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ABSTRACT

The first part of this Thesis deals with the analysis of piecewise-smooth
mechanical systems and the definition of special stability criteria in pres-
ence of non-conservative follower forces.

To illustrate the peculiar stability properties of this kind of dynamical
system, a reference 2 d.o.f. structure has been considered, composed of
a rigid bar, with one and constrained to slide, without friction, along a
curved profile, whereas the other and is subject to a follower force. In par-
ticular, the curved constraint is assumed to be composed of two circular
profiles, with different and opposite curvatures, defining two separated
subsystems. Due to this jump in the curvature, located at the junction
point between the curved profiles, the entire mechanical structure can be
modelled by discontinuous equations of motion, the differential equations
valid in each subsystem can be combined, leading to the definition of a
piecewise-smooth dynamical system.

When a follower force acts on the structure, an unexpected and coun-
terintuitive behaviour may occur: although the two subsystems are stable
when analysed separately, the composed structure is unstable and exhibits
flutter-like exponentially-growing oscillations. This special form of insta-
bility, previously known only from a mathematical point of view, has been
analysed in depth from an engineering perspective, thus finding a me-
chanical interpretation based on the concept of non-conservative follower
load.

Moreover, the goal of this work is also the definition of some stability
criteria that may help the design of these mechanical piecewise-smooth
systems, since classical theorems cannot be used for the investigation of
equilibrium configurations located at the discontinuity. In the literature,
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this unusual behaviour has been explained, from a mathematical perspec-
tive, through the existence of a discontinuous invariant cone in the phase
space. For this reason, starting from the mechanical system described
above, the existence of invariant cones in 2 d.o.f. mechanical systems is
investigated through Poincaré maps. A complete theoretical analysis on
piecewise-smooth dynamical systems is presented and special mathemat-
ical properties have been discovered, valid for generic 2 d.o.f. piecewise-
smooth mechanical systems, which are useful for the characterisation of
the stability of the equilibrium configurations.

Numerical tools are implemented for the analysis of a 2 d.o.f.
piecewise-smooth mechanical system, valid for piecewise-linear cases and
extendible to the nonlinear ones. A numerical code has been developed,
with the aim of predicting the stability of a piecewise-linear dynamical
system a priori, varying the mechanical parameters. Moreover, “design
maps” are produced for a given subset of the parameters space, so that a
system with a desired stable or unstable behaviour can easily be designed.

The aforementioned results can find applications in soft actuation or
energy harvesting. In particular, in systems devoted to exploiting the
flutter-like instability, the range of design parameters can be extended
by using piecewise-smooth instead of smooth structures, since unstable
flutter-like behaviour is possible also when each subsystem is actually sta-
ble.

The second part of this Thesis deals with the numerical analysis of an
elastic cloak for transient flexural waves in Kirchhoff-Love plates and the
design of special metamaterials for this goal.

In the literature, relevant applications of transformation elastodynam-
ics have revealed that flexural waves in thin elastic plates can be diverted
and channelled, with the aim of shielding a given region of the ambient
space. However, the theoretical transformations which define the elastic
properties of this “invisibility cloak” lead to the presence of a strong com-
pressive prestress, which may be unfeasible for real applications. More-
over, this theoretical cloak must present, at the same time, high bending
stiffness and a null twisting rigidity.

In this Thesis, an orthotropic meta-structural plate is proposed as an
approximated elastic cloak and the presence of the prestress has been ne-
glected in order to be closer to a realistic design. With the aim of estimat-
ing the performance of this approximated cloak, a Finite Element code is
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implemented, based on a sub-parametric technique. The tool allows the
investigation of the sensitivity of specific stiffness parameters that may be
difficult to match in a real cloak design. Moreover, the Finite Element code
is extended to investigate a meta-plate interacting with a Winkler founda-
tion, to analyse how the substrate modulus transforms in the cloak region.

This second topic of the Thesis may find applications in the realization
of approximated invisibility cloaks, which can be employed to reduce the
destructive effects of earthquakes on civil structures or to shield mechani-
cal components from unwanted vibrations.
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CHAPTER 1

Introduction

“If we knew what we were doing, it
wouldn’t be called Research"

Albert Einstein

“The truth belongs to those who seek it,
not to those who claim to own it"

Nicolas de Caritat, marquis de
Condorcet

In the realm of Mechanics, an increasing interest of researchers and
engineers is being revealed in the analysis of unexpected mechanical fea-
tures that dynamical systems may exhibit, concerning both discrete and
continuous models for real structures.

In this Thesis, two completely different topics are investigated, from
two different perspectives. The first part deals with the theoretical analy-
sis of discrete mechanical systems characterised by an unstable behaviour
and presenting a lack of smoothness in the governing differential equa-
tions. In the second part, a computational Finite Element model has been
developed for the investigation of continuous thin elastic plates, with the
aim of shielding a void with respect to flexural waves, using a particular
kind of metamaterial that behaves as an "invisibility cloak".

1.1 Part I: stability of piecewise-smooth mechanical
systems

1.1.1 State of the art and research challenges

The interest in the analysis of the unstable behaviour of mechanical struc-
tures has increased in the last decades, with the double aim of avoiding the
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1.1. Part I: stability of piecewise-smooth mechanical systems

presence of dangerous events, especially in extremely deformable struc-
tures which are particularly prone to an abrupt loss of stability, and of
realising dynamical systems that exploit the emergence of instability for
energy harvesting and soft actuation.

Ziegler [90] described a special form of instability, called flutter, which
originates in mechanical systems subjected to a particular kind of non-
conservative loads: the follower forces. Flutter instability, which is defined
in the linearised regime for small displacements, is characterised by the
presence of oscillations accompanied by an exponential growth in the am-
plitude. The practical realisation of non-conservative follower forces act-
ing on elastic structures has been investigated in Bigoni et al. [6, 7], where
experimental results support both the evidence of flutter instability and
the so-called "Ziegler’s paradox".

From a qualitative and intuitive point of view, the most important fea-
ture characterising a follower force is the fact that it is not conservative,
since the load depends on the geometry of the current configuration of the
analysed system at each time. This special attribute originates the follow-
ing questions, which are on the basis of the present work:

• What is the effect of a follower force, when a mechanical system is governed
by discontinuous equations of motion?

• How can a mechanical system be treated, when the equations of motion are
piecewise-smooth?

• Can the combination of follower forces with discontinuous systems generate
dynamic instability?

• Can this combination be used for design purposes?

The attempt to answer the above-listed questions lead us to the theo-
retical results on piecewise-smooth dynamical systems found by Carmona
et al. [16]. In this paper, a counterintuitive and unexpected behaviour is
illustrated, namely, a discontinuous set of 3-dimensional first order ODEs
showing an unstable behaviour, even when each single subsystem that
composes the entire system is stable. The mathematical explanation of this
phenomenon is the presence in the state space of a particular invariant set,
namely an invariant cone, that describes the behaviour of the system for a
given set of initial conditions.
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1. Introduction

In this Thesis, the link between discontinuous dynamical systems and
non-conservative loads is elucidated, with the aim of reproducing in a
real mechanical system the unexpected behaviour found by Carmona et
al. with reference only to purely mathematical systems. In addition, the
theoretical investigation of piecewise-smooth dynamical systems allows
us to translate the mathematical concepts into mechanical tools that can
help engineers to define general instability criteria for at least a subset of
piecewise-smooth mechanical systems. Following this idea, we open a
new way to the design of structures with peculiar dynamical behaviour,
to be used for energy harvesting or as soft devices.

A special 2 d.o.f. mechanical system has been chosen as a reference
structure, see Figure 1.1, taking inspiration from the work of Bigoni et
al. [4] and Misseroni et al. [67], where a mechanical system is analysed,
characterized by a doubly circular profile as constraint, and subjected to
a dead load. The extension of this case to follower forces has been the
starting point of the present work on piecewise-smooth systems since the
doubly circular profile can be studied as the junction between two sepa-
rately smooth subsystems.

Two main approaches can be found in the literature concerning the
theoretical analysis of piecewise-smooth dynamical systems. The first one
regards the exploration of discontinuous phenomena like impact, unilat-
eral constraints, and friction, [1, 9, 38]. This approach has a strong numer-
ical component and its main focus is the identification of the behaviour of
complex mechanical systems, with discontinuous constitutive relations,
treated via Convex Analysis. The second one, adopted in the present The-
sis, is more mathematically oriented, so that an extension is pursued of
classical results of analytical dynamics to the case of piecewise dynamical
systems. Our focus is the theoretical analysis of simple mechanical sys-
tems with few degrees of freedom and the classification of all the possible
bifurcation conditions [33, 62, 63].

One of the advantages of this second approach is its versatility, so that
many analysed concepts can be adopted in many different fields of ap-
plication, as for instance electronics [2, 36], or biology [81]. Hence, the
problems that have been solved in other fields can be used to guide solu-
tions in mechanics. The main disadvantage of the method is the growth
in the number of different configurations emerging already in dynami-
cal system at low dimensions, [28, 29, 80]. The mere classification of the
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1.1. Part I: stability of piecewise-smooth mechanical systems

great number of possible bifurcations may become sometimes even use-
less, as reported for instance by Glendinning [37]. Therefore we will avoid
long classification procedures, preferring to this approach a more practical
modus operandi, where a few simple cases are involved.

A milestone in the analysis of piecewise-smooth dynamical system is
certainly the work of the Russian mathematician Aleksei Fedorovich Filip-
pov, see [32], who gave solid theoretical foundations to the analysis of dy-
namical systems described by first order ODEs with discontinuous right-
hand-side, using concepts from Convex Analysis.

Two main "schools" emerge in the theoretical analysis of piecewise-
smooth dynamical systems. The first, represented by Carmona, Freire,
Ponce, and Llibre 1 [14, 15, 17, 18, 61, 64, 65], adopts a strict mathematical
perspective, thus analysing the theoretical conditions that lead to a partic-
ular dynamical behaviour. The second, represented by Küpper, Weiss, and
Hosham [41, 51, 52, 86, 87], has developed a more practical approach to the
analysis of piecewise-linear and nonlinear system. Actually, both schools
deal with the analysis of piecewise systems from a theoretical point of
view, but slight differences make one approach or the other preferable in
specific cases. In particular, Carmona et al. has been followed to define the
structure representing our case study, while Küpper et al. has been referred
for the implementation of the numerical codes developed for solving the
structure.

The translation of the above mentioned mathematical tools to the field
of mechanics required the non-trivial discovery of a structure behaving in
a way compatible with the developed theories. Often the described math-
ematical approaches are too general on the one hand, while they require
fulfilment of other specific properties, not valid for mechanical systems,
on the other. For example in [42], a dynamical system with the same di-
mension of the reference structure is considered, but the results cannot be
used directly by us, because of the too strong hypotheses not fulfilled for
a mechanical system. Moreover, the purpose of these theoretical works is
to show a particular interesting behaviour; on the contrary, the aim of this
Thesis is the definition of a possible strategy to design a mechanical system

1I sincerely thank Professor E. Ponce and J. Llibre, together with Professor Marco Saba-
tini who puts us in contact, for their help and advice on the mathematical part of this
topic.
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1. Introduction

with the required performance.
Analyses of discontinuous mechanical systems completely different

from those analysed in this work (for instance referred to unilateral contact
or contact with friction) can be found in the literature, see for example [47,
56], and in particular [43, 92] where invariant cones are also addressed.
However, the main purpose of this Thesis is to create a link between fol-
lower loads and systems with simple discontinuities in the equations of
motion, not covered in the aforementioned papers.

1.1.2 Outline of part I

Chapter 2 begins with an introduction on the analysis of smooth systems,
necessary to provide a theoretical background, where basic concepts of
analytical dynamics are briefly exposed. In the second part of Chapter 2,
the theoretical tools for smooth systems are extended to cover also the case
of piecewise-smooth mechanics. Some features, typical of discontinuous
systems, are described, together with a summary of the general setting
proposed by Filippov for the analysis of discontinuous ODEs.

The investigation of dynamical systems showing the unexpected be-
haviour described by Carmona et al. [16] begins with the analysis of a ref-
erence structure, presented in Chapter 3. This mechanical system, similar
to those studied in [4], is made up of a rigid bar with an end constrained
to move, without friction, on a curved constraint, composed of two circu-
lar profiles, see Figure 1.1. The other end is subjected to a follower force,
remaining always parallel to the bar, and two springs, one longitudinal
and one rotational are present to provide an elastic constraint on the struc-
ture. The equations of motion for this mechanical system are obtained in a
Lagrangian description for a generic smooth curved profile, then the two
special cases of circular constraints with positive and negative curvature
are investigated, in terms of stability behaviour of the single equilibrium
point of the structure. The equations of motion of the piecewise-smooth
mechanical system obtained by the composition of the two curved profiles
are finally derived, both for the linear and nonlinear case. The equations
of motion are also transformed into a Hamiltonian formulation so that the
2 d.o.f. mechanical system can be described by a set of 4-dimensional first
order ODEs.
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Figure 1.1: The reference piecewise mechanical structure is composed of a rigid
bar with one end constrained to move on a doubly circular profile
without friction, while the other end is subjected to a follower force.
This system can be seen as the composition of two subsystems with
smooth profiles having different and opposite curvatures. The stabil-
ity of an equilibrium configuration located on the discontinuity of the
joined system cannot be deduced from the analysis of each single sub-
system, since an unstable behaviour of the entire structure is possible
also when the subsystems are separately stable.

In Chapter 4, theoretical results are presented on piecewise-linear sys-
tems. A generic 2 d.o.f. linear mechanical system is considered, derived
from the linearisation of the equations of motion for each single subsys-
tem. When the two subsystems are stable, the presence of an unstable
behaviour in the assembled structure is associated with the existence of an
invariant cone that fulfils certain given properties. These lead to the defini-
tion of an instability criterion, valid for 2 d.o.f piecewise-linear mechanical
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systems. Moreover, the attractivity of the cone is finally investigated and,
in particular, some theoretical results are given.
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Figure 1.2: Example of the behaviour of the reference mechanical system when an
unstable invariant cone is detected, see Section 6.1.1. On the left, the
exponential growth in the amplitude of the Lagrangian generalised
coordinate ξ is plotted as a function of the non-dimensional time τ .
On the right, a phase portrait is depicted, where a projection of the 4D
invariant cone onto a 2D plane reveals the unstable behaviour of the
equilibrium configuration located at the origin.

The theoretical results are in general valid for 2 d.o.f. mechanical sys-
tems, which can be obtained by the merging of two stable subsystems.
These results are implemented in a numerical tool in Chapter 5, tailored
for the explicit computation of invariant cones. A numerical algorithm for
the detection of the aforementioned invariant set is developed and the so-
lutions of some critical aspects of the proposed computational scheme are
described and solved. Due to the piecewise-linear structure of the prob-
lem, the step-by-step solution of the nonlinear system can be avoided and
some results on the existence and properties of invariant cones can be
obtained a priori. This possibility may greatly help a designer in the re-
alisation of a specific structure with required behaviour, since the space
of design parameters can be explored and, at each point, our numerical
algorithm is capable of detecting the presence of this particular form of
instability.

The mechanical structure defined in Chapter 3 is then analysed in
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Chapter 6, where numerical results are presented, obtained using the com-
putational tool developed in Chapter 5. Paradigmatic examples are pre-
sented, to show that the algorithm gives results that are in agreement with
theoretical predictions and to prove that the considered structure com-
posed of a doubly circular profile is a mechanical system that reveals the
unexpected and counterintuitive behaviours described by Carmona [16].

1.2 Part II: cloaking of flexural waves in thin elastic
plates

1.2.1 State of the art and research challenges

The control of elastic waves to cloak a region of the ambient space has been
shown achievable by transformation elastodynamics, which provides the
mechanical properties of the material surrounding the region [11, 66, 72].
A relevant application of this broad area is the control of transverse waves
in plates, for which solutions have been proposed mainly based on two
approaches: a "passive" one, where the features of the cloak are achieved
by a given microstructure [10, 24, 25, 30, 31, 60, 69, 89] and an "active" one,
in which tunable quantities depending on the actual mechanical input are
employed for the same goal (see e.g. [19, 34, 71, 73]). Experiments have
been also proposed to validate some of the previous theoretical proposals
[26, 68, 69, 83]. Most of these investigations show that this technique can
be feasible and likely to be employed in centimetre-size real-life systems
with wave frequencies in the order of a few kHz.

Within the set of attempts based on the "passive" approach, [25] pro-
posed a transformation to conceive a Kirchhoff-Love plate theory for
cloaking flexural waves. The resulting governing equations for the thin
plate in the transformed domain involve the presence of variable (in space)
bending and torsional stiffnesses, and density, in addition to the presence
of in-plane body forces and prestresses in the plate. In the same paper, the
general framework was specialised to the case of a square cloak composed
of four trapezoidal elements (see Figure 1.3) embedded in an isotropic,
homogeneous domain. For this geometry, a set of relationships was estab-
lished to provide explicit expressions of the quantities concerned in each
part of the cloak. The broadband effectiveness of the metamaterial plate
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1. Introduction

cloak was then assessed by means of numerical tests.
The features of the suggested meta-structure can be summarised as

follows:

(i) the cloak is locally an orthotropic thin plate with principal directions
varying point-to-point. These directions obey the geometric symme-
tries of the domain (see, e.g., trapezoid C(1) displayed in Figure 1.3,
where the principal directions are sketched with thin lines). In the
same figure, the increase of the out-of-alignment of the local princi-
pal system with the axis of symmetry towards the diagonals of the
cloak can be noticed;

(ii) by investigating how the stiffnesses of the plate in the orthotropic
principal system depend on the position and thinking to construct
the plate with a homogeneous material, it turns out that the thick-
ness of the plate must assure an increase in bending stiffness along
the direction parallel to the inner boundary of the cloak moving
away from the axis of symmetry of each trapezoid and a decrease
of the bending stiffness along the "radial" direction moving towards
the centre of the cloak. These two requirements are apparently in
contradiction, but they must be addressed in an effective design;

(iii) the twisting stiffness in the principal system of orthotropy vanishes
at each point of the domain;

(iv) the mass density of the cloak is not constant and varies with the Ja-
cobian of the transformation; in particular, this quantity decreases
by approaching the inner boundary of the cloak;

(v) in-plane body forces and prestresses in the interior of the domain
as well as forces per unit length applied along the diagonals of the
cloak are necessary to warrant equilibrium. The predicted prestress
is compressive in a large part of the domain with values that are
likely to exceed the buckling threshold for the thin structure.

The set of listed properties demonstrates that the design and engineer-
ing of an effective cloak for flexural waves based on transformation elas-
todynamics of Kirchhoff-Love plates is an exceptional challenge. Actually,
the presence of severe compressive prestresses leads to the conclusion that
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Figure 1.3: On the left, sketch of the reference problem, namely a square hole
coated by a square cloak composed of four trapezoids. On the right,
numerical results evidencing the effect of the invisibility cloak on the
propagation of flexural waves near the hole.

it is impossible to construct a stable, ideal cloak. Therefore, an approach
based on carefully considered approximations is required to achieve the
goal. In the experimental test conducted by [68], for instance, the design
of the approximated cloak has focused mainly on the match of bending
stiffnesses along the directions of orthotropy.

Moving from the points raised in the just edited list, the goal of this
Thesis is four-fold:

(i) the first aim is to design and implement a fully open in-house FE
code, based on a subparametric technique, to simulate transient
wave propagation in locally orthotropic Kirchhoff-Love plates;

(ii) the numerical tool is then exploited to assess the performance of
meta-structural square cloaks designed by assuming reasonable ap-
proximations (prestress free, local twisting stiffness as limited as
possible, cross-sections of the plate ensuring the required local bend-
ing stiffnesses, non-constant mass density);

(iii) the same tool is employed to investigate the role of certain stiffness
parameters, i.e. twisting and coupling bending stiffnesses;
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(iv) in addition, a non-secondary purpose of the paper is to propose an
extension of the theory to encompass interaction of the cloak with an
elastic substrate modelled with a Winkler foundation and assess its
effectiveness.

1.2.2 Outline of part II

In the first part of Chapter 7, the theory regarding the application of trans-
formation elastodynamics to the case of thin elastic plates has been in-
troduced, as well as the reference case that will be investigated in depth
through the Finite Element Method. Then, all the elastic properties of
the cloak are computed from an analytical point of view, for the consid-
ered transformation. In the second part of Chapter 7, the application of
the Galerkin method for the definition of a Finite Element computational
model is outlined. In particular, all the steps required for the passage from
the mathematical to the numerical model are described in detail.

The reference problem is then solved in Chapter 8, using the aforemen-
tioned computational tool, and the most important features of the solution
are investigated. In particular, the displacement field with different values
of load frequencies is computed and a sensitivity analysis is performed on
the theoretical stiffness parameters. To quantitatively understand the be-
haviour of the designed approximated cloak, a "quality measure" is intro-
duced and several examples are analysed. Furthermore, the presence of a
Winkler’s soil is considered, in order to understand the performance of the
cloak in a more realistic case. Finally, a first example of a microstructure
capable of approximating the features of the theoretically predicted cloak
is presented at the end of Chapter 8. This last case must be intended as a
starting point for future developments on this interesting topic.
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CHAPTER 2

Introduction to smooth and
non-smooth dynamics

“A scientist worthy of his name, about
all a mathematician, experiences in his
work the same impression as an artist;
his pleasure is as great and of the same
nature"

Jules Henri Poincaré

The aim of this introductory Chapter is to provide to the Reader all the
theoretical notions useful for the analysis of dynamical systems.

The first Section 2.1 is mainly devoted to the definition of all the gen-
eral features useful in the investigation of smooth dynamical systems, e.g.
the concept of stability and bifurcation of a solution and the definition of
invariant set. The themes discussed in this part are classical topics in the
field of Analytical Mechanics, see for example [49, 54, 58, 74, 90].

The aforementioned concepts are then extended in the second Sec-
tion 2.2, to deal with piecewise-smooth and piecewise-linear dynamical
systems. As for the mathematical foundations, a reference work is the
book written by Filippov [32], while a modern framework on this topic can
be found in Simpson [82] and, in particular, in the books of Di Bernardo et
al. [27] (with a more theoretical perspective) and Leine et al. [57] (having a
more practical point of view).
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2.1. Smooth dynamical systems

2.1 Smooth dynamical systems

2.1.1 Mathematical model of a smooth dynamical system

The evolution in time of a smooth dynamical system can be described by
a first order ordinary differential equation of the form

ẏ(t) = f(t,y), (2.1)

with initial conditions
y(t0) = y0, (2.2)

where y(t) ∈ Rn is the vector of generalized coordinates, ẏ(t) = dy/dt
is the derivative with respect to the independent variable time t ∈ R,
f : R× Rn → Rn is a non-linear smooth vector function f ∈ C2, and t0 is
a reference time in which the value of the coordinate vector y0 is known.

When the vector field f explicitly depends on time, the dynamical sys-
tem is called non - autonomous, otherwise it is defined autonomous and it is
described by the following Cauchy problem

ẏ(t) = f(y(t)), y(0) = y0. (2.3)

In the latter case, the specific value of the reference time t0 is not important
in the description of the solution, therefore a simple time translation can
be performed in order to assume, without loss of generality, t0 = 0.

Definition 1 (see [54, 74, 88]). The dynamical system (2.1) is called linear
if the vector field f(t,y) is linear in y.

Definition 2 (see [54, 74, 88]). The system (2.1) is called time periodic if there
exists T such that f(t + T,y) = f(t,y), for all t and y, and the minimum
value of T that fulfils this relation is called period.

The solution of (2.1) with initial conditions (2.2) can generally be writ-
ten as y(t) = ϕt(t0,y0), where the parametric function ϕt : R× Rn → Rn,
calculated for a specific time t is called evolution operator (since it describes
how the system evolves in time from the initial state y(t0) = y0 to the con-
sidered state y(t) at time t), while the one-parameter family of maps ϕt
parametrised by t is called flow. The set of points

γ = {ϕt(t0,y0) ∈ Rn : −∞ < t <∞}
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is called trajectory or orbit passing through the initial condition y0 at time
t0, see [74]. The phase portrait is a graphical representation of the evolution
of the dynamical system and it consists of a collection of orbits for given
initial conditions.

Definition 3. An equilibrium point (also called fixed point) y∗ of an au-
tonomous system is a particular solution of (2.3), which is constant in time,
i.e. y(t) = ϕt(t0,y

∗) = y∗, for all t.

The vector field calculated in the equilibrium points vanishes, namely
f(y∗) = 0, and this is the condition that generally must be imposed to
detect the fixed points.

Definition 4 (see [74]). A solution of the autonomous system (2.3) is called
a periodic solution if ϕt+T (y0) = ϕt(y0), for all t, and the minimum T for
which this relation is fulfilled is called period.

Let’s note that all the points on the trajectory describing a periodic
solution can be chosen as initial conditions, yielding the same solution.
A periodic orbit is defined isolated if in the neighbourhood of this orbit no
other periodic solutions are present.

Definition 5 (see [74]). An isolated periodic orbit of an autonomous dy-
namical system is also called limit cycle.

Definition 6 (see [74]). A solution of the autonomous system (2.3) is called
a quasi-periodic solution if it can be expressed as a countable sum of periodic
solutions

y(t) =
∑
j

ψj(t),

where each ψj(t) has a specific period Tj and frequency ϕj = 1/Tj . Fur-
thermore, there must exist a finite set of linearly independent base fre-
quencies {ϕ̂1, ϕ̂2, . . . ϕ̂k}, so that each ϕj can be written as an integer linear
combination of the elements of the basis.

The orbits of a k−periodic solution (i.e. a quasi-periodic solution with
k base frequencies) of a dynamical system describe a k−dimensional torus
(also called k−torus) in the n−dimensional phase space, see [54, 74, 88].
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Figure 2.1: Examples of possible solutions for an autonomous dynamical system.
The red isolated periodic solution in Figure 2.1a is a limit cycle, while
the orbits in Figure 2.1b and 2.1c are the 2D and 3D projections of a
torus embedded in a 4-dimensional phase space (the single positive
system analysed in 6.1.1).

2.1.2 Solution of linear autonomous systems

The solution y(t) = ϕt(y0) of the autonomous dynamical system (2.3)
cannot generally be written in a closed-form for a generic vector field f(y).
However, when the dynamical system is described by a set of linear ODEs,
see Definition 1, such that

ẏ(t) = Ay(t), y(0) = y0, (2.4)

where A is an n × n time-independent real matrix, the solution can be
written as a function of the initial conditions as

y(t) = eAty0.

We introduced the so-called matrix exponential eAt, which is the analogous
of an exponential function in the field of matrices and whose formal defi-
nition is

eAt := I +At+
1

2!
A2t2 + · · · =

∞∑
j=0

1

j!
Ajtj , (2.5)

see [3, 57, 58]. Let’s note that if we apply the definition (2.5) to a diag-
onal matrix A = diag {a1, a2, . . . , an}, the result is simply a diagonal ma-
trix, whose elements are the exponentials of the original elements, namely,
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eA = diag {ea1 , ea2 , . . . , ean}. On the contrary, in case of a full matrix, the
matrix exponential is not a simple application of the exponential function
to each element of the matrix and the definition in (2.5) must be used to
determine its form.

For this purpose, the reduction of the matrix A to its canonical Jordan
form can be a straightforward way for the explicit calculation of the matrix
exponential. In fact, there exists an invertible matrix U ∈ Cn×n, such that
A = UAU−1, whereA is the Jordan canonical form ofA (see Appendix A
for more details)

A =


J1 0 · · · 0
0 J2 · · · 0
...

...
...

...
0 0 · · · Jm

 .
For a matrix expressed in its canonical Jordan form, the following property
is fulfilled

eAt = UeAtU−1

and due to the diagonal-block-structure of A, the matrix exponential eAt

can easily be computed from the definition (2.5) as

eAt =
∞∑
j=0

tj

j!


J1 0 · · · 0
0 J2 · · · 0
...

...
...

...
0 0 · · · Jm


j

=


eJ1t 0 · · · 0
0 eJ2t · · · 0
...

...
...

...
0 0 · · · eJmt

 .
Thereby, the computation of the exponential of the entire matrix re-

duces to the calculation of the exponential of each Jordan block, whose
structure has been defined in Appendix A. When the Jordan sub-blocks
are diagonal matrices, the computation of the matrix exponential is trivial,
otherwise more calculations must be performed.

The q-dimensional non-diagonal Jordan sub-block

Jh =



λh 1 0 · · · 0 0
0 λh 1 · · · 0 0
0 0 λh · · · 0 0
...

...
...

...
...

...
0 0 0 · · · λh 1
0 0 0 · · · 0 λh


(2.6)
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2.1. Smooth dynamical systems

can be decomposed into the sum

Jh = λhI +N ,

where I is the identity matrix and

N =



0 1 0 · · · 0 0
0 0 1 · · · 0 0
0 0 0 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · 0 1
0 0 0 · · · 0 0


is a nilpotent matrix of order q, i.e. Nk = 0, with k ≥ q. Let’s note that
for 1 ≤ k < q the power of the nilpotent matrix Nk is the matrix whose
elements are equal to 1 on the k-th superdiagonal, and 0 otherwise.

A fundamental property of a matrix exponential is that, given two ma-
trices A and B, if AB = BA, then eA+B = eAeB . The matrices λhI and
N obviously fulfil this condition, hence

eJht = eλhtI+Nt = eλhIteNt = eλhtIeNt = eλht
q−1∑
j=0

tj

j!
N j =

eλht
[
I + tN +

t2

2!
N2 + · · ·+ tq−1

(q − 1)!
N q−1

]
,

where the properties of a nilpotent matrix of order q have been used to
reduce the infinite sum in expression (2.5) to a finite one. Finally, the struc-
ture of the powers of the nilpotent matrix N is well-known, so the matrix
exponential of the considered Jordan block (2.6) is

eJht = eλht



1 t t2

2!
t3

3! · · · tq−2

(q−2)!
tq−1

(q−1)!

0 1 t t2

2! · · · tq−3

(q−3)!
tq−2

(q−2)!

0 0 1 t · · · ... tq−3

(q−3)!

0 0 0 1 · · · ...
...

...
...

...
...

...
...

0 0 0 · · · 1 t
0 0 0 · · · 0 1


20 Marco Rossi



2. Introduction to smooth and non-smooth dynamics

The derivative in time of the matrix exponential defined in (2.5) is
equal to

d

dt
eAt = AeAt = eAtA,

see [3], therefore it is now clear why an ansatz in the form y(t) = eAtb
(where b is an undetermined constant vector) can be chosen as a solution
of the linear autonomous system (2.4). Finally, the imposition of initial
conditions leads to b = y0.

Let’s note that for autonomous systems a shift in time is always al-
lowed, so, in this case, the time t in the matrix exponential actually can
be substituted by a time interval from the initial condition. Hence, for
a general initial reference time t0, the correct form for the solution is
y(t) = eA(t−t0)y(t0).

The determination of the solution of a linear autonomous system can
be performed from a more physical point of view (an approach that is
common especially in the realm of Structural Analysis for engineers), con-
sidering the eigenmodes in which the solution can be decomposed.

If the ansatz y(t) = cie
λitui is considered and substituted into the

ODEs (2.4), then the following problem must be solved

(A− λiI)ui = 0,

where clearly the scalars λi (the vectors ui) can be interpreted as the eigen-
values (eigenvectors) of the matrixA. When an eigenvalue λi ofA has an
algebraic multiplicity ri greater that 1, the secular terms tpeλit appear in
the solution together with the term eλit, with p = 1, 2, . . . , ri − 1. Accord-
ing to this approach, a general solution of a linear dynamical system can
be interpreted as a sum of fundamental solution, called eigensolutions,

y(t) =

n∑
i=1

cie
λitui

and the coefficients ci can be determined imposing the fulfilment of initial
conditions, see [57].

Actually, this latter interpretation of the solution can be linked to the
former that involves the fundamental solution matrix. The n-dimensional
linear problem (2.4) admits n linearly independent solutions and the sum
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2.1. Smooth dynamical systems

of them is still a solution of the ODEs, due to linearity. These linearly in-
dependent solutions can be assumed to be equal to a linear combination
of the eigenmodes, i.e. φi(t) =

∑n
j=1 bje

λjtuj , where in this case the coef-
ficients bj have a different meaning with respect to the previously used ci
coefficients. In fact, while the ci are fixed by the initial conditions of (2.4)
in order to define the combination of modes that produces the complete
solution y(t), the bj are fixed in order to obtain n linearly independent so-
lutions φi(t), since in this case the linear combination of the φi(t) leads
the final solution y(t). For example, the bi can be fixed in order to have
φi(0) = ei, where ei is the unit vector defining an orthonormal basis. If
we gather all the independent solutions φi(t) in a matrix by columns

Φ(t) = [φ1(t) φ2(t) · · · φn(t)]

and we consider the condition presented above for the determination of
the bj , the problem (2.4) becomes

Φ̇(t) = AΦ(t) Φ(0) = I (2.7)

and the solution of this matrix ordinary differential equation is the matrix
exponential Φ(t) = eAt. Any matrix that fulfils the equation (2.7) is called
fundamental solution matrix for the linear problem (2.4).

Therefore, the link between the two perspectives presented above for
the interpretation of the solution of a linear dynamical system has been
clarified, in fact, a different interpretation of the eigenmode method leads
to a differential problem whose solution is the matrix exponential eAt.

As a final remark, the possibility of computing the solution of a linear
system in a closed form is crucial to understand the behaviour of essen-
tially all dynamical systems. In fact, as will be described in depth in Sec-
tion 2.1.3, both the original differential problem and the associated varia-
tional problem that describes the behaviour of a perturbed solution near a
reference one (fixed point, limit cycle, ...) can be linearised in a form sim-
ilar to (2.4). Since the concept of stability of a reference solution is strictly
related to the evolution of the perturbed orbits, the linear analysis of the
perturbations is enough in most cases for the determination of the quali-
tative behaviour of a dynamical system.
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2. Introduction to smooth and non-smooth dynamics

2.1.3 Stability criteria for fixed points

An important property of a solution of (2.3) is its stability, which essentially
describes the behaviour of the dynamical system in the neighbourhood of
the considered solution, i.e. it defines the qualitative motion of the system
for small perturbation of the initial conditions. For this reason, the con-
cept of stability is strictly related to the concept of perturbation of a given
solution, see [58].

The easiest solutions for which a stability analysis can be performed
are fixed points and this topic will be treated below. In Section 2.1.4 exten-
sions will be provided for the stability of other invariant sets.

Definition 7 (see [49, 54, 74, 88]). According to the Liapunov definition of
stability, the equilibrium solution y(t) = y∗ is stable if, ∀ε > 0 there exists a
δ(ε) > 0, function of ε, such that ||y(0)− y∗|| < δ implies ||y(t)− y∗|| < ε,
for all t.

Definition 8 (see [49, 54, 74, 88]). The equilibrium solution y(t) = y∗ is
called unstable according to Liapunov if it is not stable, i.e. if there exist
ε > 0 and tδ > 0 such that at least a solution y(t) exists with ||y(0)−y∗|| <
δ and ||y(tδ)− y∗|| ≥ ε, for any δ > 0.

Definition 9 (see [49, 54, 74, 88]). The equilibrium solution y(t) = y∗ is
called attractive if there exists δ > 0 such that for all ||y(0) − y∗|| < δ the
solution y(t) = ϕ(y0) is well defined at least for t ≥ 0 and this solution
y(t) tends to the fixed point y∗ for t→ +∞, i.e. limt→+∞ ||y(t)− y∗|| = 0.

Definition 10 (see [49, 54, 74, 88]). An equilibrium point that is both stable
and attractive is called asymptotically stable.

The previously described approach for the definition of stability can
be generalised to cover also the cases of limit cycles and more complex
solutions, introducing a geometrical approach in the analysis of stability.

The Liapunov definitions mentioned above define the concept of sta-
bility for a fixed point, however their practical application to understand
whether or not the considered equilibrium point is stable is not trivial. For
this purpose, many theorems have been formulated to operatively deter-
mine the stability of a given dynamical system like (2.3), often introducing
very strict hypotheses on the vector field f(y).
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y1

y2

(a) stable focus

y1

y2

(b) center

y1

y2

(c) unstable focus

Figure 2.2: Three examples of possible configurations for a fixed point in the ori-
gin of a 2D phase space described by the generalised coordinate y1
and y2.

One of the most powerful stability criterion is the so-called direct
method of Liapunov, that has no restrictions in its applicability and can be
used for all dynamical systems.

Theorem 1 (Liapunov, see [49, 58]). Considering the autonomous system (2.3),
if there exists a positive definite function V (y) ∈ C1, such that its derivative along
the trajectories is negative semidefinite V̇ (y) ≤ 0, then the equilibrium y = 0 is
Liapunov stable.

Let’s recall that the scalar function V (y) is positive definite in a domain
B if V (0) = 0 and V (y) > 0 for y ∈ B\ {0}, while the function V̇ (y) is neg-
ative semidefinite in a domain B if V̇ (0) = 0 and V̇ (y) ≤ 0 for y ∈ B\ {0}.
Moreover, the derivative of the function V (y) along the trajectories of the
system (2.3) can be calculated as

V̇ (y) =
∂V (y)

∂y
· f(y).

One must finally note that the equilibrium point in Theorem 1 is the ori-
gin of the phase space, but a proper change of coordinates can easily be
performed to extend the results of this theorem to a general fixed point y∗.

The function V (y) is called Liapunov function and it is quite hard to de-
termine for generic dynamical systems. For conservative mechanical sys-
tems, the mechanical energy is generally a good candidate to be a proper
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2. Introduction to smooth and non-smooth dynamics

Liapunov function, but no criteria are available for the definitions of Lia-
punov function for mechanical structures under general non-conservative
actions.

The linear stability analysis theorem provides a more useful criterion to
determine the stability of a dynamical system, in which the linearisation
of the vector field plays an essential role.

Theorem 2 (Liapunov, see [49, 58]). Let’s consider the autonomous system
(2.3) and suppose that y∗ is an equilibrium point. Let’s linearise the vector
field f(y) near the equilibrium point y∗ and let’s consider the Jacobian matrix
A = ∂f

∂y (y∗), evaluated in y∗. The equilibrium point is stable if the condition
Re [λk] < 0 is fulfilled, for all the eigenvalues λk of the Jacobian matrixA.

Definition 11 (see [54]). The equilibrium points that have no eigenvalues
with a vanishing real part are called hyperbolic.

Theorem 2 is the principal mathematical tool that will be used in the
next Chapters for the stability analysis of smooth and non-smooth me-
chanical systems, hence some details on its application must be discussed
to better understand all the implications of this criterion.

According to Theorem 2, the following properties can be deduced,
see [49, 58, 74]:

• if the original system is linear, so ẏ(t) = Ay(t), the fixed point is
stable if Re [λk] ≤ 0, while the equilibrium is asymptotically stable if
Re [λk] < 0. Hence, for the linear case, the stability of the system can
always be assured when eigenvalues with non-positive real part are
present; 1

• the fixed point of the nonlinear system ẏ(t) = f(y) is stable if the
associated linearised system near the equilibrium point is described
by a Jacobian matrix for which all the eigenvalues have a negative
real part, Re [λk] < 0. In this case the stability of the linearised system
gives informations on the behaviour of the nonlinear one;

1Actually, the existence of a vanishing eigenvalue λi = 0 with an algebraic multiplicity
greater than 1 leads to the presence of the secular terms teλit, t2eλit, . . . , that yield to
an unstable behaviour in the vicinity of the equilibrium configuration. However, this is
considered a pathological case and it is assumed that in the examples described in this
Thesis, this specific condition is not present, as can be seen in Section 3.3.2.
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• the fixed point of the same nonlinear system is unstable when there
exists at least one eigenvalue λk of the Jacobian matrix A such that
Re
[
λk
]
> 0. Also in this case the nonlinear behaviour can be de-

duced from the linearised system;

• when the spectrum of the Jacobian matrix A contains eigenvalues
for which Re [λk] ≤ 0, the behaviour of the linear system is known
(see the first point), however, the behaviour of the nonlinear system
near the equilibrium point cannot be deduced from the previous one.
This is a pathological case, not covered by this Theorem, that can be
determined with a higher order expansion of the vector field f , or
using a more general stability criterion.

The conditions in the first point come from the analysis of the expo-
nential solution of a linear dynamical system, already described in Section
2.1.2, while, in the following cases, the results on the linearised system
are used to understand the behaviour of the associated nonlinear original
one. One must observe that, according to the fourth point, there exists a
case, when the real part of the eigenvalues is not positive, for which this
theorem cannot predict the behaviour in the nonlinear case.

Some specific criteria for conservative mechanical systems are the La-
grange - Dirichlet criteria, see [58, 90], in which the stability of an equilib-
rium point is determined by the nature of the stationary point of the total
potential energy. In particular, if a fixed point of a mechanical system sub-
ject only to conservative loads represents a minimum of the total potential
energy, the system is stable. These criteria can also be extended, involving
the presence of dissipative actions by the Barbasin-Krasowski theorem [49,
58], but these methods for detecting the stability of a fixed point are suit-
able only for mechanical systems without generic non-conservative forces.
For this reason, these criteria have only been mentioned here because they
are standard tools for the stability analysis, but they will not be used in the
discussion below since non-conservative follower forces are present in the
structure that will be analysed in the following Chapters.

As a final remark, in this Thesis the concept of stability is sometimes
directly associated with the dynamical system, in expressions like "stable
system" or "unstable system". For the sake of clarity, we underline that
these phrases must be intended as "system in which the considered equi-
librium configuration is stable/unstable". Although this linguistic choice
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2. Introduction to smooth and non-smooth dynamics

is not formally correct, it has been used for its power of synthesis. How-
ever, the precise meaning should not be misunderstood, since the dynam-
ical systems under analysis always reveal the same features, with respect
to the presence of fixed points.

2.1.4 Invariant sets and their stability

The description of the evolution of dynamical systems from a geometrical
point of view, introduced in the XIX Century, represents a milestone in the
realm of Dynamics and Mechanics. According to this interpretation, some
specific concepts of Analysis, Geometry, and Topology can be extended,
in order to have an overall comprehension of the evolution of dynamical
systems.

An invariant set of an autonomous dynamical system (2.3) is a subset
S of the phase space, such that y0 ∈ S implies y(t) = ϕt(y0) ∈ S , for all
t, [54]. A single orbit (thus also a fixed point or a limit cycle) is a trivial
example of an invariant set, but other more complex sets can be present in
the phase space as invariant set, describing the trajectories of families of
solutions.

The invariant sets will often be called also invariant manifolds in the fol-
lowing Chapters, since all the invariant sets that are considered below are
supposed to be sufficiently regular to describe a differentiable manifold.
The exact definition of a manifold is quite complex and it goes beyond
the purpose of this Chapter. In simple words, a manifold is a particular set
that has locally the structure of an Euclidean space and that is Cr differen-
tiable, r ≥ 1. Hence, a manifold can be thought as am-dimensional locally
differentiable hypersurface embedded in the Rn phase space.

Definition 12 (see [54]). An invariant set S is stable if for any small neigh-
bourhood U ⊃ S there exists a neighbourhood V ⊃ S such thatϕt(y0) ∈ U
for all y0 ∈ V , for all t.

Definition 13 (see [54]). An invariant set S is called attractive if there exists
a neighbourhoodW such that ϕt(y0)→ S for all y0 ∈ W , as t→ +∞.

Definition 14 (see [54]). An invariant set is defined asymptotically stable if
it is stable and attractive.
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From the definitions above, one can see how the concept of Liapunov
stability of a fixed point can easily be extended to all kinds of invariant
sets and possible orbits describing the solutions of a dynamical system.

2.1.5 Bifurcations of equilibrium points

The concept of bifurcation of an equilibrium point can have different defini-
tions in various fields of Mechanics. Typically, for engineers, it is intro-
duced in an intuitive way when the buckling of the Euler’s column is con-
sidered, and it is associated with a change in the stability behaviour of the
structure with the presence of new possible equilibrium configurations,
when the load is increased or decreased, see [58, 90]. In the mathematical
analysis of dynamical systems, [54, 88], the concept of bifurcation has a
more complex but general definition, that will be exposed in this Section.

The fundamental concept on which this topic is based is the equiva-
lence among different dynamical systems. It can be intuitively thought as
the similarity in their behaviours, that can be defined in a more rigorous
way, considering the orbits and the phase portraits.

Definition 15 (see [54]). Two dynamical systems are called topologically
equivalent if there exists a homeomorphism h : Rn → Rn mapping the
orbits of the first system onto the orbit of the second one, preserving the
direction of time.

Hence, all topologically equivalent systems have the same qualitative
behaviour, despite the trajectories do not exactly coincide. Moreover, some
"classes of behaviours" can be defined, i.e. some paradigms that exemplify
and fully describe particular kinds of solutions. These classes can be taken
as references, their mathematical properties can be analysed, and then the
specific behaviour of any general dynamical system can be studied simply
considering it as a "distortion" from a reference one.

Let’s now consider the autonomous dynamical system in the form
(2.3), but let’s suppose that the right-hand-side of the differential equation
depends on a generic vector of parameters α ∈ Rm, such that the system
can be described by

ẏ(t) = f(y,α), y(0) = y0.
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For example, in a mechanical structure, the vector α contains all the geo-
metrical, mechanical, or load design parameters that are supposed to vary
in the design process.

Definition 16 (see [54]). The appearance of a topological non-equivalent
phase portrait under variation of parameters is called a bifurcation.

This definition of bifurcation is general and it is suitable both for
smooth and non-smooth dynamical systems. Particular kinds of bifurca-
tions have been classified in order to better understand how the dynamical
systems with given structures in the vector field f evolve, when the bifur-
cation parameters are changed.

Regarding nonsmooth systems, the classification of all the possible
cases is quite cumbersome, due to the complexity in the mathematical de-
scription of piecewise systems. This kind of analysis has been performed
in recent papers, see [33, 62, 63], in which, under specific hypotheses on
the structure of the vector fields, all the possible bifurcation cases are de-
scribed. However, the analysis performed in the following Chapters on
piecewise mechanical systems does not explicitly consider the evolution
of the parameters, so the classification of bifurcation in non-smooth struc-
tures is beyond the aim of this Thesis. On the contrary, a conceptual de-
scription of the most important classes of bifurcations for smooth prob-
lems will be presented below, to better understand the link between the
structural and mathematical perspectives in the study of dynamical sys-
tems and to clarify the procedure performed in Section 3.4 for the calcula-
tion of flutter and divergence critical loads.

One must note that Definition 16 cannot be used directly to compute
the critical values of the bifurcation parameters. However, the appearance
of a topological non-equivalent phase portrait can be clearly associated
with a change in the stability behaviour of the solution that is considered.
From Theorem 2, the stability of an equilibrium configuration has been
associated with the nature of the eigenvalues of the Jacobian matrix, so
also the change in the structure of the phase portrait can be linked to the
change in the nature of the eigenvalues λk(α), considered as functions of
the design parameters.

These intuitive considerations can be investigated in depth from a the-
oretical point of view, according to the concept of structural stability (a
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system described by the vector field f is structurally stable if it is topolog-
ically equivalent to the system obtained with a small perturbation of f in
all the parameters) and applying the theorems that assure the structural
instability of a non-hyperbolic fixed point. All the analytical details are
omitted due to the descriptive purpose of this paragraph, however the
main outcome of this approach is that the qualitative change in the phase
portrait occurs only when a system becomes structurally unstable. For
this reason, the value of the bifurcation parameters is associated with the
presence of a non-hyperbolic equilibrium solution. This implies that at
least one of the eigenvalues must have a vanishing real part to have a bi-
furcation of a fixed point, hence a bifurcation occurs for the values of the
parameters α, for which at least one of the eigenvalues hits the imaginary
axis.

Definition 17 (see [54, 58, 88]). The fold bifurcation occurs when there exists
a change in the phase portrait between a configuration with no equilib-
rium points and another one with two fixed points. In the switch between
the two phase portraits an eigenvalue vanishes.

Definition 18 (see [54, 58, 88]). The transcritical bifurcation occurs when
there exists a change in the phase portrait between a configuration with
two fixed points (one is stable and the other is unstable) and another con-
figuration with two fixed points (the stable fixed point becomes unstable
and another stable point appears). In the switch between the two phase
portraits an eigenvalue vanishes.

Definition 19 (see [54, 58, 88]). The pitchfork bifurcation occurs when there
exists a change in the phase portrait between a configuration with a single
stable point and another one with three fixed points (one unstable point
and two stable ones). In the switch between the two phase portraits an
eigenvalue vanishes.

Let’s observe that this kind of bifurcation appears in the discrete ver-
sion of the classical Euler’s column, subject to conservative loads, where
the single stable equilibrium branch becomes unstable when the critical
load is reached, and two other stable branches originate from the critical
point.

Definition 20 (see [54, 58, 88]). A Hopf bifurcation occurs when there exists
a change in the phase portrait between a configuration with a fixed point
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y1

y2

(a) α < αcr

y1

y2

(b) α > αcr

Figure 2.3: Supercritical Hopf bifurcation, with respect to the parameter α. For
α < αcr the equilibrium configuration is a stable focus, while for
α > αcr the fixed point is unstable and a stable limit cycle appears in
the phase portrait.

and another one with a fixed point and a limit cycle. In the switching
between the two phase portraits, a couple of purely imaginary eigenvalues
appears.

In particular, when the bifurcation reveals a change from a stable fixed
point to an unstable fixed point with a stable limit cycle, it is called a su-
percritical Hopf bifurcation. On the contrary, if there is a change from an
unstable fixed point to a stable fixed point with an unstable limit cycle, it
is called a subcritical Hopf bifurcation. From a physical point of view, the
Hopf bifurcation is associated with the appearance of flutter instability.

2.1.6 Lagrangian vs. Hamiltonian formulations of the equations
of motion

The analysis of dynamical systems has been introduced from a mathemat-
ical and geometrical point of view, without any assumption on the struc-
ture of the smooth problem, so the formalism described in previous Sec-
tions can be adopted in every field of Physics, provided that the dynamical
system can be described by a set of first order ordinary differential equa-
tions.
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y1

y2

(a) α < αcr

y1

y2

(b) α > αcr

Figure 2.4: Subcritical Hopf bifurcation, with respect to the parameter α. For
α < αcr the phase portrait is defined by a stable fixed point and an
unstable limit cycle, while for α > αcr an only unstable equilibrium
configuration is present.

When the analysis is restricted to the field of Mechanics, different ways
in the mathematical description of physical phenomena can be adopted,
so they must be reduced to the definition of a first order ODE structure in
order to apply the previously described formalism, see [55] .

The most intuitive approach in the analysis of physical structures is the
vectorial description of a mechanical system, introduced and formalised
by Newton. According to this formulation, the particles that compose the
mechanical structure can be described through their geometrical coordi-
nates with a transformation between the real physical space and the Eu-
clidean space. This intuitive and direct approach to the analysis of me-
chanical systems, which is fundamental to understand the behaviour of
physical bodies but hard to apply in complex problems, has been over-
come when Lagrange and Euler introduced the calculus of variations,
defining an analytical approach in Mechanics.

In this second analytical formulation, the concept of geometrical coor-
dinates describing the degrees of freedom of the particles of a body has
been extended to the concept of generalised coordinates, which can be de-
fined as any possible set of parameters that can completely characterize
the position of a mechanical system. The number of the q(t) generalised
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coordinates are equal to the number of degrees of freedom of the mechan-
ical structure and the set of all the q1, q2, . . . , qN can be interpreted as an
N -dimensional space called the configuration space in which the position of
the system can be represented.

Moreover, in this analytical formulation introduced by Lagrange and
Euler, the notion of force, typical of the vectorial approach, is substituted
by a single quantity, the work, that solely describes all the information
about the nature of the forces acting on the system. In particular, through
the definition of the work, some generalised forces can be defined, which
are the dual components of the generalised coordinates qi. With these the-
oretical ingredients, a variational formulation for the description of the
dynamical system is introduced and the equations describing the Second
Principle of Dynamics for each particle of the system are substituted by
the condition of minimisation of a properly defined functional.

From the variational principle (weak formulation), the equations of
motion expressed as a set of differential equations (strong formulation)
can be obtained. One of the possible descriptions of the dynamics of a
holonomic mechanical system is given by the well known Lagrange for-
mulation of the equations of motion, namely the following set of N second
order ordinary differential equations

d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi

= Qi(t, q, q̇), ∀i = 1, . . . , N , (2.8)

where Qi is the component of the generalised force that do not have a
representation in terms of a potential energy, while the functional L(q, q̇)
is called the Lagrangian function and is defined as L(q, q̇) = T (q̇)−U(q, q̇),
where T is the kinetic energy and U is the potential energy, see [55].

Another analytical representation is the so-called Hamiltonian formula-
tion that can be obtained by a Legendre transformation of the Lagrangian
equations of motion, see [55, 58]. The new independent parameters pi are
introduced, called generalised momenta, such that

pi =
∂L
∂q̇i

, ∀i = 1, . . . , N , (2.9)

which can be substituted into (2.8), obtaining

ṗi =
∂L
∂qi

+Qi(t, q, q̇), ∀i = 1, . . . , N . (2.10)
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The function obtained applying a Legendre transformation to th La-
grangian function L(q, q̇) is called Hamiltonian functionH(q,p), which can
be written as

H = p · q̇ − L,
and equations (2.9) and (2.10), together with the properties of the Leg-
endre transformation, lead to the so-called Hamiltonian formulation of the
equations of motion (or canonical equations of motion)

q̇i =
∂H
∂pi

, ṗi = −∂H
∂qi

+Qi, ∀i = 1, . . . , N .

The transformation from the Lagrangian to the canonical equations of
motion implies the introduction of new variables, the momenta pi, thought
as independent from the generalised coordinates qi. The number of un-
known functions is doubled passing from N to 2N , however, the equa-
tions of motion are now first order ODEs.

The new 2N unknown coordinates {q1, q2, . . . , qN , p1, p2, . . . , pN} em-
ployed for the description of the motion of a mechanical system are called
phases and the 2N -dimensional Euclidean space in which they can be rep-
resented is called phase space. The representation of the motion of a me-
chanical system is more convenient in the phase space rather than in the
configuration space. In the former space, each curve represents an orbit
of the dynamical system, hence it fully describes the motion, while a tra-
jectory in the configuration space is not enough to completely define the
evolution of the mechanical system.

In the following Chapters, we will adopt a Hamiltonian description
of the behaviour of the considered mechanical system, but the equations
of motion have been obtained through the Principle of virtual Power and
so they are second order ODEs, analogous to (2.8). In this Thesis, the re-
duction to the first order ODEs canonical equations of motion has been
obtained in a simplified way and without the application of the Legendre
transformation, which describes the link between Lagrangian and Hamil-
tonian systems from a theoretical point of view.

The generalised momenta are simply defined as pi = q̇i and the equa-
tions of motion have been rewritten with respect to the new vector of un-
knowns (the vector of phases) y = [q,p]T = [q, q̇]T, obtaining a set of first
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order ordinary differential equation. The initial conditions are then prop-
erly changed and rewritten

q(0) = q0 and q̇(0) = q̇0 −→ y(0) = y0,

where the vector y0 = [q0, q̇0]T of the initial phase values has been in-
troduced. This simplified strategy can be adopted because the potential
energy is a function of the generalised coordinates q (and not of the ve-
locity q̇), so equation (2.9) that defines the momenta simply reduced to
pi = q̇i.

2.1.7 A more general definition of dynamical system

At the beginning of this Chapter, the concept of dynamical system has
been introduced simply by defining the first order differential equations
that actually represent the mathematical model of a particular kind of dy-
namical system. However, a more sophisticated definition can be given of
the concept of dynamical system itself.

From a more general perspective, a dynamical system can be described
by the triple {T ,Y,ϕt}, where T is a time set, Y is called state space (or
phase space in Mechanics) and ϕt is an evolution operator, see [54]. The
elements y ∈ Y represents all the possible states of the dynamical system
and must be chosen to be sufficient for the description of both the config-
urations of the system and its evolution in time.

The systems described by (2.1) are clearly a subset of this wide defini-
tion of dynamical systems. In particular, they are called continuous - time
dynamical system, since it has been assumed that the time set is composed
of the elements t ∈ T = R. Actually, more general dynamical systems can
be defined with a time set T composed of isolated elements (e.g. T = Z),
that are called discrete - time dynamical systems. The latter are generally
described by an evolution rule, like

yk+1 = F (yk),

while the solution of this kind of system is a sequence {yk}∞k=0 starting at
the initial state y0. The mechanical systems generally have a continuous-
time description, but, as will be explained in Section 2.2.5, the analysis of
the solutions of this kind of problem can profitably be performed using a
discrete - time approach via the Poincaré maps, see [74].
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2.2 Non-smooth dynamical systems

2.2.1 Some philosophical notes

During the last decades, the interest in non-smooth dynamical systems has
grown significantly in different fields of Physics and Engineering. With
the application of discontinuous mathematical models, a great number
of different physical phenomena can be studied and interpreted, and the
behaviour of real discontinuous systems becomes predictable. Classical
mechanical examples that can be associated with non-smooth equations
of motion are impact phenomena, e.g. the motion of a bouncing ball or
a bell, as well as systems with the presence of unilateral constraints or
dry friction. The discontinuous nature of this physical phenomena can
be modelled using ODEs similar to (2.1), but with a discontinuous right-
hand-side described by a non-smooth vector field f(t,y(t)).

In the scientific community, the most interesting objections against the
use of non-smooth models for the analysis of real systems can essentially
be reduced to these two questions:

1) why should I use a complex non-smooth dynamical model, if I can easily
approximate it with a smooth one?

2) why should I use a complex discontinuous dynamical model, if any physical
structure can always be considered as a continuous object (at least for a scale
greater than the atomic one)?

The first point deals with the practical analysis of a dynamical system
with a discontinuous right-hand-side and it is the easiest to debate, since it
has been proved that non-smooth dynamical models show a great number
of different possible behaviours, greater than smooth models, and some of
them can be obtained only considering discontinuous ODEs. In fact, as
reported in [57, 79], possible stability behaviours of a mechanical struc-
ture are lost when the discontinuous dynamical model is smoothed out
and when the computation of the solution is performed using these ap-
proximated equations of motion. Hence, the richer dynamical behaviour
of non-smooth systems can be appreciated only if also the model used for
the analysis is non-smooth.

The second is a philosophical question and the answer is not so easy,
since it is strictly related to the possible ways that a scientist can follow in
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the passage from a physical model to a mathematical model of the anal-
ysed phenomenon, which is maybe one of the most difficult topics in Sci-
ence and Engineering.

For a scale greater than the atomic one, a mechanical system can cer-
tainly be described by a continuous model, so the presence of disconti-
nuities in the mathematical model may seem something that should be
avoided, since when a change in the configuration occurs, the real pas-
sage from a status to another one can be seen as a continuous transition,
see [57].

Actually, the real difference between the application of a smooth or a
non-smooth dynamical model is the time scale. In fact, if the considered
time scale is close to the time interval in which the transition between the
configurations occurs, then the correct model is obviously a continuous
one, since in this case, it is possible to appreciate the continuous dynamics
of the structure. On the contrary, when the time scale is far greater than
the time interval in which the transition occurs, then the change in the
status can be modelled as a single infinitesimal event in a more complex
evolution of the motion of the system, so a discontinuous model is more
suitable. Therefore, the correct model for a real physical system cannot
be decided a priori, but it depends on the purpose of the analysis and,
in particular, on the features of the real phenomenon that one wants to
underline.

This answer, sketched maybe in a simplistic and conceptual way, high-
lights the main reason that justifies the use of non-smooth models for the
analysis of discontinuous mechanical systems, however, it raises new and
more interesting and difficult questions. For instance, what is the range
in which the continuous or discontinuous models are valid? And when
different behaviours are predicted by the continuous and discontinuous
models, which is the real one that occurs in the physical system? In the fol-
lowing Chapters, a mechanical structure is studied, for which an unstable
behaviour can be detected when the constraint is considered discontinu-
ous, on the contrary, this instability disappears when a smooth constraint
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is supposed to be present in the structure 2. Which is the real behaviour
of the system? Is it the one predicted by the discontinuous model that
describes the macroscopic jump in the geometrical properties of the con-
straint, or maybe the continuous one that seems to be more realistic, since,
at a small scale, all the mechanical systems can be considered smooth?

The answer to these questions has partially been given above, in the
discussion on what is the time scale which we are interested in. We can
try to give an explanation to these philosophical doubts, proposing a first
hypothesis on what could be the reason for these possible discordant be-
haviours. In particular, some conceptual reflections can be performed,
dealing with the concept of stability, whose definition can be interpreted
as the source of this paradoxical behaviour.

One must note that the Liapunov definition of stability of a fixed point
is essentially a local notion since it refers to a small neighbourhood of the
initial conditions, namely a small ball in the phase space with the centre in
the equilibrium point. Furthermore, the stability is essentially determined
through a linearisation of the equations of motion near a given solution,
hence the orbits of the nonlinear and linearised system are very close only
when the perturbation is small, so inside a small neighbourhood of the
considered solution.

This means that also the validity of the stability analysis is located in
the vicinity of the considered reference solution, while outside the Lia-
punov ball (i.e. for ε and δ(ε) not sufficiently small), the system generally
shows a behaviour that cannot be predicted by the Liapunov definition of
stability.

For this reason, a smooth model for a mechanical system may predict
a stable configuration in a very small neighbourhood of the fixed point.
On the contrary, outside this Liapunov ball, but actually not so far from
the fixed point, the real nonlinear system may evolve following unstable

2I am indebted to my colleagues and friends Giovanni and Alessandro for their help in
the possible solution of what we used to call, during our fruitful discussions, the Gnome
Paradox:"let’s suppose that there exists a perfectly smooth mechanical system and that a small
gnome files away just a single atom from this perfect structure, transforming it into a non-smooth
mechanical system. Do these two very similar structures need such a completely different model?
Why should I have a completely different behaviour, since the non-smooth models have a richer set
of possible solutions that cannot be predicted by a smooth model? What is the suitable model for the
best interpretation of the real behaviour of the system?"
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orbits, which can be correctly caught by the non-smooth model, predicting
an unstable behaviour for the system.

The difference in the predictions of the continuous or discontinuous
models can then be interpreted as a sort of discrepancy between the Lia-
punov balls associated with the smooth and non-smooth representations.
Since the models are different from a mathematical point of view, also the
neighbourhoods, in which the stability analysis has a precise theoretical
and practical meaning, can be different.

Let’s finally note that the difference in the Liapunov balls is not sur-
prising, since a hard change in the mathematical model occurs, leading
to a completely different theoretical framework. This happens in other
fields of Mechanics, for example in the realm of homogenization problems
in Solid Mechanics, when the microstructure is considered as a discrete
model and the effective homogenized body is modelled as a continuum.

From the two scenarios presented above, it is clear that actually the
prediction of the two models are not in contrast and can be associated
with a precise real behaviour. Moreover, each prediction has a particular
time scale in which it could be considered valid, hence the "correct real
behaviour" is something that cannot be precisely defined if the time scale
is not specified.

These philosophical topics have briefly been introduced in order to
show the difficulties in the treatment of this kind of discontinuous phe-
nomenon. In the following Chapter, only the non-smooth model will be
considered, with all the implications described above, while the connec-
tion between the stability of the smooth and non-smooth model have been
neglected.

2.2.2 Classification of non-smooth dynamical systems

The relation between smooth and non-smooth models for physical phe-
nomena have been investigated in the previous Section 2.2.1 and some
philosophical concepts have been presented, regarding the validity of a
smooth as well as non-smooth dynamical models for the interpretation of
discontinuous real systems. In this Section, the focus is on the classifica-
tion of different non-smooth systems and the formalism adopted for the
analysis of this kind of problem.

The field of non-smooth dynamics is wide and a general classification
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of all the possible discontinuities that can be considered in a mathemati-
cal model is not a trivial task. For the purpose of this Thesis, the follow-
ing common classification of non-smooth mechanical systems, see [46, 57],
will be adopted:

• Non-smooth continuous systems: the vector field in the right-hand-side
of the ODEs is continuous, while the Jacobian matrix is discontinu-
ous (e.g. a system in which the stiffness depends on the state vari-
ables 3 );

• Filippov’s systems: the vector field in the right-hand-side of the ODEs
is discontinuous, but they still remain continuous-time dynamical
systems (e.g. a system with the presence of dry friction);

• Hybrid systems: the vector field is discontinuous and the description
of the motion is composed of both continuous-time and discrete-time
dynamics (e.g. the motion of bells and all those systems where im-
pacts occur, namely where the configuration suddenly "jumps" onto
another point in the phase space);

Although they have been considered distinct in this physically-based
classification, the first two points of the list above can actually be treated
in a unitary way using the methods introduced by Filippov [32], hence
the first class can simply be considered as a special case of the second
class, from a mathematical point of view. The third kind of system is much
more complex to describe and they are adopted to model the behaviour of
simple mechanical systems with impact phenomena. However, this third
class of discontinuous systems will not be covered in this Thesis.

This classification will be more clear after the analysis of the mathemat-
ical models presented in Section 2.2.3, where discontinuous vector fields
and solutions are investigated.

Another common classification of discontinuous systems, see [27], is
based on the continuity with respect to time:

3Actually, to have a piecewise-smooth dynamical system, the dependency of the stiff-
ness on the switching rule cannot be general. In particular, when the discontinuity in-
volves only the k-th phase variable yk (possibly after a coordinate transformation), the
Jacobian matrix must change only in the k-th column, see [57]. This assumption is com-
monly adopted in the analysis of invariant cones [16, 46, 57], however in the present Thesis
a more general situation is investigated, in which this condition is not fulfilled.
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• Non-smooth flows: continuous-time dynamical systems with discon-
tinuous vector field;

• Non-smooth maps: discrete-time dynamical systems with discontinu-
ous vector field;

• Hybrid systems: the vector field is discontinuous and the description
of the motion is composed of both continuous-time and discrete-time
dynamics;

It’s clear that the third class is common for both the classifications pre-
sented above, while non-smooth continuous systems and Filippov’s sys-
tems are special examples of non-smooth flows.

2.2.3 Filippov piecewise-smooth systems

Non-smooth continuous systems and Filippov systems can be studied in a
unitary way in the framework defined by the Russian mathematician A.F.
Filippov in [32].

The analysis performed by Filippov of non-smooth dynamical systems
defined by ODEs with discontinuous right-hand-side is based on the ex-
tension of the classical idea of solution of ODEs to the solution of a differen-
tial inclusion, through a process based on Convex Analysis. Applying the
so-called Filippov’s convex method, the problems of non-smooth dynamics
become well-posed, the solution can be found in a rigorous way and these
systems can be studied in a well-defined general theoretical framework.
The work of Filippov takes into consideration different kinds of possible
discontinuities, however, in the following part, only problems with a vec-
tor field discontinuous in the phase vector y will be considered (in prin-
ciple, the right-hand-side could also be continuous in the state variable
vector y and discontinuous in the time t). The hybrid systems introduced
in Section 2.2.2 cannot be studied directly in Filippov’s theoretical frame-
work, however, they will not be considered in the description below, since
their analysis is beyond the purposes of this Thesis.

Let’s suppose that a n-dimensional domain V ⊆ Rn, contained in the
phase space, can be partitioned into a set of m subdomains Vi, for all i =
1, 2, . . . ,m, such that V ≡ ⋃m

i=1 Vi. This definition is obviously suitable also
when the complete domain V is assumed to be the entire phase space Rn.
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Two n-dimensional subdomains Vi and Vj are assumed to be separated
each other by the (n − 1)-dimensional subspace Σij . The subspaces Σij ,
for all i, j = 1, 2, . . . ,m, are generally called switching manifolds and, in the
example treated in this Thesis, they are supposed to be sufficiently regular
to be described by smooth equations hij(y) = 0, where hij : Rn → R and
hij ∈ C1.

Definition 21 (see [32, 57]). A general vector field g(x) : Rp → Rq is con-
sidered to be defined almost everywhere in a given domain D ⊆ Rp, when it
is defined everywhere in the domain, with the exception of a set of points
of D with zero measure.

Definition 22 (see [32]). A vector field f(y) is called continuous up to the
boundary if it tends to a finite limit for y approaching each point of the
boundary Σij of the domain Vi, in which the vector field is defined.

Definition 23 (see [32, 57]). A vector field f(y) is called piecewise contin-
uous in the domain V if the latter can be partitioned into the subdomains
Vi, separated by the switching manifolds Σij as presented above, and if,
in each part of the domain Vi, the function f is continuous in the phase
vector y up to the boundary.

In this Chapter, only piecewise continuous vector fields are considered
for the description of a non-smooth mechanical system and, according to
the previous definitions, they can be interpreted as a set of vector fields
f i(y) defined in each Vi, for all i = 1, 2, . . . ,m. Hence, each f i is continu-
ous and has a finite limit approaching the switching manifolds.

Definition 24 (see [27, 32, 57]). The evolution in time of a continuous-time
autonomous piecewise-smooth dynamical system can be described by a set of
ordinary differential equations

ẏ(t) =


f1(y(t)) y ∈ V1

f2(y(t)) y ∈ V2

· · · · · ·
fm(y(t)) y ∈ Vm

, (2.11)

together with the initial conditions y(0) = y0.
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Vi

Vj

Vk

Vh

Σij

Σjk

Σkh
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PQ

Figure 2.5: Partition of the phase space into four subdomains Vp (p = i, j, k, h)
separated by the switching manifold Σpq . If the evolution of an or-
bit is contained in a single subdomain (red trajectory), the system be-
haves like a smooth dynamical one and equilibrium configurations
may be present (e.g. point P ), which are analogous to common fixed
points. A boundary equilibrium configuration may also be present
in the phase portrait (point Q), such that it is approached by an or-
bit (yellow trajectory) that passes from a subdomain to the other, con-
verging to the fixed point. When an orbit crosses a switching manifold
(blue trajectory), the vector field is continuous up to the boundary if
the limit for the solution approaching the switching manifold exists
(however this limit can possibly be discontinuous).

Let’s observe that according to this formulation, no information about
the behaviour of the dynamical system on the switching manifolds Σij has
been given and this ambiguity is the primary source of all the troubles in
the solution of these kinds of differential problems. For example, when an
orbit passes from one subdomain Vi to another one Vj , crossing in a well-
defined direction the switching manifold Σij and remaining continuous in
this change of the subdomain, the solution y(t) of the system (2.11) could
in principle be considered defined almost everywhere.

On the contrary, a more suitable definition of solution must be found,
when the limit of the solution y(t) is finite but tends to different values
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when Σij is approached from distinct subdomains, or when a clear direc-
tion of intersection cannot be defined (since, for example, there exists a
sliding orbit on the switching manifold).

For the sake of clarity and without loss of generality, let’s restrict the
case to non-smooth dynamical systems whose domain can be decomposed
into only two subdomains, V− and V+, separated by the switching mani-
fold Σ. The equation (2.11) becomes

ẏ(t) =

{
f−(y) y ∈ V−

f+(y) y ∈ V+
, (2.12)

where f− and f+ are the vector fields respectively for the negative and
positive subdomains. This assumption has been made only for a better
comprehension of the system, but the generalisation of the following re-
sults to the case ofm subspaces is trivial. However the mechanical systems
studied in the following Chapters have exactly this form.

The idea behind Filippov’s convex method is the extension of differen-
tial systems like (2.11) to the so-called differential inclusions, using the tools
provided by Convex Analysis that will be briefly exposed below.

Definition 25 (see [57]). A given set S ⊂ Rn is called a convex set if for any
x, z ∈ S, also (1− q)x+ qz ∈ S, for all q ∈ [0, 1].

In simple terms, a set is convex when it contains the line segments
between any of its elements.

Definition 26 (see [57]). The smallest closed and convex set that contains
two elements x, z ∈ Rn is called convex hull and it can be defined in sym-
bols as

co {x, z} = {(1− q)x+ qz, ∀q ∈ [0, 1]} .
Definition 27 (see [57]). The scalar function F (x), x ∈ R is called a set-
valued function if it is a function almost everywhere, except at a finite set of
zero measure of the domain, in which F (x) is a subset of R.

On the basis of the definition above, the smooth functions in Classical
Analysis can be defined as single-valued functions. The definition has been
given for a scalar function defined on a one-dimensional domain, but the
extension to vector fields defined over multi-dimensional domains is triv-
ial and will be omitted here.
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Definition 28 (see [57]). A set-valued vector field F (x) is called upper -
semicontinuous in the point x if for all ε > 0 there exists a δ > 0, such that if
||x− z|| < δ, then F (z) ⊂ F (x) +Bε, where Bε is the n-dimensional open
ball with radius ε and centred in the origin.

For a set-valued function, a new definition of derivative must be in-
troduced, to deal with the case in which the value of the function is not
unique and different limits can be present.

Definition 29 (see [23, 32, 57]). Let’s consider a scalar piecewise continu-
ous function f(x) and suppose that in any point x ∈ R the derivative of
the function has two finite left and right limit f ′−(x) and f ′+(x), possibly
different in the points where the function is non-smooth. Then the gen-
eralised derivative of Clarke is defined as any possible derivative included
between f ′−(x) and f ′+(x), i.e.

f ′q(x) = (1− q)f ′−(x) + qf ′+(x), for a fixed q ∈ [0, 1].

Definition 30 (see [23, 32, 57]). The set of all possible generalised deriva-
tives is called generalised differential and it is the convex hull of the elements
f ′−(x) and f ′+(x), i.e.

∂f = co
{
f ′−(x), f ′+(x)

}
=
{

(1− q)f ′−(x) + qf ′+(x),∀q ∈ [0, 1]
}
.

The definition of generalised derivative and generalised differential
can be extended to both scalar and vector field, observing that for a multi-
dimensional domain x ∈ Rn, there are more than two directions in which
the limit can be calculated, approaching the discontinuity. This extension
to scalar and vectorial fields will not be covered below, since a complete
definition of all mathematical tools provided by Convex Analysis is be-
yond the scope of this Thesis. However, only a conceptual view on this
topic is necessary to understand the ideas behind the solution of this kind
of dynamical system and for all the mathematical details see [23, 32].

Definition 31 (see [32, 57]). A differential inclusion is a particular kind of
piecewise differential equation, in the form

ẏ(t) ∈ F (y(t)),

where F (y) is a set-valued vector field. The function y that fulfils the
previous relation is called a solution of the differential inclusion.
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According to Filippov, the ODEs with discontinuous right-hand-side
can be associated with a differential inclusion. In particular, when y ∈ Vi
the set-valued vector field F (y) is simply equal to f i(y) (interpreted as
a set containing only one element equal to f i). On the contrary, when
y ∈ Σij , the set-valued vector field F (y) is assumed to be equal to the
convex hull of all the limit values of the function f i(y) on the switching
manifold Σij (and these limits always exist, due to the fact that we have as-
sumed a piecewise continuous vector field). For the considered case (2.12),
the convex extension for y ∈ Σ becomes

F (y) = co
{
f−(y),f+(y)

}
=
{

(1− q)f−(y) + qf+(y), ∀q ∈ [0, 1]
}
,

see, [57], hence the differential inclusion that must be solved is

ẏ(t) ∈ F (y) =


f−(y) y ∈ V−
co
{
f−(y),f+(y)

}
y ∈ Σ

f+(y) y ∈ V+

, (2.13)

In simple terms, the concept of ODEs has been extended using differ-
ential inclusion, where the right-hand side is in general a set. In particular,
for the standard case inside each subdomain V±, the set is composed only
of a single element, otherwise the convex hull is considered. In general,
the solution of a classical ODE is a particular function, whose derivative
in time is always equal to the given vector field f . In this case, the so-
lution of a differential inclusion is the special function y(t), whose first
derivative in time is contained in the sets defined by the set-valued func-
tion F (y). From an intuitive point of view, the conditions that the solu-
tion must fulfil are well-defined also for differential inclusions, however,
in simple words, there is more freedom in this case since the derivative of
the solution in time must belong to a given set and not be exactly equal to
a single and specific value.

Finally, the solutions of differential inclusions have been studied and
many theorems have been found, that help the definition of a solution also
for the non-smooth ODEs with discontinuous right-hand-side.

Theorem 3 (see [32, 57]). Let’s considered a set-valued vector field F (y) which
is assumed to be nonempty, bounded, closed, convex, and upper-semicontinuous.
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Then, for all initial condition y0 ∈ Rn there exists an absolutely continuous
function y(t) which is a solution of the initial value problem

ẏ ∈ F (y), y(0) = y0.

Definition 32 (see [32, 57]). A continuous function y(t) is considered a so-
lution in the sense of Filippov of the piecewise-smooth dynamical system
described by the discontinuous ODEs (2.11) if for almost all t the function
fulfils

ẏ ∈ F (y),

where F (y) is the convex hull of all the limits of f i(y).

The previous Theorem 3 and Definition 32 provide a rigorous math-
ematical basis for the analysis of piecewise-smooth problems, since they
define the hypotheses for the existence of a solution of a differential in-
clusion and the extension to the concept of solution from discontinuous
systems to differential inclusions. The problem that will be analysed is a
particular case of those studied above, but after this explanation from a
more general perspective, its collocation in the framework of the analysis
of discontinuous dynamical system should be more clear.

A final example, depicted in Figure 2.6 and regarding the possible situ-
ations that can be encountered in the analysis of systems in the form (2.12),
may now clarify the analysis of a Filippov system, see [32, 46, 51, 57]. The
dynamical system is described by the two subspaces V±

V− = {y ∈ Rn : h(y) < 0} ,
V+ = {y ∈ Rn : h(y) > 0} ,

while the switching manifold is identified by the function h(y), so that

Σ = {y ∈ Rn : h(y) = 0} .

The switching manifold is always supposed to be sufficiently smooth to
be able to define a local unit normal vector, such that

n(y) =
∇h((y))

||∇h((y))|| .
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V−

V+

Σ

Σc

Σ+
s

Σ−
s

Figure 2.6: Partition of the switching manifold Σ in different parts, on the basis
of the crossing or sliding properties. The orbits approaching the sub-
space Σc (red) cross the manifold, since the signs of the projections
onto the normal to switching surface of the orbital velocity calculated
in the discontinuity are the same, both for the negative and positive
system. The orbits approaching Σ+

s (blue) produce an attractive slid-
ing, since all the trajectories are directed towards the manifold. On
the contrary, the orbits approaching Σ−

s (yellow) tends to evolve far
from the switching manifold, in opposite directions, so this subspace
is repulsive.

The behaviour of the dynamical system on the switching manifold is de-
scribed by the quantity

b(y) =
(
n(y) · f−(y)

) (
n(y) · f+(y)

)
=
(
nTf−

)(
nTf+

)
,

and in particular the following classification of the points of the switching
manifold can be performed:

i) crossing: this subspace Σc is composed of all the points of the switch-
ing manifold for which the orbit that approaches these points simply
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crosses the hypersurface describing the discontinuity, i.e.

Σc =
{
y ∈ Σ : b(y) =

(
nTf−

)(
nTf+

)
> 0
}

;

ii) sliding: this subspace Σs is composed of all the points of the switch-
ing manifold for which the orbit "slides" on hypersurface describing
the discontinuity, i.e.

Σs =
{
y ∈ Σ : b(y) =

(
nTf−

)(
nTf+

)
< 0
}

;

This case can be further classified on the basis of the sign of nTf−

(or nTf+) as
Σ−s =

{
y ∈ Σs : nTf− < 0

}
Σ+
s =

{
y ∈ Σs : nTf− > 0

}
and, in particular, for the points belonging to Σ−s (Σ+

s ), the slid-
ing motion is called repulsive (attractive). In fact, the orbits near the
points of Σ+

s are directed toward the switching manifold, so they are
"trapped" and forced to remain on the discontinuity until they pos-
sibly reach a point of the switching manifold in which the orbits can
leave Σ (e.g. the crossing points of Σc). On the contrary, as for the
orbits that approach the points of Σ−s , they are directed away from
the hypersurface Σ and tend to evolve far from the discontinuity, so
this part of the switching manifold is repulsive.

Let’s note that, in case of sliding, the flow in Σs is described by a dif-
ferential equation ẏ = f0(y), whose vector field f0 can be determined
by the so-called Filippov’s extension. First of all, the differential inclu-
sion (2.13) is fulfilled in the points of the switching manifold, hence in Σs

the set-valued function F (y) is assumed to be equal to the convex hull
co
{
f−(y),f+(y)

}
. The vector field f0 is an element of the convex hull

f0(y) = (1− q)f− + qf+,

for a specific value of the parameter q ∈ [0, 1]. This special value can be
computed, observing that the evolution on the switching manifold must
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2.2. Non-smooth dynamical systems

be tangent to the discontinuity hypersurface, thus the vector field must be
orthogonal to the unit vector normal to the switching manifold, so that

f0(y) · n(y) = 0.

The value of the parameter q can now be calculated as

f0(y) · n(y) = (1− q)f− · n+ qf+ · n = 0,

leading to

q = − f− · n
(f+ − f−) · n . (2.14)

Finally, see [32, 52, 57], the equations of motion can be deduced substitut-
ing the value of q in (2.14) into the expression of f0, leading to the differ-
ential equation

ẏ =
(f+ · n)f− − (f− · n)f+

(f+ − f−) · n . (2.15)

For a generic non-smooth problem, the switching manifold Σ can be
decomposed in its crossing and sliding parts, Σc and Σs respectively, so
the definition of the vector field f± allows the explicit determination of
the switching properties of the discontinuity.

Particular solutions of non-smooth dynamical systems like (2.11) are
equilibrium points, that can be located in different parts of the phase
space, namely inside the subspaces Vi or exactly on the switching man-
ifolds Σij .

In the literature dealing with non-smooth dynamics, many examples
have been provided concerning internal and boundary equilibria and all
the implications and different behaviours that this kind of system shows
in the evolution of the motion, see [33, 62, 63, 80]. Moreover, an inter-
esting part of the analysis of these discontinuous systems is the determi-
nation of bifurcation points, leading to a wide range of different possible
behaviours. The classification of all possible bifurcations and equilibrium
configuration is beyond the scope of this Thesis and will be neglected,
since the theoretical concepts introduced above are only functional to the
analysis of a specific mechanical problem that will be introduced in the
next Chapter 3.
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2. Introduction to smooth and non-smooth dynamics

As a final remark, the theoretical aspects treated in this Section are use-
ful to understand the analysis that will be performed in the next Chapters.
The topic of this Thesis is only a simplified version of a Filippov dynamical
system, since we will demonstrate that, for the problem analysed below,
only crossing conditions can be present, so all the complicated features of
the Filippov system involving differential inclusions could in principle be
discarded. However, the explanation given above shows the theoretical
background and the complete framework in which this problem can be
considered.

2.2.4 The reference mechanical system and the presence of in-
variant sets

The aim of this Thesis is the definition of an instability criterion for
piecewise-smooth mechanical systems that can be written in the form

ẏ(t) =

{
f−(y) y ∈ V−

f+(y) y ∈ V+
. (2.16)

No well-known criteria can be adopted for non-smooth structures, so
the only way to understand the behaviour of a discontinuous system is
through the investigation of the presence of particular invariant sets in the
phase space. If an invariant set with given instability properties is suc-
cessfully detected for a given combination of design parameters, then the
behaviour of the system (at least near the invariant manifold) is known
and some qualitative results for the entire system can be extracted.

The analysis of the mechanical structure that will be presented in
Chapter 3 is based on the identification of a particular kind of invariant
set, called invariant cone, see [14, 16, 51, 52, 86]. The mathematical descrip-
tion of an invariant cone will be investigated extensively in Chapter 4,
however, a conceptual and intuitive interpretation of this invariant mani-
fold will be given now, to better understand the notions of Poincaré maps
and attractivity that will be analysed in the Sections below.

An invariant cone is a non-smooth Rn−1 manifold embedded in the Rn
phase space. The tip of this multidimensional cone is located in the origin,
which is also the equilibrium point, exactly on the discontinuity between
the subspaces V± in which the phase space can be partitioned, hence the
analysed invariant cone is composed by two different parts.
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2.2. Non-smooth dynamical systems

If an asymptotically stable invariant cone exists, then the orbits laying
on it may present three different configurations, see Figure 2.7:

• the trajectories on the invariant manifold evolve in time proceeding
toward the tip of the cone in a sort of spiralling path;

• the trajectories on the invariant manifold evolve in time proceeding
far from the tip of the cone in a sort of spiralling path, thus the origin
can be considered an unstable fixed point;

• the trajectories are periodic and the orbits on the cone are closed;

The investigation on the stability of the equilibrium point located on
the tip of the invariant cone is then reduced to the analysis of the presence
of this kind of invariant manifold and on its attractivity.

ei

OΣ

V+V−

(a) unstable invariant cone

ei

OΣ

V+V−

(b) periodic orbits

ei

OΣ

V+V−

(c) stable invariant cone

Figure 2.7: Conceptual sketch of piecewise invariant cones in a 3D phase space.
The cone is composed of two parts, each of them embedded in the
positive and negative subdomain V±, divided by the switching mani-
fold Σ. The family of the orbits belonging to the invariant cone may
i) spiral out from the tip of the cone (Fig. 2.7a), ii) spiral in toward
the vertex (Fig. 2.7c) or iii) be composed of periodic orbits (Fig. 2.7b).
These different cases reveal a precise stability behaviour of the equi-
librium configuration, which is located at the tip of the cone.

For this purpose, some theoretical tools must be introduced for the
analysis of solutions more complicated than fixed points, for instance, pe-
riodic orbits. The investigation on the attractivity of a smooth or non-
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2. Introduction to smooth and non-smooth dynamics

smooth invariant set can be performed considering the behaviour of per-
turbed solutions near a particular reference one that belongs to the given
invariant manifold. This kind of analysis can essentially be carried out in
two ways:

• the continuous-time approach, where a linearisation of the differential
equations (2.3) near a given solution of the autonomous system is
performed, introducing a perturbation in the initial conditions, see
[57];

• the discrete-time approach, where a Poincaré map is introduced, see
Section 2.2.5, and in particular the Jacobian matrix of the Poincaré
map is analysed, to understand the influence of a small perturbation
in the initial conditions, see [51, 86];

Both strategies can successfully be used to define the attractivity of a cone,
however, in Chapter 4, the first approach has been adopted, since easier
computations can be performed, with respect to the second method.

2.2.5 Poincaré maps for the identification of invariant sets

A Poincaré map is a useful theoretical tool for the analysis of solutions
of autonomous dynamical systems which are more complex than fixed
points. It will be defined for a smooth system, see[54, 74, 88], and then this
idea will be extended for the analysis of non-smooth ones.

Let’s consider the autonomous dynamical system (2.3) and let’s sup-
pose that there exists a limit cycle L in the Rn phase space, passing
through a given point y∗. Let’s consider a (n−1)-dimensional hyperplane
Σ, called Poincaré section, which is transversal to the limit cycle in the point
y∗. The orbit of the cycle L , emanating from y∗, "hits" the cross-section Σ
in the point y∗, after one period T .

Due to the continuity of the solution ϕt(y) with respect to the initial
conditions, there exists a sufficiently small neighbourhood U ⊂ Σ of y∗,
for which the orbits with initial conditions y ∈ U hit the cross-section in
another neighbourhood V ⊂ Σ, in approximately one period T . Hence,
the flow ϕt(y) and the hyperplane Σ define a map P from a neighbour-
hood of y∗ to another neighbourhood of y∗.
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Σ

ŷ1

ŷ2

y1
y2

y3

y∗ ≡ P (y∗)

L

y

P (y)

ỹ

P (ỹ)

Figure 2.8: Sketch of a Poincaré map in a 3D phase space. The black closed orbit
L intersects the Poincaré section Σ in a single point y∗. The generic
points y, ỹ ∈ Σ are mapped to the plane itself through orbits obtained
as perturbations from the reference periodic solution L . The points
of the Poincaré map P can be defined in a global reference frame
Oy1y2y3, as well as in a local one defined on the section Σ, namely
Oŷ1ŷ2.

Definition 33 (see [54]). The map P : Σ → Σ that maps the points of the
hyperplane onto itself, following the flow ϕt, is called the Poincaré map
associated with the limit cycle L .

Due to the definition of Poincaré section, the continuous-time dynam-
ical system described by the flow ϕt is transformed into a discrete-time
dynamical system through the map

P : Σ→ Σ, yk+1 = P (yk), yk ∈ Σ,

so that the motion is fully described by the sequence of points {yk}∞k=1

belonging to the cross-section Σ. In this approach the time variable t be-
comes unnecessary and it can be substituted in the flow ϕt by the crossing
time tk = t(yk), which is assumed as a function of the initial point of the
Poincaré map.

Although the Poincaré map is uniquely defined from a theoretical
point of view, the mathematical description of the map can be given in dif-
ferent ways. In fact, the mapped points can be thought as n-dimensional
points that belong to a particular (n − 1)-dimensional subset Σ of the en-
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2. Introduction to smooth and non-smooth dynamics

tire phase space, or equivalently as (n − 1)-dimensional points defined in
a local description of the Poincaré section, namely,

ŷ 7→ P (ŷ),

where the vector ŷ ∈ Σ ⊂ Rn−1 has been introduced as the restriction
of y onto the Poincaré section, see [57]. In the following Chapters, with
abuse of notation, when the concept of Poincaré map will be used from a
theoretical perspective, in both cases the Poincaré maps will be denoted
by P , since the concept of Poincaré map is general and valid for any local
description of the (n−1)-manifold of the Poincaré section. However, when
the distinction between the two mathematical representations is necessary
to fully understand the implementation of this theoretical tool and all the
computations, a superimposed hat P̂ is used to represent a generic point
in the local (n− 1)−dimensional reference frame on Σ.

Moreover, one must note that the Poincaré map is locally defined, near
the point y∗ of the limit cycle L . Thus, the well-definiteness of the map
from any point of Σ is not guaranteed a priori, since the flow ϕt(y0), in
principle, could not intersect the Poincaré section. The above definition
of Poincaré map can be particularised in order to investigate the cases in
which the cross-section Σ is defined in a Euclidean space, where the closed
orbit L emanating from y∗ could in principle intersect the Poincaré sec-
tion more than once. The cross-section divides the Euclidean phase space
into two different subspaces and the Poincaré maps for the two subspaces
are called P ′ and P ′′, respectively.

If k intersections 4 can be found between the reference limit cycle and
the Poincaré section in a period T , then the Poincaré map after k intersec-
tions can be computed as

P = P̃ ◦ · · · ◦ P̃︸ ︷︷ ︸
k/2 times

,

where the operator ‘◦’ is intended as the composition of functions and
P̃ = P ′′ ◦ P ′, assuming, without loss of generality, that the Poincaré map

4in this representation, k is always considered as an even number, since we are referring
to all the intersections (between the given orbit and the cross-section) that follow the initial
point y∗ in the evolution of the trajectory within the period T , discarding the initial point
y∗; the number of intersections k could be odd only when the orbit is tangential to the
section in a crossing point, but, for the sake of simplicity, this case is neglected in the
considered representation of the composition of Poincaré maps.
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of the first system in which the orbit enters is P ′. This practical consid-
erations will be useful in further calculations, in order to understand the
composition of halfmaps for piecewise-smooth dynamical systems.

The Poincaré maps are generally introduced in order to better rep-
resent and analyse the solutions of dynamical systems with limit cycles
or other invariant sets that are more complicated than fixed points. For
instance, a limit cycle for the flow ϕt corresponds to a fixed point y∗ of
the Poincaré map P , as we have already seen from the definitions above.
Moreover, an higher order invariant set, e.g. an invariant 2-torus (obtained
by a 2-periodic solution of the dynamical system) can be described by the
intersection of the 2-torus and the (n − 1)-hyperplane Σ, hence the point
of the map lies on a set of 1-dimensional curves on the Poincaré section.
In general, a k-dimensional invariant set in the continuous-time flow ϕt is
described by one or more (k − 1)-dimensional invariant tori in Σ, by the
Poincaré map P , see [74].

Regularity properties can be derived for Poincaré maps, e.g. P is con-
tinuous and differentiable if the vector field f is transversal to Σ at the
points y and P (y). However, the benefits of the reduction in the dimen-
sion of the invariant sets describing the motion of the dynamical system
are often cancelled out by the fact that the explicit definition of the Poin-
caré map is not trivial and it is not easy to use in practical applications.

The concept of Poincaré map can easily be extended to the case of non-
smooth dynamics, see [42, 51, 52, 86, 87], in order to determine the be-
haviour of discontinuous systems and to detect possible invariant sets.
The fundamental assumption that supports the analysis of the piecewise
systems like (2.16) is that the Poincaré section is assumed to coincide with
the switching manifold Σ, between the two subspaces V− and V+ in which
the phase space is partitioned. With this assumption, the Poincaré map
simply becomes the composition of a series of Poincaré halfmaps valid for
each subsystem, P−(ŷ) and P+(ŷ) for the subspace (−) and (+) respec-
tively, such that

P = · · · ◦ P+ ◦ P− ◦ · · · ◦ P− ◦ P+ ◦ P−, (2.17)

where it has been assumed that, without loss of generality, the first half-
map to be applied is the negative one P−. The discrete map (2.17), be-
tween the points belonging to the switching manifold, substitutes the in-
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vestigation of the continuous-time orbits of the dynamical systems. More-
over, specific invariant sets can be defined only considering the points of
the Poincaré map, imposing a particular "rule" for the discrete transition
from a point to another one.

For instance, as will be described in details in Chapters 4, the invariant
cones introduced in Section 2.2.4 can be defined as particular invariant
sets, described by the points n̂ ∈ Σ, such that P (n̂) = µn̂, where µ ∈ R+.
The definition of an invariant set using a Poincaré map can be generally
simpler, since the conditions that must be imposed are restricted only on
those points belonging to the Poincaré section, therefore the behaviour
of the entire system is condensed in the evolution of specific points of a
discrete map.

2.2.6 Attractivity of an invariant set: monodromy matrix and Flo-
quet multipliers

An important feature of an invariant set is the attractivity, the property
that allows to predict the behaviour of the system with initial conditions
located in the neighbourhood of the considered invariant manifold. The
attractivity of a nonsmooth invariant set can be studied extending the con-
cept of monodromy matrix and Poincaré maps that are generally defined
for a smooth system, see [57]. In this paragraph, these analytical tools will
be described.

Let’s consider the first order ODEs (2.3) describing an autonomous dy-
namical system, together with a reference known solution ỹ(t) of this set
of differential equations, with initial condition ỹ0, such that

˙̃y(t) = f(ỹ(t)), (2.18)

for all t.
The perturbed solution near the reference orbit, depicted in Figure 2.9,

can be expressed by ỹ(t) + δy(t), and it also fulfils the same differential
equation (2.3), hence

(ỹ(t) + δy(t))· = f(ỹ(t) + δy(t)), (2.19)

with the perturbed initial conditions ỹ0+δy0. The right-hand-side of equa-
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ỹ0

ỹ(t)

ỹ0 + δy0

ỹ(t) + δy(t)

δy0

δy(t)

Figure 2.9: Perturbation of a general solution of a smooth dynamical system. A
small perturbation δy0 is given to the initial conditions of the refer-
ence solution ỹ(t), defining a perturbed one ỹ(t) + δy(t), that evolves
in time. The perturbation from the reference orbit at a given time t is
described by the vector δy(t).

tion (2.19) can be expanded in Taylor series as

(ỹ(t) + δy(t))· = ˙̃y + ˙δy = f(ỹ(t) + δy(t)) = f(ỹ) +
∂f

∂y
(ỹ)δy +H.O.T.

which can be rewritten, using equation (2.18) and neglecting the higher
order terms, as a linear relation in the perturbation, namely

˙δy(t) =
∂f

∂y
(ỹ) δy(t),

together with the incremental initial conditions δy(t0) = δy0. This differ-
ential equation in the increment δy can generally be solved as a function
of the incremental initial conditions, obtaining

δy(t) = Φ(t, t0, ỹ0)δy0,

where Φ(t, t0, ỹ0) is called fundamental solution matrix and describes the
evolution in time of the perturbation of a given reference solution. Let’s
note that for autonomous systems the fundamental solution matrix does
not depends on the initial time t0. For a linear autonomous system f(y) =
Ay the form of the fundamental solution matrix is well-known and it can
be computed as

Φ(t, ỹ0) = eAt,
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2. Introduction to smooth and non-smooth dynamics

since the perturbation and the solution of a linear system fulfil the same
linear relation.

Definition 34 (see [57]). For a T -periodic reference solution of an au-
tonomous system, the fundamental solution matrix calculated at time T ,
namely,

ΦT = Φ(T, ỹ0),

is called monodromy matrix.

ỹ0

ỹ0 + δy0

ỹ(T ) + δy(T )
δy0

δy(T ) = ΦT δy0

Figure 2.10: Perturbation of a periodic orbit. A small perturbation δy0 is given to
the initial conditions ỹ0, from which a periodic solution originates.
The monodromy matrix ΦT applied to the initial perturbation allows
the computation of the perturbed solution after a period T .

The monodromy matrix plays an important role in the description of
a periodic system, since the evolution of the perturbations in the neigh-
bourhood of the given reference periodic solution after the k-th cycle can
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be expressed by the composition of k monodromy matrices

δy(kT ) = ΦTΦTΦT · · ·ΦT︸ ︷︷ ︸
k−times

δy0 = Φk
T δy0. (2.20)

Moreover, the monodromy matrix can also be diagonalized as ΦT =
UΛU−1, so the evolution of the perturbations as functions of time is de-
scribed by

δy(kT ) = UΛkU−1δy0. (2.21)

Definition 35 (see [57]). The eigenvalues of the monodromy matrix ΦT

are called Floquet multipliers.

If the modulus of all the Floquet multipliers is lower than 1, the per-
turbation decays when t → +∞, i.e. the reference periodic solution is
asymptotically stable and the perturbed solution approaches the reference
one (the orbit is attractive). On the contrary, when at least one eigenvalue
of the monodromy matrix has a modulus greater than 1, the perturbation
grows up and the reference periodic solution is unstable.

One must note that for an autonomous system (actually the definitions
above are more general and hold true also for non autonomous one), the
vector field f(ỹ0) calculated at the initial time is always an eigenvector
of the monodromy matrix and the associated eigenvalue is equal to 1.
This result comes from the fact that, when an initial perturbation is cho-
sen exactly as the vector field f0, the initial condition still remains on
the reference solution, since the initial point is simply shifted along the
reference orbit in a point different from ỹ0. This choice of initial con-
ditions leads to the equivalence of perturbed and reference solution, in
case of autonomous system. Moreover, due to the periodicity of the refer-
ence solution, the perturbation after one period must be the same, hence
f0 = ΦTf0, which implies that f0 is an eigenvector of ΦT , with the as-
sociated eigenvalue equal to 1. Furthermore, since one of the eigenvalues
is always equal to 1, for an autonomous dynamical system the stability
properties are defined by the other n− 1 Floquet multipliers.

The concept of monodromy matrix and Floquet multipliers can be gen-
eralised and extended to the case of piecewise-smooth systems, like (2.16).
The linearisation of the right-hand side of the equations of motion is not a
problem for a smooth system, however, the presence of the switching ma-
nifold for piecewise systems introduces some difficulties in the definition
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of the perturbed solution, that must carefully be understood and consid-
ered.

Due to the presence of the discontinuity, there could be in principle a
finite time interval δtp in which the reference solution and the perturbed
one may belong to a different subspace V±. This fact would lead to an
incorrect definition of the evolution in time of the perturbation δy(t), since
essentially the linearisation of the vector field f± would be performed in
the wrong subspace.

This problem is overcome with the introduction of the so-called salta-
tion matrix S, which essentially describes how the perturbation of the
given solution evolves in the infinitesimal time interval when the orbit
crosses the switching manifold.

V− V+

Σ ei

f−
p

f+
p

ỹ0
ỹ(t)

ỹ0 + δy0 ỹ(t) + δy(t)

δy0
δy(t)

δy−p
δy+p

ỹ(tp)

y(t̄p)

ỹ(t̄p)

y(tp)

Figure 2.11: Evolution of the reference solution ỹ(t) and of a perturbed one
ỹ(t) + δy(t), for autonomous piecewise systems described by two
subdomains V±. Due to the time delay t̄p − tp between the intersec-
tions of the two solutions with the switching manifold, a saltation
matrix S± must be introduced, for the correct computation of the
evolution of the perturbation in time.

As can be seen in Figure 2.11, let’s suppose, without loss of generality,
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that the reference solution ỹ(t), with initial conditions ỹ(0) = ỹ0 located in
the negative subspace V−, crosses the switching manifold at time tp, while
a perturbed solution y(t), with initial conditions y(0) = ỹ0 + δy0 still in
the negative subspace, crosses the manifold Σ at time t̄p. The time interval
δtp is the time delay in which the two orbits are in two different subspaces.

Let’s now define the perturbations δy−p and δy+
p as

δy−p = y(tp)− ỹ(tp) δy+
p = y(t̄p)− ỹ(t̄p), (2.22)

which are the perturbation vectors from the reference solution, calculated
at tp and t̄p, respectively. The main purpose is now the definition of the
relation between the perturbations δy−p and δy+

p .
The reference solution at time t̄p = tp + δtp can be written in Taylor

expansion, truncated to the first order terms, as

ỹ(t̄p) = ỹ(tp + δtp) ≈ ỹ(tp) + ˙̃y(tp)δtp = ỹ(tp) + f+
p δtp, (2.23)

where ˙̃y(tp) = f+(tp) = f+
p , because the reference solution is assumed

to enter in the positive subspace V+. Analogously, the perturbed solution
can be expanded as

y(t̄p) = y(tp + δtp) ≈ y(tp) + ẏ(tp)δtp = y(tp) + f−p δtp, (2.24)

where ẏ(tp) = f−(tp) = f−p , since the perturbed solution is still in the
negative subsystem V− at time tp. Substituting the first definition of (2.22)
into (2.24), the latter becomes

y(t̄p) ≈ ỹ(tp) + δy−p + f−p δtp. (2.25)

The link between the perturbations can now be written, according to
(2.22), (2.23), and (2.25), as

δy+
p = δy−p + (f−p − f+

p )δtp, (2.26)

where the time delay δtp can be calculated from the switching condition.
Let’s suppose that the switching manifold can be described by a condition
in the form

y(t) ∈ Σ ⇐⇒ h(y(t)) = 0, (2.27)
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where a smooth function h : Rn → R has been introduced. This definition
of the constraint implies that h(y(t̄p)) = 0 is fulfilled, while its left-hand-
side can be approximated, according to (2.25), with a Taylor expansion as

h(y(t̄p)) = h(ỹ(tp)+δy−p +f−p δtp) ≈ h(ỹ(tp))+
∂h

∂y
(y(tp))·(δy−p +f−p δtp),

where ∂h
∂y (y(tp)) = n(y(tp)) is the gradient of the switching condition,

which is the normal vector to the surface, when the switching manifold is
an hyperplane. Moreover, recalling that also h(ỹ(tp)) = 0, the following
relation holds

h(y(t̄p)) ≈ nT(δy−p + f−p δtp) = 0,

thus the time delay can be calculated as

δtp = −
nTδy−p
nTf−p

, (2.28)

where the scalar product has been substituted by the equivalent operation
of the product between two vectors, with the introduction of the transpo-
sition.

The relation between the perturbations can now be written, substitut-
ing (2.28) into (2.26), as

δy+
p = δy−p +

f+
p − f−p
nTf−p

nTδy−p =

[
I +

(f+
p − f−p )nT

nTf−p

]
δy−p = S−δy−p ,

where I is the identity matrix, while the saltation matrix

S− = I +
(f+

p − f−p )nT

nTf−p
(2.29)

has been finally introduced, linking the perturbations at the switching
time tp. Let’s note that the saltation matrix (2.29) allows the definition
of the perturbation in the new subsystem V+, given the perturbation ex-
pressed in the old subspace V−, thus it defines the new perturbation after
the crossing of the fundamental orbit. The opposite relation is obviously
defined by the inverse of the saltation matrix, which can be calculated as

(S−)−1 = I +
(f−p − f+

p )nT

nTf+
p

.
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The complete evolution of the perturbed solution can now be calcu-
lated in three steps:

• for t ∈ [t0, tp], the reference and perturbed solutions both live in the
same subsystem V−, so the perturbation can be computed as

δy(t) = Φ(t, t0, ỹ0)δy0;

• for t ∈ (tp, t
+
p ], the crossing of the reference orbit from V− to V+

occurs, in an infinitesimal time interval, hence the reference and per-
turbed solutions are in different subspaces; the perturbation just af-
ter the crossing at time t+p can be calculated using the above defini-
tion of saltation matrix, assuming that t̄p → t+p for a small perturba-
tion, hence

δy(t+p ) = S−δy(tp) = S−Φ(tp, t0, ỹ0)δy0;

• for t ∈ (t+p , tq], where tq is the time in which a new crossing appears
in the solution, the reference and perturbed solution both live in the
same subsystem V+, so the perturbation can be computed as

δy(t) = Φ(t, t+p ,y(t+p ))δy(t+p ) = Φ(t, t+p ,y(t+p ))S−Φ(tp, t0, ỹ0)δy0.

This three-step process can then be replicated for further intersections
of the fundamental orbit with the switching manifold, so the perturbation
of the reference solution is obtained by the composition of the proper fun-
damental solution matrices and saltation matrices.

The hypothesis on the location of the initial condition ỹ0 in the nega-
tive subspace is obviously not important in the above calculations, and
when the trajectories passes from V+ to V−, the inverted link δy−p =
S+δy+

p can be obtained, with the new saltation matrix

S+ = I +
(f−p − f+

p )nT

nTf+
p

, (2.30)

which is equal to the inverse (S−)−1.
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The concept of monodromy matrix can then be extended for a non-
smooth mechanical system, when the solution is periodic. It can be com-
puted from the fundamental solution matrices, analysing all the intersec-
tions of the reference orbit with the switching manifold from the initial
condition to the final time T (when the orbit becomes periodic), yielding
to

ΦT = Φ(T − tk, tk,y(tk))S
(k)Φ(tk − tk−1, tk−1,y(tk−1))S(k−1) · · ·

· · ·S(1)Φ(t1 − t0, t0,y(t0), (2.31)

where it has been assumed that the system shows k intersections in the
time interval t ∈ [t0, T ] at times {t1, t2, . . . , tk}, with the associated salta-
tion matrices S(1),S(2), . . . ,S(k).

Analogously to the smooth case, the evolution of the perturbation of
a periodic non-smooth dynamical system can be described by (2.20) and
diagonalised as in (2.21), so the same assertions on the Floquet multipli-
ers can be performed and a non-smooth orbit can be considered asymp-
totically stable if the modulus of all the eigenvalues of the monodromy
matrix is lower than 1, otherwise, the non-smooth solution is considered
unstable.

2.2.7 Attractivity of an invariant set: Jacobian matrix of the Po-
incaré maps

In Section 2.2.5 the concept of Poincaré map has been introduced, in order
to detect an invariant set in the phase space, thus a family of fundamental
reference solutions, whose stability and attractivity can be define on the
basis of the techniques described in Section 2.2.6.

However, the Poincaré maps can also be adopted to study the attrac-
tivity of the solutions and, in particular, the analysis reduces to the compu-
tation of the eigenvalues of the Jacobian matrix of the Poincaré map, that
are strictly connected to the Floquet multipliers. In Chapters 4, the Flo-
quet multiplier approach will be adopted in the analysis of the attractivity
of the invariant cones, however, the present Section must be considered
as a possible alternative and a conceptual sketch through which the link
between the continuous-time system and the related Poincaré map can be
specified, see [51, 57, 74, 87].
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V− V+

Σ
ei

yi

yi+2

yi + δyi

yi+1 + δyi+1 = y(tp + δtp)

yi+2 + δyi+2

δyi

δyi+1 = ∂P−
∂y (yi)δyi

δyi+2 = ∂P+

∂y (yi+1)δyi+1

ỹ(t)

ỹ(t)

y(t) y(t)

yi+1 = ỹ(tp)

Figure 2.12: Evolution of the reference solution ỹ(t) and of a perturbed one
y(t), for autonomous piecewise systems described by two subdo-
mains V±. The description of the evolution of the system is ob-
tained by a composition of Poincaré halfmaps P±, in particular the
map yi → yi+1 → yi+2 → · · · for the reference solution and
yi+δyi → yi+1+δyi+1 → yi+2+δyi+2 → · · · for the perturbed one.
The behaviour of the perturbations of the Poincaré maps is described
by the Jacobian matrix of the Poincaré map.

Before the determination of the Jacobian matrix of the Poincaré map,
one must focus on the deep meaning of this discrete map: the continuous
flow ϕt(y0) of the dynamical system as (2.3) is transformed into a discrete
map yi+1 = P (yi) between points of the phase space that belong to a
given manifold Σ. Moreover, in the method studied in Section 2.2.6, the
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2. Introduction to smooth and non-smooth dynamics

initial condition of the flow is located in a generic point of the phase space
and all the considered perturbations (both the initial one δy0 and the δy±

in the crossing points) have generic directions. On the contrary, in the
approach presented below, all the perturbations are assumed to be vectors
belonging to the Poincaré section Σ. This difference in the perturbation
location is the key feature that distinguishes the following method from
the one exposed in Section 2.2.6, leading to different final formulas.

Furthermore, the Jacobian matrix is initially derived for the points be-
longing to the Poincaré section, thought as points of the phase space Rn,
because some interesting results, already seen in Section 2.2.6, can be ex-
tended and used below. Then, a further restriction to a local reference
system of the (n− 1)-manifold Σ is performed, see [57]. Let’s note that the
presence of the cross-section Σ, both for smooth and non-smooth systems
in the general formulation of a Poincaré map, can yield the same analy-
sis performed in Section 2.2.6 for non-smooth systems. In particular, the
time delay due to the switching between the two subspaces analysed in
the previous Section is analogous, from the mathematical point of view,
to the time delay that will be calculated below between the reference and
perturbed map.

Let’s consider a given reference solution described by the Poincaré
map

yi+1 = P (yi), (2.32)

defined on the hypersurface Σ described by the condition h(y) = 0, where
we have introduced a regular parametrisation h describing the Poincaré
section, analogously to what have been done in definition (2.27).

When a perturbation of the initial point δyi belonging to the Poincaré
section Σ is considered, the perturbed point of the discrete Poincaré map
can be written as

yi+1 + δyi+1 = P (yi + δyi) = P (yi) +
∂P

∂y
(yi)δyi + H.O.T.

where a Taylor expansion of the Poincaré map has been performed. Ne-
glecting the higher order terms and applying the definition (2.32), the per-
turbation in the mapped point can be expressed as

δyi+1 =
∂P

∂y
(yi)δyi, (2.33)
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where ∂P (yi)/∂y is the Jacobian matrix of the Poincaré map, calculated
in the reference point yi. This Jacobian matrix plays essentially the same
role of the fundamental solution matrix, but in this case both the initial δyi
and final δyi+1 increments belong to Σ.

One must note that the Poincaré map is obtained from the continuous
flow considering the time parameter as a function of the point itself, i.e.
P (yi) = ϕt(yi)(yi). For this reason, there is a time delay δtp between time
tp = t(yi) in which the reference orbit crosses the Poincaré section and
time t̄p = t(yi + δyi) which is necessary, for the perturbed trajectory, to
reach in a new intersection point the manifold Σ. 5

The perturbation δyi+1 can be computed as

δyi+1 = y(t̄p)− ỹ(tp) = y(tp + δtp)− ỹ(tp), (2.34)

where in analogy to what have been done in Section 2.2.6, ỹ(t) is the
fundamental solution and y(t) is the perturbed one, emanating from the
points on the Poincaré section yi and yi + δyi, respectively.

The right-hand-side of relation (2.34) can be approximated with a Tay-
lor expansion, leading to

δyi+1 = y(tp) + ẏ(tp)δtp − ỹ(tp) = y(tp)− ỹ(tp) + fpδtp = δy−p + fpδtp,
(2.35)

where δy−p = y(tp)−ỹ(tp) has been introduced in analogy with the deriva-
tion performed in Section 2.2.6, representing the perturbation computed at
the crossing time tp of the reference orbit, while fp = f(tp) is the vector
field calculated at the time in which the fundamental solution reaches the
Poincaré section. Let’s note that this calculation is valid both for smooth
and non-smooth systems, hence the location of the vector field in the sub-
space has not been specified with any superscript ‘±’.

Since for non-smooth system the Poincaré section coincides with the
switching manifold, one may wonder if the vector field fp at the crossing
time is well-defined, and the answer is positive: in non-smooth cases, the
Poincaré map is considered as a composition of a given number of Poin-
caré halfmaps, so the vector field fp is chosen on the basis of what is the
considered halfmap.

5The same notation for the time interval of Section 2.2.6 has been adopted, to underline
the strict analogy of the two methods.
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A saltation matrix has been introduced in Section 2.2.6, to deal with
the time delay in which the fundamental and perturbed solutions live in
different subspaces. In the Poincaré map approach this is not necessary,
because the mapped points of the reference and perturbed orbits are both
on the switching manifold and they are obtained by halfmaps that are both
defined in the same subdomain V− or V+. However, a time delay is still
present, between the reference and perturbed map, which must be consid-
ered in the computations.

In particular, the time delay δtp can be calculated imposing that the
constraint h(y) = 0 must be fulfilled for the points that belong to the cross-
section Σ, see [51], in particular

h(yi+1 + δyi+1) = h(y(tp + δtp)) = 0,

that can be rewritten approximating the function h with a Taylor expan-
sion, considering only the first order terms, as

h(y(tp + δtp)) = h(y(tp) + fpδtp) = h(ỹ(tp) + δy−p + fpδtp) =

h(ỹ(tp)) +
∂h

∂y
(ỹ(tp)) ·

(
δy−p + fpδtp

)
= n(ỹ(tp))

T (δy−p + fpδtp
)

= 0,

where the gradient ∂h/∂y of the sufficiently smooth function h coincides
to the normal vector to the hypersurface Σ (which is obviously constant if
the cross section is a flat plane) and the scalar product has been substituted
by the transpose operation.

The time delay δtp can now be calculated as

δtp = −
nTδy−p
nTfp

,

identical to the expression (2.28), and it can be applied in (2.35), leading to

δyi+1 = δy−p −
fpn

T

nTfp
δy−p =

[
I − fpn

T

nTfp

]
δy−p ,

where I is the n× n identity matrix.
Moreover, the increment δy−p is well-defined from the continuous-time

flow, and can be written as a function of the initial perturbation δyi as

δy−p = Φ(tp, ti)δyi,
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where Φ(tp, ti) is the fundamental solution matrix of the perturbed prob-
lem, described in Section 2.2.6. Since the analogy between the monodromy
matrix and the Poincaré map approaches is now well understood, the flex-
ible notation denoting some quantities referred to the point yi+1 with the
subscpript p can now be changed to a more rigorous one, that better high-
light the link between the points yi and yi+1 of the Poincaré map.

The perturbation of the Poincaré map can now be written as

δyi+1 =

[
I − f i+1n

T
i+1

nT
i+1f i+1

]
Φ(ti+1, ti)δyi = D(i)Φ(ti+1, ti)δyi, (2.36)

where the matrix

D(i) = I − f i+1n
T
i+1

nT
i+1f i+1

has been introduced, that reveals an analogous structure to the saltation
matrix. A comparison between (2.33) and (2.36) leads to the final form of
the Jacobian matrix of the Poincaré map, see [57, 74],

∂P (yi)

∂y
=
∂yi+1

∂y
=

[
I − f i+1n

T
i+1

nT
i+1f i+1

]
Φ(ti+1, ti) = D(i)Φ(ti+1, ti). (2.37)

When a non-smooth dynamical system composed of two subspaces
V− and V+ is considered, the complete Poincaré map can be seen as a
composition of Poincaré halfmaps. In particular, if the reference solution
is T -periodic after m intersections with the switching manifold, the map
can be written as

ym = P (y0) = P (m) ◦ P (m−1) ◦ · · · ◦ P (1)y0,

while the evolution of the perturbation after m intersections is described
by the composition of the perturbations of all the Poincaré halfmaps,
namely

δym = D(m)Φ(tm, tm−1)D(m−1)Φ(tm−1, tm−2) · · ·

· · ·D(1)Φ(t1, t0)δy0 =
∂ym
∂y

δy0.
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Moreover, the evolution of the perturbed solution after kT periods can
be described, using the the Jacobian matrix ∂ym/∂y as

δy(kT ) =

(
∂ym
∂y

)k
δy0,

hence the Jacobian matrix ∂ym/∂y plays essentially the same role as the
monodromy matrix defined in equation (2.31) and it can be diagonalised
as performed in (2.21), evidencing the importance of the eigenvalues of the
Jacobian matrix of the Poincaré map to determine the stability behaviour
of the reference solution.

The Jacobian matrix of the Poincaré map has been derived using a for-
mulation in which the points of the maps are assumed to be vectors of
the phase space yi ∈ Rn, but the same map can be represented in a local
reference frame such that the points are ŷi ∈ Rn−1. The representation of
the Poincaré map in this latter formulation is better from a mathematical
point of view, since in this way the Jacobian matrix is not singular.

In order to pass from the global reference frame to the local one, de-
fined on the Poincaré section Σ, a change of coordinates ŷ = v(y) must be
introduced, where the function v : Rn → Rn−1 is assumed to be, without
loss of generality, a linear transformation ŷ = V Ty, where V T ∈ R(n−1)×n,
see [57]. Let’s note that this change of coordinates can be applied both
on the starting point of the map yi and on the target point yi+1 = P (yi),
because also the latter belongs to the Poincaré section and can be writ-
ten in the local reference frame, hence the relations P̂ (y) = V TP (y) and
P̂ (ŷ) = V TP (ŷ) hold.

Applying this change of coordinates together with the chain rule, the
Jacobian matrix of the Poincaré map, expressed in the global reference sys-
tem, can be transformed as follows

∂P (y)

∂y
=
∂P (y(ŷ))

∂ŷ

∂ŷ

∂y
=
∂P (ŷ)

∂ŷ
V T

and, assuming that V TV is not singular,

∂P (y)

∂y
=
∂P (ŷ)

∂ŷ
V T → ∂P (y)

∂y
V =

∂P (ŷ)

∂ŷ
V TV

→ ∂P (y)

∂y
V
(
V TV

)−1
=
∂P (ŷ)

∂ŷ
.
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The Jacobian of the Poincaré map expressed in the local reference
frame can be deduced form the last equation, hence

∂P̂ (ŷ)

∂ŷ
= V T∂P (ŷ)

∂ŷ
= V T∂P (y)

∂y
V
(
V TV

)−1
,

where ∂P (y)/∂y is known and can be calculated from expression (2.37).
Finally, the perturbations of a reference Poincaré map can be computed in
the local reference system, analogously to relation (2.33), as

δŷi+1 =
∂P̂

∂ŷ
(ŷi)δŷi.

As pointed out above, the Jacobian matrix of a Poincaré map for a T -
periodic system plays the same role of the monodromy matrix and also
in this case a relation analogous to (2.21) can be written, where the Jaco-
bian matrix can be diagonalised, so the eigenvalues of the Jacobian of the
Poincaré map are fundamental for the characterisation of the stability be-
haviour.

Theorem 4 ([41, 57, 74]). Let’s consider a T-periodic solution ỹ(t) of an au-
tonomous smooth dynamical system as (2.3). The spectrum of the (n−1)×(n−1)
Jacobian matrix of the Poincaré map ∂P̂ (ˆ̃y)/∂ŷ associated with the periodic so-
lution is {µ1, µ2, . . . , µn−2, µn−1}, while the spectrum of the n× n monodromy
matrix ΦT associated with the same solution is {µ1, µ2, . . . , µn−1, µn−1, 1}.

Hence, the difference between the spectra of the two matrices is the
presence, for the monodromy matrix, of the unitary eigenvalue µn = 1 as-
sociated with the eigenvector f(y0), that can always be found in a periodic
solution for any autonomous system.

This result can be extended to the case of a non-smooth dynamical
system, so the analysis of the attractivity can be performed using both the
method explained in the last two sections.

2.3 Conclusions

In this introductory Chapter, the mathematical framework of Analytical
Mechanics has been presented in detail in Section 2.1, where all classical
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topics for the mathematical investigation of smooth dynamical systems
have been shown. The concepts exposed above will be the basis of the
analysis performed in Chapter 3, where the behaviour of a specific refer-
ence mechanical structure will be considered.

The same topics are extended in Section 2.2, where some issues on the
analysis of discontinuous physical phenomena are introduced in Subsec-
tion 2.2.1. In Subsection 2.2.3, the general framework of Filippov theory
of ODEs with discontinuous right-hand-side has been investigated, while
the approach adopted in the analysis of the main topic of this Thesis is out-
lined in 2.2.4 and 2.2.5, where the concept of invariant cone is presented.
The final Subsections 2.2.6 and 2.2.7 will be very helpful in the analysis of
the attractivity of the invariant cones, in particular in Chapter 4.
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CHAPTER 3

A reference discontinuous
mechanical system

“Everything is more simple than one
thinks but at the same time more
complex than one can understand"

Johann Wolfgang von Goethe

“The fundamental cause of the trouble
is that in the modern world the stupid
are cocksure while the intelligent are
full of doubts"

Bertrand Russell

A reference example of piecewise-smooth mechanical systems is intro-
duced, which can be modelled by a set of discontinuous ODEs, following
the theoretical guidelines exposed in the previous Chapter 2.

The piecewise equations of motion of a special mechanical structure
with two degrees of freedom are obtained through the Principle of Virtual
Work, see [55]. In this mechanical system, the discontinuity originates
from the curvilinear profile that acts as a constraint in the structure, see
Figure 3.3, which reveals a jump in the curvature, in the physical point
where the equilibrium configuration is located. The case of a doubly circu-
lar profile is investigated, the stability behaviour of the equilibrium fixed
point is analysed for the single smooth subsystems that compose the entire
structure, with the techniques described in [8, 58, 90].
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The stability analysis for any 2 d.o.f. mechanical structure (neglect-
ing damping phenomena) is then performed, considering a Hamiltonian
formulation of the equation of motion [55].

3.1 Equations of motion of the smooth structure

3.1.1 Kinematic and static description of the structure

Let’s consider the structure depicted in Figure 3.1, composed of a rigid bar,
of mass density ρ and length l, which is constrained to move, without fric-
tion, along a smooth profile γ. In particular, one end of the rigid bar (the
point P ) is constrained to the profile by an elastic hinge with rotational
stiffness k2 and it is linked to a fixed point S, with a longitudinal linear
spring of stiffness k1. At the other end (the point L), the bar is loaded by a
follower force F , positive when tensile, with a constant modulus.

The main feature of a follower force is that it "follows" the motion of the
structure, so the direction of the force changes on the basis of the evolution
of the dynamical system. Moreover, a follower force is non-conservative,
so it cannot be associated with a scalar potential quantity. In this example,
the force F is always parallel to the axis of the rigid bar.

Let’s observe that the presence of damping is neglected in this physical
model, since the main purpose is now the definition of a simple discontin-
uous mechanical system that reveals a peculiar behaviour and that can be
solved analytically. However, further investigations can be performed and
a dissipative source can be considered, leading to a more complex problem
from a mathematical point of view.

In order to describe the geometry of the system and to introduce a
mathematical model for the evolution in time of the structure, a Cartesian
reference frame Oxy is considered, which is defined by a 2-dimensional
orthonormal basis composed of the unit vectors e1 and e2.

The structure has two degrees of freedom, hence the evolution in time
of this mechanical system can be modelled by two Lagrangian generalised
coordinates, which in this example are assumed to be, without loss of gen-
erality, the curvilinear coordinate ξ(t) along the profile γ and the angle
φ(t) between the rigid bar and the y-axis, positive if clockwise. The gener-
alised coordinates are assumed to be continuous functions of time, namely,
ξ : R→ R and φ : R→ R.
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k1 k2

ξ(t)

φ(t)
α(ξ)

α(ξ)

t(ξ)

F

L

L

S
O

P

e2

e1

γ
(x(ξ), y(ξ))

l, ρ

m(ξ)

F

R

r el

eφ

Figure 3.1: A 2 d.o.f. physical model for a mechanical structure composed of a
rigid bar of length l and mass density ρ, constrained to move on a
curved profile γ and subject to a follower force (positive when ten-
sile). One end of the bar is also constrained with a longitudinal and
rotational spring, with stiffness k1 and k2, respectively. The generic
point on the profile is parametrised by the arc length coordinate ξ,
which is also chosen as a Lagrangian generalised coordinate, together
with the angle φ.

As a notation remark, the number of degrees of freedom is intended
here as the number of generalised coordinates that describe the motion of
the system in the Lagrangian formulation. When the Hamiltonian formu-
lation will be introduced to model the evolution of these systems, they will
be referred to as 2 d.o.f. systems anyway, although in this case the phase
coordinates that completely define the motion are four.

The rigid profile γ along which the point P is constrained to move can
be parametrised by the curvilinear coordinate ξ, so that

γ :=
{
P = (x, y) ∈ R2 : x = x(ξ), y = y(ξ),∀ξ ∈ R

}
,
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and the tangent to the curve P ′(ξ), the unit tangent t(ξ), and the unit prin-
cipal normal n(ξ) at the generic point P (ξ) of the parametric curve can be
calculated as

P ′(ξ) = x′(ξ)e1 + y′(ξ)e2, t(ξ) =
P ′(ξ)
||P ′(ξ)|| , n(ξ) =

t′(ξ)
||t′(ξ)|| , (3.1)

where a dash ′ denotes differentiation with respect to ξ.
For any given parametrisation of the curve γ, the angle between the

tangent P ′ and the x-axis can easily be calculated as

α(ξ) = arctan
y′(ξ)
x′(ξ)

, (3.2)

furthermore it can be derived with respect to ξ, obtaining

α′(ξ) =
x′(ξ)y′′(ξ)− x′′(ξ)y′(ξ)

[x′(ξ)]2 + [y′(ξ)]2
.

The angle α, defined in (3.2), can be used to compute in an explicit form
the unit tangent t and the unit normalm, so that

t = cosα e1 + sinα e2, m = − sinα e1 + cosα e2,

where in general the unit vector m is different from the principal normal
n. In fact, m is obtained through an anticlockwise rotation of π/2 of t,
so that the unit vectors t and m always define a right-handed reference
frame on the parametrised curve, while the direction of n depends on the
sign of curvature. On the basis of these definitions, the derivative of the
angle can also be expressed as α′ = m · t′. Moreover, the signed curvature
of the profile is defined using the derivative of the aforementioned angle
as κ = α′/||P ′||. Note that if ξ is identified with the arc length of the profile
then ||P ′|| = 1 and α′ coincides with the signed curvature κ.

The kinematic description of the mechanical system has a simpler form
if an orthonormal reference frame attached to the rigid bar is introduced,
which is defined by the two unit vectors el and eφ, written with respect to
the global reference frame as

el = sinφ e1 + cosφ e2, eφ = cosφ e1 − sinφ e2.
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The time derivative of these vectors can be calculated as

ėl = φ̇ eφ, ėφ = −φ̇ el,

where a superimposed dot denotes the derivative of any function with
respect to time.

The positions of the end points P and L of the rigid bar, as well as
the location of a generic point R on the bar at distance r from P , can be
defined as

P = x(ξ) e1 + y(ξ) e2 +O, L = lel + P , R = r el + P ,

where R(r = 0) = P and R(r = l) = L. The velocities of the points P , L
andR are

Ṗ = ξ̇P ′, L̇ = lφ̇ eφ + Ṗ , Ṙ = rφ̇ eφ + Ṗ , (3.3)

where P ′ is the tangent to the rigid profile at P , see definition (3.1)1. The
accelerations of the same points can be calculated as

P̈ = ξ̈P ′ + ξ̇2P ′′, L̈ = lφ̈eφ − lφ̇2el + P̈ , R̈ = r φ̈eφ − r φ̇2el + P̈ .

All these quantities are used in the description of the kinematics for the
definition of the equations of motion.

As for the mathematical description of the load, the follower force has
a constant modulus F and it is always parallel to the rigid bar, hence

F = F el.

The longitudinal spring with stiffness k1 produces an elastic force F s pro-
portional to the vector S − P , so that

F s = k1(S − P ),

where S = (xs, ys) is considered a fixed point. The moment applied to the
rigid bar at point P due to the rotational spring with stiffness k2 is given
by

M = −k2(φ+ α),

where α has been defined in formula (3.2).
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3.1.2 The equation of motion through the Principle of Virtual
Works

The equations of motion of the analysed structure can be derived using
the Principle of Virtual Work, which asserts that a mechanical system is
in equilibrium if and only if the total virtual work of all the impressed
forces vanishes, for all virtual displacements kinematically admissible by
the constraints [55]. The D’Alembert Principle has been used to consider
also the dynamics of the system, hence the force of inertia has been intro-
duced in the calculation of the Virtual Work.

For the considered mechanical system, the Principle of Virtual Works
can be written as

F · δL− k1(P −S) · δP − k2(φ+ α)(δφ+ δα)− ρ
∫ l

0
R̈ · δR dr = 0, (3.4)

for all the admissible virtual displacements. All the forces acting on the
system (follower force, elastic force and moment due to the longitudinal
and rotational springs, and force of inertia) have been considered in equa-
tion 3.4.

The virtual displacements that are kinematically admissible with re-
spect to the geometrical constraints of the structure can be calculated anal-
ogously to formulas (3.3), as

δP = δξP ′, δL = lδφ eφ + δP , δR = rδφ eφ + δP , (3.5)

while the virtual displacement dual to the elastic moment applied to the
structure by the rotational spring can be directly written as

δφ+ δα = δφ+ α′δξ. (3.6)

According to the previous relations (3.5) and (3.6), the virtual displace-
ments have been written as functions of the infinitesimal increments δξ
and δφ of the generalised coordinates, so the arbitrariness of the virtual
displacements required by the Principle of Virtual Work is equivalent to
the arbitrariness of δξ and δφ.

Moreover, the external work due to the follower force is

F · δL = Fel · δP ,
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while the inertial term of the virtual work becomes∫ l

0
R̈ · δR dr =

l2

2

(
2l

3
φ̈+ P̈ · eφ

)
δφ+ l

(
l

2
φ̈eφ −

l

2
φ̇2el + P̈

)
· δP .

The virtual work equation (3.4) can now be rewritten as[(
F + ρ

l2

2
φ̇2

)
el − ρ

l2

2
φ̈eφ − k1(P − S)− ρlP̈

]
· P ′δξ − k2(φ+ α)α′δξ

−
[
k2(φ+ α) + ρ

l2

2

(
2l

3
φ̈+ P̈ · eφ

)]
δφ = 0, ∀δξ, δφ

and, due to the arbitrariness of δξ and δφ, the two equations (in the La-
grangian formalism) governing the dynamics of the structure are derived
as 

(
F + ρ

l2

2
φ̇2

)(
x′ sinφ+ y′ cosφ

)
− ρl

2

2
φ̈
(
x′ cosφ− y′ sinφ

)
− k1

[
x′(x− xs) + y′(y − ys)

]
− ρl

[
ξ̈
(
x′2 + y′2

)
+ ξ̇2

(
x′x′′ + y′y′′

)]
− k2(φ+ α)α′ = 0,

k2(φ+ α) + ρ
l3

3
φ̈+ ρ

l2

2

[
ξ̈
(
x′ cosφ− y′ sinφ

)
+ξ̇2

(
x′′ cosφ− y′′ sinφ

)]
= 0,

(3.7)

which are two second order ordinary differential equations in the gener-
alised coordinates ξ(t) and φ(t). The set of ODEs (3.7) has been obtained
without any simplification of the geometry of the system, so they are non-
linear equations of motion, that are in general hard to be solved analyti-
cally. On the contrary, they will be solved numerically in Chapter 6, for
given combinations of parameters.

3.1.3 Linearised dynamics of the smooth structure

Since a nonlinear set of ODEs cannot generally be solved analytically, a
possible strategy to understand the behaviour of the system from a theo-
retical point of view is the linearisation of the equations of motion.
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3.1. Equations of motion of the smooth structure

As we have seen in Section 2.1.2, a solution of linear ODEs can be
found in the well-known exponential form. In Section 2.2.6, a reference
solution of the equations of motion has been perturbed, revealing that all
the other solutions obtained by a sufficiently small perturbation of the ini-
tial conditions fulfil a linear set of ODEs described by the Jacobian matrix
of the original vector field f(y). However, the linearisation of a nonlinear
system is an approximation, hence only the local behaviour of the system
can be caught, near the fundamental configuration about which the lin-
earisation has been computed.

In the treated example, the reference solution about which the lineari-
sation is performed is assumed to be the point (ξ(t), φ(t)) = (0, 0), namely
the origin of the configuration space. This point is also assumed to be an
equilibrium of the mechanical system, hence some hypotheses and restric-
tions on the free geometrical parameters must be introduced, in order to
assure that the origin of the configuration space is a fixed point 1 . The
nonlinear differential ODEs (3.7) can be linearised near the configuration
(ξ, φ) = (0, 0), leading to the linear ODEs in the generalised coordinates
ξ(t) and φ(t),

ρ
l2

2
φ̈x′(0) +

[
k2α

′ − Fx′
]
ξ=0

φ+ ρlξ̈
[
x′2 + y′2

]
ξ=0

+
[
k1

(
x′′(x− xs) + x′2 + y′′(y − ys) + y′2

)
− Fy′′ + k2

(
α′2 + αα′′

)]
ξ=0

ξ

+
[
k1

(
x′(x− xs) + y′(y − ys)

)
− Fy′ + k2α

′α
]
ξ=0

= 0,

ρ
l3

3
φ̈+ k2φ+ ρ

l2

2
x′(0)ξ̈ + k2α

′(0)ξ + k2α(0) = 0,

(3.8)
which well approximate the nonlinear system for small ξ(t) and φ(t).

With the introduction of the vector of Lagrangian generalised coor-

1One must note that the classical workflow followed in the analysis of dynamical sys-
tems is now inverted in the present work. Usually, the geometrical and mechanical pa-
rameters are known, hence first of all the equilibria of the system are detected and then
a linearisation is performed near these fixed points. On the contrary, in this case, a given
equilibrium configuration is assumed a priori, since only the specific equilibria located on
the switching manifold are investigated in this work. This choice leads at first to the defi-
nition of the linearised approximation near the considered boundary configuration. Then,
the properties that geometrical and mechanical parameters must fulfil are obtained a pos-
teriori, in order to assure that the selected configuration is a fixed point.
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3. A reference discontinuous mechanical system

dinates q(t) = [ξ(t), φ(t)]T, the equations (3.8) governing the linearised
dynamics of the structure can be written in a compact matrix form, as

Mq̈(t) +Kq(t) = f(t), (3.9)

where M is the mass matrix, K the stiffness matrix and f the vector of
generalized forces, respectively

M = ρl

x
′2 + y′2

l

2
x′

l

2
x′

l2

3


ξ=0

, (3.10)

K =

k1 (x′′(x− xs) + x′2 + y′′(y − ys) + y′2
)
− Fy′′ + k2

(
α′2 + αα′′

)
k2α

′ − Fx′

k2α
′ k2


ξ=0

,

(3.11)
and

f =

Fy′ − k1 (x′(x− xs) + y′(y − ys))− k2α
′α

−k2α


ξ=0

.

Finally, the solution (ξ, φ) = (0, 0) can be considered an equilibrium point
if and only if the following conditions on the geometry are fulfilled

y′(0) = 0, x(0) = xs, (3.12)

which physically mean that the constraint profile must be horizontal at
ξ = 0 (and therefore also α(0) = 0) and the fixed point S of the linear
spring must be aligned vertically with the point of the curve at ξ = 0.
These conditions can be found imposing that the nonlinear equations (3.7)
hold true for vanishing ξ and φ or assuming that f = 0 in the linearised
version (3.9) of the equation of motions .

3.2 Equations of motion of the piecewise-smooth
structure

3.2.1 From smooth to non-smooth mechanical systems

The profile on which the rigid bar is constrained to move has been sup-
posed smooth, so the parametrisation of the curve γ is sufficiently regular
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3.2. Equations of motion of the piecewise-smooth structure

to be continuous and differentiable for each value of ξ, in other words,
P (ξ) ∈ C1. This hypothesis on the parametrisation must now be relaxed
to deal with discontinuous mechanical systems.

In particular, the non-smooth dynamical systems analysed in this The-
sis can be considered as a composition of several smooth dynamical sys-
tems, described by ODEs as equations (3.7). These subsystems are linked
together by some switching rules that determine the region of the configu-
ration space in which each set of smooth differential equations of motion
is valid, as was presented in Section 2.2.3 from a more theoretical point of
view.

As for the mechanical structure considered in this Chapter, when the
rigid constraint can be modelled by a set of continuous curves with differ-
ent parametrisations, the same formalism described in Section 2.2.3 can be
adopted (here from a Lagrangian point of view). The equations of motion
of the non-smooth mechanical structure simply become a set of different
ODEs of the form of (3.7) (or their linearised version (3.9)), together with
the proper set of switching rules that identifies which is the valid equation,
given the values of the generalised coordinates ξ and φ.

Let’s now consider the mechanical system described above and sup-
pose that the rigid constraint γ is discontinuous 2 in ξ = 0, so that two dif-
ferent parametrisations for the curve can be written, namely, γ− for ξ < 0
and γ+ for ξ > 0. If ξ = 0, exactly on the discontinuity, the curve is sup-
posed to be continuous, but the derivatives of the parametrisations at this
point could possibly be discontinuous. These two different parametrisa-
tions for the curved constraint lead to the definition of two different me-
chanical subsystems, identified by the symbols (−) and (+), for ξ < 0 and
ξ > 0, respectively. Each subsystem is described by a nonlinear second
order ODE (3.7), so that the nonlinear equations of motion of the complete
structure is {

q̈(t) = g−(q(t), q̇(t)), ξ < 0

q̈(t) = g+(q(t), q̇(t)), ξ > 0
(3.13)

2Let’s note that, for the sake of brevity, the term discontinuous system will sometimes
be employed in the text as a synonymous for piecewise-smooth system. Hence, the term
"discontinuous" must not be related to a discontinuity in the curve that describes the con-
straint, since, in the examples treated in this Thesis, the discontinuity in the curved profile
is only a jump in the curvature.
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3. A reference discontinuous mechanical system

where, for brevity, the structure of equations (3.7) have been rewritten as
q̈ = g±(q), introducing a nonlinear vector field g : R2 → R2. Moreover,
let’s assume that the configuration (ξ, φ) = (0, 0) is an equilibrium, so
that the conditions (3.12) are supposed to be fulfilled. Note that the fixed
point in which we are interested in is located exactly on the discontinuity
between the two subsystems.

Since we are interested in the analysis of stability of the equilibrium
point (ξ, φ) = (0, 0), a linearisation of the system (3.13) can be performed
near the fixed point, leading to the piecewise-linear equations of motion{

M−q̈(t) +K−q(t) = 0, ξ < 0

M+q̈(t) +K+q(t) = 0, ξ > 0
(3.14)

Let’s observe now that both (3.13) and (3.14) are actually nonlinear
equations of motion, because of the discontinuity and the presence of the
switching rules. Thus, while for a smooth structure the linearisation of the
equations of motion allows the direct analytical determination of some in-
teresting features of the dynamical system (at least near a given solution),
in this case, the linearisation still produces a nonlinear problem, that can-
not easily be solved. This is the reason why the stability analysis of this
kind of problem is not trivial and straightforward stability criteria are not
present for non-smooth mechanical systems. However, the behaviour of
a piecewise-linear dynamical system in the form (3.14) can be understood
in a simpler way, with respect to a nonlinear piecewise-smooth one, since
at least in each single subsystem the solution can be written in the well-
known exponential form.

Finally, one may note that in equations (3.13) and (3.14), the problem is
not well-defined for ξ = 0, since a discontinuity is present and a jump oc-
curs in the value of the vector field of the ODEs. The aim of the Filippov’s
theory introduced in Section 2.2.3 is exactly the definition of the solutions
of a dynamical system revealing this kind of discontinuity and, according
to the convex method adopted by Filippov, the differential equations (3.13)
and (3.14) are generally transformed into differential inclusions. However,
in Chapter 4, the orbits of this kind of mechanical problem will be de-
scribed in depth and, in particular, the absence of sliding regions in the
switching manifold will be proved in Section 4.2.

For this reason, the solutions of the mechanical system (3.14) are con-
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3.2. Equations of motion of the piecewise-smooth structure

tinuous and each orbit always crosses the discontinuity in a well-defined
direction, unless in a set of zero measure in which the orbital velocities
are tangent to the switching manifold 3 (i.e. when ξ = 0 and also ξ̇ = 0).
Hence, the behaviour of the system for initial conditions on the switching
manifold is well-defined and the application of Filippov convex method
can be avoided. In fact, from a practical point of view and despite in the
aforementioned set of pathological cases, the condition ξ = 0 can be as-
sociated with both subsystems, leading to the same final solution, for any
choice of the positive or negative ODEs, with initial conditions in the form
q(0) = [0, φ0]T and q̇(0) = [0, φ̇0]T, for all φ0, φ̇0 ∈ R.

3.2.2 The piecewise-linear structure: doubly circular profile

In the previous paragraph, we defined the passage from a smooth struc-
ture to a non-smooth one, with a discontinuity in the point (ξ, φ) = (0, 0),
which divides the smooth constraint into two different parts, (−) and (+),
respectively. Now, a specific parametrisation of the curves for the two sub-
systems can be assigned, as a function of the arc length ξ. The linearised
equations of motion are considered at first in this paragraph, which are
the fundamental equations that will be used in the solution of the prob-
lem in the next Chapters, while the nonlinear equations of motion will be
presented in the next Section 3.2.3.

Let’s assume that the two parts in which the non-smooth constraint is
divided are two circular profiles with a positive and negative curvature,
as depicted in Figure 3.2, so that the curves of the two subsystems are
described by the parametrisations

x(ξ) = R± sin
ξ

R±
, y(ξ) = ±R±

(
1− cos

ξ

R±

)
, (3.15)

where R− (R+) refers to the negative (positive) subsystem with ξ < 0
(ξ > 0). The parametrisation above is written in such a way the radius of
curvature R± > 0 is supposed to always assume a positive value.

The linearised equations of motion (3.8) (and the expressions of the
stiffness and mass matrix, (3.11) and (3.10), respectively) contain the val-

3This pathological cases are treated in Section 4.2 and are generally neglected in the
present analysis, since the investigations concerning the invariant cones performed in the
next Chapter 4 cannot be adopted for these specific conditions.
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(a) positive curvature
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Figure 3.2: Two examples of 2 d.o.f. smooth mechanical systems with different
parametrisations for the curved profile γ. The opposite sign in the
curvature yields to different behaviours, concerning in particular flut-
ter and divergence critical loads, as shown in Section 3.4.
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3.2. Equations of motion of the piecewise-smooth structure

ues of the coordinates of the parametrisation and their derivatives, com-
puted in the equilibrium configuration (ξ, φ) = (0, 0). A trivial calculation
from (3.15) leads to the following expressions,

x(0) = 0, y(0) = 0, x′(0) = 1,

y′(0) = 0, x′′(0) = 0, y′′(0) = ±1/R±.

Moreover, conditions (3.12) must be fulfilled, in order to guarantee that
the point (ξ, φ) = (0, 0) is a real equilibrium: the first condition (3.12)1

holds true a priori (from the choice of the parametrisation), while (3.12)2 is
fulfilled if xs = x(0) = 0. Furthermore, from the observations above, also
α(0) = 0 holds.

After the substitution of all the properties above into (3.11) and (3.10),
the mass and stiffness matrices become

M = ρl

 1 l/2

l/2 l2/3

 , K± =

k1 +
k2

R2
±
∓ k1ys

R±
∓ F

R±
± k2

R±
− F

± k2

R±
k2

 ,
(3.16)

observing that the mass matrix is the same for both negative and positive
systems.

Therefore, the piecewise-linear dynamical system with a doubly circu-
lar profile, composed of the (−) and (+) subsystems described above is
depicted in Figure 3.3, while the equations of motion can now be written
as {

Mq̈(t) +K−q(t) = 0, ξ < 0

Mq̈(t) +K+q(t) = 0, ξ > 0
. (3.17)

Let’s remark that these equations of motion are still nonlinear, due to the
presence of the switching rules. The mechanical system described by (3.17)
is the reference structure that will be considered in this Thesis and the
main purpose of the present work is the determination of its behaviour
near the equilibrium point (ξ, φ) = (0, 0). As discussed in Section 2.2.4,
due to the presence of the discontinuity and the follower non-conservative
force, no instability criteria can be found.

In the next Chapters, this reference structure is studied and gener-
alised, and a particular and counterintuitive behaviour is detected: the
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γ
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Figure 3.3: A discontinuous structure that can be modelled as a 2 d.o.f. piecewise-
smooth dynamical system. The curved profile can be seen as the com-
position of the two structures presented in Figure 3.2, the junction
between two circular profiles with positive and negative structure. In
the point at ξ = 0, the doubly circular profile is continuous, as well as
the tangent vector, while a jump in the curvature is present, determin-
ing the unexpected behaviour described in the next Chapter 4.

combined structure may present an unstable behaviour, although each sin-
gle subsystem is stable, as predicted from a purely mathematical point of
view by Carmona et al. [16]. This particular phenomenon is investigated
from a mechanical perspective in Chapters 4, 5, and 6.

A non-dimensional analysis is generally an interesting technique for
the generalisation of the results obtained in structural analysis, especially
when the theoretical description of the possible behaviours of a structure
is more important than the physical interpretation of the evolution of a
real and specific mechanical system.

For this reason, the following non-dimensional parameters are intro-
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duced,

ζ± =
R±
l

k =
k1l

2

k2
γ =

Fl

k2
σ =

ys
l
, (3.18)

which are the fundamental physical quantities that summarise the infor-
mations of all the mechanical and geometrical parameters describing the
structure. After the substitution of (3.18) into (3.16), the equations of mo-
tion of the two subsystems of the discontinuous structure become

Θ


1

1

2

1

2

1

3


ξ̈(τ)

φ̈(τ)

+


k

ζ±
(ζ± ∓ σ) +

1∓ γζ±
ζ2
±

−γζ± ± 1

ζ±

± 1

ζ±
1


ξ(τ)

φ(τ)

 = 0,

(3.19)
where a reference time T and the non-dimensional time τ = t/T have
been introduced, together with the non-dimensional generalised coordi-
nates ξ(τ) = ξ(t)/l and φ(τ) = φ(t), and the other non-dimensional pa-
rameter

Θ =
ρl3

T 2k2
. (3.20)

The superimposed dot over a non-dimensional generalised coordinate
ξ(τ) or φ(τ) means derivation with respect to the non-dimensional time
τ . This abuse of notation is useful to avoid the presence of too many sym-
bols in the formulas, while this formalism intuitive from a physical point
of view, since a superimposed dot always means a time derivative (both
for dimensional and non-dimensional variables).

Finally, the non-dimensional parameter

χ =
ζ−
ζ+

=
R−
R+

can be introduced, in order to denote the ratio between the two radii of
the circular constraints.

As a final remark, this non-dimensional formulation of the problem
will be extensively used for the numerical results, while it will not be used
for the derivation of the instability criteria in the Chapters 4, to avoid a
heavy notation. However, the results of Chapters 4 are obviously valid
both for the dimensional and the non-dimensional formulation.

90 Marco Rossi



3. A reference discontinuous mechanical system

3.2.3 The nonlinear piecewise-smooth structure: doubly circular
profile

In the previous Section 3.2.2, the linearised equations of motion of the ref-
erence mechanical structure with a doubly circular profile have been ob-
tained. These linearised equations (3.17) or (3.19) are crucial to define the
behaviour of the system near the equilibrium point (ξ, φ) = (0, 0). Since,
from a theoretical point of view, they are the only relations from which
analytical results can be obtained, they have been derived at first.

Actually, the complete time evolution of the mechanical structure is
described by the nonlinear equations of motion

(
F +

ρl2

2
φ̇2

)
sin

(
φ± ξ

R±

)
− ρl2

2
φ̈ cos

(
φ± ξ

R±

)
+ k1(±ys −R±) sin

(
ξ

R±

)
∓ k2

R±

(
φ± ξ

R±

)
− ρlξ̈ = 0,

k2

(
φ± ξ

R±

)
+
ρl3

3
φ̈+

ρl2

2
ξ̈ cos

(
φ± ξ

R±

)
− ρl2

2R±
ξ̇2 sin

(
ξ

R±
± φ

)
= 0,

(3.21)
which is obtained by substituting into equations (3.8) all the results that
can be obtained from the parametrisation (3.15).

Rearranging equations (3.21), using the non-dimensional parameters
defined in (3.18) and (3.20), the following non-dimensional nonlinear
ODEs can also be written

(
γ +

Θ

2
φ̇

2
)

sin

(
φ± ξ

ζ±

)
− Θ

2
φ̈ cos

(
φ± ξ

ζ±

)
−Θξ̈,

+ k (±σ − ζ±) sin

(
ξ

ζ±

)
∓ 1

ζ±

(
φ± ξ

ζ±

)
= 0

(
φ± ξ

ζ±

)
+

Θ

3
φ̈+

Θ

2
ξ̈

(
φ± ξ

ζ±

)
∓ Θ

ζ±
ξ̇

2
sin

(
φ± ξ

ζ±

)
= 0,

(3.22)

where again the superimposed dots means derivation with respect to the
non-dimensional time τ . These nonlinear equations will be solved in the
Chapter 6 through a numerical approach, in order to understand the real
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behaviour of the structure with generic initial conditions near the equilib-
rium point.

3.3 Stability of equilibra for a smooth 2 d.o.f. me-
chanical system

In the previous paragraphs, the mathematical model of the mechanical
structure under analysis has been presented and the equations of motion
have been obtained. Moreover, the linearised equations in the vicinity of
the reference equilibrium point (ξ, φ) = (0, 0) have been derived.

The next step for the comprehension of the behaviour of this system is
the stability analysis of the equilibrium configuration. The starting point
is the investigation of the stability of each single smooth subsystem, which
can be performed with classical techniques presented in this Section. On
the contrary, the stability analysis of the piecewise-smooth complete struc-
ture requires more sophisticated tools, so this topic will be treated exten-
sively in Chapter 4.

3.3.1 Solution of linearised equations of motion

In the vicinity of the equilibrium configuration (ξ, φ) = (0, 0) the vibra-
tions of the piecewise system are governed by equation (3.17). The anal-
ysis of the complete system starts from the investigation of the solution
of each single subsystem that compose the entire piecewise-smooth struc-
ture.

Solution in the Lagrangian formulation Let’s now analyse the be-
haviour of a generic smooth mechanical system with two degrees of free-
dom in the Lagrangian formulation, that can be described by a general set
of ODEs in the form

Mq̈(t) +Kq(t) = 0, (3.23)

and by the initial conditions on the position q(0) = q0 and on the veloc-
ity q̇(0) = q̇0 at the initial time t = 0. This description is general and is
suitable for all linearised 2 d.o.f. mechanical systems (when damping is
neglected), presenting an equilibrium point in the origin of the configura-
tion space (q1, q2) = (0, 0).
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3. A reference discontinuous mechanical system

The solution to equation (3.23) can be found through exponential func-
tions as explained in Section 2.1.2. The vector of generalised coordinate is
assumed to be written in the form

q(t) = ψ(j)eλjt, (3.24)

where in this case ψ(j) ∈ C2 is a 2-dimensional complex vector and λ ∈ C
is a scalar, which can be determined from the eigenvalue problem(

λ2
jM +K

)
ψ(j) = 0, (3.25)

obtained substituting the ansatz (3.24) into the equation of motion (3.23).
An analogous formulation, similar to (3.24) and more common in the

field of Structural Mechanics, takes into consideration the ansatz

q(t) = ψ(j)eiωjt,

leading to the eigenvalue problem

(−ω2
jM +K)ψ(j) = 0,

analogous to (3.25). The scalar quantities ωj are generally called natural
frequencies of the mechanical system, while the associated eigenvectors are
called eigenmodes. These two formulations are analogous, however the for-
mer will be adopted, since it can be extended easily in case of Hamiltonian
formulation, leading directly to the results presented in Section 2.1.3.

It is clear from (3.25) that two possible solutions for λ2
j exist, namely λ2

1

and λ2
2, leading to four possible values ±λ1 and ±λ2 for the coefficient of

the solution (3.24). Therefore, the generalised coordinate vector q(t) can
be written as the linear combination of four exponential terms as

q(t) =

2∑
j=1

ψ(j)
(
Aje

λjt +Bje
−λjt

)
.

The four arbitrary constantsAj andBj can be determined from initial con-
ditions q0 and q̇0 as

A1

A2

B1

B2

 =

Ψ−1 Ψ−1Ω−1

Ψ−1 Ψ−1Ω−1



q01

q02

q̇01

q̇02

 ,
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where the following matrices have been introduced,

Ψ =

ψ(1)
1 ψ

(2)
1

ψ
(1)
2 ψ

(2)
2

 , Ω =

λ1 0

0 λ2

 .
Solution in the Hamiltonian formulation The approach introduced

above for the description of the solution of a dynamical system is a com-
mon procedure in Structural Mechanics, however, for our purpose, the
Hamiltonian description is more convenient and will be introduced for
the stability analysis. The passage from a Lagrangian to a Hamiltonian
formulation of Dynamics has been pointed out in Section 2.1.6, while the
stability criteria for fixed points in the Hamiltonian description, can be
found in Section 2.1.3.

The linearised equations of motion (3.23) can be rewritten in the Hamil-
tonian formulation as an autonomous system defined by a set of first order
ordinary differential equations

ẏ(t) = Ay(t), (3.26)

where the state vector y(t) = [q(t), q̇(t)]T has been introduced, which con-
tains the vector of the generalised coordinates and its first derivative in
time. The ODEs (3.26) are analogous to those analysed in Section 2.1.2.

For a mechanical system, whose linearised dynamic is described by the
mass matrix M and stiffness matrix K, the Jacobian matrix of the equa-
tions of motion, calculated in the equilibrium configuration, can be written
as

A =

 0 I

−M−1K 0

 =

0 I

Γ 0

 (3.27)

where I is the 2× 2 identity matrix and the matrix Γ = −M−1K has been
introduced. A general mechanical system, previously defined by two gen-
eralised coordinates in the Lagrangian formulation, is now described by
four phases in the Hamiltonian formulation, so the number of unknowns
doubles, but the order of the ODEs decreases, from second to first order.

As presented in section 2.1.2, the linearised equations of motion (3.26)
can be solved using an exponential ansatz y(t) = v(j)eλjt, where now
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3. A reference discontinuous mechanical system

v(j) ∈ C4 is assumed to be a 4-dimensional complex vector, leading to the
eigenvalue problem

Av(j) = λjv
(j). (3.28)

The solution in the Lagrangian and Hamiltonian formulation must ob-
viously be linked and it is instructive to underline this connection. Con-
sidering the structure of the matrix A, the eigenvalue problem (3.28) can
be solved computing the λj from equation∣∣∣∣∣∣

−λjI I

−M−1K −λjI

∣∣∣∣∣∣ = det[−λjI] det[−λjI − I(λjI)−1M−1K] =

λ2
j det

[
− 1

λj

(
λ2
jI +M−1K

)]
= det

[
M−1

(
λ2
jM +K

)]
=

1

detM
det
[
λ2
jM +K

]
= 0, (3.29)

where the formula for the determinant of a block matrix has been adopted
[76]. The final result is exactly the same condition that must be imposed to
solve the eigenvalue problem (3.25), hence the eigenvalues λj in problem
(3.25) and (3.28) are exactly the same. As for the eigenvectors, the v(j) can
be written as

v(1,2) = [ψ
(1)
1 , ψ

(1)
2 , ±λ1ψ

(1)
1 , ±λ1ψ

(1)
2 ]T,

v(3,4) = [ψ
(2)
1 , ψ

(2)
2 , ±λ2ψ

(2)
1 , ±λ2ψ

(2)
2 ]T,

(3.30)

where the components ψ(j)
k of the eigenvectors of the problem (3.25) has

been used.
As defined in Section 2.1.2, the solution of the first order ODEs (3.26)

with assigned initial condition y(0) = y0 is unique and can be written
through the fundamental solution matrix as

y(t) = eAt y0. (3.31)

For the sake of clarity, for the mechanical structure described in Section
3.1.1, which is the reference dynamical system in this Thesis, the solution
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in the expanded form is 
ξ(t)
φ(t)

ξ̇(t)

φ̇(t)

 = eAt


ξ(0)
φ(0)

ξ̇(0)

φ̇(0)

 ,
where the generalised coordinates ξ, φ and their first derivatives ξ̇ and φ̇
have been explicitly written in the formulation.

3.3.2 Stability analysis of a linearised 2-d.o.f. dynamical system

In Section 2.1.3, some criteria for the stability analysis of a fixed point has
been outlined. For a smooth mechanical system described by first order
ODEs, the Liapunov Theorem 2 can be adopted in order to understand
the behaviour of the solution. The Liapunov criteria of linear stability are
based on the nature of the eigenvalues λj of the Jacobian matrix A and in
particular on the sign of the real part of the eigenvalues.

For a 2 d.o.f. mechanical system, the eigenvalue problem (3.28) can be
solved with the same procedure exposed in (3.29), in particular the deter-
minant can be rewritten as∣∣∣∣∣∣

−λjI I

Γ −λjI

∣∣∣∣∣∣ = det
[
Γ− λ2

jI
]
, (3.32)

hence the eigenvalues ofA are exactly the square roots of the eigenvalues
of the matrix Γ. The characteristic polynomial obtained from (3.32) is

P(λj) = λ4
j − tr(Γ)λ2

j + det(Γ) = 0,

hence, for a 2 d.o.f. mechanical system with a 4 - dimensional phase space,
the eigenvalues ofA can be explicitly written as

λj = ±

√
I1 ±

√
I2

1 − 4I2

2
, (3.33)

where I1 = tr Γ and I2 = det Γ are the first and second invariants of the
matrix Γ.
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3. A reference discontinuous mechanical system

The Liapunov Theorem 2 states that the equilibrium configuration of
a linear system is stable when the real parts of all eigenvalues are non-
positive, otherwise the equilibrium is unstable. It is evident from (3.33)
that symmetry with respect to the origin of the complex plane is present,
due to the ’±’ before the external square root. This implies that, when an
eigenvalue with a negative real part is detected, a symmetric eigenvalue
with a positive real part is also present in the spectrum, hence a stable
linear system can only be associated with four eigenvalues with vanishing
real parts.

For these smooth mechanical systems with 2 d.o.f. described by the
Jacobian matrix (3.27), only four cases can be distinguished:

• stability: the four eigenvalues are all purely imaginary, λj ∈ iR, so
that λ1,2 = ±iβ1 and λ3,4 = ±iβ2, with βk ∈ R. In particular, this is
a critical case of stability, in fact the linearised system can be consid-
ered stable (the imaginary eigenvalues lead to periodic orbits near
the equilibrium configuration), while the stability of the nonlinear
system, from which the linearisation is obtained, cannot be defined,
due to the vanishing real parts of the λj . This kind of equilibrium
point are also called marginally stable.

• saddle-node instability: two eigenvalues are real and the other two
are purely imaginary, i.e. λ1,2 = ±α1, while λ3,4 = ±iβ2, with
αk, βk ∈ R. Along the eigenvectors associated with the imaginary
eigenvalues and the real eigenvalue with negative real part, the so-
lution is stable for t ∈ [0,+∞), but along the remaining eigenvectors
an exponential growth of the solution is expected.

• divergence instability: all the eigenvalues are real numbers, i.e. λ1,2 =
±α1 and λ3,4 = ±α2, with αk ∈ R. Along the two eigenvectors asso-
ciated with the real eigenvalues with positive real part, the solution
reveals an exponential growth.

• flutter instability: all the eigenvalues λj are complex conjugate pair, so
that λ1,2,3,4 = ±(α± iβ), with α, β ∈ R, and α 6= 0. The behaviour is
unstable since there are eigenvalues with positive real part, however
the presence of a not vanishing imaginary part produces oscillations
in the solution.
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3.3. Stability of equilibra for a smooth 2 d.o.f. mechanical system

Actually, the distinction between divergence and saddle-node instability is
not really essential, since in both cases the unstable behaviour is governed
by a solution proportional to eλt, λ ∈ R+, which produces an exponential
growth for t ∈ [0,+∞).

I1

I2

I2 =
I21
4

complex eigenvalues
with not vanishing real part

(flutter, instability)

two purely imaginary
and two real eigenvalues

(saddle-node, instability)

purely imaginary
eigenvalues

(marginal stability)

four real eigenvalues

(divergence, instability)

αflu αdiv

bifurcation path

Figure 3.4: Diagram in the I1-I2 plane of the invariants, describing the possible
different behaviours of a generic 2 d.o.f. mechanical system. On the
basis of the invariants I1 and I2 of the matrix Γ = −M−1K, four
regions can be identified: stability (red), divergence instability (or-
ange), saddle-node instability (yellow), and flutter instability (light
blue). When a bifurcation analysis is performed with respect to a bi-
furcation parameter α, a parametric path can be drawn in the I1-I2
plane (the white curve) as a function of α , while the intersections of
this path with the boundaries of the various regions determine the
critical values of the considered bifurcation parameter.

The above conditions on the nature of the eigenvalues can be associ-
ated with the values of the first and second invariants I1 and I2, as de-
picted in Figure 3.4, where the 2-D plane I1− I2 is divided into four differ-
ent areas and each one reveals a particular behaviour. From the structure
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3. A reference discontinuous mechanical system

of the eigenvalues in formula (3.33), it is evident that a first subdivision of
the plane I1 − I2 can be performed:

• I2
1 − 4I2 > 0 (i.e. I2 < I2

1/4): in this case the internal square root of
(3.33) is a real number since the argument is positive. Moreover, the
argument I1 ±

√
I2

1 − 4I2 must a real number, since the invariants
are real, so the eigenvalues are λj ∈ R or λj ∈ iR.

• I2
1 − 4I2 < 0 (i.e. I2 > I2

1/4): in this case the internal square
root of (3.33) is a purely imaginary number since the argument
is negative. Then, the arguments of the external square root are
complex conjugate numbers, hence the eigenvalues are of the form
λ1,2,3,4 = ±(α± iβ).

Therefore, in the plane I1 − I2, a parabola

I2 =
I2

1

4

may be identified. In the area above this curve, the points are related to
a mechanical system that show a flutter instability, otherwise, for I2 <
I2

1/4, flutter is forbidden. As for the configurations below the parabola,
the following further subdivision can be performed:

• I2 < 0 : if I2 is negative, then the term −4I2 is positive and the
following relation holds,

√
I2

1 − 4I2 > |I1|. Since the point is below
the parabola, then

√
I2

1 − 4I2 ∈ R. Hence, the terms I1 ±
√
I2

1 − 4I2

are positive in one case and negative in the other (on the basis of the
sign of I2), so two eigenvalues are purely imaginary and two are real
numbers. In this case, a saddle-node instability is present.

• I2 > 0 : if I2 is positive, then the term −4I2 is negative and the fol-
lowing relation holds,

√
I2

1 − 4I2 < |I1|. Since the point is below
the parabola, then

√
I2

1 − 4I2 ∈ R. Therefore, if I1 > 0, then the
terms I1 ±

√
I2

1 − 4I2 are both positive and the eigenvalues are all
real numbers (divergence instability), otherwise, if I1 < 0, the ar-
gument I1 ±

√
I2

1 − 4I2 are both negative and the eigenvalues are
purely imaginary (stability).
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The identification of a special 2 d.o.f. dynamical system with a spe-
cific point of the I1 − I2 plane can be useful for the comprehension of the
behaviour of the structure. Moreover, a bifurcation analysis can be per-
formed easily, in fact, the change of the considered bifurcation parameter
can be associated with a parametric path in the plane of invariants, which
is parametrised by the bifurcation parameter itself. The intersection points
between this path and the boundaries of the four areas described above
represent the critical points in which the system loses its structural stabil-
ity and a bifurcation of the equilibrium can be observed.

3.3.3 Explicit calculation of the matrix exponential for the stable
2 d.o.f. smooth system

In Section 2.1.2, the computation of the matrix exponential for a generic
dynamical system has been performed. These results can now be applied,
with the restriction that the present analysis deals with a 2 d.o.f. mechan-
ical system, so that the structure of the Jacobian matrix A is described by
expression (3.27). Moreover, a further assumption is also that the smooth
dynamical system is stable in the vicinity of the equilibrium configuration,
since we are interested in the analysis of a possible unstable behaviour of
the entire structure, when the subsystems are both stable (obtaining for a
mechanical system the theoretical results exposed in [16], as will be treated
in the next Chapter 4).

As presented in Section 2.1.2, for a generic matrix A, the matrix expo-
nential fulfils the relation

eA = UeAU−1, (3.34)

whereA and U describe the Jordan canonical form of the Jacobian matrix
A, i.e. A = UAU−1, and, furthermore, A is composed of Jordan blocks,
whose dimensions depend on the algebraic and geometric multiplicities
of the eigenvalues ofA.

In case of a stable smooth configuration, the matrix A can be diago-
nalised (a particular case of Jordan form, with only 1×1 Jordan blocks) and
its purely imaginary eigenvalues are assumed to be equal to λ1,2 = ±iβ1

and λ3,4 = ±iβ2. One must note that in this analysis we also assume that
β1 6= β2, since this particular condition denotes grazing of an unstable
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3. A reference discontinuous mechanical system

boundary (i.e. the configuration is exactly on the parabola I2 = I2
1/4, see

Figure 3.4), an occurrence which is excluded here.
According to all these assumptions, the Jacobian matrix in the canoni-

cal Jordan form can be written as

A =


iβ1 0 0 0
0 −iβ1 0 0
0 0 iβ2 0
0 0 0 −iβ2

 , (3.35)

while U , which is orthogonal in this specific case, is defined as the matrix
having the eigenvectors (3.30) gathered in columns, so that

U =
[
v(1),v(2),v(3),v(4)

]
=


ψ

(1)
1 ψ

(1)
1 ψ

(2)
1 ψ

(2)
1

ψ
(1)
2 ψ

(1)
2 ψ

(2)
2 ψ

(2)
2

iβ1ψ
(1)
1 −iβ1ψ

(1)
1 iβ2ψ

(2)
1 −iβ2ψ

(2)
1

iβ1ψ
(1)
2 −iβ1ψ

(1)
2 iβ2ψ

(2)
2 −iβ2ψ

(2)
2

 ,
(3.36)

and the inverse of U is given by

U−1 =
1

2(ψ
(1)
1 ψ

(2)
2 − ψ

(1)
2 ψ

(2)
1 )


ψ

(2)
2 −ψ(2)

1 −iψ(2)
2 /β1 iψ

(2)
1 /β1

ψ
(2)
2 −ψ(2)

1 iψ
(2)
2 /β1 −iψ(2)

1 /β1

−ψ(1)
2 ψ

(1)
1 iψ

(1)
2 /β2 −iψ(1)

1 /β2

−ψ(1)
2 ψ

(1)
1 −iψ(1)

2 /β2 iψ
(1)
1 /β2

 .
(3.37)

Moreover, the matrix exponential of a diagonal matrix A can easily be
computed according to what have been presented in Section 2.1.2, as

eAt =


cosβ1t+ i sinβ1t 0 0 0

0 cosβ1t− i sinβ1t 0 0
0 0 cosβ2t+ i sinβ2t 0
0 0 0 cosβ2t− i sinβ2t

 .
Finally, formulas (3.35), (3.36), and (3.37) can be substituted into (3.34),

obtaining the matrix exponential which describes the solution of the lin-

Marco Rossi 101



3.4. Flutter and divergence instability in the smooth structure

earised smooth mechanical system

eAt =



a1 cosβ1t−a2 cosβ2t
a1−a2

a1a2(cosβ2t−cosβ1t)
a1−a2

a1β2 sinβ1t−a2β1 sinβ2t
a1β1β2−a2β1β2

a1a2(β1 sinβ2t−β2 sinβ1t)
a1β1β2−a2β1β2

cosβ1t−cosβ2t
a1−a2

a1 cosβ2t−a2 cosβ1t
a1−a2

β2 sinβ1t−β1 sinβ2t
a1β1β2−a2β1β2

a1β1 sinβ2t−a2β2 sinβ1t
a1β1β2−a2β1β2

a2β2 sinβ2t−a1β1 sinβ1t
a1−a2

a1a2(β1 sinβ1t−β2 sinβ2t)
a1−a2

a1 cosβ1t−a2 cosβ2t
a1−a2

a1a2(cosβ2t−cosβ1t)
a1−a2

β2 sinβ2t−β1 sinβ1t
a1−a2

a2β1 sinβ1t−a1β2 sinβ2t
a1−a2

cosβ1t−cosβ2t
a1−a2

a1 cosβ2t−a2 cosβ1t
a1−a2


,

(3.38)
where the scalars a1, a2 ∈ R have been introduced, such that

a1 =
ψ

(1)
1

ψ
(1)
2

= −β
2
1 + Γ22

Γ21
, a2 =

ψ
(2)
1

ψ
(2)
2

= −β
2
2 + Γ22

Γ21
,

and where Γhk are the elements of the matrix Γ.
As a final remark, using the following property

AB = BA =⇒ eAeB = eA+B,

and assuming B = −A, the inverse of the matrix exponential (3.38) can
be computed with a simple change in the sign of t, namely

(eAt)−1 = e−At.

3.4 Flutter and divergence instability in the smooth
structure

The stability of a piecewise-smooth system is a cumbersome problem and
it will be described in Chapter 4. On the contrary, for a smooth dynami-
cal system, an explicit calculation of the natural frequencies of the system
leads to a complete characterisation of the behaviour of the structure. In
particular, the linearised dynamics near an equilibrium point is considered
and the nature of the frequencies allows the determination of the ranges
of the load parameter F , for which the system reveals stability, flutter, or
divergence.
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3.4.1 Flutter and divergence loads for a smooth structure

As an introductory example, let’s consider a smooth profile modelled by
the general curve y = g(x) in the Cartesian reference frame, such that
g ∈ C2, the curve passes through the origin, i.e. g(0) = 0, and the first and
second derivatives calculated in x = 0 vanish, i.e. g′(0) = g′′(0) = 0.

This curve may represent a profile which is analogous to that described
in Section 3.2 for the considered reference structure, however, it is smooth,
since in this case the second derivative is continuous in the origin (i.e. in
the origin there is not a jump in the curvature). This analogy is useful
to highlight the role of the discontinuity in the stability behaviour of the
smooth and non-smooth system, which leads to the paradoxical behaviour
exposed in Section 2.2.1.

The parametric description of the considered curve y = g(x) with re-
spect to the curvilinear coordinate ξ is{

x(ξ) = ξ

y(ξ) = g(ξ)

hence the following conditions hold

x(0) = 0, x′(0) = 1, x′′(0) = 0, α(0) = 0,

y(0) = 0, y′(0) = g′(0) = 0, y′′(0) = g′′(0) = 0, α′(0) = 0.
(3.39)

The mass and stiffness matrix representing the linearised equations of
motion near the equilibrium configuration (ξ, φ) = (0, 0) are computed
imposing relations (3.39) into (3.10) and (3.11), so that

M =

1 l
2

l
2

l2

3

 K =

k1 −F

0 k2

 .
One must observe that, for any g(x) that fulfils the hypotheses given above
(i.e. g ∈ C2 passes through the origin with horizontal tangent and vanish-
ing curvature), the stiffness and mass matrices are always the same, thus
the following results hold for all the possible parametrisations g describ-
ing a smooth profile.

The Jacobian matrix A of the linearised dynamical system, accord-
ing to the Hamiltonian formulation, see Section 3.3, can be computed
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adopting the previous definitions of stiffness and mass matrix into rela-
tion (3.27), obtaining

Γ = −M−1K =

−4k1 4F + 6k2
l

6k1
l −12k2

l2
− 6F

l


and

A =



0 0 1 0

0 0 0 1

−4k1 4F + 6k2
l 0 0

6k1
l −12k2

l2
− 6F

l 0 0


.

The four eigenvalues of the Jacobian matrixA are

λj = ± 1

l2

√
−(3Fl3 + 2k1l4 + 6k2l2)± l2

√
(3Fl + 2k1l2 + 6k2)2 − 12k1k2l2,

while the critical load can be calculated from the parabola in the invariant
plane depicted in Figure 3.4, computing the first and second invariants of
Γ as

I1 = tr Γ = −4k1l
2 + 12k2 + 6Fl

l2
I2 = det Γ =

12k1k2

l2
.

As explained in Section 3.3.2, in the I1 − I2 plane, each possible structure
can be identified by a specific point, whose location in the plane is associ-
ated with a given possible behaviour. When a parameter is changed, e.g.
as in bifurcation analyses, a path in this I1 − I2 plane can be drawn, as a
function of the bifurcation parameter. The critical values of this parame-
ter are located where the qualitative behaviour of the system dramatically
changes, hence at the crossing points between the path and the boundaries
of the four areas.

In the case presented above, the determinant of Γ is always positive,
so all the possible configurations of the system will be in the positive half-
space I2 > 0. Moreover, assuming the load as the bifurcation parameter,
the path described when F is changed is simply an horizontal line, since I2
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does not depend on F . Therefore, the flutter and divergence critical loads
are located at the intersection points between the horizontal line and the
parabola I2 = I2

1/4, hence

I2 =
I2

1

4
−→ 12k1k2

l2
− 1

4

(
4k1l

2 + 12k2 + 6Fl

l2

)2

= 0,

that can be solved in F , obtaining the critical values

Fflu = − 2

3l
(k1l

2 + 3k2 − l
√

3k1k2), Fdiv = − 2

3l
(k1l

2 + 3k2 + l
√

3k1k2),

(3.40)
which are always negative, so compressive loads, while absolute value of
the divergence critical load is greater than the absolute value of the flutter
one.

As a conclusion, every structure with a smooth and continuous pro-
file, whose curvature smoothly and continuously changes its sign in the
origin, has flutter and divergence critical loads equal to (3.40). Further-
more, also the curve g(x) = 0 fulfils these hypotheses, so we can state that
the analysis of the linearised behaviour of the smooth mechanical system
described above is analogous to the investigation of a profile defined by a
straight line. When a jump in the curvature is not present, all the possible
profiles have the same compressive flutter and divergence load, so flutter
in tension is forbidden. This condition is not true for piecewise-smooth
systems with a jump in the curvature, as will be described in Chapter 4.

3.4.2 Flutter and divergence loads for circular profiles

Let’s now define the critical loads for the subsystems that compose the
reference structure depicted in Figure 3.3, showing a doubly circular pro-
file. One must observe that the subsystems do not fulfil the hypotheses
on the function g(x) introduced in Section 3.4.1, however, the determina-
tion of the range of values of the load F in which the subsystems (−) and
(+) are stable is crucial and the same procedure exposed in the previous
paragraph can be adopted.

The matrix Γ± = −M−1K± in case of positive or negative subsystem
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is equal to

Γ± =


±4l2R±(F+k1(ys∓R±))−k2l(4l∓6R±)

ρl3R2
±

4Fl2R2
±∓4k2l2R±+6k2R2

±l
ρl3R2

±

∓6lR±(F+k1(ys∓R±))+6k2(l±2R±)
ρl3R2

±

−6R±(FlR±∓k2l+2k2R±)
ρl3R2

±

 ,
while its invariants can be written as

I−1 = −2
(
lR−(F (2l + 3R−) + 2k1l(R− + ys)) + 2k2

(
l2 + 3lR− + 3R2

−
))

ρl3R2
−

,

I−2 =
12k1k2(R− + ys)

ρ2l4R−
,

(3.41)
for the negative subsystem, and

I+
1 =

2
(
lR+(F (2l − 3R+)− 2k1l(R+ − ys))− 2k2

(
l2 − 3lR+ + 3R2

+

))
ρl3R2

+

,

I+
2 =

12k1k2(R+ − ys)
ρ2l4R+

,

(3.42)
for the positive one. Hence, the eigenvalues of the Jacobian matrixA± are

λ−j = ±
{−lR− (F (2l + 3R−) + 2k1l(ys +R−))− 2k2(l2 + 3lR− + 3R2

−)

l3ρR2
−

± 1

l3ρR2
−

[(
lR−(F (2l + 3R−) + 2k1l(ys +R−))

+ 2k2(l2 + 3lR− + 3R2
−)
)2
−12k1k2l

2R3
−(ys +R−)

] 1
2
} 1

2

for the (−) subsystem, and

λ+
j = ±

{
lR+(F (2l − 3R+) + 2k1l(ys −R+))− 2k2(l2 − 3lR+ + 3R2

+)

l3ρR2
+

± 1

l3ρR2
+

[(
lR+(F (3R+ − 2l) + 2k1l(R+ − ys))

+ 2k2(l2 − 3lR+ + 3R2
+)
)2

+ 12k1k2l
2R3

+(ys −R+)

] 1
2
} 1

2

106 Marco Rossi



3. A reference discontinuous mechanical system

for the (+) subsystem.
When the load F is assumed to be the bifurcation parameter, the para-

metric path in the plane I1 − I2 is a straight line parallel to the axis I1.
Analogously to what has been performed in the previous paragraph for
a generic curve, the flutter and divergence critical loads are obtained im-
posing that I2 = I2

1/4, in order to identify the intersections between this
parabola and the straight path.

Let’s note that the determinant of the matrix Γ± must be positive to
have an intersection between the path and the parabola, otherwise, the
equilibrium configuration would be unstable for all values of the force F .
Moreover, for the negative subsystem, the load F in the term I−1 , see re-
lation (3.41)1, is multiplied by the coefficient 2l + 3R−, which is always
a positive quantity. On the contrary, for the positive subsystem, see rela-
tion (3.42)1, the same coefficient is 2l − 3R+, which can assume a positive
or negative value, on the basis of the ratio R+/l. This means that for the
negative system the value of I−1 increases only for decreasing values of
F , while, for the positive system, I+

1 increases both for increasing or de-
creasing values of F . Hence, flutter both in tension and in compression is
admissible for the subsystem with positive curvature.

For the negative subsystem, the condition on the determinant I−2 > 0
is fulfilled with the restriction ys > −R−, and the flutter and divergence
critical loads are equal to

F−flu = −2R−k1l
2(R− + ys) + 2k2

(
l2 + 3lR− + 3R2

−
)
− 2lR−

√
3k1k2R−(R− + ys)

lR−(2l + 3R−)

F−div = −2R−k1l
2(R− + ys) + 2k2

(
l2 + 3lR− + 3R2

−
)

+ 2lR−
√

3k1k2R−(R− + ys)

lR−(2l + 3R−)
.

(3.43)
In this case, it is easy to identify which is the flutter and the divergence
load, in fact, from (3.41), the value of I−1 increases when the value of F
decreases. Since the divergence critical load is associated with the highest
value of I−1 , the intersection point associated with divergence instability
must be the one presenting the highest absolute value between the two
critical loads (3.43).

The critical loads are both negative, so flutter and divergence instabil-
ity may occur only for compressive follower forces. The determination of
the negative sign of the divergence critical load is trivial, while the flutter
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3.4. Flutter and divergence instability in the smooth structure

critical load is negative only if the following condition is fulfilled

2R−k1l
2(R−+ys)+2k2

(
l2 + 3lR− + 3R2

−
)
> 2lR−

√
3k1k2R−(R− + ys),

which yields to the following expression, when the left-hand-side and
right-hand-side are squared,[

R−k1l
2(R− + ys)

]2
+
[
k2

(
l2 + 3lR− + 3R2

−
)]2

+ 2R−l2k1k2(R− + ys)
(
l2 + 3lR− + 3R2

−
)
> 3l2R3

−k1k2(R− + ys),

that can be further rewritten as[
R−k1l

2(R− + ys)
]2

+
[
k2

(
l2 + 3lR− + 3R2

−
)]2

+R−l2k1k2(R− + ys)
(
2l2 + 6lR− + 3R2

−
)
> 0.

This condition is always fulfilled with the physical assumptions on the
mechanical and geometrical parameters, leading to a negative (compres-
sive) flutter load. Since both values of the critical loads are negative, the
system is stable for F = 0, which is realistic from a physical point of view.

For the positive subsystem, the condition on the determinant I+
2 is ful-

filled with the restriction ys < R+, and the intersections between the path
and the parabola are identified by the values

F1 =
1

lR+(2l − 3R+)

[
2k1l

2R+(R+ − ys) + 2k2

(
l2 − 3lR+ + 3R2

+

)
−2 sign [2l − 3R+] lR+

√
3k1k2R+(R+ − ys)

]
(3.44)

and

F2 =
1

lR+(2l − 3R+)

[
2k1l

2R+(R+ − ys) + 2k2

(
l2 − 3lR+ + 3R2

+

)
+2 sign [2l − 3R+] lR+

√
3k1k2R+(R+ − ys)

]
. (3.45)

In the previous formulas, a dependency on the sign of the term 2l − 3R+

appears, therefore the value of I+
1 can increase both for increasing or de-

creasing values of F , on the basis of the sign of the aforementioned term
2l − 3R+. The determination of the flutter and divergence critical load is
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3. A reference discontinuous mechanical system

less trivial than in the case of negative curvature, but the same ideas can
be adopted.

First of all, let’s note that the term l2 − 3lR+ + 3R2
+ that appears in the

intersection values and in I+
1 is always positive, for all values of the ratio

R+/l, in fact

l2 − 3lR+ + 3R2
+ = (l −

√
3R+)2 + (2

√
3− 3)lR+ > 0.

Then, if 2l − 3R+ ≥ 0 (i.e. R+/l ≤ 2/3) the value of I+
1 increases for

increasing values of F , see (3.42), hence the divergence load must be the
one with the highest absolute value, so that

R+

l
≤ 2

3
⇒ Fflu = F1, Fdiv = F2

On the contrary, if 2l− 3R+ < 0 (i.e. R+/l > 2/3) the value of I+
1 increases

for decreasing values of F , see (3.42), and the divergence load is still the
one with the highest absolute value, so that

R+

l
>

2

3
⇒ Fflu = F2, Fdiv = F1.

Let’s note that in the first case, with R+/l ≤ 2/3, both flutter and diver-
gence loads are positive (tensile follower force), while for R+/l > 2/3 the
critical loads are both negative (compressive force). The determination of
the sign of the divergence critical load is trivial, while for the flutter con-
dition, the following relation must hold

2k1l
2R+(R+−ys)+2k2

(
l2 − 3lR+ + 3R2

+

)
−2lR+

√
3k1k2R+(R+ − ys) > 0,

(3.46)
namely, the numerator of the flutter critical load must be positive (so that
the correct sign is given by the denominator). The left-hand-side can be
rewritten in order to obtain a squared binomial, hence

[
l
√
k1R+(R+ − ys)−

√
k2

(
l2 − 3lR+ + 3R2

+

)]2

+ l
√
k1k2R+(R+ − ys)

[
2
√
l2 − 3lR+ + 3R2

+ −R+

√
3

]
> 0.

Marco Rossi 109



3.4. Flutter and divergence instability in the smooth structure

The first term of the sum is always positive, while the sign of the second
one must be investigated. The factor of the second term in the square
brackets can be rewritten multiplying and dividing by a positive quantity

[
2
√
l2 − 3lR+ + 3R2

+ −R+

√
3

]
·

2
√
l2 − 3lR+ + 3R2

+ +R+

√
3

2
√
l2 − 3lR+ + 3R2

+ +R+

√
3

leading to

2
√
l2 − 3lR+ + 3R2

+ −R+

√
3 =

(2l − 3R+)2

2
√
l2 − 3lR+ + 3R2

+ +R+

√
3
> 0

which is always positive. The condition (3.46) is fulfilled for all possible
physical values of the parameters, so the condition on the sign of the value
of the flutter critical load has been proved. Finally, one must observe that
the limit of (3.43), (3.44), and (3.45) for R± →∞ leads to (3.40).

Furthermore, the value of ys, representing the y−coordinate of the
point S at which the longitudinal spring is constrained, must be chosen in
the correct range, in order to neglect structures that are always unstable.
In the case of a doubly circular profile, since we are interested in subsys-
tems that are separately stable, the possible range in which this coordinate
must be chosen is ys ∈ [−R−, R+]. Actually, in the numerical example pre-
sented in Chapter 6, the point S is considered to be exactly at the origin of
the Cartesian reference frame, i.e. ys = 0.

As a final remark, analogous calculations can be performed for the
non-dimensional problem exposed in section 3.2.2, leading to the follow-
ing formulas for the non-dimensional critical loads γ. According to rela-
tions (3.18), the critical loads for the negative subsystem (−) are

γ−flu = −
2ζ−(3ζ− + 2)(ζ−((k + 3)ζ− + kσ + 3) + 1)− 2

√
3kζ5
−(3ζ− + 2)2(ζ− + σ)

ζ2
−(3ζ− + 2)2

,

γ−div = −
2ζ−(3ζ− + 2)(ζ−((k + 3)ζ− + kσ + 3) + 1) + 2

√
3kζ5
−(3ζ− + 2)2(ζ− + σ)

ζ2
−(3ζ− + 2)2

,

(3.47)
with the assumption on the position of S that becomes σ > ζ−. As for the
positive subsystem (+), the intersection points with the parabola in the
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plane of the invariants are defined by the non-dimensional critical loads

γ1 =
2ζ+(2− 3ζ+)(ζ+((k + 3)ζ+ − kσ − 3) + 1)− 2

√
3kζ5

+(3ζ+ − 2)2(ζ+ − σ)

ζ2
+(2− 3ζ+)2

,

γ2 =
2ζ+(2− 3ζ+)(ζ+((k + 3)ζ+ − kσ − 3) + 1) + 2

√
3kζ5

+(3ζ+ − 2)2(ζ+ − σ)

ζ2
+(2− 3ζ+)2

,

(3.48)
and, provided that the condition σ < ζ+ is fulfilled, the flutter and diver-
gence loads are

ζ+ ≤
2

3
⇒ γflu = γ1, γdiv = γ2,

or
ζ+ >

2

3
⇒ γflu = γ2, γdiv = γ1,

on the basis of the value of the non-dimensional parameter ζ+ = R+/l.
As underlined above, the value of the y-coordinate of the point S must be
chosen in such a way σ ∈ [−ζ−, ζ+].

3.5 Conclusions

The reference structure introduced in Section 3.1.1, a rigid bar constrained
on a curved profile and subjected to a follower force, has been deeply in-
vestigated from a mathematical point of view. In particular, the case in
which the profile is parametrised by a smooth circular curve has been
analysed, since it represents the basic subsystem composing the doubly
circular constraint of a piecewise-smooth mechanical system, which is the
final target of this investigation. The equations of motion both in the lin-
ear and nonlinear case have been obtained in Section 3.1.2 and 2.32, while
flutter and divergence critical loads have been computed in Section 3.4.

This analysis of a specific structure has been extended, to deal with
general mechanical systems described in their linearised formulation by a
Jacobian matrix defined in expression (3.27). In particular, this structure
of the Jacobian matrix can be representative of all 2 d.o.f. mechanical sys-
tems, provided that the damping components have been neglected.
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3.5. Conclusions

A stability analysis of smooth systems has been performed, based on
the linearisation of the system near the equilibrium configuration, con-
cerning the investigation of the nature of the eigenvalues of the Jacobian
matrix, which actually depend on the first and second invariant of the ma-
trixA.

While the stability of equilibrium configurations of smooth structures
can be determined following well-known techniques, no general criteria
can be found for non-conservative piecewise-smooth systems. Thus, the
investigation of these 2 d.o.f. piecewise-smooth structures is the main
topic treated in the next Chapter 4.
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CHAPTER 4

Invariant cones and
piecewise-smooth mechanical

systems

“A scientist worthy of his name, about
all a mathematician, experiences in his
work the same impression as an artist;
his pleasure is as great and of the same
nature."

Jules Henri Poincaré

“Geometry is not true, it is
advantageous"

Jules Henri Poincaré

In the previous Chapter 3, a special 2 d.o.f. piecewise-smooth mechani-
cal structure has been introduced, revealing a trivial equilibrium configu-
ration in the origin of the phase space. The stability behaviour of this fixed
point, located exactly at the discontinuity, can be investigated considering
separately the positive and negative subsystems that compose the entire
piecewise structure. However, as shown by Carmona et al. [16], the stabil-
ity of the combined system is not generally guaranteed with the assump-
tion of stable subsystems. In particular, Carmona et al. discovered that for
a three-dimensional piecewise-linear dynamical system, the matching of
two stable systems could be unstable, which, translated into a mechanical
perspective, is certainly an unexpected and counterintuitive behaviour.
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4.1. Invariant cones in 2 d.o.f. piecewise-linear mechanical system

The main purpose of this Thesis is the definition of a theoretical in-
stability criterion, att least for the subset of 2 d.o.f. mechanical systems,
together with the determination of a physical structure that may reveal
the behaviour predicted by Carmona in purely mathematical systems.

Unfortunately, the classical theorems of Lagrange-Dirichlet and Lia-
punov, as well as the Linear Stability approach, see Section 2.1.3 and [49,
58, 90], cannot be adopted, since the examined system is subjected to a
non-conservative follower force and the equilibrium configuration is ex-
actly on the discontinuity.

The only way to attempt this issue is to directly act on the solution
of the dynamical system, assuming that a given invariant set is present
in the phase portrait. If this hypothesis is fulfilled, the behaviour of a
family of orbits is completely determined, at least for a given set of initial
conditions. Moreover, due to the non-symmetric definition of instability
of fixed points given by Liapunov, see Theorem 2, if the existence of a
family of trajectories (described by the aforementioned invariant set) can
be determined, such that the motion of the system evolves far from the
equilibrium point, then an unstable behaviour is revealed by the structure.

As can be found in [14, 51, 52, 86, 87], the birth of the unstable be-
haviour found by by Carmona et al. is associated, from a mathematical
perspective, to the presence of a particular invariant set in the phase por-
trait of the analysed piecewise system, called invariant cone.

In the following Sections, the conditions for the existence of an invari-
ant cone will be derived for 2 d.o.f. mechanical systems subjected to non-
conservative loads. Furthermore, the problem of the attractivity of the
invariant set is investigated and some interesting properties are proved
for this specific case of 2 d.o.f. structures. Some theoretical and numeri-
cal techniques, useful for the comprehension of the problem and for the
analysis presented in this Chapter, can be found in [41, 42, 51, 52, 86, 87].

Finally, let’s observe that all the following results are obtained for the
piecewise-linear version of the equations of motion of the non-smooth sys-
tem, i.e. for the simplified case in which every single subsystem has been
linearised. The ODEs still remain nonlinear, but for this specific case, some
theoretical and analytical outcomes can be found, since the exact solution
in each subsystem is known and reveals an exponential form.
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4. Invariant cones and piecewise-smooth mechanical systems

4.1 Invariant cones in 2 d.o.f. piecewise-linear me-
chanical system

4.1.1 General description of a 2 d.o.f. mechanical system

Let’s consider a generic piecewise-linear system, described in the Hamil-
tonian formulation by the first order ODEs

ẏ(t) =

A
−y(t), y1 < 0

A+y(t), y1 > 0
, (4.1)

where y ∈ R4 is the phase vector and the matrices A± have the structure
presented in (3.27), so that (4.1) can be considered a mechanical system.
The switching rule describes a hyperplane in the 4-dimensional phase
space orthogonal to the y1-axis. The analysis that will be presented below
is sufficiently general to model not only the physical structure presented
in Chapter 3, but also other 2 d.o.f. mechanical systems composed of two
subsystems separated by an hyperplane. Actually, the switching condition
seems to be very specific, however all mechanical systems with a hyper-
plane as a switching manifold can be reduced to (4.1) through a proper
rotation in the phase coordinates.

According to the notation exposed in Chapter 2.2, the two subdomains
in which the phase space is subdivided are V− =

{
y ∈ R4 : y1 < 0

}
, called

the negative (−) subsystem and V+ =
{
y ∈ R4 : y1 > 0

}
, called the posi-

tive (+) subsystem, while the plane Σ =
{
y ∈ R4 : y1 = 0

}
is the switching

manifold. An equivalent definition of the switching manifold, in which the
scalar product with the normal unit vector of the hyperplane appears, is
Σ =

{
y ∈ R4 : y · e1 = 0

}
.

As was pointed out in Section 3.2.1 for the reference mechanical struc-
ture, the switching rule in problem (4.1) do not assign the condition y1 = 0
to any subsystem. However, it will be clear in Section 4.2 that for the cur-
rent hypotheses, the use of Filippov’s convex method is not necessary and
the condition y1 = 0 can actually be considered correct for any choice of
the subsystem, since the orbit always crosses the switching manifold and
sliding conditions are forbidden. 1

1As discussed in Section 3.2.1 and 4.2, there exists a zero-measure set of initial condi-
tions, neglected in this analysis, in which the evolution of the system is not well-defined.
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4.1. Invariant cones in 2 d.o.f. piecewise-linear mechanical system

The piecewise-linear system (4.1) has a trivial equilibrium configura-
tion in the origin of the phase space, exactly on the switching manifold,
and the stability of this equilibrium point will be analysed below. The fact
that this fixed point is exactly on the discontinuity leads to the impossibil-
ity of the application of classical stability criteria.

Since the complete dynamical system (4.1) is assumed to be piecewise-
linear, the evolution in time in each subsystem ẏ = A±y can be described
by a proper matrix exponential, see formula (3.31). However, the matrix
exponential that must be used for the description of the solution depends
on the considered subdomain V±, in which the analysed orbit is supposed
to lie. Hence, the solution of (4.1) can be obtained by a composition of ma-
trix exponentials, written for the proper negative or positive subdomains.

When the crossing conditions on the switching manifold are fulfilled,
i.e. an orbit that "hits" the switching manifold necessarily crosses the hy-
perplane and enters in the other subspace, the solution in terms of matrix
exponentials can be written in a simpler way, since the sequence of fun-
damental solution matrix that must be used is well-defined. Moreover, in
this case, the intersection points between the orbit and the switching ma-
nifold can be used as initial conditions for the following evolution in the
subdomain in which the orbit is entering, since sliding on the hyperplane
Σ is forbidden.

Let’s imagine that a generic orbit in the four-dimensional phase space,
as depicted in Figure 4.1, starting at the initial condition y(t0) = y0 ∈
V−, crosses the switching manifold Σ at given intersection times, whose
sequence is {t1, t2, . . . , tk−1, tk, . . . }. Provided that the crossing conditions
are fulfilled, the solution of the piecewise-linear system (4.1) can be written
in the following way

y(t) =



eA
−(t−t0)y0, t0 < t ≤ t1

eA
+(t−t1)eA

−(t1−t0)y0, t1 < t ≤ t2
eA
−(t−t2)eA

+(t2−t1)eA
−(t1−t0)y0, t2 < t ≤ t3

· · · · · ·
eA
−(t−tk−2)eA

+(tk−2−tk−3) · · · eA−(t1−t0)y0, tk−2 < t ≤ tk−1

eA
+(t−tk−1)eA

−(tk−1−tk−2) · · · eA−(t1−t0)y0, tk−1 < t ≤ tk
· · · · · ·

.

(4.2)
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e1

Σ

V+

V−

y0

y(t1)

y(t2)

y(t3)

y(t4)

Figure 4.1: A pictorial view of a solution (4.2) of the 4D piecewise-smooth system
(4.1), where a reduction to a 3D representation has been performed,
for a graphical purpose. When the orbit lying in one of the two sub-
domains "hits" the switching manifold Σ at time {t1, t2, t3, t4, . . . }, the
intersection point is assumed to be an initial condition for a new orbit
that originates from it and evolves in the other subdomain.

The issue in the analytical treatment of this piecewise solution is that
the time sequence is a priori unknown, because the intersection times es-
sentially depends on the initial conditions, so they can be calculated only
following the evolution of the solution. For this reason, the determination
of an invariant set for this kind of problems is a cumbersome task and, in
order to simplify it, a good strategy could be the introduction of Poincaré
maps, see [41, 42, 51, 52, 86, 87].

As presented in detail in Section 2.2.5, a Poincaré map transforms the
continuous-time dynamical system into a discrete-time one, with the in-
troduction of a (n − 1)-dimensional hyperplane, called Poincaré section,
embedded in the n-dimensional phase space. The points of this hyper-
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e1

Σ

V+

V−

y0
y1

y2

y3

y4

P−(y0)

P+(y1)

P−(y2)

P+(y3)

Figure 4.2: The same solution of Figure 4.1 is shown in this pictorial view. How-
ever, the continuous-time interpretation of the dynamical system is
now substituted by a discrete-time description, which does not di-
rectly considered the continuous orbits in the 4D phase space (the
blue and red dashed curves). On the contrary, the focus is given to
the discrete Poincaré halfmaps between a point yk = y(tk) and the
following yk+1 = y(tk+1), depicted as the orange and green arrows.

plane are mapped onto the plane itself through the orbits, so the map P
can be introduced, describing a discrete dynamics that contains all the in-
formation for the analysis of the continuous-time system. As pointed out
also in Section 2.2.5, the concept of Poincaré map is general and refers to a
link among the points of a hyperplane in the phase space. On the contrary,
the mathematical descriptions of the map can be different, e.g. it can be
given in a local (n− 1)-dimensional reference frame on the hyperplane or
in the global reference frame of the n−dimensional phase space. The ele-
ments defined in the former description will generally be indicated with a
hat ‘̂’, otherwise they are intended to be expressed in the latter way.
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As for the 4-dimensional problem (4.1), a convenient choice for the
3-dimensional Poincaré section is the switching manifold Σ, so that the
complete Poincaré map P : Σ → Σ can be thought as the composition of
two Poincaré halfmaps P± : Σ→ Σ, such that

P = P+ ◦ P−, (4.3)

where P− (P+) is defined in the negative (positive) subsystem. In this
description (4.3), the hypothesis that the orbit enters first in the (−) sys-
tem has been assumed, without loss of generality. One must note that a
different choice of the Poincaré section would lead to a more complex de-
scription of the Poincaré complete map, since the sequence of intersection
times with the switching manifold used above would not be enough for
the description of the solution, and also the sequence of intersection time
with the Poincaré section would be necessary. Therefore, the identifica-
tion between the Poincaré section and the switching manifold reduces the
complexity of the description.

Let’s consider a generic point x ∈ Σ, belonging to the switching ma-
nifold, and let’s suppose, without loss of generality, that the orbit with
initial condition equal to x enters in the negative subspace V−. The time
evolution in the negative subsystem is described by the first expression in
formula (4.2), i.e.

y(t) = eA
−tx,

until the orbit reaches the switching manifold at point ξ, in a given time
interval, namely t−, from the initial time t = 0. Then, the orbit crosses 2

the switching manifold and enters in the positive subsystem V+, following
the solution described by

y(t) = eA
+(t−t−)eA

−t−x = eA
+(t−t−)ξ,

where the point ξ can be interpreted as a new initial condition for the sec-
ond part of the orbit, defined in the positive subdomain. 3 The trajectory

2The fact that a generic orbit always crosses the switching manifold will be proved in
Section 4.2

3The fact that ξ can be considered as an initial condition for the motion in the positive
subspace is crucial and it comes from the fact that the considered system is autonomous
and the crossing conditions are fulfilled (i.e. sliding is forbidden).
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remains inside the (+) subspace until it reaches the point η on the switch-
ing manifold in a time interval t+, measured from t = t−. It is evident
form the definition of Poincaré map that the negative and positive Poin-
caré halfmaps consist in the relation among the points x, ξ and η, so that
they can be expressed as

ξ = P−(x) = eA
−t−(x)x η = P+(ξ) = eA

+t+(ξ)ξ. (4.4)

The negative and positive time intervals t− and t+ are functions of the
initial conditions x and ξ, respectively, and they can be defined as

t−(x) = inf
{
t > 0 : e1 · eA

−tx = 0
}
,

t+(ξ) = inf
{
t > 0 : e1 · eA

+tξ = 0
}
,

(4.5)

where e1 is the unit vector in the phase space along y1-axis, which also
represents the normal to the switching manifold Σ, see [51, 52]. These def-
initions (4.5) simply represent the fact that all the points x, ξ, and η must
be on the switching manifold and that they must be the first intersection
between the considered trajectory and the hyperplane Σ.

From a practical point of view, when a Poincaré map is introduced
for the analysis of a dynamical system, the time variable present in the
continuous-time description of the solution is generally substituted by a
function of the initial conditions, since the focus of the discrete-time anal-
ysis is on the specific intersection time between the Poincaré section and
the orbit, for a given initial condition. This mathematical description of
the Poincaré maps holds also for the case studied in this Thesis, since the
times t− and t+ are a priori unknown and depends on the initial conditions,
as can be seen from (4.5). Due to the fact that the intersection times t−(x)
and t+(ξ) are functions of the initial condition, the Poincaré halfmaps are
nonlinear relations in the points x and ξ.

The Poincaré halfmaps (4.4) defined above have been expressed as 4 -
dimensional maps, in fact the points x, ξ and η are thought as 4 - di-
mensional points of the phase space belonging to the switching manifold,
namely

x = [x1, x2, x3, x4]T, ξ = [ξ1, ξ2, ξ3, ξ4]T, η = [η1, η2, η3, η4]T. (4.6)
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An analogous 3-dimensional representation of the halfmaps above can be
performed, since the aforementioned points can be expressed in a partic-
ular local 3-dimensional reference system on the switching manifold. The
hyperplane that describes the discontinuity is y1 = 0, hence the first com-
ponent of the points always vanishes, x1 = ξ1 = η1 = 0, so that the points
can be described in this local reference frame by

x̂ = [x2, x3, x4]T, ξ̂ = [ξ2, ξ3, ξ4]T, η̂ = [η2, η3, η4]T, (4.7)

while the reduced Poincaré halfmaps ξ̂ = P̂
−

(x̂) and η̂ = P̂
+

(ξ̂) are sim-
ply described by the 3 × 3 matrices obtained deleting the first row and
column from eA

−t−(x) and eA
+t+(ξ).

The complete Poincaré map for the general problem (4.1) is described
by P = P+ ◦ P−, while the discrete-time evolution of the solution can be
seen as the subsequent composition of the Poincaré halfmaps, so that

ηk = P k ◦ P k−1 ◦ · · · ◦ P 2 ◦ P 1(x) =

= P+
k ◦ P−k ◦ P+

k−1 ◦ P−k−1 ◦ · · · ◦ P+
1 ◦ P−1 (x),

where P±k are the Poincaré halfmaps calculated for the time intervals t±k .
One must note that, the halfmaps P±k are generally different one another,
since the time intervals in which the trajectories remains in the same sub-
domain V± are not constant values. After the introduction of a Poincaré
map, the investigation on the presence of a particular invariant set in the
phase space reduces to the definition of particular laws that the points of
the Poincaré maps must fulfil.

4.1.2 Invariant cones and instability analysis

The Poincaré map introduced in the previous Section is a useful tool for
the detection of a particular invariant set in the 4-dimensional phase space
described by system (4.1).

As outlined in Section 2.1.4, an invariant set is a particular subset S
of the phase space such that y(0) ∈ S implies y(t) ∈ S , for all t. For a
4-dimensional dynamical system, this subset is a 3-dimensional invariant
manifold.
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Definition 36 (see [14, 16, 52, 86]). An invariant cone is a particular invari-
ant set of the phase portrait, such that the Poincaré map describing the
evolution of the dynamical system fulfils the condition

P (n) = µn, (4.8)

where µ ∈ R+ is a positive real scalar and n ∈ Σ is a vector of the phase
space, belonging to the Poincaré section associated with the Poincaré map
P .

In the specific case of a piecewise-linear system, the Poincaré map is
described by the composition of the halfmaps (4.4), hence an invariant
cone exists for the mechanical system (4.1) if and only if there exist a scalar
µ and a vector x, such that

η = eA
+t+(ξ(x))eA

−t−(x)x = µx, (4.9)

as also reported in [42, 51, 86].
Let’s observe that condition (4.9) is written assuming that the Poincaré

halfmaps are expressed in the global reference frame, i.e. the points of the
maps are those defined in (4.6). The same condition can equivalently be
expressed assuming the relation among the points (4.7), hence

η̂ = P̂
+

(ξ̂(x̂)) ◦ P̂−(x̂) = µx̂

where P̂
±

are 3×3 matrices obtained deleting the first row and column of
the matrix exponential, as explained above.

The condition (4.9) has the same structure of an eigenvalue problem:
the multiplier µ can be seen as a generalised eigenvalue and the vectorx as
a generalised eigenvector of the matrix eA

+t+(ξ(x))eA
−t−(x), which defines

the Poincaré map. However, this is a nonlinear eigenvalue problem, see
[20], since the matrix itself depends on the eigenvector, hence the solution
of (4.9) in terms of µ and x is not trivial and classical procedures for linear
eigenvalue problems cannot be adopted. Moreover, let’s observe that, as
in classical eigenvalues problems, the eigenvector x can be scaled with
a generic coefficient α ∈ R, so the eigenvector actually defines a set of
points on the straight line described by vector αx, for which relation (4.9)
is fulfilled.
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e1

O

Σ

V+

V−

x

ξ = P−(x)

η = P+(ξ)

Figure 4.3: A pictorial view of an unstable invariant cone, where the 4D phase
space has been reduced to a 3D sketch, for graphical purpose. The
hyperplane Σ divides the entire phase space into two subdomains V±.
The vertex of the invariant cone is the origin of the phase space, which
coincides with the analysed equilibrium configuration. The Poincaré
map transforms the initial point x to the points ξ = P−(x) and η =
P+(P−(x)). The family of orbits belonging to the cone spirals out
form the vertex, revealing an unstable equilibrium point.

Furthermore, the two time intervals t−(x) and t+(ξ(x)), nonlinear
functions of the initial conditions, fulfil the following conditions

t−(αx) = t−(x), t+(αξ) = t+(ξ), ∀α ∈ R, (4.10)
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as can be seen from the definitions (4.5). These conditions (4.10) are crucial
for the analysis of dynamical systems where an invariant cone is present.
In fact, when the point η = µx is considered as a new initial condition in
order to observe how the motion of the system evolves after the two initial
halfmaps ξ = P−(x) and η = P+(ξ), the new intersection time becomes

t−(η) = t−(µx) = t−(x),

and equivalently for the t+. Hence, for the orbits belonging to the invari-
ant cone, the time intervals t± are always the same and do not change in
the application of further halfmaps. Thus, the property (4.10) also allows
the calculation of the coordinates of all the points of the Poincaré map,
starting from the initial condition x(0), so that

x(1) = η(0) = eA
+t+eA

−t−x(0),

x(2) = η(1) = eA
+t+eA

−t−eA
+t+eA

−t−x(0),

x(3) = η(2) = eA
+t+eA

−t−eA
+t+eA

−t−eA
+t+eA

−t−x(0),

· · ·

that can clearly be rewritten as

η(k) = x(k+1) = µkx(0), (4.11)

which is an exponential discrete relation. Let’s observe that the value of
norm of vector η(k) increases or decreases, on the basis of the value of the
multiplier µ.

It is evident from the considerations presented above on the intersec-
tion time intervals that the sum T = t− + t+ can be considered as a sort
of period for the orbits that belong to an invariant cone, since a trajectory
with initial condition x(k) employs exactly a time interval t− + t+ to reach
the point η(k). However, the solution cannot be considered strictly peri-
odic, since after each period the orbit does not return exactly in the same
configuration, but the following relation can be written

y(kT + t) = µky(t), (4.12)

where t is a generic time interval and y(t) is a generic point belonging to
the invariant cone. One must note that (4.12) has the same structure of
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condition (4.11), but the former is valid for a generic point lying on the
invariant cone.

The geometric interpretation of definition (4.8) is straightforward and
it is depicted in Figure 4.3, where a 3D conceptual sketch substitutes the
real 4D phase space which is obviously not achievable in a pictorial view.
Condition (4.9) imposes that the vectors of initial point x and final point η
are parallel, lying on the same straight line which passes through the ori-
gin and belongs to the switching manifold Σ. The family of orbits that
have initial conditions on this straight line, defined by the generalised
eigenvector x, forms a manifold, which is a 3-dimensional hypercone em-
bedded in a 4-dimensional phase space. The vertex of this cone is at the
origin, i.e. at the equilibrium point of the mechanical system. The inter-
section lines between the invariant cone and the switching manifold Σ are
the straight line defined by vectors αx and αξ, α ∈ R.

According to this geometrical interpretation, the behaviour of a me-
chanical system can easily be understood in presence of an invariant cone,
since the orbits may spiral in or out on the cone, on the basis of the value of
µ, evolving towards the vertex or away from it. In particular, the following
condition can be determined:

• µ > 1: there exists a family of trajectories, belonging to the invari-
ant cone, that for t > 0 spiral out, away from the vertex of the cone,
which represents the equilibrium configuration in the phase space.
The solution evolves in time far from the fixed point, hence the equi-
librium configuration in the origin can be considered unstable.

• µ < 1: there exists a family of trajectories, belonging to the invariant
cone, that for t > 0 spiral in, towards the vertex of the cone. The so-
lution evolves in time approaching the fixed point, hence the orbits
belonging to the invariant cone can be considered stable. Unfortu-
nately, no condition on the mechanical system can be defined, since
other trajectories, different from those on the invariant cone, may be
unstable, leading to an unstable mechanical system.

• µ = 1: there exists a family of trajectories, belonging to the invariant
cone, which are periodic.

For the generic mechanical problem (4.1), the existence of an invariant
cone with µ > 1 is a sufficient condition for instability, since according to
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Definition 8 the presence of a single unstable trajectory is sufficient to con-
sider the whole system unstable. Vice versa, provided that an invariant
cone exists, the relation µ ≤ 1 is a necessary condition for stability.

An important property that must be underlined is that these condi-
tions hold always true, regardless of the stability behaviour of each single sub-
system. Therefore, an equilibrium configuration of a piecewise-linear me-
chanical system, which is stable when analysed in each single subsystem
that composes the entire structure, can be an unstable fixed point for the
entire dynamical system. This kind of structure will be investigated in
Chapter 6 and special design parameters will be provided, leading to this
unexpected and counterintuitive behaviour.

4.1.3 Physical interpretation of an invariant cone

The unusual unstable behaviour of piecewise-smooth mechanical systems
composed of two stable parts can be qualitatively explained from a phys-
ical point of view, by the analysis of the mechanical energy of the non-
smooth dynamical systems.

Let’s consider the linearised equations of motion of the single smooth
subsystem (3.23). The stiffness matrixK can be decomposed into the sum
of a symmetric and an unsymmetric component,

K = K̂ +G,

where K̂ collects only the effects of conservative forces (springs and pos-
sible dead loads) andG contains only the non-conservative ones (follower
force). To be more explicit, for the structure analysed in Chapter 3.2, the
stiffness matrix can be decomposed into the following terms

K̂
±

=

k1

(
1∓ ys

R±

)
+

k2

R2
±
± k2

R±

± k2

R±
k2

 , G± = F

∓ 1

R±
−1

0 0

 .
For a generic mechanical system, a scalar product of equation (3.23) by

q̇ and a factorisation of the time derivative lead to the well-known Princi-
ple of Conservation of Mechanical Energy, see also [55],

d

dt

(
1

2
q̇ ·Mq̇ +

1

2
q · K̂q

)
= −q̇ ·Gq, (4.13)
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where the mechanical energy H(t) can be introduced, as the sum of the
kinetic and total potential energy, i.e.

H(t) =
1

2
q̇ ·Mq̇ +

1

2
q · K̂q. (4.14)

In simple words, the well-known principle of conservation (4.13) states
that the variation in time of the mechanical energy is equal to the power
of non-conservative forces that act on the system. Expression (4.14) can be
rewritten in matrix notation with respect to the phase vector y(t), as

H(t) =
1

2
y(t) ·Hy(t), (4.15)

introducing the symmetric matrix

H± =

[
K̂
±

0

0 M

]
.

When only the conservative part K̂ of the stiffness matrix is present, in
case of a smooth mechanical system, the mechanical energy remains con-
stant. On the contrary, when also a non-conservative contribution G can
be found, due to the non-conservative loads, the mechanical energy H(t)
varies in time.

The behaviour of the mechanical energy as a function of time, for a
specific solution of a smooth system near a stable fixed point, can be stud-
ied substituting the solution y(t) in terms of the matrix exponential (3.38),
which is written for a stable system. Since the elements of the matrix ex-
ponential (3.38) are trigonometric functions of time, the mechanical energy
is a sum of trigonometric functions, which is generally not periodic, but
certainly, it is bounded. Therefore, near a stable equilibrium configura-
tion of a smooth dynamical system, the mechanical energy may vary in
time if non-conservative forces are present, however the function H(t) is
bounded, revealing a limited growth of the mechanical energy.

On the contrary, something very different may happen for a non-
smooth dynamical system: although the energy is bounded for each
smooth subsystem forming the entire structure, the switching between
these subsystems may be designed in such a way only the intervals in
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which the mechanical energy increases are combined. This particular de-
sign leads to a global unbounded growth of the energy and the instability
of the considered equilibrium configuration.

The mechanical energy at time t = 0, for initial conditions y0, can be
computed as

H0 = H(0) =
1

2
y0 ·Hy0,

whereH can be identified with eitherH− orH+, since the energy is con-
tinuous when a switch in the subsystem is present. Since the solution of
a generic piecewise-linear system is represented by expression (4.2), the
mechanical energy can be written as a function of time,

H(t) =



1

2
eA
−(t−t0)y0 ·H−eA

−(t−t0)y0, t0 < t ≤ t1
1

2
eA

+(t−t1)eA
−(t1−t0)y0 ·H+eA

+(t−t1)eA
−(t1−t0)y0, t1 < t ≤ t2

· · · · · ·
1

2
eA
−(t−tk) · · ·y0 ·H−eA

−(t−tk) · · ·y0, tk < t ≤ tk+1

· · · · · ·
(4.16)

where the sequence {t1, t2, . . . , tk, tk+1, . . . } represents the intersection
times between the considered trajectory and the switching manifold.

Assuming that an invariant cone exists, so that the condition η = µx
holds, the mechanical energy (4.16) for a solution belonging to the invari-
ant cone can be written as

H(0) =
1

2
x ·Hx,

H(t−) =
1

2
eA
−t−x ·HeA

−t−x,

H(t− + t+) =
1

2
eA

+t+eA
−t−x ·HeA

+t+eA
−t−x,

H(2t− + t+) =
1

2
eA
−t−eA

+t+eA
−t−x ·HeA

−t−eA
+t+eA

−t−x,

· · ·
hence the mechanical energy after an integer number of periods k(t−+t+),
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k ∈ N, can be computed as

H(k(t− + t+)) =
1

2
µ2kx ·Hx = µ2kH0.

Therefore, when an unstable invariant cone is detected with a mul-
tiplier µ > 1, the mechanical energy suffers an unbounded exponential
growth in time, revealing the instability of the system.
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neglecting the switching conditions
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Figure 4.4: Plot of the mechanical energyH as a function of the non-dimensional
time τ (which plays the same role of the time t used in the derivation
of formula (4.15)), according to the numerical example treated in Sec-
tion 6.1.1. The dashed lines represent the evolution of the mechanical
energy of the single subsystem, neglecting the switching condition,
and they show a bounded behaviour that comes from the stability of
each subsystem. On the contrary, the behaviour of the mechanical
energy of the entire piecewise-smooth systems, plotted for five time
intervals, reveals a growth due to the switching between the subsys-
tems. The exponential growth of the mechanical energy is clearly vis-
ible in the detail, revealing a flutter-like instability of the combined
piecewise system.
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This exponential growth is analogous to what happens in smooth dy-
namical systems subject to follower forces, so the analysed behaviour can
be seen as a flutter-like instability of a piecewise-linear mechanical system.

Two are the principal outcomes of the analysis performed in this Sec-
tion 4.1.3 concerning the analysis of the mechanical energy. The first is a
qualitative explanation of the physical reason why this kind of piecewise
system reveals this particular instability behaviour, i.e. the presence of an
unbounded growth of the energy of the complete structure, despite be-
ing bounded in each subsystem. The second is the fact that this unstable
behaviour may be reached when the mechanical energy of each subsys-
tem is bounded, but only if it oscillates in time inside the considered time
interval related to (−) or (+) subdomain. Hence, the presence of a non-
conservative source as the follower force is necessary to have this kind of
instability that originates from two stable subsystems.

4.2 Analysis of switching conditions

The results obtained in the previous Section 4.1.3 have a hidden hypoth-
esis that will be investigated in depth in this paragraph, namely the fact
that the orbits are assumed to intersect the switching manifold and to cross
the hypersurface Σ, leaving a subdomain and entering in the other one.

According to the theory of piecewise-smooth dynamical systems pre-
sented in Section 2.2.3, two possible scenarios can actually be present for
these specific systems: crossing or sliding conditions.

A generic point of the switching manifold Σ is a crossing point when
the orbit passing through this point crosses the discontinuity surface in a
well-defined direction, from (−) to (+) system, or vice versa. Moreover,
a continuity condition must also be fulfilled in case of crossing, i.e. the
limit points of the trajectories that approach the switching manifold, from
(−) and (+) systems, must coincide. As reported at the end of Section
2.2.3, the direction in which the orbit crosses Σ is defined by the orbital ve-
locities calculated in the crossing point, both for (−) and (+) subsystems.
Hence, when the projections of these orbital velocities onto the unit nor-
mal vector of the switching manifold have the same sign, a crossing point
is present. On the contrary, a point of the switching manifold Σ is a sliding
point when the aforementioned orbital velocities have opposite sign, hence

130 Marco Rossi



4. Invariant cones and piecewise-smooth mechanical systems

the solution "slides" on the discontinuity hypersurface Σ.

Σ V+V−

ẏ+

ẏ−

e1

(a) crossing

Σ V+V−

ẏ+

ẏ−

e1

(b) sliding

Figure 4.5: A 2D pictorial view, showing the behaviour of a mechanical system in
presence of sliding and crossing conditions, when an orbit approaches
the switching manifold Σ, which divides in two subdomains V± the
entire phase space. In case of crossing, the considered orbit leaves one
of the two subsystems and enters in the other, since the orbital ve-
locity, calculated in the crossing point for the two separated system,
determine a well-defined direction of the motion. On the contrary,
when sliding is considered, the orbit can be "trapped" on the switch-
ing manifold, since the aforementioned orbital velocities have oppo-
site directions, hence the motion evolves on the plane Σ (green orbit).

In a generic point x ∈ Σ, belonging to the switching manifold, the
orbital velocity is defined as the first derivative in time of the solution y(t)
calculated in the considered point, namely ẋ. By definition, the orbital
velocity coincides with the vector field of equation (4.1) computed in the
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given configuration, namely ẋ = A±x. Therefore, the projection of the
orbital velocity onto the unit normal vector e1 of the switching manifold
can be computed as

ẋ · e1 = A±x · e1 = x ·
(
A±
)T
e1 = x · e3 = x3,

where the property
(
A±
)T
e1 = e3 comes from the particular structure of

the Jacobian matrixA±, which represents a mechanical system.
The fact that the discontinuity is orthogonal to the y1-axis makes

this calculation trivial since it simply confirms that, in the 4-dimensional
Hamiltonian formulation of equations of motion, the third component of
the phase vector is actually the first derivative of the first component,
namely ẋ1 = x3.

Since the orbital velocity is continuous in the first component, i.e. ẋ−1 =
ẋ+

1 = ẋ1, all the points x of the switching manifold with a non-vanishing
third component, x3 6= 0, are crossing points.

As a remark, the same condition exposed above holds true for the
second component of the orbital velocity, i.e. ẋ2 = x4, so the conti-
nuity is actually assured for the first and second component of the ve-
locity vector. In the literature concerning piecewise-smooth dynamical
systems, see [14, 16, 46, 52], a further restriction is often assumed for
the matrix A±, i.e. for a discontinuity in the yk-axis, the difference be-
tween A− and A+ must be only in the k-th column, while all the other
columns must coincide. This continuity hypothesis can actually be written
asA+−A− = (A+−A−)e1e

T
i . This assumption leads to orbital velocities

that are continuous in all their components, however it is generally vio-
lated for mechanical systems (e.g. the structure analysed in Section 3.1.1
clearly does not fulfils this property). 4 In fact, the orbital velocity for the

4The condition A+ − A− = (A+ − A−)e1e
T
i concerning the continuity of the vector

field leads to the classification of the mechanical system as a non-smooth continuous system,
as reported in Section 2.2.2. This kind of systems is generally simpler to deal with, hence
this simplification is often assumed by many authors, see [14, 16, 46, 52]. However, since
this condition is not generally fulfilled, the mechanical systems under analysis must be
classified as Filippov’s systems.
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2 d.o.f. mechanical system described in this Thesis can be written as

ẋ = A±x =


0 0 1 0
0 0 0 1

Γ±11 Γ±12 0 0
Γ±21 Γ±22 0 0




0
x2

x3

x4

 =


x3

x4

Γ±12x2

Γ±22x2

 ,
hence the orbital velocity would be continuous in all the components, if
A− andA+ differed only in the first column, namely Γ−12 = Γ+

12 and Γ−22 =
Γ+

22. In the investigated mechanical systems, from a physical point of view,
the discontinuity in the orbital velocity appears in those terms that can be
interpreted as accelerations.

In case of a vanishing third component of the vector x, namely x3 = 0,
the behaviour of the system is not well-defined. In the context of Filip-
pov’s theory of non-smooth dynamical systems, it is considered a critical
case, for which no prediction can be done on the behaviour of the mechan-
ical system, yielding to a sort of indeterminate situation, see [32]. More-
over, also the Poincaré map in (4.3) and (4.9) is not well-defined, since a
correct description of the evolution of the dynamical system can be ob-
tained only when the orbits are not tangent to the Poincaré section, a con-
dition which is not fulfilled in the case of a vanishing third component.

If all the components of the orbital velocity were continuous in these
specific undetermined points, then some results for these critical states
could be inferred, considering for example the acceleration term ẋ3. Un-
fortunately, this condition is not fulfilled for the mechanical system under
analysis, since ẋ3 = Γ±12x2 is not continuous on the switching manifold.
Moreover, these critical cases cannot be considered actual sliding condi-
tions, since, according to Filippov [32], the behaviour in case of sliding is
described by equation (2.15), which can be written in this specific case as

ẏ(t) =

(
e1 ·A−y(t)

)
A+ −

(
e1 ·A+y(t)

)
A−

e1 ·
(
A− −A+

)
y(t)

y(t), (4.17)

but this relation cannot be considered valid, due to the vanishing denom-
inator for y ∈ Σ. In [53], during the classification of special 2D Filippov
systems from a mathematical perspective, these specific critical cases are
called singular sliding points. Therefore, they can actually be considered
sliding point, nevertheless this definition is not helpful for the concrete
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analysis of points with x3 = 0, since the equation (4.17) describing th slid-
ing points is not representative of the problem, as exposed above.

However, one must note that these critical cases originate from a set of
initial conditions in the form x = [0, x2, 0, x4], for all x2, x4 ∈ R, which
is a set of zero measure in the 4-dimensional phase space. Hence, the
mathematical model adopted in this Thesis can be considered valid for
the interpretation of a mechanical system, despite the presence of a lim-
ited set of points in which the solution of the mathematical model is not
unique and consequently, predictions on the mechanical behaviour can-
not be performed. Therefore, these critical initial conditions are simply
neglected and when the presence of an invariant cone is detected, with a
vanishing third component in the starting, intermediate or ending point
of the Poincaré map, namely x3 = 0, ξ3 = 0, or η3 = 0, the cone is simply
considered not valid.

The previous demonstration that almost all points of the switching ma-
nifold reveal a crossing behaviour is crucial, since it is the basis of the
mathematical description of the analysed mechanical system, for exam-
ple in equations (4.3) or (4.9). For the sake of simplicity, the presence of
singular sliding have been neglected from the beginning of this analysis,
however, it has been proved that this assumption can be considered cor-
rect. The existence of only crossing condition also implies that, from a
practical point of view, in the numerical computations, the points having
y1 = 0 in (4.1) can be assigned both to (−) and (+) subsystem, since the
crossing behaviour is well-defined.

Finally, in equation (4.9) defining the condition for the existence of an
invariant cone, the application of a negative and positive Poicaré halfmap
has been performed a priori, to obtain the complete Poincaré map. How-
ever, this application can be considered valid if and only the orbital ve-
locity computed in the points x, ξ, and η has a compatible direction with
the Poincaré map. Some "feasibility conditions" must be introduced and
checked a posteriori, to be sure that the defined Poincaré map actually links
points that are consistent.

Since the crossing direction is given by the projection onto e1 of the
orbital velocity, the following conditions must be fulfilled

ẋ1ξ̇1 = x3ξ3 < 0, (or ξ̇1η̇1 = ξ3η3 < 0),

ẋ1η̇1 = x3η3 > 0,
(4.18)
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in order to guarantee that the Poincaré map is feasible (the first formula)
and that the considered orbit will continue on the invariant cone after the
first complete cycle (the second formula). assuming that an invariant cone
is present, the relation η = µx holds from equation (4.9), thus the first
condition can be rewritten as

x3η3 = µx2
3 > 0,

which is fulfilled if µ > 0. This is the physical reason behind the choice
of a positive multiplier µ in (4.9), together with the geometrical reason
concerning the desired shape of the invariant manifold.

4.3 Mathematical properties and attractivity of the in-
variant cone

4.3.1 The importance of the attractivity

The existence of an invariant cone in the phase space of a dynamical sys-
tem described by (4.1) is crucial for the definition of an unstable behaviour
of the piecewise structure, composed of separately stable subsystems. In
fact, according to Liapunov’s definition of stability, a single orbit revealing
an unstable behaviour of the equilibrium configuration is sufficient for the
identification of the fixed point as unstable.

From a physical point of view, the instability definition given by Li-
apunov is not sufficient to observe an unstable evolution of motion in a
practical experiment, because in the real world and in particular in the
experimental tests, the uncertainty on the measures plays a fundamental
role. In fact, if the set of possible initial conditions that predict an unsta-
ble behaviour has zero measure, with respect to the entire set in which it
is possible to choose the initial conditions, clearly, the unstable behaviour
cannot be reached, from an experimental point of view.

Thus, from an engineering perspective, the existence of an invariant
cone is crucial, but it is not enough, since another important feature of
the cone is required: the attractivity. If the invariant set is attractive, then
also the orbits with initial conditions in the neighbourhood of the cone ap-
proach it. Hence, there exists a region in the phases space, whose measure
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is not zero, in which the initial conditions can be chosen to obtain unstable
solutions.

4.3.2 Analysis of a perturbed solution on the invariant cone

Let’s suppose that {µ̃, x̃} represents a special solution of the nonlinear
eigenvalue problem (4.9), so that the following condition is fulfilled

eA
+t+(x̃)eA

−t−(x̃)x̃ = µ̃x̃. (4.19)

The invariant cone is described by the starting points x̃ and the interme-
diate and ending points

ξ̃ = eA
−t−(x̃)x̃, η̃ = eA

+t+(x̃)ξ̃, (4.20)

that are located on the Poincaré section Σ, which coincides with the
switching manifold.

In Section 2.2.6 and 2.2.7, the analysis of perturbed solutions in the
neighbourhood of a reference fundamental one has been pointed out and
described in detail for a generic dynamical system of the form ẏ = f(y).
These concepts are now applied to the specific case of a 2 d.o.f. mechanical
system described by the discontinuous ODEs (4.1).

First of all, when an invariant cone is detected in the phase portrait of
a mechanical system, two constant intersection times t−(x̃) and t+(x̃) =
t+(ξ̃(x̃)) can be defined, as functions of the initial point x̃ of the invariant
cone. In particular, as exposed in Section 4.1.2, a sort of period T = t−+ t+

can be introduced, since after each time interval T the solution reveals
a sort of "scaled periodic behaviour" due to the constant scale factor, see
relation (4.12).

Two possible strategies have been outlined in Section 2.2.6 and 2.2.7
for the analysis of a perturbed solution: the first considers the continuous-
time orbits and introduces the monodromy matrix for the analysis of per-
turbations; the second regards the discrete-time Poincaré map and the
linearised perturbations of the points on the section Σ, described by the
Jacobian of the Poincaré map.

Monodromy matrix As for the first strategy, due to the similarity of the
reference solution to a periodic orbit, a monodromy matrix ΦT can be in-
troduced for the description of the evolution of the perturbations at each
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time kT , for all k ∈ Z, i.e.

δy(kT ) = δy(k(t− + t+)) = Φk
T δy0,

where the vector δy0 is the perturbation of the initial conditions. Let’s
observe that, due to the underlined periodicity, the monodromy matrix
appears in the previous expression with an exponent equal to k. There-
fore, although the reference solution is not exactly periodic, its attractivity
is governed by the Floquet multipliers of the monodromy matrix. If all the
eigenvalues have a modulus lower than 1, then a perturbed trajectory ap-
proaches the reference orbit and it can be considered attractive. Moreover,
if the reference orbit belongs to the family of solutions described by the
invariant cone, then the definition of attractivity can clearly be extended
to the invariant set.

For piecewise-linear dynamical systems (4.1), the monodromy matrix
can be calculated as

ΦT = S+eA
+t+(x̃)S−eA

−t−(x̃), (4.21)

where the saltation matrices S± have been introduced, see Section 2.2.6, to
correctly describe the perturbations when the reference orbit crosses the
switching manifold Σ. These saltation matrices are computed according
to formulas (2.29) and (2.30). In particular, for the computation of S−, the
values of the vector fields at the switching point are

f−p = A−ξ̃, f+
p = A+ξ̃,

and for S+

f−p = A−η̃, f+
p = A+η̃,

while the normal to the switching manifold is simply the 4-dimensional
unit vector n = e1. Due to the structure of the Jacobian matrix A±, the
denominator in expression (2.29) for the saltation matrix S− is equal to
the third component of the point ξ̃, so that

e1 ·A−ξ̃ = e1 ·A+ξ̃ = (A±)Te1 · ξ̃ = e3 · ξ̃ = ξ̃3,

and an analogous relation can be found for S+,. whose denominator is
equal to η̃3. Therefore, in the considered 2 d.o.f. mechanical system, the
saltation matrices are

S− = I +
1

ξ̃3

(A+ −A−)(ξ̃ ⊗ e1), S+ = I +
1

η̃3
(A− −A+)(η̃ ⊗ e1),
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V− V+

Σ e1

A−ξ̃

A+ξ̃

A−η̃

A+η̃

A−x̃
x̃

η̃x̃+ δy0

η̃ + ΦT δy0

δy0

ΦT δy0

ξ̃

Figure 4.6: Pictorial representation of a reference solution belonging to a given in-
variant cone (represented by a blue/red thicker line, passing through
the initial x̃, intermediate ξ̃, and final η̃ points) and a perturbed one,
obtained by a small perturbation δy0 of the initial conditions (the 4D
space has been reduced to a 2D sketch for graphical purpose). This
picture conceptually describes the presence of an invariant cone for
2 d.o.f. mechanical systems, the orbital velocities at the switching
points, and the fundamental role of the monodromy matrix in the de-
scription of the perturbed solution.
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4. Invariant cones and piecewise-smooth mechanical systems

where I is the 4×4 identity matrix and the symbol ‘⊗’ has been introduced
to define the operation (a ⊗ b)ij = aibj , where a and b are two given
vectors. The use of the tensor product ‘⊗’ could be considered an abuse
of notation, since S± have not been considered tensors but only matrices,
in the analysis presented this Thesis. However, the compact notation and
the easy computational properties of the dyadic product are useful to treat
the elements of the monodromy matrix and to derive some mathematical
outcomes.

Let’s finally observe that the saltation matrices S± depend on the val-
ues ξ̃ and η̃, so they depend on the reference solution, which belongs to
the invariant cone.

This strategy, involving the definition of a monodromy matrix, will be
used to analyse the attractivity of invariant cones, since it leads to simpler
calculations and non-singular matrices.

Jacobian of the Poincaré map The second strategy for the determination
of the attractivity of an invariant cone deals with the calculation of the
eigenvalues of the Jacobian matrix of the Poincaré map. Since this analysis
is more difficult with respect to the first strategy presented above, only a
brief exposition of this technique will be shown below, to complete the set
of possible approaches in the analysis of this kind of problem.

As reported in Section 2.2.7, the Jacobian matrix of the Poincaré map
must be calculated in the local reference frame attached to the switching
manifold, to avoid the presence of a vanishing eigenvalue (denoting a sin-
gular Jacobian matrix). However, an initial calculation in the global ref-
erence frame of the phase space is more convenient and a following coor-
dinate transformation can be performed to obtain the matrix in the local
reference frame.

Let’s consider a reference solution described by the Poincaré map with
initial condition x̃. If a small perturbation δx in the initial conditions is
applied, the perturbation of the Poincaré map can be written as

δη =
∂P

∂x
(x̃)δx,

where the Jacobian matrix ∂P /∂x can be calculated applying the chain
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rule to expression (4.3), so that

∂P

∂x
(x̃) =

∂P+

∂ξ
(ξ̃(x̃))

∂P−

∂x
(x̃),

where the single Jacobian matrices of the Poincaré halfmaps can be com-
puted from the definitions (4.4) as

∂P+

∂ξ
(ξ) = eA

+t(ξ)

[
I +A+ ∂t

∂ξ
(ξ)

]
,

∂P−

∂x
(x) = eA

−t(x)

[
I +A−

∂t

∂x
(x)

]
.

(4.22)

Let’s observe that the Poincaré map transforms the continuous-time
dynamic problem to a discrete-time one, so that the time-independent
variable becomes a function of the points of the map. Therefore, the Ja-
cobian matrices are nonlinear functions of the coordinates of the points
and this dependency must be considered in the differentiation of the map.

The use of the Implicit Function Theorem on the time functions t(x)
and t(ξ), defined in expression (4.5), leads to the following form of the
Jacobian matrix (4.22)

∂P

∂x
(x̃) = D+eA

+t+(x̃)D−eA
−t−(x̃),

where the matrices

D− = I − 1

η̃3
A+(η̃ ⊗ e1), D+ = I − 1

ξ̃3

A−(ξ̃ ⊗ e1),

have been introduced.
This 4-dimensional Jacobian matrix is singular, since the Poincaré map

is actually defined on an 3-dimensional hypersurface embedded in the
phase space. To avoid this singularity, a local reference system must be
introduced, whose components are denoted by the superimposed ‘̂’. As
figured out in Section 2.2.7, the passage from the global to the local refer-
ence frame for the Poincaré map can be performed introducing the matrix
V , which in this case is equal to

V T =

0 1 0 0
0 0 1 0
0 0 0 1

 ,
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hence the final Jacobian matrix of the Poincaré map can be computed as

∂P

∂x̂
(ˆ̃x) = V TD+eA

+t+D−eA
−t−V (V TV )−1. (4.23)

Let’s observe that in the case under analysis, the calculation of (4.23) is
equivalent to extract from ∂P

∂x (x̃) the submatrix obtained deleting the first
row and column.

Due to the periodicity of the solution described above, the perturba-
tions of the Poincaré map after k complete cycles are

δη̂k =

(
∂P

∂x̂
(ˆ̃x)

)k
δx̂0,

which is analogous to expression (4.21), revealing the close link between
the monodromy matrix and the Jacobian of the Poincaré map.

One must note that the matrices S± and D± are very similar but
not identical, because they describe the evolution of perturbations hav-
ing different nature. In fact, in the first approach, the perturbation δy0 of
the initial conditions can be a generic (sufficiently small) vector of the 4-
dimensional phase space and the final perturbation after each period, de-
scribed by the monodromy matrix, is still a generic vector, as can be seen
in Figure 4.6. On the contrary, the Poincaré map is defined onto a specific
cross-section, hence also the initial and the final perturbations (described
by the Jacobian of the Poincaré map) are assumed to belong to the given
Poincaré section, as depicted in Figure 2.12 of Section 2.2.7.

4.3.3 Mathematical properties of the invariant cone

In this Section, some theoretical results on the analysis of 2 d.o.f. piecewise
mechanical systems will be exposed and demonstrated. Provided that an
invariant cone exists in the phase portrait, the outcomes shown below are
fundamental tools for the determination of the geometry and attractivity
of the considered invariant set. Furthermore, these are new important re-
sults that allow a complete description of this 2 d.o.f. mechanical problem.

Let’s suppose that an invariant cone has been detected for the consid-
ered mechanical system, i.e. there exists a solution {µ̃, x̃} of the gener-
alised nonlinear eigenvalue problem (4.9) that fulfils the condition (4.19),
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for the sake of simplicity rewritten below

eA
+t+(x̃)eA

−t−(x̃)x̃ = µ̃x̃.

One must note that an invariant cone is well described only when x̃ is a
real vector (the phases are real variables) and µ̃ is a real number. However,
other complex eigenvalues and eigenvectors of the problem (4.19) may
exist, that do not represent any physical solution.

In order to simplify the proofs of the following propositions, let’s now
introduce the matrix

J =

I2 0

0 −I2

 ,
where I2 is the 2×2 identity matrix. When J is applied to a 4-dimensional
vector, the sign of the two last components of the vector is changed. Fur-
thermore, the matrix J fulfils the property JJ = I , where I is the 4 × 4
identity matrix.

For the given 2 d.o.f. mechanical system under analysis, the inverse
of the matrix exponential has a particular structure and can be calculated
using the matrix J as

(eA
±t±)−1 = JeA

±t±J ,

which can also be inverted, so that

eA
±t± = J(eA

±t±)−1J .

Properties of the invariant cones

Some properties of the solution and other eigenvectors and eigenvalues
of (4.9) can now be determined on the basis of the known solution {µ̃, x̃}
of problem (4.19). In particular, when an invariant cone {µ̃, x̃} is detected
and the relative intersection times t±(x̃) are computed, the properties of
the matrices eA

+t+(x̃) and eA
−t−(x̃) can be investigated and other solutions

of the problem (4.9) with the same t± can be determined.

Proposition 1. If conditions (4.19) and (4.20) hold, then also {1/µ̃,Jξ̃} is a
solution of the nonlinear eigenvalue problem (4.19), hence

eA
+t+(x̃)eA

−t−(x̃)Jξ̃ =
1

µ̃
Jξ̃.
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Proof. The left-hand-side of the expression can be reduced to the right-
hand-side in the following way

eA
+t+(x̃)eA

−t−(x̃)Jξ̃ = JJeA
+t+(x̃)JJeA

−t−(x̃)Jξ̃ =

J(eA
+t+(x̃))−1(eA

−t−(x̃))−1ξ̃ = J(eA
+t+(x̃))−1x̃ =

1

µ̃
J(eA

+t+(x̃))−1η̃ =
1

µ̃
Jξ̃.

This important property implies that when an unstable (i.e. spiralling
out) invariant cone is detected, described by {µ̃, x̃}, with µ̃ > 1, then an-
other stable (i.e. spiralling in) invariant cone {1/µ̃,Jξ̃} can be found, for
the same mechanical system and with the same intersection time intervals
t±(x̃). The difference between these two cones is in the attractivity, as can
be seen in Proposition 8.

Proposition 2. If conditions (4.19) and (4.20) hold, then the nonlinear eigen-
value problem defined by the matrix eA

−t−(x̃)eA
+t+(x̃), where the first and second

terms have been flipped, admits the solutions {µ̃, ξ̃} and {1/µ̃,Jx̃}, hence

eA
−t−(x̃)eA

+t+(x̃)ξ̃ = µ̃ξ̃

eA
−t−(x̃)eA

+t+(x̃)Jx̃ =
1

µ̃
Jx̃.

Proof. The left-hand-side of the first expression can be reduced to the right-
hand-side in the following way

eA
−t−(x̃)eA

+t+(x̃)ξ̃ = eA
−t−(x̃)η̃ = µ̃eA

−t−(x̃)x̃ = µ̃ξ̃,

while, for the second expression,

eA
−t−(x̃)eA

+t+(x̃)Jx̃ = JJeA
−t−(x̃)JJeA

+t+(x̃)Jx̃ =

J(eA
−t−(x̃))−1(eA

+t+(x̃))−1x̃ =
1

µ̃
J(eA

−t−(x̃))−1(eA
+t+(x̃))−1η̃ =

1

µ̃
J(eA

−t−(x̃))−1ξ̃ =
1

µ̃
Jx̃.

Marco Rossi 143



4.3. Mathematical properties and attractivity of the invariant cone

The discovery of these new eigenvalues and the relative eigenvectors is
a fundamental milestone for the determination of the behaviour of the sys-
tem and in particular the attractivity of the cone. Let’s observe that Propo-
sitions 1 and 2 are always valid, however for the specific case µ̃ = 1 further
investigation are required, since the two multipliers µ̃ and 1

µ̃ coalesce. The
following Propositions refer exactly to this particular case, which must be
analysed in depth.

Proposition 3. If conditions (4.19) and (4.20) hold with µ̃ = 1, then the alge-
braic multiplicity of this eigenvalue is not lower than 2.

Proof. First of all, the matrix eA
−t−(x̃)eA

+t+(x̃) can be rewritten as

eA
−t−(x̃)eA

+t+(x̃) = JJeA
−t−(x̃)JJeA

+t+(x̃)JJ =

J
(
eA
−t−(x̃)

)−1 (
eA

+t+(x̃)
)−1

J = J
(
eA

+t+(x̃)eA
−t−(x̃)

)−1
J .

If the trace operator is applied on both sides of the relation above, the
following condition is fulfilled

tr
[
eA
−t−(x̃)eA

+t+(x̃)
]

= tr

[
J
(
eA

+t+(x̃)eA
−t−(x̃)

)−1
J

]
=

tr

[(
eA

+t+(x̃)eA
−t−(x̃)

)−1
JJ

]
= tr

[(
eA

+t+(x̃)eA
−t−(x̃)

)−1
]
,

where the properties of the trace operator have been applied, see [76].
Thus, since the trace fulfils the properties tr(AB) = tr(BA), for any ma-
trixA andB, this relation can be rewritten

tr
[
eA

+t+(x̃)eA
−t−(x̃)

]
= tr

[(
eA

+t+(x̃)eA
−t−(x̃)

)−1
]
. (4.24)

Moreover, the matrices in the above relation can be properly written in the
canonical Jordan form, so the matrices U and Λ can be introduced, such
that

eA
+t+(x̃)eA

−t−(x̃) = UΛU−1,(
eA

+t+(x̃)eA
−t−(x̃)

)−1
= UΛ−1U−1,

(4.25)
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where Λ contains the Jordan blocks and U the eigenvectors of the matrix
eA

+t+(x̃)eA
−t−(x̃). The substitution of (4.25) into expression (4.24) leads to

the following condition,
tr Λ = tr Λ−1. (4.26)

Assuming that the spectrum of the original matrix eA
+t+(x̃)eA

−t−(x̃) con-
tains the four scalars {1, α, β, γ} (since at least one eigenvalue is µ̃ = 1), the
left-hand-side and right-hand-side of the equation (4.26) can be computed
as

tr Λ = 1 + α+ β + γ,

tr Λ−1 = 1 +
1

α
+

1

β
+

1

γ
,

yielding to

α+ β + γ =
1

α
+

1

β
+

1

γ
. (4.27)

Moreover, a further condition on the determinant of eA
+t+(x̃)eA

−t−(x̃)

must be considered, that allows to fix one of the three undetermined eigen-
values. In fact, the determinant of a matrix exponential related to a me-
chanical system can be computed as

det eA
±t± = etr(A±t±) = 1,

hence the following relation can be written

det
[
eA

+t+(x̃)eA
−t−(x̃)

]
= det

[
eA

+t+(x̃)
]

det
[
eA
−t−(x̃)

]
= 1 = αβγ.

From the above expression we can define one eigenvalue as a function of
the others, for instance

γ =
1

αβ
,

so that the condition (4.27) can be rewritten as

(β − 1)
(
βα2 − (β + 1)α+ 1

)
= 0.

This equation must then be solved in α and β, obtaining these two cases:

• β = 1, ∀α, so that the spectrum of the matrix eA
+t+(x̃)eA

−t−(x̃) is
{1, α, 1, 1/α, };
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• β 6= 1, with two possible values of α, namely

α1,2 =
(β + 1)± |β − 1|

2β
,

so that the spectrum of the matrix eA
+t+(x̃)eA

−t−(x̃) is {1, β, 1, 1/β};
Therefore, if an eigenvalue µ̃ = 1 is found, then the possible spectra must
always contain at least two eigenvalues equal to 1, hence the algebraic
multiplicity is greater than or equal to 2.

Proposition 4. If conditions (4.19) and (4.20) hold and x = Jξ, then the asso-
ciated eigenvalue is µ̃ = 1.

Proof. Assuming that x̃ = Jξ̃, the following relations can be written, start-
ing from (4.19)

µ̃x̃ = eA
+t+(x̃)eA

−t−(x̃)x̃ = eA
+t+(x̃)eA

−t−(x̃)Jξ̃ =
1

µ̃
Jξ̃ =

1

µ̃
x̃,

The comparison between the first and last term of the expression above is
clearly valid only if µ̃ = 1.

Actually, from the numerical examples treated in Chapter 6, also the in-
verse implication seems to hold true, i.e. if µ̃ = 1, then x = Jξ. Although
from a physical intuition this condition is reasonable, a proof of this state-
ment has not been found and this will be considered for this reason only a
very frequent outcome in the numerical results.

However, the single-directed implication exposed in Proposition 4 is
sufficient to state that there may exists, for a certain problem, an invariant
cone with x = Jξ, having necessarily a multiplier µ̃ = 1. Since some
Propositions below are proved assuming that x 6= Jξ, the proof may be
incorrect if µ̃ = 1, so this case must be further investigated.

Properties on the attractivity of the invariant cones

The attractivity of an invariant cone is described by the Floquet multipliers
of the monodromy matrix, according to the theoretical approach exposed
in Section 4.3.2, therefore the eigenvalues and eigenvectors of

ΦT = S+eA
+t+(x̃)S−eA

−t−(x̃)
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must be determined.
First of all, an interesting feature of the saltation matrix must be ob-

served, i.e. when the saltation matrices are applied to a vector that belongs
to the switching manifold (e.g. the vector x̃, ξ̃, or η̃), the application of S±

simply reduce to the application of an identity matrix, for instance

S−x̃ = Ix̃+
1

ξ̃3

(A+−A−)(ξ̃⊗e1)x̃ = Ix̃+
1

ξ̃3

(A+−A−)(e1 · x̃)ξ̃ = Ix̃,

since e1 ·a = 0, for all vectors a ∈ Σ, belonging to the switching manifold.

Proposition 5. If conditions (4.19) and (4.20) hold, then x̃ is also an eigenvector
of the monodromy matrix ΦT , corresponding to the Floquet multiplier µ̃, hence

S+eA
+t+(x̃)S−eA

−t−(x̃)x̃ = µ̃x̃

Proof. The left-hand-side of the expression can be reduced to the right-
hand-side in the following way

S+eA
+t+(x̃)S−eA

−t−(x̃)x̃ = S+eA
+t+(x̃)S−ξ̃ =

S+eA
+t+(x̃)ξ̃ = S+η̃ = η̃ = µ̃x̃.

Proposition 6. If conditions (4.19) and (4.20) hold, then the vector field
f−(x̃) = A−x̃ is an eigenvector of the monodromy matrix ΦT , corresponding to
the Floquet multiplier µ̃, hence

S+eA
+t+(x̃)S−eA

−t−(x̃)A−x̃ = µ̃A−x̃.

Proof. First of all, let’s recall a fundamental property on the commutativity
of a matrix and its matrix exponential, i.e. A±eA

±t± = eA
±t±A±. Then,

one must note that the vector field f−(x̃), which represents the orbital
velocity calculated in the initial condition x̃, fulfils the equation describing
the perturbed solution, i.e. when f−(x̃) is taken as the initial perturbation
from a reference solution, then the perturbation at the generic time t is
exactly the vector field calculated at time t.
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This condition is easily proved for a smooth system, but it can be ex-
tended to non-smooth dynamical problems. Let’s observe that, if the ref-
erence orbit crosses the switching manifold from (−) to (+) subdomain
in the discontinuity point ξ̃, the application of the saltation matrix S− to
the vector fieldA−ξ̃ relative to the halfspace (−) returns the velocity field
A+ξ̃ relative the halfspace (+), in fact

S−A−ξ̃ =

[
I +

1

ξ̃3

(A+ −A−)(ξ̃ ⊗ e1)

]
A−ξ̃ =

A−ξ̃ +
1

ξ̃3

(A+ −A−)(ξ̃ ⊗ e1)A−ξ̃ =

A−ξ̃ +
1

ξ̃3

(A+ −A−)(A−ξ̃ · e1)ξ̃ = A−ξ̃ +A+ξ̃ −A−ξ̃ = A+ξ̃,

where clearly A−ξ̃ · e1 = ξ̃3. The same condition holds for the saltation
matrix S+, since S+A+η̃ = A−η̃.

Taking into consideration these properties, the left-hand-side of the
original expression can be reduced to the right-hand-side in the follow-
ing way

S+eA
+t+(x̃)S−eA

−t−(x̃)A−x̃ = S+eA
+t+(x̃)S−A−eA

−t−(x̃)x̃ =

S+eA
+t+(x̃)S−A−ξ̃ = S+eA

+t+(x̃)A+ξ̃ =

S+A+eA
+t+(x̃)ξ̃ = S+A+η̃ = A−η̃ = µ̃A−x̃.

Proposition 7. If conditions (4.19) and (4.20) hold, then Jξ̃ is also an eigenvec-
tor of the monodromy matrix ΦT , corresponding to the Floquet multiplier 1/µ̃,
hence

S+eA
+t+(x̃)S−eA

−t−(x̃)Jξ̃ =
1

µ̃
Jξ̃.

Proof. From the definition of the matrix J , if x is on the Poincaré section Σ
then also Jx is on the same discontinuity hyperplane. Therfore, since the
saltation matrix becomes the identity matrix when applied to a vector that
belongs to the switching manifold, the left-hand-side of the expression can
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be reduced to the right-hand-side as follows,

S+eA
+t+(x̃)S−eA

−t−(x̃)Jξ̃ = S+eA
+t+(x̃)S−JJeA

−t−(x̃)Jξ̃ =

S+eA
+t+(x̃)S−J(eA

−t−(x̃))−1ξ̃ = S+eA
+t+(x̃)S−Jx̃ = S+eA

+t+(x̃)Jx̃ =

S+JJeA
+t+(x̃)Jx̃ =

1

µ̃
S+J(eA

+t+(x̃))−1η̃ =
1

µ̃
S+Jξ̃ =

1

µ̃
Jξ̃.

Let’s observe that Proposition 5 and 7 are two different conditions if
x 6= Jξ, otherwise they coincide. Hence, they can be adopted to study the
attractivity of the invariant cone only for µ̃ 6= 1, since according to Propo-
sition 4, there may exists a unit multiplier associated with the eigenvector
x = Jξ. Therefore, this specific case must be studied separately.

Proposition 8. If conditions (4.19) and (4.20) hold, together with µ̃ 6= 1, then
the attractivity is well defined and, in particular, the invariant cone associated
with the multiplier µ̃ > 1 is always attractive.

Proof. The attractivity of the invariant cone is determined by the Floquet
multipliers. In particular, an orbit that belongs to the cone is attractive
if the modulus of all the eigenvalues of the monodromy matrix is lower
than 1.

If conditions (4.19) and (4.20) hold, the Floquet multipliers of the mon-
odromy matrix can be written as {µ̃, µ̃, 1/µ̃, λ}, since from Propositions 5,
6, and 7, three eigenvalues are equal to µ̃, µ̃, 1/µ̃, with the associated eigen-
vectors x̃, A−x̃, and Jξ̃, respectively. The fourth unknown eigenvalue λ
can be estimated by the determinant of the monodromy matrix, since the
condition

λ · µ̃ · µ̃ · 1

µ̃
= det

(
S+eA

+t+(x̃)S−eA
−t−(x̃)

)
=

det(S+) · det(eA
+t+(x̃)) · det(S−) · det(eA

−t−(x̃))

must be fulfilled. The determinant of an exponential matrix can be calcu-
lated as

det
(
eA
±t±
)

= etr(A±t±) = 1,
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which comes from the specific structure of the matrixA± for a mechanical
system. The determinant of the saltation matrix S− (and also of S+, with
analogous computations) can be calculated as

detS− = det

[
I +

1

ξ̃3

(A+ −A−)(ξ̃ ⊗ e1)

]
= 1+

1

ξ̃3

[
(A+ −A−)ξ̃ · e1

]
=

1 +
1

ξ̃3

(A+ξ̃ · e1 −A−ξ̃ · e1) = 1 +
1

ξ̃3

(ξ̃3 − ξ̃3) = 1

where the propertyA+ξ̃ ·e1 = A−ξ̃ ·e1 = ξ̃3 has been used. Therefore, the
determinant of the monodromy matrix for a mechanical system is equal to
1, so the remaining multiplier must be λ = 1/µ̃.

In a smooth autonomous system, the multiplier associated with the ve-
locity field of a periodic solution is always equal to 1 and the stability of
the periodic solution is obtained by the investigation of the remaining n−1
eigenvalues. For a non-smooth system, a solution belonging to an invari-
ant cone can be seen as a sort of generalized periodic solution and, in this
case, the eigenvalue associated with the orbital velocity at the initial condi-
tion x̃ is equal to µ̃. This can be explained through the increase (decrease)
of the modulus of the orbital velocity when µ̃ > 1 (µ̃ < 1) for a solution
that spirals on the cone, since the time intervals t− and t+ are constant, de-
spite the modulus of the initial conditions increases (decreases) after each
cycle. In accordance with the smooth case, the attractivity depends on the
other three multipliers of the monodromy matrix and the direction of the
initial orbital velocity is neglected.

Moreover, one of the eigenvectors of the monodromy matrix is the di-
rection of the cone x̃, along which a magnification of the factor µ̃ in the
perturbation is expected, since the reference solution spirals in or out on
the invariant cone. For this reason, also this multiplier can be neglected
and only the two remaining Floquet multipliers 1/µ̃ and 1/µ̃ really de-
scribe the attractivity of the cone. Actually, the eigendirections associated
with these eigenvalues are those real perturbations that are "out" of the
cone (in fact, if the perturbation is along x̃ or A−x̃, the initial conditions
still lie on the cone).

Assuming that an invariant cone with µ̃ > 1 exists, then the Floquet
multipliers are lower than 1 and the cone is attractive. On the contrary, if a
cone with µ̃ < 1 is found, according to Proposition 1, for the same mechan-
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4. Invariant cones and piecewise-smooth mechanical systems

ical system there exist another invariant cone with an eigenvalue equal to
1/µ̃ and with Floquet multipliers lower than 1. Hence, for all mechanical
systems for which an invariant cone with µ̃ 6= 1 can be detected, there
always exists an attractive cone associated with an unstable equilibrium
configuration.

In order to remark the crucial meaning of Proposition 8, let’s now anal-
yse its implications in simple words.

Let’s consider an invariant cone described by the solution {µ̃, x̃} of
condition (4.19) and let’s assume that µ̃ > 1. Then, all the orbits with
initial conditions on the straight line defined by the direction x̃ spiral out
from the equilibrium configuration located in the vertex of the invariant
cone, hence the fixed point can be defined unstable.

A given perturbation in the initial condition from a solution belonging
to the invariant cone can be decomposed along the eigenvectors of the
monodromy matrix. The component of the initial perturbation along the
direction x̃ will increase after each period t− + t+, because the associated
Floquet multiplier is µ̃ > 1, but this was already known since the solution
spirals out remaining on the cone. The perturbation along A−x̃, which
also belongs to the invariant manifold and in particular is tangent to the
cone, will increase because the associated multiplier is µ̃. However, the
explanation is linked to the increase of the orbital velocity of a solution
in order to maintain a constant value for the sum of the intersection time
intervals t− + t+.

On the contrary, the other two directions represent perturbations in
the initial conditions that do not lie on the hypersurface of the cone. Both
the multipliers associated with these directions are lower than 1, so these
perturbations tend to decrease after each period t−+t+, hence the solution
tends to the reference one and the cone can be defined as attractive.

Let’s now change the initial hypothesis, considering an original invari-
ant manifold described by {µ̃, x̃} with an eigenvalue µ̃ < 1, so that the
orbits spiral in, towards the stable equilibrium configuration located in
the tip of the cone. Analogous considerations can be performed, but now
the multipliers associated with the directions of perturbation that do not
lie on the invariant cone become greater than 1, leading to a non-attractive
cone.

However, according to Proposition 1, for the same 2 d.o.f. mechanical
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system, there exists another solution of (4.19) with the same time intervals
t− and t+, thus another invariant cone {1/µ̃,Jξ̃}, which clearly has an
eigenvalue greater that 1. Hence, in the same mechanical system, an at-
tractive cone associated with an unstable equilibrium configuration can
be defined.

Hence, when in a 2 d.o.f. mechanical system an invariant cone with
µ̃ 6= 1 is found, then two invariant cones are present in the phase por-
trait: one of them is not attractive and associated with a stable solution
spiralling in, towards the vertex of the cone, while the other is attractive
and associated with an unstable behaviour of the fixed point in the ver-
tex, with spiralling out orbits. Therefore, when an invariant cone is found
with µ̃ 6= 1, the mechanical system is always unstable, and the attractivity
enforces this instability, from a physical point of view.

Proposition 9. If (4.19) and (4.20) holds with µ̃ = 1, then the orbits are periodic
and the invariant cone is not attractive.

Proof. If x 6= Jξ (this hypothesis cannot be excluded since Proposition 4
has been proved only in one direction), then all the four eigenvalues of the
monodromy matrix are equal to 1, see Propositions 5, 6, 7, and the first
part of the proof of Proposition 8. For this reason, a perturbation of the
initial conditions near the invariant cone neither increases nor decreases
(it is a sort of stable but non-attractive cone).

On the contrary, if x = Jξ, then the vectors x̃ and A−x̃ still remain
eigenvectors of the monodromy matrix ΦT , with associated eigenvalue
µ̃ = 1, see Propositions 5 and 6, while Jξ̃ is not a correct eigenvector, so
Proposition 7 cannot be considered. The other two eigenvalues µ1,2 of the
spectrum of the monodromy matrix can be calculated through the trace
and determinant of ΦT , hence

µ̃ · µ̃ · µ1 · µ2 = det ΦT = 1 → µ2 =
1

µ1

µ̃+ µ̃+ µ1 + µ2 = tr ΦT → µ2
1 + 1

µ1
= tr ΦT − 2

The final solution for the two remaining eigenvalues is

µ1,2 =
(tr ΦT − 2)±

√
tr ΦT (tr ΦT − 4)

2
,
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where the trace of the monodromy matrix can be computed as

tr ΦT = µ̃+ tr
(
eA

+t+(x̃)eA
−t−(x̃)

)
+

1

ξ̃3η̃3

{[
eA
−t−(x̃) · (e1 ⊗A+η̃)

] [
eA

+t+(x̃) · (e1 ⊗A−ξ̃)
]
−[

I · (e1 ⊗A−ξ̃)
] [

(eA
+t+(x̃)eA

−t−(x̃)) · (e1 ⊗A+η̃)
]
−[

I · (e1 ⊗A+η̃)
] [

(eA
−t−(x̃)eA

+t+(x̃)) · (e1 ⊗A−ξ̃)
]}

.

When the trace of the monodromy matrix is equal to the special values
tr ΦT = 0 or tr ΦT = 4, all the eigenvalues are equal to 1, so the cone is not
attractive. Otherwise, there always exists one eigenvalue lower than 1 and
the opposite greater than 1, therefore the invariant cone is not attractive.
Hence, in all the treated cases when µ̃ = 1, the invariant cone is not at-
tractive and the perturbed orbits with initial condition near the invariant
manifold do not approach it for t→∞.

4.3.4 Summary of piecewise-smooth system stability

In this Section, the most important outcomes of the previous investiga-
tions will be summarised, in order to clarify the behaviour of 2 d.o.f. me-
chanical piecewise-smooth systems, in presence of invariant cones.

In this analysis, the existence of an invariant cone described by the
couple {µ̃, x̃}, which fulfils the relation (4.19) and (4.20), has been assumed
a priori. This couple of eigenvalue and eigenvector has been computed
solving the original equation (4.9), for example with the numerical method
exposed in the next Chapter 5.

First of all, another invariant cone associated with the original solution
{µ̃, x̃} exists for the same piecewise mechanical system, described by the
couple {1/µ̃,Jξ̃}, see Proposition 1.

Then, according to Proposition 2, other two couples of solutions can be
found, namely {µ̃, ξ̃} and {1/µ̃,Jx̃}, when the order of application of the
two matrix exponentials in (4.9) is inverted, i.e. eA

−t−(x̃)eA
+t+(x̃). Clearly,

the latter solutions do not identify further invariant cones, since they sim-
ply represent the initial conditions associated with a Poincaré map which
at first enter in the positive subdomain (an opposite convention, since in
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(4.9) the first map has always been supposed to enter in the negative sub-
domain), hence the couples represent the same invariant cones defined
before.

When a multiplier µ̃ 6= 1 is computed from (4.9), the two cones {µ̃, x̃}
and {1/µ̃,Jξ̃} can be detected. Moreover, the invariant set with an eigen-
value greater than 1 leads to an unstable equilibrium configuration, while
the cone is always attractive, see Propositions 5, 6, 7, and 8. The other cone,
which is never attractive, leads to a family of orbits that approach the fixed
point. Hence, if µ̃ 6= 1 the analysed equilibrium configuration is unstable
and the attractivity of the cone determines a "realistic" instability in the
system. The existence of a solution with µ̃ 6= 1 becomes a sufficient condition
for instability, since according to Liapunov’s definition, a single unstable
solution is sufficient to consider the equilibrium configuration unstable.

If a multiplier µ̃ = 1 is found as a solution of (4.9), which is an eigen-
value with an algebraic multiplicity not lower that 2, then the two couples
{µ̃, x̃} and {1/µ̃,Jξ̃} could possibly coalesce, see Proposition 3. Hence, for
µ̃ = 1 a periodic solution is found, which is never attractive, see Proposi-
tion 4. However, the existence of a particular solution approaching the
fixed point do not necessarily imply that the equilibrium configuration is
stable.

4.4 Nonlinear behaviour of 2 d.o.f. piecewise-smooth
systems

The presence of an invariant set has been investigated in the previous Sec-
tions for 2 d.o.f. piecewise linear dynamical systems. However, the math-
ematical model describing the physical structure introduced in Section 3.2
is fully nonlinear, so one may wonder if the unstable behaviour emerging
in the linearised approximation of the nonlinear system is realistic and can
be seen in a physical structure.

As presented in Section 2.1.3, a good strategy for the stability analysis
of nonlinear smooth dynamical systems is the linearisation of the system
in the vicinity of the equilibrium configuration. In particular, the stability
analysis of the nonlinear case can be performed, according to Theorem 2
presented in Section 2.1.3, through the characterisation of the nature of the
eigenvalues of the linearised system and, excluding the pathological cases
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4. Invariant cones and piecewise-smooth mechanical systems

known in Mechanics as critical cases, the behaviour of the system near the
fixed points can be completely determined.

This strategy is impossible for the piecewise dynamical system consid-
ered in this Thesis. In fact, the equilibrium configuration is located exactly
on the discontinuity, hence a "smooth linearisation" of the system near the
fixed point is unfeasible and the only possible approximation of the non-
linear system is the piecewise-linear one. Hence, the aforementioned The-
orem 2 cannot generally be adopted in piecewise systems, since a proper
linearised approximation cannot be found.

For the restricted case analysed in this work, i.e. when an invariant
cone can be detected in the piecewise-linear approximation of a dynam-
ical system, Weiss et al. [86] derived a possible extension of the classical
approach exposed above, also in case of non-smooth systems.

Let’s consider a piecewise-smooth dynamical system described by the
following set of ODEs

ẏ(t) =

f
−(y(t)) = A−y(t) + g−(y(t)), y1 ≤ 0

f+(y(t)) = A+y(t) + g+(y(t)), y1 > 0
(4.28)

where, the nonlinear vector fields f± have been approximated by a linear
part and another sufficiently regular vector field g±, such that g± ∈ Ck, for
a given k and g±(y) = o(||y||). For the problems analysed in this Thesis,
this approximation of the nonlinear vector field f± can always be per-
formed.

Theorem 5 (Weiss, Kupper, Hosham, see [86]). If the piecewise-linear prob-
lem associated with the nonlinear system (4.28) reveals the presence of an at-
tractive invariant cone, then there exists a sufficiently small neighbourhood of the
origin defined by the parameter δ and a regular functionw(u) ∈ [0, δ] ⊆ R→ Σ,
w(0) = 0 and ∂w

∂u (0) = x̃ such that the manifold

{w(u) : u ∈ [0, δ]}

is locally invariant and attractive for the Poincaré map describing the behaviour
of the nonlinear system (4.28).

In simple words, Theorem 5 states that if an invariant and attractive
cone for the piecewise-linear case is detected, then a cone-like invariant set
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can be found near the equilibrium configuration, which is tangent to the
invariant cone at the origin and is a sort of "deformed cone", presenting the
same properties of the original invariant manifold defined in piecewise-
linear systems. Since the hypotheses of Theorem 5 are always fulfilled in
case of instability with µ̃ > 1, the piecewise-linear approximation leads
to good results for the comprehension of the qualitative behaviour of the
system. In particular, the outcomes of the linearised approximation can
be extended to the nonlinear original system. Some examples concerning
nonlinear structure are presented in Chapter 6, where different cone-like
invariant manifolds have been found, revealing unstable behaviours.

4.5 Conclusions

In this Chapter 4, the most important theoretical results for the stability
analysis of a 2 d.o.f. mechanical system have been derived. In particular,
in Section 4.1.2, the conditions that must be fulfilled for the presence of
invariant cones are investigated and a necessary instability criterion for
the analysed system has been obtained.

These results are strengthened by the discovery in Section 4.3 that
when an invariant cone leads to an unstable behaviour, then the invari-
ant manifold is also attractive, hence the mathematical model is suitable
for the description of a physical system showing an unstable behaviour.
In the same Section, nine new Propositions have been proved, fundamen-
tal properties for the complete characterisation, from a theoretical point of
view, of this kind of piecewise dynamical system.

The conditions of crossing are also investigated in Section 4.2, showing
that in this case, the sliding motions are forbidden. Moreover, a physical
interpretation of this unexpected and counterintuitive behaviour has been
given in Section 4.1.3, revealing also that the presence of non-conservative
forces is crucial for this kind of instability.
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CHAPTER 5

A numerical method for the
identification of invariant

cones

“I’m convinced mathematics is the most
important investigating tool of the
legacy of the human enterprise, it being
the source of everything"

René Descartes

In the previous Chapter 5, the problem of describing the unusual and
counterintuitive behaviour of piecewise mechanical systems has been in-
vestigated from a purely theoretical perspective. In particular, the exis-
tence of an invariant cone has been assumed as a hypothesis and all the
properties of this special invariant manifold have been obtained, espe-
cially those regarding its attractivity. In fact, this is a fundamental prop-
erty that leads to a realistic unstable behaviour of a mechanical system
described by the composition of two stable substructures.

The main purpose of the present Chapter is the development of a nu-
merical procedure, through which an invariant cone can be detected when
the mechanical parameters of the system are assigned. After a brief intro-
duction on the possible ways for the definition of a numerical algorithms,
this procedure will be explained in detail. Moreover, some critical points
of the algorithm will be exposed and the possible solutions for these prob-
lems will be given. The inspiration for the method developed below comes
from a simple 1 d.o.f. example shown in Butenin et al. [13].
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5.1. Description of the numerical method for cone detection

5.1 Description of the numerical method for cone de-
tection

5.1.1 The two different approaches to the problem

From the point of view of an engineer, the problem of the existence of
an invariant cone in a piecewise-linear dynamical system can be analysed
from two different perspectives:

i) check approach: all the parameters of the mechanical system are well-
known and also the loads are fixed, so the only unknown of the prob-
lem is the configuration y(t) of the system at each time. This problem
can be solved by a classical numerical procedure for the integration
of an Initial Value Problem described by first or second order ODEs,
e.g. the Newmark’s method generally used for dynamical problems
or other classical schemes as Runge-Kutta method, see [39, 74, 79].
In case of piecewise-smooth dynamical systems, a change in the set
of ODEs that must be solved occurs, on the basis of the switching
condition. Therefore, a procedure capable of finding the intersection
between the orbits and the switching manifold must be introduced,
together with the classical methods of integration of the equations of
motion. The outputs of this approach are simply the time evolution
of the generalised coordinates and the phase portraits describing the
behaviour of the system, both depending on the assigned initial con-
ditions. Hence, following this strategy, the only way to detect an in-
variant cone is by testing lots of different initial conditions, until a
cone appears in the phase portrait.

ii) design approach: the purpose of this method is the identification of a
specific behaviour of the system without explicit integration of the
equations of motion. Hence, some mechanical parameters are con-
sidered known, while the determination of the values of the remain-
ing ones, for which an invariant cone is present, is the aim of this
approach. This procedure is analogous to a bifurcation analysis, in
which the free parameters are tuned so that the desired qualitative
behaviour of the solution y(t) is determined a priori, without any ex-
plicit calculation of a particular solution of an Initial Value Problem.
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5. A numerical method for the identification of invariant cones

From an engineering perspective, the determination of the solution of a
dynamical system is not enough, since the parametric design of the struc-
ture plays an essential role in the analysis of mechanical systems and the
determination of the structural parameters that yield a certain behaviour
is crucial to make the mathematical model a useful tool for real applica-
tions.

Therefore, the so-called design approach has been investigated in this
Thesis and some new results have been found following this procedure.
In fact, most of the papers dealing with this specific topic, especially those
with a strong mathematical background, are focused on the existence of
a special behaviour, while the determination of how the wanted perfor-
mance can be reached is completely neglected. The innovative approach,
derived from an engineering perspective, leads to the numerical tech-
niques exposed below. In the following Section 5.1.2, the analysis on the
existence of invariant cones in a 2 d.o.f. mechanical system, composed of
two stable subsystems, will be performed using the design approach, de-
termining a general procedure that could in principle be extended to study
more general mechanical structures with a greater number of degrees of
freedom.

5.1.2 Description of the numerical algorithm

Condition (4.9), that must be fulfilled to determine the existence of an
invariant cone in the phase portrait of a 2 d.o.f. mechanical system de-
scribed by the equations of motion in the form (4.1), cannot be generally
solved with an analytical procedure. In fact, equation (4.9) defines a non-
linear eigenvalue problem, because the matrix exponentials depend on the
eigenvectors, through the intersection time intervals t±(x). Moreover, the
switching relations from which the intersection times can be computed is
still nonlinear in terms of the initial position x, on the switching manifold.
Hence, a numerical approach is necessary for the solution of this problem.

The starting point for the design of this numerical algorithm is the
choice of the terms that are considered a priori known in equation (4.9). In
particular, assuming that both (−) and (+) subsystems are stable, so that
they can be described by matrix exponentials in the form (3.38), the total
number of parameters is equal to eight, namely a±1,2 and β±1,2. Moreover, in
this approach also the quantities t− and t+ are considered additional "free
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parameters", that can be fixed through the switching rules, imposing the
fulfilment of the two relations (4.5) rewritten below

t−(x) = inf
{
t > 0 : e1 · eA

−tx = 0
}
,

t+(ξ) = inf
{
t > 0 : e1 · eA

+tξ = 0
}
.

(5.1)

Let’s observe that equations (5.1) must be added to the set of equations
(4.9), to close the problem when t− and t+ are considered additional un-
known and not simple variables being functions of the starting point x.

In this numerical algorithm, the eight parameters in the matrix expo-
nential are assumed to be a priori fixed, while the quantities t− and t+

are considered the only unknowns of the problem,1 since the relations be-
tween the intersection time and the eigenvector can simply be deduced by
the definition of the Poincaré halfmaps (4.4), rewritten below for the sake
of simplicity,

ξ = eA
−t−x, η = eA

+t+ξ.

The aim of this algorithm is the determination of the couples {t−, t+}
that fulfil all the nonlinear equations (4.9) and (5.1) of the problem. In a
further step, from the couples of time intervals, the eigenvalues and eigen-
vectors of equation (4.9) can be determined, completely describing the ge-
ometry of the invariant cone. Too many equations seems to be present in
the problem for only two unknowns t±, if both equations (4.9) and (5.1)
need to be imposed. However, the reduced 3 × 3 formulation of the Po-

1Actually, this assumption on the known and unknown parameters may be misunder-
stood, leading the Reader to refer to this procedure as a check approach and not as a design
approach, see Section 5.1.1. On the contrary, this is not true, since it is simply an operative
choice of the parameters, yielding a more general solution to the problem. In fact, together
with the geometrical, mechanical, and load parameters, two further variables must be con-
sidered in the mathematical model, namely t− and t+, describing the actual "shape" of the
invariant cone. While the numerical values of the eight parameters of the structure, a±1,2
and β±1,2, can easily be fixed on the basis of physical constraints, the choice of the two time
intervals is more complex, since fixing their values means that only the existence of a spe-
cific invariant cone is sought. For this reason, the described strategy has been considered
more convenient: the search for the presence of an invariant cone is free and a generic in-
variant manifold can be detected, while the structural parameters can be chosen in such a
way they span a proper range of values, in a sort of numerical bifurcation analysis.
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incaré map can be used to avoid the introduction of the same constraint
more than once.

First of all, let’s rewrite the equations of the problem in such a way the
intermediate point ξ becomes the fundamental unknown, describing the
whole geometry of the cone, hence

x = (eA
−t−)−1ξ, η = eA

+t+ξ, eA
+t+ξ = µ(eA

−t−)−1ξ, (5.2)

where the first and the second formulas are simply a new definition of Po-
incaré halfmaps as functions of the coordinates of the intermediate points
ξ, while the third expression represents a condition analogous to (4.9),
which must be solved to find the invariant cone. For the sake of conve-
nience, let’s introduce the following compact notation

Q− = (eA
−t−)−1, Q+ = eA

+t+ ,

so that the formulas in (5.2) can be rewritten as

x = Q−ξ, η = Q+ξ, Q+ξ = µQ−ξ.

The intersection time intervals t± are now free parameters, that must
fulfil the additional equations (5.1), which can also be rewritten as a func-
tion of the intermediate point ξ as

t− = inf
{
t > 0 : e1 · (eA

−t)−1ξ = 0
}

= inf
{
t > 0 : e1 ·Q−ξ = 0

}
,

t+ = inf
{
t > 0 : e1 · eA

+tξ = 0
}

= inf
{
t > 0 : e1 ·Q+ξ = 0

}
.

(5.3)

As pointed out from a theoretical perspective in Chapter 4, the Poin-
caré map are defined on points belonging to the switching manifold Σ,
so the explicit formulation of the map can be written in different ways,
on the basis of the chosen reference frame. At this step, in which all the
theoretical properties have been defined and an explicit calculation of the
position of the cone must be performed, the local reference system is the
best choice, to have the lower possible number of equations. Therfore, the
points x, ξ, and η can be rewritten as

x = [0, x2, x3, x4]T , ξ = [0, ξ2, ξ3, ξ4]T , η = [0, η2, η3, η4]T ,
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as explained in formulas (4.6), while, using a block-matrix notation, the
Poincaré halfmaps become0

x̂

 =

Q−11 Q−12

Q−21 Q−22

0

ξ̂

 (5.4)

and 0

η̂

 =

Q+
11 Q+

12

Q+
21 Q+

22

0

ξ̂

 , (5.5)

where, since the original problem is 4-dimensional, the block matrices are
Q±11 ∈ R, Q±12 ∈ R1×3, Q±21 ∈ R3×1 and Q±22 ∈ R3×3, while x̂, ξ̂ and η̂ are
the reduced coordinate vectors introduced in formula (4.7).

Let’s now observe that the equations in the first row of (5.4) and (5.5)
are identical to the conditions (5.3), that have been introduced to be able
to consider t± as free parameters of the system. The only difference is that
in the former equations the ‘inf’ operator is not present, therefore they are
fulfilled also when the intersection time intervals are not as lower as pos-
sible. Since they impose essentially the same constraint on the solution,
only the first row of (5.4) and (5.5) can be considered and conditions (5.3)
can be neglected, being aware that the final solutions in terms of the cou-
ples {t−, t+}must be filtered, in order to reject those that do not show the
lowest possible intersection time intervals.

Furthermore, using the block notation above and considering the two
first rows of (5.4) and (5.5) as two separate conditions, an invariant cone
exists if the following equations are fulfilled

Q−12ξ̂ = 0,

Q+
12ξ̂ = 0,

Q+
22ξ̂ = µQ−22ξ̂,

(5.6)

where one must note that the matricesQ±ij = Q±ij(t
±, a±1,2, β

±
1,2) depends on

the mechanical parameters and on the intersection time intervals.
From the first and second linear (and scalar) relations of (5.6), two

components of the vector ξ̂ can be obtained as functions of the third one,
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namely {
Q−12ξ̂ = 0

Q+
12ξ̂ = 0

−→
{
ξ2 = ξ2(ξ4, t

±, a±1,2, β
±
1,2)

ξ3 = ξ3(ξ4, t
±, a±1,2, β

±
1,2)

. (5.7)

Moreover, the relation between ξ2,3 and ξ4 is known to be linear, due to the
structure of the first and second equations of (5.6), hence

ξ2(ξ4, t
±, a±1,2, β

±
1,2) = ξ4 · h2(t±, a±1,2, β

±
1,2),

ξ3(ξ4, t
±, a±1,2, β

±
1,2) = ξ4 · h3(t±, a±1,2, β

±
1,2),

(5.8)

where the two functions h2 and h3 of the structural parameters have been
introduced. According to the results obtained in (5.7) and (5.8), the inter-
mediate point ξ̂ can now be expressed as

ξ̂ = ξ4


h2

h3

1

 = ξ4 m̂(t±, a±1,2, β
±
1,2), (5.9)

where the vector m̂ has been introduced, containing the dependencies to
the parameters and the time intervals.

The third and most important equation of (5.6) can now be imposed,
considering the assumption in (5.9), so that

Q+
22m̂(t−, t+) = µQ−22m̂(t−, t+), (5.10)

where the term ξ̂4 can be simplified and, for the sake of convenience, the
only dependency on t± have been written explicitly. Let’s observe that the
condition (5.10) simply represents the fact that the two vectors

x̂ = Q−22m̂(t−, t+)

η̂ = Q+
22m̂(t−, t+)

(5.11)

must be parallel, while the ratio of their norms must be equal to
||η̂||/||x̂|| = µ. These simple conditions on the starting and ending points
can be written in terms of components, so that

η2(t−, t+)

x2(t−, t+)
=
η3(t−, t+)

x3(t−, t+)
=
η4(t−, t+)

x4(t−, t+)
= µ (5.12)
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and these two nonlinear equations (in particular the first and the second,
since the value of µ is not known) can be solved in the two unknowns t−

and t+.
Finally, when all the possible couples {t−, t+} that represent the two

intersection time intervals are detected, the detected invariant cones can
be considered completely described, since the starting, intermediate, and
ending points of the Poincaré maps can be computed from (5.11) and (5.9),
together with the value of µ from the last equation of (5.12).

Due to the nonlinearity of problem (5.12), a general definition of the
number of couples {t−, t+} that can be found for a specific mechanical
system is not achievable. Actually, due to the nature of the matrix ex-
ponentials (3.38) involved in the problem, multiple solutions of (5.12) are
expected, because of the presence of trigonometric terms in t±. For this
reason, a proper algorithm has been used to solve the set of nonlinear
equations (5.12), capable of detecting all the solution of a set of non-
linear equations in a given domain of the unknowns, (it is the method
called FindAllCrossings2D in [85]) . Once a specific couple {t−, t+} =
{t̃−, t̃+} is found and it is classified as a valid solution, on the basis of the
feasibility condition that will be described in the next Sections 5.1.3 and
5.2, all the theoretical results presented in Chapter 4 can then be applied,
since the existence of a given cone {µ̃, x̃} = {µ(t̃−, t̃+),x(t̃−, t̃+)} has been
proved.

As a final remark, one must note that the solutions in terms of starting,
intermediate, and ending points of the Poincaré halfmaps are indetermi-
nate, due to the presence of the coefficient ξ4 in equation (5.9), as expected
since it is a nonlinear eigenvector problem. The absolute value of this term
is arbitrary, due to the scale property on the intersection time intervals,
however, the sign must be chosen on the basis of the initial convention
in the Poincaré map. When the Poincaré map has been defined in equa-
tion (4.9), a certain order in the evolution of the map has been assumed,
in particular at point x the orbit enters in the negative subdomain, while
at point ξ the trajectory enters in the positive one. Hence, the final results
must match this initial hypothesis, so the sign of the term ξ4 must be cho-
sen in such a way the orbits enters in the correct subspace, i.e. the term x3

must be negative.
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5.1.3 Feasibility of the solution: crossing condition

The fundamental assumption, on which the previous numerical method
for the determination of an invariant cone is based, is the fact that the
orbits are assumed to always cross the switching manifold. In Section
4.2, this problem has been deeply investigated and the solution from a
computational point of view is now exposed below.

The equations (5.6) described above, which are imposed for the detec-
tion of an invariant cone in the phase portrait of a piecewise-linear dy-
namical system, do not take into consideration any crossing condition, so
the main outputs of the numerical method, the couples {t−, t+}, must be
filtered a posteriori, in order to reject the solutions producing a wrong cross-
ing behaviour.

From a numerical perspective, the conditions expressed in (4.18), ac-
cording to which an invariant cone can be defined feasible, can be rewritten
as

x3ξ3 = (e3 ·Q−ξ)(e3 · ξ) < 0,

x3η3 = (e3 ·Q−ξ)(e3 ·Q+ξ) > 0.

As reported in Section 4.2, a solution presenting a vanishing x3, ξ3, or
η3 is neglected in this numerical investigation, since a singular critical case
has been encountered and the concept of Poincaré map is not well-defined
in this special case, when the orbit representing the solution is tangent to
the Poincaré section. Hence, the invariant cones described by vectors with
a vanishing third component cannot be considered valid, according to this
analysis.

5.2 The estimation of the time domain for the compu-
tation of the solution

The problem of the existence of an invariant cone in the phase portrait
of a piecewise-linear mechanical system has been approached by solving
numerically the generalised eigenvalue problem (4.9), reduced to the set
of equations (5.6). The unknowns of these conditions are the intersection
time intervals t− and t+, which have been defined in formulas (5.3). More-
over, the latter expressions have been traduced in (5.6), dropping the ‘inf’
operator, to be able to directly solve the problem. Therefore, some spu-
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rious solution couples {t−, t+} have been introduced, since, in principle,
invariant cones that fulfil (5.6) could be found, but with wrong intersection
times, as can be seen in Figure 5.1 in a conceptual sketch.

A wide number of possible wrong solutions can be originated from
the adopted numerical algorithm (only the simplest ones are depicted in
Figure 5.1), and this issue comes from the attempt to identify a priori the
presence of an invariant cone. In fact, the solution of a nonlinear system
can generally be found only following the evolution of the motion step
by step. On the contrary, the presented numerical strategy is capable of
detecting the presence of a cone with a simpler approach that does not
involve the explicit integration of the equations of motion for the identifi-
cation of the correct switching of the system. However, the disadvantage
of this design approach is the presence of spurious solutions that must be
discarded, since the evolution of the system is not directly followed in this
procedure.

The elimination of the unfeasible solutions can only be done a poste-
riori, due to the complex form of the intersection conditions expressed by
the first row of the equations (5.4) and (5.5), which can be explicitly written
in terms of the generic intermediate point ξ as

β±1 β
±
2 a
±
1 a
±
2

(
cosβ±2 t

± − cosβ±1 t
±)

β±1 β
±
2

(
a±1 − a±2

) ξ2+
a±1 β

±
2 sinβ±1 t

± − a±2 β±1 sinβ±2 t
±

β±1 β
±
2

(
a±1 − a±2

) ξ3

+
a±1 a

±
2

(
β±1 sinβ±2 t

± − β±2 sinβ±1 t
±)

β±1 β
±
2

(
a±1 − a±2

) ξ4 = 0.

Since the conditions above have the same structure for both t− and t+, the
superimposed ‘±’ can now be dropped (being aware that the results below
are valid for both systems), obtaining the transcendental equation

β1β2a1a2 (cosβ2t− cosβ1t) ξ2 + (a1β2 sinβ1t− a2β1 sinβ2t) ξ3

+ a1a2 (β1 sinβ2t− β2 sinβ1t) ξ4 = 0. (5.13)

One must note that the values of t for which the equation above is
fulfilled depend on the initial conditions (which is represented here by
the intermediate point ξ). Hence, the reason why the link between the
intersection time intervals and the points of the Poincaré map cannot be
determined explicitly is the strongly nonlinear nature of equation (5.13).
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However, this problem in the definition of the intersection time inter-
vals as functions of the intermediate point ξ can be overcome, adopting the
following strategy. For each possible solution {t−, t+} of equations (5.6),
obtained by the application of the numerical algorithm exposed in Section
5.1.2, the components of the intermediate point ξ can be computed. Then,
using these values of the components of ξ, equation (5.13) can be solved
in t with well-known numerical techniques. In particular, the lowest pos-
itive solution for the time intervals t± is determined, which must then be
compared to the initial assumption on the couple {t−, t+}. If at least one
solution t± obtained by solving equation (5.13) is lower than the value of
the considered time interval obtained using the numerical procedure for
the detection of the invariant cone, then the couple {t−, t+} must be ne-
glected, since the cone identified by the algorithm does not consider the
first intersections in the solution of the dynamical system. On the contrary,
if the results of (5.6) and (5.13) agree, the detected invariant cone can be
considered valid. Hence, with this procedure, only the feasible cones can
be extracted from the entire set of solutions of problem (5.6).

The discussion above is based on the assumption that all the solutions
{t−, t+} can be found solving (5.6), which is certainly a strong hypothesis
since we are dealing with numerical techniques. In particular, the solu-
tions of problem (5.12) are obtained in a given time domain t± ∈ [0, t±max],
which cannot be an infinite domain, due to the numerical nature of the
problem. Therefore, two possible issues can be identified: i) if a too small
time domain is chosen, possible feasible invariant cones may not appear
in the solution of (5.6), and ii) if a too big time domain is chosen, lots of
efforts are spent in searching the solutions of (5.6) in areas of the domain
in which the solution is not present, hence the computational time can be
so high that the solution of the problem cannot be reached.

These two problems are now investigated, with the aim of defining
some bounds on the time interval domain, so that all the possible correct
"first" intersections can be found inside this bounded range of time values.
In particular, for any choice of the structural parameters a±1,2 and β±1,2, the
target is the attempt to find some special values of ξ2, ξ3, and ξ4 that can
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x

ξ

η

Σ

V+V−

x

ξ

η

x

ξ

η

wrong solution: ξ is not the first intersection

of the blue orbit with the switching manifold

wrong solution: η is not the first intersection

of the red orbit with the switching manifold

Figure 5.1: Pictorial 2D sketch of the 4D phase portrait for a piecewise dynamical
system, evidencing the presence of possible wrong solutions in the de-
scribed numerical algorithm, which must be discarded a posteriori. As
can be seen in the picture on the top, multiple intersection points be-
tween the blue/red orbits and the switching manifold Σ are generally
present and the computational procedure can find all these configura-
tions, however, only the first intersection has a precise meaning and
must be considered as a correct solution. In the two figures on the
bottom, two examples of wrong solutions are described in detail.
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be substituted into (5.13), so that the associated lowest positive solution 2

in terms of time intervals is as great as possible. In this way, provided that
these values of ξ2, ξ3, and ξ4 exist, the lowest positive intersection time
defined by the solution of equation (5.6) for any other choice of values ξ is
surely lower than the bound value defined before.

The starting point is the equation (5.13), which defines the switching
condition and creates a link between the time interval t and the initial con-
dition ξ, that must now be investigated. In particular, let’s observe that,
since the intermediate point ξ belongs to the invariant cone, the possible
values of ξ2, ξ3, and ξ4 do not have to be selected in the entire phase space.
On the contrary, they can be chosen, for example, only on the sphere with
radius ||ξ|| = 1, because it is well-known, from Section 4.1.2, that the inter-
section time intervals are constant values for orbits lying on the invariant
cone.

Thus, for the sake of simplicity, equation (5.13) can be condensed in the
following form

A (cosβ2t− cosβ1t) + B sinβ2t+ C sinβ1t = 0, (5.14)

where the coefficients

A = β1β2a1a2ξ2, B = −a2β1 (ξ3 − a1ξ4) , C = a1β2 (ξ3 − a2ξ4) , (5.15)

have been introduced. Let’s now transform the left-hand-side of (5.14) in
such a way the sine function is the only trigonometric function present in
the equation, obtaining

R1 sin (β1t+ φ1) = −R2 sin (β2t+ φ2) , (5.16)

where the following parameters

R1 =
√
A2 + C2, R2 =

√
A2 + B2, tanφ1 = −AC , tanφ2 =

A
B , (5.17)

have been defined. Then, let’s substitute the unknown t with the new
variable τ , such that

t =
τ

β2
− φ2

β2
→ τ = β2t+ φ2, (5.18)

2Let’s observe that we are investigating the evolution of the system for increasing time
t > 0, hence all the solutions of the time intervals t±, associated with the invariant cone,
are assumed to be positive values.
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in order to transform the fundamental equation (5.16) into

sin τ = −R1

R2
sin

[
β1

β2
τ − β1

β2
φ2 + φ1

]
.

After the last substitution of the following parameters

α = −R1

R2
, ω =

β1

β2
, φ = φ1 − ωφ2, (5.19)

the equation that represents the intersection times is finally reduced to

sin τ = α sin [ωτ + φ] . (5.20)

Now, the aim is finding an estimation of the greatest value, say τmax,
of the smallest positive solution of (5.20) in terms of τ , as a function of
the parameters α, ω and φ. For this estimation, it is crucial to understand
whether or not these coefficients have some bounds. The ratio ω is inde-
pendent of the initial conditions so its value is defined by the structural
parameters, in the range ω ∈ [0,+∞). On the contrary, α and φ depend
on the initial conditions ξ, so, in principle, they could have some bound,
since the intermediate point is assumed to be on the unit sphere in the
phase space. In particular, trivial bounds for the phase φ can be found,
i.e. φ ∈ [0, 2π), because of the periodicity of the sine function. Moreover,
some calculations on the possible values of α can be performed, which are
described in Appendix B, so the range for this coefficient is α ∈ (−∞, 0).

To find a coarse estimation of τmax from (5.20), the two functions

y(τ) = sin τ,

y(τ) = α sin(ωτ + φ),

have been plotted in a plane 0τy, as depicted in Figure 5.2, being aware
that the solution of (5.20) can be found as the intersection points between
the two curves. As can be seen in Figure 5.2, the following two cases have
been considered separately: |α| ≤ 1 (case 1) and |α| > 1 (case 2).

When case 1 is considered for a particular value of α, such that |α| ≤ 1,
the function y = sin τ (red curve) is taken as a reference and the function
y = α sin(ωτ + φ) (blue curve) is plotted varying the parameters ω and φ.
The blue curves have an amplitude lower than 1, so it is clearly visible that
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τ
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(b) case 2

Figure 5.2: Plot of the functions y = sin τ (red lines) and y = α sin(ωτ + φ) (blue
lines) for different values of the parameters α, ω, and φ. In Figure 5.2a
(case 1, |α| ≤ 1) the red function y = sin τ has been considered as
a reference, while the parameters ω and φ of the blue function are
changed in order to find the intersection point between the red and
blue curves, having the maximum value of τ . In Figure 5.2a (case 2,
|α| > 1) the blue function y = α sin(ωτ + φ) has been considered as
a reference (with φ = 0, the worst possible configuration) and the pa-
rameter ω is changed in order to find the intersection between the red
and blue curves, having the maximum value of τ . The first crossing
point between the red and blue curve is always in the orange areas, so
τB is a good bound for the time interval.
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the intersections between the functions must be in the segments of the red
curve associated with |y| ≤ |α| (these segments will be called crossing areas
and they have been underlined with a greater thickness in the red curve).
Furthermore, the segment of the red curve between the points A and B
covers all the values of y in the range between −|α| and |α|, hence all the
intersections with τ > τB cannot be the first crossing points. Therefore,
the value τB can be considered a good bound for the given value of α.

Analogous considerations can be done for case 2, but now the role of
the curves is inverted: the blue function y = α sin(ωτ + φ) is considered
the reference plot and it fixed, while the red curve y = sin τ varies with
respect to parameters ω and φ, for a given value of α. One must note that
in Figure 5.2b, the values on the τ -axis contain the parameter ω, so, in this
way, the blue curve can always be represented in the same way and the red
curve changes as a function of ω. For the same reasons exposed for case 1,
the maximum value of τ that can be assumed as a bound is τB . One must
note that now the phase φ can be different from zero, so this case is more
complex with respect to the previous one, due to the fact that the reference
blue curve can be plotted in different ways, i.e. it can translate horizontally
along τ -axis, on the basis of this parameter. However, the worst case is
when φ = 0, in fact, if φ were negative, the value of τB would increase,
but the first intersection would certainly be in the crossing area different
from AB, because the red curves always pass through the origin (so, in
this case, the estimation of τB would be meaningless). On the contrary, if
φ were positive, the point B would obviously translate to lower values of
τ , leading to an estimation of τB that is not the worst condition.

The value of τB clearly depends on α, so now this parameter must
be tuned to have the highest value of the intersection time. The value
α = −1 is obviously related to the worst condition, in fact, for both cases,
the distance along the τ -axis between the points A and B decreases when
α is different from −1, therefore the value of τB decreases itself.

For the reasons described above, the maximum value of τ that can be
assumed as a bound in the numerical algorithm for the detection of invari-
ant cones, can be estimated as

τmax = max {τB,1, τB,2} = max

{
3

2
π,

3π

2ω

}
= max

{
3

2
π,

3β2

2β1
π

}
,

where τB,1 and τB,2 are the values of τB for case 1 and case 2, respectively.
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Using the definition (5.18) for the variable τ , the maximum time inter-
val associated with the first crossing is

tmax = max
φ2

{
τmax

β2
− φ2

β2

}
,

where another max operator has been introduced to take into account that
t varies with respect to the angle φ2 and the worst condition must be iden-
tified. Let’s observe that φ2 ∈ [0, π], because of the periodicity of the tan-
gent trigonometric function, which defines the angle φ1 and φ2. The de-
pendency of tmax on the parameter φ2 can be simplified, observing that
this relation is linear, hence the maximum value of t can be reached for the
minimum or maximum value of φ2, leading to the following definition

tmax = max

{
τmax

β2
,
τmax

β2
− π

β2

}
.

However, the parameter β2 can always be assumed positive (it is the imag-
inary part of one eigenvalue of the dynamical system), so the worst con-
dition is clearly for the value φ2 = 0, hence

t±max =
τmax

β±2
= max

{
3π

2β±2
,

3π

2β±1

}
,

where also the dependency of the subdomain has been introduced in this
last formula.

Finally, the numerical procedure exposed in Section 5.1.2 can now be
used to compute the solution couples {t−, t+}, within a time interval do-
main [0, t−max] × [0, t+max]. One must note that this estimation of the max-
imum time interval does not assure that in this domain all the couples
{t−, t+} found by the algorithm are feasible solutions. In fact, some of
them could eventually be a second intersection with the switching mani-
fold, since in general there could be a crossing area for values τ < τA, see
Figure 5.2, where a first intersection may occur. Therefore, the numerical
check on the first intersection introduced in the first part of Section 5.2
must be performed.
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5.3 Conclusions

The problem of detecting invariant cones in a 4-dimensional phase space
associated with a 2 d.o.f. piecewise-smooth mechanical system is now
completely solved, since a numerical method has been developed and de-
scribed in Section 5.1.2. This computational algorithm has been deeply
investigated and it is the basis for the numerical results obtained in the
next Chapter 6. The most relevant issues in this numerical approach have
been described and solved in Section 5.1.3 and 5.2, where the conditions of
crossing and the estimate of the lowest intersection time intervals for the
two subsystems have been investigated.
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CHAPTER 6

Numerical results and
simulations

“A mathematician plays a game and
invents the rules. A physicist plays a
game whose rules are dictated by
Nature. As time goes by it is more and
more evident that the rules the
mathematician finds appealing are
precisely those Nature has chosen."

Paul A. M. Dirac

A numerical algorithm has been developed in Chapter 5, to detect the
presence of invariant cones in the phase portrait of piecewise-linear sys-
tems. Once mechanical and geometrical parameters are assigned, the only
unknowns of the problem are the intersection time intervals t− and t+,
from which the geometrical description of the possible cone can be de-
rived (i.e. the points x, ξ and η), together with the stability of the consid-
ered fixed point (given by the multiplier µ).

The aforementioned numerical procedure is employed in the present
Chapter to detect the existence of an invariant cone for some specific sets
of design parameters for the reference discontinuous structure composed
of a doubly circular profile, introduced in Section 3.2. In the cases exposed
below, the algorithm provides the existence of several invariant cones, but
only the unstable one is described, revealing a multiplier µ > 1. Let’s
remark that, according to this numerical method, the computation of the
invariant cone can be performed a priori, without the explicit integration
of the equations of motion, hence the instability can be deduced without
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the determination of the evolution in time of the generalised coordinates.
The presence of an invariant cone in a given mechanical system is then

checked, integrating the Initial Value Problem defining the mathematical
model of the mechanical system, in which the initial conditions are as-
sumed to belong to the invariant set, namely y0 = x. The plots of the
time evolution of the Lagrangian generalised coordinates and the phase
portraits have been obtained through a Runge-Kutta scheme on the linear
or nonlinear set of first order ODEs, see [12, 79, 91].

The numerical algorithm for the detection of the invariant cones has
been tested and validated through several numerical simulations, show-
ing in all cases an excellent agreement in results obtained with differ-
ent methods. The attractivity of the considered cone was also checked,
through perturbations in the initial conditions obtained from the compu-
tational procedure, and all the examples have confirmed the theoretical
predictions on the attractivity of the invariant set, exposed in Section 4.3.3.

As a final remark, all the numerical analyses presented below refer to
the non-dimensional formulation defined by equations (3.19) and (3.22).
However, the numerical method described in Chapter 5 has been devel-
oped using a general notation that is not specific for the non-dimensional
case. For this reason, all the quantities that appear in the following nu-
merical outcomes must be considered in this sense, including all the gen-
eralised coordinates ξ and φ and the intersection time intervals t±, which
actually has to be read as τ±, since they refer to the non-dimensional time
variable.

6.1 Linearised behaviour of the non-smooth structure

6.1.1 Numerical solution of the reference mechanical system

Let’s consider the piecewise structure with a doubly circular profile de-
scribed in Section 3.2 and let’s assume the following values for the me-
chanical and geometrical non-dimensional parameters

ζ+ =
R+

l
= 0.6, k =

k1l
2

k2
= 0.3, γ =

Fl

k2
= 0.06,

σ =
ys
l

= 0, Θ =
ρl3

T 2k2
= 1, χ =

ζ−

ζ+
= 6.
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This example will be used as a reference, because it contains all the
most relevant features of this kind of unstable structural behaviours. For
the above geometry and loading conditions, an attractive invariant cone
exists for the piecewise-linear system, revealing an unstable equilibrium
configuration located in the origin of the phase space. This cone is defined
by the following initial conditions

y0 = x =
[
ξ(0), φ(0), ξ̇(0), φ̇(0)

]
= ξ4 [0, 0.008541, 0.372225,−0.928103] ,

where the value of the parameter ξ4 must be fixed according to what have
been reported at the end of Section 5.1.2. In particular, the modulus can be
set to 1 and the sign must be chosen according to the general hypothesis
that the orbit passing through point x must enter in the (−) subdomain,
hence ξ4 = −1. For this specific case, the fixed point is unstable, since the
multiplier is µ = 1.0799962, while the intersection time intervals (calcu-
lated using the algorithm for the detection of the invariant cone and then
confirmed by the numerical integration of the equations of motion) are

t− = 0.637107, and t+ = 2.981694.
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Figure 6.1: Time evolution of the non-dimensional generalised coordinates ξ and
φ as a function of the non-dimensional time τ , when only the lin-
earised (+) subsystem is analysed. The plots reveal a stable behaviour
of the linearised positive subsystem.
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Figure 6.2: Phase portraits for the single linearised (+) subsystem near the equi-
librium configuration (black dot) located in the origin. The initial con-
ditions of the plotted orbit (green dot) are those defining the unstable
invariant cone for the piecewise-smooth system. The plots show a
stable behaviour of the linearised positive subsystem.
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The flutter critical loads for the single smooth subsystem that compose
the complete piecewise structure can be calculated from equations (3.47)
and (3.48), as

γ−fl = −1.83477, and γ+
fl = 0.774567,

for the (−) and (+) subsystem, respectively. Therefore the subsystems
are both stable when considered separately, since the external load is
γ = 0.06, which is located in the stable region of the bifurcation parame-
ter. The stability of each smooth subsystem can be observed in the results
plotted in Figures 6.1 and 6.3, where the time evolution of the generalised
coordinates is depicted, as well as in Figures 6.2 and 6.4 in terms of the
evolution of the orbits in the phase space.
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Figure 6.3: Time evolution of the non-dimensional generalised coordinates ξ and
φ as a function of the non-dimensional time τ , when only the lin-
earised (−) subsystem is analysed. The plots reveal a stable behaviour
of the linearised negative subsystem.

The phase portraits refer to the linearised solution in the vicinity of
the origin, where the equilibrium point is located. It is clearly visible that
the orbit with initial conditions in the neighbourhood of the equilibrium
point evolves in time still remaining in the neighbourhood of the origin,
revealing a stable behaviour of these linearised dynamical systems.

Although the two subsystems forming the piecewise-linear structure
are separately stable, the combination of them clearly reveals an unstable
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Figure 6.4: Phase portraits for the single linearised (−) subsystem near the equi-
librium configuration (black dot) located in the origin. The initial con-
ditions of the plotted orbit (green dot) are those defining the unstable
invariant cone for the piecewise-smooth system. The plots show a
stable behaviour of the linearised positive subsystem.
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behaviour, as can be appreciated from the following outcomes. The mo-
tion of the piecewise structure is sketched in Figure 6.5, for τ ∈ [0, 50]. It
is clearly visible that the displacement of the rigid bar evolves in time so
that the vertical equilibrium configuration with the hinged support in the
discontinuity of the profile is left.

Figure 6.5: A sketch of the motion of the linearised piecewise system with a dou-
bly circular profile, for a non-dimensional time τ ∈ [0, 50], with ini-
tial conditions near the straight equilibrium configuration. As can
be seen from the positions of the rigid bar at given times (from light
grey at τ = 0 to black at τ = 50), the undeformed configuration with
(ξ, φ) = (0, 0) is unstable.

Furthermore, the evolution in time of the non-dimensional generalised
coordinates ξ(τ) and φ(τ), plotted in Figure 6.6, reveals an exponential
increase of the amplitude. This evolution in time is analogous to the
behaviour of a smooth mechanical system undergoing flutter instability,
hence, this case can be considered a flutter-like instability for piecewise
systems, originated by stable subsystems.

The unstable invariant cone can be seen in the 2D and 3D phase por-
traits, see Figure 6.8 and 6.7. The complete cone cannot be visualised, since
it is a 3D hypersurface embedded in a 4D space, however, the projections
of the hyper-cone can be plotted and this "decomposed" behaviour can be
appreciated. In particular, one can observe that the orbits with initial con-
ditions in the neighbourhood of the origin evolves spiralling out, leading
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6.1. Linearised behaviour of the non-smooth structure

to an unstable behaviour. Since the cone is also attractive, a set of initial
conditions can be found, with non-zero measure, so that this unexpected
"theoretical" behaviour becomes a realistic evolution of a physical system.
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Figure 6.6: Time evolution of the non-dimensional generalised coordinates ξ and
φ as a function of the non-dimensional time τ , for the structure with
a doubly circular profile. An exponential growth of the amplitude
of the generalised coordinates denotes a flutter-like instability for the
piecewise-linear model.
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Figure 6.7: A 3D representation of the phase portraits near the equilibrium con-
figuration (black dot) located in the origin, for the structure with a
doubly circular profile. The initial conditions of the plotted orbit
(green dot) define an unstable invariant cone spiralling out from the
origin, denoting a flutter-like instability for the piecewise-linear model.
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Figure 6.8: A 2D representation of the phase portraits near the equilibrium con-
figuration (black dot) located in the origin, for the structure with a
doubly circular profile. The initial conditions of the plotted orbit
(green dot) are those defining the unstable invariant cone, which is
clearly visible from the orbit that spirals out from the origin, denoting
a flutter-like instability for the piecewise-linear model.
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6.1.2 Invariant cone for other combinations of parameters: ten-
sile and compressive follower forces

The reference problem considered in the previous Section 6.1.1 is an ex-
ample of instability related to the discontinuity present in the structure.
Considering other parameter combinations, the phase portraits are gen-
erally different from those examined in 6.1.1. However, in all cases, they
can be considered topological equivalent, see Definition 15 in Section 2.1.5,
hence the form of instability is actually the same.

It is interesting to note that non-smooth structures reveal an unstable
behaviour both for tensile and compressive follower forces, a property that
is not common in smooth systems. This particular aspect will be outlined
in the following example, where the set of design parameters

ζ+ = 0.5 k = 0.1 σ = 0 Θ = 1 χ = 2,

has been considered, together with the two load parameters

γA = −1.5 and γB = 0.75,

where γA (γB) represents a compressive (tensile) follower force. For this
combination of mechanical parameters, the critical flutter loads for (−)
and (+) subsystems are

γ−fl = −2.62091 γ+
fl = 1.10455

so both the subsystems are stable.
When the case with compressive load is considered, the unstable invari-

ant cone is described by the vector of initial conditions

yA0 = xA =
[
ξ(0), φ(0), ξ̇(0), φ̇(0)

]
= [0,−0.005946,−0.608652, 0.793415]

and the associated multiplier is equal to µA = 2.481825, denoting a high
growth rate of the modulus of the phase vector y(t) after each time period
t− + t+, namely about 248%, if compared to that of the reference solution
described in Section 6.1.1, which was only 7.99%. The intersection time
intervals calculated for this case are

t−A = 9.79729, t+A = 1.595401.
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Figure 6.9: Time evolution of the non-dimensional generalised coordinates ξ and
φ as a function of the non-dimensional time τ , for the structure with
a doubly circular profile subjected to the compressive load γA =
−1.5. An exponential growth of the amplitude of the generalised
coordinates is clearly visible, denoting a flutter-like instability for the
piecewise-linear model. In this specific case the orbit remains for a
longer time in the negative subspace, revealing a more irregular path,
with respect to the reference solution exposed in Section 6.1.1.

For the case of tensile follower force, the initial condition that leads to
the presence of an unstable invariant cone is

yB0 = xB =
[
ξ(0), φ(0), ξ̇(0), φ̇(0)

]
= [0, 0.086944,−0.360442, 0.928721] ,

while the multiplier is equal to µB = 2.486877, very closed to the value
for the compressive load, hence the growth rate of the modulus of the
solution y(t) after each cycle is almost the same for these two cases. The
intersection time intervals are

t−B = 0.311784, t+B = 4.132277.

The time evolution and phase portraits for the piecewise structure sub-
jected to compressive and tensile forces is depicted in Figures 6.9 and 6.10
for the load γA and in Figures 6.11 and 6.12 for γB . As can be seen from
the phase portraits, the second case with tensile load is clearly similar to
the reference solution, with an obvious higher growth rate due to the dif-
ference in the multiplier µ. On the contrary, the phase portraits depicted in
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Figure 6.10, referring to the case of a compressive follower force, are more
irregular with respect to the reference solution. However, despite the ir-
regularity in the trajectories, these two cases are topology equivalent.
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Figure 6.10: Phase portraits near the equilibrium configuration (black dot) lo-
cated in the origin, for the structure with a doubly circular profile
subjected to the compressive load γA = −1.5. The initial conditions
of the plotted orbit (green dot) are those defining the unstable invari-
ant cone, which is clearly visible from the orbit that spirals out from
the origin, denoting a flutter-like instability for the piecewise-linear
model. In this specific case the orbit remains for a longer time in the
negative subspace, revealing a more irregular path, with respect to
the reference solution exposed in Section 6.1.1.
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Figure 6.11: Time evolution of the non-dimensional generalised coordinates ξ
and φ as a function of the non-dimensional time τ , for the structure
with a doubly circular profile subjected to the tensile load γB = 0.75.
An exponential growth of the amplitude of the generalised coor-
dinates is clearly visible, denoting a flutter-like instability for the
piecewise-linear model.

6.2 Nonlinear solution of the non-smooth structure

6.2.1 Numerical solution of the reference mechanical system

All the theoretical and numerical results concerning the existence of an
invariant cone are based on the assumption that the subsystems that com-
pose the structure have been linearised. As presented in Section 2.1.3 and
4.4, the linearisation of the equations of motion in the neighbourhood of an
equilibrium configuration is a classical strategy for determining whether
or not the considered fixed point is stable, since, through Theorem 2 de-
scribed in Section 2.1.3, the stability of a smooth nonlinear system can be
deduced by the linearised one.

Unfortunately, this strategy cannot be adopted for the analysis of non-
conservative piecewise systems, thus the characterisation of an equilib-
rium configuration for a nonlinear piecewise-smooth system becomes a
cumbersome task, from a theoretical point of view.

However, Weiss et al. [86] discovered a possible extension of the clas-
sical approach to non-smooth system, as was explained in Section 4.4. In
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Figure 6.12: Phase portraits near the equilibrium configuration (black dot) lo-
cated in the origin, for the structure with a doubly circular profile
subjected to the compressive load γB = 0.75. The initial conditions
of the plotted orbit (green dot) are those defining the unstable invari-
ant cone, which is clearly visible from the orbit that spirals out from
the origin, denoting a flutter-like instability for the piecewise-linear
model.
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particular, if an invariant cone for the piecewise-linear case is detected,
then a cone-like invariant set can be found near the equilibrium configura-
tion, which is a sort of deformed cone presenting the same properties of
the original invariant manifold defined in piecewise-linear systems.

The reference structure studied in its linearised formulation in Sec-
tion 6.1.1 is now analysed, integrating the set of nonlinear equations of
motion (3.22). In particular, the behaviour of the nonlinear system near
the origin is investigated and a comparison with the linearised case is pre-
sented, that confirms the theoretical results in [86].
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Figure 6.13: Time evolution of the non-dimensional generalised coordinates ξ
and φ as a function of the non-dimensional time τ , for the nonlinear
model of the structure with a doubly circular profile. An exponen-
tial growth of the amplitude of the generalised coordinates is clearly
visible for about τ < 300 and then the amplitude exponentially de-
creases. This behaviour is repeated in time producing a phenomenon
similar to beats. The equilibrium configuration is unstable, since the
peak values are always reached, also decreasing the modulus of ini-
tial conditions.

The solution of the nonlinear system is depicted in Figures 6.13 and
6.14, where the initial conditions are assumed to be identical to those ob-
tained in the linearised case, i.e. y0 = x, since the connection between the
invariant sets in the linear and nonlinear case is investigated. Regarding
this specific aspect, one must note that the initial conditions must be care-
fully chosen to fulfil the condition of the theorem given by Weiss et al. [86].
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Figure 6.14: Phase portraits near the equilibrium configuration (black dot) lo-
cated in the origin, for the structure with a doubly circular profile
and in case of nonlinear mathematical model. The initial conditions
of the plotted orbit (green dot) are those defining the unstable in-
variant cone for the linearised system. The beat-like behaviour in
time of the system reveals an invariant cone that spirals out and in,
alternatively.
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In particular, the value of the scale parameter ξ4, which is meaningless in
the linearised analysis, plays now a crucial role, therefore it must be tuned
to have a solution which is really closed to the equilibrium configuration.
Specifically, the solution represented in Figures 6.13 and 6.14 are obtained
assuming ξ4 = 0.001, so that the initial conditions are

y0 = 0.001× [0,−0.008541,−0.372225, 0.928103] .

The evolution of the generalised coordinates in the non-dimensional
time τ reveals an exponential growth for small values of τ that can be
associated with the presence of an unstable cone-like invariant set. How-
ever, the orbits do non reach a limit cycle as in classical Hopf bifurcation
of smooth mechanical system, but the solution collapses with an expo-
nential decay, producing a series of oscillations analogous to the physical
phenomenon of beats (in fact the behaviour plotted in 6.13 is repeated if a
greater time domain is considered in the integration).

Even though there exists an exponential decay, the solution can be con-
sidered unstable, since the peak value of about ξ = 0.3 and φ = −0.6 in
the plot in Figure 6.13 is always reached, also in simulations with a lower
value of the modulus ξ4 of the initial conditions. This implies, according
to Definition 8 in Section 2.1.3, that it is not possible to decrease the ra-
dius of the Liapunov ball in which initial conditions are chosen, to obtain
a bounded evolution of the orbit, so the system can be considered unstable
near the equilibrium configuration located in the origin.

6.2.2 Invariant cone for other combinations of parameters: ten-
sile and compressive follower forces

Analogous investigations of those presented in Section 6.2.1 have been
performed on the structures seen in Section 6.1.2, in case of compressive
and tensile loads. As pointed out in the previous example, the choice of
ξ4 for which the system can be considered close to the origin plays an
essential role. In this case, this scale parameter has been assumed equal to
ξ4 = 10−6, hence the initial condition for the compressive and tensile load
are, respectively

yA0 = 10−6 × [0,−0.005946,−0.608652, 0.793415] ,

yB0 = 10−6 × [0, 0.086944,−0.360442, 0.928721] .
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The behaviour of these cases is qualitatively different from that re-
ported in Section 6.2.1 since the beats are not present for these nonlinear
structures. As for the compressive load case (γA), the evolution of the
mechanical system seems to reach a sort of limit cycle, so that the orbits
approach a complex manifold. As in the previous Section, this behaviour
can be considered unstable, since a reduction in the modulus of initial con-
ditions does not affect the peak values of ξ and φ. For the tensile load case
(γB), the solution evolves spiralling out from the origin and then an abrupt
deviation appears, revealing the instability of the system.
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Figure 6.15: Time evolution of the non-dimensional generalised coordinates ξ
and φ as a function of the non-dimensional time τ , for the struc-
ture with a doubly circular profile subjected to the compressive load
γA = −1.5. An exponential growth of the amplitude of the gener-
alised coordinates is clearly visible for about τ < 220 in the nonlin-
ear model, then the orbit follows a sort of irregular path with a fixed
maximum amplitude.
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Figure 6.16: Phase portraits near the equilibrium configuration (black dot) lo-
cated in the origin, for the structure with a doubly circular profile
subjected to the compressive load γA = −1.5. The initial conditions
of the plotted orbit (green dot) are those defining the unstable invari-
ant cone for the linearised system. A sort of invariant cone is visible,
describing the first part of the time evolution of the system.
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Figure 6.17: Time evolution of the non-dimensional generalised coordinates ξ
and φ as a function of the non-dimensional time τ , for the struc-
ture with a doubly circular profile subjected to the compressive load
γB = 0.75. An exponential growth of the amplitude of the gener-
alised coordinates is clearly visible.
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Figure 6.18: Phase portraits near the equilibrium configuration (black dot) lo-
cated in the origin, for the structure with a doubly circular profile
subjected to the compressive load γB = 0.75. The initial condition of
the plotted orbit (green dot) are those defining the unstable invari-
ant cone in the linearised model. A sort of invariant cone is visible
in the first part of the evolution, then an abrupt divergence appears,
leading to an unstable behaviour.

Marco Rossi 195



6.3. Design of piecewise system through instability domains

6.3 Design of piecewise system through instability
domains

In smooth mechanical systems, the stability of an equilibrium configura-
tion can easily be determined through standard theoretical procedures,
that generally allow the determination of ranges of parameters revealing
a given behaviour for the system. A bifurcation analysis, described in
Section 2.1.5, can be performed from an analytical perspective, determin-
ing when the system is stable or unstable on the basis of the bifurcation
parameters that have been assumed (typically, for mechanical systems, a
classical choice for a bifurcation parameter is the load).

In Chapter 5, this kind of purely theoretical approach has been demon-
strated to be unfeasible in the cases treated in this Thesis, due to the com-
plexity of piecewise-smooth dynamics. However, a semi-analytical ap-
proach can be adopted to identify the presence of an invariant cone, de-
rived by the necessary criterion of instability shown in Chapter 4. The
determination of design parameter domains that can be associated with
a specific behaviour for the system is generally impossible for piecewise
dynamics, from an analytical point of view. On the contrary, this problem
can be solved by adopting a numerical perspective, testing a finite number
of sets of parameters and determining the features of the possible cones.

For this purpose, instability domains can be defined using the numeri-
cal algorithm derived in Chapter 5, which can identify a priori the presence
of a cone and the stability of the equilibrium configuration. The instabil-
ity domain depicted in Figure 6.19 is an example of this approach, which
refers to the reference example described in Section 6.1.1, assuming

ζ+ = 0.5757, k = 0.301722, σ = 0, Θ = 1.

Two non-dimensional design parameters have been considered, namely
χ describing the ratio of the radii of curvature and γ associated with the
load. These design parameters can assume a finite set of numerical values,
describing for example a 2-dimensional grid, as can be seen in the picture,
while all the other parameters are fixed. The aforementioned numerical
procedure is adopted, where the free parameters are chosen as the point
(χ, γ) of the grid, and for each point, the presence of an invariant cone is
investigated. The red dots denote the values of χ and γ for which an un-
stable invariant cone can be detected, on the contrary, for the blue points,
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Figure 6.19: Instability domain, describing the presence of invariant cones in the
reference structure. The parameters χ (ratio of the radii of curvature)
and γ (non-dimensional follower load) are chosen in a given finite
set of values (the grid of points in the plot), while the remaining pa-
rameters are equal to ζ+ = 0.5757, k = 0.301722, σ = 0, Θ = 1.
The red dots denote the presence of an unstable invariant cone with
µ > 1 that implies the instability of the linearised piecewise-smooth
system, while the blue dots represent parameter combinations for
which a cone with µ = 1 is detected, which does not actually im-
ply that the solution is stable. The grey dots denote the absence of a
cone, according to the numerical method adopted for the detection
of this invariant set. The points of the grid in the orange areas must
be neglected since in these regions one of the two subsystems suffers
flutter instability and the fundamental hypothesis on the stability of
both subsystems is violated.
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all invariant cones with µ = 1 have been determined. The grey points are
associated with mechanical parameters for which the numerical algorithm
does not identify the presence of any invariant cone.

One must observe that this numerical procedure can be adopted only
for stable positive and negative subsystems, hence the points of the grid
which do not fulfil this condition must be discarded. In the analysed case,
the dots in the orange area reveals an unstable flutter behaviour in one of
the systems, so only the points outside these regions must be considered
as correct solutions.

Actually, only in the red dots, a clearly defined behaviour can be found,
since the absence of an unstable cone does not necessarily imply that the
system is stable. Moreover, also unstable cones with a definition more
complex than (4.9) may be present in the system, denoted by blue points,
for example, the invariant sets for which more than two cycles are neces-
sary to appreciate the periodicity of the solution.

Although this discrete approach cannot be exhaustive for an overall
comprehension of the problem and cannot lead to an accurate design,
some regions with the desired unstable behaviour can be determined, i.e.
the red bands for a negative value of the load γ. This numerical technique
and the graphical outcomes as Figure 6.19 can be fruitful tools for the cor-
rect design of 2 d.o.f. mechanical systems.

6.4 Conclusions

The algorithm for the detection of an invariant cone has been used for the
analysis of the structure with a doubly circular profile. The most impor-
tant features of the solutions of this specific piecewise system have been
shown in a reference example, for which the presence of the invariant ma-
nifold has been confirmed by the explicit integration of the equations of
motion. Moreover, the investigation of a mechanical system presenting an
unstable behaviour both for compressive and tensile follower forces has
been performed, which is an unusual condition for smooth structure.

These analyses have been extended to the nonlinear case, so the non-
smooth mathematical model for the mechanical system has been studied
to determine the presence of a cone-like invariant set. The unstable be-
haviour of the cones in the linearised formulation is then confirmed in the
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nonlinear regime, hence this unexpected instability phenomenon becomes
realistic and feasible for real applications.

Finally, a conceptual tool for the design of piecewise 2 d.o.f. mechan-
ical systems has been presented, which allows the definition of the re-
gion in the design parameter space where this instability behaviour can
be present.
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PART II

Cloaking of flexural waves in
Kirchhoff-Love plates





CHAPTER 7

Invisibility cloak for a
Kirchhoff-Love Plate

“Facts which at first seem improbable
will, even on scant explanation, drop
the cloak which has hidden them and
stand forth in naked and simple beauty"

Galileo Galilei

The theory of transformation elastodynamics is exposed in the present
Chapter, in order to introduce the problem of modelling an invisibility
cloak for flexural waves in thin elastic plates, with the aim of shielding a
hole from vibrations. The case of an invisibility cloak for a square hole is
analysed in depth and the theoretical transformations that allow the de-
termination of the elastic parameters of the cloak is described. Moreover,
a Finite Element model is developed, according to the classical approach
of Galerkin. The aim of this Thesis is the definition of an approximated
invisibility cloak, neglecting the unrealistic presence of prestress and the
investigated numerical procedure is a fundamental tool for the determi-
nation of a correct design.

7.1 Theoretical background

7.1.1 Transformation elastodynamics for thin plates

The definition of a flexural cloak for a homogeneous, isotropic Kirchhoff-
Love plate, defined on a two-dimensional domain K, is based on a trans-
formation, say χ, that maps a two-dimensional subdomain C0 ⊂ K to the
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Figure 7.1: Sketch of a square 1cloak studied in [25]: (a) undeformed domain C0
where the plate is isotropic and homogeneous; (b) transformed do-
main C, where the four trapezoids composing the cloak are numbered.
The principal directions of orthotropy are represented with thin lines
(the local axes at a generic point P are labelled x and y as depicted).
The perimeter of trapezoid C(1) is marked with a dashed green line.

domain C where the meta-plate is to be constructed, namely 1

χk : C0 → C, x0
K → xk = χk(x

0
K).

The map is such that the transformed equation in the latter is still the gov-
erning equation for flexural waves supported by a Kirchhoff-Love plate,
which is, in general, non-homogeneous and anisotropic. In our case, C0 is
a square deprived of a tiny hole H0 in the centre (see Figure 7.1a) that is
mapped to a collection of four trapezoids C(i) (i = 1, . . . , 4) (Figure 7.1b),
such that C =

⋃ C(i). The length of one side of the external boundary of
both C0 and C is equal to 2L whereas that of H0 is equal to 2εa, where ε is

1Uppercase and lowercase indices, both ranging between 1 and 2, are referred to ref-
erence and transformed domains, respectively, whereas a 0 in either super- or sub-script
position indicates that the quantity concerned is evaluated in the reference configuration.
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a small parameter. 2

In both configurations, the exterior domain K \ C0 ≡ K \ C is occupied
by the initial, homogeneous structure that possesses constant thicknessH ,
mass density per unit volume ρ0 and bending stiffness D0 = EH3/[12(1−
ν2)], where E is the Young’s modulus of the material and ν its Poisson’s
ratio. The governing equation of the homogeneous isotropic Kirchhoff-
Love plate (neglecting the presence of a distribute load per unit area) takes
the form

D0∇4
0w + σ0ẅ = 0, (7.1)

where w(x0
K , t) is the transverse displacement,∇4

0 is the biharmonic oper-
ator in C0 and σ0 = ρ0H is the mass density per unit area. For the relevant
case of a plate resting on a homogeneous substrate modelled as a bed of
independent linear springs (Winkler model), a term k0

Ww is to be added
on the left-hand side of equation (7.1), where k0

W is the subgrade coeffi-
cient. We emphasise that in equation (7.1), D0 and σ0 are independent of
the position, since the plate is homogeneous.

The function χk(x0
K) is assumed to be invertible, a requisite that is met

if its evaluation in the inner boundary of the cloak is non-singular as in
the case under study. After having recalled that uppercase indices refer to
points belonging to C0 and that a comma indicates partial differentiation,
the gradient of the transformation xi,K , its Jacobian J(xh) = detxi,K and
the tensor 3

gij(xh) = xi,Pxj,P /J

are instrumental in defining the properties of the cloak.
In order to have a complete overview on the established theory of

meta-plate cloaks, we remind that the local governing equation of a non-
homogeneous anisotropic Kirchhoff-Love plate subject to in-plane pre-
stress takes the form [59, 84]

mij,ij + nijw,ij − siw,i = σẅ, (7.2)

where σ is the mass density per unit area, mij represents the set of mo-
ments per unit length whilst nij and si have been introduced to model

2ε plays the role of regularisation parameter for the construction of a near cloak [50] in
which the material properties at the inner boundary of the cloak are not singular.

3The summation over the repeated index is implied throughout the paper.
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membrane forces and in-plane body forces per unit length, respectively, in
equilibrium through fulfilment of the condition

nij,j + si = 0. (7.3)

The next step is the introduction of the constitutive equations that con-
nect mij to the generalised curvature w,kl, i.e. mij = −Dijklw,kl, where
Dijkl(xh) is the stiffness tensor which may depend on the position. The
substitution into equation (7.2) yields

Dijklw,ijkl + 2Dijkl,iw,jkl + (Dijkl,ij − nkl)w,kl + slw,l = −σẅ, (7.4)

an equation used by [25] to identify the different terms corresponding
to the transformation and to confirm that the flexural displacement of a
Kirchhoff-Love plate under an arbitrary coordinate mapping may be in-
terpreted as a generalised plate.

Before the application of the domain transformation defining the cloak,
the differential equation (7.1) governing the isotropic homogeneous prob-
lem must be rewritten in a form analogous to (7.4), namely

D0
pqrtw,pqrt + σ0ẅ = 0,

where for an isotropic homogeneous plate, the stiffness term can be com-
puted as

D0
pqrt =

Eh3

12(1− ν2)

[
νδpqδrt +

1− ν
2

(δprδqt + δptδqr)

]
.

The identification of terms shows that the stiffness tensor of the trans-
formed plate corresponds to

Dijkl(xh) = D0
pqrtJ

−1gipgjqgkrglt, (7.5)

the in-plane body forces to

sl(xh) = D0
pqrt

[(
J−1gipgjq,igkrglt

)
,j
− J−1gjq (glpgkr,igit + gkpglr,igit),j

+
1

2
J−1gjqgit (glp,jgkr,i + gkp,jglr,i)

]
,k

, (7.6)
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7. Invisibility cloak for a Kirchhoff-Love Plate

and the transformed density per unit area turns out to be σ(xh) = ρ0H/J .
When the Winkler foundation is involved, the subgrade coefficient trans-
forms similarly to the density, i.e.

kW (xp) =
k0
W

J
, (7.7)

a quantity that is now dependent on the position.
Focusing on the square cloak transformation sketched in Figure 7.1

and, in particular, on trapezoid C(1), χ(1)(x0
KeK) = (αx0

1 + c)e1 + (αx0
2 +

cx0
2/x

0
1)e2,

g
(1)
ij =


α 0

x2αc

x1(c− x1)

x1α

x1 − c

 ,
and J (1) = x1α

2/(x1 − c), where

α =
b/L

1− εa/L, c =
a− εa

1− εa/L,

and {e1, e2} is the orthonormal basis associated with both coordinate sys-
temsOx0

1x
0
2 andOx1x2; a is the half-length of the side of the square hole to

be cloaked and b = L−a is the "cloak thickness". This information defines
the six independent components of the stiffness tensor Dijkl, the prestress
nij and the in-plane body forces si in the four subdomains. For trapezoid
C(1), all these quantities can be computed explicitly. In particular, the six
independent flexural stiffness coefficients for trapezoid C(1) of the cloak
are

D
(1)
1111 = α2

(
1− c

x1

)
D0, D

(1)
2222 =

α2
(
c2x2

2 + x4
1

)2
(x1 − c)3 x5

1

D0,

D
(1)
2211 =

α2
(
c2x2

2 + νx4
1

)
(x1 − c)x3

1

D0, D
(1)
1212 = α2 c

2x2
2 + (1− ν)x4

1

2 (x1 − c)x3
1

D0,

D
(1)
1112 = −α2c

x2

x2
1

D0, D
(1)
2212 = −α

2cx2

(
c2x2

2 + x4
1

)
(x1 − c)2 x4

1

D0,

while the membrane forces and in-plane body forces are, respectively,

n
(1)
11 =

2α2c

x2
1 (x1 − c)

D0, n
(1)
22 = −2α2c

(
(2− ν)x4

1 + 8cx2
2x1 − 3c2x2

2

)
x4

1 (x1 − c)3 D0,
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(b) Mesh adopted for the simulation

Figure 7.2: a) Geometry of the studied plate where it is visible the point where
the time-varying load is enforced (dimensions in m) and the sections
considered in Figure 8.2; b) detail of the mesh, the external boundary
of the cloak is marked with a dashed red line.
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and

n
(1)
12 =

2α2cx2 (3x1 − 2c)

(x1 − c)2 x3
1

D0, s
(1)
1 = 0, s

(1)
2 =

24α2cx2

(x1 − c)3 x2
1

D0.

For the other parts of the cloak, they can be easily inferred by taking
into account the relevant symmetries. Note that α is dimensionless while
[c] = [L].

For the same trapezoid C(1), to reach the orthotropic principal direc-
tions at a point P , the angle θ(x1, x2) (anticlockwise in the domain x2 > 0,
see Figure 7.1b) is now introduced. In particular, this angle identifies the
principal axis x (respectively y) moving from x1 (respectively x2). Its value
is

θ =
1

4
arccos

[
− Q

Q+ 2(D1111 −D2222)(D2221 −D1112)

]
, (7.8)

where

Q = (D1111 +D2222 − 2D1122 − 4D1212)(D1112 +D2221).

In the new local system Pxy, the constitutive relationships assume the
form

mxx = −Dxxxxw,xx −Dxxyyw,yy,

myy = −Dxxyyw,xx −Dyyyyw,yy,

mxy = −Dxyxyw,xy,

(7.9)

where the new stiffness moduli contained therein can be deduced in terms
of the aforementioned Dijkl and, according to formula (7.8), they can be
computed as

Dxxxx = D1111 cos4 θ + 2(D1122 + 2D1212) sin2 θ cos2 θ+

D2222 sin4 θ + 2(D1112 cos2 θ +D2221 sin2 θ) sin 2θ;

Dyyyy = D1111 sin4 θ + 2(D1122 + 2D1212) sin2 θ cos2 θ+

D2222 cos4 θ − 2(D1112 sin2 θ +D2221 cos2 θ) sin 2θ;

Dxxyy = D1122 + (D1111 +D2222 − 2(D1122 + 2D1212)) sin2 θ cos2 θ+

(D2221 −D1112) cos 2θ sin 2θ;

Dxyxy = D1212 + (D1111 +D2222 − 2(D1122 + 2D1212)) sin2 θ cos2 θ+

(D2221 −D1112) cos 2θ sin 2θ.
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Interestingly, as shown in [25], the twisting stiffness Dxyxy brought
about by the transformation vanishes in all points of the transformed do-
main. This is a particular feature of the cloak under investigation that
must be properly addressed in a meaningful design. It is worth recalling
that in an isotropic plate with compact cross-section, Dxyxy = D0(1− ν).

As a final remark, the cloak is subjected to traction-free boundary con-
ditions in the inner free boundary and to continuity conditions at the in-
terface between itself and the outer homogeneous plate.

7.2 Finite Element model for the analysis of the cloak

With the aim of performing numerical simulations of the transient dy-
namic behaviour of a square cloak via the Finite Element Method (FEM),
a weak form of the governing equations is now obtained.

The formulation can be derived by multiplying equation (7.4) by the
test function v(x1, x2) and using the Galerkin method [78, 91] . After the
application of the divergence theorem to the generic subdomain Ω of the
entire plate and usage of the equilibrium equations (7.3), the final expres-
sion for the weak form becomes∫

Ω
v,ijDijklw,kl dΩ−

∫
Ω
v,lnklw,k dΩ +

∫
Ω
σvẅ dΩ +

∫
Ω
kW vw dΩ

−
∫

Γ
{mn̂n̂v,n̂ − v (tn̂ +mn̂ŝ,ŝ)} ds+

∫
Γ
{nn̂ŝvw,n̂ + nn̂vw,ŝ} ds = 0,

∀v ∈ H2
0 (Ω), (7.10)

where also the term involving kW is now taken into account. In expression
(7.10), (·),n̂ and (·),ŝ are the directional derivatives along the normal unit
vector n̂ and tangent unit vector ŝ of the boundary Γ of Ω; mn̂, mn̂ŝ are
the bending and twisting moments per unit length along Γ, respectively,
whereas nn̂, nn̂ŝ describe the in-plane internal actions along the normal
and tangent unit vectors; tn̂ is the specific shear force on the boundary
and H2

0 (Ω) is the suitable Sobolev space. It should be noted that in the
standard procedure leading to the weak form (7.10), the terms Dijkl,i and
Dijkl,ij naturally disappear by integrating by part. The analysed plate is
composed of various subdomains with different stiffness properties repre-
sented by the terms Dijkl: the uncloaked regionK\C possesses a homoge-
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7. Invisibility cloak for a Kirchhoff-Love Plate

neous stiffness D0 whereas the cloak is described by the parameters Dijkl

given in (7.5).
Geometric and analytical approximations are performed to achieve the

discretised formulation, by dividing the entire domain into a finite subset of
elements, i.e. Ω ≈ ⋃ne

e=1 Ωe, where ne is the number of the elements, and
substituting unknown and test functions with the linear combinations

w(ξ, η, t) = Np(ξ, η, t)up(t), v(ξ, η, t) = Nq(ξ, η, t)vq,

respectively, where Np(ξ, η, t) and Nq(ξ, η, t) are the so-called shape func-
tions, defined on the spatial domain Ωe, and indices p, q range within a
suitable interval as specified later. For each Finite Element, the final dis-
cretised formulation can be written as

np∑
p=1

nq∑
q=1

vq

{∫
Ωe

Nq,ijDijklNp,klup dΩ +

∫
Ωe

σNqNpüp dΩ

+

∫
Ωe

kWNqNpup dΩ−
∫

Γe

[mn̂n̂Nq,n̂ −Nq (tn̂ +mn̂ŝ,ŝ)] ds

}
= 0, ∀vq,

(7.11)
where np and nq are the number of the shape functions that discretise w
and v, respectively. Moreover, in equation (7.11), all the terms related to
the in-plane prestress have been neglected, since the aim of this work is
the definition of a reasonable cloak, without the presence of unrealistic
components as a non-homogeneous membrane load, see Chapter 1.2.1.

A parametric representation is implemented in the code: the shape
functions are defined in the local coordinate system Oξη of the master ele-
ment

Ω̂e =
{

(ξ, η) ⊆ R2 : −1 ≤ ξ ≤ 1,−1 ≤ η ≤ 1
}
,

which is mapped into each element of the mesh using appropriate coor-
dinate transformations. Since an isoparametric representation is not pos-
sible for thin plate elements unless a previous distortion of the mesh (see
for example [75]), a subparametric representation has been adopted, so the
bilinear shape functions that are used for the transformation of the master
element are different from the hermitian ones used for the analytical ap-
proximation of the unknown.

The structured mesh employed in the numerical analyses is composed
of quadrangular elements with four nodes in the corner of each element,
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7.2. Finite Element model for the analysis of the cloak

whose generalised displacements are{
w(k) w

(k)
,ξ w(k)

,η w
(k)
,ξη

}
, k = 1, 2, 3, 4, (7.12)

leading to (np = nq =) 16 degrees of freedom for each Finite Element,
see [45, 77, 78, 91].

Finally, after substitution and integration of the aforementioned shape
functions in equation (7.11) and the assembly operation over all the Finite
Elements of the mesh, the set of algebraic equations used for the spatial
approximation of this problem can be written as

Mü(t) +Ku(t) = f(t), (7.13)

whereM andK are the mass matrix and the stiffness matrix, respectively;
u(t) is the vector of the degrees of freedom whereas f(t) is the vector of
generalised external loads.

The approximation in the time domain is performed with the single-
step time-integration algorithm Generalized-α method, see [21, 22], which is
an evolution of the well-known Newmark method that is frequently used
for transient dynamical analysis in mechanics [44, 45, 77, 91]. According
to this method, equation (7.13) is written as

Mü(tn) +Cu̇(tn) +Ku(tn) = f(tn), (7.14)

where a generic damping matrix C has been introduced for the sake of
generality and the time-domain discretisation

T = {0, t1, t2, . . . , tn, . . . , tN = Tmax} , tn+1 = tn + ∆tn,

is performed, with respect to the time-domain T = [0, Tmax].
The Taylor’s expansions of the solution u(tn+1) ≡ un+1 and its first

time derivative u̇(tn+1) ≡ u̇n+1 are given by

un+1 = un + ∆tnu̇n + (1− θ2)
∆t2n

2
ün + θ2

∆t2n
2
ün+1,

u̇n+1 = u̇n + (1− θ1) ∆tnün + θ1∆tnün+1,

(7.15)

where θ1 and θ2 are positive real parameters that define the integration
scheme. Formulae (7.15) are substituted into equation (7.14) calculated in
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7. Invisibility cloak for a Kirchhoff-Love Plate

the intermediate time value tn+1−αf = (1− αf ) tn+1+αf tn, thus obtaining

M [(1− αm) ün+1 + αmün] +C [(1− αf ) u̇n+1 + αf u̇n] +

+K [(1− αf )un+1 + αfun] = fn+1−αf ,

where αf and αm are two additional parameters that will be specified later.
The following implicit scheme can be used to achieve the solution

ün+1, namely

ün+1 = A−1

[
fn+1−αf −Kun −

(
C +K (1− αf ) ∆tn

)
u̇n+

−
(
Mαm +C (1− αf ) (1− θ1) ∆tn +K (1− αf ) (1− θ2)

∆t2n
2

)
ün

]
,

(7.16)

where

A =

[
M (1− αm) +C (1− αf ) θ1∆tn +K (1− αf ) θ2

∆t2n
2

]
.

Equations (7.15) and (7.16) are employed to calculate the complete so-
lution at each time step tn.

The Generalized-α method is completely described by the four param-
eters αm, αf , θ1, θ2 that define the stability and the convergence properties
of the time-integration scheme. They can be written as a function of the
asymptotic spectral radius ρ∞ ∈ [0, 1] which is related to the numerical
damping in the high-frequency limit as

αm =
2ρ∞ − 1

ρ∞ + 1
, αf =

ρ∞
ρ∞ + 1

,

θ1 =
1

2
− αm + αf , θ2 =

1

2
(1− αm + αf )2 .

It is worth mentioning that equation (7.13) can be profitably employed
to perform time-harmonic simulations once a harmonic form for u(t) and
f(t) is introduced.

The mass matrix can generally be computed in different ways: the
consistent mass matrix MC is obtained directly from the weak formu-
lation (7.11), so the inertia contribution is assigned to each node via the
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shape function; the lumped mass matrix ML is a diagonal matrix ob-
tained condensing the mass of each element in its nodes via equilib-
rium. In the ensuing simulations we considered a mixed mass matrix
M = (1− αl)MC + αlML, where αl ∈ [0, 1], see [44, 91].

7.3 Main features of the Finite Element code

The previously described computational model has been used for the cre-
ation of a Finite Element code, written using the software Matlab. The
development of an in-house code allows a better comprehension of the
model, since all the details of the problem must be investigated in depth.
However, the two most important advantages are the possibility of not
being constrained to the limit of commercial software and of possibly ex-
tending the "core" of the program to deal with more complicated prob-
lems, representing evolutions of the original one.

The structure of the code can be divided into three main parts:

• pre-processing: in this part, the geometry and the mesh are defined,
together with all the mechanical parameters and loads. Furthermore,
the choice of the shape functions determines the stiffness and mass
matrices of the single Finite Element, namely, KEF and MEF, which
are then assembled into the global matrices that must be inverted to
find the solution of the problem. Finally, the essential and natural
boundary conditions are imposed to the problem.

• processing: this is the main part of the program, since the set of al-
gebraic equations obtained in the passage from the mathematical to
the computational model are solved and the vector of d.o.f. is ex-
plicitly determined. With the present code, it is possible to perform
static, modal, and time-harmonic analysis, however the subroutine
used for the current investigations concerns the transient explicit dy-
namical analysis through the Generalised-α method.

• post-processing: the principal unknown field is determined, accord-
ing to equation (7.12)1 and all the derived unknown fields are ob-
tained. Then, the behaviour of the investigated quantities is plotted
in 2D or 3D plots or in the 1D section cuts.

214 Marco Rossi



7. Invisibility cloak for a Kirchhoff-Love Plate

As mentioned before, one of the advantages of this kind of routine is
its extendibility. For this reason, the present code has been developed in
a "modular" way, to support further extensions. For example, the code
is structured in such a way that the weak form can be substituted to
deal with more complex problems, or new general Finite Elements can
be added to the library of elements, simply defining the suitable shape
functions. Hence, the modularity introduced in the programming is a fun-
damental feature of the present Finite Element code.
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MESH DEFINITION

definition of the geometry

creation of triangular and quadrangular FE

composition of several meshes for complex domains

transformation of the domain according to cloaking theory

PARAMETERS DEFINITION

definition of the geometrical and mechanical parameters (ρ, D, h)

computation of the stiffness parameters of the transformed domain

COMPUTATION OF THE MATRICES

Calculation of the stiffness matrix KEF of the single FE

Calculation of the mass matrix MEF of the single FE

Assembly of the matrices

BOUNDARY CONDITIONS AND LOADS

Definition of essential boundary conditions

Definition of natural boundary conditions

Definition of the distributed loads on the plate

CONSTRAINTS

Definition of the linear equations for the constraints

Master-slave method for the solution of the constraints

NUMERICAL ANALYSIS

Linear Static Analysis

Modal Analysis

Transient dynamical analysis through Generalised-α method

COMPUTATION OF UNKNOWN

Computation of the main unknown fields

Computation of secondary derived unknown fields
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CHAPTER 8

Numerical simulations and
results

“Science is the study of what is,
Engineering builds what will be. The
scientist merely explores that which
exists, while the engineer creates what
has never existed before"

Theodore von Kármán

The Finite Element code analysed in Chapter 7 has been employed for
the investigation of a specific numerical example, which will be described
below. The considered solution refers to a specific geometry, shown in Fig-
ure 7.2, which will be taken as a reference in the following examples. Then,
some elastic and load parameters in the problem are changed, in order to
perform a sensitivity analysis and define how the solution is perturbed by
these variations.

The main purpose of this Thesis is the definition of a realistic invisibility
cloak and this practical perspective leads to neglect the most unrealistic
component of the cloak (e.g. the inhomogeneous prestress) or to consider
other phenomena (e.g. the interaction with a Winkler soil). The definition
of a "quality measure" for the performance of the cloak is essential for a
quantitative determination of the quality of the approximated cloak.

Finally, a simple example of a possible real invisibility cloak is pre-
sented, which is the starting point for further investigation in this topic.
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8.1 Numerical result for the approximated invisibil-
ity cloak

8.1.1 Description of the reference geometry

Using the code described above, we studied the transient propagation of
flexural waves in a simply-supported square plate, in which a square hole
is cloaked with respect to out-of-plane vibration generated by a point force
varying sinusoidally. With reference to Figure 7.2, the homogeneous plate
in C0 is a steel one (E = 210 GPa, ν = 0.3, ρ0 = 7800 kg/m3) with thickness
H = 1 mm and bending stiffness D0 = 19.23 Nm. The outer side of the
cloak is such that L = 0.75 m while a = 0.1923 m, b = 0.5577 m and
εa = 0.025 m. 1 When a Winkler-like soil comes into play in the analysis,
the stiffness of the elastic substratum is represented by k0

W = 0.5 × 106

N/m3, qualitatively corresponding to that of a silicone material [5, 35].
The boundary conditions on the outer perimeter are those of a simply

supported plate, namely null transversal displacement w|∂K = 0, null ro-
tation w,ŝ|∂K = 0 and null bending moment mn̂n̂|∂K = 0. The distance
between the centre of the plate and the centre of the cloaked square hole
is equal to 2.5 m. A harmonic transversal point force F (t) = F̄ cos(ωt) is
applied at the centre of the plate where we assumed F̄ = 100 N and ω
varying from 50 rad/s to 600 rad/s. The information of the point load is
contained in the vector load f(t) in the right-hand-side of (7.13) and (7.14).

The mesh that we used for the transient analysis is composed of (ne =)
83340 quadrangular elements with 335864 total degrees of freedom; the
elements are rectangular and regular outside the area of the cloak whereas
the mesh is refined and composed of trapezoidal elements inside the area
of the cloak. Each trapezoid of the cloak C(i) is composed of 1080 Finite
Elements.

We performed a transient dynamical analysis with the Generalized-
α method, see Section 7.2, for which we chose ρ∞ = 1 to neglect nu-
merical damping, therefore the method reduces to a second order and
unconditionally stable algorithm with αm = αf = θ1 = θ2 = 1/2,

1With this set of parameters, it turns out that for the trapezoid C(1) the stiffnesses for the
four representative points sketched in Figure 7.1b are displayed in Table 8.3. The minimum
value D1111 is achieved along the whole inner boundary whereas the maximum D2222 is
at point D.
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which is equivalent to the constant-average acceleration method [78]. This
choice of the parameters of the numerical algorithm leads to a stable
scheme for any time interval, so we considered a time domain T = [0, 200
ms] with ∆tn = 1 ms. We assumed homogeneous initial condition, so
u(t = 0) = u0 = 0 and u̇(t = 0) = u̇0 = 0. The initial value of ü0 (neces-
sary in the first step) has been calculated assuming the initial condition on
u0 and u̇0 and solving equation (7.14) for t = 0. In the time-domain inte-
gration we neglected the contribution of the damping matrix, i.e. C = 0,
and we assumed αl = 0.5.

The performance of the cloak is now assessed with reference to the
following case studies:

(i) a cloak possessing all properties of the Theoretical Transformation
Without Prestress (TTWP) is analysed first. As recalled in the In-
troduction 1.2.1, the prestress is ruled out as it is not realistic to as-
sume the distribution of initial stress nij and in-plane body forces
si foreseen by the transformation. For this cloak, however, the local
twisting stiffness Dxyxy vanishes in the whole domain C;

(ii) a cloak is investigated, possessing all properties of the TTWP but
with a different amount of torsional stiffness Dxyxy, to evaluate the
influence of this parameter. This case is significant as every con-
structed meta-plate cloak would be equipped with a certain amount
of twisting stiffness;

(iii) same as (ii), but with the goal of estimating the role of the coupling
bending stiffness Dxxyy;

(iv) a cloak with the properties predicted by the TTWP is then studied,
but resting on a substrate modelled as a Winkler foundation whose
position-dependent subgrade modulus obeys relationship (7.7).

For all case studies, the displacement maps and the other relevant
quantities that are illustrated are computed at a time t compatible with a
propagation of the wavefront located downline of the region of the cloak,
but not significantly disturbed by secondary waves reflected at the bound-
ary of the plate.
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8.1.2 Performance of the cloak
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(a) Uncloaked square hole (b) Cloaked square hole (TTWP)
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Figure 8.1: Displacement map w (in m) computed numerically at t = 155 ms for
ω = 300 rad/s: a) uncloaked square hole; b) performance of a cloak
obtained through the Theoretical Transformation Without Prestress
(TTWP). The square-shaped white contour sketched in b) indicates
the external boundary of the cloak.

The displacement map of a TTWP cloak computed at t = 155 ms for
ω = 300 rad/s is displayed in Figure 8.1b, to be compared with that re-
ported in Figure 8.1a for a plate with an uncloaked hole. In the latter di-
agram, a wake is evident just on the right-hand side of the hole as well
as a perturbed wave pattern on the left-hand side due to reflection caused
by the hole. Those two features have been eliminated by the cloak that
is able to regularise the wavefront emerging from the device into the ex-
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(a) Displacement map at Section no. 1
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(b) Displacement map at Section no. 2
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(c) Displacement map at Section no. 3
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(d) Displacement map at Section no. 4

Figure 8.2: Displacement mapw (in m) computed at t = 155 ms for ω = 300 rad/s
along the four Sections sketched in Figure 7.2. Comparison between
solutions for a cloaked (TTWP–red line) and an uncloaked (blue line)
hole. The dashed line represents the response of a homogeneous plate
without the hole.
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8.1. Numerical result for the approximated invisibility cloak

pected circular pattern and minimise back scattering. A cloak following
the transformation with prestress, see equations (7.5)-(7.6), would have
produced a circular wavefront matching that of a homogeneous plate as
presented by [25].

In order to appraise more in detail the quality of the cloaking, Fig-
ure 8.2 reports the out-of-plane displacement w for the four sections plot-
ted in Figure 7.2; the first three sections are transverse with respect to the
propagation of the wave, at a distance from the centre of the hole of 1.25 m
(Section no. 1), 1.75 m (Section no. 2) and 3 m (Section no. 3); the fourth
one runs longitudinally from a point at 0.25 m just outside the right-hand
boundary of the cloak to the external side of the plate. In all plots, the
red line, which describes the displacements of the TTWP cloak, follows
quite well the dashed line representing the response of the square, hole-
less, homogeneous plate K. Figure 8.2d shows that the approximate cloak
is able to reproduce quite satisfactorily the phase of the wave of the homo-
geneous plate/perfect cloak at points in the region just after the cloaked
region, to confirm the remark on Figure 8.1b that the TTWP cloak is able
to reconstruct the circular wavefront.

In order to measure quantitatively the quality of the cloak we adopt the
index [25]

Q =

∫
ς |wFE(r)− wHom(r)|2 dr∫

ς |wHom(r)|2 dr , (8.1)

that is computed along the relevant section ς that is described by the co-
ordinate r. Perfection corresponds to Q = 0. In equation (8.1), the terms
wFE are the displacements computed by the numerical model for the non-
homogeneous case under investigation and wHom corresponds to the so-
lution for the homogeneous plate. With reference to the four sections dis-
played in Figure 8.2, it turns out that the quality indices are those reported
in Table 8.1, showing that the cloaked solutions are on average 5.95 times
more effective than the uncloaked ones, therefore a good result is in any
case obtained.

The effect of an amount of twisting stiffness on the displacement map
of a cloak TTWP is displayed in Figure 8.3 where several increasing val-
ues of the parameterDxyxy are analysed. The plot on the far left of the first
row is the one reported in Figure 8.1b. The detrimental effect of this pa-
rameter is readily observed. A quality factor can also be computed for the
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Section Qcl Quncl

1 0.0340 0.1149
2 0.0296 0.1701
3 0.0270 0.1389
4 0.0329 0.3071

Table 8.1: Quality index for the four sections reported in Figure 8.2 .

displayed cases. For Section no. 2, Q increases from 0.1241 (second panel)
to 1.348 (far right panel) showing a constant worsening in the response of
the meta-plate. In Section 8.2, a strategy to minimise the twisting stiffness
of a fibre-composite microstructured plate is illustrated.

A similar analysis can be reiterated for the coupling stiffness Dxxyy.
This term plays an unexpected important role as revealed by the simula-
tions reported in Figure 8.4 where TTWP meta-plates are implemented,
but possessing a Dxxyy whose point-wise value corresponds to 90%, 50%
and 10% of the theoretical one. Unexpected because, on the one hand, in
a rational microstructured plate design where the principal bending stiff-
nesses Dxxxx and Dyyyy are matched first, the coupling term simply re-
sults as an outcome of the choices made previously; on the other hand, the
mathematical transformation generally predicts values of this parameter
that are remarkably larger than those that can be reasonably reachable for
an orthotropic plate (see Section 8.2, where the list of theoretical stiffnesses
are reported for two selected cases). The three panels displayed in the fig-
ure clearly demonstrate the relevance of the coupling bending stiffness in
assuring an accurate behaviour of the cloak.

The last picture of this Section, namely Figure 8.5, refers to a TTWP
cloak subjected to point-loads pulsating at different ω, to show that the
approximate model is behaving well for a quite broad range of frequen-
cies. The time of computation t differs from one picture to the other in
order to compare a similar displacement pattern. For all displayed cases,
the meta-plate is able to reconstruct satisfactorily the circular wavefront.
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Dxyxy = 0 (TTWP) Dxyxy = 0.12D0 Dxyxy = 0.24D0

Dxyxy = 0.36D0 Dxyxy = 0.48D0 Dxyxy = (1− ν)D0
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Figure 8.3: Displacement map w (in m) computed numerically at t = 155 ms for
ω = 300 rad/s carried out for increasing twisting stiffness Dxyxy . The
detrimental effect on the cloaking performance of an increase in this
parameter is clearly evident.
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Figure 8.4: Displacement map w (in m) computed numerically at t = 140 ms for
ω = 300 rad/s carried out for decreasing coupling bending stiffness
Dxxyy . DTTWP

xxyy indicates the value of the variable predicted by the
theoretical transformation. The damaging effect on the cloaking per-
formance of a decrease in this parameter is clearly evident.
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ω = 100 rad/s ω = 200 rad/s
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Figure 8.5: Displacement maps w (in m) computed numerically at frequencies
ω = 100, 200, 300, 400 rad/s (at different times t in order to com-
pare a similar displacement pattern) for a TTWP cloak.
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8.1.3 Flexural cloaks on Winkler substrates

In real applications, cloaks are likely grounded to a substrate which also
provides the support of the object to hide. The cloaking features of a plate
resting on a Winkler foundation is analysed in Figure 8.6 for ω = 300 rad/s
at t = 145 ms. In Figure 8.6b, the TTWP cloak rests on a bed of springs
whose subgrade modulus is constant (kW = k0

W ). This assumption clearly
worsens the performance of the device with respect to the uncloaked hole
case depicted in Figure 8.6a. Conversely, the position-dependent stiffness
kW (xp), whose value in C follows equation (7.7), guarantees a satisfac-
tory behaviour of the device, as it can be noted that the wavefront recon-
structs correctly after the transformed domain. Similarly to the simply-
supported plate, solutions along two sections (i.e. no. 2 and no. 4 in Fig-
ure 7.2a) are studied in Figure 8.7. The quality index for the two sections
are Qcl

2 = 0.0134, Quncl
2 = 0.1719 and Qcl

4 = 0.0164, Quncl
4 = 0.3304, respec-

tively. Again, the behaviour of the perfect cloak, both in phase and ampli-
tude, is captured remarkably well by the approximate one with position-
dependent subgrade modulus. This shows that a correct design of a flexu-
ral cloak resting on a substrate requires the presence of a variable subgrade
modulus that follows the provision of the theoretical transformation.

As a final remark of this Section, one must note that the employed
geometrical, elastic and loading conditions correspond to a chosen proto-
type geometry, but the scale of the dimensions, and the load intensity and
frequency can be changed to obtain an identical behaviour on a different
scaled structure subjected to different load conditions.
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(a) Uncloaked square hole;
Winkler foundation

(constant kw)

(b) Cloaked square hole
(TTWP); Winkler foundation

(constant kw)

(c) Cloaked square hole (TTWP);
Winkler foundations

( kw follows eq. (7.7))
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Figure 8.6: Displacement maps w (in m) computed numerically at t = 145 ms
for ω = 300 rad/s. a) Uncloaked square hole where the plate rests
on a Winkler foundation with k0W = 0.5 · 106 N/m3; b) hole cloaked
by a plate obtained through the TTWP resting on a Winkler founda-
tion with a constant kW = k0W ; c) same as b), but with a position-
dependent subgrade module whose value follows equation (7.7). The
square-shaped white contour indicates the external boundary of the
cloak.
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(a) Displacement map at Section no. 2
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(b) Displacement map at Section no. 4

Figure 8.7: Displacement map w (in m) at t = 145 ms for ω = 300 rad/s along
Sections no. 2 (a) and no. 4 (b) in Fig. 7.2, for a plate resting on a Win-
kler soil with k0W = 0.5 · 106 N/m3. Comparison between solutions
for a cloaked hole (red line, TTWP with position-dependent subgrade
module, eq. (7.7)) and an uncloaked one (blue line) . The dashed line
represents the response of a homogeneous plate without the hole.
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8.2 An example of a microstructured plate cloak

teeth

cross-section providing
bending stiffness Dyyyy

core, cross-section providing
bending stiffness Dxxxx

fibre along x-axis in the core fibre along y-axis in the teeth

Figure 8.8: Local microstructure of the meta-plate for cloaking flexural waves.
The yellow (resp. pink) cross section provides the bending stiffness
Dxxxx (resp. Dyyyy). Axes x and y correspond to the local principal
directions of orthotropy. The teeth density is n/H .

A design based on a microstructured meta-plate is here proposed with
the aim of matching locally the principal bending stiffnesses Dxxxx and
Dyyyy, and limiting the twisting stiffness Dxyxy. The exercise is conducted
by assuming a high-performance fibre-reinforced material whose epoxy
matrix (shortened as ‘ep’; material parameters: Eep = 3.4 GPa, νep = 0.3,
ρep = 1200 kg/m3) is stiffened by long boron fibres (shortened as ‘B’; ma-
terial parameters: EB = 380 GPa, νB = 0.13, ρB = 2600 kg/m3) [48, 70].

As can be seen in Figure 8.8, the meta-plate is such that the cross-
section orthogonal to axis x is compact (and corresponds to the ‘core’,
indicated with ‘c’) with its thickness matching the height H and fibres
aligned along axis x. On the contrary, the cross-section orthogonal to axis
y features a set of tiny rectangular appendices, in the number of n over a
length equal to H , on both the outer sides, called ‘teeth’ (shortened as ‘t’).
The total height of core and teeth is Hy.

The reason for selecting rectangular appendices lies in the stringent re-
quirement of limiting the twisting stiffness. The slenderness of the teeth
may lead to instability on the side of the plate in compression, however
this issue is not further addressed here. Fibres are here aligned along
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axis y only in the teeth. Along both directions, fibres are locally measured
out (their volume fractions are spatially-varying design variables that are
however capped at 0.8) to allow the relevant cross-section to reach the
needed bending stiffness.

In the spirit of the Kirchhoff-Love theory for plates, the core material
is subjected to a plane-stress state, therefore the linear elastic constitutive
equations read

σxx =
Ec1

1− νc
xyν

c
yx

εxx +
νc
xyEc2

1− νc
xyν

c
yx

εyy,

σyy =
Ec2

1− νc
xyν

c
yx

εyy +
νc
xyEc2

1− νc
xyν

c
yx

εxx,

τxy = Gcγxy,

whereas the teeth undergo a uniaxial stress (i.e. σt
yy = Etεyy). All consti-

tutive parameters of the composite in both core and teeth follow the rule
of mixtures applied to composite materials, 2 however more sophisticated
models (e.g. Halpin-Tsai model described in [40]) can be adopted for their
estimation.

The effective stiffnesses Dclk
ijkl appearing in the cloak mo-

ment/curvature constitutive equations (defined in equation (7.9))

mxx = −Dclk
xxxxw,xx −Dclk

xxyyw,yy,

myy = −Dclk
yyyyw,yy −Dclk

xxyyw,xx,

mxy = −Dclk
xyxyw,xy,

can be calculated by applying the standard methodology of integrating

2In particular, Ec1, νcxy follow the weighted average (·)ξ = (·)BcξB + (·)epcξep, whereas
Ec2, Gc and Gt obey the harmonic average 1/(·)ξ = cξB/(·)B + cξep/(·)ep, with ξ ∈ {c, t};
νcyx = νcxyEc2/Ec1.
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locally stresses across the plate thickness. The integration leads to

Dclk
xxxx = D0R

Ec1

Ec2
,

Dclk
xxyy = D0Rνc

xy,

Dclk
xyxy = Gc

H3

6
+Gt

Hy −H
6

(
H

n

)2

,

Dclk
yyyy = D0

[
R+ (1− ν2)

Et

E

[(
Hy

H

)3

− 1

]]
,

(8.2)

where R = (Ec2/E)(1− ν2)/(1− νc
xyν

c
yx).

Point [m]
Theoretical requirement Design parameters Cloak parameters

Dyyyy

D0
Dxxxx
D0

Dxxyy

D0 ccB ctB
Hy

H

Dclk
xxyy

D0

Dclk
xyxy

D0

A∗
(0.75, 0.00)

1.115 0.7207 0.897 0.4318 0.766 1.23 0.0059 0.0201

B∗
(0.10, 0.00)

71.385 0.1802 3.586 0.1006 0.796 3.81 0.0047 0.0186

C∗∗
(0.425, 0.425)

1.737 0.5565 0.983 0.3312 0.799 1.32 0.0054 0.0175

D∗
(0.10, 0.10)

183.2 0.1802 5.74 0.1006 0.799 5.19 0.0047 0.0217

Table 8.2: Microstructural parameters of the boron/epoxy cloak for the transfor-
mation whose parameters are a = 0.1 m, b = 0.65 m, εa = 0.025 m,
L = 0.75 m. The calculations are for n = 5. ∗: at this point, the prin-
cipal system of orthotropy is aligned with Ox1x2; ∗∗: at this point, the
principal directions of orthotropy are rotated of an angle θC = 0.343
rad (19◦632) with respect to Ox1x2.

232 Marco Rossi



8. Numerical simulations and results

Point [m]
Theoretical requirement Design parameters Cloak parameters

Dyyyy

D0
Dxxxx
D0

Dxxyy

D0 ccB ctB
Hy

H

Dclk
xxyy

D0

Dclk
xyxy

D0

A∗
(0.75, 0.00)

1.300 0.455 0.769 0.269 0.770 1.23 0.0051 0.0158

B∗
(0.1923, 0.00)

591.7 0.059 5.92 0.0263 0.799 7.66 0.0045 0.0261

C∗∗
(0.4712, 0.4712)

3.370 0.260 0.936 0.150 0.787 1.53 0.0048 0.0143

D∗
(0.1923, 0.1923)

1938 0.059 10.71 0.0263 0.799 11.37 0.0045 0.0342

Table 8.3: Microstructural parameters of the boron/epoxy cloak for the transfor-
mation whose parameters are a = 0.1923 m, b = 0.5577 m, εa = 0.025
m, L = 0.75 m. The calculations are for n = 5. ∗: at this point, the prin-
cipal system of orthotropy is aligned with Ox1x2; ∗∗: at this point, the
principal directions of orthotropy are rotated of an angle θC = 0.282
rad (16◦171) with respect to Ox1x2.

With reference to the square transformation displayed in Figure 7.1b,
the properties of the two cross-sections of the microstructured plate can be
defined as follows:

1) the function cc
B(x1, x2) is computed through equation (8.2)1 in which

Dxxxx(x1, x2) replaces the current entry on the left-hand side of the
equation. The resulting expression is a cubic in the unknown. For the
typical involved parameter Dxxxx(x1, x2), there is always a solution
in the range 0 < cc

B ≤ 0.8;

2) equation (8.2)4 can now be employed to compute Hy (or alterna-
tively ct

B(x1, x2)) in which Dyyyy(x1, x2) appears on the left-hand
side of the equation. In a practical case, the usual choice is to set
ct

B = 0.8 and then Hy is to be calculated;

3) the teeth density n/H should be selected so that the twisting stiffness
can be estimated via equation (8.2)3.

Eventually, the coupling term Dclk
xxyy can be computed through equation

(8.2)2.
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The outcome of the design is shown in Tables 8.2 and 8.3 with reference
to two transformations whose parameters are (both with L = 0.75 m): (i)
a = 0.1 m, b = 0.65 m and εa = 0.025 m, and (ii) a = 0.1923 m, b = 0.5577
m and εa = 0.025 m (i.e. the one studied in the numerical simulations).
It can be noted that in all control points listed in the tables, the value of
Dclk
xxyy is orders of magnitude smaller than the theoretical one.
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CHAPTER 9

Conclusions

“A new scientific truth does not
triumph by convincing its opponents
and making them see the light, but
rather because its opponents eventually
die, and a new generation grows up that
is familiar with it."

Max Planck

9.1 Instability of piecewise-smooth systems

The problem of the stability of piecewise-smooth dynamical systems sub-
ject to non-conservative follower forces has been investigated. In partic-
ular, the counterintuitive and unexpected behaviour of special piecewise-
linear systems, which are unstable even though each subsystem compos-
ing the entire structure is stable, has been proved to be possible also in
2 d.o.f. mechanical systems.

Moreover, a sufficient instability criterion has been found for 2 d.o.f.
piecewise mechanical structures, associated with the presence of an invari-
ant cone in the phase portrait of the given system. Furthermore, several
properties of the aforementioned invariant manifold have been proved in
the specific case of 2 d.o.f. mechanical structures, that lead to a link be-
tween the presence of an unstable equilibrium configuration and the at-
tractivity of the invariant cone. This latter feature is crucial to state that
the unstable behaviour, previously found only as a theoretical example,
can also be an effective realistic phenomenon that can be observed in ex-
periments and the real world. Furthermore, a new physical interpretation
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of this form of instability has been found, revealing the practical reason
why this evolution can be achieved. In fact, the bounded oscillations in
time of the mechanical energy of each stable subsystem (a necessary fea-
ture deriving from the non-conservative follower force) can be "summed
up" in such a way the mechanical energy for the entire composed struc-
ture reveals an exponential growth, leading to a flutter-like instability for
the piecewise system. Hence, the presence of a non-conservative source
has been proved to be crucial for the achievement of this unexpected be-
haviour.

A numerical method has been developed for the determination of an
invariant cone in the phase portrait of a given 2 d.o.f. piecewise-linear me-
chanical system. In this way, the problem can be solved a priori, without
any specific calculation of the solution and, primarily, without following
the evolution in time to understand when the switching to another subdo-
main occurs. On the contrary, a specific invariant cone can be determined
through this numerical method and a set of different mechanical systems
can be studied in a sort of bifurcation analysis, such that a semi-analytical
criterion of instability can be defined.

A 2 d.o.f. structure composed of a rigid bar subject to a follower force
and constrained to move, without damping, on a doubly circular profile
has been investigated in depth and several numerical analyses have been
performed, to determine the unstable evolution in time in the neighbour-
hood of the equilibrium point. In particular, the presence of the predicted
invariant cone has been verified through the explicit integration of the
equations of motion and an extension from piecewise-linear to nonlinear
system has been shown from a numerical point of view.

The three initial questions, exposed in the Introduction 1.1 and moti-
vating the investigation of this topic, have been answered above. Con-
cerning the fourth question, it has been partially neglected and it actually
represents the starting point for new research, since the goal of this work
has been the theoretical investigation of this phenomenon. Despite the
adopted strong mathematical approach, the idea that motivated this work
has been the translation of the purely theoretical results present in the liter-
ature to more useful instruments for future mechanical applications. In the
"researcher dilemma" between studying the theoretical problem in depth
and with only a few conceptual examples or, on the contrary, obtaining a
simpler overview on the hard mathematical topic preferring a more prac-
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tical approach, the former way has been followed, without a few doubts.
However, the computational approach presented in Chapter 5 is suffi-

ciently general to deal with a great number of different 2 d.o.f. mechanical
systems. New piecewise structures can be found and analysed, in order
to obtain the same unexpected instability. Moreover, the mathematical
model can be extended to cover other physical phenomena (such as inter-
nal and external dumping, viscosity, plasticity...) or more complex struc-
tures with more than 2 degrees of freedom. Furthermore, other forms of
instability can be investigated, e.g. those leading to "higher order" invari-
ant cones, for which the Poincaré map is defined by more than two half-
maps. Also the numerical tools can be extended and improved to reduce
the computational time.

This strong mathematical approach leads to a theoretical background
that allows possible future extensions of this work for real application.
From a practical perspective, the unusual behaviour exposed in this Thesis
can be used when the goal is obtaining an unstable structure, e.g. in energy
harvesting or soft actuators. In these cases, instability can be achieved also
when the subsystems are stable, hence the domain of the design parame-
ters is enlarged and this fact provides greater freedom to the engineers in
the design of piecewise structures.

9.2 Cloaking of flexural waves

The engineering of a meta-structural cloak for elastic flexural waves based
on transformation elastodynamics is an exceptional challenge that the-
oretically would require the implementation of unfeasible compressive
prestresses and in-plane body forces to warrant equilibrium. Therefore,
reasonable assumptions should be adopted that are however grounded
on the following main points: (i) the meta-plate has a locally orthotropic
response with (ii) an almost vanishing twisting stiffness, (iii) spatially-
varying bending stiffnesses and (iv) density. In addition, the structure
invariably would interact with a substrate.

With the aim of dealing with a fully open simulation tool, a FE code is
developed and implemented with the specific purpose of studying tran-
sient wave propagation in locally orthotropic Kirchhoff-Love plates. A
subparametric technique is adopted for spatial discretization, whereas the
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9.2. Cloaking of flexural waves

approximation in the time domain is performed with the single-step time-
integration algorithm Generalized-α method.

The performance of a prototype meta-plate square cloak based on the
approximate assumption of null prestress is then assessed parametrically
by focusing especially on the role of the twisting stiffness and the coupling
bending stiffness. The reason is that while the local principal bending
rigidities can be matched quite easily in a microstructured plate, for those
two parameters the process is much more difficult.

The simulations show that for an effective cloaking response, the twist-
ing stiffness should be lower than 10% of the bending one for the homo-
geneous plate, while for the coupling bending stiffness a departure of 10%
from the theoretical value already worsens with some evidence the per-
formance of the meta-plate.

A second contribution of this work consists in the extension of the
general theory of thin-plate cloaks to comprise interaction of the meta-
structure with an elastic substrate via Winkler-foundation model. The
conclusion is that the subgrade modulus transforms similarly to the mass
density of the plate. The numerical simulations confirm this finding and
clearly show that a constant modulus beneath the cloak jeopardizes dra-
matically the functionality of the structure.

The Finite Element tool can be further expanded to embed inelastic re-
sponses of plate and substrate, thus enabling simulations of approximate
supported meta-plates subjected to transient waves arising from seismic
shocks.
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APPENDIX A

Canonical Jordan form

Let’s consider a n × n matrix A ∈ Cn×n and a scalar λj ∈ C. Each non-
trivial vector vj ∈ Cn that fulfils the equation

Avj = λjvj , (A.1)

is called an eigenvector of A, while the associated scalar λj is called eigen-
value of A. The solution of (A.1) in terms of eigenvalues can be obtained
imposing that the characteristic polynomialP(λ) of the matrixA vanishes,
i.e.

P(λ) = det [A− λI] =

= (λ− λ1)r1 (λ− λ2)r2 · · · (λ− λm)rm =
m∏
h=1

(λ− λh)rh = 0.

The problem (A.1) admits n eigenvalues but, in general, only m ≤ n
of them have distinct values. The exponent rh is called the algebraic multi-
plicity of the eigenvalue λh, while the number γh of linearly independent
eigenvectors vh,s, with s = 1, 2, . . . γh, that can be associated with λh, is
called geometric multiplicity of the h-th eigenvalue.

The geometric multiplicity is always not greater than the algebraic
multiplicity, i.e. γh ≤ rh, and, in particular, if rh 6= γh, the matrix A is
called defective. However, for any eigenvalue λh, a set of (rh − γh) gener-
alised eigenvectors can be found, that are obtained by solving the iterative
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problem
(A− λhI)v

(1)
h,s = 0,

(A− λhI)v
(2)
h,s = v

(1)
h,s,

(A− λhI)v
(3)
h,s = v

(2)
h,s,

...

while the set of eigenvectors and generalised eigenvectors is called the
Jordan chain.

A n × n matrix A ∈ Cn×n can generally be written in the canonical
Jordan form as

A = UAU−1,

where U is an invertible n× n matrix andA is the block matrix

A =


J1 0 · · · 0
0 J2 · · · 0
...

...
...

...
0 0 · · · Jm

 ,
where each sub-matrix Jh, for h = 1, 2, . . .m, is called Jordan blocks. The
dimension of the h-th Jordan block is equal to the algebraic multiplicity
rh of the h-th eigenvalue λh of the matrix A, while the number m of the
blocks is equal to the number of distinct eigenvalues. Each Jordan block
Jh can be written as

Jh =


Jh,1 0 · · · 0
0 Jh,2 · · · 0
...

...
...

...
0 0 · · · Jh,p

 ,
where the sub-matrices Jh,s, for s = 1, 2, . . . , p, are called Jordan sub-blocks.
The number p of Jordan sub-block in each Jh Jordan block is equal to the
geometric multiplicity γh of the h-th eigenvalue λh of the matrixA. More-
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A. Canonical Jordan form

over, each sub-block Jh,s can be written as

Jh,s =



λh 1 0 · · · 0 0
0 λh 1 · · · 0 0
0 0 λh · · · 0 0
...

...
...

...
...

...
0 0 0 · · · λh 1
0 0 0 · · · 0 λh


and the dimension of each sub-block Jh,s is equal to the dimension of the
Jordan chain of generalised eigenvectors that can be determined from the
eigenvector vh,s.

The diagonalisation of a matrix is clearly a particular case of reduction
to the Jordan canonical form, in fact, when the matrix is not defective and
the algebraic and geometric multiplicities coincide for each eigenvalue λh,
each sub-block Jh,s can be reduced to a 1 × 1 sub-matrix whose value is
λh, and each matrix Jh is simply diagonal, as well as the matrixA.

The matrix U , defined above for the transformation in the canonical
Jordan form, contains in each column the eigenvectors belonging to the
Jordan chain, associated with all the eigenvectors.
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APPENDIX B

Estimation of time domain for
invariant cone

The calculation of the time domain presented in Section (5.2) is crucial for
the solution of the computational problem regarding the existence of in-
variant cones. Equation (5.20), rewritten here for the sake of convenience,

sin τ = α sin [ωτ + φ] , (B.1)

must be solved in order to find a proper estimate of the bounds of the
computational domain in which the numerical procedure is able to detect
the presence of invariant cones. Let’s observe that the values of ω, α and φ
must be spanned in the proper ranges in which they are defined, in order
to find the lowest positive solution of (B.1) in terms of τ , which is as great
as possible.

While the determination of the range in which ω and φ must be chosen
is simple, the dependency of α from the intermediate point ξ makes this
problem not trivial. According to definitions (5.15), (5.17), and (5.19) per-
formed in Section (5.20), the amplitude α can be studied as a function of
ξ, written as

α = −R1

R2
= −

√√√√√a2
1β

2
2

[
a2

2β
2
1ξ

2
2 + (ξ3 − a2ξ4)2

]
a2

2β
2
1

[
a2

1β
2
2ξ

2
2 + (a1ξ4 − ξ3)2

] .
Recalling that the point [ξ2, ξ4, ξ4] is on a unit sphere in R3 (i.e. the inter-
section between the unit sphere in R4 and the switching manifold ξ1 = 0),
the coordinate ξ2 can be defined as

ξ2
2 + ξ2

3 + ξ2
4 = 1 → ξ2

2 = 1− ξ2
3 − ξ2

4 ,
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while the variable ξ3 and ξ4 can be further rewritten in polar coordinates
as {

ξ3 = γ cos θ

ξ4 = γ sin θ
, γ ∈ [0, 1] , θ ∈ [0, 2π] .

Now, the amplitude α depends on the two variables γ and θ, but the
problem can be split into two single-variable analysis, assuming a certain
fixed value of θ and studying the function of γ

α(γ) = −α0

√
(v1 − u1)γ2 + u1

(v2 − u2)γ2 + u2
, (B.2)

where we have introduced the non-negative coefficients

u1 = a2
2β

2
1 , u2 = a2

1β
2
2 , α0 =

√
a2

1β
2
2

a2
2β

2
1

,

v1 = (cos θ − a2 sin θ)2 , v2 = (− cos θ + a1 sin θ)2 .

Studying the behaviour of function (B.2) in the given domain γ ∈ [0, 1],
one can conclude that no vertical asymptotes are present in the range 0 ≤
γ ≤ 1, while the only stationary point is at γ = 0. Therefore, the function
α(γ) is monotone in γ and this property implies that α can be considered
bounded by the extreme value α(0) and α(1), hence

α ∈
[
min

{
−1,−α0

√
v1

v2

}
, max

{
−1,−α0

√
v1

v2

}]
.

Furthermore, the ratio
√
v1/v2 clearly depends on the angle θ, there-

fore the amplitude α can actually be considered bounded only if this ratio
has proper bounds. In particular, it can be explicitly written as√

v1(θ)

v2(θ)
=

√
(cos θ − a2 sin θ)2

(− cos θ + a1 sin θ)2 =

∣∣∣∣ (cos θ − a2 sin θ)

(− cos θ + a1 sin θ)

∣∣∣∣ ≥ 0,

and it is clearly visible that this function is superiorly unbounded in the
domain θ ∈ [0, 2π]. Therefore the amplitude α is always negative and it
belongs to the range α ∈ (−∞, 0].
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In the realm of Mechanics, an increasing interest of researchers and 
engineers is being revealed in the analysis of unexpected mechanical 
features that dynamical systems may exhibit, concerning both discrete and 
continuous models for real structures. 
In this Thesis, two completely different topics are investigated, from two 
different perspectives. The first part deals with the theoretical analysis of 
discrete mechanical systems presenting a lack of smoothness in the 
governing differential equations. In particular, it is proven that a piecewise-
smooth mechanical system composed of two stable subsystem may exhibit 
an unstable behaviour and this unexpected and counterintuitive phenomenon 
has been associated to presence of a non-conservative follower force. A 
theoretical explanation of this feature has been provided, through the 
presence of invariant cones in the phase space of the piecewise-smooth 
mechanical system. Moreover, a numerical procedure has been developed for 
the detection of this invariant set, leading to the definition of instability 
criteria for this specific case.
In the second part, a computational Finite Element model based on the 
Galerkin Method has been developed for the investigation of continuous thin 
elastic plates, with the aim of shielding a void with respect to flexural waves, 
using a particular kind of metamaterial that behaves as an "invisibility cloak". 
An in-house Finite Element code has been created and the role of different 
parameters has been investigated in depth, through the numerical analyses 
performed on a square cloak.Finally, a conceptual design of a meta-structural 
plate has been proposed, leading to an approximated but realistic invisibility 
cloak.
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