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POISSON STRUCTURES ON THE CONIFOLD

AND LOCAL CALABI–YAU THREEFOLDS

E. BALLICO, E. GASPARIM, T. KÖPPE, B. SUZUKI

Abstract. We describe bivector fields and Poisson structures on local Calabi–Yau threefolds
which are total spaces of vector bundles on a contractible rational curve. In particular, we
calculate all possible holomorphic Poisson structures on the conifold.

1. Motivation and results

We are interested in holomorphic Poisson structures on Calabi–Yau threefolds that contain
a contractible rational curve. Here we consider the local situation. Hence, we study Poisson
structures on Calabi–Yau threefolds that are the total space of a rank 2 vector bundle on P

1. A
result of Jiménez [Jim] says that the contraction of a smooth rational curve on a threefold may
happen in exactly 3 cases, namely when the normal bundle to such a curve is one of

OP1(−1) ⊕ OP1(−1), OP1(−2) ⊕ OP1(0), or OP1(−3) ⊕ OP1(1),

although only in the first case it can contract to an isolated singularity. In this work we describe
completely the local case, that is, we classify all isomorphism classes of holomorphic Poisson
structures on the local Calabi–Yau threefolds

Wk := Tot(OP1(−k) ⊕ OP1(k − 2)), k = 1, 2, 3,

calculate their Poisson cohomology, describe their symplectic foliations and some properties of
their moduli.

Polishchuk shows a correspondence between Poisson structures on a scheme X and a blow-up
X̃, which applies to the cases we study [Po, Thm. 8.2, 8.4]. Hence, describing Poisson structures
on Wk is equivalent to describing Poisson structures on the singular threefolds obtained from
them by contracting the rational curve to a point.

Poisson structures are parametrized by those elements of H0(Wk, Λ2T Wk) which are inte-
grable. We briefly recall some basic definitions from Poisson cohomology, for details see [LPV,
Ch. 4]. Let (M, π) be a Poisson Manifold. The graded algebra X

•(M) = Γ(∧•T M) and the
degree-1 differential operator dπ = [π, ·] define the Poisson Cohomology of (M, π). The first
cohomology groups have clear geometric meaning:

H0(M, π) = ker[π, ·] = Cas(π) = holomorphic functions on M which are constant along
symplectic leaves. These are the Casimir functions of (M, π).

H1(M, π) =
Poiss(π)
Ham(π)

is the quotient of Poisson vector fields by Hamiltonian vector fields.

We compute Poisson cohomology groups and use them to distinguish Poisson structures,
identifying their degeneracy loci.

The rth degeneracy locus of a holomorphic Poisson structure σ on a complex manifold or
algebraic variety X is defined as

D2r(σ) := {x ∈ X | rank σ(x) ≤ 2r} ,

where σ is viewed as a map T ∗
X → TX by contracting a 1-form with the bivector field σ. At a

given point on a complex threefold a holomorphic Poisson structure has either rank 2, or rank
0. Therefore, for the threefolds Wk we name

D(σ) := D0(σ)

the degeneracy locus of σ, hence it consists of points where σ has rank 0.
1
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A nondegenerate holomorphic Poisson structure σ is called a holomorphic symplectic structure,
given that σ determines a nondegenerate closed holomorphic 2-form ω by setting

ω(Xf , Xg) = {f, g}σ ,

where Xf denotes the Hamiltonian vector field associated to a function f .

Remark 1.1. Each Poisson structure determines a symplectic foliation, whose leaves consist of
maximal symplectic submanifolds. In particular, in the case of threefolds, the degeneracy locus
D(σ) is formed by leaves consisting of a single point each, and all other leaves have complex
dimension 2.

Describing holomorphic Poisson structures on the Calabi–Yau threefolds Wk can also be
regarded as describing their first-order noncommutative deformations. The commutative defor-
mation theory of these threefolds Wk and the structure of moduli of vector bundles on them
is described in detail in [BGS]. The surfaces Zk := Tot(OP1(−k)), which were discussed in
[BG1, BG2] and [BeG], occur here as useful tools.

Motivated by the definition of moduli space of Poisson structures given in [Pym, Sec. 1.2],
namely the quotient Poiss(X)/Aut(X), we also describe some isomorphisms among Poisson
structures. We note that the space of Poisson structures on a threefold can be seen as a cone
over global functions in the following sense:

Proposition 1.2. Let X be a smooth complex threefold and u a Poisson structure on X, i.e.
an integrable bivector field. Then fu is integrable for all f ∈ O(X).

Proof. Since fu is a holomorphic bivector, we only need to check that fu is integrable. This is
a local condition. Locally u is the product of an element of K−1

X and a holomorphic one-form
w, and the integrability of u is equivalent to w ∧ dw = 0 [Pym, Eq. 4]. We have (fw) ∧ d(fw) =
f2w ∧ dw + w ∧ df ∧ w = 0 + 0. �

Among our local threefolds, the most famous is certainly W1, known in the physics literature
as the resolved conifold, since it occurs as the crepant resolution of the double point singularity
xy −zw = 0 in C

4 known as the conifold. The conifold singularity is extremely popular in string
theory because it can be resolved in two different ways, by a 2-sphere (resolution) or a 3-sphere
(deformation). This leads to what is known as a geometric transition and establishes dualities
between distinct theories in physics, such as gauge–gravity and open–closed string duality, see
[BBR] and references therein. We start with bivector fields on W1:

Lemma (3.1). The space M1 = H0(W1, Λ2T W1) parametrizing all holomorphic bivector fields
on W1 has the following structure as a module over global holomorphic functions:

M1 = 〈e1, e2, e3, e4〉/〈zu2e1 − zu1e2 − u2e3 + u1e4〉 .

Describing obstructions to integrability, we obtain an explicit description of Poisson struc-
tures on W1. For p = (p1, p2, p3, p4) ∈ M1 we describe a differential operator B(p) = ptQp

(Note 3.10).

Theorem (3.2). Every holomorphic Poisson structure on W1 has the form
∑4

i=1 piei where
(p1, p2, p3, p4) ∈ B−1(0).

Theorem (3.12). The Poisson structures e1, e2, e3, e4 are all pairwise isomorphic.

Since the generators give isomorphic Poisson structures, it is enough to describe the foliation
corresponding to one of them, we choose e2 = ∂0 ∧ ∂1.

Theorem (3.15). The symplectic foliation for (W1, ∂0 ∧ ∂1) is given by:

• ∂0∧∂1 has degeneracy locus on the line {v2 = ξ = 0}, where the leaves are 0-dimensional,
consisting of single points, and

• 2-dimensional symplectic leaves cut out on the U chart by u2 constant.

We summarize this result in a small table.
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W1 Poisson structures

π degeneracy Casimir

e2 f(u2)

We then see the Poisson structures as determined by surface embeddings.

Theorem (3.14). The 4 principal embeddings of the Poisson surface (Z1, π0) generate all Poisson
structures on W1.

From the viewpoint of Poisson structures, W2 is the best of our local Calabi–Yaus, since it
is the only one that admits a nondenegerate Poisson structure, see Lemma 4.3, although this
comes as no surprise since W2 ≃ T ∗

P
1 × C is a product of symplectic manifolds.

Lemma (4.1). The space M2 of holomorphic bivector fields on W2 has the following structure
as a module over global holomorphic functions:

M2 = 〈e1, e2, e3, e4, e5〉/〈u1e3 − zu1e1, u2e5 − zu2e3 − 2zu2e2〉 .

By Lemma 4.2, e1 and e5 give isomorphic Poisson structures, whereas the others are distinct,
giving interesting symplectic foliations, as follows.

Theorem (4.11). The symplectic foliations on W2 have 0-dimensional leaves consisting of single
points over each of their corresponding degeneracy loci described in Lemma 4.3, and their generic
leaves, which are 2-dimensional, are as follows:

• surfaces of constant u1 for e1 and e3, one of them isomorphic to P
1 × C.

• isomorphic to C − {0} × C for e2 (contained in the fibers of the projection to P
1).

• isomorphic to the surface Z2 and cut out by u2 = v2 constant for e4.

We depict their degeneracy loci and Casimir functions in the following table.
W2 Poisson structures

π degeneracy Casimir

e1 f(u1)

e2 f(z)

e3 ∪ f(u1)

e4 ∅ f(u2)

We then continue onto the case of W3, obtaining:

Lemma (5.1). The space M3 of holomorphic bivector fields on W3 has the following structure
as a module over global holomorphic functions:

M3 = C〈e1, . . . , e13〉/R

with the set of relations R is the ideal generated by the expressions

u1e2 − u1u2e1

u1e10 − u1u2e3

u1e13 − u1u2e7

zu1e12 − u1u2e6

zu1e13 − u1u2e8

u1e11 − zu1e10

u1e4 − zu1e3

u1e5 − zu1e4

u1e8 − zu1e7

u1e6 − zu1e5 − 3z2u1e1

u1e9 − zu1e8 + zu1e2

u1e12 − zu1e11 − 3zu1e1.

Subsequently, we describe some features of the symplectic foliations corresponding to the
generating Poisson structures on W3.

Theorem (5.10). The symplectic foliations on W3 have 0-dimensional leaves consisting of single
points over each of their corresponding degeneracy loci described in the proofs of Lemmata 5.7,
5.8, 5.9, and their generic leaves, which are 2-dimensional, are as follows:
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• Isomorphic to C
∗ × C for e1.

• Isomorphic to C
∗ × C

∗ for e2.
• Surfaces of constant u1, for e3, e4, e5, e10, e11 and e13.
• Surfaces of constant u2, for e7 and e8.

Geometrically, these structures can be obtained from surface embeddings.

Theorem (5.5). The embeddings of Poisson surfaces j0(C2, π0), j1(Z3, πi) with i = 0, 1, 2 and
j2(Z−1, πi) with i = 0, 1, 2, 3 generate all Poisson structures on W3.

We finish by showing that except for e6, e9, e12, the Poisson structures ei are all pairwise
non-isomorphic, which can be seen from their degeneracy loci.

W3 Poisson structures

π degeneracy Casimir

e1 ∪ f(z)

e2 ∪ f(z)

e3 f(u1)

e4 ∪ f(u1)

e5 ∪ f(u1)

e7 ∪ f(u2)

e8 ∪ ∪ f(u2)

e10 ∪ f(u1)

e11 ∪ ∪ f(u1)

e13 ∪ f(u2)
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Remark 1.3. Lemma 3.1 (resp. 4.1, 5.1) shows that the space of holomorphic bivector fields on
W1 (resp. W2, W3) is generated as a module over global holomorphic functions by 4 (resp. 5, 13)
holomorphic bivectors. Moreover, we find that C-linear combinations of the basis vectors are
integrable, and by Proposition 1.2 any multiples thereof by holomorphic functions are integrable,
too. In the case of W1, Theorem 3.2 describes the space of integrable bivectors as the kernel of
an explicit differential operator.

However, we note that general combinations of the basis vectors with global functions as
coefficients may not be integrable. For example, on W1 the expression zu2e1 + e3 gives a
nonintegrable bivector field, despite the fact that both e1 and e3 are integrable.

2. Vector fields on Wk

Definition 2.1. For integers k1 and k2, we set

Wk1,k2 = Tot(OP1(−k1) ⊕ OP1(−k2)) .

The complex manifold structure can be described by gluing the open sets

U = C
3
{z,u1,u2} and V = C

3
{ξ,v1,v2}

by the relation

(2.2) (ξ, v1, v2) = (z−1, zk1u1, zk2u2)

whenever z and ξ are not equal to 0. We call (2.2) the canonical coordinates for Wk1,k2.

Lemma 2.3. The threefold Wk1,k2 is Calabi–Yau if and only if k1 + k2 = 2.

Proof. The canonical bundle is given by the transition −zk1+k2−2, so it is trivial if and only if
k1 + k2 = 2. �

Notation 2.4. We denote by Wk the Calabi–Yau threefold

Wk := Wk,−k+2 = Tot(OP1(−k) ⊕ OP1(k + 2)) .

Let U ⊂ Wk be our usual chart with coordinates {z, u1, u2}. As a module over the ring of
functions H0(U ; O), the module of global sections of vector fields over U , H0(U ; T U) is spanned
by the coordinate partial derivatives, which we relabel for convenience:

∂

∂z
≡

∂

∂x0
≡ ∂0 ,

∂

∂u1
≡

∂

∂x1
≡ ∂1 , and

∂

∂u2
≡

∂

∂x2
≡ ∂2 .

The exterior powers are spanned by the appropriate wedge products:

H0(U ; Λ1T U) =
〈
{∂i}

2
i=0

〉

H0(U ; Λ2T U) = 〈{b0 ≡ ∂1 ∧ ∂2 , b1 ≡ ∂2 ∧ ∂0 , b2 ≡ ∂0 ∧ ∂1}〉

H0(U ; Λ3T U) = 〈{∂0 ∧ ∂1 ∧ ∂2}〉

We are interested in bivectors, i.e. elements of H0(U ; Λ2T U). We write a bivector field as

(2.5) q = qibi =
1
2

qiεjk
i ∂j ∧ ∂k ,

where the coefficients qi are functions on U . We are using Einstein summation convention
throughout, and we write f,i for ∂f

∂xi .
We collect a few useful identities involving Lie brackets, and some preliminary expressions used

to compute the Schouten–Nijenhuis brackets. Let X, Y be vector fields and f , g be functions.
Then:

• For the coordinate partial derivatives, the Lie bracket vanishes: [∂j , ∂k] = 0 for all j, k.
• [X, gY ] = X(g)Y + g[X, Y ], so in particular, [∂j , g∂k] = ∂g

∂xj ∂k and [f∂j , ∂k] = − ∂f
∂xk ∂j.
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• The SN-bracket of two bivectors is commutative and results in a degree-3 trivector, i.e.
a scalar multiple of ∂0 ∧ ∂1 ∧ ∂2. On basis elements, it is given by:

[
f ∂j ∧ ∂k, g ∂m ∧ ∂n

]
=

[
f ∂j, g ∂m

]
∧ ∂k ∧ ∂n −

[
f ∂j , ∂n

]
∧ ∂k ∧ g ∂m

−
[
∂k, g ∂m

]
∧ f ∂j ∧ ∂n +

✘
✘
✘
✘

[
∂k, ∂n

]
∧ f ∂j ∧ g ∂m

= fg,j ∂m ∧ ∂k ∧ ∂n − gf,m ∂j ∧ ∂k ∧ ∂n

+ gf,n ∂j ∧ ∂k ∧ ∂m − fg,k ∂m ∧ ∂j ∧ ∂n.(2.6)

We are now in a position to compute the self-bracket of a general bivector field q:
[
q, q

]
=

[
q0∂1 ∧ ∂2 + q1∂2 ∧ ∂0 + q2∂0 ∧ ∂1, q0∂1 ∧ ∂2 + q1∂2 ∧ ∂0 + q2∂0 ∧ ∂1

]
.

Consider distributing the sums out of this expression. From the basis expression in Equa-
tion (2.6) we see that terms vanish unless the indices in the triple wedge product are pairwise
distinct, so that self-brackets of individual summands vanish. Furthermore, commutativity of
the SN-bracket on bivectors means that the cross terms group in pairs, so we have:

[
q, q

]
= 2 ×

([
q0∂1 ∧ ∂2, q1∂2 ∧ ∂0

]
+

[
q1∂2 ∧ ∂0, q2∂0 ∧ ∂1

]
+

[
q2∂0 ∧ ∂1, q0∂1 ∧ ∂2

])
.

Now we apply Equation (2.6) to each term and group the results. Since the four indices j,
k, m, n are always three distinct numbers and k = m, only two terms are non-zero, namely
−gf,m ∂j ∧ ∂k ∧ ∂n − fg,k ∂m ∧ ∂j ∧ ∂n =

(
fg,k − gf,k

)
∂j ∧ ∂k ∧ ∂n. We find:

[
q, q

]
= 2 ∂0 ∧ ∂1 ∧ ∂2

(
q1q2

,0 − q2q1
,0 + q2q0

,1 − q0q2
,1 + q0q1

,2 − q1q0
,2

)
.

A bivector field q is called a Poisson bivector if it is integrable, which happens if and only
if its SN-self-bracket vanishes, [q, q] = 0. If q is given in coordinates by Equation (2.5), with
q0, q1, q2 ∈ H0(U ; O), then the integrability condition is:

0 = q1 ∂q2

∂x0
− q2 ∂q1

∂x0
+ q2 ∂q0

∂x1
− q0 ∂q2

∂x1
+ q0 ∂q1

∂x2
− q1 ∂q0

∂x2

= q1 ∂q2

∂z
− q2 ∂q1

∂z
+ q2 ∂q0

∂u1
− q0 ∂q2

∂u1
+ q0 ∂q1

∂u2
− q1 ∂q0

∂u2
.(2.7)

Note that by Proposition 1.2, O-multiples of Poisson bivectors are themselves Poisson, which
we can also see directly from the above explicit expressions.

Some Poisson structures on local surfaces will be useful. We summarize a few results.

Remark 2.8 (surfaces). Using canonical coordinate charts Zk = Tot(OP1(−k)) [BG2, Lem. 2.8]
calculated all their Poisson structures, obtaining generators as: (1, −ξ), (z, −1) for k = 1; (1, −1)
for k = 2; (u, −ξ2v), (zu, −ξv), (z2u, −v) for k ≥ 3, written in the basis (∂z ∧∂u, ∂ξ ∧∂v). We will
also use the generators for Poisson structures on Z0 which are (1, −ξ2), (z, −ξ), (z2, −1), and for
Z−1 which are (1, −ξ3), (z, −ξ2), (z2, −ξ), (z3, 1).

3. Poisson structures on W1

Let ı : U →֒ W1 denote the inclusion. We actually demand that the coefficients of q are
functions on all of W1, i.e. that they should be in the image of ı∗ : R := H0(W1; OW1) →
H0(U ; OU ). (We will not distinguish between R and its image over U : we are only working
in local coordinates on U , but with the understanding that we are describing global objects on
W1.) In local coordinates on U , R consists of convergent power series in

{
1, u1, zu1, u2, zu2

}
.

This imposes additional conditions on the coefficients qi.

Lemma 3.1. The space M1 = H0(W1, Λ2T W1) parametrizing all holomorphic bivector fields
on W1 has the following structure as a module over global holomorphic functions:

M1 = 〈e1, e2, e3, e4〉/〈zu2e1 − zu1e2 − u2e3 + u1e4〉 .
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Proof. Since M1 is given by global holomorphic sections of Λ2T W1, using Čech cohomology, we
search for a, b, c holomorphic functions on U such that




z2 −zu1 −zu2

0 z−1 0
0 0 z−1








a
b
c





is holomorphic on V . To start with a =
∞∑

l=0

∞∑

i=0

∞∑

s=0

aliszlui
1us

2 and similar for b and c. Direct

calculation by formal neighborhoods of P1 ⊂ W1 gives the expression of the sections. It turns
out that all generators we need already appear on the second formal neighborhood, where we
have:




a
b
c


 = b000




0
1
0


 + c000




0
0
1


 + b100




u1

z
0


 + c100




u2

0
z


 + a020




u2
1

0
0


 + a002




u2
2

0
0


 + a011




u1u2

0
0




+b010




0
u1

0


 + b110




0
zu1

0


 + b210




zu2
1

z2u1

0


 + b001




0
u2

0


 + b101




0
zu2

0


 + b201




zu1u2

z2u2

0


 .

At this point we have 13 generators of M1 as a vector space over C:

e1 :=




0
1
0


 , e2 :=




0
0
1


 , e3 :=




u1

z
0


 , e4 :=




u2

0
z


 , e5 :=




u2
1

0
0


 , e6 :=




u2
2

0
0


 , e7 :=




u1u2

0
0


 ,

e8 :=




0
u1

0


 , e9 :=




0
zu1

0


 , e10 :=




zu2
1

z2u1

0


 , e11 :=




0
u2

0


 , e12 :=




0
zu2

0


 , e13 :=




zu1u2

z2u2

0


 .

These satisfy the set of relations:

zu2e1 − zu1e2 − u2e3 + u1e4 = 0, u2
2e5 − u2

1e6 = 0

e5 − u1e3 + zu1e1 = 0 e6 − u2e4 + zu2e2 = 0

e7 − u2e3 + zu2e1 = 0 e7 − u1e4 + zu1e2 = 0

u2e5 − u1e7 = 0, u1e6 − e7u2 = 0.

We then proceed to obtain simpler presentations for M1. For instance, clearly the relations on
lines 2 and 3 may be used to remove e5, e6, e7, simplifying the presentation of M1 to a set of 10
generators with 4 relations, and so on.

After a long series of reductions, or else, using a computer algebra, we arrive at a far simpler
presentation: M1 = 〈e1, e2, e3, e4〉 with the single relation.

zu2e1 − zu1e2 − u2e3 + u1e4 = 0.

�

Theorem 3.2. Every holomorphic Poisson structure on W1 has the form
∑4

i=1 piei where
(p1, p2, p3, p4) ∈ ker B.

Specifically, by Lemma 3.1 global bivectors on W1 are generated by four elements over R,
given on the U chart by

e1 =




0
1
0



 , e2 =




0
0
1



 , e3 =




u1

z
0



 , e4 =




u2

0
z



 .
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Now write p =
∑4

h=1 pheh for a bivector field p that extends to all of W1, p ∈ H0(W1; Λ2T W1),
that is,

p = p1b1 + p2b2 + p3(u1b0 + zb1) + p4(u2b0 + zb2)

= (u1p3 + u2p4

︸ ︷︷ ︸
q0

)b0 + (p1 + zp3

︸ ︷︷ ︸
q1

)b1 + (p2 + zp4

︸ ︷︷ ︸
q2

)b2 ,

where ph ∈ R for h = 1, 2, 3, 4. We consider the integrability condition (2.7) with:

q0(z, u1, u2) = u1p3(z, u1, u2) + u2p4(z, u1, u2)

q1(z, u1, u2) = p1(z, u1, u2) + zp3(z, u1, u2)

q2(z, u1, u2) = p2(z, u1, u2) + zp4(z, u1, u2)

The condition becomes:

0 = (p1 + zp3)
∂(p2 + zp4)

∂z
− (p2 + zp4)

∂(p1 + zp3)
∂z

+ (p2 + zp4)
∂(u1p3 + u2p4)

∂u1
− (u1p3 + u2p4)

∂(p2 + zp4)
∂u1

− (p1 + zp3)
∂(u1p3 + u2p4)

∂u2
+ (u1p3 + u2p4)

∂(p1 + zp3)
∂u2

= (p1 + zp3)(p2
,0 + p4 + zp4

,0) − (p2 + zp4)(p1
,0 + p3 + zp3

,0)

+ (p2 + zp4)(p3 + u1p3
,1 + u2p4

,1) − (u1p3 + u2p4)(p2
,1 + zp4

,1)

− (p1 + zp3)(p4 + u2p4
,2 + u1p3

,2) + (u1p3 + u2p4)(p1
,2 + zp3

,2)

= p1p2
,0 − p2p1

,0 + z(p1p4
,0 − p4p1

,0 + p3p2
,0 − p2p3

,0) + z2(p3p4
,0 − p4p3

,0)

+ u1(p2p3
,1 − p3p2

,1 + p3p1
,2 − p1p3

,2) + zu1(p4p3
,1 − p3p4

,1)

+ u2(p2p4
,1 − p4p2

,1 + p4p1
,2 − p1p4

,2) + zu2(p4p3
,2 − p3p4

,2).(3.3)

Note 3.4. The vectors 〈{e1, e2, e3, e4}〉C generate a submodule of Poisson bivector fields over
R: any such vector field is of the form µ1pe1 + µ2pe2 + µ3pe3 + µ4pe4 for some µ1, µ2, µ3, µ4 ∈ C

and p ∈ R, say, which can be seen to satisfy Equation (3.3), with ph = µhp for h = 1, 2, 3, 4:
each antisymmetric term pipj

,k − pjpi
,k = µiµj(p p,k − p p,k) vanishes. The connection between

the U and the V chart is described above.

For h = 1, 2, 3, 4, write:

ph(z, u1, u2) =
∞∑

s=0

∞∑

t=0

s+t∑

r=0

ph
rstz

rus
1ut

2(3.5)

ph
,0(z, u1, u2) =

∞∑

s=0

∞∑

t=0

s+t∑

r=1

ph
rstrzr−1us

1ut
2(3.6)

ph
,1(z, u1, u2) =

∞∑

s=1

∞∑

t=0

s+t∑

r=0

ph
rstszrus−1

1 ut
2(3.7)

ph
,2(z, u1, u2) =

∞∑

s=0

∞∑

t=1

s+t∑

r=0

ph
rsttz

rus
1ut−1

2 .(3.8)

We can substitute these power series expansions into condition (3.3) and derive conditions on
every infinitesimal neighbourhood, i.e. for bounded values of s and t: The restriction to the nth

infinitesimal neighbourhood sets to zero all terms us
1ut

2 for which s + t > n. Note that the series
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for ph has (n + 1)2 terms on the nth infinitesimal neighbourhood (more precisely: in the kernel
of Oℓ(n) → Oℓ(n−1) ), where n = s + t.

Note 3.9. The expression in Equation (3.3) is an element of R, i.e. a globally holomorphic
function. This is to be expected, since p =

∑4
h=1 pheh is (the restriction to U of) a global

bivector field, and the NS-bracket maps global (multi)vector fields to global (multi)vector fields
(being a composition of Lie brackets, which map vector fields to vector fields). We can also
verify this in local coordinates: Let [p, p] = f(pi, pi

,j) ∂0 ∧∂1 ∧∂2, so that f is the right-hand side
of Equation (3.3). Note that ∂0 ∧∂1 ∧∂2 = ∂0̃ ∧∂1̃ ∧∂2̃ on U ∩V (after all, W1 is Calabi-Yau); we
show that f is globally holomorphic on W1: If ph ∈ R, then ph

,0 and zph
,0 are in R, too, as is clear

from considering (3.6). Terms u1ph
,1 and u2ph

,1 are holomorphic, as can be seen from (3.7), and
similarly for u1ph

,2 and u2ph
,2. The remaining terms are not individually globally holomorphic,

but they group as follows:

p3
(
z2p4

,0 − zu1p4
,1 − zu2p4

,2

)
− p4

(
z2p3

,0 − zu1p3
,1 − zu2p3

,2

)
.

By considering (3.6), (3.7), and (3.8), we see that the only non-holomorphic terms are zs+t+1us
1ut

2,
and those appear with coefficient

(
(s + t) − s − t

)(
p4

s+t,s,t − p3
s+t,s,t

)
= 0.

Note 3.10. The quasi-linear differential operator B defined above can be written as follows:

B(p1, p2, p3, p4) = pT Q p =

[
p1 p2 p3 p4

]



0 ∂0 −u1∂2 z∂0 − u2∂2

−∂0 0 −z∂0 + u1∂1 u2∂1

u1∂2 z∂0 − u1∂1 0 z2∂0 − zu1∂1 − zu2∂2

−z∂0 + u2∂2 −u2∂1 −z2∂0 + zu1∂1 + zu2∂2 0







p1

p2

p3

p4




where have expressed f using the quadratic form Q. We may linearize this differential equation
around a fixed solution pT = [p1 p2 p3 p4]:

lim
ε→0

1
ε

(
f(p + ε∆p) − f(p)

)
= ∆pT Q p + pT Q ∆p.

3.1. Symmetries and embeddings. We now give isomorphism between the Poisson structures
on W1.

Remark 3.11. Note that there are two clear symmetries of W1:

• exchanging the radial directions s0(z, u1, u2) = (z, u2, u1) and
• exchanging the charts U and V , that is, s1(z, u1, u2) = (ξ, v1, v2).

These symmetries are automorphisms of W1 and are also Poisson isomorphisms between some
structures on W1 as shown in the diagram below:

(W1, e3) (W1, e1)

(W1, e2) (W1, e4)

s1

s0 s0

s1

.

In other words, we have that e1 = s∗
0(e2), e4 = s∗

1(e2), and e4 = s∗
1s∗

0e2.

Theorem 3.12. The Poisson structures e1, e2, e3, e4 are all pairwise isomorphic.

There are 2 obvious inclusions of the surface Z1 into the threefold W1.

Notation 3.13. We denote by πi the Poisson structure on Zk that is given on the U -chart by
ziuε where ε = 0 if i ≤ 2 and ε = 1 if i ≥ 3. We denote by j1 : Z1 → W1 (resp. j2) the inclusion
into the first (resp. second) fiber coordinate, that is, on the U -chart j1(z, u) = (z, u, 0) (resp.
j2(z, u) = (z, 0, u)). We call j1, s0j1, s1j1, s1s0j1 the principal embeddings of Z1 into W1.

Theorem 3.14. The 4 principal embeddings of the Poisson surface (Z1, π0) generate all Poisson
structures on W1.
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Proof. Let j1(Z1) (resp. j2(Z1)) be the embedding of the surface Z1 into W1 by u2 = 0 and
v2 = 0 (resp. u1 = 0 and v1 = 0). Then Poisson structures induced by the first embedding are:

(j1)∗(1)U =




0
0
1





U

, (j1)∗(−ξ)V =




0
0

−ξ





V

, hence e2|j1(Z1) = (j1)∗π0,

analogously, γ1|j1(Z1) = j1(sπ0). The induced Poisson structures by the second embedding are

(j2)∗(1)U =




0
1
0





U

, (j2)∗(−ξ)V =




0

−ξ
0





V

, hence e3|j2(Z1) = (j2)∗π0,

analogously e1|j2(Z1) = (j2)∗(sπ0).
�

3.2. Symplectic foliations on W1. Since e1, e2, e3, e4 are all isomorphic, to understand their
corresponding symplectic foliations, it is enough to describe the symplectic foliation in one case.
We consider e2 whose expression in canonical coordinates is {f, g}e2 = (df ∧ dg)y( ∂

∂z
∧ ∂

∂u1
) =

(df ∧ dg)y(∂0 ∧ ∂1).

Theorem 3.15. The symplectic foliation for (W1, ∂0 ∧ ∂1) is given by:
• ∂0∧∂1 has degeneracy locus on the line {v2 = ξ = 0}, where the leaves are 0-dimensional,

consisting of single points, and
• 2-dimensional symplectic leaves cut out on the U chart by u2 constant.

Proof. To find the symplectic leaves we compute Poisson cohomology H0(W1, e2), obtaining that
e2 = ∂0 ∧ ∂1 has 2 dimensional symplectic leaves cut out on the U chart by u2 constant (the
Casimir functions), and next changing coordinates




z2 −zu1 −zu2

0 z−1 0
0 0 z−1








0
0
1



 =




−zu2

0
z−1



 =




−v2

0
ξ





so, we see that the expression of e2 on the V -coordinate is −v2
∂

∂v1
∧ ∂

∂v2
+ ξ ∂

∂ξ
∧ ∂

∂v1
, which

vanishes when ξ = v2 = 0. Hence e2 has degeneracy locus on the line D(e2) = {v2 = ξ = 0},
where the leaves are 0 dimensional, consisting of each of the points in the line ξ = v2 = 0. �

4. Poisson structures on W2

The Calabi–Yau threefold we consider in this section is

W2 := Tot(OP1(−2) ⊕ OP1) = Z2 ⊗ C.

We will carry out calculations using the canonical coordinates W1 = U ∪ V where U ≃ C
3 ≃ V

with coordinates U = {z, u1, u2}, V = {ξ, v1, v2}, and change of coordinates on U ∩ V ≃
C

∗ × C × C given by {
ξ = z−1 , v1 = z2u1 , v2 = u2

}
,

so that z = ξ−1, u1 = ξ2v1, and u2 = v2.
The transition matrix for the tangent bundle is the Jacobian matrix of the change of coordi-

nates, and taking the second exterior power we obtain the transition matrix for Λ2T W2:



z2 −2zu1 0
0 −z−2 0
0 0 −1



 .

Let ı : U →֒ W2 denote the inclusion. We actually demand that the coefficients of q are
functions on all of W2, i.e. that they should be in the image of ı∗ : R := H0(W2; OW2) →
H0(U ; OU ). (We will not distinguish between R and its image over U : we are only working
in local coordinates on U , but with the understanding that we are describing global objects on
W2.) In local coordinates on U , R consists of convergent power series in

{
1, u1, zu1, z2u1, u2

}
.
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Now write p =
∑5

h=1 pheh for a bivector field p that extends to all of W2, p ∈ H0(W2; Λ2T W2).

Lemma 4.1. The space M2 = H0(W2, Λ2T W2) parametrizing all holomorphic bivector fields
on W2 has the following structure as a module over global holomorphic functions:

M2 = 〈e1, e2, e3, e4, e5〉/〈u1e3 − zu1e1, u2e5 − zu2e3 − 2zu2e2〉.

Proof. To find H0(W2, Λ2T W2) we need global holomorphic sections, that is, we must find a, b, c
holomorphic on U such that 


z2 −2zu1 0
0 −z−2 0
0 0 −1







a
b
c




is holomorphic on V . To start with a =
∞∑

l=0

∞∑

i=0

∞∑

s=0

alisz
lui

1us
2 and similar for b and c. We proceed

by calculations on formal neighborhoods of the P
1 ⊂ W2 and verify that generators for all global

sections are already found on the first formal neighborhood, where the general expression of a
section of Λ2T W2 is:




a
b
c


 = c000




0
0
1


 + c010




0
0
u1


 + c110




0
0

zu1


 + c210




0
0

z2u1


 + c001




0
0
u2


 + a010




u1

0
0




+b000




0
1
0



 + b100




0
z
0



 + b200




2zu1

z2

0



 + b010




0
u1

0



 + b110




0

zu1

0



 + b210




0

z2u1

0



 + b310




0

z3u1

0



 .

We then need the structure of M = H0(W2, T W2) as a module over global functions. At first
this gives us potentially 13 generators, but since u1, zu1, z2u1, u2 are global functions, we obtain
that in fact all sections can be obtained from the smaller set of generators:

e1 =




0
1
0



 , e2 =




u1

0
0



 , e3 =




0
z
0



 , e4 =




0
0
1



 , e5 =




2zu1

z2

0



 .

To describe the module structure over global sections, we write relations among the generators.
We have the equations:

e3 − ze1 = 0

e5 − ze3 − 2ze2 = 0.

Note that there are no equations involving e4. This corresponds to the fact that the geometry of
W2 = Z2 ×C is that of a surface product C. Accordingly, we shall not involve u2 in the relations
to be obtained from these equations. To get relations as an O(W2)-module, we multiply the
equations by u1, obtaining:

u1e3 − zu1e1 = 0

u2e5 − zu3e4 − 2zu2e2 = 0.

�

Next we discuss which of these bivector fields give isomorphic Poisson structures.

Lemma 4.2. The Poisson manifolds (W2, e1) and (W2, e5) are isomorphic.

Proof. Note that by writing e1 in V -coordinates we get:



z2 −2zu1 0
0 −z−2 0
0 0 −1







0
1
0


 =




−2zu1

−z−2

0


 =




−2ξv1

−ξ2

0


 .

So we get an isomorphism between (W2, e1) and (W2, −e5) by mapping the U -chart of one to
the V -chart of the other and vice-versa. Then the desired isomorphism follows from the fact
that (W2, e5) and (W2, −e5) are isomorphic. �

We now describe the loci where Poisson structures on W2 degenerate.
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Lemma 4.3. The degeneracy loci of Poisson structures on W2 are:

• isomorphic to C
2 for e1, and

• isomorphic to P
1 × C for e2,

• isomorphic to C
2 ∪ C for e3, and

• empty for e4.

Proof. The coefficients of the Poisson structures in coordinate charts are:

e1 :=




0
1
0




U

=




−2ξv1

−ξ2

0




V

e2 :=




u1

0
0




U

=




v1

0
0




V

e3 :=




0
z
0




U

=




−2v1

ξ
0




V

e4 :=




0
0
1




U

=




0
0

−1




V

.

On the V chart we have that e1 degenerates when ξ = 0 which is copy of C2. Therefore, we
have that e2 degenerates when u1 = v1 = 0 which gives a trivial product P1 ×C. On the U chart
we have that e3 degenerates when z = 0 which is a copy of C2, on the V chart we have that e3

degenerates when ξ = v1 = 0 which is copy of C. For e4 the degeneracy locus is empty. �

Corollary 4.4. The brackets e1, e2, e3, e4 give W2 non-isomorphic Poisson structures.

There are natural inclusions of the surfaces C, Z0, and Z2 into W2:

Notation 4.5. We denote by js for s = 0, 1, 2 the inclusions of C2, Z0, and Z2 into the threefold
W2. Hence, in coordinates we have:

• j0 : C2 → W2 includes C
2 as the fiber z = ξ = 1,

• j1 : Z2 → W2 includes Z2 as the surface u2 = v2 = 0,
• j2 : Z0 → W2 includes Z0 as the surface u1 = ξ2v1 = 0.

Theorem 4.6. The embedded Poisson surfaces j0(C2, π0), j1(Z2, π0) and j2(Z0, πi) with i =
0, 1, 2, generate all Poisson structures on W2.

Proof. Let j1(Z2) (resp. j2(Z0)) be the embedding of the surface Z2 (resp. Z0) into W2 cut out
by u2 = v2 = 0 (resp. u1 = ξ2v1 = 0). Then Poisson structure induced by the first embedding
is:

(j1)∗(1)U =




0
0
1





U

, (j1)∗(−ξ)V =




0
0

−1





V

, hence e4|j1(Z2) = (j1)∗π0.

The Poisson structures induced by the second embedding are

(j2)∗(1)U =




0
1
0




U

, (j2)∗(−ξ2)V =




0
−ξ2

0




V

, hence e1|j2(Z0) = (j2)∗π0,

and analogously e2|j2(Z0) = (j2)∗(sπ1). Since j0 has image at u = ξ = 1, we obtain

(j0)∗(1)U =




1
0
0





U

, (j0)∗(1)V =




1
0
0





V

⇔ (j0)∗(z)U =




u1

0
0





V

, (j0)∗(ξ)V =




v1

0
0





V

,

hence e3|j0(Z0) = (j0)∗π0. �

4.1. Symplectic foliations on W2. In this section we perform the cohomological calculations,
and identify the leaves of the symplectic foliation associated to each Poisson structure on W2.

Lemma 4.7. H0(W2, e1) = {f ∈ O(W2)/f = f(u1)}

Proof. Recall that e1 = −∂0 ∧ ∂2. Then we have

[f, e1] = −[f, ∂0 ∧ ∂2] = −[f, ∂0] ∧ ∂2 + ∂0 ∧ [f, ∂2] =
∂f

∂u2
∂0 −

∂f

∂z
∂2,

so that f ∈ ker[e1, ·] if and only if
∂f

∂z
=

∂f

∂u2
= 0, i.e., f does not depend on z and u2. �

Lemma 4.8. H0(W2, e2) = {f ∈ O(W2)/f = f(z)}
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Proof. Recall that e2 = u1∂1 ∧ ∂2. Then we have

[f, e2] = [f, u1∂1 ∧ ∂2] = [f, u1∂1] ∧ ∂2 − u1∂1 ∧ [f, ∂2] = u1
∂f

∂u1
∂2 − u1

∂f

∂u2
∂1, =

so that f ∈ ker[e3, ·] if and only if
∂f

∂u1
=

∂f

∂u2
= 0, i.e., f does not depend on u1 and u2. �

Lemma 4.9. H0(W2, e3) = {f ∈ O(W2)/f = f(u1)}

Proof. Recall that e3 = −z∂0 ∧ ∂2. Then we have

[f, e3] = −[f, −z∂0 ∧ ∂2] = −[f, z∂0] ∧ ∂2 + z∂0 ∧ [f, ∂2] = z
∂f

∂u2
∂0 − z

∂f

∂z
∂2,

so that f ∈ ker[e3, ·] if and only if
∂f

∂z
=

∂f

∂u2
= 0, i.e., f does not depend on z and u2. �

Lemma 4.10. H0(W2, e4) = {f ∈ O(W2)/f = f(u2)}.

Proof. Recall that e4 = ∂0 ∧ ∂1. Then we have

[f, e4] = [f, ∂0 ∧ ∂1] = [f, ∂0] ∧ ∂1 − ∂0 ∧ [f, ∂1] =
∂f

∂z
∂1 −

∂f

∂u1
∂0,

so that f ∈ ker[e4, ·] if and only if
∂f

∂z
=

∂f

∂u1
= 0, i.e., f does not depend on z and u1. �

We then obtain the description of the symplectic foliations on W2 determined by these Poisson
structures.

Theorem 4.11. The symplectic foliations on W2 have 0-dimensional leaves consisting of single
points over each of their corresponding degeneracy loci described in Lemma 4.3, and their generic
leaves, which are 2-dimensional, are as follows:

• surfaces of constant u1 for e1 and e3, one of them isomorphic to P
1 × C.

• isomorphic to C − {0} × C for e2 (contained in the fibers of the projection to P
1).

• isomorphic to the surface Z2 and cut out by u2 = v2 constant for e4.

5. Poisson structures on W3

The Calabi–Yau threefold we consider in this section is W3 := Tot(OP1(−3) ⊕ OP1(1)). We
will carry out calculations using the canonical coordinates W1 = U ∪ V with U ≃ C

3 ≃ V with
coordinates U = {z, u1, u2} and V = {ξ, v1, v2} with change of coordinates on U ∩V ≃ C

∗×C×C

given by {
ξ = z−1 , v1 = z3u1 , v2 = z−1u2

}
,

so that z = ξ−1, u1 = ξ3v1, and u2 = ξ−1v2.
In these coordinates, the transition matrix for the tangent bundle of W3 is the Jacobian

matrix of the change of coordinates, and taking Λ2 we obtain the transition matrix for the
second exterior power of the tangent bundle:




z2 −3zu1 zu2

0 −z−3 0
0 0 −z



 .

Let ı : U →֒ W3 denote the inclusion. We actually demand that the coefficients of q are
functions on all of W3, i.e. that they should be in the image of ı∗ : R := H0(W3; OW3) →
H0(U ; OU ). (We will not distinguish between R and its image over U : we are only working
in local coordinates on U , but with the understanding that we are describing global objects on
W2.) In local coordinates on U , R consists of convergent power series in

{
1, u1, zu1, z2u1, z3u1, u1u2, zu1u2, z2u1u2

}
.
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Holomorphic Poisson structures on W3 are parametrized by elements of M3 := H0(W2, Λ2T W3),
which is infinite dimensional as a vector space over C. We will describe the structure of M3 as
a module over global functions.

Lemma 5.1. The space M3 = H0(W3, Λ2T W3) parametrizing all holomorphic bivector fields
on W3 has the following structure as a module over global holomorphic functions:

M3 = C < e1, . . . , e13 > /R

with the set of relations R given by

u1e2 − u1u2e1

u1e10 − u1u2e3

u1e13 − u1u2e7

zu1e12 − u1u2e6

zu1e13 − u1u2e8

u1e11 − zu1e10

u1e4 − zu1e3

u1e5 − zu1e4

u1e8 − zu1e7

u1e6 − zu1e5 − 3z2u1e1

u1e9 − zu1e8 + zu1e2

u1e12 − zu1e11 − 3zu1e1.

Remark 5.2. There is no natural way to simplify the presentation of M3, in fact, computer
algebra calculations (for example in Macaulay2) also give the same expression for the minimal
presentation of M3. So, we really need all 13 generators and 13 relations to describe the space
of Poisson structures on W3 as a module over global functions. As a complex vector space it is
infinite dimensional.

Proof of Lemma 5.1. To find H0(W3, Λ2T W3) we need global holomorphic sections so that we
must find a, b, c holomorphic on U such that




z2 −3zu1 zu2

0 −z−3 0
0 0 −z








a
b
c





is holomorphic on V . To start with a =
∞∑

l=0

∞∑

i=0

∞∑

s=0

alisz
lui

1us
2 and similar for b and c.

We will give a presentation of M := H0(W3, Λ2T W3) as a module over global sections. Here
we will need to perform calculations up to at least neighborhood 2, unlike the case of W2

where neighborhood 1 was enough. Thus, to calculate the module structure here, we need the
expressions of sections on the second formal neighborhood, which consist of linear combinations
of the following 42 terms:



0
0

zlu1





0≤l≤1

;








0
zl

0



 ;




0

zlu2

0









0≤l≤2

;








zlu2

1
0
0



 ;




0
0

zlu2
1



 ;




0

zlu1u2

0









0≤l≤4

;




0

zlu1

0





0≤l≤5

;




0

zlu2
1

0





0≤l≤8

;




u1

0
0



 ;




u1u2

0
0



 ;




0
0

u1u2



 ;




3z2u1

z3

0



 ;




3zu1u2

z2u2

0



 ;




3z5u2

1
z6u1

0



 ;




3z8u3

1
z9u2

1
0



 ;




3z4u2

1u2

z5u1u2

0



 ;




−zu1u2

0
z2u1



 ;




−u1u2

2
0

zu1u2



 .

But, upon removing all vectors that can be obtained from others by multiplying by a global
function we reduce the expression of a global section to:



a
b
c



 = a010




u1

0
0



 + a011




u1u2

0
0



 + b000




0
1
0



 + b100




0
z
0



 + b200




0
z2

0



 + b300




3z2u1

z3

0



 + b001




0
u2

0



 +

+b101




0

zu2

0



 + b201




3zu1u2

z2u2

0



 + c010




0
0
u1



 + c110




0
0

zu1



 + c210




−zu1u2

0
z2u1



 + c011




0
0

u1u2



 .

We now need the module structure of M = H0(W3, T W3) as a module over global functions.
So, we first write the generators and relations among them. We establish the notation for the
generators:

e1 =




u1

0
0



 , e2 =




u1u2

0
0



 , e3 =




0
1
0



 , e4 =




0
z
0



 , e5 =




0
z2

0



 , e6 =




3z2u1

z3

0



 , e7 =




0
0
u1



 ,
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e8 =




0
0

zu1



 , e9 =




−zu1u2

0
z2u1



 , e10 =




0
u2

0



 , e11 =




0

zu2

0



 , e12 =




3zu1u2

z2u2

0



 , e13 =




0
0

u1u2



 .

These then satisfy the equations:

e2 − u2e1 = 0
e10 − u2e3 = 0
e13 − u2e7 = 0

ze12 − u2e6 = 0
ze13 − u2e8 = 0
e11 − ze10 = 0

e4 − ze3 = 0
e5 − ze4 = 0
e8 − ze7 = 0

e6 − ze5 − 3z2e1 = 0
e9 − ze8 + ze2 = 0
e12 − ze11 − 3ze1 = 0.

Since neither z nor u2 are global functions, we multiply the equations by u1 to obtain relations
over O(W3), obtaining the claimed module structure. �

We now proceed to investigate the question of isomorphism of Poisson structures.

Lemma 5.3. There are isomorphisms e3 ≃ e6, e7 ≃ e9, and e10 ≃ e12.

Proof. For each isomorphism use the transition function of Λ2T W3 and then exchange the U
and V charts as in the proof of Lemma 4.2. �

There are natural inclusions of the surfaces C, Z−1, and Z3 into W3:

Notation 5.4. We denote by js for s = 0, 1, 2 the inclusions of C
2, Z−1, and Z3 into the

threefold W3. Hence, in coordinates we have:

• j0 : C2 → W3 includes C
2 as the fiber z = 0, taking ∂

∂u
∧ ∂

∂v
7→ ∂1 ∧ ∂2

• j1 : Z3 → W3 includes Z3 as u2 = 0, taking ∂
∂z

∧ ∂
∂u

7→ ∂0 ∧ ∂1

• j2 : Z−1 → W3 includes Z−1 as u1 = 0, taking ∂
∂z

∧ ∂
∂u

7→ ∂0 ∧ ∂2.

Theorem 5.5. The embeddings of Poisson surfaces j0(C2, π0), j1(Z3, πi) with i = 0, 1, 2 and
j2(Z−1, πi) with i = 0, 1, 2, 3 generate all Poisson structures on W3.

Proof. Let j1(Z3) (resp. j2(Z−1)) be the embedding of the surface Z3 (resp. Z−1) into W3 by
u2 = v2 = 0 (resp. u1 = v1 = 0). Then Poisson structures induced by the first embedding are:

(j1)∗(1)U =




0
0
1




U

, (j1)∗(−ξ2v)V =




0
0

−ξ2v




V

, hence e7|j1(Z3) = (j1)∗π0.

Analogously, e8|j1(Z3) = j1(π0). The Poisson structures induced by the second embedding are

(j2)∗(1)U =




0
1
0




U

, (j2)∗(−ξ3)V =




0
−ξ3

0




V

, hence e3|j2(Z
−1) = (j2)∗π0.

Analogously e4|j2(Z
−1) = (j2)∗π1, e5|j2(Z

−1) = (j2)∗π2.
Next, take g : Z−1 → C defined by g|U (z, u) = u and g|V (ξ, v) = ξ−1v, then e10|j2(Z

−1) =
(j2)∗(g.(1, −ξ3)) and e11|j2(Z

−1) = (j2)∗(g.(z, −ξ2)). Finally, (j0)∗(u) = e1 = u1∂1 ∧ ∂2 and
(j0)∗(uv) = e2 = u1u2∂1 ∧ ∂2 give e1 and e2. �

5.1. Poisson cohomology for W3.

Lemma 5.6. The generators of Poisson structures on W3 are divided up into 3 groups according
to their Casimir functions: {e1, e2}, {e3, e4, e5, e10, e11}, {e7, e8, e13}.

Proof. By Lemma 5.1 all isomorphism classes of Poisson structures on W3 are generated by
e1, e2, e3, e4, e5, e7, e8, e10, e11, e13 and calculating 0-th Poisson cohomology, we obtain:

Cas(π) =






f ∈ O(W3)/f = f(z) if π = e1, e2,
f ∈ O(W3)/f = f(u1) if π = e3, e4, e5, e10, e11,
f ∈ O(W3)/f = f(u2) if π = e7, e8, e13.

�

Lemma 5.7. The Poisson manifolds (W3, e1) and (W3, e2) are not isomorphic.
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Proof. We have that e1 = u1∂u1 ∧ ∂u2 and e2 = u2e1, or written as section of Λ2T W3 we have

e1 =




u1

0
0





U

=




ξv1

0
0





V

, e2 =




u1u2

0
0





U

=




v1v2

0
0





V

Therefore the degeneracy loci have the following irreducible components:

D(e1) = {u1 = 0} ∪ {ξ = 0} ∪ {v1 = 0},

D(e2) = {u1 = 0} ∪ {u2 = 0} ∪ {v1 = 0} ∪ {v2 = 0}.

These have different number of irreducible components, implying α0 is not isomorphic to α1. �

Lemma 5.8. The Poisson manifolds (W3, e3) , (W3, e4), (W3, e5), (W3, e10) and (W3, e11) are
pairwise nonisomorphic.

Proof. We compute the degeneracy loci of the Poisson structures. We have that

e3 =




0
1
0




U

=




−3ξ2v1

−ξ3

0




V

, e4 =




0
z
0




U

=




−3ξv1

−ξ2

0




V

, e5 =




0
z2

0




U

=




−3v1

−ξ
0




V

e10 =




0
u2

0





U

=




−3ξv1v2

−ξ2v2

0





V

, e11 =




0

zu2

0





U

=




−3v1v2

−ξv2

0





V

.

The degeneracy loci are:

D(e3) = {ξ = 0},

D(e4) = {z = 0} ∪ {ξ = 0},

D(e5) = {z = 0} ∪ {ξ = v1 = 0},

D(e10) = {u2 = 0} ∪ {ξ = 0} ∪ {v2 = 0},

D(e11) = {z = 0} ∪ {u2 = 0} ∪ {v2 = 0} ∪ {ξ = v1 = 0},

these are pairwise nonisomorphic, and thus also their corresponding Poisson structures. �

Lemma 5.9. The Poisson manifolds (W3, e7), (W3, e8) and (W3, e13) are pairwise nonisomor-
phic.

Proof. We compute the degeneracy loci of the Poisson structures. We have that

e7 =




0
0
u1




U

=




ξv1v2

0
−ξ2v1




V

, e8 =




0
0

zu1




U

=




v1v2

0
−ξv1




V

, e13 =




0
0

u1u2




U

=




v1v2
2

0
−ξv1v2




V

.

So, the degeneracy loci:

D(e7) = {u1 = 0} ∪ {ξ = 0} ∪ {v1 = 0},

D(e8) = {z = 0} ∪ {u1 = 0} ∪ {ξ = v2 = 0} ∪ {v1 = 0},

D(e13) = {u1 = 0} ∪ {u2 = 0} ∪ {v1 = 0} ∪ {v2 = 0},

are pairwise nonisomorphic, and therefore the corresponding Poisson structures are distinct. �

This concludes the lemmata needed to prove Lemma 5.1, showing that all 10 listed isomor-
phism classes of Poisson structures are indeed distinct.
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5.2. Symplectic foliations on W3. We have seen that all possible Poisson structures on W3

can be obtained from e1, e2, e3, e4, e5, e7, e8, e10, e11, e13 given in Lemma 5.1. Their corresponding
symplectic foliations have 0-dimensional leaves consisting of single points inside their degeneracy
loci described in Lemma 5.6, and outside these loci, all symplectic leaves are 2-dimensional and
can be described as follows.

Theorem 5.10. The symplectic foliations on W3 have 0-dimensional leaves consisting of single
points over each of their corresponding degeneracy loci described in the proofs of Lemmata 5.7,
5.8, 5.9, and their generic leaves, which are 2-dimensional, are as follows:

• Isomorphic to C
∗ × C for e1.

• Isomorphic to C
∗ × C

∗ for e2.
• Surfaces of constant u1, for e3, e4, e5, e10, e11 and e13.
• Surfaces of constant u2, for e7 and e8.

Proof. Combine the Casimir functions given in the proof of Lemma 5.6 with Remark 1.1. �

Acknowledgements. We are grateful to Brent Pym for kindly explaining to us some of the
fundamental notions of Poisson geometry. E. Ballico is a member of GNSAGA of INdAM (Italy).
E. Gasparim thanks the Department of Mathematics of the University of Trento for the support
and hospitality. B. Suzuki was supported by the ANID-FAPESP cooperation 2019/13204-0.

References

[BGS] E. Ballico, E. Gasparim, B. Suzuki, Infinite dimensional families of Calabi–Yau threefolds and moduli of

vector bundles, J. Pure Appl. Algebra 225 n.4 (2021) 106554, 24 pp..
[BG1] S. Barmeier, E. Gasparim, Classical deformations of local surfaces and their moduli of instantons, J. Pure

App. Algebra 223 n. 6 (2019) 2543–2561.
[BG2] S. Barmeier, E. Gasparim, Quantizations of Local Surfaces and Rebel Instantons, J. Noncommutative G.

(2021).
[BeG] O. Ben-Bassat, E. Gasparim, Moduli stacks of bundles on local surfaces, in: R. Castano-Bernard, F.

Catanese, M. Kontsevich, T. Pantev, Y. Soibelman, I. Zharkov (eds.), Homological Mirror Symmetry and
Tropical Geometry, Springer, Berlin (2014) 1–32.

[BBR] G. Bonelli, L. Bonora, A. Ricco, Conifold geometries, topological strings, and multimatrix models, Phys.
Rev. D 72, 086001.

[GS] E. Gasparim, B. Suzuki, Curvature grafted by instantons, Indian J. Phys 95 n.8 (2021) 1631–1638.
[Jim] J. Jiménez, Contraction of nonsingular curves, Duke Math. 65 (1992) 313–332.
[LPV] C. Laurent-Gengoux, A. Pichereau, P. Vanhaecke, Poisson structures, Grundlehren Math. Wiss. 347

Springer-Verlag (2013).
[Po] A. Polishchuk, Algebraic geometry of Poisson brackets, J. Math. Sciences 84 n.5 (1997) 1413–1444.
[Pym] B. Pym, Constructions and classifications of projective Poisson varieties, Lett. Math. Phys. 108 (2018)

573–632.

EG, BS - Depto. Matemáticas, Univ. Católica del Norte, Antofagasta, Chile, etgasparim@gmail.com,

obrunosuzuki@gmail.com. EB - Dept. Mathematics, Univ. Trento, Italy, ballico@science.unitn.it.


	1. Motivation and results
	2. Vector fields on W_k
	3. Poisson structures on W_1
	3.1. Symmetries and embeddings
	3.2. Symplectic foliations on W_1

	4. Poisson structures on W_2
	4.1. Symplectic foliations on W_2

	5. Poisson structures on W_3
	5.1. Poisson cohomology for W_3
	5.2. Symplectic foliations on W_3

	References

