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Introduction

In this thesis, we investigate the hyperbolic type obstacle problems, nonlinear waves in adhesive
phenomena, harmonic maps with defects and their connection to Gilbert-Steiner problems.

On the obstacle problem for fractional semilinear wave equations:
The first problem that I have studied is the obstacle problem for fractional semilinear wave
equations [17]. In [17], which is the joint work with M. Bonafini, M. Novaga, G. Orlandi, we
aim to study both obstacle free-case (there is no obstacle), and the obstacle case (i.e. in the
presence of an obstacle), and including also non-local operators (e.g. fractional Laplacian). In
the obstacle-free case, the main motivation is that certain solutions of nonlinear wave equations
(possibly non-local) giving rise to interfaces (or defects) evolving by curvature such as minimal
surfaces in Minkowski space: for instance, consider the class of equations
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for u: [0,00) x R? — R™, where W is a balanced double-well potential, m = 1,2, and € > 0 is a
small parameter. This case can be seen as the parallel analogous results with the elliptic case:

~Au+ Elzqu(u) =0 (0.0.2)

where the defects are Euclidean minimal surfaces (see for instance [60, 44, 12]). And in the
parabolic case:

1
ug — Au + gqu(u) =0 (0.0.3)

where the defects evolve according to motion by mean curvature. (see for example [45, 13]). In
the hyperbolic scenario (0.0.1), this fact was observed in [61] by a formal analysis in the case
m = 1. Then, a rigorous analysis was given in [47, 77, 69] where solutions of (0.0.1) having
interfaces near a given timelike minimal surface were constructed. However, due to the onset
of singularities during the evolution, those results are valid only for a short time. On the other
hand, the analysis of singular limits of the hyperbolic Ginzburg-Landau equation possibly passing
to the singularities was studied in [9] under conditional assumptions i.e. if those conditions are
verified, then in the limits the Lagrangian density of the solutions will concentrate on timelike
lorentzian minimal submanifolds of codimension m within the varifold framework developed in
[10]. Therefore, our first goal is to propose a constructive time-discrete variational scheme in the
spirit of minimizing movements to build a solution for (0.0.1), this method was also used to treat
the fractional linear wave equation in [18](see also [42, 50]), and our results can be seen as the
extension of those obtained in [18]. Moreover, our results embrace the vector-valued case as well



as non-local operator:

ug + (—A)°u+V,W(u)=0 in (0,7) x Q2

u(t,z) =0 %n 0,7] x (R%\ Q) 0.0.4)
u(0,z) = up(x) in Q
ut (0, ) = vo(x) in Q

where u: (0,7) x Q@ = R™ T >0, m € N, W a continuous potential with Lipschitz continuous
derivative and (—A)* stands for the fractional Laplacian having Fourier symbol |¢|?*Fu. We
expect that those conditions in [9] could be relaxed for our constructive solutions thanks to the
minimality of approximate solutions, and this will be the future investigation.

In the obstacle case, roughly speaking given an obstacle g, we look for a function u satisfying
certain variational inequalities and at the same time lying above the obstacle g. In recent years,
there has been a lot of works devoted to study the obstacle problems elliptic and parabolic setting
(see [75, 28, 27, 63, 8] and reference therein), in the hyperbolic scenario there are still few works:
for instance, the works of Schatzman and collaborators (see [71, 72, 73, 67]), Kikuchi dealing with
the vibrating strings with an obstacle in the 1-dimensional case by using a time semi-discrete
method [50]. By using the same approach in [50], the obstacle problem for fractional wave
equations have been investigated in [18], more recently similar time semi-discrete methods have
also been used to treat hyperbolic free boundary problems (see [1]). In [17], we have extended
the results in [18] to the semilinear setting, more precisely we consider the following system:

(g + (—A)*u+ W (u) >0 in (0,7) x

u(t,") >g in (0,7) x Q2

(ugt + (—A)’u + W' (u))(u—g) =0 ?n (0,T) x Qd 0.05)
u(t,z) =0 in [0,7] x (R*\ Q)

u(0, ) = up(x) in Q

u (0, z) = vo(x) in Q

By using the scheme as the obstacle-free case, we provided energy estimates as well as compactness
results which allow us to prove the existence of solutions of the system (0.0.5) in the suitable sense.
Furthermore, we believe that the analysis developed in [17] could be used to analyse problems
which are shared the same character. And our results in [17] have been published in the journal
Nonlinear Analysis. 210(2021), 112368. This work will be presented in the Chapter 1.
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Weak solutions for nonlinear waves in adhesive phenomena:

In a joint work with Mauro Bonafini [15], the second problem that I have dealt with is the dynamic
of an elastic body (e.g. a string or a membrane) interacting with a rigid substrate through an
adhesive layer. In recent years, there are many works devoted to study the adhesive and the
debonding phenomenona (see for instance [46, 82, 39, 66] and references therein) which arise
from the engineering and biophysics. The phenomenon depend heavily on the involved materials,
and due to the complexity mechanism ranging from microscopic to macroscopic, mathematical
models has been proposed in order to capture the essential features.

In [15], following [32], where the dynamic of an elastic body (e.g. a string) glued to a rigid
substrate through an adhesive layer in 1-dimensional case can be modelled via a potential W
describing the effect of the adhesive layer on the dynamic. More precisely, the Lagrangian
governing the one dimensional dynamical system considered there is described by

1 1
l(u) = —iuf + 5”’2” + W(u), (0.0.6)
for a scalar displacement field w : [0,7] x [0, L] — R, the potential W has the following behavior:
2 : *
u flul <u*,
W) =4 ., Jul < (0.0.7)
(u*)* if Ju| > ™.

The lack of smoothness of W at points +u* gives rises the difficulties in showing the existence of
solutions to the problem. And our goal is to address this issue, in particular our analysis extends
to vector-valued case as well as non-local operator. In view of this, we consider the following

system:

' Ut + (—A)SU + VUW(U) =0 in (O,T) X Q,
u(z,t) =0 ?n [0,T] x (RT\ Q), (0.0.8)
u(0, ) = up(z) in Q,
ut (0, z) = vo(x) in Q,

where  C R? is an open bounded domain with Lipschitz boundary, u : [0,T] x Q@ — R™ and
(—A)?® stands for the fractional Laplacian (s = 1 provides the standard Laplacian). Furthermore,
the consideration (0.0.8) includes also the other interaction which manifests the adhesive feature,
more specifically in the case s = 2 i.e. bi-Laplacian, the equation models the elastic beam
interacting with a substrate through an elastic-breakable forcing term, and it has been recently
studied in [34]. In [15], we provide the existence results for the equation (0.0.8), and it depends
on the regularity of the potential . Whenever W is a non-negative potential in C*(R™) and
having Lipschitz continuous gradient VIV, the existence results was provided in [17]. In [15], by
using the results in [17] and regularization methods of the considered potentials, we are able to
prove the existence of solutions in case without the assumption Lipschitz-condition on the VW,
and show difficulties in defining the notion of solutions to the problem. More precisely,

(7) In first case we investigate the energetic contribution of adhesive layer, namely VW decays
continuously to zero. We prove the existence of solutions with initial datum as in [17].

(i) In the other case where the adhesive layer discontinuously drop to zero as considered in
[32, 33|, we shall see the limitation of current method and the obstacles in defining the
notion of solutions. However, we can provide the existence result for small initial datum
combined with the condition 2s > d. This work will be presented in the Chapter 2.
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Energy minimizing maps with prescribed singularities and Gilbert-Steiner optimal
networks:

The last problem that I have dealt with in this thesis is about the connection between k-harmonic
valued maps with prescribed singularities and Gilbert-Steiner problems which is based on a joint
work with S. Baldo, A. Massaccesi, G. Orlandi [7].

Steiner tree, Gilbert-Steiner (single sink) problems can be formulated as follows: given n distinct
points Py,..., P, in R%, where d,n > 2, we are looking for an optimal connected transportation
network, L = U?:_ll)\i, along which the unit masses located at P, ..., P,_1 are transported to the
target point P, (single sink), here \; can be seen as the path of the mass at P; flowing from P,
to P,, and the cost of moving a mass m along a segment with length [ is proportional to Im®.
Therefore, we are led to consider the problem

n—1
(I) inf {Ia(L) . L= U i with {P;, P} C A, for everyi=1,...,n— 1}
=1

where the energy I, is computed as Io(L) = [, |6(z)|*dH"(z), with 6(z) = S 1y, (). Let us
notice that 6 stands for the mass density along the network. In recent years, there are a lot of
works devoted to study the problem (I) from several aspects such as existence, regularity, stability
and numerical feasibility. In particular, the recent profound works [54, 55| has shown the problem
(I) as Plateau problem i.e. a mass-minimization problem of currents with coefficients in a norm
group (Z"',4) (see Chapter 3, Section 3.3 for more details on the norm ): roughly speaking,
we can interpret the network L = U;:ll A; as the superposition of n — 1 paths A; connecting P; to
P, labelled with multiplicity e;, e; = (0,...,1,...,0) € Z"!, 1 is i-th position. This point of view
requires a density function with values in Z"~!, which corresponds to the so-called 1-dimensional
current with coefficients in the group Z"~!. Furthermore, by equipping Z"~! with a certain norm
(depending on the cost of the problem), we may define the notion of mass of those currents, and
problem (/) turns out to be equivalent to

(M) inf {M(T), 0T =p* —p =}

where T is a 1-dimensional current with coefficients in the group Z" !, u* = (e;+ea+.. . +en_1)0p,,
uw- =edp +...+e,—10p, ,, and we refer the reader to Section 3.2 for rigorous definitions. They
also define the notion of calibration which are a useful tool to prove the minimality of minimizers.
[54, 55] are also a starting point for the works [19, 20] where the authors provided a variational
approximation functionals of the problem (I,,) in the sense of I'-convergence.

Following the line [54, 55], [19, 20], in the present work motivated by the seminal work of
Brezis, Coron and Lieb [25] who showed the relation between sphere-valued harmonic maps having
prescribed topological singularities at given points in R3 with minimal connections between those
points, i.e. optimal mass transportation networks (in the sense of Monge-Kantorovich) having
those point singularities as marginals. More precisely, [25] showed that given Py, ..., P, and
Ni,...,N,, in R% we have

inf {/ \Vul|?tdz | u e V} = (d— 1)%ad_1L (0.0.9)
R4

where V = {u € C*(R\ {Py,..., Py, N1,..., Ny }; ST | deg(u, P;) = 1, deg(u, N;) = —1},
g1 is the surface area of the unit ball in R%, and L is minimal connection between P, ..., Py,, and
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Ni,..., Ny, i.e. solutions of Monge-Kantorovich problems in which Py, ..., Py, and Ny,..., Ny,
play as marginals. And then this was later recast by Almgren, Browder and Lieb [4] by interpreting
the minimal connection as a mass-minimization problem of classical 1-dimensional integral currents
with the given topological singularities as prescribed boundary. Here, we aim to consider more
general minimizing configurations of more general energies for maps with valued into manifolds and
having prescribed topological singularities, and investigate their connection with Plateau problem
in the context of currents or flat chains with coefficients in suitable groups which are linked to
the topology of involved manifolds. In particular, we restrict our attention first to consider the
manifold which is a product of unit spheres, and show an equivalent between an energy-minimizing
configurations with Steiner tree, Steiner-Gilbert problems (I) under an appropriate condition,
this can be done thanks to the works in [55, 54| by proving Steiner tree, Steiner-Gilbert problems
as a mass-minimization problem of currents with coefficients in suitable norm group (Z"~!, ).
More precisely, let P, ..., P,_1, P, in R? be given, and consider the spaces H; defined as the
subsets of VVlixfl 71(Rd; S%1) where the functions are constant outside a neighbourhood of the
segment joining P;, P,, and have distributional Jacobian %(5 p, — 0p,), respectively. Here ag_1
is the surface area of the unit ball in R?.
Let 1 be a norm on R"~! which will be specified in Section 3.3 (see (3.4.9)), and set

H(u):/ Y(|Vur |4 |V T, L [V [T da (0.0.10)
Rd

where u = (u1,...,up—1) € Hy X Hy X ... X Hy_1 is a 2-tensor. We investigate

(H) inf{H(u):uEHleQX...XHn,l}.

Our main contribution is the following:
Assume that a minimizer of problem (M) admits a calibration (see Definition 3.2.8). Then, we
have i
inffll=(d—1) 2 ag_infM (0.0.11)
or equivalently,
d—1
infH=(d—1) 2 ag_1inf,. (0.0.12)
This work will be presented in Chapter 3. In a companion paper in preparation [29] we will
consider more general manifolds and state the results corresponding to more general situations.

Summary of research outcome. The thesis work led to the following publications and preprints.

[17] Mauro Bonafini, Van Phu Cuong Le, Matteo Novaga, and Giandomenico Orlandi. On the
obstacle problem for fractional semilinear wave equations. Nonlinear Analysis, 210(112368),
2021

[15] Mauro Bonafini and Van Phu Cuong Le. Weak solutions for nonlinear waves in adhesive
phenomena. arXiv:2104.10437, submitted, 2021

[7] Sisto Baldo, Van Phu Cuong Le, Annalisa Massaccessi, and Giandomenico Orlandi. En-
ergy minimizing maps with prescribed singularities and Gilbert-Steiner optimal networks.

arXiw:2112.12511, submitted, 2021
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Chapter 1

On the obstacle problem for
fractional semilinear wave equations

In this chapter we prove existence of weak solutions to the obstacle problem for semilinear
wave equations (including the fractional case) by using a suitable approximating scheme in the
spirit of minimizing movements. This extends the results in Bonafini et al [18], where the linear
case was treated. In addition, we deduce some compactness properties of concentration sets (e.g.
moving interfaces) when dealing with singular limits of certain nonlinear wave equations.

1.1 Introduction

Semilinear wave equations have been considered extensively in the mathematical literature
with many dedicated contributions (see for example [71, 56, 78, 74, 61, 9, 47, 69] and references
therein). Our main motivation is to study certain nonlinear wave equations (possibly non-local)
giving rise to interfaces (or defects) evolving by curvature such as minimal surfaces in Minkowski
space: for instance, consider the class of equations

e (ugy — Au) + V,W(u) =0 (1.1.1)

for u: [0,00) X R? — R™, where W is a balanced double-well potential, m > 1, and ¢ > 0 is
a small parameter (see for example [61, 9, 47, 77, 69]). This case is the hyperbolic version of
the stationary Allen—Cahn equation where the defects are Euclidean minimal surfaces and the
parabolic Ginzburg-Landau where defects evolve according to motion by mean curvature (see for
instance [60, 45, 13] and references therein).

Obstacle problems in the elliptic and parabolic setting have attracted a lot of attention including
both local and non-local operators (see for example [75, 28, 27, 63, 8] and references therein). In
the hyperbolic scenario, we would like to mention works by Schatzman and collaborators (see
for example [71, 72, 73, 67]) and more recently, a work by Kikuchi dealing with the vibrating
strings with an obstacle in the 1-dimensional case by using a time semidiscrete method (see
[50]). Notice that similar time semidiscrete methods have also been used to treat hyperbolic free
boundary problems (see [42, 1]). By using the same approach as in [50], the obstacle problem
for the fractional wave equation has been investigated in [18], in which the existence of suitably
defined weak solutions is proved.

In this chapter, following [18], we implement a semidiscrete in time approximation scheme
in order to prove existence of solutions to hyperbolic PDEs with possibly specific additional
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conditions. The scheme is closely related to the concept of minimizing movements introduced by
De Giorgi, and it is also elsewhere known as the discrete Morse semiflow approach or Rothe’s
method [70]. Our main focus is to prove the existence of weak solutions to the following PDEs
(including also the obstacle case):

Ut + (—A)SU + VUW(U) =0 in (O,T) X Q,

u(t,z) =0 in [0,7] x (R?\ Q), (1.1.2)
u(0,2) = up(z) in ©,
ut (0, ) = vo(x) in £,

for Q ¢ R? an open bounded domain with Lipschitz boundary and W a continuous potential
with Lipschitz continuous derivative. For s > 0 the operator (—A)® stands for the fractional
s-Laplacian. We prove a classical energy bound for the approximating trajectories in Proposition
1.3.4 and rely upon it to prove existence of a suitably defined weak solution of (1.1.2) in the
obstacle-free case (Theorem 1.3.3) and in the obstacle case (Theorem 1.4.2). The approximation
scheme allows us to deal with a variety of situations, including non-local fractional semilinear
wave equations, and is valid in any dimension. This gives also some compactness results for
concentration sets in the singular limit of (2.1.3).

Chapter 1 is organized as follows: in Section 1.2 we briefly review some properties of the
fractional Sobolev spaces and fractional Laplace operator so as to fix notations. In Section 1.3
we introduce the approximating scheme and apply it to fractional semilinear wave equations
by means of an appropriate variational problem, prove existence result Theorem 1.3.3 in the
obstacle-free case, and the conservative property of the solutions, namely Proposition 1.3.10. In
proposition 1.3.13 we prove compactness properties for the concentration sets in the singular limit
of (2.1.3). In Section 1.4 we adapt the scheme to deal with the obstacle problem for fractional
semilinear wave equations, and prove Theorem 1.4.2. Eventually, in Section 1.5 we present an
example implementing a case related to moving interfaces in a relativistic setting.

1.2 Preliminaries

Let us fix s > 0 and m > 1. Following [62], we introduce fractional Sobolev spaces and
the fractional Laplacian through Fourier transform. Consider the Schwartz space S of rapidly
decaying C™ functions, namely S(R?; R™). For any u € S(R%; R™) denote by

1 .
—ie.
W /Rd € mu(m) dl'

the Fourier transform of u. The fractional Laplacian operator (—A)*: S(R%; R™) — L?(R%; R™)
can then be defined, up to constants, as

Fu(©) =

(=A)u = F (|| Fu) for all £ € R%

Given u,v € L?(R% R™), we consider the bilinear form

[u,v]s = /Rd(A)s/Qu(x) . (—A)s/%(az) dz



and the corresponding semi-norm [u]s = +/[u, uls = H(—A)s/2’U,HL2(Rd;Rm). Given the semi-norm
[-]s, we define the fractional Sobolev space of order s as

H*(RY) = {u € (R4 R™) / (14 |€1%)| Fu(€))? d¢ < +oo}

R4

equipped with the norm ||ul|s = (|]u||%2(Rd) + [u)?)V/2,
Fix now Q C R to be an open bounded set with Lipschitz boundary and define

H*(Q) = {u e H*(RLR™) - w=0a.e in R\ Q},

endowed with the || - [[; norm, and its dual H™*(2) := (H*(Q))*. One can prove, see e.g. [59],
that H*(§2) corresponds to the closure of C2°(§2) with respect to the || - ||s norm.

1.3 Weak solutions for the fractional semilinear wave equations

We prove in this section existence of weak solutions for the fractional semilinear wave equation.
The proof, as in [18], is based on a constructive time-discrete variational scheme whose main
ideas date back to [70] and which has since then been adapted to many instances of parabolic
and hyperbolic equations.

Let Q C R? be an open bounded domain with Lipschitz boundary. For u = u(t,z) :
(0,T) x R* — R™, let us consider the system

ug + (—A)°u+V,W(u)=0 in (0,7) x Q

u(t,z) =0 ?n 0,7] x (RT\ ) (1.3.1)
u(0,z) = up(z) in
u (0, z) = vo(x) in {2

with initial data ug € H*(Q) and vy € L*(Q) := L*(Q; R™) (we conventionally intend that
vo = 0 in R%\ ), and a non-negative potential W € C'(R™; R) having Lipschitz continuous
derivative with Lipschitz constant K > 0, i.e.,

VW (z) = VW (y)| < K|x —y| for any z,y € R™. (1.3.2)

As we are dealing with non-local operators, the boundary condition is imposed on the whole
complement of 2. We define a weak solution of (1.3.1) as follows:

Definition 1.3.1. Let T > 0. We say u = u(t,x) is a weak solution of (1.3.1) in (0,T) if
1. we L®0,T; H5(Q)) N Whe°(0,T; L2(Q)) and uy € L=(0,T; H—5(Q)),
2. for all ¢ € L*(0,T; H*(Q))

T T T
/0 (ure(£), p(8)) it + / fu(t), 9(t)] dt + / /ﬂ VLW (ult) - pt) dedi =0 (1.3.3)

with
w(0,z) =up and u(0,z) = vp. (1.3.4)



The energy of u is defined as

1 1
E(u(t)) = Sllw@)[[72) + 5@ + W @®)lli@), t€0,T].
Remark 1.3.2. Tn case u; € L®(0,T; H5(R)), we observe that the following energy norms

SO By : 0,7] = [0,00)

: (1.3.5)
t—= 5 ||ut( )H%Q(Q)
SO < [0.7] = [0,00)
) (1.3.6)
e ()
W (u()llzre) : [0,T] = [0,00) (1.3.7)
o (W ()| ) B
are absolutely continuous. Moreover, for a.e t € (0,7") one has:
d U t 22 u 2
;”()”L> =< ug(t), w(t) >, ;d[étt)]s = [u(t), u(t)]s, Lo
o WEONwer _ [ 1y e
wy(t)dt.

We refer the reader to [37] for these facts.

This section is devoted to the proof of the following theorem.
Theorem 1.3.3.

(i) There exists a weak solution of the fractional semilinear wave equation (1.3.1) such that it
satisfies the energy inequality:
E(u(t)) < E(u(0)) (1.3.9)

for any t € [0,T).

(i) if up € H*(Q) and vy € H*(Q), then there exists a solution u of the equation (1.3.1) such
that w € WH*°(0,T; H*(Q)),us € WH(0,T; L*(Q)). Moreover, for any t € [0,T)

E(u(t)) = E(u(0)), (1.3.10)
1.e. the energy of u is conserved during the evolution.

(iii) The equation (1.3.1) has unique solution in the class:
X = {u|uis a weak solution of (1.3.1), uy € L>®°(0,T; H*(Q))} in the sense that if v,w €
X, then for each t € [0,T]
v(t) = w(t) in H*(Q).

In particular the solution found in point (it), since it belongs to X, it is unique.

The proof relies on an extension of the approximating scheme already used in [18] in the linear
case, where now one has to deal with the additional contribution of the (possibly non convex)
potential term (the proof would simplify in case of a convex potential, as for example in [78]).

4



1.3.1 Approximating scheme

For n € N, set 7, = T'/n and define ' = i7,, 0 < i < n. Let u”; = up — TV, u{ = up and
for every i > 1 let

n n |2

ui € arg min J;'(u) = arg min [/ Ju = 2ui712+ Uil dx + l[u]g +/ W(u)d:p] .
weHs(9Q) wels(Q) LJa 275 2 Q

(1.3.11)

We can readily see, using the direct method of the calculus of variations, that each J* admits

a minimizer in H*(Q) so that u? is indeed well defined (notice that we are not working under

uniqueness assumptions, thus we may have to choose between multiple minimizers). For any fixed

i €{1,...,n}, by minimality we have

d .
d—aJZ"(uf +ep)|le=0 =0 for every ¢ € H*(Q)

or, equivalently,

n_oun 4 g 5
/(uz U’z—21 ul_2)-g0d:c+ [uf, cp]s—i—/ VW) -pde =0 for every ¢ € H*(Q). (1.3.12)
Q Tn Q

We define the piecewise constant and piecewise linear interpolations over [—7,,T] as follows:

e piecewise constant interpolant

a”(t,x)_{znlg) i;_nT”l .y (1.3.13)

e piecewise linear interpolant

u” () t=—7,
u(t,x) =t — ¢ (1.3.14)
— P (@) + g (x) e (1,17,

At the same time, upon defining v}* = (u} — ]’ ;)/7,, 0 <i < n, let 0" be the piecewise constant
interpolation and v™ be the piecewise linear interpolation over [0, 7] of the family {v]'}I",, defined
similarly to (1.3.13), (1.3.14).

From (1.3.12), an integration over [0, 7] provides

/OT/Q (“?(t) _:5“_7")).@(75) dmdt+/0T[a"(t),¢(t)]sdt+/0T/Qvuw<an(t)>.¢(t) et — 0

for all ¢ € L*(0,T; H*(Q)), which is equivalent to

T T T
/0 /Qvt (t)-gp(t)dxdt—i—/o [ (t),go(t)]sdt+/0 /QVUW(U (1)) - (t) dwdt = 0. (1.3.15)

The strategy in proving Theorem 1.3.3 is then to consider (1.3.15), pass to the limit as n — oo
and prove that v" and @™ converge to a weak solution of (1.3.1). In order to do so, we need the
following energy estimate.



Proposition 1.3.4 (Key estimate). The approzimate solutions a" and u™ satisfy

1 n 1 —n —n
§Hut (t)H%Q(Q) + 5[“ )7 + [|W(u M) < E(u(0)) + Cry,
for allt € [0,T], with C = C(E(u(0)), K,T) a constant independent of n.

n

Proof. For fixed i € {1,...,n}, we consider equation (1.3.12) with test function ¢ = u} | —u’ =
—7pv]" to obtain

0:/(vf1—v?)-v?daz+[u U — /V W(ui') - (ujq —ui')dx
Q

) (1.3.16)

1
< / [Jopoa? = [o?] dar + 5 ([ui]3 — [u]2) —/ / VoW (') - vj' dedt
2 Ja 2 i Jo

where we used the standard inequality 2a - (b — a) < |b|> — |a|?, for a,b € R™. Let us focus on the
last term in the previous expression: for any ¢ € (¢ |,t?], we write

_/ t / VW (ui) - i dedt = - /tt /Q VLW (@ (1)) - 5" (1) ddt
/t” /V W(u"(t)) - 0" (t) dxdt—/t;i/Q(VuW(ﬂ”(t)) — VW (@™(t)) - 0"(t) dzdt

We recognize in the first integral a derivative, so that

_/t:i/ﬂvuw(u"(t t) dedt = /t (t))dxdtZ/Q[W(U?O—W(U?)] du

On the other hand, since u™ and u™ are just different interpolations of the same data and V,W
is Lipschitz continuous by assumption, the second integral can be estimated as

—/t /(VuW(u”(t))—VUW(u"(t))-v”(t)d:cdtgK /|u ()| (1) dadt
/yu S (= )] - ol ddt = "K/w do

Hence, inequality (1.3.16) leads to

1 2

1 n n n
0< 5 (Il Bay — 1071y + 5 (il — [ T2)

2
n n Tn n
¥ /Q (Wlly) = W) do+ K[l g
Taking the sum for : =1,...,k, with 1 < k < n, we get
n 1 ni|2 1 ni2 n
By = S llvkli20) + 5lukls + W(uk)dl‘

) ] (1.3.17)
< 5 luollZaqey + 3ol /Wuo )+ “KZHv"HLQ



In particular, we have

k
[0 11720 < 2B((0)) + 72K Y [[v7'l[72(0
() 2 )

for any k = 1,...,n. For n large enough so that (1 — 72K) > 1/2, we write
1 k—1
10720y < A=2K) (2E(U(0)) +T Ky ||U?||%2(Q)> (1.3.18)
i=1
Then, in view of the discrete Gronwall’s inequality (cf. Proposition 1.6.1), we obtain that
vaH%Q(Q) <C foreveryi=1,...,n (1.3.19)

with C = C(E(u(0)), K). Taking into account (1.3.19) into (1.3.17) we finally get

1 1 2 K ,
B} = 5l + 5o+ [ W) do < Bu(O) + T Y€ < Bl + (5KC)

forevery k = 1,...,n, which is the sought for conclusion.

Thanks to the energy bound of Proposition 1.3.4 we can now provide a suitable uniform bound
on V, W (u"), which is one of the main ingredients to be able to pass to the limit in (1.3.15).

Proposition 1.3.5. Let u" be the piecewise constant interpolant constructed in (1.3.13). Then,
VW (u"(t)) is bounded in L*(QY) uniformly in t and n.

Proof. We first observe that 4" is bounded in L?(2) uniformly in ¢ and n. Indeed, one has

to
/ uy (¢, z)dt

t1

to
= (to — tl)/ / Wl (t, z)Pdadt < C(ty — t1)?,
t1 Q

2

o (12, = 01 By = [

to
dr < (to —tl)// |l (t, z)|*dtdx
St (1.3.20)

for any t; < t9 in [0,7T], where we made use of Jensen’s inequality, Fubini’s theorem and the
uniform bound on u} in L?(Q2) provided by Proposition 1.3.4. That implies that «" is bounded

in L2(Q) uniformly in ¢ and n, and so is @" since lim sup ||[u"(¢t,z) — @"(¢,z)||%2,o, = 0. For
L2(Q)
=00 te[0,T]

every fixed t € [0, 7], this uniform L?-bound, combined with the Lipschitz continuity of V., W
and with boundedness of 2, provides

/ IV W (@™()))? dz < Cy / (|a™ ()| + 1)* dx < Cy (1.3.21)
Q Q

uniformly in ¢ and n.
We are now in the position to prove the convergence of v", u", W (ua") and V, W (a").

Proposition 1.3.6 (Conyergence of u™ and v™). There exist a subsequence of steps 7, — 0 and
a function u € L>(0,T; H*(2)) N Wo(0,T; L*(2)), with uy € L>(0,T; H=*(R)), such that

(i) u™ — u in C°([0,T]; L3(Q)),



(ii) uf —* uy in L>(0,T; L?(2)),
(i) u™(t) — u(t) in H*(Q) for any t € [0,T],
(iv) v = uy in CO([0,T]; H5(R)),

(v) VP —* uy in L°(0,T; H=5(2)).

Proof. The existence of a limit function v € L>(0,T; H*(Q)) N Wh>(0, T; L*()) and points (i),
(73) and (7i7) follow from Proposition 1.3.4 combined with Ascoli-Arzela’s Theorem (for details

see, e.g., [18, Proposition 6]).

To prove (iv) and (v), we observe that from (1.3.15), with the aid of Proposition 1.3.4 and
Proposition 1.3.5, we have that v’ (¢) is bounded in H™*(2) uniformly in ¢ and n. Combining

this with the L2-bound on the velocities v?, we have

v™ bounded in L>(0,T; L*(Q)) and in W1°°(0,T; H~5(Q)) (1.3.22)

uniformly in ¢, n, and at the same time, for any given ¢ € H%(Q2) and for all 0 <t; <to < T, we

have

to to 2]
/(v”(tg) —v"(t1)) - pdx = / / vidt - pdr = / / vy - pdtdr = / / vy - pdadt
Q QJty QJty t1 Q

t2
< / o' |- lellm=dt < Cllpl|n=(ta — t1).
t1

Thus, there exists v € W1°°(0,T; H=*(£2)) such that

v — v in CO([0,T]; H5(Q)) and o —* vy in L(0,T; H*(Q)).

Indeed, we have v(t) = u(t) as elements of L*(Q2) for a.e. t € [0,T]: take t € (7 1,t"] and

¢ € H*(Q), we observe that u}'(t) = v"(t}), so that

e - o) pda = [ @) - o) pds = [ ( / s ds) pda

< |08 || Lo (0,11 () |||

which implies, for any (¢, z) = (z)n(t) with ¢ € H*(Q) and n € C}([0,T]), that

/DT Vg(ut(t)—v(t)).cpdx] n(t)dt_/OT/th;t)—v(t)).¢dxdt

T
= lim / /(u?(t) —0"(t)) - Y dxdt = lim [/ (ug(t) —v"(t)) - pdz| n(t)dt
< lim 7 Tlog|| Lo 0,131 o lllls oo = 0.

This implies

/(ut(t) —o(t))-@dz =0 forall p € H*(Q) and a.e. t € [0,T],
Q

which yields v(t) = w(t) for a.e. ¢t € [0,7]. Thus, vy = uy and uy € L*(0,T; H*(Q)).

O



Remark 1.3.7. From point (iv) in Proposition 1.3.6 we have that v™ — u; in C°([0,T]; H~*(2)). At
the same time, due to Proposition 1.3.4, v™(¢) is uniformly bounded in L?(Q2). Thus, v™ () — wu(t)
in L2(£2), which in turn provides

ul(t) — ug(t) in L*(Q) for any t € [0, 7).

Proposition 1.3.8 (Convergence of 4" and W (@")). Let u be the limit function obtained in
Proposition 1.3.6. Then, up to a subsequence,

(i) @ —* u in L=(0,T; H¥()),
(i) @"(t) — u(t) in H5(Q) for any t € [0,T],
(ii5) W (a") — W (u) in C°([0,T]; L*(Q)).

Proof. Regarding (i) and (i¢) one can proceed as in [18, Proposition 7]. By construction, taking
into account Proposition 1.3.4, we have

n

n
sup /\un(t,x) —a"(t,x))Pde =Y sup (t- t¢)2/ op P de < 72 Y |0 [F2(0) < O
te(0,7] /2 i—1 tEMLT 1t} Q i1
(1.3.23)
which implies " — u in L*(0,T; L?(2)). Furthermore, again by Proposition 1.3.4, @"(t) is
bounded in H*(Q) uniformly in ¢ and n, so that we have @" —* u in L>°(0,T; H*(Q)). Thanks to
point () in Proposition 1.3.6, we also obtain pointwise convergence @”(t) — u(t) in H*(Q) for
any t € [0, 7], which is (4i).
For the convergence of W (u"), we first observe a following property of W: there are positive
constants C7, Cy such that

(W(z) = W(y)| < (Crllz + lyl) + Co)(|x = y]) (1.3.24)

for any z,y € R™. Indeed, let x,y € R™ be fixed, by the Mean Value Theorem there exists
¢ € [z,y], here we denote [z, y] the segment connecting z and y in R™, such that

W(z) —W(y) =VW(c) - (z —vy). (1.3.25)
Thus, from the Lipshitz continuity of VW we deduce that

(W(z) = W(y)| < [VIW(e)[|z -y
< (Cile] + Ca)z — 9

(1.3.26)
< (Crmax{|z|, [y|} + Ca)|z -y
< (Cr(lz] + [y]) + Co)|z =yl
where C7, Cy are positive constants independent of ¢, x, y.
Then, let ¢t € [0,T] we have
[ W@ ®) =Wz < [ (€ O]+ )]+ Colant) ~ u)ide
< [ (@l ® +ule)] + o)l ()~ u(o)lda (1.3.27)

< [(Cula™ () + u(@)| + Co)ll 2ol |a™ () — u(®)]2(q)
< Gaf[a™(t) = u(®)l| 20,

9



where Cj is a constant independent of ¢,n due to the boundedness of @, u™ in L?(2) uniformly in
t,n and point (i) in Proposition 1.3.6. In addition, once again from point (i) in Proposition 5 com-
bined with (1.3.23), it implies that 4™ — uin C°([0, T]; L*(9)). So, we can conclude that W (a") —
W (u) in C°([0, T7]; L1(€2)).

Proposition 1.3.9 (Convergence of V,,W (u™)). Let u be the limit function obtained in Proposition
1.3.6. Then, up to a subsequence, V, W (u") —=* V,W(u) in L>(0,T; H~*(Q2)).

Proof. The same spirit of the analysis of the convergence W (a") in Proposition 1.3.8, one can
check that, up to a subsequence,

VW (@") = V,W(u) in L2((0,T) x Q). (1.3.28)

From Proposition 1.3.5, we observe that V,, W (u") is bounded in H ~*(2) uniformly in ¢ and n, this
implies our conclusion.

1.3.2 Proof of Theorem 1.3.3

Proof of Theorem 1.3.3 (i). Let u be the cluster point obtained in Proposition 1.3.6, we shall
prove that u is a weak solution of (1.3.1). In fact, for each n > 0, from (1.3.15) one has

T T T
/0 /Qvf(t) ~(t) dedt + /0 [a"(t), p(t)]s dt + /0 /QVuW(ﬂ"(t)) ~(t)dzdt =0

for any p € L1(0,T; I:IS(Q)) Passing to the limit as n — oo, using Propositions 1.3.6, 1.3.8, 1.3.9,
we immediately get

T T T
/0 (ug(t), p(t))dt + /0 [u(t), p(t)]s dt + /0 /Q VoW (u(t)) - p(t) dadt = 0. (1.3.29)

The fact that u(0) = up and u(0) = vy follows observing that u™(0) = up and v™(0) = vy
for all n and that, thanks to Proposition 1.3.6, u® — w in C°([0,T]; L*(Q)) and v" — w; in
CY([0, T); H=%(12)). Finally, the verification of energy inequality is easily obtained by passing to the
limit in energy estimate in Proposition 1.3.4.

In order to prove Theorem 1.3.3 (ii), i.e. energy conservation for the limiting solution u
under more regular initial data, we actually have to slightly modify the approximating scheme, as
precised in the following

Proposition 1.3.10. Let ug € H*(Q),vo € H*(Q), and set u™, = ug — 1,08 where {v§}, C
H*(Q), v8 — vy in H(Q), and such that ||Jug — Tnvg’HH2S(Q) < C with C independent of n.
Then, let u™, a™ be approximate solutions of (1.3.1) satisfying the equation (1.3.15), and u be a
limiting solution, we have that u € WH(0,T; H*(Q)), us € Wh(0,T; L*(Q)). Moreover, for
any 0 <ty <ty <T, the energy E(u) satisfies

E(u(ty)) = E(u(ts)). (1.3.30)

Remark 1.3.11. Observe that slightly changing the approximating scheme in the initialization step,
by setting u”; = ug — 7,v, doesn’t affect the properties of the approximate solutions, namely
the same energy estimate as in Proposition 1.3.4 holds true, and hence Proposition 1.3.6, 1.3.8,
1.3.9 remain valid.

10



Proposition 1.3.10 is a consequence of the following
Lemma 1.3.12. Let ug € H*(Q),vo € H*() and u™, = ug — 7,03 be as in Proposition 1.3.10.

Then, there exists a constant C' independent of n such that:

2
/\ul WU 2, (T2 (1.3.31)

s
Tn Tn

Proof. By substituting the test function ¢ = % in the Euler’s equation (1.3.12) with

1 = 1, we obtain that "

ult — 2ul +u™ u — 2ul +u” ut — 2ul + u™
/| e I\Qd:ﬁﬂ S E— 1]s+/qu(u?). R
Th Q Tn
U‘O 2 U’g_uﬁl 2 n n ny .n _
— !a ! do + [ 1072 [ L+ lyails + | VW (u).aidz =0
n Q

(1.3.32)
u’1‘72u6’+u’_11

where af = . It implies that

n uy — uy ug —ul n n n
/Q |a|*dz + [%ﬁ < [%ﬁ + VW (u)[ 2@ llat || 2 0) + |[uZy1, aT]s]  (1.3.33)

On the other hand, we observe that [07:1]2 [vB]2 and

[u2y, atls| =| /Rd €% F (1) (8). Fat) (€)de]

< €% |F () (§)Pdg : |F(at) (€)[*dg éSWiﬂzsla’f!lmm)
(/. ) (felreere)

From this observation combined with the hypothesis, Proposition 1.3.5, and the inequality (1.3.33),
we can deduce that there exist constants C1, Cs independent of n such that

(1.3.34)

/ a7 2dz < / a2 + (002 < a2y + Co (1.3.35)
Q
This gives rise to the uniform bound on [, |a}|?dz, and it also follows that [@]g is uniformly
bounded, which is the sought conclusion.

We are now ready to prove Proposition 1.3.10 and hence Theorem 1.3.3(i1) :

Proof of Theorem 1.3.3 (ii). For each n fixed, let the Euler’s equation at the step i subtract
the step ¢« — 1 divided by 7,, we obtain that

n oy 4gp VW (ul) — VoW (u i
/ﬂ(vl v:; UZ_2)-¢ dx+[v], <,0]S+/Q () - (w 1)'g0da; =0 for every p € H*(Q).
(1.3.36)

fori =2,...,n, and v]' = & Tn“l, i=0,...,n. Now, let a}’ = G —7:1'717 and substituting the test
function ¢ = v* ; — v} into the equation (1.3.36). One has

VW (ul) = Vo W (u?
/(a?_l—a?)-a? dw+[vl‘,v?_1—v?]s+/ (uf) C 1>-(v,ﬂ_1—w)dm:0. (1.3.37)
Q

Q Tn

11



with ¢ = 2,...,n. From the equation (1.3.37) and due to the Lipshitz continuity condition of
VW, it follows that

0< [ (@l —al) aldo ooy —oflt | KD lalds
Q Q
< 1(|an 2 — |a?|?) dx + 1([ 12— M) + 7 [ K|0P| - |al|dx (1.3.38)
= 92 i—1 9 Vi—1ls ils n 9 % % +-
1 1 1
< [ 0P = e do 4 ()2 = ) + g [ Kol o+ fafP)do
Q Q

Let’s sum up the previous inequality for ¢ = 2,...,k one has

[V e+ g < [ b de o+ g <z " <v?|2+|a?|2>d:c)

10124 1K (zf:2/ ]a?|2> LK m(k—1).  (1.3.39)
n Q

<CH+ 7K (2?22/ WP) +K'T.
Q

here we have made use of the Lemma 1.3.12, and the uniform bound in L?(Q) of v?. From
(1.3.39), we can deduce that

[l <o (St [ laR) + KT (1.3.40)
Q Q

< Jlaf|[22 + [2

and, then in view of Gronwall’s inequality Proposition 1.6.1, there exists a constant C'(T") such
that

/ la|? dz < O(T) (1.3.41)

Q

It also implies that [v?]2 is uniformly bounded i.e. there exists a constant C;(7T’) such that
(w2 < Cy(T). (1.3.42)

Due to uniform bounds (1.3.41),(1.3.42), and by the analysis as in the proof of Proposition
1.3.6,1.3.8, one can show that v € W'>°(0,T; H*(Q)), u; € Wh(0,T;L*(Q)). Then, by
substituting the test function ¢ = Iy, 4,) X u; in the weak equation of u, where 0 <t; <ty <T,
and Iy, 4, is the indicator function on the time interval [t1, 2], we obtain that

/2 < up(t),ue(t) > dt + / 2[u(t),ut(t)]sdt+ /t 2/QVUW(u(t,x))ut(t,az)da:dt =0

t1 t1

— /: dE(dz;(t))dt 0 (1.3.43)

> E(u(t1)) = E(u(t2))

i.e. E is constant inside the interval (0,7, and we can extend the conservative property at
endpoints by using the absolute continuity in time of u, u;, and W (u) in appropriate energy spaces.
O

12



Proof of Theorem 1.3.3, (iii). We are left to prove the uniqueness property: Indeed, let v € X,
and consider the following quantity

K(0) = 5llu(®) = o (Ol ) + g lu(t) — v(t)]

From Remark 1.3.2, one has

¢ dK(t/) ’ t / ¢ / / / / /
/ ar dt = / / LUy = Uy, Uy — Uy > dt + / [u(t ) —o(t ),ut/ (t)— vy (t)]sdt
0 0 JQ 0

t
_ / < / (VW (1) — VoW (0)) 1y — W)dx) dt
" ? (1.3.44)
here we have made use of the weak equation of u with the test function u, X Ijg 4 subtracting the
one of v with the test function v, x Ijg 4, 1|, is the indicator function on the time interval [0, ].
From the equation (2.2.1) combined with Lipshitz continuity property of VW and Poincaré-type
inequality in Proposition 1.6.3, we obtain that

¢
K(t)<K/ /|u—vHut—vt|dx
0 Jo

1 t / /
<58 [ (1) = 0oy + i () = 00 ()l e

/

(1.3.45)

IN
Q

/0 (;[u(t') — ()2 + %Ilutf (t) = vy (t')||L2<Q>> at
K

<C, | K@)dt
0

for some postive constants Cs, by Gronwall’s inequality in Proposition 1.6.2, it implies that
K(t)=0

for any t € [0, 7] here we extend to the endpoint ¢ = T by using the absolute continuity in time
of u,v. Then, it is easy to show that

u(t) = v(t) in H*(Q)

for any t € [0,77].

1.3.3 Singular limits of nonlinear wave equations

We turn our attention to the application of the results in the previous section to the singular
limits of semilinear wave equation (2.1.3) related to topological defects (timelike minimal surfaces
in Minkowski space). We consider the hyperbolic Ginzburg-Landau equation:

2 &ue .
e\ oy Aue | +V,W(uz:) =0  in (0,T) x Q,

ue(0,7) = ul() in Q,

uz(0, ) = vl(2) in Q,

(1.3.46)
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where € > 0 is a small parameter,  is a bounded domain in R, for functions
ue = (0,7) x Q@ — R™, (1.3.47)

we will focus on the cases m = 1, m = 2, and W is a non-convex balanced double well potential
of class C2. So as to apply the results in Section 1.3, for simplicity we assume that the potential
is given by

(1 — Jul*)

W) =57

(1.3.48)
Let us now introduce relevant quantities when dealing with topological defects: the first one
is the gradient Vu. (for m = 1), and the second is the Jacobian 2-form, Ju. = dul A du? (in
the case m = 2) defined on (0,7") x Q. Both will be considered as distributions (concerning the
distributional Jacobian, see for instance [48, 2]) . We can prove that under natural bounds on
initial energy they enjoy compactness properties and concentrate on codimension m rectifiable
sets in (0,7) x Q as e — 0. We have

Proposition 1.3.13. Let (u:)o<e<1 be a sequence of solutions of (1.3.46) constructed by the

approximating scheme in Section 1.3 for each 0 < € < 1 fized such that E(%(O)) < C where C

is a constant independent of €, k. = % for m =1 and k. = |loge| for m = 2. Then, up to a
subsequence €, — 0,

e In case m =1,
ue, — u in L*((0,T) x Q),

where u(t,xz) € {—1,1} for a.e. (t,x) € (0,T) x Q, and u € BV((0,T) x Q).

e In case m = 2,
Jue, — J in [COH((0,T) x Q)]*,
where L.J is a d — 1 dimensional integral current in (0,T) x €.

Proof. In fact, for each e, from Theorem 1.3.3 the solution w. which is constructed by the
approximating scheme in Section 1.3 satisfies the energy inequality:

E(us(t)) < E(uc(0)) (1.3.49)

for any ¢ € [0,7]. Recall that E(uc(t))) = 5lluet(t)|[72(q) + 31| Vue ()72 + 2IW (ue(®))]]1:-
By assumption we have
E(u:(0)) <C

ke

where C is a constant independent of ¢, k. = £ for m = 1 and k. = |loge| for m = 2.

g
Then,

(1.3.50)

e In the case m = 1, by integrating from 0 to 7" both side in (1.3.49) combined with (1.3.50)
we obtain that

1
/ e| Vi zue(t, 2)|*dadt —|—/ W (ue(t, z))dzdt <TC (1.3.51)
(0,T7)x$2 (0,T)xQ €

where V; , is the gradient in the space-time. In view of Modica-Mortola Theorem (see [60]),
it follows that there exists a function u € BV ((0,T) x ©;{—1,1}) such that u. converges

14



to u in LY((0,T) x ) up to a subsequence. Moreover, the reduced boundary of the set
Y ={(t,z) € (0,T) x Q| u(t,z) = 1} denoted by 9*%! is a d—dimensional rectifiable set in
(0,T) x Q (for the definition of reduced boundary, see [76]). The set 9*X! is said to be the
jump set of w and it is a type of defects of the interfaces.

e In the complex case, following the results in [49], again from (1.3.49), up to a subsequence,
we have that Ju. — J in [C%((0,T) x Q)]*, where 1 is a d — 1 dimensional integral
current in (0,7 x €, which concentrates on d — 1 dimensional rectifiable set %2 so called
the vorticity set.

O

To study the dynamics of jump and the vorticity sets one has to rely on the analysis of
renormalized Lagrange density

I
&
8
.
&

e (1.3.52)

_ —|U5t‘2+|vue‘2 W(UE)
- 2

where £(u.) + =
m = 1 give rise to interfaces sweeping out a timelike lorentzian minimal surface of codimension
1. Further rigorous analysis were given in ([47, 77, 69]), where solutions of (1.3.46) having
interfaces near a given timelike minimal surface were constructed. However, due to the presence
of singularities, the validity of those results are only for short times. On the other hand, the
limit behavior of hyperbolic Ginzburg-Landau equation (1.3.46) as ¢ — 0T without restricting
short times (i.e. also after the onset of singularities) has been treated in [9] under conditional

. In [61], Neu showed that certain solutions of (1.3.46) in case

assumptions that the measure u. is shown to concentrate on a timelike lorentzian minimal
submanifold of codimension m within the varifold framework developed in [10]. This has been
proved by adapting the parabolic approach [6] to the hyperbolic setting through the analysis
of the stress-energy tensor. We conjecture that the assumptions in [9] could be relaxed for the
solutions constructed by our approximating scheme through exploiting the minimizing properties
of our approximate solutions.
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1.4 The obstacle problem for fractional semilinear wave equations

In this section, following the pipeline of [18], we move on to study the obstacle problem for
the fractional semilinear wave equation. From now on we assume m = 1 and work with real
valued functions. Given an open bounded domain ¢ R¢ with Lipschitz boundary and a function
g € C%Q), g <0 on JQ, we are interested in the obstacle problem described by

g + (—A)°u + W'(u) >0 in (0,7) x

u(t,) >g in [0,7] x

(uge + (=A)u + W'(u))(u—g) = ?n (0,7) x Qd (141)
u(t,z) =0 in [0,7] x (R*\ Q)

u(0, ) = up(z) in Q

u (0, z) = vo(x) in Q

with ug € H*(Q), up > g a.e. in Q, and vy € L2(Q) (with W as in Section 1.3 with m = 1). We
define a weak solution of (1.4.1) as follows:

Definition 1.4.1. Let T > 0. We say u = u(t,x) is a weak solution of (1.4.1) in (0,T) if

1. uwe L=(0,T; H*(Q) N Wh(0,T; L*(Q)) and u(t,z) > g(x) for a.e. (t,x) € (0,T) x Q;
2. there exist weak left and right derivatives uti on [0,T] (with appropriate modifications at

endpoints);
3. for all o € WH(0,T; L2(Q)) N LY (0, T; H(R)) with ¢ >0, spte C [0,T), we have

T T T
—/ /utgotdxdt—i-/ [u,go]sdt—i-/ /W’(u)g@dmdt—/vogo(O) dx >0
0 Q 0 0 Q Q

4. the initial conditions are satisfied in the following sense
w0 =, [ (O = w)p—uw)de 20 Vpe B@).p 2

This section is then dedicated to prove the existence of such a weak solution, combining results
from the previous section and extensions of arguments of [18, Section 4].

Theorem 1.4.2. There exists a weak solution u of the obstacle problem for fractional semilinear
wave equation (1.4.1), and u satisfies

1 1 1 1
iHU?E(t)H%%Q) + i[u(t)ﬁ + W (u(@)l|2r o) < iHUOH%?(Q) + 5[“0]5 + W ()l (1.4.2)

for a.e. t €[0,T].

Remark 1.4.3 (Non-uniqueness and energy behaviour). The notion of weak solutions introduced
in Definition 1.4.1 can be seen as the minimal requirement we can make, i.e., to control “upward”
variations. This leaves us with less control on the behaviour of “downward” moving regions, which
is intended in order to allow sudden adjustments when hitting the obstacle. However, these coarse
requirements lead at the same time to non-uniqueness of solutions. Generally speaking, uniqueness
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and in particular existence of energy preserving solutions for (1.4.1) is still an open problem, with
only partial results in specific one dimensional configurations hinging on purely one dimensional
arguments (see, e.g., [72] for a specific 1d setting with local energy conservation at impacts).
Within our framework a local (in space and time) energy conservation is expected whenever we
are “away” from the obstacle (in the spirit of Proposition 1.4.8 below), but deducing/imposing
any additional condition at impact times would require the use of more technical local arguments
that need further specific investigations.

1.4.1 Approximating scheme

For n € N, set 7, = T'/n and define ¢t = i7,, 0 < i < n. Let u”| = up — 7o, uy = ug and
define
Ky:={ue H°(Q)|u>gae. in Q}.

N 3 n n n
For every 0 < i <mn, given u}" 5 and u}_;, we define u;" as

ui € arg min J;'(u),

ucKy

where J!" is defined as in (1.3.11). Existence of u' can be obtained through the direct method
of calculus of variations thanks to the convexity of K,. In order to provide a variational
characterization of each minimizer u, take ¢ € K, and consider the function (1 — e)u} + ep,
which belongs to K, for any sufficiently small positive €. Thus, by minimality of u', we have

d
—Ji (i +elp = u))le=0 > 0,

de
which is equivalent to
ut —2u”  +ul
/Q : ;}1 22 (o —ul) da + [ul, o — /W’ —uMdz >0 for all € K,,.
' (1.4.3)

Moreover, because every ¢ > u;' is also an admissible test function, we obtain that

2
Tn

no_ 9y 4oy -
/ G T2 gt [uf, s + / W'(ui)pdz >0 forall p € H*(2), > 0. (1.4.4)
Q Q

We define 4™ and u™ to be the piecewise constant and the piecewise linear interpolations in terms
of {u]'};, just as in (1.3.13) and(1.3.14); furthermore, let v" be the piecewise linear interpolant of
velocities v = (ul' —ul' 1)/, 0 <i < n. Taking into account (1.4.4), integrating from 0 to T,
we obtain

/OT/Q (u?(t)—zf(t—%)>(p(t)d:cdt+/0 [a"(t), ¢ dt+/ /W, o(t)dadt > 0

for all o € LY(0,T; H*(Q)), p(t,z) > 0 for a.e. (t,x) € (0,T) x Q.

Remark 1.4.4 (Extension of the key estimate). By choosing the test function ¢ = u]" ; in (1.4.3),
we have

—92 —+ C— L
OS/( u —1 U; 2)(“171 UZ)dCL‘—{—[u?,U _u /W/ u:l, |- ;‘L)dx
Q Tn
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and following the proof of Proposition 1.3.4, we obtain the same energy estimate

1
2
for all t € [0,T], with C = C(E(u(0)), K,T) a constant independent of n.

Given that the main energy estimate is still true, we can largely repeat the convergence proofs
presented in the previous section.

0 () 3y + 8O + W (@ ()] 10y < E(w(0)) + O,

Proposition 1.4.5 (Convergence of v", @™, W (a"), and W'(a"), obstacle case). There exists a
subsequence of steps T, — 0 and a function u € L>(0,T; H*(Q)) N Who(0,T; L?(2)) such that

u" — u in C°([0,T]; L*(2)), u(t) — u(t) in H¥(Q) for any t € [0,T),
ul —* uy in L°(0,T; L*(Q)), a" —* u in L>(0,T; H(Q)).
Furthermore, u(t,z) > g(x) for a.e. (t,x) € [0,T] x Q2. Also,

W(@") — W(u) in C°([0,T]; L*(Q)), W'(a™) —=* W(u) in L>=(0,T; H 5()).

Proof. See the proof of Propositions 1.3.6, 1.3.8 and 1.3.9. The fact that u(t,z) > g(x)
1

g
for a.e. (t,x) € [0,T] x Q follows by the fact that u} € K, for all n and 0 < i <

Os

Regarding the regularity of u;, similar to what happens for the obstacle problem for the linear
fractional wave equation, it is nearly impossible to expect u; to posses the same regularity as the
obstacle-free case, i.e. uy € L*°(0,7; H*(Q2)), mainly due to dissipation of energy at the contact
region with the obstacle. Nonetheless, extending the pipeline outlined in [18, Section 4], we are
still able to provide some sort of higher regularity for w;.

Proposition 1.4.6. Let u be the function obtained in Proposition 1.4.5 and, for any fized
0 < e H*(Q), let us define F': [0,T] — R as follows

F(t) = / ut(t)p de. (1.4.5)
Q
Then F € BV (0,T). Moreover, ul(t) — u(t) in L*(Q) for a.e. t € [0,T).
Proof. Consider the functions F™: [0,7] — R defined as

Frr) = /Q () da. (1.4.6)

where ¢ is fixed in H*(Q) with ¢ > 0. The first observation is that because u} is bounded in
L?(Q) uniformly in n and t (see Remark 1.4.4), ||F™|| r1(0,r) is uniformly bounded. Moreover,
{F"™}, is also uniformly bounded in BV (0,T): indeed, for every fixed n > 0 and 0 < i < n, from
(1.4.4) taking into account Remark 1.4.4 and Proposition 1.3.5, we can deduce that

/ (of — o 1o da
Q

< 27—n|[u?a SD]5| + 27,

— /(vzI - )pdr <27,
Q

2 ol + / W (ul)pda
Q

(1.4.7)
< 47,5

[ W wrypds
Q
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Summing over i = 1,...,n, we obtain

/ (of — o 1)pda| < / oo d — / vopdr+ 3 47.Cllglls
Q Q 9] X

=1
<|lopll2@)llellz2) + llvoll2@) el L2) + 4TCllplls < Cllells,

n

D

i=1

with C independent of n, where we make use of the uniform bound on ||v}'|[2(q). Thus, by Helly’s
selection theorem, there exists a function F' of bounded variation such that F™(t) — F'(t) for every
t € (0,T) as n — oo. Taking into account that uf? —* u; in L>(0,T; L%(Q)), one can then prove

that F'(t) = F(t) and thus u}(t) — u(t) for almost every ¢ € (0,T") (we refer to [18, Proposition 11]
for details).

From now on we can select u; to be
us(t) = weak-L? limit of ul'(t),
which is then defined for all ¢ € [0, 7.

Proposition 1.4.7. Fiz 0 < ¢ € H*(Q) and let F be defined as in (1.4.5). Then, for any
t € (0,7), we have

lim F(r) < lim F(s).

r—t— s—tt
Proof. Because F' € BV (0,T), it has right and left limits at any point. Fix t € (0,7") and
let 0 <r <t < s <T. For each n, let us define 7, and s, such that r € (7 _;,] ] and
s € (ty _1,t7 ]. From (1.4.6), proceeding as in (1.4.7), we see that

Fo(s) — F(r) = /Q (uP(s) — u () p di = / (W — o )pde

Q
Sn Sn Sn
-y / W = Ypde > 2 S |l gle —2m Y / W () lda
i=rn+1 78 i=rn+1 i=rn+178

> —4CTn (50 — )l s

for some positive constant C' independent of n. Moreover, |s —7| > [t} | —1} | = Tp(sp — 1 —14),
thus it implies that

F(s) = F*(r) = =2C|s — r[ - [[¢lls = 2Cmallel]s-

By passing to the limit n — oo we obtain that F'(s)—F(r) > —2C|s—7|-||¢||s, this yields the conclu-
sion.

We are now ready to prove the existence result, namely Theorem 1.4.2.

Proof of Theorem 1.4.2. Let u be the cluster point obtained in Proposition 1.4.5. It is easy to
see that the first condition in Definition 1.4.1 follows from Proposition 1.4.5. From Proposition
1.4.6, it implies that for any fix p >0, ¢ € H®, F(t) = Jo ut(t)pdz has the left and right limits
for any ¢ € [0, 7] since F is BV (0,T), this in turn implies the second condition in Definition 1.4.1.
Let us verify the third and the fourth conditions in Definition 1.4.1.
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(3.) For n > 0 and any test function o € Wh*(0,T; L?(Q)) N L' (0, T; H*(Q)), with ¢ > 0,
sptp C [0,T), we recall that

/OT/Q<U?(t)_:f(t_7—n)>(p(t)dxdt+/0 [@"(t), dt+/ /W’ o(t)dadt > 0

(1.4.8)
From Proposition 1.4.5, we have
/[ (1), dt—>/ sdt asn — oo,
/ /W’ dmdt%/ /W’ t)dxdt asn — co.
To deal with the first term of (1.4.8), we observe that
T n n T—,
£) —ul(t — 1) n t+ T,
0 JQ Tn Tn
/ / t) dzxdt +/ / t) dzdt
T—1n JQ Tn
—>/ /ut ) dzdt — /vocp(())dx—i—() as n — 0o
Q

and this completes the proof of condition (3).

(4.) By the convergence of u" to u in C°([0,T]; L?(Q2)) and u™(0) = wug, it implies that
u(0) = up. So as to check the initial condition on velocity we assume, without loss of generality,
that the sequence u" is constructed by taking n € {2™ : m > 0} (each successive time grid is
obtained dividing the previous one). Fix n and ¢ € K, let T* = mr, for 0 <m < n (ie. T" is a
“grid point”). We have

/OT*/Q“W)‘Zf“”"’«o—a"(t))=g/t R e e

m—1
_—/Qvo(go—un(Tn))dx—i—/Qu?(T*)(w—u”(T*))d:}:—l—Tn;/Qv?v?_ldx.

which combined with (1.4.3) gives

m—1
- /Qvo<s0—Un<m>>dw+ /Q W = () de > = 3 /Q ol do

m

A D (T e o /Q W (ul)(p — ) > —CT" — CT"|[glls
=1

i=1
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thanks to the boundedness of W' (u?) in L?(Q2). Passing to the limit as n — oo, using u™(7,) — u(0)
and ul (T*) — u(T*) (as noticed before we choose u; being the weak-L? limit of u}), we obtain
that

—/vo(go—u(O))d:U—l—/ut(T*)(go—u(T*))dxz—CT*—CH@HST*.
Q Q

Let T™ tend to 0 along a sequence of “grid points”, we have that
/(ui(o) —v9)(p — u(0)) dz > 0.
Q

To complete the proof, we observe that the energy estimate (1.4.2) is obtained by passing to the
limit as n — oo in

S (0 20y + 5" ()2 + W@ (0) 1) < E((0) + Oy

for all ¢t € [0, T, with C a constant independent of n (cf. Remark 1.4.4).

We end this section by an observation that in the case s = 1 the solutions become more
regular whenever the approximation u” lies strictly above g.

Proposition 1.4.8 (Regions without contact). Let s =1 and, for 6 > 0, suppose there exists an
open set As C Q such that u™(t,z) > g(x)+ 6 for a.e. (t,x) € (0,T) x Q and for all n > 0. Then
uy € L*(0,T; H1(As)) and u satisfies (2.2.6) for all ¢ € L*(0,T; H}(As)).

Proof. Fixn > 0and 1 <i < n. For every p € H}(Q) with spt ¢ C As we have u! +ep € K, for
¢ sufficiently small. In particular, inequality (1.4.4) turns into

n n n

/ uit — 2u +
2
Q Tn

20 dx +/ Vui - Vo dz +/ W (ul)odx =0 (1.4.9)
Q Q

The equality allows us to rescue the second part of the proof of Proposition 1.3.6: in the same
notation, we can prove v?*(t) to be bounded in H~!(Ag) uniformly in ¢ and n by using the uniform
bound on |[W’(uf")||2(q) provided by Proposition 1.3.5. Thus, v € Wh>(0,T; H'(A;s)) and

o™ —* v in L0, T; L*(As)) and o™ —* v in WH(0,T; H ' (As)).
A localization on Ag proves that vy = uy in Ag so that
uy € L*(0,T; H ' (As)).
To get (2.2.6) we pass to the limit in (1.4.9) as we have done in the proof of Theorem 1.3.3.
U
1.5 A numerical example

We present in this section a simple example implementing the scheme of Section 1.3 for a two
dimensional radially symmetric problem related to moving interfaces in the relativistic setting.
We consider equation (1.3.1) with potential

(1—u?)?

W(u) = 14+ u?
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and a radially symmetric initial datum wy having a sharp transition at a given radius Ry > 0 (the
function transitioning form 1 inside to —1 outside). The initial velocity is assumed to be zero and
the computational domain Q = B(0, R) for R > Ry. From results in [47], the solution u(t,-) is
expected to keep the initial structure of a radially symmetric function with a sharp transition
region, with said transition region evolving inwards: for 0 < t < Rym/2 the solution u(¢,-) will
display its transition region along the circle of radius

t

R(t) = Rgcos (R_0> .
Thus, we incorporate the radial symmetry in the minimization of (1.3.11) and we translate the
problem into a 1d optimization over {2 = [0, R] and assume Dirichlet boundary conditions +1 at
0, R. We employ the same discretization used in [18], based on classical piecewise linear finite
elements. The finite dimensional optimization problem is then solved via a projected gradient
descent method combined with a dynamic adaptation of the descent step size. We display the
results in Figure 3.2: we can see how the solution evolves the transition region in time and how
the position of the transition follows closely the expected radius.

—==analytical
3.0 —— simulated

2.5 1

2.0 4

L5 A

1.0 A

0.5 1

Figure 1.1: Left: space-time orthogonal view of the solution, red being +1 and blue being —1.
Right: time evolution of the transition region (analytical vs. simulated).
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1.6 Appendix

We recall the proof for the discrete Gronwall’s inequality as used in the proof of Proposition
1.3.4.

Proposition 1.6.1. (Discrete Gronwall inequality) Let {y,}N_q be a sequence of non-negative
numbers, and assume there exist two positive constants A, B > 0 such that

n—1
B
yo=0 and yRSA—i—NZyj foralln=1,..., N.
7=0
Then,

yi < Aexp(B) foralli=1,...,N.

Proof. We first prove by induction that

pea(ieD) 1o

for all 0 < i < N. The case i = 0 is obvious. Now suppose that (1.6.1) holds from 0 to k, then

Y1 < A+

2w =W
1
&

IN
N
+

This yields (1.6.1), which in turn gives

L < ) < - = — <
Y <A <1 + N) A [exp <N>] Aexp < B> Aexp (B)

foralli =0,...,N.
We also provide here the continuous version of Gronwall’s inequality:

Proposition 1.6.2. Let g : [0,1] — R be a non-negative continuous function, and it satisfies
the following inequality:

s=c | g(s)ds

for any t € [0,1], for some positive constants C. Then, g(t) =0 for any t € [0,1].
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Proof. Let m(t) = e=¢* f(f g(s)ds. We observe that d";ft) < 0 for any t € (0,1), and m(0) = 0.
Therefore, we have
m(t) =0

for any ¢ € (0,1), this implies that g(¢) = 0 for each ¢ € (0, 1), and we extend to the endpoints by
continuity of g.

The last inequality presented here which is the Poincaré-type inequality, is used in the proof
of uniqueness.

Proposition 1.6.3. Let u € H*(Q). Then, there exists a postive constant Cy such that
[lullz2@) < Csluls.

Proof. Let u € H*(Q), by Heisenberg-Pauli-Weyl inequality, one has

lullsy < € ([ telutoras) ([ e Pan) os)

< Dyllull2 gy lul?.

for some constants Dy, we have used that u is equal to 0 outside the bounded domain 2. Thus,
we obtain that
HUHLQ(Q) < Djluls,

which is the conclusion.
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Chapter 2

Weak solutions for nonlinear waves in
adhesive phenomenona

In this chapter we discuss a notion of weak solution to a semilinear wave equation that models
the interaction of an elastic body with a rigid substrate through an adhesive layer, relying on
results in Chapter 1, Bonafini et al [17]. Our analysis embraces the vector-valued case in arbitrary
dimension as well as the case of non-local operators (e.g. fractional Laplacian).

2.1 Introduction

In recent years, there have been many works devoted to adhesion phenomena arising from
biophysics and engineering (see for instance [46, 82, 39, 66] and references therein). Because
of the complex underlying mechanisms at both microscopic and macroscopic level, the rigorous
mathematical description of such phenomena is quite challenging, and increasingly accurate
mathematical models which are able to capture their essential features are being proposed (see
for instance [26, 52, 53, 32, 1] and references therein).

Following [32], where the dynamic of an elastic body (e.g. a string or a membrane) glued to
a rigid substrate through an adhesive layer can be modelled via a potential W describing the
effect of the adhesive layer on the dynamic. More precisely, the Lagrangian governing the one
dimensional dynamical system considered there is described by

1 1
l(u) = —Quf + §u326 + W(u), (2.1.1)

for a scalar displacement field w : [0,7] x [0, L] — R (see, for instance, [33, Section 2| for the
derivation of the model), the potential W has the following behavior:

2

u if Ju| < u*,
w = 2.1.2
(u) {(u*)2 if Ju| > u™. ( )

The lack of smoothness at points +u* gives rise to the difficulties in proving the existence of
solutions to the problem. And our main focus is to address this issue, in particular our analysis
extends also to vector-valued case as well as non-local operator. In view of this, the generalized
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model problem we will consider in this chapter is

up + (—A)°u+V,W(u)=0 in (0,7) x Q,

u(z,t) =0 ?n [0,7] x (R'\ ), (2.1.3)
u(0,2) = up(x) in €,
u(0,2) = vo() in £,

where  C R? is an open bounded domain with Lipschitz boundary, u : [0,7] x Q@ — R™ and
(—A)?® stands for the fractional Laplacian (s = 1 provides the standard Laplacian). The equation
considered in (2.1.3) also embraces the case s = 2, i.e. the bi-Laplacian, recently studied in [34]
to model an elastic beam interacting with a substrate through an elastic-breakable forcing term.

The key component in (2.1.3) is the potential W that models the energetic contribution of
the glue layer and is responsible for the adhesive behaviour. In [32], for d =1, s =1 and m = 1,
and in [34] for d = 1, s = 2 and m = 1, the authors propose to consider the potential W (2.1.2)
for some critical state v*. In this setting, we are assuming the stress of the glue layer to drop
immediately to zero when the displacement of the string goes beyond the critical value. The
derivative W' is then discontinuous at +u* and hence a suitable notion of weak solution is needed
to handle such discontinuity in the equation.

Any notion of solution for (2.1.3) heavily depends on the regularity of the potential W.
Whenever W is regular enough, i.e. W is non-negative and W € C'(R™) with Lipschitz
continuous gradient, a notion of weak solution and existence of it have been proved in Chapter
1. In this chapter, our aim is to explore how far such notion of weak solution can reach. We
first investigate in Section 2.3 the case where the gradient of the potential is not Lipschitz
continuous (but still continuous) and then tackle the discontinuous setting in Section 2.4. While
in the former scenario we are able to prove existence of weak solutions via a limiting approach
using smooth approximations of W, the latter scenario represents the boundary of the working
setting we currently put us into: even in the one dimensional case described by (2.1.2), with
W' discontinuous at £u*, the general lack of informations about the distribution of the values
of the approximate solutions around the critical states —u* and u* prevents us from providing
direct proofs by approximation, as shown in Examples 2.4.2 and 2.4.3. Hence, this is calling for
increasingly weaker notions of solutions.

The plan of Chapter 2 is organized as follows: in Section 2.2 we briefly recall preliminary
definitions and notations, together with the notion of weak solution. In Section 2.3 we deal with
problem (2.1.3) in case of (non Lipschitz-) continuous VW and prove existence of weak solutions
in Theorem 2.3.1. In Section 2.4, after discussing the limitations of the approximation approach
in Examples 2.4.2 and 2.4.3, we extend the analysis to a particular class of potentials with
discontinuous VW, proving existence of weak solutions under some very restrictive assumptions
(Theorem 2.4.4).

2.2 Preliminaries and model problem

2.2.1 Notation.

Let d,m € N and s > 0. We define the fractional Laplacian operator (—A)® as the operator
whose Fourier symbol is [£]%, i.e., for any u € L?(R%;R™)

F(-A)u = [¢*Fu
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where F denotes the Fourier transform. We denote by H® the fractional Sobolev space of order s,
which is defined as

H*(R%) = {u e L*(R%; R™) : /Rdu + [€1%)| Fu(€)|? d€ < +oo}

and equip it with the scalar product [u,v]s = ((—A)%?u, (—A)%?v) (where (-,-) is the L?
scalar product), the corresponding semi-norm [u]s = /[u, u]s = H(—A)S/QUHLQ(R@;RWL) and norm
lul|? = ||u||? T2@agm) T [u]?. For Q ¢ R? an open bounded set with Lipschitz boundary, we define

H*(Q) = {u e H*(R:R™) : w=0ae. in R\ Q},

endowed with the || - [|s norm, and its dual H—*(Q) := (H*(Q))*. One has C°(R% R™) is dense
in H*(RY) (see [79]). We recall the following embedding, and in order to be self-contained we
provide a proof it (based on [79]).

Lemma 2.2.1. Let 25 > d and u € H*(R?). Then, u € C°(R%R™) and there exists a constant
C independent of u such that

|ullcoagmy < Cllul| s ray- (2.2.1)

Proof. Let S(R%; R™) be the Schwartz space of rapidly decaying functions. Let f be a function
in S(RY;R™), we now prove the inequality (2.2.1) for f. One has

d
2

(2m)? | f(2)| = |(2m) 5 F~

| =| [ e rrea < [ 17r010 160 e

<(Larer ) </ FHOPQ+ JEryd )é 1
S*@</Rd<1+§| )</ IO e )

<2 ([ o df) 171y

Since we consider 2s > d, fRd Wdﬁ is finite. Thus, we obtain that

[ fllcomarmy < ClFI s ey (2.2.2)

Now let u € H*(RY), and {f,}n C S(R% R™) such that f, converges to u in H*(R%). We first
observe that {f,} is a Cauchy sequence in H*(R?), then combining this fact with (2.2.2),

an - meC’O(]Rd;Rm) < Can - meHS(]Rd)- (2-2-3)

It follows that {f,} is a Cauchy sequence in C°(R?;R™), and finally by passing to the limit we
obtain that

|ullcoagmy < Cllul| gs ray.- (2.2.4)
O
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2.2.2 Model problem.

For an open bounded set Q C R? with Lipschitz boundary and a potential W: R™ — [0, c0)
(whose regularity we specify later on), we look for a solution u = u(t,x), u : [0,7] x Q — R™, of

Ut + (—A)SU + VUW(U) =0 in (O,T) x Q

u(t,z) =0 ?ﬂ 0,77 x R\ Q) (2.2.5)
u(0,x) = up(x) in €
ut(0, x) = vo(x) in {2

with initial data ug € H*(Q2) and vy € L*(Q; R™) (we intend that vy = 0 in R?\ Q). For m = d
one can conventionally interpret u as the displacement of an elastic body (see [33, Section 2]). A
notion of weak solution for problem (2.2.5) can be given as follows.

Definition 2.2.2 (Weak solution and energy). Let T > 0. We say u = u(t, ) is a weak solution
of (2.2.5) in (0,T) if

1. we L0, T; H*(Q)) N W00, T; L2(Q)) and uy € L°(0,T; H5(1)),
2. for all p € L*(0,T; H*(Q))

T T T
/0 (ure(t), p(8))di + / fut), (1)) dt + / /Q VWV (u(t)p(t) dedt =0 (2.2.6)

with
u(0,x) =up and u(0,x) = vo. (2.2.7)
The energy of u is defined as
1 1
E(u(t)) = Sllu®llf2) + 5u®l + W ®)lya)  fort €[0,T].

Existence of a weak solution in the sense of Definition 2.2.2 has been proved in Chapter 1 for
non-negative potential W € C'(R™) with Lipschitz continuous gradient. We prove in the next
section the existence of weak solutions under the assumption W € C!(R™), non-negative and
dropping Lipschitz continuity of the gradient in favour of boundedness and uniform continuity
assumptions. Less regular potentials are then partially addressed in Section 2.4, where limitations
of the current approach are discussed in Examples 2.4.2 and 2.4.3, and existence of weak solutions
is proved under the assumption of small initial data for 2s > d.

2.3 The case of continuous VIV

Taking into account prototypical potentials modelling adhesive behaviours, e.g. one expects
constancy of W outside a bounded region, this section is devoted to the proof of the following
theorem.

Theorem 2.3.1. Let W € CY*(R™), and W be non-negative. Assume there exists K > 0 such
that 0 < W(y) < K and 0 < |VW(y)| < K for all y € R™, with VW wuniformly continuous. Then,
there exists a weak solution of (2.2.5) satisfying the energy inequality

E(u(t)) < E(u(0)) for any t € [0,T]. (2.3.1)
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Proof.
Step 1. Construction of regqularized approximate weak solutions. Let us consider a family of
non-negative potentials (W;).so in C?(R™) such that:

(i) We converges uniformly to W,
(ii) VW. converges uniformly to VIV,
(iii) VW, is Lipschitz continuous for each «.

Leveraging the existence result in [Theorem 1.3.3, Chapter 1], for each £ > 0 there exists a weak
solution u® of

ug + (—A)°u + V W (u®) =0 in (0,7) x Q

uf(t,z) =0 in [0,7] x (R%\ Q)
u®(0, ) = up(x) in Q
u; (0, ) = vo(x) in Q

in the sense of Definition 2.2.2. This in particular means that

T T T
/0 (g (1), ())dt+/0 [u (t),w(t)]sdﬂr/o /QVUWE(U ())p(t) dadt = 0 (2.3.2)

for all ¢ € LY(0,T; H*(2)), and, for any t € [0,T], we have

1

1 1 1
5”“?@)”%2(9) + 5[“‘5(75)]3 + [[We(w ()| 1@) < §HUOH%Z(Q) +5

2[“0]3 =+ HWS(U/O)HLl(Q)- (2.3.3)

Step 2. Existence of a cluster point. Since W, converges uniformly to W in R™ and W is bounded,
for sufficiently small € we have a uniform bound on W¢. Thus, using (2.3.3), there exists a constant
C > 0 such that for any ¢ € [0, 7]

BA(D) = 3 0By + 50+ We ()] 13y < €. (2.3.4)

This energy bound, reasoning as in [P{Oposition 1.3.6, Chapter 1] or [18, Proposition 6], readily
provides the existence of u € L (0, T; H*(Q))NW1°°(0,T; L?(2)) such that, up to a subsequence,

(iv) w® — u in C°([0,T]; L%(Q)),

(v) uf =% ug in L>=(0,T; L(Q)),

(vi) u(t) — u(t) in H*(Q) for t € [0, T],
) u® —*u in L>®(0,T; H3()).

(vii
Step 3. Passage to the limit in the definition of weak solution. In order to prove that u is a weak

solution we first has to pass to the limit in (2.3.2) as ¢ — 0. To do so, observe that

® Uy € LOO(O,T7 H_S(Q)) and U%t - Utt in LOO(Oa Ta H_S(Q))

Indeed, from (2.3.4), (2.3.2), and the uniform bound on |[VW,|, we obtain that uj, is
uniformly bounded in L>°(0,7; H~*(2)). This implies that uf, —* uy in L>°(0,T; H*(Q)).
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o V,We(uf) =* V,W(u) in L*(0,7; H*(2))

Indeed, u® — wu for a.e. (z,t) € (0,7) x Q due to the convergence of u® to u in
C°([0,T); L3(2)). Thus, since VW converges uniformly to VW in R™ and VW~ is uniformly
bounded, by the dominated convergence theorem we conclude that

VW (uf) = VW (u) in L*((0,T) x Q).

On the other hand, V, W, (u®) is uniformly bounded in L*°(0,7; H~*(f2)), therefore we can
conclude that V,, W, (u®) —=* V,W(u) in L>(0,T; H*(Q)).

Thus, letting ¢ — 0 in (2.3.2) we obtain

T T T
/0 (utt(t),go(t»dt—l—/o [u(t),cp(t)]sdt+/0 /QVUW(u(t))gp(t)dxdtzo (2.3.5)

for all ¢ € L'(0,T; H*(Q)). To finally conclude, observe that

e E(u(t)) < E(u(0)) for each t € [0,T]

From the fact that «§, is uniformly bounded in L>°(0,7; H*(2)), we deduce that u§ — u,
in CY([0,T]; H*(f2)). On the other hand, each 5 (t) is uniformly bounded in L?(2), thus
we obtain that u§(t) — u(¢) in L*(Q) for each ¢ € [0,T]. For the convergence of W (uf),
let t € [0,7] and an arbitrary n > 0, since W, converges uniformly to W, for sufficiently
small € we obtain that

(Wely) =Wyl <n (2.3.6)

for any y € R™. Hence,

/ W (2 () — W (u(t))|dex < / W (uF (1)) — W (uF (1)) |de + / W (0 (1)) — W (1)) |d
Q Q Q

1
< |92 VW (y)|- £ — Q|2
<19+ max VW () max |[u® — ul| 20y
where we have made use of (2.3.6), Lipschitz continuity of W, and Hélder’s inequality. Thus,
from the fact that u¢ — u in C°([0,T]; L?(Q2)), we can deduce that up to a subsequence,
We(uf) — W (u) in CO([0,T); L'(Q)). The energy inequality for u follows passing to the
limit in (2.3.3).

o u(0,x) = up, u(0,x) = vy

Since u® — u in CO([0, T]; L?(2)) and u§ — u; in C°([0,T]; H=*(£2)), we have u(0,x) = ug
and u:(0,x) = vp.

O

Remark 2.3.2. In case ug € H?*(Q2), vg € H*(Q2), the weak solution of (2.2.5) constructed in
Theorem 2.3.1 is such that its energy E(u) is conserved during the evolution. Indeed, for more
regular initial data approximate solutions u® turns out to be more regular and energy preserving
[Theorem 1.3.3, Chapter 1]. In particular we have a uniform H*® bound on the velocity of the
approximate solutions, namely (uf), due to the uniform bounds on W, and VW,. This allows us
to obtain higher regularity for the velocity of the limiting solution, which in turn gives rise to the
energy conservation by using suitable test functions (see Chapter 1).
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2.4 The case of discontinuous VW

So as to express the manifestation of an adhesive phenomenon through a sharp discontinuity
in the same spirit as [32], we consider here equation (2.2.5) with the prototypical continuous
potential W € C(R™) defined as

1k if y € B(0,1)
W(y) = {1 if 4 ¢ B(0.1) (2.4.1)

where B(0,1) ={y e R™||y| <1}, B(0,1) ={y € R™||y| <1}, and we define

2y ifyeB(0,1)

VW (y) = {0 ity ¢ B0, 1) (2.4.2)

Then, we define weak solutions in this case as follows:

Definition 2.4.1 (Weak solution and energy for the discontinuous case). Let T' > 0. We say
u=u(t,x) is a weak solution of (2.2.5) in (0,T) if

1. uwe L=(0,T; H(Q) N Wh>(0,T; L*(Q)) and uy € L=(0,T; H5(Q)),
2. V W(u) € L=(0,T; H-*(%)),
3. for all p € L*(0,T; H5(Q)),

T T T
/0 (ure(£), ()t + /0 fut), o(t)] dt + /0 /Q VWV (u(t)p(t) dedt =0 (2.4.3)

with
u(0,x) =up and u(0,x) = vo. (2.4.4)

The energy of u is defined as

B(u(t)) = g () 3ay + 5O + W)y fort € 0,7]

This potential designates 0B(0, 1) as the set of critical states serving as boundary of the
adhesive dynamics. Trying now to prove existence of weak solutions as in the proof of Theorem
2.3.1, due to the discontinuous behaviour of VW, we cannot approximate the gradient uniformly
and thus possibly lose any control on the behaviour of the approximating sequence, in particular
in regions where approximate solutions approaches the discontinuity. It turns out that this
approach is indeed not always successful when combined with Definition 2.4.1 of weak solutions,
as it can be shown via some counterexamples for the one dimensional semilinear wave equation
Ut — Ugy + W/ (u) = 0 (we consider here for simplicity a Neumann problem in order to be able to
write explicitly some approximate solutions).

Example 2.4.2. Consider the 1-dimensional problem

Ut — Uz + W (u) =0  in (0,7T) x [0, L]

ug(t,0) =uy(¢,L) =0  in [0,7)
u(0,2) =1 in [0, L] (2:45)
ut(0,2) =0 in [0, L]
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for a potential W € C'(R) defined as above

u? if jul <1
W(u) = . (2.4.6)
1 if|ul>1
and
, 2u if Jul <1
W' (u) = _ (2.4.7)
0 if ju| > 1.

Consider now the sequence of approximate potentials W, with

((2—¢€)u if |[ul <1
2—¢ .
(I+e—u) fl<u<l+e
W= <,
I+e+u) if —1-e<u<l1
€
0 if Ju| > 1+ .

One can easily show that u®(t,z) = 1 + ¢ solves the approximate problems

ufy, —us, + Wi (u®) =0 in (0,7) x [0, L]

Ui(t,O) - ;(tvL) =0 n [OvT]
u®(0,2) =1+¢ in [0, L]
u; (0,2) =0 in [0, L],

and such approximate solutions converge to the constant function 1 but

lim | W.(u®(t))e(t) dzdt = 0

e—0 0
while W/(1) = 2. Hence, we generally cannot expect to harmlessly pass to the limit in any
definition of weak solution involving (2.2.6) (indeed, for general W, already the measurability of
the integrand V, W (u(t)) may fail, breaking this notion of solution from the very beginning).

Ezample 2.4.3. Consider again problem (2.4.5). One can in general build non constant approximate
solutions: consider potentials W, with

(2u—¢ if [u| <1
2e —2 2
u—e+— ifl<u<l+e,
€
Wi(u)=<¢ ifu>1+e¢, (2.4.8)
2 2
—u———2—¢ if —1-e<u<-1
€ €
— € fu<—-1-—e.

Then, u®(t,x) = —5% + v/ + 1 solves
uf, — ug, + Wi(u) =0 in (0,T) x [0, L]

ug(t,0) =uz(t,L) =0  in[0,T]
u(0,2) =14/ in [0, L] (2.4.9)
ug (0,2) =0 in [0, L]

and u® — 1 and W/(u®) = e.
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Observe that when approximate solutions do not approach the discontinuity region, one
can indeed repeat the same exact steps as in the proof of Theorem 2.3.1. Within this very
specific setting, one can prove the existence of weak solutions for small initial data (i.e., when the
troublesome region is completely avoided).

Theorem 2.4.4. Consider 2s > d, W, V,W as defined in (2.4.1), (2.4.2) respectively and assume
that
HUOHﬁs(Q) < e, HUOHL2(Q) <é& (2.4.10)

for sufficiently small €1, €5. Then, there exists a weak solution of problem (2.2.5) in the sense of
Definition 2.4.1 with
lu(z,t)] <1 for all (t,x) € [0,T] x (2.4.11)

and
E(u(t)) < E(u(0)) for anyt € [0,T]. (2.4.12)

Proof. We repeat the approach used in the proof of Theorem 2.3.1: construct a family of
non-negative potentials (W;).s0 in C?(R) such that:

(i) We converges uniformly to W in R™,

(ii) VW, converges pointwise to VW in R™ \ 0B(0,1), V¥, converges uniformly to VI¥ in
B(0,1), VW, is uniformly bounded in R™,

(iii) VW, is Lipschitz for each e.

For each € > 0 there exists a weak solution u. in the sense of Definition 2.2.2 corresponding to
W with initial data wug, vp such that for any ¢ € [0,7] one has

1 1 1 1
11 (O30 + ST (02 + W ()220 < 500l 22y + 5 ol? + W (o)l 10y (2:4.13)

Since W, converges uniformly to W in R™, for sufficiently small ¢ we have
(We(y) —Wi(y)| <es (2.4.14)
for any y € R™ and €3 > 0 fixed. This fact combined with (2.4.10) implies that
IWe(uo)ll @) < [IW (uo)l| 1 () + 3/Q] < [Q2]e7 + 5/ (2.4.15)
Thus, combining (2.4.13) with estimates in (2.4.10) and (2.4.15), we obtain that
BE(1) = 545032 + (0 + IWalu (D)l|oo@) < Olerenes, @) (2416)

for any ¢ € [0,T]. On the other hand, we have

t 2 t
0 (0) — w0} ooy = [ \ [ uias| do<t [ [ ui(s.o)Pdsds
o0 @0 (2.4.17)
gT/ / i (5, ) Pdads < 2T2C(er, £, £3, Q)
0 JQ
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where we have made use of Jensen’s inequality and Fubini’s theorem. Hence,

s ()] 220y < [[uf(0)]|z2(q) + TV/2C (61, 62,63, Q) < €1+ T/2C(e1, 62,63, Q) (2.4.18)
for all t € [0,7T]. So, from the estimates (2.4.16) and (2.4.18) we obtain that
[ (D)l @y < Cler, 2,3, T, ), (2.4.19)

Since 2s > d, by means of the Sobolev embedding from H*(Q) into the space C°(R% R™) (see
Lemma 2.2.1), we obtain

[lus(O)lco@mrm)y < Cllu ()]l s () < Cler, 2,63, T, 9), (2.4.20)

for all t € [0,T], where C(e1,¢e2,e3,T,) is decreasing as soon as €1, &2, 3 are decreasing. Thus,
for any small 7 > 0, by choosing €1, €2, €3 small enough one has

|u®(z,t)] <1—n (2.4.21)

for any (t,z) € [0,T] x Q. Since approximate solutions never enter the discontinuity region of
the gradient VW, one can then repeat the same steps as in the proof of Theorem 2.3.1 to pass
to the limit along the sequence (u°). and obtain a weak solution satisfying (2.4.11) and (2.4.12).

O

As the above discussion made clear, in order to be able to handle problems with a discontinuity
of the adhesive glue layer, i.e. discontinuities in VW, a more robust notion of solution is needed.
An immediate follow-up would be to consider for instance solutions in the sense of differential
inclusions, e.g.

g + (—A)°u € —OW (u)

(see for example [31], and references therein) or in the sense of Young measures, but we postpone
such discussion to future works.

34



Chapter 3

Energy minimizing maps with
singularities and Gilbert-Steiner
problems

In this chapter we investigate the relation between energy minimizing maps valued into
spheres having topological singularities at given points and optimal networks connecting them (e.g.
Steiner trees, Gilbert-Steiner irrigation networks). We show the equivalence of the corresponding
variational problems, interpreting in particular the branched optimal transport problem as a
homological Plateau problem for rectifiable currents with values in a suitable normed group. This
generalizes the pioneering work by Brezis, Coron and Lieb [25].

3.1 Introduction

In their celebrated paper [25], Brezis, Coron and Lieb showed, in the context of harmonic maps
and liquid crystals theory, the existence of a close relation between sphere-valued harmonic maps
having prescribed topological singularities at given points in R3 and minimal connections between
those points, i.e., optimal mass transportation networks (in the sense of Monge-Kantorovich)
having those points as marginals. This relation was further enlightened by Almgren, Browder and
Lieb in [4], who recovered the results in [25] by interpreting the (minimal connection) optimal
transportation problem as a suitable Plateau problem for rectifiable currents having the given
marginals as prescribed boundary.

Our aim is to consider minimizing configurations for maps valued into manifolds and with
prescribed topological singularities when the energy is possibly more general than the Dirichlet
energy, and investigate the connection with Plateau problems for currents (or flat chains) with
coefficients in suitable groups. The choice of these groups is linked to the topology of the involved
target manifolds.

In this chapter we will consider the particular case where the manifold is a product of spheres
and the maps have assigned point singularities, and we will show, in Theorem 3.1.1 below, that
energy minimizing configurations are related with Steiner-type optimal networks connecting the
given points, i.e., solutions of the Steiner problem or solutions of the Gilbert-Steiner irrigation
problem. In a companion paper in preparation [29] we will discuss and state the results which
correspond to more general situations.
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Steiner tree problems and Gilbert-Steiner (single sink) problems can be formulated as follows:
given n distinct points P, ..., P, in R?, where d,n > 2, we are looking for an optimal connected
transportation network, L = U?:_ll)\i, along which the unit masses initially located at P, ..., P,—1
are transported to the target point P, (single sink); here \; can be seen as the path of the i
mass flowing from P; to P, and the cost of moving a mass m along a segment with length [ is
proportional to Im®, a € [0, 1]. Therefore, we are led to consider the problem

n—1
(I) inf {Ia(L) : L= U i with {P;, P} C A\, for every i =1,...,n — 1}
i=1

where the energy I, is computed as Io(L) = [, |6(z)|*dH"(z), with 6(z) = S 1y, (). Let us
notice that 0 stands for the mass density along the network. In particular, we consider the range
a € [0,1]:

e when a = 0 the problem is equivalent to optimize the total length of the graph L, as in the
Steiner Tree Problem (STP);

e when a =1 the problem () becomes the well-known Monge-Kantorovich problem;

e and when 0 < a < 1 the problem is known as the Gilbert-Steiner problem, or, more generally,
as a branched optimal transport problem, due to the fact that the cost is proportional to a
concave function 0¢, which favours the clustering of the mass during the transportation,
thus giving rise to the branched structures which characterize the solutions (we refer the
reader to [11] for an overview on the topic).

In the last decade, the communities of Calculus of Variations and Geometric Measure Theory
made some efforts to study (Gilbert-)Steiner problems in many aspects, such as existence, regularity,
stability and numerical feasibility (see for example [81, 68, 54, 55, 35, 36, 65, 23, 58, 19, 21, 20|
and references therein). Among all the significant results, we would like to mention recent works
in [54, 55] and [19, 20], which are closely related to our work. To be more precise, in [54, 55]
the authors turn the problem (I) into the problem of mass-minimization of integral currents
with multiplicities in a suitable group. For the sake of readability we postpone proper definitions
about currents to Section 3.2, in this introduction we only recall that a 1-dimensional integral
current with coefficients in a group can be thought as a formal sum of finitely many curves and
countably many loops with coefficients in a given normed abelian group. For instance, considering
the group Z" ! and assigning to the boundary datum Pi, P, ..., P,_1, P, the multiplicities
1,69, ... en1,—(€1 + ...+ en_1), respectively (where {e;}1<i<n_1 is the basis of R" 1), we
recover the standard model in [54, 55].

In fact we can interpret the network L = U?:_ll A; as the superposition of n — 1 paths );
connecting P; to P, labelled with multiplicity e;. This point of view requires a density function
with values in Z" !, which corresponds to the so-called 1-dimensional current with coefficients in
the group Z"~!. Furthermore, by equipping Z"~! with a certain norm (depending on the cost of
the problem), we may define the notion of mass of those currents, and problem (I) turns out to
be equivalent to the Plateau problem.

(M) inf {M(T) : 0T =e16p, +e2dp, +...+en_10p, , —(e1+e2+ ...+ en,l)épn}

where T is a 1-dimensional current with coefficients in the group Z"~! (again, we refer the reader
to the Section 3.2 for rigorous definitions). For mass minimization, there is the very useful notion
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of calibration (see section 3.3), that is, a tool to prove minimality when dealing with concrete
configurations (see Example 3.3.1). To be precise, a calibration is a sufficient condition to prove
minimality, see Definition 3.2.8 and the following remarks.

In [19, 20], by using [54, 55|, a variational approximation of the problem (I) was provided
through Modica-Mortola type energies in the planar case, and through Ginzburg-Landau type
energies (see [3]) in higher dimensional ambient spaces via I'-convergence. The corresponding
numerical treatment is also shown there.

Following [54, 55], [19, 20], and the strategy outlined in [4] (relating the energy of harmonic
maps with prescribed point singularities to the mass of 1-dimensional classical integral currents)
we provide here a connection between k-harmonic manifold-valued maps with prescribed point
singularities and (Gilbert-)Steiner problems (I). More precisely, let P, ..., P, 1, P, in R? be
given, and consider the spaces H; defined as the subsets of VVli(fl 71(]Rd; S%1) where the functions
are constant outside a neighbourhood of the segment joining F;, P, and have distributional
Jacobian “4=1(8p, — &p,), respectively. Here aq_; is the surface area of the unit ball in RY.

Let 1 be a norm on R"~! which will be specified in Section 3.3 (see (3.4.9)), and set

H(u):/ O(|Vur |78 [V 7L, L [ Vg [T da (3.1.1)
Rd

where u = (uq,...,up—1) € Hy X Hy X ... X H,_1 is a 2-tensor. We investigate

(H) inf {H(u): u€ Hy x Hy X ... x H,_1}.

The main contribution of this chapter is the following

Theorem 3.1.1. Assume that a minimizer of problem (M) admits a calibration (see Definition
3.2.8). Then, we have
inf H = (d — 1)“T gy inf M (3.1.2)
or equivalently, in view of paper [54, 53],
d—

inf H = (d — 1)°T ag_y inf I, . (3.1.3)

Currently, we cannot evade the assumption on the existence of a calibration, because it is still
not known if a calibration, or even a weak version of it, is not only sufficient but also a necessary
condition for minimality (see Section 3.2). Nonetheless, dropping this assumption we can still
state some partial result as follows.

Remark 3.1.2. (i) If a =1, then we are able to prove that (3.1.3) still holds true, as a variant
of the main result in Brezis, Coron, Lieb [25].

(ii) In case 0 < a < 1, we obtain the following inequality
(d—1)T ag_1infM = (d — 1)“F ay_y inf I, > inf H. (3.1.4)
The investigation of equality in (3.1.4) when 0 < « < 1 is delicate and will be considered in
forthcoming works.

Remark 3.1.3. We believe that the assumption of the existence of a calibration is not too restrictive.
We actually conjecture that minimizing configurations for the problem (M) admit a calibration
in case of uniqueness, which is somehow a generic property. We carry out in Example 3.3.1 the
construction of configurations of n points in R®~! with n — 2 branching points which are generic
in character and these configurations admit a calibration.
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The organization of Chapter 3 is as follows: in Section 3.2, we briefly review some basic notions
of Geometric Measure Theory which will be used in the chapter, in Section 3.3 we recall (Gilbert-)
Steiner problems and briefly describe their connection with Plateau’s problem for currents with
coefficients in a group. Finally, in Section 3.4 we prove the Theorem 3.1.1.

3.2 Preliminaries and notations

3.2.1 Rectifiable currents with coefficients in a group G

In this section, we present the notion 1-dimensional currents with coefficients in the group
R"~1 in the ambient space R? with n,d > 2. We refer to [57] for a more detailed exposition of
the subject.

Consider R"™! equipped with a norm 1/ and its dual norm 1*. Denote by A;(R?) the space of
1-dimensional vectors and by A'(R?) the space of 1-dimensional covectors in R?.

Definition 3.2.1. An (R" !)*-valued 1-covector on R? is a bilinear map
w: A (RY) x R"1 — R.

Let {e1,e2,...,e,-1} be an orthonormal basis of R"~!, and let {e},e3,...,e% ;} be its dual.
Then, each (R"~!)*-valued 1-covector on R% can be represented as w = wie} + ...+ wy_1e’_;,
where w; is a “classical” 1-dimensional covector in R? for each i = 1,...,n — 1. To be precise, the
action of w on a pair (7,0) € A;(R?) x R""! can be computed as

n—1

(w;T,0) = > Oi(wi, ),

i=1

where the scalar product on the right hand side is the standard Euclidean scalar product in R,
We denote by A%Rn_l ) (R9) the space of (R"~!)*-valued 1-covectors in R, endowed with the
following norm:

wl := sup{¢"((w;7,-)) : [7| < 1}.
Definition 3.2.2. An (R"!)*-valued 1-dimensional differential form defined on R? is a map
w:RY A%]Rnfl,w) (Rd) .

Let us remark that the regularity of w is inherited from the components w;, i =1,...,n — 1. Let
© = (1, .,9n_1) be a function of class C*(R%; R"1). We denote

de :=dpre] + ... +dpn_1€,_1,

where dy; is the differential of ;. Thus dp € C(R?; A%Rn—l,w) (Rd)).

Definition 3.2.3. A 1-dimensional current T' with coefficients in (R"~! 4)) is a linear and
continuous map

T:C® (Rd; Mlzic ) (Rd)) S R.
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Here the continuity is meant with respect to the (locally convex) topology on C2°(R%; A%Rn_l ») (R%))

defined in analogy with the topology on C>°(R%;R) which allows the definition of distributions.
The mass of T is defined as

M(T') := sup {T(w) : su]é)d lw] < 1} .

Moreover, if T is a 1-dimensional current with coefficients in (R"~!, 1)), we define the boundary
OT of T as a distribution with coefficients in (R"~1,4)), 9T : C2°(RY; (R"1,4))) — R, such that

T (p) = T(dy)

The mass of 9T is the supremum norm

M(OT) := sup {T(d(p) :sup ¥ () < 1} .

zERY
A current T is said to be normal if M(T") + M(9T) < cc.

Definition 3.2.4. A 1-dimensional rectifiable current with coefficients in the normed (abelian)
group (Z"~1,4)) is a (1-dimensional) normal current (with coefficients in (R"~!,)) such that there
exists a 1-dimensional rectifiable set ¥ C RY, an approximate tangent vectorfield 7 : ¥ — A;(R?),
and a density function 6 : ¥ — Z"~! such that

7(0) = [ (wla)r(e). ) dH!(z)
b
for every w € C° (Rd; A%Rn,l w(]Rd)). We denote such a current 1" by the triple [X, 7, 0].

Remark 3.2.5. The mass of a rectifiable current 7' = [, 7, 8] with coefficients in (Z"~!,1)) can be
computed as

M(T) := sup {T(w) :sup |w| < 1} = /E@D(H(x))d?[l@)

zER4
Moreover, T : C®(R% (R"1,4)) — R is a measure and there exist z1,...,2, € RY
Py, Pm € Z™ 1 such that
m
OT () =Y _pjpla)).
j=1

Finally the mass of the boundary M(9T') coincides with >, 9(p;).

Remark 3.2.6. In the trivial case n = 2, we consider rectifiable currents with coefficients in the
discrete group Z and we recover the classical definition of integral currents (see, for instance, [38]).

Finally, it is useful to define the components 7" with respect to the index i € {1,...,n —1}:
for every 1-dimensional test form @ € C°(R% A'(R?)) we set

TH®) == T(Qe).

Notice that 7" is a classical integral current (with coefficients in Z). Roughly speaking, in some
situations we are allowed to see a current with coefficients in R®~! through its components
(Tt,..., T h.
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When dealing with the Plateau problem in the setting of currents, it is important to remark a
couple of critical features. For the sake of understandability, we recall them here for the particular
case of 1-dimensional currents, but the matter does not depend on the dimension.

Remark 3.2.7. If a boundary {Pi,..., P,} C R?is given, then the problem of the minimization
of mass is well posed in the framework of rectifiable currents and in the framework of normal
currents as well. In both cases the existence of minimizers is due to a direct method and, in
particular, to the closure of both classes of currents. Obviously

min{M(7T') : T normal current with coefficients in R"~* and boundary {Py, ..., P,}}
<min{M(T) : T rectifiable current with coefficients in Z"~! and boundary {Pi,..., P,}},

but whether the inequality is actually an identity is not known for currents with coefficients in
groups. The same question about the occurence of a Lavrentiev gap between normal and integral
currents holds for classical currents of dimension bigger than 1 and it is closely related to the
problem of the decomposition of a normal current in rectifiable ones (see [57] for a proper overview
of this issue).

A formidable tool for proving the minimality of a certain current is to show the existence of a
calibration.

Definition 3.2.8. Consider a rectifiable current 7' = [, 7, 0] with coefficients in Z", in the
ambient space R?. A smooth (R")*-valued differential form w in RY is a calibration for 7" if the
following conditions hold:

(i) for a.e x € ¥ we have that (w(z);7(x),0(x)) = ¥ (0(x));
(ii) the form is closed, i.e., dw = 0;
(iii) for every z € RY, for every unit vector ¢t € R% and for every h € Z", we have that

(w(z);t, h) < P(h).

It is straightforward to prove that the existence of a calibration associated to a current implies
the minimality of the current itself. Indeed, with the notation in Definition 3.2.8, if T" = [¥/, 7/, 0']
is a competitor, i.e., 7" is a rectifiable current with coefficients in Z" and 97" = 0T, then

M(T) = / P(0) = / (w;T,0) :/ (w; T, 0") < P(0) =M(T").
b b ’ 5

We stress that fact that the existence of a calibration is a sufficient condition for the minimality
of a current, so it is always a wise attempt when a current is a good candidate for mass minimization.
Nonetheless, it is also natural to wonder if every mass minimizing current has its own calibration
and this problem can be tackled in two ways: for specific currents or classes of currents (such as
holomorphic subvarieties) one has to face an extension problem with the (competing) constraints
(ii) and (iii), since condition (i) already prescribes the behaviour of the form on the support of
the current. In general, one may attempt to prove the existence of a calibration as a result of a
functional argument, picking it in the dual space of normal currents, but this approach has two
still unsolved problems:

e the calibration is merely an element of the dual space of normal currents, thus it is far to
be smooth;
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e this argument works in the space of normal currents and it is not known whether a minimizer
in this class is rectifiable as well (see Remark 3.2.7).

Anyway, in this specific case of currents with coefficients in Z™ which match the energy minimizing
networks of a branched optimal transport problem (with a subadditive cost), we think that the
Lavrentiev phenomenon cannot occur, as explained in Remark 3.1.3.

3.2.2 Distributional Jacobian

We recall the notion of distributional Jacobian of a function u € VVl})f (R4 RY) NLC (RYGRY),
see also [48, 2].
Let u be in VVll’d_l(Rd; R%) M L2 (R%RY), we define an auxiliary map @ € Li (R% RY) as

oc loc

U= (det(u, ugy, . . ., Ug,), det(Ugy, Uy .o Uy )y -y det(Ug,, ooy Ug, (5 0)),

where u,, is a LflO_Cl(Rd; RY) representative of the partial derivative of u with respect to the j*™
direction. Thus we define the Jacobian Ju of u as %dﬁ in the sense of distributions. More

explicitly, if ¢ € C°(R? R) is a test function, then one has

/ c,oJudac:—l Vo -udr. (3.2.1)
R4 n Jrd
The identity required in (3.2.1) is clearer if one notices that @ has been chosen in such a way that
div(pu) = Ve - 4+ np det Du whenever u is smooth enough to allow the differential computation.
Once the singularities of the problem py, ..., p, have been prescribed, we can also introduce
the energy spaces H;, for each i = 1,...,n— 1. By definition a map u € V[fli’g_l(]Rd; S%1) belongs
to H; if Ju = “1(6p, — 0p,), and there exists a radius r = r(u) > 0 such that u is constant
outside B(0,r(u)) 3 P;, P,, where B(0,r) is the open ball of radius r centered at 0.

In order to prove Theorem 3.1.1 we consider the following problem:

(H) mf{H(u), u= (’LL1,... ,’U,nfl) € HH x Hy x...x anl}-

where

H(u):/ V(| Vur |27 [V T L [V |47 da (3.2.2)
Rd

As indicated in the introduction, the inspiration for considering the problem (H) and comparing it
with the irrigation problem (I) is coming from the works [54, 55] and [4]. More precisely, [54, 55]
provided a new framework for the problem (I) by proving it to be equivalent to the problem of
mass-minimizing currents with coefficients in the group Z"~! with a suitable norm. The point of
view is to look at each irrigation network L = U?:_ll \; encoded in the current 7' = (T%,..., 7" 1)
where T" is a classical current supported by \;, and the irrigation cost of L is the mass of the
current 7". Then, by combining this point of view with [4] (see also [25]), where the energy of
harmonic maps with prescribed point singularities was related to 1-dimensional classical currents.
This leads us to investigate the problem (H) in connection with problem (I).

3.3 (Gilbert-)Steiner problems and currents with coefficients in
a group

Let us briefly recall the Gilbert-Steiner problem and the Steiner tree problem and see how it
can be turned into a mass-minimization problem for integral currents in a suitable group.
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Let n distinct points Py, ..., P, in R% be given. Denote by G(A) the set of all acyclic graphs
L= U?;ll A;, along which the unit masses located at Pi,..., P,_1 are transported to the target
point P, (single sink). Here \; is a simple rectifiable curve and represents the path of the mass at
P; flowing from P; to P,. In [54, 55], the occurrence of cycles in minimizers is ruled out, thus the
problem (I) is proved to be equivalent to

n—1
(I) inf {/L 6(x)|[*dH (), LeG(A), 8(z) = 1&.(1;)}
i=1

where 6 is the mass density along the network L. Moreover, in [54, 55| the problem (I) can
be turned into a mass-minimization problem for integral currents with coefficients in the group
Z"1: the idea is to label differently the masses located at Py, P;. .., P,_1 (source points) and
to associate the source points Pp,..., P,_1 to the single sink F,,. Formally, we produce a 0-
dimensional rectifiable current (a.k.a. a measure) with coefficients in Z"~!, given by the difference
between

o =e1dp, +exdp,+...+en_16p,_, and u = (e1 +... +e,)dp, .

We recall that {e1,es,...,e,} is the canonical basis of R"~!. The measures pu~,ut are the
marginals of the problem (I). To any acyclic graph L = U?;ll A; we associate a current T with
coefficients in the group 7"~ 1 as follows: to each \; associate the current T; = [Ai, 7, ei], where 7;
is the tangent vector of \;. We associate to the graph L = U?;ll A; the current T'= (T4, ..., T—1)
with coefficients in Z"~!. By construction we obtain

OT = p* — p~
Choosing the norm 1 on Z" ! as

Il = (S5 hsl3) " incase a e (0;1], he 27!

| |lo = max{h1,...,hn_1} incasea=0,hecZ !,

Y(h) = (3.3.1)

in view of Remark 3.2.5, the problem (1) is equivalent to
(M) inf {M(T), 0T =p*™ —p~} .

We refer the reader to [54, 55] for more details. From now on we restrict our attention to the
coefficients group (Z"1,|| - ||a), 0 < a < 1.

We remark that turning the problem (/) into a mass-minimization problem allows to rely on
the (dual) notion of calibration, which is a useful tool to prove minimality, especially when dealing
with concrete configurations. We also recall that the existence of a calibration (see Definition

3.2.8) associated with a current 7" implies that 7" is a mass-minimizing current for the boundary
oT.

Ezxzample 3.3.1. Let us consider an irrigation problem with a = % We will consider a minimal
network joining n 4+ 1 points in R™, the construction of the network is explained below. Let
us stress that in this example the coincidence of the dimension of the ambient space with the
dimension of the space of coefficients is needed.

Adopting the point of view of [43], we propose a calibration first, and only a posteriori we
construct a current which fulfills the requirement (i) in Definition 3.2.8. We briefly remind that
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the problem (I) can be seen as the mass-minimization problem for currents with coefficients in

Z"™ with the norm || - [|1.
2
Let {dx1,...,dz,} be the (dual) basis of covectors of R” = span(ey,...,e,). We now prove
that the differential form
d.%'l
dZL‘Q
w =
dz,,

satisfies conditions (ii) and (iii) in Definition 3.2.8. Obviously dw = 0. Moreover, let 7 =
(11,72,...,7n) € R™ be a unit vector (with respect to the Euclidean norm). Thus, for our choice
of the norm ¢ = || - H% we can compute ||<w;7',~>|]% =+ +ri+... +7’3)% =1.

We will build now a configuration of n+1 points Py, Ps, ..., Py+1 in R" calibrated by w. Notice
that the network has n — 1 branching points and is somehow generic in character. More precisely,
our strategy in building such a configuration is to choose end points, and branching points following
the directions parallel to eq, eo,e3,...,e,,e1+€2,e1+e2+e€3,...,e1+ea+...+e, 1,e1+ea+...+ey.
We illustrate the construction in R?, R%. This process can be extended to any dimension.

e In R3, let us consider P; = (—1,0,0), P> = (0,—1,0), P3 = (1,1,—1), Py = (2,2,1). Take,
as branching points, G; = (0,0,0), G2 = (1,1,0). Now consider the current T = [3, 7, 0]
with support ¥ obtained by the union of the segments PGy, PoG1, G1G2, P3sGo, Go Py.

Z

Py

Figure 3.1: The picture illustrates the construction of T'.

The multiplicity 0 is set as

e1 if v € PGy
€9 if x € PGy

0(z) = e1 + e ?fxe@
e3 if r € P3Gy
e1+ex+eg ifxeGyPy
0 elsewhere.

We observe that T is calibrated by w, thus T" is a minimal network for the irrigation problem
with sources Pi, P, and Ps; and sink P,. Notice that edges of the network meet at the
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branching points with the 90 degrees angles, as known for branched optimal structures with
cost determined by a = 1/2.

e In R*, we keep points P; = (—1,0,0,0), P, = (0,—1,0,0), P3 = (1,1,—1,0) and, in general,
the whole network of the example above as embedded in R%. We relabel G3 := (2,2, 1,0).
‘We now pick Py and Ps in such a way that m = e4 and C?Pg =e1 + eg +e3 + eq. For
instance, we choose Py = (2,2,1,—1) and P5 = (3,3,2,1). As before, the marginals of
the irrigation problem are Pi, P>, P3, P, as sources and Ps5 as sink, while G1,Gs, G3 are
branching points.

Let us now consider the current 7' = [X,7,6] supported on the union of segments
Pl, Gl, PQGl, GlGQ, P3G2, GQGg, P4G37 G3P5 and multiplicity 0 given by

€1 ifre PGy
€9 if r € P,Gy
e1 + e if z € G1G2
B(z) = o Gy
e1+ es + e3 if x € G2G3
eq if x € P,G3
e1+exs+es+es ifxeGyPs
0 elsewhere.

\

It is easy to check that the orientation of each segment coincides with the multiplicity,
therefore T is calibrated by w.

e This procedure can be replicated to construct a configuration of n+1 points Py, Ps, ..., Pyt1
in R™ calibrated by w, always in the case a = 1/2.

Ezxample 3.3.2. We now consider a Steiner tree problem. As in the previous example, we aim
to construct calibrated configurations joining n + 1 points in R™ (with n — 1 branching points).
Consider the following differential form:

%dxl + §d$2
%dxl — @dm’z
_71(1331 — §d$3

w = _Tldxl + %dl’g — @dm
%dxl + ?dxg + ?dlﬁ — @dm

_2;—_12d331 + 2}1/_52 dxs + 2;/_33 dery+...+ Q}L/,g,c drgsr + ...+ ?dxn,l — ?dxn_

It is easy to check that the differential form w is a calibration only among those currents having
multiplicities e1,eo,€3,...,€en,61 +€2,1 +€3+e€3,...,e1+e2+...+e,_1,e1 +e3+...+ e, and
hence it will allow to prove the minimality of configurations in the class of currents with those
multiplicities (cf.[30] for the notion calibrations in families). Nevertheless, it is enough to prove
the minimality of global minimizers in some configurations.
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e Consider n = 3 and P, = (%,@,0), P, = (‘71,77‘/5,0), Py = (@—%,0, @), P, =

(@ — 1.0, —@) (see also the example in [20, Section 3]). Indeed, we observe that the
lengths ‘P1P2| = |P1P3| = |P1P4| = |P2P3‘ = |P2P4’ = |P3P4| = \/g, meaning that the
convex envelope of points Py, P, P3, P, is a tetrahedron: this observation allows us to restrict

our investigation among all currents having multiplicities e, €2, €3, €1 + €2, €1 + €2 + e3. More
precisely, given any 1-dimensional integral current T' with 0T = (e; + e2 + €3)0p, — €10p, —

e20p, — ... — e3dp, whose support is an acyclic graph with two additional Steiner points, we
can always construct a corresponding current L with multiplicities eq, e2, e1 + €2, €1 +ea+ €3
having the same boundary with 7' such that M(7) = M(L) thanks to the symmetric
configuration Py, P», P3, Py combined with the fact that any minimal configuration cannot
have less than two Steiner points. Indeed, by contradiction, if a minimal configuration for
the vertices of a tetrahedron had 1 Steiner point, then this configuration would violate the
well-known property of the 120 degrees angles at Steiner points. Therefore, w calibrates

the current T' = [X, 7, 0], where S; = (0,0,0),S; = (@ - 1,0,0) are the Steiner points,
¥ = P1S1U P51 US1S U P3Sy U Sy Py and the multiplicity is given by

(61 if x € PSS,
e if z € P25y
0(z) = e1 + es ?fxe@
es3 if £ € P3So
e1+ex+e3 ifxeSHP
0 elsewhere .

e Using the same strategy of Example 3.3.1, we can build a configuration P, Ps, P3, Py, P5 in
R* starting from the points P;, P, P3, Py above, in such a way that the new configuration is
calibrated by w among all currents with multiplicities e1, ea, e3,e4,€1 + €2,e1 + €2 + €3,€1 +
e2 + e3 + e4. This construction can be extended to any dimension.

3.4 Proof of the main result

We devote this section to the proof of Theorem 3.1.1. The proof of Theorem 3.1.1 is much
in the spirit of the dipole construction of [25] (in the version of [2]), and makes use of Coarea
Formula to relate the harmonic energy to mass-minimization of classical integral currents, as in
[4].

Proof. In the first steps we prove the inequality

d—

infH < (d — 1)°T ag_; inf L.

We briefly recall the dipole construction (see, for instance, [25, Theorem 3.1, Theorem 8.1]).
Given a segment AB C R? and a pair of parameters 3, > 0, we define

U :={x € R?: dist(z, AB) < min{,ydist(x, {A,B})}} c R? (3.4.1)

to be a pencil-shaped neighbourhood with core AB and parameters 3,~. For any fixed £ > 0, the

dipole construction produces a function u € VVliCd _1(Rd; Sd_l) with the following properties:
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e u=(0,...,0,1) in R4\ U;

o Ju= addfl (5,4 — (53);

e moreover the map u satisfies the following inequality

1
/ |Vu|4tde < |AB| +¢, (3.4.2)
(d—1)F agy Jra

Step 1. Let L = U?:_ll A; be an acyclic connected polyhedral graph, and T be the associated cur-
rent with coefficients in Z"~! corresponding to L. Since L is polyhedral, it can also be written as
L= U;?:l I;, where I; are weighted segments. For each segment /; we can find parameters 6;,v; >
0 such that the pencil-shaped neighbourhood U; = {z € R? : dist(x, I;) < min {3}, ;dist(z, 81;)}}
(modelled after (3.4.1)) is essentially disjoint from U, for every ¢ # j. Then, for every i =
1,....n—1,let V; = UjeKi U; be a sharp covering of the path \;. To be precise, we choose
K; C {1,...,k} such that V; N Uy is at most an endpoint of the segment I, if ¢ ¢ K;.

Py

Y
U
VI3
I3
U
U
Y
b 4
b

Py
Figure 3.2: A dipole construction of a Y-shaped graph connecting 3 points.

For each path A\;, i =1,...,n — 1, we build the map u; € H; in such a way that it coincides
with a dipole associated to the segment I; in the neighbourhood U; for each j € K;. We put
u; = (0,...,0,1) in R\ ;.

We obtain that u; € I/Vli)’g_l(Rd; S9=1) and satisfies Ju; = *42(6p, — 6p, ). Moreover, summing
up inequality (3.4.2) repeated for each segment I; with j € Kj;, the following inequality holds

|V [T e < M(T;) + ke,

(d—l) En O 1/Rd

where T} is the (classical) integral current corresponding to the i*" component of 7.

In particular, let us stress that the maps ui, ..., u,—1 have the following further property: if
some paths A;;, Ai,, ..., A, have a common segment I; for some j € K;, N K;, N...N K;,, , then
Ui, - - -, U4, agree in U;. Furthermore, setting hy, 45 i = (0,..., [V, |97 .00 [V, |98, 0),

we obtain 1

(d—l) 2 g1
where hiy iy i = (0,..., |V, |97 \Vuim|d_1, ...,0). This holds for every a € [0, 1].

11,225--+ytm
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Combining all the previous observations, we can conclude that, given any £ > 0 , there exist
u; € H;, 1 =1,...,n— 1 such that

d—1
/d (IVu |78 [V 7L, . [V [T D[ de <(d— 1) 2 ag_y / 0(z)|“dH (z) + &
R
=(d — 1) b ag1M(T) + ¢,
where 0(z) = Y17 15, (2).
Step 2. Considering an arbitrary acyclic graph L = U?;ll A;, there is a sequence of acyclic
polyhedral graphs (Li),,>1, L = U?;ll A such that the Hausdorff distance dg (A, \;) < +,

moreover (see [19, Lemma 3.10]) denoting by 7" and T,, the associated currents with coefficients
in Z"~1 we also have that

Mmm=A O ()| dH () /w ) dH () +

here O, (z) = Y1 xm (7). On the other hand, by previous construction there exists a sequence
{wn}m, W = (Wi, .o Un—1,m) € Hy X ... x Hy_; such that

1
/meWm*www%lm“mwmsw n2%1/|%uwwmw+
R4 Lo, m

= (4~ 1)"T 0 AM(Tp) +

_(d—l) 2 Og— 1M( )‘i‘g

—(d—1) 2ad1/|9 [ dH (z) +

where C'is a constant depending on 7. As m tends to infinity, we can conclude that
infH < (d — 1) 7 ag—1inf I,,. (3.4.3)
Step 3: In this step, we are going to prove the reverse inequality, i.e.
infH > (d — 1) 7 ag—1inf I, —(d—l) T og—1inf M. (3.4.4)

Let u = (u1,...,up—1) € Hy X ... x H,_;. Take an array of non-negative measurable functions
g=1(91,---,9n-1). We distinguish two cases:

l1—a
e if « €[0,1), then we assume (Z?:_ll \g](a;)\ﬁ) < 1 for every z € R,

e if & = 1, then we assume max{g;(z),...,gn_1(z)} <1 for any = € R%.

Thanks to this choice, we have

n—1
/ (IVu |58 [V |7, o [ Va1 [T o dz > / Zgi(m)|Vui]d*1 dx . (3.4.5)
R4 R
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By using a standard energy inequality (see [25]-page 64, [4]-A.1.3), we also obtain that

n-l n—1
()| V|4 de > (d — e ()| Ju ()] d n
/Rd;gz( )| V|t de > (d— 1) /Rd;g( Y| Jui(x)| d (3.4.6)

where Ju; is the (d — 1)-dimensional distributional Jacobian of u;. Then, using Coarea Formula
(see, for instance, [2, Section 7.4 and Section 7.5]) under the further minor assumption that u; is
constant outside an open ball containing P;, P,,, we have

n—1 n—1
()| Ju;(x)| de = o i(x Lig , 4.
/Rd;gz( ) Jui(z)|d ;/Sdld (y) (/ui_l(y)\Eig( Y dHY( )) (3.4.7)

where Ej; is the set of all points where u; is not approximately differentiable, R} := u;” L)\ E;
is a H'-rectifiable set connecting P; to P, for H% l-a.e. y € S¥ 1. For a.e y € S¥1, let

Xy, = U?:_f Ré, we can canonically define the current with coefficients in Z"~! corresponding to

Yy, Ty = [3y, 7y, 0y]. Notice that each component of T} is the 1-dimensional (classical) integral

current associated to R;,, M, = [R}, 7., 1], where 7, is tangent to R} a.e. (see [2, Theorem 3.8]).

Moreover OM; = 0p, — Op,, in the sense of currents, for H% t-a.e. y € S 1 i=1,...,n — 1.
Putting (3.4.5), (3.4.6) and (3.4.7) together, we deduce that

n—1
H(u) > (d — 1)Ul2;1 Z /Sd—l do(y) (/PJ gi(z) d?-ll(x)> . (3.4.8)

By assumption, the minimizer 7' = [X,7,0] of the problem (M) is calibrated by a smooth
differential form w = (wy,...,wp—1). Then, we choose g; as follows:

(3.4.9)

(w(x), Ty(z), ;)| incase Jye St ze R;,
gi(z) = :
0 otherwise.

We observe that g; is well-defined since for H% '-a.e. y1,y2 € S“ 1, y1 # v, R;l N Rim = (. One
has

M(T) = /E (wi . 0) H (z) = / (w3, 0,) H' (2)

2y

n—1
= Z/ (w; Ty, €5) HY (2) (3.4.10)
=1 Y

n—1
SZ/ giH' ().
i=1 71y
This implies that

n—1
do(y) (Z/ giHl(ﬁf)) : (3.4.11)

From (3.4.8) and (3.4.11), since T is a minimizer we obtain that

ag-1M(T) < /

gd—1

d—1

H(u) > (d—1) 2 ag—1infM

d—1

=(d—1) 2 ag_1inf I,.
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Remark 3.4.1. In the proof of Theorem 3.1.1, step 3, we must assume the existence of a calibration
w. Observe that, without this assumption, we still can deduce from (3.4.8) that

d—1 d— d—

(d—1)T ag_1inf M = (d— 1)T ag_yinf I, > infH > (d — 1)°T ag_q inf N, (3.4.12)

where inf N is the infimum of the problem obtained measuring the mass among 1-dimensional
normal currents with coefficients in R*~! (compare with Remark 3.2.7).

Moreover, in case o = 1, () turns out to coincide with the Monge-Kantorovich problem.
Replicating the proof above and choosing g; = 1 for every ¢ = 1,...,n — 1 in step 3, then applying
the Mean Value Theorem as before (combined with the fact that the minimizer of the problem
(I) is obviously the weighted union of segments P;P,) this implies that

q

infH > (d —1)°T ag_yinf Io = (d — 1)“T ag_1 inf M.

Another way to see this is to use the results of Brezis-Coron-Lieb [25] separately for each map w;,
i=1,...,n—1, for the energy

H(u) = /Rd(|vu1|d—1 Vol 4 [V | da,

where, again, u = (u1,...,up—1) € Hy X...x H,_1. The investigation of equality cases in (3.4.12),
when 0 < a < 1, will be considered in forthcoming works.
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