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Collective neutrino oscillations play a crucial role in transporting lepton flavor in astrophysical settings,
such as supernovae, where the neutrino density is large. In this regime, neutrino-neutrino interactions are
important and simulations in the mean-field approximation show evidence for collective oscillations
occurring at timescales much shorter than those associated with vacuum oscillations. In this work, we study
the out-of-equilibrium dynamics of a corresponding spin model using matrix product states and show how
collective bipolar oscillations can be triggered by many-body correlations if appropriate initial conditions
are present. We find entanglement entropies scaling at most logarithmically in the system size suggesting
that classical tensor network methods could be efficient in describing collective neutrino dynamics more
generally. These observation provide a clear path forward, not only to increase the accuracy of current
simulations, but also to elucidate the mechanism behind collective flavor oscillations without resorting to

the mean-field approximation.
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I. INTRODUCTION

Neutrinos play a pivotal role in extreme astrophysical
events like core-collapse supernovae and neutron star merg-
ers, where they are responsible for both reinvigorating a
stalled shock wave and controlling the conditions for
nucleosynthesis in the ejected material [1-4]. In these
environments with a large neutrino density p,, neutrino
flavor evolution is substantially modified by neutrino-
neutrino scattering processes which can lead to self-sustained
collective flavor oscillations [5-14]. Since neutrinos in
supernovae are emitted with fluxes and spectra that are
strongly flavor dependent [2], the presence of collective
flavor oscillations could then lead to important effects
[15-17]. In some situations however (see, e.g., [18,19])
these could appear only at too large radii to modify the
explosion mechanism in supernovae.

For large neutrino densities near the proto-neutron star,
flavor oscillations can occur at frequencies of the order of
the neutrino-neutrino interaction energy u = v2Grp,
instead of the much smaller vacuum oscillation frequency
@ = Am?/(2E), a phenomenon known as fast flavor
conversion [20-23] (see [24] for a review). In these
expressions, G is Fermi’s constant, E the neutrino energy,
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and Am? = m3 —m73 the squared mass gap in the two-

flavor approximation used here.

The standard approach to study these collective phe-
nomena is to consider only the leading order forward-
scattering neutrino-neutrino interactions where only flavor
can be exchanged among neutrinos (for the full description
see, e.g., [25,26]). In this scheme, a system with N
neutrinos is represented as a collection of SU(2) flavor
isospins governed by the Hamiltonian [27,28]

N Am? o u &
Hfs:k:14—EkB‘0'k+ﬁZ~7ij0i'5jv (1)

i<j

with 6; = (67, 6}, 6¢) the vector of Pauli matrices acting on
the ith neutrino. In the expression above, E; are the
neutrino energies and, in the flavor basis {| 1),[])} =
{|z.). [v,)}, the orientation of the (normalized) vector B =
(sin(26),0, —cos(20)) is related to the mixing angle 6.
The geometry of the problem is encoded in the two-body
coupling matrix J,;; = (1 = p; - px) with py = pi/|pl
and p,, the momentum of the kth neutrino. Finally, note
that this Hamiltonian is obtained under the assumptions of
infinite interaction times and that neutrinos have infinite
plane-wave solutions, conditions that might not always be
appropriate (see, e.g., [29]). This Hamiltonian model is
the base of all the past studies of (two-flavor) collective
neutrino oscillations in anisotropic but homogeneous set-
tings [see [27] for an explicit derivation of the traditional
evolution equations in the mean-field approximations from
Eq. (1)]. The inclusion of spatial inhomogeneity in the
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neutrino density distribution, important to describe more
realistically the environment encountered in a supernova
explosion, will be the subject of future work. The focus
here is improving the understanding of the simpler homo-
geneous case as a fundamental stepping stone for more
realistic simulations of flavor dynamics in astrophysical
environments.

Collective neutrino oscillations are understood as being
caused by unstable modes in the mean-field dynamics
generated by the Hamiltonian in Eq. (1) that can amplify
initially small flavor perturbations exponentially fast
[23,30,31]. The role of entanglement and quantum effects
in the out-of-equilibrium dynamics [32] of neutrinos has
received renewed interest recently [33,34] but is still not
well understood, with seemingly conflicting results in the
past predicting either a vanishingly small contribution in
the large system size limit [35,36] or substantial flavor
evolution over timescales 7 = u~!'log(N), which can
remain relevant for large systems [30,37]. We will refer
to oscillations on the timescale 7 to be “fast” in contrast to
“slow” oscillations occurring for 7; = u~'v/N. This con-
vention is different from the more common definition in the
literature where fast and slow oscillations are associated
with timescales ~u~! and ~,/uw, respectively, for any
system size.

In this work, we study the model equation (1) for large
systems with up to N = 128 neutrino amplitudes in a
simplifying limit and show how coherent flavor oscillations
at the fast scale 7 can occur even without vacuum mixing.
These first-principle simulations, obtained without resort-
ing to the mean-field approximation or exploiting the
symmetries present in the model, are made possible by
using a matrix product state (MPS) [38] representation of
the many-body neutrino state. This technique (described in
detail in Sec. III below) allows for efficient simulation of
the real-time dynamics in situations where the entangle-
ment entropy (which provides a measure of quantum
correlations) is relatively small and growing only as the
logarithm of the system size. In the context of collective
neutrino oscillations, this is potentially very beneficial for
two main reasons: first, MPS calculations are a promising
route to perform full many-body simulations of neutrino
dynamics in medium to large system sizes in order to
understand the impact of commonly used simplifications
like the mean-field approximation. Second, and possibly
more importantly, the direct connection between the
simulation efficiency of MPS calculations and the amount
of quantum correlations generated by the neutrino dynam-
ics can be used as a direct probe of the role of entanglement
and its time evolution in the instabilities that lead to the
presence of collective modes in neutrino oscillations. An
example of the possible insights that can be gained from the
entanglement properties of a neutrino system is the con-
nection between dynamical phase transitions and the
presence of collective oscillations discussed in Ref. [39].

Those result were made possible by using the MPS
techniques introduced in the present work and have the
potential to complement criteria like linear stability analysis
[23] in the search of conditions for collective modes to be
active in complex astrophysical scenarios like supernova
explosions.

The rest of this paper is organized as follows. In Sec. II, we
introduce the details of the model and the initial conditions
used in this work. Section III provides an introduction to
MPS simulations and the techniques used to approximate the
time evolution under the neutrino Hamiltonian in Eq. (1). The
results of the simulations are described in Sec. IV and in
Sec. V we provide a summary and future perspectives. The
Appendices contain a direct comparison with the mean-field
approach and a discussion of the numerical accuracy of our
implementation.

II. NEUTRINO SPIN MODEL

We consider a simple model, in the mass basis, in
which the neutrinos are divided into two equally sized
“beams” (A and B) and initialized as the product state

Wo) = (@Y% 1)) @ (®Y% | 1)). This corresponds to
choosing all the neutrinos in the A beam to be |v;) and all
the neutrinos in the B beam to be |v;). We will consider the
simple case where the energies of the neutrinos in beam A are
all equal to £, and similarly for the neutrinos in beam B.
Finally, we will neglect the geometric information encoded in
the coupling matrix J;; and take the single angle approxi-
mation by setting J;; = 1 for all neutrinos [27,31] (see also
[40]). Note that these are not necessarily realistic conditions,
as neutrinos are produced in flavor states, but nevertheless
contain many of the features relevant for the astrophysical
problem. As we will see, the choice of using the mass basis is
also useful to better expose differences with the mean-field
treatment.

The resulting neutrino Hamiltonian, similar to the one
considered in Ref. [33], can be written as follows:

H=—-"12 z

2 BZ +oy Z (2)

icA ieB l<j

where A and B are sets of indices for the neutrinos in the
A and B beam respectively while we set the one-body
energies as w; = Am?*/(2Ey). Since our initial state is
completely polarized along the z axis, the mean-field
approximation for the dynamics generated by H predicts
no flavor evolution at all: any time evolution of the flavor
polarization is completely driven by many-body correla-
tions. The Hamiltonian in Eq. (2) is integrable and a
complete solution could be obtained using the Bethe ansatz
[27]. This was used in Ref. [33] to study a time-dependent
generalization of the model for small systems.

At this_point it is convenient to introduce the total spln
operator J = Y, 6,/2 and correspondingly J* and J® for
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the neutrinos in the two beams. The full Hamiltonian in
Eq. (2) commutes with both the z component of the total
spin, J, and its magnitude, J2. As the initial state |¥,) is an
eigenstate of J,, we can rewrite the relevant Hamiltonian
for our setup as follows:

H=—5,(J" - JB) +%J2, (3)

where we dropped irrelevant constant factors and intro-
duced a single parameter &,, = (w4 — wg)/2 for the energy
difference between the two beams. This model is a variant
of the Lipkin-Meshov-Glick model [41] explored exten-
sively in the past [42-46]. The model with no vacuum term
merits special attention as it is diagonal in the angular
momentum basis and exact results for the flavor dynamics
can be obtained as shown in Refs. [35,36]. In this model,
collective flavor oscillation are shown to occur at time-

scales much longer than 7 with the scaling 7, = u~'v/N
expected from incoherent scattering from the background
neutrinos [35,47]. Because of this strong scaling with
system size, when N > 1 the flavor dynamics is essentially
frozen and the mean-field prediction of no evolution
eventually becomes exact. This has been taken as an
indication that the mean-field description is appropriate
for large systems and that entanglement does not play any
major role [35,47].

As a way to track flavor oscillations, we compute the
survival probability p(7) = (1 — (¢i(¢)))/2 for a neutrino
(we take the first) to be found in its initial flavor state (in
this case ||)). By using the exchange symmetry for
neutrinos within each beam of both the Hamiltonian and
the initial state |¥y), together with energy conservation, we
can write the expectation value of the total spin as

ey =5 (1+22N80-pw). @

When §,/u <0 the total spin, starting already at a
relatively small value, can only decrease further during
time evolution. Since J? is positive semidefinite, this
introduces a lower bound p(r) > 1—pu/(2N§,) and the
neutrinos remain frozen in the initial state in the thermo-
dynamic limit. In the opposite limit, for §,,/u > 1/4, flavor
oscillations become parametrically small as p(z) >
1 —u/(468,) but remain finite in the N > 1 limit. In the
intermediate regime 0 < 8,/u < 1/4 we instead expect to
find large amplitude flavor oscillations.

We solve for the real-time evolution of the system using a
MPS ansatz for the many-body wave function [38,48,49].
The approach has a controllable error and it is computa-
tionally efficient for systems with low levels of bipartite
entanglement [38,50] and is described in detail in the next
section.

III. MATRIX PRODUCT STATE SIMULATION

In this section we review the MPS technique used to
generate the results in this work. Additional information
can be found in the original paper [38] and in more recent
reviews [49,51]. In order to implement long-range inter-
actions efficiently with a MPS, we use the same strategy
introduced recently for circuit based simulations in [52], a
brief explanation of the construction is presented in the last
subsection. In the last section we also compare directly the
mean-field approximation to an MPS-based simulation
with unit bond dimension.

A. MPS representation

Consider a general quantum state |¥) of a system with N
spin-1/2 particle, its wave function can be expressed as an
N-component tensor as

with |6, - - - o)) one of the 2V basis states spanning the total
Hilbert space of the system. A MPS is an exact represen-
tation of the N-component tensor W~ as a product of
N, smaller, three-component tensors Agfﬁ. A constructive

procedure to find this representation, starting from the
original tensor W’'"°~, can be obtained by applying N
times a singular value decomposition (SVD) of appropri-
ately reshaped tensors. This decomposition allows us to
represent an arbitrary rectangular matrix M of dimension
D, x Dy as the following product of three matrices:

M=) UnZuVi; (6)
k

where U is a Dy x min(D,, Dg) matrix with orthonormal
columns, X is a diagonal matrix of dimension
min(Dy, Dg) x min(D4, Dg) with either zero or positive
entries, and V' is a min(Dy, D) x Dy matrix with ortho-
normal rows. An important property of the SVD, which we
will use repeatedly in the derivation below, is that the
approximation of the original matrix M, with rank
r <min(D,, Dg), using a second matrix M’ with rank
¥ < r can be done optimally, in the Frobenius norm, by
truncating the sum in Eq. (6) so that we keep only the »/
largest singular values X;;. We will assume that the SVD is
performed with the convention that singular values in X are
ordered as X;; > --- > Xyy. With this convention, the
optimal approximation corresponds to truncating the sum as

My =2 UsZuVi;. (7)
k

Starting from the first spin on the left, we first reshape
Woron into the rectangular matrix W, (,,...q,) of dimension
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2 x 2N=1. An explicit SVD of this matrix using Eq. (6) will
then produce the following decomposition:

ZUUI“IZO’I"” ay(o30y)
= Z Upas W00,
- Sl

with r; < 2 the rank of the original rectangular matrix and
in the second line we have reshaped the product of X

0‘1 6y+0y)

(110'7 (03--0n)° (8)

and V' to a vector W. In the last line, we have further
reshaped the matrix U into two row vectors, with compo-

m”‘ = U4, and the vector W to a 2r x 2N-2
]

a105)(030y)"
procedure by applying a SVD to this last matrix and
proceeding from left to right until we have reached the last

spin of the chain. The resulting decomposition becomes

Z Aa] Hletzl]gzz ’

.....

= AmmA[zm .

nents Ag

matrix ‘I‘E At this point, we can repeat the

A[N loy_ 1A[N]GN

ON-20N-| aN-1

ooy —

AN=lox-1 A[Nloy 9)

where in the last line we suppressed the lower indices and
replaced them by matrix multiplications. Using this con-
struction, a general state |¥) can be written as a MPS.
Note that the rank of the SVD in the center of the chain
could be as large as 2V/>~! (assuming N even) and storage
requirements for representing a general state will then scale
exponentially with the system size.

As we will see soon, the maximum rank r,,, = max; r;
needed to describe accurately a given state is related to the
maximum bipartite entanglement entropy in the system. In
order to see this, it is first useful to introduce a different
construction for the MPS. Consider a similar iterative
decomposition procedure for the tensor W°'°¥ as the
one described above, but now starting from the rightmost
site. The first step leads to

\P( Z U (010n_1)PN ZﬁNﬂN VﬂNGN

Py

vi
- Z Wt’l ‘oN-1PN ﬂNUN

_ (V] [N]o
N ; lIJ(0’1"'0’1\/—2)(”1\/71/3N)BﬂN g (10)
%

010N_1)0N

where we have introduced the two column vectors B[N]”N =

VﬂNaN and the residual matrix has maximum dlmensmns

given by 2¥=2 x 2r,. Proceeding with the same procedure

until the left edge, we find another MPS with amplitudes
Po1on — B[l]”l Bm”z .. B[N_I]O'Nq B[N]”N' (11)
The two representations are related by a gauge trans-
formation [49,51], and they are characterized by different
normalization properties. In particular, we have

S AKe Ao — 93 BKABKAT — 1. (12)

Ok Of

For this reason, the state resulting from the decomposition
in Eq. (9) in terms of A tensors is called a left-canonical
MPS, while the construction in terms of B tensors in
Eq. (11) is called right-canonical [49,51].

In order to see more clearly the connection between
entanglement and the maximum rank in the decomposition,
also called bond dimension, it is useful to introduce yet
another canonical form. This is obtained by starting with a
decomposition from the left up to a chosen site k; at this
point we start with a decomposition from the right and we
stop when we reach site k + 1. We can write the result of
this decomposition as

ooy = Alllor ... AlKler gk glk+1ow ... gINow (13)
with the diagonal matrix ¥ containing the singular values
at the bond between the k and the k + 1 sites. The site k is
called the orthogonality center, since tensors to the left
are left normalized while tensors on the right are right
normalized. This property allows us to write the state in this
representation as

Tk
k
¥) = s, [0h) @ [@F), (14)
(273

where we have defined two sets of states

|®L ) = Z [Allor AW, |6y ap), (15)

and

|¢’ak> B[N”N] |Gk+l N>' (16)

Z [B[k+l]"k+l .

Okt l5ees oN

Thanks to the normalization properties of the A and B
tensors from Eq. (12), we see that these states form
orthonormal sets of states for the left and right Hilbert
spaces, respectively. We can then interpret Eq. (14) as the
Schmidt decomposition of the state |¥) on the left-right
bipartition. The number of states in the sum can then be
identified with the Schmidt rank, which is a natural measure
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of entanglement between states on the left partition and
states on the right one.

In particular, the Von-Neumann entanglement entropy
for the left-right bipartition at site k of the state |¥) can be
expressed as a function of the singular values as

Ty
k|2 k|2
= s o, (a7 (17)

a=1

The Schmidt rank r;, gives the number of nonzero singular
values so that the entanglement is bounded by

S <logy(rg). (18)

We can now see that MPS with small bond dimensions
correspond to quantum states with little entanglement [38].
Before moving on to the time-dependent simulation, it is
important to mention that the mixed-canonical form in
Eq. (13) is also particularly convenient to find more
efficient approximations to an initial MPS. Given an
MPS |¥) with bond dimension r; at the bond between
site k and k + 1, we can find another MPS |¥') with lower
bond dimension r} < r; so that the error in the two-norm is
bounded from above by [53]

3

k|2
ey - 1enE<2 Y k. (19)
a=r+1

Thanks to the biorthogonality of the Schmidt decomposi-
tion equation (14), we can obtain |¥') from |¥) by keeping
only the ) largest singular values in the sum. If the singular
values decrease sufficiently fast, a good approximation to
the original state could be obtained with an MPS with a
much smaller bond dimension [38].

B. Time evolution of a MPS

We now turn to explain how one can simulate the time
evolution for the general neutrino Hamiltonian in Eq. (1) of
the main text. The basic operation we will use repeatedly in
the following is the application of an SU(4) operation on a
pair of nearest-neighbor indices (k, k 4 1). A generic 4 x 4
unitary U of this type can be represented as a four-

component tensor G"“72 with each index having dimension
0,0,

equal to 2. When we contract this tensor with the MPS,
only the tensors around the bond (k,k + 1) get trans-
formed. More specifically, we have that the matrices

CokOkt1 — A[k]”kz[k]B[k+1]”k+| , (2())
get updated into

CO'WHI _ Z GGAGAHA[k [k]B[k+l]G;<A1_ (21)
Ok %k41
i1

We can now restore the MPS form by performing one final
SVD of C°“1 properly reshaped as a matrix

C( Z U (101 ) Zoga Vak(ﬁkuﬁuz) (22)

@;_164)(0ks1ria)

with a possibly larger bond dimension 7,. Now, by
identifying AN with U, BItlow with V', and the
singular vector matrices S with £, we have a new
MPS with decomposition

gor-on — Alllor ... A Ko S glkt1ow ... gNoy (23)
The SVD requires O((ry_y + ry41)ri,,) Operations and is
efficient only if we are able to keep a small bond dimension
by truncating the MPS as shown above.

With nearest-neighbor two-site operators at our disposal,
we can now present the scheme used to simulate time
evolution under Hamiltonians of the form

N
By -G+ Y Vi5i -5, (24)
1 i<j

N
H:
k=

with arbitrary long-range interactions. For convenience we
first rewrite the Hamiltonian as a sum of, not necessarily
nearest-neighbor, pair Hamiltonians £;; as

H— Z |:B G, +B 5/ ->l ] Zhl} (25)
i<j

i<j
The time evolution operator under this Hamiltonian can be
approximated for short times using

N 1
o—ioH — H oioh; H e~ 4+ O H|P),  (26)
i<j=1 i<j=N

where the second sequence of products are performed in
reverse order. This is the standard second-order Trotter-
Suzuki approximation for the time evolution operator [54].
Each one of the operators appearing in Eq. (26) is a SU(4)
unitary acting on all pairs of sites for a total of N(N — 1)
gates. In order to replace long-range gates into nearest-
neighbor ones, it is convenient to introduce the SWAP
operation. This is defined as

SWAP = (27)

S O O =
S = O O
oS O = O
- O O O

When applied to a pair of sites, it exchanges the state as
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SWAP|$) ® |y) = [w) @ [#). (28)

Using this operation we can transport two sites next to each
other, apply the unitary 7;; = exp(—idh;;) as a nearest-
neighbor operation, and finally swap the two sites back to
their original position [55]. Given the all-to-all nature of the
pair interaction in Eq. (25), a naive application of this
strategy will result in O(N?) nearest-neighbor operations to
implement one step of time evolution using the approxi-
mation in Eq. (26) for the propagator.

In this work we employ instead the swap-network
scheme introduced in Ref. [52] for studying neutrino
dynamics on a digital quantum computer with linear
connectivity. The construction is inspired by earlier work
on fermionic swap networks [56] and relies on the
observation that, if we perform N layers of nearest-
neighbor swap operations by alternating the even bonds
with the odd bonds, we can bring every site next to every
other site at least once using a total of N(N—1)/2
operations. At the end of these N steps, the sites will be
left in reverse order. It is now clear that, if we define a
modified propagator S;; as follows [with ;; from Eq. (25)]:

Si; = SWAP x exp(—idh;;), (29)

and apply nearest-neighbor §;; operations instead of swaps
as before, at the end of the sequence we will have
implemented the first product of pair operators in the
approximation equation (26) for the propagator. If we now
apply the sequence in reverse order we can complete a full
time step and obtain a state where sites have the original
order. One can express this more directly by explicitly
denoting the sites where the unitary operation is applied as
superscript indices Sﬁj]-" . With this notation, and assuming N
even for simplicity, we can express the total unitary Qf on
the kth even layer and Q7 on the kth odd layer as follows:

N/2
2a—1,2

Q= H St k) j2ake)
a=1
N/2-1

o __ 2a,2a+1

Qk - H Si((JQa.(;c,o),j(Za+l.k,0)’ (30)

a=1

where i(a,k,e/o) and j(a, k,e/o) denote the amplitude
residing on site a at the kth even or odd step. The mapping
between sites and amplitudes evolves as the algorithm
proceeds but it is straightforward to keep track of this and
assign the correct amplitude index at every point in the
step. The full second-order step from Eq. (26) can then be
expressed as

(12) (34) (14) (24) (13) (23) (23) (13) (29) (14) (24) (12)
G ]@® &H|® ® &6 @
@O || @U@, OH @ (4) ®
@@ @& )o@
@® U0 |[© OoUe e

FIG. 1. Schematic representation of one step of time evolution
for a system with N = 4 neutrinos. The label on the top indicates
the Hamiltonian terms 4;; considered at each one of the 2N =8
substeps.

N 1 N/2 1
II e IT e =]]lee ] lerei. (1)
i<j=1 i<j=N k=1 k=N/2

A schematic depiction of a complete step for a system
with N = 4 neutrinos is displayed in Fig. 1. In order to
avoid cumbersome notation, in the figure only the lower
indices (ij) in the propagators S;; are used and these
identify the neutrino amplitude associated with the specific
sites the propagator is acting upon at any given step.

In this work, we perform a SVD truncation to MPS form
after each application of the nearest-neighbor operation §;;
using a threshold of 107!'° for the discarded eigenvalues.
Better truncation schemes are possible (see, e.g., [49]) and
their potential advantages will be explored in future work.

Finally, we decompose the full time evolution for a total
time 7 into steps of size d <K t as

exp (—itH) = [exp (—i6H)]"/°. (32)

We then approximate each short-time propagator for time &
using the swap-network scheme described above.

For all the results presented in the main text, we used a
fixed time step 6 = 0.05 x~! which we found provided a
good compromise between precision and efficiency for
the systems studied here (see also Appendix A for a more
complete discussion). As already mentioned above, the
overall scheme remains efficient provided the singular
values on each bond decay sufficiently fast to zero that
a good approximation to the MPS can be obtained using a
low bond dimension. Thanks to the (at most) logarithmic
scaling of the entanglement entropy observed in the
systems studied in the main text, the maximum bond
dimension required to keep the truncation error below
1071° was ~N/2, allowing us to easily explore systems
with NZ100. The software developed to carry out the
simulations reported in this work used the C++ version of
the ITensor library which provides efficient representations
for MPS and more general tensors [57].

IV. RESULTS

The qualitative difference on the collective flavor oscil-
lations in the different dynamical phases can be observed
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directly from the time evolution of the flavor polarization.
Figure 2 shows the average flavor polarization of the
neutrinos in the A beam (J4(1))/(N/4) = 1 —2p(t), for
a system of N = 96 neutrinos and different values for the
asymmetry energy 6,. Because of the conservation of J,,
the polarization of beam B is simply the inverse. We can see
strong flavor oscillations for 0 < §,, < p which for 6, <
u1/2 can even lead to a net flavor inversion in the beam (red
areas in Fig. 2). In the stable phases for large values of 6,,/u
(bottom panel) or negative asymmetries (top panel), the
amplitude of these oscillations is greatly reduced. More
detail on these flavor oscillations is given in panel (a) of
Fig. 3 where we show the results for the survival probability
p(t) and the same system of N = 96 neutrinos. For
negative values of J, the polarization experiences small
oscillations around the initial state, as expected from our
discussion on the evolution of the total angular momentum
based on Eq. (4).

In the phase with 0 < §, < p the survival probability
experiences instead fast oscillations on timescales much
shorter than in the high density limit 6,, = 0. If, in the latter
case, the first minimum of the survival probability is
reached for a time 7, that scales with 7; « v/N, in the
former case we have instead evolution at the fast scale 75 o
log(N) found in Refs. [30,37], but now for a physical
model with SU(2) invariance (see also [39]). The differ-
ence in scaling of 7p with system size is evident from the
results presented in panel (b) of Fig. 3. For all values of
0, #0 a good fit to data is obtained with the ansatz
utp(N) = a,1og(N) + ¢,. The best fit values for the
parameters extracted from our simulations are reported
in Table I, together with the extrapolated value of the
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FIG. 3. Panel (a) shows the survival probability p(¢) in a system
of N = 96 neutrinos initialized in |¥y) and evolved with different
values of the one-body asymmetry parameter. Panel (b) shows the
evolution of the minimum time #p as a function of system size and
panel (c) shows the (normalized) expectation value of the total
angular momentum for different values of §, in a system of
N = 96 neutrinos.

minimum of the survival probability p.;, in the N > 1
limit. Even though it does not directly quantify the final
flavor content in the long time limit, this quantity is still
remarkably useful as it provides an upper bound on the
maximum amplitude of flavor oscillations. In particular we
see that, for 6, outside the critical region (0.0,1.0), the latter
converges t0 pin & 1 in the thermodynamic limit and no
flavor evolution is present. Interestingly, the fluctuation

timescales in the unstable region seem to scale approx-

imately as a, < /p/d, similarly to the more familiar
bipolar oscillations [58—60]. The instability observed in
our simulations is also similar to bipolar oscillations in that,
if we take the beam B to be composed of antineutrinos
(with negative wp [31] in normal hierarchy) and beam A of
neutrinos, the appearance of the instability leading to

TABLE 1. Optimal parameters of the model discussed in the
main text utp(N) = a,log(N) + b,v/N + ¢, for time to reach the
minimum of the survival probability #p. The minimum of
the survival probability in the thermodynamic limit is extracted
using the ansatz pi, (N) = pmin + p./N? with exponents y = 1
for 6,, = 0 and y = 0.5 otherwise.

5(;)//‘ a; bt Ct Pmin

—0.5 0 0 1.8(2) 1.00(1)
0.0 0 2.10(5) 0 0.36(1)
0.01 5.4Q2) 0 -8(1) 0.35(2)
0.05 2.58(6) 0 0 0.31(4)
0.125 1.65(6) 0 1.4(2) 0.32(3)
0.25 1.22(4) 0 1.6(2) 0.41(3)
0.5 1.06(4) 0 1.4(2) 0.61(4)
1.0 0.96(5) 0 0 0.99(2)
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oscillations in our setting depends on the neutrino hier-
archy: for inverted hierarchy, the single particle energies
change sign and the instability cannot occur because
0, < 0 irrespective of the energies, and for normal hier-
archy we have always positive energy differences and
oscillations can occur when w, + |wg| < p. The situation is
reversed exchanging neutrinos with antineutrinos. Finally,
fast oscillations can also occur if both beams are composed
by neutrinos (or antineutrinos) provided that

E - EA < 4fGFpu

0<+ 3
Am

(33)

with + for v and — for 7 in the normal hierarchy [61].

In panel (c) of Fig. 3 we show the, normalized, expect-
ation value of the total angular momentum measured using
the relation in Eq. (4) derived above. As we can see from
the figure, in the unstable region the system can acquire a
considerable fraction of the maximum possible total angu-
lar momentum, especially for §,, = p/2 (blue line) where it
reaches a maximum of x80%.

As an alternative way to quantify quantum correlations
in the evolved state, we compute the half-chain entangle-
ment entropy (see, e.g., [62]) defined explicitly as

Snya(t) = =Trpg(t)logy (ps(1))]. (34)

Here the density matrix pp = Tru[p(t)] is obtained by
tracing the full density matrix p(7) = |¥(z))(¥(7)| of the
system at time ¢ over the first N/2 neutrinos.

The presence of different dynamical phases can be seen
directly from the results on the half-chain entanglement
entropy Sy/»(t) presented in Fig. 4. Panel (b) shows the
maximum value S,,,, that is reached by the entanglement
entropy for different values of §,, and system sizes while in
panel (a) we show examples of the time evolution of
Sn/2(t) for a system of N = 96 neutrinos. In the phase for
0, < 0, the behavior is similar to a gapped system with
Smax independent of system size while we find Sy, (?) to
oscillate in time (red curve) with an approximately constant
frequency. We recover a similar result for 6,, = ¢ when, as
expected from the discussion above, the system becomes
again approximately frozen in the initial configuration. As
shown in panel (a) for the case 6, = u (orange line), the
oscillations in the entanglement entropy are much less
regular than in the J,, < 0 phase and do not return close to
zero. At the transition point J,, = 0 we find that, after an
initial rapid growth phase, the entropy Sy/,() reaches a
peak at S, ~log,(N/2) and then plateaus at a slightly
smaller value with oscillations around the average. This
maximum value for the entanglement entropy is reminis-
cent to the one in ground states of spin systems at a
quantum critical point [63,64] and reflects the absence of a
gap in the Hamiltonian. This connection allows us to
understand why it is possible to carry out an efficient
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FIG. 4. Half-chain entanglement entropy Sy, for N =96
neutrinos and different values of the one-body energy difference:
the orange line is 6, = u, the blue line is for §, = /2, the red
line for 6,, = —u/2 and the black line has §,, = 0. Panel (b) shows
the maximum entropy Sy, for three system sizes N = 16, 32, 64,
128 and different values of 6,,. Panel (c) shows the time z., to
reach the maximum.

simulation even in the infinite interaction range considered
here [50]. We find a similar behavior for the maximum
entropy reached in the dynamics for the intermediate
regime 0 < §,,/u <1 as shown in panel (b). For nonzero
values of the energy asymmetry, however, the half-chain
entanglement entropy Sy»(f) shows strong oscillations
analogous to those found in similar spin models undergoing
a dynamical phase transition [39]. We note that an
increased dynamics of the entanglement entropy has been
already associated in the past to the presence of a dynamical
phase transition, but was usually associated with a increase
of the time derivative of Sy, at the critical times [65,66].

The time 7., needed to reach the first maximum in the
entanglement entropy is shown in panel (c) of Fig. 4 and
has three distinct scaling regimes: for §,, < 0 it is approx-
imately independent from system size, at the critical point
we recover the familiar ¢p ~ /N and for positive §, > 0 we
find a logarithmic evolution 7, ~log(N) which seems to
approach a constant again for large value of §,. In this
regime the system seems to enter a second “gapped” phase,
similar to the one for §,, < 0, but simulations with larger
systems might be required to confirm this.

We note at this point that the slow increase of entangle-
ment entropy with system size (and with time) is precisely
what allows us to perform a computationally tractable
approximation to the time evolution using MPSs [38,50].

V. SUMMARY AND PERSPECTIVE

Entanglement is a fundamental feature of interacting
quantum many-body systems [62,63] which, somewhat
surprisingly, can be shown to play no important role in
determining ground-state properties of systems with all-to-all
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interactions like for the neutrino forward-scattering
Hamiltonian of Eq. (1) (see, e.g., [67]). This is at the heart
of the expectation that a mean-field treatment of the dynamics
would also be appropriate. However, the role played by
entanglement in out-of-equilibrium settings, like those rel-
evant for flavor evolution in a supernova environment, is not
as well understood [33,34].

In this work we have solved for the real-time dynamics
of a simpler system described by the Hamiltonian in Eq. (2)
sharing many similarities to the model used to describe
bipolar oscillations [31,59]. In order to overcome the
exponential complexity of a direct solution of the problem
we use a simple technique, based on a MPS representation
[38] whose computational complexity scales with the
amount of entanglement generated by the dynamics. The
results for this simple model suggest that the maximum
bipartite entropy reached in collective neutrino oscillations
scales only as log(N) with the logarithm of the system size.
This favorable scaling allows for the efficient calculation of
the dynamics for relatively long times and systems exceed-
ing 100 neutrinos. The computational efficiency could also
be improved by using more complex tensor networks like
MERA [68] which naturally describe states with logarith-
mically increasing entropy.

As shown in an accompanying paper [39], the behavior
observed here is also found in similar (nonintegrable) spin
systems whose out-of-equilibrium dynamics crosses a
quantum critical point, suggesting a strong link between
dynamical phase transitions and fast collective oscillations.
This link provides us directly with conditions, like Eq. (33),
to determine when instabilities can occur. These conditions
provide a generalization of those commonly obtained with
linear stability analysis to the long time, nonlinear, regime.

The artificial setting considered here, with a strongly
asymmetric initial state and no effect from the vacuum
mixing angle, was chosen to highlight differences with a
typical mean-field treatment of the problem where the
dynamics is simply absent. We expect, however, the
qualitative conclusions reached here, fast oscillations
caused by a dynamical phase transition, and a general
slow growth of the entanglement entropy with system size,
to be valid also in more general situations where multiangle
effects, and more complicated energy distributions are
considered [39]. In this regime, MPS simulations could
be used reliably to track flavor dynamics up to relatively
large, and more realistic, neutrino systems. Important
extensions of this work will be to include effects due to
finite-mixing angles, the interaction with external matter,
the generalization to the three-flavor case and the more
realistic time-dependent setting.

Based on the results presented here, we still cannot
completely exclude the existence of neutrino configurations
able to generate substantially more entanglement during the
dynamics. Interestingly, the presence of these classically
hard configurations would be signaled clearly by the failure

of the MPS method to scale efficiently to large system
sizes. If found, these would be ideal models to explore
using near-term quantum simulators like trapped-ion sys-
tems [69] or future circuit based quantum computers [52],
which do not necessarily suffer from an exponentially
increasing computational cost when large entanglement is
present. In future studies, the effects discussed here will be
integrated into more realistic simulations to better ascertain
the role of entanglement in the dynamical evolution of
dense neutrino environments of astrophysical importance.
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APPENDIX A: ANALYSIS OF TIME-STEP
ERRORS

In this appendix we provide more information about the
choice of time step in the MPS simulations used in the main
text. We first recall the expression for the approximate
evolution operator used in our simulations

N 1
ue) = [[ e ] e . (A1)
i<j=1 i<j=N

and the very conservative error bound (see, e.g., [70] for
tighter ones) presented in Eq. (26) of the main text

le=? = U(8)|| < &||HIP, (A2)

where || - || are operator norms. This approximation is then
useful for short-time evolutions only and in order to
perform accurate simulations for a long time ¢ it is
necessary to break the interval [0, 7] in small steps of size
0 < t as described in Eq. (32) of the main text. Using the
union bound, one can straightforwardly generalize Eq. (A3)
to arbitrary long times as follows:

) : t
He—er _ U(5)3|| < 553”]_[”3 — t52||H||3- (A3)

This results implies that, for a fixed evolution time ¢, the
error scales quadratically with the time step and that to
guarantee a maximum error € it is sufficient to choose
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where ¢/6 is the total number of steps in the simulation.

In order to estimate the contribution of this error to the
observables displayed in the main text we performed
additional simulations for the N =96 system at both
5, = 0and 5, = u/2 using a time step 6 = 0.2u~" 4 times

larger than the one used for the simulations described in the
main text. We show the comparison between these two
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FIG. 6. Top panel shows the survival probability p(¢) in a
system of N = 96 neutrino amplitudes for two values of the one
body asymmetry 5, =0 and 6, = /2 and two different time
steps & = 0.05 u~! (continuous lines) and & = 0.2 y~' (dots).
The bottom panel shows the relative percent error caused by time-
step errors.

choices of time step for a system with N = 96 neutrinos
and two values of the energy asymmetry o, for the
entanglement entropy in Fig. 5 and for the survival
probability in Fig. 6. The top panels show with continuous
lines the results for § = 0.05 u~! (the choice used for the
results in the main text) and the dots indicate the results
with § = 0.2u~! which are expected to have ~16 times
larger time-step errors. The observed deviations are
extremely small for all times and, as shown in the bottom
panels of both figures, increase slightly with the total
evolution time but are always below ~1% for the entan-
glement entropy and =0.2% for the survival probability.
Importantly, for times close to the maximum of the entropy
the errors are well below the percent level indicating that
the time-step error is not a significant contribution to the
uncertainty of the results presented in the main text.

APPENDIX B: DIRECT COMPARISON WITH
MEAN FIELD

In this last section we show results obtained from a direct
comparison between the MPS representation used in the
work presented in the main text and a more standard mean-
field solution of the evolution equations. This is done in
order to better elucidate the role of the approximations used
in the time-evolution algorithm described in the previous
section and of possible finite-size effects which are absent
in the mean field.

The model considered in the main text is in the mass
basis and in the mean-field approximation there is no flavor
evolution. By rotating the initial state toward the flavor
basis one can, however, produce collective oscillations also
within the approximation. In this section, we will compare
the flavor evolution in the mean-field approximation and
the thermodynamical limit N — oo with a MPS simulation
at finite N where at each time step we truncate the bond
dimension to » = 1 on all links.

For this discussion we will use the same Hamiltonian in
Eq. (3) of the main text, but rotated to the flavor basis

Hy=6,8-(J = 7" +%(7A +75 (B

with J*,J® the total spin operators in the two beams
and B = (sin(26), 0, —cos(26)) is related to the mixing
angle 0. In the following, we will also keep the same initial
condition |¥,) as in the text, but now in the flavor basis.
The equation of motion for the spin operators can then be
expressed as follows:

d—> - 2/1 - - -
EJA_[éa)B_‘_N(‘IA—i_JB)]XJA
d - [ Y

E-’B = |—6,B +ﬁ('7A +73)} x Jg. (B2)
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r = 1 for different values of the time-step 6. The solid black curve
corresponds to the solution of the mean-field equations (B3).

One can eliminate the explicit dependence on the number
of amplitudes N by expressing these equations in terms of

polarization vectors P, = + <j 4) and Py = = (7 5). In the
mean-field approximation we have then

dt

[\

d - . L. .
EPy= [5wB+E<PA+PB>] x Py
d -

~ Py =|-5,B
dZB |:m+

LB, +f’g>} <Py (B3)

o

The solution of these coupled equations can be simplified
with the change of variables proposed in Refs. [59,71].

In Fig. 7 we compare the result for the time evolution of
the survival probability

P(1) = 5(1 = Ps) = 5 (1 + Pg), (B4)

N =

as obtained by either solving the equations in Eq. (B3)
(black solid line) or using the MPS time-evolution scheme
described above with a fixed bond dimension of r = 1 [this
figure is equivalent to the solid curve in Fig. 2(b) of
Ref. [71], upon rescaling of the time variable]. The different
colored curves correspond to different choices for the time
step 6 used to simulate time evolution with Eq. (32). The
results show a discrepancy with the mean-field results that
grows as a function of time and depends on the chosen
time step. This effect is due to the approximate way the
evolution is maintained at the mean-field level: the local
SVD-based truncation of a link tensor to » = 1 does not
guarantee to select the globally optimal tensor. This
deficiency of the time evolution scheme described in
Sec. III B is one of the main motivation behind alternatives
like the time-dependent variational principle (TDVP)
approach [72] which, instead, approximates globally opti-
mal tensors remaining directly on the manifold of MPSs

with fixed bond dimension. As the operators GZ,: zz used in
the updates from Eq. (21) become closer to the identity, this
truncation error becomes smaller. We can clearly see this
effect in Fig. 7 as we lower the size of the time step. These
results show the importance of checking the convergence of
results with respect to the choice of § (as done here in
Appendix A) and also the potential benefits of incorpo-
rating ideas like the TDVP scheme in future studies of

neutrino oscillations with MPS.
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