) when it comes to electricity pro-
sumers. As prosumers both produce and consume energy [3, 24], they

can take advantage of fluctuations in prices, and generate even more

profit [14].

However, increased participation to DSM schemes often leads to

herding effects. As such, the estimated consumption curve could sig-

nificantly change, both endangering the Grid’s stability, and leading

to substantially different economic outcomes [28]. For this reason,

the formation of consumer cooperatives or virtual power plants has

been proposed [2, 5, 13, 28], an approach which, however, requires

a centralized entity to serve as the cooperative manager.2 To over-

come both herding effects and the need for cooperative manager de-

termination, in this work we champion the use of a purpose-designed

1 Technical University of Crete, Greece, email:
{akasiadi,gehalk}@intelligence.tuc.gr

2 The term cooperative refers to conglomerations of prosumers that organize
and operate largely on a democratic manner [1]; which is not necessarily
the case for Virtual Power Plants.

cryptocurrency protocol for distributed prosumer cooperative coor-
dination. Cryptocurrencies and blockchain-oriented algorithms run

distributedly, and are transparent. Additionally, they use encryption

methods, which guarantee that the transactions are secure, and that

no third-parties need to take part in the exchanges [8]. A first gener-

ation cryptocurrency protocol has already been used in a setting with

electricity prosumers, and is called NRGcoin [15]. Although it in-

centivizes demand and production balancing, that protocol does not

promote large-scale cooperative consumption shifting. In our work,

we envisage a next-generation, special-purpose cryptocurrency soft-

ware, which is executed by each cooperative member in a decen-

tralized fashion, and is used for coordinating electricity consumption

shifting actions and the sharing of the rewards.

Thus, here we combine for the first time cryptocurrency with

mechanism design for cooperatives formation, to achieve large-scale

coordinated shifting of electricity prosumers consumption. The co-

operative shifting activities result to increased prosumer profits from

electricity trading. Using a cryptocurrency protocol, prosumers au-

tonomously create a virtual wholesale mediator between the end-

users and the Grid. The protocol takes into account prosumer shifting

capacity statements, and distributes personalized rewards given the

final collective profits achieved, and the cooperative’s profits shar-

ing policy of choice. The coins awarded represent shares on the total

cooperative profits.

Summarizing, our work has several contributions. First, we model

prosumers in a market setting with variable prices, and present a dis-
tributed consumption shifting approach for prosumer cooperatives,

which guarantees monetary gains to the participants. We apply a

novel cryptocurrency model for the coordination and management of

the cooperative shifting actions. In the proposed model, the rewards

from prosumer participation are determined in a personalized man-

ner, in the form of newly mined coins. We examine different coin

mining methods, and champion one that evaluates prosumers via a

scoring rule [9] assessing the difference between promised and final

actions. This is the first time that cryptocurrency mining and scoring
rules are combined into one method. By penalizing inaccuracy, this

method incentivizes prosumers to provide truthful promises. We pro-

pose specific formation techniques, which select members for partic-

ipation in cooperative actions.

Our approach can be applied in conjunction with any existing reg-

ulations or pricing schemes. We evaluate our scheme experimentally

on a large dataset that extends over a one-year period, and which is

based on real consumption and renewable production data. Simula-

tion results confirm that adopting our mechanism leads to increased

profits for the cooperative participants, stabler variable electricity

prices, and achieves lower Peak-to-Average Ratio (PAR) values for

the difference between electricity supply and demand. Especially
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when using a scoring rules-based reward redistribution method, ac-

curacy is explicitly incentivized with increased gains for the accurate

participants.

This paper is further structured as follows: In Section 2 we present

the system setting and the individual prosumer financial decisions

model. Section 3 presents the cooperative model, the cryptocurrency

protocol and three different approaches for personalized reward shar-

ing, as well as methods for contributor selection for cooperative ac-

tions. Section 4 presents the experimental results, and, finally, in Sec-

tion 5 we conclude.

2 A Prosumer Consumption Shifting Model

We assume a setting encompassing prosumers, which both import

and export energy from and to the Grid; and a prosumer cooperative,

which is a large coalition of prosumers trading energy as a unique en-

tity. The Grid is regulated by the distributed system operator (DSO),
responsible for the transmission of energy and its pricing.

Actors need to take decisions regarding trading at some day-ahead

electricity market, or consuming electricity at specific 1 to T in-

tervals during the course of a day (the day-ahead).3 Each actor i
is characterized by the amount of electricity (kWh) imported q−i,t,

and the amount exported q+i,t, during the time interval t. The ag-

gregate demand and supply levels for each time interval are given

by Q−t =
∑

i q
−
i,t, and Q+

t =
∑

i q
+
i,t kWh. We assume reliable

renewable production and demand forecasting techniques that can

achieve high precision—lower than 2% mean absolute percentage

error [11, 25]. Predictions are noted as q̃−i,t, and q̃+i,t kWh, for im-

ports and exports respectively. The predicted demand and supply for

the planning horizon are noted as Q̃−t for the total imports, and Q̃+
t

for the total predicted exports.

2.1 Promoting Demand-Side Management

Many methods have been proposed for modelling individual con-

sumption profiles [10, 20, 27]. In our work, we examine the

rescheduling of shiftable loads, which are those loads that it is possi-

ble to shift to in later or earlier time intervals, with minimum impact

on the consumer’s well being, e.g., battery charging, water-heaters,

washing-machines, etc. Now, to promote demand side management

operations, prosumers should be offered better prices to counterbal-

ance the associated shifting costs. Following existing dynamic pric-

ing mechanisms, which promote the balancing of demand and renew-

able energy supply [15], we assume that billing functions are in place

(by the DSO) for selling Bsell
t (), and buying Bbuy

t () energy to/from

the Grid, each with specific properties. First, they are functions of

the quantity of energy produced q+i,t and consumed q−i,t, respectively.

Next, and in order to satisfy the supply and demand balancing re-

quirements [23], both also need to be functions of aggregate sup-

ply, Q+
t , and demand, Q−t . Specifically, Bsell

t () must take maximum

values for fixed q−i,ts and q+i,ts, during intervals when Q+
t = Q−t .

This incentivizes prosumers to produce exactly the quantity that is

required for consumption (since their income is then maximized).

Intuitively, it is to the DSO’s interest that prosumers decide to sell

when Q+
t = Q−t , since this defers the need to import or export en-

ergy.

3 A decision theoretic optimization approach for a single prosumer operating
in such a setting was proposed by [3, 4]. However, they did not include
cooperative electricity trading, nor dealt with consumption shifting.

Assumption 1 ([15]) The pricing for selling energy to the Grid dur-
ing a time interval t, is a function of the sold quantity, the aggregate
quantity produced, and the aggregate quantity consumed during that
interval, Bsell

t (q+t , Q+
t , Q

−
t ); and for fixed q+t , it is maximized as

Q+
t −Q−t → 0.

Note that, assuming the electricity production of prosumers origi-

nates mainly from wind turbines and photovoltaic panels, the quan-

tity produced q+t cannot be easily controlled [23]. Moreover, the sell-

ing prices are also functions of aggregate demand Q−t , which we later

optimize by shifting consumption tasks in a large-scale cooperative

manner.

The Bbuy
t () on the other hand, should produce lower prices with

higher renewable production excess, prompting prosumers to buy en-

ergy from the Grid (and perhaps store it future use). Intuitively, it is

more efficient to consume the cheap renewable energy produced lo-

cally, than import from some external balancing market where prices

are in general far worse [23]. This is because exporting or importing

electricity involves additional expenditures, e.g. transmission lines,

electricity resellers, etc. By contrast, Bbuy
t () produces higher values

as renewable energy supply decreases.

Assumption 2 ([15]) The pricing for buying energy from the Grid
during a time interval t, is a function of the acquired quantity, the
aggregate quantity produced, and the aggregate quantity consumed
during that interval, Bbuy

t (q−t , Q+
t , Q

−
t ); and for fixed q−t , it is min-

imized as Q+
t −Q−t → +∞.

2.2 Shifting to Profitable Time Intervals

Given this model, a prosumer can control the quantity consumed dur-

ing time intervals by shifting consumption tasks. We now character-

ize each time interval as peak or non-peak. Peak intervals th are those

intervals during which reducing consumption can be considered prof-

itable for the prosumer. Specifically, due to Assumptions 1 and 2, this

happens when aggregate demand is higher than supply:

Definition 1 (Peak intervals th) Consider a non-negative threshold
τ . A time interval t is considered to be a peak interval, th, if Q̃+

t −
Q̃−t < τ .

Non-peak intervals tl are those intervals during which, increasing

consumption levels up to the reduced amount of energy that was de-

creased during th, results to lower expenses due to a reduced buying

price. Specifically, due to Assumptions 1 and 2, this happens when

demand is lower than supply:

Definition 2 (Non-peak intervals tl) Consider a non-negative
threshold λ. A time interval t is considered to be a non-peak
interval, tl, if Q̃+

t − Q̃−t > λ.

Intuitively, variables τ and λ correspond to load difference thresholds

that allow profitable shifting actions. Their values can be based on the

statistics of Q̃+
t and Q̃−t , according to each actor’s business goals.

Now, we assume that each prosumer can alter her baseline de-

mand value q−i . More specifically, during peak intervals prosumers

can reduce down to q−i,th− r̂
th
i ; while for the non-peak intervals con-

sumption can be increased up to q−i,tl + r̂
th
i where r̂

th
i is the stated

reduction capacity of each actor i. Also, as in [2], there is a shift-
ing cost cth→tl

i associated with shifting from a peak to a non-peak

interval. The actual reduction capacity r
th
i , refers to the load that is

reduced during a th, and is shifted to some other, non-peak interval
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tl. These values can be obtained by using appropriate smart metering

equipment.

We now discuss the price differences induced when a prosumer

shifts r̂thi from a peak interval to a non-peak interval. When pro-

sumers decrease their consumption during peak intervals, they accrue

gains from the lower buy prices, and the higher sell prices. Namely,

the estimated profit by the induced price variations for reducing at th
is given by:

profit
th
i (r̂

th
i ) = Bsell

th (q̃+i,th , Q̃
+
th
, (Q̃−th − r̂

th
i ))

−Bsell
th (q̃+i,th , Q̃

+
th
, Q̃−th) +Bbuy

th
(q̃−i,th , Q̃

+
th
, Q̃−th)

−Bbuy
th

((q̃−i,th − r̂
th
i ), Q̃+

th
, (Q̃−th − r̂

th
i ))

(1)

The result from subtracting the second term in Eq. (1) from the first,

indicates the profit from the price differences for selling energy;

selling during a peak interval th, with lowered aggregate demand,

(Q̃−th − r̂
th
i ), grants better prices than with the initial demand, Q̃−th

(cf. Assumption 1 & Definition 1 above). Now, the last two terms

give the difference in the bill that the prosumer will pay for consump-

tion during th. Thus, to calculate this quantity, we subtract the billing

payed by the prosumer for the reduced consumption (q̃−i,th − r̂
th
i )

from the initial estimated bill Bbuy
th

(q̃−i,th , Q̃
+
th
, Q̃−th).

Similarly, the estimated loss generated by increasing consumption

during non-peak intervals tl is given by:

loss
tl
i (r̂

th
i ) = Bsell

tl (q̃+i,tl , Q̃
+
tl
, Q̃−tl)

−Bsell
tl (q̃+i,tl , Q̃

+
tl
, (Q̃−tl + r̂

th
i ))

+Bbuy
tl

((q̃−i,tl + r̂
th
i ), Q̃+

tl
, (Q̃−tl + r̂

th
i ))

−Bbuy
tl

(q̃−i,tl , Q̃
+
tl
, Q̃−tl)

(2)

To calculate the estimated gain for an actor i, for shifting from a

th to a tl, we subtract the estimated loss at tl and the shifting costs

cth→tl per kWh from the estimated profit at th:

g
th→tl
i (r̂

th
i ) =profit

th
i (r̂

th
i )− loss

tl
i (r̂

th
i )− r̂

th
i c

th→tl
i (3)

Definition 3 (Eligible interval pairs) Eligible shifting interval
pairs for a prosumer i are those (th, tl) pairs for which the gain
associated with the shifting is positive, i.e. gth→tl

i (r
th
i ) > 0, where

r
th
i is the actual quantity of the shifted consumption.

Summarizing, the strategy for individual consumption rescheduling

is to find those shifting interval pairs for which the estimated gain is

maximized, and shift accordingly.

2.3 Shifting Without Coordination

When optimizing individually, each agent does not take into account

other agent rescheduling actions, and considers their consumption to

be the baseline. Thus, the optimizer can exhaustively calculate the

g
th→tl
i (r̂

th
i ) values for each shifting interval pair, for a stated re-

duction capacity r̂
th
i . Then, rescheduling takes place (e.g., shifting

to the most profitable ones). However, without coordination or con-

straint enforcements, and since every prosumer optimizes individ-

ually, herding effects take place, resulting to substantially different

prices during the intervals with the lowest/highest prices, than those

anticipated by the prosumers. These “unexpected” price fluctuations

are not in favor of the prosumer, as the estimated gains can end up

turning to losses:

Lemma 1 If every participant is rational, and billing follows As-
sumptions 1 and 2, optimizing the rescheduling of consumption indi-
vidually does not guarantee positive final gains.

Intuitively, Lemma 1 states that non-coordinated shifting actions in

such settings cannot be expected to always lead to monetary gains

for the participants, and cooperation is essential. It is straightforward

to show this, considering the fact that estimated gains are calculated

based on the values Q̃−th − r̂
th
i and Q̃−tl + r̂

th
i , which are used in

the first and last term of Eq. (1), and the second and third term of

Eq. (2), respectively. However, since participants are rational, every

one acts the same manner, resulting to substantially different values

finally realized, i.e. final Bsell(), Bbuy() prices are calculated using

Q̃−th−(r̂
th
i +
∑

j∈C\i r̂
th
j ) and Q̃−tl +(r̂

th
i +
∑

j∈C\i r̂
th
j ), resulting

to lower Bbuy() and higher Bsell(). Moreover, if the total shifting

capacity is not constrained, the conditions in Def. 1 and 2 can stop

holding, rendering the intervals ineligible for profitable shifting.

3 Distributed Shifting and Reward Sharing
Now, cooperatives can be key for the effective coordination of con-

sumption shifting actions [2]. Here we describe the workings of pro-
sumer cooperatives, allowing members to both sell and buy energy

as a single entity. We assume that cooperative members share com-

mon estimates regarding the total production and consumption per

interval Q̃+
th

and Q̃−th (obtained, e.g., via the summation of commu-

nicated individual estimates). Also, participants execute a novel cryp-

tocurrency mechanism, allowing for distributed management, trans-

parency, and personalized rewards. The mechanism awards contribu-

tors with new coins, according to specific participation performance

measures.

For the scheme to work, each individual i must announce only

two values for each shifting interval pair: (a) her reduction capacity,

r̂thi ; and (b) her confidence σ̂i for meeting her reduction promises.

The confidence represents the variance of a normal distribution (with

mean value 0) over the error between the stated and the final action.

This is in line with past approaches [2, 21].

An optimistic estimate of the cooperative shifting capacity is then

collectively calculated as R̃th
C =

∑
i∈C r̂

th
i , and a pessimistic esti-

mate, by r̃
th
C =

∑
i∈C(1− σ̂i)r̂

th
i . Then, the cooperative determines

the shifting interval pairs (th, tl), as well as the target shifting capac-

ity that will lead to increased profits. In order to guarantee profits, the

target shifting capacity is the maximum r∗,th values to be resched-

uled such that Assumptions 1, 2 continue to hold. That is, for each

shifting interval pair (th, tl):

maximize r∗,th s.t.

Q̃+
th
− (Q̃−th − r∗,th) < τ (4)

Q̃+
tl
− (Q̃−tl + r∗,th) > λ (5)

Next, the estimated by the members cooperative gains (minimum

and maximum) are calculated, given the total expected consump-

tion and production values of the cooperative for each time interval,

q̃−C,t =
∑

i∈C q̃−i,t, q̃
+
C,t =

∑
i∈C q̃+i,t, and the estimates R̃

th
C , and

r̃
th
C :

G̃
th→tl
C = profit

th
C (R̃

th
C )− loss

tl
C(R̃

th
C ) (6)

g̃
th→tl
C = profit

th
C (r̃

th
C )− loss

tl
C(r̃

th
C ) (7)

To continue, the estimated gains per kWh are calculated:

G̃
th→tl
C,kWh =

G̃
th→tl
C

R̃
th
C

, g̃
th→tl
C,kWh =

g̃
th→tl
C

r̃
th
C

(8)
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For shifting interval pairs {th, tl} that

g̃
th→tl
C,kWh > 0 (9)

holds, the shifting procedure is expected to be profitable, and the

shifting interval pair along with its G̃
th→tl
C and g̃

th→tl
C values are

announced to the members. If r∗,th ≥ r̃
th
C , every available con-

tributor can participate in the shifting operations. However, in case

r∗,th < R̃
th
C , the constraint of Eq. (4) does not yet hold and gains

are not certain, so some agents must be excluded from action. We

will examine different approaches for this in the following section.

Finally, if the cooperative actually reduces r
th
C ≤ r∗,th given ac-

tual Q−t & Q+
t , the final actual cooperative gain is:

g
th→tl
C (r

th
C ) = profit

th
C (r

th
C )− loss

tl
C(r

th
C ) (10)

Of course, in order for the final gain levels to be inside the estimated

range, two conditions must hold. First, the statements r̂
th
i , σ̂i, and the

predictions Q̃−t & Q̃+
t must be accurate. As mentioned earlier, the ac-

curacy of Q̃−t & Q̃+
t can be ensured by known methods [11, 25]. We

examine how we can achieve the accuracy of r̂
th
i , σ̂i in the next sec-

tion. Second, the cooperative must be sizeable, meaning that it is the

only actor that can induce significant price changes by consumption

rescheduling. This helps overcome the problems raised by Lemma 1.

Definition 4 (Sizeable cooperative) A cooperative C is sizeable, if
its pessimistic reduction capacity estimate is much greater than the
sum of external parties capacity, i.e. when∑

i∈C
(1− σ̂i)r̂

th
i >>

∑
j /∈C

r̂
th
j , ∀th (11)

Remark 1 The cooperatives that are formed are sizeable, because,
due to Lemma 1, every rational agent avoids optimizing individually,
thus seeks to cooperate.

Lemma 2 If statements r̂
th
i , σ̂i, are accurate, and the cooperative

C is sizeable, then, the cooperative’s shifting suggestions include
only eligible shifting interval pairs for C, in other words C will have
g
th→tl
C > 0.

Proof Since the cooperative has accurate knowledge of the to-

tal shifting capacity range R̃
th
C , and r̃

th
C , and it is sizeable, the

g̃
th→tl
C and G̃

th→tl
C estimates are more accurate than others calcu-

lated based on partial knowledge, thus the following holds: g̃
th→tl
C <

g
th→tl
C < G̃

th→tl
C . Now, due to the enforcement of the constraints

from Eq. 4, 5, and 9, for the suggested interval pairs, the minimum

gain estimate per kWh is positive, g̃
th→tl
C > 0. Thus the shifting

interval pairs suggested by the cooperative are eligible. �
In conjunction with Remark 1, this Lemma is important for the

following reason. While the calculations above do not take the indi-

vidual shifting costs into account, cooperative members must weigh

the expected gain per kWh (if these are accurate) with their own

shifting costs cth→tl
i and decide whether they will finally contribute

or not. Now, Lemma 2 shows that the cooperative can take advan-

tage of the predicted price differences and create profit by reschedul-

ing consumption. Moreover, since C is sizeable, no other actor can

significantly affect prices so that the cooperative does not meet its

goals. Therefore, the g̃th→tl
C are accurate (assuming the r̂

th
i , σ̂

th
i are

too); and then individuals can safely weigh these against own shifting

costs to decide participation. The overall process can be achieved as

shown in Alg. 1. The complexity for solving the algorithm’s first step,

Algorithm 1 Coordinated shifting for a (th, tl) interval pair

Input: Q̃+
th

,Q̃−th ,Q̃+
tl

,Q̃−tl ,{q̃−i,t}C , {q̃+i,t}C
1: Determine and announce G̃

th→tl
C,kWh,g̃

th→tl
C,kWh

2: Receive agent bids {r̂thi }C ,{σ̂th
i }C ,

3: Check constraints and select agents

4: Wait for shifting actions realization, {q−i,t}C ,{q+i,t}C
5: Distribute revenues to contributors

i.e. finding the peak and non-peak intervals, and respective loads and

gains for the daily planning horizon, is a function of the number of

time intervals. For example, if the cooperative adopted a constrained

optimization approach, it would be O(t3), where t is the number of

time intervals. Next comes the selection of the actual contributors

during each peak interval, that of Line 3. The duration of this proce-

dure depends on the selection method that each cooperative adopts.

The most expensive step of the selection methods we present in Sec-

tion 3.3 below, is that of ranking, whose complexity isO(n2t) in the

worst case, i.e. O(n2) for sorting [18], times t time intervals.

3.1 Cooperative Balance Increase

As already discussed (Eq. (10)), prosumers generate gain from the

price differences for both buying and selling electricity. However,

the gain part from buying is immediately awarded to each prosumer

in the form of reduced bills, and cannot be redistributed among the

members easily. Better sell prices, on the other hand, result to larger

income for the cooperative, and this profit can be concentrated into

a collective account. The achieved cooperative balance increase by

each collective shifting operation is given by:

bal inc(r
th
C ) = Bsell

th (q+C,th
, Q̃+

th
, (Q̃−th − r

th
C ))

−Bsell
th (q+C,th

, Q̃+
th
, Q̃−th)−Bsell

tl (q+C,tl
, Q̃+

tl
, Q̃−tl)

+Bsell
tl (q+C,tl

, Q̃+
tl
, (Q̃−tl + r

th
C ))

(12)

This equation is derived from Eq. (1) and (2) after removing the parts

that include Bbuy
th

, and represents the achieved gain from sell prices

alone. Assuming that the initial balance of the cooperative is zero,

the cooperative balance over the time horizon of shifting operations

is simply the sum of the per time step balance increases:

bCOOP =
∑
th

bal inc(r
th
C ) (13)

However, since each participant contributes to the increase differ-

ently, the distribution of rewards must be different as well. A straight-

forward procedure for this redistribution is to generate and award

new coins, which, nevertheless, are returned to the prosumers based

on each one’s behavior. For this reason we propose a cryptocurrency

protocol that is used simultaneously, to both coordinate, and reward

prosumers.

3.2 COOPcoin for Prosumer Cooperatives

To achieve effective rescheduling of prosumers consumption, and

reward back members according to their behavior, we propose the

employment of a specialized cryptocoin algorithm, designed for the

coordination of prosumer cooperative actions. In existing cryptocur-

rency schemes, the same protocol is used by all members of the com-

munity, and each member executes a program that is linked with a

distributed database, called the blockchain [6, 12].
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The program performs certain calculations—e.g., in our case, con-

sumption and production measurements, gain calculations, and so

on, which implement Alg. 1. The individual results are then com-

pared with those of other members, and, if validated—i.e. compared

and matched, are written to each user’s database that is, added to the

blockchain and stored as history. If validation fails for a member,

the adopted result is the one calculated by most members. This dis-

tributed execution approach removes the need for cooperative man-

agers.

Note that the distributed nature of such an algorithm is guaran-

teed with the use of existing cryptocurrency protocols. Such proto-

cols offer many desirable features, e.g. distributed consensus, trans-

action transparency, and anonymized data sharing [19]. Particularly,

although data are shared among all participants freely, they are en-

crypted, and only the issuer and trusted parties can actually recover

actual information, and link data with real persons. Increased pri-

vacy, transparency, and the ability to operate democratically without

a “manager”, are important for cooperatives [1]. Moreover, by en-

suring these properties via the use of cryptocurrency, our approach

can naturally extend to virtual power plants [5, 21] (where the trust

among the constituting entities is even lower).

Our cryptocurrency scheme is specifically designed for prosumer

cooperatives, and is called COOPcoin. The proposed cryptocurrency

protocol “mines” coins according to a small number of measure-

ments and calculations regarding the shifting behaviors, and does
not require computationally intensive operations like other existing

cryptocurrency algorithms, e.g. Bitcoin [12]. Here, “mining”4 is per-

formed collectively, i.e. utility is generated by the better electric-

ity rates as a result of collective shifting, and in place of the Bit-

coin’s “proof-of-work” concept [12], we use what we term “proof-

of-physical-action”: in order to get rewarded with COOPcoins, cer-

tain actions (i.e., electricity consumption shifting actions) must take

place in the real world. For the sharing of the rewards, the protocol

generates COOPcoins based on the collectively achieved profit and

uses these to distribute that profit to the participants. The actual num-

ber of COOPcoins returned to each prosumer is determined based on

their shifting behavior.

More specifically, the number of COOPcoins awarded depends on

two terms: the first, bal inc(r
th
C ), is the actual balance increase due

to the shifting operations, given by Eq. (12); and the second one, sk,

is a scaling factor used for the personalized rewarding.

b+i,th = bal inc(r
th
C ) · si,thk (14)

Now, the value of sk that actually scales each participant’s share

over the balance, depends on the reward sharing policies of each co-

operative. We examine three approaches:

The proportionate to estimated reduction (PROPest) approach dis-

tributes back the balance increase to participants in a proportionate

manner, according to their capabilities stated prior to the reschedul-

ing actuation.

si,thPROPest =
(1− σ̂i)r̂

th
i∑

i∈C(1− σ̂i)r̂
th
i

(15)

The proportionate to actual reduction (PROPact) approach rewards

4 Since cryptocurrency is not issued by a central authority, the process that
creates new coins is performed by end-users and it is called mining. Accord-
ing to this procedure, users check if the data of the available transactions
are valid, i.e. signatures are genuine, amounts in transactions are correct,
etc., and are given newly created coins as a reward [17].

according to the achieved individual reduction.

s
i,th
PROPact =

r
th
i∑

i∈C r
th
i

(16)

The accurate (ACCU) approach uses the normalized continuously
ranked probability score (CRPS), a strictly proper scoring rule, to

assess the absolute relative error εi between promised r̂
th
i , and actual

r
th
i performance, with σ̂i:

s
i,th
ACCU =

1− CRPS(N (0, σ̂i), εi)∑
j∈C\{i}(1− CRPS(N (0, σ̂j), εj)) + 1

(17)

CRPS has been used in the past [2, 21] to rank production and con-

sumption reduction forecasts. Here, it reduces the prosumer COOP-

coin reward when her actual performance is not inside the stated con-

fidence range. It is used in negative orientation and is normalized, so

that perfect forecasts generate a value of zero, while the worst ones

produce a value of 1. This incentivizes participants to be accurate.

Theorem 1 When using ACCU for electricity prosumers coopera-
tive reward sharing, participants are incentivized to be accurate re-
garding their statements.

Proof A scoring rule is a function S(P,Q) that assesses the dis-

tance between a predictive distribution P an actual distribution Q.

When the rule is strictly proper, then S(Q,Q) ≥ S(P,Q), with the

equality holding iff P = Q, i.e. the value is maximized for exact

forecasts [9]. Since CRPS is used here in negative orientation, and is

normalized, i.e. CRPS ∈ [0, 1], we have that CRPS(Q,Q) ≤
CRPS(Q,P ), with the equality holding if and only if Q = P .

Also, because any affine combination of a strictly proper scoring

rule is also strictly proper [16], we exclude agent’s i CRPS from the

denominator of Eq. (17), guaranteeing that siACCU is also strictly

proper. Now, due to CRPS placement in Eq. (17) for fixed r
th
i , r

th
C ,

the share from the positive balance increase (Lemma 2) for the par-

ticipant i is maximized when CRPS=0, leading to s
i,th
ACCU (Q,Q) ≥

s
i,th
ACCU (Q,P ) with the equality holding iff Q = P . Thus, the reward

for i is maximized when the forecast σ̂i is accurate. �
Note that, to maintain strict propriety, i is excluded from the de-

nominator, leading to a small surplus of gain not being directly

awarded to the participants in the form of COOPcoins. This weak
budget balancedness does not affect the other properties of our ap-

proach, and the surplus can be returned to the actors in various ways

(e.g., via the purchase of new equipment, or as bonus to new mem-

bers).5

3.3 Selection of Contributors
As pointed out earlier, it is probable that shifting capacity is larger

than the maximum eligible for profitable actions. In such cases, the

cooperative must select only a subset from the available participants

in C to include in shifting operations. The actual method used for the

selection can vary among cooperatives, according to their business

plans and policies. In any case, it is to the actors’ best interest to form

reliable cooperatives in order to both achieve gains, and contribute to

Grid stability. Here, we examine three selection methods.

5 Alternatively, considering that COOPcoins represent shares, if no surplus
redistribution actions are performed, the result is an increase to the ex-
change rate between the COOPcoin and the “external” currency used to
pay the cooperative, benefiting this way everyone with COOPcoins in their
possession.
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The Random selection method picks contributors uniformly until

the required R̃
th
C is covered for each th.

The Reduction Capacity selection method sorts contributors wrt.
reduction capacity for each shifting interval pair, in an ascending or-

der. Then, it starts including from the one with the lowest value, until

R̃th
C is covered for each th. The objective here is to include as many

contributors as possible.

The Engagement selection method ranks contributors wrt. their

wealth in COOPcoins. Then, starting from the richer one, it contin-

ues with the rest, until R̃th
C is covered for each th. The intuition is to

include active and valuable members, since the wealth in COOPcoins

does not only indicate participation frequency, but overall effective-

ness as well.

Following selection, the accepted contributors are called for ac-

tion, and rewards are dispensed after the actions occur.

4 Experimental Evaluation

In this section we present the dataset and the results from the sim-

ulation. First, we report the origin of our dataset, and describe its

augmentations to account for missing values. Next, we show the dif-

ferent impacts of individual and cooperative shifting actions, as well

as selection methods comparison results; the stability of our proposed

scheme is illustrated with a sensitivity test and, finally, we show how

different COOPcoin reward sharing techniques incentivize statement

accuracy.

4.1 Simulations Setting

Our simulations employ a dataset based on consumption data from

Kissamos, a district of Crete, Greece, and renewable production data

from Galicia,6 Spain, both in 2012. The consumption data represent

hourly demand from different contract categories, and include sea-

sonal variabilities.7 In particular, the load profiles come from resi-
dential, commercial, industrial, agricultural, public, and municipal
customers. However, due to the nature of agricultural and municipal

demand profiles (i.e. mainly pumps, street lighting, etc.), which are

tasks that cannot be shifted in time, these two categories do not par-

ticipate in the prosumer cooperative of our simulation. In total, there

are 7,376 prosumers in our setting.

The production data come from real wind generators and solar

power plants, and have been scaled and divided, so as to represent

the production of each prosumer. Prosumers are equipped either with

both wind generators and solar panels, or with a single type of gen-

eration only. The average daily prosumer electricity production in

our setting is 7.68kWh. The numerical results presented in this sec-

tion are averages over 10 yearly iterations—that is, averages over 10

simulation runs, with each simulation run encompassing 344 days in

2012.8

External Variable Pricing. Now, as the external currency to our

mechanism, we assume that the NRGcoin protocol is adopted by the

6 http://www.sotaventogalicia.com
7 The production and consumption values in a Matlab file format can

be obtained from http://intellix2.intelligence.tuc.gr/
˜akasiadi/ProsumerCoop/.

8 Note that since the simulated time horizon extends to a year, all seasonal
variabilities and additional uncertainties (e.g. individual agent availability,
individual reduction capacities for each time interval) are sufficiently taken
into account.

market and thus Bsell
t () and Bbuy

t () are calculated based on the for-

mulations shown in [15]:

Bsell
t (q+t , Q+

t , Q
−
t ) = (0.1 · q+t ) +

0.2 · q+t

e
(
Q

+
t −Q

−
t

Q
−
t

)2

(18)

and

Bbuy
t (q−t , Q+

t , Q
−
t ) =

(0.65 ·Q−t ) · q−t
Q−t +Q+

t

(19)

Both billing functions satisfy our assumptions regarding vari-

able pricing, as explained in Section 2.1. The parameter values

0.1,0.2,0.65 are set arbitrarily, so that Eq. (18) and Eq. (19) to pro-

duce reasonable results. An illustrative example of the Bbuy
t and

Bsell
t values during the eleventh and twelfth weeks of the simula-

tion, are shown in Fig. 1.
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Figure 1. Time-series of Bbuy
t and Bsell

t used in the simulation as the
Grid’s pricing mechanism.

Shifting Behaviours. Unfortunately, no shifting costs and capac-

ities were available in the dataset, and we are not aware of any

datasets including such values. Thus, we assumed shifting capacities

that were on average 35% of the demand, varying among categories

(e.g. higher for industrial prosumers, and lower for residential ones).

Shifting costs increase inversely proportionally to the prosumer

baseline demand, meaning that shifting to an interval which typi-

cally has less demand, induces increased comfort loss. In this setting,

the shifting costs result to an average value of 3.9 profitable interval

pairs/day, for each prosumer.

Moreover, participants are divided into two different accuracy

classes that describe the relationship between agent confidence state-

ments σ̂i, and final realized shifting actions. The first one contains

the accurate predictors; this describes the realistic case where agents

are mainly confident about their statements, and also have a high

probability to deliver what they promised. The second one, corre-

sponds to the inaccurate predictors, where prosumers might or might

not follow stated forecasts. For accurate predictors, the confidence

statements and the parameters for calculating the absolute relative er-

ror εi, are sampled from B(1, 5) and B(4, 2) respectively; note that

the actual r
th
i is calculated by the product of a sample α

th
i and the

stated shifting capacity r̂
th
i , i.e. r

th
i = (1−α

th
i )r̂

th
i . For inaccurate

agents, confidence statements σ̂i are sampled from a “wider” Gaus-

sianN (0.5, 0.15), and the α
th
i parameter is set to 1−σ̂i. About 50%

of the participants in our setting belong to the accurate class, with the

rest being inaccurate agents (since agents are assigned to a specific

class with 50% probability).
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Parameters τ and λ. To calculate the τ, λ parameters for each

day, we first determined the average kWh difference between supply

and demand, Q+
t −Q−t , across the 24 values. Then, τ is placed at the

75% of the distance between the average and minimum difference

value, while λ at the 25% of the distance between the average and

the maximum difference value. Nevertheless, these particular values

are application specific, and other algorithms can be used for their

calculation as well, according to each cooperative’s capabilities and

business goals. We now proceed to describe the numerical results

from our experiments.

4.2 Individual vs. Cooperative Action
We first compare two different scenarios, one with the prosumers

shifting according to individually optimized plans, and a second

where they shift according to the cooperative suggestions. Contribu-

tors are selected randomly, and everyone is accurate with respect to

their promises and final actions, i.e. no specific “accuracy” classes

are used for this set of experiments. Table 1 shows the difference in

the total bills of the prosumers, and the average across all year daily

peak-to average ratio (PAR) values, for the total demand and supply

difference, buying, and selling prices.

Table 1. Performance of individual and cooperative action.

Method
Total bill Avg. PAR Avg. PAR Avg. PAR

difference |Q+
t −Q−t | Bsell Bbuy

Initial - 1.96 1.28 1.21
Individ. -2.4% 4.75 1.38 1.19
Coop. -4.4% 1.86 1.24 1.19

First, we observe that the “collective bill” when prosumers co-

operate drops by a factor of 2 (-4.4% vs. -2.4%) compared to its

reduction when they do not. Additionally, the cooperative approach

outperforms individual optimization in terms of peak-to-average ra-

tio (PAR) values (average across 344 days) for the |Q+
t − Q−t | and

Bsell columns. Lowering the PAR of |Q+
t −Q−t |means that demand

and supply difference is flattened, thus less electricity is exchanged

to the balancing market, and consumption of locally produced elec-

tricity is promoted. By contrast, the increase of the PAR for the in-

dividual approach shows the scale of the herding effects that take

place. Furthermore, reduction in the PAR value of the selling price

when cooperating, means smaller fluctuations, a fact that allows for

more realistic planning. Lastly, both cooperative and individual opti-

mization leads to buying prices that are quite stable.

4.3 Evaluating Contributor Selection Methods
Henceforth, we assume that each prosumer belongs to the two dif-

ferent accuracy classes introduced earlier. In this setting, we first

evaluate the three different contributor selection approaches we put

forward, namely Engagement, Reduction Capacity and Random. Ta-

ble 2 presents the (average) total cooperative gains and balance for

2012, for each of the three proposed contributor selection methods,

in NRG coins. The prior COOPcoin wealth distribution required by

the Engagement selection, is determined by conducting simulations

using Reduction Capacity selection and ACCU reward sharing. We

can observe that Engagement achieves the highest cooperative gains,

and, consequently, the highest cooperative balance. Reduction Ca-
pacity also performs well wrt. gains in NRG coins. Lastly, Random
has the worst outcome, which, nevertheless, is still profitable.

Table 2. Total cooperative gains and balance in 2012 for each selection
method (NRG coins).

Measure Engagement Reduction Capacity Random
Total Coop. Gains 133805.51 123813.43 80714.62

Total Coop. Balance 68116.49 58134.89 15029.42

4.4 Shifting Capacity Sensitivity Test
In this set of experiments we gradually change the shifting capacity

of every individual, from -50%, to +50% of their initial, and exam-

ine the impacts to the average individual gains and average coalition

sizes during 2012. Note that during all experiments we enforced two

constraints: (a) shifting capacity cannot exceed the hourly demand,

and (b) shifting capacity cannot be negative. Results are presented in
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Figure 2. Average individual gains during 2012, and average shifting
coalition sizes vs. shifting capacity changes for all three selection methods.

Figure 2. As we observe, the average size of the shifting coalitions

drops when the shifting capacity of the prosumers increases, for all

selection methods. This is natural, since increase in the shifting ca-

pacity helps meeting cooperative shifting requirements with fewer

members. Regarding the individual gains of participants for 2012, we

can see that Engagement and Reduction Capacity selection methods

are not significantly affected by the difference in the shifting capac-

ity of the individuals. Also, differences in the shifting capacity do

not induce changes in the selection methods relative ranking; for all

values, Random consistently ranks last, while Engagement produces

higher gains than the Reduction Capacity.

The increase in average individual gain for the Engagement selec-

tion is due to the fact that “better” performing agents are selected

continuously, resulting to the gain being shared by fewer agents.

Lastly, when contributors are selected using the Random method, the

average individual gain decreases for higher shifting capacity per-

centages. This happens because shifting operations are overtaken by

fewer members, who, however, are not examined wrt. their truthful-

ness. Thus, it is highly probable that the final cooperative shifting

actions deviate from those promised, leading to less overall gain.

Figure 3 presents the total cooperative balance in 2012, for differ-

ent shifting capacity percentages. As we can see, the balance of the

cooperative decreases for all methods as prosumers’ shifting capacity
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Figure 3. Cooperative balance in 2012 vs. shifting capacity changes for all
three selection methods.

increases. This can be interpreted if we consider the average coali-

tion size values from Fig. 2: when the number of acting prosumers

decreases, each individual inaccuracy regarding the shifting opera-

tion has a larger impact on the cooperative performance, leading to

reduced cooperative gains. When actors come in large numbers, their

individual errors have less impact, since they cancel out by others to

the opposite direction. Regardless of the observed balance reduction,

we can see that Engagement selection method consistently produces

the highest balance, with Reduction Capacity following, and Ran-
dom producing the least, irrespective of the way the shifting capacity

changes.

4.5 Reward Sharing Methods Evaluation

Finally, we use the three reward sharing methods with each selection

method, in order to find the one incentivizing accurate statements the

most. Figure 4, presents the difference in the total COOPcoin wealth

between accurate and inaccurate actors when using different selec-

tion and reward sharing approaches. We observe that, for every se-

lection method, this difference is higher when the ACCU approach is

used for rewarding. Also, as expected, when using ACCU redistribu-

tion combined with Engagement selection, the difference in COOP-

coin wealth between accurate and inaccurate participants reaches its

highest levels. Interestingly, when using ACCU, accurate participants

are rewarded more, even when the selection criterion does not distin-

guish between the two classes (i.e., when using Reduction Capacity
and Random selection). For all these reasons, ACCU is clearly the

most effective in promoting statements accuracy.

5 Conclusions and Future Work

In this work, we presented a cooperative prosumer consumption

shifting scheme that employs a distributed cryptocurrency mecha-

nism for the coordination of members’ actions. We proposed contrib-

utor selection and reward sharing methods which incentivize truth-

fulness, guarantee increased profits from the trading of electricity,

and help flatten electricity demand curve. Though illustrated in the

domain of prosumer cooperatives, our approach immediately applies

to the broader domain of prosumer virtual power plants as well.
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Figure 4. COOPcoin total wealth difference between accurate and
inaccurate actors after 344 days.

In future work, we will study settings with multiple cooperatives

that can even exchange members. Also, additional selection and re-

warding techniques with specific properties will be tested and com-

pared against each other. Furthermore, in the near future we aim to

work closely with partners from the European Federation for Renew-

able Energy Cooperatives [1], in order to see these ideas adopted by

real-world Smart Grid businesses.
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Analysing Approximability and Heuristics in Planning
Using the Exponential-Time Hypothesis1

Meysam Aghighi, Christer Bäckström, Peter Jonsson, and Simon Ståhlberg2

Abstract. Cost-optimal planning has become a very well-studied

topic within planning. Needless to say, cost-optimal planning has

proven to be computationally hard both theoretically and in practice.

Since cost-optimal planning is an optimisation problem, it is natu-

ral to analyse it from an approximation point of view. Even though

such studies may be valuable in themselves, additional motivation is

provided by the fact that there is a very close link between approx-

imability and the performance of heuristics used in heuristic search.

The aim of this paper is to analyse approximability (and indirectly the

performance of heuristics) with respect to lower time bounds. That

is, we are not content by merely classifying problems into complex-

ity classes — we also study their time complexity. This is achieved

by replacing standard complexity-theoretic assumptions (such as P
= NP) with the exponential time hypothesis (ETH). This enables us

to analyse, for instance, the performance of the h+ heuristic and ob-

tain general trade-off results that correlate approximability bounds

with bounds on time complexity.

1 INTRODUCTION
Given a planning instance where each action is assigned (a typically

non-negative) weight, the task of cost-optimal planning is to find a

plan with minimum total weight, or report that no plan exists. This

problem has gained a steadily increasing amount of interest in the

planning community during recent years. In theory, both satisfic-

ing (propositional) planning and cost-optimal planning are PSPACE-

complete problems [8]. However, cost-optimal planning has proven

to be more difficult in practice and this has spurred the search for

efficient cost-optimal planners.

Since cost-optimal planning is inherently an optimisation prob-

lem, it would be natural to try to approximate it instead of finding

the best possible solution, especially since the problem has proven

to be computationally difficult both theoretically and in practice. The

term “approximation” has been assigned different meanings in the

literature. We opt for the strict interpretation that is the dominant one

in contemporary computer science: we want to produce a solution

that has at most α times the cost of an optimal solution (where α
may be a constant or a function of some parameter based on the in-

stance under consideration), and preferably we want to produce such

a solution faster than it would take to find an optimal solution. This

approach for attacking hard optimisation problems is very common
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in many different branches of computer science, cf. the textbook by

Ausiello et al. [1]. Unfortunately, it appears that approximation has

not been used to any significant degree in the context of cost-optimal

planning, despite the fact that there are a few very well-known (non)-

approximability results reported in the literature. For instance, Sel-

man [29] has shown that blocks world is polynomial-time approx-

imable within 2 but not within every 1 < c < 2, unless P = NP, and

Betz and Helmert [7] have analysed the approximability of the h+

heuristics on several different domains.

Besides this obvious use of approximations, there is another usage

that may very well be more important. Most state-of-the-art planners

(both traditional and cost-optimal) employ heuristic search, and it has

been interesting to see that the focus on domain-independent heuris-

tics has fundamentally changed the role of computational complexity

in planning. In particular, the identification of tractable fragments has

been important, as pointed out by Katz and Domshlak [25].

Computational tractability can be an invaluable tool even for

dealing with problems that fall outside all the known tractable

fragments of planning. For instance, tractable fragments of

planning provide the foundations for most (if not all) rigorous

heuristic estimates employed in planning as heuristic search.

The results in this paper will exclusively be of a negative nature:

we prove that certain problems cannot be solved within certain time

bounds. We claim that negative results are important for the progress

of planning research since such results present challenges to the com-

munity. For instance, it was hardness results (including the unde-

cidability of first-order planning [9] and plan length arguments for

propositional planning) that initiated the research on tractable sub-

classes in the first place [5]! We are in the fortunate position that the

formal nature of many planning heuristics today allows for studying

their connections with approximation theory and other concepts in

complexity theory, thus making them amenable to a more rigourous

formal analysis. Nevertheless, traditional complexity analysis based

on polynomial reductions is often a much too coarse tool for deriving

interesting results. Hence, alternative analysis methods, established

ones (such as parameterized analysis) as well as new ones, are re-

quired to advance the theoretical understanding of planning and, in

the long run, for obtaining better planners.

The aim of this paper is to analyse approximability (and indirectly

the performance of heuristics) with respect to lower time bounds:

ultimately, we aim at results such as “approximating this class of

planning instances within a given bound takes at least this amount

of time”. Non-trivial results of this kind are typically not possible to

obtain using standard complexity-theoretic assumptions such as P =
NP or P = PSPACE: superpolynomial lower time bounds tend to

resolve this kind of conjectures! Thus, we need stronger assumptions
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that give quantitative time bounds. Our approach is based on the ex-
ponential time hypothesis (ETH) by Impagliazzo and Paturi [20]. It

has become an important and widely used assumption when study-

ing the computational complexity of combinatorial problems, cf. the

survey by Lokshtanov et al. [26]. It is also gaining more and more

popularity when studying central problems in AI such as planning

and constraint satisfaction [2, 3, 24, 33]. Assessing the plausibility

of the ETH is very difficult due to the same reasons as assessing the

plausibility of P ?
= NP: the available tools for attacking this kind of

questions are currently too weak. However, it is clear that the ETH

has deep connections with many topics in computer science, such as

the existence of subexponential algorithms for NP-complete prob-

lems [19, 23, 28], the complexity and approximability of optimisa-

tion problems [11, 27] and parameterised complexity theory [10, 12],

and the failure of ETH would have profound consequences.

We begin this paper (in Section 2) by providing some basic defini-

tions and results. In particular, we describe the connections between

optimisation, approximability and heuristics in Section 2.4. We con-

tinue in Section 3 by analysing the time complexity of cost-optimal

planning restricted to actions having no preconditions and only pos-

itive effects. Even though this class of planning problems may seem

absurdly limited, it allows us to better understand the h+ heuristics.

It is known that computing h+ is an NP-hard problem but we do

not know anything about the time needed for computing it. We show

that for every function α = (1 − o(1)) · ln(|V |), there exists a con-

stant c > 0 such that approximating h+ within α in time O(2||P ||
c

)
(where ||P || is the size of instance P and |V | is the number of vari-

ables in P ) is impossible unless the ETH is false. One can alterna-

tively view this result as follows: if h+ can be approximated within

some (arbitrarily large) constant in time 2||P ||
c

for all c > 0, then the

ETH is false. In particular, the existence of a polynomial-time algo-

rithm implies that ETH is false. This result holds even if we require

that all actions have uniform weight 1.

In the next part (Section 4), we slightly broaden the class of prob-

lem instances by allowing both positive and negative preconditions

(but still requiring the effects to be positive). We show that (unless the

ETH is false) there exists a constant c > 0 such that there is no algo-

rithm running in time O(2||P ||
c

) that can approximate cost-optimal

planning for this class of instances within 2p(|V |) for any polynomial

function p. This result carries over to the h+ heuristic extended with

negative preconditions. From a computational point of view, it is thus

quite a good idea to avoid negative preconditions whenever possible.

One should note that, unlike the main result of Section 3, this result

does not hold if actions are required to have uniform weight.

In the final part (Section 5), we consider unrestricted cost-optimal

planning. The main result shows that if the problem can be approx-

imated by some function f within 2|V |−2|V |1/c−1 for some c > 1,

then f cannot be computed in time O(2|V |
1/c′

) for any c′ > c, un-

less the ETH is false. Hence, we obtain a trade-off between approx-

imation bounds and time bounds. This is noteworthy since typical

hardness results for approximation simply establish that a problem

cannot be approximated within some given function of the problem

instance. We conclude the paper in Section 6 by discussing the results

and pointing out future research directions.

2 PRELIMINARIES

This section is divided into four parts. In the first three parts, we intro-

duce the planning formalism, the exponential-time hypothesis, and

the optimisation framework, respectively. In the fourth part, we es-

tablish and discuss connections between approximability and heuris-

tics.

2.1 Planning

Most results in this paper state lower bounds for the complexity of

planning. In such cases, it is beneficial to use a restricted planning

language to make the results as strong as possible. Hence, all formal

results will be stated using propositional STRIPS throughout. In par-

ticular, we will use propositional STRIPS with negative goals (PSN)

[8], which can alternatively be viewed as SAS+ restricted to boolean

(i.e. two-valued) variable domains [6].

Given a set X of propositional atoms, let L(X) denote the set of

all literals over X , i.e. L(X) = {x, x | x ∈ X}. A set of literals

Y ⊆ L(X) is consistent if there is no x ∈ X such that {x, x} ⊆ Y .

A PSN frame is a tuple F = 〈V,A〉 where V is a set of propositional

atoms and A is a set of actions. The state space is S(F ) = 2V

and its members are called (total) states. Each action a ∈ A has a

precondition pre(a) ⊆ L(V ) and an effect eff(a) ⊆ L(V ), which

are both consistent. We let eff(a)+ = eff(a) ∩ V (the set of positive
effects) and eff(a)− = eff(a) ∩ {v | v ∈ V } (the set of negative
effects). The notation a : X ⇒ Y defines an action a with pre(a) =
X and eff(a) = Y . For all s, t ∈ S(F ) and a ∈ A, we say that

action a is valid in s if s satisfies pre(a) and action a is from s to
t if a is valid in s and t = (s ∪ eff(a)+) \ eff(a)−. A sequence

ω = 〈a1, . . . , a�〉 of actions in A is a plan from s0 ∈ S(F ) to

s� ∈ S(F ) if either (1) ω is the empty sequence and s0 = s� or (2)

there are s1, . . . , s�−1 ∈ S(F ) such that ai is from si−1 to si for all

i (1 ≤ i ≤ �).
A PSN instance is a tuple P = 〈V,A, sI , sG〉 such that F =

〈V,A〉 is a PSN frame, sI ∈ S(F ) and sG ⊆ L(V ) is consistent. We

tacitly assume that instances and frames do not contain superfluous

variables, i.e. every variables appears in the precondition or effect of

at least one action. A plan for P is a plan from sI to some s ∈ S(F )
that satisfies sG.

Let PSN denote the set of PSN instances. For any subset C ⊆ PSN

of planning instances, we define the Plan Existence (PE) problem.

PE(C)

INSTANCE: A planning instance P ∈ C.

QUESTION: Does P have a plan?

It is also common to consider weighted actions, although we will

only consider this topic in Section 4. A weighted PSN instance

P = 〈V,A, sI , sG, w〉 is a PSN instance with an additional weight
function, w : A → Z+, that assigns a positive weight to each ac-

tion. This function is extended to sequences of actions such that

w(〈a1, . . . , a�〉) = w(a1) + · · · + w(a�). Note that weights are

often referred to as costs in planning.

Let us now consider plan optimisation. The most common mea-

sures to optimise in planning are either the plan length or the total

weight of a plan. These two optimisation problems can be defined as

follows, where we consider only non-constructive optimisation, i.e.

we only ask for the measure of an optimal solution, not for an actual

solution. Considering non-constructive optimisation gives stronger

lower time bounds since the complexity figures are not affected by

the fact that optimal solutions may be exponentially long and thus

need an exponential amount of time to be written down. Length plan
optimisation (LPO) is the minimisation problem of finding the short-

est plan and Cost plan optimisation (CPO) is the minimisation prob-

lem of finding the minimum plan weight.
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LPO(C)

INSTANCE: A planning instance P = 〈V,A, sI , sG〉 in C.

ANSWER: min{ |ω| | ω is a plan for P } or∞ if P has no plan.

CPO(C)

INSTANCE: A weighted planning instance P =
〈V,A, sI , sG, w〉, such that 〈V,A, sI , sG〉 is in C and

w : A→ Z+ is a weight function.

ANSWER: min{w(ω) | ω is a plan for P } or ∞ if P has no

plan.

Obviously, LPO can be treated as the special case of CPO where the

weight function assigns weight 1 to every action. Since both prob-

lems are defined as non-constructive, we can view them as functions

that return the measure of an optimal plan, e.g. LPO(P ) returns the

length of a length-optimal plan for an instance P .

2.2 Satisfiability and the exponential time
hypothesis

We will use several different variants of the boolean satisfiability

problem during the course of this paper. In its basic form it is de-

fined as follows.

SAT
INSTANCE: A boolean formula F in conjunctive normal form,

i.e. F is a conjunction of clauses where each clause is a dis-

junction of literals.

QUESTION: Does F have a satisfying assignment?

The problem k-SAT, k ≥ 1, is the SAT problem restricted to clauses

containing at most k literals. The SAT problem is NP-complete and

so is the k-SAT problem when k ≥ 3 [17, problem LO1]. We will

also consider the complement of SAT (known as UNSAT): an in-

stance of this problem is considered a ’yes’-instance if and only if

there does not exist a satisfying assignment. The UNSAT problem is

coNP-complete and so is the UNSAT problem restricted to clauses

of length k (which we denote k-UNSAT) whenever k ≥ 3.

The complexity of k-SAT is more precisely characterised by the

exponential time hypothesis (ETH) [20, 19]. This hypothesis is a con-

jecture stated as follows.

Definition 1 For all constant integers k > 2, let sk be the infimum

of all real numbers δ such that k-SAT can be solved in time O(2δn),
where n is the number of variables of an instance. The exponential
time hypothesis (ETH) is the conjecture that sk > 0 for all k > 2.

Informally, ETH says that satisfiability cannot be solved in subex-

ponential time. ETH is not just an arbitrarily chosen concept, but

a quite strong assumption that allows for defining a theory simi-

lar to the one of NP-completeness. There is a concept called SERF

(subexponential reduction family) reduction which preserves subex-

ponential time solvability. There is also a concept called SERF-

completeness which is similar to NP-completeness, but based on

SERF-reductions. In other words, there is a subclass of the NP-

complete problems that are also SERF-complete, meaning that these

can all be SERF reduced to each other. Hence, if one of these can

be solved in subexponential time, then all of them can. One may thus

view the SERF-based theory as a subexponential analogue of the NP-

completeness theory.

It is possible to equivalently define the ETH for the number of

clauses, i.e. replacing O(2δn) with O(2δm) in Definition 1, where

m is the number of clauses. It is known that the ETH with respect to

the number of clauses holds if and only if the ETH with respect to

the number of variables holds [19]. We will use this fact, for instance,

in the proof of Lemma 2 below. Also note that since the ETH refers

to actual deterministic time bounds it is possible to swap the answer,

i.e. if we could solve k-UNSAT in time O(f(n)) for some function

f , then we could also solve k-SAT in time O(f(n)). Hence, the ETH

can equivalently be defined in terms of the k-UNSAT problem.

The time complexity of a problem is usually defined as a function

of the instance size, while the ETH is defined as a function of the

number of variables or clauses. While this allows for sharper results,

it is not quite suitable for planning where the instance size is not

necessarily polynomial in the number of variables. We will instead

use time bounds on the form O(2n
c

), where n is the instance size.

This approach is closely related to the concept of power indices [30,

31, 32].

Lemma 2 3-SAT and 3-UNSAT cannot be solved in time O(2||F ||
c

)
for any c < 1, unless the ETH is false.

Proof. We begin by analysing the size of 3-CNF formulas. Let F
denote an arbitrary 3-CNF formula with n variables and m clauses

and assume, without loss of generality, that F contains no repeated

clauses, no empty clauses and no unused variables. Then n ≤ 3m
and each literal can be represented by log n+ 1 bits. Hence, ||F || ≤
3m(log n+ 1) ≤ 3m

(
log(3m) + 1

)
= 3m(log 3 + logm+ 1) ≤

3m(logm+3) ≤ 12m logm, for m ≥ 2. Note that an actual repre-

sentation would also need to either first state the number of variables

or use separator symbols or similar. For simplicity, we ignore this mi-

nor overhead since it does not matter except for very small instances.

Now suppose 3-SAT can be solved in time O(2||F ||
c

) for some

c < 1. We know that ||F || ≤ 12m logm when m ≥ 2. Furthermore,

12m logm < m1+ε for all ε > 0 and large m. Choose ε = 1 − c,

which satisfies that ε > 0 since c < 1. It then follows from the

assumption that 3-SAT can be solved in time

O(2||F ||
c

) ⊆ O(2m
(1+ε)c

) = O(2m
d

)

where d = (1 + ε)c = (1 + ε)(1 − ε) < 1. This contradicts the

ETH since 2m
d

grows slower than 2δm for all δ > 0. The case for

3-UNSAT is analogous.

Lemma 2 states that the ETH must be false if 3-SAT can be solved

in time O(2||F ||
c

) for some c < 1. However, it does not rule out

the possibility that the ETH is still false even if 3-SAT cannot be

solved in time O(2||F ||
c

) for any c < 1. This is because ||F || ∈
Θ(m logm) and there is no c such that m ∈ Θ

(
(m logm)c

)
. If

c < 1, then (m logm)c grows strictly slower than m, and if c ≥ 1,

then (m logm)c grows strictly faster than m. Hence, this lemma uses

a somewhat weaker subexponentiality concept than the ETH, but it

is still very powerful and useful for our purposes.

2.3 Optimisation and approximation
An optimisation problem takes an instance and generates a solution

that is optimal according to some specified measure, for instance,

plan length. It can be either a minimisation problem or a maximisa-
tion problem, depending on if the measure should be minimised or

maximised. Alternatively, we may ask only for the actual measure

of an optimal solution and not for the solution itself. This is known

as non-constructive optimisation and it is the approach taken in this

paper, as discussed in Section 2.1.
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Let opt be a function that denotes the measure of an optimal so-

lution for an instance. For a minimisation problem, we say that a

function f approximates opt within a factor α if

opt(I) ≤ f(I) ≤ α · opt(I)

for all instances I . That is, the function f never underestimates the

optimal value but always returns a value which is at most a factor

α larger than the optimal value. For a maximisation problem, we

similarly say that f approximates opt within α if

opt(I)

α
≤ f(I) ≤ opt(I)

for all I . The approximation factor α is often also a function of the

instance. Furthermore, the purpose of approximation is usually that

the approximation function f should be easier to compute than the

actual optimum opt. Formally, this can be defined as follows for the

case of minimisation.

Definition 3 Let X be some set and let g : X → N∞ (where

N∞ = N ∪ {∞}) be an arbitrary function. We say that g is NP-

hard if NP ⊆ Pg (i.e. if every NP-complete problem can be solved

by some polynomial-time algorithm having oracle access to g).

Let g : X → N∞ be a function that we wish to minimise. Let

f : X → N∞ and α : X → N∞ be functions. We say that f
approximates g within α if for every I ∈ X ,

g(I) ≤ f(I) ≤ α(I) · g(I).

We additionally say that g is NP-hard to approximate within α if

every function f that approximates X within α is NP-hard.

Typically, α is a function of some aspect of the instance, e.g. its

size or the number of variables. Also note that NP ⊆ Pg if and only

if coNP ⊆ Pg , so there is no need to consider “coNP-hardness” in

this case.

2.4 Heuristics and approximation
Let P = 〈V,A〉 be a weighted PSN frame with weight function w
and let sG be a goal, i.e. sG ⊆ L(V ) and sG is consistent. Let S be

the state space for P and let SG ⊆ S be the set of all states in S that

satisfy sG. Define the cost function c : S → N∞ for P such that for

every state s ∈ S,

c(s) = min{w(ω) | ω is a plan from s to some t ∈ SG }

or c(s) = ∞ if there is no such plan. Computing c(s) is ob-

viously equivalent to solving the CPO problem for the instance

〈V,A, s, sG, w〉 and it is thus a minimisation problem.

A heuristic function h for a cost function c is itself a cost function

that is intended to estimate c while being presumably more efficient

to compute. We further say that h is an admissible heuristic for c if

h(s) ≤ c(s) for all s ∈ S, i.e. if h never overestimates c. This is a

useful criterion since many heuristic search algorithms are optimal if

the heuristic function is admissible, cf. the A∗ algorithm [15].

Many heuristic functions are based on the principle of estimating

the cost function for an instance by computing the cost function in a

relaxed problem instance. Although the details vary, the basic princi-

ple is as follows. Let P = 〈V,A〉 be a weighted PSN frame with cost

function c and let sG be a goal. Another frame P ′ = 〈V ′, A′〉 with

cost function c′ is first computed. This should be a somehow relaxed

version of P that satisfies that c′(s) ≤ c(s) for all s ∈ S. Hence, c′

can be used as an admissible heuristic for c. Examples of this type

of abstraction are relaxation by state abstraction (projection of an in-

stance to a subset of the variables) and delete relaxation (relaxation

by removing all negative effects in the actions), which is also known

as the h+ heuristic [18]. Since computing the cost function is equiv-

alent to computing CPO it is interesting also for this type of heuris-

tics to study the complexity of the CPO problem. Furthermore, even

some heuristics are intractable (computing h+ is NP-hard [8]) which

makes approximation relevant also for heuristics.

Computing an admissible heuristic function h has both a minimi-

sation and a maximisation aspect. It is a minimisation problem in the

sense that it estimates the function c, which should be minimised.

However, since admissibility requires that h(s) ≤ c(s) we clearly

do not want to minimise h(s) any further than we minimise c(s), so

we do, in a sense, also want to maximise h(s) under the constraint

that h(s) ≤ c(s). We can alternatively view this as a multi-objective

minimisation where we simultaneously minimise both the value of

h(s) and the difference c(s)−h(s). Both these approaches are prob-

lematic, though, so it seems more reasonable to minimise h(s) and

let the choice of approximation factor α reflect the minimsation of

c(s)− h(s).
First suppose we want to use an approximation function f of c

within some factor α as a heuristic function. We must then minimise

f since c should be minimised. However, this means that f must

satisfy the condition

c(s) ≤ f(s) ≤ α · c(s),

for all states s ∈ S. Hence, f is not an admissible heuristic. We can

achieve admissibility, though, if we divide by α, which yields

c(s)

α
≤ f(s)

α
≤ c(s),

and which is admissible. Although this has the form of a maximisa-

tion problem, we do actually minimise f and then divide by α.

If we already have an admissible heuristic function h and want

to approximate this, presumably because it is still too expensive to

compute, then we proceed in the same way. We use a function f that

approximates h within some factor α and minimise f , which yields

h(s) ≤ f(s) ≤ α · h(s).

We are guaranteed that h(s) ≤ c(s), since h is an admissible heuris-

tic, so it is possible that f(s) ≤ c(s), but there is no such guarantee

in general. To ascertain that f is admissible we can, thus, do as above

and divide by α, resulting in

h(s)

α
≤ f(s)

α
≤ h(s) ≤ c(s).

Just as in the previous case, this looks like a maximisation, but is still

a minimisation followed by a scaling with α.

Hence, it is reasonable to treat admissible heuristics in the same

way as plan optimisation and approximate them as minimisation

problems, making the results that follow relevant in both these cases.

3 POSITIVE PRECONDITIONS AND THE h+

HEURISTIC
Many successful heuristics for planning are based on the h+ heuris-

tic [18], also known as the delete relaxation or as ignoring delete
lists. This heuristic is computed by creating a new relaxed planning

instance which is identical to the original one, except that all neg-

ative effects are removed from the actions. The heuristic value for
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the original instance is then computed as the optimal plan length (or

plan weight) for the relaxed instance. Unfortunately, computing h+

is NP-complete [8] even if actions are allowed to have at most one

precondition and one effect, so in practice it is usually further ap-

proximated in one way or another. We refer the reader to Betz and

Helmert [7] for an comprehensive overview of approaches to approx-

imate h+. The reader should be aware that most of these approaches

are not approximability results in the strict sense of Sections 2.3 and

2.4; they are heuristic functions with unclear theoretical properties.

We will study the time complexity of computing and approximating

h+ in this section. In fact, we will consider approximation of the

even simpler case where the actions do not even have any precondi-

tions. Let C0+ denote the set of solvable PSN instances where the

actions are restricted to have no preconditions and only positive ef-

fects. Observe that restricting ourselves to solvable instances make

the forthcoming results even stronger.

We will base the forthcoming proof on the NP-complete

SET COVER problem [17, SP5].

SET COVER
INSTANCE: A finite set U and a collection S of subsets of U .

OBJECTIVE: Find a smallest subset S′ ⊆ S that covers U , i.e.

U =
⋃

S′

We assume without loss of generality that
⋃

S =
U for SET COVER instances. Let fsc

(
〈U, S〉

)
=

min{ |S′| | S′ ⊆ S and S′ covers U }, that is, fsc is a function

that gives the size of the smallest cover for a SET COVER in-

stance 〈U, S〉. The following hardness result for approximation of

SET COVER is known from the literature.

Theorem 1 (Dinur and Steurer [16]). It is NP-hard to approximate
fsc within any α satisfying α

(
〈U, S〉

)
= (1− o(1)) · ln |U |.

The factor 1− o(1) tends to 1 so, for example, approximating fsc
within c · ln |U | for any 0 < c < 1 is NP-hard. We can use this result

to prove an analogous result for LPO(C0+).

Theorem 2 It is NP-hard to approximate LPO(C0+) within any fac-
tor α such that α

(
〈V,A, sI , sG〉

)
= (1− o(1)) · ln |V |.

Proof. Proof by optimum-preserving polynomial-time reduction

from SET COVER. Let 〈U, S〉 denote an arbitrary instance of

SET COVER and define a corresponding PSN instance P =
〈V,A, sI , sG〉 such that

1. V = { vu | u ∈ U };
2. A = { as | s ∈ S }, where as : ∅⇒ { vu | u ∈ s } for s ∈ S;

3. sI = ∅ and

4. sG = { vu | u ∈ U }.

Obviously, P ∈ C0+ since we always assume that
⋃

S = U . It is

easy to see that the shortest plan for P has exactly as many actions

as the size of a minimum cover for U and that |V | = |U |. Hence,

this is a reduction that preserves optimal solutions, so it follows from

Theorem 1 that LPO(C0+) is NP-hard to approximate within α.

We continue by presenting a general result for “lifting” NP-

hardness results for plan optimisation (such as Theorem 2) into lower

bounds on time complexity. The reader should note that the set C can

be chosen completely arbitrarily: the restriction to solvable instances

only make the result stronger.

Theorem 3 Let C be a set of solvable PSN instances and let α :
C → N be a function. Then, at least one of the following cases
holds:

1. approximating LPO(C) within α is not NP-hard,
2. there exists some c > 0 such that LPO(C) cannot be approxi-

mated within α by any algorithm running in time O(2||P ||
c

) or
3. the ETH is not true.

Proof. If it is not NP-hard to approximate LPO(C) within α, then

we are in case 1. Otherwise, we may assume that every function f
that approximates LPO(C) within α is NP-hard. Let f be such a

function. If there is some c > 0 such that f cannot be computed in

time O(2||P ||
c

), then we are in case 2.

In case 3, the remaining possibility is that there is such a function

f that can be computed in time O(2||P ||
c

) for all c > 0. We know

that NP ⊆ Pf , since f is NP-hard, so there is some polynomial-

time algorithmA with oracle access to f that solves 3-SAT. SinceA
runs in polynomial time there must be some k > 1 such that every

input string x to the oracle f satisfies that ||x|| ≤ ||F ||k, where F
is the input to A. Choose an arbitrary c such that 0 < c < 1/k.

Let B be an algorithm that approximates LPO(C) within α and runs

in time O(2||P ||
c

). Such an algorithm must exist according to the

assumption. Let AB denote algorithm A where every oracle call is

computed by algorithm B. There is then some polynomial p such that

AB runs in time

O
(
p(||F ||) · 2(||F ||k)c

)
= O
(
p(||F ||) · 2||F ||kc)

⊆ O
(
2||F ||

kc+ε)
,

for all ε > 0. Hence, we can choose ε such that 0 < ε < 1−kc, since

kc < 1. However, this contradicts the ETH according to Lemma 2,

since kc+ ε < 1.

The value of c can be estimated as follows. First note that c <
1/k and that c, without loss of generalitly, can be chosen arbitrarily

close to 1/k. Since ||F ||k is an upper bound on the length of oracle

questions, c can be estimated as soon as we have an explicit bound on

the length of oracle questions. Obtaining such a bound may of course

be more or less difficult depending on the set C of PSN instances.

We arrive at the following result by combining Theorems 2 and 3.

Corollary 4 Let α : PSN → N be a function satisfying
α
(
〈V,A, sI , sG〉

)
= (1−o(1)) · ln |V |. If the ETH holds, then there

exists some c > 0 such that neither LPO(C0+) nor the h+ heuristic
can be approximated within α in time O(2||P ||

c

).

If we merely assume that P = NP then it could be the case that

LPO(C0+) is approximable within α in time O(2||P ||
c

) for every

c > 0. The function 2||P ||
c

grows faster than any polynomial so this

fact would not allow us to infer that P= NP. Thus, the ETH (or some

other hypothesis that gives quantitative bounds on time complexity)

is instrumental for proving results like Corollary 4.

Stronger bounds for h+ than those presented in Corollary 4 are

probably obtainable by taking instances with preconditions into con-

sideration. We leave this as a plausible research direction. One may

note that Betz and Helmert [7] have proven that it is NP-hard to ap-

proximate LPO(C1+,1+) within any constant c > 0 where C1+,1+

contains all PSN instances where the actions have at most 1 positive

precondition and at most 1 positive effect. Theorem 3 implies that for

every constant c > 0, there exists a d > 0 such that LPO(C1+,1+)
cannot be approximated within c by any algorithm running in time

O(2||F ||
d

) or faster, unless the ETH does not hold.
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Another observation worth making is the following: the result

in Corollary 4 is close to optimal for the LPO(C0+) problem.

It is known that SET COVER can be approximated within 1 +
ln |U | [21], which implies that LPO(C0+) can be approximated

within the same bound. To see this, pick an arbitrary instance P =
〈V,A, sI , sG〉 in C0+. We first preprocess P by repeatedly checking

the following cases until none of them is applicable:

1. If there is a variable v ∈ V such that v ∈ sI and v ∈ sG, then P
has no solution since no action can make v false. However, this is

impossible since P ∈ C0+ and it must thus be solvable.

2. If there is a variable v ∈ V such that v ∈ sI , v ∈ sG and there

is no action a ∈ A such that v ∈ eff(a), then P has no solution,

which is impossible since P ∈ C0+.

3. If there is a variable v ∈ V such that v ∈ sI and v ∈ sG, then

variable v is superfluous and can be removed, since v could never

become false.

4. If there is a variable v ∈ V such that v ∈ sI and {v, v}∩sG = ∅,

then variable v is superfluous and can be removed, since all actions

have empty preconditions.

5. If there is a variable v ∈ V such that v ∈ sI , v ∈ sG and there

is an action a ∈ A such that v ∈ eff(a), then a cannot be used in

any solution and can be removed.

Let the resulting instance be P ′ = 〈V ′, A′, sI ′, sG′〉. Note that P ′

can be computed in polynomial time, P ′ is solvable, LPO(P ) =
LPO(P ′), sI

′ = ∅, and sG
′ = { v | v ∈ V ′ }. Finally, construct the

SET COVER instance 〈U, S〉 such that U = V ′ and S = { eff(a′) |
a′ ∈ A′ }. Then fsc

(
〈U, S〉

)
= LPO(P ′) and the approximability

result follows immediately.

Cygan et al. [14] show that improved approximations for

SET COVER can be obtained by using algorithms running in low-

order exponential time. The transformation above shows that such

algorithms are relevant for LPO(C0+), too. This indicates that su-

perpolynomial algorithms for obtaining better approximations ought

to be further investigated with respect to planning heuristics.

4 POSITIVE AND NEGATIVE
PRECONDITIONS

We will now continue with a more expressive class of planning in-

stances without negative effects. Let C+ denote the set of solvable,

weighted PSN instances where the actions are restricted to have pos-

itive effects only. Although weighted actions are often considered in

the context of h+, it is not so common to allow negative precondi-

tions. In that way, C+ is more expressive than the class of instances

usually considered for h+.

We will base the forthcoming proof on a reduction from the fol-

lowing NP-complete problem [17, problem GT39].

DIRECTED HAMILTON PATH (DHP)

INSTANCE: A directed graph G = 〈U,E〉 and vertices s, t ∈
U .

QUESTION: Does G contain a directed Hamilton path from s to

t, i.e. a path that starts in s and ends in t and visits every vertex

in U exactly once?

We now prove that CPO(C+) is quite more difficult to approximate

than LPO(C0+).

Theorem 4 Let p be an arbitrary polynomial. Then it is NP-hard to
approximate CPO(C+) within α where α

(
〈V,A, I,G〉

)
= 2p(|V |).

Proof. Let p be an arbitrary polynomial. Assume f is a function that

approximates CPO(C+) within 2p(|V |). We define a reduction from

DHP to CPO(C+) in two steps as follows. Consider an arbitrary

instance of DHP defined by a graph G = 〈U,E〉 and vertices s, t ∈
U . Without losing generality, assume that U = {v1, . . . , vn}, s = v1
and t = vn.

For the first step, define the weighted directed graph G∗ =
〈U,E∗〉 such that E∗ = { 〈vi, vj〉 | vi, vj ∈ U and i = j }. Then

E ⊆ E∗, so define the edge weight function w : E∗ → N such

that w(e) = 1 if e ∈ E and w(e) = 2p(4n) otherwise. Clearly, G∗

always has a Hamilton path from v1 to vn. Furthermore, if G has a

Hamilton path from v1 to vn, then G∗ has a Hamilton path from v1
to vn of weight n − 1. On the other hand, if G does not have any

Hamilton path from v1 to vn, then any such path in G∗ must contain

at least one edge e with weight w(e) = 2p(4n), so G∗ cannot have

any Hamilton path from v1 to vn of weight less than 2p(4n) in this

case.

For the second step, construct a corresponding PSN instance P =
〈V,A, sI , sG〉 such that

• V = { ini, outi, passi | 1 ≤ i ≤ n };
• A = { ai,j | 〈vi, vj〉 ∈ E∗ } ∪ { bi | vi ∈ U }, where

– ai,j : {ini, outi, inj} ⇒ {outi, inj}, with weight w
(
〈vi, vj〉

)
,

and

– bi : {ini, outi} ⇒ {passi}, with weight 1;

• sI = {in1, outn} and

• sG = { passi | 1 ≤ i ≤ n}

Clearly, P is a member of C+. The variables and actions have the

following purposes. For each vertex vi, variable ini is true if we have

ever arrived at vi, variable outi is true if we have also left vi and

variable passi is true if we have ever visited vi, i.e. if we have both

arrived at vi and left vi. Action ai,j traverses the edge 〈vi, vj〉, i.e. it

moves from vertex vi to vertex vj , and action bi checks that we have

visited vertex vi. We need to prove that P has a plan of weight w+n
if and only if G∗ has a Hamilton path from v1 to vn of weight w.

if: Let σ be a Hamilton path from v1 to vn in G∗ with

weight w(σ) and assume without losing generality, that σ =
〈v1, . . . , vn〉. Then there is a plan ω for P such that ω =
〈a1,2, a2,3, . . . , a(n−1),n, b1, . . . , bn〉. Furthermore,

w(ω) = w
(
〈a1,2, a2,3, . . . , a(n−1),n〉

)
+ w
(
〈b1, . . . , bn〉

)
= w(σ) + n.

only if: Suppose ω is a plan for P . Clearly, ω must contain each

of the actions b1, . . . , bn in order to set variables pass1, . . . , passn.

We can then assume, without losing generality, that ω is of the form

ω = 〈ai1,j1 , . . . , ai�,j� , b1, . . . , bn〉, since no action has any of the

passi variables in its precondition and the bi actions do not depend

on each other. For arbitrary i (1 ≤ i ≤ n), suppose action ai,j is in

ω for some j. This action requires that outi is false and changes it to

true. Since there is no action that can make outi false again, there can

only be one j such that ai,j is in ω and this action can only appear

once. Hence, the sequence ω′ = 〈ai1,j1 , . . . , ai�,j�〉 contains at most

n − 1 actions (it cannot contain any action of type an,j). However,

ω′ must set all of the variables out1, . . . , outn−1 to true, so for each i
(1 ≤ i < n), there is some k such that it contains action ai,k. Hence,

ω′ contains exactly n − 1 actions. This is only possible if i1 = 1,

j� = n and jk = ik+1 for all k (1 ≤ k < n). It follows that ω′

corresponds to the Hamilton path σ = v1, vi2 , . . . , vi� , vn in G∗.
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We thus get that

w(σ) = w
(
〈ai1,j1 , . . . , ai�,j�〉

)
= w(ω)− w

(
〈b1, . . . , bn〉

)
= w(ω)− n,

i.e. w(ω) = w(σ) + n.

Combining this second step with the relationship between G and

G∗ and the assumption about f (noting that |V | = 3n) yields that:

1. If G has a Hamilton path from v1 to vn, then CPO(P ) = 2n− 1,

so f(P ) ≤ 2p(3n)(2n− 1).
2. If G has no Hamilton path from v1 to vn, then CPO(P ) ≥ 2p(4n),

so 2p(4n) ≤ f(P ).

Since 2p(3n)(2n − 1) < 2p(4n) for sufficiently large values of n,

there is a gap such that the value of f(P ) can be used to decide if G
has a Hamilton path or not; if f(P ) < 2p(4n), then G has a Hamilton

path from v1 to vn, and otherwise G does not have such a path.

The construction above is thus a reduction from DHP to

CPO(C+) and it is obviously computable in polynomial time. Since

also f is assumed to be polynomial-time computable, it follows that

we can solve DHP in polynomial time, which is impossible unless

P = NP. Hence, it is NP-hard to approximate CPO(C+) within

2p(|V |).

Since C0+ ⊆ C+ and LPO is a special case of CPO this result in-

volves two additional difficulties compared to the previous theorem.

We might, thus, also wonder about the approximability of LPO(C+).

We only measure the number of actions in this case since every op-

timal plan can have at most |V | actions when there are no negative

effects, since every action in the plan must change at least one vari-

able to true. It immediately follows that LPO(C+) can always be

approximated within the factor |V |; it is trivial to see if the empty

plan solves the instance and if not, then the answer |V | will be an

approximation within |V | for all plan lengths from 1 to |V |. Hence,

Theorem 4 does not hold for the LPO case. It is important that we

work with non-constructive approximations here: the complexity of

computing a concrete solution that approximates within |V | is cur-

rently unknown.

We now combine Theorems 3 and 4 t o get a quantitative lower

bound on the approximability of CPO(C+).

Corollary 5 Arbitrarily choose a polynomial p. If the ETH holds,
then there exists some c > 0 such that CPO(C+) cannot be approx-
imated within 2p(|V |) in time O(2||P ||

c

).

The approximability bound is still valid under severe restrictions

on the number of preconditions and effects; all actions a in the re-

duction above satisfy that |pre(a)| ≤ 3 and |eff(a)| ≤ 2.

5 GENERAL COST-OPTIMAL PLANNING
We finally turn our attention to the approximability of PSN planning

in general. This main result of this section (Theorem 5) goes fur-

ther than most other approximation results since we obtain a func-

tional relation between approximation bounds and time bounds (and

not merely a bound saying that a certain degree of approximability

can or cannot be acheived by utilising a certain amount of compu-

tational resources). Thus, the result applies to a whole spectrum of

approximation bounds and describes a trade-off between approxima-

tion bound and running time for achieving this bound. The proof is

based on a combination of two results which we present next. The

first result is known from the literature.

Lemma 6 (Section 5 in Jonsson [22]) Arbitrarily choose an inte-
ger c > 1. There exists a polynomial-time computable function
ρc : PSN → PSN with the following properties: for an arbitrary
instance P = 〈V,A, sI , sG〉 of PE(PSN), it holds that:

1. ρc(P ) contains |V |c variables;
2. ρc(P ) is solvable;
3. if P has a solution, then ρc(P ) has a solution of length 1 + 2|V |,

or shorter, and
4. if P has no solution, then all solutions for ρc(P ) are longer than

2|V |
c−|V |.

The second result is a particular reduction from 3-UNSAT to

PE(PSN) with a very advantageous property: if the given formula

contains n variables, then the resulting PE(PSN) instance contains

only n + 1 variables. We first recall how to encode an n-bit binary

counter in PSN [4]. Let V = {x1, . . . , xn} and let A contain the n
actions

ci : {x1, . . . , xi−1, xi} ⇒ {x1, . . . , xi−1, xi} (1 ≤ i ≤ n).

Then use V and A to construct a PSN instance P = 〈V,A, sI , sG〉
such that sI = ∅ and sG = {xi | 1 ≤ i ≤ n }. This instance is

always solvable and it has a shortest plan of length 2n − 1 actions

that corresponds to a Hamiltonian path from sI to sG in the state-

transition graph of P .

Construction 7 Define a function ρ : 3-UNSAT→ PSN as follows.

Let F be an instance of 3-UNSAT with n variables {x1, . . . , xn} and

m clauses {C(F )1, . . . , C(F )m}. Assume without loss of general-

ity that F contains no clause C(F )j that is a tautology, i.e. both xi

and xi appear in C(F )j for some 1 ≤ i ≤ n. We construct a corre-

sponding PSN instance ρ(F ) = PF = 〈V,A, sI , sG〉 as follows:

• Let V = {x1, . . . , xn+1}.
• Let c1, . . . , cn+1 denote the actions in the n + 1-bit counter over

the variables x1, . . . , xn+1. For each clause C(F )j = (�1 ∨ �2 ∨
�3) of F , where 1 ≤ j ≤ m, define Tj = {�1, �2, �3}. Let

A = { ai,j | 1 ≤ i ≤ n+ 1, 1 ≤ j ≤ m }, where the actions are

defined as ai,j : pre(ci) ∪ Tj ⇒ eff(ci). One may view ai,j as

action ci in a binary counter extended with preconditions saying

“clause j is not satisfied by x1, . . . , xn”.

• Let sI = ∅.

• Let sG = {x1, . . . , xn, xn+1}.

This construction is indeed a polynomial reduction from 3-UNSAT
to PE(PSN).

Lemma 8 The function ρ in Construction 7 is a polynomial reduc-
tion from problem 3-UNSAT to PE(PSN).

Proof. Let F be a 3-UNSAT instance and let PF = ρ(F ) be the

corresponding PSN instance according to Construction 7. If we treat

the variables x1, . . . , xn+1 as encoding a binary number, then ev-

ery plan must count through all numbers from 0 to 2n, since these

numbers correspond to the initial and goal states and there are only

counting actions. Furthermore, for each state s ∈ S(PF ), only one

of the different types c1, . . . , cn+1 of counter actions is valid in s
and there are m variants of each such action, one for each clause of

F . Hence, for each step in a plan for PF , there are m different ac-

tions to choose from. An action corresponding to a clause C(F )j of

F has a precondition that requires all literals in C(F )j to be false,

i.e. the action is valid only if C(F )j is false in the current variable
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assignment specified by variables x1, . . . , xn. This means that for

each assignment, i.e. for each state, it is necessary to find an action

corresponding to a clause of F that is false for that assignment. In

other words, a plan for PF must verify that for every assignment to

x1, . . . , xn, at least one clause of F is false, i.e. that F is unsatisfi-

able. Hence, ρ is a reduction from 3-UNSAT to PE(PSN) and it is

obvious that it is polynomial-time computable.

We are now ready to prove the main theorem.

Theorem 5 Arbitrarily choose an integer c > 1. If f is a function
that can approximate LPO(PSN) within 2|V |−2|V |1/c−1 then f can-

not be computed in time O(2|V |
1/c′

) for any c′ > c, unless the ETH
is false.

Proof. Suppose f can be computed in time O(2|V |
1/c′

) for some

c′ > c. For simplicity, we show that f cannot approximate

LPO(PSN) within 2|V |−|V |
1/c

2|V |1/c+2
. We can do this without loss of gen-

erality since this bound is slightly more generous than the original

bound:

2|V |−|V |
1/c

2|V |
1/c

+ 2
≥ 2|V |−|V |

1/c

2|V |
1/c · 2

= 2|V |−2|V |1/c−1.

We know from Lemma 8 that a 3-UNSAT instance F with n vari-

ables can be transformed in polynomial time into a PSN instance

PF = 〈V,A, sI , sG〉 that has a solution if and only if F has no

solution, and where |V | = n + 1. We consider P ′ = ρc(PF ) =
〈V ′, A′, sI ′, sG′〉, where the function ρc is as defined in Lemma 6.

We know that P ′ can be computed in polynomial time (in the size of

F ) and that |V ′| = |V |c. If PF has a solution, then

f(P ′) ≤ 2|V
′|−|V ′|1/c

2|V ′|
1/c

+ 2
· (1 + 2|V |) =

2|V |
c−|V |

2|V | + 2
· (1 + 2|V |)

< 2|V |
c−|V |,

while if PF has no solution, then

f(P ′) ≥ 2|V |
c−|V |.

Thus, the value of f(P ′) can be used to decide if F is satisfiable

or not. By assumption, f can be computed in time O(2|V
′|1/c

′
), for

some c′ > c, which implies that the satisfiability of F can be decided

in time O
(
2

(
(n+1)c

)1/c′ )
= O
(
2n

c/c′ )
. However, this contradicts

the ETH (via Lemma 2) since c/c′ < 1.

The instances that result from applying ρ are always satisfiable

so Theorem 5 still holds if we restrict ourselves to solvable PSN in-

stances. This implies that Theorem 5 is directly comparable to Corol-

laries 4 and 5.

6 DISCUSSION
We have demonstrated how the approximability of cost-optimal plan-

ning can be analysed from the perspective of time complexity. Fur-

thermore, we have argued that such results are important when it

comes to understanding the performance of heuristics such as h+.

Since h+ has had such a deep impact on the field of planning, it

makes sense at this point to discuss some future research directions

that are directly related to this heuristic.

Our nonapproximability results for h+ apply to a very large and

unstructured class of planning instances since we do not enforce any

restrictions besides positive effects and (in Section 3) positive pre-

conditions. The h+ heuristic is known to have better performance

when applied to more structured sets of instances. For instance, Betz

and Helmert [7] report that h+ for the domain LOGISTICS is NP-

hard to compute exactly but it can be polynomial-time approximated

within some constant c. Now recall that Theorem 3 gives a time

bound whenever PE(C) is NP-hard. Thus, by letting C contain the

LOGISTICS instances, Theorem 3 is applicable (with α = 1) and we

conclude that there exists a c > 0 such that computing h+ for LO-

GISTICS takes at least 2||F ||
c

time. If it is the case that h+ for LOGIS-

TICS cannot be polynomial-time approximated within every constant

(i.e., it does not have a polynomial-time approximation scheme), then

we can also conclude that there exist constants c′ > 0 and d > 1

such that it takes at least 2||F ||
c′

time to compute an approximation

within d. Unfortunately, we cannot immediately infer any trade-off

results similar to Theorem 5 since we do not have suitable construc-

tions analogous to Construction 7 and the construction in Lemma 6.

We view the adaptation of Theorem 5 to various restricted domains

as an interesting research direction.

We know from Section 3 that whenever α = (1− o(1)) · ln(|V |),
then approximating h+ within α takes at least O(2||P ||

c

) time for

some c > 0 that depends on α. If the instances under consideration

are required to have actions without preconditions and we assume

that all actions have equal weight, then this bound is essentially op-

timal since the problem can be approximated within 1 + ln(|V |) in

polynomial time. If actions with preconditions are allowed, then we

do not know much about polynomial-time approximability. In fact,

we basically only have the trivial bound |V | that was pointed out after

the proof of Theorem 4 and the hardness result for LPO(C1+,1+) by

Betz and Helmert [7]. If actions with different positive weights are

allowed (but actions have no preconditions), then the problem can

be approximated within 1 + ln(|V |) by using Chvátal’s [13] algo-

rithm for weighted SET COVER. Obtaining sharper bounds is thus

an interesting research direction. Approximation algorithms for NP-

complete optimisation problems have been studied intensively for a

long time and the toolbox has become very powerful. This is evi-

dence for the feasibility of such a project. In the same vein, it would

be interesting to obtain lower bounds on polynomial-time approx-

imability of h+. Once again, there is a powerful toolbox available.

For many different reasons, it may not always be acceptable to

approximate h+ within the bound that is obtainable in polynomial

time. It would thus be interesting to obtain time bounds on approx-

imating h+ within, for instance, d · ln(|V |) for some fixed constant

0 < d < 1 or (the probably more interesting case) of approximating

h+ within some fixed constant. In both cases, we know that there

exists some c > 0 (that depends on the desired bound) such that

computing the approximation takes at least O(2||P ||
c

) but we do not

know the exact value (nor do we have a close estimate) of c. We have

pointed out (after the proof of Theorem 3) that bounds on c can be

obtained by analysing connections between 3-SAT and the planning

problem at hand. A problem with this approach is that the underly-

ing constructions may be highly involved. This is, for instance, the

case for the SET COVER result underlying Corollary 4. Another

obstacle that we want to emphasise is that the exact representation

of planning instances may be important in this kind of analyses. The

oracle function in the proof always take a planning instance as in-

put and the size of this instance (which is directly dependent on the

chosen representation) has a strong influence on the time bound.
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A Simple Account of

Martin C. Cooper, Andreas Herzig, Faustine Maffre, Frédéric Maris, Pierre Régnier 1

Abstract. A realistic model of multi-agent planning must allow us

to formalize notions which are absent in classical planning, such as

communication and knowledge. We investigate multi-agent planning

based on a simple logic of knowledge that is grounded on the visibil-

ity of propositional variables. Using such a formal logic allows us to

prove the existence of a plan given the description of the individual

actions. We present an encoding of multi-agent planning problems

expressed in this logic into the standard planning language PDDL.

The solvability of a planning task is reduced to a model checking

problem in a dynamic extension of our logic, proving its complexity.

Feeding the resulting problem into a PDDL planner provides a prov-

ably correct plan for the original multi-agent planning problem. We

apply our method on several examples such as the gossip problem.

1 Introduction

Suppose there are n agents each of which knows some secret: a piece

of information that is not known to the others. They communicate by

phone calls, and whenever one person calls another they tell each

other all they know at that time. How many calls are required before

each item of gossip is known to everyone? This gossip problem can

be viewed as perhaps the simplest multi-agent planning problem: it

is only the agents’ knowledge that evolves, while the facts of the

world remain unchanged. We develop a formal framework in which it

possible to express some interesting generalizations of this problem.

Dynamic Epistemic Logic DEL [24] provides a formal framework

for the representation of knowledge and update of knowledge, and

several recent approaches to multi-agent planning are based on it,

starting with [5, 17]. While DEL provides a very expressive frame-

work, it was unfortunately proven to be undecidable even for rather

simple fragments of the language [1, 8]. Some decidable fragments

were studied, most of which focused on public events [17, 25]. How-

ever, the gossip problem requires private communication. There exist

other approaches on planning with uncertainty that do not use DEL.

The framework presented in [16] allows us to reason about knowl-

edge on literals in a multi-agent setting. A similar approach with

beliefs can be found in [19]. While restricted to a single agent, the

framework of [20] also deals with ‘knowing whether’ formulas (i.e.,

knowing p or knowing ¬p).

In this paper we provide a simple multi-agent epistemic logic that

we call EL-OS (Epistemic Logic of Observation), allowing us to

model actions and epistemic planning tasks such as the gossip prob-

lem. Our logic provides special variables describing what agents can

see. These variables determine indistinguishability relations, which

1 University of Toulouse, IRIT, France.
http://www.irit.fr/?lang=en

allow us to interpret arbitrary formulas containing epistemic opera-

tors in the standard way and to reduce them to boolean formulas. By

extending EL-OS with dynamic operators, we are able to formalize

the existence of a plan, giving the complexity result. We also study

an encoding of actions into PDDL, the standard Planning Domain

Definition Language [18]. This allows us to find a plan efficiently

with a PDDL planner, which we do with extensions of the gossip

problem and with the ‘exam problem’ where truth values of facts can

also evolve.

The paper is organized as follows. In Section 2 we introduce our

epistemic logic EL-OS. In Section 3 we give a formal definition of

actions and planning tasks within our framework. In Section 4 we

show how the existence of a plan can be encoded in the extension of

EL-OS with dynamic operators, and give the complexity result. In

Section 5 we present the encoding into PDDL. In Section 6 we apply

our framework to examples. We conclude in Section 7.

2 A simple epistemic logic
The logic EL-OS is a fragment of Dynamic Epistemic Logic of

Propositional Assignments and Observation DEL-PAO [13], which

is a dialect of Dynamic Logic of Propositional Assignments DL-PA
[14, 4, 3]. We start by defining its language and semantics.

The basic ingredient of DEL-PAO are atoms of the form Sip, to be

read as “agent i sees p” or “agent i knows whether p.” We understand

this as follows: when i knows whether p then either p is true and i
knows that, or p is false and i knows that. We also allow for higher-

order visibility with atoms of the form SjSip (j sees whether i sees

p), SkSjSip (k sees whether j sees whether i sees p), and so on.

Along with visibility, DEL-PAO includes joint visibility and deals

with a relation of ‘introspective consequence’ between atoms. Here

we simplify things and only consider individual visibility. We call

the resulting logic EL-OS.

2.1 Language
Let Prop = {p1, p2, . . .} be a countable set of propositional vari-
ables and Agt = {1, . . . , n} a finite set of agents. The set of visibility
operators is OBS = {Si : i ∈ Agt}. The set of all sequences of vis-

ibility operators is noted OBS∗; elements of OBS∗ are noted σ, σ′,
etc. An atom is any sequence of visibility operators Si followed by a

propositional variable. Formally,

ATM = {σp : σ ∈ OBS∗, p ∈ Prop}
Elements of ATM are noted α, α′, β, β′, etc. The depth of an atom

is the number of visibility operators composing it.

Then the language of EL-OS is defined by the following grammar:

ϕ ::= α | ¬ϕ | ϕ ∧ ϕ | Kiϕ
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where α ranges over ATM and i over Agt .
The formula Kiϕ reads “agent i knows that ϕ, based on what

she observes.” The other boolean operators ⊥, �, ∨,→ and↔ are

defined as usual.

A boolean formula is a formula without the epistemic operator Ki.

The set of all boolean formulas is noted Fmlbool . We note ATM (ϕ)
the set of atoms appearing in the boolean formula ϕ. For example,

ATM (q ∧ Sip) = {q,Sip}. (Note that p /∈ ATM (q ∧ Sip).)
The visibility operator Si can only be applied to atoms: it means

that agent i sees the value of this atom (she sees whether it is true

or false). On the other hand, the epistemic operator Ki can be ap-

plied to any formula and means that i knows that this formula is true.

So Ki¬p is a well-formed formula but Si¬p is not. In Section 2.2

we will show that our logic nevertheless allows us to reason about

knowledge of complex formulas.

2.2 States and indistinguishability relations
Our worlds, alias states, are simply subsets of atoms, the ones that

are currently true. Therefore the set of all worlds is 2ATM . We denote

worlds by s , s ′, t, etc.

We interpret knowledge operators thanks to the visibility informa-

tion contained in states. Intuitively, for an atom α, we have:

α ∧ Siα↔ Kiα

¬α ∧ Siα↔ Ki¬α
For complex formulas Kiϕ, we rely on accessible worlds just as in

standard epistemic logic [11]: i knows that ϕ if ϕ is true in all worlds

indistinguishable from the current one. Unlike standard epistemic

logic however, the indistinguishability relation is not primitive but

is constructed from visibility information: two worlds s and s ′ are

indistinguishable for agent i, noted s ∼i s
′, if all atoms that i sees in

s keep the same value in s ′. Formally:

s ∼i s
′

iff for every α ∈ ATM , if Siα ∈ s then s(α) = s ′(α)

where s(α) = s ′(α) if and only if either α ∈ s and α ∈ s ′ or

α /∈ s and α /∈ s ′. It is this construction that allows us to model

knowledge in a more compact and natural way: all the information

about indistinguishability is contained in the actual state and there is

no need to explicitly give possible worlds and how they relate.

In epistemic logic, indistinguishability relations are usually as-

sumed to be equivalence relations. While ours are clearly reflexive,

they are neither transitive nor symmetric.2 To ensure transitivity and

symmetry, we impose introspection: agents must always know what

they know and what they do not know. In terms of visibility, this

means that atoms of the form SiSiα should always be true. More-

over, every agent should be aware of these facts. Generally: atoms of

the form σSiSiα with σ a sequence of visibility operators, possibly

empty, must be true. Let us define the (infinite) set of introspectively

valid atoms as:

ATMINTR = {α : α ∈ ATM and α = σSiSiα
′}.

We say that a state containing all these atoms is introspective and

denote the set of all introspective states by INTR. Formally,

INTR = {s ∈ 2ATM : ATMINTR ⊆ s}.
Clearly, s ∪ATMINTR ∈ INTR for every state s .

Proposition 1 ([13]). Relations ∼i are equivalence relations on
INTR.

Proposition 2 ([13]). Let s ∈ INTR and s ′ ∈ 2ATM . If s ∼i s ′

then s ′ ∈ INTR.
2 For example, ∅∼i{Sip, p}while {Sip, p}�∼i∅ since {Sip, p}(p) �= ∅(p).

2.3 Semantics
Formulas are interpreted over states s ∈ 2ATM . The truth conditions

are as follows:

s |= α iff α ∈ s

s |= ¬ϕ iff s |= ϕ

s |= ϕ ∧ ϕ′ iff s |= ϕ and s |= ϕ′

s |= Kiϕ iff for every s ′ ∈ 2ATM
such that s ∼i s

′, s ′ |= ϕ

Let us stress that truth conditions are defined on any state s ∈
2ATM , even if we have seen that the ∼i are equivalence relations

only on introspective states. Moreover, in the truth condition of Kiϕ
we do not require the s ′ to be introspective: by Proposition 2, s ′ will

belong to INTR if s is introspective. A formula ϕ is valid if and

only if s |= ϕ for every s ∈ 2ATM ; it is valid in INTR if and only if

s |= ϕ for every s ∈ INTR.

We say that the boolean formula ϕ is in normal form if and

only if ϕ does not contain an introspectively valid atom, i.e., no

α ∈ ATM (ϕ) belongs to ATMINTR.

Proposition 3. For every EL-OS formula ϕ, there exists a formula
ϕ′ in normal form such that ϕ↔ ϕ′ is valid in INTR.

This formula can be obtained by replacing every introspectively

valid atom of ϕ by �.

Proposition 4. For every state s ∈ 2ATM , every boolean formula ϕ
in normal form, and every α ∈ ATMINTR, we have:

s\{α} |= ϕ if and only if s∪{α} |= ϕ.

By Proposition 4, the truth value of a formula in normal form is

the same in s and in its introspective, but infinite counterpart s ∪
ATMINTR.

2.4 From visibility to knowledge
We now show how to reduce EL-OS formulas to boolean formulas.

This will allow us to reduce multiagent planning problems that are

expressible in EL-OS to classical planning problems.

Proposition 5 ([13]). The following equivalences are valid.

Kiα↔ Siα ∧ α

Ki¬α↔ Siα ∧ ¬α
Ki(ϕ ∧ ϕ′)↔ Kiϕ ∧Kiϕ

′

Ki

( ∨
α∈A+

α ∨
∨

α∈A−
¬α
)
↔

⎧⎪⎪⎨⎪⎪⎩
( ∨
α∈A+

Kiα
)
∨
( ∨
α∈A−

Ki¬α
)

if A+ ∩A− = ∅
� otherwise

Moreover, the rule of replacement of equivalents preserves validity.

The last equivalence may appear curious to one familiar with epis-

temic logic. It is actually inherent to the notion of visibility: if an

agent knows that p or q is true by looking at them, she immediately

knows which one is true. This is discussed in [13] and [7]; the latter

proposes an extension of DEL-PAO where the equivalence is invalid.

With the help of Proposition 5, starting with the innermost oper-

ator Ki (thanks to the rule of replacement of equivalents) we can

reduce any EL-OS formula to a boolean formula. Let us focus on

reducing formulas of the form Ki1 . . .Kimα to a conjunction of

atoms. For example, we have by Proposition 5:

KiKjp↔ Ki(Sjp ∧ p)↔ KiSjp ∧Kip
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↔ SiSjp ∧ Sjp ∧ Sip ∧ p.

We generalize this: define the set of ‘epistemic atoms’ of an epis-

temic formula ϕ of the form Ki1 . . .Kimα with m ≥ 0 such that α
is not introspectively valid as follows:

EATM (α) = {α}
EATM (Kiϕ) = EATM (ϕ) ∪ {Siα : α ∈ EATM (ϕ) and

α is not of the form Siα
′}

The last line ensures that EATM (ϕ) does not contain any intro-

spectively valid atom as we will be interested in formulas in normal

form. Denote the conjunction of all these atoms by
∧

EATM (ϕ) =∧
α∈EATM (ϕ) α.

Proposition 6. The following equivalence is valid in INTR.

Ki1 . . .Kimα↔
∧

EATM (Ki1 . . .Kimα)

Lemma 1. Let p ≥ 0. Let r1, . . . , rp be such that 1 ≤
r1 < . . . < rp ≤ m. Then EATM (Kir1

. . .Kirpα) ⊆
EATM (Ki1 . . .Kimα).

In words, the set of epistemic atoms of Ki1 . . .Kimα includes

every epistemic atom of a formula composed of epistemic operators

on a subsequence of i1, . . ., im.

We extend EATM (.) to a conjunction of formulas as expected:

EATM
( ∧

i1,...,im∈Agt
and α∈A

Ki1 . . .Kimα
)
=
⋃

i1,...,im∈Agt
and α∈A

EATM
(
Ki1 . . .Kimα

)
where A ⊆ ATM is a set of atoms.

We will use these epistemic atoms in applications.

3 Epistemic planning with conditional effects
In this section, we formally define actions and planning tasks within

our framework EL-OS. We assume that we perform planning tasks

in fully observable, deterministic domains.

3.1 Actions with conditional effects
An conditional action is a pair a = 〈pre(a), eff (a)〉 where:

• pre(a) ∈ Fmlbool is a boolean formula: the precondition of a;

• eff (a) ⊆ Fmlbool × 2ATM × 2ATM is a set of triples ce of

the form 〈cnd(ce), ceff +(ce), ceff −(ce)〉: the conditional effects
of a, where cnd(ce) is a boolean formula (the condition) and

ceff +(ce) and ceff −(ce) are sets of atoms (added and deleted

atoms respectively).

We impose that there is no conflicting effects: for every ce1, ce2 ∈
eff (a) with cnd(ce1) and cnd(ce2) consistent, ceff +(ce1) ∩
ceff −(ce2) = ∅.

For example, consider the conditional action togglep of flipping

the truth value of the propositional variable p. It is described as

togglep = 〈pre(togglep), eff (togglep)〉 with pre(togglep) = �
and eff (togglep) = {〈p, ∅, {p}〉, 〈¬p, {p}, ∅〉}. The conditions p
and ¬p are inconsistent, thus not leading to conflict.

Example 1 (The gossip problem). Let Agt = {1, . . . , n} and

Prop = {si : i ∈ Agt}. Each propositional variable si represents

the secret of agent i. We are not interested in its value, but only in the

knowledge of its value. (We suppose each si is true.)

During the action callij , agents i and j tell each other ev-

ery secret they know among all n secrets. We have callij =
〈pre(callij), eff (callij)〉 with pre(callij) = � and

eff (callij) = {〈Sis1 ∨ Sjs1, {Sis1,Sjs1}, ∅〉,

. . . ,

〈Sisn ∨ Sjsn, {Sisn,Sjsn}, ∅〉}.
Intuitively, we add visibility of a secret to both agents if at least one

knows it. (So we add variables that are already true; in this case there

will be no effect.)

There is no possible conflict since callij has no negative effects.

A conditional action a determines a relation between states that is

a partial function:

sRas
′

iff (1) s |= pre(a), and

(2) for every ce ∈ eff (a) such that

(ceff +(ce) ∪ ceff −(ce)) ∩ ATMINTR = ∅,
s |= cnd(ce), and

(3) s ′ =
(
s \

⋃
ce∈eff (a)

and s|=cnd(ce)

ceff −(ce)
)
∪
⋃

ce∈eff (a)
and s|=cnd(ce)

ceff +(ce).

In words, an action adds and removes atoms as expected if its pre-

condition is satisfied and none of its conditional effects involving an

introspective atom can be triggered.

We say that the action a is in normal form if and only if (1) the

formulas pre(a) and cnd(ce) for every ce ∈ eff (a) are in normal

form, and (2) for every ce ∈ eff (a), if α ∈ ceff +(ce) ∪ ceff −(ce)
then α is not introspectively valid.

Proposition 7. For every action a, there exists an action a′ in normal
form such that for every s, t ∈ INTR, we have:

sRat if and only if sRa′ t.

Actions in normal form can be obtained by the following mod-

ification, (1) for every conditional effect ce ∈ eff (a) such that

(ceff +(ce) ∪ ceff −(ce)) ∩ ATMINTR = ∅, replace pre(a) by

pre(a) ∧ ¬cnd(ce) and remove ce from eff (a), and (2) put the re-

sulting pre(a) and cnd(ce), for every ce ∈ eff (a), in normal form.

Proposition 8. For every s, t ∈ 2ATM , every action a in normal
form, and every α ∈ ATMINTR, we have:

s\{α} Ra t\{α} if and only if s∪{α} Ra t∪{α}.

As with Proposition 4 for formulas, Proposition 8 implies that if

there exists an execution of a from s that leads to t, then there exists

an execution of the same action from s∪ATMINTR to t∪ATMINTR.

This is ensured by the fact that actions in normal form neither test nor

add nor remove introspectively valid atoms.

3.2 Simple epistemic planning tasks
We say that a state s is reachable from a state s0 via a set of condi-

tional actions Act if there is a sequence of actions 〈a1, . . . , am〉 from

Act and a sequence of states 〈u0, . . . , um〉 with m ≥ 0 such that

s0 = u0, s = um and uk−1Rakuk for every k such that 1 ≤ k ≤ m.

A simple epistemic planning task is a triple 〈Act , s0,Goal〉where

Act is a finite set of actions, s0 ⊆ ATM is a finite state (the initial

state) and Goal ∈ Fmlbool is a boolean formula. It is solvable if at

least one state s such that s |= Goal is reachable from s0 via Act ;
otherwise it is unsolvable.

We say that the planning task 〈Act , s0,Goal〉 is in normal form if

and only if (1) every action a ∈ Act is in normal form, and (2) the

formula Goal is in normal form.

Example 2 (Example 1, ctd.). The planning task corresponding to

the gossip problem is G1 = 〈ActG1 , sG1
0 ,GoalG1 〉 with

M.C. Cooper et al. / A Simple Account of Multi-Agent Epistemic Planning 195



• ActG1 = {callij : i, j ∈ Agt and i = j};
• sG1

0 = {Sisi : i ∈ Agt} ∪ {si : i ∈ Agt};
• GoalG1 =

∧
i,j∈Agt Sisj .

In the initial state, every agent knows her own secret and none of

the other secrets. Secrets are also true initially, so that, since no

action can change the truth value of si, GoalG1 is equivalent to∧
i,j∈Agt Kisj .

This planning task is in normal form since every action callij is

trivially in normal form.

4 Dynamic extension and complexity results

Consider the planning task 〈Act , s0,Goal〉. In this section, we in-

troduce an extension of EL-OS with dynamic operators, which we

call DEL-PAOS (Dynamic Epistemic Logic of Propositional Assign-

ments and Observation without common knowledge). We show how

actions from Act can be encoded into DEL-PAOS programs. Then

we prove that the solvability of 〈Act , s0,Goal〉 is in PSPACE by

showing that it can be polynomially reduced to a DEL-PAOS model

checking problem.

4.1 A simple dynamic epistemic logic

The language of DEL-PAOS extends the language of EL-OS with

the dynamic operator 〈π〉, with π a program: the formula 〈π〉ϕ reads

“there exists an execution of π after which ϕ is true.”

The syntax of programs is defined by the following grammar:

π ::= +α | −α | π;π | π 2 π | π∗ | ϕ?
where α ranges over the set of atomic formulas ATM and ϕ over the

set of formulas.

Atomic programs +α and −α are assignments: they respectively

set the value of the atom α to true and to false. Complex programs

are composed of sequences of instructions (π;π), non-deterministic

choice between instructions (π 2 π), repetitions (π∗) and tests (ϕ?).

The dual operator [π]ϕ = ¬〈π〉¬ϕ (“after every execution of

π, ϕ is true”) is defined as usual. Moreover, if ϕ then π abbrevi-

ates (ϕ?;π) 2 ¬ϕ? and if ϕ then π else π′ abbreviates (ϕ?;π) 2
(¬ϕ?;π′).

Semantically, a program is interpreted as a binary relation Rπ on

states, such that:

sR+αs
′

iff s ′ = s ∪ {α}
sR−αs

′
iff s ′ = s \ {α} and α /∈ ATMINTR

sRπ1;π2s
′

iff there exists u ∈ 2ATM
such that sRπ1u and uRπ2s

′

sRπ1�π2s
′

iff sRπ1s
′

or sRπ2s
′

sRπ∗s
′

iff there exist u0, . . . , um ∈ 2ATM
with m ≥ 0

such that s = u0, s
′ = um

and uk−1Rπuk for every 1 ≤ k ≤ m

sRϕ?s
′

iff s = s ′ and s |= ϕ

The truth condition of the new operator is then:

s |= 〈π〉ϕ iff there exists s ′ ∈ 2ATM
such that sRπs

′
and s ′ |= ϕ

In words, 〈π〉ϕ is true if there is a state reachable by executing π
where ϕ is true. An assignment +α or −α updates the state by

adding or (unless introspectively valid) removing α; a sequential

composition π1;π2 executes first π1 and then π2; a nondeterministic

composition π1 2 π2 takes the union of relations for π1 and for π2;

an iteration π∗ reaches any state attainable if we repeat π an arbitrary

number of times; a test ϕ? stays in the same state if ϕ is true there

(otherwise the program fails and produces no result world).

Observe that unlike the epistemic operators Ki, the evaluation of

dynamic operators may terminate in a non introspective state. How-

ever, trying to remove an introspectively valid atom (e.g. by execut-

ing−SiSip) will lead to a failure of the program because of the def-

inition of R−α: a program starting in INTR will never exit INTR.

4.2 Storing variables
The conditional effects of the actions that we have defined in Section

3 are produced in parallel. We have to simulate this in DEL-PAOS by

sequential composition. We therefore have to take care that the truth

value of no condition is modified by an effect. To achieve this, we

store the values of our conditions before executing our action, and

evaluate such values. This problem does not arise in PDDL where all

conditions are checked before any effects are produced.

We use new atomic variables noted c, called storage variables,

which we suppose do not appear in the planning task under concern.

Then the program storing the value of a formula is defined as:

str(ϕ, c) = if ϕ then +c else −c.

Proposition 9. If c does not occur in ϕ then the equivalence ϕ ↔
[str(ϕ, c)]c is valid.

We will see that after the execution of our program, we will make

all the storage variables false so that we do not have to worry about

them. The program resetting the value of a given set of storage vari-

ables is simply defined as:

rst({c1, . . . , cm}) = −c1; . . . ;−cm.

4.3 Encoding of actions
Intuitively, an action is a DEL-PAOS program, only executed

if the precondition is fulfilled, applying each conditional effect

whose condition is satisfied. For example, the action togglep (flip-

ping the value of the variable p) corresponds to the program

str(p, c1); str(¬p, c2); if c1 then −p; if c2 then +p. This highlights

the importance of storing values of conditions: the program

if p then −p; if ¬p then +p would actually always make p true.

We first show how to perform one conditional effect ce whose

condition’s value was stored in c:

exeCE(ce, c) = if c then +α1; . . . ; +αm;−β1; . . . ;−β�

where ceff +(ce) = {α1, . . . , αm} and ceff −(ce) = {β1, . . . , β�}.
Note that the ordering of atoms is not important since ceff +(ce) ∩
ceff −(ce) = ∅. Then we can associate to action a the DEL-PAOS

program exeAct(a):

exeAct(a) = pre(a)?;

str(cnd(ce1), c1); . . . ; str(cnd(cem), cm);

exeCE(ce1, c1); . . . ; exeCE(cem, cm);

rst({c1, . . . , cm}),
with eff (a) = {ce1, . . . , cem}. The ordering of effects is not impor-

tant since we test values of storage variables.

Proposition 10. For every s, t ∈ 2ATM such that s does not contain
any storage variable, and every action a in normal form, the program
exeAct(a) behaves like a:

s Ra t if and only if s RexeAct(a) t.

Intuitively, our program exeAct(a) is divided in four parts which

are executed in sequence:
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1. pre(a)?: we test the precondition of the action. Semantically, if

s |= pre(a) then we stay in the same state s and continue to

execute the program, and if s |= pre(a) then the program fails

(no world is related to s by exeAct(a)). This corresponds to the

requirement that s |= pre(a) in Ra.

2. str(cnd(ce1), c1); . . . ; str(cnd(cem), cm): we store every con-

dition. Recall that ϕ↔ [str(ϕ, c)]c is valid, ensuring that testing

each ci after str(cnd(cei), ci) is equivalent to testing cnd(cei)
before effects are executed. Observe that after the execution of this

part, each atom has kept the same value it had in s; only storage

variables have been modified.

3. exeCE(ce1, c1); . . . ; exeCE(cem, cm): we apply effects based

on the truth values of storage variables. For each program

exeCE(cei, ci), if s |= ci, then every positive effect from

ceff +(cei) is added to s , while every negative effect from

ceff −(cei) is removed from s , as specified in Ra. The action be-

ing in normal form ensures that exeCE(cei, ci) will not remove

an introspectively valid atom, preventing any failure.

4. rst({c1, . . . , cm}): all storage variables are put to false, like they

were in s , so that the execution of exeAct(a) is exactly equivalent

to the execution of a (where storage variables do not appear).

Example 3 (Example 1, ctd.). The action callij , for any i, j ∈ Agt ,
is associated to the program:

exeAct(callij) = �?;
str(Sis1 ∨ Sjs1, c1); . . . ; str(Sisn ∨ Sjsn, cn);

if c1 then +Sis1; +Sjs1;

. . . ;

if cn then +Sisn; +Sjsn;

rst({c1, . . . , cn})
Note that in this case, pre(callij)? can clearly be dropped.

4.4 Solvability of a planning task
Now that we have defined the encoding of actions, we can capture

the solvability of a planning task in DEL-PAOS.

Proposition 11. A planning task 〈Act , s0,Goal〉 in normal form
such that s0 does not contain any storage variable is solvable if and
only if:

s0 |=
〈( ⊔

a∈Act

exeAct(a)
)∗〉

Goal .

Intuitively, our formula reads “there exists an execution of(⊔
a∈Act exeAct(a)

)∗
after which Goal is true.” The program(⊔

a∈Act exeAct(a)
)∗

non-deterministically chooses an action a
from Act and executes the corresponding program exeAct(a), then

repeats this a finite number of times. This produces a sequence of

actions, i.e., a plan.

We do not impose that s0 is introspective as it would make it in-

finite; this is not necessary by Proposition 8 since the planning task

is in normal form: if there is an execution of
(⊔

a∈Act exeAct(a)
)∗

starting from the introspective state s0 ∪ ATMINTR and leading

to a state satisfying Goal , then there is one starting from the non-

introspective state s0 and leading to a state satisfying Goal .

Proposition 12. Deciding the solvability of a planning task with
DEL-PAOS is PSPACE-complete.

The lower bound comes from classical planning [6]; the upper

bound is given by Proposition 11, where the problem is reduced to

a model checking problem of DEL-PAOS, a fragment of DEL-PAO
whose model checking problem is in PSPACE.3

This result compares favorably to DEL-based epistemic planning,

which is undecidable even for simple fragments [1, 8]. The difference

is due to the simplicity of our underlying epistemic logic (cf. Propo-

sition 5) as well as to the limited expressivity of our actions: we can

basically model private announcements, while DEL has more general

event models.

5 Encoding into PDDL

In this section we present a method for encoding planning problems

defined in DEL-PAOS into PDDL. As already observed, in PDDL

we do not need to store conditions as we were obliged to do in DEL-
PAOS. Consider a planning task 〈Act , s0,Goal〉. We show how to

encode boolean formulas and actions in PDDL.

5.1 Translation of formulas

Some PDDL requirement flags should be set depending on the form

of conditions cnd(ce) of conditional effects ce of actions and of the

formula Goal :

• the default flag :strips for conjunctions;

• the flag :negative-preconditions for negations;

• the flag :disjunctive-preconditions for negations of

conjunctions, and disjunctions, if used to simplify writing.

Given a boolean formula ϕ ∈ Fmlbool , we define a recursive func-

tion trPDDL(ϕ) which returns the encoding of ϕ into PDDL:

trPDDL(Si1 . . .Simp) ::=

{
(p) if m = 0

(S-m i1 ... im p) otherwise

trPDDL(¬ϕ) ::= (not trPDDL(ϕ))

trPDDL(ϕ1 ∧ ϕ2) ::= (and trPDDL(ϕ1) trPDDL(ϕ2))

with p ∈ Prop, m ≥ 0, and i1, . . . , im ∈ Agt .
In words, a visibility atom α = Si1 . . .Simp is encoded by a

special fluent with m+1 parameters. If m = 0, then the propo-

sitional variable p is encoded as a fluent without parameters. We

note trPDDL(α) the translation of an atom α in the general case (p
or Si1 . . .Simp). Other boolean operators are encoded as expected.

The initial state s0 is trivially encoded as a set of fluents thanks

to trPDDL(α). Goal and the preconditions of every action can be en-

coded using trPDDL(ϕ) since they are all boolean formulas.

5.2 Encoding of actions

The requirement flag :conditional-effects must be set.

Consider an action a. For every ce ∈ eff (a) with ceff +(ce) =
{α1, . . . , αm} and ceff −(ce) = {β1, . . . , β�}, we add the condi-

tional effect:

(when trPDDL(cnd(ce))

(and trPDDL(α1) . . . trPDDL(αm)

(not trPDDL(β1)) . . . (not trPDDL(β�))))

Note that, again, the ordering is not important.

3 The version of DEL-PAO presented in [13] does not include the iteration
(represented by the star ‘∗’) in the language of programs. However, a more
general result, including the star and with a PSPACE model checking, can
be found in [9].
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Example 4 (Example 1, ctd.). The action call12 is coded in PDDL as

follows:

(:action call-1-2
:effect (and
(when (or (S-1 1 s1) (S-1 2 s1))
(and (S-1 1 s1) (S-1 2 s1)))

...
(when (or (S-1 1 sn) (S-1 2 sn))
(and (S-1 1 sn) (S-1 2 sn)))))

This is the direct encoding of a call into PDDL. Remark that we

could generalize it to any i and j by adding the line ‘:parameters
(?i ?j)’ and replacing every ‘(S-1 1 .)” by “(S-1 ?i .)’

and every ‘(S-1 2 .)” by “(S-1 ?j .)’. We will use the latter

in experiments because of its succinctness.

Almost all planners from last International Planning Competition

(IPC 2014)4 handle conditional effects and negative preconditions,

and most of them handle disjunctive preconditions. For experiments,

we chose to use the planner FDSS-2014 [22] that was satisfying all

these preconditions.

6 Applications
In this section, we first study the ‘exam problem’ (a simple illus-

trative example concerning privacy of information), then general-

izations of the gossip problem.5 We sometimes write simply ‘a’ for

‘exeAct(a)’ when used within dynamic operators 〈.〉 and [.].

6.1 The exam problem
Suppose we have two agents: a teacher and a student. The teacher has

prepared the exam and keeps it in her office; the goal of the student

is to know the exam topic, but without the teacher seeing her doing

this. To achieve this goal, the student must enter the teacher’s office,

read the exam while the teacher is not inside, and exit the office.

Let the corresponding planning task be Exam =
〈ActExam , sExam

0 ,GoalExam〉. Let Agt = {t , s} and

Prop = {exam, open, int , ins}. Agent t is the teacher and

agent s is the student. The variable exam represents the topic of the

exam. Like secrets in the gossip problem, its value is not relevant

and we only reason about the knowledge of it (we will assume it is

true). The variable open reads “the teacher’s office is open”, and

ini, for i an agent, “agent i is in the teacher’s office”.

Initially, we assume the office is empty and the door is closed:

sExam
0 = {exam}.

As we said, the goal for the student is to know the exam’s

topic without being caught by the teacher. The goal is Ssexam ∧
¬KtSsexam ∧ ¬ins . In terms of visibility atoms, this becomes:

GoalExam = Ssexam ∧ ¬StSsexam ∧ ¬ins .

We study two variants of this problem with different actions.

Vigilant teacher. In this first version, we suppose the teacher always

closes her office door when leaving. The set of actions is:

ActExam = {openAndGoInt , goOutAndCloset ,

goIns , goOuts , readExams},
where

openAndGoInt = 〈¬int , {〈�, {open, int ,StSsexam}, ∅〉}〉
4 http://helios.hud.ac.uk/scommv/IPC-14/planners.html
5 All resources and PDDL files we used for experiments are available at

http://www.irit.fr/%7EAndreas.Herzig/P/Ecai16.html.

goOutAndCloset = 〈int ∧ ¬Ssexam,

{〈�, ∅, {StSsexam, in t , open}〉}〉
goIns = 〈open ∧ ¬ins , {〈�, {ins}, ∅〉}〉

goOuts = 〈open ∧ ins , {〈�, ∅, {ins}〉}〉
readExams = 〈ins , {〈�, {Ssexam}, ∅〉}〉

Action openAndGoInt makes the teacher open and enter the room,

and thus watch the exam. Action goOutAndCloset makes her leave

and close the room; she cannot watch the exam anymore. We add the

precondition ¬Ssexam to ensure that the teacher cannot leave if she

has witnessed the student see the exam, so that she cannot forget this

fact. For the student, goIns and goOuts makes her enter and leave

the office, with the precondition that it is open; readExams makes

her see the exam topic, acquiring the knowledge on its value.

In this case, no plan exists reaching the goal. Indeed, the student

can only enter the room if the door is open, which can only happen

when the teacher is inside the room. Therefore the student cannot

read the exam’s topic without the teacher knowing it: Ssexam →
KtSsexam . This was confirmed by experiments: FDSS-2014 cannot

find a plan.

Inattentive teacher. Now we assume that the teacher can leave the

room without closing the door. This is done by dividing actions

openAndGoInt and goOutAndCloset each in two parts:

• we replace openAndGoInt by:

opent = 〈¬open, {〈�, {open}, ∅〉}〉
goInt = 〈open ∧ ¬int , {〈�, {int ,StSsexam}, ∅〉}〉,

• we replace goOutAndCloset by:

goOutt = 〈open ∧ int ∧ ¬Ssexam,

{〈�, ∅, {StSsexam, int}〉}〉
closet = 〈open, {〈�, ∅, {open}〉}〉.

Thus the set of actions becomes:

ActExam = {opent , closet , goInt , goOutt ,

goIns , goOuts , readExams}.
In this setting, the problem becomes solvable: for example,

the plan opent ; goInt ; goIns ; goOutt ; readExams ; goOuts is a so-

lution plan. More mundanely, the planner finds the shortest plan:

opent ; goIns ; readExams ; goOuts .

In these two examples, we are more interested in the existence of

a plan than in the plan itself: the first variant is safe for the teacher,

while the second is not.

6.2 The generalized gossip problem
In this section, we present a formalisation of a generalisation of the

gossip problem in our framework. A study of this problem and its

variants can be found in [10].

The generalized gossip problem. We model the generalized gos-

sip problem, introduced in [15], as a planning task GD =
〈ActGD , sGD

0 ,GoalGD 〉. In this generalization, the goal is not only

for every agent to know every secret, but also every agent must know

this fact, and every agent must know that, and so on until a given

depth D ≥ 1. Let Agt = {1, . . . , n} and Prop = {si : i ∈ Agt}. In

terms of knowledge, the goal of the generalized gossip problem is:

ϕGD =
∧

i1∈Agt

Ki1 . . .
∧

iD∈Agt

KiD︸ ︷︷ ︸
D times

∧
�∈Agt

s�.
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We have seen in Section 2.4 how to express this with a boolean for-

mula, thanks to our epistemic atoms:

GoalGD =
∧

EATM (ϕGD ).

Recall that introspectively valid atoms are not included in

EATM (ϕ), thus the goal is in normal form.

The initial state and the set of actions stay the same:

sGD
0 = {Sisi : i ∈ Agt} ∪ {si : i ∈ Agt},

ActGD = {callij : i, j ∈ Agt , i = j}.
The preconditions of calls also remain unchanged: pre(callij) = �.

However, their effects are different. Agents will not only transmit

secrets but also knowledge of secrets. They will also learn the higher-

order knowledge we need in the gossip problem when exchanging

secrets. For example, if i knows the secret of � and i calls j, j will

learn the secret of �, but also that i knows it; i will learn that j knows

that she knows it; and so on until depth D . Moreover, if i knows that

i1 knows the secret of �, then j learns that i1 knows the secret of �,
but also that i knows that, an so on until depth D . As an example,

suppose D = 4 and we have KiKi1s�. Then after the call between

i and j, we will have, e.g., KjKi1s�, KiKjKi1s�, KjKiKi1s�,

KjKiKjKi1s�, KiKjKiKi1s�, and so on, that is, any combination

of Ki and Kj followed by Ki1s�, for a maximum depth of D .

For a given integer m and two agents i and j, we note {Si,Sj}≤m

the set all non-empty non-introspective sequences of visibility op-

erators Si and Sj of length at most m. For instance, {Si,Sj}≤2 =
{Si,Sj,SiSj,SjSi}.

Thus we have that, during a call between i and j, if i or j knows

that Ki1 . . .Kims�, i.e., if KiKi1 . . .Kims� ∨ KjKi1 . . .Kims� is

true, then σSi1 . . .Sims� for every σ ∈ {Si,Sj}≤D−m becomes

true. Formally:

eff (callij) = {〈
∧

EATM (KiKi1 . . .Kims�) ∨∧
EATM (KjKi1 . . .Kims�),

{σSi1 . . .Sims� : σ ∈ {Si,Sj}≤D−m}, ∅〉 :
0≤m<D and i1, . . . , im, � ∈ Agt such that

for every 1≤k<m, ik =ik+1, and i =i1 and j =i1}
Consecutive agents in Si1 . . .Sims� are required to be different so

that we do not involve any introspectively valid atom and we obtain

an action in normal form. If we take D = 1, we retrieve our definition

of callij from Example 1 (with tests of secrets that could be omitted).

We require knowledge instead of visibility, i.e.,∧
EATM (KiKi1 . . .Kims�) instead of just SiSi1 . . .Sims�,

so that agents only exchange what they know. For example, we do

not want 1 to see whether 2 knows the secret of 3 without 2 knowing

the secret of 3: it would imply that 1 watches 2, and that if 2 learns

the secret of 3 during a call, 1 will know this even if she did not

participate in this call.

Proposition 13. The equivalence [callij ]¬ϕ↔ ¬[callij ]ϕ is valid.

This is due to calls being deterministic: executing a call always

leads to exactly one state.

Lemma 2. The following formulas are valid.

Si1 . . .Sims� ↔ [callij ]Si1 . . .Sims� if i = i1 and j = i1 (1)

Si1 . . .Sims� → [callij ]Si1 . . .Sims� for any i, j (2)

(1) means that when i1 is not involved in a call, her knowledge

does not evolve. Indeed, along with Proposition 13, it implies:

Si1 . . .Sims� → [callij ]Si1 . . .Sims�

¬Si1 . . .Sims� → [callij ]¬Si1 . . .Sims�

if i =i1 and j =i1. (2) means that knowledge of agents cannot de-

crease with a call. Both lines are deduced from the definition of calls.

While the original gossip problem with n ≥ 4 agents can

be solved in 2n − 4 calls [2, 23, 12], the generalized gos-

sip problem can be solved in at most (D+1)(n−2) calls [15].

For instance, suppose D = 2 and n = 5, then the se-

quence call13; call
1
4; call

2
5; call

1
5; call

1
3; call

2
4; call

1
4; call

1
5; call

2
3 is a so-

lution with 3×3 = 9 calls. Our experiments have confirmed that the

protocol given in [15] is optimal for D = 2 and n ≤ 5.

Negative goals. We now introduce an extension of the generalized

gossip problem where goals can be ‘negative’. We write it G-negD =
〈ActG-negD , sG-negD

0 ,GoalG-negD 〉. In this variant, we change the

goal and impose that some agents do not know some secrets, or some

knowledge of secrets, at the end of the sequence of calls. For exam-

ple, we want 1 not to know the secret of 2, or 1 not to know that 2
knows the secret of 3. The action set, the calls, and the initial state

remain the same: ActG-negD = ActGD and sG-negD
0 = sGD

0 .

We note GoalG-negD
A the goal of the generalized gossip problem

where only atoms from A, such that A ∩ ATMINTR = ∅, are false.

Formally:

GoalG-negD
A =

( ∧
α∈EATM (ϕGD

)\A
α
)
∧
( ∧

α∈A
¬α
)
.

We present several properties of the gossip problem that will be

useful in deciding solvability of G-negD .

Lemma 3. Let m ≥ 2 be an integer. Let D ≥ m. Take m+1 agents
i1, i2, i3, . . . , im, � ∈ Agt such that i1, i2 and i3 are distinct. We
have:

(¬Si1Si2Si3 . . .Sims� ∧ [calli1j ]Si1Si2Si3 . . .Sims�)→⎧⎪⎨⎪⎩
∧

EATM (Ki1Ki3 . . .Kims�) ∨
∧

EATM (Ki2Ki3 . . .Kims�)
if j = i2∧

EATM (KjKi2Ki3 . . .Kims�) otherwise

Proof. In words, we are looking for conditions that make the atom

Si1Si2Si3 . . .Sims� true after a call. We are only interested in cases

where Si1Si2Si3 . . .Sims� is not introspective; when it is, it will

never be added by an action and thus the implication is trivially true.

We examine the two cases.

First case: j = i2. Remember that by the definition of calls,

calli1i2 only produces atoms beginning with a sequence σ of Si1 and

Si2. Since i3 is distinct from i1 and i2 and we avoid introspec-

tive atoms, calli1i2 can only add our atom by adding σSi3 . . .Sims�
with σ = Si1Si2. Then either

∧
EATM (Ki1Ki3 . . .Kims�) or∧

EATM (Ki2Ki3 . . .Kims�) must be true (before the call), which

corresponds to the right side of the implication.

Second case: j = i2. Following the same reasoning, calli1j can

only add our atom by setting to true σSi2Si3 . . .Sims� with σ =
Si1; then either

∧
EATM (Ki1Ki2Ki3 . . .Kims�) must be true or∧

EATM (KjKi2Ki3 . . .Kims�) must be true. We cannot have the

former since Si1Si2Si3 . . .Sims� is false. The latter corresponds to

the right side of the implication.

Proposition 14. Let m ≥ 2 be an integer. Let D ≥ m. Take m+1
agents i1, i2, i3, . . . , im, � ∈ Agt such that i1, i2 and i3 are dis-
tinct. Then after a sequence of calls C = call

ir1
jr1

; . . . ; call
irp
jrp

, if
Si1Si2Si3 . . .Sims� is true then Si1Si3 . . .Sims� is true. Formally:

sG-negD
0 |= [C](Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims�).
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Proof. We prove it by induction on the sequence of calls. We are only

interested in cases where Si1Si2Si3 . . .Sims� is not introspective.

Base case: initial situation. We prove:

sG-negD
0 |= Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims�.

This is trivially true because only atoms of the form Sisi are true

initially.

Inductive case. Suppose:

sG-negD
0 |= [C](Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims�).

We prove that for an arbitrary s:

s |= (Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims�)→
[callij ](Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims�). (3)

First suppose i1 is not involved in the new call, that is, i1 = i and

i1 = j. We know by (1) of Lemma 2 that her knowledge (every atom

beginning with Si1) does not evolve. Thus the implication stays true.

Now suppose i1 is involved in the new call; without loss of gener-

ality, suppose i = i1. By (2) of Lemma 2, we know that a true atom

stays true after a call. Then (3) is equivalent to:

s |= (¬Si1Si2Si3 . . .Sims� ∧ [calli1j ]Si1Si2Si3 . . .Sims�)→
(Si1Si3 . . .Sims� ∨ [calli1j ]Si1Si3 . . .Sims�). (4)

In words, if calli1j makes Si1Si2Si3 . . .Sims� true, then either

Si1Si3 . . .Sims� was true or it becomes true.

By Lemma 3, we know that the premise of (4) implies either∧
EATM (Ki1Ki3 . . .Kims�) or

∧
EATM (Ki2Ki3 . . .Kims�) if

j = i2, or
∧

EATM (KjKi2Ki3 . . .Kims�) otherwise. It is

possible prove that each of these three statements implies either

Si1Si3 . . .Sims� or [calli1j ]Si1Si3 . . .Sims�, using the definition of

calls and Lemma 1.

Therefore Si1Si2Si3 . . .Sims� → Si1Si3 . . .Sims� is preserved

by callij , hence the result.

With this in mind, we look at some specific examples of goals.

The goal GoalG-negD
{S1s2} , where only 1 does not know the secret of 2,

will always be reachable for D = 1 and n ≥ 3. For example, FDSS-

2014 returns the plan call13; call
1
4; call

1
5; call

2
5; call

3
5; call

4
5 for n = 5.

More generally, the following protocol gives a solution:

1. call1i for every i ∈ Agt \ {2};
2. solve GD for D = 1 and Agt = {2, . . . , n}.
However, it will never be reachable for D ≥ 2 and n ≥ 3: by con-

traposition of Proposition 14, if S1s2 is false then S1S3s2 is false,

thus we cannot reach the goal where only S1s2 is false. FDSS-2014

indeed cannot find any plan for D = 2 and n ≤ 4. (It is obviously

unsolvable for any depth when n = 2 since the only available action,

call12, establishes S1s2.)

Now suppose we have D ≥ 2 and we want 1 not to know whether

2 knows the secret of 3 (but we do want 2 to know the secret of 3): our

goal is GoalG-negD
{S1S2s3}. The following protocol produces a solution for

D = 2 and n ≥ 3:

1. call2i for every i ∈ Agt \ {3};
2. solve GD for D = 2 and Agt = {1, 3, 4, . . . , n};
3. call2i for every i ∈ Agt \ {1}.
One of the plans FDSS-2014 finds is call12; call

2
4; call

2
5; call

3
5; call

1
3;

call14; call
2
4; call

2
5; call

2
3 for n = 5. Again by Proposition 14, we know

that if S1S2s3 is false then S1S4S2s3 is also false. Therefore this

goal is always unreachable for D ≥ 3 and n ≥ 4. We can general-

ize this result: we have that GoalG-negD
{Si1

...Sim s�} is never reachable for

D ≥ m+1 and n ≥ m+2.

Now consider the goal GoalG-negD
{S1s2,S2s3}, where 1 must not know

the secret of 2 and 2 must not know the secret of 3. For D = 1 and

n ≥ 4, the protocol for GoalG-negD
S1s2

generalizes as follows:

1. call1i for every i ∈ Agt \ {2, 3} ending with i = n;

2. call2n; call13;

3. solve GD for D = 1 and Agt = {3, . . . , n}.
For n = 5, FDSS-2014 returns call14; call

1
5; call

1
3; call

2
5; call

3
5; call

4
5.

However, and again by Proposition 14, we know that

GoalG-negD
{S1s2,S2s3} will never be reachable for D ≥ 2 and n ≥ 3

(since, e.g., S1S3s2 will also be false if S1s2 is false).

7 Conclusion

In this article we have made a first step towards a realistic and

provably-correct method for multi-agent epistemic planning. Our use

of a logic of action and knowledge together with an state of the art

automatic planner (which is assumed to be correct in the case of clas-

sical planning with conditional effects) provides a method for pro-

ducing plans which are guaranteed to be correct.

Our approach contrasts with the undecidability of DEL-based

epistemic planning which occurs even for simple fragments. For ex-

ample, if actions make factual changes to the world, then the problem

is undecidable whenever epistemic operators are allowed in precon-

ditions; if actions are purely epistemic, then it is undecidable when-

ever two agents are involved or the epistemic depth exceeds 2 [1, 8].

Of course, the low complexity of DEL-PAOS comes at the price of

expressivity. We have seen that our epistemic logic EL-OS has more

validities than standard epistemic logic. We have also seen in the

exam problem that considering knowledge instead of belief is a re-

striction leading to counter-intuitive design of actions (the teacher

must not exit the room if she has seen the student see the exam).

While relaxing knowledge in DEL is simple, this is not easy in DEL-
PAO. However, our framework at least allows us to update knowl-

edge along with facts of the world and to specify epistemic precon-

ditions of any form. Since any epistemic formula can be reduced to

a boolean formula, the translation to PDDL is immediate.

We intend to continue this line of research by incorporating other

important aspects of multi-agent planning, namely control (i.e. which

agents are allowed to change the value of which variables) and mu-

tual exclusion (to guarantee that at most one agent has control of

a variable at any instant). In the long term, we also aim to gener-

alize this approach to temporal planning where actions are durative

and may overlap; flexible planning, where actions may happen be-

tween intervals of time; and contingent planning, with uncertainty

on the initial state or the effects of actions (and the presence of sens-

ing actions). Another perspective is to encode DEL-PAOS or even

full DEL-PAO into PDDL. This would allow us to perform model

checking with optimized PDDL planners.

We can note that, although we have mentioned only PDDL here,

alternative approaches exist. For example, it is possible to code a

planning problem containing actions with conditional effects directly

into SAT and then use an efficient SAT solver to find a plan [21].
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Lexicographic Refinements in Possibilistic Decision Trees

Nahla Ben Amor1 and Zeineb El Khalfi2 and Helene Fargier´ ` 3 and Regis Sabbadin´ 4

Abstract. Possibilistic decision theory has been proposed twenty

years ago and has had several extensions since then. Because of the

lack of decision power of possibilistic decision theory, several refine-

ments have then been proposed. Unfortunately, these refinements do

not allow to circumvent the difficulty when the decision problem is

sequential. In this article, we propose to extend lexicographic refine-

ments to possibilistic decision trees. We show, in particular, that they

still benefit from an Expected Utility (EU) grounding. We also pro-

vide qualitative dynamic programming algorithms to compute lexi-

cographic optimal strategies. The paper is completed with an exper-

imental study that shows the feasibility and the interest of the ap-

proach.

1 Introduction

For many years, there has been an interest in the Artificial Intelli-

gence community towards the foundations and computational meth-

ods of decision making under uncertainty (see e.g. [1, 28, 7, 5, 16]).

The usual paradigm of decision under uncertainty is based on the

Expected Utility (EU) model [18, 23]. Its extensions to sequential

decision making are Decision Trees (DT) [20] and Markov Decision
Processes (MDP) [6, 19], where the uncertain effects of actions are

represented by probability distributions.

When information about uncertainty cannot be quantified in a

probabilistic way, possibilistic decision theory is a natural field to

consider [14, 27, 12, 15, 10, 11, 15]. Qualitative decision theory is

relevant, among other fields, for applications to planning under un-

certainty, where a suitable strategy (i.e. a set of conditional or uncon-

ditional decisions) is to be found, starting from a qualitative descrip-

tion of the initial world, of the available decisions, of their (perhaps

uncertain) effects and of the goal to reach (see [1, 3, 9, 8, 21, 22]).

Even though appealing for its ability to handle qualitative prob-

lems, possibilisitic decision theory suffers from an important draw-

back. Acts (and strategies in sequential problems) are compared

through min and max operators, which leads to a drowning effect:
plausible enough bad or good consequences may blur the comparison

between acts that would otherwise be clearly differentiable.

In order to overcome the drowning effect, refinements of possi-

bilistic decision criteria have been proposed in the non-sequential

case [13, 27]. Some refinements have the very interesting property to

remain qualitative while satisfying the properties of EU. But these re-

finements do not extend to sequential decision under uncertainty (in

the context of the present work, to decision trees) where the drowning

effect is also due to the reduction of compound possibilistic strategies

into simple ones [13].

1 LARODEC, Tunisie, email: nahla.benamor@gmx.fr
2 LARODEC, Tunisie, IRIT, France, email: zeineb.khalfi@gmail.com
3 IRIT, France, email: fargier@irit.fr
4 INRA-MIAT, France, email: rsabbadin@toulouse.inra.fr

The present paper proposes lexicographic refinements that com-

pare full strategies (and not simply their reductions) and provides a

dynamic programming algorithm to compute a lexicographic opti-

mal strategy. It is a technical challenge to establish results of equiv-

alence between lexicographic refinements of utilities of strategies in

possibilistic decision trees and EU-based criteria. We prove such re-

sults, which opens the way to define dynamic programming solutions

or even reinforcement learning algorithms for possibilistic MDPs

[26, 25], which would not suffer from the drowning effect.

The paper is structured as follows ; the next Section recalls some

results about the comparison of strategies in possibilistic decision

trees. In Section 3, we define lexicographic orderings that refine the

possibilistic criteria. Section 4 then proposes a dynamic program-

ming algorithm for the computation of lexi-optimal strategies. Sec-

tion 5 shows that the lexicographic criteria can be represented by

infinitesimal expected utilities. The last Section reports experiments

highlighting the feasibility and interest of the approach5.

2 Possibilistic decision trees
Decision trees provide an explicit modeling of sequential decision

problems by representing, simply, all possible scenarios. The graph-

ical component of a decision tree is a labelled graph DT = (N , E).
N = ND ∪NC ∪NU contains three kinds of nodes (see Figure 1):

• ND is the set of decision nodes (represented by squares);

• NC is the set of chance nodes (represented by circles);

• NU is the set of leaves, also called utility nodes.

For any node N , Out(N) denotes its outgoing edges, Succ(N)
the set of its children nodes and Succ(N, e) the child of N that is

reached by edge e ∈ Out(N). This tree represents a sequential de-

cision problem as follows:

• Leaf nodes correspond to states of the world in which a utility is

obtained (for the sake of simplicity we assume that utilities are

attached to leaves only); the utility of a leaf node Li ∈ NU is

denoted u(Li).
• Decision nodes correspond to states of the world in which a deci-

sion is to be made: Di ∈ ND represents a decision variable Yi the

domain of which corresponds to the labels a of the edges starting

from Di. These edges lead to chance nodes, i.e. Succ(Di) ⊆ NC .

• A state variable Xj is assigned to each chance node Cj ∈ NC , the

domain of which corresponds to the labels x of the edges starting

from that node. Each edge starting from a chance node Cj repre-

sents an event Xj = x. For any Cj ∈ NC , Succ(Cj) ⊆ NU∪ND

i.e. after the execution of a decision, either a leaf node or a deci-

sion node is reached.

5 The proofs are omitted for the sake of brevity but are available at
https://www.irit.fr/publis/ADRIA/PapersFargier/ecai2016.pdf
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Start(DT ) denotes the first decision nodes of the tree (it is a

singleton containing the root of the tree if it is a decision node, or its

successors if the root is a chance node). For the sake of simplicity,

we suppose that all the paths from the root to a leaf in the tree have

the same length: h, the horizon of the decision tree, is the number of

decision nodes along these paths. Given a node N of DT , we shall

also consider the subproblem DT N defined by the tree rooted in N .

The joint knowledge on the state variables is not given in extenso,

but through the labeling of the edges issued from chance nodes. In

a possibilistic context the uncertainty pertaining to the possible out-

comes of each Xj is represented by a possibility distribution: each

edge starting from Cj , representing an event Xj = x, is endowed

with a number πj(x), the possibility π(Xj = x|past(Cj))
6. A pos-

sibilistic ordered scale, L = {α0 = 0L < α1 < . . . < αl = 1L}, is

used to evaluate the utilities and possibilities.

Solving a decision tree amounts to building a strategy, i.e. a func-

tion δ : ND �→ A, where A is the set of possible actions, including a

special “undefined” action ⊥, chosen for action nodes which are left

unexplored by a given strategy. Admissible strategies assign a chance

node to each reachable decision node, i.e. must be:

• sound: ∀Di ∈ ND, δ(Di) ∈ Out(Di) ∪ {⊥} ⊆ A, and

• complete: (i) ∀Di ∈ Start(DT ), δ(Di) = ⊥ and

(ii) ∀Di s.t. δ(Di) = ⊥, ∀N ∈ Succ(Succ(Di, δ(Di))) either

δ(N) = ⊥ or N ∈ NU .

We denote by ΔN (or simply Δ, when there is no ambiguity) the

set of admissible strategies built from a tree rooted in N . Each strat-

egy δ defines a connected subtree of DT , the branches of which

represent possible scenarios, or trajectories. Formally, a trajectory

τ = (aj0 , xi1 , aj1 , . . . , ajh−1 , xih) is a sequence of value assign-

ments to decision and chance variables along a path from a starting

decision node (a node in Start(DT )) to a leaf: Y0 = aj0 is the

first decision in the trajectory, xi1 the value taken by its first chance

variable, Xj0 in this scenario, Yi1 = aj1 is the second decision, etc.

We identify a strategy δ, the corresponding subtree and the list of

its trajectories represented by a matrix. We also consider subtrees,

and thus sub-strategies: let Cj be a chance node, Di1 , . . . , Dik its

successors and, for l = 1, k, the strategies δil ∈ ΔDil
which solve

the subproblem rooted in Dil . δi1 + · · ·+ δik is the strategy of ΔCj

resulting from the composition of the δil : (δi1 + · · · + δik )(N) =
δil(N) iff N belongs to the subtree rooted in Dil .

Example 1 Let us suppose that a “Rich and Unknown” person runs
a startup company. In every state she must choose between Invest-
ing (Inv) or Advertising (Adv) and she may be then Rich (R) or Poor
(P) and Famous (F) or Unknown (U). Figure 1 shows the possibilis-
tic decision tree (with horizon h = 2) that represents this decision
problem. This tree has 8 strategies, 16 trajectories:
τ1 = (Adv,R&U, Inv, P&U), τ2 = (Adv,R&U, Inv,R&U),
τ3 = (Adv,R&U,Adv,R&U), τ4 = (Adv,R&U,Adv,R&F ),
τ5 = (Adv,R&F,Adv,R&U), τ6 = (Adv,R&F,Adv,R&F ),
etc.

The evaluation of a possibilistic strategy, as proposed by [22], relies

on the qualitative optimistic and pessimistic decision criteria axiom-

atized by [11]. The utility of the strategy is computed on the basis of

the transition possibilities and the utilities of its trajectories. For each

trajectory τ = (aj0 , xi1 , aj1 , . . . , xih):

6 As in classical probabilistic decision trees, it is assumed that π(Xj =
x|past(Cj)) only depends on the variables in past(Cj) and actually only
on the decision made in the preceding node and on the state of the preceding
chance node.
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Figure 1. The possibilistic decision tree of Example 1

• Its utility denoted u(τ), is the utility u(xih) of its leaf.

• The possibility of τ given that a strategy δ is applied from initial

node D0 is defined by:

π(τ |δ,D0) =

{
min
k=1..h

πjk−1(xik ) if τ is a trajectory of δ,

0 otherwise.

where πjk−1 is the possibility distribution at Cjk−1 .

It is now possible to compute, for any δ ∈ Δ its optimistic and

pessimistic utility degrees (the higher, the better):

uopt(δ) = max
τ∈δ

min(π(τ |δ,D0), u(τ))

upes(δ) = min
τ∈δ

max (1− π(τ |δ,D0), u(τ))

This approach is purely ordinal (only min and max operations are

used to aggregate the evaluations of the possibility of events and the

ones of the utility of states). We can check that the preference order-

ings 3O between strategies, derived either from uopt (O = uopt) or

from upes (O = upes), satisfy the principle of weak monotonicity:

∀Cj ∈ NCj , ∀Di ∈ Succ(Cj), δ, δ
′ ∈ ΔDi , δ” ∈ ΔSucc(Cj)\Di

:

δ 3O δ′ =⇒ δ + δ” 3O δ′ + δ′′

This property guarantees that dynamic programming [2] applies, and

provides an optimal strategy in time polynomial with the size of the

tree: [21, 22] have proposed qualitative counterparts of stochastic dy-

namic programming algorithms: in the finite horizon case backwards
induction, or in the infinite horizon case value and policy iteration.
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The basic pessimistic and optimistic utilities nevertheless present

a severe drawback, known as the ”drowning effect”, due to the use

of idempotent operations. In particular, when two strategies give an

identical and extreme (either good, for uopt or bad, for upes), utility

in some plausible trajectory, they may be undistinguished although

they may give significantly different consequences in other possible

trajectories, as illustrated in Example 2.

Example 2 Let δ and δ′ be the two strategies of Example 1 de-
fined by δ(D0) = δ′(D0) = Adv; δ(D1) = Inv; δ′(D1) =
Adv; δ(D2) = δ′(D2) = Adv. δ gathers 4 trajectories, τ1, τ2, τ5,
τ6 with π(τ1|D0, δ) = 0.2 and u(τ1) = 0.3; π(τ2|D0, δ) = 0.5 and
u(τ2) = 0.5 ; π(τ5|D0, δ) = 0.5 and u(τ5) = 0.5; π(τ6|D0, δ) =
1 and u(τ5) = 0.5. Hence uopt(δ) = upes(δ) = 0.5.
- δ′ is also composed of 4 trajectories (τ3, τ4, τ5, τ6). Hence
uopt(δ

′) = upes(δ
′) = 0.5.

Thus uopt(δ) = uopt(δ
′) and upes(δ) = upes(δ

′): δ′, which pro-
vides at least utility 0.5 in all trajectories, is not preferred to δ that
provides a bad utility (0.3) in some non impossible trajectory (τ1). τ2,
which is good and totally possible ”drowns” the bad consequence of
δ in τ1 in the optimistic comparison; in the pessimistic one, the bad
utility of τ1 is drowned by its low possibility, hence a global degree
upes that is equal to the one of δ′ (that, once again, guarantees a 0.5
utility degree at least).

The two possibilistic criteria thus may fail to satisfy the principle

of Pareto efficiency, that may be written as follows, for any optimiza-

tion criterion O (here upes or uopt):

∀δ, δ′ ∈ Δ, if (i) ∀D ∈ Common(δ, δ′), δD 3O δ′D and (ii)

∃D ∈ Common(δD, δ′D), δD 4O δ′D , then δ 4O δ′

where Common(δ, δ′) is the set of nodes for which both δ and δ′

provide an action and δD (resp. δ′D) is the restriction of δ (resp. δ′)
to the subtree rooted in D.

Moreover, neither uopt or upes do fully satisfy the classical, strict,

monotonicity principle, that can be written as follows:

∀Cj ∈ NC , Di ∈ Succ(Cj), δ, δ
′ ∈ ΔDi , δ” ∈ ΔSucc(Cj)\Di

,

δ 3O δ′ ⇐⇒ δ + δ” 3O δ′ + δ′′

It may indeed happen that upes(δ) > upes(δ
′) while

upes(δ + δ”) = upes(δ
′ + δ”) (or that uopt(δ) > uopt(δ

′) while

uopt(δ + δ”) = uopt(δ
′ + δ”)).

The purpose of the present work is to build efficient preference

relations that agree with the qualitative utilities when the latter can

make a decision, and break ties when not - to build refinements 7 that

satisfy the principle of Pareto efficiency.

3 Escaping the drowning effect by leximin and
leximax comparisons

The possibilistic drowning effect is due to the use of min and max
operations. In ordinal aggregations, this drawback is well known and

it has been overcome by means of leximin and leximax comparisons

[17]. More formally, for any two vectors t and t′:

• t 3lmin t′ iff ∀i, tσ(i) = t′σ(i) or ∃i∗, ∀i < i∗, tσ(i) = t′σ(i) and

tσ(i∗) > t′σ(i∗)

• t 3lmax t′ iff ∀i, tμ(i) = t′μ(i) or ∃i∗, ∀i < i∗, tμ(i) = t′μ(i) and

tμ(i∗) > t′μ(i∗)

7 Formally, a preference relation �′ refines a preference relation � if and
only if whatever δ, δ′, if δ � δ′ then δ �′ δ′.

where, for any vector v (here, v = t or v = t′), vμ(i) (resp. vσ(i))

is the ith best (resp. worst) element of v.

The refinements of uopt and upes by lexicographic principles have

been considered by [13] for non sequential problems; in this context,

a decision is a possibility distribution π over the utility degrees, i.e.

a vector of pairs (π(u), u). Then it is possible to write:

• π �lmax(lmin) π′ iff ∀i, (π(u), u)μ(i) ∼lmin (π′(u), u)μ(i) or

∃i∗, ∀i < i∗, (π(u), u)μ(i) ∼lmin (π′(u), u)μ(i) and

(π(u), u)μ(i∗) 4lmin (π′(u), u)μ(i∗).

• π �lmin(lmax) π′ iff ∀i, (1 − π(u), u)σ(i) ∼lmax (1 −
π′(u), u)σ(i) or ∃i∗, ∀i < i∗, (1 − π(u), u)σ(i) ∼lmax (1 −
π′(u), u)σ(i) and (1− π(u), u)σ(i∗) 4lmax (1− π′(u), u)μ(i∗).

where (π(u), u)μ(i) is the ith best pair of (π(u), u) according to

lmin and (1 − π(u), u)σ(i) is the ith worst pair of (1 − π(u), u)
according to lmax.

A straightforward way of applying this to sequential decision is

to reduce the compound possibility distribution corresponding to the

strategy, as usually done in possibilistic (and probabilistic) decision

trees. The reduction of δ yields the distribution πδ on the utility de-

grees, defined by: πδ(u) = max
τ,u(τ)=u

π(τ |δ,D0). Then we can write:

δ �lmax(lmin) δ
′

iff πδ �lmax(lmin) πδ′ ,

δ �lmin(lmax) δ
′

iff πδ �lmin(lmax) πδ′ .

�lmax(lmin) (resp. �lmin(lmax)) refines3uopt (resp.3upes ), but

neither �lmax(lmin) nor �lmin(lmax) do satisfy Pareto efficiency, as

shown by the following counterexample.

Example 3 Consider a modified version of the problem of Example
1 (Figure 2). δ and δ′ are the two strategies defined by: δ(D0) =
δ′(D0) = Adv, δ(D1) = Inv, δ′ = (D1) = Adv, δ(D2) =
δ′D2

= Adv. Common(δ, δ′) = {D0, D1, D2}, δD0 = δ′D0
,

δD2 = δ′D2
and δD1 dominates δ′D1

w.r.t. lmax(lmin), since
((1, 0.1), (1, 0.9))�lmax(lmin) ((1, 0.1)(0.5, 0.9)). δ should then be
strictly preferred to δ′. By reduction, we get πδ(0.9) = πδ(0.1) =
min(0.4, 1) = 0.4 and πδ(0.8) = min(1, 1) = 1 and for δ′ we have
πδ′(0.9) = min(0.4, 0.5) = 0.4, πδ′(0.1) = min(0.4, 1) = 0.4
and πδ′(0.8) = min(1, 1) = 1: δ and δ′ are indifferent for
�lmax(lmin). This contradicts Pareto efficiency.
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 R&U: 1 
 

 R&F: 0.5 
 

  R&F: 1 

  P&F: 1 
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0.8 

0.8  
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Figure 2. A counter example at the efficiency of �lmax(lmin)

The drowning effect at work here is due to the reduction of

strategies, namely to the fact that the possibility of a trajectory
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is drowned by the one of the least possible of its edges. That

is why we propose to give up the principle of reduction and to

build lexicographic comparisons on strategies considered in extenso.

Recall that: uopt(δ) = max
τ∈δ

min
{

min
k=1..h

πjk−1(xik );u(xih)
}
.

Then, for any τ = (aj0 , xi1 , . . . , ajh−1 , xih) and τ ′ =
(aj′0 , xi′1 , . . . , aj′

h−1
, xi′

h
), we define 3lmin and 3lmax by:

• τ 3lmin τ ′ iff (πj0(xi1), . . . , πjh−1(xih), u(xih)) 3lmin

(πj′0(xi′1), . . . , πj′
h−1

(xi′
h
), u(xi′

h
))

• τ 3lmax τ ′ iff (1 − πj0(xi1), . . . , 1 − πjh−1(xih), u(xih))
3lmax (1− πj′0(xi′1), . . . , 1− πj′

h−1
(xi′

h
), u(xi′

h
))

Hence the proposition of the following preference relations8:

• δ 3lmax(lmin) δ′ iff ∀i, τμ(i) ∼lmin τ ′μ(i) or ∃i∗, ∀i ≤
i∗, τμ(i) ∼lmin τ ′μ(i) and τμ(i∗) 4lmin τ ′μ(i∗),

• δ 3lmin(lmax) δ′ iff ∀i, τσ(i) ∼lmax τ ′σ(i) or ∀i, τσ(i) ∼lmax

τ ′σ(i) or ∃i∗, ∀i ≤ i∗, τσ(i) ∼lmax τ ′σ(i) and τσ(i∗) 4lmax τ ′σ(i∗),

where τμ(i) (resp. τ ′μ(i)) is the ith best trajectory of δ (resp δ′) ac-

cording to 3lmin and τσ(i) (resp. τ ′σ(i)) is the ith worst trajectory of

δ (resp δ′) according to 3lmax.

These relations are relevant refinements and escape the drowning

effect - they are those we are looking for:

Proposition 1 3lmax(lmin) is complete, transitive and refines
3uopt ; 3lmin(lmax) is complete, transitive and refines 3upes .

Proposition 2 3lmax(lmin) and 3lmin(lmax) both satisfy the prin-
ciple of Pareto efficiency as well as strict monotonicity.

Propositions 1 and 2 have important consequences; from a pre-

scriptive point of view, they outline the rationality of lmax(lmin)
and lmin(lmax) and suggest a probabilistic interpretation, which

we develop in Section 5. From a practical point of view, they allow

us to define a dynamic programming algorithm to get lexi optimal

solutions - this is the topic of the next Section.

4 Dynamic Programming for lexi qualitative
criteria

The algorithm we propose (Algorithm 1 for the lmax(lmin) variant;

the lmin(lmax) variant is similar) proceeds in the classical way, by

backwards induction: when a chance node is reached, an optimal sub-

strategy is recursively built for each of its children; these substrate-

gies are combined but the resulting strategy is NOT reduced, contrar-

ily to what is classically done; when a decision node is reached, the

program is called for each child and the best of them is selected.
The comparison of strategies is done on the basis of the matrices

of their trajectories (denoted ρ ; each line gathers the possibility and
utility degrees of a trajectory τ = (aj0 , xi1 , aj1 , . . . , ajh , xih)):

ρlt =

⎧⎨⎩ πjt−1

(
xit

)
if t ≤ h,O = lmax

(
lmin

)
1− πjt−1

(
xit

)
if t ≤ h,O = lmin

(
lmax

)
u
(
xih

)
if t = h+ 1.

So as to allow fast comparisons, the matrices are built incrementally

and ordered on the fly by the function ConcatAndOrder: when a

8 If the strategies have different numbers of trajectories, neutral trajectories
(vectors) are added to the shortest strategy, at the bottom of the shortest list
of trajectories

Algorithm 1: DynProgLmaxLmin(N :Node)

Data: δ, the strategy built by the algorithm, is a global variable

Result: Computes δ for DT N and returns the maxtrix of its

trajectories, ρ
begin

// Leaves
if N ∈ NU then ρ = [u(N)];
// Chance nodes
if N ∈ C then

k = |Succ(N)|;
for Di ∈ Succ(N) do
ρi ← DynProgLmaxLmin(Di);
ρ← ConcatAndOrder(ρ1, . . . , ρk, πN );

// Decision nodes
if N ∈ D then

ρ← [0]
foreach aj ∈ Out(N) do

ρj ← DynProgLmaxLmin(Succ(N, aj));
if ρj 3lmax(lmin) ρ then
ρ← ρj and δ(N)← aj ;

return ρ;

chance node, say Cj is reached, k = |Succ(Cj)| substrategies are

built recursively and their matrices ρ1, . . . , ρk are computed. Matrix

ρ of the current (compound) strategy, for the subtree rooted in Cj ,

is obtained by calling ConcatAndOrder
(
ρ1, . . . , ρk, πCj

)
. This

function adds a column to each ρi, filled with πj(xi) ; the matrices

are vertically concatenated; then the elements in the lines are ordered

in decreasing (resp. increasing) order, and the lines are reordered by

decreasing (resp. increasing) order w.r.t. to lmax (resp. lmin). As

a matter of fact, once ρ has been reordered, ρ1,1 is always equal to

uopt(δ) (resp. upes(δ)).
The lexicographic comparison of two strategies δ and δ′ is per-

formed by scanning the elements ρl,t and ρ′l,t of ρ and ρ′ in parallel,

line by line from the first one. The first pair of different (ρl,t, ρ
′
l,t) de-

termines the best matrix/strategy. If the matrices have different num-

bers of lines, neutral lines are added at the bottom of the shortest one

(filled with 0 for the optimistic case, with 1 for the pessimistic one).

Even if working with matrices rather than numerical values, the

algorithm is polynomial w.r.t. the size of the original tree. This is

because (i) the algorithm crosses each edge of the tree only once (as

in the classical version), (ii) the matrices are never bigger than the

strategies and (iii) the comparison of strategies is done in time linear

with their size - thus linear with the size of the original tree.

5 Lexi comparisons and Expected Utility

If the problem is not sequential, it is easy to see that the comparison

of possibilistic utility distributions by3lmax(lmin) and3lmin(lmax)

do satisfy the axioms of EU. [13] have indeed shown that these deci-

sion criteria can be captured by an EU - namely, relying on infinites-

imal probabilities and utilities. In this Section, we claim that such a

result can be extended to sequential problems - for decision trees.

The proof relies on a transformation of the possibilistic tree into

a probabilistic one. The graphical components are identical and so

are the sets of admissible strategies. In the optimistic case the prob-

ability and utility distributions are chosen in such a way that the

lmax(lmin) and EU criteria do provide the same preference on Δ.

To this extent, we build a transformation φ : L ⊆ [0, 1] → [0, 1]
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that maps each possibility distribution to an additive distribution and

each utility level into an additive one; this transformation is required

to satisfy the following condition:

(R) : ∀α, α′ ∈ L such that α > α′ : φ(α)h+1 > bhφ(α′),

where b is the branching factor of the tree. Condition (R) guarantees

that if uopt(δ) = α > uopt(δ
′) = α′, then a comparison based on a

sum-product approach on the new tree will also decide in favor of δ.

For any chance node Cj , a local transformation φj is then derived

from φ, such that φj satisfies both condition (R) and the normaliza-

tion condition of probability theory. EUopt denotes the preference

relation provided by the EU-criterion on the probabilistic tree ob-

tained by replacing each πj by φj ◦ πj and the utility function u by

φ ◦ u. We show that:

Proposition 3 If (R) holds, then 3EUopt refines 3uopt .

Proposition 4 δ 3lmax(lmin) δ
′ iff δ 3EUopt δ′, ∀(δ, δ′) ∈ Δ.

Example 4 φ(1) = 1, φ(0.9) = 0.2, φ(0.8) = 0.001, φ(0.5) =
10−10, φ(0.4) = 10−30, φ(0.1) = 10−91.

It holds that φ(α)3 > φ(α′) ∗ 22, for all α > α′. We ob-
tain the transformed conditional distributions by normalizing on
each node. For instance for node C1, φ1(10

−30) = 10−30

1+10−30 and
φ1(1) =

1
1+10−30 , for node C2, φ2(1) =

1
1+1

and φ2(1) = 0.5, for

node C3, φ3(10
−10) = 10−10

1+10−10 and φ3(1) = 1
1+10−10 , for node

C4, φ4(1) = 0.5 and φ4(1) = 0.5.
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Figure 3. Transformed probabilistic decision tree of possibilisic decision
tree of (counter)-example 3

The construction is a little more complex if we consider the

3lmin(lmax) comparison, where the utility degrees are not directly

compared to possibility degrees π but to degrees 1 − π. Hopefully,

it is possible to rely on the results obtained for the optimistic case,

since the optimistic and pessimistic utilities are dual of each other.

Proposition 5 Let DT inv the tree obtained from DT by using util-
ity function u′ = 1 − u on leaves. It holds that: upes,DT (δ) ≥
upes,DT (δ

′) iff uopt,DT inv (δ′) ≥ uopt,DT inv (δ)

As a consequence, we build an EU-based equivalent of

3lmin(lmax), denoted 3EUpes , by replacing each possibility distri-

bution πi in DT by the probability distribution φi ◦ πi, as for the

optimistic case and each utility degree u byφ(1) − φ(u). It is then

possible to show that:

Proposition 6 δ 3lmin(lmax) δ
′ iff δ 3EUpes δ′, ∀(δ, δ′) ∈ Δ.

Propositions 4 and 6 show that lexi-comparisons have a proba-

bilistic interpretation - actually, using infinitesimal probabilities and

utilities. This result comforts the idea, first proposed by [4] and then

by [13], of a bridge between qualitative approaches and probabilities,

through the notion of big stepped probabilities [4, 24]. We make here

a step further, by the identification of transformations that support

sequential decision making.

Beyond this theoretical argument, this result suggests an al-

ternative algorithm for the optimization of lmax(lmin) (resp.

lmin(lmax)): simply transform the possibilistic decision tree into

a probabilistic one and use a classical, EU-based algorithm of dy-

namic programming. In a perfect world, both approaches solve the

problem in the same way and provide the same optimal strategies -

the difference being that the first one is based on the comparison of

matrices, the second one on expected utilities in R+. The point is

that the latter handles infinitesimals; then either the program is based

on an explicit handling of infinitesimals, and proceeds just like the

matrix-based comparison, or it lets the programming language han-

dle these numbers in its own way - and, given the precision of the

computation, provides approximations.

6 Experiments
We thus get three criteria for each of the pessimistic and optimistic

approaches: the basic possibilistic ones, the lexicographic refine-

ments described in Section 3, and the EU approximations of the lat-

ter. We compare the 3 variants within each series with two measures:

the CPU time and a pairwise success rate: SuccessA
B

is the per-

centage of solutions provided by an algorithm optimizing criterion

A that are optimal with respect to criterion B; for instance, the lower

Success uopt
lmax(lmin)

, the more important the drowning effect.

The backward induction algorithms corresponding to the six crite-

ria have been implemented in Java. As to the EU-based approaches,

the transformation function depends on the horizon h and the branch-

ing factor b (here b = 2). We used φ(1L) = 1, φ(αi) =
φ(αi+1)

h+1

bh∗1.1 ,

each φj being obtained by normalization of φ on Cj . The experi-

ments have been performed on an Intel Core i5 processor computer

(1.70 GHz) with 8GB DDR3L of RAM..

The tests were performed on complete binary decision trees,

for h = 2 to h = 7, that are randomly generated. The first

node is a decision node: at each decision level from the root

(i = 1) to the last level (i = 7) the tree contains 2i−1 deci-

sion nodes.This means that with h = 2 (resp. 3, 4, 5, 6, 7), the

number of decision nodes is equal to 5 (resp. 21, 85, 341, 1365,

5461) The utility values are uniformly randomly fired in the set

L = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1}. Conditional pos-

sibilities relative to chance nodes are normalized, one edge having

possibility one and the possibility degree of the other is uniformly

fired in L. For each value of h, 100 decision trees are generated.

Figure 4 presents the average execution CPU time for the six crite-

ria. We observe that, whatever the optimized criterion, the CPU time

increases linearly w.r.t. the number of decision nodes, which is in

line with what we could expect. Furthermore, it remains affordable

with big trees: the maximal CPU time is lower than 1s for a deci-

sion tree with 5461 decision nodes. It appears that uopt is always

faster than EUopt, which is 1.5 or 2 times faster than lmax(lmin)
The same conclusion is drawn when comparing lmin(lmax) to upes

and EUpes. These results are easy to explain: (i) the manipulation of

matrices is obviously more expensive than the one of numbers and
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(ii) the handling of numbers by min and max operations is faster than

sum-product manipulations of infinitesimal.
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Figure 4. Average CPU time (in ms) for h=2 to 7

As to the success rate, the results are described in Figure 5. The

percentage of solutions optimal for uopt (resp. for upes) that are also

optimal for lmax(lmin) (resp. lmin(lmax)) is never more than

82%, and decreases when the horizon increases: the drowning ef-

fect is not negligible and increases with the length of the trajectories.

Moreover EUopt (resp. EUpes) does not perform well as an approx-

imation of lmax(lmin) (resp. lmin(lmax)): the percentage of so-

lutions optimal for the former which are also optimal for the latter is

lower than 80% in all cases, and decreases when h increases. This

is easily explained by the fact that the probabilities are infinitesimals

and converge to 0 when the length of the branches (and thus the num-

ber of factors in the products) increase, as suggested in Section 5.

These experiments conclude in favor of the lexi refinements in

their full definition - their approximation by expected utilities are

comparable in terms of CPU efficiency but not precise enough. The

EU criteria nevertheless offer a better approximation than uopt and

upes when space is limited (or when h increases).

7 Concluding remarks
This work has both theoretical and practical implications. It extends

and generalizes to sequential problems the theoretical links estab-

lished in [13] between possibilistic utilities and expected utilities.

It performs better that the refinement of binary possibilistic utilities

Figure 5. Sucess rate

(BPU) proposed in [27] for Binary Possibilistic Utilities and as a

particular case, to classical, optimitic and pessimistic, possibilitistic

utilities. In [27]’s treatment indeed, two similar trajectories of the

same strategy are merged. The resulting criterion thus suffers from

a drowning effect and does no satisfy strict monotonicity: as such,

it cannot be represented by an EU-based criterion which “counts”

trajectories (weighted by their probabilities). We actually do refine

[27]’s criterion. Incorporating our lexicographic refinements in BPU

would lead to a more powerful refinement and suggests a probabilis-

tic interpretation of efficient BPU. It also leads to new planning al-

gorithms that are more “decisive” than their original counterparts.

The perspectives of our work are twofold. First, our approach

could be naturally extended to solve possibilistic Markov Decision

Processes.This extension seems theoretically straightforward, since a

finite-horizon MDP can be translated into a set of decision trees (one

for each state). Thus, our theoretical results hold for finite-horizon

MDPs as well. However, the direct application of the lexicographic

approach to possibilistic MDPs may lead to algorithms which are

exponential in time and space (w.r.t. the MDP description), since the

decision trees associated to a MDP may be of exponential size, while

(possibilistic) MDPs can be solved in polynomial time [22, 21]. De-

termining whether computing lexicographic optimal solutions to pos-

sibilistic MDPs is tractable is a perspective of this work.

The second perspective of this work, not unrelated, is to develop

simulation-based algorithms for finding lexicographic solutions to

MDPs. Reinforcement Learning algorithms [26] allow to solve large

size MDPs by making use of simulated trajectories of states to opti-

mize a strategy. It is not immediate to develop RL algorithms for pos-

sibilistic MDPs, since no unique stochastic transition function corre-

sponds to a possibility distribution. However, uniform simulation of

trajectories (with random choice of actions) may be used to gener-

ate an approximation of the possibilistic decision tree (provided that

both transition possibilities and utility of the leaf are given with the

simulated trajectory). So, interleaving simulations and lexicographic

dynamic programming may lead to RL-type algorithms for approxi-

mating lexicographic-optimal policies for (large) possibilistic MDPs.
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Even Angels Need the Rules: AI, Roboethics, and the Law  
Ugo Pagallo1 

 
Abstract.1  Over the past years, scholars have increasingly debated 
over the reasons why we should, or should not, deploy specimens 
of AI technology, such as robots, on the battlefields, in the market, 
or at our homes. Amongst the moral theories that discuss what is 
right, or what is wrong, about a robot’s behaviour, virtue ethics, 
rather than utilitarianism and deontologism, offers a fruitful 
approach to the debate. The context sensitivity and bottom-up 
methodology of virtue ethics fits like hand to glove with the 
unpredictability of robotic behaviour, for it involves a trial-and-
error learning of what makes the behaviour of that robot good, or 
bad. However, even advocates of virtue ethics admit the limits of 
their approach: All in all, the more societies become complex, the 
less shared virtues are effective, the more we need rules on rights 
and duties. By reversing the Kantian idea that a nation of devils can 
establish a state of good citizens, if they “have understanding,” we 
can say that even a nation of angels would need the law in order to 
further their coordination and collaboration. Accordingly, the aim 
of this paper is not only to show that a set of perfect moral agents, 
namely a bunch of angelic robots, need rules. Also, no single moral 
theory can instruct us as to how to legally bind our artificial agents 
through AI research and robotic programming. 

1 INTRODUCTION 
Over the past years the debate on “roboethics” [1, 2], and the legal 
aspects of robotics [3, 4], has been particularly popular among 
scholars. As to the technology under scrutiny, some argue that 
robots are machines basically built upon today’s “sense-think-act” 
paradigm in AI research [5]. Others, as Sebastian Thrun, reckon 
that robots have to do with the ability of a machine to “perceive 
something complex and make appropriate decisions” out there [in 
6, at 77]. While some others stress that robots should be able to 
learn and adapt to the changes of the environment, it is important to 
stress that robots are not a mere “out of the box” machine. As a sort 
of prolonged epigenetic developmental process, robots 
progressively gain knowledge or skills from their own interaction 
with the living beings inhabiting the surrounding environment, so 
that more complex cognitive structures emerge in the state-
transition system of the artificial agent. In addition, robots can 
respond to stimuli by changing the values of their properties or 
inner states and, furthermore, they can improve the rules through 
which those properties change without external stimuli. As a result, 
we are progressively dealing with agents, rather than simple tools 
of human interaction. Specimens of the same model will behave in 
quite different ways, according to the complexity of the context 
and how humans train, treat, or manage their robots. Both the 
behaviour and decisions of these artificial agents can thus be 
unpredictable and risky, hence giving rise to several normative 
issues. 

                                                                    
1 Law School, University of Turin (Italy), email: ugo.pagallo@unito.it  

As to the ethical and legal sides of robotics, there is an ever 
lasting discussion about their connection. At times, moral theories 
and the law simply cover different domains, or types of problem. 
Legal cases of faultless liability in extra-contractual obligations 
illustrate this point vis-à-vis the claim of virtue-ethicists that define 
notions of obligation, prohibition, or permission, in light of what 
makes life good, or bad. Most of what is morally crucial for virtue 
ethics is not relevant from a legal point of view: we return to this 
relation below in Section 3. However, contrary to current advocates 
of “exclusive legal positivism,” we may admit that, now and then, 
moral theories guide the law. Consider cases of general 
disagreement that regard either the meaning of the terms framing 
the legal question, or the ways such terms are related to each other 
in legal reasoning, or the role of the principles that are at stake in 
the case. As suggested by Ronald Dworkin and his followers, an 
option for tackling such hard cases is given by the “uniquely right 
answer”-thesis. According to this stance, a morally coherent 
narrative should grasp the law in such a way that, given the nature 
of the legal question and the story and background of the issue, 
scholars can attain the answer that best justifies or achieves the 
integrity of the law [7]. By identifying the principles of the system 
that fit with the established law, jurists could apply such principles 
in a way that presents the case in the best possible light.  

Alternatively, some other scholars represent the hard cases of 
the law as a class of cases that confront us with something new and 
moreover, that require a reasonable compromise between many 
conflicting interests. Although this is of course the stance Herbert 
Hart made popular with his work [8], it does not follow that we 
have to buy any of his theoretical assumptions on, for example, the 
rule of recognition and the minimum content of natural law, to 
concede that a reasonable compromise has at times to be found in 
the legal domain. As previous international agreements have 
regulated technological advancements over the past decades in 
such fields as chemical, biological and nuclear weapons, or the 
field of computer crimes since the early 2000s, many claim that a 
new agreement on some of today’s fields of robotics, such as robot 
soldiers, is necessary [9]. Regardless of the solution to the meta-
disagreement on the hard cases of the law, we thus have cases in 
which the law needs the contribution of moral theories and a set of 
moral values, in order to define obligations, prohibitions, and 
permissions, via national statutes and international agreements, 
such as the Budapest Convention on computer crimes.  

The stance of this paper on robots, ethics, and the law aims to 
explore a further kind of interaction between law and ethics. The 
attention is drawn here to cases in which moral theories need the 
contribution of the law. We may assume the ideal scenario of 
scholars that agree on what is right and what is wrong, what is 
good and what is bad, about a robot’s behaviour, from an ethical 
point of view, and still two sets of legal issues are fated to remain 
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open. By reversing the Kantian idea that a nation of devils can 
establish a state of good citizens, if they “have understanding” [10, 
at 366], we can say that even a nation of angels need some rules to 
further their coordination and collaboration. These rules may be 
interpreted either as moral norms [11], or in the sense of Hart’s 
“secondary” legal rules, i.e. rules that allow the creation, 
modification, and suppression of the “primary rules” that govern 
people’s conduct [8]. The thesis of this paper is not only that a set 
of perfect moral agents, namely a bunch of angelic robots, would 
need secondary legal rules to be good “citizens.” In addition, no 
single moral theory can instruct us as to how we should legally 
bind our robots. In order to argue these theses, the paper is divided 
into four sections. 

Next, in Section 2, attention is drawn to the debate on 
roboethics so as to appreciate the complexity of today’s state-of-
the-art. More particularly, in Section 3, the focus is on virtue ethics 
and how the context-sensitivity of this approach, together with its 
bottom-up methodology, fit like hand to glove with a pragmatic, 
legal approach to robotics. Section 4 illustrates two reasons why 
moral theories and current debate on roboethics need the support of 
the law. Section 4.1 scrutinizes a new generation of robotic crimes 
that will affect a basic tenet of the rule of law and of its continental 
European counterpart, the principle of legality, i.e. “no crime, nor 
punishment without a criminal law.” Section 4.2 dwells on the 
creation of special, i.e. legally deregulated zones, that should allow 
us to test unpredictable and risky robots in open environments. The 
conclusions of the paper insist on how the law may help us better 
understand risks and threats brought on by possible losses of 
control of AI systems, and keep them in check. If we are fated to 
face some of the criminal actions sketched below in the following 
sections, such as e.g. the “perpetration-by-another” liability model 
reversed, let us address these scenarios, first, in a living lab. 

2 ROBOETHICS TODAY 
Scholars have increasingly discussed over the reasons why we 
should, or should not, deploy robots on the battlefields, in the 
market, or at our homes. Consider current debate on whether lethal 
force can be fully automated, or whether the intent to create robots 
that people bond with is ethically justifiable. In business law, 
robotic applications trading in auction markets have brought on 
new moral and legal dilemmas. The random-bidding strategy of 
these apps clarifies, or even has provoked, real life bubbles and 
crisis, e.g. the financial troubles of late 2009 that may have been 
triggered by the involvement of such artificial agents. In this 
context, suffice it to sum up the debate on “roboethics,” or “moral 
machines” [12], in accordance with a twofold stance.  

On the one hand, as to the strict ethical side of current 
discussions in the field, we should distinguish meta-ethics, applied 
ethics, and moral theories, such as deontologism, utilitarianism, or 
virtue ethics. In the field of meta-ethics, the intent is to clarify the 
basic concepts of the subject-matter, such as notions of right and 
wrong. In the field of applied ethics, scholars deal with a set of 
moral dilemmas arising from a specific domain, e.g. robotics. In 
the field of moral theories, what is at stake concerns the different 
ways in which we can grasp and define notions of obligation, 
prohibition, permission, and the like. Correspondingly, in the case 
of moral theories, a utilitarian would judge the action or behaviour 
of robots in light of their outcomes; a deontologist in connection 

with the intent behind such an action; a virtue-ethicist in light of 
what makes life good, or bad. 

On the other hand, as to the technical side of the debate, there 
are multiple ways in which we can program our robots. This 
differentiation, of course, depends on the kind of moral theory we 
follow. However, once we agree on the content of an ethical code 
under a given moral theory, we can set up our robots either using 
deontic logic, or endorsing “principlism” and a theory of prima 
facie duties, or the “divine-command logic,” and so forth [13]. In 
the case of deontic logic, the aim is to directly formalize and 
implement an ethical code in terms of what is obligatory, 
permissible, or forbidden, through an “AI-friendly”-semantics [14], 
and a corresponding axiomatization [15]. From the point of view of 
principlism, the attention is drawn to such notions as autonomy, 
beneficence, and the aim at doing no harm, in order to infer sets of 
consistent ethical rules through computational inductive logic [16]. 
In the case of divine-command logic, the goal is the ethical control 
of robotic behaviour, drawing on both the “logic of requirement” 
[17, 18], and modal logic [19]. 

In light of this panoply of approaches, both ethical and 
technical, we should not miss a crucial point. Regardless of today’s 
discussions in legal theory, e.g. exclusive vs. inclusive legal 
positivism, it seems fair to affirm that moral theories often fall 
short in coping with the complexity of the legal phenomenon. 
Consider consequentialism, or a utilitarian stance, according to 
which actions, or behaviours, are judged in light of their outcomes. 
There are many cases in which, vice versa, “intentions” play a 
crucial role in the law: think of the intentional misuse of power and 
the reasons why a certain person committed a criminal offense, so 
as to evaluate the actus reus; the right intention of the proper 
authority entering into war; the intentions of the parties to a 
contract, or the wrongful intention that severs the link between 
claims of extra-contractual liability, i.e. the case of intentional torts 
as opposed to negligence-based responsibility and strict liability. 
Although we may aim to design a perfect consequentialist robot, 
this utilitarian approach would not prevent cases of liability for the 
behaviour of others in both criminal and civil law, that depend on 
the “intentions” of the robot.  

Against this legal backdrop, some reckon that certain robots 
can grasp the legal terms of their behaviour and, moreover, humans 
could blame such machines when they do not keep their own word 
or when they commit some kind of offense [20, 21, 22]. Others 
affirm that we should be allowed to expect that a robot really 
means what it declares when making a contractual offer [23]. In 
any event, by examining, pace advocates of consequentialism, the 
intentions of robots, this level of abstraction deepens our 
understanding of, say, the good faith of humans, rather than the 
robots’ ability to really understand what they are doing. Leaving 
aside the field of criminal law, to which we return below in Section 
4.1, contemplate today’s “contract problem” in robotics [2, 21]. 
Here, individuals should be held responsible for the erratic 
behaviour of robots, by referring the intentions of such machines to 
existing conventions of business and civil law, e.g. the “objective 
intention” of a contract. In this latter case, humans should not be 
able to avoid the usual consequence of robots making a decisive 
mistake, i.e. the annulment of a contract, when the counterparty 
had to have been aware of a mistake that due to the erratic 
behaviour of the robot, clearly concerned key elements of the 
agreement, such as the market price of the item or the substance of 
the subject-matter of that contract. Kant would agree on that. 
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But, reflect now on how deontologism in moral theory should 
address cases in which the law imposes liability regardless of the 
person’s intentions. In addition to individuals’ responsibility for the 
behaviour of their animals and, in most legal systems, their 
children, this type of faultless liability applies to most producers 
and users of robots. By following, e.g., Kant’s theory of ethics, the 
aim of design should be the program of a perfect deontologist 
robot, so that its intentions, i.e. such cognitive states as beliefs, 
desires, or hopes of the artificial agent, can always be deemed as 
appropriate. Still, this sort of Kantian robot would not prevent the 
liability of its “human master,” i.e. the latter’s strict responsibility 
in cases where scholars more frequently liken robots to animals 
[24, 25, 26], rather than products and things. The economic 
rationale for this legal regime is that strict liability rules represent 
the best method of accident control by scaling back dangerous 
activities [27]. From this latter point of view, a Kantian robot, 
designed in accordance with the tenets of deontologism, would not 
be a good legal agent at all. Some times, the law does not pay any 
attention to intentions. 

Yet, after the “consequentialist robot” and the “deontologist 
robot,” there is a further way to conceive and design our artificial 
agents, i.e. according to the tenets of virtue ethics. The context 
sensitivity and bottom-up approach of the latter seems particularly 
appropriate to tackle the unpredictability and risks of robotic 
behaviour. As Keith Abney affirms in Robotics, Ethical Theory, 
and Metaethics, virtue ethics, rather than consequentialism, or 
deontologism, appears as “a more helpful approach for robots” 
[28]. We will explore how far this idea goes in the next section. 

3 VIRTUE ROBOTS 
An increasing amount of research has been devoted over the past 
years to the analysis of strong AI systems, trust, and security. 
Consider current work on the verifiability of systems that change 
or improve themselves, or on utility functions or decisions 
processes that aim to avoid that an AI system could try not to be 
shut down or repurposed. Likewise, reflect on further theoretical 
frameworks to better appreciate the space of potential systems that 
avoid undesirable behaviours. At the University of Stanford, an 
area of study has to do with “loss of control of AI systems.” In the 
words of Eric Horvitz, “we could one day lose control of AI 
systems via the rise of superintelligences that do not act in 
accordance with human wishes [so] that such powerful systems 
would threaten humanity” [29]. Similar risks have been stressed by 
Bill Gates, Elon Musk, and Stephen Hawking. How should we 
address these challenges? 

As mentioned above in the previous section, some reckon that 
virtue ethics, rather than utilitarianism, or deontologism, may help 
us tackling the unpredictability and risky behaviour of robots. As 
Abney argues, there are two reasons why this can be the case. First, 
this approach does not hinge on any rule-based morality but rather, 
draws the attention to the context sensitivity of the issues we are 
dealing with, namely, the disposition to act in a certain way under 
certain circumstances. In fact, a “proper functioning approach to 
evaluation appears natural: is the surgical robot operating properly 
in carving one’s chest, or is my new robotic bandsaw 
dysfunctionally attempting to do the same thing?” [28]. Second, 
contrary to the top-down approaches of both deontologism and 
utilitarianism, the approach of virtue ethics is bottom-up and 
involves a trial-and-error learning of what makes the behaviour of 

a robot good, or bad. The “hybrid approach” of virtue ethics seems 
then particularly fruitful to tackle some of the problems with 
robotic behaviour, such as matters of foreseeability and due care 
that may trigger new cases of human negligence. The pragmatic 
and context sensitivity approach of virtue ethics help us indeed to 
determine how we should address the moral dilemmas of robotics, 
how we should program these machines, and test them.  

However, even Abney admits the limits of this search for the 
virtues that properly functioning robots, given their appropriate 
roles, would evince. Simply put, the more societies become 
complex, the less shared virtues are effective, the more we need 
rules on rights and duties. In his words, “as the group of those 
dealing with robots becomes larger and more variegated, social 
sanctions and shared values gradually become less effective at 
minimizing them” [28]. Going back to the Kantian idea that even a 
nation of devils can establish a state of good citizens [10], we 
should thus admit, on the one hand, that even “virtue robots” 
demand rules. Yet, on the other hand, this requirement entails a 
twofold set of further issues. The first problem concerns the 
different moral rules and multiple ways in which we can embed 
such rules into robots. Going back to the state-of-the-art illustrated 
above in the previous section, should we program our robots, 
following a theory of prima facie duties, or the divine-command 
logic? Using deontic logic, or endorsing “principlism”? Should we 
privilege the outcomes of robotic behaviour, or judge them vis-à-
vis the intent behind such actions? A mix of them? 

The second problem revolves around the nature of the rules 
that should govern our robots. Here, we can even assume the ideal 
scenario of scholars that agree on the level of abstraction on what 
is right and what is wrong, what is good and what is bad, about a 
robot’s behaviour. Yet, even in the case of a common ethical code 
under a given moral theory, a number of legal issues are fated to 
remain open. Whereas a set of perfect moral agents, namely a 
bunch of angelic robots, would still need rules to further their 
cooperation and collaboration [11], some of these rules are legal, 
rather than moral. Such rules can be grasped both in the sense of 
Hart’s “secondary rules” that allow the creation, modification, and 
suppression of the primary legal rules on people’s conduct [8], and 
as procedural rules, or of organization. The set of rules on how to 
produce enforceable norms at both national and international 
levels, along with administrative regulation at regional levels, are 
examples of this class of secondary rules of the law.  

However, “virtue robots” also need “primary rules” that govern 
human and robotic behaviour in legal, rather than moral, terms. 
Consider cases of individual responsibility that are under a strain, 
such as immunity for humans bearing responsibility for the care of 
robots and their behaviour in the field of criminal law, or unjust 
damages concerning robots as a source of responsibility for other 
agents in the system [30]. These scenarios appear “hard,” for they 
may spark general disagreement that does not only regard different 
values and principles of the normative context under examination, 
on which social acceptability and cohesion ultimately depend. 
Moreover, these cases require legal expertise to determine whether 
or not a loophole exists in the field, e.g. in criminal law, and hence, 
whether or not new primary rules should be added to the legal 
system. 

In addition, the unpredictability of the actions or behaviour of 
robots, triggers an indefinite kind of cases in which we do not 
know where we may eventually end up. After all, the UK recorded 
77 robot-provoked accidents in 2005 alone in which “people have 
been crushed, hit on the head, welded and even had molten 
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aluminium poured over them by robots” [31]. Likewise, current 
state of the art in technology suggests that the use of, say, 
unmanned aerial systems (UAS) should still be conceived as an 
“ultra-hazardous activity,” as much as traditional aviation was 
considered in the 1930s [30]. Leaving aside further robotic 
applications, research and the breath-taking progress in AI and 
robotics then recommend that new levels of risk and 
unpredictability, e.g. cases of loss of control of AI agents, have to 
be taken seriously. How should we legally react before such risks 
and threats? 

4 LAW’S EMPIRE 
The Dworkinian title of this section intends to stress two different 
kinds of legal problem in robotics. They have to do with Hart’s 
“primary legal rules” and their connection with the moral ones 
through the “secondary rules” of the law. Both problems require a 
particular expertise for they regard either the identification of a 
“loophole” in the legal system, or its inner “deadlock.” At times, 
the behaviour of robots may of course trigger legal hard cases that 
bring us back to the current meta-disagreement on the hard cases of 
the law. We mentioned this aspect of the debate above in the 
introduction, e.g. the “uniquely right answer” [32] vs the 
“reasonable compromise”-thesis [8], so as to determine for 
example whether and to what extent lethal force should ever be 
permitted to be fully automated [9].  

Here, the problem is different. It revolves around the ideal 
scenario of scholars that agree on what is right, or wrong, about 
robotic behaviour and yet, even in this case, a further set of issues 
is fated to remain open. These issues concern both the primary and 
secondary legal rules of the system that should govern the 
behaviour of robots, and regard either a basic tenet of the rule of 
law, i.e. the principle of legality, or the unpredictability of robotic 
behaviour. We will analyse the loopholes of the law in Section 4.1, 
and its deadlocks in Section 4.2. Then, the time will be ripe for the 
conclusions of this paper: you do not have to follow the ideas of 
current “exclusive legal positivism,” i.e. the self-referential 
completeness of the law and its sources, to admit that the law has 
some problems of its own, also in the field of robotics.  

4.1 Loopholes 
The first legal problem of robotics is related to a basic tenet of the 
rule of law, that is summarized, in continental Europe, with the 
formula of the principle of legality: “no crime, nor punishment 
without a criminal law.” Whereas certain behaviours might be 
deemed as morally bad, or wrong, individuals can be held 
criminally liable for that behaviour only on the basis of an explicit 
criminal norm. Contrary to the field of civil (as opposed to 
criminal) law, in which analogy often plays a crucial role so as to 
determine individual liability, it is likely that robots will produce a 
novel generation of loopholes in the criminal law field, forcing 
lawmakers to intervene at both national and international levels. 
Robot soldiers are a good example of this first kind of problem, 
e.g. the aforementioned question on whether lethal force should 
ever be permitted to be fully automated. But, consider new forms 
of corporate criminal liability and distributed responsibility that 
hinge on multiple accumulated actions of humans and computers 
[22, 33]. It can be extremely difficult to ascertain what is, or should 
be, the information content of the corporate entity as foundational 

to determining the responsibility of individuals. The intricacy of 
the interaction between humans and computers may lead to cases 
of impunity that have recommended some legal systems to adopt 
forms of criminal accountability of corporations. Think of the 
collective knowledge doctrine, the culpable corporate culture, or 
the reactive corporate fault, as ways to determine the 
blameworthiness of corporations and their autonomous criminal 
liability. Although several critical differences persist between the 
common law and the civil law traditions, and among the legal 
systems of continental Europe, we can leave aside this kind of 
debate, and focus on whether these forms of corporate criminal 
liability could be applied to the case of the artificial legal agents 
and the AI smart machines that are under scrutiny in this paper. 
Noteworthy, over the past years, several scholars have proposed 
new types of accountability for the behaviour of robots [23, 30, 34, 
35, 36, 37], suggesting a fruitful parallelism with those legal 
systems that admit the autonomous criminal responsibility of 
corporations. 

A true story helps us illustrate this new scenario: in May 2014, 
Vital, a robot developed by Aging Analytics UK, was appointed as 
a board member by the Japanese venture capital firm Deep 
Knowledge, in order to predict successful investments. As a press 
released was keen to inform us, Vital was chosen for its ability to 
pick up on market trends “not immediately obvious to humans,” 
regarding decisions on therapies for age-related diseases. Drawing 
on the predictions of the AI machines, such trends of humans 
delegating crucial cognitive tasks to autonomous artificial agents 
will reasonably multiply in the foreseeable future. But, how about 
the wrong evaluation of a robot that leads to a lack of capital 
increase and hence, to the fraudulent bankruptcy of the 
corporation?  

In this latter case, the alternative seems between “crimes of 
negligence” and the hypothesis of AI corporate liability. As to the 
crimes of negligence, liability depends on lack of due care, so that 
a reasonable person fails to guard others against foreseeable harms. 
The latter hinges on the traditional “natural-probable-consequence” 
liability model in criminal law that comprises two different types 
of responsibility. On the one hand, imagine either programmers, or 
manufacturers, or users who intend to commit a crime through their 
robot, but the latter deviates from the plan and commits some other 
offence. On the other hand, think about humans having no intent to 
commit a wrong but who were negligent while designing, 
constructing or using a robot. Although this second type of liability 
is trickier, most legal systems hold humans responsible even when 
they did not aim to commit any offense. In the view of traditional 
legal theory, the alleged novelty of all these cases resembles the 
responsibility of an owner or keeper of an animal “that is either 
known or presumed to be dangerous to mankind” [26]. 

Yet, as to the traditional crime of negligence, there is a 
problem: in the case of the wrong evaluation of the robot that 
eventually leads to the fraudulent bankruptcy of the corporation, 
humans could be held responsible only for the crime of bankruptcy 
triggered by the robot’s evaluation, since the mental element 
requirement of fraud would be missing in the case of the human 
members of the board. Therefore, the criminal liability of the 
corporation and eventually, that of the robot would be the only way 
to charge someone with the crime of fraudulent bankruptcy. This 
scenario however means that most legal systems should amend 
themselves, in order to prosecute either the robot as the criminal 
agent of the corporation, or the corporation as such.  
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Further instances of new robotic offenses can be given. After 
all, we can apply to this context that which James Moor called the 
“logical malleability” of computers and so, of robots. Since the 
latter “can be shaped and molded to do any activity that can be 
characterized in terms of inputs, outputs, and connecting logical 
operations” [38], the only limits to the new scenarios of robotic 
crimes are given by human imagination. It is not so hard to 
envisage a world in which individuals become the innocent agent 
or instrument of an AI’s bad decision. Certainly, by reversing the 
usual perspective, the scenario is not entirely new: we have full 
experience of hackers, viruses or trojan horses, compromising 
computers connected to the internet, so as to use them to perform 
malicious tasks under remote direction, e.g. denial-of-service 
attacks. Yet, what is new in the case of robots concerns their 
particular role of interface between the online and the offline 
worlds. In the internet of everything, we may envisage either 
powerful brain computer interfaces for robots that perceive the 
physiological and mental states of humans through novel 
Electroencephalography (EEG) filters, or robots replicating 
themselves, in order to specialize in infringing practices, so that no 
human could be held responsible for their autonomous harmful 
conduct. Legal systems could react either amending once again 
themselves, e.g. a new kind of autonomous corporate criminal 
liability for robots, or claiming that the principle of legality does 
not apply to smart machines after all. In any event, it is likely that a 
new general type of defence for humans, such as robotic loss of 
self-control, should be taken into account. 

By stressing threats and risks of robotic behaviour, however, 
we should avert a misunderstanding. We are talking about several 
applications that, in the words of the UN World Robotics report 
from 2005, may provide “services useful to the well-being of 
humans” [39]. Therefore, it seems fair to affirm that the aim of the 
law to govern the process of technological innovation, should 
neither hinder it, nor require over-frequent revision to tackle such a 
progress. The analysis of the loopholes of today’s legal systems in 
the field of robotics, introduces the examination of its deadlocks. 
Since robots are here to stay, the aim of the law should be to 
govern our relationships wisely. 

4.2 Deadlocks 
The second legal problem of robotics has to do with the 
unpredictability of the actions or behaviour of robots. From a legal 
viewpoint, the difficulty of the cases does not only regard how we 
should represent the web of concepts, ways of interpretation, and 
principles of the system that are at stake in such cases, through 
notions of agency, accountability, liability, burdens of proofs, 
responsibility, clauses of immunity, or unjust damages. 
Furthermore, legislators can make individuals think twice before 
using or producing robots, through methods of accident control that 
either cut back on the scale of the activity via, e.g., strict liability 
rules, or aim to prevent such activities through the precautionary 
principle [30]. The recent wave of extremely detailed regulations 
on the use of drones by the Italian Civil Aviation Authority, i.e. 
“ENAC,” illustrates this deadlock [40]. How, then, to prevent 
legislations that may hinder the research in robotics? How to deal 
with their peculiar unpredictability and risky behaviour? How 
should we legally regulate the future?  

Admittedly, the legal challenges of robotics vary in accordance 
with the field under examination: international law, criminal law, 

civil law, both in contracts and tort law, administrative law, and so 
forth. Some have proposed that we should register robots just like 
corporations in business law [34, 35, 36]; while others have 
recommended that we should bestow robots with capital [37], or 
that making the financial position of such machines transparent is a 
priority [23]. In the military sector, scholars and UN special 
rapporteurs alike have increasingly stressed over the past years, 
that an international agreement is needed to define the conditions 
of legitimacy for the employment of robot soldiers. The overall 
idea is that a detailed set of parameters, clauses and rules of 
engagement, established by an effective treaty monitoring and 
verification mechanisms, should allow for a determination of the 
locus of political and military decisions that, e.g., the increasing 
complexity of network-centric operations, and the miniaturization 
of lethal machines, can make very difficult to detect [9]. 

Still, in many circumstances and with most of the new 
generation of AI robotic applications, we have a further problem. 
Current default norms of legal responsibility entail a vicious circle, 
since the more the strict liability rules are effective, the less we can 
test our robots. As a result, such primary rules, e.g. the last ENAC 
regulation from December 2015, can indeed hinder research and 
development in the field. Correspondingly, we often lack enough 
data on the probability of events, their consequences and costs, to 
determine the levels of risk and, thus, the amount of insurance 
premiums and further mechanisms, on which new forms of 
accountability for the behaviour of such machines may hinge [30]. 
This lack of data is crucial, because the unpredictable and risky 
behaviour of robots affects traditional tenets of the law, such as 
notions of reasonable foreseeability and due care, on which 
people’s responsibility may depend. A good example is given by 
how a new generation of domestic, or service, robots already 
impact tenets of current legal frameworks in informational privacy 
and data protection [3, 4, 41, 42]. Therefore, how should legal 
systems react? 

Noteworthy, over the past 13 years, the Japanese government 
has worked out a way to address these issues through the creation 
of special zones for robotics empirical testing and development, 
namely, a form of living lab, or Tokku. After the Cabinet Office 
approved the world’s first special zone in November 2003, 
covering the prefecture of Fukuoka and the city of Kitakyushu, 
further special zones have been established in Osaka and Gifu, 
Kanagawa and Tsukuba. The aim is to set up a sort of interface for 
robots and society, in which scientists and common people can test 
whether robots fulfil their task specifications in ways acceptable 
and comfortable to humans, vis-à-vis the uncertainty of machine 
safety and legal liabilities that concern, e.g., the protection for the 
processing of personal data through sensors, GPS, facial 
recognition apps, Wi-Fi, RFID, NFC, or QC code-based 
environment interaction [42]. Significantly, this approach to the 
risks and threats of the human-robot interaction is not only at odds 
with the typical formalistic and at times, pedantic interpretation of 
the law in Japan [43]. It is remarkable that such special zones are 
highly deregulated from a legal point of view. Pace the Italian 
ENAC, “without deregulation, the current overruled Japanese legal 
system will be a major obstacle to the realization of its RT [Robot 
Tokku] business competitiveness as well as the new safety for 
human-robot co-existence” [43].  

So far, the legal issues addressed in the RT special zones 
regard road traffic laws (Fukuoka 2003), radio law (Kansai 2005), 
privacy protection (Kyoto 2008), safety governance and tax 
regulation (Tsukuba 2011), up to road traffic law in highways 
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(Sagami 2013). These experiments should obviously be extended, 
so as to further our understanding of how the future of the human-
robot interaction could turn out. Some examples were illustrated 
above in the previous sections, such as matters of foreseeability 
and due care concerning human negligence, or the unpredictability 
of robotic behaviour that may trigger novel forms of actus reus in 
criminal law. By testing these scenarios in open, unstructured 
environments, the Japanese approach does not only show a 
pragmatic way to tackle the legal challenges of robotics. This sort 
of interface between strong AI robots and human societies, 
between present and future, also allows us to better comprehend 
risks and threats brought on by possible losses of control of AI 
systems, so as to keep the latter in check.  

5 CONCLUSIONS 
There are three different ways in which we can grasp the theses 
and title of this paper, “even angels need the rules.” The first way 
directly concerns today’s debate in roboethics. From a moral point 
of view, we can say that even a set of perfect agents, namely a 
bunch of angelic robots, need rules to further their cooperation and 
collaboration. Even advocates of virtue ethics concede this point 
[28]. As illustrated above in Sections 2 and 3, these rules can be 
interpreted either as moral ones [11], or as secondary legal rules 
[8]. 

A second way to interpret the title of the paper involves Hart’s 
primary rules and more particularly, that which Section 4.1 
presented as the loopholes of the law. The legal impact of robotics 
affects all the sectors in the legal field and still, is especially 
relevant in criminal law, where analogy should not help tackling 
the impact of robotics. Although moral theories play a role in this 
context, so as to either find out the uniquely right answer 
(Dworkin), or a reasonable compromise (Hart), moral theories do 
not instruct us as to whether and to what extent we are confronted 
with a legal loophole and hence, whether or not new legal rules 
should be added to the system. This is a question that appears 
crucial for today’s debate on roboethics and still, goes beyond the 
expertise of robo-ethicists. Is there any loophole in the legal 
system? 

The third way to inflect the title regards the unpredictability 
and risky behaviour of robots that have been stressed time and 
again in this paper. Whilst no single moral theory can tackle the 
complexity of the law and instruct us as to how we should legally 
bind our robots, the law itself is confronted with that which Section 
4.2 summed up as the practical and theoretical “deadlocks” of 
today’s legal systems. Lawmakers often make individuals think 
twice before using or producing robots, through methods of 
accident control that either cut back on the scale of the activity, or 
aim to stop these activities at all. Here, what the law adds to the 
current debate in roboethics has to do with the definition of specific 
secondary legal rules that should allow us to understand what kind 
of primary legal rules we may need. The creation of legally de-
regulated, or special, zones for robotics appears a smart way to 
overcome such deadlocks and to further theoretical frameworks 
with which we should better appreciate the space of potential 
systems that avoid undesirable behaviours. By testing the human-
robot interaction outside laboratories, i.e. in open or unstructured 
areas, we can improve our understanding of how these artificial 
agents may react in various contexts and satisfy human needs. 
Also, we can rationally manage the legal aspects of this 

experimentation, covering many potential issues raised by the next-
generation robots and tackling those requirements that often 
represent a formidable obstacle for this kind of research, such as 
public authorisations for security reasons, formal consent for the 
processing and use of personal data, mechanisms of distributing 
risk through insurance models and authentication systems, and the 
like. This is the set of secondary legal rules with which to 
strengthen our comprehension of the type of primary legal rules we 
need in order to govern our robots. At the end of the day, this sort 
of legal de-regulation also offers a fruitful way to deepen our 
understanding of some moral dilemmas in the field. 
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One-Class to Multi-Class Model Update Using the
Class-Incremental Optimum-Path Forest Classifier

Mateus Riva1 and Moacir Ponti1 and Teofilo de Campos2

Abstract. Incremental learning capabilities of classifiers is a rele-

vant topic, specially when dealing with scenarios such as data stream

mining, concept drift and active learning. We investigate the capa-

bilities of an incremental version of the Optimum-Path Forest clas-

sifier (OPF-CI) in the context of learning new classes and compare

its behavior against Support Vector Machines and k Nearest Neigh-

bours classifiers. The OPF-CI classifier is a parameter-free, graph-

based approach to incremental training that runs in linear time with

respect to the number of instances. Our results show OPF-CI keeps

the running time low while producing an accuracy behavior similar

to the other classifiers for increments of instances. Also, it is robust

to variations on the order of the learned classes, demonstrating the

applicability of the method.

1 INTRODUCTION
In incremental learning we consider a process in which new instances

emerge and the model adjusts previous knowledge according to the

new data. Thus, it does not assume the availability of a sufficient

training set in the beginning of the learning process, but rather that

training instances appear over time [8]. The ability to learn not only

from a fixed training set, but also considering both new data and an

already learned model, is an important feature in pattern recognition

systems [24]. Moreover, it is important to update models in an effi-

cient way in order to comply with realistic scenarios [9].

One of the issues in this context are the class-incremental prob-

lems, in which instances from new classes appear over time [26] [12].

Scenarios where learning new classes is required are not uncommon.

A dataset of produce images, for instance, is constantly being up-

dated as new types of fruits and other produce are uploaded into

the system. In order to make a viable recognition system, a model

with the ability to learn new classes is required, and, as the dataset

increases in size, this model must be updated as efficiently as possi-

ble [2]. It is also important to keep it robust to order effects [6].

Graph-based approaches represent the feature space structure by

capturing relationships among instances (vertices in a graph) and the

weights of said relationships. In this manner, algorithms can perform

supervised [14], unsupervised [21, 22] and semi-supervised learn-

ing [11]. In data stream mining or active learning it is possible to

update minimum spanning trees [4] and paths [1] in order to main-

tain the graph structure and thus the learning model [10].

The Optimum-Path Forest (OPF) classifier [14] is a supervised

learning approach that uses graph theory in order to build a model

based on Optimum-Path Trees that encode the information of classes

1 Instituto de Ciências Matemáticas e de Computação, University of São
Paulo, Brazil, email: mateusriva@usp.br, ponti@usp.br

2 CVSSP, University of Surrey, UK, email: t.decampos@st-annes.oxon.org

in the feature space. It can be used to develop simple, fast, multiclass

and parameter independent classifiers, and shown to be reliable in ap-

plications such as intrusion detection, image classification [16] and

as a base classifier in ensemble learning for different datasets [18].

It has similarities with the k nearest neighbors (kNN) classifier, spe-

cially with the 1NN, but it is often capable of capturing the intrinsic

characteristics of the feature space by creating more or less dense

trees in different subspaces [23]. Because of its quadratic training

complexity (i.e. O(n2) for n instances in the training set), strate-

gies were developed to speed-up training [13]. Additionally, a linear

incremental-learning version of the OPF was proposed in [17], capa-

ble of including p new instances with aO(n · p) cost, where n is the

sample size in the current model.

As incremental learning is still relevant to the analysis of evolv-

ing datasets for the purposes of classification and regression [25],

novelty detection and concept-drift [7], we report a new algorithm

and a series of experiments that tries to incrementally build a model

containing from one to multi-class data. In particular, our paper ex-

plores the incremental optimum path forest classifier (OPFI) [17],

extending it to class-incremental scenarios (OPF-CI), i.e. capable of

learning new classes without retraining the whole model. The nov-

elty of the paper relies on building up an OPF model from one-class

to multi-class. Besides, we compare our algorithm with other clas-

sifiers under different incremental learning conditions, in particular

class-incremental, using different class orders. Our method starts by

building an initial one-class model upon which the incremental algo-

rithm can run [21], and then include new classes as new trees on the

optimum-path forest.

In order to analyse the OPF-CI behavior we compare its results

with the classifiers kNN and Support-Vector Machine (SVM) [5],

which also has an incremental version [3]. While SVM has a stronger

theoretical framework, it is expensive to train and needs parameter

tuning. kNN does not need training but it is slow — specially in

its original version — for large datasets. OPF is a parameter-free

algorithm that works well even with small training sets, which suits

several applications, making it relevant to be compared with SVM

and kNN. Some characteristic of each method and their complexities

are compared in Table 1, in which n is the total of instances available

to train a model in a given time.

In this paper, we set out to develop a fast and accurate method

based on the Incremental OPF classifier to learn new classes with

supervision, from a model with just one class (based on an initial

clustering) to a multi-class model, which is our main contribution.

This method must be capable of updating itself with the new classes

in linear time while maintaining the accuracy of the original OPF, al-

lowing this method to be used in data stream mining, active learning

and other related scenarios.
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Table 1. Comparison of the capabilities and running time to train with n in-

stances of classifiers: k-Nearest Neighbours (kNN), Support Vector Machine

(SVM), Incremental SVM (SVMI), Optimum-Path Forest (OPF), Incremental

OPF (OPFI) and our Class-Incremental OPF (OPF-CI).

kNN SVM SVMI OPF OPFI OPF-CI

[3] [13] [17]

One-class
model

� � � � � �

Parameter
free

� � � � � �

Class-
incremental

� � � � � �

Complexity:
training
new
model

Θ(kn) Θ(n2)
Ω(1),

O(n2)
Θ(n2)

Ω(1),
O(n)

Ω(1),
O(n)

2 CLASS-INCREMENTAL OPTIMUM PATH
FOREST CLASSIFIER

The Optimum-Path Forest (OPF) classifier [14] interprets each in-

stance as a graph node. The edges connecting the instances are de-

fined by an adjacency relation and weighted by a distance function.

In this model it is expected that training instances from a given class

will be connected by a path of nearby instances. Therefore the model

that is learned by the algorithm is composed of several trees, each

tree containing instances from a given class, although each class can

have several trees in the model. The root of each tree is called a pro-

totype. Each individual sample is connected to the closest prototype

of its class.

The model is built by obtaining the minimum spanning tree of the

fully-connected graph, then computing the prototypes, which will be

the roots of each optimum-path tree. In the basic algorithm, every

node that shares an edge with a node of a different class is a pro-

totype. After prototypes are computed, each non-prototype node is

then conquered by the prototype which presents the shortest route

between itself and the node. This supervised training has a complex-

ity of O(n2).
Classification of a new instance on a built OPF model is a matter

of deciding to which tree said instance would belong (that is, which

prototype provides the shortest route between itself and the new in-

stance), which is not exactly the same as the nearest neighbor. Its

predicted class would then be the same as the class of the prototype

of this tree. Figure 1 depicts a toy example of OPF training and clas-

sification.

The incremental OPF (OPFI) [17] adds an instance to a pre-

existing OPF model in linear time, that is, O(n + 1) in which n
is the number of instances already in the model, while maintaining

the capabilities and properties of the original OPF, which runs in

O((n+1)2). It considers each new instance inserted in the model as

one of three possible cases:

• a new node of an existing tree, which is simply inserted into the

tree while maintaining the properties of the minimum spanning

tree, as described by Chin and Houck [4];

• a replacement prototype for a tree, which prompts an update of

the distance to the root of every node belonging to the tree;

• a new tree, which will become a lone prototype, while also

prompting a schism in the tree to which it is connected, since its

closest neighbour will now also be a prototype.

Because of the property described in this last case, the Incremental

OPF classifier is implicitly capable of learning new classes without

needing to rebuild the entire model. However, the OPFI needs an

initial forest to extend. In this paper we create an one-class model,

therefore extending the OPFI to handle new classes.

In order to build the initial one-class model, an unsupervised learn-

ing method using the Optimum-Path Forest is employed [21]; this

method works by choosing prototypes as points with maximum local

density, then conquering neighbouring nodes based on the relevant

maxima. Because this method finds clusters that are optimum-path

trees in the feature space, we use those as our initial model. This

method is relatively slow, but it can easily and consistently build an

1-class model with well-positioned prototypes, which can help as-

sure good accuracy results for subsequent increments.

Our method is described in Algorithm 1, with focus on lines 1–2,

5–6 and 13–15 of this algorithm. Further description of the functions

recheckPrototype(.) and insertIntoMST(.), related to lines 7–11 can

be found at [17]. Line 2 is responsible for creating an initial one-class

model by clustering the instances into optimum-path trees all belong-

ing to a single class. If such model already exists, when inserting an

instance z ∈ Z belonging to an unseen class, we classify it using the

current model (line 5), and it will be assigned to a tree that does not

match the new class, producing a false output on line 6. Therefore, z
becomes a new prototype, as also the vertex of the existing tree that

has conquered z, i.e. its predecessor. Because there can be only one

prototype per tree, if the predecessor of z was not a prototype, it be-

came one and a process of reconquest will produce two trees, which

generates a new decision boundary for future data of the new class.

This process is depicted in Figure 2.

Algorithm 1 OPF Class-Incremental training

Require: an OPF model T ; input nodes z ∈ Z, each with its feature
vector.

1: if T = ∅ then
2: T ← OPFClustering(Z)
3: else
4: for each z ∈ Z do
5: OPFClassify(z, T )
6: if z.label = z.truelabel then
7: if z.predecessor is a prototype then
8: recheckPrototype(z, z.predecessor,T )
9: else

10: insertIntoMST(z, z.predecessor,T )
11: end if
12: else
13: set z as prototype
14: if z.predecessor is not a prototype then
15: set z.predecessor as prototype
16: reconquest(z.predecessor, T )
17: end if
18: end if
19: end for
20: end if
21: return T

3 EXPERIMENTS

3.1 DATASETS AND REPRODUCIBILITY

The code used to generate the data, the results and those datasets that

are not publicly available can be found in the paper webpage3. A total

of 6 datasets were used: 2 synthetic and 4 real. They are as follows:

3 http://www.icmc.usp.br/˜moacir/paper/16ecai.html
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(a) (b) (c) (d)

Figure 1. OPF training starts by creating a minimum spanning tree in the feature space (a), and then computing prototypes that will become the root of each

optimum-path tree (b). The classification of a new instance is performed by looking at the nearest vertex of each tree (c); it is conquered by the vertex that offers

the minimum cost to the root, and assigned to the tree class (d).

(a) (b) (c) (d)

Figure 2. OPF-CI example in class-incremental inclusion: a new pattern, green diamond, can be conquered by one of two classes already in the model, blue

circles or orange triangles (a). Here it is conquered by the orange triangle tree (b). Because the instance label does not match the label of the tree, both the new

instance and the adjacent vertex become prototypes, which in this case disconfigures the previous tree since only one prototype (root) per tree is allowed (c).

Then, the reconquest process is performed by the two prototypes, resulting in the new model (d).

1. Cone-Torus: a synthetic dataset with three overlapping 2-

dimensional classes, one with 92 instances, one with 99 instances

and the last one with 209 instances;

2. L3: a synthetic dataset with three 2-dimensional overlapping

classes, with 500, 250 and 250 instances respectively;

3. NTL (non-technical losses): industrial energy consumption pro-

file dataset, whose attributes describe energy consumption, with

4952 instances, 8 attributes and 2 classes (fraud / non-fraud);

4. SpamBase: spam and non-spam emails dataset 4, with 4601 in-

stances, 56 attributes and 2 classes (spam / non-spam);

5. MPEG7-BAS: consists of 70 classes of shapes each having 20

instances 5. The Beam Angle Statistics (BAS) method was used to

extract 180 features.

6. Produce-BIC-MSB: consists of 14 classes of produce im-

ages [20] from which a Border-Interior Classification (BIC) de-

scriptor was extracted using the MSB (Most Significant Bit)

quantization method, with a total of 1400 instances and 64 at-

tributes [15].

3.2 EXPERIMENTAL SETUP
Two main experiments were conducted, both starting with a model

trained with instances from a single class. New classes appear in fu-

ture iterations as follows: Experiment A, at each increment a bal-

anced distribution of instances from all classes is added to the model;

Experiment B, at each increment instances from a single class are

added to the model, until all samples of said class are added, until all

4 available at http://archive.ics.uci.edu/ml/datasets/
Spambase

5 available at http://www.dabi.temple.edu/˜shape/MPEG7/

classes are added. The appearance order of classes was defined by

their label identifiers.

Experiments were performed according to the steps described be-

low. All classes in a given dataset were considered “initial classes”

for the purposes of building the 1-class model, one by one. Due to

the random nature of the dataset splitting, all experiments were con-

ducted in 10-repeated hold-out sampling.

1. Splitting of the dataset into two subsets with 50% of the in-

stances each: S for supervised training and T for testing. The sub-

sets are uniformly distributed;

2. Splitting of the subset S into two subsets, S0 and I , where S0

contains 50% of the samples of the initial class k present in S,

and I contains the remainder;

3. Initial training on S0 in order to build a 1-class model and testing

against T ;

4. Splitting of the subset I into increments Si:

• For Experiment A, I was split into 20 increments, all uni-

formly distributed, but maintaining the class balance propor-

tions;

• For Experiment B, I was split into k×10 increments (k being

the total number of classes in the dataset), all uniformly dis-

tributed and containing a single class; these increments were

then ordered in a class-by-class basis;

• The sole exception is the MPEG7 dataset, which, due to hav-

ing a high number of small classes, was split into 5 and k × 3
increments for experiments A and B, respectively;

5. Inclusion of Si in the model and testing against T , for all incre-

ments Si.
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3.3 ACCURACY EVALUATION
A balanced accuracy was used to evaluate the classification:

Acc = 1−
∑c

i=1 E(i)

2c

where c is the number of classes, and E(i) = ei,1+ei,2 is the partial

error of c, computed by:

ei,1 =
FP (i)

N −N(i)
and ei,2 =

FN(i)

N(i)
, i = 1, ..., c

where FN(i) (false negatives) is the number of samples belonging

to i incorrectly classified as belonging to other classes, and FP (i)
(false positives) represents the samples j = i that were assigned to

i. Also, N(i) is the number of the instances belonging to the class i
and N is the total number of instances.

Therefore, Acc is 1.0 for a 100% accuracy, 0.5 when the classifier

assigns all instances to a single class, and 0.0 for an inverse classifi-

cation (in this case reversing the classification will produce a 100%

accuracy). The balanced accuracy is suited for both balanced and

class imbalance scenarios [19].

3.4 CLASSIFIERS
In order to gauge the efficiency of the Incremental OPF classifier,

two other classifiers were used: the k-Nearest Neighbours classifier

(only experiments with k = 3 are reported) and the Support Vector

Machine classifier (SVC), with a Radial-Basis Function kernel. The

Incremental SVM classifier was not used since, being incapable of

direct class-incremental learning, its capabilities did not fit the scope

of these experiments. The Euclidean distance function was used, and

all datasets were normalized using z-score before all experiments

(including parameter search).

3.4.1 PARAMETER SEARCH FOR SVM

Grid search space : the grid search was performed on the fol-

lowing logarithmic search space for the SVM with a Radial Ba-

sis Function (RBF) kernel: γ ∈ [2−5, 215], with a step of 22; and

cost ∈ [23, 2−15], with a step of 2−2. The best parameters are avail-

able on Table 2.

For the regular experiments, the search was performed using the

entire dataset, which included data that would not be available until

the last iteration. Thus, the SVM classifier had privileged informa-

tion, and its accuracy results could be considered an upper bound

of what SVM could achieve. Although this provides the SVM with

knowledge beyond the others classifiers, it is a way to at least use

SVM as a direct comparison method. Also, it allows to see how far

the OPF and kNN classifiers would compare to an upper-bound (in

terms of parameter tuning) SVM.

Table 2. SVM parameters (cost C and RBF kernel parameter γ) utilized

and accuracy achieved using these parameters for each dataset.

Dataset name Cost (C) γ Accuracy
L3 0.125 2 78%

Cone-Torus 1024 1 87%
SpamBase 32 0.0078125 92.5%
MPEG7-B 32 0.0078125 85.4%

NTL 32 8 97.6%
Produce 32 0.0078125 96%

Parameter search in case studies : a case study was carried out in

a synthetic dataset, in order to understand the algorithm’s behaviour

in a more controlled experiment. In this case, we followed the same

procedure as experiment B, but the SVM classifier was not provided

parameters based on the entire training set. Also, the subset I was

split into k× 5 increments instead of k × 10, and only the first class

was used as an initial class. As such, in the case study, the 1-class

SVM classifier was used while only instances of a single class were

available; as soon as the first batch of instances of a new class was

presented, a grid search was executed again to find the new parame-

ters for SVM.

This scenario required human intervention since, for each batch

of instances with new classes, one has to manually analyze the grid

search results and pick the best parameters, possibly requiring expan-

sion of the search space. The time taken to compute the grid search

was reported when assessing running time spent during the process

of acquiring new classes. However, the time taken to manually ana-

lyze the grid search results was not considered.

The objective of this case study was to evaluate the impact of

the need for parameters of the SVM classifier in order to contrast

it against the parameter-free OPF classifier.

4 RESULTS

4.1 SYNTHETIC CASE-STUDY

The case-study was an in-depth analysis of the effects of the SVM

parameter search on total runtime and accuracy in a more realistic

incremental scenario, where classes are learned over time, performed

on the Cone-Torus dataset.

The full dataset has 400 instances: 92 of class 1, 99 of class 2 and

209 of class 3. Half of these instances were separated to be used as

the testing set T . The initial model was built upon 23 instances of

the initial class 1. In iterations 1 through 5, a total of 23 instances of

class 1 were inserted, spread equally over the 5 iterations. Similarly,

50 instances of class 2 were inserted in iterations 6 to 10, and 104
instances of class 3 were inserted in iterations 10 to 15.

Figure 3 shows the balanced accuracy achieved and cumulative

time (in logarithmic scale) spent on each iteration of the case study

for the Cone-torus dataset.

These results reveal some interesting points. First and foremost,

the parameter searches performed for the SVM classifier (which oc-

curs in iterations 6 and 11) take almost three orders of magnitude of

time more to finish than any other step taken by any other classifier.

This falls in line with what was expected.

The SVM classifier actually performs better than the others when

only provided with two classes (iterations 5 through 10), but the pa-

rameters it finds for the set with the initial third class instances are

shown to be imperfect, as it loses accuracy as more instances are

added to it (while the other classifiers keep improving, or at least

maintaining, their current accuracy). This means that, in order to im-

prove the accuracy of the SVM to its optimum, yet another parameter

search would be necessary.

4.2 EXPERIMENTS A (BALANCED
INCREMENTS)

In these experiments the initial model is one-class and in each iter-

ation new instances from all classes are included in the model. We

report the balanced accuracy and the running time for each iteration

(note that the time here is not cumulative as it was reported in the
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Figure 3. Accuracy and cumulative time results for the case study performed on the Cone-Torus dataset.

case-study). Also, the grid search performed before the first iteration

was not included in the SVM running time as it would cause the SVM

to dominate the plot and hamper visualization. In Figure 4 we show

the results for the datasets L3, NTL and Produce-BIC-MSB, which

shows the accuracies on each increment compared with the results

obtained by training the original classifiers with the complete train-

ing set, referred to as “target” accuracy, which are shown as dotted

lines.

In order to see the class-incremental behavior of algorithms when

starting with different classes, which could be different for specific

distributions or class-imbalanced datasets, we show balanced accu-

racy results for the datasets Cone-torus, NTL and Produce, respec-

tively in Tables 3, 4 and 5, which includes percentages of the incre-

mental iterations, compared with the target accuracy.

Observe that, with the exception of the NTL dataset, the SVM

outperforms the other algorithms in terms of accuracy. This is to be

expected, as the SVM classifier is provided with parameters that cor-

respond to the entirety of the dataset, allowing it to better define de-

cision boundaries before the others can. However, with the exception

of the L3 dataset, the OPF algorithm performs almost as well as the

SVM and better than the 3NN classifier.

In terms of time spent in training and classification, our implemen-

tation of OPF spends slightly more time running than our implemen-

tation of kNN. Methods to speed up OPF training and/or classifica-

tion [13] could improve these results. Note however, that using the

original OPF classifier would produce a running time of O(n2) on

each iteration, whereas the incremental version used here has O(n)
complexity. The time spent running the SVM classifier was highly

dependent on the dataset. It is important to remember that the time

spent finding the parameters of the SVM was not taken into consid-

eration (see the case-study for details).

One apparent drawback of our method is the complexity of build-

ing the initial optimum-path forest using only one class. The chosen

algorithm can slow down the first step in some cases, as observed

in the iteration zero of some datasets. However, this falls outside of

the scope of OPF-CI, which aims to increment pre-existing models

in linear time.

The results of these experiments reflect those found in [17]. How-

ever, it allow us to see how the incremental OPF algorithm behaves

when compared with other classifiers, as well as its capability of ac-

quiring new classes based on a model with only one class.

Table 3. Accuracy results with Cone-torus (synthetic three-class dataset)

for different initial classes in the one-class model in experiment A (incre-

menting all classes)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI
1 78.2 85.1 84.9 84.5 84.

84.52 84.6 85.4 85.7 85.3 85.0
3 69.4 86.0 86.9 86.3 84.8

SVM
1 78.8 84.5 84.7 87.7 87.9

87.32 74.9 86.2 87.6 87.9 87.4
3 61.8 82.8 85.4 87.7 87.3

3NN
1 70.0 75.7 83.9 85.0 86.5

86.52 81.1 84.1 88.7 87.2 86.5
3 71.0 75.5 83.4 84.5 86.5

Table 4. Accuracy results with NTL (two-class dataset) for different initial

classes in the one-class model in experiment A (incrementing all classes)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI
1 52.2 68.6 74.7 79.7 80.9

81.5
2 80.7 81.5 81.4 82.3 80.9

SVM
1 51.5 63.4 73.4 80.4 80.0

80.0
2 79.8 77.4 77.4 80.1 80.0

3NN
1 50.6 51.5 64.4 70.7 73.9

73.9
2 71.6 72.6 71.1 73.6 73.9

Table 5. Accuracy results with Produce (14-class dataset) for a sample

of initial classes in the one-class model in experiment A (incrementing all

classes in each iteration)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI

1 70.9 88.2 91.1 94.1 94.7

94.4
2 73.5 89.4 92.6 94.0 94.7

13 70.9 89.4 92.2 94.2 94.7
14 71.2 89.3 92.5 94.4 94.7

SVM

1 71.5 91.4 93.8 95.5 96.8

96.6
2 72.6 90.7 93.5 95.4 96.8

13 73.6 90.8 93.6 95.5 96.7
14 72.6 90.8 93.8 95.5 96.7

3NN

1 58.7 83.0 87.5 91.2 93.0

93.0
2 60.8 84.9 89.7 92.0 93.0

13 68.9 84.8 90.1 92.0 93.0
14 62.7 83.9 90.8 91.2 93.0
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(a) L3

(b) NTL

(c) Produce-BIC-MSB

Figure 4. Experiments A, starting with one class models and adding instances of all classes at each iteration: balanced accuracy (left column) and running

time (right column) at each iteration for the datasets L3 (a), NTL (b), and Produce-BIC-MSB (c). Solid lines represent the results obtained in each iteration,

while dotted lines are the target accuracies for each classifier.
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4.3 EXPERIMENTS B (CLASS ORDERED
INCREMENTS)

In these experiments the initial model is one-class and in each iter-

ation new instances from a single, unseen class, are included in the

model until all classes are added. We report the balanced accuracy

and the running time for each iteration. All remaining settings were

the same as in experiment A. In Figure 5 we show the results for

the datasets Cone-torus, SpamBase and MPEG7, which shows the

accuracies on each increment compared with the “target” accuracy,

shown as dotted lines.

In order to see the class-incremental behavior of algorithms when

starting with different classes, which could be different for specific

distributions or class-imbalanced datasets, we show balanced accu-

racy results for the datasets MPEG7, NTL and Produce, respectively

in Tables 6, 7 and 8, which includes percentages of the incremental

iterations, compared with the target accuracy.

Table 6. Accuracy results with MPEG7 (70-class dataset) for a sample of

initial classes in the one-class model in experiment B (incrementing one class

at a time)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI
1 50.0 62.8 77.3 86.7 90.0

89.9
2 50.7 61.2 72.6 84.1 89.9
3 50.3 61.3 72.6 84.1 89.9
4 50.6 61.7 73.4 85.0 89.9

SVM
1 50.0 60.5 70.0 80.5 91.4

91.4
2 50.7 60.5 70.0 80.5 91.4
3 50.7 60.5 70.0 80.5 91.4
4 50.7 60.5 70.0 80.5 91.4

3NN
1 50.0 60.1 69.7 79.5 84.2

84.2
2 50.6 60.1 69.7 79.5 84.2
3 50.3 60.1 69.7 79.5 84.2
4 50.2 60.1 69.7 79.5 84.2

Table 7. Accuracy results with NTL (two-class dataset) for different initial

classes in the one-class model in experiment B (incrementing one class at a

time)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI
1 50.0 50.0 58.1 73.7 81.0

81.5
2 82.7 78.5 77.3 79.9 80.6

SVM
1 50.0 50.0 52.9 73.9 80.0

80.0
2 75.7 73.4 73.3 77.9 80.0

3NN
1 50.0 50.0 51.1 61.4 73.9

73.8
2 72.7 65.4 63.9 69.9 73.9

All of the points of note of experiment A still hold true for exper-

iment B. The results of these experiments prove our point that the

OPF incremental algorithm can be used for efficient learning of new

classes. As a new class begins to be inserted in the training dataset,

the OPF model starts converging to its best possible accuracy given

the current number of classes in the training set — the speed of this

convergence depends on the dataset.

Also, as pointed out by [6], incremental learning should be robust

to the order that the instances appears. The OPF-CI is robust in that

sense as showed in Tables 6, 7 and 8, where the algorithm always

reaches results similar to the target accuracy.

Due to space limitations, this paper does not include all available

results. The complete set of results is available at the repository with

Table 8. Accuracy results with Produce (14-class dataset) for a sample

of initial classes in the one-class model in experiment A (incrementing all

classes in each iteration)

Iterations
initial
class

1st 25% 50% 75% 100% Target

OPFCI

1 50.0 61.4 72.3 84.9 94.7

94.0
2 53.8 61.4 72.3 84.9 94.7

13 53.8 65.1 75.9 87.9 94.7
14 53.1 65.0 75.4 87.7 94.7

SVM

1 50.0 61.4 74.2 86.6 96.6

96.6
2 53.6 61.4 74.2 86.6 96.6

13 53.5 64.9 77.8 90.0 96.6
14 53.2 64.8 77.6 90.0 96.5

3NN

1 50.0 61.1 71.9 82.6 93.0

93.0
2 50.0 61.1 71.9 82.6 93.0

13 51.8 64.5 75.5 85.9 93.0
14 52.0 64.7 74.7 85.9 93.0

the datasets. The results with the 1NN classifier were ommited be-

cause they usually produced similar results when compared with the

OPF. Also, the 5NN just produced worst results when compared with

3NN. As pointed out by [23] OPF and kNN have strong similarity

and can share equivalent decision boundaries. While it was not our

intent to compare such methods, we observed similar results as those

of [23].

5 CONCLUSION
In this paper we demonstrated the Incremental OPF capabilities of

learning new classes by starting with an optimum path forest com-

posed only by instances from a single class, obtained by an OPF clus-

tering process. The results reinforce previous findings, while compar-

ing those findings with well-known classifiers.

Because the OPF-CI is linear with respect of the number of train-

ing instances, it could keep the running time acceptable, while pro-

ducing an accuracy behavior similar to the other classifiers. Also,

OPF is robust even when varying the order of the classes. At the end

of each experiment, the OPF-CI algorithm has reached results similar

to its target accuracy, thus displaying its capability of automatically

learning new classes while keeping robustness to order effects.

The investigation of incremental learning classifiers is still a rele-

vant topic in order to advance the state-of-the-art on algorithms ca-

pable of rapidly adapting themselves for future data. Future work

can study in more depth the relationship between OPF and kNN and

derive prototype selection methods in order to reduce the training

set. Further efforts may also explore speeding-up both OPF and OPF

clustering using data structures such as skip lists, as well as combin-

ing previous OPF algorithms for large scale with OPF-CI.

ACKNOWLEDGEMENTS
The authors would like to thank FAPESP (grants #11/22749-8,

#14/04889-5, #15/24217-4 and #15/13504-2). We are also thankful

to Mr. Leonardo Ribeiro for his valuable comments on the paper.

M. Riva et al. / One-Class to Multi-Class Model Update Using the Class-Incremental Optimum-Path Forest Classifier222



(a) Cone-torus

(b) SpamBase

(c) Mpeg7

Figure 5. Experiments B (adding one class at a time, starting with class 1): balanced accuracy (left column) and running time (right column) at each iteration

for the datasets Cone-Torus (a), SpamBase (b), and MPEG7 (c). Solid lines represent the results obtained in each iteration, while dotted lines are the target

accuracies for each classifier.
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More than a Name? On Implications of Preconditions
and Effects of Compound HTN Planning Tasks

Pascal Bercher and Daniel Höller and Gregor Behnke and Susanne Biundo ∗

Abstract. There are several formalizations for hierarchical plan-

ning. Many of them allow to specify preconditions and effects for

compound tasks. They can be used, e.g., to assist during the model-

ing process by ensuring that the decomposition methods’ plans “im-

plement” the compound tasks’ intended meaning. This is done based

on so-called legality criteria that relate these preconditions and ef-

fects to the method’s plans and pose further restrictions. Despite the

variety of expressive hierarchical planning formalisms, most theoret-

ical investigations are only known for standard HTN planning, where

compound tasks are just names, i.e., no preconditions or effects can

be specified. Thus, up to know, a direct comparison to other hierar-

chical planning formalisms is hardly possible and fundamental the-

oretical properties are yet unknown. To enable a better comparison

between such formalisms (in particular with respect to their com-

putational expressivity), we first provide a survey on the different

legality criteria known from the literature. Then, we investigate the

theoretical impact of these criteria for two fundamental problems to

planning: plan verification and plan existence. We prove that the plan

verification problem is at most NP-complete, while the plan ex-

istence problem is in the general case both semi-decidable and

undecidable, independent of the demanded criteria. Finally, we

discuss our theoretical findings and practical implications.

1 Introduction
Hierarchical planning approaches are often chosen when it comes

to practical real-world planning applications [33]. Examples include

composition of web services [29], real-time strategy games [23, 35],

robotics [15, 28], or user assistance [11, 10]. While there are sev-

eral different formalizations for hierarchical planning, it is apparent

that most of the theoretical investigations are done for a standard for-

malization (called hierarchical task network (HTN) planning), where

compound (or abstract) tasks are just names or symbols [16, 19] –

they thus neither show preconditions nor effects. Those investiga-

tions include the complexity of the plan existence problem (“Is the

problem solvable?”) [16, 19, 5, 2, 3], plan verification (“Is the given

plan a solution to the problem?”) [9], changes to plans (“Is the plan

still a solution if I change X?”) [8], and expressivity analysis (“What

plan structures can be expressed using different language features?”)

[21, 22]. The answers to such questions, besides being of theoreti-

cal interest, are highly relevant to come up with tractable problem

relaxations for heuristics [5] or for problem compilations [4, 1].

For mainly practically motivated reasons, such as providing mod-

eling assistance or generating abstract solutions, several researchers

developed hierarchical planning formalizations in which compound
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decomposes to

Figure 1. Example for a compound task (move) with preconditions and
effects and one of its methods. The method’s plan consists of two primitive

tasks (pick and place) and a causal link protecting the condition holding. The
dotted green lines indicate how the preconditions and effects of the tasks in

the plan’s method are related to their more abstract representation.

tasks are allowed to have preconditions and effects [40, 25, 37, 41,

18, 26, 12, 14, 30, 11, 7, 15] (cf. example given in Fig. 1). However,

the only theoretical investigations for such a formalization that we

are aware of are about the upward and downward refinement prop-

erties [40, 6, 30]. So, up to now, for many of such formalisms it is

not even clear how hard the respective problems are (given the typi-

cal HTN solution criteria), since the plan existence problem was not

studied for such a formalization. To close this gap, we investigate the

plan existence and the plan verification problems for our formaliza-

tion that allows to specify preconditions and effects for compound

tasks. We survey several legality criteria that define which decom-

position methods may be specified for which compound task, de-

pending on its preconditions and effects and take these criteria into

account in our complexity analysis. We conclude the paper by dis-

cussing our findings and its implications.

2 Problem Formalization

We introduce a hierarchical planning formalism that allows to spec-

ify preconditions and effects for compound tasks. In our complexity

analysis, we take into account several restrictions on the relation-

ship between compound tasks and the plans that are associated with

them via their decomposition methods. The investigated restrictions,

called legality criteria, are taken from the literature. To formally

study their impact on the complexity results, the formalism needs

to be rich enough to be capable of expressing these criteria. Most of

the formalisms that define them [40, 41, 37, 12] fuse standard HTN

planning [16, 20, 19] with Partial-Order Causal-Link (POCL) plan-

ning [31, 36, 20]. We assume this is because the concept of causal

links makes it easy to express the desired criteria. Thus, we also use

such an hybridization for our investigations. A variety of formalisms

fuse HTN with POCL planning [40, 25, 37, 41, 18, 14, 7, 15, 11].
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However, none of these formalizations is both rich enough to allow

expressing all legality criteria while being simple enough to easily

serve as a basis for proofs. Since all HTN complexity results that

are relevant for the sake of this paper have been shown or repro-

duced in the simplistic (propositional) HTN formalism by Geier and

Bercher [19], extending it allows an easy comparison. We therefore

extend it by the necessary POCL concepts. In accordance to the liter-

ature [26, 11], we refer to the resulting formalism as hybrid planning.

Let V be a finite set of state variables (or proposition symbols). In

POCL planning, actions are typically 2-tuples consisting of a precon-

dition and effect, both being conjunctions of literals. Here, we use

an equivalent set-based formalization: Actions (or primitive tasks)

are 4-tuples (prec+, prec−, eff +, eff −), where prec+ and prec−

denote the positive and negative preconditions and eff + and eff −

denote the positive and negative effects. They describe single state

transitions as usual. The compound (or abstract) tasks have a dif-

ferent underlying meaning, as they need to be decomposed into pre-

defined plans by relying on so-called decomposition methods. De-

spite that fact, we allow compound tasks to use preconditions and

effects as well (cf. Fig. 1 for an example). Every task has a task
name. The set of names for the primitive tasks is given by Np and

those of the compound ones by Nc. We define N := Np∪̇Nc. The

mapping between task names and their actual tasks (i.e., 4-tuples) is

established using the function δ : N → (2V )4. For convenience,

we also write prec+(n), prec−(n), eff +(n), and eff −(n) to refer

to n’s positive and negative preconditions and effects, respectively†.
We call a sequence of tasks δ(n1), . . . , δ(nk) executable in a state
s0 ∈ 2V if and only if there is a corresponding sequence of states

s0, . . . , sk, such that for all 1 ≤ i ≤ k holds prec+(ni) ⊆ si−1 and

prec−(ni)∩si−1 = ∅ as well as si = (si−1\eff −(ni))∪eff +(ni).
The state sk is called the state generated by δ(n1), . . . , δ(nk).

In non-linear planning approaches, plans are only partially or-

dered. For a set of ordering constraints ≺, we denote its transitive

closure by≺∗. To differentiate multiple occurrences of the same task

within a plan, the partial order is defined over a set of so-called plan
steps PS, which then map to the actual task name, α : PS → N .

When we mention a linearization of the plan steps of a plan, we

refer to a total order of PS that does not violate the partial or-

der ≺. Plans may also contain so-called causal links. A causal link

(ps, v, ps′) ∈ PS×V ×PS indicates that the precondition v of the

consumer plan step ps′ is supported by the producer plan step ps.

The condition v is also said to be protected by the causal link. This

means, if v is a positive (resp. negative) precondition of ps′, then no

task with v as negative (resp. positive) effect is allowed to be ordered

between ps and ps′.

Definition 1 (Plan). A plan P over a set of task names N is a 4-tuple
(PS,CL,≺, α), where:

• PS is a finite (possibly empty) set of plan steps,
• CL ⊆ PS×V ×PS is a set of causal links. If (ps, v, ps′) ∈ CL,

then v ∈ prec+(ps′) and v ∈ eff +(ps) or v ∈ prec−(ps′) and
v ∈ eff −(ps). We also require that every precondition variable
of all plan steps is protected by at most one causal link,

• ≺ ⊆ PS×PS is a strict partial order. If (ps, v, ps′) ∈ CL with
α(ps) and α(ps′) being primitive, then (ps, ps′) ∈ ≺‡,
†To simplify upcoming definitions, we require that for all primitive tasks

np, prec+(np) ∩ prec−(np) = eff +(np) ∩ eff−(np) = ∅.
‡As usual in POCL planning, any causal link between primitive tasks

implies an ordering. If one of these tasks was compound, this would not be
reasonable: Consider the example depicted in Fig. 1 and assume there is a
causal link from move’s effect ¬at to another task’s precondition. If that link

• α : PS → N labels every plan step with its task name.

PN denotes the set of all plans over the task names N . Two plans are
called isomorphic if they are identical except for plan step renaming.

Based on the concept of plans, we define decomposition methods.

The set of all decomposition methods M ⊆ Nc×PN is given in the

planning domain and defines how compound tasks can be decom-

posed. That is, a method (nc, P ) ∈ M indicates that the compound

task (name) nc can be decomposed into the plan P .

Definition 2 (Hybrid Planning Problem). A hybrid planning problem

is a 6-tuple π = (V,Nc, Np, δ,M, P i), where:

• V is a finite set of state variables,
• we require Nc ∩Np = ∅ and define N := Nc ∪Np, where:

– Nc is a finite set of compound task names,

– Np is a finite set of primitive task names,

– {init , goal} ⊆ Np denote two special primitive task names,

• δ : N → (2V )4 is a function mapping the task names to their
preconditions and effects†§,

• M ⊆ Nc × P{N}\{init,goal} is a finite set of (decomposition)

methods, and
• P i = (PSi , CLi ,≺i , αi) ∈ PN , is the initial plan. We require

that there are plan steps ps, ps′ ∈ PSi such that:

– αi(ps) = init and αi(ps′) = goal , and

– ps ≺ ps′ and for all ps′′ ∈ PSi with ps′′ ∩ {ps, ps′} = ∅
holds ps ≺ ps′′ ≺ ps′.

The actual problem that one would like to have solved is given in

terms of the initial plan P i . As done in POCL planning, this plan

contains two artificial actions that encode the initial state and the

goal description, respectively§. Since hybrid planning is a hierarchi-

cal setting, P i usually contains a set of compound tasks for which

one needs to find an executable refinement. We added the specifica-

tion of a goal description for practical reasons: It is especially inter-

esting if one allows the arbitrary insertion of tasks into the plan apart

from decomposing compound tasks [19] (not considered in this pa-

per), since hybrid planning then directly captures both classical and

POCL planning. Independent of whether task insertion is allowed or

not, adding a goal description is not required from a purely theoreti-

cal point of view, since one can easily simulate it [19, Sec. 2].

In HTN planning, only those plans are regarded solutions that can

be obtained from the initial plan by successively applying decom-

position methods to compound tasks. We thus need to define how

applying a method transforms one plan into another. Since the de-

composed task might serve as a producer or consumer of causal links,

we have to decide how such links will be passed down to sub tasks

and whether this is mandatory or not (i. e., we could even allow that

such links may be deleted upon decomposition). Adding a causal link

to a compound task means to commit that the state variable of that

link is protected for the complete sequence of states over which this

link spans. Allowing to remove that link upon decomposition would

remove this constraint and violate the refinement principle [24]. If

would imply an ordering, then after move was decomposed, the consumer
task had to be ordered behind place, which is overly restrictive.

§The initial state and goal description are specified in terms of the task
names init and goal and their tuple representation using δ. As usual in POCL
planning, the action for init does not show a precondition and uses the initial
state as effect and, analogously, the action for goal has no effects and uses
the goal description as precondition.

P. Bercher et al. / More than a Name? On Implications of Preconditions and Effects of Compound HTN Planning Tasks226



causal links do have to be passed down to sub tasks, then the respec-

tive formalism satisfies the so-called monotonic property [27]. If this

property does not hold, hierarchical planning systems cannot exploit

such causal links to prune plans from the search space, as the con-

straint imposed by these links could disappear upon decomposition

[14]. We hence require that causal links are not allowed to disappear

upon decomposition. How causal links are passed down has yet to be

decided – and different conventions exist [25, p. 204]. We follow the

canonical approach by Yang [40] and pass down every causal link to

each “compatible” sub task. In other words, if there is a link to a com-

pound task’s precondition/effect v, then for each precondition/effect

v in its sub tasks, one successor plan is generated in which the link

is passed down to the respective task. In case there is more than one

matching sub task, it is not required that the causal link is duplicated

to support all these tasks (or a sub set thereof), since the respective

plan can be obtained via link insertions from the other plans.

The following definitions formally capture the decomposition of

compound tasks and the inheritance of causal links. We first define

two functions inP , outP : PS → 2CL that return the set of incom-

ing, respectively outcoming, causal links of a plan step ps ∈ PS in

a plan P = (PS,CL,≺, α) as inP : ps �→ {(ps′, v, ps) ∈ CL |
ps′ ∈ PS} and outP : ps �→ {(ps, v, ps′) ∈ CL | ps′ ∈ PS}.

Definition 3 (Decomposition). A method m = (nc, P ) ∈ M de-
composes a plan P ′ = (PS′, CL′,≺′, α′) into another plan P ′′ by
replacing plan step ps ∈ PS′ with α′(ps) = nc if and only if:

• there is a plan P̃ = (P̃S, C̃L, ≺̃, α̃) that is isomorphic to P , such
that P̃S ∩ PS′ = ∅,

• for each causal link (ps′, v, ps) ∈ inP′(ps) there is a plan step
p̃s(ps′,v,ps) ∈ P̃S, such that:

– v ∈ prec+(α̃(p̃s(ps′,v,ps))) in case v ∈ prec+(α′(ps)), or

– v ∈ prec−(α̃(p̃s(ps′,v,ps))) in case v ∈ prec−(α′(ps)),

• for each causal link (ps, v, ps′) ∈ outP′(ps) there is a plan step
p̃s(ps,v,ps′) ∈ P̃S, such that:

– v ∈ eff +(α̃(p̃s(ps,v,ps′))) in case v ∈ eff +(α′(ps)), or

– v ∈ eff −(α̃(p̃s(ps,v,ps′))) in case v ∈ eff −(α′(ps)),

• P ′′ = (PS′′, CL′′,≺′′, α′′) is given as follows:

PS′′ := (PS′ \ {ps}) ∪ P̃S

CL′′ := (CL′ \ (inP ′(ps) ∪ outP ′(ps)))

∪ {(ps′, v, p̃s(ps′,v,ps)) | (ps′, v, ps) ∈ inP ′(ps)}
∪ {(p̃s(ps,v,ps′), v, ps′) | (ps, v, ps′) ∈ outP ′(ps)}

≺′′ := (≺1 ∪ ≺̃ ∪ ≺2 ∪ ≺3)
∗, with

≺1 := (≺′ \ {(ps′, ps′′) ∈ ≺′ | ps ∩ {ps′, ps′′} = ∅})
≺2 := {(ps′, ps′′) ∈ PS′ × P̃S | (ps′, ps) ∈ ≺′} ∪

{(ps′, ps′′) ∈ P̃S × PS′ | (ps, ps′′) ∈ ≺′}
≺3 := {(ps′, p̃s(ps′,v,ps)) | (ps′, v, p̃s(ps′,v,ps)) ∈ CL′′

and {α(ps′), α(p̃s(ps′,v,ps))} ⊆ Np} ∪
{(p̃s(ps,v,ps′), ps′) | (p̃s(ps,v,ps′), v, ps′) ∈ CL′′

and {α(p̃s(ps,v,ps′)), α(ps′)} ⊆ Np}
α′′ := (α′ \ {(ps, nc)}) ∪ α̃

As noted, we require that causal links involving the decomposed

plan step ps (i.e., inP ′(ps) and outP ′(ps)) are passed down upon

decomposition (cf. CL′′). For this, any compatible precondition that

is not yet protected by a causal link inside the method’s plan P̃ can

be used. The definition of the ordering constraints of the new plan

P ′′, ≺′′ comprises all ordering constraints of the original plan P ′

except the ones involving the decomposed plan step ps,≺1. It further

contains all ordering constraints of the method’s plan P̃ , ≺̃, as well

as those that are inherited from the orderings involving ps, ≺2. All

new causal links only involving primitive tasks are responsible for

adding further orderings, ≺3. Apart from the necessary extensions

to handle causal links, our definition of decomposition is identical to

the one from HTN planning [19, Def. 3].

In HTN planning, any solution to a planning problem (1) needs to

be obtainable from the initial task network via the application of a

sequence of decompositions and (2) needs to contain an executable

sequence of its actions [19, Def. 5, 6]. We consider the second cri-

terion as impractical: One is usually interested in executable action

sequences, but finding one from a “solution” task network is still

NP-hard [34, Thm. 15], [16, Thm. 8]. Further, such a sequence it-

self is in general not regarded a solution (but just the task network

in which this sequence occurs), which we regard contra-intuitive. In-

stead, we require that all linearizations are executable and that each

executable linearization is considered a solution as well. To support

this stronger notion of solutions, we also allow the insertion of causal

links and ordering constraints.

Definition 4 (Causal Link Insertion). Let P = (PS,CL,≺, α) and
P ′ = (PS,CL′,≺′, α) be plans. P ′ can be obtained from P by
insertion of a causal link (ps, v, ps′) /∈ CL with ps, ps′ ∈ PS if
and only if:

• v ∈ eff +(α(ps)) and v ∈ prec+(α(ps′)) or
v ∈ eff −(α(ps)) and v ∈ prec−(α(ps′)),

• CL′ = CL ∪ {(ps, v, ps′)}, and
• ≺′ = (≺ ∪ {(ps, ps′) | {α(ps), α(ps′)} ⊆ Np})∗

Definition 5 (Ordering Insertion). Let P = (PS,CL,≺, α) and
P ′ = (PS,CL,≺′, α) be plans. P ′ can be obtained from P by
insertion of an ordering constraint (ps, ps′) /∈ ≺, ps, ps′ ∈ PS if
and only if ≺′ = (≺ ∪ {(ps, ps′)})∗.

Definition 6 (Solution). A plan P = (PS,CL,≺, α) is a solution
to a planning problem π, if and only if:

1. P is a refinement of P i. That is, there is a sequence of decompo-
sitions (cf. Def. 3), causal link insertions (cf. Def. 4), and ordering
constraint insertions (cf. Def. 5) transforming P i into P ,

2. P is primitive, i.e., {α(ps) | ps ∈ PS} ⊆ Np, and
3. P is executable in the standard POCL sense:

• There are no unprotected preconditions. A precondition v ∈
prec+(α(ps)) (resp. v ∈ prec−(α(ps))) of a plan step ps ∈
PS is called unprotected, if and only if there is no plan step
ps′ ∈ PS with a causal link (ps′, v, ps) for v ∈ eff +(α(ps))
(resp. v ∈ eff −(α(ps))).

• There are no causal threats. A plan contains a causal threat
if and only if there is a causal link (ps, v, ps′) ∈ CL with
v ∈ prec+(α(ps′)) (resp. v ∈ prec−(α(ps′))) and a plan step
ps′′ ∈ PS with v ∈ eff −(α(ps′′)) (resp. v ∈ eff +(α(ps′′))),
such that neither (ps′′, ps) ∈ ≺ nor (ps′, ps′′) ∈ ≺ holds.

The first solution criterion corresponds to the standard HTN cri-

terion that requires every solution to be in the refinement space of

the initial plan. The second solution criterion demands the respective
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plan to be primitive, as only primitive plans are typically regarded

executable. The third criterion requires executability as it is done in

POCL planning; these criteria ensure that every linearization of the

plan steps corresponds to a sequence of tasks that is executable in the

initial state and generates a state satisfying the goal description.

3 Legality Criteria – A Survey and Discussion
Provided the planning domain allows to specify preconditions and ef-

fects for compound tasks, there should be a clearly-defined criterion

stating which decomposition methods are allowed to be specified for

such compound tasks [17, 14]. When considering a compound task as

an abstraction of a certain plan, it does not seem to make much sense

to specify a precondition or effect of that task if it does not occur

anywhere in the plan. So, if the domain modeler decides to specify

preconditions and effects for a compound task, he or she has a cer-

tain idea on how the plans of the respective decomposition methods

should look like. Thus, several researchers have formalized possible

relations between a compound task’s preconditions and effects and

its methods’ plans. We call these criteria legality criteria and plans

that respect them implementations of their compound task. For each

criterion, we give a small example illustrating it. Further, we want to

note that the example depicted in Fig. 1 satisfies all of the legality

criteria discussed in this section¶.

The first and weakest criterion that we investigate is closely related

to the criteria that ensure that a compound task can be decomposed

(cf. Def. 3). We restrict to models where the plan of a compound

task’s method makes use of the task’s preconditions and effects.

Definition 7 (Downward Compatible). A method (nc, P ) ∈M with
P = (PS,CL,≺, α) is called downward compatible if and only if:

• for each v ∈ prec+(nc) (resp. v ∈ prec−(nc)) there
is a plan step ps ∈ PS with an unprotected precondition
v ∈ prec+(α(ps)) (resp. v ∈ prec−(α(ps))).

• for each v ∈ eff +(nc) (resp. v ∈ eff −(nc)) there is a plan
step ps ∈ PS with the same effect v ∈ eff +(α(ps)) (resp. v ∈
eff −(α(ps))).

Downward compatible methods (nc, P ) are always applicable to

a plan as long as it contains nc – a property shared with standard

HTN planning (without method preconditions). If the method was

not downward compatible, causal links involving nc influence its ap-

plicability, which also causes unintended “strange” behavior during

search: Let us assume a plan P ′ contains a plan step ps with the name

nc that has an unprotected effect v ∈ V . Now, assume that (nc, P )
does violate the legality criterion. Whether this method can be used

to generate a successor plan now depends on the planner’s choice

whether it first decomposes ps (this would work since all causal links

can be correctly passed down to sub tasks in P ′) or first adds a causal

link from ps ∈ PS protecting v (then, ps can not be decomposed be-

cause the newly inserted link cannot be passed down, which violates

the decomposition criteria given in Def. 3).

While this criterion clearly ensures that the “most obvious” mod-

eling errors are prevented, it is not yet clear whether the user’s intent

about the relationship between the compound task and its methods’

plans is actually satisfied. This is due to the fact that there are various

possibilities what the preconditions and effects of the compound task

are meant to entail. For example, if a primitive action np is within a

plan, we know that – assuming that plan is executable – there are also

¶For the sake of readability, the example is given with variables, whereas
our formalization assumes a ground (i.e., propositional) representation.

states s and s′, such that s satisfies np’s precondition and s′ satisfies

np’s effects. For compound tasks, this is not necessarily the case. In

particular for the downward compatibility, it is clear that the com-

pound task’s effects do not need to be true in one single state, but its

state variables might only hold in different states.

Several more restrictive criteria have been proposed in the liter-

ature. They can be categorized into two classes: one enforces that

compound tasks have non-empty preconditions/effects under certain

circumstances, and one where the specification thereof is optional.
We are only aware of one legality criterion that falls into the first

class: It was proposed by Russell and Norvig for their fusion of HTN

with POCL planning [37]. For each method (nc, P ) and every effect

of nc, they require that “it [is] asserted by at least one step of P and
is not denied by some other, later step”. Further, they require that

“every precondition of the steps in P must be achieved by a step in
P or be one of the preconditions of nc”. This implies that every open

precondition in P needs to be a precondition of the compound task.

This, in turn, has further consequences: Consider the case where the

task nc has two decomposition methods (nc, P ) and (nc, P
′). Ac-

cording to this criterion, nc must use all open preconditions of both

P and P ′. As a consequence, both the downward compatibility and

hence the monotonic property [27] may be violated. As argued in

Sect. 2 (motivation for Def. 3), in this paper, we do not allow that

commitments on an abstract level may be removed upon decomposi-

tion. We are thus not investigating this criterion in more detail.

The next criterion that we discuss was proposed by Biundo and

Schattenberg [12]. As their planning formalism shows substantial

differences to the one in this paper, we do not capture every detail, but

only the main ideas. Their formalism is based upon a many-sorted

first-order logic that features abstract state variables and so-called

decomposition axioms defining them. They enable abstract tasks to

make use of abstract state variables thereby fusing action abstraction

with state abstraction. Further, their definition of methods only fea-

tured totally ordered plans: there, a method contains a set of task se-

quences, each of which is an implementation of the compound task.

So, each method containing n sequences is a compact representation

of n methods with totally ordered plans. Allowing for methods with

partially ordered plans strictly increases expressivity (with respect to

the plan existence problem [16, 2] and the generated solutions [21]),

so legality should also be defined for such methods. We hence adapt

their definition to partially ordered plans.

They require that if a method’s task sequence is executable in a

state satisfying the compound task’s precondition, then it generates

a state that satisfies the compound task’s effects. They further re-

quire the compound task’s precondition to be an abstraction of the

task sequence’s first task’s precondition. Our generalization to par-

tial orders states that this property must hold for every lineariza-

tion that is induced by the given plan. However, we further demand

that there also needs to be a state in which all linearizations are

executable. As discussed earlier, causal links involving compound

tasks do not (directly) induce ordering constraints (cf. Def. 1). How-

ever, since we consider a plan legal if all its linearizations are le-

gal (which in turn need to respect the causal links), we here inter-

pret causal links as additional ordering constraints. We thus define

≺+ = (≺ ∪ {(psi, psj) | (psi, v, psj) ∈ CL})∗ and only consider

linearizations with respect to ≺+. Then, a plan step linearization is

said to respect a set of causal links CL if none of the protected con-

ditions is violated by the induced state sequence.

Definition 8 (along Biundo and Schattenberg [12]). A method
(nc, P )∈M , P = (PS,CL,≺, α), is called legal if and only if:
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• (nc, P ) is downward compatible,
• let Nfirst := {α(ps) | ps ∈ PS and there is no ps′ ∈ PS

with (ps′, ps) ∈ ≺+}. Then, prec+(nc) ⊆
⋂

n∈Nfirst
prec+(n)

and prec−(nc) ⊆
⋂

n∈Nfirst
prec−(n),

• for all states s ∈ 2V holds: if (a) s ⊇ prec+(nc) and s ∩
prec−(nc) = ∅, (b) every task sequence t corresponding to a
plan step linearization ps1, . . . , ps|PS| with respect to ≺+ is ex-
ecutable in s, and (c) respects CL, then (d) t generates a state s′,
such that eff +(nc) ⊆ s′ and eff −(nc) ∩ s′ = ∅. Further, there
needs to be a state s ∈ 2V , such that (a) to (d) hold.

Concerning the intention behind the compound task’s precondi-

tions and effects, this criterion is already much stronger than the sim-

ple downward compatibility criterion. As opposed to that criterion,

we here get the property that in any solution plan that is obtained

from decomposing a compound task nc, there is a single state in

which nc’s preconditions hold. This trivially follows from the fact

that the preconditions of nc are abstractions of any first task and any

compound task needs to be decomposed into a primitive plan. How-

ever, the criteria do not imply that there is a single state in which the

compound task’s effects hold – despite the restrictions imposed on

the relationship between nc’s effects and its methods’ plans. The rea-

son for this is that the criterion does not take into account additional

effects of the compound tasks that are in the method’s plan, other

than those explicitly specified in their preconditions and effects. This

issue is addressed by Marthi et al.’s possible effects [30]. They are,

however, restricting to totally ordered methods.

nA
ba nB

¬c

¬d
a nC

b
c

¬d

decomposes to

Figure 2. Illustration of a method that is supposed to implement the
compound task nA. The tasks nB and nC are primitive.

Concerning executability, Def. 8 requires that there is at least one

state in which the respective plan’s linearizations are executable,

which might be considered too restrictive. The example given in

Fig. 2 is not legal with respect to Def. 8, since – due to the variable c
– there cannot be a state in which nA’s method’s plan is executable.

Since other tasks could be ordered in between nB and nC to support

nC ’s precondition c, one could also relax this criterion. This is done

by the next legality criterion (for which the example is legal), as it al-

lows that open preconditions of a method’s plan may be supported by

tasks at an arbitrary “position” within a plan (i.e., it does not require

that a single state enables the execution of the plan’s tasks).

The criterion was proposed by Yang [40, p. 14] and consists of

three sub criteria. The first two imply downward compatibility, but

require more. Criterion 1 demands, similar to Def. 8, that none of the

tasks in the plan invalidates the compound task’s effects. Criterion 2

requires that every precondition variable of the compound task has to

occur in the plan in such a way that none of its sub tasks can be used

to establish it. Criterion 3 is closely related to the concept of causal

threats. Each precondition within the plan might not be violated by

a converse effect of another task. Note that this is neither equivalent

to stating that the respective plan must be free of causal threats (as

the criterion must also hold in the absence of any causal links) nor

that the plan is executable in any way (as none of the criteria ensures

preconditions to be supported).

Definition 9 (Yang [40]). A method (nc, P ) ∈ M with P =
(PS,CL,≺, α) is called legal if and only if:

1. for all v ∈ eff +(nc) (resp. v ∈ eff −(nc)) there exists a ps ∈
PS with v ∈ eff +(α(ps)) (resp. v ∈ eff −(α(ps))), such that
for all ps′ ∈ PS, ps′ = ps holds: if v ∈ eff −(α(ps′)) (resp.
v ∈ eff +(α(ps′))), then (ps′, ps) ∈ ≺.

2. for all v ∈ prec+(nc) (resp. v ∈ prec−(nc)) there exists a ps ∈
PS with v ∈ prec+(α(ps)) (resp. v ∈ prec−(α(ps))), such that
for all ps′ ∈ PS, ps′ = ps holds: if v ∈ eff +(α(ps′)) (resp.
v ∈ eff −(α(ps′))), then (ps, ps′) ∈ ≺.

3. for all ps ∈ PS, for all v ∈ prec+(α(ps)) (resp. v ∈
prec−(α(ps))), and for all ps′ ∈ PS with ps′ = ps and
(ps, ps′) /∈ ≺ it holds: if v ∈ eff −(α(ps′)) (resp. v ∈
eff +(α(ps′))), then there exists a ps′′ ∈ PS, such that
{(ps′, ps′′), (ps′′, ps)} ⊆ ≺ and v ∈ eff +(α(ps′)) (resp. v ∈
eff −(α(ps′))).

The next legality criterion is by Young et al. [41]. They argue that

Yang’s criterion of threat-free plans was too strong. Instead, their

only requirement is that any of the compound task’s preconditions

“contributes” to at least one of its effects (and vice versa), which they

ensure by requiring the existence of a chain of causal links within

the plans connecting them with each other [41, p. 191]. Thus, our

example illustrated in Fig. 2 also satisfies this criterion, but it would

not do so if both the variable d and the respective causal link were

not present (while assuming that nC is still ordered behind nB).

They model their criterion by including artificial start and end ac-

tions, which use the compound task’s precondition and effect as ef-

fect and precondition, respectively, and require the causal link chains

between them. Upon decomposition, those actions disappear, but the

causal links involving them are reused to be linked to the plan steps

that share causal links with the compound task. Those actions thus

do not imply that there are states, in which the compound task’s pre-

conditions and effects hold. In the following definition, we therefor

did not include the artificial start and end tasks.

Definition 10 (Young et al. [41]). A method (nc, P ) ∈M with P =
(PS,CL,≺, α) is called legal if and only if:

• (nc, P ) is downward compatible and
• for each v ∈ eff +(nc) (resp. v ∈ eff −(nc)), there is a sequence

of plan steps ps1, . . . , psk with psi ∈ PS for 1 ≤ i ≤ k, v ∈
eff +(α(psk)) (resp. v ∈ eff −(α(psk))), v′ ∈ prec+(α(ps1)) ∪
prec−(α(ps1))), and a chain of causal links connecting them.

• for each v ∈ prec+(nc) (resp. v ∈ prec−(nc)), there is a se-
quence of plan steps ps1, . . . , psk′ with psi ∈ PS for 1 ≤
i ≤ k′, v ∈ prec+(α(ps1)) (resp. v ∈ prec−(α(ps1))),
v′ ∈ eff +(α(psk′)) ∪ eff −(α(psk′))), and a chain of causal
links connecting them.

Due to space restrictions, we cannot include all the work related

to formalisms that allow to specify preconditions and effects for

compound tasks. Concerning the surveyed legality criteria, we re-

stricted the presentation to approaches which explicitly mention the

demanded criteria. We further want to mention the work by Castillo

et al. [14], which also fuses HTN planning with POCL planning.

Since they infer the methods automatically, their plans also fulfill

certain criteria, which seem to be closely related to Def. 8. Further

attention deserves the angelic semantics by Marthi et al. [30]. Their

conditions (“high-level action descriptions”) take all states into ac-

count that are generated by any primitive plan that is reachable by

decomposing the respective compound task. In contrast, the legality
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criteria surveyed before relate a compound task’s preconditions and

effects directly to its methods’ plans (in particular to the precondi-

tions and effects of its tasks).

4 Complexity Results
In this section we investigate the complexity of the plan verification

and the plan existence problem for the hybrid planning formalism.

For some of our hardness results, we reduce a certain set of HTN

planning problems to hybrid problems. Since all required results are

proved or reproduced in the HTN planning framework by Geier and

Bercher [19] (or based upon it), we first state a proposition that ev-

ery HTN planning problem can be expressed as a hybrid planning

problem with the same set of solutions and without violating any of

the legality criteria for decomposition methods. Concerning notation,

note that a task network (T,≺, α) [19, Def. 1] in HTN planning is

a special case of plans (cf. Def. 1), as task networks do not contain

causal links. What we call plan steps is referred to as tasks T in HTN

planning. We use both notations, depending on the context.

Theorem 1. Let P be an HTN planning problem according to Def. 2
by Geier and Bercher [19]. Then,P can be transformed into a hybrid
planning problem π according to Def. 2 that satisfies the legality
criteria in Defs. 7, 8, 9, and 10, such that:

1. Refinement Correspondence. Let tn be a (not necessarily prim-
itive) task network that can be obtained via decomposition in P .
Then, the plan P that is isomorphic to tn can be obtained via de-
composition in π. Conversely, let P be a primitive plan that can be
obtained via decomposition in π. Then, the task network tn that is
isomorphic to P can be obtained via decomposition in P .

2. Solution Correspondence. Let tn be a solution task network for
P . Then, for each executable task sequence t1, . . . , tn thereof
there is a solution plan P to π containing exactly this task se-
quence. Conversely, let P be a solution plan for π. Then, for all
linearizations ps of the plan steps of P there is a task network tn
that is a solution for P , such that ps is an executable linearization
of the tasks in tn.

Proof. Let P = (L,C,O,M, cI , sI) with L being a finite set

of proposition symbols and C and O finite sets of compound and

primitive task name symbols, respectively. Each primitive task name

o ∈ O has a unique operator (prec(o), add(o), del(o)) ∈ (2L)3 cor-

responding to an action without negative preconditions. M is a finite

set of methods mapping compound tasks to task networks. cI ∈ C is

the initial compound task name and sI ∈ 2L the initial state.

Transformation. We transform the HTN planning problem P
into a hybrid planning problem π = (V,Nc, Np, δ,M

′, P i).
We define V := L. The initial compound task cI and the

initial state sI of P are encoded in π by the initial plan

P i = (PSi , CLi ,≺i , αi). That is, PSi = {psinit , ps, psgoal},
CLi = ∅, ≺i = {(psinit , ps), (ps, psgoal)}∗, and αi =
{(psinit , init), (ps, cI), (psgoal , goal)}. The actions of init and

goal are given by δ(init) = (∅, ∅, sI , V \ sI) and δ(goal) =
(∅, ∅, ∅, ∅). We are now defining the tasks and methods of π in such a

way that all methods in M ′ satisfy all legality criteria. We construct

a model in which no compound task has preconditions or effects and

all methods contain only compound tasks or at most one task. We

do this by introducing an additional compound task oclone for ev-

ery primitive task o ∈ O and replace all primitive tasks in every

decomposition method’s plan by the respective compound task. To

ensure that this does not change the set of solutions, each of these

compound tasks oclone has exactly one decomposition method with

a plan containing exactly o: Let Nc := C ∪ {oclone | o ∈ O}
and for all nc ∈ Nc, let δ(nc) := (∅, ∅, ∅, ∅). For the primi-

tive tasks, let Np := O ∪ {init , goal} and for all o ∈ O, let

δ(o) = (prec(o), ∅, add(o), del(o)). The methods M ′ are given by

M ′ := {(c, (T, ∅,≺, α′)) | (c, (T,≺, α)) ∈M, with

α′ := {(t, c) | (t, c) ∈ α, c ∈ C} ∪
{(t, oclone) | (t, o) ∈ α, o ∈ O}}

∪ {(oclone , ({ps}, ∅, ∅, {(ps, o)})) | o ∈ O}

Legality. The downward compatibility (Def. 7) and legality criterion

that requires chains of causal links (Def. 10) trivially hold for all

methods, since none of the compound tasks have preconditions or

effects (so, the methods’ plans are not further restricted). The other

legality criteria (Defs. 8 and 9) require further restrictions on the

plans even if the (parent) compound task does not have precondi-

tions or effects. It is easy to see that all these restrictions hold, since

– by construction – plans only contain compound tasks or at most one

task. In the first case, there are no preconditions and effects, hence all

criteria hold. In the second, the preconditions or effects of the single

task do not violate any of the criteria as well.

Refinement Correspondence. Let tn1, . . . , tnk be a sequence of

task networks, such that tn1 = ({t}, ∅, {(t, cI)}), tnk = tn, and

any task network tnj can be obtained from tnj−1, 1 < j ≤ k,

via decomposition. Let the corresponding sequence of decomposed

task names be c1, . . . , ck−1. Since no compound task c ∈ C was re-

moved from any of the decomposition methods’ task networks, and

since none of them contains causal links, there is also a sequence of

plans P1, . . . Pk, such that P1 = P i and the plan Pj results from

decomposing cj−1 in Pj−1, 1 < j ≤ k. The resulting plan Pk is

isomorphic to the task network tnk except that Pk contains a com-

pound task oclone ∈ Nc \ C for any primitive task o ∈ O in tnk.

Thus, using the methods for those oclone ∈ Nc \ C, there is a se-

quence of decompositions that transform Pk into P ′k with P ′k being

isomorphic to tnk. For the other direction, let P be a primitive plan

that can be obtained via decomposition in π. Because the decom-

position of a compound task oclone ∈ Nc \ C does not introduce

further compound tasks, we can assume that first tasks c1, . . . , ck−1,

ci ∈ C, 1 ≤ i < k are decomposed leading to a plan Pk and then

only tasks in oclone ∈ Nc \ C leading to a primitive plan P ′k. When

decomposing c1, . . . , ck−1 in P , we obtain a task network tnk that

is isomorphic to P ′k.

Solution Correspondence. Let tn be a solution to P . It is thus

reachable via decomposition in P . Due to the refinement correspon-

dence, P being isomorphic to tn can be obtained via decomposition

in π. Thus, for any executable linearization of the tasks of tn, P can

be turned into a totally ordered solution plan P ′ containing exactly

that sequence via ordering and causal link insertions. For the other

direction, let P be a solution for π. Without loss of generality we can

assume that P can be generated by first decomposing, then inserting

causal links, then ordering constraints. Let P ′ be the last primitive

plan before any ordering or causal link insertion. Due to the refine-

ment correspondence, tn being isomorphic to P ′ is reachable via

decomposition in P . Then, tn contains all linearizations of the plan

steps of P ′ (in particular the executable ones).

Plan Verification. We now investigate how hard it is to ver-

ify whether a given plan is a solution to a hybrid planning prob-

lem. While in classical, non-hierarchical planning, this question can

be answered in linear time w.r.t. the size of the input plan [16,
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Thm. 8], the corresponding problem is much harder in the HTN set-

ting. Behnke et al. [9] proved that the HTN plan verification problem

is NP-complete even under several restrictions.

We first investigate the special case where there is no hierarchy.

In HTN planning, this means to decide whether a primitive plan has

an executable linearization, which is already NP-complete [34,

Thm. 15], [16, Thm. 8]. In hybrid planning, all linearizations need to

be executable. The respective problem is hence equivalent to verify-

ing whether a POCL plan is a solution to a POCL planning problem,

which is commonly known to be tractable.

Theorem 2. Let P be a plan and π = (V,Nc, Np, δ,M, P i) a hy-
brid planning problem without hierarchy, i.e., Nc = M = ∅. Decid-
ing whether P is a solution to π is in P.

Proof. Checking that every precondition is supported by exactly one

causal link can be done in linear time w.r.t. the number of all pre-

conditions and causal links. Checking the absence of causal threats

can be done in quadratic time. Let P = (PS,CL,≺, α). For each

causal link (ps, v, ps′) ∈ CL iterate over all plan steps ps′′ ∈ PS,

ps′′ /∈ {ps, ps′}. If none of these ps′′ has an effect conflicting with v
and can be ordered between ps and ps′ without violating≺, continue

to the next causal link, otherwise fail.

Please note that the reason why this verification problem is eas-

ier than in HTN planning cannot be attributed to the fact that com-

pound tasks show preconditions and effects, but to the fact that in hy-

brid (and POCL) planning, all linearizations need to be executable,

whereas HTN planning only requires that there exists one.

Next we consider the general case, in which there are no restric-

tions on the hierarchy. We start by showing NP membership.

Lemma 1. Let P be a plan and π a hybrid planning problem. In-
dependently of the demanded legality criteria (Def. 7 to 10), it is in
NP to decide whether P is a solution to π.

Proof sketch: For HTN planning, we showed that the correspond-

ing verification problem is in NP [9, Thm. 1]. We show that the two

main proof steps (not emphasizing some special cases due to lack

of space) remain applicable despite the extension of the formalism to

hybrid planning: First, we show that any plan that can be obtained via

decomposition can be obtained by a polynomial number of methods.

Second, we give a guess-and-verify algorithm that runs in NP.

The first main step consists of five sub steps. First, we construct a

so-called ε-extended planning problem π′ from π that has the same

set of solutions as π, but allows for shorter decomposition sequences.

We call methods that contain an empty plan ε-methods. Now, for any

compound task name that can be transformed into an empty plan by

an arbitrary number of decomposition methods (due to ε-methods

already present in M ), we introduce an additional ε-method in M ′

of π′. For HTN planning, this can be done in P [9, after Def. 1].

Since causal links are not allowed to disappear upon decomposition,

the same result applies to hybrid planning. Second, given a sequence

m1 of methods in M ′ leading from the initial plan to a plan P ′, the

methods are reordered as follows: all ε-methods immediately fol-

low the method that inserted the plan step they erase into the plan,

resulting in the sequence m2. Note that reordering these decompo-

sition methods is possible, since all legality criteria satisfy Def. 7,

downward compatibility (cf. footnote on page 4). Third, if for any

non-ε-method in m2, all plan steps of its plan are thereafter erased,

all those methods are replaced by one singe ε-method resulting in

a shorter sequence m3. Let P = P1, . . . , Pn with P1 = P i and

Pn = P ′ be the corresponding sequence of plans. Its subsequence

P
′

that consists of the plans to which non-ε-methods are applied

and P ′ forms a sequence with non-decreasing plan step size. Due

to plateaus (which can be caused, e. g., by so-called unit-methods,

which decompose a compound task into a single other task), P
′

can

still be arbitrary long. Step four is a preparation to obtain a bound

on their lengths: We reorder methods between the plateaus such that

in every plateau only methods remain that decompose the plan step

that is decomposed last in the respective plateau (as this step ends the

plateau) resulting into m4. As argued before, reordering is also pos-

sible in the hybrid planning setting. In step five we can now shorten

the new sequence of plans corresponding to m4. Every plateau in the

new plan sequence can now be limited to at most |Nc| plans, as other-

wise cycles must occur. Because there are at most k plateaus (k being

|PS| of P ′), we can state that the final sequence of methods m5 has

at most 2k(|Nc|+1) non-ε-methods‖ and thus 2k(|Nc|+1)Δ meth-

ods in total, Δ being the maximal number of plan steps of the plans

in the methods and P i. We thereby conclude that if a plan P ′ can be

obtained via decomposition in π, it can be obtained by a polynomial

number of methods in π′.
For the second main step, we guess a polynomially bounded se-

quence of methods in π′ and calculate the resulting plan P ′. We then

guess additional ordering constraints (bounded by k2) and causal

links (bounded by k|V |), insert them into P ′ resulting in P ′′, guess

a bijection between the plan steps in P ′′ and P and verify isomor-

phism. We then verify executability of P in P (Thm. 2). �
We now show that the plan verification problem is also NP-hard.

Theorem 3. Let P be a plan and π a hybrid planning problem. In-
dependently of the demanded legality criteria (Def. 7 to 10), it is
NP-complete to decide whether P is a solution to π.

Proof. Membership is stated in Lem. 1. For hardness, we use a corol-

lary of HTN plan verification [9, Cor. 5]. According to this, it is

NP-complete to verify, given a sequence of tasks t̄ and a totally

unordered precondition- and effect-free HTN problem P , whether

there is a solution task network tn, such that t̄ is an (executable) lin-

earization of tn’s tasks. (Note that the complexity of the problem

does not stem from finding an executable linearization, as there are

no preconditions and effects, but from finding the right decomposi-

tions leading to the desired plan. The original proof reduces vertex

cover to HTN plan verification.)

Let π be a hybrid planning problem that is constructed from P
with the properties stated in Thm. 1. Further, let P be a totally or-

dered plan containing t̄ as plan step sequence. If there is a solution

tn of P , such that t̄ is an executable linearization of tn, then we can

conclude that P is a solution to π (Thm. 1). Conversely, if P is a

solution to π, then there exists a solution tn to P , such that P ’s plan

step linearization is an executable linearization of tn (Thm. 1).

Plan Existence. In general, HTN planning is undecidable [16,

19]. We now show that this also holds for hybrid planning.

Theorem 4. Hybrid planning is undecidable. That is, it is unde-
cidable to determine whether a hybrid planning problem has a solu-
tion – no matter, which of the legality criteria of Def. 7 to 10 hold.

Proof. Since we can encode any HTN planning problem into a

solution-conserving hybrid planning problem that satisfies all legal-

ity criteria (Thm. 1), we can reduce the undecidable plan existence

problem for HTN planning [19, Thm. 1] to hybrid planning.

‖We previously stated a bound of only |k|(|Nc| + 1) [9, Lem. 1], as we
handled a special case wrong (details omitted due to space restrictions).
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From this theorem we can conclude that hybrid planning is as

expressive as HTN planning, since it allows to encode undecid-

able problems. However, HTN planning is also known to be semi-

decidable (or recursively enumerable, RE) [16, Thm. 1], which im-

plies that for any HTN planning problem, a solution can be eventu-

ally found if one exists (while the undecidability prevents one from

proving – in general – that there is no solution in case there actually

is none). We now show that this is also true for hybrid planning.

Theorem 5. Hybrid planning is semi-decidable. That is, the set
of all hybrid planning problems that possess a solution is in RE.

Proof. We give a partial recursive function f that, given a hybrid

planning problem π, returns true if π has a solution and that may

not halt, otherwise. We define f as the algorithm that enumerates all

plans and verifies whether they solve π. It may run infinitely long,

but as soon as it finds a solution, f returns true. Although there are

infinitely many plans, enumeration is possible by starting with all

plans of length two (the only tasks of which are the artificial init and

goal actions) and then successively incrementing plan length. For

each plan, verify in NP whether it is a solution (Thm. 3).

As a further corollary from Thm. 1, it also follows that many

sub classes of hybrid planning are as hard as the respective problem

classes in HTN planning. Such restrictions include syntactical ones

(such as totally ordered task networks [2] or delete-relaxed actions

[5]) and structural restrictions on the hierarchy (such as tail-recursive

or acyclic problems [2]). To formally prove this, we would have to

show that the respective restrictions still hold in the hybrid planning

problem after the translation process done in the proof of Thm. 1.

5 Discussion
As a corollary from the last section’s results, we can observe that

for the studied legality criteria, allowing preconditions and effects

for compound tasks does neither increase nor decrease the expres-

sivity of the formalism with regard to the plan existence problem in

the general case. We want to emphasize that this is caused by the

fact that none of the studied criteria (Def. 7 to 10) enforces to spec-

ify preconditions or effects for compound tasks (such as the one by

Russell and Norvig [37]). Legality criteria that enforce to specify

such preconditions or effects might influence the respective results

and therefore also reduce expressivity, as they might prevent to spec-

ify computationally hard problems. Having the option to model such

preconditions and effects still serves several practically relevant pur-

poses, however. We shortly discuss some of them in this section and

give pointers to the literature for further details.

As argued by Fox [17, p. 196], “one of the strongest motivations
for using some form of abstraction in planning is the observation
that people use it to great effect in their problem-solving”, which

is also backed up by psychological studies [13]. Consequently, peo-

ple should already be supported during the process of constructing

(hierarchical) planning domains. Modeling support has attracted in-

creased interest during the last years, which is one of the reasons that

lead to the establishment of the International Competition on Knowl-
edge Engineering for Planning and Scheduling (ICKEPS)∗∗. Never-

theless, there is still only very little research to automatically support

the modeling process, which is particularly true for hierarchical mod-

els. The tool by McCluskey and Kitchin [32] as well as GIPO [39]

for hierarchical models expressed in the modeling language OCLh

∗∗http://www.icaps-conference.org/index.php/Main/Competitions

checks certain properties and reports violations. In analogy to the re-

spective properties that these tools verify, the legality criteria allow

to automatically verify the relationship between compound tasks and

their methods’ plans. As Fox points out, “abstract plans have inten-
tional meaning” – and so do compound tasks. Thus, adhering some

desired legality criterion is a possible way to automatically verify

whether the model complies with the user’s intent.

Apart from providing modeling assistance, another main purpose

of being able to specify preconditions and effects for compound tasks

is to exploit them during search. Reasoning about these preconditions

and effects may result in a smaller search space, as irresolvable flaws,

such as open preconditions, can be detected earlier, i.e., before the re-

spective compound task is decomposed. This further allows to gen-

erate “solution” plans on different levels of abstraction. Such plans

look like ordinary (primitive) solutions with the difference that some

tasks are still compound. When the model fulfills further prerequi-

sites, it is guaranteed that such abstract solutions can be refined into

a primitive one [40, 30]. Then, the model is said to fulfill the down-

ward refinement property [6].

Preconditions and effects of compound tasks can also improve

plan explanations. Plan explanations as developed by Seegebarth et

al. [38] give a justification about the purpose of a primitive action

questioned by the user. It is based upon a sequence of arguments,

each being of the form (a) “action a is required as it supports a pre-

condition variable of another action a′ by a causal link” or (b) “action

a is required as it was introduced via decomposition of a compound

task c”. Necessity of the other task a′ (resp. c) is proved similarly.

Preconditions and effects of compound tasks now allow to combine

these two argument types [38]. Then, the causal chain argument (a)

can be extended from just primitive actions to compound tasks, as

they show preconditions and effects as well, which allows for much

shorter and more abstract explanations.

6 Conclusion
To finally answer the question whether compound tasks with precon-

ditions and effects are more than just names: We can state no in the

sense that for the criteria we studied in more detail, we were able

to show that in the general case, the formalism is equally expressive

(with respect to the plan existence problem) than the HTN formal-

ism, in which compound tasks are just names. For many sub classes,

however, we only showed lower bounds – upper bounds still need to

be proved. It might also be that other, more restrictive, legality crite-

ria influence the hardness of the problem, in which case we also had

to state yes. We can already answer the question with yes with regard

to practical considerations, such as modeling assistance: The precon-

ditions and effects, when combined with a desired legality criterion,

can be exploited to provide assistance to ensure that the methods

comply with the user’s intent – or at least to rule out some of the

modeling flaws.
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[23] Éric Jacopin, ‘Game AI planning analytics: The case of three first-
person shooters’, in Proc. of the 10th AI and Interactive Digital En-
tertainment Conf. (AIIDE), pp. 119–124. AAAI Press, (2014).

[24] Subbarao Kambhampati, ‘Refinement planning as a unifying frame-
work for plan synthesis’, AI Magazine, 18(2), 67–98, (1997).

[25] Subbarao Kambhampati and James A. Hendler, ‘A validation-structure-
based theory of plan modification and reuse’, Artificial Intelligence, 55,
193–258, (1992).

[26] Subbarao Kambhampati, Amol Mali, and Biplav Srivastava, ‘Hybrid
planning for partially hierarchical domains’, in Proc. of the 15th Nat.
Conf. on AI (AAAI), pp. 882–888. AAAI Press, (1998).

[27] Craig A. Knoblock, ‘Automatically generating abstractions for plan-
ning’, Artificial Intelligence, 68, 243–302, (1994).
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A Probabilistic Logic Programming Approach to
Automatic Video Montage

Bram Aerts and Toon Goedemé and Joost Vennekens 1

Abstract. Hiring a professional camera crew to cover an event

such as a lecture, sports game or musical performance may be pro-

hibitively expensive. The CAMETRON project aims at drastically

reducing this cost by developing an (almost) fully automated sys-

tem that can produce video recordings of such events with a quality

similar to that of a professional crew. This system consists of dif-

ferent components, including intelligent Pan-Tilt-Zoom cameras and

UAVs that act as “virtual camera men”. To combine the footage of

these different cameras into a single coherent and pleasant-to-watch

video, a “virtual editor” is needed. This paper describes the devel-

opment of such a component. We adopt a declarative approach, in

which we build a model of the decision process that a human edi-

tor might follow to edit a video. To achieve a montage that obeys

various cinematographic rules while at the same time retaining a nat-

ural, non-mechanical feel, we construct this model in a Probabilis-

tic Logic Programming language. We demonstrate that the resulting

system can be run in real-time and that it delivers montages that are

almost indistinguishable from those made by a professional editor.

1 INTRODUCTION
Events such as lectures, sports games, musical performance, etc. are

often recorded on video. When produced by a professional video

crew, these recordings are typically of high quality, but also quite ex-

pensive. Because good-quality cameras are no longer overly expen-

sive, organizers may be tempted to instead produce a “home-made”

recording of their event, filmed by amateurs. However, while this

option is much cheaper, the end results tend to be noticeably lower

quality than those produced by a professional crew.

The research described in this paper fits within the CAMETRON

project. The goal of this project is to fill the gap between videos pro-

duced by a professional crew and home-made productions, by cre-

ating a system to produce recordings whose quality approaches that

of professionally produced video, but without the price tag. It will

rely on an almost completely automatic system, thereby eliminating

the expensive personnel cost. Its focus is on producing full-length re-

ports of events, i.e., our goal is to produce videos that span the entire

lengths of the event itself, rather that a summary or a set of highlights.

The CAMETRON system will consist of two separate compo-

nents, mimicking the roles found in a typical film crew: virtual “cam-

era men” (consisting of fixed cameras, pan-tilt-zoom cameras and

cameras mounted on UAVs, together with the software to operate

them) will capture the footage, while a virtual “editor” combines

footage of the different cameras. The ongoing development of the

first component has been described elsewhere [11, 5]. In this paper,

1 KU Leuven, Technology Campus De Nayer, Research Group EAVISE, Bel-
gium, email: {b.aerts, toon.goedeme, joost.vennekens}@kuleuven.be

we present the second component: a virtual editor system, that is able

to produce a single coherent, qualitative video from a number of dif-

ferent feeds of raw footage from the same event.

Creating a video that is both interesting and easy-to-follow is not

a straightforward task. Human editors typically follow a number of

different—and sometimes contradictory—cinematographic “rules”

to accomplish this task. To develop our virtual editor, we will follow

a declarative approach, in which we explicitly represent these rules.

This approach has the benefit that it offers a great deal of flexibility

in deciding which rules should be taken into account and how they

should take priority over each other. An additional advantage is that

it also allows us to reuse the same knowledge to perform different

tasks: we cannot only use the rules to generate a montage, but also to

evaluate the quality of a given montage or to learn certain properties

of good montages from given examples.

To represent the rules, we need a suitable knowledge representa-

tion language. A particular challenge in this application is that cine-

matographic rules are not strict: they are guidelines that are typically

followed, but not always. Indeed, the rules may sometimes contradict

each other, and even if they do not, a human editor may still choose to

ignore a rule, simply because the result “feels” better. A virtual editor

should therefore not rigidly follow the rules, but it should sometimes

deviate from them in order to give the montage a more interesting

and natural flavour, thereby mimicking the creativity of a human ed-

itor. For this reason, we have chosen to make use of a Probabilistic

Logic Programming (PLP) language, which allows us to represent

these rules in a non-deterministic way. This has the additional ben-

efit that—just like a human editor—the system is able to produce

different montages from the same input streams.

In this paper, we restrict attention to videos of relatively simple

settings, like a lecture, a sports event or a concert. More challenging

settings, such as fiction, are left for future work. Our work differs

from existing approaches in various ways. First, unlike techniques

that construct summaries of an event’s highlights [9, 7], our method

produces a video of the complete event. Second, unlike approaches

that are developed for a specific setting [13, 18, 8], we do not assume

a fixed number of cameras, a fixed camera setup or a particular sub-

ject matter. Third, our system assumes as input only video footage,

in contrast to, e.g., the virtual editor systems that are present in game

design and which use a 3D model of the scene [3, 10]. Fourth, our

system is able to make the required editing decisions in real-time

(for 25fps video), unlike, e.g., [4, 12]. Fifth, we incorporate variety

of different cinematographic rules into our system and demonstrate

that the resulting montages are almost indistinguishable from those

produced by a professional editor. Existing work either does not per-

form such validation [12, 18, 8] or appears to have worse results than

our method [4, 13]. Finally, systems such as [4, 12] are determinis-
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tic, in the sense that they always produce the same montage for the

same video stream. The fact that our approach is more flexible in this

respect may prove useful if the user for some reason does not like the

montage initially proposed by the system.

The remainder of this paper is structured as follows. We describe

Problog, the PLP system that we will use, in Section 2. In Section 3,

we discuss a number of cinematographic rules. Section 4 describes

our editing system in detail, in Section 5 we describe how this system

can be used. Section 6 discusses the computational performance of

this system, while Section 7 investigates the quality of its output. In

Section 8, related work is discussed in more detail. We conclude in

Section 9.

2 PRELIMINARIES: CP-LOGIC AND THE
PROBLOG SYSTEM

CP-logic [20] is an expressive PLP language, based on Sato’s distri-

bution semantics [19]. A theory in CP-logic consists of a set of rules

of the following form:

α0 :: A0 ; · · · ; αn :: An :− φ. (1)

Here, φ is a formula (typically, a conjunction of literals), the Ai are

atoms and the αi are probabilities with
∑

i αi ≤ 1. Each such rule

represents a non-deterministic causal mechanism: the body φ triggers

a non-deterministic event which causes at most one of the Ai; for

each i, αi is the probability that Ai is the outcome of this event.

We first consider only the ground case, in which no variables are

allowed. In this case, the formal semantics of CP-logic can be char-

acterized in terms of the well-founded semantics for normal logic

programs as follows. Suppose that, for a rule of form (1), we proba-

bilistically either replace this rule by one of the rules Ai :− φ, each

with probability αi, or we remove this rule altogether with proba-

bility 1 −∑i αi. If we do this independently for each of the rules

r in a CP-logic theory T , then we probabilistically reduce T to a

normal logic program P . By πT , we denote the resulting probabil-

ity distribution over these normal logic programs P . The formal se-

mantics of the CP-logic theory is then the probability distribution

PT over possible worlds (i.e., Herbrand interpretations) that is de-

fined by π∗T (I) =
∑

P |=I πT (P ); here, the sum is taken over all

normal logic programs P that have the interpretation I as their well-

founded model. These semantics are only well-defined for theories

T that have the property that all logic programs P that can be pro-

duced from them (with non-zero probability) have a two-valued well-

founded model (which is then also the unique stable model of P ).

CP-logic disallows theories that do not have this property.

A small example is the following CP-logic theory TSB . It de-

scribes two children, Billy and Suzy, who each may decide to throw

a rock at a bottle. Both children throw with 75% accuracy.

0.5::throws(billy).
0.6::throws(suzy).
0.75::breaks :- throws(billy).
0.75::breaks :- throws(suzy).

According to this theory, for instance π∗TSB
(breaks) =

0.5 ∗ 0.6 ∗ 0.75 + 0.5 ∗ 0.4 ∗ 0.75 + 0.5 ∗ 0.6 ∗ (1− (1− 0.75)2)
= 0.65625.

This semantics is extended to the non-ground case by viewing a

non-ground rule as a template for the set of all of its ground instan-

tiations. This approach is identical to how variables are treated in

Answer Set Programming [14, 15]. It requires all rules to be finitely

groundable. This can be ensured by disallowing function symbols

and requiring that all variables must appear in a positive body atom.

The above example is therefore equivalent to:

0.5::throws(billy).
0.6::throws(suzy).
0.75::breaks :- throws(X).

The Problog system [16] is a state-of-the-art inference system for

CP-logic. It supports such inference tasks as querying the probability

π∗T (A) of an atom A and sampling a particular interpretation I ac-

cording to this distribution π∗T . Its input language extends CP-logic

with a number of features that make it easier to write Prolog-style

programs. In particular, it allows lists, the use of predicates such as

findall and the use of variables as probability labels in the head.

In the remainder of this paper, we will use this input language.

The small example given above can also be tried out in the online

Problog inference engine: http://tinyurl.com/jqdtrlm

3 CINEMATOGRAPHIC MODEL
Whether they are movies, documentaries, lecture recordings, or any

other form of edited video, all compositions tend to follow some

generally accepted cinematographic rules. These rules exist to avoid

confusing the viewer. While more experimental movies may delib-

erately violate these rules to shock or confuse the viewer, they are

typically obeyed in the kind of objective event reports that form the

focus of this paper. Indeed, following these rules leads to informative,

pleasant-to-watch reports, that do not confuse or distract the viewer.

Cinematographic rules can be divided in two main groups. The

first group are rules that need to be taken into account while filming.

These rules concern concepts such as depth of field, rule of thirds,

headroom and the 180 degrees rule as described in e.g. [11]. These

rules are outside the scope of this paper, because they need to be

taken into account by the virtual “camera men”, not the virtual editor.

We therefore assume that the raw video feeds satisfy these rules.

The second group of rules concern the ways in which multiple

video streams should be put together. These are the focus of our

editing system. Before discussing these rules, we define some ter-

minology. A shot is a sequence of successive frames from the same

camera. A cut is a transition from one shot to the next. A montage
is a sequence of shots. Figure 1 shows a montage composed of shots

taken from different video streams. Note also that, at any particular

point in time, some of the cameras may not be producing footage.

start of montage end of montage

1:000:00 2:00 3:00

video 1
video 2
video 3

montage

Figure 1. Making a montage out of video streams.

Length of shots. A shot should neither be too long nor too short.

If it is too long, the viewer will get bored and his attention will drift.

On the other hand, when shots are too short, the video becomes too

jumpy and the viewer is presented with too much information in too

little time. In general, shot lengths between 7 and 90 seconds are

considered acceptable. However, the length of a shot also depends
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on the amount of action in the scene: in energetic scenes, shorter

shots can accentuate the ongoing action, while longer shots are more

suitable for static scenes. For instance, a lecture recording will tend

to have longer shots than a recording of a basketball game.

In order to prevent the montage from appearing too mechanical

or predictable, there should also be some variation in the shot length.

Instead of striving towards some “ideal” shot length, we should there-

fore make use of different shot lengths, within the bounds of what is

neither too long nor too short.

Order of shots. Certain transitions between shots work well,

while others should be avoided. When two consecutive shots mis-

match, this is referred to as a jump cut. Jump cuts can occur when

there is either too much or too little difference between the shots.

When the footage of two different cameras is almost, but not com-

pletely the same, a “jumpy” effect occurs when switching from one

to the other. As a rule, there should be a minimum angle of 30 de-

grees between the view points of two different cameras in order to

avoid these kinds of jump cuts.

On the other hand, when the footage of two different cameras is

completely different, the viewer will feel lost when switching from

one to the other, because he has no clue about the context of the new

subject. A quite common order of shots is therefore to start with a

long shot, that establishes an overview of the scene. The next shot is

then typically a medium shot, that shows a closer picture of, e.g., a

particular person in the scene. Then, a close-up shot of the person’s

face could follow. The close-up can then be followed up with another

overview or medium shot.

Although this order of shots is often pleasing, it is not necessarily

always followed. Indeed, as with the shot length, there should also

be some variation in the sequence of different kinds of shots in order

to avoid montages that appear too mechanical.

Continuity. To ensure coherence between shots, continuity should

be respected. Cutting between disparate locations should be avoided,

because it violates spatial continuity.When multiple cameras are

filming one scene, all actions taking place in this scene should ap-

pear fluid and continuous. In other words, when switching between

cameras, footage before and after the switch should be contiguous.

This principle is called temporal continuity.

In this paper, our goal is to record footage of an event that takes

place in a single location. We can therefore assume that spatial con-

tinuity is satisfied by our camera setup. In addition, our goal is also

to cover the full length of the event (as opposed to summarizing the

highlights). Therefore, temporal continuity will be satisfied because

subsequent shots in the video will correspond to subsequent events

in real life.

Action and reaction. Video coverage of an event should capture

all the relevant action. When filming an action, three separate phases

are important: premeditation, the action itself and the reaction. First,

whenever an action is about to take place, there is a brief moment

in advance when the person is thinking about undertaking this ac-

tion. To prepare the viewer for the action that is about to take place,

showing this premeditation is important. Second, showing the action

itself is of course the most important thing. Third, when the action is

complete, the viewer expects to see the reaction of a person to it.

4 OVERVIEW OF THE EDITING SYSTEM
An overview of our editing system is shown in Figure 2. It takes as

input a number of different video streams, together with an analysis

of each of these streams. This analysis is performed by computer

vision algorithms, which have been described elsewhere [11, 1, 2, 6].

For each frame in each stream, we expect these algorithms to provide

the following information:

• Whether people are present in the shot;

• Which kind of shot (long shot, medium shot, . . . ) it is;

• Which person is the most prominent subject of the shot;

• Which action (walking, talking, . . . ) the main subject performs.

The goal of our editing system is to decide for each point in time

which of the available camera feeds will be used. The output of the

system is the single video stream that is thus constructed.

The Editing system we propose consists of 3 components. The

first component is the preprocessor, which comes in after the com-

puter vision. This is a program written in python, which synchronizes

camera footage, cleans up noisy detection data and parses this data

to a format readable by problog. The problog core works out a mon-

tage, taking into account the cinematographic rules described in 3.

After that, another python program edits the original video streams

into one final montage, in the order the problog core calculated.

Figure 2. Overview of the editing system.

4.1 Data Representation
We assume that all cameras are synchronized with respect to a global

time line. This time line is divided into discrete frames. For each

frame, we need to represent which kind of footage each of the avail-

able cameras is providing for that particular frame.

We represent camera sources as camera(ID). When a new cam-

era connects, or any active camera disconnects, it is possible to add or

remove the corresponding ID. A connected camera does not neces-

sarily produce useful footage at each point in time, e.g., a UAV does

not produce footage while at its loading station. Valid video footage

is represented as frame(Frame,CameraID). Even when a cam-

era is providing footage, this may not be usable if the camera is being

adjusted. We denote this as adjust(Frame,CameraID, Type)
where Type is either zoom or focus.

Valid video footage may contain people or not. The video

analysis system assigns each person—or rather, group of pix-

els that might be a person—a detection score that indicates how

likely this is to be an actual person. We assume that the de-

tection with the highest score corresponds to the most promi-

nent person in the frame. We identify this person by means of

a person(Frame,CameraID, PersonID) fact. When a per-

son is detected, we make a distinction between the different shot

types: long shot, medium shot or close-up. We represent this as

shot type(Frame,CameraID, Type). In addition, the person

may perform a specific action: stand still, walk, point, or talk. We
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represent this as action(Frame,CameraID,Action). For im-

ages in which no person is detected, we make a distinction between

overview shots and noperson shots. An overview shot is one in

which people are too small to be detected by the video analysis,

whereas a noperson shot is one that actually does not contain any

people. The video analysis may use knowledge of the position of the

different cameras in the scene to try to distinguish between the two.

4.2 Cinematographic model
The editor system is based on a Problog model of the decision pro-

cess that a human editor might follow to produce a live montage. At

each point in time (i.e., for each frame), the editor needs to decide

which camera to use, based on the footage that he has previously

used and the footage is currently available from the different cam-

eras (and possibly also a small lookahead at future footage to avoid,

e.g., switching to a camera that is about to stop producing footage).

For every time point T , the program decides which camera

C to use at that time. This decision is recorded in a predicate

use camera(T,C, Torig). The third argument records the starting

time point Torig of the shot that is ongoing at time T . This is merely

for efficiency reasons, since we could also recompute Torig by look-

ing at the preceding use camera(T ′, C, ) atoms with T ′ < T .

We define use camera(T,C, Torig) by means of the following

two rules. The value of this predicate depends on two decisions that

the editor must make: first, whether to cut away from the ongoing

shot and, if so, which other camera to switch to. The first decision

is recorded by the predicate change(T ) and we will discuss below

how it is made. The effect of not changing is of course simply that

the ongoing shot continues.

use_camera(T,C,Torig):-
previous_camera(T,C,Torig),
not(change(T)).

previous_camera(T,C,Torig):-
time(T),Tp is T-1,use_camera(Tp,C,Torig).

If the editor does decide to change at time T , it will pick at random

one of the other cameras C that are good candidates to switch to at

that particular time (as given by change candidate(T,C)).

use_camera(T, C, T):-
time(T),change(T),
findall(Cam,change_candidate(T,Cam),Cams),
uniform(Cams,C,T).

The predicate uniform(Cams,C, T ) expresses that C is randomly

selected, according to a uniform distribution, from the list Cams.

The third argument T is present to ensure that, at different time

points, a different camera may be selected from the same list. The

definition of uniform is as follows. In order to make a uniform se-

lection from a list [H | T ] of length N , this predicate either selects

the head H with probability 1
N

, or it performs a uniform selection

from the list T of length N−1 with the remaining probability 1− 1
N

.

uniform(List,El,ID):-
length(List,L),uniform(List,L,El,ID).

uniform([H|T],N,H,ID):-
P is 1/N,s(P,[H|T],ID).

uniform([H|T],N,E,ID):-
P is 1/N,not(s(P,[H|T],ID)),
NN is N-1,uniform(T,NN,E,ID).

P::s(P,_,_).

The predicate change(T ) contains the essence of our cinemato-

graphic model. In general, there are two reasons to change: we can

either do so because we want to, or because we have to. The lat-

ter case occurs when the current camera no longer provides usable

footage, either because it no longer produces any footage at all, or

because it starts to zoom or refocus.

change(T):-not(can_stay(T)).
can_stay(T):-

previous_camera(T,C,_),
frame_ok(T,C).

frame_ok(T,C):-frame(T,C),not(adjust(T,C,_)).

In addition to changing because we have to, we might also switch

cameras because we want to. In general, this will occur if there is

at least one camera whose footage we prefer over that of the current

shot and if we have already met the minimal shot length requirement.

change(T):-
change_candidate(T,_),not(too_short(T)).

In order to decide whether the current shot is long enough, we of

course need to know the current shot length. This is easily computed

by means of the third argument of the use cam predicate:

shot_length_until(T, Len):-
previous_camera(T,C,Torig),Len is T-Torig.

The minimal shot length is not a fixed number. Some shots are

definitely long enough and some shots are definitely too short, but

there is also a gray area, in which an editor might make a judgment

call to cut away slightly sooner than he would like in order to, e.g.,

better capture the beginning of an action. For this reason, we define

too short in a probabilistic way, as shown in Figure 3.

Figure 3. The probability of a shot being considered too short.

Here, Up is an upper bound on the minimal shot length (i.e., longer

than Up is never too short), while Low is a lower bound (i.e., shorter

than Low is always too short).

P::too_short(T):-
shot_length_until(T,Len),
min_length_ub(Up),min_length_lb(Low),
Len=<Up,P is min(1,(Up-Len)/(Up-Low)).

We similarly define a predicate too long in terms of

max length lb and max length ub. The effect of the current

shot becoming too long is that this gives a reason to switch to a

different camera:

P::too_long(T):-
shot_length_until(T,Len),
max_length_ub(Up),max_length_lb(Low),
Len>=Low,P is min(1,(Len-Low)/(Up-Low)).

should_switch(T):-too_long(T).
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We can now determine whether there exist cameras that it would

be appropriate to switch to. Recall that if we find at least one such

change candidate, we will terminate the current shot unless it is

still too short. To make this decision, we divide the other cameras

into three different categories: poor, fair and good change candidates.

A good candidate is one that we always want to switch to, i.e., the

existence of such a camera is in itself a reason to change. Poor and

fair candidates are those that we might switch to if the current shot

is getting too long and there is no better alternative available, i.e.,

we only consider switching to a fair candidate if there are no good

candidates and we only consider switching to a poor candidate if

there are neither fair nor good candidates.

change_candidate(T,C):-
change_candidate(T,C,good).

change_candidate(T, C):-
change_candidate(T,C,fair),
should_switch(T),
not(change_candidate(T,_,good)).

change_candidate(T,C):-
change_candidate(T,C,poor),
should_switch(T),
not(change_candidate(T,_,fair)),
not(change_candidate(T,_,good)).

A poor candidate is any camera to which it is possible to change to.

If, in addition, the candidate camera provides a good transition from

the camera that is currently in use, it is considered a fair candidate.

Finally, a good candidate is a fair candidate that also has more inter-

esting footage than the current camera.

change_candidate(T,C,good):-
change_candidate(T,C,fair),
better_frame(T,C).

change_candidate(T,C,fair):-
change_candidate(T,C,poor),
good_transition(T,C).

change_candidate(T,C,poor):-can_change(T,C).

The predicate can change is similar to the predicate can stay
that was defined above, but it is more stringent. In addition to

demanding that the camera is currently providing a usable frame

(frame ok(T,C)), can change also demands that the camera will

keep on providing usable frames in the near future. This is to prevent

us from falling below the minimal shot length by cutting to a camera

that is about to stop filming.

can_change(T,C1):-
previous_camera(T,C,_),camera(C1),C\=C1,
future_ok(T,C1).

future_ok(T,C):-
camera(C),min_length_lb(M),T2 is T+M,
not(between(T,T2,T1),not(frame_ok(T1,C))).

As discussed above, the difference between a poor candidate and

a fair one lies in the quality of the transition that can be achieved by

switching from the current camera to the candidate.

good_transition(T,C):-
previous_camera(T,Cp,_),Tp is T-1,
shot_type(Tp,Cp,STp),shot_type(T,C,STcur),
shot_transition(T,STp,STcur).

Here, shot transition(T, STp, STcur) represents the fact that,

at time T , it is a good idea to switch from shot type STp to shot

type STcur. As mentioned before, we do not want to impose a strict

order in which the different shot types are used. For this reason,

shot transition will be a probabilistic predicate. It will allow all

possible transitions in principle, but assign a higher probability to

those transitions that are generally considered better.

P::shot_transition(T,From,To):-
time(T),qualtity(From,To,P).

quality(ls,ls,0.8).
quality(ls,ms,1).
...

The first argument of the shot transition predicate is needed to

allow different choices to be made at different time points, i.e., it

should be possible that a transition from ls to ms is considered a

good idea at time point t but not at t′ = t. The quality predicate

defines the probability that each kind of transition is considered a

good idea, as shown in Table 1.

Table 1. The probabilities of different shot transitions.

To
From ls ms cu os np

long shot 0.8 1 0.2 0.8 0.1
medium shot 1 1 0.6 0.8 0.1

close up 0.8 0.7 0.2 0.8 0.1
overview shot 0.8 0.7 0.1 0.8 0.1

no person 1 1 0.2 1 0.1

The difference between a fair candidate and a good candidate is

that the latter not only offers a good transition but also provides more

interesting footage. This will mainly be determined by the actions

that are taking place in the footage. Again, in order to avoid giving

the montage a mechanical feel, we do not place a strict priority on the

different kinds of actions that might occur. Instead, we assign the dif-

ferent kinds of actions a probability that they will be selected in the

video. Selecting an action can only happen at the time point when it

starts. The video analysis module detects the actions of talking, walk-

ing and pointing. We also introduce a special action, called emerging,

that we assign to a person who newly appears in the footage.

0.55::select_action(Taction,C,emerge):-
start_person(Taction,C).

0.80::select_action(Taction,C,talk):-
start_action(Taction,C,talk).

0.55::select_action(Taction,C,walk):-
start_action(Taction,C,walk).

0.65::select_action(Taction,C,point):-
start_action(Taction,C,point).

start_action(T,C,AT):-
action(T,C,AT),Tprev is T-1,
not(action(Tprev,C,AT)).

start_person(T,C):-
person(T,C,ID),Tprev is T-1,
not(person(Tprev,C,ID)).

As explained before, it is important to not just show the action

itself, but also the “premeditation” leading up to it. The length of

this lead-in may depend on the action in question. Moreover, as with

shot lengths, there is a window of acceptable options, rather than a

single fixed value. We define these windows for the different actions

as follows:
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pre_action_window(emerge,0, 1).
pre_action_window(talk, 2, 10).
pre_action_window(walk, 0, 2).
pre_action_window(point, 0, 5).

If an action AT starts at time Taction in the footage of camera

C, then we can cut to camera C at any time point in the inter-

val [Taction − Max, Taction − Min], where [Min,Max] is the

pre-action window of action AT , as defined by the above predicate

pre action window(AT,Min,Max). For instance, if a talk ac-

tion is initiated at time point 20, we can cut at any time point in

the interval [10,18]. However, in doing so, we should take care that

whenever we decide to switch at time Tswitch, the camera actually

produces a stream of valid frames between Tswitch and Taction. For

instance, if the camera produces no frames between time point 14

and 16, we should not yet switch to it at time point 12.

Starting from time point T , the following predicate gathers into a

list all the time points T ′ ≤ T such that camera C has produced only

valid frames between T ′ and T . We do not go back arbitrarily far in

the history, but only look Len frames back.

valid_since(T,C,Len,[]):-not(frame_ok(T,C)).
valid_since(T,C,-1, []).
valid_since(T,C,Len,[T|Tail]):-

Len>=0,frame_ok(T,C),
Tp is T-1,Newlen is Len-1,
valid_since(Tp,C,Newlen,Tail).

We can now use this predicate to gather into a List all time points

at which we could possibly switch to a camera C that shows action

AT starting at Taction.

valid_action_window(Taction,C,List,AT):-
pre_action_window(AT,Min,Max),
T is Taction-Min,Delta is Max-Min,
valid_since(T,C,Delta,List).

If we now switch to camera C at any time point Tswitch ∈ List,
we will have good footage from Tswitch up to the time point Taction

when action AT starts. In addition to this, we also want to avoid

showing an action that does not last long enough for the viewer to

make sense of it. We therefore also require that the person doing the

action remains visible for a minimal amount of time after the start of

the action.

action_visible(Taction,C,AT):-
minimal_length(M),Tmin is Taction+M-1,
not(between(Taction,Tmin,T),

not(frame_ok(T,C),person(T,C,PID))).

If the starting action that we have selected (with select action)

satisfies both of these conditions (i.e., before and after the starting

time of the action there is a sufficient amount of valid footage), then

we can select one of its possible switching times (as given by the

valid action window predicate) as a time to cut to the camera in

question.

better_frame(T,C):-
select_action(TAct,C,Act),
action_visible(TAct,C,Act),
valid_action_window(TAct,C,List,Act),
uniform(List,T,TAct).

In addition to switching to a different camera because it is starting

an interesting new action, we might also switch because the footage

of the current camera has become less interesting than the footage of

another. We consider footage showing a person to be typically more

interesting than footage not showing a person, and footage in which

someone is talking more interesting than other footage.

0.55::better_frame(T,C):-
previous_camera(T,Cp,_),
not(any_person(T,Cp)),any_person(T,C,_).

any_person(T,C):- person(T,C,_).
0.60::better_frame(T,C):-

previous_camera(T,Cp,_),
not(action(T,Cp,talk)),action(T,C,talk).

This concludes the usual decision process of the editor. A special

case that we have not yet discussed is the very first time point of the

montage. Here, we prefer an overview shot. Failing that, we might

choose a long shot, medium shot, close-up, or, as a final resort, a no-

person shot. We record this preference in a list and gather the list of

all possible candidates, taking these preferences into account. Then

we select randomly one of the candidates.

initial_priority([os, ls, ms, cu, np]).
initial_candidate(T,C):-

initial_priority(List),T2 is T+1,
initial_candidate(T2, C, List).

initial_candidate(T, C, [First|Tail]):-
shot_type(T,C,First),future_ok(T,C).

initial_candidate(T,C,[First,Second|Tail]):-
not(shot_type(T,C,First),future_ok(T, C)),
initial_candidate(T,C,[Second|Tail]).

use_camera(T,C,T):-initial_time_point(T),
findall(Cam,initial_candidate(T,Cam),Cams),
uniform(Cams,C,T).

5 USING THE CINEMATOGRAPHIC MODEL
The Problog model of the previous section describes the decision

process that an editor might follow in order to produce a montage in

accordance with cinematographic rules. This model defines a proba-

bility distribution over all possible ways in which a number of given

input streams can be edited into a single video. It can be used to

perform different tasks.

By querying the probability of a given montage according to this

distribution, we can obtain an estimate of the quality of this montage:

highly probable montages satisfy many of the rules, whereas unlikely

montages contain many “violations”. Sampling from this distribution

will produce a single montage. This is of course the task that we fo-

cus on in this paper. Because the probability distribution defined by

the Problog program assigns a higher probability to montages that

respect more of the cinematographic rules, sampling is more likely

to produce a good montage than a poor one. If we compute differ-

ent samples for the same input, we will obtain a different montage

each time. We view this as a desirable property, because it corre-

sponds to how human editors perform their task: it is unlikely that a

human editor would produce precisely the same output each time, if

he were asked to edit together the same input streams multiple times.

Capturing this variance in our virtual editor helps to ensure that our

montages have a natural feel.

An alternative to sampling is to compute the most likely montage,

given a set of input streams. However, such an approach would have

significant disadvantages when compared to the sampling approach:
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• The task of computing the most likely outcome is computationally

significantly harder than that of sampling from a distribution.

• To compute the most likely montage, we need to consider the en-

tire time line at once. Such an approach would therefore only be

usable in an offline editing system. By contrast, as we will discuss

in Section 6, sampling can be used to implement a system that

edits input streams in (slightly delayed) real-time.

• Under the same circumstances, the most likely montage will al-

ways make the same choices (namely, it will choose the most

likely alternative). By contrast, sampling will occasionally make a

less likely choice, thereby producing a less mechanical and more

interesting montage.

However, a disadvantage of the greater variation allowed by the sam-

pling approach is that it may occasionally produce a poor montage.

To compensate for this, our editing system will construct a set of

samples. From this set, the most likely sample will be returned as

the output of our system. By making this set larger, we increase the

computational cost of our method, but reduce the risk of returning a

poor montage. Our current implementation uses 10 samples.

In addition to querying and sampling, the Problog system also con-

tains algorithms that perform the task of parameter learning. Cur-

rently, the probabilistic parameters of our Problog model have been

manually filled in, based on our understanding of cinematographic

rules. An alternative approach would be to derive these parameters

automatically from a number of examples videos. In this case, we

might also be able to train our model to emulate particular editing

styles. We will investigate this topic in future work.

6 ACHIEVING REAL-TIME PERFORMANCE

In order to create a montage, our editing system calls on Problog to

compute a number of different samples according to the probability

distribution defined by the cinematographic model. There are two

main parameters that affect the computational performance of the

sampling algorithm: the number of time points and the number of

cameras. Indeed, for each time point T and camera C, the sampling

procedure must decide whether to switch to C at time T . We expect

that the number of cameras will not vary greatly and will be dictated

to a large extent by the setting in which the video must be produced.

By contrast, the number of time points is a more flexible parameter.

Indeed, the granularity of the time line used by our Problog model

need not coincide with that of the actual input video. In other words,

it is not necessary that each frame of the incoming video streams

corresponds to an individual time point in the Problog model.

We will group together a number of actual frames into a sequence

that we call a pframe. These pframes will act as time points for the

Problog model. The number of real frames that go into one pframe is

therefore a key parameter of our system. On the one hand, this num-

ber affects the performance of the sampling algorithm: the higher it

is, the faster execution will be. On the other hand, this number also

affects the quality of the montage that is produced, because our sys-

tem will only be able to switch cameras at the start of a new pframe.

Therefore, the smaller the pframes are, the more fine-grained this de-

cision process will be and the higher the quality of the output.

Figure 4 shows the execution time needed to compute 10 samples

in function of the length of a single pframe. The y-axis expresses the

execution time as a fraction of the length of the video stream that

needs to be edited. If this value is ≤ 1, we have a system that is able

to make the required editing decisions in real-time. The figure shows

a graph for both a 3-camera and a 6-camera setup. In both cases,

taking a pframe to be equal to a single real frame (= 0.04s, since the

video was shot at 25fps) produces a runtime that is much too slow.

However, as the length of a pframe increases, the runtime drastically

decreases. For the 3-camera setup, we reach real-time performance

as soon as at least 6 frames are combined in a single pframe. With 6

cameras, we need 10 frames per pframe. Because it is unlikely that

a viewer would be able to tell the difference between cutting 0.4s
earlier or later in a montage, we consider this an acceptable way of

reaching real-time performance.

Figure 4. Execution time vs. length of pframes (in seconds)

7 EXPERIMENTAL RESULTS
Our system is able to produce real-time edits of different video

streams. The only question remaining is whether the resulting mon-

tages are of a quality similar to those produced by professional ed-

itors. Since there is no single right way to edit video, we have no

“ground truth” to compare the output of our system to. Instead, we

have subjected the virtual editor to a “Turing test”: we have asked a

number of test subjects to distinguish between the output of our sys-

tem and a professionally made montage of the same video streams.

The test case used in this experiment is a lecture recording made

by three cameras. This footage was edited by a professional editor,

who was present during the recording. From the entire video stream,

we selected a fragment of three minutes in which there was a lot

of “action”, namely one speaker introducing another speaker, who

then came to the stage. We presented 58 students with two video

clips: this particular fragment as edited by the professional and the

same fragment edited from the same input streams by our system.

The student were then asked to identify the clip produced by the

professional. As an incentive, a small prize (worth around 75e) was

given to a random student among those who guessed correctly.

The two video clips can be viewed online:

1. https://www.youtube.com/watch?v=7vrfhzD4G0c
2. https://www.youtube.com/watch?v=Bzl10YKGeI4

In case the reader would like to perform this experiment himself: the

professionally edited video is Montage i, where i is the 22nd digit in

the decimal expansion of π.

Of the 58 students, 31 (= 53%) correctly identified the profession-

ally edited clip. This difference between this outcome and one that

could be produced by random guessing is not statistically significant

(T [57] = 0.5; p = 0.6), i.e., the data does not allow to reject the hy-

pothesis that the subjects were unable to tell the difference between

the professional editor and our system. In addition, the subjects were

also asked to indicate (on a scale of 1 to 3) how confident they were in
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their choice. The results are shown in Figure 5. Those students who

guessed incorrectly were on average actually slightly more confident

of their choice than those who guessed correctly, although again the

difference is not statistically significant (a χ2[2] = 1.69 test provides

a p-value of 43%).

We conclude that our editing system indeed provides a good ap-

proximation of the quality delivered by a professional editor for this

particular case study of lecture recording.

Figure 5. Confidence of subjects in their choice.

8 RELATED WORK

There exist several systems that perform automatic video montage

for the purpose of creating a summary of some event(s). Examples in

the scientific literature are [7, 9]. Also commercially available soft-

ware offers this functionality, e.g., Muvee2, Aescripts3, Magisto4 and

Google Photos5. While related, this is essentially a different problem

from the one that we have considered in this paper, where we want

to produce full-length coverage of an event.

This problem of producing full-length coverage is also studied by

[12]. Their approach also takes into account cinematographic rules

regarding shot transitions and view selection. However, it requires

about one second of computation time per frame and does not include

an experimental validation of the quality of the produced video. In

[17], a general scheduling algorithm is proposed to achieve optimal

observability using multiple adjustable sensors. This algorithm is ap-

plied to the video editing problem in [4]. It requires cameras with

(partially) overlapping field of views, and constructs a 3D-map with

areas of higher interest. Quality of view is determined by amount

of action, number of objects, visible events and a combined object

score. The video montage is then made by maximizing this quality,

while simultaneously minimizing inter-camera switching. This is a

significantly different approach from ours, in which the cinemato-

graphic rules are not as explicitly present. The quality of videos cre-

ated by this system was compared to that of professionally edited

videos in an experiment similar to ours: 83% of their test subjects

labeled the computer generated montage as professionally edited,

while 93% of the test subjects labeled the professionally edited video

as such. While this is not precisely the same experiment as we per-

formed, this 10% difference strikes us as more significant than the

3% deviation from a 50-50 split that we observed. In addition, this

method also requires 0.16s of decision making time per frame, which

does not suffice to reach real-time performance at 25fps.

2 http://www.muvee.com/home
3 http://aescripts.com/automated-video-editing
4 https://www.magisto.com/how-it-works
5 https://photos.google.com

Both of these methods reduce the video editing problem to an op-

timisation problem. On the one hand, this explains their greater com-

putational complexity, while, on the other hand, it also means that

these methods can only edit each particular set of input streams in

one particular way. By contrast, our probabilistic sampling method

is more flexible and may offer the user a number of different alterna-

tive montages to choose from.

In [13], an automatic video editor is developed specifically for

lecture recording. Three cameras are used, each with a specific pur-

pose: an overview camera, an audience facing camera and a lecturer

tracker. This work includes cinematographic rules that are specific to

this setting (e.g., if a person in the audience asks a question, show

that person in the montage). The quality of the produced montages

was tested by an experiment in which subjects were asked to assign a

score of 1 to 5 to both an automatically produced and professionally

made montage. The automatically generated video scored an average

of 2.8, while man-made video had an average score of 3.7. Again,

this difference of 22.5% is more significant that the differences we

observed in our experiments. This system was later extended to al-

low a greater variety of settings [18]. This work also added some

additional rules to the system, but their impact on the quality of the

montages was not experimentally verified.

Another setting-specific system is that of [8], which performs of-

fline automatic video editing of a theater play. This system uses a

setup with one static camera, from which a range of sub-views are

cut to create multiple shots. The quality of the montages produced

by this system was not experimentally verified.

9 CONCLUSIONS AND FUTURE WORK
This paper has presented an automated video editing system, which

may play a role in reducing the cost of producing a video report of

an event such as a lecture, sports game or musical performance. We

have developed this system in a declarative way, by building a model

of the non-deterministic decision process that a human editor could

follow in order to produce a montage. By using the state-of-the-art

Probabilistic Logic Programming system Problog, we are to sam-

ple from this distribution and thereby produce a montage. We have

demonstrated that the computations needed to make all the required

decisions can be performed in real-time and that—at least for the par-

ticular case study of lecture recording—the quality of the produced

montage is almost indistinguishable from that produced by a profes-

sional editor.

In future work, we will examine the performance of this system

in more complex settings than lecture recording and investigate how

the same declarative model may be used for machine learning of the

probabilistic parameters.
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Checking the Conformance of Requirements in Agent
Designs Using ATL

Nitin Yadav and John Thangarajah 1

Abstract. Intelligent agent systems built using the BDI model of

agency have grown in popularity for implementing complex systems

such as UAVs, military simulations, trading agents and intelligent

games. The robust and flexible behaviours that these systems afford

also makes testing the ‘correctness’ of these systems a non-trivial

task. Whilst the main focus on existing work has been on checking

the correctness of agent-programs, in this work we present an ap-

proach to formally verify agent-based designs for a particular BDI

agent design methodology. The focus is on verifying whether the de-

tailed design of the agents conform to the requirements specification.

We present a sound and complete approach, formally verifiable prop-

erties, and an evaluation with respect to time and effectiveness.

1 Introduction
Intelligent agent systems have been used to develop software sys-

tems in a variety of application areas [19]. Agent systems of this

kind are often designed and implemented in terms of software struc-

tures that are based on metaphors of humans and human societies;

for example, events, beliefs, goals, plans and intentions. While there

are many agent development paradigms, the Belief-Desire-Intention
(BDI) model [24] is a mature paradigm that has been adopted by

several agent development platforms such as JACK [28], JASON [8]

and JadeX [7]. As with any software development, testing the ‘cor-

rectness’ of these BDI-based agent systems is an important task. See

[20] for a recent survey of the state of the art in testing agent systems.

Most existing work on verifying BDI agent systems has focused

on formal verification (e.g. [10]), particularly using model checking

techniques (e.g. [13]) and theorem proving (e.g. [25]), or on run-

time testing (e.g. [30, 31]) of agent programs. That is, testing the

correctness after the system (or part of it) has already been imple-

mented. However, the notion that identifying and correcting errors

early in the software development cycle is well accepted in software

engineering [6, Page 1466]. In this work we present a formal model-

checking based approach for verifying the correctness of the agent

design models at the design stage prior to implementation.

There has not been much work on testing the correctness of

detailed agent designs with the exception of the recent work by

Abushark et al.[1, 2]. They provide an approach for checking the

correctness of interaction protocols [1] and requirement models [2].

Their approach in [1] is to extract all possible behaviour traces of

the detailed agent design (comprising goals, plans and message ex-

changes) related to a particular protocol and report the ones that do

not conform by checking against an execution structure of the pro-

tocol. They adapt a similar approach for checking requirements in

[2].

1 RMIT University, Australia, email: firstname.lastname@rmit.edu.au

Although their approach is able to identify traces that do not con-

form to the interaction or requirement specifications, there are some

significant limitations. The first is that the approach has no formal

semantics and as mentioned by the authors in [2] the approach is nei-

ther sound nor complete. Secondly, in the design, plans that post two

or more sub-goals where the execution can be interleaved can create

a large number of traces caused by the interleaving of all the steps of

those sub-goals. As the number of parallel steps increases the possi-

ble behaviour traces grows at least exponentially and hence the time

and space to extract them. This is particularly problematic for check-

ing the requirements using scenarios, where a scenario specifies a

particular sequence of steps. If the sequence specified is one of the

possible parallel interleaving, all possible traces must be extracted to

find the one that matches. Finally, the trace extraction is carried out

independent of the requirements specification. Hence, no matter how

long or short the scenario is, the number and size of traces is only

dependent on the detailed design, which can be inefficient.

In this work, we present a formal approach to verifying the cor-

rectness of the detailed agent designs with respect to the requirement

specifications via a model checking approach. Similar to the work of

Abushark et al., we use Prometheus agent design models [22] as the

basis of our work. The proposed approach however, is formal, sound

and complete, uses model checking rather than trace extraction, and

presents the designer with a model as well as traces. In addition, the

approach is general and can be adapted to other agent design method-

ologies that follow the BDI model of agency [12] as they all share a

set of common design concepts.

The key contributions of this paper are: (i) we formalise, rather in-

formal and abstract, agent-oriented software design concepts; (ii) we

provide precise semantics for the verification problem that we (and

Abushark et.al [1]) are trying to address; (iii) we provide a formal

design framework that is amenable to automatic testing and verifi-

cation; (iv) we demonstrate how verification tools developed within

the agent community can be used for checking conformance within

agent designs; and (v) we provide an initial evaluation on the scala-

bility of the proposed approach.

2 Background and related work
2.1 Prometheus- BDI agent design paradigm
The Prometheus methodology [22], together with the design tool

(PDT) [23], supports the complete development of agent systems

from specification and design through to implementation. The de-

sign methodology presents well-defined notation and processes for

developing three key phases. The System specification where the in-

terface of the system is specified in terms of inputs (percepts), out-

puts (actions), the external entities that interact with the system, and

ECAI 2016
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ManageAuction

AnnounceAuction IdentifyWinner AnnounceWinner

Participate

ProposeBid

AND

(a) Goal overview for the auction example.

No Type Name Role
1 Percept StartAuction Auctioneer

2 Goal AnnounceAuction Auctioneer

3 Goal Participate Bidder

4 Goal IdentifyWinner Auctioneer

5 Goal AnnounceWinner Auctioneer

(b) A scenario for the auction example.

Figure 1: Requirements spec. for the auction example.

the requirements of the system specified via scenarios and goal dia-

grams. Scenarios specify a particular run of the system akin to use

cases in traditional Object-Oriented design. Table 1b, illustrates an

example scenario related to an auction system. The Goal diagrams

specify the functionality of the system and how they may be decom-

posed into smaller sub-goals. Figure 1a, illustrates a goal diagram for

an auction system.

The Architectural design specifies the internals of the system in

terms of agents and any communication between them. The detailed
design details the internals of each agent in terms of plans, messages,

and goals that they handle and produce amongst other things. Figure

2, illustrates the detailed design of an Auctioneer agent, in a simple

auction system. The plan New Auction is triggered by the percept

StartAuction, produces the (sub)goal AnnounceAuction, this goal

then triggers the execution of the plan BroadcastAnnouncement.

2.2 Alternating-time temporal logic
Alternating-time Temporal Logic (ATL) [4] is a logic for reasoning

about the ability of agent coalitions in multi-agent game structures.

ATL formulae are obtained by combining propositional formulas,

the usual temporal operators—namely, © (“in the next state”), �

(“always”), � (“eventually”), and U (“strict until”)—and a coali-
tion path quantifier 〈〈A〉〉 taking a set of agents A as parameter.

Conceptually, an ATL formula 〈〈A〉〉φ, where A is a set of agents,

holds in an ATL model if the agents in A can force φ true, by

choosing their actions, no matter how the agents not in A happen

to move. The semantics of ATL is defined in concurrent game struc-

tures where, at each state, all agents simultaneously choose their ac-

tions from a finite set, and the next state deterministically depends on

such choices. More concretely, a concurrent game structure is a tuple

M = 〈A, Q,P,Act, d,V, σ〉, where A = {1, . . . , k} is a finite set

of agents, Q is the set of states, P is the set of propositions, Act is the

set of all domain actions, d : A × Q �→ 2Act indicates all available

actions for an agent in a state, V : Q �→ 2P is the valuation function

stating what is true in each state, and lastly σ : Q × Act|A| �→ Q is

the transition function mapping a state q and a joint-move�a ∈ D(q),
whereD(q) = ×|A|i=1d(i, q) is the set of legal joint-moves in q, to the

resulting next state q′.
A path λ = q0q1 · · · in a structureM is a, possibly infinite, se-

quence of states such that for each i ≥ 0, there exists a joint-move

�ai ∈ D(qi) for which σ(qi, �ai) = qi+1. To provide semantics to

formulas 〈〈·〉〉ϕ, ATL relies on the notion of agent strategies. Techni-

Figure 2: Auctioneer agent - detailed design.

cally, an ATL strategy for an agent agt is a function fagt : Q
+ �→ Act,

where fagt(λq) ∈ d(agt, q) for all λq ∈ Q+, stating a particular ac-

tion choice of agent agt at path λq. A collective strategy for group of

agents A ⊆ A is a set of strategies FA = {fagt | agt ∈ A} providing

one specific strategy for each agent agt ∈ A. For a collective strat-

egy FA and an initial state q, the set of all possible outcomes of FA

starting at state q, denoted out(q, FA), are the set of all computation

paths that may ensue when the agents in A behave as prescribed by

FA, and the remaining agents follow any arbitrary strategy (see [4]).

The semantics for the coalition modality is then defined as follows

(here φ is a path formula; and M, λ |= φ is defined in the usual

way [4]):

M, q |= 〈〈A〉〉φ iff there is a collective strategy FA such that for all

computations λ ∈ out(q, FA), we haveM, λ |= φ.

Given a concurrent game structureM and an ATL formula φ, the

model checking problem of ATL asks for the set of states inM that

satisfy formula φ. Let [φ]M denote the maximal set of states ofM
that satisfy φ. A state q inM is said to be winning for φ if q ∈ [φ]M.

2.3 Related work
The BDI agent-oriented paradigm is a popular and successful ap-

proach for building agent systems. We have a long history (20+

years) of collaboration with multiple industry partners that use BDI

agents and the Prometheus methodology (or its variants) to design

the agents. The overarching goal in this paper is to provide our user

community with tools that would enable them to develop more reli-

able systems which is a need that has emerged from them.

As is with any software development approach, a complex sys-

tem is generally conceptualized first using software design method-

ologies (e.g., Prometheus in our case), and then this design is im-

plemented using a programming language (e.g., JACK, JASON,

JADEX, etc). Although there is a large body of work on verifying

BDI agent systems using formal verification techniques [17, 13, 26,

3, 11], these approaches either assume the presence of a formal BDI

system or testing is done on an agent system that is already imple-

mented. Though recent work [1, 2] has tried to address verification

at the level of agent designs, that is before a system is even pro-

grammed, the use of formal verification techniques for this purpose

is not widespread.

With respect to agent designs, the Tropos methodology supports

validating requirements using T-Tool [14] and reasoning about agent

goals using the GR-Tool [15]. However, Tropos does not provide

support for verification of requirements against agent designs. The

approach that comes closest to ours is that of Abushark et.al. [2].

In their work the authors verify requirements against detailed de-

signs via an algorithmic approach. The key idea there is to construct

a Petri net from the given requirements and verify the detailed de-

signs by extracting the behavior traces and executing these traces
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against the constructed Petri net. The authors in [2] address the issue

of requirements verification in an ad-hoc manner without formalis-

ing the problem, and leave the soundness and completeness of their

approach as future work.

In [27], scenarios in Prometheus are extended such that they may

be propagated to the detailed design, thus reducing the chance of er-

ror, and use them in generating scenario-based run-time test cases.

Their approach complements the formal verification framework pre-

sented in this paper.

In this work we are interested in formally verifying requirements

against agent details and on the way of achieving this provide a way

to formalise agent designs based on Prometheus methodology. Fur-

ther, as shown in [9], BDI design methodologies share similar struc-

tures, and hence we believe that the key formal notions developed

here can be adapted to other BDI design methodologies.

3 Framework

We begin with formally defining the core elements of an agent de-

sign. Goals are usually captured by defining goal trees. A goal tree is

a tree (in its usual sense) whose nodes are agent goals and branches

are labelled either an AND (all sub-goals required to achieve the

goal) or an OR (only one sub-goal required to achieve the goal).

Formally, a goal tree is a tuple T = 〈G, g0,R, μ〉 where G is the set

of goals, g0 ∈ G is the top level goal, relation R defines the parent-

child relationship between goals where R(g1, g2) implies that g1 is

the parent goal of g2, and μ : G→ {AND,OR} provides AND-OR
mapping for sub-goals. Given a goal g and its sub-goals g1, . . . , gn,

let sg(g) = {g1, . . . , gn}. That is, the function sg returns the set of

all sub-goals of g.

A scenario consists of a sequence of steps that need to be achieved

for it to be completed. Each step is either a percept, a goal or an

action and the entity responsible for it is defined by an agent role.

Formally, each step in a scenario is a pair (o, r) where o is a step
type and r is an agent role. A scenario is then an ordered tuple S =
〈(o1, r1), . . . , (on, rn)〉 where n ≥ 1. Given a scenario S consisting

of n steps we denote the size of S by |S| (i.e., |S| = n), its ith step

by S[i], and the step type and role of the ith step by S[i].type and

S[i].role, respectively. A requirements specification simply consists

of a scenario S and a set of k goal trees Ti = 〈Gi, gi0,Ri, μi〉,
where 1 ≤ i ≤ k.

A detailed design on the other hand consists of entities used in sce-

narios (i.e., goals, percepts, and actions) and additionally messages

and plans. A message is of the form from → to : msg where from
and to are agents and msg is the name of the message. A plan in

an agent design is defined in terms of its trigger and outputs such as

messages, actions, and sub-goals. Details of a plan body are not de-

fined at the design level (it is an implementation level detail). A plan
is a tuple p = 〈name, trigger, O〉 where name is a unique identifier

for p, trigger is its trigger, and O is the set of its outputs. For techni-

cal convenience, we shall refer to components of plan p as p.name,

p.trigger, and p.O. In the rest of the paper, we refer to the set of

all goals by Goals. Similarly, Percepts, Actions, Messages, and

Plans.

In order to track each possible plan instance we need to track

how it was triggered. We assign each plan instance an id to track

a sequence of plan activations that preceded it. Formally, the set

of ids for plan p = 〈name, trigger, O〉 is defined inductively by

Δ(p) = {id · name | ∃p′(trigger ∈ p′.O), id ∈ Δ(p′)} where for

the base case we have that Δ(p) = {name | trigger ∈ Percepts}.
Generally, an id for a plan instance p will start with a plan name

that handles a percept, followed by a sequence of plan names, subse-

quently ending with p’s name, such that the trigger for a plan was in

the output of plan preceding it in the id. Given an id = id’ · name
for a plan p = 〈name, trigger, O〉 let history(id) = id’ and let

active(id) = p.

An agent for design purposes is a collection of plans along with its

roles. A design agent is a tuple Ag = 〈n,R, P l〉 where n is agent’s

name, R is a set of agent’s roles, and Pl is agent’s plan library. A

detailed design consists of a set of design agents. Formally, a detailed

design D is a set {Ag1, . . . ,Agn} where Agi are design agents for

1 ≤ i ≤ n. Observe that goals, actions, messages are closely linked

to plans via its trigger and outputs and can be directly inferred from

the agents plan library.

3.1 Conformance of requirements and designs
The problem we are interested in is to automatically check if a de-
tailed design D conforms to a requirements specification R. Observe

that though all scenario entities (i.e., step types) are also available in

the detailed design there may not be an exact one to one mapping

between them (else the verification task will be simple). For exam-

ple, a scenario may specify a goal g whereas the detailed design may

only have plans for g’s sub-goals. Additionally, there may be mul-

tiple plans to handle a given goal, some of which may not conform

to the requirements. In order to precisely define what it means for a

detailed design to conform to a requirements specification we intro-

duce a notion of traces for a requirement specification and detailed

design.

Due to the subjective nature of the design process a requirement

may be captured in multiple ways. Hence, in general, just by look-

ing at the sub-goals one cannot infer if the designer has specified an

ordering between sub-goals or that she is indifferent towards it. For

consistency and uniformity we will assume the following interpreta-

tions:

• Listing the parent goal implies that ordering of sub-goals does not

matter; and
• Listing of sub-goals without a parent goal implies that ordering of

sub-goals matter.

Requirement traces: Informally, we say a goal is met if the goal

itself is posted, or all its sub-goals are posted in case of AND sub-

goal type, or at least one of its sub-goals is posted in case of a OR
sub-goal type. Formally, a goal g from a goal tree 〈G, g0,R, μ〉 is

met by a sequence of goals g1, . . . , gn if either one of the following

holds: (i) n = 1 and g1 = g; or (ii) if μ(g) = AND, then sg(g) =
{g1, . . . , gn}; or (iii) if μ(g) = OR, then n = 1 and g1 ∈ sg(g).

Conceptually, a trace for a requirements specification is one pos-

sible way in which an underlying scenario can be achieved. For-

mally, a trace for a requirement specification with scenario S =
〈(o1, r1), . . . , (on, rn)〉 and goal trees {T1, . . . , Tk} is a sequence

of pairs τ = (o′1, r1) · · · (o′m, rm) with m ≥ n such that for each

step type oi there exists indices si and ei where:

1. if oi.type ∈ Percepts ∪ Actions, then si = ei and oi = o′si ;

2. if oi.type ∈ Goals, then oi is met through o′si · · · o′ei ;

3. for all indices it holds that ej = sj+1 − 1, s1 = 1, and en = m,

where 1 ≤ j < n.

Informally, a trace for a requirements specification is a concate-

nation of sequences (with start index si and end index ei) such that

each sequence achieves a scenario step. If the step is a percept or
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an action then the sequence is just one element containing the same

percept or action. If a scenario step is a goal, then the sequence is

such that the goal in the scenario step is met as per the assumptions

discussed before.

Design traces: We define a trace for a detailed design incre-

mentally by introducing traces for a plan, an agent, and finally for

a group of agents. The idea is to define a trace for a design agent

as an interleaving of its plan traces such that each posted goal is

handled by at most one plan (goals are posted internally in an agent).

We define a trace for a design as a collection of design agent traces

such that each posted message is handled by at most one plan in the

receiver agent (messages are posted across agents).

A trace for a plan p = 〈name, trigger, O〉 is a sequence of the

form τ = trigger·name·o1, · · · , on where |O| = n and o1, · · · , on
is a permutation of elements in O. (An agent activates a plan by

acknowledging its trigger, executing the plan body, and then posting

the plan outputs one by one.)

Since an agent may have more than one active plan at a time, a

trace for a design agent will consist of interleaved active plan traces

with certain constraints. We define an interleaved trace resulting from

two traces τ1 = t11 · · · t1n and τ2 = t21 · · · t2m to be a trace τ1+2 =
t1 · · · tm+n such that τ↑τ11+2 = τ2 and τ↑τ21+2 = τ1 where τ↑τ1+2 is a

trace obtained by projecting out τ from τ1+2. Given a set of plan

traces Γ = {τ1, . . . , τn}, a trace for a design agent is an interleaved

trace τ = t1, . . . , t� over agent’s plan traces Γ such that:

1. if ti = g is a trigger in plan trace τ ′ and g ∈ Goals, then there

exists tj = g where g is output in a plan trace τ ′′ = τ ′ where

τ ′, τ ′′ ∈ Γ, and j<i;
2. for any two ti = tj = g, where i = j, g ∈ Goals and ti, tj are

triggers for plan traces τ1 and τ2, there must exist ti′ = tj′ = g
with i′ = j′, i′ < i, j′ < j such that ti′ , tj′ are plan outputs in

traces τ1′ , τ2′ , respectively.

Intuitively:(1) a goal should be posted before it can be handled;

and (2) only one plan gets activated for a posted goal.

A design trace then is simply a set of traces, one for each design

agent, where we allow an agent to be inactive if it does not have

any active plans. Formally, a design trace for a set of k agents is a

sequence τ = (t11, . . . t
k
1) · · · (t1� , . . . tk� ) such that each element tagtj

can either be ε (here ε denotes an empty token) or from design agent

agt’s trace with the following constraints:

1. for all agents i it holds that tim · · · tin is agent i’s trace such that

either m = 1 or tim−1 = ε, and n = � or tin+1 = ε;
2. for each tim = msg where msg ∈ Messages is a trigger of agent

i, there exists a unique ti
′
n = msg where ti

′
n is an output in a plan

of agent i′ = i, n < m, agent i is msg’s receiver and agent i′ is

msg’s sender;

3. if tim = msg is a message (that is, msg ∈ Messages) and in

output of agent i’s plan, then for an agent i′ such that i′ is msg’s

receiver and for all indices m < j < n where ti
′
n = msg is a

trigger for a plan in agent i′’s trace it is the case that ti
′
j = ε.

Intuitively:(1) an agent trace cannot have empty tokens; (2) each

message is handled by at most one plan; (3) the receiver agent must

handle a message posted for it (i.e., it cannot choose to stay idle in

presence of a pending message).

3.1.1 Comparing requirements and design traces

Conceptually, a trace for a detailed design is said to conform with

a requirements trace if the design trace contains elements from the

requirements trace in the right order. Formally, a design trace τD =
(t11, . . . t

k
1) · · · (t1� , . . . tk� ) for a design D conforms to a trace τR =

(o1, r1) · · · (om, rm) of requirements specification R if there exists

a set of indices j1, . . . , jm such that for all 1 ≤ i ≤ m there exists

agent agt where tagt
ji

= oi and ri is in agt’s roles. We say a detailed

design D conforms to a requirements specification R if there exists

a trace τD of D for which there exists a trace τR of R such that τD
conforms to τR.

A design trace will generally be much longer in length than a sce-

nario trace because a detailed design fleshes out how a particular re-

quirement is achieved.

4 Model checking agent designs

Conceptually, an ATL model (also known as concurrent game struc-

ture) consists of a set of agents that act concurrently in order for the

game to progress. The game consists of a set of states that evolve

based on agents’ moves and one checks temporal formulae against

these states to verify properties. For our conformance checking prob-

lem, the set of agents will consist of a requirements agent and a num-

ber of detailed design agents. The requirements agent will select its

actions as per the underlying scenario and goal trees, whereas the

design agents will move as per their active plans. In the ATL game

structure we will match each design agent’s action against the ac-

tion of the requirements agent to check if a scenario step has been

achieved. The objective then is to verify if all scenario steps have

been achieved in the right order.

We do this in two steps: (i) we build two kinds of finite state au-

tomatons (see [16] for details on FSA.) one that will accept all traces

for a requirements specification, and second that will accept all traces

for a given plan; (ii) we use these automatons to build a concurrent

game structure that will serve as our ATL model for model check-

ing. A game state in our ATL model will consist of underlying states

of these automatons (a requirements automaton and multiple plan au-

tomatons) and these states will be appropriately updated based on the

agents’ actions (that is, based on scenario steps achieved, plan trig-

gers, and plan completions). Finally, to verify that a given detailed

design conforms to the requirements specification, we will check the

formula 〈〈A〉〉7final, whereA is the set of all design agents and final
captures the condition that the requirements automaton has reached

its final state.

4.1 Requirements and agent plan automatons
We introduce two technical notations required for constructing the

automatons. First, given a sequence τ = t1t2 · · · tntn+1 let a

set of states for accepting τ indexed by a number be θ(τ, i) =
{qiε, qit1 , qit1t2 , . . . , qit1···tn}. Intuitively, the role of states in θ(τ, i)
is to track the sequence τ and since we may need to track the same

sequence more than once we index it by a number. Second, given a

set of elements E, let the set of all possible sequences (that is, per-

mutations) of length |E| that can be generated from E be perm(E).
Next, we build an automaton such that its language is the set of

traces for a given requirements specification. Formally, an automaton

for a given scenario S = 〈(o1, r1), . . . , (on, rn)〉 and set of k goal

trees Ti = 〈Gi, gi0,Ri, μi〉, where 1 ≤ i ≤ k, is a tuple FR =
〈Q, q0,Σ, δ, {qf}〉 where:
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q0 q1 q2 q3 q4 q5

(a) Automaton for requirements (A:=Auctioneer, B:=Bidder)

StartAuction,A
ManageAuction,A

AnnounceAuction,A
ManageAuction,A

Participate,B

ProposeBid,B

IdentifyWinner,A
ManageAuction,A

AnnounceWinner,A
ManageAuction,A

q0 q1 q2

q3

q4

q5

(b) Automaton for plan DecideWinner

Bid DecideWinner

IdentifyWinner

IdentifyWinnerAnnounceWinner

AnnounceWinner

Figure 3: Automatons for the auction example.

1. Q = {qo0 , qon}∪ {qo | ∃i S[i].type = o} ∪{θ(τ, i) |
τ ∈ perm(sg(g)), ∃i(g = S[i].type), g ∈ G∧S } ∪{qg |
∃i, j S[i].type = g′, g ∈ sg(g′), g′ ∈ G∨S } where G∧S (G∨S )

is the set of AND (OR) goals in scenario S;

2. qo0 is the initial state and qf is the final state where qf =qon ;

3. Σ = {(o, r) | ∃i S[i] = (o, r)}∪{(o, r) | ∃i, g S[i] = (g, r), o ∈
sg(g)} is the alphabet consisting of elements in traces of require-

ments R; and

4. δ : Q×Σ→Q is the transition function where δ(q, σ)=q′ if:

(a) σ = (oi, ri), q = qoi−1 , q′ = qoi for 1 ≤ i ≤ n;

(b) σ = (o′i, ri) such that there exists oi ∈ G∨S , o′i ∈ sg(oi),
q = qoi−1 , q′ = oi where 1 ≤ i ≤ n;

(c) σ = (o′i, ri) such that there exists oi ∈ G∧S , o′i ∈ sg(oi) and

one of the following holds:

i. q = qoi−1 and q′ = qio′i
;

ii. q = qiτ and q′ = qoi where τ · o′i ∈ perm(sg(oi));
iii. q = qiτ and q′ = qiτ ′ where τ · o′i = τ ′ and τ ′ · τ ′′ ∈

perm(sg(oi)) for some |τ ′′| ≥ 1.

Intuitively, the set of states (1) of an automaton for a require-

ments specification consists of a state per each scenario step and ad-

ditional states to cater for sub-goals where a scenario step has AND
sub-goals. In addition, we index the states required for AND sub-

goals (with the step number) as the same goal may appear more than

once in a scenario. The alphabet (3) of the automaton consists of re-

quirements trace elements, that is, a pair consisting of step type and

step role. The first condition (4a) of the transition function connects

each scenario step sequentially, the second (4b) provides alternatives

where an OR goal could be achieved by one of its sub-goals, and the

third (4c) caters for each permutation of an AND goal. Figure 3 (a)

shows the finite state automaton for the auction requirements speci-

fication described in Figure 1b.

Theorem 1. The language of automaton FR for requirements spec-
ification R having a scenario S and goal trees {T1, . . . , Tk} is the
set of all possible traces of R.

PROOF (SKETCH). Let w = σ1 · · ·σ� ∈ L(FR), automa-
ton FR = 〈Q, q0,Σ, δ, {qf}〉 and scenario S = 〈(o1, r1),
. . . , (on, rn)〉. Hence, there exists a sequence of transitions λ =

q0
σ1−→ q1

σ2−→ · · · σ�−→ q� where δ(qi−1, σi) = qi for 1 ≤ i ≤ � and

q� = qf . The sequence λ contains states q1, . . . , qn such that qi =
qoi for 1 ≤ i ≤ n (from condition 4). From the states q1, . . . , qn one

can extract index pairs (sj , ej) where λ[sj ] = qj and ej = sj+1− 1
where 1 ≤ j < n and en = �. Each sub-sequence λ[sj ] · · ·λ[ej ]
achieves step oj , for 1 ≤ j ≤ �; hence w is a trace for requirements
R. For the other side, assume τ = (o′1, r

′
1) · · · (o′m, r′m) is a trace

for requirements R. Then, there exists indices si, ei for each step oi,
where 1 ≤ i ≤ m, such that sequence o′si · · · o′ei achieves step oi.
If oi is a percept or action, for 1 ≤ i ≤ m, then there exists transi-
tion from qoi to qoi+1 on symbol (oi, ri) (condition 4a in definition
of FR). If oi is a goal, for 1 ≤ i ≤ m, then either (i) si = ei
and τ [si] = oi (condition 4a in definition of FR), or (ii) si = ei,
τ [si] ∈ sg(oi), and μ(g) = OR (condition 4b in definition of FR),
or (iii) oi is met through sequence τ [si] · · · τ [ei] (condition 4c in def-
inition of FR). Observe that the first condition in transition function

of FS caters for condition (i), and second and third condition in tran-
sition function of FS cater for condition (ii) above. Combined with
the fact that qon is the final state, we get that τ ∈ L(FR).

Next we construct an automaton for a plan such that the automaton

will accept only the possible traces of the plan. An automaton for a

plan p = 〈n, t, O〉 is a tuple Fp = 〈Q, q0,Σ, δ, qf 〉 where:

1. Q={q0, q1, qf} ∪ {θ(τ, 1) |τ ∈perm(O)} is set of states;

2. q0 and qf are the initial and final states, respectively;

3. Σ = {n, t} ∪O is the alphabet;

4. δ : Q×Σ→Q is the transition function where δ(q, σ)=q′ if:

(a) q = q0, σ = t, and q′ = q1; or

(b) q = q1, σ = n, and q′ = q1ε ; or

(c) q = q1τ , σ ∈ O, and q′ = q1τ ·σ where τ · σ · τ ′ ∈ perm(O) for

some |τ ′| ≥ 1; or

(d) q = q1τ , σ ∈ O, and q′ = qf where τ · σ ∈ perm(O).

The alphabet of the automaton is the elements of the plan.The transi-

tion function ensures that any trace accepted by the automaton starts

with the plan trigger (4a), followed by its name (4b), and then any

legal permutation of the plan’s outputs (4c, 4d). Figure 3 (b) shows

the finite state automaton for the DecideWinner plan of the Auc-

tioneer. For the purpose of implementation the number of states of

the automaton of plan p = 〈n, t, O〉 will be exponential in |O|.

Theorem 2. The language of the automaton Fp for a plan p =
〈name, trigger, O〉 is the set of all traces of p.

PROOF (SKETCH). Observe that any word in the language of au-
tomaton Fp has the form trigger · name · λ where λ is from the set
perm(O). Hence, any word in the language of Fp is a trace of plan
p. Similarly, it can be shown that the first two symbols in a trace τ
of plan p result Fp to transition from its initial state to state q1ε ; and
subsequent symbols of τ cause Fp to transition from q1ε to qf .

These automatons provide a cleaner mapping to build the ATL

game structure and also provide a straightforward translation to ISPL

encoding for MCMAS [18] (please see the Appendix for the ISPL

encoding for the auction example.)

4.2 ATL concurrent game structure
The ATL model that we will build consists of a requirements agent

and a number of design agents. Observe that the automaton for a

given scenario encapsulates all legal scenario traces (see Theorem 1),

and hence models the behavior of the requirements agent. A design

agent on the other hand consists of multiple plans, and therefore its

behavior will be modelled by multiple automatons, one for each of

its (potential) plans that might get activated.

A concurrent game structure for an agent design consists of an

ATL requirements agent and one ATL agent per detailed design

agent. The requirements agent executes actions as per the automaton

obtained from the requirements specification and design agents exe-

cute actions as per automatons of their active plans. A game state cap-

tures the completion status of the requirements specification along
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with the status of plan instances. A key feature in our reduction is that

the state of requirements specification progresses only when a design

agent executes an action as expected by the requirements. Intuitively,

this implies that a next step in a (partial) requirements trace has been

achieved by one of the detailed design agents. We assume that the

percept in the first scenario step is posted by default, and hence a plan

that can handle it will be the first to get activated. Formally, given an

automaton FR = 〈QR, qR0 ,ΣR, δR, {qRf }〉 for a requirements spec-

ification R (consisting of a scenario and a set of goal trees) and a

detailed design D containing k design agents agti = 〈ni, Ri, P li〉
and automatons Fp = 〈Qp, q0,Σp, δp, {qf}〉 for each plan p ∈ Pl
(let Pl = ∪1≤i≤kPli ), a concurrent game structure for R and D is

a tupleM〈R,D〉 = 〈{Req, n1, . . . , nk}, Q,P, Act, d,V, δ〉 where:

1. There are k + 1 agents: Req is the requirements agent, and

n1, . . . , nk are design agents (one per detailed design agent);

2. States Q consist of the following finite range functions:

(a) scn∈QR (QR is set of states for automaton FR);

(b) planid
i ∈Qp∪{inact} where id ∈ Δ(p), p ∈ Pli where 1 ≤ i ≤

k, and inact is used to capture if a plan is inactive;

3. P is the set of propositions asserting value assignments to the

above defined functions and V is the mapping from a game state

q to the values returned by the above defined functions. For con-

venience, we will write (scn(q) = qr) ∈ V(q) as scn(q) = qr .

4. Act = {a | ∃r(a, r) ∈ ΣR} ∪ {id · a | a ∈ Σp, id ∈ Δ(p), p ∈
Pl} ∪ {fin, nop} is the set of domain actions, where ΣR is the

alphabet for the automaton FR, Σp is the alphabet for the au-

tomaton for plan p, fin and nop are special actions to denote that

a scenario has finished and an agent has no active plans, respec-

tively. The action id · a denotes symbol a of alphabet Σp prefixed

by id of its plan instance p. Given an annotated action id · a, let

action(id · a) = a.

5. d(j, q) defines the moves available for agent j in state q:

(a) Requirements agent (j = Req):

d(j, q) =

{
{a | ∃r, qR〈scn(q), (a, r), qR〉∈δR}, if scn(q) =qRf

{fin}, otherwise.

(b) Design agents (j ∈ {n1, . . . , nk}):

d(j, q) =

{
next-actions(j, q), if |next-actions(j, q)| > 0

{nop}, otherwise.

where, next-actions(j, q) =
{id·a | ∃qp〈planid

j (q), action(id·a), qp〉∈δp, id ∈ Δ(p)}
6. δ :Q×Actk→Q is the transition function such that δ(q,�a) = q′,

where �a = ar, a1, . . . , ak is the move vector containing actions

for requirements and design agents, and q′ is as follows:

(a) Requirements: updated if a design agent acts as expected:

scn(q′) =

⎧⎪⎨⎪⎩
s = δR(scn(q), ( action(ai), r)), if s is defined

for some 1 ≤ i ≤ k where r ∈ Ri;

scn(q), otherwise

(b) Plans: updated as follows (j ∈ {n1, . . . , nk}):

i. if planid
j (q) = q0 and aj = id · a, then planid

j (q
′) = q1

and planid’
j (q′) = inact where history(id) = history(id’) and

active(id) · trigger = active(id’) · trigger;
ii. if planid

j (q) = q1 and aj = id · a, then planid
j (q

′)=q1ε ;

iii. if planid
j (q) = qp and aj = id·a, then planid

j (q
′) = δp(qp, a)

where p = active(id), and:

A. if a ∈ Goals, then planid’
j (q′) = q0 where id’ = id · name

such that p = 〈name, a, O〉 ∈ Plj ;

B. if a ∈ Messages, then planid’
i (q′) = q0 where id’ = id ·

name such that p = 〈name, a, O〉 ∈ Pli where i = j;

iv. if aj = nop, then planid
j (q

′) = planid
j (q);

Given a requirements specification R and detailed design D, the

states of the concurrent game structure M〈R,D〉 consist of states

from the automaton of requirements R, and states from the automa-

tons of possible plan instances of design agents in D. The function

scn returns the current state of automaton FR whereas functions

planid
j returns the current state of plan active(id) of design agent

j (2). Moves of the requirements agent (5a) from a state q consist

of scenario step types that are part of outgoing transitions of current

state of automaton FR (that is, scn(q)). If there are no outgoing tran-

sitions (because FR has reached its final state) then the requirements

agent’s moves consist of the special action fin, implying that the re-

quirements have been met. Moves of a design agent (5b) consists

of a union of all possible symbols that are part of outgoing transi-

tions of automatons of its active plans. A design agent j does the

special action nop in a state q if it does not have any active plans,

that is, the set of next-actions(j, q) is empty. The transition function

of game structure M〈R,D〉 models how the underlying automaton

states are updated (6). For practical purposes, encoding a concurrent

game structure to ISPL [18] is straightforward. We present the ISPL

encoding for the auction example in the Appendix.

4.3 Verifiable design properties
The ATL model M〈R,D〉 for a requirements specification R and

detailed design D can be now used to verify design time properties

such as conformity and coverage. Requirements conformity (as

formalized in Section 3.1.1) deals with checking if a detailed

design can achieve a given requirements specification, whereas

coverage signifies in how many different ways can a requirements

specification be achieved.

Requirements conformity: Given an ATL model M〈R,D〉 for

a requirements specification R and detailed design D we are

interested in checking whether design D conforms to requirements

R. Observe that the requirements agent in the ATL model has limited

freedom in its behavior: it repeatedly selects one of its expected

scenario steps until one of the agents with an appropriate role

executes an expected action. What it implies is that we are trying to

match a trace of detailed design with a trace of requirement. Hence,

in order to check the conformity of requirements with detailed

design we model check the formula ϕ = 〈〈A〉〉 7 final where A is

the set of all design agents in the ATL model and final is defined as

sch = qRf where qRf is the final state of scenario automaton FR.

Finally, we check this formula from a state qI (in the game structure)

such that the requirements automaton and the plans that will handle

that percept in the first scenario step are in their initial states, and

all other design agent plan instances have the value inact. Formally,

given a ATL model M〈R,D〉 for requirements R with scenario

S = 〈(o1, r1), . . . , (on, rn)〉 and detailed design D it is the case

that: (i) sch(qI) = qR0 where qR0 is the initial state of requirements

automaton FR, (ii) planid
j (qI) = q0 for all design agents j such that

active(id).trigger = o1, and (iii) planid
j (qI) = inact for all design

agents j such that active(id) · trigger = o1.
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Theorem 3. A detailed design D conforms to requirements specifi-
cation R iffM〈R,D〉, qI |= 〈〈A〉〉 7 (scn = qRf ) where A is the set
of all detailed design agents inM〈R,D〉 and qRf is the final state of
requirements automaton FR.

PROOF (SKETCH). SupposeM〈R,D〉, qI |= 〈〈A〉〉 7 (scn = qRf ).
Hence, there exists a collective strategy FA, one for each agent in
A such that 7(scn = qRf ) is satisfied in all computations λ ∈
out(qI , FA). Let λ = q0 · · · q� where q0 = qI , sch(q�) = qRf , and
�a1 · · ·�a� be the sequence of move vectors such that δ(qi−1,�ai) = qi,
for 1 ≤ i ≤ �, where δ is the transition function of M〈R,D〉.

Let each �ai = 〈ar
i , a

1
i , . . . , a

k
i 〉 where ar

i is the action of require-

ments agent and a1
i , . . . , a

k
i are actions of the design agents. From

the definition of δ (condition 6) one can observe that by construction

(a1
1, . . . , a

k
1) · · · (a1

� , . . . , a
k
� ) is the design trace that conforms to the

scenario trace τ = (a′r1 , r1) · · · (a′rm, rm) where τ is extracted from
ar
1 · · · ar

� by removing adjacent duplicate elements. For the other

side, given a trace τD = (a1
1, . . . , a

k
1) · · · (a1

� , . . . , a
k
� ) of design that

conforms to a trace τR = (ar
1, r1) · · · (ar

m, rm) of requirements R
(that is, there exists indices w1, . . . , wm where each step type was
achieved for scenario), one can construct a path λ = q0 · · · q� fol-
lowing the transition function δ ofM〈R,D〉 such that (i) actions of
design agents between states qi−1 and qi are τD[i], (ii) requirements
agent executes action (oi, ri) at wi and repeats its action between

each wi’s, for 1 ≤ i ≤ m, (iii) q0 = qI , and (iv) scn(q�) = qRf .

Design nonconformity: Even though a given design may conform to

a scenario, it may still contain traces that do not achieve any scenario

trace. These design traces are not necessarily faulty as the ordering

of plan outputs is not specified in the detailed design. Nonetheless,

such design traces should be highlighted to the designer to spot

potential errors in the agent design. Interestingly, we can extract

all such traces from the winning states of the concurrent game

structure M〈R,D〉 by checking the formula ϕ̃ = 〈〈A〉〉�¬final
where A is the set of all design agents in the ATL model. In general,

such traces will have incorrect ordering of scenario steps or plan

activations that do not achieve a scenario step. Intuitively, one ex-

tracts such traces by extracting actions of design agents from move

vectors responsible for transitions in the winning states. We omit the

details of the approach to extract such traces due to space limitations.

Requirements coverage: Given the set of maximal winning

states [ϕ] in ATL model M〈R,D〉 one can extract all the require-

ments specification traces that can be achieved by at least one

design trace. Since the language of automaton FR (L(FR)) is all the

possible requirements traces, one can compute the words in L(FR)
that are not in the traces extracted from the winning game states to

denote requirements traces that a designer might want to cater for

in the detailed design. For the discussed design properties, the set

of maximal winning states serves as a model from which all the

relevant design and requirements traces can be extracted.

5 Scalability Evaluation
In this section, we present initial scalability results to show the fea-

sibility our approach. We generated test cases with a single scenario

and multiple goal trees, and a single detailed design agent. The de-

tailed designs were varied by: (i) goals per plan (g/p), (ii) plans per

goal (p/g), and (iii) the depth of the design (d). (i) and (ii) were var-

ied from 1 to 3, and depth was sequentially changed from 1 to 8,

resulting in 72 test cases. Each scenario, with the number of steps

matching the depth of the design, was constructed such that its cor-

responding design always conforms to it. These designs were then

verified for conformance in McMAS [18] and their execution time
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Figure 4: Scalability analysis of approach (see text for details).

was recorded from its output.2 We had put an upper time limit of one

hour.

In addition, to control the branching factor the percentage of tar-

get goals and plans at a depth d was always 1/d. The rest of the

goals/plans were simply one p/g and one g/p. If we do not con-

trol the branching factor, the number of possible traces (due to inter-

leavings) grows at a rate factorial to the depth and branching. Given

that in practice, not all plans and goals have high branching factors,

our approach provides a balance between relevance and reliability.

Figure 4 shows the scalability results of our approach where on

the x-axis is the depth, on the left y-axis is the time in seconds, and

on the right y-axis is the number of plans in the design. For example,

the line with square marks has: g/p = 2 and p/g=2; each point in

the line is a test case; the last point is test case of depth 8 with an

average execution time of more than 600 seconds and more than 70

plans. Note that the colored lines denote time and the faded gray lines

denote the number of plans.

All cases with depth less than 4 were trivial to solve in terms of

time (maximum time of 2.5 sec. for case 3-3-3). With depth 4 on-

wards the branching contributes significantly and as it appears from

Figure 4 (respective cases with g/p = 3 have higher execution times

than cases with g/p = 2) that goals per plan affect the execution time

more than plans per goal. However, we point out that our approach

tests one scenario at a time (along with its goal trees) against its rele-

vant detailed design. A design that caters for one scenario, generally,

will not have a large number of plans. Even so, our approach demon-

strates that it can handle large design components within reasonable

time bounds for design time verification.

To compare our technique with the one presented in [2], we re-

quested the authors to run our test designs. For smaller test cases

their approach was faster than ours (0.11 sec vs 1.2 sec. for case 2-

2-4 and 0.13 vs 1.8 sec. for case 3-2-3). However, by increasing the

depth by one in both test cases the trace based approach lagged con-

siderably. For example, it took 70.57 sec. for the case 2-2-5 and it

was still executing after 4.5 hours for the case 3-2-4. The same in our

approach took 5.5 sec. and 97.5 sec., respectively. This is expected,

as mentioned, since our approach relies on model checking, it scales

significantly better than the trace based approach.

6 Conclusion
This paper presented a framework for formally verifying agent de-

sign models with respect to the requirements specifications. We

show how informal and semi-structured design artefacts can be trans-

formed into formal structures that can be model checked and we pro-

vide details on how to model check via ATL games.

2 The system had a quad core i7 3.4GHz CPU with 8GB RAM.
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1 Agent Requirements
2 Vars:
3 state: {s0, s1, s2, s3, s4, s5};
4 end Vars
5 Actions = {Ann_Auction, Start, Manage, finish,
6 Bid, Ann_Winner, Id_Winner, nop};
7 Protocol:
8 state = s0: {Start_Auction};
9 state = s1: {Ann_Auction, Manage};

10 state = s2: {Bid};
11 state = s3: {Id_Winner, Manage};
12 state = s4: {Ann_Winner, Manage};
13 state = s5: {finish};
14 Other: {nop};
15 end Protocol
16 Evolution:
17 state = s1 if (state = s0) and
18 (( Auctioneer.Action = Start));
19 state = s2 if (state = s1) and
20 (( Auctioneer.Action = Ann_Auction));
21 state = s2 if (state = s1) and
22 (( Auctioneer.Action = Manage));
23 state = s3 if (state = s2) and
24 (( P1.Action = Bid) or (P2.Action = Bid));
25 state = s4 if (state = s3) and
26 (( Auctioneer.Action = Id_Winner));
27 state = s4 if (state = s3) and
28 (( Auctioneer.Action = Manage));
29 state = s5 if (state = s4) and
30 (( Auctioneer.Action = Ann_Winner));
31 state = s5 if (state = s4) and
32 (( Auctioneer.Action = Manage));
33 end Evolution
34 end Agent

Figure 5: ISPL encoding for the requirements agent.

While there is existing work on formally verifying the correctness

of agent programs via model checking (e.g. [13, 10, 29] and theorem

proving (e.g. [25]) to the best of our knowledge this paper is the first

to propose a formal verification of detailed agent designs, even prior

to any implementation. This allows early detection of errors which

is well known to save costs in software development. With respect

to agent implementations recent work by Zhang et al.[21] has shown

that, across 14 different agent programs, 34% of errors were due to

faults in the design.

Although, in general, there is a lack of much work on checking the

correctness of detailed agent designs with respect to the requirements

specification, recent work by Abushark et al. [2] and Thangarajah

et al. [27] are exceptions. We have highlighted some of the limita-

tions of [2], and shown empirically that our approach is significantly

more computationally effective as the parallelism within the design

increases.

The problem we address also bears resemblance to specifications

modelled using modal transition systems [5] in the sense that agent

designs have parts that are “required” and parts that are “allowed”.

This required part is checked with respect to a scenario. However,

due to the presence of goal hierarchies/decomposition we usually do

not get a one to one mapping between the transitions.

Our main purpose in this paper was to demonstrate the use of a
formal verification approach and we chose ATL for two key reasons.

First, ATL model checking supports synthesis of strategies and this is

essential for checking properties such as requirements coverage. Sec-

ond, we are currently extending this framework to verifying AUML

protocols and in that setting we require the ability to model an en-

vironment for messages that arise external to an agent. In addition,

ATL’s multi agent modelling allows for natural extensions that can

be built in our framework, such as verifying agent capabilities. This

work presents a base from which various other aspects of the agents’

designs could be formally verified.

7 Appendix: ISPL Encoding
In this section we present the ISPL [18] encoding for the auction ex-

ample used in the paper. Briefly, an agent in ISPL is modelled by four

key elements: i) set of local states, ii) set of actions that the agent can

1 Agent Auctioneer
2 Vars:
3 P_NewAuction: {..};
4 P_Broadcast: {..};
5 P1_DecdWin: {init, s0, s1, s2, s3, s4, s5};
6 P2_DecdWin: {..};
7 P1_NotfyWin: {..};
8 P2_NotfyWin: {..};
9 ...

10 end Vars
11 Actions = {NewAuction, Auction, finish, Ann_Winner,
12 Id_Winner, nop, NotfyWin, Ann_Auction, Start,
13 LogBid, Bid, WinnerAnnouncement, Broadcast,
14 DecdWin, NewAuction, Bid, NomWin};
15 Protocol:
16 P1_DecdWin = DecdWin0: {Bid};
17 P1_DecdWin = DecdWin1: {DecdWin};
18 P1_DecdWin = DecdWin2: {Id_Winner, Ann_Winner};
19 P1_DecdWin = DecdWin4: {Ann_Winner};
20 P1_DecdWin = DecdWin5: {Id_Winner};
21 ...
22 end Protocol
23 Evolution:
24 P1_DecdWin=s1 if (P1_DecdWin=s0) and (Action=Bid);
25 P1_DecdWin=s2 if (P1_DecdWin=s1) and (Action=DecdWin);
26 P1_DecdWin=s3 if (P1_DecdWin=s4) and (Action=Ann_Winner);
27 P1_DecdWin=s4 if (P1_DecdWin=s2) and (Action=Id_Winner);
28 P1_DecdWin=s5 if (P1_DecdWin=s2) and (Action=Ann_Winner);
29 ...
30 end Evolution
31 end Agent

Figure 6: ISPL encoding for the Auctioneer agent.

execute, iii) a protocol that defines which actions are legal to exe-

cute based on its state, and iv) an evolution function that defines how

states evolve. An ISPL file consists of the agent definitions, the win-

ning condition, the initial states, and the coalition formula to check.

In our case, the winning condition in the ISPL encoding is simply

the last state of the requirements agent. In our auction example this is

specified as win if Requirements.state = s5;. The for-

mula we check for verifying requirements is <g1> F win; where

g1 is the coalition of agents.

The encoding for our auction example consists of 4 agents, a re-

quirements agent named Requirements that models the under-

lying scenario, an auctioneer agent named Auctioneer, and two

bidder agents named P1 and P2 (not shown here). Figure 5 shows the

requirements agent. Observe the straightforward translation from the

scenario (please see Figure 1b) in the agent design to its automaton

(as shown in Figure 3) and finally to an ISPL encoding. The critical

part in the encoding for the requirements agent is its evolution func-

tion. The requirements agent changes its state only when an expected

action is executed by the correct design agent. For example, the re-

quirements agent will update its state from s2 to s3 only when one

of the bidder agents sends their bid (lines 23-24 in Figure 5).

Figure 6 shows the (partial) code for the auctioneer design agent.

The state variables of design agents consist of variables to track the

plans that the agent has. For example, the auctioneer agent has plans

to start an auction, broadcast the announcement, handle bids, notify

winner, etc. Multiple copies of a plan are required where its trig-

ger can occur multiple times. For example, since multiple agents can

send their bids, the auctioneer agent has multiple copies of the De-

cideWinner plan, one per bidder agent (that is, P1 DecdWin and

P2 DecdWin in Figure 6). Also observe that the encoding for a de-

sign agent consists of an aggregation of plans it has and the plan au-

tomatons built earlier provide a clean way to map these to ISPL. The

evolution function in the encoding of a design agent keeps a track of

its active plans and allows the agent to progress one plan at at a time.

The resulting behavior of a design agents emerges from the possible

ways the active plans can be interleaved.
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A Uniform Account of Realizability in
Abstract Argumentation

Thomas Linsbichler1 and Jörg Pührer2 and Hannes Strass2

Abstract. We introduce a general framework for analyzing real-

izability in abstract dialectical frameworks (ADFs) and various of

its subclasses. In particular, the framework applies to Dung argu-

mentation frameworks, SETAFs by Nielsen and Parsons, and bipolar

ADFs. We present a uniform characterization method for the ad-

missible, complete, preferred and model/stable semantics. We em-

ploy this method to devise an algorithm that decides realizability for

the mentioned formalisms and semantics; moreover the algorithm al-

lows for constructing a desired knowledge base whenever one exists.

The algorithm is built in a modular way and thus easily extensible to

new formalisms and semantics. We have implemented our approach

in answer set programming, and used the implementation to obtain

several novel results on the relative expressiveness of the abovemen-

tioned formalisms.

1 Introduction
The abstract argumentation frameworks (AFs) introduced by

Dung [9] have garnered increasing attention in the recent past. In

his seminal paper, Dung showed how an abstract notion of argu-

ment (seen as an atomic entity) and the notion of individual attacks

between arguments together could reconstruct several established

KR formalisms in argumentative terms. Despite the generality of

those and many more results in the field that was sparked by that pa-

per, researchers also noticed that the restriction to individual attacks
is often overly limiting, and devised extensions and generalizations

of Dung’s frameworks: directions included generalizing individual

attacks to collective attacks [23], leading to so-called SETAFs; oth-

ers started offering a support relation between arguments [8], prefer-

ences among arguments [1, 22], or attacks on attacks into arbitrary

depth [2]. This is only the tip of an iceberg, for a more comprehensive

overview we refer to the work of Brewka, Polberg, and Woltran [5].

One of the most recent and most comprehensive generalizations

of AFs has been presented by Brewka and Woltran [6] (and later

continued by Brewka et al. [4]) in the form of abstract dialectical
frameworks (ADFs). These ADFs offer any type of link between

arguments: individual attacks (as in AFs), collective attacks (as in

SETAFs), and individual and collective support, to name only a few.

This generality is achieved through so-called acceptance conditions
associated to each statement. Roughly, the meaning of relationships

between arguments is not fixed in ADFs, but is specified by the

user for each argument in the form of Boolean functions (accept-

ance functions) on the argument’s parents. However, this generality

comes with a price: Strass and Wallner [29] found that the complex-

ity of the associated reasoning problems of ADFs is in general higher

1 Institute of Information Systems, TU Wien, Vienna, Austria
2 Computer Science Institute, Leipzig University, Leipzig, Germany

than in AFs (one level up in the polynomial hierarchy). Fortunately,

the subclass of bipolar ADFs (defined by Brewka and Woltran [6]) is

as complex as AFs (for all considered semantics) while still offering

a wide range of modeling capacities [29]. However, there has only

been little concerted effort so far to exactly analyze and compare the

expressiveness of the abovementioned languages.

This paper is about exactly analyzing means of expression for ar-

gumentation formalisms. Instead of motivating expressiveness in nat-

ural language and showing examples that some formalisms seem to

be able to express but others do not, we tackle the problem in a formal

way. We use a precise mathematical definition of expressiveness: a

set of interpretations is realizable by a formalism under a semantics

if and only if there exists a knowledge base of the formalism whose

semantics is exactly the given set of interpretations. Studying real-

izability in AFs has been started by Dunne et al. [11, 10], who ana-

lyzed realizability for extension-based semantics, that is, interpreta-

tions represented by sets where arguments are either accepted (in the

extension set) or not accepted (not in the extension set). While their

initial work disregarded arguments that are never accepted, there

have been continuations where the existence of such “invisible” ar-

guments is ruled out [3, 20]. Dyrkolbotn [12] began to analyze realiz-

ability for labeling-based semantics of AFs, that is, three-valued se-

mantics where arguments can be accepted (mapped to true), rejected

(mapped to false) or neither (mapped to unknown). Strass [28] star-

ted to analyze the relative expressiveness of two-valued semantics

for ADFs (relative with respect to related formalisms). Most re-

cently, Pührer [26] presented precise characterizations of realizab-

ility for ADFs under several three-valued semantics, namely admiss-

ible, grounded, complete, and preferred. The term “precise charac-

terizations” means that he gave necessary and sufficient conditions

for an interpretation set to be ADF-realizable under a semantics.

The present paper continues this line of work by lifting it to a much

more general setting. We combine the works of Dunne et al. [10],

Pührer [26], and Strass [28] into a unifying framework, and at the

same time extend them to formalisms and semantics not considered

in the respective papers: we treat several formalisms, namely AFs,

SETAFs, and (B)ADFs, while the previous works all used differ-

ent approaches and techniques. This is possible because all of these

formalisms can be seen as subclasses of ADFs that are obtained by

suitably restricting the acceptance conditions.

Another important feature of our framework is that we uniformly

use three-valued interpretations as the underlying model theory. In

particular, this means that arguments cannot be “invisible” any more

since the underlying vocabulary of arguments is always implicit in

each interpretation. Technically, we always assume a fixed underly-

ing vocabulary and consider our results parametric in that vocabu-

lary. In contrast, for example, Dyrkolbotn [12] presents a construc-
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tion for realizability that introduces new arguments into the realizing

knowledge base; we do not allow that. While sometimes the intro-

duction of new arguments can make sense, for example if new in-

formation becomes available about a domain or a debate, it is not

sensible in general, as these new arguments would be purely tech-

nical with an unclear dialectical meaning. Moreover, it would lead

to a different notion of realizability, where most of the realizability

problems would be significantly easier, if not trivial.

The paper proceeds as follows. We begin with recalling and intro-

ducing the basis and basics of our work – the formalisms we analyze

and the methodology with which we analyze them. Next we intro-

duce our general framework for realizability; the major novelty is

our consistent use of so-called characterization functions, firstly in-

troduced by Pührer [26], which we adapt to further semantics. The

main workhorse of our approach will be a parametric propagate-and-

guess algorithm for deciding whether a given interpretation set is

realizable in a formalism under a semantics. We then analyze the rel-

ative expressiveness of the considered formalisms, presenting several

new results that we obtained using an implementation of our frame-

work. We conclude with a discussion.

2 Preliminaries
We make use of standard mathematical concepts like functions and

partially ordered sets. For a function f : X → Y we denote the up-
date of f with a pair (x, y) ∈ X × Y by f |xy : X → Y with z �→ y
if z = x, and z �→ f(z) otherwise. For a function f : X → Y and

y ∈ Y , its preimage is f−1(y) = {x ∈ X | f(x) = y}. A partially
ordered set is a pair (S,&) with & a partial order on S. A partially

ordered set (S,&) is a complete lattice if and only if every S′ ⊆ S
has both a greatest lower bound (glb)

�
S′ ∈ S and a least upper

bound (lub)
⊔

S′ ∈ S. A partially ordered set (S,&) is a complete
meet-semilattice iff every non-empty subset S′ ⊆ S has a greatest

lower bound
�

S′ ∈ S (the meet) and every ascending chain C ⊆ S
has a least upper bound

⊔
C ∈ S.

Three-Valued Interpretations Let A be a fixed finite set of state-

ments. An interpretation is a mapping v : A→ {t, f ,u} that assigns

one of the truth values true (t), false (f ) or unknown (u) to each

statement. An interpretation is two-valued if v(A) ⊆ {t, f}, that is,

the truth value u is not assigned. Two-valued interpretations v can be

extended to assign truth values v(ϕ) ∈ {t, f} to propositional for-

mulas ϕ as usual.

The three truth values are partially ordered according to their in-

formation content: we have u <i t and u <i f and no other pair in

<i, which intuitively means that the classical truth values contain

more information than the truth value unknown. As usual, we denote

by ≤i the partial order associated to the strict partial order <i. The

pair ({t, f ,u} ,≤i) forms a complete meet-semilattice with the in-

formation meet operation (i. This meet can intuitively be interpreted

as consensus and assigns t (i t = t, f (i f = f , and returns u oth-

erwise.

The information ordering ≤i extends in a straightforward way to

interpretations v1, v2 over A in that v1 ≤i v2 iff v1(a) ≤i v2(a) for

all a ∈ A. We say for two interpretations v1, v2 that v2 extends v1
iff v1 ≤i v2. The set V of all interpretations over A forms a com-

plete meet-semilattice with respect to the information ordering ≤i.

The consensus meet operation (i of this semilattice is given by

(v1 (i v2)(a) = v1(a) (i v2(a) for all a ∈ A. The least element of

(V,≤i) is the valuation vu : A→ {u}mapping all statements to un-

known – the least informative interpretation. By V2 we denote the set

of two-valued interpretations; they are the ≤i-maximal elements of

the meet-semilattice (V,≤i). We denote by [v]2 the set of all two-

valued interpretations that extend v. The elements of [v]2 form an

≤i-antichain with greatest lower bound v =
�

i[v]2.

Abstract Argumentation Formalisms An abstract dialectical
framework (ADF) is a tuple D = (A,L,C) where A is a set of

statements (representing positions one can take or not take in a

debate), L ⊆ A×A is a set of links (representing dependencies

between the positions), C = {Ca}a∈A is a collection of functions

Ca : 2par(a) → {t, f}, one for each statement a ∈ A. The func-

tion Ca is the acceptance condition of a and expresses whether

a can be accepted, given the acceptance status of its parents

par(a) = {b ∈ S | (b, a) ∈ L}. We usually represent each Ca by a

propositional formula ϕa over par(a). For the acceptance condition

Ca, we take Ca(M ∩ par(a)) = t to hold iff M is a model of ϕa.

Brewka and Woltran [6] introduced a useful subclass of ADFs: an

ADF D = (A,L,C) is bipolar iff all links in L are supporting or

attacking (or both). A link (b, a) ∈ L is supporting in D iff for all

M ⊆ par(a), we have that Ca(M) = t implies Ca(M ∪ {b}) = t.

Symmetrically, a link (b, a) ∈ L is attacking in D iff for all

M ⊆ par(a), we have that Ca(M ∪ {b}) = t implies Ca(M) = t.

Intuitively, a link (b, a) ∈ L is supporting iff it can never be the case

that there is some state of affairs where we accept a and reject b, but

after additionally also accepting b do not accept a any more. Sym-

metrically, a link (b, a) ∈ L is attacking iff it can never be the case

that we reject a and b, but after accepting b also accept a. If a link

(b, a) is both supporting and attacking then b has no actual influence

on a. (But the link does not violate bipolarity.) We write BADFs

as D = (A,L+ ∪ L−, C) and mean that L+ contains all supporting

links and L− all attacking links; see also Example 1 below.3

The semantics of ADFs can be defined using an operator ΓD over

three-valued interpretations [6, 4]. For an ADF D and a three-valued

interpretation v, the interpretation ΓD(v) is given by

a �→ �
i {w(ϕa) | w ∈ [v]2}

That is, for each statement a, the operator returns the consensus truth

value for its acceptance formula ϕa, where the consensus takes into

account all possible two-valued interpretations w that extend the in-

put valuation v. If this v is two-valued, we get [v]2 = {v} and thus

ΓD(v)(a) = v(ϕa).
The standard semantics of ADFs are now defined as follows. For

ADF D, an interpretation v : A→ {t, f ,u} is

• admissible iff v ≤i ΓD(v);
• complete iff ΓD(v) = v;

• preferred iff it is ≤i-maximal admissible;

• a two-valued model iff it is two-valued and ΓD(v) = v.

We denote the sets of interpretations that are admissible, complete,

preferred, and two-valued models by adm(D), com(D), prf (D)
and mod(D), respectively. These definitions are proper generaliz-

ations of Dung’s notions for AFs: For an AF (A,R), where R ⊆
A × A is the attack relation, the ADF associated to (A,R) is

D(A,R) = (A,R,C) with C = {ϕa}a∈A and ϕa =
∧

b:(b,a)∈R ¬b
for all a ∈ A. AFs inherit their semantics from the definitions for

ADFs [4, Theorems 2 and 4]. In particular, an interpretation is stable
for an AF (A,R) if and only if it is a two-valued model of D(A,R).

3 Other than a part of the name, there is no relationship of bipolar ADFs with
the bipolar framework of Cayrol and Lagasquie-Schiex [8]; Brewka and
Woltran gave a more detailed comparison of the two formalisms [6].
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Example 1. Consider the bipolar ADF D = (A,L+ ∪ L−, C) over

vocabulary A = {a, b, c} with

ϕa = b ∧ c, ϕb = ¬a, ϕc = a ∨ ¬b

whence it follows that L+ = {(b, a), (c, a), (a, c)} and

L− = {(a, b), (b, c)}. (The types of links can be read off the

polarities of the statements in the acceptance formulas [28, The-

orem 1]; statements occurring only positively are supporting, those

that occur only negatively are attacking.) Intuitively, the acceptance

condition ϕa is a group support: a can only be accepted if both b
and c are accepted. For b, we have an individual attack just like in

standard AFs: b is attacked by a, and therefore only be accepted if a
is not accepted. The acceptance condition of c consists of a support

by a that overpowers an attack by b; in other words, to be able to

accept c, the support from a must be present or the attack from b
must be absent, and if both are present then the support is stronger.

(We could have specified that the attack is stronger than the support

by writing ϕc = a ∧ ¬b.) Regarding the semantics of D, we find that

mod(D) = prf (D) = {v1} with v1 = {a �→ f , b �→ t, c �→ f}.
Furthermore, we have adm(D) = com(D) = prf (D) ∪ {v2}
where v2 = {a �→ u, b �→ u, c �→ u}. Intuitively, setting all state-

ments to u is always admissible; in this case it is also complete

because no statement is unconditionally accepted or rejected. The

non-trivial interpretation v1 is a model of the BADF because

intuitively: a is rejected since it misses the support of c; b is accepted

because the attack from a does not materialize; c is rejected because

it misses support from a and at the same time is attacked by b. �

A SETAF is a pair S = (A,X) where X ⊆ (2A \ {∅})×A is the

(set) attack relation. We define three-valued counterparts of the se-

mantics introduced by Nielsen and Parsons [23], following the same

conventions as in three-valued semantics of AFs [7] and argument-

ation formalisms in general. Given a statement a ∈ A and an inter-

pretation v we say that a is acceptable with respect to v if and only

if ∀(B, a) ∈ X∃a′ ∈ B : v(a′) = f and a is unacceptable with re-

spect to v if and only if ∃(B, a) ∈ X∀a′ ∈ B : v(a′) = t.

For an interpretation v : A→ {t, f ,u} it holds that

• v ∈ adm(S) iff for all a ∈ A, a is acceptable wrt. v if v(a) = t
and a is unacceptable wrt. v if v(a) = f ;

• v ∈ com(S) iff for all a ∈ A, a is acceptable wrt. v iff v(a) = t
and a is unacceptable wrt. v iff v(a) = f ;

• v ∈ prf (S) iff v is ≤i-maximal admissible; and

• v ∈ mod(S) iff v ∈ adm(F ) and �a ∈ A : v(a) = u.

For a SETAF S = (A,X) the corresponding ADF DS has accept-

ance formula ϕa =
∧

(B,a)∈X
∨

a′∈B ¬a′ for each statement a ∈ A.

Proposition 1. For any SETAF S = (A,X) it holds that

σ(S) = σ(DS), where σ ∈ {adm, com, prf ,mod}.
Proof. Given interpretation v and statement a, it holds that

ΓDS (v)(a) = t iff ∀w ∈ [v]2 : w(a) = t iff ∀(B, a) ∈ X
∃a′ ∈ B : v(a′) = f iff a is acceptable wrt. v and ΓDS (v)(a) = f
iff ∀w ∈ [v]2 : w(a) = f iff ∃(B, a) ∈ X ∀a′ ∈ B : v(a′) = t
iff a is unacceptable wrt. v. Hence σ(S) = σ(DS) for

σ ∈ {adm, com, prf ,mod}. �

Realizability A set V ⊆ V of interpretations is realizable in a

formalism F under a semantics σ if and only if there exists a know-

ledge base kb ∈ F having exactly σ(kb) = V . Pührer [26] charac-

terized realizability for ADFs under various three-valued semantics.

We will reuse the central notions for capturing the complete se-

mantics in this work.

Definition 1 (Pührer [26]). Let V be a set of interpretations. A

function f : V2 → V2 is a com-characterization of V iff: for each

v ∈ V we have v ∈ V iff for each a ∈ A:

• v(a) = u implies f(v2)(a) = v(a) for all v2 ∈ [v]2 and

• v(a) = u implies f(v′2)(a) = t and f(v′′2 )(a) = f for some

v′2, v
′′
2 ∈ [v]2. �

Intuitively, a com-characterization f assigns the Boolean value

f(v)(a) to a statement a that the acceptance condition of a would

have under v in an ADF that has V as its complete semantics. From

a function of this kind we can build a corresponding ADF by the

following construction. For f : V2 → V2, we define Df as the ADF

where the acceptance formula for each statement a is given by

ϕf
a =

∨
w∈V2,

f(w)(a)=t

φw with φw =
∧

w(a′)=t

a′ ∧
∧

w(a′)=f

¬a′

Observe that for any v ∈ V2 we have v(φw) = t iff v = w by defini-

tion. Intuitively, the acceptance condition ϕf
a is constructed such that

v is a model of ϕf
a if and only if we find f(v)(a) = t.

Proposition 2 (Pührer [26]). Let V ⊆ V be a set of interpreta-

tions. (1) For each ADF D with com(D) = V , there is a com-

characterization fD for V ; (2) for each com-characterization

f : V2 → V2 for V we have com(Df ) = V .

The result shows that V can be realized under complete semantics if

and only if there is a com-characterization for V .

3 A General Framework for Realizability
The underlying idea of our framework is that all abstract argument-

ation formalisms introduced in the previous section can be viewed

as subclasses of ADFs. This is clear for ADFs themselves and for

BADFs by definition; for (SET)AFs it is fairly easy to see. However,

knowing that these formalisms can be recast as ADFs is not enough.

To employ this knowledge for realizability, we must precisely charac-

terize the corresponding subclasses in terms of restricting the ADFs’

acceptance functions. Fortunately, this is also possible and paves the

way for the framework we present in this section. Most importantly,

we will make use of the fact that different formalisms and different

semantics can be characterized modularly, that is, independently of

each other.

Towards a uniform account of realizability for ADFs under differ-

ent semantics, we start with a new characterization of realizability for

ADFs under admissible semantics that is based on a notion similar in

spirit to com-characterizations.

Definition 2. Let V be a set of interpretations. A function f : V2 →
V2 is an adm-characterization of V iff: for each v ∈ V we have

v ∈ V iff for every a ∈ A:

• v(a) = u implies f(v2)(a) = v(a) for all v2 ∈ [v]2. �

Similar as for a com-characterization, an adm-characterization f as-

signs the value f(v)(a) to a statement a that the acceptance condition

of a would evaluate to under v in an ADF that has V as its admissible

semantics. Note that the only difference to Definition 1 is dropping

the second condition related to statements with truth value u. While,
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the two conditions in Definition 1 capture the relation ΓDf (v) = v,

the remaining one in Definition 2 boils down to v ≤i ΓDf (v) that

defines the admissible semantics.

Proposition 3. Let V ⊆ V be a set of interpretations. (1) For each

ADF D such that adm(D) = V , there is an adm-characterization

fD for V ; (2) for each adm-characterization f : V2 → V2 for V we

have adm(Df ) = V .

Proof. (1) We define the function fD : V2 → V2 as

fD(v2)(a) = v2(ϕa) for every v2 ∈ V2 and a ∈ A where ϕa

is the acceptance formula of a in D. We will show that fD is an

adm-characterization for V = adm(D). Let v be an interpretation.

Consider the case v ∈ adm(D) and v(a) = u for some a ∈ A
and some v2 ∈ [v]2. From v ≤i ΓD(v) we get v2(ϕa) = v(a). By

definition of fD it follows that fD(v2)(a) = v(a). Now assume

v ∈ adm(D) and consequently v ≤i ΓD(v). There must be some

a ∈ A such that v(a) = u and v(a) = ΓD(v)(a). Hence, there is

some v2 ∈ [v]2 with v2(ϕa) = v(a) and fD(v2)(a) = v(a) by

definition of fD . Thus, fD is an adm-characterization for V .

(2) Observe that for every two-valued interpretation v2 and every

a ∈ A we have f(v2)(a) = v2(ϕ
f
a). (⊆): Let v ∈ adm(Df ) be an

interpretation and a ∈ A a statement such that v(a) = u. Let v2
be a two-valued interpretation with v2 ∈ [v]2. Since v ≤i ΓDf (v)

we have v(a) = v2(ϕ
f
a). Therefore, by our observation it must also

hold that f(v2)(a) = v(a). Thus, by Definition 2, v ∈ V . (⊇): Con-

sider an interpretation v such that v ∈ adm(Df ). We show that

v ∈ V . From v ∈ adm(Df ) we get v ≤i ΓDf (v). There must be

some a ∈ A such that v(a) = u and v(a) = ΓDf (v)(a). Hence,

there is some v2 ∈ [v]2 with v2(ϕ
f
a) = v(a) and consequently

f(v2)(a) = v(a). Thus, by Definition 2 we have v ∈ V . �

When listing sets of interpretations in examples, for the sake of

readability we represent three-valued interpretations by sequences

of truth values, tacitly assuming that the underlying vocabu-

lary is given and has an associated total ordering. For example,

for the vocabulary A = {a, b, c} we represent the interpretation

{a �→ t, b �→ f , c �→ u} by the sequence tfu.

Example 2. Consider the sets V1 = {uuu, tff , ftu} and

V2 = {tff , ftu} of interpretations over A = {a, b, c}. The mapping

f = {ttt �→ ftt, ttf �→ tft, tft �→ ttt, tff �→ tff , ftt �→ ftf ,

ftf �→ ftt, f ft �→ ttf , f f f �→ ftf} is an adm-characterization

for V1. Thus, the ADF Df has V1 as its admissible interpretations.

Indeed, the realizing ADF has the following acceptance conditions:

ϕf
a ≡ (a ∧ b ∧ ¬c) ∨ (a ∧ ¬b) ∨ (¬a ∧ ¬b ∧ c)

ϕf
b ≡ (a ∧ c) ∨ (¬a ∧ b) ∨ (¬a ∧ ¬b ∧ ¬c)

ϕf
c ≡ (a ∧ b) ∨ (¬a ∧ b ∧ ¬c) ∨ (¬b ∧ c)

For V2 no adm-characterization exists because uuu ∈ V2, but the

implication of Definition 2 trivially holds for a, b, and c. �

We have seen that the construction Df for realizing under com-

plete semantics can also be used for realizing a set V of interpret-

ations under admissible semantics. The only difference is that we

here require f to be an adm-characterization instead of a com-

characterization for V . Note that admissible semantics can be char-

acterized by properties that are easier to check than existence of an

adm-characterization (see the work of Pührer [26]). However, us-

ing the same type of characterizations for different semantics allows

for a unified approach for checking realizability and constructing a

realizing ADF in case one exists.

For realizing under the model semantics, we can likewise present

an adjusted version of com-characterizations.

Definition 3. Let V ⊆ V be a set of interpretations. A function

f : V2 → V2 is a mod -characterization of V if and only if: (1) f
is defined on V (that is, V ⊆ V2) and (2) for each v ∈ V2, we have

v ∈ V iff f(v) = v. �

As we can show, there is a one-to-one correspondence between

mod -characterizations and ADF realizations.

Proposition 4. Let V ⊆ V be a set of interpretations. (1) For each

ADF D such that mod(D) = V , there is a mod -characterization fD
for V ; (2) vice versa, for each mod -characterization f : V2 → V2
for V we find mod(Df ) = V .

A related result was given by Strass [28, Proposition 10]. The char-

acterization we presented here fits into the general framework of this

paper and is directly usable for our realizability algorithm. The next

result summarizes how ADF realizability can be captured by differ-

ent types of characterizations for the semantics we considered so far.

Theorem 5. Let V ⊆ V be a set of interpretations and consider

σ ∈ {adm, com,mod}. There is an ADF D such that σ(D) = V
if and only if there is a σ-characterization for V .

The preferred semantics of an ADF D is closely related to its ad-

missible semantics as, by definition, the preferred interpretations

of D are its ≤i-maximal admissible interpretations. As a con-

sequence we can also describe preferred realizability in terms of

adm-characterizations. We use the lattice-theoretic standard notation

max≤i V to denote the ≤i-maximal elements of a given set V .

Corollary 6. Let V ⊆ V be a set of interpretations. There is an ADF

D with prf (D) = V iff there is an adm-characterization for some

V ′ ⊆ V with V ⊆ V ′ and max≤i V
′ = V .

Finally, we give a result on the complexity of deciding realizability

for the mentioned formalisms and semantics. We assume here that

the representation of an interpretation-set V over vocabulary A has

size Θ(3|A|), that is, the size grows asymptotically in the order of

3|A|. A possible encoding could be a bit string of length 3|A| where

the presence (or absence) of each v ∈ V is encoded by a 1 (or 0)

at a particular position in the string. There might be specific V with

smaller possible representations, but we have no grounds to presume

a representation that is exponentially better in the general case.

Proposition 7. Let F ∈ {AF, SETAF,BADF,ADF} be a formal-

ism and σ ∈ {adm, com, prf ,mod} be a semantics. The decision

problem “Given a vocabulary A and a set V ⊆ V of interpretations

over A, is there a kb ∈ F such that σ(kb) = V ?” can be decided in

nondeterministic time that is polynomial in the size of V .

Proof. Roughly, we guess a function f : V2 → V2 and verify that

it is a σ-characterization. Such a function f can be represented in

size O(2|A| · |A|), that is, at most polynomial in the input of size

O(3|A|): the fact that n · 2n ∈ o(3n) ⊆ O(3n) follows from

lim
n→∞

n · 2n
3n

= lim
n→∞

n(
3
2

)n ∗
= lim

n→∞
1

ln 3
2
·
(
3
2

)n = 0

where the starred equality holds by L’Hôpital’s rule.

To verify that the guessed f is indeed a σ-characterization, we

check (some of) the properties of Definition 1. For σ = com , this can

be done in polynomial time as follows: for each v ∈ V and a ∈ A, we
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look at the set [v]2 ⊆ V2 (which is at most polynomial in the input)

and check for the respective witness interpretations (if v(a) = u)

or their absence (if v(a) = u). For σ = adm , there are even less

conditions to check. For σ = mod , we compute the set F of fix-

points of f (by going through V once and checking f(v) = v for

each v ∈ V) and verify that F = V . For σ = prf , we guess the V ′

(with V ⊆ V ′ ⊆ V) from Corollary 6 alongside f and verify that f
is an adm-characterization for V ′ and that max≤i V

′ = V . �

3.1 Deciding Realizability: Algorithm 1

Our main algorithm for deciding realizability is a propagate-and-

guess algorithm in the spirit of the DPLL algorithm for deciding

propositional satisfiability [19]. It is generic with respect to (1) the

formalism F and (2) the semantics σ for which should be realized.

To this end, the propagation part of the algorithm is kept exchange-

able and will vary depending on formalism and semantics. Roughly,

in the propagation step the algorithm uses the desired set V of in-

terpretations to derive certain necessary properties of the realizing

knowledge base (line 2). This is the essential part of the algorithm:

the derivation rules (propagators) used there are based on charac-

terizations of realizability with respect to formalism and semantics.

(Propagators will be explained in detail in the next two subsections.)

Once propagation of properties has reached a fixed point (line 7),

the algorithm checks whether the derived information is sufficient to

construct a knowledge base. If so, the knowledge base can be con-

structed and returned (line 9). Otherwise (no more information can

be obtained through propagation and there is not enough information

to construct a knowledge base yet), the algorithm guesses another as-

signment for the characterization (line 11) and calls itself recursively.

The main data structure that Algorithm 1 operates on is a set of

triples (v, a,x) consisting of a two-valued interpretation v ∈ V2, an

atom a ∈ A and a truth value x ∈ {t, f}. This data structure is inten-

ded to represent the σ-characterizations introduced in Definitions 1

to 3. There, a σ-characterization is a function f : V2 → V2 from two-

valued interpretations to two-valued interpretations. However, as the

algorithm builds the σ-characterization step by step and there might

not even be a σ-characterization in the end (because V is not real-

izable), we use a set F of triples (v, a,x) to be able to represent

both partial and incoherent states of affairs. The σ-characterization

candidate induced by F is partial if we have that for some v and a,

neither (v, a, t) ∈ F nor (v, a, f) ∈ F ; likewise, the candidate is in-

coherent if for some v and a, both (v, a, t) ∈ F and (v, a, f) ∈ F .

If F is neither partial nor incoherent, it gives rise to a unique σ-

characterization that can be used to construct the knowledge base

realizing the desired set of interpretations. The correspondence to

the characterization-function is then such that f(v)(a) = x iff

(v, a,x) ∈ F .

In our presentation of the algorithm we focused on its main fea-

tures, therefore the guessing step (line 11) is completely “blind”. It is

possible to use techniques known from constraint satisfaction prob-

lems, such as shaving (removing guessing possibilities that directly

lead to inconsistency). Finally, we remark that the algorithm can be

extended to enumerate all possible realizations of a given interpreta-

tion set – by keeping all choice points in the guessing step and thus

exhaustively exploring the whole search space.

In the case where the constructed relation F becomes functional

at some point, the algorithm returns a realizing knowledge base

kbFσ (F ). For ADFs, this just means that we denote by f the σ-

characterization represented by F and set kbADF
σ (F ) = Df . For the

remaining formalisms we will introduce the respective constructions

Algorithm 1 realize(F , σ, V, F )

Input: • a formalism F
• a semantics σ for F
• a set V of interpretations v : A→ {t, f ,u}
• a relation F ⊆ V2 ×A× {t, f}, initially empty

Output: a kb ∈ F with σ(kb) = V or “no” if none exists

1: repeat
2: set FΔ :=

⋃
p∈PFσ

p(V, F ) \ F

3: set F := F ∪ FΔ

4: if ∃v ∈ V2, ∃a ∈ A : {(v, a, t), (v, a, f)} ⊆ F then
5: return “no”

6: end if
7: until FΔ = ∅
8: if ∀v ∈ V2, ∀a ∈ A, ∃x ∈ {t, f} : (v, a, x) ∈ F then
9: return kbFσ (F )

10: end if
11: choose v ∈ V2, a ∈ A with (v, a, t) /∈ F , (v, a, f) /∈ F
12: if realize(F , σ, V, F ∪ {(v, a, t)}) = “no” then
13: return realize(F , σ, V, F ∪ {(v, a, t)})
14: else
15: return realize(F , σ, V, F ∪ {(v, a, f)})
16: end if

in later subsections.

The algorithm is parametric in two dimensions, namely with re-

spect to the formalism F and with respect to the semantics σ. These

two aspects come into the algorithm via so-called propagators. A

propagator is a formalism-specific or semantics-specific set of deriv-

ation rules. Given a set V of desired interpretations and a partial σ-

characterization F , a propagator p derives new triples (v, a,x) that

must necessarily be part of any total σ-characterization f for V such

that f extends F . In what follows, we present semantics propagators

for admissible, complete and two-valued model (in (SET)AF terms

stable) semantics, and formalism propagators for BADFs, AFs, and

SETAFs.

3.2 Semantics Propagators

The semantics propagators are defined in Figure 1. They are dir-

ectly derived from the properties of σ-characterizations presented in

Definitions 1 to 3. While the definitions provide exact conditions to

check whether a given function is a σ-characterization, the propagat-

ors allow us to derive definite values of partial characterizations that

are necessary to fulfill the conditions for being a σ-characterization.

For admissible semantics, the condition for a function f to be an

adm-characterization of a desired set of interpretations V (cf. Defin-

ition 2) can be split into a condition for desired interpretations v ∈ V
and two conditions for undesired interpretations v /∈ V . Propagator

p∈adm derives new triples by considering interpretations v ∈ V . Here,

for all two-valued interpretations v2 that extend v, the value f(v2)
has to be in accordance with v on v’s Boolean part, that is, the al-

gorithm adds (v2, a, v(a)) whenever v(a) = u. On the other hand,

p/∈
adm derives new triples for v /∈ V in order to ensure that there is a

two-valued interpretation v2 extending v where f(v2) differs from v
on a Boolean value of v. Note that while p∈adm immediately allows us

to derive information about F for each desired interpretation v ∈ V ,

propagator p/∈
adm is much weaker in the sense that it only derives

a triple of F if there is no other way to meet the conditions for an

undesired interpretation. Special treatment is required for the inter-

pretation vu that maps all statements to u and is admissible for every
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p
∈
adm(V, F ) = {(v2, a, v(a)) | v ∈ V, v2 ∈ [v]2, v(a) �= u} p

∈,u
com (V, F ) = {(v2, a,¬x) | v ∈ V, v2 ∈ [v]2, v(a) = u,

p
/∈
adm(V, F ) = {(v2, a,¬v(a)) | v ∈ V \ V, v2 ∈ [v]2, x ∈ {t, f}, ∀v′2 ∈ [v]2 : v2 �= v

′
2 → (v

′
2, a,x) ∈ F}

v(a) �= u, ∀b ∈ A \ v
−1

(u), ∀v′2 ∈ [v]2 : p
�∈,tf
com (V, F ) = {(v2, a,¬v(a)) | v ∈ V \ V, v2 ∈ [v]2, v(a) �= u,

(a, v2) �= (b, v
′
2) → (v

′
2, b, v(b)) ∈ F} ∀b ∈ A \ v

−1
(u), ∀v′2 ∈ [v]2 : (a, v2) �= (b, v

′
2) → (v

′
2, b, v(b)) ∈ F,

p
�

adm(V, F ) = {(v, a, t), (v, a, f) | v ∈ V2, a ∈ A, vu �∈ V } ∀b ∈ v
−1

(u), ∃v′′2 , v
′′′
2 ∈ [v]2 : (v

′′
2 , b, t), (v

′′′
2 , b, f) ∈ F}

p
∈
mod (V, F ) = {(v, a, v(a)) | v ∈ V, a ∈ A} p

�∈,u
com (V, F ) = {(v2, a,¬x) | v ∈ V \ V, v2 ∈ [v]2, v(a) = u,

p
/∈
mod (V, F ) = {(v, a,¬v(a)) | v ∈ V2 \ V, a ∈ A, ∀b ∈ A \ v

−1
(u), ∀v′2 ∈ [v]2 : (v2, b, v(b)) ∈ F,

∀c ∈ A \ {a} : (v, c, v(c)) ∈ F} ∀b ∈ v
−1

(u) \ {a} : ∃v′′2 , v
′′′
2 ∈ [v]2 : (v

′′
2 , b, t),

p
�

mod (V, F ) = {(v, a, t), (v, a, f) | v ∈ V2, a ∈ A, V �⊆ V2} (v
′′′
2 , b, f) ∈ F, ∀v′′′′2 ∈ [v]2 \ {v2} : (v

′′′′
2 , b,x) ∈ F}

Figure 1: Semantics propagators for the complete (PADF
com = {p∈,tfcom , p∈,ucom , p 
∈,tfcom , p 
∈,ucom} with p∈,tfcom (V, F ) = p∈adm (V, F )), admissible

(PADF
adm = {p∈adm , p/∈

adm , p�adm}), and model semantics (PADF
mod = {p∈mod , p

/∈
mod , p

�

mod}).

ADF. This is not captured by p∈adm and p/∈
adm as these deal only with

interpretations that have Boolean mappings. Thus, propagator p�adm
serves to check whether vu ∈ V . If this is not the case, the propag-

ator immediately makes the relation F incoherent and the algorithm

correctly answers “no”.

For complete semantics and interpretations v ∈ V , propagator

p∈,tfcom derives triples just like in the admissible case. Propagator

p∈,ucom deals with statements a ∈ A having v(a) = u for which there

have to be at least two v2, v
′
2 ∈ [v]2 having f(v2)(a) = t and

f(v′2)(a) = f . Hence p∈,ucom derives triple (v2, a,¬x) if for all other

v′2 ∈ [v]2 we find a triple (v′2, a,x). For interpretations v /∈ V it

must hold that there is some a ∈ A such that (i) v(a) = u and

f(v2)(a) = v(a) for some v2 ∈ [v]2 or (ii) v(a) = u but for all

v2 ∈ [v]2, f(v2) assigns the same Boolean truth value x to a. Now

if neither (i) nor (ii) can be fulfilled by any statement b ∈ A \ {a}
due to the current contents of F , propagators p 
∈,tfcom and p 
∈,ucom derive

triple (v2, a,¬v(a)) for v(a) = u if needed for a to fulfill (i) and

(v2, a,¬x) for v(a) = u if needed for a to fulfill (ii), respectively.

Example 3. Consider the set V3 = {uuu, fuu,uuf , ftf}. First,

we consider a run of realize(ADF, adm, V3, ∅). In the first itera-

tion, propagator p∈adm ensures that FΔ in line 2 contains (f f f , a, f),
(ftf , a, f), (ftf , c, f), and (f f f , c, f). Based on the latter three

tuples and fuf /∈ V3, propagator p/∈
adm derives (f f f , a, t) in the

second iteration which together with (f f f , a, f) causes the al-

gorithm to return “no”. Consequently, V3 is not adm-realizable.

A run of realize(ADF, com, V3, ∅) on the other hand returns

com-characterization f for V3 that maps ttf to tff , ftt to

f ft, ftf and f f f to ftf and all other v2 ∈ V2 to f f f . Hence,

ADF Df , given by the acceptance conditions ϕf
a = a ∧ b ∧ ¬c,

ϕf
b = (¬a ∧ b ∧ ¬c) ∨ (¬a ∧ ¬b ∧ ¬c), and ϕf

c = ¬a ∧ b ∧ c, has

V3 as its complete semantics. �
Finally, for two-valued model semantics, propagator p∈mod derives

new triples by looking at interpretations v ∈ V . For those, we must

find f(v) = v in each mod -characterization f by definition. Thus

the algorithm adds (v, a, v(a)) for each a ∈ A to the partial charac-

terization F . Propagator p/∈
mod looks at interpretations v ∈ V2 \ V ,

for which it must hold that f(v) = v. Thus there must be a statement

a ∈ A with v(a) = f(v)(a), which is exactly what this propagator

derives whenever it is clear that there is only one statement can-

didate left. This, in turn, is the case whenever all b ∈ A with the

opposite truth value ¬v(a) and all c ∈ A with c = a cannot co-

herently become the necessary witness any more. The propagator

p�mod checks whether V ⊆ V2, that is, the desired set of interpret-

Algorithm 2 realizePrf (F , V )

Input: • a formalism F
• a set V of interpretations v : A→ {t, f ,u}

Output: Return some kb ∈ F with prf (kb) = V if one exists or

“no” otherwise.
1: if max≤i V = V then
2: return “no”

3: end if
4: set V <i := {v ∈ V | ∃v′ ∈ V : v <i v

′}
5: set X := ∅
6: repeat
7: choose V ′ ⊆ V <i with V ′ /∈ X
8: set X := X ∪ {V ′}
9: set V adm := V ∪ V ′

10: if realize(F , adm, V adm , ∅) = “no” then
11: return realize(F , adm, V adm , ∅)
12: end if
13: until ∀V ′ ⊆ V <i : V ′ ∈ X
14: return “no”

ations consists entirely of two-valued interpretations. In that case

this propagator makes the relation F incoherent, following a similar

strategy as p�adm .

The Special Case of Preferred Semantics Realizing a given set

of interpretations V under preferred semantics requires special treat-

ment. We do not have a σ-characterization function for σ = prf
at hand to directly check realizability of V but have to find some

V ′ ⊆ {v ∈ V | ∃v′ ∈ V : v <i v
′} such that V ∪ V ′ is realizable

under admissible semantics (cf. Corollary 6). Algorithm 2 imple-

ments this idea by guessing such a V ′ (line 7) and then using

Algorithm 1 to try to realize V ∪ V ′ under admissible semantics

(line 11). If realize returns a knowledge base kb realizing V ∪ V ′

under adm we can directly use kb as solution of realizePrf since it

holds that prf (kb) = V , given that V is an ≤i-antichain (line 2).

3.3 Formalism Propagators
When constructing an ADF realizing a given set V of interpretations

under a semantics σ, the function kbADF
σ (F ) makes use of the σ-

characterization given by F in the following way: v is a model of the

acceptance condition ϕa if and only if we find (v, a, t) ∈ F . Now

as bipolar ADFs, SETAFs and AFs are all subclasses of ADFs by

restricting the acceptance conditions of statements, these restrictions

also carry over to the σ-characterizations. The propagators defined
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p
SETAF

(V, F ) = {(vf , a, t) | a ∈ A} ∪ {(w, a, t) | (v, a, t) ∈ F,w ∈ V2, w <t v} ∪ {(w, a, f) | (v, a, f) ∈ F,w ∈ V2, v <t w}

p
AF
(V, F ) = p

SETAF
(V, F ) ∪ {(v1 �t v2, a, t) | (v1, a, t) ∈ F, (v2, a, t) ∈ F} L

+
=

{
(b, a)

∣∣∣ (v, a, f) ∈ F, v(b) = f , (v|bt, a, t) ∈ F
}

p
BADF

(V, F ) = {(v|bt, a,x) | (v, a,x) ∈ F, (w, a,¬x) ∈ F,w(b) = f , (w|bt, a,x) ∈ F} L
−

=
{
(b, a)

∣∣∣ (v, a, t) ∈ F, v(b) = f , (v|bt, a, f) ∈ F
}

Figure 2: Formalism propagators. For formalism F ∈ {AF, SETAF,BADF} and any σ ∈ {adm, com, prf ,mod}, we set the respective propagator for F to
PFσ = P ADF

σ ∪ {pF} with pF as defined above. L+ and L− define link polarities for kbBADF
σ .

in Figure 2 use structural knowledge on the form of acceptance con-

ditions of the respective formalisms to reduce the search space or to

induce incoherence of F whenever V is not realizable.

Bipolar ADFs For bipolar ADFs, we use the fact that each of their

links must have at least one polarity, that is, must be supporting or

attacking. Therefore, if a link is not supporting, it must be attacking,

and vice versa. For canonical realization, we obtain the polarities of

links, that is, the sets L+ and L−, as defined in Figure 2.

AFs To explain the AF propagators, we first need some more defin-

itions. On the two classical truth values, we define the truth order-

ing f <t t, whence the operations 2t and (t with f 2t t = t and

f (t t = f result. These operations can be lifted pointwise to two-

valued interpretations as usual, i.e., (v1 2t v2)(a) = v1(a) 2t v2(a)
and (v1 (t v2)(a) = v1(a) (t v2(a). Again, the reflexive version of

<t is denoted by≤t. The pair (V2,≤t) of two-valued interpretations

ordered by the truth ordering forms a complete lattice with glb(t and

lub 2t. This complete lattice has the least element vf : A→ {f},
the interpretation mapping all statements to false, and the greatest

element vt : A→ {t} mapping all statements to true, respectively.

Acceptance conditions of AF-based ADFs have the form of con-

junctions of negative literals. In the complete lattice (V2,≤t), the

model sets of AF acceptance conditions correspond to the lattice-

theoretic concept of an ideal, a subset of V2 that is downward-

closed with respect to ≤t and upward-closed with respect to 2t. The

propagator directly implements these closure properties: application

of pAF ensures that when a σ-characterization F that is neither in-

coherent nor partial is found in line 8 of Algorithm 1, then there

is, for each a ∈ A, an interpretation va such that (va, a, t) ∈ F and

v ≤t va for each (v, a, t) ∈ F . Hence va is crucial for the accept-

ance condition, or in AF terms the attacks, of a and we can define

kbAF
σ (F ) = (A, {(b, a) | a, b ∈ A, va(b) = f}).

SETAFs The propagator for SETAFs, pSETAF, is a weaker version of

that of AFs, since we cannot presume upward-closure with respect to

2t. In SETAF-based ADFs the acceptance formula is in conjunctive
normal form containing only negative literals. By a transformation

preserving logical equivalence we obtain an acceptance condition in

disjunctive normal form, again with only negative literals; in other

words, a disjunction of AF acceptance formulas. Thus, the model set

of a SETAF acceptance condition is not necessarily an ideal, but a

union of ideals. For the canonical realization we can make use of

the fact that, for each a ∈ A, the set V t
a = {v ∈ V2 | (v, a, t) ∈ F}

is downward-closed with respect to ≤t, hence the set of models of∨
v∈max≤t

V t

∧
v(b)=f ¬b is exactly V t

a . The clauses of its corres-

ponding CNF-formula exactly coincide with the sets of arguments

attacking a in kbSETAF
σ (F ).

3.4 Correctness
For a lack of space, we could not include a formal proof of soundness

and completeness of Algorithm 1, but rather present arguments for

termination and correctness.

Termination With each recursive call, the set F can never decrease

in size, as the only changes to F are adding the results of propagation

in line 3 and adding the guesses in line 11. Also within the until-loop,

the set F can never decrease in size; furthermore there is only an

overall finite number of triples that can be added to F . Thus at some

point we must have FΔ = ∅ and leave the until-loop. Since F always

increases in size, at some point it must either become functional or

incoherent, whence the algorithm terminates.

Soundness If the algorithm returns kbFσ (F ) as a realizing know-

ledge base, then according to the condition in line 8 the relation F in-

duced a total function f : V2 → V2. In particular, because the until-

loop must have been run through at least once, there was at least one

propagation step (line 2). Since the propagators are defined such that

they enforce everything that must hold in a σ-characterization, we

conclude that the induced function f indeed is a σ-characterization

for V . By construction, we consequently find that σ(kbFσ (F )) = V .

Completeness If the algorithm answers “no”, then the execution

reached line 5. Thus, for the constructed set F , there must have

been an interpretation v ∈ V2 and a statement a ∈ A such that

{(v, a, t), (v, a, f)} ⊆ F , that is, F is incoherent. Since F is initially

empty, the only way it could get incoherent is in the propagation step

in line 2. (The guessing step cannot create incoherence, since exactly

one truth value is guessed for v and a.) However, the propagators

are defined such that they infer only assignments (triples) that are

necessary for the given F . Consequently, the given interpretation set

V is such that either there is no realization within the ADF fragment

corresponding to formalism F (that is, the formalism propagator de-

rived the incoherence) or there is no σ-characterization for V with

respect to general ADFs (that is, the semantics propagator derived

the incoherence). In any case, V is not σ-realizable for F .

4 Implementation
As Algorithm 1 is based on propagation, guessing, and checking

it is perfectly suited for an implementation using answer set pro-

gramming (ASP) [24, 21] as this allows for exploiting conflict learn-

ing strategies and heuristics of modern ASP solvers. Thus, we de-

veloped ASP encodings in the gringo language [17] for our ap-

proach. Similar as the algorithm, our declarative encodings are mod-

ular, consisting of a main part responsible for constructing set F
and separate encodings for the individual propagators. If one wants,

e.g., to compute an AF realization under admissible semantics for

a set V of interpretations, an input program encoding V is joined

with the main encoding, the propagator encoding for admissible

semantics as well as the propagator encoding for AFs. Every an-

swer set of such a program encodes a respective characterization

function. Our ASP encoding for preferred semantics is based on

the admissible encoding and guesses further interpretations follow-

ing the essential idea of Algorithm 2. For constructing a know-

ledge base with the desired semantics, we also provide two ASP

encodings that transform the output to an ADF in the syntax of
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the DIAMOND tool [14], respectively an AF in ASPARTIX syn-

tax [13, 15]. Both argumentation tools are based on ASP themselves.

The encodings for all the semantics and formalisms we covered in the

paper can be downloaded from http://www.dbai.tuwien.
ac.at/research/project/adf/unreal/.

5 Expressiveness Results
In this section we briefly present some results that we have obtained

using our implementation. We first introduce some necessary nota-

tion to describe the relative expressiveness of knowledge representa-

tion formalisms [18, 28]. For formalisms F1 and F2 with semantics

σ1 and σ2, we say that F2 under σ2 is at least as expressive as F1

under σ1 and write Fσ1
1 ≤e Fσ2

2 if and only if Σσ1
F1
⊆ Σσ2

F2
, where

Σσ
F = {σ(kb) | kb ∈ F} is the signature of F under σ. As usual,

we define F1 <e F2 if and only if F1 ≤e F2 and F2 ≤e F1.

We now start by considering the signatures of AFs, SETAFs and

(B)ADFs for the unary vocabulary {a}:

Σadm
AF = Σadm

SETAF = {{u} , {u, t}}
Σcom

AF = Σcom
SETAF = {{u} , {t}}

Σprf
AF = Σprf

SETAF = {{u} , {t}}
Σmod

AF = Σmod
SETAF = {∅, {t}}

Σadm
ADF = Σadm

BADF = Σadm
AF ∪ {{u, f} , {u, t, f}}

Σcom
ADF = Σcom

BADF = Σcom
AF ∪ {{f} , {u, t, f}}

Σprf
ADF = Σprf

BADF = Σprf
AF ∪ {{f} , {t, f}}

Σmod
ADF = Σmod

BADF = Σmod
AF ∪ {{f} , {t, f}}

The following result shows that the expressiveness of the formalisms

under consideration is in line with the amount of restrictions they

impose on acceptance formulas.

Theorem 8. For any σ ∈ {adm, com, prf ,mod}:
1. AFσ <e SETAFσ .

2. SETAFσ <e BADFσ .

3. BADFσ <e ADFσ .

Proof. (1) AFσ ≤e SETAFσ is clear (by modeling individual at-

tacks via singletons). For SETAFσ ≤e AFσ the witnessing interpret-

ation sets over vocabulary A = {a, b, c} are {uuu, ttf , tft, ftt} ∈
Σσ

SETAF \ Σσ
AF and {ttf , tft, ftt} ∈ Στ

SETAF \ Στ
AF with

σ ∈ {adm, com} and τ ∈ {prf ,mod}. By each pair of argu-

ments of A being t in at least one model, a realizing AF can-

not feature any attack, immediately giving rise to the model ttt.

The respective realizing SETAF is given by the attack relation

X = {({a, b}, c), ({a, c}, b), ({b, c}, a)}.
(2) It is clear that SETAFσ ≤e BADFσ holds (SETAFs are bipolar

since all parents are always attacking). For BADFσ ≤e SETAFσ the

respective counterexamples can be read off the signatures above:

for σ ∈ {adm, com} we find {u, t, f} ∈ Σσ
BADF \ Σσ

SETAF and for

τ ∈ {prf ,mod} we find {t, f} ∈ Στ
BADF \ Στ

SETAF. The realizing bi-

polar ADF has acceptance condition ϕa = a.

(3) For σ = mod the result is known [28, Theorem 14]; for the

remaining semantics the model sets witnessing ADFσ ≤e BADFσ

over vocabulary A = {a, b} are

{uu, tu, tt, tf , fu} ∈ Σadm
ADF \ Σadm

BADF

{uu, tu, tt, tf , fu} ∈ Σcom
ADF \ Σcom

BADF

{tt, tf , fu} ∈ Σprf
ADF \ Σprf

BADF

A witnessing ADF is given by ϕa = a and ϕb = a↔ b. �

Theorem 8 is concerned with the relative expressiveness of the

formalisms under consideration, given a certain semantics. Consider-

ing different semantics we find that for all formalisms the signatures

become incomparable:

Proposition 9. Fσ1
1 ≤e Fσ2

2 and Fσ2
2 ≤e Fσ1

1 for all form-

alisms F1,F2 ∈ {AF, SETAF,BADF,ADF} and all semantics

σ1, σ2 ∈ {adm, com, prf ,mod} with σ1 = σ2.

Proof. First, the result for adm and com follows by {u, t} ∈ Σadm
AF ,

but {u, t} /∈ Σcom
ADF and {t} ∈ Σcom

AF , but {t} /∈ Σadm
ADF . Moreover,

taking into account that the set of preferred interpretations (resp. two-

valued models) always forms a≤i-antichain while the set of admiss-

ible (resp. complete) interpretations never does, the result follows for

σ1 ∈ {adm, com} and σ2 ∈ {prf ,mod}. Finally, since a kb ∈ F
may not have any two-valued models and a preferred interpretation

is not necessarily two-valued, the result for prf and mod follows. �

Disregarding the possibility of realizing the empty set of interpret-

ations under the two-valued model semantics, we obtain the follow-

ing relation for ADFs.

Proposition 10. (Σmod
ADF \ {∅}) ⊆ Σprf

ADF.

Proof. Consider some V ∈ Σmod
ADF with V = ∅. Clearly V ⊆ V2

and by Proposition 4 there is a mod -characterization f : V2 → V2
for V , that is, f(v) = v iff v ∈ V . Define f ′ : V2 → V2 such

that f ′(v) = f(v) = v for all v ∈ V and f ′(v)(a) = ¬v(a) for

all v ∈ V \ V and a ∈ A. Now it holds that f ′ is an adm-

characterization of V ′ = {v ∈ V | ∀v2 ∈ [v]2 : v2 ∈ V } ∪ {vu}.
Since max≤i V

′ = V we get that the ADF D with acceptance for-

mula ϕf ′
a for each a ∈ A has prf (D) = V whence V ∈ Σprf

ADF. �

In contrast, this relation does not hold for AFs, which was shown for

extension-based semantics by Linsbichler et al. [20, Theorem 5] and

immediately follows for the three-valued case.

6 Discussion
We presented a framework for realizability in which AFs, SETAFs,

BADFs and general ADFs can be treated in a uniform way. The

centerpiece of our approach is an algorithm for deciding realizab-

ility of a given interpretation-set in a formalism under a semantics.

The algorithm makes use of so-called propagators, by which it can be

adapted to the different formalisms and semantics. We also presented

an implementation of our framework in answer set programming and

several novel expressiveness results that we obtained using our im-

plementation. In unpublished related work, our colleague Sylwia Pol-

berg studied a wide range of abstract argumentation formalisms, in

particular their relationship with ADFs [25]. This can be the basis for

including further formalisms into our realizability framework: all that

remains to do is figuring out suitable ADF fragments and developing

propagators for them, just like we did exemplarily for Nielsen and

Parsons’ SETAFs. For further future work, several semantics whose

realizability is yet unstudied could be added to our framework, for

example semantics based on conflict-freeness, like three-valued ver-

sions of conflict-free, naive, and stage semantics [27, 16, 29].
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A Scalable Clustering-Based Local Multi-Label
Classification Method

Lu Sun1 and Mineichi Kudo1 and Keigo Kimura1

Abstract. Multi-label classification aims to assign multiple labels

to a single test instance. Recently, more and more multi-label clas-

sification applications arise as large-scale problems, where the num-

bers of instances, features and labels are either or all large. To tackle

such problems, in this paper we develop a clustering-based local

multi-label classification method, attempting to reduce the problem

size in instances, features and labels. Our method consists of low-

dimensional data clustering and local model learning. Specifically,

the original dataset is firstly decomposed into several regular-scale

parts by applying clustering analysis on the feature subspace, which

is induced by a supervised multi-label dimension reduction tech-

nique; then, an efficient local multi-label model, meta-label classifier

chains, is trained on each data cluster. Given a test instance, only the

local model belonging to the nearest cluster to it is activated to make

the prediction. Extensive experiments performed on eighteen bench-

mark datasets demonstrated the efficiency of the proposed method

compared with the state-of-the-art algorithms.

1 INTRODUCTION

Originated from traditional single-label classification, multi-label

classification (MLC) enables to associate an instance with multiple

labels. MLC has been used to tackle a number of real-world applica-

tions like text categorization [11], semantic image classification [3],

video annotation [16] and music emotions detection [24], etc. Var-

ious MLC decomposition methods, such as Binary Relevance [3],

Classifier Chains [18, 6], Calibrated Label Ranking [8] and Label

Powerset [26], have been proposed by decomposing a multi-label

problem into one or a set of single-label classification problems.

As the rapid increasing of web-related applications, more and

more recent multi-label datasets emerge in large-scale, whose num-

bers of instances, features and labels are far from the regular-size.

For example, there are millions of videos in the video-sharing web-

site Youtube, while each one can be tagged by some of millions of

candidate categories. Such large-scale problems challenge the exist-

ing MLC methods. Several methods [38, 5] have been proposed to

tackle such a situation by training a multi-label model on the feature

or the label subspaces. The common assumption behind these meth-

ods is that noisy features exist in the original data and the training la-

bel matrix is low-rank. Although these methods achieved much suc-

cess in a number of MLC applications, further improvement in terms

of time complexity and prediction accuracy is recently required.

In this study, we put on two assumptions about the locality in

MLC setting: (a) meta-labels, i.e. reasonable and strong label com-

binations, exist implicitly in the label space; (b) only a fraction of

1 Hokkaido University, Sapporo 060-0814, Japan, email: {sunlu, mine,
kkimura}@main.ist.hokudai.ac.jp

features and instances are relevant to a meta-label. These assump-

tions are supported by several observations. For example, in Enron

dataset, 53 labels are categorized into only four meta-labels, and in

image annotation, an object typically relates to only a few regions in

the high-dimensional feature space.

Hence, we presume that MLC can be tackled by decomposing the

original large-scale data into several regular-scale datasets, each of

which is relevant to only several meta-labels in a feature subspace

with a fraction of training instances. Based on this assumption, a

Clustering-based Local MLC (CLMLC) method is proposed in this

paper. CLMLC consists of two stages, low-dimensional data clus-

tering and local model learning. In the first stage, a supervised di-

mension reduction is firstly conducted to project the original high-

dimensional data into a low-dimensional feature subspace, while

preserving feature-label correlation. Then clustering analysis is ap-

plied to partition the low-dimensional data into several regular-scale

datasets. In the second stage, within each data cluster, meta-labels

are mined by saving both label similarity and instance locality, and

then classifier chains over meta-labels are built as the local MLC

model. Given a test instance, prediction is made on the basis of

the local model corresponding to its nearest data cluster. To empir-

ically evaluate the performance of CLMLC, extensive experiments

on regular/large-scale datasets from various domains are carried out

with the state-of-the-art MLC algorithms.

2 RELATED WORKS

To handle large-scale MLC problems, recently many research ef-

forts have been paid to Feature Space Dimension Reduction (FS-

DR) and Label Space Dimension Reduction (LS-DR). In FS-DR, tra-

ditional supervised dimension reduction approaches, such as Latent

Semantic Indexing, Linear Discriminant Analysis, Canonical Corre-

lation Analysis and Hypergraph Spectral Learning, are specifically

extended to match the MLC setting [35, 29, 22, 21]. On the other

hand, in order to improve the discriminative ability for each label,

LIFT [37] and LLSF [9] are proposed to extract label-specific fea-

tures. In LS-DR, based on the assumption of low-rank of label ma-

trix, several embedding methods, such as Compressive Sensing [12],

CPLST [5] and FaIE [13], encode the sparse label space by preserv-

ing label correlations and maximizing predictability of latent label

space. By combining FS-DR and LS-DR, several methods have been

proposed in recent years. WSABIE [31] learns a low-dimensional

joint embedding space by approximately optimizing the precision on

the top k relevant labels. By modeling MLC as a general empirical

risk minimization problem with a low-rank constraint, LEML [34]

scales to very large datasets even with missing labels. To handle the

extreme MLC problems with a large number of labels, a tree-based
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method, FastXML, is proposed in [15] by directly optimizing a spe-

cific ranking loss function, nDCG, and by efficiently executing its

formulation in light of an alternating minimization algorithm.

The above methods can be categorized as global MLC methods,

since they assume that feature-label relationship can be modeled on

the whole training data. The global methods probably contradict real-

world problems, harming classification accuracy and bringing in high

time complexity, especially in large-scale datasets. To relax the as-

sumption, local MLC methods are proposed, aiming to solve a com-

plex problem by dividing it into multiple simpler ones. The local

strategy has two advantages. First, simpler problems can be solved by

simpler techniques, like transforming a global nonlinear problem into

a local linear problem. Second, the training and testing can be more

efficient, making the algorithm tractable for large-scale datasets.

As local MLC methods, Hierarchical Multi-Label Classification

(HMC) [19, 1, 28] builds a hierarchy of single-label classifiers. Un-

der the hierarchy constraint, the training data for each classifier is

restricted so that it contains only the instances associated with parent

labels. However, HMC’s applications are limited on particular prob-

lems in text categorization and genomics analysis. Applying the same

strategy of HMC, HOMER [25] breaks the constraint on the prede-

fined label hierarchy. It builds the label hierarchy by recursively con-

ducting balanced k-means on the label space, transforming the orig-

inal task into a tree-shaped hierarchy of simpler tasks, each one rele-

vant to a subset of labels. The local strategy is also applied by directly

finding data clusters. CBMLC [14] partitions the original multi-label

datasets into multiple small-scale datasets, on which multi-label clas-

sifiers are built individually. Given a test instance, it is feed only to

the classifier corresponding to the nearest cluster. To speed up the

kNN classification, SLEEC [2] partitions the original training data

into several clusters, learning a local nonlinear embedding per clus-

ter and conducting kNN only within the test sample’s nearest cluster.

On the other hand, in the regression setting, several regression tree

based methods, RETIS [10], M5 system [17] and HTL [23], also

employ the local strategy. Similar with the classical regression tree

algorithm like CART [4], such methods divide the input space into

mutually exclusive regions described by propositional assertions on

the input features. The difference is that RETIS, M5 and HTL build

several alternative regression models in the leaves of a tree to im-

prove predictive accuracy. In [36], Regression Clustering partitions

the original dataset into several subsets. Each regression is conducted

on its own subset with a simpler distribution, leading to a better gen-

eralization ability.

Based on the above survey, we notice that seldom research works

focus on local MLC methods. Motivated by the work of CBMLC

[14], in this paper, we propose the Clustering-based Local MLC

(CLMLC) method. In CLMLC, we assume a large-scale problem

can be divided into a number of small or medium-scaled problems

without loss of discriminative information. Different with CBMLC,

CLMLC is built on a feature subspace and employs different local

models for different data clusters.

3 THE CLMLC METHOD

In the scenario of MLC, an instance is typically represented by a pair

(x,y), which contains a feature vector x ∈ X ⊆ RD and the corre-

sponding label vector y ∈ Y ⊆ {0, 1}L, where y� = 1 if and only

if �-th label is associated with instance x, and y� = 0 otherwise,

� ∈ {1, ..., L}. Assume that we are given a dataset of N instances

S = [XS ,YS ], where XS = [x1, ...,xN ]ᵀ and YS = [y1, ...,yN ]ᵀ

denote the feature and label matrix, respectively. Given a testing

dataset T = [XT ,YT ], the task of MLC is to find an optimal clas-

sifier h : X → Y which assigns a label matrix ŶT to test data XT

such that h minimizes a loss function on ŶT and YT .

Now we present the proposed CLMLC method, which can scale

to MLC problems in large N , D and L. CLMLC comprises low-

dimensional data clustering and local model learning.

3.1 Low-dimensional data clustering
We assume that a large-scale dataset could be decomposed into sev-

eral smaller local sets. To this end, clustering analysis is introduced

to find the local clusters. However, directly applying cluster analysis

would probably produce unstable outputs and suffer from high com-

putational cost, especially when the dimensionality of the original

feature space is relatively high. In this sense, a dimensionality re-

duction approach is necessary as a pre-processing technique before

applying clustering analysis.

Let X and Y be already centered so as to Xᵀ1 = 0 and Yᵀ1 = 0.

The Partial Least Squares (PLS) [30] finds the directions of maxi-

mum covariance between X and Y by Singular Value Decomposi-

tion (SVD) as follows:

min
U,V
‖XᵀY −UΛdV

ᵀ‖2F , (1)

where Λd is a diagonal matrix (λ1, λ2, ..., λd) with the largest d
singular values of XᵀY, and ‖·‖F denotes the Frobenius norm. This

is also the solution of the maximization problem:

max
U,V

Tr(UᵀXᵀYV) (2)

s.t. UᵀU = VᵀV = Id.

One of limitations of PLS is the lack of invariance to arbitrary linear

transformations on X [32].

To overcome this limitation, Orthonormalized PLS (OPLS) [32] is

proposed by orthonormalizing X to X(XᵀX)−
1
2 in (1), and we have

min
U,V
‖(XᵀX)−

1
2XᵀY −UΛdV

ᵀ‖2F . (3)

Similar with (2), (3) can be also rewritten to a maximization problem:

max
U

Tr(UᵀXᵀYYᵀXU) (4)

s.t. UᵀXᵀXU = I.

The solution U consists of eigenvectors u corresponding to the

largest d eigenvalues of a generalized eigenvalue problem

(XᵀYYᵀX)u = λ(XᵀX)u. (5)

To avoid the singularity of XᵀX and reduce the model complexity, in

practice a regularization term γI with γ > 0 is commonly introduced

to (5), leading to

(XᵀYYᵀX)u = λ(XᵀX+ γI)u. (6)

In general, directly solving the generalized eigenvalue problem (6)

suffers from an expensive cost and thus might not scale to large-scale

problems. In this study, we use an efficient two-stage approach [20]

to address the problem. In the first stage, a penalized least squares

problem is solved by regressing the centered feature matrix X to the

centered label matrix Y; after projecting X into the subspace by the

regression, in the second stage, the resulting generalized eigenvalue

problem is solved by SVD.
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Algorithm 1 Low-dimensional data clustering

Input: X: centered data matrix, Y: centered label matrix, d: size of

feature subspace, K: number of data clusters

Output: U: projection matrix, R,C: clustering output

1: Solve the least squares problem:

min
U1

‖XU1 −Y‖2F + ‖U1‖2F ;

2: H = Uᵀ
1X

ᵀY;

3: Decompose H = UHΛdU
ᵀ
H by SVD;

4: U = U1U2, where U2 = UHΛ
− 1

2
d ;

5: [R,C]← k-means(Z,K) by (7), where Z = XU.

Through (6), we find an orthonormal basis [u1,u2, ...,ud] to form

U. Therefore we can have a low-dimensional expression z ∈ Rd by

projection z = Uᵀx, Z = XU as well. Then we conduct clustering

on z1, z2, ..., zN in the light of elimination of most of noisy features.

In this paper, k-means is employed, aiming to approximately solve

the following optimization problem:

min
R,C

N∑
i=1

K∑
j=1

rij‖zi − cj‖22 (7)

s.t. ∀i, ‖ri‖0 = 1, ‖ri‖1 = 1,

where R represents the N × K indicator matrix, indicating the as-

signment from data points to centroids, while the centroid matrix

C = [c1, ..., cK ]ᵀ, whose cj =
∑

i rijxi/
∑

i rij . ‖·‖0, ‖·‖1
and ‖·‖2 denote the �0, �1 and �2 norm, respectively. In general,

k-means is realized as an iterative algorithm. The pseudo code of

low-dimensional data clustering is given in Algorithm 1.

3.2 Local model learning
In the second stage, we perform local model learning in each cluster.

By expecting the existence of meta-labels, We use Laplacian eigen-

map to learn meta-labels within each cluster, and then build classifier

chains over meta-labels for local model learning. For each data clus-

ter, we construct a graph G =< V,E > in the label space, where V
is the vertex/label set, and E is the edge set containing edges between

each label pair. Given an appropriate affinity matrix A on E, meta-

label learning can be considered as a graph cut problem: cutting the

graph G into a set of sub-graphs.

For constructing affinity matrix A, we use two different sources:

the label space and the instance space. In this study, we utilize Jac-

card index and heat kernel affinity to represent the label similarity

and instance locality, respectively.

• Label similarity A(L) = {A(L)
�m }L�,m=1,

A
(L)
�m :=

∑N
i=1 yi� · yim∑N

i=1(yi� + yim − yi� · yim)
. (8)

• Instance locality A(I) = {A(I)
�m}L�,m=1,

A
(I)
�m := e

−‖μ�−μm‖22 , where μ� =

∑N
i=1 zi · yi�∑N

i=1 yi�
. (9)

By combining these two matrices, we obtain the following affinity

matrix A = {A�m}L�,m=1,

A�m :=
1

2

(
A

(L)
�m +A

(I)
�m

)
. (10)

Algorithm 2 Local model learning

Input: Zc: local data matrix, Yc: local label matrix, n: number of

meta-labels, L: meta-label classifier

Output: hc: local classifier

1: Compute A according to (10);

2: L = D−A, where D = diag(
∑

� A�m);
3: Solve Lw = λDw by n smallest eigenvalues;

4: Rc ← k-means(W, n), where W = [w1, ...,wn];
5: for k ∈ {1, ..., n} do
6: id = find(Rc==k)
7: hck ← L(Zc,Yc(:, id));
8: Zc = Zc ∪Yc(:, id);

9: hc ← {hck}nk=1.

To cut the graph G into n sub-graphs (n meta-labels) is equiv-

alent to perform k-means on the n smallest eigenvectors W =
[w1, ...,wn] of the generalized eigenvalue problem:

Lw = λDw, (11)

where D = (D��) = (
∑

m A�m), and L is the Laplacian matrix,

L = D−A. Thus, the label assignment to n meta-labels is obtained

by applying k-means on the rows of W.

After finding meta-labels, a sophisticated multi-label classifier L
could be applied to capture the strong label correlations within each

meta-label. On the other hand, to model relatively weak meta-label

correlations, a simple MLC method is also necessary in the meta-

label space. In this way, label correlations can be well captured with-

out much time cost. To this end, we introduce an efficient classifier

chains method [18] over the meta-label space. In general, for each

meta-label within a meta-label chain, we expand its training data by

taking previous meta-labels as extra features before feeding the data

into L. The outline of local model learning is given in Algorithm 2.

3.3 Prediction
Given a test instance x ∈ XT , the prediction can be made by two

steps. Firstly, x is encoded into the feature subspace by z = Uᵀx.

Secondly, the local classifier hc corresponding to z’s nearest cluster

c such as,

c = argmin
c∈C

‖z− c‖22, (12)

is activated to predict the label assignment by ŷ = hc(z). Note that

C in (12) is the centroid matrix obtained according to (7).

3.4 Remarks
The complete procedure of CLMLC, including training (Steps 1 to

5) and testing (Steps 6 to 8), is outlined in Algorithm 3. It is worth

noting that CLMLC is able to serve as a meta-strategy for large-scale

MLC problems. For example, other dimension reduction or cluster-

ing analysis techniques could be used to replace the OPLS or k-

means in Algorithm 1, in order to handle specific problem settings

or data patterns. Similarly, any MLC method can be directly applied

for local model learning in Algorithm 2. It shows the high flexibility

of CLMLC to address various MLC problems.

4 EXPERIMENTS
4.1 Datasets and evaluation metrics
In order to evaluate the performance of the proposed CLMLC

method and other MLC methods, we conducted experiments on eigh-
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Algorithm 3 CLMLC

Input: X: centered data matrix, Y: centered label matrix, x: test

instance, d: size of feature subspace, K: number of data clusters,

n: number of meta-labels, L: meta-label classifier

Output: ŷ: predicted label set

Training:

1: [U,R,C]← <Algorithm 1> (X,Y, d,K);
2: Z = XU;

3: for c ∈ C do
4: Find local dataset [Zc,Yc] by R;

5: hc ← <Algorithm 2> (Zc,Yc, n,L);

Testing:

6: z = Uᵀx;

7: Find z’s nearest cluster c by (12);

8: ŷ← hc(z);

teen benchmark datasets in Mulan [27], where nine datasets come

from two data sources, Rcv1 and Corel16k. The statistics of the

datasets are summarized in Table 1. For the convenience of parame-

ter setting, we treat the first six sets as regular-scale datasets, and last

twelve sets as large-scale datasets, respectively.

Table 1: The statistics of experimental multi-label datasets. “Card.”,

“Den.” and “Dist.” denote the label cardinality, label density and the

number of distinct label combinations, respectively.

Dataset N D L Card. Den. Dist. Domain
Birds 645 260 19 1.014 0.053 133 audio
Genbase 662 1186 27 1.252 0.046 32 biology
Medical 978 1449 45 1.245 0.028 94 text
Enron 1702 1001 53 3.378 0.064 753 text
Scene 2407 294 6 1.074 0.179 15 image
Yeast 2417 103 14 4.237 0.303 198 biology
Corel5k 5000 499 374 3.522 0.009 1453 image
Rcv1s1 6000 944 101 2.880 0.029 837 text
Rcv1s2 6000 944 101 2.634 0.026 800 text
Rcv1s3 6000 944 101 2.614 0.026 783 text
Rcv1s4 6000 944 101 2.667 0.022 629 text
Bibtex 7395 1836 159 2.402 0.015 1654 text
Corel16k1 13766 500 153 2.859 0.019 1791 image
Corel16k2 13761 500 164 2.882 0.018 1782 image
Corel16k3 13760 500 154 2.829 0.018 1718 image
Corel16k4 13837 500 162 2.842 0.018 1760 image
Corel16k5 13847 500 160 2.858 0.018 1784 image
Delicious 16105 500 983 19.020 0.019 3937 text

Given a test dataset T = {(xi,yi)}NT
i=1, we use four evaluation

metrics for the experimental results. Here 1 denotes the indicator

function.

• Exact-Match := 1
NT

∑NT
i=1 1ŷi=yi ,

• Hamming-Score := 1
NT

∑NT
i=1

1
L

∑L
�=1 1ŷi�=yi� ,

• Macro-F1 := 1
L

∑L
�=1

2
∑NT

i=1 ŷi�·yi�∑NT
i=1 ŷi�+

∑NT
i=1 yi�

,

• Micro-F1 :=
2
∑L

�=1

∑NT
i=1 ŷi�·yi�∑L

�=1

∑NT
i=1 ŷi�+

∑L
�=1

∑NT
i=1 yi�

.

The above metrics can be cast into two categories, instance-based

metrics (Exact-Match and Hamming-Score) and label-based metrics

(Macro-F1 and Micro-F1 [33]). Exact-Match is the most stringent

measure, since it does not evaluate partial match of labels. In spite

of that, it is a good metric to measure how well label correlations

are modeled. Hamming-Score emphasizes on the prediction accu-

racy on label-instance pairs, and is able to evaluate the performance

on each single label. However, since Hamming-Score treats equally

false positives ad false negatives, it is weak in imbalanced MLC prob-

lems. The label-based metrics overcome the limitations of the two

instance-based metrics. Macro-F1 computes F1-Score locally over

each label, which is more sensitive to the performance on the labels

in minority. In contrast, Micro-F1 computes F1-Score globally over

all labels, thus it tends to be influenced more by the labels in majority.

4.2 Configuration
The proposed CLMLC method was compared with four state-of-the-

art MLC methods:

• ECC [18]: an ensemble of classifier chains, where chain orders

are generated randomly. Each classifier of a single CC is trained

by taking previously assigned labels as extra attributes.

• MLHSL [21]: an FS-DR MLC method. A dataset is encoded by

mapping features into a subspace, and then an MLC method is

built on the basis of the encoded dataset.

• CPLST [5]: an LS-DR MLC method. The label space is encoded

by a feature-aware principal label space transformation, and the

round-based decoding [5] is used to predict the label set.

• CBMLC [14]: a first attempt on applying clustering analysis on

the dataset before feeding the data to a multi-label classifier.

ECC is adopted due to its superior performance compared with

other MLC decomposition methods, such as BR [3] and CC [18],

as shown in [18]. As global MLC methods, MLHSL is chosen as a

representative of FS-DR methods, while CPLST is chosen by its per-

formance advantage, especially in Hamming-Score, over several LS-

DR methods, such as Compressive Sensing, PLST and orthogonally

constraint CCA, as shown in [5]. As a local MLC method, CBMLC

is selected for comparison in cluster analysis. Note that SLEEC [2]

is excluded from the comparing methods, although it employs the

similar local strategy with CLMLC. This is because SLEEC focuses

on extreme MLC [15], where standard multi-label evaluation metrics

like our four metrics are not appropriate.

In the experiments, 5-fold cross validation was performed to eval-

uate the classification performance. For fair comparison, CC with

ridge regression1 was used as the baseline classifier for CBMLC,

MLHSL, CPLST and CLMLC. In parameter setting, for CLMLC,

we set the size of feature subspace d by min{L, 30}, and the num-

ber of clusters K by 20/100 for regular/large-scale datasets, respec-

tively. For a cluster c, the number of meta-labels n was set to 8Lc/59.
CLMLC employed an ensemble of 2 CCs as the meta-label classifier

L. ECC used an ensemble of 10 CCs. In addition, in order to scale

up ECC, random sampling was applied to randomly select 75% of

instances and 50% of features for building each CC in ECC, as rec-

ommended in [18]. CBMLC and MLHSL shared the same value of

K and d with CLMLC, respectively. For CPLST, we set the ratio for

LS-DR by 0.8/0.6 for regular/large-scale datasets, respectively. Note

that the parameters were chosen for the comparing methods in order

to balance the classification accuracy and execution time, according

to the experimental results on conducting grid search in the param-

eter spaces (detailed discussion will be made in Section 4.4). We

obtained the MATLAB codes of CPLST1 and MLHSL2 given by the

authors, and implemented the MATLAB codes of ECC3, CBMLC3

and CLMLC3 by ourselves. Experiments were performed in a com-

puter configured with an Intel Quad-Core i7-4770 CPU at 3.4GHz

with 4GB RAM.

1 https://github.com/hsuantien/mlc_lsdr
2 http://www.public.asu.edu/˜jye02/Software/MLDR/
3 https://github.com/futuresun912/CLMLC.git
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Table 2: Experimental results (mean (rank)) on eighteen multi-label datasets in four evaluation metrics.

Method
Exact-Match

Birds Genbase Medical Enron Scene Yeast Corel5k Rcv1s1 Rcv1s2 Rcv1s3 Rcv1s4 Bibtex Corel16k1 Corel16k2 Corel16k3 Corel16k4 Corel16k5 Delicious

ECC 0.515 (3) 0.974 (4) 0.640 (3) 0.121 (2) 0.607 (2) 0.197 (2) 0.006 (3) 0.098 (4) 0.214 (4) 0.216 (4) 0.329 (2) 0.157 (3) 0.009 (3.5) 0.007 (4) 0.009 (3) 0.008 (3) 0.008 (3.5) 0.001 (4.5)
MLHSL 0.524 (1.5) 0.982 (1) 0.676 (2) 0.120 (3) 0.596 (3) 0.196 (3) 0.004 (5) 0.114 (3) 0.220 (3) 0.219 (3) 0.320 (4) 0.119 (5) 0.009 (3.5) 0.008 (3) 0.007 (4) 0.007 (4) 0.008 (3.5) 0.002 (3)
CPLST 0.502 (4) 0.980 (2) 0.583 (4) 0.092 (5) 0.479 (5) 0.149 (5) 0.005 (4) 0.063 (5) 0.176 (5) 0.173 (5) 0.290 (5) 0.148 (4) 0.007 (5) 0.006 (5) 0.006 (5) 0.006 (5) 0.007 (5) 0.001 (4.5)
CBMLC 0.375 (5) 0.973 (5) 0.578 (5) 0.101 (4) 0.553 (4) 0.163 (4) 0.012 (2) 0.163 (2) 0.255 (2) 0.248 (2) 0.326 (3) 0.164 (2) 0.016 (2) 0.014 (2) 0.017 (2) 0.017 (2) 0.015 (2) 0.012 (1)
CLMLC 0.524 (1.5) 0.979 (3) 0.688 (1) 0.147 (1) 0.627 (1) 0.205 (1) 0.029 (1) 0.224 (1) 0.316 (1) 0.319 (1) 0.400 (1) 0.172 (1) 0.030 (1) 0.029 (1) 0.030 (1) 0.028 (1) 0.030 (1) 0.004 (2)

avg. rank CLMLC (1.194) � CBMLC (2.833) � MLHSL (3.194), ECC (3.194) � CPLST (4.583)

Method
Hamming-Score

Birds Genbase Medical Enron Scene Yeast Corel5k Rcv1s1 Rcv1s2 Rcv1s3 Rcv1s4 Bibtex Corel16k1 Corel16k2 Corel16k3 Corel16k4 Corel16k5 Delicious

ECC 0.951 (3) 0.999 (3) 0.989 (2) 0.933 (3) 0.896 (1) 0.793 (2) 0.990 (2.5) 0.973 (2) 0.977 (2) 0.977 (2) 0.982 (1.5) 0.988 (1.5) 0.981 (2) 0.982 (2.5) 0.982 (2) 0.982 (2,5) 0.982 (2) 0.981 (2.5)
MLHSL 0.954 (1.5) 0.999 (3) 0.990 (1) 0.936 (2) 0.875 (4) 0.786 (3) 0.990 (2.5) 0.973 (2) 0.977 (2) 0.977 (2) 0.981 (3) 0.986 (4) 0.981 (2) 0.982 (2.5) 0.982 (2) 0.982 (2.5) 0.982 (2) 0.981 (2.5)
CPLST 0.950 (4) 0.999 (3) 0.986 (5) 0.911 (5) 0.887 (2) 0.797 (1) 0.991 (1) 0.973 (2) 0.977 (2) 0.977 (2) 0.982 (1.5) 0.988 (1.5) 0.981 (2) 0.983 (1) 0.982 (2) 0.983 (1) 0.982 (2) 0.982 (1)
CBMLC 0.887 (5) 0.999 (3) 0.987 (4) 0.930 (4) 0.869 (5) 0.750 (5) 0.988 (4) 0.966 (5) 0.971 (5) 0.969 (5) 0.976 (5) 0.986 (4) 0.972 (5) 0.976 (5) 0.975 (5) 0.975 (5) 0.975 (5) 0.976 (5)
CLMLC 0.954 (1.5) 0.999 (3) 0.988 (3) 0.940 (1) 0.885 (3) 0.779 (4) 0.986 (5) 0.969 (4) 0.973 (4) 0.973 (4) 0.979 (4) 0.986 (4) 0.977 (4) 0.979 (4) 0.978 (4) 0.979 (4) 0.979 (4) 0.979 (4)

avg. rank CPLST (2.167), ECC (2.167) � MLHSL (2.417) � CLMLC (3.583) � CBMLC (4.667)

Method
Macro-F1

Birds Genbase Medical Enron Scene Yeast Corel5k Rcv1s1 Rcv1s2 Rcv1s3 Rcv1s4 Bibtex Corel16k1 Corel16k2 Corel16k3 Corel16k4 Corel16k5 Delicious

ECC 0.290 (3) 0.725 (5) 0.340 (4) 0.196 (1) 0.703 (1) 0.354 (4) 0.014 (4) 0.118 (4) 0.131 (3) 0.108 (3.5) 0.109 (3) 0.193 (3) 0.014 (4.5) 0.016 (4) 0.017 (4) 0.010 (4.5) 0.013 (4) 0.034 (4)
MLHSL 0.302 (2) 0.767 (1) 0.354 (3) 0.160 (4) 0.648 (4) 0.354 (3) 0.010 (5) 0.104 (5) 0.096 (5) 0.091 (5) 0.089 (5) 0.095 (5) 0.014 (4.5) 0.014 (5) 0.014 (5) 0.010 (4.5) 0.012 (5) 0.025 (5)
CPLST 0.287 (4) 0.761 (2.5) 0.374 (1) 0.167 (3) 0.639 (5) 0.351 (5) 0.016 (3) 0.125 (3) 0.110 (4) 0.108 (3.5) 0.108 (4) 0.186 (4) 0.015 (3) 0.018 (3) 0.021 (3) 0.013 (3) 0.015 (3) 0.048 (3)
CBMLC 0.188 (5) 0.738 (4) 0.312 (5) 0.195 (2) 0.655 (3) 0.418 (1) 0.032 (2) 0.204 (2) 0.195 (2) 0.185 (2) 0.176 (2) 0.257 (1) 0.068 (1) 0.063 (1) 0.058 (1) 0.070 (1) 0.060 (1) 0.143 (1)
CLMLC 0.369 (1) 0.761 (2.5) 0.358 (2) 0.153 (5) 0.689 (2) 0.400 (2) 0.038 (1) 0.215 (1) 0.210 (1) 0.198 (1) 0.189 (1) 0.210 (2) 0.056 (2) 0.057 (2) 0.053 (2) 0.051 (2) 0.047 (2) 0.067 (2)

avg. rank CLMLC (1.861) � CBMLC (2.056) � CPLST (3.333) � ECC (3.528) � MLHSL (4.222)

Method
Micro-F1

Birds Genbase Medical Enron Scene Yeast Corel5k Rcv1s1 Rcv1s2 Rcv1s3 Rcv1s4 Bibtex Corel16k1 Corel16k2 Corel16k3 Corel16k4 Corel16k5 Delicious

ECC 0.440 (4) 0.990 (3) 0.800 (2) 0.499 (1) 0.694 (1) 0.642 (1) 0.126 (4) 0.325 (4) 0.356 (4) 0.350 (4) 0.430 (3) 0.381 (4) 0.092 (3) 0.079 (4) 0.076 (4) 0.077 (4) 0.073 (4.5) 0.096 (4)
MLHSL 0.452 (2) 0.992 (1.5) 0.812 (1) 0.483 (2) 0.640 (4) 0.627 (4) 0.140 (3) 0.310 (5) 0.330 (5) 0.317 (5) 0.392 (5) 0.279 (5) 0.089 (4) 0.084 (3) 0.065 (5) 0.085 (3) 0.090 (3) 0.063 (5)
CPLST 0.450 (3) 0.992 (1.5) 0.756 (4) 0.414 (5) 0.635 (5) 0.631 (3) 0.106 (5) 0.349 (3) 0.371 (3) 0.365 (3) 0.440 (2) 0.382 (3) 0.070 (5) 0.078 (5) 0.079 (3) 0.070 (5) 0.073 (4.5) 0.194 (3)
CBMLC 0.265 (5) 0.988 (4) 0.740 (5) 0.463 (4) 0.641 (3) 0.581 (5) 0.151 (2) 0.371 (2) 0.387 (2) 0.376 (2) 0.426 (4) 0.393 (2) 0.163 (2) 0.157 (2) 0.154 (2) 0.161 (1) 0.156 (1) 0.268 (1)
CLMLC 0.474 (1) 0.987 (5) 0.782 (3) 0.480 (3) 0.676 (2) 0.632 (2) 0.173 (1) 0.401 (1) 0.423 (1) 0.422 (1) 0.472 (1) 0.396 (1) 0.164 (1) 0.164 (1) 0.160 (1) 0.157 (2) 0.148 (2) 0.214 (2)

avg. rank CLMLC (1.722) � CBMLC (2.722) � ECC (3.250) � MLHSL (3.639) � CPLST (3.667)

4.3 Experimental results

Experimental results of five comparing MLC methods on benchmark

datasets are reported in Table 2, where the averaged rank of each

method over all datasets is shown in the last row of each metric. For

each evaluation metric, the larger the value, the better the perfor-

mance. Among the five comparing methods, the best performance is

highlighted in boldface.

For all the 72 configurations (18 datasets × 4 evaluation met-

rics), CLMLC ranked 1st among five comparing MLC methods at

37.8% cases, ranked 2nd at 18.9% cases, and ranked 5th at only

3.3% cases, which was remarkably better than the other methods.

Specifically, CLMLC outperformed the other methods in Exact-

Match (ranked 1st at 88.9% cases) and Micro-F1 (ranked 1st at

55.6% cases), and was competitive in terms of Macro-F1 (ranked

1st/2nd at 33.3%/61.1% cases). It demonstrates the effectiveness of

the clustering-based local strategy adopted in CLMLC. The sim-

ilar instances with similar label sets can be grouped together by

CLMLC, leading to its strong capability on modeling label correla-

tions and thus superior performance in Exact-Match. However, such

grouped local data sometimes weaken the influence of minority la-

bels, resulting in the worse performance of CLMLC in Hamming-

Score (ranked 4nd at 66.7% cases). CPLST and ECC performed bet-

ter than the other methods in Hamming-Score (ranked 1st at 38.9%
and 16.7% cases, respectively), since it is designed to be optimized

in Hamming-Score, according to the theoretical analysis in [5]. In

Hamming-Score, MLHSL ranked in 1st/2nd place at 11.1%/61.1%
cases, but performed worse in other metrics, especially on large-scale

datasets. It is probably because large-scale datasets typically need

a sufficient number of instances for training, while FS-DR tends

to remove too many features. CBMLC outperformed other meth-

ods except CLMLC in Exact-Match (ranked 1st/2nd at 5.6%/55.5%
cases), Macro-F1 (ranked 1st/2nd at 44.4%/33.3% cases) and Micro-

F1 (ranked 1st/2nd at 16.7%/44.4% cases), but worked worst in

Hamming-Score (ranked 5th at 72.2% cases). In addition, CBMLC

worked worse than CLMLC on the average in all the four metrics,

indicating that cluster analysis should be applied after appropriate

feature dimension reduction. Note that the two local MLC methods,

CLMLC and CBMLC, worked remarkably better than ECC, MLHSL

and CPLST in terms of Exact-Match, Macro-F1 and Micro-F1 on

the twelve large-scale datasets, demonstrating the superiority of lo-

cal MLC strategy on real-world problems.

The execution time on seven large-scale datasets, including both

training and prediction time, is reported in Table 3. The least time

cost is highlighted in boldface. Among all the methods, MLHSL

needed the least execution time on the average due to the low-

dimensional feature subspace induced by FS-DR. CLMLC con-

sumed the second least time on the average. Note that, CLMLC paid

only slightly higher time cost than MLHSL on the Corel16k datasets.

On datasets with large number of labels (large values in L), like de-

licious, CLMLC consumed more execution time than MLHSL and

CPLST. Benefiting from LS-DR, CPLST cost the third least execu-

tion time, which was significantly less than ECC and CBMLC. But

such superiority of CPLST decreased as the number of features in-

creased (large values in D), like Bibtex. Due to its clustering analysis

directly applied on high-dimensional datasets, CBMLC consumed

the second largest time on all the datasets. ECC consumed the largest

time on all the seven datasets, resulting from the ensemble strategy.

In summary, the proposed CLMLC is one of the best choices for

MLC in the balance of performance and execution time, especially

when Exact-Match or Macro/Micro-F1 is the principal goal and the

practical processing speed is required in a large-scale problem.

Table 3: Execution time (103sec) over seven large-scale datasets.

Corel5k Rcv1s1 Rcv1s2 Bibtex Corel16k1 Corel16k2 Delicious
ECC 0.353 0.190 0.187 1.285 0.229 0.252 6.042
MLHSL 0.018 0.004 0.004 0.015 0.008 0.009 0.528
CPLST 0.042 0.045 0.036 0.223 0.042 0.042 0.558
CBMLC 0.097 0.112 0.127 1.002 0.131 0.151 1.916
CLMLC 0.005 0.004 0.004 0.014 0.010 0.010 0.567

To derive a more objective insistence on the experimental results,

we conducted Friedman test [7] with significance level 0.05 (5 meth-

ods, 18 datasets). The results are shown in Table 4. Since the val-

ues of the Friedman Statistic FF in terms of all metrics were higher

than the Critical Value, the null hypothesis of equal performance was

rejected. Then, we proceeded to a Nemenyi testing to confirm the

difference between any two methods. According to [7], the perfor-

mance of two methods is regarded as significantly different if their

average ranks differ by at least the Critical Difference (CD). Figure 1

shows the CD diagrams for four evaluation metrics at 0.05 signif-

icance level. In each subfigure, the value of CD is given as a rule

above the axis, where the averaged rank is marked. In Figure 1, the

algorithms which are not significantly different are connected by a
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Figure 1: CD diagrams (0.05 significance level) of five comparing methods.

thick line. In summary, among 90 comparisons (5 methods × 18

datasets), CLMLC achieved statistically superior performance than

all the other methods in terms of Exact-Match. In Macro/Micro-

F1, CLMLC achieved statistically comparable performances with

CBMLC, and statistically superior performances than ECC, MLHSL

and CPLST. Such observation demonstrates the competing perfor-

mance of the proposed CLMLC in Exact-Match and Macro/Micro-

F1, compared with the state-of-the-art MLC methods.

Table 4: Results of the Friedman Statistics FF (5 methods, 18

datasets) and the Critical Value (0.05 significance level). The null

hypothesis as the equal performance is rejected, if the values of FF

in terms of all metrics are higher than the Critical Value.

Friedman Exact Hamming Macro Micro
Test Match Score F1 F1
FF 24.166 15.992 11.680 6.051

Critical Value 2.507

Table 5 reports the reduced sizes of training datasets in CLMLC,

which are averaged by 5-fold cross validation. Here “std.” shows the

standard deviation of the values from K clusters. As shown in Ta-

ble 5, consistently with our previous assumptions, there is strong lo-

cality in datasets, especially on datasets in text domain, like Med-

ical, Rcv1 and Bibtex, where L
c 1 L in each data cluster c. In-

deed the problem sizes in terms of N , D and L have been signif-

icantly reduced. For example, in Bibtex, the average problem size

(N
c×d×L

c
) in each cluster c has been reduced to nearly 1/30000

by CLMLC compared with the original set, bringing the fastest exe-

cution time on Bibtex (Table 3).

Table 5: Problem sizes of training datasets in CLMLC. The values

were averaged by 5-fold cross validation. Here “std.” denotes the

standard deviation.

Dataset
Original size Reduced size
N D L N

c ± std. d L
c ± std. K

Birds 516 260 19 25.80±45.36 19 7.24±2.93 20
Genbase 530 1186 27 26.48±45.28 27 2.78±2.72 20
Medical 782 1449 45 39.12±39.47 30 4.68±2.97 20
Enron 1362 1001 53 68.08±66.81 30 23.85±6.54 20
Scene 1926 294 6 96.28±30.61 6 4.75±1.33 20
Yeast 1934 103 14 96.68±18.49 14 13.31±0.69 20
Corel5k 4000 499 374 40.00±18.18 30 54.08±25.19 100
Rcv1s1 4800 944 101 48.00±28.92 30 19.54±12.62 100
Rcv1s2 4800 944 101 48.00±31.34 30 18.51±11.78 100
Rcv1s3 4800 944 101 48.00±30.69 30 18.13±12.00 100
Rcv1s4 4800 944 101 48.00±33.80 30 14.36±9.94 100
Bibtex 5916 1836 159 59.16±39.44 30 29.95±20.41 100
Corel16k1 11013 500 164 110.13±42.59 30 71.31±22.18 100
Corel16k2 11009 500 164 110.09±48.86 30 71.32±24.37 100
Corel16k3 11008 500 154 110.08±44.93 30 69.11±22.39 100
Corel16k4 11070 500 162 110.70±48.46 30 70.73±22.91 100
Corel16k5 11078 500 160 110.78±46.55 30 72.82±23.64 100
Delicious 12884 500 983 128.84±155.55 30 333.48±200.60 100

4.4 Parameter sensitivity analysis

To evaluate the potentiality of CLMLC, a parameter sensitivity anal-

ysis was conducted. First, the parameters d and K were dealt with

the Rcv1s1 and Bibtex datasets, where d controls the dimensional-

ity of the feature subspace, and K is the number of data clusters. In

this experiment, we kept the value of n by 8Lc/59, and increased

d from 5 to 100 by step 5, and K from 10 to 200 by step 10. Fig-

ure 2 shows the experimental results in terms of four evaluation met-

rics, whose values are averaged by 5-fold cross validation. In Fig-

ure 2, the warmer the color, the better the performance. We observe

that as the values of d and K increased, its performance in Exact-

Match and Macro/Micro-F1 upgraded, and then became stable once

d and K reached 30 and 100, respectively. In contrast, as the val-

ues of d and K increased, its performance in Hamming-Score de-

graded, although the change was very slight (within 0.5%). Figure 3

shows the execution time for parameter sensitivity analysis, where

d ∈ {10, 30, 50, 70, 90}. On both two datasets, the execution time

increased as the value of d increased. As the value of K increased,

the execution time first decreased, and then increased on Rcv1s11

but became stable on Bibtex. Thus, by considering trade-off between

classification accuracy and execution time, we set values of d and K
to those as stated in Section 4.2.

20 40 60 80 100 120 140 160 180 200

K

2.5

3

3.5

4

4.5

5

5.5

6

E
xe

cu
tio

n 
tim

e 
(s

)

10
30
50
70
90

(a) Rcv1s1

20 40 60 80 100 120 140 160 180 200

K

13

14

15

16

17

18

19
E

xe
cu

tio
n 

tim
e 

(s
)

10
30
50
70
90

(b) Bibtex

Figure 3: The execution time (sec) over different values of the dimen-

sionality d of feature subspace and the number K of clusters on the

Rcv1s1 and Bibtex datasets.

Next, keeping the values of d and K to 30 and 100, we conducted a

sensitivity analysis over n, where n is the number of meta-labels for

each cluster. Instead of directly varying the value of n, we increased

x from 2 to 20 by step 1 as n = 8Lc/x9. Figure 4 shows the exper-

imental results in four metrics averaged by 5-fold cross validation.

For convenience, the values of each metric were normalized by its

maximum. As the value of x increased, the performance increased in

Macro-F1, but decreased in Exact-Match. Note that performance in

Hamming-Score seemed irrelevant to the change of x’s value. Thus,

it was suggested to set smaller/larger value of x if the objective is to

optimize Exact-Match/Macro-F1.
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Figure 2: Parameter sensitivity analysis over the dimensionality d of feature subspace and the number K of clusters on the Rcv1s1 (the top

row) and Bibtex (the bottom row) datasets (n = 8Lc/59). The size of d/K was increased from 5/10 to 100/200 by step 5/10.
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Figure 4: Parameter sensitivity analysis over x (n = 8Lc/x9) on the

Rcv1s1 and Bibtex datasets (d = 30, K = 100). The values of each

metric were normalized by its maximum.

To optimize the parameters of MLHSL, CPLST and CBMLC, an-

other set of parameter sensitivity analysis has been performed in-

dividually. Specifically, for MLHSL, d shared the similar tendency

with CLMLC. For CPLST, the ratio of LS-DR remarkably influ-

enced the experimental results. As the ratio increased, its perfor-

mance upgraded. As the ratio approached 0.8/0.6 on regular/large-

scale datasets, the performance became stable, while execution time

increased dramatically. For CBMLC, as the number of cluster K in-

creased, the values of evaluation metrics, except Hamming-Score, in-

creased and became stable as K approached 100. Such observations

validate the effectiveness of parameter configurations in Section 4.2.

5 CONCLUSION
In this paper, we have proposed a Clustering-based Local Multi-

Label Classification (CLMLC) method, relying on the assumption

that a multi-label dataset can be decomposed into several datasets of

smaller sizes, where meta-labels exist and are relevant to only a frac-

tion of features and training data. In CLMLC, by applying clustering

analysis on the feature subspace, similar instances associated with

similar labels are grouped together and then fed into local models.

Extensive experiments conducted on real-world benchmark datasets

verified the validity of our assumption and demonstrated the effi-

ciency of CLMLC. For the future work, we will seek a more appro-

priate method for building local models, which is currently a bottle-

neck for the application of CLMLC on extreme multi-label datasets.
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Multiscale Triangular Centroid Distance for
Shape-Based Plant Leaf Recognition

Chengzhuan Yang and Hui Wei and Qian Yu1

Abstract. The shapes of plant leaves are very important to plan-

t ecologists and botanists because these can help distinguish plant

species as well as serve as health indicators. In this paper, we present

a novel contour-based shape descriptor named multiscale triangular

centroid distance (MTCD) for plant leaf recognition. MTCD fea-

tures at different triangles are extracted from each contour point to

provide a compact, multiscale shape descriptor. Both local and glob-

al features of a plant leaf are effectively captured by the proposed

method. A simple cosine distance is used to calculate the dissimi-

larity measurement between MTCD descriptors. Therefore, MTCD

is a rapid approach for shape matching and is suitable for real-time

application. The proposed method has been evaluated using four pub-

licly available plant leaf datasets, including the Swedish Leaf dataset,

the Smithsonian Leaf dataset, the Flavia Leaf dataset, and the Im-

ageCLEF2012 Leaf dataset. The experimental results show that this

novel approach can achieve high recognition accuracy. Comparisons

with other state-of-the-art shape-based plant leaf recognition meth-

ods further demonstrate the effectiveness and efficiency of MTCD.

1 INTRODUCTION

There exists a large quantity of plant species on Earth [34]. Howev-

er, the precise identification of every plant species is a challenging

task, particularly for non-expert stakeholders such as land managers,

foresters, and agronomists. This is because plant species identifica-

tion requires specialized knowledge and in-depth training in botany

and plant systematics. Therefore, an automatic plant identification

system is very important for general use because it can assist in rapid-

ly distinguishing a large number of plant species. This identification

system may be helpful even for experienced botanists and plant ecol-

ogists.

Plant identification mainly involves examination of various organs

such as flowers, leaves, fruit, stem and bark. A review of some ex-

isting methods for plant species identification can be found in [7].

Leaves are often used for plant identification because its features are

more universal and consistent. Leaves can be characterized based

on shape, color, and texture. The color and texture of plants may

vary over time and under different environmental conditions, where-

as leaf shape has the most discriminative power. Botanists often use

the shape of leaves for species identification. In addition, leaf shape

is the easiest to extract from images, and the overall shape structure

of a leaf may be preserved even though the leaf specimen is damaged

by age or by insects.

1 Laboratory of Cognitive Model and Algorithm, Shanghai Key Laboratory
of Data Science, School of Computer Science, Fudan University, Shanghai,
China, email: {chengzhuanyang13,weihui,yuqian12}@fudan.edu.cn

In this paper, we concentrate on the shape of the leaf and on shape-

based methods for plant leaf recognition. Shape is one of the most

important features of an object and plays an important role in a di-

verse range of applications such as content-based image retrieval

[29], object detection [10, 20], robot navigation [14], and object

tracking [15, 27], to name a few. In shape recognition methods, there

are usually two crucial parts: shape representation and shape match-

ing. Shape representation can be roughly divided into two classes

of methods: contour-based methods and region-based methods [38].

The contour-based methods have been significantly more popular

than the region-based ones in the past decade. This is because human

beings can readily distinguish shapes based on contour features. At

the same time, we are only interested in the contours of shape in var-

ious applications, i.e., contour-based object detection [10], whereas

the interior content is less important. In the same way, in the present

study, we concentrated on contour-based methods for shape recog-

nition. Recently, several important contour-based approaches have

been proposed, which can be classified as either global or local.

Global methods consider the shape as a whole, representing it by a

single global descriptor such as Fourier-based descriptors [17], cur-

vature scale space [25] descriptors, polygonal multi-resolution and

elastic matching (PMEM) [2], contour points distribution histogram

(CPDH) [31], and binary angular pattern [29]. The advantages of

global descriptors include generally robust to moderate amounts

of noise and the efficiency of shape matching. However, these ap-

proaches face major difficulties in capturing the finer details of shape

boundaries. Therefore, the accuracy of shape matching is lower.

Local methods represent a shape by a set of local shape descrip-

tors, each corresponding to a certain part of the shape or simply

to a sample point along its contour. A classic example in this cat-

egory is shape context (SC) [3], which describes a shape by a set

of two-dimensional (2-D) histograms that capture landmark distri-

butions. The inner distance shape context (IDSC) [21] is an exten-

sion of SC, which replaces the Euclidean distance with the inner

distance to achieve robustness against articulation. The hierarchical

Procrustes matching (HPM) method, which was proposed by Mc-

Neill et al. [24], captures shape information across different hierar-

chies. The shape tree (ST) was proposed by Felzenszwalb et al. [9]; it

can capture hierarchical geometric propensities of a shape. In [37], a

shape descriptor called contour flexibility (CF) was proposed, which

describes each contour point by its deformable potential. Wang et

al. [33] described a shape descriptor called height function (HF) for

shape matching and retrieval. Subsequently, Liu et al. [22] presented

a shape matching framework that utilizes a shape descriptor named

metric partition constraint (MPC), in which various metric methods

can be included. Recently, Jia et al. [13] presented a novel shape de-

scriptor called hierarchical characteristic number contexts (HCNC),
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which is invariant to affine and projective transformations. The ad-

vantages of local shape descriptors include superiority in describing

the fine details of a shape. At the same time, local shape descriptors

can usually achieve a higher accuracy of shape matching than global

ones. However, such superiority is typically at the cost of reduced

efficiency in terms of computation time. The above local methods

usually adopt a point-to-point alignment process, which is then fol-

lowed by dynamic programming (DP) to find the best alignment be-

tween corresponding points of the two shapes. As is known to all, the

use of a DP algorithm to find the correspondence points between two

shapes is extensively time-consuming. Therefore, these approaches

are not suitable for retrieval tasks involving large-scale datasets and

the task of real-time application.

In this paper, we propose a novel contour-based shape descrip-

tor called multiscale triangular centroid distance (MTCD) to capture

both local and global features of a shape while being invariant to

translation, rotation, and scaling. In addition, our shape descriptor

uses a multiscale representation that can better capture the geomet-

ric propensities of a shape. At the same time, when using MTCD for

shape recognition, it is not necessary to use DP to find point wise cor-

respondence, which in turn makes MTCD an efficient shape descrip-

tor. In the experiments, we only use a very simple cosine distance to

compute the dissimilarity measurement between MTCD descriptors.

Therefore, the proposed shape descriptor is computationally very ef-

ficient. We applied the proposed method to the task of plant leaf

recognition using experiments involving four datasets: the Swedish

Leaf dataset, the Smithsonian Leaf dataset, the Flavia Leaf dataset,

and the ImageCLEF2012 Leaf dataset. The experimental results indi-

cate that the proposed method can achieve higher recognition accura-

cy than the state-of-the-art shape-based plant leaf recognition meth-

ods. Comparisons with other shape-based approaches indicate that

the computation time of our method is lower, thereby achieving a

faster plant leaf recognition speed.

The remainder of this paper is organized as follows. A brief review

of related work is presented in Section 2. In Section 3, we describe

the details of the proposed MTCD shape descriptor. Experimental

results are provided in Section 4. The final section presents our con-

clusions and future work.

2 RELATED WORK

Plant leaf recognition has recently attracted research efforts in com-

puter vision and related areas [26]. This task can be seen as a par-

ticular case of the more general image classification, which has been

extensively studied by the computer vision and pattern recognition

communities. There are already some studies on plant leaf recogni-

tion by using only shape information. Therefore, in the following, we

briefly review some important studies that are relate to the subject of

this paper.

Most of shape-based leaf recognition approaches use geometric

features to characterize the shape of a leaf. The first group of ap-

proaches extracts various plant morphological characteristics such

as aspect ratio, rectangularity, convex area ratio, and so on. For ex-

ample, Wu et al. [36] used aspect ratio, rectangularity, and narrow

factor as features, and employed a neural network as a classifier for

plant leaf classification. Du et al. [8] extracted invariant moment fea-

tures and geometric features, including aspect ratio, rectangularity,

area ratio of convexity, and eccentricity to describe leaf shape. Pa-

halawatta et al. [28] used a different set of features, namely, stem-

to-blade ratio and compactness, for plant species identification. Ca-

ballero and Aranda [4] combined geometric features with shape de-

scriptors for effective plant leaf image retrieval. Cerutti et al. [5]

presented a method for plant species identification by using high-

level geometrical descriptors and an implementation of the system is

available in a mobile application. A common disadvantage of these

approaches is that it is generally difficult to accurately extract ge-

ometric features using imperfect measurements, and these methods

usually cannot distinguish a large number of species.

The second group of approaches makes use of shape descrip-

tors for plant leaf recognition. Soderkvist [32] combined curvature

scale space, Fourier descriptor, and Hu’s moments in building a

tree-structured classification system, which was then tested on the

Swedish leaf dataset. Ling et al. [21] use the proposed IDSC de-

scriptor for plant leaf classification, and they achieved good experi-

mental results. Subsequently, this methodology was further exploit-

ed for developing a working system [26] to assist in the identifica-

tion of plant species. In [9], shape-tree was also used for plant leaf

recognition, which then generated better experiment results using the

Swedish leaf dataset [32]. Hearn [12] applied Fourier descriptors to

the automated identification of plant leaves. Hu et al. [30] proposed

a contour-based shape descriptor named multiscale distance matrix

(MDM) for fast plant leaf recognition. They used the matrix of pair-

wise distances between points sampled on the boundary of a leaf to

capture the geometric structure of a shape while being invariant to

translation, rotation, scaling, and bilateral symmetry. Laga et al. [19]

described a closed planar curves representation by using squared root

velocity function (SRVF) for plant leaf shape analysis. Kumar et al.

[18] described a mobile app for identifying plant species by using

an automatic visual recognition system. Recently, we observed that

some methods combined shape features with other characteristics for

plant leaf recognition. For example, Chaki et al. [6] presented a novel

methodology for characterizing and recognizing plant leaves using

a combination of texture and shape features. Kalyoncu and Toygar

[16] were the first to propose some new features that may be used

to distinguish plant leaf margins. They then used geometric features,

MDM, moment invariants, as well as the proposed new features for

plant leaf classification.

3 THE PROPOSED MTCD SHAPE
DESCRIPTOR

In this section, we will focus on shape feature extraction and dissim-

ilarity measures. First, we introduce the proposed MTCD shape de-

scriptor in detail. Second, a shape dissimilarity measurement based

on the proposed descriptor is used for shape matching. Third, we

analyze the time complexities of the proposed shape descriptor for

plant leaf recognition. Finally, the properties of the proposed shape

descriptor are discussed.

3.1 MTCD Shape Descriptor
Let Pi = (xi, yi), (i = 1, 2, ..., N) denote the sequence of equidis-

tant sample points on the outer contour of a given shape S, which

is generated by counter-clockwise direction tracing of the boundary

at a constant speed, and where xi and yi are the coordinates of the

point Pi, P1 is the starting point, and N is the number of boundary

point. Because the shape boundary is closed, we have PN+i = Pi.

For each point Pi = (xi, yi) of the shape S, we can find its two ad-

jacent points Pi+t = (xi+t, yi+t) and Pi−t = (xi−t, yi−t), where

i ∈ [1, N ] and t ∈ [1, T ]. T represents the number of scales, which

takes T = "(N − 1)/2# in the experiment, where "(N − 1)/2# is

the floor value of (N−1)/2. The above three consecutive points can
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form a triangle :Pi−tPiPi+t. We then compute the coordinates of

the centroid point git = (xgit , ygit) of this triangle, which is given

by the following expression:{
xgit = (xi−t + xi + xi+t)/3

ygit = (yi−t + yi + yi+t)/3
(1)

For each point Pi of the contour of an object, we can obtain T
triangles by the above ways. We then compute the distances between

this point and the centroid points git, (i ∈ [1, N ], t ∈ [1, T ]) of all

triangles. Thus, we can obtain the MTCD shape descriptor of this

point Pi, which can be expressed by using the following expression:

MTCD(Pi) = (TCD(Pi, gi1), ..., TCD(Pi, giT )). (2)

Here, TCD(Pi, git) =
√

(xi − xgit)
2 + (yi − ygit)

2, where

(xi, yi) and (xgit , ygit) represent the coordinates of point Pi and the

centroid point git, respectively. Therefore, we can obtain the MTCD

descriptor of shape S, as expressed by the following equation:

MTCD(S) = (MTCD(P1), ...,MTCD(PN ))

=

⎛⎜⎝ TCD(P1, g11) . . . TCD(PN , gN1)
...

. . .
...

TCD(P1, g1T ) . . . TCD(PN , gNT )

⎞⎟⎠ .

(3)

We observe that MTCD(S) is an T × N matrix with column i
being the shape descriptor MTCD(Pi) of the sample point Pi of

shape S.

Figure 1 shows an example of MTCD extracted from a leaf shape.

For the leaf shape depicted in Figure 1(a), we sampled 128 points on

the contour of the shape, which is shown in Figure 1(b). The MTCD

descriptor of this leaf shape is shown in Figure 1(e), and the size of

this descriptor is 63× 128. In this feature matrix, blue entries repre-

sent small values, whereas red entries represent large ones. The rows

of this descriptor represent the shape descriptor in one scale. The

columns of this descriptor represent each point of the shape descrip-

tor in all scales. Figure 1(c), (d), and (f) depict rows 1, 20, and 63 of

the MTCD, respectively. It can be seen that the first row depicts the

finest level of the shape and the last row presents the coarsest level of

the shape. Therefore, this descriptor can capture the local and global

features of the leaf shape.

From the definition of the MTCD descriptor, we can easily prove

that the MTCD descriptor has intrinsic invariance to translation of the

shape contour. For the case of rotating the shape contour, the posi-

tion of the starting point of the contour will be changed and make the

MTCD descriptor shift by l, i.e., MTCD(Pi) = MTCD(Pi+l),
where l is the displacement of the starting point. By checking the

properties of this descriptor, we can find that the MTCD descriptor

is not scale invariant. To make our shape descriptor scale invariant,

we row wise normalize MTCD(S) by dividing by the maximal ab-

solute value of each row as follows:

TCD(Pi, git) =
TCD(Pi, git)

maxN
i=1{TCD(Pi, git)}

. (4)

To distinguish the usual normalization process by some global

measure for the shape contour, the normalization process according

to Eq. (4) can be considered as local normalization. The advantage of

this kind of normalization is analyzed in detail in [1]. Consequently,

the value of each entry in the matrix MTCD(S) after normalization

is in the interval [0, 1].

Figure 1. An example of MTCD extracted from a leaf shape. (a) The leaf
image; (b) The contour shape of the leaf (a), and the sample point is painted
in red color; (e) The extracted MTCD of the leaf; The red lines in (c), (d),

and (f) correspond to the first, twenty, and last rows of the MTCD,
respectively.

Here, we apply Fourier transforms to each row of the MTCD de-

scriptor, and discard the phase information to obtain invariance to

rotation of the shape contour. At the same time, the dimensionali-

ty of the proposed shape descriptor can be further reduced through

the Fourier transforms, which can improve the efficiency and effec-

tiveness of the shape descriptor for shape matching. To explain the

Fourier transform to each row of the MTCD descriptor conveniently.

Next, we use the dt, t ∈ [1, T ] that represents each row of the MTCD

descriptor. The discrete Fourier transforms for the dt is given by

FDt(i) =
1

N

N∑
u=1

dt(u)exp(
−j2π(u− 1)i

N
), i = 1, 2, ..., N.

(5)

where j2 = −1, and the abs(FDt(i)) is the absolute value

of FDt(i) and represents the magnitudes of the discrete Fouri-

er transform coefficients FDt(i). It is not difficult to prove that

abs(FDt(i)) is invariant to the rotation. Therefore, we use the mag-

nitudes of the Fourier transform coefficients to describe the shape. To

make the generated shape descriptor robust and compact, the lowest

M order coefficients are used, where M 1 N . The resulting final

MTCD descriptor is used for plant leaf recognition, which is defined

as follows:

MTCD = {abs(FDt(v))|t = 1, 2, ..., T ; v = 1, 2, ...M}. (6)

From the definition of the final MTCD descriptor, we can observe

that the size of this descriptor becomes small. The dimensionality of

this descriptor ranges from T×N to T×M , where M 1 N . There-

fore, the descriptor can further improve the efficiency and reduce the

storage of space for plant leaf recognition.

3.2 Shape Dissimilarity Measure
In this subsection, we will introduce how to measure the shape dis-

similarity between the two MTCD descriptors. Let MTCDA =
{abs(FDA

t (v))|t = 1, 2, ..., T ; v = 1, 2, ...M} and MTCDB =
{abs(FDB

t (v))|t = 1, 2, ..., T ; v = 1, 2, ...M} denote the

MTCD descriptors that are extracted from shapes A and B,

respectively. To compare conveniently, we convert MTCDA

and MTCDB descriptors to a row vector. Thus, we obtain

MTCDA = {abs(FDA
1 ), ..., abs(FDA

S )|S = 1, 2, ..., T × M}
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and MTCDB = {abs(FDB
1 ), ..., abs(FDB

S )|S = 1, 2, ..., T ×
M}, respectively. The shape dissimilarity between these descriptors

can be calculated by using the following equation:

Dist(A,B) = 1−
∑S

k=1 abs(FDA
k )abs(FDB

k )√∑S
k=1(abs(FDA

k ))
2

√∑S
k=1(abs(FDB

k ))2
.

(7)

We use the cosine distance to measure the difference degree of the

two MTCD descriptors. The smaller the cosine distance, the more

similar the two shapes. It can be seen from Eq. (7) that the MTCD

features, abs(FDA
t (v)) and abs(FDB

t (v)), of two shapes in each

scale are compared, respectively. Thus, the computation of cosine

distance is very simple and is also very efficient for shape matching

in plant leaf recognition.

3.3 Time Complexity Analysis

The elapsed time of shape recognition can be divided into two part-

s. One is the time of calculating the shape descriptor, the other is

the time of shape matching. During the extraction of the shape fea-

tures for each scale level t = 1, 2, ..., T , calculating the triangu-

lar centroid distance for all the contour points requires time O(N).
Therefore, the total time of calculating the MTCD shape descriptor

is O(NT ). At the same time, in order to obtain invariance to rotation

of the shape contour and reduce the dimensionality of the proposed

shape descriptor. We apply the Fourier transform to the MTCD de-

scriptor for each scale level t = 1, 2, ..., T . The complexities of cal-

culating the Fourier transform coefficients FDt(i) is O(TNlog2N)
for all scale levels T (using the fast algorithm for calculating the dis-

crete Fourier transform). Therefore, the total time of calculating the

MTCD descriptor is O(NT ) +O(TNlog2N) = O(TNlog2N) =
O("(N − 1)/2#Nlog2N).

In the shape matching stage, the time of computing Eq. (7) is

O(S) = O(MT ) = O(M("(N −1)/2#))), where N is the number

of sample points in the shape contour, and M 1 N is the number of

Fourier coefficients used for the MTCD descriptor. In the experimen-

t, because M and T are small, the computation of cosine distance is

very fast. Our current implementation takes about 0.5 milliseconds

to compute a matching in a 3.1 Ghz computer. Thus, the proposed

method is highly efficient in shape-based plant leaf recognition.

3.4 The Summary of the Characteristics of the
Proposed MTCD

The proposed MTCD shape descriptor has the following properties

that render it highly suitable for large-scale image dataset recogni-

tion task. We will also explain the advantages of using the MTCD

descriptor in detail.

Invariance to similarity transforms: Similarity transforms, includ-

ing translation, rotation, and uniform scaling invariance, are a funda-

mental criteria required by the MPEG-7 standard [23]. The proposed

MTCD shape descriptor has intrinsic invariance to translation, and

at the same time, the local normalization is adopted to obtain the s-

cale invariant. In the end, we apply the discrete Fourier transforms to

obtain the rotation invariance descriptor.

Compactness of the MTCD descriptor: The number of features

from each scale level t = 1, 2, ..., T is M . Thus, the total number

of features of the MTCD descriptor is MT . In our experiment, we

set N = 128 and M = 16, making the proposed descriptor very

compact, with only 1,008 features, thus requiring less memory to

store the descriptor. On the other hand, the famous inner distance

shape descriptor (IDSC) [21] uses N × Nd × Nθ features, where

N is the number of sample points on the boundary of shape, Nd is

the number of inner-distance bins, and Nθ is the number of inner-

angle bins. In [21], these parameters are set to N = 128, Nd = 8,

and Nθ = 12 in the experiments. Hence, the features of the IDSC

descriptor are 128× 8× 12 = 12, 288, which is far greater than the

proposed method.

Multiscale representation structure: The proposed MTCD descrip-

tor can capture the local and global features of a leaf shape. From the

definition of the MTCD descriptor, we can find that the large scale

can embody the coarse level information of a shape and the small

scale can embody the finest level information of the shape. From the

coarse scale to the fine scale, a multiscale representation structure

can be formed. It can be proved by experiments that this multiscale

representation structure can contain rich information about the shape

of an object and can more efficiently capture the geometric properties

of a shape.

4 EXPERIMENTAL RESULTS
In this section, we test our method on four leaf datasets: the Swedish

Leaf dataset [32], the Smithsonian Leaf dataset [21], the Flavia Leaf

dataset [36], and the ImageCLEF2012 Leaf dataset [11]. In the ex-

periments, the same parameters (N = 128,M = 16) are used for

the proposed approach. The complete algorithm was implemented by

MATLAB. The experimental platform employed a PC with a Quad-

Core 3.1 GHZ CPU and 4GB memory.

4.1 The Swedish Leaf dataset
The Swedish Leaf dataset is a well-known public dataset generat-

ed by a leaf classification project at Linkoping University and the

Swedish Museum of Natural History [32]. This dataset consists of

15 species of leaves, with 75 images per species for a total of 1,125

images. Some example images from this dataset are shown in Figure

2. The Swedish leaf dataset is very challenging due to its high inter-

species similarity. Note that some species are quite similar from the

view of leaf shape such as the first, third, and ninth species.

Figure 2. Leaves from the Swedish leaf dataset, one image per species.

To compare our approach with existing methods, the same per-

formance evaluation standard used in [21] and [32] is adopted in

our experiment. We randomly selected 25 training images from each

species and classified the remaining images using a nearest neigh-

bor approach. Table 1 compares our classification rate to the other

shape-based methods that have been tested on this dataset. The re-

sults of other methods are directly drawn from the published results.
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Table 1. Classification results on the Swedish Leaf dataset

Method Recognition rate

Soderkvist [32] 82.40%
SC+DP [21] 88.12%

Fourier Descriptor [21] 89.60%
IDSC+DP [21] 94.13%
Shape-tree [9] 96.28%

Spatial PACT [35] 90.61%
MDM [30] 93.60%

Our Method 96.31%

As can be observed, our method achieved the highest classifica-

tion rate among the eight methods. At the same time, the efficiency

of our method is very high. Among the other methods, the shape-

tree method achieved a slightly lower rate compared to our method.

However, this method is still a point-wise matching method, and is

too slow for application in a real-time system.

4.2 The Smithsonian Leaf dataset
The Smithsonian Leaf dataset is a collection of isolated leaves from

the Smithsonian project [21]. This dataset contains a total of 343 leaf

images from 93 species. The number of leaves from different species

varies. Figure 3 shows some sample images from this dataset. The

leaf images from this dataset are vulnerable to lighting changes and

the leaves may not have been well flattened.

Figure 3. The Smithsonian leaf dataset contains a total of 343 leaf images
from 93 species. One typical image from each species is shown.

To directly compare our approach with existing methods, we

adopted the evaluation protocol used in [21]. We randomly select-

ed 187 leaves to form a training set, and performed testing on the

remaining 156 ones. The retrieval performance was evaluated using

performance curves that show the recognition rate among the top N
leaves, where N varies from 1 to 16. The recognition rate versus the

top N leaves curve is presented in Figure 4.

The curves in Figure 4 are the recognition rates indicating how of-

ten the testing leaves can be correctly classified based on the top N
candidates. It can be noticed that such percentage increases mono-

tonically with respect to N , and reduces to the 1-NN recognition

rate when N = 1. As can be observed, our method achieved the

best recognition rate among the five methods. Except for the result-

s generated by our method, the results of the other approaches were

derived from [21]. The MDS+SC method represents the combination

of multidimensional scaling (MDS) and shape context (SC). It’s also
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Figure 4. Recognition rate on the Smithsonian leaf dataset.

noticeable that the recognition rate of our method is 8% higher than

that using the IDSC method that retrieves only one candidate result.

4.3 The Flavia Leaf dataset

The Flavia Leaf dataset contains a total of 1,907 leaf images belong-

ing to 32 different species, with the number of samples in each rang-

ing from 50 to 77. Figure 5 shows some samples from this dataset.

Figure 5. Some samples from the Flavia leaf dataset, which contains 1907
leaf images from 32 species. One sample per species is shown.

Several approaches were tested in [19] on the Flavia leaf dataset.

To compare our approach with these methods, the same evaluation

metrics as those in [19] were used in our experiment. In [19], t-

wo evaluation metrics were employed: the Mean Average Preci-

sion (MAP) and the precision-recall curve. Precision P is defined

as P = r/n, and recall R is defined as R = r/m, where n is total of

number of the retrieved images, r is the number of relevant images

to the query image among the n retrieved images, and m is the total

number of relevant images in the whole dataset.

The MAP value is measured on a set of queries Q and is defined

as follows:

MAP =

∑
q∈Q AP (q)

|Q| . (8)

Here, |Q| is the number of queries. AP (q) is the average precision

C. Yang et al. / Multiscale Triangular Centroid Distance for Shape-Based Plant Leaf Recognition 273



score for each query q and is defined as

AP (q) =

∑M
k=1(P (k)× f(k))

N
, (9)

where P (k) is the precision at cut-off k in the list of retrieved

images, and f(k) is equal to 1 when the image at rank k is relevant

to query q and 0 otherwise. M is the number of retrieved images

and N is the number of retrieved relevant images for query q. The

higher the MAP score is, the better is the performance. The MAP

scores of our method with the other methods are shown in Table 2.

The results of other methods were directly drawn from the published

results [19, 30]. Owing to the results of the IDSC method are not

provided on this dataset. However, by running the released code of

[21], we were able to obtain the MAP values and precision-recall

curve of the IDSC method. In Table 2, the GEDT method is short for

shape context of the Gaussian Euclidian distance transform of the

shape boundaries.

Table 2. Mean Average Precision (MAP) on the Flavia Leaf dataset

Method MAP

GEDT [19] 48.01%
IDSC [21] 59.32%
MDM [30] 47.91%

Riemannian metric [19] 57.21%
Our Method 61.84%

It can be seen from Table 2 that our method achieved the best

MAP scores. Despite the high similarity of the shapes of differen-

t species, our method indicated a high capability of distinguishing

various species.

Figure 6 shows precision-recall curve, which is often used to eval-

uate image retrieval performance. Precision measures retrieval ac-

curacy and recall speed, and recall measures the robustness of the

retrieval. Figure 6 shows that our method achieved the best precision-

recall curve among all of the compared methods.
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Figure 6. Precision-recall curves on the Flavia leaf dataset.

4.4 The ImageCLEF2012 Leaf dataset

The ImageCLEF2012 Leaf dataset was created by Goëau et al. and

was introduced in [11]. To the best of our knowledge, it is the largest

dataset currently available for research. This dataset contains a to-

tal of 11572 images that are subdivided into three different cate-

gories of leaf images: ”scans”, ”scans-like photos” and ”photograph-

s”. The class of ”scan” images contain a white background and mini-

mal shadowing. The class of ”scan-like photo” images includes pho-

tographs with a white backdrop, but may exhibit heavy shadowing.

The images of class of ”photographs” contain unconstrained photos

with natural background. Some samples of these three categories of

images are shown in Figure 7.

Figure 7. Some samples of the three categories of images from the
ImageCLEF2012 leaf dataset. The first, second, and third rows represent the

class of ”scans”, ”scans-like photos”, and ”photographs” images,
respectively.

We only use the ”scans” class images in the experiments, which

accounts for 57% of the entire dataset. This is because we only fo-

cused on shape-based plant leaf recognition, whereas the shapes of

the ”scans” class images can be more reliably extracted by using a

preprocessing step. There are 6,630 leaf images in this subset, which

contains 115 different species, with the number of samples in each

leaf ranging from 2 to 249. Some samples from the ”scans” category

subset of the ImageCLEF2012 dataset are shown in Figure 8.

Figure 8. Some samples from the ”scans” subset of the ImageCLEF2012
dataset, which contains a total of 6,630 leaf images from 115 different

species. One sample per species is shown.
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The ”scans” category dataset is more challenging than the oth-

er datasets in previous sections because this dataset contains a large

number of different species with similarity leaf shapes in inter-class

species and dissimilarity leaf shapes in intra-class species. This sub-

set contains 4,870 images for training and 1,760 images for testing.

The performance metrics used are the same as for the Smithsonian

Leaf dataset, which is described in Subsection 4.2. We compare our

method with the methods of IDSC [21] and MDM [30]. Because the

results of IDSC and MDM are not provided on this dataset. Thus, we

implement the method of MDM and obtain the recognition results on

this dataset. At the same time, we also run the released code of IDSC

method and get the results on this dataset. The recognition rates are

plotted in Figure 9.
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Figure 9. Recognition rate on the ImageCLEF2012 leaf dataset.

It can be seen from Figure 9 that the result of our method is signif-

icantly better than the MDM method. At the same time, our method

gives a comparable performance to the IDSC method. However, our

approach is faster than the IDSC method. Therefore, our approach is

more suitable for the large-scale dataset of retrieval task and the task

of real-time application.

To illustrate the efficiency of our method, we report the average

CPU time of completing one test, including feature extraction and

matching, which gives us a rough feeling of the advantage of our

method. We compared our method with the IDSC method because

the IDSC method is one of the most popular and important methods

for shape-based leaf recognition. In addition, the released code of the

IDSC method is provided. Therefore, we can directly compare it with

our method using similar conditions. Table 3 presents the results of

the comparison. Because the final feature of MTCD is a vector, the

cosine distance is directly computed for matching, whereas the IDSC

method applies DP to match two IDSCs. The computing of cosine

distance or DP is regarded as matching, whereas other processes are

considered as feature extraction.

Table 3. Comparison of time(s) usage on different situations

Situations IDSC Our Method

Swedish leaf dataset 14,342 53
One-to-one Matching 6.8903 0.0005

All algorithms were implemented by Matlab, except for the DP

procedure of IDSC method, which is coded in C in the mex form.

All default parameters in the IDSC method remained unchanged in

the experiments. The first row of Table 3 shows that the time con-

sumption of our approach is far less than that of the IDSC method.

Our approach only required 53 seconds to complete one test using

the Swedish leaf dataset, whereas the IDSC method needed 14,342

seconds. The time required by our method is less than 0.4% of the

IDSC method. Note that the IDSC method uses DP in C language

to compute for distance. Thus, it is relatively more rapid to compute

for loop operations than the Matlab language. The efficiency of ID-

SC method can be further decreased when distance is calculated by

using the Matlab language.

To demonstrate the efficiency of our method for shape matching,

we compared the two methods in a one-to-one matching situation.

The second row of Table 3 shows the one-to-one comparison of time

utilization with the DP procedure of IDSC also implemented by Mat-

lab instead of C. The time usage of our method was also far less than

that using the IDSC method. We only needed 0.5 milliseconds to

compute a match, whereas the DP procedure of the IDSC method

required about 7 seconds for a match using Matlab. Therefore, the

IDSC method needs more time to match two common leaves, and

our method is more suitable for a real-time recognition system.

5 CONCLUSIONS AND FUTURE WORK
In this paper, we have presented a novel shape description method

called MTCD for plant leaf recognition. The proposed MTCD de-

scriptor can better capture the local and global information of a leaf

shape, and at the same time, the proposed descriptor has the fol-

lowing desirable properties: invariance, compactness, and multiscale

representation structure. The performance of our method has been e-

valuated on four leaf datasets: the Swedish Leaf dataset, the Smithso-

nian Leaf dataset, the Flavia Leaf dataset, and the ImageCLEF2012

Leaf dataset. The experimental results demonstrate that the proposed

method outperforms the state-of-the-art shape-based plant leaf recog-

nition methods in terms of accuracy, efficiency, and storage require-

ment. However, we only employed the shapes of plant leaves, and

our future work involves using the combined features of shape and

texture for plant leaf recognition. We believe that the performance

of our method can be further improved when the texture feature of a

leaf is incorporated.
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Complexity of Control by Partitioning Veto and Maximin
Elections and of Control by Adding Candidates to

Plurality Elections
Cynthia Maushagen1 and Jörg Rothe1

Abstract. Control by partition refers to situations where an election

chair seeks to influence the outcome of an election by partitioning ei-

ther the candidates or the voters into two groups, thus creating two

first-round subelections that determine who will take part in a final

round. The model of partition-of-voters control attacks is remotely

related to “gerrymandering” (maliciously resizing election districts).

While the complexity of control by partition (and other control ac-

tions) has been studied thoroughly for many voting systems, there

are no such results known for the important veto and maximin voting

systems. We settle the complexity of control by partition for veto in a

broad variety of models and for maximin with respect to destructive

control by partition of candidates. We also observe that a reduction

from the literature [8] showing the parameterized complexity of con-

trol by adding candidates to plurality elections, parameterized by the

number of voters, is technically flawed by giving a counterexample,

and we show how this reduction can be fixed.

1 INTRODUCTION
Along with manipulation [2, 9] and bribery [15, 17], electoral control

[3, 23] has been the focus of much attention in computational social

choice; see the book chapters by Faliszewski and Rothe [18] and

Baumeister and Rothe [5] for a survey of the related results. Control

scenarios model settings where an external agent, commonly referred

to as the chair, seeks to influence the outcome of an election by such

actions as adding, deleting, or partitioning either the candidates or

the voters. We here focus on control by partition.

The above-mentioned chapters and the papers cited therein com-

prehensively describe applications of voting in artificial intelligence,

multiagent systems, ranking algorithms, meta-websearch, etc., and

they discuss how computational complexity can be used to provide

some protection against manipulation, bribery, and control attacks.

In particular, they give real-world examples of the various control

types introduced by Bartholdi et al. [3] for the constructive control

goal where the chair aims at making a given candidate win and by

Hemaspaandra et al. [23] for destructive control where the goal is to

prevent a given candidate’s victory.

The complexity of control has been studied for many voting sys-

tems, including plurality, Condorcet, and approval voting [3, 23, 7]

and its variants [14, 12], Copeland [17, 7], Borda [34, 11, 28, 8], (nor-

malized) range voting [29], and Schulze voting [32, 30] (see the book

chapters [18, 5] for an overview). Comparing veto (a.k.a. antiplural-

1 Institut für Informatik, Heinrich-Heine-Universität Düsseldorf, 40225
Düsseldorf, Germany, email: Cynthia.Maushagen@uni-duesseldorf.de,
rothe@cs.uni-duesseldorf.de

ity) and plurality, even though these two scoring protocols are defined

in similarly simple way, they behave quite differently for construc-

tive coalitional weighted manipulation: While this problem is easy

to solve in plurality for any number of candidates, it is NP-complete

in veto for three or more candidates [9].2 The main motivation of

this paper is to find out whether veto similarly parts company from

plurality regarding the complexity of control.

Perhaps a bit surprisingly, the important voting systems veto and

maximin have not been investigated in terms of their control com-

plexity by partition of either candidates or voters but only with re-

spect to control by adding or deleting candidates or voters: Fal-

iszewski et al. [16] studied maximin and Lin [26] studied veto for

these control types in terms of their classical complexity, and their

parameterized complexity has been explored by Liu and Zhu [27] for

maximin and by Chen et al. [8] for veto and maximin. To the best of

our knowledge, complexity results for control by partition have been

missing for these two systems to date. This is all the more surpris-

ing as control by partition of voters provides a simplified model of

gerrymandering (i.e., maliciously resizing election districts), a par-

ticularly natural control type known from the real world. One reason

why these control scenarios have been neglected so far for veto and

maximin may be that proofs for control by partition tend to be techni-

cal and challenging. We settle the complexity of control by partition

for veto in a broad variety of models and for maximin with respect

to destructive control by partition of candidates.

Since most of the known results on control by partition are in the

original model as suggested by Bartholdi et al. [3] where the candi-

dates or voters can be partitioned into two sets of arbitrary sizes, we

will focus on this model too, in order to allow for comparability of

results. However, we suggest to also study these problems for veto

and maximin in the more refined models due to Erdélyi et al. [13]

that restrict such partitions to sets of roughly the same size and due

to Puppe and Tasnádi [33] that take geographical constraints into ac-

count when resizing election districts. Note that Bachrach et al. [1]

study a related but different aspect of misrepresentation in district

voting: Their “misrepresentation ratio” quantifies the deviation from

proportional representation in district-based elections and they prove

bounds on this ratio for various voting rules including veto.

In addition, we observe that a reduction due to Chen et al. [8, The-

orem 1] showing the parameterized complexity of constructive con-

trol by adding candidates to plurality elections, where the parameter

2 Indeed, Hemaspaandra and Hemaspaandra [20] proved a dichotomy result
saying that plurality is the only nontrivial scoring protocol for which con-
structive coalitional weighted manipulation is easy (and Conitzer et al. [9]
observed this too for the case of three candidates).
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is the number of voters, is technically flawed. Specifically, we give

a counterexample showing that their reduction maps a no-instance

of the problem MULTI-COLORED-CLIQUE to a yes-instance of this

control problem, and we show how this reduction can be fixed.

2 PRELIMINARIES

In this section, we define the needed voting systems and control prob-

lems and give some background on computational complexity.

2.1 Elections, Plurality, Veto, and Maximin Voting

An election is given by a pair (C,V ), where C is a set of candidates

and V a list of the voters’ preferences over the candidates (which we

will simply refer to as votes). We will consider only preferences that

are linear orders (strict rankings) with the left-most candidate being

the most preferred one. For example, a preference d c a b means that

this voter prefers d to c, c to a, and a to b.

We will consider three well-known voting systems: plurality, veto

(a.k.a. antiplurality), and maximin (a.k.a. Simpson). In plurality, ev-

ery voter gives one point to her most preferred candidate, and who-

ever scores the most points wins. Plurality is the perhaps simplest and

still very prominent positional scoring protocol, a class of important

voting systems that are based on the candidates’ positional scores. In

veto, every voter vetoes her least preferred candidate, which means

that this candidate gets no point while all other candidates receive

one point from this voter, and whoever scores the most points wins.

Veto is another prominent positional scoring protocol. By contrast,

maximin voting is based on the pairwise comparisons between the

candidates and belongs to the class of Condorcet-consistent voting

rules.3 Given an election (C,V ), for any two candidates c,d ∈C, let

N(c,d) denote the number of voters preferring c to d. The maximin
score of c is minc�=d N(c,d), and whoever has the largest maximin

score wins the election.

2.2 Control Problems

We consider control by partition of either candidates or voters, as de-

fined by Bartholdi et al. [3] and—for destructive control—by Hema-

spaandra et al. [23].4 The definitions below have been used in many

papers; we refer to the book chapters by Faliszewski and Rothe [18]

and Baumeister and Rothe [5] for the formal definitions of all prob-

lems studied here and for real-world examples motivating each con-

trol scenario we are interested in. In each such control scenario, start-

ing from a given election (C,V ) and a distinguished candidate c ∈C,

we form two subelections—either (C1,V ) and (C2,V ) where C is par-

titioned into C1 and C2 (i.e., C1∩C2 = /0 and C1∪C2 =C), or (C,V1)
and (C,V2) where V is partitioned into V1 and V2 (i.e., V1 ∩V2 = /0

and V1 ∪V2 = V )—whose winners move forward to a final round if

they survive the given tie-handling rule: either ties-eliminate (TE)

that requires that only unique winners of a first-round subelection

move forward, or ties-promote (TP) that requires that all winners of

a first-round subelection move forward.

3 A (weak) Condorcet winner is a candidate who defeats (ties-or-defeats)
every other candidate in pairwise comparison. Condorcet winners do not
always exist, but when they do, they are unique, whereas it is possible
that there are several weak Condorcet winners. A voting rule is Condorcet-
consistent if it respects the Condorcet winner whenever one exists.

4 Constructive control by adding candidates, also due to Bartholdi et al. [3],
will be defined in Section 6 because this control type will be considered
only there.

Such a partition of either C or V is the chair’s control action, and

the chair’s goal is either to ensure that the distinguished candidate c
wins the final round (in the constructive case) or to prevent c’s victory

(in the destructive case), where the final round is always held with all

votes from V . In the case of candidate control, we further distinguish

between run-off partition of candidates, where the winners of (C1,V )
and (C2,V ) surviving the tie-handling rule face each other in the final

run-off, and partition of candidates, where the winners of (C1,V )
surviving the tie-handling rule face all candidates of C2 in the final

round.

For each such control scenario, we can define a decision problem.

As an example, we formally define the decision problem associated

with constructive control by partition of voters in model TE for some

given voting system E :

E -CONSTRUCTIVE-CONTROL-BY-PARTITION-OF-VOTERS-TE

Given: An election (C,V ) and a distinguished candidate
c ∈C.

Question: Can V be partitioned into V1 and V2 such that c
is the unique E winner of the two-round elec-
tion where the winners of the two first-round
subelections (C,V1) and (C,V2) who survive tie-
handling rule TE run against each other in a final
round (with the votes from V correspondingly
restricted)?

The above problem (denoted by E -CCPV-TE—the shorthands of

the other problems to be used later on will be clear from this ex-

ample) is defined in the unique-winner model. We will also consider

the nonunique-winner model where the question is changed to ask

whether c is a winner (possibly among several winners) of the final

round, and we will always specify the winner model we are referring

to.

For a control type C (such as constructive control by partition of

voters in model TE), an election system E is said to be immune to C
if it is impossible for the chair to reach her control goal (e.g., to

make the given candidate c a unique winner in the constructive case

for the unique-winner model, or to ensure that c is not a winner in

the destructive case for the nonunique-winner model) via exerting

control of type C; otherwise, E is said to be susceptible to C. It is

easy to observe that the two voting systems we study here, veto and

maximin, are susceptible to every type of control (in both winner

models) we have defined above; due to space limitations we omit

giving detailed examples verifying these claims. If an election system

E is susceptible to some control type C, it is common to study the

computational complexity of the associated control problem: We say

E is vulnerable to C if the control problem corresponding to C can

be solved in polynomial time, and we say E is resistant to C if C is

NP-hard.

2.3 Computational Complexity

We assume that the reader is familiar with the basic notions of com-

putational complexity, such as the complexity classes P (determinis-

tic polynomial time) and NP (nondeterministic polynomial time) and

with the notions of NP-hardness and NP-completeness, based on the

polynomial-time many-one reducibility. For more background, we

refer to the book by Garey and Johnson [19].

In Section 6, we will also be concerned with parameterized com-

plexity. In particular, we consider a result about W[1]-hardness. W[1]
is a parameterized complexity class that in some sense corresponds
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to the classical complexity class NP, and just as NP-hardness in-

dicates that a problem is infeasible to solve in the sense of classi-

cal complexity theory (i.e., has no polynomial-time algorithm unless

P = NP), W[1]-hardness can be taken as strong evidence that a prob-

lem is not even fixed-parameter tractable. For more background on

parameterized complexity and fixed-parameter tractability, we refer

to the books by Downey and Fellows [10] and Niedermeier [31].

3 CONTROL BY PARTITION OF VOTERS IN
VETO ELECTIONS IN MODEL TE

In this section, we show that it is easy to control veto elections by

partition of voters in model TE. We start with the constructive case.

3.1 Veto-CCPV-TE

We show that veto is vulnerable to constructive control by parti-

tion of voters in model TE, in both winner models. Essentially, the

polynomial-time algorithm used to prove Theorem 1 exploits the fact

that, due to the TE model, control is impossible only if either there

are two candidates and the distinguished candidate is not already a

veto winner (in the unique-winner model: is not already the only veto

winner) of the given election, or there are more than two candidates

and some candidate other than the distinguished candidate is not ve-

toed by any voter. In all other cases it is easy to find a successful

partition that ensures the distinguished candidate’s victory.

Theorem 1 Veto-CCPV-TE is in P in both the unique-winner and
the nonunique-winner model.

Proof. The following polynomial-time algorithm solves the prob-

lem. Given an election (C,V ) with n votes in V and a candidate c∈C,

it proceeds as follows: (1) If there are no more than two candidates,

then if c already is a winner (in the unique-winner model: the only

winner) of (C,V ), control is possible via the trivial partition (V, /0),
so accept; otherwise, control is impossible, so reject. (2) Otherwise

(i.e., if |C|> 2), if score(d) = n for some d ∈C
{c}, control is im-

possible, so reject. (3) Otherwise (i.e., if |C|> 2 and score(d)< n for

all d ∈C
{c}), it is safe to accept, since control is possible via the

partition (V1,V2) of V that puts all voters who veto c into V1 and all

other voters into V2.

The above algorithm runs in polynomial time and is correct. This

is obvious for step 1. Further, it is impossible for c to defeat the candi-

date d with score(d) = n in step 2 (as d scores the maximum number

of points in each first-round subelection, no matter how V is par-

titioned, which makes it impossible for c to win alone in any sub-

election). And in step 3, no candidate from V1 can move to the final

round, because either V1 is empty (in case no one vetoes c) or each of

the at least two candidates other than c wins subelection (C,V1) with

the same score and, therefore, will be eliminated in model TE. On

the other hand, each candidate d �= c is vetoed by at least one voter

ending up in V2, whereas c is not vetoed by any voter in V2 and thus

wins subelection (C,V2) and the final run-off. This argument applies

to both the unique-winner and the nonunique-winner model. �

3.2 Veto-DCPV-TE

A similar algorithm works in the destructive case. Note that Theo-

rem 2 follows immediately from Theorem 1 for the unique-winner

model,5 but not for the nonunique-winner model. Therefore, we

present a proof (which in fact works for both winner models).

Theorem 2 Veto-DCPV-TE is in P in both the unique-winner and
the nonunique-winner model.

Proof. Given an election (C,V ) and a distinguished candidate c,

our algorithm works as follows: (1) If |C|= 1, control is impossible,

so reject. (2) If |C| = 2, determine the set of veto winners. If c wins

alone, control is impossible, so reject. Otherwise, control is possible

via the trivial partition (V, /0), so accept. (3) If |C| > 2, it is safe to

outright accept, since control is always possible: Fix some candidate

d �= c and partition V into (V1,V2) such that V1 contains all voters

vetoing d and V2 contains all remaining voters.

The above algorithm obviously runs in polynomial time and its

correctness is straightforward for steps 1 and 2, while it follows for

step 3 from the observation that if either c or d is vetoed by every-

one then (V1,V2) will be trivial (either ( /0,V ) or (V, /0)) and will thus

prevent c from winning, and if neither c nor d is vetoed by everyone

then there is a candidate e, c �= e �= d, who ties for winner with c in

(C,V1), while d ties-or-defeats c in (C,V2); in either case, c cannot

move forward to the final round due to model TE. �

4 CONTROL BY PARTITION OF CANDIDATES
IN VETO ELECTIONS

We now turn to control by partition of candidates in veto elec-

tions, considering both constructive and destructive control, both

tie-handling models, TE and TP, both the unique-winner and the

nonunique-winner model, and the partition problems both with and

without run-off.

4.1 Veto-CCRPC-TE, Veto-CCRPC-TP,
Veto-CCPC-TE, and Veto-CCPC-TP

We start by showing that veto is resistant to constructive control by

run-off partition of candidates.

Theorem 3 Veto-CCRPC-TE is NP-complete in both the unique-
winner and the nonunique-winner model, and Veto-CCRPC-TP is
NP-complete in the unique-winner model.

Proof. Membership of Veto-CCRPC-TE in NP is obvious. To

show that it is NP-hard, we reduce from ONE-IN-THREE-POSITIVE-

3SAT, an adaption from the well-known NP-complete problem

ONE-IN-THREE-3SAT where the clauses of the given boolean for-

mula do not contain any negated variables [19, p. 259]:

ONE-IN-THREE-POSITIVE-3SAT

Given: A set X of boolean variables, a set S of clauses
over X , each containing exactly three unnegated
literals.

Question: Does there exist a truth assignment to the vari-
ables in X such that exactly one literal is set to
true for each clause in S?

5 As noted by Hemaspaandra et al. [23, Footnote 5 on p. 257], for voting sys-
tems that always have at least one winner (such as veto), any destructive
control problem in the unique-winner model disjunctively truth-table re-
duces to the corresponding constructive control problem in the nonunique-
winner model.
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Let (X ,S) be an instance of ONE-IN-THREE-POSITIVE-3SAT

with X = {x1, . . . ,xm} and S = {S1, . . . ,Sn}. Construct an election

(C,V ) with distinguished candidate c∈C by defining C =X∪{c,w},
where the elements of X from now on will also be viewed as candi-

dates, and the list V of votes as follows:

# votes preference

2n2 +1 : w c · · · xi for each i ∈ {1, . . . ,m}
n−1 : w · · · c

1 : c · · · w S j 
{xi} for each j ∈ {1, . . . ,n} and xi ∈ S j
2n : w · · · c S j for each j ∈ {1, . . . ,n}

There are m+ 2 candidates and (2n2 + 1)m+2n2 +4n− 1 voters

in the election. If a set of candidates occurs in such a vote, we tacitly

assume a fixed ordering of its candidates in this preference. The dots

in a vote represent all remaining candidates (in an arbitrary, fixed

order). In particular, there are 3n votes of the form c · · · w S j 

{xi}. If, say, clause S1 contains the literals x2, x5, and x7, then the

corresponding three votes are

c · · · w x2 x5, c · · · w x2 x7, c · · · w x5 x7.

Candidate w alone wins in election (C,V ), since the candidates

score the following points:6

score(c) = (2n2 +1)m+3n+2n2,

score(w) = (2n2 +1)m+3n+n−1+2n2, and

score(xi) ≤ (2n2 +1)(m−1)+n−1+3n+2n2.

Obviously, the reduction can be computed in polynomial time. It

remains to show that (X ,S) is a yes-instance of ONE-IN-THREE-

POSITIVE-3SAT if and only if (C,V,c) is a yes-instance of Veto-

CCRPC-TE (in both winner models).

(⇒) If (X ,S) is a yes-instance of ONE-IN-THREE-POSITIVE-

3SAT, then there is a subset U = {u1, . . . ,uk} of X (renaming its ele-

ments for convenience) such that |U∩S j|= 1 for each j ∈ {1, . . . ,n}.
We claim that partitioning C into C1 = U ∪{c,w} and C2 = C
C1

ensures that c is the only veto winner (and thus, a fortiori, c is a veto

winner). To see this, note that the candidates in subelection (C1,V )
have the following scores:

score(c) = (2n2 +1)m+3n+2n2,

score(w) = (2n2 +1)m+n−1+2n+2n2, and

score(ui) ≤ (2n2 +1)(m−1)+n−1+3n+2n2.

For c to win (C1,V ) alone, we have to show that score(c) >
score(w) and score(c) > score(ui) for all ui ∈ U : First, score(c) >
score(w) is equivalent to (2n2 + 1)m + 3n + 2n2 > (2n2 + 1)m +
n− 1+ 2n+ 2n2, which in turn is equivalent to 3n > 3n− 1; sec-

ond, score(c) > score(ui) is equivalent to (2n2 + 1)m+ 3n+ 2n2 >
(2n2 + 1)(m− 1)+ n− 1+ 3n+ 2n2, which in turn is equivalent to

2n2 +1 > n−1.

Being the only veto winner of subelection (C1,V ), c will move for-

ward to the final run-off. If more than one candidate wins subelection

(C2,V ) (thus TE blocking them all from moving to the final run-off),

c’s overall victory is ensured. On the other hand, if some candidate

xi ∈C2 is the only veto winner of (C2,V ), c will face xi in the run-off.

However, since

score(c)≥ (2n2 +1)m+3n > n−1+2n2 ≥ score(xi)

6 Here and in the following, we omit a detailed argumentation of why certain
candidates score a certain number of points in some election, due to space
limitations and since these scores can be determined straightforwardly.

in the run-off ({c,xi},V ), c wins the run-off and is the only overall

veto winner. Thus (C,V,c) is a yes-instance of Veto-CCRPC-TE in

the unique-winner model.

(⇐) Conversely, let (X ,S) be a no-instance of ONE-IN-THREE-

POSITIVE-3SAT. Then, for each partition of X into X1 and X2, let ki
be the number of clauses containing i literals from X1. We have 1 ≤
k0 + k1 + k2 + k3 ≤ n, since we started from a no-instance of ONE-

IN-THREE-POSITIVE-3SAT. We will show that for each possible

combination of the ki (corresponding to each possible partition of X),

candidate c cannot end up being a veto winner (a fortiori, c cannot be

the only veto winner). Note that a partition of X induces a partition

of C = X ∪{c,w} into C1 and C2 = C
C1 (assuming, without loss

of generality, that c ∈C1). It is enough to distinguish the three cases

below, and in each case, we will show that c is not a veto winner.

Case 1: C1 = {c,w}. Then score(c) = 3n and score(w) = (2n2 +
1)m+ n− 1+ 2n2 ≥ 4n2 + n, so w is the only veto winner of this

subelection, and since c does not take part in the final run-off, c will

not be an overall winner.

Case 2: C1 contains c but not w. It is enough to show that w is the

only winner of the other subelection, (C2,V ), since if c wins (C1,V ),
then either c is not promoted to the final round due to TE (if there are

other winners) or c loses the final round as we have seen in Case 1.

In subelection (C2,V ), for each xi ∈C2, we have

score(w) ≥ (2n2 +1)m+n−1+2n2

> (2n2 +1)(m−1)+n−1+3n+2n2

≥ score(xi),

where the “greater than” follows from 2n2 + 1 > 3n, which is true

for all n > 1. (For n = 1, however, we would have started from

a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, which contra-

dicts our assumption.) Thus w is the only veto winner of (C2,V ),
which precludes c’s overall victory in this case.

Case 3: C1 contains c, w, and some elements of X . Distinguish the

following three subcases.

Case 3.1: k0 ≥ 2. In this case, we have

score(c) ≤ (2n2 +1)m+3n+(n− k0)2n and

score(w) ≥ (2n2 +1)m+n−1+2n2.

Regardless of the points the elements of X in C1 score, it suffices

to show that score(c) ≤ score(w). This, however, holds since (for

k0 ≥ 2) the inequality 2n+1≤ 2k0n implies

(2n2 +1)m+3n+(n− k0)2n≤ (2n2 +1)m+n−1+2n2.

Case 3.2: k0 = 1. In this case, we have

score(c) ≤ (2n2 +1)m+3n+(n− k0)2n and

score(w) ≥ (2n2 +1)m+n−1+2(n−1)+2n2.

Now, the inequality 3≤ 2n (which is true for n > 1; the case n = 1

can again be excluded) implies score(c)≤ score(w) also in this case.

Case 3.3: k0 = 0. Since we have a no-instance, at least one clause

must contain at least two literals from X1, so

score(c) = (2n2 +1)m+3n+2n2 and

score(w) ≥ (2n2 +1)m+n−1+2n+1+2n2.

The term 2n+ 1 in score(w) is due to the third row in V . Every

clause S j contains at least one literal corresponding to a candidate
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xi in C1, so w gains at least two points per clause. Since at least one

clause contains at least two literals corresponding to candidates in C1,

w receives all three possible points for this clause, which explains the

important additional point. Again, it is enough to show score(c) ≤
score(w). But this follows since 3n+2n2 ≤ 2n2 +3n implies

(2n2 +1)m+3n+2n2 ≤ (2n2 +1)m+n−1+2n+1+2n2.

By model TE, c cannot move forward to the final round and thus

cannot win the overall election. As we have shown that c is not a veto

winner in any partition of the candidates, (C,V,c) is a no-instance of

Veto-CCRPC-TE.

The proof (omitted here) that Veto-CCRPC-TP is NP-complete

in the unique-winner model works by suitably adapting the above

proof. �

A minor tweak in the construction of the previous proof (namely,

by having n instead of n− 1 votes of the form w · · · c, all else be-

ing equal) works for showing NP-hardness of both Veto-CCPC-TE

and Veto-CCPC-TP in the nonunique-winner model. Other minor

changes work in the unique-winner case. The proof of Theorem 4 is

omitted due to space limitations.

Theorem 4 Veto-CCPC-TP and Veto-CCPC-TE are NP-complete
in both the nonunique-winner and the unique-winner model.

4.2 Veto-DCRPC-TE and Veto-DCPC-TE
Now we turn to the destructive variant of the previous problem, but

now in both winner models. We again show resistance via a reduction

from ONE-IN-THREE-POSITIVE-3SAT.

Theorem 5 Veto-DCRPC-TE is NP-complete in both the unique-
winner and the nonunique-winner model.

Proof. Membership of both problems in NP is again obvious. For

showing NP-hardness, let (X ,S) be an instance of ONE-IN-THREE-

POSITIVE-3SAT with X = {x1, . . . ,xm} and S = {S1, . . . ,Sn}. Con-

struct an election (C,V ) with C = X ∪{c,w}, c ∈C being the distin-

guished candidate, and the following list of votes:

# votes preference

3n+1 : c w · · · xi for each i ∈ {1, . . . ,m}
2n+2 : c · · · w S j for each j ∈ {1, . . . ,n}

n : c · · · w
1 : w · · · c S j 
{xi} for each j ∈ {1, . . . ,n} and xi ∈ S j

The election contains m+2 candidates and (3n+1)m+(2n+6)n
voters. The reduction can be computed in polynomial time. It is easy

to see that c is the only veto winner of election (C,V ):

score(c) = (3n+1)m+(2n+2)n+n+3n,

score(w) = (3n+1)m+(2n+2)n+3n, and

score(xi) ≤ (3n+1)(m−1)+(2n+2)n+n+3n.

We claim that (X ,S) is a yes-instance of ONE-IN-THREE-

POSITIVE-3SAT if and only if (C,V,c) is a yes-instance of Veto-

DCRPC-TE (in both winner models).

(⇒) If (X ,S) is a yes-instance of ONE-IN-THREE-POSITIVE-

3SAT, then there is a subset U of X such that |U ∩ S j| = 1 for each

j ∈ {1, . . . ,n}. Partitioning C into C1 =U ∪{c,w} and C2 =C
C1

ensures that c is not a veto winner (a fortiori, c is not the only veto

winner), since c and w have the same score in subelection (C1,V ):

score(c) = (3n+1)m+(2n+2)n+n+2n and

score(w) = (3n+1)m+(2n+2)n+3n,

so, by model TE, c cannot move forward to the final round.

(⇐) Conversely, let (X ,S) be a no-instance of ONE-IN-THREE-

POSITIVE-3SAT. As in the proof of Theorem 3, we consider all pos-

sible partitions of C into C1 and C2 (again assuming, without loss of

generality, that c∈C1) and show that c always is the only veto winner

(a fortiori, c is a veto winner) overall.

Case 1: C1 = {c,w}. Then score(c) = (3n + 1)m + (2n + 2)n + n
and score(w) = 3n, so c moves forward to the final round. If the

other subelection, (C2,V ), has more than one winner, TE blocks

them all, so c wins. If (C2,V ) has a unique winner, say xi, we have

score(c) = (3n+1)m+(2n+2)n+n and score(xi)≤ 3n in the final

round, ({c,xi},V ), so c wins.

Case 2: C1 contains c and some elements of X but not w.

score(c) = (3n+1)m+(2n+2)n+n+3n and

score(xi) ≤ (3n+1)(m−1)+(2n+2)n+n+3n

then imply that c scores at least 3n+ 1 points more than any xi and

moves forward to the final round. If (C2,V ) has more than one win-

ner, c outright wins; if either w or some xi wins in (C2,V ), c wins the

run-off as shown in Case 1.

Case 3: C1 contains c, w, and some elements of X . Rename the el-

ements of U = C1 ∩X by U = {u1, . . .u�}. Let k be the number of

clauses S j such that |S j ∩U |= 0.

Case 3.1: k > 0. Then the scores in (C1,V ) are:

score(c) ≥ (3n+1)m+(2n+2)n+n+2(n− k),

score(w) = (3n+1)m+(2n+2)(n− k)+3n, and

score(ui) ≤ (3n+1)(m−1)+(2n+2)n+n+3n.

For c to win subelection (C1,V ) alone, we need to show that

score(c)> score(w) and score(c)> score(ui) for each ui ∈U . Sim-

plifying the scores of c and w, we get 2n2 + 5n− 2k > 2n2 + 5n−
2nk−2k, which is equivalent to 2nk > 0, which is true because k > 0

and n > 0. Obviously, c also wins out over each ui ∈ U , since sim-

plifying their scores yields 2n+1 > 2k, which is true. In the run-off,

c is either alone or faces some xi (if xi is the only veto winner of

subelection (C2,V )). By the argument just given, c triumphes over xi
and is the only overall veto winner.

Case 3.2: k = 0. Since (X ,S) is a no-instance, there is at least one

clause S j with |S j ∩U | ≥ 2 in this case. This implies the following

scores in (C1,V ):

score(c) ≥ (3n+1)m+(2n+2)n+n+2n+1,

score(w) = (3n+1)m+(2n+2)n+3n, and

score(ui) ≤ (3n+1)(m−1)+(2n+2)n+n+3n.

Thus c is the only veto winner of subelection (C1,V ) and (by the

above arguments) wins also the final run-off alone. Hence, (C,V,c)
is a no-instance of Veto-DCRPC-TE. �

In both winner models, the problems DCRPC-TE and DCPC-

TE are known to be identical for all voting systems [22, Thm. 8 on

p. 386]; the proofs can be found in the related technical report by

Hemaspaandra et al. [21]. Thus we have from Theorem 5:

Corollary 6 Veto-DCPC-TE is NP-complete in both the unique-
winner and the nonunique-winner model.
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4.3 Veto-DCRPC-TP and Veto-DCPC-TP
We next turn to the ties-promote model, TP. By slightly modifying

the proof of Theorem 5, we will show resistance in both cases for the

nonunique-winner model.

Theorem 7 Veto-DCRPC-TP and Veto-DCPC-TP are NP-
complete in the nonunique-winner model.

Proof. Starting with Veto-DCRPC-TP, we only describe the dif-

ferences with the construction given in the proof of Theorem 5. The

only required change is that the votes of the form c · · · w (see the

third row) occur n− 1 instead of n times. The arguments showing

the correctness of the construction then need to be adapted to model

TP; the details are omitted here due to space limitations. Regarding

Veto-DCPC-TP, note that DCRPC-TP and DCPC-TP are known

to be identical problems in the nonunique-winner model for all vot-

ing systems [22, Thm. 8 on p. 386]. �

5 DESTRUCTIVE CONTROL BY PARTITION
OF CANDIDATES IN MAXIMIN ELECTIONS

Finally, we turn to destructive control by partition of candidates in

maximin elections. We start with the ties-eliminate model.

5.1 Maximin-DCRPC-TE and Maximin-DCPC-TE
While veto is vulnerable to both constructive and destructive control

by partition of voters but not to the types of candidate control we

have studied, maximin voting turns out to be vulnerable to destructive

control by partition of candidates.

Theorem 8 In both the unique-winner and the nonunique-winner
model, Maximin-DCRPC-TE is in P.

Proof. Given an election (C,V ) with distinguished candidate c ∈
C as input, our polynomial-time algorithm for Maximin-DCRPC-

TE simply works as follows: If c is the Condorcet winner of (C,V ),
control is impossible, so reject; otherwise, accept.

To see that the algorithm is correct, note that control is always

possible if c is not a Condorcet winner of (C,V ): In the unique-

winner model, we can argue that there is at least one candidate, say

d ∈C, such that N(d,c)≥N(c,d). Now, partitioning C into C1 = {d}
and C2 = C
C1 ensures that d moves forward to the final run-off,

and even if c emerges as the only maximin winner of the other sub-

election, (C2,V ), and faces d in the run-off, c will not be the only

maximin winner of the overall election. The proof in the nonunique-

winner model is similar: If some candidate d defeats c, then again

partition C into C1 = {d} and C2 =C
C1, so d defeats c in the run-

off. Otherwise, there must be a candidate e that ties-or-defeats c, so

partitioning C into C1 = {c,e} and C2 =C
C1 makes sure that due

to the TE rule, c does not move forward to the run-off and does not

win. On the other hand, if c is the Condorcet winner of (C,V ), in

both winner models, no partition of C can prevent c from being the

only maximin winner of the overall election. �

Again, we can apply the known result that DCRPC-TE equals

DCPC-TE for all voting systems [22, Thm. 8 on p. 386].

Corollary 9 In both the unique-winner and the nonunique-winner
model, Maximin-DCPC-TE is in P.

5.2 Maximin-DCRPC-TP and Maximin-DCPC-TP
In the ties-promote model, TP, the algorithm used to prove Theo-

rem 8 works as well, though the proof of correctness needs to be

slightly adjusted. Note that, unlike in TE, DCRPC-TP and DCPC-

TP are not known to coincide in the unique-winner model, though

DCRPC-TP equals DCPC-TP in the nonunique-winner model [22,

Thm. 8 on p. 386], as noted in the proof of Theorem 7.

Theorem 10 In the unique-winner model, both Maximin-DCRPC-

TP and Maximin-DCPC-TP are in P.

Proof. Given an election (C,V ) with distinguished candidate c ∈
C as input, the simple polynomial-time algorithm for Maximin-

DCRPC-TE from the proof of Theorem 8 also works here: If c is

the Condorcet winner of (C,V ), reject; otherwise, accept.

The proof of correctness is adjusted as follows. If c is the Con-

dorcet winner of (C,V ), our destructive goal can again never be

reached: No partition of C can prevent c from being the only maximin

winner of the overall election. On the other hand, if c is not a Con-

dorcet winner of (C,V ), we distinguish two cases: First, if c is a weak

Condorcet winner of (C,V ), there exists a candidate, say d, such that

N(d,c) = N(c,d); partitioning C into C1 = {d} and C2 = C 
C1

ensures that c will not be the only maximin winner of the overall

election. Second, if c is not even a weak Condorcet winner of (C,V ),
there exists a candidate, say d, such that N(d,c)> N(c,d); partition-

ing C into C1 = {c,d} and C2 = C
C1 will ensure that c does not

even win subelection (C1,V ). Obviously, this argument works both

with and without run-off, i.e., both for Maximin-DCRPC-TP and

Maximin-DCPC-TP. �

6 CONSTRUCTIVE CONTROL BY ADDING
CANDIDATES IN PLURALITY ELECTIONS

In this section, we consider only a single control scenario (construc-

tive control by adding candidates) for the simplest natural voting

system, plurality. That plurality is resistant to this control type in

the sense of Plurality-CCAC being NP-hard has already been known

since the first paper on electoral control, due to Bartholdi et al. [3].

Recently, Chen et al. [8] considered the parameterized complexity

of control problems for natural voting systems when there are only

few voters. In particular, they proved that the parameterized variant

of Plurality-CCAC, parameterized by the number of voters, is W[1]-
hard by reducing from the W[1]-hard problem MULTI-COLORED-

CLIQUE, parameterized by the clique order [8, Theorem 1].

However, while the proof sketch of this result does provide a very

clever reduction, it is technically flawed. In this section, we first

briefly present their reduction from the proof sketch of [8, Theo-

rem 1], then give a counterexample showing that it is not correct,

and finally fix this flaw by suitably adapting their reduction in order

to make it correct. The W[1]-hard parameterized problem Chen et

al. [8] reduce from is formally defined as follows.

MULTI-COLORED-CLIQUE

Given: An undirected graph G = (V (G),E(G)), where
V (G) is partitioned into h sets V1(G), . . . ,Vh(G)

such that each Vi(G) =
{

v(i)1 , . . . ,v(i)n′

}
consists

of exactly n′ vertices with color i and G has only
edges connecting vertices of distinct colors.

Parameter: the number h of colors.
Question: Does there exist a size-h clique containing some

vertex for each color?
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Given a voting rule E , the parameterized problem E -CCAC (pa-

rameterized by the number of voters) is defined as follows.

E -CCAC

Given: A set C of registered candidates, a set A of as yet
unregistered candidates, C∩A= /0, a list of pref-
erences V over C∪A, a nonnegative integer k,
and a distinguished candidate p ∈C.

Parameter: the number of votes in V .
Question: Does there exist a subset A′ ⊆ A such that

‖A′‖ ≤ k and p is an E winner of the election
(C∪A′,V ′) with V ′ being V restricted to C∪A′?

We now describe the reduction from the proof sketch of Theorem 1

due to Chen et al. [8]. Let G = (V (G),E(G)) be a given undirected

graph, where V (G) is partitioned into h sets V1(G), . . . ,Vh(G) such

that each Vi(G) =
{

v(i)1 , . . . ,v(i)n′

}
consists of exactly n′ vertices with

color i and G has only edges connecting vertices of distinct colors.

Construct the following instance (C,A,V,k, p) of Plurality-CCAC:

• The set of registered candidates is C = {p,d}, where p is the dis-

tinguished candidate the chair wants to see win.

• The set A of unregistered candidates contains

– a vertex candidate v for each v ∈V (G) and

– two edge candidates (u,v) and (v,u) for each edge {u,v} ∈
E(G).

• To specify the list V of votes, we adopt the following notation

from [8]. Let E(i, j) be the set of all edge candidates (u,v) with

u ∈Vi(G) being colored i and v ∈Vj(G) being colored j.

For each vertex v(i)z ∈ Vi(G), let L(v(i)z , j) be the set of all edge

candidates (v(i)z ,v) with v ∈Vj(G) and (v(i)z ,v) ∈ E(G).
For each i, j, 1≤ i �= j≤ n, define the following two linear orders:

R(i, j) : v(i)1 L(v(i)1 , j) · · · v(i)n′ L(v(i)n′ , j)

R′(i, j) : L(v(i)1 , j) v(i)1 · · · L(v(i)n′ , j) v(i)n′ .

Now we are ready to define the following three types of votes:

1. For each i, there is one vote of the form v(i)1 · · · v(i)n′ d · · · .
2. For each pair of colors i, j, 1 ≤ i �= j ≤ n, there are (a) h− 1

votes of the form E(i, j) d · · · , (b) one vote of the form

R(i, j) d · · · , and (c) one vote of the form R′(i, j) d · · · .
3. There are h votes of the form d · · · and h votes of the form

p · · · .
• At most k = h+2

(h
2

)
candidates can be added.

Chen et al. [8] then argue that p can become a plurality winner

by adding at most k candidates from A if and only if graph G has a

size-h multi-colored clique (i.e., a clique containing a vertex for each

color). However, we now present a counterexample for this claim.

Example 11 Figure 1 shows a graph G corresponding to a no-
instance of MULTI-COLORED-CLIQUE. In particular, the vertex set
V (G) is partitioned into three sets containing two vertices each:

V1(G) =
{

,
}
, V2(G) =

{
,
}
, V3(G) =

{
,
}

but, obviously, G has no clique of size three.
However, we now show that the above construction maps this

no-instance of MULTI-COLORED-CLIQUE to a yes-instance of

Figure 1: Counterexample for the reduction for [8, Theorem 1]

Plurality-CCAC. Indeed, from G we obtain the set C = {p,d} of reg-
istered candidates, where p is the distinguished candidate the chair
wants to see win. The set of unregistered candidates is

A=

{
, , , , , , , , , , , , , , ,

}
with six vertex candidates and ten edge candidates. Figure 2 gives the
list V of votes over C∪A, where the number before a vote indicates
how many votes of this type there are according to the above con-
struction. Finally, since h= 3, we are allowed to add k = 3+2

(3
2

)
= 9

candidates. Since G has no clique of size three, it should be impossi-

1 : d · · · , 1 : d · · · , 1 : d · · · ,

2 : d · · · , 2 : d · · · , 2 : d · · · ,

2 : d · · · , 2 : d · · · , 2 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

3 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

3 : p · · · .
Figure 2: Constructing a yes-instance of Plurality-CCAC from a

no-instance of MULTI-COLORED-CLIQUE according to the proof

sketch of [8, Theorem 1]

ble to make p a plurality winner by adding at most k = 9 candidates.

However, adding the candidates , , , , , , , , to
the election implies that each candidate scores exactly three points.
In particular, p has become a plurality winner, which shows that a
no-instance of MULTI-COLORED-CLIQUE has been mapped to a
yes-instance of Plurality-CCAC by the reduction presented in the
proof sketch of [8, Theorem 1].

Let us discuss the observation made in Example 11 in general and

let us see how the reduction can be adapted so as to work correctly.
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First note that p can never score more than h points, no matter how

many candidates are added to the election. Thus, for p to be a win-

ner, no other candidate must score more than h points. Candidate d
will score at least h points, no matter if any (and how many) candi-

dates are added. To prevent d from scoring more than h points, any

size-
(

h+2
(h

2

))
set A′ ⊆ A of added unregistered candidates must

contain exactly one vertex candidate for each color and exactly one

edge candidate of each (ordered) pair of colors. In their proof sketch

Chen et al. [8, p. 2049] further say that “if A′ contains two vertex

candidates u, v but not the edge candidate (u,v) then, due to the

orders R(i, j) � d � ·· · and R′(i, j) � d � ·· · , either u or an edge

candidate (u′,v′) (where u′ ∈Vi(G), v′ ∈Vj(G), but (u′,v′) �= (u,v))
receives too many points, causing p not to win.” 7 That is, they claim

that adding two vertex candidates, u ∈ Vi(G) and v ∈ Vj(G), en-

forces addition of the edge candidate (u,v) because this would be

required to ensure that the points from the two votes R(i, j) d · · · and

R′(i, j) d · · · are scored by different candidates. This, however, is not

always true. Indeed, to ensure that different candidates score points

from these two votes, it is enough to add with u and v an edge candi-

date (u,v j) such that v j and v have the same color and (u,v j)∈E(G).
Therefore, it in fact is possible to add two edge candidates (u,v) and

(v′,u′) with u,u′ ∈Vi(G), v,v′ ∈Vj(G), i �= j, and (u,v) �= (u′,v′).
In Example 11, the vertex candidates and and also the

edge candidate have been added. The problem is that one is not

forced to also add the edge candidate . The above argument is

only correct if one assumes that the edge candidates (u,v) and (v,u)
must always be added together. To enforce this, one can adapt the

votes E(i, j) d · · · by requiring each edge candidate (u,v) is fol-

lowed by the corresponding edge candidate (v,u). For instance, in

Example 11 that means that the two votes d · · · are both

changed to d · · · . Now, if one adds two unmatching
edge candidates (i.e., (u,v) and (v′,u′) with (u,v) �= (u′,v′), u,u′ ∈
Vi, and v,v′ ∈ Vj) then, without loss of generality, edge candidate

(u,v) receives the points in the now modified votes E(i, j) d · · · =
· · · (u,v) (v,u) · · ·(u′,v′) (v′,u′) · · · d · · · and E( j, i) d · · · =
· · · (v,u) (u,v) · · ·(v′,u′) (u′,v′) · · · d · · · . However, if one adds the

matching edge candidates, say (u,v) and (v,u), then each of them

receives a point only from one of these modified votes. This en-

forces that only matching edge candidates can be added (otherwise,

p would not win). The votes R (i, j) : v(i)1 L(v(i)1 , j) · · · v(i)n′ L(v(i)n′ , j)

and R′(i, j) : L(v(i)1 , j) v(i)1 · · · L(v(i)n′ , j) v(i)n′ then imply that with an

edge candidate (u,v) also the candidate u must be added. If some

other vertex candidate u′ �= u were added, the above two votes re-

stricted to candidates u′ and (u,v) would either both be u′ (u,v) or

both be (u,v) u′, which would give one of these two candidates too

many points.

Obviously, matching vertex and edge candidates can be added only

if there is a size-h multi-colored clique in the given graph G. If there

is no such clique, at least one unmatching candidate has to be added.

7 CONCLUSIONS AND OPEN QUESTIONS
We have studied the complexity of control by partition of either vot-

ers or candidates for veto elections and of destructive control by par-

tition of candidates for maximin. Recall that our main goal was to

7 We omit the order symbol �, so the orders R(i, j) � d � ·· · and R′(i, j) �
d � ·· · in this quote are written R(i, j) d · · · and R′(i, j) d · · · here.

find out whether veto parts company from plurality regarding the

complexity of control by partition. We have seen that, in stark con-

trast with constructive coalitional weighted manipulation where veto

and plurality behave quite differently, the results obtained for control

by partition in veto are exactly the same as those known for control

by partition in plurality [3, 23]: Control by partition of candidates

is hard, whereas control by partition of voters is easy. For veto, the

complexity is still open for CCPV-TP and DCPV-TP and in some

cases for one of the two winner models. Table 1 gives a detailed

overview by comparing our results for veto with the known results

for plurality due to Bartholdi et al. [3] and Hemaspaandra et al. [23]

(which all were shown only in the unique-winner model), in partic-

ular indicating the open questions by question marks. In this table,

V stands for vulnerability (i.e., the corresponding control problem is

in P) and R for resistance (i.e., the corresponding control problem

is NP-hard). By R∗ and =∗ (respectively, by R†) we indicate that this

result has been shown only in the nonunique-winner (respectively, in

the unique-winner) model (and, for our R∗ and R† entries, the ques-

tion of whether these resistance results hold also in the other winner

model is left open), while all other results hold in both the nonunique-

winner and the unique-winner model. For maximin, we only obtained

(easy) polynomial-time algorithms for destructive candidate control

cases—which is similar to the results known for these control types

in Copeland elections [17].

Control problem Veto Plurality

CCPV-TE V (Thm. 1) V
DCPV-TE V (Thm. 2) V
CCPV-TP ? R
DCPV-TP ? R

CCRPC-TE R (Thm. 3) R
DCRPC-TE = DCPC-TE R (Thm. 5 and Cor. 6) R
CCPC-TE R (Thm. 4) R

CCRPC-TP R† R
DCRPC-TP =∗ DCPC-TP R∗ (Thm. 7) R
CCPC-TP R (Thm. 4) R

Table 1: Complexity results for control by partition for veto in com-

parison with plurality

We have also identified and fixed a technical flaw in a very clever

reduction due to Chen et al. [8]. Their reduction concerns the pa-

rameterized complexity of control by adding candidates to plurality

elections, parameterized by the number of voters.

Regarding future work, a quite challenging interesting open ques-

tion is to completely characterize the class of scoring protocols in

terms of control complexity (i.e., to establish dichotomy results for

the various control types), as has been done by Hemaspaandra et

al. [24] for constructive control by adding voters, by Hemaspaandra

and Hemaspaandra [20] for constructive coalitional weighted manip-

ulation, and by Betzler and Dorn [6] and Baumeister and Rothe [4]

for the possible winner problem (a generalization of coalitional un-

weighted manipulation due to Konczak and Lang [25]). Finally, it

would also be interesting to study veto with respect to the refined

models of control by partition introduced by Erdélyi et al. [13].
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Agent-Based Refinement for Predicate Abstraction of
Multi-Agent Systems

Francesco Belardinelli1 and Alessio Lomuscio1 and Jakub Michaliszyn2

Abstract. We put forward an agent-based refinement methodology

for the verification of infinite-state Multi-Agent Systems by predicate

abstraction. We use specifications defined in a three-valued variant

of the temporal epistemic logic ATLK. We define “failure states” as

candidates for refinement, and provide a sound automatic procedure

for their identification. Further, we introduce a methodology based

on Craig’s interpolants for the refinement of the agent-specific predi-

cates upon which the abstraction is built. We illustrate the refinement

technique on an infinite-state auction scenario, and show that speci-

fications of interest, that could not be checked by plain abstraction,

can now be verified on the refined models.

1 Introduction

Over the past 15 years, considerable research has taken place in

the area of verification of finite state Multi-Agent Systems (MAS).

This includes symbolic model checking methods [13, 25], SAT-based

methods [31], partial-order reductions [23], and symmetry reduc-

tion [8]. Considerably less attention has so far been paid to devising

techniques for verifying infinite state MAS. Since, like standard pro-

grams, MAS typically denote infinite models, devising techniques

for verifying infinite state MAS remains of considerable interest.

Predicate abstraction [9, 19] is a successful approach to the verifi-

cation of infinite state programs. In predicate abstraction finite state

models, representing under- and over-approximations of the system,

are generated automatically by Boolean programs built on predicates

derived from the program’s and the system’s specifications. If the

truth value of the specification cannot immediately be determined on

the initial Boolean program, the list of predicates is updated automat-

ically and a new Boolean program is generated and checked. While

this procedure cannot be complete due to the undecidability of the

underlying problem, by checking several refinements in succession

it is often possible to determine the truth value of the specification

on the infinite-state program. A key aspect of this approach is the

actual derivation of the refined abstractions.

While predicate abstraction is an established technique in software

verification, considerable challenges need to be overcome before it

can be applied to MAS. These include the fact that MAS semantics

are modular in the agents and that agent-based specifications are con-

siderably richer than those traditionally used in software engineering.

Any predicate abstraction technique for MAS ought to support these

aspects.

In this paper we introduce a refinement technique for verifying

MAS against specifications defined in the agent-based logic ATLK.

1 Department of Computing, Imperial College London, UK
2 Institute of Computer Science, University of Wrocław, Poland

A key aspect of the approach we take is the particular setup we

consider when combining ATL [2] and epistemic logic [12, 30] to

form the logic ATLK that we use to specify MAS. ATL is most often

used in its original variant that assumes systems with perfect recall

and complete information. This setup is attractive from a verification

perspective as the corresponding model checking problem is PTIME,

like CTL and CTLK [11, 26]. In contrast, epistemic logic is defined

on the basis of incomplete information. This creates a tension in com-

binations such as ATEL [15], where ATL and epistemic modalities

do not share the same underlying information model for the agents

in the system. Proposals have been made to overcome this modelling

difficulty. The natural setting involves assuming incomplete informa-

tion for both the strategic ATL modalities and the epistemic operators

[17]. If memoryless, uniform strategies [18] are assumed, this leads

to a decidable model checking problem; the resulting complexity is

however ΔP
2 -complete [16]. In turn this makes the model checking

problem exponential against implicit structures given by modelling

languages. Given the difficulty of model checking large state spaces,

any practical prospect of verifying MAS is unfeasible under this as-

sumption.

To solve the difficulty above we here work with a variant of ATLK

which is defined on incomplete information and memoryless, non-

uniform strategies. Under non-uniform strategies, agents do not have

to play the same action in the same local state, as long as the action is

allowed by their protocol. This set up has been proposed in [27] and

used in a number of applications [25]. Under this setting ATLK re-

tains a PTIME model checking problem and verification can be per-

formed via fixed-point characterisations of the ATL operators. The

semantics of non-uniform strategies is considerably more convoluted

and was formally presented in [20, 21, 22]. In this paper we adopt this

framework, which we recall in the next section. However, we refer

to these papers for more motivations, discussions of these features,

as well as relationship with alternative assumptions, including plain

ATEL (see [1]). We stress that the framework here proposed entirely

subsumes CTLK, for which no predicate refinement methodology

has been proposed yet.

Related Work. Other than the contributions hereafter, we are

aware of no work addressing the verification of infinite-state MAS

by predicate abstraction. In [32, 3] the authors define a predicate

abstraction methodologies supporting CTL and Alternating Modal

Logic (AML) specifications. This work differs from the present one

in several respects. Firstly, their specification language does not sup-

port epistemic modalities. Secondly, the AML semantics assumes

complete information and perfect recall; instead we only assume in-

complete information and no memory. Thirdly, no method is given

for the refinement of predicates. In contrast, we here put forward an

algorithm based on Craig’s interpolants that is used to generate suc-
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cessive refinements from the agents’ models.

Closer to our work are [21, 22] where a three valued logic ATLK is

defined and a procedure for an agent-based state and action abstrac-

tion is given. However, no solution is proposed there for performing

refinement on the abstract models. So if a specification is initially un-

defined, no conclusion can be drawn. We here follow that approach,

but extend it by identifying so called “failure pairs”, which we ex-

ploit to build a refined model. This enables us to solve the verifica-

tion problem in several cases of interest where the original technique

fails.

Predicate abstraction for the verification of MAS against temporal-

epistemic specifications was proposed in [14]. Our contribution dif-

fers from that work as we support ATL specifications; the underlying

semantics is different; also while [14] addresses the specific case of

GSM programs, here we deal with generic MAS; lastly, in common

with [22], [14] cannot deal with predicate refinement, which consti-

tutes our main contribution here.

Scheme of the paper. The paper is structured as follows. In Sec-

tions 2 we summarise the methodology from [22] for initial abstrac-

tion on MAS. In Section 3 we define the concept of failure pair;

define an algorithm for their identification, and study its properties.

We adopt these in Section 4 to derive Craig’s interpolants that we use

to revise the list of predicates in the initial abstraction. We exemplify

the technique in Section 5 and conclude in Section 6 by pointing to

future work.

2 Predicate Abstraction for MAS
In this paper we assume that agents have imperfect information and

use memoryless (positional) strategies [4, 27]; this is in contrast

with previous approaches [32, 3] that assume perfect information.

We initially follow the three-valued abstraction methodology intro-

duced by [20, 21], that we summarise hereafter. In the following

Ag = {1, . . . ,m} is a set of agents and V a set of propositions.

Given a set U , U denotes its complement (w.r.t. some V ⊇ U ).

We first define the notion of interpreted system [12], to represent

formally the execution of a multi-agent system.

Definition 1 (IS) An interpreted system is a tuple M = ({Li, Acti,
Pi, ti}i∈Ag, I ,Π) such that:

• for each agent i ∈ Ag,

– Li is the (possibly infinite) set of local states;

– Acti is the set of actions;

– Pi : Li → (2Acti \ {∅}) is the local protocol;

– ti ⊆ Li × ACT × Li is the local transition relation, where
ACT = Act1 × · · · ×Act|Ag| is the set of joint actions;

• I ⊆ L1 × · · · × L|Ag| is the set of global initial states;

• Π : L1×· · ·×L|Ag|×V → {tt,ff, uu} is the labelling function.

By Def. 1 each agent i in an interpreted system is assumed to per-

form the actions in Acti, according to protocol Pi. Differently from

the standard notion of IS [12], here the transition function is local

[24], and propositional atoms can receive three truth values: true tt,
false ff , and undefined uu. We say that a truth value t is defined when-

ever t = uu. Also, v.i denotes the i+ 1-th element of tuple v.

Given an IS M , we introduce the global transition relation T ⊆
S ×ACT × S such that T (s, a, s′) holds iff for all i ∈ Ag,

• ti(s.i, a, s
′.i), and

• a.i ∈ Pi(s.i).

Then, S ⊆ L1×· · ·×L|Ag| denotes the set of global states, reach-

able by the global transition relation T from the set I of initial states.

Finally, for every i ∈ Ag,∼i⊆ S2 is the epistemic indistinguishabil-
ity relation defined as s ∼i s

′ iff s.i = s′.i [12]. Given a set Γ ⊆ Ag
of agents, the relation ∼Γ is the transitive closure of (

⋃
i∈Γ ∼i). In

the following we assume that our models are non-terminating, i.e.,

for every s ∈ S and enabled joint action a ∈ ACT , T (s, a, s′)
holds for some state s′ ∈ S.

In this paper we analyse two logics built on the same syntax, but

with different semantics: the two-valued logic ATLK2v and the three-

valued logic ATLK3v .

Definition 2 (ATLK) Formulas in the logics ATLK2v and ATLK3v

are defined as follows:

ϕ ::= q | ¬ϕ | ϕ ∧ ϕ | 〈〈Γ〉〉Xϕ | 〈〈Γ〉〉(ϕUϕ) | 〈〈Γ〉〉Gϕ | CΓ′ϕ

where q ∈ V , i ∈ Ag, Γ,Γ′ ⊆ Ag, and Γ′ = ∅.

The logic ATLK is an epistemic extension of Alternating-time

Temporal Logic [17, 27], including the common knowledge operator

CΓ′ . We refer to [27, 21] for the reading of modalities and derived

operators in the context of the present semantics. We use abbrevia-

tions to introduce 〈〈Γ〉〉Fϕ, the remaining propositional connectives,

and ATLK operators. In particular, for every agent i ∈ Ag, we define

the individual knowledge operator Ki as C{i}.

In order to provide a semantics to ATLK by means of interpreted

systems, we introduce the notion of a memoryless strategy for agent

i ∈ Ag as a function fi : Li → (2Acti \ ∅) such that for every local

state l ∈ Li, fi(l) ⊆ Pi(l). Given a path p = s0s1 . . . , pi denotes

the i+1-th element si in p. Given a set FΓ = {fi | i ∈ Γ} of strate-

gies, one for each agent i ∈ Γ, a set X of paths is FΓ-compatible if

it is a minimal, non-empty set of paths such that for every p ∈ X ,

position j ≥ 0, joint actions a, a′, and state s′, if T (pj , a, pj+1),
T (pj , a′, s′), and for every i ∈ Γ, a′.i = a.i ∈ fi(p

j .i), then there

exists some path p′ ∈ X starting with p0, . . . , pj , s′. Let out(s, FΓ)
be the family of all FΓ-compatible sets of paths starting from s.

We briefly comment on the notions of strategy and compatible

path just introduced. Specifically, we assume that strategies are non-

uniform in the sense of [27], i.e., agents can execute different ac-

tions at different global states in which their own local state is the

same. This is in contrast with both the original semantics for ATL [2],

which stipulates complete information of the global state, and with

successive proposals to accommodate imperfect information [17].

However, it can be proved that the present formulation and the per-

fect information account of [2] are logically equivalent in the sense

that an ATL formula is true in the setting we here adopt if and only if

the formula is true in the semantics adopted in [2]. It follows that, for

the two-valued fragment, an ATLK formula holds in an interpreted

system under the present semantics if it holds in the ATEL logic in

[15]. In particular, the fixed point characterisations of ATL operators

hold in the present setting.

Finally, we report the three-valued satisfaction relation |=3

from [21]. We assume the Kleene semantics for the standard boolean

connectives. For the ATL and knowledge modalities, the semantic is

defined as follows.

Definition 3 (Satisfaction) The 3-valued satisfaction relation |=3
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for an IS M , state s ∈ S, and formula ϕ is defined as follows:

M, s |=3〈〈Γ〉〉Xϕ =⎧⎪⎪⎨⎪⎪⎩
tt iff for some strategy FΓ, some X ∈ out(s, FΓ)

and all p ∈ X , we have (M,p1 |=3 ϕ) = tt

ff iff for some strategy FΓ, some X ∈ out(s, FΓ)
and all p ∈ X we have (M,p1 |=3 ϕ) = ff

M, s |=3〈〈Γ〉〉ϕ1Uϕ2 =⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

tt iff for some strategy FΓ, some X ∈ out(s, FΓ)
and all p ∈ X , there is k ≥ 0 s.t. (M,pk |=3

ϕ2) = tt and for all j < k, (M,pj |=3 ϕ1) = tt

ff iff for some strategy FΓ, some X ∈ out(s, FΓ)

and all p ∈ X , k ≥ 0 we have (M,pk |=3 ϕ2) =
ff or there is j < k s.t. (M,pj |=3 ϕ1) = ff

M, s |=3〈〈Γ〉〉Gϕ =⎧⎪⎪⎨⎪⎪⎩
tt iff for some strategy FΓ, some X ∈ out(s, FΓ) and

all p ∈ X , i ≥ 0 we have (M,pi |=3 ϕ) = tt

ff iff for some strategy FΓ, some X ∈ out(s, FΓ) and
all p ∈ X , there is i ≥ 0 s.t. (M,pi |=3 ϕ) = ff

M, s |=3 CΓϕ =

{
tt iff (M, s′ |=3 ϕ) = tt for all s′ ∼Γ s

ff iff (M, s |=3 ϕ) = ff

In all other cases, the value of formula ϕ is undefined (uu).

The two-valued satisfaction relation |=2 can be derived from |=3

by considering clauses for tt only, as well as classic negation. An IS

M satisfies property ϕ in ATLK, or M |=2 ϕ, iff for all initial states

s ∈ I , (M, s) |=2 ϕ. Similarly, (M |=3 ϕ) = tt (resp. ff) iff for all

(resp. some) s ∈ I , ((M, s) |=3 ϕ) = tt (resp. ff). Otherwise, (M
|=3 ϕ) = uu.

In [21] it is shown that that for every ϕ in ATLK, (M |=3 ϕ) = tt
implies M |=2 ϕ and (M |=3 ϕ) = ff implies M |=2 ϕ. That is,

defined truth values are preserved.

Since interpreted systems might have a possibly infinite state

space, abstraction techniques have been developed to make verifi-

cation feasible [7, 6]. In this section we describe the agent-based ab-

straction techniques put forward in [21, 22] that uses predicates de-

rived from the system description and the specification to be checked.

Assume an IS M and a list (�p1, . . . , �p|Ag|) of tuples of predicates,

where intuitively each predicate represents a condition on an agent’s

protocol, or transition relation. The satisfaction of conjunctions c of

literals (predicates and their negation), called cubes, can naturally be

given at an agent’s local state, denoted as li |= c. A cube is satisfi-
able iff it is satisfied by some local state. By using predicates, agent

descriptions can be abstracted as follows.

Definition 4 (Abstract Agent) Given an agent i ∈ Ag and a list �pi
of predicates, the abstract agent is a tuple iA = 〈LA

i , Acti, P
may
i ,

Pmust
i , tmay

i , tmust
i 〉 such that:

• LA
i is the set of all satisfiable cubes;

• the may protocol Pmay
i is such that a ∈ Pmay

i (c) iff for some l ∈
Li, l |= c and a ∈ Pi(l);

• the may relation tmay
i is such that tmay

i (c, a, c′) iff for some local
states l, l′ ∈ Li, l |= c, l′ |= c′, and ti(l, a, l

′);

• the must protocol P must
i is such that a ∈ Pmust

i (c) iff for every
l ∈ Li, l |= c implies a ∈ Pi(l);

• the must relation tmust
i is such that tmust

i (c, a, c′) iff for all l ∈ Li,
if l |= c then ti(l, a, l

′) for some l′ satisfying c′.

We say that a global state s ∈ S satisfies a tuple b =
(c1, . . . , c|Ag|) of cubes, denoted as s |= b, if each s.i satisfies ci.

Definition 5 (Abstract IS) The predicate abstraction of an IS M
w.r.t. predicates (�p1, . . . , �p|Ag|) is the IS MA = (AgA, IA,ΠA),
where:

• AgA is the set of abstract agents iA w.r.t. �pi, for i ∈ Ag;

• for every state b ∈ SA (where SA = LA
1 × · · · × LA

|Ag|), q ∈ V
and t ∈ {tt,ff}, ΠA(b, q) = t iff Π(s, q) = t for all states s
satisfying b;

• IA = {b | for some s ∈ I, s |= b}.

Furthermore, for every Γ ⊆ Ag, the abstract transition relation

TA
Γ (b, a, b′) holds iff

• for all i ∈ Γ, a.i ∈ Pmust(b.i) and tmust
i (b.i, a, b′.i);

• for all i ∈ Γ, a.i ∈ Pmay(b.i) and tmay
i (b.i, a, b′i).

Intuitively, the may and must components of abstract IS can be

seen respectively as over- and under-approximations of the strategic

abilities of agents. In the following we use the notion of (immediate)
successor according to relations TA

Γ and TA
Γ

.

An abstraction MA can be used to interpret the language ATLK

according to the three-valued semantics. In particular, the following

preservation result applies [21].

Theorem 6 Let M be an IS with predicate abstraction MA. For
every ATLK property ϕ,

(MA |=3 ϕ) = tt implies M |=2 ϕ;

(MA |=3 ϕ) = ff implies M |=2 ϕ.

In [22] the result above is exploited to give a methodology for ver-

ifying infinite-state MAS. Starting from the infinite-state agents’ de-

scriptions and specifications, the relevant predicates, which are then

used to construct the abstract, finite-state interpreted system are de-

rived. The MAS specifications are then evaluated on it. If the truth

value is defined, it can be deduced whether or not the specification

holds on the original MAS. If the specification is undefined, no con-

clusion can be drawn. Indeed, [22] provides such an example where

the technique is unable to determine the value of a specification.

In what follows we put forward a methodology for iteratively re-

fining the agent-specific predicates so that finer and finer abstractions

can be constructed and the truth value of the specification may be de-

termined.

3 Identifying Failure Pairs
In this section, inspired by [3], we define a refinement procedure

based on Craig’s interpolants. Specifically, given an ATLK formula

ϕ, undefined in some state c of an abstract IS M , we investigate the

reason for the undefinedness of ϕ. To do so, we introduce the notion

of failure pair and provide an algorithm for their identification. Dif-

ferently from [3], which considers in detail only the sublanguage of

ATLK containing operator 〈〈A〉〉X (i.e., Alternating Modal Logic),
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here we account for ATLK, including epistemic operators. The pro-

cedure we define is agent-based and therefore modular, whereas in

[3] the abstraction is defined at the system level.

Since in this section we only work on abstract models, for conve-

nience we will denote them simply as M .

Definition 7 (Relevant Pair) Given a (abstract) state c and a for-
mula ϕ, the function R, which returns the set of pairs relevant for
the truth of ϕ in c, is the smallest function (w.r.t. the Lorenz order)
satisfying the following conditions for each c, ψ and ψ′.

• R(c, p) = {(c, p)}, for p ∈ AP

• R(c,¬ψ) = {(c, ψ)} ∪R(c, ψ)

• R(c, ψ ∧ ψ′) = {(c, ψ), (c, ψ′)} ∪R(c, ψ) ∪R(c, ψ′)

• R(c, 〈〈Γ〉〉Xψ) = {(c′, ψ) | TΓ(c, a, c
′) or TΓ(c, a, c

′),
for some joint action a ∈ ACT} ∪⋃c′ R(c′, ψ)

• R(c,Kiψ) = {(c′, ψ) | c′ ∼i c} ∪
⋃

c′ R(c′, ψ)

• R(c, 〈〈Γ〉〉Gψ) = {(c, ψ), 〈〈Γ〉〉Xψ}∪R(c, ψ)∪R(c, 〈〈Γ〉〉Xψ)∪
R(c, 〈〈Γ〉〉X〈〈Γ〉〉Gψ)

• R(c, 〈〈Γ〉〉(ψUψ′)) = {(c, ψ), (c, ψ′)} ∪ R(c, ψ) ∪ R(c, ψ′) ∪
R(c, 〈〈Γ〉〉Xψ) ∪R(c, 〈〈Γ〉〉Xψ′) ∪R(c, 〈〈Γ〉〉X〈〈Γ〉〉(ψUψ′))

• R(c, CΓψ) = {(c, ψ)}∪R(c, ψ)∪⋃i∈Γ R(c,Kiψ)∪R(c, ψ)∪⋃
i∈Γ R(c,KiCΓψ)

Observe that R(c, ϕ) is well defined and can be computed by

using standard fix-point algorithms, which are indeed validities in

the proposed semantics. Specifically, the clauses for G-, U -, and C-

formulas make use of the following fixed-point characterisations:

〈〈Γ〉〉Gψ ≡ ψ ∧ 〈〈Γ〉〉X〈〈Γ〉〉Gψ

〈〈Γ〉〉(ψUψ′) ≡ ψ′ ∨ (ψ ∧ 〈〈Γ〉〉X〈〈Γ〉〉(ψUψ′))

CΓψ ≡ ψ ∧
∧
i∈Γ

KiCΓψ

Example 8 Consider an abstract interpreted system IS with two
agents 1, 2, both having two states 0, 1 and two actions A, B, whose
model is depicted on Figure 1.

c00 c10

c01 c11

(B,A)
(A,A)

(∗, A)

(A,B)
(B,B)

(∗, B)

(∗, B) (∗, A)(A,B) (B,A)

(A,A)

(B,B)

Figure 1. A model for Example 8. We assume that
T∅ = T{1} = T{2} = T{1,2} are all as depicted.

This may be interpreted as follows: both agents start in a local
state 0. Agent 1 stays in the state 0 until both agents play the same
actions; when this happens agent 1 moves to state 1 where it stays

for the rest of the run. The second agent changes its state only on the
basis of its action: if it performs action A it then moves to 0; if it
performs action B, then it moves to state 1.

Assume that the labelling is such that the only state labelled with
p is c11. Consider the formula ϕ = 〈〈1, 2〉〉Gp.

By definition R(c00, ϕ) contains elements of {(c00, ϕ)},
R(c00, p), R(c00, 〈〈1, 2〉〉X〈〈1, 2〉〉Gp), and for all i, j,
R(cij , 〈〈1, 2〉〉Xp).

Then, R(c00, 〈〈1, 2〉〉X〈〈1, 2〉〉Gp) contains
(c00, 〈〈1, 2〉〉X〈〈1, 2〉〉Gp) and all the pairs of R(cij , 〈〈1, 2〉〉Gp), for
all i, j. For every j, R(c1j , 〈〈1, 2〉〉Gp) contains (c1j , 〈〈1, 2〉〉Gp)
and elements of R(c10, p), R(c10, 〈〈1, 2〉〉X〈〈1, 2〉〉Gp) and for all j,
R(c1j , 〈〈1, 2〉〉Xp).

The minimal function R satisfying the above conditions is as fol-
lows, for each i, j ∈ {0, 1}

R(cij , p) ={(cij , p)}

R(c1j , 〈〈1, 2〉〉Xp) ={(c1j , 〈〈1, 2〉〉Xp), (c10, p), (c11, p)}

R(c0j , 〈〈1, 2〉〉Xp) ={(c0j , 〈〈1, 2〉〉Xp), (c10, p), (c11, p),

(c00, p), (c01, p)}

R(c1j , ϕ) ={(c1k, ϕ), (c1k, 〈〈1, 2〉〉Gϕ),

(c1k, 〈〈1, 2〉〉Gp), (c1k, p) | k ∈ {0, 1}}

R(c0j , ϕ) ={(clk, ϕ), (clk, 〈〈1, 2〉〉Gϕ),

(clk, 〈〈1, 2〉〉Gp), (clk, p) | l, k ∈ {0, 1}}

The significance of relevant pairs is given by the following imme-

diate lemma.

Lemma 9 If the truth value of ϕ in c is defined, then truth values for
all relevant pairs in R(c, ϕ) are also defined.

Notice that because of loops and the expansions above, for a G-,

U -, or a C-formula ϕ and state c it might be that (c, ϕ) belongs to

R(c, ϕ). Moreover, we show below that the cases for these formulas

can be reduced to those for X- and K-formulas. As a consequence,

we will be able to focus on refining single steps in a temporal or

epistemic transition in the model.

Next, we introduce a notion of failure pair, inspired by [3]. Intu-

itively, for an abstract state c and formula ϕ, (c, ϕ) is a failure pair

iff ϕ is undefined at c, albeit IS M has definite values for all relevant

pairs for (c, ϕ) different from (c, ϕ) itself.

Definition 10 (Failure Pair) A tuple (c, ϕ) is a failure pair iff
((M, c) |=3 ϕ) = uu and for all relevant pairs (c′, ψ) ∈ R(c, ϕ),
where ψ is a strict subformula of ϕ, we have that ((M, c′) |=3 ψ) ∈
{tt,ff}.

A failure pair (c, ϕ) singles out a formula ϕ whose undefined

value in state c is due to the structural features of the abstract IS

itself. Hence, to provide a defined value to ϕ we have to refine the

abstraction by using the information in (c, ϕ).
Clearly, propositional formulas are defined whenever all relevant

pairs are. Hence, failure pairs can only be determined by atomic

propositions and ATL and epistemic operators, as detailed in the fol-

lowing lemma.

Lemma 11 A tuple (c, ϕ) is a failure pair iff ((M, c) |=3 ϕ) = uu
and one of the following cases hold

• ϕ = p ∈ V
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• ϕ = 〈〈Γ〉〉Xψ and for all states c′, if TA
Γ (c, a, c′) or TA

Γ
(c, a, c′)

for some joint action a, then ((M, c′) |=3 ψ) ∈ {tt,ff}
• ϕ = Kiψ and ((M, c′) |=3 ψ) ∈ {tt,ff} for all states c′ ∼i c
• ϕ is a G- or U -formula, in which case there is also a failure pair

(c′, ψ), where c′ is reachable from c and ψ is a X-formula.
• ϕ is a C-formula, in which case there is also a failure pair (c′, ψ),

where c′ is (epistemically) reachable from c and ψ is a K-formula.

Proof sketch. The first part of the lemma follows from Def. 7 and

10. As an example, by contraposition suppose that ϕ = 〈〈Γ〉〉Xψ,

((M, c) |=3 ϕ) = uu, but for some state c′, TA
Γ (c, a, c′) or

TA
Γ
(c, a, c′) for some joint action a, and ((M, c′) |=3 ψ) = uu.

In particular, (c′, ψ) is a relevant pair for (c, ϕ). Hence, we derive

that (c, ϕ) is not a failure pair. The result follows by contraposition.

For the second part, we show that failure pairs for G-formulas can

be reduced to the case for X-formulas. Hence, suppose that

(i) ((M, c) |=3 〈〈Γ〉〉Gϕ) = uu

(ii) ((M, c) |=3 ϕ) ∈ {tt,ff}
(iii) ((M, c′) |=3 〈〈Γ〉〉Xϕ) ∈ {tt,ff} for every reachable c′ and

for c′ = c.

From (ii) and (iii) it follows that the truth value of ψ is defined in c
and in all of its successors. So, 〈〈Γ〉〉Gψ is indeed defined in c against

(i), which is a contradiction.

The cases for the U - and C-formulas are similar.

As a consequence of Lemma 11, we can focus the search for fail-

ure pairs and the refinement procedure on X- and K-formulas only.

The following result follows from Lemma 11, where aΓ (resp. aΓ)

are vectors of actions for the agents in Γ (resp. Γ).

Lemma 12 (i) If (c, 〈〈Γ〉〉Xψ) is a failure pair, then for every
aΓ ∈ Pmust

Γ (c), for some aΓ ∈ Pmay

Γ
(c), TA(c, aΓ · aΓ, c

′)

implies ((M, c′) |=3 ψ) = ff , and for every aΓ ∈ Pmust
Γ

(c),
for some aΓ ∈ Pmay

Γ (c), TΓ(c, aΓ·aΓ, c
′) implies ((M, c′) |=3

ψ) = tt.
(ii) If (c,Kiψ) is a failure pair, then for some c′ = c, c′i = ci and

((M, c′) |=3 ψ) = ff .

Proof sketch. To derive a contradiction, suppose that (c, 〈〈Γ〉〉Xψ)
is a failure pair, but some aΓ ∈ Pmust

Γ (c) is such that for every aΓ ∈
Pmay

Γ
(c), TA(c, aΓ · aΓ, c

′) implies ((M, c′) |=3 ψ) = ff . Since

(c, 〈〈Γ〉〉Xψ) is a failure pair, by Lemma 11 the truth value of ψ at c′

has to be defined, and therefore ((M, c′) |=3 ψ) = tt. But then, by

the semantics in Def. 3 we obtain that ((M, c) |=3 〈〈Γ〉〉Xψ) = tt,
against the hypothesis that (c, 〈〈Γ〉〉Xψ) is a failure pair.

By building on the preliminaries results illustrated above, we now

introduce the algorithm FRFP to find relevant failure pairs. The

procedure, presented as Algorithm 1, takes as input a finite abstract

IS M , a state c and a formula ϕ such that ((M, c) |=3 ϕ) = uu. As

we show hereafter, the algorithm returns a relevant failure pair for

(c, ϕ).

Lemma 13 The algorithm FRFP terminates provided that the in-
terpreted system is finite. Moreover, the algorithm is sound, that is,
if FRFP (c, ϕ) returns (c′, ϕ′), then (c′, ϕ′) ∈ R(c, ϕ) is a failure
pair relevant for (c, ϕ).

Proof sketch. Since abstract IS are finite, the algorithm termi-

nates in the case of X-, or K-formulas. Termination in the other

cases follows from the fact that ϕ is finite. The output of the algo-

rithm are failure pairs in view of Lemma 11. For instance, consider

Algorithm 1 The algorithm FRFP .

INPUT: Model M ; state c; formula ϕ s.t. ((M, c) |=3 ϕ) = uu.

OUTPUT: (c′, ϕ′) s.t. (c′, ϕ′) ∈ R(c, ϕ).

1: procedure FRFP (c, ϕ)

2: if ϕ = p ∈ V then
3: return (c, p)
4: else if ϕ = ¬ϕ′ then
5: return FRFP (c, ϕ′)
6: else if ϕ = ϕ1 ∨ ϕ2 then
7: let i be the minimum s.t. ((M, c) |=3 ϕi) = uu;

8: return FRFP (c, ϕi)
9: else if ϕ = 〈〈Γ〉〉Xϕ′ then

10: if for all c′, TΓ(c, a, c
′) or TΓ(c, a, c

′) for some joint ac-

tion a ∈ ACT implies ((M, c′) |=3 ϕ′) ∈ {tt,ff} then
11: return (c, ϕ)
12: else
13: let c′ be a successor of c s.t. ((M, c′) |=3 ϕ′) = uu;

14: return FRFP (c′, ϕ′)
15: end if
16: else if ϕ = Kiϕ

′ then
17: if for every c′ ∼i c, ((M, c′) |=3 ϕ′) ∈ {tt,ff} then
18: return (c, ϕ)
19: else
20: let c′ be s.t. c′ ∼i c and ((M, c′) |=3 ϕ′) = uu;

21: return FRFP (c′, ϕ′)
22: end if
23: else if ϕ = 〈〈Γ〉〉Gϕ′ then
24: if ((M, c) |=3 ϕ′) = uu then
25: return FRFP (c, ϕ′);
26: else
27: let c′ be c or a successor of c s.t. ((M, c′) |=3

〈〈Γ〉〉Xϕ′) = uu
28: return FRFP (c′, 〈〈Γ〉〉Xϕ′).
29: end if
30: else if ϕ = 〈〈Γ〉〉(ϕ1Uϕ2) then
31: if ((M, c) |=3 ϕ2) = uu then
32: return FRFP (c, ϕ2);
33: else if ((M, c) |=3 ϕ1) = uu then
34: return FRFP (c, ϕ1);
35: else
36: let c′ be c or a successor of c s.t. ((M, c′) |=3 ϕ1 ∧
〈〈Γ〉〉Xϕ2) = uu

37: return FRFP (c′, ϕ1 ∧ 〈〈Γ〉〉Xϕ2).
38: end if
39: else if ϕ = CΓϕ

′ then
40: if ((M, c) |=3 ϕ′) = uu then
41: return FRFP (c, ϕ′);
42: else
43: let c′ ∼Γ c and i ∈ Ag be s.t. ((M, c′) |=3 Kiϕ

′) =
uu

44: return FRFP (c′,Kiϕ
′).

45: end if
46: end if
47: end procedure

ϕ = 〈〈Γ〉〉Gψ. If ((M, c) |=3 ϕ) = uu, then by Lemma 11 ei-

ther ((M, c) |=3 ψ) = uu or for some successor c′ or c′ = c,

((M, c) |=3 〈〈Γ〉〉Xψ) = uu. In the former case, FRFP (c, ϕ) =
FRFP (c, ψ) and the algorithm is sound by the inductive step. In the

latter case, FRFP (c, ϕ) = FRFP (c′, 〈〈Γ〉〉Xψ), and once again
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the result follows by the inductive hypothesis. The other cases are

similar.

As a consequence, Algorithm 1 together with Lemma 13, defines

a procedure to identify failure pairs, which will be used in the next

section to refine the list of predicates, and therefore the abstraction.

4 Refining Abstractions
In this section we introduce and analyse a methodology for refining

an abstract model on which a specification is initially evaluated as

undefined. The method is based on the iterative application of Al-

gorithm 2 below, which takes as input the present list of predicates,

upon which the abstraction is built, and a failure pair, and returns as

output the revised predicate list upon which a further abstraction can

be built.

A key aspect in the derivation of the updated list of predicates is

the use of Craig’s interpolants [28]. Recall that the Craig’s inter-

polant of formulas A and B, whose conjunction A ∧ B is unsatisfi-

able, is a formula I such that

• A→ I is valid;

• I ∧B is unsatisfiable; and

• I contains only non-logical symbols appearing in both A and B.

Craig’s interpolants have previously been proven effective in re-

fining abstractions in the context of different semantics and less ex-

pressive specification languages [28, 29]. Intuitively, the refinement

methodology can be summarised as follows. Assume that formulas

A and B represent witnesses for the current and the successive state

in the abstract model. If the transition from A to B is spurious, that

is, the transition in the abstract model does not correspond to a tran-

sition in the concrete system, the conjunction A∧B is unsatisfiable.

The interpolant I for A∧B typically gives useful evidence as regards

the reasons of the transition’s spuriousness and can usefully provide

guidance to refine the model [6].

Hereafter we describe the interpolation procedure we use to gen-

erate new predicates. Since the specification of interpreted systems

includes first-order features, namely, linear arithmetic over the inte-

gers, in the following we adapt the approach originally put forward

in [29] by applying concepts from [5] to account for the particular

setting.

To begin, recall from Lemma 11 that all failure pairs can be re-

duced to the cases of atomic, X-, or K-formulas. Therefore, we

present the refinement procedure via Craig’s interpolations for these

three cases in Algorithm 2, and discuss its rationale in the follow-

ing. Algorithm 2 takes as input a failure pair (c, ϕ) and a tuple

(�p1, . . . , �p|Ag|) consisting of vectors of predicates and it returns an

updated tuple (�p′1, . . . , �p
′
|Ag|) of vectors of (possibly new) predi-

cates. We assume Algorithm 2 operates on the abstract model under

analysis and that ϕ is either an X- or a K-formula. We will address

the atomic case later in the section.

X-Formulas (lines 2-7). The procedure takes as input the failure

pair (c, 〈〈Γ〉〉Xϕ), as provided by Algorithm 1. By Lemma 12, we

have that (i) for every aΓ ∈ Pmust
Γ (c), for some aΓ ∈ Pmay

Γ
(c),

TΓ(c, aΓ · aΓ, c
′) implies ((M, c′) |=3 ϕ) = ff , and (ii) for every

a′
Γ
∈ Pmust

Γ
(c), for some a′Γ ∈ Pmay

Γ (c), TΓ(c, a
′
Γ ·a′Γ, c

′′) implies

((M, c′′) |=3 ϕ) = tt, which corresponds to line 3 in Algorithm 2.

In both cases we check whether the abstract transitions TΓ(c, aΓ ·
aΓ, c

′) and TΓ(c, a
′
Γ · a′Γ, c

′′) correspond to actual transitions in the

Algorithm 2 The algorithm Refine.

INPUT: Failure pair (c, ϕ); (�p1, . . . , �p|Ag|).
OUTPUT: (�p′1, . . . , �p

′
|Ag|).

1: procedure Refine((c, ϕ),(�p1, . . . , �p|Ag|))
2: if ϕ = 〈〈Γ〉〉Xϕ′ then
3: let c′ be s.t. TΓ(c, aΓ ·aΓ, c

′) and ((M, c′) |=3 ϕ′) = ff ,

or TΓ(c, aΓ · aΓ, c
′) and ((M, c′) |=3 ϕ′) = tt;

4: if there is i ∈ Ag and l, l′ ∈ Li s.t. l |= c.i, l′ |= c′.i
and ti(l, aΓ · aΓ, l

′) does not hold then
5: let I be an interpolant for (l ∧ aΓ · aΓ) ∧ l′

6: return (�p1, . . . , �pi · I, . . . , �p|Ag|)
7: else return (�p1, . . . , �p|Ag|)
8: else if ϕ = Kiϕ

′ then
9: let c′ be s.t. c′ = c, c′.i = c.i and ((M, c′) |=3 ϕ) = ff

10: if there are l, l′ ∈ Li s.t. l |= c.i, l′ |= c′.i and l = l′

11: let I be an interpolant for l ∧ l′

12: return (�p1, . . . , �pi · I, . . . , �p|Ag|)
13: else return (�p1, . . . , �p|Ag|)
14: else return (�p1, . . . , �p|Ag|)
15: end if
16: end procedure

concrete IS; that is, whether there exists concrete states s, s′, s′′ ∈ S
such that s |= c, s′ |= c′, s′′ |= c′′, and both T (s, aΓ · aΓ, s

′) and

T (s, a′Γ · a′Γ, s
′′). This check is performed modularly, on the various

agents i ∈ Ag. We comment on the case for TΓ(c, aΓ · aΓ, c
′); the

other case is similar.

By definition of the predicate abstraction, TΓ(c, aΓ · aΓ, c
′) holds

iff tmust
i (c.i, aΓ · aΓ, c

′.i) for i ∈ A and tmay
i (c.i, aΓ · aΓ, c

′.i) for

i /∈ A. Now consider an agent i ∈ Ag and witnesses l, l′ ∈ Li,

that is, l |= c.i and l′ |= c′.i. Depending on i ∈ Ag, we re-

fine either tmust
i (c.i, aΓ · aΓ, c

′.i) or tmay
i (c.i, aΓ · aΓ, c

′.i). If

ti(l, aΓ ·aΓ, l
′) holds, then l and l′ witness indeed the abstract transi-

tion (line 7 in Algorithm 2). Otherwise, we consider the conjunction

θ = l ∧ aΓ · aΓ ∧ l′, where the atoms and variables in l′ are primed,

while actions are interpreted as equalities between variables and their

primed versions (line 4 in Algorithm 2). If ti(l, aΓ · aΓ, l
′) does not

hold, then θ is unsatisfiable, and we can make use of interpolation

to refine the abstract transition. To do this, we need to find two new

abstract states d.i and d′.i such that l |= d.i, l′ |= d′.i, and either

t′may
i (d.i, aΓ · aΓ, d

′.i) or t′must
i (d.i, aΓ · aΓ, d

′.i) does not hold

(depending on whether i ∈ Ag or i /∈ Ag), where t′may
i and t′must

i

are intuitively the new, refined transitions.

As a result, the new transition t′may
i is “finer” than tmay

i , or t′must
i

is “coarser” than tmust
i ; that is, t′may

i relates fewer concrete local

states than tmay
i , while t′must

i relates more concrete local states than

tmust
i . More specifically, by interpolation we obtain an interpolant I

such that l∧ aΓ · aΓ → I is valid and l′ ∧ I is unsatisfiable (line 5 in

Algorithm 2).

We now shoe how I can be used as a predicate to eliminate the

spurious transition from l to l′. In particular, I is built on non-

logical symbols appearing in both l and l′. Hence, it is local to

agent i and can be introduced as a new predicate. The updated list

(�p1, . . . , �p
′
i, . . . , �p|Ag|) of predicates, where �p′i = �pi ·I (line 6 in Al-

gorithm 2) is then returned and used to construct a further abstracted

model M ′A. Notice that M ′A does not contain the state c.i, but it in-

cludes at least one of the new states c.i∧I and c.i∧¬I . we now have

that either l |= c.i ∧ I or l |= c.i ∧ ¬I . Then, let d.i be the state sat-

isfied by l. Now, if l |= d.i and ti(l, aΓ · aΓ, l
′′) for some local state

l′′ ∈ Li such that l′′ |= c′.i, then l′′ |= c′.i ∧ I = d′′.i as well, as
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l∧aΓ ·aΓ → I is a validity. On the other hand, l′ |= c′.i∧¬I = d′.i,
and therefore the successors l′′ and l′ of l belong to different abstract

states d′′.i and d′.i. As a result, the transition t′may
i in M ′A is finer

than tmay
i , or t′must

i is coarser than tmust
i (depending on whether

i ∈ Ag or i /∈ Ag.) This terminates the procedure for X-formulas.

K-formulas (lines 8-13). The case of K-formulas is similar

to the previous one. By Lemma 12, for some c′ = c, c′.i = c.i
and ((M, c′) |=3 ϕ) = ff (line 9 in Algorithm 2). Now consider

witnesses l, l′ ∈ Li such that l |= c.i, l′ |= c′.i, but l = l′, if

any (line 10 in Algorithm 2). This means that l and l′ are spurious

witnesses for the i-indistinguishability of abstract states c and c′. It

follows that the conjunction l ∧ l′ is unsatisfiable, as l and l′ are two

different assignments of values to the variables and propositional

atoms of agent i. Hence, we can find a Craig’s interpolant I such that

l → I is valid and l′ ∧ I is unsatisfiable (line 11 in Algorithm 2).

As in the case of X-formulas, we use I as a predicate to refine the

spurious indistinguishability relation. Specifically, I can be used as

a new predicate, as it is built on non-logical symbols appearing in

both l and l′. The revised list (�p1, . . . , �p
′
i, . . . , �p|Ag|) of predicates

can now be returned (line 12 in Algorithm 2), where �p′i = �pi · I;

this can be used to generate a refinement M ′A. On the refined model

M ′A we will obtain l |= c.i ∧ I = d.i, while l′ |= c.i ∧ ¬I = d′.i.
Therefore, the states d.i and d′.i, refining the states c.i and c′.i
respectively, are different and therefore not i-indistinguishable. By

considering all c′ = c such that c′.i = c.i, ((M, c′) |=3 θ) = ff ,

and l |= c.i, l′ |= c′.i for some l = l′, we can eventually decide the

truth value of failure formula Kiϕ. This terminates the procedure

for K-formulas.

Since Algorithm 2 returns an updated list of predicates, the ab-

straction M ′A built on it is also an abstraction of the concrete IS M .

Hence, Theorem 6 applies, and therefore formulas defined in M ′A

are preserved in M . Moreover, the initial abstraction MA can be

thought of as an abstraction of M ′A as well, where state c′ abstracts

state c iff c′.i |= c.i, for every i ∈ Ag. We summarise these remarks

in the next immediate result.

Theorem 14 Given an abstraction MA of an IS M , the refinement
M ′A is also an abstraction of M and it is abstracted by MA. Thus,
the refinement procedure defines a sequence M, . . . ,M ′A,MA of IS
such that any element in the sequence is an abstraction of its prede-
cessors.

Algorithm 2 does not address the case of atomic propositions that

were also identified in Lemma 11 as possible components of fail-

ure pairs. Observe that if (c, p) is indeed a failure pair, for p atomic,

then p refers to more than one agent. This follows immediately from

the fact that the list of predicates for an agent i contains all atoms

referring to i itself. Hence, the truth value of such atoms is always

immediately defined in the abstraction. As a consequence, an agent-

based refinement procedure cannot be given for atomic predicates,

as their satisfaction cannot be established by evaluating local states

only. This limitation does not appear to be significant as in most cases

of interest we expect to be able to resolve the value of the specifica-

tion of interest by refining the temporal and epistemic transitions.

Observe that any abstraction procedure is in any case incomplete as

the verification problem is undecidable in general.

Furthermore, note that the complexity of the refinement procedure

is determined by lines 6, 7, 12, and 13 in Algorithm 2. These re-

turn the states satisfying a given constraint or interpolants. Both these

problems can be reduced to solving linear inequalities; therefore the

complexity of the procedure is bounded by the complexity of linear

programming.

We conclude by remarking that, since M can be an infinite-state

IS and the refinement procedure adds finitely-many states only, the

sequence M, . . . ,M ′A,MA in Theorem 14 is infinite in principle.

Hence, as in other predicate abstraction approaches, the refinement

procedure is not guaranteed to terminate. Nonetheless, in many cases

of interest the methodology can resolve the truth value of specifica-

tions that cannot be evaluated on the initial abstraction. We consider

one such case in the following section.

5 Verification of an Infinite-state English Auction
Protocol

We now illustrate the methodology presented in the paper on an ex-

ample of an ascending English auction [10]. Consider an auction with

an auctioneer A and a finite number of bidders B1, . . . , Bn. Each

bidder Bi has a fixed amount of resources (e.g., money) mi > 2;

they follow a protocol of the form “if the latest bid was less than mi,

then non-deterministically decide to bid or not; otherwise do noth-

ing”. We assume that the protocols that the agents run are commonly

known. All the bidders and the auctioneer have an integer value to

store the latest highest bid. We assume that bids start from 0 and

each bid increases the previous bid by 1.

We would like to establish whether it is a common knowledge that

the auction terminates and whether the bidders have a strategy to buy

the item for 1 resources in two rounds.

We formalise this auction as an infinite-state interpreted system

M . Each bidder Bi has a variable lb of type integer representing

the latest bid, initially set to 0, and two actions: bid and skip. The

protocol of Bi is such that: Pi(lb) = {bid, skip} when lb ≤ mi;

Pi(lb) = {skip} when lb > mi. We can further encode that the

transition function ti is such that lb remains unchanged if bidder Bi

uses the action skip; lb is increased by 1 otherwise.

We model the auctioneer A by considering an integer variable lb
initially set to 0, a variable top bidder ∈ {0, . . . , n} initially set

to 0 and a boolean variable sold, initially set to false, as well as

the actions skip and soldi, where i ∈ {0, . . . , n}. The transition

function for A is such that when all the bidders perform the action

skip, the variable sold is set to true. At that time the auction is over

and the winner is announced; from that point onwards A loops in

the same state announcing winner i using action soldi. If any of

the bidders uses the action bid, then the top bidder is chosen non-

deterministically among all the bidders who bidded. The variable lb
is updated as in the case of bidders. We assume a labelling function

with atoms A.sold and A.lb = 1 depending on A’s local variables.

We investigate the properties specified above by evaluating the for-

mulas

ϕ = C{B1,...,Bn}〈〈∅〉〉F (A.sold)

ρ = 〈〈{B1, . . . , Bn}〉〉X〈〈{B1, . . . , Bn}〉〉X(A.sold ∧A.lb = 1)

on the infinite-state interpreted system described above.

By conducting the initial abstraction as in [22] we obtain a model

MA based on the predicates sold, top bidder = 0, and lb = 0 for

A (from the definition of the initial state) and the predicates lb =
0, lb < mi for agent Bi (the first from Bi’s initial state, the second

from Bi’s protocol).

The may and must transition relations for auctioneer A in MA

coincide. Specifically, from the initial state denoted by ¬sold ∧
(top bidder = 0) ∧ (lb = 0), if all bidders perform skip, then the

next state is ¬sold ∧ (top bidder = 0) ∧ (lb = 0); otherwise it
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becomes ¬sold ∧ (top bidder = 0) ∧ (lb = 0). From the latter

state, A loops whenever at least one bidder bids, or moves to the

state sold ∧ (top bidder = 0) ∧ (lb = 0) otherwise, where it can

only loop.

The initial state for agent Bi is (lb = 0) ∧ (lb < mi), where Bi

stays if all bidders skip, or moves to (lb = 0)∧ (lb < mi) otherwise

(recall that mi > 2.) These are both may and must transitions. From

the latter state, Bi has no must transition, but has two may transitions:

a loop and a transition to (lb = 0)∧(lb < mi) over any action where

one of the agents bids. In (¬lb = 0) ∧ (lb < mi), Bi loops for both

the may and must transitions.

It can be checked that the initial abstraction built on these predi-

cates is such that ρ is evaluated to true; it follows that ρ is satisfied

in the infinite state system. However, ϕ is undefined in the initial ab-

straction. We now show how the refinement procedure introduced in

this paper enables us to determine the truth value of ϕ.

By using algorithm FRFP from Section 3, we obtain

the failure pair (¬sold ∧ (top bidder = 0) ∧ (lb =
0), (c1, . . . , cn)), 〈〈∅〉〉X(A.sold)), where for each i, ci = (lb =
0) ∧ (lb < mi). This enables us to apply the refinement procedure

given in Algorithm 2 for the case of X-formulas.

We illustrate this by considering bidder 1 with m1 = 10. Consider

a transition from c = (lb = 0)∧ (lb < 10) to c′ = (lb = 0)∧ (lb <
10), which is the result of abstracting the transition encoded by the

condition lb′ = lb + 1. Let l be the state lb = 1, and l′ be the state

lb = 10. Clearly, l |= c and l′ |= c′. Therefore, we find an interpolant

for l ∧ lb′ = lb + 1 and l′. We can derive a refutation as shown in

Figure 2 (see [29]).

lb = 1
0 ≤ −lb+ 1

LE
0 = −lb′ + lb+ 1

0 ≤ −lb′ + lb+ 1
LE

0 ≤ −lb′ + 2

0 = lb′ − 10

0 ≤ lb′ − 10
LE

0 ≤ −8 C

Figure 2. Rule LE allows to derive disequalities from equalities, while C
returns 0 ≤ t+ t′ from the premises 0 ≤ t and 0 ≤ t′.

From the refutation of Figure 2 we can obtain an interpolant [5],

simply by setting all disequalities in branches for ψ′ to 0 ≤ 0, as

shown in Figure 3.

lb = 1
0 ≤ −lb+ 1

LE
0 = −lb′ + lb+ 1

0 ≤ −lb′ + lb+ 1
LE

0 ≤ −lb′ + 2
0 = 0
0 ≤ 0

LE

0 ≤ −lb′ + 2
C

Figure 3. Obtaining an interpolant from a refutation.

By doing so, we obtain the formula lb′ ≤ 2, which is indeed an

interpolant for the pair (ψ,ψ′), and can be used in the refinement

procedure. Therefore, the revised list of predicates for Bi is [lb =
0, lb ≤ 2, lb < mi].

This refinement step results in an abstraction that is still insuffi-

cient to decide the value of ϕ. However, by conducting a number

of further refinement steps for B1 bounded by m1, we may derive

the list of predicates that fully characterise all the possible values of

lb below m1. When this is done for all the bidders, the abstract in-

terpreted system is such that the states of bidder Bi correspond to

numbers 0, . . . ,mi. On such a system, it can be checked that the

property ϕ holds, and therefore it is satisfied in the original infinite-

state system.

6 Conclusions
Little attention has so far been devoted to the practical verification

of infinite-state MAS. A key requirement of any predicate abstrac-

tion technique is not only the initial generation of the predicates, but

also their refinement to produce a sequence of abstractions approx-

imating the concrete system. As we discussed in Section 1, present

approaches for MAS against ATL specifications fall short in this re-

spect.

In this paper we have put forward a refinement methodology for

MAS abstractions to be verified against ATLK specifications. The

proposed approach uses state-of-the-art automatic deduction tech-

niques based on interpolants via SMT calls, as pioneered by [29]

in the context of purely temporal logic. We showed that the method

is sound and illustrated its potential on an infinite state MAS imple-

mentation of a simple auction protocol.

A noteworthy feature of the approach lies in the choice and devel-

opment of both the semantics and the specification language, which

are both oriented towards MAS. In terms of semantics we use and

extended interpreted systems, that have long been used as a formal

model to reason about MAS. In particular, as discussed in the Intro-

duction and differently from [3], we here adopt incomplete informa-

tion and memoryless strategies. In terms of specifications we follow

our previous work in this line [20, 21, 22] by combining strategic

concepts given in a weaker form of ATL with an epistemic language.

The branching-time temporal-epistemic logic CTLK is entirely sub-

sumed in the approach should this be found to be preferable in some

applications.

A further aspect of the work concerns its potential applicability.

The choice of adopting non-uniform strategies keeps the decision

problem against explicit models in PTIME, which is important in

practical verification. It is well known that this comes at the cost of

expressivity and it is reflected in the reading of the ATL modalities.

In future work, we intend to implement the technique and algo-

rithms introduced here. We anticipate this will be challenging given

the complexity of devising efficient heuristics resolving the non-

determinism of some of the refinement steps here described. Since

the abstraction methodology is necessarily incomplete, this will also

require a considerable amount of tuning of the heuristics against sev-

eral benchmarks, so that any resulting tool offers the concrete possi-

bility of solving actual MAS programs.

Acknowledgements
This research was funded by the EPSRC under grant EP/I00520X.

REFERENCES
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Combining Deterministic and Nondeterministic Search
for Optimal Journey Planning Under Uncertainty

Akihiro Kishimoto, Adi Botea and Elizabeth Daly1

Abstract. Optimal multi-modal journey planning under uncertainty

is a challenging problem, due in part to an increased branching factor

generated by nondeterministic actions. Deterministic search, which

ignores all uncertainty, can be much faster, but deterministic plans

lack correctness and optimality guarantees in the uncertainty-aware

domain.

We present a novel approach that combines the strengths of both

deterministic and nondeterministic search in order to achieve supe-

rior performance. Initially, an A* search is used checking whether the

resulting deterministic plan remains correct and optimal under uncer-

tainty. When the plan is invalid, a backpropagation step through the

A*’s search graph improves the initial heuristic while preserving its

admissibility. After the backpropagation, an AO* search is run with

the new improved heuristic. A theoretical analysis proves that our ap-

proach is sound and optimal. Our backpropagation correctly handles

a subtle issue arising in the presence of state-dominance pruning.

This supports the use of these two powerful speedup techniques in

combination, for a better overall performance.

We empirically evaluate our solution in multi-modal journey plan-

ning under uncertainty, with realistic data from three European cities.

Our results show that our approach brings a significant performance

improvement over a state-of-the-art, highly optimized journey plan-

ning engine based on AO* search.

1 Introduction
Both domain-independent and dependent-specific planning have

been extensively studied for decades in the AI research commu-

nity. Despite recent improvements in domain-independent planning,

domain-specific planning is still necessary, due to a strong demand

for efficiency. Additionally, ideas developed in domain-specific plan-

ning can often be generalized and transferred to domain-independent

planning. Conversely, domain-independent planning algorithms can

be specialized into high-performance domain-specific methods.

Multi-modal journey planning has garnered increased attention in

recent years, for several reasons. First off, this is driven by an increas-

ing practical need, as multi-modal travel can potentially contribute to

reducing pollution, congestion and carbon emissions. Secondly, an

increasing availability of input data, such as public transport sched-

ules, and smart phone technology facilitate the development and the

use of journey planning systems.

Traditional multi-modal journey planning systems are determinis-

tic, implicitly assuming that the input data is accurate which makes

journey planning relatively straightforward. However, in real life, a

transport network can have a great deal of uncertainty, such as signif-

icant differences between published schedules and the actual arrival

1 IBM Research, Ireland

Figure 1. Architecture of our approach.

and departure times of buses, trams or trains due to unforeseen de-

lays. This can result in missed connections, which can in turn cause

other segments in the journey to become unrealistic. Recent work has

investigated multi-modal journey planning under uncertainty [8, 29],

as an approach to provide more reliable journey plans [7].

Given the high volume and time dependent nature of such an appli-

cation, the speed performance for optimal multi-modal journey plan-

ning is extremely important. As a result, the current rational choice

of practitioners is the use of domain-specific planning specialized

to journey planning. The need for speeding up optimal multi-modal

journey planning is particularly important when uncertainty is mod-

eled as part of the problem, for two reasons. First off, deterministic

multi-modal journey planning has benefited from more research ef-

forts than the uncertainty-aware problem, being thus a more mature

field (see e.g., [3]). Secondly, planning under uncertainty is inher-

ently more computationally difficult.

We present an optimal approach to journey planning under un-

certainty, that combines the strengths of deterministic and nonde-

terministic search, as illustrated in Figure 1. A deterministic solver,

based on A* [13] search with pruning enhancements, provides a de-

terministic plan. This is followed by a so-called validity test, to de-

cide whether the deterministic plan remains correct and optimal in

the nondeterministic domain. If the test is positive, the nondetermin-

istic problem has been solved with a standard deterministic search,

which is typically faster than nondeterministic search. On the other

hand, when the validity test fails, a backpropagation step through the

A*’s search graph computes new (improved) heuristic estimations

for the states visited in the search. Then, a nondeterministic search,

based on AO* [27, 28] search with pruning enhancements, is run

using the more accurate heuristic. The new heuristic improves the

performance due to the knowledge gathered during the original de-

terministic search.

The high-level idea summarized in the previous paragraph and il-

lustrated in Figure 1 is domain-independent. However, we develop

it and study its use in an application-specific context, as our mo-

tivation was advancing the state-of-the-art in multi-modal journey
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Figure 2. Toy example.

planning under uncertainty. Creating components such as an effective

backpropagation technique is not a trivial task. In addition, combin-

ing our contributions with a state-of-the-art AO*-based solver intro-

duces a number of challenges to address. Part of the reason is that the

highly-optimized A* and AO* search engines use pruning rules, in-

cluding state-dominance pruning [8]. As discussed in the paper, there

are important differences between deterministic and nondetermin-

istic search regarding the conditions under which state-dominance

pruning can safely applied. Transferring informed knowledge from a

deterministic domain relaxation to the nondeterministic domain, as

done with our backpropagation algorithm, needs a special attention,

to handle a subtle issue that may otherwise affect the optimality.

We give a theoretical analysis which proves that our approach is

sound and optimal. The proposed solution makes it feasible to har-

ness two powerful speedup techniques (i.e., our approach and domi-

nance pruning) in tandem, for a better overall performance.

We use Botea et al.’s domain modeling [8], a state-of-the-art ap-

proach to multi-modal journey planning under uncertainty. As dis-

cussed later, the domain is represented as a state space that allows

nondeterministic transitions. A plan is a probabilistic contingent plan

(or policy in MDP terms). Figure 2 shows a toy problem. A user ar-

rives (e.g., with another connection) at a point A by 11am. There

are two options to continue to the destination B: take a fast bus di-

rectly; or walk to a nearby tram stop C, and take a tram from there.

The first option is faster but, due to uncertainty in the bus depar-

ture time, it may or it may not be possible to catch the bus route.

As such, the take-bus action has two possible nondeterministic out-

comes (branches): “success” and “missed bus” (failure). In general,

the probability of each possible outcome is computed from the prob-

abilistic times of the user arrival and the bus departure [8]. In our

example, the optimal contingent plan is as follows: At location A,

attempt to take the bus. If the bus is missed, walk to the tram stop C
and take the tram.

We experimentally evaluate our proposed solution demonstrating

the contribution with realistic multi-modal transportation data from

three European cities, a testbed reused from the literature [7]. Our

approach achieves significantly improved performance, compared to

a state-of-the-art approach based on AO* search and on search en-

hancements such as those introduced by Botea et al. [8].

2 Related Work
We start with an overview of research in nondeterministic planning,

followed by surveying previous research in deterministic search.

2.1 Nondeterministic Planning
Variations of planning under uncertainty include conformant plan-

ning [11, 32], contingent planning [30], and probabilistic contingent

planning, with differences stemming from the assumptions on the

properties of the actions and the observability (sensing capabilities).

See e.g., [4] for a discussion.

In conformant planning, actions can be nondeterministic, the ini-

tial state is not fully known, and no sensing is available when execut-

ing the plan. Thus, a conformant plan should guarantee reaching the

goal under such conditions. In contingent planning, sensing allows

to detect the resulting state when a nondeterministic action is ap-

plied. Plans can have a tree structure, to ensure that the goal will be

reached from any potential nondeterministic successor. Probabilis-

tic contingent planning allows probabilistic actions and sensing. As

Bonet and Geffner remark [4], probabilistic contingent planning can

generally be modeled as Partially Observable Markov Decision Pro-

cesses (POMDPs). However, when full observability (full sensing) is

assumed, we fall into the framework of MDPs.

While approaches such as AO* and dynamic programming can

return optimal plans (policies), computing optimal plans is challeng-

ing due to the potentially many states that need to be processed dur-

ing planning. For instance, decision-theoretic algorithms based on

dynamic programming can suffer from large memory requirements,

that can be exponential in the domain feature size [2]. Adding heuris-

tic enhancements to AO*, such as an informed admissible heuristic

or effective pruning rules can reduce the size of the state space ex-

plored in a search for an optimal plan, which is the approach taken

by Botea et al. [8]. Hansen and Zilberstein present LAO* [12], an

optimal algorithm based on AO* that is capable of finding solutions

with loops, and apply LAO* to solve MDPs. We note that the search

space of our multi-modal journey planning has no loops, one main

reason being that a state includes the time among its components.

Due to the computational difficulty of optimal nondeterminis-

tic planning, research has often focused on suboptimal approaches,

for a better speed and scalability. Hoffmann and Brafman [18] use

Weighted AO*. Bonet and Geffner take an approach based on a

greedy, real-time action selection [4, 5, 6]. One of their heuristics,

called the min-min state relaxation, is related to our approach of us-

ing the results of a deterministic relaxation to obtain an admissible

heuristic in the nondeterministic domain.

Some approaches rely on using deterministic planning as part of

solving a nondeterministic planning problem [22, 23, 35, 24, 21, 34,

25, 26]. For example, Kuter et al. [24] run multiple deterministic

planning rounds, with a deterministic relaxation of the original do-

main, to gradually add branches to a contingent plan under construc-

tion. FF-Replan [35] invokes a deterministic planner for the initial

state and for the states in the plan where unexpected outcomes are

observed in the nondeterministic scenario.

Thus, the high-level idea of using deterministic planning as part of

the process to solve a nondeterministic planning problem appears in

both previous work and our work. There are important differences,

however, stemming in part from the fact that we ensure solution opti-

mality, whereas such previous work does not. We run exactly one

deterministic search. If the result is a correct and optimal nonde-

terministic plan, we are done. Otherwise, we improve the available

heuristic function with the backpropagation and run full-scale AO*.

To our knowledge, our approach is the first to combine deterministic

and nondeterministic search in this way with evidence that this ap-

proach solves realistic, difficult journey planning problems fast and

optimally.

2.2 Deterministic Search

Using a deterministic relaxation of a nondeterministic problem to

compute an admissible heuristic can be used as a form of domain
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abstraction. Using state-space abstractions to build an admissible

heuristic is broadly used in planning and heuristic search. See e.g.,

Hierarchical A* (HA*) [19], pattern databases [10], and merge-and-

shrink abstractions [14, 15]. Among these, HA* is more closely re-

lated to our method. HA* builds a hierarchy of abstractions, with the

lowest level being the original state space. A* search in one abstract

space can be used to build an admissible heuristic for the lower ab-

straction level. HA* features caching techniques to reduce duplicate

search effort across multiple levels in the hierarchy.

We incorporate Holte et al.’s P-g heuristic [19]. In HA*, P-g is the

heuristic h(n) = P − g(n), where P is an optimal solution cost in

the next abstraction level, and g(n) is the g-cost in the next abstrac-

tion level of the abstract node corresponding to n. There are multiple

notable differences between our approach and HA*. First, we con-

sider domains with multiple types of “consumable resources”, such

as the a maximum walking time and a maximum number of legs

in a trip. This makes state dominance an important pruning mecha-

nism. Ensuring the correctness and optimality of a hybrid A*–AO*

approach, especially in the presence of state dominance, is a non-

trivial contribution. Secondly, unlike HA*, our approach backpropa-

gates information through the graph search of A*, for a stronger im-

provement of the heuristic. Furthermore, our approach runs at most

two searches, one deterministic and one nondeterministic. That is,

our approach defines exactly two “hierarchical levels”, and employs

only one search in the “abstracted” (i.e., deterministic) state space.

The number of searches can be larger in HA*, due to a potentially

larger number of levels, as well as potentially multiple searches at a

given abstraction level. In HA* all search spaces are deterministic,

whereas we report a contingent planning system.

Incremental heuristic search aims at efficiently reusing previous

search results to solve “similar” new problems. It has mainly been

applied to real-time path-planning with dynamic domains. There

are two common principles for reusing information in incremental

search. One is to start a new A* search with the open and closed lists

adapted from the previous A* search [33, 20]. The idea is effective

when small changes are observed in the problem from one search

to another. On the other hand, in our setting, differences between

deterministic and nondeterministic search are more fundamental. In

particular, the two types of problems require very different search

algorithms, such as A* and AO*. The second common principle in

incremental search is to make a heuristic more informed based on

previous search results [16, 17]. Caching techniques used for this

purpose are similar to those featured in HA*, reviewed earlier.

3 Preliminaries
We start with a description of the multi-modal journey planning prob-

lem. Then we discuss how the problem is converted into a nondeter-

ministic planning problem. We give definitions, optimization criteria

and assumptions needed in the formal analysis. ND and D refer to

the nondeterministic and deterministic domains, respectively.

3.1 Input Data in Multi-modal Journey Planning
A multi-modal journey planner takes as input a user request (“the

instance”) and a network transport snapshot (“the domain”).

The request includes the origin, the destination, the departure or

the arrival time,2 and the transport modes acceptable in the journey

at hand. It also includes so-called quotas, which are max acceptable

2 In this work we focus on scenarios where the user request specifies a depar-
ture time rather than an arrival time.

values for the walking time, the cycling time, and the number of legs

(segments) in the trip.

The network snapshot contains information available about a

multi-modal transportation network and includes the following data:

• Relevant locations include public-transport stops, bike stations in

a city’s shared-bike network along with the location of the origin

and destination of the request. All relevant locations have their lat

and lon coordinates specified, besides their type (e.g., stop or bike

station), name and id.

• A public-transport route can be represented as an ordered se-

quence of stops. Each route is served by several trips during the

day. A trip has an arrival and departure time associated with every

stop along the route. Traditionally, these times are deterministic.

However, we allow a more general representation, where a depar-

ture or arrival time is a probability distribution.

• Road map data is represented as a graph with nodes and segments.

Each segment is labeled to reflect its direction (e.g., one-way or

bi-directional), access to cyclists, access to pedestrians, access to

cars and driving speed.

Next we discuss how such input data is converted into a nondeter-

ministic state space.

3.2 Nondeterministic Domain Modeling
We adopt the formalization introduced by Botea et al. [8] for multi-

modal journey planning under uncertainty. For a self-contained pre-

sentation, we summarize how the problem is formalized here as a

nondeterministic state space, defining states and transitions.

A state s is a tuple (ps, ts, qs, αs) where:

• ps is the position of the traveler, which is either a relevant location

on the map, or the id of a trip, for those states where the user is

aboard a trip (e.g., a bus);

• ts is a probability distribution of the time when the user has

reached position ps;

• qs is a vector which lists quotas left in this state (e.g., max walking

time and max number of legs in the rest of the trip);

• αs is a subset of additional variables which are skipped for brevity.

The initial state s0 is constructed with the components

ps0 , ts0 , qs0 taken from the user request, representing the origin, the

departure time and the quotas acceptable for the entire trip respec-

tively. A valid state s is not allowed to have negative values on any

component of the quota vector qs. A state sG is a goal state if it is

valid and psG corresponds to the destination specified in the user re-

quest. Depending on the user preferences, other conditions may be

added to the goal state, such as not having a hired bike in posses-

sion in a goal state (i.e., if the user hires a bike, the bike should be

eventually returned to a bike station). For clarity, we assume that this

condition is part of the goal definition as well.

It is common in nondeterministic planning research to group reg-

ular states together into a belief state, using for instance decision di-

agrams to represent belief states. This choice seen in related work is

motivated by two reasons: to cover domains with partial observabil-

ity, where a belief state could contain all possible current states; and

to mitigate state explosion, obtaining a more compact state space def-

inition. Botea et al.’s modeling [8], which we adopt in this research,

works with regular, not belief states, one of the reasons being that

states are assumed to be fully observable during the plan execution.

Transitions include Walk, TakeTrip (i.e., boarding a pub-

lic transport vehicle), GetOffTrip, HireBike, Cycle and
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ParkBike. Except for TakeTrip actions, all transitions are de-

terministic, in the sense that they always succeed and thus each of

them has exactly one successor. As illustrated earlier in Figure 2, a

TakeTrip action can succeed or fail, depending on the possibly

uncertain arrival times of the vehicle and the traveler. Botea et al.

show how to compute the probability of each outcome [8]. Obvi-

ously, when the probability of success is 1, the TakeTrip action at

hand becomes deterministic, with only the successful branch defined.

When the probability is 0, no TakeTrip action is defined for that

particular trip in that particular state.

On the successful branch, the successor state s of a TakeTrip
action has the position ps set to the id of the trip just boarded. The

time ts is the (stochastic) departure time of the trip from the stop at

hand. On the failed branch, the position and the time remain as in the

parent state. However, in the successor state, a new flag is set to true,

indicating that the trip at hand has just been missed. As such, the

parent and the successor state are different, and therefore the failed

branch is not a self-loop transition. This property, together with the

fact that the time is a state component, ensures that there are no cycles

in this state space. In the search, the space is modeled as a tree, rather

than a directed acyclic graph.

For brevity, we skip discussing how other transitions generate their

successor states. Such details are not difficult to infer based on the

discussion provided, and the interested reader can refer to the original

work [8].

A state s dominates a state s′, i.e., s ≺ s′, iff ps = ps′ , qs ≥ qs′

component-wise, and P (Ts ≤ Ts′) = 1. Ts is the random variable

with the density function ts. In other words, the position is the same,

and one state is no worse than the other in terms of available quo-

tas and time. The relation is not symmetric, apart from the obvious

exception that every state dominates itself.

And(s) is the set of all actions applicable to a state s in ND.

For a state s and an action a ∈ And(s), B(s, a) is the set of all

possible branches. I.e., |B(s, a)| = 1 for deterministic actions, and

|B(s, a)| = 2 for nondeterministic actions with just two outcomes

(i.e., succeed and fail). Each branch b uniquely determines a transi-

tion to a successor state. It has a probability pb as illustrated earlier,

a cost cb(s, a) associated with the transition,3 and a successor state

γb(s, a). As the deterministic action has a unique branch, in their

case the notations get simplified into c(s, a) and γ(s, a). Thus, de-

terministic actions are a particular type of successful branches.

3.3 Deterministic Domain
We obtain the deterministic domain as a relaxation from ND. Specifi-

cally, we convert nondeterministic actions into deterministic actions,

by keeping only the successful branch. Actions that were determin-

istic in ND are preserved unchanged. Adet(s) is the set of actions

applicable to a state s in D. Clearly, |Adet(s)| = |And(s)|.
This relaxation is optimistic in the sense that, even when the prob-

ability of the successful branch is small (but strictly positive), we

still consider that as the only outcome of the action in D. Such an

optimistic approach is one of the conditions that we need to ensure

the optimality of plans in our approach, as discussed later in the pa-

per. In particular, we will make use of the following straightforward

observation.

Observation 1. All successful branches in ND are available as de-
terministic actions in D.
3 The cost can depend on both action a and state s, not just on action a. This

allows for instance to integrate waiting into the cost of a transition from
“arrived at a stop” to “boarded a bus”.

3.4 Optimality Criteria
The cost function c(n,m) returns a non-negative value as a state

transition cost from state n to state m. Additionally, f(n), g(n)
and h(n) represent an f-value, a g-value, and a h-value (or heuris-

tic value) at state n, respectively. The f-value is defined as f(n) =
g(n) + h(n), where g(n) is the sum of the transition costs from the

initial state to reach n, and h(n) is a value estimating a cost to reach

the destination from n. In this work, the cost is set to the travel time.

The optimal cost vdet(n) of a state n in D, the optimal expected

cost vexp(n) in ND, and the optimal worst-case cost vwst(n) in ND
are defined as:

1. If n is a goal state, vdet(n) = vexp(n) = vwst(n) = 0.

2. If |Adet(n)| = 0, vdet(n) = vexp(n) = vwst(n) =∞.

3. Otherwise,

• vdet(n) = min
a∈Adet(n)

(c(n, a) + vdet(γ(n, a)))

• vexp(n) =min
a∈And(n)

∑
b∈B(n,a)

pb(cb(n, a) + vexp(γb(n, a)))

• vwst(n) = min
a∈And(n)

max
b∈B(n,a)

(cb(n, a) + vwst(γb(n, a))).

Note that there are many goal states for one goal, since the time

and quotas are part of the state definition.

We use Botea et al.’s objective function [8], which minimizes the

worst case, and break ties in favor of better expected costs (i.e., take

(vwst, vexp) in the lexicographic order):

Definition 1. The cost in ND of a plan π is the pair vopt(π) =
vopt(r) = (vwst(r), vexp(r)), where r is the root node of the plan.

We write (p1, p2) ≤lex (q1, q2) iff (p1 < q1) ∨ (p1 = q1 ∧ p2 ≤
q2). The inequality is strict when the two pairs are not identical. We

can use other objectives (e.g., swap the lexicographic order [7]) with

minor changes, but this is beyond our focus.

We list a few additional facts relevant to our analysis:

Proposition 1 ([8]). In an optimal plan, the cost when following the
failed branch of an action cannot beat the cost along the successful
branch.

Observation 2 ([8]). Let a be an action with two nondeterministic
outcomes in a correct plan π. Cutting action a from π, plus the entire
subtree along the successful branch, results in a correct plan.

The example shown in Figure 2 helps see the intuition behind these

two claims. The part of the plan under the failed branch of the take-

bus action is ”walk to C and then take the tram”, as these are the

actions taken after failing to catch the bus. Regarding Proposition 1,

if this part of the plan under the failed branch had a better cost (i.e.,

better arrival time) then the bus trip, there would be no point to even

attempt to take the bus. Regarding Observation 2, indeed, we can

eliminate the attempt to take the bus, together with the part under the

successful branch (i.e., ride the bus to B), and still obtain a perfectly

valid (but not necessarily optimal) plan. This plan would be “...arrive

at A, walk to C and take the tram to B.” More formally, this stems

from the fact that we compute strong (acyclic) plans [9], meaning

every pathway in a contingent plan ends up at the destination. See

the original work for more formal proofs of these two claims.

Assumption 1. We assume that the initial heuristic available is ad-
missible in D.

In particular, this holds for Botea et al.’s heuristic [8], which we

reuse in experiments as the initial heuristic available.
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4 Cost and Heuristic Relations in D and ND
We present a few results that draw a connection between determin-

istic and nondeterministic search. Bonet and Geffner have observed

similar properties in their work on MDPs and probabilistic planning

[4, 6]. The discussion presented in this section is important to ensure

the optimality of our hybrid approach.

Theorem 1. For any state n, vdet(n) ≤ vexp(n) ≤ vwst(n).

Proof Sketch (for vdet(n) ≤ vexp(n)). Let π be a plan in ND,

rooted at n, that is optimal on vexp (i.e., vexp(π) = vexp(n)). Let

p be a smallest-cost pathway in π. Consider all nondeterministic ac-

tions having their failed branch within p. Remove these actions from

π, together with the subtree under their successful branch, obtaining

a plan π′ that is correct in ND, cf. Observation 2. In π′, p has lost

zero or more failed branches (let p′ be the new pathway). As p′ has

only successful branches, it is a correct plan in D, cf. Observation 1.

Clearly, vdet(p
′) ≤ vexp(π) = vexp(n), since p was a best-cost

pathway in π. Furthermore, vdet(n) ≤ vdet(p
′), since the former is

the optimal value in D, and the latter is the cost of one correct plan

in D (which may be optimal or not).

Theorem 2. Any h(n) admissible in D is admissible in ND.

Proof Sketch Let hnd(n) = (h(n), h(n)) and vopt(n) =
(vwst(n), vexp(n)). It follows from Theorem 1 that hnd(n) =
(h(n), h(n)) ≤lex (vdet(n), vdet(n)) ≤lex (vwst(n), vexp(n)) =
vopt(n).

Corollary 1. The perfect heuristic in D h∗(n) = vdet(n) is admis-
sible in ND.

These results show that we can use an optimal cost in D or a lower-

bound to admissibly guide the search in ND. We emphasize that the

previous cost definitions are specific to a given goal condition (i.e.,

they are initialized to 0 at goal states), but the initial state is irrele-

vant. As such, the results derived in this section are specific to a goal

condition, but make no assumption about the initial state.

5 Hybrid Approach

Algorithm 1 Hybrid Deterministic Nondeterministic Search

Require: Initial state root
1: O = C = H = φ
2: (vdet, π1) = A*(root, O, C, h)

3: if (all actions in π1 are deterministic in ND) then
4: return π1

5: else
6: Update(root, O, C, H , vdet)
7: return AO*(root, max(H,h))

We now introduce our new algorithm, whose main steps are illus-

trated in Algorithm 1 and Figure 1. Our approach first runs A* with

an open list O and a closed list C, returning an optimal plan π1 in

D, as well as its cost vdet. Unlike standard A*, our A* takes into

account the state dominance (see Algorithm 2). Assume that A* gen-

erates a successor s and detects that there is a state u in O ∪ C such

that u ≺ s. Then, A* discards s, since both vdet(u) ≤ vdet(s) and

g(u) < g(s) always hold in the deterministic scenario. That is, A*

does not explore further the search space rooted at s. This is plays a

crucial role in significantly reducing A*’s search space.

Similarly to A*, AO* performs pruning with state dominance.

However, Botea et al. [8] have pointed out that correctly applying

state dominance pruning in a nondeterministic search requires addi-

tional conditions to satisfy, and they presented sufficient conditions

for this purpose. Our AO* implementation observes these.

Algorithm 2 A* with state dominance pruning

Require: State n, open list O, closed list C and consistent heuristic

function h
1: Enqueue(O, n, h(n))
2: while O = ∅ do
3: t = Dequeue(O)

4: if t is a goal then
5: return (f(t), path(n, t))
6: Save(t, C)

7: for each of t’s successors s do
8: if s ∈ C ∧ no state u ∈ C ∪O dominates s then
9: Enqueue(O, s, g(t) + c(t, s) + h(s))

10: return (∞, ∅)

Theorem 3. Consider a deterministic plan π1 computed in the de-
terministic search. If all π1’s actions a correspond to a deterministic
action in ND (as opposed to a being the relaxation of a nondeter-
ministic action in ND), then π1 is correct and optimal in ND.

Proof Sketch The correctness follows from the fact that actions,

being deterministic in ND, will behave as in the deterministic do-

main, being applicable in the corresponding state and succeeding

with probability 1. For optimality, assume there is a nondeterminis-

tic plan π2 with a better score vopt(π2) <lex vopt(π1). Let ri be the

root of πi, i = 1, 2. Applying Theorem 1 to r2, we obtain vdet(r2) ≤
vexp(r2) ≤ vwst(r2). At the same time, vdet(r1) = vexp(r1) =
vwst(r1), since π1 is linear and thus has no multiple branches. As

both π1 and π2 are valid plans in D, and π1 is optimal in D, it fol-

lows that vdet(r1) ≤ vdet(r2). Putting all these together, it follows

that vopt(r1) = (vwst(r1), vexp(r1)) = (vdet(r1), vdet(r1)) ≤lex

(vdet(r2), vdet(r2)) ≤lex (vwst(r2), vexp(r2)) = vopt(r2), which

is a contradiction.

The previous result is important because it formalizes the valida-

tion step in our approach (line 3 of Algorithm 1). When the validity

test fails, our approach updates the heuristic, after which it runs AO*.

The Update method shown in Algorithm 3 implements the back-

propagation idea, computing more informed h-values that are stored

in a table H . As in related previous work [31, 1], Update traverses

the search graph backwards and sets H(n) = minsi∈C(n)(f(si) −
g(n)), where C(n) is the set of not-expanded frontier states reach-

able from n. However, unlike previous approaches, Update does not

perform iterative deepening, and its depth-first search is limited to

the threshold initialized to vdet at the initial state (see Algorithm 1),

and to the set of states examined by A*.

As mentioned, both A* and AO* apply dominance pruning. To

ensure the plan optimality, our Update procedure correctly han-

dles a subtle but important detail stemming from the use of domi-

nance pruning. Assume a new state s is dominated by an older state

u ∈ O ∪ C. Both A* and Update skip examining s due to the prun-

ing scheme with state dominance (see line 8 in Algorithm 2 and line

5 in Algorithm 3). However, while regarding s as a deadend in D
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Algorithm 3 Update

Require: State n, open list O, closed list C, hash table H , and

threshold θ
1: r = h(n)
2: if n ∈ H then
3: t = GetValue(n, H)

4: r = max(r, t)
5: if θ ≥ r ∧ n is not a goal ∧ n ∈ O ∧ no state m ∈ O ∪ C

dominates n then
6: /* Improve heuristic values of successors */

7: v =∞
8: for each of n’s successor s do
9: v = min(v, c(n, s) + Update(s,O,C,H, θ − c(n, s)))

10: /* Increase r based on an improved heur. value v */

11: r = max(r, v)
12: /* Increase r based on the optimal solution cost θ */

13: r = max(r, θ)
14: /* Save an improved heuristic value */

15: Save(n, r, H)

16: return r

Figure 3. A simple example where a dominated state in D belongs to an
optimal plan in ND

is correct in A*, setting H(s) = ∞ in Update would be an error.

Instead, in such cases we set H(s) = h(s), where h is the initial

heuristic (line 1 in Algorithm 3). We illustrate why aggressively set-

ting H(s) = ∞ in Update would be a mistake with the following

example.

Example 1. Figure 3 illustrates a scenario where a state s domi-
nated in D belongs to an optimal plan in ND. Assume that u domi-
nates s. Recall that in D pathways starting with a failed branch are
not generated. Thus, in D (solid arrows only), there are two plans: the
sequential pathway through u and the sequential pathway through s.
The one containing u is an optimal plan, and s can safely be pruned
in D as a state dominated by u.

In ND (solid plus dashed arrows), there are two plans: the contin-
gent plan with a branching point under m, and the sequential path-
way through s. Here, the latter is an optimal plan, as we assume that
the nondeterministic branch in the former plan has a very large cost.

Therefore, setting H(s) = ∞ in Update would result in ignor-
ing the plan through s in ND and returning a suboptimal solution.
To bypass this, our Update method propagates back a conservative
admissible heuristic value h(s) for s.

Line 13 in Algorithm 3 is related to Holte et al.’s P-g heuristic [19],

discussed in the related work section. Backpropagation (without line

13) provides better estimates than P-g (line 13 alone) in many cases.

Interestingly, while experiments presented later show that P-g alone

is not effective in this domain, we found that P-g is helpful in com-

bination with our backpropagation. Specifically, we found line 13 to

be particularly useful in states pruned away with state dominance. As

such pruned states are not expanded further, their exploration subtree

is empty. On the other hand, backpropagation (without line 13) works

by increasing the heuristic of a state based on the heuristic of its chil-

dren. Clearly, when a state has no children (as it happens for states

pruned away), backpropagation cannot increase the heuristic of that

state. In such cases the P-g rule (line 13) is the only mechanism that

can improve the heuristic, which of course can trigger further im-

provements up in the tree.

We argue that the P-g heuristic preserves the admissibility of H
in D as follows: 1) When a state n is processed in Update, we have

θ = vdet − g(n). This follows easily from the initialization of θ to

vdet (line 6 in Algorithm 1), and from the way it is updated in each

recursive call (line 9 in Algorithm 3); 2) It is known that, at the end

of an A* search that returns an optimal cost vdet, vdet − g(n) is an

admissible heuristic for every state n with an optimal g-cost.

Our heuristic update strategy implements a few additional ideas.

As shown in Algorithm 1, we take the max(h(n), H(n)) as the

heuristic to use in AO*. The reason is that, for those states n not

visited in A*, H(n) returns 0. Secondly, when u = (l, tu, . . .) dom-

inates s = (l, ts, . . .) in D, ts+H(s) = f(s) ≥ f(u) = tu+H(u),
which further allows us to increase H(s) to H(u) + tu − ts within

method GetValue in Algorithm 3. Thirdly, we added to AO* (both

as a module of our method and as a standalone benchmark) an extra

heuristic update rule. Let ss and sf be the successful and the failed

successors of a nondeterministic action. The heuristic of sf can ad-

missibly be increased to the heuristic of ss, a property that follows

from Proposition 1.

Theorem 4. The hybrid method returns optimal solutions in ND.

Proof Sketch It is sufficient to prove H(n) ≤ vdet(n), ∀n. Then

H is admissible in ND cf. Theorem 2. With no generality loss, as-

sume that H(n) = h(n) if n is not found in H . Here we only

show that H(n) = mina∈Adet(n)(c(n, a)+H(γ(n, a))) ≤ vdet(n).
Other rules (e.g., increasing H(n) to θ) were discussed earlier. The

proof is related to Akagi et al.’s work [1]. Let Hk be the table H
after k updates. If k = 0, the theorem holds, as nothing new is

saved in H , and h(n) ≤ vdet(n) cf. Assumption 1. Assume that

the result holds for k (i.e., Hk(s) ≤ vdet(s)), and we are about to

save a new result for node n at step k + 1. We have: Hk+1(n) =
mina∈Adet(n)(c(n, a) + Hk(γ(n, a))) ≤ mina∈Adet(n)(c(n, a) +
vdet(γ(n, a))) = vdet(n).

6 Experimental Evaluation
We implemented our ideas on top of DIJA [8], a state-of-the-art

engine for multi-modal journey planning under uncertainty. It is a

highly-optimized, AO*-based planning engine, implementing tech-

niques described by Botea et al. [8]. For a fair comparison, the AO*

algorithm is the same in both DIJA and our approach, except for the

heuristic used. As described earlier in the paper, our approach first

attempts to solve the problem with deterministic A* search. If the

resulting plan is not valid in the nondeterministic domain, a back-

propagation step provides an improved heuristic to the AO* engine.

The optimality criterion is minimizing the worst-case travel time,

with ties broken in favor of a better expected travel time. Botea et
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al. [7] handle a linear combination between the travel time and the

number of legs. However, optimizing purely on the travel time is the

most computationally challenging scenario, which is why we focus

on improving the performance in this case.

We have used testbed data from the literature [7]. This is trans-

portation data from three European cities, Montpellier, Dublin, and

Rome. The Dublin data contain 4,739 stops, 120 routes, and 7,308

trips per day. The road network has 301,638 nodes and 319,846 seg-

ments. In Montpellier, bus and tram data amount to 1,297 stops, 36

routes and 3,988 trips per day. The road network has 152,949 nodes

and 161,768 links. In Rome, buses, trams, subways and light trains

sum up to 391 routes, with 8,896 stops and 39,422 trips per day. The

road map contains 522,529 nodes and 566,400 segments.

The original data is deterministic. This was extended with a

stochastic noise assigned to the original deterministic arrival and de-

parture times. The noise follows a Normal distribution, truncated to a

confidence interval of 99.7%. We report results with two distinct lev-

els of noise. The smaller level has σ2 = 1600 seconds, equal roughly

to ±2 minutes around the original deterministic arrival or departure

times. In the larger noise level we set σ2 = 6400, which roughly

corresponds to a ±4-minute uncertainty interval.

We used 1,000 journey plan requests (instances) for each city. The

origins and the destinations are picked at random, and the departure

time is 11AM. Quotas are set to at most 20 minutes of walking, and

at most 5 segments per trip. Combined with two levels of noise and

two solvers, this sums up to 3, 000× 2× 2 = 12, 000 runs in total.

Figure 4 shows the CPU time in our method, denoted by “Hybrid”,

compared to the benchmark state-of-the-art approach DIJA. Dots un-

der the main diagonal are cases where our method is faster, and dots

above the diagonal show the opposite. The three parallel lines corre-

spond to the main diagonal y = x, y = 3x (above the main diagonal)

and y = 1
3
x (below the main diagonal). These will help better un-

derstand the results.

A main conclusion from Figure 4 is that, when our method is

faster, it can be faster by a large margin, especially in solving dif-

ficult instances. The speedup can significantly exceed one order of

magnitude and, in a few cases, two orders of magnitude. On the other

hand, when our method is slower, its slowdown is bounded by a fac-

tor of 3 in most but not all cases (see the y = 3x line above the main

diagonal line). We call this the asymmetric speedup behavior.

This (not strict) bounding factor of 3 is present because, in our

method, each run invokes at most three time-consuming operations:

the A* search (“Hybrid A*”), the backpropagation, and the AO*

search (“Hybrid AO*”). Each of these is typically smaller than the

standalone AO* search (“DIJA AO*”), as follows. The A* search

has a smaller space to explore, being a deterministic search. Figure 5

(left) shows differences between A* and AO* search, both with the

initial heuristic in use. The backpropagation traverses A*’s search

space, being thus comparable with A* as CPU time. The AO* of

our method is typically faster than the DIJA AO*, thanks to the bet-

ter heuristic obtained through the backpropagation phase. Figure 5

(middle) shows the impact of the improved heuristic on AO* search.

The impact of backpropagation will be discussed in more detail later

in this section.

Table 1 complements the observations drawn from Figure 4 with

summary statistics. For each σ2 level, Part A reports the total CPU

time ratio between DIJA and our method. Our method is consistently

better on this metric, as all values reported are greater than 1. This

is an important result, showing that the new approach is faster in

average on all 6 combinations of a city and a noise level. The average

speed is important, for instance, in a server implementation, where

Table 1. Summary statistics. Easy instances, requiring less than 1 second
with the baseline approach, are skipped.

City Mon Rom Dub

Uncertainty level: σ2 = 1600
A CPU time ratio DIJA/Hybrid 5.97 1.07 1.71
B Max speedup factor Hybrid 166.01 48.77 101.81

Max speedup factor DIJA 1.51 1.44 1.74
C Det plan valid % 58.10 27.70 35.80
D Instances Hybrid faster % 66.66 40.32 49.26

Uncertainty level: σ2 = 6400

A CPU time ratio DIJA/Hybrid 2.14 1.26 1.18
B Max speedup factor Hybrid 269.56 82.18 158.07

Max speedup factor DIJA 5.12 3.28 1.54
C Det plan valid % 39.70 10.40 15.40
D Instances Hybrid faster % 57.6 65.85 25.26

a journey planning engine has to answer several queries in a short

amount of time. Part B shows the maximum speedup of each system,

showing a consistent advantage in favor of the new hybrid approach.

Part C reports the percentage of instances where the deterministic

plan is valid under uncertainty, and Part D presents the percentage

of instances where our method is faster (i.e., dots below the main

diagonal in Figure 4). Due to the asymmetric speedup behavior, our

method is faster in terms of average solving time (Part A) even in

those cases where Part D shows a value lower than 50%.

Savings in speed come from both the ability to avoid backpropa-

gation and AO* search, when the deterministic search is sufficient,

and from the better informed AO* heuristic when the deterministic

search is not sufficient. Note that, given a σ2 level, Part D shows sub-

stantially higher percentages than Part C, confirming that our method

is faster substantially more often than just the cases when our method

stops after A*.

We have also evaluated a partial version of Hybrid, with back-

propagation turned off. In other words, when the deterministic plan

is invalid in the nondeterministic domain, the heuristic is updated us-

ing only the P-g rule, without any backpropagation. Comparing the

middle and the rightmost charts in Figure 5 convincingly illustrates

the benefits of backpropagation.

In the rightmost chart, we observe that, in our problems, the P-g

rule alone does not change the AO* performance significantly. In par-

ticular, this implies that, for the subset of instances where A* alone

is not sufficient, a hybrid approach without backpropagation would

consistently be slower than a pure AO* solver. Indeed, in such cases,

the system has the additional overhead of running A*.

On the other hand, the full heuristic update method, with both P-g

and backpropagation switched on, performs significantly better than

the original heuristic, as shown in the middle chart in Figure 5. Even

when the system has to perform A*, backpropagation and AO*, the

speedups are obtained in AO* due to a better-informed heuristic off-

sets and even exceed the overhead of the A* and backpropagation

steps on average. In particular, this explains why values in Part D are

higher than values in Part C in Table 1. Thus, backpropagation plays

a significant role in the performance of our system.

7 Conclusions

We presented an approach to nondeterministic planning combining

A* and AO* search. We focused on multi-modal journey planning

under uncertainty, an application domain where speeding up opti-

mal solving approaches is an important task. Our theoretical analysis

shows that our approach creates optimal plans even in the presence of
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Figure 4. CPU time in our method and DIJA AO* on a logarithmic scale. Top row: σ2 = 1600; bottom row: σ2 = 6400.
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Figure 5. Left: A* in our method vs DIJA AO*; middle: AO* in our method vs DIJA AO*; right: AO* with a partial heuristic update strategy vs AO* with the
original heuristic. Data shown for Rome with σ2 = 6400. Other combinations (city, noise level) lead to a similar conclusion and are skipped to save room.

dominance relations between states. Empirical results in multi-modal

journey planning under uncertainly demonstrate that our approach

brings a significant performance improvement over a state-of-the-art

journey planner based on AO*.

Assumptions such as modeling nondeterminism with successful

and failed attempts are not limited to journey planning. We plan to

develop our method in domain-independent planning, especially in

domains with state dominance (e.g., planning under uncertainty with

consumable resources). Another interesting direction is to further im-

prove the heuristic function with backpropagation, extending the ini-

tial A* search with localized additional explorations.
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Robust Real-Time Human Perception with Depth Camera

Guyue Zhang 1 , Luchao Tian 1, Ye Liu 2 , Jun Liu 1, Xiang An Liu 1 , Yang Liu 1 and Yan Qiu Chen 1∗

Abstract. Perception of the presence and position of human is cru-

cial for many kinds of Artificial Intelligence (AI) applications. In

this paper, we have developed a novel two-staged method for real-

time human detection in depth image. The first stage is to quickly

scan through the image to detect possible head-top locations in or-

der to ensure all the candidate locations are included. The second

stage is to use a novel head-shoulder descriptor (HSD) which jointly

encodes the One-hot Depth Difference information and local geo-

metric characteristics of human upper body to filter the detections so

as to keep the genuine human locations and discard false positives.

The results show that our approach using only depth data is superior

to other methods using color and depth images on four datasets. In

addition, our method performs well under weak illumination condi-

tions or even total darkness. Moreover, our system is also able to run

in real-time on conventional PC without GPU acceleration.

1 INTRODUCTION

Human detection is an important task due to its wide application

in human-computer interaction, intelligent vehicles, autonomous in-

door mobile robots, etc. It is also a critical technology in building

smart rooms in which intellectual sensors should be aware of users’

presence and locations [7, 8, 9]. However, human detection is still

a challenging problem especially in occasion of occlusion, posture

variations, dynamic and heavily cluttered background or crowd, etc.

Existing methods [6, 24, 28] for conventional video cameras are

reported as able to work in well-illuminated environments with rel-

atively simple and stationary background. However, their perfor-

mance declines quickly if the illumination conditions deteriorate or

the background becomes dynamic and complicated.

With the recent rapid development of depth cameras, such as time-

of-flight camera and Kinect, human detection becomes more man-

ageable as depth image is relatively insensitive to scene textures, and

the depth information acquired by the sensors using actively emitted

near infra-red medium is robust against illumination variation of the

environment.

There have been methods for detecting human beings with depth

cameras [2, 1, 31, 15, 23, 27, 32, 26]. The work reported in [4] adopt-

s a graph-based segmentation algorithm combined with randomized

subsampling for depth image segmentation and a set of parameter-

ized heuristics to reduce candidate segments for classification. Wo-

jek et al. [29] combine a full object detector and multiple object part

detectors in a mixture of experts based on their expected visibility.
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formation Processing, Fudan University, China. Emails: {guyuezhang13,
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Spinello et al. [22] take inspiration from HOG (Histogram of Orient-

ed Gradients) detector which is mainly for color/grayscale image and

design HOD (Histogram of Oriented Depths) descriptor for depth da-

ta, and then achieve promising human detection result. These meth-

ods mentioned above using full-body detectors show their effective-

ness in many environments, but encounter challenges in crowded en-

vironments where occlusions occur frequently and people are often

partially visible.

An upper-body detector is a good choice for robust human detec-

tion, since the upper part of human body is less likely to be occlud-

ed and less deformable. The approach proposed by Xia et al. [30]

combines a 2D head contour model and a 3D head surface model to

detect people in indoor environments. Ikemura et al. [12] introduce

the notion of Relational Depth Similarity Features (RDSF) based on

depth information, which is derived from a similarity of depth his-

tograms and represents the relationship between two local regions.

The method presented in [13] uses a continuous normalized-depth

template as an upper-body detector for close range and a full-body

detector for farther range. Choi et al.’s system [5] integrates multi-

hypothesis (including human upper-body shape, human face, human

skin, as well as human motion) and shows interesting results for lo-

cating people in 3D space. Liu et al. [18] combine a Ring-wedge

Mask (RWM) and 2D Joint Histogram of Color and Height (JHCH)

information to classify plausible human head candidates. Munaro et

al. [19] combines depth-based and color-based techniques in a cas-

cade algorithm to detect people.

In this paper, we propose a novel two-staged approach which fully

utilizes the unique characteristics of the human’s upper body from

depth images only. We first quickly localize all candidate head-tops

based on the contour information of human head. Excessive num-

bers of possible human head candidates are extracted in this stage,

which contain true human head regions in the scene (with very low

miss rate) as well as false positives. Although the false positive rate

is still relative high, we are able to reduce the search space at a very

low computational cost. These false positives in the detections from

the first stage are further filtered out in the second stage by training a

classifier with an effective upper-body head-shoulder descriptor (HS-

D) which consists of a One-hot Depth Difference Descriptor (ODD-

D) to describe the occlusion relationship among humans and their

surrounding environments, and a Binarized Local Surface Descrip-

tor (BLSD) to characterize the local surface geometrical properties

of humans.

Our contributions are in the following aspects:

• We propose a fast head-top candidate extractor by localizing ex-

treme points along the depth discontinuities and try to ensure all

true human head-tops are included, which reduces searching space

to obtain high speed.

• We propose a novel upper-body head-shoulder descriptor (HSD),

which jointly encodes the information of One-hot depth differ-
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Figure 1: Workflow of the proposed method.

ence and local surface statistics to effectively and efficiently clas-

sify detections, aiming at further eliminating false positives while

preserving the true detections. Both of the two descriptors are dis-

criminative and compact, and they encode different kinds of infor-

mation of the upper-body in depth images.

Experimental results have demonstrated the effectiveness of our

approach on four available datasets. Although only depth data is em-

ployed, the proposed method outperforms existing methods using

both depth and RGB data. Using only depth data is also advanta-

geous in environments with dark or volatile illuminations.

2 THE PROPOSED APPROACH
Our method follows a two-stage cascaded structure. The first stage

uses extreme points in edge map to detect candidate head-top loca-

tions and try to include all the probable locations. The second stage

uses a novel head-shoulder descriptor (HSD) to verify the candidates

so as to keep the genuine ones and discard false ones. We try to

achieve a very low miss rate and expect to efficiently locate the can-

didates in the first stage, while the subsequent more computationally

expensive verification stage only needs to deal with a limited num-

ber of candidates rather than on all image pixels. An overview of the

proposed detection framework is given in Figure 1.

2.1 Finding Possible Head-top Points
Several existing works also tried to locate the head regions as ROI

(Region of Interests) as a preliminary detection stage. For example,

[30] and [13] use a depth template to localize the head positions as

ROI to reduce the search space. However, the template matching of-

ten gets corrupted due to occlusions. [13] and [17] project the 3D

point cloud to the ground plane and then use the height information

to locate the probable head positions. But these methods require the

prior knowledge of the ground plane which is either time consuming

or even not possible to estimate.

Our motivation is to quickly and directly find possible head-tops in

the depth image without the assist of any point clouds or depth tem-

plates, so that the more computationally intensive verification pro-

cess needs to be applied to only a limited number of candidates rather

than all pixels, thus substantially reducing the computation load. We

try to ensure all genuine head-top points are included in the responses

while allowing some false positives. There are two successive mod-

ules in this stage: depth based contour extraction and head-top can-

didates localization.

2.1.1 Depth based Contour Extraction

Depth data remains continuous within the same object and varies

greatly across distinct objects or parts of objects. So depth discon-

tinuities usually indicate true boundaries between two non-touching

objects. In real-world scenes, a standing person’s head is always suf-

ficiently far away from its surrounding background. This inspires us

to first extract the contour of human head based on depth discontinu-

ities and then look for further cues in these contours. This cue makes

it possible for us to obtain a set of less noisy contours corresponding

to human head boundaries from depth data much easier than from

RGB images.

Since depth data generated by depth camera may contain some

noise and holes, we use a depth image inpainting technique [20] to

reconstruct missing data, then the inpainted depth image is smoothed

by a Gaussian filter. Gradient magnitude M(x, y) and gradient ori-

entation φ(x, y) are calculated with a Canny operator. Canny op-

erator is employed as its outputs are not only isolated edge points

but a set of contours with points linked which facilitates our further

analysis of the contour. Then we locate every possible edge point by

the non-maxima suppression (NMS) and extract contours by double-

threshold edge linking scheme[3]. With conventional RGB image,

the contours output by Canny can be noisy and fragmented, but as we

have discussed above, with depth data we can always obtain clearer

and more complete human head contours as shown in Figure 2(a).

2.1.2 Head-top Candidates Localization

In most scenarios, the camera is positioned to make the image y-

axis inversely aligned with the gravity direction. Now that we have

obtained relatively clean and complete contours of human heads,

which protrude towards the ceiling of the image, we can find ex-

treme points along the contours in which head-tops are contained as

shown in Figure 2 (a). Given a contour consisted of a chain of points

C = {(xi, yi)}ni=1, we define the extreme point lk as the point which
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(a) (b)

Figure 2: (a) shows an example of depth based contour extraction and ex-
treme point localizations. The head-tops are in red color with contours in
black. In (b), each head-top has its own corresponding ROI illustrated in blue
box.

has a local maxima y value:

lk = {(xk, yk) | yk ≥ yj , j ∈ N(k)} (1)

where N(k) = {k−s, ..., k+s} is a neighborhood of point (xk, yk).
We set s = 3 in all the experiments. Searching along all the contours

extracted, we can obtain a set of extreme points as L = {lk}mk=1,

which are considered to be head-top candidates. The head-top candi-

dates can be extracted ultra fast since that 1) we do not have to esti-

mate the ground plane; 2) the extreme points are searched on the ex-

tracted contours rather than the whole image. Even in highly crowd-

ed environments, it makes sure that people’s head-top positions are

included in the resultant responses L (see in Section 3.2).

It is a novel idea to extract the candidate points information from

edge maps for subsequent processing, which dramatically reduces

the searching space and gains high detection speed. It can be easily

extended to other vision tasks in depth image, such as object recog-

nition, human activity analysis, and hand gesture analysis.

2.2 Purifying the Detections
We have obtained the probable head-top detection candidates, but the

results are over-detected and the false positives should be further fil-

tered out. We train a classifier using a novel head-shoulder descriptor

(HSD) combining two features: One-hot Depth Difference Descrip-

tor (ODDD) and Binarized Local Surface Descriptor (BLSD).

2.2.1 Scale Invariant ROI Selection

Conventional object detection in RGB images often involves testing

detection windows with different scales to detect objects with differ-

ent sizes on image, which is time-consuming. With the help of depth

information, we can select the ROIs adaptively according to the depth

of a 3D point as shown in Figure 2 (b).

We denote an ROI as rk = (lk, wk, hk) around the head-top point

to cover the whole head. Here lk is a head-top candidate, wk and

hk are the width and height of selected ROI for lk, they are adjusted

adaptively according to the corresponding depth value dk. We select

the ROI whose left-top corner is lk − (0.25hk, 0.5wk). This is set

empirically to make the ROI cover the upper-body and some context.

We prefer slightly larger ROIs to diminish the effect of inaccuracy in

localizing head-top points. Since human head is roughly spherical,

we let ρ denote the head radius in physical quantity while ρdk de-

note the projected radius and wk = 3ρdk , hk = 4ρdk . The relation-

ship between physical quantity and projected quantity is ρdk = λ ρ
dk

,

Figure 3: One-hot Depth Difference Descriptor (ODDD). We classify each
pixel into three categories: detectee (100), background (010) and overlapper
(001). The codes of picked points are concatenated to build a feature vector.

where λ is a constant factor obtained with camera’s intrinsic param-

eters [11, 18].

2.2.2 Head-shoulder Descriptor (HSD)

The pattern of human head-shoulder in depth images is distinctive

from other objects, so the key problem here is to design a head-

shoulder descriptor (HSD) to describe this distinctive property. We

design an HSD that encodes two different aspects of information:

the relative positions among human upper-body and their surround-

ing environments and the local surface geometrical characteristics of

human upper-body. With these two kinds of information compactly

encoded, the HSD is highly discriminative in keeping the true human

locations and rejecting false positives.

One-hot Depth Difference Descriptor (ODDD) Depth difference

has been explored in human pose estimation in [21]. But it is not

suitable for describing the pattern of human head-shoulder due to

complex relationships between humans and their surrounding back-

ground. Depth difference between human and background varies

from less than 1m to more than 10m, making the resulted feature

badly scaled and may cause misleading classification results. If we

directly utilize depth difference as a feature, it is possible to acquire

misleading results or may influence the classification results signif-

icantly. So directly employing depth differences to detect human is

not a wise choice.

In order to make depth difference more suitable for our classifica-

tion task, we propose a novel One-hot Depth Difference Descriptor

(ODDD). Inspired by [18], we classify each pixel in an ROI into

three categories: detectee (pixels belonging to the region of human

to be detected), background (pixels regarded as background) and

overlapper (pixels that can be considered as objects that occlude

the human to be detected) by depth difference values (with threshold

σ). We assign a three-bit one-hot code for each category, so for each

pixel u = (x, y) the feature f(u) is computed as (Figure 3):

fd(u) =

⎧⎨⎩
100, |d(u)− d(lk)| ≤ σ
010, d(u)− d(lk) > σ
001, d(u)− d(lk) < −σ

(2)

We divide the ROI into α × β cells, and to obtain fast computation

speed, one point rather than all points is randomly picked from each

cell, the one-hot code of the picked points in all the cells are concate-

nated to build a feature vector.

The feature extracted in above manner is able to shield the large

variation of depth differences among pixels while retaining the occlu-
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sion relationships (the category) between humans and their surround-

ing environments. Also, using one-hot code can facilitate processing

for many classification methods. It should be noted that [18] also

seek to threshold depth difference value, however, they used a hard

template with strong prior knowledge to perform classification. Our

work is significantly different as we turn the category information of

pixels into features and train a classifier with them, which leverages

the advantage of large amount of data to account for various kinds of

occlusions and view changes.

Binarized Local Surface Descriptor (BLSD) One-hot Depth D-

ifference Descriptor (ODDD) focuses on describing the complex

depth pattern formed by humans and their surrounding environ-

ments, but it is ineffective in characterizing the local geometrical

property of objects’ surfaces, which has been proven to be impor-

tant in RGBD object recognition tasks [25]. With depth informa-

tion, the 2D pixels can be reprojected into 3D space as point cloud,

which represent the 3D surfaces of the scene. For a pixel location

u = (x, y), the 3D surface normal vector can be approximated as
#      »

n(u) =
(

∂d(u)
∂x

, ∂d(u)
∂y

,−1
)T

[25]. Instead of building a histogram

of normal vectors which loses the spatial information of points, we

propose a binarized local surface descriptor (BLSD) which encodes

the local surface smoothness in different spatial locations (Figure 4).

The feature is also extracted from the ROI in Sec. 2.2.1.

For a pixel location u = (x, y), we first compute the Normal Vec-

tor Difference (NVD):

fn(u) =
#           »

Δn(u) =
#      »

n(u)− #        »

n(lk) (3)

where
#      »

n(u) and
#        »

n(lk) are normalized normal vectors at u and lk.

NVD is much more robust to view point change than normal vectors

since the normal vector at head-top lk is substracted. And we also di-

vide the ROI into cells, one point is randomly picked in each cell and

its NVD is computed. Concatenating the NVDs of all the sampled

points in all the cells will form a feature vector Fk which is highly

redundant. Instead of using this feature vector for classification, we

convert it to a binary code which is much more compact and can be

more effectively processed.

We follow the approach of random forest based hashing to learn

the compact binary codes [14]. A set of random forests {Ti}Mi=1 is

trained from the training data. Each Ti = {t1i , t2i , ..., tNi } is trained

using a randomly selected subset of training data and a randomly s-

elected subset of features of Fk, which serves as a binary test for

generating one bit of the binary code (i.e. it generates 1 if Fk is clas-

sified as positive and 0 otherwise). In this manner, we are able to

obtain a compact M bit BLSD which is combined with ODDD as

our final binarized features for classification.

2.2.3 Training and classification

For training the classfier, we use 7,600 positive and 25,060 negative

training samples. These samples are obtained in the following way:

firstly detections are generated by the first stage of our method on

23 RGB-D video sequences, then 7,600 true human head-tops and

25,060 false positives are manual selected. Finally, ROIs are deter-

mined and from which HSDs are extracted.

In the classification procedure, we use a linear Support Vector Ma-

chine (SVM) to classify the Head-shoulder Descriptor (HSD) (by

concatenating ODDD and BLSD) for an ROI to decide whether the

region contains a human head or not.

Figure 4: Binarized Local Surface Descriptor (BLSD). Head-top point lk is
in red color and randomly sampled points u are in blue color. Normal vector
differences (NVDs) are computed and concatenated, and then are converted
into a compact binary code by random forest hashing.

3 EXPERIMENTS AND DISCUSSIONS

We evaluate the detection accuracy and computational efficiency of

the proposed method and compare it with other state-of-the-art ap-

proaches on four available datasets. These datasets are captured with

Kinect at 640× 480 resolution.

3.1 Datasets and Metrics for Evaluation

The first dataset is the CLOTHING STORE [16, 17]. It contains

two video sequences of 45 minutes length each. The scene is clut-

tered with pillars, hangers, clothes, cabinets and shoe racks. People

take on various poses such as walking, sitting and bending, and they

interact with each other frequently.

The second and third datasets named OFFICE and

MOBILE PLATFORM are provided by Choi et al. [5]. The

former contains 17 video sequences and was captured in an office

room. The environment is cluttered, and people in this dataset

face different directions and take various poses, such as standing,

walking, and sitting on chairs. The latter was collected with a Kinect

mounted on a PR2 robot driving around in a building. It contains 18

video sequences with different scenes. This dataset includes various

illumination conditions and cluttered backgrounds.

To the best of our knowledge, there is no publicly available

RGB-D dataset captured under dark illumination for person detec-

tion. In order to comprehensively assess the performance of our

method in such environments, we collected a challenging dataset

named DARK. This dataset is captured at night with dark illumi-

nation which makes the persons indistinguishable from RGB im-

ages, as shown in Figure 7 (d). We will show that our method works

well under such weak illumination or totally dark conditions. This

new dataset is available at http://www.cv.fudan.edu.cn/
humandetection.htm.

Also, we evaluate the performance via false-positive-per-image

(FPPI) vs. miss-rate in our experiments. FPPI is computed in

a standard way, as total number of false positives divided by

frame numbers. Four images per second from OFFICE and

MOBILE PLATFORM [5], one image every three seconds from

CLOTHING STORE and DARK are selected to evaluate the per-

formance [17]. A successful detection is counted if the overlap ratio

between the annotated bounding box and the detected bounding box

is above 0.5.
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Figure 5: Comparison results with other approaches on four datasets CLOTHING STORE, OFFICE, MOBILE PLATFORM and DARK.

3.2 Analysis and Evaluation

We evaluate the detection accuracy and computational efficiency of

the proposed method, with the overall system performance against

other methods for a quantitative evaluation, and then we provide a

comprehensive evaluations respectively on the computational times,

the role of first stage, the contribution of each feature, and the effect

of different distance.

Computational Times The proposed system was measured on a

desktop PC with i5-2500 CPU and 8GB RAM, and runs at 40 fps

without GPU acceleration, which is faster than the recording speed

of Kinect (30 fps).

Overall system performance We compare the proposed system

against a conventional HOG detector [6], a depth-based detector pro-

posed by Xia et al. [30], a Combo-HOD detector [22], a color-depth

detector proposed by Choi et al. [5], an RWM human locator [18],

and cascade classifier proposed by Munaro et al. [19] on four dataset-

s illustrated in Figure 5 (a)-(d). The results shown in Fig. 5 are ob-

tained by using the codes from original authors [18, 19] and by our

implementation [6, 22, 30]. The performance of [5] is only evaluat-

ed on OFFICE and MOBILE PLATFORM (the performance is

reported by the authors), as the source code is not available.

The experiments show that our algorithm outperforms state-of-

the-art detectors. In the results, the performance of HOG detector

is limited due to the clutter of background and various people’s pos-

es in color images. Xia et al.’s method uses a 2D head contour model

and a 3D head surface model, which is strongly dependent on human

shape, it may fail when in side-view cases. The Combo-HOD detec-

tor and Munaro et al.’s method work well in spacious environments,

but the performance decreases in our test scenes where people are oc-

cluded and posing variedly such as sitting or bowing. The approach

proposed by Choi et al. combines multiple cues based on color and

depth data. But it may fail because the depth information is not fully

exploited. The RWM locator has a strong assumption of the parame-

ter in different categories so that it is easy to fail in divergent scenes

of occlusion and tilt.

The proposed method using only depth information provides a

more reliable result than the method HOG using RGB data only and

the method of Xia et al. using depth only. Moreover, our method even

yields higher accuracy than the methods [22, 5, 18, 19] , which utilize

both color and depth information. Especially in the DARK dataset,

where RGB information is limited and many detector with RGB can

not work, our approach is significantly superior to others. Some de-

tecting examples are shown in Figure 7. This demonstrates that our

method is quite robust in dealing with real-world challenging tasks

including occlusion, variations in postures and clutter, and also dark

illumination.

Table 1: Average of miss rate and FPPI in first stage.

Dataset Miss Rate FPPI
CLOTHING STORE 0.044 41.12

OFFICE 0.049 50.32
MOBILE PLATFORM 0.027 31.45

DARK 0.057 44.32
Average 0.044 41.80

Contribution of the first stage We evaluate it on four datasets

with the results in Table 1 with average miss rate at 4.4% and aver-

age FPPI at 41.80. The results show that only a few false positives

are contained in the responses. This indicates that the finding possi-

ble head-top points stage is very effective for search space reduction.

And in this stage, the average run time for one frame is around 10

ms, which is fast enough to ensure the real-time processing. On av-

erage, about 25 points from the three hundred thousand pixels in a

frame are detected as candidate head-top points (1/12,000).

Contribution of the two features We compare each feature

used in the proposed descriptor separately. In this experiment, we

test each feature at a time to compare the detection results on

CLOTHING STORE. As illustrated in Figure 6 (a), using only

one feature (ODDD or BLSD) may dramatically decrease the per-

formance than combining ODDD and BLSD together. In addition,

we compare the influence between depth difference only and ODDD

in Figure 6 (a). It indicates that the detection performance of ODD-

D can be improved in average precision much higher than directly

using depth differences.

Impact of the distance We evaluate the effect of the distance from

camera on detection performance. As the Microsoft Kinect sensor

has a practical ranging limit of 0.8m− 3.5m distance [10], the long

distance out of the practical range may be more fragmentary and

noisier than the short distance. Figure 6 (b) depicting the analysis of

the effects of long range (> 3.5m) and short range (≤ 3.5m) shows

that the proposed method can provide higher detection accuracy for

nearer humans.
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Figure 7: Examples of detection results on (a) CLOTHING STORE, (b) OFFICE, (c) MOBILE PLATFORM, and (d) DARK.
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Figure 6: (a) Contribution analysis of each detection feature. The red curve
represents the results of the method with both ODDD and BLSD features.
Purple and yellow curves show the results of a specific feature either BLSD
or ODDD. Blue curve represents depth difference feature. (b) presents the
detection performance for different distance ranges ( >3.5m or <3.5m).

4 CONCLUSION
We have presented in this paper a novel two-staged method for de-

tecting humans in depth images. The possible human head-top points

are extracted in the edge map by the first stage. These candidates are

then fed to the second verification stage to output the final detection

results. Experiment results show that the proposed method (without

RGB information) can reliably detect people in complex, dynamic

and even dark environments in real time with high accuracy, and even

outperforms state-of-the-art approaches that use RGB-D data.
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A New Kernelized Associative Memory and Some of Its
Applications

Matthew Saltz and Lluı́s A. Belanche 1

Abstract. The classical Bidirectional Associative Memory (BAM)

allows for the storage of pairs of vectors, such that when either mem-

ber of the pair is presented to the BAM, the other member may be

successfully recalled. This work presents a novel BAM, improved

with respect to its capacity and noise performance through the use of

the kernel trick, a common technique in machine learning for trans-

forming linear methods into nonlinear methods. By kernelizing the

BAM’s energy function directly and defining new methods for recall,

the kernel BAM shows improved performance compared to both the

original BAM as well as a previously existing nonlinear BAM. This

is demonstrated with thorough experimentation on synthetic datasets,

and several practical applications are given on real data.

1 INTRODUCTION
Associative memories (AMs), designed to store items (known as pat-
terns) and then recall them even under noisy conditions, have been

studied for decades [1, 2, 3]. The kind of recall performed by an AM

is trivial for the human brain, and many AMs are biologically in-

spired and typically represented as artificial neural networks. Thus,

AMs are often interesting from both a biological modeling as well

as a machine learning perspective –see, e.g., [4, 5, 6, 7]. AMs are

judged based on the number of patterns they can store without sac-

rificing their recall abilities (known as the capacity), as well as the

average amount of noise that can be added to a stored pattern while

still maintaining effective recall (known as the noise performance).

A classical example of an AM neural network is the Bidirectional

Associative Memory, or BAM, which stores pairs of associated items

[2]. When one item from a pair stored in the BAM is presented to the

network, the network retrieves and returns its associated item, even

if the input has been corrupted in some way (i.e., it contains noise).

An interesting property of the BAM is that recall may occur in both

directions, either recalling the first or second item of a pair.

One limitation of the BAM (and other AM networks as well) is

that when the patterns to be stored are linearly dependent, recall per-

formance suffers; and as more patterns are added to the network,

they will inevitably become linearly dependent, and so the capacity

of the BAM is ultimately limited [2, 8, 7]. In order to alleviate this

problem, it is possible to project the input patterns into a higher di-

mensional space, where their representations are more likely to be

orthogonal. The larger the dimensionality, the higher the capacity of

the network becomes. Recall could be performed in this space, and

the result could be mapped back to the input space.

In this work, a novel, improved BAM is presented that takes ad-

vantage of the kernel trick to improve capacity and noise perfor-

mance. While others have used the kernel trick for a variety of au-

1 Technical University of Catalonia, Spain, email: belanche@cs.upc.edu

toassociative memories (which store only a set of patterns rather than

a set of pairs of patterns), the focus has been primarily on kerneliz-

ing the recall method directly [9, 10, 4, 11] or, if not, on using the

kernel AM for another purpose, such as classification [8]. The ker-

nel BAM presented here focuses on maintaining as closely as possi-

ble the analogy with the original BAM by kernelizing the associated

energy function of the model, and then deriving novel methods for

recall from there. Thorough experimentation demonstrates the supe-

riority of the kernel BAM in a variety of cases over the original BAM

as well as the most analogous nonlinear BAM found in the literature.

2 ENERGY-BASED MODELS

Given a set of p pairs S = {(x(1),y(1)), . . . , (x(p),y(p))} with

x(i) ∈ X ,y(i) ∈ Y , the goal of an AM is to store the pairs in such a

way that, when presented with a vector, known as a pattern, x(i), its

corresponding pattern y(i) is correctly recalled, even if the input pat-

tern x(i) has been corrupted in some way. An example of this would

be to store (name, telephone) pairs so that, when a user wants to re-

call the telephone of someone x, the name of this someone x could

be presented to the memory, which would recall the correct telephone

number y even if the name x –as presented to the AM– is corrupted

by background noise. The two primary metrics for the quality of an

AM are capacity, which describes the number of patterns (or pairs)

that can be stored in the AM with respect to the dimensionality of

the patterns, and noise performance, which is how well the AM can

recover memories in the presence of noise.

The scenario above, where the AM stores pairs of patterns, is

known as an heteroassociative memory. The special case where the

AM stores only a set of single patterns to remember, rather than a set

of pairs, is known as the autoassociative case. Some AMs are spe-

cially designed for this case, like the well-known Hopfield network

[1]. The autoassociative case is equivalent to having x(i) = y(i) for

all i ∈ {1, . . . , p} in the formulation above.

In order to memorize the set S of associated pairs, we assume there

is some general dependency between the components xi of x and

the components yj of y. We then want to discover the form of this

dependency so that we can use it to map an input vector x(i) from S
to its corresponding vector y(i) (and potentially vice versa). One way

to do this is to define first the believed structure, or architecture, of

the dependencies, and then introduce an associated function, known

as the energy function, that takes x and y as inputs and evaluates

how well x and y satisfy the dependency. Finally, we need a way

to infer one from the other. This process of defining an architecture,

an associated energy function, a training method/loss function, and

an inference method is known as energy-based modeling, and several

kinds of AMs can be described naturally in this framework, including
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the BAM –see [12] for a review on energy-based learning models.

The most basic form of an AM is the linear AM (LAM). When

x and y are bipolar vectors, with x ∈ {−1,+1}m and y ∈
{−1,+1}n, one defines the associated energy function

E(x,y) = −1

2
yTWx, W ∈ Rn×m

(1)

where lower energy values are associated with more compatible

vectors; assuming x0 as input, we may infer the most compatible y
by taking

y∗ = argmin
y∈{−1,+1}n

E(x0,y) = sgn
[
Wx0

]
(2)

where sgn[·] returns the vector of signs of its argument. In classical

Hebbian learning, W is computed as the sum of correlation matrices

between the x(i) and their corresponding y(i), that is,

W =

p∑
i=1

y(i)(x(i))T = YXT
(3)

being X ∈ Rm×p the matrix where the i-th column is x(i), and

Y ∈ Rn×p the matrix where the i-th column is y(i). Another ap-

proach solves the equation Y = WX to get W = YX†, where

X† = (XTX)−1XT is the Moore-Penrose pseudoinverse. This

method has a better capacity and noise performance in general, since

Hebbian learning suffers when vectors are correlated [7, 11].

3 KERNEL BIDIRECTIONAL ASSOCIATIVE
MEMORIES

The LAM above is limited in modeling capability and in its ability

to accurately recover memories with noisy inputs [7]. One way to

improve this is to introduce a recurrent structure, feeding the output

of the network in one step back into the network as input in the next

step. In this way, the network can iteratively improve on its guess for

the output. One such recurrent AM is the Bidirectional Associative

memory (BAM). The BAM may use the same energy function as

in Eq. (1), but in contrast with the LAM, which can only recall in

one direction (retrieving the y for a given x), the BAM can recall in

both directions. It accepts x or y as input and performs consecutive

updates until the state of the network no longer changes.

The goal of the update process is to start at the input and contin-

ually decrease the value of the energy function until it finds a local

minimum. The recurrent update process is as follows, where sx(t)
and sy(t) indicate the state of the x and y portions of the network

at update step t, respectively. Assuming that the network is initially

presented with an input for x:

sx(0) = input x

sy(1) = argmin
y∈{−1,+1}n

E(sx(0),y) = sgn
[
Wsx(0)

]
sx(2) = argmin

x∈{−1,+1}m
E(x, sy(1)) = sgn

[
sy(1)

TW
]

· · ·
sy(t+ 1) = argmin

y∈{−1,+1}n
E(sx(t),y) = sgn

[
Wsx(t)

]
sx(t+ 2) = argmin

x∈{−1,+1}m
E(x, sy(t+ 1)) = sgn

[
sy(t+ 1)TW

]
Because there is only a finite number of possible bipolar vectors,

and because the energy decreases after every update, this process

must eventually converge to a local minimum of the energy function,

where convergence means that the state of the network no longer

changes state after successive iterations [2].

The BAM network together with the recurrent update process de-

fines a dynamical system, and the local minima of the energy function

are known as the attractors of the dynamical system. Since our goal

is to recall memories, we want to train W such that the stored pat-

terns correspond to the attractors of the system. The space around an

attractor in which all vectors will converge to that attractor is known

as the basin of attraction. Furthermore, we also want to be able to

recover memories in conditions of noise. The maximum amount of

noise (measured in number of flipped bits) for which an AM per-

forms effectively is known as its radius of attraction.
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(a) Evenly-spaced memories, at 0.25, 0.5, and 0.75. This illustrates
an ideal situation for the radius of attraction, where each memory
is an equal distance from the next.
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(b) Unevenly-spaced memories, at 0.25, 0.6, and 0.75. The radius
of attraction of a BAM with this energy function is limited by the
separation between the memories at 0.6 and 0.75.

Figure 1: Two energy functions in the autoassociative case.

An example of two different energy functions with different stored

patterns and different radii of attraction is shown in Fig. 1. In this ex-

ample, we consider the autoassociative case where only x patterns

are stored, with m = 1 (so x ∈ R). To visualize recall for any

given x value, one may imagine dropping a ball on the energy func-

tion at that x location and watching it roll down to the nearest local

minimum. The radius of attraction of a stored pattern describes how

close the ball must fall to the pattern in order to successfully con-

verge to that pattern in the worst case. The radius of attraction of

an AM is the minimum of all of the radii of attraction of its stored

patterns. In Fig. 1a, the memories are evenly spaced and the energy

function is such that each memory has an equal radius of attraction
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r, which is ideal: the radius of attraction of the AM is also r. In con-

trast, Fig. 1b illustrates a case where the radius of attraction is limited

by two memories which are closer to each other than the rest.

3.1 Kernelizing the energy function

Recall the normal BAM energy function in Eq. (1), being W ∈
Rn×m the BAM weight matrix. Let kx : X ×X → R and ky : Y ×
Y → R be kernel functions, where kx(r, t) = 〈φx(r), φx(t)〉Hx

for some φx : X → Hx, and ky(r, t) = 〈φy(r), φy(t)〉Hy for

some φy : Y → Hy. HereHx andHy are the (potentially) different

Hilbert spaces associated with the kernels kx and ky, and X and Y
are the domains of x and y, respectively.

Now let W = UVT, where U ∈ Rn×l and V ∈ Rm×l are

matrices with column vectors ui and vi respectively. Then we have:

E(sx, sy) = −1

2
sTyUVTsx

= −1

2
(〈sy,u1〉, . . . , 〈sy,ul〉)T(〈sx,v1〉, . . . , 〈sx,vl〉)

= −1

2

l∑
i=1

〈sy,ui〉〈sx,vi〉 (4)

Now replacing sx by φx(sx), vi by φx(vi), sy by φy(sy) and ui

by φy(ui), we have the kernelized energy function:

E(sx, sy) = −1

2

l∑
i=1

〈φy(sy), φy(ui)〉Hy 〈φx(sx), φx(vi)〉Hx

= −1

2

l∑
i=1

ky(sy,ui)kx(sx,vi) (5)

Letting Φy(U) be the matrix with columns φy(ui) and Φx(V)
be the matrix with columns φx(vi) we see that

E(sx, sy) = −1

2
φy(sy)

TΦy(U)Φx(V)Tφx(sx) (6)

This corresponds to a fully kernelized BAM, where both vectors in

an association are projected into their respective feature spaces, and

where the weights exist in feature space as well. Figure 2 shows the

BAM as it could be seen in feature space. For certain kernels, like the

RBF kernel, this corresponds to orthogonalizing the vectors in fea-

ture space, so that the performance of Hebbian learning is improved.

Using now Hebbian learning, setting U = Y and V = X (in

which case l = p) we obtain:

E(sx, sy) = −1

2

p∑
i=1

ky(sy,y
(i))kx(sx,x

(i)) (7)

In the autoassociative case this corresponds to the energy func-

tion of the kernel Hopfield network proposed by Caputo et al. [8],

though they do not provide mechanisms for inference and use the

energy function as a means for classification only. Though it is be-

yond the scope of this work, it would be possible to find U and V
through loss-based training using a loss function like the hinge loss

or the negative log-likelihood. This would allow the user to choose

the number of vectors in the sum by defining the dimensions of U
and V. However, using Hebbian learning allows direct comparison

of the standard BAM to the kernel BAM.

Figure 2: A visualization of the BAM projected into feature space.

Note that φx(x) and φy(y) could be infinite-dimensional.

3.2 Inference
Inference (i.e., computing the output for a given input) in the kernel

BAM is nontrivial. In a normal BAM update step, we would take

sy(t+ 1) = argmin
y∈{−1,+1}n

E(sx(t),y) = sgn
[
Wsx(t)

]
(8)

Our first method comes from a comparison with the original BAM

update process. Recalling the standard BAM energy function in Eq.

(1), we note that
∂E

∂sy
= −Wsx and we can write the update step as

sy(t+ 1) = sgn

(
− ∂E

∂sy
(sx(t),0)

)
(9)

Since
∂E

∂sy
does not depend on y, and y is bipolar,

sy(t+ 1) = argmin
y∈{−1,+1}n

E(sx(t),y) (10)

as desired (the math works analogously when updating sx). To

adapt to the kernel energy function in Eq. (5), we depart from Eq.

(9), where

∂E

∂sy
(sx, sy) = −1

2

l∑
i=1

∂ky
∂sy

(sy,ui)kx(sx,vi) (11)

which with Hebbian learning finally becomes

sy(t+ 1) = sgn

(
p∑

i=1

∂ky
∂sy

(0,y(i))kx(sx(t),x
(i))

)
(12)

The intuition behind taking the sign of the negative gradient at y =
0 as an approximation for the minimizing vector of the energy func-

tion is that 0 is the centroid of all possible bipolar vectors. In this way

we approximate the energy function by a hyperplane with the slope

of the gradient going through 0 and find the minimum bipolar vector

on that hyperplane. To see how this plays out with a specific exam-

ple, consider the RBF kernel ky(r, t) = exp(−γ ‖r− t‖2), γ > 0.

Taking the gradient, we obtain
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∂ky
∂r

(r, t) = −2γ(r− t) exp(−γ ‖r− t‖2) (13)

So then sy(t+ 1) is equal to

sgn

(
p∑

i=1

−2γ(y − y(i)) exp(−γ‖y − y(i)‖2)kx(sx(t),x(i))

)
(14)

At y = 0,

sy(t+1) = sgn

(
p∑

i=1

y(i) exp(−γ‖y(i)‖2)kx(sx(t),x(i))

)
(15)

Since the y(i) are bipolar, and the norm of all bipolar vectors of

a given dimension n is
√
n, it turns out that exp(−γ‖y(i)‖2) =

exp(−γn) is a positive constant for all i and we can simplify to

sy(t+ 1) = sgn

(
p∑

i=1

y(i)kx(sx(t),x
(i))

)
(16)

With the specific choice kx(r, t) = αr
Tt, α > 1, this is the up-

date equation in the exponential BAM (eBAM) [13]; in the autoasso-

ciative case, it is equivalent to the kernel formalization of the RCAM

as presented in [14]. This is interesting because it gives a unifying

perspective on the kernelized recall functions of these other works,

and a baseline for comparison against the other inference methods

proposed here.

The previously described update step can be improved upon in a

simple manner by noting that 0 is only one of many possible start

points for taking the gradient. In what we call the stochastic BAM

one considers several random starting points with components in

[−1,+1], taking the sign of the gradient as before, and then choos-

ing the resulting vector that gives the lowest value for the energy

function. To ensure that this gives a vector with a lower energy than

would result from the previous method, one must always include 0 as

one of the possible starting vectors. In practice, this performs better

than the naive method, which shows the advantage of kernelizing the

energy function rather than the inference method directly.

Other approaches entail treating the problem directly as a discrete

optimization problem. The start point chosen is the sign of the gra-

dient of the energy function at 0. From here, one iterates over each

component of the vector in a random order, flipping its value from +1
to −1 or vice versa if this flipping improves the overall energy; one

continues to do this until no bit can be flipped. A similar approach is

to do steepest descent hill-climbing: rather than flipping any bit that

improves the energy, one checks every component and changes the

component that most decreases the energy.

4 EXPERIMENTAL WORK
The experimentation part of this work is divided into two sections,

with the first exploring the associative memory properties of the ker-

nel BAM with various inference methods and the second displaying

additional practical applications of the kernel BAM.

4.1 A study in capacity and noise
The first study focuses on the associative memory properties of the

kernel BAM, namely capacity and noise performance. Each of these

properties is tested with three different kernels: polynomial kernels

of degree 2 and 3, and the RBF kernel. For the latter, γ = 0.5. In each

chart the four different inference procedures presented in Section 3.2

are compared. In the case of the stochastic inference procedure, 10

random start points are performed. ‘Loading factor’ signifies the frac-

tion of patterns stored with respect to the dimension of the patterns.

Noise is also written as a fraction of the dimension of the data. For

the experiments shown, the dimensionality of both x(i) and y(i) was

m = n = 32. For space reasons, only a sample of the results will be

shown. The tests were performed as follows:

For each loading factor ψ ∈ {0.05, 0.1, 0.15, . . . , 1.95}:

• Generate five datasets S1, . . . ,S5 of size p = n ·ψ where n is the

dimension of the input patterns. Each dataset consists of p ran-

domly generated unique pairs (x(i),y(i)) of bipolar vectors.

• For each noise amount η ∈ {0, 0.05, 0.1, . . . , 0.5}, generate

new test datasets S ′j by, for each vector x(i) in Sj , adding

10 corresponding noisy vectors x̂
(i)
q , q ∈ {1, . . . , 10} by ran-

domly flipping exactly η · n bits of x(i) 10 times. Thus, for all

j ∈ {1, . . . , 5}, S ′j = {(x̂(i)
q ,y(i)) | q ∈ {1, . . . , 10}, i ∈

{1, . . . , p}}
• For each bam in the BAMs to test; for j ∈ {1 . . . 5}, train bam

with Sj ; for each (x̂
(i)
q ,y(i)) ∈ S ′j , use bam to recall ŷ(i) with

the noisy x̂
(i)
q as the input. If ŷ(i) = y(i) exactly, the recall is

considered correct

• Compute the average accuracies as correct recalls/total tests for

each bam over all five datasets

Capacity. We first compare how the various recall methods per-

form with respect to the loading factor and the kernel. The perfor-

mance of the original, non-kernelized BAM [2] is included in the

figures of the degree-2 polynomial kernel for reference. Figure 3 dis-

plays the effect of the loading factor on recall performance when

noise is fixed at 0.3. It is first noticeable that the biggest difference in

performance comes with the polynomial kernels as seen in Figs. 3a

and 3b, and also that the general performance of the BAMs increases

from the degree-2 to the degree-3 polynomial and from the degree-3

polynomial to the RBF –Fig. 3c. This can be explained by the fact

that the corresponding feature spaces are increasing in dimension

(with the one in the RBF kernel being infinite-dimensional), doing

a better job at orthogonalizing the input patterns in feature space.

Note that in most cases, the ‘signed gradient from zero’ method per-

forms worse than the other optimization-based inference methods,

especially for the polynomial kernels. This shows the advantage of

kernelizing the energy function and operating the BAM in feature

space rather than kernelizing the inference procedure directly. It also

appears that –among the more advanced inference methods– those

based on hill-climbing work best for the degree-2 polynomial, while

the stochastic one seems to work better for the other kernels. This

could be due to the fact that hill-climbing is likely to get caught in

local minima, so when the energy surface is more bumpy, as might

be the case with the RBF kernel, the stochastic procedure can avoid

the local minima that trap the hill-climbing procedures.

In contrast, with a smoother energy surface, like that of the degree-

2 polynomial, hill-climbing is more effective in finding a global min-

imum than the stochastic procedure. It is also notable that accuracy

seems to decrease approximately linearly with an increase in loading

factor for all four proposed inference algorithms, with the accuracy

of the original BAM decreasing at a rate that is exponential in appear-

ance. The original BAM performs much worse than all other methods

in virtually all cases.
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Figure 3: Effect of loading factor on performance (η = 0.3).

Noise performance. The comments on performance with respect

to capacity apply to performance with respect to noise as well, as

seen in Fig. 4. With a loading factor of 1.5, the performance differ-

ence between inference methods is again most noticeable with the

degree-2 polynomial. However, the difference between the inference

algorithms is less marked on the endpoints, where accuracy is either

very low or very high for all of them. Again, the RBF kernel per-

forms better in general than the other two kernels. Up to 15% noise,

all kernel algorithms yield perfect accuracy, even with a loading fac-

tor of 1.5. In contrast, even with 0% noise, the original BAM only

obtains an accuracy of around 45%. With a loading factor of 0.2 (not

shown), all proposed algorithms have a near perfect accuracy with

up to 25% noise.
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Figure 4: Effect of noise on performance (ψ = 1.5).
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4.2 A study in one-shot behavior

This second study focuses on the “one-shot” performance of the ker-

nel BAM: how it performs when only one update step is allowed. The

one-shot performance has consequences for applications like classifi-

cation, where a vector is associated with a class, and only one update

step is used to predict it. It also gives an idea of the effectiveness of

one update step for a given recall method.
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Figure 5: Effect of loading factor on one-shot performance (η = 0.3).

Figs. 5 and 6 show the accuracy of the various recall methods when

only one iteration is allowed. Other than that, the experiments were

performed in exactly the same manner as before. In this one-shot

scenario, it turns out that differences between the new optimization-

based recall methods and the simplest gradient-based method are

even more pronounced. For example, in Fig. 5a, the accuracy of hill-

climbing methods seem to only decline linearly with respect to the

increasing loading factor, whereas the simple method seems to de-

cline exponentially, reaching an accuracy of 0% at a loading fac-

tor of 1.0 while the hill-climbing methods still have an accuracy of

around 63%. Even with the RBF kernel, the difference is significant.

The stochastic method is also markedly worse than the hill-climbing

methods in the degree-2 polynomial, where in the case with unlim-

ited iterations the performance difference is not particularly notewor-

thy. Similar comments can be made with respect to the noise perfor-

mance in Fig. 6.
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Figure 6: Effect of noise on one-shot performance (ψ = 1.5).

This demonstrates further that recall techniques that specifically

target the minimization of the energy function and thus better main-
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tain the analogy with the original BAM are much more effective in

each update step, even in the case of the RBF kernel where after

many iterations the performance is more similar.

5 APPLICATIONS
This section presents some more practical applications of the ker-

nel BAM. First, the performance of the kernel BAM is tested on

associations between images (heteroassociation). For this, we used

the MNIST dataset2, which consists of 60,000 training images and

10,000 test images of size 28x28 pixels, each valued between 0 and

255. The images were linearly rescaled to the interval [−1,+1].
This made selecting the RBF parameter easier, since the parameter

γ = 0.5 seems to work well for bipolar vectors in general3.

Image association. First we created an association list between

images without any a priori relation. We randomly selected one ex-

ample of each digit 0-9, binarized each image, and created a kernel

BAM with the RBF kernel for both kx and ky (with γ = 0.5) to

store associations between each digit and the digit following it. In

other words, the associations stored were {(‘0’, ‘1’), (‘1’, ‘2’), ...,

(‘9’, ‘0’)} –see Fig. 7a. The simplest inference procedure was used

to show the recovery of images under two types of noise. In one test,

salt and pepper noise was added by randomly flipping 20% of the bits

in the input image –Fig. 7b. Since all of these images are correlated

(white in the middle, black around the borders), recall is made more

difficult than with randomly chosen bipolar vectors. Still, all of these

patterns were recovered perfectly. With more than 20% noise, recall

performance began to suffer, even with the other more advanced in-

ference methods.

Image reconstruction. In the next test, the top half of the input

image was blacked out –Fig. 7c. All associated images were cor-

rectly recalled, despite some of the noisy inputs looking very similar.

For example, the ‘4’ and the ‘9’ look very similar with the top half

blacked out, as do the ‘1’ and the ‘7’. This could have interesting

applications in image completion.

Image generation. It is perfectly possible to create an association

between an image and a “class” that is also an image. Since there are

far fewer classes (the numbers 0–9) than images, performing one-

shot recall using a class as input will output the image giving the

lowest energy for that class, even if it is not an actual stored image; in

other words, the most ‘typical’ image as learned from the data in the

BAM. To test this, we randomly sampled 200 images from each class,

and used them to train the kernel BAM with the simple, stochastic,

and hill-climbing recall procedures. Class labels were encoded by us-

ing the binary representation of their ASCII character. The results can

be seen in Fig. 8. The obvious comment is that the stochastic BAM

is wrong 5 out of 10 times in what it draws –Fig. 8b. Why it draws

the incorrect digits is unclear, but it certainly reveals the random na-

ture of the algorithm. It could be that the stochastic BAM retrieves

an actual stored memory, albeit one of the wrong class, that happens

to have a lower energy than the image displayed by the simple BAM,

which seems to be a kind of aggregate of other stored memories. The

simple and the hill-climbing inference procedure both correctly draw

every digit. The digits written with the hill-climbing technique tend

to be more clear than those of the simple inference procedure (e.g.

the hole is present in the bottom of the ‘8’).

Image classification. Because the kernel BAM is heteroassocia-

tive, it may be used for classification problems, storing associations

between individuals and their classes. One-shot recall may then be

2 http://yann.lecun.com/exdb/mnist/
3 See the Appendix for an explanation of this fact.

used to predict the class of an input. In this case it would be possible

for the kernel BAM to work on continuous input data spaces.

In this task, we also used the USPS Handwritten Digits dataset, in

which the original scanned digits are binary and of different sizes and

orientations; the images here have been deslanted and size normal-

ized, resulting in 16x16 grayscale images. We tested classification

not only with the simple kernel BAM and the stochastic kernel BAM

but also with a few other algorithms for comparison. First, we com-

pare with a nearest-neighbor classifier (NNC) that uses Euclidean

distance. This is a standard classifier to compare to, as it is easy

to implement and performs well despite its simplicity. Next, since

there are just a few classes, it is possible to simply pick the class that

gives the lowest energy for the input image. This is what the infer-

ence methods are trying to do in the first place and corresponds to

the best possible case for recall using a kernel BAM; we call this al-

gorithm the Lowest-energy BAM or LeBAM. Lastly, we compare to

the method presented by Caputo et al. [8] because their kernel energy

function is the same in the autoassociative case as that of the kernel

BAM. They propose to build a kernel autoassociative memory for

each class, each using the images for that class only. The class of an

input is predicted by computing the energy of each AM for that input

and then choosing the class that gives the lowest energy.

The results of classification on both the binarized and continu-

ous versions of the input may be seen in Table 1. For all of the

BAMs as well as for Caputo’s method, an RBF kernel was used with

γ = 0.5, for both kx and ky. In almost all cases, the kernel AMs

performed comparatively well against NNC. On both datasets, the

LeBAM, which can be considered as the ideal kernel BAM, gives

the globally best results, though it performs the same on the USPS

dataset as the other two BAM methods. The fact that all kernel AMs

obtain competitive accuracies in a supervised classification task for

which they were not conceived is also remarkable.

Table 1: Test accuracies for the MNIST and USPS data. The value

on the left corresponds to the accuracy when using binarized images,

whereas the one on the right corresponds to the accuracy when using

continuous values for the pixels (all values are percentages).

NNC BAM Stoch. BAM LeBAM ref. [8]
MNIST 96.14 - 96.91 96.13 - 96.95 96.16 - 96.95 96.16 - 96.96 96.16 - 96.95
USPS 92.92 - 94.37 93.07 - 94.57 93.07 - 94.57 93.07 - 94.57 93.07 - 94.52

6 CONCLUSIONS AND FUTURE WORK

In this work, a new bidirectional associative memory (BAM) has

been presented that uses the kernel trick to improve capacity and

noise performance. Unlike other kernel associative memories, many

of which kernelize the inference method of the associative memory

directly, the kernel BAM presented here kernelizes the energy func-

tion, which allows for the creation of more effective recall proce-

dures. Experimental work on synthetic data strongly suggests the ef-

fectiveness of the new recall procedures, and several practical use

cases have been demonstrated using synthetic and real data.

The kernel BAM yields many different directions for future work,

some of which have been mentioned previously. One opportunity for

improvement would be to adapt the kernel BAM to work on continu-

ous data, which could be achieved by replacing the discrete optimiza-

tion methods presented by continuous ones, though it would be still

necessary to constrain the domain of the input vectors (to vectors of

length 1, for example, or with components in the interval [−1,+1]).
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(a) Original image pairs. Each column represents a pair to be stored; i.e., each image in the top row is associated with the image directly below it.

(b) Recovery with 20% random salt and pepper noise. The first row shows the inputs to the network and the second shows the output for each input.

(c) Recovery with the top 50% of the image blacked out. The first row shows the inputs to the network and the second shows the output for each input.

Figure 7: Associating a number with the number following it.

(a) Simple Inference Procedure

(b) Stochastic Inference Procedure

(c) Hill-climbing Inference Procedure

Figure 8: Image generation with the kernel BAM. The RBF kernel was used for both kx and ky, with γ = 0.5.

One interesting thing to note about the hill-climbing approaches

is that, since they do not necessarily require the gradient of the en-

ergy function (barring the choice of the start point, which could be

done differently), it would be possible to use non-differentiable ker-

nel functions for kx and ky. This would allow for the use of the

kernel BAM to store non-numeric data types, like text or graphs, for

which working kernels exist [15, 16, 17]. The difficulty in this would

be to find better optimization methods for the update step that would

accomodate different kinds of data. However, classification using the

described LeBAM approach would already be straightforward with

kernels on non-numeric data, since only the energy function is re-

quired and not an actual update step, demonstrating another benefit

of kernelizing the energy function.

A Choosing the RBF parameter for the Kernel
BAM

Noting that we can write γ = 0.5 ·σ−2, where σ2 is the variance of a

Gaussian, we see that γ = 0.5 corresponds to σ = 1. Looking at the

plot of the energy function in Fig. 1a (which happens to be the real

energy function of a kernel BAM with an RBF kernel), we can see

that each basin of attraction can be put in correspondence to a Gaus-

sian curve, and the basins of attraction of two adjacent memories

meet around two standard deviations away from the center of their

respective Gaussians. When we consider that –in a bipolar vector–

the smallest possible change is to flip one component from ±1 to

∓1, taking σ to be somewhere between 0.5 and 2 makes sense and

we chose to fix σ = 1 as the geometric mean of these values.
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Strategical Argumentative Agent for Human Persuasion
Ariel Rosenfeld1 and Sarit Kraus2

Abstract. Automated agents should be able to persuade people in

the same way people persuade each other - via dialogs. Today, au-

tomated persuasion modeling and research use unnatural assump-

tions regarding persuasive interaction, which creates doubt regard-

ing their applicability for real-world deployment with people. In this

work we present a novel methodology for persuading people through

argumentative dialogs. Our methodology combines theoretical argu-

mentation modeling, machine learning and Markovian optimization

techniques that together result in an innovative agent named SPA.

Two extensive field experiments, with more than 100 human sub-

jects, show that SPA is able to persuade people significantly more

often than a baseline agent and no worse than people are able to per-

suade each other.

1 Introduction
Persuasion is designed to influence others by modifying their beliefs

or actions. People often engage in persuasive interactions through di-

alog in which parties who hold (partially) conflicting points of view

can exchange arguments. Automated agents should be able to per-

suade people in the same manner; namely, by presenting arguments

during a dialog.

Persuasive technologies offer various techniques for an automated

agent (the persuader) to convince a human (the persuadee) to change

how she thinks or what she does [17]. Some of these techniques

use argumentative dialogs as their persuasion mechanism. How-

ever, strategical aspects of argumentative persuasive dialogs are still

under-developed (see [48] for a review). Argumentation Theory has

recently investigated the challenge of finding optimal persuasion

strategies in dialogs [25, 23]. In particular, the proposed approaches

do not assume that the opponent will play optimally, which is a com-

mon assumption in game theoretical analysis of persuasion dialogs

[19, 38], and do not assume perfect knowledge of the persuadees’

characteristics. The proposed methods have yet to be investigated

with people, mainly due to their assumed strict protocols for the dia-

log which make their implementation with people very challenging.

In this paper we present a novel methodology for designing au-

tomated agents for human persuasion through argumentative dialogs

without assuming a predefined protocol. Our methodology is based

on a newly designed argumentation framework called the Weighted
Bipolar Argumentation Framework (WBAF) which we introduce in

this paper and for which we suggest a semantic. The framework and

semantic are aimed at modeling the initial beliefs held by a reasoner

(in our case, the persuadee) as well as the fuzzy nature in which ar-

guments and opinions within the framework affect each other. Un-

like classic semantics which label each argument in the framework

as justified or not, our suggested semantic allows each argument to

1 Bar Ilan University, Israel, email: arielros1@gmail.com
2 Bar Ilan University, Israel.

carry a continuous value representing its justification level within

the framework. Then, we formally define the persuasion task given

the assumption that the persuadee acts stochastically. The persua-

sion task’s goal is to maximize the probability that the persuadee

will take the desired action or change her views on a given matter by

presenting arguments. We reduce the persuasion task to a Partially

Observable Markov Decision Process (POMDP) [27] and approxi-

mate its solution using the prediction of the persuadee’s argumenta-

tion framework and argumentative behavior. This prediction is done

using Machine Learning (ML) techniques based on collected human

argumentative data. Using the obtained policy, which approximates

the optimal policy for the corresponding POMDP, our agent presents

arguments to its human interlocutor during a dialog.

In two field experiments, with a total of more than 100 human

subjects3, we show that our agent, which we named SPA, was able

to persuade subjects to change their opinions and take a desired ac-

tion significantly more often than when interacting with a baseline

agent and no worse than when subjects attempted to persuade each

other. To the best of our knowledge, this is the first work within the

context of strategical argumentation to consider the optimization of

persuasive dialogs with people.

The remainder of the paper is organized as follows. In Section 2

we survey related work. In Section 3 we present the theoretical argu-

mentation framework used in this work and suggest a semantic for it.

In Section 4 we formally define the persuasion task and in Section 5

we describe our methodology and solution using a novel arguments

provision agent (named SPA). In Sections 6 and 7 we evaluate our

methodology in two real-world domains. Finally, in Section 8 we

provide a summary and list future directions for this line of study.

2 Related Work and Background

Theoretical modeling and strategical studies of agents’ behavior

in persuasion interactions, within both argumentation theory and

multi-agent systems, have presented logics, protocols and policies

which enable agents to engage each other in a meaningful manner

[29, 34, 30, 7, 35, 13]. In this realm, studies rely on the assumption

that the engaging agents adhere to strict protocols and logics or that

the agents are given unrealistic prior knowledge on their opponent’s

knowledge and beliefs [48]. Furthermore, strategic persuasion is in-

herently NP-complete [20].

The literature on the optimization of persuasive strategies in argu-

mentative dialogs can be divided into 2 broad approaches:

1. Game Theory – in which the agent assumes that its counter-part

maximizes expected utility acts optimally.

2. Heuristic-Based – in which the agent uses a strategy following

some rule-of-thumb notion.

3 All experiments were authorized by the corresponding IRB.
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In the Game Theory approach, theoretically founded methods and

guarantees are provided for computing optimal argumentative strate-

gies (e.g., [38]). However, it has been shown that people often do not

adhere to the optimal, monolithic strategies that can be derived an-

alytically in the argumentative context [39, 40, 41]. Therefore, this

work is suited to the Heuristic-Based approach.

In the Heuristic-Based approach, the persuadee is neither assumed

to be strategical nor is she assumed to act optimally. Several heuris-

tics for persuasive dialog policies have been proposed in the litera-

ture, for example, the heuristic of selecting arguments supporting the

agent’s most important values is proposed in [5], revealing as little in-

formation as possible [33] or presenting arguments which have a high

success rate from past experiences [49]. As observed in [22], a his-

tory of previous dialogues can be used to predict the arguments that

the persuadee might put forward. Naturally, this prediction (some-

times called persuadee or opponent modeling) is a key component

in designing persuasive arguments; a recent example is presented in

[28]. In this realm, the persuadee is usually assumed to act stochas-
tically, an assumption we also make in this work. However, the per-

suader is not assumed to have perfect knowledge of the persuadee’s

characteristics. To address this shortcoming, we propose a method-

ology for predicting people’s argumentative choices during a dialog

using Machine Learning (ML) techniques. Rosenfeld and Kraus [41]

have recently showed that ML can be extremely useful in predicting

human argumentative behavior in human discussions. We use the au-

thors’ suggested methodology in this work such that given a certain

state of the dialog, the persuader can estimate the persuadee’s next

argument using ML.

Hadoux et al. [23] have suggested a variation of a Markovian

model to optimize persuasive behavior in dialogs. As in previously

suggested modelings, the authors impose restrictive assumptions on

the persuader’s and persuadee’s behavior which are relaxed in this

work. Hunter [25] also presented a probabilistic modeling of the per-

suasive dialog using asymmetrical dialog procedure, in which only

the persuader can posit arguments. In this work, we assume a sym-

metric dialog in which both parties can posit arguments. Neither

of the works mentioned above, like most other works in the field,

have been evaluated with people. This fact raises concerns regard-

ing the applicability of the suggested and well thought out theoret-

ical modelings when accounting for human argumentative behav-

ior. Thus far, very little investigation has been done regarding how

well the proposed Argumentation Theory modelings apply to hu-

mans. As far as we know, only a handful of papers address the topic

[3, 36, 18, 12, 41]. These papers do not account for persuasive argu-

mentative interactions.

The Natural Language Processing (NLP) community has also ad-

dressed the issue of automatic persuasion in various settings. For

example, by generating personalized smoking cessation letters [37],

ranking textual arguments by their persuasiveness [21] and the anal-

ysis of the persuasiveness of arguments in online forum discussions

[46]. The proposed methods focus on linguistic features rather than

strategical human-agent interaction, and therefore complement the

proposed notions of this paper. Note that the development of au-

tomated argumentation-based agents, such as the one presented in

this study, necessitates the assumption that natural language state-

ments can be automatically mapped into arguments. Despite recent

advancements in NLP and Information Retrieval (IR) and their stud-

ied connections to argumentation [1, 31, 9, 32, 45, 8], this assump-

tion is not completely satisfied by existing automated tools. Hence,

throughout this work we use a human expert annotator whom we

hired as a research assistant. We hope that this work will inspire other

researchers in NLP and IR to tackle the problem of automatically

mapping natural language statements into arguments as well as other

open problems of great importance in argumentation-based systems.

3 Theoretical Modeling
In order to perform reasoning in a persuasive context, an argumenta-

tion framework needs to be defined (see [6, 10] for recent reviews).

In its most basic form, an argumentation framework consists of a set

of arguments A and an attack relation R over A×A (see [14]). In our

previous investigations of human argumentative behavior [40, 39, 41]

we noticed that people often use supportive arguments rather than at-

tacking ones, which necessitates the addition of the support relation

as suggested in [11]. Furthermore, we noticed that people associate

different belief levels in arguments, as suggested in [47, 4], and dif-

ferent strength levels with interactions between arguments, as sug-

gested in [15].

Therefore, throughout this work we use the newly proposed

Weighted Bipolar Argumentation Framework (WBAF) which inte-

grates the basic notions from the Bipolar Argumentation Framework

[11], the Weighted Argumentation Framework [15], the Quantitative

Argumentation Debate (QuAD) Framework [4] and the Trust Argu-

mentation Framework [47].

Definition 1. Let V be a completely ordered set with a minimum
element (Vmin) and a maximum element (Vmax). A Weighted Bipolar
Argumentation Framework (WBAF) < A,R, S,W,B, ω > consists
of a finite set A called arguments4, two binary relations over A called
attack (R) and support (S), an interaction weighing function W :
R ∪ S → V and an argument belief function B : A→ V . ω ∈ A is
a designated argument which represents the discussed issue.

We will refer to the WBAF as the “argumentation framework”

from this point forward.

In Definition 1, we assume 2 types of possible interactions be-

tween arguments: attack and support. That is, if argument a ∈ A
relates to an argument b ∈ A, then aRb or aSb holds, respective of

the relation type. It is argued that the use of both support and attack

relations in argumentation frameworks is essential to representing

realistic knowledge (see [2] for a survey). We also allow relations to

carry different weights. The weighing function W : R ∪ S → V
returns a value for each pair of arguments belonging to the attack

or support relations representing the degree to which one argument

attacks or supports the other. Based on preliminary experiments, we

assume that while the attack and support relations are not disputable

in our modeling, each agent may have a different W function. We

also incorporate a belief function B : A → V in our model. The

belief function represents the belief that a reasoner has in each ar-

gument on its own, regardless of other arguments. Again, beliefs are

personal and different agents may have different beliefs. ω denotes

the argument of interest. Specifically, a reasoner seeks to evaluate ω
in the context of the argumentation framework.

Example 1. The following is a part of an argumentation framework
on the topic “You should have a Computer Science Master’s Degree”
as collected in Section 6.1.
A consists of the following arguments: ω =“You should have a Com-
puter Science Master’s Degree”, a = “A Master’s Degree helps in
getting well-paying jobs.”, b =“Experience is more important than
education. Therefore, a master’s degree will not help in getting bet-
ter jobs.” and c =“Conducting academic research is challenging

4 In this work, represented as short textual statements.
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and interesting”. R is defined to be {< b, a >} as argument b
attacks argument a. S is defined to be {< a, ω >,< c, ω >}
as both a and c directly support ω. W and B could be defined
differently by each reasoner. For example, W can be defined as
W (< b, a >) = 0.5,W (< a, ω >) = W (< c, ω >) = 0.2,
indicating that the reasoner who uses this argumentation framework
believes that b’s attack on a is stronger than a’s support of ω and
c’s support of ω. B can be defined as B(a) = 0.1, B(ω) = 0.5,
B(b) = B(c) = 0.7, indicating that the belief of the reasoner in a
(not taking into account any other arguments) is lower than she has
in b. See Figure 1 for an illustration.

Figure 1. An example of a WBAF, as specified in Example 1. Nodes
represent the arguments, arrows indicate attacks and arrows with diagonal
lines indicate support. The numbers within the nodes represent the belief

function and the numbers next to the edges represent the weighing function.

In our framework we assume that a reasoner uses an evaluation

function v : A → V which assigns a real value to each argument

while contemplating the argumentation framework. Note that v is

different from the belief function B as the belief function captures the

belief a reasoner has in an argument on its own, regardless of other

arguments in the argumentation framework. The evaluation function

v can be defined in various ways capturing different underpinning

principles. In any suggested evaluation function one needs to address

3 issues:

1. Propagation - how does the valuation of argument a influence

argument b given the weight of the relation between a and b?

2. Summation - how do attacking (supporting) arguments accrue?

3. Consolidation - how are the attacking arguments and supporting

arguments incorporated?

These three issues are addressed in Definition 2, which is an exten-

sion of the gradual valuation in Bipolar Argumentation Frameworks

[11] to gradual belief valuation in WBAFs.

Definition 2. Let WBAF =< A,R, S,W,B, ω > where W and
B are defined over V , and let V ∗ be the set of all finite length tu-
ples of values in V . Let h : V × V → V be a propagation func-
tion, evaluating the quality of attack/support which one argument
has on another; let fatt : V ∗ → Fatt (resp. fsup : V ∗ → Fsup) be
the summation function, evaluating the quality of a set of attacking
(resp. supporting) arguments; and let g : Fatt × Fsup × V → V be
the consolidation function which combines the impact of the attack-
ing arguments with the quality of the supporting arguments and the
initial belief in the argument.

Consider a ∈ A with arguments b1, . . . , bn as attacking argu-
ments (biRa) and c1, . . . , cm as supporting arguments (ciSa). A

gradual belief valuation function on AF is v : A → V such that
v(a) = g(fsup(h(v(b1), w(b1, a)), . . . , h(v(bn), w(bn, a))),
fatt(h(v(c1), w(c1, a)), . . . , h(v(cm), w(cm, a))),
B(a)).

An instantiation of a gradual belief valuation function is consid-

ered legitimate if it satisfies the following axioms (for convenience,

in the following f indicates both fatt and fsup):

1. h(x, y) must be non-decreasing in both x and y.

2. xi > x′i → f(x1, . . . , xi, . . . , xn) > f(x1, . . . , x
′
i, . . . , xn)

3. f(x1, . . . , xn) > f(x1, . . . , xn, xn+1)
4. f() = α ≤ f(x1, . . . , xn) ≤ β5.

5. g(x, y, z) must be non-decreasing in x and z and non-increasing

in y.

The above axioms capture basic principles that should be followed

by any legitimate gradual belief valuation function. Axiom 1 assures

that the propagating value from one argument to another depends on

the source argument’s justification level and the interaction weight

in a non-negative manner. Axioms 2, 3 and 4 assure that the sum-

mation function increases in the number and quality of the relevant

arguments, yet the value is bounded. Axiom 5 assures that the con-

solidation function does not decrease in the summed strength of the

supporting arguments and does not increase in the summed strength

of the attacking arguments. Furthermore, it assures that the function

does not decrease in the belief level of the argument.

Definition 2 gives rise to a family of valuation functions. Given

an argument of interest, the value returned by the valuation function

represents the reasoner’s ability to support that argument and defend

it against potential attacks. The higher the strength level, the easier it

is to support and defend the argument, and the harder it is to attack

it. In this study we use the following instantiation:

h = min, V = [−1, 1], Fsup = Fatt = [0,∞],

fsup(x1, . . . , xn) = fatt(x1, . . . , xn) =
n∑

i=0

xi + 1

2

and g(x, y, z) = max{ 1
1+y
− 1

1+x
, z}.

The above instantiation is inspired by the ArgTrust application

[47], which uses a propagation function of min, and extends the

gradual valuation function definition in [11] to incorporate belief and

propagation. The motivation for this choice is twofold: first, the se-

lection of min as a propagation function induces an upper bound on

the affect one argument has on the other. The selection of the sum-

mation and consolidation functions is a natural extension of [11] and

they provide desirable properties such as the ones described above as

axioms. An example for the use of the above gradual belief valuation

function is presented in Example 2.

Proposition. The suggested instantiation is a gradual belief valua-
tion function.

Example 2. Using Example 1’s argumentation framework, our pro-
posed gradual belief valuation function will provide the following:
v(ω) = 0.53,v(a) = −0.43,v(b) = 0.7 and v(c) = 0.7. If we were
to remove a and b from the argumentation framework, v(ω) would
decrease to 0.37. Similarly, if we remove c from the argumentation
framework, v(ω) would decrease to 0.3 (its belief level).

5 α (β) is the minimal (maximal) value of Fsup (resp. Fatt)

A. Rosenfeld and S. Kraus / Strategical Argumentative Agent for Human Persuasion322



We assume that the higher v(ω) is within a reasoner’s argumen-

tation framework, the more positive the reasoner’s attitude will be

towards the topic of interest (ω). Therefore, in a persuasive setting, it

is the persuader’s task to try and maximize the persuadee’s valuation

v(ω). We discuss this task next in Section 4.

4 Persuasive Dialog Optimization

A persuasive dialog is a finite sequence of arguments

< a1, a2, . . . , an > where arguments at odd indices are pre-

sented by the persuader and arguments at even indices are presented

by the persuadee. A dialog is terminated when the persuader uses

the “terminate” argument, which is only available to him.

We denoted D as the set of all finite length dialogs. At every even

index of the dialog, the persuader observes the current state of the

dialog d ∈ D and posits an argument a according to a persuasive

policy π. That is, π maps each possible even length dialog to an ar-

gument that the persuader should posit.

A persuasive agent seeks to execute an optimal persuasive dialog

policy, π∗. Namely, π∗ maximizes the expected value of v(ω) in the

persuadee’s argumentation framework by following it until the dialog

terminates.

We consider an environment in which the persuader is Omniscient,
namely, it is aware of all arguments affecting ω, the designated argu-

ment which represents the discussed issue. On the other hand, we

assume that the persuadee may only be aware of a subset of the argu-

ments of which the persuader is aware. This asymmetrical situation

is common when the persuader is an expert in the discussed issue and

the persuadee is not. Namely, an extensive WBAF which contains all

possible arguments affecting ω is maintained by the persuader. How-

ever, each persuadee holds a different WBAF that may differ from

the one held by the persuader. Consequently, the persuader seeks

to estimate the persuadee’s WBAF and strives to influence it. The

persuader can influence the persuadee’s evaluation of ω (denoted as

v(ω)) under the persuadee’s argumentation framework by introduc-

ing new arguments of which the persuadee was unaware. Once pre-

sented with an argument of which the persuadee was unaware, we

assume that the argument is added to the persuadee’s argumentation

framework and v(ω) is updated accordingly. In our environment, the

persuadee’s argumentation framework is not assumed to be known

to the persuader prior to or during the dialog. However, we do as-

sume that the persuader can obtain a probability distribution χ of

the possible persuadee’s argumentation frameworks, possibly from

past interactions. However, due to the infinite number of possible

argumentation frameworks (recall that the WBAF’s B and W func-

tions may return continuous numbers), constructing and using χ is

not straightforward. Note that the persuader can only be certain that

arguments that have actually been presented in the dialog are in the

persuadee’s argumentation framework.

We assume the persuadee’s choice of arguments depends heavily

on her argumentation framework. Namely, after an argument is pre-

sented by the persuadee, the persuader may change its estimations

of the persuadee’s argumentation framework as the persuadee’s ar-

guments act as “signals” to her argumentation framework. Namely,

when the persuadee posits argument a, the persuader learns that a
is part of the persuadee’s argumentation framework. Then the per-

suader can speculate why the persuadee chose to posit that argument.

For example, a reasonable explanation may be that the persuadee

thinks that a is well supported in her argumentation framework. A

more practical way to look at this phenomenon, which we use later

in this paper, is that the persuader speculates which argumentation

frameworks are likely to result in the persuadee presenting argument

a given the current state of the dialog.

Given any non-terminated dialog d, an optimal persuasive dialog

policy π∗ satisfies the following equation:

π∗(d) = argmaxa Eπ∗ [v(ω)|da] (1)

where Eπ∗ denotes the expected value given that the agent consis-

tently follows policy π∗ until the dialog terminates.

Note that calculating π∗ is infeasible due to the infinite number

of possible argumentation frameworks and the exponential number

of possible dialogs. Therefore, a persuader can only approximate the

optimal persuasive dialog policy. We address both issues next in the

design of our agent, SPA, in Section 5.

5 Strategical POMDP Agent (SPA)
In order to approximate the optimal solution for the dialog optimiza-

tion problem (Section 4), we show a reduction of this problem to a

Partially Observable Markov Decision Process (POMDP) [27]. As

discussed in Section 4, we do not assume that the persuadee’s argu-

mentation framework is known to the persuader prior to or during the

dialog. In other words, the persuadee’s state, i.e., her argumentation

framework, is only partially observable to the persuader. Neverthe-

less, the persuader does see the dialog that takes places, which we

will refer to as the observation, and can use it to derive insights

regarding the persuadee’s state. As the dialog progresses more argu-

ments are presented, which change the persuader’s observation and

possibly the persuadee’s state if new arguments are added to her ar-

gumentation framework. The persuader posits arguments, i.e., takes

actions, in order to influence the persuadee’s argumentation frame-

work. That is, following an action by the persuader a change in the

system occurs according to some transition function which we will

soon discuss. The persuadee also presents arguments in the dialog.

However, the persuadee cannot posit arguments of which she is un-

aware (i.e., they are not in her argumentation framework), therefore

the persuadee’s arguments only change the observation and thereby,

as discussed in Section 4, play an important role in estimating the

persuadee’s state. Naturally, the persuader seeks to maximize the ex-

pected value of v(ω) in the persuadee’s argumentation framework by

following the optimal persuasion policy. At the same time, the per-

suader wishes to avoid prolonging the dialog, as long dialogs may

bother or annoy the persuadee. To that end, the persuader may use a

discounting factor to favor short dialogs.

We model the persuasive dialog optimization problem as a Par-

tially Observable Markov Decision Process (POMDP).

Definition 3. A Partially Observable Markov Decision Process is a
tuple < S,A, T , D,R,Φ, γ > where:

• S is the set of all possible argumentation frameworks. s ∈ S is a
persuadee’s argumentation framework.

• A is the set of all arguments that may affect the evaluation of ω
and the argument “terminate”. a ∈ A is an argument that the
persuader can posit, i.e., a is in the persuader’s argumentation
framework. Recall that we assume that the persuader is Omni-
scient, and thus aware of all arguments affecting ω (see Section
4).

• T represents the state transition dynamics, where T : S ×
A × S �→ {0, 1}. T (s, a, s′) is an indicator function specifying
whether a transition from s to s′ using a is valid. Formally,

T (s, a, s′) =
{
1 if s′ = s⊕ a

0 otherwise
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where s⊕a is the resulting framework from adding argument a to
s.

• D is the set of all possible finite length dialogs. In our setting, D
is also the set of all possible observations.

• R : S×D �→ V is the reward function for arriving at state s with
dialog d. We define

R(s, d) =
{
0 if d is non-terminated
v(ω) otherwise

• Φ is the conditional probability Φ(d | s′, a). We will discuss Φ
later in this section.

• γ is the discounting factor, representing the likelihood for the per-
suadee to be bothered or annoyed by a prolonged dialog.

SPA approximates the optimal solution for the above POMDP us-

ing Monte-Carlo Planning, an algorithm known as POMCP [43].

POMCP is a general purpose algorithm for approximating an opti-

mal policy in large POMDPs. The POMCP algorithm uses a Monte-

Carlo search tree to evaluate each argument that the persuader can

posit (at odd levels of the tree) given the state of the dialog (a node

in the tree). The search tree is rooted in the empty dialog.

The deployment of the POMCP algorithm does not necessitate the

explicit definition of Φ. Instead, POMCP requires 3 components:

1. I, a black-box simulator for sampling s ∈ S according to each

state’s initial probability χ (discussed in Section 4).

2. G(s, d, a), a generative model of the POMDP. This simulator re-

turns a sample of a successor state (s′), dialog (d′) and reward (r)

given (s, d, a), denoted (s′, d′, r) ∼ G(s, d, a).
3. πrollout, a policy that is deployed once leaving the scope of the

search tree.

SPA approximates I using Algorithm 1. In words, SPA is given an

annotated corpus C of dialogs between humans (without any agent

intervention) on a given topic ω. SPA assumes that the use of an

argument a in C is an indicator of its likelihood to appear in the per-

suadees’ argumentation frameworks. Therefore, Algorithm 1 sam-

ples an argument subset A′ out of all arguments available in C ac-

cording to each argument’s Maximum Likelihood Estimation (MLE)

[42]. R and S are defined according to a manual annotation of the re-

lation between each pair of arguments in C. More details regarding

the annotation process are provided in [40]. For the definition of B
and W SPA is given two answer sets of questionnaires answered by

human participants, denoted Q1 and Q2. In Q1, human participants

rate the persuasiveness of each argument in C on its own, namely,

while disregarding all other arguments they may be aware of. We

model each subject’s answers in Q1 as the subject’s B function in

the corresponding argumentation framework. In Q2, the same partic-

ipants whose answers were recorded in Q1 rate the degree to which

arguments affect others. That is, participants are presented with pairs

of arguments from C for which a relation was annotated in the first

place. Participants rate the degree to which the first argument affects

the second one. We model each subject’s answers in Q2 as the sub-

ject’s W function in the corresponding argumentation framework. In

order to sample B and W , and thus complete the definition of the

sampled argumentation framework, SPA uses the well-established

Kernel Density Estimation (KDE) sampling method [44]: First, SPA

samples a participant at random from the participant list and retrieves

her answers in both Q1 and Q2. Then, SPA uses a Gaussian KDE

method to smooth out the contribution of each of the subject’s an-

swers (in Q1 and Q2) over a local neighborhood of possible answers,

resulting in a probability distribution centered around the subject’s

actual answers. Then, SPA samples the probability distribution and

uses the sample as B and W . This process makes it possible to sam-

ple an infinite variety of B and W , while using a finite set of points

as “anchors” for the sampling process.

Algorithm 1 Simulating I
Require: Dialog corpus C, answers sets Q1, Q2.

1: A← getArguments(C)
2: A′ ← {ω} � Create a set with the designated argument

3: for all a ∈ A do
4: MLE(a)← (#a appearances in C)/|C|
5: Add a to A′ with probability MLE(a)

6: S,R← manually annotated relations among argument in A′

7: id← uniformly sample a participant id.

8: B ← KDE(Q1(id))
9: W ← KDE(Q2(id))

10: return < A′, R, S,W,B, ω >

SPA approximates (s′, d′, r) ∼ G(s, d, a) using Algorithm 2. In

words, similar to the input of Algorithm 1, SPA is given (the same)

annotated corpus C of dialogs between humans (without any agent

intervention) on a given topic ω. If a = “terminate” then s′ = s,

d′ = da (denoting the concatenation of a to the end of dialog d),

and r = vs(ω) (the evaluation of ω in the argumentation framework

s). Recall that once the persuader posits “terminate”, the dialog ends.

Otherwise, the dialog continues with an argument by the persuadee.

To simulate the persuadee’s answer, a Machine Learning algorithm,

P (a′|d), is trained offline using C to predict the likelihood of each

argument being presented next, given dialog d. Algorithm 2 returns

s′ = s ⊕ a, denoting the addition of argument a to s and d′ = dab
where b is an argument sampled according to P (b|da). The reward

can be defined as r = −ca where ca is the cost of positing argument

a. We define r = 0 for all arguments as we assume there is no direct

cost for positing arguments. In our modeling, the cost of prolonging

the dialog is captured by γ (the discounting factor).

Algorithm 2 Simulating G(s, d, a)
Require: Dialog corpus C.

1: P ← predModel(C) � Constructed once.

2: if a=“terminate” then
3: return < s, da, vs(ω) >

4: Add a to s.

5: b ∼ P (da) s.t b ∈ s.

6: return < s, dab, 0 >

As for the rollout policy πrollout, SPA uses a simple policy where

an argument a is selected at random at odd indices of the dialog and

the predication model P (a|d) (see Algorithm 2) is used at even in-

dices to simulate the persuadee’s responses.

Training SPA
In order to train SPA, we need to construct a prediction model P for

estimating the likelihood that an argument b will be presented next,

given dialog d. To that end, SPA uses the ML methodology suggested

in [40]. The method uses a standard decision tree learning algorithm

that returns a probability model estimating the probability of each

possible argument being presented next. P is used in the definition

of G(s, d, a) – the generative process of the POMDP (see Definition

3).
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During its training, the POMCP algorithm maintains a search tree

which keeps changing and expanding as long as the algorithm is run-

ning. Many POMDP-based applications that implement the POMCP

Algorithm, especially in game playing [24], train the POMCP algo-

rithm offline against itself. Namely, two instances of the POMCP

algorithm are implemented and are trained simultaneously. The first

POMCP learns to play against the second POMCP, which in turn

learns to play against the first. This methodology cannot be imple-

mented in the scope of this work as we assume that the persuadee

is not strategical and hence cannot be represented as a POMCP

instance. However, the prediction model P does capture the non-

strategic behavior of the persuadee, hence it is used in the definition

of G(·). Note that during actual deployment SPA uses the persuadee’s

actual arguments instead of simulated arguments provided by sam-

pling P .

6 Evaluation in Attitude Change
First we evaluate SPA in an attitude change task. In an attitude change

task the agent’s goal is to increase positive attitude and decrease neg-

ative attitude towards a given topic. The topic we chose to focus on

was the “You should have a Computer Science Master’s Degree”,

where the persuader’s goal is to change senior computer science stu-

dents’ attitude towards the enrollment to a master’s program. The

topic is of great interest to senior students and hence was selected.

6.1 Data Collection
Phase 1 - We recruited 56 senior bachelors students studying Com-

puter Science – 37 males and 19 females with an average age of 28.

First, each student was asked to rate a series of five statements using

an online questionnaire. The statements were regarding the students’

personal academic experience, such as “I would volunteer during my

studies if I would get credit for it”. The statement of interest to us was

“I plan to enroll in a Master’s degree program”. For each statement,

students provided a rating on the following Likert scale; 1-Strongly

Agree, 2-Agree, 3-Neutral, 4-Disagree and 5-Strongly Disagree.

Students were represented in the system using a special identifi-

cation number that was given to them prior to the experiment by our

research assistant. We made sure that the students were aware that the

identifier could not be traced back to their identity in order to avoid

possible influences on the students’ behavior. Students were divided

into 3 groups according to their answers to the question of interest:

Positive, Neutral and Negative.

A week afterwards, we matched the students such that each stu-

dent was coupled with a student from outside her group. The cou-

pling was carried out manually by our research assistant who asked

the subjects for their preferred time slots and matched every cou-

ple accordingly. The students were asked to converse about the topic

“You should have a Computer Science Master’s Degree” for a mini-

mum of 5 minutes, and to try and convince their interlocutor to adopt

their point of view. Dialogs ranged in length from 5 arguments to

11 (mean 7). Each dialog ended when one of the deliberants chose

to exit the chat environment. All dialogs were manually annotated

for arguments and the relation between those arguments by a human

expert using the annotation methodology used in [40], resulting in

an annotated dialog corpus C.6 Immediately after the chat, students

6 A second expert human annotator was also asked to annotate the dialogs
in order to ensure the quality of the annotation. In 10% of the cases, a dis-
agreement between the two annotators was recorded, making the annotation
relatively reliable.

were again asked for their rating of the statement “I plan to enroll in

a Master’s degree program” using the same scale.

In our previous study [40], we showed that people do not adhere

to the reasoning rules proposed by the argumentation theory in real-

world deliberations. It turns out that this result extends to persuasive

interactions as well. For example, only 67% of the students partici-

pating in this phase of the data collection used a conflict free argu-

ment set in their dialog. Namely, 33% of the students used at least

two arguments a and b such that a attacks b or vice versa during their

dialog.

Phase 2 - We recruited an additional 107 senior bachelors stu-

dents studying Computer Science – 68 males and 39 females with an

average age of 27. Students were asked to answer two online ques-

tionnaires, a week apart. In the first one, students were asked to rate

the persuasiveness of each of the 16 arguments in C on its own on a

scale of 0 to 1, where 0 is “The argument is not persuasive at all” and

1 is “The argument is very persuasive”. In the second one, students

were asked to rate the degree to which one argument effects another

over pairs of arguments. The scale that was used was again of 0 to 1,

where 0 stands for “No effect” and 1 is “Very strong effect”.

In C, 16 distinct arguments were detected (8 pro and 8 con). First,

a prediction model P was trained using the methodology discussed in

Section 5. For comparison, we also considered using a Bigram model
[26]. In Bigram, the model calculates the probability P (a2|a1) for

every pair of arguments a1, a2. That is, the probability that a2 fol-

lows a1. These probabilities are estimated using a Maximum Likeli-

hood Estimator with smoothing on the dialogs from C. Both models

were evaluated in a one-left-out fashion where each dialog was taken

out of C one at a time, both models were trained over the remain-

ing dialogs and were evaluated in relation to the left-out dialog. The

perplexity measurement of P was significantly lower than that of Bi-

gram (p < 0.05), which makes it preferable.

6.2 Experimental Setting
For the evaluation of SPA we recruited 30 senior bachelors students

studying Computer Science, 20 males and 10 females with an aver-

age age of 28. Students were first asked to rate two statements using

an online questionnaire. The statements were: 1) “I plan to enroll in

a Master’s degree program”, and 2) “A Master’s degree will help me

in the future”. For each statement, students provided a rating on the

same Likert scale as used in Section 6.1, namely 1-Strongly Agree,

2-Agree, 3-Neutral, 4-Disagree and 5-Strongly Disagree.

The agent’s goal is to persuade students to change their opinion

and rate the 1st statement higher. That is, to encourage them to enroll

in a master’s degree program. If a student has already planned to

enroll in a master’s degree program prior to the experiment (i.e, she

ranked the 1st statement as “Strongly Agree”, which was the case

for 2 students), then the agent seeks to persuade the student to rate

the 2nd statement higher. Note that none of the students provided the

highest rating for the 2nd statement prior to the dialog.

We use a between-subjects experimental design with 3 conditions:

1. SPA. SPA was trained for 72 hours in which more than 22,700

sessions were simulated. For the evaluation of SPA, we replaced

the use of the prediction model P with the persuadee’s actual ar-

guments. Recall that P was used to simulate the persuadee’s re-

sponse in the offline training of the POMCP (Section 5). For the

evaluation we use the student’s actual arguments as presented in

the dialog.

2. Baseline. The Baseline agent uses the relevance heuristic sug-

gested in [40] and presents a random argument that has not yet
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been presented in the dialog and directly relates to the last argu-

ment presented in the dialog. Of course, the agent only suggests

arguments that positively relate to ω, that is, support it indirectly.

If no such argument exists, the agent suggests an argument which

directly supports argument ω and does not relate to the last argu-

ment presented in the dialog. If all directly supporting arguments

of ω were already presented, the agent finishes the dialog.7

3. Human. Recall that during the data collection of human dialogs

(with no agent intervention, see Section 6.1) the students’ rating

changes were recorded. We use the 56 subjects’ answers as an

additional benchmark in the analysis.

Subjects were pseudo-randomly assigned to each of the first 2 con-

ditions (the 3rd condition is described as part of the data collection

in Section 6.1), such that each of the two subjects who rated the 1st

statement in the questionnaire as “Strongly Agree” was assigned to a

different agent (SPA or Baseline).

A week after answering the questionnaire, each student was asked

to engage in a chat with her agent. Note that students were not told

that they would interact with an automated agent. On the other hand,

they were not told that they would interact with another human either.

This was done to avoid biasing the results.

As discussed earlier in this paper, the automatic extraction of ar-

guments from texts is not in the scope of this work. Therefore, the

identification of the arguments used by the students was done using

a Wizard of Oz methodology, where during the chat a human expert8

mapped each of the persuadee’s sentences into an argument extracted

from C (see Section 6.1). In case no argument in C fits the presented

statement, a designated “NULL” argument was selected. This was

rarely used. The possibility of adapting the agent’s framework on-

line will be addressed in future work. In order to bolster the natural

flow of the dialog, the Wizard of Oz was also in charge of framing

the agent’s argument using discourse markers. Namely, the wizard

was not allowed to alter the content of the argument but could add

discourse markers such as “However”, “Moreover”, etc.

At the end of the dialog, subjects were asked to answer the online

questionnaire once again.

6.3 Results

Out of the 15 students who were equipped with SPA, 4 stu-

dents (26.6%) changed their rating by one category. Three subjects

changed from Positive to Very Positive and one from Neutral to Very

Positive. Only a single student (6.6%) from the 15 students who were

equipped with the Baseline agent changed her rating (from Negative

to Neutral). Out of the 56 students who were asked to persuade each

other in Section 6.1, 15 (26.7%) changed their opinion by at least 1

category. Out of these 15 students, 4 (7.4%) changed their opinion

by 2 categories. This result is slightly better than the results obtained

by SPA, yet the difference is not statistically significant. Neverthe-

less, the Baseline agent was significantly outperformed by the other

examined conditions using Fisher’s exact test (p < 0.05).

7 We chose to compare our method with another method that has already been
tested with human subjects. Unfortunately, existing proposals in persuasive
argumentation were not tested with people thus far. We hope to inspire other
researchers in the field to test their proposed methods with human subjects.

8 In order to prevent the expert from being biased toward one of the agents,
the expert was not involved in any other part of the research, in particular
in building the agents.

7 Evaluation in Behavior Change

We also evaluate SPA in a behavior change task. In a behavior change

task the agent’s goal is to persuade its interlocutor to choose a desired

action that does not fit with the interlocutor’s initial choice. A promi-

nent example of such a behavior change task is persuading people

to make healthier life styles choices [17]. The practical decision we

chose to focus on was “Would you rather receive a piece of chocolate
cake or an energy bar as a free snack?”, where the persuader’s goal

is to change its interlocutor’s choice given her initial one. Therefore,

two persuasive policies were learned, one that is aimed at persuading

people to choose the piece of chocolate cake, and one to persuade

people to choose the energy bar. Unlike attitude change (Section 6),

in behavior change evaluation we wish to make the decision-making

concrete and practical in order to assert that the change had taken

place. Therefore, subjects were awarded with their chosen snack at

the end of the experiment (see Section 7.2).

SPA assumes that a higher v(ω) value suggests a higher probabil-

ity that an alternative will be chosen by the persuadee. Therefore, the

agent seeks to maximize the probability that the persuadee will take

the desired action by maximizing its v(ω) value.

7.1 Data Collection

Phase 1 - We recruited 28 subjects – 18 males and 20 females, with

an average age of 33. Instead of rating a series of questions on a

Likert scale, as done in Section 6.2, in this experiment we asked sub-

jects to answer only a single question with a binary answer - “Would
you rather receive a piece of chocolate cake or an energy bar as a
free snack?”. Students were divided into 2 groups according to their

answers.

A week afterwards, we again matched the subjects such that each

subject was coupled with a subject from outside her group. The cou-

pling was carried out manually by our research assistant who asked

the subjects for their preferred time slots and matched every couple

accordingly. The subjects were asked to discuss the topic “Would
you rather receive a piece of chocolate cake or an energy bar as a
free snack?” for a minimum of 5 minutes, and try and convince their

interlocutor to adopt their point of view. Dialogs ranged in length

from 4 arguments to 11 (mean 7). Each dialog ended when one of

the participants chose to exit the chat environment. Immediately af-

ter the chat, subjects were again asked to answer the binary question

“Would you rather receive a piece of chocolate cake or an energy
bar as a free snack?”. All dialogs were manually annotated for argu-

ments and the relation between those arguments by a human expert

using the annotation methodology used in [40], resulting in an anno-

tated dialog corpus C.

Similar to the analysis presented in Section 6.1, only 79% of the

subjects participating in this phase of the data collection used a con-
flict free argument set in their dialog. Namely, 21% of the students

used at least two arguments a and b such that a attacks b or vice versa

during their dialog.

Phase 2 - We recruited 40 additional subjects – 24 males and 16

females, with an average age of 30. Subjects were asked to answer

two online questionnaires. In the first one, subjects were asked to

rate the persuasiveness of each of the 26 arguments extracted from

the dialogs collected in Phase 1 (denoted C) on its own on a scale

of 0 to 1, where 0 is “The argument is not persuasive at all” and 1

is “The argument is very persuasive”. In the second questionnaire,

subjects were asked to rate the degree to which one argument effects

another over pairs of arguments. The scale that was used was 0 to 1,
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where 0 stands for “No effect” and 1 is “Very strong effect”.

In C, 26 distinct arguments were detected (13 in favor of a piece

of chocolate cake and 13 against). A prediction model P was trained

to estimate the likelihood that an argument b will be presented next

given dialog d. Similar to the analysis in Section 6.1, the perplex-

ity measurement of P was again significantly lower than that of a

Bigram prediction method (p < 0.05), which makes it preferable.

7.2 Experimental Setting
For the evaluation of SPA we recruited 30 subjects - 15 males and

15 females, with an average age of 29. Subjects were first asked to

answer the question “Would you rather receive a piece of chocolate
cake or an energy bar as a free snack?”. Out of the 30 subjects, 16

preferred to have a piece of chocolate cake and 14 preferred to have

an energy bar.

We used a between-subjects experimental design with 3 condi-

tions, the same conditions used in Section 6. Namely: SPA, Baselines

and Human.

Subjects were pseudo-randomly assigned to each of the 2 agents

(SPA and Baseline), such that each agent was assigned 15 subjects,

8 of which prefer to have a piece of chocolate cake and 7 who prefer

to have an energy bar. At the end of the dialog, subjects were again

asked to choose between a piece of chocolate cake and an energy bar.

Subjects were awarded with their snack of choice in return for their

participation in the experiment.

7.3 Results
Out of the 15 students who were equipped with SPA, 3 students

(20%) changed their decision – 2 from a piece of cake to an energy

bar and 1 from an energy bar to a piece of chocolate cake. Only a

single subject (6.6%) from the 15 subjects who were equipped with

the Baseline agent changed her decision (from a piece of cake to an

energy bar). Out of the 28 subjects who were asked to persuade each

other in Section 7.1, only 3 subjects (10.7%) changed their decisions

following the chat. This result is worse than the results obtained by

SPA, yet the difference is not statistically significant.

8 Conclusions and Future Work
In this paper we presented and evaluated a novel methodology for

human persuasion through argumentative dialogs. To that end, we

proposed a new argumentation framework called Weighted Bipo-

lar Argumentation Framework (WBAF) and suggested a gradual be-

lief valuation method for allowing reasoning within that framework.

Our methodology, combining the WBAF argumentative modeling,

machine learning on human generated dialogs and argumentative

data, and Markovian optimization techniques enabled our automated

agent, SPA, to persuade people in 2 distinct environments. In both

an attitude change environment and a behavior change environment,

SPA was able to perform on a human-like level and significantly bet-

ter than a baseline agent.

This study is part of our ongoing effort to investigate the con-

nections and challenges between Argumentation Theory and people

[40, 39, 41]. We hope that the encouraging results shown in this work

(and in previous ones) will inspire other researchers in the field to in-

vestigate other argumentation-based methods in human experiments.

We believe that bridging the gap between formal argumentation and

human argumentation is essential for making argumentation practical

for a wider range of applications.

We plan to continue this line of work by investigating other human

argumentative interactions such as negotiations [16]. In negotiations,

both parties try to maximize some personal utility in the face of par-

tially conflicting interests, while striving to reach an agreement.

We will be pleased to share the constructed corpora for future re-

search.
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Formalizing Commitment-Based Deals in Boolean Games1

Sofie De Clercq2 and Steven Schockaert3 and Ann Nowé4 and Martine De Cock2,5

Abstract. Boolean games (BGs) are a strategic framework in which

agents’ goals are described using propositional logic. Despite the

popularity of BGs, the problem of how agents can coordinate with

others to (at least partially) achieve their goals has hardly received

any attention. However, negotiation protocols that have been devel-

oped outside the setting of BGs can be adopted for this purpose,

provided that we can formalize (i) how agents can make commit-

ments and (ii) how deals between coalitions of agents can be iden-

tified given a set of active commitments. In this paper, we focus on

these two aims. First, we show how agents can formulate commit-

ments that are in accordance with their goals, and what it means for

the commitments of an agent to be consistent. Second, we formalize

deals in terms of coalitions who can achieve their goals without help

from others. We show that verifying the consistency of a set of com-

mitments of one agent is ΠP
2 -complete while checking the existence

of a deal in a set of mutual commitments is ΣP
2 -complete. Finally,

we illustrate how the introduced concepts of commitments and deals

can be used to achieve game-theoretical properties of the deals and

to configure negotiation protocols.

1 Introduction

Boolean games (BGs) are a game-theoretic framework which uses

propositional logic to represent the goals of agents in a compact

way [24]. A key feature of BGs is that each agent controls the truth

value of a subset of the atoms from which these goals are built; these

atoms are referred to as the action variables of the agent. In standard

BGs, goals are of a binary nature [24]. In the context of negotia-

tion, however, it is usually more natural to consider prioritized goal

bases [6, 14], as these allow agents to partially concede. The basic

intuition underlying BGs is illustrated in the next example.

Example 1
Suppose there are four agents, denoted by 1, 2, 3 and 4, representing

four nations. Each agent i controls an action variable di. If agent i
sets its action variable di to true, this means that i will disarm its

nation. Nation 1 considers nation 2 a threat, nation 3 an ally and

nation 4 irrelevant for its military strategy. It believes to be safe if

either nation 2 disarms or nations 1 and 3 both keep their arms, i.e.

d2∨(¬d1∧¬d3). Nation 2 considers nation 1 as the only real threat,

but prefers to disarm itself due to the associated costs of maintaining

1 This research was funded by a Research Foundation-Flanders project.
2 Dept. of Applied Mathematics, CS and Statistics, Ghent University, Ghent,

Belgium, {SofieR.DeClercq, Martine.DeCock}@ugent.be
3 School of Computer Science and Informatics, Cardiff University, Cardiff,

UK, SchockaertS1@cardiff.ac.uk
4 Computational Modeling Lab, Vrije Universiteit Brussel, Brussels, Bel-

gium, Ann.Nowe@vub.ac.be
5 Center for Data Science, University of Washington, Tacoma, US, MDe-

Cock@uw.edu

its arms. Therefore, its highest priority goal is d1 ∧ d2. Nation 3
strongly believes in the possibility of an alien invasion and prefers

all nations to be armed, i.e. its highest priority goal is ¬d1 ∧ ¬d2 ∧
¬d3 ∧¬d4. The pacifistic nation 4’s first priority is the disarmament

of all nations, i.e. d1 ∧ d2 ∧ d3 ∧ d4.

Although Boolean games have been widely studied in recent years,

leading among others to the characterization of numerous solution

concepts, the literature on BGs provides surprisingly few tools for

agents to actually coordinate towards mutually beneficial agreements

(see Section 5). The broader literature on multi-agent systems, how-

ever, has provided numerous negotiation protocols [34, 26, 3, 18, 33].

From a high-level point of view, many of these protocols are based on

agents formulating commitments, intuitively encoding what they are

prepared to offer in return for their goals being (partially) fulfilled.

After a number of rounds, in which agents may progressively weaken

their stance, the agents may end up with a set of mutual commitments

which are such that a deal can be made. There are many technical de-

tails that need to be specified as part of a negotiation protocol (related

e.g. to how agents communicate), but most of these are not depen-

dent on how the agent’s goals are encoded. In particular, to adapt

existing negotiation protocols to the BG setting, it suffices to specify

how agents can formulate commitments (i.e. proposal submission)

and how deals based on these commitments can be made (i.e. agree-

ment formation). The incorporation of the introduced notions into

existing protocols is illustrated in Section 4.3.

Central to the discussion in this paper is the notion of a com-

mitment. In the literature, a commitment is commonly stated as

(i; j; ante; con), with the interpretation that agent i commits to

agent j to bring about con when ante is made true by the other

agents [37]. For instance, in the context of Example 1, a sensible

commitment for agent 2 would be (2; 1; d1; d2): if agent 1 disarms,

agent 2 is prepared to do this as well. Commitments provide an intu-

itive way to formulate a propositional proposal and at the same time

capture the fact that particular action variables are controlled by par-

ticular agents. This makes commitments a natural fit for the frame-

work of BGs. Moreover, by identifying creditors, a commitment-

based protocol allows the formation of deals between a subset of

agents, i.e. the formation of coalitions. For instance, suppose in

Example 1 that agent 1 and 2 respectively formulate the commit-

ments (1; 2; d2;�) and (2; 1; d1; d2), where the former communi-

cates agent 1’s willingness to play any strategy if agent 2 disarms.

Note such a commitment merely informs agent 2 of possibilities, but

yields no guarantees, since � is brought about by default. The com-

mitments of agents 1 and 2 lead to a possible deal: they can form a

coalition {1, 2} and play {d1, d2}, i.e. both nations disarm. To con-

firm the deal, however, agent 1 has to make a stronger commitment,

i.e. it must specifically commit to bring about d1 if d2 is brought

about. If this deal between agents 1 and 2 is closed, the BG can be re-

duced, allowing the remaining agents to update their goals: agent 3’s
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G.A. Kaminka et al. (Eds.)
© 2016 The Authors and IOS Press.
This article is published online with Open Access by IOS Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/978-1-61499-672-9-329

329



highest priority goal is no longer achievable and it should now turn

to its lower priority goals. Agent 4’s highest priority goal is reduced

to d3 ∧ d4, i.e. in order to disarm all nations it remains to disarm it-

self and convince agent 3 to disarm as well. Note that by identifying

deals between coalitions of agents, a global consensus is not required

to obtain local deals. Moreover, the reduction of the BG induced by

the previous deals facilitates matters for the agents that were not yet

able to close a deal. These advantages are especially important in

large-scale games, which many real-life applications are.

An important requirement for commitments is that agents should

be able to guarantee that they can fulfill them. For instance, sup-

pose that agent 1 in Example 1 communicates the commitments

(1; 2; d2; d1) and (1; 3;¬d3;¬d1). Clearly, in case agent 2 and 3
play {d2,¬d3}, the agent cannot play a strategy such that all its com-

mitments are fulfilled. In Section 3 we formalize a notion of consis-

tency, which captures the intuition that agents should not make com-

mitments that cannot be jointly fulfilled. As we will show, checking

whether a given set of commitments is consistent is a ΠP
2 -complete

problem.

Given a set of commitments, the main inference task we consider

is verifying whether any corresponding deals can be made. Some of

the issues underlying this process are illustrated in the next example.

Example 2
Suppose the agents in Example 1 communicate the following com-

mitments:

(1; 2; d2;�) (3; {1, 2, 4};¬d1 ∧ ¬d2 ∧ ¬d4;¬d3)
(1; 3;¬d3;¬d1) (4; {1, 2, 3}; d1 ∧ d2 ∧ d3; d4)

(2; 1; d1; d2)

Intuitively, the commitments agents 1 and 2 make to each other al-

low a deal between them to both disarm: {d1, d2}. However, as stated

earlier, agent 1 has not specifically committed to bring about d1 when

d2 is brought about. Therefore, we cannot consider this a confirmed

deal. Moreover, agent 1’s commitment to agent 3 blocks the possible

deal with 2 when agent 3 decides to play ¬d3. As a result, agents 1
and 2 cannot form a coalition by themselves based on the current

set of commitments, as they would be reliant on what agent 3 subse-

quently decides.

Note that to identify deals, the control assignment of the BG should

be taken into account, i.e. it does not suffice to check the satisfiabil-

ity of conjunctions of formulas corresponding to goals of coalitions.

Suppose, for instance, that agents 1 and 2 want agent 3 to disarm,

i.e. the conjunction of their highest priority goal is satisfied if d3
holds. Then no deal can be reached unless agent 3 can be convinced

to set d3 to true. As we will show, as a result, the problem of check-

ing whether a deal can be made given a set of commitments is ΣP
2 -

complete. To the best of our knowledge, this paper is the first to study

commitment-based deals in BGs.

The paper is structured as follows. First, we give some background

on BGs in Section 2. In Section 3 we formalize commitments in BGs,

defining important concepts, including the consistency of a set of

commitments, which guarantees that agents can honour their com-

mitments, irrespective of the strategies of the other agents. After in-

vestigating the computational complexity of verifying consistency in

Section 3.1, we explain how an agent can formulate commitments

that accord with a single goal or with a prioritized goal base in re-

spectively Sections 3.2 and 3.3. Then we formalize how agents can

identify deals based on a set of commitments and investigate the

computational complexity in Section 4.1. Next, we illustrate how our

concepts can be used to guarantee game-theoretical properties of the

deals in Section 4.2 and how they can be implemented in existing

protocols in Section 4.3. We discuss related work in Section 5 and

present our conclusion and interesting questions for further research

in Section 6. The proofs of all results are available in an online ap-

pendix6.

2 Preliminaries
The propositional language LΦ is built from a finite set of atoms Φ
in the usual way. We write Lit(Φ) = Φ ∪ {¬p | p ∈ Φ}. An inter-

pretation of Φ is defined as a subset ν of Lit(Φ) such that for every

atom p ∈ Φ either p ∈ ν or ¬p ∈ ν. We denote the set of all inter-

pretations of Φ as Int(Φ). An interpretation can be extended to LΦ

in the usual way. We write ν |= ϕ to denote that formula ϕ is true

in interpretation ν. Whenever we write an interpretation ν where a

formula is expected, this should be interpreted as the conjunction of

ν’s literals. For two formulas ϕ and ψ ∈ LΦ, it holds that ϕ entails

ψ, denoted ϕ |= ψ, iff for every interpretation ν it holds that ν |= ψ
whenever ν |= ϕ. We say that a variable p is irrelevant in a formula

if there exists an equivalent formula in which p does not occur [30].

The relevant variables of a formula γ are denoted as DepVar(γ). We

say that ϕ and ψ are equivalent modulo δ, denoted ϕ ≡ ψ(mod δ),
iff ϕ∧ δ is equivalent with ψ∧ δ [30]. We use the variant of Boolean

games from [14].

Definition 1 (Boolean Game with Priorities)

A Boolean game (BG) with priorities is a tuple G = (N, (Φi)i∈N ,
(δi)i∈N , (Γi)i∈N ), where N is a finite set of agents, Φi is a finite set
of atoms such that Φi ∩ Φj = ∅ for j = i, δi is a consistent formula
in LΦi , and Γi = {γ1

i ; . . . ; γ
p
i } is i’s prioritized goal base. We write

Φ =
⋃

i∈N Φi and δ =
∧

i∈N δi. The formula γm
i ∈ LΦ is agent i’s

goal of priority m. We assume w.l.o.g. that every agent has p priority
levels.

Definition 1 is a particular case of generalized BGs [6] in which

the preference relations are total, but with the addition of con-

straints δi [8]. The set Φ contains all action variables (or atoms).

Agent i controls the truth value of the atoms in Φi, with the restric-

tion that δi must be satisfied. We write Si = {νi ∈ Int(Φi) | νi |=
δi} for the set of permissible strategies of agent i. A non-empty sub-

set of N is called a coalition. We straightforwardly extend definitions

w.r.t. agents to coalitions, e.g. ΦJ is the set of action variables con-

trolled by a coalition J , SJ denotes the permissible joint strategies.

We denote singleton coalitions {i} as i when there can be no con-

fusion. By convention, goals are ordered from high (level 1) to low

priority (level p).

Example 1 (Continued)

We have N = {1, 2, 3, 4}, Φi = {di} and δi = � for each i ∈ N .

Consequently, Si = {di,¬di}, i.e. each agent can either disarm or

not. The prioritized goal bases in the BG are:

Γ1 = {d2 ∨ (¬d1 ∧ ¬d3);¬d1},Γ2 = {d1 ∧ d2;¬d2}
Γ3 = {¬d1 ∧ ¬d2 ∧ ¬d3 ∧ ¬d4; (¬d1 ∨ ¬d2 ∨ ¬d4) ∧ ¬d3}
Γ4 = {d1 ∧ d2 ∧ d3 ∧ d4; d4}

This means, e.g. for agent 2, that its first priority is for agents 1 and 2
to disarm and its second priority is to arm.

We now define the concept of relevant agents for a formula, which is

related to the concept of relevant agents for another agent described

in [7].

6 http://www.cwi.ugent.be/sofie/ECAI16appendix.pdf
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Definition 2 (Relevant Agents for a Formula)

The set of relevant agents RelAg(ϕ) for ϕ ∈ LΦ is defined as⋃
i∈N

{( ⋂
ψ≡ϕ(mod δ)

DepVar(ψ)
)
∩ Φi = ∅

}

In other words, the relevant agents for a formula are the agents con-

trolling its relevant variables, taking into account the constraint δ. For

instance, in Example 1, the relevant agents for (d1∧d2)∧(¬d3∨d3)
are {1, 2}.

Definition 3 (Outcome)

An interpretation of Φ satisfying δ is called an outcome of G. We
denote the set of all outcomes as SN .

An outcome ν corresponds to a tuple (ν1, . . . , νn) with νi ∈ Si for

every i ∈ N . We write νJ = ν ∩ Lit(ΦJ) for the restriction of ν
to the strategies of agents in coalition J . The restriction of ν to the

agents outside J is denoted as ν−J . For disjoint coalitions J and J ′,
ν ∈ SJ and ν′ ∈ SJ′ , we write (ν, ν′) ∈ SJ∪J′ to denote their joint

strategy. We also use the notation (ν, ν′) if J and J ′ are not disjoint,

but νi = ν′i for every i ∈ J ∩ J ′. For the ease of presentation, we

define a numerical utility in [0, 1], which is determined by the highest

priority for which the corresponding goal is satisfied by ν.

Definition 4 (Utility Function)

Let G be a BG. For each i ∈ N and ν ∈ SN , the utility of i in ν is
defined as:

ui(G, ν) =
p+ 1−min{k | 1 ≤ k ≤ p, ν |= γk

i }
p

with min ∅ = p+ 1.

Note that if ν does not satisfy any goal, the utility is 0, while it is 1
iff the first priority goal is satisfied. In Example 1, for instance, the

utility of agent 1 is 1 for every outcome ν in which the coalition

{1, 3} plays the joint strategy {¬d1,¬d3}, i.e. if both nations 1 and 3
decide against disarmament. Note that there exist alternative ways

to extract utilities from prioritized goal bases [6], for which similar

results as the ones presented in this paper can be obtained.

A well-known solution concept in BGs is the pure Nash equilib-

rium. This notion is based on best responses: we say that ν ∈ Si
is a best response to ν∗ ∈ S−i, written BR(G, ν, ν∗), iff for every

ν′ ∈ Si it holds that ui(G, (ν, ν∗)) ≥ ui(G, (ν′, ν∗)). Intuitively,

this means that given the strategies of the other agents, an agent is not

better off by deviating from its current strategy. In Example 1, for in-

stance, agent 2’s first priority is the disarmament of agents 1 and 2.

Therefore, if agent 1 disarms, agent 2’s best response is to disarm as

well.

Definition 5 (Pure Nash Equilibrium)

An outcome ν is a pure Nash equilibrium (PNE) of the BG G iff
BR(G, νi, ν−i) holds for every i ∈ N .

In Example 1, for instance, the outcomes {d1, d2,¬d3, d4} and

{¬d1,¬d2,¬d3, d4} are PNEs.

3 Formalizing Commitments in BGs
In this section, we adapt the notion of commitment from [37] to the

context of BGs. Among others, we analyze how agents can formal-

ize consistent commitments based on the goal they want to achieve.

Throughout this section, we will assume that G = (N, (Φi)i∈N ,

(δi)i∈N , (Γi)i∈N ) is a BG.

Definition 6 (Commitment in BG)

The tuple c = (deb(c); cred(c); ante(c); con(c)) is called a com-
mitment in G if deb(c) ∈ N , cred(c) ⊆ N \ {deb(c)}, ante(c) is
a formula such that RelAg(ante(c)) = cred(c), ante(c) ∧ δ |= ⊥,
con(c) is a formula containing only variables from Φdeb(c), and
con(c) ∧ δ |= ⊥.

Intuitively, a commitment c describes a state of affairs in which

the debtor deb(c) commits to the creditors7 cred(c) to bring about

the consequent con(c) if the antecedent ante(c) is satisfied. To ex-

clude meaningless commitments, we assume that con(c) contains

only variables from Φdeb(c), i.e. we do not allow an agent to com-

mit to anything outside its own control. Moreover, we assume that

con(c) is consistent with δdeb(c), meaning that there exists at least

one strategy ν ∈ Sdeb(c) such that ν |= con(c). This restriction,

which excludes impossible promises, corresponds to the consistency
postulate for active commitments in [37]. We also exclude the debtor

as one of its own creditors, as the commitment is meaningless to the

other creditors if the debtor itself can control whether or not the an-

tecedent is fulfilled. The condition RelAg(ante(c)) = cred(c) makes

the formulation of other definitions more convenient, but is not an

explicit requirement for commitments [37]. We demand that ante(c)
is satisfiable w.r.t. δ, in line with the nonvacuity postulate for active

commitments [37].

If ante(c) ≡ � (and thus cred(c) = ∅), the commitment is called

unconditional. The case where con(c) ≡ � contradicts the first pos-

tulate in [37], which says that a commitment is discharged (no longer

active) when the consequent holds. This makes sense, since such a

commitment makes no guarantees to the creditor. However, as illus-

trated in Section 1, we will use such commitments to allow an agent

to express that it is prepared to bring about any of its strategies when

the antecedent is satisfied. This will be useful in our formalization

of a possible deal, as will become clear in Definition 12. To obtain a

confirmed deal though, the agent will have to make a stronger com-

mitment, as will become clear in Definition 14.

In the following example and throughout this paper, subscripts are

used to indicate the controlling agent of each action variable.

Example 3
In the context of Example 1, consider the pair of commitments

(1; 2; d2; d1) and (1; 3;¬d3;¬d1). In the first commitment, agent 1
commits to disarm, i.e. bring about d1, when agent 2 disarms, i.e.

brings about d2. In the second commitment, agent 1 commits to arm,

i.e. bring about ¬d1, when agent 3 arms, i.e. brings about ¬d3.

Note that the commitments in Example 3 cannot be fulfilled simulta-

neously. We will call such commitments inconsistent and formalize

the concept of consistent commitments in the following section.

3.1 Consistency of Commitments

Given that commitments are meant to be binding, it is important that

an agent can jointly fulfil the set of all commitments it has made.

To formalize this notion of consistency, we introduce the following

abbreviations:

deb(C) =
⋃
c∈C

deb(c), cred(C) =
⋃
c∈C

cred(c),

ante(C) =
∧
c∈C

ante(c), con(C) =
∧
c∈C

con(c).

7 In contrast to [37], we allow multiple creditors.
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Definition 7 (Consistent Commitments)

Suppose C is a set of commitments of agent i, i.e. deb(C) = i. Then
C is consistent iff for every non-empty subset C′ of C:

(ante(C′) ∧ δ) is consistent ⇒ (con(C′) ∧ δ) is consistent

Intuitively, whenever there exists a strategy of the creditors of a sub-

set C′ of C that satisfies the antecedents in C′, there should exist a

strategy of the debtor of C′ that satisfies all consequents in C′. Note

that it is not sufficient for consistency that every pair of commitments

in the set C is consistent, as illustrated in the following example.

Example 4
Every pair in the following set of commitments is consistent, but

the three commitments together are not: (1; 2; d2; d1 ↔ ¬b1),
(1; 3; d3; b1 ↔ ¬c1), (1; 4; d4; c1 ↔ ¬d1).

Proposition 1
Deciding whether a given set of commitments with fixed debtor is
consistent, is ΠP

2 -complete.

3.2 Relating Goals and Commitments

In this section, we investigate how an agent with a goal γ can formu-

late a corresponding commitment.

Example 5
Reconsider the context of Example 1. Let γ = d1 ∧ d2 ∧ d3 ∧ d4
be a goal of agent 4. To achieve this goal, agent 4 can make the

commitment c = (4; {1, 2, 3}; d1 ∧ d2 ∧ d3; d1), which intuitively

expresses that agent 4 commits to play a strategy that involves its

disarmament if agents 1, 2 and 3 do the same.

We now formalize how a commitment can be created to match a

propositional goal.

Definition 8 (Commitments Coinciding with Goal)

The set C of commitments with debtor i coincides with the goal γ of
agent i iff for every ν ∈ SN :

(ν |= γ)⇔
((
∃c ∈ C : (ν−i |= ante(c)) ∧ (νi |= con(c))

)
∧
(
νi |= con({c ∈ C | ν−i |= ante(c)})

))
(1)

The ‘⇒’ direction expresses that the set of commitments covers the

goal γ, i.e. for every outcome ν that satisfies γ, i has an active com-

mitment c corresponding to ν, which does not result in the violation

of any other commitment of i. The ‘⇐’ direction expresses that the

set of commitments is covered by the goal γ, i.e. any outcome made

possible by a commitment of i results in the satisfaction of γ.

Proposition 2
For any formula γ ∈ LΦ and agent i ∈ N , there exists a consistent
set C of commitments with debtor i that coincides with γ. Moreover,
if γ can be rewritten as a conjunction of literals, then C can be chosen
as a singleton.

It is easy to verify that some goals cannot coincide with a singleton,

e.g. the goal (d1 ↔ d2) requires two separate commitments. We

illustrate the specification of commitments coinciding with goals in

the following example.

Example 6
Suppose that γ = (d1 ∧ d2) ∨ (¬d1 ∧ ¬d3) is a goal of agent 1.

The set C = {(1; {2, 3}; d2 ∧ d3; d1), (1; {2, 3};¬d2 ∧ ¬d3;¬d1),
(1; {2, 3}; d2 ∧ ¬d3;�)} coincides with γ.

3.3 Commitments for Prioritized Goal Bases
We now relate prioritized goal bases and commitments.

Definition 9 (Commitments Guaranteeing Utility)

Let Γ = {γ1; . . . ; γp} be a prioritized goal base of i. The set C of
commitments with debtor i guarantees utility k iff for each ν ∈ SN :

ui(G, ν) ≥ k ⇐
((
νi |= con({c ∈ C | ν−i |= ante(c)})

)
∧
(
∃c ∈ C : (ν−i |= ante(c)) ∧ (νi |= con(c))

))
(2)

A straightforward way to construct a set of commitments that guar-

antees utility k is by constructing the set of commitments that coin-

cides with formula
∨p−kp+1

m=1 γm, using the construction from Propo-

sition 2. Note that for this particular choice, the ‘⇒’ direction of (2)

also holds. However, we do not require this direction in Definition 9,

due to incompatibility with Definition 10, which formalizes when an

agent’s commitments are in line with its best responses.

Definition 10 (Commitment Respecting Best Responses)

The commitment c with debtor i respects i’s best responses in G iff
for each ν ∈ SN :(

(ν−i |= ante(c)) ∧ (νi |= con(c))
)
⇒ BR(G, νi, ν−i) (3)

A set of commitments with debtor i respects i’s best responses iff
every commitment in the set does.

Example 7
Reconsider the context of Example 1. Suppose the pacifistic nation 4
has the goal base Γ4 = {d1 ∧ d2 ∧ d3 ∧ d4;¬d4}, i.e. the first pri-

ority of nation 4 is global disarmament, but in case this turns out to

be unachievable, it distrusts the other nations and prefers to maintain

its arms. The commitment (4; ∅;�;¬d4) guarantees utility 0.5, but

does not respect 4’s best responses: if the other nations decide to dis-

arm, 4 would have been better off by disarming as well. The commit-

ment (4; {1, 2, 3}; d1∧d2∧d3; d4) guarantees utility 1 and respects

agent 4’s best responses. The pair of commitments (4; {1, 2, 3}; d1∧
d2∧d3; d4) and (4; {1, 2, 3};¬d1∨¬d2∨¬d3;¬d4) guarantees util-

ity 0.5 and respects agent 4’s best responses.

Note that a set C of commitments with debtor i which respect i’s best

responses is not necessarily consistent. Consider for instance a BG

with Γ1 = {(a1∨b1)∧a2} and δ1 = ¬(a1∧b1). Agent 1’s commit-

ments (1; 2; a2; a1) and (1; 2; a2; b1) both respect its best responses,

but are not consistent. However, we can show the following result.

Proposition 3
Let Γ = {γ1; . . . ; γp} be the goal base of some agent i. For any
k ∈ { 1

p
, . . . , p

p
} such that

∨p−kp+1
m=1 γm ∧ δ |= ⊥ there exists a non-

empty consistent set C of commitments with debtor i that guarantees
utility k and respects i’s best responses.

4 Commitment-based Deals in BGs
From a high-level point of view, many negotiation protocols are

based on agents formulating proposals or commitments, intuitively

encoding what they are prepared to offer in return for their goals be-

ing (partially) fulfilled. After a number of rounds, in which agents

may progressively weaken their stance, the agents may end up with a

set of mutual commitments which are such that a deal can be made.

Note that a deal does not require the involvement of all agents. For

instance, suppose two neighbouring nations 1 and 2’s first priority it

to both disarm. In order to play the coalition strategy {d1, d2}, they
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do not need the approval of all other nations, as the action variables

involved in the deal are controlled by the agents that closed the deal.

As deals can be closed between coalitions of agents, the BG can it-

eratively be reduced based on the chosen strategies of the agents who

have already closed a deal. To formalize this, we use the notion of a

formula ϕ ∈ LΦ being conditioned by an interpretation ν of Φ′ ⊆ Φ
[13], written as cond(ϕ, ν). The formula cond(ϕ, ν) ∈ LΦ\Φ′ is ob-

tained from ϕ in the following way: for every atom p ∈ Φ′ such that

¬p ∈ ν we replace every occurrence of p in ϕ by ⊥, and for every

atom p ∈ Φ′ such that p ∈ ν we replace every occurrence of p in

ϕ by �. Next, the tautologies ¬� ≡ ⊥, ¬⊥ ≡ �, (� ∧ ϕ) ≡ ϕ,

(� ∨ ϕ) ≡ �, (⊥ ∧ ϕ) ≡ ⊥ and (⊥ ∨ ϕ) ≡ ϕ are iteratively used

to simplify the formula.

Definition 11 (Reduced BG)

Let G = (N, (Φi)i∈N , (δi)i∈N , (Γi)i∈N ), J a coalition of N and
ν ∈ SJ . The reduced BG is defined as red(G, J, ν) = (N \ J,
(Φi)i∈N\J , (δi)i∈N\J , (cond(Γi, ν))i∈N\J), with cond(Γi, ν) =
{cond(γ1

i , ν), . . . , cond(γp
i , ν)} for i ∈ N \ J .

The next example illustrates this concept, which generalizes the no-

tion of a projection from [7].

Example 8
Reconsider the context of Example 1, i.e. the BG G with four agents.

Each agent i controls one variable, i.e. Φi = {di}. Consider the

coalition {1, 2} with the joint strategy to disarm, i.e. {d1, d2}. Then

the reduced game red(G, {1, 2}, {d1, d2}) consists of two agents

(namely agents 3 and 4), with Φ3 and Φ4 as in G. The goal bases

of agents 3 and 4 are reduced from

Γ3 = {¬d1 ∧ ¬d2 ∧ ¬d3 ∧ ¬d4; (¬d1 ∨ ¬d2 ∨ ¬d4) ∧ ¬d3}
Γ4 = {d1 ∧ d2 ∧ d3 ∧ d4; d4}

to

Γ3 = {⊥;¬d4 ∧ ¬d3} Γ4 = {d3 ∧ d4; d4}

Note that in particular, agent 3 can no longer achieve utility 1.

The following results are straightforward to prove.

Proposition 4
Let G be a BG with J and J ′ two disjoint coalitions, ν ∈ SJ
and ν′ ∈ SJ′ . It holds that red(red(G, J, ν), J ′, ν′) = red(G, J ∪
J ′, (ν, ν′)).

Proposition 5
Let G be a BG, J a coalition and ν ∈ SJ . For i ∈ N \ J and
ν′ ∈ SN\J it holds that ui(G, (ν, ν′)) = ui(red(G, J, ν), ν′).

To illustrate Proposition 5, note that in Example 8 agent 4’s utility in

{d1, d2, d3, d4} in G is 1, which is the same as its utility in {d3, d4}
in the reduced game red(G, {1, 2}, {d1, d2}). The following corol-

lary follows immediately from Proposition 5.

Corollary 6
Let G be a BG, J a coalition and ν ∈ SJ . For i ∈ N \ J ,
ν′ ∈ Si and ν∗ ∈ SN\(J∪{i}) it holds that BR(G, ν′, (ν, ν∗)) ⇔
BR(red(G, J, ν), ν′, ν∗).

Intuitively, Corollary 6 expresses that the reduced game preserves

the best responses of the original game. For instance, in Exam-

ple 8 the strategy {d4} is agent 4’s unique best response to {d3}
in red(G, {1, 2}, {d1, d2}), as well as its unique best response to

{d1, d2, d3} in the original game G. As a consequence, PNEs are

also preserved.

Corollary 7
Let G be a BG with J ⊂ N , ν a strategy of J and ν′ a strategy
of N \ J . It holds that (ν, ν′) is a PNE of G iff ν′ is a PNE of
red(G, J, ν) and for every i ∈ J it holds that BR(G, νi, (ν−i, ν

′)).

For instance, in Example 8 the outcome {d1, d2, d3, d4} is a

PNE of G. It also holds that {d3, d4} is a PNE of the reduced

game red(G, {1, 2}, {d1, d2}) and d1 and d2 are best responses to

{d2, d3, d4} respectively {d1, d3, d4} in G. Similarly, {d1, d2} is a

PNE of red(G, {3, 4}, {d3, d4}) and d3 and d4 are best response to

{d1, d2, d4} respectively {d1, d2, d3} in G.

Now that we have explained how deals between coalitions can be

used to reduce the BG, it remains to formalize how agents can iden-

tify these deals based on a given set of commitments.

4.1 Identifying Deals
Given a set of commitments, intuitively, a possible deal corresponds

to a coalition with a joint strategy such that all agents in the coalition

actively support the coalition strategy through their commitments.

Throughout this paper we assume that commitments are either com-

mon knowledge or known by one central entity.

Definition 12 (Possible Deal)

Let C = (Ci)i∈N be a tuple with Ci a set of commitments for every
agent i ∈ N . The coalition J and strategy ν ∈ SJ correspond to a
possible deal based on C iff:

∀i ∈ J, ∃c ∈ Ci : ((ν−i ∧ δ) |= ante(c)) ∧ (νi |= con(c)) (4)

Intuitively, Definition 12 expresses that a deal between a coalition of

agents must be backed up by an active commitment of every partici-

pating agent, i.e. no agent agrees to a deal without benefiting from it.

The computational complexity of the associated decision problem is

situated at the second level of the polynomial hierarchy.

Proposition 8
Deciding whether there exists a possible deal based on a given set C
of commitments is ΣP

2 -complete.

Condition (4) is obviously a necessary condition to reach an agree-

ment. However, participating in a possible deal may require the agent

to play a strategy which is incompatible with some of its other com-

mitments. Moreover, a commitment might make a deal possible, yet

not be strong enough to guarantee it. We illustrate these issues with

an example.

Example 9
Reconsider the context of Example 1 and Example 2: a BG with N =
{1, 2, 3, 4}, Φi = {di}, δ = �, Γ1 = {(¬d1 ∧ ¬d3) ∨ d2; . . .},
Γ2 = {d1 ∧ d2; . . .}, Γ3 = {¬d1 ∧ ¬d2 ∧ ¬d3 ∧ ¬d4; . . .} and

Γ4 = {d1 ∧ d2 ∧ d3 ∧ d4; . . .}. Suppose the agents announce the

following commitments:

C1 = {c1 = (1; 3;¬d3;¬d1), c′1 = (1; 2; d2;�)}
C2 = {c2 = (2; 1; d1; d2)}
C3 = {c3 = (3; {1, 2, 4};¬d1 ∧ ¬d2 ∧ ¬d4;¬d3)}
C4 = {c4 = (4; {1, 2, 3}; d1 ∧ d2 ∧ d3; d4)}

These sets are consistent and respect each agent’s best responses.

The unique possible deal is ({1, 2}, {d1, d2}): c′1 and c2 back up

this deal. However, if agent 3 decides to bring about ¬d3, agent 1
cannot play {d1} without violating its commitment c1. Moreover,

agent 1 has not specifically committed to bring about d1 when d2 is

brought about.
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To address these issues, we introduce the notion of confirmed deals.

To this end, we first define the concept of a stable set of commit-

ments, which captures the intuition of a coalition whose commit-

ments entail the willingness of all members to participate in a corre-

sponding deal, i.e. to jointly satisfy the antecedents of the commit-

ments that are part of the deal.

Definition 13 (Stable Set of Commitments)

A set of commitments C with J = deb(C) is called stable iff con(C)∧
δ |= ante(C) and C has at least one playable coalition strategy, i.e.
∃ν ∈ SJ such that ν |= con(C).
In Example 9 there are no stable sets of commitments. If agent 1 re-

places the commitment c1 with (1; {2, 3};¬d3 ∧ ¬d2;¬d1) and c′1
with c′′1 = (1; 2; d2; d1), then {c′′1 , c2} is a stable set of commitments

with {d1, d2} its unique playable coalition strategy.

As the consequent of any commitment c contains only variables of

Φdeb(c) — see Definition 6 — it follows that ν |= con(C) is equiv-

alent to νi |= con({c ∈ C | deb(c) = i}) for every i ∈ deb(C).
Therefore, one can unambiguously speak of a playable strategy of an

agent in deb(C).

Definition 14 (Confirmed Deal)

Let C = (Ci)i∈N be such that each Ci only contains commitments
with debtor i and let C′ ⊆ C be a stable set of commitments with
J = deb(C′). Then J and C′ form a confirmed deal based on C iff C′
has at least one safely playable coalition strategy, i.e. there is some
ν′ ∈ SJ such that ν′ |= con(C′), and for every i ∈ J and c ∈ Ci we
have

∀ν ∈ SN\J : ((ν, ν′−i) |= ante(c))⇒ (ν′i |= con(c)) (5)

For J = N , we drop the universal quantifier and ν in (5).

Intuitively, a confirmed deal guarantees for all coalition partners that

the antecedent of their commitments in C′ can be satisfied and that

they can at the same time honour all their commitments in C, re-

gardless of what the agents outside the coalition do. This is achieved

by playing a safely playable coalition strategy. The computational

complexity of the associated decision problem is also situated at the

second level of the polynomial hierarchy.

Proposition 9
Deciding whether there exists a confirmed deal based on a given set C
of commitments is ΣP

2 -complete.

It turns out that if the coalition partners have expressed consistent

commitments, having a stable set is sufficient to obtain a confirmed

deal.

Proposition 10
Let C = (Ci)i∈N be such that each Ci is a consistent set of commit-
ments with debtor i. If C′ ⊆ C is a stable set of commitments, then
(deb(C′), C′) is a confirmed deal based on C.

Moreover, a connection can be made between stable sets and pos-

sible deals.

Proposition 11
Let C be a stable set of commitments with J = cred(C), then for
every playable coalition strategy ν ∈ SJ of C it holds that (J, ν) is
a possible deal.

Since every safely playable strategy of a confirmed deal (J, C′) is in

particular a playable strategy of the stable set C′, we immediately get

the following result.

Corollary 12
Let (J, C′) be a confirmed deal based on a set of commitments C,
then for every safely playable coalition strategy ν ∈ SJ of (J, C′) it
holds that (J, ν) is a possible deal.

4.2 Nash Equilibria

To illustrate how the introduced notions can be applied, we now show

that agents can choose their commitments such that the union of the

deals is a PNE (if one exists). The following results link the best

response of a debtor to the best responses of the other agents involved

in a deal.

Proposition 13
Let C be a set of commitments in the BG G such that every c ∈ C
respects the debtor’s best responses and let (J, ν) be a possible deal
based on C. For every i ∈ J and every ν′ ∈ SN\J it holds that
BR(G, νi, (ν−i, ν

′)).

Intuitively, Proposition 13 expresses that every possible deal based

on commitments which respect the debtor’s best responses has the

property that, regardless of what the agents who are not part of the

deal decide to do, the agents who are part of the deal play a best

response by playing the strategy specified in the deal.

Corollary 14
Let C be a set of commitments in the BG G such that every c ∈ C re-
spects the debtor’s best responses and let (J, C′) be a confirmed deal
based on C. For every i ∈ J , every safely playable coalition strategy
ν ∈ SJ and every ν′ ∈ SN\J it holds that BR(G, νi, (ν−i, ν

′)).

We can now straightforwardly derive the following proposition from

Proposition 4 and Corollaries 6 and 14.

Proposition 15
Suppose that agents only announce consistent sets of commitments
respecting their best responses. If all agents are part of a confirmed
deal, in either the original BG or one of its reductions based on pre-
viously closed deals, then the union of the safely playable coalition
strategies is a PNE.

Note that, by definition, no agent has an incentive to individually

deviate from an obtained deal which is a PNE. We moreover have

the following result.

Proposition 16
If the BG G has a PNE, then there exists a sequence of commitments
such that every agent is guaranteed to become part of a confirmed
deal and the union of these deals is a PNE, without requiring prior
knowledge of the other agents’ goals.

Note, however, that the existence of a PNE is not required to ob-

tain a confirmed deal. Consider for instance a 2 agent BG with

Φi = {di}, δi = �, Γ1 = {d1 ∧ d2;¬d1 ∧ ¬d2} and Γ2 =
{¬d1∧¬d2; d1∧d2}. In other words, agent 1 prefers disarmament of

both nations over arming both nations, and vice versa for agent 2. If

the agents announce the commitments c1 = (1; 2; d2; d1) and c2 =
(2; 1;¬d1;¬d2) in the first round, there are no possible deals. If

they additionally announce the commitments c′1 = (1; 2;¬d2;¬d1)
and c′2 = (2; 1; d1; d2) in the second round, 2 confirmed deals

involving both agents are obtained, namely ({1, 2}, {c′1, c2}) and

({1, 2}, {c1, c′2}). The unique safely playable strategies are respec-

tively {¬d1,¬d2}, i.e. both nations arm, and {d1, d2}, i.e. both na-

tions disarm. These two outcomes are Pareto optimal, i.e. no other

outcome exists such that both agents would be better off.
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4.3 Commitment-based Deals in Negotiation
Protocols

The formalized concepts of commitments and commitment-based

deals can easily be plugged into existing negotiation protocols. This

allows to select protocols that best suit the needs of the application.

As an illustration, we configure two kinds of protocols.

Firstly, we explain how our notions can be used in a multilateral

monotonic concession protocol [34, 18], in which agents incremen-

tally make concessions to reach an agreement. Given our framework

of BGs with prioritized goal bases, this is a very intuitive approach

for the agents: if a commitment corresponding to the first priority

goal of an agent does not lead to any deal, the agent can concede by

considering its second priority goal as well.

Example 10
Reconsider the context of disarmament of nations and suppose a

pacifistic agent 1 is in a BG with 3 agents and has the goal base

Γ1 = {d1 ∧ d2 ∧ d3; d1 ∧ (d2 ∨ d3); d1}. Its first commitment

would be c1 = (1; {2, 3}; d2 ∧ d3; d1), coinciding with its first pri-

ority goal of global disarmament. Now assume that agents 2 and 3
have communicated commitments such that not a single possible deal

arose, e.g. c2 = (2; {1, 3};¬d1∨¬d3;¬d2) and c3 = (3; 1; d1; d3).
Then agent 1 can concede by communicating the commitment c′1 =
(1; {2, 3}; d2 ∨ d3; d1), coinciding with its second priority goal.

Concessions can thus easily be captured by opening with commit-

ments corresponding to the first priority goal, then conceding to the

disjunction of the first and second priority goal, next to the disjunc-

tion of the first, second and third priority goal etc. Note that in Ex-

ample 10, the disjunction of agent 1’s first and second priority goal

is equivalent with its second priority goal.

The notion of a confirmed deal can fulfill the concept of agree-

ment used in the monotonic concession protocol [34, 18]. In Exam-

ple 10, the concession of agent 1 would lead to the confirmed deal

({1, 3}, {c′1, c3}) based on {c′1, c2, c3}, even without concession of

agents 2 and 3. The corresponding unique safely playable coalition

strategy is {d1, d3}.
Recall that e.g. proposals corresponding to propositional formulas

would not be sufficient to obtain deals between coalitions, as they do

not take the control assignment of the action variables into account.

Finally note that previous work on monotonic commitment conces-

sion does not address goal-related concession [42].

As another example, consider the negotiation protocol described

in [33], in which a broker agent matches proposals, and then notifies

the agents — which submitted the proposals — about the possibility

of agreement. It is easy to see that, by using commitments as propos-

als, we can straightforwardly use our definitions of a deal to capture

the notion of matching proposals. In [33], the agents are supposed

to negotiate about which of the possible agreements is to be chosen

after they received the notification. However, the presence of a bro-

ker agent — a central entity — can also bypass the need of this extra

negotiation by selecting at most one deal per agent. It could even use

a social criterion, e.g. by selecting the deals which involve the largest

number of agents. Whether such interventions are desirable or even

justifiable strongly depends on the context of the application.

5 Related Work

To the best of our knowledge, this paper is the first to study commit-

ments in BGs. Therefore, we structure this section by addressing the

related work w.r.t. BGs and commitments separately.

5.1 Related Work w.r.t. Boolean Games

Our study on opportunities for agreement and the formation of coali-

tions is reminiscent of cooperative game theory [2]. The study of

Boolean games from a cooperative point of view has led to a variety

of concepts, such as e.g. the core, stable sets of outcomes [17], effi-

cient coalitions, weak and strong core [8] and stable coalitions [35].

In this existing work only BGs with a single goal are considered, yet

costs associated with strategies are used to obtain non-binary utilities.

In this paper, however, the coalition concepts, i.e. the deals, are based

on a set of commitments instead of on the BG. Nonetheless, since it

is sensible that agents’ commitments are related to their goals (see

Section 3), it is likely that, under certain assumptions, links can be

found between the different concepts. For instance, in [8] a coalition

is called efficient iff it can satisfy the goal of every coalition partner,

regardless of the strategies of the agents outside the coalition. It is

clear that our concepts offer a way to obtain the efficient coalitions

in the case of BGs with a single goal: if every agent communicates

commitments coinciding with their goal, the efficient coalitions are

exactly the possible deals. Analogously, negotiation strategies might

be characterized such that agents obtain an agreement corresponding

to alternative solution concepts, such as the weak and strong core [8],

as these can be linked to the concept of efficient coalitions. Further

investigation of these links, however, lies beyond the scope of this

paper.

Although negotiation [29, 1] and BGs [9, 17, 14, 7, 8, 41, 5] have

been widely studied, only few works have considered protocols in

BGs which allow agents to actually coordinate towards agreeable

outcomes. A multilateral negotiation protocol for BGs has been in-

vestigated in [17], where it is shown that, when the logical structure

of the goals is restricted to positive goals (i.e. no connectives other

than ∧ and ∨ are used), the protocol is guaranteed to end in a Pareto

optimal outcome, meaning that no agent can improve its position

without another agent being worse off. BGs have also been extended

to endogenous variants [39], involving a pre-play negotiation phase,

in which agents can try to influence the decisions of other agents

by means of side payments, i.e. transferring parts of their utility to

other agents. In [19], an extension of BGs is used to model voting

strategies in binary aggregation. A multilateral negotiation protocol

for BGs with prioritized goals has been developed in [15]. The pro-

tocol is driven by an agreement rule which guarantees a fair and ef-

ficient outcome under complete knowledge about the other agents’

goals. It is extended to BG settings with incomplete knowledge, in

which case a weaker notion of fairness and efficiency is guaranteed.

In this agreement protocol, the order of the agents strongly influences

the outcome. In contrast, in this paper we introduce building blocks

for multilateral negotiation protocols in which arbitrary propositional

formulas can be used to specify goals. Moreover, the building blocks

can be used in protocols in which the ordering of the agents does not

influence the agreements, such as the multilateral protocol with the

broker agent. Furthermore, it is easy to see that the assumption of

transferable utility or knowledge about the other agents’ goals is not

required to obtain deals.

5.2 Related Work w.r.t. Commitments

Outside the setting of BGs, the characterization of commitments and

commitment-based protocols has been extensively studied [36, 25,

40, 16, 31, 32, 37, 12, 28, 22, 38]. Commitments, which can be con-

sidered a form of pre-play moves [25], are studied from a game-

theoretical perspective in Schelling’s seminal work [36]. Schelling
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explains how commitments can be threats, when one commits to

deviate from its own best response to damage the opponent, or

promises, when one commits to deviate from its own best response

to cooperate with the opponent [36]. However, since we assume no

knowledge about the other agents’ goals in this paper, the agents do

not have the required information to determine whether their com-

mitments are either one of these. Instead, commitments here should

be understood primarily as a way to communicate its own incentives,

a point of view which is also noted by Schelling [36].

In this paper, we have introduced the concept of a consistent set

of commitments. A series of postulates for commitments has been

described in [37], in which the debtor and creditor are fixed. Using

the monotonicity postulate, it is clear that an inconsistent set of com-

mitments with a fixed debtor and creditor would violate the strong
consistency postulate. To obtain the notion of consistency as defined

in our paper though, a meaningful generalization of the postulates

to variable creditors is required. In [22], conflicts between commit-

ments are discussed, where it is assumed that the domain dependent

conflict knowledge is already present. For instance, the same car can-

not be rented simultaneously by two different individuals. The frame-

work in [22] is more involved than ours, as it relies on event calculus

to formalize conflicts between commitments. The debtor and cred-

itor are irrelevant in the detection of conflicts [22]. Three different

notions of conflict are defined, but even if we fix the debtor, none

these notions coincide with our concept of consistency, as none of

them seem to take into account whether the antecedents can simulta-

neously be satisfied or not. In [23], the notion of feasibility of com-

mitments is introduced. The intuitive idea behind this concept is the

same as ours w.r.t consistency, i.e. checking whether it is possible

for an agent to fulfill a set of commitments all together [23]. Their

elaboration, however, is slightly different from ours: the feasibility

of the commitments of an agent i does not only take the commit-

ments with debtor i into account, but also those with creditor i. For

instance, if you have committed to make two payments to two differ-

ent agents but only have sufficient money for one of the payments,

we consider this pair of commitments inconsistent. In [23], this set

might still be considered feasible in case there is e.g. a commitment

of a reliable agent to make a payment to you. Moreover, for a set

of commitments to be feasible there should exist an execution that

discharges them all, i.e. that brings about all the consequences [23].

Translated to our framework, that would imply that a pair of commit-

ments of the form (1; 2; d2; d1) and (1; 2;¬d2;¬d1) is not feasible.

In this paper however, this pair is consistent, due to the inconsistency

of the antecedents.

Several studies on the relationship between goals and commit-

ments can be found in the multi-agent literature [11, 38, 20]. The

variety among this work can be partially explained by the usage of

different representations for the goals. The goal models in [11] are

specified in Tropos, an agent-oriented software engineering frame-

work [10]. Goals can either be decomposed as conjunctions or as

disjunctions of subgoals. Moreover, the link between the possible

achievement of pairs of goals is formalized. In this framework, goals

are not prioritized. The authors exploit commitments for goal sup-

port and vice versa and provide elaborated semantics. In [38], goals

consists of a precondition, an in-condition, a post-condition, a suc-

cess condition and a failure condition. An agent can have multiple

goals, but it is assumed that they are mutually consistent. No priority

between goals is used. A formalization from goal to commitment and

vice versa is provided, based on guarded rules. These rules operate

on the goals (e.g. consider, activate, suspend, reactivate, drop) and

commitments (e.g. release, cancel). In [20], goals are represented in

a similar way as in [38], but the in-condition and post-condition are

dropped. The framework also involves beliefs about the other agents’

goals and capabilities. It is likely that BGs could be embedded into

this framework in case it were to be generalized to allow priorities

in the set of goals. As in [11], a notion of goal support is introduced

and the authors provide algorithms to generate commitments to sup-

port their goals [20, 27, 21]. To this end, agents also use their beliefs

about the goals of other agents to formulate commitments which are

more likely to be accepted [20]. The notion of goal support takes

all commitments into account and considers a goal to be supported

if there is a chain of commitments leading to the satisfaction of the

goal. For example, if agent 1 and 2 have communicated the commit-

ments (1; 2; d2; d1) and (2; 1; d1; d2), then none of these agents is

considered to support the goal γ = d1 ∧ d2. In contrast, we con-

sider these as commitments coinciding with γ, which moreover form

a stable set to bring about γ. Investigating the possible formal links

between the aforementioned work and ours is an interesting topic for

further research.

A large amount of the prior work on commitment-based protocols

mainly focuses on practical aspects, e.g. investigating the life-cycle

of commitments [40], solving misalignment [12], detecting excep-

tions in commitments [28], applications in a business context [16],

etc., and pays less attention to the underlying multi-agent system. In

contrast, we analyze commitment-based deals specifically in the con-

text of BGs, allowing us to exploit game-theoretical concepts such as

utility and best response to define sensible commitments and to in-

troduce suitable notions of deals between coalitions of agents.

6 Conclusion

The aim of this paper was to study, at a general level, the notion of

commitments and commitment-based deals in Boolean games. First

we have formalized the notion of commitments and explained how

goals can be related to sets of commitments. Then, we investigated

commitment-based deals, which rely on the idea of identifying sta-

ble sets among the commitments made by a group of agents. Finally,

we have illustrated how the notions of commitments and deals can

be used to guarantee e.g. the Nash property in the obtained deals, or

to configure existing negotiation protocols. The latter allows a flex-

ible use of the introduced concepts: depending on the application

context one can, for instance, either plug our building blocks into a

distributed or a centralized protocol.

Note that in a practical implementation, additional aspects might

need to be addressed. However, to a large extent we can rely

on the available results w.r.t. (algebraic) formalization of commit-

ments [32, 37, 38] and commitment-based protocols [40, 31, 12]. For

instance, to escape deadlock agreements (characterized by cyclic de-

pendencies) or avoid the possibility of cheating caused by imperfect

synchrony, one could respectively rely on the 2PC protocol [40] and

the lockstep-protocol [4]. Deciding which confirmed deal is closed

when more than one arises should also be addressed (e.g. choosing

the largest coalition).

Finally, an important issue is how agents can act strategically in

how they formulate commitments. This should be based on their be-

liefs about the other agents’ goals, their risk aversion and/or their

readiness to concede, and could be implemented using techniques

such as Monte Carlo tree search. Alternatively, an approach similar

to the one in [20] can be investigated, where the beliefs about the

agents’ goals are used to generate commitments that are more likely

to be accepted by other agents.
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A Joint Model for Sentiment-Aware Topic Detection on
Social Media

Kang Xu and Guilin Qi and Junheng Huang and Tianxing Wu 1

Abstract. Joint sentiment/topic models are widely applied in

detecting sentiment-aware topics on the lengthy review data and

they are achieved with Latent Dirichlet Allocation (LDA) based

model. Nowadays plenty of user-generated posts, e.g., tweets and

E-commerce short reviews, are published on the social media and

the posts imply the public’s sentiments (i.e., positive and negative)

towards various topics. However, the existing sentiment/topic mod-

els are not applicable to detect sentiment-aware topics on the posts,

i.e., short texts, because applying the models to the short texts di-

rectly will suffer from the context sparsity problem. In this paper,

we propose a Time-User Sentiment/Topic Latent Dirichlet Alloca-

tion (TUS-LDA) which aggregates posts in the same timeslice or

user as a pseudo-document to alleviate the context sparsity prob-

lem. Moreover, we design approaches for parameter inference and

incorporating prior knowledge into TUS-LDA. Experiments on the

Sentiment140 and tweets of electronic products from Twitter7 show

that TUS-LDA outperforms previous models in the tasks of senti-

ment classification and sentiment-aware topic extraction. Finally, we

visualize the sentiment-aware topics discovered by TUS-LDA.

1 Introduction

With the rapid growth of Web 2.0, a mass of user-generated posts,

e.g., tweets and E-commerce short reviews, which capture people’s

interests, thoughts, sentiments and actions. The posts have been accu-

mulating on the social media with each passing day. Sentiment anal-

ysis attempts to find user preference, likes and dislikes from the posts

on social media, such as reviews, blogs and microblogs [21] and topic

modeling attempts to discover the topics or aspects from from re-

views, blogs and microblogs etc [3]. Topic modeling and sentiment

analysis on the posts are two significant tasks which can benefit many

people. For example, we can discover a topic about “Apple Inc.” and

the overall sentiment of the topic. The sentiment of the topic about

“Apple Inc.” is implicitly associated with the stock trading of “Apple

Inc.”, because negative sentiments towards the company on social

media can fall sales and financial gains but positive sentiments can

improve sales [2]. Topic modeling [1] focuses on extracting word-

level or document-level topics, while sentiment analysis [23] is to

analyze the sentiments of words or documents.

Topic modeling and sentiment analysis on the social media are

complementary where sentiments on the social media often change

over different topics and topics on the social media are always re-

lated to public sentiments. So jointly modeling topics and sentiments

on the social media is a feasible and significative task and it can re-

flect people’s sentiment on different topics. However, unlike the nor-

1 Southeast University, Nanjing, China
Email: {kxu,gqi,jhhuang,wutianxing}@seu.edu.cn

mal documents (e.g., news and long reviews), the short and informal

characteristic of the posts, e.g., tweets and short reviews, on the so-

cial media makes the tasks of topic modeling and sentiment analysis

more challenging.

By jointly modeling topics and sentiments on social media, we

want to obtain sentiment-aware topics from the posts, e.g., a topic

about “Apple Inc.” (‘ipad’, ‘iphone’, ‘itouch’, ‘imac’, ‘beautiful’ and

‘popular’) with the overall sentiment polarity “positive”. Topic mod-

els, e.g., LDA [1] and pLSA [10], originally focus on mining top-

ics from texts, but the models can also be extended to extract an

extra aspect of texts, i.e., sentiment. Conventional sentiment-aware

topic models, like Joint Sentiment/Topic Model (JST) [15] and As-

pect/Sentiment Unification Model (ASUM) [11], are utilized for un-

covering the hidden topics and sentiments from text corpus where

each document is a mixture of sentiment/topics and each senti-

ment/topic is a mixture of words. Thereinto, each sentiment label

in the models is viewed as a special kind of topic where topics are

unknown and data-driven but sentiments are known and specified.

However, for the short and informal characteristic of the posts, ap-

plying the models to the short posts on the social media directly al-

ways suffers from the context sparsity problem. So the models fail to

recognize the accurate sentiments and senses of words in the posts.

One simple and effective way to alleviate the sparsity problem is

to aggregate short posts into lengthy pseudo-documents [5, 31]. Here

we assume that the posts on the social media are a mixture of two

kinds of topics: temporal topics which are related to current events

(e.g., tweets about a topic “Announcement of iphone SE” in Fig 1(a)

which are produced in a timeslice) and stable topics which are related

to personal interests (e.g., tweets about a topic “Apple products” in

Fig 1(b) which are produced by a user). Thereinto, temporal topics

are sensitive to time. If posts belong to temporal topics, we aggregate

the posts in the same timeslice as a single document. We assume each

timeslice is a mixture of sentiment-aware topics, i.e., each sentiment

in the timeslice corresponds to several topics. Similar to temporal

topics, stable topics are related to specific users and each user is a

mixture of sentiment-aware topics. If a post belongs to a temporal

topic, the post is assigned to a sentiment-aware topic in its publishing

timeslice; otherwise, it is assigned to a sentiment-aware topic in its

publishing user.

Moreover, based on the analysis of the characteristics of topics and

sentiments, we exploit the important observation of topics: A single

post always talks about a single topic [31]. Although a post usually

talks about a single topic, a post may talk about multiple aspects of

the topic with different sentiment polarities [12, 18].

For example, while the following short review of cannon cam-

era from Amazon.com expresses the overall sentiment polarity of

Camera, which corresponds to the part in italics, as positive, it addi-
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(a) Announcement of iPhone SE (b) Apple products

Figure 1. (a) A temporal topic (b) A stable topic

tionally expresses a negative opinions towards the camera’s lenses
which corresponds to the part in bold.

Camera is great, but lenses are crap and cheap and don’t
work on auto focus. Buy body and lenses separately.

For a tweet, it can express a positive, a negative or neutral

sentiment, and it can also express both positive and negative

sentiments[24].

So, for sentiment polarities, we exploit the observation that words

in a single post may correspond to multiple sentiment polarities [12,

18]. A post can talk about the same topic with different sentiments.

For better modeling topics and sentiments respectively, we follow

the assumption that words in the same post shouldbelong to the same

topic, but they can have different sentiments.

Moreover, we add a sentiment label for each post. The sentiment

label represents the overall sentiment polarities of the post and is

determined by the sentiment polarities of words in the post. If words

of a post express both positive and negative sentiments, the overall

sentiment polarities of the post should be judged as the stronger one

[24]. The sentiment label is utilized to model the association between

sentiments and topics.

In this paper, we propose a novel Time-User Sentiment/Topic La-

tent Dirichlet Allocation (TUS-LDA) to mine sentiment-aware topics

from the user-generated posts on social media.

There exist four main contributions of TUS-LDA:

1) TUS-LDA aggregates posts in the same timeslice or user as a

single document to alleviate the context sparsity problem.

2) We design different ways to model topics and sentiments based

on the characteristics of topics and sentiments. Thereinto, the sen-

timents of a post and the words in the post are all drawn from

document-level sentiment distribution. Within the chosen sentiment

of the post, the topic of the post is drawn from a user-level or

timeslice-level sentiment/topic distribution.

3) We design approaches of parameter inference and incorporating

prior sentiment knowledge for TUS-LDA.

4) We implement experiments on two datasets to evaluate the ef-

fectiveness of sentiment classification and topic extraction in TUS-

LDA and visualize sentiment-aware topics discovered by TUS-LDA.

The rest of the paper is organized as follows: in Section 2, we in-

troduce the related work about topic models on short texts and joint

sentiment/topic models; in Section 3, we give the definitions of the

basic terminologies we will use in our paper; in Section 4 we present

our proposed model Time-User Sentiment/Topic Latent Dirichlet Al-

location (TUS-LDA); Experimental settings and results are shown in

Section 5. Finally, in Section 6, we conclude this paper and lists the

future work.

2 Related Work

2.1 Topic Models on Short Texts

LDA [1] and PLSA [10] originally focus on mining topics from

lengthy documents. Recently topic modeling in the posts on social

media is popular, however, it also suffers from the context sparsity

problem of the posts. To overcome the sparsity problem of posts on

the social media, there exist some work of aggregating posts into

pseudo-documents. In [31], Twitter-LDA aggregated posts published

by a user into one lengthy pseudo-document and made words in the

same post belong to the same topic. In [5], posts in TimeUserLDA

were aggregated by timeslices or users for finding bursty topics

where posts belong to two kinds of topics: personal topics and tem-

poral topics. Similar to TimeUserLDA, posts in TUK-TTM [29]

were also aggregated by timeslices or users and TUK-TTM was

utilized for time-aware personalized hashtag recommendation. Al-

though these models can alleviate the problem of the context sparsity

of posts on social media, they did not model an extra aspect of posts,

i.e., sentiment.

2.2 Joint Sentiment/Topic Models

Recently, some topic models have been extended to model topics and

sentiments jointly. The first work of topic and sentiment modeling is

Topic-Sentiment Mixture model TSM [19]. In TSM, a sentiment is a

special kind of topic and each word is generated from either a senti-

ment or a topic. The relation between sentiments and topics cannot

be mined by TSM. At the same time, TSM is based on PLSA and suf-

fers from the problems of inferencing on new documents and over-

fitting the data. To overcome these shortcomings, Joint Sentiment-
Topic model (JST) [15] which is a two-level sentiment-topic model

based on Latent Dirichlet Allocation (LDA) was proposed. In JST,

sentiment labels are associated with documents, under which top-

ics are associated with sentiment labels and words are associated

with both sentiment labels and topics. Reverse-JST (RJST) [16] is

a variant of JST where the position of sentiment and topic layer is

swapped. In JST, topics were generated conditioned on a sentiment

polarity, while in RJST sentiments were generated conditioned on a

topic. Aspect/Sentiment Unification Model (ASUM) [11] is simi-

lar to JST. In ASUM, words in the same sentence belong to the same

sentiment and topic. Sentiment Topic Model with Decomposed Prior

(STDP) [32] is anthor variant of JST. STDP first determined whether

the word is used as a sentiment word or ordinary topic words and

then chose the accurate sentiments for sentiment words. Time-aware
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(a) TS-LDA (b) US-LDA (c) TUS-LDA

Figure 2. The graphical representation of the proposed model (TS-LDA (a), US-LDA (b), TUS-LDA (c)). Shaded circles are observations or constants.

Unshaded ones are hidden variables.

Topic-Sentiment Model (TTS) [4] extracted the hidden topics from

texts and modeled the association between topics and sentiments and

tracked the strength of topic-sentiment association over time. In TTS,

time is viewed as a special word to bias the topic-sentiment distri-

butions. But in our model, we use time to aggregate short texts and

generate pseudo documents for modeling topics and sentiments. JST,

RJST, ASUM, STDP and TTS are designed for normal texts where

each piece of text has rich context to infer topics and sentiments, but

our work models posts (i.e., short and informal texts) on social me-

dia and all of these models lose efficacy in the short and informal

texts. MaxEnt-LDA [30] jointly discovers both aspects and aspect-

specific opinion words by integrating a supervised maximum entropy

algorithm to separate opinion words from objective ones. However, it

does not further discover aspect-aware sentiment polarities of opin-

ion words, which are very useful for sentiment analysis.

In our model, we focus on short and informal texts on social me-

dia. There exists some work about LDA-based sentiment analysis

on social media. Twitter Opinion Topic Model (TOTM) [14] aggre-

gated or summarized opinions of a product from tweets, which can

discover target specific opinion words and improve opinion predic-

tion. Topic Sentiment Latent Dirichlet Allocation (TSLDA) [22] uti-

lized sentiments on social media for predicting stock price move-

ment. TSLDA distinguished topic words and opinion words where

topic words were drawn from the topic-word distribution and opin-

ion words were drawn from the sentiment-topic-word distribution.

Although these two work focuses on posts on social media, they do

not consider and solve the context sparsity problem of posts.

3 Problem Definition
In this section, we define the basic terminologies we will use in this

paper.

• Post: A post contains a sequence of words which express the opin-

ions and thoughts of people towards different things (e.g., a tweet

or a review).

• User: Each user-generated post has a user identification that spec-

ifies who publishes the post.

• Timeslice: Each user-generated post has a timeslice that specifies

when the user publishes the post, in this paper, the length of times-

lice is a day.

• Topic: A topic is a discrete piece of content that is about a specific

subject, has an identifiable purpose (e.g., an event, a current hot

problem and a product). Here, a topic is represented as a list of

words.

• Aspect: An aspect refers to a distinct ratable facet of an entity. For

a product, an aspect is an attribute or a component of the product

that has been commented on in a review, e.g., “screen” for a digital

camera. For an event or other kinds of topics, an aspect can be par-

ticipants of the topic [25], e.g., “Obama” in the event of “Obama’s

visit to cuba”.

• Sentiment: Sentiment is a label which refers to the polarity in

which a concept or opinion is interpreted [17], i.e., “positive” and

“negative”. For example, “positive” is a sentiment for the post

“Tom was glad to visit his friends.”.

• Sentiment-aware topic: A sentiment-aware topic is a topic la-

beled with a sentiment polarity. For example, the overall senti-

ment of the topic “Obama’s visit to cuba” is positive, so the topic

“Obama’s visit to cuba” is a positive topic.

4 The Proposed Models
In this section, we firstly introduce the notation and formally formu-

late our problem. Then, we describe the method utilized for learn-

ing parameters. Finally, we present the method of incorporating prior

knowledge into our model.

4.1 The Generation Process
It is assumed that there exists a stream of M posts, denoted as

d1, d2, ..., dM . Each post dm is generated by a user um within a

timeslice tm and the post dm contains a bag of words, denoted as

{wm,1, wm,2, ..., wm,Nm}.
In LDA, a document is viewed as a multinomial distribution

over topics and a topic is a multinomial distribution over words. In

JST, each document is associated with the sentiment/topic distribu-

tion, i.e., each sentiment in the document has a topic distribution;

the document also has a sentiment distribution for document-level

sentiment-classification and a sentiment/topic is a multinomial dis-

tribution over words. LDA and JST only work well for lengthy doc-

uments, because the lengthy document have rich contexts. Based on

the analysis of posts on the social media, words in the same post tend

to be about a single topic [31]. However, the sentiment polarities of

words in the same post can be different [12]. At the same time, to

model the association between sentiments and topics, we also add

a sentiment label for each post which is determined by the overall

sentiment of all the words in the post.

On social media, a part of posts talks about stable topics which

are related to users’ personal interests with certain sentiments, so we
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introduce a global sentiment/topic distribution δ for each user to cap-

ture personal long-term topical interests and sentiment preferences.

Another part of posts is about temporal topics which are related to

current events with the corresponding sentiments, so we add a time-

dependent sentiment/topic distribution θ for each timeslice to capture

temporal topics and the sentiments towards the topics.

Here, we construct the generative process of all the posts in the

stream. When a user um publishes a post dm within a timeslice tm,

the user first utilizes the variable ym , which is drawn from the global

user-timeslice switch distribution ε, to decide whether the post talks

about a stable topic or a temporal topic. Then the user chooses a

sentiment label lm for the post from the document-sentiment πm.

If the user chooses a stable topic um and a sentiment label lm, the

user then selects a topic zm from δum,lm ; otherwise, the user selects

a topic zm from θtm,lm . For each word wm,i in the post dm, the

user first chooses a sentiment label lm,i; with the chosen topic zm
and sentiment label lm,i, the word is drawn from the sentiment-topic

word distribution ϕlm,i,zm .

The notations in this paper are summarized in Table 1. Fig 2(c)

shows the graphical representation of the generation process. For-

mally, the generative story for each post is as follows:

1. Draw ε ∼ Beta(γ)
2. For each timeslice t = 1, ..., T

i. For each sentiment label s = 0, 1, 2

a. Draw θt,s ∼ Dir(α)

3. For each user u = 1, ..., U

i. For each sentiment label s = 0, 1, 2

a. Draw δu,s ∼ Dir(α)

4. For each sentiment label s = 0, 1, 2

i. For each topic k = 1, ...,K

a. Draw ϕs,k ∼ Dir(β)

5. For each post dm, m = 1, ...,M

i. Draw πm ∼ Dir(λ)

ii. Draw lm ∼ Multi(πm)

iii. Draw ym ∼ Bernoulli(ε)

iv. if ym=0, Draw zm ∼ Multi(θum,lm) or if ym=1, Draw

zm ∼ Multi(δtm,lm)

v. For each word w i = 1, ...Nm

a. Draw lm,i ∼ Multi(πm)

b. Draw wm,i ∼ Multi(ϕzm,lm,i)

There are two degenerate variations of our model which are shown

in the experiments. The first one is depicted in Fig 2(a), which con-

siders the temporal topic-sentiment distribution. The second one is

depicted in Fig 2(b), which only considers the stable topic-sentiment

distribution. We refer to our complete model as TUS-LDA, the model

in Fig 2(a) as TS-LDA and the model in Fig 2(b) as US-LDA.

4.2 Parameters Inference
Like LDA, exact inference is intractable in our models. Hence ap-

proximate estimation approaches, such as Gibbs Sampling [9], are

utilized to solve the problem. Gibbs Sampling, a special case of

Markov Chain Monte Carlo (MCMC) [6], is a relatively simple al-

gorithm of approximate inference for our models. Due to space lim-

itation, only the final formulas are given here.

Table 1. Notation used in the TUS-LDA model

Symbol Description
M,K number of documents,topics

V,U,T number of vocabulary,users,timeslices
Z,W,Y all the topics, words, user-timeslice switches

T,U all the timeslices and users

L,L̄ all the sentiments of posts and words
Nm number of word tokens in post dm

um, tm
ym, lm

user,timeslice,user-timeslice switch
and sentiment of post dm

lm,i sentiment of word wm,i

ε beta distribution of stable topics and temporal topics

πm document-sentiment distribution, Ω = {πm}Mm=1
θt,s timeslice-sentiment topic distribution, Θ = {θt,s}T∗St=1,s=1

δu,s user-sentiment topic distribution, Φ = {δu,s}U∗Su=1,s=1

ϕs,k sentiment-topic word distribution, Ψ = {ϕs,k}S∗Ks=1,k=1

α hyperparameters of θt,s and δu,s
β, λ hyperparameters of ϕs,k, πm

γ hyperparameters of ε
ωs prior knowledge of ϕs,k

4.2.1 Joint Distribution

The joint probability of words, users, timeslices, timeslices-user

switches, topics and sentiments can be factored in Eq 1, where ε,

π, ϕ, δ and θ are integrated and−→nm counts the number of three sen-

timent labels of a post and the words in the post (All the notations

are illustrated in Table 1.).

PTUS−LDA(Z,W,T,U,Y,L, L̄|α, γ, λ, β, ω) =
P (Y|γ)P (L|λ)P (Z|Y,L, α)P (L̄|λ)P (W|Z, L̄, β, ω) =

Δ(−→n y +−→γ )

Δ(−→γ )
×

M∏
m=1

Δ(−→nm +
−→
λ )

Δ(
−→
λ )

×
U∏

u=1

S∏
s=1

Δ(−→n u,s +
−→α )

Δ(−→α )

×
T∏

t=1

S∏
s=1

Δ(−→n t,s +
−→α )

Δ(−→α )
×

S∏
s=1

K∏
k=1

Δ(−→n s,k +
−→
β )

Δ(
−→
β )

;

Δ =

∏dim−→x
k=1 Γ(xk)

Γ(
∏dim−→x

k=1 xk)
,−→n y = {n0

y, n
1
y},−→nm = {npos

m , nneg
m }

−→n u,s = {nk
u,s}Kk=1,

−→n t,s = {nk
t,s}Kk=1,

−→n s,k = {nv
s,k}Vv=1

(1)

4.2.2 Posterior Distribution

Posterior distribution is estimated as follows: for the i-th post, the

user ui and timeslice ti are known. yi, zi and li can be jointly sam-

pled given all other variables. Here, we use y to denote all the hidden

variables y and y−i to denote all the other y except yi. All the hyper-

parameters are omitted.

P (yi = 0, zi = k, li = s|y−i, z−i, l−i, l,w) ∝ γ0 + n0
y,−i∑2

p=1 γp + np
y,−i

× λs + ns
m,−i∑S

s
′
=1

λs
′ + ns

m,−i

× αk + nk
u,s,−i∑K

k=1 αk
′ + nk

′
u,s,−i

×
∏V

v=1

∏N(v)−1

nv=0 (βs,k + nv
s,k,−i + nv)∏N−1

n=0 (
∑V

v
′
=1

(βs,k + nv
′

s,k,−i) + n)

(2)

If yi=0, the i-th post talks about a stable topic, the sampling for-

mula is shown in Eq 2; otherwise, the i-th post talks about a temporal

topic, the sampling formula is shown in Eq 3.
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P (yi = 1, zi = k, li = s|y−i, z−i, l−i, l,w) ∝ γ1 + n1
y,−i∑2

p=1 γp + np
y,−i

× λs + ns
m,−i∑S

s
′
=1

λs
′ + ns

m,−i

× αk + nk
t,s,−i∑K

k
′
=1

αk
′ + nk

′
t,s,−i

×
∏V

v=1

∏N(v)−1

nv=0 (βs,k + nv
s,k,−i + nv)∏N−1

n=0 (
∑V

v
′
=1

(βs,k + nv
′

s,k,−i) + n)

(3)

For the j-th word in the i-th post, the sample formula of is shown

in Eq 4.

P (lij = s|z, l−ij ,w, y, l) ∝ λs + ns
m,−ij∑S

s
′
=1

(λs
′ + ns

′
m,−ij)

× βv
s,k + nv

s,k.−ij∑V
v
′
=1

(βv
′

s,k + nv
′

s,k.−ij)

(4)

Samples obtained from MCMC are then utilized for estimating the

distributions π ( Eq 5 ), δ ( Eq 6 ) and θ ( Eq 7 ), φ ( Eq 8 ).

πs
m =

λs + ns
m∑S

s
′
=1

(λ′s + ns
′

m)
(5)

δku,s =
αk + nk

u,s∑K
k
′
=1

(αk
′ + nk

′
u,s)

(6)

θkt,s =
αk + nk

t,s∑K
k
′
=1

(αk
′ + nk

′
t,s)

(7)

ϕv
s,k =

βv
s,k + nv

s,k∑V
v
′
=1

(βv
′

s,k + nv
′

s,k)
(8)

4.2.3 Gibbs Sampling Algorithm

A complete overview of Gibbs sampling procedure is given in Algo-

rithm 1 (All the notations are listed in Table 1).

4.3 Incorporating Prior Knowledge
Drawing on the experience of JST and RJST [16], we also add an ad-

ditional dependency link of ϕ on the matrix ω of size S ∗V , which is

utilized for encoding word prior sentiment information into the TUS-

LDA and its variants. To incorporate prior knowledge into TUS-LDA

and its variants, we first set all the values of ω as 1. Then the matrix

ω is updated with a sentiment lexicon which contains words with the

corresponding sentiment labels, i.e., positive and negative. For each

term w ∈ {1, ..., V } in the corpus, if w is found in the sentiment

lexicon with the sentiment label l ∈ {1, ..., S}, the element ωlw is

set as 1 and other elements of the word w are set as 0. The element

lw is updated as follows:

ωlw =

{
1 if S(w)=l

0 otherwise

The Dirichlet prior β of the size S ∗K ∗ V are multiplied by the

matrix ω (a transformation matrix) to capture the word prior senti-

ment polarity.

Algorithm 1: Inference on TUS-LDA

Input: α,γ,λ,β,ω
1 Initialize matrices Ω, Θ, Φ, Ψ and ε.

2 for iteration c=1 to numIterations do
3 for post m=1 to M do
4 Exclude post m and update count variables.

5 Sample a timeslice-user switch, topic and sentiment

label for post m.

6 if y=0 then
7 Use Eq 2

8 if y=1 then
9 Use Eq 3

10 Update count variables with new timeslice-user switch,

topic and sentiment label.

11 for n=1 to nm do
12 Exclude word wn and update count variables.

13 Sample the sentiment label for word wn using Eq 4.

14 Update count variables with new sentiment label.

15 Update matrices Ω, Φ, Θ, Ψ using Eq 5, 6, 7, 8

5 Experiment Analysis

5.1 Dataset Description and Preprocessing

For experiments, we performed sentiment-aware topic discovery and

sentiment classification on tweets, which are characterized by their

limited 140 characters text. We selected tweets, which are related to

electronic products such as camera and mobile phones, from Tweet72

and all the queried words are listed in Table 2). These tweets con-

tain the description and reviews of various electronic products and

correspond to multiple sentiment-aware topics. Besides, each tweet

contains the content, the release timeslice, the user information.

Table 2. Selected Words for Extracting Tweets Related to Electronics Prod-

ucts

iphone, blackberry, nokia, palmpre, sony, motorola, canon,
nikon, dell, lenovo, toshiba, acer, asus, macbook, hp,alienware,
camera, laptop, tablet, netbook, ipad, ipod, xbox,playstation,
wii, phone, nintendo, printer, panasonic, epson,samsung,
kyocera, ibm, sony, microsoft, lg, hitachi, scanner,computer,
fujitsu, kodak, gameboy, sega, squareenix, android,ios,
windows, operatingsystem, apple

Due to the lack of sentiment labels on the Tweet7, we utilized the

Sentiment1403 [8], which contains 1.6 million tweets, for sentiment

classification evaluation. Each tweet in Sentiment140 has the con-

tent, a release timeslice, a user and the overall polarity label (positive

or negative). The number of positive and negative tweets are nearly

identical.

We followed the preprocessing steps in BTM [28]. To improve the

quality of our model, we added two extra steps: (1) Part-of-speech

tagging of tweet contents using the Part-of-speech tagger4 specially

trained on tweets [7], retaining the words tagged as nouns, verbs or

adjectives; (2) Lemmatizing words tagged as noun, verb, which was

used to reduce inflectional forms and sometimes derivationally re-

lated forms of a word to a common base form. After preprocessing,

2 https://snap.stanford.edu/data/twitter7.html
3 http://help.sentiment140.com/for-students/
4 http://www.ark.cs.cmu.edu/TweetNLP/
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(a) Accuracy (b) Precision

(c) Recall (d) F1

Figure 3. (a) Accuracy (b) Precision (c)Recall (d) F1 of sentiment classification

as is shown in Table 3, we left 2,766,325 valid tweets, 80,083 dis-

tinct words, 174 timeslices (days) and 572,238 users in Tweet7, and

we left 258,268 valid tweets, 29,486 distinct words, 48 timeslices

(days) and 21,815 users in Sentiment140.

Table 3. Corpus Statistics

Electronic Senti140
Number of tweets 2,766,325 258,268

Users 572,238 21,815
Timeslices 174 48

5.2 Sentiment Lexicon
In JST [15] and our models, each sentiment label is viewed as a spe-

cial kind of topic that we have known in advance. To improve the

accuracy of sentiment detection, we need to incorporate prior knowl-

edge or subjectivity lexicon (i.e., words with positive or negative po-

larity). Here, we chose PARADIGM [26], which consists of a set of

positive and negative words, e.g., happy and sad. It defines the pos-

itive and negative semantic orientation of words. Moreover, emoti-

cons are also strong emotion indicators on social media. The entire

list of emoticons is taken from Wikipedia5. To adjust to our scenario

on social media, we just chose a subset of the emoticons in Table 4.

5.3 Parameter Settings
To optimize the number of topics K, we empircally ran the models

with four values of K: 10, 20, 50 and 100 in Sentiment140 and ran

5 https://en.wikipedia.org/wiki/List of emoticons

Table 4. Emoticons

Positive Negative
:-) :o) :] :3 :c)

:> =] 8) : } :-D
;-D :D 8-D \o/ˆ̂

:} (̂ô)/ (̂̂)/

>:-( >:[ :-( :c
:@ >:( ;( ;-( :’-(
:’( D; (T T) (; ;)

(; :) T.T ! !

the models with three values of K: 10, 20, 50 in Twitter7 (In Twit-

ter7, these tweets only contain a small number of electronic product-

related topics). In our model, we simply selected symmetric Dirichlet

prior vectors as is empircally done in JST and ASUM. For JST and

ASUM, α = 50
K
, β = 0.01 and γ = 0.01. For TUS-LDA, we set

α = 0.5, γ = 0.01, λ = 0.01 and β = 0.01. These LDA-based

models are not sensitive to the hyperparameters [27]. In all the meth-

ods, Gibbs sampling was run for 1,000 iterations with 200 burn-in

periods.

5.4 Quantitative Evaluations
5.4.1 Sentiment Classification

In this section, we performed a sentiment classification task to predict

the sentiment labels of the test data in Sentiment140. Note that the

Sentiment140 tweets do not contain neutral tweets. We determined

the polarity of a tweet m by selecting the polarity s that has a higher

probability in πs
m (πm is the sentiment distribution of the m-th post),

the function is shown in Eq 9.

polarity(m) = argmax
s={neg,pos}

πs
m (9)

We present the results of sentiment classification with Accuracy,

Precision, Recall and F1 which are defined in the following.
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Table 5. Average coherence score on the top T words in the K topics discovered on tweets of electronic products

T Top 5 Top 10 Top 20
K 10 20 50 10 20 50 10 20 50

JST -39.88 -42.08 -41.68 -242.74 -246.79 -251.97 -1139.43 -1145.36 -1142.01
ASUM -38.02 -39.86 -39.58 -240.47 -243.97 -246.47 -1135.44 -1131.96 -1135.27

TS-LDA -35.53 -37.66 -38.91 -238.29 -240.87 -244.71 -1136.04 -1133.02 -1130.81
US-LDA -36.42 -36.84 -36.59 -237.01 -238.67 -245.29 -1134.07 -1130.45 -1132.23

TUS-LDA -33.91 -35.7 -35.61 -233.08 -234.72 -241.78 -1030.83 -1127.64 -1130.02

(a) Proportion of coherent topics generated by each model in K =
10, 20, 50

(b) Average Precision @20 (p @20) of words in coherent topics
generated by each model in K = 10, 20, 50

Figure 4. (a) Proportion of coherent topics (b) Average Precision @20 (p @20) of words in coherent topics

Accuracy is the proportion of true results (both true positives and

true negatives) among the total number of cases examined in the

binary classification.

Precision is the proportion of the true positives against all the

predicated positive results (both true positives and false positives)

in the binary classification.

Recall is the proportion of the true positives against all the ac-

tual positive results (both true positives and false negatives) in the

binary classification.

F1 is the harmonic mean of Precision and Recall.

Based on the results of sentiment classification, we can see that

TUS-LDA outperformed JST, ASUM, TS-LDA and US-LDA in F1
(Fig 3(d)). For Recall (3(c)), ASUM, TS-LDA, US-LDA and TUS-

LDA performed equally well, JST performed worst. For Accuracy
(Fig 3(a)) and Precision (Fig 3(b)), TUS-LDA performed best and

TS-LDA performed better than US-LDA. There exist 48 timeslices

and 21,815 users, the number of users is far more than that of times-

lices which causes that modeling tweets aggregated in timeslices per-

formed better than tweets aggregated in users. Aggregating tweets in

timeslices or users (i.e., TUS-LDA) with K = 10 performed best in

Sentiment140.

5.4.2 Topic Coherence

Another goal of TUS-LDA is to extract coherent sentiment-aware

topics from user-generated post collection and evaluate the effec-

tiveness of topic and sentiment captured by our models. In order to

conduct quantitative evaluation of topic coherence, we used an au-

tomated metric proposed in [20], which is shown in Eq 10, where

topic coherence, denoted as D(v), is the document frequency of

word v, D(v, v
′
) is the co-document frequency of word v and v

′
and

V (k) = (v
(k)
1 , ..., v

(k)
T ) is a list of the T most probable words in topic

k. The key idea of the coherence score is that if a word pair is related

to the same topic, they will co-occur frequently in the corpus. In or-

der to quantify the overall coherence of the discovered topics, the av-

erage coherence score, 1
K

∑k C(zk;V
(zk)) , was utilized. We con-

ducted and evaluated the topic extraction experiments on the tweets

of electronic products. Here we also compared TUS-LDA with four

sentiment-topic models: JST, ASUM, TS-LDA and US-LDA. In this

collection, we set the number of topics K = 10, 20, 50 for all the

methods. The result is listed in Table 5. From the topic coherent re-

sults, it is clear that aggregating tweets in timeslices or users (TUS-

LDA) directly leads to significant improvement of topic coherent.

Note that TUS-LDA also performed best in the topic coherent and

the performance of TS-LDA (aggregating tweets in timeslices) was

similar to US-LDA (aggregating tweets in users).

C(t;V (t)) =
M∑

m=2

m−1∑
l=1

log
D(v

(t)
m , v

(t)
l ) + 1

D(v
(t)
l )

(10)

5.4.3 Human Evaluation

As our objective is to discover more coherent sentiment-aware top-

ics, so we chose to evaluate the topics manually which is based on

human judgement. Without enough knowledge, the annotation will

not be credible. Following [20], we asked two human judges, who

are familiar with common knowledge and skilled in looking up the

test tweet dataset, to annotate the discovered sentiment-aware topics

manually. To ensure the annotation reliable, we labeled the generated

topics by all the baseline models and our proposed model at learning

iteration 10.

Topic Labeling: Following [20], we asked the judges to label each

sentiment-aware topic as coherent or incoherent. Each sentiment-

aware topic is represented as a list of 20 most probable words in

word distribution ϕ of the topic. Here they annotated a sentiment-

aware topic as coherent when at least half of top 20 words were
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Table 6. Example of topics extracted by TUS-LDA

Positive sentiment label Negative sentiment label
Topic 1 Topic 2 Topic 3 Topic 1 Topic 2 Topic 3
camera ipod xbox printer window phone

digit song game ink vista problem
canon phone live print us information
nikon listen sale cartridge microsoft security
new music console toner install strange
len love plai laser download risk

photograph new playstat color software finiance
review play ps3 laserjet file mobile

panason shuffle microsoft paper free digit
slr good new scanner server on-line

related to the same semantic-coherent concept (e.g., an event, a hot

topic) and the sentiment polarities of the words are accurate, others

were incoherent..
Word Labeling: Then we chose coherent sentiment-aware top-

ics which were judged before and asked judges to label each word

of the top 20 words among these coherent sentiment-aware topics.

When a word was in accordance with the main semantic-coherent

concept that represents the topic, the word was annotated as correct
and others were incorrect. After topic labeling, the judges had

known the concept of each sentiment-aware topic and the overall

sentiment of the topic, it is easy to label words of each sentiment-

aware topic. As is shown in Table 7, the annotation of both judges

in Precision@20 (or p@20) also have good agreements (Cohen’s

Kappa score is greater than 0.8 [13]).

Table 7. Cohen’s Kappa for pairwise inter-rater agreements

Topic Labeling
Word Labeling

p@5 p@10 p@20
Kappa 0.820 0.911 0.821 0.816

Figure 4(a) shows that TUS-LDA can discover more coherent
topics than JST, ASUM, TS-LDA and US-LDA. Thereinto, TUS-

LDA can discover the nearly equal number of positive and negative

topics. Figure 4(b) gives the average Precision@20 of all coher-

ent topics. TUS-LDA performed better than other four models and

performed best in K = 10.

From the above, we can observe that aggregating posts in the same

timeslice or user as a single document can indeed improve the perfor-

mance in sentiment classification and sentiment-aware topic extrac-

tion in user-generated posts as TUS-LDA consistently outperformed

the baseline models except in K = 50(Negative). Also the empir-

ical results reveal that the most likely number of topic for tweets of

electronic products in Twitter7 is 10.

5.5 Qualitative Analysis
To investigate the quality of topics discovered by TUS-LDA, we ran-

domly choose some topics for visualization. We randomly selected

six topics, i.e., three positive topics and three negative topics. For

each topic, we choose the top 10 words which can most represent the

topic.

Table 6 presents the top words of the selected topics. The three

topics with a positive sentiment label respectively talk about “Cam-

era”, “apple music product” and “game” and these topics are listed

in the left columns of Table 6; the three negative topics are related to

“printer”, “window product” and “phone” are listed in right columns

of Table 6. As we can see clearly from Table 6, the six topics are

quite explicit and coherent, where each of them tried to capture the

topic of a kind of electronic product. In terms of topic sentiment, by

checking each of the topics in Topic 6, it is clear that Topic 2 under

the positive sentiment label and Topic 3 under the negative sentiment

label indeed bear positive and negative sentiment labels respectively.

However, other topics under positive and negative sentiment label

carry fewer sentiment words than the above two topics. By manu-

ally examining the tweet data, we observe that the sentiment labels

of these topics are accurate. The analysis of these topics shows that

TUS-LDA can indeed discover coherent sentiment-aware topics.

6 Conclusion and Future Work

In this paper, we studied the problem of sentiment-aware topic detec-

tion from the user-generated posts on the social media. The existing

work is not suitable for the short and informal posts, we proposed a

new sentiment/topic model that considers the time, user information

of posts to jointly model topics and sentiments. Based on the differ-

ent characteristics of sentiments and topics, we limited that words in

the same post belong to the same topic, but they can belong to differ-

ent sentiments. We compared our model with JST, ASUM as well as

two degenerate variations of our model on two Twitter datasets. Our

quantitative evaluation showed that our model outperformed other

models both in sentiment classification and topic coherence. At the

same time, we asked two judges to evaluate our models and baseline

methods and the result also showed that our model TUS-LDA per-

formed best in sentiment-aware topic extraction. Moreover, we used

six examples to visualize some sentiment-aware topics. In the future

work, we want to further mine sentiment-aware events in the posts

which can monitor the sentiment variation over time of each event.

Moreover, we can also utilize the user’s topic and sentiment infor-

mation to cluster similar users. We will also consider to expand our

model for aspect-based opinion mining.
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