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Abstract
We prove that the Riemannian Penrose inequality holds
for asymptotically flat 3-manifolds with nonnegative scalar
curvature and connected horizon boundary, provided the
optimal decay assumptions are met, which result in
the ADM mass being a well-defined geometric invari-
ant. Our proof builds on a novel interplay between the
Hawking mass and a potential-theoretic version of it,
recently introduced by Agostiniani, Oronzio, and the
third named author. As a consequence, we establish the
equality between ADM mass and Huisken’s isoperimet-
ric mass under the above sharp assumptions. Moreover,
we establish a Riemannian Penrose inequality in terms
of the isoperimetric mass on any 3-manifold with non-
negative scalar curvature, connected horizon boundary,
and which supports a well-posed notion of weak inverse
mean curvature flow (IMCF). In particular, such isoperi-
metric Riemannian Penrose inequality does not require
the asymptotic flatness of the manifold. The argument is
based on a new asymptotic comparison result involving
Huisken’s isoperimetric mass and the Hawking mass.
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2 BENATTI et al.

1 INTRODUCTION

The concept of ADMmass, introduced in the early sixties by the physicists Arnowitt, Deser, and
Misner [4], plays a central role in the modern development of mathematical relativity. This is
due to its physical significance and its intriguing geometric properties. On the initial datum of
a given isolated gravitational system, modeled by an asymptotically flat 3-manifold (𝑀, 𝑔) with
nonnegative scalar curvature, the ADMmass is given by

𝔪ADM = lim
𝑛→+∞

1

16𝜋 ∫
𝜕Ω𝑛

𝑔ij(𝜕𝑖𝑔kj − 𝜕𝑘𝑔ij)𝜈
𝑘 d𝜎,

where the flux integrals are taken along the boundaries of some exhaustion (Ω𝑛)𝑛∈ℕ of𝑀, 𝜈, and
d𝜎 being the unit normal vector field and the area measure on 𝜕Ω𝑛, respectively. In the above
formula, the metric coefficients and their partial derivatives are expressed in a given asymptoti-
cally flat coordinate chart (𝑥1, 𝑥2, 𝑥3) (see Definition 3.1). Therefore, the value of the ADM mass
is a priori dependent on coordinates. However, in a couple of remarkable papers [5, 21], it has
been shown that the above expression defines a geometric invariant, provided the metric 𝑔 is𝒞1

𝜏 -
asymptotically flat with 𝜏 > 1∕2. This assumption means that |||𝑔𝑖𝑗 − 𝛿𝑖𝑗

||| = 𝑂1(|𝑥|−𝜏) at infinity.
In this context,𝔪ADM is finite if and only if the scalar curvature is integrable on the whole space.
The most important statement about the ADM mass is the so-called positive mass theorem

(PMT), first proven by Schoen and Yau [55, 56] and subsequently by Witten [49, 59]. It says
that 𝔪ADM is nonnegative, and it is equal to zero if and only if (𝑀, 𝑔) is isometric to the flat
Euclidean space.
A sharper lower bound for the ADM mass was conjectured by Penrose [50] for asymptoti-

cally flat 3-manifolds with nonnegative scalar curvature containing a horizon boundary𝑁, which
are known to model initial data sets of space-times containing a black hole. This inequality is
expressed as √ |𝑁|

16𝜋
≤ 𝔪ADM,

and the equality is achieved on the standard space-like slice of a Schwarzschild space-time.
Loosely speaking, the total mass of an asymptotically flat solution containing a black hole must
be at least as large as the total mass of a Schwarzschild solution with the same horizon’s area.
Such a remarkable statement, known as the Riemannian Penrose inequality, was first proven

byHuisken and Ilmanen [36] for connected horizons, using theweak inversemean curvature flow
(IMCF). Almost at the same time, Bray [11] established amonotonicity formula for theADMmass
along a conformal flow ofmetrics, proving the same statement formultiple black holes. This proof
was then extended by Bray and Lee [12] up to dimension 7. Recently, a new proof of the single
black hole statement was proposed by the third author, in collaboration with Agostiniani et al. [1],
using the level sets flow of 𝑝-harmonic functions.
A common feature of the above-mentioned results is that the assumptions regarding the asymp-

totic behavior of the metric are not optimal. Specifically, the decay rate required to establish the
inequality is more stringent than what is needed to define the mass. More precisely, in Huisken–
Ilmanen’s proof through weak IMCF and similarly in the one through 𝑝-capacitary potentials [1],
themetric 𝑔 is assumed to be𝒞1

1
-asymptotically flat. Moreover, the Ricci tensor is required to obey

the following quadratic decay condition Ric ≥ −C |𝑥|−2 𝑔, where (𝑥1, 𝑥2, 𝑥3) are asymptotically
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 3

flat coordinates and C > 0 is a given constant. Indeed, the combination of these two conditions
is sufficient to grant certain asymptotic properties of the functions whose level sets constitute
the flow. These properties are then enough to compare the respective monotone quantities, that
is the Hawking mass and its potential-theoretic counterpart, with the ADM mass. On the other
hand, Bray’s version of the Penrose inequality [11], which also holds in the presence of possibly
disconnected horizons, is proved requiring 𝒞2

𝜏 -asymptotic flatness for some 𝜏 > 1∕2.
Our first main result confirms that the single horizon Riemannian Penrose inequality holds

whenever the sole decay conditions required to make the ADM mass a well-defined geometric
invariant are met.
Throughout the whole article, except when explicitly stated, the Riemannianmanifolds considered

are agreed to be connected and with one single end.

Theorem 1.1 (Riemannian Penrose inequality under optimal decay assumptions). Let (𝑀, 𝑔)

be a complete 𝒞1
𝜏 -asymptotically flat Riemannian 3-manifold, 𝜏 > 1∕2, with nonnegative scalar

curvature and smooth, closed, outermost minimal boundary. Then, it holds√ |𝑁|
16𝜋

≤ 𝔪ADM, (1.1)

where𝑁 is any connected component of 𝜕𝑀, with the equality satisfied if and only if 𝜕𝑀 is connected
and (𝑀, 𝑔) is isometric to a space-like slice of the Schwarzschild manifold(

ℝ3 ⧵ {|𝑥| < 2𝔪ADM},

(
1 +

𝔪ADM

2|𝑥|
)4

𝛿𝑖𝑗 d𝑥
𝑖 ⊗ d𝑥𝑗

)
.

A minimal boundary is called outermost if it is not shielded from infinity by some other
minimal surface, in other words, if no other minimal surface homologous to 𝜕𝑀 is present in
𝑀 ⧵ 𝜕𝑀.
The statement of Theorem 1.1 holds even when 𝜕𝑀 = ∅, where it provides the PMT under

optimal decay assumption (see Theorem 4.12 below). This version of the PMT was previously
known and implied by the one presented in [43].
Along the route to Theorem 1.1 we establish a Riemannian Penrose inequality for the isoperi-

metric mass, constituting our secondmain result. Huisken introduced this pretty general and very
geometric concept of mass in [35]. We now recall its definition.

Definition 1.2 (Isoperimetric mass). Let (𝑀, 𝑔) be a noncompact Riemannian 3-manifold and let
Ω be a bounded subset Ω ⊂ 𝑀 with 𝒞1,𝛼-boundary. The quasi-local isoperimetric mass of Ω is
defined as

𝔪iso(Ω) =
2|𝜕Ω| ⎛⎜⎜⎝|Ω| − |𝜕Ω| 32

6
√
𝜋

⎞⎟⎟⎠.
The isoperimetric mass𝔪iso of (𝑀, 𝑔) is then defined as

𝔪iso = sup
(Ω𝑗)𝑗∈ℕ

lim sup
𝑗→+∞

𝔪iso(Ω𝑗),
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4 BENATTI et al.

where the supremum is taken among all exhaustions (Ω𝑗)𝑗∈ℕ consisting of domains with 𝒞1,𝛼-
boundary.

Huisken’s definition in [35] involves families of sets with perimeters diverging at infinity rather
than exhaustions. We remark here that all of our results hold for both notions of mass, and that
they actually coincide once a global isoperimetric inequality is in force by [39, Proposition 37]. It
is immediately clear that the isoperimetric mass is well-defined without needing any particular
assumption on the asymptotic character of the metric. Hence, the question arises whether a Rie-
mannian Penrose inequality is available for such amass and for a broader class of initial data sets.
An initial answer to this question can be found in [39]. Following and strengthening the origi-
nal argument of Huisken [35], the authors prove that the isoperimetric mass coincides with the
ADM mass if the metric is assumed to be 𝒞2

𝜏 -asymptotically flat at infinity. In the same setting,
an alternative proof has been worked out in [20, Appendix C].
In the present paper, we extend the isoperimetric Riemannian Penrose inequality to the class

of strongly 1-nonparabolic spaces. This label is inspired by the concept of strongly nonparabolic
spaces from [48]. It grants that for every Ω ⊂ 𝑀 with sufficiently regular boundary homologous
to 𝜕𝑀 there exists a proper solution𝑤1 ∈ Liploc(𝑀 ⧵ IntΩ) to the weak IMCF problem starting at
Ω

⎧⎪⎪⎨⎪⎪⎩
div

(
D𝑤1|D𝑤1|

)
= |D𝑤1| on𝑀 ⧵Ω,

𝑤1 = 0 on Ω,
𝑤1 → +∞ as d(𝑥, 𝑜) → +∞.

(1.2)

We can now state our second main result.

Theorem1.3 (Isoperimetric Riemannian Penrose inequality). Let (𝑀, 𝑔) be a complete strongly
1-nonparabolic Riemannian 3-manifold, with nonnegative scalar curvature and smooth, compact,
outermost minimal boundary. Then, it holds√|𝑁|

16𝜋
≤ 𝔪iso, (1.3)

where𝑁 is any connected component of 𝜕𝑀, with the equality satisfied if and only if 𝜕𝑀 is connected
and (𝑀, 𝑔) is isometric to a space-like slice of the Schwarzschild manifold(

ℝ3 ⧵ {|𝑥| < 2𝔪iso},

(
1 +

𝔪iso

2|𝑥|
)4

𝛿𝑖𝑗 d𝑥
𝑖 ⊗ d𝑥𝑗

)
.

We notice once more that the above result does not require any specific decay of the metric
coefficients toward the Euclidean model. The strong 1-nonparabolicity condition is satisfied for
example on 3-manifolds that merely support a Euclidean-like isoperimetric inequality [60]. If the
boundary is not present or not outermost, one can still draw out of the arguments leading to
Theorem 1.3 an isoperimetric PMT, see Theorem 2.14.
In deriving Theorem 1.1 from Theorem 1.3, we also settle the following result about the

equivalence of masses.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 5

Theorem 1.4. Let (𝑀, 𝑔) be a complete 𝒞1
𝜏 -asymptotically flat Riemannian 3-manifold, 𝜏 > 1∕2,

with nonnegative scalar curvature and possibly empty smooth, compact and minimal boundary.
Then,

𝔪ADM = 𝔪iso. (1.4)

This result should be viewed as an improvement on [39, Theorem 3]. As noted by Chruściel,
(1.4) provides an alternative proof of the geometric invariance of theADMmass in 3-manifolds of
nonnegative scalar curvature and in the optimal decay regime. Wemention that our results never
require that the masses are finite. In particular, (1.4) also infers that theADMmass is finite if and
only if the isoperimetric mass is finite.
All the above-mentioned results rely on a new asymptotic comparison argument, which com-

pares the Hawking mass along the weak IMCF 𝑤1 with the quasi-local isoperimetric mass of the
evolving regions. The crux of this analysis is Lemma 2.8. Using this result and bringing to light a
new interplay between the Hawking mass𝔪𝐻 and its potential theoretic version𝔪(2)

𝐻 (see (4.1)),
we pave the way to the proof of Theorem 1.1. In this context, the quantity𝔪(2)

𝐻 was recently intro-
duced in [2]. The authors also show its monotonicity along the level set flow of the harmonic
capacitary potential of the initial set 𝜕Ω, mirroring the monotonic behavior of the Hawking mass
along the weak IMCF.
To obtain the desired asymptotic comparison between the Hawking mass and the ADMmass,

Huisken and Ilmanen [36] had to require extra assumptions on the behavior of the metric.
These are needed to compensate for the lack of sufficiently refined asymptotics for the weak
IMCF. Ultimately building on Green’s representation formula, the potential theoretic approach
rather allows to derive very precise second-order asymptotic expansions for solutions of the
Laplace equation, which leads to control of the mass 𝔪(2)

𝐻 in terms of the ADM mass. This
approach permits giving a finite bound on the Hawking mass and also provides some new
insights about the asymptotic behavior of the weak IMCF. Building on it, one can finally pro-
vide the sharp upper bound for the Hawking mass, which has two main consequences. First,
it directly yields Theorem 1.1 using 𝜕Ω = 𝑁 as the starting set for the weak IMCF. Second,
exploiting Jauregui and Lee’s techniques [39] (see Theorem 2.7 below) we infer 𝔪iso ≤ 𝔪ADM.
This inequality is enough to ensure Theorem 1.4 since the reverse one is already contained
in [25].
We finally observe that Theorem 1.3 provides a new piece of information also in the basic situ-

ation of manifolds with nonnegative scalar curvature that are 𝒞0-asymptotic to a Schwarzschild
space of nonnegative mass 𝔪 (see Definition 3.4). Indeed, in Theorem 1.5 below, we show that
such parameter satisfies the expected Penrose inequality and coincides in fact with the isoperimet-
ric mass. We emphasize that in this setting the classical notion of ADM mass is not even clearly
defined, as it would involve the quantitative decay of the derivatives of the metric coefficients
codified in the 𝒞1

𝜏 -asymptotic condition, with 𝜏 > 1∕2.

Theorem 1.5 (Penrose inequality in asymptotically Schwarzschildian manifolds). Let (𝑀, 𝑔) be a
𝒞0
𝜏 -asymptotically Schwarzschildian of mass𝔪 ≥ 0, 𝜏 > 0, with nonnegative scalar curvature and

possibly empty smooth, closed and outermost minimal boundary. Then, it holds√ |𝑁|
16𝜋

≤ 𝔪,
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6 BENATTI et al.

where𝑁 is any connected component of 𝜕𝑀, with the equality satisfied if and only if 𝜕𝑀 is connected
and (𝑀, 𝑔) is isometric to a space-like slice of the Schwarzschild manifold(

ℝ3 ⧵ {|𝑥| < 2𝔪},

(
1 +

𝔪

2|𝑥|
)4

𝛿𝑖𝑗 d𝑥
𝑖 ⊗ d𝑥𝑗

)
.

Moreover, we have𝔪 = 𝔪iso.

Perspectives

Back in [1], a family ofHawking-typemasses defined along the level sets of𝑝-capacitary potentials,
𝑝 ∈ (1, 3), was introduced and proved to bemonotone. In [8], we use such 𝑝-Hawkingmasses and
the monotone quantities recently obtained in [19] to prove new PMTs and Penrose-type inequali-
ties for iso-𝑝-capacitary masses. These masses interpolate between Huisken’s isoperimetric mass
and the capacitary mass, proposed by Jauregui [38].
We believe that the techniques presented here, that allow us to work with very mild asymp-

totic assumptions, could have implications for a conjecture of Huisken [18, pp. 2221–2223]. This
conjecture states that a PMT for the isoperimetric mass should hold on Riemannian manifolds
with 𝒞0-metrics and a suitable weak definition of nonnegative scalar curvature. Versions of this
conjecture have been proved in [3, 40] for asymptotically flat manifolds. Another consequence of
such papers is that the equivalence between masses stated in Theorem 1.5 fails in Schwartzschild
3-manifolds with negativemass. Remaining in the realm of spaces with low regularity, Burkhardt-
Guim [17] settled the basic properties of a new𝒞0-concept ofADMmasswhen aRicci-flow-related
notion of nonnegative scalar curvature is assumed. It would be interesting to investigate the
relations between Burkhardt-Guim’s notion and the isoperimetric mass.

Outline of the paper

The paper is structured as follows. In Section 2, we first recall the definition of the weak IMCF
and its main features in an ambient 3-manifold with nonnegative scalar curvature. Then, we
prove the asymptotic comparison Lemma 2.8, which constitutes the main new ingredient in the
proof of the isoperimetric Riemannian Penrose inequality. We discuss some relevant topological
properties of 3-manifolds with nonnegative scalar curvature from the perspective of mean-convex
mean-curvature flow with surgeries [16]. We proceed with the proof of Theorem 1.3. In Section 3,
we provide an existence result for the weak IMCF in 𝒞0-asymptotically flat Riemannian man-
ifolds and describe its asymptotic features. Then, we prove Theorem 1.5. Section 4 is devoted
to the proof of Theorems 1.1 and 1.4. We first work out the asymptotic analysis for the capac-
itary potential to get a bound from above for the 2-Hawking mass (4.1). Then, we apply it
jointly with new fine asymptotic estimates along the weak IMCF to sharply control the Hawk-
ing mass and complete the proof. The manuscript ends with two Appendices. In the first one,
a general version of the de l’Hôpital’s rule is stated and proved, as it constitutes a fundamental
ingredient in the proof of Theorem 1.3. In the second one, we provide some estimates in non-
linear potential theory that we need to study the IMCF in 𝒞0-asymptotically flat Riemannian
manifolds.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 7

2 ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY

This section aims to prove the isoperimetric Penrose inequality Theorem 1.3. The main ingredi-
ents are two. The first one is theGerochmonotonicity formula. Proved byHuisken and Ilmanen in
[36, Geroch Monotonicity Formula 5.8], it states that 𝑡 ↦ 𝔪𝐻(𝜕Ω𝑡) is monotone nondecreasing,
where

𝔪𝐻(𝜕Ω) =
|𝜕Ω| 12
16𝜋

3

2

(
4𝜋 − ∫

𝜕Ω

H2

4
d𝜎

)
(2.1)

is the Hawking mass [31] andΩ𝑡 = {𝑤1 ≤ 𝑡} are the sublevels of the weak IMCF (1.2). The second
one is a novel, fairly simple, asymptotic comparison between𝔪𝐻(𝜕Ω𝑡) and𝔪iso(Ω𝑡) as 𝑡 → +∞

(see Lemma 2.8). Indeed, we can apply the de l’Hôpital’s rule to differentiate the quasi-local
isoperimetric mass. Exploiting some favorable properties of the weak IMCF, we manipulate the
resulting expression to recover the Hawking mass.

2.1 The weak inverse mean curvature flow

The theory ofweak IMCFhas been introduced in [36] as themain tool for proving theRiemannian
Penrose inequality. In this work, we will not focus on the existence theory of the weak IMCF. We
consider Riemannian manifolds (𝑀, 𝑔) where any bounded Ω with a sufficiently smooth bound-
ary homologous to 𝜕𝑀 admits a weak proper solution to (1.2). In the absence of a boundary, where
the Riemannian Penrose inequality consists in the (Riemannian) PMT, we are going to exploit
IMCF issuing from a point, which is

⎧⎪⎪⎨⎪⎪⎩
div

(
D𝑤1|D𝑤1|

)
= |D𝑤1| on𝑀 ⧵ {𝑜},

𝑤1(𝑥) → −∞ as d(𝑥, 𝑜) → 0,
𝑤1(𝑥) → +∞ as d(𝑥, 𝑜) → +∞.

(2.2)

We refer to [36] for the precise definition of weak solution to the IMCF.
We give our definition of strong 1-nonparabolicity.

Definition 2.1 (strong 1-nonparabolicity). Let (𝑀, 𝑔) be a Riemannian manifold with possibly
empty compact boundary 𝜕𝑀.

(1) If 𝜕𝑀 ≠ ∅, we say that (𝑀, 𝑔) is strongly 1-nonparabolic if there exists a proper weak solution
𝑤1 to (1.2) starting at 𝜕𝑀.

(2) If 𝜕𝑀 = ∅, we say that (𝑀, 𝑔) is strongly 1-nonparabolic if, for any 𝑜 ∈ 𝑀, there exists a proper
weak solution 𝑤1 to (2.2).

The above is in accordance with Ni’s definition of strongly nonparabolic [48]. We recall that a
Riemannian manifold is strongly nonparabolic if it admits a positive Green’s function converging

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22239 by L

orenzo M
azzieri - C

rui/ C
onferenza D

ei R
ettori , W

iley O
nline L

ibrary on [12/12/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



8 BENATTI et al.

to zero at infinity. The prefix 1 is motivated by the fact the IMCF can be constructed as suitable
limit as 𝑝 → 1+ of 𝑝-harmonic functions [41, 45–47].
Without mentioning it, we use that a strongly 1-nonparabolic manifold admits a solution to

(1.2) starting at any Ω with sufficiently regular boundary homologous to 𝜕𝑀. This is granted by
[36, Weak Existence Theorem 3.1].

Remark 2.2. By [60, Theorem 1.2], every (𝑀, 𝑔) of dimension 3 ≤ 𝑛 ≤ 7 admitting a Euclidean-like
isoperimetric inequality is strongly 1-nonparabolic. Actually, the author provides the existence
of the weak IMCF only starting at a given hypersurface. However, building on the quantitative
diameter estimate for minimizing hulls proved there, one can also deduce the existence of a weak
IMCF issuing from any given point.

In the following lemma, we recall some geometric properties that hold along the level sets of
the weak IMCF (see [36, Regularity Theorem 1.3, Minimizing Hull Property 1.4 and Exponential
Growth Lemma 1.6]).

Lemma 2.3. Let (𝑀, 𝑔) be a Riemannian 3-manifold possibly with boundary. Let𝑤1 be the solution
to (1.2) starting at some bounded subsetΩ ⊆ 𝑀.

(1) Ω𝑡 = {𝑤1 ≤ 𝑡} is strictly outward minimizing with𝒞1,𝛼-boundary,
(2) |𝜕Ω𝑡| = e𝑡 |𝜕Ω∗|.
We observe that the map 𝑡 ↦ |{𝑤1 ≤ 𝑡}| is monotone increasing, hence it has countably many

discontinuities. Out of these jump times, one has 𝜕{𝑤1 ≤ 𝑡} = 𝜕{𝑤1 < 𝑡} = {𝑤1 = 𝑡}. We also recall
that 𝜕Ω𝑡 admits a weak notion of mean curvature H and that

H = |∇𝑤1| > 0 a.e. on 𝜕Ω𝑡 for a.e. 𝑡,

as stated in [36, (1.12) and Lemma 5.1].
TheHawkingmass (2.1) is well-defined at almost every level of theweak IMCF, as proved in [36,

Section 1, pp. 369–371]. A fundamental property of the Hawkingmass consists on its monotonicity
along the weak IMCF [36, Geroch Monotonicity Formula 5.8]. We report the statement of this
theorem for ease of future reference. In the following, as well as in the rest of the paper, we denote
with h and h̊ the weak second fundamental form and its traceless part.

Theorem 2.4 (Monotonicity of the Hawking mass). Let (𝑀, 𝑔) be a complete, noncompact Rie-
mannian 3-manifold with nonnegative scalar curvature and possibly with a smooth and closed
boundary. Assume that 𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. Let Ω ⊆ 𝑀 be with connected 𝒞1-boundary homol-
ogous to 𝜕𝑀 such that h ∈ 𝐿2(𝜕Ω). Let 𝑤1 ∈ Liploc(𝑀 ⧵ IntΩ) be a solution to the problem (1.2).
Then, the function 𝑡 ↦ 𝔪𝐻(𝜕Ω𝑡) is a monotone nondecreasing BVloc(0, +∞) function and

d

d𝑡
𝔪𝐻(𝜕Ω𝑡) ≥

√|𝜕Ω𝑡|
(4
√
𝜋)3 ∫𝜕Ω𝑡

2
||D⊤ H||2
H2

+ |h̊|2 d𝜎 (2.3)

holds in the weak sense, whereΩ𝑡 = {𝑤1 ≤ 𝑡}.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 9

The condition on the second homology group is added to ensure that the boundaries of the
level sets of 𝑤1 remain connected, which is essential for establishing (2.3). Indeed, the proof of
this inequality exploits the Gauss-Bonnet Theorem to control 8𝜋 − ∫

𝜕Ω𝑡
R⊤ d𝜎, where R⊤ is the

scalar curvature of the induced metric on 𝜕Ω𝑡. This assumption is always satisfied in the setting
of Theorems 1.1, 1.4, and 1.5 (see Lemma 2.11 below). The relation between the second homology
group and the boundaries of the level sets of 𝑤1 is tackled in the following proposition. For the
sake of completeness, we provide the proof by Bray and Miao [9, Proposition 1], including a few
more details.

Proposition 2.5. Let (𝑀, 𝑔) be a strongly 1-nonparabolic Riemannian 3-manifold satisfying
𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. Then, if 𝑤1 is a weak IMCF (1.2) starting at Ω with connected boundary
homologous to 𝜕𝑀, then the surfaces 𝜕{𝑤1 < 𝑡} and 𝜕{𝑤1 ≤ 𝑡} are connected for any 𝑡 > 0.

Proof. It suffices to prove the claim out of the countably many 𝑡’s at which the flow jumps.
In particular, 𝜕{𝑤1 < 𝑡} = 𝜕{𝑤1 ≤ 𝑡} = {𝑤1 = 𝑡} is satisfied at these 𝑡’s. Thus, by [36, (1.10)], we
can approximate 𝜕{𝑤1 < 𝑡} and 𝜕{𝑤1 ≤ 𝑡} in 𝒞1 by sets {𝑤1 = 𝑠𝑗} for sequences 𝑠𝑗 → 𝑡− and
𝑠𝑗 → 𝑡+, respectively.
Let Σ𝑡 be a connected component of {𝑤1 = 𝑡}. By the assumption 𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}, there

exists a bounded open set 𝐷𝑡 such that 𝜕𝐷𝑡 = Σ𝑡. Here, 𝜕𝐷𝑡 denotes the topological boundary
of 𝐷𝑡 in the manifold 𝑀. We are committed to show that 𝐷𝑡 = {𝑤1 < 𝑡}. This assertion implies
that {𝑤1 = 𝑡} is connected, as it would coincide with 𝜕𝐷𝑡 = Σ𝑡. While a priori 𝐷𝑡 may or may not
contain 𝜕𝑀, the result also implies that 𝜕𝑀 ⊆ 𝐷𝑡.
We first show that 𝐷𝑡 ⊆ {𝑤1 ≤ 𝑡}. By contradiction, suppose there were 𝑥 ∈ 𝐷𝑡 with 𝑤1(𝑥) > 𝑡.

Take 𝑦 ∈ 𝑀 ⧵ 𝐷𝑡 such that 𝑤1(𝑦) > 𝑡. This point 𝑦 exists because 𝐷𝑡 is compact and 𝑤1 → +∞

at infinity. As shown in the proof of [36, Connectedness Lemma 4.2 (ii)], {𝑤1 > 𝑡} is connected
since (𝑀, 𝑔) has only one end. Then, we can join 𝑥 and 𝑦 with a continuous path, entirely lying
in {𝑤1 > 𝑡}. This curve must cross 𝜕𝐷𝑡 ⊂ {𝑤1 = 𝑡}, which is a contradiction.
We now show that 𝐷𝑡 ⊆ {𝑤1 < 𝑡}. By contradiction, assume that there is 𝑥 ∈ 𝐷𝑡 satisfying

𝑤1(𝑥) = 𝑡. As recalled above, we can approximate Σ𝑡 in 𝒞1 by a connected component Σ𝑠 of
{𝑤1 = 𝑠} as 𝑠 → 𝑡−. Then, for 𝑠 < 𝑡 sufficiently close to 𝑡, the point 𝑥 would belong to 𝐷𝑠 but not
to {𝑤1 ≤ 𝑠}, yielding a contradiction to what just proved.
Finally, we show that {𝑤1 < 𝑡} ⊆ 𝐷𝑡, completing the proof. By contradiction, assume that there

is 𝑥 ∈ 𝑀 ⧵ 𝐷𝑡 at which𝑤1(𝑥) < 𝑡. Then, 𝑥 ∈ 𝑀 ⧵ 𝐷𝑡 since𝑤1(𝑥) = 𝑡 on 𝜕𝐷𝑡. Consider now a point
𝑦 ∈ 𝐷𝑡. We proved that 𝑤1(𝑦) < 𝑡. The proof of [36, Connectedness Lemma 4.2 (ii)] shows that if
𝜕Ω is connected then {𝑤1 < 𝑡} is connected as well. Again, we can join 𝑥 and 𝑦 with a continuous
path in {𝑤1 < 𝑡}. Since the curvemust cross 𝜕𝐷 ⊂ {𝑤1 = 𝑡}, we have the desired contradiction. □

Take an initial set Ω ⊆ 𝑀 with connected boundary homologous to 𝜕Ω. If one can produce
an asymptotic bound for the Hawking mass, the monotonicity transfers this same bound to the
Hawkingmass of 𝜕Ω. Observe that a single component𝑁 is not homologous to 𝜕𝑀when the latter
consists of multiple connected components. Thus, we cannot rely on Theorem 2.4 to get a bound
on𝔪𝐻(𝑁) from an asymptotic estimate. However, [36, GerochMonotonicity (Multiple Boundary
Components) 6.1] implies that having an upper bound for subsets with boundary homologous
to 𝜕𝑀 is actually enough to control the Hawking mass of any component of the horizon. We
summarize the procedure in the following statement.
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10 BENATTI et al.

Proposition 2.6. Let (𝑀, 𝑔) be a complete, strongly 1-nonparabolic Riemannian 3-manifold with
nonnegative scalar curvature and with smooth and closed boundary. Assume that the 𝜕𝑀 consists of
embeddedminimal spheres and𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. Let𝐸 ⊆ 𝑀 be a bounded subset with connected
smooth boundary, such that any connected component of 𝜕𝑀 is either contained in𝐸 or disjoint from
𝐸. Then, there existsΩ ⊆ 𝑀 with the following properties.

(1) Ω is strictly outward minimizing with connected 𝒞1,𝛼-boundary homologous to 𝜕𝑀 and with
h ∈ 𝐿2(𝜕Ω) (see [36, Section 5, pp. 401–402]).

(2) 𝔪𝐻(𝜕𝐸) ≤ 𝔪𝐻(𝜕Ω).
(3) There exists a solution 𝑤1 ∈ Liploc(𝑀 ⧵ IntΩ) to (1.2) starting atΩ.

The condition on the topology of the boundary ensures that themanifold𝑀′ obtained by filling
in the boundary with balls satisfies 𝐻2(𝑀

′;ℤ) = {0} and 𝜕𝐸 is homologous to 𝜕𝑀′ = ∅. Hence,
Proposition 2.5 applies. The level sets of the weak IMCF remain connected before touching a
new connected component of 𝜕𝑀. Then one can jump over the horizon and restart the flow at a
new connected boundary with greater Hawking mass, as described in [36, Geroch Monotonicity
(Multiple Boundary Components) 6.1].
Building on the original argument of Huisken [35], Jauregui and Lee [39] showed that the

isoperimetric mass and the 𝔪ADM do coincide under the assumptions of [36]. The crucial step
in their proof consists in showing that, if there exists 𝜁 such that

𝔪𝐻(𝜕Ω) ≤ 𝜁 (2.4)

for anyΩ belonging to a suitable class, then one can in fact derive𝔪iso ≤ 𝜁. Through a perusal of
the proof of [39, Theorem 17], it is easily checked that this step only involves the 𝒞0-character of
the metric. The authors assume 𝒞2

1
-asymptotic flatness to apply [36], allowing (2.4) to hold with

𝜁 = 𝔪ADM. However, our purposes require the full strength of Jauregui–Lee’s analysis, which we
summarize in the following statement.

Theorem 2.7. Let (𝑀, 𝑔) be a complete𝒞0-asymptotically flat Riemannian 3-manifold with a pos-
sibly empty smoothminimal boundary. Assume𝔪𝐻(𝜕Ω) ≤ 𝜁 for any bounded subset with connected
smooth boundary and such that any connected component of 𝜕𝑀 is either contained inΩ or disjoint
fromΩ. Then,𝔪iso ≤ 𝜁.

2.2 An asymptotic comparison Lemma

The following lemma contains the most relevant asymptotic estimate of the present work. Used
in combination with Huisken–Ilmanen’s proof of the GerochMonotonicity formula Theorem 2.4,
it leads directly to the isoperimetric Riemannian Penrose inequality Theorem 1.3.

Lemma 2.8 (Asymptotic comparison Lemma). Let (𝑀, 𝑔) be a complete, noncompact Rie-
mannian 3-manifold with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that 𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. Let Ω ⊆ 𝑀 be bounded with connected 𝒞1-boundary
homologous to 𝜕𝑀 satisfying h ∈ 𝐿2(𝜕Ω) and admitting a solution 𝑤1 ∶ 𝑀 ⧵ IntΩ → ℝ to the
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 11

problem (1.2). Then

lim
𝑡→+∞

𝔪𝐻(𝜕Ω𝑡) ≤ lim inf
𝑡→+∞

𝔪iso(Ω𝑡), (2.5)

whereΩ𝑡 = {𝑤1 ≤ 𝑡}.

Proof. Suppose that the right-hand side in (2.5) is finite otherwise there is nothing to prove. By
the coarea formula, we have

|Ω𝑡 ⧵ Crit 𝑤1| = ∫
𝑡

0
∫
𝜕Ω𝑠

1

H
d𝜎 d𝑠,

which ensures that 𝑡 ↦ |Ω𝑡 ⧵ Crit 𝑤1| is locally absolutely continuous andmonotone and that 𝑡 ↦∫
𝜕Ω𝑡

1∕H d𝜎 is awell-defined𝐿1
loc
function.We are therefore in position to apply the de L’Hôpital’s

rule (Theorem A.1) to 𝑡 ↦ 𝔪iso(Ω𝑡), obtaining

lim inf
𝑡→+∞

𝔪iso(Ω𝑡) ≥ lim inf
𝑡→+∞

2|𝜕Ω𝑡|
⎛⎜⎜⎝|Ω𝑡 ⧵ Crit 𝑤1| − |𝜕Ω𝑡| 32

6
√
𝜋

⎞⎟⎟⎠
≥ lim inf

𝑡→+∞

2|𝜕Ω𝑡|
⎛⎜⎜⎝∫𝜕Ω𝑡

1

H
d𝜎 −

|𝜕Ω𝑡| 32
4
√
𝜋

⎞⎟⎟⎠ .
The Hölder’s inequality yields

∫
𝜕Ω𝑡

1

H
d𝜎 ≥ |𝜕Ω𝑡| 32(∫

𝜕Ω𝑡

H2 d𝜎

)−
1

2

,

which gives

lim inf
𝑡→+∞

𝔪iso(Ω𝑡) ≥ lim inf
𝑡→+∞

2

( |𝜕Ω𝑡|
∫
𝜕Ω𝑡

H2 d𝜎

) 1

2
⎛⎜⎜⎜⎝1 −

1

4
√
𝜋

(
∫
𝜕Ω𝑡

H2 d𝜎

) 1

2
⎞⎟⎟⎟⎠

= lim inf
𝑡→+∞

2

( |𝜕Ω𝑡|
∫
𝜕Ω𝑡

H2 d𝜎

) 1

2 1 −
1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎

1 +
(

1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎
) 1

2

= lim inf
𝑡→+∞

2𝔪𝐻(𝜕Ω𝑡)(
1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎
) 1

2
+

1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎

. (2.6)

The statement follows once the following claim is proved.
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12 BENATTI et al.

Claim 1. There exists a divergent increasing sequence (𝑡𝑛)𝑛∈ℕ realizing the limit inferior in the
right-hand side of (2.6) and such that ∫

𝜕Ω𝑡𝑛
H2 d𝜎 → 16𝜋 as 𝑛 → +∞.

Indeed, we would have that

lim inf
𝑡→+∞

2𝔪𝐻(𝜕Ω𝑡)(
1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎
) 1

2
+

1

16𝜋
∫
𝜕Ω𝑡

H2 d𝜎

= lim inf
𝑛→+∞

𝔪𝐻(𝜕Ω𝑡𝑛) = lim
𝑡→+∞

𝔪𝐻(𝜕Ω𝑡),

where the last identity follows by Theorem 2.4.
To prove the claim, let (𝑡𝑛)𝑛∈ℕ be an increasing sequence divergent to +∞ which real-

izes the limit inferior in the right-hand side of (2.6). By Theorem 2.4 we have two possible
cases:

(1) there exists 𝑇 > 0 such that𝔪𝐻(𝜕Ω𝑡𝑛) ≥ 0 for all 𝑡𝑛 ≥ 𝑇, or
(2) 𝔪𝐻(𝜕Ω𝑡𝑛) < 0 for all 𝑛 ∈ ℕ.

Case 1. Since𝔪𝐻(𝜕Ω𝑡𝑛) ≥ 0, ∫
𝜕Ω𝑡𝑛

H2 d𝜎 ≤ 16𝜋 for every 𝑡𝑛 ≥ 𝑇. By contradiction, suppose there

exists 𝜀 > 0 such that ∫
𝜕Ω𝑡𝑛

H2 d𝜎 ≤ 16𝜋 − 𝜀 for every 𝑛 sufficiently large. Then, by (2.6), there
exists C(𝜀) > 0 such that

+∞ > lim inf
𝑡→+∞

𝔪iso(Ω𝑡) ≥ lim
𝑛→+∞

C(𝜀)

√|||𝜕Ω𝑡𝑛
|||,

which is clearly a contradiction. Hence, up to a not relabeled subsequence, ∫
𝜕Ω𝑡𝑛

H2 d𝜎 → 16𝜋 as
𝑛 → +∞. This proves the claim in this case.

Case 2. Since 𝔪𝐻(𝜕Ω𝑡𝑛) < 0, ∫
𝜕Ω𝑡𝑛

H2 d𝜎 ≥ 16𝜋 for every 𝑛 ∈ ℕ. Suppose by contradiction

∫
𝜕Ω𝑡𝑛

H2 d𝜎 ≥ 16𝜋 + 𝜀 for some 𝜀 > 0. Then, by Theorem 2.4, there exists C(𝜀) > 0 such that

𝔪𝐻(𝜕Ω) ≤ lim
𝑡→+∞

𝔪𝐻(𝜕Ω𝑡) ≤ −C(𝜀) lim
𝑛→+∞

√|||𝜕Ω𝑡𝑛
||| = −∞,

which is a contradiction since h ∈ 𝐿2(𝜕Ω), proving the claim also in this case. □

Remark 2.9. In [20, Appendix C], the authors use an approach based on de l’Hôpital’s rule to
produce the following asymptotic comparison

lim sup
𝑉→+∞

𝔪iso(𝐸𝑉) ≤ lim sup
𝑉→+∞

𝔪𝐻(𝜕𝐸𝑉), (2.7)

where 𝐸𝑉 is the isoperimetric region of volume 𝑉. Their procedure uses the properties of the
isoperimetric profile and sharp estimates on the Hawking mass, which hold at 𝜕𝐸𝑉 provided it
is connected.
When isoperimetric sets have connected boundaries, one could combine (2.7) with Lemma 2.8

to deduce that both the isoperimetric mass and the Hawking mass converge to 𝔪iso along the
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 13

isoperimetric exhaustion as 𝑉 → +∞. As a consequence, we would dispose of a different and
simpler proof of Theorem 1.4 which does not use Theorem 2.7 from [39].
To the authors’ knowledge, this path is not feasible at the current state of the art. Indeed, it

is unclear whether isoperimetric regions have connected boundaries under the sharp asymptotic
assumptions we required on the metric 𝑔 in the statement of Theorem 1.4. We refer the interested
reader to [6] for more details.

Remark 2.10. When 𝔪𝐻(𝜕Ω) ≥ 0, (2.5) implies that the sublevel sets Ω𝑡 asymptotically tend to
satisfy a reverse sharp isoperimetric inequality. In fact, when the initial Ω is collapsed to a point
𝑜 ∈ 𝑀, the techniques of Shi [57] (after important insights by Brendle and Chodosh [14]) allow to
show that the isoperimetric difference satisfies

|Ω𝑡| − |𝜕Ω𝑡| 32
6
√
𝜋

≥ 0

for the sublevel sets Ω𝑡 of the weak IMCF issuing from 𝑜 ∈ 𝑀 (we refer the reader to [6] for an
explicit derivation). In this sense, (2.5) can also be viewed as an asymptotic version of Shi’s reverse
isoperimetric inequality for weak IMCF starting at suitable initial surfaces.

2.3 Proof of the isoperimetric Penrose inequality and of the
isoperimetric PMT

To finally prove Theorem 1.3, we provide the following topological description 3-manifolds
with nonnegative scalar curvature. It slightly improves on the analysis carried out in [36, Sec-
tion 4], since we just assume the existence of an exhaustion of bounded sets with nonminimal
mean-convex smooth boundaries, rather than the asymptotically flat condition. This assump-
tion naturally fits the case of strongly 1-nonparabolic manifolds, see Remark 2.12. The argument
exploits the mean curvature flow with surgery in Riemannian manifolds described by Brendle
and Huisken [16], after [15] and [37], and it was suggested in [36, Remark, pp. 394].

Lemma 2.11. Let (𝑀, 𝑔) be a Riemannian 3-manifold with nonnegative scalar curvature and pos-
sibly with closed, smooth and minimal boundary. Assume that there exists an exhaustion {𝐹𝑗}𝑗∈ℕ of
𝑀 such that 𝜕𝐹𝑗 are nonminimal, mean-convex closed surfaces.

(1) If 𝜕𝑀 is outermost, that is, there exists no other closed minimal surface homologous to 𝜕𝑀, then
we have𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}.

(2) Assume that nominimal surface exists outside some compact set𝐾 ⊂ 𝑀, and that the closed sur-
faces 𝜕𝐹𝑗 are spheres. Then there exists a possibly empty boundedΩ ⊂ 𝑀 with smooth boundary
𝜕Ω such that 𝑀′ = 𝑀 ⧵ Ω is a manifold with outermost minimal boundary 𝜕𝑀′ = 𝜕Ω. As a
consequence,𝐻2(𝑀

′, 𝜕𝑀′; ℤ) = {0}.

Proof. First, we show that if 𝜕𝑀 is outermost, then there are no closed surfaces with nonpositive
mean curvature in𝑀 other than 𝜕𝑀. By contradiction, let 𝑁 be any such surface in𝑀. Let 𝑆 be
a nonminimal mean-convex smooth surface enclosing𝑁. Then, we run the mean curvature flow
starting at 𝑆 with surgery, as described by Brendle and Huisken [16]. This procedure consists of
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14 BENATTI et al.

carefully discarding necks of highmean curvature, which is the only type of singularity that arises
in dimension 3 other than spherical ones. We get an evolution of strictly mean-convex surfaces
that are smooth except at finitely many surgery times. By [16, Theorem 1.2], the flow will shrink
to a closedminimal surface homologous to 𝜕𝑀. Since 𝜕𝑀 is outermost, the flow converges to 𝜕𝑀.
In particular, possibly delaying a surgery time, the mean-convex evolving sets would eventually
touch 𝑁, giving a contradiction.
In the assumption (2), let 𝑆 be a nonminimal mean-convex sphere enclosing 𝐾. The mean cur-

vature flow starting at 𝑆 ends in a closedminimal surfaceΣhomologous to 𝜕𝑀 or possibly becomes
extinct at a finite collection of points. With the same argument as above, the region swept out by
the mean curvature flow of 𝑆 is free of closed surfaces of nonpositive mean curvature. In partic-
ular, the manifold 𝑀′ has nonempty outermost minimal boundary Σ or is a complete manifold
without boundary, free of closed minimal surfaces.
For the rest of the proof, we focus on 𝑀′ = 𝑀 ⧵ Ω. We agree that𝑀′ = 𝑀 if 𝜕𝑀 is outermost

minimal. We also assume that Σ = 𝜕Ω is nonempty since Σ = ∅ is a straightforward simplifica-
tion. The Scalar Curvature Splitting Theorem [29, Theorem 1.5] implies thatΣmust admit ametric
with positive scalar curvature. Indeed, if such metric did not exist, (𝑀 ⧵ Ω, 𝑔) would isometri-
cally split as a cylinder foliated by isometric copies of Σ. In that case, the cross-sections would be
minimal, which contradicts the just proved absence of closed minimal surfaces.
Since Σ admits a metric with positive scalar curvature, each connected component of Σ is a

topological sphere, by the Gauss–Bonnet Theorem. Thus, we can run a slight variation of [42,
pp. 140] to infer that𝐹𝑗 satisfies𝐻2(𝐹𝑗 ⧵ Ω, Σ;ℤ) = {0} for any 𝑗, which proves the lemma.Namely,
consider the exact sequence

𝐻2(𝐹𝑗 ⧵ Ω;ℤ) → 𝐻2(𝐹𝑗 ⧵ Ω, Σ;ℤ) → 𝐻1(Σ;ℤ). (2.8)

By the mean-convexity of 𝜕𝐹𝑗 , we have that each nonzero class of𝐻2(𝐹𝑗 ⧵ Ω;ℤ) is represented by
a closed minimal surface (see e.g. [42, Corollary 4.3]). However, we just proved that Σ is the only
closed minimal surface, so the image of any class of 𝐻2(𝐹𝑗 ⧵ Ω;ℤ) vanishes in 𝐻2(𝐹𝑗 ⧵ Ω, Σ;ℤ).
Moreover, since Σ is a union of spheres, we have that 𝐻1(Σ;ℤ) = {0}. The exact sequence (2.8)
thus implies that𝐻2(𝐹𝑗 ⧵ Ω, Σ;ℤ) = {0}, completing the proof. □

Remark 2.12 (Application to strongly 1-nonparabolic 3-manifolds). We observe that the assump-
tions in Lemma 2.11(1) are satisfied in a strongly 1-nonparabolic 3-manifolds with nonnegative
scalar curvature and closed outermost minimal boundary. Indeed, by [36, Minimizing Hull Prop-
erty 1.4], the sublevel sets {𝑤 ≤ 𝑡} of theweak IMCF starting at 𝜕𝑀 are strictly outwardminimizing
with 𝒞1,𝛼 boundary, and they exhaust the manifold as 𝑡 → +∞. We can approximate any of
such boundaries with smooth strictly mean-convex surfaces by [34, Lemma 2.6], obtaining an
exhaustion as in the statement.

Remark 2.13. In Lemma 2.11, assume in addition that 𝑀 ⧵ 𝐾 is diffeomorphic to ℝ3 ⧵ 𝐵, for a
suitable compact set 𝐾 and a ball 𝐵. Then, one can show that 𝑀 is diffeomorphic to ℝ3 with a
finite number of balls removed. This result can be deduced from the proof of [24, Theorem 5.1]
(cf. [42, Theorem 4.11]), which employs the Thurston’s Geometrization of 3-manifolds proved by
Perelman [51, 52].

We state an isoperimetric version of the PMT,which in particular does not require the boundary
of the manifold to be outermost.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 15

Theorem 2.14 (Isoperimetric PMT). Let (𝑀, 𝑔) be a complete strongly 1-nonparabolic Riemannian
3-manifoldwith nonnegative scalar curvature and possiblywith closed,minimal boundary, such that
the assumptions of Lemma 2.11(2) are met. Then,

0 ≤ 𝔪iso, (2.9)

with equality achieved if and only if (𝑀, 𝑔) is isometric to the flatℝ3.

Proof of Theorem 1.3 andof Theorem2.14. We first proveTheorem 1.3. Let𝑁 be one of the connected
components of 𝜕𝑀. By Proposition 2.6 there exists Ω with connected boundary homologous to
𝜕𝑀 such that 𝔪𝐻(𝜕Ω) ≥ 𝔪𝐻(𝑁) =

√|𝑁| ∕16𝜋 > 0 and 𝑤1 ∈ Liploc(𝑀 ⧵ IntΩ) solution to (1.2)
starting at Ω. Lemma 2.8 and Theorem 2.4, whose assumptions are fulfilled by Remark 2.12 and
Lemma 2.11(1), yield√|𝑁|

16𝜋
≤ 𝔪𝐻(𝜕Ω) ≤ lim

𝑡→+∞
𝔪𝐻(𝜕Ω𝑡) ≤ lim inf

𝑡→+∞
𝔪iso(Ω𝑡) ≤ 𝔪iso,

where Ω𝑡 = {𝑤1 ≤ 𝑡}. This concludes the proof of (1.3).
We now prove (2.9), which, although weaker, does not require 𝜕𝑀 to be outermost. By

Lemma 2.11, Theorem 1.3 applies in the manifold (𝑀′, 𝑔) with boundary 𝜕𝑀′. Since the
isoperimetric mass of (𝑀′, 𝑔) is the same as that of (𝑀, 𝑔), we get√|𝑁′|

16𝜋
≤ 𝔪iso,

where 𝑁′ is a connected component of 𝜕𝑀′. If 𝜕𝑀 and 𝜕𝑀′ are empty, take 𝑜 ∈ 𝑀 and 𝑤1 ∶

𝑀 ⧵ {𝑜} → ℝ emanating from 𝑜. By Lemma 2.11, Theorem 2.4 applies. Hence, the Hawking mass
ismonotone along theweak IMCF starting fromany initial set with connected boundary. Together
with the construction considered in [36, Lemma 8.1], it yields𝔪𝐻(𝜕Ω𝑡) ≥ 0, whereΩ𝑡 = {𝑤1 ≤ 𝑡}.
We conclude by Lemma 2.8 that𝔪iso ≥ 0 also in this case.
The rigidity statements in both Theorem 1.3 and Theorem 2.14 stem from the constancy of the

Hawking mass with the very same proof as in [36, Proof of Main Theorem, step 2]. □

3 APPLICATION TO ASYMPTOTICALLY SCHWARZSCHILDIAN
MANIFOLDS

As mentioned in the Introduction, the ADM concept of mass is well-defined only provided
stronger asymptotic assumptions on themetric are fulfilled. If (𝑀, 𝑔) is the Schwarzschild of mass
𝔪 ≥ 0, theADMmass coincide with𝔪. As a consequence of the characterization of isoperimetric
sets obtained by Bray [13], it is not difficult to prove that also the Isoperimetricmass coincideswith
𝔪. Since the volume and the perimeter of a set depend only on the𝒞0-character of themetric, it is
natural to ask whether a Penrose inequality holds for𝔪when the space is merely𝒞0-asymptotic
to the Schwarzschild of mass𝔪. A further question is whether𝔪 coincides with the isoperimetric
mass in this case.
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16 BENATTI et al.

3.1 The weak IMCF on asymptotically flat Riemannian manifolds

We introduce the concept of asymptotically flat Riemannianmanifolds. This condition is of crucial
importance inMathematical General Relativity. Indeed, the asymptotically flat condition denotes
the physical property that the gravitational system is isolated (see e.g. [42, Section 3.1.2]).

Definition 3.1 (Asymptotically flat Riemannian manifolds). A Riemannian 3-manifold (𝑀, 𝑔)

possibly with boundary is said to be 𝒞𝑘
𝜏 -asymptotically flat, 𝑘 ∈ ℕ and 𝜏 > 0 (𝜏 = 0 resp.) if the

following conditions are satisfied.

(1) There exists a compact set𝐾 ⊆ 𝑀 such that𝑀 ⧵ 𝐾 is differmorphic toℝ3 ⧵ {|𝑥| ≤ 𝑅}, through
a map (𝑥1, 𝑥2, 𝑥3) whose component are called asymptotically flat coordinates.

(2) In the chart (𝑀 ⧵ 𝐾, (𝑥1, 𝑥2, 𝑥3)) the metric tensor is expressed as

𝑔 = 𝑔𝑖𝑗d𝑥
𝑖 ⊗ d𝑥𝑗 = (𝛿𝑖𝑗 + 𝜂𝑖𝑗)d𝑥

𝑖 ⊗ d𝑥𝑗

with

3∑
𝑖,𝑗=1

𝑘∑
|𝛽|=0 |𝑥||𝛽|+𝜏|||𝜕𝛽𝜂𝑖𝑗||| = 𝑂(1) (= 𝑜(1) resp.) as |𝑥| → +∞.

Given an asymptotically flat Riemannian manifold (𝑀, 𝑔), D will denote the covariant deriva-
tive with respect to the metric 𝑔 and 𝜕 the one (which coincides with partial derivative) of 𝛿. We
recall that |𝑥| is asymptotically equivalent to the distance on𝑀 as proved in [7, Lemma 2.15].
In a𝒞0-asymptotically flat Riemannianmanifold, one can also compute the asymptotic expan-

sion of the inverse of the metric in terms of the flat metric. Since 𝛿𝑖𝑗𝛿𝑗𝑘 = 𝑔𝑖𝑗𝑔𝑗𝑘 = 𝛿𝑖
𝑘
, we obtain

that

𝑔𝑖𝑙 − 𝛿𝑖𝑙 = −𝛿𝑖𝑗𝜂𝑗𝑘𝑔
𝑘𝑙 = −𝛿𝑖𝑗𝜂𝑗𝑘𝛿

𝑘𝑙 + 𝑂(|𝜂|2). (3.1)

In a𝒞1-asymptotically flat Riemannianmanifold, observe that the Christoffel symbols of 𝑔 vanish
at infinity as

Γ𝑘
𝑖𝑗
=
1

2
𝑔𝑘𝑙(𝜕𝑖𝑔𝑙𝑗 + 𝜕𝑗𝑔𝑙𝑖 − 𝜕𝑙𝑔𝑖𝑗) =

1

2
𝑔𝑘𝑙(𝜕𝑖𝜂𝑙𝑗 + 𝜕𝑗𝜂𝑙𝑖 − 𝜕𝑙𝜂𝑖𝑗) = 𝑂(|𝜕𝜂|). (3.2)

𝒞0-asymptotically flat Riemannian manifolds are examples of strongly 1-nonparabolic mani-
folds. Together with this assertion, the following proposition states an optimal control on the level
sets. We will employ this tool in the proof of Theorems 1.1 and 1.5.

Proposition 3.2. Let (𝑀, 𝑔) be a complete 𝒞0-asymptotically flat Riemannian 3-manifold. Then,
(𝑀, 𝑔) is strongly 1-nonparabolic.Moreover, consider any boundedΩ ⊆ 𝑀with𝒞1-boundary homol-
ogous to 𝜕𝑀 satisfying h ∈ 𝐿2(𝜕Ω) and a solution 𝑤1 to (1.2). Then, there exist C1, C2 > 0 such that

2 log |𝑥| − C1 ≤ 𝑤1(𝑥) ≤ 2 log |𝑥| + C2 (3.3)

for any 𝑥 ∈ 𝑀 ⧵ 𝐾, where 𝐾 is the compact set of Definition 3.1.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 17

Proof. We deferred the discussion of the strongly 1-nonparabolic nature of (𝑀, 𝑔) to Remark B.3.
Given Ω with smooth boundary, Proposition B.2 shows that solutions (𝑤𝑝)𝑝>1 of (B.1) satisfy an
uniform lower bound that diverges as |𝑥| → +∞. Hence, the locally uniform limit𝑤1 obtained as
in [41, 45–47] sending 𝑝 → 1+ is the unique proper IMCF starting at Ω. The double bound (3.3)
then follows from (B.3). For Ω with 𝒞1-boundary, one can approximate 𝜕Ω in 𝒞1 with smooth
surfaces in𝑀 ⧵ 𝜕Ω and use the solutions starting at those surfaces as barriers. □

In the following remark, we specialize Lemma 2.11 to describe the topology of asymptotically
flat 3-manifolds.

Remark 3.3 (Topology of asymptotically flat manifolds). First, Proposition 3.2 grants that 𝒞0-
asymptotically flat 3-manifolds are strongly 1-nonparabolic. Hence, any 𝒞0-asymptotically flat
3-manifold with nonnegative scalar curvature and outermost minimal boundary satisfies the
assumptions of Lemma 2.11(1) (see Remark 2.12). This fact will be employed in the proof of
Theorems 1.5 and 1.1.
Second, the assumptions in Lemma 2.11(2) are fulfilled by any𝒞1-asymptotically flat manifold

with nonnegative scalar curvature and outermost minimal boundary. In this case, the level sets of|𝑥| constitute a strictly mean-convex foliation at infinity, whose presence prevents the existence
of closed minimal surfaces in the foliated region. Indeed, the divergence operator only involves
the metric 𝑔 up to the first derivatives. Hence, (3.2) ensures

div

(
D|𝑥||D|𝑥||

)
> 0

for |𝑥| sufficiently large. We will use this property to prove the PMT for the ADM mass
Theorem 4.12.

3.2 Riemannian Penrose inequality on asymptotically
Schwarzschildian manifolds

Wenowprovide the precise definition of asymptotically Schwarzschildianmanifolds, which is the
setting of Theorem 1.5. As for the asymptotically flat condition, one could give the definition of
𝒞𝑘
𝜏 -asymptotically Schwarzschildian manifolds for every 𝑘 ∈ ℕ, but since we will never use this

general notion, we prefer to focus on the case 𝑘 = 0.

Definition 3.4 (Asymptotically Schwarzschildian manifolds). A Riemannian 3-manifold (𝑀, 𝑔)

possibly with boundary is 𝒞0
𝜏 -asymptotically Schwarzchildian of mass𝔪 ≥ 0, 𝜏 > 0 (𝜏 = 0 resp.),

if the following conditions are satisfied.

(1) There exists a compact set𝐾 ⊆ 𝑀 such that𝑀 ⧵ 𝐾 is diffeomorphic toℝ3 ⧵ {|𝑥| ≤ 𝑅}, through
a map (𝑥1, 𝑥2, 𝑥3) whose component are called asymptotically flat coordinates.

(2) In the chart (𝑀 ⧵ 𝐾, (𝑥1, 𝑥2, 𝑥3)) the metric tensor is expressed as

𝑔 = 𝑔𝑖𝑗d𝑥
𝑖 ⊗ d𝑥𝑗 =

((
1 +

2𝔪|𝑥|
)
𝛿𝑖𝑗 + 𝜂𝑖𝑗

)
d𝑥𝑖 ⊗ d𝑥𝑗
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18 BENATTI et al.

with

3∑
𝑖,𝑗=1

|𝑥|1+𝜏|||𝜂𝑖𝑗||| = 𝑂(1) (= 𝑜(1) resp.) as |𝑥| → +∞.

Observe that the metric 𝑔 can be expressed as

𝑔𝑖𝑗 =

(
1 +

𝔪

2|𝑥|
)4

𝛿𝑖𝑗 + 𝑂(|𝑥|−min{𝜏+1,2}
).

Then, the metric 𝑔 is asymptotically equivalent to the Schwarzschild metric at infinity, at least to
the first order. Moreover, observe that a 𝒞0

𝜏 -asymptotically Schwarzschildian manifold is always
𝒞0
1
-asymptotically flat.
We are finally ready to prove the Penrose inequality for 𝒞0

𝜏 -asymptotically Schwarzschildian
manifolds.

Proof of Theorem 1.5. We assume without loss of generality that 𝜏 ≤ 1. It is easy to show that

lim
𝑅→+∞

𝔪iso({|𝑥| ≤ 𝑅}) = 𝔪, (3.4)

which directly implies

𝔪 ≤ 𝔪iso. (3.5)

We briefly provide the computations involved. Given Σ = 𝜕Ω a closed surface in𝑀, the measure
d𝜎 induced by 𝑔 on Σ is related to the one induced by 𝛿 by

d𝜎 =

(
1 +

2𝔪|𝑥|
)
(1 + 𝛿

𝑖𝑗

⊤
𝜂𝑖𝑗 + 𝑂(|𝜂|2)) d𝜎𝛿, (3.6)

where 𝛿𝑖𝑗
⊤
= 𝛿𝑖𝑗 − 𝜈𝑖

𝛿
𝜈
𝑗

𝛿
with 𝜈𝛿 outer 𝛿-unit normal to Σ. Applying this formula, we immediately

get

|{|𝑥| = 𝑅}| = 4𝜋𝑅2
(
1 +

2𝔪

𝑅
+ 𝑂(|𝑅|−1−𝜏)). (3.7)

Moreover, we have

|D|𝑥||2 = 1 −
2𝔪|𝑥| + 𝑂(|𝑥|−1−𝜏),

from which

|D|𝑥||−1 = 1 +
𝔪|𝑥| + 𝑂(|𝑥|−1−𝜏)
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 19

follows. Then, coupling with (3.7), it holds

d

d𝑅
|{|𝑥| ≤ 𝑅}| = ∫

{|𝑥|=𝑅}
1|D|𝑥|| d𝜎 = 4𝜋𝑅2 + 12𝜋𝔪𝑅 + 𝑂(𝑅1−𝜏).

Hence, by integrating, we obtain

|{|𝑥| ≤ 𝑅}| = 4

3
𝜋𝑅3 + 6𝜋𝔪𝑅2 + 𝑂(𝑅2−𝜏). (3.8)

Finally, by (3.8) and (3.7) we compute

𝔪iso({|𝑥| ≤ 𝑅}) =
2|{|𝑥| = 𝑅}| ⎛⎜⎜⎝|{|𝑥| ≤ 𝑅}| − |{|𝑥| = 𝑅}| 32

6
√
𝜋

⎞⎟⎟⎠ =
𝔪(1 + 𝑂(𝑅−𝜏))

1 + 𝑂(𝑅−1)
. (3.9)

Letting 𝑅 → +∞ in (3.9) yields (3.4).
We are now left to prove that 𝔪𝐻(𝜕Ω) ≤ 𝔪 for every Ω ⊆ 𝑀 bounded with connected 𝒞1-

boundary homologous to 𝜕𝑀 satisfying h ∈ 𝐿2(𝜕Ω). Indeed, by Proposition 2.6 and Theorem 2.7
this implies𝔪iso ≤ 𝔪 that coupledwith (3.5) gives𝔪 = 𝔪iso. The Riemannian Penrose inequality
now follows by Theorem 1.3.
We consider the weak IMCF𝑤1 emanating from some boundedΩwith smooth connected𝒞1-

boundary homologous to 𝑀. We let Ω𝑡 = {𝑤1 ≤ 𝑡}. We denote with 𝑠 the Schwarzschild metric,
that from its very definition satisfies

𝑠𝑖𝑗 =

(
1 +

2𝔪|𝑥|
)
𝛿𝑖𝑗 + 𝑂(|𝑥|−2)

for every 𝑖, 𝑗 = 1, 2, 3 as |𝑥| → +∞. Then, applying again (3.6), we immediately get

|||𝜕Ω𝑡| − |𝜕Ω𝑡|𝑠|| = |||||∫𝜕Ω𝑡

𝑂(|𝑥|−1−𝜏) d𝜎𝛿|||||. (3.10)

By the second inequality in (3.3) we have |𝑥|2 ≥ Ce𝑡 for any 𝑥 ∈ 𝜕Ω𝑡, for 𝑡 large enough. Thus
(3.10) implies

|||𝜕Ω𝑡| − |𝜕Ω𝑡|𝑠|| ≤ C|𝜕Ω𝑡|𝛿 e−𝑡 (1+𝜏)2 . (3.11)

The very same argument also shows that

|||𝜕Ω𝑡|𝑠 − |𝜕Ω𝑡|𝛿|| ≤ C|𝜕Ω𝑡|𝛿 e−𝑡 . (3.12)

As a consequence, coupling (3.11) and (3.12), we can write

𝔪iso(Ω𝑡) =
2|𝜕Ω𝑡|

⎛⎜⎜⎜⎝|Ω𝑡| − |𝜕Ω𝑡| 32𝑠
6
√
𝜋

+ 𝑂

(|𝜕Ω𝑡| 32𝑠 e−𝑡 (1+𝜏)2

)⎞⎟⎟⎟⎠. (3.13)
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20 BENATTI et al.

We are going to pass to the superior limit as 𝑡 → +∞ in (3.13). Let 𝐵𝑡 be the coordinate ball in the
Schwarzschild space of volume |𝐵𝑡|𝑠 = |Ω𝑡|. Since 𝐵𝑡 is isoperimetric in the Schwarzschild metric
for its own volume [13, Theorem 8] [10, Corollary 2.6], we have

2|𝜕Ω𝑡|
⎛⎜⎜⎜⎝|Ω𝑡| − |𝜕Ω𝑡| 32𝑠

6
√
𝜋

⎞⎟⎟⎟⎠ =
2|𝜕Ω𝑡|𝑠|𝜕Ω𝑡| |𝜕Ω𝑡|𝑠

⎛⎜⎜⎜⎝|𝐵𝑡|𝑠 −
|𝜕Ω𝑡| 32𝑠
6
√
𝜋

⎞⎟⎟⎟⎠ ≤
2|𝜕Ω𝑡|𝑠|𝜕Ω𝑡| |𝜕𝐵𝑡|𝑠

⎛⎜⎜⎜⎝|𝐵𝑡|𝑠 −
|𝜕𝐵𝑡| 32𝑠
6
√
𝜋

⎞⎟⎟⎟⎠ .
Since |𝜕Ω𝑡| is asymptotic to |𝜕Ω𝑡|𝑠 by (3.11) and (3.12), (3.4) yields

lim sup
𝑡→+∞

2|𝜕Ω𝑡|
⎛⎜⎜⎜⎝|Ω𝑡| − |𝜕Ω𝑡| 32𝑠

6
√
𝜋

⎞⎟⎟⎟⎠ ≤ 𝔪. (3.14)

We are left to estimate the remaining part of (3.13). First, observe that

e
−𝑡

(1+𝜏)

2
|𝜕Ω𝑡| 32|𝜕Ω𝑡| = e−𝑡𝜏|𝜕Ω∗| 12

since |𝜕Ω𝑡| = |𝜕Ω∗| e𝑡. Hence,
lim
𝑡→+∞

e
−𝑡

(1+𝜏)

2
|𝜕Ω𝑡| 32|𝜕Ω𝑡| = 0. (3.15)

Since |𝜕Ω𝑡| and |𝜕Ω𝑡|𝑠 are asymptotically equivalent by (3.11) and (3.12), plugging (3.14) and (3.15)
into (3.13) infers

lim sup
𝑡→+∞

𝔪iso(Ω𝑡) ≤ 𝔪.

Thanks to Lemma 2.11 and Lemma 2.8, Theorem 2.4 applies and concludes the proof. □

It would be very nice to remove the request of nonnegative mass in the statement of The-
orem 1.5. Such an assumption has been crucially exploited when estimating from above the
quasi-local isoperimetric mass of an evolving set Ω𝑡 with that of a geodesic ball in the space-like
Schwarzschildmetric 𝑠with the same volume. It was possible because such balls are isoperimetric
in the Schwarzschild metric with nonnegative mass, while they are not if𝔪 is negative, as shown
in [22, Section 5]. Understanding the shape of isoperimetric sets in the Schwarzschild metric with
negative mass could be crucial in showing that, 𝔪 ≥ 0 is a consequence in Theorem 1.5 rather
than an assumption.

4 RIEMANNIAN PENROSE INEQUALITY FOR THE 𝐀𝐃𝐌MASS

In this section,we prove theRiemannian Penrose inequality Theorem 1.1 for theADMmass, in the
natural 𝒞1

𝜏 -asymptotically flat setting, 𝜏 > 1∕2. We take advantage of the fine analysis at infinity
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 21

for harmonic functions to infer a finite bound for theHawkingmasses of surfaces 𝜕Ωhomologous
to 𝜕𝑀. Indeed, our proof of Theorem 1.1 combines the Geroch monotonicity Theorem 2.4 with its
potential-theoretic counterpart. Suchmonotonicity was discovered in [2]. Here, the authors show
that the 2-Hawking mass

𝔪
(2)
𝐻 (𝜕Ω) =

𝔠2(𝜕Ω)

8𝜋

[
4𝜋 + ∫

𝜕Ω

|D𝑤2|2 d𝜎 − ∫
𝜕Ω

|D𝑤2|H d𝜎

]
(4.1)

is monotone along the level sets of 𝑤2, which solves

⎧⎪⎨⎪⎩
Δ𝑤2 = |D𝑤2|2 on𝑀 ⧵Ω,

𝑤2 = 0 on Ω,
𝑤2 → +∞ as |𝑥| → +∞.

(4.2)

The existence of𝑤2 is granted by the asymptotically flat condition (see Proposition B.2). Inwhat
follows, we are exploiting the linear nature of the PDE solved by 𝑢 = − log𝑤2 (see (4.4)) to obtain
a deeper asymptotic understanding of the quantities involved in (4.1). This approach circumvents
the additional asymptotic assumption on the Ricci curvature tensor, as mandated by Huisken and
Ilmanen [36] and Agostiniani et al. [1]. In detail, we can control the 𝐿2-norm of the Hessian of
any function with the 𝐿2-norms of its gradient and Laplacian by exploiting the 𝒞1-asymptotic
behavior of the metric. Utilizing this estimate alongside the representation formula, we obtain
the expected decay of the error between the function 𝑢 = − log𝑤2 and its rotationally symmetric
model on flat ℝ3 up to its first derivatives. Then, we improve it to its second-order derivatives,
hence to the mean curvature of its level sets, in an 𝐿2-fashion.
Such knowledge is sufficient to bound 𝔪

(2)
𝐻 (𝜕Ω𝑡) from above in terms of 𝔪ADM (see

Theorem 4.11) and, in turn, it yields a finite, uniform (nonsharp) bound for the Hawking mass
of any initial set (see Lemma 4.3). We refine such bound through an improved asymptotic behav-
ior of the curvatures of the sets evolving through weak IMCF. Here, it is where we make up for
the milder asymptotic assumptions on the metric. Indeed, we can conclude

𝔪𝐻(𝜕Ω) ≤ 𝔪ADM (4.3)

for a relevant class of subsets of𝑀 as in the final analysis of [36, Asymptotic Comparison Lemma
7.4], but without requiring that (𝑀, 𝑔) is 𝒞1

1
-asymptotically flat.

The inequality (4.3) implies at once the Penrose inequality (1.1) when applied to 𝜕Ω = 𝑁.
Combining (4.3) with Jauregui-Lee’s Theorem 2.7 and with the limit behavior of the quasi-local
isoperimetric masses of geodesic balls computed in [25], we also obtain Theorem 1.4.

4.1 Preliminaries on linear potential theory

Let (𝑀, 𝑔) be a𝒞0-asymptotically flat Riemannian 3-manifold. Consider a bounded subsetΩ ⊆ 𝑀

with 𝒞1,𝛼-boundary homologous to 𝜕𝑀 and with h ∈ 𝐿2(𝜕Ω). Then, a solution 𝑤2 ∈ 𝒞∞(𝑀 ⧵

Ω) ∩ 𝒞
1,𝛼
loc
(𝑀 ⧵ IntΩ) to (4.2) exists. Indeed, 𝑤2 = − log 𝑢 where 𝑢 is the capacitary potential ofΩ
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22 BENATTI et al.

and solves

⎧⎪⎨⎪⎩
Δ𝑢 = 0 on𝑀 ⧵Ω,

𝑢 = 1 on Ω,
𝑢 → 0 as |𝑥| → +∞.

(4.4)

The capacity is defined for any compact 𝐾 ⊂ 𝑀 as the quantity

𝔠2(𝐾) = inf

{
1

4𝜋 ∫
𝑀

|D𝑣|2 d𝜇 ∶ 𝑣 ∈ ∞𝑐 (𝑀), 𝑣 ≥ 1 on 𝐾
}
.

It turns out that the capacity of the level sets of solutions to (4.2) exponentially grows, exactly as
the perimeter of level sets of the weak IMCF does. We recall this useful property in the following
lemma (see [33, Lemma 3.8]).

Lemma 4.1. Let (𝑀, 𝑔) be a Riemannian 3-manifold possibly with boundary. Let Ω ⊆ 𝑀 be
bounded with boundary homologous to 𝜕𝑀. Given a solution 𝑤2 to (4.2), denote Ω𝑡 = {𝑤2 ≤ 𝑡}. We
have

𝔠2(𝜕Ω𝑡) = e𝑡 𝔠2(𝜕Ω) =
1

4𝜋 ∫
𝜕Ω𝑡

|D𝑤2| d𝜎.
The 2-Hawking mass (4.1) represents the potential-theoretic version of the Hawking mass, and

it is monotone along the level set flow of the function 𝑤2 as shown in [2]. More precisely, observe
that the following relations are true

𝔠2(𝜕Ω)

8𝜋
𝑈2

(
e𝑡
)
= 𝔪

(2)
𝐻 (𝜕Ω𝑡) =

1

8𝜋
𝐹2

(
𝔠2(𝜕Ω) e

𝑡
)
, (4.5)

where 𝐹2(𝑡) is the function defined in [2, (1.2)] and 𝑈2(𝑡) is the function

𝑈2(𝑡) = 4𝜋𝑡 + 𝑡3 ∫
{𝑢=1∕𝑡}

|D𝑢|2 d𝜎 − 𝑡2 ∫
{𝑢=1∕𝑡}

|D𝑢|H d𝜎.

The following result is then a consequence of [2, Theorem 1.1] (see also [1]).

Theorem 4.2 (Monotonicity of the 2-Hawking mass). Let (𝑀, 𝑔) be a complete 𝒞0-asymptotically
flat Riemannian 3-manifold with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. LetΩ ⊆ 𝑀 with connected𝒞1,𝛼-boundary homologous
to 𝜕𝑀 satisfying h ∈ 𝐿2(𝜕Ω) and 𝑤2 the solution to (4.2) starting at Ω. Then, denoting Ω𝑡 = {𝑤2 ≤
𝑡}, the function 𝑡 ↦ 𝔪

(2)
𝐻 (𝜕Ω𝑡) defined in (4.1) belongs to BVloc(0, +∞) and admits a monotone

nondecreasing representative.

We do not claim that we can jump through horizons, since it is not clear to us whether a
result analogous to [36, Geroch Monotonicity (Multiple Boundary Components) 6.1] holds along
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 23

the level set flow of 𝑤2. On the other hand, the following elementary control with the classical
Hawking mass will suffice for our aims.

Lemma 4.3. Let (𝑀, 𝑔) be a complete 𝒞0-asymptotically flat Riemannian 3-manifold possibly
with smooth and closed boundary. Then, for every outward minimizingΩ ⊆ 𝑀 with𝒞1,𝛼-boundary
homologous to 𝜕𝑀 with h ∈ 𝐿2(𝜕Ω) we have

𝔪𝐻(𝜕Ω) ≤ C𝔪
(2)
𝐻 (𝜕Ω),

where C depends only on the isoperimetric constant of (𝑀, 𝑔).

Proof. Observe that

∫
𝜕Ω

|D𝑤2|H d𝜎 − ∫
𝜕Ω

|D𝑤2|2 d𝜎 = ∫
𝜕Ω

H2

4
d𝜎 − ∫

𝜕Ω

(
H

2
− |D𝑤2|)2

d𝜎 ≤ ∫
𝜕Ω

H2

4
d𝜎.

To conclude is then enough to proceed as in [28, Theorem 1.3] to prove that

𝔠2(𝜕Ω) ≥ C|𝜕Ω| 12 . □

4.2 Sharp integral asymptotic estimates for harmonic functions

On 𝒞1
𝜏 -asymptotically flat manifolds, it seems out of reach to obtain 𝒞2-asymptotic informa-

tion for the capacitary potential at infinity. However, we are actually deriving quantitative (in
terms of 𝜏) 𝐿2- asymptotic estimates for the Hessian at infinity. The strategy of the proof consists
in a delicate refinement of the classical one, clearly exposed in [44, Appendix A] (see also [32,
Lemma 4.1]).
The following direct consequence of Bochner’s identity will be a basic tool. We exploit it using

an approach partially similar to the one described in [27]. We work for simplicity in ℝ3 endowed
with an asymptotically flat metric; this will simplify the notation and the presentation and, for
our purposes, it will clearly result in no loss of generality.

Lemma 4.4. Let 𝑘 > 1, 𝑅0 > 0 and 𝜀 > 0 fixed. There exists a constant C > 0, such that for any
metric 𝑔 onℝ3 with {|𝑥| ≥ 𝑅0} ⊆ {|𝑔 − 𝛿| + |𝑥| |𝜕𝑔| ≤ 𝜀} we have

∫
𝐴𝑅,𝑘𝑅

|DD𝑓|2 d𝜇 ≤ C

⎛⎜⎜⎜⎝
1

𝑅2 ∫
𝐴𝑅∕2,2𝑘𝑅

|D𝑓|2 d𝜇 + ∫
𝐴𝑅∕2,2𝑘𝑅

(Δ𝑓)2 d𝜇

⎞⎟⎟⎟⎠, (4.6)

for any 𝑓 ∈ 𝒞2(ℝ3) and all 𝑅 ≥ 2𝑅0, where 𝐴𝑅,𝑘𝑅 = {𝑅 ≤ |𝑥| ≤ 𝑘𝑅}.

Remark 4.5. Observe that if 𝑔 = 𝛿, the above lemma holds for 𝑅0 = 0. In the general case, up to
choosing 𝑅0 sufficiently large, (4.6) holds with the same constant regardless of whether the terms
are expressed with respect to the metric 𝑔 or 𝛿.
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24 BENATTI et al.

Proof. Suppose that 𝑔 = 𝛿. Let 𝜑 be the classic cut-off function supported in 𝐴 = 𝐴𝑅∕2,2𝑘𝑅 which
is equal to 1 on 𝐴𝑅,𝑘𝑅 with |D𝜑| ≤ C∕𝑅 and |Δ𝜑| ≤ C∕𝑅2. Multiplying the Bochner identity

∑
𝑖𝑗

(𝜕𝑖𝜕𝑗𝑓)
2 =

∑
𝑖𝑗

1

2
𝜕2
𝑖
(𝜕𝑗𝑓)

2 − 𝜕𝑗𝜕
2
𝑖
𝑓𝜕𝑗𝑓

by 𝜑 and integrating on 𝐴, we get

∫
𝐴

|𝜕𝜕𝑓|2𝛿𝜑 d𝑥 ≤ ∫
𝐴

|𝜕𝑓|2𝛿 |Δ𝛿𝜓| + (Δ𝛿𝑓)
2𝜑 + |𝜕𝑓|𝛿 |Δ𝛿𝑓| |𝜕𝜑|𝛿 d𝑥

≤ C

(
1

𝑅2 ∫𝐴 |𝜕𝑓|2𝛿 d𝑥 + ∫
𝐴

(Δ𝛿𝑓)
2 d𝑥

)
after performing integration by parts andCauchy–Schwarz inequality.Hence, the theorem follows
for 𝑔 = 𝛿. Let now 𝑔 be as in the statement. In particular, 𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 𝜂𝑖𝑗 with |𝜂|𝛿 + |𝑥| |𝜕𝜂|𝛿 ≤ 𝜀

on {|𝑥| ≥ 𝑅0}. On 𝐴, we have

|DD𝑓|2𝑔 ≤ C
|||𝜕𝑖𝜕𝑗𝑓 − Γ𝑘

𝑖𝑗
𝜕𝑘𝑓

|||2𝛿 ≤ C
(|𝜕𝜕𝑓|2𝛿 + |𝜕𝜂|𝛿|𝜕𝜕𝑓|𝛿|𝜕𝑓|𝛿 + |𝜕𝜂|2𝛿|𝜕𝑓|2𝛿)

≤ C
(|𝜕𝜕𝑓|2𝛿 + |𝜕𝜂|2𝛿|𝜕𝑓|2𝛿) ≤ C|𝜕𝜕𝑓|2𝛿 + C

𝑅2
|𝜕𝑓|2𝛿,

where C does not depends on 𝑅. Similarly,

|𝜕𝑓|2𝛿 ≤ C|D𝑓|2𝑔, |Δ𝛿𝑓| ≤ C
|||Δ𝑔𝑓||| + C

𝑅
|D𝑓|𝑔

hold. Employing all the above estimates we get

∫
𝐴

|DD𝑓|2 d𝜇 ≤ C

(
∫
𝐴

|𝜕𝜕𝑓|2𝛿 + 1

𝑅2
|𝜕𝑓|2𝛿 d𝜇) ≤ C

(
∫
𝐴

|𝜕𝜕𝑓|2𝛿 d𝑥 + ∫
𝐴

1

𝑅2
|D𝑓|2𝑔 d𝜇)

≤ C

(
∫
𝐴

(Δ𝛿𝑓)
2 +

1

𝑅2
|𝜕𝑓|2 d𝑥 + ∫

𝐴

1

𝑅2
|D𝑓|2𝑔 d𝜇)

≤ C

(
∫
𝐴

(Δ𝑓)2 d𝜇 + ∫
𝐴

1

𝑅2
|D𝑓|2𝑔 d𝜇),

where we used the fact that C−1 ≤ √
det 𝑔 ≤ C for a constant C that does not depend on 𝑅. □

In the sequel of this section, we fix 𝑘 > 1 and we derive decay estimates for a solution 𝑢 to (4.4).
Onemight rephrase all the computations below directly in terms of solutions𝑤2 to (4.2). However,
we think that the proposed presentation is simpler and the reader would more readily compare
our results with the ones in the literature.

Lemma 4.6. Let 0 < 𝜏 ≤ 1 and let (ℝ3, 𝑔) be a 𝒞1
𝜏 -asymptotically flat Riemannian manifold.

Then, the capacitary potential 𝑢 (4.4) of a bounded set Ω with smooth boundary satisfies the
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 25

𝒞1-decay

𝑢(𝑥) = 𝑂(|𝑥|−1) and |D𝑢| (𝑥) = 𝑂(|𝑥|−2) (4.7)

as |𝑥| → +∞. Consequently, the 𝐿2-asymptotic estimate

∫
𝐴𝑅,𝑘𝑅

|DD𝑢|2 d𝜇 = 𝑂(𝑅−3) (4.8)

holds as 𝑅 → +∞, where 𝐴𝑅,𝑘𝑅 = {𝑅 ≤ |𝑥| ≤ 𝑘𝑅}.

Proof. The 𝒞0 decay of 𝑢 follows exactly as in the first part of the proof [44, Lemma A.2]. The
𝑔-Laplacian of 𝑣 = 𝑎 |𝑥|−1 − |𝑥|−1−𝜀 (that depends only on the 𝒞0-character of 𝑔) is nonpositive
for 0 < 𝜀 < 𝜏, and, as such, choosing 𝑎 big enough we get 𝑢 ≤ 𝑣 ≤ C∕ |𝑥|.
The gradient estimate in (4.7) is now a consequence of the Schauder estimates for elliptic oper-

ators in divergence form with 𝒞0,𝛼 coefficients (see [26, Theorem 2.28]). Applying (4.6) to the
harmonic function 𝑢 and plugging in (4.7), (4.8) follows. □

We now get a refined asymptotic 𝐿2-decay estimate for theℝ3-Laplacian of 𝑢 as a consequence
of (4.8).

Lemma 4.7. Let 0 < 𝜏 ≤ 1 and let (ℝ3, 𝑔) be a𝒞1
𝜏 -asymptotically flat Riemannianmanifold. Then,

the capacitary potential 𝑢 (4.4) of a bounded setΩ with smooth boundary satisfies

∫
𝐴𝑅,𝑘𝑅

|Δ𝛿𝑢|2d𝜇 ≤ C

𝑅3+2𝜏
, (4.9)

for 𝑅 large enough, where 𝐴𝑅,𝑘𝑅 = {𝑅 ≤ |𝑥| ≤ 𝑘𝑅} and Δ𝛿 is the Laplacian of flatℝ3.

Proof. Let (𝑥1, 𝑥2, 𝑥3) be a choice of asymptotically flat coordinates on (𝑀, 𝑔). We have

0 = Δ𝑔𝑢 = 𝑔𝑖𝑗𝜕𝑖𝜕𝑗𝑢 − Γ𝑘
𝑖𝑗
𝜕𝑘𝑢 = (𝑔𝑖𝑗 − 𝛿𝑖𝑗)𝜕𝑖𝜕𝑗 + 𝛿𝑖𝑗𝜕𝑖𝜕𝑗𝑢 − Γ𝑘

𝑖𝑗
𝜕𝑘𝑢

= (𝑔𝑖𝑠𝜂𝑠𝑘𝑔
𝑘𝑗 + 𝑂(|𝜂|2))𝜕𝑖𝜕𝑗𝑢 + 𝛿𝑖𝑗𝜕𝑖𝜕𝑗𝑢 − Γ𝑘

𝑖𝑗
𝜕𝑘𝑢.

It follows that

(Δ𝛿𝑢(𝑥))
2 ≤ C

(
1|𝑥|2𝜏 |DD𝑢(𝑥)|2 + 1|𝑥|2+2𝜏 |D𝑢|

)
. (4.10)

Integrating (4.10) on 𝐴𝑅,𝑘𝑅 and applying Lemma 4.6, (4.9) follows. □

We are finally ready to show the pointwise asymptotic behavior of 𝑢 and D𝑢 with the explicit
deficit.
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26 BENATTI et al.

Proposition 4.8. Let 0 < 𝜏 ≤ 1 and let (ℝ3, 𝑔) be a 𝒞1
𝜏 -asymptotically flat Riemannian manifold.

Then, the capacitary potential 𝑢 (4.4) of a bounded setΩ with smooth boundary satisfies

||||𝑢(𝑥) − 𝔠2(𝜕Ω)|𝑥| |||| = 𝑂(|𝑥|−1−𝜏), |||||𝜕𝑗𝑢 + 𝔠2(𝜕Ω)
𝛿𝑗𝑘𝑥

𝑘

|𝑥|3
||||| = 𝑂(|𝑥|−2−𝜏), (4.11)

for every 𝑗 = 1, 2, 3, as |𝑥| → +∞.

Proof. Fix a flat chart at infinity (𝑀 ⧵ 𝐾, (𝑥1, 𝑥2, 𝑥3)) for themanifold (𝑀, 𝑔). The function𝑢 can be
considered as a smooth function on the setℝ3 ⧵ {|𝑥| ≤ 𝑅0}which is diffeomorphic to𝑀 ⧵ 𝐾. With
abuse of notation, we interpret 𝑢 as a smooth function on the whole ℝ3 by extending it smoothly
in the interior of {|𝑥| ≤ 𝑅0}. From now on, we are working on ℝ3 only. Let now 𝑣 ∶ ℝ3 → ℝ be
the function

𝑣(𝑥) = −
1

4𝜋 ∫
ℝ3

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦. (4.12)

It is well-known and direct to check that Δ𝛿𝑣 = Δ𝛿𝑢. The main part of the proof consists in show-
ing that 𝑣 satisfies the𝒞0-expansion at infinity claimed for 𝑢 in (4.11). Hence, Liouville’s theorem
for harmonic functions implies that 𝑢 = 𝑣 and that 𝑢 decays as stated.
We consider any point 𝑥 with |𝑥| = 2𝑅, and we split the integral (4.12) into the three terms

𝑣(𝑥) = −
1

4𝜋

⎡⎢⎢⎢⎣ ∫
{|𝑥−𝑦|≤𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦 + ∫
{|𝑦|∧|𝑥−𝑦|≥𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦 + ∫
{|𝑦|≤𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦
⎤⎥⎥⎥⎦ (4.13)

The first term is estimated through Hölder’s inequality and (4.9) as

||||||| ∫
{|𝑥−𝑦|≤𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦
||||||| ≤

⎛⎜⎜⎜⎝ ∫
{|𝑥−𝑦|≤𝑅}

|Δ𝛿𝑢(𝑦)|2 d𝑦⎞⎟⎟⎟⎠
1

2 ⎛⎜⎜⎜⎝ ∫
{|𝑥−𝑦|≤𝑅}

1|𝑥 − 𝑦|2 d𝑦
⎞⎟⎟⎟⎠
1

2

≤
⎛⎜⎜⎜⎝ ∫
𝐴𝑅,3𝑅

|Δ𝛿𝑢(𝑦)|2 d𝑦⎞⎟⎟⎟⎠
1

2 ⎛⎜⎜⎜⎝ ∫
{|𝑦|≤𝑅}

1|𝑦|2 d𝑦
⎞⎟⎟⎟⎠
1

2

≤ C

𝑅1+𝜏
, (4.14)

where 𝐴𝑅,3𝑅 = {𝑅 ≤ |𝑥| ≤ 3𝑅}.
To estimate the second one, since |𝑥 − 𝑦| ≥ 𝑅, we have

||||||| ∫
{|𝑦|∧|𝑥−𝑦|≥𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦
||||||| ≤

C

𝑅 ∫
{|𝑦|≥𝑅}

|Δ𝛿𝑢(𝑦)| d𝑦. (4.15)
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 27

Cover now {|𝑦| ≥ 𝑅} with annuli 𝐴𝑗 of the form {2𝑗𝑅 ≤ |𝑥| ≤ 2𝑗+1𝑅}, 𝑗 ∈ ℕ, to obtain

∫
{|𝑦|≥𝑅}

|Δ𝛿𝑢(𝑦)| d𝑦 ≤
+∞∑
𝑗=0

∫
𝐴𝑗

|Δ𝛿𝑢(𝑦)| d𝑦 ≤
+∞∑
𝑗=0

(
∫
𝐴𝑗

|Δ𝛿𝑢(𝑦)|2 d𝑦)
1

2 |||𝐴𝑗
||| 12

≤ C

𝑅𝜏

+∞∑
𝑗=0

1

2𝜏𝑗
≤ C

𝑅𝜏
.

(4.16)

Plugging it into (4.15), it yields

||||||| ∫
{|𝑦|∧|𝑥−𝑦|≥𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦
||||||| ≤

C

𝑅1+𝜏
. (4.17)

The third term in (4.13) splits into

∫
{|𝑦|≤𝑅}

Δ𝛿𝑢(𝑦)|𝑥 − 𝑦| d𝑦 = ∫
{|𝑦|≤𝑅}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦 + ∫

{|𝑦|≤𝑅}
Δ𝛿𝑢(𝑦)|𝑥| d𝑦. (4.18)

The first integral on the right-hand side can be further split into

∫
{|𝑦|≤𝑅}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦 = ∫

{|𝑦|≤𝑅0}
(

1|𝑥 − 𝑦| − 1|𝑥|
)
Δ𝛿𝑢(𝑦) d𝑦

+ ∫
{𝑅0≤|𝑦|≤𝑅}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦, (4.19)

for some fixed 𝑅0 ∈ (0, 𝑅). The first term in the right-hand side of (4.19) is easily estimated by

||||||| ∫
{|𝑦|≤𝑅0}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦

||||||| ≤ C ∫
{|𝑦|≤𝑅0}

|𝑦||𝑥|2 Δ𝛿𝑢(𝑦) ≤ C

𝑅2
,

recalling that |𝑥| = 2𝑅. The second term in (4.19) is more delicate. We cover 𝐵𝑅(0) ⧵ 𝐵𝑅0(0) with
annuli 𝐴𝑗 of the form {2𝑗𝑅0 ≤ |𝑥| ≤ 2𝑗+1𝑅0}, to obtain

||||||| ∫
{𝑅0≤|𝑦|≤𝑅}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦

||||||| ≤
C

𝑅2

𝑗𝑅∑
𝑗=0

∫
𝐴𝑗

|𝑦| |Δ𝛿𝑢(𝑦)| d𝑦, (4.20)
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28 BENATTI et al.

where 𝑗𝑅 is such that𝑅 ∈ (2𝑗𝑅0, 2
𝑗+1𝑅0). ApplyingHölder’s inequality and (4.9) similarly to (4.16),

we get

𝑗𝑅∑
𝑗=0

∫
𝐴𝑗

|𝑦||Δ𝛿𝑢(𝑦)| d𝑦 ≤ C

𝑗𝑅∑
𝑗=0

(
∫
𝐴𝑗

|Δ𝛿𝑢|2(𝑦) d𝑦)
1

2

2
5

2
𝑗
𝑅

5

2

0

≤ C𝑅1−𝜏
0

𝑗𝑅∑
𝑗=0

2(1−𝜏)𝑗 ≤ C
𝑅1−𝜏
0

2(1−𝜏)𝑗𝑅21−𝜏 − 𝑅1−𝜏
0

21−𝜏 − 1
.

By our choice of 𝑗𝑅 we have 𝑅02𝑗(1−𝜏) ≤ 𝑅1−𝜏. Hence, we get

𝑗𝑅∑
𝑗=0

∫
𝐴𝑗

|𝑦||Δ𝛿𝑢(𝑦)| d𝑦 ≤ C
𝑅1−𝜏21−𝜏 − 𝑅1−𝜏

0

21−𝜏 − 1
= C𝑅1−𝜏

21−𝜏 −
(
𝑅0

𝑅

)1−𝜏
21−𝜏 − 1

. (4.21)

It only remains to estimate the last term in (4.18). Now, 0 < 𝜏 ≤ 1 and 𝑅0 is a fixed number smaller
than 𝑅. Plugging (4.21) into (4.20), we infer

||||||| ∫
{𝑅0≤|𝑦|≤𝑅}

(
1|𝑥 − 𝑦| − 1|𝑥|

)
Δ𝛿𝑢(𝑦) d𝑦

||||||| ≤
C

𝑅1+𝜏
. (4.22)

Putting together (4.13), (4.14), (4.17), (4.18), (4.19) and (4.22), we have showed that

|||||||𝑣(𝑥) −
1

2𝑅 ∫
{|𝑦|≤𝑅}

Δ𝛿𝑢(𝑦) d𝑦

||||||| ≤
C

𝑅1+𝜏
,

for any 𝑥 such that |𝑥| = 2𝑅. By (4.16), we immediately deduce that

||||𝑣(𝑥) − 𝑎|𝑥| |||| ≤ C

𝑅1+𝜏
(4.23)

for some 𝑎 ∈ ℝ. In particular, 𝑣(𝑥) → 0 as |𝑥| → +∞. Since Δ𝛿𝑣 = Δ𝛿𝑢, Liouville’s theorem for
harmonic functions implies that 𝑣 = 𝑢. By the already recalled Schauder estimates [26, Theorem
2.28], we also have

|||||𝜕𝑗𝑢(𝑥) + 𝑎
𝛿𝑗𝑙𝑥

𝑙

|𝑥|3
||||| ≤ 1

𝑅2+𝜏
. (4.24)

Since 𝑢 is harmonic in𝑀 ⧵Ω for the metric 𝑔, Divergence Theorem yields

0 = ∫
{|𝑥|≤𝑅}⧵Ω

Δ𝑢 d𝜇 = ∫
𝜕Ω

|D𝑢| d𝜎 + ∫
{|𝑥|=𝑅}

⟨∇𝑢|𝜈⟩ d𝜎 = 4𝜋𝔠2(𝜕Ω) + ∫
{|𝑥|=𝑅}

⟨∇𝑢|𝜈⟩ d𝜎.

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22239 by L

orenzo M
azzieri - C

rui/ C
onferenza D

ei R
ettori , W

iley O
nline L

ibrary on [12/12/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 29

Letting 𝑅 → +∞ and comparing with (4.24), we obtain 𝑎 = 𝔠2(𝜕Ω). Plugging it into (4.23) and
(4.24) completes the proof. □

Finally, a direct consequence of Lemma 4.4 is the following integral decay estimate for the
second derivatives of 𝑢.

Proposition 4.9. Let 0 < 𝜏 ≤ 1 and let (ℝ3, 𝑔) be a 𝒞1
𝜏 -asymptotically flat Riemannian manifold.

Then, the capacitary potential 𝑢 (4.4) of a bounded setΩ with smooth boundary satisfies

∫
𝐴𝑅,𝑘𝑅

||||||𝜕𝑖𝜕𝑗𝑢 +
𝔠2(𝜕Ω)|𝑥|3

(
𝛿𝑖𝑗 − 3

𝛿𝑖𝑘𝛿𝑗𝑙𝑥
𝑘𝑥𝑙|𝑥|2

)||||||
2

d𝜇 = 𝑂(𝑅−3−2𝜏) (4.25)

for every 𝑖, 𝑗 = 1, 2, 3 as 𝑅 → +∞, where𝐴𝑅,𝑘𝑅 = {𝑅 ≤ |𝑥| ≤ 𝑘𝑅}. Moreover, there exists a monoton-
ically increasing sequence of (𝑡𝑛)𝑛∈ℕ divergent to +∞ such that

∫
𝜕Ω𝑡𝑛

||||||𝜕𝑖𝜕𝑗𝑢 +
𝔠2(𝜕Ω)|𝑥|3

(
𝛿𝑖𝑗 − 3

𝛿𝑖𝑘𝛿𝑗𝑙𝑥
𝑘𝑥𝑙|𝑥|2

)||||||
2

d𝜎 = 𝑂(𝑒(−4−2𝜏)𝑡𝑛 ) (4.26)

for every 𝑖, 𝑗 = 1, 2, 3 as 𝑛 → +∞, whereΩ𝑡 = {𝑢 ≥ e−𝑡}.

Proof. Just set 𝜓 = 𝑢 − 𝔠2(𝜕Ω)∕ |𝑥|, and plug it into (4.6) in terms of 𝑔. Hence, we can directly
exploit Δ𝑢 = 0. (4.25) directly follows using the decay estimate with deficit for the gradient
obtained in Proposition 4.8 and observing that

|||Δ𝑔|𝑥|−1||| = 𝑂(|𝑥|−3−𝜏).
By Proposition 4.8, {2∕𝑅 ≤ 𝑢 ≤ 3∕𝑅} is contained in 𝐴𝑅,4𝑅 for some large 𝑅. By the Mean Value
Theorem, there exists 𝑡𝑛 ∈ [𝑅∕3, 𝑅∕2] such that

1

𝑅 ∫
𝜕Ω𝑡𝑛

|𝜕𝜕𝜓|2 d𝜎 = 3∕𝑅

∫
2∕𝑅

∫
{𝑢=𝑠}

|𝜕𝜕𝜓|2 d𝜎 d𝑠 ≤ C ∫
𝐴𝑅,4𝑅

|𝜕𝜕𝜓|2|D𝑢| d𝜎 ≤ C

𝑅5+2𝜏

whereweused the just proved (4.25). Invoking again Proposition 4.8,𝑅 can be chosen large enough
so that |D𝑢| ≤ C3∕𝑅

2 which concludes since 𝑡𝑛 ≥ 𝑅∕3. □

4.3 Boundedness of the 2-Hawking mass

We aim to prove that the 2-Hawking mass of a domain with connected boundary homologous to
𝜕𝑀 is controlled by theADMmass. To ease up the computations, we start by comparing it with the
classical Hawking mass on large level sets of the capacitary potential (4.4). The following lemma
partially inverts Lemma 4.3 and suggests that the two versions of theHawkingmass are equivalent
at infinity. A similar result has been first obtained in the proof of [1, Lemma 2.5], under stronger
asymptotic assumptions.
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30 BENATTI et al.

Lemma 4.10. Let (𝑀, 𝑔) be a complete, noncompact 𝒞1
𝜏 -asymptotically flat Riemannian 3-

manifold, 𝜏 > 1∕2, with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. LetΩ ⊆ 𝑀 be bounded with connected𝒞1,𝛼-boundary
homologous to 𝜕𝑀 with h ∈ 𝐿2(𝜕Ω). Then, along the sequence (𝑡𝑛)𝑛∈ℕ such that (4.26) holds, we
have

lim
𝑡→+∞

𝔪
(2)
𝐻 (𝜕Ω𝑡) = lim

𝑛→+∞

𝔠2(𝜕Ω𝑡𝑛)

32𝜋

(
16𝜋 − ∫

𝜕Ω𝑡𝑛

H2 d𝜎

)
, (4.27)

whereΩ𝑡 = {𝑤2 ≤ 𝑡}.

Proof. First, observe that even if 𝜕Ω is not smooth, we can apply Propositions 4.8 and 4.9.
Indeed, the function 𝑢 is smooth away from 𝜕Ω, by the classic elliptic regularity theory. There-
fore, Sard’s theorem implies that almost every level 𝜕Ω𝑡 is smooth.Wewill workwith the function
𝑢 = e−𝑤2 , hence Ω𝑡 = {𝑢 ≥ e−𝑡}. Let 𝜈 and 𝜈𝛿 be the 𝑔-unit normal vector field and the 𝛿-unit
normal vector field to the level set 𝜕Ω𝑡, respectively. Denote 𝜂𝑖𝑗 = 𝑔𝑖𝑗 − 𝛿𝑖𝑗 , with |𝜂| = 𝑂(|𝑥|−𝜏)
and |𝜕𝜂| = 𝑂(|𝑥|−1−𝜏) as |𝑥| → +∞. Moreover, denote 𝜓 = 𝑢 − 𝔠2∕ |𝑥|, where 𝔠2 = 𝔠2(𝜕Ω). By
computations

𝜕𝑖𝑢 = −𝔠2
𝛿𝑖𝑗𝑥

𝑗

|𝑥|3 + 𝜕𝑖𝜓, 𝜕𝑖𝜕𝑗𝑢 = −
𝔠2|𝑥|3

(
𝛿𝑖𝑗 − 3

𝛿𝑖𝑘𝛿𝑗𝑙𝑥
𝑘𝑥𝑙|𝑥|2

)
+ 𝜕𝑖𝜕𝑗𝜓,

where 𝜓 = 𝑂1(|𝑥|−1−𝜏) by Proposition 4.8. Using (3.1), one gets
|𝜕𝑢|2𝛿 = 𝛿𝑖𝑗𝜕𝑖𝑢𝜕𝑗𝑢 = |D𝑢|2𝑔 + 𝜂𝑖𝑗𝛿

𝑖𝑘𝛿𝑗𝑙𝜕𝑙𝑢𝜕𝑘𝑢 + 𝑂(|𝑥|−4−2𝜏).
Since the normal unit vector fields can be expressed as

𝜈𝑗 = −
𝑔𝑖𝑗𝜕𝑗𝑢|D𝑢|𝑔 and 𝜈

𝑗

𝛿
= −

𝛿𝑖𝑗𝜕𝑗𝑢|𝜕𝑢|𝛿 ,
they are related by

𝜈𝑖 = −
𝑔𝑖𝑗𝜕𝑗𝑢|D𝑢|𝑔 = −

(
𝛿𝑖𝑗 − 𝛿𝑖𝑘𝜂𝑙𝑘𝛿

𝑗𝑙 + 𝑂(|𝑥|−2𝜏)) |𝜕𝑢|𝛿|D𝑢|𝑔 𝜕𝑗𝑢|𝜕𝑢|𝛿
= −

(
𝛿𝑖𝑗 − 𝛿𝑖𝑘𝜂𝑙𝑘𝛿

𝑗𝑙 + 𝑂(|𝑥|−2𝜏))(1 + 1

2
𝜂𝑠𝑚𝜈

𝑠𝜈𝑚 + 𝑂(|𝑥|−2𝜏)) 𝜕𝑗𝑢|𝜕𝑢|𝛿
= 𝜈𝑖

𝛿
+
1

2
𝜂𝑘𝑠𝜈

𝑘
𝛿
𝜈𝑠
𝛿
𝜈𝑖
𝛿
− 𝛿𝑖𝑗𝜂𝑙𝑗𝜈

𝑙
𝛿
+ 𝑂(|𝑥|−2𝜏).

(4.28)

Employing again Proposition 4.8, we get

D𝑖D𝑗𝑢|D𝑢|𝑔 =
𝜕𝑖𝜕𝑗𝑢 − Γ𝑘ij𝜕𝑘𝑢|𝜕𝑢|𝛿 |𝜕𝑢|𝛿|D𝑢|𝑔
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 31

=
𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 + 1

2
𝜂kl𝜈

𝑘
𝛿
𝜈𝑙
𝛿

𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 + 1

2
(−𝜕𝑘𝜂ij + 𝜕𝑖𝜂kj + 𝜕𝑗𝜂ki)𝜈

𝑘
𝛿

+𝑂(|𝑥|−1−2𝜏) + 𝑂(|𝑥|2−2𝜏|𝜕𝜕𝜓|𝛿).
To compute the mean curvature of each level, we need to take the trace of the above quantity with
respect to the metric 𝑔⊤ induced on 𝜕Ω𝑡 by 𝑔. In particular, we need the expansion

𝑔
𝑖𝑗

⊤
= 𝛿

𝑖𝑗

⊤
− 𝛿𝑖𝑘

⊤
𝜂𝑘𝑙𝛿

𝑙𝑗

⊤
+ 𝑂(|𝑥|−2𝜏), (4.29)

where 𝑔𝑖𝑗
⊤
= 𝑔𝑖𝑗 − 𝜈𝑖𝜈𝑗 and 𝛿𝑖𝑗

⊤
= 𝛿𝑖𝑗 − 𝜈𝑖

𝛿
𝜈
𝑗

𝛿
. (4.29) follows from the expansion of 𝑔𝑖𝑗 and 𝜈𝑖 in (3.1)

and (4.28). Therefore, we get

H = −𝑔
ij
⊤

D𝑖D𝑗𝑢|D𝑢|𝑔 = H𝛿 +
1

2
𝜂kl𝜈

𝑘
𝛿
𝜈𝑙
𝛿
H𝛿 − 𝛿

ij
⊤

(
𝜕𝑗𝜂ik −

1

2
𝜕𝑘𝜂ij

)
𝜈𝑘
𝛿
+ 𝛿ik

⊤
𝛿
jl
⊤
𝜂kl

𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 + 𝑂(|𝑥|−1−2𝜏)
+𝑂(|𝑥|2−2𝜏|𝜕𝜕𝜓|𝛿), (4.30)

where H and H𝛿 are the mean curvatures of the level sets with respect to 𝑔 and 𝛿 respectively.
Appealing to Proposition 4.8 to estimate 𝜕𝜓, we get

H𝛿 = −𝛿
ij
⊤

𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 =
2|𝑥| + 𝑂(|𝑥|−1−𝜏) + 𝑂(|𝑥|2|𝜕𝜕𝜓|𝛿). (4.31)

Plugging (4.31) into (4.30), we finally obtain

H =
2|𝑥| + 𝑂(|𝑥|−1−𝜏) + 𝑂(|𝑥|2|𝜕𝜕𝜓|𝛿). (4.32)

On the other hand, Proposition 4.8 yields

|D𝑢|𝑔
𝑢

=
1|𝑥| + 𝑂(|𝑥|−1−𝜏). (4.33)

Therefore, (4.33), (4.32) and Young’s inequality imply(
H

2
−

|D𝑢|𝑔
𝑢

)2

= 𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2𝛿).
Let (𝑡𝑛)𝑛∈ℕ be the sequence given by Proposition 4.9. Using Proposition 4.9 together with
Proposition 4.8 and Lemma 4.1, we have

∫
𝜕Ω𝑡𝑛

(
H

2
−

|D𝑢|𝑔
𝑢

)2

d𝜎 = ∫
𝜕Ω𝑡𝑛

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2) d𝜎 = 𝑂(e−2𝜏𝑡𝑛 ).

Recalling the relation between 𝑈2 and𝔪
(2)
𝐻 in (4.5), we conclude that

lim
𝑡→+∞

8𝜋

𝔠2(𝜕Ω)
𝔪

(2)
𝐻 (𝜕Ω𝑡) = lim

𝑛→+∞

8𝜋

𝔠2(𝜕Ω)
𝔪

(2)
𝐻 (𝜕Ω𝑡𝑛) = lim

𝑛→+∞
𝑈2(e

𝑡𝑛 )
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32 BENATTI et al.

= lim
𝑛→+∞

e𝑡𝑛

(
4𝜋 − ∫

𝜕Ω𝑡𝑛

H2

4
d𝜎

)
+ e𝑡𝑛 ∫

𝜕Ω𝑡𝑛

(
H

2
−

|D𝑢|𝑔
𝑢

)2

d𝜎

= lim
𝑛→+∞

e𝑡𝑛

(
4𝜋 − ∫

𝜕Ω𝑡𝑛

H2

4
d𝜎

)
+ 𝑂(e(1−2𝜏)𝑡𝑛 ).

Since 𝜏 > 1∕2, (4.27) is proved. □

The following result constitutes the conclusion of all the linear potential theoretic analysis
carried out so far.

Theorem 4.11. Let (𝑀, 𝑔) be a complete, noncompact 𝒞1
𝜏 -asymptotically flat Riemannian

3-manifold, 𝜏 > 1∕2, with nonnegative scalar curvature and possibly with smooth and closed bound-
ary. Assume that 𝐻2(𝑀, 𝜕𝑀;ℤ) = {0}. Let Ω ⊆ 𝑀 be bounded with connected 𝒞1,𝛼-boundary
homologous to 𝜕𝑀 with h ∈ 𝐿2(𝜕Ω). Then,

𝔪
(2)
𝐻 (𝜕Ω) ≤ 𝔪ADM.

Proof. For computational simplicity, we work once again with 𝑈2. As in Lemma 4.10, even if 𝜕Ω
is not smooth, we can apply Propositions 4.9 and 4.8. If we show that the right-hand side in (4.27)
is bounded by the ADM mass, the conclusion follows. Indeed, by the monotonicity of 𝔪(2)

𝐻 in
Theorem 4.2 we conclude

𝔪
(2)
𝐻 (𝜕Ω) ≤ lim

𝑡→+∞
𝔪

(2)
𝐻 (𝜕Ω𝑡) ≤ 𝔪ADM.

We will use the same notation of Lemma 4.10 and part of the computations carried out there.
Raising to the square (4.30) and using the Young’s inequality, we get

H2 = H2
𝛿 + 𝜂kl𝜈

𝑘
𝛿
𝜈𝑙
𝛿
H2
𝛿 −H𝛿𝛿

ij
⊤

(
2𝜕𝑗𝜂ik − 𝜕𝑘𝜂ij

)
𝜈𝑘
𝛿
+ 2H𝛿𝛿

ik
⊤
𝛿
jl
⊤
𝜂kl

𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 + 𝑂(|𝑥|−2−2𝜏)
+𝑂(|𝑥|4−2𝜏|𝜕𝜕𝜓|2𝛿). (4.34)

Denoting d𝜎 and d𝜎𝛿 the area measures induced on the level sets by the metric 𝑔 and 𝛿

respectively, we have

d𝜎 =

(
1 +

1

2
𝑔
𝑖𝑗

⊤
𝜂𝑖𝑗 + 𝑂(|𝑥|−2𝜏))d𝜎𝛿. (4.35)

Coupling (4.34) and (4.35), we get the following expression of the Willmore energy of the level
sets

∫
𝜕Ω𝑡

H2 d𝜎 = ∫
𝜕Ω𝑡

H2
𝛿
+ 𝜂kl𝜈

𝑘
𝛿
𝜈𝑙
𝛿
H2
𝛿
+
1

2
𝛿kl
⊤
𝜂klH

2
𝛿
− H𝛿𝛿

ij
⊤

(
2𝜕𝑗𝜂ik − 𝜕𝑘𝜂ij

)
𝜈𝑘
𝛿
d𝜎𝛿

+∫
𝜕Ω𝑡

2H𝛿𝛿
ik
⊤
𝛿
jl
⊤
𝜂kl

𝜕𝑖𝜕𝑗𝑢|𝜕𝑢|𝛿 + 𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4−2𝜏|𝜕𝜕𝜓|2𝛿) d𝜎𝛿. (4.36)
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 33

Plugging (4.31) into (4.36) and using Young’s inequality, one has

∫
𝜕Ω𝑡

H2 d𝜎 = ∫
𝜕Ω𝑡

H2
𝛿
+

4|𝑥|2 𝜂ij𝜈𝑖𝛿𝜈𝑗𝛿 − 2|𝑥|2 𝛿kl⊤𝜂kl − 2|𝑥|𝛿ij⊤ (
2𝜕𝑗𝜂ik − 𝜕𝑘𝜂ij

)
𝜈𝑘
𝛿
d𝜎𝛿

+ ∫
𝜕Ω𝑡

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2𝛿) d𝜎𝛿. (4.37)

Integration by parts on level sets gives

∫
𝜕Ω𝑡

1|𝑥| H𝛿 𝜈
𝑖
𝛿
𝜂𝑖𝑘𝜈

𝑘
𝛿
d𝜎𝛿 = ∫

𝜕Ω𝑡

1|𝑥|𝛿𝑖𝑗⊤𝜕𝑖𝜂𝑗𝑘𝜈𝑘𝛿 − 1|𝑥|𝛿𝑖𝑗⊤𝜂𝑗𝑘𝛿𝑘𝑙⊤ 𝜕𝑖𝜕𝑙𝑢|𝜕𝑢|𝛿 d𝜎𝛿,
that, again by (4.31) and Young’s inequality, reduces to

∫
𝜕Ω𝑡

2|𝑥|2 𝜈𝑖𝛿𝜂𝑖𝑘𝜈𝑘𝛿 d𝜎𝛿 = ∫
𝜕Ω𝑡

1|𝑥|𝛿𝑖𝑗⊤𝜕𝑖𝜂𝑗𝑘𝜈𝑘𝛿 + 1|𝑥|2 𝛿𝑖𝑗⊤𝜂𝑘𝑠 d𝜎𝛿
+ ∫

𝜕Ω𝑡

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2) d𝜎𝛿. (4.38)

By (4.37), (4.38), Lemma 4.1 and the Willmore’s inequality on ℝ𝑛, we conclude

∫
𝜕Ω𝑡

H2d𝜎 = ∫
𝜕Ω𝑡

H2
𝛿
d𝜎𝛿 − ∫

𝜕Ω𝑡

2|𝑥|𝑔ij⊤(𝜕𝑗𝑔ik − 𝜕𝑘𝑔ij)𝜈
𝑘 d𝜎

+∫
𝜕Ω𝑡

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2) d𝜎
≥ 16𝜋 −

2

𝔠2(𝜕Ω𝑡) ∫𝜕Ω𝑡

𝑔
ij
⊤
(𝜕𝑗𝑔ik − 𝜕𝑘𝑔ij)𝜈

𝑘 d𝜎

+ ∫
𝜕Ω𝑡

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2) d𝜎.
Along the sequence (𝑡𝑛)𝑛∈ℕ such that (4.26) holds, Proposition 4.9 yields

∫
𝜕Ω𝑡𝑛

𝑂(|𝑥|−2−2𝜏) + 𝑂(|𝑥|4|𝜕𝜕𝜓|2) d𝜎 = 𝑂(e−2𝜏𝑡𝑛 ).

By Lemma 4.1 and 𝜏 > 1∕2, we infer

lim
𝑛→+∞

𝔠2(𝜕Ω𝑡𝑛)

32𝜋

(
16𝜋 − ∫

𝜕Ω𝑡𝑛

H2 d𝜎

)
≤ 𝔪ADM,

then Lemma 4.10 concludes the proof. □
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34 BENATTI et al.

4.4 From the isoperimetric mass to the 𝐀𝐃𝐌mass

We now have all the necessary tools to prove Theorems 1.1 and 1.4. For the sake of completeness,
we first state the PMT under optimal decay assumptions.

Theorem 4.12. Let (𝑀, 𝑔) be a complete 𝒞1
𝜏 -asymptotically flat Riemannian 3-manifold, 𝜏 > 1∕2,

with nonnegative scalar curvature and possibly with smooth, closed and minimal boundary. Then,
it holds

0 ≤ 𝔪ADM,

with the equality satisfied if and only if (𝑀, 𝑔) is isometric to flatℝ3.

Proof of Theorems 1.1, 1.4 and 4.12. By Lemma 2.11 and Remark 3.3, we can assume that 𝑀 is
diffeomorphic to ℝ3, with a finite number of balls possibly removed. It suffices to show that

𝔪𝐻(𝜕Ω) ≤ 𝔪ADM (4.39)

holds for every Ω ⊆ 𝑀 with connected smooth boundary such that any connected component
of 𝜕𝑀 is either contained in Ω or disjoint from Ω. This directly implies Theorem 1.1 and The-
orem 4.12. Moreover, by Theorem 2.7, we also infer 𝔪iso ≤ 𝔪ADM. The reverse inequality is
a consequence of [25, Corollary 2.3] (see Remark 4.13), which only requires 𝒞1-asymptotic
assumptions on the metric. This result states that

𝔪ADM = lim
𝑟→+∞

𝔪iso({|𝑥| ≤ 𝑟}) ≤ 𝔪iso,

concluding the proof of Theorem 1.4
We now turn to the proof of (4.39). By Proposition 2.6, we can assume thatΩhas𝒞1,𝛼-boundary

homologous to 𝜕𝑀 and with h ∈ 𝐿2(𝜕Ω). If𝔪ADM = +∞, the statement would be trivially true.
By Lemma 4.3 and Theorem 4.11, there exists a geometric positive constant C > 0 such that

𝔪𝐻(𝜕Ω) ≤ C𝔪
(2)
𝐻 (𝜕Ω) ≤ C𝔪ADM. (4.40)

In particular, Theorem 2.7 implies𝔪iso ≤ C𝔪ADM < +∞.
Evolve now Ω by weak IMCF 𝑤1 and denote Ω𝑡 = {𝑤1 ≤ 𝑡}. Since the Hawking mass is

monotone Theorem 2.4 and bounded by (4.40), we have that

|||||∫𝜕Ω𝑡

H2 d𝜎 − 16𝜋
||||| ≤ Ce

−
𝑡

2

for some constant C depending only on 𝜕Ω and𝔪ADM. On the other hand, integrating (2.3) we
get

∫
+∞

0

e
−
𝑡

2 ∫
𝜕Ω𝑡

|h̊|2 d𝜎 d𝑡 < +∞.
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 35

In conclusion, there exists a sequence of 𝑡𝑛’s, diverging at +∞ as 𝑛 → +∞, such that

∫
𝜕Ω𝑡𝑛

|h̊|2 d𝜎 ≤ Ce
−
𝑡𝑛

2 and ∫
𝜕Ω𝑡𝑛

|h|2 d𝜎 ≤ C. (4.41)

We now want to prove that a similar behavior also holds for the quantities expressed with respect
to the flat metric 𝛿. Again we denote 𝜂𝑖𝑗 = 𝑔𝑖𝑗 − 𝛿𝑖𝑗 . Let 𝜈 and 𝜈𝛿 be the unit normal vector fields
to 𝜕Ω𝑡 with respect to the metric 𝑔 and 𝛿 respectively. Let 𝜔𝑖 = 𝑔𝑖𝑗𝜈

𝑗 and 𝜔𝛿
𝑖
= 𝛿𝑖𝑗𝜈

𝑗

𝛿
be their

respective duals. As in the proof of Lemma 4.10 (see also [36, (7.7)]), we have

𝜔𝛿
𝑖
= 𝜔𝑖 + 𝑂(|𝑥|−𝜏), 𝜈𝑖

𝛿
= 𝜈𝑖 + 𝑂(|𝑥|−𝜏), |𝜔𝛿|𝑔 = 1 + 𝑂(|𝑥|−𝜏). (4.42)

Denote h𝛿 the second fundamental form of 𝜕Ω𝑡 with respect to the metric 𝛿. By [36, (7.10)] and
(4.42), we know that

h𝑖𝑗 − h𝛿
𝑖𝑗
= −Γ𝑘

𝑖𝑗
𝜔𝛿
𝑘
+ (1 − |𝜔𝛿|𝑔)h𝑖𝑗 = 𝑂(|𝑥|−1−𝜏) + 𝑂(|h||𝑥|−𝜏),

Here, Γ𝑘
𝑖𝑗
denotes the Christoffel symbols of the metric 𝑔. Taking the trace of it with respect to

𝛿
𝑖𝑗

⊤
= 𝛿𝑖𝑗 − 𝜈𝑖

𝛿
𝜈
𝑗

𝛿
, we also get that

H−H𝛿 = −𝜔𝛿
𝑘
Γ𝑘ij𝛿

ij
⊤
+ (1 − |𝜔𝛿|𝑔)hij𝛿ij⊤ + (𝑔

ij
⊤
− 𝛿

ij
⊤
)hij = 𝑂(|𝑥|−1−𝜏) + 𝑂(|h| |𝑥|−𝜏),

where 𝑔𝑖𝑗
⊤
= 𝑔𝑖𝑗 − 𝜈𝑖𝜈𝑗 andH𝛿 is themean curvature of 𝜕Ω𝑡 with respect to themetric 𝛿. Recalling

that 𝑤1(𝑥) = 𝑂(2 log |𝑥|) by (3.3), (4.35), and (4.41), we get
∫
𝜕Ω𝑡𝑛

|h̊𝛿|2𝛿 d𝜎𝛿 ≤ C∫
𝜕Ω𝑡𝑛

|h̊|2 + 𝑂(|𝑥|−2−2𝜏) + 𝑂(|h|2|𝑥|−2𝜏) d𝜎 ≤ C

(
e
−
𝑡

2 + e−𝜏𝑡
)

We are then in position to apply [23, Theorem 1.1] and deduce that

∫
𝜕Ω𝑡𝑛

|||||||H𝛿 −

√√√√ 16𝜋|||𝜕Ω𝑡𝑛
|||𝛿

|||||||
2

d𝜎𝛿 ≤ Ce
−
𝑡𝑛

2 .

Arguing as above and employing again (4.35), this estimate holds also when the quantities are
referred to the metric 𝑔. Therefore, we have

∫
𝜕Ω𝑡𝑛

|||||||H−

√√√√ 16𝜋|||𝜕Ω𝑡𝑛
|||
|||||||
2

d𝜎 ≤ Ce
−
𝑡𝑛

2 . (4.43)

Moreover, by (4.41) and (4.43) it also holds

∫
𝜕Ω𝑡𝑛

|||||h −
√

4𝜋|𝜕Ω𝑡|𝑔⊤|||||
2

d𝜎 ≤ ∫
𝜕Ω𝑡𝑛

|h̊| + √
2

2

|||||H−

√
16𝜋|𝜕Ω𝑡| ||||| d𝜎 ≤ Ce

−
𝑡𝑛

2 . (4.44)
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36 BENATTI et al.

Following the same computations carried out for Lemma 4.10 (see also [36, Asymptotic
Comparison Theorem 7.4]) and employing (3.3), (4.43) and (4.44), one obtains

16𝜋𝔪𝐻(𝜕Ω𝑡𝑛) =

√|||𝜕Ω𝑡𝑛
|||

16𝜋 ∫
𝜕Ω𝑡𝑛

2H𝑔im
⊤
𝜂ml𝑔

lj
⊤
hij −

1

2
H2𝑔

ij
⊤
𝜂ij −H2𝜈𝑖𝜈𝑗𝜂ij d𝜎

+

√|||𝜕Ω𝑡𝑛
|||

16𝜋 ∫
𝜕Ω𝑡𝑛

2H𝑔
ij
⊤
𝜈𝑙

(
D𝑖𝜂jl − D𝑙𝜂ij

)
+ 𝑂(|h|2|𝑥|−2𝜏)𝑂(|𝑥|−2−2𝜏) d𝜎

≤ ∫
𝜕Ω𝑡𝑛

𝑔ij(𝜕𝑖𝑔jl − 𝜕𝑙𝑔ij)𝜈
𝑙 d𝜎 + Ce

1

4
(1−2𝜏)𝑡𝑛 + Ce

1

2
(1−2𝜏)𝑡𝑛 .

Since 𝜏 > 1∕2, we finally have

lim
𝑡→+∞

𝔪𝐻(𝜕Ω𝑡) = lim
𝑛→+∞

𝔪𝐻(𝜕Ω𝑡𝑛) ≤ lim
𝑛→+∞

1

16𝜋 ∫
𝜕Ω𝑡𝑛

𝑔𝑖𝑗(𝜕𝑖𝑔
⊤
𝑗𝑙
− 𝜕𝑙𝑔

⊤
𝑖𝑗
)𝜈𝑙 d𝜎 = 𝔪ADM. (4.45)

□

Remark 4.13. In [25], the authors assume that the scalar curvature belongs to 𝐿1(𝑀). Here, we do
not assume any a priori integrability for R𝑔. Nonetheless,𝔪ADM is still a well-defined geometric
invariant since the scalar curvature is nonnegative. However, it could be infinite, inwhich case the
computations in [25] are meaningless. One can adapt the arguments to show that𝔪ADM = +∞

implies𝔪iso = +∞. Assume𝔪ADM = +∞ and take𝔪 ∈ ℝ. All computations in [25, Lemma 2.2]
still work, until passing to the limit the quantity in the definition of the ADM mass. Since 𝔪 <

𝔪ADM = +∞, one can replace [25, (2.12)] with

d

d𝑟
|{|𝑥| = 𝑟}| ≤ 1

𝑟
|{|𝑥| = 𝑟}| + 4𝜋𝑟 + ∫

{|𝑥|=𝑟}(𝑔𝑖𝑗 − 𝛿𝑖𝑗)
𝑥𝑖𝑥𝑗

𝑟3
d𝜎𝛿 − 8𝜋𝔪

for 𝑟 large enough. Following the computations in [25, Theorem 2.2] one obtains

|{|𝑥| ≤ 𝑟}| ≥ 1

2
𝑟|{|𝑥| = 𝑟}| − 2𝜋

3
𝑟3 + 2𝜋𝔪𝑟2.

Plugging it into the definition of the isoperimetric mass, we conclude

𝔪iso ≥ lim sup
𝑟→+∞

𝔪iso({|𝑥| ≤ 𝑟}) ≥ 𝔪

for every𝔪 ∈ ℝ.
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APPENDIX A: GENERALIZED DE L’HÔPITAL’S RULE
For the sake of completeness, we report here the de l’Hôpital’s rule we crucially used in this paper.
The proof is inspired to [58, Theorem II].

Theorem A.1 (de l’Hôpital’s rule). Let 𝐼 ⊆ ℝ be an open and possibly unbounded interval of the
real line and 𝑎 ∈ ℝ ∪ {±∞} one of its endpoints. Let 𝑓, 𝑔 ∶ 𝐼 → ℝ be two functions satisfying the
following properties:

(1) 𝑓 is locally absolutely continuous on 𝐼;
(2) 𝑔 is everywhere differentiable on 𝐼 and 𝑔(𝑥) ≠ 0 and 𝑔′(𝑥) ≠ 0 for every 𝑥 ∈ 𝐼.
(3) there exists a sequence (𝑡𝑘)𝑘∈ℕ, 𝑡𝑘 ∈ 𝐼, 𝑡𝑘 → 𝑎 ∈ 𝐼 as 𝑘 → +∞ such that one of this two

conditions is satisfied
(3.a) 𝑓(𝑡𝑘) → 0 and 𝑔(𝑡𝑘) → 0 when 𝑘 → +∞, or
(3.b) |𝑔(𝑡𝑘)| → +∞ as 𝑘 → +∞.

Then,

lim inf
𝑥→𝑎

𝑓′(𝑥)

𝑔′(𝑥)
≤ lim inf

𝑘→+∞

𝑓(𝑡𝑘)

𝑔(𝑡𝑘)
≤ lim sup

𝑘→+∞

𝑓(𝑡𝑘)

𝑔(𝑡𝑘)
≤ lim sup

𝑥→𝑎

𝑓′(𝑥)

𝑔′(𝑥)
. (A.1)

Proof. Without loss of generality we can assume that 𝑎 is the right endpoint and thus 𝑡𝑘 ≤ 𝑎 for
every 𝑘 ∈ ℕ. By Darboux’s theorem, 𝑔′ is of constant sign, then 𝑔(𝑥) ≠ 𝑔(𝑦) for every 𝑥, 𝑦 ∈ 𝐼.
Since 𝑓 is absolutely continuous we have that

𝑓(𝑦) − 𝑓(𝑥)

𝑔(𝑦) − 𝑔(𝑥)
=

∫ 𝑦

𝑥
𝑓′(𝑡) d𝑡

𝑔(𝑦) − 𝑔(𝑥)
=

∫ 𝑦

𝑥
𝑔′(𝑡)

𝑓′(𝑡)

𝑔′(𝑡)
d𝑡

𝑔(𝑦) − 𝑔(𝑥)
(A.2)

for every 𝑥, 𝑦 ∈ 𝐼. Let now 𝑦 ∈ (𝑥, 𝑎). By the fundamental theorem of calculus applied to the
function 𝑔, we directly get that

inf
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
≤

∫ 𝑦

𝑥
𝑔′(𝑡)

𝑓′(𝑡)

𝑔′(𝑡)
d𝑡

𝑔(𝑦) − 𝑔(𝑥)
≤ sup

𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
(A.3)

hold for every 𝑥 < 𝑦 < 𝑎 and 𝑥, 𝑦 ∈ 𝐼. Coupling together (A.2) and (A.3), we obtain

inf
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
≤

𝑓(𝑦)

𝑔(𝑥)
−
𝑓(𝑥)

𝑔(𝑥)

𝑔(𝑦)

𝑔(𝑥)
− 1

≤ sup
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
(A.4)

and

inf
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
≤

𝑓(𝑥)

𝑔(𝑦)
−
𝑓(𝑦)

𝑔(𝑦)

1 −
𝑔(𝑥)

𝑔(𝑦)

≤ sup
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
. (A.5)
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If (3.a) holds, choosing 𝑦 = 𝑡𝑘 and sending 𝑘 → +∞ in (A.4) we conclude

inf
𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
≤ 𝑓(𝑥)

𝑔(𝑥)
≤ sup

𝑠∈(𝑥,𝑎)

𝑓′(𝑠)

𝑔′(𝑠)
.

(A.1) follows from it, choosing again 𝑥 = 𝑡𝑘 and sending 𝑘 → +∞. The case (3.b) follows similarly,
using (A.5) accordingly. □

APPENDIX B: STABLE TWO-SIDED BOUNDS FOR THE 𝒑-CAPACITARY POTENTIAL
The study of the existence of a (weak) proper IMCF in increasingly broader contexts has been a
challenging topic since its introduction by Huisken and Ilmanen [36]. In their setting, that is in
𝒞1-asymptotically flat case, the existence follows by building an explicit subsolution of the form
𝑢𝛼 = (2 − 𝛼) log |𝑥|. Indeed, at large distances, this function satisfies

div

(
D𝑢𝛼|D𝑢𝛼|

)
> |D𝑢𝛼|.

Hence, the level sets of 𝑢𝛼 are strictly mean convex andmove faster than the IMCFwould dictate.
A consequence of this property is that IMCF exists and is controlled from below by 𝑢𝛼 up to an
additive constant. Similarly, one can produce an upper bound by proving that (2 + 𝛼) log |𝑥| is
a supersolution. The major issue with this procedure is that it appears to heavily rely on the 𝒞1

properties of the metric, even if the functional minimized by the weak IMCF does not.
Conversely, the recent approach by Xu [60] shows that a proper solution to weak IMCF exists

in a wide framework, including𝒞0-asymptotically flat manifolds. This approach provides a lower
bound akin to that obtained through the subsolution 𝑢𝛼 in the 𝒞1-asymptotically flat setting.
However, it is not clear to us how to provide a similar upper bound, that we actually needed for
the proof of Theorem 1.5.
We follow here the strategy put forth by Moser [46], that we used in Proposition 3.2. Indeed,

the IMCF can be approximated in the limit as 𝑝 → 1+ by the solutions 𝑤𝑝 of

⎧⎪⎨⎪⎩
Δ𝑝𝑤𝑝 =

|||D𝑤𝑝
|||𝑝 on𝑀 ⧵Ω,

𝑤𝑝 = 0 on Ω,
𝑤𝑝(𝑥) → +∞ as |𝑥| → +∞,

(B.1)

where Δ𝑝𝑓 = div(|D𝑓|𝑝−2 D𝑓) is the usual 𝑝-Laplacian. The function 𝑢𝑝 = e−𝑤𝑝∕(𝑝−1) is 𝑝-
harmonic. As a key tool in the proof, we use a Harnack inequality for positive 𝑝-harmonic
functions on coordinate spheres {|𝑥| ≤ 𝑅} with a constant that remains stable as 𝑝 → 1+ and is
independent of 𝑅. To the best of the authors’ knowledge, a proof of the Harnack inequality for the
IMCF without passing through the nonlinear potential theory is unavailable in the literature.

Lemma B.1. Let (𝑀, 𝑔) be a complete𝒞0-asymptotically flat Riemannian 3-manifold and 1 < 𝑝 <

3. Then, there exists a constant C𝐻 > 0 independent of 𝑝 such that for every 𝑅 > 0 large enough one
has

sup
{|𝑥|=𝑅} 𝑢𝑝(𝑥) ≤ C

1

𝑝−1

𝐻 inf
{|𝑥|=𝑅} 𝑢𝑝(𝑥), (B.2)

for every nonnegative function 𝑢𝑝 which is 𝑝-harmonic in {𝑅∕2 ≤ |𝑥| ≤ 3𝑅∕2}.
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42 BENATTI et al.

Proof. We denote 𝐵(𝑧, 𝑟) = {|𝑥 − 𝑧| < 𝑟} for some 𝑧 ∈ {|𝑥| = 𝑅}. Given a 𝑝-harmonic functions
𝑢𝑝 defined in {𝑅∕2 ≤ |𝑥| ≤ 3𝑅∕2} of a given Riemannian manifold (𝑀, 𝑔), it satisfies the Harnack
inequality

𝑢𝑝(𝑥) ≤ C

1

𝑝−1

𝐻 (𝐵(𝑧, 𝑅∕2))𝑢𝑝(𝑦)

for any 𝑥, 𝑦 ∈ 𝐵(𝑧, 𝑅∕4) for a constantC𝐻 that depends only on the Poincaré, Sobolev and Alfhors
constants of 𝐵(𝑧, 𝑅∕2). This result is obtained in [54], see [45, Theorem 3.4 and Remark 3.5] for
a discussion of the explicit constants. By asymptotic flatness, for 𝑅 large enough we can cover
{|𝑥| = 𝑅} with a uniform number 𝑁 of coordinate balls 𝐵(𝑧, 𝑅∕6). As C𝐻 remains controlled in
the 𝒞0-asymptotic flat regime, we deduce (B.2). □

Assuming that a solution to (B.1) exists, 𝑢𝑝 = e−𝑤𝑝∕(𝑝−1) is 𝑝-harmonic outsideΩ. Hence, (B.2)
applies and shows that

inf
{|𝑥|=𝑅} 𝑤𝑝(𝑥) ≥ sup

{|𝑥|=𝑅} 𝑤𝑝(𝑥) − C𝐻.

Therefore, establishing stable lower and upper bounds for𝑤𝑝 at any point of {|𝑥| = 𝑅} is sufficient
to control the whole behavior of the function. Such bounds follow exploiting the properties of
𝑝-capacities and the maximum principle. Observe that the lower bound is also the keystone to
establish the existence of a solution to (B.1).

Proposition B.2. Let (𝑀, 𝑔) be a complete 𝒞0-asymptotically flat Riemannian 3-manifold. Then,
for anyΩ ⊆ 𝑀 with𝒞1,𝛼-boundary homologous to 𝜕𝑀 there exists a solution to the problem (B.1) for
every 1 < 𝑝 < 3. Moreover,

(3 − 𝑝) log |𝑥| − C1 ≤ 𝑤𝑝(𝑥) ≤ (3 − 𝑝) log |𝑥| + C2 (B.3)

for constants C1, C2 > 0 not depending on 𝑝.

Proof. We first show the existence of a solution to (B.1). To achieve it, we first approximate (B.1)
with 𝑤𝑅

𝑝 = −(𝑝 − 1) log 𝑢𝑅𝑝 , where 𝑢𝑅𝑝 solves

⎧⎪⎨⎪⎩
Δ𝑝𝑢

𝑅
𝑝 = 0 on {|𝑥| < 2𝑅} ⧵ Ω,
𝑢𝑅𝑝 = 1 on 𝜕Ω,
𝑢𝑅𝑝 = 0 on {|𝑥| = 2𝑅}.

For a compact subset 𝐾 ⊂ 𝐴 in an open set𝐴, we define the (normalized) relative 𝑝-capacity of 𝐾
in 𝐴 as

𝔠𝑝(𝐾,𝐴) = inf

{
1

4𝜋

(
𝑝 − 1

3 − 𝑝

)𝑝−1

∫
𝐴

|D𝑣|𝑝 d𝜇 ∶ 𝑣 ∈ ∞𝑐 (𝐴), 𝑣 ≥ 1 on 𝐾

}
. (B.4)

It is well known (see e.g. [33, Lemma 3.8]) that

𝔠𝑝({𝑤
𝑅
𝑝 ≤ 𝑡}, {|𝑥| < 2𝑅}) = e𝑡 𝔠𝑝(𝜕Ω, {|𝑥| < 2𝑅}). (B.5)
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Let now𝑀𝑅 = max{𝑤𝑅
𝑝(𝑥)

|||| |𝑥| = 𝑅}. By themaximum principle, we have {|𝑥| ≤ 𝑅} ⊂ {𝑤𝑅
𝑝 ≤ 𝑀𝑅}.

By the monotonicity of 𝑝-capacities with respect to inclusion and (B.5), we thus get

𝔠𝑝({|𝑥| = 𝑅}, {|𝑥| < 2𝑅}) ≤ 𝔠𝑝({𝑤
𝑝
𝑅 ≤ 𝑀𝑟}, {|𝑥| < 2𝑅}) = e𝑀𝑅 𝔠𝑝(𝜕Ω, {|𝑥| < 2𝑅}),

yielding

𝑀𝑅 ≥ log

(
𝔠𝑝({|𝑥| = 𝑅}, {|𝑥| < 2𝑅})

𝔠𝑝(𝜕Ω)

)
. (B.6)

As a consequence of [53, Theorem 3.2], 𝒞0-asymptotically flat manifolds support a global
isoperimetic inequality. Thus, we can employ it to infer the 𝑝-isocapacitary inequality (see e.g.
[30, (7)])

𝔠𝑝({|𝑥| = 𝑅}, {|𝑥| < 2𝑅}) ≥ C𝑝|{|𝑥| ≤ 𝑅}| 3−𝑝3 . (B.7)

The constant C𝑝 tends to the isoperimetric constant as 𝑝 → 1+, and in particular can be chosen
independently of 𝑝. Moreover, 𝔠𝑝(𝜕Ω) tends to (4𝜋)−1 |𝜕Ω∗| as 𝑝 → 1+ by [28, Theorem 1.2]. Plug-
ging (B.7) into (B.6), and exploiting the asymptotic flatness to estimate the volume of big geodesic
balls we are thus left with

𝑀𝑅 ≥ (3 − 𝑝) log(𝑅) − C

By the Harnack inequality Lemma B.1, recalling that 𝑤𝑅
𝑝 = −(𝑝 − 1) log 𝑢𝑅𝑝 , we have

𝑤𝑅
𝑝(𝑥) ≥ (3 − 𝑝) log |𝑥| − C. (B.8)

On the other hand, by [41, Theorem 1.1] the functions𝑤𝑅
𝑝 satisfy a gradient bound on each compact

set of {|𝑥| < 2𝑅} ⧵ Ω. As in the proof of [41, Proposition 3.3], one can construct a smooth barrier
function 𝑣 for any 𝑥0 ∈ 𝜕Ω. This function is independent of 𝑝, satisfies 𝑣(𝑥0) = 0, and 𝑤𝑅

𝑝 ≤ 𝑣 in
a neighborhood of 𝑥0. Coupling this information with the interior gradient bound, we can pass to
the limit as 𝑅 → +∞ in any compact set of𝑀 ⧵Ω. The limit 𝑤𝑝 is a (weak) solution to Δ𝑝𝑤𝑝 =|||D𝑤𝑝

|||𝑝 in 𝑀 ⧵Ω, which agrees with 0 continuously on 𝜕Ω. The lower bound (B.8) is preserved
in the limit as 𝑅 → +∞. Hence 𝑤𝑝 → +∞ as |𝑥| → +∞. Therefore, 𝑤𝑝 is a solution to (B.1) and
in particular it satisfies

𝑤𝑝(𝑥) ≥ (3 − 𝑝) log |𝑥| − C1,

where C1 > 0 not depending on 𝑝.

We are left to show the upper bound claimed in (B.3). Let𝑚𝑅 = min{𝑤𝑝(𝑥)
|||| |𝑥| = 𝑅}, where𝑤𝑝

is again the solution to (B.1). The comparison principle guarantees that {𝑤𝑝 ≤ 𝑚𝑅} ⊂ {|𝑥| ≤ 𝑅}.
Again by the monotonicity of 𝑝-capacities with respect to inclusion and (B.5), we deduce that

e𝑚𝑅 𝔠𝑝(𝜕Ω) = 𝔠𝑝(𝜕{𝑤𝑝 ≤ 𝑚𝑅}) ≤ 𝔠𝑝({|𝑥| = 𝑅}).
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Applying the Harnack inequality as above, we deduce that

max
𝑦∈{|𝑥|=𝑅} 𝑤𝑝(𝑦) ≤ log(𝔠𝑝({|𝑥| = 𝑅})) + C, (B.9)

for a constantC that does not depend on𝑝. Now, the asymptotic behavior of𝑝-capacities at infinity
discussed in in [7, Lemma 2.21] implies

lim
𝑅→+∞

𝔠𝑝({|𝑥| = 𝑅})

𝑅3−𝑝
= 1,

and that this limit is stable in 𝑝. Namely, the proof of [7, Lemma 2.21] in fact shows that, given
𝜀 > 0, there exists 𝑅𝜀 > 0 independent of 𝑝 > 1 such that

1 − 𝜀 ≤ 𝔠𝑝({|𝑥| = 𝑅})

𝑅3−𝑝
≤ 1 + 𝜀

for any𝑅 ≥ 𝑅𝜀. Plugging this piece of information into (B.9),we infer the upper bound in (B.3). □

Consider a 𝒞0-asymptotically flat complete Riemannian manifold (𝑀, 𝑔) and a point 𝑜 ∈ 𝑀.
Slightly modifying the above proof, one can show that a weak solution 𝑤𝑝 to

⎧⎪⎨⎪⎩
Δ𝑝𝑤𝑝 =

|||D𝑤𝑝
|||𝑝 on𝑀 ⧵ {𝑜},

𝑤𝑝(𝑥) → −∞ as d(𝑥, 𝑜) → 0,
𝑤𝑝(𝑥) → +∞ as d(𝑥, 𝑜) → +∞

(B.10)

exists and satisfies the bounds in (B.3) for constants C1, C2 that do not depend on 𝑝. Namely,
it suffices to replace 𝑢𝑅𝑝 solving (B.4) with the 𝑝-Green’s function 𝐺𝑅

𝑝 of {|𝑥| < 2𝑅} with pole
𝑜 ∈ {|𝑥| < 2𝑅}. The proof runs substantially the same. The only modification consists of using
a standard uniform lower bound on 𝐺𝑝 instead of the barrier argument at 𝜕Ω (see e.g. [45, Corol-
lary 2.8]). This bound follows from the Laplace comparison and the known asymptotics of 𝐺𝑝 at
the pole.

Remark B.3. Consider (𝑤𝑝)𝑝>1 the family of solutions either of (B.10) if 𝜕𝑀 = ∅, or (B.1) withΩ =

𝜕𝑀. Using a gradient bound from [41, 45], we get a local uniform limit of (𝑤𝑝)𝑝>1 which is a weak
IMCF. Theweak IMCF satisfies the double bound (3.3), hence it solves (2.2) or (1.2) starting at 𝜕𝑀.
In particular,𝒞0-asymptotically flatmanifolds are examples of strongly 1-nonparabolicmanifolds.
These results never take advantage of dimension 3, and can be carried out with obvious

modifications in any dimension 𝑛 ≥ 2.
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