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Abstract

We prove that the Riemannian Penrose inequality holds
for asymptotically flat 3-manifolds with nonnegative scalar
curvature and connected horizon boundary, provided the
optimal decay assumptions are met, which result in
the ADM mass being a well-defined geometric invari-
ant. Our proof builds on a novel interplay between the
Hawking mass and a potential-theoretic version of it,
recently introduced by Agostiniani, Oronzio, and the
third named author. As a consequence, we establish the
equality between ADM mass and Huisken’s isoperimet-
ric mass under the above sharp assumptions. Moreover,
we establish a Riemannian Penrose inequality in terms
of the isoperimetric mass on any 3-manifold with non-
negative scalar curvature, connected horizon boundary,
and which supports a well-posed notion of weak inverse
mean curvature flow (IMCF). In particular, such isoperi-
metric Riemannian Penrose inequality does not require
the asymptotic flatness of the manifold. The argument is
based on a new asymptotic comparison result involving
Huisken’s isoperimetric mass and the Hawking mass.

Mathematics Subject Classification (MSC) 2020
53E10, 83C99, 31C12, 53C21

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and
reproduction in any medium, provided the original work is properly cited.
© 2024 The Author(s). Communications on Pure and Applied Mathematics published by Wiley Periodicals LLC.

Comm. Pure Appl. Math. 2024;1-44.

wileyonlinelibrary.com/journal/cpa 1


https://orcid.org/0000-0002-4685-7443
https://orcid.org/0000-0002-5933-1344
https://orcid.org/0000-0002-1597-8058
mailto:lorenzo.mazzieri@unitn.it
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/cpa
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fcpa.22239&domain=pdf&date_stamp=2024-12-06

2 | BENATTI ET AL.

1 | INTRODUCTION

The concept of ADM mass, introduced in the early sixties by the physicists Arnowitt, Deser, and
Misner [4], plays a central role in the modern development of mathematical relativity. This is
due to its physical significance and its intriguing geometric properties. On the initial datum of
a given isolated gravitational system, modeled by an asymptotically flat 3-manifold (M, g) with
nonnegative scalar curvature, the ADM mass is given by

m = li
ADM n—+o00 1677

m —— 89(3;8k — 9gy)v* do,
8Q,

where the flux integrals are taken along the boundaries of some exhaustion (Q,,),,y of M, v, and
do being the unit normal vector field and the area measure on 8Q,,, respectively. In the above
formula, the metric coefficients and their partial derivatives are expressed in a given asymptoti-
cally flat coordinate chart (x', x?, x*) (see Definition 3.1). Therefore, the value of the ADM mass
is a priori dependent on coordinates. However, in a couple of remarkable papers [5, 21], it has
been shown that the above expression defines a geometric invariant, provided the metric g is 62-
asymptotically flat with 7 > 1/2. This assumption means that (g;; — &; j| = 0,(|x|™") at infinity.
In this context, mspy is finite if and only if the scalar curvature is integrable on the whole space.

The most important statement about the ADM mass is the so-called positive mass theorem
(PMT), first proven by Schoen and Yau [55, 56] and subsequently by Witten [49, 59]. It says
that mpy iS nonnegative, and it is equal to zero if and only if (M, g) is isometric to the flat
Euclidean space.

A sharper lower bound for the ADM mass was conjectured by Penrose [50] for asymptoti-
cally flat 3-manifolds with nonnegative scalar curvature containing a horizon boundary N, which
are known to model initial data sets of space-times containing a black hole. This inequality is

expressed as
—lNl <m
\/ 167 = MADM:

and the equality is achieved on the standard space-like slice of a Schwarzschild space-time.
Loosely speaking, the total mass of an asymptotically flat solution containing a black hole must
be at least as large as the total mass of a Schwarzschild solution with the same horizon’s area.

Such a remarkable statement, known as the Riemannian Penrose inequality, was first proven
by Huisken and Ilmanen [36] for connected horizons, using the weak inverse mean curvature flow
(IMCF). Almost at the same time, Bray [11] established a monotonicity formula for the ADM mass
along a conformal flow of metrics, proving the same statement for multiple black holes. This proof
was then extended by Bray and Lee [12] up to dimension 7. Recently, a new proof of the single
black hole statement was proposed by the third author, in collaboration with Agostiniani et al. [1],
using the level sets flow of p-harmonic functions.

A common feature of the above-mentioned results is that the assumptions regarding the asymp-
totic behavior of the metric are not optimal. Specifically, the decay rate required to establish the
inequality is more stringent than what is needed to define the mass. More precisely, in Huisken-
Ilmanen’s proof through weak IMCF and similarly in the one through p-capacitary potentials [1],
the metric g is assumed to be ‘6} -asymptotically flat. Moreover, the Ricci tensor is required to obey

the following quadratic decay condition Ric > —C |x|_2 g, where (x!, x?, x*) are asymptotically
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY | 3

flat coordinates and C > 0 is a given constant. Indeed, the combination of these two conditions
is sufficient to grant certain asymptotic properties of the functions whose level sets constitute
the flow. These properties are then enough to compare the respective monotone quantities, that
is the Hawking mass and its potential-theoretic counterpart, with the ADM mass. On the other
hand, Bray’s version of the Penrose inequality [11], which also holds in the presence of possibly
disconnected horizons, is proved requiring 62-asymptotic flatness for some 7 > 1/2.

Our first main result confirms that the single horizon Riemannian Penrose inequality holds
whenever the sole decay conditions required to make the ADM mass a well-defined geometric
invariant are met.

Throughout the whole article, except when explicitly stated, the Riemannian manifolds considered
are agreed to be connected and with one single end.

Theorem 1.1 (Riemannian Penrose inequality under optimal decay assumptions). Let (M, g)
be a complete B}-asymptotically flat Riemannian 3-manifold, © > 1/2, with nonnegative scalar
curvature and smooth, closed, outermost minimal boundary. Then, it holds

IN|
Tor < MApM> €RY)

where N is any connected component of 0M, with the equality satisfied if and only if 0M is connected
and (M, g) is isometric to a space-like slice of the Schwarzschild manifold

4
<R3 \ {lx| < 2mppumls <1 + n;T)]CD|M> §;jdx' ® dxj>.

A minimal boundary is called outermost if it is not shielded from infinity by some other
minimal surface, in other words, if no other minimal surface homologous to M is present in
M\ 6M.

The statement of Theorem 1.1 holds even when M = @, where it provides the PMT under
optimal decay assumption (see Theorem 4.12 below). This version of the PMT was previously
known and implied by the one presented in [43].

Along the route to Theorem 1.1 we establish a Riemannian Penrose inequality for the isoperi-
metric mass, constituting our second main result. Huisken introduced this pretty general and very
geometric concept of mass in [35]. We now recall its definition.

Definition 1.2 (Isoperimetric mass). Let (M, g) be a noncompact Riemannian 3-manifold and let
Q be a bounded subset Q ¢ M with €%-boundary. The quasi-local isoperimetric mass of Q is
defined as

3
2

2 [0Q]
—lQ| -

[0Q] 6\/7

The isoperimetric mass m;q, of (M, g) is then defined as

miso(Q) =

Mg = sup lim sup my(2)),
(Qj)jen Jotoo
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4 | BENATTI ET AL.

where the supremum is taken among all exhaustions (Q;) ;e consisting of domains with €*:*-
boundary.

Huisken’s definition in [35] involves families of sets with perimeters diverging at infinity rather
than exhaustions. We remark here that all of our results hold for both notions of mass, and that
they actually coincide once a global isoperimetric inequality is in force by [39, Proposition 37]. It
is immediately clear that the isoperimetric mass is well-defined without needing any particular
assumption on the asymptotic character of the metric. Hence, the question arises whether a Rie-
mannian Penrose inequality is available for such a mass and for a broader class of initial data sets.
An initial answer to this question can be found in [39]. Following and strengthening the origi-
nal argument of Huisken [35], the authors prove that the isoperimetric mass coincides with the
ADM mass if the metric is assumed to be 62-asymptotically flat at infinity. In the same setting,
an alternative proof has been worked out in [20, Appendix C].

In the present paper, we extend the isoperimetric Riemannian Penrose inequality to the class
of strongly 1-nonparabolic spaces. This label is inspired by the concept of strongly nonparabolic
spaces from [48]. It grants that for every Q € M with sulfficiently regular boundary homologous
to dM there exists a proper solution w; € Lip, (M \ Int Q) to the weak IMCF problem starting at
Q

le -
di = |D M\ Q,
1V<|Dw1|> [Dw; | on_\ .
w; =0 on Q, 12
w; > 4+ as d(x,0) — +oo.

‘We can now state our second main result.

Theorem1.3 (Isoperimetric Riemannian Penrose inequality). Let (M, g) be a complete strongly
I-nonparabolic Riemannian 3-manifold, with nonnegative scalar curvature and smooth, compact,
outermost minimal boundary. Then, it holds

— < My, (13)

where N is any connected component of M, with the equality satisfied if and only if M is connected
and (M, g) is isometric to a space-like slice of the Schwarzschild manifold

4
<R3 \ {|x] < 2mig,}, (1 + %) §;dx' ® dxf).

We notice once more that the above result does not require any specific decay of the metric
coefficients toward the Euclidean model. The strong I-nonparabolicity condition is satisfied for
example on 3-manifolds that merely support a Euclidean-like isoperimetric inequality [60]. If the
boundary is not present or not outermost, one can still draw out of the arguments leading to
Theorem 1.3 an isoperimetric PMT, see Theorem 2.14.

In deriving Theorem 1.1 from Theorem 1.3, we also settle the following result about the
equivalence of masses.
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Theorem 1.4. Let (M, g) be a complete B}-asymptotically flat Riemannian 3-manifold, T > 1/2,
with nonnegative scalar curvature and possibly empty smooth, compact and minimal boundary.
Then,

MaApM = Miso- 14)

This result should be viewed as an improvement on [39, Theorem 3]. As noted by Chrusciel,
(1.4) provides an alternative proof of the geometric invariance of the ADM mass in 3-manifolds of
nonnegative scalar curvature and in the optimal decay regime. We mention that our results never
require that the masses are finite. In particular, (1.4) also infers that the ADM mass is finite if and
only if the isoperimetric mass is finite.

All the above-mentioned results rely on a new asymptotic comparison argument, which com-
pares the Hawking mass along the weak IMCF w, with the quasi-local isoperimetric mass of the
evolving regions. The crux of this analysis is Lemma 2.8. Using this result and bringing to light a
new interplay between the Hawking mass my and its potential theoretic version mg) (see (4.1)),
we pave the way to the proof of Theorem 1.1. In this context, the quantity mg) was recently intro-
duced in [2]. The authors also show its monotonicity along the level set flow of the harmonic
capacitary potential of the initial set dQ, mirroring the monotonic behavior of the Hawking mass
along the weak IMCF.

To obtain the desired asymptotic comparison between the Hawking mass and the ADM mass,
Huisken and Ilmanen [36] had to require extra assumptions on the behavior of the metric.
These are needed to compensate for the lack of sufficiently refined asymptotics for the weak
IMCF. Ultimately building on Green’s representation formula, the potential theoretic approach
rather allows to derive very precise second-order asymptotic expansions for solutions of the
Laplace equation, which leads to control of the mass mg) in terms of the ADM mass. This
approach permits giving a finite bound on the Hawking mass and also provides some new
insights about the asymptotic behavior of the weak IMCF. Building on it, one can finally pro-
vide the sharp upper bound for the Hawking mass, which has two main consequences. First,
it directly yields Theorem 1.1 using dQ = N as the starting set for the weak IMCF. Second,
exploiting Jauregui and Lee’s techniques [39] (see Theorem 2.7 below) we infer m;s, < mapy.
This inequality is enough to ensure Theorem 1.4 since the reverse one is already contained
in [25].

We finally observe that Theorem 1.3 provides a new piece of information also in the basic situ-
ation of manifolds with nonnegative scalar curvature that are €°-asymptotic to a Schwarzschild
space of nonnegative mass m (see Definition 3.4). Indeed, in Theorem 1.5 below, we show that
such parameter satisfies the expected Penrose inequality and coincides in fact with the isoperimet-
ric mass. We emphasize that in this setting the classical notion of ADM mass is not even clearly
defined, as it would involve the quantitative decay of the derivatives of the metric coefficients
codified in the ©!-asymptotic condition, with 7 > 1/2.

Theorem 1.5 (Penrose inequality in asymptotically Schwarzschildian manifolds). Let (M, g) be a
®2-asymptotically Schwarzschildian of mass m > 0, T > 0, with nonnegative scalar curvature and
possibly empty smooth, closed and outermost minimal boundary. Then, it holds

|N|<m
16w —
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6 | BENATTI ET AL.

where N is any connected component of OM, with the equality satisfied if and only if 0M is connected
and (M, g) is isometric to a space-like slice of the Schwarzschild manifold

4
3 M\ s gy j
(R \ {lx| <2m}, <1+ 2|x|> 6;j dx! @ dx >

Moreover, we have m = mg,.

Perspectives

Backin [1], a family of Hawking-type masses defined along the level sets of p-capacitary potentials,
p € (1,3), was introduced and proved to be monotone. In [8], we use such p-Hawking masses and
the monotone quantities recently obtained in [19] to prove new PMTs and Penrose-type inequali-
ties for iso-p-capacitary masses. These masses interpolate between Huisken’s isoperimetric mass
and the capacitary mass, proposed by Jauregui [38].

We believe that the techniques presented here, that allow us to work with very mild asymp-
totic assumptions, could have implications for a conjecture of Huisken [18, pp. 2221-2223]. This
conjecture states that a PMT for the isoperimetric mass should hold on Riemannian manifolds
with 6°-metrics and a suitable weak definition of nonnegative scalar curvature. Versions of this
conjecture have been proved in [3, 40] for asymptotically flat manifolds. Another consequence of
such papers is that the equivalence between masses stated in Theorem 1.5 fails in Schwartzschild
3-manifolds with negative mass. Remaining in the realm of spaces with low regularity, Burkhardt-
Guim [17] settled the basic properties of a new €°-concept of ADM mass when a Ricci-flow-related
notion of nonnegative scalar curvature is assumed. It would be interesting to investigate the
relations between Burkhardt-Guim’s notion and the isoperimetric mass.

Outline of the paper

The paper is structured as follows. In Section 2, we first recall the definition of the weak IMCF
and its main features in an ambient 3-manifold with nonnegative scalar curvature. Then, we
prove the asymptotic comparison Lemma 2.8, which constitutes the main new ingredient in the
proof of the isoperimetric Riemannian Penrose inequality. We discuss some relevant topological
properties of 3-manifolds with nonnegative scalar curvature from the perspective of mean-convex
mean-curvature flow with surgeries [16]. We proceed with the proof of Theorem 1.3. In Section 3,
we provide an existence result for the weak IMCF in €°-asymptotically flat Riemannian man-
ifolds and describe its asymptotic features. Then, we prove Theorem 1.5. Section 4 is devoted
to the proof of Theorems 1.1 and 1.4. We first work out the asymptotic analysis for the capac-
itary potential to get a bound from above for the 2-Hawking mass (4.1). Then, we apply it
jointly with new fine asymptotic estimates along the weak IMCF to sharply control the Hawk-
ing mass and complete the proof. The manuscript ends with two Appendices. In the first one,
a general version of the de I'Hopital’s rule is stated and proved, as it constitutes a fundamental
ingredient in the proof of Theorem 1.3. In the second one, we provide some estimates in non-
linear potential theory that we need to study the IMCF in ®°-asymptotically flat Riemannian
manifolds.
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2 | ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY

This section aims to prove the isoperimetric Penrose inequality Theorem 1.3. The main ingredi-
ents are two. The first one is the Geroch monotonicity formula. Proved by Huisken and Ilmanen in
[36, Geroch Monotonicity Formula 5.8], it states that t » my(3Q;) is monotone nondecreasing,
where

1

Q = 2

my(60) = 122 <4n— / H—da> @.1)

3 4
1672 90

is the Hawking mass [31] and Q; = {w; < t} are the sublevels of the weak IMCF (1.2). The second
one is a novel, fairly simple, asymptotic comparison between m(3Q,) and m;,,(Q;) ast - +oo
(see Lemma 2.8). Indeed, we can apply the de ’'Hopital’s rule to differentiate the quasi-local
isoperimetric mass. Exploiting some favorable properties of the weak IMCF, we manipulate the
resulting expression to recover the Hawking mass.

2.1 | The weak inverse mean curvature flow

The theory of weak IMCF has been introduced in [36] as the main tool for proving the Riemannian
Penrose inequality. In this work, we will not focus on the existence theory of the weak IMCF. We
consider Riemannian manifolds (M, g) where any bounded Q with a sufficiently smooth bound-
ary homologous to dM admits a weak proper solution to (1.2). In the absence of a boundary, where
the Riemannian Penrose inequality consists in the (Riemannian) PMT, we are going to exploit
IMCEF issuing from a point, which is

D
div( d > = |Duwy| on M \ {o},
|Dw, | 29
w;(x) - —o0 asd(x,0) = 0, 22)
w;(x) = 400 as d(x,0) - +oo.

We refer to [36] for the precise definition of weak solution to the IMCF.
We give our definition of strong 1-nonparabolicity.

Definition 2.1 (strong 1-nonparabolicity). Let (M, g) be a Riemannian manifold with possibly
empty compact boundary 0M.

(1) IfoM # @, we say that (M, g) is strongly 1-nonparabolic if there exists a proper weak solution
w, to (1.2) starting at M.

(2) IfoM = @, wesay that (M, g) is strongly 1-nonparabolic if, for any o € M, there exists a proper
weak solution w; to (2.2).

The above is in accordance with Ni’s definition of strongly nonparabolic [48]. We recall that a
Riemannian manifold is strongly nonparabolic if it admits a positive Green’s function converging
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8 | BENATTI ET AL.

to zero at infinity. The prefix 1 is motivated by the fact the IMCF can be constructed as suitable
limit as p — 1% of p-harmonic functions [41, 45-47].

Without mentioning it, we use that a strongly 1-nonparabolic manifold admits a solution to
(1.2) starting at any Q with sufficiently regular boundary homologous to dM. This is granted by
[36, Weak Existence Theorem 3.1].

Remark 2.2. By [60, Theorem 1.2], every (M, g) of dimension 3 < n < 7 admitting a Euclidean-like
isoperimetric inequality is strongly 1-nonparabolic. Actually, the author provides the existence
of the weak IMCF only starting at a given hypersurface. However, building on the quantitative
diameter estimate for minimizing hulls proved there, one can also deduce the existence of a weak
IMCEF issuing from any given point.

In the following lemma, we recall some geometric properties that hold along the level sets of
the weak IMCF (see [36, Regularity Theorem 1.3, Minimizing Hull Property 1.4 and Exponential
Growth Lemma 1.6]).

Lemma 2.3. Let (M, g) be a Riemannian 3-manifold possibly with boundary. Let w, be the solution
to (1.2) starting at some bounded subset Q C M.

(D) Q, = {w, < t}is strictly outward minimizing with €*-boundary,
(2) 10Q| = e |0Q".

We observe that the map ¢ — |{w; < t}| is monotone increasing, hence it has countably many
discontinuities. Out of these jump times, one has d{w; < t} = d{w; < t} = {w; = t}. We also recall
that 0Q), admits a weak notion of mean curvature H and that

=|Vw;| >0 a.e. on 9Q; fora.e.t,

as stated in [36, (1.12) and Lemma 5.1].

The Hawking mass (2.1) is well-defined at almost every level of the weak IMCF, as proved in [36,
Section 1, pp. 369-371]. A fundamental property of the Hawking mass consists on its monotonicity
along the weak IMCF [36, Geroch Monotonicity Formula 5.8]. We report the statement of this
theorem for ease of future reference. In the following, as well as in the rest of the paper, we denote
with h and h the weak second fundamental form and its traceless part.

Theorem 2.4 (Monotonicity of the Hawking mass). Let (M, g) be a complete, noncompact Rie-
mannian 3-manifold with nonnegative scalar curvature and possibly with a smooth and closed
boundary. Assume that H,(M,0M; Z) = {0}. Let Q C M be with connected €'-boundary homol-
ogous to M such that h € L*>(0Q). Let w; € Lip,,.(M \ Int Q) be a solution to the problem (1.2).
Then, the function t — mg(0Q,) is a monotone nondecreasing BV|,.(0, +0) function and

-
4 60, > Y V1o | |D
dt (4\/_)3 0,

holds in the weak sense, where Q, = {w; < t}.

+|h|?do (2.3)
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY | 9

The condition on the second homology group is added to ensure that the boundaries of the
level sets of w; remain connected, which is essential for establishing (2.3). Indeed, the proof of
this inequality exploits the Gauss-Bonnet Theorem to control 87 — /a Q, R" do, where R is the
scalar curvature of the induced metric on 9€;. This assumption is always satisfied in the setting
of Theorems 1.1, 1.4, and 1.5 (see Lemma 2.11 below). The relation between the second homology
group and the boundaries of the level sets of w; is tackled in the following proposition. For the
sake of completeness, we provide the proof by Bray and Miao [9, Proposition 1], including a few
more details.

Proposition 2.5. Let (M,g) be a strongly 1-nonparabolic Riemannian 3-manifold satisfying
H,(M,0M;7Z) = {0}. Then, if w, is a weak IMCF (1.2) starting at Q with connected boundary
homologous to OM, then the surfaces d{w, < t} and {w; < t} are connected for any t > 0.

Proof. 1t suffices to prove the claim out of the countably many t’s at which the flow jumps.
In particular, d{w; < t} = d{w, < t} = {w,; = t} is satisfied at these t’s. Thus, by [36, (1.10)], we
can approximate d{w; < t} and d{w,; <t} in B! by sets {w; = s j} for sequences s; — ¢~ and
sj — t*, respectively.

Let ¥, be a connected component of {w; = t}. By the assumption H,(M,0M; Z) = {0}, there
exists a bounded open set D, such that D, = Z,. Here, dD, denotes the topological boundary
of D, in the manifold M. We are committed to show that D, = {w; < t}. This assertion implies
that {w, = t} is connected, as it would coincide with 6D, = X,. While a priori D, may or may not
contain dM, the result also implies that M C D,.

We first show that D, C {w; < t}. By contradiction, suppose there were x € D; with w;(x) > t.
Take y € M \ D, such that w;(y) > t. This point y exists because D, is compact and w; — +oo
at infinity. As shown in the proof of [36, Connectedness Lemma 4.2 (ii)], {w; > t} is connected
since (M, g) has only one end. Then, we can join x and y with a continuous path, entirely lying
in {w; > t}. This curve must cross 8D, C {w; = t}, which is a contradiction.

We now show that D, C {w; < t}. By contradiction, assume that there is x € D, satisfying
w;(x) = t. As recalled above, we can approximate X, in 6! by a connected component %, of
{w; = s} as s — t~. Then, for s < ¢ sufficiently close to ¢, the point x would belong to D; but not
to {w; < s}, yielding a contradiction to what just proved.

Finally, we show that {w; < t} C D;, completing the proof. By contradiction, assume that there
isx € M \ D, at which w,(x) < t. Then,x € M \ D, since w,(x) = t on 3D,. Consider now a point
y € D,. We proved that w,(y) < t. The proof of [36, Connectedness Lemma 4.2 (ii)] shows that if
9Q is connected then {w, < t}is connected as well. Again, we can join x and y with a continuous
pathin{w,; < t}. Since the curve must cross 0D C {w; = t}, we have the desired contradiction. []

Take an initial set O C M with connected boundary homologous to dQ. If one can produce
an asymptotic bound for the Hawking mass, the monotonicity transfers this same bound to the
Hawking mass of dQ. Observe that a single component N is not homologous to dM when the latter
consists of multiple connected components. Thus, we cannot rely on Theorem 2.4 to get a bound
on my(N) from an asymptotic estimate. However, [36, Geroch Monotonicity (Multiple Boundary
Components) 6.1] implies that having an upper bound for subsets with boundary homologous
to dM is actually enough to control the Hawking mass of any component of the horizon. We
summarize the procedure in the following statement.
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10 | BENATTI ET AL.

Proposition 2.6. Let (M, g) be a complete, strongly 1-nonparabolic Riemannian 3-manifold with
nonnegative scalar curvature and with smooth and closed boundary. Assume that the M consists of
embedded minimal spheres and H,(M,0M; Z) = {0}. Let E C M be a bounded subset with connected
smooth boundary, such that any connected component of OM is either contained in E or disjoint from
E. Then, there exists Q C M with the following properties.

(1) Q is strictly outward minimizing with connected €%*-boundary homologous to IM and with
h € L*(0Q) (see [36, Section 5, pp. 401-402]).

(2) my(9E) < my(3Q).

(3) There exists a solution w; € Lip, (M \ IntQ) to (1.2) starting at Q.

The condition on the topology of the boundary ensures that the manifold M’ obtained by filling
in the boundary with balls satisfies H,(M'; Z) = {0} and JE is homologous to M’ = @. Hence,
Proposition 2.5 applies. The level sets of the weak IMCF remain connected before touching a
new connected component of M. Then one can jump over the horizon and restart the flow at a
new connected boundary with greater Hawking mass, as described in [36, Geroch Monotonicity
(Multiple Boundary Components) 6.1].

Building on the original argument of Huisken [35], Jauregui and Lee [39] showed that the
isoperimetric mass and the m,py; do coincide under the assumptions of [36]. The crucial step
in their proof consists in showing that, if there exists ¢ such that

my(0Q) <¢ (24)

for any Q belonging to a suitable class, then one can in fact derive m;y, < ¢. Through a perusal of
the proof of [39, Theorem 17], it is easily checked that this step only involves the €°-character of
the metric. The authors assume %f—asymptotic flatness to apply [36], allowing (2.4) to hold with
¢ = mypy. However, our purposes require the full strength of Jauregui-Lee’s analysis, which we
summarize in the following statement.

Theorem 2.7. Let (M, g) be a complete €°-asymptotically flat Riemannian 3-manifold with a pos-
sibly empty smooth minimal boundary. Assume my(8Q) < ¢ for any bounded subset with connected
smooth boundary and such that any connected component of M is either contained in Q or disjoint
from Q. Then, m;y, <¢.

2.2 | An asymptotic comparison Lemma

The following lemma contains the most relevant asymptotic estimate of the present work. Used
in combination with Huisken-Ilmanen’s proof of the Geroch Monotonicity formula Theorem 2.4,
it leads directly to the isoperimetric Riemannian Penrose inequality Theorem 1.3.

Lemma 2.8 (Asymptotic comparison Lemma). Let (M,g) be a complete, noncompact Rie-
mannian 3-manifold with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that Hy(M,0M; Z) = {0}. Let Q C M be bounded with connected €'-boundary
homologous to OM satisfying h € L>(dQ) and admitting a solution w; : M \ IntQ — R fo the
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY 11

problem (1.2). Then

tli&n my(0Q,) < 1}m+inf mis,(Q,), (2.5)

where Q, = {w; < t}.

Proof. Suppose that the right-hand side in (2.5) is finite otherwise there is nothing to prove. By

the coarea formula, we have
! 1
|Q; \ Critw,| = / / —dods,
0o Jaq, H

which ensures thatt — |Q, \ Critw, | is locally absolutely continuous and monotone and that ¢t
/c., o 1 / H do isawell-defined LllOC function. We are therefore in position to apply the de L'Hopital’s
t

rule (Theorem A.1) to t — m;s,(Q;), obtaining

3
2

Q
|, \ Crit w;| — 194

Sy 67

3

aQ, |2

> liminf —— 2 /lda—| d
i=+0 |00y | /50, H 7

hm 1nfmlSO(Q ) > hm 1nf

The Holder’s inequality yields

/.

1

1 3 :
—do > 10Q,|2 / H?do | ,
H 80,

t
which gives

1 1

. - EAIRE 1 .\
liminf m;,,(Q;) > liminf 2| — 1-—— H<do
t—+00 t—+00 /60t H2do 4\/7_f 30,

1
31— 4 2
< IaQtl ? 1 167 /69t Hdo
/69 H2do .
L - 2
1+ (167r /591 H dO’)

2my(09Q,)

1

L o H2do) 4 L [
(1671' fC?QtH do + 167 /‘39:H do

= liminf 2
t—+o0

N

= liminf
t—=+oc0

(2.6)

The statement follows once the following claim is proved.
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12 | BENATTI ET AL.

Claim 1. There exists a divergent increasing sequence (,),cn realizing the limit inferior in the
right-hand side of (2.6) and such that /a o H? do — 167 as n — +co.
tn

Indeed, we would have that

2my(09,)

1

R ST Ry e
(167r /éQzH do)” + 167 'fagtH do

lim inf

t—>+o0

= liminf mz(0Q, ) = lim myz(0Q,),
n—+oo n t—+o0

where the last identity follows by Theorem 2.4.

To prove the claim, let (f,),en be an increasing sequence divergent to +oco which real-
izes the limit inferior in the right-hand side of (2.6). By Theorem 2.4 we have two possible
cases:

(1) there exists T > 0 such that my(0Q, ) > 0 forallt, > T, or
(2) my(0Q,, ) <O0foralln € N.

Casel. Since my(0Q; ) >0, /a o H? do < 167 for every t,, > T. By contradiction, suppose there
n n

exists € > 0 such that /ag H? do < 167 — ¢ for every n sufficiently large. Then, by (2.6), there
tn
exists C(g) > 0 such that

+oo > liminf mig,(Q,) > lim C(e) |aQ, |
t—>+co n—+co n

which is clearly a contradiction. Hence, up to a not relabeled subsequence, /a o H? do — 167 as
tn
n — +oo. This proves the claim in this case.

Case 2. Since my(dQ; ) <0, /ag H* do > 167 for every n € N. Suppose by contradiction
tn

fa o H? do > 167 + ¢ for some ¢ > 0. Then, by Theorem 2.4, there exists C(¢) > 0 such that
tn

my(3Q) < lim my(3Q,) < —C(e) lim 4/ ‘agt ‘ = —oo,
t—>+o0 n—+oo n

which is a contradiction since h € L?(dQ), proving the claim also in this case. [

Remark 2.9. In [20, Appendix C], the authors use an approach based on de 'Hopital’s rule to
produce the following asymptotic comparison

lim sup mjs,(Ey) < lim sup my(8Ey,), 2.7)
V-4 V-4

where Ej, is the isoperimetric region of volume V. Their procedure uses the properties of the
isoperimetric profile and sharp estimates on the Hawking mass, which hold at dEy, provided it
is connected.

When isoperimetric sets have connected boundaries, one could combine (2.7) with Lemma 2.8
to deduce that both the isoperimetric mass and the Hawking mass converge to mjs, along the
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ON THE ISOPERIMETRIC RIEMANNIAN PENROSE INEQUALITY | 13

isoperimetric exhaustion as V' — +o0. As a consequence, we would dispose of a different and
simpler proof of Theorem 1.4 which does not use Theorem 2.7 from [39].

To the authors’ knowledge, this path is not feasible at the current state of the art. Indeed, it
is unclear whether isoperimetric regions have connected boundaries under the sharp asymptotic
assumptions we required on the metric g in the statement of Theorem 1.4. We refer the interested
reader to [6] for more details.

Remark 2.10. When my(0Q) > 0, (2.5) implies that the sublevel sets Q, asymptotically tend to
satisfy a reverse sharp isoperimetric inequality. In fact, when the initial Q is collapsed to a point
0 € M, the techniques of Shi [57] (after important insights by Brendle and Chodosh [14]) allow to
show that the isoperimetric difference satisfies

3
2

109, | >0

64/

1| -

for the sublevel sets Q; of the weak IMCF issuing from o € M (we refer the reader to [6] for an
explicit derivation). In this sense, (2.5) can also be viewed as an asymptotic version of Shi’s reverse
isoperimetric inequality for weak IMCF starting at suitable initial surfaces.

2.3 | Proof of the isoperimetric Penrose inequality and of the
isoperimetric PMT

To finally prove Theorem 1.3, we provide the following topological description 3-manifolds
with nonnegative scalar curvature. It slightly improves on the analysis carried out in [36, Sec-
tion 4], since we just assume the existence of an exhaustion of bounded sets with nonminimal
mean-convex smooth boundaries, rather than the asymptotically flat condition. This assump-
tion naturally fits the case of strongly 1-nonparabolic manifolds, see Remark 2.12. The argument
exploits the mean curvature flow with surgery in Riemannian manifolds described by Brendle
and Huisken [16], after [15] and [37], and it was suggested in [36, Remark, pp. 394].

Lemma 2.11. Let (M, g) be a Riemannian 3-manifold with nonnegative scalar curvature and pos-
sibly with closed, smooth and minimal boundary. Assume that there exists an exhaustion {F ;} jcn of
M such that OF ; are nonminimal, mean-convex closed surfaces.

(1) IfoM is outermost, that is, there exists no other closed minimal surface homologous to M, then
we have H,(M,0M; Z) = {0}.

(2) Assume that no minimal surface exists outside some compact set K C M, and that the closed sur-
Jfaces OF ; are spheres. Then there exists a possibly empty bounded Q C M with smooth boundary
3Q such that M’ = M \ Q is a manifold with outermost minimal boundary dM' = 3Q. As a
consequence, Hy(M',8M’; Z) = {0}.

Proof. First, we show that if M is outermost, then there are no closed surfaces with nonpositive
mean curvature in M other than dM. By contradiction, let N be any such surface in M. Let S be
a nonminimal mean-convex smooth surface enclosing N. Then, we run the mean curvature flow
starting at S with surgery, as described by Brendle and Huisken [16]. This procedure consists of
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14 | BENATTI ET AL.

carefully discarding necks of high mean curvature, which is the only type of singularity that arises
in dimension 3 other than spherical ones. We get an evolution of strictly mean-convex surfaces
that are smooth except at finitely many surgery times. By [16, Theorem 1.2], the flow will shrink
to a closed minimal surface homologous to M. Since M is outermost, the flow converges to oM.
In particular, possibly delaying a surgery time, the mean-convex evolving sets would eventually
touch N, giving a contradiction.

In the assumption (2), let S be a nonminimal mean-convex sphere enclosing K. The mean cur-
vature flow starting at S ends in a closed minimal surface ¥ homologous to M or possibly becomes
extinct at a finite collection of points. With the same argument as above, the region swept out by
the mean curvature flow of S is free of closed surfaces of nonpositive mean curvature. In partic-
ular, the manifold M’ has nonempty outermost minimal boundary Z or is a complete manifold
without boundary, free of closed minimal surfaces.

For the rest of the proof, we focus on M’ = M \ Q. We agree that M’ = M if M is outermost
minimal. We also assume that ¥ = dQ is nonempty since X = @ is a straightforward simplifica-
tion. The Scalar Curvature Splitting Theorem [29, Theorem 1.5] implies that ¥ must admit a metric
with positive scalar curvature. Indeed, if such metric did not exist, (M \ Q, g) would isometri-
cally split as a cylinder foliated by isometric copies of X. In that case, the cross-sections would be
minimal, which contradicts the just proved absence of closed minimal surfaces.

Since X admits a metric with positive scalar curvature, each connected component of X is a
topological sphere, by the Gauss-Bonnet Theorem. Thus, we can run a slight variation of [42,
pp- 140] to infer that F'; satisfies H,(F; \ Q, %; Z) = {0} for any j, which proves the lemma. Namely,
consider the exact sequence

By the mean-convexity of 0F ;, we have that each nonzero class of H,(F; \ Q; Z) is represented by
a closed minimal surface (see e.g. [42, Corollary 4.3]). However, we just proved that X is the only
closed minimal surface, so the image of any class of H,(F; \ Q; Z) vanishes in H,(F; \ Q,%; Z).
Moreover, since ¥ is a union of spheres, we have that H,(Z; Z) = {0}. The exact sequence (2.8)
thus implies that H,(F; \ Q, Z; Z) = {0}, completing the proof. O

Remark 2.12 (Application to strongly 1-nonparabolic 3-manifolds). We observe that the assump-
tions in Lemma 2.11(1) are satisfied in a strongly 1-nonparabolic 3-manifolds with nonnegative
scalar curvature and closed outermost minimal boundary. Indeed, by [36, Minimizing Hull Prop-
erty 1.4], the sublevel sets {w < t} of the weak IMCF starting at dM are strictly outward minimizing
with €% boundary, and they exhaust the manifold as t — +o00. We can approximate any of
such boundaries with smooth strictly mean-convex surfaces by [34, Lemma 2.6], obtaining an
exhaustion as in the statement.

Remark 2.13. In Lemma 2.11, assume in addition that M \ K is diffeomorphic to R3\ B, for a
suitable compact set K and a ball B. Then, one can show that M is diffeomorphic to R3 with a
finite number of balls removed. This result can be deduced from the proof of [24, Theorem 5.1]
(cf. [42, Theorem 4.11]), which employs the Thurston’s Geometrization of 3-manifolds proved by
Perelman [51, 52].

We state an isoperimetric version of the PMT, which in particular does not require the boundary
of the manifold to be outermost.
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Theorem 2.14 (Isoperimetric PMT). Let (M, g) be a complete strongly 1-nonparabolic Riemannian
3-manifold with nonnegative scalar curvature and possibly with closed, minimal boundary, such that
the assumptions of Lemma 2.11(2) are met. Then,

0< Mg, (29)
with equality achieved if and only if (M, g) is isometric to the flat R3.

Proof of Theorem 1.3 and of Theorem 2.14. We first prove Theorem 1.3. Let N be one of the connected
components of M. By Proposition 2.6 there exists Q with connected boundary homologous to
OM such that my(0Q) > my(N) = y/IN| /167 > 0 and w,; € Lip, (M \ Int Q) solution to (1.2)
starting at Q. Lemma 2.8 and Theorem 2.4, whose assumptions are fulfilled by Remark 2.12 and
Lemma 2.11(1), yield

[ IN| . .
Tor = my(0Q) < tEE_nOOmH(aQt) < I%I_I}_&glofmiso(gt) < Migo,

where Q, = {w; < t}. This concludes the proof of (1.3).

We now prove (2.9), which, although weaker, does not require dM to be outermost. By
Lemma 2.11, Theorem 1.3 applies in the manifold (M’,g) with boundary dM’. Since the
isoperimetric mass of (M’, g) is the same as that of (M, g), we get

IN'I
Tex = Mo

where N’ is a connected component of dM’. If dM and dM’ are empty, take 0 € M and w; :
M \ {0} - R emanating from 0. By Lemma 2.11, Theorem 2.4 applies. Hence, the Hawking mass
is monotone along the weak IMCF starting from any initial set with connected boundary. Together
with the construction considered in [36, Lemma 8.1], it yields my(6Q,) > 0, where Q, = {w; < t}.
We conclude by Lemma 2.8 that m;g, > 0 also in this case.

The rigidity statements in both Theorem 1.3 and Theorem 2.14 stem from the constancy of the
Hawking mass with the very same proof as in [36, Proof of Main Theorem, step 2]. O

3 | APPLICATION TO ASYMPTOTICALLY SCHWARZSCHILDIAN
MANIFOLDS

As mentioned in the Introduction, the ADM concept of mass is well-defined only provided
stronger asymptotic assumptions on the metric are fulfilled. If (M, g) is the Schwarzschild of mass
m > 0, the ADM mass coincide with m. As a consequence of the characterization of isoperimetric
sets obtained by Bray [13], it is not difficult to prove that also the Isoperimetric mass coincides with
m. Since the volume and the perimeter of a set depend only on the €°-character of the metric, it is
natural to ask whether a Penrose inequality holds for m when the space is merely €°-asymptotic
to the Schwarzschild of mass m. A further question is whether m coincides with the isoperimetric
mass in this case.
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3.1 | The weak IMCF on asymptotically flat Riemannian manifolds

We introduce the concept of asymptotically flat Riemannian manifolds. This condition is of crucial
importance in Mathematical General Relativity. Indeed, the asymptotically flat condition denotes
the physical property that the gravitational system is isolated (see e.g. [42, Section 3.1.2]).

Definition 3.1 (Asymptotically flat Riemannian manifolds). A Riemannian 3-manifold (M, g)
possibly with boundary is said to be €X-asymptotically flat, k € N and 7 > 0 (z = 0 resp.) if the
following conditions are satisfied.

(1) There exists a compactset K C M such that M \ K is differmorphic to R3 \ {|x| < R}, through
amap (x!, x2, x*) whose component are called asymptotically flat coordinates.
(2) In the chart (M \ K, (x!, x2, x3)) the metric tensor is expressed as

g = gijdxi ® dxj = (511 + nij)dxi ® dxf

with

3 k
Z z |x||,3|+7

i,j=1|B]=0

8ﬁnij| = 0(1) (= o(1) resp.) as |x| - +o0.

Given an asymptotically flat Riemannian manifold (M, g), D will denote the covariant deriva-
tive with respect to the metric g and 0 the one (which coincides with partial derivative) of 5. We
recall that |x| is asymptotically equivalent to the distance on M as proved in [7, Lemma 2.15].

In a ‘6°-asymptotically flat Riemannian manifold, one can also compute the asymptotic expan-
sion of the inverse of the metric in terms of the flat metric. Since 68 = g"/gj = 8, , we obtain
that

gt — 6t = —5in gkt = 864 + 0(In|). 3.1

In a € !-asymptotically flat Riemannian manifold, observe that the Christoffel symbols of g vanish
at infinity as
r* = Lok@.g, + 0,8, — 01gi) = 285 @my; + 8 m — dimyy) = 0(13 3.2
ij =38 (0i81j + 98 — 918ij) = 58 @imyj + djmy — 9ym;;) = O(|9n]). (3.2)
®Y-asymptotically flat Riemannian manifolds are examples of strongly 1-nonparabolic mani-
folds. Together with this assertion, the following proposition states an optimal control on the level
sets. We will employ this tool in the proof of Theorems 1.1 and 1.5.

Proposition 3.2. Let (M, g) be a complete 6°-asymptotically flat Riemannian 3-manifold. Then,
(M, g) is strongly I-nonparabolic. Moreover, consider any bounded Q C M with €' -boundary homol-
ogous to OM satisfying h € L*>(dQ) and a solution w; to (1.2). Then, there exist C;,C, > 0 such that

2log x| — C; S wq(x) < 2log x|+ C, (3.3)

forany x € M \ K, where K is the compact set of Definition 3.1.
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Proof. We deferred the discussion of the strongly 1-nonparabolic nature of (M, g) to Remark B.3.
Given Q with smooth boundary, Proposition B.2 shows that solutions (wp)p>; of (B.1) satisfy an
uniform lower bound that diverges as |x| — +o0. Hence, the locally uniform limit w; obtained as
in [41, 45-47] sending p — 1% is the unique proper IMCF starting at Q. The double bound (3.3)
then follows from (B.3). For Q with €!-boundary, one can approximate dQ in €' with smooth
surfaces in M \ 0Q and use the solutions starting at those surfaces as barriers. 1

In the following remark, we specialize Lemma 2.11 to describe the topology of asymptotically
flat 3-manifolds.

Remark 3.3 (Topology of asymptotically flat manifolds). First, Proposition 3.2 grants that 6°-
asymptotically flat 3-manifolds are strongly 1-nonparabolic. Hence, any ‘6°-asymptotically flat
3-manifold with nonnegative scalar curvature and outermost minimal boundary satisfies the
assumptions of Lemma 2.11(1) (see Remark 2.12). This fact will be employed in the proof of
Theorems 1.5 and 1.1.

Second, the assumptions in Lemma 2.11(2) are fulfilled by any 6 !-asymptotically flat manifold
with nonnegative scalar curvature and outermost minimal boundary. In this case, the level sets of
|x| constitute a strictly mean-convex foliation at infinity, whose presence prevents the existence
of closed minimal surfaces in the foliated region. Indeed, the divergence operator only involves
the metric g up to the first derivatives. Hence, (3.2) ensures

. D|x| )
div{ —=——)>0
<|D|x||
for |x| sufficiently large. We will use this property to prove the PMT for the ADM mass
Theorem 4.12.

3.2 | Riemannian Penrose inequality on asymptotically
Schwarzschildian manifolds

We now provide the precise definition of asymptotically Schwarzschildian manifolds, which is the
setting of Theorem 1.5. As for the asymptotically flat condition, one could give the definition of
%f-asymptotically Schwarzschildian manifolds for every k € N, but since we will never use this
general notion, we prefer to focus on the case k = 0.

Definition 3.4 (Asymptotically Schwarzschildian manifolds). A Riemannian 3-manifold (M, g)
possibly with boundary is €2-asymptotically Schwarzchildian of mass m > 0,7 > 0 (t = 0 resp.),
if the following conditions are satisfied.

(1) There exists a compact set K C M such that M \ K is diffeomorphic to R3 \ {|x| < R}, through
amap (x!, x2, x*) whose component are called asymptotically flat coordinates.
(2) In the chart (M \ K, (x!, x?, x*)) the metric tensor is expressed as

g=g;dx' @dx/ = <<1+ Tx—nll>5ij +77U>dxi ® dx’
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with

3
147
2 I

ij=1

77ij| =0(1) (= o(1) resp.) as |x| = +oo.
Observe that the metric g can be expressed as

4
_ m —min{r+1,2}
8ij = <1+m> 8ij + O(|x| )-

Then, the metric g is asymptotically equivalent to the Schwarzschild metric at infinity, at least to
the first order. Moreover, observe that a €2-asymptotically Schwarzschildian manifold is always
©}-asymptotically flat.

We are finally ready to prove the Penrose inequality for €2-asymptotically Schwarzschildian
manifolds.
Proof of Theorem 1.5. We assume without loss of generality that 7 < 1. It is easy to show that

Rlim mi({[x] <R} =m, (3.4)
—+00

which directly implies

m < Myg,. (3.5)

We briefly provide the computations involved. Given £ = dQ a closed surface in M, the measure
do induced by g on X is related to the one induced by & by

2m ij
do = <1+m>(1+5¥7’)i]~+0(|7]|2))d05, (3.6)
where éiTj =6l — vgvé with v outer §-unit normal to X. Applying this formula, we immediately
get
2 _1—
x| = R} = 47TR2<1 + =% +O0(R| ™ f)). 3.7)
Moreover, we have
2 2m -1-7
ID]x| =1—W+O(IXI ),
from which
— m I
IDI||™ =1+ 7 +0(1x )
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follows. Then, coupling with (3.7), it holds

d 1

— <R} = do = 47R? + 127mR RI-T),

Sl sRI= [ o do =47k +120mR + OR')
{Ix|=R}

Hence, by integrating, we obtain
4
I{|x] <R} = §7TR3 + 67mR? + O(R*77). (3.8)

Finally, by (3.8) and (3.7) we compute

2 ixl=RIE | m(+0®™Y)
miie] €D = e < - HEEL =2 | = SRS

(3.9)

Letting R — +o0 in (3.9) yields (3.4).

We are now left to prove that m;(dQ) < m for every Q C M bounded with connected G-
boundary homologous to dM satisfying h € L(6Q). Indeed, by Proposition 2.6 and Theorem 2.7
this implies m;y, < m that coupled with (3.5) gives m = m;,. The Riemannian Penrose inequality
now follows by Theorem 1.3.

We consider the weak IMCF w, emanating from some bounded Q with smooth connected € -
boundary homologous to M. We let Q; = {w; < t}. We denote with s the Schwarzschild metric,

that from its very definition satisfies
2m -2
Sij= <1+7>5l]+0(|X| )
foreveryi, j = 1,2,3 as |x| — +o0. Then, applying again (3.6), we immediately get

[10Q;| — 10| |_‘/ o(1x|"" ") dos|. (3.10)
0,

By the second inequality in (3.3) we have |x|2 > Ce! for any x € 3Q,, for t large enough. Thus
(3.10) implies

[10Q;| — 10| < CloQ| e M . (3.11)
The very same argument also shows that
[10Q; ] — 109 5] < CloQ|5e™". (3.12)
As a consequence, coupling (3.11) and (3.12), we can write
2 3
@) = 5o 101 - "Zf/'; <|anz|s S ) . G13)
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We are going to pass to the superior limit as t — +o0 in (3.13). Let B, be the coordinate ball in the
Schwarzschild space of volume |B; | = [€]. Since B, is isoperimetric in the Schwarzschild metric
for its own volume [13, Theorem 8] [10, Corollary 2.6], we have

3 3 3
2 1o, 19,15 [ _ 210, |- 109§ 2|00y |- 0B |5
ERAN 6\/7 ERATETN 67 | 10198 i 6/7

Since |9€;| is asymptotic to [0€Q; |, by (3.11) and (3.12), (3.4) yields

3

2 0Q,|2
limsup ——1 |Q,| — 192, <m (3.14)
t—too 0] 6\/;
We are left to estimate the remaining part of (3.13). First, observe that
3
— 30 10Q, | 2 1
t t —tt *
2 ——— =7 '7|9Q%|2
100
since |0Q,| = |0Q*| e'. Hence,
3
_ 440 190, |2
li 2 L =o. 3.15
A Tl G15)

Since |0Q;| and |0Q; |, are asymptotically equivalent by (3.11) and (3.12), plugging (3.14) and (3.15)
into (3.13) infers

lim sup m;s,(Q;) < m.
t—>+co

Thanks to Lemma 2.11 and Lemma 2.8, Theorem 2.4 applies and concludes the proof. [l

It would be very nice to remove the request of nonnegative mass in the statement of The-
orem 1.5. Such an assumption has been crucially exploited when estimating from above the
quasi-local isoperimetric mass of an evolving set Q; with that of a geodesic ball in the space-like
Schwarzschild metric s with the same volume. It was possible because such balls are isoperimetric
in the Schwarzschild metric with nonnegative mass, while they are not if m is negative, as shown
in [22, Section 5]. Understanding the shape of isoperimetric sets in the Schwarzschild metric with
negative mass could be crucial in showing that, m > 0 is a consequence in Theorem 1.5 rather
than an assumption.

4 | RIEMANNIAN PENROSE INEQUALITY FOR THE ADM MASS

In this section, we prove the Riemannian Penrose inequality Theorem 1.1 for the ADM mass, in the
natural 6.-asymptotically flat setting, 7 > 1/2. We take advantage of the fine analysis at infinity
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for harmonic functions to infer a finite bound for the Hawking masses of surfaces dQ homologous
to M. Indeed, our proof of Theorem 1.1 combines the Geroch monotonicity Theorem 2.4 with its
potential-theoretic counterpart. Such monotonicity was discovered in [2]. Here, the authors show
that the 2-Hawking mass

oQ
mg)(aﬂ) = % [471' + /m |Dw2|2do — /ag [Dw,| H da] (4.1)

is monotone along the level sets of w,, which solves

Aw, = |Dw2|2 onM\ﬁ,
w, =0 on Q, (4.2)
w, = +oo as [x| - +oo.

The existence of w, is granted by the asymptotically flat condition (see Proposition B.2). In what
follows, we are exploiting the linear nature of the PDE solved by u = — log w, (see (4.4)) to obtain
a deeper asymptotic understanding of the quantities involved in (4.1). This approach circumvents
the additional asymptotic assumption on the Ricci curvature tensor, as mandated by Huisken and
Ilmanen [36] and Agostiniani et al. [1]. In detail, we can control the L>-norm of the Hessian of
any function with the L?-norms of its gradient and Laplacian by exploiting the €!-asymptotic
behavior of the metric. Utilizing this estimate alongside the representation formula, we obtain
the expected decay of the error between the function u = —log w, and its rotationally symmetric
model on flat R3 up to its first derivatives. Then, we improve it to its second-order derivatives,
hence to the mean curvature of its level sets, in an L2-fashion.

Such knowledge is sufficient to bound mg) (0Q;) from above in terms of mppy (see
Theorem 4.11) and, in turn, it yields a finite, uniform (nonsharp) bound for the Hawking mass
of any initial set (see Lemma 4.3). We refine such bound through an improved asymptotic behav-
ior of the curvatures of the sets evolving through weak IMCF. Here, it is where we make up for
the milder asymptotic assumptions on the metric. Indeed, we can conclude

mpy(0Q) < mupy (4.3)

for a relevant class of subsets of M as in the final analysis of [36, Asymptotic Comparison Lemma
7.4], but without requiring that (M, g) is %}—asymptotically flat.

The inequality (4.3) implies at once the Penrose inequality (1.1) when applied to 6Q = N.
Combining (4.3) with Jauregui-Lee’s Theorem 2.7 and with the limit behavior of the quasi-local
isoperimetric masses of geodesic balls computed in [25], we also obtain Theorem 1.4.

4.1 | Preliminaries on linear potential theory
Let (M, g) be a 6°-asymptotically flat Riemannian 3-manifold. Consider a bounded subset Q C M

with €1*-boundary homologous to dM and with h € L*(dQ). Then, a solution w, € €®°(M \
Q)N %llo’?(M \ Int Q) to (4.2) exists. Indeed, w, = —logu where u is the capacitary potential of Q
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and solves
Au =0 on M \ Q,
u=1 on Q, (4.4)
u—-0 as x| - +oo.

The capacity is defined for any compact K C M as the quantity

cz(K):inf{i/ |Dv|2d,u : UECf"(M),UZlonK}.
ar Joy

It turns out that the capacity of the level sets of solutions to (4.2) exponentially grows, exactly as
the perimeter of level sets of the weak IMCF does. We recall this useful property in the following
lemma (see [33, Lemma 3.8]).

Lemma 4.1. Let (M, g) be a Riemannian 3-manifold possibly with boundary. Let QO C M be
bounded with boundary homologous to dM. Given a solution w, to (4.2), denote Q; = {w, < t}. We
have

6(30Q,) = ¢ 6,(3Q) = % / IDw,| do.
0Q

t

The 2-Hawking mass (4.1) represents the potential-theoretic version of the Hawking mass, and
it is monotone along the level set flow of the function w, as shown in [2]. More precisely, observe
that the following relations are true

Cz(aﬂ)
871

Uy(e') = mP@Q) = %Fz(cz(aﬂ) e'), (4.5)

where F,(¢) is the function defined in [2, (1.2)] and U,(t) is the function

U,(t) = 4rt + 13 / [Dul* do — 12 / |Dul H do.
fu=1/1} fu=1/1}

The following result is then a consequence of [2, Theorem 1.1] (see also [1]).

Theorem 4.2 (Monotonicity of the 2-Hawking mass). Let (M, g) be a complete €°-asymptotically
flat Riemannian 3-manifold with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that Hy(M,dM; Z) = {0}. Let Q C M with connected €"*-boundary homologous
to OM satisfying h € L*(0Q) and w, the solution to (4.2) starting at Q. Then, denoting Q; = {w, <
t}, the function t — mf,)(agz[) defined in (4.1) belongs to BV,,.(0, +00) and admits a monotone
nondecreasing representative.

We do not claim that we can jump through horizons, since it is not clear to us whether a
result analogous to [36, Geroch Monotonicity (Multiple Boundary Components) 6.1] holds along
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the level set flow of w,. On the other hand, the following elementary control with the classical
Hawking mass will suffice for our aims.

Lemma 4.3. Let (M, g) be a complete €°-asymptotically flat Riemannian 3-manifold possibly
with smooth and closed boundary. Then, for every outward minimizing Q C M with €“%-boundary
homologous to M with h € L*(3Q) we have

my;(60) < cm?(60),
where C depends only on the isoperimetric constant of (M, g).

Proof. Observe that

2 2 2
/ |Dw2|Hda—/ |Dw2|2da=/ H—da—/ <E—|Dw2|> dos/ T i
0Q oQ 0Q 4 oQ 2 0Q 4

To conclude is then enough to proceed as in [28, Theorem 1.3] to prove that

1
& (6Q) > C|9Q|>. ]

4.2 | Sharp integral asymptotic estimates for harmonic functions

On 6!-asymptotically flat manifolds, it seems out of reach to obtain €2-asymptotic informa-
tion for the capacitary potential at infinity. However, we are actually deriving quantitative (in
terms of 7) L?- asymptotic estimates for the Hessian at infinity. The strategy of the proof consists
in a delicate refinement of the classical one, clearly exposed in [44, Appendix A] (see also [32,
Lemma 4.1]).

The following direct consequence of Bochner’s identity will be a basic tool. We exploit it using
an approach partially similar to the one described in [27]. We work for simplicity in R* endowed
with an asymptotically flat metric; this will simplify the notation and the presentation and, for
our purposes, it will clearly result in no loss of generality.

Lemma 4.4. Letk > 1, Ry > 0 and ¢ > 0 fixed. There exists a constant C > 0, such that for any
metric g on R3 with {|x| > Ry} C {|g — S| + |x| |0g| < €} we have

/IDDfIZd/xSCI% / IDf 2 du+ /(Af)zdu, 46)

AR kR AR/2,2kR AR/2,2kR
forany f € €*(R*) and all R > 2Ry, where Ap ;r = {R < |x| < kR}.

Remark 4.5. Observe that if g = §, the above lemma holds for R, = 0. In the general case, up to
choosing R, sufficiently large, (4.6) holds with the same constant regardless of whether the terms
are expressed with respect to the metric g or 6.
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Proof. Suppose that g = &. Let ¢ be the classic cut-off function supported in A = Ag ;5 g Which
is equal to 1 on Ag ;g with |Dg| < C/R and |Ap| < C /R?. Multiplying the Bochner identity

1
260 = 3, 3976,/ ~ 0,01 10,
ij ij
by ¢ and integrating on A, we get

/ 196 f 20 dx < / 107 18sp] + (AsfYp + 16f 1, 185 f1 130l dx
A A

1
SC<E/A|af|§dx+/A(A5f)2dx>

after performing integration by parts and Cauchy-Schwarz inequality. Hence, the theorem follows
for g = &. Let now g be as in the statement. In particular, g;; = &;; + 7;; with [n]; + [x| |9n|s < ¢
on {|x| > Ry}. On A, we have

2
IDDSI; < Cl6,9,f —T6cf|, < (168115 + 1n15109f1,10f1 + 1om13161; )
< (199712 +16n316/12) < CI8o 12 + 516113
= s TIOMIslo) s | = s T R21% s
where C does not depends on R. Similarly,

2 2 C
19f15 < CIDSI;, 185f1 < C[agf| + FIDS1,

hold. Employing all the above estimates we get

1 1
/IDDfI2d#SC</ |aaf|§+ﬁ|af|§du> sc(/ Iaaflﬁdx+/1§IDfI§dM>
A A A A

1 1
<o [@spy+ ot as+ [ insiian)

1 2
<o [@rraus [ pria)

where we used the fact that C™! < 4/detg < C for a constant C that does not depend onR. [

In the sequel of this section, we fix k > 1 and we derive decay estimates for a solution u to (4.4).
One might rephrase all the computations below directly in terms of solutions w, to (4.2). However,
we think that the proposed presentation is simpler and the reader would more readily compare
our results with the ones in the literature.

Lemma 4.6. Let 0 <7 <1 and let (R3,g) be a B}-asymptotically flat Riemannian manifold.
Then, the capacitary potential u (4.4) of a bounded set Q with smooth boundary satisfies the
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@B-decay
u(x) =0(Ix|™") and [Dul|(x) =0(|x|"%) (4.7)

as |x| = +oo. Consequently, the L*-asymptotic estimate

/ IDDu|* du = O(R™3) (4.8)

AR KR

holds as R — 400, where Ag xg = {R < |x| < kR}

Proof. The 6° decay of u follows exactly as in the first part of the proof [44, Lemma A.2]. The
g-Laplacian of v = a |x|71 - |x|717E (that depends only on the €°-character of g) is nonpositive
for 0 < € < 7, and, as such, choosing a big enough we getu < v < C/ |x|.

The gradient estimate in (4.7) is now a consequence of the Schauder estimates for elliptic oper-
ators in divergence form with €%* coefficients (see [26, Theorem 2.28]). Applying (4.6) to the
harmonic function u and plugging in (4.7), (4.8) follows. O

We now get a refined asymptotic L?-decay estimate for the R3-Laplacian of u as a consequence
of (4.8).

Lemma4.7. Let0 < v < 1and let (R?, g) be a 61-asymptotically flat Riemannian manifold. Then,
the capacitary potential u (4.4) of a bounded set Q with smooth boundary satisfies

2 C
/ |Asul"dp < s (4.9)

AR KR
for R large enough, where Ag xr = {R < |x| < kR} and As is the Laplacian of flat R>.
Proof. Let (x!,x?,x%) be a choice of asymptotically flat coordinates on (M, g). We have
0=Agu=_gliddu— rﬁ‘jaku = (g — 6')3,0; + 6Y8;0;u — rjfjaku

= (8"ngcg" + O(In|*))3:8u + 6'78,0ju — T¥,¢u.

It follows that
A 2 <o -1 pDu)? ! p 410
(B5u()) < ¢ —IPDUCF + —IDul ) (4.10)
Integrating (4.10) on Ag yr and applying Lemma 4.6, (4.9) follows. O

We are finally ready to show the pointwise asymptotic behavior of u and Du with the explicit
deficit.
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Proposition 4.8. Let 0 < 7 < 1 and let (R3, g) be a Bl-asymptotically flat Riemannian manifold.
Then, the capacitary potential u (4.4) of a bounded set Q with smooth boundary satisfies

k
Sjkx

=0(Ix|”'™), dju+ ¢,(0Q) ol o(lx|™>™), (4.11)
X

=549

|x

forevery j =1,2,3, as |x| - +c0.

Proof. Fixaflat chart atinfinity (M \ K, (x!, x?, x*)) for the manifold (M, g). The function u can be
considered as a smooth function on the set R* \ {|x| < Ry} which is diffeomorphic to M \ K. With
abuse of notation, we interpret u as a smooth function on the whole R? by extending it smoothly
in the interior of {|x| < Ry}. From now on, we are working on R3 only. Let now v : R?> — R be
the function

o(x) = —— / Bsul) 4, (412)

AT Jgs Ix =yl

It is well-known and direct to check that Asv = Asu. The main part of the proof consists in show-
ing that v satisfies the €°-expansion at infinity claimed for u in (4.11). Hence, Liouville’s theorem
for harmonic functions implies that u = v and that u decays as stated.

We consider any point x with |x| = 2R, and we split the integral (4.12) into the three terms

1 Asu(y) Asu(y) Asu(y)
__1 d d .
) =z / e / e / PRl B

{lx—y|<R} {lylAlx—y|=R} {lyI<Rr}

The first term is estimated through Holder’s inequality and (4.9) as

2 2
Asu(y) 2 1
[ 2ol [ saoie|| [ —=w
|x =yl |x =yl
{lx—yI<R} {lx—y|<R} {lx—y|<R}
1
2 2
2 1 C
< [Asu(y)|” dy —dy| < , (4.14)
|y|2 R1+7
AR3R {lyI<R}
where AR,SR = {R < |x| < 3R}
To estimate the second one, since |x — y| > R, we have
Asu(y) C
[ Z2ol<t [ vaoiw. (415
{yIAlx—y|>R} {ly|>R}
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Cover now {|y| > R} with annuli A; of the form {2/R < |x| < 2/*!R}, j € N, to obtain

+o0 +00 5 é
/ |Asu(y)| dy < ;)/AJ |[Asu(y)| dy < ;‘) (/AJ |[Asu()| dy)

{ly|>R} B (4.16)

cfyi ¢
R = 2t) — RT
Plugging it into (4.15), it yields
Asu(y) C
Xyl < R (4.17)
{1yIAlx—y|>R}

The third term in (4.13) splits into

Asuy) . 1 1 Asu(y)
| w5e= / <|x—y| |x|>A5“(y’dy+/ TR

{lyI<R} {lyI<R} {lyI<R}

The first integral on the right-hand side can be further split into

1 1 1
/(Ix—yl ||> Ay = / <|x_y|—m)A5u<Y>dy

{lyI<R} {lyI<Ro}

1 1
¥ / <m |x|>A5u(y)dy, (4.19)

{Ro<|y|<R}

for some fixed Ry € (0, R). The first term in the right-hand side of (4.19) is easily estimated by

1 Iyl
Asu(y)dy| <C / ——A u(y) <

/ (Ix—yl II> M o
{lyI<Ro} {lyI<Ro}

recalling that |x| = 2R. The second term in (4.19) is more delicate. We cover Bg(0) \ Bg,(0) with
annuli A; of the form {2/R,, < |x| < 2/*!R}, to obtain

1 1 C Jr
/ <|x—y| |x|> Asu(y)dy| < o ;/AJ Iyl 1Asu(y)| dy, (4.20)

{Ro<|y|<R}
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where j is such thatR € (2/Ry, 2/*1R,)). Applying Holder’s inequality and (4.9) similarly to (4.16),
we get

5

2 5. 2
/ |A5u|2<y>dy> 23R’
A,

JR JR
Y [ blssuoiay<cy, (
j=07 Aj Jj=0

Jj=0 J
Jr Rl—’fz(l—‘[)ijl—‘[ _ Rl—l’
1-7 (1-1)j 0 0
< CR} z;) 2 <cC T
]:

By our choice of ji we have R,2/(!1~? < R1=7. Hence, we get

1-7
JR Rl-7o1l-7 _ R(l)—r -t _ (%)
J= J

It only remains to estimate the last term in (4.18). Now, 0 < 7 < 1 and R, is a fixed number smaller
than R. Plugging (4.21) into (4.20), we infer

1 1 C
/ (Ix—yl _W>A5”(y)dy < e (4.22)

{Ro<|y|<R}
Putting together (4.13), (4.14), (4.17), (4.18), (4.19) and (4.22), we have showed that

2R R1+7’

{ly|I<R}

o(x) = = / Asu(y)dy| <

for any x such that |x| = 2R. By (4.16), we immediately deduce that

C

< RIT (4.23)

-]

for some a € R. In particular, v(x) — 0 as |x| — +o0. Since Asv = Asu, Liouville’s theorem for
harmonic functions implies that v = u. By the already recalled Schauder estimates [26, Theorem
2.28], we also have

I
jix
dju(x) +a
3
x|

1
< .
— R2+r1

(4.24)

Since u is harmonic in M \ Q for the metric g, Divergence Theorem yields

0= / A“dﬂ=/|Dul do + / (Vulv) do = 47e;(9Q) + / (Vulv)do.
{Ix|<RN\Q oQ {Ix|=R} {Ix|=R}
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Letting R — +o0o0 and comparing with (4.24), we obtain a = ¢,(3Q). Plugging it into (4.23) and
(4.24) completes the proof. O

Finally, a direct consequence of Lemma 4.4 is the following integral decay estimate for the
second derivatives of u.

Proposition 4.9. Let 0 < 7 < 1 and let (R3, g) be a B1-asymptotically flat Riemannian manifold.
Then, the capacitary potential u (4.4) of a bounded set Q with smooth boundary satisfies

2
a0 818 i xkx!
/ 3:0;u + LJ(@ j-3— )| du= o) (4.25)
| x| |

|x
ARKkR

foreveryi, j=1,2,3asR — +oo, where Ag ;g = {R < |x| < kR}. Moreover, there exists a monoton-
ically increasing sequence of (t,,),en divergent to +oo such that

2
510) 8,18 1y xkx!
/ 3:0;u + M(ai i =3/ 2 )| do = o(e(—+20mm) (4.26)

3 2
¥ x| x|
tn

foreveryi,j =1,2,3asn — +oo, where Q; = {u > e’}

Proof. Just set p = u — ¢,(0Q)/ |x|, and plug it into (4.6) in terms of g. Hence, we can directly
exploit Au = 0. (4.25) directly follows using the decay estimate with deficit for the gradient
obtained in Proposition 4.8 and observing that

|Aglx ™! = 00X,

By Proposition 4.8, {2/R < u < 3/R} is contained in Ag 4x for some large R. By the Mean Value
Theorem, there exists ¢, € [R/3,R/2] such that

3/R

1 2 _ 2 2 C

R / [809| dO'—/ / |[00y|"dods < C / |009|”|Du|do < Rt
89y, 2/R {u=s} AR4R

where we used the just proved (4.25). Invoking again Proposition 4.8, R can be chosen large enough
so that |Du| < C;/R? which concludes since t,, > R/3. O

4.3 | Boundedness of the 2-Hawking mass

We aim to prove that the 2-Hawking mass of a domain with connected boundary homologous to
0M is controlled by the ADM mass. To ease up the computations, we start by comparing it with the
classical Hawking mass on large level sets of the capacitary potential (4.4). The following lemma
partially inverts Lemma 4.3 and suggests that the two versions of the Hawking mass are equivalent
at infinity. A similar result has been first obtained in the proof of [1, Lemma 2.5], under stronger
asymptotic assumptions.
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Lemma 4.10. Let (M,g) be a complete, noncompact 6.-asymptotically flat Riemannian 3-
manifold, T > 1/2, with nonnegative scalar curvature and possibly with smooth and closed
boundary. Assume that Hy(M,0M; Z) = {0} Let Q C M be bounded with connected 6*-boundary
homologous to M with h € L?>(Q). Then, along the sequence (t,),cn Such that (4.26) holds, we
have

(09 )
lim m?0@9Q,) = lim —( 167 — / H do |, (4.27)
(S+0  H t n—+oo 327 50

tn
where Q, = {w, < t}.

Proof. First, observe that even if dQ is not smooth, we can apply Propositions 4.8 and 4.9.
Indeed, the function u is smooth away from 0Q, by the classic elliptic regularity theory. There-
fore, Sard’s theorem implies that almost every level 9€); is smooth. We will work with the function
u=e"%2, hence Q, = {u > e'}. Let v and vz be the g-unit normal vector field and the §-unit
normal vector field to the level set dQ;, respectively. Denote 7;; = g;; — &;;, with [n| = o(]x|™%)
and |dn| = O(|x|_1_f) as |x| —» +o0. Moreover, denote ¥ = u — ¢,/ |x|, where ¢, = ¢,(6Q). By
computations

ixd 8110 xkxt
6iu = —C 3 + 6l~1,b, 61-6]-1,1 = —c—23<5u - 3%) + 616]¢,
|x] |x] |x]

where ¢ = 0;(|x| ") by Proposition 4.8. Using (3.1), one gets
|6u|§ = Sijaiudju = |Du|§ + 77ij5ik5ﬂ@1u6ku + O(|x|_4‘2T)'

Since the normal unit vector fields can be expressed as

- gYdu 8'i8,u
J = — d J = _
v Dl an Vs dul,
they are related by
- gYdu o : e\ l0uls dju
i__2 J _ 51]_511{ 5]1 0 T) _J
v Dul, < md’t +0(x| ™) [Dul, Toul,

(4.28)

o ‘ ) 1 _ oju
= — (89 = 88 + 0(1xI ) <1 ¥ g+ Ol 2T)> B,

| . . s
=+ znksvgvg L= &ln vl +0(1x|7).
Employing again Proposition 4.8, we get

k
DiDju aiaju_ry'aku |6u|5

IDul, Gul;  Dul,
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aiaju 1 65 iu

= ul, T2 Vs é|a 52 ( Oy + Oitg + O M)V

+0(1x| 7 7)) + 0(1x1* 183 5)-

To compute the mean curvature of each level, we need to take the trace of the above quantity with
respect to the metric g' induced on dQ; by g. In particular, we need the expansion

L y B

gilf = 5;! - 5#{77]{151! + O(|X| 2‘[), (429)
where giTj =g'/ —vv/ and éiTj =6 — ngé. (4.29) follows from the expansion of g/ and v in (3.1)
and (4.28). Therefore, we get

ij Dl-Dju

H=-
&7 Dul,

+0(|x|777)

1 " 65
_H5+277le [Hs — 5 5j77ik—§5k77ij vE+6 5T77kl|a|

+0(1xI”* 18091 ), (4.30)

where H and Hy are the mean curvatures of the level sets with respect to g and 6 respectively.
Appealing to Proposition 4.8 to estimate di, we get
i 6i6ju 2

Hs = -5

ol =t O(x™7) + 0(1x|* 18891 ). (4.31)

Plugging (4.31) into (4.30), we finally obtain

H= I_chl +0(IxI777) + 0(|x|*1889 ). (4.32)

On the other hand, Proposition 4.8 yields

[Dul, 1
” _ﬁ+o(| X770, (4.33)

Therefore, (4.33), (4.32) and Young’s inequality imply

2
|Du|
(%— ug> = O(IxI7>7*) + 0(|x[*|86p ).

Let (t,)nen be the sequence given by Proposition 4.9. Using Proposition 4.9 together with
Proposition 4.8 and Lemma 4.1, we have

2
|Dul
/ (E— g) da:/ O(1x|7>7%) + 0(|x|*1809|*) do = O(e~n).
a0, \ 2 u 6Q
tn

tn

Recalling the relation between U, and mg) in (4.5), we conclude that

(2)(501) _

. 87 87 m® o t
Jm @0) INEI) my (0Q,) = lim Us(e™)
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2
: H’ H Dyl
lim e 471—/ —do +e’"/ = - £) do
n—+00 30 4 50, 2 u

In

2
lim e ( 47 — / —do | + 0(e11=290n),
n—+oo0 50 4

tn

Since T > 1/2, (4.27) is proved. O

The following result constitutes the conclusion of all the linear potential theoretic analysis
carried out so far.

Theorem 4.11. Let (M,g) be a complete, noncompact G}-asymptotically flat Riemannian
3-manifold, T > 1/2, with nonnegative scalar curvature and possibly with smooth and closed bound-
ary. Assume that Hy(M,0M;Z) = {0}. Let Q C M be bounded with connected 6*-boundary
homologous to OM with h € L*(3Q). Then,

mg)(aﬂ) < muppym-

Proof. For computational simplicity, we work once again with U,. As in Lemma 4.10, even if 0Q
is not smooth, we can apply Propositions 4.9 and 4.8. If we show that the right-hand side in (4.27)
is bounded by the ADM mass, the conclusion follows. Indeed, by the monotonicity of mg) in
Theorem 4.2 we conclude

mg)(a(l) < tgr+noo mg)(éﬂt) < mMapym-

We will use the same notation of Lemma 4.10 and part of the computations carried out there.
Raising to the square (4.30) and using the Young’s inequality, we get

9;0;u _
H = H5 + 77le H5 H55l] (Zdjnlk 6k77U) Vs + 2H551k5'r77kl + O(|x | -2 21)

[Ouls
+0(|x|* " 100913). (4.34)

Denoting do and dos the area measures induced on the level sets by the metric g and &
respectively, we have

do = < 2gT7;U + O(|x|™ )>d05. (4.35)

Coupling (4.34) and (4.35), we get the following expression of the Willmore energy of the level
sets

/ H2do = / H? + njviviHZ + 5“7}le2 Hs67 (201 — Oknmy) vi dos
30 Q

t 0 t

8.0;u
+ / 2H56’k5T77kl| a JI +0(1xI 7)) + o(Ix|* 1809 3) dos.  (4.36)
aQ

t
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Plugging (4.31) into (4.36) and using Young’s inequality, one has
2 2, 4 i) _ 2 sk 2 g k
H?do = H} + —nyvsvy — ——5 85 — =67 (20;mi — 0ny) v dos
CloY a9, |x| x| x|

+/ O(1x| 77 + o(Ix|*180913) dos. (4.37)
Q)

t

Integration by parts on level sets gives

1 ij Kl aialu

1 ] L i k
— H; VIT)'ka dO'5 = / —0 677 ikVs — —0 7’)k5 dO'g,
[391 |x| §IK”S 30, |x| TEU/Jk"s |x| TYIRET |6u|5

that, again by (4.31) and Young’s inequality, reduces to

2 1 ) 1
/ — vinyvs dos = / m5¥5i77jk7/§ + — 8 ns dos
a0, |x| 0, | x| 438)
4 / (x> + O(Ix[*|63%]) dos.
oQ

t

By (4.37), (4.38), Lemma 4.1 and the Willmore’s inequality on R", we conclude

2 .
szcr:/ H? dO'g—/ = 3%(3:gy — Orgi)v* do
/an s ° sq, 1xI7T% !

t t t

+ / O(lxI > + 0(Ix*1309 2 do
aQ

t

> 16w —

2 ij k
38y — Ogi W< d

+ / 0(1x| ) + 0(|x|* |80y |*) do.
aQ

t
Along the sequence (t,,),en such that (4.26) holds, Proposition 4.9 yields
[ 0™+ 001l l00y1%) do = (e,
00y,
By Lemma 4.1 and 7 > 1/2, we infer
. CZ(aQtn) 2
__nZ - <
AT 3o | 107 /aQ,H do | <mapm,

then Lemma 4.10 concludes the proof. O
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4.4 | From the isoperimetric mass to the ADM mass

We now have all the necessary tools to prove Theorems 1.1 and 1.4. For the sake of completeness,
we first state the PMT under optimal decay assumptions.

Theorem 4.12. Let (M, g) be a complete 61-asymptotically flat Riemannian 3-manifold, t > 1/2,
with nonnegative scalar curvature and possibly with smooth, closed and minimal boundary. Then,
it holds

0 < mapm,
with the equality satisfied if and only if (M, g) is isometric to flat R>.

Proof of Theorems 1.1, 1.4 and 4.12. By Lemma 2.11 and Remark 3.3, we can assume that M is
diffeomorphic to R3, with a finite number of balls possibly removed. It suffices to show that

mH(aﬂ) < MapMm (439)

holds for every Q C M with connected smooth boundary such that any connected component
of dM is either contained in Q or disjoint from Q. This directly implies Theorem 1.1 and The-
orem 4.12. Moreover, by Theorem 2.7, we also infer m;s, < mapy. The reverse inequality is
a consequence of [25, Corollary 2.3] (see Remark 4.13), which only requires 6'-asymptotic
assumptions on the metric. This result states that

MApM = rginoo migo({|x] < r}) < myg,

concluding the proof of Theorem 1.4

We now turn to the proof of (4.39). By Proposition 2.6, we can assume that Q has €1*-boundary
homologous to dM and with h € L?(Q). If m )y = +0c0, the statement would be trivially true.
By Lemma 4.3 and Theorem 4.11, there exists a geometric positive constant C > 0 such that

my(6Q) < CmP(3Q) < Cmypy. (4.40)
In particular, Theorem 2.7 implies mjs, < Cmppy < +00.

Evolve now Q by weak IMCF w; and denote Q, = {w; < t}. Since the Hawking mass is
monotone Theorem 2.4 and bounded by (4.40), we have that

/ H? do — 167
4Q

t

t
<Ce 2

for some constant C depending only on dQ and mpy. On the other hand, integrating (2.3) we

get
+00 ¢
/ e_E/ |h|? do dt < +co.
0 0,
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In conclusion, there exists a sequence of ¢,,’s, diverging at +oco0 as n — +o0, such that

o _n
/ |h|?do < Ce™ 2 and / |h|®>do < C. (4.41)
30 40

th tn
We now want to prove that a similar behavior also holds for the quantities expressed with respect

to the flat metric §. Again we denote 7;; = g;; — J;;. Let v and v;s be the unit normal vector fields

to dQ, with respect to the metric g and J respectively. Let w; = g; jvj and colfS =; jvé be their
respective duals. As in the proof of Lemma 4.10 (see also [36, (7.7)]), we have

@’ = w; +0(|x| ™), v = +0(x| ), |ws|y =1+ 0(x| 7). (4.42)

Denote h° the second fundamental form of Q, with respect to the metric 8. By [36, (7.10)] and
(4.42), we know that

hyj — hY, = =Tl + (1 = |wslp)hy; = O(Ix| ™77 + O(Ih1x| ™),

Here, I‘i.‘j denotes the Christoffel symbols of the metric g. Taking the trace of it with respect to

i _ sij _ aiqy)
5T—5 Vs,

we also get that

H-H; = -’T56) + (1~ |wslhy6? + (g — 8Dhy = 0(lx| ™) + O(Ih| |x| ™),

where g? = g'/ —v'vJ and H; is the mean curvature of dQ, with respect to the metric 8. Recalling
that w;(x) = O(2log|x|) by (3.3), (4.35), and (4.41), we get

/ Ihs]2 dos < C/
aQ aQ

tn

° 2 —2-21 2, =21 L
[h]* + O(]x| )+O(h|"|x] " )do<C(e 2+e

In

We are then in position to apply [23, Theorem 1.1] and deduce that

Arguing as above and employing again (4.35), this estimate holds also when the quantities are
referred to the metric g. Therefore, we have

tn
/ Ho | 297 | 4o <ce 3. (4.43)
89 |5Qt,,

in

Moreover, by (4.41) and (4.43) it also holds

2
o 2
/ Y L, dos/ |h|+£
80y, |9 | 20

H— 167

tn
do<Ce 2. (4.44)
10|

2

tn
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Following the same computations carried out for Lemma 4.10 (see also [36, Asymptotic
Comparison Theorem 7.4]) and employing (3.3), (4.43) and (4.44), one obtains

[laq,
; o 1, -
167 my(0Q; ) = ’ Tor / 2Hg" n,mg1hy — EHzgfjrnij - H*'/y;do
20,
|aQ’" i 2, -2t 221
Rl o 2Hg ! (D — D) + O(Ih|™|x| " )O(|x| )do
0Qy,

1
< / gij(aigjl — 5lgij)vl do + Cea(172)tn
Elo)

tn

+ Ce%(l—ZT)t,l

Since t > 1/2, we finally have

; ; ; 1 ij(3.0T Tyl
- J(9: =
[hin my(0Q;) nllrf mH(aﬂtn)snhrJP 16 /ng (&gﬂ azgij)v do = mupy.  (4.45)
L

Remark 4.13. In [25], the authors assume that the scalar curvature belongs to L'(M). Here, we do
not assume any a priori integrability for R,. Nonetheless, mpy is still a well-defined geometric
invariant since the scalar curvature is nonnegative. However, it could be infinite, in which case the
computations in [25] are meaningless. One can adapt the arguments to show that mpy = +o0
implies m;g, = +00. Assume mppy = +oo and take m € R. All computations in [25, Lemma 2.2]
still work, until passing to the limit the quantity in the definition of the ADM mass. Since m <
mapm = +00, one can replace [25, (2.12)] with
iy
gl =AU < Ll =il amr [ g7 dog —sem

for r large enough. Following the computations in [25, Theorem 2.2] one obtains
1 27
[{xl < 7l 2 Sriflx] =}l = 57 + 2mmr,
Plugging it into the definition of the isoperimetric mass, we conclude

Mg, > limsup myg,({|x| <r}) > m

r—+oo

for every m € R.
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APPENDIX A: GENERALIZED DE L’HOPITAL’S RULE
For the sake of completeness, we report here the de 'Hopital’s rule we crucially used in this paper.
The proof is inspired to [58, Theorem II].

Theorem A.1 (de I'Hopital’s rule). Let I C R be an open and possibly unbounded interval of the
real line and a € R U {0} one of its endpoints. Let f,g : I — R be two functions satisfying the
following properties:

(D f islocally absolutely continuous on I;

(2) g is everywhere differentiable on I and g(x) # 0 and g'(x) # 0 for every x € L.

(3) there exists a sequence (t;)en, tk €I, ty > a €1 as k — +oo such that one of this two
conditions is satisfied
(3.a) f(ty) —» 0andg(t,) » O0whenk - +o0, or
(3.b) |g(ty)] » +0 ask — +oo0.

Then,

timinf 2% < timing 2% < timsup 2% < tim sup ggg

< < < (A1)
x—a  gl(x) T k—+oo g(ty) k—+oo &(LK) x—a

Proof. Without loss of generality we can assume that a is the right endpoint and thus ¢, < a for
every k € N. By Darboux’s theorem, g’ is of constant sign, then g(x) # g(y) for every x,y € I.
Since f is absolutely continuous we have that

1o SO
f—f [ roa g0z
g —gx) g -gx) gl —gk)

(A2)

for every x,y € I. Let now y € (x, a). By the fundamental theorem of calculus applied to the
function g, we directly get that

Yy f,(t)
1o BEOwY e

b g6) = B0 =80~ s £6) (A
hold for every x < y < a and x, y € I. Coupling together (A.2) and (A.3), we obtain
SRR €0}
o S _ g(x)  g(x) f'(s)
f A.
Sel(r)l"a) g'(s) : @ -1 = sesgcr,)a) g'(s) &4
g(x)
and
&) f0)
e FO 50 g0 ) A3

s€a) g1(8) T 80D T sera) 8'(5)
g
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If (3.a) holds, choosing y = ¢, and sending k — +o0 in (A.4) we conclude

OO £1(s)
W 7 = g0 =2 )

(A.1) follows from it, choosing again x = ¢, and sending k — +o0. The case (3.b) follows similarly,
using (A.5) accordingly. O

APPENDIX B: STABLE TWO-SIDED BOUNDS FOR THE p-CAPACITARY POTENTIAL
The study of the existence of a (weak) proper IMCF in increasingly broader contexts has been a
challenging topic since its introduction by Huisken and Ilmanen [36]. In their setting, that is in
®!-asymptotically flat case, the existence follows by building an explicit subsolution of the form
U, = (2 — a)log|x|. Indeed, at large distances, this function satisfies

Du
di %) > |Duy.
iv <|Dua|> [Dug|

Hence, the level sets of u, are strictly mean convex and move faster than the IMCF would dictate.
A consequence of this property is that IMCF exists and is controlled from below by u, up to an
additive constant. Similarly, one can produce an upper bound by proving that (2 + a)log |x| is
a supersolution. The major issue with this procedure is that it appears to heavily rely on the 6!
properties of the metric, even if the functional minimized by the weak IMCF does not.

Conversely, the recent approach by Xu [60] shows that a proper solution to weak IMCF exists
in a wide framework, including €°-asymptotically flat manifolds. This approach provides a lower
bound akin to that obtained through the subsolution u, in the 6!-asymptotically flat setting.
However, it is not clear to us how to provide a similar upper bound, that we actually needed for
the proof of Theorem 1.5.

We follow here the strategy put forth by Moser [46], that we used in Proposition 3.2. Indeed,
the IMCF can be approximated in the limit as p — 1* by the solutions w), of

p —
Apw, = )pr| onM\ Q,

w, =0 on Q, (B.1)
wpy(x) = +o0 as |x| —» +oo,

where A, f = div(IDflp_2 Df) is the usual p-Laplacian. The function u, = e /(=1 g p-
harmonic. As a key tool in the proof, we use a Harnack inequality for positive p-harmonic
functions on coordinate spheres {|x| < R} with a constant that remains stable as p — 1% and is
independent of R. To the best of the authors’ knowledge, a proof of the Harnack inequality for the
IMCF without passing through the nonlinear potential theory is unavailable in the literature.

Lemma B.1. Let (M, g) be a complete €°-asymptotically flat Riemannian 3-manifold and 1 < p <
3. Then, there exists a constant Cy > 0 independent of p such that for every R > 0 large enough one
has
S
sup u,(x) <CP'oinf u,(x), (B.2)
{|x|£z} P H ixj=ry P

for every nonnegative function u, which is p-harmonicin{R/2 < |x| < 3R/2}.
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Proof. We denote B(z,r) = {|x — z| < r} for some z € {|x| = R}. Given a p-harmonic functions
up defined in {R/2 < |x| < 3R/2} of a given Riemannian manifold (M, g), it satisfies the Harnack
inequality

1

uy(x) < C57 (B(z,R/2)uy(y)

forany x,y € B(z,R/4) for a constant Cy that depends only on the Poincaré, Sobolev and Alfhors
constants of B(z, R/2). This result is obtained in [54], see [45, Theorem 3.4 and Remark 3.5] for
a discussion of the explicit constants. By asymptotic flatness, for R large enough we can cover
{|x| = R} with a uniform number N of coordinate balls B(z, R/6). As Cy remains controlled in
the ©€°-asymptotic flat regime, we deduce (B.2). O

Assuming that a solution to (B.1) exists, u, = e~%»/(P~1 i p-harmonic outside Q. Hence, (B.2)
applies and shows that

inf w,(x)> sup w,(x)— Cy.
L "

Therefore, establishing stable lower and upper bounds for w), at any point of {|x| = R} is sufficient
to control the whole behavior of the function. Such bounds follow exploiting the properties of
p-capacities and the maximum principle. Observe that the lower bound is also the keystone to
establish the existence of a solution to (B.1).

Proposition B.2. Let (M, g) be a complete 6°-asymptotically flat Riemannian 3-manifold. Then,
forany Q C M with 8'%*-boundary homologous to M there exists a solution to the problem (B.1) for
every 1 < p < 3. Moreover,

(3—=p)log|x| = C; Sw,(x) <(3—p)log|x| +C, (B.3)

for constants C1, C, > 0 not depending on p.

Proof. We first show the existence of a solution to (B.1). To achieve it, we first approximate (B.1)
with w} = —(p — 1) logu}y, where uj solves

ApuR =0 on {|x| < 2R}\ Q,
ug =1 on 4Q,
uy =0 on {|x| = 2R}.

For a compact subset K C A in an open set A, we define the (normalized) relative p-capacity of K
in A as

-1
. 1 /p-—1 P
¢, (K,A) = inf —<—) /|Dv|p du:vecC®(A),v>1onkK ;. (B.4)
P {471' 3—-p " ¢

It is well known (see e.g. [33, Lemma 3.8]) that

cp({wg < th{lx] < 2R}) = €' ¢,(3Q,{|x| < 2R}). (B.5)
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Letnow My = max{wg(x) |x| = R}. By the maximum principle, we have {|x| < R} C {wg < Mg}

By the monotonicity of p-capacities with respect to inclusion and (B.5), we thus get
cp({lx] = R} {Ix] < 2R < ¢,({wy, < M} {|x| < 2R}) = eMr ¢,(3Q,{|x| < 2RY),

yielding

o, ({Ix] = R}, {Ix| < 2R})>‘ (B.6)

M >1

e ( ,(39)
As a consequence of [53, Theorem 3.2], €°-asymptotically flat manifolds support a global
isoperimetic inequality. Thus, we can employ it to infer the p-isocapacitary inequality (see e.g.

[30, (DD

—p

cp({lxl = R} {lx| <2RY) = C,[{Ix| <R}| = . (B.7)

The constant C,, tends to the isoperimetric constant as p — 1%, and in particular can be chosen
independently of p. Moreover, ¢,(3Q) tends to (4)~1|0Q*| as p — 17 by [28, Theorem 1.2]. Plug-
ging (B.7) into (B.6), and exploiting the asymptotic flatness to estimate the volume of big geodesic
balls we are thus left with

Mg > (3—p)log(R) - C
By the Harnack inequality Lemma B.1, recalling that wﬁ =—(p—1)log uﬁ, we have
wp(x) > (3 - p)log|x| — C. (B.8)

On the other hand, by [41, Theorem 1.1] the functions wﬁ satisfy a gradient bound on each compact

set of {|x| < 2R} \ Q. As in the proof of [41, Proposition 3.3], one can construct a smooth barrier
function v for any x, € Q. This function is independent of p, satisfies v(x,) = 0, and wf,f <vin
a neighborhood of x,. Coupling this information with the interior gradient bound, we can pass to
the limit as R — +oo in any compact set of M \ Q. The limit w), is a (weak) solution to A, w, =

p —

Dw,| in M \ Q, which agrees with 0 continuously on Q. The lower bound (B.8) is preserved
in the limit as R — +o0. Hence w, — +oo as |x| = +o0. Therefore, w, is a solution to (B.1) and
in particular it satisfies

p p

wp(x) > (3 - P) 10g |X| - Cl,

where C; > 0 not depending on p.
We are left to show the upper bound claimed in (B.3). Let mp = min{w,(x)| |x| = R}, where w,

is again the solution to (B.1). The comparison principle guarantees that {w, < mg} C {|x| < R}
Again by the monotonicity of p-capacities with respect to inclusion and (B.5), we deduce that

e ¢,(30) = ¢, (3w, < mg}) < ¢,({lx] = RY).
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Applying the Harnack inequality as above, we deduce that

nax w,(y) < log(ep{lx] = RY) +C, (B9)

for a constant C that does not depend on p. Now, the asymptotic behavior of p-capacities at infinity
discussed in in [7, Lemma 2.21] implies

cp({lx| = R})
m <=1
R—+o0 R3-P

k]

and that this limit is stable in p. Namely, the proof of [7, Lemma 2.21] in fact shows that, given
€ > 0, there exists R, > 0 independent of p > 1 such that

cp{Ix] =R})
l-e<——— " <1+4¢
R3-P

forany R > R,. Plugging this piece of information into (B.9), we infer the upper bound in (B.3). []

Consider a B°-asymptotically flat complete Riemannian manifold (M, g) and a point 0 € M.
Slightly modifying the above proof, one can show that a weak solution w,, to

p
Apw, = |pr| on M \ {o},

w,(x) - —o0 asd(x,0) — 0, (B.10)
wp(x) = +oo asd(x,0) - +o0

exists and satisfies the bounds in (B.3) for constants C;, C, that do not depend on p. Namely,
it suffices to replace ug solving (B.4) with the p-Green’s function Gg of {|x| < 2R} with pole
o0 € {|x| < 2R}. The proof runs substantially the same. The only modification consists of using
a standard uniform lower bound on G, instead of the barrier argument at dQ (see e.g. [45, Corol-
lary 2.8]). This bound follows from the Laplace comparison and the known asymptotics of G, at
the pole.

Remark B.3. Consider (w,),>; the family of solutions either of (B.10) if oM = @, or (B.1) with Q =
dM. Using a gradient bound from [41, 45], we get a local uniform limit of (w,,) ,~, which is a weak
IMCEF. The weak IMCEF satisfies the double bound (3.3), hence it solves (2.2) or (1.2) starting at I M.
In particular, €°-asymptotically flat manifolds are examples of strongly 1-nonparabolic manifolds.

These results never take advantage of dimension 3, and can be carried out with obvious
modifications in any dimension n > 2.
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