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h i g h l i g h t s

• Pairwise comparisons are used to elicit mass assignments.

• Focal elements are compared as evidential hypotheses.

• Incomplete comparisons reduce elicitation burden.

• Expert judgments can be aggregated before deriving masses.

• Simulations support reduced focal-element elicitation.
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a b s t r a c t

Evidence Theory (a.k.a. Dempster-Shafer theory) offers a quite general and powerful setting to 

reason under uncertainty. However, most of the approaches allowing one to instantiate mass 

functions, the basic building block of the theory, rely on measured, objective data, and there 

are very few approaches to instantiate them from subjective, expert opinions. Here we suggest a 

viable solution, based on the concept of pairwise comparisons, for the elicitation of such subjective 

information. The approach is based on the well-established body of knowledge on the theory of 

pairwise comparisons and shows its flexibility as it can incorporate multiple representations for 

the subjective judgments and multiple experts, just to cite two possible extensions.

Sometimes, on the contrary, I made infinite divisions of each 

thought and each fact under view, breaking and sectioning them 

into a vast number of smaller thoughts and facts, easier thus to 

keep in hand. By this method resolutions difficult to take were 

broken down into a veritable powder of minute decisions, to be 

adopted one by one, each leading to the next, and thereby 

becoming, as it were, easy and inevitable.
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1 . Introduction

There are undoubtedly many facets to uncertainty. A common distinction [1] made in the literature is between aleatoric uncer­

tainty, deemed intrinsic to the studied phenomenon, and epistemic uncertainty, originating from a lack of knowledge. The result of 

a coin flip for a coin that has been tested hundreds of times is an example of a purely aleatoric event and, instead, the uncertainty 

concerning exact time at which you had dinner yesterday is purely of epistemic nature. While this aleatoric/epistemic distinction 

may certainly be discussed and/or refined, there is little doubt that the uncertainties in the two mentioned examples have different 

natures or sources, that may call for formal representations accounting for these differences.

As recalled by Augustin et al. [2], among others, different representations of uncertainty have emerged as generalisations of 

probability theory able to better account for some aspects of uncertainty such as imprecision or the presence of so-called epis­

temic uncertainties. Among them, since the seminal contributions by Dempster [3] and Shafer [4], the Dempster-Shafer theory of 

evidence—hereafter called Evidence Theory—has gained a prominent role. Evidence theory can be seen as a generalization of sub­

jective probability where agents, e.g., sensors or experts, can allocate evidence masses to all subsets of the sample space and not only 

to its elements representing elementary events. Such allocations, called mass assignments, give rise to two dual measures, belief and 

plausibility. Only when the mass assignment is made on the singletons, do the two measures coincide and become additive. That 

is, they collapse into a probability measure. On the other hand, when the whole evidence is allocated to a unique set, we recover 

classical set-valued representations. Evidence theory thus allows one with go from a knowledge state of total imprecision (a set), 

which one could associate to complete epistemic uncertainty, to a state of precisely knowing the probabilistic process that governs a 

quantity, which one could associate with complete aleatoric uncertainty.

One of the points that prevent a larger use of evidence theory is that subjective expertise may be required to determine a mass 

assignment. As we shall see later, there exists a rich quantity of methods to determine mass assignments starting from datasets of 

objective information, possibly coming from past observations or sensor data. On the contrary, there is a relative lack of proposals to 

determine mass assignments from purely subjective estimations.

The method of pairwise comparisons, employed in many multi-criteria decision analysis methods [5], has shown for years its 

effectiveness and versatility in decomposing complex problems into smaller and more tractable subproblems involving pairs of entities, 

possibly criteria or alternatives. It is worth mentioning that pairwise comparisons have already been employed, for example, to 

estimate levels of membership of elements in a fuzzy set [6] and subjective probabilities over discrete sample spaces [7]. It is therefore 

natural to investigate its possible use to extract mass assignments from expert knowledge.

Usually, evidence theory has been used within decision problems to allow decision makers to express epistemic uncertainty in 

non-probabilistic terms in their judgments on pairs of entities. That is, evidence theory has been used to model pairwise comparisons, 

as corroborated by the extensions of the Analytic Hierarchy Process [8], the Best-Worst method [9], just to cite a couple of methods. 

Conversely, in this manuscript we consider the opposite opportunity: using pairwise comparisons to aid the estimation of mass 

assignments by expert elicitation. More precisely, the paper explores the potential of pairwise comparison techniques and their 

extension to help experts assess their subjective beliefs, and it can be seen as a trait d’union between the two fields of investigation. In 

essence, we exploit the formal correspondence between weights derived from pairwise comparisons in MCDA and mass assignments 

over focal elements to propose an elicitation framework in which experts compare potential focal elements pairwise, and the resulting 

preferences are transformed into a corresponding mass function.

The manuscript is organized as follows. Section 2 discusses related works and the interconnections between evidence theory 

and pairwise comparisons to further motivate this manuscript. Section 3 includes, by means of two self-contained subsections, more 

technical preliminary notions on the two key elements: evidence theory and pairwise comparisons. Next, Section 4 shows, also by 

means of examples, how the pairwise comparison method can be applied to the problem at stake. Issues like consistency, uncertainty, 

and incompleteness will be considered and some original results will be presented for the case in which multiple experts express their 

opinions. Section 5 presents a numerical experiment to test the capacity of pairwise comparisons to capture partial knowledge, also 

considering possible inconsistencies. Finally, Section 6 concludes the manuscript with a discussion and some conclusions.

2 . Related works

Our proposal consists of using well-known multi-criteria decision analysis (MCDA) tools to construct mass assignments from expert 

opinions. As such, the immediately related works are those that propose building mass assignments from available information, and 

those that connect MCDA approaches with belief functions.

2.1 . Mass assignment construction

Most of the approaches presented in the literature that intend to construct mass assignments consider data to do so. This is not 

surprising, as Dempster’s initial proposal [3] was to use belief functions to model imprecisely observed random variables. This is why 

many proposals consider statistical tools to build mass assignments, such as the extension of the likelihood principle [10].

Beyond statistics, both supervised and unsupervised machine learning are the two fields where most proposals to construct mass 

assignments have been made. Without going into the details of the dozens if not hundreds of methods proposed to do so, one can 

mention for example the seminal E-KNN and its extensions, rule-based reasoning approaches, or more recently deep learning-based 

approaches.

All these approaches have in common that they rely on data to identify mass assignments, and do not apply to the case where a 

human expert has to be consulted to build a mass assignment through an elicitation process. However, while many uncertainty-based 
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decision problems require considering subjective opinions [11], there is a striking lack of methods designed to support the subjective 

elicitation of mass assignments from expert judgment. There are only a few works dealing explicitly or implicitly with belief function 

elicitation. Let us detail them a bit more:

• A first trend [12] consists in considering qualitative assessments of the kind 𝐴 ≻ 𝐵 or 𝐴 ∼ 𝐵 and transforming them into 

constraints over the belief values, for instance mapping 𝐴 ≻ 𝐵 into Bel(𝐴) > Bel(𝐵), and then finding a unique belief function 

that respects those constraints as much as possible and minimizes a suitable functional (typically an uncertainty quantification 

tool). Note that this induces many subjective choices, such as the choice of the functional and the translation of 𝐴 ≻ 𝐵 into 

corresponding constraints;

• A second trend consists in asking for numerical assessments, often confined to specific rather than general mass functions. In 

the case of possibility distributions, we can mention the work of Thierry et al. [13], which built expert-based data sets with 

uncertain labels, where Likert-scales are used to build mass assignments over nested sets, and Sandri et al. [14] introduced 

general numerical elicitation strategies for possibilities. Likewise, imprecise cumulative distributions, which are special cases of 

belief functions [15], are often used to model numerical elicitation in risk analysis.

In contrast, our approach relies on the idea of comparing the amount of evidence pointing to subsets, rather than comparing mea­

sures. It considers quantitative comparative statements that can be applied to any mass function, therefore mixing the advantages of 

qualitative and quantitative statements. 

This lack of methods to handle expert opinions and human elicitation contrasts strongly with the field of preference modeling 

and MCDA [16], which benefits from decades of research on the problem of eliciting numerical preference models from experts. It 

therefore seems natural to investigate how such methods could help in obtaining mass assignments from experts.

2.2 . MCDA and belief functions

As just mentioned, belief functions and MCDA are a natural mix to consider, yet when looking at the literature at the cross-road 

between belief functions and preferences, it quickly becomes obvious that this is a rather one-way street, as most of the works intend 

to include belief functions within the MCDA process to reflect uncertainties in the decision-maker’s opinion.

Although it is difficult to trace the inception of evidential reasoning within the multi-criteria decision analysis community, it is safe 

to consider the approach of Yang and Singh [17] as one of the precursors, as it generated a number of follow-up studies, where belief 

measures were used to represent uncertainty of entries of the decision matrix and of the weights of individual criteria. Later on, the 

use of belief functions has been considered with different MCDA approaches such as BWM [9] or AHP [8]. We can also mention some 

other related works exploring how belief functions can help in tasks such as preference aggregation [18] or incremental preference 

construction [19], but those also explore how belief functions can help in preference handling.

As for data-induced mass assignments, making a full review of the dozens of works in this direction would necessitate a review 

paper of its own, and is not within the scope of the present study, which aims at using MCDA to solve issues within evidence theory, 

and not the other way around. We will therefore abstain from doing such a review.

3 . Preliminaries

Hereafter, we shall use R> and R≥ to denote the set of all positive real numbers and the set of non-negative real numbers, 

respectively.

3.1 . Evidence theory

In basic evidence theory, the frame of discernment, here denoted Θ = {𝜃1 … , 𝜃𝑝}, is a finite non-empty set that plays a similar 

role as the sample or outcome space in probability theory. If we call 2Θ the power set of Θ, then a mass assignment (MA), also called 

basic probability assignment, on Θ is a function 𝑚 ∶ 2Θ → [0, 1] such that 𝑚(∅) = 0 and 
∑

𝐴⊆Θ 𝑚(𝐴) = 1. It can be interpreted as an 

assignment of strengths of evidence to subsets 𝐴 ⊆ Θ. The set of focal elements is the set of all subsets of Θ with a positive mass, i.e., 

F = {𝐴|𝐴 ⊆ Θ, 𝑚(𝐴) > 0}. In practical applications, focal elements could be subsets of the frame of discernment whose elements share 

a common feature. For example, if Θ is a set of possible diseases, then 𝐴 ⊂ Θ could be the set of all infectious ones. Two measures 

are induced by an MA. The first one, called belief , is a superadditive measure defined as

Bel(𝐴) =
∑

𝐵⊆𝐴
𝑚(𝐵) ∀𝐴 ⊆ Θ,

and quantifies the amount of evidence directly supporting 𝐴. The second measure, subadditive, is called plausibility and is defined as

Pl(𝐴) =
∑

𝐵|𝐵∩𝐴≠∅
𝑚(𝐵) ∀𝐴 ⊆ Θ,

and is the sum of the evidence that does not disprove 𝐴. If the constraint 𝑚(∅) = 0 is satisfied, there always exists a probability 

measure Pr such that

Bel(𝐴) ≤ Pr(𝐴) ≤ Pl(𝐴) ∀𝐴 ⊆ Θ.
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For this reason, Bel and Pl have often been interpreted as lower and upper bounds for a “true” probability, respectively. The set of 

all probability measures compatible with belief and plausibility is called a credal set. Together, the two measures are dual, i.e.,

Pl(𝐴) = 1 − Bel(𝐴) ∀𝐴 ⊆ Θ.

where 𝐴 is the complement of 𝐴 with respect to Θ. Some special cases are often considered. Note that when the set of focal elements 

corresponds to the elements of the frame of discernment Θ taken as singletons, i.e., F = {{𝜃1},… , {𝜃𝑛}}, then Bel(𝐴) = Pl(𝐴) = Pr(𝐴)
for any event 𝐴. This case is called Bayesian MA and represents the case where evidence theory collapses into subjective probability. 

If F  is a singleton, we say that the MA is deterministic, and among all the deterministic MAs we call vacuous the case in which F = {Θ}
and represents total ignorance. On the contrary, F = {𝜃𝑖} represents full certainty on the elementary event 𝜃𝑖. The set F  is nested if 

there exists a permutation 𝜋 that orders the focal elements such that 𝐴𝜋(1) ⊂ ⋯ ⊂ 𝐴𝜋(|F |). If F  is nested, then Pl becomes a possibility 

measure, i.e., Pl(𝐴 ∪ 𝐵) = max{Pl(𝐴),Pl(𝐵)} for all 𝐴,𝐵 ⊆ Θ.

An uncertainty index1 is a function 𝖴 ∶ 𝑚 ↦ 𝖴(𝑚) ∈ R with the value 𝖴(𝑚) serving as an estimation of the uncertainty of the 

MA. The deterministic MA on a singleton has the lowest level of uncertainty and it is common to consider the vacuous MA as the 

most uncertain. Most proposals in the literature attempt to measure two different aspects of an MA: on the one hand its imprecision 

(a.k.a. “epistemic uncertainty”), and on the other hand its degree of ambiguity (a.k.a. “aleatoric uncertainty”), notably by proposing 

extensions of, respectively, the Hartley measure for sets and the Shannon entropy for probabilities. For instance, regarding the Hartley 

measure that intends to quantify the so-called epistemic uncertainty, one can use the formula

𝖴𝐷(𝑚) =
∑

𝐴∈F
𝑚(𝐴) log2 |𝐴|

proposed and justified by Dubois and Prade [20]. Similarly, Klir and Ramer [21] proposed and justified the following formula 

extending Shannon entropy

𝖴𝐾𝑅(𝑚) = −
∑

𝐴∈F
𝑚(𝐴) log2

∑

𝐸∩𝐴≠∅
𝑚(𝐸)

|𝐸 ∩ 𝐴|
|𝐸|

where the term 
∑

𝐸∩𝐴≠∅ 𝑚(𝐸) |𝐸∩𝐴|
|𝐸|

 is nothing else but the so-called pignistic probability.

The value obtained by means of an uncertainty index can be used to decide whether an MA is too uncertain, and the expert can 

be further inquired to refine it to make it less uncertain or more reliable. Indeed, too vague and inconclusive evidence has often been 

related to the reliability of evidence. Note that there are two driving forces determining the value of 𝖴(𝑚): the choice of the set of 

focal elements F  and the assignment of positive masses to its elements 𝐴 ∈ F .

3.2 . Pairwise comparisons

Given a finite non-empty set of entities 𝑋 = {𝑥1,… , 𝑥𝑛}, pairwise comparisons exploit the divide and conquer logic and capture 

subjective statements over pairs of entities. This is done with the goal of decomposing a complex problem into smaller and more 

tractable ones. However, the final result that one expects from a set of pairwise comparisons is often a positive normalized vector

𝐰 = (𝑤1,… , 𝑤𝑛) (1)

that best fits the set of pairwise comparisons. In this sense, components of 𝐰 can be interpreted as slices into which a pie of unit area 

should be divided.

In most MCDA methods, weights constitute a fundamental input used to properly balance the influence of the different attributes 

describing the alternatives. Consequently, identifying appropriate weights represents a critical step in the decision-making process. 

Methods for determining weights are generally classified into three main categories: subjective, objective, and hybrid approaches. 

Subjective methods [22] are based on the assumption that weights should reflect the judgments, preferences, and expertise of decision-

makers or specialists. Conversely, objective methods do not incorporate individual opinions; instead, they derive weights solely from 

the intrinsic characteristics or performance data of the alternatives. In this work, we focus specifically on subjective methods.

Preference relations are the mathematical structures underlying (subjective) pairwise comparisons. Many definitions of (valued) 

preference relations have been given in the literature [23]. Here we consider the possibility that two entities may be uncomparable 

and define a preference relation as a mapping

𝑃 ∶ 𝑋 ×𝑋 → 𝐷 ∪ {∗} (2)

where 𝐷 is the domain of representation of preferences and “∗” is an additional element denoting incomparability. We say that a 

preference relation is complete if no element of 𝑋 × 𝑋 is mapped to “∗”. Otherwise, we say that the relation is incomplete. Note that 

here, incomplete means incompletely specified, in the sense that some comparisons are not made or measured. This differs from 

intrinsic, ontic incomparability.

The most widely used representation of preferences is the multiplicative one, where 𝐷 = R>. It is used among others in the well-

known AHP [24] and in Multi-attribute Value Theory. In this case, preferences can be collected into a (positive) pairwise comparison 

1 They are usually called uncertainty measures but here we call them indices or indicators to avoid ambiguity with measures (from the measure theoretic point of 

view) like Pr, Pl, and Bel.
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matrix 𝐀 = (𝑎𝑖𝑗 )𝑛×𝑛 with 𝑎𝑖𝑖 = 1 for all 𝑖 and 𝑎𝑗𝑖 = 1∕𝑎𝑖𝑗  for all 𝑖, 𝑗. The idea is that each comparison is an estimation of the ratio 

between the weights of the compared entities, i.e., 𝑎𝑖𝑗 ≈ 𝑤𝑖∕𝑤𝑗 . If equality holds, we say that the pairwise comparison matrix is 

consistent. Equivalently, a pairwise comparison matrix is consistent if and only if

𝑎𝑖𝑘 = 𝑎𝑖𝑗𝑎𝑗𝑘 ∀𝑖, 𝑗, 𝑘. (3)

That is, when an expert is fully rational, each direct comparison 𝑎𝑖𝑘 is supported by indirectly comparing 𝑥𝑖 and 𝑥𝑘 passing through 

𝑥𝑗 . An inconsistency index is a function 𝖨 ∶ 𝐀 ↦ 𝖨(𝐀) ∈ R where 𝖨(𝐀) is an estimation of the inconsistency of preference contained in 

𝐀. The most widely used index is probably the 𝖢𝖨 proposed by Saaty [24] defined as

𝖢𝖨(𝐀) =
𝜆max − 𝑛
𝑛 − 1

where 𝜆max is the Perron-Frobenius eigenvalue of 𝐀. Another commonly used inconsistency index is 𝖢𝖱(𝐀) = 𝖢𝖨(𝐀)∕𝑅𝐼  where 𝑅𝐼  is 

the average inconsistency computed on a very large number of pairwise comparison matrices.

Note that the definition of consistency (3) applies to complete matrices, but can be extended to incomplete ones (based on 

incomplete preference relations) by considering only the triples (𝑎𝑖𝑗 , 𝑎𝑗𝑘, 𝑎𝑖𝑘) for which the elements are numerical. Inconsistency 

indices have also been extended to work on incomplete matrices [25].

Each preference relation, and hence also each pairwise comparison matrix 𝐀, has an underlying graph. In the case of a pairwise 

comparison matrix we define it as the pair 𝐀 = (𝑋,𝐸) where 𝑋 is the set of vertices, represented by the entities that are compared, 

and 𝐸, the set of edges, is the set of pairs of indices of distinct entities on which the expert expressed her judgments, i.e., 𝐸 =
{{𝑖, 𝑗} | 𝑥𝑖, 𝑥𝑗 ∈ 𝑋, 𝑖 < 𝑗, 𝑎𝑖𝑗 ∈ R>}.

The number of pairwise comparisons grows quadratically with the number of focal elements when complete comparison matrices 

are elicited. This may impose a cognitive burden for large sets of focal elements. A common mitigation strategy is to use incomplete 

pairwise comparison matrices, where only a subset of comparisons is provided and the remaining values are inferred during the 

estimation procedure. When the comparison graph is connected, the number of required judgments can be drastically reduced from a 

quadratic growth to a linear one. In particular, the minimum number of comparisons required is (𝑛− 1), while at least 𝑛 comparisons 

are typically recommended to enable consistency checks [26]. In practice, the elicitation burden can be further reduced by restricting 

the number of focal elements, which is a common modeling strategy in belief function applications.

Prioritization is the process that takes a pairwise comparison matrix 𝐀 as input and yields a vector 𝐰 as output. The best-known 

method is probably the eigenvector method [24], according to which one should take the Perron-Frobenius eigenvector to obtain 

a good estimation of the weights. An alternative method is the geometric mean method [27], according to which an estimation of 

weights can be obtained as

𝑤𝑖 =

( 𝑛
∏

𝑗=1
𝑎𝑖𝑗

)
1
𝑛

(4)

If the weight vector needs to be normalized, then it is straightforward to apply the normalization to both methods. Furthermore, the 

eigenvector and the geometric mean methods were proposed for the basic case in which preferences cannot be incomplete, but they 

have been extended to incomplete matrices by Harker [28] and Bozóki et al. [29], respectively. For both, the only requirement is the 

connectedness of the underlying graph.

An extension of pairwise comparison matrices regards the case where multiple experts, say 𝑞, provide their preferences by means of 

matrices 𝐀1,… ,𝐀𝑞  and the goal of reaching one final vector 𝐰 remains. To solve this problem, Aczél and Saaty [30] stipulated some 

reasonable properties for the aggregation of ratio (multiplicative) judgments and showed that the weighted geometric mean method 

is the only aggregation method that satisfies them. Consequently, in the case of complete pairwise comparison matrices associated 

with 𝑞 experts with positive normalized importance weights 𝜔1,… , 𝜔𝑞 , they proposed the following formula:

𝑎𝐺𝑖𝑗 =
𝑞
∏

ℎ=1

(

𝑎(ℎ)𝑖𝑗

)𝜔ℎ
(5)

where 𝑎(ℎ)𝑖𝑗  is the (𝑖, 𝑗)th entry of the matrix provided by the ℎth expert. Such aggregation method has been popularized by Forman 

and Peniwati [31] under the name of aggregation of individual judgments (AIJ). In some contexts, it may be desirable to quantify the 

degree of compatibility between two complete pairwise comparison matrices, say 𝐀1 = (𝑎(1)𝑖𝑗 )𝑛×𝑛 and 𝐀2 = (𝑎(2)𝑖𝑗 )𝑛×𝑛. In the following 

we will use

𝖢(𝐀1,𝐀2) =
2

𝑛(𝑛 − 1)

𝑛
∑

𝑖<𝑗
ln2

(

𝑎(1)𝑖𝑗 𝑎
(2)
𝑗𝑖

)

(6)

A comparative analysis of compatibility indices was proposed by Ágoston et al. [32]. Updated expositions of the pairwise comparison 

method and its extensions were presented for instance by Mazurek [33].

4 . Pairwise comparisons for the estimation of mass functions

We are now ready to consider a basic use of pairwise comparisons on a set of focal elements. In this basic case an expert decides, 

a priori, on what subsets 𝐴 ⊆ Θ she feels confident to express her pairwise opinions. Such sets become focal elements in F . Then, a 
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preference relation is built so that they can be pairwise compared. That is, the reference set 𝑋 in the preference relation structure (2) 

is replaced by F  and the preference relation becomes

𝑃 ∶ F × F → 𝐷 ∪ {∗} (7)

Note that, in its multiplicative representation by means of pairwise comparisons, the comparison of two subsets 𝐴𝑖, 𝐴𝑗  is represented 

by 𝑎𝑖𝑗 > 0 and could be interpreted as “the evidence pointing to 𝐴𝑖 is 𝑎𝑖𝑗  times as much as the one pointing to 𝐴𝑗”. Note that even if 

𝐴𝑗 ⊆ 𝐴𝑖, such a statement could simply mean that the evidence allows narrowing down elements in 𝐴𝑖, but not further due to, e.g., 

ambiguity or coarseness of the measured quantity. One could be, for instance, convinced that a blurry picture points to a cat or a 

dog, without necessarily being able to distinguish between the two.

It is worth noting that expressing numerical values directly to compare evidential strength can be challenging for experts. For 

this reason, several transformations linking verbal assessments to numerical scales have been proposed in the literature. More recent 

studies have analyzed and compared these transformations, providing empirical support for their validity [34].

Once subjective judgments on some pairs of focal elements are collected into a pairwise comparison matrix we can derive a priority 

vector, whose components can be interpreted as MAs. Namely, we consider

𝑚(𝐴𝑖) ∶= 𝑤𝑖 , (8)

where 𝑤𝑖 is 𝑖th component of the normalized eigenvector of 𝐀 or the result of the geometric mean method (4) after normalization. 

Note that, depending on whether we think there exists a true underlying mass or it is a subjective entity, the mass resulting from (8) 

can either be seen as an approximation, or as a mass representing the subjective opinion of a user. In Section 5 we will see that, 

if we assume the existence of a true mass, then focusing on a handful of well-chosen focal elements can quickly provide a good 

approximation. Moreover, a subset 𝐴 that is not in F  will receive zero mass. In practice, however, not including a subset in the set 

of focal elements that are compared does not entail that its mass must be null, but more pragmatically that it is sufficiently small to 

be considered negligible. Methods for generating and structuring alternatives are central in decision analysis; by the same token, the 

selection of focal elements plays a fundamental role when constructing belief functions. While the ultimate choice should remain with 

the expert, it is natural to select focal elements that correspond to meaningful and interpretable hypotheses. For example, in medical 

diagnosis, diseases may be grouped into subsets according to clinically relevant categories such as contagious, sexually transmitted, 

chronic, cardiovascular, airborne, or genetic conditions. Such domain-driven groupings provide semantically coherent focal elements, 

especially when some structure (e.g., hierarchical or conceptual) exists over Θ, as in hierarchical classification settings. In addition 

to expert judgment, the initial selection of focal elements may be supported by optimization-based procedures aimed at satisfying 

structural desiderata—for instance, balancing the frequency with which atomic events 𝜃𝑖 appear across focal elements [35]. This 

perspective is consistent with existing approaches that restrict focal sets for modeling or predictive purposes, such as singleton-based 

belief functions in machine learning and evidential clustering methods, as well as recent findings highlighting the benefits of limiting 

the number of focal elements. To be general, we do not impose any extra coherence constraint on our set of considered focal elements, 

but one can easily impose them if needed. Note that such constraints would only limit the possible focal elements to pick from, and 

not the pairwise assessments between those focal elements.

The next example shows an application of preference relations to determine an MA using a pairwise comparison matrix 𝐀 and 

𝐷 = R>.

Example 1. Consider a frame of discernment of 4 possible alternative diseases Θ = {𝜃1,… , 𝜃4} and a set of 5 focal elements F =
{𝐴1,… , 𝐴5} defined as

𝐴1 = {𝜃1, 𝜃2}

𝐴2 = {𝜃3, 𝜃4}

𝐴3 = {𝜃1}

𝐴4 = {𝜃2, 𝜃3, 𝜃4}

𝐴5 = {𝜃1, 𝜃2, 𝜃3, 𝜃4} = Θ

A medical doctor pairwise compares, using her expertise, the values of the MAs of such subsets using the following pairwise comparison 

matrix:

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3 𝐴4 𝐴5

𝐴1 1 2 ∗ 1∕2 ∗

𝐴2 1∕2 1 ∗ ∗ 3

𝐴3 ∗ ∗ 1 1∕5 ∗

𝐴4 2 ∗ 5 1 1∕3

𝐴5 ∗ 1∕3 ∗ 3 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠
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Fig. 1. The structure of the preferences expressed in 𝐀 on the set of focal elements F = {𝐴1 ,… , 𝐴5}.

The structure of the preferences in matrix 𝐀 is represented in Fig. 1. If we apply Harker’s method [28] we obtain2

𝐰 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑤1
𝑤2
𝑤3
𝑤4
𝑤5

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑚(𝐴1)
𝑚(𝐴2)
𝑚(𝐴3)
𝑚(𝐴4)
𝑚(𝐴5)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑚({𝑥1, 𝑥2})
𝑚({𝑥3, 𝑥4})
𝑚({𝑥1})

𝑚({𝑥2, 𝑥3, 𝑥4})
𝑚(Θ)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.2539
0.3040
0.0209
0.1841
0.2371

⎞

⎟

⎟

⎟

⎟

⎟

⎠

.

It is worth clarifying the semantic interpretation of these comparisons. Unlike AHP, where pairwise comparisons typically involve 

mutually exclusive alternatives, in the present framework the objects of comparison are focal elements, which may represent com­

posite hypotheses. Such comparisons are nevertheless meaningful: in decision theory and probabilistic preference models, experts 

routinely compare evidential support assigned to events rather than to single alternatives. A focal element can thus be regarded as 

a conceptual hypothesis (e.g., a category such as “infectious diseases” versus “genetic diseases”), and experts are asked to assess the 

relative strength of evidence supporting these hypotheses as single entities, without explicitly decomposing them into their atomic 

components.

A clarification is in order regarding overlapping or nested focal elements. Pairwise comparisons in the proposed approach concern 

the strength of evidential support assigned to hypotheses, rather than their set-theoretic relations. For example, let 𝐴 = {𝜃1, 𝜃2} denote 

the hypothesis “the culprit is male” and 𝐵 = {𝜃2, 𝜃3} the hypothesis “the culprit has dark hair.” Although 𝐴 and 𝐵 overlap in 𝜃2, 
the evidence supporting them may stem from different sources (e.g., a witness statement versus forensic analysis). We could even 

argue that such ideas of independent sources of information are at the basis of distinctness Smets and Kennes [36]. An expert may 

therefore compare the overall support for 𝐴 and 𝐵 as conceptual hypotheses, despite their non-disjointness. It should also be noted 

that, in contrast with elicitation in MCDA approaches that focus on distinct alternatives, elicitation of uncertainty typically involves 

non-disjoint events and sets, as it is common to compare likelihood of 𝐴 and 𝐵 with 𝐴 ∩ 𝐵 ≠ ∅. 

4.1 . Multiple-experts

Now we consider the existence of multiple experts who can be interpreted as distinct sources of evidence. This relates to the 

problem of combination of evidence in Dempster-Shafer theory, on which much research has been carried out with the Dempster rule 

of combination still playing a dominant role. Given two MAs 𝑚1 and 𝑚2, they can be combined as follows [4, p. 60]:

𝑚(𝐴) =

∑

𝐴𝑖 ,𝐴𝑗
𝐴𝑖∩𝐴𝑗=𝐴

𝑚1(𝐴𝑖)𝑚2(𝐴𝑗 )

1 −
∑

𝐴𝑖 ,𝐴𝑗
𝐴𝑖∩𝐴𝑗=∅

𝑚1(𝐴𝑖)𝑚2(𝐴𝑗 )
(9)

2 Harker’s method considers an incomplete pairwise comparison matrix 𝐀 and transforms it into a complete auxiliary matrix 𝐂, using the rule

𝑐𝑖𝑗 =

⎧

⎪

⎨

⎪

⎩

𝑎𝑖𝑗 if 𝑖 ≠ 𝑗 and 𝑎𝑖𝑗 ∈ R
0 if 𝑖 ≠ 𝑗 and 𝑎𝑖𝑗 = “ ∗”

1 + 𝑚𝑖 if 𝑖 = 𝑗

where 𝑚𝑖 is the number of missing entries on the 𝑖th row of 𝐀. Then, the eigenvector method can be applied to 𝐂.
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Let us note that, if (∪F1) ∩ (∪F2) = ∅, then 𝑚1 and 𝑚2 are not combinable through the Dempster rule of combination.

We shall show how pairwise comparison matrices can be used to aggregate elicited judgments from multiple experts before 

deriving a collective mass assignment. First, we call 𝑑1,… , 𝑑𝑞  the decision makers/experts who are going to express their pairwise 

judgments. Note that their sets of focal elements F1,… ,F𝑞  need not be equal as well as their relative weights in the decision process, 

which we denote as 𝜔1 … , 𝜔𝑞  with 𝜔ℎ > 0 and 𝜔1 +⋯ + 𝜔𝑞 = 1. We call 𝑆𝑖𝑗  the set of experts who expressed numerical judgments 

on the two sets 𝐴𝑖, 𝐴𝑗 ∈ F𝐺 where F𝐺 is the union of the sets of focal elements, i.e., F𝐺 =
⋃𝑞

ℎ=1 Fℎ. Then, the aggregate preference 

relation 𝐀𝐺 ∶ F𝐺 × F𝐺 → 𝐷 ∪ {∗} can be represented by a pairwise comparison matrix 𝐀𝐺 =
(

𝑎𝐺𝑖𝑗
)

𝑝×𝑝
 with entries defined as

𝑎𝐺𝑖𝑗 ∶=

⎧

⎪

⎨

⎪

⎩

∏

ℎ∈𝑆𝑖𝑗

(

𝑎(ℎ)𝑖𝑗

)

𝜔ℎ
∑

𝑘∈𝑆𝑖𝑗 𝜔𝑘 ,  if 𝑆𝑖𝑗 ≠ ∅

” ∗”,  if 𝑆𝑖𝑗 = ∅

(10)

where 𝑖, 𝑗 are the indices of the sets 𝐴𝑖 and 𝐴𝑗  in F𝐺.

Interestingly, if we use (10), then under a mild condition the connectedness of 𝐀1,… ,𝐀𝑞  implies the connectedness of 𝐀𝐺.

Proposition 1. Consider 𝑞 pairwise comparison matrices 𝐀1,… ,𝐀𝑞 , whose underlying graphs are connected on their domains F1,… ,F𝑞 . If 

there exists a permutation 𝜋 on {1,… , 𝑞} such that F𝜋(ℎ) ∩F𝜋(ℎ+1) ≠ ∅ for all ℎ = 1,… , 𝑞 − 1, then the graph underlying 𝐀𝐺 is connected too.

Proof. By definition of 𝑎𝐺𝑖𝑗 , i.e., (10), and the connectedness of all the graphs underlying 𝐀ℎ, we know that the graph underlying 

𝐀𝐺 is the union of the graphs underlying 𝐀1,… ,𝐀𝑞 . Hence, {𝑖, 𝑗} is an edge of 𝐀𝐺 if and only if it is an edge for at least one 𝐀ℎ. As 

each underlying graph is associated with a set of vertices Fℎ that is connected, we know that we can go from each of its vertices to 

any other of its vertices. Since F𝜋(ℎ) ∩ F𝜋(ℎ+1) ≠ ∅, then we know that, if we consider the union of the two graphs, we can go from 

any vertex in F𝜋(ℎ) ∪ F𝜋(ℎ+1) to any other vertex in the same set. Hence, we know that the union of all the underlying graphs of the 

pairwise comparison matrices with vertex set 
⋃𝑞

ℎ=1 Fℎ is also connected, and so must be the graph underlying 𝐀𝐺. □

Remark 1. Note that the implication in Proposition 1 is not true the other way around. Namely, the union of disconnected graphs 

could be connected. This can be seen as a strong point of this approach as connectedness of individual underlying graphs is not 

necessary to guarantee the connectedness of the group one.

Given that the sets of focal elements of different experts may be different, we need to generalize the concept of comparability 

index. If we index the pairwise comparisons with respect to the focal elements that they compare, then we can define the following:

Definition 1. Given two pairwise comparison matrices 𝐀1 and 𝐀2 with underlying graphs (F1, 𝐸1) and (F2, 𝐸2), we define their 

compatibility as

𝖢̃(𝐀1,𝐀2) =
1

|𝐸1 ∩ 𝐸2|

∑

{𝐴𝑖 ,𝐴𝑗}∈𝐸1∩𝐸2

ln2
(

𝑎(1)𝐴𝑖 ,𝐴𝑗
𝑎(2)𝐴𝑗 ,𝐴𝑖

)

Proposition 2. If F1 = F2, and the two pairwise comparison matrices are complete, then 𝖢̃(𝐀1,𝐀2) collapses into 𝖢(𝐀1,𝐀2), as defined in 

(6).

Proof. Considering the premise of the proposition we can map the elements of F1 into the first |F1| positive integers and rewrite

∑

{𝐴𝑖 ,𝐴𝑗}∈𝐸1∩𝐸2

ln2
(

𝑎(1)𝐴𝑖 ,𝐴𝑗
𝑎(2)𝐴𝑗 ,𝐴𝑖

)

=
∑

1≤𝑖<𝑗≤|F1|

ln2
(

𝑎(1)𝑖𝑗 𝑎
(2)
𝑗𝑖

)

A complete graph has 
𝑛(𝑛−1)

2  edges, and therefore

1
|𝐸1 ∩ 𝐸2|

= 1
𝑛(𝑛−1)

2

= 2
𝑛(𝑛 − 1)

,

which shows that 𝖢 is a special case of 𝖢̃. □

Example 2. Building upon Example 1, we now consider the addition of a medical doctor acting as a supplementary expert and assume 

that their weights in the decision should be equal. That is 𝜔1 = 𝜔2 = 1∕2. Unlike the previous medical doctor (𝑑1) the supplementary 

doctor (𝑑2) considers the set 𝐴6 = {𝜃3} in his set of focal elements, instead of 𝐴5. In this case their preferences can be collected into 

pairwise comparison matrices representing preferences on the set F𝐺 = F1 ∪ F2. We have,

𝐀1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3 𝐴4 𝐴5

𝐴1 1 𝟐 ∗ 𝟏∕𝟐 ∗
𝐴2 1∕2 1 ∗ ∗ 3
𝐴3 ∗ ∗ 1 𝟏∕𝟓 ∗
𝐴4 2 ∗ 5 1 1∕3
𝐴5 ∗ 1∕3 ∗ 3 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

𝐀2 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3 𝐴4 𝐴6

𝐴1 1 𝟑 ∗ 𝟏 1∕4
𝐴2 1∕3 1 ∗ 1∕3 ∗
𝐴3 ∗ ∗ 1 𝟏∕𝟒 ∗
𝐴4 1 1∕3 4 1 1∕3
𝐴6 4 ∗ ∗ 3 1

⎞

⎟

⎟

⎟

⎟

⎟

⎠
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where the boldfaced upper triangular comparisons are those that were elicited by both experts. The compatibility between the two 

pairwise comparison matrices can be calculated as follows:

𝖢̃(𝐀1,𝐀2) =
1
3

[

ln2
(

2 ⋅ 1
3

)

+ ln2
(1
2
⋅ 1

)

+ ln2
( 1
5
⋅ 4

)]

= 0.231

We use (10) to define the entries of 𝐀𝐺 and we obtain

𝐀𝐺 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3 𝐴4 𝐴5 𝐴6

𝐴1 1 2
1
2 3

1
2 ∗ 1

2

1
2 1

1
2 ∗ 1∕4

𝐴2
1
2

1
2 1
3

1
2 1 ∗ 1∕3 3 ∗

𝐴3 ∗ ∗ 1 1
5

1
2 1
4

1
2 ∗ ∗

𝐴4 2
1
2 1

1
2 3 5

1
2 4

1
2 1 1∕3 1∕3

𝐴5 ∗ 1∕3 ∗ 3 1 ∗

𝐴6 4 ∗ ∗ 3 ∗ 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

representing a preference relation 𝑃 ∶ F𝐺 × F𝐺 → R> ∪ {∗} with a connected underlying graph. The final assessment for the mass 

function can be obtained using Harker’s method and is

𝐰 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑚(𝐴1)
𝑚(𝐴2)
𝑚(𝐴3)
𝑚(𝐴4)
𝑚(𝐴5)
𝑚(𝐴6)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑚({𝜃1, 𝜃2})
𝑚({𝜃3, 𝜃4})
𝑚({𝜃1})

𝑚({𝜃2, 𝜃3, 𝜃4})
𝑚(Θ)

𝑚({𝜃3})

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0.228
0.238
0.043
0.190
0.245
0.056

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

It appears that the approach outlined in this section first aggregates the preferences and only afterwards it derives a collective 

MA. One may wonder under what conditions the two steps of the process are commutative and—if this is the case—what kind of 

aggregation is applied to the MAs of individual decision makers. Let us consider a set of complete pairwise comparison matrices 

𝐀1,… ,𝐀𝑞  defined on the same set of focal elements F , and assume that we use the geometric mean method to extract weights from 

pairwise comparison matrices. Then, if we discard the cosmetic operation of normalization, the process outlined in this section can 

be summarized as the left hand side of

𝑛
∏

𝑗=1

(( 𝑞
∏

ℎ=1

(

𝑎(ℎ)𝑖𝑗

)𝜔ℎ

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

)
1

eq. (

𝑛

5)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

eq. (4)

=
𝑞
∏

ℎ=1

(( 𝑛
∏

𝑗=1
𝑎(ℎ)𝑖𝑗

)
1
𝑛

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
eq. (

)

𝜔ℎ

4)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

eq. (5)

(11)

where the aggregation of individual judgments is the internal function and elicitation of priorities is external. However, the two 

operations commute as shown on the right hand side where a weight vector (in our context corresponding to a MA) is obtained 

for each expert, and then these are aggregated using the weighted geometric mean. It provides a natural way to avoid the question 

of whether expert opinions should be first aggregated then transformed, or first transformed then aggregated. Lastly, we considered 

Zadeh’s paradox and tested our approach on two pairwise comparison matrices that would lead to the same MAs considered originally 

by Zadeh [37] himself. The application of (10) to the two matrices yields 𝑚(𝐴) = 99∕199, 𝑚(𝐵) = 99∕199, 𝑚(𝐶) = 1∕199 which exposes 

the averaging nature of (10), much more in line with Murphy’s rule [38] than with Dempster rule of combination.

4.2 . Uncertainty and inconsistency

Inconsistency of elicited preferences, usually captured by an inconsistency index 𝖨(𝐀), has been considered a symptom of irra­

tionality, cognitive errors, cognitive overload, and other factors that could impair the preference elicitation process. Full consistency, 
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and thus full rationality, is hardly ever attainable, and it is common practice to fix a threshold for the inconsistency of preferences 

beyond which the expert is invited to reconsider his/her statements and reduce inconsistency. In some cases, as recalled by Koksalmis 

and Kabak [39], the values of inconsistency indices have been used to weigh experts in decision processes to give greater weight 

to the most rational ones. It should be noted that this notion of conflict is different from the ones usually considered within belief 

function theory [40], whose intent is to measure a conflict between instantiated MAs, not to measure how inconsistent expert assess­

ments about these potential MAs are. 𝖨(𝐀) could nevertheless be interpreted, to some extent, as the quantity of internal conflict of the 

information source. A full investigation of its connection with internal conflict within the evidential literature [41], while interesting, 

is beyond the scope of this paper. We can nevertheless mention that the two notions are different: a consistent matrix could lead to 

a mass with some internal conflict, while having no inconsistency according to 𝖨(𝐀).
In evidence theory, some decision-making approaches considered 𝖴(𝑚) as an index of the information content of the information 

contained in the MA 𝑚. This indicator has been used in decision support systems. For instance, similarly to what was proposed for 

inconsistency indices, Liang et al. [9] used the uncertainty of an MA to find suitable weights of experts in a group decision-making 

problem.

Here we propose a tentative algorithmic approach to the elicitation of MAs by means of pairwise comparisons. Information on 

inconsistency of preferences and uncertainty of the MA can be incorporated into the MA elicitation process, as shown in Fig. 2, where 

there are two checks: one on inconsistency and one on uncertainty.

The two thresholds classify pairwise comparison matrices on the set of focal elements and derived MAs into 4 categories, as 

shown in Fig. 3. The goal is to ask the decision maker to revise his statements to make the information belong to region III. Let us 

note that this approach is similar to the one proposed by Li et al. [42] for interval-valued pairwise comparison matrices, in whose 

case uncertainty derives from the interval-valued nature of judgments, while in our case it depends on the obtained MA. Pairwise 

comparisons in the area III are sufficiently rational and provide sufficiently conclusive evidence.

Example 3. Consider again the pairwise comparison matrix 𝐀 in Example 1 and the two thresholds 𝜏𝖢𝖱 = 0.08 and 𝜏𝖴𝐾𝑅
= 0.75. 

We can calculate the inconsistency following the approach proposed by Ágoston and Csató [25] in which it is suggested that an 

incomplete matrix be completed by filling the missing entries in the most consistent way before calculating the inconsistency. Then, 

the inconsistency can be calculated on the completed matrix, 𝐀̃. In this case, we have 𝖢𝖱(𝐀̃) = 0.1595, which is above the threshold. 

Fig. 2. Workflow of an algorithmic procedure to determine an MA by means of pairwise comparisons with inconsistency and uncertainty thresholds.
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Fig. 3. Representations of pairwise comparisons on a set of focal elements F  can be classified according to inconsistency and uncertainty. Here 𝜏𝖨 and 𝜏𝑈  are the 

inconsistency and uncertainty thresholds, respectively.

We can then calculate the uncertainty of the mass function, that is 𝖴𝐾𝑅 = 0.6639 and it respects the threshold 𝜏𝖴𝐾𝑅
. Hence, this case 

is in the region II in Fig. 3. We ask the expert to reconsider the set of focal elements, to which she adds 𝐴6 = {𝜃3}. The revised 

preferences are

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3 𝐴4 𝐴5 𝐴6

𝐴1 1 2 ∗ 1∕2 ∗ ∗

𝐴2 1∕2 1 ∗ ∗ 2 4

𝐴3 ∗ ∗ 1 1∕3 ∗ ∗

𝐴4 2 ∗ 3 1 1∕3 ∗

𝐴5 ∗ 1∕2 ∗ 3 1 3

𝐴6 ∗ 1∕4 ∗ ∗ 1∕3 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

The inconsistency is now 𝖢𝖱(𝐀̃) = 0.075, which is now below the threshold; the uncertainty slightly increased to 𝖴𝐾𝑅(𝐀) = 0.7062
but remains below the threshold.

Let us recall that the determination of thresholds for inconsistency or uncertainty measures remains an open issue, as it involves 

defining cut-off rules for inherently continuous phenomena. Nevertheless, in the literature on pairwise comparisons, several proposals 

have been developed for inconsistency indices and their acceptable ranges, including extensions to incomplete preference relations 

[25]. By contrast, relatively little work has addressed threshold selection for uncertainty measures. Progress in this direction will 

likely depend on the development of measures that are theoretically grounded and easily interpretable by practitioners.

We conclude the subsection by highlighting that inconsistency is not a guarantee of reliability as there can be consistent matrices 

that do not reflect the opinion of an expert. Furthermore, their use should be limited to individual preferences, as their interpretation 

for group preference relations is questionable; e.g., the aggregation of two inconsistent pairwise comparison matrices could be fully 

consistent.

4.3 . Other representations of preferences

Up to now, we have considered preference relations where the domain of representation of preferences was R>. There are, 

however, other domains that can be relevant and among them probabilistic preference relations seem particularly appealing and are 

widely accepted from the perspective of measurement theory. They are also known as reciprocal relations or fuzzy preference relations, 

and, in their case, the domain of representation of preferences is 𝐷 =]0, 1[. Comparisons of this type can be collected into matrices 

𝐑 = (𝑟𝑖𝑗 )𝑛×𝑛 ∈]0, 1[𝑛×𝑛 such that 𝑟𝑖𝑖 = 0.5 ∀𝑖 and 𝑟𝑖𝑗 + 𝑟𝑗𝑖 = 1 ∀𝑖, 𝑗. The most common interpretation is that each entry 𝑟𝑖𝑗  is related to 

the weight vector through the following relation:

𝑟𝑖𝑗 ≈
𝑤𝑖

𝑤𝑖 +𝑤𝑗
(12)

If (12) holds as equality, then the reciprocal relation is consistent. If we consider our problem, then we could interpret weights 𝑤𝑖
as weights of evidence allocated to focal elements, i.e., the masses 𝑚(𝐴𝑖) > 0. Hence, given the total evidence allocated to two focal 

elements 𝐴𝑖 and 𝐴𝑗 , each entry 𝑟𝑖𝑗  represents the subjective estimation of the percentage of such evidence allocated to 𝐴𝑖, i.e.,

𝑟𝑖𝑗 ≈
𝑚(𝐴𝑖)

𝑚(𝐴𝑖) + 𝑚(𝐴𝑗 )
(13)
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Similar to pairwise comparison matrices, also for reciprocal relations there are inconsistency indices and prioritization methods, but 

a more pragmatic approach could be to transform them into a pairwise comparison matrix by means of the following isomorphism

𝑎𝑖𝑗 =
𝑟𝑖𝑗

1 − 𝑟𝑖𝑗

Given the existence of such an isomorphism, experts can decide to use the representations of preferences that they prefer, and with 

which they feel more at ease.

4.4 . Interval-valued pairwise comparison matrices

In some contexts, it may be unreasonable to assume that an expert can specify exact numerical values, making it appropriate to 

explore extensions that permit the expression of preferences under uncertainty. As noted in the literature, this need arises both in the 

case of pairwise comparisons [43] and within evidence theory frameworks [44]. In our setting, a practical way to address this issue 

is to employ interval-valued pairwise comparisons. In this case, if the domain 𝐷 is an open subset of the real line, we denote [𝐷] the 

set of all its sub-intervals, and the interval-valued preference relation, say 𝑃 , is defined as

𝑃 ∶ F × F → [𝐷] ∪ {∗}

The following interval-valued pairwise comparison matrix is an example of numerical representation.

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎝

𝐴1 𝐴2 𝐴3

𝐴1 [1, 1] [2, 3] ∗

𝐴2 [ 13 ,
1
2 ] [1, 1] [2, 4]

𝐴3 ∗ [ 14 ,
1
2 ] [1, 1]

⎞

⎟

⎟

⎟

⎟

⎠

(14)

Such preference relations are consistent if and only if there exists a vector whose ratios of components are comprised in the specified 

intervals. That is, 𝐀 is consistent if and only if, for all determined entries, there exists a compatible vector 𝐰 such that, 𝑎−𝑖𝑗 ≤
𝑤𝑖
𝑤𝑗

≤ 𝑎+𝑖𝑗 , 

where 𝑎−𝑖𝑗  and 𝑎+𝑖𝑗  are the extremes of the interval. In general, as shown in Fig. 4, we can call 𝑊𝐀 the set of weight vectors compatible 

with the preferences in 𝐀.

Depending on whether 𝑊𝐀 is empty or not, different strategies can be used to estimate a representative weight vector.

• If 𝑊𝐀 ≠ ∅, one could, for instance, estimate a real-valued weight vector by taking the center of gravity of 𝑊𝐀 [45], or an 

interval-valued weight vector 𝐰 = ([𝑤−
𝑖 , 𝑤

+
𝑖 ])𝑖=1,…,𝑛 by exploring the maximum and minimum values of weights 𝑤𝑖’s that can be 

found in 𝑊𝐀 [43]. This second approach could be a starting point to obtain interval-valued MAs, which are equivalent to the 

interval-valued belief structures defined by Denœux [44].

• If, conversely, 𝑊𝐀 = ∅, as surveyed by Wang et al. [46], there is still a plethora of methods to find a representative weight vector. 

The goal of some of them is to find the vector 𝐰 that minimizes the violation of the constraints imposed by the comparisons. 

Some others, instead, search for the minimum stretch that must be applied to the interval-valued comparisons to make 𝑊𝐀 ≠ ∅.

Fig. 4. The effect of the application of interval judgments [𝑎−13 , 𝑎
+
13] and [𝑎−23 , 𝑎

+
23] on the set of feasible vectors 𝑊𝐀 in the case of a pairwise comparison matrix of order 

3, e.g, (14).
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4.5 . Special cases

Some special cases can be identified to help validate the approach based on pairwise comparisons. We shall check that in these 

special and well-known cases the approach based on pairwise comparisons yields desirable results.

Deterministic MA

An important case refers to the deterministic case, in which there exists an 𝐴 ⊆ Θ such that 𝑚(𝐴) = 1. Within this case, total 

ignorance is represented by the vacuous MA 𝑚(Θ) = 1. That is, an expert cannot even compare strict subsets 𝐴 ⊂ Θ as he/she is 

totally ignorant about their likelihood. Hence, F = {Θ} and the pairwise comparison matrix collapses into 𝐀 = (1), obviously yielding 

𝐦 = (𝑚(Θ)) = (1), thus returning the vacuous MA 𝑚(Θ) = 1.

Bayesian MA

If F = {{𝜃1},… , {𝜃𝑝}}, then the MA is Bayesian and the weights obtained from 𝐀 can be put into a correspondence with the 

estimated MA using 𝑚({𝜃𝑖}) ∶= 𝑤𝑖 for all 𝑖 = 1,… , 𝑝. Furthermore, if the preference relation on F  is complete, then the use of Harker’s 

method makes it collapse to the problem proposed by Yager [7] in which a complete pairwise comparison matrix

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

{𝜃1} {𝜃2} ⋯ {𝜃𝑝}

{𝜃1} 1 𝑎12 ⋯ 𝑎1𝑝
{𝜃2} 1∕𝑎12 1 ⋯ 𝑎2𝑝
⋮ ⋮ ⋮ ⋱ ⋮

{𝜃𝑝} 1∕𝑎1𝑝 1∕𝑎2𝑝 ⋯ 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

was used, together with the eigenvector method, to estimate subjective probabilities on a sample space Θ.

Consonant MA

If, given a set of focal elements F = {𝐴1,… , 𝐴𝑛}, there exists a permutation 𝜋 such that 𝐴𝜋(1) ⊂ ⋯ ⊂ 𝐴𝜋(𝑛), then the set of focal 

elements is consonant. In this case, when a prioritization procedure is applied to a pairwise comparison matrix comparing them, the 

priority vector represents an MA whose associated plausibility measure is, as expected, a possibility measure.

General case

More generally, for each MA 𝑚 there always exists a complete and consistent preference relation from which it can be elicited. 

This can be shown using a constructive approach and a pairwise comparison matrix 𝐀 of order |F | with a connected underlying graph 

and whose known entries are defined as 𝑎𝑖𝑗 = 𝑚(𝐴𝑖)∕𝑚(𝐴𝑗 ). At this point, any mathematically sound prioritization should lead to a 

priority vector whose components correspond to the initial masses of the focal elements. This means that the representative power 

of the approach based on pairwise comparisons suffices to cover all possible belief functions.

5 . A numerical experiment

An important question about our proposed procedure is to determine whether focusing on a few focal elements (defined by the 

user or analyst, found by an ML algorithm, …) with possible noisy replies can still provide satisfactory results and approximations 

even in the case where the full mass is complex. To test the robustness of our approach under different conditions, we consider the 

possibility that an expert does not compare all the focal elements for which she would have evidence, but only the most relevant 

ones (in terms of their masses). In practice, we investigate the capacity of a reduced subset of focal elements to be representative of 

the true preferences of an expert on the full set of focal elements. We set up a Monte Carlo analysis in which we randomly generate 

MAs with given |𝑋| and |F |. To each MA represented by a vector 𝐦 =
(

𝑚(𝐴1),… , 𝑚(𝐴
|F |

)
)

 we assign null mass to the 𝑘 < |F | focal 

elements with the smallest MA and renormalize the remaining positive values to form a new vector 𝐦′. Then we build a pairwise 

comparison matrix 𝐀 =
(

𝑚(𝐴𝑖)∕𝑚(𝐴𝑗 )
)

(|F |−𝑘)×(|F |−𝑘) to compare the non-zero values and we add a log-normal noise to its entries (while 

keeping the reciprocity property) to simulate a reasonable level of inconsistency. Then, the geometric mean method is used to find 

the normalized priority vector from 𝐀, which serves to construct a new vector called 𝐦′′. Finally, we use the distance proposed by 

Jousselme et al. [47] to quantify the discrepancy between 𝐦 and 𝐦′′,

𝐽 (𝐦,𝐦′′) =
√

1
2
(𝐦 −𝐦′′)𝑇𝐃 (𝐦 −𝐦′′)

whose value ranges in [0, 1] and where each entry 𝑑𝑝𝑞  of the matrix 𝐃 is defined as

𝑑𝑝𝑞 =

⎧

⎪

⎨

⎪

⎩

|𝐴𝑝 ∩ 𝐴𝑞|

|𝐴𝑝 ∪ 𝐴𝑞|
, 𝐴𝑝 ∪ 𝐴𝑞 ≠ ∅,

0, otherwise.
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Fig. 5. Jousselme distance between 𝐦′′ and the original 𝐦. The value on the 𝑥-axis denotes how many of the original F  focal elements are considered; 𝜎 is the standard 

deviation of the lognormal noise applied to the pairwise comparison matrix; 𝑠 is the sample size.

The value of 𝐽 (𝐦,𝐦′′) can be interpreted as the discrepancy between the “true” MA 𝐦 and the MA 𝐦′′ that is obtained from an expert 

considering his limited cognitive abilities in terms of number of focal elements that can be identified and his internal consistency. 

Hence, it attempts to quantify the difference between a purely theoretical normative approach and a pragmatic and prescriptive one.

Fig. 5 reports some of the results for varying cardinalities of frames of discernment and focal elements. We can observe the 

non-linear increase in the distance when focal elements are discarded. Hence, only a few focal elements are needed to obtain a 

good approximation of an otherwise complex mass. This is particularly striking for the case of 127 (= 27 − 1) focal elements, where 

the distance is already 0.2 with only 5 focal elements being compared. This is possibly also due to the fact that those with the 

smallest masses were removed, but assuming that an expert can identify the subsets having the most evidence in their favor seems a 

reasonable assumption. This small experiment suggests that pairwise elicitation done with a reasonable cognitive workload may still 

result in quite reliable estimates, hence the interest in such approaches. However, these preliminary numerical experiments should 

be complemented by empirical studies conducted in collaboration with cognitive psychologists to assess their validity. Such studies 

would also provide an opportunity to compare the proposed approach with alternative elicitation methods, even though only a limited 

number of them are available for belief functions.

6 . Discussion and conclusions

Belief functions, or equivalent uncertainty structures, are complex objects having 2𝑛−2 degrees of freedom, making a full elicitation 

cognitively unattainable. However, there are still very few works that investigate how to obtain belief functions from the limited 

information provided by the expert.

In this manuscript, we surveyed the potential of pairwise comparisons as an enabler for the subjective estimation of MAs, and, 

consequently, of belief measures, thus building a first bridge between the two approaches and methodologies. We saw that most of 

the existing results obtained for pairwise comparisons (elicitation of priorities, inconsistency indices, group decision-making, interval-

valued judgments) can be readily used for the estimation of MAs. Some preliminary experiments also indicate that this approach allows 

one to obtain faithful mass distributions from a limited budget of elicited values. We believe that the use of pairwise comparisons in 

evidence theory can be the key to the elicitation of subjective expertise. However, it may not be suitable in application contexts that 

are data-driven and require real-time responses.

Although we have not yet conducted an empirical validation involving real experts, our proposal builds on the well-established 

validation of pairwise comparisons reported in the literature. These methods have been successfully applied to the evaluation of 

various stimuli, such as lengths, areas, weights, and electrical consumption [48], as well as to the elicitation of subjective probabilities 

[49]. Viewing MAs as expressions of subjective support allocated to hypotheses represented by subsets, it is reasonable, as an initial 

step, to extend these validation results to the assessment of focal elements.3

Future perspectives include testing the approach with human users and checking whether human experiments follow the pattern 

of our simulation, for instance taking inspiration from  Thierry et al. [13].

Another worthy path of investigation is to study how the notions commonly used in pairwise comparisons connect with those 

used within belief functions: for instance, can we link the notion of conflict of belief functions [40] with the one used within pairwise 

approaches [39], as already hinted in Section 4.2? Similarly, pairwise comparisons and evidence theory approach the problem of 

multiple-expert combination in very different ways, and it would be interesting to explore links and differences between the two 

trends. In short, we believe it would be valuable to strengthen the connections between the two fields, particularly by exploring what 

pairwise comparison methods can contribute to belief functions, since the reverse direction has already been extensively studied.

Additional future possible extensions include extending the approach to more complex models, both regarding belief functions 

and elicitation statements. For belief functions, we could for instance look at extensions where masses take complex values, raising 

the question of interpreting such complex-valued masses and what a comparison between two complex numbers means. Regarding 

the elicitation statements, we could, for instance, consider listwise approaches rather than pairwise ones Cao et al. [50]. Indeed, 

3 Recall that the term basic probability assignment is often used interchangeably with mass assignment.

Information Sciences 756 (2026) 123855 

14 



M. Brunelli and S. Destercke

in our view, pairwise comparisons represent a departure from the possibly too naive pointwise evaluations, where each point is 

scored individually. Pairwise comparisons still retain some simplicity and give the possibility to check the consistency of information, 

which would be impossible for pointwise evaluations. On the other side of the spectrum, listwise comparisons could be considered, 

but comparisons requiring the evaluation of multiple elements simultaneously may be perceived as too complex. Also note that 

numerically assessing intensities for listwise comparisons may be cognitively demanding.
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