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We study the case of a real homogeneous polynomial P whose minimal real and complex decompositions in terms of powers of
linear forms are different. We prove that if the sum of the complex and the real ranks of P is at most 3 deg(P) — 1, then the difference
of the two decompositions is completely determined either on a line or on a conic or two disjoint lines.

1. Introduction

The problem of decomposing a tensor into a minimal sum
of rank-1 terms is raising interest and attention from many
applied areas as signal processing for telecommunications [1],
independent component analysis [2], complexity of matrix
multiplication [3], complexity problem of P versus NP [4],
quantum physics [5, 6], and phylogenetics [7]. The particular
instance in which the tensor is symmetric and hence repre-
sentable by a homogeneous polynomial is one of the most
studied and developed ones (cf. [8] and references therein).
In this last case, we say that the rank of a homogeneous
polynomial P of degree d is the minimum integer  needed
to write it as a linear combination of pure powers of linear
forms L,,...,L,:

P=ql?+ -+l 1)

with ¢; # 0. Most of the papers concerning the abstract theory
of the symmetric tensor rank require the base field to be
algebraically closed. In this case, we may take ¢; = 1 for all
i without loss of generality. However, for the applications, it
is very important to consider the case of real polynomials
and look at their real decomposition. Namely, one can study
separately the case in which the linear forms appearing in (1)
are complex or real. In the real case we may take ¢; = 1 for all
iif d is odd, while we take ¢; € {-1, 1} if d is even. When we
look for a minimal complex (resp., real) decomposition as in

(1), we say that we are computing the complex symmetric rank
(resp., real symmetric rank) of P and we will indicate it r(P)
(resp., rp (P)). Obviously

re (P) < rg (P), )

and in many cases such an equality is strict.

In [9] Comon and Ottaviani studied the real case for
bivariate symmetric tensors. Even in this case, there are many
open conjectures, and, up to now, few cases are completely
settled [9-12].

In this paper, we want to study the relation between r(P)
and rp(P) in the special circumstance in which ro(P) <
rr(P). In particular, we will show that in a certain range (say,
re(P) + rp(P) < 3deg(P) — 1), all homogeneous polynomials
P of that degree with rp(P)#rc(P) are characterized by
the existence of a curve with the property that the sets
evincing the real and the complex ranks coincide out of it
(see Theorem 1 for the precise statement). More precisely, let
P ¢ $“R™*! be a real homogeneous polynomial of degree d in
m + 1 variables such that ro(P) < rg(P) and r¢(P) + g (P) <
3 deg(P) — 1; therefore, its real and complex decomposition
are

P=alLff+-~-+akL’,i(+cle+---+cSMf,
©)

d d d d
P=Nj+--+ N, +¢Mj +--+cM,,



respectively, with k > h, a; € {-1,1}, ¢ € {-1,1},
M,,...,M, € S'R™"', h + k > d + 2. Moreover, there exists
a curve C' ¢ P™ such that [L,],...,[L], [N],...,[N}]
“depends only from the variables of C'” and C’ is either a
line or a reduced conic or a disjoint union of two lines. If C’
is a line (item (a) in Theorem 1) then both the L,’s and the
Ny’s are linear forms in the same two “variables” If C' is a
conic, then L;s and N;’s depend on 3 “variables” and their
projectivizations lie on C'. See item (c) of Theorem 1 for the
geometric interpretation of the reduction of L,,...,L; and
N,,..., N, to bivariate forms involved with C" when C' =
I U ris a disjoint union of two lines [ and r (we have two sets
of bivariate forms, one for the variables of / and one for the
variables of r).

2. Notation and Statements

Before giving the precise statement of Theorem 1 we need to
introduce the main algebraic geometric tools that we will use
all along the paper.

Let v; : P" — PN, N := ("™49) - 1, denote the
degree d Veronese embedding of P™ (say, defined over C).
Set X4 = v4(P™). For any P € PY, the symmetric rank
or symmetric tensor rank or, just, the rank ro(P) of P is the
minimal cardinality of a finite set S ¢ P"(C) such that
P e (v4(S)), where ( ) denote the linear span (here the linear
span is with respect to complex coefficients), and we will say
that S evinces r(P). Notice that the Veronese embedding v,
is defined over R, that is, v,(P"(R)) ¢ PM(R). For each
P e PN(R) the real symmetric rank rp(P) of P is the minimal
cardinality of a finite set S ¢ P™(R) such that P € (v;(S))g,
where ( ) means the linear span with real coefficients, and
we will say that S evinces ri(P). The integer rp(P) is well
defined because v;(P"(R)) spans PY(R).

Let us fix some notation: if C ¢ P™ is either a curve or a
subspace and S ¢ P is a finite set, we will use the following
abbreviations:

Sc:=SnC,
Se =S\ (SNC).

(4)

Theorem 1. Let P € PN(R) be such that re(P) + rp(P) <
3d — 1 and ro(P) # rx(P). Fix any set S ¢ P"'(C) and S C
P™(R) evincing ro(P) and rg (P), respectively. Then one of the
following cases (a), (b), and (c) occurs.

(a) There is a linel c P defined over R and with the
following properties:

(i) S¢ and Sg, coincide out of the line l in a set S:
Sc\SlezsR\SRHZZZS’I‘; (5)

(ii) there is a point P € (v4(Sc)) N (v4(Spy)) such
that S¢ ; evinces rc(P)) and Sg | evinces rg (P));
(111) II(SC,I U SR,I) >d+2and n(SC,l) < ﬁ(SR,l)'

(b) There is a conic C c P™ defined over R and with the
following properties:
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(i) S¢ and Sy, coincide out of the conic C in a set Sg:
SC \Sc)c = SR \SIR N C =: SC, (6)

(i) thereis a point Pc € (v4(Sc.c)) N{v4(Spc)) such
that S¢ ¢ evinces rc(Pc) and Sg ¢ evinces rp (Pc);

(111) ﬁ(SC,C U SR,C) > Zd +2 al’ld ﬁ(SC,C) < ﬂ(SR,C);

(iv) if C is reducible, say C =1, UL, withQ =1, N1,
then §((Sc USR) N(;\ Q) = d + 1 fori € {1,2}.

(c) m > 3 and there are 2 disjoint lines I,v ¢ P™ defined
over R with the following properties:

(i) S¢ and Sk, coincide out of the union T := [ U r in
a set Sg:

Sc\Sen(ur)=Sg\Sgn(Ur) =Sz (7)

(i) §(Sc; USry) 2d +2and §(Sc, USg,) 2d +2;

(iii) the set (v4(Ss)) N (v,(T)) is a single point, Oy €
PY(R):
Scr evinces ro(Or) and S - evinces Op;

(iv) the set ({Or} U v (1)) N (v (D)) (resp., {{Or} U
vy(r)) N (vy(r))) is formed by a unique point
0, € PN(R) (resp. O, € PN(R)):
Sc, (resp., S ,) evinces re(Oy) (resp., rc(O,));
Sr (resp., Sg ) evinces rp(Oy) (resp., rg (O,)).

3. The Proof

Remark 2. LetS c PN(R). It will be noteworthy in the sequel
that S can be used to span both a real space (S)i C PY(R)
and a complex space (S). ¢ PY(C) of the same dimension
and (S)c N PMR) = (S)g- In the following, we will always
use ( ) to denote { ).

Remark 3. Fix P € PY and a finite set S ¢ PV such that §
evinces 7 (P). Fixany E ¢ S. Then the set ({P}JUE)N(S\E) is
asingle point (call it P,) and S\ E evinces - (P,). Now assume
P e PY(R)and S ¢ PY(R). Then P, € PY(R). If S evinces
rr(P), then S\ E evinces 1y (P,).

Lemma 4. Let C C P™ be a reduced curve of degree t with
t = 1,2. Fix finite sets A,B C P™. Fix an integer d > t such
that

W' (S aup), (d - 1)) = 0. 8)

Assume the existence of P € (v;(A)) N (v4(B)) and P ¢
(vy(S") forany S' ¢ A and any S' ¢ B. Then

Ag = Be. )

Proof. The case t = 1 is [13, Lemma 8]. If t = 2, then either
C is a conic or m > 3 and C is a disjoint union of 2 lines.
In both cases, we have h’(.7~(t)) > 0, and the linear system
|7 -(¢)] has no base points outside C. Since A U B is a finite
set, thereis M € [ F(¢)| such that MN(AUB) = CN(AUB).
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Look at the following residual exact sequence (also called the
Castelnuovos exact sequence):

0 — Faup), (@ —1) — Fayp(d)
(10)
— Javpmm (d) — 0.

We can now repeat the same proof of [13, Lemma 8] but
starting with (10) instead of the exact sequence used there (cf.
first displayed formula in the proof of [13, Lemma 8]).

We will therefore get A 3; = Bg;. Now, since MN(AUB) =
C n (AU B), we are done. O

We are now going to prove Theorem 1.

Proof of Theorem 1. Fix P € PM(R) such that re(P) +rg(P) <
3d — 1 and r(P) # rp(P).

Fix any set S ¢ P"(C) evincing r(P) and any Si C
P™(R) evincing rg (P).

By applying [14], Lemma 4, we immediately get that

W' (Fs.us, (@) > 0. (1)

Since #(S¢) + $(Sg) < 3d - 1, either there is a line I ¢ P
such that §(Sc; U Sg ;) = d + 2 or there is a conic C such that
#(Sc.c USrc) = 2d + 2 (Theorem 3.8, [15]). We are going to
study separately these two cases in items (1) and (10) below.

(1) In this step, we assume the existence of a line I ¢ P
such that

t(ScyUSpy) >d+2. (12)

This hypothesis, together with rgx(P) #r(P), immedi-
ately implies property (a)-(iii) of the statement of the theo-
rem.

We are now going to distinguish the case h' (.7 seus, (4 =
1)) = 0 (item (1.1) below) from the case hl(fscusk(d— 1)) >0
(item (1.2) below).

(1.1) Assume hl(jscusR (d-1))=0.

First of all, observe that the line I ¢ P™ is well defined
over R since it contains at least 2 points of Sp (Remark 2).
Then, by Lemma 4, we have that Si and S have to coincide
out of the line I:

Sc\Sc; =S \ Sg; =5 (13)

and this proves (a)-(i) of the statement of the theorem in this
case (L.1).

The fact that §(S¢) < #(Sg) implies that (S ;) > (d+2)/2
and #(&;) < d; hence, hl(JS?U,(d)) =0.

Therefore, we have that dim({v4(S; U 1))) = §(S;) +d +
1, dim({v4($))) = #(S) - 1 and dim({v,;(]))) = d + 1, and
Grassmann's formula gives (v;(S;)) N (v,(I)) = 0.

Since P € (v;(S5US¢)) and S¢; € L, the set (v4(S;)U{P})N
(v4(D)) is a single point, P, € PY(R).

Since P € (v;(Sc)) and P ¢ (vd(Sé:)) for any S's Sc» the
set (v;(S;) U {P}) N (v4(S¢;)) is a single point, P (Remark 3).

Then obviously

P.=P cP"(R). (14)

Since S¢ evinces r¢(P), then S¢ ; evinces P, (Remark 3). In the
same way, we see that (v;(S;) U {P}) N (v;(Sr,)) = {B} and
that S ; evinces 7 (B)). This proves (a)-(ii) of Theorem 1 in
this case (1.1).

(1.2) Assume h' (T s, (d = 1)) > 0.

First of all, observe that there exists aliner ¢ P™ such that
f(rn(ScUSr);) = d+1,because §(Sc USg); < 3d-1-d-2 <
2(d-1)+ 1.

By the same reason, if we write C := [ U r, we get that
$(Sc USp)eg <3d-1-d-2-d-1 < d-2and hence
hl(f(scusR)é(d -2)) = 0 (e.g., by [16], Lemma 34, or by [15],
Theorem 3.8). Lemma 4 gives

Sce = Spe- (15)

Assume for the moment [ N r # . In this case, Remark 3
indicates that we can consider case (b) of the statement of the
theorem. Therefore, (15) proves (b)-(i) in the case that the
conic C in (b) in the statement of the theorem is reduced.
Moreover, condition (b)-(iv) is satisfied because f(r N (S¢ U
Splp) =d+ 1.

Now assume INr = 0. We will check that we are in case (a)
with respect to the line l if §(S¢ ,USg ,) = d+1, while we are in
case (c) with respect to thelines [ and r if §(S¢ , USg ) = d+2,
and the case §(S¢ ;USg ;) = #(Sc,USg,) = d+1 cannot occur.

SetT := [uUr. Sincer Nl = @, we have dim(I') = 3 and
hence m > 3.

Assume for the moment m > 4. Hence, §(Sc U SR)@ <d

and hl(j(scusﬂ (d - 1)) = 0. Therefore

o)

Sem = Spay (16)

and the set ({P}U Vd(sq:,ﬁ» N (v4({I))) is a single real point:

0:= ({PYUr (Se)) N (g ((T)) € PN (R),  (17)

Scr evinces r¢(O) and Sg 1 evinces i (O). Now, (16) implies
that if we are either in case (a) or in case (c) of the theorem, we
can simply study what happens at S¢ 1y and at Sg (y, which
means that we can reduce our study to the case m = 3, since
T =P

Until step (2) below, we will assume m = 3.

The linear system |71(2)| on (I') has no base points
outside T' itself. Since S¢ U Sy is finite, there is a smooth
quadric surface W containing I such that

Sew U Srw = Ser U Sk (18)

Moreover, such a W can be found among the real smooth
quadrics, since [ and r are real lines.

Since #(S¢ (ry USr (ry)ww < d—1, we have K (F (seusa)y (A=
2)) = 0. Hence, Lemma 4 applied to the point O defined in
(17) gives

(Se.)w = Srmy) (19)

{0} Uv4(Se,ry)w) N (vy(W)) is a single real point,

o' = <{O} U Vd(sc,<r,>)w> N {v;W)) e PY R), (20)



and Scy, evinces rc(O'). If (O',Sc > Spyy) is either as in
case (a) or in case (c) of the statement of the theorem, then
(O, Sc,ry>Sr,(ry) is in the same case. Consider the system
[(1,0)| of lines on the smooth quadric surface W containing
. We have that h'(W, Ow(d — 2,d)) = 0, and hence the
restriction map H (W, Ow(d)) — H(T, 0:(d)) is surjective.
Therefore,

(W I wnseusy @) = B (L Iins,us00 (@)

+ hl (1’, jm(sCuSR),r (d)) ’

Now, this last equality, together with the facts that v;(S¢ 1)
and v,(Sg 1) are linearly independent and (S¢ U Sg)y, € T,
gives

(21)

dim ((v4 (Scw)) N (va (Spw)))
= #(Sc N Sg); + #(Sc N Sp),
+h' (1, I In(ScUSa) 1 (d))

+h (r, F rn(ScUSa)r (d)) :

(1.2.1) Observe that (22) implies that the case §(ScUSg), =
#(Sc U Sg); = d + 1 cannot happen because there is no
contribution from A’ (1, Jlﬂ(scusR),l(d)th (1, I rr(scuse)r ()
since both terms, in this case, are equal to 0. So, we can assume
that at least §(Sc U Sg); > d + 1.

(1.2.2) Assume §(Sc USR), = d+1and §(ScUSg); > d+1.

To prove that we are in case (a) with respect to [ it is
sufficient to prove S¢ , = Sg ...

We have dim(v;(S¢ U Sg)) = $(Sc U Sg) — 1
— W' (I, s, (d)). Since v,4(S¢) and v,(Sg) are linearly inde-
pendent, #(S¢ U Sg) = §(S¢) + #(Sg) — $(Sc N Sg), §(Sc; U
Srp) = #(Sc) + $(Sry) — #(Sey N Sgy) and hl(jscusR (d)) =
h'(, I 5. Usy,)» Grassmann’s formula gives that (v,(Sc)) N
(v4(Sg)) is generated by (v;(S¢;)) N (v4(Sg;)). Since P ¢
(v4(8")) for any S'¢ S, we get S¢ = S¢; U (Sc N S );» that is,
S; = Sp \ S¢ ;- Hence, we can consider case (a), and (15) proves
property (a)-(i) also for the case (1.2) that we are treating. The
point P, that we need to get (a)-(ii) can be identified with
the point O’ defined in (20) while (a)-(iii) comes from our
hypotheses.

This gives all cases (a) of Theorem 1.

(1.2.3) Assume that both §(Sc U Sg), = d + 2 and f(Sc U
Sp)p=d+2.

We need to prove that we are in case (c). Recall that S 7 =
Spr and that h'(s s..ur(d)) = 0. The latter equality implies,
as in Remark 3, that ’({P} U v4(Scr)) N (v (D)) is a single real
point Oy, that S¢ |- evinces r(O,), and that Sg - evinces O;.
Now O; plays the role of O of case (c)-(iii) in Theorem 1.

Since (v;(I)) N (vy(r)) = 0 and O; € (v,(I)), the sets
({0} U vy () 0 (vg(D) (resp., ({O,} U vy(1) N (vg(r))) are
formed by a unique point O, (resp., O;). Remark 3 gives that
0, € PN(R),i=1,2, Sc, evinces rc(0,), Sg; evinces g (0,),
Sc evinces 1 (O;), and Sy, evinces 1 (O;). The hypotheses
of the case (1.2.3) coincide with (c)-(ii) of the statement of
the theorem, while (15) gives also property (c)-(i). Moreover,

(22)
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O, and O; defined above coincide with O; and O, in (c)-
(iv) of Theorem 1; therefore, we have also proved case (c) of
Theorem 1.

(2) Now assume the existence of a conic C ¢ P™ such that

deg (Sc USg) = 2d +2. (23)

Since #(S¢ USg)e < 3d —1-2d -2 < d -1, we have
hl(j(scusk)@(d —2)) = 0. By Lemma 4 we have

See = Sre (24)

the set ({P} U v4(S¢¢)) N (v4({C))) is a single point:

Pl = {{Puvy (Sce)) N (g ((C)) (25)

and S¢ ¢ evinces r¢ (P"). Moreover, if C is defined over R, then
P' e PY(R) and Sr ¢ evinces rR(P'). Hence, #(Scc) < $(Scn
Sw)-

(2.1) Assume that C is smooth. Therefore, (24) proves (b)-
(i) of the statement of the theorem in the case where C is
smooth. Since the reduced case is proved above (immediately
after the displayed formula (15)), we have concluded the proof
of (b)-(i).

Moreover, the hypothesis (23) coincides with (b)-(iii) of
the statement of the theorem since §(S¢ ) is obviously strictly
smaller than §(Sg ¢). This concludes (b)-(iii).

The fact that §(S¢ ) < §(Sg ) also implies that §(Sp ) =
5. Since each point of Sy, is real, C is real. Remark 3 gives that
v4(Sg c) evinces rr(P"). Since Src € C, Sg ¢ also evinces the
real symmetric tensor rank of P’ with respect to the degree
2d rational normal curve v,(C). The point P' defined in (25)
plays the role of the point P appearing in (b)-(ii) of the
statement of the theorem. Therefore, we have just proved (b)-
(ii) of Theorem 1.

We treat the case (2.2) below for the sake of completeness,
but we can observe that this concludes the proof of Theorem 1.

(2.2) Assume that C is reducible, say C = L, U L, with L,
and L, lines and §((S¢ U SR)LI) > #((Se N SR)LZ). If $((Sc U
Sg) N (L, \ L, N Ly)) < d, then we proved in step (1) that
we are in case (a) with respect to the line L,. Hence, we may
assume #((Sec U Sg) N (L, \ L, N Ly)) = d + 1. Thus, even
condition (b)-(iv) is satisfied as already remarked above after
the displayed formula (15). O
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