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Abstract

Scale invariance provides a well-motivated guiding principle for the physics of the early Universe.
It emerges as an approximate symmetry in several high-energy regimes and is exactly realized
at the fixed points of the renormalization-group flow, where no intrinsic mass or length scale is
present. Within this perspective, scale-invariant theories offer a natural setting in which physical
mass scales arise dynamically through symmetry breaking. Motivated by these considerations, this
thesis investigates the implications of scale-invariant gravity in the context of inflationary cosmology.
We study a classically scale-invariant model based on an R2 modification of the gravitational action
coupled to a real scalar field and analyze its inflationary dynamics. We examine the evolution of
the background and linear cosmological perturbations, clarifying the role of scale symmetry and
the corresponding Noether current. We derive constraints on the model parameters and connect the
resulting inflationary dynamics to current observational data. Finally, we explore the implications
of scale-invariant inflation for primordial magnetogenesis, investigating a mechanism for breaking
electromagnetic conformal invariance during inflation and its phenomenological consequences.
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Introduction

Modern cosmology has entered an unprecedented era of observational precision. Measurements of
the cosmic microwave background (CMB), large-scale structure (LSS), baryon acoustic oscillations
(BAO), and Type Ia supernovae (SN Ia) have converged into a remarkably consistent description of
the Universe on large scales. This concordance picture is commonly referred to as the standard model of
cosmology, or ΛCDM, in which the dynamics of the Universe are described by general relativity (GR)
and a hot Big Bang cosmological history, with cold dark matter and a cosmological constant responsible
for the present phase of accelerated expansion. Despite its empirical success, ΛCDM provides only an
effective description of cosmic evolution and leaves the physical origin of its fundamental components
– and in particular the physics of the very early Universe – largely unexplained.

When extrapolated to early times, the standard hot Big Bang framework faces a fundamental
limitation concerning its predictive power. In the absence of a mechanism governing the initial state
of the Universe, the observed level of homogeneity, flatness, and large-scale coherence can be obtained
only for highly special and finely tuned initial conditions. Any successful cosmological theory, however,
should account for the properties of the observed Universe starting from a generic class of initial
configurations, rather than relying on exceptional assumptions.

From the pioneering works of Starobinsky, Guth, and Linde [1–3], cosmic inflation has
emerged as the leading paradigm for addressing this limitation. Defined as a phase of accelerated
expansion preceding the radiation-dominated era, inflation provides a dynamical solution to the
initial conditions problem and predicts the generation of primordial perturbations from microscopic
quantum fluctuations. During inflation, quantum fluctuations in the energy density are stretched by
the accelerated expansion to macroscopic scales, eventually exceeding the physical Hubble horizon.
Once a perturbation exits the horizon, causal microphysical processes can no longer affect its evolution,
and its amplitude remains effectively frozen until it re-enters the horizon at later times during the
standard, non-accelerating Big Bang evolution.

These primordial perturbations act as the seeds for structure formation and leave characteristic
imprints in the CMB anisotropies, which have been measured with extraordinary accuracy. The near
scale invariance, Gaussianity, adiabatic nature, and phase coherence of the observed primordial power
spectrum are among the most compelling pieces of evidence in favor of inflation, establishing it as
a unique observational window onto physics at energy scales far beyond those accessible in particle
physics experiments.

Despite its phenomenological success, inflation remains conceptually incomplete. In its simplest
realizations, it relies on scalar-field dynamics described by effective field theories valid below a cutoff
scale, often close to the Planck mass. Questions concerning the naturalness of inflationary potentials,
the origin of the inflaton field, and the role of fundamental mass scales remain open. Moreover,
inflation typically operates at curvature scales where the classical description of gravity provided by
GR is expected to receive significant quantum corrections.

From a theoretical point of view, it is therefore natural to expect the Einstein-Hilbert (EH) action to
be modified in the high-curvature regime relevant to the early Universe. In the absence of a complete
theory of quantum gravity, these modifications can be systematically described within an effective
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field theory framework, in which higher-order curvature invariants arise as quantum corrections to
the classical action. When the curvature is small compared to the Planck scale (R/M2

pl ≪ 1),
such corrections are suppressed, and GR is recovered as an excellent approximation in the regime
where it has been experimentally tested. Conversely, when the curvature approaches the Planck scale
(R/M2

pl ∼ 1), quadratic curvature terms become dynamically relevant, and their impact on the
cosmological evolution can no longer be neglected.

A concrete example of the role played by quadratic gravity terms is provided by the Starobinsky
model, in which the leading modification to the EH action is an R2 term. Despite its minimal
structure, this model yields a successful inflationary phase and shows remarkable agreement with
current cosmological observations, making it a widely adopted benchmark for inflation. This empirical
success naturally motivates the question of whether the R2 contribution plays a special role among
higher-order curvature terms.

Support for this idea comes from reconstruction approaches to modified gravity, in which the form
of the gravitational action is inferred by demanding an inflationary phase consistent with observations.
Remarkably, across a wide class of such analyses, an R2 term systematically emerges as the dominant
contribution in the large-curvature regime. This suggests that the appearance of the R2 term is not
accidental, but rather reflects a structural property of gravity in the high-curvature regime.

The R2 term is further singled out by the fact that it is the only higher-order curvature correction
that leads to a ghost-free and one-loop renormalizable gravitational action, and that it enjoys exact
scale invariance. During the inflationary phase described by the Starobinsky model, the dynamics
are dominated by the quadratic term, while the linear EH contribution is subleading. As a result, scale
invariance is effectively realized as an approximate symmetry of the inflationary regime.

From this perspective, it is natural to speculate that scale invariance may represent a fundamental
symmetry of gravity at high energies, with the EH term emerging only after the symmetry is broken.
This observation motivates exploring scale-invariant extensions of gravity and their phenomenological
implication in the early Universe, which is the main subject of this thesis.

The rationale behind scale invariance as a fundamental symmetry is not limited to the context
of inflation and arises naturally across a wide range of physical systems. At a general level, scale
invariance characterizes situations in which no intrinsic mass or length scale is present, so that the
underlying dynamics remain unchanged under rescalings of mass or distance. At an intuitive level,
the absence of an intrinsic scale implies that absolute notions of size lose meaning, and physical
properties can only be characterized through relative comparisons since no preferred reference unit
is available. This symmetry is a hallmark of critical phenomena in statistical mechanics, where the
divergence of the correlation length at phase transitions renders the system insensitive to rescalings
of length. In cosmology, the nearly scale-invariant spectrum of primordial fluctuations provides an
observational indication that scale symmetry may have played a role in the very early Universe.
Similarly, in particle physics, the Standard Model (SM) is approximately scale invariant at energies well
above the electroweak (EW) scale, where particle masses become negligible, an assumption increasingly
supported by the absence of new physics at current collider energies.

From a theoretical standpoint, scale invariance emerges whenever the fundamental Lagrangian
contains no dimensionful parameters. In four spacetime dimensions, this requirement restricts the
allowed operators to those of dimension four, making scale invariance a highly predictive principle.
In a broader sense, the idea of scale invariance as a fundamental symmetry of Nature parallels the
Copernican principle in cosmology: just as no point in space is privileged, no particular energy or
length scale is singled out at the fundamental level. Deviations from exact scale invariance then arise
dynamically, through symmetry breaking or quantum effects, giving rise to the characteristic scales
observed in Nature.

In particle physics, scale invariance has long been explored as a guiding principle for addressing
the origin of mass scales. In this context, masses are not introduced as fundamental parameters
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of the theory, but are generated dynamically through symmetry-breaking mechanisms, offering
a possible approach to the gauge hierarchy problem. When this idea is extended to gravity and
cosmology, it naturally opens the possibility that the Planck scale itself is not fundamental but
emerges dynamically from the spontaneous breaking of scale invariance. Within such a framework,
all dimensionful quantities acquire physical meaning only after the symmetry is broken, providing a
unified perspective on the dynamical origin of scales in fundamental physics.

In cosmology, scale invariance offers additional appealing features. Inflationary models based on
scale-invariant theories naturally give rise to flat or plateau-like potentials, which are favored by
current observations and are robust against radiative corrections. Moreover, the dynamical generation
of scales within scale-invariant frameworks provides new perspectives on the cosmological constant
problem, as vacuum energy contributions can be tied to symmetry-breaking dynamics rather than to
fixed parameters in the fundamental action.

Beyond these phenomenological motivations, scale invariance is also supported by deeper
theoretical considerations. Wetterich proposed [4] that scale invariance may provide a unifying
effective field theory description that connects early-Universe ultraviolet (UV) physics, the Standard
Model (SM), and a late-time infrared (IR) regime, with all physical scales emerging along a single
renormalization-group flow. In this framework, scale invariance plays a role that goes beyond
conventional renormalizability, acting as an organizing principle for the structure of the theory
across widely separated energy scales. These considerations further support the idea that scale
invariance may represent a fundamental symmetry of Nature and provide strong motivation for its
implementation in gravitational and cosmological frameworks.

In this thesis, we investigate the cosmological implications of a classically scale-invariant theory
of gravity that includes a quadratic R2 term and a real scalar field, originally proposed by Rinaldi and
Vanzo in [5]. In this setting, scale invariance acquires a genuinely dynamical character, in which the
Planck mass naturally emerges from symmetry breaking. The primary goal of this work is to examine
how this structure drives inflationary dynamics and shapes the resulting cosmological phenomenology.

A central element of the analysis is the role of scale symmetry and of the associated Noether
current during inflation. Exploiting this symmetry, the intrinsically multifield dynamics of the model
can be consistently reduced to an effective single-field description, substantially simplifying the
analysis of both the background evolution and cosmological perturbations. This symmetry-based
reduction also has important implications for stability: while many multifield inflationary scenarios
are known to suffer from tachyonic instabilities associated with entropy perturbations, the scale-
invariant structure of the theory tightly constrains the perturbation sector and naturally protects the
inflationary trajectory from such pathologies. On this basis, a detailed analytical and numerical study
of scalar and tensor perturbations is carried out to assess the observational viability of the model and
to constrain its parameter space using the latest CMB observations.

Beyond inflation, the scale-invariant framework explored in this work provides a natural setting
to address additional cosmological issues. In particular, we investigate the emergence of a residual
cosmological constant, which appears generically and unavoidably in all scale-invariant extensions of
the model that preserve the same degrees of freedom. We further investigate the phenomenological
implications of the theory beyond the scalar sector, with particular emphasis on a mechanism for
the inflationary generation of primordial magnetic fields that is naturally embedded within the
scale-invariant background dynamics. Taken together, these analyses assess the internal consistency,
predictive power, and observational signatures of scale-invariant R2 gravity models within a unified
cosmological framework.
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Outline

The first part of the thesis (Chapters 1 and 2) is intended as an overview of the main theoretical
foundations and mathematical tools of cosmic inflation and modified gravity.

Chapter 1 introduces the inflationary paradigm in modern cosmology, explaining how inflation
addresses the main conceptual issues of the standard hot Big Bang model and analyzing its minimal
single-field slow-roll realization. The chapter presents the mathematical tools required to study
cosmological perturbations and connects them to the associated power spectra and observational
signatures.

Chapter 2 provides an overview of modified theories of gravity, discussing their motivations,
theoretical consistency, and phenomenology. Particular attention is devoted to f(R) theories and
to Starobinsky inflation as a representative case, as well as to the formulation of these theories in the
Jordan and Einstein frames. Section 2.4 introduces the main features of scale invariance, outlining its
theoretical motivations in particle physics, cosmology, and quantum field theory.

The second part of the thesis (Chapters 3–5) is devoted to the original contributions of this work.
Chapter 3 investigates the inflationary dynamics of the scale-invariant model introduced in [5],

focusing on its homogeneous background evolution. The model is formulated in both the Jordan
and Einstein frames, with particular emphasis on the implications of scale symmetry, including
the dynamical emergence of the Planck mass through spontaneous symmetry breaking and the
conservation of the associated Noether current, which effectively reduces the system to single-field
background dynamics. Analytical predictions for single-field slow-roll inflation are then derived under
suitable approximations, allowing constraints to be placed on the model parameter space.

Chapter 4 extends the analysis to first-order perturbation theory within a fully multifield
analysis. The implications of the underlying symmetry for the stability of the model against entropy
perturbations are investigated, and the predictions for non-Gaussianities are evaluated. Section 3.4
presents a numerical analysis aimed at constraining the model using the latest observational data and
discusses possible observational signatures that could distinguish it from Starobinsky inflation.

Chapter 5 explores the generation of primordial magnetic fields through a broken-power-law
coupling between the inflaton field of the scale-invariant model and the electromagnetic sector,
including a Chern-Simons parity-breaking interaction. The evolution of the gauge field in this
framework is investigated both analytically and numerically, including an analysis of backreaction
effects, gauge-field-sourced tensor perturbations, and possible connections to baryogenesis.

Finally, the Conclusions summarize the main results of the thesis and outline prospects for future
research. Each chapter concludes with a brief summary highlighting the main results and findings.

Original contributions

The original content of the thesis is based on the following peer-reviewed publications and conference
proceedings.

• [6] M. De Angelis, C. Cecchini, and M. Rinaldi, “Tracing cosmic stretch marks: probing scale
invariance in the early Universe”, Contribution to: MG17 (2024), arXiv:2410.05977.

• [7] C. Cecchini, M. De Angelis, W. Giarè, M. Rinaldi, and S. Vagnozzi, “Testing scale-invariant
inflation against cosmological data”, JCAP 07 (2024), arXiv:2403.04316.

• [8] M. Rinaldi, C. Cecchini, A. Ghoshal, and D. Mukherjee, “Scale-invariant inflation”, J. Phys.
Conf. Ser. 2531 (2023), arXiv:2303.16107.

• [9] C. Cecchini and M. Rinaldi, “Inflationary helical magnetic fields with a sawtooth coupling”,
Phys. Dark Univ. 40 (2023), arXiv:2301.07699.
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In particular, Chapter 3 is based on and extends the results of [8], Chapter 4 is primarily based on
[6, 7], and Chapter 5 critically reviews the results of [9].

Research work carried out during the Ph.D. that is not addressed in this thesis includes

• [10] C. Cecchini, G. Franciolini, and M. Pieroni, “Forecasting constraints on scalar-induced
gravitational waves with future pulsar timing array observations”, Phys. Rev. D 111 (2025),
arXiv:2503.10805.
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Units and conventions

Unless otherwise stated, we will employ natural units with ℏ = c = 1. It is useful to introduce Planck
units, which are defined as

ℓpl =
(
Gℏ
c3

)1/2
= 1.616 × 10−35 m;

mpl =
(ℏc
G

)1/2
= 2.176 × 10−8 kg

(
= 1.221 × 1019 GeV/c2

)
;

tpl = ℓpl
c

= 5.391 × 10−44 s;

Tpl = mplc
2

kB
= 1.417 × 1032 K.

For a matter of convenience, we will adopt the reduced Planck mass,

Mpl = mpl/
√

8π = 2.436 × 1018 GeV/c2.

The following conventions are adopted:

• Mostly plus metric signature: (−,+,+,+);

• The Greek letters α, β, . . . are used for spacetime indices, whereas the Latin letters i, j, . . . are
used for spatial indices;

• √−g ≡
√

− det(g), where g is the metric tensor with elements gµν ;

• Dots stand for derivatives with respect to physical time t, primes stand for derivatives with
respect to conformal time τ or e-folding time N, according to the case, whereas “,X” denotes
partial derivative with respect to variable X, e.g., f,R ≡ ∂f/∂R and f,RR ≡ ∂2f/∂R2;

• Quantities labeled with subscript 0 are evaluated at the present time; subscript “i” and “f”
identify the beginning and the end of inflation, respectively. Finally, subscript “∗” corresponds
to Hubble horizon crossing time, unless otherwise stated;

• The scale factor a is considered dimensionless and unitary today, i.e., a0 ≡ a(t0) = 1.

In Chapter 5, we will adopt units of parsec (pc) for the measures of length and units of gauss (G) for
the measures of magnetic field strength.

A parsec is the distance from which an object of size 1 AU (the astronomical unit, AU, is the
average distance from Earth to the Sun) is seen under an angle of 1”. The following relations hold:

1 pc = 3.1 × 1016 m = 2.1 × 105 AU.

It is useful to quote the following conversion:

1 G = 1.95 × 10−20 GeV2.
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Glossary: symbols and acronyms

Symbol Description
t Proper time
τ Conformal time, Eq. (1.2)
N e-folding time
a Scale factor
H Hubble parameter
κ Curvature parameter
z Redshift
Λ Cosmological constant
ϵ, η Slow-roll parameters, Eqs. (1.20)–(1.21)
R Comoving curvature perturbation, Eq. (1.37)
S Isocurvature perturbation, Eq. (4.36)
ns Scalar spectral index (PR ∝ kns−1), Eq. (1.44)
nT Tensor spectral index (PT ∝ knT ), Eq. (1.48)
nB Magnetic spectral index (PB ∝ knB )
BAO Baryon acoustic oscillations
C.L. Confidence level
CMB Cosmic microwave background
EH Einstein-Hilbert
EF Einstein frame
EM Electromagnetic
EW Electroweak
FLRW Friedmann-Lemaître-Robertson-Walker
GR General relativity
IGM Intergalactic medium
IGMF Intergalactic magnetic field
IR Infrared
JF Jordan frame
LSS Large-scale structure
MCMC Markov Chain Monte Carlo
MHD Magnetohydrodynamics
PMF Primordial magnetic field
QCD Quantum chromodynamics
RG Renormalization group
SM Standard Model
SN Ia Supernova Type Ia
SSB Spontaneous symmetry breaking
UV Ultraviolet
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Chapter 1

The inflationary paradigm

From the pioneering work of Starobinsky, Guth, and Linde [1–3], inflation has now become a milestone
of modern cosmology. Defined as a phase of accelerated expansion in the very early Universe, inflation
is believed to occur around ∼ 10−34 − 10−36 s after the initial singularity, at energy scales as high
as ∼ 1015 GeV. Besides addressing the major problems of the standard model of cosmology – like
the horizon and flatness problem – the inflationary paradigm also predicts the generation of coherent
cosmological perturbations, which seed the formation of the large-scale structure (LSS) observed in
the Universe today.

1.1 The homogeneous Universe
Cosmology describes the Universe on the largest scales. On such scales (≳ 100 Mpc), observations of
the cosmic microwave background (CMB), the LSS, and galaxy surveys give strong support1 to the
cosmological principle, stating that the Universe is spatially homogeneous (translation invariant, or the
same at every point) and isotropic (rotationally invariant, or the same in every direction), and evolving
in time. Its evolution can, therefore, be represented as a time-ordered sequence of three-dimensional
spacelike hypersurfaces, each homogeneous and isotropic. The most general metric consistent with
these assumptions is the Friedmann-Lemaître-Robertson-Walker (FLRW) metric [12–14],

ds2 = −dt2 + a2(t)
[

dr2

1 − κr2 + r2
(
dθ2 + sin2 θ dϕ2

)]
, (1.1)

where 0 < θ < π and 0 ≤ ϕ < 2π are the comoving coordinates on the sphere of radius r. The
scale factor a(t) characterizes the relative size of spacelike hypersurfaces Σ at different times. Unless
otherwise stated, we will adopt the convention in which the scale factor is dimensionless. Consequently,
the comoving coordinate r has dimensions of length, and the curvature parameter2 κ has dimensions
of (length)−2. Since current observations suggest that the Universe today is spatially flat with a 1σ
accuracy of 0.2 % [15], we will typically set κ to zero.

The time coordinate t represents the proper time measured by a comoving observer at rest with
(r, θ, ϕ) constant. It is often convenient to replace the proper time t with the conformal time τ , defined
via

τ =
∫

dt

a(t) . (1.2)

1See, however, the anisotropic anomalies detected in the CMB, which may challenge the standard ΛCDM model [11].
2Note that κ can take on any value. Positive, negative, and null values of κ correspond to a closed, open, and flat

geometry, respectively.
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The inflationary paradigm

This is particularly useful for studying light propagation since the radial null geodesics in an FLRW
spacetime correspond to ±45° straight lines in the (τ, r) plane, as are the light cones in Minkowski
spacetime, the only difference being that an FLRW spacetime has a finite age [16].

We further define the Hubble parameter

H ≡ ȧ

a
, (1.3)

where an overdot denotes derivative with respect to proper time t. The Hubble parameter sets the
characteristic scales of the FLRW spacetime: in units of c = 1, the Hubble scale ∼ H−1 sets both the
age of the Universe and the size of the observable Universe.

The Einstein equations evaluated on an FLRW metric are the so-called Friedmann equations, 3

H2 = 1
3ρ− κ

a2 , (1.4)

Ḣ +H2 ≡ ä

a
= −1

6 (ρ+ 3p) , (1.5)

where ρ = ρ(t) and p = p(t) are the total energy density and pressure of the cosmological fluid
filling the Universe, respectively, related through the equation of state p = wρ. If more than one fluid
component contributes significantly to the total energy density and pressure, ρ and p are the sum over
all contributions

ρ =
∑
i

ρi, p =
∑
i

pi, (1.6)

where each species i satisfies the equation of state pi = ωiρi.
Note that Eq. (1.5) implies that a universe filled with ordinary matter (i.e., matter satisfying the

strong energy condition: ρ + 3p ≥ 0) is decelerating, namely ä < 0. For the same reason, the late-
time acceleration the Universe is undergoing is driven by a component that violates the strong energy
condition, generally referred to as dark energy.

The Friedmann equations can be integrated to give the evolution of the scale factor a. A radiation-
dominated universe (w = 1/3) expands as a ∝ t1/2; when the dominant component is matter (w = 0)
the scale factor grows as a ∝ t2/3; finally, for a cosmological constant (w = −1) we have a ∝ eH0t,
where H0 =

√
Λ/3.

Eq. (1.4) can be also written as

1 − Ω = − κ

a2H2 , where Ω = ρ

ρc
, ρc = 3H2. (1.7)

Note that in an expanding universe (ȧ > 0), a decelerated expansion (ä < 0) indicates that the
scale factor a reaches zero when extrapolated back in time, signaling the occurrence of an initial
cosmological singularity, a(t = 0) = 0. The existence of this point implies that the cosmology is
geodesically incomplete [17]. Formally, the density and temperature diverge, and the geometry shrinks
to zero, a sign that the equations used to describe the evolution of the Universe cannot be trusted
near this point.

1.2 Big Bang puzzles
The standard model of Big Bang cosmology, which describes an adiabatically expanding radiation-
dominated universe, faces a severe issue concerning its predictive power. Indeed, it turns out that only

3Unless otherwise stated, in this chapter we adopt reduced Planck units, Mpl = 1.
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The inflationary paradigm

very fine-tuned and unnatural initial conditions lead to the Universe as we observe it today. Whether
or not the naturalness problem is invoked, the Universe is unique, and a cosmological theory can claim
to be a successful physical theory only if it can explain the state of the observed Universe adopting
the most generic initial conditions [18].

There are two independent sets of initial conditions that one must fix to determine the evolution
of the Universe:

• Initial spatial distribution To explain the smoothness of the CMB, the initial Universe must
be smooth at a tremendously fine-tuned level. Since this problem comes with the ratio of the
homogeneity scale and the causal scale, it can also be formulated as the horizon problem;

• Initial velocities To ensure that the Universe remains homogeneous at late times, the initial fluid
velocities must take very precise values. Since the ratio between the potential energy and the
kinetic energy defines the local curvature of a space patch, the initial velocities problem can also
be phrased as the flatness problem.

Horizon problem

From the definition of conformal time in Eq. (1.2), the maximum distance a light ray can travel from
time 0 to time t, corresponding to its entire past light cone, is

χ(τ) = τ − τ0 =
∫ t

0

dt′
a(t′) =

∫ a

0
d ln a′

( 1
a′H

)
. (1.8)

Here, we have expressed the integrand in terms of the comoving Hubble radius (aH)−1 = ȧ−1. From
Eq. (1.5), it is clear that in a radiation- or matter-dominated universe the comoving Hubble radius
increases monotonically in time. As a consequence, the last scattering surface was made up of a large
number of causally disconnected patches. Given the smoothness of the CMB, how is it possible that
all these regions happened to share the same temperature? The nature of the horizon problem is
manifest by looking at the upper part of Figure 1.1: different points that we observe in the CMB have
non-intersecting past light cones, meaning that they did not have enough (conformal) time to come
into causal contact.

Flatness problem

Another consequence of the comoving Hubble radius growing with time is that, as seen from Eq. (1.7),
the quantity |1 − Ω| must diverge with time. Therefore, the value Ω = 1 is an unstable fixed point at
t → 0, and the evolution of the Universe at later times tends to bring Ω away from 1. To achieve the
observed flatness of the Universe today, Ω0 ∼ 1, the value of Ω has to be unnaturally fine-tuned close
to one in the early Universe. To give an example, at the Planck scale [14]

|1 − Ω(apl)| < O(10−61). (1.9)

1.3 Inflation
As emphasized above, the horizon and the flatness problem are related to the fact that the comoving
Hubble radius is strictly increasing with time in the standard Big Bang cosmology. Thus, the idea
behind inflation: the conclusions above can be circumvented only if the comoving Hubble radius were
instead sufficiently decreasing at the very early stages of the Universe’s expansion. Stated in another
way, gravity acted as a repulsive force, thus accelerating the expansion of the Universe.

A stage of accelerated expansion is a necessary condition to address the Big Bang puzzles. Whether
it is also sufficient is a matter of the particular model considered.
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The inflationary paradigm

In the most general way [18]:

Inflation is a stage of accelerated expansion of the universe when gravity acts as a repulsive
force.

Figure 1.1 shows the essence of inflation: if the Universe undergoes a stage of accelerated expansion
before recombination – corresponding to adding a span of negative conformal time – all points in the
CMB originated from the same, causally connected region of space, where the past light cones at the
time of recombination can now overlap.

18 1 Inflation: Theory and Observations

why the CMB is so uniform, we must also explain why its small fluctuations
are correlated on apparently acausal scales.

in
fla

tio
n

1000 10 3 1 0 1 1000

0.2

0.4

0.6
0.8
1.0

0.01

0.1

0.001

Hu
bb

le 
sp

he
re

now

ligh
t c

one

sc
al

e 
fa

ct
or

co
nf

or
m

al
 ti

m
e 

[G
yr

]

50

40

30

20

10

3 10

CMB
reheating

-10

-20

-30

-40

causal contact

Fig. 1.2. Inflationary solution to the horizon problem. The comoving Hubble
sphere shrinks during inflation and expands during the conventional Big Bang
evolution (at least until dark energy takes over). Conformal time during inflation
is negative. The spacelike singularity of the standard Big Bang is replaced by
the reheating surface: rather than marking the beginning of time, ⌧ = 0 now
corresponds to the transition from inflation to the standard Big Bang evolution.
All points in the CMB have overlapping past light cones and therefore originated
from a causally connected region of space.

1.1.2 Cosmic Inflation

To address the horizon problem, we may postulate that the comoving Hub-
ble radius was decreasing in the early universe, so that the integral in (1.3)
is dominated by the contributions from early times. This introduces an ad-
ditional span of conformal time between the singularity and recombination
(see fig. 1.2): in fact, conformal time now extends to negative values. If the
period of decreasing comoving Hubble radius is su�ciently prolonged, all
points in the CMB originate from a causally connected region of space. The
observed correlations can therefore result from ordinary causal processes at

Figure 1.1: From [19]: inflationary solution to the horizon problem. Conformal time τ as a function of comoving
distance is represented: we live on the central vertical worldline, while the other dotted vertical lines are
worldlines of galaxies receding from us as the Universe expands and are labeled by their redshift (top grid).
Hubble sphere: the comoving Hubble radius shrinks during inflation and increases during the ordinary Big
Bang evolution, until the Universe becomes dark-energy dominated. Light cones: all points in the CMB have
overlapping past light cones and thus represent causally connected events. The Big Bang singularity at τ = 0 is
replaced by the reheating surface and shifted back to large, negative values.

Looking at Eq. (1.7) from this new perspective, it is manifest that if the comoving Hubble radius
(aH)−1 decreases, the Universe is driven towards flatness instead of away from it. In an accelerating
universe, Ω = 1 is a future attractor and the flatness problem is solved.

Solving the horizon problem requires the comoving Hubble radius before inflation to have been
larger than the comoving Hubble radius today, H−1

0 . A rough estimate [20] shows that this condition is
achieved if the scale factor a increases by a factor 1027 ∼ e62 during inflation. Introducing the e-folding
time4 through the differential relation dN ≡ d ln a, this amounts to requiring inflation to last at least
N ∼ 62. The Universe becomes enormously large after inflation, and we see just a tiny part of it. Our

4We conventionally define N ≡ ln(a/ai). N takes positive values that increase as inflation proceeds.
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Universe is almost exactly homogeneous because all the initial inhomogeneities (and other “defects”,
like magnetic monopoles) were diluted away – or “devalued”, hence the name inflation –, and for the
same reason the Universe looks so flat [21].

As can be seen from Figure 1.2, all scales that are relevant to cosmological observations today were
outside the comoving Hubble radius until a ∼ 10−5, but were instead smaller than it at the beginning
of inflation, thus causally connected. For any mode of comoving wavenumber k, we define the horizon
crossing as the moment when the (comoving) wavelength λ ∼ k−1 becomes comparable to the size of
the comoving Hubble radius, that is k = aH. We say that a mode enters the horizon as it goes from
k ≪ aH to k ≥ aH, since it becomes observable for an observer living in the Universe.
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Horizon exit Horizon re-entry

Figure 1.2: Comoving Hubble radius (aH)−1 as a function of the scale factor a through different epochs, marked
by vertical dotted lines; from left to right: inflation, radiation-domination, matter-domination, and dark-energy
domination at the very end. The scales probed by CMB and LSS experiments roughly fall within the horizontal
gray band. The horizontal orange line represents a typical mode of a given comoving wavelength λ that was
sub-Hubble at the beginning of inflation, crossed the horizon during inflation, and ultimately re-entered during
radiation-domination.

In the following paragraphs, we will investigate the conditions for a viable inflation. As already
mentioned, the condition ä > 0 can be realized by a cosmological constant Λ. In that case, the
solution to the Friedmann equations is a de Sitter universe, characterized by

a(t) ∝ eH0t. (1.10)

However, a pure de Sitter solution corresponds to a cosmological attractor and is thus unsuitable to
end inflation with a smooth, graceful exit into the standard hot Big Bang Universe. However, it still
offers an excellent approximation at the onset of inflation. As shown in [18], inflation lasts sufficiently
long provided the following condition is satisfied

(ρ+ p)i
ρi

≲ 10−2. (1.11)

At the beginning of inflation, the deviation from the vacuum equation of state ω = −1 must not exceed
1%. However, the vacuum-like energy must still exhibit some time dependence to stop inflation. In
the following, we outline the simplest mechanism to satisfy this condition and explain how inflation
becomes a physically testable theory through its predictions for perturbations.
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1.3.1 The simplest realization of inflation

The simplest candidate to drive inflation is a single scalar field ϕ, the so-called inflaton. To show that,
let us consider a real scalar field ϕ with Lagrangian density

Lϕ = −1
2g

µν∂µϕ∂νϕ− V (ϕ). (1.12)

The corresponding energy-momentum tensor,

Tµν = − 2√−g
δ(√−gLϕ)

δgµν
= ∂µϕ∂νϕ+ gµνLϕ, (1.13)

can be cast in the shape of the energy-momentum tensor for a perfect fluid, namely

Tµν = (p+ ρ)uµuν + p gµν , (1.14)

via the following identification

ρ = 1
2 ϕ̇

2 + V (ϕ), p = 1
2 ϕ̇

2 − V (ϕ), uµ = ∂µϕ√−∂αϕ∂αϕ
. (1.15)

We have neglected the spatial derivatives since we have shown that they become negligible soon after
the onset of inflation. The de Sitter limit, ρ ≃ −p, is achieved when the potential energy dominates
over the kinetic one, ϕ̇2 ≪ V (ϕ). This is known as slow-roll limit. Assuming that there are no other
matter fields, the dynamics of the homogeneous field ϕ and the FLRW background can be determined
using the first Friedmann equation

H2 = 1
3

(1
2 ϕ̇

2 + V (ϕ)
)
, (1.16)

and the Klein-Gordon equation for ϕ

ϕ̈+ 3Hϕ̇+ V,ϕ = 0. (1.17)

We further write the second Friedmann equation (1.5), which can be combined with Eq. (1.16) to give

Ḣ = −1
2 ϕ̇

2. (1.18)

Eq. (1.5) can be written as
ä

a
= −1

6 (ρϕ + 3pϕ) = H2(1 − ϵ), (1.19)

where we have defined the first slow-roll parameter

ϵ ≡ 3
2 (wϕ + 1) = − Ḣ

H2 . (1.20)

Accelerated expansion is achieved when ϵ < 1, and the de Sitter limit corresponds to ϵ → 0. Therefore,
inflation is realized for ϵ ≪ 1 and ends by definition when ϵ = 1. As a complementary condition, we
require ϕ̈ ≪ |3Hϕ̇|, |V,ϕ|, so to have a sufficiently long stage of slow-roll. This requires the smallness
of a second slow-roll parameter

η ≡ − ϕ̈

Hϕ̇
= 2H,ϕϕ

H
, (1.21)

where the second equality follows from ϕ̇ = −2H,ϕ, obtained from Eq. (1.18). In other words, the scalar
field ϕ should slowly roll down the potential. The slow-roll conditions ϵ ≪ 1 and |η| ≪ 1, translate into
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requirements on the shape of the potential. From the slow-roll limit of the equations of motion (1.16)
and (1.17), namely 3H2 ≃ V and 3Hϕ̇ ≃ −V,ϕ, one can express the slow-roll parameters ϵ and η in
terms of the potential and its derivatives. We introduce the potential slow-roll parameters

ϵv ≡ 1
2

(
V,ϕ
V

)2
, ηv ≡ V,ϕϕ

V
, (1.22)

which satisfy ϵ ≃ ϵv, η ≃ ηv − ϵv at leading order in the slow-roll approximation. A prolonged
inflationary stage therefore requires ϵv, |ηv| ≪ 1, meaning that the potential must be sufficiently
flat: both its slope V,ϕ and its curvature V,ϕϕ must remain small relative to V . This naturally favors
potentials featuring a plateau-like region, as shown in Figure 1.3. Conversely, steep polynomial
potentials V ∝ ϕp generically violate these conditions over a significant field range. As we will see in
Sec. 1.5, such models are now strongly disfavored by CMB observations.

The field gains speed as the potential becomes steeper, and the slow-roll condition breaks down.
Inflation ends, and the Universe transitions into a phase of decelerated expansion. Eventually, the
scalar field oscillates around the minimum of the potential and decays into lighter particles. This
process, which marks the transition from the end of inflation to a homogeneous, radiation-dominated
universe, is known as reheating.
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Figure 1.3: Example of inflation driven by a scalar field ϕ with potential V (ϕ) = V0(1 − (ϕ/µ)4)2. Inflation ends
at ϕend when ϵ = 1. CMB scales cross the horizon about 60 e-folds before the end of inflation, when the field is
at ϕCMB. Reheating occurs when the field oscillates about the minimum.

We stress that single-field slow-roll is just one of the many possibilities to describe an inflationary
universe. Some generalizations include [22]: multi-field inflation – a well-known example is the classical
hybrid inflation model [23] –, theories of modified gravity and non-minimal couplings between the
inflaton and gravity – to be discussed in Chapter 2 –, and models with non-standard kinetic terms,
like Dirac-Born-Infeld inflation [24] and tachyonic inflation [25]. Even the possibility of having inflation
without an inflaton was recently discussed [26].

1.4 Cosmological perturbations

So far, we have described the Universe as perfectly homogeneous and isotropic, which is a
good approximation on large scales. On the smallest scales, however, the Universe looks highly
inhomogeneous: matter clumps into stars, galaxies, clusters, and filaments, and the cosmological
principle can be phrased only in a statistical sense. Here lies the extraordinary power of inflation:
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besides addressing the horizon and flatness problems, inflation connects quantum fluctuations
generated in the early Universe with the LSS we observe today. During inflation, primordial
perturbations in the energy density of the Universe are redshifted at super-horizon scales, ultimately
re-entering the horizon and sourcing structure formation via gravitational instability. In this section,
we will show how inflation predicts the power spectrum of the generated perturbations, thus gaining
the status of a testable theory through observations of the CMB anisotropies.

At recombination, the Universe was nearly homogeneous, the inhomogeneities on the CMB being
at the 10−5 level. We will therefore split all the quantities of interest into a homogeneous background
and a spatially-dependent perturbation

X = X(0)(t) + δX(t,x), (1.23)

where δX ≪ X(0). We will consider only perturbations at linear order, since they approximate well
the full nonlinear solution.5 From now on, we will omit the superscript (0) for background quantities,
while perturbations will always be written in the form δX.

A crucial aspect of perturbation theory in general relativity (GR) is gauge freedom. If, at the
background level, the spacetime symmetries imply the existence of a preferred coordinate system,
there are no obvious preferred coordinates for analyzing perturbations. This gauge freedom can lead to
misconceptions since one can create fictitious perturbations or remove real perturbations by perturbing
the coordinates [18]. To handle the correct physical interpretation of perturbations, it is necessary to
have a full set of variables in the matter and metric sectors. This necessity underlines the importance of
working with gauge-invariant quantities, which will be highlighted throughout this section by enclosing
them in a box. If the goal is merely to compute observables – which are inherently gauge-invariant –
an alternative approach is to fix the gauge. In this case, although intermediate steps may depend on
the chosen gauge, the final observable results remain physically valid.

Perturbation theory is a cornerstone of modern cosmology, and it is extensively discussed in
many books and reviews [14, 18, 20, 28–33]. Nonetheless, we provide the standard derivation, since
conventions vary throughout the literature.

A flat FLRW universe with a small perturbation is described by the line element6

ds2 = (gµν(t) + δgµν(t,x)) dxµdxν

= − (1 + 2A) dt2 + 2aBidxidt+ a2 [(1 − 2ψ) δij + Eij ] dxidxj ,
(1.24)

where A(t,x) and ψ(t,x) are scalar perturbations, while Bi(t,x) and Eij(t,x) at this stage are generic
vector and tensor perturbations, respectively.

The scalar-vector-tensor (SVT) decomposition, which follows from Helmoltz’s theorem, can be
adopted to split the metric perturbation into scalar, vector, and tensor parts, according to their
transformation properties on the spatial hypersurfaces. As a consequence, we can identify

Bi ≡ ∂iB − Si, where ∂iSi = 0, (1.25)
Eij ≡ 2∂ijE + 2∂(iFj) + hij , where ∂iFi = 0, hii = ∂ihij = 0. (1.26)

The independent functions used to construct δgµν are: four functions for the scalar perturbations, four
functions for the vector perturbations (two 3-vectors and two constraints), and two functions for the
tensor perturbations (hij has six independent components, and there are four constraints). Therefore,

5We are neglecting all the second-order effects. See, e.g., [27] for a computation of cosmological perturbations up to
second order.

6Note that in the g00 component we use A instead of the commonly adopted Φ to avoid confusion with the scalar
field.
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there are 10 functions, as the number of independent components of δgµν . We will show that the
physical components are just six since the other four can be fixed using gauge invariance.

Scalar, vector, and tensor perturbations are decoupled at linear order and can be studied separately.

1.4.1 Scalar perturbations

Scalar perturbations are induced by energy density inhomogeneities; they exhibit gravitational
instability and lead to structure formation.

The intrinsic Ricci scalar on constant-time hypersurfaces at first order in perturbations is given by

δR(3) = 4
a2 ∇2ψ, (1.27)

where ∇2 ≡ δij∂ij is the spatial Laplacian. For this reason, we refer to ψ as the curvature perturbation.
Let’s consider a scalar coordinate transformation

t → t+ δt, xi → xi + δij∂jδx. (1.28)

Enforcing the conservation of the line element, one can show that the scalar metric perturbations
transform as [29]

A → A− δ̇t,

B → B + a−1δt− a ˙δx,
E → E − δx,

ψ → ψ +Hδt.

(1.29)

The simplest gauge-invariant combination of these functions – spanning the two-dimensional space of
physical perturbations – are the Bardeen potentials [30]

Φ ≡ A− d
dt
[
a2
(
Ė −B/a

)]
, Ψ ≡ ψ + a2H

(
Ė −B/a

)
. (1.30)

A possibility to exhaust the gauge freedom is to work in the longitudinal (Newtonian) gauge, where
B = E = 0 and the line element – including only scalar perturbations – becomes

ds2 = − (1 + 2Φ) dt2 + a2 (1 − 2Ψ) δijdxidxj . (1.31)

In the particular case where the spatial part of the energy-momentum tensor is diagonal, i.e. δT ji ∝ δji ,
it follows that Φ = Ψ and we are left with a single metric perturbation variable which plays the role
of the Newtonian potential. The physical interpretation of the Bardeen potential becomes clear: they
are the amplitudes of the metric perturbations in the longitudinal gauge [32].

Moving to the matter sector, density perturbations transform under (1.28) as

δρ → δρ− ρ̇ δt. (1.32)

Analogously, pressure perturbations transform as δp → δp− ṗ δt. Momentum density perturbation δq,
defined through ∂iδq ≡ (ρ+ p)vi, transform as

δq → δq + (ρ+ p) δt, (1.33)

from which we can define the comoving density perturbation

δρm ≡ δρ− 3Hδq. (1.34)
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Another important gauge-invariant quantity is the curvature perturbation on uniform-density
hypersurfaces ζ

−ζ ≡ ψ + H

ρ̇
δρ , (1.35)

measuring the spatial curvature on constant-energy hypersurfaces. Outside the horizon, ζ is constant
for adiabatic matter perturbations, that is perturbations satisfying

pen ≡ δp− ṗ

ρ̇
δρ = 0, (1.36)

where we indicate with a subscript ‘en’ the non-adiabatic part of the pressure perturbation, also known
as entropy perturbation. Another gauge-invariant scalar is the comoving curvature perturbation7

R ≡ ψ − H

ρ+ p
δq , (1.37)

which can be interpreted as the curvature perturbation on hypersurfaces that are orthogonal to
comoving worldlines.

1.4.2 Vector perturbations

Vector perturbations are related to the rotational motions of the fluid. As in Newtonian theory, they
decay very quickly and are typically neglected. One exception emerges in the context of magnetic field
generation during inflation, a topic we will explore in Chapter 5.

Under a vector coordinate transformation

xi → xi + δxi, (1.38)

the vector metric perturbations transform as

Si → Si + a ˙δxi,
Fi → Fi − δxi.

(1.39)

The combination Vi ≡ Ḟi + Si/a is the gauge-invariant shear perturbation and spans the two-
dimensional space of physical perturbations.

1.4.3 Tensor perturbations

Tensor perturbations describe gravitational waves, the degrees of freedom of the gravitational field
itself. The transverse and traceless perturbation hij in Eq. (1.26) already describes gravitational waves
in a gauge-invariant manner.

1.4.4 Power spectra

Cosmology always deals with statistics, because no known theory predicts the matter overdensity at
a given point in space. What inflation predicts is the statistical distribution of perturbations, from
which one can draw the initial conditions for any subsequent evolution [20].

7The two commonly adopted definitions of curvature perturbations ζ and R are sometimes defined with a different
notation, denoting R by “ζ”. Note that −ζ = R only when δρm = 0. This is the case for single-field slow-roll inflation.
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In this section, we define the power spectrum of perturbations, a bridge between perturbation
theory and observations.

For any function X(t,x) we define its Fourier transform as

Xk(t) =
∫

d3x e−ik·xX(t,x). (1.40)

Starting from the equal-time two-point correlation function

⟨Xk(t)Xk′(t)⟩ ≡ (2π)3δ3(k + k′)PX(k), (1.41)

where we have assumed statistical homogeneity and isotropy, we define the power spectrum as

PX(k) ≡ k3

2π2PX(k). (1.42)

To make contact with other definitions in the literature, note that PX(k) ≡ ⟨|X(k)|2⟩. The spectrum
of scalar curvature perturbations is then defined as

PR ≡ k3

2π2 ⟨|R|2⟩, (1.43)

where R is defined in Eq. (1.37). The scale dependence of the scalar power spectrum is given by the
logarithmic derivative of the power spectrum

ns − 1 ≡ d ln PR
d ln k

∣∣∣∣
k=aH

, (1.44)

evaluated at Hubble radius crossing. A scale-invariant power spectrum corresponds to ns = 1. We also
introduce the running of the spectral index and the running of the running,

αs ≡ dns
d ln k , βs ≡ dαs

d ln k . (1.45)

The power spectrum is usually approximated as a power law8

PR(k) = As(k∗)
(
k

k∗

)ns(k∗)−1+ 1
2αs(k∗) ln

(
k
k∗

)
+ 1

6βs(k∗)
(

ln
(
k
k∗

))2

, (1.46)

where k∗ is some reference pivot scale. It is a conventional scale, often set as the best scale constrained
by a given set of observations (e.g., for CMB anisotropies Planck sets k∗ = 0.002 Mpc−1) [15].

Similarly, we define the tensor power spectrum as

PT ≡ 2 k3

2π2 ⟨|h|2⟩, (1.47)

where h is the element of the tensor perturbation hij introduced in Eq. (1.26) and the factor of 2 comes
from accounting for the two polarization modes. The scale dependence of the tensor power spectrum
is encoded in the tensor spectral index

nT ≡ d ln PT
d ln k

∣∣∣∣
k=aH

, (1.48)

which is defined without −1 for historical reasons.
Another important observational quantity is the tensor-to-scalar ratio

r ≡ PT
PR

. (1.49)

8Note that the power-law approximation in Eq. (1.46) is a Taylor expansion of the scalar spectral index ns. If
the primordial perturbations are produced by slow-roll inflation, then generically (ns − 1) ∼ O(ϵ), αs ∼ O(ϵ2), βs ∼
O(ϵ3) and the Taylor expansion of ns is valid for cosmological observations, which probe a limited range of scales,
kCMB

∗ ∈ [5 × 10−3, 5 × 10−1] Mpc−1 [34]. Caution should be taken when extending this approximation to other scales.
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1.4.5 Worked example: single-field inflation

In this section, we present the complete derivation of quantum fluctuations produced during inflation
and discuss the associated spectra of cosmological perturbations. We will first focus on scalar
perturbations, as they effectively illustrate the overall procedure. We will mainly follow [14].

The starting point is the action of gravity and a scalar field with the general form

S =
∫

d4x
√−g

[1
2R− 1

2 (∇ϕ)2 − V (ϕ)
]
. (1.50)

We aim to study the perturbations of this action under fluctuations of the scalar field ϕ = ϕ(t)+δϕ(t,x)
and the metric. A convenient gauge choice is

δϕ = 0, gij = a2 [(1 − 2R) δij + hij ] , (1.51)

where hij is the transverse and traceless tensor perturbation defined in Eq. (1.26). In this gauge, the
scalar field ϕ is unperturbed, and all scalar degrees of freedom are parametrized by R, physically
representing the spatial curvature of constant−ϕ hypersurfaces.

The action (1.50) can be expanded to second order in R as [35]

S(2) = 1
2

∫
d4x a3 ϕ̇

2

H2

[
Ṙ2 − a−2 (∂iR)2

]
. (1.52)

By defining the Mukhanov variable v as

v ≡ zR, where z ≡ aϕ̇

H
, (1.53)

and moving to conformal time τ defined in Eq. (1.2), Eq. (1.52) becomes

S(2) = 1
2

∫
dτd3x

[(
v′)2 − (∂iv)2 + z′′

z
v2
]
. (1.54)

Since we are working with a linear theory, we can perform a Fourier expansion of the field v

v(τ,x) =
∫ d3k

(2π)3 vk(τ)eik·x. (1.55)

The corresponding equation of motion is the so-called Mukhanov equation9

v′′
k +

(
k2 − z′′

z

)
vk = 0. (1.56)

Given the dependence of z on the background dynamics, the Mukhanov equation is hard to solve
in full generality. We will consider the two limiting cases: sub-horizon, k ≫ aH, and super-horizon,
k ≪ aH. Quantization is performed by promoting the classical field v to a quantum operator

v −→ v̂ =
∫ d3k

(2π)3

[
vk(τ)âke

ik·x + v∗
k(τ)â†

ke
−ik·x

]
. (1.57)

The canonical commutation relations imply the constraint (in units ℏ = 1)

i
(
v∗
kv

′
k − (v∗

k)
′ vk
)

= 1. (1.58)

9We have dropped the vector notation since the Mukhanov equation only depends on k.
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We fix the vacuum state âk |0⟩ = 0 as the Minkowski vacuum of a comoving observer in the infinite
past τ → −∞. In this limit – corresponding to the sub-horizon limit – the Mukhanov equation
(1.56) becomes the equation of a harmonic oscillator with a time-independent frequency. The solution
providing the minimum energy is

lim
τ→−∞

vk = e−ikτ
√

2k
. (1.59)

Therefore, choosing the vacuum state is equivalent to a boundary condition on the mode function v.
Eqs. (1.58) and (1.59) completely fix the mode function at all scales. As discussed in Sec. 1.3, the de
Sitter limit is a good approximation to describe inflation, and can therefore be used to find approximate
solutions to the Mukhanov equation. In the de Sitter limit, τ = −(aH)−1, H ∼ const., (ϕ̇/H)2 → 0,
Eq. (1.56) becomes

v′′
k +

(
k2 − 2

τ2

)
vk = 0, (1.60)

whose exact solution is the so-called Bunch-Davies function10 [36]

vk = e−ikτ
√

2k

(
1 − i

kτ

)
. (1.61)

In the super-horizon limit (−kτ) ≪ 1, the term k2 in Eq. (1.60) can be neglected, and the mode function
is of the form vk = A/τ +Bτ2. As a consequence, R ∼ vk/a ∼ vkτ becomes R = C +Dτ3 → C since
τ quickly goes to zero during inflation. We have shown that the comoving curvature perturbation is
conserved on super-horizon scales in single-field slow-roll inflation.

We conclude by evaluating the power spectrum of curvature perturbations. Employing the relation
(1.53) and the de Sitter solution (1.61), we have

|R|2 =
(
H

ϕ̇

)2 |vk|2
a2 =

(
H

ϕ̇

)2 1
a2

1
2k

(
1 + 1

k2τ2

)
∼
(
H

ϕ̇

)2 H2

2k3 , (1.62)

where the last equality is valid in the super-horizon limit. From the definition in Eq. (1.43), we obtain
the curvature power spectrum

PR = H2
∗

(2π)2
H2

∗
ϕ̇2

∗
, (1.63)

which is evaluated at horizon crossing. Since R is constant on super-horizon scales, Eq. (1.63) is valid
also at future times, until a given fluctuation mode re-enters the horizon: this powerful result shows
that in single-field inflation, instead of going through the Universe’s evolution after inflation, we can
equate the curvature power spectrum computed at horizon exit during inflation with the one at horizon
re-entry.

Given the k−3 dependence in Eq. (1.62), the power spectrum is scale-invariant. Even though this is
a good approximation, we stress that this result is related to taking the de-Sitter limit, and deviations
from perfect scale invariance are necessary to end inflation. This outcome is clarified in the slow-roll
approximation, where, from the slow-roll limit of the equations of motion (1.16)–(1.17), the curvature
power spectrum becomes

PR ∼ V (ϕ)
24π2ϵ

. (1.64)

Any scale dependence of the spectrum is encoded in the scalar spectral index, which is [14]

ns − 1 = d ln PR
d ln k = d ln PR

dϕ
dϕ
dN

dN
d ln k = 2η − 4ϵ. (1.65)

10The solution is uniquely fixed by imposing the boundary conditions (1.58)-(1.59).
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We can now briefly outline the corresponding calculation for tensor perturbations. The Einstein-Hilbert
action can be expanded to second order in the tensor perturbations as

S(2) =
M2
pl

8

∫
dτd3x a2

[(
h′
ij

)2
− (∂lhij)2

]
, (1.66)

where we have restored Mpl to make hij manifestly dimensionless. Introducing the Fourier expansion

hij(τ,x) =
∫ d3k

(2π)3

∑
p=+,×

εpij(k)hk,p(τ)eik·x, (1.67)

where the sum runs over polarizations and the following properties hold: εii = kjεij = 0 and
εpijε

p′

ij = 2δpp′ . By further defining the canonically normalized field

vk,p ≡ a

2Mplhk,p, (1.68)

the action in Eq. (1.66) becomes

S(2) =
∑

p=+,×

1
2

∫
dτd3k

[(
v′

k,p

)2
−
(
k2 − a′′

a

) (
vk,p

)2]
. (1.69)

The latter expression should be recognized as two copies, one for each polarization state, of the action
(1.54). The quantization then follows naturally from the previous results: each gravitational-wave
polarization is just a renormalized massless field in de Sitter space,

hk,p ≡ 2
Mpl

ψk,p, with ψk,p ≡ vk,p
a
. (1.70)

Since, from Eqs. (1.62)–(1.63), the power spectrum for ψk,p is Pψ = (H/2π)2, we readily obtain the
tensor power spectrum

PT = 2
π2

H2
∗

M2
pl

. (1.71)

Following the same procedure as above, one can show that the tensor spectral index in the slow-roll
approximation is

nT = −2ϵ. (1.72)

Deviations from exact scale invariance (ns = 1, nT = 0) are thus quantified by the slow-roll parameters
ϵ and η, acting as an indirect probe of the inflationary dynamics.

1.5 Contact with observations

Now that we have seen how cosmological perturbations are generated from quantum fluctuations, we
can get to the connection to what we observe. This section does not aim to explain all the details
involved in the derivation of the power spectrum of CMB anisotropies. Instead, it provides an overview
of the main results that set the basis for the present evidence for inflation.

First, we will connect the CMB temperature and polarization spectra with PR and PT as defined
in Sec. 1.4. Then, we will outline the current observational status. For the sake of brevity, we will omit
the discussion on LSS as a probe of primordial curvature perturbations.
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1.5.1 CMB temperature and polarization

The CMB temperature fluctuations relative to the background temperature T0 can be expanded in
spherical harmonics as

Θ(n̂) ≡ ∆T (n̂)
T0

=
∑
ℓ,m

aℓmYℓm(n̂). (1.73)

Yℓm are the standard spherical harmonics on a 2-sphere (ℓ = 0, 1, 2 for monopole, dipole, and
quadrupole, respectively). The multipole moments aℓm can be combined to form the corresponding
angular power spectrum

CTTℓ = 1
2ℓ+ 1

∑
m

⟨a∗
ℓmaℓm⟩, (1.74)

which can be written in terms of the curvature power spectrum, since temperature fluctuations are
dominated by scalar modes [14]

CTTℓ = 2
π

∫
dk k2PR(k)∆Tℓ(k)∆Tℓ(k). (1.75)

Here ∆Tℓ(k) is the transfer function encoding the linear relation between R and ∆T . Figure 1.4 shows
the observed CMB temperature power spectrum and the theoretical fit to data, which depends on
the curvature power spectrum predicted by inflation and the cosmological parameters. Practically,
the transfer function ∆Tℓ is usually evaluated numerically using Boltzmann solvers (such as CAMB
[37, 38] or CLASS [39]) and the CMB data is fit simultaneously to the background cosmology and the
primordial power spectrum.

Of course, not all the scales had already re-entered the horizon at recombination. Therefore, on
large scales (low multipoles), the CMB spectrum arises from projecting the primordial power spectrum
from recombination to the present.
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Figure 1.4: Planck 2018 temperature power spectrum. The base-ΛCDM theoretical spectrum is also plotted
in orange. The theoretical prediction is obtained with CAMB fixing the cosmological parameters, including As

and ns to the best-fit values to the Planck TT,TE,EE+lowE+lensing likelihoods [15]. Note the change from
logarithmic to linear scale at ℓ = 30, marked with a dashed line.

Another crucial probe of inflation resides in the anisotropies in the polarization of the CMB, predicted
soon after its discovery [40]. Thomson scattering of unpolarized photons on electrons at last scattering
surface generates linear polarization to lowest order in the fine structure constant. If the incoming
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radiation field on the electron were isotropic, then the radiation would remain unpolarized. Conversely,
if the incident radiation field has a quadrupolar variation in intensity, the result is a linear polarization
of the scattered radiation. However, the quadrupole moment is suppressed in the early Universe due
to Compton scattering, implying that the amplitude of the polarization spectrum is smaller – and
harder to detect – than the temperature one.

The analytical description of the polarization field is more involved as it is described by a tensor,
thus requiring a decomposition into tensor spherical harmonics Y

(±2)
ℓm . The best way to describe

linearized polarization is to introduce the E and B modes

E(n̂) =
∑
ℓ,m

(
−1

2
(
a

(2)
ℓm + a

(−2)
ℓm

))
Yℓm(n̂) ≡

∑
ℓ,m

aEℓmYℓm(n̂),

B(n̂) =
∑
ℓ,m

(
− 1

2i
(
a

(2)
ℓm − a

(−2)
ℓm

))
Yℓm(n̂) ≡

∑
ℓ,m

aBℓmYℓm(n̂).
(1.76)

E < 0 E > 0 B < 0 B > 0

Figure 1.5: Examples of E-modes and B-modes polarization patterns for cold and hot spots in the sky, represented
in light-blue and orange, respectively. E (B) is even (odd) under parity transformations. E-mode polarization
is curl-free, with polarization vectors that are radial (tangential) around cold (hot) spots in the sky. B-mode
polarization is divergence-free but has a curl, and the corresponding polarization vectors form vorticity patterns.

The characteristic polarization pattern of the E and B modes is sketched in Figure 1.5. The advantage
of this decomposition is that the E mode is generated by all types of perturbations, whereas the B
mode is generated only by vector and tensor perturbations. Since vector perturbations quickly decay
during inflation, we can directly relate the B-mode power spectrum to the tensor power spectrum

CBBℓ = (4π)2
∫

dk k2PT (k)∆2
Bℓ(k). (1.77)

Measuring CBBℓ is therefore a unique opportunity to access primordial gravitational waves and test
inflation.

1.5.2 Current evidence of inflation

So far, CMB observations have provided a remarkable concordance with the predictions of the simplest
inflationary models. Below, we discuss the three main pieces of evidence for inflation.

Flatness

As discussed in Sec. 1.2, inflation naturally leads to a flat universe, where Ω = 1 is a future attractor,
corresponding to Ωκ = 0. The most precise constraint on the spatial curvature was given by combining
baryon acoustic oscillations (BAO) and CMB data [15, 41]

Ωκ = 0.0007 ± 0.0037 (95% C.L.), (1.78)

showing an almost perfectly flat universe. In a sense, inflation was designed precisely to address the
flatness problem, and this observational evidence alone is insufficient to validate inflation.
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Power spectrum

As we have seen in Sec. 1.4.5, the simplest single-field slow-roll inflationary model predicts nearly scale-
invariant spectra of scalar and tensor perturbations. If, on the one hand, the detection of primordial
gravitational waves from inflation is still missing, current CMB observations are in beautiful agreement
with the basic inflationary predictions. We report in Table 1.1 the results from Planck 2018 data
release. Moreover, no deviations from a Gaussian and adiabatic power spectrum have been observed,

Parameter TT,TE,EE+lowE+lensing

ln
(
1010As

)
3.044 ± 0.014

ns 0.9649 ± 0.0042

αs −0.0045 ± 0.0067

Table 1.1: Planck 2018 68% confidence-level (CL) intervals for the scalar spectrum parameters in the base-
ΛCDM model from temperature, polarization, and lensing data combined [42].

which agrees with single-field slow-roll inflation. We will address the discussion of non-Gaussianities
and non-adiabatic features in Chapter 4.

Concerning the tensor power spectrum, current observations provide an upper bound on the tensor-
to-scalar ratio r (see Eq. (1.49)) at some reference scale k∗. Combining data from Planck 2018, BICEP,
Keck Array, and BICEP3 data up to the 2018 observing season [43] and taking the reference scales
k1 = 0.005 Mpc−1 and k2 = 0.02 Mpc−1, [44] one obtains the bounds

r0.005 < 0.030 (95% C.L.),
r0.02 < 0.098 (95% C.L.).

(1.79)

Coherence

Perhaps the most convincing observational feature of inflation is the phase coherence necessary to
explain the peak/trough structure characterizing the CMB spectrum [45].

Consider a Fourier mode with physical wavelength λ. When sub-horizon-sized, it oscillates with a
frequency k = 2π/λ. At horizon crossing, it gets stretched to λ > H−1. Its amplitude is frozen outside
the horizon, and no causal physics can alter its evolution. In this regime, which is unaltered up to
horizon re-entry, R ∼ const., Ṙ ∼ 0. A generic Fourier mode can be written as a linear combination of
sine and cosine, but given that Ṙ ∼ 0 upon horizon re-entry, we conclude that inflation excites cosine
modes only (if we set t = 0 at horizon re-entry). Once inside the horizon, curvature perturbations
source density fluctuations δ, which then evolve under the effect of pressure and gravity,

δ̈ − c2
s∇2δ = Fg[R], (1.80)

where cs is the sound speed and Fg is the gravitational source term. In this way, fluctuations in the
density field are produced, which, in turn, are tightly coupled to fluctuations in the CMB radiation
field. If it were not for the fact that inflation sets coherent initial states way before recombination, the
CMB spectrum would appear as the incoherent superposition of random initial phases, and it would
be practically indistinguishable from a white noise spectrum. The coherent superposition of Fourier
modes generated during inflation, on the other hand, results in the peak/trough structure observed in
Figure 1.4: modes with different wavelengths had different phases of the oscillation at recombination,
and are therefore captured at maximum, minimum, or zero amplitude.
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1.5.3 Constraining single-field inflation

The predictions for a few inflationary models in the (ns, r) plane are shown in Figure 1.6, compared
with the analysis from Planck 2018 data alone and in combination with BICEP/Keck (BK18) and
BAO data.

We have included three classes of single-field inflationary models,

• Monomial inflation:V (ϕ) = λM4
pl (ϕ/Mpl)p, from chaotic inflation originally proposed by Linde

[46]. We have varied p ∈ {2/3, 1, 4/3, 2}. Generally, models with concave potential (p < 1)
are favored over those with convex potential. When combined with BK18, Planck data strongly
disfavors this class of models.

• Natural inflation: V (ϕ) = Λ4 (1 + cos(ϕ/f)) [40, 47]. The slow-roll results for ns and r were
derived following [48]. The free parameter f is varied within the colored region. Natural inflation
is strongly disfavored by the combined Planck+BK18 data.

• Starobinsky inflation:V (ϕ) = Λ4
(
1 − e−

√
2/3ϕ/Mpl

)2
[1]. The lowest-order prediction, to be

explicitly derived in Sec. 2.3.4, ns = 1 − 2/N , r = 12/N2, is in excellent agreement with current
data.
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Figure 1.6: Marginalized joint 68% and 95% confidence level (CL) regions for ns and r at k = 0.002 Mpc−1

from the Planck 2018 baseline analysis (green contours) and in combination with BICEP/Keck data at the end
of the 2018 season and BAO data (blue contours), obtained assuming αs = 0 [43]. The predictions of selected
inflationary models are also reported.

Present data disfavor most of the simplest inflationary models, whose prediction for r is too large. An
exception arises with Starobinsky’s model. For this reason, we will analyze it in detail in Chapter 2.

After Planck, a wealth of ongoing and future experiments offers unprecedentedly sensitive CMB
measurements. The most crucial evidence for inflation would probably be a detection of CMB B-
modes, since this would be a smoking gun for inflationary gravitational waves. Moreover, detecting
αs /= 0, non-Gaussianities, or isocurvature fluctuations would rule out single-field inflation.

Recently, the ground-based Atacama Cosmology Telescope (ACT) and the South Pole Telescope
(SPT) released their latest temperature and polarization anisotropies data, providing an almost fully
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independent set of measurements, and pushing temperature measurements to smaller angular scales
(higher multipoles ℓ). So far, there is no evidence for a deviation from near-scale-invariance and
adiabaticity of the primordial perturbations, and no statistically significant preference for a departure
from the baseline ΛCDM model has been reported [49, 50].

Concerning future observations, the upcoming generation of CMB experiments, including the
ground-based Simons Observatory (SO) [51, 52] and CMB-S4 [53, 54], and the LiteBIRD satellite
[55, 56], will significantly improve our ability to constrain the tensor amplitude, hopefully leading to a
detection of primordial tensor modes. Citing some reference values reported by the collaborations, it is
expected that SO will achieve a sensitivity σ(r) ∼ 0.003, along with an improvement in the constraining
power on the scalar spectral index to σ(ns) ∼ 0.003. CMB-S4 should reach σ(r) ∼ 0.001 − 0.007 and
σ(ns) ∼ 0.002. LiteBIRD is also expected to have a similar sensitivity of σ(r) ≤ 0.001.

1.6 Challenges for inflationary cosmology

Unarguably, the inflationary paradigm was the first convincing description of the Universe at the
earliest times. Besides addressing the Big Bang puzzles, inflation turned out to be a theory with
predictive power, providing a causal mechanism for generating small-scale cosmological fluctuations
that evolved into the perturbations observed in the CMB anisotropies and the Universe’s LSS.
However, some conceptual criticalities are rooted in the formulation of inflation and in its scalar-field
implementation. In this section, we review the three main challenges for inflation: the initial singularity
problem, the initial conditions problem, and the cosmological constant problem.

Initial singularity problem

The Hawking-Penrose theorem [57] states that the standard Big Bang cosmology is incomplete since
it has an initial singularity. As anticipated in Sec. 1.1, inflation does not address this issue. Even
though many inflating spacetimes violate the weak energy condition – a key assumption in singularity
theorems – it was shown [17] that they are incomplete in null and timelike past directions. This implies
that to describe the past boundary of the inflating region of spacetime, new physics must be invoked.

Initial conditions problem

Inflation was devised precisely to avoid finely tuned initial conditions to explain the Universe’s degree
of homogeneity and flatness. To be considered a success, inflation should arise without imposing very
special initial conditions on the inflaton’s position and velocity. In models of small field inflation –
when the scalar field moves over a range ∆ϕ ≲ Mpl – it was shown [58] that to obtain a sufficiently
long period of inflation, the initial scalar field’s velocity has to be fine-tuned, a condition that seems
unnatural for many potentials. This is not the case for large field inflation, where the inflationary
slow-roll is a local attractor in initial condition space [59].

At a more profound level, the problem of initial fluctuations has also been pointed out [60]. In
some models, inflation typically lasts longer than the minimum span required to solve the horizon
problem (see Sec. 1.3). This implies that the physical wavelength of comoving modes corresponding
to today’s CMB scales was smaller than ℓpl at the onset of inflation. In other words, inflation began
at ti ≪ tpl in these cases. The issue is that the evolution of fluctuations depends on the choice of the
vacuum state at time ti. The choice of the Bunch-Davies initial condition (see Eq. (1.61)) might not
be adequate at sub-Planckian scales, where the validity of GR and the use of semiclassical fields to
model matter break down.
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Cosmological constant problem

In the slow-roll regime, the scalar field moves in an almost constant potential. There is, in principle,
another form of constant energy, the quantum vacuum energy, which should not gravitate to solve the
famous cosmological constant problem. The mechanism by which this is made possible is yet unknown.
The first issue is understanding how this mechanism does not render the constant part of the potential
gravitationally inert [60]. Even so, a successful inflationary mechanism should dynamically drive V (ϕ)
to negligible values at the end of inflation, which could result in an additional fine-tuning problem.

These conceptual drawbacks of inflation led to the development of other early-universe models.
Some broad classes include bouncing cosmologies (see, e.g., [61] for a review), string gas cosmologies
[62], and emergent Universe models [63]. None of them, however, is entirely free from criticalities. We
will therefore stick to inflationary cosmology in the following chapters.
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1.7 Summary
In this chapter, we have introduced the inflationary paradigm as a cornerstone of modern cosmology,
providing a coherent description of the very early Universe and addressing the main shortcomings of
the standard Big Bang scenario. We started in Sec. 1.1 by reviewing the homogeneous and isotropic
FLRW background and the corresponding Friedmann equations, which govern the dynamics of the
cosmic expansion. Within this framework, we discussed in Sec. 1.2 the horizon and flatness problems,
showing that a decelerating radiation- or matter-dominated Universe requires extremely fine-tuned
initial conditions to reproduce the observed large-scale homogeneity and near spatial flatness.

In Sec. 1.3, we introduced inflation as a phase of accelerated expansion during which the comoving
Hubble radius decreases. This mechanism naturally resolves the Big Bang puzzles by allowing all
observable scales today to originate from a single causally connected region and by dynamically driving
the Universe toward spatial flatness. We emphasized that a viable inflationary phase corresponds to
a quasi-de Sitter expansion, characterized by an approximately constant Hubble parameter and a
slowly varying equation of state close to w ≃ −1. As a simple realization of inflation, we derived the
background dynamics of a slowly rolling scalar field in a flat potential. In the slow-roll regime, the
potential energy dominates over the kinetic term, leading to a quasi-de Sitter evolution controlled by
small slow-roll parameters, ϵ and η, defined in Eqs. (1.20)–(1.21). We clarified how inflation eventually
ends when slow-roll conditions break down, smoothly connecting to the subsequent hot Big Bang
evolution.

A central part of the chapter was devoted to cosmological perturbations. In Sec. 1.4, we developed
the analytical framework required to study linear perturbations (scalar, vector, and tensor) around
an FLRW background, carefully addressing the issue of gauge freedom. We introduced key gauge-
invariant quantities, such as the comoving curvature perturbation R, see Eq. 1.37, and linked them
to the associated power spectra and spectral indices. We then derived the generation of primordial
perturbations from quantum fluctuations, focusing on single-field slow-roll inflation as a worked
example. By quantizing the Mukhanov variable, we showed that comoving curvature perturbations
are conserved on super-horizon scales, with a prediction for a nearly scale-invariant spectrum.

In Sec. 1.5, we connected the primordial power spectra to cosmological observations, illustrating
how CMB temperature and polarization anisotropies translate into quantitative constraints on
inflationary models. We also provided a concise overview of the current status of CMB observations
and their implications for inflation.

Finally, in Sec. 1.6, we discussed some of the main conceptual issues and open questions underlying
the formulation of the inflationary paradigm.
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Chapter 2

Modified gravity

The Big Bang puzzles outlined in Sec. 1.2 – and the role of inflation as a viable solution – emphasize
how the standard cosmological model based on GR and the Standard Model (SM) of particle physics
is inadequate to describe the Universe at extreme regimes. At the same time, GR is formulated as a
classical theory that breaks down when a full quantum description of spacetime and gravity is sought.
These challenges have long motivated extensions of Einstein’s theory, with attempts to go beyond
GR and incorporate it in a unified theory beginning shortly after its original formulation. Notable
examples are: Eddington’s theory of connections [64], Weyl’s scale-independent theory [65], and the
higher-dimensional theories of Kaluza and Klein [66, 67]. In recent decades, and particularly following
the discovery in 1998 of the late-time accelerated expansion of the Universe, modified theories of
gravity have gained renewed attention as viable extensions of the gravitational sector.

2.1 Motivations

In the broad context of modifications of GR, we refer to modified gravity as any theory in which the
Einstein equations

Gµν = 1
M2
pl

Tµν , (2.1)

are modified on the geometric sector on the left-hand side, including, e.g., adding higher-order
invariants of the curvature tensor such as R2, RµνR

µν
, RµναβR

µναβ , or non-minimally coupled terms
between matter fields and geometry. Such deviations from GR are expected to become significant at
cosmological scales (large scales) or in the strong-field regime (small scales). GR has been extensively
tested at intermediate scales and in the weak-field regime, such as within the Solar System, where it
remains the paradigm theory of gravity. In the following, we outline the primary motivations behind
the modified gravity approach.

2.1.1 Astrophysical and cosmological challenges

From the observational data of Supernova Type Ia (SN Ia) accumulated by the year 1998, two
independent works [68, 69] reported the evidence that the present Universe is undergoing acceleration.
Since then, a wealth of observations point towards the existence of some form of dark energy, which
makes up roughly the 70% of the present Universe and behaves as a fluid with negative pressure. The
Pantheon+ analysis of SN Ia data, combined with Planck CMB and BAO measurements, constrains
the present-day dark energy equation of state parameter as [70]

w0 = −0.978+0.024
−0.031, (2.2)
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suggesting that the simplest candidate for dark energy is the cosmological constant Λ (wΛ = −1),
whose energy density remains constant, ultimately dominating the total energy content of the Universe.
Initially introduced by Einstein in 1917 to obtain a static universe in the framework of GR [71], the
cosmological constant was temporarily abandoned after the discovery of the Universe’s expansion by
Hubble and restored after 1998 as a fundamental part of the standard model of cosmology (ΛCDM).
However, besides failing to explain why the inferred value of Λ is so tiny compared to the typical
vacuum energy density predicted by particle physics – the famous cosmological constant problem
already mentioned in Sec. 1.6 –, the ΛCDM model leaves us with another controversy: the coincidence
problem. If dark energy is in the form of Λ, then we happen to live in a very special moment, since Λ has
started dominating the Universe’s energy content extremely close to the present day on cosmological
scales. This is best represented as a spike in the variation of ΩΛ, located close to a0, as represented in
Figure 2.1.
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Figure 2.1: Graphical representation of the coincidence problem. The derivative of ΩΛ with respect to e-folding
time N peaks very close to the present epoch (log10(a0) = 0). We have fixed the present-day density parameter
to ΩΛ = 0.7,Ωm = 0.3. In this framework, the matter-dark energy equality occurs at aeq ≈ 0.75.

These shortcomings of the ΛCDM model are clear indications that we are still missing something and
motivate us to seek alternative models to explain the Universe’s acceleration. A first approach is to
modify the Einstein equations through modifications in the matter sector, introducing specific forms of
the energy-momentum tensor Tµν with negative pressure. This is the case for the so-called cosmon or
quintessence, k-essence, and perfect fluid models. See, e.g., [72] for a comprehensive review. A second
approach is to modify the gravity sector, hence the name “modified gravity”. It should be pointed out
that the two approaches are not fundamentally different, as long as we neglect their quantum field
implications, since, in the spirit of GR, one can always cast the matter sector into the gravity sector
by defining a suitable energy-momentum tensor that equals the Einstein tensor.

On the observational side, it is worth mentioning that the most recent DESI BAO data from the
second year of observations, combined with CMB data from Planck and SN Ia data, provide moderate
to strong evidence for a time-evolving dark energy component [73, 74]. Even though these findings
warrant additional tests to carefully assess potential systematics before drawing definitive conclusions
(see, e.g., [11] for a critical review), it seems that the role of the cosmological constant is further
weakened by the most recent measurements.

Modified gravity theories have attracted significant interest in cosmology because they naturally
provide a mechanism to drive inflation. According to Lovelock’s theorem, the Einstein-Hilbert (EH)
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action gives the only second-order metric field equations in 4D. Any modification of GR, involving,
e.g., higher-order or non-minimally coupled terms, introduces higher-derivative contributions. It was
shown [75, 76] that by means of conformal transformations these terms always correspond to one or
more scalar field(s) minimally coupled to the curvature. A scalar condensate, the simplest ingredient
to drive inflation, as shown in Sec. 1.3.1, can thus be entirely imitated within gravity, with no need to
invoke exotic matter components. This outcome further motivates modified gravity, especially in the
context of inflation, and will be discussed in detail in the following.

2.1.2 Fundamental issues of GR

The need for a quantum theory of gravity was recognized in the late 50s, when physicists began
seeking a unified way to describe all interactions at a fundamental level using quantum field theory.
The primary difficulty with GR lies in its structure: the gravitational field both defines the gravitational
degrees of freedom and the background metric in which they evolve.

With a prospect of including quantum effects in the gravitational sector, it is assumed that the
spacetime geometry directly interacts with the quantum matter fields, which backreact on it. This
interaction unavoidably introduces corrections to the standard EH action, laying the first fundamental
motivation for modified gravity [77].

To give a glance at the explicit calculation, we report the Lorentzian one-loop effective action
for a scalar field in a curved background. We follow the derivation presented in [78]. We consider a
minimally coupled scalar field, namely a scalar field with no explicit coupling to the curvature scalar or
other curvature invariants, and set its potential term to zero, V (ϕ) = 0, such that the field is massless.
Adopting the heat kernel method [79, 80], one finds

ΓL[gµν ] =
∫ d4x

√−g
32π2

[
−A(τ0) + B(τ0)

6 R− C(τ0)
(
R2

120 + RµνR
µν

60

)
+ (finite terms)

]
, (2.3)

where τ0 is the proper time cutoff parameter. The functions A(τ0), B(τ0), and C(τ0) all diverge for
τ0 → 0.1

The total gravitational action is given by the sum of the free gravitational action – the usual EH
action – and the effective action (2.3) induced by quantum fields. Since the cosmological constant term
Λ and the curvature term R in the EH action are similar to the first two divergent terms in (2.3), the
renormalization procedure is implemented as follows. We assume that the free gravitational action
also contains the terms quadratic in the curvature,2

Sgrav
bare [gµν ] =

∫
d4x

√−g
[
R− 2ΛB
16πGB

+ αB

(
R2

120 + RµνR
µν

60

)]
, (2.4)

where GB,ΛB, αB are the bare coupling constants.
The modified action for gravity is thus the sum of the free action (2.4) and the effective action (2.3),

Sgrav[gµν ] =
∫

d4x
√−g

[( 1
16πGB

+ B(τ0)
192π2

)
R−

( ΛB
8πGB

+ A(τ0)
32π2

)
+

+
(
αB − C(τ0)

32π2

)(
R2

120 + RµνR
µν

60

)
+ (finite terms)

]
.

(2.5)

1Since small proper times correspond to small distances (x− y) ∼ τ1/2 or equivalently to large momenta k ∼ τ−1/2,
these divergences are referred to as ultraviolet (UV) divergences.

2We are recovering the factor 16πG to clarify the role of the coupling constant.
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The renormalization procedure consists of assuming that the bare constants are functions of τ0 such
that they cancel the divergences of A(τ0), B(τ0), and C(τ0) when τ0 → 0. We can therefore identify

Λ
8πG = ΛB

8πGB
+ A(τ0)

32π2 ,

1
16πG = 1

16πGB
+ B(τ0)

192π2 ,

α = αB − C(τ0)
32π2 .

(2.6)

The renormalized constants Λ, G, and α are equal to the observed values of the cosmological constant,
Newton’s constant, and the constant α. The EH action is recovered only for α = 0. However, in general
(i.e., without fine-tuning), the gravitational action also contains the two quadratic terms ∝ R2, RµνR

µν

that are necessary to renormalize the backreaction of matter fields on gravity.
It was Stelle who, in 1977, first demonstrated [81] that introducing the above quadratic terms in

the EH action makes the theory renormalizable. The physical implication of such additional terms
is that they introduce new degrees of freedom in addition to the familiar massless spin-2 gravitons,
associated with additional poles in the propagator. These include massive spin-2 and spin-0 particles.
However, the massive spin-2 excitations are ghost particles, a common drawback of higher-derivative
models, as we will show in Sec. 2.2. Ghost particles are associated with negative kinetic energy, leading
to instabilities, since the energy of the system is unbounded from below. In quantum theory, ghosts
are negative-norm states that violate unitarity. For these reasons, a theory with ghosts should be
discarded. It is worth mentioning, however, that given the great interest of quadratic gravity as a
perturbatively renormalizable theory – at variance with GR –, there have been many attempts to deal
with or avoid ghosts, see, e.g., [82–84].

It is then manifest that the EH action gets modified by higher-order terms as soon as we move to
a quantum gravity regime. In the absence of a satisfactory theory of quantum gravity, one can regard
the extra terms from an effective field theory perspective. If the curvature is small compared to the
Planck scale (R/M2

pl ≪ 1), the extra terms are subdominant and the linear one of the standard EH
action is recovered. Then GR is recovered and holds as a good approximation in the regime in which
it has been tested so far. Conversely, if the curvature approaches the Planck scale (R/M2

pl ∼ 1), the
quadratic terms become important [78]. For this reason, it makes perfect sense to take their impact
on cosmology seriously. This was the leading motivation for Starobinsky’s model, to be discussed in
Sec. 2.3.4.

Quadratic models are also an active field of research in the context of static solutions, i.e., black
holes [85–90].

2.2 Caveats
There exist many possible ways to modify GR, and indeed a plethora of alternative or extended
theories of gravity have been proposed over the years. These include, e.g., additional scalar, vector, or
tensor degrees of freedom, higher order curvature theories, nonlocal theories, and extra-dimensional
theories. See [91] for a schematic representation of the landscape of modified gravity theories. However,
in practice, one must carefully consider several caveats when dealing with such modifications.

In this section, we outline some of the mathematical conditions that modified gravity models should
satisfy to be viable for cosmology, i.e., the ones regarding mathematical instabilities.

2.2.1 Ostrogradsky instabilities

Back to 1850, Ostrogradsky proved that higher-than-second order equations of motion are unstable
[92]. In this sense, Newton was right to assume that the laws of physics take the form of second-order
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differential equations when expressed in terms of fundamental dynamical variables [93].
To outline Ostrogradsky’s theorem, let’s consider for simplicity the case of a Lagrangian depending

on second-order time derivatives of the fields, L = L(t, ϕI , ϕ̇I , ϕ̈I). The generalization to N -times
derivatives can be found, e.g., in [93, 94]. Ostrogradsky’s theorem applies to any non-degenerate
Lagrangian, that is, to Lagrangians whose Hessian has non-vanishing determinant. In the second-
order case, the Lagrangian is non-degenerate if

det
(

∂2L
∂ϕ̈I∂ϕ̈J

)
/= 0. (2.7)

Degeneracy is associated with the fact that some of the highest-order derivatives can be eliminated,
for instance, after integration by parts or by redefining the fields appropriately [94].

By making use of Ostrogradsky’s procedure, we define the canonical variables as

qI1 ≡ ϕI , qI2 ≡ ϕ̇I , π1,I ≡ ∂L
∂ϕ̇I

− d
dt

∂L
∂ϕ̈I

, π2,I ≡ ∂L
∂ϕ̈I

, (2.8)

where πi,I are the conjugate momenta. It can be shown (see Appendix A for the full derivation) that
the Hamiltonian reads

H = π1,Iq
I
2 + F

(
t, qI1 , q

I
2 , π2,I

)
π2,I − L

(
t, qI1 , q

I
2 ,F

(
t, qI1 , q

I
2 , π2,I

))
. (2.9)

Ostrogradsky’s proof shows that the Hamiltonian H in Eq. (2.9) is manifestly linear in the momentum
π1, and it is therefore unbounded from below in the direction of the phase space given by π1. As a
consequence, any dynamical variable experiencing the Ostrogradsky instability will carry both positive
and negative creation and annihilation operators. Since energy conservation holds just as it would in a
lower-derivative theory, if the system is non-interacting, the instability will not manifest. If instead the
system is interacting, there will be interactions between particles with positive and negative energy,
and the vacuum state could decay into a collection of positive and negative excitations. If, in addition,
we are dealing with an interacting and continuous field theory, the decay will be instantaneous: there
will be just one possibility for the system to stay empty, but infinitely many possible ways for it to
decay into arbitrarily large positive and negative energy states, making this condition entropically
favored [95].

The main assumption beneath Ostrogradsky’s theorem is the non-degeneracy of the Lagrangian.
To avoid the instability, one can thus break this assumption and construct a degenerate theory. Some
examples, see [94, 95], include:

• Write a second-order Lagrangian as a first-order one plus a total time derivative. After integration
by parts and neglecting the surface term, one can obtain a Lagrangian that contains only first-
order time derivatives. Degeneracy is trivially realized. This is the case for Lovelock theories
[96], which have the same spectrum as GR (a massless graviton).

• All theories featuring a continuous symmetry are degenerate. The symmetry-induced degeneracy
is cured by fixing the gauge. However, this is not sufficient to avoid Ostrograsky instabilities, in
general. To do so, the number of gauge constraints must be equal to or greater than the number
of unstable directions in canonical phase space.

• A remarkable example of degenerate Lagrangians is f(R) theories, which are equivalent to
GR plus a propagating healthy scalar, as we will discuss in Sec. 2.3. Analogously, Lagrangians
consisting of an arbitrary function of the Gauss-Bonnet invariant, known as f(G) theories [97, 98],
are free from instabilities.
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It is important to stress that a system fulfilling Ostrogradsky’s conditions can still develop instabilities,
but this does not directly imply that all solutions of such a system are unstable. Examples of systems
featuring bounded motions are: quadratic gravity expanded at linear order around the flat or de Sitter
spacetime [99, 100] and the Pais-Uhlenbeck model [101, 102].

2.2.2 Tachyonic, gradient, and ghost instabilities

Ostrogradsky instabilities arise at the background level. In this section, we instead outline the types of
instabilities arising with perturbations. Let’s consider, for simplicity, linear perturbations of a scalar
field propagating in an isotropic background. The associated quadratic action reads3

S
(2)
δϕ = 1

2

∫
d4x

(
a ˙δϕ2 − b(∂iδϕ)2 − µ2δϕ2

)
, (2.10)

where the coefficients a, b, and µ2 carry information about the background. In general, such coefficients
depend on spacetime coordinates, but they vary on the time/length scales T, L characteristic of the
background on which the perturbation δϕ evolves. Since we are interested in describing the dynamics
of the perturbations on much smaller time/length scales, we will assume a, b, and µ2 to be constant
at leading order. Moving to the Fourier domain, the field equations are4

a ¨δϕk +
(
bk2 + µ2

)
δϕk ≃ 0, (2.11)

where ≃ clarifies that the terms on the right-hand side are suppressed as O(T−1, L−1). The solution
to Eq. (2.11) is

δϕk ≃ Ake
−i
(√

b
a

k·x−ωt
)

+A∗
ke
i

(√
b
a

k·x−ωt
)
, where ω =

√
b

a
k2 + µ2

a
, (2.12)

and |Ak| are set by appropriate initial conditions and must be small to keep the validity of linear
perturbation theory. According to the relative sign of the background-dependent coefficients, the
perturbation can be stable or grow unboundedly. In the latter case, the perturbation will backreact
on the background, and its evolution will no longer be decoupled from the background typical scales
T and L. In this case, we say that the background is unstable for perturbations δϕ.

In the following, we summarize the different cases and their physical interpretation [94, 103].

Stable case: a > 0, b > 0, µ2 ≥ 0

The field equations reduce to the usual wave equations, thus δϕk have oscillatory behavior and are
therefore bounded at all times and throughout space. The frequency ω is real, and the energy density
is always positive. For b < a the ϕ-perturbations propagate at subluminal speed, for b = a at the
speed of light, and for b > a at superluminal speed, so that we may require a > b > 0.

3The derivation follows in complete analogy to the one performed in Sec. 1.4. From the definition of comoving curvature
perturbations in Eq. (1.37) and using the single-field result δq = −ϕ̇δϕ, the Mukhanov variable introduced in Eq. (1.53)
reduces to v = aψ(ϕ̇/H) + a δϕ, hence v = a δϕ in a unperturbed background. The resulting action then follows from
Eq. (1.54)

4See, for analogy, the Mukhanov equation (1.56).
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Tachyonic instability: a > 0, b > 0, µ2 ≤ 0

The frequency ω becomes imaginary for modes with sufficiently low momenta, i.e., k < klow =
√

|µ2|/b,
thus we also speak about infrared (IR) instability. In such cases, the solutions in Eq. (2.12) become

δϕIR
k ≃ Ake

−i
√

b
a

k·xe−|ω|t +A∗
ke
i
√

b
a

k·xe|ω|t, (2.13)

displaying an exponential growth. These are called tachyonic modes. This is indeed a problem if the
time scale at which the tachyonic instability kicks in, tc = |ω|−1, is much shorter than the time
scale characteristic of the background, T . In the opposite case, tc ≫ T , the exponential growth of
the IR modes shows up only when the background has evolved significantly, but in this regime the
approximation of slowly varying a(t), b(t), and µ2(t) no longer holds. In this case, to assess the system’s
stability properties, one must conduct a full background dynamical analysis.

Gradient/Laplacian instability: (a > 0, b < 0) ∨ (a < 0, b > 0)

The frequency ω becomes imaginary for the UV modes, which display an exponential growth. Unlike
tachyonic instabilities, gradient/Laplacian instabilities grow arbitrarily fast; the background is always
unstable.

Ghost instability: a < 0, b < 0

In this case, UV modes are always stable, and IR modes develop a tachyonic instability if µ2 > 0.
However, independently of the sign of µ2, the Hamiltonian of the system is unbounded from below
in the direction of increasing momenta: if the theory is interacting, then it will display a ghost
instability as Ostrogradsky’s ones. In a classical interacting theory, the field could decay to arbitrarily
low (negative) energy states by exciting other fields to high (positive) energy states. In a quantum
interacting theory, the state |0⟩ identified with the vacuum state of the theory is unstable, since the
process |0⟩ → δϕδϕ+ AĀ – with A any particle the field ϕ is interacting with – is always allowed by
energy conservation for arbitrarily high momenta of the outgoing particles up to the UV scale below
which we can trust the theory.

2.3 f(R) theories

One of the simplest generalizations of GR are f(R) gravity theories, where the EH Lagrangian density,
fEH = R− 2Λ is replaced with a generic function f(R) of the Ricci scalar,

SJ =
M2
pl

2

∫
d4x

√−gf(R) +
∫

d4xLM (gµν ,ΨM ), (2.14)

where LM is a matter Lagrangian that depends on gµν and matter fields ΨM . Subscript J refers to
the Jordan frame (JF), as opposed to the Einstein frame (EF) that will be introduced later.

Despite its apparent simplicity, f(R) gravity exhibits a rich phenomenology. In particular, it is
free from Ostrogradsky instabilities and can account for both early- and late-time cosmic acceleration.
Since our focus is on the inflationary epoch, we do not discuss the implications of f(R) theories for dark
energy in this section; for a comprehensive review, see [72]. The analysis presented here is primarily
based on [72, 104, 105].

It is known [106, 12] that there are two variational principles to derive Einstein’s equations from
the EH action: in the metric formalism the field equations are derived by varying the action with
respect to the metric tensor gµν , while in the Palatini formalism the metric tensor and the connection
are treated as independent variables and one varies the action with respect to both of them. Even
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though the two approaches lead to the same field equations for Lagrangians that are linear in R, this
is no longer true for nonlinear Lagrangians. Therefore, in the context of f(R) gravity, we will consider
two distinct versions according to the adopted variational principle.

Metric formalism

The field equations can be derived by varying the action (2.14) with respect to gµν ,

F (R)Rµν − 1
2f(R)gµν − ∇µ∇νF (R) + gµν□F (R) = M−2

pl T
M
µν , (2.15)

where F (R) ≡ ∂f/∂R and □F = (1/√−g)∂µ(√−ggµν∂νF ). TMµν is the energy-momentum tensor
defined from the matter Lagrangian

TMµν ≡ − 2√−g
δLM
δgµν

, (2.16)

which satisfies the continuity equations, ∇µTMµν = 0. The trace of Eq. (2.15) is

3□F (R) + F (R)R− 2f(R) = M−2
pl T

M , (2.17)

where TM ≡ gµνTMµν . The field equations (2.15) are fourth-order partial differential equations in the
metric, since R already includes second derivatives of gµν . If f(R) is linear in R, the last two terms
on the right-hand side vanish, and the equations reduce to the second-order ones of GR.

Palatini formalism

The action is formally the same as in the metric formalism, but now the Riemann tensor and the Ricci
tensor are constructed with the connection Γαβγ , which is independent of the metric. To further stress
that these are not equivalent in general, we will adopt the notational convention of [105], denoting
the Ricci tensor defined in terms of the connection as R̄µν and the corresponding Ricci scalar as
R̄ ≡ gµνR̄µν . The action is thus the one in Eq. (2.14), with f(R̄). We stress that in the Palatini
formalism the matter Lagrangian LM is assumed to depend on the metric and the matter fields, but
not on the independent connection. This assumption is relaxed in metric-affine f(R) gravity [107],
where the Palatini variational principle is considered but taking the matter action as a function of the
connection, too: LM = LM (gµν ,Γλµν ,ΨM ). We will not treat metric-affine gravity here. Variation of
the action with respect to the metric gives

F (R̄)R̄µν − 1
2f(R̄)gµν = M−2

pl T
M
µν , (2.18)

whose trace is
F (R̄)R̄− 2f(R̄) = M−2

pl T
M . (2.19)

Varying the action with respect to the connection and rearranging terms gives5

∇̄λ

(√−gF (R̄)gµν
)

= 0, (2.20)

where we denote with an overline the covariant derivative defined with the independent connection
Γαβγ .

5Using the result [13] δR̄µν = ∇̄λδΓλµν − ∇̄νδΓλµλ, one obtains the equation −∇̄λ(
√

−gF (R̄)gµν) +
∇̄σ(

√
−gF (R̄)gσµ)δνλ = 0. The second term cancels out after taking the trace.
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In GR, F (R̄) = 1, and Eq. (2.20) becomes the definition of the Levi-Civita connection for the (initially
independent) Γλµν . We can thus identify R̄µν = Rµν and R̄ = R. The Einstein equations (2.15) and
(2.18) coincide for GR. This is not the case when f(R) is a nonlinear function of R: the term □F (R) in
the metric formalism does not vanish, indicating that there is a propagating scalar degree of freedom
φ ≡ F (R), called scalaron. Its dynamics are governed by the trace equation (2.17). In the Palatini
formalism, on the other hand, this scalar field is not propagating: from the trace equation (2.19) we
can see that R̄ – hence F (R̄) – is algebraically related to the matter fields and therefore carries no
dynamical content on its own.

The propagating scalar degree of freedom makes metric f(R) theories particularly appealing for
inflation. As will be clearer in the following, these theories can support a phase of accelerated expansion
driven by the scalaron field, thereby realizing inflation entirely within the gravity sector, rather than
introducing a scalar field by hand. For this reason, from now on, we will consider f(R) theories in the
metric formalism only.

Before describing the dynamical evolution of such theories, let’s consider their maximally symmetric
solutions. Imposing R = const. and Tµν = 0, the trace equations (2.17) and (2.19) reduce to

F (R)R− 2f(R) = 0. (2.21)

We have two classes of maximally symmetric spacetimes

• If R = 0 is a root of Eq. (2.21), taking this root the Einstein equations (2.15) reduce to Rµν = 0,
corresponding to Minkowski spacetime;

• If the root of Eq. (2.21) is R = C, with C a generic constant, the Einstein equations (2.15)
reduce to Rµν = gµνC/4, corresponding to de Sitter or anti-de Sitter according to the sign of C.

The model f(R) = αR2 satisfies the condition (2.21), so it possesses an exact de Sitter solution [1].
Taking the (0,0) and (i, i) components of the Einstein equations (2.15) in a spatially flat FLRW

background, one gets the Friedmann equations of f(R) gravity

3FH2 = (FR− f)/2 − 3HḞ +M−2
pl ρM ,

−2FḢ = F̈ −HḞ +M−2
pl (ρM + pM ) ,

(2.22)

where the energy-momentum tensor for matter fields has been taken as that of a perfect fluid
Tµν = diag (−ρM , pM , pM , pM ).

2.3.1 Equivalence to Brans-Dicke theories

By introducing an auxiliary field χ, the action (2.14) can be written as

SBD =
M2
pl

2

∫
d4x

√−g [f(χ) + f ′(χ)(R− χ)
]

+
∫

d4xLM (gµν ,ΨM ). (2.23)

Variation with respect to χ gives
f ′′(χ) (R− χ) = 0, (2.24)

which implies that R = χ if f ′′(χ) /= 0, proving that Eq. (2.23) is the on-shell equivalent of the original
action. Redefining the auxiliary field χ by φ = f ′(χ) and introducing the potential

U(φ) ≡
M2
pl

2 [χ(φ)φ− f(χ(φ))] , (2.25)

Eq. (2.23) reduces to

SBD =
∫

d4x
√−g

[
M2
pl

2 φR− U(φ)
]

+
∫

d4xLM (gµν ,ΨM ). (2.26)
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This is the Jordan-frame (JF) action of a Brans-Dicke theory with parameter ωBD = 0 [108, 109].
Note that when f ′′ is not defined, or it vanishes, the equivalence between the two theories is not
guaranteed. The scalar degree of freedom ϕ should not be interpreted as a matter field. For example,
like all non-minimally coupled scalars, it can violate all of the energy conditions [110].

2.3.2 Conformal transformation: Einstein frame

To fully exploit the analogy of f(R) theories with GR with a propagating scalar degree of freedom,
we perform a conformal transformation, which is essentially a local change of scale. Distances are
measured by the metric, thus conformal transformations are implemented by multiplying the metric
tensor by a non-vanishing function of spacetime coordinates x ≡ {xµ}

g̃µν = Ω2(x)gµν . (2.27)

Under a conformal transformation, the Ricci scalar transforms as [104, 12]

R = Ω2
(
R̃+ 6□̃ω − 6g̃µν∂µω∂νω

)
, (2.28)

where
ω ≡ ln Ω, ∂µω ≡ ∂ω

∂x̃µ
, □̃ω ≡ 1√−g̃ ∂µ

(√
−g̃ g̃µν∂νω

)
. (2.29)

By writing the JF action as done in Eq. (2.26), evaluating it on shell, and using the result (2.28), we
obtain the transformed action

S =
∫

d4x
√

−g̃
[
M2
pl

2 FΩ−2
(
R̃+ 6□̃ω − 6g̃µν∂µω∂νω

)
− Ω−4U

]
+
∫

d4xLM
(
Ω−2g̃µν ,ΨM

)
. (2.30)

The Einstein-frame (EF) action is by definition linear in R̃. This is recovered for Ω2 = F , which sets
the conformal transformation and requires F > 0 for consistency. The term proportional to □̃ω in
Eq. (2.30) vanishes on account of Gauss theorem using Eq. (2.29). After introducing a scalar field ϕ
defined as

ϕ ≡ Mpl

√
3
2 lnF, (2.31)

we find that the action (2.30) can be arranged as

SE =
∫

d4x
√

−g̃
[
M2
pl

2 R̃− 1
2 g̃

µν∂µϕ∂νϕ− V (ϕ)
]

+
∫

d4xLM
(
F−1(ϕ)g̃µν ,ΨM

)
, (2.32)

where
V (ϕ) ≡ U

F 2 =
M2
pl

2

(
FR− f

F 2

)
. (2.33)

It is thus manifest that f(R) theories are conformally equivalent to GR with a minimally coupled
scalar field ϕ.

After neglecting the matter term for simplicity, the equations of motion in a spatially flat FLRW
background take the familiar form

3H̃2M2
pl = 1

2

(dϕ
dt̃

)2
+ V (ϕ),

d2ϕ

dt̃2 + 3H̃ dϕ
dt̃ + V,ϕ = 0,

(2.34)

where we stress that, at variance with Eqs. (1.16) and (1.17), time derivatives are performed with
respect to the time in the EF, dt̃ =

√
F dt, which is consistent with the above requirement F > 0.

40



Modified gravity

Analogously, the scale factor is transformed as ã =
√
F a. Note that the Hubble parameter is different

in the EF, namely

H̃ = 1√
F

(
H + Ḟ

2F

)
. (2.35)

Some important considerations are in order:

• As anticipated in Sec. 2.2, f(R) theories do not display Ostrogradsky instabilities. This is
manifest in the EF: the original fourth-order equations for gµν are reduced to second-order
equations for g̃µν (and the scalar field ϕ).

• Concerning the stability of perturbations, since f(R) gravity is formally equivalent to a scalar-
tensor theory, it corresponds to a scalar degree of freedom propagating at the speed of light.
Vector and tensor modes are unaffected by f(R) corrections. One can show that F > 0 is required
to avoid ghosts, and f,RR > 0 to avoid tachyonic instabilities.

• In the EF, matter is now coupled to the rescaled metric e−
√

2/3ϕ/Mpl g̃µν . As a consequence, the
scalar field mediates a fifth force ∼ e−mϕr, where mϕ is the effective mass of ϕ6 and sets the
range of the force λ = m−1

ϕ . If mϕ is small, then the force is long-ranged and can affect local
gravity constraints on Solar System scales. However, in such high-density regimes, screening
mechanisms such as the chameleon mechanism [111, 112] can become important and suppress
fifth-force effects. Some f(R) theories might pass the weak-field limit tests and, at the same
time, constitute an alternative to dark energy only if the chameleon mechanism is effective. This
condition restricts the possible forms of the function f(R).

• We should also require that a f(R) theory approaches GR asymptotically: in cosmology, f(R) →
R− 2Λ for R ≫ R0, where R0 is the Ricci scalar at the present epoch.

At this level, the JF and the EF can be considered just as (two of the potentially infinite [113]) different
representations of the same gravity theory. As long as they are handled carefully, field redefinitions
and different representations are perfectly legitimate and can be useful tools for studying gravitational
theories. The issue of discriminating between truly different theories and different representations
(or dynamical equivalence) of the same theory is, however, complicated. In particular, the physical
equivalence between JF and EF is still a subject of intense debate and misconceptions. We will
elaborate more on this controversy in the following.

2.3.3 Jordan and Einstein frame

The conformal transformation (2.27) establishes a mathematical equivalence between the JF and the
EF, i.e., the space of solutions in the JF is isomorphic to the one in the EF, which is typically
mathematically convenient to study. The mathematical equivalence between the two frames, however,
does imply nothing a priori on their physical equivalence [114–116]. In general, the reformulation of
a theory in a new conformal frame leads to a different, physically nonequivalent theory. Instead of
proposing the long-standing question of what frame is the physical one – and what we really mean by
“physical” frame –, we will outline some important facts that must be accounted for when performing
calculations and deriving physical conclusions in either one of the two frames.

• The JF covariant conservation equations ∇µT
µν = 0 is mapped into the EF equation

∇̃µT̃
µν = −T̃ g̃µν∇̃µΩ

Ω , where T̃Mµν ≡ − 2√−g̃
δLM
δg̃µν

, (2.36)

6The effective mass of a scalar field is defined as the second derivative of the effective potential at the minimum.
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which shows that the energy-momentum tensor of matter is not covariantly conserved in the EF,
unless it describes conformally-invariant matter (radiation) with T̃ = 0.

• Consider a dust fluid with T̃µν = ρ ũµũν . By projecting Eq. (2.36) into the 3-sphere orthogonal
to ũµ with the operator h̃µν defined as g̃µν = −ũµũν + h̃µν and satisfying h̃µν ũν = 0, we obtain

ãγ ≡ h̃γβũ
α∇̃αũ

β = h̃γα
∂αΩ(ϕ)
Ω(ϕ) . (2.37)

Note that the right-hand side would be zero for a standard geodesic equation: massive particles
in the EF are always subject to a force,7 so g̃µν is not the metric whose geodesics coincide with
free fall trajectories.

• The interpretation of the fields as matter or purely gravitational fields can also be misleading.
For example, the field φ in the Brans-Dicke representation of the JF is non-minimally coupled
to gravity, suggesting that it should be interpreted as a gravitational field. However, the field
ϕ in the EF is minimally coupled to gravity and has canonical kinetic energy, so it should
be interpreted as a matter field. We can further stress this issue by reporting the conformal
transformation of the Ricci tensor

R̃µν = Rµν −2∇µ∇ν ln Ω−gµνg
ρσ∇ρ∇σ ln Ω+2∇µ ln Ω∇ν ln Ω−2gµνgρσ∇ρ ln Ω∇σ ln Ω. (2.38)

This shows that a JF vacuum solution (Rµν = 0) is in general mapped into a non-vacuum solution
(R̃µν /= 0) in the EF. To keep track of the gravitational nature of Ω, it is useful to remind that
units of time, length, and mass are not constant in the EF, namely t̃u = Ω tu, l̃u = Ω lu, and
m̃u = Ω−1mu, where tu, lu,mu are the constant units in the JF [117]. Instead of a system of
units rigidly attached to the spacetime manifold, the EF can be viewed as containing a system of
units that change with spacetime location. In this perspective, the symmetry group of classical
physics is enlarged to include conformal transformations with the appropriate rescaling of units.
In practice, suppose we want to measure the mass of the proton mp: in any experiment, what
we really measure is the ratio between the mass of the proton and some reference unit of mass
mu, which is insensitive to a conformal transformation, that is m̃p/m̃u = mp/mu. The outcome
of the experiment will be the same in the JF and in the EF [118].

• The correspondence between the JF and EF does not, in general, preserve the space of solutions,
as the conformal transformation can break down in regions where the conformal factor vanishes.
For example, in [119], it was shown that in scale-invariant gravity theories with an R2 term,
Ricci-flat solutions are present in the JF but are not consistently mapped into the EF, where
they are lost. Most likely, this is ultimately linked to the fact that flat solutions in quadratic
gravity have zero (ADM-like) energy [120], which are not mapped to zero-energy solutions in
the EF.

• In the context of inflation, it has been shown that the gauge-invariant curvature perturbation
R is conformally invariant up to all orders in single-field inflation [121]. As a consequence, the
scalar spectral index is so. The result was extended to multiple fields non-minimally coupled
to gravity in [122], where it is shown that conformal invariance of the spectral indices ns, nT
is valid in the slow-roll approximation. Therefore, under these approximations, one can equally
well compute the observables related to cosmological perturbations in the JF or in the EF.

7The force is proportional to the gradient of ϕ under the assumption that Ω = Ω(ϕ). Note that, as a consequence
of Eq. (2.37), there are no freely falling frames in the EF. This fact also clarifies that the formulation of the Einstein
equivalence principle cannot be applied in the EF, which is conceptually different from saying that the Einstein equivalence
principle is violated in the EF.
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The above observations should be sufficient for our purposes to avoid misinterpretations between
Jordan- and Einstein-frame quantities.

2.3.4 Starobinsky model

Initially motivated by one-loop contributions of quantized matter fields in the EH action, as anticipated
in Sec. 1.6, Starobinsky model [1] is a remarkable example of f(R) gravity which admits a quasi-de
Sitter inflationary solution and stands in strong agreement with CMB observations.8 In this section,
we revise the model and its predictions for inflation. Starobinsky model corresponds to a particular
case of the f(R) action in Eq. (2.14) with

f(R) = R+ R2

6M2 , (2.39)

where M is the only free parameter of the model, dimensionally a mass. In the absence of matter,
the JF equations of motion can be derived from the first Friedmann equation (2.22) and the trace
equation (2.17)

Ḧ − Ḣ2

2H + 1
2M

2H = −3HḢ, (2.40)

R̈+ 3HṘ+M2R = 0. (2.41)

In the slow-roll regime, the first two terms in Eq. (2.40) can be neglected, and we find the solutions

H ≃ Hi − (M2/6)(t− ti),

a ≃ ai exp
[
Hi(t− ti) − (M2/12)(t− ti)2)

]
,

R ≃ 12H2 −M2,

(2.42)

where we have used the relation R = 12H2 + 6Ḣ, and subscript i denotes quantities evaluated at the
onset of inflation. This inflationary solution corresponds to a transient attractor of the system [124],
entirely driven by the R2 term. Inflation is therefore a natural consequence of R2 gravity. Accelerated
expansion stops at time t = tf when ϵ = 1, i.e., Hf ≃ M/

√
6. Ultimately, the system settles to the

stable, Minkowski, fixed point with R = 0 = H, at which the cosmological constant automatically
vanishes.

Einstein frame

The action in the EF corresponds to (2.32) with a scalar field ϕ defined as

ϕ ≡ Mpl

√
3
2 ln

(
1 + R

3M2

)
, (2.43)

and potential

V (ϕ) ≡
3M2M2

pl

4

(
1 − e−

√
2/3ϕ/Mpl

)2
, (2.44)

8Recent data from ACT, when combined with Planck, BICEP/Keck, CMB lensing and BAO data, show a preference
for a slightly higher value of ns, 0.974 ± 0.003, and disfavor Starobinsky model at ∼ 2σ for the range 50 < Nk < 60
[123, 49]. This discrepancy, however, should be understood as a breaking of the degeneracy between the baryon density
Ωb and ns, which have opposite correlations in the separate Planck and ACT datasets, and should be interpreted with
caution.
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see Figure 2.2. Inflation occurs in the large-field limit, ϕ/Mpl ≫ 1, where the potential displays a flat
plateau, and proceeds as ϕ moves from right to left, down to the minimum. Considering the EF field
equations (2.34) in the slow-roll approximation, namely ϕ̇2 ≪ V (ϕ) and |ϕ̈| ≪ |Hϕ̇|9, the slow-roll
parameters as defined in Eqs. (1.20)-(1.21) can be approximated as

ϵ ≃ ϵv =
M2
pl

2

(
V,ϕ
V

)2
= 4

3

(
e
√

2/3ϕ/Mpl − 1
)−2

,

η ≃ ηv − ϵv = −ϵ+M2
pl

V,ϕϕ
V

= 4
3

(
1 − e

√
2/3ϕ/Mpl

)−1
,

(2.45)

where we used the potential slow-roll parameters introduced in Eq. (1.22), restoring Mpl.
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Figure 2.2: Scalar-field potential for Starobinsky model in the EF as defined in Eq. (2.44). The mass scale has
been fixed from Eq. (2.50) to M ≃ 1.5 × 10−5 Mpl, fixing As to the Planck 2018 best fit value, see Table 1.1,
and choosing Nk = 55.

We introduce the e-folding number in the EF10

N =
∫ tf

ti

Hdt ≃ − 1
M2
pl

∫ ϕf

ϕi

V

V,ϕ
dϕ = − 1

Mpl

∫ ϕf

ϕi

dϕ√
2ϵ

≃ 3
4e

√
2/3ϕi/Mpl , (2.46)

where the last equality holds in the large-field limit ϕ/Mpl ≫ 1. In this regime, the slow-roll parameters
can be written entirely in terms of N . At leading order in N ,

ϵ ≃ 3
4N2 , η ≃ − 1

N
. (2.47)

The spectral properties can be derived from the known results of single-field slow-roll inflation,
Eqs. (1.65) and (1.72)

ns − 1 = 2η − 4ϵ ≃ − 2
N
, r = 16ϵ ≃ 12

N2 , (2.48)

resulting in the universal relation for Starobinsky inflation

ns ≃ 1 −
√
r

3 . (2.49)

9Since it is clear that all quantities are understood to be in the EF, we omit the tilde here.
10It can be shown that in the slow-roll approximation the e-folding number in the JF and in the EF is the same [104].
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Considering the pivot scale k∗ = 0.002 Mpc−1 adopted in the Planck analysis, which roughly exited
the horizon Nk = 55 e-folds before the end of inflation, we have ns ≃ 0.9636 and r ≃ 0.004, well
within the bounds reported in Sec. 1.5. The free parameter M can be fixed from the amplitude of
scalar perturbations, which is (see Eq. (1.64))

As ≃ V

24π2ϵM4
pl

≃ 1
6144π2

(
M

Mpl

)2 (3 − 4Nk)4

N2
k

. (2.50)

Setting the value of As to the observed one, see Table 1.1, gives M ∼ O(10−5)Mpl.

2.4 Scale-invariant gravity: motivations
The Starobinsky model represents one of the simplest realizations of inflation. Despite its minimal
structure, it shows remarkable robustness to current observations and is therefore commonly adopted
as a benchmark for assessing the potential of future CMB experiments. This empirical success naturally
motivates the search for a deeper theoretical origin of the R2 term, which appears to play a special
role among higher-order curvature contributions.

One possible approach is provided by bottom-up reconstruction techniques, in which the form of
f(R) is inferred by requiring a slow-roll inflationary phase consistent with the observed values of the
spectral indices (see, e.g., [125–133]). Remarkably, these analyses reveal a clear preference for an R2

contribution, which systematically emerges as the large-curvature asymptotic limit of the reconstructed
f(R). This behavior is generic for slow-roll inflationary potentials and suggests that an R2 term is an
essential ingredient of any viable inflationary scenario based on modified gravity.

Beyond its phenomenological relevance, the R2 term is also selected by theoretical considerations.
It is the only higher-order curvature correction that leads to a ghost-free and one-loop renormalizable
action, and it enjoys exact scale invariance. Although the original motivation for introducing the
R2 term stemmed from one-loop quantum corrections to the EH action, the above arguments point
to a different interpretation. During inflation, the R2 term dominates over the EH contribution
in the Starobinsky model, effectively realizing scale invariance as an approximate symmetry of the
inflationary phase.

From this perspective, one may speculate that gravity is fundamentally scale-invariant, with the
EH term emerging only after the symmetry is broken. The success of the Starobinsky model could
then be understood as a manifestation of its ability to capture this underlying property of gravity
within its regime of validity.

The rationale for scale invariance as a fundamental symmetry is well grounded and is not limited
to the context of inflation. After discussing its mathematical properties and distinctive features, we
will review the primary theoretical motivations that have led to the proposal of scale invariance as a
possible resolution to long-standing problems in cosmology, quantum field theory, and particle physics.

Part of this section has been written with the help of the contributions to the conference “Scale
invariance in particle physics and cosmology” held at CERN from 28 January to 1 February 2019.

2.4.1 Properties

Scale invariance is ubiquitous in Nature: the coastline, snowflakes, lightning, and Romanesco broccoli
all show scale invariance or fractal structure. The (discrete) scale invariance here is realized as
self-similarity: the same system appears similar when viewed at different scales [134]. In statistical
mechanics, scale invariance is a feature of phase transitions, where the correlation length becomes
infinitely large and, with it, the system becomes totally insensitive to changes in scale [135]. In
cosmology, as discussed in Chapter 1, the spectrum of primordial fluctuations is almost scale-invariant,
hinting at a role of scale symmetry in the very early inflationary cosmology. In particle physics, the
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SM is approximately scale-invariant at high energies, provided it can be extrapolated to energies much
above the Fermi scale, since all particle masses are much smaller than that scale. Given the absence
of new physics in the Large Hadron Collider (LHC) findings, such an extrapolation is increasingly
accepted. The SM is then approximately scale-invariant already at TeV scales [4].

Scale transformations, sometimes called dilatations, are global spacetime transformations of the
form

xµ → x′µ = ℓ−1xµ, (2.51)

with ℓ a real number. Considering the active transformation point of view, scale transformations are
implemented on the fields as11 [136, 137]

ϕ(x) → ϕ′(x) = ℓ∆ϕϕ(ℓx), (2.52)

where ∆ϕ represents the scaling dimension of the generic field ϕ (for example, ∆ = 1 for bosons and
∆ = 3/2 for fermions12). The metric tensor transforms as

gµν(x) → g′
µν(x) = gµν(ℓx). (2.53)

Sometimes global scale transformations are defined considering the coordinates as fixed, and acting
on the metric tensor and the fields as13 [138]

ϕ → ϕ′ = L∆ϕϕ, gµν → g′
µν = L−2gµν . (2.54)

Whatever version of dilatation symmetry one takes, it should be clear that ℓ (L) is a constant. In this
sense, scale transformations are different from conformal transformations as the type in Eq. (2.27),
which are local ones. Conformal invariance is a stronger requirement than scale invariance. A Lorentz-
invariant field theory that is invariant under a conformal transformation is also scale-invariant, while
there is no corresponding theoretical reason for the converse to be true.14

We can easily convince ourselves that scale invariance always follows if no dimensional constants are
present in the Lagrangian. This restricts the only operators allowed in 3+1 dimensions to be dimension-
4 ones. While this is true at the classical level, quantum fluctuations may or may not preserve the
symmetry. If not, the dilatation symmetry is anomalous and an intrinsic scale µ is introduced by
quantization [138].

When no intrinsic mass or length scale is present in the quantum effective action, then we say
that scale invariance is realized as a quantum symmetry [139]. It is the case for the fixed points of the
renormalization group (RG) flow trajectories: at the fixed points, the couplings take a constant value
g∗, and there is no running. As a consequence, no intrinsic mass scale is present at the fixed point.
We talk about quantum scale symmetry since it occurs at fixed points in the presence of quantum
fluctuations and because of quantum fluctuations, which should be seen as inducing the symmetry

11The inverse transformation appears in the argument because we are dealing with an active transformation in which
the field is truly shifted.

12Note, however, that this is not a general rule. Gauge fields have scaling dimension ∆ = 1, but they are invariant
under a scale transformation: A′

µ = Aµ
13To be precise, this should be regarded as a two-parameter (ℓ-L) abelian group of symmetries, with product symmetry

corresponding to the usual diffeomorphism invariance for the choice ℓ = L−1. For this reason, if the action is invariant
under the first transformation, then it is also invariant under the second, and vice versa; stated in another way, one
cannot break one of the two symmetries without breaking also the other, unless diffeomorphism invariance is broken, too
[5].

14Together with Lorentz transformations and translations, (special) conformal transformations and dilatations form
a fifteen-parameter group, called conformal group, the group of transformations from the space to itself that preserves
angles [136].
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rather than destroying it [4]. In this sense, quantum scale symmetry does not require scale symmetry
at the classical level. The classical action can involve some intrinsic mass or length scale, the memory
of which is lost at the fixed points. It is the case of the well-known Ising model at the phase transition
[140].

Unless otherwise stated, we will in general consider theories displaying classical scale invariance.
The idea of scale invariance as a fundamental symmetry of Nature is, in essence, not far from the
Copernican principle in cosmology, which states that no point in space is unique. Scale invariance
then demands that no momentum scale is unique. As amply discussed in Chapter 1, the Universe
does not appear isotropic and homogeneous on small scales, since quantum fluctuations have sourced
inhomogeneities that give rise to structure formation. In complete analogy, particle interactions look
different at different momentum scales because quantum fluctuations break tree-level scale invariance
and lead to the running of couplings.

In the following, we will outline how scale-symmetry breaking can be realized in practice and
associate it with the generation of the scales we observe.

2.4.2 Dynamical generation of scales and hierarchy problem

Most of the mass of the matter observed in the Universe has a dynamical origin. As an illustrative
example, the proton mass receives only a few percent contribution from the bare quark masses, with the
dominant part arising from strong interaction dynamics [141]. This observation motivates the search
for mechanisms capable of dynamically generating all mass scales, providing a unified explanation for
the origin of all dimensional quantities in Nature.

In this respect, scale-invariant theories – where no intrinsic mass scale is introduced by hand at
the level of the action – offer a natural framework for dynamical mass generation, which occurs via
scale symmetry breaking. Scale invariance may be broken in different ways, leading to two broad
perspectives commonly discussed in the literature:

• The theory admits spontaneous symmetry breaking (SSB), for instance, when a scalar field ϕ
settles at a nonzero value. In this case, mass scales are generated already at the classical level
and are commonly referred to as sliding scales. As a consequence of SSB, the spectrum contains a
massless Goldstone boson, the dilaton, whose interactions are purely derivative. It is important to
note that scale invariance in this context does not imply that Nature looks the same at all scales.
Such an interpretation is more appropriate in the context of critical phenomena in statistical
physics, where scale invariance typically arises without SSB. This perspective is adopted, for
example, in [142–150].

• The theory is classically scale invariant, but scale symmetry is broken by quantum corrections,
leading to anomalous dilatation symmetry. In this case, mass scales are generated through
dimensional transmutation, driven by the running of dimensionless couplings, and are referred to
as intrinsic scales. The spectrum contains a pseudo-Goldstone boson with a non-vanishing mass,
which in general does not couple purely derivatively. This perspective is adopted, for instance,
in the “Agravity” framework [151], as well as in several other works (see, e.g., [4, 152–155]).
The dynamics underlying dimensional transmutation may be either strongly or weakly coupled,
corresponding to non-perturbative or perturbative approaches, respectively.

The possibility of dynamically generating mass scales via spontaneous scale symmetry breaking
provided one of the earliest motivations for scale-invariant theories of gravity. In this spirit, Cooper
and Venturi introduced in 1981 a model of induced gravity [156], following lines similar to those
of the seminal work by Brans and Dicke in which the Newtonian gravitational constant becomes a
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dynamical quantity [108]. The action of induced gravity formulated by Cooper and Venturi is

S =
∫

d4x
√−g

(
γ

2ϕ
2R− λ

4ϕ
4 − 1

2g
µν∂µϕ∂νϕ

)
, (2.55)

where γ and λ are positive and dimensionless constants. When analyzed in a spatially flat FLRW
background and neglecting the contribution of matter, the model admits a de Sitter solution with

ϕ = ϕ0, R = λ

γ
ϕ2

0. (2.56)

The scalar field therefore acquires a nonzero vacuum expectation value, ϕ0, thereby introducing an
explicit mass scale into the theory. This spontaneous breaking of scale symmetry ultimately leads to
the natural identification15

γϕ2
0 = M2

pl, (2.57)
so that the EH term with the Planck scale is generated dynamically. A similar formulation was also
given in [157]. The model also leads to a nonzero cosmological constant

Λ = 1
4γλϕ

2
0, (2.58)

and was later on studied as a dark-energy model [158].
The dynamical generation of mass scales has also been proposed as a possible explanation of

the hierarchy problem in particle physics, a perspective that was partly challenged by the absence
of evidence for new physics at the LHC following the discovery of the Higgs boson [159, 160]. The
conventional view of naturalness at the electroweak (EW) scale led to the expectation that the Higgs
boson should be accompanied by new degrees of freedom at the weak scale, whose role would be to
provide a cutoff for quadratically divergent quantum corrections to the Higgs mass squared. Although,
on the one hand, the issue of quadratic divergences may be reinterpreted as an unphysical artifact
of the renormalization scheme [161], it remains true that heavy particles coupled to the Higgs boson
generically induce large radiative corrections to its mass. This results in a degree of fine-tuning that is,
in principle, experimentally observable [162, 163]. For these reasons, many attempts have been made
to explain the coexistence of two largely separated mass scales, namely the EW scale, v = 246 GeV,
and the Planck scale, Mpl = (8πG)−1/2 = 2.44 × 1018 GeV. In one way or another, all these attempts
invoke scale invariance [154, 161].

To address the naturalness problem at the EW scale, one must extend the scale-invariant framework
to include the SM. This follows from the observation that the only intrinsic mass scale in the SM is
the Higgs mass, mH , which is explicitly forbidden in a scale-invariant theory. The purely gravitational
action, taken in its minimal form (2.55), and possibly including quadratic curvature terms, must
therefore be supplemented by an appropriate SM Lagrangian,

LSM
(4) = −1

4FµνF
µν + ψ̄i /Dψ + (ψiyijψjH + h.c.) − λH |H|4 − ξH |H|2R, (2.59)

where H is the Higgs doublet, h.c. stands for “Hermitian conjugate”, and the subscript stresses that
only operators with mass dimension four are allowed. The Higgs mass is then generated in full analogy
with the Planck mass, including also a coupling λHϕ between the same scalar field ϕ that is non-
minimally coupled to gravity and the Higgs doublet

LBSM
(4) = λHϕϕ

2|H|2. (2.60)

15In the original paper [156] a slightly different expression is reported, resulting from a weak-field computation:
γϕ2

0(6γ + 1)/(8γ + 1) = M2
pl.
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In addition to the condition for the dynamical generation of the Planck scale (2.57), we impose

λHϕϕ
2
0 = m2

H . (2.61)

Scale invariance thus provides a universal mechanism for generating all scales. At the same time,
however, the hierarchy between the Planck and the EW scale is just effectively translated into a
hierarchy between dimensionless couplings, λHϕ ≪ γ. This raises the question of whether scale
invariance alone is sufficient to resolve the hierarchy problem. It is important to emphasize that
the naturalness issue at the EW scale, also known as gauge hierarchy problem, is twofold. The first
part concerns the unnaturally large difference between the Planck and Higgs scales. This problem is
not addressed by scale invariance [145], as the observed values of the two scales still require a tuning of
the couplings such that λHϕ ≪ γ. The second part of the problem concerns the stability of the Higgs
mass against radiative corrections from its coupling to heavier states. In the particular case where no
intermediate mass scale exists between mH and Mpl, the presence of radiative corrections depends on
the UV completion of the theory. It has been shown [142, 149] that, by employing a renormalization
scheme based on the assumption that the UV completion of the theory preserves scale invariance, the
Higgs mass does not receive corrections proportional to Mpl. Under these conditions, scale invariance
ensures the absence of this second part of the gauge hierarchy problem [145].

A different interpretation arises when the SM is treated as an effective field theory at energies
well below the Planck scale, such that gravitational effects can be neglected. In this regime, as will be
discussed in more detail in the following, the theory exhibits approximate scale invariance, since the
EW vacuum phase transition is nearly second-order. Any second-order phase transition is associated
with the presence of a fixed point in the quantum effective action, and exact scale invariance is realized
at such fixed points.16

In this sense, the smallness of the dimensionless ratio ϵ = v2/M2
pl = O(10−32), where v is the

Higgs vacuum expectation value, is technically natural17 since, at the SM fixed point, the value ϵ = 0
corresponds to an enhanced symmetry – precisely scale invariance. It follows that the small value of ϵ
is protected against large radiative corrections as a consequence of the second-order nature of the SM
fixed point.

One can further be convinced that this is indeed the case, considering the RG flow equations of
the parameter δ, measuring – in units of mass squared – the distance to the EW phase transition,

µ
∂

∂µ
δ = Aδ, (2.62)

where A is the anomalous dimension, which can be computed in perturbation theory. The key
observation is that the RG flow of δ is proportional to δ, thereby guaranteeing the stability of the
critical surface.

Finally, it is important to stress that this argument does not address the origin of the smallness of
ϵ, or, equivalently, the reason why we are sitting so close to the critical surface of the SM fixed point.
Scale symmetry alone resolves only the second aspect of the gauge hierarchy problem. Overall, scale
invariance can be regarded as a guideline for model building, and it can address the second part of
the gauge hierarchy problem.18

16Scale invariance at the SM fixed point is often referred to as particle scale symmetry; see the discussion in Sec. 2.4.3.
17Here we adopt the notion of naturalness introduced by ’t Hooft, according to which a parameter is allowed to be

small only if setting it to zero enhances the symmetry of the theory [164].
18The only case in which scale invariance can also address the huge value of the gauge hierarchy is in the context of

asymptotically safe quantum gravity. Depending on the details of the particle physics model, the parameter δ can be an
irrelevant parameter of the theory, and thus it can be predicted, providing a natural explanation for why we are sitting
so close to the critical trajectory [165]. Forthcoming quantum gravity calculations will clarify if this is indeed the case.
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2.4.3 Cosmology

As discussed in Chapter 1, CMB observations indicate an almost scale-invariant spectrum of
primordial curvature perturbations. This observational evidence suggests the presence of approximate
scale symmetry in the physics of the early Universe. In the following, we discuss how scale symmetry
has been proposed both as a mechanism for generating approximately flat inflationary potentials and
as a possible approach to the cosmological constant problem.

Flat inflationary potentials

Current CMB observations favor Starobinsky-like inflationary models, which are typically formulated
in terms of a scalar field ϕ non-minimally coupled to gravity through a term f(ϕ)R/2 and endowed
with a potential V (ϕ). In the EF, the potential is rescaled to VE = M4

plV (ϕ)/f2(ϕ). Such a potential
must be sufficiently flat to allow for a phase of slow-roll inflation. One needs, therefore, to impose
specific conditions like V ∝ f2(ϕ) for ϕ ≫ Mpl, which lead to predictions compatible with present
observations but are nevertheless the result of a fine-tuning on the functions of the theory. An
alternative interpretation is that the flattening of VE at large field values, ϕ ≫ Mpl, may arise naturally
if only dimensionless couplings are present [151].

As a concrete example, consider the simplest realization of scale-invariant inflation within the
Cooper–Venturi model defined in Eq. (2.55). In this case, the EF potential reads

VE = M4
pl

λϕ4

(γϕ2)2 = M4
pl

λ

γ2 , (2.63)

and is exactly flat at tree level. Scale invariance, therefore, naturally leads to flat inflationary potentials
without the need for fine-tuning. Clearly, for slow-roll inflation to end, a slight slope in the potential is
required. In this simple setup, such a slope can be generated through the breaking of scale symmetry
induced by the quantum running of the couplings λ and ξ, as discussed previously.

A tale of three scale-invariant fixed points

At this stage, it should be clear that scale symmetry plays a crucial role in many aspects of particle
physics and cosmology. Following Wetterich, one can extend the discussion to quantum field theory to
construct a unified framework connecting the different aspects of scale symmetry in particle physics,
cosmology, and quantum gravity. We will mainly follow the dissertation presented in [4].

Quantum scale symmetry is directly linked to fixed points of the RG flow. Three main fixed points
can be identified:

• UV fixed point, displaying gravity scale symmetry. This fixed point is associated with the
combined theory of particle physics and quantum gravity and ensures the renormalizability
of a quantum field theory description of gravity.

• SM fixed point, displaying particle scale symmetry. It is associated with the description of the
SM treated as a low-energy effective field theory decoupled from gravity, valid below the Planck
scale. The presence of the SM fixed point is closely related to the (approximately) second-order
nature of the EW phase transition. It is a trivial fixed point, where all gauge and Yukawa
couplings, as well as the fixed points in the Higgs sector, vanish. When the gauge couplings g2
and g3 become large, they induce a small minimal mass for the W and Z bosons. For this reason,
the EW phase transition is only approximately second-order, and the SM fixed point cannot
be reached exactly. Nevertheless, particle scale symmetry remains a reliable approximation for
energies between the Fermi and Planck scales.
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• IR fixed point, displaying cosmic scale symmetry. It is related to the description of the late-time
Universe and to the cosmological constant problem.
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Figure 2.3: RG flow trajectories representing the crossover between the UV and the IR fixed point, from
Eq. (2.66). For easier visualization, following [4], we plot on the x axis fw = 1/

√
1 + w2, which approaches

w−1 for large w – corresponding to weak gravity – and maps w → 0 – strong gravity – to one. On the y axis,
we plot fγ = γ/

√
1 + γ2, mapping γ → ±∞ to ±1. We fix b = c = 0.1 and vary γ0 ∈ [−6,−10−3]. Typical

RG trajectories start from k → ∞ at the UV fixed point (upper right corner), where γ = 0 and w > 0. For
sufficiently small |γ0|, as k is lowered, trajectories come close to the SM fixed point (upper left), where γ = w = 0.
Subsequently, they are attracted for k → 0 towards the IR fixed point (lower left) at γ → −∞ and w = 0. The
observed SM corresponds to a tiny |γ0|.

In cosmology, the typical evolution of the Universe can be understood as following the RG trajectories:
starting from the UV fixed point in the asymptotic past, passing near the SM fixed point, and
ultimately approaching the IR fixed point in the asymptotic future. This crossover trajectory is
represented in Figure 2.3 and can be analyzed from the flow equations. For simplicity, we restrict our
discussion to two running parameters: a running squared Planck mass M2(k) – intuitively representing
the relative strength of gravity – and a running deviation from the EW phase transition δ(k).

Introducing the dimensionless variables

γ ≡ δ

k2 , w ≡ M2

2k2 , (2.64)

the flow equations take the form
∂tw = −2w + 2c,

∂tγ =
(

−2 + b

w

)
γ,

(2.65)

with ∂t = k ∂k, and b and c being constants. The RG flow trajectories are then explicitly given by

γ = 2γ0(w − c)
(

w

(1 + 2c)(w − c)

)b/2c
, (2.66)
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where γ0 ≡ γ(k = Mpl) and Mpl is the scale associated with the observed (constant) value of the
Planck mass. Different trajectories in Figure 2.3 correspond to different negative values of γ0, which
indicate spontaneously broken EW symmetry.19

For small values of |γ0|, the RG flow first follows a crossover trajectory from the UV fixed point to
the vicinity of the SM fixed point, and then a second crossover trajectory ending at the IR fixed point.
In the limit |γ0| → 0, the flow can approach the SM fixed point arbitrarily closely. In a cosmological
context, inflation can be associated with the UV fixed point of quantum gravity, or its immediate
neighborhood. As the flow evolves away from this point, scale symmetry becomes only approximate,
leading to an almost scale-invariant quantum effective action Γ, and consequently, to nearly scale-
invariant correlation functions and spectrum of primordial fluctuations.20

As the Universe evolves sufficiently away from the fixed point, scale symmetry is no longer a good
approximation, and inflation ends. Since the observable cosmological fluctuations freeze long before
the end of inflation, they retain the imprint of approximate scale symmetry.

At late times, the Universe approaches the IR fixed point, which is relevant for the dynamics of
dark energy and the cosmological constant problem.

Cosmological constant problem: a possible solution

From the simple induced gravity model in Eq. (2.55), it is evident that SSB leads to a non-vanishing
cosmological constant, given by the value of the EF potential at its minimum, see Eq. (2.58). Requiring
that the residual cosmological constant vanishes is equivalent to the usual fine-tuning associated with
the cosmological constant problem, which is therefore not addressed when scale invariance is exact.

The interesting scenario arises when quantum corrections break scale invariance, and some intrinsic
scale µ is present in the non-minimal coupling and the potential. Consider the case of cosmon inflation
[167, 168]

S =
∫

d4x
√−g

(
C

2 R
2 + f(ϕ)

2 R− 1
2Kg

µν∂µϕ∂νϕ− V (ϕ)
)
, (2.67)

where, compared to the Cooper-Venturi model (2.55), an additional quadratic term in the curvature
is present and the kinetic term is allowed to be non-canonical. For f(ϕ) = ϕ2, V (ϕ) = λϕ4, and
constant K the action is scale invariant. This action can, e.g., describe inflation near the UV fixed
point. Quantum corrections may introduce a scale dependence in the functions f(ϕ) and V (ϕ) via an
intrinsic mass scale µ̄, e.g., [4]

f(ϕ, µ̄) = ϕ2 + d µ̄2,

V (ϕ, µ̄) = b µ̄2ϕ2 + c µ̄4,
(2.68)

where b, c, d are constants. In the IR limit µ̄2/ϕ2 → 0 scale symmetry becomes exact provided K
becomes µ̄-independent. This scale symmetry is associated with the IR fixed point.

If ϕ → ∞ in the asymptotic future, this limit is approached, giving rise to a pseudo-Goldstone
boson with a small mass. In the context of (2.67), this field is called the cosmon and dynamically drives
the cosmological constant toward zero. Indeed, the observable dimensionless ratio21 V/f2 → bµ̄2/ϕ2

vanishes as ϕ → ∞.

19Positive values of γ0 correspond to unbroken EW symmetry and are not shown in Figure 2.3, which is symmetric
under reflection about the axis γ = 0.

20The quantum effective action Γ encodes all the relevant information about the full propagators and vertices. Its first
functional derivatives yield the field equations, while the second derivative Γ(2) corresponds to the inverse propagator.
The spectrum of primordial fluctuations can be directly obtained from Γ(2) [166].

21Only dimensionless ratios of dimensionful quantities can be measured. Here, f2 should be identified with M4
pl.
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Typical cosmological solutions evolve from the UV fixed point in the far past, where ϕ → 0, toward
the IR fixed point in the far future, where ϕ → ∞ [169]. In this perspective, the vanishing of the
cosmological constant is not intrinsic but rather a dynamical consequence of the fact that we live in
a very old universe, and we are approaching the IR fixed point. In the model studied in [169], the
existence of a second crossover leading to a growing neutrino-to-electron mass ratio can also address
the coincidence problem (see Sec. 2.1).

2.4.4 Renormalizability

Scale invariance has been proposed by Wetterich in [139] as a general criterion beyond renormalizability.
In the following, we discuss how a scale-invariant quantum field theory is renormalizable and exhibits
significantly greater predictive power than a generic renormalizable theory.

Following [4], we define a continuum renormalizable quantum field theory as a theory that is
well-defined in the continuum limit, i.e., it can be continued up to arbitrarily short distances. This
definition goes beyond the concept of perturbative renormalizability, which only guarantees that
a theory provides a valid low-energy effective description, without guaranteeing its consistency at
arbitrarily short distances or high momenta.

This argument for renormalizability is based on the necessary presence of a UV fixed point. On
one hand, the existence of a UV fixed point ensures that a theory can be consistently defined up to
arbitrarily short distances or infinite momenta, making it a sufficient condition for a renormalizable
quantum field theory. On the other hand, if the dimensionless couplings do not approach finite values as
µ → ∞, they either diverge or enter a regime where the theory becomes inconsistent for other reasons.
In this sense, the presence of a UV fixed point is also a necessary condition for renormalizability.

Two classes of UV fixed points can be adopted to define a renormalizable quantum field theory
[170]

• UV fixed points with vanishing couplings, corresponding to a free quantum field theory. They
define asymptotic freedom. Asymptotic free theories are perturbatively renormalizable, since one
can perform a loop expansion for arbitrarily small couplings around the fixed point.

• UV fixed points with non-vanishing couplings, corresponding to an interacting quantum field
theory. They define asymptotic safety. The theory is renormalizable, but typically not with a
perturbative approach.

Quantum gravity is presumably not perturbatively renormalizable. A natural possibility is that it
constitutes a renormalizable quantum field theory with diffeomorphisms as gauge symmetry, having
an UV fixed point of the asymptotic safe type [171–173]. It is rather natural to associate the UV limit
of quantum gravity with non-vanishing interactions, since gravity cannot be “switched off”. This fact
further motivates the general notion of renormalizability considered here.22

Since quantum scale symmetry is exact at any UV fixed point, scale invariance can be regarded
as a guiding principle extending beyond renormalizability. Scale-invariant theories are renormalizable,
but their predictive power goes even beyond general renormalizability. This is particularly evident
when analyzing the flow of couplings near fixed points and the classification of relevant parameters.

Let’s consider a theory with a finite number of dimensionless couplings gi with fixed-point values
gi∗. Their beta-functions specify the flow of couplings

∂tgi = µ∂µgi ≡ βi(gj), (2.69)

22Scale-invariant theories are clearly perturbatively renormalizable by power counting since all parameters are
dimensionless. The discussion here aims to extend the concept of renormalizability beyond the perturbative regime.
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whose zeros define the fixed points of the theory: βi(g∗) = 0. Linearization around the fixed points
gives the stability matrix T

∂t(gi − gi∗) = ∂βi
∂gj

∣∣∣∣∣
g∗

(gj − gj∗) = −Tij(gj − gj∗). (2.70)

The eigenvalues of T are the critical exponents θi.23 The eigenvectors vi associated with positive,
negative, or zero θi correspond to relevant, irrelevant, or marginal parameters, respectively.

For an arbitrary scale Λ, the flow of the eigenvectors can be expressed as

vi(µ) =
(Λ
µ

)θi
vi(Λ), (2.71)

which shows that, for any finite vi(Λ), the irrelevant parameters vanish in the UV limit Λ/µ → ∞. All
information carried by the irrelevant parameters is lost at the UV fixed point, and only the relevant
parameters remain as the free parameters of the theory. The predictive power of a quantum field
theory is therefore determined by the number of free parameters that must be specified at a given
scale µ̄.

The crucial point for scale-invariant theories is that all the relevant parameters vanish at the UV
fixed point, leaving no free parameters. In this sense, scale invariance has a much stronger predictive
power than simple renormalizability and can be legitimately taken as a new theoretical construction
principle for quantum field theories.

23While in asymptotic free theories the classification into relevant, irrelevant, and marginal parameters follows from
simple dimensional analysis of the couplings, for an asymptotic safe theory one needs to explicitly compute the critical
exponents to figure out the behavior near the fixed points.
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2.5 Summary
In this chapter, we have explored modified gravity as a theoretically and phenomenologically
motivated extension of GR. In Sec. 2.1, we outlined the main motivations for modifying the EH
action, emphasizing both cosmological and fundamental aspects. On the cosmological side, we
discussed the late-time accelerated expansion of the Universe, the cosmological constant problem, and
the coincidence problem, highlighting how these challenges motivate alternatives to ΛCDM. On the
theoretical side, we showed that once quantum effects of matter fields in curved spacetime are taken
into account, higher-order curvature invariants such as R2 and RµνRµν naturally arise in the effective
gravitational action. From an effective field theory perspective, such corrections are unavoidable in
regimes of high curvature, thus providing a strong rationale for considering extensions of GR in the
description of the very early Universe.

In Sec. 2.2, we addressed the mathematical consistency of modified gravity theories. In particular,
we discussed Ostrogradsky instabilities in non-degenerate higher-derivative theories and clarified under
what conditions they can be avoided. We further analyzed perturbative instabilities – tachyonic,
gradient, and ghost instabilities – establishing the criteria required for the viability of a theory at the
level of linear perturbations.

A central part of the chapter was devoted to f(R) gravity as one of the simplest generalizations of
GR. In Sec. 2.3, we derived the field equations in both the metric and Palatini formalisms, highlighting
their inequivalence for nonlinear functions of R. Focusing on the metric formalism, we showed that
f(R) theories propagate an additional scalar degree of freedom and are dynamically equivalent to a
Brans-Dicke theory with vanishing Brans-Dicke parameter. Through a conformal transformation, we
established a connection between the JF and the EF, carefully discussing their physical interpretations
and how to consistently map physical quantities from one frame to a conformally equivalent one.

As an illustrative example, we studied the Starobinsky model, f(R) = R+R2/6M2, which provides
a phenomenologically successful realization of inflation within the gravitational sector. We derived its
quasi-de Sitter solution in the JF and its scalar-field representation in the EF, computing the slow-
roll parameters and the resulting spectral indices. Among higher-order curvature corrections, the R2

contribution is uniquely singled out by the fact that it leads to a ghost-free and one-loop renormalizable
gravitational action and enjoys exact scale invariance. In the inflationary regime of the Starobinsky
model, the dynamics are dominated by the quadratic term, while the EH contribution is subleading,
so that scale invariance is effectively an approximate symmetry of the inflationary phase. From this
perspective, it is natural to speculate that scale invariance may represent a fundamental symmetry of
gravity at high energies.

In Sec. 2.4, we motivated the study of scale-invariant extensions of gravity and their phenomenological
implications in the early Universe, reviewing the main arguments that support scale invariance as a
guiding principle in particle physics, cosmology, and quantum field theory.
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Chapter 3

Scale-invariant inflation: background

The theoretical and phenomenological arguments discussed in Sec. 2.4 provide strong support for scale
invariance as a guiding symmetry of a fundamental theory of Nature. In the context of inflation, the
potential relevance of scale invariance is already hinted at by the underlying reasons for the success of
the Starobinsky model. Indeed, Starobinsky inflation arises from a simple modification of the Einstein-
Hilbert action through the inclusion of a term quadratic in the Ricci scalar, which effectively realizes
an approximate scale invariance during the inflationary phase. Motivated by this observation, we
push this idea further by exploring a framework in which the cosmological evolution during inflation is
described by a classically scale-invariant theory. In this picture, scale invariance is subsequently broken
through a mechanism of symmetry breaking, leading to the dynamical generation of the Planck scale.

In this chapter, we present the model introduced by Rinaldi and Vanzo in [5], which includes all
relevant scale-invariant combinations of the Ricci scalar and a real scalar field. The results presented
here build upon and extend a series of previous analyses in the literature (see, e.g., [5–9, 174–176]).

3.1 The model

Following [5], we consider a classically scale-invariant action in the Jordan frame (JF),

SJ =
∫

d4x
√−g

[
α

36R
2 + ξ

6ϕ
2R− 1

2g
µν∂µϕ∂νϕ− λ

4ϕ
4
]
, (3.1)

where ϕ(x) is a real scalar field and α, ξ, and λ are arbitrary dimensionless coupling constants,
as required by scale invariance. Their values will be constrained by inflationary observables in the
following analysis; for the time being, we assume they are strictly positive.

The action in Eq. (3.1) contains only operators of mass dimension four. It is invariant under the
dilatation transformations defined in Eqs. (2.51)–(2.53), with scaling dimension ∆ = 1 for the scalar
field. A detailed proof is provided in Appendix B.

In addition, the action is invariant under the rigid transformations given in Eq. (2.54). In this case,
the transformation of the Ricci scalar follows directly from the general conformal transformation law
(2.28), evaluated for a coordinate-independent conformal factor Ω.

We emphasize that the action in Eq. (3.1) is not conformally invariant. Conformal invariance would
require the conditions α = 0 and ξ = −1/2, as shown in Appendix B.1 Moreover, the action should
not be regarded as the most general scale-invariant theory quadratic in curvature invariants, since it

1The reason for restricting the analysis to positive values of ξ, despite the fact that the conformal limit is achieved
for ξ < 0, is related to dynamical mass generation and will become clear in the following.

57



Scale-invariant inflation: background

does not include a squared Weyl curvature term [81, 99]. The latter is defined as

C2 ≡ WµνρσW
µνρσ = 2RµνRµν − 2

3R
2 + G, G ≡ R2 − 4RµνRµν +RµνρσR

µνρσ, (3.2)

where G denotes the Gauss–Bonnet curvature invariant, a topological term that does not affect
the equations of motion [96]. The absence of the Weyl-squared term is motivated by its conformal
invariance. In a FLRW background, which is conformally flat, the Weyl tensor vanishes identically
– as in Minkowski spacetime – and therefore does not affect the background dynamics. While this
statement holds at the unperturbed level, the situation can change significantly once perturbations
around the classical background are taken into account, even at the classical level.

In a recent work [177], the effects of a Weyl-squared term in the context of Starobinsky inflation
were investigated. It was shown that the Weyl curvature induces a ghost degree of freedom coupled
to the scalaron arising from the R2 term, leading to a tachyonic instability. This instability manifests
as exponential growth of the Bardeen potentials (see Eq. (1.30)), rendering the inflationary FLRW
background unstable. Although a complete analysis of the action in Eq. (3.1) with a Weyl-squared
term lies beyond the scope of this work, the results of [177] provide further motivation for neglecting
this term in the construction of a viable inflationary model.

The classical effective potential for the scalar field ϕ can be identified with

Veff(ϕ) = −ξ

6ϕ
2R+ λ

4ϕ
4. (3.3)

Its derivative with respect to ϕ, when R is fixed, vanishes at

ϕ0 = 0, ϕ2
0 = ξR

3λ , (3.4)

corresponding to a local maximum and a local minimum, respectively. This structure guarantees
the presence of a symmetry-breaking mechanism in the model. Indeed, when an infinitely extended
spacetime volume with constant curvature is considered, scale symmetry gets broken whenever the
scalar field relaxes to the minimum, leading to dynamical mass generation along the same lines as
what is described in Sec. 2.4.2, as we will show in the following.

3.2 Global evolution
In this section, we study the cosmological evolution of the scale-invariant model (3.1) on a spatially
flat FLRW background. Once complemented with a detailed stability analysis, these results will clarify
the role of the fixed points in Eq. (3.4) and the dynamical generation of mass scales. A parallel study
will be performed in the Einstein frame (EF), ultimately leading to a minimal single-field description
suitable for deriving the inflationary predictions.

3.2.1 Jordan frame

By varying the action (3.1) with respect to the metric tensor and taking the (0, 0) component, we
obtain the equation of motion for the Hubble parameter H,

α
(
2HḦ − Ḣ2 + 6H2Ḣ

)
− ϕ̇2

2 + 2ξHϕϕ̇+ ϕ2

4
(
4ξH2 − λϕ2

)
= 0. (3.5)

The second equation of motion is the Klein-Gordon equation for the scalar field, obtained by varying
the action with respect to ϕ,

ϕ̈+ 3Hϕ̇− 2ξϕḢ − ϕ
(
4ξH2 − λϕ2

)
= 0. (3.6)
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Together, Eqs. (3.5)–(3.6) determine the dynamics of the system in cosmic time t.
We now perform a dynamical system analysis to analytically investigate the stability properties of

the system. This is conveniently done by casting the system of Eqs. (3.5)–(3.6) – a two-dimensional
system of second-order differential equations – into a four-dimensional system of first-order equations.
We further employ the e-folding time, as defined in Sec. 1.3. Denoting derivatives with respect to N
with a prime, we introduce the new variables

x ≡ H(N), y ≡ H ′(N), z ≡ ϕ(N), w ≡ ϕ′(N). (3.7)

When substituted in the equations of motion, they give the following equivalent system

w′ + yw

x
+ 3w − 2ξzy

x
+ λz3

x2 − 4ξz = 0,

y′ + y2

2x + 3y + ξwz

αx
− λz4

8αx3 + ξz2

2αx − w2

4αx = 0,

x′ − y = 0,
z′ − w = 0.

(3.8)

The fixed points of the dynamical system (3.8) are the ones solving the algebraic system {x′ = y′ =
z′ = w′ = 0}. They turn out to be two distinct families, namely

P1 : (x, y, z, w)∗ = (x, 0, 0, 0) , P2 : (x, y, z, w)∗ =

x, 0, 2x
√
ξ

λ
, 0

 , (3.9)

for any value of x = H(N) > 0. Note that these fixed points coincide with the extrema of the
potential derived in Eq. (3.4), since, when H is constant, R ≃ 12H2. To determine whether they can
also characterize a symmetry-breaking phase, we must perform a stability analysis of (3.8), which is
done by linearizing the system about its fixed points. In matrix form,

x ′ = J∗ (x − x∗) , (3.10)

where we adopted the compact notation for x ≡ (x, y, z, w) and J∗, which stands for the Jacobian
matrix evaluated at the fixed point x∗ ≡ (x, y, z, w)∗. An inspection of the eigenvalues of J∗ shows that
P1 is a saddle (and therefore unstable) point. In contrast, no definitive conclusion can be drawn for
P2, due to the presence of vanishing eigenvalues. To unambiguously determine the nature of the fixed
points, it is therefore necessary to compute the analytical solutions for ϕ(N) and H(N) obtained from
the linearized system (3.8) in the vicinity of P1 and P2. In the following, we summarize the results for
each fixed point.

Unstable fixed point: P1

The physical quantities of interest at the unstable saddle point are

Hunst = arbitrary, H ′
unst = 0, ϕunst = ϕ′

unst = 0. (3.11)

The solutions of the linearized system are readily obtained,

x = H(N) = c1 + c2 e
−3N ,

z = ϕ(N) = c3 e
(

− 3
2 + 1

2

√
9+16ξ

)
N + c4 e

(
− 3

2 − 1
2

√
9+16ξ

)
N ,

(3.12)

where ci, i = 1, . . . , 4 are constants of integration. Since ξ > 0 by definition, ϕ(N) is a combination
of growing and decaying modes, thus the saddle-point nature of P1 follows. As the number of e-folds
increases, the system is driven away from P1: the Hubble parameter tends to a constant, while the
scalar field grows towards larger values.

59



Scale-invariant inflation: background

Stable fixed point: P2

Here we have

Hst = arbitrary, H ′
st = 0, ϕst = 2Hst

√
ξ

λ
, ϕ′

st = 0. (3.13)

The solutions to the linearized system are

H(N) = c1 + c2e
−3N + e− 3

2N
[
c3S(N) + c4C(N)

]
, (3.14)

ϕ(N) =
√
ξ

λ

[
2c1 + c2

2 e
−3N + ω − ξ2

2ξ(1 + 2ξ)e
− 3

2N
(

(2Jc4 − 5c3)S(N) − (5c4 + 2Jc3)C(N)
)]

,

where Ω, not to be confused with the conformal factor, is defined as Ω ≡ ξ2 + αλ and

J ≡ 1
2

√
25ξ2 + 32ξΩ − 9Ω

Ω − ξ2 . (3.15)

Furthermore, we have defined S(N) ≡ sin(JN) and C(N) ≡ cos(JN). These solutions clarify the
nature of P2 as a stable fixed point, which is reached through damped oscillations of both ϕ and H.

To assess the validity of the linearized solutions in Eq. (3.14), we compare them with the numerical
results shown in Figure 3.1. The coefficients ci are determined via a linear least-squares fit performed
in the vicinity of P2, yielding good agreement between the numerical evolution and the fitted solutions
(see the inset of Figure 3.1).

We stress that the choice of model parameters and initial conditions is made to clearly illustrate
the transition from the saddle point to the stable fixed point via damped oscillations over a few e-folds.
These choices are not, in general, those required to obtain a phenomenologically viable inflationary
phase, as will become apparent from the analysis presented in Sec. 3.3.
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Figure 3.1: Numerical evolution of the scalar field ϕ (left panel) and the Hubble parameter (right panel) in
the JF, obtained from the equations of motion (3.5)–(3.6) in e-folding time N , with N = 0 representing the
beginning of the numerical integration and proceeding towards increasing positive values as the fields evolve.
The insets show the comparison between the full numerical solution (orange solid line) and the linearized
solution around P2 given by Eq. (3.14), with ci fixed via a linear least-squares fit (gray dashed line). The
parameters are fixed to α = 1, ξ = 2,Ω = 1.07 ξ2, which are not, in general, the ones that yield a viable
inflationary trajectory, but they help capture the oscillatory behavior visually. The initial conditions are set to:
ϕ(0) = 10−5, H(0) = 1, ϕ′(0) = H ′(0) = 0.

It is also instructive to follow the evolution of the scalar field ϕ within the effective potential (3.3).
In Figure 3.2, we show the effective potential Veff(ϕ) at different values of N , together with the
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instantaneous position of the field ϕ, for the same dynamical evolution depicted in Figure 3.1. At early
times, when the system lies close to the unstable fixed point, Veff(ϕ) exhibits a characteristic Mexican-
hat shape, and the field rolls toward its minimum (see the first panel of Figure 3.2). As the evolution
proceeds, the form of the effective potential is modified by the dynamics of the Ricci scalar R, and
its minima at ϕ0 /= 0 may disappear if R becomes negative (second panel of Figure 3.2). Eventually,
the system approaches the stable attractor, with the field ϕ settling at the minimum of the effective
potential (last panels of Figure 3.2).
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Figure 3.2: Effective potential as given in Eq. (3.2). Each panel shows the potential with R evaluated at a
different e-folding time N , taken from the same cosmological evolution displayed in Figure 3.1. From left to
right: N = 4, 5, 6, and 10. The red dot indicates the instantaneous value of the scalar field ϕ.

This evolution is consistent with a classical SSB mechanism, in which the scalar field ϕ acquires a non-
vanishing expectation value, ϕst /= 0, thereby dynamically introducing a mass scale into the system.
The mechanism of dynamical mass generation described in Sec. 2.4.2 follows along the same lines as in
the Cooper-Venturi model. Since, at late times, the term linear in the Ricci scalar in the action (3.1)
is expected to dominate over the quadratic R2 contribution, it is natural to make the identification

ξ

6ϕ
2
stR = 1

2M
2
plR, (3.16)

which allows one to recover the EH term. This identification fixes the value of ϕst and, consequently,
that of Hst as

ϕst = Mpl

√
3
ξ
, Hst = Mpl

√
3λ

2ξ . (3.17)

This identification clarifies our choice of restricting the analysis to positive values of ξ. Note that in
the original and in some subsequent papers [5, 174, 175] the parameter α was fixed to α = ξ2/λ.
With this choice, the R2 term and the scalar self-interaction potential cancel at the stable fixed point,
leaving only the EH contribution (3.16). As will be shown below, however, the condition α = ξ2/λ is
not compatible with a viable inflationary phase. For this reason, we treat α, ξ, and λ as independent
parameters throughout our analysis. The identification in Eq. (3.16) nevertheless remains valid at late
times, even in the presence of the quadratic curvature term.

Noether current

It is instructive to compute the Noether current associated with scale symmetry. While this will prove
particularly useful in the EF, the calculation presented here will clarify the role of the current in the
JF.

We consider an infinitesimal scale transformation defined in Eq. (2.54),

ϕ → e−ϵϕ, gµν → e2ϵgµν , (3.18)

where ϵ is an infinitesimal constant. A convenient method to compute the associated conserved current,
commonly used in quantum field theory [178], consists in promoting the global symmetry to a local
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one by allowing ϵ = ϵ(x). In this case, the action is no longer invariant,2 but the variation of the
Lagrangian must take the form

δL = (∂µϵ)hµ(ϕ), (3.19)
since δL = 0 when ϵ is constant.

The corresponding variation of the action is then

δS =
∫

d4x δL = −
∫

d4x ϵ ∂µh
µ(ϕ), (3.20)

where we have integrated by parts and neglected boundary terms. Requiring δS = 0 on shell for
arbitrary ϵ implies ∂µhµ = 0, allowing us to identify hµ as the conserved Noether current.

In a generic curved spacetime, this result can be written as

Kµ ≡ 1√−g
δS

δ∇µϵ(x) , (3.21)

which makes explicit that only derivative terms in the action contribute to the current, while potential
terms do not.

To proceed with the calculation for the action (3.1), it is convenient to write (3.1) as its on-shell
equivalent, following the procedure outlined in [179] (see also [145] for an earlier application in the
context of scale-invariant Higgs-dilaton cosmology)

SJ =
∫

d4x
√−g

[(
αψ2

18 + ξϕ2

6

)
R− αψ4

36 − 1
2∂µϕ∂

µϕ− λ

4ϕ
4
]
. (3.22)

One can indeed verify that the equation of motion for the auxiliary field ψ implies ψ2 = R, hence one
recovers the original action (3.1). This transformation makes explicit that the R2 term, which contains
fourth-order derivatives, effectively introduces an additional scalar degree of freedom, identified with
the field ψ in Eq. (3.22). As a result, the original fourth-order equations are reduced to second-order
ones, significantly simplifying the analysis.

For this reason, the model is free from Ostrogradsky instabilities, as is the case for the simplest
class of f(R) theories. This feature will become even more transparent in the single-field description
discussed below. Possible instabilities arising at the level of perturbations will instead be addressed in
the next chapter.

Promoting the transformation (3.18) to a local one, we have the usual conformal transformation
(see also Appendix B)

gµν → e2ϵ(x)gµν ,

R → e−2ϵ(x)
(
R− 6□ϵ(x) + O

(
ϵ2, (∂ϵ)2

))
,

ϕ → e−ϵ(x)ϕ,

ψ → e−ϵ(x)ψ.

(3.23)

The conserved Noether current follows after applying the definition (3.21) with the action in Eq. (3.22)
after the transformations (3.23),

Kµ = (1 + 2ξ)ϕ∂µϕ+ 2
3αψ∂

µψ. (3.24)

We can further write
Kµ = ∂µK, with K = (1 + 2ξ)

2 ϕ2 + α

3ψ
2. (3.25)

2In particular, this is not true for the action in Eq. (3.1), which would otherwise be conformally invariant.
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The Noether current is covariantly conserved along the equations of motion, i.e. ∇µK
µ = 0. In a

spatially flat FLRW, this corresponds to

K̈ + 3HK̇ = 0, (3.26)

whose explicit solution is

K = c1 + c2

∫
dt

a3(t) , (3.27)

with ci constants of integration. This shows that in an exponentially expanding universe, K(t)
approaches exponentially fast a constant value, thereby breaking scale symmetry.

To gain further insight into the nature of this symmetry-breaking mechanism, it is instructive to
consider Figure 3.3, which shows the numerical evolution of the system in the (ϕ,

√
R) plane. The

color scale indicates the e-folding time N associated with each point along the trajectory. The gray
curve corresponds to the ellipse defined by

(1 + 2ξ)
2 ϕ2 + α

3 (
√
R)2 = K(ϕ0, R0), (3.28)

where the constant value K(ϕ0, R0) is determined by the initial conditions. Note that Eq. (3.28) is
precisely the asymptotic limit of the solution in Eq. (3.27), K(t) t→∞= c1, and we are considering the
on-shell equivalence ψ2 = R.

As can be seen from Figure 3.3, the quantity K rapidly approaches a constant value shortly after
the onset of the evolution, thereby constraining the system’s trajectory in the (ϕ,

√
R) plane to lie on an

ellipse. This behavior indicates that the scale symmetry breaking discussed here3 possesses distinctive
features compared to the SSB previously discussed in the context of dynamical mass generation. In
particular:

• It is independent of the structure of the potential, as it is clear from the definition of the Noether
current in Eq. (3.21). The shape of the ellipse is completely determined from the initial conditions
(ϕ0, R0).

• It is realized all along the inflationary trajectory, even before the field settles at the minimum
of the effective potential, corresponding to the yellow region in Figure 3.3 reached at late times.

Building on the results obtained for the JF, we now move to the EF analysis.

3.2.2 Einstein frame

In order to move to the EF, it is convenient to start from the on-shell equivalent action in Eq. (3.22).
The conformal transformation then follows in a way similar to what was discussed in Sec. 2.3 for f(R)
theories. By writing the conformal transformation (2.27) as

g̃µν = e2ω(x)gµν , (3.29)

and further choosing

ω = 1
2 ln 2

M2

(
αψ2

18 + ξϕ2

6

)
, (3.30)

3Ferreira et al. refer to this mechanism as inertial symmetry breaking [179].
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Figure 3.3: Noether current constraint in the JF. The gray curve shows the analytical ellipse given in Eq. (3.28),
with R0 and ϕ0 fixed at the initial time of the numerical integration. The colored line traces the same numerical
evolution shown in Figure 3.1, plotted parametrically here. Different colors correspond to different e-folding
times N : the trajectory begins in the darker region and progresses toward the lighter shades, terminating at the
yellow point marking the stable fixed point.

we obtain the EF action4

SE =
∫

d4x
√−g

[
M2

2 R− 3M2

f2 gµν∂µf∂νf − f2

2M2 g
µν∂µϕ∂νϕ− V (f, ϕ)

]
, (3.31)

where
V (f, ϕ) = −3ξϕ2f2

2α + Ωϕ4f4

4αM4 + 9M4

4α , (3.32)

We have introduced the scalar field f ≡ Me−ω(x). Before moving to the dynamical analysis, some
important considerations are in order:

• The EF action (3.31) makes explicit that the quadratic term ∝ R2 in the JF carries an additional
scalar degree of freedom. Indeed, Eq. (3.31) has the form of an EH term with two propagating
scalar fields, f and ϕ, subjected to a potential V (f, ϕ). Note that, compared to the intermediate
JF action in Eq. (3.22), the additional degree of freedom has a kinetic term in the EF, resulting
from the contribution ∝ gµν∂µω∂νω in the conformal transformation of the Ricci scalar, as
it is for the simpler f(R) theories discussed in Sec. (2.3). At this stage, the theory therefore
appears as a multifield model. Nevertheless, the two scalar fields enter the action only through
the combination fϕ, suggesting that the effective dynamics may be reduced to a single-field
description. This point will be examined in detail below.

• The mass parameter M has been introduced for dimensional consistency only, and should not
be interpreted as a physical mass scale generated via SSB, such as that arising from dynamical
mass generation in the JF. In particular, it was shown in [5] that M is a redundant parameter.

4We omit the tilde for EF quantities, as no ambiguity between the Jordan and the Einstein frame arises in this
analysis.
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Indeed, following the argument of [170], the variation of the action with respect to M vanishes
upon use of the field equations. As a consequence, observable quantities computed in the EF do
not, in general, depend on M , which can therefore be treated as an arbitrary parameter at this
stage. We will return to this point later.

The Friedmann equations are

H2 = ḟ2

f2 + f2ϕ̇2

6M4 + 3M2

4α − ξf2ϕ2

2αM2 + Ωf4ϕ4

12αM6 , (3.33)

Ḣ = −3 ḟ
2

f2 − f2ϕ̇2

2M4 . (3.34)

We then have two independent Klein-Gordon equations, obtained by varying the action (3.31) with
respect to ϕ and f , respectively. They are

ϕ̈+ 3Hϕ̇+ 2ϕ̇ḟ
f

− 3ξϕM2

α
+ Ωf2ϕ3

αM2 = 0, (3.35)

f̈ + 3Hḟ − ḟ2

f
− ϕ̇2f3

6M4 − ξϕ2f3

2αM2 + Ω
6α

ϕ4f5

M6 = 0. (3.36)

As further evidence that the parameterM is unrelated to the mass scale dynamically generated through
scale symmetry breaking, one can verify that the equations of motion (3.33)–(3.36) are unaltered under
the (active) dilatation transformations in Eqs. (2.51)–(2.53), which act as

H(t) → ℓH(ℓt), ϕ(t) → ℓϕ(ℓt), f(t) → ℓf(ℓt), M → ℓM, (3.37)

showing that scale invariance is preserved in the EF at the level of the equations of motion.
Analogously to the JF, we can perform a stability analysis of the EF equations of motion. Since

this analysis closely parallels the one carried out previously, we restrict ourselves to summarizing
the main results; see also [176] for a related discussion. It is worth noting that the dynamics are
entirely determined by the second Friedmann equation and the Klein-Gordon equations, while the
first Friedmann equation in (3.33) plays the role of a constraint, fixing the Hubble parameter in the
EF.

We find that the EF system also admits two classes of fixed points, with the same qualitative nature
as in the JF: a saddle point and a stable fixed point. In the following, we therefore limit ourselves
to reporting the values of the relevant physical quantities at these fixed points, omitting the explicit
form of the linearized solutions.

Unstable fixed point: P1

The saddle point is defined by

funst = arbitrary, ḟunst = ϕunst = ϕ̇unst = 0, Hunst =
√

3M
2
√
α
, (3.38)

where we note that the arbitrariness of the Hubble parameter in the JF, see Eq. (3.11), has been
entirely absorbed in the scalar field f entering the conformal transformation.

Stable fixed point: P2

The stable attractor is defined by

fst =
√

3ξ
Ω
M2

ϕst
, ϕst = arbitrary, ḟst = ϕ̇st = 0, Hst =

√
αλ

Ω Hunst =
√

3λM
2
√

Ω
. (3.39)
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Note that the ratio between the Hubble parameter at the stable and unstable fixed points is uniquely
determined by the model parameters.

To gain insight into the relation between the mass parameter M and the Planck mass dynamically
generated in the JF through Eq. (2.57), it is helpful to consider the relation between the Hubble
parameters in the two frames. Generalizing Eq. (2.35) to an arbitrary conformal factor and evaluating
it at the stable fixed point – where all time derivatives vanish – we obtain

H̃st = e−ωHst = f̃st
M
Hst, (3.40)

where we have restored the notation with a tilde denoting EF quantities. Employing Eq. (3.39) to
write H̃st and f̃st and Eq. (3.17) to write Hst, we have

√
3λ

2
√

Ω
M =

√
3ξ
Ω
M

ϕ̃st
Mpl

√
3λ

2ξ −→ ϕ̃st =
√

3
ξ
Mpl = ϕst, (3.41)

Thus, the value of the scalar field at the stable fixed point is the same in both frames, as expected
since the conformal transformation does not rescale ϕ. Therefore, the EF fields at the stable fixed
point are fixed as

fst = ξ√
Ω
M2

Mpl
, ϕst =

√
3
ξ
Mpl. (3.42)

There are no means, at this level, to determine the value of M , which cancels out in Eq. (3.41).
A natural choice, given that M appears in the EH term of the action (3.31), is to identify it with the

Planck mass. At first sight, this identification may appear puzzling, since an analogous identification
was already made in the JF, where the Ricci scalar differs from its EF counterpart. We now show that
no inconsistency arises by comparing the two identifications,

JF : ξ6ϕ
2
stR −→

M2
pl

2 R, EF : M
2

2 R̃ −→
M2
pl

2 R̃. (3.43)

Since the identification in the JF is meaningful only at the stable fixed point, any comparison must be
performed there. At this point, the Ricci scalars are related by R = Ω2R̃. Consequently, the EH term
in the JF is proportional to M2

plΩ2R̃, while in the EF it is proportional to M2
plR̃. These expressions

are fully consistent once one recalls, as discussed in Sec. 2.3.3, that mass units rescale when passing
from the JF to the EF.

To make this explicit, suppose that we can measure the coefficient of the EH term. In the EF,
what is physically accessible is the dimensionless ratio M2

pl/m̃
2
u, where m̃u denotes a reference mass

unit. In the JF, the corresponding measured quantity is M2
plΩ2/m2

u. Since the mass units in the two
frames are related by m̃u = Ω−1mu, the two measurements yield identical results. For this reason, we
will henceforth identify

M = Mpl. (3.44)

We represent in Figure 3.4 the numerical evolution of the fields and the Hubble parameter, as a function
of the e-folding time. As done for the JF, the parameters and initial conditions are chosen to visually
enhance the transition from the unstable to the stable fixed point through damped oscillations, and
are not, in general, the ones that provide a viable inflationary phase.

Noether current and field redefinition

Similarly to what has been done in the JF, we compute the Noether current associated with scale
symmetry. Acting with a local Weyl transformation on the EF metric and the fields, as in Eq. (3.23),
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Figure 3.4: Numerical evolution of the scalar field ϕ (left panel), f (central panel), and the Hubble parameter
(right panel) in the EF, obtained from the equations of motion (3.33)–(3.36) in e-folding time N . The parameters
are fixed to α = 1, ξ = 2,Ω = 1.07 ξ2. The initial conditions are set to: ϕ(0) = 10−5 Mpl, f(0) =

√
6Mpl, H(0) =

Hst, ϕ
′(0) = f ′(0) = 0.

the conserved current can be computed from the definition (3.21). It reads

Kµ = ϕ∂µϕ− 6M
4

f3 ∂
µf, (3.45)

which can be written as

Kµ = ∂µK, with K =
M2
pl

2

(
ϕ2

M2
pl

+
6M2

pl

f2

)
. (3.46)

In complete analogy with the JF analysis, the Noether current is covariantly conserved along the
equations of motion ∇µK

µ = 0 and K approaches a constant value, thereby breaking scale symmetry.
Eq. (3.45) makes it manifest that the conserved current is independent of the scalar potential, as its
expression does not involve the parameters α, ξ, or λ.

As a further check that the dynamics are constrained after symmetry breaking, see Figure 3.5,
where the gray line corresponds to the ellipse with equation

M2
pl

2

( ϕ

Mpl

)2

+ 6M2
pl(f−1)2

 = K(ϕ0, f0), (3.47)

and the colored line describes the same numerical evolution represented in Figure (3.4). As in the JF,
the dynamics are constrained to an ellipse in the (ϕ, f−1) plane, whose shape is uniquely fixed by the
initial values of the fields.

The constraint imposed by the Noether current implies that, for any initial value of K(ϕ0, f0), the
field f can be entirely expressed in terms of ϕ, and vice versa. This fact suggests that the dynamical
content of the model in the EF can effectively be reduced to a single scalar degree of freedom. To
further develop this idea, we make use of the constraint (3.46) to introduce two new fields, ρ and χ,
defined as

ρ =
√

6Mpl arcsinh
(

ϕf√
6M2

pl

)
, (3.48)

χ = Mpl

2 ln
(

ϕ2

2M2
pl

+
3M2

pl

f2

)
, (3.49)

where one can immediately notice that the argument of the logarithm in Eq. (3.49) carries the same
dynamical content of K in Eq. (3.46).
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Figure 3.5: Noether current constraint in the EF. The gray curve shows the analytical ellipse given in Eq. (3.47),
with ϕ0 and f0 fixed at the initial time of the numerical integration. The colored line traces the same numerical
evolution shown in Figure 3.4, here plotted parametrically. Different colors correspond to different e-folding
times N : the trajectory begins in the darker region and progresses toward the lighter shades, terminating at the
yellow point marking the stable fixed point. The inset shows a zoom-in of the trajectory.

When written in terms of the new fields, the EF action (3.31) becomes

SE =
∫

d4x
√−g

[
M2
pl

2 R− 1
2g

µν∂µρ∂νρ− 3 cosh2
(

ρ√
6Mpl

)
gµν∂µχ∂νχ− V (ρ)

]
, (3.50)

where the potential depends exclusively on ρ and is defined as

V (ρ) =
9M4

pl

4α

[
1 − 4ξ sinh2

(
ρ√

6Mpl

)
+ 4Ω sinh4

(
ρ√

6Mpl

)]
. (3.51)

An alternative way to identify the fields (ρ, χ) consists of requiring that scale transformations act
on a single field only, namely ρ. Furthermore, ρ can always be defined so that scale transformations
correspond to a shift symmetry of the form ρ → ρ+σMpl, where σ is the infinitesimal transformation
parameter. This construction has been adopted, for instance, in [145, 174].

Overall, it is clear that χ plays the role of the Goldstone boson of the theory, namely the massless
mode associated with the flat directions of the potential [180]: when scale symmetry is broken, K
approaches a constant value and, as a consequence, so does χ. The relevant degree of freedom governing
the inflationary dynamics is therefore ρ, in agreement with the fact that the potential depends only
on this field, V = V (ρ).

As will be more clear and thoroughly tested in the following, the inflationary dynamics are
effectively single-field, with ρ playing the role of the inflaton.

The potential in Eq. (3.51) admits stationary points at

ρmax = 0, ρmin = ±
√

6Mpl arcsinh

√ ξ

2Ω

 , (3.52)

corresponding, respectively, to a local maximum and two symmetric minima, provided that ξ/α > 0
and ξ/Ω > 0. Hence, the single-field potential acquires a Mexican-hat profile, as displayed in Figure 3.6,
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Figure 3.6: Single field potential V (ρ) in the EF for the scale-invariant model (3.1), as defined in Eq. (3.51).
The parameters are fixed to: ξ = 10−3,Ω = 1.07 ξ2, and α = 2 × 1010, corresponding to a viable inflationary
trajectory in agreement with the observational bounds, see Eqs. (3.80)–(3.81).

when α, ξ, and Ω share the same sign. Furthermore, since α controls the overall height of the potential,
it must be positive to ensure a positive energy scale, in line with our initial assumption of positive
model parameters. We remark, however, that λ may in principle take negative values, as long as it
satisfies

λ > −ξ2

α
. (3.53)

Under the assumption of a positive λ, the minima shift towards larger values for smaller ξ. At the
extrema, the potential takes the values

Vmax =
9M4

pl

4α , Vmin =
9λM4

pl

4Ω . (3.54)

We can thus draw some simple considerations:
• Under the assumption that α, λ, and ξ are positive, Vmin > 0;

• Vmin /= 0, unless λ = 0;

• If −ξ2/α < λ < 0, the potential preserves a Mexican hat structure but now Vmin < 0.
As will become clearer in the following, this feature has important consequences for inflationary
dynamics, the graceful exit into a radiation-dominated era, and the emergence of a residual
cosmological constant.

In the (ρ, χ) representation, the Klein-Gordon equations for the two fields are

ρ̈+ 3Hρ̇−
√

6
2Mpl

sinh
(

2ρ√
6Mpl

)
χ̇ 2 + dV (ρ)

dρ = 0, (3.55)

χ̈+ 3Hχ̇+ 2√
6Mpl

tanh
(

ρ√
6Mpl

)
χ̇ρ̇ = 0. (3.56)

The Friedmann equations are

H2 = ρ̇2

6M2
pl

+ 1
M2
pl

cosh2
(

ρ√
6Mpl

)
χ̇2 + V (ρ)

3M2
pl

, (3.57)

Ḣ = − ρ̇2

2M2
pl

− 3
M2
pl

cosh2
(

ρ√
6Mpl

)
χ̇2. (3.58)
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Since the transformation amounts to a simple field redefinition, the stability analysis remains
unchanged with respect to the formulation in terms of the original fields (ϕ, f). Accordingly, the
extrema of the potential correspond to an unstable fixed point at the local maximum ρmax and to
stable fixed points at the minima ρmin. From Eq. (3.56), one immediately observes that χ̇ = 0 is a
solution, implying that χ = const. throughout the cosmological evolution. It was shown in [176] via
a full stability analysis that this constant-χ solution is, in fact, an attractor, stable under variations
of the initial conditions. In an expanding FLRW spacetime, this behavior is fully consistent with the
asymptotic solution for K given in Eq. (3.27).

In Figure (3.7), we represent the numerical evolution of the fields and the Hubble parameter as
a function of the e-folding time. For a better comparison, the same parameters and initial conditions
adopted in the (ϕ, f) representation in Figure 3.4 were considered. As expected, the evolution of the
Hubble parameter is identical in the two descriptions. The field ρ exhibits a smooth evolution from the
local maximum ρmax toward the positive minimum ρmin, which is reached through damped oscillations,
while the field χ remains exactly constant throughout the evolution. It is worth noting that the same
result could equivalently be obtained directly from the numerical solutions in Figure 3.4 by applying
the field redefinitions in Eqs. (3.48)–(3.49). In particular, the specific combination of ϕ and f entering
the definition of χ leads to an exact cancellation of their oscillatory behavior, yielding the constant
solution shown in Figure 3.7.
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Figure 3.7: Numerical evolution of the scalar field ρ (left panel), χ (central panel), and the Hubble
parameter (right panel) in the EF, obtained from the equations of motion (3.55), (3.56), and (1.5) in e-
folding time N . The parameters are fixed to α = 1, ξ = 2,Ω = 1.07 ξ2. The initial conditions are set to:
ρ(0) = 2.5 × 10−5 Mpl, χ(0) = −0.35Mpl, H(0) = Hst, ρ

′(0) = χ′(0) = 0, in order to match the corresponding
initial conditions in the (ϕ, f) representation displayed in Figure 3.4.

3.3 Slow-roll inflation

To study the inflationary dynamics, it is particularly convenient to work in the EF and in the effective
single-field representation (ρ, χ). In this setting, the standard slow-roll formalism – introduced in
Sec. 1.3.1, applied to the computation of spectral indices in Sec. 1.4.5, and discussed in the context of
Starobinsky inflation in Sec. 2.3.4 – can be straightforwardly employed. At this stage, we restrict the
analysis to the homogeneous background, while a complete treatment including perturbations will be
presented in Chapter 4.5

5In practice, the application of the single-field results of Sec. 1.4.5 to the computation of the spectral indices in the
present model implicitly assumes that the Goldstone mode is completely decoupled from the dynamics, including at the
level of perturbations. Testing the validity of this assumption is therefore essential.
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The relevant equations of motion in the slow-roll approximation ρ̇2 ≪ V (ρ), |ρ̈| ≪ |Hρ̇| reduce to

3Hρ̇ ≃ −dV (ρ)
dρ , H2 ≃ V (ρ)

3M2
pl

, (3.59)

while the slow-roll parameters, see Eq. (2.45), are

ϵ ≃
M2
pl

2

(
V,ρ
V

)2
=

4
[
ξ + Ω − Ω cosh

(√
2
3
ρ

Mpl

)]2

sinh2
(√

2
3
ρ

Mpl

)

3
[
4 ξ sinh2

(
ρ√

6Mpl

)
− 4 Ω sinh4

(
ρ√

6Mpl

)
− 1

]2 ,

η ≃ −ϵ+M2
pl

V,ρρ
V

= −ϵ+
4 (ξ + Ω) cosh

(√
2
3
ρ

Mpl

)
− 4 Ω cosh

(
2
√

2
3
ρ

Mpl

)

3
[
4 ξ sinh2

(
ρ√

6Mpl

)
− 4 Ω sinh4

(
ρ√

6Mpl

)
− 1

] .
(3.60)

In the asymptotic limit ρ/Mpl → ∞, they both approach the constant value

lim
ρ→∞

ϵ(ρ) = lim
ρ→∞

η(ρ) = 4
3 , (3.61)

which is greater than unity, suggesting that inflation cannot proceed as the field moves along the
potential from right to left, as in some other single-field models [48]. Consistent with the nature of the
fixed points, we consider the case in which ρ evolves from the unstable to the stable fixed point, and
we investigate the conditions under which inflation can occur along this trajectory. Moreover,

lim
ρ→0

ϵ(ρ) = 0, lim
ρ→0

η(ρ) = −4
3ξ, (3.62)

therefore to have the slow-roll condition ϵ, |η| ≪ 1 satisfied close to ρmax, we must impose6

ξ ≪ 3
4 . (3.63)

As anticipated above, having a non-vanishing potential at the minima has crucial consequences for
inflation. Since, by definition, ϵ(ρmax) = ϵ(ρmin) = 0, and ϵ is a semi-positive definite function, ϵ must
have a local maximum ρ̄ in the range [0, ρmin]. We further note that, with the definitions of ϵ and η
adopted here, imposing the stationarity of ϵ we have ϵ(ρ̄) = η(ρ̄). However, if ϵ(ρ̄) < 1, see the first
panel in Figure 3.8, inflation does not end by violation of the slow-roll condition before the field ρ has
settled to the minimum. Clearly, this is not possible, since the number of e-folds elapsed from horizon
crossing is, see Eq. (2.46),

N = − 1
Mpl

∫ ρ

ρi

dρ√
2ϵ
, (3.64)

which diverges at ϵ(ρmin) = 0. This means that any scenario in which ϵ(ρ̄) < 1 must be discarded, as
physically unrealizable: inflation would never end, with the inflaton asymptotically approaching the
minimum of the potential. In the following, we will sometimes refer to this case as eternal inflation.

This behavior is reminiscent of the Kähler Moduli Inflation I (KMII) scenario (see, e.g., [48]), as
can be inferred from the qualitative form of the slow-roll parameter ϵ. However, unlike that case, in
the present model, one must also discard a hypothetical inflationary phase in which the field rolls
down the potential from right to left, as already discussed above.

We now aim to constrain the model’s parameter space analytically by setting the conditions for
which ϵ(ρ̄) > 1. Note that this fact was not considered in [5, 174].

6Note that this condition automatically excludes the parameter choice adopted in Figures 3.1, 3.4, and 3.7.
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Figure 3.8: Slow-roll parameters ϵ and η for the inflaton ρ in the EF, as defined in (3.60) for ξ = 10−3 and three
different choices of Ω representing different scenarios. The orange, green, and red dots mark the first, second,
and third positive roots of ϵ(ρ) = 1, respectively. Left panel: Ω > 2/

√
3 ξ2, corresponding to ϵ(ρ̄) < 1. Inflation

does not stop by slow-roll violation and is eternal; Central panel: Ω = 2/
√

3 ξ2, corresponding to ϵ(ρ̄) ≃ 1. The
first two positive roots are approximately degenerate. Inflation ends at ρ̄ < ρmin; Right panel: Ω < 2/

√
3 ξ2,

corresponding to ϵ(ρ̄) > 1. Inflation stops at the first positive root, corresponding to the orange dot.

3.3.1 Approximate constraints

Computing ϵ(ρ̄) or solving the condition ϵ(ρ) = 1 is analytically cumbersome, as it requires solving a
fourth-order polynomial equation. To gain further analytical insight, we therefore resort to the large-
field approximation ρ/Mpl ≫ 1, which will turn out to be an excellent approximation within the regime
of validity of the model.

At the level of the potential, taking the large-field approximation corresponds to replacing the
hyperbolic sine with its dominant exponential term, sinh x ≃ ex/2 for x ≫ 1,

V (ρ) → Ṽ (ρ) =
9M4

pl

4α

[
1 − ξ exp

(√
2
3
ρ

Mpl

)
+ Ω

4 exp
(

2
√

2
3
ρ

Mpl

)]
. (3.65)

Note that it is crucial to consider the ρ/Mpl > 0 branch of the potential at this level since the large-field
approximation has led to the breaking of the parity invariance characterizing the original potential
V (ρ).

Figure 3.9 (right panel) compares the exact potential V (ρ) with its large-field approximation Ṽ (ρ).
The approximation becomes increasingly accurate for smaller values of ξ, and, in view of the bound
in Eq. (3.63), is fully reliable in our case.

The approximate form of the first slow-roll parameter can be computed by applying the usual
definition (2.45) to the approximate potential Ṽ (ρ). We obtain

ϵ ≃
M2
pl

2

(
Ṽ,ρ

Ṽ

)2

= 4x2 (Ωx− 2ξ)2

3 (4 − 4ξx+ Ωx2)2 , x ≡ exp
(√

2
3
ρ

Mpl

)
≫ 1. (3.66)

Solving for ϵ = 1 we find four solutions,

x1,2 =
2
(√

3 − 1
)
ξ

Ω ± 2
Ω

√(
3 − 2

√
3
)

Ω − 2
(√

3 − 2
)
ξ2,

x3,4 = −
2
(√

3 + 1
)
ξ

Ω ± 2
Ω

√(
3 + 2

√
3
)

Ω + 2
(√

3 + 2
)
ξ2,

(3.67)
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corresponding to four real values – three positive and a negative one, due to the breaking of parity
invariance – provided the square root appearing in x1,2 is positive definite, that is

Ω ≲
2√
3
ξ2 ≃ 1.1547 ξ2, (3.68)

where the equality applies to the case x1 = x2. This automatically implies a constraint on the allowed
parameter space for viable slow-roll inflation. Together with the fact that we are considering α, λ > 0,
this condition restricts the allowed values of Ω to the rather narrow range

ξ2 < Ω ≲
2√
3
ξ2 . (3.69)

Notably, the case Ω = 2ξ2 considered in [5, 174] is excluded.
From Figure 3.8, one observes that when Ω = 2/(

√
3 ξ2) the first two positive solutions become

nearly degenerate, yielding ϵ(ρ̄) ≃ 1. In this case, viable inflation is realized only in the scenarios
shown in the second and third panels of Figure 3.8.

Taken together, the bounds in Eqs. (3.63) and (3.69) represent approximate constraints required
to achieve slow-roll inflation while avoiding eternal inflation. In this parameter regime, inflation ends
at the first positive solution of Eq. (3.67), corresponding to

ρf = Mpl

√
3
2 ln

2
(√

3 − 1
)
ξ

Ω − 2
Ω

√(
3 − 2

√
3
)

Ω − 2
(√

3 − 2
)
ξ2

 . (3.70)

The approximate bound derived in Eq. (3.69) suggests that, within the relevant parameter range,
Ω scales approximately quadratically with ξ. This expectation is tested in Figure 3.9 (left panel),
where the quadratic behavior is compared with the full numerical result and with a polynomial fit. In
particular, fitting the bound up to fourth order in ξ, we find

Ω = a1ξ + a2ξ
2 + a3ξ

3 + a4ξ
4, (3.71)

with coefficients a1 = 2.5 × 10−11, a2 = 1.15, a3 = 0.36, and a4 = 0.03. This result confirms the
reliability of the approximate bound and supports the validity of expanding Ω ≃ β ξ2, with β > 1, in
the small-ξ regime.

3.3.2 Spectral indices

To correctly evaluate the slow-roll expressions for the spectral indices at the CMB scale, we must
compute the number of e-folds from Eq. (3.64) and invert it to obtain ρ(N). To this end, we again
resort to the large-field approximation and employ the approximate potential introduced in Eq. (3.65).
This yields

N(ρ) ≃ − 1
M2

∫
Ṽ

Ṽ,ρ
dρ ≃

√
3
2

∫ dx
x
√

2ϵ(x)
≃ 3

2ξx + 3
4 ln x, (3.72)

where, in the final step, we have adopted the leading-order expansion Ω → ξ2, in accordance with the
considerations discussed above. By solving for x(N) and restoring the field ρ, we find the convenient
expression

ρ(∆N) ≃
√

3
2M ln

[
−2
ξ
W−1

−1

[
− 2
ξxf

exp
(

−4
3∆N − 2

ξxf

)]]
, (3.73)

where ∆N > 0 counts the e-folding time elapsed from a given N – which could correspond to horizon
crossing7 – to the end of inflation, and W−1 is the lower branch of the W Lambert function, see [176]

7To clarify better the notational convention adopted here for the e-folding number, the value of ρ at horizon crossing
would correspond to ρ∗ = ρ(∆N = 55).
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Figure 3.9: Validity tests of the large-field approximation. Left panel: comparison between the approximate
bound on Ω reported in Eq. (3.69) (green dash-dotted line), the exact one obtained numerically (light orange
solid line), and a polynomial fit to it (orange dashed line). The polynomial fit is obtained using the functional
form in Eq. (3.71), restricted to the range ξ ∈ [10−4, 10−2]. The lower panel shows the logarithm of the relative
error in the two approximations, defined as ϵrel = |y − ȳ|/|ȳ|, where ȳ denotes the exact result and y the
approximate one. Right panel: Comparison between the exact potential defined in Eq. (3.51) (light solid lines)
and its large-field approximation in Eq. (3.65) (dark dashed lines), for different values of ξ and with Ω fixed to
Ω = 1.07 ξ2.

for more details.
If we use Eq. (3.73) to compute observables at horizon crossing, we implicitly assume that the large-

field approximation is valid all the way up to the plateau of the potential. Another option to analytically
compute the integral in Eq. (3.72) without explicitly relying on the large-field approximation is to
consider the lowest order expansion of the first slow-roll parameter for ξ → 0. In particular, we can
take the exact expression for ϵ as defined in (3.60) and replace Ω → βξ2 for any β > 1, as motivated
above. Expanding for ξ ≪ 1, we have

ϵ ≃ 4
3ξ

2 sinh2
(√

2
3
ρ

Mpl

)
, (3.74)

independent of β. The integral equation for the e-folding number now reduces to

N(ρ) ≃ 1
Mpl

∫ dρ√
2ϵ

≃ 3
4ξ ln

(
tanh

(
ρ√

6Mpl

))
, (3.75)

which is a monotonically increasing function. We obtain

ρ(∆N) =
√

6Mpl arctanh
(

exp
(4

3ξ(Nf − ∆N)
))

, (3.76)

where Nf ≡ N(ρf ) is the number of e-folds from Eq. (3.75) evaluated at ρf in Eq. (3.70).
The spectral indices can be computed to leading order in the slow-roll approximation from the

results of Eq. (2.48),
ns − 1 = 2η − 4ϵ, r = 16ϵ, (3.77)

and then evaluated at horizon crossing, fixing ∆N in Eq. (3.73) or (3.76).
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In Figure 3.10, we plot the model’s predictions in the same (ns, r) plane of Figure 1.6, using the
exact expressions for the slow-roll parameters in Eq. (3.60) and the approximate result obtained in
the large-field approximation for ρ at horizon crossing and at the end of inflation. Since the bound
on Ω derived in Eq. (3.69) is particularly stringent, we fix Ω = 1.07 ξ2 and vary ξ ∈ [10−3, 2 × 10−2]
(shown by the colored map) and N∗ ∈ [50, 60], with N∗ = 50 and N∗ = 60 corresponding to the upper
and lower colored curves, respectively.
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Figure 3.10: Comparison between the spectral indices predicted by the scale-invariant model in Eq. (3.1) and
the observed ones. Observational bounds: marginalized joint 68% and 95% CL regions for ns and r at k =
0.002 Mpc−1 from the Planck 2018 baseline analysis (green contours) and in combination with BICEP/Keck
data at the end of the 2018 season and BAO data (blue contours), obtained assuming αs = 0 [43]. Model’s
predictions: slow-roll calculations from Eq. (3.77) with the slow-roll parameters defined in Eq. (3.3) and the value
of the inflaton at horizon crossing computed in the large-field approximation from Eq. (3.73). The parameter Ω
is fixed to the reference value Ω = 1.07 ξ2, and ξ is varied in [10−3, 2 × 10−2] (colorbar). The number of e-folds
elapsed from horizon crossing to the end of inflation is varied in N∗ ∈ [50, 60], with N∗ = 50 and N∗ = 60
corresponding to the upper and lower colored curves, respectively.

While observational constraints exclude larger values of ξ, smaller values with ξ < 10−3 remain allowed;
however, in this regime the spectral indices approach asymptotic values that are independent of ξ.
Let’s investigate this limit in more detail. Motivated by the quadratic fit shown in Figure 3.9, we write
the spectral indices with Ω → β ξ2, and we expand them for ξ ≪ 1 up to O (

ξ2), which is the limit we
want to investigate. The resulting expressions are

ns ≃ 1 − 8
3ξ cosh

(√
2
3
ρ

Mp

)
≃ 1 − 2

N∗
,

r ≃ 64
3 ξ

2 sinh2
(√

2
3
ρ

Mp

)
≃ 12
N2

∗
,

(3.78)

which are precisely the results found for Starobinsky inflation in Eq. (2.48) and can be combined to
give the universal expression

ns ≃ 1 −
√
r

3 . (3.79)
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This relation explains why, in the ξ → 0 limit, the spectral indices saturate to values that depend only
on N . In this regime, the non-minimal coupling effectively vanishes, leading to the decoupling of the
scalar field ϕ from the inflationary dynamics and thereby reproducing the predictions of Starobinsky
inflation.

The parameter α, which directly controls the overall amplitude of the potential V (ρ), cannot be
constrained through the analysis of the spectral indices alone, since these primarily encode information
about the shape of the potential. Instead, α is fixed by the amplitude of the primordial scalar and
tensor power spectra.

By matching the slow-roll expression for the scalar power spectrum in Eq. (2.50) to its observed
value, α can be determined for any given choice of (ξ,Ω, N∗). As a representative example, taking
ξ = 10−3, Ω = 1.07 ξ2, and N∗ = 55, we obtain

ρf ≃ 8.46Mpl, ρ∗ ≃ 3.96Mpl, ns ≃ 0.965, r ≃ 3 × 10−2, (3.80)

while setting As to the central value of the bound reported in Table 1.1 implies the following values
for α and, therefore, λ

α ≃ 2 × 1010 −→ λ ≃ 3 × 10−18. (3.81)
It is also worth noting that the large value of α required by CMB constraints disfavors an interpretation
in which the R2 term is generated only through quantum matter contributions, as originally proposed
by Starobinsky. Indeed, a single quantized matter field contributes only O(10−4) to the coefficient α
in the one-loop effective action (see Eq. (2.3)). Reproducing the observationally required value of α
would therefore necessitate an unrealistically large number of quantized matter fields, of order 1014.
This point was recently emphasized in [181].

In summary, the scale-invariant model discussed in this chapter, besides providing a mechanism of
dynamical generation of the Planck mass, is fully capable of describing an arbitrarily long inflationary
phase interpolating between an unstable and a stable de Sitter fixed point. The slow-roll conditions
are satisfied for a number of e-folds N sufficiently large to account for the observed homogeneity of
the Universe. This behavior is a direct consequence of the flat plateau emerging in the potential (see
Figure 3.6). Importantly, the presence of this plateau is a generic feature of the model: it arises for any
choice of parameters within the viable ranges and does not rely on severe fine-tuning, in agreement
with the general expectations for scale-invariant theories (see Sec. 2.4.3).

Within the same region of parameter space, the model’s predictions for the spectral indices are fully
consistent with the latest CMB observations, making it potentially competitive with other benchmark
scenarios, such as Starobinsky inflation. While a more comprehensive treatment of scalar perturbations
and a complete numerical analysis are left to the next chapter, we now turn to the elephant in the
room: the residual cosmological constant.

3.4 Residual cosmological constant
As already discussed above, the EF potential is non-vanishing at the minima, resulting in a classical
cosmological constant generated as a leftover from inflation, which can be potentially large, unless
λ = 0, meaning a vanishing quartic self-interaction of the scalar field in the JF. More specifically, the
residual cosmological constant would be8

Λ = Vmin
M2
pl

=
9λM2

pl

4Ω ≃ 6.3 × 10−12M2
pl, (3.82)

8Again, note that for a meaningful comparison with the effective cosmological constant in the JF we need to compare
observable quantities, i.e., dimensionless ratios: Λmeas = Λ/m̃2

u, which is the same in the two frames after appropriate
rescaling of the unit mass and evaluating the JF contribution as the value of the quartic potential at the fixed point.
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for the benchmark values considered in Eqs. (3.80)–(3.81). This is clearly huge compared to the
observed value Λ ∼ 10−122M2

pl, which would anyway require an enormous amount of fine tuning
on the ratio λ/Ω. Note, however, that the same issue was present in the Cooper-Venturi model, see
the discussion in Sec. 2.4.3. Scale invariance only shifts the fine-tuning problem of the cosmological
constant to an unnatural hierarchy between the model’s parameters.

This scenario is consistent with the fact that the stable fixed point corresponds to a de Sitter
universe, characterized by a constant and non-vanishing Hubble parameter, Hst = const. /= 0. As
such, it is clearly incompatible with a subsequent radiation-dominated phase and therefore does not
allow for a graceful exit into the standard Friedmann evolution.

In this section, we discuss the cosmological constant problem in the scale-invariant framework,
with the broader goal of providing a unified description of all its scale-invariant generalizations.

We note that, in principle, one could envisage a mechanism of particle production that fills the
Universe with massless particles, arising from the coupling of the inflaton field – or the scalar field
ϕ – with the SM particles. In such scenarios, energy transfer from the inflationary to the Standard
Model sector occurs via damped oscillations of the scalar field around its minimum. This possibility
was explored in earlier works (see, e.g., [5, 174]); however, we do not pursue this approach further
here.

3.4.1 One loop quantum corrections

As discussed in Sec. 2.4.3, a possible solution to the cosmological constant problem can arise in
some scale-invariant models by accounting for the explicit symmetry breaking induced by quantum
corrections. Even if our model is different from the cosmon inflation described in Sec. 2.4.3, it is helpful
to account for the running of the model’s parameters, and study the behavior of Λ upon varying the
renormalization scale µ.

The authors of [175] computed one-loop quantum corrections to the classical scale-invariant action
(3.1). Calculations are performed on a curved background, in which gravity is kept classical9 and
divergences are treated with dimensional regularization using the MS-scheme. While some conclusions
drawn in [175] might be reviewed in light of the constraints on the model’s parameters derived in this
chapter, we report the results for the running of the parameters, obtained upon integration of the β
functions:10

λ(µ) = λ0

1 − 9λ0
8π2 ln

(
µ
µ0

) ,
2ξ(µ) + 1 = (2ξ0 + 1)

(
1 − 9λ0

8π2 ln
(
µ

µ0

))−1/3
,

α(µ) = α0 − (2ξ0 + 1)2

12λ0
+ (2ξ0 + 1)2

12λ0

(
1 − 9λ0

8π2 ln
(
µ

µ0

))1/3
,

(3.83)

where λ0, ξ0, and α0 are the constant values of the coupling at the reference scale µ0. We will set them
to the values of the model’s parameters as constrained in Sec. 3.3. Note that the non-minimal coupling
ξ approaches its conformal value ξ = −1/2 in the IR limit, see Appendix B.

All the scale dependence of the parameters roots in the logarithm, which is, however, multiplied by
the small value of λ0 ∼ 10−18, see Eq. (3.81). For this reason, the model’s parameters do not change

9The semi-classical gravity framework is introduced in [79, 80].
10Note the typo in [175] in the expression for λ(µ) and, as a consequence, for ξ(µ) and α(µ). The overall λ0 factor in

front of the logarithm strongly suppresses any scale dependence of the parameters.
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sensibly around the scale µ, and the classical inflationary predictions are robust against quantum
corrections. On the other hand, the running of the couplings does not help to address the cosmological
constant problem.

3.4.2 Three-field extension

An intriguing possibility is to send the cosmological constant to zero dynamically, along the same
lines as the idea discussed in Sec. 2.4.3, but without introducing explicit scale symmetry breaking
terms. This approach was described in [182]: starting from a classically scale-invariant model with the
same structure as ours, the authors suggest the inclusion of a second scalar field σ which drives the
cosmological constant in the EF to zero.

By adapting the notation of [182] to our model, we have the following JF action

SJ =
∫

d4x
√−g

[
α

36R
2 + ξ

6ϕ
2R− 1

2g
µν∂µϕ∂νϕ− 1

2g
µν∂µσ∂νσ − λ

4
(
ϕ2 − σ2

)2
]
, (3.84)

where the additional scalar field σ is not directly coupled to gravity, but it couples to the scalar field ϕ
through the potential term. Note that the classical scale invariance of the theory is preserved, and the
number of dimensionless constants is unchanged. Moreover, the dynamical generation of the Planck
mass occurs precisely in the same way as described in Sec. 3.2.1.

In the EF, the action reads

SE =
∫

d4x
√−g

[
M2

2 R− 1
2g

µν
(
∂µψ∂νψ + e−

√
2
3
ψ
M (∂µϕ∂νϕ+ ∂µσ∂νσ)

)
− V (ψ, ϕ, σ)

]
, (3.85)

where the three-field potential is

V (ψ, ϕ, σ) = 9M4

4α

(
1 − ξ

3
ϕ2

M2 e
−
√

2
3
ψ
M

)2

+ λ

4
(
ϕ2 − σ2

)2
e−2

√
2
3
ψ
M . (3.86)

We note that the parameter M again plays the role of a redundant quantity and can be safely identified
with the Planck mass, Mpl. The potential admits a continuous set of minima located at

σ2
min = ϕ2

min, e

√
2
3
ψmin
Mpl = ξ

3
σ2

min
M2
pl

, (3.87)

for which the potential vanishes, Vmin = 0. Since the system relaxes to the minimum of the potential
at late times, no residual cosmological constant remains in this case.

To simplify the analysis, one may again exploit the constraint imposed by the conservation of the
Noether current to recast the EF dynamics in terms of an effective two-field system. The resulting
two-field potential features a flat plateau analogous to that of V (ρ) shown in Figure 3.6, supplemented
by an additional well associated with the field σ, which drives the potential energy to zero.

Even within the simplified two-field description, the model remains analytically more involved than
the single-field scenario discussed above. While an initial numerical study was presented in [182], a more
comprehensive analysis – including cosmological perturbations and a systematic numerical exploration
of the parameter space – is left for future work. Nevertheless, we can still study the background
dynamics numerically in the full three-field formulation and draw some general conclusions.

The Friedmann equations in a spatially flat FLRW background are

H2 = 1
3M2

pl

[
ψ̇2

2 + 1
2e

−
√

2
3

ψ
Mpl

(
σ̇2 + ϕ̇2

)
+ V

]
,

Ḣ = − 1
2M2

pl

[
ψ̇2 + e

−
√

2
3

ψ
Mpl

(
σ̇2 + ϕ̇2

)]
,

(3.88)
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and the Klein-Gordon equations read

ψ̈ + 3Hψ̇ + V,ψ = −1
2

√
2
3
e

−
√

2
3

ψ
Mpl

Mpl

(
σ̇2 + ϕ̇2

)
,

ϕ̈+ 3Hϕ̇−
√

2
3
ϕ̇ψ̇

Mpl
= −V,ϕe

√
2
3

ψ
Mpl ,

σ̈ + 3Hσ̇ −
√

2
3
σ̇ψ̇

Mpl
= −V,σe

√
2
3

ψ
Mpl .

(3.89)
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Figure 3.11: Numerical evolution of the scalar fields ψ, ϕ, and σ (left) and the Hubble parameter (right) for the
three-field scale-invariant model in the EF. The results are obtained from the equations of motion (3.88) and
(3.89) in cosmic time t. The parameters are fixed to α = 1, ξ = 10−1, λ = 10−2. The initial conditions are set
to: ψ(0) = 3.5Mpl, ϕ(0) = 10−3 Mpl, σ(0) = 5 × 10−2 Mpl, ψ̇(0) = ϕ̇(0) = σ̇(0) = 0.

In Figure 3.11, we show the numerical evolution of the equations of motion for a representative choice of
parameters and initial conditions, selected to highlight the main features of the model. The dynamical
evolution toward the stable minimum can be qualitatively described as follows:

• Initially, the field σ is effectively frozen, while ϕ and ψ, which are coupled to gravity, perform a
slow-roll trajectory and settle in a local valley of the potential;

• As the evolution proceeds, the field σ is activated through its coupling to ϕ, triggering a second
phase of slow-roll inflation involving ϕ and ψ. Eventually, all fields relax to the global minimum
of the potential, where the Hubble parameter – and hence the effective cosmological constant –
vanishes.

While this overall description depends on the initial conditions, the model presents some interesting
features that deserve further investigation. In particular, the presence of two distinct slow-roll
phases may imprint characteristic signatures on the primordial spectra, with potentially important
phenomenological implications for the production of scalar-induced gravitational waves and,
consequently, for primordial black hole formation [183, 184]. More broadly, this scenario opens
the possibility of probing inflation across multiple scales, extending beyond the reach of CMB
observations alone.

The scale-invariant extension of the model discussed here addresses the cosmological constant
problem at the price of adding a new scalar degree of freedom. In the following, we aim to investigate
the role of the residual cosmological constant in generalizations of the scale-invariant model (3.1)
within the class of f(R,ϕ) theories.
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3.5 Generalized scale invariance and cosmological constant
The model defined in Eq. (3.1) includes all scale-invariant combinations of R and ϕ that are at
most quadratic in R and restricted to integer powers. One may nevertheless wish to generalize this
framework by allowing for higher-order curvature terms or non-integer exponents. The most general
scale-invariant scalar-tensor action in the JF can then be written as

SJ =
∫

d4x
√−g

[
J

(
R

ϕ2

)
ϕ4 − 1

2g
µν∂µϕ∂νϕ

]
, (3.90)

where J is a generic function with dimensionless argument X ≡ R/ϕ2. We only require J to be analytic
in its argument, implying that we can expand it in a Taylor series around R = 0 for any ϕ /= 0.

In this section, we will not assume any specific form for J , and analyze the implications of the
generalized scale-invariant model in Eq. (3.90) for the appearance of a residual cosmological constant,
manifesting itself with a non-zero potential energy at the minima of the EF potential. Throughout
the analysis, we explicitly keep track of the original JF variables even after performing the conformal
transformation. This approach allows us to clearly distinguish genuine physical effects from potential
artifacts of the conformal mapping.

It is instructive to write the trace of the Einstein equations in the JF,

ϕ4 [2J(X) −XJ ′(X)
]

= 1
2 (∂ϕ)2 , (3.91)

where a prime denotes derivative with respect to X. The Klein-Gordon equation for ϕ is

□ϕ2 + 2ϕ3 [2J(X) −XJ ′(X)
]

= 0. (3.92)

It is evident that fixed-point solutions, X = X∗, in the JF need to satisfy

2J(X∗) = X∗J
′(X∗). (3.93)

The most intuitive way to move to the EF without knowing the particular form of J is to introduce a
Lagrange multiplier, in a way similar to what was done in Sec. 2.3.1 and also in Eq. (3.22). The action
(3.90) can be written in the equivalent form

SJ ≡
∫

d4x
√−gLJ =

∫
d4x

√−g
[
J

(
ψ

ϕ2

)
ϕ4 + χ (R− ψ) − 1

2g
µν∂µϕ∂νϕ

]
. (3.94)

One can indeed verify that, on shell,

∂LJ
∂χ

= 0 −→ ψ = R, (3.95)

thereby recovering the original action. The equation of motion for the auxiliary field ψ is

∂LJ
∂ψ

= 0 −→ χ = J ′
(
ψ

ϕ2

)
ϕ2, (3.96)

which can also be considered as a definition for χ.
By performing a conformal transformation on the metric g̃µν = Ω2gµν , and further choosing

Ω2 = 2χ
M2 , (3.97)

where M plays the usual role of redundant mass parameter, we obtain the EF action

SE =
∫

d4x
√

−g̃
[
M2

2 R̃− 3M2

4χ2 g̃
µν∂µχ∂νχ− M2

4χ2 g̃
µν∂µϕ∂νϕ− VE

]
, (3.98)
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where the EF potential can be written in the compact form

VE = M4

4
J ′(X)X − J

J ′(X)2 . (3.99)

As already anticipated, this expression for the EF potential will allow us to keep track of the JF
solutions step by step. In particular, we notice that the conformal mapping is well-defined provided

Ω2 ∝ J ′(X)ϕ2 > 0. (3.100)

More specifically, if J ′(X) or ϕ vanishes at some point, the metric in the EF becomes degenerate and
the EF ceases to be a suitable description for the model.

To investigate the conditions under which a residual cosmological constant is absent, we examine
when the EF potential vanishes at a fixed point of the theory. Combining the JF fixed-point condition
(3.93) with the definition of the EF potential, one finds that this can occur only if

J(X∗) = 0 . (3.101)

From Eq. (3.93), this requirement leads to two distinct possibilities:

• X∗ /= 0 and J ′(X∗) = 0. In this case, the conformal transformation becomes ill-defined, as
discussed above, and this pathology manifests itself in the Einstein frame through a divergent
potential VE .

• X∗ = 0 and J ′(X∗) /= 0, corresponding to R = 0, as expected for a vanishing cosmological
constant. Therefore, in order to obtain a fixed-point solution that is mapped to a vanishing
cosmological constant in the EF, one must require J(0) = 0, J ′(0) /= 0. This condition is satisfied
only if the quartic self-interaction of the scalar field ϕ vanishes identically, namely λϕ4

∗ = 0.

Let us examine the second case in more detail. The condition J(0) = 0 may be realized either if
λ = 0 or if ϕ∗ = 0. However, the option ϕ∗ = 0 with J ′(X∗) /= 0 once again renders the conformal
transformation ill-defined.

Furthermore, as illustrated by the Noether-current constraint in the quadratic scale-invariant model
(see Figure 3.3), there exists no nontrivial dynamical evolution when both R∗ = 0 and ϕ∗ = 0. In
this situation, the constraint reduces the phase-space trajectory to a single point, at least within a
spatially flat FLRW cosmological setting.

We therefore conclude that, within the class of scale-invariant models defined by Eq. (3.90), the
only viable way to obtain a vanishing residual cosmological constant is to set λ = 0.

We further stress that the two-field extension discussed above circumvents the problem in a natural
way, since the quartic self-interaction is modified as

λ

4ϕ
4 −→ λ

4
(
ϕ2 − σ2

)2
, (3.102)

which vanishes for every ϕ2
∗ = σ2

∗, which does not necessarily imply ϕ∗ = 0.
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3.6 Summary
In this chapter, we studied a classically scale-invariant model of gravity devised in [5], in which the
gravitational sector is extended by an R2 term and a real scalar field, with all couplings dimensionless.
See the action in Eq. (3.1). The model provides a concrete realization of inflation within a framework
where scale invariance is implemented at the classical level and subsequently broken dynamically. The
general features of the model are discussed in Sec. 3.1.

In Sec. 3.2, we analyzed the cosmological evolution of the model by performing a dynamical
system analysis of the equations of motion. We identified two distinct families of fixed points: an
unstable saddle point, corresponding to the symmetric configuration with vanishing scalar field, and
a stable fixed point characterized by a non-zero scalar vacuum expectation value. We showed that
the system naturally evolves away from the unstable fixed point and approaches the stable attractor
through damped oscillations. At the stable fixed point, scale symmetry is spontaneously broken, and
a mass scale is dynamically generated, allowing the EH term and the Planck mass to emerge from the
underlying scale-invariant theory. We showed that in the EF the model is equivalent to the EH action
with two scalar fields.

As a central aspect of our analysis, we investigated the role of the Noether current associated with
scale invariance and its impact on the inflationary dynamics. We showed that, in an exponentially
expanding spacetime, the conservation of the Noether current rapidly constrains the field-space
trajectory to lie on an ellipse, independently of the detailed form of the potential. As a result, despite
the model’s apparent multifield structure, the dynamics effectively reduce to a single-field description.
In the Einstein frame, this reduction becomes explicit through a suitable field redefinition: the
Goldstone mode χ associated with scale symmetry quickly freezes to a constant value, while the
inflationary evolution is entirely governed by a single scalar degree of freedom, ρ. The field ρ evolves
in a Mexican-hat potential, which can exhibit an extended flat plateau around the origin and attains
a non-vanishing value at its minima.

In Sec. 3.3, we analyzed the inflationary regime in the effective single-field formulation, in the slow-
roll approximation. We established analytical, approximate constraints on the model’s parameters
required for a viable inflationary phase. In particular, we showed that arbitrarily long inflationary
trajectories connecting the unstable and stable fixed points are possible, and that inflation must end
by violation of the slow-roll conditions before the field reaches the minimum of the potential. Within
the allowed parameter region, we computed the spectral indices and demonstrated that the model can
reproduce values consistent with current observational bounds. Moreover, we have shown that in the
limit ξ → 0 the same predictions of Starobinsky inflation are recovered.

Finally, we analyzed the role of the non-vanishing vacuum energy at the stable fixed point, which
generically gives rise to a residual cosmological constant after inflation. In Sec. 3.4, revisiting the results
of [175], we showed that the running of the coupling parameters induced by quantum corrections does
not substantially modify the value of the residual vacuum energy. We also outlined a three-field
extension of the model, proposed in [182], in which the cosmological constant can be dynamically
driven to zero.

In Sec. 3.5, we further clarified that the emergence of a residual cosmological constant is a generic
feature of scale-invariant generalizations of the model that preserve the same field content, highlighting
its structural origin within this class of theories.
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Chapter 4

Scale-invariant inflation: perturbations

4.1 Theoretical framework
As discussed in Chapter 1, the simplest single-field slow-roll inflationary models predict an adiabatic
primordial power spectrum whose amplitude can be characterized by the comoving curvature
perturbation R, which is conserved on super-Hubble scales.

As soon as we consider multiple scalar fields, perturbations are not necessarily adiabatic. Such non-
adiabatic fluctuations can have important effects, both on the evolution of curvature perturbations
and on seeding isocurvature (or entropy) perturbations, see, e.g., [31, 185–187]. This means that there
is no spacetime slicing where each of the energy density fluctuations vanishes separately, even though
there is always a spacetime slicing where the total energy density vanishes. As such, isocurvature
fluctuations are related to the relative density between different matter components [188].

Since adiabatic and isocurvature perturbations lead to a different peak structure in the CMB
fluctuations, CMB measurements can distinguish between the two and indeed constrain isocurvature
fluctuations on scales larger than 10 Mpc to be less than 1–10 % of the total fluctuations [42].1

Theoretical predictions on the amplitude of the isocurvature power spectrum are strongly model-
dependent: not only they depend on the particular multifield dynamics, but also on the details of
the post-inflationary evolution, since isocurvature fluctuations require at least one field to decay into
some particle species whose abundance cannot be determined by the thermal equilibrium at the end
of inflation or by some conserved quantity [14]. For this reason, in this section we will outline some
general techniques to tackle cosmological perturbation in multifield inflation, extending the formalism
introduced in Chapter 1, and then focus on the scale-invariant model in Eq. (3.1) in the next section.

4.1.1 Perturbations in multifield inflation

Let’s restrict to the class of actions that can be written in the form

S =
∫

d4x
√−g

[
M2
pl

2 R− 1
2GIJgµν∂µϕI∂νϕJ − V (ϕI)

]
, (4.1)

where we collectively indicate the scalar fields as ϕI and capital indices run over the number of fields.
The field-space metric, GIJ , includes possible non-canonical kinetic terms. Note that the EF action of
the scale-invariant model can be written in this form both in the (ϕ, f) representation, see Eq. (3.31),
and in the (ρ, χ) representation, see Eq. (3.50).

1On much smaller scales, where CMB constraints no longer apply, the situation is different: for scales in the range
1 pc – 1 Mpc future CMB spectral distortions might be able to test isocurvature fluctuations [189, 190], while below the
parsec scale the best probes would be primordial black holes and induced gravitational waves [188].
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Considering linear perturbations about the homogeneous background fields, we can adopt the same
notation as in Chapter 1 and write

ϕI → ϕI(t) + δϕI(xµ). (4.2)

The potential and its field derivative are transformed accordingly,

V → V + V,Iδϕ
I , V,I → V,I + V,IJδϕ

J . (4.3)

We also consider scalar perturbations of the metric. In the longitudinal gauge, the line element can
be written as

ds2 = − (1 + 2Φ) dt2 + a2 (1 − 2Φ) δijdxidxj , (4.4)
where, compared to Eq. (1.31), we have imposed the equivalence of the two Bardeen potentials, Ψ = Φ,
since the spatial part of the energy-momentum tensor is diagonal for all the actions of the form (4.1).2

The perturbed Einstein equations can be conveniently split into an unperturbed and a perturbed
part as well

G(0)
µν + δGµν = 1

M2
pl

(
T (0)
µν + δTµν

)
. (4.5)

Practically, it is sufficient to compute the Einstein tensor starting from the line element (4.4) up to
first order in perturbation theory and split it into a zeroth-order and a first-order part, see [192] for
all the details. At the same time, the right-hand side of the Einstein equations can be computed from
the usual definition:

Tµν = − 2√−g
δ (√−gL)
δgµν

= GIJ∇µϕ
I∇νϕ

J − gµν

(1
2GKLgλσ∇λϕ

K∇σϕ
L + V

)
. (4.6)

To ease the continuity from Chapter 1, we follow the convention of labeling fluid quantities and the
associated perturbations with the components of the energy-momentum tensor

T 0
0 = − (ρ+ δρ) ,
T 0
i = ∂iδq,

T ij = δij (p+ δp) ,
(4.7)

where δρ is the density perturbation, δq is the momentum flow, δp is the isotropic pressure
perturbation, and we have omitted the contribution from the anisotropic pressure since we are
considering minimally-coupled scalar fields.

From the different components of the energy-momentum tensor computed from Eq. (4.6), we can
identify3

ρ = 1
2GIJ ϕ̇I ϕ̇J + V,

δρ = GIJ
(
ϕ̇I ˙δϕJ − ϕ̇I ϕ̇JΦ

)
+ V,Iδϕ

I ,

δq = −GIJ ϕ̇IδϕJ ,

p = 1
2GIJ ϕ̇I ϕ̇J − V,

δp = GIJ
(
ϕ̇I ˙δϕJ − ϕ̇I ϕ̇JΦ

)
− V,Iδϕ

I .

(4.8)

2If we were to include a non-minimal coupling function f(ϕI), we would find the relation ∂i∂j(Φ − Ψ) = −f−1∂i∂jδf ,
which implies that if at least one field is non-minimally coupled to gravity, the two Bardeen potentials will, in general,
differ [191].

3Since now we are explicitly separating background quantities from perturbed quantities, ϕI should be interpreted as
the background value.
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Once the above equations are considered, we can adopt the standard definitions for the gauge-invariant
quantities introduced in Sec. 1.4.1. In particular, the comoving curvature perturbation defined in
Eq. (1.37) becomes

R = Φ +H
ϕ̇Iδϕ

I

ϕ̇I ϕ̇I
, (4.9)

where field-space indices are raised and lowered with the field-space metric GIJ .
For completeness, we report the first-order perturbed Einstein equations [191]

3H(Ψ̇ +HΦ) − 1
a2 ∇2Ψ = − 1

2M2
pl

δρ,

Ψ̇ +HΦ = − 1
2M2

pl

δq,

Ψ̈ + 3HΨ̇ +HΦ̇ +
(
2Ḣ + 3H2

)
Φ = 1

2M2
pl

(
δp− 2

3∇2Π
)
,

1
a2∂

i∂j (Φ − Ψ) = 1
M2
pl

∂i∂jΠ,

(4.10)

derived from the (0, 0), (0, i), i = j, and i /= j components of the Einstein field equations, respectively.
The background and first-order terms of the energy-momentum tensor are separately conserved,

resulting in the following equations:

ρ̇+ 3H (ρ+ p) = 0,

δ̇ρ+ 3H (δρ+ δp) = − 1
a2 ∇2δq + 3 (ρ+ p) Ψ̇.

(4.11)

Note that the anisotropic pressure, Πij , drops out of the conservation equations because it is traceless.

4.1.2 Decomposition into tangential and normal components

A very convenient formalism for understanding the role of adiabatic and entropy perturbations and
their evolution was introduced by Gordon et al. [193] and amounts to decomposing scalar perturbations
into components along and orthogonal to the background field trajectory. In the following, we present
its extension to non-canonical kinetic terms, see, e.g., [194]. For the sake of simplicity, we restrict to
the case of two fields, ϕI = (ψ, χ), in which one of the two fields has a non-canonical kinetic term,
corresponding to

GIJ =
(

1 0
0 e2b(ψ,χ)

)
, (4.12)

where b is a generic function of the two scalar fields. The Einstein equations take the form

H2 = 1
3M2

pl

(1
2 ψ̇

2 + 1
2e

2bχ̇2 + V

)
,

Ḣ = − 1
2M2

pl

(
ψ̇2 + e2bχ̇2

)
,

(4.13)

so the quantity σ̇2 ≡ GIJ ϕ̇I ϕ̇J = ψ̇2 + e2bχ̇2 can be naturally interpreted as (the square of) the rate of
change of the scalar field vacuum expectation value along the trajectory followed by the background
fields [195].
We may now introduce new fields σ and s by acting on the field space with a rotation such as to
decompose it into tangential and orthogonal directions, such that

dσ = cos θ dψ + sin θ ebdχ,
ds = − sin θ dψ + cos θ ebdχ,

(4.14)
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where θ is the rotation angle with respect to the tangent of the background trajectory, and it satisfies

cos θ = ψ̇√
ψ̇2 + e2bχ̇2

, sin θ = ebχ̇√
ψ̇2 + e2bχ̇2

. (4.15)

ψ

χ

δσ

δs

δψ

δχ

Perturbation

Background trajectory

θ

Figure 4.1: Illustrative example of the decomposition of an arbitrary perturbation (gray arrow) into adiabatic
δσ and entropy δs perturbations (green arrows) relative to the background field-space trajectory (red line). The
decomposition in the usual field space (ψ, χ) is also represented (orange arrows). The angle θ represents the
rotation between the two bases.

The adiabatic field σ measures the path length along the classical background trajectory in field
space and corresponds to perturbations tangent to it, while the entropy field s describes perturbations
orthogonal to the trajectory. This decomposition is illustrated in Figure 4.1.

It is convenient to define adiabatic and entropy unit vectors with components4

uIσ =
(
cos θ, e−b sin θ

)
, uIs =

(
− sin θ, e−b cos θ

)
, (4.16)

which allow us to project field-space quantities into their adiabatic and entropy components, such as

δσ = uσIδϕI , δs = usIδϕI . (4.17)

One can further check the orthonormality of the unit vectors, namely uσIuIσ = usIuIs = 1 and
uσIuIs = 0.

It is easy to show that the entropy field is constant along the classical trajectory, ṡ = usI ϕ̇I = 0,
thus entropy perturbations are automatically gauge-invariant.5 Perturbations in δσ with δs = 0 are
entirely along the classical trajectory and describe adiabatic field perturbations, hence the name
“adiabatic field”. Adiabatic perturbations are locally indistinguishable from a time shift.

4Note that we are not making any statement about the matrix shape of the unit vectors, we are just listing their
components.

5Under an infinitesimal time shift t → t+ δt, we have δs → δs− ṡδt, so δs → δs if ṡ = 0.
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4.2 Perturbations in the Einstein frame
Although the analysis of perturbations may be performed equivalently in the Jordan frame (JF) or, for
instance, within the frame-invariant formalism adopted in [179] for scale-invariant models, we restrict
our study to the Einstein frame (EF). This choice allows us to directly employ the decomposition
introduced above, thereby simplifying the numerical implementation, as will be illustrated in the
following.

As shown in Chapter 3, the effective background dynamics are manifestly single-field. At the level
of perturbations, however, the model must be treated as genuinely two-field to consistently evaluate
the resulting isocurvature perturbations and assess their dependence on the initial conditions. In what
follows, we therefore consider scalar perturbations of both the fields and the background metric in the
(ρ, χ) representation introduced in Sec. 3.2.2.

The EF action in Eq. (3.50) can be written in the same form of Eq. (4.1) with ϕI = (ρ, χ) and

GIJ =
(

1 0
0 e2b(ρ)

)
, where b(ρ) ≡ 1

2 ln
[
6 cosh2

(
ρ√

6Mpl

)]
. (4.18)

At the background level, the Klein-Gordon equations for the two scalar fields are

ρ̈+ 3Hρ̇+ V,ρ = b,ρ e
2b(ρ)χ̇2, (4.19)

χ̈+ 3Hχ̇+ 2b,ρ χ̇ρ̇ = 0. (4.20)

The Friedmann equations are

H2 = 1
3M2

pl

(
ρ̇2

2 + e2b(ρ) χ̇
2

2 + V (ρ)
)
, (4.21)

Ḣ = − 1
2M2

pl

(
ρ̇2 + e2b(ρ)χ̇2

)
, (4.22)

where we have simply cast Eqs. (3.55)–(3.58) in the compact notation adopted here.
In complete analogy to Sec. 4.1.2, we can identify σ̇2 = ρ̇2 + e2b χ̇2 and introduce the adiabatic

and entropy fields via

dσ = cos θ dρ+ eb sin θ dχ, (4.23)
ds = eb cos θ dχ− sin θ dρ, (4.24)

with the rotation angle satisfying

cos θ = ρ̇√
ρ̇2 + e2b χ̇2

, sin θ = eb χ̇√
ρ̇2 + e2b χ̇2

. (4.25)

The components of the adiabatic and entropy unit vectors have the same structure as before

uIσ =
(
cos θ, e−b sin θ

)
, uIs =

(
− sin θ, e−b cos θ

)
. (4.26)

The field-space trajectory, along with the adiabatic and entropy unit vectors, is represented in
Figure 4.3, and is obviously a straight line, corresponding to a constant value of χ.

The Klein-Gordon equations (4.19)–(4.20) can be written entirely in terms of the rotated variables,

σ̈ + 3Hσ̇ + V,σ = 0, (4.27)

θ̇ = −V,s
σ̇

− b,ρ σ̇ sin θ, (4.28)
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where we have introduced the convenient notation V,σ = uIσV,I and V,s = uIsV,I . From now on, we will
adopt this notation to project quantities from the field space to the rotated frame.

Let’s consider linear perturbations about the background homogeneous fields

ρ → ρ(t) + δρ(xµ), χ → χ(t) + δχ(xµ), (4.29)

and scalar perturbations of the metric in the longitudinal gauge, corresponding to the line element in
Eq. (4.4).

The evolution equations for the field perturbations in Fourier space, to linear order, are given by

δ̈ρ+ 3Hδ̇ρ+
(
k2

a2 + V,ρρ − (b,ρρ + 2b2
,ρ)χ̇2e2b

)
δρ− 2b,ρe2bχ̇ ˙δχ = 4Φ̇ρ̇− 2V,ρΦ, (4.30)

δ̈χ+ 3H ˙δχ+ 2b,ρ
(
χ̇ δ̇ρ+ ρ̇ ˙δχ

)
+ k2

a2 δχ+ 2b,ρρχ̇ ρ̇δρ = 4Φ̇χ̇. (4.31)

The first-order contribution to the Einstein equations is

3H
(
Φ̇ +HΦ

)
+ ḢΦ + k2

a2 Φ = − 1
2M2

pl

(
ρ̇δ̇ρ+ e2bχ̇ ˙δχ+ b,ρe

2bχ̇2δρ+ V,ρδρ
)
, (4.32)

Φ̇ +HΦ = 1
2M2

pl

(
ρ̇δρ+ e2bχ̇δχ

)
. (4.33)

We can now consider the evolution of curvature perturbations. From the definition of comoving
curvature perturbation R in Eq. (1.37), we can write6

R = Φ − H

Ḣ

(
Φ̇ +HΦ

)
= Φ +H

(
ρ̇δρ+ e2bχ̇δχ

ρ̇2 + e2bχ̇2

)
,

= Φ + H

σ̇
δσ

(4.34)

where, in the second-to-last equality, we have used the background equation (4.22) and the perturbed
equation (4.33). The time evolution is

Ṙ = k2

a2
H

Ḣ
Φ − 2H

(
V,ρe

2bρ̇χ̇2

(e2bχ̇2 + ρ̇2)2

)(
δρ

ρ̇
− δχ

χ̇

)

= k2

a2
H

Ḣ
Φ − 2V,s

σ̇
S,

(4.35)

where we have introduced the isocurvature perturbation, a dimensionless quantity measuring the total
entropy fluctuations that inherits gauge invariance from pen in Eq. (1.36), defined as

S ≡ H

σ̇
δs , (4.36)

and we have used the relation
δρ

ρ̇
− δχ

χ̇
= − σ̇e−b

ρ̇χ̇
δs. (4.37)

6Note that we are adapting the notation for the comoving curvature perturbation to the previous chapters. This is
different from the one adopted in [7, 196, 197], where the comoving curvature perturbation is denoted by ζ instead of R.
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In the super-horizon limit k ≪ aH, the first term on the right-hand side of Eq. (4.35) can be neglected,
and we have

Ṙ ≈ −2V,s
σ̇

S, (4.38)

implying that in the presence of isocurvature perturbations, curvature perturbations are not conserved.
As a consequence, in the presence of non-adiabatic fluctuations, it is necessary to follow the super-
Hubble evolution of the field perturbations and to track their subsequent evolution during the
expansion to determine the resulting large-scale curvature perturbations at late times.

Notably, as can be seen from Eq. (4.28), the coupling of isocurvature to adiabatic perturbations
does not vanish on large scales even if θ̇ = 0, due to the presence of the non-canonical kinetic term to
the Goldstone boson, contributing with b,ρσ̇ sin θ, as first pointed out in [194].

The comoving density perturbation introduced in Eq. (1.34) can be written in terms of the new
variables as

δρm = σ̇( ˙δσ − σ̇Φ) − σ̈δσ + 2V,sδs = −2M2
pl

k2

a2 Φ, (4.39)

where the last equality can be derived from the definition in Eq. (1.34) and the perturbed Einstein
equations (4.10).

To derive the Klein-Gordon equations for the entropy field δs, we need to differentiate twice the
definition given in Eq. (4.24) and further use the Klein-Gordon equations at background level (4.19)–
(4.20) and at perturbed level (4.30)–(4.31) and Eq. (4.28). We get

δ̈s+ 3Hδ̇s+
(
k2

a2 + V,ss − θ̇2 − σ̇2b,ρρ + b2
,ρg(t) + b,ρf(t)

)
δs = −2V,sΦ − 2V,sσ̈

σ̇2 δσ + 2V,s
σ̇

˙δσ, (4.40)

where we have introduced the functions

g(t) = −σ̇2(1 − sin2 θ),
f(t) = V,ρ(1 + sin2 θ) + 4V,s sin θ.

(4.41)

To cast Eq. (4.40) to a more compact form, we can use the homogeneous Friedmann equation (4.22)
and the evolution equation for ζ (4.35), together with the result in Eq. (4.39). We obtain

δ̈s+ 3Hδ̇s+
(
k2

a2 + V,ss + 3θ̇2 − σ̇2b,ρρ + b2
,ρg(t) + b,ρf(t) − 4

V 2
,s

σ̇2

)
δs = 2V,s

H
Ṙ, (4.42)

where now

g(t) = −σ̇2(1 + 3 sin2 θ),
f(t) = V,ρ(1 + sin2 θ) − 4V,s sin θ.

(4.43)

Together, Eqs. (4.35) and (4.42) describe the coupling between the entropy and the adiabatic
fluctuations. Eq. (4.35) determines how the entropy fluctuations source adiabatic modes, and
Eq. (4.42) gives the growth of the entropy mode sourced by the adiabatic fluctuation component.

It is illuminating to cast the equation of motion (4.42) in an even simpler way, introducing the
effective mass of entropy perturbations. Following the definition introduced in [198] and adopted in
several subsequent works, we define the effective mass squared of entropy perturbations in terms of
geometrical quantities as

m2
s(eff) = V;ss + 3H2η2

⊥ + ϵH2M2
plRfs, (4.44)

where the dimensionless parameter η⊥ ≡ −uIsV,I/(Hσ̇) is a centrifugal term measuring the deviations
of the background trajectory from a field-space geodesic [199, 200], V;ss = uIsuJs (V,IJ − ΓKIJV,K) is the
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projection of the covariant second derivative of the potential along the entropic direction uIs , with ΓKIJ
denoting the Christoffel symbols in field space, and Rfs is the field-space Ricci scalar.

In our case, the Christoffel symbols associated with the field-space metric are

Γρρρ = 0; Γχχχ = 0; Γρχχ = −b,ρe2b;
Γχρρ = 0; Γρρχ = Γρχρ = 0; Γχχρ = Γχρχ = b,ρ.

(4.45)

The Ricci scalar is thus
Rfs = −2(b,ρρ + b2

,ρ) = − 1
3M2

pl

, (4.46)

which is clearly independent of the field representation we are considering and could be equivalently
computed in the (ϕ, f) representation introduced in Sec. 3.2.2.

The other terms appearing in (4.44) are

V;ss = V,ss + b,ρV,ρ cos2 θ, (4.47)

η⊥ = θ̇

H
+ b,ρσ̇ sin θ

H
= − 1

H

V,s
σ̇
. (4.48)

The final expression for the effective mass of entropy perturbations [196] reads

m2
s(eff) = V,ss + 3θ̇2 − σ̇2b,ρρ + b2

,ρg(t) + b,ρf(t), (4.49)

with g(t) and f(t) as in (4.43).
We can now write Eq. (4.42) as

δ̈s+ 3Hδ̇s+
(
k2

a2 +m2
s(eff)

)
δs = 2V,s

H

(
Ṙ + 2V,sδsH

σ̇2

)

= 2V,s
k2

a2
Φ
Ḣ
,

(4.50)

where, in the last equality, we have used Eqs. (4.35)–(4.36). On super-Hubble scales, the evolution
equation reduces to

δ̈s+ 3Hδ̇s+m2
s(eff)δs = 0, (4.51)

suggesting that the evolution of entropy perturbations can be determined from the relative weight of
the effective mass and the Hubble parameter. In the following, we will briefly outline the effect of the
various contributions to the effective mass and the possible implications.

4.2.1 Entropy perturbations and tachyonic instabilities

The effects of field-space curvature on the mixing of adiabatic and entropy modes have been
investigated in several works, revealing interesting phenomenological implications of multifield
inflation. For example, when the inflationary trajectory displays sudden turns in field space,
associated with a change in the sign of η⊥, heavy modes with m2

s(eff) ≫ H2 could leave significant
observational imprints on the curvature power spectrum, which displays oscillatory features. In
addition, the interaction between curvature and isocurvature modes implies a change in the speed
of sound for the curvature perturbations and, as a consequence, an enhancement in the level of
non-Gaussianities in the equilateral configuration, see, e.g., [195, 198, 200–204].

At the same time, Renaux-Petel and Turzyński stressed in [205] that when Rfs is negative,
corresponding to a hyperbolic geometry in field space, it acts in the direction of rendering the effective
mass squared of entropy perturbations negative, leading to tachyonic instabilities.7

7See Sec. 2.2.2 for the general features of tachyonic instabilities.
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In particular, from the generic definition in Eq. (4.44) we can see that this purely geometrical
contribution cannot be neglected even when the static mass V;ss is large, since the first slow-roll
parameter ϵ is positive and usually grows during inflation, reaching ϵ = 1 at the end of inflation. In
this regime, which precisely determines the end of inflation, entropy perturbations may turn tachyonic.
It is important to stress that a negative m2

s(eff) is not sufficient to trigger the growth of the tachyonic
instability by itself, since Eq. (4.51) also displays the Hubble friction term.

The exponential growth of entropy perturbations affects all Fourier modes that crossed the Hubble
radius before the onset of the tachyonic instability. After that, the cosmological evolution is determined
by the backreaction of these fluctuations on the homogeneous background trajectory, which becomes
unstable. Even in the most conservative scenario of inflation ending abruptly as soon as m2

s(eff) turns
negative, so that entropy perturbations do not have enough time to affect curvature perturbations, the
observational consequences can be crucial: with a premature end of inflation and for a fixed number of
e-folds from horizon crossing, the modes corresponding to CMB scales exited the horizon on a flatter
part of the potential, bringing the predictions for the power spectra closer to scale invariance (i.e., ns
closer to one and r closer to zero).

Since we are precisely in the case of hyperbolic field-space geometry (from Eq. (4.46), Rfs < 0),
it is important to understand the role of the effective mass in our model. First, in continuity with
the background analysis performed in Chapter 3, we can safely set χ̇ = 0, which trivially satisfies the
Klein-Gordon equation (4.20). From Eq. (4.25), this also implies that sin θ = 0, which is expected as
well, since in the (ρ, χ) representation the field-space trajectory is a line, see Figure 4.3. Let’s inspect
the contributions to m2

s(eff) separately:

• Static mass V;ss. From Eq. (4.47) we have

V;ss = sin2 θ V,ρρ + cos2 θ b,ρV,ρ

=
3M2

pl

α
cos2 θ sinh2

(
ρ√

6Mpl

)[
2Ω sinh2

(
ρ√

6Mpl

)
− ξ

]
.

(4.52)

Since we have shown that the large-field regime ρ/Mpl ≫ 1 is a good approximation, and that
Ω ∼ β ξ2 with β > 1 and ξ ≪ 1, the term in square brackets is negative throughout the
inflationary stage, and thus the static mass is negative.

• Centrifugal term 3H2η2
⊥. Given that the field-space trajectory is a straight line, η⊥ = 0. The

centrifugal term does not contribute to the effective mass.

• Geometric term ϵH2M2
pl. From Eq. (4.46) we have

ϵH2M2
plRfs = −ϵH2/3, (4.53)

which is always negative.

We can easily conclude that m2
s(eff) is always negative during inflation, as can also be checked from

the numerical evolution displayed in Figure 4.2.
This result might suggest that entropy perturbations are driven towards a tachyonic instability

before inflation ends. From the definition of the entropy field in Eq. (4.24), we have

δs = eb cos θδχ− sin θδρ = eb cos θδχ = ebδχ ≃
√

3
2e

ρ√
6Mpl δχ, (4.54)

where the last equality comes after taking the large-field limit. On the other hand, from the first-order
perturbed Klein-Gordon equation in field space (4.31), setting χ̇ = 0, we have

δ̈χ+ 3H ˙δχ+ 2b,ρρ̇ ˙δχ+ k2

a2 δχ = 0. (4.55)
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Figure 4.2: Evolution of the effective mass squared of entropy perturbations during inflation, obtained from the
numerical integration of the equations of motion in the (ρ, χ) representation (4.19)–(4.22) in e-folding time N .
Orange solid line: static mass term from Eq. (4.47); light green solid line: (vanishing) centrifugal term from
Eq. (4.48); green solid line: geometrical term from Eq. (4.46); black dashed line: total m2

s(eff).

This implies that δχ becomes constant on super-horizon scales, signaling a potentially dangerous
growth of δs from Eq. (4.54). This result is surprising, since the background dynamics should be
effectively single-field, and we expect vanishing entropy perturbations as for any single-field, minimally
coupled model.

To address this apparent ambiguity, it is illuminating to evaluate the entropy perturbations in the
(ϕ, f) field representation. The EF action in Eq. (3.31) can be written in the same form of Eq. (4.1)
with ϕI = (ϕ, f) and

GIJ =
(
e2b(f) 0

0 6 e−2b(f)

)
, where b(f) = ln

(
f

Mpl

)
. (4.56)

In analogy with the (ρ, χ) representation, we introduce the quantity σ̇2 = e2bϕ̇2 + 6e−2b ḟ2 and the
adiabatic and entropy fields via

dσ = eb cos θ dϕ+
√

6e−b sin θ df, (4.57)
ds =

√
6e−b cos θ df − eb sin θ dϕ, (4.58)

where θ satisfies
cos θ = ebϕ̇√

e2bϕ̇2 + 6e−2b ḟ2
, sin θ =

√
6e−b ḟ√

e2bϕ̇2 + 6e−2b ḟ2
. (4.59)

The classical field-space trajectory, along with the decomposition into tangential and orthogonal
components, is represented in Figure 4.3. In this field representation, the trajectory is clearly less
trivial than the one presented above, even if the dynamical content is overall the same.

We can now employ the constraint imposed by Noether current conservation at the background
level, Eq. (3.46), and fix K = K0 since we have shown that K approaches a constant value very
quickly.
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Figure 4.3: Field-space trajectory in the (ρ, χ) representation (left panel) and in the (ϕ, f) representation (right
panel), obtained from numerical integration of the equations of motion (4.19)–(4.22), in e-folding time N .
To give a realistic picture, the model parameters are set to values that are compatible with the inflationary
bounds found in Chapter 3, namely ξ = 10−3,Ω = 1.07 ξ2, α = 2 × 1010. The initial conditions are set to
ρ(0) = 0.1 Mpl, χ(0) = 0.5 Mpl, ρ

′(0) = 0, χ′(0) = 0. The dynamical evolution in the (ϕ, f) representation
has been trivially obtained from inversion of the definitions for ρ and χ given in Eqs. (3.48)–(3.49). The black
arrows represent the adiabatic and entropy unit vectors at different points of the trajectory.

It follows that the field f can be entirely expressed in terms of ϕ at each time t during inflation,

f(t) =
√

6M2
pl√

2K0 − ϕ(t)2 . (4.60)

As a consequence, the following relations hold

δf = df
dϕδϕ =

√
6M2

plϕ

(2K0 − ϕ2)3/2 δϕ,

ḟ = df
dϕϕ̇ =

√
6M2

plϕ

(2K0 − ϕ2)3/2 ϕ̇.

(4.61)

The entropy perturbation δs from Eq. (4.58) can thus be written entirely in terms of ϕ

δs =
√

6e−b cos θδf − eb sin θδϕ

=
√

6
σ̇

(
ϕ̇δf − ḟ δϕ

)
=

√
6
σ̇

( √
6M2

plϕ

(2K0 − ϕ2)3/2 ϕ̇δϕ−
√

6M2
plϕ

(2K0 − ϕ2)3/2 ϕ̇δϕ

)
= 0.

(4.62)

Consequently, the entropy perturbations vanish in the (ϕ, f) field representation. We can now draw
the following conclusions:

• Moving from the field basis (ρ, χ) to the kinetic basis (σ, s), we found that the entropy
perturbation δs is subjected to a potentially dangerous tachyonic instability, since the effective
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mass squared of entropy perturbations is always negative (see Figure 4.2) and δs ∝ eρ/Mplδχ,
with δχ = const. on super-horizon scales.

• Moving from the field basis (ϕ, f) to the kinetic basis (σ, s), we found that the entropy
perturbation δs is vanishing as a consequence of the constraint imposed by the Noether current
conservation.

• As shown in Sec. 4.1.2, the entropy field δs is gauge-invariant.

Clearly, there is some intrinsic contradiction in the three points listed above. Moreover, since we
recovered the (expected) single-field result δs = 0 starting with the field basis (ϕ, f), it is natural to
conclude that the origin of the apparent geometrical instability leading to a tachyonic growth of δs
is in the time evolution of the projector from the field basis (ρ, χ) to the kinetic basis (σ, s). Indeed,
considering again θ = 0, the unity vectors defined in Eq. (4.26) become

uσ,I = (1, 0) , us,I =
(
0, eb

)
. (4.63)

The growing factor imposed by orthonormality then leads to the apparent growth of δs. The
pathology lies in the flat field-space trajectory and is absent in the less trivial trajectory in the (ϕ, f)
representation. We conclude that this spurious effect is nonphysical and that entropy perturbations
vanish as a mere consequence of the constraint imposed by scale symmetry.

A very similar effect was observed by Cicoli et al. in [206, 207] in the context of multifield non-linear
sigma models and Fibre inflation with light kinetically coupled spectator fields. It was found that the
effective mass squared of entropy perturbations becomes tachyonic, signaling exponential growth of
isocurvature modes and a regime where perturbation theory breaks down. However, it was also shown
that the background trajectory of these multifield models turns out to be fully stable.

This pathological effect was later explained by the same authors in [208] as a consequence of the
fact that commonly used entropy variables like δs become ill-defined in these particular situations.
One should instead adopt a modified version of the relative entropy variable, defined as

Ŝij ≡ − 1
6ρ̇ṗ ρ̇iρ̇j

(
c2
i − c2

j

)
Sij , where Sij = −3H

(
δρi
ρ̇i

− δρj
ρ̇j

)
, (4.64)

and c2
i ≡ ṗi/ρ̇i. Clearly, Ŝij remains finite even in the ρ̇i → 0 limit.

In our case, since we have already proved that entropy perturbations are vanishing if we start
from the (ϕ, f) representation, any concern about potential tachyonic instabilities is erased. At the
same time, keeping this result in mind, we can continue adopting the decomposition into tangential
and normal components presented above, which remains a very robust way to compute adiabatic and
entropy perturbations numerically.

This analysis concludes that perturbations are purely adiabatic, meaning that the Goldstone boson
does not contribute to the dynamics even at first order in perturbation theory. As we will see, the
results for the power spectra and the level of non-Gaussianities are the same as those of single-field
models. While this result seems rather natural in the (ρ, χ) representation, it is less immediate in the
(ϕ, f) representation, where both scalar fields carry a non-trivial dynamical content.

Since perturbations are entirely along the direction tangential to the background trajectory, we
can identify δσ = δρ from Eq. (4.23). The inflaton field is then interpreted as the only clock of the
Universe:8 it fixes the Hubble parameter, and its fluctuations are equivalent to a relative rescaling of
the scale factor in different parts of the Universe.

8This interpretation is clear if we remind that adiabatic perturbations are locally indistinguishable from time shifts,
as mentioned at the end of Sec. 4.1.2.
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4.2.2 Slow-roll approximation

The results derived so far are exact up to linear order in perturbations. To make contact with the
spectral indices, we now employ the slow-roll approximation. In a multifield scenario, requiring slow
roll corresponds to imposing the following conditions

ϵ = − Ḣ

H2 ≪ 1 −→ GIJ ϕ̇I ϕ̇J ≪ V (ϕI),

ϵ1 = ϵ̇

Hϵ
≪ 1 −→ 2ϕ̇IDtϕ̇

I ≪ HGIJ ϕ̇I ϕ̇J ,
(4.65)

where Dt is the covariant time derivative in field space.
We remind that at the background level, the slow-roll approximation of the equations of motion

is the same as found in Eq. (3.59), namely9

ρ̇ = σ̇ cos θ ≃ − V,ρ
3H , χ̇ = σ̇ sin θe−b ≃ 0, H2 ≃ V (ρ)

3M2
pl

. (4.66)

In terms of the quantities in the kinetic frame, Eqs. (4.27)–(4.28) become

σ̈

Hσ̇
≃ ϵ− V,ρρ

3H2 , (4.67)

− θ̇

H
≃ 0, (4.68)

which agrees with the fact that the background trajectory is flat, with the entropy field completely
decoupled from the dynamics, which are entirely determined by the adiabatic one.

Under these conditions, the curvature power spectrum at horizon crossing reads

PR(k) ≃ H2

8π2 ϵ

∣∣∣∣
k=k∗

, (4.69)

which is consistent with the single-field result found in Eq. (1.64), once the correct units are restored.
The tensor power spectrum takes the familiar form derived in Eq. (1.71) as well, namely

PT (k) = 2
π2

H2

M2
pl

∣∣∣∣
k=k∗

, (4.70)

which is expected, since the result in Eq. (1.71) was obtained from the EH action and is independent
of the matter content of the action, and thus is perfectly compatible with the EF formulation we are
considering. See also [176] for the derivation of the tensor power spectrum.

From the definition of ϵ, inserting the two Friedmann equations (4.21)–(4.22) and further
considering Eq. (4.67), we get

ϵ̇ ≃ 2ϵH
(

2ϵ− V,ρρ
3H2

)
. (4.71)

In this way, we can compute the scalar spectral index at horizon crossing (k = k∗)10

ns − 1 ≡ d ln PR
d ln k

∣∣∣∣
k∗

= d ln PR
Hdt

∣∣∣∣
k∗

≃ −6ϵ∗ + 2V,ρρ(ρ∗)
3H2

∗
, (4.72)

9Here and in what follows, the symbol ≃ indicates that we are within the slow-roll approximation.
10Note the typo ns − 1 → ns in [7, 196, 197].
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and its running αs ≡ dns/d ln k11

αs ≃ −24ϵ2 + 16ϵ V,ρρ3H2 + 2
√

2ϵ cos θV,ρρρ3H2 . (4.73)

For completeness, even though it is not used in the later numerical analysis, we quote the expression
for the running of the running of the scalar spectral index βs ≡ dαs/d ln k:

βs ≃ −192ϵ3 + 64ϵ2V,ρρ
H2 − 32ϵV 2

,ρρ

9H4 + 8
√

2ϵ3/2 cos θV,ρρρ
H2 − 2

√
2ϵ cos θV,ρρV,ρρρ

9H4 + 4ϵ cos2 θV,ρρρρ
3H2 . (4.74)

4.2.3 Transfer matrix formalism

To relate the initial curvature and entropy perturbations generated during inflation to the same
quantities at much later cosmic times and to compare the latter with observations, we need to model
their evolution on large, super-horizon scales. In our case, to prove that the effects of isocurvature
modes on the adiabatic ones are absent on super-horizon scales, we employ the transfer matrix
formalism first introduced by Wands et al. in [209].

Since, as already mentioned, purely adiabatic perturbations cannot source entropy perturbations on
large scales, but entropy perturbations can affect curvature perturbation and also evolve by themselves,
we can write the time evolution for curvature and isocurvature perturbations in the very general form
[210]

Ṙ = AHS, Ṡ = BHS, (4.75)
where A and B are in general time-dependent and dimensionless functions.

Integrating Eq. (4.75) over time, we can relate curvature and isocurvature perturbations generated
during inflation and evaluated at horizon crossing (t = t∗) to the same quantities at some later time
t. In matrix form, (

R
S

)
=
(

1 TRS
0 TSS

)(
R
S

)
∗
, (4.76)

where we introduced the transfer functions TRS and TSS , defined as

TRS(t∗, t) =
∫ t

t∗
A(t′)H(t′)TSS(t∗, t′)dt′,

TSS(t∗, t′) = exp
(∫ t′

t∗
B(t′′)H(t′′)dt′′

)
.

(4.77)

The transfer functions are implicit functions of scale through their dependence on t∗(k). More explicitly,
their scale dependence reads

1
H∗

∂TRS
∂t∗

= −A∗ −B∗TRS ,

1
H∗

∂TSS
∂t∗

= −B∗TSS ,

(4.78)

so it is completely encoded into A and B evaluated at horizon crossing. To compute them, we can
bring the evolution of curvature and isocurvature perturbations in the compact form (4.75). From the
definition in Eq. (4.36) and the super-horizon result (4.38), we can write

Ṙ ≈ −2V,s
σ̇

S = AHS, (4.79)

Ṡ = H

σ̇
δ̇s+

(
Ḣ

H2 − σ̈

Hσ̇

)
H2

σ̇
δs = BHS. (4.80)

11We omit the symbol ∗ for clarity, but all the variables are meant to be evaluated at horizon crossing.
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To evaluate Eq. (4.80), we can use the slow-roll results (4.66)–(4.68), together with the evolution
equation of entropy perturbations (4.42) and Eq. (4.35). We find

A = 2ξ1 sin θ ≃ 0 , (4.81)

B = −2ϵ+ ξ1 + ξ2
1
3 + ξ2

3 + V,ρρ
3H2 , (4.82)

with ξ1 ≡
√

2ϵb,ρ and ξ2 ≡ 2ϵb,ρρ. Applying the transfer matrix (4.76) to the initial scalar power
spectrum at horizon crossing, computed in Eq. (4.69), we can obtain the resulting curvature and
isocurvature power spectra at the start of the radiation domination era:

PR =
(
1 + T 2

RS

)
PR|∗ ,

PS = T 2
SS PR|∗ ,

CRS = TRSTSS PR|∗ .
(4.83)

Hence, by means of Eq. (4.81) and the fact that θ ≈ 0, we see that isocurvature perturbations do not
affect the evolution of the curvature power spectrum, as in any single-field slow-roll model of inflation.

4.3 Non-Gaussianities
The predictions for the power spectra (or, equivalently, for the two-point correlation functions) derived
above fully characterize curvature perturbations provided that they are Gaussian. In this case, all odd
n-point correlators vanish, while even n-point correlators can be expressed as sums of disconnected
products of two-point functions via Wick’s theorem [137].

From a statistical perspective, Gaussianity naturally arises as the limiting distribution when a
large number of independent measurements are drawn from the same probability density function,
as stated by the central limit theorem. Since observational data typically involve averages over many
small-scale processes, assuming Gaussian statistics represents a well-motivated starting point for an
unknown distribution. This expectation is particularly well justified for curvature perturbations, given
their close analogy with the quantum harmonic oscillator, whose ground state is Gaussian. As an
illustrative example, dividing the CMB sky into many small patches yields comparable numbers of
hotter and colder regions relative to the mean temperature, resulting in a histogram consistent with
a normal distribution [211].

Deviations from exact Gaussianity therefore carry important information about the inflationary
dynamics and, as will be discussed below, may point toward extensions beyond single-field models.
Since a Gaussian distribution is preserved under linear transformations but not under non-linear
ones, perturbation theory naturally associates Gaussian perturbations with linear order, while non-
Gaussian features arise from higher-order contributions. Furthermore, the intrinsic non-linearity of
gravity tends to amplify departures from Gaussianity over time, so that even initially Gaussian
perturbations generally evolve into non-Gaussian matter overdensities at late times.12 This is why
detecting non-Gaussianities is typically easier at CMB scales rather than from LSS [14].

The primary measure of non-Gaussianity is the three-point function,13

⟨ζ(k1)ζ(k2)ζ(k3)⟩ = (2π)3Bζ(k1, k2, k3)δ(3) (k1 + k2 + k3) , (4.84)

12The non-Gaussianities arising from the non-linear gravitational evolution of an initially Gaussian perturbation are
called secondary non-Gaussianities and are relevant only at late times [211].

13For consistency with the literature of non-Gaussianities, we use here the curvature perturbation ζ as defined in
Eq. (1.35).
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where we have introduced the bispectrum Bζ , in continuity with the spectrum defined in Eq. (1.41).
The delta function comes from assuming statistical homogeneity, while the assumption of statistical
isotropy allows us to write the bispectrum as a function of the three amplitudes k1, k2 and k3 only,
with the only constraint imposed by momentum conservation, so that the three ki form a triangle.
Detecting non-Gaussianities is therefore observationally challenging, since there are many possible
triangular shapes. On the other side of the coin, if detected, they could provide much information
beyond that encoded in the power spectrum.

A simple model of non-Gaussianity is local non-Gaussianity, which is defined as a Taylor expansion
of the curvature perturbation around its Gaussian part ζG [211]

ζ(x) = ζG(x) + 3
5fNL

(
ζ2
G(x) − ⟨ζ2

G(x)⟩
)
. (4.85)

The name comes from the fact that it is defined locally in real space, i.e., ζ = ζ(x). Note that
the variance has been subtracted to have ⟨ζ⟩ = 0. In Fourier space, the quadratic term becomes a
convolution, and we can write the bispectrum as

Bζ(k1, k2, k3) = 6
5fNL [Pζ(k1)Pζ(k2) + c.p.] , (4.86)

where c.p. denotes cyclic permutations of k1, k2, and k3. In this way, observational constraints on non-
Gaussianities are phrased in terms of fNL. Moreover, it can be shown that, for the local type of non-
Gaussianities, the signal is concentrated in the squeezed configuration in Fourier space, corresponding
to triangles with k3 ≪ k1, k2. This is also the shape LSS probes are more sensitive to, thus we will
neglect other types of non-Gaussianities in the following.

A convenient method to compute fNL for local non-Gaussianities is the δN formalism, see, e.g.,
[210, 212–215]. In the following, we review its main features. We will mainly follow the discussion
presented in [216] for multifield inflation.

Let’s consider a spatially flat FLRW metric where only scalar perturbations are present. The
perturbed space part can be written as

gij = a(t)2e−2ψ(t,x)δij , (4.87)

which follows from the line element in Eq. (1.24). We can introduce an effective scale factor â, defined
as

â(t,x) ≡ a(t)e−ψ(t,x), (4.88)

which allows us to define a local e-folding number

N̂ ≡ ln
(
â

â∗

)
= −ψ + ψ∗ +N. (4.89)

For a spatially flat spacetime slice, ψ = ψ∗ = 0, the local e-folding number N̂ coincides with the
background e-folding number N . The idea behind the δN formalism is that the curvature perturbation
ζ on some final uniform density slice is given by the spatial fluctuations of the e-folding number between
an initial spatially flat slice and the final uniform density slice. Indeed, replacing in Eq. (4.89) ψ∗ = 0
for the initial slice and ψ = −ζ for the final uniform density slice, see the definition in Eq. (1.35), we
have

ζ(t,x) = N̂(t,x) −N(t) ≡ δN. (4.90)

We stress that it is not important when we consider the initial time t∗ as long as ψ∗ = 0 and t∗ is
after the time at which the scales under consideration have left the horizon. A convenient choice is to
set t∗ precisely as the horizon crossing time.
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Since the scalar fields provide the only contribution to the energy density, we can equivalently write

ζ(t,x) = N̂(ϕI + δϕI) −N(ϕI) ≃ N,I(N,ϕJ∗ )δϕI∗(x) + 1
2N,IJ(ϕK∗ )δϕI∗(x)δϕJ∗ (x) + . . . , (4.91)

which is the δN expansion. Since the field perturbations, δϕI∗(x) ≡ ϕI∗(x)−ϕI∗, correspond to coordinate
displacements, they do not transform covariantly in a curved spacetime. To make the δN expansion
explicitly covariant, we follow the discussion of [216]. For sufficiently small δϕI∗(x), the two points
ϕI∗(x) and ϕI∗ are connected by a unique geodesic that can be parametrized by λ. Choosing λ such
that ϕI(λ = 0) = ϕI∗ and ϕI(λ = 1) = ϕI∗(x), we can perform a Taylor expansion

δϕI = ϕI(λ = 1) − ϕI(λ = 0) ≃ dϕI
dλ

∣∣∣∣∣
λ=0

+ 1
2

d2ϕI

dλ2

∣∣∣∣∣
λ=0

+ . . . . (4.92)

The geodesic equation reads

Dλ
dϕI
dλ ≡ d2ϕI

dλ2 + ΓIJK
dϕJ
dλ

dϕK
dλ = 0. (4.93)

By introducing the quantity QI = dϕI/dλ|λ=0 which resides in the tangent space at ϕI(λ = 0) and
thus transforms covariantly [216, 217], we can express δϕI in terms of QI as

δϕI = QI − 1
2ΓIJKQJQK + . . . , (4.94)

where we inserted Eq. (4.93) into Eq. (4.92). We can now recast the δN expansion in Eq. (4.91) as
follows:

ζ(N,x) = N,I(N,ϕJ∗ )QI
∗(x) + 1

2DIDJN(N,ϕK∗ )QI
∗(x)QJ

∗ (x) + . . . , (4.95)

which is now manifestly covariant. Starting from this expansion, we can compute the two-point
correlator

⟨ζ(k1)ζ(k2)⟩ = N,IN,J⟨QI
∗(k1)QJ

∗ (k2)⟩
= N,IN,JGIJ∗ (2π)3δ(3) (k1 + k2)PQ,∗(k1) ,

(4.96)

where, for brevity, we have dropped the arguments of NI , and we have adopted the standard definition
of the power spectrum, see Eq. (1.41). Since at linear order QI ≃ δϕI , we can employ the result for
the power spectrum for scalar field fluctuations

PQ,∗(k) = 2π2

k3 PQ,∗ = 2π2

k3

(
H∗
2π

)2
. (4.97)

Note that we recover the power spectrum for curvature perturbations expected for single-field slow-roll
inflation,

Pζ(k) =
(
H∗
2π

)2
GIJ∗ N,IN,J =

(
H∗
2π

)2
(N,ρ)2 , (4.98)

where the last equality follows after considering the explicit field-space metric in the (ρ, χ)
representation, see Eq. (4.18). Since then, from Eq. (3.64), N ≃ − ∫ dρ/(Mpl

√
2ϵ(ρ)), the result

already found in Eq. (4.69) in terms of the slow-roll parameter ϵ is recovered.14

14In this particular case, we can safely identify Pζ = PR.
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We can now compute the three-point function. Following [211], we have

⟨ζ(k1)ζ(k2)ζ(k3)⟩ = 1
2N,IN,JN,KL⟨QI

∗(k1)QJ
∗ (k2)

∫ d3q

(2π)3 QK
∗ (q)QL

∗ (k3 − q)⟩ + c.p.

= 1
2N,IN,JN,KL2

∫ d3q

(2π)3 ⟨QI
∗(k1)QK

∗ (q)⟩⟨QJ
∗ (k2)QL

∗ (k3 − q)⟩ + c.p.

= N,IN,JN,KLδ
IKδJLPQ,∗(k1)PQ,∗(k2)δ(3) (k1 + k2 + k3) ,

(4.99)

where, in the second equality, we have applied Wick’s theorem to split the four-point function into
the disconnected product of two two-point functions.

From the above expressions, we can appreciate the power of the δN formalism. Since the derivatives
of N only depend on background quantities, we only need to know the statistical properties of the
field perturbations at horizon crossing, which are encoded into PQ,∗, and compute the non-linear
evolution of cosmological perturbations on large scales without the need to solve the full perturbed
field equations.

After inverting Eq. (4.86), we can compute fNL

fNL = 5
6

GIK∗ N,KGJL∗ N,LDIN,J

(GKH∗ N,HN,K)2 = 5
6
N2
,ρ(N,ρρ − ΓρρρN,ρ)

N4
,ρ

= 5
6
N,ρρ

N2
,ρ

≃ 5
3Mplϵ(ρ) ∂

∂ρ

1√
2ϵ(ρ)

. (4.100)

The above expression is identical to the one obtained for single-field inflation models with canonical
kinetic terms, see, e.g., Eq. (1.34) of [211]. This result is indeed consistent with the fact, already
stressed earlier, that the inflationary dynamics within our model are effectively driven by the field
ρ, whose kinetic term is canonical. The fact that χ has a non-canonical kinetic term is completely
irrelevant.

Note that our result can be written in terms of the scalar spectral index as

fNL = 5
6(ϵ− η) = 5

12 (1 − ns − 2ϵ) . (4.101)

This result seems to be different from Maldacena’s consistency relation [35], stating that in single-field
inflation, the squeezed limit of the primordial bispectrum is uniquely fixed by the scalar spectral index
as

lim
k3→0

⟨ζ(k1)ζ(k2)ζ(k3)⟩ = (2π)3 δ(3) (k1 + k2 + k3) (ns − 1)Pζ(k1)Pζ(k3). (4.102)

See also the proof of Maldacena’s theorem by Creminelli and Zaldarriaga [218], which is independent of
the inflationary dynamics and resides upon the sole assumption that the inflaton is the only dynamical
field. The proof does not even assume the slow-roll approximation.

As shown in [219], the apparent inconsistency comes from considering the short-wavelength
perturbations δϕI to be independent of the long-wavelength ones. After correctly accounting for the
long-wavelength modulation induced by the perturbation of the Hubble parameter, one can show that
the fNL parameter takes an additional contribution, namely

fNL = 5
6

(
N,ρρ

N2
,ρ

+ 1
N,ρ

V,ρ
2V

)
= 5

12 (1 − ns) , (4.103)

therefore recovering Maldacena’s consistency relation. The analysis presented in [219] also clarifies
the role of the additional contribution as purely kinematical, rather than a genuinely intrinsic non-
Gaussianity, as sometimes stated [220].

The result of Maldacena is a powerful way to probe single-field inflation. Since in the squeezed limit
the three-point function is suppressed by (1 −ns), which vanishes for a perfectly scale-invariant power
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spectrum, a detection of primordial non-Gaussianity in the squeezed limit could rule out single-field
inflation [14].
To give an example, for the benchmark point in the parameter space given in Eqs. (3.80)–(3.81), we
have fNL = −0.015, well within the region allowed by present precision cosmological observations. As
a reference, limits on the amplitude of the local bispectrum in the CMB measured by Planck give
f local

NL = −0.9 ± 5.1 [221]. Constraints on f local
NL from LSS probes are weaker by at least an order of

magnitude, see, for instance [222–226], which is consistent with the discussion made above on secondary
non-Gaussianities.

4.4 Cosmological constraints

Thus far, we have studied the scale-invariant model primarily through analytical methods,
supplementing the analysis of the homogeneous background with numerical integrations for a
set of benchmark configurations. While this approach has allowed us to obtain robust results by
treating the model within the standard multifield inflationary framework, our results are subject to
the following limitations:

• Our analysis neglects any potential effect arising from variations of the initial conditions, i.e., the
values of the fields and their velocity at the beginning of integration. Sampling over the initial
conditions is a crucial aspect to assess the predictability of the model, in order to investigate
whether inflation can occur for generic (or, conversely, fine-tuned) initial conditions. It is known
that different initial conditions for the fields can lead to different trajectories in field space,
which can produce slightly different observables [227]. In our case, since we have shown that
the dynamics are effectively single-field, with a potential V (ρ) with a sufficiently extended flat
plateau, we expect only minor modifications to the values of the observables at horizon crossing
for different initial conditions for ρ.
On the other hand, we have seen that the constraint imposed by Noether current conservation,
see Eq. (3.46), implies that the parameter K is composed of a constant term and a quickly
decaying one as ∼ a−3, see Eq. (3.27). We have completely neglected the effect of the decaying
mode, which discriminates between two-field and single-field dynamics. While this assumption is
reasonable as a first approximation in an exponentially expanding universe, it must be checked
upon variations of the initial conditions for the two fields.

• The analysis presented in Sec. 3.3 to constrain the model against observational data is rather
qualitative, and is based on some benchmark points in parameter space, rather than performing
a full sampling over α, ξ, and Ω. A more comprehensive analysis would instead require a
sampling algorithm to set robust constraints on the model’s parameter space against the latest
observational data.

In this section, we present the numerical analysis carried out in [7], in which the full dynamical system
of the model is solved numerically. This approach enables the computation of accurate predictions for
a range of observable quantities beyond ns and r, while also allowing for an efficient exploration of
the dependence on the initial conditions.

4.4.1 Numerical methods

From the analysis presented in the previous sections, the scale-invariant model reduces to a scenario
where two scalar fields coexist in a non-trivial field space GIJ(ρ, χ). In total, we are left with three
free parameters: ξ, Ω, and α. Using Monte Carlo (MC) techniques, we aim to explore the model’s 3D
parameter space and compare its theoretical predictions with observational data.
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To tackle the numerical analysis, we employ the code developed by Giarè et al. in [197], specifically
designed to study generic multifield inflationary models where fields are minimally coupled to gravity
and the field-space metric is allowed to be non-trivial.

The code uncovers some of the main limitations of numerical analyses for multifield inflation.
Obtaining precise predictions from multifield inflation is much more involved than in single-field
analyses, given the various factors that affect the dynamics, such as the initial conditions of the fields
and the specific model assumed. For this reason, most tools employed in cosmological data analyses,
such as typical Boltzmann integrator codes and samplers, are either unaware of the physics of inflation
or assume single-field potentials. As a result, constraining the multifield landscape with current CMB
data represents an ongoing challenge.

The algorithm is structured into three main parts:

1. Numerical integration of the field equations over the entire inflationary phase. On this basis,
predictions for observable quantities are obtained, including the scalar power spectrum,
primordial gravitational waves, and isocurvature perturbations. The transfer matrix formalism
introduced in Sec. 4.2.3 is implemented to follow the evolution of adiabatic and isocurvature
modes on super-horizon scales.

2. Interfacing the algorithm with Boltzmann solver codes to compute the subsequent cosmological
evolution, including the CMB temperature anisotropy and polarization angular power spectra.

3. An efficient sampling procedure designed to explore a large region of the parameter space and
to identify sub-regions in which the theoretical predictions are consistent with observational
constraints.

Integration scheme

At each step of the MC, we randomly select initial conditions for the fields and values for the three free
parameters of the model from the uniform prior ranges reported in the rightmost column of Table 4.1.
This, therefore, also allows us to explore the impact of initial conditions on the fields.

We then integrate the equations of motion for the fields and track their evolution over the
inflationary potential. Given the peculiarity of this model, where, depending on the parameter values,
the field evolution can be characterized by a very prolonged slow-roll phase eventually leading to eternal
inflation, see Sec. 3.3, the integration process is carried out for a (fairly large) maximum number of
e-folds, set to Nmax = 107. During integration, we dynamically calculate the slow-roll parameter ϵ
until ϵ = 1. If this condition is not met within Nmax e-folds, the model is classified as eternal inflation
and rejected. Conversely, if the condition is satisfied during the integration, the point at which ϵ = 1
in the parameter trajectory is considered as a possible end of inflation. To confirm that the point in
question represents the actual end of inflation, we perform some tests detailed in [197]:

i) We check whether the fields remain sufficiently active to initiate a second stage of inflation.
Specifically, this is done by testing whether the normalized field values, relative to their initial
conditions, do not exceed a fixed threshold. If the field satisfies this condition, we can safely
assume inflation is complete. In the opposite case, the integration continues until the fields fall
below the specified threshold. If, during this additional stage of integration, inflation restarts
(i.e., ϵ becomes smaller than one), the new end of inflation is determined by the joint conditions
of ϵ = 1 and the fields’ values. Otherwise, the previously calculated end of inflation is kept as
the definitive one.

ii) To ensure that the pathological cases examined in Sec. 3.3, corresponding to ϵ going to zero at
the minimum of the potential before the condition ϵ = 1 is met, we check that ϵ /= 0 throughout
the full evolution.
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iii) We check that inflation lasts for a total number of e-folds ∆N > 70 to account for the observed
homogeneity and isotropy of the Universe. If the total number of e-folds accumulated between the
beginning and end of the integration is below the required threshold, we restart the integration
with the same initial conditions and evolve the system backward in time to account for the
missing e-folds. During this additional integration, we check the inflationary fields and parameters
for any problematic behavior and verify that the model can indeed support the desired number
of e-folds of expansion. Models that fail to satisfy these criteria are considered incompatible with
observations and are therefore discarded.

After ensuring that the model satisfies all the above requirements, we reconstruct the full field dynamics
during the entire inflationary phase, including how the slow-roll parameters and observables evolve as
a function of N . By doing so, we can obtain the values of all slow-roll parameters at horizon crossing
(set to N⋆ = 55 e-folds before the end of inflation) including the amplitude of the primordial power
spectrum of scalar perturbations (As), its spectral index (ns), the running of the spectral index (αs),
and the amplitude of tensor perturbations (characterized by the tensor-to-scalar ratio r ≡ AT /As).

Additionally, the code can account for super-horizon evolution and the transfer of entropy between
isocurvature and scalar perturbations using the transfer matrix formalism described in Sec. 4.2.3. We
find that the entropy transfer between isocurvature and scalar perturbations is consistent with zero
also at the numerical level, confirming the theoretical result of Sec. 4.2.3.

For all selected models, we compute their full cosmology with CAMB [37, 38].

Sampling algorithm

By following this procedure, we generate a chain of points that is very similar to the output of typical
Markov Chain MC (MCMC) methods. Each point of the chain is then assigned a likelihood based on
how well it agrees with the latest CMB data.

In particular, our reference datasets include:

• The Planck 2018 temperature and polarization (TT, TE, EE) data, which also include low
multipole data (ℓ < 30) [15, 228, 229].

• The Planck 2018 lensing data, derived from measurements of the power spectrum of the lensing
potential [230].

• The latest CMB B-modes power spectrum likelihood cleaned from the foreground contamination
released by the BICEP/Keck collaboration, based on observations from the BICEP2, Keck Array,
and BICEP3 experiments up to and including the 2018 observation season [43].

We assign to each point in the chain a likelihood value obtained from an analytical multi-dimensional
normal distribution:

L ∝ exp
(

−1
2 (x − µ)T Σ−1 (x − µ)

)
, (4.104)

where µ and Σ represent the mean values and covariance matrix for the parameter vector
x ≡ (As, ns, αs, r) obtained from the above datasets, assuming an extension of the standard
cosmological model which includes three additional parameters: r, αs, and βs, also referred to as
ΛCDM+ns + αs + βs [197].

The logical structure of the algorithm is schematized in the flowchart in Figure 4.4.
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Random choice of initial conditions
(ξ, α,Ω, ρi, χi)

Numerical integration up to the
end of inflation (ϵ(ρf) = 1)

Is ϵ = 1 met within Nmax steps?

Is ϵ /= 0 for all values of ρ < ρf?

Are the fields still active?

Does inflation last long
enough (∆N > 70)?

Computation of observables
x = (As, ns, αs, r)

at horizon crossing N∗ = 55

Super-horizon evolution
via transfer matrix

CAMB implementation

Analytical likelihood Eq. (4.104)

Eternal inflation

Eternal inflation

Integration
up to the new
end of inflation

(ϵ(ρ∗
f) = 1)

Backwards
integration up

to ∆N = 70 and
consistency tests

Insufficient amount
of homogeneity

and isotropy

Figure 4.4: Flowchart of the numerical pipeline introduced in [197] and adapted to scale-invariant inflation, as
described in Sec. 4.4.1. Gray boxes are node points representing questions for consistency checks. Green (red)
arrows stand for positive (negative) answers.
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This method was extensively validated in [197]. This was done by performing a full MCMC analysis
using the publicly available sampler Cobaya [231] and the Boltzmann integrator CAMB. Cobaya explores
the posterior distributions of the parameter space using the MCMC sampler developed for CosmoMC
[232]. The results of the MCMC analysis were then used to construct the analytical likelihood in
Eq. (4.104). To test that the analytical likelihood can reproduce the same constraints obtained from
real experimental likelihoods, they considered the ΛCDM+ns + αs + βs model again and performed
a new run varying the inflationary parameters (As, ns, αs, βs). The same prior ranges adopted in the
MCMC analyses are used. They found that the resulting constraints agree with those obtained from
the full MCMC analyses based on experimental likelihoods, demonstrating the equivalence of the two
approaches. As a reference, see Figure 6 of [197] for the superposition of the posterior distributions
obtained using Cobaya in combination with the full Planck 2018 and BK18 likelihoods, and the
methodology outlined here.

Note that several other works have adopted and validated a similar compressed-likelihood approach
to constrain fundamental parameters from inflation-related observables; see, for instance, [233, 234],
used in the context of the stochastic gravitational wave background.

Using this method, we collect over 7×104 points within chains, each weighted by its own likelihood.
This procedure enables us to constrain the model’s free parameters and to analyze correlations
both among these parameters and among observable quantities, including the spectral index and
the amplitudes of the primordial scalar and tensor power spectra, which here are treated as derived
parameters.

Differences from MCMC

We stress that, despite the similarity, our sampling method should not be considered an MCMC
algorithm. For instance, the sampling is completely random, and there is no need to specify a proposal
density or acceptance ratio (compare this to the widely used Metropolis-Hastings algorithm [235, 236]),
thus the importance weight of each point in the chain is 1 by construction. For the same reason, there
is no in-built notion of convergence (à la Gelman-Rubin [237]), but the level of convergence is assessed
empirically from the stability of the resulting constraints against the addition of further samples.

As a further empirical test of convergence, we verified that by accumulating an increasing number
of points in the chains and marginalizing to find the 1D posterior distributions, the tails corresponding
to 5% C.L. actually contain approximately 5% of the total models. Such a result is exactly what is
expected when marginalizing over the parameter space. It allows us to safely conclude that the tails
of the distributions were well-sampled and adequately populated.

This methodology is intrinsically different from the standard approaches adopted to test
inflationary models against observations, which is also the one we have employed in Figure 3.10.
Instead of superimposing theoretical curves – typically at some fixed benchmark points in the
parameter space – onto pre-obtained 2D marginalized probability contours in the (ns, r) plane, here
we can derive precise model-dependent predictions for inflationary parameters, such as the tensor-to-
scalar ratio r and the running of the spectral index αs. In this way, we have a more comprehensive
view of the inter-relations among the model parameters and the inflationary observables.

4.4.2 Parameter Constraints

Constraints on the model parameters (including the initial conditions for the fields ρ and χ), as well as
on the inflationary observables related to the primordial scalar and tensor power spectra, are reported
in Table 4.1. For two-tailed bounds, we report 68% confidence level (C.L.) intervals, whereas 95% C.L.
upper/lower limits are quoted for parameters whose distributions are not consistent with a “detection”.
In Figure 4.5, we instead show 2D joint and 1D marginalized posterior probability distributions for
selected parameters, leaving out the distributions for the initial conditions.
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Initial conditions Constraints Uniform prior ranges

ρi/Mpl (unconstrained) ρi/Mpl ∈ [0.1,2]

χi/Mpl (unconstrained) χi/Mpl ∈ [0.1,10]

Model parameters Constraints Uniform prior ranges

ξ < 0.00142 log10(ξ) ∈ [−5,−1]

α 1.951+0.076
−0.11 × 1010 10−10 × α ∈ [1,3]

Ω 0.93+0.72
−2.8 × 10−5 Ω ∈ [ξ2, 2ξ2]

Primordial spectra parameters Constraints

As ( 2.112 ± 0.033 ) · 10−9 (derived)

ns 0.9638+0.0015
−0.0010 (derived)

αs < 1.2 × 10−4 (derived)

r > 0.00332 (derived)

Table 4.1: External priors and observational constraints on the initial conditions of the fields ρ and χ (first
two rows), the model parameters ξ (more precisely log10 ξ), α, and Ω (three intermediate rows), and (derived)
inflationary parameters controlling the primordial scalar and tensor power spectra As, ns, αs, and r (lower four
rows). Concerning observational constraints, for two-tailed bounds we report 1σ (68% C.L.) intervals, whereas
for all other cases we report 2σ (95% C.L.) upper/lower bounds.

As a first remarkable result, we find that even by varying the initial conditions for the fields ρi and
χi within the flat priors reported in Table 4.1, these two parameters are entirely unconstrained. This
emphasizes that our model is not (or at least only weakly) sensitive to the choice of initial conditions,
suggesting that it does not rely on a fine-tuned choice of initial conditions and is physically robust.

In contrast, when focusing on the three free parameters of the model – α, ξ, and Ω (note that
we impose a prior which is flat in log10 ξ, rather than in ξ itself) – we observe that these are well
constrained within the ranges set by our priors, with the bounds remaining well away from the upper
and lower limits of the prior ranges. This indicates that the choice of prior ranges has no effect on our
constraints, and that the latter are due to genuine physical effects of these parameters on observable
quantities. In the following, we analyze the constraints on each parameter separately.

Parameter α

The parameter α, controlling the strength of the R2 term in the JF action (3.1), is directly linked
to the amplitude of the inflationary potential, since it only enters as an overall multiplicative factor
in the expression for V (ρ) in Eq. (3.51). It therefore affects the amplitudes of the primordial scalar
and tensor power spectra. This connection is most evident if one observes the mutual correlations
between α, As, and r in Figure 4.5. Given that data from Planck has been used to infer As to high
accuracy, through its effect on the amplitude of the acoustic peaks in the temperature and polarization
anisotropy power spectra, constraints on As usually impose stringent requirements on the amplitude
of inflationary potentials, and therefore serve as calibrators for inflationary models. This holds in our
scale-invariant inflationary model as well, for which matching the amplitude of the primordial scalar
power spectrum As = (2.112 ± 0.033) × 10−9, in excellent agreement with results in the literature,
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Figure 4.5: Triangular plot showing 2D joint and 1D marginalized posterior probability distributions obtained
through the numerical method outlined in Sec. 4.4.1. A selection of parameters is represented: the (natural
logarithm of the) amplitude of primordial scalar perturbations As, the scalar spectral index ns, the (logarithm
of the) coupling parameters ξ, Ω, and α, and the (logarithm of the) tensor-to-scalar ratio r.

leads to the constraint on α reported in Table 4.1. Note that the benchmark value found in Eq. (3.81)
is compatible with the most robust constraint found with the present methodology.

Parameter ξ

The parameter ξ, controlling the strength of the non-minimal coupling ϕ2R, significantly influences
both the scalar tilt ns and the amplitude of the primordial tensor power spectrum through the tensor-
to-scalar ratio r.
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The effect of ξ on the spectral indices is best represented in the scatter plot in Figure 4.6. We observe
that values of ξ ∼ 10−2 lead to a shift towards smaller ns ∼ 0.95, while for ξ ≲ 10−3 we converge to a
value around ns ∼ 0.965, consistent with the Planck results.15 This behavior can equivalently be seen
as the flat plateau in Figure 4.7 (left panel). Therefore, to maintain consistency with the derived value
of ns, excessively high values of ξ are not viable, as they would force us into a region of parameter
space where ns becomes too small to remain in good agreement with Planck. A similar behavior was
observed in Figure 3.10. Note, however, that the band in Figure 3.10 represents different theoretical
predictions varying the number of e-folds in N∗ ∈ [50, 60], while the spread of the points in Figure 4.6
reflects the posterior probability distributions obtained through the sampling algorithm for a fixed
N∗ = 55. Overall, these considerations translate into the upper limit

ξ < 0.00142 (95% C.L.) . (4.105)

This constraint is much more robust than the approximate one given in Eq. (3.63), namely ξ ≪ 3/4.

Figure 4.6: 2D scatter plot in the (ns, r) plane colored by the value of the parameter ξ.

As a side remark, we note that the allowed values of ξ are much smaller than those required for
the non-minimal coupling in Higgs inflation [238–240]. Therefore, our model does not suffer from the
potential issues with unitarity violation raised in that context [239, 241–244]. Nevertheless, we stress
that our inflaton field is not identified with the Higgs field, and a direct comparison between the two
models should be considered just as a qualitative analogy.

15Note that the low-ns tail is more extended than the heavier high-ns tail. This leads to the somewhat peculiar shapes
observed in the contours in Figure 4.5. As discussed in the text and evident from the figure, lower values of ns are
correlated with higher values of ξ, and vice versa. Therefore, the heavier high-ns tail reflects the lower edge in log10 ξ
prior (which we set at log10 ξ > −5). Of course, the choice of this edge is somewhat arbitrary since we cannot sample
all the way down to ξ = 0 once we choose to sample log10 ξ. Nevertheless, as stressed above, our results are robust and
converged, albeit not in the usual MCMC sense.
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Parameter Ω ≡ αλ+ ξ2

The parameter Ω controls the strength of the sinh4(ρ) term in the potential within the (ρ, χ) field
representation, or, equivalently, the strength of the quartic self-interaction in the JF action (3.1) for
fixed values of ξ and α. Guided by the analytical considerations presented in Sec. 3.3, we adopt the
prior range Ω ∈ [ξ2, 2ξ2]. This choice is deliberately broader than the tighter bound Ω ∈ [ξ2, 1.15ξ2]
derived in Eq. (3.69), allowing us to test the validity of the approximate constraint numerically. We
recall that the algorithm automatically discards models exhibiting eternal inflation. Consistently, we
find that configurations with Ω outside the chosen interval are rejected, thereby providing numerical
confirmation of the analytical results. This is visually captured by the very tight correlation between
ξ and Ω in Figure 4.5, where the 2D marginalized posterior is effectively squeezed to a line.

That said, as with α and ξ, Ω also affects the inflationary potential and the associated observables.
As a consequence, it exhibits strong correlations with the other parameters, including both model
parameters and inflationary observables, as shown in Figure 4.5. In this case, we impose a two-tailed
constraint of Ω = 0.93+0.72

−2.8 × 10−5.

In light of the results presented above, we conclude with some remarks on the predictability of the
method employed here, which allows us to derive the inflationary parameters as model-dependent
predictions rather than assuming them a priori, and clarify their interrelations. In particular, this is
manifest from the correlations in the three-dimensional parameter space spanned by ns, r, and αs
shown in the right panel of Figure 4.7. We observe that, within our model, more negative values of
αs are only possible when ns ∼ 0.965 and r ∼ 0.0036. This region of parameter space corresponds
to the regime where the effects of the non-minimal coupling ϕ2R controlled by ξ are negligible, and
we therefore approach the regime of Starobinsky inflation where the R2 term dominates. Conversely,
lower values of ns ≲ 0.96 imply smaller values of r and larger/less negative (thus smaller in absolute
value) values of αs, deviating significantly from the predictions of Starobinsky inflation.

Notice also that these correlations are obtained after marginalizing over all the free parameters of
the model (ξ, α, and Ω, as well as initial conditions for the fields). Consequently, they offer a much
more comprehensive overview of the interrelations between inflationary parameters within our specific
scenario. This allows us to highlight the predictive power of scale-invariant inflation better.

For instance, we predict a non-zero value for the amplitude of primordial gravitational waves and
the spectral index running

r > 0.00332, αs < 1.2 × 10−4 (95% C.L.) . (4.106)

We further stress that these results represent model-dependent predictions which can be tested in light
of future CMB experiments [51–55] to either validate or rule out the model. On the other hand, one
might wonder whether – and to what extent – these predictions can help discriminate between this
model and other competing models, such as Starobinsky inflation.

4.5 Comparison to Starobinsky inflation

In light of the theoretical affinity, discussed in the previous chapters, between the scale-invariant model
and the Starobinsky model, we examine whether the predictive power of the scale-invariant framework
identified here results in observational signatures that differ from those of the Starobinsky model, and
assess the extent to which future data may allow one to discriminate between the two scenarios.

For completeness, we also extend the analysis to the broader class of α-attractor models, which
provide a unifying framework encompassing Starobinsky inflation as a particular limit (see [245–249]).
The action of α attractor models arises in the context of supergravity theories for specific forms of the
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Figure 4.7: Left panel: 2D scatter plot in the (log10 ξ, ns) plane colored by the value of the tensor-to-scalar
ratio. Right panel: 2D scatter plot in the (104αs, ns) plane colored by the value of the tensor-to-scalar ratio.
The predictions in the ns-104αs plane are compared to those from Starobinsky inflation (contours given by the
dotted curves, not colored by r).

Kähler potential,

S =
∫

d4x
√−g

[
M2
pl

2 R− 1
2K(ϕ)gµν∂µϕ∂νϕ− V (ϕ)

]
, with K(ϕ) =

(
1 − ϕ2

6αM2
pl

)−2

, (4.107)

where ϕ is the inflaton field and α the free parameter of the theory, related to the curvature of the
Kähler manifold.

These models exhibit attractor behavior in their inflationary predictions, which is largely insensitive
to the detailed form of the inflaton potential. In particular, they predict the following universal relation

ns ≃ 1 −
√

r

3α (4.108)

with α = 1 corresponding to Starobinsky inflation, see Eq. (2.49) for comparison. As such, α attractors
provide a well-motivated framework to systematically explore departures from the Starobinsky
predictions and their sensitivity to future observational data. For other works on α attractors, see
also [250–259].

In Figure 4.8, we compare marginalized contours in the (ns, r) and (αs, r) plane for our scale-
invariant inflationary model (red contours) against those obtained for Starobinsky inflation (green
contours) and α-attractor inflation (light blue contours). In the latter two cases, the predictions are
derived following the methodology outlined in [260], where the universal prediction in Eq. (4.108) is
assumed in the cosmological model, and constraints are derived from the same dataset analyzed for the
scale-invariant inflationary model studied here, for the comparison to be meaningful. Further details
on this methodology, as well as information on the priors assumed for the different parameters, can
be found in Sec. 3 of [260].

Let’s first consider the (ns, r) plane in the left panel of Figure 4.8. The red contours indicate a
positive correlation between the amplitude of tensor modes and the scalar spectral index in the scale-
invariant model of inflation. In other words, higher values of r are correlated with higher values of ns.
This is not the case in Starobinsky inflation, where these two parameters are related by Eq. (4.108)
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with α = 1, thereby leading to a behavior which is exactly the opposite. This relation clearly indicates a
negative correlation: higher values of r correspond to lower values of ns. Due to the different correlation
between ns and r in the two models, the respective marginalized probability contours are rotated
relative to each other. A substantial portion of the parameter space falling within the 68% C.L. region
in scale-invariant inflation would be excluded in Starobinsky inflation at a statistical level (largely)
exceeding 95% C.L. (and vice versa).

Considering the more general α-attractor predictions, the correlation between ns and r is basically
lost due to marginalization upon the additional parameter α. Given that when ns is fixed, α only affects
the amplitude of tensor modes (interpolating vertically along the (ns, r) plane between the predictions
of Starobinsky inflation and those of the monomial ∝ ϕ2 model), we are left with a substantial freedom
to accommodate different values of r by appropriately changing α, which reflects in very broad contours
once α is marginalized over. Similar conclusions can be drawn from the (αs, r) plane in the right panel
of Figure 4.8, where, however, the overlap between different predictions is larger and suggests that
discriminating between the scale-invariant model and Starobinsky inflation becomes more challenging
unless a complementary constraint on ns is included.
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Figure 4.8: Comparison with Starobinsky and α-attractor models. 2D contours in the (ns, r) (left panel) and
(αs, r) (right panel) plane for the scale-invariant model studied in this work (red contours), compared to those
of Starobinsky inflation (green contours) and α-attractors (light blue contours), obtained in light of observations
from the Planck 2018 legacy release and from the BICEP/Keck collaboration (BICEP2, Keck Array and BICEP3
observations up to 2018) and sampling procedure described in Sec. 4.4.1.

Summing up, the increased freedom in α-attractor inflation complicates the discrimination between
the models, given the much broader 2D probability contours obtained in this case. In contrast, the
differences between scale-invariant inflation and Starobinsky inflation appear substantial enough to
raise questions about i) the physical nature of the differences, and ii) conclusions one can draw about
these models in light of forthcoming, more precise CMB observations, both satellite- and ground-based.
Let’s comment upon these two aspects:

i) We argued that ξ is the parameter that most prominently affects constraints in the (ns, r) plane.
This is manifest from Figure 4.6 and 4.7, stressing also that the predictions of the Starobinsky
model are fully recovered in the limit ξ → 0. In the regime of negligible ξ, we converge to the
plateau described by ns ≈ 0.965 and r ≈ 0.0037, which corresponds precisely to the region
where the red and green contours in Figure 4.8 overlap. In contrast, as the value of ξ becomes
sufficiently high, the shift towards lower values of the spectral index and tensor amplitude forces
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us into a region of the (ns, r) plane inaccessible to Starobinsky inflation. The analogy with
Starobinsky inflation in the ξ → 0 limit becomes particularly transparent when noting that, in
this regime, the dynamics of the scale-invariant model are effectively dominated by the R2 term.
Moreover, as explicitly shown in Eqs. (3.78)–(3.79), the characteristic relation of Starobinsky
inflation is recovered in the combined limit Ω → β ξ2 and ξ ≪ 1 of the scale-invariant model.
This result implies that, for any fixed and sufficiently small value of ξ, the model predicts a
negative correlation between ns and r. Allowing ξ to vary, however, leads instead to the positively
correlated posteriors shown in Figure 4.8.16

ii) Concerning future observations, we anticipate that the upcoming generation of CMB
experiments, including the ground-based Simons Observatory (SO) [51, 52] and CMB-S4 [53, 54],
and the LiteBIRD satellite [55], will significantly improve our ability to constrain the tensor
amplitude, hopefully leading to a detection of primordial tensor modes. In some cases, these
surveys are expected to reduce the observational uncertainties in the spectral index as well.
To quote a few concrete values, assuming the usual power-law parametrization for primordial
spectra, the official collaboration forecasts suggest that SO should achieve a sensitivity of
σ(r) ∼ 0.003 on tensor modes, along with an improvement in the constraining power on the
scalar spectral index of up to σ(ns) ∼ 0.003. On the other hand, CMB-S4 is expected to reach
σ(r) ∼ 0.001 − 0.007 and σ(ns) ∼ 0.002. Additionally, LiteBIRD is also anticipated to have a
similar sensitivity of σ(r) ≲ 0.001, although its impact on the scalar spectral index is expected
to be limited, which is not surprising, given that LiteBIRD is targeting the large angular scale
CMB polarization signal.

The sensitivity forecasts anticipated from upcoming experiments quoted above could provide
crucial insights into scale-invariant inflation. First and foremost, assuming that the model
provides an accurate description of the inflationary Universe and based on current data, we
predict the presence of a primordial gravitational wave background with an amplitude r ≳ 0.003.
These values of the tensor amplitude are sufficiently large to be visible from all the above-
mentioned experiments. For instance, CMB-S4 is expected to detect primordial gravitational
waves with r > 0.003 at a statistical significance of up to 5σ or larger. In case of lack of
detection, the same experiment should instead set an upper limit r < 0.001 at a 95% C.L.: it
is therefore clear that, extrapolating the constraints from current data, failure to detect r (and
therefore primordial tensor modes) by CMB-S4 would strongly contradict the predictions of
scale-invariant inflation, essentially ruling out the model. Similar considerations can be drawn
for SO and LiteBIRD.

16If we were to make a model comparison in the sense of determining which model, between the scale-invariant and
Starobinsky one, best describes the observational data, then a careful analysis should account also for the Bayesian
Information Criterion (BIC), a widely used tool for model comparison when models have different numbers of degrees
of freedom. The BIC balances goodness of fit and model complexity by penalizing models with more free parameters,
thereby reducing the risk of overfitting. For a model with maximum likelihood Lmax, k free parameters, and N data
points, the BIC is defined as BIC = −2 ln Lmax + k lnN . Models with smaller BIC values are statistically preferred,
and differences in BIC can be interpreted as evidence in favor of one model over another. Both models are consistent
with current observational constraints; however, the scale-invariant model involves three free parameters (α, ξ, and
λ – or, equivalently, Ω), whereas Starobinsky inflation depends on a single parameter, namely the mass scale M (see
Eq. (2.39)). As a consequence, when evaluated on the same dataset, the BIC would generically penalize the scale-invariant
scenario relative to Starobinsky inflation due to its higher-dimensional parameter space. The focus of the present work
is nevertheless different: rather than performing a Bayesian model selection based on current data, we aim to assess
whether future observations with improved experimental precision will have the discriminatory power to distinguish
between the two models at the level of their predicted observables. From this perspective, the analysis presented here
should be regarded as sufficient to address the question of prospective distinguishability, independent of a full BIC-based
comparison.
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That said, in the optimistic scenario where future experiments detect r, the question of whether
a combined inference on ns and r will be sufficient to discriminate between competing models
remains open. On the one hand, we expect these experiments to significantly narrow down
the region in the (ns, r) plane where all inflationary models should lie compared to what we
can currently infer from the analysis of Planck and BICEP/Keck data. Therefore, given the
differences surrounding the predictions of the different models observed in Figure 4.8, one might
be tempted to conclude that future data can eventually help discriminate between Starobinsky
and scale-invariant inflation. While this is in part true, it is important to note that predictions
in this plane crucially depend on the value of ξ. Assuming that large values of ξ are realized in
Nature, we note that the differences in ns between these two models can be at most as large as
∆ns ∼ 0.006 when r ∼ 0.0032. Although these differences could be significant when compared to
the sensitivities to ns mentioned above, it should be noted that in the more realistic case where ξ
approaches small values, the differences become much smaller for higher values of the amplitude
of tensor modes. In general, even within a very optimistic setup, these differences never exceed
2−3 times the forecasted observational uncertainties. In light of these considerations, it appears
quite unlikely that future data will provide conclusive evidence in favor of one model over the
other at a high level of statistical significance.
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4.6 Summary
In this chapter, we studied first-order cosmological perturbations of the scale-invariant model
introduced in Chapter 3, with the primary goal of numerically constraining its parameter space
using current observational data. To assess the role of the Goldstone boson χ associated with scale
symmetry at the level of linear perturbations, we adopted a fully multifield approach to cosmological
perturbation theory, which consistently captures effects that would be overlooked in a single-field
description.

In Sec. 4.1, we introduced the general formalism for perturbations in multifield inflation and
employed the decomposition of field perturbations into components tangential and orthogonal to the
background trajectory. This decomposition provides a clear physical interpretation of adiabatic and
entropy perturbations and allows one to transparently track their coupling and evolution.

In Sec. 4.2, we specialized the formalism to the EF description of the scale-invariant model, working
in the (ρ, χ) field representation. We extended the set of gauge-invariant variables introduced in
Chapter 1 to the multifield case by defining the isocurvature perturbation, Eq. (4.36), and explicitly
relating it to the super-horizon evolution of the comoving curvature perturbation R.

We then clarified the origin of an apparent tachyonic instability associated with entropy
perturbations. We showed that, although the effective mass squared of the entropy mode is negative
throughout inflation in the (ρ, χ) representation, this does not correspond to a physical instability.
By comparing different field parametrizations and exploiting the constraint imposed by Noether
current conservation, we demonstrated that entropy perturbations vanish once the dynamics are
correctly restricted to the physical subspace. The apparent tachyonic growth is therefore a spurious,
variable-dependent effect, and perturbations remain purely adiabatic, consistent with the effective
single-field nature of the background evolution.

We subsequently investigated the observational implications of the perturbation dynamics,
computing the scalar and tensor power spectra within the slow-roll approximation. By employing the
transfer matrix formalism, we showed that isocurvature modes do not source curvature perturbations
on super-horizon scales. As a further step, in Sec. 4.3 we analyzed primordial non-Gaussianities,
focusing on the squeezed configuration, and found that the predictions coincide with those of
single-field slow-roll inflation.

In Sec. 4.4, guided by the analytical results, we performed a full numerical analysis of the
background and perturbation equations. Using the sampling algorithm introduced in [197], we
explored a wide region of parameter space and identified the subset compatible with observations.
We showed that the inflationary predictions are largely insensitive to the initial conditions of the
scalar fields, reflecting the attractor nature of the inflationary trajectory and the predictive power of
scale-invariant theories. Moreover, we identified a robust lower bound on the tensor-to-scalar ratio,
r > 0.00332, which constitutes a characteristic prediction of the model and provides a potentially
testable observational signature.

Finally, in Sec. 4.5, we compared the predictions of the scale-invariant model with those of
Starobinsky inflation and α-attractor models. While a direct comparison with α-attractors is hindered
by the broader posterior distributions resulting from marginalization over the parameter α, we showed
that the Starobinsky predictions are smoothly recovered in the limit ξ → 0. We concluded by discussing
how future observations may discriminate between the two frameworks, which display an overall
opposite correlation pattern in the (ns, r) plane, as illustrated in Fig. 4.8 (left panel).
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Chapter 5

Magnetic field generation in
scale-invariant inflation

The Universe appears to be magnetized on all scales explored so far. Galaxies and galaxy clusters
host magnetic fields of order µG, coherent over scales reaching up to tens of kiloparsecs. In addition,
there exists compelling, albeit indirect, evidence for magnetic fields of order nG permeating cosmic
voids and the intergalactic medium (IGM). A particularly intriguing possibility is that these observed
fields are relics of the primordial Universe, generated during inflation. However, in an exponentially
expanding spacetime, quantum vector perturbations cannot be amplified as long as electromagnetic
(EM) conformal invariance is preserved. Consequently, successful inflationary magnetogenesis requires
a mechanism that breaks this symmetry. One such possibility is to introduce a time-dependent coupling
I(t) into the EM action. As originally proposed by Ratra, this time dependence may naturally arise
from the nontrivial dynamics of a scalar degree of freedom during inflation.

In this chapter, we investigate the generation of primordial magnetic fields (PMFs) within the
scale-invariant inflationary framework introduced in the previous chapters.

5.1 Magnetic fields in the Universe: state of the art

The presence of magnetic fields in the Universe has been firmly established for more than a century,
starting from the detection of Zeeman splitting in solar sunspots [261] and later extending to
astrophysical systems well beyond the Milky Way. With the development of radio astronomy in
the second half of the twentieth century, it became clear that magnetic fields are ubiquitous: the
non-thermal radio emission observed in galaxies and clusters is a direct manifestation of synchrotron
radiation from relativistic electrons spiralling in large-scale magnetic fields.

At galactic scales, magnetic fields are routinely measured through a combination of synchrotron
emission, Faraday rotation of polarized radio sources, and, in limited cases, Zeeman splitting [262, 263].
Typical field strengths in spiral galaxies are of order a few to several µG, with ordered components
extending over kiloparsec scales, comparable with the galactic size [264]. Active galaxies can eject jets
of magnetized material into galaxy clusters, where similar magnetic field strengths are observed. It
is therefore a common understanding that all the existing clusters are magnetized at the µG-level.
For example, observations on a large number of Abell clusters have obtained a central magnetic field
strength of B0 = 5.5µG which decreases with increasing radius roughly following the gas density [265].
Interestingly, observations of galaxies and clusters at redshifts z ≳ 1 indicate that magnetic fields of
comparable strength were already in place when the Universe was significantly younger [266, 267].

Despite this observational progress, measuring magnetic fields becomes increasingly challenging
outside dense astrophysical environments. Most observational tracers rely on the presence of relativistic
charged particles or thermal electrons, making them intrinsically biased toward galaxies and clusters.
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In particular, both synchrotron emission and Faraday rotation depend on poorly constrained electron
densities and path lengths, whereas Zeeman splitting becomes rapidly unobservable beyond the Milky
Way due to the weakness of the signal. These limitations are most severe in the IGM, where magnetic
fields are expected to be extremely weak – typically in the nG or sub-nG range – and relativistic
particle densities are very low.

As a result, direct detections of intergalactic magnetic fields (IGMFs) are currently out of reach,
and existing constraints are primarily statistical and model-dependent. Apart from very general
considerations, their coherence length LB has not been constrained by any analysis until very recently,
when somewhat weak bounds were obtained based on observations of the neutrino-emitting blazar TXS
0506+056, LB ∼ 10 kpc – 300 Mpc [268].

Given the distance scales involved in typical IGM studies, only the large-scale distribution of
magnetic fields is relevant. Clusters of galaxies fill ≲ 10−3 of the Universe’s volume,1 so their magnetic
field is effectively negligible when we consider the propagation of particles over macroscopic scales.
Cosmic filaments, whose magnetic fields are B ∼ 0.1–10 nG [270, 271], compose the cosmic web and
are believed to have filling factors of 10−3–10−1. On the other hand, cosmic voids, with a filling factor
of ≳ 10−1, are, to first order, the dominant component that determines how particles propagate over
cosmological baselines [272].

According to a well-established paradigm, supported by numerical magnetohydrodynamics (MHD)
simulations, magnetic fields up to galactic scales are the result of dynamo amplification of pre-existing
seed fields and flux-conserving compression during gravitational collapse concurrent with structure
formation [33, 273, 274]. On the other hand, an astrophysical process behind the magnetization of
some clusters of galaxies could be, in principle, justified with an interplay between galactic dynamo
and outflows [275]. However, all of these astrophysical mechanisms operating in the post-recombination
epoch could hardly explain the observed magnetic fields in high z galaxies, which have undergone fewer
turns than the oldest galaxies [275–277], or even potential magnetic fields in the cosmic voids. Even
assuming that successful amplification can be achieved at all scales, the origin of the seed field, called
magnetogenesis, remains a mystery that has sparked interest among the scientific community for over
forty years [278]. For detailed reviews on magnetogenesis, see, e.g., [262, 274, 275, 279].

5.1.1 Origin of magnetic fields

We can broadly identify two classes of magnetogenesis scenarios: in astrophysical scenarios, weak seed
magnetic fields emerge via local astrophysical processes, such as a battery effect, and are subsequently
amplified by dynamo mechanisms. In cosmological scenarios, strong seed magnetic fields were created
during the early Universe and later decayed to their present state.

In the following, we will outline – without any claim to completeness – possible mechanisms
belonging to each class. Although this classification is convenient for presentation purposes, realistic
scenarios likely involve a combination of both astrophysical and cosmological processes. Our focus
will be on the generation of the initial seed fields rather than on their subsequent amplification. The
dynamo mechanism is assumed to operate efficiently, whereby turbulent motions and large-scale shear
exponentially amplify pre-existing magnetic fields and sustain them against dissipative effects; see, for
instance, [273].

Astrophysical origin

Biermann battery: Originally proposed by Biermann to explain stellar magnetic fields [280], the battery
effect has long been considered a natural mechanism for generating primordial magnetic seeds in the

1We refer to the volume filling factor of different components of the IGM [269].
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late Universe, later amplified by dynamo processes. Cosmic battery mechanisms rely on the fact that
electrons and ions respond differently to forces in an ionized, charge-neutral plasma, thereby generating
electric fields in the presence of pressure gradients. When density and temperature gradients are
misaligned, these electric fields cannot maintain electrostatic equilibrium and source magnetic fields
by Faraday’s induction law [281]. Before reionization, this process produces exceedingly weak fields in
the intergalactic space B ≲ 10−15 nG [282]. In protogalaxies, these fields can reach B ∼ 10−13–10−8 nG
[262].

Galaxy outflows: Galaxies themselves are a plausible source of IGMFs, as they release matter and
energy into intergalactic space via galactic outflows. Such outflows are typically attributed to stellar
processes, notably magnetized winds and cosmic rays [283–285].

Cosmic-rays return currents: Cosmic rays escaping from galaxies can also induce a charge imbalance
resulting in electric fields and, in a second stage, return currents. These return currents can seed
magnetic fields on sufficiently large scales [286].

Photoionization during reionization: During the reionization era, high-energy photons escaping from
Population III stars, protogalaxies, and quasars propagate into the initially neutral IGM. The
resulting photoionization generates radial currents and electric fields, which induce magnetic fields
with strengths B ∼ 10−16–10−11 nG on scales between 1 kpc and 10 Mpc [287].

Primordial origin

First-order phase transitions: During a first-order phase transition, the order parameter may initially
become trapped in a false vacuum expectation value corresponding to the symmetric phase [288].
Subsequently, vacuum or thermal fluctuations can locally trigger the transition to the true vacuum
in the broken phase, leading to the nucleation of small bubbles. The vacuum energy released in this
process drives the expansion of these bubbles, which grow and eventually collide until the new phase
fills the entire volume [289, 290].

Magnetic fields can be generated during the highly nonlinear dynamics associated with bubble
expansion and collisions. In particular, an initial seed field may arise via a battery mechanism,
in which charge separation near shock fronts generates electric fields. This seed field can then be
further amplified by a turbulent small-scale dynamo. Bubble collisions naturally provide the required
turbulence, as the free energy released during the transition from the false to the true vacuum is
converted into turbulent kinetic energy [274].

Assuming that a first-order phase transition takes place in the early Universe,2 the coherence
length of the generated magnetic field, LB, is expected to be of the same order as the largest bubble
size before collision. This scale can be parametrized as a fraction fc of the Hubble radius dH at the
time of the transition. During radiation domination [295],

H−1 = 2t = 4.8
g

1/2
∗

(
T

MeV

)−2
s (5.1)

2In the SM, the EW phase transition is not first order for the experimentally measured Higgs mass; instead, it is a
smooth crossover. However, many theories beyond the SM can accommodate a first-order EW phase transition, see, e.g.,
[291]. Also, the quantum chromodynamics (QCD) phase transition in the early Universe is believed to be a crossover:
lattice calculations have shown that this is the case for large temperatures and low values of the baryon chemical potential
µB [292], which are the conditions one expects in the early Universe. However, if the lepton chemical potential (say in
neutrinos) is sufficiently large, but within cosmologically allowed values, the QCD phase could in principle be first order
[293]. Note, however, that more recent results [294] place an upper bound on µB in the presence of flavor asymmetric
lepton asymmetries, essentially ruling out the possibility of a first-order QCD phase transition.
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with g∗ the number of effective relativistic degrees of freedom. For the EW phase transition (g∗ ∼
100, T ∼ 100 GeV) and the QCD phase transition (g∗ ∼ 60, T ∼ 150 MeV), the corresponding comoving
coherence scale is

LEW
c = LB/a ∼ 6 × 10−4 fc pc, LQCD

c ∼ 0.3fc pc, (5.2)

respectively. In both scenarios, the resulting coherence scales are much smaller than typical coherence
scales observed in galaxies and clusters of galaxies. Exceptions can arise when helicity is generated as
well: in this case, dynamical mechanisms such as an inverse cascade can increase the field’s coherence
length [296]. Under suitable conditions, fields with strengths of 10−10 G can be generated over scales
of ∼ 10 kpc [274].

Higgs field gradients: Magnetic fields may also be generated during second-order phase transitions,
which proceed smoothly in the order parameter. In the EW case, spatial variations in the Higgs
vacuum expectation value lead to the formation of domains with SU(2) and U(1)Y phase gradients,
which directly source magnetic fields, as proposed by Vachaspati in [297]. The field strength can be
estimated at the Ginzburg temperature TG, below which vacuum domains become stable; for the EW
transition TG ≃ TEW [275]. This yields B(ℓb) ∼ 1022 G on the domain scale ℓb ∼ 0.3 cm, which, after
averaging over uncorrelated domains, corresponds to a present-day field B0(1 Mpc) ∼ 10−21 G [274].

Inflationary production: Unlike phase transitions, inflation can naturally provide macroscopically large
coherence lengths for the generated magnetic fields: as in the case of primordial scalar and tensor
perturbations, quantum vacuum fluctuations of the gauge field could have been amplified and converted
into observable EM fields. However, as anticipated in Chapter 1, EM conformal invariance prevents
the magnetic fields from amplification in a conformally flat gravitational field (like a spatially flat
FLRW background), washing out its amplitude as B ∼ a−2 [298].

Therefore, inflationary magnetogenesis requires a breaking of conformal symmetry in the EM
sector [299].3 Since mechanisms that violate gauge invariance are known to bring ghost instabilities
[305], most of the attention has been devoted to gauge-invariant models of magnetogenesis. After the
pioneering work of Turner and Widrow [299], many authors investigated different possibilities to break
EM conformal invariance, see, e.g., [277, 279, 306–312]. Schematically, the various contributions to the
modified EM action can be written as

S =
∫

d4x
√−g b(t)

[
−f2(ϕ,R)

16π FµνF
µν + gθFµνF̃

µν − ∇µψ (∇µψ)∗
]
, (5.3)

including coupling of the EM action to a scalar field ϕ (like the inflaton or the dilaton), to curvature
invariants, to the evolution of an extra-dimensional scale factor b(t), coupling to a pseudo-scalar field
θ (like the axion), having charged scalar fields ψ and so on.

Once EM conformal invariance is broken, EM vacuum fluctuations are amplified from sub-Hubble
to super-Hubble scales; after the end of inflation, the Universe reheats, leading to the production of
charged particles and increasing plasma conductivity. At this point, the electric field E is shorted
out, while the magnetic field B of the EM wave gets frozen in. Since during inflation the scale factor
increases (almost) exponentially, any generated magnetic field scaling, for instance, as B ∼ 1/aϵ, is
exponentially sensitive to any parameter of the model which affects ϵ. For this reason, even in the
simplest models, the resulting field-strength estimates range from 10−65 to 10−9 G [312].

3As a remark, this conclusion holds only in a spatially flat FLRW Universe. When, instead, an open geometry is
considered, the FLRW spacetime is conformally flat only locally, and it was argued [300, 301] that it could lead to a
slowing down of the adiabatic decay rate of magnetic fields. However, as extensively discussed in [302–304], the resulting
magnetic field amplitude is unlikely to be of astrophysical significance.
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As a byproduct, the presence of PMFs could have important consequences in the physics of the early
Universe, addressing some open issues of cosmology. For example, if helical PMFs are generated before
the EW crossover, they could automatically generate the observed matter-antimatter asymmetry,
without the need to invoke any physics beyond the SM [313–315]. We will explore this possibility in
Sec. 5.3.3. Moreover, it was shown that PMFs present in the primordial plasma before recombination
could relieve the Hubble tension [316, 317]. Notably, the magnetic field strength necessary to alleviate
the Hubble tension is of the same order as that needed to explain cluster magnetic fields without
dynamo amplification. The presence of PMFs also affects BBN, and could potentially address the
cosmological lithium problem [318].

5.1.2 Statistical observables

Stochastic magnetic fields can be characterized by many observable quantities corresponding to
different statistical averages. In this section, we clarify their definitions and the corresponding
observational interpretation. In the previous sections, we have often referred to the magnetic field
strength B, which should be interpreted as the average magnetic field strength. It is important not
to confuse this with the mean of B, since on cosmological scales ⟨Bi⟩ = 0 for each component i, in
particular for a Gaussian distribution, see Sec. 4.3. The important quantity in physical space is then
the root mean square of the magnetic field [272],

B2(t) ≡ 1
V

∫
V

d3xBi(t,x)Bi(t,x), (5.4)

where V is the considered volume. Another important quantity is the magnetic helicity, defined as

HB(t) =
∫
V

d3xAi(t,x)Bi(t,x), (5.5)

where Ai(t,x) is the vector potential. Magnetic helicity is directly related to the magnetic field’s
topology, specifically whether it is on average left- or right-handed. Note that HB as defined above is
well-defined, since it is gauge-invariant for a vanishing normal magnetic field component everywhere
at the boundary of V . Magnetic helicity is conserved in ideal MHD and plays a crucial role in the
evolution of the magnetic field, as we discuss below. In passing, it is well possible that PMF are helical,
as first considered by Vachaspati in [319].

In close analogy with the definitions introduced in Chapter 1, we introduce the spectral properties
of the magnetic field. Introducing its Fourier transform Bi(t,k) following the standard convention
introduced in Eq. (1.40), we define its equal-time two-point correlation function as

⟨Bi(t,k)Bj(t,k′)⟩ ≡ (2π)3
(
δij − k̂ik̂j

)
δ3(k + k′)PB(t, k), (5.6)

where we have assumed statistical homogeneity and isotropy. In complete analogy to the notations
introduced for cosmological perturbations in Sec. 1.4.4, we define the power spectrum as

PB(t, k) ≡ 2π2

k3 PB(t, k). (5.7)

In the following section, we will adapt this notation to the general formalism of electrodynamics
in curved spacetime and explicitly link the two-point correlation function with the magnetic energy
density. We can parametrize the power spectrum by a power law as done for the scalar and tensor
power spectra, PB ∝ knB . It is typically assumed that small-scale (large k) IGMFs have a red-tilted
power spectrum: common choices based on dimensional considerations are a Kolmogorov spectrum
(nB = −2/3) or an Iroshnikov/Kraichnan spectrum (nB = −1/2). On the other hand, at large scales
one expects a Batchelor spectrum (nB = 5) if the magnetic field is generated by a causal process [320]
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after horizon entry – for example, a phase transition – and a flat spectrum (nB = 0) if the magnetic
field is generated during inflation [321].

To conclude, we introduce the correlation length as

Lc ≡ 2π
∫

d ln kPB(k)/k∫
d ln kPB(k) , (5.8)

which characterizes the typical comoving scale over which the magnetic field is correlated, or, once
nonlinear MHD effects become important, the average size of the eddies of the magnetic field [272].

5.1.3 Observational constraints on intergalactic magnetic fields

The considerable relevance of PMFs for addressing key open problems across multiple research
communities has motivated extensive ongoing efforts to detect them. However, the only environments
in the present-day Universe where such fields are expected to retain their primordial characteristics
are the voids of the LSS. In other regions, the imprint of PMFs is likely to be significantly altered
by late-time astrophysical processes, such as cosmic dynamo amplification. These highly nonlinear
plasma processes make it effectively impossible to reconstruct the initial magnetic field conditions
before structure formation, thereby leaving magnetic fields in cosmic voids as the only pristine probe
of cosmic magnetogenesis.

In the following, we summarize the main observational probes for IGMFs and the associated
constraints on the physical magnetic field strength B and correlation length LB.

• Hubble radius There is no formal upper limit on the possible correlation length of IGMFs.
If generated during inflation, it might be even coherent on scales larger than the size of the
visible part of the Universe. However, we can never observe correlations on scales larger than the
present Hubble scale. In Figure 5.1, we indicate the bound corresponding to LB < H−1

0 . A field
with correlations scale larger than the present Hubble scale would be perceived as a constant
field throughout the Universe [279].

• Magnetic diffusion Since IGMFs decay due to magnetic diffusion, there is a lower bound on
LB given by the length scale associated with their decay time, LB > λdiff ∼ 2 × 1013 cm [322].

• Zeeman splitting An upper bound on the magnetic field can be found from the measurements
of Zeeman splitting of the 21 cm absorption line in the spectra of distant quasars, which are
used to infer galactic magnetic fields. Measurements of ∼ µG galactic magnetic fields via the
Zeeman splitting technique rule out the possibility of stronger IGMFs [322].

• Faraday rotation Faraday rotation is the wavelength-dependent rotation of the polarization
plane of EM radiation as it propagates through a magnetized plasma. The rotation measure
observed from the polarized radio emission from quasars and other extragalactic sources receives
contributions from the source environment, the IGM, and the Milky Way. By performing a
statistical analysis of the rotation-measure data and disentangling these components, one can
isolate the contribution of the IGM and thus infer upper limits on B, which generally depend
on LB. In Figure 5.1, we adopt the bound reported in [322].

Since we will focus on mechanisms of primordial magnetogenesis, there are some additional bounds
derived by assuming the presence of PMFs, namely

• MHD turbulence A theoretical approach is to consider a given magnetogenesis model and
derive the corresponding limits on the initial B and LB, and then calculate their time evolution
via freely-decaying MHD turbulence up to the present day. In this way, we can identify a region
in the (LB, B) plane where turbulence erases the field. We consider the bound derived in [279].
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• CMB anisotropies Since a PMF contributes to the energy-momentum tensor of the cosmic
plasma, it would act as an additional source of scalar, vector, and tensor perturbations. Assuming,
for example, a homogeneous PMF throughout the Universe, we can compute the corresponding
CMB anisotropies and compare them against observations. In Figure 5.1, we plot the Planck
2015 bound for a scale-invariant magnetic power spectrum (nB = 0), which is independent of the
coherence length [323]. Jedamzik and Saveliev derived the strongest bound on IGMFs from CMB
observations in [324], considering the change in the recombination process via PMF-induced
density fluctuations: these induced inhomogeneities lead to an inhomogeneous recombination
process that alters the peak structure of the CMB spectrum. In this way, the stringent bound
B ≲ 50 pG for nB = 0 is derived.

Recent advances in gamma-ray astronomy have opened a promising avenue for probing extremely
weak magnetic fields in the IGM. This observational constraint is, to date, the main motivation for
primordial magnetogenesis.

• Gamma ray observations Very high energy gamma rays in the TeV range emitted by distant
sources (such as blazars) can interact with low-energy photons of the extragalactic background
light, producing highly relativistic electron-positron pairs. These pairs subsequently inverse-
Compton scatter CMB photons, generating secondary gamma rays in the GeV energy range.
In the absence of magnetic fields, this cascade emission would be expected to appear as a GeV
counterpart spatially associated with the original TeV source. However, in several cases where
TeV emission is observed, the corresponding GeV cascade is not detected. As first proposed by
Neronov and Vovk [325], this discrepancy can be explained by the presence of weak IGMFs, which
deflect the electron-positron pairs. As a result, the surface brightness of the cascade emission
may fall below the detection threshold of gamma-ray telescopes. The absence of a detectable
GeV cascade has therefore been used to place lower limits on the strength of IGMFs. See also
[279] for a review.
The first constraint derived in [325] uses observations by Fermi-LAT and IACTs of three blazars,
suggesting B ≳ 10−16.5 G for LB ≳ 1 Mpc and BL

1/2
B ≳ 10−16.5 G Mpc1/2 for LB ≪ 1 Mpc.

Following this seminal work, which was the first to firmly exclude B = 0, much attention has
been devoted to this topic, new objects were used in the analyses, and other observables were
introduced. The Fermi-LAT collaboration [326] compiled a catalog of sources and performed a
detailed analysis, including the time variability of the source. In Figure 5.1 we quote one of the
tightest lower bounds derived in this work, assuming a source stability over 107 yrs.4 See [272]
for a recent review on the observational bounds on the gamma-ray window.
As a final remark, non-vanishing parity-odd correlators of gamma ray arrival directions observed
by Fermi-LAT suggest that IGMFs are helical [327–329].

Following the most recent bounds derived from gamma-ray observations, it is a common understanding
that cosmic voids are magnetized at the level of at least 10−17 G on Mpc scales. In light of the
discussion of astrophysical and cosmological mechanisms of magnetogenesis presented in Sec. 5.1.1, we
can argue that astrophysical mechanisms that inject magnetic energy via galaxies and active galactic
nuclei typically result in a more patchy, source-dependent distribution of the IGMF, as opposed to
primordial scenarios. This fact was further confirmed through extensive MHD simulations comparing
the two families of models, finding also that primordial seeding tends to produce larger filling fractions
than late, purely astrophysical seeding.

4We consider the more conservative bound obtained after removing the sources 1ES 0229-200 and 1ES 1218+304,
since there are indications that they could be variable, see [272] for a detailed analysis.
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Figure 5.1: Schematic overview of the main observational constraints on the amplitude and correlation length
of IGMFs, as discussed in Sec. 5.1.3. Colored regions are excluded by different observables. The lower and
upper bounds on LB arise from magnetic diffusion and the Hubble radius, respectively [322]. Upper limits on
the magnetic field amplitude are set by Zeeman splitting and Faraday rotation measurements of extragalactic
sources [322, 279]. The yellow region is excluded by freely decaying MHD turbulence in the early Universe; we
adopt the bound presented in [279]. Additional cosmological constraints are provided by CMB observations: we
show the Planck 2015 bound for scale-invariant magnetic fields from [323], together with the currently strongest
limit from recombination derived by Jedamzik and Saveliev [324], labeled as JS19. Finally, lower bounds on the
magnetic field amplitude are inferred from the non-observation of secondary GeV gamma-ray emission from TeV
blazars. We indicate in green the first bound derived in [325], as well as one of the most stringent constraints
obtained by the Fermi-LAT collaboration [326].

A recent analysis presented in [330] has shown that the ensemble of galactic magnetic dipole – assuming
a quadrupolar dynamo field within galaxies that transitions to a dipolar configuration in their halos –
can by itself generate space-filling magnetic fields in cosmic voids at the pG level. Remarkably, these
fields are sufficient to account for the blazar observations, even in the absence of galactic outflows or
turbulent processes. This result would downplay the motivation for searching for primordial generation
mechanisms; however, it has been later shown in [331] that, once the assumption that the IGM can be
modeled as a vacuum with a static superposition of galactic dipoles is corrected, the diffusion process
is too slow to account for the observed magnetic fields. The authors of [331] therefore conclude that a
primordial origin remains the most natural explanation for the space-filling weak fields in voids.

A clear proof of the existence of void fields would be the observation of GeV halos around TeV
blazars, which would allow for a direct measurement of the void field strength, and simultaneously rule
out alternative interpretations of the missing GeV observations [332]. Complementary to gamma-ray
observations, a promising venue to firmly establish the presence of PMFs is the Silk-damping tail of
CMB anisotropies, where there are likely differences between ΛCDM and bΛCDM, the latter including
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the effect of PMF-enhanced recombination, see [317]. In addition, constraints may come from future
direct measurements of H0 and BAO surveys. If PMFs originate during inflation, their effect on small
scales could be present in the Lyman-α forest, as detailed in [333]. Another potential observational
signature of PMFs is the gravitational waves they source in the early Universe. As shown in [334],
the stochastic background of gravitational waves observed by pulsar timing arrays [335–339] could be
interpreted in terms of non-helical PMFs at the QCD energy scale.

5.2 Helical magnetic fields from a broken-power-law coupling
Following the work of Ratra [306], a common way to break conformal invariance in the EM sector is to
introduce a coupling ∝ I2(ϕ)FµνFµν , with ϕ evolving during inflation. However, this class of models
suffers from significant drawbacks, in particular:

• The amplification mechanism required to generate sizable primordial magnetic fields typically
leads to a rapid growth of the EM energy density during inflation. If this energy density becomes
comparable to, or larger than, the inflationary energy density driving the expansion of the
Universe, it can significantly alter the background dynamics, spoil slow-roll conditions, or even
prematurely end inflation [340]. This is commonly referred to as backreaction problem and,
broadly speaking, arises when the coupling function I monotonically decreases with the scale
factor.
As a remark, the backreaction problem is often associated with the IR divergence of the electric
energy density, rather than the magnetic one.

• As pointed out in [340], a potential theoretical issue arises from the interpretation of the coupling
function I(ϕ) as an inverse coupling “constant” for the vector field. If I becomes small during
inflation, the effective coupling of the EM field grows large, potentially driving the theory into
an uncontrollable strong-coupling regime. To avoid this strong-coupling problem, it is therefore
typically required that I(ϕ) ≫ 1 throughout the inflationary phase.
If one further demands that EM conformal invariance be restored at the end of inflation, such
that If = 1, the strong-coupling problem can be directly associated with any monotonically
increasing behavior of I during inflation.

• As mentioned previously, the EM fields generated during inflation source additional scalar,
vector, and tensor perturbations. One should be concerned that the newly sourced perturbations
are consistent with CMB bounds.

Motivated by the above reasons, many extensions to the Ratra model have been considered. Ferreira
et al. proposed in [341, 342] to introduce the onset of the evolution of I(ϕ) during observable inflation,
which acts as an IR cutoff to the electric energy density. Other works have proposed extending the
evolution of I(ϕ) beyond the end of inflation, resulting in further amplification of the magnetic field
[343]. In these scenarios, a present-day magnetic field strength of B0 ∼ 10−15 G can be attained. It is
worth noting that when magnetogenesis is extended beyond inflation, the effect of electric conductivity
σc can no longer be neglected: if σc is large, as it happens after reheating, the electric field vanishes,
and the magnetic field is frozen, thus it becomes difficult to produce sizable EM fields [321].

Another possible venue is to model I as a non-monotonic function of the scale factor, which seems
the only way to avoid both the backreaction and strong coupling problems at the same time. In
general, this comes at the price of significantly lowering the energy scale of inflation or the reheating
temperature, depending on the model, resulting in lower magnetic field amplitudes [344, 345].

Moreover, in all the above cases non-helical magnetic fields are generated, which seem to be in
tension with the Fermi-LAT observations outlined in Sec. 5.1.3. This motivation brings to another
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possible scenario of magnetogenesis, first considered by Anber and Sorbo in [346] and motivated by
axion inflation. Considering a Lagrangian density of the form L ∝ −FµνFµν − gϕγϕFµνF̃

µν , with
ϕ a pseudoscalar field evolving during inflation and gϕγ its coupling to photons, the Chern–Simons
interaction term ϕFµνF̃

µν breaks parity and CP invariance and leads to a tachyonic instability that
selectively amplifies one circular polarization of the gauge field. As a consequence, the produced EM
field acquires a net helicity. Even though numerical analyses indicate that the value of B0 that can
be attained during axion inflation is too small to explain the IGMF bounds [347], we should mention
a remarkable feature of helical magnetic fields. Once the thermal plasma is formed during reheating,
helical magnetic fields undergo a turbulent process called inverse cascade, which shifts their peak
correlation scales from smaller to larger scales [348–350]. In this way, larger coherence scales compatible
with IGM bounds could be obtained. We will detail the inverse cascade evolution in Sec. 5.2.4.

These results have motivated the study of a mixed axion-Ratra model of magnetogenesis, first
presented by Caprini and Sorbo in [351], further investigated in [352], and generalized in [353]. This
hybrid model contains both couplings, i.e. ∝ I2(t)FµνFµν and ∝ I2(t)FµνF̃µν , where I is a monotonic
decreasing function during inflation. It can generate a blue-tilted magnetic field with B0 ≲ 10−21 G at
Mpc scales, provided the energy scale of inflation is significantly lowered from its upper bound derived
from Planck.

In the following, we present and critically revisit the model originally introduced in [9], extending
and refining the analysis in light of a more careful treatment of several theoretical and computational
aspects. The model generalizes the hybrid axion-Ratra framework by allowing for a non-monotonic
coupling function I(t) featuring a sharp transition during inflation.

The function I is modeled as a (broken) power law of the scale factor, which represents the most
natural and analytically tractable choice. In this setup, I /= 1 only during inflation, so that EM
conformal invariance is broken exclusively in this phase. The strong-coupling problem is avoided by
imposing I > 1 throughout inflation. At the same time, the characteristic broken-power-law behavior
of I generally alleviates the backreaction problem. As a result, efficient magnetogenesis can occur
even at intermediate and high inflationary energy scales, leading to larger magnetic field amplitudes.
Furthermore, the model predicts macroscopic correlation lengths, since the inverse cascade mechanism
plays a significant role in the post-inflationary evolution of fully helical magnetic fields.

Other works studied the generation of helical magnetic fields with a non-monotonic coupling I
[321, 354], but, to our knowledge, this has been done only in the context of a mixed inflation-reheating
magnetogenesis. The results presented in this section consider a purely inflationary mechanism of
magnetogenesis, and are derived without assuming a particular inflationary model. In Sec. 5.3, we will
apply the model to the scale-invariant inflationary background described in the previous chapters.

5.2.1 Setup of the model

We consider the following action

S = − 1
16π

∫
d4x

√−g I2(ϕ)
(
FµνF

µν − γFµνF̃
µν
)

+
∫

d4x
√−gLϕ, (5.9)

where the time dependence of the Ratra-like coupling I2(t) is assumed to originate from the inflationary
evolution of ϕ, which is treated here as a generic scalar field. Moreover, Fµν = ∂µAν −∂νAµ is the field
strength of a U(1) gauge field and F̃µν = (1/2)ϵµναβFαβ is its dual with the totally antisymmetric
tensor ϵµναβ defined as ϵµναβ = 1/√−g ηµναβ ; ηµναβ is the Levi-Civita symbol with values ±1, and γ
is a positive dimensionless constant.

Note that we have not included a source term of the form jµAµ, since the density of free electric
charges during inflation is assumed to be negligible. This assumption is well justified, as the inflationary
expansion exponentially dilutes any pre-existing charged particles, and no significant charge production
is expected during this phase.
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Importantly, the gauge field is treated as a test field, so that its energy density and stress-energy tensor
are assumed not to affect either the scalar field dynamics or the background spacetime geometry. This
assumption, which considerably simplifies the analytical treatment of the model, will be explicitly
checked a posteriori through a detailed backreaction analysis in Sec. 5.3, under the assumption that
inflation is well described by the scale-invariant framework developed in the previous chapters.5

For the purposes of the present section, we do not impose any specific assumption on the evolution
of the scalar field encoded in Lϕ, and hence on the detailed inflationary dynamics.6 The derivation
of the EM spectra therefore follows the standard treatment of electrodynamics in curved spacetime,
and we shall limit ourselves to reporting the key results relevant for our analysis (see [274, 312] for
comprehensive reviews).

To generalize electrodynamics to an FLRW background, we introduce a family of fundamental
observers identified by their four-velocity

uµ =
(1
a
, 0, 0, 0

)
, uµu

µ = −1, (5.10)

who measure the EM field. The physical components of the EM field are described relative to a locally
inertial frame around the fundamental observer. It is therefore customary to introduce a set of four
orthonormal vectors e(a) (a = 0, 1, 2, 3) (tetrad) which identify such a frame: gµνeµ(a)e

ν
(b) = ηab. One

possible choice is
eµ(0) = δµ0 , eµi = 1

a
δµi , i = 1, 2, 3. (5.11)

It can be verified that the tetrad (5.11) is parallel-transported by the fundamental observer along its
own geodesics: uµeα(a);µ = 0. Laboratory measurements of the EM field are thus naturally interpreted
as the ones referred to this coordinate system. For this reason, we will refer to the physical magnetic
field components as the following projections along the tetrad

B̄a = Bµe(a)
µ −→ B̄0 = 0, B̄i = a(t)Bi (i = 1, 2, 3). (5.12)

We define the spatial components of the electric and magnetic fields (their time component is vanishing
since they are purely spatial vectors for the fundamental observer) in terms of the vector potential as

Ei = −1
a
A′
i, Bi = 1

a
ϵijk∂jAk, (5.13)

where a prime denotes derivative with respect to conformal time τ , defined in Eq. (1.2). Unless
otherwise stated, we will adopt the conformal time in this analysis.

To proceed with EM field quantization, we fix the gauge freedom by adopting the Coulomb gauge,
A0 = ∂iA

i = 0, and then impose canonical commutation relations between the gauge field Ai and its
conjugate momentum. Moving to Fourier space, we can decompose the vector potential in terms of
creation and annihilation operators, b†

λ(k) and bλ(k), as

Ai(τ,x) =
√

4π
∫

d3k

(2π)3

∑
λ=±

εiλ(k)
[
bλ(k)Aλ(τ, k)eik·x + b†

λ(k)A∗
λ(τ, k)e−ik·x

]
, (5.14)

where k as the comoving wave vector, related as k = akph to the physical wave vector kph. εiλ is
the helicity vector associated to the helicity state λ = ± [351, 352]. The creation and annihilation
operators obey the usual commutation relations,

[
bλ(k), b†

σ(k′)
]

= (2π)3δ(k − k′)δλσ.

5Given that the dynamics effectively reduce to a single-field inflationary description, as shown in Chapter 3 and
Chapter 4, this assumption can be regarded as conservative.

6We only assume the rather general condition of an approximately de Sitter expansion.
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Variations of (5.9) with respect to Aµ lead to the Maxwell equations in a spatially flat FLRW
spacetime with the coupling I(τ). In Fourier space, these are

A′′
±(τ, k) +

(
k2 ± 2γkI

′

I
− I ′′

I

)
A±(τ, k) = 0, (5.15)

where we have introduced the canonically normalized field A ≡ I(τ)A(τ, k). From now on, we will
refer to the positive (negative) helicity state as the one corresponding to the upper (lower) sign in
Eq. (5.15). The non-helical case is recovered by setting γ = 0. Solutions to (5.15) can be found
under specific assumptions on the coupling function I(τ). A monotonic coupling of the scale factor
I(τ) ∼ an was considered in [351], showing that with γ ∼ O(10) magnetic fields compatible with IGM
lower bounds could be generated without strong coupling or backreaction problems. This scenario is
possible provided inflation occurs at an energy scale between 105 and 1010 GeV.

We instead consider a broken-power-law coupling function of the scale factor, featuring a sharp
transition at τ = τ⋆, and we parametrize it as7

I(τ) =


C
(
a(τ)
a(τ⋆)

)ν1

τi < τ < τ⋆

C
(
a(τ)
a(τ⋆)

)−ν2

τ⋆ < τ < τf

(5.16)

where νi are positive numbers. In the following, we will refer to τi < τ < τ⋆ as first stage and
τ⋆ < τ < τf as second stage of inflation. The constant C and the scale factor at transition a⋆ are found
by imposing I(τi) = I(τf ) = 1; in this way, EM conformal invariance is broken only during inflation.
This choice has a clear physical interpretation once the time evolution of I is tied to that of the
inflaton field ϕ, as will be discussed in Sec. 5.3. Before the onset of inflation, ϕ is not yet rolling and no
mechanism modifies the EM coupling, so the action reduces to the standard Maxwell form, naturally
corresponding to I = 1. Symmetrically, once inflation ends and ϕ approaches its final configuration,
standard electromagnetism is recovered and EM conformal invariance is restored, again giving I = 1.
The condition I(τi) = I(τf ) is therefore not an artificial tuning, but simply reflects the fact that the
EM sector is modified only during inflation. Furthermore, due to the broken-power-law profile of I(τ),
the above boundary conditions are compatible with the additional requirement I(τ) ≳ 1 throughout
inflation, which is imposed to avoid the strong coupling problem [340].

5.2.2 Dynamics of the EM field

We can solve Eq. (5.15) for three regimes: in the sub-horizon limit (vacuum solutions), during the first
stage, and during the second stage. In the following, we examine the three cases separately.

Vacuum solutions

The initial conditions are specified for each mode (or wavenumber k) in the short-wavelength/sub-
horizon limit, |kτ | ≫ 1, where equation (5.15) reduces to the usual wave equation:

A′′
±(τ, k) + k2A±(τ, k) = 0, (5.17)

and clearly A+ = A−. Being deep within the Hubble sphere, the modes A are not amplified, thus we
can solve (5.17) with the Bunch-Davies vacuum conditions given in Eq. (1.61), namely

ABD
± (τ, k) = 1√

2k
e−ik(τ−τi), (5.18)

where the constant phase eikτi is added for later convenience.

7The same coupling function was referred to as “sawtooth coupling” in [9], with a reference to its shape in log-log.
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First stage

When conformal invariance is explicitly broken by the coupling I(τ) in the first stage of inflation,
Eq. (5.15) becomes

A′′
±(τ, k) +

(
k2 ∓ 2kξ1

τ
− ν1(ν1 + 1)

τ2

)
A±(τ, k) = 0, ξ1 ≡ γν1, (5.19)

where we have considered a purely de Sitter expansion, τ = −1/aH. As we will see, the parameter ξ1
quantifies the enhancement of the magnetic field amplitude [351]. The general solutions can be written
as a linear combination of the Whittaker functions Mα,β(z) and Wα,β(z) [355],

AI
±(τ, k) = 1√

2k

[
C±

1 M±iξ1,ν1+ 1
2
(2ikτ) + C±

2 W±iξ1,ν1+ 1
2
(2ikτ)

]
. (5.20)

The integration constants C±
i are found by imposing the following junction conditions at the beginning

of inflation [341]:

ABD
± (τi, k)
I(τi)

= AI
±(τi, k)
I(τi)

,
∂

∂τ

(
ABD

± (τ, k)
I(τ)

)∣∣∣∣∣
τ=τi

= ∂

∂τ

(
AI

±(τ, k)
I(τ)

)∣∣∣∣∣
τ=τi

. (5.21)

Note that the factor I(τi) = 1 in the denominator of the first equation has been written to stress that
we require the continuity of the physical vector potential A±(τ, k), not of the canonically normalized
one. The system can be solved exactly to give8

C±
1 (k) = Γ(ν1 + 1 ∓ iξ1)

2ikτiΓ(2ν1 + 2)
[
W1±iξ1,ν1+ 1

2
(2ikτi) − (2ikτi + ν1 ∓ iξ1)W±iξ1,ν1+ 1

2
(2ikτi)

]
, (5.22)

C±
2 (k) = Γ(ν1 + 1 ∓ iξ1)

2ikτiΓ(2ν1 + 2)
[
(2ikτi + ν1 ∓ iξ1)M±iξ1,ν1+ 1

2
(2ikτi) + (1 + ν1 ± iξ1)M1±iξ1,ν1+ 1

2
(2ikτi)

]
.

For later convenience, we stress that, in the sub-horizon limit |kτi| ≫ 1, C±
1 → 0 as |kτi|−1, while

C±
2 ≃ e∓π

2 ξ1 , reflecting the effect of the parity-violating term introduced in the action (5.9). In other
words, only the negative helicity state (∝ C−

2 ) is amplified, while the positive one is exponentially
suppressed.9

Second stage

After transition, Eq. (5.15) becomes

A′′
±(τ, k) +

(
k2 ± 2kξ2

τ
− ν2(ν2 − 1)

τ2

)
A±(τ, k) = 0, ξ2 ≡ γν2, (5.23)

with a general solution of the form

AII
±(τ, k) = 1√

2k

[
D±

1 M∓iξ2,ν2− 1
2
(2ikτ) +D±

2 W∓iξ2,ν2− 1
2
(2ikτ)

]
. (5.24)

8We employed the identity: Mα,β(z)∂zWα,β(z) −Wα,β(z)∂zMα,β(z) = −Γ(2β + 1)/Γ(β − α+ 1/2)
9Note the typo in [9]. This feature can be observed directly from Eq. (5.19): since τ < 0, the second term in brackets

can be written as ±2kξ1/|τ |, signaling a tachyonic growth for the negative helicity state. For comparison, in [321] the
positive helicity state is amplified, since they consider a monotonic decreasing function of the scale factor in the first
stage.
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Note that the positive and negative helicity states inverted their roles compared to stage I, due to the
opposite sign of I ′(τ). The junction conditions are now imposed at the moment of transition τ = τ⋆:

AI
±(τ⋆, k)
I(τ⋆)

= AII
±(τ⋆, k)
I(τ⋆)

,
∂

∂τ

(
AI

±(τ, k)
I(τ)

)∣∣∣∣∣
τ=τ⋆

= ∂

∂τ

(
AII

±(τ, k)
I(τ)

)∣∣∣∣∣
τ=τ⋆

. (5.25)

The expressions for D±
i are rather lengthy; therefore, extending the strategy outlined in [321], we use

approximate expressions in two different regimes:
• Super-Hubble limit |kτ⋆| ≪ 1 for all the modes that exited the horizon during the first stage,
aiH < k < a⋆H,10 whose evolution and spectral shape could be, in principle, affected by the
coupling I(τ) during the second stage. We will label quantities referred to these modes as I → II

• Sub-Hubble limit |kτ⋆| ≫ 1 for all the modes that exit the horizon during the second stage,
a⋆H < k < afH.

With this important distinction, which was absent in [9], it will be possible to properly track the
evolution of the power spectra for all the modes of interest and throughout inflation. We obtain the
following results:

D±
1,I→II(k) ≃ C±

2
Γ(1 + 2ν1)

Γ(1 + ν1 ∓ iξ1)(−2ikτ⋆)−ν1−ν2 ,

D±
2,I→II(k) ≃ C±

2
Γ(2ν1 − 1)

Γ(ν1 + 1 ± iξ1)
Γ(2ν2 ± iξ2)

Γ(2ν2)
ν1(ν1 + ν2)
(2ν2 + 1) (1 + γ2)(−2ikτ⋆)1−ν1+ν2 ,

D±
1 (k) ≃ 0,

D±
2 (k) ≃ C±

2 e
±π

2 (ξ1+ξ2)2±i(ξ1+ξ2)(−kτ⋆)±i(ξ1+ξ2).

(5.26)

Since the coefficient C±
2 is evaluated at τi, we can safely adopt its sub-horizon limit, C±

2 ≃ e∓π
2 ξ1 .

From the expression of D±
2 (k) it is clear that the the two helicities exchange their roles: D±

2 ≃ e±π
2 ξ2 ,

thus the positive helicity is now amplified.

5.2.3 Power spectra

Once the analytical expressions for AI,II
± are known, we can compute the EM power spectra and their

evolution in time. To this aim, it is instructive to evaluate the EM energy-momentum tensor by varying
the EM part of the action (5.9) with respect to the metric tensor,

Tµν ≡ − 2√−g
δ [√−gLEM ]

δgµν
= I2

4π

[
gγβFµγFνβ − 1

4gµνFαβF
αβ
]
. (5.27)

Note that the Chern–Simons term FµνF̃
µν , being a topological (metric-independent) density, does not

contribute to the energy-momentum tensor. The result in Eq. (5.27) is equivalent to the non-helical
one, see [274].

By computing the EM energy density Tµνu
µuν , the electric and magnetic contributions can be

separated using the definitions in Eq. (5.13)

Tµνu
µuν = I2

16π [Am,i −Ai,m] [Al,j −Aj,l] gijgml + I2

8π
[
A′
iA

′
j

]
gij

= I2BiB
i

8π + I2EiE
i

8π .

(5.28)

The vacuum11 expectation value of the two contributions in (5.28) gives the corresponding spectral

10For our purposes, it will be sufficient to consider H = const. throughout inflation.
11The vacuum state |0⟩ is defined as one which is annihilated by bλ(k): bλ(k) |0⟩ = 0.
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energy density
ρB(τ) ≡ ⟨0|TBµνuµuν |0⟩ =

∑
±

1
2π2

∫ dk
k
k5 1
a4(τ) |A±(τ,k)|2 (5.29)

where we have explicitly accounted for the sum over helicity states, and the integral is performed
within some relevant interval of k. As detailed below, we will consider the modes that exited the
horizon during inflation. Similarly, the electric field energy density reads

ρE(τ) ≡ ⟨0|TEµνuµuν |0⟩ =
∑
±

I2

2π2a4(τ)

∫
dk k2

∣∣∣∣∣
[A±(τ,k)

I

]′∣∣∣∣∣
2

. (5.30)

To make contact with the EM spectra in the spirit of the definition given in Eqs. (5.6)–(5.7), we can
write

ρB(τ) =
∑
±

∫ dk
k

dρ±
B(τ, k)
d ln k =

∑
±

∫ dk
k

k3

2π2P
±
B (τ, k) =

∑
±

∫ dk
k

P±
B (τ, k), (5.31)

and similarly for the electric part. We can thus identify the generic expressions for the electric and
magnetic power spectra as

P±
B (τ, k) = 1

2π2

(
k

a

)4
k |A±(τ, k)|2 , P±

E (τ, k) = I2

2π2
k3

a4

∣∣∣∣∣
[A±(τ, k)

I

]′∣∣∣∣∣
2

. (5.32)

By taking the asymptotic expansion of the Whittaker functions, we can compute the spectra in the
super-Hubble limit |kτ | ≪ 1. The super-Hubble limit of the canonically-normalized field A± and its
conformal-time derivative is reported in Appendix C. In the first stage of inflation, we find

P±
E,I(τ, k) ≃F ±

E,I(ν1)H4(−kτ)4−2ν1 , (5.33)

F ±
E,I(ν1) = e∓πξ1 ξ2

1
22ν1π2

∣∣∣∣ Γ(2ν1)
Γ(1 + ν1 ± iξ1)

∣∣∣∣2 ,
P±
B,I(τ, k) ≃F ±

B,I(ν1)H4(−kτ)4−2ν1 , (5.34)
F ±
B,I(ν1) = γ−2F ±

E,I(ν1).

For the modes that exited the horizon during the first stage, the spectral evolution during the second
stage follows a combination of different scalings, since the coefficients D±

i,I→II derived in Eq. (5.26)
carry an additional k-dependence. We find the following results:

P±
E,I→II(τ, k) ≃H4

[
F±
E,I→II(−kτ)4−2ν1

(
τ⋆
τ

)−2ν1−2ν2

+ G±
E,I→II(−kτ)6−2ν1

(
τ⋆
τ

)2−2ν1+2ν2
]
, (5.35)

F±
E,I→II = e∓πξ1 γ2

π222+2ν1

∣∣∣∣ Γ(2ν1 + 1)
Γ(1 + ν1 ± iξ1)

∣∣∣∣2 ,
G±
E,I→II = e∓πξ1 (1 + γ2)2

π222ν1−2
ν2

1 (ν1 + ν2)2

(1 + 2ν2)2

∣∣∣∣ Γ(2ν1 − 1)
Γ(1 + ν1 ± iξ1)

∣∣∣∣2 ,
P±
B,I→II(τ, k) ≃H4

[
F±
B,I→II(−kτ)4−2ν1

(
τ⋆
τ

)−2(ν1+ν2)
+ G±

B,I→II(−kτ)8−2ν1

(
τ⋆
τ

)2−2(ν1−ν2)
(5.36)

+ 2F±
B,I→IIG±

B,I→II(−kτ)6−2ν1

(
τ⋆
τ

)1−2ν1
]
,

F±
B,I→II = e∓πξ1 1

π222ν1+2

∣∣∣∣ Γ(2ν1 + 1)
Γ(1 + ν1 ± iξ1)

∣∣∣∣2 ,
G±
B,I→II = e∓πξ1 (1 + γ2)2

π222ν1−2
ν2

1 (ν1 + ν2)2

(1 + 2ν2)2

∣∣∣∣ Γ(2ν1 − 1)
Γ(1 + ν1 ± iξ1)

∣∣∣∣2 ∣∣∣∣Γ(2ν2 − 1)
Γ(2ν2)

∣∣∣∣2 .
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For the modes that exited the horizon during the second stage, we find

P±
E,II(τ, k) ≃F±

E,II(ν2)H4(−kτ)4−2ν2 , (5.37)

F±
E,II(ν2) = e±πξ2 1

π222ν2

∣∣∣∣ Γ(2ν2)
Γ(ν2 ± iξ2)

∣∣∣∣2 ,
P±
B,II(τ, k) ≃F±

B,II(ν2)H4(−kτ)6−2ν2 , (5.38)

F±
B,II(ν2) = e±πξ2 1

π222ν2

∣∣∣∣ Γ(2ν2 − 1)
Γ(ν2 ± iξ2)

∣∣∣∣2 .
Note that we have employed the sub-horizon limit for the coefficients C±

2 . We now highlight some
general remarks concerning the shape and properties of the power spectra:

• In the first stage of inflation, a scale-invariant magnetic power spectrum is attained for ν1 = 2.
There, the property of scale invariance and having an τ -independent spectrum go together, as
observed also in [274]. During the first stage, the negative helicity is amplified.

• In the first stage, the electric and magnetic power spectra share the same spectral tilt. This
result is a consequence of having a monotonic increasing coupling I(τ), which in turn is only
possible for a non-monotonic/broken-power-law coupling if we require I(τ) ≥ 1 and I(τf ) = 1,
and having helicity. Indeed, this behavior does not occur in the non-helical case, as discussed in
[344, 341].

• For modes that exit the horizon during the first stage, their subsequent evolution through the
second stage is characterized by a combination of different scalings. At a fixed conformal time
τ , modes with different wavenumbers k follow distinct power-law behaviors determined by both
ν1 and ν2. Notably, the k- and τ -dependence are decoupled in this regime.

• The power spectra in stage I (II) for modes that exited the horizon during stage I (II) only
depend on ν1 (ν2), in agreement with the intuitive expectation that they are sensitive solely to
the dynamics responsible for their amplification.

• For modes amplified during stage II, the power spectra in Eqs. (5.37)–(5.38) display a behavior
qualitatively similar to that of stage I, Eqs. (5.33)–(5.34), but with key differences. Owing to the
opposite sign of I ′(τ), the positive-helicity mode is now amplified, with a strength set by ξ2. In
addition, the electric and magnetic spectral tilts differ: for ν2 = 2, the electric spectrum is scale
invariant, while the magnetic one is blue-tilted, PB,II ∝ (−kτ)2.

Although the shape of the EM power spectra is not directly constrained by observations, inflationary
mechanisms are generally expected to produce nearly scale-invariant spectra, as is the case for
scalar and tensor perturbations. Note, however, that achieving scale invariance during the first stage,
corresponding to ν1 = 2, does not guarantee that modes exiting the horizon in this phase – those
relevant for CMB observations – retain the same spectral tilt until the end of inflation. For this to
occur, the leading power-law contribution ∝ (−kτ)4−2ν1 in Eqs. (5.35)–(5.36) must dominate the
spectra at τ = τf over the relevant range of k. Whether this condition is satisfied depends on the
relative values of ν1 and ν2, which control the factor (τ⋆/τf )−2(ν1+ν2). This issue will be addressed in
Sec. 5.3. For the illustrative analysis presented here, we fix ν1 = 2.

We emphasize that, without the approximations adopted above, an analytical treatment of the
power spectra would be prohibitively complicated. Nevertheless, the accuracy of these approximations
can be assessed by direct comparison with the numerical results shown in Figures 5.2 and 5.3, which
are obtained without approximations for ν1 = 2, ν2 = 1, and γ = 3. In particular, the stage-II spectra
in Figure 5.3 are computed by numerically solving the equation of motion (5.23) with the junction
conditions (5.25) at τ = τ⋆ for all relevant k modes at each time τ .
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Figure 5.2: Electric (upper panel) and magnetic (lower panel) power spectra during the first stage of inflation,
for positive (orange) and negative (blue) helicity. The time evolution is represented with progressively darker
lines, corresponding to τi/τ = 103, 105, 107, respectively. Solid lines are exact solutions (see Eq. (5.20) with
coefficients set as in Eq. (5.22)), and dotted lines are the super-Hubble approximations in Eqs. (5.33)–(5.34),
with coefficients C±

i set to their sub-Hubble limit |kτi| ≫ 1. The approximate results are plotted only in their
regime of validity, namely |τ−1

i | ≲ k ≲ |τ−1|, corresponding to the vertical dotted lines. The parameters of the
magnetogenesis model are set to: ν1 = 2, ν2 = 1, γ = 3, and inflation is assumed to last for N = 60 e-folds, with
no particular assumption but for de-Sitter evolution.
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Figure 5.3: Same as Figure 5.2 for the second stage of inflation. The time evolution is represented by progressively
darker lines, corresponding to τ⋆/τ = 102, 1010 and τ = τf , respectively. Solid lines are exact solutions, obtained
by solving the differential equation (5.23) along with the junction conditions in Eq. (5.25) numerically. Dotted
lines are the super-Hubble approximations in Eqs. (5.35)–(5.38), with coefficients D±

i set to their super-Hubble
(sub-Hubble) limit for modes that exited the horizon during stage I (II), corresponding to range of k values
smaller (larger) than the vertical gray line, which marks the transition point. The scales relevant to inflation
extend up to |kτi| ∼ 1026.
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From Figure 5.2, we can draw additional conclusions regarding the first stage of inflation:

• Modes that exit the horizon before the coupling I(τ) begins to vary, corresponding to |kτi| < 1,
are not amplified and exhibit very blue spectra.

• Modes that exit the horizon during stage I are instead amplified with scale-invariant electric
and magnetic power spectra, since ν1 = 2. Consistent with the analytical results, only the
negative-helicity modes (blue lines) are amplified at horizon crossing. Both spectra are also time
independent, with curves at different τ differing only in the range of k over which they are
defined.

Turning to the second stage, Figure 5.3 allows us to draw the following conclusions:

• Super-Hubble modes, corresponding to wave numbers smaller than the value indicated by the
vertical gray line, continue to decay with time. Their spectral tilt is also modified: the initially
flat spectra are gradually replaced by blue-tilted behaviors, P±

E ∼ k2 and P±
B ∼ k4, in agreement

with Eqs. (5.35)–(5.36).

• For modes exiting the horizon during stage II, the positive-helicity component is amplified at
horizon crossing. Both the spectral tilt and the time dependence are uniquely determined by the
exponent ν2, yielding P±

E ∼ (−kτ)2 and P±
B ∼ (−kτ)4, as shown in Eqs. (5.37)–(5.38).

5.2.4 Cosmological evolution after inflation

In the following, we summarize the main ingredients needed to compute the EM energy density during
inflation and to track its evolution up to the present epoch. This will allow us, for any given model,
to determine the present-day values of B and LB, compare them with IGM constraints, and assess
backreaction during inflation once a specific inflationary background is specified.

Following the definition in Eq. (5.31), the energy stored in the magnetic field for all the modes of
interest at a given time τ during inflation can be computed as

ρ±
B(τ) =


∑
±

∫ k=|1/τ |

ki=|1/τi|

dk

k
P±
B,I(τ, k), τi < τ < τ⋆

∑
±

∫ k⋆=|1/τ⋆|

ki=|1/τi|

dk

k
P±
B,I→II(τ, k) +

∑
±

∫ k=|1/τ |

k⋆=|1/τ⋆|

dk

k
P±
B,II(τ, k), τ⋆ < τ < τf

(5.39)

where, at any moment τ , we are including the contribution of all the modes that exited the horizon
from the beginning of inflation. Clearly, as long as we consider the approximate expressions for the
power spectra, the energy density is not a continuous function of τ at the transition. Still, it is a reliable
estimator for checking backreaction effects throughout inflation. In the same way, the integrals for the
electric energy density and the comoving correlation length can be computed.

Once the magnetic energy density at a given time – for example, the end of inflation – is computed
from Eq. (5.39), we can evaluate the amplitude of the magnetic field as

B(τ) =
√∑

±

8π
I2(τ)ρ

±
B(τ), (5.40)

where the overall normalization follows from the form of the energy-momentum tensor in Eq. (5.28).
Sometimes we refer to the characteristic magnetic field strength at scale λ as the quantity

Bλ(τ) =
√∑

±

8π
I2(τ)P±

B (τ, k)
∣∣∣∣∣
k=2π/λ

. (5.41)
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Once the magnetic field amplitude and correlation length at the end of inflation are determined,
their subsequent evolution up to the present epoch must be addressed. For simplicity, we assume
instantaneous reheating at the end of inflation, so that the Universe is immediately filled with a
relativistic plasma with very high electric conductivity. As a consequence, the electric field is rapidly
damped and effectively shorted out.

The evolution of the magnetic field, instead, must be studied by accounting for the presence of the
post-inflationary thermal plasma. In this regime, the appropriate description is provided by MHD. If
the magnetic field is non-helical, its post-inflationary evolution is purely adiabatic, with the comoving
magnetic field amplitude Bc ≡ a2B and the comoving correlation length Lc remaining constant.12

The situation changes qualitatively in the presence of maximally helical magnetic fields. In this
case, it has been shown both analytically and numerically [348–350, 356] that MHD turbulence during
the radiation-dominated epoch drives an inverse-cascade process, leading to a significant deviation
from purely adiabatic evolution.

In this turbulent MHD regime, the comoving magnetic correlation length Lc grows with time,
while the comoving magnetic field amplitude Bc decreases. Energy is transferred from smaller to
larger scales, whereas on scales larger than L the magnetic spectrum preserves its original slope,
exhibiting a self-similar behavior,

B(ℓ > L) = B

(
L

ℓ

)nB/2
. (5.42)

This turbulent evolution continues until viscous effects – first dominated by neutrino diffusion and
later by photon diffusion – damp plasma motions. At that point, the inverse cascade effectively ceases,
and the magnetic field subsequently undergoes adiabatic evolution. For a detailed illustration of the
evolution of the comoving magnetic correlation length as a function of temperature, see Figure 2
of [351]. We can conservatively assume that Lc and Bc stay constant after recombination. Under
these general assumptions, propagating the inverse-cascade evolution through the radiation era and
matching to the subsequent adiabatic stage yields a relation between the present-day magnetic field
amplitude and coherence length, namely

B0 ≃ 10−8G
(
L0

Mpc

)
. (5.43)

To determine the present-day values of B0 and L0, Eq. (5.43) must be supplemented by an additional
relation. As discussed in [351], this relation is provided by the conservation of comoving magnetic
helicity, whose physical-space definition is given in Eq. (5.5). For maximally helical magnetic fields,
one finds Hc ≃ B2

cLc. Imposing the conservation of Hc from the end of inflation to the present epoch
then yields

B2
0L0 = B2

fLf

(
af
a0

)3
, (5.44)

which is expressed in terms of physical quantities and complements Eq. (5.43).
Note that in the scenario described here, due to the broken-power-law coupling function I(τ), one

helicity is amplified during the first stage of inflation, while the opposite helicity dominates during the
second stage. As a result, the magnetic field produced at the end of inflation is generally bi-helical,
with contributions of opposite sign residing in different ranges of comoving wavenumber. This feature
is clear from Figure 5.3. In this case, to access whether Eqs. (5.43)–(5.44) can be applied, we need
to check if the magnetic field effectively behaves as helical during radiation domination. We thus

12In terms of physical quantities, the magnetic field amplitude defined in Eq. (5.40) scales as B ∼ 1/a, while the
physical correlation length L = aLc grows as L ∼ a.
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introduce a measure for the net comoving helicity,

Hc =
∫

d3xAiBc,i =
∫

d ln k k
4

2π2
1
I2

(
|A+|2 − |A−|2

)
, (5.45)

where opposite-helicity contributions partially cancel in this integral, and can determine whether the
magnetic field evolves toward a maximally helical configuration. In the cases that will be considered
in Sec. 5.3, we have checked that at the end of inflation the following relation holds:

|Hc|
B2
cLc

= O(1), (5.46)

to consistently apply the inverse-cascade relations reported above.
As an additional remark, some care is required when applying Eq. (5.42), since in general the

magnetic spectral index nB is not unique over the range of wave numbers relevant for inflation. As
discussed in Sec. 5.2.3 and illustrated in Figure 5.3, at the end of inflation the magnetic power spectrum
takes the form

P±
B (τf ) ∼

{
k8−2ν1 ∨ k4−2ν1 , |τ−1

i | ≲ k ≲ |τ−1
⋆ |

k6−2ν2 , |τ−1
⋆ | ≲ k ≲ |τ−1

f |
(5.47)

so that the appropriate spectral index must be chosen depending on the scale of interest, k = 2π/ℓ.
All the results derived in this section are completely general and do not depend on the specific

details of the inflationary dynamics. We emphasize that the generation of helical magnetic fields with
a non-monotonic coupling has also been investigated in other works, see, e.g., [321, 354, 357]. However,
to our knowledge, such analyses have been carried out only in scenarios of mixed inflation-reheating
magnetogenesis. In this respect, the analytical results presented here are particularly useful, as they
remain valid for arbitrary inflationary backgrounds.

In the next section, we will apply this general framework to the scale-invariant inflationary
background introduced in the previous chapters.

5.3 Application to scale-invariant inflation
Applying the magnetogenesis model described above to a specific inflationary background is essential
for a more realistic description of the PMF generation mechanism and for a consistent assessment of
backreaction effects. A natural choice for the inflationary background is provided by the scale-invariant
model introduced in the previous chapters.

In particular, we take the EM conformal-symmetry-breaking function I(τ) to depend on the
inflaton field ρ in the effectively single-field representation discussed in Sec. 3.2.2, working in the
Einstein frame. This choice is adopted for simplicity, since a coupling function of the form (5.16) can
be straightforwardly mapped onto the evolution of ρ(τ). In principle, one could equivalently consider
a coupling depending on a combination of fields in the (ϕ, f) representation, or on ϕ and R in the
Jordan frame.

The dynamical evolution of the scale-invariant model naturally accommodates the asymptotic
values imposed on the coupling function, namely Ii = If = 1. While, in the generic setup discussed in
Sec. 5.2, there is no compelling reason for the coupling to remain constant either before the onset of
inflation or after its end, this behavior arises naturally when I is associated with the fixed points of
the scale-invariant model. In particular, from the approximate solution ρ(N) found in Eq. (3.76), we
can consider a coupling to the EM sector of the form

I [ρ(a)] ∼ tanh
(

ρ(a)√
6Mpl

)± 3
4ξ νi

∼ a±νi , (5.48)
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where we omitted the normalization factors. This functional form correctly reproduces the coupling
I(τ) given in Eq. (5.16). Since the total number of e-folds between the onset of the dynamical evolution
of ρ(τ) and the end of inflation depends sensitively on the initial conditions ρ(0) and ρ̇(0), we impose
Ii ≡ I(ρi) = 1 by fixing the duration of inflation to be af/ai = e∆N for a chosen value of ∆N . Without
loss of generality, we take ∆N = 60.

On the other hand, we set I(ρ∗) = 1 at the stable fixed points, which is a more natural choice than
imposing I(ρf ) = 1. Within this framework, EM conformal invariance is restored once the inflaton
field settles into the minimum of its potential.

5.3.1 Backreaction

The analysis carried out in Sec. 5.2 implicitly assumes that the EM field does not backreact on the
inflationary dynamics. Only under this assumption can the EM sector be consistently decoupled from
the inflaton dynamics, and the equations of motion for the gauge field can be solved independently.
This is a nontrivial assumption that must be explicitly verified for each inflationary background. In
the following, we derive the conditions under which gauge-field backreaction can be neglected within
the framework of scale-invariant inflation.

The full action under consideration is

S = − 1
16π

∫
d4x

√−g I2[ρ(a)]
(
FµνF

µν − γFµνF̃
µν
)

+ SE(ρ, χ), (5.49)

with SE as defined in Eq. (3.50). When the full action is considered, the first Friedmann equation, see
Eq. (3.57), is corrected as

3H2M2
pl = 1

2 ρ̇
2 + 3 cosh2

(
ρ√

6Mpl

)
χ̇2 + V (ρ) + ρEM , (5.50)

with ρEM = ∑
±(ρ±

E + ρ±
B) the total energy density of the EM field, consistent with the definitions in

Sec. 5.2. The Klein-Gordon equation for the inflaton, Eq. (3.55), becomes

ρ̈+ 3Hρ̇−
√

6
2Mpl

sinh
(

2ρ√
6Mpl

)
χ̇ 2 + dV (ρ)

dρ = SEM (5.51)

where we have defined
SEM ≡ 1

8πI
dI
dρ
(
FµνF

µν − γFµνF̃
µν
)
. (5.52)

From Eqs. (5.51)–(5.52), we conclude that EM backreaction is avoided provided the following
conditions hold throughout inflation:

ρEM ≪ 3H2M2
pl, |SEM | ≪ 3Hρ̇, (5.53)

where we have assumed the validity of the slow-roll approximation. Note that, parametrically, the
EM energy density scales as ρEM ∼ H4, while the inflationary energy density scales as H2 in Planck
units. As a consequence, many magnetogenesis models must lower the inflationary energy scale, and
hence H, to avoid backreaction effects; see, e.g., [311, 341, 351, 354]. In contrast, in our framework,
the inflationary dynamics – including the energy scale – are completely fixed by the scale-invariant
model discussed in the previous chapters.

In the following, we explicitly verify that the above backreaction conditions are satisfied for all
the cases considered. We also note in passing that the second condition is stronger than the first by a
slow-roll factor ϵ, and therefore typically provides the most stringent constraint on backreaction [358].
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To facilitate the calculation, we can write SEM in terms of the canonically normalized gauge field
A± as [359, 358]

SEM = 1
4πI

dI
dρ (BiBi − EiEi ∓ 2EiBi) , (5.54)

= 1
a5ρ̇

I ′

I

∑
±

∫ d3k

(2π)3

k2 |A±(τ, k)|2 −
∣∣∣∣∣I
(A±(τ, k)

I(τ)

)′∣∣∣∣∣
2

± 2γkRe
(

A±(τ, k)I
(A±(τ, k)

I(τ)

)′) ,
where a dot (prime) denotes derivative with respect to cosmic (conformal) time. The integral in
Eq. (5.54) can be evaluated along the same lines as the EM energy density and the other integrals,
see Eq. (5.39). We will use the asymptotic expressions for the canonically normalized gauge field and
its conformal time derivative reported in Appendix C.

5.3.2 Tensor perturbations sourced by gauge fields

The amplification of gauge fields required for magnetogenesis inevitably sources additional
cosmological perturbations beyond the standard vacuum fluctuations. In particular, the main
by-products of gauge-field production during inflation can be summarized as follows:

• Sourced curvature perturbations: The gauge field contributes to scalar fluctuations both
through its stress-energy tensor and via the inflaton-gauge coupling I(ρ). This induces a sourced
component of the curvature perturbation ζ, which may compete with – or remain subdominant
to – the vacuum contribution, depending on the strength and time dependence of the gauge-field
amplification.

• Sourced tensor perturbations: Similarly, the anisotropic stress of the gauge field sources
tensor modes during inflation, providing an additional contribution to primordial gravitational
waves. Moreover, if only one gauge-field polarization is amplified due to parity violation – as in
the present case – the resulting tensor modes are chiral [360], offering a potentially distinctive
observational signature of gauge-field-sourced gravitational waves.

• Non-Gaussianities: Since the source term is quadratic in Aµ, the induced scalar and tensor
perturbations are generically non-Gaussian. The resulting bispectrum can therefore impose
strong constraints whenever sourcing is efficient on CMB scales, once current bounds on fNL
are taken into account.

• Induced spectral features: For the broken-power-law coupling considered above, the electric
and magnetic spectra can become strongly tilted. This may, in turn, generate localized features
or bumps in the scalar and tensor power spectra. While CMB observations tightly constrain
the spectra to be nearly scale-invariant on large scales, features at smaller scales may lead
to interesting observational consequences. In particular, a small-scale enhancement of the
curvature power spectrum can trigger primordial black hole formation upon horizon re-entry
and simultaneously source second-order gravitational waves.

While a fully comprehensive analysis of magnetogenesis would require accounting for all the effects
listed above to ensure consistency with CMB constraints, in the following, we restrict ourselves to
estimating the contribution of tensor perturbations sourced by gauge fields. This channel typically
provides the most stringent bound, as is the case, for instance, in pure axion magnetogenesis [361].

We emphasize that the magnetogenesis model discussed in Sec. 5.2 possesses a particularly
interesting feature: owing to the broken-power-law coupling and the nontrivial evolution of modes
amplified during stage I after the transition, the magnetic power spectrum at the end of inflation
generally exhibits different spectral tilts across different scales. In particular, it is possible to

137



Magnetic field generation in scale-invariant inflation

realize a nearly scale-invariant spectrum on CMB scales while simultaneously obtaining a strongly
blue-tilted spectrum at smaller scales. Such a scenario allows, in principle, for the generation of
phenomenologically interesting small-scale features without overproducing gravitational waves or
curvature perturbations at CMB scales. For this reason, we defer a detailed investigation of induced
spectral features to future work.

To compute the tensor power spectrum sourced by gauge fields during inflation, we follow the
analysis of Caprini and Sorbo [351], which builds upon the earlier work of [360]. Although these results
were originally derived for a monotonic coupling function rather than a broken-power-law profile, they
still provide a reliable approximation over the limited range of scales relevant for CMB observations,
where constraints on gravitational-wave production are the strongest.

The equation of motion for the helicity-λ tensor mode hλ reads

h′′
λ + 2a

′

a
h′
λ + k2hλ = 2

M2
pl

Πij
λ (k)TEMij (k), (5.55)

where we have introduced the polarization tensors Πij
λ ≡ (εi−λε

j
−λ)/

√
2 and TEMij is the spatial part of

the EM energy-momentum tensor.
It can be shown [351] that for a generic monotonic coupling I(τ) = an(τ) with n < 0, the induced

tensor power spectrum reads

PT = pT (n) H
4

M4
pl

e4πξ

ξ6 , (5.56)

where ξ ≡ −γn plays the same role as our ξi ≡ γνi, and only the helicity mode that is amplified
is considered. The function pT (n) can be evaluated numerically and is plotted in Figure 1 of [351].
Introducing the tensor-to-scalar ratio r defined in Eq. (1.49), Eq. (5.56) becomes

H

Mpl

eπξ

ξ3/2 =
(
rPR
pT (n)

)1/4
, (5.57)

from which we can evaluate the contribution to the tensor-to-scalar ratio r from gravitational waves
sourced by the gauge field. Note that in the regime where a helicity-selective instability drives gauge-
field amplification, the amplitude of the tensor spectrum sourced by gauge fields is primarily controlled
by the instability parameter ξ, which is assumed ξ ≳ O(1) in this derivation. Since we ultimately want
to constrain the value of r to CMB observations, which are sensitive to the low-k tail of the power
spectrum, we can set ξ = γν1.

Fixing the amplitude of the curvature power spectrum to the observed one, see Table 1.1, and the
Hubble parameter from the typical inflationary background considered in our analysis, we find

r ≃ 4 × 10−5, (5.58)

where we have considered γ = 1 and ν1 ≃ 2.13 For the parameters considered above, tensor
perturbations sourced by vacuum fluctuations dominate, since we have shown in Chapter 4 that the
scale-invariant inflationary background predicts r > 0.00332. However, the sourced contribution in
Eq. (5.57) depends exponentially on ξ. As a result, if one requires a nearly scale-invariant magnetic
power spectrum on CMB scales, corresponding to ν1 ≃ 2, the parameter γ cannot be significantly
larger than unity, otherwise the tensor-to-scalar ratio r would exceed current observational bounds.

Larger values of γ become viable for smaller ν1, since pT (n) decreases to O(10−6–10−7) for smaller
n, and/or for lower inflationary energy scales, corresponding to smaller values of the Hubble parameter.
The latter situation is precisely the one realized in models of (helical) inflationary magnetogenesis with
a monotonic coupling function I, where a low inflationary scale is required to generate sizable PMFs
while avoiding the overproduction of gravitational waves on CMB scales [351, 352].

13Note that the function pT (n) diverges as n → −2, thus we will limit to values of ν1 smaller than 2.
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5.3.3 Baryogenesis from helical magnetic fields

One of the fundamental open problems in cosmology and particle physics is the origin of the baryon
asymmetry of the Universe (BAU), quantified by the observed excess of matter over antimatter.
Measurements of the CMB and of primordial light element abundances indicate a baryon number-
to-entropy ratio of order nB/s ∼ 10−10, which cannot be explained by thermal equilibrium processes
alone. To generate a baryon asymmetry from an initially matter-antimatter symmetric Universe,
the system must contain processes that violate baryon number. More generally, as formulated by
Sakharov, any successful baryogenesis mechanism must satisfy three conditions: baryon number
violation, violation of CP symmetry, and a departure from thermal equilibrium [362]. While many
proposed scenarios rely on physics beyond the SM, it has been shown that primordial hypermagnetic
fields may provide an alternative explanation within the SM itself.

If helical magnetic fields are generated before the EW crossover, they can naturally explain the
observed matter-antimatter asymmetry without invoking physics beyond the SM. This possibility
has been extensively studied in the literature, see, e.g., [313–315]. In this context, primordial
hypermagnetic fields carrying non-vanishing helicity play a central role. During EW symmetry
breaking, the hypermagnetic field is partially converted into the ordinary EM field, leading to the
decay of hypermagnetic helicity. Through the SM chiral anomaly [363], this decay sources a net
(B + L) asymmetry in the plasma. As shown in [314], the generated baryon asymmetry is efficiently
transferred to fermionic degrees of freedom via Yukawa interactions and, crucially, is not erased by
sphaleron processes. Moreover, the sign of the baryon asymmetry is directly correlated with the sign
of the hypermagnetic helicity, establishing a direct connection between PMFs and baryogenesis.

Quantitatively, the observed BAU can be reproduced for hypermagnetic fields corresponding today
to IGMFs with amplitude B0 ∼ 10−7–8 nG, coherence length L0 ∼ 10−2–3 pc, and positive helicity.

As already noted in [314], these values are in tension with blazar observations (see Figure 5.1).
Larger values of B0 would instead lead to an overproduction of the baryon number. Nevertheless,
because the self-similar inverse-cascade scaling described by Eq. (5.42) is operative in this case, it is
in principle possible to obtain magnetic fields compatible with baryogenesis constraints that are not
strongly suppressed on scales larger than their correlation length. Such fields can also be sufficiently
large to seed the galactic dynamo mechanism and account for the observed µG magnetic fields in
galaxies. This requires a present-day magnetic field amplitude on megaparsec scales in the range
[273, 351]

10−14 nG ≲ B0(ℓ = 1 Mpc) ≲ 10−12 nG. (5.59)

In the following, we will investigate whether such predictions can be recovered for the magnetogenesis
mechanism described above.

5.3.4 Results

To apply the model of magnetogenesis introduced above to the scale-invariant inflationary background,
we proceed as follows. First, we set the inflationary parameters consistently with the analysis performed
in Chapters 3–4, to guarantee that its predictions are consistent with observational constraints at CMB
scales. Without any loss of generality, we will fix the model parameters α, ξ, and Ω to the benchmark
values in Eqs. (3.80)–(3.81).

We also fix the duration of the magnetogenesis mechanism to ∆N = 60 e-folds. More specifically,
this means that the coupling I(ρ) starts varying 60 e-folds before the inflaton has reached the stable
fixed point, which in turn occurs a few e-folds after the end of inflation. In this way, the coupling I(ρ)
stops varying as ρ stops evolving.

We then fix the parameters of the inflationary model as follows. For any choice of (ν1, ν2), we
determine the normalization of the coupling function C and the transition time τ⋆ (see Eq. (5.16)) by
imposing the boundary conditions I(τi) = I(τf ) = 1. This requirement is crucial for two reasons. First,
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it ensures that standard electromagnetism is recovered once the inflaton has settled at its potential
minimum. Second, it maximizes the magnetic field amplitude at the end of inflation. Indeed, Eq. (5.40)
shows that large values of I lead to a suppression of the magnetic field amplitude. Since avoiding the
strong-coupling problem requires I(τ) ≥ 1, and since I(τ) typically evolves as a power law of the scale
factor, this suppression could in general be very large.

Finally, we fix the parameter γ. We then compute the power spectra using the analytical expressions
given in Eqs. (5.33)–(5.38) and consistently integrate them to determine the evolution of the electric
and magnetic energy densities during inflation, following the general procedure outlined in Eq. (5.39).
At the same time, we evaluate the background energy density ρ = 3H2M2

pl, the quantity 3Hρ̇, and
the source term SEM using Eq. (5.54). This allows us to verify that the two backreaction constraints
in Eq. (5.53) are satisfied throughout the inflationary phase.

For all the cases considered, we evaluate the magnetic spectral index nB at i) CMB scales, to
identify possible departures from scale invariance, and ii) at the scale corresponding to ℓ = 1 Mpc, to
correctly apply Eq. (5.42) when the correlation length is smaller than ℓ. We then compute the present-
day values of the magnetic field amplitude and coherence scale (B0, L0), as well as B0(ℓ = 1 Mpc).

A representative result is shown in Figure 5.4, corresponding to ν1 ≃ 2, ν2 = 0.6, and γ = 1.14
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Figure 5.4: Representative result for the application of the magnetogenesis model detailed in Sec. 5.2 to scale-
invariant inflation, obtained for ν1 ≃ 2, ν2 = 0.6, and γ = 1 (see also first line of Table 5.1 and orange dots in
Figure 5.5). Left panel: magnetic field power spectrum derived from Eqs. (5.36) and (5.38), evaluated at the end of
inflation, for the positive (orange) and negative (blue) helicity states. The solid vertical line marks the transition
between the first and the second stage: smaller (larger) wavevectors k exited the horizon during stage I (II). Note
that the modes relevant to inflation extend up to |kτi| = 6 × 1025, since the second stage lasts longer than the
first for this choice of parameters. Scales relevant to CMB observations, kCMB

∗ ∈ [5×10−3, 5×10−1] Mpc−1, are
highlighted with a gray shaded band, and the wavevector corresponding to ℓ = 1 Mpc is indicated with a vertical
dotted line. Central panel: first backreaction constraint in Eq. (5.53), with electric (magnetic) contribution to
the EM energy density in blue (orange). Right panel: second backreaction constraint in Eq. (5.53).

In this case, as discussed in Sec. 5.2.3, the electric and magnetic power spectra are scale-invariant during
the first stage. However, in contrast to the results shown in Figure 5.3, the magnetic power spectrum
at the end of inflation retains a residual scale invariance over the range of wavenumbers relevant for
CMB observations, as shown in the left panel of Figure 5.4. As a consequence, no significant spectral
features are expected in the curvature and tensor power spectra at those scales. Note, however, that
already at the scale corresponding to ℓ = 1 Mpc the spectral tilt is nB = 8 − 2ν1 ≃ 4, implying that

14To avoid encountering poles of the Gamma functions or special values of the integrals entering the EM energy
density, we avoid integer values of νi in practice, hence the use of the symbol ≃. This choice is made solely for numerical
convenience.
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the inverse-cascade process is efficient at this scale and that Eq. (5.42) can be applied. At even larger
values of k, the magnetic power spectrum becomes strongly blue-tilted, with nB = 6−2ν2 = 4.8 for all
modes that exited the horizon during the second stage of inflation. From the middle and right panels
of Figure 5.4, we verify that the backreaction constraints are satisfied throughout the inflationary
evolution.

The corresponding values of (B0, L0) are shown as an orange dot in Figure 5.5, which is graphically
connected to a second point representing the magnetic field amplitude evaluated at megaparsec scales.
These results are consistent with existing IGMF bounds, although they exhibit some tension with
the most stringent lower limit inferred from the Fermi-LAT 2018 data, which, however, relies on very
specific assumptions regarding the stability of the sources.
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Figure 5.5: Bounds on IGMFs are shown as in Figure 5.1, together with benchmark predictions obtained from the
magnetogenesis model described in Sec. 5.2 and applied to scale-invariant inflation. The dots lying close to the
boundary of the yellow region correspond to the (L0, B0) values reported in Table 5.1: orange, red, and purple
denote the first, second, and third rows, respectively. Each point is graphically connected to the corresponding
value of B0(ℓ = 1 Mpc), computed using Eq. (5.42). Note that the second red point lies outside the plotted
region, which is largely excluded by blazar observations. The strongest constraint derived from Fermi-LAT 2018
data is shown more transparently than in Figure 5.1, since it relies on stringent assumptions about the source
stability time and should therefore be interpreted with caution.

Complementary to the magnetic field predictions shown in Figure 5.5, we report a set of representative
benchmark values in Table 5.1, where we also list the magnetic spectral tilt evaluated at CMB scales
and at ℓ = 1 Mpc. In the lower part of Table 5.1, we present benchmark configurations that yield
IGMFs consistent with those required for successful baryogenesis, as discussed in Sec. 5.3.3. We note
that the second benchmark point also predicts magnetic field amplitudes at ℓ = 1 Mpc within the
range (5.59) required to seed the galactic dynamo.

In conclusion, our analysis shows that the magnetogenesis mechanism considered here can
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ν1 ν2 γ L0 [Mpc] B0(L0) [nG] B0(ℓ = 1 Mpc) [nG] nCMB
B nMpc

B

2 0.6 1 3 × 10−3 3 × 10−2 2 × 10−7 4 − 2ν1 8 − 2ν1

2 2 1 2 × 10−5 2 × 10−4 7 × 10−14 8 − 2ν1 8 − 2ν1

1.1 1.7 2.4 1 × 10−4 1 × 10−3 2.5 × 10−7 4 − 2ν1 4 − 2ν1

0.5 2 1 4 × 10−8 4 × 10−7 4 × 10−18 4 − 2ν1 4 − 2ν1

1.05 1.95 0.1 7 × 10−8 7 × 10−7 1 × 10−13 4 − 2ν1 4 − 2ν1

Table 5.1: Present-day values of the magnetic field amplitude and coherence length for different choices of the
parameters ν1, ν2, and γ in the magnetogenesis model described in Sec. 5.2, together with the magnetic spectral
indices on CMB scales and on the scale ℓ = 1 Mpc. The results are obtained following the procedure outlined
in Sec. 5.3.4 and using Eqs. (5.43)–(5.44), which assume an inverse-cascade evolution for fully helical magnetic
fields during radiation domination. Since L0 < ℓ = 1 Mpc for all cases considered, the value of B0(ℓ) reported
in the sixth column is computed from Eq. (5.42), using the spectral index nMpc

B given in the last column and
the corresponding (L0, B0) values from the fourth and fifth columns. The last two rows correspond to (L0, B0)
values consistent with the baryogenesis mechanism from decaying helicity discussed in Sec. 5.3.3.

successfully operate within a well-constrained scale-invariant inflationary background, while
simultaneously avoiding both the strong-coupling and backreaction problems. The broken-power-law
shape of the coupling function ensures that I(τ) ≥ 1 at all times and remains bounded throughout
inflation, thereby preventing excessive suppression of the magnetic field amplitude at the end
of inflation, avoiding the strong coupling problem, and guaranteeing the recovery of standard
electromagnetism at late times. At the same time, backreaction constraints are consistently satisfied
for all the viable configurations explored.

A key ingredient of the scenario is the generation of fully helical magnetic fields, which subsequently
undergo an efficient inverse-cascade process. As a result, the magnetic field amplitude is not strongly
suppressed on large scales, allowing for sizable present-day fields at megaparsec scales that are
compatible with IGMF bounds. Importantly, this mechanism operates without lowering the energy
scale of inflation or modifying its dynamics, in contrast to many alternative magnetogenesis scenarios.
The inflationary background is independently constrained by CMB observations, ensuring the internal
consistency of the framework. Moreover, while the magnetic power spectrum remains nearly scale-
invariant on CMB scales, the model naturally allows for nontrivial spectral features at smaller scales,
offering a rich phenomenology that could be probed by future observations.
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5.4 Summary
In this chapter, we investigated the generation of PMFs within the context of inflation, with
particular emphasis on a magnetogenesis mechanism compatible with the scale-invariant inflationary
dynamics. The chapter is organized around three main parts: a comprehensive overview of the current
observational and theoretical status of cosmic magnetic fields (Sec. 5.1), a general analysis of an
inflationary magnetogenesis model based on a broken-power-law coupling and a Chern-Simons term
(Sec. 5.2), and its application to the scale-invariant inflationary framework developed in the previous
chapters (Sec. 5.3).

In Sec. 5.1, we first provided a broad overview of the state of the art on cosmic magnetic
fields, summarizing observational evidence across galactic, cluster, and intergalactic scales, as well
as the main astrophysical and cosmological scenarios proposed for their origin. We reviewed the
observational constraints on IGMFs, with particular emphasis on the lower bounds derived from
gamma-ray observations of blazars. This discussion motivates the study of primordial magnetogenesis
as a natural explanation for large-scale, space-filling magnetic fields, especially in cosmic voids, and
highlights inflation as a privileged epoch for generating magnetic fields with large coherence lengths.

In Sec. 5.2, we introduced and critically revisited a model of inflationary magnetogenesis based
on a time-dependent coupling function between the EM field and the inflationary sector modeled
as a broken power law of the scale factor. This coupling breaks EM conformal invariance, thereby
enabling the amplification of gauge-field fluctuations. The EM sector is further supplemented by a
Chern-Simons term, which induces parity violation and generates helical magnetic fields. These fields
subsequently undergo inverse-cascade evolution during the radiation-dominated era. Our analysis was
formulated independently of any specific inflationary model, assuming only an approximately de Sitter
evolution. By consistently employing the sub-Hubble and super-Hubble approximations, we derived
analytical solutions for the gauge-field mode functions in the different stages of inflation and explicitly
tested their validity by comparing them with full numerical solutions of the EM power spectra. This
allowed us to substantially extend and refine the analysis presented in [9], clarifying the role of the
transition in the coupling function and providing a consistent description of the evolution of electric
and magnetic spectra throughout inflation.

Finally, in Sec. 5.3, we applied the magnetogenesis mechanism to the scale-invariant inflationary
background developed in the previous chapters. We showed that scale-invariant inflation provides
a natural framework for this scenario, as EM conformal invariance is restored when the system
approaches the stable fixed point after the end of inflation. Within this setup, we analyzed the
resulting magnetic field amplitudes and correlation lengths, verified the absence of backreaction
on the inflationary dynamics, and provided a rough estimate of the gauge-field contribution to the
tensor power spectrum. Finally, we discussed the phenomenological viability of the model in light of
current observational constraints, concluding that scale-invariant inflation can simultaneously address
the origin of cosmological perturbations and PMFs within a unified theoretical framework. As an
interesting application, we showed that the model is compatible with the mechanism of baryogenesis
from decaying magnetic helicity introduced in [313], with magnetic field amplitudes sufficient to seed
the galactic dynamo.
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Understanding the physical principles governing the very early Universe and the origin of fundamental
mass scales remains one of the central challenges of modern cosmology. In this context, scale invariance
represents a well-motivated guiding principle. Approximate scale invariance appears in several regimes
of Nature: the Standard Model is nearly scale invariant at energies well above the electroweak scale, the
observed spectrum of primordial cosmological perturbations is nearly scale invariant, and successful
inflationary models – such as Starobinsky inflation – are characterized by dynamics that effectively
approach a scale-invariant regime.

These observations naturally point toward a broader picture in which scale invariance is realized
as an exact symmetry at the fixed points of the renormalization group (RG) flow, while physical
mass scales emerge dynamically along the RG trajectories through symmetry breaking. From this
perspective, scale invariance may be regarded as a fundamental symmetry of Nature at high energies,
with the observed scales arising as low-energy manifestations of a more symmetric underlying theory.
These considerations strongly motivate the investigation of scale-invariant extensions of gravity as
viable descriptions of the early Universe.

In this thesis, we studied the cosmological implications of scale-invariant gravity during inflation.
We considered the classically scale-invariant model introduced in [5], in which gravity is extended by
an R2 term and coupled to a scalar field through dimensionless parameters only. The model realizes
inflation without introducing any explicit fundamental mass scale. Scale invariance is instead broken
dynamically during cosmic evolution: the Universe undergoes inflation as it evolves away from its
symmetric configuration – an unstable fixed point – towards a stable attractor, where the Planck mass
is generated.

Despite its apparent multifield structure, the model exhibits remarkably simple inflationary
dynamics. Owing to the conservation of the Noether current associated with scale invariance, the
system rapidly settles onto a constrained trajectory in field space. As a consequence, the inflationary
evolution effectively reduces to a single-field description, with the Goldstone mode associated with
scale symmetry freezing out. The model therefore reproduces the phenomenology of single-field
slow-roll inflation with a canonical kinetic term, while retaining a solid theoretical motivation rooted
in scale invariance.

The inflationary predictions of the model are in excellent agreement with current observational
data. In Chapter 3, we derived analytical constraints on the model parameters under suitable
approximations of the homogeneous background dynamics. In Chapter 4, we carried out a
comprehensive analysis of cosmological perturbations using a fully multifield formalism, confirming
that single-field predictions are consistently recovered. In particular, we showed that any apparent
tachyonic behavior of entropy perturbations is a spurious artifact of the choice of variables, that
curvature perturbations evolve adiabatically, and that the resulting non-Gaussianities coincide with
those expected in the simplest single-field slow-roll scenarios. These analytical results were further
supported by a full numerical analysis aimed at constraining the model’s parameter space with current
data. We demonstrated the stability of the inflationary trajectory against variations in the initial
conditions and identified a robust lower bound on the tensor-to-scalar ratio, providing a potentially
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testable observational signature of the scale-invariant framework.
While the model successfully accounts for inflation and its observational signatures, it also

highlights important limitations. In its minimal realization, the stable fixed point is generically
associated with a non-vanishing vacuum energy. As a consequence, the model does not naturally
provide a smooth transition to a radiation-dominated Universe after inflation, and it can be regarded
only as an effective description of a viable inflationary stage. This feature reflects a more general
issue: models built from scale-invariant combinations of the Ricci scalar R and a real scalar field ϕ
generically exhibit a non-vanishing residual cosmological constant, unless the scalar self-interaction
is tuned to vanish exactly. Our analysis indicates that addressing this issue requires the introduction
of additional dynamical degrees of freedom, which can enable the vacuum energy to be dynamically
relaxed to zero. In this sense, scale invariance remains a powerful organizing principle, but its
successful implementation in a fully realistic cosmological model likely necessitates an extension of
the minimal setup considered in this thesis.

In Chapter 5, we explored the implications of scale-invariant inflation for the generation of
primordial magnetic fields. Cosmic magnetism constitutes a major open problem in cosmology,
particularly in light of the increasing observational evidence for weak, space-filling magnetic fields in
the voids of the large-scale structure. Inflation provides a privileged epoch for generating magnetic
fields with super-Hubble coherence lengths, provided electromagnetic (EM) conformal invariance is
broken, thereby enabling the amplification of gauge-field fluctuations, in close analogy with the scalar
and tensor sectors.

We studied a magnetogenesis mechanism based on a broken-power-law coupling between the scale
factor and the EM action, supplemented by a Chern-Simons term. The latter induces parity violation
and produces helical magnetic fields, which subsequently undergo inverse-cascade evolution. The non-
monotonic form of the coupling function extends existing magnetogenesis models and allows one to
evade their typical shortcomings, most notably the strong-coupling and backreaction problems. While
the magnetic power spectrum remains nearly scale invariant on CMB scales – thus preserving the
successful predictions of inflation – the model can generate non-trivial spectral features at smaller
scales, giving rise to a rich phenomenology that may be accessible to future observations.

When embedded within a scale-invariant inflationary background, EM conformal invariance is
naturally restored as the system approaches the fixed points of the dynamics, while being effectively
broken during the inflationary phase. Our results demonstrate that scale-invariant inflation can
consistently account for both the origin of primordial curvature perturbations and the generation
of cosmic magnetic fields within a unified theoretical setting, in good agreement with current
observational constraints across a wide range of scales.

In conclusion, this work has highlighted how scale-invariant gravity provides a rich and predictive
setting for the physics of the early Universe. It naturally accounts for inflation, explains the dynamical
origin of the Planck mass, and establishes novel connections to magnetogenesis. At the same time, it
reveals fundamental challenges – most notably the residual vacuum energy – that point toward the
need for extending the minimal framework. These results reinforce the view that scale invariance may
play a fundamental organizing principle in high-energy cosmology and motivate further investigations
into its implications for both early- and late-time physics of the Universe.
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Ostrogradsky’s theorem

In the following, we outline the derivation of Ostrogradsky’s theorem. To get familiar with
Ostrogradsky’s construction, we first review Hamilton’s construction for the usual stable first-
order derivative Lagrangian case, and then analyze the second-order case. Extensions to higher-order
derivatives can be found, e.g., in [93, 94].

First-order derivative Lagrangian

Consider a Lagrangian depending on some family of fields ϕI and up to first-order derivatives of them,
with Lagrangian

L = L(t, ϕI , ϕ̇I) (A.1)

where ϕI and ϕ̇I should be considered as independent Lagrangian coordinates, i.e., ϕ̇I is not dϕI/dt
at this level. The Euler-Lagrangian equations are

d
dt

∂L
∂ϕ̇I

− ∂L
∂ϕI

= 0. (A.2)

After applying the chain rule to the first term, we have

dϕ̇J
dt

∂2L
∂ϕ̇I∂ϕ̇J

+ dϕJ
dt

∂2L
∂ϕJ∂ϕ̇I

− ∂L
∂ϕI

= 0. (A.3)

Solving for the accelerations ϕ̈I demands the invertibility of the matrix ∂2L/(∂ϕ̇I∂ϕ̇J), that is, the
Lagrangian must satisfy the non-degeneracy condition

det
(

∂2L
∂ϕ̇I∂ϕ̇J

)
/= 0. (A.4)

From Eq. (A.3) we can then isolate the accelerations

ϕ̈I = Q(t, ϕI , ϕ̇I), (A.5)

which is solved as a Cauchy problem for some given initial conditions for the fields ϕI0 and their
velocities ϕ̇I0, for a total of 2I initial conditions. The Hamiltonian construction follows the usual way.
We introduce the canonical variables

qI ≡ ϕI , πI ≡ ∂L
∂ϕ̇I

. (A.6)
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If the Lagrangian satisfies the non-degeneracy condition (A.4), we can express the velocities as a
function of the momenta q̇I = F(t, qI , πI) and construct the Hamiltonian

H = πIF(t, qI , πI) − L
(
t, qI ,F(t, qI , πI)

)
. (A.7)

The dynamics are determined by the Hamilton equations
q̇I = ∂H

∂πI

π̇I = −∂H
∂qI

,

(A.8)

which is a first-order system of differential equations, requiring two initial conditions for each canonical
variable.

Second-order derivative Lagrangian

Let’s now consider a Lagrangian depending on some family of fields ϕI and up to second-order time
derivatives of them

L = L(t, ϕI , ϕ̇I , ϕ̈I). (A.9)
The Euler-Lagrange equations are

d2

dt2
∂L
∂ϕ̈I

− d
dt

∂L
∂ϕ̇I

+ ∂L
∂ϕI

= 0. (A.10)

Applying the chain rule and imposing the non-degeneracy condition on the Lagrangian

det
(

∂2L
∂ϕ̈I∂ϕ̈J

)
/= 0, (A.11)

we can write the equations of motion as

ϕ(4)I = Q
(
t, ϕI , ϕ̇I , ϕ̈I , ϕ(3)I

)
, (A.12)

whose solutions are found after imposing four initial conditions for each field, for a total of 4I
initial conditions. Accordingly, the canonical variables should be 4I. These are derived following
Ostrogradsky’s prescription [92],

qI1 ≡ ϕI , qI2 ≡ ϕ̇I , π1,I ≡ ∂L
∂ϕ̇I

− d
dt

∂L
∂ϕ̈I

, π2,I ≡ ∂L
∂ϕ̈I

. (A.13)

The non-degeneracy condition (A.11) implies that we can invert the phase-space transformations
(A.13) to solve for ϕ̈I ≡ q̇I2 in terms of qI1 , π1,I , and π2,I . That is, there exist an acceleration
F(t, qI1 , qI2 , π2,I) such that

∂L
∂ϕ̈I

∣∣∣∣ϕI=qI1
ϕ̇I=qI2
ϕ̈I=F

= π2,I . (A.14)

Ostrogradsky’s Hamiltonian is obtained as the Legendre transformation of the Lagrangian with respect
to the time derivatives of the canonical positions qI1 and qI2 ,

H =
∑
k

πk,I q̇
I
k − L

= π1,I q̇
I
1 + π2,I q̇

I
2 − L

= π1,Iq
I
2 + F

(
t, qI1 , q

I
2 , π2,I

)
π2,I − L

(
t, qI1 , q

I
2 ,F

(
t, qI1 , q

I
2 , π2,I

))
.

(A.15)
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The time evolution equations follow in analogy to Eq. (A.8)
q̇Ii = ∂H

∂πi,I

π̇i,I = −∂H
∂qIi

.
(A.16)

Employing the phase space transformations (A.13), the Hamilton equations become

q̇I1 = qI2

q̇I2 = F
(
t, qI1 , q

I
2 , π2,I

)
π̇1,I = ∂L

∂qI1

π̇2,I = −π1,I + ∂L
∂qI2

.

(A.17)

It is manifest that the Hamiltonian (A.15) generates time evolution. However, it is important to notice
that Ostrogradsky’s Hamiltonian (A.15) is linear in the canonical momentum π1, and it is therefore
unbounded from below in the direction of the phase space given by π1. This is a particular case of the
more general Ostrogradsky’s theorem [92, 94, 364]

Ostrogradsky’s theorem
Let a Lagrangian involve n-th-order finite time derivatives of variables. If n ≥ 2 and the Lagrangian
is non-degenerate with respect to the highest-order derivatives, the Hamiltonian of this system
linearly depends on a canonical momentum.

As a consequence of Ostrogradsky’s theorem, any higher-order theory whose Lagrangian is non-
degenerate has ghosts (Ostrogradsky’s ghost). Note that these instabilities arise at the background
level and are therefore distinct from those associated with perturbations.
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Scale and conformal transformations

In this appendix, we explicitly derive the transformation properties of the model defined in Eq. (3.1)
under scale and conformal transformations. For a comprehensive discussion of the conceptual
distinctions between scale and conformal invariance, we refer the reader to [134].

Scale transformations

We want to show that the action in Eq. (3.1) is invariant under a scale transformation as defined by
the set of Eqs. (2.51)–(2.53).

From the metric transformation in Eq. (2.53), one finds√
−g(x) →

√
−g(ℓx), (B.1)

and from the coordinate transformation in Eq. (2.52), it is clear that a derivative with respect to
spacetime coordinates brings a factor ℓ. Therefore, we have

R(x) → ℓ2R(ℓx), ∂µϕ(x) → ℓ2∂µϕ(ℓx). (B.2)

Overall, the transformed action is

S′
J =

∫
d4x

√
−g(ℓx)

[
α

36ℓ
4R2(ℓx) + ξ

6ℓ
2ϕ2(ℓx)ℓ2R(ℓx) − 1

2ℓ
2∂µϕ(ℓx)ℓ2∂µϕ(ℓx) − λ

4 ℓ
4ϕ4(ℓx)

]
=
∫

d4x
√

−g(ℓx) ℓ4
[
α

36R
2(ℓx) + ξ

6ϕ
2(ℓx)R(ℓx) − 1

2∂µϕ(ℓx)∂µϕ(ℓx) − λ

4ϕ
4(ℓx)

]
=
∫

d4x̄
√

−g(x̄)
[
α

36R
2(x̄) + ξ

6ϕ
2(x̄)R(x̄) − 1

2∂µϕ(x̄)∂µϕ(x̄) − λ

4ϕ
4(x̄)

]
,

(B.3)

which is equivalent to the original one (3.1) after a coordinate redefinition x̄ ≡ ℓx.

Conformal transformations

We now want to show that the action in Eq. (3.1) is conformally invariant for the choice of parameters
α = 0, ξ = −1/2. Following [12], we define an equation for a scalar field ϕ as a conformally invariant
one if there exist a number ∆ϕ ∈ R – called the conformal weight of the field – such that ϕ is a solution
with metric gµν if and only if ϕ̃ = Ω−∆ϕϕ is a solution with metric g̃µν = Ω2gµν . From dimensional
analysis, we set ∆ϕ = 1 in 4 spacetime dimensions. Overall, this amounts to equipping the conformal
transformation acting on the metric, see Eq. (2.27), with a transformation on the scalar field. Note
that this is precisely the local version of the Weyl transformation in Eq. (2.54), defining dilatations.
We therefore adopt the following transformed quantities

g̃µν = Ω2gµν , ϕ̃ = Ω−1ϕ, (B.4)
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which implies
√−g̃ = Ω4√−g and

R̃ = Ω−2 [R− 6gµν∂µ∂νω − 6gµν∂µω∂νω] , (B.5)

where ω ≡ ln Ω, following Eq. (2.28).
For a matter of convenience, we already set α = 0 and consider the transformed action (3.1)

S̃J =
∫

d4x
√

−g̃
[
ξ

6 ϕ̃
2R̃− 1

2 g̃
µν∂µϕ̃∂ν ϕ̃− λ

4 ϕ̃
4
]
, (B.6)

and consider its first two terms separately. It is manifest that the self-interaction term is conformally
invariant. Using the intermediate result

∂µϕ̃ = Ω−1∂µϕ− ϕΩ−1∂µω, (B.7)

we obtain

ϕ̃2R̃ = Ω−4
[
ϕ2R− 6ϕ2gµν∂µ∂νω − 6ϕ2gµν∂µω∂νω

]
,

g̃µν∂µϕ̃∂ν ϕ̃ = Ω−4
[
gµν∂µϕ∂νϕ− 2ϕgµν∂µϕ∂νω + ϕ2gµν∂µω∂νω

]
.

(B.8)

After integrating by part the term ∝ ϕ2gµν∂µ∂νω and collecting all the terms, we have

S̃J =
∫

d4x
√−g

[
ξ

6ϕ
2R− 1

2∂µϕ∂
µϕ− λ

4ϕ
4 + (1 + 2ξ)

(
ϕgµν∂µϕ∂νω − 1

2ϕ
2gµν∂µω∂νω

)]
, (B.9)

showing that the last terms cancel for the choice

ξ = −1
2 , (B.10)

thus realizing conformal invariance.1

1Note that this result differs from what reported in [5, 7].
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Super-Hubble evolution of the gauge
field

As a complement to the asymptotic expressions for the power spectra derived in Sec. (5.2.3), we provide
here the super-Hubble limits of the gauge field and its conformal time derivative. These results are
further employed in Sec. 5.53.

For later convenience, we report the asymptotic limit of the Whittaker functions Wκ,µ(z) and
Mκ,µ(z) for z → 0:

Mκ,µ(z) ∼ zµ+ 1
2 (1 + O(z)) (z → 0), (C.1)

Wκ,µ(z) ∼ Γ(2µ)
Γ(1

2 + µ− κ)
z−µ+ 1

2 + Γ(−2µ)
Γ(1

2 − µ− κ)
zµ+ 1

2 + O(z
3
2 −Re(µ)) (z → 0). (C.2)

These expressions are valid for generic µ and κ. When 2µ ∈ Z, the two Frobenius indices differ by an
integer and the small-z expansion may involve logarithmic terms; similarly, when 1

2 ± µ − κ ∈ Z≤0,
the above coefficients must be understood via analytic continuation of the Gamma functions. In the
following, we restrict to parameter values for which these subtleties do not arise.

First stage

By taking the super-Hubble limit |kτ | ≪ 1 of the solution found in Eq. (5.20), we have

AI
±(τ, k) ≃ e∓π

2 ξ1
√

2k
2ν1Γ(2ν1)

Γ(1 + ν1 ∓ iξ1) (−2ikτ)−ν1 ,

d
dτ

(
AI

±(τ, k)
II(τ)

)
≃ −

√
2k

II(τ)e
∓π

2 ξ1 γν1Γ(2ν1)
Γ(1 + ν1 ∓ iξ1) (−2ikτ)−ν1 .

(C.3)

Note that we have employed the sub-Hubble limit of the coefficients C±
i , namely C±

1 ≃ 0, C±
2 ≃ e∓π

2 ξ1 ,
since they are evaluated at the onset of inflation, τ = τi, and we are only interested in the modes that
exited the horizon during inflation, meaning |kτi| ≫ 1.

Second stage

As stressed in Sec. 5.2.3, to properly evaluate the asymptotic behavior of the gauge field in the second
stage of inflation, we should distinguish between modes that have already exited the horizon at the
transition and those that exit the horizon during the second stage.
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Modes that exited the horizon during stage I

Stage-II solutions corresponding to the modes that exited the horizon during the first stage are found
from the super-Hubble limit |kτ | ≪ 1 of the solutions found in Eq. (5.24), and employing the super-
Hubble limit – corresponding to |kτ⋆| ≪ 1 – of the coefficients D±

i reported in Eq. (5.26). Since the
asymptotic expressions for D±

i carry an additional k-dependence, it is important to consider also the
– otherwise subleading – term coming from the expansion of Mκ,µ(z) given in Eq. (C.1). We obtain

AI→II
± (τ, k) ≃ e∓π

2 ξ1
√

2k

[
ν1(ν1 + ν2)(1 + γ2)

4ν2
2 − 1

Γ(2ν1 − 1)
Γ(1 + ν1 ∓ iξ1) (−2kτ⋆)1−ν1+ν2 (−2kτ)1−ν2 +

+ Γ(1 + 2ν1)
Γ(1 + ν1 ∓ iξ1) (−2kτ⋆)−ν1−ν2 (−2kτ)ν2

]
,

d
dτ

(
AI→II

± (τ, k)
III(τ)

)
≃ −i

√
2k

III(τ)e
∓π

2 ξ1

[
ν1(ν1 + ν2)(1 + γ2)

1 + 2ν2

Γ(2ν1 − 1)
Γ(1 + ν1 ∓ iξ1) (−2kτ⋆)1−ν1+ν2 (−2kτ)−ν2 +

+ i
γ

2
Γ(1 + 2ν1)

Γ(1 + ν1 ∓ iξ1) (−2kτ⋆)−ν1−ν2 (−2kτ)ν2

]
.

(C.4)

These approximate solutions will be applied to all |τ−1
i | ≲ k ≲ |τ−1

⋆ |. Whether one or the other power
laws in the above expressions dominate depends on the values of νi and the ratio τ/τ⋆.

Modes that exited the horizon during stage II

If we instead consider the sub-Hubble limit |kτ⋆| ≫ 1 of the coefficients D±
i reported in Eq. (5.26),

we obtain the asymptotic solutions corresponding to modes that exit the horizon during the second
stage, namely

AII
±(τ, k) ≃ e±π

2 ξ2
√

2k
Γ(2ν2 − 1)
Γ(ν2 ± iξ2) (−2kτ)1−ν2 ,

d
dτ

(
AII

±(τ, k)
III(τ)

)
≃ −i

√
2k

III(τ)e
±π

2 ξ2 Γ(2ν2)
Γ(ν2 ± iξ2) (−2kτ)−ν2 .

(C.5)

These approximate solutions will be applied to all |τ−1
⋆ | ≲ k ≲ |τ−1

f |. Since those modes are genuinely
amplified by stage-II dynamics, the asymptotic expressions in Eq. (C.5) only depend on ν2 (and not
on ν1).
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