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INVOLUTIVITY DEGREE OF A DISTRIBUTION
AT SUPERDENSITY POINTS OF ITS TANGENCIES

SILVANO DELLADIO

ABSTRACT.
Let ®1,..., P41 (with k> 1) be vector fields of class C* in an open set
U C RN*+™ let M be a N-dimensional C* submanifold of U and define

T:={zeM:P(2),...,Pp41(2) € T M}

where T, M is the tangent space to M at z. Then we expect the following
property, which is obvious in the special case when zg is an interior point
(relative to M) of T:

If z0 € M is a (N + k)-density point (relative to M) of T then
all the iterated Lie brackets of order less or equal to k

®iy (20), [Piy, Piy](20), [[Piy, Pin], Pig](20), - (hyin < k+1)
belong to T, M.

Such a property has been proved in [9] for k = 1 and its proof in the case
k = 2 is the main purpose of the present paper. The following corollary follows
at once:

Let D be a C? distribution of rank N on an open set U C RN+m™
and M be a N-dimensional C? submanifold of U. Moreover let
z0 € M be a (N + 2)-density point of the tangency set {z €
M|T, M = D(2)}. Then D must be 2-involutive at 2o, i.e., for
every family {X; };Vzl of class C? in a neighborhood V C U of zg
which generates D one has
Xiy (20), [Xiy, Xiy](20), [[Xiy, Xip ], Xi](20) € Tog M

for all 1 <iy,i2,i3 < N.

1. INTRODUCTION

Let ®,...,®;,1 (with & > 1) be vector fields of class C* in an open set
U C RN*+™ (with N,m > 1), let M be a N-dimensional C* submanifold of U and
define

T={zeM:®(2),...,Pp1(z) € T.LM}
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where T, M is the tangent space to M at z. One has the following obvious property:
If zo is an interior point (relative to M) of T, then all the iterated Lie brackets of
order less or equal to k

cbil (20)7 [(I)u ) (I)iQ](ZO)7 H(I)ll ) (biQ}’ (I)i3}(’20)7 ce (h7 Z‘h S k + 1)

belong to T, M.

With reference to this property, we are interested in understanding whether
it remains true when we substitute the hypothesis that zy is an internal point of
7T with the assumption that it is a point of sufficiently high density of 7. In this
regard, for the convenience of the reader, we recall that zg € M is said to be a
(N + h)-density point of a set £ C M (relative to M) if h > 0 and

HN (Bp(zo,7) \ E) = o(rN ) (as 7 — 0+)

where Bag(zo,7) C M is the metric ball of radius r centered at zg, compare Section
below. According to this definition, roughly speaking, we can say that: the larger
h, the higher the concentration of £ at zp (and the more zg will resemble an interior
point of £). Observe that, in the special case when m = 0 and M = R, the point
2o is a N-density point of £ if and only if it is a point of Lebesgue density of &,
that is LN (Bgn (20,7) N E)/LN (Bgn (20,7)) — 1 (as 7 — 0+).

In [9] we have proved the following result answering “yes” to the question above,
when k£ = 1.

Theorem 1.1 ([9]). Given an open set U C RNT™  consider &1, @5 € C1(U, RN ™)
and a N-dimensional C' submanifold M of U. Moreover define

T :={z € M: P (z),P2(2) € T.M}

and assume that zg € M is a (N + 1)-density point of T (relative to M). Then
one has ®1(zp), P2(20), [P1, P2](20) € Ty M.

The main purpose of this work is to prove that also for k = 2 the answer to the
previous question is affirmative. More precisely one has

Theorem 1.2. Given an open set U C RN*™  consider @1, &5, 3 € C?(U,RVN*T™)
and a N-dimensional C? submanifold M of U. Moreover define

T :={z € M: ®(2),P2(2), P3(2) € TM}

and assume that zg € M is a (N + 2)-density point of T (relative to M). Then
one has D;,(20), [Piy, Piy](20), [Piys Pin], Pis](20) € ToyM for all 1 < iy, ig,i3 < 3.

Now, in order to better understand the continuation of this introduction, we
will recall some definitions and some well-known facts. First of all, let N, m,k
be positive integers and recall that a C* distribution of rank N on an open set
U C RV*™ is a map D assigning a N-dimensional vector subspace D(z) of RV+m
to each point z € U and satisfying the following property: If z € U then there exist
a neighborhood V*) C U of z and a family {X 1Y, c C*(V() RN+m) which
generates D in V(%) i.e., such that {Xl(z)(z’), ce X](\f)(z’)} is a basis of D(z’) for
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all 2/ € V(). The distribution D is said to be k-involutive at z € U if all the
iterated Lie brackets of order less or equal to k
X (2), X, xD)2), ([X, X, XP)(2),... (withiy < N and h < k+1)
belong to D(z). Such a definition does not depend on the choice of the family
{Xi(z)}f\;l, compare Proposition below. In the special case when k = 1 we will
omit the prefix, i.e., we will simply say “involutive” instead of “l-involutive”(that
makes this definition consistent with the classical one, compare [I2, Definition
2.11.5)).

Let D be a C* distribution of rank N on an open set U € RY*™ and let M be
a N-dimensional C'!' submanifold of U. Then, according to a celebrated theorem by
Frobenius (see [I2] Section 2.11]), the distribution D is involutive at every point of
U if and only if the following integrability property is verified: For all zg € U there
exists a C' submanifold M of U such that zyg € M and the tangency set of M with
respect to D coincides with M, namely 71(M,D) :={z e M : T,M =D(z)} = M.

The size of the tangency with respect to a noninvolutive distribution has been the
subject of recent investigations in the field of sub-Riemannian geometry. The follo-
wing list collects some of the results produced by this research activity. They describe
the “integrability degree” of noninvolutive C'! distributions D, mainly by providing
upper bounds for dimy (7(M, D)) as M varies among all the N-dimensional C?
submanifolds of U (where dimy denotes the Hausdorff dimension).

(1) Let HH* be the horizontal subbundle of the tangent bundle to the Heisenberg

group H¥, that is the distribution of rank 2k on R?**1 generated by the vector
fields

0
(1,0, Topg1) = 75— + 2Tpqs 7——
ox; 0ok 41

( ) 0
Ty, ..., Tofpyl1) > m—— — 20 57—
OTp4i 0xop41

(i=1,...,k).
This distribution is noninvolutive everywhere and one has

(1.1) dimy (r(M,HH")) < k
for every (2k)-dimensional C? submanifold M of R?**! (see [I, Theorem 1.2],
[2, Example 6.5], [7, Corollary 4.1]).

(2) An explicit estimate of the number
sup{dimy (7(M, D)) : M is C*-smooth}

is provided by [2, Theorem 1.3] in terms of the involutiveness degree of D. An
elementary proof, based on the implicit function theorem, can be found in [6].
In [2] Example 6.5], already mentioned above, this result is used to prove the

inequality (L.1).

(3) If D is of class C* and fulfils the Hormander noninvolutiveness condition
(see [2, Definition 4.1]), then one has

sup{dimg (7(M, D)) : M is C*-smooth} < N —1
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compare [2, Theorem 4.5]. The well-known result by Derridj [I0, Theorem 1]
follows immediately from this property.

(4) Roughly speaking, the C! smooth submanifolds M are expected to produce
much larger tangencies (with respect to D) than those produced by C? smooth
submanifolds. In fact, even if there are no points at which D is involutive,
it can well be that a C! smooth M exists such that H" (r(M,D)) > 0.
According to [2, Proposition 8.2], this is true for a large class of distributions
including HH* and there are good reasons to believe that it is true in general
(compare [2], Problem 8.3]).

(5) If D is a C! distribution of rank N on an open set U C RVN*™ and M is
a N-dimensional C! submanifold of U, then D must be involutive at each
point zg € M which is a (N + 1)-density point of 7(M, D) (relative to M) [8]
Corollary 5.1]. In other words: despite (4), if D is not involutive at a point
20 € M then there is no N-dimensional C' submanifold M of U such that
20 € M and zg is a (N + 1)-density point (relative to M) of 7(M, D).

As we observed in [9], the result mentioned in (5) follows at once from Theorem

[[:1] Analogously, the following corollary follows immediately from Theorem

Corollary 1.1. If D is a C? distribution of rank N on an open set U C RN*™ and
M is a N-dimensional C? submanifold of U, then D must be 2-involutive at each
point zg € M which is a (N +2)-density point of T(M, D) (relative to M ). In other
words: if D is not 2-involutive at a point zg € M then there is no N-dimensional
C? submanifold M of U such that zg € M and z is a (N + 2)-density point
(relative to M) of 7(M, D).

When we started working on Theorem [1.2] our belief that it could be valid was
rather weak, while (by virtue of Theorem and Theorem |1.2)) we are now firmly
convinced that the following conjecture is true and will be the subject of future
work.

Conjecture 1.1. Given an open set U C RN*™™  consider ®y,...,®p1 €
CHU,RN*T™) and a N-dimensional C* submanifold M of U (with k > 1). Moreo-
ver define

T := {z EM:D(2),...,Pry1(2) € Tz./\/l} )
and assume that zo € M is a (N + k)-density point of T (relative to M). Then all
the iterated Lie brackets of order less or equal to k

(bh (20)7 [(I)h ) (I)iz](zo)7 H(I)il ) (I)iz}7 (I)is}(z()% s (h7 in < k+ 1)
belong to T.,M.
We conclude by observing that, just as Corollary [I.]] followed at once from

Theorem this property follows immediately for all £ > 1 such that Conjecture
[L1] holds:

If D is a C* distribution of rank N on an open set U C RN*+™
and M is a N-dimensional C* submanifold of U, then D must be
k-involutive at each point zy € M which is a (N + k)-density point
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of 7(M, D) (relative to M). In other words: if D is not k-involutive
at a point zy € M then there is no N-dimensional C* submanifold
M of U such that zp € M and z is a (N + k)-density point
(relative to M) of 7(M, D).

2. GENERAL NOTATION AND PRELIMINARIES

We will have to deal with maps from RY to R™. The standard basis of R¥*™ and
the corresponding coordinates are denoted by eq,...,en+m and (21,...,2N5,¥1,
.., Ym), respectively. We may also write RY in place of RV and R7" in place of
R™. If U is an open subset of RY x R and G € C*(U,RF), then D,G and D,G
denote the Jacobian matrix of G with respect to  and the Jacobian matrix of G
with respect to y, respectively, that is

oG oG oG
2G| |06y G (2
0xy o N ) Y o
In general, the Jacobian matrix of any C' vector field F is denoted by DF. The
Hessian matrix of any C? function f is denoted by D?f, while ij f stands for the

(i, j)-entry of D?f. The h*M-order derivative of a C* function of one variable g is
indicated with ¢(®. For simplicity, we define

D.G := (

oG
\8%)

Dy = %,...,DN = %, Dyyq = aiyl,...,DNer = ay—m
For a = (aq,...,ay) € NV, define
olel
la] == a1 + -+ an, Da::m.
The Euclidean norms involved throughout this paper are all denoted by || - ||. The

constants depending only on p, g, . . . are indicated by C(p,q,...). Let U be an open
subset of RV*t™ If k > 1 and

H=(Hi,...,Hyim), K = (K1,...,Knim) € C*(URN™)
then we recall that the Lie bracket product of H, K is the vector field
[H,K] = ([H,K]1,...,[H,K|nym) € C*HU,RNT™)

where
N+m
(2.1) [H,K]; = Z (H;D;K; — K;D;H,), j=1,...,N+m
i=1
compare [I2, Remark 2.4.5]. Recall that the Lie bracket product is anti-symmetric,
bilinear and verifies the following identity

(22)  [fH,gK] = f(HDg)K — g(K-Df)H + fg|H. K]  (f.g € C*(U))

compare [4, Chapter 1, Theorem 4.2]. If £k > 1 and X := {X;,...,X,} C
Ck(U,RN+™) then we state the following inductive definition of ht"-order iterated
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Lie brackets of the vector fields X;, with 0 < h <k and 1 <iy,... 9541 < p:

Xi if h=0
AX . =
(oot TAE i Xin] B 1SR <K
e.g. Ag) = Xl, Agz) = [X17X2], Ag,Q,l) = [[Xl,XQ],Xl] (provided k Z 2)
Observe that

X k—h N+m
(2.3) AGyiny ECTTHUR )
Let £;¥(2) be the vector space spanned by the family of the htt-order iterated Lie

brackets (of the vector fields X;) at z € U, namely

Eff(z) := span {Aéhm,ihﬂ)(z) 1<y, iper < p}

forall ze U and 0 < h < k.

Let M be a N-dimensional C! submanifold of R¥*™ and let d denote the
distance defined on each connected component of M by taking the infimum over
the joining paths (compare [3 Section 1.6]). Then for zop € M and r > 0 we define

Bu(zo,7) =4z € M(z0) |d(z,20) <r}

where M (%) is the connected component of M containing zy. Recall that for r
small enough exp, maps Br. am(0,7) diffeomorphically onto a neighborhood of zq
and one has
€XPg, (BTzOM(()?r)) = BM(Z07T)

compare [3, Theorem 1.6 and Corollary 1.1]. In the special case when m = 0 and
M = RY the distance d reduces to the usual Euclidean distance and we denote
Bgn (20, 7) simply by B-(20)-

The Lebesgue outer measure on R and the N-dimensional Hausdorff measure
on RY*™ will be denoted by £ and H", respectively.

A point z € RV is said to be a (N + k)-density point of £ C RY (where
k€ [0, +00)) if

LN (B, (z) \ E) = o(rVTF) (as r—0+).
The set of all (N + k)-density points of F is denoted by E(N*+*) Analogously, if
M is a N-dimensional C' submanifold of RV and z; € M, then we say that z
is a (N + k)-density point of &€ C M (relative to M) if
HN (Ba(20,7) \ £) = o(rVTF) (as r— 0+).

The set of all (N + k)-density points of € (relative to M) is denoted by &WN+F),

Observe that
£(N+k) C 5(N+h)

for all h € [0, k]. In particular, if k is a positive integer, one has
(2.4) EWNHR) ¢ gWN+k=1) ... c gWN)

By [I1} 3.2.46] and the area formula [I1, Theorem 3.2.3] one can prove that
C' embeddings preserve density-degree, namely the following property holds [S]
Proposition 3.3].
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Proposition 2.1. Let M be a N-dimensional C* submanifold of RN+t™, let Q be
an open subset of RV and let F : Q — RNT™ be an injective immersion of class
Cl such that F(Q) C M. Moreover let E be a subset of Q and let zg € Q. Then
(for k > 0) one has

LY (B (z0) \ E) = o(rNTF) (as T — 0+)
if and only if
HN (B (F(z0),7) \ F(E)) = o(rV*tF) (as r—04).
In particular, xo € ENTR) 4if and only if F(xo) € F(E)NTF).
We conclude this section with a remark which will be very useful below.

Remark 2.1. Let H = (Hy,...,Hx.) be a vector field of class C! in an open
set U C RY x R}". Moreover let {2 be an open subset of RY and f = (f1,...,fm) €
C’l(Q,RZT). Denote by I' the graph of f, that is " := F(£2) where

F:Q—RY xRy, F(z):= (v, f(z))

and assume that I' C U. Given x € , obviously one has that H(F(z)) € TpI if
and only if H(F(z)) € Im(DF). Recalling that

or = ()

we get at once the following property: H(F(x)) € Ty, T if and only if
(2.5) Hy(F(z)) = Df(z)H.(F(z))

where we have defined

H* = (Hl,...,HN), H# = (HN+1,~~~7HN+m)'

Moreover, if K = (Ki,..., Knyim) is another vector field of class C! in U and if
one has H(F(x)), K(F(x)) € Ty I for a certain x € €2, then
(2.6) DH(F(z))K(F(z)) = D(H o F)(z) K, (F(z))

compare [9, Lemma 4.1].

3. SOME LOCALIZATION PROPERTIES AT A SUPERDENSITY POINT
Consider a function g € C*(R), with k > 1, such that
0<9<1, gl =1 9gli400) =0
and, for p € (0,1), define
Pp(x) = g(f”__l.f> , zeRN.
Observe that
¢p|m =1, Yplrn\B,(0) = 0-
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Proposition 3.1. For all o € NV \ {0} one has

| J—
Dutylo Z g (BLZ2) St Dy el Dy, ]

1—
P {B1,--,Bn}EPH(a)

where
h
Pu(a) == {{ﬂl,...,ﬂh} . 3 € NV \ {0}, Z@-: |a|}.

Proof. The statement is obvious if || = 1. Then let k be a positive integer and
assume that the identity holds whenever |a| < k. We have to prove that it continues
to be true for any o € NV such that |a| = k + 1. To this aim, without loss of
generality, we can suppose that a; > 1. If define

e1:=(1,0,...,0), g2 := (0,1,...,0), ..., ex := (0,...,0,N)

then one has |a — 1| = k, hence (by assumption)

k
. =] — p
Da—eitip(@) =Y (1= p) g™ (F5=L) 7 Dyl Dyl
Pyt P 81 By ePA(a—s1)
Thus
Doﬂbp(x) =D, (Dozfelsz) (x)
k
e [l
=S a-p" 1g<h+l>(1—) D.,||z] 3" Dgllall--- Dg, ||
h=1 {B1,--,Br }EPRL(ax—e1)
a || — p
F2=p) g (FE) > (DaitellzllDg, |zl -+~ Dg, 1z
h=1 {B1,...Bn}EPL(x—e1)
D, || Dgy e, 2] - D, |12 +--~+D51\|x||---Dgh,1||x||Dﬁ,L+alnx||>
ol - =] — p
= (1-p) Y (F57) Palle ||+Z " ()
x [ S~ Dayle|Ds, 2l D, ]
{B1,-sBh—1}EPHL_1(ax—e1)
+ Z (DﬁlJrEl”xHDﬂQ”x”"'Dﬁh,”x”

{B1,---s8n}EPr(—¢1)

+Dp, |2l Dpyse 2] - D, Il + -+ + Dg, |zl - - Dg, , |21 Dg, +<, [|=])

—k— ||(EH — o «
(1= ) (B ) D e D2l D2 e -+ D2 )

hence the conclusion follows immediately. (I
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Remark 3.1. By a completely standard argument (e.g. by induction) one can
easily prove that for all & € NV one has

Dollel = Theils (@ #0)

where p,, is a homogeneous polynomial of degree || whose coefficients depend only
on «. It follows that

Cla)
z€B1(0)\B,(0) P
Corollary 3.1. Let zo € RN, 7 >0, p € (1/2,1) and define
L X — .'I;O N
©pr(x) .—wp( " ), x € RY.
Then, for all « € NV, one has
C(a)
[Daspprlloc < W

Proof. The statement is obvious for |a| = 0, so we can assume |a| > 1. Observe
that

o r—x
Dapys(@) =~ "(Dathy) (7). weRY.

Hence, by Proposition [3.1] and Remark 3.1} we get

||Da90p7r| o = ,r—|0“ HDawp”oo
=r7l*l _max  |Daty(a)]
z€B1(0)\B,(0)

g (k)
< p-lal 19" || o C(Br)---C(Bn)
’; e DY

1L—p)h 2|811-1  p2|Bn]-1
= (=7 BroBnePu(e) P ' P

||

Cla) 1
S rlel Z (1 _ p)hp2|a\—h :

h=1

The conclusion follows by observing that if 1/2 < p < 1, then one has

al— (1,p)|0¢‘
(I_P)hPQH hZW (for h=1,...,[af).
g

Proposition 3.2. Let © be a continuous function defined in a neighborhood of
zo € RN, Assume that for all p € (1/2,1) one has

(3.1) /B - O(x)ppr(z)dr = o(r™)

as r — 04. Then ©(zo) = 0.
Proof. As in [9, Proposition 3.1]. O
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Proposition 3.3. Let E be a measurable subset of RN and o € ENTF)  with
k > 1. Moreover let © and A be a couple of continuous real valued functions defined
in a neighborhood of xo such that ©|gnp, (xy) = A EnB,.(z0) (for T small enough,).
If p € (1/2,1), then one has

/ ODapp,r dr = / ADopp,r dx + O(TN) (as r— 0+)
Br(wo) B..(z0)

for all o € N™ such that |a| < k.

Proof. Let o € N™ be such that || < k and observe that (since the integral is
linear) it will be enough to prove the statement for A = 0. Then

’/ O©D.,.r dx’ = ’/ O©Dypp.r df‘
B,-(Zo) B,-(Zo)\E

< (sup 10])11Dappr o £ (B (w0) \ B)
BT(IQ)

We conclude by Corollary and recalling that zo € BN+, ([l

Definition 3.1. Let © and A be a couple of real valued functions, each one defined
and summable in a neighborhood of zy € RY, such that

/ O(x)p,r(z)de = / A@)pp () dz + o(r) (as 7 — 0+)
Br(wo) Br(wo)

for all p € (1/2,1). Then we write © % A and say that © and A are equivalent at
Zo-

Remark 3.2. Tt is trivial to verify that ~ is actually an equivalence relation on

the family of real valued functions defined and summable in a neighborhood of z.

Proposition 3.4. Let © and A be a couple of real valued functions, each one
defined and continuous in a neighborhood of xo € RN, such that ©~ A. Moreover,
let g be a function of class C' in a neighborhood of xo. Then one has gO~ gA.

Proof. For r sufficiently small and p € (0,1), one has

/ 9(2)0 () oy () dac — / o(2)A(@)pp (2) di
BT'(IO)

Br,- (wo)

/ [9(z) — g(x0)]O(2)pp.r() dx—/ l9(x)— g(z0)]A(z) @y, (z) dx
B (z0)

B, (zo)

ratan)( [ PCCIREES / PREORE iz \

< O(N) sup |g—g<xo>|( sup [©]+ sup |A>rN+|g<xo>|o<rN>.
B (z0) B, (z0) B (z0)

Moreover, for all z € B,.(xg), one has

g(x) — g(xo) = /0 Dyg(zo + t(x — x0))-(x — o) dt
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hence
sup g — g(ao)| < ( sup |[Dg]|)r.

B (o) By (zo
It follows that
| s@ewen @i~ [ g@n@eula)de=olr™) (as - 0t),
B, (o) B, (o)
O
From Proposition [3.3] and the integration by parts formula it follows at once the
following result.

Theorem 3.1. Let E be a measurable subset of RN and zog € EWN*R)  with
k > 1. Moreover let © and A be a couple of real valued functions of class C* in a
neighborhood of xg such that ©|gap, (zo) = Al EnB,.(20) (for T small enough). Then
one has

DO~ DA (hence Do®(x0) = DoA(x0), by Proposition|5.9)
for all o € N™ such that |a] < k.

4. THE PROOF OF THEOREM [1.2| (MAIN RESULT)

This section is devoted to the proof Theorem It is an example of how
Theorem can serve to extend to (N + k)-density points a property which is
known to hold at interior points. Actually we will prove the following result which
is trivially equivalent to Theorem by Theorem and (with k£ = 2 and
&€ = T). We state it by using a subscript-free notation that will produce shorter
formulas.

Theorem 4.1. Let H, K, L be three vector fields of class C? in an open set
U C RN*™. Moreover let M be a N-dimensional C? submanifold of U and define

T:={z2e€M:H(2),K(z),L(z) € T-.M} .
If zo € M is a (N + 2)-density point of T (relative to M) then [[H, K], L](z0) €
T, M.

Proof. Since M is locally the graph of a C? function, we can assume that there
exist an open set Q@ C RY and f = (f1,..., fm) € C*(,R}") such that

20 € :i={(z, f(z)) : z € Q} C M.
Define F' € C?(Q2,RN+™) by
F(z):= (=, f(z)), ze€Q.
Moreover let
zo:=F Yz), T:=FT)
and observe that
2o € QNTWN+2)  (hence also 2o € QN THNHY)

by Proposition The following notation will be useful: if A and B are functions
defined in € such that A|l; = B|r, then we write A=B.
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If for all h =1,...,m define Dy, € C(N) as
Dy(x) == (Df (@)[[H, K], L}« (F () — [[H, K], L] (F(2))) - ex-n
then, by Remark 2.1} we have to prove that
(4.1) Dp(z0) =0  (h=1,...,m).

From now on the argument is a very long and technical computation, divided into
steps, whose hardest details are collected in the next section.
Step 1. First of all, observe that

N+m
[H,K],Ll; = > ([H,K|;D;L; — L;D;[H, K],)
=1
N+m
— S (HiDK,DiL; — K\DyH:D; Ly — LiDi(Hi D K; — KiDyHy))
=1

(DK)H]-DL; — (DH)K]-DL; — [(D*K;)H] - L+

— [(DH)L]- DK; + [(D*H;)K] - L+ [(DK)L] - DH,
by (2.1)). Hence we get (compare Section
(4.2) Dy, ~Gn(H,K,L) — Gn(K, H, L)
where

WE

Gu(H, K, L) := [D(KoF)(H.oF )} Y [(DLy)oFIDy fi ~ [(DLx11)oF] )

p

M-

+ [D(KOF)(L-oF )} Y_[(DH,)oF Dy fin — [(DHu1n)oF))

p=1

N
> Dpfu([(D*Ky)oF|(HoF))(LoF)
+ ([(D*Kn4n)oF|(HoF))-(LoF) .

Thus we are reduced to prove that
Gn(H,K,L)(x) = Gn(K, H, L)(x0) (h=1,...,m).
Step 2. For [ =1,..., N + m the following identity holds (compare Section

([(D*K;)oF|(HoF))-(LoF) ~ Aj(H, K, L)

(4.4)
— [D(HoF)(L.oF)][(DK;)oF)|

where
Ai(H,K, L) := D[D(KoF )-(H.oF)]-(L.oF).
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Step 3. From (4.3)) and (4.4), we obtain

N
Gn(H, K, L)~ [D(KoF)(H,oF)] (Z pfh—[(DLN+h)oF])

p=1

+ Z Dy fr[D(KoF)(L,oF)]-[(DH,)oF]+

- ZDpfh (H,K,L) + ZDP fn[D(HoF)(L.oF){(DK,)oF]

p=1
+ AN+h(H, K, L) — [D(HoF)(L.oF)-{(DK xn)oF]
— [D(KoF)(LyoP)H{(DHy 44)oF ]

that is
ws) Gn(H,K,LY~XBy(H,K,L) +C,(H,K,L)
+8(H,K, L)+ 8 (H,K, L)
where
N
By(H,K,L) = Ayyn(H,K,L) = > Dy frAy(H, K, L)

Ch(H, K, L) := [D(KoF)(H, oF)]-< [(DL,)oF] Dy fn — [(DLNM)OF])

SV (H, K, L) :=—[D(HoF)(L. oF)H(DKMw F]
— [D(KoF)(LyoF){(DHy 41,)oF]

SP(H K, L) = zN: D, fu|D(KoF)(L,oF){(DH,)oF)

p=

—+
p

D, fn[D(HoF)(L.oF)|-[(DK))oF] .

1
N
=1

Observe that S,(Ll)(H, K, L) and S,@(H, K, L) are symmetric with respect to the
couple (H, K), that is

SWV(H, K, L) = S\V(K,H, L), SP(H,K,L) =8 (K, H,L).
Step 4. One has (compare Section

(4.6) Ch(H, K, L)* Fy(H, K, L) + 8 (H, K, L)
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where

N
TFn(H, K, L) := —Z[D(K‘OF)'(H*OF)][Di(th)'(L*OF)]

SY(H, K, L) Z [D%f,(K,oF)]-(H.oF)

X ([(DN1qL+)oF]-D fn — [(DN4qLn11)oF]) .

Observe that S,@(H, K, L) is symmetric with respect to the couple (H, K).
Step 5. One has (compare Section

By(H, K, L)+Fy(H, K, L)~ div([D(K n41oF)-(H.oF)|(L.oF))

N
(4.7) - div( S D ful D(K oF )-(H.oF )] (L*OF))

i=1

+8M(H, K, L)
where
SW(H, K, L) := —[D? f,(K,oF ) H,oF) div(L,oF)
which is symmetric with respect to (H, K). From (4.5)), (4.6) and (4.7) we obtain

Gn(H, K, L)~ div([D(Kn4+roF)-(H.oF)|(L.oF))

N
(4.8) — div( 3 Difa DK F ) H.oF)|(L.oF) )
+ Sy (I{:_K, L)
where

4
Sw(H,K,L) =Y S\"(H,K,L).
=1

Step 6. One has (compare Section

/B ( )go,,,rdiv([D(KNMoF)'(H*oF)](L*oF)) da

N

(4.9) _ /B o le(Z D(KoF }(H.oF )|(L.oF)) da

= Oh(HvKaL) +0( N)

as 7 — 0+, where

on(H,K,L) := — /B ( )[D2fh(K*oF)]-(H*oF)[(L*OF).D%,T]dx.
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Step 7 (the conclusion). One has

/ cpp,rgh(H,K,L)dz:/ ©pr Sp(H, K, L)dx
By(zo B;(zo)
+on(H,K,L) 4 o(r™)

as r — 0+, by (4.8) and (4.9)). Since the right hand side of (4.10) is symmetric
with respect to the couple (H, K), we obtain

Gn(H,K,L)~G,(K,H, L)

(4.10)

that is
Dy 20
by (4.2). Finally, the identity (4.1)) follows from Proposition O

Remark 4.1. Actually in [9] we have not proved Theorem but the following
“step-1” analogous of Theorem [£.1] which is however trivially equivalent to Theorem
L1

Theorem 4.2. let H, K be two vector fields of class C* in an open set U C RVN+™,
Moreover let M be a N -dimensional C' submanifold of U and define

T:={2€M:H(2),K(z) € T.M}.
If zg € M is a (N +1)-density point of T (relative to M) then [H, K|(z9) € T., M.

It is now quite clear that Theorem [I.I] and Theorem [1.2] strongly support the
following conjecture, which is equivalent to Conjecture by (2.4) (with £€=17T).

Conjecture 4.1. Consider an open set U C RNt™ o N-dimensional C* subma-
nifold M of U, a family ® := {®y,...,®p 1} C CF(U,RN*T™) (with k > 1) and
define

T :={zeM:P(2),...,Pp41(z) € M} .
If zo € M is a (N + k)-density point of T (relative to M) then A‘a’m)kﬂ)(zo) C
T., M.

5. COLLECTION OF THE COMPUTATIONAL DETAILS
NEEDED TO PROVE THEOREM [4.1]

5.1. Proof of (4.2). One has

Dp =Y _ DpfullH, K], L),oF — [[H, K], L]n4noF
= ) (((DK)oF|(HoF)){(DLy)oF]Dy fi

N
—> " (((DH)oF|(KoF)) (DL, )oF| Dy fy

p=1
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M=

([(DH)OF] (LoF))-[(DKp)oF]Dpfh

p=1
N
+ 3" ((DK)oF)(LoF))-[(DH,)oF| Dy f
p;} N
Z Dy fu ([(D*K,)oF)(HoF))-(LoF)+ Y _ Dy fu ([(D? Hy)oF|(KoF))-(LoF)

,_a

— ((DE)oF|(HoF))((DLy+1)oF] + ([(DH)oF|(KoF))-((DLy+1)oF]
+ (((DH)oF|(LoF)) (DK n+r)oF] = ([(DK)oF|(LoF))-[(DHn-+1)oF]
+ ([(D*Kn4n)oF|(HoF))(LoF) — ([(D*Hp4)oF)(KoF))-(LoF)

where
(DK )oF|(HoF) =D(KoF)(H,oF),  [(DH)oF|(KoF)=D(HoF)(K,oF),
[(DK)oF|(LoF) T:D(KOF) (L.oF), [((DH)oF|(LoF) T:D(HOF) (LsoF)

by (2.6). Hence
thrggh(H7 K7L) - gh(K7 H7 L)
by Theorem

5.2. Proof of (4.4)). By (2.6]), one has
[(DK))oF]-(HoF) =[(DKoF)|-(H,oF)

that is
N+m

> (D E)oF | (HjoF) = Y Di(KioF)(HioF) .

j=1 i=1
By applying Theorem with k=1, we get (forallp=1,..., N)

N+m N
Dp( Z [(D; K} )oF] (HjoF)) D, ( Z Di(KoF) (HioF))

namely

N+m m
Z( [(D2,K)oF] + Y _[(D2 o K1)oF] pfq)(HjoF)
7j=1 q=1

N+m m

+ Z [(D; KI)OF]( "‘Z (DnqH; pfq)
j=1 q=1

N N

Z i(KioF )(HoF) + ) Dy(KioF) Dy(HioF).

i=1
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Hence
N+m
((D*K))oF|(HoF))-(LoF) = Z (D}, K)oF|(HjoF)(L;oF)
N N+m l,ji
=" 3 (D% Ki)oF)(HjoF)(LyoF)
p=1 j=1
m N+m
+Z Z DN+q jKl)OF](H OF)(LN-H]OF)
q=1 j=1
. m N+m
’32 . (D344, K1)oF|(H;oF ) (L 440F)
T v
+ Y D} (KioF)(HioF )(LyoF) + Y Di(KoF)Dy(H;oF)(LyoF)
.
= > (D Ki)oF[(DyH;)oF|(LyoF)
j=1 p=1
N+m N m
- Z ZZ[(DjKl)OF][(DN-‘:-qu)OF](LpOF)D;qu
j=1 p=1g=1
N4+m N m
- Z ZZ[(D?V+q,jKl)OF](HjoF)(LpoF)Dpfq
NJ* p=1qg= N
=Y Dy[D(KoF (H.oF)|(Ly 0 F) = Y Dy(KioF) Dy (HioF ) (LyoF)
p=1 i,p=1
N+m m N
+ ) > (D344, K)oF(HjoF) |(Lyyq0F) — Z
0 by
N+m m N
- Z[(D K1)oF|[(DN+qHj)oF] Z LyoF) Dy, fq
Jj=1 ¢=1 p=1
gLN+qu by
N+m N
- > (D, Ki)oF|[(Dy H;)oF(LyoF)
j=1 p=1
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N
RN Dy[D(KoF)-(H.oF)|(Ly o F)
p=1

N
i D;K)oF]  [(DHj)oF](LoF)
= — —

LZD(HjoF)-(L,oF) by
RA(H, K, L) — [D(HoF)(L,oF)|[(DK;)oF] .

5.3. Proof of (4.6). Recall that
Ly+4oF =D fy(L,oF)
by (2.5). Then, from Theorem we obtain (fori=1,...,N)

Dy(Ln4noF )~ D;[D fi,-(LyoF)]
= Di(D fn)(LsoF) + D fr-D;i(LoF)
(5.1) = Di(D fp)-(L+oF)

+[(D;L)oF)Dfr + > Dify[(DnsqLs)oF]-Dfn.
qg=1

Analogously (fori=1,...,Nand ¢g=1,...,m)
(5:2) Di(Kn14oF) ~ Di(D fy)-(K.oF) + D fDi(K.oF).
From it follows that (for i =1,...,N)
[(D;Ly)oF]-D f1, ~ Di (L4 noF)
— Di(Dfy)(L.oF) ZD fol (DN L2)oF)-D

qg=1

5.3) il
( = [(DiLn+h)oF] + Z (DN+¢Ln+r)oF]D;fq
q=1

— Di(D fy)-(LyoF) ZD fol(DN gL )oF)-Dfy, .
qg=1
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By (5.2), (5.3) and Proposition we get

N
Ch(H,K,L) = D(KioF)-(H.oF)([(D;L.)oF|-Dfy — [(D;Ly1n)oF])

i=1

+> D(Kn40F)-(H.oF ) ([(Di+q L )oF]-D fr, — [(Dn+qLiv41)0F))

q=1

N m
Z (KioF)-(H,oF) (Z (Dx+qLnsn)oF]Dif,
i=1 g=1
Di(Dfi}(LuoF) = Y Dify[(DiyL.)oF] th)
q=1

m N
Z Di(D fo)-(K+oF )(HioF ) ([(DN+qLs )oF]-D fr, = (DN Ln+1)oF])

m N
+ ) DfyDy(K.oF ) (HyoF) ([(Dn gLy )oF1-D fn — [(DnggLn4n)oF])
g=1p=1
— Fu(H,K, L)+ S* (H,K, L)

5.4. Proof of (4.7). One has
BA(H, K, L) = D[D(Kn 1 5oF }(H,oF)}-(L.oF)

N
—> " DpfuD[D(KoF )-(H.oF)(L.oF)

= div([D(Kn4noF)-(H.oF)](L.oF))
— [D(K x4 40F)-(H,oF)]div(L,oF)

N
- Z D, fudiv([D(KpoF )(H.oF)|(L.oF))

+ Z D, fn[D(KyoF)-(H,oF)|div(L,oF)
where

N
[D(K nnoF )-(H,oF)]div(L,oF) " D( > Dy (KpoF)) (H,oF) div(L.oF)
p=1
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by (2.5), Theorem and Proposition Hence
B(H, K, L)~ div([D(K n440F)-(H.oF)|(LoF))
— " D, frdiv([D(K,0F )(H,0F)|(L.oF)) + SV (H, K, L)
p=1

= div([D(Ky 1 noF )-(H.oF))(L,oF))

N
- div( Z Dy f[D (K ,0F )-(H,oF)] (L*OF))

+ S [D(KoF )-(H.oF)]|[D(Dy fa)-(L.oF)] +8." (H, K, L).

p=1

=—Fn(H,K,L)

5.5. Proof of (4.9). Integrating by parts and using Proposition one obtains

N
on(H,K,L)+ /B o) gop,rdiv( Z Difh[D(KZ—oF)(H*oF)](L*OF)> dz
(o i—1

_ / D2 fy (K,oF )|{(H,oF)[(L.oF)-De, ] dx

N
_ / S Diful D(K oF - (H.oF))[(L.oF)-De,,] de

r(wo i=1
--/  (DIDJAK R ) (o)) (L.oF) Dy ) da
_— /B ( )(div[th-(K*oF)(H*oF)])[(L*oF)-D<pp7r] dz

+ / [D fn-(K.oF) div(HoF )|(LyoF)-De,, , dx
B (x0)
where, by Proposition one has:

- /B ( )(div[th-(K*oF)(H*oF)])[(L*oF)-Dgop’,«]dgc

= / o D f-(K.oF )(HoF )-D|(L.oF)-De,, .| dz
B, (xo

N
= % [ DI E)HE)DILeFD gy, d
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Z /B  DIIRHFYD(LF) Dig - ds

L(KnynoF)[(H.oF)-D(L;oF)] by

+ Z / (LioF) D fy-(K.oF)(H,oF) -DDjp,., dz
By (o)

L(LioF)(Kn1noF)(H.oF) by (2:3)
N
-y / (K n4n0F)[(H.oF )-D(LioF)| Digy. da
+y / (LioF)(K n ynoF)(H,oF )-DD;p,, . dz + o(rY)

= /B( )(KN+hOF)(H*OF)'D[(L*OF)'DQD;),T]d.’13+0(rN)

and

/ D f-(K,oF ) div(H,oF)|(L.oF) -Deg,, dx
BT (:Eo)

L{(KnynoF)div(H,oF)|(L.oF) by
= / [(Kn4noF) div(HoF )|(LyoF)-Dy, , dx + o(rN)
By (z0)

as r — 0+. Hence

on(H, K, L)+ /

By (z0)

N
@p,,-div( Z D;fn [D(KiOF)'(H*OF)] (L*OF)> du
- /B ( )(KNJrhOF) div[(L.oF)-De,. , (H.oF)] dz + o(r™)
= — /B ( )(L*OF)-DQOP,T [(H*OF)D(KN+I—LOF)] dx + O(TN)

= / ©prdiv[(H.oF)-D(KnnoF) (LwoF)| dz + o(rN)
B (Ig)
as r — 0+.

6. APPENDIX ON k-INVOLUTIVE DISTRIBUTIONS

For the convenience of the reader we begin this section by recalling the definition
of k-involutive distribution given in the Introduction. Here, as throughout the
section, the letters k, N, m are used to denote three positive integers.

Definition 6.1. Let D be a C* distribution of rank N on an open set U C RN+™,
Then D is said to be k-involutive at zy € U if there exist a neighborhood V' of z,
with V C U, and a family X := {X;}]¥., € C¥(V,RN*™) satisfying the following
conditions:
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(i) L (z) =span{X;(z):1<j < N} =D(z) for all z € V;

(ii) £:X(20) C D(20) for all h =0, ..., k.
When k =1 we will simply say “involutive” instead of “l-involutive”.

The following result shows that Definition [6.1] does not depend on the choice of
the family {X;}7,.

Proposition 6.1. Given an open set V.C RN*™  consider a C* distribution D
of rank N on V and two families {Xj}év:l, {Yj}j\':l C C*(V,RN+™) satisfying
span{X;(z): 1 <j < N} =span{Y;(z): 1 <j < N} =D(z)
for all z € V. Then, for all zo € V and h € {1,...,k}, one has
h

h
U £;((Zo) = U £qy(20)
q=0

q=0
with X = {X;}N, and Y := {Y;}}L,.
Before proving it, we provide an example showing that, under the assumptions
of Proposition for h > 1 the equality £;X(z0) = L] (20) does not necessarily

take place. Indeed, it may even happen that the inclusions £;% (o) C LY (z0) and
L% (20) D LY (20) are both false.

Example 6.1 (N =2, m =1). Let U be any open set in R3 not intersecting the
plane x7; = 0 and consider the vector fields X1, Xo,Y7,Y5 on U defined by

Xl(Z) = (1,0,2CE2), XQ(Z) = (0,1,721’1)
and
Yi(2) := X1(2) = (1,0,223), Ya(z) := 21 X2(2) = (0,21, —22%)
for all z = (z1,22,41) € U. Then
span{X;(z), Xa(z)} = span{Y1(z), Y2(2)}
for all z € U. Moreover, from (2.1]) we easily obtain
[X1, X2](2) = (0,0,—4), [¥1,Y2](z) =(0,1,—621)
for all z = (x1,22,y1) € U, hence (if X := {X;1, X2} and YV := {¥1,Y2})
L (2) ¢ LY (2), L7 (2) D LY (2)
forall z € U.
Proposition [6.1]is an immediate consequence of
Lemma 6.1. Let D be a C* distribution of rank N on an open set V. .C RN+™
and consider {X;}M_ | {Y;}N.) € CH(V,RN*™) satisfying
span{X;(z): 1 <j < N} =span{Y(z):1 < j < N} =D(z)
for all z € V.. Then for all integers h,i1,...,ip41 sSuch that
O§h§k7 1§Zl7?lh+1§N
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there exists a family of functions O‘E;i;};i;’ with0 < qg<hand0 <j;,...,jg41 <
N, such that

(6:1) Ay € CEY)
and
(1,.000t YA X
(6.2) (11 iht1) Z Z a(ji ,,,,, jZE)A(jl,...,qu)

q=0j1,..,jg+1=1

where X := {X;}L) and Y := {Y;}}L

Proof. First of all, let {a}”) : 1 <4,p < N} C C*(V) be such that
N .
;=> a’X, (i=1,...,N).

We proceed by induction on h. If h = 0, one has obviously

(11) - Z (“)X = Z a(“ A(]l)

Jji=1
that is (6.2) with agzli = a(“) € C*(V). Then assume the statement is true for

h < d and prove that it holds for h=d+ 1 (where d < k — 1). Indeed, setting for
simplicity

one has, by (2.2):
Alewi{H—z) ld+2 Z Z Z OzJAX (’d+2)X ]

qg=0J€Zyy1 p=1

N d d N N
:ZZ o (AY - Dali+2)) X, — Z Z Za’w)x -Dal)AY

p=1q=0J€ETy441 q=0J€Zyq1 p=1

I:=(i1,...,ta11), Zr:={1,...,N}",

that is
N d
A{n,‘..,ma) _ Z Z ai(AX Da(u+2))AX
j1=19=0 Le€T 41
d N
33 S, a3
q=0 J€Zyq1 p=1
. o ( ) )
7 (i X % X
D > abap AT Gyt D Z ahal AT iy -

q=1J€Ly jq41=1 JELgt1 ja4+2=1
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Hence
o igen) d ‘ N
oy =3 o (AF - D) = 3" alle) (X, - Dafy,)),
9=0 L€yt p=1
(41, fd+2) _ T (td+2)
(J1y-dagz) = T (t-dat1) Piat2

and, forg=1,...,d

N
(115viay2) _ T qlia+2) (ig+2) ) I
R P Cseedg) Ygr Zap o (XP Da(j1,-~7jq+1))'

p=1
Now Verifying the regularity of the coefficients is a trivial exercise based on (2.3])
and (| . For example for ¢ =0:

N
11, sldt2) I X (td+2) i I
G Y Y b (AF D) - S aer(X, - Dal,)

=0 LET 41 ~~ N —— p:l&’_/\/ ——
cCk—d+r cCk-r cCok—1 cCk cCk cCk—d—1

hence agélf)widﬁ) € Ck=(d+1) (V) = Ok=(d+D)+49(V), Analogously one verifies the

other cases. O

Proposition 6.2. Let D be a C* distribution of rank N on an open set U C RN+™,
Then D is k-involutive everywhere if and only if it is involutive everywhere.

Proof. If D is k-involutive everywhere, then it is obviously involutive everywhere
too. Vice versa, assume that D is involutive everywhere and consider an arbitrary
zo € U. We have to prove that D is k-involutive at zg. Indeed, from the Frobenius
theorem [I2, Theorem 2.11.9] it follows that there is a C* submanifold M of U such
that zo € M and 7(M, D) = M. If X := {X;}]*., € C¥(V,RN*™) generates D in a
neighborhood V' C U of zg, then we obtain EX(ZO) C D(z) foralh=0,..., k. O

Example 6.2 (N =2, m = 1). Let D be the distribution of rank 2 on R? defined
as
D(z) :=span{H (2),K(2)}, z= (x1,72,y1) € R
where
H(z):=(1,0,0), K(z):=(0,1,2%).

By a short computation based on (2.1)), we find

[H7K}(Z):(Oa0’2xl)v [[HaK]aH](’Z):(OvOa*2)7 [[HvK]vK](Z):O
for all z = (z1,72,y1) € R3. In particular, setting X := {H, K}, one has

LF(0) = D(0) = span{H(0), K(0)} = span{(1,0,0),(0,1,0)} = R? x {0}

L3 (0) = span{[H, K](0)} = span{(0,0,0)} < D(0)
and

£3(0) = span{[[H, K], H](0), [[H, K], K](0)} = span{(0,0, —2)}

hence

> (0) ¢ D(0).
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en:
e The distribution D is l-involutive (that is involutive) at 0 but it is not
2-involutive at 0;

e Moreover D cannot be involutive everywhere (or at every point in a neighbo-
rhood of 0), by Proposition

e From Corollary it follows that there is no 2-dimensional C? submanifold
M of R? such that 0 € M and 0 is a 4-density point (relative to M) of
T(M, D).
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