A SUFFICIENT CONDITION FOR
THE CY-RECTIFIABILITY OF LIPSCHITZ CURVES

SILVANO DELLADIO

ABSTRACT. Let v : [a,b] — R!** be Lipschitz and H > 2 be an integer number. Then a sufficient
condition, expressed in terms of further accessory Lipschitz maps, for the C* -rectifiability of v([a, b])
is provided.

1. INTRODUCTION

In order to state our main theorem, we need to recall that a Borel subset S of R** (k > 1, k
integer) is said to be CH-rectifiable if there exist countably many curves M. ; of class CH , embedded
in R"* and such that

H(S\U; Mj) =0
where H! denotes the usual one-dimensional Hausdorff measure in R'**, compare [1, Definition

1.1]. Observe that for H =1 this is equivalent to say that S is countably 1-rectifiable, e.g. by [11,
Lemma 11.1].

The present paper is devoted to prove the following result.
Theorem 1.1. Let be given a Lipschitz map v : [a,b] — RY* and an integer H > 2. Then the set
v([a, b)) is CH -rectifiable provided the following condition is met:
There are a family of 221 Lipschitz maps
Yo : [a,b] — RITF, ac {0,171
and a family of H — 1 bounded functions
cp : [a, ] — R, he{0,... ,H—2}

such that
YoH-1 =7
and
(1.1) Yor-1-ng = ChYoH-2-h1g (almost everywhere)

for all h € {0,... ,H — 2} and B € {0,1}" (where {0,1}° := {0} and vap = Yo for all a €
{0, 1}71).
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In order to clarify the meaning of the condition above, let us consider a particular case.

Ezxample. If H = 4, then eight Lipschitz maps

Y000, Y001, Y010 Y011, Y100, Y101, V110, Y111 : @, b] — R
and three bounded functions
co,c1,¢2 t [a,b] = R
have to exist such that the following equalities hold a.e. in [a, b]
F000 = 0001
(000, Y001) = c1(7010,Y011)

(%0005 Y001, Y0105 Fo11) = €2(Y100, Y1015 Y110, V111)-

Moreover 4o = 7. In such a case, our result asserts that v([a, b]) is C*-rectifiable.

Theorem 1.1 marks a new step in the long-term program that we have been embarked on since
[8]. Actually, particular cases of such a result have been considered in [8] (where the program was
announced) and [9]. More precisely, if o denotes a £1-valued function with domain [a, b], the case

H:=2, co:=o0l%l
is indagated in [8], while
H:=3, co:=o0ljooll, c1:=0al(F00,F01)

is considered in [9]. These particular cases arise naturally in the context of one-dimensional gene-
ralized Gauss graphs (see [3, 4], for the basic definitions and results) and of 2-storey towers of one-
dimensional generalized Gauss graphs (see [9]). Now, with Theorem 1.1, the program in dimension
one is completed. Hence the application to one-dimensional geometric variational problems with
integral functionals depending on the curvature and its derivatives becomes a realistic option for
the next move. We are confident that results in such a direction can be obtained by resorting to
the notion of “h-storey tower of generalized Gauss graphs” (introduced in [9], for h = 2). This is a
special kind of integral current whose orientation provides the “wizard hat” where the derivatives
of the curvature up to the order h — 1 can be picked-up from, through very simple operations of
multilinear algebra. For h = 1, namely in the context of generalized Gauss graphs, applications to
geometric variational problems can be found in [5, 6, 7], where no restriction on the dimension is
assumed. Another step towards the achievement of our program consists in extending Theorem 1.1
to arbitrary dimension and our future efforts will surely be devoted to pursue this goal.

2. REDUCTION TO GRAPHS

The proof of Theorem 1.1 can be easily reduced to the following result.

Theorem 2.1. Let H, vy and the families {7, } and {cp} satisfy the same assumption as in Theorem
1.1. Given a unit vector u in R™*, consider a map

f:R — (Ru)*
of class CH~1 and define the set
Gy :={zu+ f(z) |z € R}.
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Then the set G N~([a,b]) is CH -rectifiable.

In order to convince ourself of this point, observe that if v([a,b]) is C’-rectifiable for a given
h e {l,...,H — 1} then countably many unit vectors

uj c R1+k
and corresponding maps of class C"
fi:R— (Ruy)~
have to exist such that
M (0, B\ U; G,) = 0.

If we further assume that the condition in Theorem 1.1 is verified and Theorem 2.1 holds, then
v([a, b]) has to be C"*l-rectifiable. The conclusion follows by iterating this argument for H — 1
times and recalling that ([a,b]) is Cl-rectifiable (e.g. by [11, Lemma 11.1]).

3. THE PROOF OF THEOREM 2.1
PRELIMINARIES I: THE DERIVATIVES OF f IN TERMS OF {,Ya}

For h > 1 let Bf := {1"}, while, for h > 2 and i € {2,...,h}, let B! denote the set of all i-tuples
(B, .., B;) whose elements (3; belong to {0,1}" and are such that

e 31 >...> ;> 0 as binary numbers;
e foreachl € {1,...,h}, there exists one and only one 8; with a 1 occupying the [-th position.

Ezxamples. One has

= {(100,010,001)},
B4 = {(1000, 0100, 0010, 0001)},
B2 = {(100,011); (101,010); (110, 001)},
B? = {(1000,0100,0011); (1000, 0101, 0010); (1000, 0110, 0001);
(1001, 0100, 0010); (1010, 0100, 0001); (1100, 0010, 0001)}.

Now let {7a}, {cn}, v and f be as in the statement of Theorem 2.1 and introduce some further
notation. First of all, if H > 3, in order to simplify the formulas below, we set the shortened
notation

B = Yoig
forall j=1,... ,H —2and 8 € {0,1}/=17J. For example, when H = 4, one has
Y0 = Y00 = 7000; Y1 = 7Yo1 = 7001, Y10 = 7010, - -
For h € {1,... ,H — 1} define
(3.1) () :=0, t&la,b],
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and
(3.2) M= Y J]Ows-w (=1,...,h)
(B ,Bi)€B}, J=1

Remark 3.1. In particular we have (h=1,... ,H — 1)

(3.3) T} =y - u
and
h—1
(3.4) Iy = 1 (nos - ).
=0

Proposition 3.1. Let s € [a,b] be such that ¥,(s) ewists for all « € {0,1}~1. Then T% is
differentiable at s, for allh € {1,... ,H—1} and i € {0,... ,h}. Moreover, if H > 3, the following
formula

(3.5) 15 (s) = en(s) (Thas () = Praon (s) - ulT} 7 (9))
holds for allh € {1,... |H —2} and i € {1,... ,h}.

Proof. The differentiability of I'} at s is obvious. As for the second assertion, observe, first of all,
that

h(s) = 1 (s) - u = cn(s) ynea (s) - u = cn(s)Thya (5)
for all h € {1,... ,H — 2}, by (3.3) and (1.1). Hence the equality (3.5) with ¢ = 1 follows, by also
recalling that I')(s) = 0. For i > 2 (note: this case occurs only when H > 4), one has

) )

IOESED DRI DOAIORN ) [SAORY
(B, B0)€B;, \J=1 =1

% 7

= cp(9) Z Z[%ﬁj(s) - ul H[Vﬁl(s) - u

(1,0 B)EB], \J=1 =

for all h € {i,... ,H — 2}, by (3.2) and (1.1). Now, the formula (3.5) follows observing that
By ={(B1,-.. . Bi) € By | B = 10"y U{(Br,... . B) € Bl | 1 # 10"}
_ (1oh x B;‘;l) U (le,...,m)eB;; U {185, 81y By - - ,ﬁi)})

hence
i i
Thin = (o Ty 4 30 | 2 (g -w) [T (s - w)
(Blrn:Bi)GBZ j=1 i;;

Remark 3.2. Define L as the set of t € 45 ' (G/) such that:
45(t) exists and (1.1) holds at ¢
for all 8 € {0,1}" with h=0,... ,H — 2, and
Yo(t) # 0.



A SUFFICIENT CONDITION FOR THE CH-RECTIFIABILITY OF LIPSCHITZ CURVES 5

From the Lusin Theorem it follows that, for any given real number € > 0, there exists
L.CL, L. closed

such that
LYINL:) < e
and
the map 9,|L: is continuous

for all a € {0,1}"* with h =0,... , H — 2. If L} denotes the set of density points of L., then
L C L.
in that L. is closed. Moreover one has
LYLLY) =0
by a well-known Lebesgue’s result. In the special case when £(L) = 0 we define L. := (), hence

L=

Now, by the same argument as in [9, §2], one can prove that

H' (G no(la, B\ U2 20(Lf ) = 0.
Then, in order to prove Theorem 2.1, it will be enough to verify that
(3.6) Yo(L?) is CH-rectifiable
for all € > 0.
Remark 3.3. Setting

g {@ if h=0
0" ifh=1,...,H —2 (provided H > 3)

in the equality (1.1), we find
(3.7) cn(t) # 0
forallt € L and for h=0,... ,H — 2.

Proposition 3.2. Define
z(t) == y(t) - u, t € [a,b],

let € > 0 and consider

se L.
Then one has
(3.8) 2'(s) #0
and
(3.9) rh(s)#0, he{l,...,H—1}.

Moreover the following formula holds

h
(3.10) S FD(a()Th(s) = yan(s) = brn(s) -ulu, e {l,... H—1}.
=1
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Proof. Observe that
F(@(t)) =70(t) = [v0(t) - ulu = y0(t) — z(t)u

for all t € v, 1(G #). Moreover the members of this equality are both differentiable at s, in that
L: C L. Since s is a limit point of L. C 45 '(Gy), it follows that

(3.11) '(s).f'(2(5)) = v0(s) — 2'(s)u
which implies (3.8).

Recalling (1.1), we find

ci(8)[1101(8) - u] = Jo(s) - u = 2'(s) # 0, i€{0,...,H -2}
Then
Y10i(8) - u # 0, ie{0,..., H-2}
by (3.7). Now (3.9) follows at once from (3.4).

We will prove (3.10) by induction on h. As for h = 1, the formula follows from (3.11) recalling that

Yo(s) = cr(s)nls),  als) #0
by (1.1) and (3.7), respectively, while
Ii=7-u
by (3.3). The argument proceed now under the hypothesis H > 3 (for H = 2 the proof is com-

pleted). Let us assume that (3.10) holds for a generic h < H — 2 and at all s € L. We shall prove
that

h+1

(3.12) > O @($)Thia(s) = yaner () = [yane () - ulu

=1

for all s € LY. Actually, by the same argument as above, we can differentiate (3.10) and get (let us
omit, for simplicity, the argument s)

cn [yiner — (iner - Zchf ZH )(Yign - W) + f l)( )T,
by (1.1), namely
h+1 ‘
e [yiner — (n - wu] = cp Z FO@) (raon - )3 + e Z o [Fthl (Mon - U)Fz_l}

=Ch (f (z Fh+1 + Z FAE [Fh—H (7100 - u)FZ‘l + (Y10n - U)FZ_I}

+ @)

by (3.1), (3.4), (3.5) and (1.1). Hence (3.12) follows recalling (3.7). O
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Now consider the (H — 1)-order lower triangular matrix field

ri 0 0

Tl 12 0

I':= .2 .2 . .
: i

Thoy Thoy - Tyo

and the orthogonal projection
P:RY* — (Ru)t
that is
Pv=v—(v-u)u=(uAv)u.

One has the following result.

Corollary 3.1. Let ¢ > 0 and s € L. The following facts hold:

(1) The matriz T'(s) is invertible;
(2) If Nij(s) denote the elements of T'(s)™! and define

(3.13) 91(3) = ZNZ‘]‘(S)’YU(S), 1€ {1,... ,H—l}
j=1
then
(3.14) FO(x(s)) = POi(s) = [uAOi(s)]_u, ie{l,..., H—1}.
Proof. (1) is an immediate consequence of (3.9). As for (2), let {e1,...,ex} be an orthonormal

basis of (Ru)* and set
fm = [ em, me{l,... k}.
Then the equality (3.10) can be written as follows

D(s) (D@5, S0 @(6) = (10) - emb o I (5) - em])
(FO @), S (@(5) =T (a(s) - emls- - [ (s) - em])’
for all m € {1,... ,k}. Hence we get

%

k k
FO@(s) = 3 fD@(s))em = D D Nij(s)[115 () - emlem
m=1

m=1j=1
for alli € {1,...,H — 1}, that is just (3.14). O

4. THE PROOF OF THEOREM 2.1
PRELIMINARIES II: TAYLOR-TYPE RESIDUES FORMULAE

Let us continue to consider {v,}, {cn}, v and f as in the statement of Theorem 2.1. The following
result provides the highest order Taylor-type residue formula we are interested to, in order to apply
the Whitney extension theory.
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Theorem 4.1. Let ¢ >0 and s € L}. Define
Ag =7 —70(s),
H-1 i—171
Ag-u)—T
Prsi=71— ) ( ¢ )1)|1 i(s)

i=1
and, for h € {2,... ,H — 1} (provided H > 3)

h—1 - z j (A, )T
— s h
s = n— 3 Oi(s Z Ze > St
=1 j=0 j=i—h
Then the maps ®yp, s are Lipschitz, for all h € {1,... ,H — 1}, and the following equalities hold:

(1) For all t € v5 1 (Gy),

Fa() - Hf W[x(t) (s = P (/t c0q>1,s> - <u A /: cocpl,s) L

=0
(2) Forhe{1,... ,H — 1},
@h’S(S)ZO;
(3) For p€la,b], H>3 and h € {1,... ,H — 2},

p
Dp.5(p) :/ ch®Phi1,s
S
Proof. Since the maps <, are Lipschitz, the functions F{b have to be Lipschitz too. Hence the

lipschitzianity of the @, ¢ follows.

(1) Let ¢ € 45 '(G}). Then, invoking (3.14) and observing that
f(2(t)) = f(2(5)) = 20(t) —z(t)u = [vo(s) — z(s)u] = As(t) = [As(t) - ulu = P (As(t)),

we obtain
H-1 H- 1
IO 30y — o) = P ( -y @ uV)

=0 i=1
t —1 @
(] o £ %),
=1
The first claim follows now, recalling that
Yo = CoY1, a.e. in [a, b]
by (1.1), while
m-u=T]

by (3.3).

(2) Indeed, for h = 1, one has
01(5) = Nis(s)m (s) = 22
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by (3.13), hence

o1y 1T (s
b1,(s) = Sl B0, = () - Tl =0
i=1 ’

Asfor H>3 and h € {2,... ,H — 1} (note: for H = 2 there is nothing more to prove), we find

h—1
®ps(s) = 7in(s) = Y Oi(s)T,(5) — On(s)Th(s)

i=1
h

= mn(s) = > Oi(s)T}(s)
i=1
hood

=mn(s) = D> Nij(s)Th(8)n(s)
i=1j=1
H-1H-1

= mn(s) = Y > Nij(s)Th,(s)715(s)
i=1 j=1
H-1

=n(s) — 5hj’YlJ( )
j=1

again by (3.13).

(3) According to the claim, we assume H > 3. Since the ®, ; are Lipschitz and vanish at s, by (2),
one has

(41) (I)h,s(p) = (I)h,s( (I)h s / (I)h s

for all p € [a,b] and h € {1,... ,H — 2}. Hence, by also recalling (1.1), (3.4) and (3.5), it follows
that

p Lo H-1L C)i—1 H-1 Cw)i=2(A0 -
@178(/)):/8 "Yl—r% Z u@i(S)—F% Z (Ag - u)"~* (%0 )GZ'(S)

P (i —1)! P (i —2)!
H-1 u)i-1 A=l (A, )2
_ /SP o (W -T > (A(;_l))!@i(s) — T 2 (A(Z_Q))_ei(s)>

H-1 )2 )il
= Sp 1 ('ylz —T101(s) — ' %F% + <A(;_1))‘F§] @i(5)>
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for all p € [a,b], which completes the proof in the case H = 3. For H > 4 and h = 2, by (4.1),
(1.1), (3.4) and (3.5), we get

Bss(p) = / "S12 — ©1()1) — O(s) [13 + (o - w)TS + (A - )] +
H-1 Ag-u i—2 Ag-u i—1

_g@“)(%gﬂr%ﬁ@—$!%

-/ "o (713 — ©1(s)T} — ©2(s) T3 = (1202 - w)Th + (102 - w)Th + (A, - w)TH] +

B = , (As - u)" P (1102 - w3 (As-u) (15 = (n1p2 - W)
E:@@ﬂ +

2 (i —3)! (i —2)! +
(As - )72 (02 - u)TE (Ag- )i
S i TR Gl D
) H-1 i—1 U JF
= / ca <713 — @1(5)1“;13 — O2(s) [F% +(As-u F3:| O;(s Z As )
S 1=3 j:’L*?)

P
= / 62@3,5
s

for all p € [a,b]. We are now reduced to the case H > 5. Under this assumption, consider
h € {3,...,H — 2} and observe that the following equalities hold trivially:

i—1 1
(Ag - u)? i—j (As - u) j—1 i—1 _
v I e T A T
J:
and
i—1 -1 i—h—1
(As‘u)j i— (Asu) i—j—1 (Asu) h .
2oy T T =Tyt =Rl ),
i=h ! ! !
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Hence, invoking again (4.1), (1.1), (3.4) and (3.5), we find

h—1

P . L (A w) T A W) (A )T
Dy, 5(p) = / An — O1(s)T} — Z ©;(s) |}, + Z oD h 4 i h | 4
s i=2 j=1 ) )
Ous) [P 3 DoV MGl (AT
h j=1 (] - 1)' .7‘
Hz_:l @( ) = (A u)j 1(;)/0 U)F ! (AS )]Fl !
— ilS .
i=h+1 j=i—h (‘7 o 1)' ‘7'
p ) .
= / Ch <71h+1 - Fh+1 Z Oi( [F;Hl — (Y10n - U)Fz_l +
(A u)  (ypon - u)FZ_j (Ag-u) (F,ﬁl:-jl — (Y10n -u)FZ_j_l)
+> i g -
st (7 =1t !
_ Hi @-(S)[ o A w7 (A w) (F;Hrl (non 'u)r;l_g_l)]>
i=h+1 j=i—h (7 =1t J!
= / Ch| V1h+1 @1( )Fh+1 +
h i—1 j
i i i (As - u) i
— Z @7,(8) [Ph+1 — ('yloh . U)Fh 1 + ('Yloh . U)Fh 1 + Z Trhﬁl +
i=2 j=1 :
H-1 ho1 i—1 ;
(As - u) R (As-u)! iy
- Z O;(s) [-(’hoh w)l'y + Z 71—‘}14—]1
i=h+1 (Z —h— 1) j=i—h ‘7
p 2—1
:/ Ch (’Ylhﬂ - Fh+1 29 Z F;wr]l
S — ]:0
i—1 j
(AS . u)] i
- Z @ Z ] Fh—‘rjl
i=h+1 j:ifhfl J:

p
= / chPhits-
S

In the following result, formulas for the Taylor residues, at s € L¥, of the f (h)(x) are provided in

terms of the ®; ;.

3]

Theorem 4.2. For s,t € [a,b] and h € {0,1,... ,H — 1}, define

H-1 (Z).CL'S
Zf (z(s))

Rialt) = [P (1) = 1 T P e = als)] ™

i=h
Let € > 0. Then the following facts hold true:
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(1) For alls € L} and t € v5 '(Gy),

t
Ry s(t) = (u/\/ 60@173> L u;

(2) For all s,t € L* and he {1,... ,H — 1},

h
Rps(t) = <u A Nh,-(t){)i’s(t)) L u.
=1

Proof. The first claim just rephrases Theorem 4.1(1), so there is nothing more to prove.

As for the second one, it will be enough to prove that the following equality

(4.2) R ()T (t) = [u A ®po(t)] L u

h
=1

J

holds for all s,t € LY and h € {1,...,H —1}. Indeed, the equality in (2) follows immediately from
(4.2) by recalling that (INV;;) is the inverse matrix of T'.

We shall prove (4.2) by induction. Since each ¢ € L} is an accumulation point of L¥, we can derive
the formula in (1), thus getting

co(t) [u A P1s(t)] Lu = Rp (1) = Ris(t) 2'(t) = co(t) Rus(t)T'1(t)

for all s,t € LY, by (1.1) and (3.3). Hence the equality (4.2) with h = 1 follows at once by recalling
(3.7). Now suppose H > 3 (for H = 2 the proof of (4.2) is completed) and assume (4.2) to be true
for all s,t € L} and for a given h € {1,... , H —2}. By the same argument as above, we can derive
such an equality. Recalling Theorem 4.1(3), we find that

h . . .
en(D)[u A B o(] Lu= 3 R (OT4(1) + Ry (1) (1)
j=1

for all s,t € L¥. From (3.5) and since

R (1) = Rj1,s()2'(t) = Rjas(H)en(t) (vion (¢) - v)



A SUFFICIENT CONDITION FOR THE CH-RECTIFIABILITY OF LIPSCHITZ CURVES

for all s,t € L¥, by (1.1), it follows that

C(t) [u A Ppyr,s(B)] Lou = cn(t)(r0n (t Z Rjpa,s(OT (1) +

7j=1
h . .
+en() D Ris(®) [Thya (8) = (ragn(8) -0, ()]

7=1
h h
= en(t) (y100 (1) - ) (ZRJ-HS =2 RO )+
J=1 J=1
h
+ cn(t )ZR],S( )ng—i—l( )
7=1
= ch( ’yloh (Rh+1 s -’ 5( ) (t)) +
h

+en(t ZPM Iy (t

for all s,t € L¥. Recalling (3.1), (3.4) and (3.7), we conclude that

htl
[u A Ppy1s(t) LU—ZRJS I (1)

for all s,t € L}.

5. THE PROOF OF THEOREM 2.1
CONCLUSION: WHITNEY-TYPE ESTIMATES AND THE PROOF OF (3.6)

In order to simplify many formulas below, for all h € {0,... , H — 2}, let us set

lenl] == sup |en.

[a,b]
As a corollary of Theorem 4.1, we obtain the following estimate.
Proposition 5.1. Let e > 0 and s € L} and, for h € {1,... ,H — 1}. Define
pr-1(8) = Lip(®PH_1)
and, in the case H > 3

szd)H s)
pi () 1= =8l 1 HHCZH he{l,..., H-2}

Then the inequality
(5.1) 1®n,s(0)]] < pn(s)[t — 5| 7"
holds for allt € [a,b] and h € {1,... |H — 1}.

13
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Proof. First of all, observe that one has
(5:2) [@r—1,sO] = [[Pr-1,5(t) = Pr-1,5(s)|| < Lip(Pr—1,5)[t = s| = pr-1(s)[t - 5]
for all t € [a,b], by Theorem 4.1. In particular, for H = 2 the proof of (5.1) is completed.

Hence we are reduced to H > 3. In such a case, if (5.1) is verified for a certain h € {2,... |H — 1}
then it has to be true also for h — 1. Indeed, by invoking again Theorem 4.1, we obtain

t
/ ch-1Phs
S

for all t € [a,b]. Recalling (5.2), the inequality (5.1) follows at once by induction. O

Ch—1[IHh\S - —(h—
< H H ( ) ’t—S‘H h+1 :Hh—1(5)|t_5’H (h—1)

By, ()] =
201,01 = | < Lol

In order to proceed into proving our main theorem, we need to cover L} by sets where Whitney-type
estimates hold uniformly. So (given ¢ > 0), for j € {1,2,...}, let us define I'; ; as the set of points
s € LZ such that the inequalities

(5.3) | Rn,s ()] < jlz(t) — x(s)\H_h, he{0,1,... ,H—1}

hold for all t € L} satisfying |t — s| < (b—a)/j.

One obviously has

(5.4) I.;Cl.jy1 C L

for all j. More difficult is to prove that the I'; ; actually cover L, as the following result states.

Proposition 5.2. Let ¢ > 0. Then U;I'. ; = L.

Proof. By virtue of (5.4), it is enough to prove that any fixed s € L} has to belong to some I'¢ ;.

To this aim, observe that

< [leoll

anuwg\ < ol (s)

t t t
| ot JaL [ = st
S S S

_ leolin(s)

(5.5)

for all t € 45 ' (G), by Theorem 4.2(1) and (5.1).

Now we can invoke (3.9) and an obvious continuity argument to find an open interval I, centered
at s, such that

vp(s) := maxsup | Np;| < +oo, he{l,... , H—1}.
(2

£



A SUFFICIENT CONDITION FOR THE CH-RECTIFIABILITY OF LIPSCHITZ CURVES 15

Then, if H > 3 and h € {1,. H—2} we find

h
MSMZM < 3 Nialo)] 1210
h
©3 / il [@ie1,]
h
(5.6) < (s ZHCZH,U/H—I |H —ldr

el o

S) [E}L: HCZ'H:LLiJrl(S) (b— a)hi] ‘t— S‘Hfh
= H-i

for all t € LX N I, by Theorem 4.2(2), Theorem 4.1(3) and (5.1).

AsforHZ?)andh:H—l we have

(5.7) [Rr-1(t)]| < Z INa -1, ()] [[@i,s ()] < var-1( [Z Lip(®i,s ] |t — 5]
forallt € LT NI, by Theorem 4.2(2) and Theorem 4.1(2).

From the inequalities (5.5), (5.6) and (5.7) it follows that a constant C(H, s) has to exist such that
|Rns(t)| < C(H,s)|t—s["", hefo1,.. H-1}
for all t € L* N I,. Since z is differentiable at s and 2/(s) # 0, by (3.8), one has

z(t) —a(s)| o |2'(s)]
t—s - 2

>0

provided |t — s| is small enough. Then
2H-hC(H, 5) _
| Rp,s ()| < W\m(ﬂ — ()|, he{0,1,... H—-1}

whenever t € L} and |t — s| is small enough. Hence the conclusion follows immediately. g

We can now proceed to the proof of (3.6).

Proof of (3.6). First of all observe that, as a consequence of Proposition 5.2, we are reduced to
prove that

(5.8) Y0(T< ;) is CH-rectifiable
foralle >0 and j € {1,2...}. To this aim, let us define
b—a)i
aji = a-+ 7( ; )

for i € {0,1,...,5} and

Uji =T Olaji, ajinl,  Fjii=2(T)
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for i € {0,...,j — 1}. Then, given arbitrarily
§n € Fj,
two sequences
{si}, {ts} € Ty
have to exist such that
li%nx(sl) =¢, li%nx(tl) =1.

Since (5.3) holds with s = s; and t = ¢;, namely
1R (0| < dla(ts) — a(s)|" he{0,1,... . H -1},
we get (by letting | — o0)
A=l (i)
)y fO i
By the Whitney extension Theorem [12, Ch. VI, §2.3], it follows that each f|F}; can be extended

to a map in C~L1(R, (Ru)t). Finally the Lusin type result [10, §3.1.15] implies that yo(T'j;) is
CH_rectifiable (compare [2, Proposition 3.2]). Hence (5.8) follows. O

<jlm—¢" " nef{o1,..., H—1}
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