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Abstract

This paper deals with high order Whitney forms. We define a canonical isomorphism
between two sets of degrees of freedom. This allows to geometrically localize the
classical degrees of freedom, the moments, over the elements of a simplicial mesh.
With such a localization, it is thus possible to associate, even with moments, a graph
structure relating a field with its potential.
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1 Introduction

The finite element (FE) method is a well-established technique to numerically solve
partial differential equations [12]. One key aspect of FE methods is the construction of
finite dimensional spaces able to provide an approximated and physically meaningful
solution to the considered PDE. Suitable examples of FE spaces have been proposed
to deal with differential operators such as the gradient, the curl, and the divergence. As
an example, Raviart-Thomas and Brezzi-Douglas-Marini div-conforming FEs [9, 24]
became popular for problems in fluid dynamics and Nédélec curl-conforming ones
[19, 20] were widely adopted in electromagnetism (for further examples, see [10, 14,
18]). All these successful FEs can be unified in the finite element exterior calculus
framework where physical fields are treated as instances of differential forms [4-6,
13]. In addition to the shape functions of a FE space, we must specify the degrees of
freedom (DoFs) we adopt to reconstruct fields in that space. These are a unisolvent
set of functionals on the shape functions. The construction of DoFs for higher order
Whitney space of k-forms P, _HAk is classically based on moments [13] associated
with a face of some dimension g with ¢ > k. DoFs determine inter element continuity
and provide interpolation operators, projections, which are defined at least for smooth
fields. Moments pop up naturally from integration-by-part formulas, which thus gives
a way to reconstruct differential operators and potentials.

By adopting a geometrical point of view similar to the one of Whitney in [26], new
DoFs have been proposed in [22] for the interpolation of fields in the FE spaces of
trimmed polynomial forms of arbitrary degree » > 1 on simplices. These new DoFs,
called weights, are integrals of the field, intended as a differential k-form, on some
small faces of dimension only g = k, being k the degree of the form. They have a
clear physical interpretation, such as circulations along curves, fluxes across surfaces,
densities in volumes, depending on the value of k. Their combinatorial and accuracy
properties have been largely analyzed, see, for example, [1, 3, 11]. They have been
defined also for spaces of complete polynomials (see [27] for an example in 2D) and
on tensor product ones, as presented in [17].

For k = 0, that is, we deal with a scalar field, when r > 1, weights are evaluations
of O-forms at some points in the FEs. We can say that weights generalize to k > 0 the
idea of r-version of Lagrangian finite elements to other (e.g., Nédélec and Raviart-
Thomas) finite elements. For » = 1, that is, we deal with low order polynomial
approximations, weights, and moments coincide, whatever is the degree k of the form.
Thus, a natural question arises. What happens when the polynomial degree r of the
k-form is greater than 1? In other words, is there a connection between these two sets
of DoFs when r > 1, for any k? The answer is yes, and in this contribution, we develop
this connection (see Fig. 1, where kK = 1 and the polynomial degree is 3).

In particular, we present an isomorphism between these two sets of DoFs, the
weights and the moments, for the FE spaces of trimmed polynomial k-forms of arbi-
trary degree r > 1 on simplices. By means of this isomorphism, we can underline
the physical, geometrical, and analytical aspects hidden in the definition of moments
and weights. Moreover, with an appropriate selection of the discrete space bases for
k = 0, 1, the matrix which represents the gradient operator is the same with both sets
of DoFs to reconstruct a field from its potential.

@ Springer



Weights for moments’ geometrical... Page3of34 86

Fig.1 Correspondence between two sets of DoFs for 73‘3_ Al (T) in a tetrahedron T . Center, the visualization
of symbols referring to the distribution of edge-type (in a circle), of face-type (in a square), and of volume-
type (in a diamond) moments as given in the periodic table of FEs for N 1‘3’ (courtesy of D. Arnold). Right
and left, coded with the same symbol, the small edges supporting the corresponding weights

The paper is structured as follows. After the introduction of classical notations for
the spaces of differential polynomial k-forms on a simplex 7 in Section 2, we explore
the definition of weights and moments in Section 3. The isomorphism is detailed in
Section 4. The matrix representing the exterior derivative operator working between
0- and 1-forms, in both cases of weights and moments, is analyzed in Section 5. Some
concluding remarks end this contribution.

2 Notation and basic tools

The notation and theoretical results are illustrated by several examples. For the sake
of clarity, we use the symbol o (resp. ©) to close a proof (resp., an example).

2.1 Increasing sequences and multi-index

Let j, I, m, and n be integers such that0 <[/ — j <n —m.By X(j : [,m : n), we
denote the set of increasing maps from {j, ..., [} to {m, ..., n}, that is,

YXG:lm:n)y={o:{j,..., 1} —{m,....,n} :0(j)<o(+1) <--- <o}
Foramapo € X(j : [, m : n), [o] will indicate its range, i.e.,

[ol={c@) :ie{j,....I}}C{m,...,n}.
We use multi-index notation and consider the sets

Id+1,r) = foe = (a0, ..., 0q) € Nt o] =7},
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being || = Z?:o «;. Foramulti-index @ € Z(d+1, r), [ec]] will stand for the support
of a defined as the set

[ell = {i: a; >0} C{0,...,d),

and we denote | o] the minimal element of [e]].

Let S be asubsetof {0, ..., d} and #S its cardinality. By eg, we denote the (unique)
multi-index in Z(d + 1, #S) such that [[es]] = S. The sum of multi-indexes of the
same length is defined in the natural way: if &« € Z(d + 1,r)and B € Z(d + 1, 1),
thena +B€Z(d+1,r+r)and (« +B); =«a; + B fori =0, ...,d.

Example1 If 0 € X (0 :d,0 : n), withd < n, then [[o] is a subset of {0, 1, ..., n}
with #[[o]] = d + 1. Then, ej,) € Z(n + 1, d + 1) is the multi-index with entries

1 ifi e[o]
0 otherwise.

(eop)i = {

Foranya € Z(n+1, r), the multi-index & € Z(n+1, r+d+1) givenby & = a+e4
has entries
~ {ai—i—lifie[[o]]
o = .
o otherwise,

respectively. O

Giveno € ¥(0:d,0: n), the matrix E, € 2@tD>x0+D with entries

1ifj—1=0@l@—1)
0 otherwise,

(Es)i,j = { (D

allows to extend a multi-index 8 € Z(d + 1,r) to a multi-index &« € Z(n + 1,r)
by setting « = B E,. It is worth noting that [BE,]] C [o], hence in particular
(BEy)i =0if0 <i < 0(0).

Furthermore, the matrix E] e Z""TD>*@+D alows to restrict a multi-index & €
Z(n+1, r)toamulti-index 8 € Z(d+1, 7), with7 < r, by identifying any multi-index
with a row vector, and setting 8 = «E. We notice that

E, EJ = [ € Z@+Dx@+D),
whereas for e € Z(n + 1, r), we have

otEI E,; =« ifand only if [a] C [o]. 2)
Example2 If o0 € X(0:1,0:3) has [[o] = {1, 3}, the associated matrix E, € 724
isE, = |:8 (1) 8 (l)i| If (Bo, B1) € Z(2,r), then we get

(o, a1, a2, a3) = (Bo, B1) Es = (0, Bo, 0, B1) € Z(4,r).
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Itholds that o, (j) = B, whereaso; = 0ifi ¢ [[o]l. Reciprocally, if (o, a1, a2, a3) €
Z(@4,r), then

(Bo, B1) = (@, @1, a2, @3) B = (a1, a3) € Z(2, 7).
In this case, ¥ < r. O

2.2 Simplices and barycentric coordinates

Let T C R" be an n-simplex with vertices xg, X1, ..., X, in general position. We let
Ay (T) be the set of subsimplices of T of dimension k, for any selected value of k
between 0 and n, and A(T) = U Ap(T).

Foreacho € X(j : 1,0 : n), we let f, be the (oriented) closed convex hull of
the vertices x4}y, . .., Xg() Which we henceforth denote by fo = [x5(j), - .-, Xo@)]-
There is a one-to-one correspondence between Ay (7T) and X' (0 : k,0 : n).

Let P, (T') denote the space of polynomials in n variables of degree at most r. In the
following, A7 0, AT.1, ..., AT n are the barycentric coordinate functions with respect
to T. Each function A7 ; € Pi(T) is determined by the equations A7 ;(x;) = &; j,
0 <i,j <n,being § . the Kronecker’s symbol. All together, the functions A7 ; form
a basis of P1(T), are non-negative on 7', and sum to 1 identically on T'.

To make for the higher order » > 1, we introduce the Bernstein basis of the space
‘Pr(T): it consists of all monomials of degree r in the variables A7 ;. We have

P (T)=span{r] : « € Z(n+1,r)}, A} := A‘;?OAOT",I )»OT‘”n .
Whenever a fixed simplex 7T is understood, we may simplify the notation by writing
Ai=Arg, A% = )f;.

2.3 Polynomial differential forms

We denote by A*(T) the space of differential k-forms over T with smooth bounded
coefficients. For k = 0, the set A%(T) = C®(T) is the space of smooth functions
over T with uniformly bounded derivatives of all orders. Furthermore, AK(T) + {0}
for 0 < k < n. We recall the exterior product w A n € AT for w € AX(T) and
ne ANT). Letd : AK(T) — AFF! (T) denote the exterior derivative operator.

We write dig, dA1, ..., dA, € AL(T) for the exterior derivatives of the barycentric
coordinate functions. Clearly,

dio +dr; + -+ +dr, =0,

onT since Y » oA =1.Ifo € (j:1,m:n),wesetdry :=dhs(jy A~ Adhg)
the volume (I — j + 1)-form.
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For k > 0, any element w of A¥(T) can be written as

w= Z asdrs,

oeX (0:k—1,1:n)

where a, € C°°(T). Taking a, € P,(T), we obtain the space P, AR(T) of polynomial
differential k-forms of polynomial degree at most . Moreover, P, A%(T) coincides
with P.(T).

For k > 0,

PoAK(T) = span{di, : 0 € Z(0:k—1,1:n)}.
Example 3 For n = 3, one has

PoA!(T) = span{dhy, diz, dis},

PoA*(T) = span{di; A dis, di; A dAz, dis A dAs),
PoA3(T) = span{di; A dis A dAz),

respectively. O

Furthermore, if 0 < k < n, we can write
PrAk(T) =span{A®di, : 0 € X(0:k—1,1:n)anda € Z(n + 1,7)}.
The set
BP,Ak(T) ={A*dAy 0 X0:k—1,1:n)andaecZ(n+1,r)} Q)

is a basis of P, AK(T).
Fork =0,
BP,ANT) = (3% : @ eZ(n+1,r)}

is a basis of P, A%(T") while for k = n,
BP,A™(T) .= {A%dA A ---Ad, @ €Z(n+1,r)}

is a basis of P, A" (T).

A particular set of polynomial differential k-forms of polynomial degree 1 are the
Whitney’s differential forms. They are associated with the k-simplices f of T. If
k = n, then f = T, and the Whitney’s differential form wr is the volume form of
polynomial degree 0.

Definition 1 Letk > Oand f € Ay (T). The Whitney’s differential form w r associated
with the subsimplex f is defined, recursively in k, as follows:
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—Ifk = 0, then f is a vertex of T, namely, f = [x;] fori = 0,...,n, and
Wf = Wiy] = Ais
— Ifk>0,then f = f, forac € ¥(0:%,0:n)and

k

w, = Z(—l)i%a<i>dea\[xg(i)],
i=0

being f; \ [x5()] € Ax—1(T) the oriented (k — 1)-face of T with the vertices of
fo except xq ().
We can write fo \[Xoi)] = [X5(0), - - > x/g(l\) .. -+ X5 (k) ], where the wide-hat means
that the underlying term is omitted from the list.
Foreacho € X (0: k,0 : n), it holds that

dwy, = (k+Dldrs = (k+ D!drso) A - AdAs).

Then,

k k

wr, = Y (=D Ao@dW 01 =k Y (—=D'Aoi)dho@ A Adhoi) A Adho).
i=0 i=0

Example 4 The Whitney’s 1-form associated with the edge e = [x4(0), X0 (1)] IS
We = Ag0)dAs(1) — Ao (1)dAs(0)-
The Whitney’s 2-form associated with the face f = [x4(0), X5 (1), Xo(2)] reads
wr = 2o )dAe1) A dAo2) — Ao (1ydAo(0) A dAo(2) + Ao @)dAo ) A dAg(1)).
In R3, the Whitney’s 3-form associated with T = [x5(0), X (1)» X5(2), X0 3)] 1S
wr = 6dAs1) AdAg2) A dAs(3),

where we have used the fact that Ag + A1 + A2 + A3 = 1. O

In finite element exterior calculus, the space of Whitney’s differential k-forms on
T is denoted by
PfAk(T) i=spanf{wy : f € A(T)}.

Since there is a one-to-one correspondence between Ay (7T) and X' (0 : k,0 : n),
we can also write

Py ANT) := span{wy, 1 0 € Z(0:k,0:n)}.

Definition 2 Whitney’s differential k-forms of polynomial degree r + 1 are the ele-
ments of the space

P;HAI‘(T) = span{k"‘wﬂr c0€eX0:k,0:n)andaeZ(n+1,r)}.

@ Springer



86 Page8of34 A.A. Rodriguez et al.

For k > 0, the space Pr_+1Ak(T) C Pr AN(T).
Fork =0,

Pr_HAO(T) =span{A®}; : i €{0,...,n}andae € Z(n + 1, 1)}

= span{)»& caeIn+1,r+1)})= Pr_HAO(T).

Fork =n,

P;HA”(T) =span{A“dA; A---AdA, @ eZ(n+1,r)) =P, A"(T).

Remark 1 1t is worth noting that, in the n-simplex 7" with vertices xg, x1, .. ., X, the
elements belonging to the set

{A*wyp 1 0€X0:k,0:n), e €Z(n+1,r)}

are not linearly independent. As an example, forn = 2,ifk = 1, andr = 1, it can be
verified that
AOWLxy,x] = A Wxg,xz] + A2Wixg.xy] = 0. “)

Giveno € X (0:k,0: n), we set
Ion+1,r):={aeZn+1,r) : a; =0Vi <o(0)}.

When k = 0, then f; is a vertex of T, namely, f, = [x;] being 0(0) = j. In
this case, to be clearer, we will sometimes use the notation Z j](n + 1, r) instead of
Is(m+1,r).

A basis of P, AK(T) is

BP;]AI‘(T) ={3*wy, 1 0€X0:k,0:n)ande € Z,(n + 1,7r)}
(see, e.g., [16]). Forn = 2, k = 1, and r = 1, the 8 elements of BP{AI(T), with

T = [xo, x1, x2], are

i Wixg,x] = Ai (AodAp — A1dAg),

A Wi i=0,1
Ai Wiy xp] = Ai (AodAa —ApdAg), i=0,1,
Ai Wiy xo] = Ai (AdAr — ApdAy), 1,2

The conditiona € Z (3, 1) prevents Agw(y,,x,] in (4) frombeing in the set B, ALT).

3 Weights and moments
3.1 Small simplices and weights

The concepts of small simplices and weights for polynomial differential forms in

Py AK(T) were born in [21, 22], for any order k and any polynomial degree r >
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0, to solve the difficulty raised in [7]: “The main problem with such forms is the
interpretation of DoFs” in geometrical terms. We recall these concepts here below
with a notation adapted to the isomorphism we want to state between these new DoFs,
the weights, and the classical ones, moments, introduced in [5, 19].

In the n-simplex T with vertices xg, x1, - . . , X,, the principal lattice of order r + 1
(r > 0) is the set of points defined by their barycentric coordinates with respect to the
vertices of T as follows:

r
Cr41

5 o .

L,1(T):= {x eT : Ai(x) € {O, l} for eachi € {0,...,n}}.

r+1

To each multi-index e« € Z(n + 1, r), we associate an affine function, 7 : T —> T,
such that A; (T (x)) = % If £, is a face of T, then

Ta(fo) = {ta(x) : x € f5}.
Definition 3 The small k-simplexes of order r in T are the elements of the set
SHT) = {ta(fo) * fo € Au(T) ande € Z(n + 1,7)}
={tg(f5) :0€X0:k,0:n)andc € Z(n + 1,r)}.

For k > 0, they are 1/(r 4+ 1)-homothetic to k-faces of 7', with vertices in L,11(T).
For k = 0, we have SO(T) = L, (T).

Example5 Fork = 0,letussetn =2 and r = 1. If « = (1, 0, 0), we have that

1 1 1 1
Td(-xo):(l’o»o)» T(x(xl)=<§s Evo)s T(!(x2)=<§s07 E)s

whereas for « = (0, 1, 0), we obtain

(L] 0 =@©,1,0 =10 L1
tOL(-xO)_(E’ 5’ )7 foc(xl)—( ’ > )’ Toz(x2)—< 755 5)

that are points all in L, (7). O

We recall that there is a one-to-one correspondence between the elements of A (T)
and X (0 : k,0 : n). Moreover, for k > 0, there is a one-to-one correspondence
between the elements of Sf (T) and the couples (o, @) witho € X'(0 : k,0 : n) and
a cZ(n+1,r). Infact,ifa, &’ € Z(n + 1,r) and a # o', then 74(T) N T (T)
is either empty or an element of S?(T). For k = 0, there is not such a one-to-one
correspondence. The points of the principal lattice of T that are not the vertices of T
have more than one representation as small node (see Fig.2 and Example 6).

Example 6 Let us suppose n = 2 and r = 3. The point with barycentric coordinates
(}1, }T, ;21) in T, has different representations, as small node. Indeed, by referring to
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Fig.2 Points of the principal i)
lattice for P, A%(T), where T

is a 2-simplex. The node with

barycentrlc coordinates

(4 }1 4) in T is shared by the

three gray small triangles

o T

Fig. 2, this point can be 7, (fy) with

oa=(1,0,2), fo = x1, in the top-left gray small triangle,
oa=(0,1,2), fo = Xo, in the top-right gray small triangle,
a=(1,1,1), fo = x2, in the bottom-center gray small triangle,

respectively. O

The weight of w € A¥(T) on a k-simplex s contained in T is denoted by fs w. If
k=0,forwe C®(T)ands € T, wehave [, w = w(s).
In particular, we are interested in the following set of weights.

Definition4 Letw € AX(T),0 € X(0:k,0:n)ande € Z(n + 1, r).
Wo o (@) :=f w. 5)
Ta(fn

The weights of Definition 4 are determinant in P, AX(T), namely, if o €
r+1A (T) and f w = 0forall s € Sk(T) then w = 0 (see [11] for a proof).
However, for 0 < k < n, the cardinality of the set of weights {W, (@) : 0 € X(0:
k,0:n), « € I(n+ 1,r)} is greater than the dimension of PrHAk(T). Hence, in
the sequel, we often consider the following set of weights:

Kim (Woq(@) : 0 € 2(0:k,0:n), e € T,(n+1,r)}. (©6)

It is worth noting that W is determinant (see [1]) and its cardinality coincides with
the dimension of P;HA"(T).

Remark 2 Only the second one of the three representations in Example 6 verifies the
condition @ € Z,(n+ 1, r) required to support a weight of the set defined in (6). In the
first representation o (0) = 1, hence Z; (3, 3) is the set of multi-indices « € Z(3, 3)
with g = 0 and @ = (1,0, 2) ¢ Z,(3, 3). In the second representation ¢ (0) = 0,
hence 7,(3,3) = Z(3,3) and @ = (0, 1,2) € Z(3, 3). In the third representation

@ Springer



Weights for moments’ geometrical... Page 11 0f34 86

o (0) = 2, hence Z, (3, 3) is the set of multi-indices & € Z(3, 3) with g = o1 = 0,
ande = (1,1,1) ¢ Z,(3, 3).

3.2 Moments associated with a particular basis of polynomial differential forms

Let w be a smooth differential k-form defined on " C R". For each d-face f; of T,
with¢ € X¥(0:d,0:n)andk < d < n, the moments of win f; of degree r — (d — k)
are

M; () :=/f TrrwAn, V1€ P A (f), @)
¢

where Try, is the trace operator on f;.

It is well known that these moments are determinant in P, +1Ak (T). Taking ny in a
basis of each space P, (4—k) Ad—k (f), one obtains a determinant set of moments with
cardinality equal to the dimension of P, JrlA (T) (see [5] and [11], for two different
proofs).

The goal of the present work is to point out an isomorphism between moments
and weights which, in a sense specified in the next sections, is consistent with the
exterior derivative operator. To do that, we will consider a particular basis of the space

Pr—(a—i A (fe) in (7).
— If d = k, we adopt the Bernstein’s basis of the space P, ( f;), namely

BP, A(f;) = {,\fc{ cBeT(d+1,r)),

B _ 4P Ba Bo Ba
where &g =hr o+ Apa = e My
— If d > k, we rely on the basis indicated in (3), namely,

BP, a0 AT (fy) = {,\ﬁ.{ hp)p : p€ZO:d—(k+1),1:d),
BeZd+1,r—(d—k)).

Here
i) =drg po) A AdAf pd—k+1))

=dA7 o) A AAAT ¢ (p(@—K+1))-
Example7 Fork =1,
— If f = [x0,x2,x3] € A2(T),thend =2,d —k =1, and
BP,_1 A (f;) = {xﬁ(dh :BeIB,r—1Diu {,\'}{dm cBeIB,r—D};

— If fr = [x0,x1,x2,x3] € A3(T) (forn = 3,itmeans f; = T),thend —k =2
and

BP,_2A2(f;) = {)»ﬂ diiAdry c BeZ@,r—2))
UGS d Adis 2 B e Tt r—2)UE diy Adhs : B e T r —2)),
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respectively. O

With these choices of basis, we obtain the following moments for w € AK(T):
foreach¢ € X(0:k,0:n),and B € Z(k+1,r)

M; g g(w) :=/f Tl‘fga)/\)\.?;; (8)
¢

foreachd > k, ¢ € Y0 :d,0:n),pe ¥X0:d—-—(k+1),1:d)yand B €
Id+1,r—(d—k))

M, p(@) :=ff Trfgwm\/;;(dxf;)p. )
¢

We use the notation “p = #” whend = k since ¥ (0 : d—(k+1), 1 : d) hasnotbeen
defined for d = k. We thus have the following set of moments for w € P 41 AK(T):

MF:={M;,p@) : ¢ €X0:d,0:n), peX0:d—(k+1),1:d),

andBeZ(d+1,r — (d —k))withk <d < n}.
(10)

Remark 3 If v € A%(T),

— whend =k =0,then € ¥(0:0,0:n)and B € Z(1,7), 50 fr = [x¢(0)] and
B = (r) (the “multi-index” B has only one component that takes the value r).
We have R

My g g(@) = () @) (X¢0) = @ (xe0))=: M p(w)

— whend > 0,then¢ € ¥(0 :d,0 :n),pe XO0:d—-1,1:d)and B €
Z(d+ 1,r —d). It is worth noting that ¥ (0 : d — 1, 1 : d) has a unique element
and (d)\f()p = dk{(l) VANRIEIVAN dk;(d), namely

M, g(w) = / Trftw A )L';[ dreqy A Adrgy))=: A’Z{,ﬂ(a)).
fe '

This means that in A°(7T) moments depend on two parameters, ¢ € X (0:d,0 : n)
andB e€Z(d +1,r— d). Hence, in A°(T) to denote the moments, we will often prefer
the notation M; g with¢ € X(0:d,0:n),B € I(d+1,r —d),andd € {0, ..., n}.

4 Isomorphism
We establish an isomorphism, one for each value of k € {0, ..., n}, between the set
of moments M*¥ defined in (10) and the set of weights Wkdefined in (6).

We distinguish two cases, when the support f, of the moment has dimension d
either equal to the order k of the differential form or higher.

@ Springer



Weights for moments’ geometrical... Page 130f34 86

The moment M, ¢ g(w), with¢ € X(0:k,0:n)and B € Z(k + 1,7) is linked to
the weight W, (), with o = ¢ and @ = B E¢, the extension of f to a multi-index in
Z(n+1, r) by the matrix E; defined in (1). In this case, the small simplex s = 74 (f5)
is not only parallel to f, = f;, but itis in fact contained in f;.

In order to associate a weight with the moment M; , g(w) when d > k, we first
prove the following lemma.

Lemmal If € X(0:d,0:n)andp € X0 :d — (k+ 1), 1: d) for some d with
k<d<n,thentope X(0:d—(k+1),1:n)andthe face of T = [xo, ..., xn]
with vertices {xj : j € [¢1\ [[¢ o pll} is a k-face of f; that contains x; (), the first
vertex of f;.

Proof If ; € X(0:d,0:n)and p € ¥(0:d — (k+1),1 : d), then p(0) > 0 and
Z(p0) >¢0)>0,henceope X0:d—(k+1),1:n).

We notice that #[[¢]] = d + 1, #[[¢ o p]l = d — k, and [[Z o p]] C [[Z]], hence
#([[ZD\ [ o p) = k + 1 and the face of T = [xo, ..., x,,] with vertices {x; : j €
[¢D\ ¢ o p]} is a k-face of f; = [Xz(0), - - - » Xe(@)]-

Using againthat p € X (0:d — (k+1),1 : d)onehas ¢ (0) < ¢(1) < ¢(p(j)) for
all j €{0,...,d — (k+ D)}. Hence, ¢£(0) ¢ [¢ o p]l and the vertex x; (o) belongs to
the set {x; : j € [¢]\[¢ o pl}. O

We identify moments M; , g(w) with weights W () in small simplices that are
parallel to the k-face of f; with vertices {x; : j € [¢]\ [{ o p]l} and that are not
completely contained in the boundary of f;.

The map o € X¥'(0: k, 0 : n) is such that f, is the element of A (T) with vertices
[EI\I¢ o pl.!

The multi-index a is constructed in the following way. Since [[p] is a subset of
{0,...,d} with d — k elements and B € Z(d + 1,r — (d — k)), the multi-index
B = B + e, belongs to Z(d + 1,r). We set « = BE,, the extension of B to a
multi-index in Z(n + 1, r) by the matrix E;.

Example 8 For n = 3 and k = 1, we explain which weights are associated with some
selected elements of the set of moments unisolvent in Py AT (r = 4).

— Let us consider the moment f[m ] wkgkg ,thus d =1 =kand p = 0.

Here, we have 0 = ¢, and the multi-index « is the extension of B (in this case,

~ . 0010
B = B). More precisely, « = (1, 3) [0 00 1} =(0,0,1,3).

The associated weight is fs o with s = 7(0,0,1,3)([x2, X3])= T (f5).
— Let us consider the moment f[xo xya] @A )%Ag (dAp) ,thus d =2 > 1 =k.
Here, we have [[¢] = {0, 2, 3}, [p]l = {1}, and [ o p]] = {2}.

Theno € $(0: 1,0: 3) with [o] = {0, 2, 3}\ {2} = {0, 3} 500 (0) = 0, o'(1) =
3,

Logr p* € X : k,0 : d) is the complementary map of p, namely, [p] U [p*] = {0, 1, ..., d}, then
o =1¢op*.
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Concerning the multi-index, first, we computeﬁ =(2,0,1)4+(0,1,0) = (2,1, 1).
1000

Then, we extenditasae = (2,1,1) | 0010 | = (2,0, 1, 1).
0001

The associated weight is fs o with s = 7(2,0,1,1)([X0, x3])= T (f5).

— Let us consider the moment f[xoyxmz’x}] w A Aora (A AdAy),
thus d =3>1=k.

Here, we have [¢]] = {0, 1, 2,3}, [[pll = {1, 2} = [[£ o p].

Then,c € ¥(0: 1,0 : 3) with [o] = {0, 1,2,3}\ {1,2} = {0,3},s0 6 (0) =
0,0(1) =3.

Concerning the multi-index 8 = (1,0,1,0) € Z(4,4 — (3 — 1)) =Z(4,2).
Finally, 0 = B =B 4+ e 2y = (1,0, 1, 0)+(0,1,1,0) = (1, 1, 2, 0). Note that,
in this case, it is not necessary to extend .

The associated weight is /; o with s = 7(1,1,2,0)([X0, X3])= T (f5). O

Example 9 We consider the three types of moments for P AY(T) indicated by differ-
ent symbols in Fig. 1, center. They can be geometrically localized in T by resorting
to the small edges s (shown in Fig. 1, right and left) supporting the corresponding
weights. Indeed, we have as follows:

Jigod} (= [owiths =100201,2)) < s=0
f[0,1,2] w A A(dr) (= fs w withs = 700,2,0,0)([0,2]) ) <= s =101
f[o,l,z] w A A(di2) (= /; o withs = 7(0,1,1,00([0,1]) ) <= s=01h

Jo123@ A (A Adhy) (= [(owiths =170,1,1,0(00,3)) & 5=
Jo123@ A (dhi Adrs) (= [fowiths =70,1,0)(0,2])) < s=02
f[0,1,2,31 o A (A Adhz) (= [jowiths =100,1.1)(0,1])) < 5= 03.

The moments (on the left) are in correspondence (<) with the weights (in the center)
as it is established by the isomorphism described in the present section. Weights have
a precise geometrical localization in 7', namely, they are supported on precise small
edges s (indicated in the center). As a result, moments can be geometrically localized
in T by associating with each of them the small simplex s (on the right) supporting
the weight they correspond with. o

The set of moments defined in (10) and the set of weights defined in (6) are subsets
of (P, AK(T))*, the dual space of r__HAk(T). We are interested in the maps Wk
defined from this set of moments to the set of weights in the following way:

Definition5 Foreachk,d,n e N O <k <d <n, € X0:d,0:n),pe XO:
d—(k+1,1:d)(p=90ifd=k)andB€Z(d+ 1,r —(d —k)), we set

—Ifd=k
WX (Mg g.8) = Wi gE,:
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- Ifd >k
k
WH (M p,8) = W40p*,(ﬂ+e[[p]])Eu

where ¢ o p* € X (0:k,0: n)issuchthat [¢ o p* = [¢T\ [ o p].

The following proposition shows that the image of this map is, in fact, the set of
weights considered in (6).

Proposition 1 If W, o = WK(M; y.p), with € 2(0:d,0:n)and B € Z(d + 1, 1),
or Wo,o = wk (M¢ ) for a triplet

&, p,B)eX0:d,0:n)xX0:d—(k+1),1:d)yxZ(d+1,r—(d—k))

withk <d <n, then (o,a) € X0 :k,0:n)xZy(n+1,r).

Proof Note that (0, ) € X(0:k,0:n) x Z(n + 1, r) by construction. We have thus
to prove that @ € Z, (n + 1, r), namely, that o; = 0 for all i < o(0).

We recall that if ¢ € ¥(0 : d,0 : n) and ;3 € Z(d + 1,7), then (ﬂE;), = 0if
0<i<¢(0)), henceﬂEg €Zy(n+1,7).

If Wo o = Wk(Mg,@’ﬂ),theno =¢anda =BE, e, (n+1,r)=1,(n+1,r).

Ifd > kand Wy o = Wk(M;,p,ﬂ), theno = (B + e Er € Zy(n +1,r). We
notice that o (0) = ¢(0) because [o]] = [¢T\[¢oplland¢(0) ¢ [cop] C {1,...,n}.
Hence,Z;(n + 1,7v) =Z,(n + 1,r). O

Similarly, we can define a map MF from the set of weights in (6) to the set of
moments in (10).

Definition 6 Given a couple (o, a) € X (0: k,0:n) x Zy(n + 1, r), we denote
d=#{«]U[c]) — 1.

— If [a]l C [o], then [@]] U [c]]l = [c]landd = k. Weset ¢ = o, p = ¥ and
B = ocEZ(: ocE;—).

— Iffa] & o], then []]U[o]] 2 [ollandd > k. Weset{ € X (0:d, 0 : n) such
that[[¢]] = [e]lUllo]l,p € (0 :d—(k+1),1: d)suchthat[[{op]l = [al\[o],
and B = ozE;r — €[]

Then, we set MK(W, o) 1= M¢,p.8-

Proposition 2 Foreach (o, a) € X(0:k,0:n)xZ,(n+1,r), the elemem‘/\/lk(Wg,a)
belongs to the set of moments defined in (10).

Proof In fact, k <d <n, € ¥(0:d,0:n)and p =0 ifd =korp e X :
d—(k+1),1:d),ifd > k by construction. Furthermore, 8 is a multi-index with d + 1
components. Since [[a]] C |[§]],then|otE;r| = |a|and |B| = |¢|—(d—k) = r—(d—k).
Hence,B € Z(d + 1,r — (d — k)). O
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Remark 4 From a geometric point of view, we associate with the multi-index « €
Zs(n+1,r) asubsimplex f,(q) of T with vertices those in [[a]], namely, x; is a vertex
of fa() if and only if ; # 0. Given f,; and f5 two subsimplices of T, we denote by
fo V f5 the subsimplex of 7" with vertices those of f, and f5. The moment associated
with the weight W 4 is an integral on the face f; = fo V fu)-

— If [a]l C [o], then f5 V fu@) = fo and p = 0.
— If [ee]l ¢ o], then fo V fa) 7 fo and p involves all the vertices of fo V fu(a)
that are not in f,.

Example 10 Letus consider T C R3,w € P, ANT) (r = 3,k = 1)and f, = [x1, x3]
(namely,oc € ¥(0:1,0:3),0(0) =1and o (1) = 3), we have

M'Wo5.03,00 (@) = [i1, @ (fa@ = [x1])

M'Wo 02,0 0(@) = [i1, 15 @443 (fa@) = [x1, x3])

M'Wo 02,1,0(@) = [14) 10y @ AA(AR2)  (faq@) = [x1, x2]).
For f, = [x0, x3] (namely, o € ¥ (0:1,0:3),0(0) =0and o (1) = 3), we have

M'Wo5.021,0(@) = [l ¢ty @A 2AA AR (fa@ = [x1, 22]).

Forw e P;AZ(T) (r =3,k =2)and f; = [x0, x1, x3] (namely,o € ¥ (0:2,0:
3),0(0)=0,0(1) =1,0(2) = 3), we have
MPW5.03,0.0)(@) = [i10 00 @M (fa@ = [x11)
MW (11.0.1)(@) = [l 2q) @ 201143 (fa@) = [x0, x1, x3])
MW (111,0)(@) = [l10 1 rxy @ A 20A1(d22)  (fa@) = [x0, X1, x2])
MPW5.0,03,0(@) = [l s @ A 25WAR2)  (fag = [x2]).
It is worth noting that, with this geometric rule, we associate to a couple (o, &) €
Y0:%k,0:n)xZT(nm+1,r),witha ¢ Z,(n + 1, r), a weight that is not in (6) and a
moment that is not in (10). For instance, if f, = [x1, x3]anda = (1, 1, 0, 1), we have

Ja(@) = [*0, x1, x3] and then the moment f[xwm xg]w/\)q)g(dko).lfa =(1,1,1,0),

then fy@«) = [x0, X1, x2] and the corresponding moment should be f[xo traas] @A
Ai(dro A dry).

Proposition3 Forany (o,a) € X(0:k,0:n) x Zo(n + 1, r), it holds that
WM (Wo.0) = Woa
Proof 1f [«]] C [o], then d = k, and using (2), we have
WM (Wo.0) = WE (M, g ok7) = Wy aiTE, = Wo »
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where the last equality holds because [a]] C [o]-
If [e]l & [o],thend > k and

WEMK (W) = WK (M p)

with¢ € ¥ (0:d,0:n)suchthat [¢] = [a@]]lUlol,pe ¥XO0:d—(k+1),1:d)
such that [ o p]l = [@]l \ [o]l, and B = «E; — ej,y. Then, W (M, p) = Wi g,
with

6 € X(0:k,0:n)suchthat [¢] = [CI\[¢opll = ([elULo D\ ([el\[o 1) = [o]
and, using again (2), we obtain

& = (B +epE; = aE/E; = .
Also, in this case, the last equality holds because [[a]] C [¢] = [ee]l U [[o ] O

Remark 5 Since the cardinality of both sets M¥* and W¥ defined in (10) and (6),
respectively, is equal to the dimension of P, +1Ak (T), from Proposition 3, it follows

that M*WK is also equal to the identity.

5 The matrix of the gradient operator

Let us fix a set RY of unisolvent degrees of freedom for P _HAO(T) and a set R!
1 AN(T). We denote by r(¢) the vector
collecting the degrees of freedom of the set R evaluated on the O-form ¢ and by
r' (w) the vector collecting the degrees of freedom of the set R!' evaluated on the
1-form w. Then, there exists a unique matrix G ¢ (that depends on the sets R® and R')
such that

of unisolvent degrees of freedom for

r'(dp) = Grr(p), Ve eP AND).

When the two sets, R and R, of degrees of freedom contain the weights defined
in Definition 4 (namely when R* = W¥, for k = 0, 1), the matrix G g, denoted by
Gw, has a clear geometrical meaning. By Stokes’ theorem, G is the transposed of
the all-nodes incidence matrix of the graph M ¢ with nodes the points of the principal
lattice of T and arcs the oriented small edges corresponding to couples (o, o) with
o0€X0:1,0:n)and e € Z,(n + 1, r). This geometrical characterization is at the
basis of the tree-cotree techniques used in electromagnetism that are well known in
the low order case r = 0 and that have been recently extended to the high order case
r > 0 using weights (see [25]; see also [15] for an analogous result in the framework
of the isogeometric analysis).

We claim that the isomorphism defined in the previous section preserves the matrix
G . This means that, if m* is the vector (r¥) collecting the moments in M’ k for ¢k =0)
and dg (k = 1), associated, through this isomorphism M¥*, with wX, the vector (r*)
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collecting the weights in Wk for ¢ and dg, i.e.,

MOWY 29— (MOWD) () = M)(p) := (m®);  Vj=1,..,dimP,A%T),

MW} dg — MIW)H(de) = M} (dg) == (mY), Ve =1,..,dim P, ANT),

and

W9:¢+—> W}’(cp) =w"; Vj=1,.,dmP_ A%T),

W, 1de — W) (d) := (wh), VEe=1,...dimP_,ANT),

then we have

m! = GMmO, wl = GWwO, with Gy =Gw.

The matrix G g does not change, namely Gy = Gw (see Fig.3 for a visualization
of this property); this means that the matrix (Gr = G pr) which represents the gradient
operator for moments is the same as the one (Gg = Gy ) which represents the same
operator for weights. This gives a geometrical meaning to the set of moments M*, at
least for k = 0, 1, and allows to extend in a very natural way the tree-cotree techniques
to the high order case when the two sets of degrees of freedom are the moments in M*.
To illustrate this fact, we complete the analysis previously done in [2], by involving
the isomorphism, and other results that we recall here below.

— The integration by parts (IBP) formula (see, e.g., [5]) reads

[ Tredunn = / Tryr (Trpu An) + (—1)k_1 / Trrundn, ue Ak(T).
f af f

A T o
Po \ pi py(Gm®) = grad (Pom®)
\J - \J
discrete 1 grad
FE spaces P, cH - Ned,,.<H (curl)
4 Do o D1 " 5
o Pi(Gw’") =grad (pow’)
f
Weights w’ e RN C o RE-

Fig. 3 Schematic graph which gives an insight, for k = 0, 1, on the toolkit of mathematical concepts
sharpened by Alain Bossavit and that takes part in the foundation of computational methods in applied

mathematics. In the scheme, G is the gradient matrix of size Ey 41 X Ny41, with E, | = dim P, +1 ANT)

and Ny = dim P, ]AO(T), RY is the set of arrays with ¢ real components, w0 (resp. m?) is the array
of weights (resp. moments) for the 0-form ¢, py and pj are FE reconstruction operators, and the cycling
symbol stands for commutativity. If we adopt the isomorphism MK linking weights to moments, then
Gy=Gw=G
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The boundary term results from the use of Stokes’ theorem, stating that |, cdu =
fac u, where u is a k-form and C a (k 4+ 1)-chain. In [2] we explained, for any
k € {0, ..., n}, the information an IBP formula can provide. We have shown that
an IBP formula allows to identify the unknowns for fields in polynomial spaces.
Moreover, it gives the way to reconstruct differential operators and potentials, once
the unknowns (for fields and potentials) have been fixed. Hence, for k = 0, 1, the
IBP formula reconstructs the gradient operator.

— The affine function 7, associated with each multi-index o, as described in Section
3.1, is indeed a chain map (see details in [8]), namely, it commutes with the
boundary operator, that is 74,(3 f5) = 09(to(fs)), With f; € Ax(T), for any
k> 0.

— The trace operator commutes with the exterior derivative operator (see an appli-
cation of this property in [5] to prove Lemma 4.24).

— Recalling that for each ¢ € X(0 : 4,0 : n) and § € Z(d + 1,s) we denote

B d Bi 0
)‘f; =ITi—o AT ey €A (T), one has

d d d
B _ Bi—di.; _ B—ej 1
drj, =D Bi (H AT,cm]) drj =) iy drj € AND).
=0 \i=0

j=0
5.1 Weights: the matrix Gy

If o € A%T), then dp € A'(T). Its weights in P, | AN(T) are

W a(dp) = ffa(fa) de

= Jocralsn)
= fra(afg) ®
= Ta (X5 (1)) ¢ - ffu(xn(O)) ¥

forallo € ¥(0:1,0:n)and @ € Z,(n + 1, r). Note that the weights of a O-form in

1 AY(T) are the values at the points of the principal lattice, so

Wo,a(de) = ¢ (ta (X5 (1)) — ©(Ta (X6 (0)))-

Letusdenoteo; € X(0:0,0 : n)suchthato(0) = o (1),andog € X(0:0,0 : n)
such that 6¢(0) = o (0). We recall that || denotes the minimal element of [a]].

Since € Zy(n + 1,r), then o (0) < |a] and & € Z,,(n + 1, r). This means that
0 (te (X0 (0))) = Woy,a (@), being Wy, o an element of wo.

On the other hand, if |a] < o (1), then & ¢ Z,, (n + 1, r), hence Wy, o defined
as Wy, () = @(ta(xs(1))) is not an element of WO. However, being 74 (x5 (1)) @
point in the principal lattice of T of order r + 1, there exists a couple (o4, B) €
2(0:0,0:n) xZs (n+ 1, r) such that 74 (x4 (1)) = 78(xXs,(0)) (see Fig.2). In fact,
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Ta(xO'(l)) = T,B(x\_txj) with ﬂ =a+es1) — €lo| since

A (o)) + o te e — (1)
hi (ta (i (1)) = 2T { T+

r+1 & otherwise

r+l1
ki(ﬁ;(ﬂ@))=%: atl i = o (1)
r‘% otherwise.

Moreover, if o, € X' (0 : 0,0 : n) is such that 0.(0) = ||, then B € I, (n + 1, r)
since [B] > |a] if [a] < o(1). Hence, W, g € W9 and we can write

Wo,a(dp) = ‘p(fa-i-eg(l)—elaj (X)) — ¢(ta(X5(0))) (11)
= Wa*,ﬂ((p) - Wtro,oz((p)~

Example 11 For the sake of simplicity, in the following, in order to refer to the weight
of a particular o € X'(0: k, 0 : n), we will write W,; o instead of Wy, 4.
In P, AK(T), we have

Wixo,x31,00,2,1,0) (@) = @(1(0,2,1,0)(x3)) — ¢(7(0,2,1,0) (x0))-

The multi-index (0, 2, 1, 0) does not belong to Z[,1(4, 3). However,

7(0,2,1,0)(x3) = 7(0,1,1,1) (x1),

and the multi-index (0, 1, 1, 1) belongs to Zy,1(4, 3). So we have

Wixo,x31,(0,2,1,0)(d9) = @(1(0,1,1,1)(x1)) — ¢(7(0,2,1,0) (X0)),

respectively. O

Let us consider the (oriented) graph MY with nodes the small vertices (namely,
the points of the principal lattice) and arcs the (oriented) small edges corresponding to
couples (o, ) witho € ¥(0:1,0:n)anda € Z,(n+1, r). Relation (11) states that
the all-nodes incidence matrix of MY is G—‘;,, with Gw the matrix representing the
gradient operator at the discrete level using the weights W* fork = 0, 1 (thus extending
to r > 0 the presentation done in [6], Chap.5, for r = 0). For the construction of a
global spanning tree of this graph for any r > 0, see [25]. For the tree-cotree technique
intended as a way to impose uniqueness for a vector potential problem formulation,
see [23].

5.2 Moments: the matrix Gy

We aim at associating an oriented graph, MG, with the gradient operator, when work-
ing with moments.
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We note that when w € A'(T), the moments defined in (9), My ,.g(w), have
p e X0:d—-2,1:d).So there exists a unique element of {1, ..., d} that is not
in [p]l. Let us set j, := {1,...,d} \ [p]l. Furthermore, if B € Z(d + 1, s), we set

B! := Po! --- Bg!. We use these notations in the following proposition:
Proposition 4 For k = 0, 1, let us consider the following moments for P, AK(T):

— Ford =k

r+l

Mepplw) = ﬂ,Mw,g(a»
foreacht € X(0:d,0:n)and B € Z(d+1,r);
— Ford > k
J
e g | M@ 7=
” 'Mg,pyl;(a)) ifk=0

foreacht € ¥(0:d,0:n),pe ¥0:d—(k+1),1:d),BeId+1,r—
(d — k).
Then, if ¢ € A%(T), each moment of dp € A'(T) is the difference of two moments of
Q.

Proof 1f ¢ € A%(T),thendgp € A'(T) andits moments for P, | A'(T') are as follows.
eCased =k =1.Foreach¢ € X(0:1,0:n)and B € Z(2,r),

My p(dg) = fj Try, dg Akf
= [}, d(Trpp Ak
= —ff Trys @ /\d)» —|—f3f Traf. ¢ /\Tri?f:)‘f‘; )
Since fr = [xz0), X1y, then 3 fr = [xe ()] — [z 0)]

M ,(dp) = — /Trf;‘/’/\</30)‘ °dlc<0>+/31f\ 'd/\m))

+Hh ) Ceery) — (@) (e -
In [x;0), xc (1)1, we have d)\{(o) = —d)»;(l), SO

Mg’@’ﬂ(d(p) = / Trf(go A ,30)» Od)\.c(]) —/ Trf{go A ,31)» ld)»;(])
f Je

+(§0?»f§)(X;(1)) (W»fg)(X;(O))

Multiplying M, ¢ g(dg) by ﬂl!, we obtain

i/ Try,dg A 25 —’30/ Ty A 26 d)\m)—ﬁ‘/ Tryo A 25" dh
B! Jy, ¢ ﬂ' B! Jy,
ﬁ,(a)/\f()(ml)) ﬂ,(wlf;)(xg(m)
(12)
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We notice that . )
& | B if ;i #0

B! 0 if; =0.

Moreover, only two of these four terms are different from zero because if By # 0, then

(gpk’z)(x;(l)) = 0, whereas if 81 # 0, then ((p)\’;{)(x;(o)) =0.
In conclusion,

— If Bp # 0 and B; # O, then

M g.5(dp) = My e, (9);

—~ 1
M; g (@) — ————
7 =y

1
(B — o)
— If Bp =0, then By =r # 0 and

M, g.p(dp) = —ﬁﬁi»ﬂ‘e'(‘p) + %M{"ﬂ((p)
= — g Me e () + Lo(re)),

being ¢; € X (0: 0,0 : n) such that £1(0) = ¢(1);
— If B =0, then By =r # 0 and

M g.6(d¢) = (g=gr Mc p—e0(9) — My, (9)
= —(ﬂ—leo)!ﬁf,ﬂ—eo(@ - %w(X;(O))
being {p € 2'(0: 0, 0 : n) such that {o(0) = ¢(0).
eCased > k =1.Foreach¢ € ¥Y(0:d,0:n),pe Y0 :d—-2,1:4d)and
Beld+1l,r—(d-1)),
A B
M; p.p(de) :/f Try dp A A% (A )p =/f d(Tr ) A Mg (dhy),p
¢ ¢

= _ff Trf{<p/\d(xf,§(dxfg)p)+/8f Tl‘afcgo/\Traf(()»i(d)nft)p),
¢ ¢

d
=_Zﬂ,-/f Trfg(p/\()nl;;eid)u{(i))/\(d)nf()p
i=0 Jfe

d
+Z(_1)l/ o Tra 0 A Tra g, (0 (dhg),).
i=0 (X6 (0) s+ X5 (1) X (@)]
Taking into account the fact that if i € [p]l, then Trp, 5= . ,1(dAs)p =0
and dA;) A (d)»f;)p = 0, both sums reduce to i € {0, ...,d} \ [p]l. Recalling that

k=1,p€ X0 :d—2,1:d) soboth sums reduce, in fact, to two terms i = 0 and
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i={l,...,d}\ el =: jp. So we have

Mg’p,ﬂ(d(p) = _'BO/}c Trf[gp A ()J;(_eod)u;(o)) A (d)\fg)p
JE

B—e;
_‘Bjﬂ/;c Trf{(p/\()\.f{ '/pd)\((jp))/\(d)uf;)p
9

+ Traf, ATryg, (X’chg (drg)p)
[xg(1)senXg(@)]

+(=1)dr Tro ¢ ATray, (xf}{ (A s,)p)-

(X2 0) s+ %2 () oo Xe(@)]
Taking into account that, in f¢, dA; ) = — Zflzl dA () and by recalling that
(d)\.f{)p = d)»;(l) VASRIRIEIVAN d)%(jp) VASEIRIEIVAN d)\;(d)

it follows that dAz ) A (dA g, )p = —dAs(j,) A (dA g, )p, SO

M, , g(dp) = +‘30/f Trf((p A ()ufp;eod)»g(jp)) A (d)»f;)p
B—e;
—Bj, /f Trpo A G dhg() A (dhg)p
¢

+ Try @ ATry g, 0 (@3 g),)
e (1ysemaXe (@]

H(=1)Jr - Try @ A Trag, O (dhg)p).
X2 Xz () s ¥ @)]

Moreover,

dAz(jy A dAg)p = daegj,y A (dAgay Ao Adhrgi) A AdArgay)
= (—1)j/’7]d)\,;(1) AR, d)»;(d).

Then,

M¢ pp(dg) = +(_1)jp_lﬂ°/ Trjep A G dheay A+ A die@)
fe

. B—e;
+(—1)J/’,3jp /;, Trf;go AN ()\.f[ de)n;(l) VASRIIEIVAN d)\;(d))
¢

+ / Try @ A Trag, 0 (dhg)p)
[Xe(1yse Xz @]

T (=1)lr Tryf, ¢ A Tray, ()»';{ (dAg)p) -

Xz 0+ Xz (jp) s+ Xe ()]
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If jo = 1, then (dAy), = dig) A - - Adhg@y. If j, > 1, we can use that in
[x:1)s -+ Xe@], itholds dA; (1) = — 2?22 dAs(jy to write

(d)»ft)p = d)\;(]) VASEIIEIVAN d)hé‘(jp) VANEIIEIVAN d)u;(d)
= —dA(j) ANdre@) A AdAgy A AdAga
= —(=1)/edre2) A Adrea)

= (—1)-iﬂ_1d)»§(2) A ANdAgy.

So we have

M¢ . p(dg) = (=)~ o /f Ty A (Ai_eod’\c(l) A Adhea)
¢

. B—e;
+(—1)’”ﬁjpff Trpp A Oy " dheay Ao Addea)
¢

,,,,,

,,,,,,,,,,

Multiplying M; , g(d¢) by (7%/}_1 , we have

(=1)Je~! Bo -
—;/ Trf, dp A Aljg‘; (dhs)p = _v/ Try o A (X% Cdrgy A Adhe@y)
B! Je B! fe

B B—e;
_ﬁ/ Trro A Gy, "dhey Ao Adhga)
s J St

1
Trof, ¢ ATrag, O‘f‘; dre2) A Adre@)))

.....

_ B — i
tl?en Tri o5t oy o1t = 0. This means that only two of these four terms are
different from zero.

In conclusion,
- If Bo # 0 and B;, # 0, then

~ 1 ~ 1 ~
Mq p p(dp) = mM;,ﬂ—eo(@ - (ﬁ_—ejp)!Mg,ﬂ—e,-p (®);
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— If Bo = O and B;, # O, then

My p(dg) = — Mg e, () + M;o (@),

_
(B —ej,)! B!

being % € X(0:d — 1,0 : n) such that £°(G) = ¢(i + 1);
- If Bj, = 0 and By # O, then

~ 1
M;,p,ﬂ(d(P) = {/3 eO(QO) ﬁ ;/p ﬂ(QO)

1

(B —ep)!
being ¢/» € X(0:d — 1,0 : n) such that ¢/ (i) = ¢(i) ifi < j, and {9 (i) =
i+ 1)ifi > jj;

- If Bo = Bj, =0, then

~ 1 - 1 -
My . p(dg) = = Mo g(p) — Bl Mejp (@)

B!

O
Proposition 4 allows to associate an oriented graph, MG, with the gradient operator
as follows: the set of nodes is the set of moments

= {Myppe P AT : Ce20:d,0:n), peE0:d—1,1:d),

BeId+1,r—d), with0<d < n)

and the set of arcs is the set of moments
Vi={M;ppe (P AT 1t eX0:d,0:n), peD0:d-2,1:d),

BeTd+1,r—(d—1) withl <d <n).

The arc corresponding with the moment A’/VI;, 0.8 € M! goes from the node A’/VI;I, 018,
to the node Mgy op B both in MO, if, for any ¢ € AO(T), we have

M, p.p(dQ) = My pr g, (9) — My pp.8, (@)

__As a consequence, also in this case, the all-nodes incidence matrix of the graph
M is GL with G s the matrix representing the gradient operator at the discrete level
when using these moments.

For k = 0, 1 let us consider the map g from the sets of moments M V¥ to the set of
moments M* deﬁnedasg(M; p.8) =M, gford elk,...,n},; € X(0:d,0:n),
p=0ifd=korpe X(0:d—(k+1),1:d)ifd # kandﬁ €Z(d+]1,r—(d—k)).
Then, Wk = Wk o g is an isomorphism from the sets of moments M VI to the set of
weights W* and

WK My g) = WK(g(M¢ 5 5)) = WX(M¢ ),
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for each 1\75, 0.8 € M¥. The isomorphism W is illustrated here below:

k
M+ X5y wk

qv
his

Proposition 5 The two graphs M6 and M coincide, that is, by considering these
moments, the map W* preserves the matrix of the gradient operator in the following
sense: for any ¢ € AY(T), if

ME,P»ﬂ(d(p) = M{FqﬂF!ﬂF(w) - MCl»ﬂhﬂl (®)

then
W' My, p)(dg) = OV My, o g, ) (@) — OV My, 4,.8)(90).

The proof of Proposition 5 is given in the Appendix. Here, we propose to illustrate
the claim of Proposition 5 by presenting three rather general examples for n = 3 and
r = 3. In the three cases, we proceed as follows:

— We start from 1\719;,,/;((190), and by IBP, we obtain the moments M{Fsplﬁﬂp and
M, p,;,8, such that

M{,p,ﬂ(dQD) = M(FsPFsIgF (p) — M(hﬂhﬂl (9);

— We compute (VTJIA?{, »,8)(d@), and by Stokes’ theorem, we write it as the differ-
ence of two weights

OV M¢ 5 5)(d9) = Worar (@) — Wop.a; (9);

— Finally, we check that, for L = I, F, we have

WOMy, 1.8, (@) = Woy .y ().

Example 12 (d = 1) Let us consider A’/Vlg,g,ﬂ(mp) with¢ € X(0:1,0:3),¢0) =1,
Z(l)y=3and g = (1,2).
— My p(de) = 115 Mc g p(dp) = %fm)mdw (»1A3) by IBP, and using that on
the edge [x1, x3] one has dA; = —dA3, we get

L g1 99 01xd) = 3 (= fiay ey #9012 + 012D 3) = (@ r12d )
= =3 iy gy #4212
= =3 Jiey a1 O 23R = [y gy @ M123(d23)
= 3 Sy ©23@3) = iy 1 @ 1123(d03)
= M 5 02)@) = Mc p.1,1)(®)
= /‘71;./;,(0,2) () — ﬂ7’;,p,(1,1)(<p),
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being p the unique element of X' (0: 0,1 : 1).
— The corresponding weight is

WM, 4.5)(de) = W' M, g g)(dg) = f de.

7(0,1,0,2) ([x1,x3])

Since the boundary of 7(g,1,0,2)([x1, x3]) is

07(0,1,0,2) ([x1, x3]1) = 7(0,1,0,2)(x3) — 7(0,1,0,2) (x1),

by Stokes’ theorem, we have

Jron0m @] 49 = €(10,1,0.2(43)) = 9(T0,1,0.2) (1))

= ¢(7(0,0,0,3) (x1)) — @(7(0,1,0,2)(x1))
= Wx11.00.0.0.3) (®) — Wix1100.1,0.2) (9).

— Finally, we observe that

WO .02 (9) = WO ( /
[

x1,x3]

<Pk§(d)»3)) = Wix11,00,0,0,3) (@)
and
V~\701\71;,p,(1,1)(§0) =W </ <,0M)»3(d)»3)) = Wx11.00,1,0,2) (@),
[x1,x3]

respectively. <

Example 13 (d = 2) Let us consider the moment A?C,p,ﬂ(dgo) with¢ € X(0:2,0:3),
c0)=0,¢(1)=1,¢2)=3,pe X20:0,1:2),p0)=2,and g = (0,1, 1).
. R ~ -1
— In this example, j, = 1 and M; , g(dp) = TP Jixoxr.xs 49 A A143(dA3). By
IBP, we obtain

Sivo o xa 49 A A1A3(d23)
= — Jixoy ©AA3d23) + [y @ A iRa(dAs)
= = Jixor g @230 AdA3) + iy g @ A M1A3(dA3)

since d(A1A3dA3) = Azdi; A diz, A; = 0in [xg, x3] and A3 = 0 in [xg, x1].
— The corresponding weight is

W' M, p)(dg) = f d.

7(0,1,0.2) ([x0,x11)
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Since the boundary of 7(o,1,0,2) ([x0, x1]) is
97(0,1,0,2) ([x0, x11) = 70,1,0,2) (1) — 7(0,1,0,2) (x0),

by Stokes’ theorem, we have
/ de = ¢(7(0,1,0,2)(x1)) — @(7(0,1,0,2) (X0))-
70,1,0,2) ([x0,x1])

— Finally, we observe that
wo ( f @ 23(dAr A d)»a)) = WO (M 0.0.) (@) = ¢((0,1.0.2) (x0))
[x0,x1,x3]
and, settingé € ¥(0:1,0:3),§(0)=1,§(1) =3
wo (/ A )»1)»3((1)»3)) = WO(ME,(LI)(QO)) =¢(7(0,1,0,2) (x1)),

[x1,x3]

respectively. (Note that, since k = 0, the moments do not depend on p.) O

Example 14 (d = 3) Let us consider the moment A~4¢,p,ﬂ(d<p) with¢ € X (0:3,0:3),
peX0:1,1:3),p0)=1,p(1)=3and B = (0,0,0, 1).

— In this example j, = 2 and

(_1)271

Mep.pdp) = —

/ do A A3(dAg A dA3z).
[x0,x1,x2,x3]

By IBP, we have

do A Az(dry A dA3z)

Lo xas] @ A d(adry A dig) — foo’x“xz’x}](p A Az(drg AdAz)
= _f[xl,xz,xﬂ(p A A3(dig AdA3) — f[xo,xl,xﬂ(p A A3(dip A dA3)
= Joyray) @ A A3 AdRz) = [ @ A As(dh Adas)

f[Xo,Xl,XLXﬂ

since d(A3dA; A dA3) =0, A3dA; A dAi3 = 0 on [xg, x2, x3] and [xg, x1, x2], and
di; = —dAr — dAz on [x1, x2, x3].
— The corresponding weight is

OV Fr. 5)(dg) = / dg.

7(0,1,0,2) ([x0,%2])

Since the boundary of 7(g,1,0,2) ([x0, x2]) is
07(0,1,0,2) ([x0, x21) = 7(0,1,0,2) (x2) — 7(0,1,0,2) (X0),
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by Stokes’ theorem, we have

Jro10 0w 99 = €(70.1,0.2(¥2)) — ¢(7(0,1.0.2) (*0))
= ¢(70,0.1.2) (x1)) — ¢(7(0,1.0,2)(x0)),

where we have used that 7, 1,0,2)(x2) = 7(0,0,1,2) (x1). We prefer this second form
because o = (0, 1,0, 2) ¢ Zx,)(4, 3) since |a| = 1 < 2 while a’'=(0,0,1,2) €
Tix1(4, 3) since |@’| =2 > 1.

— Finally, we observe that

we (f @ AAz(dAz A d/\3)> = @(1(0,0,1,2)(x1))
[x1,x2,x3]

and
we (/ @ A Az(drg Ad)@)) = ¢(1(0,1,0,2) (x0)),
[x0,x1,x3]

respectively. O

6 Conclusions

The spaces P; A¥(T) present a high geometrical feature, having one degree of freedom
per k-simplex in 7', and thus being isomorphic to the space of simplicial k-cochains.
These spaces were indeed introduced in 1957 by Whitney in his book [26]. Forr = 1,
the connection of Whitney’s spaces with mixed finite elements, appeared in the late
70s, was developed by Bossavit in the 80s. With the time passing, in [22], we were
able to generalize this connection to 7 > 1 and to introduce new DoFs for P AK(T),
the weights on the small k-simplices of T'.

In this contribution, we have made a step forward, namely we have constructed
isomorphisms WK, for any value of k € {0, ..., n}, between moments and weights
for fields in the discrete spaces P, L1 Ak(T), for » > 0. Furthermore, we have shown
that, with a suitable definition of moments, the newly introduced isomorphisms Wk
preserve, for example, the gradient matrix G (i.e., the matrix G has fixed entries G; ;,
whatever type of DoFs, weights or moments, are used in P, lA/‘(T)). We can thus
transfer, for any » > 0, all achievements on tree-cotree construction for weights in, e.g,
[6, 23, 25] (see also references therein) to the case of moments (see, e.g., [18, 19]).
The construction of the isomorphism between weights and moments is compatible
(see Fig.3, for k = 0, 1) with the powerful and general toolkit sharpened by Alain
Bossavit all along his career.

Appendix

We report here the proof of Proposition 5.

Proof Cased =k = 1,namely, ¢ € X(0:1,0:n),p=0and B € Z(2,7r).
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From Proposition 4,

Bo
My g p(dg) = Bl Trfgcp/\)x’; “dacqy

i
ﬁ' / Trf{(p /\)JS 'd)\.;(l) + ﬂ‘(gﬂkfg)(x;(l)) ﬂ'(¢)kf§)(x{(0))
From Definition 5,
—if fo # 0,
~ 1 —~
e eo>sz’ﬂ‘e°> = Weo.B-eoeni:
—if p1 #0,

~ 1 ~
0 M W, .
W ((ﬂ _el)! {,ﬂ—e1> = COvﬂE(’

— if Bo =0, then 81 =r # 0 and

1
A10 .
w <ﬂ‘M§lvﬂ> = WCIJ'EQ’

— if B1 =0, then By =r # 0 and

~

1
WY <3,M:o B) = Weo.rkgy -

From Definition 5, o
W' My 4.8)(dg) = Wy gE, (dp)
From (11),
We gi, (d) = W, 5. (9) — Wy g, (9)

being ¢, € X(0:0,0: n) with £,(0) = |BE; | and B, = BE; + ;1) — € prexrE,)-

In this case,

¢(0) ifBo # 0
E:| = .
LBE] {;(1) if fo = 0.

Hence,

We, (6 () — Wy g, (¢) if fo # 0
w do) = %0, (B—eo+ep)E; %0,BE; )
¢ g (d9) { We, g, (9) — Wey g, () if o = 0,

since BE; — e;(0) + e;1) = (B — ep + e)E;. Notice also that if 8y = 0, then

BE; = rE¢,. On the other hand, if 81 = 0, then By = r and BE; = rE,.
In conclusion,
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— if Bo # 0 and By # 0,
Wi gE, (@) = Wy (B—eg+enE: (9) — Wy, 8E, (9);
— if Bo =0, then 1 =r # 0 and
W e, (do) = Wy, e, (9) — W gE, ()
— if 81 =0, then By = r # 0 and
We e (d9) = Wiy (8—eo+enE (©) — Weo rEq (9).

Cased > k = 1, namely, { € ¥(0 :d,0:n),p e ¥0:d—-2,1:d)and
Beld+1,r—(d-1)).

I IC) ﬁ’/TrMA(A Odrery A Adheay)
:8 B—e;
ﬂ/;)[ Trrep Ay " dAey Ao Adhgqa)
1
Tra o9 A Try g O (i) A+ A diga))
B! [reysee @)

1 J—
Tryj, @ ATry g, G @iy Ao Ay Ao A digia).

E .
F X)X ()X @]

From Definition 5:,

— if Bo # 0,
~ 1 ~
0 .
144 B—eo) eo),Mc,ﬂ—eo> = Weo.(B—e0+(0.1.... 1) E;

— if Bj, #0,

~ 1 -
0 .
w (—(ﬂ “e )!Mz,ﬂ—e_;,,> = Wi (B—ej) +0.1.... D)E,
P

(notice that in this case, ifwedenoteﬁ = ﬂ—ejp—i—(O, 1,...,1),onehas Ejp # 0);
- if Bo =0,

~

1 ~
0 .
4 (EMCO,/?) = Wi (B—e1+(0.1....1)E 5

- if B;, =0,
~ 1 ~
0 .
w <EM;.1,J ,ﬂ> = Wi (B—ej, +(0.1..... 1)E 5
(notice that in this case, if we denoteﬁ = ﬁ—ejp—i—(O, 1,...,1),onehas Ej,, =0).
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(2% and ¢7» are the elements of (0 : d — 1,0 : n) defined in the conclusion of the
proof of Proposition 4.)
From Definition 5,

W' My, p)(dp) = Weops. (B-+eynE, (dg) -

Since k = 1, frop* = [x¢(0), xg(jp)]. More precisely, n := ¢ o p* € ¥(0: 1,0 : n),
n(0) = ¢(0) and n(1) = ¢(j,). From Stokes’ theorem,

Weops. (B+er,E (A9) = We  (B-ver,E. (9) — Weo. (B+ep,pE, (9)

and
We; E. () = { W, (B+erpr+e;,—e)E (9) if o 7 O
Sjps(Btegp))E; ng,(ﬂ+e[[ﬂ]]+ejp —enE, (@) if Bo = 0.
Since e,y = (0, 1,..., 1) —e;,, hence

Weo.(B—eo+(0.1.....1)E, (@) if fo # O

We,, . (B+er,nE (9) = { We, (B—er-+0.1,...10E, (@) if Bo = 0.

In conclusion,

— if By # 0, then

Weop* (B+eroEe (A9) = Weg (B—eg+(0.1.....1)E, (9) = Wy (B—e), +(0.1..... 1)E, (9)3

— if Bo = 0, then

Weops, (B+ep,nE; (40) = Wiy (B—e1+(0,1,...1)E () — Weo (B—e ), +(0,1,....1)E, (9);

and this ends the proof. O
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