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Abstract

In the last decades, there has been a growing interest in understanding the complex phys-
iological mechanisms that regulate the cardiovascular and respiratory systems and their
interactions, due to the increasing healthcare burden related to cardiorespiratory diseases.
To this end, physiologically accurate mathematical and computational models can provide
an effective tool for the analysis of several physiopathological states and therapeutic strate-
gies through in-silico experiments. Most existing cardiorespiratory models rely on lumped
parameter (0D) descriptions not only for the respiratory system and the heart, but also for
systemic and pulmonary circulatory districts. This work introduces a novel geometrically
multiscale 1D-0D model that couples the fine description of blood flow in 1D domains ob-
tained through the closed-loop Anatomically-Detailed Arterial-Venous Network (ADAVN)
model with a PDE model for passive scalar transport and ODE models describing lung
and peripheral gas exchange, lung mechanics and local autoregulation.

After a brief literature review, the first part of this thesis presents the methodological
framework, detailing the different components of our model and the numerical methods
necessary for an accurate solution of the coupled 1D blood flow-transport system. We de-
scribe the vascular networks employed for simulations, including a reduced arterial-venous
network (ADAVN86) model developed to accelerate the model building and parameter tun-
ing process, and 0D models of the heart (accounting both for a linear and nonlinear end
diastolic pressure volume relationship), pulmonary circulation, lungs, peripheral terminals
and gas exchange. We propose a first and a second order numerical method for the solution
of the 1D coupled blood flow-transport problem, examining the numerical challenges posed
by the need to guarantee mass conservation at a discrete level. Finally, we introduce a
well-balanced high-order numerical method for the solution of non-conservative hyperbolic
PDEs with source terms, able to accurately describe steady-state solutions in the presence
of algebraic and/or geometric source terms.

The second part of this thesis focuses on the verification, validation and application of in-
creasingly comprehensive physiological models, transitioning from a purely cardiovascular
setting (the original ADAVN model), to anatomically and physiologically accurate de-
scriptions of cardiopulmonary interactions. We first assess the impact of cardiopulmonary
mechanical interactions on system haemodynamics, validating our results against patient
data published in the literature, and assessing their robustness by means of a local sensi-
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tivity analysis. These tests, performed with a cardiac model with a linear end-diastolic PV
relationship, required substantial reparametrization of chamber elastances to guarantee
physiological results in the presence of respiration. This motivated the adoption of a non-
linear end-diastolic model for subsequent studies, introducing a more realistic constraint
on chamber volume changes. We then extend our model to include a description of tracer/-
gas transport and gas exchange. The transport module is validated through a bolus test
against patient data and simulation results obtained through physiology-based pharma-
cokinetic models. The gas exchange model, parametrized to exploit the anatomical detail
provided by our vascular networks, is validated under baseline physiological conditions
against literature data and 0D model predictions. Finally, we examine three cerebral local
autoregulation models: a purely myogenic one, its combination with a carbon dioxide reac-
tivity model, and a purely metabolic autoregulation model which responds to oxygen and
carbon dioxide perturbations. All reproduce the expected physiological responses across
multiple test scenarios. The myogenic model, with modified parameters, is further applied
to study foot perfusion in the presence of stenoses and occlusions during a cuff-induced
ischaemia test.

By combining methodological advances with the development of a comprehensive and
extensible framework for the multiscale modelling of cardiorespiratory physiology, which
was extensively verified and validated against clinical data, this work establishes a robust
foundation for future in-silico investigations of complex cardiopulmonary interactions. The
resulting framework is designed to support both fundamental physiological research and the
development of patient-specific simulations, ultimately contributing to the improvement of
our understanding, diagnosis, and treatment of cardiorespiratory diseases.
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1
Introduction

The cardiovascular and respiratory systems act together to deliver oxygen and other nutri-
ents required for cellular metabolism, and to remove carbon dioxide and other metabolic
by-products. As illustrated in Herring and Paterson (2018), the distribution of blood flow
is regulated by local and global control mechanisms that adjust heart rate, cardiac contrac-
tility, and vasomotor tone to meet the metabolic demands of tissues. These adjustments
affect the blood flow, and therefore the transport of gases within the vasculature and help
shape chemoreflex and ventilatory responses. Indeed, blood concentrations of oxygen and
carbon dioxide modulate the depth and frequency of respiration via chemoreceptor activ-
ity and influence vascular tone through local metabolic control. Mechanical interactions
further reinforce this coupling: respiratory-induced variations in intrathoracic and intra-
abdominal pressures affect venous return, ventricular filling, the efficiency of the cardiac
pump and the propagation of pressure and flow waves. The result is an integrated system in
which mechanical interactions, autonomic reflexes, and metabolic regulation continuously
influence one another, with an even stronger interplay during conditions such as exercise,
hypoxia (reduced partial pressure of oxygen in the bloodstream), hypercapnia (an increase
of partial pressure of carbon dioxide in the bloodstream), sleep-disordered breathing, or
mechanical ventilation. Capturing these complex interrelations is therefore essential for
understanding cardiorespiratory dynamics and for developing predictive tools to support
clinical decision making.

Depending on the desired level of physiological detail, the cardiovascular and respiratory
systems can be represented using different modelling paradigms. Three-dimensional (3D)
models have been widely used to study arterial haemodynamics due to their ability to
reproduce local features such as wall shear stress, interactions between the arterial wall and
medical devices, and particle residence time (see for example Xiao et al. (2014)). Moreover,
they have been employed to characterise airflow and aerosol transport and deposition in

- 1 -



Chapter 1. Introduction

the airways (Van Ertbruggen et al., 2005), cardiac electromechanics (Regazzoni et al.,
2022), and lung tissue deformation (Roth et al., 2017). However, this class of models is
characterised by a very high computational cost, restricting their applicability to spatially
localised phenomena of interest.

Lumped parameter (0D) models enable fast simulations of the entire cardiovascular sys-
tem, since they represent arteries and veins through a limited number of compartments
governed by ordinary differential equations, defined according to their anatomical location
and physical properties. This makes them particularly suitable for sensitivity analyses, un-
certainty quantification, and parameter estimation in the development of patient-specific
models. It also allows simulations spanning the longer timescales which are commonly as-
sociated with interactions between the cardiovascular and other systems (Albanese et al.,
2016; Fernandes et al., 2021). Their main limitation, however, is their inability of providing
information on local haemodynamics, which is often interconnected with the development
of pathological conditions.

One-dimensional (1D) models recover good physiological detail at a reasonably low com-
putational cost, allowing the description of wave propagation phenomena in spatially dis-
tributed networks, and the characterisation of wave characteristics and cross-sectional av-
eraged pressure and flow values in the vasculature (Alastruey et al., 2012; Mynard and
Smolich, 2015b; Müller et al., 2023; Formaggia et al., 2003). In addition, they allow us
to position central nervous system (CNS) receptors at anatomically correct locations, en-
suring a more physiologically accurate sensing of the cardiovascular state. Each approach
grants different advantages, and their combination is often necessary to achieve a compro-
mise between physiological fidelity and computational cost. Also, 1D models allow us to
represent patient-specific anatomical conditions with a higher degree of detail.

The present chapter reviews the main modelling approaches used to describe cardiores-
piratory physiology, with a focus on lumped and one-dimensional formulations (section
1.1). The goal is to outline their key features, highlight their strengths and limitations,
and identify the challenges that motivate the development of the 1D-0D integrated car-
diorespiratory framework proposed in this thesis (section 1.2). The chapter concludes by
presenting the contributions of this work (section 1.3).

1.1 Literature review

In recent decades, the impact of cardiorespiratory diseases has spurred the development
of mathematical and computational models capable of reproducing the complex interac-
tions between the cardiovascular and respiratory systems. In what follows, we review the
main modelling approaches adopted in this field. Section 1.1.1 examines the main fami-
lies of lumped parameter cardiopulmonary models, highlighting the mechanisms required
to reproduce cardiorespiratory interactions in physiological and pathological conditions.
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Section 1.1.2 introduces one-dimensional cardiovascular models, outlining their main fea-
tures and current fields of application, and examining how their advantages and limitations
compare with those of 0D formulations in the context of whole-body simulations.

1.1.1 0D cardiorespiratory models

A large body of work has focused on developing fully integrated 0D models of the cardiopul-
monary system that combine cardiovascular dynamics, lung mechanics, gas exchange, and
autonomic control. These models vary in scope but share the goal of capturing multi-
system interactions within a lumped-parameter framework, providing a computationally
efficient tool for studying physiological and pathological conditions, testing hypotheses,
and performing in silico experiments spanning different ranges of time scales.

Numerous 0D models of differing complexity have been proposed since the 1950s (Grodins
et al., 1954; Grodins, 1959; Guyton et al., 1972). Highly influential are the formulations
developed by Ursino, Magosso and collaborators (Ursino, 1998; Ursino and Magosso, 2000;
Ursino et al., 2008, 2001; Magosso and Ursino, 2001, 2002), and those introduced by Lu
et al. (2001, 2003, 2004) between 1994 and 2004. These models laid the foundations for
more recent integrated formulations, such as those by Albanese et al. (2016); Cheng et al.
(2016, 2010); Trenhago et al. (2015); Fernandes et al. (2021).

Ursino’s group developed increasingly sophisticated models to describe the cardiores-
piratory system at rest and during exercise. Their early formulation (Ursino, 1998) is
for the cardiovascular system alone and focuses on the interaction between the pulsating
heart, arterial pressure pulsatility, and the carotid baroreflex. A subsequent extension
(Ursino and Magosso, 2000) incorporated the local vasodilatory effect of oxygen and sev-
eral reflex mechanisms, including peripheral chemoreceptors, lung stretch receptors, and
central nervous system responses to hypoxia, to reproduce the amplitude and timing of
cardiovascular responses to isocapnic hypoxia. Later models (Magosso and Ursino, 2001;
Ursino and Magosso, 2002) improved the description of baroreceptors and introduced non-
linear interactions between oxygen (O2) and carbon dioxide (CO2) at the level of peripheral
chemoreceptors, the effect of local CO2 changes on peripheral resistances, the CNS response
to CO2, and the control of central chemoreceptors on ventilation and tidal volume. De-
spite their extremely detailed characterisation of control mechanisms, these models remain
predominantly cardiovascular-oriented and do not include descriptions of airway and lung
mechanics. Consequently, arterial gas partial pressures, which are required for chemoreflex
activation, are prescribed as external stimuli.

In parallel, Lu’s group developed models centred on the mechanical interactions between
the cardiovascular and respiratory systems. Lu et al. (2001) included descriptions of heart
mechanics (Chung et al., 1997), systemic and pulmonary circulations (Olansen et al., 2000),
airway and lung mechanics (Athanasiades et al., 2000), alveolar–capillary transport of O2,
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CO2, and N2 (Liu et al., 1998), and baroreflex control (Wesseling and Settels, 1993). Car-
diovascular and respiratory modules interact via the effect of pleural and alveolar pressures
on pulmonary vascular pressures, and lung capillary resistance is modelled as a quadratic
function of alveolar volume to reflect its increase during lung inflation. Lu et al. (2003)
addressed the absence of tissue gas exchange, and a further extension (Lu et al., 2004) incor-
porated a more detailed description of cerebral haemodynamics, autoregulation of cerebral
blood flow, and gas exchange between brain capillaries and the extravascular space. While
these models capture heart-lung mechanical interactions in great detail, their represen-
tation of control mechanisms is comparatively limited, as they neglect cardiopulmonary
baroreceptors, central chemoreceptors, and CNS responses.

More recent models aimed to integrate the strengths of these approaches. The model
by Albanese et al. (2016) is a closed-loop model that takes inspiratory gas composition
and total blood volume as inputs and includes separate cardiovascular and respiratory
submodels, coupled through a gas exchange and transport module and a detailed repre-
sentation of cardiorespiratory control. The cardiovascular subsystem builds on the work
of Ursino and Magosso (Magosso and Ursino, 2001; Ursino and Magosso, 2000), mod-
elling the effects of respiration on venous return and cardiac output by subjecting cardiac
chambers, pulmonary circulation, and thoracic veins to pleural pressure. The lung me-
chanics model is adapted from Snyder and Rideout (1969); Mecklenburgh and Mapleson
(1998). Gas exchange occurs in both pulmonary and systemic capillaries, and the control
mechanisms are adapted from Magosso and Ursino (2001); Ursino and Magosso (2000,
2002). After validation under resting conditions, the response of the model was further
assessed under hypercapnic and hypoxic conditions (Cheng et al., 2016). The model has
since been adapted to reproduce features of chronic obstructive pulmonary disease and
pulmonary fibrosis (Anjana et al., 2025) and used to generate virtual populations to pre-
dict in-hospital indicators from wearable-derived cardiorespiratory signals (Laudenzi et al.,
2025b). Similarly, Trenhago et al. (2015) provides a cardiorespiratory formulation lack-
ing control mechanisms, later extended by Fernandes et al. (2021) to include autonomic
control. These models share many structural features with Albanese’s work but incorpo-
rate a more detailed description of gas chemistry: gas concentrations depend not only on
partial pressures and haemoglobin binding, but also on explicit representations of blood
pH and pK (Siggaard-Andersen et al., 1984; Christensen and Dræby; Chiari et al., 1994).
The control mechanisms in Albanese’s and Fernandes’ models are very similar and de-
rived from Ursino and Magosso (Magosso and Ursino, 2001; Ursino and Magosso, 2000),
except for the peripheral chemoreceptor model, which follows Ursino and Magosso (2002)
in Albanese et al. (2016) and Magosso and Ursino (2001); Ursino and Magosso (2000) in
Fernandes et al. (2021).

A summary of the main features of the models presented above is reported in table 1.1,
and an illustrative diagram in figure 1.1.

Beyond general-purpose frameworks, several models have been developed to investigate
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Ursino et al. Lu et al. Albanese et al. Fernandes et al.

Primary focus Cardiovascular
control

Mechanical inter-
actions

Integrated frame-
work

Integrated frame-
work

Heart model Ursino (1998) Chung et al.
(1997)

Magosso and
Ursino (2001);
Ursino and
Magosso (2000)

Liang et al. (2009)

Circulation Ursino (1998) Olansen et al.
(2000)

Magosso and
Ursino (2001);
Ursino and
Magosso (2000)

Ursino and
Magosso (2000)

Lung mechanics - Athanasiades
et al. (2000)

Snyder and
Rideout (1969);
Mecklenburgh and
Mapleson (1998)

Christensen and
Dræby

Gas exchange - Liu et al. (1998) Spencer et al.
(1979)

Siggaard-
Andersen et al.
(1984); Chris-
tensen and
Dræby; Chiari
et al. (1994)

Cardiopulmonary
control

Ursino and
Magosso (2000);
Magosso and
Ursino (2001);
Ursino and
Magosso (2002)

Wesseling and
Settels (1993);
Daly (1997)

Magosso and
Ursino (2001);
Ursino and
Magosso (2000,
2002)

Magosso and
Ursino (2001);
Ursino and
Magosso (2000)

Strengths Rich short-term
control mecha-
nisms

Detailed heart-
lung mechanical
interactions; cap-
illary filtration
and lymphatic
flow

Integrated frame-
work: heart,
systemic and
pulmonary cir-
culations, lung
mechanics, au-
tonomic control,
gas transport and
exchange

Integrated frame-
work with very
detailed pH-pK
model

Limitations 0D circulation, ar-
terial gas partial
pressures are ex-
ternal inputs

0D circulation,
limited control
mechanisms

0D circulation,
less detailed gas
chemistry

0D circulation

Table 1.1: Overview of the cardiorespiratory models by Ursino et al. (Ursino, 1998; Ursino
and Magosso, 2000; Ursino et al., 2008, 2001; Magosso and Ursino, 2001, 2002), Lu et al.
(Lu et al., 2001, 2003, 2004), Albanese et al. (Albanese et al., 2016; Cheng et al., 2016)
and Fernandes et al. (Trenhago et al., 2015; Fernandes et al., 2021)
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Figure 1.1: Common compartmental structure of cardiorespiratory models
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specific physiological or clinical scenarios where cardiorespiratory coupling plays a central
role. Cheng et al. (2010) characterised the interactions among the respiratory, cardiovas-
cular and sleep-wake regulation systems observed during sleep-disordered breathing, with
Cheng and Khoo (2012) further incorporating the metabolic control of glucose-insulin
dynamics. Guerrero et al. (2021) simulated acute obstructive sleep apnea by imposing
transient airway occlusions and fitting model parameters to reproduce patient-specific and
event-specific desaturation patterns.

Works by Serna et al. (2018); Sarmiento et al. (2021) examined cardiorespiratory adjust-
ments during aerobic exercise, in which metabolic demand strongly modulates ventilation,
circulation, and muscle perfusion. Fresiello et al. (2016) analysed how these mechanisms
are impaired in heart failure, while Baird et al. (2025) investigated age-related differences
in responses to exercise, accounting for changes in lung volumes, metabolic rates, and
cardiac function across the lifespan.

Finally, models have been proposed to describe the effects of mechanical ventilation (Das
et al., 2015; Karamolegkos et al., 2021), ventilator–patient interaction, and to support ICU
decisions (Cushway et al., 2022, 2024). These models typically comprise detailed lung
mechanics, recruitment/derecruitment dynamics, and the haemodynamic consequences of
positive-pressure ventilation.

1.1.2 1D cardiovascular models

All the models discussed above rely on a 0D representation of the circulatory system,
which cannot capture pulse-wave propagation along the vasculature, a phenomenon that is
inherently encoded in the one-dimensional equations governing blood flow (Van de Vosse
and Stergiopulos, 2011). Indeed, forward and backward travelling waves propagate across
the vascular system, generating reflections at every location where system topology and
composition change (Westerhof et al., 1972). The superposition of these waves shapes the
pressure pulse (Pedley, 1984), and their conformation provides insight into systemic proper-
ties such as the wave speed, which is an important indicator of arterial stiffening associated
with ageing and cardiovascular disease (Khir et al., 2001; Westerhof and Westerhof, 2013).

One-dimensional equations to describe the flow of an incompressible, homogeneous fluid
in deformable vessels are derived by averaging the 3D Navier-Stokes equations over the
vessel cross-sectional area. The resulting system of PDEs (for a detailed derivation, we
refer to Peiró and Veneziani (2009); Hughes and Lubliner (1973)) enforces the conservation
of mass and the balance of momentum in each vascular domain

∂tA+ ∂xq = 0,

∂tq + ∂x

(
α
q2

A

)
+ A

ρ
∂xp = −R q

A
,

(1.1)
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thereby describing how vessel cross-sectional area A = A(x, t), blood flow rate q = q(x, t)
and blood pressure p = p(x, t) vary in space and time. Here α is the so-called momentum
correction factor, ρ denotes the blood density and R is a friction coefficient that stands for
viscous dissipation. Further assumptions on the velocity profile are required to determine
the values of the momentum correction factor and friction coefficient. As an example,
considering an axially symmetric, fully developed flow in a cylindrical vessel, the velocity
profile can be expressed in radial coordinates as

s(r) = δ + 2
δ

(
1 −

(
r

R

)δ)
, (1.2)

with R =
√

A
π vessel radius. In this case,

α =
∫
S s

2dσ

A
, R = 2(δ + 2)πµ

ρ
, (1.3)

with S transversal section and µ blood viscosity. In the case of a Poiseuille flow, α = 4
3

and R = 8π µρ .

In the rest of the work, we will assume α = 1, due to the considerable mathematical
simplifications deriving from this assumption (Spilimbergo et al., 2024).

This system needs to be complemented by a closure condition, called tube law, which
characterises the mechanical behaviour of the vessel wall by relating blood pressure and
vessel lumen area (Formaggia et al., 2003; Shapiro, 1977; Flaherty et al., 1972; Lange-
wouters et al., 1984; Colombo et al., 2024). A detailed description of the 1D blood flow
equations, augmented with a characterisation of the transport of n passive scalars, and the
tube laws employed for this work is provided in sections 2.2.1 and 2.2.2, and a description
of the numerical methods employed for their solution in sections 2.2.2.1 and 2.2.3.

1D domains can be coupled to form vascular networks of increasing complexity by en-
forcing mass conservation and total pressure continuity at bifurcations. More complex
conditions could be introduced to account for pressure losses caused, for example, by vas-
cular tapering (Stettler et al., 1981) or bifurcation geometry (Formaggia et al., 2003).
Additionally, vessels can be coupled with lumped-parameter models representing other
components of the circulatory system, such as the heart (section 2.3.1) and peripheral
capillaries (section 2.3.3).

Early network models, such as the 55-artery network by Noordergraaf et al. (1963), paved
the way for increasingly anatomically realistic representations of the entire systemic circu-
lation. Modellers focused on improving both the anatomical detail of vascular networks and
physiological parameters, e.g. by refining the characterisation of wave reflection proper-
ties at bifurcations, in peripheral vessels and in relation to vascular tapering (Stergiopulos
et al., 1992; Wang and Parker, 2004), and by adjusting vessel geometry and stiffness to
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reproduce age-stratified populations (Westerhof et al., 1969). In particular, the develop-
ment of efficient numerical methods for solving 1D problems over large vascular networks
has enabled a progressive increase in the level of detail used to describe vascular anatomy.
Avolio (1980) proposed a 128-segment model of the arterial system, thereby extending the
model proposed by Noordergraaf et al. (1963) with the goal of improving its topological de-
scription and correcting the location of the major reflecting sites in the network. Similarly,
Reymond et al. (2009) extended the model by Stergiopulos et al. (1992) to incorporate
coronary, cerebral, and extracranial branches. Blanco et al. (2015) presented the ADAN
(Anatomically Detailed Arterial Network) model, which includes 2142 arteries outlined in
the 3D space pertaining to the vasculatures of the head, trunk, limbs, abdominal organs,
brain and heart. This model was calibrated to reproduce a physiological blood flow distri-
bution among 28 organs and 116 vascular territories in the body, and its main applications
include the study and characterisation of cardiovascular diseases, organ functioning and
tissue microcirculatory perfusion. Additionally, the ADAN vascular network includes the
most common collateral connections across vascular districts, thereby enabling character-
isation of blood redistribution in pathologies such as peripheral artery disease (PAD). A
comparison of results obtained with this model and using a simplified network of 86 vessels
(ADAN86) was performed by Blanco et al. (2020), both under physiological conditions and
in the case of common carotid artery occlusion to assess the impact of vascular anatomy
definition on predicted haemodynamic indices and waveforms. Results showed that, while
the two models produced similar results in large vessels under normal conditions, the
greater detail of the ADAN model was fundamental for achieving a better characterisation
of pathological situations, in which model predictions diverged.

Arterial networks have been coupled with 0D descriptions of the heart and peripheral
components, and with 0D (Liang et al., 2009) or 1D (Mynard and Smolich, 2015b; Müller
and Toro, 2014) models of the venous circulation, to obtain closed-loop descriptions of the
cardiovascular system that allow a characterisation of the global interactions between the
heart and vasculature. Notably, Müller et al. (2023) proposed an Anatomically Detailed
Arterial Venous Network (ADAVN) model, which combines the ADAN model with a ve-
nous network comprising 189 veins that drain blood from 66 vascular regions. Among the
considered veins, 14 are coronary, and 58 drain the brain. Except for the cerebral circula-
tion, the anatomical detail by which the venous system is described is inferior to that of
the arterial system, meaning that most peripheral veins drain blood from more than one
organ/vascular territory of the ADAN model. Connectivity between arterial and venous
vessels was established either according to perfusion maps available in the literature or
based on the proximity of terminal arteries and terminal veins. Model outputs were val-
idated against clinical reference data for a young, healthy male under resting conditions.
We show in Figure 1.2 a comparative view of the ADAN86, ADAN and ADAVN models.
Authors envisioned the ADAVN model as a basis for incremental inclusion of physiological
features, such as orthostasis and its interplay with the respiratory and lymphatic systems.
Additionally, since women and men exhibit both anatomical and functional differences in
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Figure 1.2: Comparative view of the ADAN86, ADAN and ADAVN models

their cardiovascular systems, it is advisable for computational models to incorporate the
impact of sex and/or gender. This can be achieved by including female-specific organs
(e.g., the uterus) and by adjusting the calibration of key parameters such as ventricular
contractility and arterial geometry to reflect sex-specific characteristics in heart rate, sys-
temic pressures, and flow rates (Susin, 2023; Comunale et al., 2020; Corsini et al., 2017;
Zaid et al., 2023).

Open and closed-loop 1D vascular networks have been widely used to study pathological
conditions such as stenoses (Downing and Ku, 1997; Ge et al., 2020; Carson et al., 2019;
Simakov et al., 2016; Dalmaso et al., 2025b; Boileau et al., 2018; Stergiopulos et al., 1992)
and hypertension (Li et al., 2017; Celant et al., 2023; Heusinkveld et al., 2019), as well
as surgical procedures such as graft implantation (Wan et al., 2002; Steele et al., 2003;
Kolachalama et al., 2007; Strocchi et al., 2017), and inter-individual anatomical variabil-
ity (Fossan et al., 2018; Müller et al., 2021). However, despite the broad applicability
of these models, the cardiovascular system has almost always been treated as an isolated
subsystem. An important exception comes from literature addressing the dynamics of the
cerebrospinal fluid: Kim and Cirovic (2011) proposed a 1D representation of the spinal
column coupled to a cranial compartment whose inputs were arterial and venous pressure
and flow. Later, Martin et al. (2012) proposed an improved model coupling arterial blood
flow and the cerebrospinal fluid system, which accounted for blood supply to the spinal
cord. Additionally, in Müller and Toro (2014), a model of the interaction between cere-
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bral blood flow (with separate descriptions of arterial, arteriolar, capillary, venular, and
venous compartments) and craniospinal dynamics was proposed. Toro et al. (2022) fur-
ther extended this model to study the effect of strictures in cerebral veins on craniospinal
dynamics. As of now, 1D models are being used also to shed light on poorly understood
phenomena, such as those involved in brain clearance by the glymphatic circulation (Faghih
and Sharp, 2018). Modellers have also started to address the interaction between the car-
diovascular system and short-term control mechanisms. As an example, Ryu et al. (2015)
and McConnell and Payne (2016) focused on the effects local autoregulation of cerebral
blood flow, Blanco et al. (2012) integrated arterial baroreflex control into a 1D model of
the arterial network closed by a 0D description of the venous circulation, and Celant et al.
(2021, 2023) coupled arterial and cardiopulmonary baroreflex controls to a 1D closed-loop
arterio-venous network model, to determine total effective vascular compliance in healthy
and hypertensive subjects. Several works are available also to model the effects of gravity.
Among the others, Li and Cheng (1993) studied the effects of microgravity in pulmonary
circulation, showing the impact of vessel wall stiffness, Zervides et al. (2008) analysed the
impact of venous valves in managing high pressure fluctuations such as those experienced
during orthostasis. In Zhang et al. (2017), a 1D closed-loop model of the arterio-venous
system was employed to investigate the gravitational effects at multiple inclined positions.
Finally, Cirovic et al. (2000) studied cerebral perfusion under the effect of strong acceler-
ations, and Mohammadyari et al. (2021) analysed the impact of several conditions, from
microgravity to postural changes, on the haemodynamics of vessels in the neck and head.

The characterisation of interactions between the cardiovascular and respiratory systems,
which, as we saw in section 1.1.1, has been an active research area for 0D modellers, has
instead been mostly overlooked by the 1D modelling community, despite the suitability of
1D-0D models for the description of gas transport by the bloodstream and gas exchange
in the alveoli and peripheral circulation. This can be due to several reasons. The main
technical difficulty arises from the long time scales required for integrated simulations. In-
deed, while the scale of a cardiac cycle is around 1 s, and the scale of respiration is below
10 s, changes in metabolic exchange often occur over thousands of seconds. As a conse-
quence, numerical methods employed to run 1D simulations for such long times should be
efficient and preserve conservation properties at a discrete level. Validation also becomes
more challenging as model complexity increases, since the large number of parameters and
the scarcity of comprehensive in vivo data limit the extent to which predictions can be
assessed even for standalone 1D cardiovascular networks. For coupled cardiorespiratory
models, this difficulty is amplified by the need to verify interactions among multiple sub-
systems, with literature data that primarily spans pathological conditions. A few recent
studies have begun to explore cardiopulmonary 1D-0D formulations, for example, by pre-
scribing measurement-derived intrathoracic pressure waveforms as external pressures in the
tube law (Li et al., 2022, 2023). In addition to imposing a cyclically varying intrathoracic
pressure, Cui et al. (2023) also incorporates transport and exchange processes within a
1D arterial network to investigate how venoarterial ECMO support alters haemodynamic
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variables and blood-gas indices in severe cardiac or cardiopulmonary failure. Although
these contributions illustrate the potential of system integration, they do not yet provide
a fully unified cardiorespiratory framework.

To sum up, 1D cardiovascular models provide powerful tools for representing haemo-
dynamics with a level of detail unattainable in lumped formulations. Yet, despite their
strengths, existing 1D models do not account for the reciprocal interaction between circula-
tion and respiration, which becomes particularly important for the modelling of physiolog-
ical or pathological haemodynamic scenarios that go beyond the typical at-rest conditions.

1.2 Motivation and objectives

The cardiovascular and respiratory systems continuously interact via multiple mechanisms
in a complex, nonlinear manner. Although purely cardiovascular models can be tuned
to reproduce haemodynamics under resting conditions, such parameter adjustments ef-
fectively compensate for omitted physiology rather than representing it explicitly. When
the system is perturbed, capturing the underlying interrelations, which become even more
pronounced under physiological and pathological perturbations such as exercise, hypoxia,
hypercapnia, haemorrhage, and mechanical ventilation, is therefore essential for produc-
ing physiologically sound predictions. This is particularly relevant when model-predicted
variables such as central venous pressure, stroke volume, cardiac output, ejection fractions,
and arterial gas partial pressures are interpreted as potential biomarkers to support the
diagnosis and monitoring of cardiorespiratory pathologies (Laudenzi et al., 2025a).

As discussed in section 1.1.1, a substantial body of work has focused on 0D integrated
cardiopulmonary models, which combine cardiovascular dynamics, lung mechanics, gas
exchange, and cardiopulmonary control within a closed-loop framework. These models
have a very low computational cost and are able to simulate whole-body responses across
a wide range of conditions. However, they cannot capture regional perfusion patterns and
wave propagation phenomena, limiting their ability to represent anatomically dependent
pathologies such as PAD, aneurysms, COPD, ischaemic stroke and transient ischaemic
attacks, aortic coarctation and arteriovenous malformations, as well as the haemodynamic
consequences of interventions such as stenting and graft implantation.

Conversely, as illustrated in section 1.1.2, 1D models provide anatomically accurate de-
scriptions of the vasculature, allowing, for example, the investigation of wave propagation
dynamics, cardiac-vascular interactions, and the impact of localised disease (stenoses and
occlusions) and surgical interventions. The ability of 1D models to resolve wave propaga-
tion along the vascular tree also enables a more realistic representation of afferent dynamics
at cardiovascular receptors. This is particularly relevant for the baroreflex, whose affer-
ent firing depends not only on mean pressure but also on waveform morphology at the
aortic arch and carotid sinuses, where local pressure waveforms may differ because wave

- 12 -



1.3. Contributions

propagation and reflection are influenced by site-specific vascular mechanical properties
or the presence of localized pathology such as stenoses or occlusions. Yet, existing 1D
models typically neglect the reciprocal interaction between circulation and respiration,
even though autonomic reflexes and respiratory-driven changes in intrathoracic and intra-
abdominal pressures affect the haemodynamics of the system, influencing cardiac efficiency,
wave propagation dynamics, and energy transfer between vessels (see section 4.1). With-
out these interactions, 1D models fall short in reproducing the integrated cardiorespiratory
responses that govern real physiology, especially under non-baseline conditions.

This gap between anatomically detailed haemodynamic and integrated cardiorespiratory
physiology modelling motivates the present work. The objective of this thesis is to develop a
cardiorespiratory model that integrates respiration phenomena onto a 1D anatomically de-
tailed description of the arterial and venous networks. The proposed formulation combines
cardiovascular dynamics, lung mechanics, gas exchange, and local autoregulation, and can
reproduce physiologically realistic wave propagation phenomena, regional perfusion, and
the effects of localised cardiovascular diseases. The model-building process posed multiple
challenges, including the numerical treatment of non-conservative hyperbolic systems of
PDEs and the coupling of haemodynamics with gas transport and exchange.

1.3 Contributions

The main contributions of this thesis regard:

(1) A high-order well-balanced finite-volume scheme for non-conservative hyperbolic sys-
tems;

(2) A numerical framework for coupled 1D haemodynamics and passive-scalar transport;
(3) A progressively integrated cardiopulmonary model including lung mechanics, gas

transport and exchange, and local autoregulation.
(4) An anatomically detailed model of foot perfusion for the study of peripheral artery

disease;

They resulted in the following publications:

Peer-reviewed

• Dalmaso, C., Blanco, P.J. Müller, L.O. Cardiopulmonary mechanical interactions.
Insights from an anatomically detailed arterial-venous network model. Biomech.
Model. Mechanobiol. 24, 1653–1686 (2025). https://doi.org/10.1007/s10237-025-
01987-y
We present a 1D-0D model that couples a 0D description of lung mechanics to the
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closed-loop Anatomically-Detailed Arterial-Venous Network (ADAVN) model. We
show that our model can satisfactorily reproduce a set of cardiovascular indices of
interest observed in healthy young males at rest. Next, we assess the impact of
respiration on cardiac performance and on the periodicity and average values of
pressure and flow waveforms in different vascular districts. In particular, our results
confirm that respiration has a fundamental pumping function, which aids venous
return, and that its action affects mainly the average of haemodynamic variables
on the arterial side, while on the venous side it has a significant effect on wave
periodicity and triggers a complex interplay in terms of waveform conformation.
Additionally, we assess the sensitivity of model predictions to variations in model
parameters through a local sensitivity analysis, both in the presence and absence of
respiration, highlighting a strong relationship between the arterial and venous side
of the model.

• Colombo, C., Dalmaso, C., Müller, L. O., Siviglia, A. (2026). Well-balanced high-
order method for non-conservative hyperbolic PDEs with source terms: application
to one-dimensional blood flow equations with gravity. Journal of Computational
Physics, 114975.
The present work proposes a well-balanced finite volume-type numerical method for
the solution of non-conservative hyperbolic partial differential equations (PDEs) with
source terms. The method is characterised, first, by the use of a recently introduced
high-order spatial reconstruction, based on generalized Riemann problem informa-
tion from the previous time level. Such reconstruction is well-balanced up to order
three, compact, efficient and easy to implement. Second, the method incorporates
a well-balanced space-time evolution operator, which allows for well-balanced fully
explicit time evolution. The accuracy and efficiency of the method are assessed
on both a scalar problem (Burgers’ equation) and a nonlinear PDE system (hyper-
bolized one-dimensional blood flow equations with gravity and friction, and with
variable mechanical and geometrical properties). The well-balanced property is ver-
ified by showing that numerically-determined stationary solutions are preserved up
to machine precision. The order of accuracy in space and time is validated through
empirical convergence rate studies. Additionally, the performance of the method is
assessed on a network of 86 arteries, under both stationary and transient conditions.

• Bisgaard, M.*, Dalmaso, C.*, Nygaard, J. V., Precht, H., Houlind, K. C., Müller,
L. O., Blanco, P. J. (2026). Foot perfusion. Insights from an anatomically detailed
arterial network model. Journal of Biomechanics, 113336. (*equal contributors)
Peripheral artery disease currently affects over 202 million people worldwide. The
ankle-brachial index is widely used to assess a reduction in blood flow to the foot,
but it cannot characterise tissue perfusion. MRI-based perfusion measurements can
provide this information, yet they are time-consuming and can be painful if induction
of ischaemia is warranted for the scan. As an alternative, we model foot perfusion
during a cuff-induced ischaemia test to characterise how arterial occlusions affect per-
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fusion in foot regions. Simulations, not patient-specific at this stage, are conducted
on a 1D arterial network model which includes 154 foot and calf arterial segments,
providing a realistic description of the topology of the foot vasculature. A base-
line model characterises angiosome perfusion under healthy conditions, which is then
modified to reflect 42 pathological scenarios by introducing occlusions and different
levels of collateral impairment. This approach enables a novel in-silico comparison
of angiosome-targeted and best-vessel strategies in a realistic whole-limb geometry,
uncovering mechanistic phenomena relevant for revascularisation planning. Results
show a marked influence of collateral impairment on angiosome perfusion under the
condition of a single-artery occlusion, highlighting the role of blood redistribution.
If two feeding arteries are occluded, perfusion markedly decreases at all collateral
impairment levels due to the severe reduction in incoming blood flow. These re-
sults provide a bridge between the angiosome-targeted and “best-vessel” strategies
for revascularisation, showing that both can be correct depending on collateral suf-
ficiency.

Moreover, excerpts of this work were presented at the following conferences:

Upcoming conferences

• WCCM ECCOMAS 2026: An Integrated 1D-0D Model of the Cardiorespiratory Sys-
tem With Short-Term Cardiopulmonary Control Mechanisms. Dalmaso, C., Blanco,
P.J., Müller, L.O.

Past conferences and meetings

• Convegno GNCS 2026: Soluzioni Innovative per Sistemi Complessi: Metodi Numerici
e Approcci Multiscala.

• SIAM Chapters meeting for Young Researchers: An integrated 1D-0D model of the
cardiorespiratory system with local autoregulation

• ECCOMAS YIC 2025 Conference: An integrated 1D-0D model of the cardiorespira-
tory system with local autoregulation. Dalmaso, C., Blanco, P.J., Müller, L.O.

• ESB 2025 Congress: Foot perfusion. Insights from an anatomically detailed arterial
network model. Dalmaso, C., Bisgaard, M., Nygaard, J.V., Precht, H., Houlind,
K.C., Müller, L.O., Blanco, P.J.

• COLIBRI Focus Workshop in Computational Medicine: Cardiopulmonary mechan-
ical interactions. Insights from an anatomically detailed arterial-venous network
model. Dalmaso, C., Blanco, P.J., Müller, L.O.

• CMBE 2024: Cardiopulmonary mechanical interactions. Insights from an anatom-
ically detailed arterial-venous network model. Dalmaso, C., Blanco, P.J., Müller,
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L.O.
• M2P 2023 Emerging Technologies in Computational Science for Industry, Sustain-

ability and Innovation: Uncertainty Quantification and Sensitivity Analysis for Non-
invasive Model-based Instantaneous Wave-Free Ratio Prediction. Dalmaso, C., Fos-
san, F.E., Br̊aten, A.T., Müller, L.O.

1.4 Structure of the work

The work is organized into five chapters, progressing from the scientific background and
methodological developments to the construction, verification, and application of the pro-
posed cardiorespiratory modelling framework.

Chapter 2 presents the numerical methods and modelling components that form the
basis of the integrated framework. It describes the vascular networks employed (section
2.1), the governing equations for 1D blood flow and transport (sections 2.2.1 and 2.2.2),
and a high-order well-balanced numerical method for non-conservative hyperbolic systems
(section 2.2.3). It also illustrates 0D models of the heart (section 2.3.1), pulmonary circu-
lation (section 2.3.2), peripheral terminals (section 2.3.3), lung mechanics (section 2.3.4),
gas transport (section 2.3.5) and exchange (section 2.3.6), and control mechanisms (section
2.3.7).

Chapter 3 collects the numerical results obtained for the coupled haemodynamics and
transport problem (section 3.1), and reports the numerical tests conducted to evaluate
the performance of the proposed well-balanced finite-volume scheme for non-conservative
hyperbolic systems (section 3.2).

Chapter 4 focuses on model verification, validation, and applications. We report and
discuss the results associated with the incremental development of an integrated cardiopul-
monary model, based on the framework proposed by Albanese et al. (2016). In particular,
we first assess the impact of respiration on haemodynamic indices and waveforms (section
4.1). We then compare simulations obtained with the ADAVN and ADAVN86 vascular
networks (section 4.2.1), as well as with two cardiac models featuring, respectively, lin-
ear and non-linear end-diastolic pressure-volume relationships (section 4.2.2). Finally, we
validate the transport and exchange modules (section 4.3), together with myogenic and
metabolic local autoregulation models (section 4.4). Finally, we show a possible applica-
tion for an anatomically detailed cardiovascular model with autoregulation by analysing
foot perfusion in the presence of arterial occlusions and impaired collateralization (section
4.5). This completes the transition from purely mechanical models to a more physiologi-
cally integrated system.

Chapter 5 reports a synthesis of the main contributions of this work, and a discussion of
limitations and perspectives for future developments.
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Model building and numerical methods

This chapter forms the methodological backbone of the thesis and provides a detailed
account of the components essential to our model-building effort. We begin in Section 2.1
by describing the three vascular networks considered in this thesis. In Section 4.5, we use
the ADAN model to characterise foot perfusion in the presence of pedal arterial occlusions
and impaired collateralization. We then adopt the ADAVN model to investigate the impact
of respiration on cardiac performance, as well as on the periodicity and average values
of pressure and flow waveforms (Section 4.1). Finally, we employ the Reduced Arterial
Venous Network (ADAVN86) model to support model verification and validation when
longer timescales are required to simulate gas transport, exchange, and control mechanisms
(Sections 4.3, 4.4). The name ADAVN86 was chosen because this reduced network was
built by including the ADAVN coronary circulation and venous system in the ADAN86
model presented in Blanco et al. (2020), which included the 86 main arteries in our body.

In Section 2.2.1, we introduce the 1D blood flow equations, and in Section 2.2.2 we
illustrate several numerical challenges that arise when modelling the advection of a passive
scalar within the vasculature, where the advection velocity is space-dependent and obtained
from the solution of the 1D haemodynamic problem. In Section 2.2.3, we develop a generic
well-balanced high-order method for non-conservative hyperbolic PDEs with source terms,
capable of preserving stationary solutions up to machine precision.

Finally, in Section 2.3 we outline the main 0D models required for physiological simula-
tions. We begin by describing the models used to characterise the heart (Section 2.3.1),
the pulmonary circulation (Section 2.3.2), and the peripheral terminals (Section 2.3.3).
We then present the lung-mechanics model and explain how it is mechanically coupled
to the cardiovascular module (Section 2.3.4). Lastly, we describe the models for gas ex-
change in the lungs and peripheral capillaries (Section 2.3.6), and introduce three local
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autoregulation models (Section 2.3.7).

2.1 Vascular networks

We present here the ADAN, ADAN86, ADAVN and ADAVN86 models. The ADAN,
ADAN86 and ADAVN models were developed respectively by Blanco et al. (2014, 2015,
2016), Blanco et al. (2020) and Müller et al. (2023). The ADAVN86 model was instead
constructed and parametrised specifically for this thesis to support model development and
preliminary validation.

2.1.1 Anatomically Detailed Arterial Network (ADAN) model

The ADAN model, proposed by Blanco et al. (2015) and further improved in Blanco et al.
(2016), reproduces an average arterial vasculature of a man, outlined in 3D space using a
digital dataset of the human skeleton as scaffold. The architecture of this model includes
almost every named arterial vessel according to the International Anatomical Terminology
(1598 arteries), with a resolution down to the luminal area of perforator arteries (544 vessels
that supply blood to peripheral regions). The determination of geometrical parameters of
the vasculature, i.e. vessel length, luminal radii, and vessel wall thickness is detailed
in Blanco et al. (2015): vessel lengths L were derived from the 3D characterisation of
vessels on top of the skeleton, vessel radii Ro were obtained from anatomical and medical
literature, and wall thicknesses h were estimated from the radii based on curve-fitting of
data published by Avolio (1980)

h

Ro
= a exp(bRo) + c exp(dRo), (2.1)

with a = 0.2802, b = −5.053/cm, c = 0.1324 and d = −0.1114/cm. Vessel radii impact
also the definition of material properties of the arterial wall. Indeed, large arteries are
predominantly elastic, mid-sized ones have more collagen content and smooth muscle than
large arteries, and less elastin content, while small arteries are dominantly muscular. For
a detailed description of the resulting parametrisation we refer to Blanco et al. (2014).

The model includes blood supply to 28 specific organs (see table 2.1, approximately
64.7% of the cardiac output) and accounts for 116 vascular territories used to distribute
flow to the muscles, bones, nerves, fascia and skin (see table 2.2). Peripheral beds are
represented through Windkessel models, with resistive elements calibrated in such a way
that guarantees the physiologically expected flow fraction to each location. We refer to
Blanco et al. (2015) for details regarding the calibration procedure.

Particularly relevant for simulation studies are the collateral circulations present in the
model, commonly excluded from less detailed vascular networks, such as the circle of Willis
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Organ Blood flow fraction Reference Organ Blood flow fraction Reference

Heart 4 Valentin (2002) Suprarenal (x2) 0.15 Valentin (2002)
Encephalon 12 Valentin (2002) Stomach 1 Valentin (2002)
Eye (x2) 0.014286 Williamson and Harris (1994) Pancreas 1 Valentin (2002)
Ear (x2) 0.000014 Prazma et al. (1984) Spleen 3 Valentin (2002)
Nose 0.000089 Valentin (2002) Small intestine 10 Valentin (2002)
Tongue 0.3 Valentin (2002) Large intestine 3.25 Valentin (2002)
Teeth 0.0012 Yoon et al. (2010) Bladder 0.06 Valentin (2002)
Thyroid 1.5 Valentin (2002) Penis 0.893140 Halls et al. (2009)
Hypophysis 0.009429 Valentin (2002) Testicle (x2) 0.028750 Valentin (2002)
Liver 6.5 Valentin (2002) Rectum 0.75 Valentin (2002)
Gallbladder 0.004286 Valentin (2002) Diaphragm 1.058718 Loukas et al. (2005)
Kidney (x2) 9.5 Valentin (2002)

Table 2.1: Blood flow fractions [%] to the 28 organs included in the ADAN model. Total
blood flow to these organ is 64.72%.

Region Side NT RVF (%) TFF (%)

Head and neck L 10 2.4475 2
R 10 2.4475 2

Trunk 22 28.9120 7.1915
Upper limb L 16 5.8828 3.5

R 16 5.8828 3.5
Lower limb L 21 27.2137 8.5

R 21 27.2137 8.5

Table 2.2: Regions of the body which are segmentally subdivided into the 116 territories,
each associated to a specific volume fraction and blood flow fraction. NT is the number
of territories in each region, RVF is the regional volume fraction, TFF target blood flow
fraction.
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in the brain, the neck circuits, the mesenteric circuits, the knee, foot and hand vasculatures
etc., since they allow us to study blood flow redistribution phenomena occurring in response
to pathological conditions, or external stimuli.

A publicly accessible portal for exploring haemodynamic conditions predicted by the
ADAN model and reviewing related parameters is available at http://hemolab.lncc.b
r/adan-web. This vascular network was employed for simulations reported in section 4.5.

2.1.2 Reduced Arterial Network (ADAN86) model

The ADAN86 model was developed by Blanco et al. (2020) to evaluate how anatomical
detail influences haemodynamic predictions. It is a truncated form of the full ADAN
model, which comprises 86 main arteries (Stergiopulos et al., 1992; Alastruey et al., 2014;
Wang and Parker, 2004), including the Circle of Willis (Safaei et al., 2016). The anatomical
simplification reduces the number of vascular territories and minor organs represented: the
encephalon, liver, kidneys, stomach, pancreas, spleen, and intestines are retained, together
with extracranial regions, the intercostal space, and the upper and lower limbs. Material
parameters of the tube law are identical to those used for the original ADAN network,
while terminal resistances were calibrated according to three criteria:

(1) blood supply to major organs is preserved relative to ADAN;
(2) flow to extracranial regions via the external carotid artery and to part of the inter-

costal space via intercostal vessels matches that of ADAN;
(3) vessels perfusing the upper and lower limbs carry the additional flow required to

achieve the target cardiac output.

This parametrisation strategy enables the ADAN86 model to reproduce central haemody-
namics of the full ADAN network under baseline “healthy” conditions, with differences in
waveforms becoming more evident in peripheral vessels due to a mismatch in the blood
supply to the different territories. Under pathological scenarios, such as complete occlu-
sion of the common carotid artery, model predictions diverge substantially because of the
reduced number of available collateral pathways.

This vascular network was employed for simulations reported in section 3.2.

2.1.3 Anatomically Detailed Arterial Venous Network (ADAVN) model

The ADAVN model is a cardiovascular model first introduced by Müller et al. (2023),
which represents an average male vascular anatomy and couples the ADAN model with a
network of 189 veins, 58 of which are cerebral and 14 of which are coronary (see figure 2.9,
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left panel). In contrast to the arterial network, the model includes only the cerebral and
coronary venous vessels in full, while the remainder of the venous system is represented
only through its major vessels. As a result, venous drainage is modelled across 66 vascular
regions, with most venous vessels collecting blood from multiple areas among the 28 organs
and 116 vascular territories supplied by the arterial network. (Blanco et al., 2015).

Connectivity between arterial and venous networks was established in peripheral terri-
tories by means of 0D RCR descriptions of arteriolar, capillary and venular compartments
(section 2.3.3), according to existing knowledge regarding brain and heart perfusion, or
based on proximity of terminal arteries and terminal veins. The aortic arch, inferior and
superior caval veins, and coronary sinus are connected to a 0D model of the heart (section
2.3.1.1), which characterises each chamber as an elastic compartment with a prescribed
time-varying elastance. The pulmonary circulation is also described by means of a 0D
model which describes pulmonary arteries, capillaries and veins by means of CLR com-
partments (section 2.3.2). The cardiovascular model includes also 30 venous valves and
53 cerebral Starling resistors, as well as a simple model describing the interaction between
cerebral vasculature and intracranial pressure. Table 2.3 shows a summary of the main
features of the arterial-venous network.

This vascular network was employed for simulations reported in section 4.1.

Total arterial segments (named) 2142 (1598)
Coronary arteries 23
Cerebral arteries 162

Venous segments 189
Coronary veins 14
Cerebral veins 58

Venous valves 30

Starling resistors in the brain 53

Table 2.3: General features of the ADAVN model.

2.1.4 Reduced Arterial Venous Network (ADAVN86) model

Running long timescale simulations on the ADAVN network is computationally costly and
time-consuming, making it less-than-ideal for model building and parameter fine-tuning.
As a consequence, in order to reduce computational time and speed up the development of
the cardiorespiratory model, we developed a reduced vascular network, which we will call
ADAVN86, comprising 86 systemic arteries (the same as in the ADAN86 network presented
in section 2.1.2), 23 coronary arteries and the same 189 veins that are present in the full
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ADAVN network. We chose to maintain this higher resolution for the venous circulation
for further applications of this network, particularly for use in orthostasis simulations,
which affect venous more than arterial circulation due to its inherently lower pressure and
higher compliance (Colombo et al., 2026). We refer to figure 2.1 for a representation of
the network.

Conversely to the ADAVN model, the venous system is more detailed than the arterial
one (with the exception of coronary vessels, which are identical). This posed the problem
of determining a reasonable arterial-venous connectivity in the various vascular districts
and, in particular, in the brain, where 58 cerebral veins drain 6 arteries.

Similarly to the approach followed for the ADAVN model, we operated under the as-
sumption that each terminal artery is connected to an arterial bed which can connect to
multiple veins (up to 2 in ADAVN and up to 11 in ADAVN86). Each terminal vein is in
turn connected to a venular bed, which can receive blood from multiple arteries. Connec-
tivity was mostly established based on proximity of terminal arteries and terminal veins,
trying to reproduce as much as possible the connectivity that was defined for the ADAVN
model. Within the brain, we combined this approach with existing literature concerning
perfusion of the various brain regions.

Vessels are part of 41 vascular regions (in ADAVN regions are 61 (Müller et al., 2023),
see table 2.4 for a comprehensive list), 9 of which contain only veins, and 24 only arteries.
Details regarding model parametrisation and verification are provided in section 4.2.1. This
network was used for simulations reported in sections 4.3.2.1, 4.3.2.2 and 4.4.

2.1.4.1 Connectivity

We show here the arterial-venous connectivities obtained in the various vascular districts.
We do not show coronary vessels, since the connectivity is identical to that in the ADAVN
model, and the liver, since only one vein is present.

2.1.4.1.1 Brain and neck

Cerebral connectivity proved to be the most challenging to reconstruct due to the very
high number of veins compared to arteries. We traced the pathways in the ADAVN net-
work beginning from the main cerebral artery, also present in the ADAVN86 network, and
followed all arteries branching from it, assigning as venous terminals all vessels draining
those arterial territories. We then refined these preliminary connections using brain perfu-
sion maps reported in the literature (D’Souza et al.), obtaining the connectivities reported
in figure 2.2 (rows 1 and 2). In the neck region, only two arteries (the external carotid
arteries) feed all veins. Consequently, we connected arteries and veins depending on their
anatomical side (see figure 2.2, row 3).
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Figure 2.1: ADAVN86 arterial-venous network.
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ID ADAVN ADAVN86 Name ID ADAVN ADAVN86 Name

1 X X head 32 arteries X right suprarenal
2 ✓ ✓ encephalon 33 arteries X left suprarenal
3 arteries arteries brain 34 arteries arteries liver
4 arteries X cerebellum 35 arteries arteries stomach
5 arteries X pons 36 arteries arteries spleen
6 veins veins dura mater 37 arteries arteries pancreas
7 ✓ veins scalp 38 ✓ ✓ right kidney
8 ✓ ✓ face 39 ✓ ✓ left kidney
9 ✓ ✓ neck 40 arteries arteries intestine
10 veins veins right upper limb 41 arteries arteries dorsum
11 arteries arteries right shoulder 42 arteries X spinal
12 arteries arteries right arm 43 arteries X spinal cord
13 arteries arteries right forearm 44 arteries X cervical spinal cord
14 arteries X right hand 45 arteries X thoracic spinal cord
15 veins veins left upper limb 46 arteries X lumbar spinal cord
16 arteries arteries left shoulder 47 arteries X lumbar
17 arteries arteries left arm 48 arteries X cauda equina
18 arteries arteries left forearm 49 ✓ ✓ pelvis
19 arteries X left hand 50 veins veins right lower limb
20 arteries X trunk 51 arteries X right gluteal region
21 X X aorta 52 arteries arteries right hip thigh
22 arteries arteries aortic arch 53 arteries arteries right knee
23 arteries arteries thoracic aorta 54 arteries arteries right leg
24 arteries arteries abdominal aorta 55 arteries X right foot
25 ✓ veins chest 56 veins veins left lower limb
26 veins veins coronaries 57 arteries X left gluteal region
27 arteries arteries right coronaries 58 arteries arteries left hip thigh
28 arteries arteries left coronaries 59 arteries arteries left knee
29 arteries X sternum 60 arteries arteries left leg
30 ✓ veins abdomen 61 arteries X left foot
31 arteries X diaphragm

Table 2.4: Vascular regions in the ADAVN and ADAVN86 models: for each network, we
denote with X regions where no vessels are present, with the check mark regions where
both arteries and veins are present, and with ”arteries” or ”veins” regions where only said
vessel type is present.

- 24 -



2.1. Vascular networks

(a) Left anterior cerebral
artery.

(b) Right anterior cerebral
artery.

(c) Left middle cerebral
artery.

(d) Right middle cerebral
artery.

(e) Left posterior cerebral
postcommunicating artery.

(f) Right posterior cerebral
postcommunicating artery.

(g) Left external carotid
artery.

(h) Right external carotid
artery.

Figure 2.2: Veins (blue) connected to the cerebral and neck arteries (red) present in the
ADAVN86 network.
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2.1.4.1.2 Torso and abdomen

In the head and neck we had numerous veins connected to each artery. In this region,
we either have a one-to-one connection, or we have multiple arteries connected to a single
vein. Connections (reported in figures 2.3, 2.4) were based on those present in ADAVN or
performed in terms of proximity.

(a) Azygos vein. (b) Hepatic vein. (c) Venous perforator.

(d) Left renal vein. (e) Right renal vein.

Figure 2.3: Arteries (red) connected to veins in the trunk and abdomen (blue) present in
the ADAVN86 network.

2.1.4.1.3 Limbs

In the limbs, a maximum of three veins drain each artery. Connectivity was established
in terms of proximity, and is shown for the upper limbs in figure 2.5 and for the lower limbs
in figure 2.6.
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(a) Right internal iliac vein. (b) Left internal iliac vein.

Figure 2.4: Iliac arteries (red) and veins (blue).

(a) Left posterior interosseous
artery.

(b) Right posterior in-
terosseous artery. (c) Left radial artery.

(d) Right radial artery. (e) Left ulnar artery. (f) Right ulnar artery.

Figure 2.5: Veins (blue) connected to the arm arteries (red) present in the ADAVN86
network.
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(a) Left profunda femoris
artery.

(b) Right profunda femoris
artery. (c) Left anterior tibial artery.

(d) Right anterior tibial
artery. (e) Left posterior tibial artery.

(f) Right posterior tibial
artery.

Figure 2.6: Veins (blue) connected to the leg arteries (red) present in the ADAVN86
network.
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2.2 1D blood flow models: equations and numerical solution

Blood flow modelling is central to cardiovascular research, offering quantitative insight into
the complex dynamics of the circulatory system. In the following, we present an overview
of the one-dimensional blood flow and transport equations, introduce a well-balanced finite
volume-type numerical scheme for non-conservative hyperbolic systems with source terms,
and describe our proposed method for solving the associated transport problem.

2.2.1 1D blood flow equations

Blood flow in 1D vessels can be described through the classical 1D blood flow governing
equations

∂tA+ ∂xq = 0,

∂tq + ∂x

(
q2

A

)
+ A

ρ
∂xp = −R q

A
,

(2.2)

where A = A(x, t), p = p(x, t) and q = q(x, t) denote the vessel lumen area, flow rate
and blood pressure in time along the vessel axis. For a Poiseuille flow, the friction force
coefficient is R = 8π µρ , with µ and ρ, respectively, blood viscosity and density.

To close the system, we adopt a viscoelastic tube law of the form

p(x, t) = pext(x, t) + ζ(x, t) + p0, (2.3)

where ζ(x, t) accounts for the constitutive law of the vessel tissue, which is different for
arteries and veins (Müller et al., 2023), pext(x, t) accounts for the pressure exerted on the
vessels by tissues and extravascular media, and p0 is the homeostatic equilibrium pressure.
In particular, for arteries

ζart(x, t) = πR0h0
A

[
Eeε+ Ecϵr ln (eχ + 1) + Kart

m

2
√
AA0

∂A

∂t

]
, (2.4)

where R0 = R0(x), A0 = A0(x) and h0 = h0(x) are the reference vessel radius, area and
wall thickness at the homeostatic equilibrium pressure, Ee = Ee(x) and Ec = Ec(x) are the
effective Young moduli of elastin and collagen fibres, and Kart

m is the effective viscoelastic
parameter. χ was defined as χ = ε−ε0

ϵr
, with ε = ε(A,A0) =

√
A
A0

− 1 current fibre strain,
ε0 = ε0(A0) the strain for which half collagen fibres are recruited, and ϵr = ϵr(A0) standard
deviation of the fibre activation state distribution. The tube law used for veins accounts
for vessel collapse and reads as follows (Müller et al., 2023):

ζven(x, t) = Kven
eff

[(
A

A0

)10
−
(
A

A0

)− 3
2
]

+ Kven
m

A0
√
A

∂A

∂t
, (2.5)
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where Kven
eff is the effective vascular stiffness and Kven

m the effective viscoelastic parameter.

The choice of this tube law results in an advection-diffusion-reaction system of PDEs,
which can be reformulated, within appropriate parameter and state ranges, in terms of a
first-order hyperbolic system with stiff source terms (Montecinos et al., 2014; Müller et al.,
2016a,b). In particular, we introduce the auxiliary variable ψ and the relaxation time
Trel > 0 such that, as Trel → 0, ψ → ∂xq, and define the evolution equation

∂tψ = 1
Trel

(∂xq − ψ). (2.6)

This results in the following reformulation of ζ, where ∂xq = ψ

ζart(x, t) = πR0h0
A

[
Eeε+ Ecϵr ln (eχ + 1) − Kart

m

2
√
AA0

ψ

]
(2.7)

ζven(x, t) = Kven
eff

[(
A

A0

)10
−
(
A

A0

)− 3
2
]

− Kven
m

A0
√
A
ψ. (2.8)

Spatially variable tube law parameters result in geometric source terms in the momen-
tum balance equation. Following the approach proposed in Toro and Siviglia (2013b),
we introduce the trivial evolution equations ∂tα = 0 for α = A0, h0, Ee, Ec, ϵ0, ϵr, and
∂tpext = F (x, t) with F (x, t) prescribed.

Since this model cannot be cast in conservative form, its numerical approximation relies
on path-conservative formulations and well-balanced techniques. A general framework for
the description of inviscid flows (with momentum-correction coefficient equal to one) in
compliant vessels with discontinuous material properties, including an advection equation
for passive-scalar transport, was developed by Toro and Siviglia (2013b), who derived
the exact Riemann solution for subcritical flow regimes. Subsequent work (Spilimbergo
et al., 2021) extended this analysis to arbitrary momentum-correction coefficients and
more intricate wave interactions.

2.2.2 Modelling transport in 1D domains

We consider here the coupling between the 1D blood flow equations (BFEs) with spatially
varying geometrical and mechanical properties and the transport of n passive scalars. We
analyse the implications of discretising the transport problem using either a conservative
or a path-conservative approach, with particular attention to mass conservation.

The transport of n passive scalars in the vasculature is described by means of a system
of n PDEs

∂t(Aϕi) + ∂x

(
q(Aϕi)
A

)
= 0, i = 1 . . . n, (2.9)

- 30 -



2.2. 1D blood flow models: equations and numerical solution

with ϕi concentration of the i− th substance transported by blood.

We chose a purely convective transport model since 1D domains comprise only arteries,
arterioles and veins, where physiologically convective transport is dominant, while the
capillary circulation, where diffusion delivers oxygen from capillary vessels to tissue cells,
is described by means of 0D models (Herring and Paterson, 2018). This assumption can
be verified by computing the Péclet number (Pe) in the different types of vessels

Pe = Convective transport rate
Diffusive transport rate = Re× Sc = 2πρ

µ

q

R0
× µ

ρD
, (2.10)

with Re and Sc Reynolds and Schmidt numbers, respectively, R0 vessel radius, D diffusivity
coefficient, q blood flow rate. µ and ρ denote, respectively, blood viscosity and density.
Indeed, Pe ≫ 1 is associated with a convection-dominated transport, i.e. bulk flow sweeps
the tracer along the vessel far faster than molecular diffusion can spread it radially or
axially. When Pe approaches or falls below 1, diffusion becomes the primary transport
mechanism.

For the computation of Pe, we consider an oxygen diffusivity coefficient of D ∼ 2 · 10−5

cm2/s: Goldstick et al. (1976) reports that the average values for D in normal human
plasma, at 25 and 37°C, are 1.62 and 2.18·10−5 cm2/s respectively. For normal human blood
at 42% haematocrit, the values of D, at 25 and 37°C, are, instead 1.20 and 1.62·10−5 cm2/s
respectively. Diffusivity of carbon dioxide in blood was instead reported to be ∼ 5.05 ·10−6

(Lukitsch et al., 2021). Since DCO2 < DO2 , Péclet numbers were computed only for oxygen
(see table 2.5). Obtained values confirm that convective transport dominates by far over
diffusive effects under physiological conditions in all considered vessels, with the exception
of capillaries.

The diffusivity in blood of commonly used contrast agents is similarly of the order of
10−6 (Woodall et al., 2018), making also the transport of contrast medium in arteries and
veins advection-dominated.

Other mechanisms, such as Taylor dispersion (Taylor, 1953; Azer, 2005), may come into
play when assessing bolus transit in the vasculature. However, for this phenomenon to be
relevant, transit times in vessels need to be longer than the time required for the solute
molecules to diffuse radially, which for a Poiseuille flow can be estimated as

tR ≫ R2
0
D
. (2.11)

For arterial/venous radii, which typically range from 0.025 to 1.5 cm, 25 s < tR < 104

s, which exceeds typical bolus transit times in those vessels. Taylor dispersion may be-
come relevant for smaller arterioles, venules and capillary vessels, which in our model are
described through 0D compartments. In the present model, the dominant mechanism un-
derlying bolus broadening throughout the vasculature is instead geometric dispersion aris-
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Mean Reynolds number Schmidt number Péclet number

Ascending aorta 1000 ∼ 2 · 103 ∼ 2 · 106

Abdominal aorta 600 ∼ 2 · 103 ∼ 1.2 · 106

Coronary arteries 250 ∼ 2 · 103 ∼ 5 · 105

Carotid arteries 450 ∼ 2 · 103 ∼ 9 · 105

Arterioles 1 ∼ 2 · 103 ∼ 2 · 103

Capillaries 10−3 ∼ 2 · 103 ∼ 2
Inferior vena cava 400 ∼ 2 · 103 ∼ 8 · 105

Table 2.5: Reynolds, Schmidt and Péclet numbers computed for oxygen transport in the
vasculature assuming D ∼ 2 · 10−5 cm2/s.

ing from path-length heterogeneity at network bifurcations (Bassingthwaighle and Warner,
1965).

The combined 1D BFEs and transport system can be reformulated in quasi-linear form,
and reads

∂tQ + A(Q)∂xQ = S(Q), (2.12)

where
Q =

[
A q ψ A0 h0 Ee Ec pext ϵ0 ϵr Aϕ1 . . . Aϕn

]T
,

A(Q) =



0 1 0 0 0 0 0 0 0 0 0 · · · 0
c2 − u2 2u A

ρ
∂ϕζ A

ρ
∂A0 ζ A

ρ
∂h0 ζ A

ρ
∂Ee ζ A

ρ
∂Ec ζ A

ρ
A
ρ

∂ϵ0 ζ A
ρ

∂ϵr ζ 0 · · · 0
0 − 1

Trel
0 0 0 0 0 0 0 0 0 · · · 0

0 0 0 0 0 0 0 0 0 0 0 · · · 0
... · · ·

...
0 0 0 0 0 0 0 0 0 0 0 · · · 0

−uϕ1 ϕ1 0 0 0 0 0 0 0 0 u · · · 0
...

... · · ·
. . .

−uϕn ϕn 0 0 0 0 0 0 0 0 0 · · · u


,

S(Q) =
[
0 Ru −ψ/ε 0 0 0 0 0 0 0 0 · · · 0

]T
.

Here c =
√

A
ρ ∂Aζ, u = q

A is the flow velocity.

The eigenstructure of this system is that of its homogeneous version, and is given by
the eigenvalues and associated eigenvectors of the coefficient matrix A(Q). Eigenvalues
are λ1 = u − cT , λ2 = · · · = λ9 = 0, λ10 = · · · = λ10+n−1 = u, λ10+n = u + cT , with
cT =

√
c2 − A

ρ
∂ψζ
Trel

. A possible choice of right eigenvectors Rj of A(Q) associated to
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eigenvalues λ1, . . . , λ10+n is

R1 =
[
1 u− cT − 1

Trel
0 0 0 0 0 0 0 ϕ1 · · · ϕn

]T
R2 =

[
0 0 1 0 0 0 0 −∂ψζ 0 0 0 · · · 0

]T
R3 =

[
0 0 0 1 0 0 0 −∂A0ζ 0 0 0 · · · 0

]T
R4 =

[
0 0 0 0 1 0 0 −∂h0ζ 0 0 0 · · · 0

]T
R5 =

[
0 0 0 0 0 1 0 −∂Eeζ 0 0 0 · · · 0

]T
R6 =

[
0 0 0 0 0 0 1 −∂Ecζ 0 0 0 · · · 0

]T
R7 =

[
1 0 0 0 0 0 0 ρ(u2−c2)

A 0 0 ϕ1 · · · ϕn

]T
R8 =

[
0 0 0 0 0 0 0 −∂ϵ0ζ 1 0 0 · · · 0

]T
R9 =

[
0 0 0 0 0 0 0 −∂ϵrζ 0 1 0 · · · 0

]T
R10 =

[
0 0 0 0 0 0 0 0 0 0 1 · · · 0

]T
R10+n−1 =

[
0 0 0 0 0 0 0 0 0 0 0 · · · 1

]T
R10+n =

[
1 u+ cT − 1

Trel
0 0 0 0 0 0 0 ϕ1 · · · ϕn

]T
.

System (2.12) is hyperbolic if ∂Aζ − ∂ψζ
Trel

> 0. Moreover, it can be shown that the λ1 and
λ10+n characteristic fields are genuinely nonlinear and, consequently, associated with shock
and rarefaction waves, while the remaining fields are linearly degenerate and associated
with stationary contact discontinuities (λ2, . . . , λ9 characteristic fields) and non-stationary
contact discontinuities (λ10, . . . λ10+n−1 characteristic fields). Riemann invariants for the
characteristic field associated with λ1 are

u+
∫ A

Â

c̃T (ξ)
ξ

dξ = const, ψ + A

Trel
= const, ϕi = const

α = const, with α = A0, h0, Ee, Ec, pext, ϵ0, ϵr

(2.13)

and for the characteristic field associated with λ10+n

u−
∫ A

Â

c̃T (ξ)
ξ

dξ = const, ψ + A

Trel
= const, ϕi = const

α = const, with α = A0, h0, Ee, Ec, pext, ϵ0, ϵr.

(2.14)

Here, c̃T (A) = cT (A, ψ̃(A)), ψ̃(A) = ψ̂ + Â−A
Trel

, with ψ̂, Â reference values

- 33 -



Chapter 2. Model building and numerical methods

The generalised Riemann invariants associated with the stationary contact discontinuities
are

q = const, 1
2ρ
(
q

A

)2
+ p = const, ϕi = const. (2.15)

If λ10, . . . λ10+n−1 ̸= 0, Riemann invariant analysis shows that

A = const, q = const, α = const (α = A0, h0, Ee, Ec, pext, ϵ0, ϵr), ϕi ̸= const (2.16)

For a proof, performed on a simplified system, we refer to Spilimbergo et al. (2021).

2.2.2.1 Numerical solution

In the following, we provide a detailed description of the numerical scheme employed to
solve system (2.12), which cannot be cast in conservative form. In particular, we will
focus on the numerical solution of the transport problem, while for the solution of the
haemodynamic problem we refer to Müller et al. (2016).

We operate in the framework of path-conservative schemes for non-conservative systems
(Parés, 2006).

We consider the space-time control volume V n
i =

[
xi− 1

2
, xi+ 1

2

]
×
[
tn, tn+1] and integrate

(2.12) using integration by parts, obtaining

Qn+1
i = Qn

i − ∆tn
∆xi

(
D−
i+ 1

2
+ D+

i− 1
2

)
− 1

∆xi

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

A(Q)∂xQdxdt+ ∆tnSi, (2.17)

where

Qn
i ≃ 1

∆xi

∫ x
i+ 1

2

x
i− 1

2

Q(x, tn)dx, (2.18)

Si ≃ 1
∆xi∆tn

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

S(Q(x, tn))dxdt (2.19)

are, respectively, the approximation of the average of the exact solution at the i − th
computational cell at time level tn and the approximation of the spatial-temporal integral
average of the source term at the i− th computational cell. D±

i+ 1
2

are obtained as

D±
i+ 1

2
= 1

∆tn
∫ tn+1

tn
D±
i+ 1

2
(Q−

i+ 1
2
(t),Q+

i+ 1
2
(t),Ψ(Q−

i+ 1
2
(t),Q+

i+ 1
2
(t), s))dt, (2.20)

with D±
i+ 1

2
(Q−

i+ 1
2
(t),Q+

i+ 1
2
(t),Ψ(Q−

i+ 1
2
(t),Q+

i+ 1
2
(t), s) fluctuations, i.e. the equivalent of nu-

merical fluxes in finite volume schemes for hyperbolic systems written in conservative
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form, which arise from the solution of a Riemann problem at the cell interface xi+ 1
2
.

Ψ(Q−
i+ 1

2
(t),Q+

i+ 1
2
(t), s)) is the integration path that links the right and left states in phase

space.

Fluctuations are Lipschitz continuous path-dependent functions that have to satisfy

D±(Q,Q,Ψ) = 0 (2.21)

D−(Q−,Q+,Ψ) + D+(Q−,Q+,Ψ) =
∫ 1

0
A(Ψ(Q−,Q+, s))∂Ψ

∂s
ds. (2.22)

In the case of a first order method, (2.17) reduces to

Qn+1
i = Qn

i − ∆tn
∆xi

(
D−
i+ 1

2
+ D+

i− 1
2

)
+ ∆tnSi, (2.23)

2.2.2.1.1 First order numerical scheme

In the following, we report both the path-conservative and conservative approaches for
the solution of the transport problem. In Section 3.1, we will then analyse the implications
of the two strategies on the numerical results obtained for closed-loop simulations.

Path-conservative approach

In order to develop a first-order path-conservative numerical scheme, we need to compute
numerical fluctuations D±

i+ 1
2
.

For the transport problem, we consider the conservative formulation

∂t(Aϕi) + ∂x

(
q(Aϕi)
A

)
= 0, i = 1 . . . n, (2.24)

to guarantee tracer mass conservation, which is fundamental for closed-loop simulations.

Numerical fluctuations are found by solving a classical Riemann Problem for (2.12) with
initial condition

Q(x, tn) =

 Q−
i+ 1

2
= Qn

i if x < xi+ 1
2
,

Q+
i+ 1

2
= Qn

i+1 if x > xi+ 1
2
.

(2.25)

We chose to solve this Riemann problem through the DOT scheme (Dumbser and Toro,
2011a), computing

D±
i+ 1

2
= 1

2

∫ 1

0

[
A(Ψ) ± |A(Ψ)|

]∂Ψ
∂s

ds, (2.26)
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with
|A| = R|Λ|R−1, |Λ| = diag(|λ1|, . . . , |λ10+n|), (2.27)

with R matrix of right eigenvectors. Consistently with the approach proposed in Müller
et al. (2013), when considering space-dependent geometrical parameters, we adopted the
segment path for all variables except the cross-sectional area:

Ψ(s) =
[
ζe(s)−1 q ψ A0 h0 Ee Ec pext ϵ0 ϵr Aϕ1 . . . Aϕn

]T
, (2.28)

with V the segment path associated to variable V , i.e. V = V − + s(V + − V −). ζe(s) is
the segment path for the elastic component of ζ (equations (2.5), (2.4)). Note that ζ = ζe
if Km = 0. Once ζe(s) is known, the path Ã(s) for the area is computed from it through
a globally convergent Newton’s method.

It can be easily verified for conservative systems that

D−
ϕj ,i+ 1

2
= fϕj ,i+ 1

2
− fϕj (Q−

i+ 1
2
), D+

ϕj ,i− 1
2

= fϕj (Q+
i− 1

2
) − fϕj ,i− 1

2
, (2.29)

where ϕj , j = 1, . . . , n is the considered tracer, fϕj (Q) = (Aϕj)q
A denotes the physical flux

associated to the transport problem and fϕj ,i± 1
2

are the Osher interface numerical fluxes
(Dumbser and Toro, 2011a).

Proof. We show here only the equivalence D−
ϕj ,i+ 1

2
= fϕj ,i+ 1

2
− fϕj (Q−

i+ 1
2
), with

D−
ϕj ,i+ 1

2
= 1

2

∫ 1

0
[A(Ψ)]6

∂Ψ
∂s

ds− 1
2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds

fϕj ,i+ 1
2

= 1
2(fϕj (Q−

i+ 1
2
) + fϕj (Q+

i+ 1
2
)) − 1

2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds.

Here, [A(Ψ)]6 denotes the 6th row of coefficient matrix A, evaluated at the integration
path Ψ. Without loss of generality, we can consider the simplified problem

∂tQ + A(Q)∂xQ = 0,

with

Q =



A(x, t)
q(x, t)
K(x)
A0(x)
pe(x)

Aϕj(x, t)


, A(Q) =



0 1 0 0 0 0
c2 − u2 2u A

ρ ∂Kζ
A
ρ ∂A0ζ

A
ρ 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

−uϕj ϕj 0 0 0 u


.
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For this proof, we are only interested in the scalar product

[A(Ψ(s))]6∂sΨ(s) =
[
−
qAϕj

Ã2

Aϕj

Ã
0 0 0 q

Ã

]
∂sΨ(s),

with Ψ(s) considered integration path (equation (2.28)).

We compute

D−
ϕj ,i+ 1

2
= 1

2

∫ 1

0

[
−

(Aϕj)(q)
Ã2

∂Ã

∂s
+
Aϕj

Ã

∂q

∂s
+
q

Ã

∂Aϕj

∂s

]
ds− 1

2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds.

Defining

F (s) =
(Aϕj)(q)

Ã

and differentiating it with respect to s, we obtain exactly the integrand function. Using
the fundamental theorem of calculus we obtain

D−
ϕj ,i+ 1

2
= 1

2(F (1) − F (0)) − 1
2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds

= 1
2

((Aϕj)+q+

A+ − (Aϕj)−q−

A−

)
− 1

2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds

for any choice of path.

This implies that

D−
ϕj ,i+ 1

2
+ fϕj (Q−

i+ 1
2
) =

fϕj (Q+
i+ 1

2
) + fϕj (Q−

i+ 1
2
)

2 − 1
2

∫ 1

0
[|A(Ψ)|]6

∂Ψ
∂s

ds.

Despite this theoretical result, in practice (2.29) depends on the numerical evaluation of

D±
ϕj ,i∓ 1

2
= 1

2

∫ 1

0

(
A(Ψ) ± |A(Ψ)|

)∂Ψ
∂s

ds. (2.30)

The choice of path (2.28) may render the integrand highly non-linear and poorly approx-
imated by low-degree polynomials. As a consequence, as we will show in chapter 3.1.1,
low-order Gaussian quadrature rules can lead to inaccurate approximations of the integral.
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Conservative approach

Our choice to consider the conservative formulation of the transport equation reported in
equation 2.24 in order to guarantee tracer mass conservation at discrete level allows us to
adopt a conservative numerical scheme for solving the transport equation. This scheme re-
lies on the cell-averages of haemodynamic quantities obtained through the path-conservative
approach. Here, considering the standard formulation

∂tQ + ∂xf(Q) = 0 (2.31)

of the conservative problem, Q = [Aϕ1, . . . , Aϕn]T and f(Q) =
[ q·Aϕ1

A , . . . , q·AϕnA

]T .

Expression (2.24) can be discretized in the control volume V n
i = [xi− 1

2
, xi+ 1

2
] × [tn, tn+1]

as
Qn+1
i = Qn

i − ∆t
∆x(fi+ 1

2
− fi− 1

2
), (2.32)

where Qn
i is the cell average at time tn and fi+ 1

2
is a numerical flux function across interface

xi+ 1
2
. Several choices of numerical flux functions are available in the literature. Here, we

consider the Osher Riemann solver (Dumbser and Toro, 2011b), in which case the numerical
flux can be written as

fi+ 1
2

= 1
2(f(Q−

i+ 1
2
) + f(Q+

i+ 1
2
)) − 1

2

∫ 1

0
[|A(Ψ(Q−

i+ 1
2
,Q+

i+ 1
2
, s))|]11,...,11+n

∂Ψ
∂s

ds, (2.33)

where rows 11, . . . , 11+n in the coefficient matrix A are those associated with the transport
problem. Here, consistently with the non-conservative approach adopted for the haemo-
dynamic part of the problem, we adopt the segment path for all variables except for the
cross-sectional area.

2.2.2.1.2 Second order numerical scheme

The construction of a high-order numerical scheme requires, at each time step, three
substeps:

• Piecewise polynomial spatial reconstruction;
• Local space-time prediction;
• Fully explicit data evolution.

In the following, we provide details regarding the spatial reconstruction and local space-
time prediction. Data evolution for the transport equations, similarly to the first-order
approach, can be performed either through a path-conservative or a conservative approach.

- 38 -



2.2. 1D blood flow models: equations and numerical solution

Reconstruction

We perform spatial reconstruction employing the WENO methodology (Liu et al., 1994).
At each time level tn, we reconstruct piecewise polynomials of the type

wh(x, tn) =
M+1∑
i=1

θlŵl, (2.34)

where M is the polynomial degree, θl are the corresponding basis functions and ŵl the
expansion coefficients. As in Müller et al. (2013), the WENO reconstruction operator
is modified to preserve the well-balanced character of the numerical scheme, since the
stationary solutions of system (2.12) may not be polynomials. In particular, we employed
a spatial reconstruction algorithm whose output, in the presence of a stationary solution, is
a polynomial that is equal to the stationary solution at cell interfaces. This is achieved by
performing spatial reconstruction on deviations around a hypothetical stationary solution.

Local space-time predictor: Dumbser–Enaux–Toro solver

Once the spatial reconstruction is available, the Generalized Riemann Problem (GRP)
for system (2.12) with initial condition

Q(x, tn) =

wn
i−1(x), if x < xi− 1

2
,

wn
i (x), if x > xi− 1

2
,

(2.35)

is solved at the interface x = xi+ 1
2

in order to obtain a time-dependent solution at the
interface, which is then used to compute numerical fluctuations.

Due to the absence of in-cell discontinuities in vessel properties, we consider for the
transport equations the equivalent non-conservative formulation

∂tϕi + u(x)∂xϕi = 0, i = 0, . . . , n. (2.36)

Consistently with the approach adopted for the haemodynamic part of the coupled system
(Müller et al., 2016), to compute the local space-time polynomial ϕi,h = ϕi,h(x, t), we
consider a local framework defined by transforming the computational element V n into the
reference element TE = [0, 1] × [0, 1], with reference coordinates ξ and τ , defined so that
t = tn + τ∆tn and x = xi− 1

2
+ ξ∆x, thus obtaining for i = 0, . . . , n

∂τϕi,h + u∗∂ξϕi,h = 0, (2.37)

with u∗ = ∆t
∆xui,h obtained from the space-time prediction step performed for the blood

flow equations.
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Multiplying equation (2.36) by a space-time basis function θ = θ(ξ, τ), integrating over
the reference element TE , and using integration by parts for the time derivative term we
obtain ∫ 1

0
ϕi,hθdξ −

∫ 1

0

∫ 1

0
ϕi,h∂τθdξdτ +

∫ 1

0

∫ 1

0
u∗(ξ, τ)∂ξϕi,hθdξdτ = 0. (2.38)

Defining the following operators

[f, g]τ =
∫ 1

0
f(ξ, τ)g(ξ, τ)dξ, ⟨f, g⟩Vh =

∫ 1

0

∫ 1

0
f(ξ, τ)g(ξ, τ)dξdτ.

we can rewrite equation (2.2.2.1.2) as
[ϕi, θ]1 − [ ¯ϕi,h, θ]0 − ⟨ϕi,h, ∂τθ⟩TE + ⟨θ, u∗∂ξϕi,h⟩TE = 0, (2.39)

where ¯ϕi,h are obtained through the reconstruction procedure.

Analogously to the approach adopted for the haemodynamic portion of the problem, we
use the same space-time basis functions θ for ϕi,h and u∗∂ξϕi,h, so that

ϕi,h(ξ, τ) =
(M+1)2∑
l=1

θlϕ̂i,l, u∗(ξ, τ)∂ξϕi,h(ξ, τ) =
(M+1)2∑
l=1

θl ̂u∗(ξ, τ)∂ξϕi,l, (2.40)

where
⟨θk, θl⟩∂̂ξϕi,l = ⟨θk, ∂ξθl⟩ϕ̂i,l, ̂u∗∂ξϕi,l = û∗

l ∂̂ξϕi,l = ⟨θk, θl⟩û∗
l ⟨θk, θl⟩

−1⟨θk, ∂ξθl⟩ϕ̂i,l,
with u∗

l obtained by solving the haemodynamic problem. To obtain expansion coefficients
ϕ̂l we need to solve the linear system

([θk, θl]1 − ⟨∂tθk, θl⟩TE )ϕ̂i,l
m+1 = [θ, ¯ϕi,h]0 − ⟨θk, θl⟩û∗

l

m
⟨θk, θl⟩−1⟨θk, ∂ξθl⟩ϕ̂i,l

m
. (2.41)

2.2.2.2 Boundary conditions

We couple 1D vessels with each other and with 0D lumped parameter models using a
Riemann-problem approach: at each coupling point we define a Riemann problem and
solve it through an approximate Riemann solver. The Riemann problem reads{

∂tQk + A(Qk)∂xQk = 0, x ∈ R, t > 0
Qk(x, tn) = Qk

1D, k = 1, . . . , NP

(2.42)

with NP number of vessels involved in the coupling. The self-similar solution consists of the
NP initial states Qk

1D provided by the 1D vessels involved in the coupling, together with
NP intermediate states Q∗

k. Intermediate states are connected to the initial states through
nonlinear waves and to each other through the linearly degenerate stationary contact dis-
continuity. The wave relations linking these states in phase space are expressed through
the generalized Riemann invariants (2.13), (2.14), (2.15). The Riemann problem is solved
through an approximate Riemann solver that only admits the formation of rarefactions
(Müller et al., 2016b).
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2.2.2.2.1 Fluctuations and numerical fluxes at boundary interfaces

Once the intermediate states Q∗
k are available, they are used to compute numerical

fluctuations in the path-conservative approach and numerical fluxes in the conservative
one.

Numerical fluctuations

In order to guarantee mass conservation at coupling sites, we chose to adopt the Godunov
method by defining

D−
G(Q−,Q+) =

∫ 1

0
A(Ψ(Q−,Q∗, s))

∂Ψ
∂s

ds, (2.43)

D+
G(Q−,Q+) =

∫ 1

0
A(Ψ(Q∗,Q+, s))∂Ψ

∂s
ds, (2.44)

(2.45)

where Q∗ are the states obtained by solving the aforementioned Riemann problem (Parés
and Muñoz Rúız, 2009).

Recalling the Riemann invariants for the problem, the following properties hold:

• Across the characteristic fields associated with eigenvalues λ1 = u − cT and λ11 =
u+ cT , ϕ and the space-dependent geometrical vascular properties are constant.

• Across the stationary contact discontinuity associated with λ2 = λ3 = · · · = λ9 = 0,
ϕ, q and total pressure are constant, while geometrical parameters are discontinuous.

• Across the discontinuity associated with λ10 = u ̸= 0, all geometrical parameters, q
and A are constant, while ϕ is not.

• Across the discontinuity associated with λ10 = u = 0, q and total pressure are
constant, while geometrical parameters, A and ϕ not.

Consequently, the choice of this type of numerical fluctuations is convenient for space-
dependent geometrical vascular properties, as we connect states across waves that are
defined in regions where vascular properties are constant. Consequently, the resulting
problem is conservative and the method is well balanced even if we choose Ψ as the
segment path for all considered variables. Moreover, the only discontinuity for ϕ is the
contact discontinuity associated with λ10 = u. Consequently, given that the transport
equation does not influence the solution of the mass and momentum conservation equations,
assuming that the Godunov state A∗ for the area has already been computed:

if q > 0 : A∗ϕ∗ = A∗ϕ
−, if q < 0 : A∗ϕ∗ = A∗ϕ

+, if q = 0 : A∗ϕ∗ = A∗ϕ
−.

(2.46)
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Numerical fluxes

Consistently with the path-conservative approach, if transport is treated through a con-
servative approach we employ Godunov’s method, where the intercell numerical fluxes are
computed by using the solutions Q∗ of the local Riemann problems as

fGOD
i+ 1

2
= f(Q∗(xi+ 1

2
)
)
, (2.47)

with f(Q) physical flux evaluated in state Q.

2.2.2.2.2 Treatment of junctions

In the following, we summarize relations at junctions for the haemodynamic and trans-
port problems.

Haemodynamic problem

The unknown state vectors Q∗
k, with k = 1, . . . , NP , are obtained by imposing generalized

Riemann invariant constancy between Qk
1D and Q∗

k, and among the Q∗
k vectors themselves,

thereby solving the following system of equations

NP∑
k=1

αkP q
∗
k = 0, (2.48)

(
p(A1

∗, ψ
1
∗) + 1

2ρ
(
q1

∗
A1

∗

)2)
−
(
p(Ak∗, ψk∗ ) + 1

2ρ
(
qk∗
Ak∗

)2)
= 0, k = 2, . . . , NP , (2.49)

qk∗
Ak∗

− qk1D
Ak1D

+ αkP

∫ Ak∗

Ak1D

c̃T (ξ)
ξ

dξ = 0, k = 1, . . . , NP , (2.50)

ψk∗ + Ak∗
T k

− ψk1D − Ak1D
T k

= 0, k = 1, . . . , NP , (2.51)

with

αkP =
{

+1 if vessel k shares its outlet with the junction,
−1 if vessel k shares its inlet with the junction.

(2.52)

In the case of second order schemes, in order to employ the WENO reconstruction, we
need to define reasonable state variable values at M ghost cells at each side of the 1D
domain, with M polynomial degree of the spatial reconstruction. The approach employed
to this end is illustrated in Müller et al. (2016), and is based on the definition of a Taylor
series expansion around the internal vertex P , shared by the 1D vessel. The spatial deriva-
tives that are needed to compute the Taylor series are computed from a linearized version
of the original PDE system.
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2.2. 1D blood flow models: equations and numerical solution

Transport problem

Junctions are modelled as lying along the stationary contact discontinuity (i.e., the char-
acteristic field with zero eigenvalues). The tracer concentration assigned to each vessel
whose inlet coincides with a junction j is computed by considering the incoming blood
flows to be perfectly mixed before they are redistributed into the outgoing branches.

First order scheme Let qk be the signed flow rate in vessel k, and let ϕi,k be the
concentration of tracer ϕi in vessel k. Define the set of inflow vessels at junction j as

Ij ={k : vessel k shares its outlet with the junction and qk
Ak

> 0}∪ (2.53)

{k : vessel k shares its inlet with the junction and qk
Ak

< 0}. (2.54)

For each inflow vessel k ∈ Ij , introduce an orientation factor

σk =
{

+1 if vessel k shares its outlet with the junction and qk
Ak

> 0
−1 if vessel k shares its inlet with the junction and qk

Ak
< 0.

(2.55)

Then the mass flux of tracer ϕi entering junction j is

Ṁϕi,j,In =
∑
k∈Ij

σkqkϕi,k. (2.56)

Define then the set of outflow vessels at junction j as

Oj ={k : vessel k shares its outlet with the junction and qk
Ak

< 0}∪ (2.57)

{k : vessel k shares its inlet with the junction and qk
Ak

> 0}. (2.58)

Using the orientation factor

γk =
{

+1 if vessel k shares its outlet with the junction and qk
Ak

< 0
−1 if vessel k shares its inlet with the junction and qk

Ak
> 0,

(2.59)

the total outgoing flow is
Qj,Out =

∑
k∈Oj

γkqk. (2.60)

Under these assumptions, Qj,Out ≤ 0.

Tracer mass conservation at the junction implies that

Ṁϕi,j,In +
∑
k∈Oj

γkqkϕi,k = 0. (2.61)
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Due to uniform mixing, ϕi,j is independent of the considered k. Consequently, recalling
(2.60), the common concentration assigned to all outgoing vessels for tracer ϕi is

ϕi,j = −Ṁϕi,j,In

Qj,Out
(2.62)

whenever Qj,Out ̸= 0.

Note that the unknown transport variable (Aϕi)k∗ required for the coupling is simply
obtained by multiplying the concentration value ϕi,j returned by this procedure to the
vessel cross-sectional area Ak.

Second order scheme Following the same approach as in Müller et al. (2016), we
compute state variable values in M ghost cells at each side of the 1D domain by using a
Taylor series expansion of the solution. Spatial gradients ∂x(Aϕ) required for the expansion
are computed by solving a Riemann problem at the junction for a linearized version of the
original PDE system{

∂t(∂xQk) + Āk∂x(∂xQk) = 0, x ∈ R, t > 0
∂xQk = ∂xQk

1D, k = 1, . . . , NP ,
(2.63)

with NP number of vessels involved in the coupling and Āk = A(Qk
∗) linearized coeffi-

cient matrix of the system evaluated at the solution of Riemann problem (2.42). This
corresponds, for the tracer equations, to the enforcement of mass gradients conservation
at junctions, under the assumption of a uniform distribution of concentration gradients
among vessels sharing their inlet with the junction. For details regarding this procedure,
we refer to Müller et al. (2016).

Recalling the definition of the set of inflow vessels at junction j (2.53) and of the orien-
tation factor σk (2.55), we define the incoming mass gradient contribution as

Gϕi,j,In =
∑
k∈Ij

[
σkϕi,k∂xqk + σk

qk
Ak

(∂x(Akϕi,k) − ϕi,k∂xAk)
]
. (2.64)

For outgoing vessels k ∈ Oj (2.57), we impose a uniform concentration gradient, meaning

∂xϕi,k = ∂xϕi,j ∀k ∈ Oj . (2.65)

The outgoing mass gradient contribution is therefore

Gϕi,j,Out =
∑
k∈Oj

[
γkϕi,k∂xqk + γkqk∂xϕi,j

]
. (2.66)

Since ∂xϕi,j is independent of the considered k,

Gϕi,j,Out =
∑
k∈Oj

γkϕi,k∂xqk + ∂xϕi,j
∑
k∈Oj

γkqk. (2.67)
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Using the definition of the total outgoing flow (2.60), this reads

Gϕi,j,Out = Qj,Out∂xϕi,j +
∑
k∈Oj

γkϕi,k∂xqk, (2.68)

with Qj,Out ≤ 0.

Following the approach illustrated by Müller et al. (2016) for the haemodynamic portion
of the problem, by enforcing conservation of mass gradients

Gϕi,j,In +Gϕi,j,Out = 0 (2.69)

we obtain
∂xϕi,j = −

∑
k∈Oj

γkϕi,k∂xqk +Gϕi,j,In

Qj,Out
. (2.70)

Finally, the gradient of transported mass assigned to all outgoing vessels is

∂x(Akϕi,j) = Ak∂xϕi,j + ϕi,j∂xAk. (2.71)

2.2.3 Well-balanced high-order method for non-conservative hyperbolic
PDEs with source terms

This section is adapted from: Colombo, C., Dalmaso, C., Müller, L. O., Siviglia,
A. (2026). Well-balanced high-order method for non-conservative hyperbolic
PDEs with source terms: application to one-dimensional blood flow equations
with gravity. Journal of Computational Physics, 114975.

Several physical phenomena can be modeled through non-conservative hyperbolic PDEs
with source terms (Siviglia et al., 2022; Fernández et al., 2022; Gaburro et al., 2018;
Bermudez et al., 2016; Müller and Toro, 2013; Toro and Siviglia, 2013a). The solution
of such equations in the presence of discontinuities (shock waves) poses several challenges,
as the conservative form of the equations no longer holds. One of the main issues is the
definition of jump relations across a discontinuity, which has been addressed by Dal Maso
et al. (1995) interpreting the jump relations as Borel measures dependent on the path
connecting the two sides of the discontinuity.

A second issue is the description of steady-state solutions in the presence of geometric-
and/or algebraic-type source terms, which can be discontinuous (Murillo et al., 2019).
Such solutions should be accurately captured by the numerical methods used to solve the
considered PDEs. Moreover, they should be recovered after small perturbations in the
initial data, in order to avoid spurious oscillations that might cause significant deviations
from the exact solution (Castro Dı́az et al., 2007; Guerrero Fernández et al., 2022).
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Numerous methods are available for the solution of blood flow equations (BFEs), tailored
to the preservation of some or all stationary solutions of the system (well-balanced and fully
well-balanced methods, respectively). Many of these methods were devised to treat space-
varying geometrical and physical properties of the vasculature, friction and gravity (Müller
and Toro, 2013; Delestre and Lagrée, 2013; Murillo and Garcia-Navarro, 2015; Li et al.,
2018; Ghitti et al., 2020; Britton and Xing, 2020; Spilimbergo et al., 2021; Murillo and
Garcia-Navarro, 2023).

Recently, Castro and Parés (2020) and Guerrero Fernández et al. (2022) proposed a
generic strategy for the development of well-balanced high-order methods in the finite vol-
ume and discontinuous Galerkin frameworks, testing them on hyperbolic PDEs with con-
tinuous and discontinuous source terms. One of the main obstacles to the development of
well-balanced methods is the construction of a well-balanced reconstruction operator (Cas-
tro and Parés, 2020), since standard reconstruction operators such as ENO, WENO and
MUSCL (Harten, 1989; Liu et al., 1994; Van Leer, 1979) are not usually well-balanced.
Indeed, these methods are based on standard interpolation techniques, and there is no
guarantee that stationary solutions of the considered PDEs belong to the same class of
reconstruction functions. A strategy to modify standard reconstruction operators so that
they are well-balanced for all stationary solutions of the considered PDEs has been pro-
posed by Castro et al. (2008). However, this approach requires the solution of a nonlinear
system of equations, which might have multiple or no solutions, and might be computa-
tionally expensive (Castro and Parés, 2020).

In the following, we present a numerical method that combines the novel centered recon-
struction technique by Montecinos et al. (2025) with the well-balancing approach by Castro
and Parés (2020) and Guerrero Fernández et al. (2022). The method is developed within
the path-conservative framework, using the high-order solver of Müller et al. (2016a) and
the well-balancing strategy of Guerrero Fernández et al. (2022), which relies on the knowl-
edge of families of stationary solutions. The reconstruction technique (Montecinos et al.,
2025) requires, at each time step and in every computational cell, the cell average of the so-
lution at the current time level and the solution of a generalized Riemann problem (GRP)
at the cell interfaces from the previous time level, evolved at time tn−1 + dtn−1. Provided
that the GRP solver being used is well balanced, this minimal data dependence guarantees
the well-balancing of the reconstruction technique by construction up to the third order,
while also making the technique highly efficient and easy to implement.

Numerical results are reported in Section 3.2, where we show that the resulting numerical
method is well-balanced up to order three, testing it on both a scalar problem represented
by the Burgers’ equation, and a PDE system given by the hyperbolized one-dimensional
BFEs presented in (Montecinos et al., 2014), including variable geometrical and mechanical
vessel properties, friction and a spatially variable C0 gravity term.
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We consider the following general system{
∂tQ + A(Q)∂xQ = S(Q), x ∈ Ω, t ∈ T ,
Q(x, 0) = Q0(x),

(2.72)

where t ∈ T and x ∈ Ω are time and space independent variables, with Ω = [xA, xB] ⊂ R
a one-dimensional spatial domain and T = [0, tK ] ⊂ R+

0 a temporal domain. Q(x, t) ∈ BQ
is the state vector, with BQ ⊂ Rv the space of the admissible states, Q0(x) ∈ BQ is the
initial condition, S(Q(x, t)) ∈ Rv is the source vector, and A(Q(x, t)) ∈ Rv×v is the system
matrix with real and distinct eigenvalues. If A(Q) is the Jacobian of the system, then the
previous equation reduces to a classical balance law.

Our goal is to construct a numerical scheme that preserves stationary solutions in the
framework of path-conservative numerical methods. We begin by identifying the stationary
solutions of problem (2.72) as described below. Let Q∗(x) ∈ BQ, ∀x ∈ Ω, be the stationary
solution of problem (2.72), then it holds

A(Q∗)∂xQ∗ = S(Q∗). (2.73)

Subtracting eq. (2.73) from eq. (2.72) (Guerrero Fernández et al., 2022), we obtain an
equivalent problem given by{

∂tQ + A(Q)∂xQ − A(Q∗)∂xQ∗ = S(Q) − S(Q∗), x ∈ Ω, t ∈ T ,
Q(x, 0) = Q0(x).

(2.74)

Then, we discretize the spatial domain Ω into N computational cells Si = [xi− 1
2
, xi+ 1

2
],

with i = 1, . . . , N , and the temporal domain T into K computational cells Tn = [tn, tn+1]
with n = 0, . . . ,K − 1. Integrating eq. (2.74) in space and time over the control volume
V n
i = Si × Tn, we obtain the following numerical scheme

Qn+1
i = Qn

i − 1
∆x

(
Bi − B∗

i

)
− ∆tn

∆x
(
D−
i+ 1

2
+ D+

i− 1
2

)
+ ∆tn

(
Si − S∗

i

)
, (2.75)

where
Qn
i ≈ 1

∆x

∫ x
i+ 1

2

x
i− 1

2

Q(x, tn)dx, (2.76)

Bi ≈
∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

A(Q)∂xQdxdt, B∗
i ≈

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

A(Q∗)∂xQ∗dxdt, (2.77)

Si ≈ 1
∆x∆tn

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

S(Q)dxdt, S∗
i ≈ 1

∆x∆tn
∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

S(Q∗)dxdt, (2.78)
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and

D±
i+ 1

2
≈ 1

∆tn
∫ tn+1

tn
D±
i+ 1

2

(
Q−
i+ 1

2
(t),Q+

i+ 1
2
(t),Ψ

(
Q−
i+ 1

2
(t),Q+

i+ 1
2
(t), s

))
dt. (2.79)

∆x = xi+ 1
2

− xi− 1
2

is the mesh spacing, and ∆tn = tn+1 − tn is the n-th time step. Qn
i

denotes the i-th cell average at time tn, Bi and B∗
i are the non-conservative products of

the i-th cell, Si and S∗
i are the numerical source terms of the i-th cell, while D±

i+ 1
2

are the
numerical fluctuations across the interface xi+ 1

2
. D±

i+ 1
2

(
Q−
i+ 1

2
,Q+

i+ 1
2
,Ψ
)

are the jump terms
on the cells boundaries, also called fluctuations, that arise from the solution of a Riemann
problem (RP) at the cell interface xi+ 1

2
. They depend on the left and right states at the cell

interface Q±
i+ 1

2
(t), and on the integration path Ψ

(
Q−
i+ 1

2
,Q+

i+ 1
2
, s
)
. Here, we compute them

as described in (Müller and Toro, 2013). The integration path Ψ is a parametric arc in
the parameter s ∈ [0, 1] that is used to connect the left and right states Q±

i+ 1
2
(t). Multiple

path choices are possible. Theoretical details on the choice of paths are given in (Parés,
2006). Here, we adopt the segment path for the Burgers’ equation, and a modification of
it for the BFEs (Müller and Toro, 2013). The left and right states Q±

i+ 1
2
(t) are space-time

reconstructed data that are extrapolated to both sides of the cell interface xi+ 1
2
. These

space-time reconstructed data are space-time predictions of the sought solution Q(x, t),
computed with a local implicit discontinuous Galerkin scheme. Here, we adopt a modified
version of the Dumbser-Enoux-Toro GRP solver (Dumbser et al., 2008) that uses spatial
reconstruction polynomials as initial data. These polynomials are computed through a
reconstruction procedure that exploits GRP-based predictions from the previous time step
to construct the reconstructions at the current step. Together, the GRP solver and the
spatial reconstruction technique, described in detail below, provide the quantities required
for evaluating the integrals in (2.75), thereby yielding a high-order numerical scheme in
both space and time.

In order to have a fully explicit evolution of the data Qn+1
i at each time step, we have

to approximate integrals appearing in eq. (2.75) with the desired order of accuracy. The
numerical fluctuations D±

i+ 1
2

(2.79) are computed as follows. For each quadrature node
tn + τ∆tn, with τ ∈ [0, 1], employed in the time integration, we solve a classical RP for
system (2.74) with initial condition given by the boundary states Q±

i+ 1
2
(t) evaluated at the

i + 1
2 interface and at each time quadrature node tn + τ∆tn, (see section 2.2.3.3 for the

computation of Q±
i+ 1

2
(t)), namely

Q(x, tn + τ∆tn) =

Q−
i+ 1

2
(tn + τ∆tn) if x < xi+ 1

2
,

Q+
i+ 1

2
(tn + τ∆tn) if x > xi+ 1

2
.

(2.80)

In particular, the classical RP (2.74)-(2.80) is solved approximately by computing jump
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terms D±
i+ 1

2
as described in (Müller and Toro, 2013), namely

D±
i+ 1

2
≈ 1

2

∫ 1

0

[
A
(
Ψ(Q−

i+ 1
2
,Q+

i+ 1
2
, s)
)

±
∣∣∣∣A(Ψ(Q−

i+ 1
2
,Q+

i+ 1
2
, s)
)∣∣∣∣]∂Ψ

∂s
ds, (2.81)

where Ψ(Q−
i+ 1

2
,Q+

i+ 1
2
, s) is the integration path, and where the absolute value operator of

a matrix is defined as

|A| = R|Λ|R−1, |Λ| = diag(|λ1|, . . . , |λv|), (2.82)

with λi, i = 1, . . . , v eigenvalues of matrix A, R the matrix of right eigenvectors of A and
R−1 its inverse. The integral in phase space in (2.81) and the time integral in (2.79) are ap-
proximated using second- or third-order quadrature rules with Gaussian quadrature nodes
and Lagrange interpolation polynomials defined on these nodes. In analogous manner, the
numerical sources Si and S∗

i in (2.78), and the two non-conservative products Bi and B∗
i

in (2.77) are approximated with the same quadrature rule in both space and time.

2.2.3.1 Summary of the method

Consider a non-conservative hyperbolic PDE system with source terms written as in (2.72).
The following list summarizes how to compute its numerical solution with the proposed
methodology:

1) Discretize the spatial domain Ω into N computational cells Si, and the temporal
domain T into K temporal cells Tn.

2) At each time step tn and for each cell Si, compute the steady-state solution of prob-
lem (2.72) using eq. (2.83) and eq. (2.84) described in section 2.2.3.2

3) At each time step tn and for each cell Si, compute the spatial reconstruction poly-
nomials using eq. (2.98) or eq. (2.99) described in section 2.2.3.4

4) At each time step tn and for each cell Si, compute the space-time predictions using
information from points 2) and 3), and the GRP solver presented in section 2.2.3.3.

5) At each time step tn and for each cell Si, use information from points 2) and 4) to
approximate integrals (2.76), (2.77), (2.78), and (2.79).

6) At each time step tn and for each cell Si, update the solution using eq. (2.75).
7) Repeat points 2)-6) till the final simulation time is reached.
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2.2.3.2 Stationary solution identification

In this section, we describe the procedure that, at each time step tn, and for each compu-
tational cell Si, we use to identify a suitable stationary solution Q∗(x) of problem (2.72)
defined in each of the P (= 2, 3) quadrature points xp, p = 0, . . . , P−1 used in the numerical
scheme. To this end, we discretize each computational cell Si into P −1 intervals [xp−1, xp]
of length h. Then, we identify a succession of P values {Q∗

i,p}
P−1
p=0 representing the ap-

proximated stationary solution in each node xp. Specifically, this succession is obtained by
applying the Runge-Kutta method (RK) of order P and with P stages to eq. (2.73). In
this work, we consider the second-order RK with 2 stages, and the third-order RK with
3 stages. In both cases, the standard Butcher tableau with coefficients ajk, bj , and cj is
employed. Therefore, we compute Q∗(xp) ≈ Q∗

i,p for p > 0 as{
Q∗
i,p+1 = Q∗

i,p + h
∑P−1
j=0 bjKj ,

Kj = f̃(xp + cjh,Q∗
i,p + h

∑P−1
k=0 ajkKk).

(2.83)

Additionally, in order to identify Q∗
i,0, we require that the average stationary solution in

Si coincides with the cell average Qn
i (Guerrero Fernández et al., 2022). Particularly, we

apply a Gaussian quadrature rule of order P , with nodes xp and weights wp, to the average
stationary solution integral and we enforce the equivalence at the discrete level. As a result,
we compute Q∗

i,0 by solving the following non-linear system of equations

w0Q∗
i,0 +

P−1∑
p=1

wpQ∗
i,p(Q∗

i,0) = Qn
i . (2.84)

Here, the solution to this system was found by applying the standard Newton method.

2.2.3.3 The well-balanced DET solver

In this section, we present the procedure for constructing a space-time polynomial QST,n
i (x, t)

that approximates the solution Q(x, t) within V n
i and is employed in the evaluation of the

integrals in eq. (2.75). Particularly, we apply a modified version of the Dumbser-Enaux-
Toro (DET) GRP solver (Dumbser et al., 2008) that is based on the calculation of the so-
called deviations. Before proceeding with the description of the calculation of QST,n

i (x, t),
we note that this will constitute the data needed for the computation of jump terms (2.81),
in fact, we have that:

Q−
i+ 1

2
(t) = QST,n

i (xi+ 1
1
, t) ,Q+

i+ 1
2
(t) = QST,n

i+1 (xi+ 1
1
, t) (2.85)

We define deviation dni (x, t) is defined as the difference between the space-time polyno-
mial QST,n

i (x, t) and the stationary solution Q∗
i (x), namely

dni (x, t) = QST,n
i (x, t) − Q∗

i (x), ∀(x, t) ∈ V n
i . (2.86)
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In order to compute integrands in eq. (2.75) at the desired time levels, we need to know
the solution of the GRP for system in (2.74) with initial condition defined as

Q(x, tn) =

wn
i−1(x), if x < xi− 1

2
,

wn
i (x), if x > xi− 1

2
,

(2.87)

where wn
i (x) is the reconstruction polynomial of order P − 1 in Si at time tn. The com-

putation of wn
i (x) is described in section 2.2.3.4 The DET solver (Dumbser et al., 2008)

finds the solution to this GRP at the desired time points by first performing a space-time
evolution procedure, and then solving classical RPs at those time points using the space-
time predictions as initial conditions. In particular, locally evolved data in space and time,
the space-time predictions QST,n

i , are computed through a local space-time discontinuous
Galerkin finite element scheme of order P . Given the structure of the adopted numeri-
cal scheme, these predictions QST,n

i are space-time polynomials QST,n
i (x, t) evaluated at

spatial and temporal quadrature nodes, i.e. xi− 1
2
, xi+ 1

2
and tn, tn+1 for a second-order

method, and xi− 1
2
, xi, xi+ 1

2
and tn, tn+ 1

2 , tn+1 for a third-order method. The classical Rie-
mann solver instead provides the solution of the GRP at the time points along interfaces
where such solution is required for the computation of the numerical fluctuations D±

i± 1
2

(2.79) and the reconstruction polynomials, by solving classical RPs and using space-time
predictions at the previous time level on the left and on the right of the same interface as
initial data. Before proceeding with the description of the DET solver, we underline that
whenever we refer to a local quantity, we drop both the temporal superscript n and the
spatial subscript i, keeping only the subscript h to recall that we are in the local framework,
for example QST

h = QST,n
i .

The local framework is defined by the transformation of the computational volume V n
i

into the reference space-time element Vh = [0, 1] × [0, 1] with the reference coordinate ξ
and τ as x = xi− 1

2
+ ∆xξ, and t = tn + ∆tnτ . Hence, problem (2.74) becomes
∂τQST

h + ∆tn
∆x A(QST

h )∂ξQST
h − ∆tn

∆x A(Q∗
h)∂ξQ∗

h =

∆tnS(QST
h ) − ∆tnS(Q∗

h),
QST
h (ξ, 0) = wh(ξ).

(2.88)

We note that this change of coordinate does not affect the mesh spacing ∆x or the time
step ∆tn, as both are constant quantities. Since ∂τQ∗

h = 0, using relation (2.86), we replace
the term ∂τQST

h with ∂τdh. Additionally, we write the space-time predictor in terms of
deviations as QST

h (ξ, τ) = dh(ξ, τ) + Q∗
h(ξ). As a result, we transform the unknown of

our problem from QST
h (ξ, τ) to dh(ξ, τ). We also note that if both the non-conservative

product A(Q)∂ξQ and the source term S(Q) are linear operators, then eq. (2.88) can
be written only in terms of deviations dh(ξ, τ), without the stationary solution Q∗

h(ξ)
explicitly appearing in the formulation.
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Then, we multiply eq. (2.88) by a space-time basis function θ(ξ, τ) ∈ Pm,m with m the
degree of the polynomial, and we integrate it over Vh. After applying integration by parts
only in time, we obtain

[θ,dh]1 − ⟨∂τθ,dh⟩Vh − [θ,dh]0 + ∆tn
∆x ⟨θ,A(QST

h )∂ξQST
h ⟩Vh

− ∆tn
∆x ⟨θ,A(Q∗

h)∂ξQ∗
h⟩Vh = ∆tn⟨θ,S(QST

h )⟩V h − ∆tn⟨θ,S(Q∗
h)⟩V h,

(2.89)

where we have used the following notation for the two scalar products of two functions
f(ξ, τ) and g(ξ, τ)

[f, g]τ =
∫ 1

0
f(ξ, τ)g(ξ, τ)dξ, ⟨f, g⟩Vh =

∫ 1

0

∫ 1

0
f(ξ, τ)g(ξ, τ)dξdτ. (2.90)

We now take the element [θ,dh]0 of eq. (2.89) at reference time τ = 0 and we observe
that it is completely defined by the initial condition. The initial condition (Dumbser et al.,
2008) is

dh,0(ξ) = dh(ξ, 0) = wh(ξ) − Q∗
h(ξ), (2.91)

where the stationary term Q∗
h(ξ) is known from previous computations.

Later, using the same basis function θ(ξ, τ), we approximate the different quantities in
(2.89) expanding them as

dh(ξ, τ) =
P 2∑
l=1

θld̂l, Q∗
h(ξ) =

P 2∑
l=1

θlQ̂∗
l, (2.92)

A(QST
h )∂ξQST

h (ξ, τ) =
P 2∑
l=1

θlÂ∂ξQl, A(Q∗
h)∂ξQ∗

h(ξ) =
P 2∑
l=1

θlÂ∗∂ξQ∗
l, (2.93)

S(QST
h )(ξ, τ) =

P 2∑
l=1

θlŜl =
P 2∑
l=1

θlS(Q̂l) =
P 2∑
l=1

θlS(d̂l + Q̂∗
l), (2.94)

S(Q∗
h)(ξ) =

P 2∑
l=1

θlŜ∗
l =

P 2∑
l=1

θlS(Q̂∗
l). (2.95)

We observe that the term Â∂ξQl is obtained by assuming that Â∂ξQl = A(Q̂l)∂̂ξQl,
and by computing the expansion coefficients of the spatial derivative as ⟨θk, θl⟩Vh ∂̂ξQl =
⟨θk, ∂ξθl⟩VhQ̂l for k = 1, . . . , P 2 (Müller et al., 2016a). Similarly, Â∗∂ξQ∗

l = A(Q̂∗
l)∂̂ξQ∗

l,
and the spatial derivative is computed as ⟨θk, θl⟩Vh ∂̂ξQ∗

l = ⟨θk, ∂ξθl⟩VhQ̂∗
l for k =

1, . . . , P 2. In general, ∀l = 1, . . . , P 2, the expansion coefficients Q̂∗
l, Â∗∂ξQ∗

l, and Ŝ∗
l, ,

are known because of the knowledge of the stationary solution. The expansion coefficients
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Q̂l instead can be written in terms of deviations as Q̂l = d̂l + Q̂∗
l. Finally, the expansions

coefficients related to the deviations d̂l, ∀l = 1, . . . , P 2, which are the resulting unknown of
system (2.89), are found applying a fixed-point iteration procedure to the following system{

[θk, θl]1 − ⟨∂τθk, θl⟩Vh
}
d̂m+1
l − ∆tn⟨θk, θl⟩V hS(d̂m+1

l + Q̂∗
l) =

[θk, ψl]0d̂0l − ∆tn
∆x ⟨θk, θl⟩VhA(d̂ml + Q̂∗

l)
{
⟨θk, θl⟩Vh

}−1⟨θk, ∂ξθl⟩Vh(d̂ml + Q̂∗
l)

+∆tn
∆x ⟨θk, θl⟩VhA(Q̂∗

l)
{
⟨θk, θl⟩Vh

}−1⟨θk, ∂ξθl⟩VhQ̂∗
l − ∆tn⟨θk, θl⟩V hS(Q̂∗

l),

(2.96)

for k = 1, . . . , P 2, where we have expanded the initial condition as dh,0(ξ) = ∑P 2
l=1 ψld̂0l =∑P 2

l=1 ψl(ŵl − Q̂∗
l), and where m represents the current iteration step. We underline that

due to the non-linearity of the system we decided to evaluate the second term of the
right-hand side at the known expansion coefficients d̂ml of the current iteration. Once the
expansion coefficients are known, we finally retrieve the space-time predictions QST,n

i in
V n
i . We remark that the modified version of the DET solver here described is equivalent

to the original version of the DET solver if we assume that the stationary solution Q∗
i (x)

is always zero.

2.2.3.4 Spatial reconstruction

In this section, we provide a brief overview of the GRP-based reconstruction procedure used
to derive second- and third-order accurate spatial reconstruction polynomials wn

i (x) (Mon-
tecinos et al., 2025). These polynomials serve as local reconstructed data that provide the
initial condition for the GRP solver, which in turns computes high-order space-time pre-
dictions of the solution Q(x, t). As a result, they enable the construction of a high-order
scheme in both space and time.

They are piecewise functions of degree P − 1, with P being the order of the numerical
method, defined on each computational cell Si at time tn. They are expressed in terms
of the cell average of the solution at the current time step Qn

i , and in terms of left and
right boundary states at the previous time step Q+,n−1

i− 1
2

and Q−,n−1
i+ 1

2
. These states arise

from the solution of a classical RP at time tn−1 + ∆tn−1 at the interfaces xi± 1
2

between
two neighboring cells, and are also used to compute the integrand in the time integral of
the fluctuations (2.79). For the first time step, these states are obtained directly from the
prescribed initial condition, evaluated at time t = 0 and at the cell interfaces xi± 1

2
. For

the left interface xi− 1
2
, the classical RP reads

∂tQ + A(Q)∂xQ = 0, x ∈ R, t > tn−1,

Q(x, tn−1 + ∆tn−1) =

QST,n−1
i−1 (xi− 1

2
, tn−1 + ∆tn−1) if x < xi− 1

2
,

QST,n−1
i (xi− 1

2
, tn−1 + ∆tn−1) if x > xi− 1

2
,

(2.97)
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where QST,n−1
i−1 and QST,n−1

i are space-time predictions at time tn−1 + ∆tn−1 and related
to cells Si−1 and Si, respectively. Their computation is described in the previous section.
The solution to RP (2.97) can be obtained using various methods (Toro, 2009). Here we
applied the exact Riemann solver for the Burgers’ equation, and a two-rarefaction approxi-
mate Riemann solver for the BFEs, which yielded a non-linear system in the left boundary
states unknowns Q±,n−1

i− 1
2

. The − and + superscripts on the left boundary states denote,
respectively, values taken from the left and right of the interface. This distinction is essen-
tial, since at cell interfaces the solution of the considered RP can exhibit discontinuities.
The solution to this problem internal to cell Si, namely Q+,n−1

i− 1
2

, is then used to find the
reconstruction polynomial wn

i (x). We emphasize that the use of boundary states computed
at time tn−1 + ∆tn−1 is essential for stability. If instead interface information evaluated
solely at the current time level tn were employed, the resulting numerical scheme would
lead to an unstable method.

Due to the structure of our numerical method, the reconstruction polynomials wn
i (x)

need to be evaluated only in the quadrature nodes, i.e xi− 1
2

and xi+ 1
2

for a second-order
method, and xi− 1

2
, xi and xi+ 1

2
for a third-order method. In particular, for a second-

order method, a first degree polynomial evaluated in the 2 quadrature nodes xi± 1
2

of the
computational cell Si at time tn reads

wn
i (xi± 1

2
) = Qn

i ± 1
2(Q−,n−1

i+ 1
2

− Q+,n−1
i− 1

2
). (2.98)

Similarly, for a third-order method, a second degree polynomial evaluated in the 3 quadra-
ture nodes xp ∈ {xi± 1

2
, xi} of the computational cell Si at time tn reads

wn
i (xp) = a+ bxp + cx2

p, (2.99)

where
a = Q+,n−1

i− 1
2

, (2.100)

b = 2
∆x(−2Q+,n−1

i− 1
2

− Q−,n−1
i+ 1

2
+ 3Qn

i ), (2.101)

and
c = 3

(∆x)2 (Q+,n−1
i− 1

2
+ Q−,n−1

i+ 1
2

− 2Qn
i ). (2.102)

Both reconstruction polynomials are fully determined by either computing a slope for a
second-order method or interpolating them through the boundary states Q∓,n−1

i± 1
2

for a third-
order method associated with cell Si, and by enforcing the conservation property, which
ensures that the cell average of cell Si at time tn is Qn

i . Consequently, if the cell average
is that of the steady-state solution on the same computational cell, and the boundary
states lie on the same steady-state solution, then the resulting reconstruction polynomials
evaluated in the quadrature nodes xp coincide with the steady-state solution. We underline
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that this feature of the GRP-based reconstruction procedure applies only to first and second
degree polynomials. Higher degree polynomials require additional information coming from
neighboring cells Si±1 for their complete identification (Montecinos et al., 2025). Thus,
they may fail to coincide with the steady-state solution.
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2.3 0D models

Haemodynamic simulations require that appropriate boundary conditions are prescribed
at the inlets and outlets of vascular networks. This is commonly done by either prescribing
haemodynamic waveforms, or by coupling them to 0D models. This class of models,
moreover, can be employed also to represent other systems interacting with the circulatory
one. Simulations performed through the ADAN network are open loop: at the inlet of
the network, which corresponds to the aortic root, we prescribe the same flow curve as
in Blanco et al. (2014), with a cardiac period of 1 s, while we couple its outlets with 3-
element Windkessel models, presented in section 2.3.3.1. When considering the ADAVN
and ADAVN86 models, instead, we couple the aortic inlet and the outlets of the venae cavae
and of the coronary sinus to 0D models of the heart (section 2.3.1), and enforce arterio-
venous connectivity through a series of standard RCR lumped parameter models (section
2.3.3.2). Moreover, we couple the cardiovascular model with the 0D lung mechanics model
introduced in section 2.3.4. Gas exchange is described in both the lungs and peripheral
capillaries as illustrated in sections 2.3.6.1 and 2.3.6.2. 0D models are also used to describe
short-term control mechanisms (section 2.3.7), in particular the myogenic autoregulation
model presented in section 2.3.7.1 and the metabolic autoregulation models presented in
section 2.3.7.2.

2.3.1 Heart

In the following chapters, we consider two heart models that differ in their characterisa-
tion of the end-diastolic pressure volume relationship. The first model (section 2.3.1.1),
which we use to generate the results presented in section 4.1, is based on a linear end-
diastolic pressure-volume relationship, while the second one (section 2.3.1.2), which we
verify in section 4.2.2 and use for the simulations illustrated in section 4.3, includes an
exponential end-diastolic pressure volume relationship for all chambers, which is closer to
the physiological behaviour of the heart.

2.3.1.1 Linear heart model

The heart and its valves are modelled as proposed by Mynard et al. (2012a); Müller et al.
(2023). The heart, in particular, is functionally divided into chamber free walls and septal
walls, and chamber pressure is described as a function of a chamber-specific time-varying
elastance and of multiple interactions between chambers

pα = ppc + Enat,α(Vα − V0,α) −RS,αqout,α + Enat,α
Esep,α

pCL,α + pext,α, (2.103)
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where α = {RA,RV,LA,LV} denotes the considered chamber, Vα and V0,α are, respec-
tively its current volume and reference volume, pCL,α is the pressure in the contralateral
chamber, and Enat,α and Esep,α are, respectively, the native chamber elastance and the
septal elastance. The native chamber elastance, which represents the pressure-generating
capability of the septal and free walls of the myocardium, is defined as

Enat,α = Efw,αEsep,α
Efw,α + Esep,α

− µAV,αqV,α, (2.104)

where µAV,α is a constant which, together with ventricular flow qV,α, accounts for changes
in effective atrial elastance caused by the movement of the atrio-ventricular plane, and
Esep,α is the septal elastance

Esep,α = KCEfw,L + KCEfw,R, (2.105)

with KC the septal elastance constant. Pairs (L,R) are related to atria (LA,RA) or
ventricles (LV,RV ). Efw,α is the chamber free-wall elastance, described by the following
”two-Hill” function

Efw,α = kα

(
g1,α

1 + g1,α

)(
g2,α

1 + g2,α

)
+ Emin

fw,α, (2.106)

with

gi,α =
(
t− tonset,α

τi,α

)mi,α
, i = 1, 2 (2.107)

kα =
Emax

fw,α − Emin
fw,α

maxt∈[0,TH ]
[( g1,α

1+g1,α

)( g2,α
1+g2,α

)] . (2.108)

Here, τ1,α/τ2,α and m1,α/m2,α denote, respectively the contraction/relaxation time offsets
and rate constants, tonset,α is the onset of the contraction/relaxation, and Emax

fw,α and Emin
fw,α

are the maximum and minimum free-wall elastances which govern, respectively, systolic
contractility and diastolic passive stiffness. Also, RS,α is a source resistance defined as

RS,α = KS,αEnat,α(Vα − V0,α), (2.109)

with KS,α constant. ppc is pericardial pressure, which affects the heart as well as epicardial
coronary arteries and veins and is computed as

ppc = Kpc exp
(
Vpc − V0,pc

Φpc

)
. (2.110)

Kpc and Φpc are empirically determined constants, V0,pc is a volume offset, and Vpc is the
pericardium volume, computed as

Vpc = Vmio + Vpcf +
∑
α

Vα, (2.111)

where Vmio and Vpcf are, respectively, the volumes of the myocardium and the pericardial
fluid.
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2.3.1.2 Nonlinear heart model

The heart chamber model proposed here extends the time-varying volume-elastance model
by Mynard and Smolich (2015b), by incorporating the non-linear end-diastolic pressure-
volume relationship proposed by Santamore and Burkhoff (1991). We outline in the fol-
lowing paragraphs its main features.

2.3.1.2.1 Non-dimensional time-varying elastance

The non-dimensional time-varying free-wall elastance is defined as proposed by Mynard
and Smolich (2015b)

End
fw,α = kα

Emax
fw,α − Emin

fw,α

(
g1,α

1 + g1,α

)( 1
1 + g2,α

)
, (2.112)

with α denoting the considered cardiac chamber and Emax
fw,α, E

min
fw,α maximum and minimum

chamber free-wall elastances. Here, gi,α and kα are defined as in equations (2.107), (2.108).

2.3.1.2.2 Basic end-systolic and end-diastolic pressure-volume relation-
ships

We employ linear end-systolic and exponential end-diastolic pressure-volume relation-
ships of the form introduced by Santamore and Burkhoff (1991)

Pes,α(Ves,α) = Ees,α(Ves,α − V0,α), (2.113)
Ped,α(Ved,α) = βα[exp (Aα(Ved,α − V0,α)) − 1], (2.114)

where α = {RA,RV,LA,LV} denotes the considered chamber, Pes,α, Ped,α and Ves,α, Ved,α
are, respectively, the end-systolic and end-diastolic chamber pressures and volumes, V0,α
are their unstressed volumes, and the choice of Ees,α, βα, Aα depends on the type of cham-
ber interactions that one wants to include in the model. If no chamber interactions are
present, these quantities are constant, and the end-diastolic and end-systolic pressure-
volume relationships can be combined to obtain the instantaneous relationship between
pressure and volume as

Pα = End
fw,α[Pes,α(Ves,α) − Ped,α(Ved,α)] + Ped,α(Ved,α), (2.115)

where we omit the time dependence to improve readability.

2.3.1.2.3 Chamber interactions and other relationships

As proposed by Santamore and Burkhoff (1991), we include both diastolic and systolic
chamber interdependence. Additionally, as proposed by Mynard and Smolich (2015b), we
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account for changes in effective atrial elastance resulting from the movement of the atrio-
ventricular plane, and for the presence of viscous interactions. Furthermore, we include
the action of external pressures, which in our case correspond to pericardial pressure ppc
(equation (2.110)) and a generic external pressure pext,α. In particular, we consider the
following relationships

Ped,α = βα[exp (Aα(Ved,α − V0,α)) − 1], with Aα = A0,α + nαVed,αcl , Diastolic interact.

(2.116)

Pes,α = Enat,α(Ves,α − V0,α) + Enat,α
Esep,α

pes,αcl , Systolic interact.

(2.117)
Pα = ppc + Pes,α + Ped,α[1 − End

fw,α] −RS,αqout,α + pext,α, Instantaneous rel.
(2.118)

Here, αcl denotes the contralateral chamber, and the native elastance Enat,α is defined as
in equation (2.104). This definition of Enat,α is analogous to that provided by Santamore
and Burkhoff (1991), with the addition of the atrio-ventricular plane piston model. In the
definition of Aα, A0,α denotes the exponential coefficient at zero volume, and nα is the
sensitivity of Aα to changes in the contralateral chamber volume. The source resistance
RS,α is defined as in equation (2.109).

2.3.2 Pulmonary circulation

The pulmonary circulation is described through a 0D model originally proposed by Sun
et al. (1997), which includes three compliance-inertance-resistance (CLR) compartments
describing pulmonary arteries (PA), capillaries (PC) and veins (PV ). The pressure of
each compartment was modelled as an exponential function of its volume

pξ = E0,ξV0,ξexp
(
Vξ
V0,ξ

)
+ ΩξV̇ξ + pext,ξ, (2.119)

where ξ = {PA,PC, PV }, and V0,ξ, E0,ξ and Ωξ are the reference volume, elastance and
viscoelastance of the compartment ξ. pext,ξ denotes the external pressure acting on each
compartment. The time evolution of volume is described as

V̇ξ = qin,ξ − qξ, (2.120)

where qin,ξ is the inlet flow for each compartment. The rate of change of flow in each
compartment is computed as

q̇ξ = 1
Lξ

(pξ − pdown,ξ −Rξqξ), (2.121)

where pdown,ξ is the downstream pressure to compartment ξ.
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2.3.3 Peripheral terminals

The choice of terminal models depends on the considered vascular network. Indeed, for
a purely arterial system such as the ADAN model, 0D terminal models need to encode
the effects of both the microcirculation and venous circulation. Conversely, in closed-
loop models (ADAVN, ADAVN86), 0D terminal models describe the connectivity between
arterial and venous regions, working as surrogates of arteriolar and venular beds.

2.3.3.1 ADAN model

Peripheral boundary conditions are modelled using 3-element Windkessel models, that is

RoaR
o
avC

o
a

dQo
dt

= RoavC
o
a

d

dt
(Po − PT ) + (Po − PT ) − (Roa +Roav)Qo, (2.122)

where PT is the reference terminal pressure, and Roa, Roav, and Coa are the parameters that
represent peripheral resistances and compliance downstream of each terminal vessel. The
resistance of a peripheral bed is Rotot = Roa + Roav, with Roa = 0.2Rtot,o, Roav = 0.8Rtot,o.
Total peripheral compliance is computed as the 10% of arterial tree compliance, and is
distributed among terminals according to the blood flow fraction through them (Blanco
et al., 2014). Roav combines resistances that are downstream the arterial compartment.

2.3.3.2 ADAVN and ADAVN86 models

In these closed-loop models, peripheral circulation consists of two compartments: a prox-
imal compartment, corresponding to arterioles and capillaries, and a distal compartment,
corresponding to venules and small veins. With this structure, each terminal artery feeds
a proximal compartment with compliance Ca, which is then connected to Nven distal com-
partments, each with compliance Cv. Conversely, each terminal vein originates from a
distal compartment that is linked to Nart proximal compartments. The proximal compart-
ment is connected to a 1D artery through a proximal resistance Ra, the distal one drains to
a 1D vein through a distal resistance Rv, and the two compartments are coupled through
a resistance Rav. A diagram of a peripheral terminal with Nart = 2, Nven = 2 is shown in
figure 2.7.

Each terminal is modelled as a series of standard RCR lumped parameter models, under
the assumption that arterial and venous pressures pa and pv are linear functions of the
corresponding volumes Va, Vv,

pζ = Vζ
Cζ

+ pext,ζ , (2.123)

where ζ = {a, v} denotes the arterial/venous compartment, Cζ denotes the corresponding
compliance, and pext,ζ denotes any external pressure acting on it. Compartment volume
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Figure 2.7: Structure of a peripheral terminal comprising two arteries and two veins,
analogous to those employed in the ADAVN and ADAVN86 models.

changes according to the mass conservation principle

dVζ
dt

= qin,ζ − qout,ζ (2.124)

where qin,ζ , qout,ζ are the flow rates entering and exiting the compartments. For proxi-
mal compartments, qin,A is computed by enforcing mass conservation and total pressure
continuity at the interface with the 1D artery to which the arterial part of the terminal
is connected. Analogously, for distal compartments qout,V is computed by imposing mass
conservation and total pressure continuity at the interface with the 1D vein to which the
venous part of the terminal is connected. Moreover, specific relations were used to account
for the peculiarities of blood flow dynamics in the coronary circulation (Mynard et al.,
2014; Müller et al., 2023).

2.3.4 Lung mechanics and cardiopulmonary mechanical coupling

We model pulmonary mechanics using the 0D lungs model introduced by Albanese et al.
(2016). The system is composed of four elastic compartments arranged in series, repre-
senting the larynx, trachea, bronchi, and alveoli, each characterised by a linear resistance
(Rml, Rlt, Rtb, RbA), a compliance (Cl, Ct, Cb, CA), and an unstressed volume (Vu,l, Vu,t,
Vu,b, Vu,A) (see figure 2.8). Breathing is driven by a muscular pressure source Pmus, which
acts on the thoracic cavity to mimic the action of the diaphragm (Albanese et al., 2016).
Pmus is a piecewise function that encodes a parabolic inspiratory profile and an expo-
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Figure 2.8: Lung mechanics model.
Q and QA are the total incoming and
alveolar airflows; Pmus is the pressure
exerted by the respiratory muscles and
Ppl the pleural pressure; Rml, Rlt, Rtb,
and RbA are airway resistances; Cl,
Ct, Cb, CA, and Ccw are the compli-
ances associated to airways and chest
wall. This figure is taken from Dal-
maso et al. (2025a).

nential expiratory one. During inspiration, it decreases from 0 cmH2O to its minimum
value Pmin

mus = −5 cmH2O, and then gradually returns to 0 cmH2O during expiration. In
particular,

Pmus =


−Pmin

mus

TLI ·TLE
t2 + Pmin

mus·TL
TLI ·TLE

t, t ∈ [0, TLI ]
Pmin
mus

1−e−TL
E
/τ

(
e
t−TL

I
τ − e−

TL
E
τ

)
, t ∈ (TLI , TL],

(2.125)

where the inspiratory and expiratory periods TLI and TLE are fixed fractions of the respi-
ratory period TL, with TLI /T

L
E = 0.6, and τ = TLE

5 is the time constant of the expiratory
profile (Albanese et al., 2016).

Chest-wall deformation during quiet respiration is represented by a constant compliance
Ccw relating pleural pressure to changes in intrathoracic volume. Applying mass and
momentum conservation to the four interconnected 0D compartments, we derive a system
of ODEs of the form

dVj
dt

= Qin,j −Qout,j , with j = l, t, b, A, pl, (2.126)

together with algebraic relations describing compartment pressures:

Pl = Vl − Vu,l
Cl

, (2.127)

Pj = Vj − Vu,j
Cj

+ Ppl, with j = t, b, A (2.128)

Ppl = Vpl
Ccw

+ Pmus + Ppl,ee, (2.129)

where Ppl,ee denotes the end-expiratory pleural pressure. To complete the model, we include
an equation for intra-abdominal pressure Pabd, assuming that the muscular generator acts
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in opposite directions on the thorax and abdomen, and that the variation in abdominal
volume is opposite to that in pleural volume:

Pabd = − Vpl
Cabd

− Pmus + Pabd,ee, (2.130)

where Cabd is the compliance of the abdominal wall, and Pabd,ee the end-expiratory intra-
abdominal pressure. Variations in the amplitudes of pleural and abdominal pressures allow
different breathing patterns to be represented.

2.3.4.1 Cardiorespiratory mechanical coupling

We couple the lung mechanics model presented in section 2.3.4 with the cardiovascular
model by incorporating the contribution of pleural pressure Ppl (2.129) and intra-abdominal
pressure Pabd (2.130) into the external pressure terms pext(x, t) and pext,ζ (see equations
(2.3) and (2.123)). These pressure waveforms are applied to all thoracic vessels and pe-
ripheral beds (Figure 2.9, mid-top panel) and to all abdominal vessels and beds (Figure
2.9, mid-bottom panel).

Furthermore, since the pulmonary circulation and the heart are within the thorax, their
mechanical interaction with the respiratory system is modelled by prescribing the pleural
pressure waveform Ppl (2.129) as the external sources pext,ξ and pext,α in expressions (2.119)
and (2.103).

Details regarding the numerical aspects of the coupling are provided in section 4.1.1.2.

2.3.5 Transport in 0D compartments

Equations to describe gas transport in lumped parameter models enforce mass conservation
dM

dt
= (qϕ)in − (qϕ)out, (2.131)

where the values of ϕ employed to define (qϕ)in and (qϕ)out depends on the sign of the flow
entering/exiting the considered compartment. Once mass and volume are available at time
tn+1, concentration can be computed simply as their ratio. Several works, instead, directly
consider the time evolution of concentrations, often under the assumption of a positive
flow rate. However, in order to ensure that mass is conserved, this approach requires an
additional compatibility equation (e.g. in Albanese et al. (2016) they enforce that the mass
entering the thoracic vein compartment is equal to the sum of the masses exiting the other
peripheral compartments).

Here, transport is explicitly modelled in peripheral capillaries, coronary capillaries, the
heart and in the pulmonary circulation. As we will see in sections 2.3.6.1, 2.3.6.2, in
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Figure 2.9: From left to right: complete 1D arterial-venous network (arteries in red, veins in blue);
a highlight of thoracic (in orange, top panel) and abdominal (in turquoise, bottom panel) vessels;
respiratory pressure waveforms, which are prescribed to thoracic (in orange, bottom waveform) and
abdominal vessels (in turquoise, top waveform) as an external pressure, and generated through the
lung mechanics model illustrated in figure 2.8. This figure is taken from Dalmaso et al. (2025a).
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peripheral and coronary capillaries, and in the pulmonary circulation we also need to
account for gas exchange.

2.3.6 Gas exchange

Gas exchange occurs when oxygen and carbon dioxide move across thin biological mem-
branes following their partial pressure gradients. In the lungs, this happens across the
haemato-alveolar membrane, where inspired oxygen diffuses into the pulmonary capillar-
ies and carbon dioxide diffuses out of the blood to be exhaled. In tissues, the situation
reverses: oxygen leaves the systemic capillaries to enter cells for metabolism, while carbon
dioxide produced by those cells diffuses into the blood to be transported back to the lungs.
We model both mechanisms, without explicitly modelling membrane properties.

2.3.6.1 Gas exchange in the lungs

We base our implementation of gas exchange in the lungs on the approach illustrated by
Albanese et al. (2016). The lung gas exchange module includes the anatomical dead space,
the alveoli, and the pulmonary capillaries. Moreover, right-to-left pulmonary shunts can be
included to model pathological conditions. The pulmonary circulation is described through
a 0D model proposed by Sun et al. (1997) and illustrated in section 2.3.2, which includes
three CLR compartments describing pulmonary arteries, capillaries and veins. We include
the pulmonary shunt (ξ = PS) as a parallel compartment to pulmonary capillaries. Here,
E0,ξ, V0,ξ and Ωξ are the reference elastance, volume and viscoelastance of the compart-
ment ξ, and pext,ξ is the external pressure acting on each compartment. We compute
Rξ, Lξ, E0,ξ,Ωξ, V0,ξ, with ξ = {PCnew, PS} as

RPCnew = RPC
100

100 − sh
; RPS = RPC

100
sh

(2.132)

LPCnew = LPC
100

100 − sh
; LPS = LPC

100
sh

(2.133)

E0,PCnew = E0,PC
100

100 − sh
; E0,PS = E0,PC

100
sh

(2.134)

ΩPCnew = ΩPC
100

100 − sh
; ΩPS = ΩPC

100
sh

(2.135)

V0,PCnew = V0,PC
100 − sh

100 ; V0,PS = V0,PC
sh

100 , (2.136)

so that the haemodynamic quantities in pulmonary arteries and veins are preserved, and
the total flow entering/exiting the combined capillary-shunt compartment is equal to the
original flow entering/exiting the pulmonary capillary compartment. Here, sh denotes the
percentage of blood flow derived through the shunt.
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Equations for the gas exchange model are derived by enforcing mass conservation in
each compartment for each considered gas, assuming that compartments are homogeneous
and perfectly mixed. The model is built under the assumption that gases are ideal, i.e.
gas fractions in the lungs are related to their partial pressures via the ideal gas law. Ad-
ditionally, empirical dissociation curves employed to relate gas partial pressures to their
concentrations in blood account for the Bohr and Haldane effects, i.e. hemoglobin affinity
to each gas is a function of the amount of both gases. In contrast to the approach proposed
by Albanese et al. (2016), the 1D portion of the model is responsible for the time dynamics
associated with gas transport from the lungs to systemic tissues and from the thoracic
veins back to the pulmonary capillaries, thereby removing the need for the inclusion of
predetermined circulatory transport delays.

Gas fractions FD,gas in the dead space depend on the fraction of inspired gas Fi,gas and
on the flow rate between this compartment, the atmosphere and the alveoli

dFD,gas
dt

= 1
VD

[u(V̇ao,I)V̇ao,I(Fi,gas − FD,gas) + u(−V̇b,A)V̇b,A(FD,gas − FA,gas)], (2.137)

where VD is dead space volume, ˙Vao,I is the airflow entering the model through the airway
opening, and ˙Vb,A is the airflow entering the alveoli from the bronchea. Here, u(·) is the
Heaviside step function.

Gas fractions FA,gas in the alveoli depend on the airflow between this space and the dead
space, and on gas exchange with the pulmonary capillaries

dFA,gas
dt

= 1
VA

[u(V̇ao,I)V̇b,A(FD,gas − FA,gas) −KṀgas], (2.138)

where
Ṁgas = Kgas(PA,gas − PPC,gas), (2.139)

where Kgas is a constant that summarizes the properties of the respiratory membrane, K
is a proportionality constant that allows conversion of volumes from body temperature
pressure saturated to standard temperature pressure dry conditions, and

PA,gas = FA,gas(Patm − Pws) (2.140)

is gas partial pressure in the alveoli, with Patm, Pws atmospheric and water vapor pressures,
respectively. PPC,gas is gas partial pressure in the pulmonary capillaries, computed through
the dissociation curves taken from Albanese et al. (2016); Spencer et al. (1979)

ϕO2 = ϕsat,O2

F
1/hO2
O2

1 + F
1/hO2
O2

, ϕCO2 = ϕsat,CO2

F
1/hCO2
CO2

1 + F
1/hCO2
CO2

, (2.141)

FO2 = PO2
1 + βO2PCO2

kO2(1 + αO2P2) , FCO2 = PCO2
1 + βCO2PO2

kCO2(1 + αCO2PO2) , (2.142)
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PO2 = rO2 +
√
r2
O2

− sO2 , PCO2 = DCO2
1 + αCO2PO2

1 + βCO2PO2
, (2.143)

rO2 = −(1 + βO2DCO2 − βCO2DO2 − αO2αCO2DO2DCO2)
2(βCO2 + αCO2βO2DCO2) , (2.144)

rCO2 = −(1 + βCO2DO2 − βO2DCO2 − αCO2αO2DCO2DO2)
2(βO2 + αO2βCO2DO2) , (2.145)

sO2 = −(DO2 + αO2DO2D2)
βCO2 + αCO2βO2D2

, sCO2 = −(DCO2 + αCO2DCO2DO2)
βO2 + αO2βCO2DO2

, (2.146)

DO2 = kO2

(
ϕO2

ϕsat,O2 − ϕO2

)hO2

, DCO2 = kCO2

(
ϕCO2

ϕsat,CO2 − ϕCO2

)hCO2

. (2.147)

Here ϕsat,gas is the gas saturation capacity, hgas are Hill coefficients, αgas and βgas are
respectively, the slope and intercept of the dissociation curves, and kgas the considered
dissociation constants.

Gas concentrations in the pulmonary capillaries ϕPC,gas are computed as the ratio be-
tween the gas mass MPC,gas in the compartment and the total volume of the compartment,
with

dMPC,gas
dt

= (qϕ)PCin,gas − (qϕ)PCout,gas + Ṁgas, (2.148)

where (qϕ)PCin,gas and (qϕ)PCout,gas denote the gas mass flow rates associated with gas
transport in the blood, and Ṁgas is the gas introduced/eliminated from the compartment
as a result of lung gas exchange. Here, the subscript PCin, gas refers both to q and ϕ.

Blood oxygen saturation can be computed as

Sa,O2% = ϕa,O2 − ϕa,O2,diss
1.34hgb 100, (2.149)

with ϕa,O2 oxygen concentration in the aortic arch and

ϕa,O2,diss =
{
Pa,O2

0.003
100 if ϕsat,O2 − 1.34hgb− Pa,O2

0.003
100 ≥ 0,

ϕsat,O2 − 1.34hgb otherwise,
(2.150)

with Pa,O2 oxygen partial pressure in the aortic arch, and hgb hemoglobin concentration.

2.3.6.2 Gas exchange in peripheral capillaries

Oxygen and carbon dioxide are exchanged in peripheral capillaries. We assume that oxygen
consumption and carbon dioxide production occur at constant rates Ṁgas in the distal
compartments (venules), where blood and tissues form a combined homogeneous blood-
tissue compartment with volume given by the sum of a constant tissue volume Vtissue and
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the time-dependent blood volume Vven

dMven,O2

dt
= Ṁinven,O2 − Ṁoutven,O2 − ṀO2 , (2.151)

dMven,CO2

dt
= Ṁinven,CO2 − Ṁoutven,CO2 + ṀCO2 , (2.152)

ϕven,gas = Mven,gas
Vven + Vtissue

. (2.153)

Here, Ṁinven,gas and Ṁoutven,gas are the gas mass flow rates associated with gas trans-
port in the blood compartments. Ṁoutven,gas is computed by imposing coupling conditions
that guarantee mass conservation at the interface between the terminal vein inlet and the
lumped parameter model.

2.3.6.2.1 Unstressed volumes

In order to correctly reproduce the total mass of gases present in the blood, we need
to account for both the stressed and unstressed components of blood volume. A healthy
adult male, indeed, generally has a total blood volume of 75–80 mL/kg. Typically, 30–40%
of this is the stressed volume, whereas the unstressed volume is the portion of blood that
exerts no transmural pressure. Consequently, pressure in 0D terminals can be defined as

pζ = pext,ζ + 1
Cζ

(Vζ − Vζ,0), (2.154)

where ζ = {a, v} denotes the arterial/venous compartment Vζ,0 is the unstressed volume
and Vζ is now the total blood volume in the compartment. Simulations are performed
considering 615 mL of arterial unstressed volume, and 2500 mL of venous unstressed blood
volume. We refer to Celant et al. (2021) for further details.

2.3.7 Control mechanisms

Several control mechanisms act to maintain homeostasis and to restore equilibrium af-
ter physiological challenges. We illustrate in the following the myogenic and metabolic
autoregulation models tested and employed in sections 4.5 and 4.4.

2.3.7.1 Myogenic autoregulation

We implement a local myogenic flow regulation model based on Ursino and Lodi (1997),
which provides feedback when the flow rate departs from a homeostatic state.
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The effect of myogenic autoregulation on peripheral compartments included in region R
is described via a first-order low pass filter

τ
dxi
dt

= −xi +Gi,R

(
qi − qrefi

qrefi

)
, (2.155)

where τ is the time constant of the dynamics, and Gi,R is its static gain. In the following,
qi and qrefi will denote, respectively, either the instantaneous or the cardiac cycle-averaged
flow rate, and the baseline average flow rate at the midpoint of the 1D vessel coupled to
the 0D terminal (see figure 2.7 for an example of a terminal in the ADAVN/ADAVN86
network models). The static gain Gi,R at each terminal i in region R is computed from
the total gain GR of autoregulation, which is considered proportional to the flow in each
region. Once the control action xi is available, it is used to modify the terminal vascular
compliance Cia through a sigmoidal relationship as

Cia = Ci,refa ((1 − ∆Cia/2) + (1 + ∆Cia/2) exp(−xi/ki))
1 + exp(−xi/ki)

, (2.156)

with Ci,refa being the baseline terminal compliance,

∆Cia = 2sat1, ki = Ci,refa sat1kmult,i if xi > 0 (2.157)
∆Cia = 2sat2, ki = Ci,refa sat2kmult,i otherwise. (2.158)

Here, sat1, sat2 are constant parameters that define the upper and lower saturation levels
of the sigmoidal curve, respectively Cia,max = (1+sat2)Ci,refa and Cia,min = (1−sat1)Ci,refa ,
and kmult,i is a constant parameter that regulates the steepness of the sigmoid function.
Indeed, the slope of the sigmoid is

dCia
dx

|x=0 = Ci,refa

d

dx

Ci,refa ((1 − ∆Cia/2) + (1 + ∆Cia/2) exp(−xi/ki))
1 + exp(−xi/ki)

∣∣∣∣
x=0

= −Ci,refa

∆Cia
4ki

.

Hence, dCdx
∣∣
x=0 = − 1

2kmult,i . Commonly, kmult,i is chosen equal to 0.5, so that the magnitude
of gain Gi corresponds to that of the central gain of autoregulation, i.e. the derivative of
the controlled variable with respect to the driving signal, evaluated at the operating point

dOutput
dInput

∣∣∣∣
Baseline

= dCia

d
qi−qrefi

qrefi

. (2.159)

Here, applying the chain rule, defining qi−qrefi

qrefi

= ξ and taking into the account the fact
that gain is a steady state parameter which gives no knowledge about the dynamics of the
process, we get that

central gain = Gi
−Ci,refa ∆Cia

4ki
= − Gi

2kmult,i
. (2.160)
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Equations (2.155) and (2.156) imply that a decrease in blood flow below its baseline value
qrefi causes vasodilation, which is modelled through an increase in terminal compliance.

Variations in arteriolar resistances Riav are, instead, modelled as

Riav = Ri,refav

((V i
a − V i

a,0)ref

V i
a − V i

a,0

)2
. (2.161)

with Ri,refav the baseline terminal resistance, and (V i
a − V i

a,0), (V i
a − V i

a,0)ref baseline and
current terminal stretched volumes, respectively.

We assume that resistances Ria and the venous portion of terminals is not affected by
myogenic local autoregulation phenomena (see figure 2.7. We will apply this model to
terminals in the brain (section 4.4) and in the leg (section 4.5).

2.3.7.2 Metabolic autoregulation models

The aforementioned myogenic autoregulation model has been integrated by Ursino and
Giannessi (2010) with a description of CO2 reactivity, which accounts for derangements of
arterial CO2 partial pressure from a baseline state. Additionally, a purely metabolic model
for local autoregulation has been proposed by Magosso and Ursino (2001), and later used
by Albanese et al. (2016). In this section we illustrate the main features of the two models,
whose responses will be compared in chapter 4.4.

2.3.7.2.1 CO2 reactivity model by Ursino and Giannessi (2010)

The effect xi,CO2 of CO2 reactivity on peripheral compartments included in region R is
described via a first-order low pass dynamics

τCO2
dxi,CO2

dt
= −xi,CO2 +Gi,R,CO2Ai,CO2 log10

(
P ia,CO2

P i,refa,CO2

)
, (2.162)

where τCO2 is the time constant of the dynamics, Gi,R,CO2 the static gain, and P ia,CO2

and P i,refa,CO2
are, respectively, the arterial CO2 partial pressure in perturbed and baseline

conditions, computed in the arterial compartment of the 0D terminal. Ai,CO2 is a corrective
factor employed to describe the steep decrease in Gi,R,CO2 during ischaemia, computed as

Ai,CO2 = 1
1 + exp

(
− kCO2(qi − qrefi )/qrefi − bCO2

) . (2.163)

The values of parameters kCO2 and bCO2 are defined so that Ai,CO2 remains close to 1 until
qi is approximately 50% of qrefi .
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xi,CO2 interacts with the effect of myogenic autoregulation xi (see equation (2.155)) to
modulate terminal compliances:

Cia = Ci,refa ((1 − ∆Cia/2) + (1 + ∆Cia/2) exp((xi,CO2 − xi)/ki))
1 + exp((xi,CO2 − xi)/ki)

(2.164)

with Crefi being the baseline terminal compliance,

∆Cia = 2sat1, ki = Ci,refa sat1kmult,i if xi,CO2 − xi < 0 (2.165)
∆Cia = 2sat2, ki = Ci,refa sat2kmult,i otherwise. (2.166)

According to this relationship, a decrease in flow and an increase in P ia,CO2
cause va-

sodilation through an increase in vascular compliance. Conversely, an increase in flow
and decrease in P ia,CO2

cause vasoconstriction, which is associated with a reduction in
compliance. Resistances are modulated as in equation (2.161).

2.3.7.2.2 Metabolic autoregulation model by Magosso and Ursino (2001)

The metabolic model presented in the previous section neglects the impact of hypoxia,
which causes vasodilation in the vascular beds with higher metabolic requirements, such
as the coronary, cerebral and skeletal muscle circulations. The model we illustrate in this
section accounts for changes in hydraulic peripheral conductances caused by deviations
from the baseline of both oxygen and carbon dioxide concentrations, with relations that
are specific either to the brain or to the coronary vessels and skeletal muscle. Even though
simulations to be performed in chapter 4.4 will only account for cerebral autoregulatory
mechanisms, we report below the full set of model equations.

In locally regulated vascular beds, peripheral hydraulic resistance varies linearly with
venous O2 concentration according to a first-order dynamic: when venous O2 levels drop
below their baseline value, the resistance correspondingly decreases according to the fol-
lowing equation

τO2
dxi,O2

dt
= −xi,O2 − gi,R,O2(ϕv,O2 − ϕrefv,O2

), R = {b, h,m}. (2.167)

Here, τO2 is the time constant of oxygen reactivity, gi,R,O2 the static gain, xi,O2 the effect
of oxygen reactivity on terminal i in region R, and ϕv,O2 denotes the oxygen concentration
in the venous compartments, computed as

ϕv,O2 =
∑
kM

k,blood
v,O2∑
k V

k
v

. (2.168)

Here, k denotes the venous compartments connected to the arterial compartment of ter-
minal i, Mk,blood

v,O2
is the mass of oxygen dissolved in blood, and V k

v is total venous blood
volume.
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Subscripts R = {b, h,m} denote the cerebral, coronary and skeletal muscle territories,
respectively.

The effects of CO2 reactivity are characterised through a region-dependent static non-
linear relationship and a first-order, low-pass filter, and describe responses to variations in
CO2 arterial partial pressure. The static relationship used for the cerebral autoregulation
reads

Ψb(PaiCO2) =
A+ B

1+C exp(D log(PaiCO2
))

A+ B

1+C exp(D log(Pai,refCO2
))

− 1, (2.169)

where A,B,C,D are constant parameters. In the coronary and skeletal muscle circulations,
instead,

Ψh,m(PaiCO2) =
1 − exp

(
PaiCO2

−Pai,refCO2
kCO2

)
1 + exp

(
PaiCO2

−Pai,refCO2
kCO2

) , (2.170)

with kCO2 parameter with the dimension of a pressure related to the slope of the sigmoidal
function at the central point. The low pass dynamics is

dxi,CO2

dt
= 1
τCO2

(
− xi,CO2 + Ψreg(PaiCO2)

)
. (2.171)

In the brain, the effects of oxygen and carbon dioxide interact in an additive manner on
cerebral hydraulic conductance Gi = 1

Riav
, with Riav arteriolar resistance

Gi = Grefi (1 + xi,O2 + xi,CO2). (2.172)

Coronary and skeletal muscular vascular resistances are modulated, instead, according
to the following relationship

Riav = Ri,refav

1 + xi,CO2

1 + xi,O2
. (2.173)

In this model, terminal compliances remain fixed and are not subject to any regulatory
modulation.

2.3.7.3 Summary

We presented three different autoregulation models:

(1) Myogenic autoregulation model (section 2.3.7.1): modulates vascular compliances
and resistances in response to variations in blood flow.
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(2) CO2 reactivity model (section 2.3.7.2.1): works in combination with the myogenic
mechanism to adjust vascular compliances and resistances in response to changes in
arterial CO2 partial pressure and blood flow.

(3) Purely metabolic autoregulation model (section 2.3.7.2.2): acts independently to
modulate vascular resistances in response to deviations in arterial CO2 partial pres-
sure and venous oxygen concentration.
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3
Numerical results

This chapter reports numerical results associated to sections 2.2.2 and 2.2.3. We assess the
numerical solution of the transport problem in terms of mass conservation and empirical
convergence rates. We then evaluate the performance of the well-balanced high order solver
presented in section 2.2.3, both for a scalar case (Burgers’ equation) and for the 1D blood
flow equations with gravity.

3.1 Modelling transport in 1D domains

In this section we report and discuss a set of tests conducted to assess the performance of
the numerical method used for transport simulations.

We start by assessing mass conservation at a discrete level, i.e. verifying that the relative
error observed for tracer mass over long timescales (in this case 400 s) is negligible for the
purposes of our simulations. To this end, we compare results obtained by solving the
transport equation through the conservative and path-conservative approaches described
in section 2.2.2.1. Finally, we perform an empirical convergence rate study for the first- and
second-order methods that solve the transport equation through a conservative approach,
to verify that the expected order of accuracy is attained.

3.1.1 Mass conservation

We assess tracer mass conservation using both a path-conservative and a conservative
formulation of the transport problem, considering the first- and second-order numerical
schemes illustrated, respectively, in sections 2.2.2.1.1 and 2.2.2.1.2. Simulations are per-
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formed on the ADAVN86 vascular network (sections 2.1.4, 4.2.1.1), in the presence of
respiration (section 2.3.4), using the nonlinear cardiac model introduced in section 2.3.1.2.

We reproduce the injection of 20 mass units of contrast medium into the antecubital vein
at a constant rate over 5 seconds, with the injection starting at t = 50 s and the simulation
ending at t = 400 s.

The injection of a mass Mϕi,j of tracer i at the level of a vessel junction j is enforced by
prescribing

ṀTOT
ϕi,j,In = ṀBLOOD

ϕi,j,In + Ṁ INJ
ϕi,j,In, (3.1)

where ṀTOT
ϕi,j,In

is the total incoming tracer mass flow ([UM/s], with UM unit of mass),
composed of the tracer already present in the blood (ṀBLOOD

ϕi,j,In
) and by the injected one

(Ṁ INJ
ϕi,j,In

). The injection term Ṁ INJ
ϕi,j,In

is defined so that the desired mass Mϕi,j of tracer
is delivered over the specified time interval.

Assuming uniform mixing at the junction, the tracer concentration ϕi,j in outlet vessels
(in this case the antecubital vein) is computed as

ϕi,j = −
ṀTOT
ϕi,j,In

Qj,Out
(3.2)

whenever Qj,Out ̸= 0.

Figure 3.1 reports the relative errors in total tracer mass obtained using the first order
formulation of our numerical scheme (section 2.2.2.1.1) under four configurations

• Space-dependent parameters in tube laws (2.4) and (2.5) (A0, h0, Ee, Ec, ϵ0, ϵr):
◦ Configuration 1 - Conservative transport formulation: DOT numerical fluxes at

internal interfaces and Godunov fluxes at boundary interfaces.
◦ Configuration 2 - Path-conservative transport formulation: fluctuations at inter-

nal cell interfaces obtained by computing the integral in equation (2.26) through
a third-order Gauss-Legendre integral rule.

◦ Configuration 3 - Path-conservative transport formulation: fluctuations at inter-
nal cell interfaces obtained by computing the integral in equation (2.26) through
a Gauss-Lobatto rule of order 25. In both cases, boundary fluctuations are com-
puted with the third-order Gauss-Legendre integral rule.

• Constant parameters in tube laws (2.4) and (2.5) (A0, h0, Ee, Ec, ϵ0, ϵr):
◦ Configuration 4 - Path-conservative transport formulation: fluctuations at inter-

nal cell interfaces obtained by computing the integral in equation (2.26) through
a third-order Gauss-Legendre integral rule.
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With space-dependent tube law parameters, good mass conservation (relative errors of
the order of 10−9) is achieved only when the transport equation is formulated in con-
servative form, i.e. using DOT fluxes internally and Godunov fluxes at boundaries. In
contrast, the path-conservative formulation fails to conserve mass at a discrete level when
fluctuations at internal cell interfaces are computed through a third-order Gauss-Legendre
integral rule (with this setup, for simulations spanning 24 hours we would lose around 0.06
units of mass out of the 20 injected), and performs worse than the conservative formulation
even if an order 25 integral rule is employed.

When constant parameters are considered, instead, the haemodynamic problem becomes
conservative, and the numerical method employed for its solution uses the segment path

V = V − + s(V + − V −) (3.3)

for all considered variables V when computing numerical fluctuations, instead of the vari-
ation outlined in equation (2.28). In this setting, tracer mass conservation is satisfactory
even with the path-conservative formulation. This suggests that the chosen path may be
responsible for the loss of conservation in the variable parameter case. Indeed, numerical
fluctuations are computed as

D±
ϕj ,i∓ 1

2
= 1

2

∫ 1

0

(
A(Ψ) ± |A(Ψ)|

)∂Ψ
∂s

ds, (3.4)

and the choice of path (2.28) (see section 2.2.2) may introduce nonlinearities in the fluc-
tuation integral that are not well captured by low-order polynomial approximations. This
interpretation is supported by the difference in the mass conservation behaviour observed
when solving such integral with an open integral rule of order 3 or with a closed integral
rule of order 25: at 400 s, the former produces a > 0.0012% relative error, while the latter
a ≃ 5 · 10−8% relative error.

Overall, the findings show that tracer mass conservation is strongly influenced by the
numerical treatment of the transport equation when vascular parameters vary in space.
In this setting, the conservative formulation consistently preserves mass, whereas the
path-conservative approach introduces noticeable errors. When parameters are constant,
this issue does not arise, and the path-conservative method performs comparably to the
conservative one. These observations suggest that, for networks with spatially varying
properties, conservative fluxes provide a more reliable option for tracer-transport simula-
tions, while the path-conservative formulation may require a more suitable path choice or
higher-order integration to achieve similar accuracy.

For completeness, we report in figure 3.2 a comparison between mass conservation results
obtained with the first and second order conservative formulations of our numerical scheme
with variable vascular parameters.
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Figure 3.1: Relative errors in total tracer mass obtained using the first order formulation of
our numerical scheme with variable vascular parameters: conservative transport description
in blue, nonconservative transport descriptions in orange (numerical fluctuations integral
solved with a 3rd order open quadrature rule) and green (numerical fluctuations integral
solved with a order 25 closed quadrature rule); and with constant vascular parameters:
nonconservative transport description in green.
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3.1.2 Empirical convergence tests

We assess through the method of manufactured solutions the convergence of the first-
and second-order numerical methods that arise from using a conservative treatment of the
transport problem (sections 2.2.2.1.1 and 2.2.2.1.2). Namely, we solve a test problem for
a modified system of equations obtained as a perturbation of the original coupled system
(2.12),

∂tQ + A(Q)∂xQ = S(Q) + Ŝ(x, t). (3.5)

Here, Ŝ(x, t) is an analytically constructed source term, built so that a prescribed smooth
solution Q̂ becomes an exact solution of the modified problem.

In our case, we are considering two different formulations for the transport equation, a
conservative one for the update step

∂t(Aϕi) + ∂x

(
q(Aϕi)
A

)
= 0, i = 1, . . . , n (3.6)

and, in the case of the second order numerical method, a non-conservative one for the DET
solver

∂tϕi + q(x)
A(x)∂xϕi = 0, i = 1, . . . , n, (3.7)

with n the number of tracers.

We consider the following smooth function for the haemodynamic part of the problem
(Müller et al., 2016)

Q̂(x, t) =
[
Â(x, t)
q̂(x, t)

]
=
[
Ac + δAA

c sin
(2π
L x
)

cos
(2π
T0
t
)

qc − δAA
c L
T0

cos
(2π
L x
)

sin
(2π
T0
t
)] (3.8)

where quantities with superscript c are average values and terms δ are fluctuations around
them.

The transport component ϕ̂i, i = 1, . . . , n is defined as

ϕ̂i = Φc + δAA
c sin

(2π
L
x

)
cos

(2π
T0
t

)
. (3.9)

The source term that results plugging (3.8) and (3.9) in (3.6) is

Ŝϕ,c = −2πδAAc
T0

(
Ac + δAA

c sin
(2πx
L

)
cos

(2πt
T0

))
sin
(2πx
L

)
sin
(2πt
T0

)
+ 2πδAAc

L

(
− LδAA

c

T0
sin
(2πt
T0

)
cos

(2πx
L

)
+ qc

)
cos

(2πx
L

)
cos

(2πt
T0

) (3.10)
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and the one that results substituting (3.8) and (3.9) in (3.7) is

Ŝϕ,nc = −2πδAAc
T0

sin
(2πx
L

)
sin
(2πt
T0

)

+
2πδAAc

(
− LδAA

c

T0
sin
(2πt
T0

)
cos

(2πx
L

)
+ qc

)
cos

(2πx
L

)
cos

(2πt
T0

)(
L
(
Ac + δAAc sin

(2πx
L

)
cos

(2πt
T0

))) .

(3.11)

The convergence test is performed considering the transport of a single tracer on a
network of two vessels connected at both extremities to form a closed loop. Each vessel
has a length L = 100 cm, and a cross-sectional diameter R0 = 1.4cm.

We perform the test considering the elastic formulation of the problem (which does not
require hyperbolization), with tube law characterised by Km = 0cm−1, Ec = 0, Ee =
3.4 · 106 dyne/cm2. Moreover, we set T0 = 1 s, Ac = πR2

0, qc = 100 mL/s, ϕc = 1 g/mL
and δA = 0.1. The output time is taken as tend = 0.1 s, and the CFL number used is CFL
= 0.9. Mesh spacing is defined such that ∆x1 = 2∆x2, so that the time step ratio between
both vessels is roughly 2. Errors are measured in the norms L1, L2 and L∞

L1
k,err(tend,∆xj) = ∆xj

Nj∑
i=1

|Qtend
k,i −Qexact

k,i |, (3.12)

L2
k,err(tend,∆xj) =

√√√√∆xj
Nj∑
i=1

|Qtend
k,i −Qexact

k,i |2, (3.13)

L∞
k,err(tend,∆xj) = max

Nj
|Qtend

k,i −Qexact
k,i |, (3.14)

with Nj number of cells associated with mesh spacing ∆xj , Qtend
k,i k-th component of the

solution vector at the end of the simulation, and Qexact
k,i corresponding exact solution. The

order of accuracy at step j is computed as

pnk,j =
ln
( Lnk,err(tend,∆xj)
Ln
k,err

(tend,∆xj−1)
)

ln
( ∆xj

∆xj−1

) , n = 1, 2,∞. (3.15)

We consider 5 mesh refinement steps, starting from N1 = 32 computational cells. Table
3.1 displays the empirical convergence rates for the first and second order numerical meth-
ods introduced, respectively in sections 2.2.2.1.1 and 2.2.2.1.2, with conservative treatment
of the transport problem. The expected convergence rate for all quantities is achieved, and
we may notice that errors obtained with the second order method are significantly lower
than errors obtained with the first order formulation, especially considering the flow rate.
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Variable Order Mesh L1
err(tend,∆xj) L2

err(tend,∆xj) L∞
err(tend,∆xj) p1

j p2
j p∞

j

A 1 32 6.12·10−1 7.04·10−2 1.32·10−2 - - -
64 3.44·10−1 3.99·10−2 7.83·10−3 0.83 0.82 0.76
128 1.84·10−1 2.15·10−2 4.33·10−3 0.90 0.89 0.85
256 9.27·10−2 1.08·10−2 2.20·10−3 0.99 0.99 0.98
512 4.65·10−2 5.44·10−3 1.11·10−3 1.00 0.99 0.99
1024 2.33·10−2 2.73·10−3 5.58·10−4 1.00 1.00 0.99

2 32 3.10·10−1 3.51·10−2 6.64·10−3 - - -
64 6.44·10−2 7.19·10−3 1.32·10−3 2.27 2.29 2.33
128 5.06·10−3 5.55·10−4 9.70·10−5 3.67 3.70 3.77
256 1.26·10−3 1.38·10−4 2.44·10−5 2.01 2.01 1.99
512 3.14·10−4 3.44·10−5 6.15·10−6 2.00 2.00 1.99
1024 7.84·10−5 8.62·10−6 1.58·10−6 2.00 2.00 1.96

q 1 32 2.81·103 3.11·102 4.40·101 - - -
64 1.48·103 1.65·102 2.33·101 0.92 0.92 0.92
128 7.55·102 8.38·101 1.19·101 0.97 0.97 0.97
256 3.80·102 4.22·101 5.98·100 0.99 0.99 0.99
512 1.91·102 2.12·101 3.00·100 0.99 0.99 0.99
1024 9.56·101 1.06·101 1.50·100 1.00 1.00 1.00

2 32 5.44·101 7.10·100 1.71·100 - - -
64 6.32·100 1.08·100 4.02·10−1 3.11 2.71 2.09
128 9.70·10−1 1.39·10−1 6.48·10−2 2.70 2.96 2.63
256 2.25·10−1 2.96·10−2 1.61·10−2 2.11 2.23 2.01
512 5.39·10−2 6.72·10−3 4.01·10−3 2.06 2.14 2.00
1024 1.32·10−2 1.59·10−3 1.00·10−3 2.03 2.08 2.00

Aϕ 1 32 2.67·100 2.95·10−1 5.20·10−2 - - -
64 1.15·100 1.29·10−1 2.44·10−2 1.22 1.19 1.09
128 4.01·10−1 4.64·10−2 9.29·10−3 1.52 1.47 1.39
256 2.01·10−1 2.35·10−2 4.73·10−3 1.00 0.98 0.97
512 1.01·10−1 1.18·10−2 2.39·10−3 0.99 0.99 0.99
1024 5.05·10−2 5.95·10−3 1.20·10−3 1.00 0.99 0.99

2 32 4.62·10−1 7.08·10−2 2.69·10−2 - - -
64 8.74·10−2 1.32·10−2 5.65·10−3 2.40 2.42 2.25
128 1.55·10−2 2.35·10−3 1.34·10−3 2.50 2.49 2.07
256 3.30·10−3 4.83·10−4 3.75·10−4 2.23 2.29 1.84
512 7.38·10−4 1.01·10−4 9.85·10−5 2.16 2.26 1.93
1024 1.73·10−4 2.22·10−5 2.45·10−5 2.09 2.19 2.01

Table 3.1: Empirical convergence orders for the first and second order numerical methods
introduced in sections 2.2.2.1.1 and 2.2.2.1.2, with conservative treatment of the transport
problem.
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3.1.3 Computational resources

We assess here the computational resources required to run the following simulations for
one cardiac cycle on a workstation equipped with a 12th Gen Intel(R) Core(TM) i9-
12900K processor (8 Performance-cores, 8 Efficient-cores, Max Turbo Frequency 5.2 GHz,
Performance-core Max Turbo Frequency 5.10 GHz, Efficient-core Max Turbo Frequency
3.90 GHz):

• Purely haemodynamic simulations (H) using the ADAVN and ADAVN86 vascular
networks, with first and second order numerical schemes and a characteristic mesh
spacing of ∆x = 1 cm;

• Simulations including also tracer transport (H + T) using the ADAVN and ADAVN86
vascular networks, with first and second order numerical schemes and a characteristic
mesh spacing of ∆x = 1 cm.

Simulations were executed using a varying number of processes (1, 2, 4, 8). Multithreading
did not provide any computational advantage. The numerical method employs local time
stepping following a CFL condition, as described in Müller et al. (2016). No additional
tests were performed to quantify the impact of gas exchange modelling, as the dominant
computational cost is expected to arise from solving the 1D blood-flow equations coupled
with transport.

Results are summarised in table 3.2 and figure 3.3. Figures 3.4 and 3.5 illustrate the
CPU time scaling behaviour for the ADAVN and ADAVN86 networks, respectively, and
figure 3.6 reports the ratios of elapsed times for the two networks. A substantial reduction
in computational cost is observed for simulations using the ADAVN86 model, particularly
for the second order scheme, with respect to the full model. Profiling indicates that, for
this network, a significant slowdown originates from solving the Starling resistor models
in the brain. Finally, figure 3.7 reports the ratios between elapsed times obtained with
haemodynamics and transport, and with haemodynamic only simulations. The largest
impact is observed for second order simulations on the ADAVN86 network, where elapsed
times increase by more than 50%. For all other cases, the inclusion of transport leads to
an average increase of approximately 25%.
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Figure 3.3: Wall clock elapsed time [min]. ”pr” denotes the number of processes. Results
are expressed using a logarithmic scale.
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Haemodynamics Haemodynamics + transport

ADAVN ADAVN86 ADAVN ADAVN86
O1 O2 O1 O2 O1 O2 O1 O2

1 pr 457.68 5026.96 112.96 592.88 573.92 6378.8 154.56 932.4
2 pr 254.72 3226.872 87.6 402.16 302.88 4029.12 116.24 641.76
4 pr 174 1795.36 76.16 345.68 216.56 2327.68 96.08 582
8 pr 135.04 1312.16 75.04 291.12 150 1732.48 92.08 453.12

Table 3.2: Wall clock elapsed seconds. ”pr” denotes the number of processes.
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3.2 Well-balanced high-order method for non-conservative hyper-
bolic PDEs with source terms

This section is adapted from: Colombo, C., Dalmaso, C., Müller, L. O., Siviglia,
A. (2026). Well-balanced high-order method for non-conservative hyperbolic
PDEs with source terms: application to one-dimensional blood flow equations
with gravity. Journal of Computational Physics, 114975.

This section presents the numerical tests conducted to evaluate the performance of the
high-order numerical method presented in Section 2.2.3. Two representative test cases are
considered: the scalar Burgers’ equation and the hyperbolized blood flow equations (BFEs)
system with gravity, introduced in section 3.2.2. To carry out these tests, we employ both
second- and third-order implementations of four different methods for comparison. The first
is our method, which combines the GRP-based reconstruction with the well-balanced DET
solver (GRP+DET-WB) Müller et al. (2016). The second method employs the GRP-based
reconstruction, coupled with the original, non-well-balanced DET solver (GRP+DET).
The third method combines the WENO reconstruction with the well-balanced DET solver
(WENO+DET-WB). The fourth method is a reference approach based on the WENO
reconstruction combined with the original DET solver (WENO+DET). More details about
the WENO reconstruction can be found in (Liu et al., 1994).

3.2.1 Scalar case: Burgers’ equation

We replicate the test proposed by Guerrero Fernández et al. (2022), where we consider the
following one-dimensional scalar Burgers’ equation with algebraic nonlinear source term,
expressed in quasi-linear form (2.72) as

∂tq + q∂xq = q2, x ∈ Ω, t ∈ T , (3.16)

with initial condition (see figure 3.8A) defined as

q
(
x, 0

)
= exp

(
x
)

+ 0.3 exp
(

− 200(x+ 0.5)2), x ∈ Ω, (3.17)

and left boundary condition as

q(xA, t) = exp
(
xA
)
, t ∈ T . (3.18)

A transparent right boundary condition is also enforced. Stationary solutions of equa-
tion (3.16) can be computed either analytically as

q(x) = exp
(
x
)
, x ∈ Ω, (3.19)
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Figure 3.8: Burgers’ problem. Initial condition (A), steady-state solution (B), and errors
in space between the numerical solution and the steady-state solution obtained either
numerically via a Runge Kutta scheme of the same order as the DET solver (Heun’s
method for O2, RK3 for O3 simulations)
(C and D) or analytically (E and F). Results are shown for both second and third-order

implementations of the GRP+DET and the GRP+DET-WB methods.

or numerically by applying the procedure described in section 2.2.3.2.

The goal of this test is to demonstrate the ability of our numerical scheme to recover and
preserve the stationary solution of equation (3.16) when the initial condition (3.17) is given
by a small spatial perturbation of that stationary solution. We consider a computational
domain Ω = [−1, 1], discretized through a mesh of N = 50 computational cells, and we
stop our simulations at the final time tK = 40 s. We use a CFL number of 0.9 to compute
∆tn = CFL · ∆x/ν, with

ν = max(||qn||L∞ , ||Vn||L∞), (3.20)

where q is the vector containing the cell averages qni of the solution in Si at time tn, and
V is a vector containing the maximum, on each computational cell, between the left and
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N L1 L∞ O(L1) O(L∞) L1 L∞ O(L1) O(L∞)
Order 2 Order 3

32 1.9·10−3 3.2·10−3 - - 3.8·10−6 6.4·10−6 - -
64 4.9·10−4 8.4·10−4 2.0 1.9 4.8·10−7 8.3·10−7 3.0 2.9
128 1.2·10−4 2.2·10−4 2.0 2.0 6.1·10−8 1.1·10−7 3.0 3.0
256 3.1·10−5 5.5·10−5 2.0 2.0 7.6·10−9 1.3·10−8 3.0 3.0
512 7.8·10−6 1.4·10−5 2.0 2.0 9.6·10−10 1.7·10−9 3.0 3.0

Table 3.3: Burgers’ equation: L1 and L∞ error norms, and corresponding empirical con-
vergence rates for a second- and third-order implementation of the numerical scheme. N
is the number of computational cells.

right states q+,n
i− 1

2
and q−,n

i+ 1
2

and their average M = 0.5(q+,n
i− 1

2
+ q−,n

i+ 1
2
). The time step ∆tn

is updated at each iteration of the method and, if necessary, when computing space-time
predictions. In this way, we account for the highest wave speed that arises in the presence
of shocks and rarefactions. Moreover, we solve equation (2.96) employing a maximum
number of iterations equal to the order of accuracy of the method (Dumbser et al., 2008).

In figures 3.8C and 3.8D, we show the absolute errors between the numerical solution
of the steady-state problem obtained through an appropriate Runge-Kutta scheme, and
the numerical solution of equation (3.16) obtained using the GRP+DET-WB and the
GRP+DET methods. Similarly, we display in figures 3.8E and 3.8F the errors between the
analytical solution (3.19) and the numerical solution obtained using the GRP+DET-WB
and the GRP+DET methods.

We also perform an empirical convergence test to verify whether our method reaches
the expected order of accuracy. We report in table 3.3 L1 and L∞ error norms between
the numerical solution obtained with the GRP+DET-WB method and the analytical so-
lution (3.19), along with the corresponding empirical convergence rates.

3.2.2 System case: hyperbolized blood flow equations

We consider the hyperbolized BFEs system introduced in chapter 2.2.2, where we drop
the transport equations, the space dependency of ϵ0 and ϵr, and include a gravity term
Agx in the source term. This system of PDEs can be written in quasi-linear form as in
equation (2.72), where we have

Q = [A, q, ψ,A0, h0, Ee, Ec, pr]T , (3.21)
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A(Q) =



0 1 0 0 0 0 0 0
c2 − u2 2u A

ρ ∂ψζ
A
ρ ∂A0ζ

A
ρ ∂h0ζ

A
ρ ∂Eeζ

A
ρ ∂Ecζ

A
ρ

0 −1/T 0 0 0 0 0 0
0 0 0 0 0 0 0 0
... · · ·

...
0 0 0 0 0 0 0 0


, (3.22)

with u = q/A, and c =
√

A
ρ ∂Aζ, and where

S(Q) =
[
0, Rq/A+Agx,−ψ/T, 0, 0, 0, 0, 0

]T
. (3.23)

x is the axial coordinate along the vessel, t is the time, A(x, t) represents the cross-sectional
area of the vessel lumen, q(x, t) is the flow rate, and ψ(x, t) is an auxiliary variable used in
the hyperbolization process (Montecinos et al., 2014) along with the relaxation time T > 0.
R(< 0) is the coefficient of the friction term, while gx(x) is the projection of gravity along
the vessel’s axis defining the gravity term. ζ(x, t) is the considered constitutive relation that
links the cross-sectional area with the blood pressure, thus characterising the vessel’s wall
mechanics. ζ(x, t) depends on space-dependent parameters A0(x), h0(x), Ee(x), Ec(x),
and pr(x). More details about the spatial parameters, the adopted pressure-area relation,
and the system itself along with its eigenstructure can be found in chapter 2.2.1.

The computation of the boundary states for RP (2.97), associated with the hyperbolized
BFEs, is carried out as described in section 3.2.2.1, while the adopted path Ψ is the one
reported in equation (2.28), where the transport components are neglected, which ensures
that steady states with vanishing velocity (u = 0) are exactly preserved, so that the
resulting scheme is well-balanced with respect to such equilibria.

To test our method on this PDE system, we considered two geometries. First, we used
a single blood vessel to verify the empirical convergence of the method to the desired
order of accuracy and to compare its efficiency to that of other numerical schemes. Later,
we used an arterial network to assess the well-balanced property of the method over a
complex geometry and its performance in transient scenarios. Specifically, we considered
the ADAN86 network presented in section 2.1.2. Among all the arteries of ADAN86, we
also considered the right internal carotid artery (ICA) as the single blood vessel on which
run the first set of tests, due to its tortuous geometry.

The PDE system was solved in each artery of the ADAN86 network using an initial
condition given by constant pressure equal to 60 mmHg, and constant zero flow rate. Ad-
ditionally, three different types of boundary conditions were enforced. At the inlet of the
ascending aorta, an inflow boundary condition was set. At the outlet of terminal vessels,
either a Dirichlet boundary condition in cross-sectional area or an outflow boundary con-
dition were used. Finally, at the joins between two or three arterial segments, junction
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coupling conditions were prescribed. Further details on the treatment of these boundary
conditions and their assignment in the context of the proposed numerical scheme are given
in (Müller et al., 2016a,b; Müller and Blanco, 2015). We emphasize that boundary and
coupling conditions computed as reported in these references are used by the implemented
GRP-based reconstruction, thereby discarding the need for more sophisticated techniques,
such as ghost cell filling, to achieve high-order accuracy. We also underline that, given
the high computational cost of computing (2.79) along junctions, we adopt the local time-
stepping algorithm proposed in (Müller et al., 2016a), where, for all tests, the user-defined
CFL value is 0.8.

3.2.2.1 Solution to RP (2.97) for the BFEs

Let us consider the following classical RP for the hyperbolized BFEs
∂tQ + A(Q)∂xQ = 0, x ∈ R, t > 0

Q(x, 0) =

QL, if x < xi+ 1
2
,

QR, if x > xi+ 1
2
.

(3.24)

QL and QR are constant states defined on both sides of the cell interface xi+ 1
2
.

Under the assumption of a subcritical flow there is only a possible wave configuration
in the x− t half plane given by 4 constant states, namely QL,Q∗L,Q∗R,QR (Spilimbergo
et al., 2021). The left and right constant states QL and QR are separated from the unknown
states Q∗L and Q∗R, respectively, by the left family of waves associated to eigenvalue λ1,
and the right family of waves associated to λ8. Q∗L and Q∗R are separated from each
other by contact discontinuities.

To solve the RP, we assume that the waves associated to λ1 and λ8 are rarefactions,
and we use the related Riemann invariants to identify the unknowns (Müller et al., 2016a;
Spilimbergo et al., 2021). The application of the solver to our problem yields

A0,L = A0,∗L, h0,L = h0,∗L, Ee,L = Ee,∗L, Ec,L = Ec,∗L, pr,L = pr,∗L, (3.25)
A0,R = A0,∗R, h0,R = h0,∗R, Ee,R = Ee,∗R, Ec,R = Ec,∗R, pr,R = pr,∗R, (3.26)

and 

ψL +AL/T = ψ∗L +A∗L/T,

u∗L = uL −
∫ A∗L
AL

c̃T (ξ)
ξ dξ,

ψR +AR/T = ψ∗R +A∗R/T,

u∗R = uR +
∫ A∗R
AR

c̃T (ξ)
ξ dξ,

q∗L = q∗R,

p∗L + 1
2ρu

2
∗L = p∗R + 1

2ρu
2
∗R.

(3.27)
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The equivalences in equation (3.25) and (3.26) identify the first set of unknowns, while
the system in equation (3.27) leads us to the determination of the remaining six variables,
namely A∗L/R, q∗L/R, and ψ∗L/R.

In order to solve system (3.27), we first apply the midpoint rule to the two integrals
appearing in it. Specifically, we have

∫ A

Â

c̃T (ξ)
ξ

dξ ∼= (A− Â)
[
c̃T
(
A+Â

2
)

A+Â
2

]
, (3.28)

with Â = {AL, AR}, and A = {A∗L, A∗R}. Later, we assume that the integrand function
between Â and A is flat enough to write that

c̃T
(
A+Â

2
)

A+Â
2

≈ c̃T (Â)
Â

. (3.29)

As a result, system (3.27) becomes

ψ∗L = ψL +AL/T −A∗L/T = g1(A∗L),
u∗L = uL + c̃T (AL) − (A∗L/AL) · c̃T (AL) = h1(A∗R),
ψ∗R = ψR +AR/T −A∗R/T = g2(A∗R),
u∗R = uR − c̃T (AR) + (A∗R/AR) · c̃T (AR) = h2(A∗L),
q∗L = q∗R,

p∗L + 1
2ρu

2
∗L = p∗R + 1

2ρu
2
∗R.

(3.30)

We note that q = Au, which allows us to write the fifth equation as

A∗Lu∗L = A∗R, (3.31)

and to identify a relation between A∗L and A∗R, i.e. an ellipse of the form

c̃T (AR)
AR

A2
∗R + (uR − c̃T (AR))A∗R + c̃T (AL)

AL
A2

∗L − (uL + c̃T (AL))A∗L = 0. (3.32)

Writing thus A∗R as a function of A∗L, i.e. A∗R = f(A∗L), which represents the solution
to the ellipse, we can now write all the equations of system (3.30) in terms of the same
unknown, obtaining a nonlinear equation

p∗L + 1
2ρh

2
1(A∗L) = p∗R + 1

2ρh
2
2(f(A∗L)), (3.33)

which can be solved through a standard Newton method to identify A∗L, and a system of
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relationships which allow us to retrieve the remaining unknowns.

ψ∗L = g1(A∗L),
ψ∗R = g2(f(A∗L)),
u∗L = h1(A∗L),
u∗R = h2(f(A∗L)),
A∗R = f(A∗L).

(3.34)

3.2.2.2 Efficiency analysis for a single blood vessel (ICA test)

An efficiency analysis was performed to assess if our method was able to attain a prescribed
error at low computational cost. To this end, we considered three different scenarios
of increasing complexity, all defined on the same blood vessel, the ICA, and subject to
identical boundary conditions. The difference among the scenarios arises solely from the
choice of both the gravity term and the spatial parameters, in order to highlight the
importance of combining appropriate reconstruction techniques with well-balanced solvers
to achieve maximal efficiency.

The first scenario (S1) considers the parameters of the pressure-area relation to be
constant along all the vessel axis. Specifically, A0 = 0.24 cm2, h0 = 0.05 cm, Ee =
3.4 · 106 dyn/cm2, and Ec = 5 · 107 dyn/cm2. It also assumes the gravity projection gx
to be constant and equal to 981 cm/s2. For this first scenario, we compared the results
obtained using a second-order implementation of the GRP+DET-WB, the GRP+DET,
the WENO+DET-WB, and the WENO+DET methods.

The second scenario (S2) considers the parameters of the pressure-area relation to be
variable and continuous in space. Additionally, a smooth function of the gravity projection
is taken into account

gx(x) = |g|
[
exp(−x) − exp(−L)

]
, (3.35)

where L is the axial length of the ICA, while |g| = 981 cm/s2 is the gravitational accelera-
tion modulus. In this second case, we only compared results obtained with the second-order
GRP+DET-WB method, to those obtained with the second-order GRP+DET method, to
better highlight the differences among the well-balanced and the non-well-balanced solvers.

The third and final scenario (S3) considers a variation to the second case, where the
gravity projection is now a polyline. Here, we took into account the real 3D geometry of
the ICA and we projected the gravitational acceleration on the vessel axis.

For all the scenarios, we assumed a final simulation time of 10 s, and a minimum number of
4 spatial computational cells that are doubled for each of the 4 considered mesh refinements.
Additionally, we assumed a no-flow boundary condition at the inlet of the vessel, and fixed
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Figure 3.9: Efficiency plots for ICA test. CPU times versus L2 error norms between the
numerical solution and either the exact solution (S1 and S2) or a reference solution (S3),
for all the considered scenarios and for 4 consecutive mesh refinements. Each row refers to
a different scenario (S1, S2, and S3). Results are shown for both cross-sectional area (left
panels) and flow rate (right panels) in logarithmic scale on both axes.

cross-sectional area at the outlet such that the corresponding pressure was 60 mmHg. In
all the cases, we run our tests on a workstation that had a Intel Core i9 processor with 16
cores and 24 threads (3.2 GHz clock speed), and 64 GiB of RAM, using 1 thread per test.
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Figure 3.9 shows the obtained results at the final simulation time for a second-order
implementation of all the considered methods in terms of CPU time and L2 error norms
between the numerical solution and either the exact solution (S1 and S2), or a reference
solution (S3) obtained by running a test with 4 times the number of computational cells
considered in the final mesh refinement. For all tests, we show results in terms of cross-
sectional area and flow rate.

3.2.2.3 Empirical convergence rates for ICA test

An empirical convergence test was carried out to verify whether the proposed method
attains its expected theoretical order of accuracy. Convergence rates were computed for
the ICA test cases obtained with the GRP+DET-WB method across the three scenarios
(S1, S2, and S3). The errors between the computed numerical solutions and either the
exact solution (S1 and S2) or a reference solution (S3) were evaluated in both L1 and L∞

norms. The results, reported in table 3.4, are given in terms of cross-sectional area. Errors
for the flow rate are omitted, as they consistently remained below 10−10 cm3/s.

Variable N L1 L∞ O(L1) O(L∞) L1 L∞ O(L1) O(L∞)
Scenario S1 Order 2 Order 3
A [cm2] 4 7.84·10−5 5.92·10−6 — — 8.49·10−8 6.28·10−9 — —

8 1.96·10−5 1.48·10−6 2.0 2.0 1.08·10−8 1.17·10−9 2.97 2.42
16 4.90·10−6 3.72·10−7 2.0 2.0 1.36·10−9 1.68·10−10 2.99 2.80
32 1.23·10−6 9.30·10−8 2.0 2.0 1.74·10−10 2.34·10−11 2.97 2.84

Scenario S2 Order 2 Order 3
A [cm2] 4 8.59·10−3 9.59·10−4 — — 5.90·10−3 4.37·10−4 — —

8 2.49·10−3 2.85·10−4 1.78 1.75 9.72·10−4 1.13·10−4 2.60 1.96
16 6.71·10−4 7.84·10−5 1.89 1.86 1.36·10−4 2.03·10−5 2.84 2.47
32 1.74·10−4 2.04·10−5 1.95 1.94 1.72·10−5 2.82·10−6 2.99 2.84

Scenario S3 Order 2 Order 3
A [cm2] 4 1.64·10−2 1.64·10−3 — — 9.79·10−4 1.16·10−4 — —

8 4.04·10−3 5.15·10−4 2.02 1.67 8.38·10−4 8.36·10−5 0.22 0.47
16 6.66·10−4 9.75·10−5 2.60 2.40 7.48·10−5 1.36·10−5 3.49 2.62
32 2.05·10−4 3.70·10−5 1.70 1.40 3.17·10−5 4.34·10−6 1.24 1.65

Table 3.4: L1 and L∞ error norms, and corresponding empirical convergence rates for the
cross-sectional area A(x, t) at the final simulation time and for scenarios S1, S2, and S3
for the ICA test, for a second- and a third-order implementation of the numerical scheme.
N is the number of computational cells.
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3.2.2.4 Well-balance property for the ADAN86 geometry (zero-flow test)

This test is designed to verify if our method can accurately approximate a specific steady-
state solution, characterised by zero flow throughout the network and a hydrostatic pressure
distribution (i.e. the pressure varies linearly along the vertical axis of the body due to
gravity, with higher values in lower regions, such as in the legs, and lower values in elevated
regions, such as in the head).

To this end, we considered the ADAN86 network in the upright posture, enabling the
simulation of hydrostatic pressure gradients induced by gravity. Then, we assumed the
parameters of the pressure-area relation to be variable and continuous in space. In this
test, the gravity term gx(x) was a piecewise polynomial. Specifically, we took into account
the real 3D geometry of the different vessels and we projected the gravitational acceleration
on the vessels’ axes. All blood vessels were discretized using a maximum mesh spacing of
1 cm, and the simulations were performed over 20 s. Finally, we assumed no-flow boundary
conditions at both inlet and outlets of the terminal vessels.

Results are shown in figure 3.10 and 3.11 in terms of flow rate (top panel) and pres-
sure (bottom panel). Specifically, the two networks in each panel display the errors at
the final simulation time along the ADAN86 network between the zero-flow solution and
the numerical solutions obtained with a second (and third) order implementation of the
GRP+DET-WB and the GRP+DET methods. A focus on three vessels (left anterior cere-
bral artery, thoracic aorta, and left femoral artery) is provided in the middle of each panel,
where results are reported for the midpoint of the vessels axis and for the last second of
simulation. Additionally, figure 3.12 and 3.13 shows the obtained pressure distribution
along the network for both the applied methods of order two and three at the final simu-
lation time. A focus on different vessels at different heights of the network is provided in
the middle of the panel, where results are displayed for the midpoint of the chosen vessels
axis.

3.2.3 Discussion

In this section, we discuss results obtained through the numerical tests outlined above,
assessing the accuracy and efficiency of our numerical method, and evidencing its limita-
tions.

Empirical convergence results reported in tables 3.3 and 3.4 demonstrate that the
GRP+DET-WB scheme converges with the expected order of accuracy to either the ana-
lytical steady-state solution or to a reference solution computed on a sufficiently fine mesh.
Additionally, results reported in figure 3.8D confirm that the method is well-balanced when
applied to find the steady-state solution of problem (3.16). This proves numerically that,
as opposed to the standard WENO reconstruction, the GRP-based reconstruction is well-
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Figure 3.10: zero-flow test. A representation of the ADAN86 network is shown. In the top
panel, the colors indicate the errors between zero-flow solution and the second-order numerical
solution computed with either the GRP+DET-WB, or the GRP+DET. In the bottom panel, the
colors indicate the errors between the reference hydrostatic pressure distribution and the numerical
solution computed with either the GRP+DET-WB, or the GRP+DET. A focus on three vessels is
provided in the middle of both panels. All the results are shown in logarithmic scale.
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balanced up to the third order of accuracy by construction. Indeed, as mentioned in section
2.2.3.4, reconstruction polynomials are computed by enforcing that the boundary states
associated with each cell are used either to compute the polynomials slopes or as interpo-
lation points, and that the conservation property holds. Consequently, if the cell average is
that of the steady-state solution on the same computational cell, and the boundary states
lie on the same steady-state solution, then they are not perturbed by the reconstruction
procedure.

This is also confirmed from the efficiency plots reported in figure 3.9. When considering
scenario S1 (top row), we can notice that the choice of the spatial reconstruction plays a
significant role: results obtained through the GRP+DET method present lower errors, with
the same spatial discretization, than results obtained through the WENO+DET method.
Moreover, the former are comparable, when considering the cross-sectional area, to re-
sults obtained through the GRP+DET-WB scheme. As a consequence, we can conclude
that the only well-balancing errors introduced within the GRP+DET framework are those
associated with the DET solver.

A comparison between numerical results and either the analytical solution of the problem
or the reference solution computed on a sufficiently fine mesh (see figures 3.8E, 3.8F, and
3.9), shows that, while the GRP+DET-WB and GRP+DET methods perform similarly
in simple cases such as the Burgers’ equation and scenario S1 for the BFEs, there is an
evident advantage in choosing a well-balanced scheme for more complex scenarios. When
considering scenarios S2 and S3 for the BFEs, numerical errors for the cross-sectional area
and the flow rate obtained through the GRP+DET-WB scheme are significantly lower than
those obtained in the GRP+DET setup with analogous meshes, highlighting the higher
consistency of the well-balanced setup. The similar performance of the GRP+DET-WB
and GRP+DET schemes in simple scenarios suggests that the approximation of steady-
state solutions (see section 2.2.3.2) has a significant impact on the overall numerical errors
introduced by the scheme. This poses the problem of choosing an ordinary differential
equation solver of high enough accuracy to avoid the introduction of numerical errors that
are comparable or higher than those introduced by the absence of well-balancing.

The ability of our numerical method to preserve stationary solutions is also particularly
evident when the method is applied to solve the BFEs over a complex geometry like the
ADAN86 network. In fact, observing figure 3.10, top panel, it is evident that the errors
in flow rate between the exact solution given by zero-flow and the numerical solution
are always higher for the GRP+DET case with respect to the GRP+DET-WB case. A
minimum of two orders of magnitude difference between the solutions obtained with the
two methods is always detected. Additionally, we observe that the maximum errors for the
GRP+DET-WB case are found in the neck and head region, due to its intricate geometry.
This region presents multiple vessels junctions, and blood vessels with high geometrical
variability, which results in a gravity projection ranging from −981 cm/s2 to 981 cm/s2

along the same vessel axis that can significantly influence the approximation of the solution.
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Similarly, observing the bottom panel of figure 3.10, we note that the errors in pressure
between the zero-flow solution and the numerical solution are generally larger for the
GRP+DET case with respect to the GRP+DET-WB case. These errors strongly affect the
representation of the pressure distribution. In particular, we expect to see an hydrostatic
pressure distribution along the network when a steady-state is reached, with a maximum
pressure in the legs region that gradually decreases towards the cerebral region. This
behavior is correctly reproduced in figure 3.12 by the GRP+DET-WB scheme, whereas
the GRP-DET scheme completely fails to capture the hydrostatic distribution, leading to
an incorrect approximation of the target solution with a maximal error of 100 mmHg.
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Figure 3.11: Zero-flow test. A representation of the ADAN86 network is shown. In the top panel,
the colors indicate the errors between zero-flow solution and the third-order numerical solution
computed with either the GRP+DET-WB, or the GRP+DET. In the bottom panel, the colors in-
dicate the errors between the reference hydrostatic pressure distribution and the numerical solution
computed with either the GRP+DET-WB, or the GRP+DET. A focus on three vessels is provided
in the middle of both panels. All the results are shown in logarithmic scale.
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Figure 3.12: Pressure distribution. Pressure distribution at the final simulation time
along the ADAN86 network obtained with a second-order implementation of both the
GRP+DET-WB method (left) and the GRP+DET method (right). A focus on eight ves-
sels is provided in the middle of the panel, showing how the GRP+DET-WB results respect
the expected hydrostatic distribution indicated in light gray. The considered vessels are:
LACA: left anterior cerebral artery, RICA: right internal carotid artery, LVA: left vertebral
artery, TA: thoracic aorta, RBA: right brachial artery, LRA: left radial artery, LFA: left
femoral artery, RATA: right anterior tibial artery.
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Figure 3.13: Pressure distribution. Pressure distribution at the final simulation time along the
ADAN86 network obtained with a third-order implementation of both the GRP+DET-WB method
(left) and the GRP+DET method (right). A focus on eight vessels is provided in the middle of
the panel, showing how the GRP+DET-WB results respect the expected hydrostatic distribution
indicated in light gray. The considered vessels are: LACA: left anterior cerebral artery, RICA: right
internal carotid artery, LVA: left vertebral artery, TA: thoracic aorta, RBA: right brachial artery,
LRA: left radial artery, LFA: left femoral artery, RATA: right anterior tibial artery.
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4
Model verification, validation and applications

This chapter focuses on the verification, validation and application of increasingly complex
physiological models, to shift from a purely cardiovascular framework to anatomically and
physiologically accurate descriptions of cardiopulmonary interactions. Sections 4.1, 4.2,
4.3 and 4.4 illustrate results obtained through the incremental development of an inte-
grated cardiopulmonary model. Section 4.1 focuses on the computational characterisation
of cardiopulmonary mechanical interactions. Section 4.3 extends this framework by incor-
porating a 1D-0D description of gas transport and exchange. Finally, Section 4.4 introduces
local control mechanisms, examining in particular the action of cerebral autoregulation in
response to variations in mean arterial pressure and blood gas levels. Section 4.5 presents
an application of our model, tailored to the investigation of foot perfusion following a cuff-
induced ischaemia test to characterise angiosome perfusion under healthy and pathological
conditions.

4.1 Modelling cardiopulmonary mechanical interactions: model
validation and physiological insights

This section is adapted from: Dalmaso, C., Blanco, P.J. & Müller, L.O. Cardiopul-
monary mechanical interactions. Insights from an anatomically detailed arterial-
venous network model. Biomech Model Mechanobiol 24, 1653–1686 (2025).
https://doi.org/10.1007/s10237-025-01987-y

The cardiovascular and respiratory systems guarantee optimal organ and tissue perfusion
by continuously adjusting their functions in response to internal and external stimuli. In
particular, the movement of respiratory muscles during respiration causes cyclic variations
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in intrathoracic and intra-abdominal pressures, which in turn affect pressures and flow rate
regimes in vessels and organs within the thoracic and abdominal cavities. To model this
interplay, we mechanically coupled the ADAVN model (Müller et al., 2023) with the 0D
lung mechanics model by Albanese et al. (2016) by prescribing intrathoracic and intra-
abdominal pressure waveforms obtained through the latter as external pressures that act
on thoracic and abdominal vessels and on the heart.

We verify model predictions with respect to literature data for young healthy males under
resting conditions. In addition, we provide a sensitivity analysis of the cardiorespiratory
model and compare it with the analysis obtained for the model when respiration is deacti-
vated. The model predictions are discussed in terms of pressure and flow rate waveforms,
harmonic analysis, and wave intensity/power analysis.

4.1.1 Simulation setup

In order to assess the impact of respiration on cardiac performance and haemodynamics,
we will consider three simulation scenarios throughout sections 4.1.2 and 4.1.3:

• Scenario 1: no respiration, original parametrisation from Müller et al. (2023);
• Scenario 2: respiration, modified parametrisation reported in table 4.2;
• Scenario 3: no respiration, modified parametrisation reported in table 4.2.

To ensure that a periodic state was reached, i.e. that the error in mean arterial pressure
and cardiac output obtained for two consecutive respiratory cycles was below 1%, simula-
tions were run for 125 cardiac cycles, each lasting 0.8 s (25 respiratory cycles, each lasting
4 s). Haemodynamic variables were averaged over the last considered respiratory cycle.

4.1.1.1 Parametrisation

Model parameters were assigned, as done by Albanese et al. (2016) and Müller et al. (2023),
to reproduce the physiological state of a healthy young male in resting conditions.

4.1.1.1.1 Lung mechanics model

The lung mechanics model presented in section 2.3.4 was parametrised starting from the
parameter values reported by Albanese et al. (2016) for simulations in basal conditions. The
values of abdominal compliance Cabd and end-expiratory abdominal pressure Pabd,ee were
instead taken from Malbrain et al. (2016); Cobb et al. (2005). In addition, we increased
the respiratory rate to RR = 15 breaths/min, so that the respiratory cycle duration was a
multiple of the cardiac period, which we assumed to be TC = 0.8 s. Respiratory parameters
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are reported in table 4.1. Initial conditions were assigned assuming that, at end-expiration,
pressures in the lungs equalise with the atmospheric pressure, which is assumed to be equal
to zero, pleural pressure has a subatmospheric value of −5 cmH2O, and intra-abdominal
pressure is 2.45 cmH2O (Cobb et al., 2005).

Compliances [L/cmH2O] Unstressed volumes [L]

Cl = 0.00127 Vu,l = 0.0344
Ct = 0.00238 Vu,t = 0.00663
Cb = 0.0131 Vu,b = 0.0187
CA = 0.2 Vu,A = 1.263
Ccw = 0.2445 -
Cabd = 0.183 -

Resistances [cmH2O s/L] Pressures [cmH2O]

Rml = 1.021 Ppl,ee = −5
Rlt = 0.3369 Pabd,ee = 2.45
Rtb = 0.3063
RbA = 0.0817

Table 4.1: Compliances, unstressed volumes, and resistances employed to parametrise the lung
mechanics model.

4.1.1.1.2 Cardiovascular model

For the parametrisation of the cardiovascular model, we followed the strategy described
in Müller et al. (2023), to which we refer for details.

Total blood volume is composed of stretched and unstretched components. Stretched
components include the pressure-generating blood within the 1D systemic circulation, the
cardiac chambers, the pulmonary circulation, and the terminal lumped parameter models.
In particular, since only stretched blood volume contributes to mean systemic pressure and
produces flow, simulations are performed considering only the stretched component, which
is set to V str

set ≃ 2273cm3.

The application of a negative pressure on the thoracic compartment and of a positive
pressure on the abdominal one resulted in increased cardiac output and systemic pressures,
and decreased atrial pressures (see table A.1 in appendix A.2). As a consequence, following
the local sensitivity analysis reported in (Müller et al., 2023) and noting that physiologically
we expect respiration to act as a pump aiding venous return, we empirically modified the
free-wall elastances of the cardiac chambers reported by Müller et al. (2023) (equation
(2.106)) as reported in table 4.2.
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Emin
fw,α Emin

fw,α Emax
fw,α Emax

fw,α

RA, LA RV, LV RA, LA RV, LV

Mult. factor 2.4, 2.4 1.7, 1.3 2.6, 2.6 0.8, 0.8

Table 4.2: Empirically-determined multiplicative factors affecting the model parameters defined in
the original cardiovascular parametrisation (Müller et al., 2023). Emin

fw,α/Emax
fw,α: min/max elastances

of chamber α. LA/RA stand for left/right atria, LV/RV for left/right ventricles. All elastances
(free-wall, septal and native) are expressed, in the model, in dyn/cm5.

4.1.1.2 Numerical methods

We provide here a short summary of the methodology employed for the discretisation of
the 1D blood flow equations and for the coupling to lumped parameter models, and refer
to relevant references for further details. The blood flow equations (2.2), (2.3) constitute
an advection-diffusion-reaction system of PDEs, which can be reformulated, within appro-
priate parameter and state ranges, in terms of a first-order hyperbolic system with stiff
source terms (Montecinos et al., 2014; Müller et al., 2016a,b). For baseline simulations,
the system was discretised on each 1D domain through the second-order finite volume-type
path-conservative numerical scheme presented in Müller et al. (2016a). For the sensitiv-
ity analysis, we chose instead to employ a first-order numerical scheme, due to its lower
computational cost, after verifying that for a selected subset of parameters the indices
obtained through the two methods were comparable. The time step used to conduct the
simulations was determined according to the local time step algorithm proposed in Müller
et al. (2016a), with a maximum local time step ∆tmax = 1ms and a Courant-Friedrichs-
Lewy number of 0.9. Spatial discretisation was performed considering a characteristic mesh
spacing of 1 cm, which guaranteed mesh independence for all considered haemodynamic in-
dices, and all vessels shorter than that were discretised through a single computational cell.
Ordinary differential equations for the lung mechanics model were solved through RK4,
while those for the remaining lumped parameter models were discretised with the explicit
Euler method, with time steps equal to the local time steps of the 1D vessels to which
they are coupled (valves, Starling resistors), to the predetermined maximum local time
step ∆tmax (lung mechanics, intracranial pressure), or computed with the same approach
used for junctions (heart and pulmonary circulation) (Müller et al., 2016a). In particular,
to couple respiratory mechanics to the haemodynamics, we added the pleural pressure Ppl
(equation (2.129)) and abdominal pressure Pabd (equation (2.130)) values generated by the
lung mechanics model at each millisecond to the pre-existing external pressures pext(x, t)
(equation (2.3), section 2.2.1), pext,ζ (equation (2.123), section 2.3.3), pext,α (equations
(2.103), (2.118), section 2.3.1) and pext,ξ (equation (2.119), section 2.3.2). Lumped param-
eter models of the heart, peripheral circulation, and aortic valve were coupled to the 1D
vasculature following a standard Riemann problem approach (Müller et al., 2016a).
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4.1.2 Results

We assess the performance of our model in terms of cardiac and haemodynamic variables
of interest, and show pressure, area and flow rate waveforms, their spectra and intensities
at selected locations. Finally, we present local sensitivity analysis results.

4.1.2.1 Waveform analysis

We briefly explain here the methods we employed to analyse the pressure and flow wave-
forms generated by our cardiorespiratory model, and the motivations underlying their use.

4.1.2.1.1 Spectral analysis

A spectral analysis of pressure and flow waveforms allowed us to identify the main de-
terminants of their oscillatory behaviour. Indeed, while for purely cardiovascular models
wave periodicity is only related to cardiac pulsations, in the presence of respiration it
is determined by the interaction of a short cardiac component and a longer respiratory
component. In particular, the moduli of the harmonics allowed us to assess the effects
of respiratory and cardiac pulsatility in veins and arteries located in different parts of the
body. Here, the fundamental frequency (first harmonic) of the wave corresponds to the res-
piratory period, while, since the frequency of the heart rate is assumed to be five times that
of the respiratory rate, the fifth harmonic corresponds to the cardiac period. The phase
of the first harmonic, moreover, characterises the inspiratory and expiratory behaviors of
the considered waves. To perform spectral analysis, we chose to employ the fast Fourier
transform algorithm (Cooley and Tukey, 1965) to compute the discrete Fourier transform
Fk of a given waveform, characterised by the time points xn, n = 0, . . . , N − 1, in order to
obtain the amplitude and phases of its harmonics. The single-sided full amplitude of the
Fourier transform was computed for the frequency domain indices k = 1, . . . , N/2 − 1 as

AFk = 2
∣∣∣∣ 1
N

N−1∑
n=0

(
xn exp

(
−i2π

N
nk

))∣∣∣∣. (4.1)

Its phase was computed as the anticlockwise angle from the positive real axis on the com-
plex plane, defined between (-180°, 180°]. According to this definition, when considering
the first harmonic (fundamental frequency), positive values of the phases are associated
with sinusoids that intercept the y-axis during the decreasing portion of their period, while
negative values of the phases are associated with sinusoids that intercept it during the in-
creasing portion of their period. As a consequence, we can assert that waveforms whose
first harmonics have a positive phase are either decreasing during inspiration or minimal
around its beginning, while waveforms whose first harmonics have a negative phase increase
during inspiration or are maximal around its beginning.
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4.1.2.1.2 Wave intensity analysis (WIA)

Wave intensity analysis (WIA) is a time-domain analysis developed in the field of gas
dynamics, which has been employed in the field of cardiovascular physiology to provide
mechanistic and prognostic data regarding several pathological conditions such as aortic
stenosis, myocardial infarction and left ventricular hypertrophy. This technique is based on
the concept that waves travelling along the vasculature can be regarded as the summation
of successive wavefronts, which act to either increase or decrease pressure and flow velocity,
and can travel forward or backward (Broyd et al., 2017). A positive value of wave intensity
indicates that forward-travelling waves predominate, while a negative value indicates that
backward-travelling waves predominate.

We performed a nonlinear wave intensity analysis to assess how wave intensities vary over
the respiratory cycle, following the procedure described in Mynard and Smolich (2015a);
Mynard et al. (2012b); Blanco et al. (2020). We report here only the main equations, and
refer to the aforementioned works for details regarding their derivation

dw± = dU ± 1
ρc(P )dP, (4.2)

dP± = ±ρc±
2 dw±, (4.3)

dU± = 1
2dw±, (4.4)

dI± = ±ρc±
4

(dw±
∆t

)2
. (4.5)

Here, w± denote the Riemann invariants of the mass and momentum conservation equa-
tions, U is the cross-sectional averaged flow velocity, c(P ) =

√
A
ρ
∂P
∂A . Furthermore,

c± = c(P±), i.e. the wave speed c evaluated at the forward/backward components of
pressure, differs from net c if there are either only forward or only backward waves (My-
nard et al., 2012b). dP±, dU± and dI± are the forward-backward nonlinear decompositions
of pressure, flow velocity, and wave intensity. WIA was performed over the five cardiac
cycles present in a respiratory cycle to study differences in these waves along the different
respiratory phases. We separated wave intensity into forward and backward components,
and further distinguished compression and expansion waves. In particular, forward and
backward compression waves are characterised by a positive dP± and, respectively, a pos-
itive dU+ and a negative dU−. Forward and backward expansion waves are, instead,
characterised by a negative dP± and, respectively, a negative dU+ and a positive dU−.

4.1.2.1.3 Wave power analysis (WPA)

Wave intensity is not a conserved quantity, so it is not distributed among the vessels in a
junction, and it is sensitive to diameter variations. To overcome these limitations, Mynard
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and Smolich (2016) proposed to make an analysis in terms of an alternative quantity,
the wave power, which is defined in terms of incremental variations of pressure and flow
rate. We report here only the main equations used for the analysis and refer to the
aforementioned work for details about their derivation

dw± = dQ± 1
Zc

dP, (4.6)

dP± = ±Zc±
2 dw±, (4.7)

dQ± = 1
2(1 ∓M)dw± ≃ 1

2dw±, (4.8)

dπ± = ±Zc±
4

(dw±
∆t

)2
. (4.9)

Here, Zc = ρc
A denotes the characteristic impedance, and Zc± = Zc(A, c±) is its evaluation

in the forward/backward components of c. The approximation in the definition of dQ±
derives from the assumption that, in physiological settings, flow velocity u is much lower
than wave speed c and, as a consequence, the impact of the speed index M = u

c in this
equation can be neglected. We chose to adopt, consistently with the approach used for the
WIA, a “time-normalized” expression for the wave power, so that the obtained values do
not depend on the sampling intervals.

4.1.2.2 Local sensitivity analysis

Local sensitivity indices were computed as

S±
M,P = M̂± − M

0.01 · M
, (4.10)

where M is the baseline value of the cardiac or haemodynamic variable of interest, and
M̂± is its value obtained by increasing or decreasing a given parameter P by 10% of its
reference value.

4.1.2.3 Haemodynamic variables

Table 4.3 reports the values of selected cardiac and haemodynamic indices computed with
our model for the three aforementioned scenarios, along with reference values from the
literature. Figure 4.1 shows how selected haemodynamic indices vary during the respiratory
cycle due to the pulsatility of intrathoracic and intra-abdominal pressure, highlighting the
role played by the diaphragm as a pump that aids venous return. In addition, figure 4.2
reports ventricular volumes, stroke volume indices, and ejection fractions at end-inspiration
and end-expiration, and their averages over the respiratory cycle. We refer to appendix
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Figure 4.1: Variation of selected
haemodynamic indices obtained
through scenarios 1-3 (see section
4.1.1) during one respiratory cycle.
Indices are normalised with respect to
Scenario 1. In blue (round markers)
we show Scenario 1, in orange (square
markers) Scenario 2, and in green
(diamond markers) Scenario 3. The
first two markers denote fully/pre-
dominantly inspiratory cardiac cycles,
while the remaining three markers
are associated with purely expiratory
cardiac cycles. LV/RV: left/right
ventricle; Transm. RA Pressure:
transmural right atrial pressure; PP:
pulse pressure.

A.1.1 for details regarding the computation of each haemodynamic index and the main
features of the population for which the reported reference value was measured.

4.1.2.4 Haemodynamic waveforms

Figures 4.3 and 4.4 show the comparison between waveforms for the heart and pulmonary
circulation, which are described through 0D models, obtained for the three considered
scenarios (see section 4.1.1). In particular, figure 4.3 shows the pressure/volume waveforms
for the four cardiac chambers, while figure 4.4 reports pressure and flow waveforms for
pulmonary arteries and veins.

Figures 4.5, 4.6 and 4.7 show haemodynamic waveforms and spectra for selected arteries
and veins located in the head, thorax, abdomen and lower limb, to assess how the impact
of the external pressures generated by respiration changes across the different regions of
the vascular system.

Finally, in figures 4.8, 4.10 and 4.12 we collect results obtained through wave intensity
analysis, and in figures 4.9, 4.11 and 4.13 results obtained through wave power analysis.
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Figure 4.3: Haemodynamic wave-
forms for cardiac chambers, scenarios
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In particular, figures 4.8 and 4.10 report wave intensity profiles for selected arteries and
veins, highlighting forward and backward components, while figure 4.12 shows overall peak
forward and backward wave intensities along the arteriovenous paths via the head and the
left lower limb. Analogously, figures 4.9 and 4.11 report wave power profiles for selected
arteries and veins, while figure 4.13 shows overall peak forward and backward wave power
values along the arteriovenous paths via the head and the left lower limb.

4.1.2.5 Sensitivity analysis

Local sensitivity indices were computed for variables M = {CO, CVP, MAP, PPA, LAV}:

• CO [L/min] is the cardiac output, which can be computed as the cardiac-cycle aver-
aged flow rate in the ascending aorta.

• CVP [mmHg] is the central venous pressure, computed as the cardiac cycle-averaged
right atrial pressure.

• MAP [mmHg] is the mean arterial pressure, computed as the cardiac-cycle averaged
aortic pressure.

• PPA [mmHg] is the central pulse pressure, computed in the ascending aorta at each
cardiac cycle as the difference between systolic and diastolic blood pressure.

• LAV [mL] is the cardiac cycle averaged left atrial volume.

To account for respiratory variability, we then averaged each variable over one respiratory
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cycle. The sensitivity analysis was performed for all model parameters: 118 for Scenario 2,
97 for Scenarios 1 and 3. In figures 4.14, 4.15, 4.16, 4.17, 4.18, we compare the sensitivity
indices estimated through Scenarios 1, 2 and 3 in response to the variation of the 15 most
influential parameters pertaining to Scenario 1.

4.1.3 Discussion

In this section, we discuss our results and highlight how they compare to physiological
observations. We analyse the impact of breathing on cardiovascular variables of interest,
with a particular focus on the respiratory pump function. In addition, we compare wave-
forms obtained with and without respiration to understand the contribution of respiratory
pressures in different regions of our body. Finally, we discuss the results obtained through
local sensitivity analysis and highlight the main determinants of assessed variables.

4.1.3.1 Main findings

The main findings of the present study, which will be discussed in detail in the next
subsections, are the following. Respiration

• has a fundamental effective pumping action, aiding the cardiac contractility in that
function;

• affects mainly the average of haemodynamic variables on the arterial side, while it
produces significant beat-to-beat variability on the venous side;

• triggers a complex interplay in terms of waveform conformation, mainly on the venous
side;

• alleviates the energy transfer through the arterial system;
• stresses more the venous vasculature.

4.1.3.2 Haemodynamic indices

Indices and variations Var 1 and Var 2 reported in table 4.3 allow us to assess the ability
of our model to characterise cardiac volumes and pressures, the interplay between cardiac
function and the arterial system, and blood flow distribution in coronary and cerebral ves-
sels. The new parametrisation reported in table 4.2 was devised to approximate, in the
presence of respiration (Scenario 2), the original values of the considered indices (Scenario
1). As we can see, we were able to reproduce most of these indices I satisfactorily, observ-
ing a variation Var 1 above 0.15 for only four of them. In particular, we underestimate
the left ventricular elastance index and the left atrial volume index, and we overestimate
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the ventriculo-arterial coupling index and the API. Except for the ventriculo-arterial cou-
pling index, which is slightly lower than expected, these quantities are still physiologically
acceptable. It is important to mention that acceptable ranges for haemodynamic indices
reported in the literature are highly variable, due to the use of different populations and
measurement/estimation techniques. The large multiplicative factors used for atrial elas-
tances were necessary since our atrial model assumes a linear relation between pressure and
volume. While this is an accurate model to describe dynamics at a given pressure range, it
fails to reproduce the nonlinear mechanical behaviour of atrial walls when shifting to a sig-
nificantly different pressure range. This can also be inferred from atrial-related quantities
reported in table A.1, comparing Scenario A to Scenario 1: for a central venous pressure
that is half of the original one, we have a RAVI that is 50% higher than the original one
and, similarly, for a mean left atrial pressure that is 30% lower than the original one we
have a LAVI that is about 40% higher than the original one.

The comparison between haemodynamic indices obtained through Scenarios 2 and 3,
moreover, allows us to assess how these quantities are affected by pressure fluctuations
induced by respiration. In particular, ventriculo-arterial coupling indices and ventricu-
lar ejection fractions are not significantly affected by respiration (Claessen et al., 2014),
with variations between Scenarios 2 and 3 below 10%. Atrial volumes and pressures, and
the API, are, conversely, highly affected by the respiratory effort, with variations above
30%. Finally, systemic pressures (represented in table 4.3 by mean arterial pressure and
peripheral systolic, diastolic and pulse pressures) and stroke volumes decrease between
20% and 30% in Scenario 3, when respiration is deactivated and the same parameters are
used. We refer to results reported in table A.1 (Scenarios 2 and B) for a quantification of
the individual contribution of intrathoracic and intra-abdominal pressure variations. The
high impact of respiration on cardiac volumes is related to the inspiratory increase in the
pressure gradient between the atria and the systemic vessels above and below the thorax.
Indeed, during inspiration, the pressure in thoracic vessels and the heart decreases due to
the decrease in pleural pressure, favouring venous return Jozwiak and Teboul (2024). As
we can see in figures 4.1 and 4.2, this results in a 15%, 8% and 22% inspiratory increase
in right ventricular end-diastolic, end-systolic and stroke volumes, which is consistent with
what is reported by (Claessen et al., 2014). Respiratory changes in left ventricular vol-
umes are negligible due to the compliance of the pulmonary vasculature, which dampens
fluctuations in left ventricular inflow (Conway, 1975). As for the atria, we can observe,
as expected (Magder, 2018), that right atrial pressure is minimal during inspiration (see
figure 4.1), and that transmural right atrial pressure, which was computed as the differ-
ence between the external pressures acting on the heart (intrathoracic and pericardial) and
chamber pressure, increases during inspiration.

From this analysis, we can conclude that our model can reproduce the blood pumping
function of respiration (Evans, 2015). Additionally, parameter modifications required to
reproduce indices obtained without respiration suggest that purely cardiovascular models
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compensate the lack of the respiratory pump function through effective parameters that
characterise an effective cardiac function.

4.1.3.3 Haemodynamic waveforms

In this section we discuss haemodynamic waveforms, their spectra and WIA results. We
start by focussing on the heart and pulmonary circulation (figures 4.3, 4.4), and then move
to systemic arteries (figures 4.5, 4.7, 4.8, 4.9) and veins (figures 4.6, 4.7, 4.10, 4.11).

4.1.3.3.1 Heart and pulmonary circulation

Figures 4.3 and 4.4 collect pulmonary and cardiac waveforms of interest, which are ob-
tained through the 0D models for the heart and pulmonary circulation. As expected, the
pressure and flow rate waveforms in the pulmonary arteries mirror the pressure and volume
waveforms in the right ventricle (Ragosta and Kennedy, 2017). No literature is available, to
our knowledge, regarding the respiratory influence on pulmonary venous pressure, which,
according to results reported in figure 4.3, seems relevant. Indeed, our model suggests that
this quantity markedly decreases during inspiration, and stabilises during expiration on a
slightly lower value than its baseline value without respiration. This behaviour is reflected,
albeit less markedly, by left atrial pressure.

4.1.3.3.2 Systemic arteries

Figure 4.5 shows systemic arterial pressure, flow rate, and area waveforms in several
regions of the body. As we can see, respiration seems to act consistently on all reported
vessels: in the absence of respiration (Scenario 3), average pressures, flow rates and areas
are significantly lower than those obtained for Scenario 2 (i.e. with the same parametrisa-
tion as Scenario 3 and active respiration). Moreover, if respiration is active we can observe
a slight inspiratory decrease in all waveforms, followed by a slight expiratory increase. The
impact of respiration on wave periodicity, nonetheless, is negligible compared to that of
cardiac periodicity. Indeed, as we can see looking at the pressure and flow spectra for the
thoracic aorta obtained for Scenario 2 (see figure 4.7, panel (a)), the fifth harmonic, which
corresponds to the cardiac period, is by far the most pronounced, for both pressure and
flow rate. This is consistent with available physiological information: in particular, while
a small inspiratory fall in systolic arterial pressure is expected, a large one (> 10 mmHg)
would usually be associated with pathological conditions such as cardiac tamponade (Feihl
and Broccard, 2009).
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4.1.3.3.3 Systemic veins

Physiological literature suggests that venous pressure, flow rate and area waveforms are
more affected by respiration than arterial ones, and that their variations depend on the
considered vessel. We will discuss here features of the waveforms in the venae cavae,
internal jugular and femoral veins, comparing them with available literature information.
It is worth mentioning that, to our knowledge, very few physiological studies that assess
the impact of respiration on venous flow/area/pressure in healthy, non-ventilated patients
are available in the literature.

Venae Cavae

Multiple studies performed on healthy subjects report an inspiratory decrease of inferior
caval diameters (Nakamura et al., 2016; Molokoane-Mokgoro et al., 2018; Grant et al., 1980;
Wallace et al., 2010; Kimura et al., 2010), consistently with what can be observed in figure
4.6 (panel (f)). The magnitude of this variation, which is expressed in the literature in
terms of collapsibility or distensibility indices, is highly variable depending on the individ-
ual patient’s characteristics, on the difference in diaphragmatic excursion associated with
the type of inspiration (diaphragmatic, abdominal, deep, shallow, etc.), and on the mea-
surement location (Grant et al., 1980; Kimura et al., 2010). Choosing, for reproducibility
reasons, the collapsibility index (CI) range of 30% ± 21% reported in Wallace et al. (2010)
as reference, we computed the minimum diameter of the vein during inspiration, and the
maximum diameter during any other point in the respiratory cycle. We then estimated
CI = (Max d. - Min d.)

Max d. · 100, and obtained an 18% inspiratory decrease in the diameter of
the IVC at the level of the hepatic vein, which is physiologically acceptable. As for the
flow rate, numerous studies suggest that, in most individuals, it increases in both venae
cavae during inspiration and decreases during expiration, although variability is present
depending on the respiratory pattern (Kuzo et al., 2007; Smith et al., 1985; Wexler et al.,
1968). Pulsatility can be mainly influenced by cardiac periodicity, by the breathing cycle,
or by both of them in variable proportions (Joseph et al., 2020). In our case, as we can
see in figure 4.6 (panel (f)) and from the negative phase of the first flow rate harmonic in
figure 4.7 (panel (g)), there is an increase in inspiratory inferior caval flow. Moreover, the
similarity between the amplitudes of the first and tenth flow harmonics shows that both
cardiac and respiratory pulsatility have a pronounced impact on the resulting waveform.
Additionally, the very high amplitude of the tenth harmonic compared to the fifth one
highlights the biphasic nature of both flow and pressure waveforms, which can be clearly
observed in figure 4.6 and is one of the defining features of waveform profiles in most veins,
distinguishing them from typical arterial signals. The analysis of the flow spectrum for the
superior vena cava reported in figure 4.7 (panel (e)), instead, suggests a negligible effect of
respiration on the flow rate, since the amplitude of the first harmonic is close to zero. This
effect, which can be seen also in figure 4.6 (panel (d)), is consistent with the observation
that the respiratory variation in the IVC flow rate is generally significantly larger than in
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the SVC reported by Kuzo et al. (2007). It is worth mentioning, moreover, that we can
recover the systolic dominance of superior caval flow during both inspiration and expira-
tion, while systolic and diastolic values are very close to each other in the IVC (Appleton
et al., 1987).

Internal jugular vein

The quantification of respiratory variations in the flow rate of the internal jugular veins
is of interest for the clinical practice because its impairment might be related to neu-
rodegenerative and neuroinflammatory pathologies (Laganà et al., 2017). Laganà et al.
(2017) showed for a sample of 19 healthy patients that, while cardiac modulation of flow is
generally marked, respiratory modulation in the supine position is variable. Additionally,
Laganà et al. (2022a), Laganà et al. (2022b) and Kollmeier et al. (2022) provided a spec-
tral analysis of the flow rate measured via RT-PC MRI for 16/30 young healthy subjects,
showing that, for normal respiration, the effect of cardiac periodicity is significantly larger
than that of respiratory periodicity. Our results, as we can appreciate looking at figures
4.6 (panel (b)) and 4.7 (panel (c)), are in agreement with these clinical observations: the
first harmonic, i.e. the respiratory harmonic, has a negligible amplitude compared to the
5th and 10th harmonics, i.e. those corresponding to cardiac cycle and half-cardiac cycle
duration. As for pressure, it has been documented that its average value is lower during
inspiration (Applefeld, 1990). In our simulations we observe a mean inspiratory pressure
of 4.6 mmHg, and a mean expiratory one of 5.1 mmHg. The inspiratory pressure decrease,
moreover, is reflected by the positive phase of the first harmonic in the pressure spectrum
(see figure 4.7).

Femoral vein

Several works are available in the literature that examine flow phasicity in the veins
of the lower limbs. Abu-Yousef et al. (1997) analysed the common femoral veins of 12
young volunteers through spectral Doppler sonography, and observed that during normal
breathing the flow rate is modulated by both cardiac and respiratory phasicity in different
ratios: cardiac dominance was observed in 6 patients, respiratory dominance in 4, and
in the other two patients the two components were balanced. Moreover, they observed a
generalised inspiratory decrease in flow velocity, and the opposite behaviour during expi-
ration. Similarly, Osada et al. (2002) showed for eight healthy males that, during quiet
breathing, expiratory blood flow is significantly higher than the inspiratory one, reporting
a null blood flow during inspiration, and a blood flow between 4.2 and 11.45 mL/s during
expiration. Results reported in figures 4.6 (panel (g)) and 4.7 (panel (h)) show that, in
our case, flow in the proximal part of the femoral vein is highly influenced by respiration.
The positive phase of the first harmonic indicates that flow decreases during inspiration
and, in particular, we obtained an inspiratory average of 2.84 mL/s and an expiratory one
of 6.22 mL/s, which is consistent with the one reported by Osada et al. (2002).
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Superior sagittal sinus, subclavian vein, coronary sinus

We chose not to devote separate paragraphs for these vessels due to the scarcity of
available literature to validate our results. As expected (Laganà et al., 2022b), we can
observe in figures 4.6 (panel (a)) and 4.7 (panel (b)) that in the superior sagittal sinus
cardiac modulation of flow prevails over the respiratory one during normal respiration.
A more accurate validation regarding this vessel will be possible once we include control
mechanisms and are thus able to reproduce respiratory manoeuvres such as the Valsalva
and Müller manoeuvres. As for the subclavian vein, Patel et al. (1999) show an increased
wave amplitude during inspiration, which is confirmed by results reported in figure 4.6
(panel (c)). Literature review delivered no information regarding respiratory variations in
the coronary sinus and, more in general, in coronary veins.

4.1.3.4 WIA for selected vessels

We discuss here wave intensity results for selected arteries and veins, as reported in figures
4.8, 4.10. Arterial wave intensity profiles have in general very similar shapes with and
without respiration. An early-systolic forward compression wave (dark red) dominates in
all reported vessels, with a decrease in its intensity moving towards the periphery. Addi-
tionally, a forward expansion wave (light red) is present at all locations during mid-late
systole, and it is particularly pronounced in the common femoral artery, where we can ob-
serve a very marked decrease in flow rate (see figure 4.5, panel (g)). Similarly, venous wave
intensity profiles are, for Scenario 1, qualitatively very similar among each other, albeit
with differences in timings and amplitudes. They present marked backward components:
an expansion wave which is associated with the systolic flow acceleration caused by the
filling of the right atrium, and a more pronounced backward compression wave, which is
caused by atrial contraction and is associated with the late diastolic flow reduction (see
figure 4.6). The observed wave intensity profile is consistent with the considerations made
by Mynard and Smolich (2015a). When considering Scenario 2, so when respiration is
active, we can instead observe marked differences depending on the location of the vessel
within the vascular network. In general, we can see very dampened wave intensities during
inspiration in the lower body, with very small waves at the level of the femoral vein while in-
trathoracic and intra-abdominal pressures are far from their end-expiratory baseline value.
This is not the case, instead, for vessels in the upper body, where wave intensity profiles
are comparable with and without respiration, with an overall increase in wave intensity in
the presence of respiration. These results were expected from our previous observations
but, to the best of our knowledge, no literature is available to validate them.

Figure 4.12 allows us to analyse the behaviour of waves along the vasculature. Looking
at the panels for Scenario 2, we can observe the negligible impact that respiration has
on wave propagation in the considered arteries, both in the arteriovenous path via the
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head and via the left lower limb. We can also observe, consistently with what can be seen
analysing the spectra in figure 4.7, how respiration has a more marked impact in the lower
body than in the upper body veins, even though marked forward compression waves are
observed at end-inspiration and during the first part of expiration in the proximal portion
of the IJV, due to the temporary full closure of one of the venous valves, which is instead
always either open or only partially closed in the absence of respiration. The general
behaviour of forward and backward waves along the vasculature is similar in all considered
scenarios and, in particular, we can observe that, consistently with what was observed by
Mynard and Smolich (2015a), forward waves slightly decrease as we move towards more
peripheral arteries, while backward ones are, in the arteries, around one order of magnitude
smaller. Venous wave intensities are, in general, lower than arterial ones, and backward
waves are larger than forward waves, with the exception of the superior sagittal sinus,
where they are comparable. Indeed, flow in the superior sagittal sinus is conditioned by
the action of intracranial pressure in combination with Starling resistors, which results in
a predominantly systolic pattern, similar to that observed in the arteries. As one moves
toward central veins, there is a marked increase in the backward wave intensity (one order
of magnitude for the arteriovenous path via the head, and around 2.5 orders of magnitude
for the path through the lower limb).

4.1.3.5 WPA for selected vessels

We compare here wave power results for selected arteries and veins to analogous results
obtained in terms of wave intensity. Comparing figure 4.8 to figure 4.9 and figure 4.10 to
figure 4.11, we can notice that wave power profiles are very similar to wave intensity ones:
forward and backward compressive waves are the most pronounced in arteries and veins,
respectively. Additionally, we can confirm that respiration tends to alleviate energy transfer
in arteries and, conversely, stresses the venous circulation more. Despite these similarities,
we need to point out that the absolute values for wave power and wave intensity are, as
expected, markedly different. Indeed, if we were to assume linear flow conditions, dπ could
be expressed as the product of cross-sectional area and wave intensity.

Some other interesting considerations can be made comparing wave power and intensity
along the arteriovenous paths via the head and legs (figures 4.12 and 4.13). The first
observation regards the much steeper decline in wave power compared to wave intensity
moving from central to peripheral arteries, in both considered vascular chains. This is likely
due to the fact that, as demonstrated by Mynard and Smolich (2016), total wave power,
like flow rate, is preserved at junctions. This is not the case instead for wave intensity,
which might be higher in daughter branches compared to parent ones. This behaviour,
while still evident, is less marked on the venous side, likely because the venous network we
are considering is not as anatomically detailed as its arterial counterpart.
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4.1.3.6 Sensitivity analysis

We discuss here the local sensitivity of cardiac output, central venous pressure, mean
arterial pressure, central pulse pressure, and left atrial volume to variations in model
parameters. In particular, we compare results obtained for the three considered scenarios,
to assess on the one hand whether our reparametrisation has a significant impact on the
sensitivities and, on the other hand, how sensitivities change turning off respiration (see
figures 4.14, 4.15, 4.16, 4.17, 4.18).

Except for the pulse pressure, all variables are mainly influenced by variations in stretched
blood volume (V set

str ), which has an impact that is 1.5-3 times higher than that of the follow-
ing parameters (right ventricular free-wall elastance Emin

fw,RV, systemic venous compliance
Csys,v, and peripheral resistances Rper). Other influential parameters include the free-wall
elastances of the left ventricle and the atria, the onset of atrial contraction and, for Sce-
nario 2, the end-expiratory value of pleural pressure. These results confirm the strong
relation between arterial and venous districts previously demonstrated by Müller et al.
(2023) also in the presence of respiration. It is also interesting to note how, compared to
results obtained with the original parametrisation from Müller et al. (2023) (Scenario 1),
the impact of a 10% increase in the onset of atrial contraction (tonsetRA+, tonsetLA+) tends
to be lower in both Scenarios 2 and 3. In the following, we analyse in detail the sensitivity
of each variable.

4.1.3.6.1 Sensitivity of CO

As previously mentioned, cardiac output is mostly influenced by variations in stretched
blood volume in all considered scenarios. The following four most influential parameters
regard the venous circulation and the right heart, with the exception of minimum left
ventricular free-wall elastance. Looking at figure 4.14, we can observe how CO responses to
variations in stretched blood volume and systemic venous compliance are more pronounced
in Scenarios 1 and 3 than in Scenario 2, with sensitivity indices that are 1.5-2 times higher,
suggesting that these parameters play a very relevant role in compensating for the absence
of respiration. In other words, respiration makes CO less sensitive to variations in these
model parameters. Changes in other parameters yield comparable CO variations in all
scenarios, except for the 10% delay of right and left atrial contraction, ranked respectively
5th and 11th for Scenario 1, which have instead a minimal impact in Scenarios 2 and 3.

4.1.3.6.2 Sensitivity of CVP

According to the literature, central venous pressure depends on blood volume, peripheral
venous tone, intrathoracic pressure and right ventricular function (Didebotham, 2017).
Consistently with this expectation, we can observe that, in our model, this variable is
extremely influenced by variations in stretched blood volume, in particular in the presence
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of respiration. Moreover, in all scenarios, the next most influential parameters are all
related to venous circulation (systemic venous compliance is ranked third in all scenarios)
or to the right heart, with the exception of the reference-volume elastance of pulmonary
veins E0,puv. Additionally, in Scenario 2, end-expiratory pleural pressure, which is ranked
8th, plays a significant role.

4.1.3.6.3 Sensitivity of MAP

The important role of stretched blood volume is observed also for mean arterial pres-
sure, which, in our model, is directly linked to the total blood volume. The third-ranked
parameter for Scenarios 1 and 2 is the total peripheral resistance, which is ranked fourth
for Scenario 3, with an extremely similar sensitivity. Systemic venous compliance, which
is the third-ranked parameter for Scenario 3, is ranked, instead respectively 5th and 7th
for Scenarios 1 and 2. It is worth noting, moreover, that the sensitivity of MAP to this
parameter in Scenarios 1 and 3 is over 60% higher than that obtained in Scenario 2. This
shows that, in the absence of respiration, a more relevant role seems to be played by venous
properties, while respiration slightly enhances the effect of the conditions encountered in
the peripheral vasculature. Additionally, similarly to what was observed for the CO, the
sensitivity of MAP to a 10% delay of atrial contraction in Scenarios 2 and 3 is significantly
lower than that in Scenario 1, indicating that this different behaviour is primarily related
to our choice of parametrisation.

4.1.3.6.4 Sensitivity of PPA

The variation of central pulse pressure is highly impacted by parameters related to the
tube law and to the arterial system. In particular, while for Scenarios 1 and 2 the most
influential parameter remains the stretched blood volume, for Scenario 3 it is overtaken by
the reference elastin Young modulus Ee. The impact of venous circulation remains non-
negligible, with systemic venous compliance being the 7th, 11th and 12th-ranked parameter
in Scenarios 1, 2 and 3, respectively.

4.1.3.6.5 Sensitivity of LAV

In addition to the stretched blood volume, which is the most influential parameter, left
atrial volume is mostly determined by cardiac properties, with a high influence of left atrial,
left ventricular and right ventricular minimum free-wall elastances. The impact of these
quantities is comparable in all scenarios. Similarly to what was observed for MAP and CO,
LAV obtained in Scenario 1 is also particularly sensitive to a delay in atrial contraction.
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4.1.3.6.6 Further remarks

Local sensitivities, defined as the change in model output resulting from a small pertur-
bation of a given input parameter, provide a direct and intuitive measure of model respon-
siveness, facilitating the identification of dominant parameters and supporting mechanistic
interpretation. In contrast, global sensitivity approaches require the specification of plau-
sible parameter ranges. For highly complex models, these ranges are often difficult to
justify, as many parameters lack a direct physical interpretation or are not measurable.
Moreover, global methods rely on extensive sampling of the multidimensional parameter
space, resulting in computational demands exceeding the resources available for this study.
A global analysis would thus require for example the use of Gaussian process emulators as
surrogates for the full haemodynamic model (Strocchi et al., 2023). Nevertheless, global
sensitivity analyses remain preferable when parameter uncertainty is substantial or when
interactions among parameters are expected to play a major role in driving variability in
model outputs. A pragmatic strategy is therefore to first employ a local approach to iden-
tify a subset of influential parameters, and subsequently apply global sensitivity analysis
to this reduced parameter set (Eck et al., 2016; Schäfer et al., 2024). This, however, was
outside the scope of the present work.

4.1.4 Limitations

This study has some potential limitations. On the one hand, the validation of our model
was focused just on some physiological aspects of interest for which we could find a satisfac-
tory amount of data from different sources. We need to reiterate, though, that acceptable
ranges for haemodynamic indices, and features of haemodynamic waveforms reported in
the literature are highly variable, due to the use of different populations and measuremen-
t/estimation techniques. Additionally, while our simulations are based on the anatomical
and physiological features of a healthy young male at rest, it would be advisable to perform
analogous simulations for a female subject and for subjects of different ages. Indeed, nowa-
days, medicine is providing increasing evidence about the fundamental role of sex in the
pathophysiology of the cardiovascular system (Susin, 2023; Comunale et al., 2020; Corsini
et al., 2017; Zaid et al., 2023), and it is well documented that age plays a fundamental role
as well (Hirschhorn et al., 2021; Charlton et al., 2019).

Moreover, in order to facilitate the comparison of our results with those obtained through
the baseline ADAVN model (Müller et al., 2023), we chose to operate under some assump-
tions that are valid under physiological conditions, but could be improved in the future. As
an example, in the next chapter we show simulation results obtained introducing within the
current cardiac model a nonlinear end-diastolic pressure-volume relationship, which, ac-
cording to the literature, better represents the cardiac performance in diverse pathological
conditions.
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Furthermore, this work includes no assessment of model behaviour when considering
pathological situations and respiratory manoeuvres. Indeed, while our model integrates a
detailed description of a one-way mechanical coupling between the vasculature and a lung
mechanics module, such simulations require a description of gas exchange and transport,
as well as of local cardiorespiratory control mechanisms. Additionally, the effect of gravity
has been neglected.
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Index Scenario 1 Scenario 2 Scenario 3 References
Val. Val. Var 1 Val. Var 2

Ventriculo-arterial coupling indices and stroke work

LV elastance index [mmHg/mL] 2.85 2.12 -0.26 2.25 0.06 2.3 ± 1 (Chen et al., 1998)
Aortic elastance index [mmHg/mL] 1.24 1.23 -0.01 1.27 0.03 2.2 ± 0.8 (Chen et al., 1998)
Ventriculo-arterial coupling index 0.44 0.58 0.32 0.57 -0.02 1.0 ± 0.36 (Chen et al., 1998)
Aortic Pulsatility Index 4.21 5.0 0.19 3.3 -0.34 >1.45 (Belkin et al., 2021)
LV stroke work [J] 1.03 1.05 0.02 0.55 -0.48

Chamber volumes and related quantities

Cardiac output [L/min] 5.81 5.86 +0.01 4.18 -0.29 5.0 ± 1.1 (Patel et al., 2021)
LV stroke volume index [mL/m2] 47.9 48.49 0.01 34.8 -0.28 44.3 ± 8.7 (Patel et al., 2021)
LV ejection fraction [%] 64.01 58.67 -0.08 57.48 -0.02 60.7 ± 4.2 (Kovalova et al., 2006)
RV stroke volume index [mL/m2] 47.57 49.81 0.05 34.74 -0.3 39.4 ± 4.55 (Kovalova et al., 2006)
RV ejection fraction [%] 59.9 52.98 -0.12 51.49 -0.03 53.9 ± 7.1 (Kovalova et al., 2006)
LA volume index [mL/m2] 48.42 31.98 -0.34 21.74 -0.32 39 (26,53) (Maceira et al., 2010)
RA volume index [mL/m2] 53.91 50.94 -0.06 33.46 -0.34 55 (33,78) (Maceira et al., 2013)

Blood pressure

Central venous pressure [mmHg] 4.67 4.49 -0.04 6.17 0.37 (1-8) (De Vecchis et al., 2016)
Mean left atrial pressure [mmHg] 6.74 5.41 -0.2 7.23 0.34 (2-12) (Fowler, 1980)
Mean arterial pressure [mmHg] 92.8 93.31 0.01 69.97 -0.25 89 ± 8 (McEniery et al., 2005)
Peripheral SBP [mmHg] 127.88 127.6 -0.0 97.59 -0.24 124 ± 10 (McEniery et al., 2005)
Peripheral DBP [mmHg] 73.28 74.39 0.02 54.34 -0.27 75 ± 8 (McEniery et al., 2005)
Peripheral PP [mmHg] 54.6 53.21 -0.03 43.25 -0.19 49 ± 9 (McEniery et al., 2005)

Blood flow distribution

Cerebral flow [mL/s] 12.38 12.48 0.01 9.13 -0.27 12.18 ± 2.12 (Ford et al., 2005)
Coronary flow [mL/s] 4.91 5.32 0.08 3.57 -0.33 4.5 ± 1.36 (Sakamoto et al., 2013)

Table 4.3: Main cardiac and haemodynamic indices I obtained for scenarios 1-3 (see section 4.1.1).
LA/RA/LV/RV: left atrium/right atrium/left ventricle/right ventricle; SBP/DBP/PP: systolic/-
diastolic/pulse pressure. Indices were computed averaging over the respiratory cycle. The relative
variation Var 1 = (Isc2 − Isc1)/Isc1 is computed with respect to results without respiration, and
the relative variation Var 2 = (Isc3 − Isc2)/Isc2 with respect to results obtained with respiration
and our best parametrisation. Reference values, if not otherwise specified, are expressed as mean
± SD. Reference left/right atrial volume indices are expressed as mean, (95% confidence interval).
Reference mean left/right atrial pressures are expressed in terms of a reasonable range accepted in
the clinical practice.
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Figure 4.5: Haemodynamic waveforms for selected arteries. We depict pressure, flow rate and area
waveforms for scenarios 1, 2, 3 respectively through blue, orange and green lines.
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Figure 4.6: Haemodynamic waveforms for selected veins. We depict pressure, flow rate and area
waveforms for scenarios 1, 2, 3 respectively through blue, orange and green.
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Figure 4.7: Spectra of pressure and flow rate waveforms for Scenario 2. The fundamental frequency
(first harmonic, in blue) of the wave corresponds to respiratory periodicity, while the fifth (in orange)
and tenth (in green) harmonics correspond to cardiac cycle and half cardiac cycle periodicity,
respectively.
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Figure 4.8: Wave intensity analysis for scenarios 1-3 in selected arteries. Dark red shaded areas
indicate FCW, dark blue shaded areas BCW. Light red shaded areas denote FEW and light blue
shaded areas BEW.
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Figure 4.9: Wave power analysis for scenarios 1-3 in selected arteries. Dark red shaded areas
indicate FCW, dark blue shaded areas BCW. Light red shaded areas denote FEW and light blue
shaded areas BEW.
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Figure 4.10: Wave intensity analysis for scenarios 1-3 in selected veins. Dark red shaded areas
indicate FCW, dark blue shaded areas BCW. Light red shaded areas denote FEW and light blue
shaded areas BEW.
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Figure 4.11: Wave power analysis for scenarios 1-3 in selected veins. Dark red shaded areas
indicate FCW, dark blue shaded areas BCW. Light red shaded areas denote FEW and light blue
shaded areas BEW.
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Figure 4.12: Peak forward (red) and backward (blue) wave intensity along the arteriovenous path
via the head (top panels for scenarios 1, 2 and 3, correspondingly) and lower limb (bottom panels
for scenarios 1, 2 and 3, correspondingly). For scenarios 1 and 3 we report the single cardiac cycle-
invariant values, while for Scenario 2 we report the values for the five cardiac cycles cc 1 - cc 5 that
compose each respiratory cycle.
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Figure 4.13: Peak forward (red) and backward (blue) wave power along the arteriovenous path
via the head (top panels for scenarios 1, 2 and 3, correspondingly) and lower limb (bottom panels
for scenarios 1, 2 and 3, correspondingly). For scenarios 1 and 3 we report the single cardiac cycle-
invariant values, while for Scenario 2 we report the values for the five cardiac cycles cc 1 - cc 5 that
compose each respiratory cycle.
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Figure 4.14: Comparison between sensitivity indices for cardiac output in scenarios 1, 2 and 3.
Top panel shows the sensitivity indices for CO, bottom panel shows the rankings in scenarios 1, 2
and 3 of the 15 most influential parameters pertaining to Scenario 1.
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Figure 4.16: Comparison between sensitivity indices for mean arterial pressure in scenarios 1,
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scenarios 1, 2 and 3 of the 15 most influential parameters pertaining to Scenario 1.
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Figure 4.17: Comparison between sensitivity indices for pulse pressure in scenarios 1, 2 and 3.
Top panel shows the sensitivity indices for PPA, bottom panel shows the rankings in scenarios 1,
2 and 3 of the 15 most influential parameters pertaining to Scenario 1.
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Figure 4.18: Comparison between sensitivity indices for left atrial volume in scenarios 1, 2 and 3.
Top panel shows the sensitivity indices for LAV, bottom panel shows the rankings in scenarios 1, 2
and 3 of the 15 most influential parameters pertaining to Scenario 1.
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4.2 ADAVN86 vascular network and nonlinear cardiac model:
model parametrisation and verification

In this section, we outline the parametrisation procedure used for the ADAVN86 model
(section 2.1.4) and assess its performance by comparing simulations with and without
respiration to those produced by the ADAVN model. We then present the parameters
employed in simulations that incorporate both respiration and the nonlinear cardiac model
introduced in section 2.3.1.2, and we evaluate the resulting behaviour relative to simulations
performed without respiration using the linear cardiac model.

4.2.1 ADAVN86 vascular network

The construction of a truncated network requires the modeller to lump the truncated
regions into peripheral compartments by appropriately adjusting compliances and resis-
tances, so as to preserve physiologically reasonable blood flow distributions across the
various peripheral districts.

4.2.1.1 Parametrisation

With the objective of comparing results obtained through the ADAVN and ADAVN86
vascular networks, we parametrise the ADAVN86 model following the approach proposed
in Blanco et al. (2020) for the arterial ADAN86 network. To ensure consistency between
the two models, blood supply to major organs is initially kept identical to that prescribed
in ADAVN (see table 4.4).

Encephalon: 12% Coronary vessels: 4.5%
Liver: 6.5% Kidneys: 9.5% · 2
Intestines: 13.25% Spleen: 3%
Stomach: 1% Pancreas: 1%

Table 4.4: Blood flow fractions to major organs.

Organ flow is computed as

Qo = BF
100QT , (4.11)

where QT is the cardiac output obtained from a reference simulation performed without
respiration with the ADAVN model, and BF is the considered blood flow fraction. The total
resistance associated with each organ is then computed using the mean arterial pressure
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(MAP) at the aortic arch as reference:

Ro = MAP
Qo

. (4.12)

This resistance is distributed among all vessels supplying the organ according to Murray’s
law

Ri = MAP
αiQo

, αi = r3
i∑
j r

3
j

. (4.13)

For coronary vessels, we consider the resistances used in the ADAVN network (Müller
et al., 2023) and rescale them to match the prescribed 4.5% blood flow fraction to the
heart.

Blood flow to extracranial territories via the external carotid artery and to the inter-
costal region via intercostal arteries is determined so that these vessels carry the same flow
QADAVN
i as in ADAVN

Ri = MAP
QADAVN
i

. (4.14)

Similarly, vessels that supply the upper and lower limbs carry the same blood flow fraction
as in ADAVN, which is then split among them according to Murray’s law. Any remaining
flow is allocated to intercostal vessels and to vessels perfusing the liver, intestines, and
kidneys.

Compliances are adjusted so that the characteristic constants satisfy τADAVN86 =
RADAVN86CADAVN86 = βCτADAVN, with βC = 6, chosen to ensure that the difference in
pulse pressure between the two models remains below 10%.

After an initial simulation, all resistances were uniformly scaled by a factor of 0.832 to
better match the MAP obtained with the ADAVN model.

4.2.1.2 Results and discussion

We compare haemodynamic results obtained with the ADAVN and ADAVN86 networks in
the absence of respiration to show that the proposed parametrisation yields haemodynamic
indices and waveforms consistent with those of the original model. After performing an
analogous comparison in the presence of respiration, we further deepen the analysis by
examining the spectra associated with pressure and flow rate waveforms.

Table 4.5 reports a selection of haemodynamic indices obtained with the ADAVN and
ADAVN86 models, without respiration and using the same cardiac model adopted in Müller
et al. (2023); Dalmaso et al. (2025a). The two networks exhibit very good agreement, with
discrepancies not exceeding 9% (aortic pulsatility index and peripheral pulse pressure).
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Small differences with respect to the results presented in section 4.1 arise from a modifi-
cation of the coronary connectivities in the vascular network, which required a subsequent
reparametrisation. Table 4.6 reports the corresponding haemodynamic indices obtained in
the presence of respiration. In this case, we observe a 14% difference in the average right
atrial pressure between the two networks, although both values remain within physiological
bounds.

Figures 4.19 and 4.20 show pressure, area and flow rate waveforms for selected arteries
and veins, obtained without respiration. The comparison confirms a good agreement in
both pressure and flow rate waveforms. Differences in cross-sectional area stem from the
fact that vessels in ADAVN are tapered, whereas those in ADAVN86 have a constant cross-
sectional area. Figures 4.21 and 4.22 report analogous plots obtained in the presence of
respiration, while figure 4.23 reports the associated spectra for the two networks, confirming
the agreement between the two models also when external pressures are applied to the
thoracic and abdominal compartments.

4.2.2 Nonlinear heart model

When assessing cardiopulmonary interactions using a cardiac model with a linear end-
diastolic PV relationship, we showed that a marked change in cardiac free-wall elastances
was required to maintain atrial volumes within reasonable ranges. Consequently, we chose
to introduce an exponential end-diastolic PV relationship for all cardiac chambers (Artrip
et al., 2001; Burkhoff and Tyberg, 1993; Burkhoff et al., 2005; Abi-Abdallah Rodriguez
et al., 2015; Shimizu et al., 2018; Santamore and Burkhoff, 1991), which reflects the ex-
pected increase in diastolic stiffness in response to increased loading (Ten Brinke et al.,
2010). Indeed, this relationship is inherently nonlinear due to the different types of struc-
tural fibres being stretched in different pressure-volume ranges (Burkhoff et al., 2005; Dia-
mond et al., 1971). This choice allows us to obtain reasonable end-diastolic volumes while
keeping chamber minimum and maximum free-wall elastances closer to that considered
without respiration.

4.2.2.1 Parametrisation

We report in table 4.7 only the parameters that differ or are added with respect to the
original cardiac model used for simulations with respiration in Dalmaso et al. (2025a), i.e.
minimum and maximum chamber free wall elastances Emin

fw,α and Emax
fw,α, and parameters

A0,α, βα and nα introduced in equations (2.117), (2.116), (2.118), reported in section
2.3.1.2.3. Parameter values were empirically adjusted from literature data (Santamore
and Burkhoff, 1991; Burkhoff and Tyberg, 1993; Morley et al., 2007; Kaye et al., 2014)
following a local sensitivity analysis, in order to match the original waveforms in Dalmaso
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Figure 4.19: Pressure, flow rate and area waveforms for selected arteries in the absence
of respiration. These simulations were performed under the assumption of null terminal
unstressed volumes. Results for ADAVN are in blue, and for ADAVN86 in orange.
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Figure 4.20: Pressure, flow rate and area waveforms for selected veins in the absence
of respiration. These simulations were performed under the assumption of null terminal
unstressed volumes. Results for ADAVN are in blue, and for ADAVN86 in orange.
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Figure 4.21: Pressure, flow rate and area waveforms for selected arteries in the presence of
respiration. These simulations were performed under the assumption of non-zero terminal
unstressed volumes. Results for ADAVN are in blue, and for ADAVN86 in orange.
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Figure 4.22: Pressure, flow rate and area waveforms for selected veins in the presence of
respiration. These simulations were performed under the assumption of non-zero terminal
unstressed volumes. Results for ADAVN are in blue, and for ADAVN86 in orange.
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Figure 4.23: Spectra of pressure and flow rate waveforms in the presence of respiration.
These simulations were performed under the assumption of non-zero terminal unstressed
volumes. The fundamental frequency (first harmonic, in blue) of the wave corresponds to
respiratory periodicity, while the fifth (in orange) and tenth (in green) harmonics corre-
spond to cardiac cycle and half cardiac cycle periodicity, respectively. We denote with a dot
results obtained with the ADAVN model, and with an X results obtained with ADAVN86.
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et al. (2025a). For a list of the remaining parameter values, we refer to Müller et al. (2023).

4.2.2.2 Results and discussion

We compare here the haemodynamic indices and pressure/flow rate waveforms obtained
for the ADAVN86 and ADAVN models using the linear and nonlinear cardiac models
introduced in sections 2.3.1.1 and 2.3.1.2.

Table 4.8 reports a selection of indices obtained with the linear cardiac model without res-
piration and with the nonlinear cardiac model with respiration, for both vascular networks.
As in Chapter 4.1, the parametrisation was chosen so that the nonlinear model with respi-
ration reproduces the indices obtained with the linear model without respiration. Overall,
the agreement is satisfactory, with the largest discrepancies appearing in ventriculo-arterial
coupling indices, which remain within physiological ranges, with percentage variations that
are almost identical to those reported in table 4.3, section 4.1.2.3.

Extending the comparison to the results obtained with the reparametrised linear cardiac
model in the presence of respiration, figures 4.24 and 4.25 show haemodynamic waveforms
for the pulmonary circulation and the heart, respectively, and figures 4.26 and 4.27 collect
waveforms for selected arteries and veins. Both sets of figures report simulation results
obtained through the ADAVN86 network, and show a satisfactory agreement, in the pres-
ence of respiration, between results obtained using the linear cardiac model parametrised
as illustrated in table 4.2 (section 4.1.1.1.2), and the nonlinear cardiac model parametrised
as in table 4.7.

Compared to the results reported in chapter 4.1, it is worth noting that the nonlinear
formulation of the end diastolic pressure-volume relationship allows us to reproduce the
haemodynamic indices using elastance values that are closer to those reported in Müller
et al. (2023). This avoids the larger parameter adjustments that were necessary in Dal-
maso et al. (2025a) and suggests that the nonlinear model provides a more physiologically
consistent parametrisation.

Further insight is provided by the results reported in table 4.9, obtained by using, in
both cardiac models and in the presence of respiration, the original elastances from Müller
et al. (2023), which were calibrated to reproduce physiological behaviour in the absence
of respiration. Indeed, the introduction of respiratory effects into the linear cardiac model
produces substantial deviations from the baseline, particularly in chamber volumes, and
in atrial and systemic pressures. In contrast, the inclusion of a nonlinear end-diastolic
PV relationship allows the cardiac model to better control variations in central venous and
systemic pressures, with variations that are 3-4 times smaller, remaining around 10%. This
difference arises because variations in venous return are more readily accommodated when
the ventricle is modelled with a linear end-diastolic PV relationship, reflecting constant
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Figure 4.24: Haemodynamic wave-
forms for the pulmonary circulation,
obtained without respiration and the
linear cardiac model (blue line), with
respiration and the linear cardiac model
(orange line), and with respiration and
the nonlinear cardiac model (green
line). Top row shows pressure wave-
forms for pulmonary arteries (left) and
veins (right). Bottom row shows flow
waveforms for pulmonary arteries (left)
and veins (right). The grey-shaded area
highlights inspiration.

diastolic compliance and resulting in large ventricular volume changes that propagate into
significant systemic pressure variations. Conversely, a nonlinear end-diastolic PV relation-
ship introduces a physiological constraint on volume changes, since as filling increases, the
steeper pressure rise limits further expansion, thus effectively reducing ventricular compli-
ance (Ten Brinke et al., 2010). This indicates that nonlinear elastance dynamics induced
by the values for A0,α, βα and nα reported in table 4.7 provides a more accurate description
of chamber function over a wider range of transmural pressure values. The only exception
concerns atrial volumes which, in the presence of respiration, increase by 26% and 34%,
for left and right atria, respectively. This observation motivates the reparametrisation of
chamber elastances (table 4.7) compared to the original values employed for the linear
cardiac model in the absence of respiration (Müller et al., 2023).

In summary, the results presented in this section demonstrate that a nonlinear end-
diastolic PV relationship provides a more physiologically consistent framework for simu-
lating haemodynamics across a wider range of conditions, including respiration. Although
the linear model can be tuned to reproduce selected indices also in the presence of res-
piration (albeit requiring large parameter adjustments), the nonlinear model exhibits an
improved ability to control variations in central venous and systemic pressures and allows
the use of chamber elastance values closer to those reported in the literature for purely
cardiovascular simulations. Together, these findings support its adoption as the preferred
modelling choice.

- 148 -



4.2. ADAVN86 vascular network and nonlinear cardiac model: model parametrisation
and verification

0

25

50

75

100

LV pressure [mmHg]

0

10

20

RV pressure [mmHg]

2.5

5.0

7.5

10.0

LA pressure [mmHg]

2

4

6

8

10
RA pressure [mmHg]

50

75

100

125

LV volume [mL]

50

100

150

RV volume [mL]

0 1 2 3 4
Time [s]

40

60

80

100

LA volume [mL]

0 1 2 3 4
Time [s]

60

80

100

120

140
RA volume [mL]

Linear no resp Linear resp Nonlinear resp

Figure 4.25: Haemoynamic waveforms
for cardiac chambers, obtained with-
out respiration and the linear cardiac
model (blue line), with respiration and
the linear cardiac model (orange line),
and with respiration and the nonlinear
cardiac model (green line). From top
to bottom: ventricular pressures; atrial
pressures; ventricular volumes; atrial
volumes. LV/RV are left/right ventri-
cle, LA/RA are left/right atrium. The
grey-shaded area highlights inspiration.
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Linear no resp
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Figure 4.26: Haemodynamic waveforms for selected arteries, obtained without respiration
and the linear cardiac model (blue line), with respiration and the linear cardiac model
(orange line), and with respiration and the nonlinear cardiac model (green line). These
simulations were performed under the assumption of non-zero terminal unstressed volumes.
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Figure 4.27: Haemodynamic waveforms for selected veins obtained without respiration and
the linear cardiac model (blue line), with respiration and the linear cardiac model (orange
line), and with respiration and the nonlinear cardiac model (green line). These simulations
were performed under the assumption of non-zero terminal unstressed volumes.
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Index ADAVN ADAVN86 Var. References

Ventriculo-arterial coupling indices and stroke work

LV elastance index [mmHg/mL] 2.85 2.80 -0.02 2.3 ± 1 (Chen et al., 1998)
Aortic elastance index [mmHg/mL] 1.24 1.18 -0.05 2.2 ± 0.8 (Chen et al., 1998)
Ventriculo-arterial coupling index 0.43 0.42 -0.02 1.0 ± 0.36 (Chen et al., 1998)
Aortic Pulsatility Index 4.24 4.62 +0.09 >1.45 (Belkin et al., 2021)
LV stroke work [J] 1.03 1.08 +0.05 – –

Chamber volumes and related quantities

Cardiac output [L/min] 5.82 6.02 +0.03 5.0 ± 1.1 (Patel et al., 2021)
LV stroke volume index [mL/m2] 47.90 49.52 +0.03 44.3 ± 8.7 (Patel et al., 2021)
LV ejection fraction [%] 64.04 64.77 +0.01 60.7 ± 4.2 (Kovalova et al., 2006)
RV stroke volume index [mL/m2] 47.57 49.18 +0.03 39.4 ± 4.55 (Kovalova et al., 2006)
RV ejection fraction [%] 59.90 59.91 +0.00 53.9 ± 7.1 (Kovalova et al., 2006)
LA volume index [mL/m2] 48.40 49.62 +0.02 39 (26,53) (Maceira et al., 2010)
RA volume index [mL/m2] 53.81 56.55 +0.05 55 (33,78) (Maceira et al., 2013)

Blood pressure

Central venous pressure [mmHg] 4.66 4.90 +0.05 (1–8) (De Vecchis et al., 2016)
Mean left atrial pressure [mmHg] 6.74 6.94 +0.03 (2–12) (Fowler, 1980)
Mean arterial pressure [mmHg] 92.60 93.39 +0.01 89 ± 8 (McEniery et al., 2005)
Peripheral SBP [mmHg] 127.62 122.87 -0.04 124 ± 10 (McEniery et al., 2005)
Peripheral DBP [mmHg] 73.07 73.43 +0.005 75 ± 8 (McEniery et al., 2005)
Peripheral PP [mmHg] 54.55 49.43 -0.09 49 ± 9 (McEniery et al., 2005)

Blood flow distribution

Cerebral flow [mL/s] 12.37 11.36 -0.08 12.18 ± 2.12 (Ford et al., 2005)
Coronary flow [mL/s] 4.34 4.22 -0.03 4.5 ± 1.36 (Sakamoto et al., 2013)

Table 4.5: Main cardiac and haemodynamic indices I with the ADAVN and ADAVN86
networks in the absence of respiration. LA/RA/LV/RV: left atrium/right atrium/left ven-
tricle/right ventricle; SBP/DBP/PP: systolic/diastolic/pulse pressure. These simulations
were performed under the assumption of null terminal unstressed volumes. Indices were
computed averaging over the cardiac cycle. Var = (IADAVN86−IADAVN)/IADAVN. We color
in green variations with |Var| < 0.05, and in yellow variations with 0.05 ≤ |Var| < 0.1 No
variations with |Var| > 0.1 are present in this table.
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Index ADAVN ADAVN86 Var. References

Ventriculo-arterial coupling indices and stroke work

LV elastance index [mmHg/mL] 2.12 2.07 -0.02 2.3 ± 1 (Chen et al., 1998)
Aortic elastance index [mmHg/mL] 1.23 1.17 -0.05 2.2 ± 0.8 (Chen et al., 1998)
Ventriculo-arterial coupling index 0.58 0.57 -0.02 1.0 ± 0.36 (Chen et al., 1998)
Aortic Pulsatility Index 5.04 5.34 +0.06 >1.45 (Belkin et al., 2021)
LV stroke work [J] 1.05 1.12 +0.07 – –

Chamber volumes and related quantities

Cardiac output [mL/s] 5.78 6.04 +0.05 5.0 ± 1.1 (Patel et al., 2021)
LV stroke volume index [mL/m2] 48.54 50.58 +0.04 44.3 ± 8.7 (Patel et al., 2021)
LV ejection fraction [%] 58.69 59.23 +0.01 60.7 ± 4.2 (Kovalova et al., 2006)
RV stroke volume index [mL/m2] 49.85 51.74 +0.04 39.4 ± 4.55 (Kovalova et al., 2006)
RV ejection fraction [%] 52.98 52.69 -0.01 53.9 ± 7.1 (Kovalova et al., 2006)
LA volume index [mL/m2] 32.01 33.10 +0.03 39 (26,53) (Maceira et al., 2010)
RA volume index [mL/m2] 50.88 53.97 +0.06 55 (33,78) (Maceira et al., 2013)

Blood pressure

Central venous pressure [mmHg] 4.49 5.10 +0.14 (1–8) (De Vecchis et al., 2016)
Mean arterial pressure [mmHg] 93.24 95.30 +0.02 89 ± 8 (McEniery et al., 2005)
Peripheral SBP [mmHg] 127.53 124.98 -0.02 124 ± 10 (McEniery et al., 2005)
Peripheral DBP [mmHg] 74.28 75.81 +0.02 75 ± 8 (McEniery et al., 2005)
Peripheral PP [mmHg] 53.25 49.17 -0.08 49 ± 9 (McEniery et al., 2005)

Blood flow distribution

Cerebral blood flow [mL/s] 12.40 11.42 -0.08 12.18 (2.12) (Ford et al., 2005)
Coronary blood flow [mL/s] 4.62 4.57 -0.01 4.5 (1.36) (Sakamoto et al., 2013)

Table 4.6: Main cardiac and haemodynamic indices I with the ADAVN and ADAVN86
networks in the presence of respiration. LA/RA/LV/RV: left atrium/right atrium/left ven-
tricle/right ventricle; SBP/DBP/PP: systolic/diastolic/pulse pressure. Indices were com-
puted averaging over the respiratory cycle. These simulations were performed under the
assumption of non-zero terminal unstressed volumes. Var = (IADAVN86−IADAVN)/IADAVN.
We color in green variations with |Var| < 0.05, in yellow variations with 0.05 ≤ |Var| < 0.1,
and in red variations with |Var| > 0.1.
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RA RV LA LV

Emin
fw,α 90. 71.5 180. 102.3

Emax
fw,α 255. 640. 357. 3580.8
A0,α 0.02 0.015 0.02 0.015
βα 0.22 0.22 0.22 0.22
nα 10−5 5 · 10−5 10−5 5 · 10−5

Table 4.7: Parameters for the nonlinear heart model. Elastances are expressed in dyn/cm5,
A0,α in mL−1, βα in mmHg and nα in mL−2.

ADAVN86 ADAVN

Index No resp.
linear model

Resp.,
nonlinear model

Var. No resp.
linear model

Resp.,
nonlinear model

Var.

Ventriculo-arterial coupling indices and stroke work

LV elastance index [mmHg/mL] 2.80 2.07 -0.26 2.85 2.12 -0.26
Aortic elastance index [mmHg/mL] 1.18 1.17 -0.01 1.24 1.23 -0.01
Ventriculo-arterial coupling index 0.42 0.56 +0.33 0.43 0.58 +0.35
Aortic Pulsatility Index 4.62 3.86 -0.16 4.24 3.27 -0.23
LV stroke work [J] 1.08 1.08 +0.00 1.03 1.05 +0.02

Chamber volumes and related quantities

Cardiac output [L/min] 6.02 6.04 +0.00 5.81 5.88 +0.01
LV stroke volume index [mL/m2] 49.56 49.85 +0.01 47.90 48.54 +0.01
LV ejection fraction [%] 64.78 59.25 -0.09 64.04 58.74 -0.08
RV stroke volume index [mL/m2] 49.22 50.53 +0.03 47.57 49.61 +0.04
RV ejection fraction [%] 59.91 52.05 -0.13 59.90 52.53 -0.12
LA volume index [mL/m2] 49.66 48.20 -0.03 48.41 46.88 -0.03
RA volume index [mL/m2] 56.62 63.84 +0.13 53.81 60.46 +0.12

Blood pressure

Central venous pressure [mmHg] 4.90 4.70 -0.04 4.67 4.04 -0.14
Mean left atrial pressure [mmHg] 6.95 6.23 -0.10 6.74 5.74 -0.15
Mean arterial pressure [mmHg] 93.48 93.80 +0.00 92.60 93.10 +0.01
Peripheral SBP [mmHg] 122.98 122.93 +0.00 127.62 127.33 +0.00
Peripheral DBP [mmHg] 73.51 74.56 +0.01 73.08 74.12 +0.01
Peripheral PP [mmHg] 49.47 48.36 -0.02 54.55 53.21 -0.02

Blood flow distribution

Cerebral flow [mL/s] 11.37 11.31 -0.01 12.37 12.41 +0.00
Coronary flow [mL/s] 4.24 4.40 +0.04 4.34 4.58 +0.06

Table 4.8: Main cardiac and haemodynamic indices I with the linear and nonlinear heart
model using the ADAVN and ADAVN86 networks. These simulations were performed in
the presence of nonzero terminal unstressed volumes. LA/RA/LV/RV: left atrium/right
atrium/left ventricle/right ventricle; SBP/DBP/PP: systolic/diastolic/pulse pressure. In-
dices were computed averaging over the cardiac cycle. Var = (INL − IL)/IL. We color in
green variations with |Var| < 0.05, in yellow variations with 0.05 ≤ |Var| < 0.1, and in red
variations with |Var| > 0.1.
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Index Linear no resp Linear resp VarL Nonlinear resp VarNL

Ventriculo-arterial coupling indices and stroke work

LV elastance [mmHg/mL] 2.80 2.60 -0.07 2.67 -0.05
Aortic elastance [mmHg/mL] 1.18 1.15 -0.03 1.18 +0.00
Ea / ELV ratio 0.42 0.44 +0.05 0.44 +0.05
Aortic Pulsatility Index 4.62 7.57 +0.64 4.95 +0.07
LV stroke work [J] 1.08 1.76 +0.63 1.24 +0.15

Chamber volumes and related quantities

Cardiac output [L/min] 6.025 7.68 +0.27 6.39 +0.06
LV SVI [mL/m2] 49.56 63.10 +0.27 52.78 +0.06
LV EF [%] 64.78 64.99 +0.00 64.27 -0.01
RV SVI [mL/m2] 49.22 63.77 +0.30 53.79 +0.09
RV EF [%] 59.91 59.74 -0.00 58.03 -0.03
LA volume index [mL/m2] 49.66 68.51 +0.38 62.38 +0.26
RA volume index [mL/m2] 56.62 84.71 +0.50 76.09 +0.34

Blood pressure

Central venous pressure [mmHg] 4.90 2.77 -0.43 4.31 -0.12
Mean arterial pressure [mmHg] 93.48 115.77 +0.24 98.86 +0.06
Peripheral SBP [mmHg] 122.98 159.50 +0.30 130.31 +0.06
Peripheral DBP [mmHg] 73.51 88.37 +0.20 77.94 +0.06
Peripheral PP [mmHg] 49.47 71.13 +0.44 52.36 +0.06

Blood flow distribution

Cerebral blood flow [mL/s] 11.37 14.39 +0.27 11.70 +0.03
Coronary blood flow [mL/s] 4.24 5.68 +0.34 4.65 +0.10

Table 4.9: Main cardiac and haemodynamic indices I obtained with the linear and
nonlinear heart model, using the elastances reported in Müller et al. (2023). These
simulations were performed in the presence of nonzero terminal unstressed volumes.
LA/RA/LV/RV: left atrium/right atrium/left ventricle/right ventricle; SBP/DBP/PP:
systolic/diastolic/pulse pressure. Indices were computed averaging over the respiratory
cycle. VarL = (Linear resp – Linear no resp)/Linear no resp; VarNL = (Nonlinear resp –
Linear no resp)/Linear no resp. We color in green variations with |Var| < 0.1, in yellow
variations with 0.1 ≤ |Var| ≤ 0.3, and in red variations with |Var| > 0.3.
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4.3 Modelling gas transport and exchange: model parametrisation,
verification and validation

We describe in this section the parametrisation and validation of the gas transport and
exchange modules presented in sections 2.2.2 and 2.3.6. In particular, in addition to
reporting the parametrisation adopted for the baseline lung gas-exchange model described
in section 2.3.6.1, we present our parametrisation strategy for the peripheral exchange
model illustrated in section 2.3.6.2, which leverages the anatomical detail provided by the
ADAVN86 vascular network. In section 4.3.2, we test the resulting modelling framework.

4.3.1 Parametrisation

4.3.1.1 Gas exchange in the lungs

The parametrisation employed for the lung exchange module is the same as that proposed
by Albanese et al. (2016). Table 4.10 reports the considered parameters.

Oxygen Carbon dioxide

Dissociation curves

Gas saturation capacity ϕsat,gas
[ mLgas

(mLblood

]
0.2045 1.9564

Hill coefficient hgas 0.3836 1.819
Dissociation slope αgas [mmHg−1] 0.0320 0.0559
Dissociation intercept βgas [mmHg−1] 0.0083 0.0326
Dissociation constant kgas [mmHg] 14.99 194.4

Lung gas exchange

Fraction of inspired gas Fi,gas [%] 21.04 0.0421
Gas exchange coefficient Kgas

[ mLgas
(mLblood·s·mmHg)

]
2.28 65.60

Constant for volume conversion K 1.2103
Atmospheric pressure Patm [mmHg] 760
Water vapour pressure Pws [mmHg] 47
Haemoglobin concentration hgb [g · mL−1] 0.15

Table 4.10: Parameters employed for the lung exchange module.

4.3.1.2 Gas exchange in peripheral capillaries

Two distinct parametrisations of the peripheral exchange model are examined. The first
follows the formulation introduced in Albanese et al. (2016) (Parametrisation 1), whereas
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O2 consumption [mL/min] CO2 production [mL/min] Tissue volume [mL]

Splanchnic 108.4190 91.0720 2673
Extrasplanchnic 14.6830 12.3337 262
Skeletal muscle 51.60 43.3440 31200
Brain 47.5020 39.9017 1300
Coronaries 24 20.16 284

Table 4.11: Tissue gas exchange parameters (Parametrisation 1).

the second is constructed to take advantage of the anatomical resolution offered by the
ADAVN86 vascular network (Parametrisation 2). In particular, we need to provide suitable
definitions for the metabolic gas production and consumption rates, namely ṀCO2 and ṀO2

in equations (2.152) and (2.151) (section 2.3.6.2), and for the tissue volumes employed in
equation (2.153) (section 2.3.6.2) to derive gas concentrations in peripheral terminals.

4.3.1.2.1 Parametrisation 1

Albanese et al. (2016) considers five regions (coronary vessels, brain vessels, skeletal
muscle vessels, splanchnic and extrasplanchnic vessels) corresponding to the venous pool
subdivision. Compartmental tissue volumes Vtissue are assigned based on literature data.
Values for the oxygen consumption rates ṀO2 in the cerebral, coronary and skeletal muscle
compartments are based on those reported by Albanese et al. (2016); Ursino and Magosso
(2000); Magosso and Ursino (2001), and those for the splanchnic and extrasplanchnic
compartments are computed under the assumption of a total oxygen uptake of 250 ml/min,
together with the reported ratio ṀO2,sp/ṀO2,ep = 7.384 (Ottesen et al., 2004). The values
for ṀCO2 are computed assuming a respiratory quotient of 0.84. Parameters are reported
in table 4.11. It is worth noting that the total tissue volume represented in Albanese et al.
(2016) amounts to 35719 mL, which implies that the perfusion of adipose tissue, bone,
bone marrow, cartilage, and skin is not included. From a modelling perspective, adopting
the Albanese framework requires distributing both the perfused tissue volume and the
metabolic gas production/consumption rates across all terminals present in the ADAVN86
vascular network within each considered region in a physiologically meaningful manner, for
example, proportionally to the fraction of blood flow entering their venous compartment.

4.3.1.2.2 Parametrisation 2

The parametrisation presented above is tailored to a compartmental model, where cir-
culatory districts are described through few compartments. Thanks to the anatomical
detail encoded in the ADAVN86 vascular network, we propose different parametrisation
approach. In what follows, we outline the derivation of suitable gas metabolic rates and
tissue volumes for each terminal.
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Metabolic rates

Oxygen delivery from the lungs to the tissues depends on cardiac output, haemoglobin
concentration, and on the efficiency of pulmonary oxygenation. Importantly, only a portion
of the oxygen carried in the blood is actually released to tissues. The Fick’s principle
provides a way to quantify oxygen consumption by relating it to the cardiac output or the
flow to a specific tissue, and the arteriovenous difference in oxygen content (Raikhelkar
et al., 2011)

ṀO2 = q × (ϕartery,O2 − ϕvein,O2). (4.15)

Under typical physiological conditions, ϕartery,O2 ≃ 20vol% and ϕvein,O2 ≃ 15vol%, implying
that tissues consume on average around 5vol% of the delivered oxygen (that is, 50 mL of
O2 per litre of blood). For a cardiac output of approximately 5L/min this yields

ṀO2 = 5L/min × 50mL/L = 250mL/min. (4.16)

Clearly, oxygen extraction increases with exercise, and it is well established that metabol-
ically active organs such as the heart and brain have higher oxygen extraction rates.

We report in table 4.12 literature values for the arteriovenous oxygen difference in six
regions of the body, combining the skeletal muscle-skin compartments, since their perfu-
sion cannot be distinguished in our model. Reported values are not sex-specific, and the
author acknowledges the presence of considerable inter-individual variation. The oxygen
consumption rate associated with each terminal is computed using equation (4.15), where q
denotes the blood flow entering the terminal venous compartment, and ϕartery,O2 −ϕvein,O2

represents the expected arterio-venous oxygen difference in the region in which the terminal
is located. Here, each terminal belongs to at most one region. Metabolic CO2 production is
computed under the assumption of a 0.84 respiratory quotient, which indicates a balanced
metabolism

ṀCO2 = 0.84ṀO2 . (4.17)

Table 4.13 shows the metabolic rates obtained for each region with the ADAVN86 model
along with the total flow rates entering the venous compartments present in each region.
These metabolic rates are not the result of a full simulation. Rather, they arise directly from
the parametrisation procedure, being computed as the product of the haemodynamically
simulated flow entering each region and the corresponding arteriovenous oxygen difference.

Tissue volumes

Tissue volumes perfused by each terminal, which are required to estimate venous gas
concentration according to equation (2.153) in section 2.3.6.2, are defined in such a way
that takes advantage of the anatomical definition of both the ADAVN and ADAVN86
networks. They are defined from mass literature data for adult males (Valentin, 2002)
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Region Arteriovenous O2 difference Venous O2 content Reference

Coronary 12.5 mL/dL 6.5 mL/dL Kung-Ming (2026)
Brain 6.7 mL/dL 12.3 mL/dL Kung-Ming (2026)
Splanchnic 4.2 mL/dL 14.8 mL/dL Kung-Ming (2026)
Renal 1.4 mL/dL 17.6 mL/dL Kung-Ming (2026)
Skeletal muscle 7.1 mL/dL 11.9 mL/dL Kung-Ming (2026)
Skin 1.2 mL/dL 17.8 mL/dL Kung-Ming (2026)
Other 3.0 mL/dL 16 mL/dL Kung-Ming (2026)

Table 4.12: Arteriovenous oxygen difference and venous oxygen content in the main vascu-
lar regions. The way our model is structured makes it impossible to split the skeletal muscle
and cutaneous circulations. Consequently, we define the metabolic rate for the combined
skin-muscle compartment accounting for the fact that of CO perfusing these two tissues,
77% perfuses the muscle, and 23% the skin (Valentin, 2002). A reasonable overall arteri-
ovenous oxygen difference can be computed as ϕartery,O2 −ϕvein,O2 = 0.77×7.1+0.23×1.2 =
5.743 mL/dL.

Region O2 consumption Total flow O2 consumption rate [mL/min]
rate [mL/min] rate [mL/s] (Albanese et al. (2016))

Coronary 31.66 4.22 24
Brain 41.06 10.21 47.5020
Splanchnic 76.73 30.44 108.4190
Renal 21.31 25.37 14.683
Skin-muscle 103.55 30.05 51.60

Table 4.13: Metabolic rates and total flow rates entering the venous compartments present
in each region (Parametrisation 2). Total metabolic rate with the new parametrisation is
274.32 mL/min, for a CO of 6.02 L/min. This results in an average arteriovenous oxygen
difference of 4.56 mL/dL.
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under the assumption that the tissue density is uniform and equal to 1 g/cm3, so that the
total tissue mass is equal to the total tissue volume. Analogous datasets for newborns,
children, adolescent and adult females, and adolescent males are also provided in Valentin
(2002). The assumption of 1 g/cm3 average tissue density may be refined, depending on the
application, to incorporate variations in body-fat composition related e.g. to age and sex,
as well as differences in individual tissue densities (Durnin and Womersley, 1974; Zemel,
2022). We consider a total tissue volume of 73L, 63L of which (86.43%) are involved in gas
exchange (see table 4.14). We exclude separable connective tissues and certain lymphatic
tissues, the contents of the stomach, intestines and gallbladder, the upper airways and
lungs, and blood. The volume involved in gas exchange is split among 25 regions, 8 of
which do not contain 0D terminals in the ADAVN86 model. We assume that excess volume
in the limb is distributed among the existing limb terminals, while volume associated
to the adrenals and diaphragm is distributed among the intercostal, liver, intestine and
kidney regions, similar to the approach we followed for distributing excess flow rate during
the calibration of the haemodynamics. Tissue volumes are distributed among the venous
compartments of each terminal proportionally to the blood flow fraction entering them:

TVj
i,reg = TVreg

qjin,v,i∑
j∈reg

∑
i∈j q

j
in,v,i

, (4.18)

with TVj
i,reg tissue volume perfused by the i − th compartment of the j − th terminal in

region reg, TVreg total tissue volume in region reg, and qjin,v,i flow entering the i−th venous
compartment of terminal j in region reg. ∑j∈reg

∑
i∈j q

j
in,v,i corresponds to the total flow

rate entering the venous compartments of terminals present in region reg. Flow rates are
precomputed from a reference haemodynamic simulation. In the ADAVN86 network, due
to the low anatomical resolution of the abdominal vasculature, the stomach, intestines,
liver and pancreas are perfused by the same terminal. As a consequence, TVj

i is actually
the sum of per-region contributions.

4.3.2 Results and discussion

4.3.2.1 Transport model

We evaluate the transport module using a test bolus, a procedure commonly employed in
the clinical practice to determine, prior to contrast-enhanced CT and MRI examinations,
the time required for the contrast agent to travel from the injection site to the target
vessel (Fischer et al., 2022; Bae, 2010). In order to reproduce this scenario, we simulate
the injection of 20 mass units (UM) of contrast medium into the antecubital vein (see
figure 4.28), at a constant rate, over 1, 5, and 10 seconds. Bolus injection start at time
t = 50 s, and the simulation ends at time t = 400 s. Simulations are performed on both the
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Mass [g] % of total mass ADAVN regions Presence in ADAVN86

Organs 5621 7.7

Adrenals 14 0.02 32, 33 X
Stomach 150 0.21 35 ✓

Intestines 1020 1.4 40 ✓

Liver 1800 2.47 34 ✓

Pancreas 140 0.19 37 ✓

Brain 1450 1.99 2,3,4,5,6 ✓

Heart 330 0.45 26,27,28 ✓

Spleen 150 0.21 36 ✓

Kidneys 310 0.42 38,39 ✓

Diaphragm 256 0.35 25 X
Head 2813 3.85 1,7,8,9 ✓

Distributed organs 57472 78.73

Trunk 16616 22.76 20,21,22,23,24,29,30,31 ✓

41,42,43,44,45,46,47,48
Right arm 1876 2.57 10,11,12 X
Right forearm 1098 1.5 13 ✓

Right hand 408 0.56 14 X
Left arm 1876 2.57 15,16,17 X
Left forearm 1098 1.5 18 ✓

Left hand 408 0.56 19 X
Pelvis 10016 13.72 49 ✓

Right thigh 7069 9.68 50,51,52,53 ✓

Right leg 2766 3.79 54 ✓

Right foot 797 1.09 55 X
Left thigh 7069 9.68 56,57,58,59 ✓

Left leg 2766 3.79 60 ✓

Left foot 797 1.09 61 X

Table 4.14: Tissue regions involved in gas exchange. Note that eight of them do not contain
terminals in ADAVN86.
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ADAVN86 (sections 2.1.4, 4.2.1.1) and ADAVN (section 2.1.3) vascular networks, in the
presence of respiration, using the nonlinear cardiac model introduced in section 2.3.1.2.

We perform the injection of a mass Mϕi,j of tracer i at the level of a vessel junction j by
enforcing that

ṀTOT
ϕi,j,In = ṀBLOOD

ϕi,j,In + Ṁ INJ
ϕi,j,In, (4.19)

where ṀTOT
ϕi,j,In

is the total incoming tracer mass flow (UM/s), composed of the tracer
already present in the blood (ṀBLOOD

ϕi,j,In
) and by the injected one (Ṁ INJ

ϕi,j,In
). The injection

term Ṁ INJ
ϕi,j,In

is defined so that the desired mass Mϕi,j of tracer is injected over the specified
time interval.

Assuming uniform mixing at the junction, the tracer concentration ϕi,j in outlet vessels
(in this case the antecubital vein) is computed as

ϕi,j = −
ṀTOT
ϕi,j,In

Qj,Out
(4.20)

whenever Qj,Out ̸= 0.

For this test, we are not injecting a volume of fluid along with the tracer mass, i.e. we
are not perturbing total fluid volume within the circulation. This choice was motivated
by the fact that small boluses, such as the ones we are considering, do not perturb the
haemodynamics (Bae, 2010).

Through this test, we aim to verify the following hypotheses:

(1) At steady state, the distribution of tracer mass across the system (arteries, veins,
terminals, heart, pulmonary circulation) is expected to mirror the underlying blood
volume distribution, with total mass conserved over time.

(2) Following bolus injection, the time to peak (TTP) tracer mass in the aortic arch
should be approximately 19.1 ± 3.5 seconds for a 20 UM bolus administered over
5 seconds, consistent with reported values (Fischer et al., 2022). This peak time,
measured from the beginning of the injection, is expected to increase with longer
injection durations. Furthermore, for a fixed total amount of contrast medium, a
faster injection rate should produce a higher peak value (Weininger et al., 2011; Bae,
2010; Erturk et al., 2008). Note that TTPs are reported in the literature for aortic
enhancement (HU), which can be regarded as proportional to tracer mass.

Figure 4.29 compares the tracer mass and blood volume distributions across vascular com-
partments, demonstrating close agreement and thereby supporting hypothesis (1). Figure
4.31 shows the percent relative error in total tracer mass, which remains on the order of
10−9, verifying mass conservation (for additional considerations we refer to section 3.1.1).
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Aortic root

Antecubital vein

Figure 4.28: Setup of the bolus test: tracer is injected into the antecubital vein, transit
times are measured in the aortic arch.
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Figure 4.29: Comparison between tracer mass and blood volume distributions at the final
respiratory cycle.

We report in figure 4.30 the transient distribution of tracer mass following the start of the
injection.

Figure 4.33 shows the tracer mass arrival in the aortic arch following injections lasting
1, 5 and 10 seconds. Consistent with hypothesis (2), we observe that the TTP increases
with longer injection durations, which are also associated with lower peak values. The
TTP obtained for the 5 seconds injection, 14.8 s, is lower than the 19.1 ± 3.5 seconds
reported by Fischer et al. (2022). However, the reported value corresponds to a cohort of
patients aged 62±16, who underwent CCTA for suspected coronary artery disease. Results
reported by François et al. (2003) show that TTPs are significantly longer (approximately
33%) for patients with CAD, suggesting that a reasonable comparison value would be on
the order of 19.1

1.33 ≃ 14.4 seconds, which is in close agreement with the 14.8 s obtained in
our simulation.

In addition, we compare in figure 4.34 results obtained with the ADAVN86 network to
results obtained using the ADAVN one, confirming that, even though there is a slight
difference in peak timing and amplitude, the parametrisation adopted for the reduced
network generates satisfactory results. Indeed, the parametrisation strategy illustrated
in section 4.2.1.1 for the ADAVN86 network was specifically devised to ensure that the
resulting upper and lower limb blood flow fractions remain consistent with those produced
by the original ADAVN model.

In order to expand our validation, we report in figure 4.35 results obtained by injecting a

- 165 -



Chapter 4. Model verification, validation and applications

60 80 100 120 140 160 180 200
Time (s)

0.0

0.2

0.4

0.6

0.8

1.0

M
as

s f
ra

ct
io

n

Mass distribution in the blood compartments, ADAVN86 5s

Total
Arteries
Veins
Heart
Pulmonary vessels
Terminals
Coronary terminals

Figure 4.30: Tracer mass
distribution in the blood
compartments.

50 100 150 200 250 300 350 400
Time (s)

1.5

1.0

0.5

0.0

0.5

1.0

1.5

2.0

M
as

s (
%

 e
rro

r: 
M

M
0

M
0

10
0)

1e 9 Relative error in total tracer mass

ADAVN86 1s
ADAVN86 5s
ADAVN86 10s

Figure 4.31: Percent rel-
ative error in total tracer
mass.

- 166 -



4.3. Modelling gas transport and exchange: model parametrisation, verification and
validation

0 25 50 75 100 125 150 175
Time after the start of injection (s)

0

50

100

150

200

250

300

350

Ao
rti

c 
En

ha
nc

em
en

t (
HU

)

5 UM/s
3 UM/s
1 UM/s

Figure 4.32: Aortic root
enhancement curves adapted
from Bae (2010) for three in-
jection protocols: 125 UM of
tracer injected at a constant
rate over 25, 41, 125 seconds,
i.e. at 5 UM/s, 3 UM/s, 1
UM/s.

larger amount of tracer medium (125 UM) over longer injection periods, namely 25, 41 and
125 seconds, showing a good correspondence with the computer simulation data obtained
by Bae (2010) through a physiologically based pharmacokinetic model, reported in figure
4.32 for an analogous setup. In particular, times to peak contrast enhancement reported
by Bae (2010) are around 35, 50 and 135 seconds after the start of injection, while the ones
we obtain are 31.6, 47.6 and 131.6 seconds.

Additionally, we obtain comparable mass profiles. A more direct comparison with re-
sults reported by Bae (2010) would require modelling the redistribution of tracer from the
vascular to the interstitial spaces, as well as incorporating tracer clearance mechanisms.
We currently only account for mixing effects at junctions and in lumped parameter models
such as peripheral terminals, heart and pulmonary circulation. In addition, we would have
to account for haemodynamic perturbation caused by bolus injections.

4.3.2.2 Cardiopulmonary model with gas transport and exchange

We evaluate the combined gas transport and exchange model by simulating a physiological
condition that includes a 1.7% pulmonary shunt, consistent with the setup used by Albanese
et al. (2016), which accounts for the oxygen partial pressure drop that is commonly observed
between the alveoli and systemic arteries (Hantzidiamantis and Amaro, 2019; Hall and
Halle, 2020). As the haemodynamic portion of the model is not affected, at this stage, by
the presence of gas transport and exchange, we refer to section 4.2 for the parametrisation
and verification of the model obtained combining the ADAVN86 vascular network (section
2.1.4) with the nonlinear cardiac model introduced in section 2.3.1.2, and to section 4.1
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for a validation against physiological literature data for the ADAVN vascular network.
Simulations are initialized by prescribing in all 0D lumped parameter models the gas
concentration values obtained through our implementation of the model by Albanese et al.
(2016) 1.

Table 4.15 summarizes the main outputs of the model, reported as average values over a
respiratory cycle. In addition, figure 4.36 shows the time profiles of gas partial pressures
in the alveoli, pulmonary circulation, heart, aortic root, and inferior vena cava.

Alveolar partial pressures (figure 4.36, ALV) follow the expected physiological behaviour
described in the literature (Comroe et al., 1977) and are consistent with previous modelling
studies (Albanese et al., 2016). At the onset of inspiration, when dead-space air enters the
alveoli, PA,O2 drops to a minimum while PA,CO2 peaks. Shortly after, as inspired air
reaches the alveoli, PA,O2 rapidly increases and PA,CO2 decreases, with their respective
maximum and minimum values occurring at end-inspiration. During expiration, when no
fresh air enters the alveoli, the opposite behaviour is observed. As noted by Albanese
et al. (2016), a direct comparison with physiological pressure tracings is not possible,
since computational results include cardiac-induced pressure variations. These oscillations
generate plateau-like segments superimposed on the otherwise monotonic inspiratory and
expiratory patterns, and are typically omitted in physiological textbook representations.
Therefore, our observations refer to the overall trend of the simulated gas partial pressure
waveforms.

1Laudenzi et al. (2025b)
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Gas exchange occurs across the haemato-alveolar membrane in the pulmonary capillaries
(figure 4.36, PC), where PPC,O2 rises from 37.19 mmHg to 104.3 mmHg, and PPC,CO2

decreases from about 36.01 mmHg to 34.98 mmHg. The oxygenated blood then flows
through the pulmonary veins, where oxygen partial pressure differs markedly between the
simulations with (81.94 mmHg) and without (103.21 mmHg) a pulmonary shunt. Blood
subsequently enters the left atrium and ventricle before being ejected into the aortic root.

Peripheral gas exchange is reflected in the steep drop in oxygen partial pressure between
the aortic and caval compartments, with deoxygenated blood returning to the right atrium
via the coronary sinus and venae cavae. In particular, as illustrated in (figure 4.36, IVC),
PO2 in the IVC is approximately 40.13 mmHg, consistent with literature data, and PCO2

is 35.37 mmHg, lower than the expected 46 mmHg Nevertheless, the corresponding CO2
concentration remains close to the physiological reference (0.48 mLgas/mLblood compared
with an expected 0.52 mLgas/mLblood). These discrepancies in partial pressures arise from
the fact that the dissociation functions we employ are extremely sensitive to small variations
in concentration (< 10−3). As a consequence, a simulation where gas concentrations have
not reached a perfect steady state, as seems true in our case for CO2 (see figure 4.36, panel
PA), may produce biased partial pressure values.

Compared to the model by Albanese et al. (2016), our formulation explicitly represents
gas transit within the pulmonary arteries, capillaries, veins, and the heart, whereas Al-
banese’s approach treats these pathways as instantaneous. We also drop the assumption of
instantaneous equilibrium between the alveolar space and capillary blood. As a result, we
observe a temporal shift between the partial pressure curves in the pulmonary capillaries
and in the aortic root of around 3-4 s. These results are consistent with the pulmonary
transit times (time blood takes to pass from the right ventricle to the left ventricle via pul-
monary circulation) of 5.9-7.9 s reported by Segeroth et al. (2023). Previous work suggests
that roughly 70% of this interval is spent in the pulmonary capillaries and veins (Moore
et al., 2023), corresponding to ≈ 4.25 s. Subtracting a capillary transit time of ≈ 0.75
s (Patel and Patel, 2023) yields an estimate of ≈ 3.5 s for the pulmonary venous transit
time, under the simplifying assumption of negligible intracardiac transit. Since right- and
left-ventricular transit times at rest are each on the order of 0.4-0.6 s, this assumption
slightly overestimates venous transit, but does not affect our interpretation of the observed
3-4 s temporal shift. Indeed, this delay already encompasses pulmonary venous and intrac-
ardiac transit, so no additional correction is required when comparing it to literature-based
estimates of the post-capillary pulmonary compartment.
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Variable Model simulation Reference

No shunt 1.7% shunt
Aortic PO2 [mmHg] 103.23 82.03 75-100 (McGee and Franco-McKinney)
Aortic PCO2 [mmHg] 34.42 32.92 35-45 (McGee and Franco-McKinney)
Aortic CO2 [mLgas/mLblood] 0.19 0.2 0.17-0.2 (McGee and Franco-McKinney)
Aortic CCO2 [mLgas/mLblood] 0.46 0.45 0.48 (Arthurs and Sudhakar, 2005)
IVC PO2 [mmHg] 41.92 40.13 40 (Albanese et al., 2016)
IVC PCO2 [mmHg] 36.3 35.37 46 (Albanese et al., 2016)
IVC CO2 [mLgas/mLblood] 0.16 0.16 0.12-0.15 (McGee and Franco-McKinney)
IVC CCO2 [mLgas/mLblood] 0.48 0.48 0.52 (Arthurs and Sudhakar, 2005)
Alveolar PO2 [mmHg] 106.05 106.28 104 (Albanese et al., 2016)
Alveolar PCO2 [mmHg] 34.36 34.93 38-42 (Arthurs and Sudhakar, 2005)

Table 4.15: Mean values of main gas composition variables obtained in the presence and
absence of the pulmonary shunt.
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4.4 Cerebral local autoregulation

This section focuses on validating the cerebral local autoregulation models we presented
in section 2.3.7.

Before presenting the validation results, we briefly recall the main physiological mech-
anisms underlying cerebral autoregulation. As illustrated by Payne (2016), steady-state
cerebral blood flow (CBF) remains relatively constant across a broad range of arterial
blood pressure values (MAP), yet it also responds dynamically to several additional stim-
uli. Notably, alterations in PaCO2 can cause substantial changes in CBF, while variations
in cardiac output and shifts in neural activity further modulate cerebral perfusion. These
regulatory behaviours arise from three principal mechanisms of cerebral autoregulation
which interact to maintain adequate and stable cerebral blood flow and oxygenation under
varying physiological conditions: myogenic, metabolic, and neurogenic pathways (Payne,
2016; Claassen et al., 2021). The myogenic response reflects the intrinsic ability of cerebral
vessels to actively adjust their tone in reaction to changes in MAP, thereby stabilizing
flow. In response to reductions in MAP, vessels reduce their myogenic tone and increase
their diameter, thus reducing resistance. The opposite occurs in response to an increase
in MAP. The metabolic response is triggered when a mismatch develops between oxy-
gen supply and the metabolic demands of neural tissue. In particular, brain perfusion is
very sensitive to hypercapnia, which produces vasodilation, and hypocapnia, which reduces
CBF. In addition, the cerebral vasculature responds to variations in PaO2 : hypoxia leads
to vasodilation, which is strengthened in the presence of hypercapnia, and attenuated in
the presence of hypocapnia Claassen et al. (2021). The neurogenic component of cerebral
autoregulation remains less well understood.

Model validation will follow the structure outlined below. We start by testing, on the
ADAVN86 network, the myogenic autoregulation model by Ursino and Giannessi (2010),
which will be applied in chapter 4.5 to reproduce the hyperaemic response observed in foot
angiosomes following a cuff-induced ischaemia test. We then incorporate the metabolic
autoregulation model proposed in the same work, and test it under hypercapnic condi-
tions. Finally , we test the metabolic autoregulation model by Magosso and Ursino (2001),
in order to assess how it responds both to perturbations in gas concentrations and to
perturbations in mean arterial pressure.

4.4.1 Myogenic autoregulation model

In this section, we validate the myogenic autoregulation model introduced in section 2.3.7.1.
This model responds to variations in cerebral arterial flow rate by modulating terminal
compliances. The variation of compliance in time alters terminal stretched blood volumes.
Given that stretched blood volume is proportional to the inverse square root of resistance
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(Toro et al., 2022), variations in compliance translate directly into adjustments of terminal
vascular resistances.

A classical test for assessing the validity of a myogenic autoregulation model is its ability
to reproduce the static autoregulation curve first introduced by Lassen (1959) (Lassen
curve), which relates changes in cerebral perfusion pressure to corresponding changes in
cerebral blood flow. This curve is characterised by a lower limit, where vessels reach
maximal dilation; an upper limit, where they achieve maximal constriction; and a broad
plateau region in which CBF varies very little despite substantial changes in MAP. This
behaviour arises from active adjustments in vascular compliance, which modulate vessel
diameter and thereby stabilize flow.

4.4.1.1 Simulations setup

Since our simulations are performed within a closed-loop framework, mean arterial pressure
cannot be treated as an external input to the system, unlike in traditional assessments of
cerebral autoregulation. As a consequence, to explore how autoregulation behaves without
directly forcing pressure changes, we adjust all peripheral resistances except those in the
brain, thus shifting systemic haemodynamic in a controlled way. We examine several
setups, grouping them according to whether ICP is kept constant and whether respiration
is active:

(1) Inactive respiration, constant ICP;
(2) Inactive respiration, ICP modulated according to the model in Müller et al. (2023);
(3) Active respiration, constant ICP;
(4) Active respiration, ICP modulated according to the model in Müller et al. (2023).

In setups (2) and (3), we also compare the outcomes obtained when autoregulation monitors
the cardiac/respiratory-cycle averaged flow rate versus its instantaneous value. Since the
myogenic response is modelled through a low-pass filter, both choices should provide enough
smoothing for the mechanism to behave consistently.

Autoregulation parameters are chosen as illustrated in table 4.16, and all peripheral
resistances except for cerebral ones are multiplied by factors 0.4, 0.6, 0.8, 1.0, 1.2, 1.4,
1.6, 1.8, 2.0. Simulations are performed over 200 seconds, with ICP modulation starting
at t = 40 s, resistances being modified at t = 72 s, and myogenic autoregulation being
activated at t = 50 s.

Terminal vessels where autoregulation is applied are shown in black in figure 4.37.
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Figure 4.37: Cerebral arteries
(black). Autoregulation is ap-
plied to the terminal compart-
ments that connect them to
cerebral veins (in blue).

Parameter sat1 [-] sat2 [-] Greg [-] τ [s] kmult [-] CBFref [mL/s]

Value 0.4 2. 0.9 20. 0.5 10.25

Table 4.16: Parameters employed for the validation of the myogenic autoregulation model
by Ursino and Giannessi (2010).
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4.4.1.2 Results and discussion

We report in figure 4.38 the static autoregulation curve obtained for setups (1) and (2),
and in figures 4.39, 4.40 the response of cerebral vasculature to a sudden variation in
mean arterial pressure. Finally, in figures 4.41 and 4.42 we report the corresponding time
profiles of intracranial pressure and total cerebral blood volume, obtained respectively with
constant and variable ICP models.

These results lead to several observations, especially regarding the impact of the ICP
model employed for simulations. Indeed, while we can reasonably reproduce the static
autoregulatory behaviour, especially for setup (1), we note a significant difference between
results obtained with constant (setup (1)) and variable (setup (2)) intracranial pressures.

When ICP is treated as a fixed quantity, as in the generation of autoregulation curves
reported by Ursino and Lodi (1998), the only mechanism available to buffer increases in
cerebral blood volume is arteriolar vasoconstriction. This test allows us to assess, as a
consequence, the impact of MAP fluctuations on CBF, without other mechanisms entering
into play. Under these conditions, any rise in MAP produces an immediate increase in
cerebral perfusion pressure (CPP = MAP − ICP) and therefore a transient increase in
cerebral blood flow. This initial overshoot is followed by autoregulatory vasoconstriction,
which decreases cerebral compliances, increases cerebrovascular resistance and reduces CBF
from its peak back toward baseline levels. As MAP continues to rise and autoregulatory
capacity becomes saturated, which in our case occurs for MAP levels above 122 mmHg
(figure 4.39), arteriolar compliance can no longer decrease. Beyond this point, further
increases in MAP lead to passive vascular distension, producing a pronounced rise in CBF,
accompanied by a marked increase in cerebral blood volume (figure 4.41). This is consistent
with the reduction in cerebrovascular resistance observed at very high MAP levels (figure
4.39).

The behaviour changes when ICP is allowed to vary, mirroring cerebral physiology more
closely. We recall that the time rate of change of intracranial pressure, in this case, is given
by a monoexponential relationship

ICP = ICPref exp(kICP(VIC − VIC,ref )), (4.21)

with VIC , VIC,ref current and reference intracranial volumes, ICPref reference intracranial
pressure and kICP experimentally determined coefficient, which we assume equal to 0.15
mL−1 (Toro et al., 2022). As mentioned above, as MAP increases, cerebral vessels constrict
in response to the transient rise in cerebral blood flow, restoring it toward baseline. The
initial rise in CBF is accompanied by transient increases in both ICP and cerebral blood
volume; however, as long as autoregulatory capacity is preserved, both variables return
close to baseline (figure 4.42). Once the upper limit of autoregulation is exceeded (MAP
> 123 mmHg), further vasoconstriction is no longer possible, and neither resistance nor
compliance can adjust further (figure 4.40). As a result, CBF increases, although to a lesser
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Figure 4.38: Static autoregulation curve obtained for simulation setups (1) and (2).

extent than in the constant ICP case, giving the impression of a stronger autoregulatory
effect (figure 4.38). This apparent enhancement is explained by the marked increase in ICP
observed at high MAP values, expected when autoregulation is impaired due to the passive
dilation of vessels (Tsigaras et al., 2023; Ruesch et al., 2021). Indeed, because cerebral
perfusion pressure is defined as CPP = MAP − ICP, the rise in ICP partially offsets the
increase in MAP, thereby buffering the increase in CPP and limiting the corresponding
rise in CBF (Chan et al., 1992). This behaviour can be related to several reasons: on the
one hand, we might be considering an excessively stiff cranial compartment, which would
result in steeper pressure variations. On the other hand, we are neglecting the effect of
CSF reabsorption on ICP, whose rate depends on the difference between intracranial and
dural sinus pressure (Toro et al., 2022).

The behaviour observed in the presence of respiration is in general very similar. Indeed,
figure 4.43, which collects the static autoregulation curves for scenarios (2) and (4), demon-
strates a consistent steady-state behaviour of autoregulation with and without respiration.
We report for completeness, in figure 4.44, curves for mean arterial pressure, total CBF,
cerebral resistances and compliances at varying resistance values, obtained for scenario (4).
However, the choice of averaged monitored quantities poses some problems: the duration
of the respiratory cycle, in this case 4 s, is too close to the autoregulation time constant
τ = 20 s. When the autoregulatory mechanism is far from saturation, this causes spurious
oscillations which disappear for larger values of τ (figures 4.45, 4.46). As a consequence,
simulations presented in the following section, which require the presence of respiration,
will be performed with instantaneous monitored quantities.
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Figure 4.39: Mean arterial pressure, total cerebral blood flow and total cerebral resistances
and compliances at varying resistance values, setup (1).
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Figure 4.40: Mean arterial pressure, total cerebral blood flow and total cerebral resistances
and compliances at varying resistance values, setup (2).
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Figure 4.41: Intracranial pressure and volume at different levels of MAP, in the absence of
respiration, with constant ICP.
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Figure 4.42: Intracranial pressure and volume at different levels of MAP, in the absence of
respiration, with variable ICP (Müller et al., 2023).
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Figure 4.43: Static autoregulation
curve obtained for simulation setups (2)
and (4).
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Figure 4.44: Mean arterial pressure, total cerebral blood flow and total cerebral resistances
and compliances obtained for setup (4) at varying MAP levels.
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Figure 4.45: Mean arterial pressure, total cerebral blood flow and total cerebral resistances
and compliances obtained for setup (3) at varying MAP levels.
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Figure 4.46: Mean arterial pressure, total cerebral blood flow and total cerebral resistances
and compliances obtained for setup (3) at varying values of τ .
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4.4.1.3 Main findings

We evaluated the myogenic autoregulation model by reproducing Lassen’s static autoreg-
ulation curve, which relates changes in MAP to corresponding changes in CBF.

• The model successfully reproduced the autoregulation curve, both in the presence
and absence of respiration, provided that instantaneous monitored blood flow was
used.

• When ICP was held constant, the model reproduced the expected autoregulatory
plateau until saturation occurred; beyond this point, further increases in MAP pro-
duced proportional increases in CBF and cerebral blood volume.

• When ICP was allowed to vary, it rose substantially at high MAP values, once the
upper limit of autoregulation was exceeded, thus partially counteracting the MAP
increase, and limiting the associated increase in CBF.

4.4.2 Metabolic autoregulation models

CBF is strongly affected by changes in arterial blood gas levels: an increase in arterial CO2
causes vasodilation, leading to an increase in CBF, with a considerably larger sensitivity
than that to changes in arterial blood pressure (Reivich, 1964). In addition, hypocapnia
lowers and lengthens the myogenic autoregulation plateau, while hypercapnia moves it
upwards, shortening it. As a result, hypercapnia is often used as a means of simulating an
impaired autoregulation (Payne, 2016).

4.4.2.1 CO2 reactivity model by Ursino and Giannessi (2010)

We validate in this section the CO2 reactivity model presented in section 2.3.7.2.1, which
integrates the myogenic autoregulation model validated in the previous section to account
for the effect of derangements of PaCO2 from a baseline state. A decrease in flow and an
increase in PaCO2 induce vasodilation, represented in the model by an increase in terminal
compliance and the resulting reduction in terminal resistance. The opposite behaviour
occurs in response to increased flow or reduced PaCO2 . The myogenic and metabolic
regulatory mechanisms interact in a nonlinear manner. In particular, severe ischaemia
drastically reduces the gain of CO2 regulation.

We test our implementation by reproducing the CBF percent change vs PaCO2 curve
reported in Ursino and Giannessi (2010). Similarly to the approach followed to validate the
myogenic autoregulation model, since we are performing closed-loop simulations we cannot
directly impose variations in PaCO2 to simulate hypercapnia, as this quantity depends on
the inspired gas fraction, the CO2 metabolic production rate and the ventilatory drive.
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As a consequence, since both ventilation and metabolic gas production are assumed to be
constant, we implement a simple feedback loop that continuously adjusts the inspired CO2
fraction FiCO2 to keep PaCO2 around a steady target.

The controller adjusts FiCO2 to regulate PaCO2 toward a target value. At each update
step, the deviation from the target is computed as

e(t) = Patarget
CO2

− PaCO2(t). (4.22)

The desired change in FiCO2 is computed using a proportional law

∆Fides
CO2(t) = Kp(t)ẽ(t)∆tu(t). (4.23)

The proportional gain Kp(t) increases with the magnitude of the error

Kp(t) = Knear
p + α(t)(K far

p −Knear
p ), (4.24)

where the scaling factor
α(t) = min

(
1, |e(t)|

Eb

)
(4.25)

ensures smooth interpolation between “near-target” and “far-from-target” gains. Here Eb
is the considered error band. The controller updates more frequently when the error is
large and less frequently when the system is near the target:

∆tu(t) = ∆tmin + (1 − α(t))(∆tmax − ∆tmin). (4.26)

To avoid unnecessary oscillations, small errors are suppressed

ẽ(t) =
{

0, if |e(t)| < Esmall,

e(t), otherwise.
(4.27)

The FiCO2 rate of change is limited at each update interval, to prevent abrupt variations,
as

γ(t) = 1 + min
(

4, |e(t)|
Eb

)
, (4.28)

∆Fimax
CO2(t) = γ(t)∆Fibase

CO2 , (4.29)

∆FiCO2(t) = max
(

− ∆Fimax
CO2(t), min

(
∆Fides

CO2(t), ∆Fimax
CO2(t)

))
. (4.30)

Finally, the inspired CO2 fraction is updated and constrained within user-defined limits

FiCO2(t+) = max
(
Fimin

CO2 , min
(
FiCO2(t) + ∆FiCO2(t), F imax

CO2

))
. (4.31)

After 200 s, following a fast increase, the resulting partial pressure stabilizes around the
desired value (figure 4.47), which we consider satisfactory for this batch of tests. A direct
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Figure 4.47: Arte-
rial partial pressure
curves generated by
regulating FiCO2 .

Parameter kCO2 [-] bCO2 [-] τCO2 [s] G [-] sat2 [-]

Value 15. 0.5 40. 4. 7.

Table 4.17: Parameters employed for the validation of the CO2 reactivity model by Ursino
and Giannessi (2010).

adjustment of FiCO2 to obtain the desired PaCO2 would be possible, but would require
much longer simulation times.

We perform simulations with prescribed PaCO2 = 34.4 (baseline value), 45, 55, 65, 75
mmHg, turning on the autoregulation model after 200 s. We compare results obtained for
the model with active respiration, gas transport and exchange, and

(1) Constant ICP, full autoregulation model,
(2) Variable ICP, full autoregulation model.

The CO2 reactivity model is parametrised as illustrated in table 4.17. In order to improve
simulation results, we chose to adopt a higher upper saturation value compared to the
purely myogenic model, consistent with the one reported in Ursino and Giannessi (2010).

Figure 4.48 shows the CBF percent change vs PaCO2 curves obtained for tests (1) and
(2), together with the model results reported by Ursino and Giannessi (2010).
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We observe a markedly different behaviour arising from the assumption of constant versus
variable ICP. Imposing constant ICP yields the expected monotonic increase in CBF in
response to hypercapnia, with cerebral blood volume varying between 410 and 465 mL.
However, as already observed for the myogenic autoregulation model, allowing ICP to
vary introduces a strong flow-limiting effect. In this case, the increase in cerebral blood
volume leads to a substantial rise in ICP, which exceeds 25 mmHg at saturation. This
in turn opposes the vasodilatory response elicited by elevated PaCO2 values, limiting the
achievable flow increase, and producing the extremely attenuated response visible in the
dotted curve in Figure 4.48.

Figure 4.49 reports the Lassen curves (% change in CBF vs change in MAP) obtained
by multiplying all peripheral resistances except for cerebral ones by factors 0.4, 0.6, 0.8,
1.0, 1.2, 1.4, 1.6, 1.8, 2.0 at varying PaCO2 values. Results show how hypercapnia affects
myogenic autoregulation. We can observe the expected increase of CBF associated with
hypercapnia, as well as the shift of the lower autoregulation limit toward higher pressure
values reported by Ursino and Lodi (1998); Paulson et al. (1972); Raichle and Stone (1971).
Indeed, cerebral vessels are nearly maximally dilated due to increased PaCO2 , and cannot
dilate further in response to decreased MAP.

Since future simulations involving myogenic and metabolic autoregulation will be per-
formed with variable ICP, and currently the variation in ICP seemingly dominates
metabolic CBF autoregulation, in order to improve simulation results we will need to re-
evaluate our parametrisation of the ICP model, currently taken from Müller et al. (2023),
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and include CSF production and drainage, which have been proven significant for limiting
ICP increases related to vasodilation (Ursino and Lodi, 1997; Giulioni and Ursino, 1996).
Additionally, we plan to explore the possibility of including a nonlinear pressure-volume
relationship for both arterial and venous terminal compartments, similar to the one pro-
posed by Celant et al. (2021), in order to assess whether this assumption can improve our
results for scenarios that are far from physiological states.

4.4.2.2 Metabolic autoregulation model by Magosso and Ursino (2001)

We test in this section the purely metabolic autoregulation model introduced in section
2.3.7.2.2, which is commonly used in the literature alongside other control mechanisms. To
do so, we aim to replicate the CBF percent change vs PaCO2 curve reported in Ursino and
Giannessi (2010) for hypercapnic stimulation, as we expect the response of both models
to be comparable. This model accounts for changes in peripheral resistances caused by
deviations from the baseline of both oxygen and carbon dioxide concentrations. In contrast,
terminal compliances remain fixed and are not influenced by any regulatory mechanism.

Starting from the original parametrisation proposed by Magosso and Ursino (2001), re-
ported in table 4.18, we first examine how the choice of parameters affects the strength of
metabolic autoregulation. With these baseline values, the contribution of autoregulation is
almost negligible. To illustrate this, recall that the strength of the CO2-driven modulation
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of cerebral autoregulation is encoded in the static nonlinear relationship

Ψbrain(PaCO2) =
A+ B

1+C exp(D log(PaCO2 ))

A+ B

1+C exp(D log(ParefCO2
))

− 1. (4.32)

Figure 4.50 shows the resulting values of Ψbrain(PaCO2) for a range of PaCO2 and for carte-
sian parameter sweeps in which A,B,C, and D are independently varied between 0.3 and
3 times their baseline values. The corresponding autoregulatory response xbrain,CO2 and
the resulting vascular resistance Rav are also reported, both obtained under the assump-
tion of constant ICP. These simulations represent the behaviour of the left middle cerebral
artery under open-loop conditions, allowing us to isolate the effect of different parameter
combinations on the strength of metabolic autoregulation. It is evident that the original
parametrisation by Magosso and Ursino (2001) (in red), produces an almost null effect
(<10%) on vascular resistances, even at extremely high values of PaCO2 , making it un-
suitable for reproducing the CBF percent change vs PaCO2 curve reported in Ursino and
Giannessi (2010). The black dashed line illustrates the open-loop response obtained after
setting parameter D to its optimal value D = −2.359, i.e. the value that, when keeping
the other parameters fixed, produces the strongest autoregulatory response at lower PaCO2

values.

We report in figure 4.51 cerebral blood flow variation obtained, in this case, with the full
closed-loop simulation, and in figure 4.52 the corresponding Ψbrain(PaCO2), xbrain,CO2 and
Rav values in the left middle cerebral artery, obtained under the assumption of constant
ICP. As we can see, for a 50% decrease in vascular resistance, the corresponding flow
rate increases only by around 30%. This discrepancy may stem from our assumption of a
non-zero ICP, which differs from the model by Magosso and Ursino (2001), where ICP and
Starling resistors are not included. This point will be examined further in future work.

As a consequence, in order to obtain a reasonable flow modulation, the action of autoreg-
ulation needs to be much stronger. Following our parameter sweep, we determined that
stronger effects are obtained, for the optimal D value, by decreasing parameter A, and
increasing B and C. We report in figure 4.53 results obtained with D = −2.359, A = 3.48,
B = 556.8, C = 66000, showing that they match the expected CBF increase in response
to hypercapnia better. Further work will be needed to improve the calibration, but we
consider it satisfying at this stage.

Additional simulations were performed to evaluate whether the purely metabolic autoreg-
ulation model could reproduce, on its own, the characteristic autoregulatory response to
changes in MAP. Because metabolic feedback depends on venous oxygen concentration, any
MAP-driven change in blood flow should, in principle, modulate ϕv,O2 and thereby trigger
a compensatory vascular response. However, as shown in figure 4.54, the expected static
autoregulation curve does not emerge. The MAP perturbations produce only minimal
changes in ϕv,O2 over the considered 400 s simulation window, and these small deviations
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Parameter A [-] B [-] C [-] D [-] gb,O2 [-] τb,O2 [s] τb,CO2 [s]

Value 20.9 92.8 10570 -5.251 10 10 20

Table 4.18: Parametrisation by Magosso and Ursino (2001) for the autoregulation model.

are insufficient to trigger a sufficiently strong autoregulatory adjustment. These results
indicate that a model combining myogenic and metabolic responses, such as the frame-
work proposed by Ursino and Giannessi (2010), is more appropriate when the modelling
objective is to reproduce responses across multiple physiological challenges. The myogenic
component provides the rapid, pressure/flow-sensitive response necessary for reproducing
autoregulation during hyper and hypotension, while the metabolic component governs the
adjustments to changes in gas availability. These observations are consistent with the phys-
iological assumption that myogenic and metabolic mechanisms are distinct yet interacting
mechanisms that maintain adequate cerebral blood flow and oxygenation (Payne, 2016).

4.4.2.3 Main findings

In this section, we assessed the performance of two autoregulation models that account for
changes in arterial and venous blood gas levels. The first model, adapted from Ursino and
Giannessi (2010), combines a myogenic response to a CO2 reactivity model, thereby allow-
ing the characterization of responses to both hyper/hypotension and hyper/hypocapnia.
The second model (Magosso and Ursino, 2001) is instead purely metabolic, and accounts
for the response to changes in PaCO2 and venous oxygen concentration.

• When ICP was held constant, we were able to reproduce, with both models, the
expected increase in CBF in response to hypercapnia. However, the purely metabolic
autoregulation model required substantial reparametrization.

• When ICP was allowed to vary, its increase in response to vasodilation acted as a
flow-limiting factor, thereby producing an extremely attenuated response. Future
studies will further investigate these observed behaviours.

• Metabolic autoregulatory mechanisms alone were not able to recover the static CBF-
MAP relationship, underlining the need for a combined myogenic-metabolic frame-
work to capture the impact of both hyper/hypotension and hyper/hypocapnia.
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Figure 4.50: Values of Ψb(PaCO2), xbrain,CO2 and Rav obtained for a range of PaCO2 and
for parameter sweeps in which A,B,C, and D are independently varied between 0.3 and 3
times their baseline values.
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tained for D = −2.359 under the assumption of constant ICP.
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4.5 Modelling foot perfusion in the presence of occlusions and col-
lateral impairment

This section is adapted from: Bisgaard, M.*, Dalmaso, C.*, Nygaard, J. V.,
Precht, H., Houlind, K. C., Müller, L. O., Blanco, P. J. (2026). Foot perfusion.
Insights from an anatomically detailed arterial network model. Journal of Biome-
chanics, 113336. (*equal contributors)

More than 202 million people worldwide suffer from peripheral artery disease (PAD),
making this pathology the third most common clinical manifestation of atherosclerosis af-
ter coronary artery disease and stroke (Song et al., 2019). This pathology is characterized
by the narrowing and blockage of arteries supplying the lower extremities caused by the
formation of atherosclerotic plaques and the presence of thrombosis and/or embolism. In
addition, endothelial dysfunction may impair the ability of peripheral vessels to vasodilate
in response to increased oxygen demand, which further amplifies the functional impact of
this disease. PAD can be asymptomatic, or can be accompanied by symptoms such as
cramping pain or discomfort in the legs during walking or exercise (Aboyans et al., 2025).
For some patients with PAD, the disease manifests as critical limb-threatening ischaemia
(CLTI), which is characterized by pain at rest, non-healing wounds or gangrene: their
mortality risk increases (Van den Berg, 2018), and it is necessary to restore perfusion to
damaged tissues to avoid amputation. To guide vascular surgeons in selecting the best
treatment, patients will have an ankle-brachial index (ABI) or a toe-brachial index (TBI)
measured. In addition, the leg vessels will be imaged using ultrasound, subtraction angiog-
raphy, computed tomography, or magnetic resonance imaging (MRI). These examinations
allow surgeons to visualize occlusions and stenoses, as well as the largest collateral vessels,
thereby providing information on blood flow to the leg and foot. Based on them, the best
revascularisation or conservative treatment is decided (Norgren et al., 2007).

If revascularisation is pursued, clinicians must decide between direct revascularisation
of the affected angiosome (three-dimensional tissue block with one feeding artery (Taylor
and Palmer, 1987)) and indirect revascularisation via the best-preserved vessel crossing the
ankle. Several retrospective studies and meta-analyses have been performed to evaluate
the effect of revascularisation based on the angiosome theory, mostly assessing wound
healing and amputation-free survival (see Špillerová et al. (2017); Neville et al. (2009);
Popitiu et al. (2024); Van den Berg (2018); Biancari and Juvonen (2014); Bosanquet et al.
(2014); Sumpio et al. (2013) and references therein for details). They generally agree that
the greatest value of direct angiosome-based revascularisation is in patients with lesions
limited to a single angiosome, which comprises only a small part of patients (in 35% to
55% of patients wounds may involve two to three angiosomes (Alexandrescu, 2014)), and
in patients with an inadequate distal distribution system (Špillerová et al., 2017; Neville
et al., 2009; Palena et al., 2014). However, if a wound covers more than one angiosome,
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the perfusion status in each angiosome would be relevant to guide the revascularisation
procedure.

In the last few years, even though it has been possible to image the perfusion in all
modalities that produce angiography (Boonen and Aerden, 2023; Caroca et al., 2021; Reek-
ers et al., 2016; Souza et al., 2024), these measurements have not yet become a clinical
standard. Several reasons are behind this: new software is required for generating and
evaluating the images, staff need to be trained, and examinations can be time-consuming
and painful for the patient.

As an alternative, computer simulations may provide estimates about the perfusion level
in each foot angiosome based on information from angiographic images. This study aims to
characterise how occlusions in the main feeding arteries impact perfusion, in order to assess
the applicability of the angiosome-targeted and “best-vessel” paradigms for revascularisa-
tion under varying degrees of collateral impairment. Indeed, several works have noted
that indirect revascularisation may be sufficient when collateral pathways are preserved
(Venermo and Settembre, 2024; Van den Berg, 2018; Kim et al., 2021), with outcomes
comparable to those of direct revascularisation.

Addressing this problem requires models endowed with a sufficiently detailed represen-
tation of the vascular topology of the leg and the foot, so that both direct and alternative
feeding routes to the different angiosomes can be faithfully captured (Varela et al., 2017).
In particular, in addition to the main feeding arteries, such models should include arterial-
arterial connections, notably the plantar arch and the distal peroneal branches, which play
a key role in redistributing flow when proximal vessels are compromised. For this reason,
we chose to employ the Anatomically-Detailed Arterial Network (ADAN) model, presented
in section 2.1.1, which includes 2142 vessels, comprising almost every named arterial vessel
and providing a level of anatomical accuracy that is absent in other 1D vascular networks
available in the literature (Avolio, 1980; Stergiopulos et al., 1992; Liang et al., 2009; My-
nard and Smolich, 2015b). In particular, the topology of the vascular architecture in the
lower limb is extremely realistic, with 154 vascular segments in the foot and calf. This
anatomical detail provides a baseline (healthy/lesion-free) characterisation of blood flow
to the different vascular territories of the foot (see figure 4.57). Moreover, we incorporate
autoregulatory capacity of peripheral compliances and resistances (see section 2.3.3.1 for a
description of peripheral terminals, and section 2.3.7.1 for a description of the autoregula-
tion model), a component rarely included in large-scale arterial networks, which enables us
to reproduce the transient hyperaemic response following cuff release (reactive hyperaemia)
and to simulate the dynamic adjustments of peripheral resistances and compliances under
reduced flow. This component is essential for assessing microvascular function, since an
impaired reactive hyperaemia indicates microvascular dysfunction (Rosenberry and Nelson,
2020), and reflects the inability of the vessels to display an autoregulatory response.

To the best of our knowledge, only one previous study has pursued a related goal in
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the context of diabetic foot ischaemia (Sun et al., 2025). However, the vascular model
adopted there includes only the posterior tibial artery and plantar vessels, thereby focusing
primarily on toe perfusion and neglecting several collateral pathways that could influence
distal perfusion. Moreover, simulations performed by Sun et al. (2025) reproduce the
haemodynamic waveforms in plantar vessels of an ideal diabetic patient at rest by tuning
the values of inlet pressure in the posterior tibial artery and plantar arch, the brachial-ankle
pulse wave velocity and blood viscosity, without modelling stenoses, occlusions, luminal
narrowing, or autoregulatory responses.

Building on these considerations, we advance the state of the art in the assessment of
foot perfusion by combining an extremely realistic vascular network with autoregulatory
mechanisms and a systematic simulation of stenoses and occlusions in the major feeding
arteries to the foot, while explicitly accounting for collateral pathways and their progressive
impairment. This integrated approach enables, for the first time, an in-silico comparison
of angiosome-targeted and best-vessel strategies within a realistic, whole-limb vascular
architecture, thereby offering new mechanistic insights into revascularisation planning.

4.5.1 Clinical problem

Here, we outline the main features of the clinical problem, describe the expected behaviour
of foot perfusion during cuff-induced ischaemia tests, and illustrate the two main theories
guiding the choice of vessels that need revascularisation.

4.5.1.1 Foot angiosomes

Angiosomes can be defined as areas of tissue (skin, subcutaneous tissue, fascia, muscle
and bone) supplied and drained by specific arteries and veins. According to the most
common subdivision, the foot can be decomposed into 5 different angiosomes, perfused
by the medial plantar artery (MPA), lateral plantar artery (LPA), dorsal pedal artery
(DPA), medial calcaneal artery (MCA), and lateral calcaneal artery (LCA) (Houlind and
Christensen, 2013). Furthermore, the first toe is supplied by DPA, MPA, and LPA. In
figure 4.55 these angiosomes are depicted, respectively, in light blue, orange, red, yellow and
blue. The presence of a well-developed collateral network in the foot provides alternative
perfusion/drainage routes, allowing angiosomes to receive blood from neighbouring regions
in the case of obstructive disease.

4.5.1.2 revascularisation guidelines and clinical practice

In the case of CLTI patients, perfusion can be restored to damaged tissues via revascularisa-
tion. Two main theories have emerged regarding which vessels should be treated in order to
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Cuff release

Figure 4.55: Foot angiosomes and example of perfusion curves obtained using a Flow-
sensitive Alternating Inversion Recovery (FAIR) sequence. Light blue: angiosome perfused
by the MPA; orange: angiosome perfused by the LPA; red: angiosome perfused by the DPA;
yellow: angiosome perfused by the MCA; blue: angiosome perfused by the LCA. Adapted
from (Houlind and Christensen, 2013).
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provide the best outcome. Some clinicians claim that perfusion to the ischemic angiosome
should be obtained by direct revascularisation of the relevant feeding artery (Houlind and
Christensen, 2013). An alternative view claims that one should aim for revascularisation
of the best preserved vessel that crosses the ankle, regardless of whether or not this vessel
provides direct flow to the relevant angiosome (Norgren et al., 2007). The main objective
of this section of the thesis is, consequently, to explore the validity and applicability of
these two theories in a controlled, physiologically realistic setting.

4.5.1.3 Perfusion in a cuff-induced ischaemia test

In recent years, various imaging modalities have demonstrated potential for assessing per-
fusion or oxygenation in the feet. These modalities include positron emission tomogra-
phy–computed tomography (PET-CT) (Christensen et al., 2024; Burchert et al., 1997),
digital subtraction angiography (Reekers et al., 2016), computed tomography (Boonen
et al., 2023), ultrasound (Sommerset et al., 2019; Souza et al., 2024), near-infrared spec-
troscopy (Meertens et al., 2021), indocyanine green fluorescence imaging (Fang et al.,
2022; Tange et al., 2023, 2024), thermal imaging (Gatt et al., 2018; Petrova et al., 2018),
and MRI (Caroca et al., 2021). However, to the best of our knowledge, none of these
techniques have been implemented in routine clinical practice. A promising method for
measuring foot perfusion is arterial spin labeling (ASL), measured with MRI. This tech-
nique enables quantitative perfusion measurements without the use of gadolinium-based
contrast agents (Leithner et al., 2008). Since the ASL signal is proportional to perfusion,
which is low at rest in the foot, this approach requires a cuff-induced ischaemia test, to
increase perfusion for a short time period (Lopez et al., 2015). In particular, ASL allows
the generation of perfusion curves, as illustrated in figure 4.55, depicting baseline perfu-
sion levels and time to peak (TTP), defined as the interval between cuff release and the
attainment of maximum perfusion.

4.5.2 Simulations setup

Simulations were performed to reproduce a cuff-induced ischaemia test, in both a baseline
lesion-free scenario, and in multiple pathological cases, defined by occlusions placed in
different foot arteries. Pathological cases were constructed to evaluate the validity of the
angiosome theory and the best-vessel theory in a fully controlled, physiologically realistic
setting. Indeed, the substantial heterogeneity of patients affected by CLTI, arising from
diverse risk factors, comorbidities and highly variable collateral networks (including the
presence of choke vessels, arterial-arterial connections such as the plantar arch, and the
effect that occlusive disease has on collateral capacity), makes it challenging to clearly
demonstrate the superiority of one revascularisation strategy over the other, and has been
evidenced as a limitation in most analyses available in the literature (Popitiu et al., 2024;
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Van den Berg, 2018; Palena et al., 2014).

4.5.2.1 Cuff protocol

We model the pressure cuff as a two-vessel junction where energy is not conserved. In
particular, setting vessel 1 as the vessel sharing its outlet with the junction, we enforce
that

P1 + ρ

2

(
Q1
A1

)2
= P2 + ρ

2

(
Q2
A2

)2
+RcuffQ2, (4.33)

Here, Rcuff changes depending on the state of the cuff: it is null while the cuff is deactivated,
maximal while the cuff is activated, and varies according to an exponential profile during
cuff activation and deactivation

Rcuff = Rmax
R

t−tact,ini
tact,dur

coeff − 1
Rcoeff − 1 , t ∈ [tact,ini, tact,ini + tact,dur], (4.34)

Rcuff = Rmax
R

1+
tdeact,ini−t
tdeact,dur

coeff − 1
Rcoeff − 1 , t ∈ [tdeact,ini, tdeact,ini + tdeact,dur]. (4.35)

Here, tact,ini and tdeact,ini are the times at which cuff activation and deactivation begin, and
tact,dur and tdeact,dur are the durations of the activation and deactivation phases. Rcoeff is a
coefficient that determines the speed of activation/deactivation, and Rmax is the maximum
resistance reached when the cuff is fully activated.

The cuff was applied in all cases to the medial portions of the anterior tibial, posterior
tibial, and fibular arteries (see figure 4.57, panel (B)). We assume that Rmax in equations
(4.34) and (4.35) is equal to 1e7[dyn · s/cm5], so that flow to the angiosomes of the foot
during cuff activation is nearly zero. Moreover, we set Rcoeff to 1e4 and tact,dur = tdeact,dur
to 50s to obtain reasonably slow cuff activation/deactivation phases. Since after 150s all
baseline simulations reach a steady-state condition, meaning a periodic regime in which
haemodynamic variables such as pressure and flow rate remain unchanged from one heart-
beat to the next, we assume that cuff inflation starts at t = 175s. The cuff remains fully
closed for 275s, and, after that, cuff deactivation begins at t = 500s. An illustration can
be found in figure 4.56.

4.5.2.2 Occlusions and collateral impairment

Simulations were designed to assess the extent to which the best vessel and angiosome
theories are valid at different degrees of collateral impairment, when lesions are present in
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Figure 4.56: Cuff protocol. Cuff inflation and deactivation phases are highlighted also in
figure 4.58, top left panel.

the main foot arteries. As a consequence, we considered six different lesion configurations,
characterised by the presence of at most two occlusions at the level of DPA, MPA and
LPA. We chose to place lesions in the proximal segment of each vessel, in order to obtain
the maximum perfusion impairment, enforcing no-flow conditions across them.

We performed simulations assuming that foot collaterals are fully patent (scenarios 1a
- 6a) and compared them with simulations with reduced collateral diameters. We distin-
guished two different collateral configurations, one in which the plantar arch is treated as
a collateral vessel (see figure 4.57, panel (D)), and one in which it is assumed to be fully
patent (see figure 4.57, panel (C)). Indeed, the plantar arch connects the two circulatory
pathways that, arising from the anterior and posterior tibial arteries, supply the dorsum of
the foot (via the medial tarsal arteries and several perforating branches) and the posterior
and plantar areas, respectively. In particular, cases 1b1 − 6b1, 1c1 − 6c1, 1d1 − 6d1 denote
scenarios where the plantar arch is assumed to be fully patent, while other collaterals have
a diameter that is, respectively, 60%, 30%, and 5% of the original diameter. Cases 1b2−6b2,
1c2 − 6c2, 1d2 − 6d2 denote scenarios where all collaterals (including the plantar arch) have
a diameter that is, respectively, 60%, 30%, and 5% of the original diameter. The resulting
simulation scenarios are summarized in table 4.19.

4.5.2.3 Perfusion estimation

The proposed model allows us to compute the time evolution of flow rates at the level of
different foot angiosomes. We can derive reasonable perfusion values in each angiosome
from model-generated flow rates by multiplying the flow rate by angiosome weight, which
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Lesion configurations

Case DPA MPA LPA Case DPA MPA LPA

0 Lesion-free baseline scenario

One lesion Multiple lesions

1 Occl. - - 4 Occl. Occl. -
2 - Occl. - 5 - Occl. Occl.
3 - - Occl. 6 Occl. - Occl.

Collateral configurations and impairment

1 − 6a Patent collaterals

Collateral diameters 1 − 6b1, c1, d1 1 − 6b2, c2, d2

1 − 6b Db = 0.6D0 Patent pl. arch Obstr. pl. arch
1 − 6c Dc = 0.3D0 Patent pl. arch Obstr. pl. arch
1 − 6d Dd = 0.05D0 Patent pl. arch Obstr. pl. arch

Table 4.19: Location of lesions in the dorsalis pedis (DPA), medial plantar (MPA) and lat-
eral plantar (LPA) arteries and collateral configurations (see figure 4.57). The 42 patholog-
ical scenarios are determined by the combination of 6 types of occlusions (Lesion configura-
tions, 1-6) and 7 types of collateral impairment (Collateral configurations and impairment
a, b1, c1, d1, b2, c2, d2). D0 is vessel diameter in the baseline lesion-free configuration.
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Angiosome Area [cm2] TAF (%) VF (%) Volume [cm3] Weight [g]

MPA 12.3 0.075 0.0474 24.59 24.59
1 toe region 20.0 0.122 0.0773 40.10 40.10
LPA 80.7 0.490 0.3111 161.47 161.47
DPA 160.7 0.976 0.6197 321.63 321.63
MCA 48.1 0.292 0.1855 96.27 96.27
LCA 38.4 0.233 0.1481 76.85 76.85
LM 24.4 0.148 0.0941 48.85 48.85

Total 384.6 2.337 1.4831 769.77 769.77

Table 4.20: Area, volume and weight of foot angiosomes. TAF: total area fraction, com-
puted as the ratio between angiosome area and total body surface area (16460cm2 for the
ADAN model); VF: volume fraction, computed as the product between TAF and a scaling
factor equal to 0.6347 (Blanco et al., 2014); MPA: medial plantar artery; LPA: lateral
plantar artery; DPA: dorsalis pedis artery; MCA: medial calcaneal artery; LCA: lateral
calcaneal artery; LM: lateral malleolar artery.

is computed from angiosome volume under the assumption of a constant tissue density of
1g/cm3. We report in table 4.20 the volumes and weights of foot territories in the ADAN
model (Blanco et al., 2015, 2014).

4.5.2.4 Autoregulation model

We employ the myogenic autoregulation model described in section 2.3.7.1, based on
Ursino and Lodi (1997), which provides feedback when the flow rate departs from a home-
ostatic state, defined here by the baseline model state. This control model acts upon
peripheral resistances and compliances whenever the flow through the corresponding pe-
ripheral Windkessel models is affected as a consequence of modifications in the vascular
network (see section 2.3.3.1 for a description of peripheral terminals for the ADAN vascular
network). This allows us to reproduce the hyperaemic response after cuff opening, caused
by vasodilation, as well as the ability of the vessels to preserve an adequate flow rate if their
calibre is reduced due to pathological conditions. Indeed, equations (2.155) and (2.156)
imply that a decrease in blood flow below its baseline value Q̄Bo , such as the one observed
during cuff activation, causes vasodilation, which is modelled through an increase in termi-
nal compliance. While the cuff is active, terminal resistances temporarily increase due to
a decreased blood volume. Right after cuff deactivation, instead, the increase in arteriolar
blood volume caused by increased compliances results in a reduction of resistances below
their baseline value.
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Parameter Regions

1: pink 2: yellow 3: green 4: blue

τ 40s 40s 40s 40s
sat1 0.4 0.4 0.4 0.4
sat2 4.5 4.5 4.5 4.5
kmult 8. 8. 8. 8.
GR 0.102 0.017 0.014 0.009

Table 4.21: Parameters employed for the autoregulation model. See color-coded regions in
figure 4.57.

Parameter values were determined empirically to reproduce the magnitude and time
scales of hypereaemic responses observed in the clinical practice, and are available in ta-
ble 4.21. The choice of a kmult = 8 results in a central gain GR = −GR/16.

4.5.2.5 Numerical methods

We briefly summarize the numerical methods employed to discretize the 1D blood flow
equations and to couple them to 0D lumped parameter models. We refer to relevant
references for further details. The blood flow equations (2.2), with tube law (2.3), (2.4)
form an advection–diffusion–reaction system of PDEs. Under suitable assumptions on
parameters and state variables, this system can be recast as a first-order hyperbolic system
with stiff source terms (Montecinos et al., 2014; Müller et al., 2016a,b). Each 1D vessel
segment was discretised using the second-order, finite-volume, path-conservative scheme
described in Müller et al. (2016a). Time stepping followed the local time-step strategy
of Müller et al. (2016a), with a maximum allowable local step of ∆tmax = 1 ms and a
Courant–Friedrichs–Lewy number of 0.9. Spatial discretisation used a characteristic mesh
size of 1 cm; vessels shorter than this threshold were represented by a single computational
cell. Ordinary differential equations associated with lumped parameter components were
solved using either the explicit Euler method.

4.5.3 Results

We report in table 4.22 the baseline perfusion values in each foot angiosome for the lesion-
free scenario (Case 0) and their percent variations computed for all considered pathological
scenarios (Cases 1-6) with respect to Case 0. table 4.23 reports the time to peak (TTP)
after cuff release in each foot angiosome for Case 0, and its percent variations computed
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Figure 4.57: Arterial vasculature in the leg. Panel (A): regions where the autoregulation
model is applied (each color corresponds to a different parametrisation, see table 4.20);
Panel (B): cuff and lesion placement (DPA, MPA, LPA stand, respectively, for dorsalis
pedis, medial plantar, lateral plantar artery); Panels (C) and (D): foot collaterals.
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for all considered pathological scenarios compared to Case 0, since longer TTPs can be
associated with CLTI. Percent variations are computed as

∆ = I − Iref
Iref

· 100, (4.36)

where I is the considered quantity, and Iref is the corresponding reference value obtained
for Case 0. Figures 4.58 and 4.59 show how cardiac-cycle averaged perfusion values vary
in time in the DPA, LPA and MPA angiosomes for all considered scenarios.

4.5.4 Discussion

We discuss here the computational results presented in section 4.5.3, highlighting their clin-
ical implications to explore the capability of our model to characterise both the angiosome
and “best-vessel” theories for revascularisation.

4.5.4.1 Model verification

The haemodynamic model in baseline conditions (without cuff, stenoses, or occlusions) was
parametrised according to established vascular territories to ensure, among other features,
a lower-limb blood-flow fraction of 8.5% of the cardiac output. Validation against clinical
data is reported in Blanco et al. (2014). Moreover, the perfusion fractions predicted by our
model for the foot angiosomes show very good agreement with those obtained by Bisgaard
et al. (2024) using ASL-MRI sequences, with differences of 3% in the DPA, 2% in the
MPA, 0% in the LPA, and 1% in the calcaneal region. The myogenic autoregulation model
adopted here has been previously validated against clinical data for the cerebral circula-
tion (Toro et al., 2022), demonstrating its ability to reproduce the characteristic sigmoidal
cerebral blood flow-mean arterial pressure (CBF-MAP) relationship. Our parametrisation
was further designed to capture the qualitative features of the hyperaemic response, in-
cluding the peak occurring approximately 30–60 s after cuff deflation (Arvidsson et al.,
2023; Wu et al., 2009). In addition, the model reproduces the expected increase in TTP
with progressively more severe pathological conditions (Arvidsson et al., 2023; Bajwa et al.,
2014). In particular, compared to the original formulation reported by Toro et al. (2022),
we increased the time constant τ from 20 to 40 s, the upper saturation value sat2 from
1.5 to 4.5, and increased the parameter kmult, which regulates the steepness of the sigmoid
function, from 0.5 to 8 (see equations (2.156), (2.165), (2.166)). These parameters are
region-independent. Validation against absolute perfusion values derived from ASL-MRI
sequences is inherently challenging. The MRI-based perfusion estimates come from a single
slice of the foot and are postprocessed under the assumption that the perfusion per 100 g is
uniform throughout the entire foot, an assumption that does not hold. This leads to a scale
mismatch between model predictions and MRI-derived measurements, one that cannot be
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LCA MCA DPA LPA MPA LCA MCA DPA LPA MPA

Case 0: lesion-free baseline perfusion

3.65 4.06 3.76 3.01 2.52
Case 1: % variations with respect to Case 0

a -0.29 -1.68 -6.96 -4.53 -3.78
b1 -0.01 -1.98 -25.72 -5.03 -4.18 b2 0.89 -0.98 -28.59 -3.32 -3.22
c1 1.28 0.44 -86.78 1.63 -0.13 c2 1.3 0.52 -88.65 -10.25 -0.19
d1 1.34 0.78 - 2.48 0.53 d2 1.46 1.84 - -77.01 2.59

Case 2: % variations with respect to Case 0

a -0.02 0.22 -0.41 -0.57 -1.3
b1 1.06 0.75 1.39 0.39 -2.85 b2 1.07 0.99 0.93 -1.84 -7.8
c1 1.1 0.52 1.65 -0.68 -4.24 c2 1.2 1.46 1.37 -34.41 -70.14
d1 1.1 0.49 1.69 -0.8 -4.4 d2 1.26 1.95 1.83 -77.24 -

Case 3: % variations with respect to Case 0

a -0.02 0.18 -0.57 -1.41 -0.26
b1 1.06 0.7 1.48 0.21 -0.19 b2 1.07 0.77 1.19 -2.5 0.04
c1 1.1 0.54 1.66 -0.32 -0.58 c2 1.14 0.91 1.46 -36.15 0.43
d1 1.1 0.52 1.68 -0.37 -0.62 d2 1.24 1.8 1.8 - 2.61

Case 4: % variations with respect to Case 0

a -0.45 -1.4 -12.26 -9.12 -11.26
b1 0.89 -0.78 -34.28 -7.57 -12.06 b2 0.91 -0.29 -44.7 -15.61 -29.65
c1 1.29 0.42 -87.71 -1.88 -5.65 c2 1.42 1.59 -95.04 -43.8 -85.82
d1 1.35 0.72 - -0.52 -4.14 d2 1.51 2.17 - -77.29 -

Case 5: % variations with respect to Case 0

a -0.08 0.95 -2.4 -4.75 -4.04
b1 1.11 1.98 -1.09 -19.86 -20.46 b2 1.11 1.98 -1.1 -20.23 -20.14
c1 1.26 2.08 1.18 -83.13 -83.36 c2 1.26 2.08 1.19 -83.06 -83.14
d1 1.29 2.11 1.86 - - d2 1.29 2.11 1.86 - -

Case 6: % variations with respect to Case 0

a -0.36 -1.54 -9.48 -8.36 -5.0
b1 0.89 -0.9 -30.53 -6.57 -4.49 b2 0.89 -0.78 -33.41 -12.75 -4.14
c1 1.28 0.43 -87.24 -1.34 -1.16 c2 1.34 0.89 -90.6 -44.54 0.09
d1 1.35 0.75 - -0.1 -0.38 d2 1.49 2.02 - - 2.84

Table 4.22: Baseline perfusion values in the foot angiosomes for a lesion-free baseline scenario (Case
0) and percent changes in baseline perfusion values compared to a model with no occlusion or stenosis
(Cases 1-6). Cases 1a − 6a denote scenarios where all collaterals are assumed to be patent. Cases 1b1 − 6b1,
1c1 −6c1, 1d1 −6d1 denote cases where the plantar arch is assumed to be fully patent, while other collaterals
have a diameter that is, respectively, 60%, 30%, and 5% of the original diameter. Cases 1b2 −6b2, 1c2 −6c2,
1d2 −6d2 denote cases where all collaterals (including the plantar arch) have a diameter that is, respectively,
60%, 30%, and 5% of the original diameter.
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LCA MCA DPA LPA MPA LCA MCA DPA LPA MPA
Case 0: lesion-free TTP

38.59 37.53 40.57 40.59 38.55

Case 1: % variations with respect to Case 0

a -0.12 2.66 7.52 4.96 5.21
b1 -5.4 5.33 24.88 4.96 5.25 b2 -7.89 5.34 26.5 4.94 5.21
c1 -10.6 2.73 - 0.06 2.67 c2 -10.57 2.68 - 7.38 0.04
d1 -10.63 2.72 - 0.05 2.66 d2 -10.6 0.01 - -7.42 -2.58

Case 2: % variations with respect to Case 0

a -0.03 -0.07 0.02 0.0 0.13
b1 -7.88 0.01 0.0 0.02 5.25 b2 -7.88 -0.03 0.01 2.4 8.03
c1 -10.63 2.64 -2.43 2.46 7.83 c2 -10.61 -2.68 0.0 2.37 -
d1 -10.65 2.64 -2.44 2.48 7.85 d2 -10.63 -2.69 -2.43 -7.5 -

Case 3: % variations with respect to Case 0

a -0.03 -0.04 0.01 0.06 -0.01
b1 -7.88 0.04 0.0 2.49 0.06 b2 -7.88 0.01 0.0 4.96 0.01
c1 -10.64 2.66 -2.44 2.53 2.61 c2 -10.63 0.0 -2.43 19.71 -0.04
d1 -10.65 2.66 -2.44 2.53 2.61 d2 -10.64 -2.65 -2.43 - -5.17

Case 4: % variations with respect to Case 0

a -0.14 2.6 9.98 7.38 10.53
b1 -7.89 2.68 41.56 4.95 10.53 b2 -7.89 0.01 - 4.89 23.51
c1 -10.57 2.66 - 2.5 7.91 c2 -10.54 -2.65 - 2.37 -
d1 -10.6 2.66 - 2.49 7.88 d2 -10.56 -2.66 - -7.49 -

Case 5: % variations with respect to Case 0

a -0.1 -2.76 2.51 5.09 5.36
b1 -7.89 -5.34 2.46 22.37 21.03 b2 -7.89 -5.34 2.46 22.43 20.92
c1 -10.6 -5.34 0.0 - - c2 -10.6 -5.34 0.0 - -
d1 -10.63 -5.34 -2.43 - - d2 -10.63 -5.34 -2.43 - -

Case 6: % variations with respect to Case 0

a -0.13 2.62 9.93 7.49 5.17
b1 -7.89 2.7 26.72 7.43 5.2 b2 -7.89 2.69 29.13 9.94 5.15
c1 -10.59 2.69 - 2.56 2.65 c2 -10.56 0.03 - 19.71 -0.01
d1 -10.61 2.69 - 2.55 2.63 d2 -10.59 -2.64 - - -5.16

Table 4.23: Time to peak after cuff release in the foot angiosomes for a lesion-free baseline scenario (Case
0) and percent changes in time to peak compared to a model with no occlusion or stenosis (Cases 1-6). If
the peak did not occur within the first 75s after cuff opening, we assume that no peak occurs. Cases 1a−6a
denote scenarios where all collaterals are assumed to be patent. Cases 1b1 −6b1, 1c1 −6c1, 1d1 −6d1 denote
cases where the plantar arch is assumed to be fully patent, while other collaterals have a diameter that is,
respectively, 60%, 30%, and 5% of the original diameter. Cases 1b2 − 6b2, 1c2 − 6c2, 1d2 − 6d2 denote cases
where all collaterals (including the plantar arch) have a diameter that is, respectively, 60%, 30%, and 5%
of the original diameter.
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Figure 4.58: Time variation of cardiac-cycle averaged perfusion values in the DPA, LPA and MPA
angiosomes for cases 1-3. Cases 1a − 3a denote scenarios where all collaterals are assumed to be
patent. Cases 1b1 − 3b1, 1c1 − 3c1, 1d1 − 3d1 denote cases where the plantar arch is assumed to be
fully patent, while other collaterals have a diameter that is, respectively, 60%, 30%, and 5% of the
original diameter. Cases 1b2 − 3b2, 1c2 − 3c2, 1d2 − 3d2 denote cases where all collaterals (including
the plantar arch) have a diameter that is, respectively, 60%, 30%, and 5% of the original diameter.
In the top left panel, we highlight cuff activation, deactivation and the time to peak.
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Figure 4.59: Time variation of cardiac-cycle averaged perfusion values in the DPA, LPA and MPA
angiosomes for cases 4-6. Cases 4a − 6a denote scenarios where all collaterals are assumed to be
patent. Cases 4b1 − 6b1, 4c1 − 6c1, 4d1 − 6d1 denote cases where the plantar arch is assumed to be
fully patent, while other collaterals have a diameter that is, respectively, 60%, 30%, and 5% of the
original diameter. Cases 4b2 − 6b2, 4c2 − 6c2, 4d2 − 6d2 denote cases where all collaterals (including
the plantar arch) have a diameter that is, respectively, 60%, 30%, and 5% of the original diameter.
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reliably quantified. In summary, although the model is firmly rooted in established physi-
ological principles and aligned with current research, the scarcity of direct angiosome-level
perfusion data limits the extent to which its predictions can be fully validated.

4.5.4.2 Clinical interpretation and implications

The discussion will focus on the impact of lesions in the DPA, LPA and MPA on their
respective angiosomes. In tables 4.22 and 4.23 we also report results for the LCA and
MCA angiosomes, which are characterised by a low variation in baseline perfusion for all
considered scenarios, due to the absence of lesions in their feeding arteries.

4.5.4.2.1 Perfusion under single-artery occlusion

Simulation results suggest that TTP in the angiosomes can serve as a functional readout
of collateral sufficiency. Indeed, when collateralisation is preserved (collateral diameter
≥ 60% of the baseline geometry in cases 2 and 3, and not impaired in case 1), ∆TTP
remains ≤10% in the affected angiosome under the condition of a single feeding artery oc-
clusion. This pattern is consistent with maintained tissue perfusion through collaterals (∆
baseline perfusion ≤10%). In contrast, when the collateral calibre falls below a subcritical
range (in case 1, 60% of the baseline diameter), the hyperaemic TTP response disappears,
indicating that the autoregulatory capacity of the model was exhausted independently of
cuff application due to the severity of the pathological condition. From a clinical perspec-
tive, this is consistent with the observed loss of perfusion. In cases 2 and 3, assuming all
other arteries remain patent, TTP changes are primarily observed when the plantar arch
is occluded, underscoring the arch’s role as the cross-angiosome conduit that distributes
flow across MPA and LPA.

Placed in a clinical context, these findings offer a physiological bridge between the angio-
some targeted strategy and the “best-vessel” paradigm. Prior observational studies have
reported improved healing when revascularisation is directed to the artery feeding the
wounded angiosome (Kim et al., 2021). They also observed that when the wound-bearing
angiosome received blood flow via angiographically visible collaterals, outcomes were gener-
ally comparable to those achieved with direct angiosome perfusion (Špillerová et al., 2017;
Chuter et al., 2024; Berchiolli et al., 2023). Our simulations explain how both strategies
can be correct, conditional on arch patency and collateral sufficiency: if the plantar arch
is patent and collaterals are functionally adequate (∆TTP≤10%), indirect or “best-vessel”
revascularisation may restore sufficient perfusion to the wound angiosome via blood redis-
tribution. If the arch is occluded, collaterals are absent, or the collateral diameter is, in our
model, below 60% of its original value, simulations suggest that a direct angiosome-targeted
revascularisation would be preferable. However, simulations are restricted to macrovascu-
lar architecture and vessel calibre, without incorporating microvascular dysfunction. In
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clinical reality, microvascular impairment, particularly in patients with diabetes, edema,
or renal failure (Kim et al., 2021; Norgren et al., 2007), can significantly limit vasodilatory
capacity and compromise collateral flow. This discrepancy between macrovascular and
microvascular behaviour likely contributes to the observed variability in wound healing
among patients with comparable angiographic findings.

4.5.4.2.2 Perfusion under dual-artery occlusion

When two of the three feeding arteries to the foot are occluded (cases 4-6), model pre-
dictions show a marked deterioration in perfusion, reflected by a substantial increase in
TTP within the angiosomes with occluded inflow vessels, even when collateral diameters
remain at 60% of the reference model for a healthy individual. When collateral diam-
eter is reduced further to 30% or 5% of its original value, the TTP response is almost
completely eliminated, indicating near-complete loss of functional perfusion, which is also
confirmed by a reduction in baseline perfusion ≥40% in the affected angiosomes. This
contrasts sharply with single-occlusion scenarios, where ∆TTP remained below 10% under
collateralisation with a diameter above 60% of the standard model, suggesting that the
physiological reserve provided by collaterals is insufficient once inflow is severely restricted.
Interestingly, whether the plantar arch is patent or occluded only has a minimal effect in
these dual-occlusion scenarios, underscoring that the dominant determinant of perfusion
failure is the severe reduction in inflow rather than redistribution capacity. From a clinical
perspective, in such scenarios, reliance on indirect strategies, even in the presence of visible
collaterals, may be insufficient to achieve wound healing or limb salvage.

4.5.5 Limitations

The present study is characterised by several limitations. In particular, we perform a purely
computational study employing an idealised vascular configuration, derived from clinical
textbooks, which was modified to reproduce the application of a pressure cuff and a set
of idealised pathological scenarios. These scenarios do not account for the various stenosis
degrees that could be observed in clinical practice, nor for microvascular impairment, which
is a fundamental flow-limiting factor, especially in the presence of comorbidities such as
diabetes and oedema. Moreover, we reproduce the expected hyperaemic response after
cuff release through a very simplistic description of control mechanisms. Finally, while
the model reflects established physiological knowledge and current research, the absence
of direct perfusion measurements at the angiosome level remains a key barrier to full
validation. For these reasons, our model is currently not suitable for providing patient-level
outcomes, and the findings reported in this study may not directly translate to patients
with multilevel disease, severe infection/oedema, or extensive tissue loss.
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Conclusions

In his chapter we discuss the main contributions presented in this thesis, outline some
limitations, and propose several extensions and improvements.

5.1 Contributions

This work, motivated by the lack of integrated 1D-0D models of the cardiorespiratory
system, has resulted in the following main contributions, which bring together method-
ological developments in numerical analysis and the progressive construction of a 1D-0D
cardiopulmonary modelling framework:

(1) The development of a high-order well-balanced finite-volume scheme for
non-conservative hyperbolic systems;

(2) The construction of a progressively integrated cardiopulmonary model including lung
mechanics, gas transport and exchange, and local control mechanisms.

(3) The application of such a model to a clinically relevant problem, i.e. the study of
foot perfusion in the presence of stenoses and occlusions.

5.1.1 Well-balanced high-order method for non-conservative hyperbolic
PDEs with source terms

In section 2.2.3, we proposed a high-order well-balanced numerical scheme for the solution
of non-conservative systems of hyperbolic PDEs with source terms. The method is based on
the GRP reconstruction by Montecinos et al. (2025), which is well-balanced by construction
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up to third order of accuracy, provided that boundary states belong to the same family
of the steady-state solution of the considered PDEs and the conservation property holds.
In addition, it incorporates a modification of the DET solver (Dumbser et al., 2008) along
the same lines as those proposed by Guerrero Fernández et al. (2022). Numerical tests
performed on the Burgers’ equation and on the hyperbolized BFEs (Müller et al., 2016a)
with friction (section 3.2), gravity and variable geometrical properties demonstrate the
well-balanced property of the scheme and highlight its accuracy and efficiency in complex
scenarios. However, it is important to mention that in this work we employ the GRP-
based reconstruction without making use of any limiter, which is linear in Godunov’s
sense. As a consequence, spurious oscillations might arise in the presence of discontinuities.
A possible strategy to overcome this issue would be to employ an a-posteriori limiter
such as the Multi-dimensional Optimal Order Detection (MOOD) strategy (Clain, 2011).
In addition, the proposed scheme does not guarantee the physical admissibility of the
numerical solution. In particular, it does not belong to the class of positivity-preserving
schemes and therefore provides no control on the positivity of physically relevant quantities,
such as the cross-sectional area in the BFEs system. Nevertheless, in all the numerical
experiments presented in this work, no loss of positivity of the cross-sectional area has
been observed. This behaviour is likely related to the choice of physically relevant initial
and boundary conditions, as well as to the time step restrictions adopted in the simulations.
The design of suitable positivity-preserving modifications of the present method represents
a relevant direction for future research (Huang et al., 2024).

5.1.2 Towards an integrated cardiopulmonary model

A large part of this work focused on the progressive construction of an integrated car-
diopulmonary model. We started by assessing cardiopulmonary mechanical interactions,
and later added descriptions of gas transport and exchange, and of a first set of short-term
control mechanisms.

Cardiopulmonary mechanical interactions. Insights from an anatomically
detailed arterial-venous network model

We presented a 1D-0D model that couples a 0D description of respiratory mechanics (sec-
tion 2.3.4) to the closed-loop ADAVN model (sections 2.1.3, 2.3.1.1, 2.3.2, and 2.3.3.2).
In section 4.1 we showed that, with the appropriate parametrisation, our model can sat-
isfactorily reproduce cardiac and haemodynamic variables of interest for young healthy
males at rest, and we placed emphasis on the diverse model responses obtained in different
scenarios with and without the respiratory coupling, thus highlighting the blood-pumping
function of respiration. Particularly of interest was the marked change in cardiac free-wall
elastances required to maintain atrial volumes within reasonable ranges, which motivated
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the later development of the cardiac model illustrated in section 2.3.1.2 and verified in
section 4.2.2. We then assessed how the respiratory effort impacts haemodynamic wave-
forms in arteries and veins located in different areas of the body. We did so through a
three-fold assessment: we analysed haemodynamic signals and their spectra to characterise
the contribution of cardiac and respiratory pulsatility, and the intensity of their forward
and backward components to assess whether their magnitude was impacted by respiration.
Results showed that the impact of respiration on the intensity and periodicity of waveforms
in the systemic arteries is negligible, and, conversely, that it is highly variable in systemic
veins. In particular, respiratory influence is highly marked in lower body veins, while it
is not as marked, albeit still noticeable, in the upper body. Finally, we reported local
sensitivity indices obtained for the cardiac output, central venous pressure, mean arterial
pressure, central pulse pressure and left atrial volume in response to variations in model
parameters. Through this analysis, we confirmed the previously proven strong relationship
between arterial and venous districts also in the presence of respiration.

Modelling gas transport and exchange

Following the introduction of cardiopulmonary mechanical interactions, we focused on the
inclusion in our model of gas transport and exchange mechanisms. Due to the long time
scales that are necessary for these simulations, associated with the slow gas exchange
dynamics, we chose to develop a reduced vascular network (ADAVN86), comprising 109
arteries and 129 veins, which we presented in section 2.1.4, and verified in section 4.2.1
against simulation results obtained with the ADAVN model. We described gas transport
in the 1D vascular network by coupling the 1D BFEs with spatially varying geometrical
and mechanical properties with a system of n advection equations describing the passive
transport of n scalars. The numerical solution of this system, for which we proposed
a first order (section 2.2.2.1.1) and a second order (section 2.2.2.1.2) numerical scheme,
posed several challenges, in particular regarding mass conservation at a discrete level.
Indeed, we showed in section 3.1 that substance mass was conserved, with our framework,
only when adopting a conservative numerical method for the solution of the transport
problem, due to the presence of highly nonlinear integrand functions in the computation of
numerical fluctuations. Gas transport in lumped parameter models of the heart, pulmonary
circulation and peripheral terminals was described by enforcing mass conservation (section
2.3.5). We validated the resulting setup by simulating a test bolus (section 4.3.2.1), a
procedure commonly used in clinical practice to determine contrast transit times prior
to CT and MRI scans. We compared the model-generated times to peak in the aortic
arch following contrast injections performed at different injection rates against data from
a cohort of 32 patients (Fischer et al., 2022) and against simulation results obtained with
physiology-based pharmacokinetic models (Bae, 2010), observing good agreement in both
cases even though we neglect the redistribution of tracer from the vascular to the interstitial
spaces and tracer clearance mechanisms.
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After validating our transport model, we introduced descriptions of gas exchange at the
level of pulmonary and peripheral capillaries. Lung gas exchange was based on the work
by Albanese et al. (2016), from which we adapted model equations (section 2.3.6.1) and
parametrization (section 4.3.1.1). The main difference in model equations lies in the fact
that we explicitly account for gas transport in the heart, pulmonary arteries and pul-
monary capillaries, while the former two compartments are bypassed in Albanese’s model.
The description of gas exchange in peripheral capillaries (section 2.3.6.2) required the def-
inition of three parameters, the metabolic gas production and consumption rates, and the
perfused tissue volumes. We chose to parametrize the model in a way that allowed us to
take advantage of the anatomical resolution of the ADAVN86 vascular network (section
4.3.1.2.2), by defining metabolic rates over five vascular regions and partitioning the tissue
volume involved in gas exchange into 25 subregions. We evaluated the performance of our
model by simulating a physiological situation, showing in section 4.3.2.2 a good agreement
between model-generated gas composition variables and physiological literature data. Fur-
ther validation will require the introduction of local control mechanisms, in order to assess
the performance of the model for respiratory manoeuvres and conditions such as hypoxia,
hypercapnia and haemorrhage.

Modelling cerebral local autoregulation

We coupled our 1D-0D cardiopulmonary model with descriptions of myogenic and
metabolic cerebral autoregulation mechanisms. Indeed, thanks to myogenic autoregula-
tion, cerebral blood flow remains relatively constant over a wide range of mean arterial
pressure values, and due to metabolic modulation, it responds to perturbations in blood
gas levels. These mechanisms are fundamental to protect the brain from damage result-
ing from hypo- and hyper-perfusion. In section 4.4.1.2, we assessed the behaviour of the
myogenic autoregulation model presented in section 2.3.7.1 by comparing model-generated
results with the static autoregulation curve first introduced by Lassen (1959), observing
good agreement both in the presence and in the absence of respiration. We compared
results obtained under the assumption of constant and variable intracranial pressure, ob-
serving that increases in ICP that are observed when the upper limit of autoregulation
is exceeded partially offset the increase in MAP, thereby apparently enhancing the au-
toregulatory response. Additionally, we were able to satisfactorily reproduce the impact
of hypercapnia on Lassen curves, showing that the lower limit of regulation shifts towards
higher pressure values in response to increased PaCO2 levels. We verified the CO2 reac-
tivity model described in section 2.3.7.2.1 and the fully metabolic autoregulation model
described in section 2.3.7.2.2 by reproducing results by Ursino and Giannessi (2010). As
for the myogenic autoregulation model, we observed that a variable ICP introduces an
extremely strong flow-limiting effect. Future studies will address this limitation: we plan
to analyse the impact of changes in the ICP model parametrization, and to include a
description of CSF production and drainage.

- 216 -



5.1. Contributions

5.1.3 Foot perfusion. Insights from an anatomically detailed arterial net-
work model

We proposed a novel computational framework for the characterisation of foot angiosome
perfusion following a cuff-induced ischaemia test. Our aim was to improve the understand-
ing of the fundamental mechanisms that underlie the angiosome and best-vessel theories
for revascularization, by providing quantitative results obtained in a fully controlled, phys-
iologically realistic situation. Indeed, a major drawback highlighted in clinical studies
available in the literature is the substantial heterogeneity of patients affected by CLTI,
arising from diverse risk factors, comorbidities and highly variable collateral networks. In
particular, we used this model to study the impact of 42 pathological scenarios, charac-
terised by occlusions placed in either the DPA, the MPA, or the LPA, and by different
degrees of collateral impairment. As illustrated in section 4.5.4, if collateralization be-
tween foot angiosomes is preserved, occlusions in one of the three feeding arteries of the
foot have little influence on overall foot perfusion, underlining the importance of blood
redistribution in maintaining adequate perfusion levels. In this case, good patient out-
comes can be achieved by revascularising the best-preserved vessel that crosses the ankle.
When collateral vessels are impaired, instead, perfusion decreases in the angiosome cor-
responding to the occluded feeding artery. Additionally, perfusion in the MPA and LPA
angiosomes is highly dependent on the level of patency of the plantar arch, which acts as
a cross-angiosome conduit. In this case, it is important for the surgeon to revascularise
the relevant feeding artery. Instead, when two of the three feeding arteries to the foot
are occluded, there is a significant reduction in perfusion even when collaterals are patent,
caused by the insufficient inflow. These considerations highlight the strong influence of net-
work structure on simulation results, suggesting that meaningful comparisons with clinical
data and the applicability of such a model in the clinical practice via the definition of
thresholds for TTP and baseline perfusion variations will require an accurate definition
of the patients’ foot vasculature or, at least, a characterisation of the degree of collateral
impairment. In addition, the model would benefit from the knowledge of patient-specific
vessel wall thickness and stiffness, or at least from a characterization of how these prop-
erties are affected by age and comorbidities commonly associated with peripheral artery
disease. Future extensions of the model will include the addition of an explicit description
of foot oxygenation and metabolic autoregulation phenomena. Moreover, we plan to study
the impact of bypass surgeries on foot perfusion.

5.1.4 Limitations and perspectives

Several limitations characterise the work presented in this thesis. On the one hand, as
evidenced when discussing simulation results, the scarcity of physiological data limits the
extent to which the model can be fully validated and applied clinically. On the other
hand, the presented cardiopulmonary model relies on several simplifying assumptions. Our
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lung-mechanics model cannot reproduce ventilation heterogeneity, which plays a fundamen-
tal role in pathological conditions such as asthma, lung fibrosis and COPD (Bruce et al.,
2021; Gibson et al., 2024; Teague et al., 2014; Barjaktarevic et al., 2026). Several ap-
proaches can be adopted to address this limitation. As an example, the adopted 0D model
can be extended as in Christensen and Dræby to account for the presence of multiple alve-
olar branches, which would allow the simulation of scenarios in which alveolar compliances
differ or airflow is restricted in some areas. Additionally, 1D descriptions of the upper
airways can be adopted, e.g. following the approaches proposed by Choi et al. (2019) or
Grandmont et al. (2025). The gas exchange model is implemented only in the 0D termi-
nals and lacks explicit representations of membrane transport properties, pH regulation,
and acid-base balance. In future work, we plan to include the gas dissociation and pH
regulation models employed by Christensen and Dræby; Trenhago et al. (2015), which can
be useful for the characterisation e.g. of cardiogenic shock, assocciated with acidosis and
high lactate levels (Jentzer et al., 2022). Moreover, only local autoregulation mechanisms
were included, while central nervous system-mediated respiratory and cardiovascular con-
trol mechanisms, and hormonal regulation were not considered. In particular, for short
timescale simulations, the role of baroreflex (Herring and Paterson, 2018; Lanfranchi and
Somers, 2002; Di Rienzo et al., 2009; Fu and Ogoh, 2019), chemoreflex (Kara et al., 2003;
Kamra et al., 2025; Gabutti et al., 2001) and lung stretch reflex (Kam and Power, 2020)
responses cannot be neglected, both in physiological and pathological conditions. When
considering longer timescales, such as those associated with the sleep-wake cycle, addi-
tional mechanisms need to be considered. Indeed, during sleep, heart and respiratory rates
decrease, and drops in cardiac output and systemic pressures are observed (Coote, 1982;
Guilleminault et al., 1976; Cheng et al., 2010). Additionally, metabolic processes such
as glucose-insulin-fatty acid regulation become non-negligible when considering multi-day
simulations, as illustrated by (Cheng et al., 2010), as they influence both autonomic control
and cardiovascular function, thereby affecting systemic pressures.

Despite these constraints, this thesis provides methodological advances and offers mech-
anistic insights into clinically relevant problems, such as perfusion in peripheral artery
disease, and into complex physiological phenomena, such as cardiopulmonary interactions.
Having outlined the main limitations, we now describe the specific extensions we will pursue
in the immediate future.

To start, we plan to include the baroreflex and chemoreflex regulation mechanisms em-
ployed by Albanese et al. (2016); Fernandes et al. (2021), enabling the simulation of re-
alistic responses to hypoxia, hypercapnia, haemorrhage, and to the Müller and Valsalva
manoeuvres. These challenges will provide a deeper validation of the model and allow us
to assess its behaviour under conditions that strongly perturb the baseline “at-rest” con-
dition (Cheng et al., 2016). In addition, we will integrate the description of gravitational
effects proposed by Colombo et al. (2026), in order to characterise the system’s response
to orthostasis and, ultimately, to physical exercise. In this context, we will also analyse
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the implications of adopting either an arterial (Albanese et al., 2016; Blanco et al., 2012)
or an integrated arterial-cardiopulmonary (Celant et al., 2023; Fois et al., 2022) baroreflex
model.

Furthermore, we plan to improve the description of the brain-CSF compartment, with
the aim of using the integrated model to investigate how respiration and orthostasis influ-
ence brain waste clearance, an increasingly relevant topic given the rising clinical burden
of neurodegenerative diseases. Achieving this goal will require additional numerical devel-
opments, including the characterisation of CSF flow in the perivascular space, potentially
extending strategies such as those proposed by Toro et al. (2019), and the simulation of
solute diffusion from and into 1D domains.

Together, these directions outline an ambitious research programme. They build on the
methodological and physiological foundations established in this thesis and point toward
increasingly comprehensive models capable of addressing both fundamental scientific ques-
tions and clinically relevant scenarios.
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A.1 Cardiopulmonary mechanical interactions. Insights from an
anatomically detailed arterial-venous network model

A.1.1 Haemodynamic indices

We report here the definitions of the haemodynamic indices in table 4.2 along with a de-
scription of the populations for which the literature values were provided (sections A.1.1,
A.1.1). Moreover, in section A.1.1 we report haemodynamic indices obtained for the fol-
lowing additional scenarios:

A. Respiration (both intrathoracic and intra-abdominal pressures applied as exter-
nal pressures respectively in the thoracic and abdominal compartments), original
parametrisation from (Müller et al., 2023);

B. Reduced respiration (only intrathoracic pressure applied as external pressure respec-
tively in the thoracic compartment), modified parametrisation reported in table 4.2.

Definitions

Ventriculo-arterial coupling indices and stroke work

• Left ventricle elastance index [mmHg/mL] (Holm et al., 2022). It describes the
contractility of the left ventricle and can be computed as the ratio between end-
systolic pressure and end-systolic volume. It is affected by chamber stiffness, mass
and geometry. In our case, we consider, for computations, only the end-systolic
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stretched volume.

LV elastance index = P end-systolic
LV

V end-systolic
LV − V0,LV

• Aortic elastance index [mmHg/mL] (Holm et al., 2022). It describes the arterial load
on the left ventricle, and is defined as the ratio between end-systolic pressure and
stroke volume. It is influenced by vascular resistance, pulsatile load and heart rate.

Aortic el. index = P end-systolic
LV

V end-diastolic
LV − V end-systolic

LV

• Ventriculo-arterial coupling index (Holm et al., 2022). This index helps evaluate
arterial and myocardial function, and plays and important role in the diagnosis of
heart failure. It is computed as the ratio between arterial and ventricular elastances.

Ventriculo-arterial coupling index =
Aortic elastance index

LV elastance index
• Aortic pulsatility index (Belkin et al., 2021). This haemodynamic index, which can be

computed as the ratio between central pulse pressure and pulmonary capillary wedge
pressure, characterises cardiac filling pressures and contractility, and can be used to
assess the severity of heart failure. Since in the clinical practice pulmonary capillary
wedge pressure serves as a surrogate for left ventricular end-diastolic pressure, for
the computation of this index we employ the latter.

Aortic pulsatility index = Central PP
P end-diastolic
LV

• Left ventricle stroke work [J] (Gilbert-Kawai and Wittenberg, 2014), i.e. the work
that each ventricle does to eject a certain volume of blood. It can be computed as the
area of the left ventricular PV loop (as we do here) or approximated as the product
between stroke volume, the difference between mean arterial pressure and pulmonary
capillary wedge pressure, and a factor of 0.0136 to convert units of pressure and
volume to units of work.

Volumes of interest and related quantities

• Cardiac output [L/min]. The amount of volume pumped by the left ventricle per
minute. We computed it as the average flow entering the systemic arteries during
one respiratory cycle.

CO = 1
Tresp

∫ Tresp

0
qaorta dt
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• Left/right ventricular stroke volume indices [mL/m2]. The volume of blood ejected by
each ventricle with each contraction divided by the body surface area of the subject,
which we assumed to be equal to 1.6488m2 (Blanco et al., 2015). The volume of blood
ejected by each ventricle with each contraction can be computed as the difference
between their end-diastolic and end-systolic volumes.

LV/RV SVI =
V end-diastolic
LV/RV − V end-systolic

LV/RV

BSA

• Left/right ventricular ejection fractions [%]. This index is computed as the ratio
between the stroke volume and the end-diastolic volume and is employed in the
clinical practice as a measure of ventricular systolic function. A low ejection fraction
might denote heart failure, while very high values might indicate heart conditions
like hypertrophic cardiomyopathy.

LV/RV EF =
V end-diastolic
LV/RV − V end-systolic

LV/RV

V end-diastolic
LV/RV

• Left/right atrial volume index [mL/m2]. Left atrial volume index is employed in
the clinical practice to assess the severity of pathological conditions such as valvular
heart diseases, left ventricular systolic or diastolic dysfunction and atrial fibrillation.
Indeed, LA enlargement is associated with a higher risk of heart failure, stroke and
death. Both indices are computed as the average atrial volumes during one cardiac
cycle divided by the body surface area.

LA/RA VI = 1
BSA · Tc. cycle

∫ Tc. cycle

0
VLA/RAdt

To account for respiratory variability, we then average over the respiratory cycle.

Pressures of interest

• Central venous pressure [mmHg]. This pressure, which corresponds to the mean
right atrial pressure, is determined by the balance between systemic venous return
and right ventricular output, and depends on blood volume, peripheral venous tone,
intrathoracic pressure and right ventricular function (Didebotham, 2017). It is com-
puted as the cardiac cycle-averaged pressure in the right atrium.

CVP = 1
Tc. cycle

∫ Tc. cycle

0
PRAdt

To account for respiratory variability, we then average over the respiratory cycle.
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• Mean left atrial pressure [mmHg]. It is computed as the cardiac cycle-averaged
pressure in the left atrium.

MLAP = 1
Tc. cycle

∫ Tc. cycle

0
PLAdt

To account for respiratory variability, we then average over the respiratory cycle.
• Mean arterial pressure [mmHg]. Cardiac-cycle average of pressure in the aorta.

CVP = 1
Tc. cycle

∫ Tc. cycle

0
Paorta dt

To account for respiratory variability, we then average over the respiratory cycle.
• Peripheral systolic, diastolic and pulse pressure [mmHg]. Peripheral systolic and

diastolic pulse pressure are computed, respectively, as the maximum and minimum
pressure values in the femoral artery over one cardiac cycle. Pulse pressure is com-
puted as the difference between PSBP and PDBP.

PSBP = max
c. cycle

Pfem. artery,

PDBP = min
c. cycle

Pfem. artery,

PPP = PSBP − PDBP.

To account for respiratory variability, we then average these three quantities over the
respiratory cycle.

Population characteristics

• In Patel et al. (2021), they considered 1450 healthy adult subjects, enrolled in 15
countries, with an even distribution among sex and age groups. Given the availability
of sex and age-stratified data, we consider as reference the CO and LVSVI measured
for 320 young male subjects (18-40 years).

• In Kovalova et al. (2006), they considered 91 healthy normotensive volunteers with
an average age of 39 years (range 17-62), 46 of which were men. No age stratification
was provided, but data was provided separately for men and women, so we consider
as reference the ejection fractions and RVSVI measured for males.

• in Maceira et al. (2010) and Maceira et al. (2013) they consider a population of 60
healthy males with an average age of 49 years (standard deviation 17 years). Data
was acquired through cardiac magnetic resonance. We chose to refer to this kind
of measurement since it matched the behaviour of the model without respiration
better, due to the fact that echocardiographic reference values are about 20 mL/m2
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lower. Moreover, cardiac magnetic resonance is regarded as the gold standard for
measurement of ventricular dimension and function, suggesting that the same can
hold for the atria.

• In McEniery et al. (2005) they considered 4001 healthy, normotensive individuals
between 18 and 90 years selected from the 10096 individuals enrolled in the ACCT
study, and reported sex and age-stratified values for all considered haemodynamic
parameters. We chose as reference the MAP, PSBP, PDBP and PPP reported for
178 males between 20-29 years.

• In Ford et al. (2005) they considered 17 young healthy volunteers (16 males) at rest
in supine position.

• In Sakamoto et al. (2013) they considered 1322 coronary vessels from 496 patients
enrolled in the PREDICTION study.

Additional scenarios

In table A.1 we compare results obtained with (Scenario A) and without (Scenario 1)
respiration using the parametrisation reported in (Müller et al., 2023). Additionally, we
compare results obtained through the parametrisation reported in table 4.2 using the full
respiration model (Scenario 2) or neglecting the contribution of intra-abdominal pressure
(Scenario B), as is done in most available literature.

A.2 Sensitivity analysis

In table A.2, we report sensitivity indices obtained for Scenarios 1, 2 and 3.
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Table A.1: Main cardiac and haemodynamic indices I obtained for scenarios 1, A, 2, B.
LA/RA/LV/RV: left atrium/right atrium/left ventricle/right ventricle; SBP/DBP/PP: systolic/-
diastolic/pulse pressure. Indices were computed averaging over the respiratory cycle. The relative
variation Var A = (IscA − Isc1)/Isc1 is computed with respect to results without respiration, and
the relative variation Var B = (IscB − Isc2)/Isc2 with respect to results obtained with respiration
and our best parametrisation. Reference values, if not otherwise specified, are expressed as mean
± SD. Reference left/right atrial volume indices are expressed as mean, (95% confidence interval).
Reference mean left/right atrial pressures are expressed in terms of a reasonable range accepted in
the clinical practice

Index Scenario 1 Scenario A Scenario 2 Scenario B
Val. Val. Var A Val. Val. Var B

Ventriculo-arterial coupling indices and stroke work

LV elastance index [mmHg/mL] 2.85 2.66 -0.7 2.12 2.12 0
Aortic elastance index [mmHg/mL] 1.24 1.21 -0.02 1.23 1.22 -0.01
Ventriculo-arterial coupling index 0.44 0.46 0.05 0.58 0.57 -0.02
Aortic Pulsatility Index 4.21 7.2 0.71 5.0 5.35 0.07
LV stroke work [J] 1.03 1.69 0.64 1.05 0.94 -0.1

Volumes of interest and related quantities

Cardiac output [L/min] 5.81 7.49 0.29 5.86 5.56 -0.05
LV stroke volume index [mL/m2] 47.9 61.61 0.29 48.49 45.94 -0.05
LV ejection fraction [%] 64.01 64.33 0 58.67 58.61 0
RV stroke volume index [mL/m2] 47.57 62.5 0.31 49.81 47.25 -0.05
RV ejection fraction [%] 59.9 60.12 0 52.98 53.19 0
LA volume index [mL/m2] 48.42 67.54 0.39 31.98 30.25 -0.05
RA volume index [mL/m2] 53.91 81.47 0.51 50.94 47.73 -0.06

Pressures of interest

Central venous pressure [mmHg] 4.67 2.32 -0.5 4.49 3.82 -0.15
Mean left atrial pressure [mmHg] 6.74 4.53 -0.33 5.41 4.74 -0.12
Mean arterial pressure [mmHg] 92.8 114.73 0.24 93.31 87.88 -0.06
Peripheral SBP [mmHg] 127.88 164.74 0.29 127.6 120.46 -0.06
Peripheral DBP [mmHg] 73.28 88.13 0.2 74.39 69.69 -0.06
Peripheral PP [mmHg] 54.6 76.61 0.4 53.21 50.76 -0.05

Blood flow distribution

Cerebral flow [mL/s] 12.38 16.31 0.32 12.48 12.05 -0.03
Coronary flow [mL/s] 4.91 6.67 0.36 5.32 4.97 -0.07
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Table A.2: Local sensitivities S±
M,P of variables M = {CO, CVP, MAP, PPA, LAV} obtained

for Scenarios 1 (top third), 2 (mid third), 3 (bottom third) and ranked according to their absolute
values.

Rk CO CVP MAP PPA LAV

Scenario 1: no respiration, original parametrisation from (Müller et al., 2023)

1 V set
str − (−12.27%) V set

str + (+16.97%) V set
str − (−12.26%) V set

str + (+9.65%) V set
str − (−12.70%)

2 V set
str + (+11.59%) V set

str − (−16.03%) V set
str + (+11.95%) V set

str − (−6.57%) V set
str + (+12.59%)

3 Csys,v − (+4.77%) Csys,v − (+6.68%) Rper − (−5.86%) Ee − (−6.45%) tRAonset + (−6.31%)
4 Csys,v + (−4.28%) tRAonset + (+5.97%) Rper + (+5.63%) Ee + (+6.28%) tLAonset + (+6.18%)
5 tRAonset + (−4.06%) Csys,v + (−5.78%) Csys,v − (+4.09%) τ2,LV + (+3.81%) Emin

fw,LV − (−6.17%)
6 Emin

fw,RV − (+3.06%) Emin
fw,RV − (−3.91%) tRAonset + (−3.79%) τ2,LV − (+3.78%) Emin

fw,LV + (+6.02%)
7 Emin

fw,RV + (−2.80%) Emin
fw,RV + (+3.64%) Csys,v + (−3.76%) Csys,v − (+3.56%) Emin

fw,LA − (+5.20%)
8 Emin

fw,LV − (+2.04%) Emin
fw,RA − (−2.28%) Emin

fw,RV − (+2.85%) Rper − (+3.21%) Csys,v − (+4.83%)
9 Emax

fw,RV − (−1.98%) Emin
fw,RA + (+2.11%) Emin

fw,RV + (−2.65%) Emax
fw,LV − (−2.90%) Emin

fw,LA + (−4.63%)
10 Emin

fw,LV + (−1.88%) Emax
fw,RV − (+1.89%) Emin

fw,LV − (+2.04%) Csys,v + (−2.83%) Csys,v + (−4.33%)
Scenario 2: respiration, modified parametrisation reported in table 4.2

1 V set
str − (−8.38%) V set

str + (+25.62%) V set
str − (−8.93%) V set

str + (+7.34%) V set
str + (+8.45%)

2 V set
str + (+8.04%) V set

str − (−24.20%) V set
str + (+8.71%) Ee + (+5.82%) V set

str − (−8.30%)
3 Emin

fw,RV − (+3.22%) Csys,v − (+8.90%) Rper − (−5.79%) τ2,LV − (+5.78%) Emin
fw,LA − (+6.97%)

4 Csys,v − (+2.95%) Csys,v + (−7.75%) Rper + (+5.59%) Ee − (−5.62%) Emin
fw,LA + (−5.96%)

5 Emin
fw,RV + (−2.86%) Emin

fw,RV − (−5.58%) Emin
fw,RV − (+2.94%) V set

str − (−5.58%) Emin
fw,LV − (−5.01%)

6 Csys,v + (−2.66%) Emin
fw,RV + (+4.92%) Emin

fw,RV + (−2.60%) τ2,LV + (−4.82%) Emin
fw,LV + (+4.89%)

7 Emax
fw,RV − (−2.64%) tRAonset + (+4.76%) Csys,v − (+2.55%) Emax

fw,LV + (+2.73%) tRAonset + (−3.82%)
8 Emin

fw,LV − (+2.58%) Ppl,ee + (−4.66%) Emin
fw,LV − (+2.51%) Emax

fw,LV − (−2.67%) τ2,LV + (+3.66%)
9 tRAonset − (−2.43%) Ppl,ee − (+4.64%) Emax

fw,RV − (−2.44%) Emin
fw,RV − (+2.64%) Emin

fw,RV − (+3.63%)
10 Emin

fw,LV + (−2.39%) Emin
fw,RA − (−3.66%) Emin

fw,LV + (−2.33%) Rper − (+2.60%) Emin
fw,RV + (−3.19%)

Scenario 3: no respiration, modified parametrisation reported in table 4.2

1 V set
str − (−13.08%) V set

str + (+16.65%) V set
str − (−12.81%) Ee − (−7.46%) V set

str − (−12.01%)
2 V set

str + (+12.80%) V set
str − (−15.92%) V set

str + (+12.52%) Ee + (+6.66%) V set
str + (+11.84%)

3 Csys,v − (+5.66%) Csys,v − (+7.24%) Csys,v − (+5.50%) part
0 + (+5.78%) Emin

fw,LA − (+6.55%)
4 Csys,v + (−5.01%) Csys,v + (−6.25%) Rper − (−5.49%) part

0 − (−5.12%) Emin
fw,LA + (−5.68%)

5 Emin
fw,RV − (+4.12%) Emin

fw,RV − (−2.91%) Rper + (+5.18%) V set
str − (−4.79%) Emin

fw,LV − (−5.41%)
6 Emin

fw,RV + (−3.74%) Emin
fw,RV + (+2.64%) Csys,v + (−4.88%) Rper − (+4.13%) Emin

fw,LV + (+5.24%)
7 Emax

fw,RV − (−2.92%) tRAonset + (−1.92%) Emin
fw,RV − (+3.36%) V set

str + (+4.08%) Csys,v − (+5.20%)
8 Emin

fw,LV − (+2.67%) Emin
fw,RA − (−1.82%) Emin

fw,RV + (−3.06%) τ2,LV − (+3.91%) Csys,v + (−4.59%)
9 Emax

fw,RV + (+2.51%) Emin
fw,RA + (+1.60%) Emax

fw,RV − (−2.42%) τ2,LV + (−3.77%) Emin
fw,RV − (+4.19%)

10 Emin
fw,LV + (−2.48%) Emax

fw,RV − (+1.54%) Emin
fw,LV − (+2.39%) Rper + (−3.69%) τ2,LV + (+3.97%)
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A. Bermudez, X. López, and M. E. Vázquez-Cendón. Numerical solution of non-isothermal
non-adiabatic flow of real gases in pipelines. J. Comp. Phys., 323:126–148, 2016. doi:
10.1016/j.jcp.2016.07.020.

F. Biancari and T. Juvonen. Angiosome-targeted lower limb revascularization for ischemic
foot wounds: systematic review and meta-analysis. European Journal of Vascular and
Endovascular Surgery, 47(5):517–522, 2014.

M. Bisgaard, K. C. Houlind, A. D. Blankholm, S. Ringgaard, J. Christensen, and H. Precht.
Validation of mri assessment of foot perfusion for improving treatment of patients with
peripheral artery disease. Radiography, 30(4):1116–1124, 2024.

P. Blanco, P. Trenhago, L. Fernandes, and R. Feijóo. On the integration of the baroreflex
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M. Castro, J. M. Gallardo, J. A. López-GarćIa, and C. Parés. Well-balanced high order
extensions of Godunov method for linear balance laws. SIAM J. Numer. Anal., 46(2):
1012–1039, 2008.

M. J. Castro and C. Parés. Well-balanced high-order finite volume methods for systems of
balance laws. J. Sci. Comput., 82(2):48, 2020. doi: 10.1007/s10915-020-01149-5.

M. J. Castro Dı́az, T. Chacón Rebollo, E. D. Fernández-Nieto, and C. Parés. On well-
balanced finite volume methods for nonconservative nonhomogeneous hyperbolic sys-
tems. SIAM J. Sci. Comput., 29(3):1093–1126, 2007. doi: 10.1137/040607642.

M. Celant, E. F. Toro, and L. O. Müller. Total effective vascular compliance of a global
mathematical model for the cardiovascular system. Symmetry, 13(10):1858, 2021.

M. Celant, E. Toro, G. Bertaglia, S. Cozzio, V. Caleffi, A. Valiani, P. Blanco, and L. Müller.
Modeling essential hypertension with a closed-loop mathematical model for the entire
human circulation. Int. J. Numer. Meth. Biomed. Eng., 39(11):e3748, 2023. doi: 10.100
2/cnm.3748.

K.-H. Chan, J. D. Miller, and I. R. Piper. Cerebral blood flow at constant cerebral perfusion
pressure but changing arterial and intracranial pressure: relationship to autoregulation.
Journal of Neurosurgical Anesthesiology, 4(3):188–193, 1992.

P. Charlton, J. Harana, S. Vennin, Y. Li, P. Chowienczyk, and J. Alastruey. Modeling
arterial pulse waves in healthy aging: a database for in silico evaluation of hemodynamics
and pulse wave indexes. Am. J. Physiol. Heart Circ. Physiol., 317(5):H1062–H1085, 2019.
doi: 10.1152/ajpheart.00218.2019.

C. Chen, M. Nakayama, E. Nevo, B. Fetics, W. Maughan, and D. Kass. Coupled systolic-
ventricular and vascular stiffening with age: Implications for pressure regulation and
cardiac reserve in the elderly. J. Am. Coll. Cardiol., 32(5):1221–1227, 1998. doi: 10.101
6/S0735-1097(98)00374-X.

L. Cheng and M. C. Khoo. Modeling the autonomic and metabolic effects of obstructive
sleep apnea: a simulation study. Frontiers in Physiology, 2:111, 2012.

L. Cheng, O. Ivanova, H.-H. Fan, and M. C. Khoo. An integrative model of respiratory
and cardiovascular control in sleep-disordered breathing. Respiratory physiology & neu-
robiology, 174(1-2):4–28, 2010.

L. Cheng, A. Albanese, M. Ursino, and N. Chbat. An integrated mathematical model of
the human cardiopulmonary system: model validation under hypercapnia and hypoxia.
Am. J. Physiol. Heart Circ. Physiol., 310(7):H922–H937, 2016. doi: 10.1152/ajpheart.0
0923.2014.

- 233 -



Bibliography

L. Chiari, G. Avanzolini, F. Grandi, and G. Gnudi. A simple model of the chemical
regulation of acid-base balance in blood. In Proceedings of 16th Annual International
Conference of the IEEE Engineering in Medicine and Biology Society, volume 2, pages
1025–1026. IEEE, 1994.

S. Choi, S. Yoon, J. Jeon, C. Zou, J. Choi, M. H. Tawhai, E. A. Hoffman, R. Delvadia,
A. Babiskin, R. Walenga, et al. 1d network simulations for evaluating regional flow
and pressure distributions in healthy and asthmatic human lungs. Journal of Applied
Physiology, 127(1):122–133, 2019.

N. L. Christensen, J. Sørensen, K. Bouchelouche, M. A. Madsen, C. S. Buhl, and L. P.
Tolbod. Repeatability of [15o] h2o pet imaging for lower extremity skeletal muscle
perfusion: a test–retest study. EJNMMI research, 14(1):11, 2024. doi: https://doi.org/
10.1186/s13550-024-01073-x.

T. G. Christensen and C. Dræby. 8. Respiration, chapter 8, pages 197–247. doi: 10.1137/
1.9780898718287.ch8. URL https://epubs.siam.org/doi/abs/10.1137/1.9780898
718287.ch8.

D. Chung, S. Niranjan, J. Clark Jr, A. Bidani, W. Johnston, J. Zwischenberger, and D. Tra-
ber. A dynamic model of ventricular interaction and pericardial influence. American
Journal of Physiology-Heart and Circulatory Physiology, 272(6):H2942–H2962, 1997.

V. Chuter, N. Schaper, J. Mills, R. Hinchliffe, D. Russell, N. Azuma, C.-A. Behrendt,
E. J. Boyko, M. S. Conte, M. D. Humphries, et al. Effectiveness of revascularisation for
the ulcerated foot in patients with diabetes and peripheral artery disease: A systematic
review. Diabetes/metabolism research and reviews, 40(3):e3700, 2024. doi: https://doi.
org/10.1002/dmrr.3700.

S. Cirovic, C. Walsh, and W. D. Fraser. A mathematical model of cerebral perfusion
subjected to gz acceleration. Aviation, space, and environmental medicine, 71(5):514–
521, 2000.

J. A. Claassen, D. H. Thijssen, R. B. Panerai, and F. M. Faraci. Regulation of cerebral
blood flow in humans: physiology and clinical implications of autoregulation. Physio-
logical reviews, 101(4):1487–1559, 2021.

G. Claessen, P. Claus, M. Delcroix, J. Bogaert, A. La Gerche, and H. Heidbuchel. Inter-
action between respiration and right versus left ventricular volumes at rest and during
exercise: a real-time cardiac magnetic resonance study. Am. J. Physiol. Heart Circ.
Physiol., 306(6):H816–H824, 2014. doi: 10.1152/ajpheart.00752.2013.

R. L. Clain, S. Diot. A high-order finite volume method for systems of conservation
laws-Multi-dimensional Optimal Order Detection (MOOD). J. Comp. Phys., 230(10):
4028–4050, 2011. doi: 10.1016/j.jcp.2011.02.026.

- 234 -

https://epubs.siam.org/doi/abs/10.1137/1.9780898718287.ch8
https://epubs.siam.org/doi/abs/10.1137/1.9780898718287.ch8


Bibliography

W. Cobb, J. Burns, K. Kercher, B. Matthews, H. Norton, and B. Heniford. Normal
intraabdominal pressure in healthy adults. J. Surg. Res., 129(2):231–235, 2005. doi:
10.1016/j.jss.2005.06.015.

C. Colombo, A. Siviglia, E. F. Toro, D. Bia, Y. Zócalo, and L. O. Müller. Tube law
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L. Müller, S. Watanabe, E. Toro, R. Feijóo, and P. Blanco. An anatomically detailed
arterial-venous network model. cerebral and coronary circulation. Front. Physiol., 14:
1162391, 2023. doi: 10.3389/fphys.2023.1162391.

K. Nakamura, K. Quian, T. Ando, R. Inokuchi, K. Doi, E. Kobayashi, I. Sakuma,
S. Nakajima, and N. Yahagi. Cardiac variation of internal jugular vein for the
evaluation of hemodynamics. Ultrasound Med. Biol., 42(8):1764–1770, 2016. doi:
10.1016/j.ultrasmedbio.2016.03.003.

- 247 -



Bibliography

R. F. Neville, C. E. Attinger, E. J. Bulan, I. Ducic, M. Thomassen, and A. N. Sidawy.
Revascularization of a specific angiosome for limb salvage: does the target artery matter?
Annals of vascular surgery, 23(3):367–373, 2009. doi: https://doi.org/10.1016/j.avsg.2
008.08.022.

A. Noordergraaf, P. D. Verdouw, and H. B. Boom. The use of an analog computer in a
circulation model. Progress in Cardiovascular Diseases, 5(5):419–439, 1963.

L. Norgren, W. R. Hiatt, J. A. Dormandy, M. R. Nehler, K. A. Harris, F. G. R. Fowkes,
T. I. W. Group, et al. Inter-society consensus for the management of peripheral arterial
disease (tasc ii). Journal of vascular surgery, 45(1):S5–S67, 2007. doi: https://doi.org/
10.1016/j.jvs.2006.12.037.

J. B. Olansen, J. Clark, D. Khoury, F. Ghorbel, and A. Bidani. A closed-loop model of
the canine cardiovascular system that includes ventricular interaction. Computers and
biomedical research, 33(4):260–295, 2000.

T. Osada, T. Katsumura, T. Hamaoka, N. Murase, M. Naka, and T. Shimomitsu. Quan-
titative effects of respiration on venous return during single knee extension-flexion. Int.
J. Sports Med., 23(3), 2002. doi: 10.1055/s-2002-23177.

J. T. Ottesen, M. S. Olufsen, and J. K. Larsen. Applied mathematical models in human
physiology. SIAM, 2004.

L. M. Palena, L. F. Garcia, C. Brigato, E. Sultato, A. Candeo, T. Baccaglini, and M. Manzi.
Angiosomes: how do they affect my treatment? Techniques in Vascular and Interven-
tional Radiology, 17(3):155–169, 2014.

C. Parés. Numerical methods for nonconservative hyperbolic systems: a theoretical
framework. SIAM Journal on Numerical Analysis, 44(1):300–321, 2006. doi: https:
//doi.org/10.1137/050628052.

C. Parés and M. Muñoz Rúız. On some difficulties of the numerical approximation of
nonconservative hyperbolic systems. Boletın SEMA, 47:23–52, 2009.

H. Patel, T. Miyoshi, K. Addetia, M. Henry, R. Citro, M. Daimon, P. Fajardo, R. Kasli-
wal, J. Kirkpatrick, M. Monaghan, D. Muraru, K. Ogunyakin, S. Park, R. Ronderos,
A. Sadeghpour, G. Scalia, M. Takeuchi, W. Tsang, E. Tucay, A. Rodrigues, and
J. Hwang. Normal values of cardiac output and stroke volume according to measure-
ment technique, age, sex, and ethnicity: Results of the world alliance of societies of
echocardiography study. J. Am. Soc. Echocardiogr., 34(10):1077–1085.e, 2021. doi:
10.1016/j.echo.2021.05.012.

M. Patel, L. Berman, H. Moss, and S. McPherson. Subclavian and internal jugular veins
at doppler us: abnormal cardiac pulsatility and respiratory phasicity as a predictor of

- 248 -



Bibliography

complete central occlusion. Radiology, 211(2):579–583, 1999. doi: 10.1148/radiology.21
1.2.r99ma08579.

N. Patel and K. Patel. Estimation of pulmonary gas exchange in the human respiratory
system under normal and abnormal conditions. Biosciences Biotechnology Research Asia,
20(1):255–262, 2023.

O. B. Paulson, J. Olesen, and M. S. Christensen. Restoration of autoregulation of cerebral
blood flow by hypocapnia. Neurology, 22(3):286–286, 1972.

S. Payne. Cerebral autoregulation: control of blood flow in the brain, volume 15. Springer,
2016.

T. Pedley. Wave phenomena in physiological flows. IMA journal of applied mathematics,
32(1-3):267–287, 1984.
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