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Abstract: We prove a base point freeness result for linear systems of forms vanishing at general double
points of the projective plane. For tensors we study the uniqueness problem for the representation of
a tensor as a sum of terms corresponding to points and tangent vectors of the Segre variety associated
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1. Introduction

Let X C P" be an integral and non-degenerate n-dimensional variety.

To recall the classical notion of abstract secant variety, its map to IP" and its differential
(computed in geometric term by A. Terracini) we use the following notation.

For any closed subscheme Z C P" let (Z) denote its linear span. Let X;eg denote the
set of all smooth points of X. For any 0 € Xeg let (20, X) (or just 20) denote the closed
subscheme of X with (Z,)? as its ideal sheaf. The scheme 20 is a zero-dimensional scheme
(20)1eq = {0} and deg(20) = n + 1. Moreover, (20) is the Zariski tangent space of X at o.
For all finite subsets S C Xieg set 25 := U,es20.

Fix a positive integer s < r. Let S(Xreg,s)’ denote the set of all S C Xieg such that
#S = s and S is linearly independent. The set S(Xreg,s)" is a smooth quasi-projective
variety and its closure H(X, s) in the Hilbert scheme of X is an integral projective variety,
singular if n > 2. Let £2(Xreg) denote the set of all pairs (S,q) € S(Xreg,s)’ x P such that
g€ (Syandq ¢ (S') forall S’ C S. The set Z2(Xyeg) is a smooth quasi-projective variety.
The closure %s(X) of £2(Xreg) in H(X, s) x P is a closed and irreducible projective variety,
often called the abstract s-secant variety of X. Call 77 : Xs(X) — P" the morphism induced
by the projection H(X,s) x P" — P". The irreducible variety 05(X) := 7(Xs(X)) is the
s-secant variety of X, i.e., the closure in P" of the union of all linear spaces (S) for some
subset of X with cardinality s. However, since X,(X) is usually very singular (even for
nice X) we consider the differential of 7t only at the points of ¥ (Xreg). Set 7 := 7T150( Xreg)®

Fix (S,q) € 29(Xreg). A. Terracini proved that the image of the differential d7r of 7 at
(S,q) does not depend on g: it is the linear span of all tangent spaces T, X, 0 € S, i.e.,
itis (2S) ([1], Cor. 1.11). Since Alessandro Terracini’s classical papers the study of the
differential of 7t gave (for very good reasons: the results were both nice and useful) several
papers, most of them for the case S general in X so that the rank of dr is the integer
dim 05 (X). Some recent papers also considered the case in which S is not general ([2,3]).
Here we consider both cases, S general and S very specific. An arrow of Xieg is a connected
degree 2 scheme v C Xpeg. Since v is assumed to be connected, its reduction v,¢q is a point,
0 € Xreg. The Zariski tangent space T, X of X is the union of all arrows of X. Thus, the
linear span (25) has the expected dimension if and only if all unions of s arrows, each of
them with as its support a different point of S, are linearly independent. This observation
due to K. Chandler ([4-6]) had many applications ([6—8]). A union of points and arrows
may also be used to describe tensors and homogeneous polynomials. For instance in the
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additive decomposition of degree d forms an arrow corresponds to a term in the sum of the
form ¢4~1y, where ¢ and y are non-proportional linear forms, while a point corresponds to
an addendum ¢4, ¢ # 0.

We consider a general S for the Veronese embeddings X, ; of P, but we ask if
(25) N X}, 4 is scheme-theoretically the scheme 25 or not. This is tricky and we discuss
in more details why it is tricky in Section 4. For all positive integers n and d let t(n,d)
(resp. t1(n,d)) be the maximal integer x > 0 such that h'(Z(d)) = 0 and Zz(d) is globally
generated (resp. h'(Zz(d)) = 0 and Zz(d) has no base points outside Z.q), where Z is a
general union of x double points of P”. These integers may be expressed with the geometric
language used for the additive decomposition of degree d forms in the following way.
Letv; : P" — P, r = (”zd) — 1, denote the order d Veronese embedding of P", i.e., the
embedding given evaluating all degree d forms in n 4 1 variables. Set X,, ; := v (IP").
The integer t(n, s) is the maximal integer x > 0 such that dim(2S) = x(n+1) — 1 and
X4 N (2S) = 2S scheme-theoretically.

We prove the following result.

Theorem 1. Fix integers d > 5 and z such that 0 < 3z < (d;rz) — 5. Let E C IP? be a general
union of z double points. Then h'(Zg(d)) = 0 and g (d) is globally generated.

The vanishing of h!(Zg(d)) is well-known, but it is put in the statement because for
a non-general E (call if F) it is easy to obtain Zr(d) globally generated for some F such
that h%(Zg(d)) > h°(Zg(d)). To prove Theorem 1 we use a degeneration of several planar
double points ([9]).

A natural question is the extension of Theorem 2 to the case n > 2. We ask also for the
proof of similar results for tensors of certain formats and certain tensor ranks and for the
case of partially symmetric tensors.

In Section 5 we consider the following uniqueness problem for tensors. For which
formats there is a concise tensor which can be irredundantly determined by the union of a
point and an arrow for more than one union of a point and an arrow? Propositions 1 and 2
and Theorem 3 give the list of the exceptional cases.

The last section is speculative. Suppose that at a certain (S, q) the differential of the
Terracini map has a kernel. Is there a condition (using higher derivatives) which says if the
fiber of 7t at (S, ) is positive-dimensional?

Unless otherwise stated we work over an algebraically closed field K of characteristic 0.

2. Preliminaries

Let X be an integral projective variety. Let D C X be an effective Cartier divisor of
X and Z a zero-dimensional closed subscheme of X. The residual scheme Resp(Z) of Z is
the closed subscheme of X with Z7:Zp as its ideal sheaf. We have deg(Z) = deg(Z N D) +
deg(Resp(Z)). For every line bundle £ on X the following sequence

0 = ZResp(z) ®L(-D) =Lz 0L = Iznpp @ Lip =/ @

is exact. We will say that (1) is the residual exact sequence of D (without mentioning Z
and £). Take 0 € Xreg N Dreg. We have (20, X) N D = (20, D) and Resp((20,X)) = {o}.
Let v C X be an arrow such that v,eq = {0}. If v C D, then Resp(v) = @. If v € D, then
VN D = {o} (as schemes) and Resp(v) = {o}. If H C X is an effective Cartier divisor,
then Resy(Resp(Z)) = Resyp(Z), where H 4+ D denote the sum as effective divisors.

Let X C P" be an integral and non-degenerate variety. For any q € P" the X-rank rx(q)
of q is the minimal cardinality of a finite subset of X whose linear span contains 4.

Fix a quasi-projective variety T of dimension at least 2 and 0 € Treg. Letv,w C T
be arrows such that v # w and vyeq = Wreg = {0}. The scheme v Uw is called a planar
double point or a planar double point of T. The next remark explains the properties of planar
double points.
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Remark 1. Fix a quasi-projective variety T of dimension at least 2 and 0 € Tyeg. Let v,w C T
be arrows such that v # w and vyeq = Wreg = {0}. Set Z := v Uw. We have deg(Z) = 3 and
Zred = 1. There are oo arrows z C T such that z,.q = {0} and z C Z. Moreover, if z # v, then
Z = vUz. The Zariski tangent space of Z at o has dimension 2 and there is a quasi-projective
variety M C T such that dim M = 2,0 € Mreg and Z C M. If dim T = 2, then we take M = T,
but if dim T > 2 there are infinitely many quasi-projective varieties M C T such that dim M = 2,
0 € Myeg and Z C M. Fix any such M. The scheme Z is the closed subscheme of M with (Z, pr)?
as its ideal sheaf. If T is embedded in a projective space, then Z spans a plane.

3. Veronese Varieties

In this section, we prove Theorem 2. In Section 4 we discuss why it does not follow
from known results on weak nondefectivity and tangenential nondefectivity ([10-13]).

Obviously #(1,d) = t1(n,d) = [d/2] foralld > 1.

For all positive integers n and d let a(n,d) denote the maximal cardinality of a finite
set S C P such that h!(Z,s(d)) = 0. Obviously a(1,d) = [d/2] and «(n,1) = 1. Since
the singular locus of a quadric hypersurface is a linear space, «(n,2) = 1. A key theo-
rem due to Alexander and Hirschowitz ([14-17]) computes «a(n,d) for all n,d and says
that a(n,d) = L(”Zd)/(n +1)] foralld > 3, unless (n,d) € {(2,4),(3,4),(4,3),(4,4)}.
Moreover, x(2,4) = 4, x(3,4) = 8,(4,3) = 6 and a(4,4) = 13.

Remark 2. Obviously t(n,d) < t;(n,d) < a(n,d). Please note that t;(n,d) < a(n,d) — 1 if
n > 2 (and hence Zps(d) is not the trivial line bundle) and ("Zd) — (n+1)a(n,d) < n forall
n > 2and d > 3, except in the 4 exceptional cases (n,d) € {(2,4),(3,4),(4,3), (4,4)}.

Remark 3. Let S C P" be a general subset such that #S = a(n,d — 1). The Castelnuovo-Mumford
lemma gives that Tys(d) is spanned and that h' (Zps(d)) = 0. Thus, t(n,d) > a(n,d — 1).

Remark 4. Since any 2 points of a projective space are collinear, t(n,3) = t1(n,3) = 1. Take
n = 2and d = 4. Since 4 general points of P? are the complete intersection of 2 conics and
«(2,4) = 4, we have t(2,4) = t1(2,4) = 4. Thus, in a few cases the upper bound in Remark 3
is sharp.

Lemmal. £(2,5) =t(2,5) =6.

Proof. Since #(2,5) =7and 37 = (Z), t1(2,5) < 6. Thus, it is sufficient to prove that
t(2,5) > 6. Fix a smooth cubic D C P? and take S; C D such that #5; = 5. Take
0 € P2\ D such that o is not contained in any line spanned by 2 of the points of S. We
need to prove that Z,5(5) has no base points outside S and that h!(Z,5(5)) = 0. We have
Resp(2S) = 20 U S1. Since Op2(1) is very ample, the residual exact sequence of D shows
that Zs,5,(3) has no base locus outside D U {o}. Thus, it is sufficient to use that D = P! is
projectively normal and that Op(5)(—2(251,D)) = Op. O

To prove Theorem 1 we prove the following result.

Theorem 2. Fix integers d > 5 and z such that 0 < 3z < (d42r2) — 4. Then there is a connected
zero-dimensional scheme Z C P? such that Z is a flat limit of a family of z pairwise disjoint double
points, h' (Z(d)) = 0 and | Iz (d)| has no base points outside Zeq.

Lemma 2. Let C C P2 be a smooth curve. Fix o € C and positive integers z,w such that
32/2 < w < 2z. Then there is a zero-dimensional scheme Z C P2 such that Zea = {0},
deg(Z) = 3z, Z is a flat limit of a family of unions of z pairwise disjoint double points, Z C 2C
and deg(ZNC) = w.

Proof. If w = 2z we use ([18], Proposition 5.1.2), which corresponds in the set-up
of [9] to the front collision, which just adds the escaliers of the z double points. As-
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sume 3z/2 < w < 2z and set e := 2z — w. Please note that w = 2(z — e) + e. We take a
specialization Z of a family of general unions A = B U E with B a general unions of z — e
double points of P? with as reduction general points of C and E a general union of e double
points of P2. Then we apply e times (each time to a different connected component of E)
([18], §5.2) with the escalier (2,1) of a double point of P2. [

Proof of Theorem 2: Let f be the maximal positive integer such that t < d and (szrz) -
(T4 —2 < 2z.

Claim1: t > d/2.

Proof of Claim 1: Assumet < d/2. Since t is maximal, (szrz) — (d/%ﬂ) <2z—1,ie., (34> +
10d +4)/8 < 2z —1, ie, 16z > 3d% +10d + 12. We have 3z < (*}?) — 4, ie, 62 <
d? + 3d — 6, contradicting the assumption d > 5.

Fix a general C € |Op2(t)]. Thus, C is smooth and h°(Oc¢(d)) = (d;rz) - (dféﬂ). Set
w = (dJZ”Z) - (d_§+2) — 2. By Lemma 2 there is a connected zero-dimensional scheme
Z C P? such that Z C 2C and deg(ZNC) = w. Thus, Resc(Z) is a general con-
nected zero-dimensional subscheme of C of degree 3z — w. By [19] ! (C, Zzncc(d)) =0
and h!(C, TResc(z)(t)) = 0. Since hl(C,IRESC(Z)(t)) = 0 and C is projectively normal,
h! (Zres( 7)(t)) = 0. The residual exact sequence of C gives h'(Zz(d)) = 0 and that the re-
striction map p : H*(Zz(d)) — H°(C, Zcnz,c(d)) is surjective. Call W the scheme-theoretic
base locus of |Z(d)|. Since C is a smooth curve and Z N C is a general connected degree w
subscheme of C, [20] gives that no point of C \ C N Z is a base point of H(C, Zcrz,c(d)).
The surjectivity of p gives that no point of C \ Zq is a base point of H°(Zz(d)). Since a
general osculating space of a curve is not hyperosculating and p is surjective, we obtain
CNW = CNZ as schemes. Since t > d/2, H(Ope ([ — U)) = H'(O¢(] —)). Since
Resc(Z) is a general connected degree 3z — w subscheme of the smooth curve C and
W (Oc([ —U)) > 31— 3+ €, [20] gives WN2C = Z. Thus, Zz(t) has no base point
outside C. Since no point of C \ Z.q is a base point of H(Zz(d)), no a € P2\ Z,.q is a base
pointof |Zz(d)|. O

O

Proof of Theorem 1: Being globally generated is an open condition in families of coherent
sheaves with constant cohomology. Thus, it is sufficient to prove that if 3z # (dzz) — 4 the
scheme Z constructed in the proof of Theorem 2 is globally generated. Let Zy (d) C Zz(d)
be the image of the evaluation map H(Zz(d)) ® Op2 — Zz(d). Since W 2 Z, to conclude
the proof it is sufficient to prove that W C Z. Since |Zz(d)| has no base points outside
Zied, W is a connected zero-dimensional scheme. Take C, t and w as in the proof of
Theorem 2. We saw that WNC = ZNC. Since deg(Z) < (d;rz) — 4, deg(Resc(Z2)) <
h0(O¢([ — U)) — €. Please note that Resc(Z) is a general connected zero-dimensional
scheme of degree 3z — w < h°(O¢([ — [[/€])) — €. Hence HO(C,IRESC(Z) (d—1[d/2]))
has no base points ([20]; note that in [20] “curve” means “smooth curve”). Consider the
residual exact sequence

0 = TRese(z)(d —t) = Zz(d) — Iznc,c(d) — 0 2)

We saw that h! (Zresc(z)(d — ) = hW(C,Zzncc(d)) = 0 and that TResc(z)(d —t) and
Tznc,c(d) are globally generated. Thus, 77 (d) is globally generated. [

4. Base Point Freeness

In this section, we point out why it is still open, even for generic symmetric rank,
although very similar statements are true, stated and proved in the literature ([10-13]).

Assume characteristic zero.

Let X C P" be an integral and non-degenerate variety. Set n := dim X and fix an
integer s > 0 such that s(n +1) < r and dimos(X) = s(n+1) — 1, i.e.,, X is not secant
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s-defectivity. Fix a general S C Xeg such that #5 = s and set Z := U,es20. Since
dimoy(X) =s(n+1) —1,L := (Z) has dimension s(n + 1) — 1. Take a general hyperplane
H C P" containing Z. There are key notions due to C. Ciliberto and L. Chiantini (weak
nondefectivity and tangential nondefectivity) ([10-12]) which when they are satisfies imply
that H is tangent to Xieg only at the points of S. This true statement does not imply
that L. meets Xreg only at S and the linear spaces contained in X and containing at least
one point of S, even when L has codimension > n + 1. It would seem intuitively true,
but it is only conjectural for curves and false in some cases for higher-dimensional smooth
manifolds ([21]).
We say that Assumption 1 holds if the following conjectural statement is true:

Assumption 1. Assume char(K) = 0. Let X C P, r > 3, be any integral and non-degenerate
curve. For a general p € Xreg the tangent line T, X of X at p meets X only at p.

An assumption similar to Assumption 1 trivially fail for all X such that dimX > 1
and X is covered by lines. However, an example due to M. Ohno shows that it may fail
even for smooth manifolds of general type [21]. See [22,23] for many partial solutions and
applications of Assumption 1. Thus, we cannot freely extend to general unions of double
points the following observation concerning general finite sets.

Remark 5. Let X C P" be an integral and non-degenerate variety. Set n := dim X. Let S C X
be a general set such that #S = r — n. In characteristic 0 an easy application of the linear general
position of a general codimension n linear section gives S = X N (S) (scheme-theoretic intersection).

For any 0 € Xeg and all positive integer m let mo denote the closed subscheme
of Xreg with (Z,)™ as its ideal sheaf. The linear space O, (X), := ((m + 1)o) is the m-
osculating linear space of X at 0. Motivated by [20] we consider the following Condition
(Assumption 2):

Assumption 2. Assume char(K) = 0. Fix integers r > m +2 > 3. Let X C IP" be any integral
and non-degenerate curve. For a general p € Xyeg the m osculating space O (X), of X at p meets
X only at p and the support of the union of the point and the arrow. Usually, this support is a very
small part of the Segre variety.

We are working over an algebraically closed field of characteristic zero, because As-
sumption 1 fails in positive characteristic even for some smooth curves ([24], Example 4.1).
In characteristic 0 Assumptions 1 and 2 holds for all smooth curves ([20,23,24], Theorem 3.1)

5. Tensors

Tensors associated with an arrow are exactly the tensors contained in the tangential
variety of the Segre variety related to the format of the tensor. In this section we describe
all concise tensors which are linear combinations in two different ways of a rank 1 tensor
and a tensor associated with an arrow (Theorem 3). Theorem 3 lists 7 cases with for each
case a quotation of an example or remark of the paper. The remark or example describes
in detail each exceptional case. In each case we describe by how many parameters the
possible unions of an arrow and a point depend.

We recall the following properties of the Segre varieties and their connection with
tensors and the tensor rank of a tensor ([25]).

LetY =P x .- xP%, k>1,n >0,1<i <k, beamultiprojective space. Let
i : Y — P denote the projection of Y onto its i-th factor. If k > 2 set Y; := [, ; P"» and
let7; : Y — Y; denote the projection. The map 7; is the map forgetting the i-th coordinate
of each (ay,...,a;) € Y. Let v; denote the Segre embedding of Y;.

For all (dy,...,dy) € ZF set Oy(dy, ..., dy) := @ 75 (Opn (d;)). The line bundles
Oy(dy,...,dy), (d1,...,dy) € ZF, form a Z-basis of the abelian group Pic(Y). The Kiinneth
formula gives hi°(Oy(dy, ..., d;)) = 0if some d; < 0, lO(Oy(dy,...,dy)) = [T5, ("t if

n:
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d; > 0for all i and h'(Oy(dy,...,d;)) = 0ifd; > —1foralli. Foranyi € {1,...,k} let
Oy (1) (resp. Oy(¢;)) be the line bundle Oy (e, . .., ) on Y with multidegree (as, ..., ax)
with a; = 1 and a; = 0 for all j # i (resp. We have h%(Oy(1))) = \) 4+ co. Setr :=
~1+TT5,(n; +1). Letv : Y — P denote the Segre embedding of Y.

For any tensor T of format (17 +1) X - -+ x (np + 1), T # 0, the tensor rank of T is the
v(Y)-rank 7,y ([T]) of the element [T] € P" associated with T.

The main result of this section is the following one.

Theorem 3. Let A C Y =P" X --- x P" be a union of a point and an arrow. Assume that Y
is the minimal multiprojective space containing Y. Fix g € (v(A)) such that q ¢ v(A")) for any
A" C A. Assume the existence of a union B C Y of a point and an arrow such that B # A and
q € (v(A)) N (v(B)). Then Y is as in one of the following cases (assuming n; > n; for all i < j):
1. deg(B) =1landeitherk=1,n <2o0ork=2andny =ny =1.

deg(B) = 2and eitherk =1,ny <2ork =2and ny = np = 1.

k=2,n; < deg(B) —1and A, B,q are as in Remark 10.

deg(B) =3,Y = (P')3 and A, B, q are as in Remark 11.

deg(B) =3,Y = (P')* and A, B, q are as in Example 9.

deg(B) =3,Y = P2 x P! x P! and A, B are as in Example 3.

deg(B) =3 and (Y,q, B) is as in Examples 4, 5, 6, 7 or 8.

NO G R W

In each case we give a rough description of the possible B’s. The one with deg(B) = 1
(resp. deg(B) = 2) are listed in Remark 10 (resp. 11). The last case, i.e., Examples 4, 5, 7 or 8
are the only cases which allow any k > 5.

Remark 6. Let Z C Y be a zero-dimensional scheme of degree z > 2. The minimal multiprojective
subspace of Y containing Z is the multiprojective space Y' := [T5_, (71;(Z)). Write Y = P™ x
-+« X P"™s for some positive integers s and my, 1 < h < s. We have m; < deg(Z) — 1 for all i
and this is in general the only restriction we may obtain from the isomorphism class of Z as an
abstract scheme. Of course, s < k and if the h-th positive-dimensional factor of Y' is contained in
the i-th-dimensional factor of Y, then my, < n;.

Remark 7. ([26], Lemma 4.4) Let W C Y be a zero-dimensional scheme such that deg(W) < 3
and v(W) is linearly dependent. Since v is an embedding, deg(W) = 3 and (v(W)) is a line.
Since v(Y') is scheme-theoretically cut out by quadrics and W C (v(E)) Nv(Y), then (v(E)) C Y.
Since the only linear subspaces contained in the Segre variety X are the one contained in a fiber of
one of its k rulings, there is of i € {1,...,k} such that deg(rt;(W)) = 1 for all h # i, 7t;y is an
embedding and 1t;(W) C P" is a line.

Remark 8. Take q € (v(B)) with B C Y, deg(B) < 3 and B curvilinear. The point q has border
rank b < deg(A) ([271, Proposition 1.1 and Theorem 1.2) and the minimal multiprojective space
Y' C Y withq € (v(Y')) contains all curvilinear degree b schemes E C Y such that deg(E) = b
and q € (v(E)) are contained in' Y’ ([28], Theorem 2.5).

Example 1. Let W C P" be a zero-dimensional scheme such that deg(W) = 4, W spans P", W
is linearly dependent, but all proper subschemes are linearly independent. Obviously n = 2. Since
h0(Ops(2)) = 6 and deg(L N W) < 3 for all lines L C P?, dim | Ty (2)| = 2 and either W is the
complete intersection of 2 conics or deg(L N W) = 3 for exactly one line L and there is o € P?
such that all E € |Zw(2)] is of the form E = L U R with R € |Z,(1)|. In both cases there are
non-curvilinear W’s. In the latter case the latter case o € L and W is the union of the fat point 20
and some p € L\ {o}.

Example 2. Let W C P! x P! be a degree 4 scheme. Since h%(Op1, p1(1,1)) = 4,
WY(Zw(1,1)) > 0 if and only if there is D € |Opeype(00,00)| containing W. If v(W') is
linearly independent for all W' C W, then D is unique, because h* (Zy (1,1)) = 1 in this case.
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Proposition 1. Let v C Y be an arrow such that Y is the minimal multiprojective space. Set
0 := Upeq- Fixq € (v(v)) \ {0}. There is a zero-dimensional scheme Z C Y such that deg(Z) < 2,
Z #v,and q € (v(2)) if and only if one of the following cases occur:

1. k=1n =1

20 k=1 =2

3. kIZ,Tllzi’lle.

(a)  Incase (1) we may take deg(Z) = 1 (withv(Z) = {q}), deg(Z) = 2 and reduced
or deg(Z) = 2 and Z an arrow.

(b)  Incase(2) v(vU Z) is the complete intersection of two conics in the plane (v(W U Z)).

(c) In case (3) there are oo? reduced Z (parametrized by a plane minus a line) and co!
arrows Z (parametrized by a line minus the point corresponding to v).

Proof. Cases (1), (2) and (3) occur and in each case the possible schemes Z described in (a),
(b) and (c) are the schemes which occur (Examples 1 and 2).

Now we prove the “only if” part. Set W := v U Z. Thus, deg(W) < 4. Since v # Z,
deg(W) < 3. First assume deg(W) = 3. We are in the case (1) by Example 1. Now assume
deg(W) = 4 and hence Z N v = @. Theorem 7 gives that we are in one of these cases (1), (2)
and (3). O

Remark 9. Proposition 1 describes all degree 4 schemes W C Y, W not reduced and not containing
a connected component of degree at least 3, such that Y is the minimal multiprojective space contain-
ing W, v(W) is linearly dependent and all proper subschemes of v(W) are linearly independent.
For the case W reduced, see [29] and/or [30]. For an arbitrary W of degree 4, see [31]. In [26,29-31]
there are related results obtained under assumptions with minor differences. For instance in [26] we
assume that q has rank 3 and that Y is the minimal multiprojective space such that q € (v(Y)).
Here we do not assume that v(Y') is the minimal Segre spanning q, because it seems too restrictive.
Making the assumption that v(Y') is concise for q would drastically cut some proofs. Requiring that
q has not cactus rank < 2 would allow the interested reader to omit Propositions 1 and 2.

Remark 10. Assume k = 2.

(a) Assume n; = 1 for at least one i, say np = 1. Since any (nq + 1) X 2 matrix has rank
<2, foreach q € P\ 'Y there are infinitely many S C Y such that q € (v(S)) and #S = 2. Now
assume ny < 2. Since P" is the tangential variety of T(v(Y)), we obtain the existence of an arrow
Z C Y such that g € (v(Z)). By ([32], Ex. 11.3.22(b)) we see that q is associated with at least co?
sets S and o' arrows Z.

(b) Assume ny = ny = 2 and hence r = 8. There are q € P8 with tensor rank 2 and tensors
spanned by v(Z) with Z connected and of degree 2. As in part (a) we obtain q € (v(A)) with
deg(A) = 3 and A union of an arrow and a point.

Proposition 2. Let A C Y be the union of an arrow v and a point p # 0 1= Uyeq. Assume
that Y is the minimal multiprojective space containing A. Fix q € (v(A)) such that there is no
A" C Awithq € (v(A”)). There is a zero-dimensional scheme Z C Y such that deg(Z) < 2 and
g € (v(Z2)) ifand only if A, Y and Z are as follows:
1. k=1landny =1 (hereq € v(Y),say g = v(o'));
2. kZZ,}’llznzzl;
3. k=2n+n=3 k=n=n=2
4. k=3 m=ny=n3=1
(i) In case (1) the schemes Z are as follows:
(i1)  deg(Z) = 1and Z is the point of Y such that g = v(Z);
(i2)  Zisany degree 2 subscheme.

(i) In case (2) there are 0o® schemes Z formed by 2 points and co' schemes Z which
are arrows.
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(iii)  In cases (3) and (4) there are at least co® schemes Z formed by 2 points and at least co!
schemes Z which are arrows; in this case Y is not the minimal multiprojective space
such that g € (v(Y)).

Proof. All listed cases are associated with some Z and the schemes Z are as described in
Remarks 10 and 11. Thus, it is sufficient to prove the “only if” part.

Since deg(A) = 3 and Y is the minimal multiprojective space containing A, n; < 2 for
all 7.

Set W := Z U A. Please note that deg(W) < 5. Since there is no A’ C A such that
g € (v(A")), we have deg(W) > 4. Since Y is the minimal multiprojective space containing
A, nj <2foralli. If n; =1, then deg(m;(A)) > 2. If n; = 2, then deg(m;(A)) = 3 and
i (A) is linearly independent. Proposition 1 covers the case deg(W) = 4. Thus, we may
assume deg(W) =5,ie,ZNA = Q.

If k = 1, then Z is any degree 2 scheme spanning a line containing o’ and not in-
tersecting A. All cases with k = 2 are covered by Remark 10. Thus, we may assume
k> 2.

(a) Assume for the moment #n; > 1 for some i, say n; > 1 and hence n; = 2. Since Y is
the minimal multiprojective space containing Y, deg(71(A)) = 3 and 711 (A) is linearly
independent. Take Hy € |Zy(e1)| and Hy € |Z,(&3)|. The scheme E := Resp,y, (W) is
contained in Z.

(al) Assume E # @. Since ZNA = @, quoting ([33], Lemma 5.1) we obtain
hl (Zg(0,0,1,...,1)) = 0. Since E C Z and Oy(0,0,1,...,1) is globally gener-
ated, we obtain E = Z and deg(m;(Z)) = 1for alli > 2. Thus, |Zz(e3)| # @.
Fix M € |Zz(e3)]. Since ZNA = @ and A € M, ([33], Lemma 5.1) gives
I (Zresy,(w)(€3)) > 0. Since Resy (W) C A and 71y is an embedding with
linearly independent image, we obtain a contradiction.

(@2) Assume E = @, i.e,, assume W C H; U Hy. By step (al) we may also assume
W C H; U Hz with H3 € |Zy(e3)|. Set {My }:= |Zy,,,(€1)| and take My € |Z,(e2)|
and M3 € |Z,(e3)|. Since A C (M; U M;) N (M; U M3), we also obtain Z C
M;UM; and Z C M; U Mj. Assume that either ZNHy = QorZNM; = Q,
say Z N Hy = @. We get Z C Hp. The residual exact sequence of H, and ([33],
Lemma 5.1) give a contradiction because deg(m1(A)) = 3 and 711 (A) is linearly
independent. Assume that either Z C Hj or Z C Mj, say Z C Hj. The residual
exact sequence of Hj gives a contradiction. Thus, deg(Z N Hy) = deg(ZNM;) =
1. Using H; we obtain h! (ZRESH1 (w)(€1)) > 0 with Resy, (W) the union of u and
a point of A, call it e. Since h1<IResH1(W) (81)) > 0, mj(u) = m;(e) for alli > 1.
Take R € |Zy(e3)|. Using R we obtain 1! (Z, gesy (7)(83)) > 0. Using Hp we
obtain h! (IvUResHZ(Z)(§2)> > 0. Thus, m;(Resp, (Z)) C m;(v) for all i # 2. Since
dim |Oy(&2)| + dim |Oy(e3)| > 2, thereare T € |Oy(e2)| and T’ € |Oy(e2)| such
that Z C TUT'. Firstassume A ¢ TUT'. Since ANZ = @, ([33], Lemma 5.1)
gives h! (IReSTuT’(A) (1,0,0,...)) > 0. Since deg(m1(A)) = 3 and 711 (A) is linearly
independent, we obtained a contradiction. Now assume A C TUT . If ZC T
(resp. Z C T’) we may take instead of T’ (resp. T) a general element of its
complete linear system and obtain a contradiction, because Y is the minimal
multiprojective space containing A. Thus, TNZ # @ and T'NZ # @. One of
the two divisors T or T', say T, contains v. Set {a} := Resr(Z). Please note that
a € T'. We obtain h' (Zy,, 4y (82)) > 0, i.e., 7r;(a) = mj(u) foralli # 2. If a = e we
obtain ¢ = u, a contradiction. Please note that a = ¢ if Z is connected. Assume
a # eand hence Z = {a,e}. Since A ¢ T, u € T'. Hence 713(a) = m3(u). Since
a # e, we obtain Res/ (W) C v. Hence the residual exact sequence of T’ gives a
contradiction.

(b) Assume Y = (Pl)k. All cases with k < 3 are listed. Thus, we assume k > 4. Let ¢
be the maximal integer such that e; = deg(H N W) for some i € {1,...,k} and some
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H € |Oy(¢;)|- With no loss of generality we may assume i = 1. Set W := Resy(W).
Let e; be the maximal integer such that e; = deg(M N W) for some i € {2,...,k}
and some M € |Oy(g;)|. With no loss of generality we may assume i = 2. Set
W, := Resy(Wj). Obviously e; > ep. Since Y is the minimal multiprojective space
containing A,1 <i < 4.

(b1)
(b2)

(b3)

(b4)

Assume e; = 4. Quoting ([33], Lemma 5.1) we obtain a contradiction.

Assume e¢; = 2. Thus, 1 < ey < 2. If ey = 2 applying ([33], Lemma 5.1) to HU M
we obtain a contradiction. Assume e; = 1. The definition of e; gives that each
T\w,, i > 2, is an embedding. Fix D € [Oy(e3)| intersecting W,. Please note
that deg(Resp(W,)) = 1. The residual exact sequence of HU M U D and ([33],
Lemma 5.1) gives a contradiction.

Assume eq = 1. The definition of ¢; gives that each 7;y is an embedding. Take
D € |Oy(e3)| such that DN W, # @ and set W3 := Resp(W,). Please note
that deg(D N W) = 1 and that deg(W3;) = 2. Since 7y, is an embedding,
hl (Zw,(0,0,0,1,...)) = 0, contradicting ([33], Lemma 5.1).

Assume e; = 3. If ¢ = 1 quoting ([33], Lemma 5.1) we obtain a contradiction.
Now assume e, = 2, i.e., assume W C HU M. If there are i € {3,...,k} and
D € |Oy(¢;)| with deg(W; N D) = 1, then quoting ([33], Lemma 5.1) with respect
to H U D we obtain a contradiction. Thus, we may assume deg(7;(Wp)) = 1 for
all i > 2. Hence 713y, is an embedding. Set E := Resy(W). Since in step (b1) we
excluded the case e; = 4 and W; C M, we have 2 < deg(W N M) < 3 and hence
2 < deg(E) < 3. By assumption E C H and hence deg(m;(E)) = 1.

(b4.1) Assume deg(E) = 2. Using M instead of H in the first part of step (b4)
we obtain deg(7;(E)) = 1 for all i # 2. Take H; € |Oy(g;)],3 < i <k,
containing E. We obtain W C M + H;. We also have W C H U M. Please
note that the set M N H N H3z N --- N Hy is a point and that v(M N Hz N
-+ Hy) is a line of the Segre variety v(M). We obtain W,.q C M. Since
deg(WN M) = 3, we obtain#W,.q = 3, i.e.,, Z is not reduce. Using H
instead of M we obtain W,.q C HN M. Using M and H;, 3 <i < k, we
obtain W4 is contained in the point HN M N H3 N - - - N Hy, absurd.

(b42) Assume deg(E) = 3. In the set-up of step (b4.1) we may also assume
that ENH; = @foralli =3,...,k Set Hy := M. Letw C E be a degree
2 scheme. Since v is an embedding, there is i, € {2,...,k} such that
T, |w is an embedding. Let M, be an element of |Oy (e;, )| containing a
point of wyeq. Fixi € {2,...,k} \ {iw} and set F := Resp, a1, (W). Since
deg(FNw) = 1,1 < deg(F) < 2. By ([33], Lemma 5.1) we first obtain
deg(F) = 2 and then deg(7t,(F)) = 1forall h ¢ {i,i,}. Either E is the
union of 3 points, say E = {a,b,c}, or the union of a point a and an
arrow z.

(b4.2.1) Assume E = {a,b,c}. Thus, E # A. Take w := {b,c}. Taking
My, containing ¢ we obtain 7, (a) = 7, (b) for all h & {i,iy}.
Taking M,, containing b we obtain 7t,(a) = 7m;,(c) for all h ¢
{i,iw}. Thus, deg(m,(E)) = 1forall h ¢ {i,i,}. Varying i we
obtain deg(7;(E)) = 1 for all h # iy. In this case (v(E)) is a
line contained in the iy-ruling of the Segre v(Y). Thus, v(E) is
linearly dependent. Since k > 2, Proposition 1 gives q ¢ v(Y).
Since g € (V(A))N(v(Z)) and q ¢ (v(A’)) for any A’ C A, we
obtaink! (Zy(1,...,1)) > 2. Since v(A) is linearly independent,
W (Zw(1,...,1)) = 2. Thus, v(Z) is contained in the plane, (v(A)),
which also contains the line (v(E)) C v(Y). Since q ¢ (v(Z'))
forany Z' C Z,q ¢ (v(A')) forany A’ C Aand ZNA = Q,
W (Zy(1,...,1)) < 1forall W # W. Thus, (v(E))Nv(W) = E
(scheme-theoretically). Since v(Y) contains no plane (v(A)) ¢
v(Y). Since v(W) C (v(A)) and v(Y) is scheme-theoretically cut
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out by quadrics, v(Y) N (v(A)) is the union of 2 lines. Since Y is
the minimal multiprojective space containing A, we obtain k = 2
(([29], Proposition 5.2) or ([30], Proposition 1.1) or Theorem 1),
a contradiction.

(b4.2.2) Assume E = zU {a} and set {b} := z,.q4. Take w = z. We obtain
my(a) = my,(b) forall h ¢ {i,iy}. Varying i we obtain 7, (a) =
my(b) for all h # iy. Take w = {a, b}, but call i,y the integer
associated with this degree 2 scheme. We obtain 71, (a) = 71;,(b)
forall h # iyy. Thus, iy, = iyy. Thus, ({a,b}) is a line contained in
the w-th ruling of v(Y). If v(E) C ({a,b}) we conclude as in step
(b4.2.1). Assume v(E) € ({a,b}). Either z = v or Z is connected
and Z = z. Take h # iy and D € |Z,(¢)|. By construction
deg(Wn (H;, UD)) = 4. Thus, hl(IResHi up) = 0, contradicting
([33], Lemma 5.1). !

O

Remark 11. Take Y := (P')3 and hence r = 7. A general q € P7 is contained in (v(A)) for co*
sets A C Y such that #A = 3, c0® unions A of an arrow and a point and for exactly one set A C Y
such that #A = 2. A general q in the tangential variety of v(Y) C P7 is contained in (v(A)) for
oot sets A C Y such that #S = 3, 00> unions A of an arrow and a point and exactly one arrow,
but no set A with cardinality 2.

Example 3. Take Y = P2 x P* x P! and take q € P" such that r,y)(q) = 3 and there is
H € |0y(0,1,1)| with q € (v(H)). This case covers cases (4) and (5) of ([26], Theorem 7.1), case
(4) being the case H irreducible, while case (5) being the case H reducible. If H is irreducible (resp.
it is reducible), then q is in the linear span of 00> (resp. co*) subsets of v(Y') with cardinality 3. For
many q € P" we have q € (v(A)) for some union A of an arrow and a point.

Lemma 3. Let E C Y be a planar double point. Set {0} := E and write E = v U w with v and
w arrows with o as their reduction. Fix u,z € Y \ {o} such that u # z and set W := E U {u, z}
and A := v U {u}. Assume that Y is the minimal multiprojective space containing v U {u}, that
(v(A)) N (v(wU{z})) contains a point g and that g ¢ (v(A")) forany A’ C A. Then k < 2 and
nm=ny=1ifk=2.

Proof. By assumption q € (v(E)) N ({v(u),v(z)}). Thus, there is an arrow T C E such that
g € (v(1)) N (v(wU{z})). Proposition 1 shows that the minimal multiprojective space Y’
containing W’ := tU {u, z} is either a projective space or P! x P1. If v C Y’, then the lemma
is true. Assume v ¢ Y’. Since (v(Y’)) Nv(Y) = v(Y’), we obtain (v(A)) = (v({o,u}),
a contradiction. [

Example 4. Assume k > 3. We do the construction for the first 2 positive integers, but the case in
which we take any two distinct elements of {1,...,k} is similar. Fix arrows u’,o' C Y' := P! x P!
such that u' Nv' = @ and Y’ is the minimal multiprojective space containing u’ U v', but that
(v(u' UD")) is a plane. Thus, (v(u')) N (v(v")) is a single point. Fix ny € {1,2} and ny € {1,2}.
Set Y := P x P2 x (P1)k=2 with Y' embedded in the first two factors of Y. Fix a;,0; € P!,
3 <i <k, such that a; # o; forall i. Set u := v' x {(as,...,a;)}. Thus, (v(u)) N (v(v)) isa
single point, q'. Fix o1 € P™ and 0, € P™ with the restriction that oy ¢ P! ifny = 2and 0y ¢ P!
ifny = 2. Set o := (0y,...,0x)}. Please note that (v(uU{0})) is the line spanned by q' and v(o).
Please note that Y is the minimal multiprojective space containing u'U {o} if and only if one of the
following conditions holds:

1. Y’ is the minimal multiprojective space containing u'.
2. Y'is not the minimal multiprojective space containing u’, i.e., deg(7t;(u") = 1 for exactly
onei € {1,2}; in this case we require n; = 1 and 7t;(u’) # o;.
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Example 5. The construction done in Example 4 works if instead of the arrow v’ we take 2 distinct
points of Y'.

Example 6. Assume k > 3. We do the construction for the first 2 positive integers, but the
case in which we take any two distinct elements of {1,...,k} is similar. Set Y’ := P! x P!
and fix a € Y'. Let L and L' be the elements of |Oy(1,0)| and |Oy:(0,1)| containing a. Let
u' (resp. V') be the arrow of L (resp. L') containing a. Fix ny € {1,2} and n, € {1,2}. Set
Y = P x P2 x (PYK=2 with Y' embedded in the first two factors of Y. Fix a;,0; € P,
3 <i <k, suchthat a; # o; foralli. Set u:=u' x {(as,...,ar)} and v := v’ x {(a3,...,a;)}.
Fix 0, € P™ and o, € P™2 with the restriction that o1 & P! if ny = 2.and o, & P! if ny = 2. Set
0:=(01,...,0¢)}. Please note that (v(uU {o})) N (v(vU{o0})) is the line spanned by v(a) and
v(o) and it is not contained in v(Y'). We obtain that a general q € ((v(u U {o})) N (v(vU{o}))
has rank 2. Please note that Y is the minimal multiprojective space containing uU {0} if and only

ifnp = 1and mto(u) # o0y.

Example 7. Take either Y = (P1)k or Y = P2 x (P1)¥=1, k > 1. Fix o € Y and take an arrow
v C Y such that v,eq = {0} and m;(v) = m;(0) for all i > 1. Please note that (v(v)) = v(L)
with L = P! x (0y,...,04) C Y. Fix u € Y such that m;(u) # m;(o) fori = 2,...,k.
IfY = P? x (P')*~1 assume 711 (0) ¢ m1(L). Set A := v U u. Please note that Y is the minimal
multiprojective space containing A. Each q € (v(A)) has tensor rank at most 2, because there is
ag € Lsuchthat g € (v({ag,u})).

Example 8. Take either Y = (P1)% or Y = P2 x (P1)k~1, k > 1. Fixo,u € Y such that o # u
and 7tj(0) = mt;(u) for all i > 1. Take an arrow v C Y such that veq = {0} and deg(m;(v)) =2
for all i > 1. Please note that (v({o,u})) = v(L) with L = P! x (0p,...,04) C Y. IfY =
P2 x (PYk=1 assume 7t1(v) ¢ mi(L). Set A := vUu. Please note that Y is the minimal
multiprojective space containing A and that (v(A)) = (v(vU0")) forall o' € L.

Lemmad. Take Y = P2 x P2 x P8 x - .- x P, k > 3. Theorem 3 is true for Y and all B such
that deg(B) = 3and ANB = @.

Proof. Assume the existence of B C Y such that B is either the union of an arrow and a
point or the union of 3 distinct points, B # A and q € (v(B)). Set W := A U B. By Propo-
sitions 1 and 2 we may assume that v(B) irredundantly spans 4. Since dim |Oy(¢2)| +
dim |Oy(e3)| > 3, there is H' € |Oy(ez)| and H” € |Oy(e3)| such that H := H' U H”
contains B. Since 1°(0y) (1)) = deg(.A) and Y is the minimal multiprojective space con-
taining A, h'(Z4(e1)) = 0. Thus, the residual exact sequence of H and ([33], Lemma 5.1)
give W C H. This is true for all H, H” whose union contains B. Since Y is the minimal
multiprojective space containing A, 71,(A) spans P2. Thus, deg(H’ N A) < 2. We obtain
that 772 (B) spans P2. Thus, we obtain that the lines of P?> spanned by degree 2 subschemes
of A and B are the same. We also obtain that 773 p is an embedding and then we get that
0314 is an embedding. Since AN B = @, ([33], Lemma 5.1) and the residual exact sequence
of H" gives h! (ZRes,,(w) (€2)) > 0. Please note that Resyy (W) is a degree 2 reduced scheme,
one of its 2 points being in Aeq, while the other one is an element of Beq. Since 733 and
734 are embeddings with the same set-theoretic image, B is the union of an arrow and
a point, say B = v’ U {u'} with n3(u') = m3(u). Taking H” containing 71, (') we obtain
mj(u') = mj(u) for all j # 2. Using |Oy(e1)| and |Oy(e3)| in the same way we obtain
mtj(u') = mj(u) for all j # 1, contradicting the assumption ANB = @. O

Lemma5. Tuke Y = P2 x (P1)k~1 k > 4. Theorem 3 is true for Y and all B such that deg(B) = 3
and ANB = Q.

Proof. Assume the existence of B C Y such that B is either the union of an arrow and
a point or the union of 3 distinct points, B # A and q € (v(A)). Set W := AU B.
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By Propositions 1 and 2 we may assume that v(B) irredundantly spans g. Fixi € {2, ..., k}.
Mimicking the proof of Lemma 4 using |Oy(e1)| and |Oy(¢;)| instead of |Oy(e2)| and
|Oy (e3)| and doing it for all i we obtain that B is the union of a point #’ and an arrow
o' that each 71,3 and 77, 4 are embeddings with the same images, that 711(B) spans P2
and that 77;(u) = 7;(u') and 71;(v) = 7;(v') forall j > 1. Set o := v} 4. We proved that
mtp(0") = my(0) for all h > 1. Take M € |Oy(ez) containing o’ and M’ € |Oy(e3)|. Please
note that Resy; (W) = {o,0'}. Since AN B = @, ([33], Lemma 5.1) and the residual exact
sequence of M U M’ give 111 (0') = 111(0). Thus, AN B # @, a contradiction. [

Remark 12. Assume that Y is the minimal multiprojective space containing A = v U {u},
0 1= Ureq, and that k > 2. Fixi € {1,...,k} and assume that 1; 4 is not an embedding. Since Y is
the minimal multiprojective space containing A, we obtain deg(n1(A)) =2, n, = 1forall h # i
and that 71 4 is an embedding. Since 7; 4 is an embedding, we obtain that 1y 4 is an embedding
forall h # i.

(a) Assume 17;(A) = 5;({0,0'}). In this case 17;(v) = 5;(0). We obtain that (v(v)) is a line
contained in Y. Thus, all points of (v(A)) have tensor rank at most 2. This is Example 7.

(b)  Assume n;(A) = n;(v). In this case t;,(u) = (o) for all h # i. Thus, (v({o,u})) is
a line contained in the i-th ruling of the Segre v(Y), say (v({o,u})) = v(R). For each
u' € R\ {0} we have (v(A)) = (v(vUu)). In particular uniqueness fails for each q
irredundantly spanned by v(A). This case obviously occurs both with n; = 1 and with
n; = 2. This is Example §.

(c) FixasetS C Y suchthat #S = 3 and Y is the minimal multiprojective space containing Y.
Assume the existence of i € {1,...,k} such that 1 is not injective. By ([26], Remark 1.10)
each point of (v(S)) has tensor rank at most 2.

Since v(A) is linearly independent, there is B* C B such that v(A U B’) is linearly
dependent and B’ is minimal with this property. If B’ # B we obtain (v(A))N From now on

Lemma 6. Take Y = (P')¥, k > 5. Theorem 3 is true for Y and all B such that deg(B) = 3 and
ANB=0Q.

Proof. Assume the existence of B C Y such that B is either the union of an arrow and
a point or the union of 3 distinct points, B # A and q € (v(A)). Set W := AU B.
By Propositions 1 and 2 we may assume that v(B) irredundantly spans q. If B contains an
arrow, then #W,.q = 4. If B is formed by 3 distinct points, then #W,.q = 5.

(a) Assume for the moment that Y is not the minimal multiprojective space containing B.
Thus, thereisi € {1,...,k} and H € |Oy(g;)| such that B C H and hence Resy (W) C
A. Since ANB = @, ([33], Lemma 5.1) gives h! (Zresy(w)(€1)) = 0. Since A C
Resy (W), either 77; 4 is not an embedding or A = Resy (W) and deg(7;(A)) = 1 for
k — 2 indices j, contradicting the minimality of Y. Thus, Y is the minimal multiprojective
space containing B. If there is i € {1,...,k} such that 77, is not an embedding, we
apply Remark 12 to B.

(b) By assumption we are not as in Example 7 or 8 for A or B. Thus, we may assume that all
11;p and all 7; 4 are embeddings. There are 4 degree 2 schemes E C W formed by one
point of Aeq and one point of Breg. Since k > 4, thereisi € {1,...,k} such that 1,y is
an embedding. With no loss of generality we may assume i = 1.

(b1)  Assume that 7133y is an embedding. Take M € |Oy (e1)| containing a reduced
connected component a of B. Please note that Resy (W) = W\ {a}. Since
A C W'and Y is the minimal multiprojective space containing Y, Y; is the min-
imal multiprojective space containing #1(A) C #1(Resp(W)) and v4(171(A))
is linearly independent by Remark 7. Since 771y is an embedding, 77| res,, (w) is

an embedding. Thus, h! (Zresyy(wy) (81)) = hl(Yl,I,]] (Resy (W) (L, - -+, 1)). Since

ANB = O and #ny is an embedding, ([33], Lemma 5.1) gives
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nt (Y1, Z,, (w\{a})(L,---,1)) > 0. Since k > 3 and Y is the minimal multiprojec-
tive space containing Y, v1(A) is linearly independent by ([26], Lemma 4.4).
Let Wy C 51(W \ {a}) the minimal subscheme of #;(W \ {a}) containing A
such that 1! (Yy, Zw, (1,...,1)) > 0. If deg(W;) = 4 (resp. deg(W;) = 5),
Proposition 1 (resp. Proposition 2) gives that 771 (A) depends on at most 2 (resp.
3) factors of Y7. Thus, A depends on at most 4 factors of Y, a contradiction.

(b2)  Assume that 7753y is not an embedding. If there is M € |Oy(e1)| such that
MNB # @and MN A = @, then we may repeat the proof of step (b1). Since
Y is the minimal multiprojective space containing B by step (a), we conclude if
there is M € |Oy(e1)| such that MN A # @ and M N B = @. Thus, we may
assume 771 (A)req = 71|(B)req- Since ANB = @ and A ¢ H, ([33], Lemma
5.1) gives h! (Zresyy(wy) (81)) > 0. Since 171y is an embedding, 7| ges;, (w) is an
embedding. Thus, hl(IReSH(W))(€1)) = hl(Y1,I,71(ReSH(W) (1,...,1)). Let Wy C
111 (Resg(W)) be a minimal subscheme of such that 1! (Yy, Zy, (1,...,1)) > 0.
If Wi = 171(Resg(W)), then Proposition 2 gives that Resy(W;) depends on at
most 3 factors of Y, one of them being the first one.

O

Example 9. Assume Y = (P')*, that Y is the minimal multiprojective space containing A. Fix
q € (v(A)) with tensor rank > 2. If g has tensor rank 3, then its tensor rank is evinced by oo sets
v(S) with #S = 3, because 05(Y) is defective ([34-36]).

Observation 1: Assume that 1 4 is an embedding for all i = 1,2,3,4. There are ool morphisms

fi : P! — P such that £;(0) = 7t;(0) and f;(c0) = 7t;(u). Thus, we obtain co* different morphism
f P! — Y such that f(0) = o and f(c0) = u and the linear spans of the images of (20, P') by
these morphisms covert= the projective tangent space PT,Y except its 4 hyperplanes tangents to
the hypersurfaces 7, *(0). Hence A C f(PY) for some f. Thus, v(A) is contained in the rational
normal curve C := v(f(P')) of the 4-dimensional space (v(f(P'))). The point q has cactus rank
< 3 with respect to C. By Sylvester’s theorem rc(q) = 3 and the C-rank is achieved by oo' subsets
of C with cardinality 3.

Now assume that 7t; 5 is not an embedding for some i, say for i = 1. We extend 2I(v(Y))
taking instead of S(v(Y),3) the open subset U of the irreducible component H(X, 3) of the Hilbert
scheme of v(Y') containing S(v(Y'),3) and formed by degree 3 linearly independent schemes. Please
note that A € U and that A is limit of elements A" € U such that each A’ is a union of an arrow
and a point and 1t;(A") is an embedding for all i = 1,2,3,4 and all A’ # A. Use Observation 1
and ([32], Ex. 11.3.22) to see that in this case q is spanned by infinitely many v(A"). Since A has 2
connected components, each nearby A’ has at least 2 connected components, i.e., it is the union of
either 3 points or a point and an arrow.

Proof of Theorem 3. If deg(B) < 2, then we are in the set-up of Propositions 1 and 2. Thus,
we may assume deg(B) = 3.

If k = 2 we use Remark 10. Thus, we may assume k > 3.

If AN B # @ we use Proposition 2 and the examples listed in case (7) of the theorem.
Thus, we may assume AN B = @.

If n; = np, = 2 we use Lemma 4.

If ny =2 and n; = 1 we use Lemma 5.

Example 9 consider the case Y = (P!)%.

Lemma 6 exclude the case Y = (P1)K, k > 5. [

6. Speculations on the Higher Derivatives and Uniqueness

Fix integral and non-degenerate varieties X C P" and W C P". Set n := dim X and
m := dim W. Fix a finite set S C Xreg, S # O, u € Xreg and v € Wreg. Set k := #S. Suppose
that dim(U,cs(20, X)) < k(n+1) — 1 (resp. dim((2u, X) U (20, W) < n+ m), i.e., assume
that S is in the k-Terracini locus of S (resp. the pair (u,v) is in the Terracini locus of the
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join of X and W). Thus, the differential of a certain map, call it f, is not injective at S (resp.
at (u,v)). It is natural to ask if this is due that the fact that the fiber of f containing S
(resp. (u,v)) has a positive-dimensional component passing through S (resp. (u,v)). Easy
examples shows that this is not always the case (Examples 10 and 11).

Example 10. Fix integer v > 3. We claim the existence of a smooth, rational and non-degenerate
curve X C P" and u,v € X such that u # v, T,X = TcX and dim(O(X,2), UO(X,2),) = 3,
ie, dimO(X,2), =dimO(X,2), =2and O(X,2), NO(X,2), = T, X. In this case the fiber
of the abstract 2-secant map of X at (u,v) is finite. Fix an integer d > 7. Let C C P? be the
rational normal curve. Fix o, p € C such that o # p. Since C is a rational normal curve and d > 7,
the degree 6 scheme (30, C) U (3p, C) is linearly independent. Thus, dim((20,C) U (2p,C)) = 3.
Fix a general line L C ((20,C) U (2p,C)) and a general linear subspace M C P? such that
dimM =d —r—1and L C M. Sincer > 3 and M is general, M N ((30,C) U (3p,C)) = L.

Claim 1: M N0y(C) = @ and the linear projection £ : P*\ M — P’ from M induces an
isomorphism between C and the degree d curve X := {(C) C P".

Proof of Claim 1: Since C is smooth, each point of 0, (C) is contained in a tangent line or
a secant line of C. Since C C P? is a rational normal curve, every closed subscheme of
C of degree at most d + 1 is linearly independent. Thus, the assumption d > 7 implies
7 (C)N{(30,C)U (3p,C)) = (20,C) U (2p, C). Since L is general in ((20,C) U (2p,C)) and
M has codimension at least 3 in P?, M N 02(C) = @ and hence MN C = @ and ¢ c induces
an isomorphism between C and the degree d non-degenerate curve X. [

Claim 1 shows that dim O(X,2), = dimO(X,2), = 2and O(X,2), N O(X,2), = T, X.
Since dim X = 1, the fibers of the map 7t : £3(X) — 02(X) have dimension 0.

Example 11. Fix integer v > 4. We claim the existence of a smooth, rational and non-degenerate
curve X C P"and u,v € X such that u # v, T,X # T, X is a point not in X and dim(O(X,2), U
O(X,2)y) = 4, ie, dimO(X,2), = dimO(X,2), = 2and O(X,2), NO(X,2), = T,XN
Ty X. In this case the fiber of the abstract 2-secant map of X at (u,v) is finite. Fix an integer d > 8.
Let C C P be the rational normal curve. We adapt Example 10. Instead of L we take a general
c € (T,CUT,C) and take as M a general linear subspace of codimension d — r — 1 containing c.

Fix an integral and non-degenerate n-dimensional variety X C P and a positive
integer s such that o5(X) C P'. Let 09°(X) denote the set of all g € P" with X-rank r. Let
09 (X)uni denote the set of all g € ¢%°(X) which are in the linear span of a unique subset
of X with cardinality. The sets ¢?°(X) and ¢°(X)n; are constructible and the first one
contains a non-empty open subset of 05 (X). Assume that 05 (X) has the expected dimension,
s(n+1) — 1, to hope to have 0°(X)yni # @. There are criterion which guarantee that
09(X) yni is dense in 05(X), (for any X weak nondefectivity and tangential nondefectivity
([10-12]), for tensors and partially symmetric tensors the famous Kruskal criterion and its
modifications; up to now for tensors the best results are in [37]).

Question 4. Assume ¢°

set 000(X) \ 0d*(X) uni-

(X)uni dense in 02°(X). Describe in specific cases the non-uniqueness

There are examples with o5 (X) = P", 09°(X) containing a general g € P", 02°(X) yn; #
@ and 0 (X)yni very small (linearly normal embeddings of elliptic curves). If z := rx(q) <
r,say g = (S) with S C X and #S = z = 1, g is in the linear span of all SU {0}, 0 € S\ {0},
but none of these sets irredundantly spans q. For tensors a general tensor of each rank
s is irredundantly spanned by sets of ¢ points if s < t < s in infinitely many ways ([38],
Theorem 3.8). The following example with z any positive integer shows that sometimes
above its rank z := rx(q) a point 4 may be irredundantly spanned by a unique set of
cardinality z + 1.
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Example 12. We first construct a smooth curve X C P', r > 3, and q € X such that there is a
unique S C X \ {q} with #S = 2 and q € (S). Let C C P9r + 1 be a rational normal curve of
degree r + 1. Fix 3 distinct points a, b and c of C and let o be a general element of ({a,b,c}). Let
€y : P\ P denote the linear projection from o. By Sylvester theorem (or because any subscheme
of C of degree < d + 1 is linearly independent) there is no Z C C such that deg(Z) < 2 and
0 €(Z). Thus, 0 & Cand { = {,|c induces an embedding of C into P". Set X := {(C), q := {(a)
and S := (({b,c}). Thus, g € X and the set S irredundantly spans q. Assume the existence of a set
S' C X such that #S' = 2 and S’ irredundantly spans q,i.e.,q ¢ S'and q € (S'. Set E := (~1(S')
and F := {a,b,c} UE. Since { is an embedding, #F = 5. Since r +1 > 4, dim(F) = 4. Thus,
dim ¢, ((F) \ {0}) = 3 contradicting the fact that the lines (S) and (S") meets at q. Now we fix
an integer z > 1 and modify the previous example to obtain one for z. Fix an integer r > 3z.
Let C C P"*1 be a rational normal curve. Fix 2z + 1 general points ay,...,az,by,...,byq and
a general o € ({ay,...,a;,b1,...,b,41}). Since r > 3z, any closed subscheme of C of degree
< 3z + 2 is linearly independent. Let {, : P"+1\ P denote the linear projection from o. The map
¢,y induces an embedding ¢ : C — P"1. Set X := {(C). By construction the (z — 1)-dimensional
space ((({ay,...,az})) meets the z-dimensional space (¢({by,...,b,1})) at a unique point, g.
Since any 3z + 2 points of C are linearly independent, we first see that q has X-rank z, then that
0({ay,...,az}) is the unique set evincing the X-rank of q and then that £({by,...,b,11}) is the
unique subset of X with cardinality z + 1 irredundantly spanning q.
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