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Preface

The present work provides a fresh approach to the calculus of variations in the
presence of non—holonomic constraints.

The whole topic has been extensively studied since the beginning of the twen-
tieth century and has been recently revived by its close links with optimal control
theory. It is actually of great interest because of its several applications in a
wide range of fields such as Physics, Engineering [24] and Economics [12]. Among
others, we mention here the pioneering works of Bolza and Bliss [5], the contribu-
tion of Pontryagin [17] and the more recent developments by Sussman, Agrachev,
Hsu, Montgomery and Griffiths [35, 1, 27, 15, 9], characterized by a differential
geometric approach.

Consider an abstract system B subject to a set of differentiable conditions,
restricting the set of both its admissible configurations and velocities. We shall
tackle the following problem: how do we pick out among all the admissible evolu-
tions of B connecting two fixed configurations, the ones (if any) that minimize a
given action functional?

In broaching the matter, we will make use of the tools provided by jet—bundle
geometry, non-holonomic geometry and gauge theory. The abstract system ‘B is
viewed as a dynamical system whose state can be specified by a finite number of
degrees of freedom. Denoted by V,1 its configuration space-time, having local
coordinates t,q', ..., ¢", the admissible evolutions of B are then characterized by
the solutions of the parametric system of differential equations

dgq’ i 1 n 1 r
ﬁzw(t,q,...,q,z,...,z) , r<n (1)
expressing the derivatives of the state variables in terms of a smaller number of
control variables.

Equations (1) are interpreted as the local representation of a set of kinetic con-
straints. More precisely, they are regarded as the local expression of the condition
under which an evolution v is kinematically admissible. Geometrically, the request
is that the jet—extension of v must belong to a submanifold i: A — j1(V,41) which
describes the totality of admissible kinetic states. Given the system (1), by Cauchy
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theorem, every assignment of the functions 24 (¢) and of a point in V,,;; determines
an evolution of B as the solution of the given ordinary differential equations with
the given initial conditions. However, in the absence of specific assumptions on
the nature of A, the functions z4(t), in themselves, have no invariant geometri-
cal meaning. To pursue the idea of the z4’s as the controllers of the evolution,
attention should be rather shifted on sections o : V,11 — A. Hence, every such
section is called a control.
Besides the constraints (1), it is also given an action functional

t1
Iy = t Lt ), ....q" (1), 2 (t),...,2"(t))dt (2)

0
expressed as the integral of a suitable “cost function”, or Lagrangian Z(t,q,z)
along the admissible evolutions of the system. As stated above, our goal is to
find, among these, the ones connecting the fixed end-points ¢*(tg), ¢*(t1) which
minimize the functional (2). Exactly as in ordinary function theory, the first step
in the solution of the problem consists in investigating the stationarity conditions
for the action functional through the analysis of its first variation.

The infinitesimal deformations of an admissible section are discussed via a
revisitation of the familiar variational equation. The novelty of the approach relies
on the introduction of a transport law for vertical vector fields along ~, yielding a
covariant characterization of the “true” degrees of freedom.

The analysis is subsequently extended to arbitrary piecewise differentiable evo-
lutions consisting of families of contiguous closed arcs v : [as—_1,as] — Vyi1-
No restrictions are posed on the deformability of the intervals or on the mobility
of the “corners” y(as), s=1,...,N — 1.

The argument allows to assign to every admissible evolution a corresponding
abnormality index, rephrasing in a geometrical context the traditional attributes
of normality and abnormality commonly found in the literature [10].

Furthermore, the abnormality index of an evolution is seen to be related to its
ordinariness, that is to the property that every admissible infinitesimal deforma-
tion vanishing at the end—points is tangent to some finite deformations with fixed
end—points.

Within the stated framework, the search for the (local) stationary curves of 7
with respect to the admissible deformations leaving the end—points fixed results
in a fully covariant algorithm, summarizing the content of Pontryagin’s maximum
principle. The resulting equations are shown to provide sufficient conditions for
any evolution, and necessary and sufficient conditions for an ordinary evolution to
be an extremal.

A major breakthrough consists in the possibility of lifting the given constrained
variational problem to a corresponding free one in the contact bundle C(A) — A,
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defined as the pull-back of the dual space V*(V,41) over A.

This solution method relies on the capability to establish a canonical corre-
spondence between the input data of the problem, namely the kinetic constraints
and the Lagrangian, and a distinguished 1-form Opp¢ in the contact manifold such
that every stationary curve of the variational problem based on it projects onto a
stationary curve of the corresponding problem in A related to the functional (2).

The canonical characterization of the form Opp. — called the Pontryagin—
Poincaré-Cartan form — within the manifold C(A) is actually intimately con-
nected with the gauge structure of the whole theory: as it is well known, two dif-
ferent Lagrangians differing by a term %, being f = f(¢,q) any smooth function
over the configuration manifold, give rise to two equivalent variational problems.
In this sense, the real information isn’t brought so much by the Lagrangian as by
the action functional.

In order to analyze the implications of this fact, keeping all differences into
account, we take advantage of the geometrical setting introduced some years ago
for a gauge-invariant formulation of Classical Mechanics [31, 32].

The construction is based on the introduction of a principal fibre bundle over
the configuration space—time V1, with structural group (R, +), referred to as the
bundle of affine scalars. This is seen to induce two principal bundles £(V,41) and
L(Vy41) over the velocity space ji(Vy41), respectively called the Lagrangian and
co—Lagrangian bundle, as well as the further Hamiltonian and co—Hamiltonian
bundles over the phase space II(V,+1). In the presence of non—-holonomic con-
straints, the Lagrangian bundles are easily adapted to the submanifold A, through
a straightforward pull-back procedure.

Gauge—equivalent Lagrangians are then naturally interpreted as different rep-
resentations of one and the same section £: j1 (Vy11) — L(Vn41) of the Lagrangian
bundle, defined up to an action of the gauge group.

A crucial role in the construction of the canonical Pontryagin—Poincaré—Cartan
form over the contact manifold C(.A) is then seen to be played by the locus of zeroes
of a distinguished pairing in the product manifold £(Vn11) Xv,,; H(Vnt1).

In the resulting scheme, a gauge—independent free variational problem over
C(.A) is proved to be equivalent to the original constrained one.

The last part of the present work is devoted to establishing whether a given
piecewise differentiable extremal -, which is supposed to be normal even on closed
subintervals, gives rise to a minimum for the action functional (2).

The issue is worked out analyzing the so—called second variation of Z. Actually,
the subject proves to be much harder than one could ever expect. First of all, the
expression in local coordinates of the second variation evidently involves the second
derivatives of the Lagrangian function, evaluated along the extremal curve. These
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last are easily seen to undergo a non—tensorial transformation law whenever the
first derivatives of .Z don’t vanish along ~. This, of course, represents an actual
obstruction to a geometric approach. Apparently, the natural way out should
consist in making use of the gauge structure of the theory, by means of which it is
possible to replace the original Lagrangian by an equivalent one, characterized by
its being critical along the curve.

However, this “adaptation” method looks beforehand to be strictly connected
with the time intervals over which the arcs constituting the evolution v are indi-
vidually defined. Therefore, it unavoidably fails whenever the deformation process
varies such intervals.

The combination of both the request for the tensorial nature of all results and
the will to deal with piecewise differentiable curves made up of closed arcs whose
reference intervals are possibly changed by the deformation process is thus the
cause of much trouble.

Even so, it is actually possible to get over this standoff by resorting to a family
of local gauge transformations instead of a single global one. Pursuing this strategy
enables to get a plainly covariant expression of the second variation in terms of a
quadratic form made up of an integral part and an algebraic one, related only to
the “jumps” of the curve.

It is now possible to break up the remaining part of the problem into consec-
utive logical steps. First of all, each single closed arc constituting the evolution is
requested to give rise to a minimum with respect to the special class of deforma-
tions which leave its own end—points fixed. This involves uniquely the behaviour
of the integral part of the quadratic form.

Focussing attention on a single arc, we’ll first prove a sufficient condition for
minimality. This will turn out to be intimately related to the solvability of a
non-linear differential equation throughout the definition interval of the arc itself.

In the second instance, Jacobi vector fields are taken into account. They rep-
resent a special class of infinitesimal deformations such that each of them links
families of extremal curves. They are used to investigate the processes of focaliza-
tion and, by means of the further concept of conjugate point, to give a necessary
condition for minimality.

Both the sufficient and necessary conditions are eventually glued together,
showing that the lack of conjugate points along the arc implies the solvability
of the above non-linear differential equation on the whole of it.

At this point, it only remains to establish how the previous results can be
converted into a global one, applicable to the whole evolution.

We will show how this can be done by investigating the definiteness property of
the second variation restricted to the infinitesimal deformations vanishing at the
corners and of a further quadratic form, defined on a suited quotient space.
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Chapter 1

Geometric setup

1.1 Preliminaries

For the sake of convenience, we review here a few basic aspects of jet—bundle
geometry [20, 29] which will play a major role in the subsequent discussion. The
terminology is borrowed from Mechanics'.

Let V41 L R denote an (n+ 1)—dimensional fibre bundle, henceforth called
the event space and referred to local fibred coordinates t,¢',...,¢". Every section
v: R — Vyy1, locally described as ¢¢ = ¢'(t), will be interpreted as an evolution
of an abstract system 9B, parameterized in terms of the independent variable t.

The first jet-space ji(Vni1) — Vag1 is then an affine bundle over V, 1,
modelled on the vertical space V(V,+1) and called the welocity space. Both
spaces j1(Vn+1) and V(V,,4+1) may be viewed as submanifolds of the tangent space

T(Vy+1) according to the identifications?

jl(Vn—i-l) = {Z € T(Vn_H) | (z, dt> = 1} (1.1.1a)
V(Vos1) = {v € TVns) | (v, dt) = 0} (1.1.1b)

In view of equation (1.1.1a), every z € j1(Vp41) determines a projection operator
P.: Trz)(Vnt1) — Vazy(Vny1), sending each vector X € Tp.)(Vpy1) into the
vertical vector

PoAX) == X — (X, (dt)n()) 2 (1.1.2)

Given any set of local coordinates t¢,q',...,q" on V,,1, the corresponding lo-
cal jet-coordinate system on j;(V,41) is denoted by t,q',...,¢"%, ¢',...,¢", with

! Although this is a natural choice, it may be somehow misleading. Just to avoid any possible
misunderstanding, it is therefore advisable to recall that, although formulated making use of
mechanical terms, constrained calculus of variations doesn’t satisfy the principle of determinism
and, as such, it can’t by no means be considered as belonging under Classical Mechanics.

2Property (1.1.1a) is peculiar of those jet—spaces which are built on fibre bundles having a
1-dimensional base space.
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transformation laws

_ . . . 0q" g’ B
t=t+c , =3t q' ..., ") , = + j
q'=q'(tq q") q' =5 o

(1.1.3)

The vertical bundle V (V,;1) is similarly referred to coordinates t, ¢’ .., ¢", vY, .., o™
In this way, the content of equations (1.1.1a,b) is summarized into the relations

0 . 0 ‘
z = <E + 4'(2) 8_qi>7r(z) Vz € ji(Vnt1) (1.1.4a)
v = v'(v) (%) VveV(Vnt) (1.1.4b)
04" ) x(v)

while the projection operator (1.1.2) is expressed in coordinates as

0 (0 : , o
| X0 (= X = = (X' - X% — =
P < <3t>ﬂ(z)+ <aql>7r(z)> ( ! (Z)> <aql>7r(z)

= (X, (d¢' — ' (2)dt) ., il. (1.1.5)
94" ) n(z)

By the very definition of jet—bundle, every section v: R — V, 11 may be lifted
to a section ji(7): R — j1(Vu+1), simply by assigning to each ¢t € R the tangent
vector to 7, namely

vid=dt) — () : {‘ﬂ.fif) (1.1.6)
4 =g

The section j1 () will be called the jet—extension of vy on j1(V,+1). The annihilator
of the distribution tangent to the totality of the jet—extensions of sections ~ is a
subspace C(j1(Vn+1)) of T*(j1(Vn+1)), called the contact bundle. The tangent
space to the curve ji(v) C T(j1(Vn+1)) is spanned by the vector field

(()) 2 _24‘ @ i_i_ @ i_g_’_’ii_i_ d2qi i
N\ ) T ot " \at ) ag " \at Joag — ot Tag T \arz ) ag

The request for the curve j;(y) to pass through an arbitrarily chosen point z

in j1(Vny1) fixes exclusively the values of the functions ¢‘(t) and of their first
2.1
derivatives but it doesn’t affect the second derivatives C;qu. Therefore, a vector

Y €T, (j1(Vnt1)) is tangent to the jet—extension of some section v if and only if
it is represented in coordinate as

Y =YY [<%>Z+ i'(2) (%)] +Y! (%) VYO YieR  (1.1.7)
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From this it is easily seen that the contact bundle is locally generated by the
1-forms

W= dg' — ¢t dt (1.1.8)

Every section o: j1(Vnt1) — C(j1(Vnt1)) is called a contact 1-form.

<

We now address ourselves to the vertical bundle® V (j;(V,11)) <, J1(Vnt1).
Given any jet-coordinate system t,q%, ¢* in j1(Vni1), we refer V(j1(Vay1)) to
fibred coordinates t,¢’, %, 9" according to the prescription

. i 0
VeV (ii(Vnt1) <= V=0"(V) (W)
T/ ¢v)
The affine character of the fibration j1 (V1) — Vag1 provides a canonical iden-
tification of V'(ji(Vy41)) with the pull-back of V(V,+1) under the projection
71 J1(Vnt1) — Vi1, giving rise to the vector bundle homomorphism

V(i1 (Vat1)) —— V(Var1)

| & (1.1.9)

FAWVny1) —— n+1

For each z € ji(Vuy1), the fibre ¥, = 77! (7(2)) through z is actually an affine
submanifold of ji(V,+1), modelled on the vertical space Vi(.y(Vn+1). Every pair
(2,v), v € Vi(z)(Vn+1) is therefore an “applied vector” at z in 3., that is an
element of the tangent space T,(X,). On the other hand, by definition, 7,(X,) is
canonically isomorphic to the vertical space V,(J1(Vn+1)). By varying z, we con-
clude that the totality of pairs (z,v) € j1(Vnt1) X V(Vn41) satisfying m(z) = w(v)
is in bijective correspondence with the points of V(ji(Vy+1)), thereby establishing
diagram (1.1.9).

In fibre coordinates, the representation of the map o takes the simple form

g<vi (%)):v (%)() e We(V) = H (V) YV EV(i(Var))
(1.1.10)

3Since J1(Vn+1) is fibred on both V.41 and the real line R, there exist two vertical fibre
bundles over ji(Vn41). In the following, V(E; B) will stand for the bundle of vertical vectors
associated with the fibration £ — B. Moreover, in order to make the notation as easy as possible,
the symbol V (j1(Vn+1)) will denote — by a little abuse of language — the vertical bundle with
respect to the fibration j1(Vnt1) — Vag1.
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In the same manner, every vertical vector v at m(z) determines a correspond-
ing vertical vector vV at z, which is tangent to the curve £ — z + £v. The
correspondence v — vV is known as wvertical lift of vectors and is expressed in local
coordinates as

(0 (0
vV = VZ - — VU = VZ - 1.1.11
<aq2>ﬂ_(z) <8qz>z ( )

<

On account of equation (1.1.1b), the dual space of V(V,41) under the pairing
(5 ) TVnt1) XV T*(Vng1) — F (Vng1) is a vector bundle, henceforth denoted
by V*(Vp41), which is canonically isomorphic to the quotient of the cotangent
space T (Vp41) 5 V11 by the equivalence relation

(o) = 7(o’)

o~o = { (1.1.12)

oc—o0 dt|7r(o)

Every local coordinate system ¢,q’ in V, ;1 induces fibred coordinates t¢,q’,p; in
V*(Vnt1), with

Iy —7 —7 1 n — 8qk
t=t+c, ¢ =qtq,....q"), pi:pka—qi (1.1.13)

The pull-back of V*(V,,4+1) through the map m: j1(V,4+1) — Vay1 provides
another equivalent definition of the contact bundle C(j1(Vn+1)). By this point of
view, a contact 1-form o is essentially a pair (z,6) € j1(Vnt1) X V*(Viy1), with
eV,
functional on the tangent space T (ji(Vn+1)) according to the prescription

)(Vn+1). Now, by equation (1.1.2), every such pair determines a linear

(0,X) = (6,P.m(X)) VX €ET(j1(Vas1)) (1.1.14)

In coordinates, recalling equation (1.1.5), the definition of p;(6) and making use
of the identification p;(c) = p;(5), equation (1.1.14) takes the explicit form

. (0 i AN G i
(0,X) = <O’, <a_qi>7r(z)> <w \Z7X> = <pi(0)w |z=X> = <p,-(a)w IC(J)’X>
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From this it easily seen that the knowledge of the functional (1.1.14) is mathemat-
ically equivalent to the knowledge of 0. Moreover, we find again that the contact
bundle is identical to the vector subbundle of the cotangent space T™(j1(Vi+t1))
locally generated by the forms (1.1.8), while the coordinates p; coincide with the
components involved in the representation

o= pi(a)wﬂc(a) VoeC(j1(Vnt1)) (1.1.15)
The situation is conveniently summarized into the commutative diagram
C1(Vat1)) —— V*Var1)
gl lw (1.1.16)

i1Vat1) ——  Van
Notice that, by construction, C(j1(V,+1)) is at the same time a vector bundle over
71(V11) and an affine bundle over V*(V,,11).

At each z € j1(Vny1) the duality between Vi(y(Vny1) and V;‘(z)(VnH) de-
termines a bilinear pairing ( || ) : V2 (j1(Va+1)) X C(j1(Vnt1)) — R based on the
prescription

(Vo) = (a(V),s(0))  VVeEV:(j1(Vat1)), 0 €C(H1(Vnt1))  (L117)

In coordinates, setting V = 7¢(V) (a{;i) , 0 = pi(a)wi|z, equations (1.1.10),
z

(1.1.17) yield the expression

(V| o) =(V) <<8iql>z , /{(0’)> = (V) pi(o) (1.1.18)

By varying z, we extend it to a bilinear pairing between vertical vectors and
contact 1-forms on j1 (Vy41), fulfilling the duality relations

9
g

wj> =5 (1.1.19)

1.2 Non—holonomic constraints

Let A denote an embedded submanifold of j; (V,+1), fibred over V,,11. The situ-

ation, summarized into the commutative diagram

A —Z> jl(Vn—l—l)

Wl lw (1.2.1)

Vn—l—l

Vn—l—l
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provides the natural setting for the study of non—holonomic constraints.
The manifold A is referred to local fibred coordinates t,q',...,q", 2, ..., 2"

with transformation laws
t=t+c, ¢=q¢tqd,....¢"), z4=z20qd,....¢" 2" ....7") (1.2.2)
while the imbedding i : A — j1(Vnq1) is locally expressed as
¢ =it g2 ) i=1,n (1.2.3)

1...,.m
vs./ith rank H%‘

tion

‘ = r. Alternatively, one may adopt an implicit representa-

g"(t,ql,...,qn,q'l,...,qn):0 c=1,....,n—r (1.2.4)
1.

with rank H %

‘ = n — r. For simplicity, in the following we shall not
distinguish between the manifold A and its image i(A) C j1(Vy+1).-

A section v: R — V,41 will be called A-admissible (admissible for short) if
and only if its first jet—extension is contained in A, namely if there exists a section
4: R — A satisfying j1(7m - ) =i - 4. With this notation, given any section 4
described in coordinates as ¢* = ¢*(t), 24 = 2(t), the admissibility requirement
takes the explicit form

dq’

ol VUt q (), ..., q" (), 22 (t), ..., 2" (1)) (1.2.5)

Equations (1.2.5) indicates that, for any admissible evolution of the system,
the knowledge of the functions z“(t) determines ¢*(t) up to initial data. On the
other hand, in the absence of specific assumptions on the nature of the manifold
A, the functions zA(t), in themselves, have no invariant geometrical meaning.

To pursue the idea of the z4’s as the controllers of the the evolution of the
system, attention should rather be shifted on sections o : V,+1 — A. Henceforth,
every such section will be called a control for the system; the composite map
i-0: Vpt1 — j1(Vny1) will be called an admissible velocity field.

In local coordinates we have the representations

o A= zA(t,ql,...,q") (1.2.6a)
Z.O-: ql = ’llz)l(t7q17"'7qn7zA(t7q17""qn)) (1'2'6b)

confirming that the knowledge of o does actually determine the evolution of the
system from any given initial event in V,,41, through a well posed Cauchy problem.

A section v: R — V,4+1 and a control o: V,,4+1 — A will be said to belong to
each other if and only if the lift 4: R — A factors into 4 = o - v, i.e. if and only if
the jet—extension ji(7y) coincides with the composite map i-0-v: R — j1(Vit1)-
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<

The concepts of vertical vector and contact 1-form are easily extended to the
submanifold A: as usual, the vertical bundle V(A) is the kernel of the push—
forward m.: T(A) — T(V,41) while the contact bundle C(A) is the pull-back on
A of the bundle C(j1(Vn+1)), as expressed by the commutative diagram

C(A) —— C(j1(Vas1))
cl lc (1.2.7)
A — J1(Vn+1)

The manifolds V (A) and C(A) will be referred to local coordinates ¢,¢', ..., ¢",

1 1

r r 1 n .1 r :
z oo 2w o w” and tq, ..o, 2., 2T D1, - ., Pr TESPectively.

In this way, setting
O = it (W) = dgt — it ¢, ... g 2t 2 dt (1.2.8)
we have the representations

924

o €C(A) = o = pi(o) & (1.2.9b)

X e V(A = X =uwlX) ( 0 >C(X) (1.2.9a)

The restriction to V(A) of the push—forward i.: T(A) — T(j1(Vn+1)) determines

a vector bundle homomorphism

V(A) —— V(j1(Vat1))
cl lc (1.2.10)
A — J1(Vnt1)

Composing the last one with diagram (1.1.9) and introducing the simplified nota-
tion ¢ := 0 - i, we get a homomorphism

V(A) —— V(Vop1)
¢ l” (1.2.11)

A = Vn—l—l

In coordinates, the previous argument provides the representation

ol ONN (a0 (0 A
(v () ) - (v (35) (), ) -7 (55). (o),
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written more synthetically as

. ot
v (V) = <5ZiA>Z(V) w(V) (1.2.12)

In a similar way, composing diagrams (1.1.16) and (1.2.7) and setting & := k-1,
we get a bundle morphism
C(A) —— V*(Va1)
gl lﬂ (1.2.13)

A —r Vn—i—l

described in coordinates as

t(i(o)) =t(o), ¢ () =4q'(0),  pi(k(0)) =pi(0)

The latter allows to regard the contact bundle C(A) as a fibre bundle over the space
V*(Vpy1), identical to the pull-back of V*(V,41) through the map A = V1.

At each z € A, diagrams (1.2.11), (1.2.13) determine a bilinear pairing between
V,(A) and C,(A), essentially identical to the restriction of the pairing (1.1.17),
based on the prescriptions
R X oy’ A
Vo) = (V). 4(0)) = mio) (5 ) wh(v)  (12.14)
z

Once again, by varying z, we get a bilinear pairing between vertical vectors and
contact 1-forms satisfying the relations

0 i oY’

It should not pass unnoticed that, unlike the original pairing (1.1.17), the map
V(A) x4 C(A) — F(A), based on equation (1.2.15), has now a singular char-
acter. A simple dimensionality argument actually shows that no duality can be
established between the spaces V(A) and C(A), it being self-evident that any
contact 1-form v = ;@ fulfilling V,-(%)

W) = 0, A = 1,...,r annihilates
all vertical vectors. The totality of these 1-forms generates a vector subbundle
X(A) C C(A), called the Chetaev bundle [30]. Every element v € x(.A) is called a

Chetaev 1-form on A.

At last, it is worth remarking the presence on C(A) of a distinguished 1-form
01, called the Liovulle 1-form, defined by the relation

(X,011,) = ((.(X),0) Vo€ C(A), X €T,(C(A) (1.2.16)
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and expressed in coordinates as

Or = p@0' = p;(dg' — ¢'dt) (1.2.17)

1.3 Fibre bundles along sections

Let us now see how the geometric setup developed so far looks like when restricted
to a given section. The argument will play an important role in the variational
context as it provides a suitable framework for dealing with deformations.

The pull-back over the section 7 of the vertical space V(V,+1) determines a
vector bundle V(7) 4 R, called the vertical bundle over v. Given any local
coordinate system t,q" in V,;1, we shall refer V() to fibred coordinates t,v"
according to the representation

X eV(y) — X =v'(X) <i> . (1.3.1)
y(t

oqt
Likewise, the dual bundle V*(y) L, R is identical to the pull-back on v of

the space V*(V,+1). With the notation of §1.1, the situation is expressed by the
commutative diagram

V*(’Y) - V*(Vn—i-l)

tl lw (1.3.2)

R L’ Vn—i—l

The elements of V*() will be called the virtual 1-forms along .

More generally, every element belonging to a fibred tensor product of the form
V(v) @r V*(v) ®r --- will be called a virtual tensor along .

Notice that, according to the stated definition, a virtual 1-form ) at a point
~(t) is not a 1-form in the ordinary sense, but an equivalence class of 1-forms
under the relation

A X = AN o (dt)yg (1.3.3)

For simplicity, we preserve the notation ( , ) for the pairing between V(v) and
V*(7). Also, given any local coordinate system t,¢' in V,,1, we refer V*(v) to
. . N /% 9

fiber coordinates t, p; , with p;(\) = <)\, (8—(1i)7(t(5\))>. |
The virtual 1-forms along v determined by the differentials dg* will be denoted
by @' i =1,...,n. In this way, every section W: R — V(y) ®r V*(y) @R --- is
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locally expressed as

e 0 i
gl

We remark that, according to diagram (1.3.2), each fiber V*(v); is isomorphic
to the subspace of the cotangent space T;"( ? (Vn+1) annihilating the tangent vector
to the curve v at the point 7(¢). This had to be expected as it was implicit in
the two equivalent definitions of the contact bundle we stated early. Formally, this
viewpoint is implemented by setting &' = (dqi — % dt)ﬁ/. Although apparently
simpler, this characterization of V*(y) has some drawbacks in the case of piecewise
differentiable sections and so we shall preferably stick to the original definition.

<

We recall from §1.1 that every section v: R — V,y1 admits a jet—extension

i dg’

71(7): R — j51(Vas1), expressed in coordinates as ¢' = ¢'(t), ¢* = & Ina

similar way, every vertical vector field X = X’ 6?11- over V,+1 may be lifted to a
field J(X) = X' ;2 + (%—*’i + %qk) o= X' + X' % over ji(Vat1). The

argument is entirely standard (see, for instance, [20]) and is based on the following
construction:

e the local 1-parameter group of diffeomorphisms ¢¢: V11 — V41 generated
by X induces, by push—forward, a one parameter group of diffeomorphisms

(905)*: T(Vn—i-l) - T(Vn-i-l)

e the infinitesimal generator of (y¢). is a vector field T'(X) over T'(Vy41)

e the field T(X) is tangent to the submanifold j;(V,4+1) C T(Vht1) locally
described by the equation # = 1. As such, it defines a vector field J(X) over

71 (Vn+1)

Proposition 1.3.1. The first jet space j1(V (7)) is canonically isomorphic to the
vector bundle over R formed by the totality of vectors Z along j1(y) annihilat-
ing the 1—form dt. With this identification, the fibration m.: j1(V (7)) — V(¥)
coincides with the restriction to j1(V(vy)) of the push—forward of the projection
T j1(Vas1) = Vi1

Proof. Fix any t* € R and a section X: R — V(v), then choose any vector field
Y defined in a neighborhood U > «(t*) and such that Y|, ;) = X(t) Vt € v 1U).
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In coordinates, setting v : ¢* = ¢'(t), X = X* ( 8(?11') , the lift of the field Y at the
¥

point ji()(t*) takes the form

| ) X’ 0
J(Y); *=:XW3<—7> * <_7> 14
() ) 0 ) sy B L N0/ (0 0)

It’s now an easy matter to verify that all assertion of Proposition 1.3.1 follow as a
direct result of equation (1.3.5). O

Consistently with equation (1.3.5), given any section X: R — V/(v), the jet—
extension j;(X) will be called the lift of X to the curve j; (). In local coordinates,
we have the representation

(0 axt [ o
T/ jr(v) T/ j1(v)

Both manifolds j;(V(y)) and V(v) have an obvious nature of vector bundles

over R. With respect to this structure, the map m.: ji1(V(y)) — V(v) is clearly
an homomorphism with kernel identical to the restriction of the vertical bundle
V(71 (Vn+1)) to the curve ji (7). We set ker(m,) := V(j1(7)) and call it the vertical
subbundle of j1(V(7)).

The manifold j;(V (7)) will be referred to jet—coordinates t,v?, ", based on
the identification

ZenhV(y) <= Z=v(2) (W) +0'(Z) (W) (1.3.7)
T/ j1(7)(t(2)) T/ j1(7)(t(2))

In terms of these, the jet-extension of a section v® = v%(t) takes the standard form
vt = i(t), vt = dd—f, while the projection m, : j1(V (7)) — V(v) is described by
v'(m4(Z)) = v*(Z) . In particular, the vertical subbundle V (j1(7)) coincides with
the submanifold of j1(V (7)) locally described by the equation v* =0, i = 1,...,n.

Corollary 1.3.0.1. The vector bundles V(j1(7)) S R and V(v) LR are
canonically isomorphic

Proof. As pointed out in §1.1, for each z € j;(V,41) the affine character of
the fibration j1 (Vi41) SN n+1 determines an isomorphism between the vertical
spaces V(j1(Vnt1)) and Vi(;)(Vny1), expressed in coordinates as

VZ . — VZ h—

In particular, for z = j1(7)(¢), our previous definitions imply the identifications
m(2) = (), Vaz)Wnr1) =Vt Va(i1(Vay1)) = V(j1(7))}¢ - By varying ¢, this
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gives rise to a vector bundle isomorphism

V(ji(7)) —— V(v)
tl . (1.3.8)

R :R

expressed in coordinates as

0 [V" <3%>m> } — Vi (%)V (1.3.9)

In the presence of non—holonomic constraints, given any admissible section %,
let A(%) ', R denote the vector bundle formed by the totality of vectors along
4 annihilating the 1-form dt. On account of Proposition 1.3.1, the push—forward
s : T(A) — T(j1(Vny1)) gives rise to a bundle morphism

AR) —— 1(V(y)
ml lm (1.3.10)
V(y) =—— V()

making A(¥) into a subbundle of j; (V' (7)) fibred over V(7).

Once again all arrows in diagram (1.3.10), regarded as maps between vector
bundles over R, have the nature of homomorphisms. The kernel of the projection
A(%) =5 V(7), clearly identical to the restriction of the vertical bundle V(A) to
the curve 4, will be denoted by V (%), and will be called the vertical subbundle
along 4.

Every fibred coordinate system ¢, ¢,z in A induces coordinates t,v?, w? in

A (%) according to the prescription

(D . < 0 ) .
X = v X)| == + wi(X)| === VXeA 1.3.11
O ga). o O (528),, 5) (31

t(X))

In terms of these, and of the jet-coordinates ¢,v%,%* on j1(V (7)), the morphism
(1.3.10) is locally described by the system

_ i i (T g oy’ A
t=t, vt =", 0 = <8qk>&v +<82A>Aw (1.3.12)

4
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while the vertical subbundle V (§) coincides with the slice v* = 0 in A(%).

For later use, let us finally observe that the morphism (1.3.10) maps V(%)
into the vertical subbundle V' (ji(v)) C j1(V()). Composing with the morphism
(1.3.8), and recalling the definition of the composite map ¢ := o - iy, this gives
rise to an injective homomorphism

0

V) —— V()
tl lt (1.3.13)
R _— R

In coordinates, equations (1.3.9), (1.3.12) provide the representation

RN

1.4 The gauge setup

In the sequel we will take advantage of a geometrical setting that was initially
introduced almost ten years ago in order to develop a gauge—invariant formulation
of Lagrangian Mechanics. Hence, for convenience of the reader, we outline here its

main features.

1.4.1 The Lagrangian bundles

Given any system subject to (smooth) positional constraints, we introduce a double

fibration P —— V, 41 b, R, where:
1) Vnt1 'S R is the configuration space—time of the system;
ii) P~ V,1 is a principal fibre bundle with structural group (R, +).

As a consequence of the stated definition, each fibre P, := 77 1(z), z € V11
is an affine 1-space. The total space P is therefore a trivial bundle, diffeomorphic
in a non canonical way to the Cartesian product V,y1 x R, called the bundle of
affine scalars over V1.

The action of (R, 4+) on P results into a 1-parameter group of diffeomorphisms
Ye: P — P, conventionally expressed through the additive notation

Pe(v) =v+¢ VEER veP (1.4.1)
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Every map u: P — R satisfying the requirement
u(lv+¢&) = ulv)+¢

is called a (global) trivialization of P. If w, v« is any pair of trivializations, the
difference u — v’ is then (the pull-back of) a function over V,, 1. Moreover, every
section ¢: V11 — P determines a trivialization u. € .#(P) and conversely, the
relation between ¢ and uc being expressed by the condition

v =¢(m(v)) + uc(v) VveP (1.4.2)

Therefore, once a (global) trivialization u: P — R has been chosen, every sec-
tion ¢: Vyp+1 — P is completely characterized by the knowledge of the function
f=¢"(u) € F(Vnt1).

The assignment of v allows to lift every local coordinate system t,q¢',...,q"
over V,+1 to a corresponding fibred one ¢,q',...,q¢" u over P. The most general
transformation between fibred coordinates has the form

E:t+c7 q_i:q_i(t,ql,“"qn)’ ﬂ:u+f(t7q1“"’qn)

The action of the group (R, +) on the manifold P is expressed in fibred coordinates
by the relations

twv+=tw), qdw+=dW), ulv+&=u)+¢

As a result, the generator of the group action (1.4.1), usually referred to as the
fundamental vector field of P, is canonically identified with the field a%.

The (pull-back of) absolute time function determines a fibration P LR
whose associated first jet-space will be indicated by ji;(P,R) — P. As usual,
this will be referred to local jet—coordinates ¢, ¢*, u, ¢*, % subject to transformation

laws
E: t+c bl ql = ql(t7 q17""qn) b a :u—I_f(t? ql""?qn) (1-4-3&)
i _ 99 vq — 4 A 1.4.3b
q 8qkq+8t’ U u+aqkq +8t u+ f (1.4.3b)

The manifold j;(P,R) is naturally embedded into the tangent space T'(P)
through the identification

i(PR) = {zeT(P)[ (zdt) = 1}

expressed in local coordinate as

z€H(PR) = 2z = | +d(2)== +u'(2)= (1.4.4)
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Every section v: R — P may be lifted to a section 4: R — j;1(P, R) by assigning
to each t € R the tangent vector to v, namely

¢ =q(t)
¢ =q'(t) ) u=u(t)
o B — A v dd (1.4.5)
{ u = u(t) ¢ =4
_d
=

In addition to the jet attributes, the space ji(P, R) inherits from P two dis-
tinguished actions of the group (R, +), related in a straightforward way to the
identification (1.4.4).

The first one is simply the push—forward of the action (1.4.1), restricted to the
submanifold j;1(P,R) C T(P). In jet—coordinates, a comparison with equation
(1.4.4) provides the local representation

0 i 0 i\ 0
(We), (2) = |5, +d (Z)a_qi + i (2) 5 - e (1.4.6a)
expressed symbolically as

The quotient of j; (P, R) by this action is a (2n + 2)—dimensional manifold, hence-
forth denoted by L£(V,+1). As shown in [31], the quotient map makes j;(P, R)
into a principal fibre bundle over £(V,,4+1), with structural group (R, +). Further-
more, equation (1.4.6b) shows that £(V,,4+1) is an affine fibre bundle over V11
with local coordinates t,¢", ¢, 1.

The second action of (R,+) on j1(P,R) follows from the invariant character
of the field % and is expressed in local coordinates by the addition

0

0 o . 0 i
Pe(z) == z+¢ <%>ﬂ(z) = [E +q (Z)Z?_ql + (a'(z) +¢€) ou e (1.4.7a)
summarized into the symbolic relation
e = (g u g’ i) — (tq' u,q 0" +¢) (1.4.7b)

The quotient of j; (P, R) by this action is once again a (2n + 2)-dimensional man-
ifold, henceforth denoted by L£¢(V,+1). As before, equation (1.4.7b) points out
that £¢(V,41) is a fibre bundle over P (as well as on V,,41), with coordinates
t,¢',u,q". The quotient map makes ji1(P,R) — L¢(V,,1) into a principal fibre
bundle, with structural group (R, +) and group action (1.4.7a).

The last step in the construction relies on the observation that the group actions
(1.4.6a), (1.4.7a) do commute. Each of them may be then used to induce a group
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action on the quotient space generated by the other one. As illustrated in [31],
this makes both £(V,,11) and £¢(Vy41) into principal fibre bundles over a common
“double quotient” space, canonically diffeomorphic to the velocity space ji(Vp+1)-
The situation is summarized into the commutative diagram

(P R) —— L(WVnp1)

l l (1.4.8)

LVn1) — j1(Vas1)

in which all arrows denote principal fibrations, with structural groups isomor-
phic to (R, +) and group actions obtained in a straightforward way from equa-
tions (1.4.6b), (1.4.7b). The principal fibre bundles £(V,1+1) — j1(Vn+1) and
LE(Vp+1) — §1(Vneg1) are respectively called the Lagrangian and the co—Lagrangian
bundle over j1(Vn41)-

The advantage of this framework is exploited to the utmost by giving up
the traditional approach, based on the interpretation of the Lagrangian function
Z(t,q",¢") as the representation of a (gauge-dependent) scalar field over j1(V,11)
and introducing instead the concept of Lagrangian section, meant as a section
0: j1(Vnt1) — L(Vp41) of the Lagrangian bundle.

For each choice of the trivialization u of P, the description of ¢ takes the local
form

W= 2(t,q,q) (1.4.9)

and so it does still rely on the assignment of a function £ (¢, ¢, ¢) over j1(Vnt1).
However, as soon as the trivialization is changed into @ = u+ f, the representation
(1.4.9) undergoes the transformation law

W=u+f=2Ltd.q)+f=2L"td.q) (1.4.10)

involving a different, gauge—equivalent Lagrangian.

1.4.2 The non—holonomic Lagrangian bundles

Let us return to diagram (1.2.1), with the base manifold explicitly identified with
the configuration space—time V, 11 of an abstract system 8 and with the imbed-
ding i: A — j1(Vh4+1) taken as a description of the kinetic constraints acting on
it [28, 30]. The construction of the Lagrangian bundles is easily adapted to the
submanifold A, through a straightforward pull-back process.

The situation is conveniently illustrated by means of a commutative diagram
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J1(P,R) L(Vny1)
‘ L(A)
l (1.4.11)
L(Vn+1) /(WH)
L(A) A

where:

e L(A) and L°(A) are respectively the pull-back of £L(V,,41) and L¢(V,,11) on
the submanifold A — j1 (Vy41);

e j{1(P,R) may be alternatively seen as the pull-back of ji(P,R) — L(V,11)
on the submanifold L£(A) — L(Vn,41) or as the pull-back of
j1 (P, ]R) — EC(Vn+1) on ﬁC(A) — EC(Vn+1).

As usual, we refer A to local fibred coordinates t,q¢',...,¢", 2", ..., 2" with
transformation laws
E:t_‘_C’ qi:qi(t7q17""qn)7 ZA:ZA(t q17""qn7zl7"'7zr)
(1.4.12)
and express the imbedding i: A — j1(Vy,41) in the form
i =Pt gt g2 2 (1.4.13)

The geometrical properties of the above—defined pull-back bundles are straight-
forwardly inherited from their respective holonomic counterparts. In particular:

e Every choice of a trivialization u of P allows to lift any coordinate system of
A to coordinates t,¢', 24, u on L(A), t, ¢, 24,1 on L(A) and t,q*,u, 24,1
on j{1(P,R). The resulting coordinate transformations are obtained by com-
pleting equations (1.4.12) with (the significant part of) the system

f af

U+ = ot = (t,qi,zA) =u+f (1.4.14)

u=u+ f(t,q'), 4

e Equation (1.4.13) locally describes all the embeddings £(A) — L(V,41),
L(A) = LY(Vny1) and j{{(P,R) — ji (P, R).
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e Both actions (1.4.6a), (1.4.7a) of the group (R, +) on ji (P, R) preserve the

submanifold j{1(P, R) thereby inducing two corresponding actions (¢), and
¢e on §*(P, R), expressed in coordinate as

We), = (t, ¢ u, 2t a) — (¢ u+é& 24 0) (1.4.152)
P (t,qi,u,zA,u) — (t,qi,u,zA,zl—Fi) (1.4.15D)

Acting in the same way as before, it is easily seen that the manifold jf‘(P, R)
is a principal fibre bundle over £(A) under the action (v¢),, as well as a
principal fibre bundle over £¢(.A) under the action ¢¢. Moreover, both £(.A)
and L¢(A) are principal fibre bundles over A under the (induced) actions
(1¢), and ¢¢ respectively. Accordingly, all arrows in the front and rear faces
of the diagram (1.4.11) express principal fibrations, while those in the left
and right—hand faces are principal bundle homomorphisms.

Preserving the terminology, the principal fibre bundles £(A) — A and
L(A) — A will be respectively called the non—holonomic Lagrangian and
non—holonomic co-Lagrangian bundle over A. A section ¢: A — L(A) will
be called a (non-holonomic) Lagrangian section. Once a trivialization u of
P has been fixed, any such section is locally expressed as

w = ZL(t,q, 24 (1.4.16)

Under an arbitrary change v — u—+ f of the trivialization, the representation
(1.4.16) undergoes the transformation law

w=1u+f=2Ltq¢ )+ =+ e L= Lt ¢4 2 (1.4.17)

1.4.3 The Hamiltonian bundles

Parallelling the discussion in §1.4.1, we shall now deal with the construction of the

Hamiltonian bundles on V,41. To this end, we focus on the fibration P — V41,

and denote by 7: j1 (P, Vy41) — P the associated first jet—space.

Every fibred coordinate system ¢, ¢*,u on P induces local coordinates t, ¢*, w, po, p;

on j1(P,Vy41), with transformation group

.E:t_‘_C? qi:qi(t7q17""qn)7 ﬂ:u+f(t7q17"'?qn) (1-4-18&)

_ of af \ oq¢* _ af \ o¢*
= — — ] — = — | = 1.4.1
Po=po+ 5 + <pk+ aqk> 5 0 P (pk+ o ) aa (1.4.18D)
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The manifold j; (P, Vy+1) is naturally imbedded into the cotangent space 7(P)
through the identification

@) = {nerm| {2} <1)

expressed in local coordinate as

NE€NP Vo) = 0= [du—po(n)dt —pi(n)dg'] . (1.4.19)

Furthermore, equations (1.4.18a,b) ensure the invariance of the contact 1-form

© = du — podt — p; dq’ (1.4.20)
henceforth referred to as the Liouville 1-form of ji (P, Vp41).

Exactly as in the Lagrangian case, one can easily establish two distinguished
actions of the group (R, +) on j1 (P, Vy+1), expressed locally as

(Ye), (1) = (V=¢),"(n) = [du—po(n)dt — pi(n)dd'] (1.4.21a)
pe(n) = n—E(dt) iy = [du— (po(n) + &) dt — pi(n) dqi]ﬂ(n) (1.4.21Db)
Referring once again to [31] for the necessary details, we point out that:

e The direct product of the actions (1.4.21a,b) makes ji (P, V,41) into a prin-
cipal fibre bundle over a (2n + 1)-dimensional base space II(V,41), with
coordinates t,q", p;, called the phase space.

e In view of equations (1.1.13), (1.4.18a,b), it is readily seen that the phase
space II(V,+1) is an affine bundle over V,, 1, modelled on V*(V,,41).

e The quotient of ji (P, V,+1) by the action (1.4.21a), denoted by H(V,+1), is
an affine bundle over V,, 11, modelled on the cotangent space T%(V,,+1) and
called the Hamiltonian bundle.

e Any trivialization u: P — R allows to lift every local coordinate system
t,q',...,q" on V,41 to a corresponding one t,q',...,q", po,p1,-..,Pp ON
H(Vn+1), subject to the transformation law

_ of

of
Fo = =L D=4 1.4.22
Po=ptgr.  Bi=pitgs ( )

further to a change of u into w =u+ f(¢,q).

e The quotient map makes j;1(P,V,+1) into a principal fibre bundle over

H(Vin+1), with structural group (R, +) and fundamental vector %.
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e The canonical 1-form (1.4.20) endows ji(P, Vp+1) — H(Vp41) with a dis-
tinguished connection, called the canonical connection. At the same time,
the action (1.4.21b) “passes to the quotient”, thereby making H(V,+1) into
a principal fibre bundle over the phase space I1(V,,41).

e The quotient of ji (P, V,+1) by the action (1.4.21b), denoted by H(Vy+1), is
a (2n + 2)-dimensional manifold, with coordinates t, ¢, u, p;, called the co-
Hamiltonian bundle. The quotient map makes j; (P, V,11) into a principal
fibre bundle over H¢(V,,4+1). At the same time, the action (1.4.21a), suitably
transferred to H¢(V,+1), makes the latter into a principal fibre bundle over
I(Vpt1) -

The previous discussion is summarized into the commutative diagram

J1(P, Vny1) —— H V1)

l l (1.4.23)

HVnt+1) —— (Vny1)

in which all arrows denote principal fibrations, with structural group isomorphic
to R. As implicit in the notation, it may be easily showed that the manifold
J1(P, Vp41) is indeed identical to the pull-back of H(V,,4+1) over H(V,+1), as well
as the pull-back on H(V,41) over H(Vp41).

1.4.4 Further developments

The identifications (1.4.4), (1.4.19) provide a natural pairing between the fibres of
the first jet—spaces j1 (P, R) —~ P and j; (P, Vn+1) . P, expressed in coordinate
as

(zm) = < G g g O ],
(1.4.24)
for all z € j1(P,R),n € j1(P, Vy+1) satisfying m(z) = m(n).
In view of equations (1.4.6a), (1.4.21a), the correspondence (1.4.24) satisfies
the invariance property

(Wee(2), Wee)) = (zm) (1.4.25)

thereby inducing an analogous pairing operation between the fibres of the bundles
LVpt1) — Vo1 and H(Vypg1) — Vipa1, or — just the same — giving rise to a
bi-affine map of the fibred product L(V,41) xv,,, H(Vn4+1) onto R, expressed in
coordinates as

G — F(Cp) = u(¢) — polp) — pi(p) ¢°(¢) (1.4.26)
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Let S denote the submanifold of £(Vy,41) Xy, ., H(Vn41) described by the equation

§ = {(C1) € LOVui1) Xy HOVust) | F(Cop) = 0} (14:27)

A straightforward argument, based on equation (1.4.26), shows that the subman-
ifold S is at the same time a fibre bundle over £(V,,+1) and over H(V,41). The
former case is made explicit by referring S to local coordinates t,q’,d*, @, p;, the
p;’s been regarded as fibre coordinates. The latter circumstance is similarly ac-
counted for by referring S to coordinates t,q*,d*, po,pi, related to the previous
ones by the transformation

i = po + pid’
and with the ¢*’s playing the role of fibre coordinates.

Recalling the definition of the contact bundle C(j1(V,+1)), the situation is
summarized into the following commutative diagram

S HVup1)  (1.4.28)
/
L(Vn11) Vn+1/
L(Vnt1) XV, 10 HVnt1) H(Vnt1)
L(Vn11) / Vn+1/
C(j1(Vnt1)) V*(Vnt)
jl(Vn+1)/ Vn+1/

in which the nature of S as a principal fibre bundle over C(j;(Vn+1)) stands out.
Depending on the choice of the local coordinates over S, the group action may be
expressed symbolically either as

de ¢ (t,q',q" ' p) — (t,q" ¢ 0" + & pi) (1.4.29a)

or
¢§ : (tuqi7qi7p07pi) — (t7qlaq27p0+§7pl) (1429b)
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Furthermore, it’s worth pointing out that the canonical contact 1-form (1.4.20)
of j1(P, Vp+1) can be pulled—back onto the fibred product ji (P, R) X p j1 (P, Vit1)-
The principal fibre bundle ji (P,R) xp j1(P, Vag1) = L(Vnt+1) Xv,p1 H(Vng1) is
consequently endowed with a canonical connection.

For every choice of the trivialization u of P — V1, the difference du— 0 is (the
pull-back of) a 1-form 6, on L(Vn11) xv,,, H(Vay1), locally expressed as

O, = podt + p; d¢’ (1.4.30)
and subject to the transformation law
5 of of L
Oy = — | dt i + == | d¢" = O, +d, 1.4.31
<p0+at> +<p +an> q + df ( )

under an arbitrary transformation v — @ = u + f(t,q).

Eventually, the form ©, can be once again pulled—back onto S. In this last
step, depending on the choice of the coordinates over S, the resulting 1-form can
be locally expressed as

Oy = podt +p;dg' = adt+p; (dg' — " dt) (1.4.32)
Hence, the submanifold S is provided with a distinguished 1-form ©, which is
defined up to the choice of the trivialization of P.

1.5 The variational setup

1.5.1 Deformations

Given a section 7: R — V, 1, locally described as ¢* = ¢'(t), a finite deforma-
tion of v is, by definition, a continuous map ¢: A C R x R — V,11, defined
on the subset A = {(¢,€) | to <t <t1, —e < & < e} and satisfying the condition
©(t,0) = ~v(t). By varying the parameter £ within its definition domain, we get a
1-parameter family of sections ¢, satisfying 7o = 7.

Actually, it is usually made a distinction between the so called weak and strong
variations. In order to understand this difference we need to introduce some topol-
ogy in the space of sections of V1.

Definition 1.5.1. Let v: (¢,d) — Vy11 be a differentiable section, [a,b] C (c,d)
be any closed interval and (U,h), h = (t,q¢',...,q") a corresponding fibred local
chart such that v(t) C U for any t € |a,b]. Let also € and « be a positive number
and a non—negative integer respectively. Then ./\/'(E,a) (v) is the set of all differen-
tiable sections v': R — V11 such that the following two conditions hold for any
t € la,b:
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1) A'(t)cU

k(i 7 k(4.
g) |Llea®)  Eda0)) o yg—p. .

We let the reader verify that the sets N, () (7) form a system of neighborhoods
of v for a topology on the space of sections of V,, 1. In particular, the topology
related to the sets N, (£,0) (7) is called the strong topology while the one related to
the sets N, (e,1) () is referred to as the weak topology.

By abuse of language, a deformation 7 is also said to be weak (or strong) if,
for any § > 0, there exists an € > 0 such that v¢ € N 1y(v) (or 7 € N0y (7))
for any £ < §. We point up that, as a consequence of the previous definitions, any
weak deformation is also always a strong one while the converse may not occur.

Example 1.5.1: In the one-dimensional case, consider the variation
. t

@ alee) = alo) + €sin ()

As £ goes to zero, y¢ tends to v by the squeeze rule. However, we have

dg(pe(t))  dg 1 t
@ @t §C°s<§2)

and so % tends to infinity while the cosine oscillates, generating increasingly large varia-
tions in the slope — a typical strong, not weak, variation.

For each t € R, the curve { — 7¢(t) is called the orbit of the deformation ¢
through the point (t). The vector field along ~ tangent to the orbits at & = 0,
whenever defined, is called the infinitesimal deformation associated with ~e.

<

In the presence of non—holonomic constraints, care must be taken of the re-
quirement of kinematical admissibility. A deformation v, is called admissible if
and only if each section ¢ : R — V,41 is admissible. In a similar way, a defor-
mation ¢ of an admissible section 4 : R — A is called admissible if and only if
all sections 4¢ : R — A are admissible.

As pointed out in §1.2, the admissible sections v : R — V,41 are in 1-1
correspondence with the admissible sections 4 : R — A through the relations

y=m-7, n) =i-4 (1.5.1)

Every admissible deformation of v may therefore be expressed as

A~

e =7
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¢ : R — A denoting an admissible deformation of 4.
In coordinates, preserving the representation 4 : ¢* = ¢*(t), 24 = ZA(t), the
admissible deformations of 4 are described by equations of the form

Fe: =9, =G (1.5.2)

subject to the conditions

©'(0,t) = ¢'(t), ¢A0,t) = 24(t) (1.5.3a)
= (D, ) (1.5.3b)

We now dwell upon the fact that any (admissible) not weak finite deformation
¢: A — V, 11 can by no means be lifted to a corresponding (admissible) deforma-
tion ¢: A — A, since the continuity of ¢ is lacking. On this account, from now
on we will restrict ourselves to consider weak variations only. Variational problems
with respect to strong variations can be dealt by means of a more general method,
based on the so—called Weierstrass Excess function. The argument is beyond the
purposes of the present work and will not be pursued.

Setting

X'(t) = <<‘;<§i>£:0 - T <%>5=0

i 924 A 22¢A
2 = (6—52)520 - KD = (—852 Lo

the infinitesimal deformation tangent to 4¢ is described by the vector field

(1.5.4)

A 0 A 0
x o (2) oo () 05
while equation (1.5.3b) is reflected into the relations
= — = X'+ (=) T (1.5.6a)
dt ot 9¢ |e—g aq* ) 0z4 )4
iz _ 0 0% O\ ks 0%\ kpa
dt — Ot 9¢2 e=0 <8qk8q’“ ),YXX +2<8qk82A ),AYXP *
92y’ ApB oy’ k oy’ A
+ <8zA 5.5 >%F re + <W>:YZ + <8zA >%K (1.5.6b)

the first of which is commonly referred to as the variational equation.
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The infinitesimal deformation tangent to the projection v¢ = 7 - 9¢ is similarly
described by the field

k- ()., () -0
X=mX = | =— — ) =X — 1.5.7
. < 7)., (ag) = X0 g5 (1.5.7)

Collecting all previous results and recalling the definitions of the vector bundles
V(y) and A(4) we get the following

Proposition 1.5.1. Let v: R — V41 and ¥ : R — A denote two admissible
sections, related by equation (1.5.1). Then:

i) the infinitesimal deformations of v and of 4 are respectively expressed as
sections X : R — V(7) and X : R — A(3);

i1) a section X : R — V(v) represents an admissible infinitesimal deforma-
tion of 7 if and only if its first jet—extension factors through A(%), i.e. if
and only if there exists a section X : R — A(H) satisfying j1(X) = i X
conversely, a section X:R— A(%) represents an admissible infinitesimal
deformation of 4 if and only if it projects into an admissible infinitesimal
deformation of v, i.e. if and only if iy X = jl(T('*X).

The proof is entirely straightforward, and is left to the reader.

From a structural viewpoint, Proposition 1.5.1 establishes a complete symmetry
between the roles of diagram (1.2.1) in the study of the admissible evolutions
and of diagram (1.3.10) in the study of the admissible infinitesimal deformations,
thus enforcing the intuitive idea that the latter context is essentially a “linearized
counterpart” of the former one.

1.5.2 Infinitesimal controls

According to Proposition 1.5.1, the admissible infinitesimal deformations of an
admissible section v : R — V,41 are in 1-1 correspondence with the sections
X:R— A (%) satisfying the consistency requirement WX = j (W*X ).

In local coordinates, setting X = X “t) a%i +T4(t) % , the stated requirement
is expressed by the variational equation

axt _ oYty 0 4
o= g Xt gl (1.5.8)

0z4

all coefficients being evaluated along the curve 4.

Exactly as it happened in §1.2 with regard to the admissibility of evolutions,
equation (1.5.8) indicates that, for each admissible X, the knowledge of the func-
tions T'4(t) determines the remaining X*(¢) up to initial data, through the solution
of a well posed Cauchy problem.



26 Chapter 1. Geometric setup

Once again, however, the drawback is that the components I'4, in themselves,
have no invariant geometrical meaning, but obey the non-homogeneous transfor-
mation law

M () = 20 (%) + () + D (%8 -

ot oq’ 028
sh . e (1.5.9)
= _ X' 4 1B
dq 0zB

under an arbitrary coordinate transformation. Therefore, if 4 is covered by several
local charts, assigning the functions T'4(t) on each of them doesn’t even allow to
verify if they link up properly except by integrating the variational equation.

The difficulty is overcome introducing a linearized version of the idea of control.
Referring to diagram (1.3.10), we thus state the following

Definition 1.5.2. Let v: R — V,41 denote an admissible evolution. Then:

e a linear section h:V(vy) — A(¥), meant as a vector bundle homomorphism
satisfying m, - h = id, is called an infinitesimal control along ;

e the image H(%) = h(V(y)), viewed as a vector subbundle of A(¥) — R,
is called the horizontal distribution along 4 induced by h; every section
X :R — A(3) satisfying X(t) € H(3) ¥V t € R is called a horizontal section.

Remark 1.5.1: The term infinitesimal control is intuitively clear: given an admissible
section 7, let o : V,,41 — A denote any control belonging to v, that is satisfying o-v = 4.
Then, on account of the identity . - 0. = (7 - o)« = id, the restriction to V() of
the tangent map o, : T(Vyp41) — T(A) determines a linear section o, : V(y) — A(%).
The infinitesimal controls may therefore be thought of as equivalence classes of ordinary
controls belonging to the same curve and having a first order contact along it.

Given an infinitesimal control A : V(v) — A(%), on account of Definition 1.5.2
and of the canonicity of the vertical subbundle V(§) = ker 7, it is easily seen
that the horizontal distribution H (%) does indeed provide a splitting of the vector

bundle A(%) into the fibred direct sum
A) = HA) er V() (1.5.10)

This gives rise to a couple of homomorphisms Py : A(%) — H () (horizontal
projection) and Py : A(§) — V(¥) (vertical projection ), uniquely defined by the
relations

Py = h-m, : Py = id — Py (1.5.11)

In fibre coordinates, preserving the notation (1.3.1), (1.3.11), every infinitesimal
control h: V(y) — A(9) is represented by a linear system of the form

w? = hiA(t) 0! (1.5.12)
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In this way:
e the horizontal distribution H (%) is locally spanned by the vector fields

()] - () (), e

e every vertical vector field X = Xi(t)( 8‘; )v along ~ may be lifted to a

horizontal field h(X) along 4, expressed in components as

X)) = X'(t)d; = X'(t) [ (fizi)f hi ((%)} (1.5.14)

Y

e every vector X = X' ( éf;i )‘y 414 (8,%‘)& € A(¥) admits a unique represen-

tation of the form X = Py (X) + Py (X), with
R . X . ) 9
_ i 9. _ A yip A VA
Pr(X)=X'8;, Py(X)= (r Xih; )<—azA>&'_ Y <—82A>&
(1.5.15)

e denoting by C(%) the contact bundle along 4, meant as the restriction of the
contact bundle C(A) to the curve 4, in view of equation (1.5.13) we have
the relations

<5i, wk> - < (832.)& Ty (%)ﬁ , (dg* - ¢’fdt):y> = 6F (1.5.16)

showing that the bundle C(¥) and H (%) are dual of each other under ordinary

pairing.

Remark 1.5.2: As implicit in the previous discussion, the advantage of the newer formu-
lation comes from the fact that, unlike FA( < )&, the vector field Py (X) = Y4 (afA )ﬁ

0z4

has now an invariant geometrical meaning.
It follows from the request (’?)l = g—‘ljgj that
q
0 A(?_(?qj<8 38) 028 0 4028 0 0¢ p 0

o7 "M 9:A o \ag T 9.8 95 0.8 " 9:A0.8 95 9B
that is

pa_0z00¢, p 02100
' 0z8B ot 0zB 0

Therefore, the components Y4 undergo the homogeneous transformation law

(1.5.17)

_ _ o 9zA 9z4 gt [0z o¢’ 0z4 028
A_PA_ wip A_ xi% BY~ x4 (Y2 Y4, B Y Y )
Y=l =X b = X e s N Gy (823 95" " 9B aqi)
. 9z4 (94 OF 9z
—(rB_xipB) %% xi(%5F L 99 0% ) _
(r7 =7 1,) azB‘LXM
0z4
_vyvB X2
=Y 028

(1.5.18)
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the cancelation coming from the identity

9z4 NN %823 B _(?L_“x(?qj
oF 0zB 0t~ O¢7 OF

The role of Definition 1.5.2 in the study of the variational equation (1.5.8) is
further enhanced by the following

Definition 1.5.3. Let h be an infinitesimal control for the (admissible) section
v. A section X : R — V(v) is said to be h—transported along v if and only if its
horizontal lift h(X) : R — A(%) is an admissible infinitesimal deformation of 4,
namely if and only if i, - h(X) = j1(X).

In view of equations (1.5.8), (1.5.14), setting X = Xi(t)(a?li)w the condi-
tion for h—transport is expressed in coordinates by the linear system of ordinary
differential equations

dX? _ 8¢2 " 8¢Z b ks
dt [(8(]’?)& + <@>&] X" =X"0y (1.5.19)

From the latter, recalling Cauchy theorem, we conclude that the h—transported
sections of V() form an n—dimensional vector space V},, isomorphic to each fibre
V(7))e through the evaluation map X — X(t). We have thus proved:

Proposition 1.5.2. Fvery infinitesimal control h : V(y) — A(Y) determines a
trivialization of the vector bundle V () LR.

Proposition 1.5.2 provides an identification between sections X : R — V(y)
and vector valued functions X : R — V}, and therefore — by duality — also
an identification between sections A : R — V* (v) and vector valued functions
AR — Vi¥, thus allowing the introduction of an absolute time derivative % for
vertical vector fields and virtual 1-forms along ~.

The algorithm is readily implemented in components. To this end, let {e(a)},
{e(a)} denote any pair of dual bases for the spaces V, , V}*. By definition, each
€, 1s a vertical vector field along ~y, obeying the transport law (1.5.19).

In coordinates, setting e, = e(i) (8%% , this implies the relation

de(g)
dt

g e({:) 5]6 ’l,Z)Z (1520&)

In a similar way, each e® is a virtual 1-form along v, expressed on the basis &’
(a)
i

On account of equation (1.5.20a), the components e(i“) obey the transport law

as e@ =el &, with (" ey =0%.

de (ia)
dt

d :
(e(i“)e(z)) =0 =

_ (a) 5 17
7 = —eW o (1.5.20b)
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The functions ,
. de(.a) . de
o J (a) (a)

T dtz el e —= (1.5.21a)

will be called the temporal connection coefficients associated with the infinitesimal
control h in the coordinate system t,¢'. Comparison with equations (1.5.13),
(1.5.20a,b) provides the representation

G g = (O _pa (02
7 = =0 = (é)qi)& h; <8zA>& (1.5.21b)

Given any vertical vector field X = X* ( a(?;i )7 along v, the definition of the operator

% is then summarized into the expression

% _ %<X,e<“)>e(a) - jt<X e(“)”>e(a) —j (XZ (a)>€<a> <aiqj>V -
= <% —|—Xi7'ij> (%)7

with the coefficients 7;7 given by equation (1.5.21b). In a similar way, given any

(1.5.22a)

virtual 1-form \ = i ', the same argument provides the evaluation

DN d /- d o Y »
57 = @ <)\,e(a)>e(“) pn <)\ e(a)) e( VoI = ( o - NTj > o7 (1.5.22D)

By a little abuse of notation we shall henceforth systematically use the following

DX'  (DX\' D)\ _ (DA
Dt~ \Dt)’' Dt = \Dt),
The operation % is immediately extended to a derivation of the algebra of

symbology:

virtual tensor fields along -, commuting with contractions. In coordinates, we
have the representation

D ; 0 ; DW;.. [0 ;
= i - Qe | = 22 [ R 1.5.2
D [Wj (t) <8ql>y®w ® D1 <8ql>7®w ® (1.5.23a)
with
Dt = 7t + T WL T Wi + (1.5.23b)

After these preliminaries, let us go back to the variational equation (1.5.8). By
) + 14 (azA ),Y splits

means of the projections (1.5.11), every section X=X ’(
into the sum

X = Pu(X) + Py(X) = h(X) +Y (1.5.24)
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with

X=m(X) ,  YV=Py(X)=("-n"X) (&%)

4

On the other hand, on account of equation (1.5.13), the variational equation
(1.5.8) is mathematically equivalent to the relation

D& _ 5]@(1“) xk — (_ hkAXk + FA) (81/%)

dt 0z4

Y

Recalling equations (1.5.21b), (1.5.22a), (1.5.24), as well as the representation

(1.3.14) of the homomorphism V (§) 2 V (v), the latter may be written syntheti-

cally as
DX . . 5
o = oY) = o(Pv(X)) (1.5.25a)
or also, setting X = X%¢,, Y = y4 (a%),y, and expressing everything in com-

ponents in the basis e,

dxe . o (O
== <e(“), Q(y)> = e (%)ﬁ y4 (1.5.25Db)

Exactly as its original counterpart (1.5.8), equation (1.5.25a) points out that
every infinitesimal deformation X is determined by the knowledge of a vertical
vector field Y = Y4 (8%‘)& through the solution of a well posed Cauchy problem.

As we noticed earlier, the advantage is that, in the newer formulation, all
quantities have a precise geometrical meaning relative to the horizontal distribution
H (%) induced by the infinitesimal control h. On the other hand, one should not
overlook the fact that, in the standard formulation of the problem, no distinguished
section h : V(v) — A(%) is provided, and none is needed in order to formulate the
results. In this respect, the infinitesimal control h plays the role of a gauge field,
useful for covariance purposes, but unaffecting the evaluation of the extremals.
Accordingly, in the subsequent analysis we shall employ h as a user—defined object,
eventually checking the invariance of the results under arbitrary changes h — h'.

1.5.3 Corners

In order to address a more and more vast class of problems, we actually shall not
deal with sections in the ordinary sense but with piecewise differentiable evolutions,
defined on closed intervals. To account for this aspect, we adopt the following
standard terminology:
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e an admissible closed arc (’y, [a, b]) in Vp41 is the restriction to a closed
interval [a,b] of an admissible section ~ : (¢,d) — V, 41 defined on some
open interval (¢,d) D [a,b];

e a piecewise differentiable evolution of the system in the interval [tg,t1] is a
finite collection

(’Y? [t07t1]) = {(’Y(S)u [a8—17a8])7 s = 17 7N7 lo=ay<a; <---<any = tl}
of admissible closed arcs satisfying the matching conditions

v (as) = vV (as) Vs=1,...,N -1 (1.5.26)

On account of equation (1.5.26), the image ~(t) is well defined and continuous for
all tg < t < t1, thus allowing to regard the map ~ : [to,t1] — V,4+1 as a section in
a broad sense. The points y(tg), v(t1) are called the end—points of 7, while the
points ¢s :=y(as), s=1,...,N — 1 are called the corners of ~.

Consistently with the stated definitions, the lift of an admissible closed arc
(7, [a,b]) is the restriction to [a,b] of the lift 4 : (c,d) — A, while the lift
4 of a piecewise differentiable evolution { (7, [as—1,a,])} is the family of lifts
4 each restricted to the interval [as_1,as]. The image §(¢) is well defined for all
t #ay,...,an—_1, thus allowing to regard 4 : [to,t1] — A as a (generally discontin-
uous) section of the velocity space. In particular, since the map i : A — j1(Vit1)
is an imbedding of A into an affine bundle over V, 11, each difference

(4], = i(3“ "V (as)) —i(§9(as)), s=1,...,N—1

identifies a vertical vector in Ti, (V,+1), henceforth called the jump of 4 at the
corner ¢ .

In local coordinates, setting ¢'(y*)(t)) := ¢(,(t), equations (1.2.5), (1.5.26)
provide the representation

%], = <<%>% B <d§l§3)>a5> <%> =[] <%> (15.27)

with [¢(¥)] 0y = P (FC TV (as)) — Y (7 (as)) denoting the jump of the function
PH(H(t)) at t = as.

Pursuing the generalization process, an admissible deformation of an admis-
sible closed arc (7, [a, b]) is a 1-parameter family (75, [a(é),b(ﬁ)]), €] < e, of
admissible closed arcs depending continuously on £ and satisfying the condition
(70,[a(0),b(0)]) = (7,[a,b]). Notice that the definition explicitly includes possi-
ble variations of the reference intervals [a(&),b()].
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In a similar way, an admissible deformation of a piecewise differentiable evo-
lution (7, [to,t1]) is a collection {(’y(g), [as—1(£),as(€)])} of deformations of the
various arcs, satisfying the matching conditions

Yas(€)) = 78V (as(€)) Vgl <e,s=1,...,N—1 (1.5.28)

Under the stated circumstances, the lifts 4. and &(g), respectively restricted
to the intervals [a(§),b(§)] and [as—1(£),as(§)] are easily recognized to provide
deformations for the lifts ¥ : [a,b] — A and 4 : [as_1,as] — A.

Unless otherwise stated, we shall only consider deformations leaving the interval
[to,t1] fixed, namely those satisfying the conditions ag(§) = to, an(§) = t1. No
restriction will be posed on the functions a4(¢), s=1,..., N — 1.

Each curve c4(§) := 7¢(as(§)) will be called the orbit of the corner ¢, under
the given deformation.

In local coordinates, setting qi(’y(g) (t)) = ©(,(&,t), the matching conditions
(1.5.26) read

(P(is)(ga as(§)) = ‘P(is+1)(§7 as(§)) (1.5.29)

while the representation of the orbit c¢s(§) takes the form

cs(§)  t = as(§), qi = @(is)(gaGS(g)) (1.5.30)

The previous arguments are naturally reflected into the definition of the in-
finitesimal deformations. Thus, an admissible infinitesimal deformation of an ad-
missible closed arc (’y, [a, b]) is a triple (o, X, ), where X is the restriction to
[a,b] of an admissible infinitesimal deformation of v : (¢,d) — V41, while «, 8
are the derivatives

da db
Tl 7Tl

e (1.5.31)
expressing the speed of variation of the interval [a(&),b(§)] at £ = 0.

Likewise, an admissible infinitesimal deformation of a piecewise differentiable
evolution (7, [to, tl]) is a collection { g1, Xg, Ot } of admissible infinites-
imal deformations of each single closed arc, with o = C%S | =07 and, in particular,
with ap = ay = 0 whenever the interval [tg,t1] is held fixed.

At the same time, whenever a corner c; is shifted by the deformation process,
the tangent vector to cs(§) is given by

W - [(cs@))*d%]é:o = o)+ (oo x) (5r) s




1.5 The variational setup 33

The quantities aS,XfS),Zﬁs) aren’t actually independent: equations (1.5.29)

imply the identities

a‘P(is) 890(is) das a‘P(is+1) a‘P(is+1) %

= : 1.5.33
o¢ ot dé o€ ot dE (1.5.33)
. . . 2 .
a2(10(Zs) 2 a2(ID(ZS) das 82()0(25) das 8(ID(ZS) d2a8 —
0E? otog  d¢ ot? d§ ot  deg?
. . . 2 .
_ 8290(ZS+1) N 282(‘0(zs+1) dag 8290(Zs+1) dag N 8(p(ls+1) d2as
0E? oto¢  d¢ ot? dg ot dg?
(1.5.33b)
From these, evaluating everything at £ = 0, recalling definitions (1.5.4) and intro-
ducing the notation [ = 22;; o’ we get the jump relations

i i dq(is+1> dq(is> ifn
<X<5+1> _X(S))as - _as< at dt > - W (7)]%

(1.5.34a)
. . dXi, dXxi dq',  dq.,
— (s) (s+1 () (s+1)
(Zé‘“) B Z&‘))a =20 [ a dt ] + b [ e dt *
’ as as
d2qi d2qi
2 (s) (s+1)
as

whence also, in view of the variational equation (1.5.8),

<Z(S“) - Z(S)>a5 e [<5—qk> )X(S) - <3—qk A+ 1) Fernt

+(22) A o (22 r4
<52’A NEE 924 ) oy Y .

Ay’ 5 B dl/}%(wl)]

_l’_

+ Bs [wim(s) - wi\a,(sﬂ)]a + o]

K]

dt dt
(1.5.34¢)

Moreover, the admissibility of each single infinitesimal deformation X, re-
quires the existence of a corresponding lift X, = X(i) (6%1-)&(5) + F(‘;‘) (8%)4{(8)
satisfying the variational equation (1.5.8).

Both aspects are conveniently accounted for by the assignment to each ~
of an (arbitrarily chosen) infinitesimal control h® : V(y®) — A(5). In this
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way, proceeding as in §1.5.2 and denoting by (%)v@ the absolute time derivative
along ~© induced by h®, we get the following

Proposition 1.5.3. Every admissible infinitesimal deformation of an admissible
evolution (’y, [to,tl]) over a fized interval [to,t1] is determined, up to initial data,
by a collection of vertical vector fields {Y(s) = Y‘j) (6—%)&(8)}, s=1,...,N and
by N — 1 real numbers aq,...,an_1 through the covariant variational equations

— o(v,) = YA (2L 2 s=1,....N (1535
< Dt ). 6Ye) W\9z4 )\ ¢ ) ( )

completed with the jump conditions (1.5.34a). The lift of the deformation is de-
scribed by the family of vector fields

X(S) = h(s)(X(s)) =+ Y(s), S = ]., e ,N (1536)

The proof is entirely straightforward, and is left to the reader. Introducing n piece-
wise differentiable vector fields 01, ..., d, along 4 according to the prescription

0

di(t) = h® <$> Vte (as—1,a5), s=1,...,N
T/

equation (1.5.36) takes the explicit form
A . 0 .. 9
NG i — i 4. A (_O
X =h <X(S) ( 8qi>7(s)> + Y = X0+ v ( aZA)W (1.5.37)

on each open arc 4 : (as_1,as) — A.

To discuss the implications of equation (1.5.35), resuming the notation V' (vy) for
the totality of vertical vectors along v*, we define a transport law in V' (7y), hence-
forth called h—transport, gluing h®—transport along each arc (’y(s), [as—1, as]) and
continuity at the corners, namely continuity of the components at t = a;.

In view of Proposition 1.5.2, the h—transported fields form an n—dimensional
vector space V},, isomorphic to each fibre V(’y)‘t . This provides a canonical iden-
tification of V() with the cartesian product [tg,¢1] X V},, thus allowing to regard
every section X : [tg,t1] — V() as a vector valued function X : [tg,t1] — V},.

Exactly as in § 1.5.2, the situation is formalized referring V}, to a basis {e, }

related to the basis ( 6‘?11- )ﬁ/ by the transformation

(@) —P0ew. o = b W)fy (1.5.38)

Given any admissible infinitesimal deformation {(X ()5 [Gs—1, as])}, we now
glue all sections X, : [as—1,as] — V(7)) into a single, piecewise differentiable

4Notice that this makes perfectly good sense also at the corners ~(as).
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function X : [to,t1] — V4, with jump discontinuities at ¢ = as expressed in
components by equation (1.5.34a). For each s = 1,..., N this provides the repre-

sentation

DX

Xy =X"t) ew, <Dt

axe
> ( ): T € (a) Vite (CLS_l, as) (1539)
,\/ S

In a similar way, we collect all fields Y(,, into a single object Y, henceforth
conventionally called a vertical vector field along 4.

By abuse of language, we also denote by Y = Y4 (8,%‘)& the vector field along
the open arcs of 4 defined by the prescription

YA®t) = YA @) as1 <t<as, s=1,...,N (1.5.40)

In this way, the covariant variational equation (1.5.35) takes the form

— = y4elw <—> Vit ag (1.5.41a)
5

completed with the jump conditions

[Xa] as as %

=[X"] % (as) = —ase}’(as) [W(&)] s=1,...,N—1 (1.541b)

1.5.4 The abnormality index

A deeper insight into the algorithm discussed in §1.5.3 is gained denoting by U
the infinite dimensional vector space formed by the totality of vertical vector fields
Y = {Y(S), s = 1,...,N} along 4, and setting 20 := U @ RY~!. On account
of equations (1.5.41a,b), every admissible infinitesimal deformation of v is then
determined, up to initial data, by an element (Y, aq,...,ay_1) € 20.

In the following we shall be mainly interested in infinitesimal deformations
X : [to,t1] — V() vanishing at the end-points. Setting X(t9) = 0, equations
(1.5.41a,b) provide the evaluation

X(t) = </t yAel® <271’Z);>Adt — Z as e (as) [wi(fy)] )e(a) (1.5.42)
t 5 as

0 as<t
The vanishing of both X (¢y) and X (¢1) is therefore expressed by the condition

MA@ (0 @ (4
</to Y&el! <@>;¥dt — SZ:; as e’ (as) [1/1@(7)]%> € =0 (1.5.43)
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The left hand side of equation (1.5.43) defines a linear map Y : 20 — Vj, whose
kernel is therefore isomorphic to the vector space of the admissible infinitesimal
deformations vanishing at the end—points of .

Depending on the nature of the inclusion Y(20) C V},, the evolutions of the
system will be classified into normal, when Y(20) = Vj,, and abnormal, when
T (W) <V, 5.

The dimension of the annihilator (Y (20))° C V}* will be called the abnormality
index of ~.

On this point, a useful characterization is provided by the following

Proposition 1.5.4. The annihilator (Y(20))° C V}* coincides with the totality
of h—transported virtual 1—forms A=\ o satisfying the conditions

N’
Xilas) [¢'(3)],. = 0 s=1,...,N—1 (1.5.44b)

Proof. In view of equation (1.5.43), the subspace (Y (20))° C V}* consists of the
totality of elements A = A\, e@ = \, e’ & satisfying the relation

1 i N-—1
Ao < t yAel® <gziA> dt — Y asel(ay) W(fy)]%) —

to ¥ s=1

V(Y,oq,...,any—1) € 2, clearly equivalent to equations (1.5.44a,b). O

By equations (1.5.21b), (1.5.22b), the condition of h-transport of A along each
arc v is expressed in coordinates as

dXi o™ Ay (OB
= A <aqi >ﬁ + b /\/k%%): —0 (1.5.45)

the cancellation arising from the requirement (1.5.44a).

The content of Proposition 1.5.4 is therefore independent of the choice of the
infinitesimal controls h® : V(y®)) — A(5®).

Remark 1.5.3: According to Proposition 1.5.4, the abnormality index of a piecewise
differentiable section v cannot exceed the abnormality index of each single arc v(®). Thus,
for example, if one of the arcs is normal, - is necessarily normal. More generally, because of
the additional restrictions posed by equations (1.5.44b) and by the continuity requirements
[AMa. = 0, an evolution may happen to be normal even if all its arcs () are abnormal.
Typical examples are:

5As we shall see, when applied to the extremals of an action functional, this terminology agrees
with the current one (see, among others, [10] and references therein).



1.5 The variational setup 37

wi1 = Rx By, referred to coordinates ¢, x,y. Constraint: &?+5? = v2. Imbedding
A — j1(Vni1) expressed in coordinates as & = vcosz, § = vsinz. Piecewise
differentiable evolution 7y consisting of two arcs:

AW =0, y = vt to<t<0
7(2): T = vt, y=20 0<t<ty
Equation (1.5.44a) admits h-transported solutions A = a&? along v and

A® = 34! along v@, V o, 8 € R. Both arcs are therefore abnormal. Notwith-
standing, v is normal, since no pair A, A(® matches into a continuous non-null
virtual 1-form along ~.

Vit1 = R x Ey. Coordinates t,z,y. Constraint: v3i = (% — a?t?)?. Imbedding
A — j1(Vny1) expressed in coordinates as i = v73 (22 — a?t?)?, § = z. Piecewise
differentiable evolution v consisting of two arcs:

1
AW =0, y=§a(t2—t*2) to <t<th
@ o’ (5 — t°9) 0 r<t<t
o= — (£ — ) = <t<
Y 503 ) 1

(t* # 0). Equation(1.5.44a) admits h-transported solutions of the form A = a@!
along the whole of 7. Both arcs v, v are therefore abnormal. Notwithstanding,
~ is normal, since no solution satisfies condition (1.5.44b).

Remark 1.5.4: Even in the differentiable case, the normality of an evolution - is a global
property. In this sense, a normal arc 7: [to,t1] — V,41 may happen to be abnormal

when restricted to a subinterval [t§, 5] C [to,t1]. An illustrative example may be given
by means of a bump function:

w1 = R x E3. Coordinates t,q¢',¢% ¢*. Imbedding A — j;(V,11) expressed in
coordinates as ¢* = z!, ¢ = 2%, ¢ = g(t)22, being g(t) a C> function defined
as g(t) = —(tﬁ—tlyeﬁ for any |t| < 1 and ¢(t) := 0 otherwise. Differentiable

evolution 7y consisting of the single arc:
) 1_ .2 2 _ 3 _
v g =wtt, ¢=vt, ¢ =vf(t) to<t<ty, to<—1,1t >1

being

1
e?-1 |t| < 1
ft) =
0 [t] > 1

For any a € R, equation(1.5.44a) admits therefore h—transported solutions of the
form A\ = a®® when restricted to the subinterval [tg, —1]. Notwithstanding, v is
normal, since no solution may be found along the whole of it.

In view of the contents of Remark 1.5.4, an evolution : [tg,t1] — V41 will be

called locally normal if its restriction to any closed subinterval [t§,t]] C [to,t1] is

a normal arc, namely if and only if, along any such subinterval, equations (1.5.44)

admit the one trivial solution \;(¢) = 0.
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As a concluding remark, it’s worth pointing out that, although geometrically
significant, the arguments discussed so far provide only a partial picture of the
situation. Actually, rather than the totality of admissible infinitesimal deforma-
tions vanishing at the end—points — here identified with the kernel of the map
T : 20 — Vj, — a variational context involves the (possibly smaller) subfamily %
of infinitesimal deformations tangent to admissible finite deformations with fixed
end—points.

The linear span of X, henceforth denoted by A(y), will be called the variational
space of . The evolutions of the system will be classified into ordinary, when
A(~) = ker (Y) and exceptional, when A(y) C ker(Y).

A hierarchy between the various typologies is provided by the following

Proposition 1.5.5. The normal evolutions form a subset of the ordinary ones.

The result is proved in Appendix B. In this connection, see also [27].



Chapter 2

The first variation

2.1 Problem statement

Let . € #(A) denote a differentiable function on the velocity space A, hence-
forth called the Lagrangian. Also, let (7, [to,t1]) (7 for short) denote an admis-
sible piecewise differentiable evolution of the system, defined on a closed interval
[to,t1] C R. Indicating by 4 the lift of v to A, define the action functional

N .
I[y] = /.fdt = Z / (39)" (&) dt (2.1.1)
Y s=1 as—1

As it was already outlined in the Introduction, the problem we intend to deal
with is the one of characterizing, among all the admissible evolutions ~ connecting
a given pair of points in V, 1, the ones (if any) which minimize' the functional
(2.1.1). More precisely, recalling Definition 1.5.1, we state the following

Definition 2.1.1. An evolution (v, [to,t1]) is called a weak local minimum for the
functional (2.1.1) if there is a neighborhood N 1y(v) of v, such that T[y] < T[]
for all admissible piecewise differentiable v € N(&l) (v) joining the end—points
of v. The evolution vy is likewise called a strong local minimum for the functional
(2.1.1) if all previous properties hold, with ./\/'(571) (v) systematically replaced by

N(E,O) (7) :

As a direct result of Definitions 1.5.1, 2.1.1, we see that every strong extremum
is also a weak one while the converse is generally false. Therefore, once the nec-
essary and sufficient conditions for a weak minimum will have been found out, it
will be possible to try to supplement them in such a way as to guarantee a strong
minimum as well. However, this will not be carried out in the present work.

LFor the sake of explicitness, we shall consider only conditions for a minimum. In order to
obtain the conditions for a maximum, it is only needed to reverse the direction of all inequalities.
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Given an admissible evolution 7y, we keep in line with Definition 2.1.1 by con-
sidering all weak deformations ¢ with fixed end-points.

The first step for the solution of the problem is now to study the stationarity
conditions for the functional (2.1.1), through the analysis of its so—called first
variation.

Definition 2.1.2. An admissible evolution 7y is called an extremal for the func-
tional (2.1.1) if and only if, for all admissible deformations with fized end—points

Ve = {(7(5)7 [as—1(£),as(6)]) }, the function

N as(§)
Tl == zdtzz/ (39) (2) dt
1 a

Fe s=

has a stationarity point at £ = 0.

Remark 2.1.1 (The gauge group): As it is well known, given any pair of 1-forms £ dt
and .Z"dt over A, their respective action integrals Z[y] = [, Zdt and I'[y] = [, .Z"dt
give rise to the same extremal curves if the difference (£’ —.%)dt is an ezact differential.

Under this circumstance, the equality f ZLdt = f £'dt holds along any closed curve,
thereby entailing the relation

T'he] — The = /

A

(z'_z)dtz/(z'_z)dt

for any deformation ¢ vanishing at the end-points, whence also

d
7 (T — Thel) = 0

In this particular sense, as far as a variational problem based on the functional (2.1.1)
is concerned, the Lagrangian function .£ € % (A) is defined up to an equivalence relation
of the form

/ ) af

Otherwise stated, the real information isn’t brought so much by .Z in itself as by a whole
family of Lagrangians, equivalent to each other in the sense expressed by equation (2.1.2).

The significance of the arguments developed in §1.4.2 relies actually on the fact, ex-
plicitly pointed out by equations (1.4.16), (1.4.17), that the representation of an arbitrary
section £: A — L(A) involves exactly this family of Lagrangians, henceforth denoted by
A(¢). A straightforward check shows that a necessary and sufficient condition for two
sections ¢ and ¢ to fulfil A(¢) = A(¢') is that the difference ¢/ — ¢, viewed as a function
over A, be itself of the form

df

dt’
Thus we see that, within our geometrical framework, the equivalence relation (2.1.2) be-
tween functions is replaced by the almost identical relation (2.1.3) between sections. Intu-
itively, the latter is a sort of “active counterpart” of the transformation law (1.4.17) for the
representation of a given section ¢ under arbitrary changes of the trivialization u: P — R.

V-t = FeFVuir) (2.1.3)
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This viewpoint is formalized through the introduction of the concept of gauge group?.
By definition, a gauge transformation of the bundle P — V,,;1 is an isomorphism

p 2. p

l !

Vn-l—l

Vn—i—l

fibred over the identity map, and equivariant with respect to the action of the structural
group, namely fulfilling

gv+¢) =g)+¢ VveP,EeR (2.1.4)

On the basis of equation (2.1.4), it is easily recognized that the group of gauge transforma-
tions over P is in 1-1 correspondence with the ring of differentiable functions over V41,
the relation f — g; being given explicitly by

feFWVni1) = g =v+f(nv)) VYveP (2.1.5)
In local coordinates, the action of the map gy is expressed synthetically as
g = (tq'u) — (g u+ f)

Every gauge transformation (2.1.5) may be lifted in a canonical way to a diffeomor-
phism g, : (P, R) — ji*(P,R), expressed in coordinates as

gr ¢+ (td' w2t 0) — (G aut f 2% 0+ f)

From this it is easily seen that the map gy. commutes with both group actions (1.4.15a),
(1.4.15Db), thus inducing maps gr : L£(A) — L(A), and g§ : L(A) — L°(A), expressed
symbolically as

g 0 (g 2A ) — (G2 u+ f)
g5 - (t, gt u, 2) — (t,¢',u+ f,27)

The situation is summarized into the commutative diagrams

(P R) —— j{(P,R) A (P,R) —— j{(PR)
| | | |
L) —H L LoA) 2 rea
| | | |
A —— A A —— A

in which all horizontal arrows denote bundle isomorphisms.
It is now an easy matter to verify that equation (2.1.3) is mathematically equivalent
to the condition
0= g5t (2.1.6)

The geometrical counterpart of an “equivalence class of Lagrangians” on A is therefore a
section ¢ : A — L(A), defined up to the action of the gauge group.

2See, for example, [4]
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2.2 The Pontryagin—Poincaré—Cartan form

To begin with, we focus on the left-hand face of diagram (1.4.28)
S —— C1(Vat1))
s | ¢ (2.2.1)
LVnt1) — 1 (Vng)

and we complete the state of the play with the two missing ingredients that are
needed to address the problem, namely

e the non—holonomic constraints (sometimes improperly called “the dynam-
ics”), described by the imbedding i: A — j1(V,+1) and locally expressed by
the equations

qi = wi(t7q17"'7qn7217"'7zr)

e the non-holonomic Lagrangian section ¢ : @ = Z(t, ¢', zA).

We next pull-back the diagram (2.2.1) through the imbedding .A AN J1Vnt1),
giving rise to the analogous diagram

SA —— C(A)

Wsl lc (2.2.2)
LA — A

By construction, the manifold S is then a principal fibre bundle over C(.A) under
the (induced) action

¢§ : (tvqi7ZA7iLi7pi) B (tvqi7ZA7ai+£7pi) (223)

By means of the pull-back procedure, the canonical form (1.4.32) determines
a distinguished 1-form on S, locally expressed by

O, = podt +p'dg' = udt+p; (dg' — ' dt) (2.2.4)

Every non-holonomic Lagrangian section ¢: A — L(A) determines a trivial-
ization @g: L(A) — R of the bundle £L(A) — A. Let ¢y := 75(¢p¢) denote the
pull-back of ¢, to SA, locally expressed as

Go(t gt 2% i, pi) = it gl 24 0) = a — Z(t, g, 27 (2.2.5)

3 Aiming for easiness, the same symbol ©, will stand for both the form (1.4.32) and its
pull-back on A.
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From this, taking equation (2.2.3) into account, it is an easy matter to check that
the function ¢y is a trivialization of the bundle SA — C(A) and that, as such, it
determines a section £: C(A) — S, locally described by the equation

W= 2,z (2.2.6)

In brief, every section £: A — L(.A) may be lifted to a section £: C(A) — SA.
The local representations of both sections are formally identical and they obey the
transformation law (1.4.17) for an arbitrary change of the trivialization u: P — R.

The section £: C(A) — S# may now be used to pull-back the form (2.2.4) onto
C(A), hereby getting the 1-form

Oppe 1= *(0,) = Ldt + p; (dg' — ' dt) == —H dt + p;dg’ (2.2.7)

henceforth referred to as the Pontryagin—Poincaré—Cartan form.

Needless to say, the difference . := p; ' — £, known in the literature as the
Pontryagin Hamiltonian, is not an Hamiltonian in the traditional sense but a
function on the contact bundle.

2.3 The Pontryagin’s “maximum principle”

To understand the role of the Pontryagin—Poincaré—Cartan form in the solution of
the addressed variational problem, we focus on the fibration C(A) —— V,11, given
by the composite map v := 7w - k. A piecewise differentiable section (ﬁ, [to,tl])
consisting of a finite family of closed arcs

7@ i [as—1,as] — C(A), s=1,....N, thr=agp<a1<---<any=*t

will be called v—continuous if and only if the composite map v - 4 is continuous,
namely if and only if 4 projects onto a continuous, piecewise differentiable section
v-7:[to,t1] = V1. A deformation 5¢ = {(’y(g), [as—1(£),as(£)]) } will similarly
be called v—continuous if and only if all sections ¢ are v—continuous. A necessary
and sufficient condition for this to happen is the validity of the matching conditions
(1.5.28), synthetically written as

lim wv-9(t) = lm v-3(¢) s=1,...,N—1 (2.3.1)
t—al (&) t—as (€)

A v-—continuous deformation 7 is said to preserve the end-points of v-7 if and
only if v-7¢ is a deformation with fixed end—points. A vector field along 7 tangent
to the orbits of a v—continuous deformation is called an infinitesimal deformation.

Notice that, since the stated definitions do not include any admissibility re-
quirement for the sections v - ¢, the only condition needed in order for a vector
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field X* (8%1')% +14 (E)%A)i + 11; (8%2_)% to represent an infinitesimal deformation of
7 is the consistency with the matching conditions (2.3.1), expressed in components
by the jump relations

lim (Xi+ asdi> = lim <Xi+a5d—q> s=1,...,N—1 (2.3.2)
t—at () dt ) i—az (@) dt

with ag = (%)5:0. On the same line as in §1.2, any section 7: [tg,t1] — C(A),

locally described as

and satisfying
dq’

= V(g (t), . g (1), 2 (E), . 2T (2))

will henceforth be called admissible.

By means of Oppe we now define an action integral over C(A), assigning to
each v—continuous section 7 : ¢* = ¢*(t), 2% = 24(t), p; = pi(t) the real number

I[7] = [@ppc = /j1 (pf;—f —ff) dt (2.3.3)

v 0

From the foregoing discussion, it should be clear that two different forms Oppc
and O, linked together by a change of the trivialization u of P give rise to
two distinct representations of the same variational problem. In other words, the
extremal curves of two variational problems differing by the action of the gauge
group project onto the very same curve in V,11. In this connection, the study
of the consequences of both the impositions & = f and — in an extreme case —
1 = 0 gains some relevance.

For any v-continuous deformations 4¢ preserving the end-points of v - 5 we
have the relation

dZ[Ns] B 11 dq’ 0 ‘ dp; O Y
dg 'f:O_/tO %_a—pi I — %+8—qi X_WF dt +

%

N . dq i
+;{ lim |a, (ps - = ) +piX7| =

t—as

%

t—lizlfl [%—1 (pz' % - e%ﬂ> +piXZ} }

From the latter, taking equations (2.3.1) and the conditions X*(tg) = X%(t;) = 0
into account, we conclude that the vanishing of % ! =0 under arbitrary deforma-
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tions of the given class is mathematically equivalent to the system

dq’ o

i Vit ¢, 2Y) (2.3.4a)
% _ _%ff — %ﬁf + %’qij (2.3.4b)
OH _ 2 0L 2340
completed with the continuity conditions
pil, =1/, =0 s=1..,N-1 (2.3.44)

where, as usual, we are denoting by [f],, the jump of the function f(t) at ¢t = a,.
Equation (2.3.4a) shows that the extremal curves for the functional (2.3.3) are
admissible. Therefore, whenever any of them is concerned, we have the identifica-

tion
dqi i h i A
L+ pi| —=—=" || dt = L (t.q'(t),z (1)) dt
to

T3] == [Y Oprc = /tt
(2.3.5)

Moreover, their being extremals with respect to arbitrary deformations vanish-

ing at the end—points automatically makes them extremals with respect to the
narrower class of admissible deformations as well. As a consequence, we can
state that every “free” extremal for the functional (2.3.3) gives rise to an extremal
v: q" = ¢'(t) of the original problem.

Conversely, it is a much more awkward matter to establish if and under which
hypotheses an admissible evolution = is an extremal for the functional (2.1.1) which
can be obtained from an extremal 4 for the functional (2.3.3). Heuristically, the
variational problem (2.3.3) can be viewed as the study of the functional (2.1.1)
in which the kinematical admissibility condition (1.2.5) plays no more the role of
an a priori request upon sections but it is retrieved afterwards by the method of
Lagrange multipliers. It is therefore reasonable that, under suitable hypotheses,
one can prove the equivalence between the variational problem in A and the one
in C(A). Let us investigate this point.

Given an admissible piecewise differentiable evolution «, denoting by X (s) the
infinitesimal deformation associated with each single &(g) and recalling the defini-

tion ag = %

emo’ the search for the extremality conditions for + passes through
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the evaluation

dI[ﬁg]‘ _ Y d as(&) o (5) _
dé g:o_z df/@g(’“)dt o

N as
{7 X @t + [0 265w - s 26a)] |
o (2.3.62)

On account of the assumption oy = any = 0, recalling equation (1.5.37) and
denoting by

2], = [Z(H PV (as) = ZL(3 (as))]
the jump of the function Z(5(t)) at t = as, equation (2.3.6a) may be concisely

written as
dIf4 [ (xi5 0L N 020
d[ d' -y / (X40:2) + YA 55 ) dt = 3 as[£(3)],, (2:3.60)
€ f:o s=1 As—1 z s=1

Equation (2.3.6b) is further elaborated by means of the introduction of N virtual
1-forms A® = pY(t) & (one for each arc y)) satisfying the transport law

DA® 5
( Dt >»,<s> N <ai$)@<s)w (2.3.7a)

as well as the matching conditions

L@ = \6+D

s=1,....,N—1 (2.3.7b)

as as

In order to make the notation as easy as possible we collect all A into a
continuous, piecewise differentiable section A : [tg,t1] — V*(v) according to the
prescription

At) = A (t) Vi€ [as_1,as) (2.3.8)

On account of equations (2.3.7a,b), )\ is then uniquely determined by .Z, up
to initial data at t = tg.

Taking the covariant variational equation (1.5.35) as well as the duality rela-
tions < (8%’)4/(3) ,d)k> = 5;“ into account, by equation (2.3.7a) we get the expres-

sion

- DA® d . DX .
X0, 4 =(X - — (X, A& =2 AN =
0 < (5)7< Dt >7<s)> dt< o > << Dt )

d ; o’
- — (X7 (COR D N e YA
dt ( P > P 0z4 4(9) )
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whence also
as . ) L] Qs L [ O
7 _ ) (s) (s) A
/ X5 0i(Z) dt = XD, - / by Al . Y§, dt
as—1 as—1 as—1 aZ 7(6)

Summing over s, restoring the notations (1.5.40), (2.3.8) and recalling equations
(1.5.34a), (2.3.7b) as well as the conditions X (¢9) = X (¢1) = 0, this implies the
relation

N as o t1 81/JZ A N-1 '
Z/ X5 0i(L)dt = _/ P (aTA) YAdt + ) o [W(@)] pi(as)
s=1 Y as—1 to ol s=1 as
In this way, omitting all unnecessary subscripts, equation (2.3.6b) gets the final
form

dId[Zd ' o /tt (% P gﬁ@) Y4t + NZ: s [pi(t) PVH(H) —z(@)] (2.3.9)

as

In the algebraic environment introduced in §1.5.4, the previous discussion is
naturally formalized regarding the right hand side of equation (2.3.9) as a linear
functional dZ, : 20 — R on the vector space W = UV P RN—1. A necessary
and sufficient condition for v to be an extremal for the functional (2.1.1) is then
the vanishing of dZ, on the subset X C 20 formed by the totality of elements
Y,a1,...,an_1 arising from finite deformations with fixed end—points. By linear-
ity, the previous condition is mathematically equivalent to the requirement

A(y) C ker(dZy) (2.3.10)

with A(y) = Span(X) C ker(Y) denoting the variational space of ~.

As we shall see, equation (2.3.10) provides an algorithm for the determination
of all the extremals of the functional (2.1.1) within the class of ordinary evolutions.

The exceptional case is considerably more complicated, because of the lack
of an explicit characterization of the space A(y) in terms of the local properties
of the section . In this respect, the simplest procedure and, quite often, the
only available one, is checking equation (2.3.10) separately on each exceptional
evolution.

In what follows we shall adopt an intermediate strategy, namely, rather than
dealing with equation (2.3.10) we shall discuss the implications of the stronger
requirement

ker(Y) C ker(dZ,) (2.3.11a)

According to the classification introduced in §1.5.4, the latter is necessary and
sufficient for an ordinary evolution ~ to be an extremal of the functional (2.1.1),
but merely sufficient for an exceptional evolution to be an extremal.
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4 N\

e In the exceptional case, condition (2.3.11a) is sufficient

Ker(dZ,)
é

but not necessary

Ker T

Ker(dZ,)

e In the ordinary case condition (2.3.11a) is instead both
necessary and sufficient

Ker(dZ,)

By elementary algebra, the requirement (2.3.11) is equivalent to the existence
of a (possibly non—unique) linear functional K : Vj, — R satisfying the relation

Y
W — V
K 2.3.11
dz, l (2:3.11b)
R

Setting K = K,e'™, and recalling equations (1.5.43), (2.3.9), the requirement
(2.3.11b) is expressed in components as

/:@_g;‘ gwA>YAdf+NZlas ') - 23] =

as
s=1

Ka ( / e 2‘”(21@) @Y ) [W)L)

s=1
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By the arbitrariness of Y, aq,...,an_1, the latter condition splits into the
System

0% o'

a;"‘@%+Kﬂﬁﬁaia=° A=1,...r (2.3.12a)

Km—k&w%v¢%%—x$ﬁﬂa‘:0 s=1,...,N—1 (2.3.12b)

Collecting all results, and recalling Propositions 1.5.4, 1.5.5 we conclude

Theorem 2.3.1. Given an admissible evolution ~, let p(y) denote the totality
of piecewise differentiable virtual 1-forms A\ = p;(t)O" along v satisfying equa-
tions (2.3.7a,b), (2.5.8) as well as the finite relations

o' 0L
i = A A=1,..., 2.3.1
Pigaa 0z4 " (2.3.13a)
and the matching conditions
i (%) — Z(HF)| =0 s=1,...,N—1 (2.3.13b)

Qs

Then:

a) the condition p(vy) # 0 is sufficient for v to be an extremal for the functional
(2.1.1);

b) if v is an ordinary evolution, the same condition is also necessary for 7 to
be an extremal;

¢) v is a normal extremal, namely an extremal belonging to the class of normal
evolutions, if and only if the set p(7y) consists of a single element.

Proof. In view of equations (2.3.9), (2.3.13a,b), whenever the ansatz )€ ()
is allowed, it implies %! e=0 = 0 for all admissible infinitesimal deformations
vanishing at the end-points of . Assertion a) is then a direct consequence of
Definition 2.1.2.

In particular, according to our previous discussion, if v is an ordinary extremal,
there exists at least one h—transported 1-form K = K,e® satisfying equations
(2.3.12a,b) in correspondence with any continuous virtual 1-form A= i obey-
ing the transport law (2.3.7a). The sum \ + K = (pi + Kae(i“)) @' is hence
automatically in the class (), thus proving assertion b).

Finally, as pointed out in §1.5.2, the normal evolutions form a subclass of
the ordinary ones, uniquely characterized by the requirement (T(QU))O = {0}.
Therefore, according to assertion b), a normal evolution 7 is an extremal if and
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only if the class p(v) is nonempty. Moreover, by equations (2.3.7a), (2.3.12a), if
5\, N is any pair of elements in the class (), the difference A=) is automatically
an h—transported 1-form satisfying equations. (1.5.44a,b). By Proposition 1.5.4
this implies A — X € (T())° = A = X, thus establishing assertion ¢). [

In view of equations (1.5.21b), (1.5.22b)), for any X € p(v) the transport law
(2.3.7a) simplifies to

dp; oF A oYEN" (0L a(0
E+pk<aqi&+hz Pk 8ZA4/_ 8_(]i,?+h2 8ZA,AY

the cancellation being due to equation (2.3.13a). Exactly as it happened with

Proposition 1.5.4, all assertions of Theorem 2.3.1 have therefore an intrinsic mean-
ing, irrespective of the choice of the infinitesimal controls h® : V(y®) — A(5®).
The previous arguments provide an algorithm for the determination of the ordinary
extremals of the functional (2.1.1), relying on 2n + r equations

dq’

— ot i LA
o = Vit Y (2.3.14a)
TR Wl L (2.3.14b)
i 0¥
PigoA = g4 (2.3.14¢)

for the unknowns ¢*(t),p;(t), 2(t), completed with the continuity requirements

ld'],. = [pi], = [piv'—2], =0 s=1,...,N—1 (2.3.15)

Collecting all results, we can now state the following

Theorem 2.3.2. Every ordinary extremal ~ for the functional (2.1.1) is the pro-
jection of at least one extremal 4 for the functional (2.3.3). Moreover, the nor-
mality of v implies the uniqueness of 7.

Proof. 1t is easily seen from the previous discussion that every ordinary extremal
~v: R — V41 for the functional (2.1.1) determines both a unique admissible section
5: R — A and a section A: R — V*(v) belonging to p(v). Because of the nature
of the contact bundle C(A) of fibre bundle over the space V*(V,,11), identical to
the pull-back of the latter through the map A —— V41,

C(A) —— V* (Vi)

a I

A = Vn—l—l
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the pair (¥, \) characterizes a v—continuous section 7: R — C(A) satisfying
¢ - v = /3/ 5 K-y = A
The thesis follows now directly from the observation that the equations (2.3.4)
coincide exactly with the equations (2.3.14), (2.3.15). The section ¥ is therefore
an extremal for the functional (2.3.3) which projects onto ~.
Eventually, whenever v is normal, the uniqueness of 4 is a straightforward

consequence of the fact that — in this case — the set p(7) consists of a single
element, as shown in Theorem 2.3.1. [J

As far as the ordinary extremals are concerned, the original constrained vari-
ational problem in the event space is therefore equivalent to a free variational
problem in the contact manifold. This is precisely the essence of Pontryagin’s
mazximum principle.

As already pointed out, all equations (2.3.14), (2.3.15) are independent of the
choice of the infinitesimal controls, and involve only the “true” data of the problem,
namely the Lagrangian section ¢ and the constraint equations (1.2.5). In particu-
lar, the last pair of equations (2.3.15) extend to the ordinary evolutions the well
known Erdmann—Weierstrass corner conditions of holonomic variational calculus
8, 19].

Remark 2.3.1 (Same problem, equivalent solution): There is another possible approach
to the problem, slightly different but completely equivalent to the one outlined so far.
Apparently, it complicates matters without giving any significant advantage. On the other
hand, it seems to be the most faithful translation of the original Pontryagin’s treatment
of the subject ([17]) into the geometrical context. Hence, at least for historical reasons, it
is worth telling about.

A variational problem, based on the functional
Iy = / wdt (2.3.16)
¥

is introduced in the manifold £(V,+1), where 4 stands for the jet—extension of a section
v: [to,t1] — P. As the 1-form @ dt is well defined in £(V,11) up to a term f dt, the
functional (2.3.16) is independent of a particular choice of the gauge.

Setting v: ¢' = ¢'(t), u = u(t), it follows that

and so, assuming the values of ¢*(to) and q'(¢1) as fixed, the problem consists in finding
a curve - which minimizes the increment u(¢1) — u(to) and whose projection onto V41
leaves the end—points fixed.

We now require the section 4 to belong to the submanifold A of £(V,,1) locally
described by the equations

i =it q, 2, a=2L(td, ") (2.3.17)
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In other words, we are making use of the simultaneous assignment of both the kinetic
constraints and the Lagrangian section to express the submanifold A as the image ¢(A)*.
In this way, every admissible section ¢* = ¢*(¢) in V, 41 determines, up to a constant, an
admissible section ¢ = ¢'(t), u = u(t) of P.

Compared with the main approach outlined in §2.2, the present formulation just re-
places the section £: A — L(A) with the image space A = £(A), considered as a sub-
manifold of £(V,,4+1). This submanifold, and consequently the section ¢, is regarded as
set and therefore the representation 7 = Z(t,q*, ) is affected only by passive gauge
transformations. The same variational problem is bred by different submanifolds related
together by the action of the gauge group.

As well as in § 2.2, the submanifold A — £(V,41) is lifted up onto a submanifold
C(A) — S both by identifying C(A) with the image space £(C(A)) and by pulling back S
onto A by means of the commutative diagram

l l (2.3.18)
A p

All the same, the imbedding C(A) - S is fibred onto V*(V,,41) and its expression in
coordinate is formally identical to equations (2.3.17) which are involved in the represen-
tation of the submanifold A.

It is now possible to make use of the form (1.4.32) to induce on C(A) the 1-form

7(Ou) = ZLdt+p; (dg' — ' dt) (2.3.19)

and, consequently, to define an action integral by the integration of the form (2.3.19) along
any section 7: [to, t1] — C(A). Once again, this merely reproduces in the image space
C(A) the construction carried on in §2.2. Namely, the 1-form (2.3.19) is simply the image of

the Pontryagin—Poincaré—Cartan form (2.2.7) under the diffeomorphism ¢: C(A) — C(A).

As previously mentioned, a significant role in the study of the variational prob-
lem based on the functional (2.3.3) is played by the choice of the Lagrangian section

as & = f(t,q). In this particular situation, the problem under discussion can be
made, by means of a gauge transformation, into the study of the action functional

(31 i ]
Zo[y] = [@L = /t pz<% —W) dt (2.3.20)
5

0

induced by the Liouville form (1.2.17) of C(A). The corresponding extremal curves

4Needless to say, the holonomic case is automatically included in the present scheme, the
constraints (2.3.17) being reduced to the single request w = Z(¢,4°,4").
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are easily seen to satisfy the Euler—Lagrange equations

= = it g, 2N (2.3.21a)
% i %_gpk _0 (2.3.21b)
pi% _ 0 (2.3.21¢)
[pi],. = [piv'], =0 s=1,...,N—-1 (2.3.21d)

Equation (2.3.21a) is the admissibility requirement for the section v - 4. For this
reason, if an extremal 4 of the functional (2.3.20) satisfies v -4 = 7, its projection
¢ -4 under the map ¢ : C(A) — A coincides with the lift 4 : [to,t1] — A.

For any admissible 7, the extremals projecting onto v are therefore in 1-1
correspondence with the solutions p;(t) of the homogeneous system (2.3.21b,c,d),
with the functions ¢*(t), z(t) regarded as given. On the other hand, according to
Proposition 1.5.4, equations (2.3.21b,c,d) are precisely the relations characterizing
the totality of virtual 1-forms p;(t) &* belonging to the annihilator (1 (20))°.

We have thus proved the following

Proposition 2.3.1. Let v : [to,t1] — Vhy1 denote any continuous, piecewise
differentiable section. Then:

a) v is admissible if and only if the functional (2.3.20) admits at least one
extremal 7 projecting onto v, namely satisfying v -5 =y;

b) for any such 7y, the totality of extremals of Iy projecting onto ~y form a finite
dimenstonal vector space over R, with dimension equal to the abnormality
index of ~y.

In the language of § 1.5.4, Proposition 2.3.1 asserts that a section v : [tg, t1] — Vpt1
describes a normal evolution of the system if and only if the functional (2.3.20)
admits ezactly one extremal projecting onto 7, namely the one corresponding to
the trivial solution p;(¢) = 0. If the extremals projecting onto -y are more than one,
~ represents an abnormal evolution; if no such extremal exists, v is not admissible.

We now come back to the study of the variational problem based on functional
(2.3.3) and we state

Proposition 2.3.2. The totality of extremals of the functional (2.3.3) projecting
onto a section v : [to,t1] — Vpt1 is an affine space, modelled on the vector space
formed by the extremals of the functional (2.3.20) projecting onto ~y.
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Proof. The proof is entirely straightforward and is based on the observation that
if 3:¢' = ¢'(t), 2" = 22(t), pi = pi(t) and 7': ¢ = ¢'(t), 2" = 24(t), pi = 7i(2)
are both extremals of the functional (2.3.3) projecting onto =y, then the contempo-
raneous validity of the Euler-Lagrange equations

dg' _ i, i a dp; ok 0L ok 0¥
ar =V OT) T = g Paer = e
dg' _ i ioa dr owk 0% out 0L
dt Vit g2, a T a¢  9¢  FeA T A

implies that the curve ¢* = ¢*(t), 24 = 24(¢), p; = pi(t) — 73(t) is an extremal for
the functional (2.3.20). O

The previous arguments provide a restatement of Theorem 2.3.1 in the envi-
ronment C(A). In particular, it is worth remarking that, in general, the projection
algorithm 4 — v - 4, applied to the totality of extremals of the functional (2.3.3),
does not yield back all the extremals of the functional (2.1.1), but only a subclass,
wide enough to include the ordinary ones. The missing extremals may be obtained
determining the abnormal evolutions by means of Proposition 2.3.1, finding out
which ones have an exceptional character, and analyzing each of them individually.

2.4 Hamiltonian formulation

Temporarily leaving aside all aspects related to the presence of corners, we observe
that a differentiable curve 4 in C(A) is at the same time a section with respect to
the fibration C(.A) L R and an extremal for the functional (2.3.3) if and only if
its tangent vector field Z := i*(%) satisfies the properties

(Z,dt) =1,  Z1dOppc =0 (2.4.1)

On account of equation (2.2.7), at any ¢ € C(A) a necessary and sufficient
condition for the existence of at least one vector Z € T.(C(A)) satisfying equa-
tions (2.4.1) is the validity of the relations

<g7jf>g —0 (2.4.22)

Points ¢ at which equations (2.4.1) admit a unique solution Z will be called
reqular points for the functional (2.3.3). In coordinates, the regularity requirement
is expressed by the condition

0%
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In view of equation (2.4.2b), in a neighborhood of each regular point equations
(2.4.2a) may be solved for the z4’s, giving rise to a representation of the form

A = zA(t,ql,...,q",pl,...,pn) (2.4.3)

The regular points form therefore a (2n + 1)-dimensional submanifold R % C(A),
locally diffeomorphic to the space V*(Vy,41).

When restricted to the submanifold R, the pull-back of the form (2.2.4) by
means of the section £: C(A) — S provides the 1-form

Oppc = (j - £)"(04) = —Hdt + pidg’ (2.4.4)

having denoted by H := j*() the pull-back of the Pontryagin Hamiltonian,
expressed in coordinates as

H - ’%(ta qT7 ZA(t7 qi7 pl) ) p?”) = Pk T/Jk (tu qT7 ZA(t7 qi7 pl)) - g(u qru ZA(tu qia pl))
In view of equations (2.2.7), (2.4.2a) we have then the identifications

OH oA &Zﬂ 924
+

op;  Opi I op;

o A k

ﬂ 8,%'”4_8%82‘ pkﬁw‘ _&Z

aqt dqt ' FA o aqt 0q*

= (2.4.5a)

(2.4.5b)

On account of these, equations (2.3.14a,b) gives rise to the following system of
ordinary differential equations in normal form for the unknowns q‘(t), p;(t)

dq’ ~ OH
dpi - 87’[
& =5 (2.4.6b)

The original constrained Lagrangian variational problem has thus been reduced
to a free Hamiltonian problem on the submanifold j : R — C(.A), with Hamiltonian
H(t,q',...,q",p1,...,pp) identical to the pull-back H = j*(#) °. Once again,
all this is in full agreement with Pontryagin’s principle.

Remark 2.4.1: By virtue of Cauchy theorem, equations (2.4.6a,b) require the assignment
of 2n initial data in order to give rise to a unique solution. This indicates that, as far as
the calculus of variations is concerned, a fixed end—points problem is always well-posed,
regardless of its holonomic or non-holonomic nature. In the latter case, however, it is easily
seen that the contemporaneous knowledge of both the initial position and velocity of the

®Conversely, setting H = j* (), the inverse Legendre transformation ¢* = g—Z, together with

equation (2.4.5a), yields back the constraint equations ¢° = (¢, ¢*, z).
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system (which corresponds to the assignment of n + r data) is not enough to determine
its future evolution. In this sense, it becomes apparent that the constrained calculus of
variations can’t be considered as a branch of Mechanics for the principle of determinism
is not fulfilled.

All the same, the subject of the present work is commonly classified in the literature
as vakonomic Mechanics. This terminology, first introduced by Arnold [2], is an abbre-
viation for “Mechanics of variational axiomatic kind” and is often thought as a sort of
non-holonomic Mechanics that differs from the latter inasmuch as the constraints are a
priori given. It is in our opinion that, although largely diffused, such a terminology is
most inappropriate and misleading for, by definition, any theory which aspire to belong
under Mechanics must be deterministic.

A v—continuous extremal of the functional (2.3.3) consisting of a finite family
of closed arcs 4 : [as_1,as] — C(A), each contained in (a connected component
of) the submanifold R will be called a regular extremal.

Singular extremals, partly, or even totally lying outside R may also exist. In
fact, while equation (2.4.2a) is part of the system (2.3.14), and must therefore
be satisfied by any extremal, the requirement (2.4.2b) has only to do with the
well-posedness of the Cauchy problem for the subsystem (2.3.14).

On the other hand, by construction, the Hamilton equations (2.4.6a,b) deter-
mines only the regular extremals. The singular ones, if at all, have therefore to be
dealt with directly, looking for solutions of equations (2.3.14) not arising from a
well posed Cauchy problem.

In principle, this could be done extending to the non—holonomic context the
concepts and methods commonly adopted in the study of singular Lagrangians
[26]. The argument is beyond the purposes of the present work, and will not be
pursued.

To complete our analysis, let us finally discuss the role of equations (2.3.15) in
the study of corners. To this end, we consider the rear face of diagram (1.4.28),
now suitably pulled-back onto A:

SA —— HVni1)

l l (2.4.7)

C(A) —— V" (Vo)

and we recall that, for each choice of the trivialization u: P — R, the Liouville
1-form (1.4.20) of j1(P, Vn+1) provides the space H(V,+1) with the form

éu = podt + pidqi (2.4.8)

By making use of it, as well as of the Pontryagin—-Poicaré—Cartan form (2.2.7), we

now introduce a morphism C(.A) 2z, H(Vp41) fibred over V*(V,+1) and based on
the prescription

\P*(éu) = @PPC
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In coordinates, we have the explicit representation
U t=t, ¢=4q¢, pi=p, po=—-H(t,q pi,z") (2.4.9)
The content of equations (2.3.4d) is then summarized into the following

Proposition 2.4.1. For any v—continuous extremal (’y, [to,tl]) of the functional
(2.3.3), the composite map V-7 : [to,t1] — H(Vnyt1) is necessarily continuous.

The previous arguments provide a simple characterization of the jumps that
may possibly occur along a regular extremal 5 : {(5“),[as—1,as])}. To this end
we observe that the restriction of the map (2.4.9) to the submanifold R C C(.A)
determines an immersion ¥ : R — H(V,,+1) and that, as already pointed out, at
each ¢ € R there exists, locally, one and only one differentiable extremal of the
functional (2.3.3) through «.

On the other hand, by Proposition 2.4.1, for each s = 1,..., N — 1, the arcs
3 and 3¢+ are related by the condition ¥ (5 (as)) = ¥(3“*(a,)). From
this, it is readily seen that the admissible discontinuities of 4 or, all the same, the
admissible corners in the projection v :=v -7 : [tg,t1] — Vyp4+1 may only occur at
points in which the immersion ¥ : R — H(V,,+1) is not injective.






Chapter 3

The second variation

The object of the present Chapter is to establish whether a given locally normal
extremal gives rise to a local minimum for the functional (2.1.1). As the totality of
these extremals has already been characterized, we will now address ourselves to
the analysis of the second derivative s commonly referred to as the second

52 —
variation of the action functional at .

In local coordinates, a simple calculation yields the result

d2-’z'—[;75] al s 02% ; 92 .
dé“Z L . = Z / (8(]28(]]) X(é)st) + 2 (8(]282’ > X(é)F(é) +
= s=1 as

0*y A B 0L ; 0Z A
* <8zAazB> () Pl <5—qi>@<s) s (5?2'—A>:Y(s) Ko

+ 2 (agXZ 8”%1*‘) + a? <%> -
5 (as) 5 (ay)

dt+

dq* 0z4 dt

— 2051 <aa"?; Xz gg FA> _ 043_1 <%> +
A 5 (a5-1) dt )5 (ay-1)

+ Bs g(:}’(s) (as)) — Bs—1 g(’?(s) (as—l))}
(3.0.1)

Besides the serious difficulties which lie in the determination of its definite-
ness, the previous expression hasn’t apparently a tensorial character because of
the contemporaneous presence of both the first and the second derivatives of the
Lagrangian, which entails these last to undergo a transformation law like the fol-
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lowing one
0°% _ 9% otog , 9°Z 0¢Foxt  9°% 021 02F
0§ 0  0q¢kdqr OF OF 0qkoz4 0 OF 024028 0 Og
0L 0%¢* n 0L 9224
aqk 0qioqr 024 OO

This, of course, makes it unfit to be dealt with in a geometrical framework.
Therefore, before getting to the heart of the matter, we ought to take the necessary
steps in order to guarantee the tensorial character of all results.

3.1 Adapted Lagrangians

Generally speaking, a function f on a differentiable manifold M is said to be
critical at a point x € M if and only if its differential vanishes at x.

Furthermore, the Hessian of f at a critical point x is a symmetric bilinear
functional (d?f),: Tw(M) x Tp(M) — R which is defined by the following con-
struction: for any X,Y € T, (M), denoting by X, Y their respective extensions to
vector fields, we let ((d®f),, X ®Y) := X, (Y(f)), where X, is of course just
X . Its symmetry is a direct consequence of f being critical at x, as we can readily
see from the relation

X(Y(f) = Ya(X(f) = [X,Y]o(f) = L3(Y),(f) =0

It is also clearly well-defined inasmuch as X, (Y (f)) = X(Y(f)) is independent
of the extension X of X, while Y,(X(f)) is independent of Y.

If the manifold M is referred to a local coordinate system z*,...,z" and
X=X (6‘;)96, Yy =Y! (6‘;)96, we can set X = X? (£i), with X’ = const.
Then

(@fle, X0Y) = XY (f) =X <w’%> = X'YJ <3§;J;j>x

1

so we have the representation

2 . .
(d*f)e = <8§iﬁij> (dz'), @ (da?),

Under the stated circumstance, the Hessian of f at x has therefore a tensorial
character. Similar conclusions hold if f is critical at each point of a submanifold
N C M, in which case we write (df)y = 0 and denote by (d?f)x the Hessian of f
along N. Given any function f = f(t,q') € .#(V,y1) we have then the following
properties:
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i) if f is critical on an admissible section v : R — V41, its symbolic time
dem’vatz’ve. f= % + % Yk € F(A) is itself critical on the lift 4 of v, and
satisfies f|5 = 0;

i1) under the same assumption, for any admissible deformation X : R — V' (v)
the quadratic form associated! to the Hessian (d?f). fulfils the relation
d

L@, Xox) = (@i, XeX) @1

Remark 3.1.1: Both properties may be easily verified by observing that the condition
(df ) = 0 implies the identities

Ny OF e OF pal A (Of A(OLN 4ok —
(@) = [athaqkdq oA Z@\or) T a\ag) T =0
vy

dq'0q! 9qi0gidt ' 9qi0qidgF 9qidq* d¢7 ' 9gidgt Og'

d (9 o2 f ok o2 f Ak
- E(aqi@qﬂ')7 - (3qi<‘9q’“)7 (373')& * (3qj8qk)v(3qi >&

9% \ ([ 0% \ (o 02\
0qidz4 5 — \ 9¢iogk N 0z4 5 ’ 024028 5 B
dx’

The conclusion then follows by direct computation, expressing the derivatives %~ in terms
of the components X?, I'4 through the variational equation (1.5.8).

(an> _[ 0% 0% . O owt . 9% aw] _
¥ ¥

The previous arguments may avail in our variational context. In this respect,
we recall the following results from the previous Chapters:

e as far as the ordinary evolutions are concerned, the variational problem in
the event space based on the functional (2.1.1) is equivalent to the (free) one
in the contact manifold based on the functional (2.3.3);

e for each normal extremal v = {(’y(s),[as_l,as]), s =1,...,N, } of the
action integral (2.1.1) there exists a unique extremal 7 : [tg,t;] — C(A) of
the functional (2.3.3) projecting onto -, i.e. satisfying (-4 = 4, whence also
vy =Ty =

e in coordinates, setting 7., : ¢' = qis)(t), 24 = zé)(t), P = pl-(s)(t), the
algorithm for the determination of 4 relies both on Pontryagin’s equations

dq{,, iy i A dp” O 0% Ot 0%
= ' (t.d" ? s _ = _ S =
dt w ( 7Q(s)72(s)) ’ dt + pk 8qz aqz ’ pk aZA aZA

1See Appendix D.
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and on Erdmann—Weierstrass matching conditions
qis +1)(CL5) - qis)(as) ) p7;(s+ 1)(a5) - pi(S)(as) 5 (%):},(s +1) (as) - (%)fy(s) (CLS)

e under an arbitrary change of the trivialization u of the bundle P into
' =u—f(t,q',...,q"), the Pontryagin—Poincaré-Cartan form (2.2.7) obeys
the transformation law

/ - : 0
Orpc — Oppe = <$(t,qZ7ZA) - f) dt + (pi - /

a_q2> CN‘Ji = @PPC - df

o the extremals of the functional [, Oppe. differ from those of J; Orrc by a
translation p;(t) — pi(t) = pi(t) — %‘f@)) along the fibres of C(.A) 5 A;

e as it was to be expected on account of the gauge invariance of the projections
4 = (-4 and v = v -4, the corresponding action integrals f;y Z'dt and
fﬁ? Zdt have actually the same extremals with respect to fixed end—points
deformations; in particular, every extremal ~ yielding a minimum for the
first integral, does the same for the second one and conversely.

The idea is now to take advantage of the gauge structure of the theory so as
to make every point of the section 4 into a critical point for the Lagrangian.

However, in pursuing this strategy, we should not overlook we are extending
the class of admissible sections to piecewise differentiable ones. Furthermore, as
far as these are concerned, our definition of deformation of an admissible evolution
of the system explicitly includes possible variations of the reference intervals.

Whenever both of the previous circumstances occur, the intention of replacing
the original Lagrangian by a gauge equivalent and critical one, becomes extremely
awkward. This is because, in order to achieve its goal, the function f € . (V,41)
which takes part in the gauge transformation u — w — f(t,q',...,q"), should
be “tailored” along the section ~ and, therefore, with respect to the intervals
[as—1, as]. On the other hand, the evaluation of the second variation of the action
integral passes through integrations on the different intervals [as—1(§), as(§)]. In
this connection, it is even thinkable an extreme case in which, as £ varies, the
value t = a4(§) swings between the intervals [as—1, as] and [as, as41].

Remark 3.1.2: These kind of troubles instantly vanish whenever at most only one of
the above—named circumstances occurs, namely every time we happen to be in one of the
following particular situations:

a) section « is differentiable and so is 7 for any &;

b) section v is differentiable while v, is just piecewise-differentiable for any ¢; time
intervals [as—1(€), as(€)] may be modified by the deformation process?;

2The reader is referred to Appendix C for the proof of the actual existence of this kind of
deformations.



3.1 Adapted Lagrangians 63

c) section v is piecewise—differentiable and so is ¢ for any &; time intervals [as_1 , as]
remain unchanged during the deformation process.

Whenever b) occurs, the function f is well-defined and differentiable along the entire
interval [to,t1] and, as such, may be easily restricted to any interval [as—1(&), as(£)], no
matter how the values as_1, as vary with £. On the other hand, in the circumstance c),
the “tailoring” on the function f along the section v holds good along every deformation
~e. Needless to say, situation a) is the easiest one, as it combines all the simplifications
brought by b) and c).

Remark 3.1.3: A further pleasantness regarding the particular circumstances described
in the previous Remark lies in the fact that, in all cases a), b), and c), the expression of
the second variation turns out to be quite simplified. In order to see this, taking equations
(1.5.6Db), (1.5.34¢) into account, we first rewrite relation (3.0.1) more suitably as

N

42T [4¢] } / < a?%) . ( 027 ) |
= (L) XX 42 (=) XiTA +
d&? o ; a1 9q'0q7 ) o T 9q'0z4 ) o

92H ) oA . o
+ | == r4rs 4 (—) Zi, + (—) K& vdt+
(3ZA8ZB S OT@ g’ ) o 7 924 ) o @

N-1
2 % dpi ; _ i i dpi
+ Z_}{a [ a @l e (X' +asv’), | .

s

(3.1.2)

where, as usual, [ g]a stands for the jump of the function g at the corner c;. It is now

readily seen that both in the situation b), in which %, dd’f

the points 4(as) , and in the situation ¢), in which a; = 0 for any s, the above expression
reduces to the only integral term.

and ¢ don’t jump at any of

In order to cope with these intricacies, we will try a slightly different approach,
in line with the nature of the evolution ~ as a finite collection of admissible closed
arcs v, each viewed as the restriction to the closed interval [as_1, as] of an
admissible section (still denoted by +() defined on some open neighborhood
(b8—17 bs) > [a8—17 as]-

We begin by introducing a family {(Us,hs),s = 1,...,N} of local charts
in V41 such that each Us is an open neighborhood of the admissible section
v (bs—1, bs) — Vys1. Then, careless about P being a trivial bundle, for any s
we make use of a differentiable function f,,: Us — R to change, in each 71 (Uy),
the global trivialization u into a local one u|,, = u — f ).

As a consequence, the Lagrangian section (1.4.16) is now locally expressed as

,L.L,(s) =u-— f(s) = g(tqis)v’zé)) - f(s) = gl(s)(tqis)vzé)) (313)

/
(s)
defined over the open set 7—(Uy), 7 here denoting the projection A = Vit1-

and so it relies on the assignment of s different functions & each of them
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Likewise, instead of a unique and globally defined Pontryagin—Poincaré—Cartan
form (2.2.7), we have now a collection of local 1-forms O3, whose representation
in coordinates reads

s s 8 s ~1
@1(330 = Oppc — df ) = g/(s) dt + <p,( - éfq(l)> Wig (3.1.4)

The idea is to make good use of the above construction, simply by choosing
“suitable” functions f,,. In this regard we state

Definition 3.1.1. Given a normal extremal v, a function S € F(Uy) is said
to be adapted to the section v if and only if it fulfils the condition?

(dS(S)):y(s) = (61(38130)»7(5) (3.1.5)

By a little abuse of language, whenever a function f,: Us — R is adapted to
~ ), the same terminology will be used to denote the corresponding Lagrangian
function .#,, which takes part in the representation (3.1.3).

Theorem 3.1.1. For any s = 1,..., N, there exists (at least) a differentiable
function S € F(Uy) adapted to the section v : (bs_1, bs) — Vpi1.

Proof. As it is showed in Appendix A, each arc v may be locally made into the
coordinate line q‘is)(t,ql, ...,q") =0, for instance by setting ‘T@) =q — qis)(t).
A possible local solution of equation (3.1.5) is now easily recognized to be

. t
sy(ta) = B0, + [ Ly de (3.1.6)
to

~k
aq(_S)
0q*

Py (t) being any functions satisfying py” (t)

— ()
Moo pi” ().

Then, as a direct consequence of the vanishing of (jfs) along v, we have:

d (. 94, 94, k
0 = —(qg (S>) - 26 O} R 3.1.7a
dt \*® v ot ~(5) gk ~(9) 146 ( )
055" @ 000 ()

. = p; : =p; 7 (t 3.1.7b
9q" |, e 0 ¢ |, Q ( )
95" @ 00 @ p 00 k

= p (¢ + Lo = —pp(t O+ Lo =
at ,Y(S) k ( ) 8t ,\/(s) |fy( ) k ( ) 8qk W(S) |»Y( ) ‘—y( )
- (z — p(t) 1/"{)%3) (3.1.7¢)
v
O

3 As usual, we are not distinguish between functions on V11 and their pull-back on C (A).
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By linearity, the most general solution of equation (3.1.5) has therefore the local
expression
St = Sés) + C(t,q") (3.1.8)

being C*)(t,¢") any function satisfying (dC “)), s = 0. Henceforth, every trans-
formation S — S + C© will be called a restricted gauge transformation.

Theorem 3.1.2. Fquation (3.1.5) implies the relations

& 5 =dZL 50 =0 (3.1.9)

!
(s) |4(

Proof. Because of Theorem 3.1.1, we have only to check the validity of equations
(3.1.9) for the function (3.1.6). In view of equations (3.1.7b,c), denoting by Sés)
its symbolic time derivative, we have the evaluation

3 (s) aS(SS) (s) 1,k
So 50 = o + PV 50 = Lo (3.1.10)
fy(s)
yielding back the relation .2 )| 5 = (¢ - S§7) 140 = 0
Moreover, we have the further relations
3 (s) 2 q(s) 2 q(s)
G L A L | Y T B
¢ |50 04"0q | 1Y 9g~0t |4 "0dk |
dp)” o 0L
_ PO 3.1.11a
dt BT/l PSR N ( )
0S5 o OYF 0L
_ ¢ _ 9 (3.1.11b)
924 |4 SCEZ N 92450
whence also
. >~ (s) .
o5 _ o asy? UL B
ot |5 dt o |y 17 024 | dt
_ dfw(s) 0% o 0% dz4 00X
N dt 8qk 5(s) 14¢) 82"4 4(5) dt N ot ()
(3.1.11¢c)

0

On account of Theorems 3.1.1, 3.1.2, the Hessian (d2$’(s)

tensorial field along 4 for any s = 1,..., N. Its local representation is most easily

)ﬁ(s) provides a

expressed in terms of non—holonomic bases. Denoting by ® the symmetrized tensor
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. . . . . ~ A
product and setting wf,, = (alqZ — q/ﬂdt)a/(s) = wTPAy(S), Vé) = (dzA — ddz—t dt)&(s), a
straightforward calculation yields the result

02 02
2 ¢p! _ (&) ~ ~k () ~A ~k
(d°Z) 50 = [T?ﬂaqk]h()w’gs)@w(s) + 2 [aZAaqk]A()V(s)Qw(s)—F
-y S -y S

2 ¢p!
T e O Y
92408 50 (s) (=)

(3.1.12)

() 0°21,)
Remark 3.1.4: The components G, := [—}
0249028 14(s)
restricted gauge transformations and may therefore be evaluated arbitrarily choosing S ()
within the class of solutions of equation (3.1.5). Making use of the ansatz (3.1.6), we

obtain the representation

o = [32(3—5’(5))] _ { 022 } _ <s)(t){7a2¢i }
AB 024028 | () NG NS

are invariant under arbitrary

024028 5 g 024028 5 s
or equivalently -
Gl — _ (s) 3.1.13
AB |:8ZA82:B ;Y(S) ( )

with K. = p'” () ¢i(t, ¢, 24) — ZL(t,q", 2*), henceforth referred to as the restricted
Pontryagin Hamiltonian.

62K(S)} B [8232”(3)]
024028 15 () (1) T loz492B () (t)
automatically non singular along any regular extremal.

, the matrix (3.1.13) is

In view of the identification [

Remark 3.1.5: Whenever det GX}B, # 0, the Hessian (3.1.12) determines an infinitesimal
control along 4, namely a linear section h(® : V(y)) — A(5®)), uniquely defined by
the condition

((d22/) 00, hOX ) @Y() =0 ¥X(y €V(HY), Yy €VEY)  (3114a)

In view of equations (1.5.13), (3.1.12), the requirement (3.1.14a) is locally expressed the
relations

(22') . 00 (L S (ZEZ0) e ar-0 (314b)
(s)) 5 (s)» Vi 92 N 8qiazA N AB % L.

Under the assumption det Gf:])g # 0, these may be solved for the components h*)Z, thereby
providing the representation

027!
(s)A __ AB (s)
his 4 = —G(S) < )
5(s)

0q*0z8

whence also

~ 9 9 027" 9
b; e WK_.) ] - < > _ GASB( , (5)) <_> 3115
o7 )| = \og )~ Y \ganr ).\ ), B
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with G§) GBS = §,C.
The absolute time derivative along v) induced by h(® will be denoted by (& ) (s -

The expression (1.5.21b) for the temporal connection coefficients takes now the form

_ o i g [0V 82.,2”’(5)
i) = =90 = — ( > + G4 -7 i 3.1.16
9" ) P \024 )i \ 0g°028 ) o) ( )

Unlike the components GX}B , the full Hessian (3.1.12) and therefore also the associated
infinitesimal control and its corresponding time derivative, are not gauge invariant, but
explicitly depend on the particular choice of the Lagrangian £ ’(S).

In view of Erdmann-Weierstrass conditions (2.3.15), the following identity is
easily seen to hold at each corner c;
98 9SG+ 55 ® 9SG+
oqt ¢ o ot ot
and so the Hessian of the difference S©¢*Y — S evaluated at the point

cs = (as, fy(s)(as)), is itself a tensor, hereby denoted by [d2S] o

— d(SETV-5©) =0

S

Cs Cs Cs

We now introduce the quantity

0s(§) = <S(S+1) - S(S))c\(g) =
) (3.1.17)

= 59 (ay(), 0l (056, ) ) = 59 (&), 1, (as(8).€) )
and, in view of (1.5.32) and (1.5.33b), we point up the relation

d?o,(€) 282(5(3“) _ 5(s>) . , 82(S<s+1) _ S(S>)
= 2005 ag' + X* -
TN M RIE e (o' + X) =0 T
, , , _ 52(5(s+1> _5(s))
(2 7 J ]
T (Oé3¢ + X >c5 (OésT,Z) T X >Cs aql aq.? s
(3.1.18)
written more suitably as
d20'3(£) 2
— = (|d°S Ws @ Wy 3.1.19
d€2 £=0 <[ ]cs ’ ® > ( )
From this, collecting all the previous results, we get the following identity
N aS(é) N—-1 a.s(g
Z/ olaedt — Y 05(€) = gdt — Z/ S5, dt +
s=1 asfl(g) s=1 as— 1(5
N-1
=Y (ser - s) = / Ldt — SM(t) + SV(tg) =
— cs(8) 3¢
= ZLdt — /.fdt
Ve 4

(3.1.20)
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For later use, before moving on to the analysis of the second variation of the
action functional, we observe that, whenever v is a normal extremal, the use of an
adapted Lagrangian provides a canonical splitting of T'(C(.A)).

As already remarked, if the trivialization u of P is changed in each 71 (U,) into
the local one u’(s) =u— f(t, q',...,q"), then the extremals of the corresponding

functional Zivzl 5(s) 0. differ locally from those of f;y Oppc by a translation

pi(t) — P (t) = pi(t) — %{fﬁ)) along the fibres of C(A). In particular:

o if f, is adapted to y*, the local representation of 4*) satisfies the condition
—(s) _
;7 (t) = 0;

e because of the condition (dC'®)), ) = 0, the lift v — 7 is evidently invariant
under restricted gauge transformations.

Moreover, in view of the nature of C(A) S, A as a vector bundle over A,
each local section O, : 7~ }(Us) C A — C(A) given by p,”(t,q’,2) = 0 has an
invariant geometrical meaning.

For each o, € O, (7~ (Uy)), every vector Z,, € 15, (C(A)) may therefore
be split into a “horizontal” part ZZ) € O(s)*C*(Z(S)) tangent to the submanifold
O (77 1(Us)), and a “vertical” part Z(”s), tangent to the fiber (7}({(0(,))) at o ..
In coordinates, we have the explicit representation

> > s 0 . .

v (s) h _ v

Ziy = <Z, (dp;")o ., > ( aﬁ) . Zh =2z, -2,
7(s)

The previous algorithm can be get interacted with another intrinsic attribute
of C(A), represented by the Liouville 1-form (1.2.17). In this way, to each vector
Z € Ty, (C(A)) we may associate a 1-form in T(jf(s)(C(.A)) according to the
prescription

7 7 v 7V 74 s) 9
Zi = 28— 28,0(a01), = (Zw, (@)oY (5 -1 d0L) =
9 (s) Op; (e

- <Z(5)’ (dp;”).) > o
(3.1.21)

At last, we observe that every element of the cotangent space T} “ (C(A))
generated by the above process may be uniquely expressed as the pull-back of a
1-form A, € T;(J(S))(Vn+1).

Collecting all results and recalling the definition of virtual 1-forms introduced
in § 1.3, we conclude that the lift algorithm v — 4 determines a bijective corre-
spondence between vector fields Z ,, along each 4 and pairs (Z,), (), in which

Z(S) = C*(Z(S)) is a vector field along 4 = (-4, while A(,) = <Z(s), (dpi) 5 > o
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is a virtual 1-form along v®. This will play a crucial role in the subsequent dis-
cussion.

3.2 The second variation of the action functional

Let v: [to,t1] — Vn41 be a normal (not necessarily regular) extremal of the action
functional (2.1.1). In view of the identity (3.1.20), the analysis of the second
variation of Z[y] may be better carried out by evaluating the second derivative

d?T[¥e]
de?

d2 N as(€) ) N-1
- i Z/ L dt — > os(6)
520 s=1 asfl(f) 520

s=1

In this connection, being each .#,) adapted to the corresponding arc 4, a
simple calculation yields the result

d2 /as(i) , /“S < 02¥ > . .
— 14, dt = —_— X' X7+
de2 [ a1 (6) ()1 9e o . dqidqi 4 () ()

92 . 92 s
2 (£ ) xir OPZ N paps| - (321)
+ <aqzazA>:Y(s) @ T <azAazB>;y(s) RN

= / <(d2g/(s));y(s) R X(S) ®X(5)> dt
as—1

which, together with equation (3.1.18), provides the final (plainly covariant) ex-
pression

d*T[4e]
de?

N as R A
- Z / <(d2g/(s)):y(s) ) X(s) ®X(S)> dt +
as—1

£=0 s=1

(3.2.2)

- <[d25]cs W ® Ws>

s=

—_

[y

Remark 3.2.1: In view of equation (3.1.8), the Lagrangian .,2”'(3) is not unique, but is
defined up to a restricted gauge transformation 2", — £, —C'®), with (dC(S)),Y(S) = 0.
Therefore, as an internal consistency check, we ought to prove that the expression (3.2.2)
does not depend on any specific choice of the functions S (¢, ¢*).

We start by noticing the following identities, which are a straightforward consequence
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of the condition (dC')_ () = 0:

d [0C® 920 020 .
O_E<ai> _(aiat> +<aiaa‘> Y
7 ) qot ) e 707 ) ()
d /0C® 920®) o020 ® .
O = — = + e — w‘]A(s) =
dt ot 5 (9) at? /) 0toq’ ~(5) 1

920 920 _ _
= — 717 1/},LA (s) 1/)JA (s)
at2 ) e 9q'0¢’ ) 1T I

In view of these, denoting by [dQC} .. the tensor provided at the point ¢s by the Hessian

of the difference C*+Y — C®), we now evaluate

0% C , . a%C
2 o 2 7 7
()., . woow,) - as[aﬁ } + 2 (e’ X)cs {ataqi]cs
. - . . a%C
% % j j _
+ (om/) X )cs (O‘Sw X )cs [aqi aqu
~ a2 20 ] ga (asv’+ x7) 0°C_ il
A . S\ e | Oqi0q .
, . 4 4 920
[3 ) J J
+ (O‘Sw X ) (asw X )cs[aqi 8qj]cs
but, by the jump relations (1.5.34a),
0%C . ) . o020 .
7 i i _ i i 7 —
[fﬁﬁaqﬂ'w L(asw +X)0s [3qi3 J (asw +X)w ]
02C . . 92Cc . .
— T 0hJ T ahd
bqi@qﬂ' v } o [W@qﬂ' v }
and also
02C . , , , 92C . , 4 ,
k3 [3 Vi J — K3 K3 J J —
LW anL (asw +X ) (O‘Sw X ) [aqi aqi (asw +X ) (O‘Sw X )}
o02Cc . . 92Cc . . 2 o
— T J = a0 2 i,
[W ag } " 2%[36]1’ ag Y } e [W ag VY ] .

whence finally

N-1 N-1 9
([a*C],  Woo W) = [ 0°C Xixa‘]

s=1 s=1

On the other hand, by equation (3.1.1), we have

N . A A N e g ‘
Z/ <(d2c<s))&(s) , X(S)®X(S)> dt Z/ E<(d2c<s>)7(s) , X(s)®X<s)> dt =
s=1 s=1 Yas—1

as
As—1

N—-1
o%C —
= — v X7
E [8(11. 8qu X ]

s=1 Cs
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and so we see that each single term of the right—hand side of equation (3.2.2) actually
depends on how the function S has been chosen, while the entire expression is (as
hoped) gauge—invariant.

The problem of establishing whether a locally normal extremal constitutes a
minimum for the functional (2.1.1), now based on the analysis of the expression
(3.2.2), may be conveniently broken up into two consecutive logical steps:

i) first of all, each single arc (7(“"), [as_l,as]) is requested to give rise to a
minimum with respect to the special class of deformations which leave the
points 1) (a,_1), 7*)(a,) fixed;

ii) afterwards, it still remains to figure out how to link up the previous results
in order to make them globally applicable to the entire evolution ~.

This way of going about the matter surely makes the treatment a little bit
longer than what it would be in case the problem is tackled as a whole at once.
However, in return, the discussion will turn out to be more clear as various difficul-
ties are faced separately. Moreover, the analysis of i), that will henceforth called
the associated single—arc problem, is evidently equivalent to the one that would be
drawn when dealing with the (not infrequent) situation? in which the section « is
differentiable as well as ¢ for any &.

3.3 The associated single—arc problem

From now on we shall thus momentarily focus our attention on a single specific
admissible closed arc (’y(s), [as_l,as]), which is supposed to represent a mnormal
extremal of the action functional f&(s) Zdt. Collecting all the previous results,
we see that the analysis of its second variation involves uniquely the behavior of
the integral

T
dg?

_ / ((220,) 0 » X @ X () dt (3.3.1)
520 As—1

In particular, when v is a regular extremal, introducing the horizontal basis

(3.1.15) associated with the hessian (d2$’(s))fy(s) and expressing X(S) in compo-

nents as X ,, = Xi, D + Y (%)4{(3) , equation (3.1.14b) provides the identifica-

tion

((d*<2",, (3.3.2)

% % _ NG yk yr (s) yvA B
) s X ® X)) = N X0 X0, + Gip YO Y

4See Remark 3.1.2.
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with

s 3 &d 82"%,(8) AB 823’(8) 82"%,(8)
Nk(r) = <(d2$/(s))ry(s) ’ 8k®a7‘> - [(aqkaqr> o G(s) <8qk8z‘4> <8q78z3>](\)
,\/ S
(3.3.3)

As already pointed out, unlike the integral (3.3.1), the Hessian (d2.,§f’(s))&(s)
is not a gauge—invariant object. The effect of the restricted gauge group on the
representation (3.3.2) is therefore reflected into the fact that the integrand at the
right-hand-side of equation (3.3.1) is defined up to an arbitrary transformation of

the form

<(d2$/(s>)@<s> X ®X<s>> — <<d2('$/<s) - C(S))%(s) Xo®Xe) =

) 5 d \
= (([@°ZL) 50 X0 ® X)) = i <(d20“>)7(5) » X ®X(s>> =

DcY . . ot ,
_ () ij () A () v A+ B
= (Nij Y >X§s>X?s) - 20 (32A>A( : X?s) Yo+ GupYL Yy
,-Y S
(3.3.4)

82c )
( 9q*0q’
the components DDC;” expressed by equation (1.5.23) in terms of the ordinary

.. dCy; . .
derivatives — and of the temporal connection coefficients i

where we have introduced the simplified notation C’i(js) = )’Y(S) and with

On this basis we state

Theorem 3.3.1. Let v : [as_1,as] — Vpi1 be a normal extremal. Then, if
the matriz G)(t) is non singular at a point t* € (as—1,as), there exist € > 0
and a restricted gauge transformation £’ — £’ — C'® such that the Hessian
(d*(Z,, — C’(S)))&(S)(t) has algebraic rank equal to r for t € (t* —e, t* +¢).

Proof. By continuity, there exists an interval [c,d] o t* where det G # 0.
We focus on that interval, and apply equation (3.3.4) to the arc ) ( e, d]) . Setting

?A

A AB () (OY" ;
A= YA —GiBC ( )W)X’

(s) ~Yir \ 0zB (s)

and taking the symmetry of Cj; into account, equation (3.3.4) may be rewritten
as

(d*(ZL = C) s X ® X)) =

, DCy opr ot o o
_ (s) (] AB (s) ¥(s) ) (s) A~B
- Nij - Dt - G(S) <8ZA >—”y(s) <82B ;Y(S)Cir Clj X(S)XgéJ) + GAB Y(S) Y(S)
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The thesis is therefore established as soon as we prove that the Riccati-type
differential equation

DC-(»S) r l
L Gé?(aw > (81/1 > C;, Clj _ N® = (3.3.5)
(s) 4 (s)

Dt 924 ) (o \ 02D E

admits at least one symmetric solution C’i(js) = C’Z-(js)(t) in a neighborhood of ¢t = t*.

oYr ot
rl . AB
M(S) = G(S) <8zA ):Y(s) <—8z3 >£y(s) (3.3.6)

and denote by CZ(]S ) and CZ-(JA ) respectively the symmetric and antisymmetric part
of C’i(js). Due to the symmetry of M ?ﬁ) and Nl-(js), equation (3.3.5) then splits into

To this end, we set

the system
pc?)
i rl | ~(8) ~(5) (A) ~(4) () _
— M (e ) + PP - NG =0 (3.3.7a)
;) (8) ~(4) (A) ~(5)
iJ rl rl _
Dt + M, C; " C + M, G O =0 (3.3.7b)
Being the second equation linear and homogeneous in Ci(f ), by Cauchy theorem we

conclude that, if we choose Ci(js) symmetric at ¢ = t*, there exists € > 0 such that
the solution of the Cauchy problem for equation (3.3.5) exists and is symmetric
for [t —t*|<e. O

In view of Theorem 3.3.1, whenever det GXJ)B (t*) # 0, by a proper choice of the
gauge around the point v(¢*), the quadratic polynomial (3.3.4) can be reduced to
the canonical form

. . N ~ A~ 02K, 4~
2 s _ 6 vAvyB _ (s) A v B
<(d (fl(s)_c( ))):Y(s) ) X(s)®X(s)> = Gip Y(s) Y(s) - _<W> Y(s) Y(s)
Py(s)

(3.3.8)
in a neighborhood of t*, K, denoting the restricted Pontryagin Hamiltonian.
Unfortunately, the purely local validity of equation (3.3.8) makes it unsuited
to the study of the second variation (3.3.1), which involves an integration over
the whole interval [as_1,as]. We shall return on this point later. At present, we
shall concentrate on the role of Theorem 3.3.1 in the identification of sufficient
conditions for a regular extremal « to yield a (relative) minimum for the action
functional. In this connection, a preliminary result is provided by the following

Corollary 3.3.1.1. Under the same assumptions as in Theorem 3.3.1, given
any vertical vector field Vi, = Vé)(%)&(s) along 4 with compact support
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[a,b] C (t* —e,t* +¢), there exist a differentiable function g = g(t) not identically

zero on [a,b] and an infinitesimal deformation X ) = X, (a?] ) o +YA ( ) )

with support contained in [a,b] satisfying the relation

oY*
A qAn o ( ) X7, = gVA
YE - GO 928 ) ®)

Proof. Using the variational equation in the form (1.5.25a), the required condi-
tions are summarized into the pair of relations

DX{, (o GAP ! .
= _< ) [ e (azB%S)X(S)] (3.3.92)

X, (a) = X|,(b) =0 (3.3.9Db)

For any choice of ¢(t), equation (3.3.9) is a first order linear differential equation
for the unknowns X{, (t); integrating it with initial data X{, (a) = 0 yields the

. ) i "
Xty = wig vk (55) avidae
a o s

Wi being the Wronskian of the equation. In order to ensure X fs)(b) =0 it is

solution

then sufficient to choose ¢(t) within the (infinite-dimensional) vector space of
differentiable functions over (t* — e, t* + ¢) satisfying the conditions

b
_ oY
/(W 1)’3(({)%)%)91/(3(15:0, k=1...n
a Pys

Corollary 3.3.1.2. The positive semidefiniteness of the matrix G(S) 5(t) at all
t € [as—1,as] is a necessary condition for a normal extremal v : [as_l, as] — Vi1

0

to yield a minimum for the action functional.

Proof. Suppose that G $) B is not positive semidefinite at some t* € [as_1,as].
Depending on the value of det G 1 (t*) we have then two possible alternatives:

i) if det G (t*) # 0, on account of Theorem 3.3.1 there exist a restricted gauge
transformation £’ — £ — C'® such that a representation like (3.3.8) holds
in a neighborhood (t* — e, t* 4 ¢).

Then, given any vertical vector field V,, with support contained in the interval
(t* —e,t* + ¢) and satisfying G(S) VA V(B < 0 (for instance, the eigenvector
corresponding to the negative elgenvalue of G (5 n (t* — e, t* +¢), multiplied by
a suitable function with compact support), Corollary 3.3.1.1 implies the existence
of at least one infinitesimal deformation X (s) satisfying

d*T

as b
_ (s % % _ 2 (s) A /B
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Therefore, v does not provide a minimum for the action functional.

i) if det G$(t*) = 0, choose £ > 0 in such a way that
e —c is not a root of the secular equation det(G$y — Adap) = 0;

e at least one root of the secular equation is smaller than —e.

Let M € .Z(A) be a differentiable function globally defined on A4 and having
local expression® M = ed4p (24 — 24(t)) (2% — 2B(t)) in a neighborhood U of the
point 4 (t*). Also, let [¢,d] > t* be a closed interval, satisfying ) ([¢,d]) C U.
Setting £, = & ’(S) + M, one can then easily verify the properties:

a) the section v : [¢,d] — V41 is a normal extremal for the action integral
Sy L7, dt;

0227,

024028 ) 5(9)(¢%)

positive (semi)—definite.

= GS}B + €d4p is both non singular and non

b) the matrix <

In view of a) and b), the analysis developed in point i) ensures the existence of
at least one infinitesimal deformation X, having support in [a,b] C [c,d] and
satisfying fcd <(d2$"{s))@(s) ) X(S) ® X(S) > dt < 0. On the other hand, by construc-
tion, this implies also

d
/ <(d2$/(s>)~;(s> » Xo) ®X(s>>dt =

_ /d<(dzg>;s));y(s) K@Ky )dt - s/daAB (4, X)) (4, X))t <

C
d
< / <(d2$>§s>)@(s>vX(s>®X<s)>dt <0
(&

once again proving that v does not yield a minimum for the action functional. [

3.3.1 The matrix Riccati equation and the sufficient conditions

From now on we shall concentrate on the class of regular normal extremals. The
role of regularity in the solution of the Pontryagin equations (2.3.4) — more specif-
ically, in the conversion of these into a system of ordinary differential equations
in Hamiltonian forms for the unknowns ¢'(t), p;(t) — should be well known from
§ 2.4. However, when the problem is not finding the extremals, but working with
a given extremal v : [as_1,as] — Vy11, regularity is merely an attribute of ~,

®As usual, we are writing z*(t) for z(5(t)).
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ensuring the existence of an expression of the form (3.3.8) in a neighborhood of
each t* € [as_1,as).

On the other hand, as already pointed out, the purely local validity of equation
(3.3.8) is of little help in the evaluation of the second variation (3.3.1): it should
therefore be investigated to what extent equation (3.3.8) may be converted into
a global result, valid over the whole interval [as_1,as]. On account of equations
(3.3.5), (3.3.6), this means analyzing the interval of existence of the solutions of

the Riccati-like differential equation ©

DC-(-S)
5+ MYl — N =0 (3.3.10)

The main difficulty with the latter comes from its non-linearity. To overcome
this aspect, we introduce two auxiliary virtual tensors EZ(;)(t) and K ;(t) along
~ ) satisfying the transport laws

DR _ oy ES 3.3.11
o = Mo (3.3.11a)
DB _ NOK; 3.3.11b

On any interval (a,b) on which det K’ ;(t) # 0, the (generally non symmetric)
tensor

e = EY (KL (3.3.12)

wr

is then well defined, and satisfies the relation

K(sr)p
Dt

DEi(;) _ DCz‘(;)

(s)
Dt Dt Ko + Cir

Substituting from equations (3.3.11a), (3.3.12) and multiplying by (K, )P the
latter may be rewritten in the form

C.(.S) l DC-(.S) l
(s) _ v () agr (s) _ v (s) agr (s) )
Ny = =+ O MU B (KD = —5 = + CF My, ¢ (3.3.10))

formally identical to equation (3.3.10).

Needless to say, the symmetry property C’i(js) = C’;f) is also needed in order
for the tensor (3.3.12) to represent the Hessian of a function C'®) along v*. An
argument similar to the one exploited in the proof of Theorem 3.3.1 shows that
this aspect relies entirely on the choice of the initial data. Indeed, on account
of equation (3.3.10%), the antisymmetric part of Ci(js) obeys a linear homogeneous

5The regularity assumption is once again crucial in ensuring the global character of the absolute
time derivative = induced by the hessian (d2$/(5))4/(s) along ().
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system of the form (3.3.7b). Once again, by Cauchy Theorem we conclude that
if Ci(js) turns out to be symmetric say at ¢t = as—; (as it happens e.g. choosing
E(as-1) = 0, K jlas—1) = 6%), it will remain symmetric up to the first value
t* > as—1 (if any) at which det K[ ;(t*) = 0.

Remark 3.3.1: The analysis of equations (3.3.10), (3.3.11a, b) is considerably simplified
referring the virtual tensor algebra along v*) to an h(*—transported basis {e®, e, }
and recalling that, in this way, the components of the absolute time derivative of a field
T coincide with the ordinary derivatives ... Equation (3.3.10) reduces then to the

di
ordinary matrix Riccati equation
dCyy © o _ N
s S s S
d; + MJC,Cy’ — Ny =0 (3.3.13)

while equations (3.3.11a, b) take the simpler form

dK &b

— = = M EY (3.3.14a)
dE;) -
7 - Nac (s)b (3314b)

Collecting all results, we can now state

Theorem 3.3.2 (Sufficient conditions). Let v : [as_1,as] — Vy+1 be a nor-
mal extremal for the action functional. Also, let J(, = pi(s) ' — £ denote the
Pontryagin Hamiltonian associated with the given Lagrangian. Then, if the matriz

0°K 02,
&) 4\ s) _ )
Gap(t) = <8ZA8zB >4/(s) <8ZA8zB >,’;{(s)

is positive definite at each t € [as_1,as] and if the system (3.3.11a,b) admits at
least one solution Ei(js)(t), K ! j(t) satisfying the conditions

o EY (K(;)l)rj symmetric,

wr

o det K\ ; # 0 everywhere on [as_1,as],
the section v wyields a weak local minimum for the action functional.

Proof. The stated assumptions imply both the regularity of the extremal ~
and the existence of a global solution of the Riccati-like equation (3.3.10) along
~) | thus ensuring the validity of an expression like equation (3.3.8) on the whole
interval [as_1,as]. So, if the matrix GXJ)B is positive definite on [as_1,as], this
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provides the evaluation

d’I[3;") o : , A
dé&f o = / <(d2(,,§f/(s) —C) 50 X ®X<s>>dt =

as—1
e ) A B
(s) vAY
/ GapYoYodt >0
as—1

for every non—zero admissible deformation X : [as_1,as] — A(%) vanishing at the
end—points. [

A deeper insight into the meaning of the condition det K(si) ; # 0 is provided
by the study of the Jacobi vector fields, reviewed and adapted to the present
geometrical context.

3.3.2 Jacobi fields

Given a regular normal extremal v : [as_1,as] — Vp4+1, we now consider the
(unique) extremal 4 : [as_1, as] — C(A) of the functional fi@ O%9c projecting
onto v . Also, as usual, we preserve the notation v = 7 -( : C(A) — V41 for
the composite fibration C(A) — A — Vy11.

Let us now introduce a special class of deformations ’yf(s) of 4 in which every

section 77 : [as_1, as] — C(A) is itself an extremal of [- . O%2c.
75 —y( )

In this way, the 1-parameter family 75(8) = - ﬁés) is a deformation of the
original section v, consisting of extremals of the functional f;y(s) Ldt.

At this stage, we do not impose any restriction on the behavior of the end—
points yés)(as_l), vés)(as). In coordinates, setting

7 d =48, A=A, pi=7(68)  as(€) <t < ag(€)
(3.3.15)
our assumptions are summarized into the request that, for each value of &, the
functions at the right—-hand-side of equations (3.3.15) satisfy Pontryagin’s equa-

tions
a('lpis 7 7
P — it i) (33162
op” - <a¢k> <agf(s)>
1 _|_ s . e - 3316b
Ot Pk 8(]@ 4/5(3) 8(]@ '?/é(s) ( )

3 awz 0.7’
() _ )
Pi <8zA>ﬁ<s> < 024 >&<s) (8:3.16¢)
: :
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As a check of inner consistency it is worth observing that, in view of the
condition (d.Z",))5) = 0, equations (3.3.16b, c) and the normality of v yield
back the relation p”(t,0) = 0.

Strictly associated with ﬁés) is a corresponding infinitesimal deformation, lo-

% _ vi o) A o) —(s)(_0 :
cally expressed as X, = X(s)(a_qi)a(s) + P(s>(6z—A)i(S> + T (a_pi)a(s)v with

: oLy ac op,”
X — (s>> R < (S>> , 7 = < L > 3.3.17
(s) ( ag £=0 (s) 85 £=0 7 85 £=0 ( )

Taking equations (3.3.16) and the relation 5.°’

)

easily seen that the components (3.3.17) satisfy the following system of differential—
algebraic equations

(t,0) = 0 into account, it is

X, _ (0¢' 20
(s) k A
- X I 3.1
dt <5qk ):,(s> Ch <8zA >,Ay(s) Q) (3.3.18a)
dr'” ok 02y’ 92!
— + 7‘r“>< > = <7<>> Xk 4 < ; <s>> 4 (33.18h
dt k g’ 5 g dqF ) (s) dqi0zA 5 (s) ( )
oY’ 02! 92!
= (s) (s) k ) B
' - 50k ). X 5] [T 3.1
K <8ZA><,(S> <8ZA6qk>g,(s> o T (aZAaZB >g{(s) B) (3.3.18¢)

Given any vector field X (s satisfying equations (3.3.17), its push—forward
U*X(s) will be called a Jacobi field along . By definition, a Jacobi field
X=X %S)(aiqi)'y(s) is therefore the infinitesimal deformation tangent to a finite
deformation consisting of a 1-parameter family of extremals of the action func-
tional.

Remark 3.3.2 (The accessory problem): The resemblance between equations (3.3.18)
and Pontryagin’s ones (2.3.4) sticks out a mile. This aspect can be made explicit by
replacing the imbedding (1.2.3) by its linearized counterpart (1.3.12) , namely regarding
the vector bundle V (y(*)) as the configuration space—time of an abstract system %’, and
the bundle A()) — V() as the associated space of admissible velocities. In this way,
the admissible evolutions of 9B’ are in 1-1 correspondence with the admissible infinitesimal
deformations of (.

Referring V (v)) and A(5)) to coordinates t,v* and t,v¢, w” respectively, according
to the prescriptions (1.3.1) and (1.3.11), the imbedding 4. : A(§®)) — j1(V (7)) is locally

expressed by
y 3W) K (3¢i) A iy i, A
vt = v+ w® = V(¢ 0", w 3.3.19
(3qk 5() 024 ) 5 ( ) (3:5:19)

To complete the picture, we adopt the quadratic form

A

S(S)(X(S)) = <(d2$l(s))ﬁ,(s) ) X(s) & X(s)> (3.3.20)

N | =
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as a Lagrangian on A(4(®)), whose representation in coordinates reads

. 02y o 02" ) 02y
t.vt A (s) iyl 492 (s) i, A (s) A B
Lo, v, w?) = [( 9q0¢ )%(S)v v+ <(9q 5,4 ﬁ(s)v w™ + 949,58 ﬁ(s)w w

and denote by J the functional assigning the action integral J[X )] := fX )S(S dt to

each admissible section X ) : [as—1,a;s] — V(¥). In this way, for any finite deformatlon
7(5) of v tangent to X ,), equation (3.2.1) provides the identification

dQZ[ (5)]

1
IXwl =3 dc2

£=0

It may be now easily verified that the equations (3.3.18) involved in the definition of
the Jacobi fields, now more suitably rewritten as

¢ k
d;) = X¢. (??\111 + ) SWA
dz R ovk 02,

dt ovt ovt
) 0¥ 98

v QwA owA

are formally identical to the Pontryagin’s equations for the determination of the extremals
vt = X, (t), wt = T4, (t) of the functional J subject to the constraints (3.3.19), which
is commonly referred to as the accessory variational problem.

Coming back to the system (3.3.18) and recalling the discussion at the end of
§3.1, we decompose the field X ,, into the pair

. /9 B .
X, =X (= 4 —= , A = gt
) ) <3ql>@<s> e <52’A>@<s) P

in which X & is a vector field along 4 while A\, is a virtual 1-form along
~©® . By a little abuse of language, this will be called a Jacobi pair belonging to
X = v X

Under the further (crucial) hypothesis of regularity of v*, we next make use
of the infinitesimal control A : V(v®) — A(5®) induced” by the Lagrangian
L', to express the field X (s in terms of the Jacobi field X (S) and of a vertical
vector Y(,, in the form X, = h® (X)) + Y, = X 8 +YA
equations (3.1.15) we have then the relation

kY:r 2. On account of

02" .
rd =Y -G —% Xt 3.3.22
(s) (s) © \9¢i0zB ). @ ( )

“See Remark 3.1.5
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0:Z!
Together with the identification GXJ)B = <6ZA76;E)‘> , the latter allows to write
4 (s)

equation (3.3.18¢) into the form

— (s) _ (s) B A _ ~AB =(s)
T <@>w) =GupY,, = Y =G, <8z—B>ﬁ(s> (3.3.23)

From this, substituting into equations (3.3.18a,b), recalling the definitions
(3.3.3), (3.3.6) and expressing everything in terms of the absolute time deriva-
tive, we eventually obtain the following system of differential equations for the
unknowns X7, (t) 7 (t):

» T

DX! o’ oI s
(=) _ AB —() _ i =)
=G - = M7 3.3.24
< Dt >7<s) © <52’A>@<s><323>@<s> " @7 ( )
(Dfr;”) _ K@?éf'@) ) GAB<02$(S>> <32-_=2”’<s>> ]Xj _
Dt ~ () q0¢? 4(5) (@) 0qi0z4 4(5) 01028 4(9) )
= N X7, (3.3.24D)

As the attentive reader will have certainly already noticed, these are formally
identical to the linearized form of Riccati equation (3.3.11): a result that will prove
to be fundamental in the sequel in order to determine the necessary and sufficient
conditions for a weak local minimum.

Remark 3.3.3: Keeping in line with Remark 3.3.1, if the virtual tensor algebra along ~(*)
is referred to an h(*-transported basis {e®, e, }, the set of 2n differential equations
(3.3.24) are written in the form

axt,

ab = (s)
- = M 7 (3.3.25a)
dre’ _ )y
o =Nap X0, (3.3.25D)

Once again, these are easily seen to represent the Hamilton equations for the function
X0 70) = R0 - L) = SMPEORD — LN X X 3.3.26
9 s(t (s)2 Tp ) = Ta TR T g Mg Ty — 9 Vab ()N (s) (3.3.26)

which is the linearized counterpart of the Hamiltonian function on the extremal curve v ().

The relationship between Jacobi fields and the second variation is made evident
by the following
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Proposition 3.3.1. Given a Jacobi pair (X(S), )\(S)) , for any arbitrary vector field
Z .y € A(3®), the following identity holds:

) X .
<(d $Qs>)@<s>’X<s>®Z<s>> = i

(3.3.27)

Proof. The thesis immediately follows by direct computation, in view of equations
(3.1.12), (3.3.18). Setting Z,,, = Zl(a%)&(s) + ZA(E)%A)W, we have

(77 Z,) 029 o 2. .
D= X1, 7 —— ) 147
dt <5q@5q3>@<s) @ ¥ (3(1232A>@<s> @Zo

92 . 027 oo
— X' Z — ez
T (32,45(]1)&(5) @%@ T <52A32,B>;Y(S) ©%®
O

Remark 3.3.4: Hitherto, our treatment of Jacobi fields has uniquely involved the adapted
Lagrangian .Z ’(s) . This choice was suggested both by consistency with the previous anal-
ysis and also by the simplified calculations. However, it goes without saying that it’s not
at all necessary in order to cover the subject. We could actually have considered 5 as
extremal of the functional fﬁ(s) Oppc instead of fi(s) 0%).. In this way equations (3.3.18)
would have been directly written in te(r)ms of the Pontryagin Hamiltonian ¢, with the
op s

3

D€ )g:ov

. 0pL) (¢ §)> 0 ( as<s)) 925
(s) _ i ) _ (s) ) J
O = (2 BS) = 2 p9,6) — =) - =2 X7,
7 ( ) ( aé- £=0 65 pz ( 5) aqz £=0 ( ) aqzaqj (s)

The argument is almost identical to the one developed so far and will be omitted.

quantities ﬁi(s) replaced by 7TZ-(S) = ( related to the previous ones by the relation

3.3.3 Conjugate points and the necessary conditions

Jacobi fields are related to the necessary conditions for (local) minimality through
the concept of conjugate point.

Definition 3.3.1 (Conjugate point). A point v (1), 7 € (as—1,as|, along a given
extremal curve v is said to be conjugate to v (as_1) if there exists a non—zero
Jacobi field X : [as—1,as] — V(v*) such that X, (as—1) = X (1) = 0.

It is easily seen that the search for conjugate points can be performed by looking
for a solution of equations (3.3.24) with X!, (as—1) = 0 and 7" (as—1) varying
amongst all the possible values in R™.
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Because of the linearity of equations (3.3.24), their solution will depend on the
initial data through a set of time—dependent matrices in the form

Xiy(t) = @t am1) X{,(asm1) + BY(t,a51) 77 (a5-1) (3.3.28a)
7)) = Gyt as1) X, (as1) + 27 (t,as1) 7 (as1) (3.3.28b)

(2

with szfz-(as_l,as_l) = 5ij , BY(as—1,a5-1) = 0 , Cij(as—1,as—1) = 0 and
2, (as—1,as—1) = 6,7 . Conjugate points can be therefore determined by means of
equation (3.3.28a) restricted to the choice X{, (as—1) = 0, namely

X, () = BY(tas1)7) (as1) (3.3.29)

Hence, a point v (1) is conjugate to v (as—1) whenever ﬁ;s)(as_l) belongs to the
kernel of %% (7,as_1) and this can only happen when det(%%(7,as_1)) vanishes.

The link between conjugate points and the analysis of the second variation is
clarified by the following generalization of a classical result of Bliss ([19]):

Theorem 3.3.3. Consider an extremal closed arc v : [as_1,as] — Vpt1 and
suppose there exists a value T € (as_1,as) such that the point v (1) is conjugate
to v (as—1). Then the quadratic form

T[]

dg? - / <(d2$/<s>)&(s> ' X<S)®X“)> dt
as—1

£=0

is mecessarily indefinite.

Proof. Let us define a symmetric bilinear functional (d?Z )4/(3) over A(¥®) as
Qag N “
<(d21):y<s) » Vi ® W(s>> = / <(d2$23>)@<s) » Vio ®W<s>> dt
as—1

for any V(S), W(s) in A(%®). Then, by a well-known result in the theory of
quadratic forms®, the thesis is proved as soon as we show that, in the presence of
a point v (1) conjugated to v (as_1), the kernel of (d2I)&(S) does not coincide
with the locus of zeroes of its associated quadratic form.

Under the stated hypothesis, there exists a Jacobi field J, € V(v®) such
that J,(as—1) = J)(7) = 0. By means of this, we now define a continuous
infinitesimal deformation vanishing at the end-points X, : [as—1,as] — V(7))
in the following manner:

Jo(t) as—1 <t
Xo(t) = {0 e
T ~ ~

N

T

as

8See Appendix D, Lemma D.1.
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Then, denoting by X ., € A(9) the lift of X,, and by (j(s), A®)) a Jacobi pair
belonging to J ), in view of equation (3.3.27) we have

<(d21)@<s) , X ®X<s)> = / <(d2$l<s))@<s> e ®j<s)> dt =
as—1

— [7‘?.(5) J! }T -0
t ) As—1
At the same time, if W, is any infinitesimal deformation of v*) vanishing at the
end-points and such that W, (7) # 0, we have also

<(d21):,<s> , Xy ® W(s>> = / <(d2$l<s>):,<s> s T ®W(s>> dt =
as—1
= 7O W)

Since, by hypothesis, J,)(t) # 0 for every t € (as—1,7), the uniqueness of the
solution of the “time-reversed” Cauchy problem (3.3.24) in v (7) implies that
7 (1) # 0 for at least one value of the index i. Therefore

<(d21):y<s) , X ® W(s>> # 0
showing that X(S) does not belong to the kernel of (d2I)ﬁ(s) . O

As a direct consequence of Theorem 3.3.3, we can now state the following

Proposition 3.3.2 (Necessary conditions). Suppose the extremal closed arc
v {as—1,as] = Va1 is a (local) minimum for the functional f&(s) ZLdt. Then,
for every T € (as—1,as), there cannot be any point v (1) conjugate to v (as—1).

3.3.4 The necessary and sufficient conditions

So far we have separately proved a sufficient and a necessary condition for a given
extremal v to be a minimum; we shall now glue them together into a necessary
and sufficient one. However, in order to do so, we shall need to strengthen the
hypothesis of normality of v(* by requiring the latter to be locally normal.

In the event, we will prove that, whenever no conjugate point is present, the
solutions of equations (3.3.24) can be used to build a global solution of the Riccati
equation (3.3.5), valid along the whole interval [as_1,as], thus satisfying some
of the hypothesis of Theorem 3.3.2. To this purpose, we first need a technical
argument.
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Lemma 3.3.3.1. Let v : [as_1,as] — Vua1? be a locally normal extremal and
suppose the matriz G}, is non-singular at each t € [as_1,as]. If along v there
is no point conjugate to v (as_1), then there exists a t* > as such that the
absence of conjugate points may be extended over a wider interval [as—1,t*].

Proof. Consider the family of Jacobi pairs (X(s), )\(S))
as solutions of equations (3.3.24) with initial data

(k) k=1,...,n, obtained

(X(S))i(k)(as—l) =0 , (ﬁ(s))i(k)(as—l) = Oik

The non—existence of conjugate points along v is easily seen to be equivalent to
the condition det ((X(s))i(k) (t)) #0 for all t € (as_1,as).

If that is not the case, there would be some 7 € (as_1,as] at which the

homogenous system a* (X(S))i(k) () = 0 would admit a non—null solution a’, .., a".

The fields X, := ak(X(s))(k), A = ak (X)) would then constitute a Jacobi
pair satisfying the conditions A (as_1) # 0, X, (as_1) = X (1) = 0. On the
other hand, X(,, cannot be identically zero over the whole interval [as_1,7]: if it
were so, the 1-form A® would satisfy the equations

DX' — [ Oy
(s) MY = (s) = (s)
< Dt >ﬁ{(s) N &7y = 0 = T <(9Z—B>

25), o
Dt ,Y(s)

contradicting the local normality of ).

=0
4 (s)
Vas_1 <t<r

To sum up, X(S) would be a non—zero Jacobi vector field vanishing at both
as—1 and 7, which clashes with the assumption of non—existence of conjugate
points along .

By continuity, this implies det ((X(S))i(k)(t)) # 0 for all t € (as—1,t*] with
t* € (as, bs) sufficiently close to as. The absence of conjugate points holds there-
fore in a wider interval [as_1,t*]. O

We are now ready to take the conclusive step towards the formulation of the nec-
essary and sufficient conditions for minimality, which is provided by the following

Proposition 3.3.3. Let v : [as_1,as] — Vpi1 be a locally normal extremal
and suppose the matriz GX;B is non—singular at each t € [as—1, as]. If no pair of
conjugate points exists on v, the Riccati equation (3.3.5) admits a symmetric

solution throughout the interval [as—1, as].

9We recall that the closed arc ’y(s) is the restriction to the closed interval [asfl7 as] of an
admissible section defined on some open neighborhood (bs—1,bs) D [asfl7 as].
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Proof. As usual, we regard v as the restriction of an extremal defined on an
open interval (bs_1,bs) D [as—1,as]. Let t* € (as, bs) and consider a family of so-
lutiong (X, )\(S))(k
(X)) () = 0 and (7); 50y () = -

In view of Lemma 3.3.3.1, whenever t* is chosen sufficiently close to as, the

) of equations (3.3.24), obtained imposing the initial conditions

absence of conjugate points implies the requirement det ((X(s))i(k) (t)) # 0 for all
te [CLS_l,t*).

A comparison between the Hamiltonian system (3.3.24) and the linearization
(3.3.11) of Riccati equation shows that we can now assume the identifications

KJi(t) == (X)), ES () = (7)) (3.3.30)

As a consequence, the matrix K/ ;(t) is non-singular everywhere on [as_1,t*) and

therefore, as we’ve seen in §3.3.1, the tensor C’i(js) = EZ-(;) (K(;)l)rj represents a

solution of the Riccati equation (3.3.5) all over the interval [as_1,t*) D [as—1, as].
In order to complete the proof, we now only need to show that this Ci(js) is
)jp :

also symmetric. To this end we observe that the matrix R(if) = K(Si) j (E(:)1 is

perfectly meaningful in a neighborhood (t* — §,¢*] and satisfies the relations
ip _ P ov(s) i —1\JP 1 (s) —1\" _ i
RP(t*) =0 , RECE = K i (EL ) ES (KL) ¢ =0 Vi<t!
The matrix R(if) is therefore symmetric at ¢ = t*. Moreover, on account of equa-
tions (3.3.24), it satisfies the equation
i i —1\Jp
DR DK j D(E<s) )

_ E—l Jp K 7.
Dt Dt ( (5)) + (s)J Dt

(s) pkp
N, R

_ ir il
- M(S) - R (s)

(s)
which is again of the Riccati-type (3.3.5), with the roles of the matrices M (Z Sj), N, js)
interchanged. Exactly as in Theorem 3.3.1, this establishes the symmetry of R(if)
in a neighborhood of t = t*.

For each t € (t*—4,t*) the matrix C’i(js) (t) = (R(Zf)(t)) ! is therefore symmetric.
Once again, on account of the linearity of equation (3.3.7b), we conclude that
C’Z-(js)(t) is symmetric over the whole interval [as_1,t*) D [as—1,as]. O

Collecting all the above arguments, we are now able to state the following

Theorem 3.3.4 (Necessary and sufficient conditions). Suppose the closed arc
v [as—1,as] — Vay1 is a locally normal extremal of the functional f;y(s) Ldt
with respect to the class of deformations vanishing at the end—points and let 7
be its (unique) lift to C(A) solving Pontryagin’s equations (2.3.4a,b,c). Denote
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by . (t, 4", A i) = pi(s) Vit gt 2) — L(t,q', 2?) the Pontryagin Hamiltonian
associated with the given Lagrangian and let

024,

5) . (s)

G‘(lB ®) - <8zA8zB ) 5 (5)
—y S

Then, the arc v is a minimum for the action functional if and only if, for every
t € [as—1,as|, the matriz GS}B is positive definite and there is no point conjugate
to 7(3)(613—1) .

The proof should, at this time, be quite straightforward and is left to the reader.

3.4 The induced quadratic form

With Theorem 3.3.4, the former step of the stated resolution strategy can be said
brought off. From now onwards, we shall thus embrace the hypothesis of each arc
~) being a locally normal extremal of the functional f;y(s) Zdt and a minimum
with respect to the fixed end—points deformations and we’ll devote ourselves to the
further task of finding out whether it is possible to combine the previous results in
order to make them globally applicable to the entire evolution . This will involve
the study of the definiteness properties of the quadratic form (3.2.2) and will be
carried out by making use of the results of Appendix D and, in particular, along
the lines of Theorem D.1.

To start with, we observe that, under the present hypothesis, we are supposed
to be able to find IV restricted gauge transformations in such a way that

2 ¢ 0 s) A B
<(d "%/(S));y(s) ’ X(S)®X(S)> = GA)BY(S)Y(S) Vs = 1,...,N

and so the quadratic form (3.2.2) can be written more suitably as

d21'[;y ] N as N-1
d§2g - Z/ GupY(H Yo dt — ) <[d25}05 , Ws ® Ws> (3.4.1)
£=0 s=1 Y as—1 s=1

Moreover, being each matrix Gf&, positive definite, the Lagrangian functions
Z'., s=1,...,N provide their respective arcs v* with an infinitesimal control
h'® | therefore assigning a transport law to the vertical space V () or, all the same,
a canonical trivialization of the latter into the cartesian product R x V3.

We recall that, in the algebraic environment developed in §1.5.4, the vector
space of the admissible infinitesimal deformations vanishing at the end—points of
~v was seen to be isomorphic to the kernel of the linear map Y: 20 — V}, whose
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representation in an h-transported basis {e )} of V}, reads

t1 N—
T(Kal,...,aN_l) == < YA (a)< > dt Z )e(a)
to s=1

being k( )= e ( s) [1/1@( )]

In view of this, we now mtroduce one more linear map
W ker(Y) — To,(Vpg1) X - X Tep (V1)

which maps each element (Y, a1y, N—l) € ker(Y) into the corresponding col-
lection Wy, ..., W _,) of tangent vectors to the orbits of the corners. The
subspace ker(W) C ker(Y) is therefore formed by the totality of the admissible
infinitesimal deformations for which W, = --- = Wy _,) = 0, namely the ones
that vanish at the corners.

Setting X?S)(W(l),.. W(N,l)) = <X(s),e(“)>cs, we’ll henceforth refer the
space Tiy (Vny1) X -+ X Tey_; (Vng1) to the coordinate system {a, x¢,}. Re-
calling the expression (1.5.32), this results in the representation

_ 0 a 7 (a)
Wy = o <a>cs + <X(s) + aszﬁw(s)(as)ei (as)> (€a))es (3.4.2)

Theorem 3.4.1. If each arc v is normal, the map W is surjective.

Proof. We first observe the following identity

XC o las) = x4 (Way, oo, Win o) + ([X], e (as)) =

= x?s)(W(l),...,W(N,l)) — a5k,

which is a direct consequence of the jump conditions (1.5.41b). The request for any
arbitrary element (W, ..., W _1)) to be the image under W of a corresponding
(Y, ag, ... ,ozN_l) € ker(T) makes the vertical vector fields Y to be subject to
the conditions

s awz
A (a
/ Yie e’ <aZA> dt = X{,(as) = X, (as—1) = X{,) = Xy T as—1k{ )
as—1 4 (s)
(3.4.3)
The conclusion follows at once simply by observing that the above equation admits

(at least) a solution Y for any possible choice of the variables as, x¢, if and only
if the mappings

a
s w
Y., —>/ yA <a>< d¢ s=1,...,N
) as—1 () ‘ 8ZA ;Y(S)
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are surjective, which is totally equivalent to the normality of each arc v . O

On account of Theorem 3.4.1, under the stated hypothesis, the quotient space
ker(Y)/ker(W) coincides with the cartesian product Te, (Vp41) X -+ X Ty, (Vny1) -
Each element (W(l), o Win 1)), thought as an equivalence class in ker(Y), is
then formed by the totality of (Y, a1y, aN_l) such that, for any s, Y, fulfils
the condition (3.4.3) while ag = (W), dt)., ).

Coming back to the study of the quadratic form (3.4.1), it is readily seen that
its restriction to the subspace ker(W) is positive definite, being the sum of N
positive definite quadratic forms. Moreover, its restriction to any equivalence class
% (W(l), o Win - 1)) has a single stationarity point. In order to find it out, it
is possible to make use of the method of Lagrange multipliers by considering the

functional
N as N-1
Z/ G Yy ar = 3 ([d%S],, Wow We) +
s=1 Y as—1 s=1

iy (9N e e ko 3.4.4
; ®% |\ 54 - =X+ Xl —ask( )| (3.44)
s—1 Y s

N
+ > v
s=1

with independent variables Y(‘;‘), v and fixed oy, X (o) -

The vanishing of the first derivatives with respect to the v{” ’s obviously gives

back the constraints (3.4.3), while the variation with respect to the Yé) ’s provides
the relations
o' _ 1 o'
2GLYE + e =0 = YA =-GA80e"
ABY (s T Va €y 924 . () 9 T Ya i \ 5.B 5
(3.4.5)

Substituting into equations (3.4.3), we get

o [ o (55),., (55)

(s) AB (a) _(b)
-V (; s o e. e . dt =
20 Ja N0 5 \028 )" T

1o [*
=5 vy / M dt = x4 — xL_y + skl (3.4.6)
As—1

Because of the non—singularity of GXJ)B, the local normality of each arc v* implies
the positive definiteness of the corresponding matrix

as
9% ::/ M dt s=1,...N
as—1

and therefore, denoting by 9;187) its inverse matrix, we can solve equations (3.4.6)

for the unknowns /¥ ’s in the form

s s b b b
vl =2 géb) [X(S) — X(a_1y T as—1 Ky (3.4.7)
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The expression of the stationarity point 37(‘3) can now be rewritten as

1
Y = G0 [ X0y = Xty + a1kl 1)} ey’ <%>
4 (s)

which is actually a minimum point, once again on account of the positive definite-
ness of the matrixes GXJ)B

At last, we may induce a quadratic form f: ker(Y)/ker(w) — R by mapping each
equivalence class (W(l), s Win 1)) in ker(7) into the real number given by the
evaluation of the quadratic form (3.4.1) at the corresponding (unique) minimum
point Y(‘j). In local coordinates, we have the representation

N
b b b
Flasixty) = D g0 (Xt = Xty T asmtkl ) (X0 = XUy + asm1kl _y)) +
s=1

N-1
([a%s],, . Wo @ W,)

s=1

(3.4.8)

being the vectors W; implicitly expressed in terms of the variables as, x{,) by
means of equation (3.4.2).

Collecting all previous results, we have thus proved

Theorem 3.1. Let (’y, [to,tl]) = {(’y(s), [as_l,as]), s=1,... ,N} be a piecewise
differentiable locally normal extremal of the functional f& Zdt. Suppose the matriz
GS}B is positive definite along each arc v and suppose there is no point conjugate
to v (as—1). Then, a necessary and sufficient condition for the minimality of ~y
is the positive definiteness of the quadratic form (3.4.8).
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Adapted local charts

The aim of the present Appendix is to single out a distinguished finite family of
local charts in A that covers the section 4 and makes its representation as easy as
possible. The use of these charts will turn out to be most useful especially when
the discussion itself is already rather entangled, as it helps in easing the notation
and reduces the effort needed to carry out all calculations. It goes without saying
that, in order to preserve the generality of all results, one should always take care
of checking their independence of any particular choice of coordinates.

Lemma A.1. Let v : (¢,d) — Vyy1 be a differentiable section and m,n € (c,d).
Then, for every closed interval [a,b] C (c,d) there exist an open neighborhood
(m,n) D [a,b] and a differentiable vector field X such that . (%) = Xy for
any t € (m,n).

Proof. Let m € (c,a) and n € (b,d). Being compact, the arc y([m,n]) is
covered by a finite family of local charts with compact closure (Vi,k1),... (Ve, k)
that we order timewise. In each local chart, where « is represented in coordinates
by ¢ = ¢'(t), it is always possible to arrange a straightforward transformation
7' = ¢' — ¢'(t) such that ~ reduces to the coordinate line ¢ = 0, which is therefore
tangent to the field %. We now sort out, among all the partitions of unity that
are subordinate to the covering {Vi,...,V;, Vor1 — v ([c,d]) }, the (finite) family
of functions whose supports intersect v ([¢c,d]) and define as g, « = 1,...,r, the
sum of the ones whose supports are contained in V,, but not in Vg, 8 < a. In
this way, we’ve provided every open set V, with a function g, having support in
Vo and globally defined on V,,1; in such a way that ) g (7(t)) = 1 for every
t € [m,n].
It is now an easy matter to see that, if we define a field X(,) as

X | B Jo(x) (%)x VeV,
(@)l 0 VgV,
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the vector field X := 35" X () fulfils all the required properties. [

According to Lemma A.1, the integral line of X passing through the point
~v(m) is defined at least up to t = n. By well-known theorems in differential
equations (see e.g. [11, 22]), this in turn implies that the same will happen if
the initial data are chosen in an open neighborhood of «(m). In particular, if we
denote by W the intersection of this open set with the hyperplane ¥, : t = a and
by € the flow tube containing all the integral lines of X that spit out of W, then:

e all the lines contained in ) are defined (at least) up to m <t < n;

e every local coordinate system ¢',...,¢" on W may be used to refer Q to
local coordinates t,q',...,q". Moreover, it is always possible, without any
loss of generality, to make the choice ¢'(y(a)) = 0 which makes the curve v
into the coordinate line ¢* = 0.

In the presence of piecewise differentiable sections it is possible to apply the
previous construction in each single arc and then to combine the results into a
global one. We first provide the arc y®* with a local chart (Q, ¢, q%l), <y qlyy) as
above. We then choose W C 1N%,, and refer it to local coordinates q}l), N
In doing so, we should be wise enough to take it as small as to be used as initial
data set for a second flow tube Q9 which will contain (not strictly) the closed
interval [a1,az]. Pursuing this process till the end, we obtain a finite family of
local charts (one for every differentiable arc 7(8)) with the following properties:

(i) each single arc v is contained in g and is represented there as the coor-
dinate line qis) =0;

(ii) in the intersection 25 N Qs41, the transformation

. , .
Tiorny = Qs (B 40)
is such that
. ) ,
qyis+1)(a87Q(s)7"' 7Q?S)) = ql(s) (Al)

Lemma A.2. Let 5 : (¢,d) — A be the lift of an admissible differentiable section
v :(e,d) = Vg1 . Then, for any closed interval [a,b] C (c,d) there exists a fibred
local chart (U, ﬁ), h = (t,qt, ..., q% 24, ..., 2") satisfying the properties

(i) At)eU Vtelab]; (A.2a)
(i) A((c,d ) NU coincides with the curve ¢ = 24 = 0; (A.2b)

(iii) ¥ (5( )_(W)W) 0 VAt el. (A.2¢)
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Proof. The construction carried out at the end of Lemma A.l ensures the ex-
istence of “tubular” local charts (Q,h), h = (t,¢',...,q@") in V,41 and (Q,/%’),
E'=(t,z',...,2""") in A satisfying the conditions

Vte (c,d Ny Q)

Vi€ (e,d)ny i (Q)

v([a,b]) € Q, () =0
A(la,b]) €, 2®(3(t)) = 0

Without loss of generality we may assume W(Q) C Q. The restriction to € of
the projection 7 : A — V,, 41 is then described in coordinates as

qg' = qi(t,xl, ... ,x"”)

a(@ -qm)
a(wl wnJrr')
linearly independent everywhere on €.

with rank H

‘ = n. In particular, the differentials dt, dg', ..., dg" are

Let p4 = ,uAa(t) dz®5(;) denote r linear differential forms along 4, depending
differentiably on ¢, and completing dt 4, dq iw(t) to a basis of Ti;(t) (A).

Define r differentiable functions on {2 by

n—+r

EA — Z NAa(t) %
a=1

Then, by construction, the Jacobian H %
4(t). The functions t, G, 24 form therefore a coordinate system in a neighborhood
U of the intersection @((c, d)) N Q. The system is automatically fibred over 2,
and satisfies both properties (A.2a,b), and the first condition (A.2c).

To complete the proof, let ¢* = 1*(t, ", z*) denote the representation of the

imbedding A — j;(V,41) in the coordinates t,q*, z4.

A

‘ is non singular at each point

Under an arbitrary linear

transformation ¢* = aij (t) ¢, 24 = 74 we have then the transformation laws

82‘ dz Za,‘;r N
(e )

i,
:da]

¥ dt

R N
A dt " g7

In particular, if the matrix a’;(¢) is a solution of the differential equation

di 08 /5

the coordinates ¢, ¢*, z4 satisfies all stated requirements. [

Every local chart (U, ﬁ) satisfying equations (A.2a, b, c) will be said to be adapted
to the closed arc (9,[a,b]).
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Corollary A.1. Let 4 = {(4“),[as—1,as]), s = 1,...,N} be the lift of an ad-
. Then, there exist fibred lo-
cal charts (Us,ﬁs), hs = (t,qé),...,q(’z),zé),...,z(’;)) adapted to the arcs 4

missible piecewise differentiable section (7, [to,tl])

such that, in each intersection w(Us) N 7(Usy1), the coordinate transformation
Al =al(taly, .- ql) satisfies the condition (A.1)

) 1 n )
q(s+1)(a57q(s)7"'JQ(s)) =4

Proof. The result follows at once by applying Lemma A.2 arc by arc and setting

O‘(s)ij(%) = Qe+ 1)ij(as)

foralls=1,...,.N—-1. O

Every family of local charts {(US, ﬁs), s=1,...,N } satisfying the require-
ments of Corollary A.1 will be said to be adapted to the lift 4.

Assigning an adapted family of local charts automatically singles out a dis-
tinguished infinitesimal control A along each arc v, uniquely defined by the
requirement

h® ( 82 > — <i2> — hiA(t) —0
9q) 7 &) (t) 9q(, 5(9) (1)

In view of equations (1.5.21b), (1.5.22a) and (A.2c), the absolute time deriva-
tive associated with h® is described in coordinates as

Dt 8q(s) ,Y(s)()

are continuous at the corners,

Since, by Corollary A.1, the fields (83 > @ ()
(s)/y1®

then the sections e, : [to, 1] — V() given by

0
e(l)(t) = <—Z> VtE [CLS_l,CLS], 321,7N (A4)
940y /5 1)
form a basis for the space Vj of h—transported vector fields along ~.

On account of equation (A.2c), the corresponding dual basis for the space V;*
is given by e®(t) = d)ih(s)(t) = dq’('s)h(s)(t) Vitelas—1,as], s=1,...,N. By
definition, together with equations (A.3) we have therefore the dual relations

D

D& e =0 (A.5)
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Finite deformations with fixed
end—points: an existence
theorem

According to Proposition 1.5.1, the admissible infinitesimal deformations of an
admissible, piecewise differentiable section  : [tg,%1] — V,4+1 are in bijective cor-
respondence with the sections X : R — A (%) fulfilling the consistency requirement
locally expressed by the variational equation (1.5.8).

In the event, this bijective correspondence is actually considered as a full iden-
tification between them. It was just in this particular sense that in §1.5.4 we
claimed that the most general admissible infinitesimal deformation X of - vanish-
ing at t =ty is determined by an element (Y, o) € 20, namely by a vertical vector
field Y along 4 and by a collection of real numbers a = (aq,...,an_1) and that,
in particular, a necessary and sufficient condition for X to satisfy X(¢;) = 0 is
expressed by the requirement (1.5.43) which, in adapted coordinates, reads

/ttl v <gﬁ>&dt - Nias [W'(3)],, =0 (B.1)

0 s=1

This is, for the most part, a right way of acting but care must be taken inasmuch

there now may be pathological circumstances in which one can find admissible
infinitesimal deformations of ~ vanishing at its end—points that are not tangent to
any admissible finite deformation ¢ with fixed end-points.
Example B.1. Consider a system B in V,11 = R x Ey (referred to coordinates
t,xz,y ) and subject to the constraint i> +9* = v2. We seek those evolutions which
join the end-points (tg = 0,29 = 0,90 = 0) and (t; = t,x1 = vt,y; = 0) and
minimize a given action functional.

It is now apparent that, regardless of the nature of the functional, the problem
has a unique solution, represented by the curve v : z(t) = vt, y(t) = 0.
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Such a solution is therefore a “rigid” curve, completely lacking in admissible
finite deformations with fired end—points. FEven so, there could be admissible in-
finitesimal deformations vanishing at the end—points. To see this, we express the
imbedding i: A — j1(Vp41) in the form

. T = vV CoSZ
i
Yy = vsinz
We then require the admissibility of v by making the condition
Vv = v CoSZ
0 = vsinz

whence we get z = 0. A possible lift of v is therefore represented by the curve
A x(t) =wvt, y(t) =0, z(t) =0.

The variational equations (1.5.8) are now expressed by

% = —v(sinz); " = 0
% = v(cosz)yI' = oT

the first of which, together with the request X'(t1) = 0, entails

In like manner, the second one becomes

completed by the condition

2 _’UtlT’T:
X2(t) = /OF()d 0

and so we’ve found an admissible infinitesimal deformation which vanishes at the
end—points of v, regardless of the latter being a rigid curve that admits no finite
deformations.
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Therefore, given an admissible, piecewise differentiable section -, a crucial
question is establishing under what circumstances every admissible infinitesimal
deformation vanishing at its end—points is tangent to an admissible finite deforma-
tion ¢ with fixed end-points. If this is the case, the evolution + is called ordinary,
otherwise exceptional. We will now try to get sufficient conditions for ordinariness.

For this purpose, recalling the contents of Appendix A, we introduce a family of
local charts {(Us, ks)} adapted to 4 and denote by {e, }, {e”} the corresponding
dual bases for the spaces V;,, V.

We also bring in, as an auxiliary tool, a positive metric on V}, described by
a symmetric tensor ® = g;; e ® e¥. In view of the identification of V() with
[to,t1] X V4, this automatically sets up a scalar product along the fibres of V' (7)
which, in turn, determines a scalar product between vertical vector fields along 4,
based on the prescription

(v,2) = (6(Y),06(2)) (B.2)

N

0: V(%) — V(y) denoting the homomorphism (1.3.13). In adapted coordinates,
equations (1.3.14), (B.2) provide the evaluation (Y, Z) = GagY“ ZB, with

(a2 (2N ), (0w (0¥
Gap = <Q<82—A>;Y’Q<82—B>4{> = ij <82A>4/<8ZB>4/ (B.3)

As usual, the inverse of the matrix G4p will be denoted by GAB,

In a similar manner, by the affine character of the fibration j;(Vy+1) — Vat1,
assigning ® induces an “orthogonal projection” from the fibers of V'(j1(7)) to the
ones of V(%) whose representation in local coordinates reads

(2) — w((i) <i>><i> .
o' () oq" 1(7) 024 4 0z4 5
9 9 oy )
= GAB (g(—) ,g(—.) > <_> <_> _
00 sy 0T )y ) \O2P )5 \024 ) 5

oy 9
— (AB .. —
= G4y, <aZB>;y <62A>;¥

being now o : V(j1(v)) — V(v) the homomorphism (1.3.8).

(B.4)

By means of ®, to every a = (ay,...,an_1) € RN~ we associate N — 1
functions as(§) according to the prescription

as(§) = as + as§ — 30 [V (H)], s=1...,N-1 (B))



98  Appendix B. Finite deformations with fixed endpoints: an existence theorem

For notational convenience, the family is completed by the constant functions
ao(§) =to, an(§) = t1.

In a similar way, given any vertical vector field Y along 4, meant as a family
of fields Y, = Y(’g(&%)ﬁ(s) along the arcs of 4, for each v € V;, we denote by
U(g(f)u) :w(Us) — Us, s = 1,...,N the (n + 1)-parameter families of sections
described in coordinates as

2(13) = SY@(@ + %§2X(§)z’(t) v’ (B-G)
with Dok
(0
XGit) = g G <—6zB>A (B.7)
o

It goes without saying that, being strictly coordinate-dependent, equation
(B.7) has no invariant geometrical meaning, but is merely a technical tool, whose
usefulness will be clear in the subsequent discussion.

Theorem B.1. Let v be an admissible, piecewise differentiable evolution and de-
note by (Y, ) an admissible infinitesimal deformation of v which vanishes at the

end—points. Define the metric ® and the functions X(j)i(t); as(&) as above. Then,
given any open subset A C Vj with compact closure, there exist an € > 0 and

a family v ) = {(7((§3V), [as_l(g),as(g)])} of piecewise differentiable admissible
sections defined for |&| < e, v € A and fulfilling the following properties:

a) Yo,)(t) = () Vv;

b) ve,w(to) = v(to) VEv;

¢) 1 (as(€) =7¢ 1) (as(€)) Vs=1,....,N 1

d) each arc ’y((g?y) (t), expressed in coordinates as ql, = @(,(t,&,1"), satisfies

the control equation

Dy (is>
ot

=t ply, €Y S0 + 31X ) (B-8)

Proof. Let {(Us, ks)} be a family of local charts adapted to 4 and A C V}, denote
an open set with compact closure containing A . A straightforward argument shows
the existence of an m > 0 such that the image U(g(fz)/) (m(Us)) is entirely contained
inUg forallve A, || <m,s=1,...,N.

We choose such an m € R, and examine the situation separately in each chart
(Us, ks). There, solving equation (B.8) amounts to determining the integral curves
g i 2 on w(Us),

of the (n + 1)-parameter family of vector fields Z(g)u) =5 T2 o

with Z 1) = ¢ (t,q", YA () + 5 x40 V).
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This, in turn, is equivalent to determining the integral curves of a single vector
field Z,, = 5% T zZ (%l in the product manifold (—m,m) x A x w(Us).

Let C((g),,) (t;z) denote the integral curve of Z,, through the point (¢,v,x).
Also, let ¢s—1 denote the corner y(as—1). Then, on account of equations (A.2c),
chosen any v* € A, the curve ¢ (Ei)y*)(t;cs_l) coincides with the coordinate line
¢ =0, =0, v =v*" and is therefore defined for all ¢ in an open interval
(bs—la bs) D) [as_l, as] .

By well-known theorems in ordinary differential equations [11, 22] this im-
plies the existence of an open neighborhood Ws_1 3 (0,v% cs—1) such that the

curve ¢ ((53)11) (t;z) is defined for all (§,v,z) € Ws_; and all ¢ in the closed interval

[t(ﬂj)a as(g)] C (bs—1,bs).

In particular, denoting by X the slice ¢t = as(§) in (—m,m) x A x 7(Us), we
conclude that the 1-parameter group of diffeomorphisms determined by the field
Z (»y maps the intersection Ws_1 N ¥,_; into an open neighborhood of the point
(0,v% ¢s) in Y. Without loss of generality we may always arrange for the image
of each W,_1 NX¥;_1 to be contained in W, NX,, s=1,...,N.

The rest is now entirely straightforward: let U and e; > 0 respectively
denote an open neighborhood of v* in A and a positive number such that!
(& v,z0) € WoN2y V [€| < ey,v € U. For each [£| < ey, v € U consider
the sequence of closed arcs ’y(g)y) :as—1(£),as(§)] — 7(Us) defined inductively by

Yem® = e (t70) t € [to, a1(€)]
Yo ) = Y (7 (@s(9))  tE [as(9), asia(€)]

The collection (¢ ) := {(’y((g)y), [as-1(£),as(€)]), s = 1,...,N} is then easily
recognized to define an (n + 1)—parameter family of continuous, piecewise differ-
entiable sections fulfilling all Theorem’s requirements. To complete our proof let
us finally recall that, for any v* € A, the family v ,) exists for all v in an open
neighborhood U > v* and all |£| < ;. On the other hand, by the assumed com-
pactness of A, the subset A C A may be covered by a finite number of subsets
{Ui,...,Ux} of the required type.

The conclusion thus follows by choosing € = min{ey, ,...,ep, }. O

According to Theorem B.1, for any open subset A C V} with compact clo-
sure, the correspondence v — (¢ ,)(t1) sets up a 1-parameter family of differen-
tiable maps of A into the hypersurface ¢ = t;, with values in a neighborhood
of the point y(t1). Moreover, given any differentiable curve v = v(§) in A,
the 1-parameter family of sections 7y ,(e))(t), [§] < &, t € [to,t1] is a defor-

!Notice that, according to our thesis, we are “freezing” the choice of the point zo.
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mation of v tangent to the original infinitesimal deformation X determined by
(Y,a1,...,an—1) and leaving the first end—point ~(to) fixed.

Therefore, in order to find an answer for our opening question, it just remains
to establish the existence of a curve v(§) satisfying v ,(¢))(t1) = 7(t1) in some
open neighborhood of £ = 0.

In adapted coordinates, setting for simplicity ¢!(¢,v) = gp(ﬁ'\,)(tl,f,y), the
required condition reads

@i(f,yl(f),...,yn(f)) =0 1=1,...,n (B.9a)

Taking the relations ¢*(0,v) = ¢/, (y(t1)) = 0, (%)g:o = X'(t) into ac-

count, a straightforward application of Taylor’s theorem shows that, whenever

the condition X (¢1) = 0 holds true, namely whenever the field Y and the co-

efficients « fulfil equation (B.1), the functions ¢’ are necessarily of the form

0i€,v) = €207(¢,v), with 0%(¢,v) regular at € = 0. Under the stated assump-
tions, equation (B.9) is therefore equivalent to the condition

ol v, ) =0 i=1,...,n (B.9b)

We will now discuss its solvability for the v%’s as functions of ¢ in a neigh-
borhood of £ = 0. To start with, we observe that the matching conditions ¢) of
Theorem B.1 give rise to relations of the form

gp(is+1)(a5(§), §v) = q?sﬁ»l) (CLS(O ) ‘P(ls) (‘18(5)7& V) yees 90(2) (as(f)r £, V))

qu y = qu (s q(ls) ;-5 q(y) denoting the transformation between adapted co-
ordinates in the intersection m(Us N Ustq). From these, deriving with respect to &
we get the expressions

890(2;+1) das 890(2;+1) _ OQfs+1) % 3q§s+1) 890(12) dag n 690(]2) (B.10)
ot d¢ o€ ot d€ 8(](]2) ot dg o€ '

At € = 0, recalling equations (1.5.34a), (A.1), (B.5) as well as the identification

7Y
X = % the latter provide the relation
£=0

7
94 1 1)

dq is
(as) Zis+D 5

X! = ag
BY

(s+1)

o+ Xfla) = = -[v'@)], @

C

In a similar way, on account of equations (A.1), (B.5), (B.11), deriving equation
(B.10) with respect to ¢ and evaluating everything at £ = 0, a straightforward
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calculation yields the result

2,1 2, .1
[8 (10(23+1) a (10(7/5)] —

0&2 0E2
a2qi a2qi a q
= a? (s2+1> 2014 (821) h<s+11€) X X<S 4
ot ot dq¢, 9q(,0q¢,
axt axt .
— 20, | =L - =0 a2 [ )] g |wr(B)] o (B12)
dt dt as as
Cs
82 [ 82 7
expressing the jumps [ g(g; N 8292(8)] in terms of the section «, of the

infinitesimal deformation and of the variables v*.

In addition to this let us now make use of the fact that, exactly as it happened
in §1.5.1 with equation (1.5.6b), in each adapted chart, by derivation of (B.8), we
get the evolution equations

0 3290(1) 9%t k o%y’ kv A
— = X°X" 4+ 2 XY
8t< 9 >§:0 <aqkaq7>@<s) " (aqkaz%(s) "

2,1 i 20k i
() v () (T (2)
5 (s £=0 4 (s)

024025 40 7o\ 062 0z

the cancelation arising from equation (A.2c).

From the latter, restoring the notation ¢*(¢,v) for gp(ﬁ\,) (t1,&,v) and recalling
equations (B.7), (B.12), as well as the components g;; being — by definition —
constant along -y, we get an expression of the form

:bq(sz: [(55%),,,, v mz 2[vi)] ng,f[w(a)}%)ykz
:bi+</to GAB(;f ) <gZ’;> dt—i—za [W fy] W@)L) gt (B13)

with b’ € R depending solely on the section v and on the original infinitesimal
deformation. Collecting all results we can therefore state

Proposition B.1. Let v : [tg,t1] — Vpt1 be a continuous, piecewise differentiable,
admissible section. Then, if the matrix

o o (35) () 0+ Etbvol, ool o

as
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is non—singular, every infinitesimal deformation of v vanishing at the end—points
is tangent to a finite deformation with fixed end—points.

Proof. The conclusion follows at once simply by observing that, on account of
equation (B.13), the non—singularity of the matrix (B.14) ensures the solvability
of equations (B.9b) in a neighborhood of { =0. O

Proposition B.1 may be rephrased in the language of §1.5.4: whenever the
section ~ is abnormal, Proposition 1.5.4 and equation (A.4) imply actually the
existence of at least one non—zero virtual 1-form A; d)ih with constant components
A; fulfilling the relations

8¢i> -
Ai | = =0, Ai [0 (5 =0 B.15
(55)., @), (B.15)
and therefore automatically satisfying \; S¥ = 0, completely equivalent to the
singularity of the matrix (B.14).

More specifically, denoting by p the abnormality index of -y, we have the fol-
lowing

Theorem B.2. The matriz (B.14) has rank n — p.

Proof. By definition, the index p coincides with the dimension of the annihilator
(T(2))° C Vi, which is identical to the dimension of the space of constant
solutions of equations (B.15).

On the other hand, by equations (B.3), (B.14), the matrix S% is positive
semidefinite. Its kernel is therefore identical to the totality of zeroes of the quadratic
form? S¥);)\;, that is to the totality of n—tuples (A1,...,A,) € R™ fulfilling the
relation

; » N-1
0:<t GAB@?)(SZZ) dt + S al2lviy ] { )L)AWZ

s=1
t1 awz 81/Jj ' 2
_ AB i
= [ (5, ) (5 (55), ) Sex(nlvea, )
Because of the positive definiteness of GAP (t), the last condition is equiva-

lent to equations (B.15). This proves dim (ker(Sij )) = p which, in turn, entails
rank (Sij) =n—p. O

In the language of §1.5.4, Proposition B.1 and Theorem B.2 show that the normal
evolutions form a subset of the ordinary ones, thus establishing Proposition 1.5.5.

Along the same lines, a deeper result is provided by the following

2See Appendix D, Lemma D.1.
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Theorem B.3. Let p (= 0) denote the abnormality index of the evolution ~.
Then a sufficient condition for the ordinariness of v is the existence of both an
(n —p)—dimensional submanifold S C V,4+1, contained in the slice t = t1 and
including the point v(t1), and an € > 0 such that every deformation ~¢ which
leaves y(to) fized fulfils the relation ~¢(t1) € S for all |€| < e.

Proof. We assume the existence of both a submanifold S SN Vn+1 and an € > 0
with the stated properties. We also denote by (V,¢!,..., (" P) a local chart in S
centered at the point v(¢1) and by

t=t1, qly =0(¢"...,¢"P) (B.16)

the representation of S in adapted coordinates.

By hypothesis, the correspondence (§,v) — 7, ) (t1) factors through S for
any open subset A C Vj, with compact closure and for any & € (—¢,¢). This
gives rise to a differentiable map g : (—e,e) x A — S satisfying the relation
Ve (t) =1i-g(&v).

In coordinates, setting (*(g(&,v)) = ¢*(&,vY,...,v") and resuming the nota-

tion (&, 01, ..., ") for qly, (e, (t1), this provides the identification

ol vt ) = gi(gl(g,ul,...,u”),...,g"_p(g,ul,...,u”)) (B.17)

From this, recalling the relation g®(0,',...,v™) = (%(y(t1)) = 0 as well as the

rank of the Jacobian %

©i0,v1, ..., v") = %(O,Vl, ...,v™) = 0 are reflected into analogous properties

being maximal, it is easily seen that the equalities

of the functions g¢.
By Taylor’s theorem we have therefore an expression of the form

g = (v, ) (B.18)

with the functions p® regular at £ = 0.
The proof is thus reduced to establishing the solvability of the system

peE vt v =0 (B.19)

for the *’s as functions of ¢ in a neighborhood of & = 0.
To this end, by direct computation, from equations (B.17), (B.18) we derive
the relation

<a2(pi> B 8292' aga—ﬁ N <8Ql 82ga> B
062 )y \0Co28¢P 0¢ 0t )., " \oc 9€2 ),

8Qi> <89i> 1
:2< - ue =2 - T (VS 7 74|
9/ 0,..00 150 9 /)
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Together with equations (B.13), (B.14), the latter provides the identification

be+ S gt =2 (gi) p 0,0 ™) (B.20)
SWATOY
In view of this, the functions u®(0,v%, ..., ") are therefore linear polynomials
pe 0,08, . ") = Mo R 4 e (B.21)

with coefficients M%;, ¢® uniquely determined in terms of b%, S, g,;. and of the
imbedding (B.16). In particular, by equation (B.20), the rank of the matrix M %
cannot be smaller than the one of S and, of course, cannot exceed n — p. Ac-
cording to Theorem B.2, we have therefore rank M %, =n — p.

Collecting all results, we conclude:

e the system (B.19) admits ooP solutions of the form (0,v*!, ... v*");

e on account of equation (B.21), the Jacobian H%

‘ has rank n — p
at each point (0,!,...,v™). By continuity, it has therefore rank n — p in a

neighborhood of every solution (0,v*!,... v*") of equations (B.19).

By the implicit function theorem, this proves that the system (B.19) admits at
least a solution of the form »* = v*(¢) in a neighborhood of ¢ = 0 (actually,
infinitely many solutions whenever p > 0). O



Appendix C

Admissible angular
deformations

Let v : [to,t1] — Vn41 be a normal differentiable evolution. If 4 : [to,t1] — A is
the lift of  we can refer A to a system of local fibred coordinates (U, {t, ¢’, z4})
adapted to 4, as discussed in Appendix A.

Chosen both an arbitrary point t* € (tg,t1) as well as point Z = (¢*,0, 24) on
the fibre 7= 1(y(t*)) C A, for every £* € (0,t* — ty) we can take into account the
control o : U — A, locally described as:

0 to<t<t —¢
Aoltg) =4z t—e<t<tt
0 " <t<t

Theorem C.1. There exists € > 0 such that for every £ < € the equation

dqi i i A i
= = t
- Vi(t,q" 2" 0(t,q"))

with initial data ¢'(to) = 0 admits a unique solution ¢'(t,&) which is continuous
over the interval [tg,t1] and piecewise—differentiable over (tg,t1), with corners lo-
cated in t* — & and t*.

Proof. As far as the interval [tg,t* — &) is concerned, the required solution is
evidently ¢'(t,&£) = 0. Then, moving onto [t* — ¢,t*) and here considering the

differential equation

dq’ i i A

— ='(t,q¢", z C.1

o = V(.2 (C.1)
we can readily prove the existence of an € > 0 such that equation (C.1) admits a
unique solution fulfilling the condition ¢*(t* — &, &) = 0 for every £ < . The values

@' taken by this solution when evaluated in ¢ = t* can be assumed “small” (namely
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of the same order as ¢) and may be used as initial data in ¢* for the differential
equation

dq’ . .

% = wl(tv qlv 0)
Therefore, by well-known theorems in ordinary differential equations, such equa-
tion is solvable up to the point ¢ = t¢1, taking care of decreasing the value of ¢
if necessary. As a result, we are given an admissible deformation ¢' = ¢(t,¢)
of the curve v that is irreversible (since it is defined for £ > 0 only), that fulfils
the condition limg_,g+ 7¢ = 7 and that, unlike the original evolution v, is endowed

with a pair of corners. [

A great improvement of Theorem C.1 is provided by the following:

Corollary C.1. If v is a normal curve, then it is possible to alter the control o
in the interval [t*,t1] in such a way that all the curves ¢ pass through the same

point ve(t1) = (t1) .

Proof. Let t = t*, ¢ = @ (£) be the orbit of the second corner of the deformation

e and let X = X'(t) (6‘?11- ),AY +YA(t) (aziA)fy be an infinitesimal deformation of the

arc (9, [t*,t1]), such that X*(t*) = %‘g:()‘ Chosen a system of local coordinates

adapted to ~, the variational equation reads

t 7
Xit) = X'(t*) + /t <ng>AYA dt

Y

Therefore, among the above described infinitesimal deformations, the ones which
vanish in ¢ = 1 are in bijective correspondence with the vector fields Y4 (t) (%)&

b awz A 3%
/t* <82A>&Y dt = —X(#)

Now let X be an infinitesimal deformation with the above properties. Following

satisfying:

the guidelines provided in Appendix B, in the interval [t*,t1] we substitute the
original control z4o(t,q") = 0 with

. 1 .
Aoltq) = EVAW) + 3 Ex (1)
where, passing over all the useless details, X?(t) is an n X r matrix while

v = (v!,...,v") is a vector in R™. The quantities ¢’(t) are required to fulfill
the differential equation

= i, YA+ @) (c2)
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with initial data q'(t*,€) = @ (¢). Recalling the results of Appendix B, for suffi-
ciently small values of £, the solution of the system (C.2) exists up to ¢t = ¢; thus
determining a trajectory ¢' = ¢'(t1,&, vt ..., v") = o (& v, . 00,

Once again, we only need to determine a set of functions v* = v*(£) such that
o (&, 1/1(5)_, ...,v™(&)) = 0. By Dini’s theorem, this is only possible if the Jacobian

matrix % is non—singular. In this connection, the following facts can be proved:

e the relations ¢'(0,v) = ¢'(y(t1)) = 0, <%‘§)§_0 = X%(t;) = 0, entail that
@&, v) = E20(&, v), (&, v) being regular for € — 0. The required identity can
be therefore expressed in the form:

Ol vt ) = 0 (C.3)

e in a system of adapted coordinates, equation (C.2) yields the evolution equation

o 82qi> < a2¢i > A < 827;Z)i > e A
— = X°X"+2| ——— | XY
ot (852 £=0 oqkoqr 5 0qkoz4 5
%y Ay, B oY’ Ak
+<8zA8zB>,AYY Y +<@>4{Xky

0 <891> :<81/ﬂ> o 06" oY A g (C.4)
§=0 y

7 \or A) ¢ 7 GE = | A Xk

whence

e the solvability of (C.3) is then equivalent to the non—singularity of the matrix
(C.4) for at least one choice of the functions X{‘, which is automatically guaranteed
by the normality of v. O






Appendix D

A touch of theory of quadratic
forms

Let V be a linear space! over R and let : V x V — R be a symmetric bilin-
ear functional. The mapping v — ¥(v,v) of V into R is called the quadratic
form associated to ¢. If V is referred to a basis {e1,...,e,}, we then have the
representation

Y(v,v) = v (e e5) = vt v?
which actually shows the nature of ¥(v,v) as a quadratic form in the variables v°.

Depending on the properties of their associated quadratic form, symmetric
bilinear functionals are classified as

e indefinite if, varying v, the quantity ¢ (v, v) may assume arbitrary real values;

e positive (negative) semidefinite if Y(v,v) 20 (<0)Vove V.

In this connection, we have the following

Lemma D.1. A symmetric bilinear functional ¢: V x V — R is semidefinite if
and only if then its kernel® ker (1) coincides with the locus of zeroes of the quadratic

form (v, v).

Proof. The vanishing of ¥ (u,u) for all u € ker(y)) is quite obvious. Let’s see the
converse. If uw € V' is such that 1 (u,u) = 0, then

Y(au +v,au+v) = 2a(u,v) + P(v,v)

1For the time being, we suppose V to be finite-dimensional. In case of need, however, we may
straightforwardly make all results that are drawn here fit an infinite-dimensional context.

2We recall that the kernel of a bilinear functional 1: V x V — R is defined as the set
ker(¢)) = {ulu €V, ¢¥(u,v) =0Vv e V}.
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for all v € V, a € R. Because of the arbitrariness of «, if the functional ¢ has
to be semidefinite — as it is by hypothesis — the quantity 1 (u,v) is necessarily
zero for all v € V. This in turn implies u € ker(y)). O

Another possible way of looking at Lemma D.1 is that if we are given a sym-
metric bilinear functional ¢ on V and if we find w,v € V' such that ¢ (u,u) =0
but ¥ (u,v) # 0, then we can assert that 1) is necessarily indefinite.

A not singular semidefinite symmetric bilinear functional is said to be definite.
According to Lemma D.1, this entails

Y positive (negative) definite <= P(v,v) >0(<0) YoveV, v#£0

We now conclude this brief Appendix by proving how the knowledge of the
definite character of the functional ¢ on both a subspace and a quotient space
enables to give a statement about its definiteness on the entire space.

Theorem D.1. Let K C V be a linear subspace and W :=V/K the quotient space
of V by K. If the restriction of the symmetric bilinear functional ¥: V xV — R
onto the subspace K is not singular, then:

i) for any v € V, the restriction to the equivalence class [v] of the quadratic
form associated with v has a single stationarity point v*;

ii) defining a map f: W — R as f([v]) = ¥ (v*,v*) automatically sets up a
quadratic form on the quotient space W ;

i11) if ¢ is positive definite, so is f; conversely, the positive definiteness of both
fon W and ¢ on K implies the positive definiteness of 1 on the whole of
V.

Proof. We consider a basis {k,}, a =1,...,7 = dim K, in the subspace K and
complete it to a basis {kq,e;} of V. Every element v € V is then represented in
components as v = %k, + vie;, while its equivalence class [v] is the affine space
formed by the totality of vectors u = %k, + v'e; with fixed v'’s and arbitrary
€*’s. The restriction to [v] of the quadratic form associated to the functional ¢ is

thus written in coordinates as
Y(u,u) = Pap €7 + 2900 E0" + iy v’
whilst the search for its stationarity points is carried out by means of the equation

0 = % =2<%565 + T,Z)m-vi) (D.1)
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Hence, because of the non-singularity of the matrix 1,3, denoting by PP its
inverse, we find out

v* = —waﬁqbﬁivina + vle; = %y + vVle (D.2)

This proves i). Assertion i7) is then easily seen to be self-evident simply by pointing
out that each element [v] has components v with respect to the basis {[e;]} of
W and that the function f is represented in coordinates as

PV, v7) = Yagp £ 4 240 €0 + Y v = (1/)@'3' — P g T,Z)gj>vivj
(D.3)
At last, if ¢ is positive definite, then

P(v,v) >0 Yo£0 = P 0")>0 Vo'#40 = f([v])>0 V[v]#0

showing the positivity of f.
Conversely, if 1 is positive definite when restricted to K, the stationarity point

v* that we worked out by means of equations (D.1), (D.2) is clearly a minimum,
824
9EaDEP
definite, for any v € V, ¢(v,v) = ¢¥(v*,v*) = f([v]) which, in particular, entails
Y(v,v) > 0Vv ¢ K. On the other hand, by hypothesis, ¢ (v,v) > 0Vv € K —{0}

whence the conclusion. [

the Hessian being positive definite by hypothesis. Thus, if f is also positive
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