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Abstract
In this study, we develop and investigate an analytical model of a bistable damped oscillator coupled with a linear resonator,
supported by numerical simulations and experimental validation. Bistability is realised through slender beams buckled under
axial compression, forming the core of the system. The proposed analytical and numerical tools can capture the key nonlinear
dynamics of the coupled system. The response of the bistable oscillator–linear resonator system under external excitation
is initially analysed and compared with that of a stand-alone oscillator. By varying excitation amplitude and frequency, a
rich spectrum of nonlinear behaviours is revealed—from intrawell oscillations to interwell transitions and bifurcations—and
is thoroughly characterised. The integration of a linear resonator is shown to enhance vibration attenuation across multiple
frequency bands and improve the predictability of chaotic regimes. Experimental validation is then conducted using additively
manufactured pre-buckled bistable beams and linear resonators. Nonlinear system identification confirms the influence of
friction and complex damping, aligning well with predictions. Tests which compare oscillators with linear and bistable beams
coupled to resonators demonstrate the effectiveness of pre-buckled beams in producing bistable springs. Finally, simulation
accuracy is shown to degrade significantly close to chaotic response regimes, emphasising the sensitivity of bistable systems
to parameter variations, test conditions, and manufacturing tolerances.

Keywords Bistable oscillator ·Buckled beam ·Chaotic dynamics · Experimental validation ·Nonlinear system identification ·
Friction · High-order damping

1 Introduction

1.1 Background andmotivation

Bistable mechanical systems, which feature two stable equi-
librium states, exhibit various static and dynamic properties
not found in monostable systems. Although bistability is the
first step inmulti-stablemechanics/dynamics [1], researchers
have been challenged by its dynamics and regime variety.
This has prompted them to investigate the discovery of these
assets more deeply and to develop more intuitive and unique
applications to solve real-world problems. In general, two
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stable equilibrium states are linked to different geometrical
configurations, such as twisting or buckling, with a snap-
through action between these states with negative stiffness
behaviour. This leads to a decrease in the restoring forces,
large displacements, accompanied by changes in curvature
and strain. Consequently, these large displacements do not
require a continuous input to sustain motion, as is the case in
linear systems [2].

The uniqueness of bistable mechanisms has made them
viable candidates for applications across various fields,
including engineering,materials science, physics, andbeyond
[3]. Since these systems operate with low dynamic stiffness
associatedwith large displacements, a large amount of energy
can be absorbed, stored stably, and possibly reversed [4].
This unique property makes them ideal for applications that
require energy absorption and dissipation against vibration
and impact [5–9].

With recent advancements in piezoelectric materials,
bistability has also found applications in energy harvesting
[10, 11]. The large amplitude and velocity motions between
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stable states increased power generation [12]. Moreover,
the harmonic diffusion property of bistability [2] represents
a potential solution to vibration-based energy harvesting,
where performance is limited to excitations close to the res-
onance frequency of the system [13]. Nonetheless, a signifi-
cant disadvantage of the bistable systems adopted as energy
harvesters is the potential presence of aperiodic or chaotic
responses. This can lead to the need for complex circuits,
thus reducing their performance [11]. The presence of snap-
through dynamics may clearly lead to chaotic responses,
which reveal underlying patterns and deterministic laws
within the apparent randomness of chaos [14]. The butterfly
effect [15], characterised by sensitivity to initial conditions,
results in diverse and intricate dynamic response characteris-
tics. Thus, to enhance the performance of bistable energy har-
vesters, active control strategies have been devised [16, 17].

Bistability has also been extensively used in acoustic
and elastic metamaterials and metastructures, which may
exhibit unusual properties due to wave manipulation [18]. In
particular, these periodic or finite lattice systems can show-
case distinctive properties such as tensegrity [19], chirality
[20], deployability [21], auxeticity [22], self-locking [23],
and foldability [24]. These and other applications led to the
development of deployable air and space structures, which
facilitate compact designs in the aerospace industry [25–27].
Bistability has also been utilised in nonlinear energy sinks
(NES) [28]. Zeng et al. [29] demonstrated micro-amplitude
vibration suppression using a bistable NES composed of
buckled beams. Whilst the dynamics of periodic mechani-
cal structures containing bistable elastic elements has been
well understood [30], their advantages in the low-frequency
regime and the presence of locally resonant components,
i.e. resonators [31], have not yet been taken into account.
See, in this respect, the analytical/numerical research work
of Guner et al. [32] that, on a large scale, protected an indus-
trial tank fromstrong earthquakes,withfinite locally resonant
metafoundations endowed with bistable buckled columns.

Recent advances in additive manufacturing (AM) tech-
niques have enabled faster and more efficient production of
mock-ups for experimental validation [33, 34]. Among these
techniques, fused deposition modelling (FDM) has gained
popularity due to its accessibility and affordability. FDM
has been particularly useful for fabricating bistable systems,
which often demand complex geometries and directional
flexibility [35–37]. However, whilst AM facilitates the cre-
ation of such intricate designs, the accurate characterisation
of these systems remains challenging due to their inherent
nonlinear behaviour.

In particular, the identification of mechanical proper-
ties in metamaterials and metastructures – especially those
incorporating strong nonlinearity, e.g. bistability—poses sig-
nificant difficulties. Several studies have addressed related
challenges; for example, Chuang et al. [38] applied a method

for beam crack detection, whilst Aloschi et al. [39] proposed
a time-domain procedure to extract dispersion curves and
mechanical properties, including damping, in linear and non-
linear one-dimensional periodic structures. Characterising
mock-up systems that include bistability is even more com-
plex, primarily due to nonlinear damping mechanisms often
influenced by friction. Accurate identification of these damp-
ing parameters typically involves a large number of variables,
leading to the well-known issue of non-uniqueness, espe-
cially when only limited response data are available [40].

1.2 Scope and core contribution

In sum, although many investigations have been carried out
on bistable mechanical systems [3, 12], several aspects still
need to be analysed in depth. In particular, we underline:
(i) a bistable oscillator with the presence of a resonator that
can clearly influence the dynamic response of the coupled
system; (ii) the peculiarities related to the realisation of a
bistable mock-up with buckling beams in view of physical
testing; and (iii) the effects related to static/kinetic friction
and high-order damping and its characterisation. The goal of
this study is to establish a clear understanding of how a linear
resonatormodifies the nonlinear dynamics of a bistable oscil-
lator. By combining analytical modelling, simulations, and
experiments, the work aims to bridge the gap between theo-
retical predictability and experimental observability. Along
these lines, a bistable damped oscillator coupled with a linear
damped resonator is proposed and investigated by means of
numerical and experimental approaches. The proposed sys-
tems are depicted in Fig. 1, where bistability is realised with
slender beams buckled under axial compression.

Hence, the paper is organised as follows. Section2 intro-
duces the analytical formulation of a bistable oscillatorwith a
local resonator and provides an analytical treatment useful to
approximate its response. Extensive numerical analyses are
instead conducted in Sect. 3 to investigate in depth the cor-
responding dynamics. More specifically, the influence of the
main cell coupled with the resonator in different harmonic
regimes, chaos, and vibration characteristics was studied.
Section4 provides the basis of the experimental campaign
aimed at validating numerical results; test equipment and
a bistable oscillator mock-up have been designed and, for
comparison, linear oscillator prototypes have also been man-
ufactured. The identification of relevant parameters has been
conducted in Sect. 5; in particular, the results revealed the
presence of significant nonlinear damping and friction that
have beenquantified andmodelled.Consequently, the experi-
mental results are presented in Sect. 6, discussed for vibration
suppression and chaos prediction; also, comparisons between
experiments and numerical results are carried out. Finally,
Sect. 7 presents conclusions and describes future develop-
ments.
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2 Modelling and analysis

A simple bistable oscillator subjected to a harmonic driven
boundary input x0(t) = A0eiω0t with amplitude A0 and
frequency ω0, shown in Fig. 1c, can be represented as a
second-order nonlinear differential equation,

mmẍm + cm ẋ − k1x + k3x
3 = 0 (1)

where x = x(t) = xm(t) − x0(t) represents the relative
vertical displacement, k1 and k3 are positive spring con-
stants, and dots represent the derivative with respect to time.
It is noted that Eq. (1) assumes one-dimensional motion
of the oscillator and limits the restoring force nonlinear-
ity to a cubic term. These assumptions are standard for
reduced-order bistable oscillator models and are adequate
to capture the essential nonlinear dynamics observed in the
experiments. The corresponding force of the bistable spring,
F = −k1x + k3x3 vs. displacement relationship and its
potential energy, V = −1/2k1x2 + 1/4k3x4, are given in
Fig. 2a, where two stable points, x = ±δs = ±√

k1/k3,
and the unstable point at x = 0 are highlighted. The lin-
earised stiffness values of the bistable system at these points
read dF(x = ±δs)/dx = 2k1 and dF(x = 0)/dx = −k1,
respectively.At the unstable point, x = 0, the system exhibits
the peak negative stiffness. Evidently, both linearised stiff-
ness terms are independent of the cubic stiffness term, k3.

By replacing x̂ = x/δs , τ = tωn , and ωn = √
k1/mm ,

Eq. (1) is made non-dimensional and reads,

x̂ ′′
m + ηx̂ ′ − x̂ + εx̂3 = 0 (2)

where η = c(mmωn)
−1, ε = k3δ2s

(
mmω2

n

)−1
, and

x̂0 = αei�τ with � = ω0/ωn and α = A0/δs The occur-
rence of snap-through during the oscillations characterises
the type of motion: intrawell, low amplitude interwell, high
amplitude interwell motions, as exemplified in Fig. 2b, in
which steady-state responses for varying input amplitudes
are given. Furthermore, it is evident that interwell dynam-
ics can exhibit not only multi-harmonic periodic behaviours
but also transition from periodic interwell oscillations to
quasi-periodic interwell oscillations—bifurcations -, includ-
ing chaotic responses. [2, 28].

As anticipated in the Subsection Scope and inspired by
locally resonant metastructures [32], we intend to study
bistable oscillators coupled with linear resonators in depth.
The proposed two-DoFs system is drafted in Fig. 1b, d, where
the resonator with mass mr is connected to the main mass
with a linear spring and damper. The non-dimensional system

of equations of motion (EoM) reads,

x̂ ′′
m + ηx̂ ′ − x̂ + εx̂3 + ϕηr (x̂

′
m − x̂ ′

r ) + ϕλ2(x̂m − x̂r ) = 0
(3a)

x̂ ′′
r + ηr (x̂

′
r − x̂ ′

m) + λ2(x̂r − x̂m) = 0 (3b)

where ηr = cr (mrωn)
−1, ωr = √

kr/mr = λωn , and mr =
mmϕ.

Analytical solutions for the Duffing oscillators are avail-
able in the literature and are valid under the assumption
of periodic response. However, as underlined in [11], the
possibility of aperiodic responses limits the use of these solu-
tions. In the case of the coupled oscillator, Fig. 1, as further
demonstrated in Sect. 3, near the resonator’s tuned frequency,
periodic responses can be ensured. For brevity, herein, the
response is assumed to be periodic, and an analytical solution
is sought. Other cases are considered in Sect. 3. In addition,
as the mock-up discussed in Sect. 4 is driven through a sinu-
soidal input, for consistency, subsequent analyses are carried
out considering x̂0(t) = αsin(�τ). Consequently, Eq. (3)
can be expressed as follows:

x̂ ′′
m + η(x̂ ′

m − α�cos(�τ))

− (x̂m − αsin(�τ)) + ε(x̂m − αsin(�τ))3

+ ϕηr (x̂
′
m − x̂ ′

r ) + ϕλ2(x̂m − x̂r ) = 0

(4a)

x̂ ′′
r + ηr (x̂

′
r − x̂ ′

m) + λ2(x̂r − x̂m) = 0 (4b)

Assuming a periodic response at steady-state, an analytical
solution of (4) can be obtained by means of the Harmonic
Balance Method (HBM) [41]. Accordingly, neglecting the
third- and higher order harmonics, the ansatz follows:

¯xm = a1sin(�τ) + b1cos(�τ) (5a)

x̄r = ar ,1sin(�τ) + br ,1cos(�τ) (5b)

then, We set ā1 = a1 + α, and therefore, (4) can be written
in terms of relative quantities, as:

x̂ ′′
m + η(x̂ ′

m) − (x̂m) + ε(x̂m)3 + ϕηr (x̂
′
m − x̂ ′

r )

+ ϕλ2(x̂m − x̂r )

= −α�2sin(�τ)

(6a)

x̂ ′′
r + ηr (x̂

′
r − x̂ ′

m) + λ2(x̂r − x̂m) = −ϕα�2sin(�τ) (6b)

To avoid redundant solutions and increase stability, theCarte-
sian coordinates can be expressed in amplitude-phase form.
Accordingly, the insertion of the ansatz in Eq. (6b), and the
transformation to polar coordinates entails,
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Fig. 1 Bistable oscillators
subjected to a driven boundary
excitation x0(t) and relative
motion x(t) = x1(t) − x0(t) a a
bistable oscillator composed of
pre-buckled beams and main
mass; b a bistable oscillator
coupled with a linear resonator;
c mass-spring-damper model of
the stand-alone bistable
oscillator; d
mass-spring-damper model of
the bistable oscillator coupled
with a linear resonator

Fig. 2 Bistable Duffing
oscillator response: a
Force-displacement and
potential energy relationships; b
phase portraits for various
steady-state responses
(� = 0.5)

ar ,1 =
(
λ2 − �2

)
(λ2q sin(Q) − αϕω2) + (ηr�)2q sin(Q) + qηr�

3 cos(Q)
(
λ2 − �2

)2 + (ηr�)2
(7a)

br ,1 =
(
λ2(λ2 − �2) + (ηr�)2

)
q cos(Q) − qηr�

3 sin(Q) + αηrϕ�3

(λ2 − �2)
2 + (ηr�)2

(7b)
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in which ā21 + b21 = (qsin(Q))2 + (qcos(Q))2 = q2. The
insertion of (7a) in (6a), results in:

(
q f1 f2 cos(Q) + q [ f3 cos(Q) + � f4 sin(Q)] − αηrϕ�5)cos(�τ)

+ (
q f1 f2 sin(Q) + q [ f3 sin(Q) − � f4 cos(Q)] + αη2r ϕ�4

+ α�2
[
f4 − (λ2 − �2)ϕλ2

] )
sin(�τ)

+ [· · · ]cos(3�τ) + [· · · ]sin(3�τ) = 0 (8)

where:

f1 = 3εq2/4 − 1

f2 = (λ2 − �2)2 + η2r�
2

f3 = (λ2 − �2)3 − (λ2 − �2)λ4 + 2η2r λ
2�2

f4 = (λ2 − �2)2(η + ηr ) + ηη2r�
2 + (λ2 − �2)ηrλ

2

Ignoring high-order harmonics, the balance of first-order har-
monic terms entails,

( q

α�2

)2 = (−ϕ�2(η2r + λ2) + λ4ϕ − f4)2 + (ηrϕ�3)2

( f3 + f1 f2)2 + ( f4�)2

(9)

Eq. (9) is numerically solved, and the comparative results
for the stand-alone bistable oscillator with ε = 1, η = 0.1,
and the coupled oscillator with the resonator endowed with
ηr = 1.5, ϕ = 2, and λ = 0.8, are shown in Fig. 3a,
b, respectively. In the absence of the resonator, multiple
intrawell and interwell periodic motions can simultaneously
exist above � = 0.5, except for α = 2, where periodic inter-
well are present and the response is always beyond 2δs as
understood from Fig. 2a.

The presence of the resonator prevents bifurcations around
its tuned frequency rangeλ = 0.8, and except the caseα = 2,
it prevents interwell motions. In particular, at α = 0.2,
interwell responses occur only up to � = 0.5, and above,
no periodic interwell response is found. For higher α val-
ues, interwell periodic motions can occur after resonator
attenuation. At α = 2.0 the coupled system exhibits a promi-
nent single steady state with high interwell, except for low
frequencies, where both low and high interwell periodic
responses are possible.

3 Dynamics of a bistable oscillator coupled
with a linear resonator

To shed further light on Fig. 3, herein the fundamental
dynamics of the bistable oscillator also coupled with a linear
resonator, including aperiodic responses, is analysed. In this
respect, the explicit fourth-order Runge–Kutta method was
used to integrate in time both (2) and the system of EoM (3).

The validity of the numerical results was proved experimen-
tally in Sect. 4.

3.1 Harmonic Diffusion, Chaos Spectra and
Vibration Characteristics

Bifurcation diagrams that show the oscillators response x̂
with x̂ ′ = 0) at various input amplitudes α around res-
onance, i.e. for � = 1 and � = 1.2 are provided in
Fig. 4. For the case of � = 1, i.e. ω0 = ωn , between
0 < α < 1.9 the increase in periodic response ampli-
tude is evident. The presence of the resonator anticipated
the interwell periodic regimes. Nevertheless, the presence of
resonators increases bifurcations and aperiodic responses at
high amplitude inputs; clearly, proper resonator tuning can
entail high amplitude interwell motions, which is important
for vibration mitigation and energy harvesting applications
[12, 32].

In view of a better understanding of the complex dynamics
of the coupled oscillator at hand, several tools were devel-
oped, which are presented in Fig. 5. In particular, the forced
response of the oscillators permits quantification of the distri-
bution of frequency peaks, i.e. theHarmonicDiffusion, either
in the periodic or chaotic regimes. The regions of chaotic
responses, instead, are quantified by means of the evaluation
of Lyapunov exponents. In this respect, the largest Lyapunov
exponent (LLE) technique had been adopted by means of
the algorithm proposed by Rosenstein et al. [42]. Lastly, the
frequency response function (FRF) was calculated:

FRF(ω0) = 20log10

(
max |ẋout |
max |ẋin|

)
= 20log10

(
max |ẋ |)
A0ω0

)

(10)

with reference to velocities that can be more easily estimated
than displacements due to possible interwell motions. FRF is
used to identify regions of amplification (FRF> 0) or attenu-
ation (FRF< 0). For each simulation, the bistable oscillators
were subjected to a range of amplitudes, i.e. α ≤ 3 and fre-
quencies, i.e. � ≤ 3.

Along these lines, Fig. 6 presents the outcome of the Har-
monic Diffusion analysis depicted in Fig. 5 for both the case
without and with resonator; at α = 1/3 and α = 3. The
dashed lines define the integermultiples (1,2,3,...) of the input
frequency, �. Multiple points in a vertical line represent the
well-known harmonic diffusion phenomenon and the diffu-
sion of input energy to higher frequencies. In the case of no
resonator, in the low input frequency range, the response is
equivalent to the input frequency, whilst for � > 1.5, mul-
tiple peaks are seen for 0.7 < �peaks < 2. This specific
response is characterised by aperiodicity and is highlighted
by blue circles. The presence of a resonator clearly shifts the
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Fig. 3 Frequency response solutions obtained from (9): a Bistable oscillator (ε = 1, η = 0.1); b Bistable oscillator coupled with a linear resonator
(ηr = 1.5, ϕ = 2, and λ = 0.8)

Fig. 4 Bifurcation diagrams
comparing stand-alone bistable
oscillator and the bistable
oscillator with a resonator; a
response for � = 1(ω0 = ωn);
b response for � = 1.2
(ε = 1, η = 0.1, ηr =
0.075, ϕ = 2, and λ = 0.8)

Fig. 5 Numerical tools adopted
and typical outcomes to
characterise the response of
bistable oscillators
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chaotic region to the low amplitude-low frequency region;
more importantly, in the high frequency range, i.e. � > 1.7,
as a result of additional damping between the resonator and
main mass, the Harmonic diffusion concentrates between the
1st and 3rd harmonics, exhibiting a periodic response, in
agreement with the analytical solutions presented in Sect. 2.

For both the stand-alone bistable oscillator and the oscil-
lator coupled with a resonator, the type of motion in the
steady-state regime and the LLE values are depicted in Fig. 7.
Within the intrawell regime, LLE values are negative, cor-
responding to a periodic response. Conversely, transition
regimes betweenwells entail aperiodic responses or chaos. In
addition, the bistable oscillator with a resonator, see Fig. 7d,
entails a large region of periodic motion at lower input fre-
quencies �.

In terms of vibration mitigation properties, understanding
the relationship between response output and input is impor-
tant. Therefore, FRF(ω0) values were computed, where
negative FRFvalues correspond to favourable response atten-
uation. Relevant results are shown in Fig. 8. The bistable
oscillator exhibits response attenuation only at high fre-
quency and low amplitude, whereas the presence of the
resonator entails new attenuation regions both at its tuned
frequency λ = 0.8 up to α = 1.5 and around α = 1 and
� > 2.

3.2 Parametric study

To quantify the effect of the other parameters involved, i.e.
η, ηr , λ, ϕ on the response of the bistable oscillator, the FRF
and LLE values have been quantified. More specifically, the
effect of the damping ratio η involved in Eq. (2) on the val-
ues of FRF and LLE is shown in Fig. 9. Increased damping
ratios lead to more attenuation zones, particularly at higher
frequencies. In addition, a favourable benefit is observed in
terms of stable regions of response.

The presence of the resonator in the system of EoM (3),
introduces three additional parameters, ηr , λ, ϕ to be taken
into account. Their effects on FRF and LLE values are pre-
sented in Figs. 10, 11 and 12. In particular, Fig. 10a–c shows
that the increase in ηr entails a new attenuation branch at the
anti-resonance frequency and the high amplitude range (10-
I), whilst a transmission amplitude band appeared between
0.5 < α < 1.0. With regard to the LLE results, the increased
resonator damping entails some chaotic regions around the
attenuation frequency range (10-II). Moreover, the increased
damping value creates an attenuation zone at high frequency
and amplitude ranges, see (10-III), which results in less and
weaker chaotic motions w.r.t. the case without resonator.

The effects ofλ,withωr = √
kr/mr = λωn , i.e. of various

stiffness values of the resonator, can be observed in Fig. 11.
If one focusses on the resonator’s tuned frequency range,
at low amplitude, the attenuation zone is evident, as indi-

cated in (11-III). In the high-amplitude range, a couple of
attenuation zones can be observed in the anti-resonance fre-
quency range in (11-I). Moreover, increased stiffness values
result in more propagation in the high-frequency amplitude
range, for 0.5 < α < 1.0, as observed in (11-II). Similarly, at
higher amplitude values, less chaotic responses are observed,
as indicated in (11-IV).

The cases corresponding to a few resonator mass ratios ϕ,
are presented in Fig. 12. (12-I) shows a favourable increase
in the attenuation zone, whilst the attenuation diminishes at
high-amplitude values. With regard to LLE values, the stable
zones increase both for higher amplitudes, see (12-II), and
frequency, as shown in (12-III).

3.3 Energy dissipation characteristics

Given the high velocities x̂ ′
m and x̂ ′

r exhibited by the stand-
alone bistable oscillator and with the resonator during the
interwell motion, it is worthwhile to quantify the associated
dissipated energies Wm,d and Wr ,d . Therefore, based on Eq.
(3), the non-dimensional work done by external forces Wext

and relevant dissipated energies are evaluated as,

Wext =
∫ τ2

τ1

fext (α,�, τ)x̂ ′dτ

Wm,d =
∫ τ2

τ1

ηx̂ ′ x̂ ′dτ

Wr ,d = ληr

∫ τ2

τ1

(x̂ ′
r − x̂ ′

m)x̂ ′
r dτ −

∫ τ2

τ1

(x̂ ′
r − x̂ ′

m)x̂ ′
mdτ

(11)

The steady-state energy values in Eq. (11) are averaged in a
time window of τ = 250−500 to include enough exchanges
between kinetic, potential and driven boundary energies. Rel-
evant ratios have been computed as,

EDRB = (Wm,d/Wext ) × 100 (%)

EDRR
BwR = [

(Wr ,d)/Wext
] × 100 (%)

EDRT
BwR = [

(Wm,d + Wr ,d)/Wext
] × 100 (%) (12)

where the subscript BwR refers to the bistable oscillator
coupled with a resonator, whilst the superscripts R and T
reflect the energy dissipated in the resonator alone and in the
coupled oscillator, respectively.

The ratios in (12) are plotted in Fig. 13 for ηr = 0.075,
ϕ = 2, and λ = 0.8. Both colour maps and contour maps
clearly indicate low dissipation regions at low amplitudes.
When resonators are introduced, energy dissipation begins at
a lower frequency compared to the standalone bistable oscil-
lator. However, as the input amplitude increases, the energy
dissipation ratio EDR of the bistable oscillator begins to rise
at lower frequencies, indicating theonset of interwellmotions
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Fig. 6 Frequency peaks’
(Harmonic) diffusion vs.
� = ω0/ωn for: a, b Bistable
oscillator; c, d Bistable
oscillator coupled with a
resonator(ε = 1, η = 0.1, ηr =
0.075, ϕ = 2, λ = 0.8)

Fig. 7 Type of motion and large
Lyapunov exponent (LLE)
values for various input
amplitudes α = A0/δs vs.
frequency, � = ω0/ωn for: a, c
Bistable oscillator; b, d Bistable
oscillator coupled with a
resonator (ε = 1, η = 0.1, ηr =
0.075, ϕ = 2, λ = 0.8)

that progressively govern the system response (see Fig. 7).
Importantly and beyond its tuned frequency, the resonator
is still capable of dissipating a significant amount of input
energyWext ; this favourable effect is associated with the har-
monic diffusion and chaotic response characteristics of the
bistable oscillator. When the high-frequency, low-amplitude

range is examined, the energy dissipation provided by the
resonator decreases significantly. However, at higher ampli-
tudes within the same frequency range, a moderate level of
dissipation is still observed. This highlights the importance
of proper resonator tuning, which should account not only
for the target frequency but also for the input amplitude.
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Fig. 8 Frequency response
functions (FRF) plots for
α = A0/δs vs. frequency,
� = ω0/ωn for: a Bistable
oscillator; b Bistable oscillator
coupled with a resonator
(ε = 1, η = 0.1, ηr =
0.075, ϕ = 2, λ = 0.8)

Fig. 9 FRF and LLE values of a
bistable oscillator without
resonator subjected to various
input α = A0/δs and
frequencies � = ω0/ωn and
predefined η = c(mωn)

−1 for

ε = k3δ2s
(
mω2

n

)−1 = 1; a–c
limited increase of attenuation
zones; d–f marked increase of
stable regions

4 Experimental feasibility and
characterisation

In this section, both the experimental setup and the proto-
type of the bistable oscillator coupled with the resonator are
described. For comparison and as a baseline for the exper-
imental setup linear oscillators were also tested. Then, the
main characteristics of the prototype are measured and iden-
tified.

4.1 Testing equipment and bistable oscillator
mock-up

The sketch of the experimental setup is presented in Fig. 14
together with a photo of the bistable oscillator connected to
a driven boundary, i.e. the shake table. The oscillators have
been designed to operate in the low frequency range, i.e. up to
10 Hz with a size of approximately 10cm in all dimensions.
The characteristics of the separate parts of the oscillators are
provided in Fig. 15, together with the photo of the assembled
3D printed prototype.

The excitation to the oscillators was imparted through a
driven boundary, i.e. in displacement control, which has been
provided by a compact shaking table as sketched in Fig. 14a,
b. The shake table provided input profiles with a maximum
velocity of 0.5 m/s. The oscillators were made of 3D printed
parts that were assembled to realise the main cell and the res-
onator, where the cell represents the main mass. The springs
and dampers of the main cell were reproduced with beams
working in simple shear. The beam ends were rotationally
constrained, and the experiment was designed to run on a
single axis (X) only; therefore, circular aluminium rails were
considered in parallel to the shake table for the attachment of
themain cell and resonators using linear bearings, as depicted
in Fig. 14. Damping forces were naturally obtained from the
inherent damping and friction in the 3D manufactured parts.

The model of the main cell, that is, the frame, is pre-
sented in Fig. 15a. The void in the cell is meant for the
resonator. The truss supports at the top of the main cells
were added to resist rotational deformations in the X direc-
tion. In case of bistable oscillator, the frame was connected
to the shake table using bistable beams (Fig. 15a-iii). The
compressive load required for beam buckling was achieved
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Fig. 10 FRF and LLE values of
a bistable oscillator coupled
with a resonator subjected to
various input α = A0/δs and
frequencies � = ω0/ωn and
predefined ηr = cr (mrωn)

−1 for
ε = 1, η = 0.1, ϕ = 2, λ = 0.8;
a–c marked increase of
attenuation; and d–f limited
reduction of stable regimes

Fig. 11 FRF and LLE values of
a bistable oscillator coupled
with a resonator subjected to
various input α = A0/δs and
frequencies � = ω0/ωn for
predefined λ, where
ωr = √

kr/mr = λωn for ε =
1, η = 0.1, ηr = 0.075, ϕ = 2:
a–c limited increase of the
attenuation zones; d–f limited
increase of stable zones

Fig. 12 FRF and LLE values of
a bistable oscillator coupled
with a resonator subjected to
various input α = A0/δs and
frequencies � = ω0/ωn and
predefined values of ϕ, where
mr = mmϕ for ε = 1, η =
0.1, ηr = 0.075, λ = 0.8: a–c
limited increase of the
attenuation zones; d–f limited
increased of the steady-state
responses
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Fig. 13 Energy dissipation ratio
values and contour maps
relevant to various input
amplitudes α = A0/δs and
frequencies � = ω0/ωn , for
ε = 1, η = 0.1, ηr =
0.075, ϕ = 2, λ = 0.8: a
Bistable oscillator, EDRB ; b
total of bistable oscillator with
resonator, EDRT

BwR ; and c
resonator alone, EDRR

BwR

Fig. 14 a Schematic of the
experimental setup; b Photo of
the setup with the bistable
oscillator endowed with 3D
printed April tags for feature
detection

Fig. 15 a Characteristics of the
main cell and beams
(i:perspective view, ii: top view,
iii: bistable beam and iv: linear
beam); b Details of the
resonator (i:perspective view, ii:
resonator beam, iii: top view; c
Assembled bistable oscillator
coupled with the resonator; d
Assembled 3D printed prototype
with the underneath A4 paper

by using beams longer than the default distance. The design
of the bistable beams, together with force-displacement rela-
tionships obtained through a finite element analysis (FEA),
are provided in Fig. 16a. FEA were performed using COM-
SOL Multiphysics[43]. The beam model accounted for the
interaction between the components, which were assumed
to be perfectly bonded. The bottom end of the beam was
fully fixed, and displacements were measured at the top

end which was rotationally constrained. A two-step analy-
sis procedure was employed. In the first step, a stationary
study with displacement control in the longitudinal direction
was performed until the displacement reached –6mm, corre-
sponding to the gapbetween themain cell and the shaker table
support. Once the target displacement was achieved, a sec-
ond step involving lateral displacement-controlled analysis
was conducted, fromwhich the force–displacement response
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shown in Fig. 16a was obtained. For the numerical solution,
the PARDISO direct linear solver was used in combina-
tion with the automatic Newton–Raphson nonlinear solver
built into COMSOL. The maximum number of nonlinear
iterations was increased to ensure convergence under strong
geometric nonlinearities. A physics-controlled “Finer” mesh
was applied to balance accuracy and computational cost. For
the so-called linear oscillators, non-buckled beams operat-
ing in shear, as in bistable case, were used (Fig. 15a-iv).
It is acknowledged that these beams may exhibit geomet-
ric nonlinearities under large displacement. However, given
their high slenderness ratio and the limited deformation
range within the test setup, such effects remain negligible.
Therefore, the term “linear beam” is used throughout the
manuscript for brevity.

Details of the resonator design are provided in Fig. 15b.
Each resonator is connected to a linear cylindrical alu-
minium rail with a SK8UU bearing from the middle-bottom
as sketched in Fig. 14. To obtain additional weight, each res-
onator was modified to tightly embed steel nuts. The reader
can observe from 15c, that the distance between each main
cell and the relevant resonator is limited; this restricts the
beam length for the resonator to the main cell and results in
additional second-order effects. In fact, standard rectangular
beams were unable to exhibit linear behaviour due to strong
non-linear hardening, as shown in Fig. 16b. Therefore, an
improved resonator beam design capable of accommodating
large lateral displacements of the resonator without second-
order effects was conceived. FE analyses of both rectangular
and enhanced designs can be appreciated in Fig. 16b, where
the reader can observe themore favourable stress distribution
within the ± 5mm range. In comparison to the FEA per-
formed for the bistable beams, the analysis of the resonator
beams was carried out using a single-step, displacement-
controlled stationary study. Both ends of the beamwere fully
fixed, and a displacement-controlled load was applied along
the symmetry axis, as illustrated in Fig. 16b.

4.2 Materials, manufacturing and identification

Asmentioned in Sect. 1.1, the partsweremanufactured by 3D
printing with the FDM technique, which provided flexibility
for both themain cell, the resonator and the beams.Therefore,
both the design andmanufacturing weremade in-house, with
available Fused Filament Fabrication (FFF) 3D printers, a
subclass of FDM. Moreover, the design of the components
was carried out looking for supportless printing and reducing
waste.

With regard to manufacturing, all components apart from
springs, i.e. beams, were manufactured by acrylonitrile buta-
diene styrene (ABS)material; in fact,ABS is characterisedby
high toughness and resistance for mechanical applications,
thus providing sufficient stiffness and durability. For ease of

printing and durability, the inter-cell beams were printed in
3 parts: the centre piece and two end connections as indi-
cated in Fig. 15c. To achieve greater flexibility and fatigue
resistance, the central part of these beams was printed using
ABS and polycarbonate (PC) composite filament. Moreover,
to prevent stress localisation near the connections, end con-
nections of linear beams were printed using thermoplastic
polyurethane (TPU) material. In the case of bistable beams,
instead ABS was preferred, since stress localisation was not
a concern, as observed from the aforementioned FE analyses.
To achieve low stiffness, TPU was also used for the beams
employed in the resonators. Themechanical properties for all
materials involved were provided by filament manufacturers
and are collected in Table 1. The Cubic infill at 20% was
considered for ABS used in all components, whilst beams
were printed with 100% infill.

The mechanical properties of the main cells and beams
were statically identified with a 10cm LVDT and a miniature
load cell with a capacity of 500 N. Dynamical identifica-
tion was used for the beams of the resonators, by means
of a high-speed and high-resolution SLR camera together
with digital image correlation (DIC). In particular, 1920 by
1080 pixels, 120 frames per second videos were recorded
and analysed. Since experiments required multiple object
recognition, that is, input and output, and accuracy track-
ing, AprilTags [44], which were also 3D printed using black
and white PLA filaments for high contrast and resistance to
bending, were located on top of the shake table and cells. For
high performance and minimum false-positives, tags from
the -tag36h11- family were used. During post-processing,
each frame of the videos was corrected for pre-computed
intrinsic and lens distortion parameters of the camera. In the
undeformed series of cells, each tag was recognised and the
corner featureswere extracted using theminimumeigenvalue
algorithm [45]. Although the last step is not mandatory, it
performed better with high robustness against motion blur
and noise. The extracted features were tracked by means of
the Kanade-Lucas-Tomasi feature-tracking algorithm [46].
Since each tag dimension was known, pixel-based track-
ing results were converted to actual displacements. The test
setup together with the attached AprilTags and an example
of detected features are given in Fig. 14b.

5 Identification of unit cell mechanical
properties

The identification of mechanical properties of the unit cell
was based on considering the following system of EoMs for
one bistable oscillator coupled with a resonator,

Mẍ + Fd(x)ẋ + F f (ẋ) + Fk(x) = Fext (ω, t) (13)
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Fig. 16 Designs of the bistable
beam (a) and the resonator
beam (b), accompanied by FEA
results and experimental
validation demonstrating their
mechanical response under
lateral force. (For the bistable
beam, displacements were
measured at the top end, with
the bottom end fully fixed. For
the resonator beam,
displacements were measured
along the symmetry axis–dashed
line–while both beam ends were
fully fixed)

Table 1 Properties of materials
used for 3D FFF printing

Material Components Density Elastic Tensile Print
Modulus Strength Temp

kg/m3 MPa MPa ◦C

ABS + PC Main beams 1.02 2100 40 260

TPU Resonator beams* 1.16 150 50 230

ABS Others 1.10 2030 43.6 250

where Fd(x), F f (ẋ), Fk(x), and Fext (ω, t) define external
damping, friction, nonlinear elastic, and external forcing
matrices. The matrices involved in (13) read,

M =
[
mm 0
0 mr

]
(14)

Fd(x) =
[
cm,0 −cr ,0
−cr ,0 cr ,0

]
+

[
cm,2 −cr ,2
−cr ,2 cr ,2

]
|x |2 (15)

F f =
[
Ff ,m(ẋ) 0

0 Ff ,r (ẋ)

]
(16)

Fk =
[
k1 −kr

−kr kr

]
x +

[
k3 0
0 0

]
x3 (17)

where the subscripts m and r refer to the main cell and the
resonator, respectively. The term, Fk involves a cubic poly-
nomial that simulates the bistable beam with k3 > 0, and
k3 = 0 for a linear beam. For an accurate representation
of damping, both dry kinetic and static friction were also
included. More specifically, the dry friction term, Ff was
modelled following the formulation proposed by Specker et
al. [47] that reads,

F f (ẋ) = (
F f ,s − F f ,k tanh(xsp/xvt))g f + F f ,k tanh(x/xvt)

)
g f

+ Fk tanh(ẋ/ẋvt ) (18)

g f = ẋ

ẋsp
exp

⎛

⎝0.5 −
(

ẋ√
2ẋsp

)2
⎞

⎠ (19)

where Ff ,s and Ff ,k define the static and kinetic friction-
induced force, and constants ẋsp and ẋvt refer to Stribeck
peak velocity and transition velocity, respectively, depicted in
Fig. 17; the difference betweenCoulomb friction andEqs. 18-
19 can be understood from the same Fig. 17. Low ẋsp and ẋvt

values result in sharp behaviour and numerical difficulties
for sampling at ultra-low frequencies.

The masses of the main cell and the resonator amounted
to mm = 0.282 kg and mr = 0.620 kg, respectively.
The force-displacement relationship for inter-cell beams
was also measured quasi-statically; therefore, the stiffness
value of the linear beams read k1 = 350 ± 20 N/m as
indicated in Fig. 16b. For the bistable beam, the measured
force-displacement relationship is provided in Fig. 16c and
the relevant values read k1 = −1137N/m and k3 =
1.86e6 N/m3.

With regard to dynamic measurements, it must be noted
that, due to low stiffness and mass values of the compo-
nents, the measuring devices could have a noticeable impact
on the results. Consequently, contactless measurements with
dynamic identification approaches were deemed to be more
reliable.

To identify the parameters k1, k3, c0, c2, Ff ,s, andF f ,k ,
and reduce the risk of wrong identification values due to
response non-uniqueness [40], multiple frequency sweep-
driven boundary excitations were applied to the oscillators.
The main oscillator was tested both stand-alone and coupled
with a resonator, and displacement/velocity data of both the
shake table and the oscillator were recorded. The frequency
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Fig. 17 Friction forces exerted
for various peak velocity ẋsp and
transition velocity ẋvt values

content of each velocity response was calculated by means
of the fast Fourier transform (FFT), Vn,1( f )ex .

The numerical model of the oscillator was subjected to
the input displacement histories provided by the shake table
tag. The numerical responses of the oscillators were obtained
using an explicit Runge–Kutta integrator, whilst the con-
stants ẋsp, ẋvt in Eqs. (18) and (19) were taken as 0.002
and 0.001 m/s, respectively. Successively, the parameters of
the aforementioned damping model were determined by the
least square error between the numerical Vn,1( f )nu and the
experimental Vn,1( f )ex FFT values. The minimisation then
corresponds to a multivariate optimisation problem where
the objective function has been defined as:

min

⎡

⎢
⎣

1

nsnk

n∑

k=1

√√√√√

⎛

⎝
fk∑

f=0

∣∣vn,1( f )nu − vn,1( f )ex
∣∣2

⎞

⎠

⎤

⎥
⎦ (20)

where ns and nk are the number of sweeps considered and
number of discrete frequencies at the kth sweep. For brevity,
mean values were considered, and the optimisation problem
was solved by a genetic algorithm, with an initial popula-
tion size of 600 and a crossover fraction of 0.6, for a more
aggressive exploration of the search space. Identified results
are collected in Table 2.

The best approximation of parameters was achieved in
the stiffness terms, as these parameters were readily approx-
imated from quasi-static tests, see Fig. 16c, d; or they were
identified from the FRF responses in the case of resonators,
as indicated in both Figs. 18 and 19. Moreover, in the linear
case, the FRFpeak corresponds to the resonance frequency of
the system; whilst in the case of the bistable cell, the linear
component of fk(x) was obtained from the low-amplitude
response, by peak matching, whilst the cubic term, k3, was
computed from the distances between stable states.

Notably, for the linear case, the numericalmodel described
by Eq.13 endowed with the optimised parameters of Table
2, was overall capable of accurately reproducing experimen-
tal results; this is evident in Fig. 18. The same trend was
observed for the bistable oscillator responses depicted in
Fig. 19. Nonetheless, in the high-frequency regions, it was
observed that aminor change in the value of k3 could drive the

system to chaos, resulting in a discrepancy between numer-
ical and experimental results.

To further verify the identification parameters of the
bistable oscillator, frequency sweeps conducted with A0 =
6 mm and A0 = 9 mm and relevant comparisons are pro-
vided in Fig. 20. It is important to acknowledge that these
sweeps were not part of the identification process.

Overall, the identified parameters entailed a good accu-
racy in predicting the FRF provided by the experimental
outcomes, with one notable exception in Fig. 20a: the exper-
iment response resulted in an aperiodic response, whilst the
numerical observation did not result in aperiodicity. This dis-
crepancywas attributed to two sensitivities: (i) themagnitude
of the Stribeck peak velocity ẋsp [47]; and (ii) the accuracy
of the numerical solver. In an attempt to address the former
issue, adjustments were made by lowering ẋsp. However, the
integration process became inefficient or excessively time-
consuming, hence a trade-off was made.

6 Experimental results and comparisons

The experimental results provided by the system analysed in
Sect. 5 with one cell and complemented with the results of
two cells are shown and discussed here. They are compared
with the numerical analysis results based on the identified
parameters collected in Table 2.

6.1 Comparisons between experimental data and
numerical predictions

The FRFs experimental data computed for various sinusoidal
inputs are presented in Fig. 21, and are compared with the
numerical results of linear and bistable oscillators.

Specifically, in the case of the main cell endowed with lin-
ear beams andwithout a resonator, see Fig. 21a, the numerical
model closely mirrors experimental data with marked differ-
ences in the high-frequency range. The discrepancy at high
frequencies can be attributed to increased velocities and dis-
placements, which induce higher-order effects due to large
displacements and hardening.

In the case of the bistable oscillator with a resonator,
Fig. 21b, to capture the response in the high-frequency
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Table 2 Identified parameters
for bistable and linear oscillator
prototypes

m finit k1 k3 c0 c2 Ff ,s F f ,k

kg Hz N/m N/m3 Ns/m Ns/m3 N N

Linear Osc 0.282 6.6 484.9 – 3.2 8.9 e3 1.2 0.65

Bistable Osc 0.282 10.1 1135.7 2.15e6 1.5 8.6e3 1.2 0.44

Resonator 0.620 5.1 636.6 – 4.6 38.7 e3 1.4 0.59

Fig. 18 Comparison between
experimental and numerical
frequency sweeps used during
the identification process. a–c
linear oscillator responses; and
d–f linear oscillator responses
coupled with a resonator. The
x-axes are normalised with
respect to the resonator
frequency, i.e. 5.1 Hz

Fig. 19 Comparison between
experimental and numerical
frequency sweeps used during
the identification process. a–c
bistable oscillator responses;
and d–f bistable oscillator
responses coupled with a
resonator. The x-axes are
normalised with respect to
resonator frequency, i.e. 5.1 Hz

Fig. 20 Comparison between
experimental and numerical
frequency sweeps not employed
during the identification process.
a–c bistable oscillator
responses; and d–f bistable
oscillator responses coupled
with a resonator. The x-axes
were normalised with respect to
resonator frequency, i.e. 5.1 Hz
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branch, the input frequency was set slightly below the res-
onator frequency fres , i.e. at 4.9 Hz. Results are presented
for increasing input amplitudes and, aside from the amplitude
near the transition to the high-energy branch, the accuracy
remains satisfactory. Notably, at A0 = 11mm, numerical
results converge to the lower branch, whereas in the exper-
iment, high-energy interwell motions are observed. This
behaviour underlines the challenges discussed in Sects. 3
and 5 regarding the prediction of a system characterised by
chaotic motion.

Further examination of results for the stand-alone bistable
oscillator, see Fig. 21c–e, reveals the approximation reached
with various input amplitudes. Moreover, due to shaking
table limitations, experimental results fail to accurately cap-
ture high-energy branches. Nonetheless, good results are
achieved for other amplitude ranges.

6.2 Frequency sweep results

Figure22 illustrates the response of a bistable oscillator, both
uncoupled and coupledwith a resonator, to a frequency sweep
input ranging from 1 to 8 Hz with A0 = 10mm and rate
of 0.06 Hz/s. It should be noted that the system behaviour
is inherently sensitive to both the sweep rate and its direc-
tion. The selected rate was chosen to be as low as practically
achievable, tominimise the dynamic effects caused by sweep
rate,within the limitations of the experimental setup. Further-
more, a slightly reduced actual amplitude can be observed in
the measurements, which is attributed to minor variations
in the shake table response, the measurement system and
mechanical tolerances in the experimental setup. Nonethe-
less, for the numerical models, the measured input signals
from the shake table were used; therefore, this reduction does
not affect the validity of the results. For simplicity and con-
sistency, the nominal input values commanded to the shake
table are reported throughout the paper. The response of
the bistable oscillator without resonator follows the input
as indicated in Fig. 22b; nonetheless, the impact of the res-
onator on the oscillator’s response is evident fromFig. 22c, as
the response amplitude decreases when the input frequency
approaches the resonator frequency, i.e. (fres = 5.1 Hz).

To provide an additional insight, the FFT was applied to
the responses, and the frequency content of both input and
output signals is depicted in Fig. 23, for linear and bistable
oscillators coupled with a resonator.

For clarity, the results are normalised to the frequency of
the resonator (fres = 5.1 Hz). FFT values for both input and
output are presented alongside their FRF ratios in decibels
(dB). The attenuation effect entailed by the resonators is dis-
tinctly observed in both cases around fres . Whilst the linear
oscillator exhibits higher attenuation at fres , reaching about
-12 dB; it also exhibits a peak response of 9 dB. Conversely,

the FRF peak value of the bistable oscillator remains below
5 dB, demonstrating the benefits of bistability.

Based on the considerations of Sect. 2, it was shown
that the response of the bistable oscillator depends on the
input amplitude. Accordingly, different amplitude values, i.e.
A0 = 5mm and A0 = 15mm were imposed to the oscilla-
tor. Relevant results are presented in Fig. 24. For high input
amplitudes, the FFT spectrum becomes broadly distributed
over multiple frequencies without a dominant peak. This
broadband energy distribution indicates complex, potentially
chaotic dynamics. In particular, compared to low-amplitude
inputs, the distinction between background noise and ape-
riodic system response is clearly observed. With regard to
attenuation, it starts at 0.85 fres in the low amplitude case,
see Fig. 24a; conversely, the attenuation begins at 0.6 fres
for the high amplitude case and is maintained. Thus, the
advantage of interwell motion is clear in terms of attenuation,
though chaos can be a drawback. In addition, in Fig. 24, also
time-frequency analyses were conducted and spectrogram
results are given. In case of A0 = 5mm, the spectrogram
shows a clear diagonal line from low to high frequency over
time, corresponding to the frequency sweep of the input.
The spectral content is mostly concentrated along this line,
indicating that the system response is dominated by peri-
odic motion following the input frequency. Minor energy
spread around the diagonal was observed, due to inherent
damping, but overall, the response is narrowband and con-
sistent with the expected response for low amplitude. Around
t = 20 − 40 s, corresponding to 0.7 fres − 0.9 fres region in
FFT plot, weak harmonics were observed; since the nonlin-
earity in the system start to be more dominant as response
amplitude increases. In case of A0 = 15mm, the diago-
nal is still visible, but now a broader band of energy appears
above and below the diagonal, particularly at higher frequen-
cies, i.e. (t > 30 s). This indicates the interwell motion and
chaotic response, where energy is distributed across multiple
frequencies rather than concentrated at the input frequency.
The increased spectral richness matches the FFT observa-
tion at low frequencies. Spectrograms clearly indicate the
transition from simple periodic motion at low frequencies to
complex, multi-frequency dynamics at higher frequencies.

6.3 Two oscillators in series

To enhance our knowledge of bistable systems in series
and to corroborate previous research conducted on bistable
metafoundations with two layers [32], additional experi-
ments were undertaken. They involved two oscillators in
series both uncoupled and coupled with resonators. Test
setup and relevant results are presented in Fig. 25, noting
that results on the left correspond to the 1st oscillator whilst
those on the right correspond to the 2nd oscillator w.r.t. the
shaking table.
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Fig. 21 Frequency response
results for sinusoidal —
A0sin( f0t) — driven base
input: a linear oscillator
subjected to A0 = {5, 10, 15}
mm and f0 = 1 − 9 Hz inputs;
b bistable oscillator with
resonator subjected to
A0 = {1 − 15} mm and
f0 = 4.9 Hz; and c–e bistable
oscillator subjected to
A0 = {5, 7, 9} mm inputs with
various frequencies. The input
frequency and amplitude was
limited to A0 f0 < 0.5

Fig. 22 Time history responses
to frequency sweeps: a input at
constant amplitude; b response
of the bistable oscillator; c
response of the bistable
oscillator with resonator

Fig. 23 Comparison between
experimental results in the
frequency domain obtained
from: a the linear oscillator with
resonator; b the bistable
oscillator with resonator
subjected to frequency sweep
(A0 = 10mm, f0 = 1 − 8Hz).
FRF values represent the ratio
between output and input
values, and negative values
mean attenuation
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Fig. 24 Comparison between experimental results in the frequency
domain for the bistable oscillator with resonator subjected to frequency
sweeps with: a A0 = 5mm, f0 = 1 − 12Hz; b A0 = 15mm, f0 =
1− 5Hz. FRF values represent the ratio between output and input val-

ues, and negative values mean attenuation. A spectrogram is provided
to illustrate the time-frequency response and the regions of aperiodic
response

Overall, the results are in linewith expectations and extend
the understanding of bistable–resonator interactions tomulti-
oscillator configurations. Notably, the presence of a second
oscillator led to attenuation starting at a lower frequency,
thus resulting in improved performance compared to the sin-
gle oscillator case. A careful reader can notice in the last
part of the simulation for the case of the stand-alone bistable
oscillators, see Fig. 25c, the clear transition from intrawell
to interwell motion with an evident displacement amplifi-
cation. This transition does not occur with the presence of
resonators, as clearly understood from Fig. 25d.

Such bistable oscillators in series experiments reflect con-
figurations studied in recent metafoundation research [32]
where bistable columns in multi-layer foundations show
enhanced mitigation of vibrations under seismic loading.
This work illustrate that increasing the number of bistable
elements or combining bistable units in series can lower the
effective frequency range for attenuation, improve energy
dissipation, and introduce richer nonlinear dynamics, that
can be tunedwith the presence of resonators. This establishes
a valuable link between the current single-unit investigation

and prospective applications in metastructure and metama-
terial design.

7 Conclusions and future perspectives

In this work, the fundamental problem of a damped bistable
system coupled with a linear resonator and excited by a
driven boundary has been explored. It has been clearly found
that the system is characterised by complex responses that
depend on the system and excitation parameters. To realise a
bistable behaviour, slender beams buckled under axial com-
pression were considered. An analytical solution for the
proposed oscillator was derived, under the assumption of
periodic responses, with solutions characterised by multiple
harmonics. Clearly, the resonator has prevented transitions
from intrawell to interwell motions near its tuned frequency
range. However, the complexity of the system response also
including bifurcations and chaotic responses, did not allow
a rigorous theoretical description of the bistable oscillator.
Thus all conclusions are based only on observations from
simulations and experiments.
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Fig. 25 a Test setup for two
oscillators in series and;
response time histories to a
frequency sweep with
A0 = 15 mm, f0 = 1 − 5 Hz. b
Linear oscillators only; c linear
oscillators coupled with
resonators; d bistable oscillators
only; e bistable oscillators
coupled with resonators. Results
on the left correspond to the 1st
oscillator; those on the right
correspond to the 2nd oscillator
results w.r.t. the shaking table

Computational models validated on experimental results
clearly demonstrated the anti-resonance effects of the res-
onators. Moreover, the presence of resonators provided
greater confidence in predicting regions of chaotic response
in terms of the input frequency-amplitude domain. With
regard to energy transmission and dissipation, the resonator
coupled with the bistable oscillator can dissipate a significant
portion of the input energy at high frequenciesw.r.t. the linear
oscillator, entailing benefits well above its tuned frequency.
In contrast, in the linear case, the resonator does not dissipate
a significant amount of energy above its working range.

Along the lines of co-creation and community-based
developments, 3D-printers were used to manufacture both
the test equipment and mock-ups with inexpensive materi-
als. To achieve bistability, the beams were subjected to axial
compression at the onset of their critical buckling load. The
relevant results indicated that numerical simulations can-
not accurately represent the experimental findings when an
aperiodic response is present. Moreover, the experimental
study also highlighted that an accurate numerical model of
an actual bistable oscillator requires taking into account rel-
atively complex friction and damping forces. In addition, the
response of the bistable oscillator is highly sensitive to test
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conditions, parameter values, and solver tolerances, in agree-
ment with chaos phenomena.

The key outcome of this study is that coupling a bistable
oscillator with a tuned linear resonator fundamentally modi-
fies its dynamic response, transforming comparatively unpre-
dictable chaotic responses into controlled vibrations. This
finding provides new physical insight into how linear attach-
ments can stabilize or tune bistable and multistable systems.
The aforementioned findings suggest that further research is
needed to implement and realise bistable systems both stand-
alone and coupled with resonators for targeted frequencies.
Experiments are quite demanding due to the unpredictable
nature of chaotic dynamics; and the more so, both aperiodic
and interwell regimes challenge the robustness of numerical
models. With regard to the coupling of bistable oscillators
with resonators, the outcomes are positive, especially in the
area of chaos prediction. To enhance the effectiveness of
bistability and expand its use within finite lattice metastruc-
tures, future investigations need to explore configurations
involving multiple bistable oscillators, with or without res-
onators. Finally, multiple bistable oscillators with series or
parallel configurations may benefit from properly designed
randomness.
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