CLASSIFICATION OF FOUR-REBIT STATES
HEIKO DIETRICH, WILLEM A. DE GRAAF, ALESSIO MARRANI, AND MARCOS ORIGLIA

ABsTRACT. We classify states of four rebits, that is, we classify the orbits of the group G(R) = SL(2,R)* in the
space (R?)®*, This is the real analogon of the well-known SLOCC operations in quantum information theory. By
constructing the G (R)-module (R?)®* via a Z/2Z-grading of the simple split real Lie algebra of type Dy, the orbits
are divided into three groups: semisimple, nilpotent and mixed. The nilpotent orbits have been classified in Dietrich
et al. (2017), yielding applications in theoretical physics (extremal black holes in the STU model of N' = 2, D = 4
supergravity, see Ruggeri and Trigiante (2017)). Here we focus on the semisimple and mixed orbits which we classify
with recently developed methods based on Galois cohomology, see Borovoi et al. (2021). These orbits are relevant
to the classification of non-extremal (or extremal over-rotating) and two-center extremal black hole solutions in the
STU model.

1. INTRODUCTION

In a recent paper [27], we obtained a complete and irredundant classification of the orbits of the group G =
SL(2,C)* acting on the space (C?)®* = C? ® C? ® C? ® C2. This is relevant to Quantum Information Theory
because it amounts to the classification of the entanglement states of four pure multipartite quantum bits (qubits)
under the group G of reversible Stochastic Local Quantum Operations assisted by Classical Communication
(SLOCC). Here we obtain the classification of the orbits of the real group G (R) = SL(2,R)* on the space (R?)®4.
This is relevant to real quantum mechanics, where the elements of (R?)® are called four-rebit states. Via the
“black hole /qubit correspondence” our classification has also applications to high-energy theoretical physics. We
refer to Section 2 for a short introduction into rebits and their relevance to extremal black holes in string theory.

The main idea behind the complex classification is to construct the representation of G on (C?)®* using a
7.)27-grading g = go @ g1 of the simple Lie algebra g of type D4 (see Section 3 for more details). In this
construction the spaces (C?)®4 and g; are identified, yielding a Jordan decomposition of the elements of (C2?)®4.
This way the elements of (and hence the orbits in) the space (C2)®* are divided into three groups: nilpotent,
semisimple, and mixed. The main result of [27] is a classification of the semisimple and mixed elements; the
classification of the corresponding nilpotent orbits was already completed a decade earlier by Borsten et al. [11].

Analogously to the complex case, the representation of G(R) on (R2)®* can be constructed using a Z/2Z-
grading g(R) = go(R) @ g1 (R) of the split real form g(R) of g. Also here the nilpotent orbits have been classified
in previous work, see Dietrich et al. [28]: There are 145 nilpotent orbits, and 101 of these turned out to be relevant
to the study of (possibly multi-center) extremal black holes (BHs) in the STU model (see [6,32]); this application
was discussed in full detail in a subsequent paper by Ruggeri and Trigiante [53]. While in various papers, such
as Bossard et al. [15,16], the classification of extremal BH solutions had been essentially based on the complex
nilpotent G-orbits in g1, a more intrinsic, accurate and detailed treatment was provided in [28,53].

The present paper deals with the real G(R)-orbits of semisimple and mixed elements in (R2)®*. Such non-
nilpotent orbits are relevant for the classification of non-extremal (or extremal over-rotating) as well as of two-
center extremal BH solutions in the STU model of N' = 2, D = 4 supergravity, see Section 2. A detailed
discussion of the application of our classification to the study of BHs goes beyond the scope of the present
investigation and we leave it for future work. From now on we focus on the mathematical side of this research.
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The methods that we use to classify the G(R)-orbits in (R2)®* are based on [8,9] and employ the theory of
Galois cohomology. One of the main implications of this theory is the following: Let v € (R?)®* and consider
its complex orbit Gv C (C2)®4. Then the G (R)-orbits contained in Gv N (R2)®* are in bijection with the Galois
cohomology set H'(Z5(v)), where Zz(v) = {g € G:gv= v} is the stabiliser of v in G. So in principle the

only thing one has to do is to compute H'(Zz(v)) for each G-orbit in (C?)®4 that has a real representative v.
This works well for the nilpotent orbits because they are finite in number and all have real representatives (we
do not discuss the nilpotent case here since a classification is already given in [28]). However, for the orbits
of semisimple and mixed elements this is not straightforward: firstly, there is an infinite number of them and,
secondly, it is a problem to decide whether a given complex orbit has a real representative or not.

Our approach to classifying semisimple elements is described in Section 5 and analogous to the method de-
veloped in [9]. However, the work in [9] relies on some specific preliminary results that do not apply to our case;
as a first step, we therefore need to establish the corresponding results for the situation discussed here. Mixed
elements are considered in Section 6; also here the methods are similar to those in [9]. The main difference is
that in the case treated in [9], the stabilisers of semisimple elements all have trivial Galois cohomology. This is
far from being the case in the situation discussed here, which requires significant amendments. For example,
we will work with sets of 4-tuples (p, h, e, f), which do not explicitly appear in [9].

In the course of our research we have made frequent use of the computer algebra system GAP4 [41]. This
system makes it possible to compute with the simple Lie algebra g of type D4. We have used additional GAP
programs of our own, for example to compute defining equations of the stabilisers of elements in the group G.

Our main result is summarised by the following theorem, it is proved with Theorems 5.9 and 6.3.

Theorem 1.1. The following is established.
a) Up to G(R)-conjugacy, the nonzero semisimple elements in (R2)®* are the elements in Tables 6-11.
b) Up to G(R)-conjugacy, the mixed elements in (R2)®* are the elements in Tables 13— 27
¢) Up to G(IR)-conjugacy, the nilpotent elements in (R2)® are given in [28, Table I].

The notation used in these tables is explained in Definition 1.

Structure of this paper. In Section 2 we briefly comment on applications to real quantum mechanics and
non-extremal black holes. In Section 3 we introduce more notation and recall the known classifications over
the complex field; these classifications are the starting point for the classifications over the real numbers. In
Section 4 we discuss some results from Galois cohomology that will be useful for splitting a known complex
orbit into real orbits. Section 5 presents our classification of real semisimple elements; we prove our first main
result Theorem 5.9. In Section 6 we prove Theorem 6.3, which completes the classification of the real mixed
elements. The Appendix contains tables listing our classifications.

2. REBITS AND THE BLACK HOLE/QUBIT CORRESPONDENCE

2.1. On rebits. Real quantum mechanics (that is, quantum mechanics defined over real vector spaces) dates
back to Stiickelberg [55]. It provides an interesting theory whose study may help to discriminate among the
aspects of quantum entanglement which are unique to standard quantum theory and those aspects which are
more generic over other physical theories endowed with this phenomenon [17]. Real quantum mechanics is
based on the rebit, a quantum bit with real coefficients for probability amplitudes of a two-state system, namely
a two-state quantum state that may be expressed as a real linear combination of |0) and |1) (which can also be
considered as restricted states that are known to lie on a longitudinal great circle of the Bloch sphere correspond-
ing to only real state vectors). In other words, the density matrix of the processed quantum state p is real; that
is, at each point in the quantum computation, it holds that (z|p|y) € R for all |z) and |y) in the computational
basis.

As discussed in [1], [44], and [10, Appendix B], quantum computation based on rebits is qualitatively different
from the complex case. Following [17], some entanglement properties of two-rebit systems have been discussed
in [4], also exploiting quaternionic quantum mechanics. Moreover, as recalled in [22], rebits were shown in [52]
to be sufficient for universal quantum computation; in that scheme, a quantum state of n qubits

|¢> = ZVGZ? ,r,veiQV |V> (Tv € R+, ev S R)
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can be encoded into a state of n + 1 rebits,
) = Zvezg (rvcosby [v) ® |R) +rysinby [v) @ |I)),

where the additional rebit (which has been also named universal rebit or ubit [2]), with basis states |R) = |0)
and |I) = |1), allows one to keep track of the real and imaginary parts of the unencoded n-qubit state.

It should also be remarked that in [59] the three-tangle for three rebits has been defined and evaluated,
resulting to be expressed by the same formula as in the complex case, but without an overall absolute value sign:
thus, unlike the usual three-tangle, the rebit three-tangle can be negative. In other words, by denoting the pure

three rebits state as
¢) = Zi,j,keZQ aijk k) ,

where the binary indices ¢, j, k correspond to rebits A, B, C, respectively, the three-tangle is simply four times
the Cayley’s hyperdeterminant [18] of the cubic 2 x 2 X 2 matrix a;;i, see [59].

2.2. Rebits and black holes. In recent years, the relevance of rebits in high-energy theoretical physics was
highlighted by the determination of striking relations between the entanglement of pure states of two and three
qubits and extremal BHs holes in string theory. In this framework, which has been subsequently dubbed as
the “black hole / qubit correspondence” (see for example [12-14] for reviews and references), rebits acquire the
physical meaning of the electric and magnetic charges of the extremal BH, and they linearly transform under
the generalised electric-magnetic duality group (named U-duality group in string theory) G(R) of the Maxwell-
Einstein (super)gravity theory under consideration.! This development started with the seminal paper [29], in
which Duff pointed out that the entropy of the so-called extremal BPS STU BHs can be expressed in a very
compact way in terms of Cayley’s hyperdeterminant [18], which, as mentioned above, plays a prominent role as
the three-tangle in studies of three-qubit entanglement [59]. Crucially, the electric and magnetic charges of the
extremal BH, which are conserved due to the underlying Abelian gauge invariance, are forced to be real because
they are nothing but the fluxes of the two-form field strengths of the Abelian potential one-forms, as well as of
their dual forms, which are real. Later on, for example in [43], [45,46], [30,31] and subsequent developments,
Duff’s observation was generalised and extended to non-BPS BHs (which thus break all supersymmetries), also
in (V' > 2)-extended supergravity theories in four and five space-time dimensions. Further mathematical simi-
larities were thoroughly investigated by Lévay, which for instance showed that the frozen values of the moduli in
the calculation of the macroscopic, Bekenstein-Hawking BH entropy in the STU model are related to finding the
canonical form for a pure three-qubit entangled state, whereas the extremisation of the BPS mass with respect
to the moduli is connected to the problem of finding the so-called optimal local distillation protocol [48,49].

Another application of rebits concerns extremal BHs with two-centers. Multi-center BHs are a natural gen-
eralisation of single-center BHs. They occur as solutions to Maxwell-Einstein equations in 4D, regardless of
the presence of local supersymmetry, and they play a prominent role within the dynamics of high-energy the-
ories whose ultra-violet completion aims at describing Quantum Gravity, such as 10D superstrings and 11D
M-theory. In multi-center BHs the attractor mechanism [33-36,56] is generalised by the so-called split attractor
flow [5,23,24], concerning the existence of a co-dimension-one region - the marginal stability wall - in the tar-
get space of scalar fields, where a stable multi-center BH may decay into its various single-center constituents,
whose scalar flows then separately evolve according to the corresponding attractor dynamics.

In this framework, the aforementioned real fluxes of the two-form Abelian field strengths and of their duals,
which are usually referred to as electric and magnetic charges of the BH, fit into a representation R of the 4D
U-duality group G (R). In the STU model of N = 2, D = 4 supergravity, G (R) = SL(2,R)? and R = (R2)®3,
and each SL(2, R)3-orbit supports a unique class of single-center BH solutions. In general, in presence of a multi-
center BH solution with p centers, the dimension I, of the ring of G (R)-invariant homogeneous polynomials
constructed with p distinct copies of the SL(2, R)3-representation charge R is given by the general formula [37]

(2.1) pdimg R = dimg O, + I,

where O, = G (R) /H,, (R) is a generally non-symmetric coset describing the generic, open G (R)-orbit, spanned
by the p copies of the charge representation R, each pertaining to one center of the multi-center solution. A
crucial feature of multi-center (p > 1) BHs is that the various (I, > 1) G (R)-invariant polynomials arrange into

Un supergravity, the approximation of real (rather than integer) electric and magnetic charges of the BH is often considered, thus
disregarding the charge quantization.
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multiplets of a global, “horizontal” symmetry group® SLyo.(p, R) [37], encoding the combinatoric structure of
the p-center solutions of the theory, and commuting with G (R) itself. Thus, by considering two-center BHs (that
is, p = 2 — an assumption which does not imply any loss of generality due to tree structure of split attractor
flows in the STU model), it holds that dimr R = 8 and the stabiliser of O,—> has trivial identity connected
component. The two-center version of formula (2.1) in the STU model yields

(22) STU : Iy = 2dimg ((R%)®) — dimg (SL(2,R)*) =2-8-9 =7,

implying that the ring of SL(2, R)3-invariant homogeneous polynomials built out of two copies of the tri-funda-
mental representation (R2)®3 has dimension 7. As firstly discussed in [37] and then investigated in [3,19,38,39],
the seven SL(2, R)3-invariant generators of the aforementioned polynomial ring arrange into one quintuplet (in
the spin-2 irreducible representation 5) and two singlets 16 1’ of the “horizontal” symmetry group SLy, (2, R):
(2.3) Io=7=5® 1 & 1,

degd deg2 deg4

under SLy(2,R)

where the degrees of each term (corresponding to one or more homogeneous polynomials) has been reported.
The overall semisimple global group providing the action of the U-duality as well as of the “horizontal” symmetry
on two-center BHs is

(2.4) SLhor(2,R) ® SL(2, R)® ~ SL(2,R)* = G(R),
acting on the SLyo, (2, R)-doublet of G-representations R’s, namely
(2.5) R’ R =R?® (R?)® ~ (R?)?".

Since the “horizontal” factor SLy,, stands on a different footing than the U-duality group SL(2, R)?, only

the discrete group Syms of permutations of the three tensor factors in R = (R2)®3 should be taken into
account when considering two-center BH solutions in the STU model, to which a classification invariant under
Symgs x SL(2,R)? thus pertains. Clearly, the two singlets in the right hand side of (2.3) are invariant under the
whole SLyo;(2,R) ® SL(2,R)?; on the other hand, when enforcing the symmetry also under the “horizontal”
SLhor(2,R), one must consider its non-transitive action on the quintuplet 5 occurring in the right hand side of
(2.3). As explicitly computed (for example, in [37]) and as known within the classical theory of invariants (see
for example [58] as well as the Tables of [42]), the spin-2 SLo-representation 5 has a two-dimensional ring of
invariants, finitely generated by a quadratic and a cubic homogeneous polynomial :
(2.6) Ipins = dimg (5) — dimg SLyr(2,R) =5 —3=2= 1" & 1" .
deg2 deg3

under SLy,(2,R)
This results into a four-dimensional basis of (Syms X (SLhe(2, R) ® SL(2, R)?))-invariant homogeneous poly-
nomials, respectively of degree 2, 4, 8 and 12 in the elements of the two-center BH charge representation space
(R2)®4. However, as discussed in [37], a lower degree invariant polynomial of degree 6 can be introduced and
related to the degree-12 polynomial, giving rise to a 4-dimensional basis of (Syms x (SLpor(2, R) ® SL(2,R)?))-
invariant homogeneous polynomials with degrees 2, 4, 6 and 8, respectively, see [37].

We recall that the enforcement of the whole discrete permutation symmetry Symy (as done in Quantum In-
formation Theory applications) allows for the degrees of the four (Symy X (SLpo (2, R) ® SL(2,R)?))-invariant
polynomial generators to be further lowered down to 2, 4, 4 and 6; this is explicitly computed in [50,57] and
then discussed in [47] in relation to two-center extremal BHs in the STU model. In all cases, the lowest-order
element of the invariant basis, namely the homogeneous polynomial quadratic in the BH charges, is nothing
but the symplectic product of the two copies of the single-center charge representation R = (R2)®3; such a
symplectic product is constrained to be non-vanishing in non-trivial and regular two-center BH solutions with
mutually non-local centers [37]. This implies that regular two-center extremal BHs are related to non-nilpotent
orbits of the whole symmetry SLyo(2, R) ® SL(2,R)? (with a discrete factor Syms or Symy, as just specified)
on (R2)®4. The application of the classification of such orbits (which are the object of interest in this paper)
to the study of two-center extremal BHs in the prototypical STU model goes beyond the scope of the present
investigation, and we leave it for further future work.

2Actually, the “horizontal” symmetry group is GL(p, R), where the additional scale symmetry with respect to SL(p, R) is encoded
by the homogeneity of the G(R)-invariant polynomials in the BH charges. The subscript “hor” stands for “horizontal” throughout.
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3. NOTATION AND CLASSIFICATIONS OVER THE COMPLEX FIELD

Ottaviani and Reichenbach [51, Section 2] provide an overview of results related to the action of the group
H = GL(V1) x --- x GL(V;) on the space V = V] ® - - - ® V,., where each Vj is a finite dimensional complex
vector space. We refer to [51] and the references therein for a detailed discussion of these tensor classifications
and applications.

If r = 2, then V can be identified with the matrix space C4mVixdimVz "anq G-orbits on V correspond to
equivalence classes of matrices (which are parametrised by matrix rank), see [51, Theorem 1.1]. In particular,
there are only finitely many G-orbits in V. For r > 3 the situation changes drastically and a full classification
of orbits is, in general, a wild problem, see [51, Section 2]. However, for certain V' explicit classifications exist,
the easiest being GL(2,C) x GL(2,C) x GL(2,C) acting on C? ® C? ® C?; see [10], [51, Section 3.1] for a
discussion of the latter.

The classification of the orbits of H = SL(2,C)* on V = (C?)®* described in [27] uses a different approach
and employs Lie algebras: the simple Lie algebra g of type D4 has a Z /27 grading g = go @ g1 such that there is
an algebraic group G with Lie algebra isomorphic to g, acting as H on the space g1 = V (see Section 3.1 for
details). The identification g; = V allows us to partition the elements of V' into semisimple, nonzero nilpotent,
and mixed elements. Having described the H-action on V' via a so-called symmetric pair, the rich theory of
and powerful computational methods for so-called §-groups can be used to approach the orbit classification; we
refer to [25,26] for more details on orbit classifications in complex §-groups. The determination of the orbits of
the group SL(2, R)* on (R?)®4 is the aim of the present paper; similar to the complex case, our approach is to
use a suitable description in terms of symmetric pairs. These classifications (over C and R) have applications in
theoretical physics [28,53], quantum information theory [27], and are of interest in the general context of tensor
rank and classifications, see [51].

We note that for m < 4 the representations of the groups SL(2,C)™ on the spaces (C2)®™ are visible: This
means that the nullcone has finitely many orbits. Here we do not go into this concept, but refer to [42], where
the visible representations of reductive complex algebraic groups are classified. From this classification it also
follows that the representations are no longer visible for m > 5. Therefore, for m > 5 it becomes much more
complicated to classify the orbits; to the best of our knowledge, no detailed orbit classifications exist for these
cases.

3.1. The grading. There are several ways to construct a suitable Z/2Z-grading of the simple Lie algebra of type
D,. Here d we briefly describe two of them.

3.1.1. First construction. Let U = W = C2®@C2? and set V = U & W. Let Q denote the bilinear form on V such
that U and W are orthogonal, and such that the matrix of () restricted to U and W (with respect to fixed bases

of these spaces) is

As shown in [40, p. 303], it is possible to define a Lie bracket on A2V such that the resulting Lie algebra g is
isomorphic to

OoO—OO
—_OoOOoO
ooo
oo=O

o

50(Q) ={X € gl(V) : Q(Xv1,v2) + Q(v1, Xvg) =0 forall vy, vy € V'},
which is the simple Lie algebra of type D,4. Furthermore we have the vector space isomorphism
g2 AV = (ANU) @ (MPW) @ (U W).

Because of the choice of @, we have that A?U and A?W are subalgebras of A2V isomorphic to so0(4,C) =
sl(2,C) @ sl(2,C). Let go denote the subalgebra A2U @ A?W, which is isomorphic to the direct sum of four
copies of 5l(2,C). Let gy = U ® W; since U and W are orthogonal under (), the space g; is stable under
left multiplication by go. There is an isomorphism g; = (C?)®4 of vector spaces, and it turns out that this
isomorphism is also an isomorphism of gg-modules. The analogous construction can be done over R with U =
W = R2®R2. Our choice of () implies that the subalgebras A2U, AW are both isomorphic to s[(2, R)®sl(2, R),
and the module U ® W is isomorphic to (R?)®4,
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3.1.2. Second construction. The second construction is more abstract and starts with the simple Lie algebra g
of type D4 defined over the complex numbers. Let ¥ denote its root system with respect to a fixed Cartan
subalgebra t. Let 1, ..., 74 be a fixed choice of simple roots such that the Dynkin diagram of ¥ is labelled as

follows
1

1 2 3

We now construct a Z/27Z-grading of g: let go be spanned by t along with the root spaces g, where y = Y. k;y;
has ks even, and let g be spanned by those g, where v = ). k;~y; has ky odd. Let 79 = v1 + 272 + 73 + 74 be
the highest root of W. The root system of g¢ is {40, £71, =73, =74}, hence

go = 5(2,C)* = sl(2,C) @ 51(2,C) @ sl(2,C) @ sl(2,C).

Taking —~9, 71, V3, 74 as basis of simple roots of gg we have that —~3 is the highest weight of the gp-module g,
which therefore is isomorphic to (C?)®4, We fix a basis {eg, €1} of C? and denote the basis elements of (C?)®4
by
liriaizia) = €i; @ €jy @ €j3 ® €4y

Mapping any nonzero root vector in g_., to |0000) extends uniquely to an isomorphism g; — (C?)®* of
5[(2, C)4-modules. We denote by G the adjoint group of g, and we write G for the connected algebraic sub-
group of G with Lie algebra adgygo 2 s[(2, C)*. The isomorphism s[(2,C)* — g lifts to a surjective morphism
7 G = G of algebraic groups, which makes g; into a G-module isomorphic to (C?)®4

In order to define a similar grading over R we take a basis of g consisting of root vectors and basis elements
of t, whose real span is a real Lie algebra (for example, we can take a Chevalley basis of g). We denote this real
Lie algebra by g(R). We set go(R) = go N g(R) and g1 (R) = g1 N g(R), so that

g(R) = go(R) @ g1(R).

If Go(R) denotes the group of real points of Gy, then 7 restricts to a morphism 7: G (R) = Gp(R) that makes
g1(R) a G(R)-module isomorphic to (R?)®*

3.1.3. Nilpotent, semisimple, and mixed elements. A first consequence of these constructions is the existence of
a Jordan decomposition of the elements of the modules (C?)®* and (R?)®. Indeed, the Lie algebras g and g(R)
have such decompositions as every element = can be written uniquely as x = s + n where ads is semisimple,
adn is nilpotent, and [s,n] = 0. It is straightforward to see that if z lies in gy or g1 (R), then the same holds
for its semisimple and nilpotent parts. Thus, the elements of (C2)®4 and (R?)®* are divided into three groups:

semisimple, nilpotent and mixed. Since the actions of Gand G (R) respect the Jordan decomposition, also the
orbits of these groups in their respective modules are divided into the same three groups.

We note that nilpotent and semisimple orbits in (C?)®* can also be characterized differently. A SL(2,C)*-
orbit in (C?)®* is nilpotent if and only if its (Zariski-) closure contains 0. For example, u = |0000) is nilpotent
as it is straightforward to find g; € SL(2,C)* (for t € C*) such that g; - u = tu, which converges to 0 for
t — 0. Furthermore, an orbit is semisimple if and only if it is closed. However, this characterization does not
yield straightforward examples of semisimple elements.

A second consequence is that we can consider sly-triples instead of nilpotent elements; we use these in Sec-
tion 6 when considering mixed elements: the classification of the orbits of mixed elements with a fixed semisim-
ple part p reduces to the classification of the nilpotent orbits in the centraliser of p, which in turn reduces to the
classification of orbits of certain sly-triples. We provide more details in Section 6.

3.2. Notation. We now we recall the notation used in [27] to describe the classification of G-orbits in (C2)®4,
A Cartan subspace of g1 is a maximal space consisting of commuting semisimple elements. A Cartan subspace
b of g1 (and in fact a Cartan subalgebra of g) is spanned by

= 0000) 4 [1111), wug = |0110) + |1001), uz = [0101) + [1010), w4 = |0011) + |[1100).

We denote by ® the corresponding root system with Weyl group W. This group acts on ® and b in the following
way. For a € ® let s, € W be the corresponding reflection. If 3 € ® and h € b, then s,(8) = 8 — B(hq) and
Sa(h) = h —a(h)hq where h,, is the unique element of [g,, §—o) < b with a(h,) = 2. This defines a W-action
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on h and we write W), = {a € W : a(p) = p} for the stabiliser of p € b in W; the latter is generated by all s,
with o € ¢, where ®, = {a € ¢ : a(p) = 0}, see [27, Lemma 2.4]. For a root subsystem IT C & define

bo={p€b:alp) =0foral a € IT}, Wi = (sq : a € 1I),
hbp={p€bn:a(p) #0foralla € &\ I}, I'n = Nw (Wn)/Wn.
Let ¢ be a fixed primitive 8-th root of unity; for A = <(é 2) and u € C* we write
oy =00 P = (@) 1= 6D 7= (B K= ()
= () =GN M= (§) Y = ()

Throughout this paper, we freely identify the spaces g; = (C?)®* and g;(R) = (R?)®4 and we write elements
of G and G(R) as 4-tuples (A, B,C, D), with A, B, C, D in SL(2, C), respectively in SL(2, R).

3.3. Complex classifications. In [27, Section 3.1] we have determined 11 subsystems 1, ..., II;; to classify

the semisimple G-orbits in gi; these sets are also described in Table 1. The following result summarises [27,
Proposition 2.5, Lemma 2.9, Theorem 3.2, Lemma 3.5, Proposition 3.6].

Theorem 3.1 (Complex classification of semisimple elements [27]).

a) Each semisimple G-orbit in (C?)®* intersects exactly one of the sets bni, nontrivially. Two elements of by, are

@—conjugate if and only if they are I'ry, -conjugate. Each I'ty; can be realised as complement subgroup to Wiy,
in Ny (Wr1,), so as a matrix group relative to the basis uy, . . ., uy of h. The group U1, = (Z/27)3 is generated
by all 4 x 4 diagonal matrices that have two 1s and two —1s on the diagonal; the groups I'ry,, 'ty , 'ty & Dihy

are isomorphic to the dihedral group of order 8 and defined as

100 0 00 —1 10 0 0 00 -1 0 1000 0-10 0
_/lo10 0 01 0 _ /(o1 0 0 00 0 —1 _ /o100 10 0 O
FH4f<00107 100>7PH5*<00—1071000>’PH6*<0010700 0—1>'

000 —1 00 0 00 0 1 0-10 0 0 001 00 -1 0

Furthermore, I't;, = W and the remaining I'r, are equal to {£1}.
b) Ifx,y € by, then Zz(x) = Zz(y), and the group Zz(x) is given in Row i of Table 2.

=N =N

See [27, Remark 3.3] for a comment on the I'ry;-orbits in by ; this yields a complete and irredundant classi-

fication of the semisimple G-orbits in g1, see Table 1. The zero orbit is covered by the case ¢ = 11. The next
theorem is [27, Theorem 3.7].

Theorem 3.2 (Complex classification of mixed elements [27]). Fori € {2,...,10} let ¥; be a set of G -conjugacy
representatives of semisimple elements in by; as specified in Table 1. Up to G-conjugacy, the mixed elements in g
are the elements s + n; j wherei € {2,...,10}, s € ¥;, and n; j as specified in Table 3.

The nilpotent G-orbits in g1 and the nilpotent G (R)-orbits in g1 (R) are determined in [11] and [28], respec-
tively, see also [27, Table 7]; therefore we do not recall these classifications here. We conclude this section by
mentioning [27, Remark 3.1]; the symmetries described in this remark allow us to simplify our classifications.

Remark 3.3. If ¢ € Sym,, then the linear map 7, : g1 — g1 that maps each |ijizizis) t0 |i10i2093-14-) extends
to a Lie algebra automorphism of g that preserves go and g;. The group generated by all these 7, fixes u; and
permutes {ug, u3, u4} as Syms. Specifically, 7(5 3y swaps u3 and ug, and 73 4) swaps uz and uy.

4. GALOIS COHOMOLOGY

We describe some results from Galois cohomology that we use for determining the real orbits within a complex
orbit; see [8, Section 3] for a recent treatment of Galois cohomology in the context of orbit classifications.

In this section only we consider the following notation. Let G be a group with conjugation o: G — G, that
is, an automorphism of GG of order 2; often ¢ is the complex conjugation of a complex group. An element c € GG
is a cocycle (with respect to o) if co(c) = 1; write Z'(G, o) for the set of all cocycles. Two cocycles ¢, ¢’ are
equivalent if ¢ = aco(a)~! for some a € G; the equivalence class of ¢ is denoted [¢], and the set of equivalence
classes is denoted H'(G, o). We also write Z!(G) and H'(G) if it is clear which conjugation is used; these
definitions are an adaption of the definitions in [54, 1.§5.1] to the special case of an acting group (o) of size 2.
We now list a few results that help to determine H'(G, o). In the following we write G° = {g € G : o(g) = g}.
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Let X be a set on which G acts. We suppose that X has a conjugation, also denoted o (that is, a map
o: X — X with 02 = Idy), such that o(gz) = o(g)o(z) forall z € X and g € G. Let O be a G-orbit in X
that has a real point, that is, there is g € O with o(xg) = x¢. In this situation, O is stable under o, and we are
interested in listing the G?-orbits in O% = {y € O : o(y) = y}. For this we consider the stabiliser

Za(xo) ={g € G:gxo =0}
and the exact sequence
1—>ZG(x0)L>GL>O—>1
resulting from the orbit-stabiliser theorem; here 7 maps g to gz. This sequence gives rise to the exact sequence

1 — (Za(20))” —— G° —1 07 -2 HY(Zg(w0),0) —— HN(G,0),
see [54, Proposition 36]: the map i* sends the class defined by g € Z!(Zg(x¢),0) to its class in H (G, 0);
moreover, §(grg) is the class of the cocycle g~'o(g). The following is one of the main theorems in Galois
cohomology, see [54, §5.4, Corollary 1 to Proposition 36].

Theorem 4.1. The map § induces a bijection between the orbits of G° in O and the set ker i*.

Remark 4.2. It is known for the usual complex conjugation % that H'(GL(n,C)) = 1 = H!(SL(n, C)) for all
n > 1, see for example [7, Proposition I11.8.24 and Corollary I11.8.26], in particular, H'(C*) = 1. Moreover, if *
acts entry-wise on a complex matrix group G = X x Y, then H(X x Y) = H!(X) x H'(Y). Since a torus
T < G is a direct product of copies of C*, we have that H!(T, %) = 1.

4.1. Cartan subspaces. Recall that § is the fixed Cartan subspace spanned by {uy,...,us}. Semisimple ele-
ments that lie in b are represented as a linear combination of these basis elements, however, most of our real
orbit representatives lie in a Cartan subspace different to . To simplify the notation in our classification tables,
we classify all Cartan subspaces and then represent our semisimple orbit representatives with respect to fixed
bases of these spaces.

It follows from Galois cohomology that the real Cartan subspaces in g; are, up to @—conjugacy, in bijection
with H'(N) where N = N, a(h), see [8, Theorem 4.4.9]. The group N fits into an exact sequence

1—Zz0b) - N—-W =1

Since Z(h) and W are finite groups of orders 32 and 192, respectively, N is a finite group of order 32 - 192 =
6144. Because we know Z(h) and W (for the former see the first line of Table 2), we can determine N. Since
N is finite, a brute force calculation determines H'(N), and we obtain |[H'(N)| = 7.

For a fixed [n] € H'(N) define 7: h — b by 7(u) = ni. Since 7 is an anti-involution of b, the R-dimension
of the fixed space h™ = {u € b : 7(u) = u} equals the C-dimension of b. Let g € G be such that g~'§ = n;
if u € b7, then u = n1, and the element g = gnn~'u = gu is real. Thus, the real span of all gu with v € b7
gives a real Cartan subspace. Iterating this procedure for all [n] € H!(N) gives all real Cartan subspaces up to
G(R)-conjugacy; we fix the notation in the following definition.

Definition 1. There are seven classes in H!(V) corresponding to cocycles n3,...,n% € Z!(N); for each
i € {1,...,7} choose g} € G such that (g;)"'g7 = n} and ¢; = g}(h7). Specifically, using the notation
introduced in (3.1), we choose

gi =(LLLI), g5= (LI LI, g5=(D),Dn°).,-D*),~D"), g¢i=(M,I1,M)

g5 =, M, I, M), g5=(I,I,M,M), gi=(D(n),D(n°),D(n°),D(n)),

where 1) is a primitive 16-th root of unity with n?> = (. Moreover, we fix the following bases for the seven Cartan
subspaces ¢1, . . ., ¢7 constructed above:

{u; =10000) 4 [1111), wug = |0110) + [1001), wg = |0101) + [1010), w4 = |0011) + [1100)}
{v1 =0000) — [1111), w9 = |0110) — |1001), w3 =[0101) — |1010), w4 =|0011) — |1100)}
{wy =|0000) — [1111), w9 = [0110) — [1001), w3 = [0101) — |1010), w4 = |0011) 4 |1100)}
{z1 =10000) — [1111), x9 =[0110) — |1001), =3 =[0101) + [1010), x4 = |0011) + |1100)}
{y1 =10000) — |1111), yo =[0110) + [1001), y3 =[0101) — |1010), y4 = |0011) + |1100)}
{z1 =10000) — |1111), 25 = |0110) + |1001), =23 = [0101) + [1010), 24 = |0011) — [1100)}
{t; =10000) — |1111), 3 =|0110) 4+ [1001), ¢3 = |0101) + [1010), ¢4 = |0011) + [1100)}
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5. REAL SEMISIMPLE ELEMENTS

Throughout this section, we fix one of the subsystems II = II; of Theorem 3.1 and abbreviate C = h;. We fix
a complex G-orbit O = G for some nonzero t € C. We now discuss the following problems related to the
orbit O:

1) Decide whether O N g1 (R) is nonempty, that is, whether O has a real point.

2) If O has real points, how can we find one?

3) Determine representatives of the real G (R)-orbits contained in O.

We prove a number of results that help to decide these questions. These results as well as the proofs are
similar to material found in [9]. However, the results in [9] concern a specific Z/3Z-grading of the Lie algebra
of type Eg. Since here we consider a different situation, we have included the new proofs.

In the following, the centraliser and normaliser of C in G are denoted by

Za(C) = {9€G:gx=aforallz €C}

Na(C) = {geG:gxeClorallz e C}.
Lemma 5.1. Letty,ty € C. If gt; = to for some g € é then g € N@(C).

Proof. Theorem 3.1a) shows that w(t1) = t3 for some w € Ny (W). If 0 € Ng(h) is a preimage of w, then
gl € Zz(t1). Theorem 3.1b) shows that g~ 1 € Z5(x) for every x € C, so gz = Wz = w(x) forall z € C.
Since w € Ny (Wrr), we have IT = wII and hence w(C) = C, see [27, Lemma 2.3 and Proposition 2.5]. O

Now we define a map p: N5(C) — I'm;: If g € Ng(C), then g¢ = = € C, hence w(q) = z for some
w € Ny (Wn), and we define ¢(g) = wWyy € T'pp. This is well-defined: if w’ € Ny (W) satisfies w'(q) = =,
then w™tw’ € Wiy, so w' Wi = wWi.

Lemma 5.2. The map ¢: N5(C) — T'ny is a surjective group homomorphism with kernel Z5(C). Moreover, if
g € N5(C) and z € C, then gx = ¢(g).

Proof. We start with a preliminary observation. If g € Nz(C) and w € Ny (W) such that gg = w(q), then
gy = w(y) for all y € C: indeed, if 0 € Ng(b) is a preimage of w, then Ww™'g € Zz(q) and w™'g € Z5(y)
by Theorem 3.1b). Now let g1, g2 € Ng(C) and let wy, w2 € Ny (Wi) be such that each w;(q) = giq. By the
made observation, g1g2g = w(w2(q)); this implies that that ¢ is a group homomorphism. If wWy € 'y with
preimage W € Ng(h), then @ € Ng(C) and p(w) = wWp, which shows that ¢ is surjective. If g € ker(¢p),
then gg = ¢ and the first part of the proof shows that g € Z5(C). O

By abuse of notation, we also write
¢: Na(C)/Za(C) — T'n
for the induced isomorphism. The next theorem provides solutions to Problems 1) and 2); it is similar to [9,
Proposition 5.2.4]. Recall that we fixed II = II; and O = Gt witht € C.

Theorem 5.3. Write H'(I'rt) = {[v1], ..., [vs]}. Suppose that for each ~; € Z'(T'ny) there isn; € Z*(Nz(C))
with o(n;) = ;. Then O has a real point if and only if there exist¢ € ONC andi € {1,...,s} withq = ~; 'q.
If the latter holds, then gq' is a real point of O, where g € G is such that g~'g = n;.

Proof. The elements n; exist by Lemma 5.2. If O has a real point, say p = gt for some g € G, then gt = gt,
and so £ = n~'t for n = g~'g; note that n is a cocycle since nin = 1. Because ¢, € C, Lemma 5.1 shows that
n € Ng(C), sowe candefiney = ¢(n). Sincey € Z!(I'yy), thereisi € {1,...,s}and 8 € Py withy = 3713,
Now Lemma 5.2 shows that f = 7't = 714! 5t, so if we set ¢ = Bt, theng’' € ONCand ¢ = ; ', as
claimed. Conversely, let ¢ € O N C and v; be such that ¢ = ~; '¢’. By l'ypothesis tilere isn; € Z'(Ng (C)A)
with ¢(n;) = 7;, hence ¢ = ni_lq' by Lemma 5.2. Because n;7i; = 1in G and H'(G) = 1, thereisa g € G
with n; = g7'g. Now p = g¢’ is a real point of O, as can be seen from p = g = gnmi_lq’ =p. O

Remark 5.4. The real point g¢' mentioned in Theorem 5.3 might lie in a Cartan subspace different to h. The
real points corresponding to the class [y1] = [1] can be chosen to lie in the Cartan subspace b.
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Remark 5.5. One of the hypotheses of the theorem is that for each v; there is a cocycle n; € Z'(Ng(C)) such
that p(n;) = ~;. We cannot prove this a priori, but for the cases that are relevant to the classification given in
this paper we have verified it.

Galois cohomology also comes in handy for a solution to Problem 3): the next theorem follows from Theo-
rem 4.1, taking into account that H'(G) = 1, see Remark 4.2.

Theorem 5.6. Let p € O be a real representative. There is a 1-to-1 correspondence between the elements of
H'(Zg(p)) and the G(R)-orbits of semisimple elements in O that are G-conjugate to p: the real orbit corresponding
to [2] € H'(Zz(p)) has representative bp where b € G is chosen with z = b™'b.

5.1. Classification approach. Now we explain the classification procedure in full detail. For i € {1,...,10}
we compute some information related to Row ¢ of Table 1; recall that the case ¢ = 11 corresponds to the zero
orbit: First, we construct the cohomology sets H!(I'ry,); the I'y, are finite groups with trivial conjugation, so the
cohomology classes coincide with the conjugacy classes of elements of order dividing 2. These can be computed
brute-force. If the complex orbit of a semisimple element g has a real point, then Theorem 5.3 shows that there
is some ; and some ¢’ in the orbit of ¢ such that ¢’ = 7]._1q' ; now gq’ is a real point in the orbit of ¢, where g
is defined in Theorem 5.3. We therefore proceed by looking at each [v;] € H!(I'ry,) and determining all ¢’ such
that ¢/ = o7 L¢/; this will eventually determine the orbits of elements in by, that have real points, along with
a real point in each such orbit. The next lemma clarifies that the elements determined for different j yield real
orbit representatives of different orbits.

Lemma 5.7. With the above notation, if j # k, then the real orbit representatives obtained for [7y;] are not G-
conjugate to those representatives obtained for [7y].

Proof. Suppose in the above process we construct g;, g € hre such that g; = fyj_lqj and g, = ’yk_lqk. If ¢; and
qr, lie in the same é-orbit, then Theorem 3.1 shows that g, = B¢; for some 3 € I'ry,, that is, g, = ’yk_lﬁqj, and
solving for ¢; yields q; = B—lykﬁqj = ﬁ_lwk,év;lqj. Since gj, g € byy,, we have Wy, = Wy, , see Section 3.2,
and so ﬂ_lfka’yj_l € Wi,. Since I'y; = Nw (Wn,)/Wh,, it follows that [y;] = [vx] in H!(I'yy,) . O

Our algorithm now proceeds as follows; recall that each of our I'yy, is realised as a subgroup of IW:
(A) For each component C = by and each cohomology class [v;] € H 1(I'p,) with ; € W, we determine all
¢ € C that satisfy ¢ = 'yj_lq/ (using Table 4, this condition on ¢’ is easily obtained). We then determine g; € G
such that n; = g;l gj (using Table 5), and set p = g;¢’. Theorem 5.3 shows that p is a real representative in the

complex orbit @q’ of ¢/. We note that in this approach we do not fix a complex orbit O and look for ¢ € ONC
as in Theorem 5.3, but we first look for suitable ¢’ € C and then consider the reduction up to I'rj,-conjugacy.

(B) Next, we determine the real orbits contained in CA}p = @q’ . Using Theorem 5.6, we need to consider
Z = Zg(p) and determine H 1(Z) with respect to the usual complex conjugation . Note that Z is one of the

centralisers in Table 2 and Z = g; Zx(q) gj_l. It will turn out that in most cases we can decompose Z = Zx H

where H is abelian of finite order; then H'(Z) = H'(Z) x H'(H) by Remark 4.2, which is useful for determin-
ing H'(Z). We will see that the component group Z /Z° is of order at most 2; if it is nontrivial, then is generated
by the class of (J, J, J, J) where J is as in (3.1). The connected component Z° is in most cases parametrised by
a torus or by SL(2, C), and we show that H;(Z°) is trivial (see Remark 4.2). To compute H'(Z) it remains to
consider the cohomology classes of elements of the form v = w(.J, J, J, J) € Z \ Z° where w € Z°. We deter-
mine conditions on w such that « is a 1-cocycle, and then solve the equivalence problem. All these calculations
can be done by hand, but we have also verified them computationally with the system GAP.

(C) Finally, given 7;,n;,g; and H'(Z), Theorem 5.6 shows that a real orbit representative corresponding to

[2x] € H'(Z) is by,p where by, € G is chosen such that by, by, = 2z, (using the elements (M) given in Table 5);
specifically, we obtain the following real orbits representatives, recall that p = g;¢’:

(5.1)  {(e(A),e(B),e(C),e(D))(g;4') : [(A, B,C,D)] € H'(Z) and ¢’ € b, with ¢’ =~;"¢'}.

Remark 5.8. Some real points and some real orbit representatives computed in (A) and (C) lie outside our fixed
Cartan subspaces ¢y, ..., ¢7 as defined in Definition 1. If this is the case, then we rewrite these elements by
following steps (A’) and (C’) after (A) and (C), respectively:
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(A’) If the real point p in (A) is not in one of our fixed Cartan spaces ¢y, . . ., ¢7, then we search for g € g; Nz (h)
forsomek € {1,...,7}suchthatn; = g~ 'g; recall the definition of g5, and ny from Definition 1; we then replace
g; by g. This is indeed possible: by construction, there is go € Nz(h) and k € {1,..., 7} with gonigy = nk =
(95) g, s0 9 =gfgo € giNg(h) is a suitable element, and p = g¢’ lies in cy..

(C’) If one of the byp in Step (C) is not in our Cartan spaces ¢y, ..., c7, then we proceed as follows (using

-~

Definition 1). Note that byp is G(R)-conjugate to one of our Cartan spaces, say b}.bip € ¢; for some b}, € @(R)
and j € {1,...,7}. Since b} is real, (bﬁcbk)_lbzibk = 2, and it follows that by = bj.b, € G satisfies bgll_)o =z
and bpp € c¢j, as required. Since (g;)*lbop € bhis @—conjugate to ¢ € b, there exists w € N@(h) such that
(g;)_lbop = wq = wg~'p, where p = gq as in (A); we always succeed finding by in ngé(h)g_l.

To simplify the exposition, in our proof below we do not comment on the rewriting process (A’) and (C’), but
only describe the results for (A), (B), and (C).

5.2. Classification results. The procedure detailed in Section 5.1 leads to the following result; we prove it in
this section.

Theorem 5.9. Up to G(R)—conjugacy, the nonzero semisimple elements in g1 (R) are the elements in Tables 6—11
in Appendix A.2; see Definition 1 for the notation used in these tables.

It follows from Theorem 3.1 and Theorem 5.9 that there are many complex semisimple orbits that have no real
points. For example, consider the Case © = 10 and let us fix ¢ = A\u; with A\ = a +1band a, b # 0. According to
the description given in Case 10 of the proof of Theorem 5.9, there exists a real point in that orbit if and only if
there is ¢’ with ¢/ = 'yl_ol ¢’; this is equivalent to requiring that ) is either a real or a purely imaginary number,
which is a contradiction; thus the complex semisimple orbit determined by ¢ has no real points.

We now prove Theorem 5.9 by considering each case i € {1,2,3,4,7,10} individually; due to Remark 3.3,
the classifications for the cases i € {5, 6,8,9} can be deduced from those for i € {4, 7}. For each i we comment
on the classification steps (A), (B), (C) as explained in the previous section; we do not comment on the rewriting
process (A’) and (C’). In Case i below we write Z = Zz(p;) as in Table 2. Throughout, we use the notation
introduced in (3.1).

Case ¢ = 1. There are 7 equivalence classes of cocycles in I'r; = W, with representatives 1 = I, v2 = —1,
V3 = dlag(_1> _17 _11 1)’ V4 = diag(_lv _17 17 1)’ V5 = dlag(_17 17 _17 1)’ Y6 = dlag(_1> 17 17 _1)5 and
v7 = diag(—1, 1,1, 1). The centraliser Z is finite so the cohomology can be easily computed, and H'!(Z) has 12
classes with representatives

2= (I,1,1,1), zo=(1,1,—1,-1), zg=(I1,—-1I,1,—1), zg=(1,—-1,—1,1),
25:(K7K7K7K)7 26:(K7K7_K7_K)7 Z7:(K7_K7K7_K)v 28:(Ka_K7_K7K)7
zZ9 = (L,L,L,L), 210 = (L,L, —L, —L), Z11 = (L, —L,L, —L), Z12 = (L, —L, —L,L).

We follow the procedure outlined in Section 5.1 and consider the various [c] € H'(T';,). We note that in all
cases (1, j) below we start with a complex semisimple element A\quj 4. . .+ Aqu4 as in Table 1, with (A1, ..., \g)
reduced up to I'ry, -conjugacy, where I'r;, = W is the Weyl group.

(i,3) = (1,1): Let [c] = [1] = [diag(1,1,1,1)]. We first determine all ¢’ € hg; with ¢’ = ¢’; by Theorem 3.1,
these are the elements ¢’ = A\jui +. ..+ quq € b, with Aq, ..., Ay € R\{0} and A\; ¢ {2 £ A3+ \4}. Since
v = I, we can choose ny = g1 = (I, I,1,1),and obtain p = g1¢’ = ¢’ as real point in the complex G-orbit of q.
Since the first cohomology group of Z5(q") = Z5(p) has 12 elements, it follows from Theorem 5.6 that Gq' splits
into 12 real orbits with representatives determined as in (5.1). For z; = ([, 1,1,1) we have by = (I,1,1,1),
with real orbit representative byp = b1’ = ¢'. For 2o = (I,1,—1I,—1) we choose by = (I, I, L, L), with real
orbit representative bop = baq’ = —Ajuy + Aug + Agug — Aqug € by, . In the same way we obtain the orbit
representatives for zs3, . .., 212, which we summarise in Table 11 in the block j = 1.

(i,3) = (1,2): Nowlet [¢] = [yo] = [diag(—1, -1, —1,—1)]. Asbefore we determineall ¢’ € b}y, withq' = —¢/;
these are the elements ¢/ = A\juj + ... 4+ A\ug € by, with Ay, ..., g € 1R\ {0} and Ay & {£Ao + A3 £+ M}
Table 4 shows that diag(—1, —1,—1,—1) € Wisinducedbyno = (—1I,1,1,1). Anelement g, with 95197 =ng
is g2 = (L,I,1,I). Now p = g2q' is a real point in the complex orbit of ¢’. Since Z5(p) = ggZ@(q’)ggl is finite,
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we can directly compute H'(Z(p)) and obtain 12 classes with the following representatives
21:(17[7I7I>7 22:(_17_17[71)a 23:(17_IaI7_I)7 24:(_17[7[7_1)7
:(K7K7K7_K)7 ZGZ(_K7_K7_K7K)a 27:(K7_K7K7K)7 28:(_K7K7K7K)7
= (_La _La _La _L)7 210 = (La L: _La _L)7 211 = (_L7L7 _L7 L)7 212 = (L7 _La _L7 L)
Real orbits representatives are now determined as in Equation (5.1), see Table 11. Note that here every A; is
purely imaginary, but each product (¢(A),e(B),e(C),e(D))g2(A1ui + ... + Aqua) is a real point.

We repeat the same procedure for 73, - - - , y7; for each case we only summarise the important data, and we
refer to Table 11 for the list of real orbits representatives.

(i,5) = (1,3): If [] = [y3], then ¢ € by, satisfies ¢/ = v31q" if and only if ¢ = Mup + ... + Muy
with 1A1,2A2,2A3, A4 € R\ {0} and Ay ¢ {+X2 £ A3 £ M\s}; we have ng = (M, M,—N,N) and g3 =
(D(n°), D(n°), =D(n*), —D(n")); the first cohomology of Zz(p) = 93Zz(q')93 5! consists of four classes de-
fined by the representatives

= (=1,—1,—1,-1), 2= (—I,—-1,1,1), z3=(—I,I,—1,1), 24 = (—1I,1,1I,—I).

(i,3) = (1,4): If [c] = [y4], then ¢’ € by, satisfies ¢ = v, 1q if and only if ¢ = Ajuy + ... + Aguy with
1A, 1A, Az, A € R\ {0} and A ¢ {+£Xa £ A3 £ \y}. Wehave ny = (L,1,1,L), g4 = (M,I,I,M), and the
first cohomology of Z5(p) = 94Z5(q") gy ! consists of four classes defined by the representatives

o= (,1,1,I), zo=(,1,-1,-1), z3=(L,L,L,L), z4=(L,L,—L,—L).

(4,5) = (1,5): If [c] = [vs5], then ¢’ € by, satisfies q = 75_1q’ if and only if ¢/ = Ajuj + ... + A\uy with
1AL, A2, 2 A3, A\g € R\ {0} and A\; Qé {:b)\g + A3 :i:)\4}. We get ng = ([, L, 1, L), gs = (I, M, 1T, M), and the first
cohomology of Z5(p) = 9525(q) g5 ! consists of four classes defined by the representatives

2= ,1,1,I), zo=(,1,—-1,—-1I), z3=(L,L,L,L), z4=(L,L,—L,—L).

(4,5) = (1,6): If [c] = [6], then ¢’ € b, satisfies ¢ = v5'q ifand only if ¢ = Ajuy + ... + A\guy with
1A\, A2, A3,2A4 € R\ {0} and Ay ¢ {Xo = A3+ A\g}. Nowng = ([,1,L, L), gs = (I,I, M, M), and the first
cohomology of Z5(p) = 96Z7(q' )96 ! consists of four classes defined by the representatives

a=,1,I,I), z2=(1,-1,1I,-1I), z3=(L,L,L,L), z4=(L,—L,L,—L).

(i,5) = (,7): If [] = [y7), then ¢ € by, satisfies ¢/ = v71q" if and only if ¢ = Mus + ... + Muy
with Z)\l,)\g,)\g, 4 € R \ {0} and )\1 §§ {:i:/\g + /\3 + )\4}. We have ny = (M, M, M, M) and gr =
(D(n°), D(n°), D(°), D(n°)); the first cohomology of Zz(p) = g7Z§(q’)g7_1 consists of four classes defined

by the representatives

2=, 1,1,I), z2=(,1,-1,-1), z3=(I,—-1,1,-1I), z4=(I,—1,-1,1).

Case i = 2. Since I'[y, is elementary abelian of order 8, there are 8 equivalence classes of cocycles in H'(I'1,),
with representatives
:dlag(1717171) V2 :dlag( 1 171)7 V3 :diag(17_1717_1)7 Y4 :dlag(_ ) 17171)
75 :diag(1717_17—1)7 ’YG:dlag( 17]-7 ]-71)7 77:diag(—171717_1)7 ’yg:dlag(— ) 17 17_1)

The centraliser decomposes as Z = Z x H where H is abelian of order 4, generated by (—I,—1,1,I) and

(=I,1,—1I,1). Furthermore Z/Z° has size 2, generated by the class of (.J, J, J, J), and Z° is a 1-dimensional
torus consisting of elements T3 (a) = (D(a™ '), D(a™ 1), D(a), D(a)) with a € C \ {0}. The main difference to
the Case © = 1 is that here Z is not finite; we include some details to explain our computations. First, a direct
calculation shows that H!(H) consists of four classes defined by the representatives

2= I,1,1,1), z2o=(-1,-1,1,1), z3=(-1,1,-1,1), z4=(I,—-1,—1,1).

Next, we look at H 1(2 ). Since Z° is a 1-dimensional torus, a direct computation (together with Remark 4.2)
shows that H'(Z°) is trivial. It remains to consider the cohomology classes of elements in Z /Z°. Let u = wj*
where w € Z° and

Y= (J,J,J,J).
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A short calculation shows that u is a 1-cocycle if and only if there is a € R\ {0} with

w= (07 ) () < (W 0) % (e )
Moreover, every such u is equivalent to k = (—K,—K, K, K), thus H'(Z) = {[1], [k]}. Indeed, we can
verify (by a short calculation or with the help of GAP) that two 1-cocycles u, u’ satisfying u’ = gug—' where
g= (D(c™Y),D(c™Y), D(c), D(c)) € Z° for some ¢ € C* ifand only if ’ = a|c|?, thus we can assume a = +1.
Now u' = gj*u(gj*)~! for some g € Z°ifand onlyif aa’ = (c/|c|)?, then the 1-cocycles corresponding to a = 1
and @/ = —1 are equivalent. Since H!(Z) = H'(Z) x H*(H), representatives of the classes in H'(Zg(p)) are
Z1,...,24 and

zs =21k = (—K,-K,K,K), z¢=2z2k=(K KK K),
zr =23k = (K,—K,-K,K), zs=2zk=(-K K,-K,K).

With the same approach we obtain H'(g;Z gj_l) for all ; for j = 1,...,8. Representatives of the real orbits
are listed in Table 10; below we only list the important data.

(,7) = (2,1): If [c] = [y1], then ¢’ € by, satisfies ¢ = ¢’ if and only if A1, A2, \3 € R are nonzero and
A1 ¢ {dXy + A3} Wehave ny = g1 = (I,1,1,1),and H'(Z) was computed above.

(4,5) = (2,2): If [] = [12], then ¢’ € by, satisfies ¢ = 7, ¢’ if and only if Aj,2)2,2A3 € R\ {0} and
A1 ¢ {+X o £ A\3}. We have ng = (I,1,L,—L) and go = (I,1, M, D(()), with real point p = go¢’. A direct
calculation shows that u = gowj*g, ' with w = (D(a)™!, D(a)™!, D(a), D(a)) € Z° for some a € C* is a
1-cocycle if and only if @ = —a and a = @, which is a contradiction. This shows that there is no 1-cocycle with
representative u = gowj*g, *, so H'(Z) = H'(H).

For 73, ..., 77 we also deduce that H'(Z) = H'(H); the case of g is similar to ;.

(2,7) = (2,3): If [c] = [3], then the condition on ¢’ = Aju;1 + Aguz + Azus € by, is A1, A2, A3 € R\ {0}, and
A1 ¢ {£X2 £ A3}. Inthis case ng = (I, L,I,—L) and g3 = (I, M, I,D(()).

(2,7) = (2,4): If [¢] = [4], then the condition on ¢’ = A\ju1 + Agug + A\sus € by, is 1A1, 1Ae, A3 € R\ {0} and
)\1 §é {:l:)\z iAg}. Wehaven4 = (L,[,I,L) andg4 = (M,I,I,M).

(2,7) = (2,5): If [c] = [75], then the condition on ¢’ = A\juj + Ag2uz + Agug € by, is A\, A2, 2A3 € R\ {0} and
A & {£X2 £ A3}; wehavens = (L, I,I,—L)and g5 = (M,I,I,N).

(2,7) = (2,6): If [c] = [76], then the condition on ¢’ = A\juq 4+ Aaug + Asus € by, is 1A1, A2, 1A3 € R\ {0} and
A1 ¢ {+xXa £ As}; wehaveng = (I,L,I,L) and gs = (I, M, I, M).

(2,7) = (2,7): If [¢] = [y7], then the condition on ¢’ = A\ju; + Aaug + Asuz € by, is 1Ay, A2, A3 € R\ {0} and
A1 ¢ {+Xs £ As}; wehaveny = ([,1,L,L) and g; = (I, I, M, M).

(2,7) = (2,8): If [c] = [3], then the condition on ¢’ = Aju; + Aguz + Asus € by, is 21,12, 2A3 € R\ {0} and
A1 ¢ {£Xo £ N\3}; wehave ng = (—1,1,1,1)and gs = (L,I,1,I). A short calculation shows that u = wj*
with w = (D(a)™', D(a)!, D(a), D(a)) € Z°is a 1-cocycle if and only if a is purely imaginary. Moreover,
every such u is equivalent to k = (K, —K, K, K), thus |H!(Z)| = 2. In conclusion, H!(Z) has 8 classes with
representatives z1, ..., 24 and

Z5=Zlk:(K,—K,K,K), Z@IZQk:(—K7K,K,K),
27 =z3k = (—K,-K,-K,K), zs=zk=(K K, -K, K).

Case i = 3. Since H' (') = {[I],[~I]}, there are 2 equivalence classes of cocycles with representatives
~v1 = diag(1,1,1,1) and 2 = diag(—1, —1,—1, —1). We decompose Z = Z° x H, where H is the same as in
the case ¢ = 2 and

Z° = {(A" A# A A): AeSL(2,C)}.

A short calculation and Remark 4.2 show that H'(Z°) = 1, so H'(Z) = H'(H) = {[z1], [22], [23], [24]} as
determined for 7 = 2. Representatives of the real orbits are listed in Table 9; below we give some details.

(i,3) = (3,1): If [c] = [y1], then ¢’ = A1 (u1 —ug) 4+ Ao (u1 —u3) € by, satisfies ¢’ = ¢ ifand only if A1, A2 € R
and A\ A2 (A + A2) # 0; we haven; = g1 = (1,1,1,1).
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(2,7) = (3,2): If [c] = [2], then the condition on ¢’ = Aj(u1 — u2) + Aa(u1 — u3) € b, is A1, Ag € 1R
and A\ A2(A1 + A2) # 0; we have ng = (—I,1,1,I) and go = (L,I,1,I). A short calculation shows that
H'(g2Z°g5 ") is in bijection with H'(SL(2,C)) = 1; in conclusion, HY(Zg(p)) = H'(H).

Case i = 4. This case is similar to i = 2. Here H'(I'ry,) consists of the classes of
000 -1
4! :diag(17171)1)7 IVQZdia‘g(_]w]-a]-a]-)v 73:diag(_171317_]—)7 Y4 = (8 ?é 8)
~100 0

We have Z = Z x H where H is abelian of order 2 and generated by (—1I,1,—1,I). Furthermore Z/Z° has
order 2, generated by the class of (J, J, J, J), and Z° is a 2-dimensional torus consisting of elements 75 (a, b) =
{(D(a)™,D(a),D(b)"',D(b)) : a,b € C*}.First, H'(H) consists of 2 classes defined by the representatives

= (I,1,1,1), 2= (-I1—I1I).

Since Z° is parametrised by a 2-dimensional torus, a direct computation and Remark 4.2) shows that H'(Z°)
is trivial. Now consider the cohomology classes of elements in Z /Z°, that is, v = wj* where w € T5(a,b).
Computations similar to the ones in Case i = 2 show that uis a 1 cocycle if and only if a, b € 1R. Moreover, such
a 1-cocycle u is equivalent to either (—K, K, —K, K) or (—K, K, K, —K), thus |[H'(Z)| = 3. In conclusion,
H'(Z) has 6 classes with representatives 21, z and

z3=(-K,K,-K,K), z4=(-K,K,K,-K), z;=(K,KK,K), z= (KK, -K,—K).
Real orbit representatives are listed in Table 8; we summarise the important data below.
(i,7) = (4,1): If [c] = [11], then ¢ = A\jus + \ug € by, satisfies ¢ = ¢ if and only if A, \y € R and
AMAs(A + M) (A — Ag) #0. Wehaveny = g1 = (I,1,1,1)and p = g1¢' = ¢
(2,7) = (4,2): If [c] = [y2], then the condition on ¢ = Aju; + Aug € by, is 1A\, Aq € R\ {0}; we have
ng = (M, M, M, M) and g = (D(n°), D(n°), D(n°), D(1°)). Let u = gawj*g, * with w € Z°. As in Case
i = 2, a short calculation shows that there is no 1-cocycle with representative u, so H'(Z) = H'(H) has size 2.
(2,7) = (4,3): If [(] = [73], then the condition on ¢’ is ¢ = Au1 + Mug € by, with A;,\y € R and
AMA( A1+ A1) (A1 —\g) # 0, wehavens = (I,I,L,L)and g3 = (I,I, M, M). A direct calculation shows that
a 1-cocycle u = gzwj*g; ' with w € Z° is equivalent to (— K, K, —K, —K) or (—K, K, K, K). In conclusion

HY(g93Zg5 1) consists of 6 classes with representatives z1, zy and

Z3:(_K7K7_K7_K)7 Z4:(K7K7K7_K)a 25:(_K7K7KaK)7 ZGZ(K7K7_K7K)'

(i,7) = (4,4): Let [c] = [y4], then the condition on ¢ = A\uj + A\gug € by, is A = —Ag; we have \; — \g € R
and \; + Ay € 1R. We have g4 = (M, M, F,LF), and a direct calculation (assisted by GAP) shows that
H'(g4Zg; ") has size 4 with representatives 21, 2 and 23 = (—K, —K,~L,—L) and 24 = (K, —~K, L, —L).

Case i = 7. Since H'(I'ry,) = {[I],[~I]}, we have the same 71,72 as in the Case i = 3. We decompose
Z = Z° x H where H has order 2, generated by (—I, I, —1,I), and Z° is parametrised by SL(2, C) x SL(2, C).
As before, H'(Z°) = 1,s0 H'(Z) = H'(H) consists of the classes of z; = (I, 1,1,1)and zo = (—1,1,—1I,1I).
Table 7 lists the real orbit representatives.

(i,3) = (7,1): If [c] = [y1], then ¢’ € b7 satisfies ¢’ = ¢’ if and only if ¢’ = A(u; — ug) with A € R and A # 0;
we have ny = g1 = (I, I,1,1).

(2,7) = (7,2): If [c] = [72], then the condition on ¢’ = A(u;—uy4)is A € :R\{0}; wehaveny = (—1I,1,1,I)and
g2 = (L, I,1,T). A direct computation shows that H'(g2Z°g; ') = 1,s0 H'(g2Zg, ') = H'(H) determines 2
real orbits.

Case i = 10. Here we have H*(I'ry,,) = {[1],[~1]} and Z = Z, where Z° is a 3-dimensional torus consisting
of elements T3(a, b, ¢) = {(D(abc)~!, D(a), D(b), D(c)) : a,b,c € C*} and 7 /Z° is of order 2, generated by
the class of (J, J, J,J). As before, H'(Z°) = 1, and elements of the form u = wj* with w = T3(a,b,c) € Z°
are 1-cocycles if and only if a,b,c € 1R. Moreover, every such 1-cocycle u is equivalent to (K, K, K, K),
(-K,K,K,-K),(-K,K,~-K,K),or (K, K,—K,—K), thus H*(Z) has 5 classes with representatives

z21= 1, 1,1),z0=(K,K,K,K),z3 = (—-K,K,K,—-K),z4 = (-K,K,-K,K),z5s = (K,K,—-K,—K).
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Table 6 lists the real orbits representatives.

(2,7) = (10,1): If [¢] = [1], then the condition on ¢ = Auj is A € R\ {0}; we have ny = g1 = (I,1,1,1).
(2,7) = (10,2): If [c] = [72], then the condition on ¢’ = Au; € by, is A € 1R\ {0}; we have ng = (—1,1,1,1)
and go = (L, I,I,1). Since L commutes with diagonal matrices, H'(g2Z°g, ') = H'(Z°). On the other hand,
every 1-cocycle u = wj* with w € Z° is equivalent to (K, K, K, K), (—-K,K,K,—K), (—-K,K,—K,K), or
(K,K,—K,—K); thus H'(Z) has 5 classes with representatives

o=I,1,1,1),2 = (—K,K,K,K), 23 = (K, K,K,-K), 24 = (K,K,-K,K), 25 = (—K, K, - K, — K).

6. REAL ELEMENTS OF MIXED TYPE

An element of mixed type is of the form p + e where p is semisimple, e is nilpotent and [p, e] = 0. From the
uniqueness of the Jordan decomposition it follows that two elements p + e and p’ + ¢’ of mixed type are G-
conjugate if and only if there is a ¢ € G with gp = p’ and ge = €’. So if we want to classify orbits of mixed

type then we may assume that the semisimple part is one of a fixed set of orbit representatives of semisimple
elements. For K € {R, C} we define

M(K) = {p+ e: p+ eis of mixed type in g1 (K)}.

We know the G-orbits in M(C) and we want to classify the G(R)-orbits in M (R). Applying the general Galois
cohomology approach will lead to additional challenges. To avoid these, instead of working with M(K), we
will consider 4-tuples (p, h, e, f), where p + e is a mixed element and (h, e, f) is a suitable sly-triple. This has
the advantage that the stabiliser of such a 4-tuple in G is smaller than the stabiliser of p + e, and secondly it
is reductive. This makes it easier to compute the Galois cohomology sets. We now explain the details of this
approach.

Let p € g1(K) be a semisimple element. The nilpotent parts of mixed elements with semisimple part p lie in
the subalgebra

a= 3g(K)(p) = {‘T € g(K): [x,p} = 0}

This subalgebra inherits the grading from g, that is, if we set a; = a N g;(K) then a = ay & a;. Moreover, the
possible nilpotent parts of mixed elements with semisimple part p correspond, up to G(K)-conjugacy, to the
Z@(K) (p)-orbits of nilpotent elements in a;. The latter are classified using homogeneous sly-triples, which are
triples (h, e, f) with h € ag and e, f € a; such that

[h.e] =2e, [h, fl==2f, e, fl=h.

By the Jacobson-Morozov Theorem (see [8, Proposition 4.2.1]), every nonzero nilpotent e € a; lies in some
homogeneous sly-triple. Moreover, if e, €’ € a; lie in homogeneous sly-triples (h, e, f) and (', €', f’), then e
and €’ are Za k) (p)-conjugate if and only if the triples (h, e, f) and (R, €/, f’) are Z&k) (p)-conjugate. For this
reason we consider the set of quadruples

Q(K) = {(p, h,e, f): p € g1(K) is semisimple and (h, e, f) is a homogeneous sly-triple in 34x)(p) }-

We have just shown that there is a surjective map Q(K) — M(K), (p, h, e, f) — p + e. By the next lemma,
this map defines a bijection between the G(K)-orbits in the two sets.

Lemma 6.1. Let K € {R,C}. Let p,p € g1(K) be semisimple and let (h, e, f) and (h,é, f) be homogeneous

~

sla-triples in 34k (p) and 3qx) (D), respectively. Then p + e and p + é are G(KK)-conjugate if and only if (p, h, e, f)

~

and (p, h,eé, f) are G(K)-conjugate.

Proof. Only one direction needs proof. If g(p+e¢) = p+éwith g € G(K), then gp = p and ge = é by uniqueness
of the Jordan decomposition. Now (gh, €, gf) is a homogeneous sly-triple in 34k (p). By [8, Proposition 4.2.1],

there is g1 € Z@(K) (ﬁ) such that gl(gha éa gf) = (iLv é7 f)’ 50 (glg)(p7 hv €, f) = (ﬁ? }Ala év f) O

Our approach now is to classify the G(R)-orbits in Q(R); the main tool for this is the following theorem
which follows directly from Theorem 4.1 and the fact that G has trivial cohomology.
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Theorem 6.2. Let (p, 1/, ¢, f') be a real point in the G-orbit of (p,h,e, f) € Q(C). There is a 1-to-1 corre-
spondence between H(Zz(p', I, ¢/, f')) and the G(R)-orbits in G(p, h’f’ f): the orbit corCesponding to the class
[z] € H'(Zz(p', I, €, f')) has representative b(p', I, €', f') where b € G satisfies z = b~ 'b.

The complex semisimple and mixed orbits are parametrised as follows. For each i € {1,...,10} let ¥; be
a set of G-orbit representatives of semisimple elements in by}, as specified in Table 1. By Theorem 3.2, up to

é—conjugacy, the complex elements in g; of mixed type are s + n where s € XJ; for some ¢ and n = n;, for
some 7, as specified in Table 3. In the following we write

Y=X1U...UXqp.

The first problem is to decide which orbits in Q(C) have real representatives, but we know already which
semisimple orbits have real representative. So let us consider p € 3 such that p’ € g1(R) is a real element in
its G-orbit. We define a = 39(C)(P') as above, with the induced grading a = ap @ a;. It remains to determine
which nilpotent Z G (p')-orbits in a1 have real representatives. In the case that the real point p’ also lies in ¥,

this is straightforward; we discuss this case in Section 6.1. We treat the case p’ ¢ ¥ in Section 6.2.
In conclusion, our efforts lead to the following theorem.

Theorem 6.3. Up to G(R)-conjugacy, the mixed elements in g, (R) are the elements in Tables 13— 27 in Appen-
dices A.4 and A.5; see Definition 1 for the notation used in all tables.

6.1. Classification for the case p’ € X. Here we suppose that the G-orbit of p has a real point p’ in X. As
before set a = 34(c)(p’). If p’ € ¥;, then we can assume that p’ corresponds to an element in the first row of
block j = 1 in the table for Case i (see Tables 6-10). With this assumption, it follows from Theorem 3.2 that
every nilpotent Zé((C) (p')-orbit in a; has a real representative; in particular, we can assume that ¢/ = n; , for

some T, as specified in Table 3. This then yields a real 4-tuple (p', 1/, ¢/, f') € Q(R).

We start by computing the centralisers Z5(p', i/, €/, f'), similarly to how we computed Z5(p') before; the
result is listed in Table 12. Due to Theorem 3.1b), we can always take one explicit element for our computations;
for example, in Case i = 2, we can always take p’ = uy + us + ug.

We now consider the different cases ¢ = 2,...,10; for i = 1 and ¢ = 11 there are no elements of mixed type.
(Recall that i = 11 covers the zero orbit.) As before, casesi € {5,6} and i € {8,9} follow fromi = 4and: =7,
respectively. We compute the first cohomology of each centraliser by using the same approach as described in
Section 5.2; all the centralisers in this section can be found in Table 12.

Case i = 2. We can assume p’ corresponds to the first element in block 5 = 1 in Table 10. By Theorem 3.2, there
is only one nilpotent element ¢’ = |0011) such that p’ + ¢’ has mixed type; this is the real point we use. First,
we compute a real sly-triple associated to ¢’. A direct calculation shows that H'(Z) for Z = Zz(p', I, ¢/, f')
has 8 classes with representatives

=111, z=(-I,-1,1,I), z=(-I,I,-1,I), z4=(-1,1,1,—1),

(6.1) 2= (L,L,L,L), z=(L,L,—L,—L), 2z =(—L,L,—L,L), 2 =(L,—L,—L,L).

This shows that the complex orbit G(p, h, e, f) splits into 8 real orbits: each [2] € H'(Z;) determines some
b € G with z = b~'b, and then b(p’ + ¢’) is the real representative of the mixed type orbit corresponding to [z];
the resulting orbit representatives are listed in Table 13.

Case ¢ = 3. We proceed as before and the resulting real orbit representatives are exhibited in Table 14. Here we
have to consider the nilpotent elements ng 1 and n3 2. The case ¢’ = n3 ; yields the same centraliser Z; = Z as
in Case i = 2. The centraliser Zs for the case ¢/ = n3 o leads to a first cohomology H'(Z5) with 8 classes, given
by representatives

2 = (I1,1,1,1), 2o = (=I,—1,1,1), 23=(—I1,—I1), z=(—I,1,1I,—I),
I

(62) Z5:(I7_I7_I7I)7 ZG:(Iv_Ivla_I)7 Z7:(17[7_Ia_1)7 28:(_

Case i = 4. Here we have four nilpotent elements n4 , with € {1,2, 3,4}; the real orbit representatives for
this case are given in Table 15. The centralisers for r = 1 and » = 2 coincide with Z as in Case i = 2; if
r € {3, 4}, then the centraliser is infinite; its first cohomology has 4 classes with representatives

(6.3) w=,1,1,1), 2= (—1,—I11), z3=(-1,1,-1,1), z=(—I1,1,1I,—1I).
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Casei = 7. There are six nilpotent elements n7 , with € {1, ..., 6}; the real orbit representatives are exhibited
in Table 16. The centraliser for r = 1,2, 3 is the same as Z5 as in Case 7 = 3; the centraliser for r = 6 is as in
Case i = 4 and ny 4. It therefore remains to consider r € {4, 5}; we use the approach described in Section 5.1.
For r = 4, a short calculation shows that k = (—L, L, K, K) is the only 1-cocycle arising from (—L, L, —J, J);
it follows that the first cohomology has 8 classes with representatives z; as in (6.3) along with z;k, that is

z1=,1,1,1), 2o =(=I,-1,1,1), z3=(-I,1I,-1,1), z4=(-1,1,1,-1),

(6.4) 5= (~L,L,K,K), 2 =(L,~L,K K), 2 =(LL-KK), 2=(,LK-K).
For r = 5, the first cohomology has representatives z1, . .., z4 as above along with z;(K, K, —L, L):
(65) le(I,I,I,I), 22:(_15_17171)7 Z3:(_17[7_I7I)7 24:(_Ialala_l)a

Z5:(K7K5_L7L)a 26:(_K7_K5_L5L)a 27:(_K7K7L7L)7 Z8:(_K7K7_L7_L)'

Case ¢ = 10. There are 12 nilpotent elements; the real orbit representatives are exhibited in Tables 17 and 18.
Cases r = 1,3,7,9 lead to centralisers that have the same first cohomology as in Case i = 2; Cases r =
2,4,6,8,10, 12 yield the same first cohomology as Case (i,7) = (4, 4), see (6.3). For r € {5, 11} we obtain the
following cohomology representatives:

(6.6) 2=, 1,1,1), z=(-1,—1I,1,1).
For j = 13 the fist cohomology has 2 classes with representatives
(6.7) z21=I,1,1,I), zo=(-1,1,—1,1).

Remark 6.4. The semisimple parts of the real orbit representatives arising from cocycles involving K or —K
are not in our fixed Cartan subspaces ¢y, ..., ¢7, and we use Remark 5.8 to replace these elements by elements
in our spaces. For example, consider the cocycle z = (=L, L, K, K ) in Case (i,7) = (7,4). Thereis b € G with
b~ 1b = 2, and we compute bp’, so that b(p’ + €') is a real point; in this case, bp’ ¢ ¢; U ... U c7. However, bp/
is G(R)-conjugate to an element in some space ¢;, so there is b’ € G(R) such that (b'b)p’ € ¢;. Since ' is real,
(V'b)"1¥'b = 2. Thus, there is by € G with by b0 = z and bop' € ¢;. Now (b'b)e’ is real and bo(p’ + €’) is a real
point.

6.2. Classification for the case p’ ¢ Y. As before, we consider a complex semisimple element p. By Theo-
rem 3.2, we can assume that p € 3;. Let p’ be a real point in CA;p as in Theorem 5.9. This time we consider the
case p' ¢ ¥, s0if a = 34(c)(p’) = ao @ a1, then we do not know which nilpotent Z5(p')-orbits in a; have real
points. We now discuss how decide this question. The method that we describe is borrowed from [9, Section 5.3].
However, some difficulties that occurred in the case considered in [9]Ado not appear here, see Remark 6.8.

Recall that our proof of Theorem 5.9 has exhibited an explicit g € G such that p’ = gp; this construction used
Theorem 5.6 and a 1-cocycle n = g~ 'g € Ng(hy). In the following write

Up =35(0)Ng1 and U, = 34(p) N g1
Since Z5(p') = 9Zg(p)g~", the next lemma allows us to determine the nilpotent Zg(p')-orbits in Uy, from the
known Z5(p)-orbits in Uy, cf. Theorem 3.2.
Lemma 6.5. The map : Uy, — Uy, x +— gz, is a bijection that maps Zz(p)-orbits to Zz(p')-orbits.

Having determined the Z(p')-orbits in Uy, it remains to decide when such a complex orbit has a real point.
Note that if ¢’ is a real nilpotent element in a; then ¢’ = ¢(x) for some x € U, lying in the Z(p)-orbit of some
e = n; ». Motivated by this observation, we proceed as follows: we fix p € ¥; and p’ = gp, and for each e = n; ,
we look for x in the complex Z g (p)-orbit of e such that ¢(x) is real. Note that the condition that ¢(x) is real is
equivalent to nZ = = where n = g~ '3 as above. Thus, we define

(6.8) pw:Up — Up, x> nT;

note that y? = 1 since ni = 1 and, by construction, ¢(x) is real if and only if y(z) = x. The following lemma
is analogous to [8, Lemma 5.3.1].

Lemma 6.6. LetY = Zz(p)e. Then u(Y) =Y if and only if u(y) € Y for somey € Y.
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Proof. It follows from Theorem 3.1b) that Z5(p) = Zz(by;), where by is the component containing p. Suppose
there is y € Y such that u(y) € Y; we have to show u(Y') =Y. Write y = he with h € Zz(p). We know that
1(y) = ny = nhe = ke for some k € Zz(p); note that he = he because e is real. Since h € Zz(p) = Zz(hY)
and the latter is normal in Ng(bf;), we have nh = zn for some z € Zz(p), and the previous equation yields
ne =z~ 'ke. Now let w € Y, say w = te with t € Zz(p). There is some s € Zz(p) such that nt = sn. We have
p(w) = nte = sne = sz~ 'ke and, since sz~ 'k € Zz(p), we deduce that p(w) € Y, so u(Y) =Y. The other
implication is trivial. g

Corollary 6.7. Ifthere isx € Zz(p)e such that o(z) is real, then ji(e) is Z5(p)-conjugate to e.

If e = n;, does not satisfy u(e) € Zz(p)e, then we can discard the pair (p,e). If u(e) is Zz(p)-conjugate
to e, then we attempt to compute x € Z5(p)e such that u(z) = ; then ¢’ = ¢(z) is a real nilpotent element
commuting with p’. Once this real point is found, we construct a real 4-tuple (p/, 1/, €/, f’) and apply Theorem 6.2
to compute the G(R)-orbits in G(p/, i/, ¢/, f').

Remark 6.8. In our classification, using ad hoc methods, we always found suitable elements x as above. We
note that if such ad hoc methods would not have worked, then we could have used a method described in
[9, Section 5.3] for finding such elements (or for deciding that none exists). This method is based on computations
with the second cohomology set H?(Zz(p)).

Classification approach. We summarise our approach for classifying the real mixed orbits in G (p+e), where
the real point p’ in Gp (as in Theorem 5.9) does not lie in X.

(1) Recall that Tables 6-11 list our real semisimple orbits; each table corresponds to a case i € {1,...,10} and
has subcases j = 1,2,..., where j = 1 lists elements in 3. For each i € {2,...,10} and each j > 1 listed in
the corresponding table, choose the first real element p’ in the block labelled j. The proof of Theorem 5.9 shows
that p’ = gp where p € 3; as given in Table 1; in particular, the element g is determined by our classification,
and we define n = g~'g.

(2) For each p € ¥; as determined in (1) we consider each e = n;,. (r = 1,2, ...) such that the elements p+n; ,
are the mixed orbit representatives as determined in Theorem 3.2. Using (6.8), we then define ;1 with respect to
n, and check whether yi(e) € Zz(p)e. If true, then we compute z € Zz(p)e with p(z) = x by computing the
1-eigenspace U) = {u € Uy, : u(u) = u} and looking for some = € Uy’ that is Z5(p)-conjugate to e. Note that
dimp Uf,‘ = dimc Up; this follows from the fact that x is an R-linear map of order 2, so U, is the direct sum of
the +1-eigenspaces. Since multiplication by : is a bijective R-linear map swapping these eigenspaces, they have
equal dimension. In our classification, this search is always successful, and we set ¢/ = ¢(x).

(3) We determine a real 4-tuple (p/, I, ¢’, f') and apply Theorem 6.2 to find the real G(R)-orbits in the G-orbit
of this 4-tuple. If (p”, h”’, €”, f") is a representative of such an orbit then p” + ¢” is the corresponding element
of mixed type. This is a representative of a G(R)-orbit contained in G(p + ).

We now discuss the individual cases in detail. The following case distinction determines the relevant real
points n; j for Case i and the cohomology class [v;] of H!(I',,) with ~; as determined in the proof of Theo-

rem 5.9; note that we do not have to consider the trivial class [y;] because this class produces elements in 3.
Case ¢ = 2. We have to consider cocycles 72, . .., v, with corresponding elements n; given by (see Section 6)

no=(I,I,L,—L), ng=(,L,1,—-L), ny=(L,1,1,L),
’I’L5:(L,I,I,—L), nGZ(IaLalaL)y ’I’L7:(I,I,L,L), n8:(_Ial>I7I)'

For this case there is only one nilpotent element e = ny ;. After a short calculation we can see that () = njeis
conjugatetoeforall j = 2,...,8 Forng = (I, I, L, —L) we obtain go = (I, I, M, D(()); following Remark 5.8,
we replace gy by g2 = (—I,—J,—M,—MJ). We then compute U} and verify that e € U}/, thus x = e is the
element we are looking for, and therefore we set ¢’ = ¢(z) = gae = —|0110); we denote the latter by ns 2 ;. For
ns we obtain g3 = (I, M, I, D(()). Again, to get elements in one of the seven Cartan subspaces, it is necessary to
replace it by g3 = (—1, —M, —J, —M J). After computing U}’ we have that z = 1e € U}, which is conjugate to
e under the action of Z5(p) via g = (D(1), D(2), D(+"), D(+1)). Therefore we set ¢/ = @(z) = gze = [0000);
the latter is denoted by ng 3 1. The other cases j > 3 are computed along the same way.

Case i = 3. We have to consider the cocycle o with ng = (—1,1,1,I). There are two nilpotent elements
ns1 and n3 2. We compute U} and see that z = 2]0011) is a nilpotent element in U} conjugate to ng; via
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(D(a)~!, D(a)~!, D(a), D(a)) with a=* = 1. Thus, the real nilpotent element is ¢’ = ((x) = —[0011), denoted
n32,1. Similarly, we find = € Uﬁ such that z is conjugate to n3 2, see ¢(x) = n3 22 in Table 19.

Case ¢ = 4. We have to consider cocycles 72, . . ., 74, with corresponding elements

ng=(M,M,M,M), n3=(I[,I,L,L), ny=(L,L,—K,K).
For each of them, we have to consider four nilpotent elements 741, ...,n44. After computing Uﬁ for no, we
observe that eachng ¢ € U[,‘, thus the real representatives are 1421, ..., 74,24, defined as ny 2 ¢ = gona g = N4y

with go = (D(n°), D(n°), D(n°), D(n°)). The case ng3 is similar, so now let us consider n4. We obtain that
ft(n4,) is not conjugate to ny ¢ for £ € {3,4}, thus we have to only consider n4,1 and ny 2. For ny 1 there is no
x € U} such that z is conjugate to n4,1. This is seen by acting on n4,1 by a general element g of Zz(p) which
is g = h(D(a™'), D(a), D(b™'), D(b)) where a,b € C* and h lies in the component group (see Table 2). From
the expressions obtained it is straightforward to see that the image can never lie in U},'.

On the other hand, we observe that ny 3 lies in U}’ and therefore we set ¢’ = p(n42) = gana o = %(—|1110) -
[1101) + [1010) + |1001) + |0110) + |0101) — |0010) — |0001)). In this case it is necessary to replace g4 in order
to get elements in one of the seven Cartan subspaces.

Cases i € {7,10}. The nilpotent elements for the remaining cases ¢ = 7 and i = 10 are computed analogously.

The next step is to compute the centralisers Z = Zz(p', 1/, ¢/, ') of the 4-tuples (p', b/, ¢/, '), and then the
first cohomology H'(Z) as we did in Table 12. The difference here is that p’ ¢ ¥ and €’ is a nilpotent element
from Table 19, with corresponding sl>-triple (7', €/, f') in 34(p"). We exemplify the details with a few examples:

Example 6.9. For (i, j) = (2,2) let p’ be the first element in the second block of Table 10 and let ¢/ = ng 91 =
—|0011). We compute an sly-triple with nilpotent element e’ in the whole Lie algebra and then check that
it centralises p’. Since the centralisers of semisimple elements in the same component are equal, in order to
compute Z5(p') we can assume that the parameters defining p’ are \; = A3 = 1 and A3 = 2. Using Groebner
basis techniques, we determine that Zz(p/, b/, €/, f’) is the same as in the first row of Table 12, hence H'(Z)
has 8 classes with representatives given by (6.1). The results are listed in the first block of Table 20.

In fact, in most of the cases, the centraliser Z = Z5 (p', k', €, f') for Case i, cohomology class [v;], and
nilpotent element ¢’ = n; ;, is exactly the same given in Table 12 for parameters 7 and r. For example, if = 2
and ¢’ = ng ;1 with j € {2,3,4,5,6,7,8}, then Z5(p', 1/, ¢/, ') is always given in the first row of Table 12.
The only exceptions where this behaviour was not observed are the following two cases.

Example 6.10. For (i, j) = (4, 4) let p’ be the first element in the second block of Table 8 and let ¢’ = n4 4.1 asin
Table 19. Here the centraliser Z = Z5(p', I, €/, f') is generated by (=1, —1I,1,1), (—1,1,-1,I),(K, K, J, J),
therefore different from the centraliser given in Table 12 for parameters (i,7) = (4,1). The first cohomology
H'(Z) has 4 classes with representatives

6.9) o= (L1, 2= (-1,~I,1,1), z3=(—I,1,~1,1), z4=(—1,1,I,—I).

For (i,j) = (7,2) and ¢/ = n7 25 the centraliser is generated by (—I,1,—1,I), (-I,1,1,-I), (—J,J, L, L),
and {(D(a)™!,D(a),I,I) : a € C*}, and therefore is different from the centraliser given in Table 12 for pa-
rameters (i,7) = (7, 5); its first cohomology has 8 classes with representatives

21:(-[7[)[5-[)7 22:(_1717_-[3-[)) Z3:(_I7[7[)_I)a Z4:(I7Ia_la_1)7

(6.10) 25:(K,K,L,L), ZG:(_[{’_K"_L’L)7 Z7:(—K7K,L,—L), ZSZ(K,K7_La_L).

Having found all real points and having determined the corresponding cohomology class representatives, the
last step is to employ the usual Galois theory approach to obtain a real representative for each of the mixed
orbits obtained above. We exhibit the results in Tables 13— 27. This proves Theorem 6.3.
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APPENDIX A. TABLES

A.1. Complex classification.

i | type of II; | roots of II; elements of by, condition for being in by I'n, 3g(p,-)'
1 0 AUl + - -+ Mg Ai #0and Ay ¢ {£X2 £ A3+ My} w
2 Ay (o7 A1ur + Agug + Agus Ai #0and A ¢ {+Xo £ A3} (Z/QZ)S 5[(2, C)
3 Ay g, 0y )\1(’LL1 — 'LLQ) + )\Q(ul - U,J) Au 7& 0 and \; 75 —Xo <—I4> 5[(3, (C)
4 2A, ag, o3 Aug + Aguy Ai #0and A\ ¢ {£Xo} Dihy sl(2, (C)Q
5 2A4 aq, 0y Auq + Aaus i 75 0 and A\ ¢ {:l:)\g} Dihy 5[(2, (C)Q
6 2A4 ag, 0y A1 + Agug A # 0 and A\q ¢ {:l:)\g} Dihy 5[(2, C)2
7 Aj a1, 9,03 A1 (ug — ug) A #O0 (—1y) s((4,C)
8 Asg a1, 0, 0y /\1(u1 — ug) A1 79 0 <—I4> 5[(4, (C)
9 A3 o, (3, (4 /\1(U1 — UQ) )\1 # 0 <7I4> 5[(4, (C)
10 3A1 aq, 3,04 )\1U1 )\1 75 0 <—I4> 5[(2,((:)3
11 Dy| ai,...,a4 0 0 1 50( ,(C)
TaBLE 1. This is [27, Table 2]: Complete root subsystems II; of ¢ and related data, with param-
eters A1,..., Ay € C; the last column displays the derived algebra of the centraliser 34(p;) for
p; € h%i. Elements in l‘)OHi are not G-conjugate to elements in b%j if i # j; two elements in the
same component by are @—conjugate if and only if they are I'r,-conjugate.
i identity component Zg(s)° preimages of generators of Zz(s)/Z5(s)°
1 1 (J,J,J,J), (=1, -1,1,1),(~1,1,-I,1),(K, K, K, K)
2 {(D(a)"',D(a)"},D(a),D(a)) : acC*} (—I,—1,1,1),(~1,1,—1,1),(J,J, J,J)
3 {(A A# A A) @ AeSL2,0)} (—1,-1,1,1),(~1,1,—1,1)
4 {(D(a)"!,D(a), D(b)~1, D(b)) : a,b e C*} (—I1,1,—1,1),(J,J,J,J)
5 {(D(a)~', D)7, D(a),D(b)) : a,be C*} (=I,-1,1,1),(J, J, J,J)
6 {(D(a),D(t),D(b) ", D(a)) : a,be C*} (—1,1L,—1,1),(J,J,J,])
7 {(A# A, B¥ B): A,BeSL(2,C)} (=I,1,—1,1)
8 {(A# ,B# A,B): A BeSL(2C)} (—I,—1I,1,1)
9 {A# B,B#,A): A, B e SL(2,C)} (—I1,1,-1,1)
10 {(D(abe) ", Dla), D), D(c)) : a,b.c € C} (J.J,0,J)

TaBLE 2. This is [27, Table 3]; the groups Z5(s): the entry i is the label of the canonical semisim-
ple set hloL, that contains s, as in Table 1; the notation is explained in (3.1).
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i nilpotent elements
2 mngp = |0011)
3 m31 = [0011), n32 = |0111) + [1011) + |0010) -+ |0001)
4 mny4y = [0110) 4 |1010), ng2 = |0110) + |0101), ng 3 = |0110), 144 = [0101)
5 ms5; = [0110) + [1100), ns2 = |0110) + |0011), ns3 = |0110), n54 = [0011)
6 me1 = |0011) 4 [1010), ne2 = |0011) + |0101), ng 3 = |0011), ng 4 = [0101)
7  mnr1 = |1101) + |1011) + |1000) + |0001), n72 = |1101) 4 [1010) 4 |0001),
ny 3 = |1011) + [1000) + [0101),n7 4 = |1011) + |1000), n7 5 = [1101) + |0001), n7e = |1001)
8 mg = |1011) 4 |1101) + [1000) + |0001), ngo = [1011) + |1100) + |0001),
ng 3 = |1101) + [1000) + [0011), mg4 = |1101) + |1000), ngs = |1011) + |0001), nge = |1001)
9  mng = [1101) 4 |1110) + |1000) + |0100), ng2 = |1101) + |1010) + [0100),
ng 3 = |1110) + |1000) + [0101), mg 4 = |1110) 4 |1000), ng s = |1101) + |0100), ng e = |1100)

10 nip,1 = |1100) + [1010) + |0110), n19,2 = [1010) + [0110), m19,3 = [1010) + |0110) -+ |0011),
n10,4 = |1100) + |0110), n195 = [0110), n19,6 = [0110) 4 |0011), nip,7 = [1100) + |0110) + |0101),
n10,8 = |0110) + |0101), n1p,9 = [0110) + |0101) + |0011), m19,10 = |1100) + |1010),
n10,11 = |1010), n1o,12 = [1010) + |0011), n10,13 = |0011).

TaBLE 3. This is from [27, Theorem 3.7]: The nilpotent elements 7; ; used in Theorem 3.2.

A.2. Semisimple elements.

weW cocycle inG wewWw cocycle inG
diag(—1,-1,—1,-1) (=1,1,1,1) 000 -1
001 0 (L L _K K)
diag(—1, — 171) (M,M,—N,N) 0100 V0 '
—-100 O
diag(—1,-1,1,1) (L,1,1,L) 0 0 —1 0
diag(—1,1,-1,1) (I,L,I,L) C o0 (1K, LK)
dlag( 1,1,1,—1) (I,I,L,L) 0 —1 0 O
diag(1, — 1,1 I,I,L,—L oL oo
dlag(, -1) (I,L,I,—-L) 00 0 —1
. 0 0 -1 0
dlag( 1) (L3[717_L)
diag( 171’ 171) (M’M7M7M)
diag(L—l 1,1) (N,M,M,N)
diag(1,1,~1,1) | (M,N,M,N)
dla‘g(17151a_1) (M3M7N7N)
diag(1,—-1,-1,-1) | (=N,N,N,N)

TaBLE 4. Cocycles in G that induce the cocycles in W whose equivalence classes form the var-
ious sets H'! (T'11;): these will be the elements n; that map under ¢ to ~; as described in The-
orem 5.3. Matrices I, J, K, L, M, N are from (3.1) and elements in Hl(I’Hi) are considered as
elements in V.

A\—IM—MN—NL—LK—K
eA) | L D) D) DW') -Dw*) M D) LF F

TaBLE 5. Matrices F, I, J, K, L, M, N are from (3.1), and 7 is a primitive 16-th root of unity
with n? = (;if A € SL(2,C), then (A) € SL(2, C) satisfies (A4)e(A4) = A.
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3 k real orbit representatives (semisimple)
1,2 X (1,0,0,0) (=2,2,2,2)/ M

Coefficients: with respect to the basis {u1, ug, us, u4}

Conditions:  \; up to I'fy, -conjugacy, A; € R*

2 1,2 A1(1,0,0,0) (—2,2,2,2)/(1A1)

Coeflicients: with respect to the basis {v1, vo,v3,v4}

Conditions:  A; up to I'ry,,-conjugacy, A; € 1R*

—_

TaBLE 6. Case ¢ = 10: The table lists real orbit representatives corresponding to y; and [z;] € H'(2).

3 k real orbit representatives (semisimple)
1 1,2 (L, —-1) =X (1,1)

Coefficients: with respect to the basis {uy,us}
Conditions:  \; up to I'r;,-conjugacy, Ay € R*

2 1,2 ZAl(l,—l) —’L/\l(l,l)

Coefficients: with respect to the basis {vy,v4}
Conditions:  \; up to I'ry,-conjugacy, A\; € :R*

TaBLE 7. Cases ¢ = 7,8,9: The table lists real orbit representatives corresponding to v; and
[2x] € H'(Z) for hYy_; the real representatives for Cases i € {8,9} are obtained via Remark 3.3

J k real orbit representatives (semisimple)
1 1,2 (A1,0,0, \y) (=X1,0,0,A\y)
3 ( AL+ A, = A1 — A A+ Ay, = +)\4)/2
4 ( )\1+)\4,)\1+>\4, )\1—)\4,—)\1+)\4)/2
5 ( — A, AL — A A — A M +/\4)/2
6 ( — A, = Ay, = AL A +)\4)/

Coefficients: Wlth respect to the basis {uy, ug, us, ug}

Conditions: (A1, A4) up to I'p,-conjugacy, A1, Ay € R*, Ay ¢ {£A\4}

2 1,2 (Z/\1,>\4) (—’L)\l,/\4)
Coefficients: with respect to the basis {¢1, ¢4}

Conditions: (A1, \4) up to I'ry, -conjugacy, Ay € R*, \; € 1R*

3 1,2 ( /\1,0,0,/\4) z()\l,O,O,/\4)
3 ’L( )\4, )\1+/\477)\1+>\47)\1+A4)/2
4 Z( )\14‘)\4,)\14‘)\4, )\1—)\4,—>\1+>\4)/2
5 ’L( )\4,)\1 Ag, A1 — A, A +)\4)/2
6 1(— /\1 + A=A — A A+ AL, — A+ Ag)/2

Coefficients: with respect to the basis {v1, v, v3,v4}
Conditions: (A1, A\4) up to I'ry,-conjugacy, A1, Ao € :R*, A\ & {£A2}

4 1 %(—Z()\l + )\4), A — g, — A1+ Ay, —Z()\l + )\4))
2 %(Z()q +/\4),)\1 — A4, A1 —/\4,—2(/\1 —|—)\4))
3 (A1 + A1), A — A, = A1+ Agy —o(A1 + Ad))
4 %(—Z(Al + )\4), Al — )\4, )\1 — )\4, —Z(>\1 + )\4))

Coeflicients: with respect to the basis {z1, 22, 23, 24}
Conditions: (A1, Ag) up to 'y, -conjugacy, 2(A1 + Ag), A1 — Ag € R*, Ay & {£\4}

TaBLE 8. Cases ¢ = 4,5,6: The table lists real orbit representatives corresponding to v; and
[2x] € HY(Z) for bir,; the real representatives for Cases i € {5, 6} are obtained via Remark 3.3.
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k real orbit representatives (semisimple)

1

yeesd (A 4+ A2, =A1,=A2)  (=A1 = A, =A, = A2)  (FA = Ao, = A A2)  (—A — A, Aq, =)
Coeflicients: with respect to the basis {u1, ug, us}
Conditions: (A1, A2) up to I'p,-conjugacy, each \; € R*, A\; # — )Xo

1

R ’L()\l +)\2,—)\1,—)\2) —Z()\l +)\2,)\1,)\2) —Z()\l +)\2,/\1,—)\2) —Z()\l +)\2,—/\1,)\2)
Coeflicients: with respect to the basis {v1, v2,v3}
Conditions: (A1, A2) up to I'rj,-conjugacy, each A; € 1R*, Ay # — g

TaBLE 9. Case i = 3: The table lists real orbit representatives corresponding to ; and [z;] € H(Z).

j k real orbit representatives (semisimple)
1 1,...74 ()\1,)\2,)\37 ) ( )\1,)\2,A37O) (7)\17)\2,7A370) (7/\1,7)\2,)\3,0)
5 (— )\1+>\2+/\3,—)\1+)\2 A3, —A1 — A2 + A3, A1 + A2 + A3) /2
6 ( — X2 — A3, A1 +F Ao — A3, A — Ao+ A3, A — )\2—>\3)/2
7 (A1 = A2 F A3, A0+ Ao+ A3, = A1 + A + A3, = A1 + A2 — A3)/2
8 ( )\1+>\2—/\3,—)\1+/\2—|—)\3,/\1+)\2+/\3,—)\1 /\2—|—)\3)/
Coefficients: with respect to the basis {u1, ug, us, uq}
Conditions: (A1, A2, A3) up to I'rr,-conjugacy, each \; € R* and Ay ¢ {2 + A3}
2 1,...,4 (—Z/\g,o,)q,—’t)\g) (Z)\3,0,/\1,’L)\2) (Z/\g,o,—/\l,—l/\g) (Z/\g,o,)\l,—l/\g)
Coefficients: with respect to the basis {21, 22, 23, 24 }
Conditions: (A1, A2, A3) up to I'r,-conjugacy, Ay € R*, g, A3 € 1R*
3 1,...,4 (0,—/\3,—Z/\2,/\1) (0, —)\3,—2)\2,—/\1) (0,—/\3,2/\2,/\1) (0,)\3,—’L)\2,/\1)
Coefficients: with respect to the basis {y1, y2, y3, ya }
Conditions: (A1, A2, A3) up to I'r,-conjugacy, A1, A3 € R*, Ay € {R*, and \; ¢ {£A3}
4 1, N ,4 (—Z/\l7 —Z/\Q,)\g,,O) (’L)\l, —’L)\Q,)\g,O) (Z/\l7 —Z/\Q,—)\g,()) (Z/\l,’t)\g,/\3,0)
Coefficients: with respect to the basis {x1, x2, z3, 24}
Conditions: (A1, A2, A3) up to I'ry,-conjugacy, Az € R*, A\j, A2 € :R*, and A\; ¢ {£A2}
5 1,...74 (0,2/\3,—)\2,)\1) (0,2)\3,—)\2,—)\1) (0,2)\3,)\2,)\1) (0, —’L)\3,—/\2,)\1)
Coeflicients: with respect to the basis {x1, z2, 3,24}
Conditions: (A1, A2, A3) up to I'ry,-conjugacy, A1, A2 € R*, A3 € :R*, and A\; ¢ {£A2}
6 1,...74 (—Z/\l,)\g,l)\g,()) (’L)\l,)\g,’t)\g,,()) (Z/\l,)\g,—’t)\g,,()) (Z)\17—)\2,Z/\3,0)
Coeflicients: with respect to the basis {y1, Y2, ¥3, ¥4}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, Ao € R™, A\, A3 € :R*, and A\; ¢ {£A3}
7 1,...74 (—Z/\l,)\g,)\3,0> (Z)\l,)\g,)\g,()) (Z/\l,)\g,—)\370) (Z)\l,—)\g,)\g,(n
Coeflicients: with respect to the basis {y1, y2, ¥3, ¥4}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, Ao, Az € R*, Ay € :R*, and A\; ¢ {£A3}
8 17...74 ( /\1,—)\2,—)\3,0) ’L()\1,—/\27—)\3,0) Z()\l,—)\g,)\g,()) ’L()\l,)\Q,—)\g,O)
5 Z( — Ao — A3, A\ — /\2+)\3,)\1+/\2—/\3,—)\1—/\2—)\3)/2
6 ’L(/\1+)\2+/\3,—)\1 )\2+)\3,—>\1+/\2—)\3,—/\14—)\2-‘1-)\3)/2
7 Z(A1+>\27)\3, )\1 )\27/\3,)\17)\27)\3,)\17)\24‘)\3)/2
8 (A — A+ A3, A1 — Ao — A3z, — A1 — A2 — A3, A1 + Aa — A3)/2
Coeflicients: with respect to the basis {v1, v2,v3,v4}
Conditions: (A1, A2, A3) up to I'rr,-conjugacy, each \; € @R* and Ay ¢ {2 + A3}

TaBLE 10. Case i = 2: The table lists real orbit representatives corresponding to ; and [2;] € H'(Z).
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j k real orbit representatives (semisimple)

1 1,...,4 (A1, A2, Az, Ag) (—A1, A2, A3, —\4g) (=A1, A2, = A3, M) (=A1, = A2, Az, \g)
5 (—)\1 — A= A3 = A, A1 F Ao — A3 — A, A1 — Ao+ A3 — A, —)\2—)\3+)\4)/2
6 (—)\1+>\2+>\3—)\4,—)\1+)\2—/\3+/\4,—)\1 —)\2+)\3+)\4,)\1+>\2+)\3+)\4)/2
7 (—)\1+)\2—)\3+/\4,—/\1 + A+ A3 = A A+ Ao+ A3+ Mg, — A\ —)\2+)\3+/\4)/2
8 (—)\1 —)\2+)\3+)\4,)\1+)\2+/\3+)\4,—)\1+>\2+)\3—)\4,—)\1-1-)\2—)\34-)\4)/2

9,...,12 (=A1, A2, Az, Ag) (A1, A2, Az, —A\q) (A1, A2, — A3, \g) (A1, =2, A3, \q)

Coeflicients: with respect to the basis {u1, ug, us, us}
Conditions: (A,...,A4) up to W-conjugacy, each \; € R* and Ay ¢ {£+ o + A3+ \y}

1,...,4 1(A1, A2, Ag, \g) 1(—=A1, A2, A3, —Aq) W(—=A1, A2, = A3, A1) 2(—=A1, — A2, Az, Ag)
l(—)\l —)\2+)\3+)\4,)\1+)\2+)\3+/\4,—)\1+)\2+)\3—)\4,+—)\1+)\2—)\3+)\4)/2
Z(—)\l + X — A3+ A, = A1+ Ao+ A3 — A, A1+ A+ Az + Ay, — N —)\2+>\3—|—>\4)/2
Z(—)q + X+ A3— Ay, = A1+ Ao — A3+ g, — A1 — Ao+ A3+ Mg, A +)\2+)\3+/\4)/2

o J O Ot

Z( AM—d—= A3 = A, A1+ — A3 — A, A\ — Ao+ A3 — A, A —)\2—)\34-)\4)/2
97...,12 ’L( )\1,)\2,)\3,)\4) Z()\l,)\27>\3,*)\4) Z()\l,)\z,*Ag,)\zl) Z()\l,*)\g,)\g,)\z;)

Coeflicients: with respect to the basis {v1, v, v3,v4}

Conditions: (\,...,A4) up to W-conjugacy, each \; € :R* and A\; ¢ {£\y £ A3 + A4}

1,.. . ,4 (Z)\l,l)\g,—l)\g,)\4) (—Z/\l,l/\g,—l/\g,—/\4> (—Z)\l,z)\g,l)\g,)\4) (—Z)\l,—l)\g,—l)\g,)\4)
Coefficients: with respect to the basis {w;, wa, w3, w4}
Conditions: (A,..., A1) up to W-conjugacy, A1, A2, A3 € :R* and \y € R* and A\; ¢ {2 £ A3}

1, e ,4 (—’L)\l, _'L)\27 )\3, )\4) (Z)\l, —Z>\2, )\37 —>\4) (Z)\l, —’L)\Q, )\3, )\4) (—’L)\l, _'L)\Q, )\3, —)\4)
Coeflicients: with respect to the basis {1, x2, 3, 24}
Conditions:  (\1,..., A1) up to W-conjugacy, A1, Ao € 1R* and A3, Ay € R* and \; ¢ {+X2}

17"'54 (_7/)‘17>\2)7/)\3)>\4) (Z/\lv/\Qvl/\37_)‘4) <2A15A252A35A4) (_7/)‘17)‘277/)‘37_>\4)
Coefficients: with respect to the basis {y1, y2, y3, Y4}
Conditions: (A, ..., As) up to W-conjugacy, A1, A3 € :R* and Ay, \y € R* and A\; ¢ {3}

1,...,4 (—’L)\l,)\g,)\g,l)\4) (Z)\l,)\z,—)\g,l)u;) (2)\1,)\2,)\3,7)\4) (—’L)\l,)\g,—)\g,l)\4)
Coeflicients: with respect to the basis {z1, 22, 23, 24}
Conditions:  (\1,..., A1) up to W-conjugacy, A\1, Ay € 1R and Ao, A3 € R* and \; ¢ {+)\4}

1,...,4 (Z)\l,)\g,)\g,)\4) (—Z/\l,/\g,)\37—)\4) (—Z>\1,)\2,—/\3,/\4) (—Z)\l,—)\g,)\g,)\4)
Coefficients: with respect to the basis {t1, to, t3,14}
Conditions: (\1,...,Aq) up to W-conjugacy, A1 € 1R* and Ay, A3, Ay € R*

TaBLE 11. Case i = 1: The table lists real orbit representatives corresponding to 7; and [2;] € H'(Z).
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A.3. Mixed elements: Centralisers.
] identity component Z° preimages of generators of Z/Z° H! ref
2 1 (-I1,-1,1,I),(-I,1,-1,I),(-L,—L,L,L) (6.1)

3 1 (-1,—1,1,1),(~I,I,-I,I),(~L,~L,L,L) (6.1
32 v (oL=LLD,(-LI,-LI),(—-,—I,—I,—I) (62)
4 1 (-1,—1,1,1),(~I,I,-I,I),(~L,~L,L,L) (6.1
42 o (I, -I1I),(~1,I,~LII),(~L,~L,L,L)  (61)
4 3 {(D@,D(@),D(@) D) s aeC} ([-LLI.(-LI-I1) (63
4 4 {(D(a),D@),D(@) ", D) s aeC*} (-I-LLI,(-LI-I) (63
7 1 (-1,-1,1,I),(-I,1,-I,I),(-I,—I,—-1,—-I) (6.2)
72 T (-L-LLD,(-LI-LI),(-I,—I,—I,-I) (62)
7os T (-L-LLD,(-LI-LD),(-I,-I,-I,-I) (62)
74 {(I,I,D(a)"",D(a)) : aeC*} (=1, —1,1,1),(—=1,1,—=1,1),(~L,L,~J,J)  (64)
7 s {((Da)"'.D(a),1,I) : acC*} (=1, —L,1,1),(—1,1,—1,1),(—J,J,—L,L)  (65)
7 6 {(D@7,D(@),D(@) D) s aeC*} (-L-LLD,(-LI-LD) (63)

10 1 (-1,—1,1,1),(~I,I,-I,I),(~L,~L,L,L) (6.1
10 2 {(D() "D, D)D) : acC*} (-1, -I,1,I),(-I,I,-1.LI) 63)
003 r (=1, —1,1,1),(~1,1,—1,1),(~L,—L,L,L)  (61)
10 4 {(D(a)',D(a),D(a) ", D) : aeC*} (-1, —I,1,I),(-1,1,-1,1) 63)
10 5 {(D(a)",D®)L,DO), D) : abeC’} (-1,-1,1,1y 66)
10 6 {(D(a)',D(),D()",D(a) : aeCT<} (-1,-I,1I),(-1,1,-1,I) 63)
007 o (~I,-I1I),(~I,I,~LI),(~L,~L,L,L)  (61)
10 8 {(D(a) YD), D), D) : aeC<} (-1,-1,1D),(-1,1,-1,I) 63)
009 o (—1,~I,11),(~1,I,~LI),(~L,~L,L,L)  (61)
10 10 {(D(a),D(a)",D(a)},D(a)) : acC*} (=I,—L,1,I),(-I,1,-1,1) (63)
10 11 {(D()"', D), D(b),D(a)) : a,beC*} (-1,-1,1,1y 66)
10 12 {(D(a),D(a)"",D(a)"",D(a) : aeC*} (-1,—-L,1,I),(-1,I,-1.LI) 63)
10 13 {(D()"\,D®),D(a)",D(a)) : a,beCX} (-1,1,-1,1y 67)

TaBLE 12. Centralisers Z = Zé(p7 h,e, f) for each p € ¥; and e = n;, as in Theorem 3.2. The
last column lists reference labels for the equations describing the representatives of the classes
in H'(Z); the notation used in the third and fourth columns is from (3.1).
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A.4. Mixed elements, case p € Y.

i | r | k | semisimple part nilpotent part
211 1] (A, A2 As,0) 0011)

2 | (A1, A2, A3, 0) —|0011)

3| (—A1,A2,—A3,0) [0011)

4| (A1, =2, A3,0) [0011)

5| (=A1, A2, As, 0) 0011)

6 | (A1, A2,23,0) —[0011)

71 (A1, A2, = A3,0) |0011)

8 | (M1, —A2,23,0) |0011)

Coefficients: with respect to the basis {u1, u2, us, u4}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, each A; € R* and A ¢ {+\y £+ A3}

TaBLE 13. Case i = 2 and p € X: Real representatives corresponding to [2] € H'(Z) and n; .

i | r | k | semisimple part nilpotent part

3111 (/\1 + Ao, /\1,—)\2,0) |0011>
2| (=M1 — A2, — A1, —A2,0) —10011)

3 (=M — A2, — A1, A2, 0) |0011)
4| (=M1 — A2, A1, —A2,0) |0011)
51 (=A1 — A2, —A1, —A2,0) [0011)
6 (/\1 + Ao, /\1,—)\270) —‘0011>
71 (A1 + A2, — A1, A2,0) |0011)
8 | (M1 + A2, A1, —A2,0) |0011)

31211 (A4 A=A, —A2,0) [1011) 4 |0111) 4 |0010) + |0001)
2| (=M — A2, — A1, —A2,0) [1011) + |0111) — |0010) — |0001)
3| (=M — A2, — A1, A2,0) —|1011) + |0111) + |0010) — |0001)
4| (=A1 = A3, A1, —A2,0) —|1011) + |0111) — |0010) + |0001)
51 (=A1 — A2, A1, — A2, 0) [1011) — |0111) + |0010) — |0001)
6| (=1 — A2, =1, A\g,) [1011) —|0111) — |0010) + |0001)
71 (=M — A2, — A1, —A2,0) —|1011) —|0111) + |0010) + |0001)
8| (M + A2, =M1, —A2,0) —[1011) — |0111) — |0010) — |0001)

Coeflicients: with respect to the basis {uy, ug, us, ug}
Conditions: (A1, A2) up to I'rr,-conjugacy, each \; € R*, Ay # =)y

TaBLE 14. Case i = 3 and p € X: Real representatives corresponding to [2] € H'(Z) and n; .



Classification of four-dimensional rebits

27

i | r | k | semisimple part nilpotent part
41111 (M,0,0,Aq) |1010) + |0110)
2| (=A1,0,0, =) |1010) + [0110)
31 (=A1,0,0,Aq) —[1010) + |0110)
41 (=A1,0,0,A4) |1010) — |0110)
51 (=A1,0,0,A\q) |1010) + [0110)
6| (A1,0,0,—\g) |1010) + |0110)
7| (A1,0,0,Aq) —|1010) + |0110)
8 | (A1,0,0,\q) |1010) — [0110)
4121 (A,0,0,)9) |0110) + |0101)
2| (=A1,0,0,-Xy) |0110) + |0101)
31 (=A1,0,0,\) |0110) — |0101)
41 (=A1,0,0,A\q) —|0110) 4 [0101)
51 (=A1,0,0,\4) |0110) + |0101)
6 | (A1,0,0,—Ag) |0110) + [0101)
71 (A1,0,0, M) |0110) — [0101)
8| (A1,0,0,\y) —|0110) + 0101)
403]1|(M,0,0,)) |0110)
2| (=M1,0,0,—Aq) |0110)
3| (=X1,0,0,\4) 0110)
41 (=A1,0,0,\y) —|0110)
40411 (M,0,0,\) |0101)
2| (=A1,0,0,—X4) |0101)
31 (=A1,0,0,)0) —|0101)
4| (=A1,0,0,\q) |0101)

Coeflicients: with respect to the basis {uy, ug, us, us}
Conditions: (A1, A\4) up to I'r, -conjugacy, A1, Ay € R*, Ay ¢ {£)4}

TaBLE 15. Case i = 4 and p € : Real representatives corresponding to [2] € H'(Z) and n; .
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i | r | k | semisimple part | nilpotent part
711 11]X(1,0,0,—1) |1101) + [1011) 4 |1000) + |0001)
2| M(—1,0,0,1) —|1101) + [1011) 4 |1000) — [0001)
31 Ai(—1,0,0,-1) |1101) — |1011) + |1000) — |0001)
4 X\ (-1,0,0,-1) —|1101) — [1011) 4 |1000) + [0001)
5| A(—=1,0,0,-1) |1101) + [1011) — |1000) — [0001)
6 | \(—1,0,0,-1) —|1101) + [1011) — |1000) + [0001)
71 A(-1,0,0,1) [1101) — |1011) — |1000) -+ |0001)
8 [ A\(1,0,0,—1) —|1101) — |1011) — [1000) — |1,1,1,2)
712 1]X(1,0,0,—1) |1101) + [1010) + |0001)
2| M(—1,0,0,1) —|1101) + [1010) — |0001)
31 A1(—1,0,0,—1) [1101) — [1010) — |0001)
41 A1(-1,0,0,-1) —[1101) + |1010) + |0001)
5| A(-1,0,0,-1) [1101) + [1010) — |0001)
6| A\1(—1,0,0,—1) —[1101) — |1010) + |0001)
7| M(—1,0,0,1) |1101) + [1010) 4 |0001)
8 [ A\1(1,0,0,—1) —|1101) + [1010) — |0001)
713 11]X(1,0,0,—1) |1011) + [1000) 4 |0101)
2| \(—1,0,0,1) |1011) + [1000) + |0101)
31 Ai(—1,0,0,-1) —|[1011) + |1000) — |0101)
4| A\(-1,0,0,-1) —[1011) + |1000) + |0101)
5| Ai(—1,0,0,-1) |1011) — [1000) + [0101)
6 | \(—1,0,0,-1) |1011) — [1000) — |0101)
7| A(—1,0,0,1) —|1011) — [1000) 4 |0101)
81| A(1,0,0,—1) —]1011) — |1000) + |0101)
71411]X(1,0,0,—1) |1011) + [1000)
2| \(—1,0,0,1) |1011) 4 [1000)
3 A(-1,0,0,-1) —|1011) + [1000)
4 X (-1,0,0,-1) |1011) — [1000)
51 A1(0,1,1,0) 2 (—|[1111) +]1100) +]1011) — [1000) — [0111) +[0100) +|0011) — [0000))
6| A1(0,1,1,0) 2(J1111) — |1100) — |1011) + [1000) 4 [0111) — [0100) — |0011) + [0000))
7| A1(0,1,-1,0) 2(J1111) +|1100) + |1011) + [1000) 4 [0111) +[0100) + |0011) + [0000))
8 [ \(0,-1,1,0) 2(J1111) +|1100) + |1011) + [1000) 4 [0111) +[0100) + |0011) + [0000))
7151 A(1,0,0,—1) —[1101) — |0001)
2| M(—1,0,0,1) —|1101) — |0001)
31 A1(—1,0,0,-1) [1101) — |0001)
41 X1(-1,0,0,-1) —[1101) 4 |0001)
5 A(0,-1,-1,0) %(—|1111>—|1110>+|1101)+|1100>+\0011)+|0010>—\0001>—|0000>)
6| A1(0,1,1,0) %(—|1111>—|1110>+|1101)+|1100>+\0011)+|0010>—\0001>—|0000))
71 A(0,-1,1,0) %(\1111) —|1110) — |1101) 4+ |1100) + |0011) — [0010) — |0001) + [0000))
81 A1(0,1,—-1,0) %(\1111) —|1110) — |1101) 4+ ]1100) + |0011) — [0010) — |0001) + |0000))
716]1[A(1,0,0,—1) |1001)
2| A(—1,0,0,1) |1001)
3| Ai(—1,0,0,—-1) |1001)
41 A1(-1,0,0,—1) —[1001)

Coefficients: with respect to the basis {u1, ua, us, us}

Conditions: A; up to I'rr,-conjugacy, A; € R*

TABLE 16. Case i =7 and p € X: Real representatives corresponding to [z;] € H(Z) and n; .
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i | r | k| semisimple part nilpotent part

101 [1](A,0,0,0) |1100) + [1010) + |0110)
2| (=X1,0,0,0) —|1100) + [1010) + [0110)
3| (=X1,0,0,0) 11100) — |1010) 4 [0110)
4| (=X1,0,0,0) |1100) + |1010) — |0110)
5| (=A1,0,0,0) |1100) + [1010) + [0110)
6 | (A\1,0,0,0) —|1100) + [1010) + [0110)
7| (A1,0,0,0) |1100) — [1010) + |0110)
8 | (A\1,0,0,0) |1100) + |1010) — |0110)

10| 3 |1{(A,0,0,0) 11010) + [0110) 4 [0011)
2 | (=)1,0,0,0) 11010) + |0110) — [0011)
3| (=X1,0,0,0) —|1010) + |0110) + [0011)
41 (=X1,0,0,0) |1010) — [0110) 4 |0011)
5| (=X1,0,0,0) 11010) + [0110) 4 [0011)
6 | (A\1,0,0,0) 11010) + |0110) — [0011)
7| (A\1,0,0,0) —[1010) 4 [0110) + |0011)
8 | (A\1,0,0,0) |1010) — |0110) + [0011)

107 (1] (A,0,0,0) |1100) + |0110) + [0101)
2 | (—=A1,0,0,0) —|1100) + |0110) + |0101)
31 (—=21,0,0,0) [1100) + [0110) — |0101)
4| (=X1,0,0,0) |1100) — |0110) + [0101)
5| (=A1,0,0,0) |1100) + |0110) + [0101)
6 | (A\1,0,0,0) —|1100) + |0110) + [0101)
71 (A\,0,0,0) |1100) + |0110) — |0101)
8 | (A1,0,0,0) |1100) — |0110) + [0101)

109 [1](A,0,0,0) |0110) + |0101) + [0011)
2| (—=21,0,0,0) |0110) + [0101) — |0011)
3| (=A1,0,0,0) |0110) — [0101) 4 [0011)
4 1(=X1,0,0,0) —|0110) + |0101) + [0011)
51 (=A1,0,0,0) |0110) + [0101) 4 [0011)
6 | (A\,0,0,0) |0110) + [0101) — |0011)
7| (A1,0,0,0) |0110) — |0101) + |0011)
8 | (A1,0,0,0) —|0110) + |0101) + [0011)

10 5 | 1{(A,0,0,0) |0110)
2 | (=A1,0,0,0) |0110)

10 [ 11 | 1| (A1,0,0,0) |1010)
2 | (=A1,0,0,0) 11010)

10| 13| 1 (A1,0,0,0) |0011)
2 | (—=)1,0,0,0) |0011)

Coefficients: with respect to the basis {u1, ug, us, us}

Conditions: A\ up to I'fy,,-conjugacy, \; € R*

TaBLE 17. Casei = 10 and p € ¥ (Part I): Real representatives corresponding to [z;,] € H'(Z)

and n; ;..
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i | r | k | semisimple part nilpotent part
10121 (A1,0,0,0) 11010) + [0110)
2 (—=A1,0,0,0) 11010) + [0110)
3] (=X1,0,0,0) —|1010) + |0110)
41 (=X,0,0,0) 11010) — |0110)
10041 (A1,0,0,0) |1100) + [0110)
2| (=A1,0,0,0) —|1100) + |0110)
3 (—=A1,0,0,0) 11100) + |0110)
4 (=A1,0,0,0) 1100) — |0110)
10] 6 |1 (A1,0,0,0) 0110) + 0011)
2| (=X1,0,0,0) 0110) — |0011)
3 (—=A1,0,0,0) |0110) + [0011)
4] (=X1,0,0,0) —10110) + [0011)
108 |1 (A1,0,0,0) |0110) + [0101)
2 (—A1,0,0,0) |0110) + [0101)
3 (—X1,0,0,0) |0110) — |0101)
41 (=X1,0,0,0) —10110) + |0101)
10]10]1 (A\1,0,0,0) 11100) + |1010)
2| (=A1,0,0,0) —|1100) + |1010)
3 (—=X1,0,0,0) |1100) — [1010)
4 (=\1,0,0,0) 1100) + |1010)
10121 (A1,0,0,0) 11010) + |0011)
2 (—=X1,0,0,0) |1010) — |0011)
3 (—=X1,0,0,0) —[1010) + |0011)
4] (=X1,0,0,0) 11010) + |0011)

Coefficients: with respect to the basis {1, ug, ug, u4}

Conditions: A\; up to 'y, ,-conjugacy, \; € R*

TaBLE 18. Case i =10 and p € ¥ (Part II): Real representatives corresponding to [z;] €

HY(Z) and n; .
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A.5. Mixed elements, case p ¢ X.

i j nilpotent elements
2 2 n221 = —|0110>
4,6,7,8 mng ;1 =|0011)
3,5 n2;1 = |0000>
3 2 ns2,1 = *|0011>, n322 = *|0111> + |1011> - ‘0010> - |0001>
4 2,3 ’I’L47j71 = |0110> + |1010>, TL47]'72 = ‘0110> + |0101>, 714’]"3 = |0110>, ’I’L47j74 = |0101>
4 Nn441 = —%(—|1110> — |1101) 4 [1010) + |1001) 4 [0110) + |[0101) — |0010) — |0001))
7T 2 nr21 = —[1101) —|1011) — [1000) + [0001), n7 22 = —[1101) — [1010) + |0001),
nr 93 = —[1011) — |1000) + |0101), mn724 = —[1011) — [1000),
n725 = —|1101) 4 |0001), n7.2,6 = —|1001)
10 2 n10,2,1 = —|1100) — [1010) + [0110), n19,2,2 = —[1010) + [0110),

1n10,2,3 = —|1010) 4 |0110) + |0011), n10,2,4 = —|1100) + |0110), n10,2,5 = |0110),
n10,2,6 = [0110) + |0011), nip2,7 = —|1100) + |0110) + [0101), n1p2,8 = [0110) + |0101),
710,2,9 = |0110) — |0101) — |0011), 1710,2,10 = —|1100) — |1010), n10,2,11 = —|[1010),
n10,2,12 = —|1010) + |0011), Nn10,2,13 = |0011).

TaBLE 19. The nilpotent elements n; ;, used in the classification of mixed elements with
semisimple part p’ ¢ ¥, sorted by Case ¢ and cohomology class [v;].
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i | j | k | semisimple part nilpotent part
2121 (=2A3,0,A1,—12\2) —|0110)

2 | (21A3,0, A1,202) —10110)

31 (2A3,0, —A1, —2A2) —|0110)

4| (2A3,0, A1, —2A2) |0110)

5 | (2A3,0, A1, —2A2) —|0110)

6 | (—2A3,0,A1,2A2) —10110)

71 (—tA3,0, —A1, —2A2) —]0110)

8 | (—2A3,0, A1, —2A2) |0110)

Coefficients: with respect to the basis {z1, 22, 23, 24}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, A1 € R*, Ag, A3 € 1R

2131 (0, —A3, —1A9, )\1) |0000)
2 | (0, ~ A3, —1Aa, — A1) —|0000)
31 (0,=A3,2)2, A1) —|0000)
4| (0, A3, —1hay A1) —10000)
51 (0, =3, =22, A1) —|0000)
6 (O, —A3, =12, — A1) |0000)
7 0, —>\3, Z>\2, /\1 ‘0000>
8 | (0, Ag, —1has A1) 10000)

Coefficients: with respect to the basis {y1, y2, y3, ya}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, A1, A3 € R*, Ay € 1R*,and A\; ¢ {+)\3}

24| 1] (=, =22, A3,0) |0011)
2 | (1A1, —1A2, A3,0) —|0011)
3| (2A1, =12, —A3,0) |0011)
4| (2A1,1A2, A3, 0) |0011)
51 (2A1, —1A2, A3,0) |0011)
6 | (—2A1, —2A2, A3,0) —]0011)
7| (=11, —1Aa, —A3,0) |0011)
8 | (—2A1,2M2, A3,0) |0011)

Coefficients: with respect to the basis {1, z2, z3, 24}
Conditions:(\1, A2, A3) up to I'rp,-conjugacy, Az € R*, A1, A2 € :R*,and \; ¢ {+X2}

TaBLE 20. Cases i =2 and p ¢ S (Part I): Mixed real representatives corresponding to 7;,
[Zk} S Hl(Z), and n2.j.1-
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i | j | k | semisimple part nilpotent part
21511 (0,2A3, —A2, A1) 10000)

2| (0,2A3, = A2, = A1) —10000)

31 (0,2A3, A2, A1) —10000)

41 (0, =23, —A2, A1) —|0000)

) (O 1\3, — A2, \1) —|0000)

6 (0 Z)\g, )\2, /\1) ‘0000>

71(0,2A3, A2, A1) 10000)

8 (0, —7,)\3, —)\2, )\1) ‘0000>

Coefficients: with respect to the basis {1, x2, 3, x4}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, A1, \a € R*, A3 € :R*,and A\; ¢ {+\2}

216|1|(—A1,A2,2A3,0) |0011)
2 | (1M1, A2, 23, 0) —|0011)
3| (1M1, A2, —12A3,0) |0011)
4| (2A1, —A2,12A3,0) |0011)
51 (2A1, A2, A3, 0) |0011)
6 | (—2A1, A2,2A3,0) —|0011)
71 (—1A1, A2, —2A3,0) |0011)
8 | (—2A1, —A2,1A3,0) |0011)

Coefficients: with respect to the basis {y1, y2, y3, ya}
Conditions: (A1, A2, A3) up to I'r,-conjugacy, Ao € R*, A1, A3 € 1R*,and A\; ¢ {+)\3}

271 1] (=M1, A3,0) |0011)
2 | (A1, A2, A3,0) —|0011)
3| (1M1, A2, —A3,0) |0011)
4| (1M1, =2, A3,0) |0011)

51 (2A1, A2, A3, 0) |0011)
6 | (—2A1, A2, A3,0) —]0011)
7 | (=11, A2, —A3,0) |0011)
8 | (—1A1, Ao, A3, 0) —10011)

Coefficients: with respect to the basis {y1, y2, Y3, y4 }
Conditions: (A1, A2, A\3) up to I'r,-conjugacy, A2, A3 € R*, A\ € 1R*,and \; ¢ {+)\3}

28] 1] (2M1,22,2A3,0) |0011)
2 | (—1A1,2M2,223,0) —]0011)
3 | (—1A1, 22, —1A3,0) |0011)
4| (=M1, —1A2,2A3,0) |0011)
51 (—2A1,2M2,223,0) |0011)
6 | (2A1,2M2,2A3,0) —]0011)
71 (2A1,2A2, —2A3,0) |0011)
8 | (1M1, —1A2,1A3,0) |0011)

Coefficients: with respect to the basis {v1, vo, v3,v4}
Conditions: (A1, A2, A\3) up to I'r,-conjugacy, each \; € 1R* and A; ¢ {+Xy £ A3}

TaBLE 21. Casesi = 2and ¢ S (Part II): Mixed real representatives corresponding to 7;, [2] €
I‘I1 (Z), and n27j71.
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i | r | k | semisimple part nilpotent part
311 (1| (e + A, —2A1, —2A2,0) |0011)
2 | (—2A1 — 1A, —1A1, —2A2,0) —]0011)
3| (—1A1 — 1A, —1A1, 22, 0) |0011)
4 (—Z)\l — 1A, 11, —2 )9, 0) |0011)
5 | (—1A1 — 1ha, —1A1, —1A2,0) |0011)
6 | (1M1 + 22, —2A1, —2A2,0) —|0011)
71 (A1 + 22, —1A1,2A2,0) |0011)
8 (Z)\l + 29,21, —12)9, 0) |0011)
Coefficients: with respect to the basis {v1, va, v3}
Conditions: (A1, A2) up to I'r,-conjugacy, each \; € @R*, A\ # — X2

3121 (Z)\1 + Z)\g, —Z)\l, —Z)\Q, 0)
(—Z)\l — Z)\Q, —Z)\l, —ZAQ, 0)
(—1A1 — 2A2, —1A1,2)2,0)
(—1A1 — 2A2, 21, —2)2,0)
(—1A1 — 2A2, 21, —2A2,0)
(—Z)\l — Z/\Q, —Z)\l, Z)\Q, 0)
(—1A1 — 2A2, —1A1, —2A2,0)
8 | (1M1 + 1A\, —2A1, —2A2,0)

N O Ot s W N

|1011) — |0111) — |0010) — [0001)
|1011) — [0111) + [0010) + [0001)
—|1011) — |0111) — |0010) + |0001)
—[1011) — [0111) + [0010) — |0001)
11011) 4 |0111) — |0010) + [0001)
|1011) + [0111) + [0010) — [0001)
—|1011) + |0111) — [0010) — |0001)
—|1011) + |0111) + [0010) + |0001)

Coefficients: with respect to the basis {v1, va, v3}

Conditions: (A1, A2) up to I'r,-conjugacy, each \; € ©R*, A\; # — Ao

TaBLE 22. Cases i =3 and p ¢ S: Mixed real representatives corresponding to o, [2] €

H'(Z), and n32.,.
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i|r semisimple part nilpotent part
711 (1A, 0,0, —2)) —[1101) — |1011) — [1000) -+ [0001)

(—2X,0,0,2)) 11101) — [1011) — [1000) — [0001)

(=), 0,0, —1)) —|1101) + |1011) — [1000) — [0001)

(=), 0,0, —2)) 11101) —+ |1011) — [1000) + [0001)

(=X, 0,0, —2A) —|1101) — |1011) + [1000) — |0001)

(=X, 0,0, —2)) [1101) — |1011) 4 |1000) + |0001)

(=1, 0,0,2)) —|1101) + |1011) + [1000) + [0001)

(11, 0,0, —2)) 11101) + [1011) + [1000) — [0001)

same asr = 1

—|1101) — |1010) + |0001)
1101) — [1010) — [0001)
—|1101) 4 [1010) — [0001)
1101) — [1010) + [0001)
—|1101) — |1010) — [0001)
1101) + [1010) + [0001)
—|1101) — |1010) + [0001)
11101) — [1010) — [0001)

sameasr = 1

—|1011) — |1000) + [0101)
—|1011) — |1000) + [0101)
11011) — [1000) — [0101)
11011) — |1000) + 0101)
—[1011) + |1000) + [0101)
—[1011) + |1000) — [0101)
11011) + [1000) + [0101)
1011) + [1000) + [0101)

W N HR[00 I O O W N EFEI O O W N EFEI IO G i W N RFEI[M =IO T W N FEIm OO Ut i W N —| 3

7|4 (1A, 0,0, —2)) |1011) + [1000)

(—2X,0,0,2)) [1011) + |1000)

(=X, 0,0, —2X) —]1011) -+ |1000)

(=2, 0,0, —2)) 11011) — |1000)

(=22, 0,0,2)) 2(—[1110) — |1101) + [1010) + [1001) — [0110) — [0101) + [0010) + [0001))

(1A, 0,0, —2X) 2(—[1110) — [1101) + |1010) + [1001) — [0110) — [0101) + [0010) + [0001))

(=X, 0,0, —2)) (]1110) — [1101) + [1010) — [1001) 4 [0110) — [0101) + 0010) — [0001))

(=X, 0,0, —2)) 3(—[1110) + [1101) — [1010) + [1001) — [0110) + [0101) — |0010) + |0001))
715 (1A, 0,0, —2)) —|1101) + |0001)

(=X, 0,0, —2X) —|1101) — |0001)

(=X, 0,0, —2X) +/1101) + |0001)

(—2X,0,0,2)) —[1101) + |0001)

(2A,0,0,2)) %(—|1011> — ]1010) + [1001) + |1000) — |0111) — |0110) 4 |0101) + |0100))

(1A, 0,0, —2)) 3(]1011) — [1010) — [1001) 4 [1000) — [0111) + [0110) + |0101) — |0100))

(21X, 0,0, —2)) (—1011) + [1010) + [1001) — [1000) 4 [0111) — [0110) — [0101) + |0100))

(—2A,0,0, —2)) 3(—1011) — 1010 + [1001) + [1000) — [0111) — [0110) 4 [0101) + |0100))
716 (1A, 0,0, —2X) [1001)

(—2X,0,0,2)) |1001)

(—2A,0,0, —2A) [1001)

4| (—2A,0,0,—2)) —|1001)

Coefficients: with respect to the basis {v1, v4}

Conditions: \ up to I'ry, -conjugacy, A € 1R*

TaBLE 23. Cases i =7 and p ¢ S: Mixed real representatives corresponding to o, [2] €

Hl (Z), and nr2r.
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semisimple part

nilpotent part

10
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(’L)\a 07 07 0)

—|1100) — |1010) + |0110)
—[1010) + 0110) + [0011)
—[1100) + 0110) + [0101)
0110) — [0101) — [0011)
©|1100) — [1010) + [0110)
—[1010) + 0110) — [0011)
11100) + |0110) 4 [0101)
0110) — [0101) 4 [0011)
“—|1100) + [1010) + [0110)
[1010) 4 [0110) + |0011)
—[1100) + 0110) — [0101)
0110) + |0101) — [0011)

—[1100) — [1010) — |0110)
—[1010) — |0110) + |0011)
—[1100) — [0110) + |0101)
—|0110) — |0101) — [0011)
“1100) = [1010) + 0110)
—|1010) + |0110) + [0011)
—|1100) + |0110) + [0101)

|0110) — |0101) — |0011)
~[1100) — [1010) + [0110)
—[1010) 4 |0110) — |0011)
|1100) + |0110) + |0101)
|0110) — |0101) + |0011)
“—|1100) + [1010) + [0110)
[1010) 4 [0110) + |0011)
—[1100) 4 |0110) — |0101)

0110) + [0101) — 0011)

—|1100) — [1010) — |0110)
—[1010) — |0110) + |0011)
—|1100) — |0110) + [0101)
—|0110) — |0101) — |0011)

Coefficients: with respect to the basis {v1, va, v3,v4}

Conditions: A up to I'ry ,-conjugacy, A € |R*

TaBLE 24. Cases i = 10 and p ¢ S (Part I): Mixed real representatives corresponding to 72,

[Zk] S Hl(Z), and 1n10,2,r-
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r

semisimple part

nilpotent part

10

2,4,6,8,10,12

(1A, 0,0,0)

(—2A,0,0,0)

(=1A,0,0,0)

—|1010) + |0110)
—|1100) + |0110)
|0110) + |0011)
|0110) + [0101)
—|1100) — |1010)
—|1010) + [0011)
—[1010) + [0110) -
|1100) + |0110)
|0110) — |0011)
|0110) + |0101)
|1100) — [1010)
—|1010) — |0011)
" [1010) + 0110)
—|1100) + |0110)
|0110) + |0011)
|0110) — |0101)
—|[1100) + [1010)
[1010) + |0011)
—[1010) — [0110)
—|1100) — |0110
—[0110) + |0011
—|0110) + |0101
—|1100) — |1010

—[1010) + 0011

= =
—_— — — —— =

10

5,11

0110)

0110)
—|1010)

10

13

1
2

(1A,0,0,0)
(—1,0,0,0)

0011)
0011)

Coefficients: with respect to the basis {v1,v2,v3,v4}

Conditions: A up to I'f,,-conjugacy, A € 1R

TaBLE 25. Cases i = 10 and p ¢ S (Part II): Mixed real representatives corresponding to 72,

[Zk] c H! (Z), and 1n10,2,r-
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i|j|r |k |semisimple part nilpotent part
41211111 (Ar,0,0,)\y) 11010) + [0110)

2 | (—1A1,0,0,—Ay) 11010) + [0110)

3| (—2A1,0,0,\g) —[1010) + |0110)

4| (=1)1,0,0, \g) 11010) — |0110)

51 (—1A1,0,0, A\g) 11010) + |0110)

6 | (21A1,0,0,—X\y) |1010) + |0110)

7| (1A1,0,0, Ag) —[1010) + |0110)

8 | (1A1,0,0, \y) 11010) — |0110)
412121 |0110) + [0101)

2 0110) 4 |0101)

3 0110) — |0101)

4 —[0110) + [0101)

O |sameasr =1 |0110) + |0101)

6 0110) + 0101)

7 0110) — |0101)

8 —10110) + |0101)
41213[1](2A1,0,0,Aq) |0110)

2 | (—1X1,0,0,—Xy) |0110)

3| (—A1,0,0,\y) |0110)

4| (=eA1,0,0, Ag) —10110)
412141 |0101)

2 10101)

3 |sameasr =3 —|0101)

4 10101)

Coefficients: with respect to the basis {t1,t4}
Conditions: (A1, \4) up to 'y, -conjugacy, Ay € R*, A\; € 1R*

TaBLE 26. Cases ¢ =4 and p ¢ S (Part I): Mixed real representatives corresponding to 7;,

[Zk} € Hl(Z), and N4 jr-
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] k | semisimple part nilpotent part
al3]1]1](=A1,0,0,204) 11010) + |0110)
2 | (2A1,0,0, —e)y) 11010) 4 |0110)
31 (2A1,0,0,2)4) —[1010) + |0110)
4| (1A1,0,0,1)04) 11010) — |0110)
5| (2A1,0,0,2)4) 11010) + |0110)
6 | (—2A1,0,0,—2)y) 11010) + [0110)
7| (=2A1,0,0,2)y) —[1010) + |0110)
8 | (—1A1,0,0,2)) 11010) — |0110)
413121 0110) + |0101)
2 0110) 4 |0101)
3 0110) — |0101)
4 —[0110) + |0101)
5 |sameasr =1 |0110) + |0101)
6 0110) 4 0101)
7 0110) — |0101)
8 —10110) + |0101)
41313|1](—2A1,0,0,2\4) |0110)
2 | (1A1,0,0,—2\y) |0110)
31 (2A1,0,0,2)4) |0110)
4| (2X1,0,0,2M4) —[0110)
403]41 10101)
2 10101)
3 |sameasr =3 —|0101)
4 10101)

Coefficients: with respect to the basis

{21722723;24}

Conditions: (A1, A1) up to 'y, -conjugacy, A1, A2 € 1R*, A\; ¢ {:I:)\g}

A4 1] | 3N+, A=A,
2 %(z()\l + A1), A1
3 %(2()\1 + )\4), M

4] FM+ A1), =M1+ g,

- )\47)\1 -

A+ A, —1( A+ Ag))

— Aty =AM+ Mgyt (A + M)

A, —Z()\l + )\4))

=M1+ A, —2(A+Ay))

(|1110> + [1101) 4 |1010) + |1001)
+|0110> +10101) + ]0010) + |0001))

$(J1110) + [1101) + |1010) + |1001)
+/0110) + [0101) + |0010) + [0001))
§(|1110> [1101) — |1010) + |1001)
—|0110) — |0101) + [0010) + |0001))
$(—1110) + [1101) + |1010) — |1001)
—|0110) + |0101) + [0010) — |0001))

Coefficients: with respect to the basis

{Zla 22, 23, 24}

Conditions: (A1, A1) up to I'y,-conjugacy, 1(A1 + A1), A1 — A € R*, A\ & {£A\4}

TaBLE 27. Cases i =4 and p ¢ S (Part II): Mixed real representatives corresponding to 7;,

(2] € HY(Z), and ny j .
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