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Abstract Double diffusion originates from the markedly different molecular diffusion rates of heat and
salt in water, producing staircase structures under favorable conditions. The phenomenon essentially
consists of two processes: molecular diffusion across sharp interfaces and convective transport in the
gravitationally unstable layers. In this paper, we propose a model that is based on the one-dimensional
description of these two processes only, and—by self-organization—is able to reproduce both the large-
scale dynamics and the structure of individual layers, while accounting for different boundary conditions.
Two parameters characterize the model, describing the time scale for the formation of unstable water
parcels and the optimal spatial resolution. Theoretical relationships allow for the identification of the influ-
ence of these parameters on the layer structure and on the mass and heat fluxes. The performances of the
model are tested for three different lakes (Powell, Kivu, and Nyos), showing a remarkable agreement with
actual microstructure measurements.

1. Introduction

Double diffusion is a process resulting from the different rates of molecular diffusion of mass and heat in a
fluid, which encompasses a wide range of natural environments [Turner, 1974; Huppert and Turner, 1981].
Here we focus on what is called the ‘‘diffusive regime of double-diffusive convection’’ [Turner, 1965; Kelley
et al., 2003]. In this case, a destabilizing temperature profile (i.e., increasing downward when above the tem-
perature of maximum density) is counterbalanced by the stabilizing effect of a downward increase in salin-
ity. If the effect of salinity is stronger than that of temperature, the system is stable with continuous profiles.
However, a second dynamically stable configuration exists in some cases, where both temperature and
salinity form uniform layers (with convective motions due to local instability) separated by sharp interfaces
dominated by molecular diffusion, leading to the formation of a staircase structure. Conversely, the so-
called ‘‘salt fingers’’ result from the destabilizing effect of salinity balanced by a stabilizing temperature pro-
file [e.g., Schmitt, 1994]. For a deeper introduction on the topic, the reader is referred to the recent book by
Radko [2013].

Modeling the formation of the organized structures in double-diffusive systems is a complex issue. Different
models have been proposed to describe the phenomenon [e.g., Marmorino and Caldwell, 1976; Linden and
Shirtcliffe, 1978; Newell, 1984; Fernando, 1989; Kelley, 1990], covering a wide range of approaches: from rela-
tively simple parameterizations (e.g., recently Gonzalez-Juez et al. [2011]; see Kelley et al. [2003] for a classical
review) to much more complex two-dimensional [e.g., Noguchi and Niino, 2010a; Carpenter and
Timmermans, 2014] or even three-dimensional Direct Numerical Simulations (DNS) in oceanic [e.g., Carpenter
et al., 2012a; Mirouh et al., 2012; Flanagan et al., 2013] as well as stellar environments [Wood et al., 2013].
So far, most of these models have focused on the properties of the interfaces between layers, such as their
thickness, the heat and mass flux through them, and the characteristic dimensionless ratios. Attempts to
determine the conditions for the formation of double-diffusive layers, the layer thickness and their stability
[Huppert, 1971; Kelley, 1984] have been proposed for the diffusive and the salt finger regimes [Radko, 2003,
2005], and theoretical considerations have been formulated to explain the layer merging mechanisms
[Radko, 2007; Noguchi and Niino, 2010b; Radko et al., 2014a]. However, coupling local dynamics and large-
scale effects in the description of the process by which the typical staircase structure forms and evolves is
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still an unresolved task. On the one hand, the theoretical findings developed through conceptual models
and stability analyses are not easily applied to real profiles in natural waters considering the staircase
dynamics and the large-scale boundary conditions. On the other hand, DNS are not yet able to reproduce
real-scale phenomena (i.e., scales larger than a single mixed layer), so that their application is mainly limited
to the analysis of individual processes [Sommer et al., 2014]. Our attempt is to partially fill this gap by deriv-
ing a tool to examine the large-scale evolution and interactions without focusing on the small-scale details
of the individual steps.

Here we present most likely the simplest possible model reproducing the layering in double-diffusive systems.
It is a mechanistic model because it is based on two clearly identified physical processes: (i) the diffusion of
heat and mass and (ii) the convective restratification of instabilities produced by the previous process. No dis-
continuous structures (with marked variations of the local gradients, as in double-diffusive staircases) can be
produced without a balance between those contrasting processes [Turner, 1974], and these are the only ele-
ments of the model. The two processes are solved numerically, introducing only two model parameters and
computing the thermophysical quantities using well-established empirical relationships. The formation of the
staircase structures is triggered by small disturbances, which initially give rise to a chaotic process and, eventu-
ally, to an ordered configuration through a process of self-organization in uniform layers and interfaces.

The formation of mixed layers and interfaces was previously explained by means of the concept of negative
diffusion in the context of a purely diffusive process [e.g., Radko, 2013]. Although this kind of model is
somehow analogous to that proposed in this paper, the Lagrangian reordering that we use for restratifica-
tion is a more physically reasonable description. In this respect, the sorting procedure is similar to the triplet
map rearrangement proposed by Kerstein [1999] in the context of one-dimensional turbulence. Our model
may also be seen as a discrete version of the analytical model of Linden and Shirtcliffe [1978], which, how-
ever, was not designed to reproduce large-scale structures. An extension of this model accounting for the
time dependence was proposed by Worster [2004].

In order to test the model capabilities, we consider deep lake water columns where turbulent mixing is
weak. In particular, we selected three lakes where staircase structures have been observed and measured
with high vertical resolution. The first case is Powell Lake, with a clearly visible staircase structure in the
deep water [Osborn, 1973; Scheifele et al., 2014]. The staircase structure of the second case, Lake Kivu, has
been intensively studied through the collection of a large number of microstructure (conductivity, tempera-
ture, and depth) profiles [Sommer et al., 2013]. The last examined case, Lake Nyos, is particularly interesting
because the formation dynamics of the typical double-diffusive structure has been observed and tempera-
ture and salinity profiles have been measured over some years [Schmid et al., 2003, 2004]. Modeling the
evolution in this case is challenging because the model has to reproduce the temporal variation and not
only the steady state configuration.

The paper is organized as follows. Section 2 introduces the model, while its properties are analyzed in sec-
tion 3 with an attempt to provide a physical interpretation of the main parameters. The model is then
applied to three case studies (section 4) and the performances are discussed in section 5. Final conclusions
are drawn in section 6.

2. Formulation of the Model

The main dynamics leading to the formation of staircase structures (see the sketch in Figure 1) in double-
diffusive convection is described by means of a one-dimensional model, which is composed of only two
processes: (i) vertical diffusion of temperature and salinity and (ii) sorting of gravitationally unstable regions.
The idea behind this simplified scheme is the splitting of the diffusive and the convective problem. While
the first is treated in a standard Eulerian framework, the second is modeled through a Lagrangian displace-
ment of unstable parcels (for a similar formulation in a completely different context see Piccolroaz and Toffo-
lon [2013]). The discretization in water parcels and Eulerian grid points is the same for the two submodels,
leading to a simple implementation.

2.1. Diffusion and Resorting
Diffusion is the first process considered. In absence of convective instability, the vertical dynamics of the
conservative properties, temperature T and salinity S, are governed by the diffusion equations:

Journal of Geophysical Research: Oceans 10.1002/2015JC010970

TOFFOLON ET AL. MINIMAL MODEL FOR DOUBLE DIFFUSION 6203



@T
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5jS
@2S
@z2

; (1)

where jT and jS are the molecular dif-
fusion coefficients. The ratio between
the two coefficients,

s5
jS

jT
; (2)

is one of the main parameters character-
izing double diffusion. The process of
molecular diffusion of salinity is much
slower than for temperature and typical
ratios are s ’ 0:01.

The second process is the vertical sort-
ing of unstable regions. After the solu-
tion of the diffusion problems, the
density profile is calculated for the
whole water column, and the regions
that are not in gravitational equilibrium
are sorted to have a monotonic increase
of density with the depth.

We express water density q as a func-
tion of temperature T, salinity S, and

pressure p. Water density and the other thermophysical quantities are computed using the Fofonoff and Millard
[1983] equation of state for Powell Lake, and using a parameterization based on the ionic composition of the
water [W€uest et al., 1996] for the other two lakes (Nyos and Kivu). As we consider only small density changes
due to small variations of T and S, we approximate q by the Taylor expansion around temperature Tr and salin-
ity Sr (the subscript r denotes reference values), locally neglecting the influence of pressure. Therefore,

qðT ; SÞ ’ qr 12aðT2TrÞ1bðS2SrÞ½ � ; (3)

where

qr5qðTr ; SrÞ ; a52
1
qr

@q
@T

����
Tr

; b5
1
qr

@q
@S

����
Sr

: (4)

The diffusive fluxes for T and S are defined as

/T 52jT
@T
@z

; /S52jS
@S
@z

; (5)

and we will also refer to the heat flux /H5q cp /T , where cp is the heat capacity of water at constant
pressure.

2.2. Double Diffusion Parameters
A few dimensionless numbers can be introduced thanks to the simplified form of equation (3). The ‘‘density
ratio’’ characterizes the large-scale variation of temperature and salinity:

Rq5
bDS
aDT

; (6)

where DS and DT are the differences of the variables along the region considered. Density variation can
hence be expressed as

Dq
qr

5bDS2aDT5aDT Rq21
� �

; (7)

where values of Rq > 1 indicate a stable configuration (Dq > 0). Double-diffusive staircases typically exist
for Rq in the range of 1.5–10 [Kelley et al., 2003].

ΔS':H'

ΔS:H

H'
H

ΔS'

ΔS

ΔS'/2

ΔS'/2

Figure 1. Single step isolated from a series of identical steps along the large-
scale profile of salinity. The same picture is valid for temperature.
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The staircase structure is characterized by relatively large well-mixed layers (with almost uniform T and S)
bounded by thin interfaces on either sides. Introducing the difference DC0 across this interfaces, where C
generically stands for T or S and the prime is used for the variables that are defined for a single step, we can
define the following estimate for the interface thickness:

hC52DC0
@C
@z

� �21

5
jCDC0

/C
: (8)

The ‘‘density flux ratio’’ is defined as

RF5
b /S

a/T
: (9)

Across a diffusive interface of thickness hT (for temperature) and hS (for salinity), defined according to equa-
tion (8), this ratio can be calculated as

R0F5s r
b DS0

a DT 0
; (10)

where r5hT=hS is the interface thickness ratio. It follows that the density flux ratio can also be rewritten
as R0F5R0q s r [e.g., Sommer et al., 2013], where R0q is defined by equation (6) using the differences across
the step.

2.3. Numerical Solution and Model Parameters
The one-dimensional equations (1) are solved numerically with the proper boundary conditions, as
described in Appendix A, either in the Dirichlet (i.e., imposing the values of the variables) or Neumann
(imposing the fluxes) form.

Given the Lagrangian algorithm for stabilization, the discrete structure is an inherent characteristic of the
model. The computational domain, having height L, is divided into n 1 1 points with a grid size dz5L=n.
The numerical solution of the diffusion equation introduces a second (this time dimensionless) parameter
of the model,

kT 5
jT dt
dz2

; (11)

which relates the time step dt and the grid size dz. An implicit scheme is adopted for the numerical solution,
such that the algorithm is always stable without conditions on kT.

An example of the effect of kT on the formation of a gravitationally unstable volume of water (i.e., with
upward increasing q, possibly leading to convective instability) is provided in Figure 2. The profiles of T and
S are plotted after one time step dt starting from the same initial condition, in a case in which a simple ana-
lytical solution exists:

Cðz; dtÞ5C01
DC0

2
12erf

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 jC dt
p
� �� 	

; (12)

with C0 the constant value of the variable (T or S) in the mixed layer and DC0 the interface step. Having
fixed the grid size dz, the time step (during which T and S diffuse) changes with kT according to the
definition (11). It is clear that larger values of kT tend to create a larger number of water parcels that effec-
tively contribute to the reorder operated by the sorting algorithm to reestablish the stability of the system.

3. Interpretation of Model Parameters

The model contains only two parameters that require calibration: dz and kT. The former represents the vol-
ume of the individual water parcels that are displaced by convection; the latter is a dimensionless time step
over which the diffusion process acts before triggering instability. Consistent with the adopted Lagrangian
approach, dz is not a merely computational parameter but contains information about the system to be
described. As similar considerations hold for kT, we first analyze a simplified setup of the model to grasp the
role of these parameters.
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3.1. The Model for a Single Step
We consider a single step characterized by a height H0 (using again the prime 0 to denote quantities referred
to the step) and difference of temperature DT 0 and salinity DS0 (see Figure 1). Accordingly, we define the
density ratio (6) for the step as

R
0

q5
bDS0

aDT 0
: (13)

In this analysis, we assume that the large-scale profile (characterized by a staircase structure over a height
H) contains a large number of steps, so that the slope of the large-scale profiles (DS=H; DT=H) is a good
approximation of an individual step (DS0=H0; DT 0=H0). Thus, it directly follows that Rq ’ R

0
q.

We assume that a dynamic steady state has been reached, whereby the diffusive flux across the interface is
balanced by the flux through the convective layer: two phases alternate with the creation of a gravitation-
ally unstable boundary layer (by diffusion) and its destruction (by convection). Figure 3 qualitatively illus-
trates typical profiles of temperature, salinity, and density after the two phases of the model (i.e., solution of
the diffusion equation and sorting of unstable regions).

The balance requires the quantification of the diffusive (/T ;diff and /S;diff ) and convective (/T ;conv and
/S;conv ) fluxes. Section B1 tackles this problem and provides the derivation of the steady state fluxes. The
calculation of the diffusive fluxes is straightforward from a numerical point of view, while the convective
fluxes can be computed by counting the number of gravitationally unstable Lagrangian water parcels that
are transported in each time step dt. By defining nu parcels of size dz on each side of the step and assuming
a symmetrical shape, we can express the convective flux as

/C;conv52
Xnu

i51

ðCi2CrÞ dz
dt

52 mC
ðC12CrÞ dz

dt
; (14)

where C again stands for T or S, the subscript r indicates the reference conditions for the step, and the
coefficients,

mT 5
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
112kT
p

2
; mS5

11
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
112kS
p

2
; (15)

quantify the dimensionless transported ‘‘mass,’’ as demonstrated in section B2. The number nu of cells
affected by the convective motion is plotted in Figure 4a as a function of kT, along with mT and mS in Figure
4b (assuming two different values of s to calculate kS5jS dt=dz2).
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Figure 2. Analytical curves obtained after one numerical time step dt5kT dz2=jT for different values of kT (see legend) starting from a Heaviside function, for dz50:01 m. Density is calcu-
lated using equation (3) with a52:131024 �C21, b57:531024 kg g21, and qr51002:0 kg m23 (Tr520�C, Sr 5 5 g kg21).
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By satisfying the balance between diffusion and convection, we obtain (see Appendix B) that

/T 5
jT DT 0

dz gT
; /S5

jS DS0

dz gS
(16)

with

gT 521
kT

mT
52mT ; gS521

kS

mS
52mS : (17)

We note that gS ’ 2 if kS � 2mS. Exploiting the relationships (15) and (17), it can be derived that such a
condition implies kS � 4, or equivalently kT � 4 s21, which is usually satisfied given the small value of s.
This condition is used in all the final approximations of the following equations.

It is straightforward to calculate the interface thicknesses according to the definition (8),

hT 5
jT DT 0

/T
5dz gT ; hS5

jS DS0

/S
5dz gS ; (18)

the interface thickness ratio r5gT=gS ’ mT , and the density flux ratio,

R0F5R0q s
gT

gS
’ R0q s mT : (19)

Eventually, a condition for the existence of the step is derived in Appendix C. For the values of kT found for
the cases examined in section 4 (from 4 to 7, see Table 1), the condition requires Rq to be larger than 1.5–
1.6 to have a stable step. Interestingly, these values are very close to the critical value 1.7 for the staircase to
form [Radko et al., 2014b], and consistent with observations in the field (e.g., Lake Nyos).

3.2. Breakdown of the Boundary Layer
The identification of a critical Rayleigh number Rac � Oð103Þ for the breakdown of the boundary layer
(which implicitly defines the time scale of our problem) was proposed by Linden and Shirtcliffe [1978]. In our
notation and using hT as the thickness of the boundary layer, the Rayleigh number reads

Ra5
g a DT 0 h3

T

m jT
; (20)

where m is the kinematic viscosity of water (the value m ’ 1026 m2 s21 will be used as representative for the
following applications) and g is the gravitational acceleration. By requiring Ra 5 Rac, we can estimate the
value of gT as follows:
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Figure 3. A sketch of the process of diffusion and resorting of temperature and salinity, with their influences on density, in a single step in
conditions of dynamic equilibrium. The profiles are plotted after the solution of the diffusion equation (thin red lines) and after the reor-
dering of the unstable region (thick blue lines; arrows represent the Lagrangian displacement during sorting).
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gT 5
m jT

g a
Rac

DT 0

� �1=3

dz21 ; (21)

and consequently the corresponding value of kT according to equation (17) (see also Figure 4e). This rela-
tionship represents the connection between the numerical (discrete) description of the model and the
actual physics. However, it cannot be used as a predictive tool to determine the model parameter kT for at
least two different reasons. First, the value of Rac is still under debate [Worster, 2004; Carpenter et al., 2012a].
Second, this relationship includes the step temperature difference DT 0, which is a result of the process. Not-
withstanding these limitations, equation (21) provides a way to validate the calibration of the parameters
based on the comparison of the model results with the available measurements that will be performed in
section 4.

We can also rewrite equation (21) highlighting the dependence of the interface thickness on the tempera-
ture difference, hT / DT 021=3. Substituting this dependence into the flux (16) yields /T / DT 04=3, which
recalls the well-known 4/3 law for the double-diffusive flux [Kelley et al., 2003]. It then follows that the tem-
perature step increases with the flux less than linearly:
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Figure 4. Curves obtained by the theoretical steady state relationships derived in section 3 for a single layer, as a function of kT: (a) number
nu of moving cells (assuming nr53); (b) relative ‘‘mass’’ mT and mS transported for temperature and salinity (assuming two different values
of s), respectively.

Table 1. Model Parameters and Reference Values

Lake kT dz (m) L (m) H (m) Tr (8C) Sr (g kg21) qr (kg m23) a (8C21) b (g21 kg)

Test 0.5–8 0.005–0.02 10 8 10 10 1007.5 1.10 3 1024 7.71 3 1024

Powell 7 0.01 28.3 22 9.3 16.6 1014.3 1.25 3 1024 7.65 3 1024

Kivu 4 0.01 48.0 30 23.6 2.74 1000.3 2.45 3 1024 7.49 3 1024

Nyos 4 0.02 48.0 variable in time 22.6 1.69a 999.2 2.31 3 1024 7.52 3 1024

aValue of equivalent salinity Se including the effect of CO2, whose average concentration in the domain is 66.3 mmol kg21, with bCO2

50:0125 kg mol21 [Schmid et al., 2004]. The reference value of the actual salinity is S 5 0.68 g kg21.
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DT 05c/3=4
T ; c5

m Rac

g a j2
T

� �1=4

; (22)

where c � 33103 K1=4 s3=4 m23=4 (due to the small exponent, the value of c does not change by orders of
magnitudes in a physically meaningful range of the parameters, apart from the case of vanishing a close to
the temperature of maximum density, when however double diffusion does not occur). Given the approxi-
mations introduced and the uncertainty in the estimation of Rac, the relationship (22) cannot be used to
infer the exact value of the temperature steps but provides some hints about the dependence on the main
factors.

The above relationships suggest that kT should inversely depend (although weakly, given the small expo-
nent) on the flux /T ,

gT 5c jT /21=4
T dz21 ; (23)

thus implying that it cannot be considered a constant parameter. This means that the model parameters
are likely not general and should be calibrated for the different cases as will be discussed in section 4. Such
a need seems to generate an element of circularity in the model: the parameters depend on the heat flux,
but at the same time they determine the structure of the staircase, and hence the actual flux that passes
through it. However, the circularity is not actually present because the heat flux controls only the interface,
while the system adapts to the large-scale boundary conditions by changing the slope of the staircase
region, as it is discussed in the following section.

3.3. Interaction With Large-Scale Profiles
In order to understand how the double-diffusive fluxes affect the large-scale profiles of temperature and
salinity, we set up a simplified configuration where the initial conditions divide the computational domain
(height L) into three regions as shown in Figures 5c and 5d: the central part (height H) is the region where
the staircase structure potentially forms, while the fluxes in the boundary regions (each of height dl) are
maintained at the level of molecular diffusion by imposing a strong (thus stabilizing) salinity gradient.

The double-diffusive fluxes in the central region can be expressed using the large-scale variables as
follows:

/T 5jT
DT
H

/�T ; /S5jS
DS
H

/�S ; (24)

where we assume a large number of identical steps as in Figure 1. The dimensionless fluxes /�T 5n0=gT and
/�S5n0=gS are the ratios of the actual transport with respect to the large-scale purely diffusive fluxes
(n05H0=dz being the number of numerical points in a single step, and recalling that hT 5gT dz and hS5gSdz;
see also Appendix B). Noting that gT and gS are �Oð1Þ and n0 � 1 as a result of the process, we can infer
that the double-diffusive convection actually increases the vertical transport with respect to the large-scale
diffusive fluxes, a result that is well known in literature [e.g., Turner, 1965].

Since salinity is not transported efficiently compared to temperature (jS � jT ), we focus on a medium-
term analysis for which the temperature flux adapts to the boundary conditions and becomes approxi-
mately constant and uniform throughout the entire domain, while the salinity profile is not significantly
affected. The average slope of S remains relatively stable over this time scale, and independent of the
boundary regions, so we can directly calculate the salinity flux:

/S5jS
DS
H

H0

dz gS
’ jS

DS
H

H0

2dz
; (25)

where the approximation holds for small kS.

The temperature profile adapts more rapidly, and its slope changes in time. In this analysis, the boundary
conditions for T are fixed imposing a total temperature difference TL5DT12 dT over L5H12 dl (see Figures
5c and 5d). The flux in the two boundary layers is due to molecular diffusion, and at equilibrium it must
balance the flux in the central region:
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/T 5jT
dT
dl

5jT
DT
H

H0

dz gT
; (26)

which yields a relationship between DT and the height H0 of the individual steps:

DT5TL 11
L
H

21

� �
H0

hT

� 	21

: (27)

With this result, the total flux can be estimated from equation (26):

/T 5jT TL L2Hð Þ1H
hT

H0

� 	21

: (28)

Hence, the ratio H0=hT of step height to interface thickness appears as a crucial factor to estimate the fluxes
in double-diffusive convection. From equations (27) and (28), we see that an increase of such a ratio deter-
mines a reduction of DT , which implies a steeper staircase, and a larger flux. An exact estimate of the layer
height H0 is not possible; however, the approximate derivation provided in Appendix C suggests that H0

should vary as k1=2
T , and linearly with dz. Thus, recalling equation (18), it directly follows that the ratio H0=hT

does not depend on dz but is proportional to k1=2
T =ð2 mT Þ5k1=2

T = 11
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
112kT
p� �

, which rapidly grows with kT

for small values of the parameter, while it reaches about 80% of the asymptotic value for kT ’ 10.

These theoretical results are confirmed by a set of simulations performed with the numerical model
(Figure 5), where the slope of the temperature profile in the staircase region is analyzed for different values
of kT (0.5, 1, 2, 4, 8) and dz (0.005, 0.01, 0.02 m). Subplots (a–f) show the profiles obtained after 2000 days, in
a condition of approximate steady state. The general tendency is that the temperature profile steepens
with kT (resulting in a higher flux /T ), while dz has a clear effect only on the step height (we expect that
H0 / dz). Indeed, the heat flux /H grows with kT until reaching an asymptotic value (Figure 5g), and H0=dz
’ 13:6 k1=2

T (Figure 5h; see also Appendix C), with H0 estimated by equation (27).

4. Results

In the following sections, we apply the model to three lakes where detailed measurements are available. In
the absence of more accurate information, we assume constant values for the diffusion coefficients: jT 51:4
31027 m2 s21 and jS51:431029 m2 s21, hence a ratio s50:01. Calibration of the two parameters of the
model (dz and kT) is performed by visually comparing the results of the numerical simulation with the avail-
able measurements.

The boundary conditions are applied in different ways for the three cases because of the different environ-
mental conditions. We note that the choice of suitable boundary conditions (and of the initial condition,
especially for the salinity profile) is crucial for the results of the simulation. However, the choice is not simple
because the actual boundaries of a homogeneous region are often determined by different processes, like
for instance the turbulent mixing in the bottom boundary layer and where lateral intrusions are present.
These processes are not included in the model, so the boundary conditions have been adapted to approxi-
mately reproduce the same effects by fixing the heat and salt fluxes or the values of temperature and
salinity.

4.1. Powell Lake
The first case that we analyze is the deep waters of Powell Lake. Powell Lake (maximum depth � 355 m, sur-
face area 90 km2) is a former fjord in British Columbia, Canada, that got disconnected from the ocean after
the last ice-age around 11,000 years ago by continental uplift [Williams et al., 1961; Scheifele et al., 2014].
The relic salty deep water causes a stable stratification. The destabilizing effect of the geothermally heated
bottom waters leads to favorable conditions for double diffusion below 290 m depth. Being sheltered from
wind by nearby mountains and due to the absence of underwater inflows, the deep water of Powell Lake is
extremely calm, which makes it a perfect natural laboratory to study double diffusion.

The model is applied to the depth range between 326 and 355 m, with the staircase structure forming
between approximately 330 and 352 m. The upper boundary conditions are imposed by fixing the values of
T and S as measured at the top of the investigated domain, which falls within the region of stable gradient
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dominated by molecular diffusion. Conversely, the lower boundary condition is imposed by arbitrarily fixing
the values of T and S that allow for the existence of another stable region with molecular diffusion. This
choice replaces the actual bottom profiles that are almost homogeneous close to the sediment layer, where
the bottom boundary mixing is due to a process that is not included in the model.

The initial condition for the salinity profile is chosen such as to resemble the measured profile. The initial
temperature profile is chosen to be a linear profile, completely uncorrelated with the measured one. At the
beginning of the simulation, a random perturbation is applied to the entire profiles of the order of 1023 �C
for temperature and 1024 g kg21 for salinity.

The simulation is run for 10,000 days (�27 years). After such a period, the temperature profile appears to be in a
dynamic equilibrium, although it cannot be completely stable due to the slow modification of the salinity profile.
In this respect, it is important to note that the model is able to capture the medium-term dynamics (for which
salinity is approximately constant), while the long-term variations can be reproduced only by accounting for all
the processes and boundary conditions that are responsible for the large-scale vertical structure of the system.

The comparison among the results of the calibrated model and the available measurements [Scheifele et al.,
2014] are shown in Figure 6. The values of the parameters kT and dz are reported in Table 1, together with
the total height of the domain (L), the approximate height of the staircase structure (H) and the approxi-
mate reference values (averaged over the domain) of temperature Tr, salinity Sr, density qr, and of the ther-
mophysical parameters a and b. The model is able to reproduce the formation of the staircase structure in
an excellent way, with only a small deviation from the measurements of the salinity profile in the region
between 330 and 332 m (Figure 6b). The number and height of the step is also well reproduced (Figures 6c
and 6d). The small spikes that can be noted in Figure 6c (model results shown after the sorting phase) are
due to the convective transport across the two sides of the layers, which is based on reordering the density
profile, and disappear after the diffusion phase of the computation.

Figure 7 gives some hints about the type of evolution that leads to such a result. Subplots 7a and 7b show
the change of the profiles of T and S, respectively, with time. The salinity profile remains approximately sta-
ble. On the contrary, fast and strong changes occur to the temperature profile in the initial phase, when the
staircase starts forming and the steps subsequently increase their size (by merging) until reaching an equi-
librium value. The vertical flux increases and the temperature difference over the double-diffusive region
decreases, as predicted by equations (27) and (28). The other subplots of Figure 7 show the variation of Rq

(calculated considering the slope over the whole staircase structure) and RF, and of the interface ratio r,
which are all in reasonable agreement with the measurements provided by Scheifele et al. [2014]. The result-
ing heat flux (/H ’ 20 mW m22) is also close to what is measured (�27 mW m22) and consistent with the
selected temperature profile at the boundaries of the model domain. It is interesting to note that the flux
shows a strong increase at the beginning of the simulation when the staircase structure starts forming and
the steps grow, while the flux later decreases to the asymptotic equilibrium value because of the reduction
of the temperature difference DT over the double-diffusive region.

Finally, it is worth verifying whether the calibrated values of the parameters agree with the relationship (21).
By referring to the parameters reported in Table 1, estimating a characteristic value of DT 0 ’ 4 mK in the
central part of the staircase, we obtain gT as a function of Rac. If we consider the value gT ’ 4:9 that can be
calculated from the calibrated parameter kT 57, the exact agreement would correspond to a value of the
critical Rayleigh number Rac ’ 5000, which is in the physically meaningful range of values [Linden and Shirt-
cliffe, 1978; Carpenter et al., 2012a]. We will use this value in the analysis of Lake Kivu as well.

4.2. Lake Kivu
Lake Kivu (maximum depth 485 m, surface area 2370 km2) is situated in Central Africa between the two
countries Rwanda and the Democratic Republic of the Congo and is known for containing large quantities
of dissolved methane and carbon dioxide in its deep water. Below 60 m depth, Lake Kivu is permanently
stratified. Approximately 78% of the stabilization is caused by salts and 22% percent by the dissolved gases
[Descy et al., 2012]. The destabilizing temperature increase toward the sediment is caused by geothermal
heating and various warm subaquatic springs. Lake Kivu is an ideal system for studying double diffusion
with approximately 300 well-mixed layers distributed almost throughout the entire water column [Newman,
1976; Schmid et al., 2010; Sommer et al., 2013].
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The model has been applied in the depth range between 161 and 209 m, where a well-defined staircase
structure is visible. The initial condition for salinity has been imposed by smoothing the large-scale profile,
removing the structure of the steps to avoid the inheritance of the initial condition on the expected stair-
case. The sigmoidal profile (due to subaquatic sources) has been kept because the transport of salt occurs
on a very long time scale. The two boundary conditions have been imposed by fixing the values of S in the
first and last grid points in such a way as to have a stable boundary layer with molecular diffusion, which is
useful to control the boundary conditions and does not affect the overall results. The initial temperature
profile has been chosen arbitrarily with an ‘‘erf’’ shape, and the boundary conditions have been applied in
this case by fixing the heat flux. The imposed value is the same (/H5100 mW m22) at the upper and lower
boundary of the domain [Sommer et al., 2013].

The numerical model is able to simulate an overall picture that significantly agrees with the collected data
(Figure 8). The temperature profile evolves and adapts to the measurements at the large scale, and the step
structure that spontaneously forms in the central part of the profile for both T and S is very similar to the
actual data. Figures 9a and 9b show the total fluxes calculated by means of a mass balance between two
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Figure 6. Profiles of (a) temperature and (b) salinity in Powell Lake: comparison among measurements and the results of the model (after
sorting), considering a simulation of 10,000 days (�27 years). A zoom over a reach of 10 m is shown in (c) and (d). Model parameters are
reported in Table 1.
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time steps. The results suggest that the total heat flux is substantially uniform, while the salt flux is not in a
steady state yet. In this respect, we note that reaching an equilibrium for salinity would require much longer
simulations that are inevitably affected by the problem of setting realistic boundary conditions. The vertical
distribution of the interfaces (Figure 9c) shows a concentration in the central part where the profiles are less
steep. Moreover, the range of values of the interface thicknesses for both the temperature and salinity pro-
files falls within the distributions of the corresponding measurements, as illustrated in Figures 9d–9g.

The parameter values kT and dz corresponding to the simulation shown in Figure 8 do not differ much from
those used for Powell Lake (Table 1), but the differences are significant. In fact, similarly to the analysis done
for Powell Lake, we can test equation (21) also in this case, where the temperature difference across the
steps is DT 0 ’ 11 mK. By assuming the same value Rac ’ 5000 used in the previous case, we obtain gT ’ 3.
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Such a value agrees well with gT ’ 4 that follows from the calibrated value kT 54. We note that satisfactory
results (i.e., producing an agreement between the modeled staircase structure and measurements) could
be obtained also by using lower values of kT (starting from �2), further confirming that the condition (21) is
meaningful. Hence, the lower value of kT in Lake Kivu with respect to Powell Lake is mainly related to the
larger temperature steps in this lake.

We can also use equation (22) to interpret the increase of the temperature steps DT 0 with the increase of
the imposed heat flux /H and compare the response to the higher heat flux in Lake Kivu relative to Powell
Lake. Despite the estimate of DT 0 from that equation is about half of the measured value (in both cases),
the ratio of the temperature steps in Lake Kivu and Powell Lake is ’ 2:7, which is almost exactly confirmed
by using the ratio of the fluxes in the right hand side of equation (22).

4.3. Lake Nyos
Lake Nyos is a deep crater lake (maximum depth 208 m, surface area 1.58 km2) located in the north-
western part of Cameroon. The deep waters are separated by a chemocline at �53 m depth from the
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reported in Table 1.
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epilimnion and are permanently stratified. Repeated profiles of T and S have been collected over a relatively
long period [Schmid et al., 2004], making it an interesting case for studying the evolution of a staircase struc-
ture. Lake Nyos is a peculiar case because the stability of the water column is due to large concentrations of
CO2, with T and S approximately balancing each other in the part of the water column that has been chosen
to be simulated (between 52 and 100 m depth).

At the beginning of 2002 (first measurement on 23 March), cooling of the surface layer triggered the initia-
tion of double diffusion and the subsequent formation of a staircase structure that propagated downward
over the course of a few years. For the present analysis, we refer to three dates of the survey (T and S): 19
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July and 7 December 2002, and 9 January 2003. The first profile shows only the initial phase of the forma-
tion of the staircase, while the second and third profiles clearly suggest that the double-diffusive structure
rapidly expanded. Unfortunately, corresponding data of CO2 concentration are not available, and only one
profile was measured in January 2003 [Kusakabe et al., 2008]. Such a profile has been used as a reference to
define an equivalent salinity Se5S1ðbCO2

=bÞCCO2 , where CCO2 is the CO2 concentration and bCO2
its contrac-

tion coefficient (see Table 1).

The cooling effect is reproduced in the model by imposing a heat flux /H5200 mW m22 at the upper
boundary (calculated on the basis of the local temperature gradient) while keeping the background value
(10 mW m22) at the lower boundary. The initial conditions have been imposed �2 years before the first
available measurement because the initial state and the perturbation triggering double diffusion are not
known exactly. The initial temperature profile has been reconstructed by arbitrarily increasing T
(with respect to the first survey) at the top, thus reducing its slope (see Figure 10a). The initial profile for the
equivalent salinity Se has been imposed by setting two analytical functions that approximate the available
measurements of S and CO2. The boundary conditions have been applied imposing the fluxes calculated
using the local gradients of Se at the top and at the bottom (qUSe 5331026 and 331028 g m22 s21,
respectively).

The analysis of the formation, and downward propagation, of the staircase structure is focused on
the temperature dynamics, for which more reliable data are available, while the lack of
measurements yields uncertainties in the definition of the equivalent salinity. Figure 10a shows the
comparison of the modeled evolution with the measurements (note that the second and third profiles
are shifted leftward to allow for a clearer reading of the plots). The quantitative agreement is reasona-
ble, given also the impact of the reconstructed Se profile on some local features, such as medium-scale
slope variability.

More interesting is that the model is able to reproduce the correct overall dynamics: (i) the onset of double
diffusion triggered by the local instability produced by the cooling and (ii) the downward propagation of
the front of the staircase, which creates new steps while the old ones remain approximately at the same
position (consistent with observations by Schmid et al. [2004]). The dynamics are clearly visible in the
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vertical shift of the excess heat flux generated by double diffusion (Figure 10b), which initially produces a
maximum in the range of z5 55–60 m (at 2.1 year), and then spreads out toward reaching a balance with
the upper boundary condition. Interestingly, the formation of new steps at the lower boundary of the
double-diffusive region results in a change of the density ratio Rq, which abruptly decreases to values oscil-
lating around �2 (Figure 10c).

The strong variation of the fluxes along the vertical (Figure 10b) does not allow to define a value of kT a
priori as in the previous two cases, which were approximately in steady state with a uniform heat flux. This
is also confirmed by the fact that the selection of the best set of parameters (dz and kT, see Table 1) is less
clear than in the other cases, so that the model outputs are relatively insensitive to the chosen values. More-
over, the model in this case is not able to reproduce the details of the staircase structure. Nevertheless,
it captures the overall dynamics, suggesting the possibility to use such a simplified approach also in
conditions that are far from steady state.

5. Discussion

5.1. On the Choice of the Parameters
The two parameters of the model, namely the water parcel size dz and the dimensionless time step parame-
ter kT, fully characterize the internal mechanisms. The parameter dz is not crucial for the shape of the pro-
files of the variables (T and S), as discussed in section 3.3. It plays a role for the interface thickness and is
also the scale of all relevant lengths. Since most of the quantities involved in the process depend on dimen-
sionless ratios that do not contain an explicit influence of dz, its effect becomes less important while looking
at the overall dynamics.

The second parameter, kT, is the factor controlling the slope of the temperature profile in the staircase struc-
ture, as noted in the discussion of equation (27) and explicitly shown in Figure 5. The parameter kT is associ-
ated with the unstable volume that has to be reached before triggering a buoyancy driven convective
motion. In section 3.2, we have discussed a way to relate kT to the critical Rayleigh number that character-
izes the breakdown of the boundary layer. The analysis of its impact on the large-scale profiles (section 3.3)
suggests a dependence of the step temperature difference and of the heat flux on this parameter,
which implies that kT cannot be chosen independently of the boundary conditions that impose the external
heat flux.

The calibration of the model to the three lakes showed the need to adopt different values of kT. In those cases
that are known to be in an approximate steady state (Powell Lake and Lake Kivu), the values of kT are consist-
ent with the theoretical considerations developed in section 3.2, thus supporting the validity of the concep-
tual framework. This was not possible for Lake Nyos due to the marked unsteadiness and the large variation
of the heat flux within a few meters of the forming staircase; nevertheless, the calibrated kT fell within the
range of values obtained for the other two lakes.

As a final note, the initial condition assumed for the salinity profile directly influences the evolution of the
temperature profile. In fact, being the transport of salt much weaker, the initial slope of S is maintained for
a long time while T adapts to the external conditions by changing the staircase slope and step height, caus-
ing a change of Rq and hence of the stability of the structure.

5.2. The Claim for Simplicity and the Limits of the Model
The proposed model is likely the simplest model that can reproduce the typical structures arising in the dif-
fusive regime of double-diffusive convection because it contains only the two fundamental processes (diffu-
sion, convective stabilization). Without the need to introduce ad hoc formulations to generate the layering,
complex structures spontaneously arise from local instabilities through a process of self-organization, in a
way that is similar to other natural processes [e.g., Feltz et al., 2006].

The model can be used to understand the general dynamics but cannot be an exact description of the
details of the process. It completely lacks the small-scale dynamics of the interface evolution at substep
description (both in time and space), and therefore depends on the calibration of some parameters. More-
over, the model parameters appear to be flux dependent, thus requiring a careful estimate in the unsteady
case and when no measured data are available. One of the major advantages is that the model allows to
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explicitly consider the effect of boundary conditions. Thus, instead of looking at single elements (the step of
the staircase structure) or at schematic configurations, the proposed model aims at giving a complementary
picture of the phenomenon, trying to assess how changes in the large-scale features (or over long time peri-
ods) can modify the double-diffusive structures.

Finally, it is worth noting that the formulation of the model is general and not limited to lakes. It can poten-
tially be applied to any context where double diffusion is a relevant process, for instance in oceans, oil reser-
voirs and star interiors.

5.3. Possible Applications and Future Research
In this paper, the model has been formulated and applied to three case studies to discuss its characteristics
and show its performances. Future research will be focused on testing the model along two directions, char-
acterized by an effort toward verification and exploration, respectively.

As a first direction, a deeper analysis is required about the agreement (or contradiction) between the model
results and the indications available from previous literature, in particular concerning the influence of the heat
flux on the height and stability of the staircase steps. With reference to commonly used flux laws, like that pro-
posed by Kelley [1990], the exponent (whether or not equal to 4/3) and the proportionality coefficient CðRqÞ
(using Kelley’s notation) could be determined from the overall dynamics and compared with empirical and theo-
retical findings.

A fundamental question concerns the range of possible Rq for staircase formation. The literature reports
several cases with up to Rq 5 10 [e.g., Newell, 1984], while a lower limit of 1.5–1.7 has been proposed
[Taylor, 1988; Kelley et al., 2003; Radko et al., 2014b]. The simplicity of the model and the possibility to run
a large number of simulations can be exploited to systematically investigate the limiting cases, referring
to real large-scale profiles observed in the field or in laboratory, and to the results of stability analyses
[Carpenter et al., 2012b].

Along the same direction, the model can be tested against the results of more complex numerical tools
(e.g., DNS) to explore the mechanism of layer formation and merging: preliminary results suggest that the
simple one-dimensional dynamics qualitatively corresponds to the ‘‘interface vanishing mode’’ discussed in
Noguchi and Niino [2010b] but not to the ‘‘layer vanishing mode.’’ Moreover, differently from the results of
their model, which evolves to a single large step that occupies the entire domain [Noguchi and Niino,
2010a], the present analysis suggests that the final state may be characterized by a number of steps. The
implications on the long-term dynamics and the consistency with real observations are worth of being
explored.

The second direction is characterized by the use of the model in problems of diffusive convection and
staircases evolution to gain more physical insights. An uncommon feature of the model is the possibility
to observe changes of the background gradients when staircases form. Moreover, the role of boundary
conditions on the mechanisms of layer formation and evolution can be explored, and specifically in con-
texts where the boundary conditions evolve in time. These characteristics, associated with the possibility
to include local disturbances (like intrusions) in the model, may allow for more realistic representations of
natural conditions. Turbulent diffusivity could be incorporated, as well, to investigate the role of back-
ground disturbance on the occurrence of staircases. In fact, in deep and undisturbed lakes (such as Powell
Lake), the layering is very pronounced, while in other systems staircases do not form probably because
the environment is too turbulent (e.g., in the boundary region of Lake Kivu). Finally, statistical analyses on
layer and interface dynamics can be performed to explore the variability of the process in different envi-
ronments, where other interesting large data sets could be used such as the Arctic microstructure data
[Padman and Dillon, 1987; Dillon and Padman, 1989].

6. Conclusions

In this study, we have formulated a simple one-dimensional model that is able to reproduce the main fea-
tures of the typical large-scale structures of double-diffusive convection in the diffusive regime. The model
is based on the identification of the two fundamental mechanisms acting on this process: molecular
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diffusion in the stable regions, and convective transport in the well-mixed layers dominated by the buoyant
volumes of gravitationally unstable water.

The model is defined by two parameters, the size of the basic elements of the discretized domain, dz,
and the dimensionless time step considered for the solution of the heat diffusion equation, kT, which is a
proxy for the definition of a threshold for the instability that produces the convective transport. The
simplicity of the model allows for large-scale, long-term simulations, which can consider the effect of the
boundary conditions. In this respect, the proposed approach suggests a change of perspective in the analy-
sis of double-diffusive systems, shifting the focus from small-scale processes to the overall dynamics. The
main drawback is that the two parameters of the model (and in particular kT) need calibration and can vary
with the examined case. We are aware that the model cannot describe detailed processes that are not
included in its formulation, like the short-term behavior or the small-scale structure of the diffusive inter-
face. However, these inherent limits should not be considered as deficiencies but more as intrinsic
restrictions.

The model has been analyzed from a theoretical point of view and tested in three different lakes (Powell,
Kivu, and Nyos), always showing a satisfactory or even excellent agreement with the available measure-
ments. Interestingly, the proposed approach suggests that double diffusion can be seen as a self-organizing
process, another example of how extremely basic mechanisms produce, by means of a chain reaction domi-
nated by a chaotic behavior, beautiful and simple structures like the staircase layering.

Appendix A: Numerical Solution

The diffusion equation is discretized using finite differences and solved numerically with an implicit cen-
tered numerical scheme. Considering the equation for the temperature:

T ðk11Þ
i 2T ðkÞi

dt
5jT

T ðk11Þ
i11 22T ðk11Þ

i 1T ðk11Þ
i21

dz2 ; (A1)

where i is the grid point and k the time index, the resulting numerical scheme is

ð112kTÞT ðk11Þ
i 2kT T ðk11Þ

i11 2kT T ðk11Þ
i21 5T ðkÞi ; (A2)

where kT is the diffusion parameter introduced in the main text by equation (11).

An identical approach is used for the salinity:

ð112kSÞSðk11Þ
i 2kSSðk11Þ

i11 2kSSðk11Þ
i21 5SðkÞi ; (A3)

for which the diffusion parameter

kS5
jS dt
dz2

5s kT (A4)

is always smaller than kT, given the proportionality coefficient s� 1. This implies that the numerical solu-
tion of the salinity equation is always correct if the equation for temperature is solved adequately.

The boundary conditions are applied at the lower computational point (z050) and at the upper one (zn 5 L).
Fixed values of temperature and salinity can be prescribed through a Dirichlet boundary condition:
T05Tbc1; Tn5Tbc2; S05Sbc1; Sn5Sbc2. Another possibility is to prescribed the fluxes of the two quantities by
means of a Neumann condition: /T ;05/T ;bc1; /T ;n215/T ;bc2; /S;05/S;bc1; /S;n215/S;bc2. The fluxes are discre-
tized in the following form:

T12T25/T ;bc1
dz
jT

; Tn212Tn5/T ;bc2
dz
jT

; (A5)

S12S25/S;bc1
dz
jS
; Sn212Sn5/T ;bc2

dz
jS
: (A6)

The thermophysical water properties have been numerically evaluated using the freely available ‘‘CSIRO
MatLAB Seawater Library’’ by Phil Morgan, CMR.
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Appendix B: Steady State Profiles

B1. Dimensionless Formulation
In order to simplify the analysis, we express all quantities in dimensionless form (hereafter denoted by �)
introducing the following scaling:

T�5
T2Tr

DT 0
; S�5

S2Sr

DS0
; q�5

q2qr

qr a�
;

a�5aDT 0 ; b�5bDS0 ;

(B1)

where Tr, Sr, and qr are locally defined as the central values of temperature, salinity, and density, respectively.
The equation of state (3) is rewritten in dimensionless form to allow for simpler algebraic manipulation as
follows:

q�52T�1R0qS� ; R0q5
b�

a�
: (B2)

The dimensionless fluxes are defined with reference to the purely diffusive fluxes as follows:

/�T 5
H0

jT DT 0
/T ; /�S5

H0

jS DS0
/S : (B3)

The diffusion equations (1) are written in dimensionless form by considering suitable temporal and spatial
scales. Referring to step height H0 as a spatial scale, we can define the temporal scale t0T 5H02=jT associated
with the process of temperature diffusion. Hence, the dimensionless variables z�5z=H0 and t�5t=t0T can be
introduced to give

@T�

@t�
5
@2T�

@z�2
;

@S�

@t�
5s

@2S�

@z�2
: (B4)

The governing equations (B4) can be discretized dividing the step height in n011 grid points, so that the
dimensionless vertical spacing is dz�51=n0. Using the time scale t0T defined above, it follows that kT 5dt�=d
z�2 and kS5s kT .

We now focus on the lower half-interface (around z�50) and assume that a steady state has been reached
as a result of the balance between the diffusive fluxes at the interface and the convective flux. Referring to
Figure 3, the diffusive fluxes between z�50 and z�5dz� are

/�T ;diff 5
T�0 2T�1

dz�
; /�S;diff 5

S�02S�1
dz�

; (B5)

where T�0 5S�051=2 are the values at the interface z�50, and the gradient is calculated after the solution of
the diffusion equation, consistent with the adopted implicit scheme. The convective flux is mimicked by the
Lagrangian resorting of the 2nu unstable parcels (nu on each side of the step) of size dz� ,

/�T ;conv52
Xnu

i51

T�i dz�

dt�
52 mT

T�1 dz�

dt�
;

/�S;conv52
Xnu

i51

S�i dz�

dt�
5

2 mS

s
S�1 dz�

dt�
;

(B6)

where we introduce two dimensionless numbers mT 	 1 and mS 	 1 indicating the total ‘‘mass’’ of temper-
ature and salinity, respectively, of the moving parcels, scaled with the ‘‘mass’’ of the first grid point.

B2. Quantification of the Unstable Region
The coefficient mT that allows for the calculation of T�1 can be determined by means of a continued fraction.
Let us assume that the density distribution is well ordered, meaning that q�1 is more negative (negative and
larger in absolute value) than q�2 (as in Figure 3 after the diffusion step). In this case, we can determine T�2
imposing the same condition used for T�1 . In this process, we introduce a recursive definition of mTi as the
partial ‘‘mass’’ relative to the value T�i :

m1T�1 5T�1 1m2T�2 ; m2T�2 5T�2 1m3T�3 ; (B7)

and so on until the last unstable i 5 nu (see below for its estimation). For brevity, in (B7), we
temporarily drop the subscript T from the variable mi and indicate with m1 (5mT ) the ‘‘mass’’ calculated
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in the first point, m2 the value calculated in the second point, and accordingly for the following
points.

The steady state balance between the diffusive and convective fluxes can be written as

T�0 2T�1
� �

kT 52m1T�1 ; T�1 2T�2
� �

kT 52m2T�2 ; (B8)

where T�0 51=2. In general form, this reads

T�i212T�i
� �

kT 52miT
�
i ; (B9)

from which the temperature can be reconstructed moving from the interface to the interior of the layer:

T�i 5T�i21
kT

2mi1kT
: (B10)

Recalling from equations (B7) that

mi21T�i215T�i211miT
�
i 5T�i21 11mi

kT

2mi1kT

� �
; (B11)

a general continued fraction can be obtained in the form

mi511
mi11 kT

2mi111kT
: (B12)

The problem in the computation of m1 is that it depends on the other points. This can be solved as follows:
the maximum value of i, which denotes the last parcel which contributes to the total flux (i.e., negative q�i
produced by T�i significantly different from 0) is related to the number of unstable parcels nu. This number is
estimated comparing the unstable length nu dz with the length scale of temperature diffusion nr

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jT dt
p

.
This implies that

nu ’ nr

ffiffiffiffiffiffiffiffi
2kT

p
; (B13)

where nu is an integer and nr is a number that depends on the tolerance (e.g., nr53 indicates 99.8% of the
total ‘‘mass’’). Then, equation (B12) is used to calculate all values of mi until we obtain mT 5m1, and the rela-
tionship (B10) is used to calculate all values of T�i starting from T�0 51=2 up to T�nu

. This algorithm provides
the equilibrium profile for temperature.

An analogous derivation allows one to obtain the profile of salinity and the value of the coefficient mS by
using the two relationships

S�i 5S�i21
kS

2mSi1kS
: (B14)

mSi511
mSi11 kS

2mSi111kS
: (B15)

If s� 1 and kT is not too large, kS � 1 and hence mS ’ 1 and S�1 ’ S�0 kS=25s kT=4.

By numerically comparing the results of the continuous fractions (B12) and (B15), it is possible to show that
the equations (15) are valid.

Asking for stationary conditions requires that equations (B5) and (B6) are combined to obtain

T�0 2T�1
dz�

52 mT
T�1 dz�

dt�
;

S�02S�1
dz�

5
2 mS

s
S�1 dz�

dt�
; (B16)

from which the values of temperature and salinity at the first grid point can be estimated:

T�1 5T�0
kT

2mT 1kT
; S�15S�0

kS

2mS1kS
: (B17)

Journal of Geophysical Research: Oceans 10.1002/2015JC010970

TOFFOLON ET AL. MINIMAL MODEL FOR DOUBLE DIFFUSION 6222



Now the fluxes can be easily calculated from (B5), yielding

/�T 5
T�0

dz�
2mT

2mT 1kT
; /�S5

S�0
dz�

2mS

2mS1kS
: (B18)

Appendix C: Height and Stability of a Single Step

In this section, we propose a simplified estimate of height H0 of a single step by means of the length scale
of the diffusion process. We assume that if the latter exceeds half of the domain H0, a separate convective
zone does not exist. This condition can be cast in the same form as in equation (B13), i.e., nr

ffiffiffiffiffiffiffiffiffiffiffiffi
2jT dt
p

< H0=2,
which becomes 8n2

r dz�2 kT < 1 in dimensionless terms. Considering the equality in this relationship to
determine the height H0, we can also write

H05f k1=2
T dz ; (C1)

where f5j 2
ffiffiffi
2
p

nr, with j � Oð1Þ. If we assume nr53 (see section B2), we obtain f ’ 8:5 j. This suggests
that the step height linearly depends on the size dz of the Lagrangian elements, which hence can be used
as a scale for it, while it grows at a lower rate with kT.

Furthermore, we also consider the condition to have a stable step. The density difference produced by the
diffusion in the first grid point,

q�152T�1 1R0qS�152
kT=2

2mT 1kT
1R0q

kS=2
2mS1kS

; (C2)

has to be smaller in absolute value than the density difference at the upper interface ð2Rq;s11Þ=2 (see Fig-
ure 3) to have a stable step. Noting that both densities are negative, the condition can be written as
2q�1 < ðRq;s21Þ=2. It follows that

kT

2mT 1kT
2R0q

kS

2mS1kS
< R0q21 ; (C3)

2mT 12kT

2mT 1kT
< R0q

2mS12kS

2mS1kS
’ R0q ; (C4)

where the last condition is approximately valid if kS � 2mS. Since the ratio on the left-hand side is defined
in the range 1–2, this condition is always satisfied if R0q > 2. When R0q tends to 1, kT has to be lower than a
limit value in order to let the step exist.
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