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Real-Time Velocity Profile Optimization for
Time-Optimal Maneuvering With Generic
Acceleration Constraints

Mattia Piazza ", Mattia Piccinini

Francesco Biral

Abstract—The computation of time-optimal velocity profiles
along prescribed paths, subject to generic acceleration constraints,
is a crucial problem in robot trajectory planning, with particular
relevance to autonomous racing. However, the existing methods
either support arbitrary acceleration constraints at high computa-
tional cost or use conservative box constraints for computational
efficiency. We propose FBGA, a new Forward-Backward algorithm
with Generic Acceleration constraints, which achieves both high
accuracy and low computation time. FBGA operates forward and
backward passes to maximize the velocity profile in short, dis-
cretized path segments, while satisfying user-defined performance
limits. Tested on five racetracks and two vehicle classes, FBGA
handles complex, non-convex acceleration constraints with custom
formulations. Its maneuvers and lap times closely match optimal
control baselines (within 0.11%-0.36 % ), while being up to three or-
ders of magnitude faster. FBGA maintains high accuracy even with
coarse discretization, making it well-suited for online multi-query
trajectory planning.

Index Terms—QOptimization, optimal control, velocity planning.

I. INTRODUCTION

IME-OPTIMAL velocity planning under acceleration con-
T straints is a key problem in robotics, with applications
in autonomous racing (Fig. 1) [1], [2], [3], drone flight [4],
manipulators [5], and mobile robot navigation [6], [7]. These
applications use point-mass models to compute time-optimal
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Fig. 1. (a) Time-optimal velocity and longitudinal acceleration profiles com-

puted by our FBGA along the first two corners of the Catalunya circuit.
(b) Lateral acceleration and curvature profiles. Unlike QSS [16], FBGA does not
assume that peak lateral accelerations (a,,, . ) occur at curvature peaks (Kmax):
in the second corner, kmax happens between two a,,, .. peaks.

velocity profiles along fixed paths, subject to acceleration lim-
its. Fast online generation of such profiles is essential in dy-
namic environments, where trajectory planners must evaluate
many candidate maneuvers, often with graph- or sampling-based
frameworks [1], [4], [8], [9].

However, the existing methods for minimum-time veloc-
ity planning face a trade-off: Optimal Control Problems
(OCPs) [10] and Quasi-Steady-State (QSS) [11], [12] offer
high accuracy, but their high computational cost does not al-
low online multi-query planning. Conversely, semi-analytical
Forward-Backward (FB) and sequential methods [2], [7] are
faster but limited to box-shaped acceleration bounds, which are
overly conservative for racing vehicles. Accurate performance
modeling of racing vehicles requires complex g-g-v diagrams
(Fig. 2(a)) [11], [13], [14], [15], describing the speed-dependent
coupling of the lateral and longitudinal acceleration limits.
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Fig. 2. (a) g-g-v diagram of the racing motorcycle model [28] used in Sec-

tion I1I. (b) Output of the D* signed distance function (Algorithm 1) for the red
slice in (a). D™ ranges from —1 (inside the g-g-v envelope) to +oo (outside).
The red line denotes the envelope boundary, where D* = 0.

This paper introduces a real-time Forward-Backward method
with Generic Acceleration constraints (FBGA), matching the
accuracy of OCPs while being up to three orders of mag-
nitude faster, making it a suitable building block for online
sampling-based trajectory planners.

A. Related Work

In robotics and autonomous racing, the methods to compute
minimum-time velocity profiles on a given path fall into three
families: (1) OCP with direct and indirect methods, (2) QSS,
and (3) FB or related semi-analytical strategies.

1) Optimal Control Methods: Minimum-time OCPs are typ-
ically solved using direct [17] or indirect [ 18] methods to jointly
optimize path and velocity. They are used in offline lap-time min-
imization with multibody models [19], and in online planning
with point-mass models for autonomous racing [10], [17], [20].
However, even with simplified models, OCPs remain computa-
tionally intensive and are not suitable for online evaluation of
multiple trajectories in dynamic, non-convex race scenarios [3].

2) Quasi-Steady-State Methods: QSS methods [16] solve the
same problem addressed in this paper: minimum-time velocity
planning along a fixed path under g-g-v acceleration constraints.
QSS splits the path at the curvature apexes and solves a sequence
of nonlinear programs (NLPs) to compute the optimal velocity
profiles. While effective, QSS methods are computationally
expensive and unsuitable for online planning. For instance, [21]
applied QSS to a point-mass motorcycle model with jerk bounds
for offline lap-time optimization, and [11], [12] used QSS in
free-trajectory planning with point-mass car models, yet their
computational times were too high for online planning. More-
over, QSS critically depends on apex selection for numerical
convergence, and assumes that the maximum lateral acceleration
is at the path apexes, which is not always the time-optimal
maneuver (Fig. 1).

3) Forward-Backward, Semi-Analytical and Alternative
Methods: In race car trajectory optimization, two-step meth-
ods combining forward-backward (FB) velocity planning and
minimum-curvature path generation were proposed in [22], [23],
while [24] applied a similar iterative approach along a fixed
path. However, their methods required tenths of seconds to
minutes, and could not allow online re-planning. Conversely, the
semi-analytical FB algorithm in [2] enabled online time-optimal
speed planning, yet with box-constrained accelerations (rect-
angular g-g diagram). Similar speed planning problems were
solved with range reduction [25], sequential line search [7], and
convexification [26], adding acceleration rate and jerk limits.
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However, the box acceleration constraints used by [2], [7],
[25], [26] remained the main limiting factor, being very con-
servative for racing vehicles, whose performance envelope is
typically defined by speed-dependent, diamond-shaped g-g-v
diagrams [14], [17], [27]. Still, such simplified constraints were
used in sampling-based planners for autonomous racing with
cars [8] and drones [4], where computational efficiency is pri-
oritized over accurate performance modeling. We aim to extend
these methods to support generic acceleration constraints while
maintaining computational efficiency.

4) Critical Summary: To the best of our knowledge, existing

methods are limited by at least one of the following:

1) OCP and QSS methods are not suitable for online multi-
query planning due to their relatively high computational
cost[10],[11],[21]. Also, QSS assumes that the maximum
lateral acceleration is reached at the corner apexes [16],
which may be non-time-optimal.

2) Semi-analytical FB [2], sequential and convexified meth-
ods [7], [25], [26] are computationally efficient for online
speed planning but limited to rectangular g-g acceleration
constraints, which poorly represent the true performance
envelope of vehicles and robots.

B. Contributions

To address the limitations of existing methods, we propose

the following contributions:

1) FBGA: a new method for time-optimal velocity planning
along a given path. For the first time, FBGA enables
real-time planning with generically-shaped acceleration
constraints (g-g-v diagrams).

2) We validate FBGA on different racetracks, using both race
car and motorcycle examples, and show that it can accu-
rately compute time-optimal velocity profiles for different
vehicle classes and acceleration constraints.

3) We compare our approach against OCPs, achieving lower
computational cost (up to three orders of magnitude) with
the same level of accuracy, showing the potential for online
planning in autonomous racing.

II. METHODOLOGY

A. Time-Optimal Velocity Planning Problem

We consider the following velocity planning problem along a
given path:

min T (1)
St §=10,, Uy =ay, (1b)
I, (vg) < ay=r(s)vs < T (va), (lc)

Ty (ay, ) < ap < T3 (ay,va), (1d)
05(0) = vini, 8(0) =0, s(T) = L. (le)

Where 7' is the maneuver time to be minimized. The system
dynamics (1b) is a double integrator, where the states {s, v, }
are the curvilinear abscissa along the path and the longitudinal
velocity, while the control input a,, is the longitudinal accelera-
tion. The control a, is bounded by the acceleration constraints
(Ic)-(1d), where k(s) is the curvature of the path as a function of
s, ay = f(s) vZ is the lateral acceleration, and I'; (-) and I'y (-)
are functions providing the lower and upper bounds of the lateral



1676

and longitudinal accelerations. Finally, the boundary conditions
(1e) specify the initial velocity vi,; and the final travelled distance
L. In (1), all the variables are time-dependent, and the notation
X denotes the time derivative of the variable x.

Assuming the lateral acceleration a, = r(s)v? places the
model in the quasi-steady-state class, along a given path. Our
formulation (1) condenses all dynamic nonlinearities in the
acceleration constraints (1¢)-(1d), which, for vehicles, define the
g-g-v diagram. This diagram captures key physical effects, in-
cluding tire saturation, actuation limits, aerodynamic drag, load
transfer, and front/rear wheel lift in motorcycles, and expresses
the maximum performance envelope in terms of center-of-mass
accelerations.

Variants of the problem (1) were solved with optimal control
for vehicle motion planning [10], [29], but their high compu-
tational cost hinders online planning of multiple trajectories
in dynamic scenarios. This paper introduces FBGA, a novel
algorithm that solves (1) with high accuracy and significantly
lower computation time.

1) Solution With Acceleration Constraints At the Borders:
Let us start by considering the problem (1) with the acceleration
constraints (1c)-(1d) enforced only at borders (s = 0 and s =
L). Since the maneuver time 7" in (1a) is unknown, to solve the
problem we perform a change of independent variable, using the
curvilinear abscissa s instead of the time ¢. This yields:

L
min / ds (2a)
ax 0 Ug(s)
s.t. vL(8)ve(s) = ax(s), (2b)
v2(0) = v, with (10)-(1d) ats = Oands = L (2¢)

where v/ (s) = dv,(s)/ds. Using the Pontryagin’s Maximum
Principle, the problem (2) yields an analytical solution, which
simplifies considering a constant longitudinal acceleration:

vm(s):\/2/Osam(()dg—i—v?ni =4/2sa + v, .

az(C)=ax
3
Furthermore, the resulting maneuver time is:
L
T:/ ds _ Vini t 2aL+U12ni. @)
0 vz(s) a

Section II-C will use (3)-(4) on short discretized segments of the
path, where a, will be assumed piecewise constant and on the
border of the acceleration constraints (1c)-(1d)." This assump-
tion introduces discontinuities in a,, at the segment boundaries,
which is accepted for real-time trajectory planning, but is not
representative of the real vehicle dynamics. Jerk constraints
could be enforced by increasing the algorithm’s complexity, and
will be part of future work.

B. Signed Distance From the G-G-V Envelope

Before describing the FBGA algorithm, we need to define an
auxiliary function that computes the signed distance of a point
from the g-g-v acceleration envelope. The g-g-v is defined by the
functions T} (v,) and T'; (ay, v.) in (1¢)-(1d), which represent

! Assuming a constant longitudinal acceleration within short path segments
is consistent with direct optimal control methods, where the control inputs are
typically held constant in discretized mesh intervals.
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Algorithm 1 D* signed distance function

1:  Input: point P = (ay, ay, v;)
2:  Output: signed distance D of P from the g-g-v
envelope
3: ay,, < CLIP(ay, T, (v.), F;j(vw)) ;
4 ag,,, < Iy (ayclip’ V) 3 Qg < F-Z‘r(ayclip’ Vg) 5
50 D <
AP (a2, Qi) nr)s Play, Ty (02), T (02))) 5

the bounds of the lateral and longitudinal accelerations. An
example of g-g-v shape is given in Fig. 2(a), where a slice at
constant speed is shown in red. Algorithm 1 introduces a new
function, named D*(-), to compute the signed distance of a point
P = (ag,ay,v,) from the g-g-v. As shown in Fig. 2, D*(P)
yields a positive value if P is outside the g-g-v envelope, and
a negative value otherwise. The function is exactly zero if P is
along the envelope.

Algorithm 1 starts by clipping the lateral acceleration a,, of P
to the g-g-v bounds (line 3). Then, it retrieves the longitudinal
acceleration limits {a,, ., g, } for the clipped a, and the
given v, (line 4). Finally, it computes the signed distance D
using the functions A(-) and ®(-) (line 5). A(-) has the shape of
a pyramid pointing downwards, forming a square trace on the
horizontal plane:

A(J}, y) = max(m—l, —1—$7y—1, _1_y) (5)

The function ®(-) maps a given range [Xmin , Xmax) t0 [—1, +00),
enabling a consistent evaluation of the A(+) function:

X — Xmin
‘I)(Xa Xmin» Xmax) =2

-1 (6)

Xmax — Xmin

The resulting function D*(-) is plotted in Fig. 2(b).

C. FBGA Algorithm

As depicted in Fig. 3, the proposed FBGA method solves the
problem (1) using the following inputs:

1) The path to be driven, in the form of vectors of curvilinear

abscissas s = [s1,. .., sy] and corresponding curvatures
K =[K1,...,kN].

2) The initial speed viy; and the top speed vy ax.

3) The g-g-v acceleration constraints, expressed by the arbi-
trary function I'y (v,) and I'; (ay, v,.) in (1¢)-(1d), which
can represent any shape of the g-g-v envelope.

FBGA outputs arrays of speed and acceleration profiles
{v., a;,a,},* and the maneuver time 7'. Algorithm 2 and Fig. 3
provide an overview of the FBGA method. Foreachofthe N — 1
path segments, Algorithm 2 performs the following three steps:
calculation of the maximum saturated speed given the lateral
acceleration bounds (line 3), forward pass (line 4), and backward
pass (line 5). The total maneuver time 7" is obtained as the sum
of the individual segment durations (line 7), each computed via
(4). The lateral acceleration vector a,, is finally given by the
Hadamard product of the curvature < and the squared velocity
profile v2 (line 7).

Fig. 4 illustrates the three main phases of the FBGA on an ex-
ample scenario. These phases, detailed in Algorithms 3-5, share

2In post-processing, FBGA returns v (t), az (t), and ay (t) V¢ € [0, T7.
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Main phases of our FBGA, described in Algorithm 2. FBGA takes as input the path (vectors of curvilinear abscissas s and curvatures k), the initial speed

Uini, and the g-g-v acceleration constraints. It outputs vectors with the speed and acceleration profiles {vg, @y, @y}, and the maneuver time 7.

VELSAT

Algorithm 2 FBGA method

~ 100 1 Input: s, K, Vini, Vmax, L'y, Ty T2, T
E 2:  Output: v, a;, a,, T
=~ 50 3: W < VELSAT(S, K, Umax, L'y, T')) 5
= 4 vg,a, <_F(SaK,Uini7ry7F;7F;7F;7'Usat) 5

0 - 50 vg,a, < B(s,k, T, T T, T, v, 00, az) 5

ORWARD 6: N « size(s);
T \“'~, .i—ll- i 'II N—-1 +\/2aw~(81+1*8i)+vg.

E 100 J\’\ lnI -:| 7: T <« Zi:l ar i ;
g >y " i a, + k©®v2
— ~ LY LAk Y T
s 50 ~ 2 PR e -

0 B ACKWARD Algorithm 3: VELSAT function,

1: Input: s, K, vimax, [y, (vx), T} ()

el LV E——— 2: Output: vy
= 3: N+ size(s);
= 50 4: for all i € [I,N] do
S . 'USAT—F—B‘ 5: K+ K(i); vy < ve(i);

0 : 6: if k>0 then H(V):=kV? —Iy(v);

0 100 200 300 400 500 600 700 7. else H(V) :=kV?— I, (vV):
s [m] 8: v < SOLVE(H (vy) =0, [0, vimax]) ;
9: if V= then Vv <+ vy ;
Fig. 4. Phases of the FBGA method on an example scenario: maximum speed ~ 10: Vsar(i) < 73

given the lateral acceleration bounds (top plot), forward pass (center plot, with
blue lines when successful), and backward pass (bottom plot, with orange lines
when editing invalid forward pass segments).

pru—

100 m

= MLT-OCP Car
MLT-OCP Motorcycle

Fig. 5. Comparison of the MLT-OCP maneuvers for the racing car and
motorcycle models of this paper, on the turn n.9 of the Sepang circuit.

a custom root-finding routine, named SOLVE, which computes
function zeros with a custom non-derivative method. Optimality
proofs of our FBGA with generic acceleration constraints are an
open research question. However, optimality proofs exist for
convex or rectangular g-g shapes and linear dynamics (in the
control) [2], [30].

1) Maximum Speed Given the Lateral Acceleration Bounds:
As shown in the top plot of Fig. 4, FBGA first computes a
vector of saturated velocities vg,, Which are the maximum
speeds to comply with the lateral acceleration bounds Fg (vg).
This calculation is done by the VELSAT function, provided in
Algorithm 3. The function loops over the path points (line 4),

and computes the corresponding saturated speed v by finding
the zero of H(v,) = kv — I'; (v,) (line 8). If no root is found,
v is set to the top speed vpax (hne 9). The function stores v in
the vector vy (line 10), which is then used in the forward and
backward passes to compute the final speed and acceleration
profiles.

2) Forward Pass: The middle plot of Fig. 4 shows the for-
ward pass (F) in Algorithm 4, which computes the maximum
feasible longitudinal accelerations satisfying the g-g-v con-
straints (1c)-(1d). For each path segment, the algorithm extracts
the initial/final curvatures {kg, 1} and the initial velocity vy
(line 6). It then computes the acceleration bounds {a . , @z, }
(line 8) and checks whether applying a,, = a,,,. satisfies the
g-g-v constraints at the segment end (lines 9— 10) If not, it
solves a root-finding problem to find the maximum feasible
ay, that brings the end state to the g-g-v boundary (line 11).
The final velocity v; is then set to the minimum of v, and the
velocity from forward integration of a,, via (3) (line 13). This
v1 becomes the initial velocity for the next segment (line 14).
If instead no feasible a,, is found at line 11, a,, is set to &,
and the next segment starts from the saturated velocity vy
(line 12). The function finally returns the vectors of velocity
v, and acceleration a,.

3) Backward Pass: The backward pass, described in Algo-
rithm 5 and Fig. 4 (bottom plot), computes the braking ma-
noeuvers for all path segments where the forward pass did not
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Algorithm 4: FORWARD (F) function.

Input: s, K, vii, Iy, Ty, Ty, T,
Output: v,,a,
Vi, — T
V(1) <= Vini 5 Vo < vini 5 N < size(s) ;
for all i€ [1,N—1] do
Ko k(i) ; k1 < k(i+1); L+ s(i+1)—s(i);
Ay = CLIP(K0 VG, Ty (vo), Ty (vo)) 5
Axmin «~I (a}c]lp’vo) Axax A F+ (aYC]1p7v0) 5

G(A):=D* (A., ki (2LA+V), (2LA+V} )‘/2) ;
N ) N———————

ay, Vi
10: if G(ay,, ) <0 then ay, < ay,,. ;
11: else ay, < SOLVE(G(ay,) =0, [ax,,,,dx,.]) 5
12: if ay, = @ then v| < v (i+1);
13: else v; <—min(w/ZLaxo—i-v%,vsal(i—i-l)) ;
14: ac(i) «ay ;5 ve(i+1)<vy; vovp;

Vsat

e A o

bl

Algorithm 5: BACKWARD (B) function.

1: Input: s, x, I, I}, T, T,
2: Output: vy, a,

3: N < size(s);

4: for all i € [N,2] do
5: Ko K(i—1); k1 < k(i) s vow(i—1) 5 vi < wie(i);
6 ayy <—ax(i—1) ; L+ s(i)—s(i—1);

7: is_valid_forward < ay, # @ and (v} +2Lay,)
8.

9

Vsat, Vx, Qx

=Vi;
if is_valid_forward then continue
Ay, < CLIP(Kyvi, Ty (v1), T (v1)) 5

10: Ay < T (a)cllp’vl) [ r+ (a)’clipvvl) >
11: Ay < (v%—vo)/(ZL)
12: VOREA(‘Hm;\x — (V% - 2Laxmin) 1/2 5
13: VORE'\(_H A (V% 2Laxm1x) 1/2 H
14: is_valid vy < (V0 < VOgpaenyy, ) @nd (vo > VOggacn )
15: is_valid_ay < (ax,, < day,,,)and (ay,, > ) s
1/2
16 G(A):=D* (A Ko(v2 —2LA), ( 2LA> )
dyg vo

17: if is_valid_a, and is_valid_v, and G(axm,g) < 0 then
18: ay(i—1) + ay,,;
19: else
20: if G(ay,,,) <0 then ay, < ay,, ;
21: else ay, < SOLVE(G(ax,) =0, [ax,;,, dxpa)) 5

; 2 /2, ; .
22: ve(i—1)« (v =2Lay) "7 ax(i—1) < ay;

yield valid solutions. It returns the final velocity and acceleration
vectors, v, and a,,. The algorithm iterates through the segments
in reverse order (starting from the end, line 4) and proceeds
according to the following three cases.

In the first case, if the forward solution is still valid—i.e., the
final segment velocity v; is reachable from the initial state vy
using the acceleration a,,—the algorithm proceeds to the next
segment without modification (lines 7-8).

In the second case, the initial velocity vy is still reachable
from the updated final speed vy, within the acceleration bounds
(line 10). Here, the algorithm computes the average acceleration
ag,, (line 11) and checks whether it lies within the g-g-v
envelope at both segment endpoints (lines 15-17). If so, a,,
is accepted (line 18), and the algorithm continues to the next
segment.
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In the final case, either g, is infeasible or vy is no longer
reachable from v; (line 19). The algorithm then applies the
maximum deceleration a,,, , if it remains within the g-g-v
envelope (line 20), or computes the deceleration a,,, that brings
Vg to the g-g-v envelope boundary (line 21). Finally, the updated
velocity and acceleration are stored (line 22). The backward pass
always yields a feasible solution, and overrides the requested
initial velocity vy, if it is infeasible.

III. RESULTS

A. Simulation Setup, Implementation and Benchmarking

We validate the proposed FBGA with the following simula-
tion setup, implementation code, and benchmarking.

1) Vehicle Types and Racetracks: FBGA could be applied
for velocity planning with different robotic systems (Section I),
and in this paper, we focus on the challenging case of racing
vehicles, whose g-g-v acceleration envelopes can have complex
non-convex shapes. We consider two vehicle types: a racing
car, whose g-g-v envelope is taken from [10], and a racing
motorcycle, whose g-g-v is derived from [28]. For each vehicle
type, we apply FBGA on five racetracks: Catalunya, Valencia,
Misano, Sepang, and Palm Beach.

2) Implementation: Our code is implemented in C++ and
is available open source at https://github.com/DRIVEWISE/
FBGA. Our numerical experiments are run on a laptop with
an M2 Max Apple Silicon chip.

3) Benchmarking: We benchmark FBGA against OCPypepch,
which is a numerical solution of the same fixed-path problem
(1), obtained using the state-of-the-art indirect optimal control
solver Pins [18].

B. Preprocessing: Path Generation

Our FBGA computes the time-optimal speed profile along
a given path. For each racetrack and vehicle (Section III-A1),
the path is generated by solving a free-trajectory minimum-lap-
time OCP (MLT-OCP), using the formulation in [10] and the
solver Pins [18]. The MLT-OCP uses a point-mass model with
longitudinal and lateral dynamics, and enforces the same g-g-v
constraints as in (1). From the resulting minimum-time lap, we
extract the curvilinear abscissas s and curvatures k, used for
both our FBGA and OCPypen. We remark that the path can be
obtained with other methods according to the application (e.g.
from experimental data, or geometrical optimization), and does
not need to be generated by an OCP.

C. Maneuver Analysis

We now compare the results of our FBGA with the benchmark
OCPpeneh, 0On the five circuits and the race car and motor-
cycle models described in Section III-Al. The two vehicles
have markedly different g-g-v acceleration constraints, shown
in Fig. 2(a) (motorcycle) and Fig. 7 (car). The motorcycle’s
envelope is notably non-convex due to the front and rear wheel
lift during acceleration and braking, which limits the peak lon-
gitudinal accelerations [14], [28].

Figs. 5-6 shows the minimum-time maneuvers (path, speed,
and accelerations) at turn 9 of the Sepang circuit, for both the
car and motorcycle models. The paths in Fig. 5 are computed
via the MLT-OCP preprocessing step, which accounts for the
g-g-v constraints and vehicle transient dynamics (Section I1I-B).
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Fig. 6. Velocity, longitudinal and lateral acceleration profiles of our FBGA
and the benchmark OCPyencp, for a racing car (a) and motorcycle (b) at turn 9
of the Sepang circuit (Fig. 5).

Due to their distinct g-g-v envelopes, the resulting time-optimal
paths differ significantly: the car brakes on a straight before the
turn, while the motorcycle brakes along a curved path to reach
higher longitudinal accelerations by avoiding rear-wheel lift.
Fig. 6 plots the corresponding speed and acceleration profiles.
The braking and acceleration phases vary notably between the
car (Fig. 6(a)) and motorcycle (Fig. 6(b)), again reflecting their
differences in the g-g-v diagrams. FBGA’s results closely match
those of OCPyepen, with minor discrepancies in transition regions
where FBGA switches instantaneously between acceleration
and braking. Conversely, OCPyepe filters the control a, with
a fast first-order dynamics, to prevent numerical oscillations of
the solution around the g-g-v boundaries. Fig. 7(a)—(b) plots
the g-g-v diagram of the racing car model, together with the
solution computed by FBGA (green line) on the Catalunya
circuit. The figures highlight that the FBGA solution moves
along the g-g-v envelope, while satisfying the constraints up
to the desired solver’s precision. To further validate our FBGA,
we compare it with a minimum-lap-time OCP solved using a
high-fidelity double-track vehicle model (MLT-DT), formulated
as in [31]. This model captures high-speed race car dynamics,
including a Pacejka MF5.2 tire model, real engine torque curves,
and a limited-slip differential. We apply FBGA on the path
generated by MLT-DT on the Catalunya circuit, and the g-g-v
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Fig.7. g-g-v envelope (blue-orange lines) for the race car model, and solution
computed by our FBGA (green line) on the Catalunya circuit.
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Fig. 8. Comparing our FBGA, the OCPpepch and the MLT-DT OCP, which is

solved with a double-track (DT) vehicle model, on the Catalunya circuit.

envelope is identified following [10]. As shown in Fig. 8, our
approach closely matches both MLT-DT and OCPypepcn, With
minor deviations only during acceleration-braking transitions,
where jerk is limited in the double-track model. Despite this, the
lap time difference between FBGA and MLT-DT is only 73 ms,
relatively small given the model complexity and the different
optimization methods.

D. Lap Times

Table I compares the lap times of FBGA and OCPy, for the
race car and motorcycle models, across five racetracks. The lap
times of FBGA and OCPy.,, are very close, with differences
ranging from 0.094 to 0.449 s (0.11% — 0.36% of the total lap
time). These deviations are comparable to those observed among
professional race drivers [32]. FBGA slightly underestimates the
lap times due to instantaneous traction-braking transitions, while
professional drivers have a limited actuation rate. Nonetheless,
this simplification boosts the computational efficiency while
still providing accurate lap time estimates. Indeed, FBGA is
designed for high-level trajectory planning [1], [4], where the
computational time is key, and the acceleration rate bounds are
typically handled by downstream motion controllers.
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TABLE I
COMPARISON OF LAP TIMES AND CPU TIMES BETWEEN OUR FBGA AND THE BENCHMARK OCPggncy, BOTH SOLVED WITH THE SAME MESH, ON AN M2 MAX
APPLE SILICON CHIP. THE TABLE SHOWS THE RESULTS FOR THE RACING CAR AND MOTORCYCLE MODELS ON 5 RACETRACKS

N N. mesh . Lap time [s] CPU time [ms]
Circuit (length) points Vehicle | yop | FBGA (ours) | A (FBGA—OCPyenct) | OCPhoncs | FBGA (ours)
, Car 112.461 112.204 —0.257 8017.15 9.86
Catalunya (4.66 km) 4660 | Motoreyele | 105.381 104.999 —0.382 693.91 3.31
. Car 104.742 104.520 —0.222 7411.99 8.85
Valencia (4.00 km) 4000 Motoreyele | 96.752 96.434 ~0318 830.82 3.40
. Car 107.740 107.451 —0.289 6805.87 9.66
Misano (4.16 km) 460 Notoreyele | 98.814 98.497 —0317 602.19 3.37
Car 135.480 135.086 —0.394 8239.47 1144
Sepang (5.52 km) 320 | Motoreycle | 125.483 125.034 —0.449 1282.58 430
Car 79.963 79.869 —0.094 4819.43 6.38
Palm Beach (3.17 km) | = 3170 | ypoiorevele | 74.790 74.537 ~0.253 706.43 2.39
TABLE Il
COMPARING THE MANEUVER TIME 7" AND CPU TIMES OF OUR FBGA AND — 104.98 &g
OCPggnch, ON A 300M HORIZON. OCPgeyncyy USES 300 MESH POINTS, WHILE o =
FBGA 1S SOLVED WITH A VARIABLE MESH £ 104.96
g 104.94
OCPepcn FBGA (ours) 104.92 b e e e e o
T[s] | CPU[ms] || N.points | T[s] | CPU [ms] 10000 20000 30000 40000
300 8.7765 0.177 Number of Segments
8.7936 97.533 200 8.7830 0.131
100 8.8029 0.062 Fig. 9. Lap times and CPU times of FBGA as a function of the number of

E. Computational Times

1) Full-Lap Computational Times: Table I reports the com-
putational (CPU) times of the FBGA and OCPye,, methods
when computing the speed profiles over full laps. The CPU
times of FBGA range in 2.39 — 11.44 ms, and they are 2 — 3
orders of magnitude lower® than OCPpeyen. The CPU times
of both methods are influenced by the path curvature values*
and the implementation of the g-g-v constraints (1c)-(1d). For
the car, these constraints are modeled with bilinear splines,
while for the motorcycle, we use analytical functions, which
are computationally cheaper.

These results show that our FBGA algorithm supports any
formulation of the g-g-v acceleration constraints, independently
of their complexity, without the need for convexity or differen-
tiability assumptions.

2) Short-Horizon Computational Times: We evaluate the
performance of our FBGA for short-horizon planning over a
300 m segment, covering the first two corners of the Catalunya
circuit (Fig. 1). This horizon length is typically adopted in
sampling-based planners for high-speed autonomous racing [1],
[8]. Table II reports the results for different mesh sizes used to
discretize the path. It compares our FBGA with OCPpepcp, which
uses a fixed number of 300 mesh points. With the same mesh,
FBGA is computationally faster by a factor of 550 (0.177ms
vs 97.533ms), with only a 0.19% difference in maneuver time
(8.7765s vs 8.7936s). Reducing the FBGA’s mesh size to 100
points further increases the speed-up to 3 orders of magnitude,
with negligible impact on the maneuver time. These analyses
show that our FBGA is robust to the mesh resolution and suitable
for real-time planning of multiple time-optimal maneuvers, as
required in sampling-based planners for autonomous racing [1].

3As a remark, the CPU times are obtained with single runs of our FBGA,
without averaging over multiple runs.

4A CPU time analysis of our FBGA shows that roughly 20% of the time is
spent in the VELSAT function, 60% in the FORWARD and 20% in the BACKWARD
functions. These ratios highly depend on the provided path.

mesh segments, with the racing motorcycle model on the Catalunya circuit.

F. Sensitivity Analysis

Fig. 9 shows the sensitivity of our FBGA algorithm to the
number of path discretization segments, analyzing both the lap
time (Catalunya circuit) and the total CPU time. As expected,
the CPU time scales linearly with the number of segments,’
since the algorithm processes each segment sequentially. Minor
oscillations appear at coarse resolutions, where segment-level
curvature variations can affect the number of iterations of our
root-finding procedure. In contrast, the lap time decreases hyper-
bolically, and changes by only 0.07 s (0.06%) when increasing
the segment count by 10 times.

These results confirm that FBGA is robust to the mesh res-
olution, and can be applied to different use cases: fine meshes
maximize the solution accuracy and fully exploit the acceleration
limits, while coarse meshes offer significant speed-ups with a
negligible impact on the maneuver time.

IV. CONCLUSION

We introduced FBGA, a new forward-backward method for
real-time computation of time-optimal velocity profiles along
prescribed paths, supporting arbitrary acceleration constraints.
FBGA discretizes the path into short segments and performs
forward and backward integrations to maximize the velocity
while satisfying user-defined acceleration limits.

FBGA was validated in the context of autonomous racing,
with race car and motorcycle models on five circuits. It produced
velocity and acceleration profiles closely matching those of a
benchmark optimal control problem (OCPyepch), With lap time
deviations below 0.449s (0.36%) and computational speed-ups
of up to three orders of magnitude. These results held across
tracks and vehicle types, with no assumptions on convexity,

3Qur results are obtained by randomizing the number of segments at each run,
to avoid caching optimization of subsequent calls of the same functions.
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smoothness, or differentiability of the acceleration constraints.
In short-horizon planning, FBGA achieved maneuver times
within 0.19% of OCPhpencn, While maintaining a three orders of
magnitude speed-up and a high solution quality even with coarse
path discretization.

Overall, FBGA can be applied to accurate full-lap velocity
optimization, warm-starting of complex OCPs, and real-time
short-horizon planning. It is expected to be an effective building
block for multi-query time-optimal trajectory planning in dy-
namic environments, extending sampling-based planners [4], [8]
beyond conservative box acceleration constraints, and unlocking
new capabilities for autonomous racing.

Future work will enhance the FBGA method to address
its limitations and extend its scope. We plan to improve
the feasibility of the acceleration-braking transitions by ex-
tending Algorithms 4-5 to deal with jerk limits. Also, for-
mal guarantees on the solution’s optimality and convergence
will be better investigated. Finally, application-oriented pa-
pers will integrate FBGA into multi-query trajectory planners
for diverse fields of robotics, including vehicles and drone
flight.
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