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In this paper the Cramér-Rao Lower Bounds (CRLBs) for unbiased estimators of the parameters of complex-
valued noisy damped sinusoid are comprehensively analyzed assuming that enough samples are acquired in
an interval duration equal to the signal time constant. At first accurate, but simple, expressions for the CRLBs are
derived. Then, even simpler expressions are obtained assuming that the observation duration is either enough

smaller or enough greater than the signal time constant. Leveraging on the derived expression, constraints on the
number of analyzed samples that allow the optimization of the tradeoff between estimation accuracy, estimation
delay, and processing effort are derived. They can be useful to optimize measurement procedures aimed at
estimating unknown signal parameters. The accuracies of the derived results are verified through computer
calculations and the application of a state-of-the-art almost unbiased and statistically efficient algorithm.

1. Introduction

In many applications such as nuclear magnetic resonance [1-3],
optics [4,5], atomic magnetometers [6-8], power systems [9], the pa-
rameters (frequency, decay rate, amplitude, and phase) of noisy damped
sinusoids need to be accurately estimated. To this aim time-domain or
frequency-domain algorithms have been proposed in the literature.
Time-domain algorithms, such as the Prony, the Steiglitz-McBride
(iterative Prony) [3], the Matrix-Pencil [3], and the signal-fit algo-
rithms [10,11] may provide very accurate estimates, but they require to
know the number of signal components and the processing effort is high
due to the involved matrix operations [3]. Frequency-domain algo-
rithms, such as those based on the interpolated Discrete-Time Fourier
Transform (IpDTFT) [12-20], require a significantly smaller processing
effort and are robust with respect to the lack of knowledge about the
number of signal components.

Theoretically optimum accuracy is ensured by unbiased and statis-
tically efficient estimators, that is estimators with expectation equal to
the true value of the unknown parameter and variance attaining the so
called Cramér-Rao Lower Bound (CRLB) [21]. Imposing somewhat
restrictive constraints on the signal parameters, analytical expressions
for the CRLBs of any unbiased parameters estimators of real-valued
multi-tone damped sinusoid embedded in white Gaussian noise have
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been derived in [22]. Moreover, leveraging these results, analytical
expressions for the worst and best case CRLBs for the parameters of a
low-frequency single-tone noisy damped sinusoid have been proposed in
[23] under the assumption of low normalized decay rate and high
number of analyzed samples. Exact analytical expressions for the CRLBs
of complex-valued noisy multi-tone damped sinusoid parameters have
been derived in [24]. Specifically, it has been shown that the CRLBs for
real-valued and complex-valued single-tone parameters are very close to
each other when both the number of analyzed samples, and the fre-
quency separation between the image and the fundamental modes are
enough high. However, the formulas derived in [24] are quite compli-
cated so that their behavior with respect to the involved variables is not
clear. In order to analyze that behavior, simple fitting expressions have
been proposed in [25], but their accuracy is quite limited. This paper is
aimed to provide accurate and simple expressions for the CRLB formulas
derived in [24] in the case of complex-valued noisy single-tone signals
under assumptions that can be often satisfied in practice. In particular,
their behavior is analyzed with respect to the observation interval
duration. The derived expressions allow us to derive constraints on the
number of analyzed samples that ensure almost optimal accuracy with
good computational and delay performances. The effectiveness of the
proposed CRLB analysis is verified by applying the Matrix Pencil (MP)
algorithm [26-28], which is capable to provide almost unbiased and
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statistically efficient estimators.

The remaining of the paper is organized as follows. In Section 2 ac-
curate, but simple, expressions for the CRLBs of any unbiased complex-
valued single-tone damped sinusoid parameter estimators are derived
under the constraint that the sampling rate is enough higher than the
signal time constant. Assuming a fixed sampling rate, the behavior of the
derived expressions versus the observation interval duration or, equiv-
alently, versus the number of analyzed samples is analyzed in Section 3.
In Section 4 the accuracies of the proposed CRLB expressions are
analyzed through computer calculations and compared with the ap-
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Mp; represents the number of time constants that falls in the observation
interval, whose duration is M/fs.

The analytical expressions of the CRLBs for any unbiased estimators
of the parameters v, , A, and ¢ are [24]:

(G?)CR =M <6f20)CR - %;(J/;;)mz

M (1—e)(1—e¥) 1
2

=— 5
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and

2e (1 —e?)(1 — e ¥m) 1
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proximations given in [25]. The effectiveness of the proposed CRLB
analysis is verified by applying of the MP algorithm to simulated data in
Section 5. Finally, some conclusions are reported in Section 6.

2. Simple analytical expressions for the CRLBs

The considered complex-valued continuous-time noisy damped
sinusoid is modeled as:

¥(t) = x(t) +e(t) = Ae =) pe(t), &)

where A (A > 0), 7, f, and ¢ (0 < ¢ < 2rnrad) are the amplitude, the time
constant, the frequency, and the initial phase of the damped sinusoid x
(o), respectively, while e(-) is a white Gaussian noise with zero mean and
variance oﬁ. The Signal-to-Noise Ratio (SNR) of the signal (1) is defined
as SNRéﬁ—;.

Let’s assume that M samples of signal (1) are acquired with a sam-
pling rate f;, that is:

mj

y(m) = x(m) + e(m) = Ae e (2 ﬁ"w)) +e(m) = Ae e (2Hom) 4 o(m)

b i 2nt b
:Ae’VM"’e)< M'"”) te(m),m=0,1,2,-M—1
()
in which the following parameters have been defined:
— normalized frequency fo:
of v
===— 0< 0.5 3
AT <fo< ) 3

where v is real-valued and it represents the number of analyzed signal
cycles;
— normalized decay rate f:

AI/T_/;M
a3 =

4

which represents the inverse of the number of samples acquired in time
interval of length equal to the signal time constant. In (4) fy2M/ (fs7) =

(2)er [ 2\ | -Me @l —e )’ 4 (1 e 2MePn)(1—e¥) e
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In many engineering applications the sampling period is much
smaller than the signal time constant, that is § <« 1. Under that
assumption, (4) implies that the number of signal time constants that
falls in the observation interval is sufficiently smaller than the number of
analyzed samples (i.e., Sy < M) and (5) and (6) can be approximated
with high accuracy as follows:

Proposition 1. When < 1, the CRLBs for any unbiased estimator of
noisy damped sinusoid parameters can be expressed as:

M2
2 a2 2 _M 2
(00)cn =M (UfO)cR T 4p2 (6/’>CR
1 (1 — e %) 1
= ﬁﬂ(l _ﬂ) g 2 2 hd )
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1
. SNR'
(8)

The proof of this Proposition is given in the Appendix A.

Moreover, when the duration of the observation interval is much
smaller than the signal time constant, that is fyy < 1, (7) and (8) can be
further simplified as specified in:

Proposition 2. When both <« 1 and ffy; < 1, the CRLB:s for any unbiased
estimator of noisy damped sinusoid parameters can be expressed as:
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The proof of Proposition 2 is given in the Appendix B.
In particular, when $ = 0 (i.e., in the case of undamped sinusoid) (9)
and (10) become:

3 1
(@) er = (07) gro = 2 en2 MeSNR an
2M — 3 2M — 3
(G/ZA)CR = oM ( %)CRO = M2 o, 12)
and
N L2M-3/ .,  _2M-3 1
(6‘2’>CR - 2M <%>CRO ~ M MeSNR’ as)

2 2 _ 2
where (07) czos (63)cro = 237 and <6<?’>CR0 ieexg Tepresent the CRLBs

for any unbiased estimators 7, A and ¢ of single-tone undamped sinu-
soid parameters [7,29,30].

Conversely, if the observation interval length is enough greater than
the signal time constant the term e~ can be neglected. Thus, from (7)
and (8) we have:

Proposition 3. When both < 1 and fij; > 1, the CRLBs for any unbiased
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(O-?A)CR _ ( O_g)
A2 ?) cr SNR

It is worth observing that, under the above constraints, (14) and (15)
show that the CRLBs for the unbiased estimators of fy, A, and ¢ are
almost independent of the number of analyzed samples M.

Under the stated assumptions, Table 1 summarizes the derived ap-
proximations of the CRLBs for unbiased estimators of the parameters of a
complex-valued noisy damped sinusoid.

(15)

=~ 2p(1-2) o

3. Analysis of the CRLB behaviors

In this section expressions (9), (10), (14), and (15) are analyzed to
determine the range of values for  and S in which a high approxi-
mation accuracy is ensured. To that aim it is assumed that a given signal
is sampled at a constant sampling rate f;, as often occurs in practice. In
that case, the normalized decay rate f§ is constant and the behaviors of
the CRLBs can be analyzed by assuming a variable number of analyzed
samples M or, equivalently, a variable observation duration, expressed
in terms of the number of time constants ;.

At first, the behaviors of the CRLBs for the frequency and the decay
rate estimators are analyzed.

3.1. Analysis of the CRLBs for the frequency and the decay rate
estimators

Expression (7) for the CRLB of any unbiased estimator for the
number of observed cycles estimator U can be rewritten as:

estimator of noisy damped sinusoid parameters can be expressed as: 2 o1 1
fnotsy damp P P () e = 2P =D& ) gyp 16)
M? M?
o2 :Mz<0;> :—(a?) ~ 1-48 14 where
( ”)CR fo/er 4m2\"P/cr T @2 / ( /)SNR a4
and
Table 1
The derived approximated CRLB expressions and the assumed conditions.
Signal parameter estimator CRLB approximation Assumptions
Number of analyzed cycles estimator, U o 1 1 Ba(1 — e 2m) 1 px1
() er = ?ﬂ( =) (1 — e=2u)? — 4p2e~2u SNR
(@) L3 1+M-1)p 1 p<1and
vJCR = g M SNR Pu<1l
M? 1 B < 1and
(%) e = nTﬂ3( A SNR' Bu>1
Normalized frequency estimator,fo (Uz ) o1 B(1—p) By (1 — e ) 1 px1
foJer T n2 (1 — e 2m)? — 4p2e-%u M? e SNR
(02) L3 em-1p 1 B <1and
fo/cr T 2m2 M3 SNR Pu<l
1 1 p < 1and
2 ~ — 331 —f)——
(Ufu)CR 2 1P xR Pu>1
Normalized decay rate estimator, (02) N i/i(l 5 B (1 — e %) 1 <1
PR T M2 (1 —e20m)? — 4p2 e~ SNR
(2) Eg.l-%—(M—l)/iL p<1and
er T 22 M SNR pu<l
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2 ~ 3 I
(6/9)(:11 =40 PR Pu> 1
Amplitude estimator,A () = 2601 +2 14— [(264(1—36) +28u(1 —48) +1—4p) Je¥n A% p<x1
Th)on = 281 +2D) (1 — e2m)? — 4p%e2Pu SNR
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Phase () = 261+ 25) 1-45— [(264(1 —38) +26u(1 —4p) +1-4p)Je ®w 1 p<1
estimator, Cpler = (1—e2m)® — 4p2e-2u SNR
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Fig. 1. Functions g;(fy) and gx(By) versus the observation duration Ay
expressed as a multiple of the time constant.

B(1 — e )
(1 — e~2w)® — 452 e~2u

& (b=

Conversely, from (3) and (7), the CRLBs for the normalized frequency fo
and the decay rate § unbiased estimators are given by:

(Few . 1

1
() =~ = (1Pl a7)
where
281(By) _ 1—ePu
& (Pu)= 5 - 1- e*Zﬁm)z — 4[}]2‘/[‘:72/%.

Fig. 1 shows the functions g;(fy) and g2(Ba) versus the observation
duration fy; expressed as a multiple of the time constant.

As Fig. 1 shows, the function g;(-) reaches a minimum when gy =
0.96, where the first derivative of that function is null (as it was verified
by using the MATLAB fzero(-) function). Thus, from (16) it follows that
the minimum CRLB for the number of observed cycles is:

1 1 04281 -p)
2 ~ _ Y-Vl ot Sl
(03) cramin = 7281 = $)1(0.96) o & =—o1r—— (1s)
and it is obtained when the number of analyzed samples is:
M, =[09e7ef]= {%} , (19)

in which the operator [ e | returns the integer, closest to its argument
Conversely, Fig. 1 shows that the function g;(-) decreases when Sy

increases and it is very close to the asymptotic value equal to 1 when Sy,

is greater than about 4. In that case, from (17) the CRLBs for the

normalized frequency fo and the decay rate  unbiased estimators
almost reach their minimum, which is equal to:
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—3=10"
3=10"3

Fig. 2. Function h(f, ) versus the observation duration S expressed as a
multiple of the time constant. f = 10 and g = 107>,

(Do 02080-p)

2
(Uf o ) CRmin 4w - SNR (20)

Values very close to (20) are achieved when the number of analyzed
samples fulfills the following constraint:

4
MfwM/; > [4‘[ .fs] = |:/7:| (21)

Choosing a higher number of samples increases the estimation delay and
processing effort without significantly increasing the accuracy of the
estimated parameters. This result is intuitive since the damped sinusoid
magnitude is almost null after about four-time constants from the time
origin so that the acquired samples are strongly dominated by noise and
no further significant information about the signal parameters can be
extracted.

3.2. Analysis of the CRLBs for the amplitude and the phase estimators
Expression (8) for the CRLB of any amplitude A and phase ¢ unbi-
ased estimators can be rewritten as:

1
SNR’

(“8on _ (2) . = 261 2p)h(p. pun) (22)
A2 = b)er — »FM

where

21— 48— [28y(1 —38) + 28, (1 — 4p) +1 — 4B e *n

h(p, p
(B, Pu) (1—4p) [(1 B efZ/JM)Z o 4ﬁ§4‘3’2/]’”]

The function h(B, pu) is depicted in Fig. 2 as a function of fy; when
=10"and g =103

For both considered values of g, Fig. 2 shows that h(S, B is very
close to 1 as soon as f3, is greater than about 4, that is, when the number
of analyzed samples fulfills the following constraint:
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(a)

Fig. 3. Exact (5) and approximated (7) expressions of (ﬂg) a

R

-3
1
352 0 i : T : . . ; . i
| theoretical .
= approximated (j,, <<1)
25 approximated (3, > 4)

Fig. 4. Values of (62) ., ® SNR returned by (5), (9), and (14) versus i when
=107, Approximated expressions (9) and (14) are obtained assuming fy < 1
and fiy > 4, respectively. The minimum value of (¢7) ., ® SNR returned by (18)
is marked by a cross.

Mu, M, > [4ref,] = E] . (23)

In that situation, the CRLBs (15) almost achieve their minimum value,
given by:

(6/2{) CR,min 2 ~ 1
AZ - (g&)CR,min - zﬁ(l B Zﬂ) ﬁ (24)

Acquiring a higher number of samples than the one determined by (23)
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SNR (a) and (O'%O)CR e SNR (b) versus fy. f is equal to 10'4, 10'3, and 102

107! T T : T T T T
3=102

theoretical
X approximated

3
3

[

10 . L . | I | . |
0.5 1 1.5 2 25 3 35 4 4.5 5

Fig. 5. Exact (6) and approximated (8) expressions of (63 ), ® SNR/A? versus
P B is equal to 10, 103, and 1072,

doesn’t significantly increase the accuracy of the estimated amplitude
and phase.

4. Accuracy of the derived expressions for the CRLBs

In this section the accuracies of the expressions derived in Section 3
are verified through computer calculations. Only the CRLBs for the es-
timators of the number of observed cycles 7, the normalized frequency

fo, and the amplitude A are considered since the CRLBs for the esti-

mators of the decay rate 4 and the phase $ are related to the previous
ones by a constant multiplicative factor.
Fig. 3 shows the behavior of the exact expression (5) and the
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0.04 T .
0.035
= theoretical
0.03 ~—— approximated (3, << 1)
N<( approximated (/3,, > 4)
@ 0025
Z
n
x 0.02
1d
- 0.015
o<
=
0.01
0.005
0 L .
0.5 1 1.5 2 25 3 3.5 4 45 5
v
M

Fig. 6. Values of (0}21) R® SNR/A? returned by (6), (10), and (15) versus Sy
when g = 1073, Approximated expressions (10) and (15) are obtained assuming
Pm < 1 and fy > 4, respectively.

. 5 . 5 .
proposed expression (7) for (62)., (Fig. 3(a)) and <0fo>CR (Fig. 3(b))

multiplied by SNR. The observation duration Sy varies in the range [0.5,
5] time constants with step 0.1. The decay rate 3 is chosen equal to 107,
10'3, and 102 As we can see, in the considered range of ) values, the
approximated and the exact expressions are in close agreement for all
the considered values of the decay rate . The maximum magnitudes of
the relative errors are 4.87~10’6%, 4, 87-10'4%, and 4. 87-10"%% for p
equal to 104, 103, and 1072, respectively.

Fig. 4 shows the behaviors of the exact expression for (02), multi-
plied by SNR and the related approximated expressions (9) and (14) as a
function of fy. The observation duration f varies in the range [0.05, 5]
time constants with a step of 10", while # = 1073, The corresponding
number of analyzed samples M varies in the range [50,10000] with a
step of 1 sample.

As we can see, the exact and the approximated values almost coin-
cide when S is less than about 0.1 or greater than about 4. Indeed, the
maximum magnitudes of the relative errors are about 0.49 % or 2.18 %,
respectively. Observe also that the value returned by (18), marked with
a cross, well agree with the exact curve minimum.

Fig. 5 shows the exact expression (6) and the approximated expres-

2

sion (8) for (O‘A) @R ® SNR/A2 as a function of Sy, which varies in the

ranges [0.5, 5] time constants with a step of 0.1. In that range, the
maximum magnitudes of the relative errors are about 2.45.10° %,
2.45.10° %, and 2.53-10! % when $ is equal to 104, 1073, and 1072,
respectively.

Fig. 6 shows the behavior of the exact expression for (o%), ®

A)CR
SNR/A? and the related approximated expressions (10) and (15) as a
function of fy. The observation duration f varies in the range [0.05, 5]
time constants with a step of 103, while g = 103, The maximum mag-

nitudes of the relative errors in the ranges gy < 0.1 or fy > 4 are about
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0.038 % or 0.85 %, respectively.
Fig. 7 shows a comparison between the proposed approximations
and those reported in [25] as a result of curve fitting, i.e.,:

2

2\ _ a2 2 M, ~ i 1502 1
(”&)CR =M <0f0>CR N W(a» = 2n2 (1+07) M e SNR’ 25

(62 cr _ (Gg) 0 20407py) 1 (26)
A2 ?Jer — \/1+7.85% MeSNR

Avalue g = 102 is assumed, while the observation duration 8y takes
values in the range [0.05, 5] time constants with a step of 10°3. The exact
CRLBs (5) and (6) are also shown in Fig. 7 for comparison. For visuali-
zation purposes, they are multiplied by SNR for the number of cycles
(Fig. 7(a)) and the frequency estimators (Fig. 7(b)) and by SNR/A? for
the amplitude (Fig. 7(c)) estimators. As it can be seen, the proposed
approximations are much more accurate than (25) and (26). Indeed,
when g is equal to 10%, 10, and 102 the maximum relative error
magnitudes associated to (25) and (26) are about 14.9 %, 13.9 %, and
13.8 % for the number of cycles and the frequency estimators and about
11.6 %, 10.0 %, and 10.2 % for the amplitude estimator.

5. Verification of the CRLB behavior

In this section, the behavior of the exact CRLBs as a function of the
observation duration is verified by comparing it with the variances of
the estimators returned by the MP algorithm [26-28], which are almost
unbiased and statistically efficient when the pencil parameter is prop-
erly selected [28].

Fig. 8 shows the variances of the number of observed cycles, the

frequency, and the amplitude estimators 7, fo, and A returned by the MP
algorithm and the related exact CRLBs (5) and (6) as a function of the
observation duration f) expressed as a multiple of the time constant.
The value of By varies in the range [0.5, 5] with a step of 0.1 and the
decay rate is f = 102. The values of Pu returned by (19), (21), and (23)
and the definition (4) are also shown in Fig. 8. The signal parameters are:
A =1, ¢ =n/3 rad, v = 3.3 cycles, and SNR = 40 dB. The number of
analyzed sample M is determined from (4) using the values of s and j,
and the pencil parameter used in the algorithm is equal to M/2 [28], For
each value of the f; 10,000 runs are performed.

As Fig. 8 shows, the variances of the MP algorithm estimators are
very close to the related CRLBs, as expected. Moreover, the MP estimator
variances almost reach their minimum when the observation duration
Bum assumes the values returned by (19), (21), and (23).

6. Conclusions

In this paper simple and very accurate expressions for the CRLBs of
the unbiased estimators of a complex-valued noisy damped sinusoid
parameters (frequency, decay rate, amplitude, and phase) are derived in
the case of a Gaussian noise distribution assuming that the sampling
period is sufficiently smaller than the signal time constant (i.e., f < 1).
Even simpler CRLB expressions are derived under the further assump-
tion that at least 4 signal time constants are observed (i.e., Sy > 4).
Leveraging on the proposed expressions, constraints on the number of
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= theoretical
X proposed approximation
approximation [11]

Jer X SNR

2
(@,

0.5 1 15 2 25 3 35
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theoretical

X proposed approximation
approximation [11]

X
x 10°
P4
(7]
x
[1e
9
o~ 2
)
10710
4.5 0.5
%107
5
451
theoretical
4+ X proposed approximation
aproximation [11]
351
3t
25
2t
0.5 1.5 25 3 35 4

(b)

Fig. 7. Approximated CRLBs (7), (8) and (25), (26): (a) (¢2) cr ® SNR, (b) (0}? )CR * SNR, (c) (UE)CR © SNR/A2 versus fy. f = 10, Normalized exact CRLBs (5) and
[

(6) are shown for comparison.
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25

* MP algorithm 4
——CRLB

Mfo condition

MA condition

(©)

Fig. 8. Variances of (a) number of observed cycles 7, (b) frequency fo and (c) amplitude estimator A returned by the MP algorithm and the exact CRLBs (5) and (6)
versus the observation duration f. f = 102 and SNR = 40 dB. 10,000 runs are performed for each value of fy. The values of f; determined through (19), (21), and

(23) are shown.

analyzed samples that allow the optimization of both estimation accu-
racy and processing effort are derived. They can be exploited to optimize
estimation accuracy, response time, and processing effort required by a
measurement procedure aimed at estimating unknown signal parame-
ters. The accuracies of the derived results have been verified through
computer calculations and the application of the MP algorithm.

CRediT authorship contribution statement

Dario Petri: Investigation, Methodology, Supervision, Validation,

Appendix A

Proof of Proposition 1.
Since f < 1 the following approximation holds:

Writing — review & editing. Daniel Belega: Writing — original draft,
Software, Methodology, Investigation, Conceptualization.

Declaration of competing interest
The authors declare that they have no known competing financial

interests or personal relationships that could have appeared to influence
the work reported in this paper.



D. Petri and D. Belega Measurement 259 (2026) 119637

4(kp)°  2(kp)*
5 t—3 ok

e ~ 1 —kp+2(kp) — =1,2,3 A1)
From (A.1) after some algebra, we obtain:

(1-e?)?=1-2e% e ¥ = 45°(1-2p), (A.2)
(1-e?)’=1-3e%13e¥ e =~ 86°(1-3p). (A.3)

where the higher order terms of § within the brackets have been neglected.
From (A.1) with k = 1, (A.2) and (A.3), still neglecting higher order terms of 3, after some algebra the following expressions contained in (5) and (6)
become:

(1-e?)°(1—e ) = 86°(1—3p)(1—e ), (A4
—MPe (1 —e ) e (1 e )’ (1-2p) [(1 — e n)® 4% e ] (A.5)
and

—MPe v (1 — e*zﬁ)e‘ +(1—(@2M+1)e ) (1 - e’zﬂ)ze’zﬂ +2e ¥ (1—e?)(1—e )
= 28{2— 88— [(4py(1 — 3B) + 4By (1 —48) +2 —88) Je P }. (A.6)

By replacing (A.4) and (A.5) into (5) it follows:

M? 2 1-3p (1 — e7%m) 1
2 _ M2 _“ M

(gﬁ)CR T 4n2 (g/*>c1z 2 1= 28 * (a- e—zﬂM)Z — 4% e m *SNR' (A7)
Finally, using the approximations (1 — 2/i)’1 =~ 1+2p and % >~ 1—f sincef << 1, (A.7) provides (7).

Similarly, by replacing (A.5) and (A.6) into (6) and using the relationship (1 — 2/})’1 >~ 1 + 2f, expression (8) is obtained.
Appendix B

Proof of Proposition 2.

When fj < 1 the following approximation holds:

3 4 5

e—zk/iM ~ 11— z(k/}M) + 2(kﬁM)2 _ 4(k§M) + Z(kgM) _ 4(k1ﬂSM) ,k _ 17 2 (B.].)

From (B.1) with k = 1 and neglecting higher order terms of § within the brackets, it follows:
B (1—e ) = 283 (1B, (B.2)

Using (B1) still neglecting higher order terms of 5, after some algebra the following expressions contained in (7) and (8) become:

4
(1—e ) —4pe P =1 —2e w4 — 4p%e Pn 4’%{1 —28) (B.2)
and
16p% 3 3 1
_ 84— 2 (1 _ _ _ 26y o M| T 4
2p{2 8 (45401~ 39) + 4,1~ 49) + 2 - ) Je e } = 1o (1= 8 (G 5 | B.4)
From (B.2) and (B.3) it results:
(1 — e ) o 3 1-Py (B.5)

(1—e o) _4fte 2 26y 1— 2By

Since f,; < 1, neglecting the higher order terms of f the following approximation occurs (1 —f) 11:5/9;’4 =~ 1 + (M —1)p. Using that approximation

and (B.5) expression (9) easily follows.
By replacing (B.3) and (B.4) into (8) it follows:

25{2— 85— [(4F%(1—35) + 48, (1 —4p) +2—8p)Je P} _ 4 1 "3 2"’”(%%)
a- e—zﬂM)Z — 4f32 e=2m M 1-2py

14

(B.6)
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Using the approximations (1 — 24,,) " = 142, and

(1426) [ 1-3-2p | 3+

)

1-28y

(B.6) returns expression (10).
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