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Modelling immune memory development

Eleonora Pascucci - Andrea Pugliese

Abstract The cellular adaptive immune response to influenza has been ana-
lysed through several recent mathematical models. In particular, Zarnitsyna
et al. (2016) show how central memory CD8+ T cells reach a plateau after
repeated infections, and analyse their role in the immune response to further
challenges. In this paper we further investigate the theoretical features of
that model by extracting from the infection dynamics a discrete map that
describes the build-up of memory cells. Furthermore, we show how the model
by Zarnitsyna et al. (2016) can be viewed as a fast-scale approximation of a
model allowing for recruitment of target epithelial cells. Finally, we analyse
which components of the model are essential to understand the progressive
build-up of immune memory. This is performed through the analysis of sim-
plified versions of the model that include some components only of immune
response. The analysis performed may also provide a theoretical framework
for understanding the conditions under which two-dose vaccination strategies
can be helpful.

Keywords viral-immune mathematical model - secondary infections -
immune memory - multiscale model
1 Introduction

Influenza is a serious infectious disease which affects the respiratory tract
caused by RNA viruses of the family Orthomyzoviridae, the influenza viruses.
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2 Eleonora Pascucci, Andrea Pugliese

Due to its easy spread, every year many people get sick or die, making flu
a constant social problem for worldwide public health. Several recent papers
present mathematical models for describing immune response to influenza in-
fections.

Many studies have focused on the role of some immune components in the
timing and the strength of the infection (Dobrovolny et al., 2013; Iwasaki and
Nozima, 1977; Moore et al., 2019; Wu et al., 2018). Li et al. (2021) infer the
relationship between the level of macrophage activation and the level of viral
shedding. However, a deficiency of several of these studies is that the authors
have considered only the case of a single primary infection.

Several papers have however studied the response to repeated infections,
whether to homologous or heterologous strains. In particular, McCaw and co-
workers have studied in a series of papers (Cao et al., 2016, 2015; Yan et al.,
2016, 2019) how viral hierarchy and the interval between infections determine
their outcome.

When a short time interval separates exposures, a primary infection pro-
tects against a subsequent infection and the target cells present a lower suscept-
ibility to infection with other influenza viruses (Cao et al., 2015). Increasing
the time period between two subsequent infections weakens the effectiveness
of CD8+ T cells. This, in turn, increases the duration of a second infection
and the achieved virus peak value (Zarnitsyna et al., 2016). Innate, humoral
adaptive and cellular adaptive immune responses work together to control the
infection, but epidemiological studies highlight the inability to quantify which
of them is more dominant (Dobrovolny et al., 2013; Yan et al., 2019).

The model by Zarnitsyna et al. (2016) centres on cellular response in

the case of a heterologous challenge . A key feature of their model is the
distinction between T-cells in lymph nodes and in the respiratory tract. Their
results provide a theoretical basis for the build-up of immune response with
repeated infections; in fact, it is shown that only after the second infection
event, the immune memory reaches a level at which it is able to effectively
suppress further infection challenges.
In this note, we intend to further investigate the theoretical features of the
model by Zarnitsyna et al. (2016), and to assess which components of the model
allow for the progressive build-up of immune memory. A better understanding
of different stages and components of the immune response may favour quicker
effective treatments against viral infections and the development of vaccines.
First (Section 2), following the informal arguments presented by Zarnitsyna
et al. (2016), we build a discrete map that synthetizes any infection event
as an input-output map. The shape of the map determines whether a single
infection, or several infections, are needed to build-up an effective immune
memory.

We continue (Section 3) developing an extended model by allowing for
recruitment of new target epithelial cells and several other transitions; the
model by Zarnitsyna et al. (2016) can be viewed as a fast-scale approxima-
tion of the extended model. In this way, the dynamics of the compartment is
modelled also in the intervals between infections, thus allowing for a more thor-
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Modelling immune memory development 3

ough exploration of the effect of the length of the interval between consecutive
infections on the infection dynamics for different parameter values.

Finally (Section 4), in order to understand which features of the model by

Zarnitsyna et al. (2016) allow for a gradual increase of immune memory, we
formulate very simplified versions of the model that include some compon-
ents of immune response only, and study in which cases the immune response
increases with every new infection, and when the opposite occurs. Indeed, in
several simple models (Diekmann et al., 2018; Nowak and May, 2000) the lower
the immune level is (at least, in a certain range of levels) before an infection,
the higher it will be afterwards.
While the model by Zarnitsyna et al. (2016) is already a big simplification
of the underlying biology, it is way too detailed to be incorporated into a
multiscale immuno-epidemiological model (Barbarossa and Rost, 2015; Diek-
mann et al., 2018; Gandolfi et al., 2015; Gilchrist and Sasaki, 2002); it may
then be useful to have a simple model, whose qualitative features resemble
those of more realistic models.

2 The model by Zarnitsyna et al. (2016)

The model by Zarnitsyna et al. (2016) was developed for influenza and includes
target cells (that may be in susceptible S, infected I or refractory R states),
free virus V, antigens A, innate immune response M (a large compartment
including natural killer cells, and molecules such as cytokines and interferons)
and T-cells in different states (precursor Tp, proliferating T, resident Tg
and central memory Thy), with the transitions outlined in Fig. 1. One of its
main aspects is the focus on the relationship between spatial heterogeneity, T
cell differentiation and migration. The authors distinguish proliferating T cells
in secondary lymphoid organs, such as lymph nodes, where the expansion of
influenza-specific CD8+ T cells occurs, from T cells resident in the respiratory
tract, the actual site of infection, where they can kill infected target cells.

The model and its variables are graphically presented in Fig. 1, while the
parameter values are in Table 1. Referring to the original paper (Zarnitsyna
et al., 2016) for a detailed presentation of the model assumptions, the main
transitions are the following:

— Susceptible target cells are infected by free virions, and can also convert
into a refractory state R (in which they cannot be infected) under the
stimulus of the innate immune components, such as type 1 interferons.
Recruitment or death of target cells, and reversion from refractory to sus-
ceptible state are neglected, since the model is tailored for acute infections,
and on that time scale the recruitment and reversion have a limited effect
(Zarnitsyna et al., 2016); see Section 3 for relaxing this assumption.

— Infected target cells die at rate § and release free virions (possibly at cell
rupture) at rate p. Infected cells are also killed by T- cells migrated into
the respiratory tract. Free virions die at rate c.
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Figure 1

Scheme and variables of the model from Zarnitsyna et al. (2016)

— The innate immune response increases towards its maximal value (set to 1),
stimulated (according to a saturated function) by the presence of infected
cells, while decreases to 0 in their absence.

Precursor T cells are recruited into proliferating cells, and these replicate,
at rate proportional to A/(¢+ A) where A is the antigen level, and ¢ is the
half-saturation constant. At low antigen levels, profilerating T cells either
die by apoptosis or differentiate into memory cells. Proliferating T cells
in lymphoid organs migrate to the respiratory tract proportionally to the
level of local immune response.
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121 The corresponding equations are the following

S'(t) = =BSH)V(t) — knM(t)S(t)
I'(t) = BSHV () — 8I(t) — krTr(t)I(¢)

VI(t) = pI(t) —cV(t)

A(t) =V (t) — daA(t)

M () = 20 (1~ M(2) — da M(2)

Tp(t) = —pr(t)% (1)
Th(t) = p(Te(t) + To(t) 5540y

~(a+n)Te(t) (1= 7295 ) - wTe®M()
pTp(t)M(t) — drTr(t)

Tt () = rTs(t) (1 - ML;()”)
RI(t) = knM(#)S(2).

o3
=
I

Table 1 Parameter definitions and default values (time units are d=days). All default
values from Zarnitsyna et al. (2016), except for d5s and Vi, which have been chosen by us
as reasonable values.

B virion infection rate TCIDsp(ml)~'d~! | 3.1072
knr | rate of conversion to refractory state (Cells)~1 d—t 4
§ | death rate of infected cells d-t 1
kr | Kkilling rate by resident T-cells (Cells)~t 4t 7-1073
p virion release rate TCIDsod ! 0.04
c virion death rate d-1! 3
¥ antigen production d-1 0.3
da antigen decay rate d-! 1.7
op | innate immunity growth rate d-1! 1
¢pr | half saturation constant for innate immunity Cells 1
dps | decay rate of innate immunity d—! 0.2
p proliferation rate of T-cells d-1 2.15
o3 half saturation constant for adaptive immunity | TCID5o( ml)~! 50
«a death rate of proliferating 7T'-cells d-1 0.4
r conversion rate into memory cells d-! 0.07
”w migration rate into respiratory tissues d-1! 1.2
dr | death rate of resident T-cells d-1! 0.1
To initial and equilibrium value of target cells Cells 4-108
€ growth rate of target cells (model (7)) d-t variable
n reversion from refractory state (model (7)) d-1! variable
On | decay rate of memory cells (model (7)) d-! 10~
Vin | quantity in the infection rate of target cells | TCIDgo( ml)~! 10—4
(model (7))

122

123 Since it is assumed that there is no reversion back from the refractory state,
s the equation for R(t) can be omitted.. (Zarnitsyna et al., 2016)3 It can also
125 be seen that the memory cells T); do not appear to play any role in the model,
126 as the right hand side of (1) does not depend on Ty, (t). However they play
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6 Eleonora Pascucci, Andrea Pugliese

a role in secondary infections, as Zarnitsyna et al. (2016) assume that they
can play the same role as precursor cells Tp; namely, the initial value of Tp
in subsequent infections is taken as the final value of Ths (or of Th + Tp) in
previous infections, as their decay rate can be neglected.

These considerations allow us to describe the system analysed by Zarnit-
syna et al. (2016) through a discrete map. Precisely, note that all points of the
subspace

M:{(S,TP,TM7I,VY,A,M,TE,TR) GRi: I:V:A:M:TE:TRZO}

are equilibria for system (1). Moreover, their stability can be recognized through
the quantity

_ BSp

Ry represents the average value of free virions produced throughout its life by
infecting susceptible cells which, in turn, will release free virions. Indeed 5S/c
represents the average number of cells infected by one viral unit, and p/c the
average number of viral units released by an infected cell.

The stability of an equilibrium of (1) can be gathered by its Jacobian J
that has the structure

01x1 Bi2 Bis
. -6 B8S
J = | O2x1 B22 Oax7 | with By = <p ﬁ_c> .
O7x1 B3z B33

Here 0,,xn represents an m X n matrix, with all entries equal to 0, while the
other submatrices have appropriate dimensions.

Because J has recurring block triangular structure, its eigenvalues are 0, the
eigenvalues of By and those of Bsz. Bss is a triangular matrix, whose eigenval-
ues are its diagonal elements which are either 0 or negative. Both eigenvalues
of Bgs have negative real part if its determinant is positive, i.e. ¢d > BSp,
i.e. Ry < 1. On the other hand, if Ry > 1, one eigenvalue of Bss is positive.

0
Hence, if S is such that Ry > 1,i.e. S > 0—7 then the equilibrium is unstable;

if it is smaller, by looking at its centre manifold, it can be shown that the
equilibrium is attracting from the interior of Rﬂ_. Leaving out the coordinates
equal to 0, we can identify M with Ri, divide it into the repelling and the
attracting parts,

)
My ={(S,Tp,Ty) €R3 : S > ;—p, Tp > 0}

5
M_ ={(8,Tp,Tns) R : S < ;—p}.

The solutions of (1) join a starting point Py in M to a point Py in M _, thus
defining a map from M, to M_.
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Modelling immune memory development 7

In order to reduce the problem to a simpler one-dimensional map, we fix
S(0) = Ty, a level corresponding to a normal healthy individual, and V' (0) =
Vb, the typical level of a virus inoculum, and define a map F : RT — RT as

F(Tp) = Jim (Tp(t) + Tur (1)) 3)

where Tp(t) and Tys(t) are the corresponding variables in the solution of (1)
with

Tp(0) =Tp, S(0) =Ty, V(0) =1}
and all other variables equal to 0 at ¢ = 0. The rationale for this choice is that,

as stated above, memory cells at the end of an infection episode are taken as
equivalent to precursor cells at the beginning of the following one.

8e+05
1e+06

66405

1e+04

F(Te)
40405

F(Te)

26405
100

0 56403 Te+04 156404 20404 250404 36404 f T T
1 100 1le+04 1e+06
Te Te

Figure 2 Plot of the function F: a) over the range [0,3 - 10%]; b) over a larger range in
logarithmic scale; the dotted line is the bisectrix y = T’p; the arrows indicate the growth of
memory cells in a primary (1), secondary (2) or tertiary (3) infection. Parameter values in
Table 1.

It seems difficult to establish analytically the properties of the function F'.
Instead, we computed numerically the function F', adopting the parameter
values used in Zarnitsyna et al. (2016), for all realistic values of Tpg; all
computations have been performed using the ode15s function of Matlab with
RelTol= 1078 and AbsTol= 107'%  after having scaled all variables (except
for M(t)) by dividing them by Tj. The Matlab code used for this will be made
available on-line.

It has been found that F'(Tpg) reaches a maximum, and then starts to
decrease (Fig. 2a); extending the range of Tp, one sees that for higher values
of Tpo F(Tp,) is again increasing, apparently to infinity (Fig. 2b). However,
by overlaying the bisectrix y = T (dotted line in Fig. 2b), one sees that, for
any value of Tpg around 1, after two iterations F"(Tp) will be between 10°
and 10% and will quickly converge to the point T* where the function F' and
the bisectrix cross.

In other words, for the parameter values used and for the values of Tpg
which are reasonable for a naive individual (Zarnitsyna et al., 2016) Tpo <
F(Tpp) < F*(Tpyo) while F?(Tpg) ~ F3(Tppo) ~ -+ =~ F"(Tpo) ~ T*. In



162

163

164

165

166

167

168

169

170

171

172
173

174

175

176

177

178

179

180

181

182

183

184

185
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this notation F™(Tp) represents the initial value of precursor T-cells of an
individual that has already been infected n times with the virus.

The left panel of Fig. 3 shows how the infection pattern along the solutions
of (1) strongly depends on the initial value T»(0), confirming what is shown
by Zarnitsyna et al. (2016): if initially Tp is close to the value of Ths at the
end of a primary infection, the peak value of I and V' (dashed lines in Fig. 3)
are close to those obtained in case of a primary infection (solid lines), but the
infection length is much shorter; if the initial value of Tp is close to the value
of Ty at the end of this secondary infection (dotted lines), the peak infection
values decrease by a couple of orders of magnitude, presumably resulting in
negligible health effects.

Infected cells and virions
Cell concentration

Time post infection Time post infection

Figure 3 Left panel: I(t) and V(t) solutions of (1) for different values of Tp(0): 10 and VO
correspond to Tp(0) = 1; I'1 and V1 to Tp(0) = 6.26 - 102 = Tp,o(c0) + Tar,0(00); 12 and
V2 to Tp(0) = 1.59 - 105 = T 1(00) + Tas,1(c0). Right panel: Variables I(t), Tr(t), S(t)
and R(t) in the same solutions of (1) as in left panel; solid lines correspond to 10 and V0,
dotted lines to I1 and V1, dashed lines to 12 and V2. Other initial values and parameters
in Table 1.

To better understand the mechanism behind these differences, it is helpful
to observe other variables of the system (right panel of Fig. 3). First of all,
note that Ip(¢) has three different exponential phases: in the first period, its
growth rate is close to
(c—=68)2 (c+9)

. =, (®)
since S(t) is close to the initial value Tp. At the end of this period, S(¢)
drops around 0, since, under the action of the innate immune response, most
target cells convert to the refractory state; hence, Iy(t) decays at rate J, as
the resident T cells are still at low concentrations. When Tg(t) reaches values
around 102, the factor kgTr(t) is no longer negligible and the decay of Iy(t)
occurs approximately at a rate § +krTr where Tx represents an average value
of Tr(¢) in this final phase.

In a secondary infection, because of the recruitment of memory cells, Tr(t)
reaches values of the order 102 at the same time as S(t) starts dropping from

r=1\/pBTo +
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Modelling immune memory development 9

the initial value Ty; thus, there are only two phases in the dynamics of infected
cells I(t), the second one being a decay with approximate rate 6 +krTr where
Tr is again the average value of Tr(t) in the second phase, which is higher
than in the case of a primary infection.

Finally, in a tertiary infection, Tr(t) reaches values of the order 10? before
any significant decrease of S(t); this means that the phase of exponential
growth of I(t) is shorter and the peak value lower than in the previous cases;
correspondingly S(t) decreases much more slowly, and this in turn causes a
slightly lower rate of decrease of I(t). Although Tg(t) is initially larger, like
Tr(t), than in secondary infection, the lower values reached by A(t) make it
increase less after the peak, so that the final value of Tys(t) are comparable,
as shown by Fig. 2b.

Clearly, these specific results are contingent upon the parameter values
estimated by Zarnitsyna et al. (2016). One of the most relevant ones is the
replication rate p of proliferating T cells; if it were increased by 50%, one
infection would suffice to develop enough immune memory to control all further
infectios; if it were decreased by 50%, the adaptive immune system would not
be effective at all, and the control of infections would be due to the innate
system only (simulations not shown).

3 A multiscale model
3.1 Formulation and short-term dynamics

In the previous Section, it was implicitly assumed that between one infection
and the next one the target cells had recovered their initial level, through the
production of new cells and the reversion from refractory to sensitive state,
that all proliferating and effector T-cells had disappeared, while memory T
cells were at the level achieved after last infection.

In order to discuss how the length 7 of the interval between infection af-
fected the dynamics, Zarnitsyna et al. (2016) assumed that in a secondary
infection proliferating and effector T-cell started from the level Tr(7) and
Tr(7) reached in the primary infection, while susceptble target cells were any-
way at the initial level Tp. In this way, Zarnitsyna et al. (2016) show how an
infection after 7 = 30 days is completely controlled by resident T cells, while
one after 7 = 1 year is described by the simulations shown in Fig. 3. However,
the assumption appears somewhat artificial, and it makes it impossible to as-
sess for which rates of recruitment and reversion to susceptibility of target
cells the picture is correct: if the recruitment of target cells is very slow, they
might not have returned to the original level in 30 days, while if it is large, the
dynamics provided by (1) may be inaccurate, since this process is neglected
there.

In order to address these questions, we present here a model where all
these transitions are incorporated into the differential equations, allowing for
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10 Eleonora Pascucci, Andrea Pugliese

a continuous description of the dynamics with and without infection. We start
from model (1), adding the necessary transitions.

First, we assume that target cells in the refractory state, R, will revert
to sensitive state at rate n (a small parameter). We also assume that target
cells (both in sensitive and refractory state) will proliferate according to a
logistic model (an assumption used in several models e.g., Cao et al. (2015);

Yan et al. (2019) ) at rate ¢ (1 - T%f“), where T}, represents the healthy

values (to which they would return after perturbations) for target cells, where
¢ is another small parameter.

Furthemore, we assume that also memory cells will die but over a very
long time scale, much longer than the scale over which target cells recover
their normal density; we assume a rate dy; < €.

These assumptions translate into the following model

S'(t) = =BSOV(t) = knM(t)S(t) +nR(?)
+e(S(t) + R(1)) (1~ SO

RI(t) = knM(1)S(t) - nR(2)

Ity = BSV(1) - 61(t) — kaTr()I(1)

V/(t) =pI(t) = cV(t)

Al(t) =~V (t) — daA(t)

MI(t) = i (1= M() — dar M () “
Th(t) = —pTe(H) 7

Tp(t) = p(Tp(t) + TE(t))%

—(a+1)Tg(t) (1 - MLA%)  WTw(t)M(2)
Tp(t) = uTr(t)M(t) — drTr(t)

i (1) = 1Te(t) (1= 57255 ) = 0T (1),

If we set ¢ = n = dpr = 0, (5) reduces to (1) that can then be considered as
an approximation over short time scales.

However, system (5) cannot effectively represent the long-term dynamics
over repeated infections.

One problem is that memory cells do not affect the dynamics of the system,
as the equations of the other variables are independent of T),. To obviate this
problem, we choose a simple modification of the system, in the spirit of the
assumption by Zarnitsyna et al. (2016) that memory cells are equivalent to
precursor cells in subsequent infections. For the sake of simplicity, we assume
that memory cells can differentiate exactly as precursor cells at all times.
Namely, we modify the equations for T and T}, in (5) to

Ty(t) = p(Tp(t) +Te(t) + Ta(t)) ¢f,(4t()t)
~(a+)Te(t) (1- 5245 - wTe()M () (6)
Th(0) = 1Te(t) (1= 72505 ) = PTar(6) 524l — Sn T ().
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Modelling immune memory development 11

To understand the other problem, note that for system (5)—(6) the subspace
of infection-free equilibria is

{(To,TP,O, Oa Oa 070707 03 O)}

where only the coordinate Tp is arbitrary.

Such equilibria are unstable if and only if Ry > 1, independently of the
value of Tp.
If Ry < 1, infections are impossible. If Ry > 1 (as it will always be assumed),
solutions of (5), starting close to the equilibrium with V(0) = V4, will follow
the path of Fig. 3 with a large increase of V(¢) and I(¢) followed by a quick
decrease towards (0. However, as the solutions approach again the infection-
free equilibrium, I(t) and V() start increasing again, as soon as RO% > 1,
giving rise to a second infection episode, in absence of any reinfection, and
possibly arriving, after several infection cycles, to a chronically infected state
(see Hancioglu et al., 2007). We deem that for many infections (e.g. influenza,
for which parameter values have been set) such dynamics is non-realistic. When
the model predicts extremely low values for I(t) or V(¢), that state should be
interpreted as a virus-free host, and thus a new infection episode should require

a reinfection.

A possible solution is to set up a stochastic model, in which numbers of
cells can only have integer values. A simpler solution is to modify the rule
for infections of target cells in (5), making the equilibria stable. Precisely, the
term BS(¢)V(t) is multiplied by the factor V/(V + V) where V,, is a very
small value (we choose V,, = 1074, but the exact value is largely irrelevant);
in this way, the dynamics is basically identical to (5) as long as V' > V,,,
but the infection-free equilibria become stable (the model becomes a so-called
excitable system). Through this term, we are assuming that a very small virus
inoculum is insufficient to cause an infection, although the actual mechanisms
may be different (Li and Handel, 2014; Pugliese and Gandolfi, 2008).
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Hence, the final system that we consider is
S'(t) = —BS(t) gy — kM ()S(t) + nR(1)
S(H)+RW+I(
+2(S() + R(t)) (1 - SO
RI(t) =k M(®)S(t) - nR()

I'(t) = BS(t) gt — 81(t) — krTr(H)I(t)

V'(t) =pl(t) —cV(¢t)

A(t) = V(E) — daA(®)

M(E) = 2O (1= M (1) — da M (D) @
Th(t) = —pTp(t) 72405

~

(1) = p(Tp(t) + Tu(t) + Tn (1) 7255
~(a+nTe(t) (1- 574 ) — HTEOM()

d+A(t)
Tll%(t) = /JTE(t)M(t) - dRTR(t)

Th(t) = rTe(®) (1 - 52955 ) = PTur (0 725k = O T (2).

One may note that, if decay of memory cells is neglected (§; = 0), one can
introduce a variable Tp(t) = Tp(t) + Ths(t) instead of the two variables Tp(t)
and Ty (t), obtaining an equivalent system. We prefer to keep both variables,
in order to be able to track the dynamics of memory cells.

@
c
k]
s
€
@
o
=
<]
o
]
?
il
—T,
Te
Ty
TR 1
 — TP+TM

0 5 10 1 2 2
Time post infection
Figure 4 Tp(t), Tp(t), Tr(t) and Ths(¢t) solutions of (1) (solid lines) and of (7) with
€ =n =0y = 0 (dashed-dotted lines). The dashed-dotted line is visible only for T/ (t) and

the sum Tp(t) + T (t), as the values of the other variables are practically identical in the
two system. Parameter values in Table 1.

First of all, we wish to show how the dynamics of (7) withe =n =10y =0
compares to that of (1) (Fig. 4). As can be seen, the main difference being
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the behaviour of memory cells that show a transient decrease in the increasing
phase of infection. This is a consequence of the modified equations (6) that
allow memory cells to form during the early phase of infection (when antigen
concentration is low) and then immediately differentiate into proliferating cells,
as antigen concentration increases. This phenomenon is probably not realistic,
but its quantitative impact is small (consider the logarithmic scale in Fig. 4)
and, since the sum Tp(t) + T (t) is very similar in the two cases at all times,
does not affect significantly the final level of memory cells. Therefore, we avoid
complicating the system with other stages and/or delays.

Furthermore, we wish to see how the system is sensitive to the values of
n and e. In Fig. 5, we show some simulations of (7) for different levels of the
parameters € and 7 (and dp; = 0), showing convergence to the corresponding
simulation with e =n = 0.

Concentrations
Concentrations

s 3 4 3 o 10 2
Time post infection (days) Time post infection (days)

Figure 5 Left panel: simulations for primary infection dynamics of system (7) for different
values of € with = 0: ¢ = 0 (solid lines) , ¢ = 10™* (dotted lines), ¢ = 10~2 (dashed lines),
e = 0.1 (dashed-dotted lines). Right panel: simulations for primary infection dynamics of
systems (5) for different values of ¢ and n: € = n = 0 (solid lines); e = 0, n = 10~% (dotted
lines); e = 0, n = 1072 (dashed lines); e = 0, n = 0.1 (dashed-dotted lines); ¢ = n = 0.1
(thick lines with symbols). In both panels, lines of different colours correspond to different
variables of the system, according to the legend. Other parameter values are in Table 1.

Considering the effect of the parameters € and 7, this is most visible in
the dynamics of the infected target cells I(t); even when n or € are equal to
1074, there is a noticeable difference (but remember the logarithmic scale)
from € = n = 0 in the values of I(¢) late in the infection. The differences
increase when 7 or ¢ are larger and, when either 1 or € or both are equal
to 0.1, a difference emerges also in the values of I(¢) immediately after the
infection peak, so that infected cells maintain values above 10° for about a
day longer than with ¢ = n = 0. Minor differences appear also in the other
variables. Still, the overall infection dynamics is very similar with n =& =0
or ¢ = 1 = 0.1; the main difference is that a few more days are needed for
complete clearance of infected cells.

This comparison appears to justify the use of (1) to analyse the short-term
infection dynamics, as in Zarnitsyna et al. (2016). For instance, with the values
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10
] N VSO

whbo 0N -
h R\ 60

I N - -V
0 i L
i/ _‘\\\\ ........ [

b SN, v

Infected cells and virions
Infected cells and virions

Time post infection

Time post infection

Figure 6 I(t) and V(¢) solutions of system (7) starting after a reinfection. I, and V;
represent a reinfection x days after a first infection. Isec and Viec instead represent solutions
of system (7) starting with initial values as for the secondary infections in Fig. 3. Left panel:
e = n = 0.01; right panel ¢ = 7 = 0.1. Other parameter values are in Table 1.

used by Cao et al. (2015) (¢ = 0.8, n = 0.05), the short-term dynamics (not
shown) is similar to that with € = n = 0.1, though infected cells maintain high

values a bit longer.

3.2 Long-term dynamics and reinfections

It seems natural asking whether reinfections in model (5) induce a similar
pattern to what is shown in Fig. 2b. As discussed above, when reinfections
are considered in (1), as summarized in the function F, it is assumed that
the target cells had recovered their initial level, and that all proliferating and
effector T-cells had disappeared. On the other hand, the interval between
infections should have a relevant effect on infection outcome, as shown by Cao
et al. (2015) and partly in Zarnitsyna et al. (2016).

In Fig. 6 we show, for different values of the parameters € and 7, simulations
of the dynamics after a reinfection, i.e. a quantity Vp is added to V(¢) at some
time ¢ after the first infection.

It can be seen that, if ¢ = 30 (i,e,, a reinfection occurs 1 month after the
first infection), the infected target cells are immediately destroyed by the T'
cells still present at high concentrations in the respiratory tissue (Tg), and
no substantial infection occurs, for all values of the parameters 1 and €. This
confirms the results shown in Zarnitsyna et al. (2016). If the second infection
occurs later (¢ = 60 or ¢ = 100), the dynamics depends on whether target cells
have already recovered the equilibrium value Ty (right panel: ¢ = n = 0.1)
or not yet (left panel: ¢ = 7 = 0.01); in any case for large delays (¢t = 365),
the pattern after the second infection becomes almost identical to that of the
second infection seen in Fig. 3.
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4 Simplified immune models
4.1 Base simplified model

The simulations of the previous Section show that (1) successfully predicts the
short-term dynamics of a primary infection in the more complex model (7);
and that the function F built from that (Fig. 2) can be used for predicting the
outcome of secondary (or tertiary infections), at least if the intervals between
reinfections are long enough.

We plan here to assess which features of the model (1) are responsible for
the shape of the function F, connecting the number of precursor T-cells at
the beginning of an infection to those present at the beginning of a further
infection event. In order to do so, we analysed simplified versions of (1) that
included or not some features. The resulting models are not expected to be
quantitatively realistic, but their qualitative agreement with Figures 2 and 3
is examined.

All models considered allow for a single variable, I(t), to represent infected
cells, assuming that viral load V(¢) and antigen concentration A(t) will be
proportional to it. This is not quite true (see for instance Fig. 3), especially
because of the difference in decay rates, but seems to be a simplification that
does not affect the qualitative behaviour of solutions.

Precisely, assume in (1) V/ = A’ = M’ = 0. This yields

oM T
p Y P on+dar
V==I A=~V =—"1 M= MT2M 8
c da cda I+ dvdm ( )
on+dar

Substituting these relations in (1), neglecting the innate immune response
M (t) and the refractory state of target cells leads to the following model

S'(t) = —=p'St)I(t) - ()qng @
I =BSHIt) - kRTR< () - 61(t)
Th(t) = —Tp(t) 525

Th(t) = p(Tp(t) + Tu(t) 2% )
~(a+)Te(t) (1= 7% ) = W Te® 57 4

Th(t) = W Te(t) 52455 — drTr(t)

I, (t) = rTi(t) (1 _ #?m)

where

B/ _ % K — karowm ,U/ _ HO M (ZS/ _ cdag ¢/ _ Ay
c M ar + dar om +dm vp M 0'M+d(M.)

10

One may notice that the action of innate immunity M (¢) on target cells and

on the migration of central effector cells to the respiratory tract has been

substituted with the saturating function in I(#): #t}()
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1e+04

1e+03

Infected cells

F(Tp)
100

10

1 10 10 1e+03 1le+04
s Time post infection

Figure 7 a) Plot of the map F resulting from (9) together with the bisectrix (dashed
line); b) the variables I(t), Tr(t) and S(t), solutions of (9) for different values of Tp(0): 10
correspond to Tp(0) = 1; I1 to Tp(0) = 834 = Tpp(c0) + Thr,0(00); 12 to Tp(0) = 2023 =
Tp,1(00)+Th,1(00). Parameter values are 8/ = 2.5-1077, k), = 3.33, p/ = 1, ¢' = 2.12-10%,
¢y = 0.8, kr = 0.0125, p = 3.5. Other parameter values are as in Table 1.

In the right panel of Fig. 7, the values of I(t) are shown for three simulations
of model (9) corresponding to a primary, secondary or tertiary infections. Most
parameter values are the same as for (1) from Table 1 with the conversions
(10), but 3" was chosen a bit lower, and kg and p somewhat larger (see the
caption), in order that the peak values of I(t) and Tg(t) were similar to the
simulations of Fig. 3. Anyway, the solutions with all the values as in Table 1
(not shown) are qualitatively similar to those of Fig. 7.

The dynamics of the infections in (9) is faster than in (1); this is expected,
since the initial growth rate of I(¢) in model (1) is r given by (4) while in (9)
is v’ = BTy — §; a simple computation shows that, if Ry > 1, 7' > r, and this
holds even with the choice of 8/ < % used in Fig. 7.

For the rest, the qualitative behaviour of (9) appears similar to that of

(1). For instance, the map F' built from model (9) is increasing over all its
range, and iterates F"(Tpg) quickly converge to a limiting value (Fig. Ta).
Conversely, F' is not as flat as in the case of (1) around the limiting point;
this means that the number of memory cells formed increases with every new
infection, and does not plateau after the second infection.
A second difference can be seen by looking at the development over time of
infections started with different numbers of precursor cells: in this case, the
peak viral load does not decrease when the number of precursor T-cells is high;
the only effect is on the infection length (Fig. 7b). This is presumably due to
the faster growth rate of infected cells in the first exponential phase; even in
tertiary infections, Tr(t) does not reach values of the order of 10% before a big
drop in susceptible target cells.

One of the properties that (9) shares with (1) is that the higher the level of
immune response before an infection is, the more memory cells will be present
afterwards. As discussed in the Introduction, many simple models of virus-
immune response have instead the opposite feature: the lower the immune
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level before an infection is, the higher it will be afterwards. In order to under-
stand which model features favour either property, we considered two further
simplifications of (9). In one of them we neglected depletion of target cells;
namely, we assumed that whichever is the level of viral infection, target cells
are promptly recruited and kept at a fixed density. In the other simplification,
we neglected the migration of effector T-cells to the periphery, and assumed
that effector T-cells were immediately effective against the infection.

4.2 Model without target cell depletion

The model is like (9), except that S(¢) is fixed at the level Ty. Hence

I'(t) = B'Tol(t) — kgTr(t)I(t) — 5I(t)
Tp(t) = _pTP(t)@i(i?(t)
Th(t) = p(Tp(t) + Tu(t) A%

~a+nTe) (1- %)~ W Te0) 5 Gy (Y
Tr(t) = M/TE(t)#t}(t) — drTR(t)
T3 (0) = rTe(t) (1= 5%)

In this case it can be seen from Fig. 8a) that the function F' is decreasing over
the relevant range: in other words, the number of memory cells is higher after
the primary infection than after further infections.

Correspondingly, the viral level is effectively controlled already in a second in-
fection, slightly better than in a third infection (Fig. 8b). Fig. 8b) shows also
that the viral dynamics consists only of two phases: exponential growth until
the point the immune system has grown enough to bring it to anexponential
decrease. Instead, as already discussed, in models (1) and (9) one can see (
Figures 3 and Fig. 7b) three phases in the primary infections where viral expo-
nential growth is first slowed down by target cells depletion, before the immune
system sets in to cause fast exponential decrease of virus concentration.

Note that in this simulation we decreased the value of Ty by one order
of magnitude compared to the value used for (1) or (9); otherwise, without
depletion of target cells, the viral density would grow to unrealistically high
values before being contrasted by the immune system. Equivalently, we could
have decreased the attack rate j.

A relevant difference between the previous models (1) or (9) and the cur-
rent (11) is its long-term behaviour. Indeed, while the former systems have
only infection-free equilibria, the latter, since susceptible target cells are con-
stant, has (not considering the compartment 7)) an infected equilibrium
E* = (I*,0,T%,T}) under the conditions

B'To > 6 and p>2(a+7)+u'.
Its coordinates are

Tp=(B'To—0)/kr  Ti=drTr(dh +1I7)/(WI")
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Infected cells
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Time post infection

Figure 8 a) Plot of the function F resulting from (11) together with the bisectrix (dashed
line); b) the variables I(t) and Tr(¢), solutions of (11) for different values of Tp(0): VO
correspond to Tp(0) = 1; V1 to Tp(0) = 944.3 = Tp,o(o0) + Tar,0(c0); V2 to Tp(0) =
216.8 = Tp 1(00) + Tas,1(00). To = 2 - 107; other parameter values as in Fig. 7.

while I* is the only positive solution of
P(p>2(a+r)+p)+1(¢hy(p—2(a+7)) — ¢ (n+a+r)) — (a+7)¢h ¢ =0.

For the parameter values used in the simulations, this equilibrium is unstable,
and the solutions appear to converge to a periodic solution. For other para-
meter values E* is asymptotically stable.

Since models (1), (9) and (11) make sense only for short-term dynamics,
we are not interested in determining its exact long-term dynamics. However,
it can provide an explanation for the shape of the function F' in case of (11).
We will examine this in the further simplified model (13).

4.3 Model with central effector cells immediately effective

This model is another variant of (9) in which viral cells are killed by the central
effector cells, without need for migration to respiratory tracts.

The simplest change is to let infected cells be killed by proliferating T-
cells, Tg(t), and, at the same time, ignoring their migration to the respiratory
tissues. The resulting equations are

YRRIC]
(t) = BSMI) — kaTu(t)I(t) - 61(t)
Th(t) = —pTr(t) 5oy
Ty(t) = p(Tp(t) + Tp(t) 500 (12)
~(a+1)Te(t) (1~ 7%)

i) = rTe(t) (1- %)

S'(t) = —B'SH)I(t) — K, S(t) Y
II
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500 1e+03
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Time post infection

Figure 9 a) Plot of the function F resulting from (12) together with the bisectrix (dashed
line); b) The variables I(t), Tr(t) and S(t), solutions of (12) for different values of T'»(0):
I0 correspond to Tp(0) = 1; I1 to Tp(0) = 277.6 = Tpo(c0) + Tar,0(00); 12 to Tp(0) =
403.9 = Tp 1(00) 4+ Thr,1(00). Parameter values as in Fig. 7.

In this case, the function F is rather similar to the case of (9) (Fig. 9a), as
is the pattern in primary, secondary and tertiary infections (Fig. 9b) , except
that the dynamics is even faster.

4.4 Model with central effector cells immediately effective and without target
cell depletion

Putting together the simplifcations of (11) and (12), we obtain

I't) = BTol(t) — krTe(t)I(t) — 61(t)

Th(t) = —pTp(t) A0
1
Th(t) = p(Tp(t) + To(t) 32y — (a+)Te(t) (1- 7A05)  19)

i) = Te(t) (1- 7% )

The system is too simplistic even to yield a reasonable short-term dynamics in
repeated reinfections. However, its analysis can provide a plausible explanation
about why in a model without target cell depletion as (11), the higher (at least
up to a certain level) the initial level of precursor or memory T cells, the lower
their level will be at the end of an infection.

Indeed in (13) (like in the previous short-term ones), memory cells play no
role and , in presence of an infection, precursor cells turn into proliferating T
cells. Hence, after a short transient period, we can approximate (13) with the
2-dimensional system

{I’(t) = B'Tol(t) — krTE(t)I(t) — 51(t)

14
Ty(t) = pTE(t)(yi_(i;)(t) —(a+r)TE() (1 - qyi(i?(t)) 14)
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Figure 10 Some solutions of (14) for different initial values. Parameter values as in Fig. 8.

System (14) has the structure of a Lotka-Volterra predator-prey system. If
B'To > 6 and p > 2(a+7)
there exists an equilibrium

¢'(a+r)
p—2(a+r)

BTy —6

E* = (I*,T}) with I* =  Tp =
R

and the quantity

p—a—r d+I\ a+r I . Tk
U, Tg) = 1 — 1 — |+ T g—Tr—Tg 1 —
( ) E) kg 0g (¢/+I*> kr 0g ([* +1E E E 108 TE‘

is constant along the solutions of (14).

Some solutions are shown in Fig. 10 from which it appears that solutions
starting around the beginning of an infection with a lower value of Tg (res-
ulting from the conversion of a lower initial value of Tp) end up with a higher
value of Tg (a part of which will then by recruited as memory cells) at the
end of the infection. The solutions of (14) (and presumably of (13)) continue
to oscillate periodically, but, as already discussed, the systems in this Section
make sense only for a single infection.

5 Conclusions

We have re-analysed the model proposed by Zarnitsyna et al. (2016), clarifying
better how its behaviour in subsequent infections relates to the properties
of the discrete map F (Fig. 2). In particular, the fact that full immunity
is essentially acquired after two infections depends on the fact that F' is an
increasing function over an interval that includes (Tpo, F(Tp,)), where T
is the initial level of precursor T-cells, but essentially flat for larger values.
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The conclusion seems quite robust, although the exact shape of the function
F (and thus the build-up of memory cells) will depend on parameter values,
and on details of the model.

We have also shown how that model can be seen as the short time-scale
approximation of a multi-scale model (7) that allows for recovery of target cells,
and also for loss of memory cells. Whether reinfections can be approximated
through the fast equations (1), connected by the discrete map F', depends on
the interval occurring between reinfections, in agreement with the findings by
Cao et al. (2016).

In our view, the model may provide a theoretical framework for analysing
when a two-dose vaccination strategy is more effective than a one-dose strategy,
and which is the optimal interval between doses. Clearly, a realistic model
needs to include many more compartments and complex interactions. However,
we believe that the idea of summarising the infection process in terms of a
discrete map, and studying the properties of the discrete map is an effective
method to discuss the issue.

Note that the models analysed here, like the model by Zarnitsyna et al.
(2016), ignore antibody response. Definitely, the lack of antibody response is
the main reason for the faster decay of infected cells than free virions when
the adaptive immune response sets in (see the left panel of Fig. 3). From the
biological point of view, the lack of antibody response in reinfections could
be justified by focusing on heterosubtypic reinfections that differ substantially
in virus proteins targeted by antibodies. Mainly, however, we believe that the
models considered here are sufficiently complex and parameter rich; we believe
that adding another layer of complexity would only obscure the theoretical
conclusions. However, it could be quite interesting adapting this approach to
models including antibody response.

As discussed in the Introduction, simple models of immune-pathogen in-
teractions (André and Gandon, 2006; de Graaf et al., 2014; Diekmann et al.,
2018; Nowak and May, 2000) yield a function F' that is decreasing over most
of the realistic range (i.e. the lower is immune level before the infection, the
higher it will be afterwards). The analysis of different submodels of (1) al-
lowed us to elucidate the main mechanisms behind the shape of the function
F. In particular, it has emerged that model (11) in which depletion of tar-
get cells is neglected produces a function F' that is initially decreasing, and
is qualitatively similar to the one used by de Graaf et al. (2014). Hence, we
believe that modelling the depletion of target cells (whether by viral infection,
or by them turning to a refractory state) is very important in modulating the
build-up of memory cells, and so the response of the immune system. We re-
mark that depletion of susceptible target cells is an important component of
the model fitted to data of experimental infection by Hadjichrysanthou et al.
(2016). However, Moore et al. (2020) have recently examined, through the use
of a mathematical model, data from mice infected with influenza, concluding
that target cell depletion is unlikely to be an important factor in controlling
influenza infections.
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Heffernan and Keeling (2008) have analysed an immune-pathogen model
similar to (1) and have obtained a function F' (their Fig. 8) somewhat similar in
shape to the one in Fig. 8. That model includes depletion of target cells; thus,
one may wonder why the function F' is not increasing. According to us, the
reason lies in the large value of the recruitment parameter, )\, of target cells,
so that target cells recover their equilibrium density on the same time-scale as
the infection, and their density decreases of a few percent at most. From this
comparison, one concludes that target cell depletion must be substantial for
the function F' to be increasing.

A final remark concerns the simplified systems. From the comparisons of
Sections 4, it has emerged that system (12) yields a qualitative behaviour
roughly consistent with that obtained from more realistic models, such as (1).
This means that the distinction between T-cells in the lymphoid system and
in the respiratory tract, introduced by Zarnitsyna et al. (2016), does not seem
to be crucial for determining the qualitative patterns of reinfections, although
it definitely affects the speed of adaptive immune response. As system (12)
is much simpler than (1), one might be tempted to build complex immuno-
epidemiological models that include (12) as a low-dimensional ingredient. We
plan to explore this possibility in future work.
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