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Silvia D'Agostino studied at the University of Padova, Italy, where she had the MSc in 
CivilEngineering in 2017 with a thesis on flow resistence in urban flooding. She moved to Trento 
whereshe enrolled as a PhD student in Environmental Engineering.
During the PhD experience she focused on studying environmental granular flows under the goal 
toempower the knowledge and the modelling of massive flows in mounatin environment. Her 
researchdealt with the analysis of the mechanims involved in segregation of particles that she 
developedthrough experimental investigations. She also had the opportunity to work on projects on 
advanceddesigning criteria of protection structures in mountain catchments.

Geophysical massive flows as snow avalanches and debris flows are characterized by a 
wide grain size distribution. The interactions between particles among the granulometric 
classes are a consequent of a such large distribution. However, most of the studies on 
the geophysical massive flows assume the simplifying hypothesis of a constant 
granulometry. The aim of this work is studying the coexistence of two granulometric 
classes in statistically stationary and homogeneous conditions and investigating the 
physical processes responsible for the particles transfer.
Experimental investigations using two different grain size classes were conducted to 
reproduce the two-phases mixture. The granular material was recirculated in a close 
system and the experiments were carried out in a laboratory flume having a loose two-
size granular bed. A proper optical technique was innovatively improved to obtain the 
average and instantaneous values of the velocity and concentration from the side-walls.
Through these values, the average particle profiles of velocity, concentration and 
granular temperature of the two solid fractions were computed. Moreover, the 
instantaneous values provide the average profiles of the second order correlation of the 
variables, such as the component of the granular temperature and the fluctuating 
components of the velocity and the concentration.
The average distribution profiles in time of velocity and concentration prove the 
statistically stationary and homogeneous condition in a stretch sufficiently long of the 
running flow. Moreover, two types of regimes were identified: in case of low and 
intermediate discharges, the frictional regime nearly prevails at the free surface; for high 
discharges there is a coexistence across the flow depth of two regimes, the frictional 
regime in the intermediate flow-depth region and the collisional regime in the free 
surface. The existence of a vertical velocity component of both phases brings to 
hypothesize the presence of secondary circulations in the flow.
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Abstract

Geophysical massive flows are characterized by a wide grain size distribu-
tion. This peculiarity is present both in dry gravitational phenomena, such
as snow and rock avalanches, and in submerged gravitational phenom-
ena, as debris flows, where huge blocks and tiny gravels are transported
together.

The interactions between the particle size classes in these massive trans-
port flows often produce evident phenomena of particle segregation capa-
ble of a significantly modification of the rheological properties of the mate-
rial and therefore the flow properties. However, most studies on geophys-
ical massive flows assume the simplified hypothesis of uniformly sized
particles.

From a mechanical point of view, the flows of non-uniform granu-
lar mixtures are characterized by infiltration and diffusion processes, that
produce the particle segregation especially in non-statistically stationary
and homogeneous conditions while in stationary and homogeneous con-
ditions they are characterized by a grains stratification.

These findings have drawn the attention to the need to have 1D or
2D shallow water models capable of taking these aspects into account for
field applications. As known, these models require appropriate closure re-
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lations, derived in of steady and homogeneous flow (i.e. uniform channel
flow).

The objective of the thesis is to analyse in detail the flow of bi-dispersed
mixtures of granular material in stationary and homogeneous conditions,
i.e. uniform channel flow, and investigate the physical processes responsi-
ble for particles transfer.

For this purpose, a sequence of experimental investigations was car-
ried out in a laboratory flume specifically designed to recirculate a bi-
dispersed mixture of dry granular material (closed circuit system). A spe-
cial weir at the end of the flume induced the formation of a uniform depo-
sition layer on the flume bottom, in order to guarantee a sufficiently long
stretch of uniform flow on the loose bed.

A specific optical measuring method was developed to measure from
the transparent lateral walls of the flume the values of velocity and con-
centration of the two fractions. The innovation of this technique consists
on the capacity to obtain, further the instantaneous values of the velocity
of the single particles, also their concentration.

From these data we obtained the profiles of the time-averaged velocity
and concentration of the two solid fractions. Moreover, the instantaneous
values of fluctuating components of the data provided also the profiles
of the second order correlations of the variables, such as the component
of the granular temperature and Reynolds-like stresses and other second
order terms involving the concentration fluctuations.

The results allowed to: i) prove the existence of a statistically station-
ary and homogeneous flow of a bi-disperse mixture; ii) evaluate the effects
on the flow parameters with respect to the feeding rate and different flow
percentage of the two grain classes; iii) define the role in the mass and mo-
mentum balances of the correlation between the fluctuating components

ii



of the flow variables.
Furthermore, the experiments allowed to observe also in the binary

mixture the presence of two types of regimes. In the case of low and in-
termediate discharges, the frictional regime prevails over the entire flow
depth. For the higher flow rates there is a coexistence along the depth of
the flow of two regimes: the frictional regime in the near-bed region and
the collisional regime near the free surface.

Finally, the existence of a vertical velocity component of both phases,
not counterbalanced by a diffusive term, leads to hypothesize the presence
of secondary circulations in the flow.
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Sommario

I fenomeni naturali di trasporto solido sono caratterizzati dalla presenza
di un’ampia distribuzione granulometrica. Questa caratteristica è pre-
sente sia nei fenomeni naturali secchi, come le valanghe di roccia e neve,
che bagnati, come le colate detritiche, dove vengono trasportati sia grandi
massi che piccoli sassi.

Le interazioni tra le diverse classi di particelle in questo tipo di eventi
producono la segregazione delle particelle, fenomeno capace di modificare
in modo significativo la reologia delle proprietà del materiale e i parametri
del campo di moto. Al contrario, la maggior parte degli studi sui fenomeni
naturali di trasporto solido assume spesso l’ipotesi semplificativa di parti-
celle a granulometria uniforme.

Da un punto di vista meccanico, i flussi granulari a granulometria non
uniforme sono caratterizzati dai processi di infiltrazione e diffusione, che
sono causa della segregazione delle particelle sopratutto in condizione di
moto statisticamente non uniforme e omogeneo.

Vi è perciò la necessità di avere modelli monodimensionli o bidimen-
sionali in acque basse che prendano in considerazione questi aspetti an-
che per applicazioni di campo. Questi modelli richiedono appropriate
equazioni di chiusura, che derivano da condizioni di moto statisticamente
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stazionario e omogeneo (moto uniforme).

L’obiettivo di questa tesi è di analizzare in dettaglio il flusso granulare
composto da due classi granulometriche in condizione di moto uniforme
e di analizzare i fenomeni fisici responsabili del trasferimento delle parti-
celle all’interno del campo di moto.

A tale scopo, è stata condotta una serie di esperimenti in una canaletta
di laboratorio, progettata per fare ricircolare in una circuito chiuso il flusso
granulare secco composto dalle due diverse granulometrie. Un apposito
stramazzo posto alla fine della canaletta induce la formazione di un depos-
ito, in modo tale da garantire un tratto di moto uniforme sufficientemente
lungo sul letto fisso di particelle.

Successivamente, è stato sviluppato uno specifico metodo ottico per
misurare dalle pareti trasparenti della canaletta i valori di velocità e con-
centrazione delle due classi granulometriche del flusso granulare bifasico.
La novità di questa tecnica consiste nella capacità di ottenere, oltre ai valori
istantanei di velocità delle singole particelle, anche la loro concentrazione.

Attraverso i dati forniti dagli esperimenti è stato possibile ottenere i
profili medi di velocità e concentrazione nel tempo delle due classi gran-
ulometriche. Inoltre, i valori istantanei e fluttuanti dei dati hanno fornito
i profili di correlazione al secondo ordine delle variabili, come la temper-
atura granulare, gli stress ’Reynolds-like’ e gli altri termini che includono
le fluttuazioni delle concentrazioni.

I risultati hanno permesso di: i) testare l’esistenza della condizione di
moto statisticamente stazionario ed omogeneo anche nella mistura bifa-
sica; ii) valutare gli effetti sui parametri di flusso al variare della diversa
portata e della diversa composizione della mistura; iii) definire il ruolo
nella massa e quantità di moto della correlazione delle componenti flut-
tuanti delle variabili.
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Inoltre, gli esperimenti hanno permesso anche di individuare nel flusso
granulare bifasico la presenza di due tipi di regimi. Nel caso di portate
basse ed intermedie, il regime frizionale prevale su tutto il tirante di moto
uniforme. Diversamente, per portate più alte vi è una coesistenza dei due
regimi: il regime frizionale prevale vicino al fondo mentre quello collision-
ale in superficie.

Infine, l’esistenza di una componente verticale delle velocità di en-
trambe le classi granulometriche, non controbilanciata da un termine dif-
fusivo, porta ad ipotizzare l’esistenza della presenza di circolazioni secon-
darie all’interno flusso.
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Introduction

Particles segregation is a universal phenomenon occurring in nature, such

as in debris flows, snow, rock and ice avalanches, sediment transport in

rivers, but also in many industrial processes, such as in chemical, food,

powders and mining manufacture.

In granular flows particle segregation is a very complex event, as it

is governed by a combination of mechanisms: the different geometry of

the flow, the mechanical properties of the particles, their distribution, the

environmental conditions, etc.

Attempts to define the mechanisms of the process have been enhancing

in the past years and nowadays many studies on this topic are present in

the literature.

Mainly two processes can be identified in segregation: the infiltration

process and the random fluctuating sieve process [69]. In avalanches, the

snow particles behave as a random fluctuating sieve, as the small particles

percolate under the action of gravity, because they are more likely to fill

the gaps that open beneath them [56, 69]. In dense frictional flows, squeeze

expulsion is the predominant mechanism, as all the particles have an equal

probability to be levered upwards, that results in a net flux of small particles

at the base and large grains flux at the surface of the flow [69]. Thus,
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segregation in granular flows as avalanches typically occurs in a vertical

direction in inversely graded layers, with large particles above the fines,

and brings the transport of the large particles toward the front, where they

can be overrun, re-segregated, recirculated, and accumulated. At the same

time the gravity-driven segregation leads to secondary lateral segregation,

that with frictional or shape differences between the particles, leads to a

strong feedback on the bulk flow [30].

Mechanisms of segregation are quite difficult to understand in their com-

plexity and a reliable model that can predict the occurrence of segregation

over the possible flow regimes is still missing. Moreover, the complexity is

given by the difficulty on measuring the evolving particle-size distribution

and quantitative data are still needed to calibrate and test the models.

This thesis fits into this complex context. The work deals with particle

segregation in a granular flow composed of two size classes of grains and in

dry condition.

With a general approach, first of all we tried to tackle the topic from a

mathematical point of view. We wrote the equations of the mass and mo-

mentum balances of each particle-size class, also trying to take into account

some of the most widespread hypotheses on the constitutive equations of

the granular flows mechanics (chapter 1 and chapter 2).

Then, we analyse the process of segregation in a binary mixture running

in a laboratory flume with transparent lateral walls. The experimental set-

up and the measuring techniques are addressed in chapter 3.

Chapter 4 and chapter 5 present the analysis of the experiments. Chap-

ter 4 describes as the statistically and stationary uniform flow condition is

present also in the case of a binary mixture. Chapter 5 tackles the effects

on the flow parameters of the feeding discharge with different flow rates.

In chapter 6 the analysis of the experimental data is presented.



Chapter 1

Granular flows

This chapter addresses the problem of the granular flows composed by uni-

formly sized particles. Three types of regimes are identified. We examined

the constitutive equations that according to different models can be adopted

to explain the mechanics of the granular flows driven by gravity.
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1.1 Introduction to granular flows

Many massive geophysical flows are classified as granular flows. These can

be defined as an agglomerate of macroscopic particles that show specific

features with respect to the standard state of the matter. In the analysis

of the granular flow we distinguish two kinds of interstitial fluids. In debris

flows, the interstitial fluid is liquid, that plays a key role on the mechanics

of the flow. In dry granular flows, such as rock or snow avalanches, the

interstitial fluid is air, that often can be neglected.

Generally granular flows do not have a similar behaviour neither to gas,

fluid or solid, rather it is appropriate to consider them as another state of

the matter (Jager [36]). Firstly, they differ from gases because the tem-

perature has no influence on their motion and the interactions between the

particles are dissipative both for frictional and collisional forces. Also, they

differ from liquids as they segregate. Finally, they differ from solids as they

result similar to them only in static condition, so the analogy is valid only

if the slope of the material is under the friction angle of the granular mass

[36]. Moreover they are characterized by different regimes, that depend on

the concentration of the solid particles and the type of contact between the

particles.

In granular flows the friction and the collision among the particles are

the main cause occurring during the moving and stopping phase. The flow

resistance is given by the collisions between the particles. Mainly, granular

flows are characterized by the prevalence of the kinetic forces of collisional

type and due to the particle collisions, the velocity field of the flow is rather

variable and complex and it is not possible to define a laminar shear layer at

a macroscopic phase. Besides, the granular flow analysis requires focusing

on many aspects: the interactions between the particles and the interstitial
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fluid, the interaction between boundary, particles and fluid, the interactions

among particles of different grain-size classes.

Many geophysical phenomena have been studied in the light of the fluid

mechanics of granular material. These phenomena are mostly gravity driven

granular flows, with a wide particle-size dispersion. Among these, it is

worth mentioning the interpretation through the principle of the mechan-

ics of granular fluids of debris flows and snow avalanches: analysis initiated

since many decades. Using a one-phase model for the analysis can properly

describe the behaviour of the interstitial fluid (Chapman and Cowiling [20],

Jenkins and Hanes [38]).

Bi-phase models are better suitable for the correct description of the

physical mechanisms and many of these models are present in the literature.

Armanini et al. [8] suggested treating the debris flows as a hyperconcen-

trated flow composed of two fluids: the interstitial fluid and the granular

fluid. The interstitial fluid can be studied by applying the hydraulics laws

and normally it is considered water at room temperature, which follows

the Navier-Stokes equations. The granular flow corresponding to the solid

phase can be treated as a continuum fluid with a proper rheological law,

that can describe the interactions among the particles. The rheological law

considers the two different mechanisms of the particle interaction, that can

be instantaneous or long-lasting (Armanini et al. [8]).

1.2 Mechanics of dry granular flows

The particle dynamics becomes essential in granular flows. Mainly three

types of flow regimes can be distinguished in granular flows driven by grav-

ity according to the concentration of the material and the type of contact

between the particles [48], even if several classifications are proposed, that
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Figure 1.1: Schematic representation of a granular debris flow [35].

are typically more complex and less effective in describing the physical pro-

cess.

• The collisional regime: nearly instantaneous collisions between par-

ticles characterize this regime and the most convincing constitutive

equations are derived by the dense gas analogy (kinetic theory), which

also takes into account the dissipative nature of granular flows.

• The frictional or quasi-static regime: the contacts among particles

are quasi-permanent, and the concentration of the particle is close the

packing concentration. In general it can be modelled by a Columbian

friction model. In the literature the distinction between the quasi-

static regime and the frictional regime is not clear yet.

• The intermediate region: it is an intermediate regime between the

two, in which there are prolonged contacts alternating with short
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contacts and collisions. The approach to this type of regime is still

controversial. In this case both shear-dependent approaches, which

treat the flow as that of a viscous fluid, and shear-dependent ap-

proaches, which use modified version of the Coulomb shear model,

are used.

These aspects are very important to correctly define the dynamics and

the kinematics of the granular flows. For each of these regimes specific

rheological relations are proposed. These relations, inserted in the mass,

momentum and energy balances allow to obtain an exhaustive and complete

system of differential equation, that, with a numerical integration, gives the

evolution of the flow field.

In this work we investigate whether similar regimes can be observed

in a binary mixture and how segregation of particles of different size can

influence and can be affected by them.

The main theories for the three different regimes are presented in the

following sections.

1.3 Collisional regime

In the collisional regime, the instantaneous collisions between particles pre-

vail over long-lasting contacts. Moreover, due to the rebounds of the parti-

cles, the volume concentration can be significantly lower than the maximum

packing concentration that characterizes the material at rest. Often in this

regime the motion is assimilated to that of a gas (granular gas Goldhirsch

[27]). The particles are dispersed in a fluid and they move independently

of each other. Collisions between grains are only instantaneous and binary

in nature. We refer to Bagnold [11] for the first studies of the rheology

of granular materials. In his experiments, he found that the normal and
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shear stress are proportional to the shear rate and related by a Coulom-

bian relation, that depends on the friction angle of the material. The main

limitation of his theory is that a constant particle concentration is assumed

across the flow depth. In order to overcame this limitation, the kinetic the-

ory of dense gas is considered, as the molecules in gas can be assimilated to

the particles in granular flows and both can move in every direction (Camp-

bell [18], Goldstein and Shapiro [28], Goldhirsch [27]). These theories were

expanded mainly by Jenkins and Richman [40], Jenkins and Hanes [38] and

Jenkins and Savage [41], who consider mass, momentum and energy bal-

ance equations in order to derive a continuum model (macroscopic scale)

starting from the individual particles (microscopic scale).

The Bagnold theory and the kinetic one differ mainly in the assumption

on the scale velocity [U ] which characterizes the apparent viscosity of the

granular fluid. Bagnold assumes a scale velocity associated with the shear

velocity γ̇, i.e. [U ] ∝ γ̇d (d is the particle diameter), while kinetic theory

adopts the granular temperature T , that is [U ] ∝
√
T . The granular tem-

perature T is the kinetic energy per unit mass of the fluctuating component

of the particles velocity. This variable, which measures the agitation of the

particles, also influences the pressure and, therefore, the state equation of

the granular material.

1.3.1 Bagnold’s theory

Bagnold [11] carried out a series of experiments on granular motions involv-

ing water and solid particles composed of wax, which therefore had similar

density as water. He noted that the collision among particles generates a

dispersive pressure that depends essentially on the mean distance between

the grains s. This distance is expressed as a function of the linear concen-

tration λ = d/s, where d is the particle diameter. For spherical particles
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the linear concentration is related to the volume concentration:

λ =
c1/3

c
1/3
∗ − c1/3

(1.1)

where c is the volumetric concentration of the particles and c∗ is the max-

imum possible concentration, refereed to as the packing concentration.

Bagnold assumed that the dispersive pressure is function of this linear

concentration. The relation between the shear stress τ and the normal

stress p is of Coulombian type:

τ

p
= tanφ (1.2)

where φ is the friction angle of the material. Moreover, Bagnold defined a

non-dimensional parameter, the Bagnold number :

Ba =
ρsλ

1/2d2γ̇

µf
(1.3)

where ρs the density of the solid material and µf the dynamic viscos-

ity. This parameter represents the ratio between the apparent collisional

stresses occurring due to the collisions among the grains and the viscous

stresses appearing in the interstitial fluid.

Bagnold distinguishes the grain inertia regime, in which the viscous

stress are greater than the dispersive pressure caused by the collisions, and

the macro viscous regime, where the inter-granular collisions are rather sig-

nificant. In his experiments with spherical particles, Bagnold found a dif-

ferent expression for the tangential shear stress and distinguished the grain

inertia regime for Ba < 40 and the macro viscous regime for Ba > 450.

However, all the experiments on gravity driven granular motions, such

as uniform motions in channels, show that the distribution of concentration
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along the depth of the flow is not uniform, contrary to Bagnold’s hypoth-

esis. Experiments conducted on an erodible bed [6] also show that the

concentration tends to zero at the free surface and monotonically increases

towards the bed, where it assumes its maximum value.

1.3.2 Dense gas analogy (kinetic theory)

To overcome the limit of Bagnold’s theory, the kinetic theory of gas was

adopted to granular flows (Jenkins [37], Savage [66]). This theory assumes

that an idealized granular material is flowing such that particles interact

only through binary collisions with each other.

The main assumptions of the theory are:

• the gas is composed by a large number of small particles, that are in

a constant random motion;

• the particles are constantly colliding each other and with the fixed

walls of the container;

• the pressure derives by the collisions among the particles, that move

at different velocities through a Brownian motion;

• the collision among the particles are binary.

The gas temperature is replaced with the concept of the granular temper-

ature T = (u′iu
′
i)/3, where u′iu

′
i represents the average process of all the

particles at each time and inside a defined control volume large enough

with respect to the particles dimensions, u′i = ui − ui represents the fluc-

tuating component of the velocity vector and ui the average component.

The granular temperature changes in space and time and represents the

kinetic energy of the collisional regime. The granular temperature can be

generated in two different modes:
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• Collisional temperature generation: the temperature derives from the

transfer of momentum between particles when they collide and de-

pends on the particles velocities and on the elastic coefficient of resti-

tution;

• Streaming temperature generation: it is a mechanism similar to Reynolds

turbulent stresses. Because of particles with different shear rates,

these move from one layer to another by colliding with the particles

that they meet [57]. This mode is dominant when the density is very

low. The region governed by the the streaming temperature is often

neglect.

In order to define the average process, the distribution function is intro-

duced to express in probabilistic terms the position and the velocity of the

particles in a certain range for an instant t. The single-particle velocity

distribution function f (1) assumes a Maxwellian distribution:

f (1)(ri, ui, t) =
n

(2πT )3/2
exp

(
(ui − u′i)

2

2T

)
(1.4)

where ri is the position of the particle and ui the velocity at each instant t.

The ensemble average for the generic single-particle property Ψ for n

number of particles for unit volume is defined as:

Ψ =
1

n

∫ +∞

−∞
Ψf (1)(ri, ui, t)du (1.5)

As the particles interact with each other, the theory introduces also a pair

distribution function f (2) to express the probability to find a pair of particles

in a certain range of positions.

The kinetic theory defines the conservation equations starting from the

Boltzmann equation, that has the following general formulation:

∂f

∂t
+

∂ri
∂t

∂f

∂ri
+

∂ui
∂t

∂f

∂ui
=

∂f

∂t
+ ui

∂f

∂r
+

Fi

m

∂f

∂ui
= Φc (1.6)
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where f is the distribution function. If the right hand side term was zero,

the eq. (1.6) would express that the particle density is constant (the vari-

ation of the distribution function is zero). In our case, the trajectories of

the particles are not continuous and the distribution function varies: the

term Φc considers the contribution of the collisional forces.

The final system of constitutive equations of the model is derived by the

Enskog’s equation of change, that consists in the Boltzmann equation mul-

tiplied by the property Ψ and then the ensemble averaged process is applied:

∂

∂t
(nΨ) +

∂

∂ri
(nuiΨ)− n

(
DΨ

Dt

)
= Φc (1.7)

where D/DT represents the total derivative. The last term, Φc, represents

the collisional transfer contribution Ω and the “source-like” contribution χ:

Φc = −∇Ω+ χ (1.8)

By setting Ψ = m, Ψ = mϑ and Ψ = 1/2mϑ2 (m and ϑ are the mass and

velocity of the particles respectively), it is possible to obtain the master

equations for the granular flow, i.e. the hydrodynamics balance equations

respectively for mass, momentum and energy:

∂ρ

∂t
+

∂ (ρ ui)

∂xi
= 0

∂ρ ui
∂t

+
∂ (ρ uiuj)

∂xj
= ρ gi +

∂Tij
∂xj

3

2
ρ

(
∂T

∂t
+ uj

∂T

∂xj

)
=

∂

∂xj

(
f4ρs

√
Td

∂T

∂xj

)
+

+µcoll

(
∂ui
∂xj

+
∂uj
∂xi

)2

− f5ρ
T 1.5

d

(1.9)

in which ρ = c ρs is the density of the granular phase where c is the volume

concentration of the solid grains and ρs is the density of the grain material;
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µcoll is a collisional dynamic viscosity, d is the diameter of the particles, ui

is i-th generic component of the velocity vector, gi is the component of the

volume force for unit mass acting on granular phase, which in the present

case, is the gravity g, i.e. gi = −g∂z/∂xi, where z represents the vertical

rising direction (opposed to the gravity vector).

Tij is the tensor of the granular stresses:

Tij = −pδij + f2ρs
√
Td

(
∂ui
∂xj

+
∂uj
∂xi

)
(1.10)

where δij is the Kronecker delta function and p is the isotropic collisional

pressure of the granular phase, which is assumed to be dependent on the

granular temperature:

p = f1ρT (1.11)

The pressure relation is similar to the state equation of a gas p = RρT ,

where the thermodynamic temperature is replaced by the granular temper-

ature. f1, f2, f4 and f5 are function of the granular volume concentration

and of the inelastic restitution coefficient e. Extended kinetic theories were

developed for dense granular flows by Jenkins [37] and Lun and Savage [69].

In table 1.1 the expression of these functions are reported according to [69]

and [68].

In our approach, we neglected the interaction between the granular

phase and the interstitial fluid, since its density is much smaller than that

of particles. Besides, in the energy balance we have neglected the rotational

energy and the spinning of particles.

One of the most important parameter of the kinetic theory is the inelas-

tic restitution coefficient, that considers the not perfectly elastic collision

among the particles. This coefficient e relates the normal component of the

instantaneous velocity of the particles before and after collisions.
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Table 1.1: Expressions of the different functions adopted in the kinetic theory

equations, according to [69] and [67].

f1 = c (1 + 4c p go)

f2 =
5
√
π

96ηp(2− ηp)

(
1 +

8

5
ηp c g0

)(
1

g0
+

8

5
ηp(3ηp − 2)c

)
+

8/5√
π
ηpc

2 g0

f4 =
25
√
π

16ηp(41− 33ηp)

(
1 +

12

5
ηpc g0

)(
1

g0
+

12

5
η2p(4ηp − 3)c

)
+

+
4√
π
ηpc

2 g0

f5 =
12√
π
c2 g0(1− e2)

ηp =
1 + e

2

g0 = (1− c/c∗)
−2.5c∗

Some authors extended the kinetic theories using different constitutive

relations for p and Tij . The classical kinetic theory cannot be directly ex-

tended for granular flows with high concentration or with a different nature

of interaction among the particles (e.g. the long-lasting contacts).

1.4 Quasi-static regime

The frictional or quasi-static regime is present when the concentration of

the particles is close to the packing concentration and the contacts among

the particles are long-lasting and it can involve also groups of particles. The

tangential force are caused mainly by the friction between grains. Besides,

sometimes the particles tend to form chains, due to the long-lasting contacts

among them.
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In granular flows driven by gravity the frictional regime can be observed

in the lower part of the flow depth, where the concentration is close to

the packing concentration. Armanini et al. [7] experimentally observed

that this regime, which is generally predominant close to the loose bed,

coexist with the collisional one, which is predominant in the free surface

(Armanini et al. [5]). The rheological relations for this regime derive from

the soil mechanics and they considered the visco-plasticity theory (Savage

and Hutter [67], Pudasaini [63], Pitman and Le [60]). In this theory, the

shear stress is proportional to the normal stress, which depends on the bulk

density. Usually Coulomb-like laws with a shear independent behaviour are

adopted for the quasi-static regime.

Johnson and Jackson [42] propose a Coulombian model for the frictional

regime and, referring to a two dimensional flow along the axis x1, x2, the

tangential stresses are expressed according to the Coulomb law:

τ fricij = σ2 sinφ (1.12)

where σ2 is the normal stress of the frictional part and φ is the friction

angle. For the normal stresses, in particular Johnson and Jackson [42]

propose:

σ2 =
afr

(c∗ − c)n
(1.13)

where afr is a non-dimensional constant and c∗ is the packing concentra-

tion. Later Johnson [43] modified the expression assuming a minimum

concentration cmin below which the frictional stress changing the definition

of the normal frictional stress as:

σ2 =

afr
a− cmin

(c∗ − c)n
if c > cmin

0 if c ≤ cmin
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1.5 Intermediate regime

In a granular flow driven by the gravity, the quasi static or frictional and

the collisional regime are both present in the flow motion and often there

is not a clear separation between the two regimes.

In general most of the constitutive models in the literature consider the

decomposition of the stress tensor in a rate independent and rate dependent

contribution.

In its pioneering works, Savage and Hutter [67] expressed the stress

tensor as a combination of a rate-independent Coulombian part and a rate-

dependent part based on the dense gas analogy. Many other studies have

proposed similar approaches, e.g. Savage [66], Johnson and Jackson [42],

Johnson et al., [43], Louge, [50] and Louge and Keast, [51]. These models

often assume that the flow is divided in different layers: a bulk flow and

a boundary layer. The models defined different criteria for the solutions

of the two types of flow, but actually the transition between the layers

is gradual and not defined in a specific point as the authors pointed out.

Aranson and Tsimring [2] and Bouchaud et al. [14] described the transition

of the flow with a series of parameters and equations for the flow and shear

stress, but again they consider a sharp division, differently from the real

cases where rolling grains and static ones coexists.

More recently, GDR-MiDi group [26, 45] proposed an empirical model

commonly referred as µ(I) model. The model derives from a series of

experiments conducted by GDR-MiDi group and it is essentially based on

the inertial number :

I =
γ̇d√
p/ρs

(1.14)

This non-dimensional number is the ratio between two time scales: the

microscopic deformation scale (γ̇−1) and the inertial time scale (
√
d2ρs/p),
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where γ̇ is the shear rate, d is the particle diameter and p the confining

pressure. The Inertial number is equivalent to the square root of the Savage

number.

The model assumes that the ratio between the normal and tangential

stresses is a function of the Inertial number I :

τ = µ(I)p (1.15)

where the parameter µ(I), according to a series of experiments, is given by:

µ(I) = µs +
µ2 − µs

I0/I + 1
(1.16)

where µs and µ2 are the tangent of the static angle and the dynamic angle

of the flow respectively and I0 is a constant depending on the properties

of the flowing material. Through the µ(I) parameter, the model describes

both the quasi-static regime (I → 0, µ(I) = µs and the frictional regime

(I > I0 µ(I) = µ2).

As observed by Armanini et al. [8], the µ(I)-model can be interpreted

as a weighted combination of two Coulombian models:

(I0 + I)
τ

p
= I0 tanφs + I tanφ2, (1.17)

One model is applied on the bed, with the static friction angle φs and the

second one is applied at a somewhat arbitrary point far from the bed, where

the friction angle φ2 is assumed. I and I0 can be interpreted as weighting

functions. It can be observed that, while the first angle is a property of the

material, the second angle is expected to be a property also of the flow field,

while, according to the model, it should be known ex ante. However, the

same research group [45] proposed a linear relationship between the inertial

parameter and the particle concentration c = c∗ − (c∗ − cmin)I, where c∗
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is the random packing concentration and cmin the minimum concentration,

that should also be known ex ante.

The µ(I)-model is a structurally very simple model, nevertheless applied

in the absence of a collisional regime, as observed by the same authors [44].

Therefore, it has the limit of applicability in conditions in which the con-

centration is reasonably constant.

A model that consider both the frictional and the collisional regime was

proposed by Armanini et al. [8] and it is called heuristic model. According

to these authors, the two regimes alternate in space and time, through a

mechanism defined as intermittency, similar to that of a border of a tur-

bulent boundary layer. The theory is based on the two-phase approach, in

which each phase is defined as as a continuum and the kinematic properties

of the flow are expressed by the Savage number, equal to the ratio between

the shear independent stress and the shear dependent stress and coincides

with the square of the inertia number I:

Is =
ρs(γ̇d)

2

pg
(1.18)

The tangential component satisfies two conditions: approaching the bed the

flow tends to a pure Coulombian motion, while, on the other hand, for high

values of Is the frictional regime becomes zero. The tangential component

for the frictional regime is expressed by the following formulation:

τ fric = pg tanφfric Is0
Is + Is0

(1.19)

where pg is the granular pressure, φfric is the friction angle of the material

and Is0 is a parameter depending on the material properties. A similar

formulation states the frictional pressure depending on the Savage number:

pfric = pg
Is0

Is + Is0
(1.20)
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The model was experimentally tested in a uniform flow of a mixture of

constant spherical particles and water. In figure 1.2 the friction angle along

the non-dimensional vertical coordinate is plotted. We can observe that

the friction angle tends to the static value close to the bed. In contrast,

near the free surface the behaviour is similar to the one predicted by kinetic

theory [8].

Figure 1.2: Distribution of the friction angle φ in a uniform channel flow

mixture of spheres and water along the dimensionless flow depth η (Armanini

et al. [8]).
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Chapter 2

Segregation in granular flows

This chapter tackles the problem of particles segregation. The mechanisms

governing the phenomenon are explained and a general approach to the

mechanics of non-uniform granular transport is proposed along with the

closure relations for a two-phases approach. The final part of the chapter

explores some aspects of particles segregation processes with reference only

to the conservation equation of the solid masses of the grain fractions.
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2.1 Introduction

Segregation is a mechanism that involves all the particles of the mixture

of granular flows of non uniformly sized particles. In general, materials

segregate when they flow and are shaked, vibrated or sheared. We can

observe this behaviour in the so-called “Brazil-nut” effect: the large parti-

cles rise to the top of a shaken container of mixed nut (Ottino and Khakar

[59]). Snow avalanches or debris flow, with their widely dispersed grain

size distribution, can be described as heterogeneous mixtures of particles

of different size, density and shape (Rosato and Blackmore [64]) and then

they are subject to segregation.

The presence of different phases, under the action of gravity as well

as granular temperature gradients cause the phenomenon of particle-size

segregation and particle grading. According to Bridgewater [?], the bulk

solid evolves spatially in a non-uniform state, up to the complete separa-

tion of the phases. The consequences of this phenomenon are quite evident

in the field observations of snow avalanche and debris flow deposits, as

well as in many laboratory experiments (e.g. Bagnold [11], McElewaine

and Nishimura [53], Vallance and Savage [76], Mandal and Khakhar [52],

Lorenzini and Mazza [49]).

If we observe the snow avalanches, particle segregation becomes evident,

with two superimposed layers: a snow cloud layer at to the surface and a

dense snow flowing layer at the bottom. Usually the snow cloud moves

faster and farther than the dense part and it may be the cause of serious

damages in the run-out area [54]. Segregation acts differently in type of

snow avalanches, resulting in a different grain distribution of the avalanche

fronts since in the wet avalanches there is a larger production of large grains

than in dry ones [12]. In case of fast-moving dry snow avalanches, field ob-



2.1 Introduction 23

servations show that the bigger particles arrive at the top of the flow and

they are afterwards transported to the front due to the high velocity at the

surface. The well-sorted granular mixture in the font of dry avalanches in-

dicates the vertical segregation (Bartlet and McArdell [12]). The mobility

feedback influences the avalanche run-out distance, that is a critical param-

eter in the hazard mapping, as the avalanche run-out distance is increased

by the formation of the lateral levees (Van der Vaart et al. [78]).

The effects of segregation are observed also during the development of

a debris flow. A vertical grading moves the largest blocks near the free

surface and the coarser particles to the front. At the same time a lateral

grading forms lateral levees (Ottino and Khakahr [59], Goujon et al. [29],

Pouliquen et al. [62]) that again have a strong influence on the deposition.

The bed-load sediment transport in rivers also exhibit a grain segrega-

tion, which, however, is quite different from that of massive granular flows.

In rivers, the grain size of the material transported as bed-load is finer than

that which makes up the bed (also called bed-layer), while the material be-

low this layer is thinner. This phenomenon is known as dynamic armoring

(Armanini [4]). Frey and Church [24] tried to applied a segregation mech-

anism to the bed load in rivers.

Last but not least, segregation mechanism is also observed in industrial

process, as it represents the main problem causing the non-uniformity of

the product (Hill [34]).

Segregation is widely studied, as the difficulty on measuring the distri-

bution of the particle during the flow motion cannot be neglected. Liter-

ature and experiments on granular flows are quite numerous, but under-

standing the mechanisms between the bulk mobility and size-segregation is

still an open issue, also in order to predict correctly the behaviour of the

avalanches and debris flows [78].
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2.2 The mechanisms of segregation in a granular flow
mixture

Segregation is a combination of mechanisms, which makes this phenomenon

so complex to analyse [16]. The phenomenon is influenced by many vari-

ables: the property of the particles and their distribution, the environmen-

tal conditions, the shape, the geometry, the elasticity and the density of the

particles, the morphology of the flow field and the friction among the par-

ticles. The two more relevant aspects of segregation in the granular flows

are the size and the density of the granular particles, but size-segregation

has a predominant aspect [64].

In its pioneering work, Bridgwater and co-workers [16, 22] performed a

series of experiments developed by considering the behaviour of a layer of

particles subjected to a shear strain under normal condition of packing and

normal stress. He found that the mechanics of segregation is influenced

mainly by the void fraction created by the particles movement. Moreover,

Bridgwater established that the most important parameter controlling seg-

regation is the grain-size ratio. According to the rates of strain existing in

the failure zone, different types of particle segregation are distinguished: (i)

inter-particle percolation: the particles percolate due to the opening and

the closure of the voids created by the motion of the particles; (ii) particle

migration: the particles of larger dimensions tend to go in the direction of

the increasing shear stress; (iii) free surface segregation: near the surface

the largest particle float and the smallest one sink.

In granular flow mixture the predominant segregation process is given

by the difference in the size of the particles while the density difference

is less important (Bridgewater and co-workers [16], Vallance and Savage,

[76]). Vallance and Savage [76] conducted experiments with different den-
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sities of the particles but same diameter and found that denser parti-

cles are segregated to the bottom. However, they underline that parti-

cle density-segregation is weaker than particle size-segregation, except at

high-inclination angles [30]. These works shows also that the gravity is the

principal force in driving mechanisms for segregation in dense sheared flow,

particle size-segregation decreased with viscous interstitial fluid.

Savage and Lun [69] investigate the mechanisms of size segregation dur-

ing the relatively slow flow of dry particles of equal mass density down a

rough inclined chute. With these gravity-driven chute flow experiments,

similar to Bridgwater’s [16], they identified the mechanisms responsible for

the particle transfer: the random fluctuating sieve and the squeeze expul-

sion. Xiao et al. [80] found that the same mechanisms can be identify in

case of density segregation. In figure 2.1, obtained by [80], the two particle

transfer mechanism are identified: the first row of pictures is representative

of the kinetic sieving where the steel particle falls into a void generated

by surrounding particles; the second row of pictures refers to the squeeze

expulsion where a ceramic particle is squeezed up into a void in the sur-

rounding particles.

2.2.1 Random fluctuating sieve

This mechanism occurs when the smaller grains percolate due to gravity

through the smallest cavities formed by the largest particles. Savage and

Lun [69] defined this process as “a gravity-induced, size-dependent, void-

filling mechanism”. The contact force and the void spaces in the flow motion

are continually changing, so at each instant the void spaces is redistributed.

If a void space is large enough, a particle from the layer above may fall into

it [69] (see first row of pictures in figure 2.1).
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This process is sometimes defined as percolation or kinetic sieving and it

was observed firstly by Middleton [56]. The particles have equal probability

to be squeezed and the mechanism maintains constant the solids volume

fractions of the mixture [26]. Gray [30] pointed out that this mechanism

can be direction preferential, as the gravity force is essential for the small

grains to fall into the gaps among the larger grains.

Figure 2.1: Experimental observation of density segregation of 3 mm steel

and ceramics particles [80].

2.2.2 Squeeze expulsion

In this case the particles are squeezed upwards, due to imbalances in contact

forces on an individual particle, as in the second row of picture in figure 2.1.

Savage and Lun [69] assumed that this mechanism is not size preferential

neither there is preferential direction for the transfer between layers, since

it happens when the instantaneous forces acting on individual particle are

imbalanced, so that a particle is squeezed out of its layer and goes to the

close one. The authors assume that this mechanism is not size preferential
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and there is no a preferential direction for the transfer between layers.

2.3 General approach to mechanics of non-uniform
granular transport

Most of existing models for segregation in bi-disperse mixtures present in

the literature show a similar structure based on the mass-balance equation,

that results in an advection-diffusion equation.

Let us consider a granular flow composed by a mixture of n grain-size

classes of particles, each of them denoted the index β. The dynamic of the

each single class fraction β is described by the Cauchy equations, already

introduced in section 1.2, for the uniform granular material [13]:
∂ρβ

∂t
+

∂
(
ρβ uβi

)
∂xi

= 0

∂ρβ uβi
∂t

+
∂
(
ρβ uβi u

β
j

)
∂xj

= ρβ gi −
∂pβ

∂xi
+

∂τβij
∂xj

+

n∑
1

Ξβκ
i + F β

i

(2.1)

where ρβ = cβ ρs is the density of the single class where cβ is the volume

concentration of the class β and ρs is the material density of the grains; uβi is

the generic component of the velocity vector of the class; gi is the component

of the volume force (per unit mass) acting on each class, which, in the

present case, is the vector of the gravity acceleration g, i.e. gi = −g∂z/∂xi,

where z represents the vertical rising direction; τβij and pβ are the granular

tensor of the internal stresses and the granular pressure among the particles

of the same class respectively; Ξβκ
i is the component of the vector of the

forces exerted by the other classes on the grain size class β. F β
i is the

component of the forces exerted by the interstitial fluid on class β. Since in

our case the interstitial fluid is composed of air with a density much lower
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than the solid particles and a speed similar to the solid phase, this term

will henceforth be neglected.

2.3.1 Rheological relations

As already done in chapter 1 for the homogeneous material, the tangential

stress and the pressure can be expressed as the sum of two contributions,

a collisional and a frictional part.

The same assumptions are considered valid for the non-homogeneous

case. The shear stress of each grain-size class β is:

τβij = τβ−coll
ij + τβ−fric

ij (2.2)

The frictional or quasi-static regime is present when the concentration of

the particles is close to the packing concentration and the contacts among

the particles are long-lasting and can involve also a group of particles. For

the frictional regime, the theories presented in chapter 1 can be extended

also in case of non-homogeneous material.

By following the authors [37, 10] that extended the theory for inelastic

shearing of disks to spheres, the dense gas analogy provides appropriate

constitutive relations for the collisional component.

We will present in the next pages the constitutive relations for each in-

dividual class for the collisional regime valid in case of dilute granular flow.

Pressure. The constitutive relation for granular pressure is:

pβ−coll = fβ
1 T β (2.3)

with:

fβ
1 = 1 + 4 ηp

n∑
β=1

cβgβo (2.4)



2.3 General approach to non-uniform granular transport 29

where T β is the granular temperature of each grain size β T β = (u′iu
′
i)
β/3

and gβo is the radial distribution function of each grain size β. We highlight

the similarity between this constitutive relation and that for the homoge-

neous material (Table 1.1).

Granular shear stresses. The collisional shear stress, in analogy with the

procedure used in the kinetic theory for a mono-granular material, is [13]:

τβ−coll
ij = µβ−coll

(
∂uβi
∂xj

+
∂uβj
∂xi

)
(2.5)

with:

µβ−coll =
2 + α

3

µβ∗−coll 1

gβo ηp(2− ηp)

1 +
8

5
ηp

n∑
β=1

(cβ gβo )

×

1 +
8

5
ηp(3ηp − 2)

n∑
β=1

(cκ g
β
o )

+
3

5
ηpµb

 (2.6)

where:

µβ∗−coll = cβ ρs g
β
o T β µ

ρs T β

(
n∑

β=1

cβg
β
o

)

µ =
5

96
ρs d

β
(
π T β

)1/2
(2.7)

µb =
256

5π
µ cβ

 n∑
β=1

cβgβo

 (2.8)

(2.9)

Agrawal et al. [1] recommend to use α = 1.6.
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Inter-classes forces. These forces are the interactions between the generic

class κ and the class β. According to Benyahia et al. [13] the generic

component of this force vector between the single class and other particle

classes is:

Ξβκ
i = ξβκρs

(
uκi − uβi

)
|uβ − uκ| (2.10)

with the coefficient ξβκ:

ξβκ = 3(1 + e)

(
π

2
+ cκβ

π2

8

) (
dβ + dκ

)2
2π
(
dβ

3
+ dκ3

)ρsgoκ (2.11)

where dβ is the diameter of the grain size class β, dκ the one of the grain-

size class κ and e the elastic restitution coefficient of the particles.

Dissipation of kinetic energy. The rheological terms concerning the equa-

tion of the kinetic energy of the grains (Eq.2.13) is:

fβ
5 = cβ

48√
π
ηp(1− ηp)

 n∑
β=1

cβgβo

 (2.12)

where n is the number of grain classes. We underline that this term is

analogous to that of the mono-granular material (table 1.1).

2.3.2 Kinetic energy balance

As already stated, in order to close the problem, it is necessary to write the

kinetic energy balance as a function of the granular temperature, that is the

crucial parameter in the collisional regime accounting for the collisions of

the particles. Similarly to homogeneous granular fluids, the velocity scale
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of the diffusion processes of the single class is represented by the granular

temperature of the class, i.e. T β.

By following a procedure analogous to that tackled in section 1.3.2 (chap-

ter 1), the kinetic energy balance of the single class β is:

3

2
ρs

(
∂cβT β

∂t
+

∂cβuβi T
β

∂xj

)
=

=
∂

∂xi

(
kβ

∂T β

∂xi

)
+ τβij

∂uβi
∂xj

+Πβ
f − fβ

5 ρs
(T β)1.5

dβ
(2.13)

where T β is the granular temperature of the each single grain size class

β, kβ is the diffusion coefficient of the granular temperature. The term

Πβ
f represents the kinetic energy exchange between the fluid and the size

class β. However in our case it can be neglected for the same reason as F β
i

(component of the forces exerted by the interstitial fluid on class β).

The balance equation reduces to:

3

2
ρs

(
∂cβT β

∂t
+

∂cβuβi T
β

∂xj

)
=

=
∂

∂xi

(
kβ

∂T β

∂xi

)
+ τβij

∂uβi
∂xj

− fβ
5 ρs

(T β)1.5

dβ
(2.14)

The above relations (for pressure, granular shear stress, inter-classes forces)

are the closure relations to the system 2.1. By adding the kinetic energy

balance equation for the granular temperature, the system results close and

complete.
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2.4 Simplified models of particles segregation

In this section we describe simplified models for segregation. The first

section presents a general approach considering Reynolds decomposition.

The following ones present some of the relevant works in the literature.

2.4.1 Mass balance of the solid phases

We consider the mass conservation equation of the single class β (Eq. 2.1)

for the two dimensional case where the axes are x1 and x2:

∂cβρs
∂t

+
∂(cρsu)

β

∂xi
= 0 (2.15)

where ρs is the density of the solid phase and cβ is the volume fraction

of each solid class β. Since the solid phase density is constant, it can be

neglected from each terms so the mass balance equation for each solid phase

β reduces to:

∂cβ

∂t
+

∂(cui)
β

∂xi
= 0 (2.16)

We assume that the state variables of the governing equations, so the con-

centration of the particles cβ and the velocity uβ, are equal to the sum of

an average variable and a fluctuating variable (Reynolds’ decomposition):

cβ = cβ + c′β (2.17)
uβi = uβi + u

′β
i

with the average value considered as:

cβ =
1

T

∫ t0−T
2

t0+
T
2

cβdt
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for T�∞. The decompositions (2.17) are inserted in the mass balance

equation (2.16) and the resulting equation is then averaged. After some

simple mathematical manipulation the resulting equation is:

∂(cβ + c′β)

∂t
+

∂(cβuβi + c′βu
′β
i )

∂xi
= 0 (2.18)

The average of the fluctuating terms can be neglected as it is zero for defini-

tion of fluctuation and T is greater than the time scale of the fluctuations,

so the result is:

∂cβ

∂t
+

∂(cβuβi + c′βu
′β
i )

∂xi
= 0 (2.19)

In the case of a statistically homogeneous flow in the direction i = 1 and

in the hypothesis that the axis x2 is vertically upward oriented, eq. (2.19)

reduces to:

∂cβ

∂t
+

∂(cβuβ2 + c′βu
′β
2 )

∂x2
= 0 (2.20)

The term c′βu
′β
2 in the eq. (2.20), assuming the convection-diffusion hypoth-

esis, is defined as:

c′βu
′β
2 = −ξβ2

∂c

∂x2
+ Iβ2 (2.21)

where ξβ2 is the diffusion coefficient in the x2 direction and Iβ2 is the infil-

tration coefficient. These two terms express the diffusion and infiltration

processes occurring in segregation. The diffusion process describes the ki-

netic sieving mechanism while the infiltration process is related to the per-

colation mechanism of the particles.

With the diffusive-convective hypothesis the mass balance equation (2.19)

becomes:
∂cβ

∂t
+

∂

∂x2

(
cβuβ2 − ξβ2

∂cβ

∂x2
+ Iβ2

)
= 0 (2.22)

where cβ is the average concentration of the particle class β.
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2.4.1.1 The diffusion coefficient

The diffusion mechanism is responsible for the transfer among different

grain size classes in the granular mixture. It acts on the velocity of the

particles causing the mechanism of the kinetic sieving and it occurs mainly

due to the particles agitation. This diffusive flux:

−ξβ2
∂c

∂x2
(2.23)

is proportional to the diffusion coefficient ξβ2 with dimension [L2T−1]. Its

definitions is not trivial and in many cases it is considered constant and

calibrated according to numerical and physical granular flow experiments.

The diffusion process, in general, is scaled respect to a length scale [Λ]

and a velocity scale [U ]:
ξβ2 = fD[U ][Λ] (2.24)

where fD is a pre-factor that can be or not a constant. Ottino and Khakhar

[59] assumed fD as a function of the particles restitution coefficient e. Some-

times ξβ2 is kept as a constant (Wiederseiner et al.[79], Gray and Chugunov

[32]). In particular Schlick et al. [70] compared the results by assuming

ξβ2 constant and by assuming as a function of the shear stress. They found

that considering ξ constant gives good results for computing the segrega-

tion flux, but the value of the constant seems depending on the boundary

conditions.

Most of the work in literature consider [U ] equal to γ̇d, where γ̇ is the

shear rate (Bridgewater [16], Campbell [18], Utter and Behringer [15], Tri-

pathi and Khakar [75]). Sometimes the velocity scale is defined as
√
T ,

where T is the granular temperature (Arnarson [2], Larcher and Jenkins,

[47]). Dolgunin and Ukolov [21]) assume for [U ] the intensity of the fluctu-

ating longitudinal component of particle velocity (u′xu
′
x)

1/2.
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As length scale [Λ] the particle diameter is generally assumed (Utter

and Behringer [15], Gray et al. [30], Fan et al. [23], Van der Vaart et al.,

[77]).

2.4.1.2 The infiltration coefficient

The infiltration process expresses the percolation mechanism and has di-

mension of a velocity [LT−1]. It is assumed as:

Iβ
2 = fI u2 (2.25)

where u2 is the percolation velocity along the vertical direction and fI a

segregation rate coefficient. Dolgunin e Ukolov [21] define the infiltration

coefficient as a reflection of the influence of the particle non-uniformity on

the segregation intensity depending on the conditions of the particle in-

teractions in the flow. The percolation velocity accounts for the relative

motion between each grain-size class in the vertical direction.

Dolgunin and Ukolov [21] express the infiltration coefficient depending

on the velocity of the particle in the vertical direction, determined ex-

perimentally, and fI equals to a segregation force M that depends on the

physical and mechanical properties of the bulk particles and the particle

diameter.

Fan et al. [23] and Shlick at al. [70] assume the infiltration coefficient

proportional to a constant value S (length scale), the percolation velocity

equal to the shear rate γ̇ = ∂u2/∂x2 and fI = (1 − cβ) where cβ is the

concentration of each grain-size class.

Van der Vaart [78] and Wiederseiner et al. [79] consider the infiltration

coefficient as the product between a velocity u2 (the maximum segregation

speed or the average velocity of the bulk solid) and fI = cβ(1− cβ).

In conclusion, by assuming
√
T β as velocity scale and the above Fan et al.
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expression for the infiltration coefficient, the mass balance equation for the

solid phase β results:

∂cβ

∂t
+

∂

∂x2

(
cβuβ2 + dβ

√
T β

∂cβ

∂x2
+ uβ2 c

β(1− cβ)

)
= 0 (2.26)

2.4.2 Advection-diffusion equation models

The earliest continuum model for the description of segregation was de-

veloped by Bridgwater and the key elements are still present in the more

recent theories (Gray and co-workers [30, 31]). It is based on the mass

balance equation and consists of a spatial one-dimensional time-dependent

advection-diffusion equation, with a shear rate dependent segregation flux.

In the recent multi-dimensional models, the main elements of the original

theory are still present but differ for the relation chosen for the segregation

flux (linear, quadratic or cubic).

The model captures the interactions between advection, segregation and

diffusion in size bi-disperse granular materials and it is based on the Peclet

number, that represents the exchange in segregation between the advetc-

tion and the diffusion (Gray and Chugonov [32], Fan et al. [23], Schlick et

al. [70]). The steady state non-dimensional segregation-remixing balance

equation in a dimensionaless form has the general expression:

∂ϕβ

∂t
+∇ · (ϕu)β +∇Fβ = ∇ · (D∇ϕβ) (2.27)

where ϕ is the concentration of each phase, Fβ is the segregation flux vector

for the phase β and D is the diffusion coefficient, equal for all phases. The

model considers the sum of the concentration of the phases, or species, as:∑
β

ϕβ = 1 (2.28)
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In this approach the voids are included in the definition of the concentration

ϕ. Eq. (2.27) can be solved analytically obtaining the concentration profile

of the species. The model was tested with experiments by Wiederseiner et

al. [79] and with numerical simulation by Thornton et al. [73]. Van der

Vart [77] underlined the asymmetry in the segregation flux.

The problem of this model is represented by the segregation flux func-

tion as a definitive form that makes sense of is still lacking. The complexity

is due to its dependencies on many variables, such as gravity, mean parti-

cle size, particle size ratio, shear rate, frictions of the grains, local volume

fraction.

2.4.3 Segregation in dense inclined flows

A large contribution on segregation in granular flows was given by Larcher

and Jenkins in [46, 47, 39]. They studied dry granular flows composed of

two types of rigid spheres, flowing down an inclined, rigid and bumpy bed

with no side-walls.

The hypothesis of their works are steady and uniform condition in all

direction except the direction normal to the free surface, a fully developed

flow, the collisions among particles dissipative but with not much dissipated

energy and particles similar in size and mass. The particles of species A

and B have radii rA and rB, masses mA and mB, number of densities nA

and nB and concentration cA and cB.

The governing equations are based on the mass, the momentum and the

energy balance of the two species composing the mixture. To predict the

concentration of the mixture cM and the profile of the mixture velocity the

kinetic theory is applied. The pressure of a species comes from particles that

transfer energy in collisions: pA = (nA +KAA +KAB)TAB, where TAB is

the granular temperature of the mixture TAB = (nATA+nBTB)/(nA+nB);
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KAB considers the dependence of the collisional transfer of momentum be-

tween different particles and depends on the radius of each species, the

concentration and the radial distribution function gAB.

For the description of the parameters involved, the authors consider En-

skog’s assumption for the collisional frequency in a dense gas and employed

the Chapman-Enskog procedure to obtain the Boltzamnn equation for the

single particle velocity distribution function.

The result of the procedure consists in writing the expression of the

particle interaction depending on the chemical potential µ and the thermal

diffusion coefficient K. The expression proposed for the segregation func-

tion is x = nA − nB/2nA + nB and with this expression the concentration

of the particles cA and cB is computed accordingly. The mixture velocity

profile, the shear stress, the pressure, the rate of collisional dissipation are

found integrating the momentum balance of the mixture in the direction

of the flow. The prediction of this theory is compared to the results of the

numerical simulations by Tripathi and Kahakhr [75], with a good corre-

spondence.

Later Larcher and Jenkins [47] improved their theory considering the

mass balance of the mixture and the difference in the velocities vector. This

quantity depends on the diffusion coefficient DAB, the gradient of the mix-

ture pressure, the kinetic energy of velocity fluctuations and the granular

temperature of the mixture . The profile of the granular temperature of the

mixture was obtained by momentum balance of the mixture across the flow

and by using the hypothesis that in dense flows the mixture concentration

is uniform across the flow. The time-dependent segregation equation was

solved and compared to experiments (Wiedereseiner at al. [79], Savage and

Lun, [69]) and numerical simulations (Thornton et al. [73]).

A good agreement was found and this allows the authors to state that
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in case of steady and uniform flow the major role in segregation is given by

granular temperature gradients and by density differences in case gravity

is present. The flow evolves towards segregation and the perfect mixing is

possible only for peculiars radii and density ratio.

The authors underline how segregation depends on the ratio between

the depth of the flow and the average particle size, the slope of the bed

where the mixture is flowing, the coefficient of restitution and the volume

fraction of the species. The limit of the theory is an underestimation of

the diffusion and segregation rate, that produces a prediction of sharper

segregation profile in the steady state in numerical simulation and slower

segregation in experiments.
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Chapter 3

Laboratory set-up and
measurement technique

The experiments concern the flow of a dry bi-disperse granular mixture

in a free surface channel. The displacements of each individual particle

were measured with a high-speed camera through a transparent side-wall.
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An algorithm developed ad hoc gave the time evolution of both the granular

instantaneous Eulerian velocity and concentration and, by time integration,

the average profiles of velocity, concentration and granular temperature of

both classes of grain. The tests were repeated for different flow rates and

size partition of the mixture.

3.1 Laboratory set-up and measurement devices

In the literature, the mechanics of infiltration and segregation of polydis-

perse mixtures of granular materials are generally studied through two types

of experiments: the flow driven by gravity down a chute and the flow in

shear boxes, annular shear cells or rotating drums.

Our experiments concern the flow in a flume, where the granular binary

mixtures run in a closed-circuit system. The set-up consists of a free surface

channel ending with a weir with two vertical slits. The channel is 3.50 m

long and 10 cm wide, but the width could be increased up to 15 cm. The

slope of the channel can be regulated from 0° to 50° with a proper hydraulic

piston system.

At the beginning of each experiment a fixed volume of particles was

inserted in the flume. The granular mixture was recirculated through an

auger lateral to the flume, that took up the particles and deliver them in

a hopper. The hopper was equipped by a controlling gate, from which the

particles flowed down in the flume. Both the auger frequency and the open-

ing gate could be set manually and varied in each test.

At the end of each test a certain volume of recirculated material was

collected and measured in order to obtain the flow rate (section 3.1.3). To

avoid that the solid particles become electrostaticlly charged, a metal ca-

ble was positioned on the auger to eliminate the charge. In the measuring
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section two led lights were installed on a support to properly illuminate the

flow field for the high speed camera recording. Figure 3.1 shows the set-up.

Figure 3.1: The laboratory set-up: the granular mixture is recirculated by

the auger and lateral to the flume the flow field is measured by a high speed

camera. The measures are expressed in millimetres.

3.1.1 The granular material

The mixture was composed of spherical particles of different diameters, but

the same density. The diameter of the smaller class was dS = 0.75mm while

that of the larger class was dL = 1.14mm. Both classes were composed of
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not-expanded polystyrene, with a material density of ρs = 1035 kg/m3.

The particle inelastic restitution coefficient e was measured experimen-

tally by dropping a particle from a certain height onto a perspex surface

and measuring the maximum rebound height, obtaining e = 0.91 ± 0.01,

measured already by [65].

The friction angle was estimate by measuring the free surface slope of

a heap that forms naturally by pouring grains on an horizontal plane. The

friction angle of the small particles ranges about 21◦ ± 5◦ and for the large

particles 25° ± 5°.

Before each test, the two solid fractions were sieved to obtain particle

size classes with the lowest possible dispersion. Fig. 3.2a shows the large

fraction and Fig. 3.2b the small one. The colour was an important property

because in the camera acquisition the two fractions could be distinguished

thanks to their different colours only. For this purpose, the small parti-

cles are black, while the large ones are white. In the table 3.1 the main

properties of each granular material are summarized.

Table 3.1: Properties of the granular material used in the experiments to

reproduce the binary mixture.

particles properties small fraction large fraction

density ρs [kg/m3] 1035 1035
mean diameter dm [mm] 0.75 1.14
colour black white
friction angle φ [ ◦] 21 ± 5 25 ± 5
inelastic restitution coefficient e 0.91 ± 0.01 0.91 ± 0.01
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(a) Large fraction: white spherical particles of diameter dL=1.14 mm.

(b) Small fraction: black spherical particles of diameter dS=0.75 mm.

Figure 3.2: The granular material.
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3.1.2 Acquisition set-up

Lateral to the flume, in correspondence to the measurement section, the

high speed camera on a tripod was positioned. The camera was equipped

with different lens, but in the experiments lenses from 45 mm to 60 mm

were used. The high speed camera (a Phantom VEO) is able to record

up to 7000 fps. The choice of a lower resolution corresponded to a faster

recording. In our work, for high discharges the maximum frame rate used

was 3000 fps and for lower discharge the acquisition frequency was set to

the minimum value of 1000 fps, so a longer record and larger imagesize were

obtained.

Along with the camera, two led lights (spotlight GSVTEC, model Mul-

tiled QT) were positioned on the side of the camera. The choice of the type

of lighting system was found after a series of test comparing other lighting

systems (section 3.2.1).

A preliminary procedure to regulate the acquisition system was needed

before each experiment. Through an external software regulating the cam-

era options, the exposure time, the shutter and the exposure index were

calibrated along with the two led lights, in order to eliminate as much as

possible the noise and the reflections in the image. These parameters had

to be set in each experiment, as it was crucial to obtain images in which

both the small and the black particles are visible as better as possible.

The high speed camera was tilted to obtain images parallel to the flow

field with the lens perpendicular to the plastic wall. The adjustable dis-

tance between the side walls of the channel was kept constant in all tests.

Fig. 3.3 shows the camera Phantom VEO with the two led lights.

The frame rate was adjusted in order to give particle displacement in

two subsequent frames not greater than the radius of the largest particles.

If this was not satisfied, we increased the frame rate of the camera.
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Figure 3.3: Laboratory equipment. The high speed camera positioned on the

tripod and in front of to the plastic flume ready to record the experiment.

3.1.3 Measurements

The solid discharge was measured by collecting the total volume of the

flowing particles in the recording time tc = 10 ∼ 20 s. The weight PT of the

collected material was measured and then the two fractions were separated

in order to obtain the volume Vβ = VS , VL of the recirculating material of

each grain size class.

If ρs is the density of the particles material and tc the collecting time,

the granular discharge is:

Q =
PT /ρs
tc

(3.1)



48 3 Laboratory set-up and measurement technique

In such a way the volumetric partition Pβ of each grain-size class is:

Pβ =
Vβ∑
Vβ

=


PS =

VS

Vs + VL

PL =
VL

VS + VL

(3.2)

The slope of flume was kept constant in each experiment (about 29°),

whereas the slope of the free surface changed depending on the flow con-

dition. They were measured by a proper inclinometer, but the slope of

the free surface (together with the bed slope) was also measured by the

recorded frames of the tests.

The duration of each test ranges between 30 and 60 minutes. In table

3.2 the measured data in each experiment are reported alongside with the

unit of measure.

Table 3.2: Measured data in each test.

data definition

PS weight of the small particles in the control volume [kg]
PL weight of the large particles in the control volume [kg]
tc recording time of discharge measurement [s]
θ slope of the loose bed [°]
α slope of the flume [°]

3.2 The optical method

An imaging technique was used to analyse the flow field. The frames ac-

quired during the tests were evaluated with an optical method, which de-

tected the black and the white pixels in each image, allowing to distinguish
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the pixels belonging to the two grain size classes. The measurement method

was defined as an optical method because is based on the detection of the

particles in each single image.

The method is similar to the technique used in [65], but developed for

two different classes of particles in a dense environment.

The optical method is implemented in a code developed in Python lan-

guage. Each set of frames of a test is insert in the code, which are a series of

text files. These outputs were successively analysed through specific algo-

rithms, that we developed. At the end the longitudinal velocity, the vertical

velocity, the concentration and the granular temperature of the small and

large particles in SI unit are obtained.

3.2.1 Set-up of the lighting system

The method adopted to measure particle speed and concentration is de-

rived from a previous procedure [65] aimed at making measurements with

uniformly sized particles. We therefore substantially modify the original

method to make it suitable for measurements with bi-dispersed particles.

We used a standard configuration system to record the tests.

The optical method used is very sensitive to how the light illuminates

the image. The lighting system must provide:

• high contrast between the particles and the other noisy elements that

can be present during the acquisition procedure (dust on the wall,

scratches,...);

• uniform light on the entire picture (low bright gradient in vertical and

horizontal direction);

• high contrast between the black and white particles;
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• low reflection of the light on the particles and on the plastic wall;

• equal precision of the visibility for both of the small and large particles

(good resolution and illumination);

In order to obtain a good lighting system that satisfies all the above con-

ditions we try different configurations both in position and types of light.

For simplicity we have done some preliminary tests in a smaller channel, by

inserting a very thin strip of small led-lights on the internal face of lateral

transparent wall of the flume, but this arrangement did not guarantee a

sufficiently uniform lighting. We then tried to illuminate with two or more

incandescent lamps, positioned outside the flume near the camera, but also

this configuration provided insufficient light intensity to distinguish the two

classes of particles (Fig. 3.4). Next, we used two powerful led lights, initially

facing outwards on a white parabolic surface aimed to reflect the light on

the flume more evenly (Fig. 3.5). This arrangement, however, did not lead

to any improvement in image quality. The best solution was to illuminate

the measuring area directly with two LEDs positioned outside to the flume

and pointing to it with an angle of about 20◦ (Fig. 3.6).

3.2.2 Particle detection

The first step in this procedure of the optical method, once the experiment

is recorded, is identifying the individual particles. At first, the user has

to select the Region of Interest (ROI) in each image. The original frame

is cropped according to the interested area. This allows to exclude non

representative zones, such as broken particles (noisy pixels). The following

step consists in adaptively equalizing, de-noising and filtering the image.

This is performed in three different steps, visible in figure 3.8.
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Figure 3.4: First two configurations of the lighting system in a smaller flume.

On the left the strip of led-light is inserted in the flume. On the right the flume

is lighted up by a series of lamps.

1. Adaptive histogram equalization is applied to the image. This tech-

nique is used to improve the contrast of the images. It differs from

ordinary histogram equalization in the sense that the adaptive method

computes several histograms, each corresponding to a distinct section

of the image, and uses them to redistribute the lightness values of the

image. It is therefore suitable for improving the local contrast and

enhancing the definitions of edges in each region of an image. This is

performed using the CLAHE technique [61].

2. A de-noising operation is applied on the image using the non-local

de-noising technique [17].

3. A bilateral filter operation is then applied to smooth the image [74].

A bilateral filter is a non-linear, edge-preserving, and noise-reducing

smoothing filter for images. It replaces the intensity of each pixel
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Figure 3.5: Lighting tests: parabolic paper positioned behind the camera in

order to reflect the light onto the channel wall.

Figure 3.6: Final lighting set-up: two led lights tilted towards the plastic

flume.
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with a weighted average of intensity values from nearby pixels.

Otsu thresholding [58] is then applied to obtain a binary mask, as the one

shown in Fig. 3.8. It is used to automatically perform clustering-based im-

age thresholding, or the reduction of a gray level image to a binary image.

The algorithm assumes that the image contains two classes of pixels follow-

ing bi-modal histogram (foreground pixels and background pixels). It then

calculates the optimum threshold separating the two classes so that their

combined spread (intra-class variance) is minimal, or equivalently (because

the sum of pairwise squared distances is constant), so that their inter-class

variance is maximal. From this last type of image it will be possible to

detect the position of the particles.

The watershed algorithm is then applied on the binary mask obtained.

The watershed algorithm is a classic algorithm used for segmentation and is

especially useful when extracting touching or overlapping objects in images,

such as the particle or the coins in Fig. 3.9. This algorithm is composed

of different steps. The first step in applying the watershed algorithm for

segmentation is to compute the Euclidean Distance Transform (EDT). As

the name suggests, this function computes the Euclidean distance to the

closest zero (i.e., background pixel) for each of the foreground pixels. A

peak is defined as a point that maximizes the average distance from zeros.

The algorithm allows to set the minimum distance between two peaks. If

the algorithm detects two or more peaks with the same intensity at a lesser

distance with respect to the minimum, it will output both of them. The

watershed algorithm returns a matrix of labels, an array with the same

width and height as the input image. Each pixel value has a unique label

value. Pixels that have the same label value belong to the same object.

Ideally there should be a label for each of the particles in the image. How-

ever, this is not our case, since our images are much more noisier and
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present a much greater deal of occlusions with respect to the coins exam-

ple. We define c1 and c2 as the centres of two particles, being (x1; y1) and

(x2; y2) their pixel coordinates. The particles are spheres with diameters

dβ and radius rβ in pixel dimensions. The distance between the centre of

two spheres is the Euclidean distance d:

d =
√

(x2 − x1)2 + (y2 − y1)2 (3.3)

If two centres are at a distance lesser than the radius, a new centre c3 will

be initialized in the midpoint and the centres c1 and c2 will be discarded

from the set of centres C0 . After, it is checked if the particles overlap with

each other. Overlapping particles are two particles whose centres c1 and c2

respect the following condition:

0 < d(c1, c2) < 2rβ (3.4)

If a particle present overlapping parts with one or two other particles, it is

listed as a weak match. If a particle does not overlap, it is listed as a strong

match. After the detection step has been performed, each image has a set

of weak matches and a set of strong matches. To determine if the weak

matches are real particles or not, the correlation between set of consecutive

frames is exploited. Let’s take two consecutive frames, f1 and f2, with their

sets of strong matches, S1 and S2, and weak matches, W1 and W2. Let’s

take a strong match si ∈ S1 and a weak match wj ∈ W2, we move weak

matches to strong matches array if the following condition is satisfied:

d(si;wj) < r (3.5)

At the opposite, we discard weak matches that satisfy the following condi-

tion:

d(si;wj) > r (3.6)
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In this way the particles inside the weak match are associated to the strong

one or disregarded (so the detected particle is not a true particle). With

this settings we simply plot a circle with radius r entered on each point

present in the strong matches array and if a weak particle falls inside this

circle becomes a strong one. After this operation is performed on all the

consecutive frames, we produce an equivalent image for each frame which

will be used to compute the density and velocities of balls at later stages.

The explained step are performed both for the black and for the white

particles, or better for black and white pixel.

Figure 3.7: Application of the optical method. On the left trajectories of the

particles displacements used to calculate the velocity and on the right binary

mask of the detected particles used to calculate the concentration.
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Figure 3.8: Main steps of the optical method for the detections of the spherical

particles.

Figure 3.9: Example of the application of the watershed algorithm to detect

coins.
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3.2.3 Application of the optical method

The optical method tracks the particles across multiple frames and saves

the resulting average displacements of the detected features across a series

of frames (Fig. 3.7). The optical method needs a user, who selects i) the

Region of Interest (ROI), that reduces the whole frame to the interested

area; ii) the Region of Measure (ROM), that allows to select the section of

measure only. To perform these steps, it is necessary to detect the coordi-

nates (x1, y1), (x2, y2) of the Region of Interest and the coordinates (x3,

y3), (x4, y4) of the Region of Measure, that usually consists in a rectangle

with height equal to the flow depth. The width of the ROM has to satisfy

two conditions: i) it cannot be too small, as in this case only few particles

would be detected; ii) at the same time the width cannot be really large, as

we are interested in the the average distribution of the particle along the

flow depth only. The coordinates have to be insert in the code manually

by the user. The other important parameter is the choice of the number of

layers. The region of interest is divided in n horizontal strips, with height

hlayer and width wlayer (Fig. 3.10b). The particle detection is performed in

the entire region of interest of the frame, but the concentration and the ve-

locity of the particle are computed for each single layer only. The outputs of

the optical method refers to the average coordinate of the ith-layer of each

frame. The number of layers is proportional to the height of the region of

measure and a single layer must have a width at least equal to hlayer = 2 dl,

where dl is the diameter of the large particles. The algorithm provided the

output respect to the system of reference of the image in pixel/frame along

the average vertical coordinate ym of each layer. Therefore the data ob-

tained by the optical method have to be post-processed by an algorithm

that converts the unit of measures to the SI unit system and rescales the

dimension with respect to the reference system of the channel flow.
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(a) Example of a single frame analysed by the optical method.

(b) Selection of the Region of Interest and the the Region of Measure of a single

frame.

Figure 3.10: Example of the measurement technique on a single frame.
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3.3 Measurements of velocity and concentration

The optical method is used in order to obtain the longitudinal and vertical

component of the velocity, the concentration and the granular temperature

of the flowing particles. These values are measured from the transparent

side-wall both for the small and large particles. A Matlab code gives the

above variables in the proper units, referenced to a fixed coordinate system.

3.3.1 Velocity measurements

As explained in Section 3.2, through the optical method we know the in-

stantaneous velocity component of each particle in each layer. The calcula-

tion of granular velocity is based on the measurements of the displacement

between two consecutive frames of the particles in each layer. The first

calculated value is the instantaneous velocity uβ
p of the small and large par-

ticles contained in each single layer.

In each frame and for each size class, the i-th component of the instan-

taneous granular velocity (at time t) of the layer is defined as the average

of the velocity components of the individual particles:

ũβi =

nk∑
k=1

(
(up)

β
i

)
k

nk
(3.7)

where nk is the number of particles of each class contained in the single

layer in each frame. Fig. 3.11 shows the individual particle velocity (blue

and light-blue arrows) and the instantaneous velocity of each layer (red and

purple arrows).

The time averaged granular velocity component of each class is there-
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fore:

uβi =

nt∑
t=1

(
ũβi

)
t

nt
(3.8)

where nt is the number of frames considered for each layer. The instanta-

neous Eulerian velocity vector of the single class is obtained. We underline

that with vertical velocity we refer to the direction normal to the bed.

Figure 3.11: Velocity vector of the small and large particles in the control vol-

ume. The red and purple arrows represent the average velocity of the particles.

3.3.2 Concentration measurement

The instantaneous concentration of each grain-size class β is calculated by

measuring the number of pixels contained respectively in the black and



3.3 Measurements of velocity and concentration 61

white areas of each single frame in each layer. In each layer of a single

frame there are nw number of white pixels, nb number of black pixels and

the number of total pixels is:

ntot = nw + nb + nv (3.9)

where nv is the number of the pixels of the voids. The pixels in the back-

ground are treated as voids.

The 2D instantaneous concentration of each grain size class β is therefore:

c̃β2D =
nβ

ntot
(3.10)

This is a 2D concentration. For each spherical particles, with some algebra

(Rossi [65]), it is possible to obtain the three dimensional instantaneous

concentration c̃β as a function of c̃β2D, C
∗
2D and C∗, where c̃β2D is the instan-

taneous 2D concentration, C∗
2D is the 2D packing concentration and C∗ is

the 3D packing concentration, i.e.:

c̃β3D = C∗
3D

(
c̃β2D
C∗
2D

)3/2

(3.11)

where for spherical particle C∗
3D = 0.7405 and C∗

2D = 0.906.

As for the velocity, the time averaged concentration in the single layer is:

cβ =

nt∑
t=1

c̃β

nt
(3.12)

with nt the number of frames of the single grain size class.

3.3.3 Granular temperature measurement

The granular temperature represents the specific particle kinetic energy. In

a two dimensional flow, for each layer and each grain size class, the granular
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temperature T β is defined as:

T β =
1

2

nt∑
t=1

(
(u′β1 )2 + (u′β2 )2

)
t

(3.13)

where:

(u′βi )t = (ũβi )t − (uβi )t (3.14)

is the fluctuating part of the granular velocity component. The index t rep-

resents the single frame. In the next chapter 4, the granular temperature,

expressed in cm2/s2, is calculated both for the small and large particles

along the uniform flow depth.

3.4 Validation of the optical method

To verify the accuracy of the optical method and, if necessary, to calibrate

it, we made a series of comparisons between the measurements taken with

the automatic procedure and those performed with a manual method.

In the second method a certain number of consecutive frames was first

selected. The spherical particles were identified by circles and in each frame

and in each layer the centres of the large and small particles were identified.

At the end the coordinates of the centres were measured. In this way it was

possible to obtain the displacements and, consequently, the time average

components of the particle velocity uβi = (u1, u2)
β.

Fig. 3.12 shows a sketch of the procedure. The horizontal strip is

divided in a certain number of layers. In each layer, that is a rectangular,

we identified the large and white particles (yellow, purple, blu and green

circles in the figure), the small and black particle (light blues circles in the

figure) and the void space (red strips in the figure).

The manual results were compared to the values obtained for the same
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set of frames with the optical method. Moreover, the manual velocity was

computed by two different operators, with the purpose of reducing the error

in the identification of the particles centres. The procedure was developed

both for the small and large particles. Table 3.3 report the errors found.

In order to estimate the accuracy of the measurement of concentration

we compared the automatic measure with a manual measure similarly to the

one adopted for the velocity. Instead of directly locating the coordinates

of the particles centres, we calculated in each layer the surface area Aβ

occupied by the small and large particles. In addition, we calculated the

total void surface in each frame. The instantaneous concentration of each

grain size class β is given by the ratio (in each layer) by the areas occupied

by the particles of the class β and the total area. Tab. 3.3 shows the

evaluation of the errors.

The estimation error on the concentration of small particle is rather

high. A further comparison analysing only this variable was conducted to

estimate precisely the error. In particular, for the small particles whose

average concentration was affected by a systematic error, we rescaled the

average concentration value on the base of the average concentration based

on the manual method.

Table 3.3: Estimated errors on the variables computed by the optical method.

variable error

longitudinal velocity large particles 2%
vertical velocity large particles 6%
longitudinal velocity small particles 2%
vertical velocity small particles 8%
concentration small particles 20%
concentration large particles 11%
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Figure 3.12: Sketch of the manual procedure to compute the velocity and the

concentration.

3.5 Determination of the bed and the free surface
elevation

The distributions along the flow depth of the granular velocity and granular

temperature, which we will present and discuss in the next chapters, show

that these profiles have an asymptotic trend approaching to zero as we

proceed towards of the loose bed (static bed generated in the experiment,

as it will be explained in the next Chapter chapter 4). This fact makes

problematic the definition of the bed elevation.

We solved this ambiguity by identifying therefore the position of the bed

in correspondence to the layer in which the velocity of the small particles is

1% of the maximum velocity, following a convention already introduced in

Armanini et al. [3], Nucci [57] and Meninno et al. [55]. We highlight that
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this threshold does not influence noticeably the calculation of the depth

averaged velocity.

We have a similar problem for the identification of the free surface. Since

we know that the concentration of the small particles near the free surface

is approaching zero due to the collisional regime, we identified the position

of the free surface with the first layer in which the particle concentration

of the small particles is less than 0.01.

Figure 3.13 shows the identification of the bed and the free surface on

a single frame of a test.

Figure 3.13: Identification of the bed and the free surface.
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Chapter 4

Stationarity and homogeneity
in a channel flow

This chapter analyses the conditions that allow the formation of a flume

stretch in which the bi-dispersed dry material can be considered statistically

stationary and homogeneous (uniform channel flow). These conditions are

checked through the measure of the flow parameters in different sections and

in different times. The invariance of these parameters in time and in the



68 4 Stationarity and homogeneity in a channel flow

longitudinal direction demonstrates the statistically stationarity of the flow.

4.1 Uniform channel flow condition of dry granular
mixture

Let us consider a long rectangular channel inclined by an angle θ with

respect to the horizontal direction. When the flume is fed by a constant

liquid discharges, a steady non-uniform flow profile is established. With a

proper choice of boundary conditions, at a certain distance from the end of

the channel the statistically and homogeneous flow condition is obtained.

We refer to this condition as uniform channel flow. The free surface becomes

parallel to the channel bottom and the flow depth depends on the flow rate.

In case of sediment transport, feeding with solid and liquid discharges a

rectangular channel controlled by a weir downstream generates a deposit

over which the flow can be considered uniform. In this case the slope of the

free surface depends on the sediment characteristics and on the solid and

liquid flow rates (Armanini and Rossi [9]).

Let us now analyse the case of dry granular material. By feeding with

semi-elastic solid particles a sufficiently long channel, closed downstream

by a weir, a steady granular flow similar to that of sediment transport in

water is obtained. This was also observed in recent works by Mennino et

al. [55], in the case of homogeneous material, where three stretches on the

channel are identified: a decelerated, an accelerated and a uniform flow

stretch.
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4.2 Experimental procedure

In all the tests conducted, we noticed upstream of the weir the formation

of a loose static bed layer over which the granular materials was flowing.

After a certain time, the flow becomes steady and the flow depth, defined

as the distance between free surface and bed, was not constant along all the

flow. In each test, however, a sufficiently long stretch of the channel was

formed in which the free surface and the bed elevation exhibited a linear

trend and the flow depth was constant, as shown in Figure 4.1. We aimed

therefore to check whether in this stretch the uniform flow condition was

achieved. We measured velocity, concentration and granular temperature

in different sections (Fig. 4.2) of the flume at different times.

The measures were performed from the transparent side-wall of the

flume. By following the procedure described in chapter 3 the granular

discharge of each grain-size class was taken. We measured the flow depth

h and the bed elevation zb (Fig. 4.1).

We tested three different partitions of the feeding discharge between the

classes: i) PS = 25% and PL = 75%, ii) PS = PL = 50% and iii) PL = 25%

and PS = 75%, as summarized in Table 4.1. In this convenient to define a

dimensionless discharge of the two classes with respect to the channel width

W , the particle diameter of the class dβ and the gravity acceleration g:

Q∗
β =

Qβ

Wdβ
√

dβg
(4.1)

where Qβ is the granular discharge of the single grain-size class measured

at the end of the experiment in the control volume. The definition (4.1)

considers the mobility scale dβ and the width W of the rectangular channel

for the lateral effect. The total granular discharge is therefore:

Q∗
T = Q∗

S +Q∗
L (4.2)
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Figure 4.1: Sketch of the dry granular mixture flowing over the loose bed.
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Figure 4.2: Section of measurement for the uniform flow channel tests.

Table 4.1: Summary of all the tests conducted for the uniform channel flow

conditions. The sections of measurement refer to Figure 4.2.

Test Q∗
T [-] PS [%] PL [%] sections of measurement

T1 20 50 50 5
T2 120 75 25 5
T1 200 25 75 5
H0 80 50 50 1, 2, 4
H1 20 50 50 2, 3
H2 30 50 50 2, 3
H3 50 50 50 2, 3
H4 120 75 25 2, 3
H5 200 25 75 2, 3
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4.3 Statistically stationary condition

The first experiments where addressed to check the existence of the statis-

tically stationary condition. A central location with respect to the flume

was chosen in order to minimize the influence of the longitudinal gradient

of the variables. We chose the section S5, at 2.75m from the beginning of

the flume (Fig. 4.2), to verify the possible temporal variation of the vari-

ables and therefore determine the time necessary to reach a statistically

stationary condition.

We want to underline that the present tests are aimed at determining

the possible stationarity of the flow, while the homogeneity has been veri-

fied with a series of tests described in section 4.4.

After some preliminary series of tests, we determined the necessity to an

adaptation time (t1), ranging between 30 and to 60 minutes, to reach the

stationarity. We performed a series of measures of velocity, concentration

and granular temperature profiles after this time.

Figures 4.3, 4.4 and 4.5 show the results for the two time steps that are

compared in the same graphs for the two grain size classes (large and small

particles). In the graphs the normal coordinate x2 is made dimensionless

with respect to the flow depth h, that is η = x2/h (Fig. 4.1).

We can notice that the velocity and the concentration profiles result

almost coincident in all the three tests, even if the concentration profiles of

the two classes measured in different times are not perfectly superimposed.

We believe that these differences are attributable to the lower accuracy of

the concentration measurement with respect to that of velocity and granu-

lar temperature measurements.
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Figure 4.3: Test T1. Profiles of velocity and concentration in section S5 in

two time steps with Q∗
T = 20; PS=PL = 50%.
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Figure 4.4: Test T2. Profiles of velocity and concentration in section S5 in

two time steps with Q∗
T = 120; PS = 75% and PL = 25%.
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Figure 4.5: Test T3. Profiles in section S5 in two time steps with Q∗
T = 200;

PS = 25% and PL = 75%.



76 4 Stationarity and homogeneity in a channel flow

Table 4.2: Data for stationary condition tests.

Test Q∗
T PS PL h [cm] t1 [min] t2 [min]

T1 20 50 50 1.50 30 60
T2 120 75 25 3.00 45 90
T3 200 25 75 3.30 60 120

4.4 Statistically homogeneous stretch

After the existence of the statistically stationary condition was verified,

we checked the existence of the statistically homogeneous condition: we

investigated the time average profile of the variable in different sections of

the flume (Sections S1, S2, S3 and S4 of Figure 4.2).

4.4.1 Results in sections 1, 2 and 4

At first, we performed the simultaneous measure in sections S1, S2 and S4

(Fig. 4.2). In this case the tests were carried out with volumetric partition

of the granular mixture equal to PS = PL = 50% and Q∗
T = 80, the same

previously adopted to check the flow stationarity. Figures 4.6 and 4.7 show

the velocity, the concentration and the granular temperature profiles. The

general flow condition are reported in Table 4.3, where zb is the depth of the

loose bed from the bottom of the channel. In general, we can see that the

profiles of velocity, concentration and granular temperature in the three

sections are different. In particular the concentration profiles show that

an evident stratification of the two classes is present in all the sections,

with the large particles flowing mainly near the free surface while the small

particles flowed mainly near the static bed. However an intermediate layer

in which the two classes were mixed is present in all the sections too.
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Figure 4.6: Test H0. Velocity profiles in sections 1, 2 and 4 of the flume (Fig.

4.2).
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Figure 4.7: Test H0. Concentration and granular temperature profiles in

sections 1, 2 and 4 of the flume (Fig. 4.2).
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Table 4.3: Data for the homogeneous test H0 in 3 Sections of Fig. 4.13.

Test H0 section S1 section S2 section S4

distance [m] 2.60 3.20 3.00
h0 [cm] 1.70 2.50 2.00
zb [cm] 4.00 4.50 5.10

4.4.2 Results in sections 2 and 3

Since the profile in Sections S1, S2 and S4 are not constant (i.e the flow is

not statistically homogeneous), we introduced a further measuring sections

between the section S1 and S2 (Fig. 4.13).

We performed and analysed five new tests, defined H1, H2 H3, H4 and

H5, which data are summarized in table 4.4. In test H1, H2 and H3 we

kept constant the grain classes volumetric partition (PS = 50% small and

PL = 50%large), but changed the discharge (Q∗
T = 20 − 30 − 50). In

the tests H4 and H5, instead, we checked different volumetric partition

and different discharges: PS = 75% − PL = 25% − Q∗
T = 120 and PS =

25% − PL = 75% − Q∗
T = 200. Figures from 4.8 to 4.12 show that there

is not an appreciable variation of the flow variables between section 2 and

section 3. The gaps on the concentration profiles are considered acceptable

due to the error on the measuring method. The overlapping of the profiles

confirms the achievement of the statistically stationary condition. In this

case the longitudinal velocity of the two phases result really similar for both

the small and the large particles. We might conclude that the flow between

the flow section 2 and section 3 can be considered statistically stationary

and homogeneous (uniform channel flow) in all respect.
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Figure 4.8: Test H1. Longitudinal velocity and concentration profiles in sec-

tions S2 and S3 of the flume (Fig. 4.2).
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Figure 4.9: Test H2. Longitudinal velocity and concentration profiles in sec-

tions S2 and S3 of the flume (Fig. 4.2).



82 4 Stationarity and homogeneity in a channel flow

Figure 4.10: Test H3. Longitudinal velocity and concentration profiles in

sections S2 and S3 of the flume (Fig. 4.2).
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Figure 4.11: Test H4. Longitudinal velocity profile and concentration profiles

in sections S2 and S3 (Fig. 4.2).
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Figure 4.12: Test H5. Longitudinal velocity profile and concentration profiles

in sections S2 and S3 (Fig. 4.2).
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Table 4.4: Data for homogeneous condition tests in sections S2 and S3 (Fig.

4.2).

Test Q∗
T PS [%] PL[%] h0 [cm] zb [cm] zt [cm]

H1 20 50 50 1.50 3.00 4.50
H2 30 50 50 2.00 4.00 6.00
H3 50 50 50 2.50 4.50 7.50
H4 120 75 25 3.00 4.50 7.50
H5 200 25 75 3.30 4.00 7.30

4.5 Conclusions

The previous tests were finalized to check the existence of a sufficiently long

stretch of the channel in statistically stationary and homogeneous condi-

tion, already observed in uniform dry granular flows by [55] and [65], also

for a binary mixture.

Moreover, in these works three different types of flow were identified

along the flume: a decelerated, an accelerated and a uniform flow stretch.

In our case, we observed the same features.

We identified the three type of flow on the loose bed: a decelerated part,

a uniform flow sections in a stretch proportional to the granular discharge,

then, immediately upstream of the weir, an accelerated section (Fig. 4.13).

Therefore we can conclude that the granular mixture shows the same char-

acteristics also in case of a bi-disperse mixture. We noticed, besides, that

the uniform flow depth depends mainly on the feeding discharge. This con-

sideration is valid as the slope of the surface depends on the discharge only

[55, 65, 3]. With greater values of the slope of the flume, but maintain-
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ing the discharge constant, the loose bed slope and the flow depth do not

change since the volume of the deposit varies until the same properties are

reached.

α
x2

uniform flow

x1

is

decelerateflow

accelerateflow

flow over
unerodible bed

Figure 4.13: Three different flowing conditions are identified in the channel.
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Uniform channel flow results
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In this chapter the results of the tests concerning the uniform flow are pre-

sented. The first part examines the effect of the volumetric particle partition

on the velocity, concentration and granular temperature average profiles.

The second part tackles the problem of the influence of the discharge on the

flow regime.
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5.1 General remarks

The chapter aims at analysing the general features of the flow in the cen-

tral reach of the flume in which the flow is statistically homogeneous and

stationary (uniform channel flow).

In the uniform flow stretch, the flow regime results stratified, with the

large grain-size class in the upper part of the flow depth and the small

grain-size class at the bottom (Fig. 5.1). This configuration is reached

in all the tests, independently from the percentage of the two grain-size

classes composing the mixture and the flow rate. Consequently, the loose

bed results composed mainly by the small grain-size class. Sometimes the

large particles percolate downward in the loose bed, but the quantity is

negligible respect to the black particles, also in experiments with high vol-

umetric partition of the large grain-size class. Between the two layers of

different particles, there is a mixing layer in which both the two grain-size

classes are present. In addition, on this reach the slope of the free surface

is parallel to the bed slope, i.e. the flow depth is constant.

Let us remember that in the tests we will always refer to the dimen-

sionless flow rate Q∗
T = Q∗

S +Q∗
L, with Q∗

β = Qβ/Wdβ
√

dβg, where Qβ is

the measured discharge (chapter 4).

The control volume is represented by the selected section of the frame

and the ensemble of the particles the volume of the two grain size classes

(Fig. 3.10, chapter chapter 3). The profiles of velocity, concentration and

granular temperature refer to this control volume.

With volumetric partition we refer to the percentage of each single grain-

size class respect to the total binary mixture. The total volume of the

granular mixture is Vtot and it is composed:

Vtot = Vsmall + Vlarge (5.1)
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In this definition, used to distinguish the different initial mixture, we are

not considering the voids. The total volume Vtot is that of the control

volume chosen for the discharge measurement, as the volumetric partition

Pβ is measured at the end of each test respect to this control volume:

Pβ =
Vβ

Vtot
(5.2)

Numerous tests were carried out to control precisely the percentage of the

two grain-size classes in the flowing mixture. We highlight that with vertical
direction we refer to the normal direction to the loose bed.

h

layer dominated by small
particles

loose bed

mixed layer

layer dominated by large
particles

0

Figure 5.1: Different regions in the uniform flow stretch.
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Figure 5.2: Scheme of the average temporal profiles in the uniform flow

sections, of longitudinal velocity, concentration and granular temperature of

the two grain size classes, s and l, along the adimensionless flow depth η, from
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5.2 Velocity, concentration and granular temperature
distributions

We did different tests to analyse how the flow regimes changes in relation to

the volumetric partition of the mixture Pβ and the total granular discharge

Q∗
T . Different combinations of volumetric partition composing the discharge

were tested:

• PS = 0 and PL = 100%

• PS = 25% and PL = 75%

• PS = 50% and PL = 50%

• PS = 75% and PL = 25%

• PS = 100% and PL = 0%

Some preliminary tests were necessary to obtain the desired percentage.

These combinations were tested with a low flow rate (Q∗
T = 50) and a high

flow rate (Q∗
T = 200). In addition, for the combination PS = 50% and

PL = 50% the tests were repeated for numerous flow rates to deeply anal-

yse the effect of the discharge.

In the following analysis we made the vertical coordinate x2 dimension-

less with respect to the uniform flow depth h0 (Fig. 5.2). Table 5.1 shows

the features of the tests in steady uniform flow condition. In the following

sections the results for each case are presented.
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Table 5.1: Summary of all the tests conducted in the uniform flow section.

Test Q∗
T [−] PS [%] PL [%]

B1 50 100 0
B2 200 100 0
W1 50 0 100
W2 200 0 100
P1 50 75 25
P2 200 75 25
P3 50 25 75
P4 200 25 75
Q1 16 50 50
Q2 32 50 50
Q3 40 50 50
Q4 50 50 50
Q5 70 50 50
Q6 80 50 50
Q7 90 50 50
Q8 150 50 50
Q9 200 50 50
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5.2.1 Tests with uniform sized material

In order to have some information about the behaviour of the single class

of particles, some tests were conducted with the small particle only or with

the large particle only, which data are summarized in Tab. 5.2.

We analyse the results of the mixture composed by small particles. Fig-

ure 5.3 shows respectively the profile of longitudinal velocity, concentration

and granular temperature for small particle for Q∗
S = 50 (low discharge),

while Figure 5.4 shows the same variables for Q∗
S = 200 (high discharge).

The velocity profile for the low discharge (Q∗
S = 50) shows a concave

distribution up to the top layer. For the high discharge test, the velocity

profile shows an inflection point with a convex trend near to the free sur-

face. The two different configurations suggest that at higher discharges the

flow presents a layer dominated by collisional regime, as already observed

by Mennino et al. [55] and Armanini et al. [8].

The concentration profiles (central plot of Figures 5.5 and 5.6) show that

the concentration decreases systematically moving toward the free surface,

exhibiting a strong change in the decreasing rate near to the free surface.

As expected, the concentration gradient in the lower part of the flow depth

are higher at higher discharge. As regards the granular temperature, the

gradients in this case are much higher at higher flow discharges.

Figure 5.5 and Figure 5.6 show the same variables for the test with large

particles only. One of the most evident difference between large and small

particle variables profiles is in the granular temperature profile, which is no-

tably larger for the large particles. The inflection point in the longitudinal

velocity profile is more evident as well. These differences suggest that the

collisional component of the flow is more important for the larger particles.

In addition, the longitudinal velocity increases with the discharges.
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Figure 5.3: Test B1. Profiles of longitudinal velocity, concentration and gran-

ular temperature (small particles, Q∗
T = 50) .

Figure 5.4: Test B2. Profiles of longitudinal velocity, concentration and gran-

ular temperature (small particles, Q∗
T = 200).



5.2 Average temporal profiles 95

Figure 5.5: Test W1. Profiles of longitudinal velocity, concentration and

granular temperature (large particles, Q∗
T = 50).

Figure 5.6: Test W2. Profiles of longitudinal velocity, concentration and

granular temperature (small particles, Q∗
T = 200).
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Table 5.2: Summary of the the uniform sized test in the uniform flow section.

Test Q∗
T [−] PS [%] PL[%] h0 [cm]

B1 50 100 0 1.20
B2 200 100 0 2.00
W1 50 0 100 1.50
W2 200 0 100 2.30

5.2.2 Tests with granular mixture PS = 75% and PL = 25%

In this case the granular mixture is composed mainly by small particles.

We conducted a test, defined as test P1, with the low discharge Q∗
T = 50

and a second one, defined as P2, with the high discharge Q∗
T = 200, which

main properties are reported in Table 5.3.

Figure 5.7 shows that the components of the velocity nearly coincides

between the two classes. The Figure 5.9 confirms that with the higher

discharge also the profiles of the velocity component of the two fractions

coincide. The intensity of the longitudinal velocity component is higher at

higher discharges as well as the vertical component and this means that the

the granular discharge influences the value of the velocity vector. In these

tests we did not observe the inflection point in the longitudinal velocity

distribution nor for the higher discharge. The vertical velocity distribution

shows that for both the classes a downward flux is present. We will discuss

this downward flow in the next section.

Figure 5.8 and Figure 5.10 show the profile of the concentration and

granular temperature for both classes and for the test P1 and P2 respec-

tively. The concentration profiles show a marked (as already mentioned)

tendency to stratification, with the larger particles concentrated in an upper
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layer and well mixed with the small ones, while the lower layer is composed

by the small particles only. However, even in the upper layer, between these

two layers there is a mixed layer showing a smooth transition between the

two.

In Figure 5.8 and Figure 5.10 we reported also the total volume concen-

tration, defined as the sum of the concentration of the two classes. These

profiles present a trend similar to that of single classes profile: in the lower

part of the profile the concentration tends to decrease nearly linearly mov-

ing upwards, with a stronger negative gradient near the free surface.

The right plot of Figure 5.8 and Figure 5.10 show the granular temper-

ature profile of the two classes for both the flow rates. The granular tem-

perature profile shows a different behaviour for the two grain-size classes.

Also in this case the smaller class exhibits an higher granular temperature

with respect to the larger particles. This difference is likely due the larger

relative mean path of the small grain size class.

Table 5.3: Data of the tests P1 - P4.

Test Q∗
T [−] PS [%] PL[%] h0 [cm]

P1 50 75 25 1.50
P2 200 75 25 3.00
P3 50 25 75 1.20
P4 200 25 75 2.90
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Figure 5.7: Test P1. Velocity profiles.

Figure 5.8: Test P1. Concentration and granular temperature profiles.
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Figure 5.9: Test P2. Velocity profiles.

Figure 5.10: Test P2. Average concentration and granular temperature pro-

files.
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5.2.3 Tests with granular mixture PS = 25% and PL = 75%

In this case the mixture is composed mainly by large particles. Figure 5.11

shows the profile of the longitudinal and normal velocity component for

both classes. Figure 5.13 shows the same profile for the higher discharge

(Q∗
T = 200).

As regard the velocity profiles, both in longitudinal and vertical direc-

tion, the same considerations of the case of the previous granular mixture

are valid. The velocity vectors of the two grin-size classes coincide. The

longitudinal velocity profile in case of high discharge shows a shiny kink at

the top layer, whereas the profile for low discharge is concave. This result

suggests the existence of a top layer dominated by collisions in case of high

discharge. Again the vertical velocity profiles are not equal to zero and

they indicate the presence of a small vertical motion downward, of both

the two grain-size classes.

Moreover, we can notice that the mixed layer increases with the dis-

charge, as in case of high discharge test, the thickness of the small particles

decreases. From Figure 5.12 and Figure 5.14 we can see that the granular

temperature profiles of the two grain-size class have a similar trend inde-

pendently from the discharge. Again here the granular temperature of the

small particles is greater than that of the large particles.
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Figure 5.11: Test P3. Velocity profiles.

Figure 5.12: Test P3. Concentration and granular temperature profiles.
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Figure 5.13: Test P4. Velocity profiles.

Figure 5.14: Test P4. Concentration and granular temperature profiles.
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5.2.4 Tests with granular mixture PS = PL = 50%

We performed the tests with PL = 50% and PS% = 50% even with more

discharges in order to better highlight the effect of the discharge on the flow

field.

In particular, we conducted nine tests with the following dimensionless total

granular discharges: Q∗
T = 16− 32− 50− 70− 80− 110− 150− 220.

By taking into account the previous results and the role the collisional

regime, we grouped these tests in three groups:

• low discharge: Q∗
T = 16− 32− 40;

• intermediate discharge: Q∗
T = 50− 70− 80;

• high discharge: Q∗
T = 110− 150− 200;

In the next sections we show the results of the tests according to this

division. The data of the tests are reported in Table 5.4.

Table 5.4: Data for tests with same volumetric partitions.

Test Q∗ [-] PS [%] PL[%] h0 [cm]

Q1 16 50 50 1.00
Q2 32 50 50 1.25
Q3 40 50 50 1.50
Q4 50 50 50 2.20
Q5 70 50 50 2.37
Q6 80 50 50 2.50
Q7 110 50 50 2.60
Q8 150 50 50 3.10
Q9 200 50 50 4.00



104 5 Uniform channel flow results

5.2.4.1 Velocity profiles

Figures 5.15, 5.16 and 5.17 report the longitudinal and normal velocity pro-

files for the different discharge classes. In general the longitudinal velocity

profiles exhibit at the beginning a downward concavity. After, its trend

changes according to the different flow rates. In particular, analysing the

results in Figures 5.15, 5.16 and 5.17, we can see that for very low and

intermediate discharges the trend is concave up to the top layer. The low

discharge test (Fig. 5.15) presents a lower velocity with respect to the oth-

ers. Moreover, we can notice that the velocity of the two grain-size classes

has exactly the same trend, both in the longitudinal and vertical direc-

tions. As regard the high discharge tests (Fig. 5.17), we can see that there

is not a large difference between the velocity test with Q∗
T = 110 and the

Q∗
T = 150, but there is a strong difference between the tests with discharge

Q∗
T = 150 and Q∗

T = 200. An inflection point is present in both the cases

and we can observe that the maximum values of the vertical velocity are

between η = 0.8− 0.9. In the next chapter we will explain this downward

flux more in detail. The vertical velocity is not null, although the values are

pretty small. The profile underlines a transversal gradient and it displays

the presence of a downward displacement of the particles. This can suggest

the presence of secondary circulations close to the walls or due to diffusive

terms. Secondary circulations were already found in the work by Rossi [65].

The intermediate discharge tests (Fig. 5.16) show a behaviour between the

two other cases, again the longitudinal velocity profiles of the two grain

size classes coincide, but the inflection point is not present yet. We can ob-

serve that both the longitudinal and the vertical velocity maximum value

increase with the discharge (e.g. the maximum longitudinal velocity in the

low discharge case is equal to 0.5m/s, whereas in the high discharge tests

it arrives up to 1.20m/s.)
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Figure 5.15: Velocity profiles for the group of low discharges Q∗
T = [16− 40]

Figure 5.16: Velocity profiles for the group of intermediate discharges Q∗
T =

[50− 80]
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Figure 5.17: Velocity profiles for the group of high discharges Q∗
T = [110 −

200].

5.2.4.2 Concentration profiles

Figures from 5.18 to 5.20 report the average concentration profiles. From

the graphs we can see that there is a strong tendency to stratification. If

we observe Fig. 5.18, we can see that with the lowest discharge Q∗
T = 16

the stratification results much more marked and the layer with no large

particles arrives nearly up to the middle of the flow depth (η = 0.5). In

contrast, for the highest discharge (Q∗
T = 50) the layer of small particles

results much smaller, up to η = 0.15.

There are not remarkable differences for the concentration of the large par-

ticles in this test. We can notice that for intermediate discharges (Fig.

5.19), in the case of Q∗
T = 50 and Q∗

T = 70, the upper layer dominated by

large particles is larger with respect to the low discharge tests (Fig. 5.18).

For the high discharge case (Fig. 5.20), the concentration profiles exhibit
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the existence of a lower layer in which the large solid fraction is not present

and the flow depth of this layer does not depend on the discharge. In the

upper part of the flow we can see the presence of layer dominated by the

small particles, that decreases with the discharge. In addition, the profiles

show that the gradients of the total concentration are considerably higher

for Q∗
T = 200, reporting an important dominance of the collisional regime,

as it will be better explained in the next chapter.

Figure 5.18: Concentration profiles for the group of low discharges Q∗
T =

[16− 40]
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Figure 5.19: Concentration profiles for the group of intermediate discharges

Q∗
T = [50− 80]

Figure 5.20: Concentration profiles for the group of high discharges for Q∗
T =

[110− 200]
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5.2.4.3 Granular temperature profiles

Figures 5.21, 5.22 and 5.23 show the granular temperature profiles of the

two grain size classes. Let us remember that the granular temperature

represents the kinetic energy per unit mass of the fluctuating component

of the particles velocity.

We can observe that, generally, the granular temperature of both the

two grain-size classes increases going to the free surface and has a similar

trend to that of the longitudinal velocity. If we observe the low discharge

tests (Figure 5.21), as we could have expected, the granular temperature

monotonically increases moving upwards at increasing the discharge.

For the high discharge test (Figure 5.23), we can see that for the small

particles we have high gradients from η = 0.75, but at the same time the

particle concentration is really low. For the large particles the gradients

are smaller, on the other hand the particle concentration results high.

The granular temperature of the small grain-size class always results

grater than that of the large particles for the reason already mentioned

(larger relative mean path of the small grain size class).

We also computed (not reported here) the kinetic energy respect the

fluctuation of the velocity. In this case, as the granular temperature is

multiplied for the mass of the single phase (small and large respectively),

the kinetic energy of the large particle result always greater than that of

the small particles, leading to hypothesize the non equipartition of the

fluctuating of the kinetic energy [19, 25].
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Figure 5.21: Granular temperature for the group of low discharges Q∗
T =

[16− 40].

Figure 5.22: Granular temperature for the group of intermediate discharges

Q∗
T = [50− 80]
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Figure 5.23: Granular temperature for the group of high discharges Q∗
T =

[110− 200]

5.2.5 Conclusions

As regards the effect of the different volumetric partition in the uniform

channel flow, we can affirm that independently from this quantity, the bi-

nary mixture segregate in two layers, in which the large particles are at

the top layer and the small one at the bottom. The different volumetric

partition influences the dimension of the mixed layer, but the granular dis-

charge results having the key role in the process. The longitudinal velocity

and the granular temperature profiles show that the regime is dominated

by friction up to high discharge values, independently from the volumetric

partition.
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5.3 Free surface and bed slopes

The experiments in Mennino et al. [55] underlined that the slope of the

free surfaces is steeper or equal to that of the friction angle of the packed

material. If we analyse the experiments with equal percentage of the two

grain-size classes and an average value for the discharge and the friction

angle of the particles, the same results is obtained (Fig. 5.24). Moreover,

with respect to the ratio W/h between the width of the channel and flow

depth, the slope of the free surface tends to assume a constant value, close

to the average friction angle of the two grain-size classes (Fig. 5.25). This

result was already observed in Mennino [55] and Taberlet [71], for the case

of homogeneous material. According to the flow rates, the uniform flow

depths increases for higher values of discharge, as the Fig. 5.25 shows.

Figure 5.24: Free surface slope as function of the dimensionless discharge and

relation between the slope of the free surface and the ratio w/h in experiments

with equal percentage of the two grain-size classes.
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Figure 5.25: Uniform flow depth as a function of the non-dimensional granular

discharge.
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Chapter 6

Analysis and discussion

In this chapter we present some further processing of the experimental data,

useful to better understand the dynamics of mixtures of different grains size

classes. In particular, we wanted to perform some analyses of the mass and

momentum balances also in the light of some rheological models existing in

the literature.
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6.1 Two-dimensional mass and momentum balances
of bimodal granular material

In chapter 2 we presented a general approach to non-uniform grain-size

granular flow (chapter 2, eq. (2.1)). By introducing the Reynolds decom-

position [34] of the variables of the system of Eqs. (2.1), which govern the

flow in a 2D uniform channel (x1, x2), with the same algebra the system is

changed as follows:

• mass balances of the two classes:

∂

∂x2
(cβuβ2 ) +

∂

∂x2
(c′ β u′ β2 ) = 0 (6.1)

• momentum balances for each grain size class β:

cβgρs sin θ+
1

ρs

∂τβ12
∂x2

− ∂

∂x2

(
cβuβ1u

β
2

)
− ∂

∂x2

(
cβ u′ β1 u′ β2

)
+

1

ρs

∂

∂x2

(
ξβ12

)
= 0

(6.2)

cβgρs cos θ+
1

ρs

∂σβ
22

∂x2
− ∂

∂x2

(
cβuβ2u

β
2

)
− ∂

∂x2

(
cβ u′ β2 u′ β2

)
+

1

ρs

∂

∂x2

(
ξβ12

)
= 0

(6.3)
with β = s, l. θ is the slope of the loose bed and of the free surface,

τβ12 are the tangential stresses (frictional and collisional, chapter 2), the

terms u′ β1 u′ β2 and u′ β2 u′ β2 are Reynolds-like stresses and ξβ12 represents the

stresses exerted on the size class β by the other class.

In the momentum balances (Eqs. (6.2) and (6.3)) we neglected the

second and third order correlation terms containing the fluctuating compo-

nents of concentration, since, as we will see, these terms are negligible in

particular with respect to the weight forces.

To better analyse the physical processes that occur in the flow of the
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bimodal mixture, we have deviated from the experimental data some terms

of the above equations.

Since the experimental data, especially those relating to the concen-

tration measurements, are affected by random errors, often not negligible,

consisting of a white noise, they have been filtered with a digital signal

process in order to reduce the error.

We analysed the variables as discreet signals over time, by using the

Fourier transform in order to have the variables in the frequency domain.

We calculated the power spectral density (PSD) of the signal, that de-

scribes the power present in the signal as a function of frequency, per unit

frequency. The spectrum of the signal is typical of a physical process af-

fected by white noise: at lower frequencies the energy in the system is

high (granular temperature in our case), then it progressively decreases as

the frequency increases until it becomes constant. This trend allows us

to understand at what frequency the presence of noise tends to dominate

the spectrum and use this value in a filtering process to extract less noisy

measurements.

6.2 Considerations on the mass balance

To close the terms of Eqs. (6.1) relevant to the correlations between the

floating components, we can adopt a diffusive model similar to that already

described in the section section 2.4.1, by introducing suitable diffusion co-

efficients ξβ2 :

c′βu
′β
2 = −ξβ2

∂cβ

∂x2
=


c′su

′s
2 = −ξs2

∂cs

∂x2

c′lu
′l
2 = −ξl2

∂cl

∂x2

(6.4)
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From the physical and dimensional point of view, the diffusion coefficient,

as already observed in chapter 2. is proportional to a length scale (for which

it seems reasonable to assume the diameter of the particles of the size class

in question) and a velocity scale, for which it seems reasonable to assume

the square root of the granular temperature (T ), which well represents the

diffusion process due to the particle velocity fluctuations:

ξβ2 ∝ dβ
√
T β (6.5)

Substituting Eqs. (6.4) into the balance equations (6.1), we obtain:

∂

∂x2
(csus2)−

∂

∂x2

(
ξs2

∂cs

∂x2

)
= 0 (6.6)

∂

∂x2
(clul2)−

∂

∂x2

(
ξl2

∂cl

∂x2

)
= 0 (6.7)

These two equations can be integrated, obtaining:

csus2 − ξs2
∂cs

∂x2
= const1 (6.8)

clul2 − ξl2
∂cl

∂x2
= const2 (6.9)

Since the flow is stationary, the vertical mass flux at the bed is zero, and

consequently both constants are zero. The above equations become:

csus2 = ξs2
∂cs

∂x2
= −c′βu

′β
2 (6.10)

clul2 = ξl2
∂cl

∂x2
= −c′βu

′β
1 (6.11)

In the next Figures the terms of the equation are calculated according to

two representative tests R0 and R1. Table 6.1 reports the data of the

test used to develop the data analysis. The granular discharge is always
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calculated as the sum of Q∗
S and Q∗

L (chapter 4).

Figures 6.1 and 6.2 show average values of the longitudinal velocity,

normal velocity, concentration and granular temperature of the two tests.

As regards the distribution of longitudinal velocity and concentration for

both tests, analogues considerations as in chapter 5 are valid. As in the

other tests, the longitudinal component of the two grain size classes can be

assumed coincident. Form the concentration profiles, we can observe that

the large class is significantly concentrated in the upper part of the flow

depth, while the small one populates the lower part of the depth.

The granular temperature results greater for the small particles, due to

their owned greater inertia. Besides, we underline that the presence of the

small fraction is rather lower than that of the large fraction in the upper

layer.

Please note that the dimensionless flow depth η is in these tests refereed

to the average value of the layer. The value of the variables (velocity,

concentration, granular temperature) are computed respect to ym, average

height of each single layer.

Table 6.1: Data of the representative test for the data analysis.

Test Q∗
T PS [%] PL [%] h0 [cm]

R0 160 25 75 5.50
R1 170 50 50 5.20
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Figure 6.1: Test R0. Distributions of average values.
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Figure 6.2: Test R1. Distributions of average values.
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Figure 6.3: Test R0. Mass flux in x2.

Figure 6.4: Test R1. Mass flux in x2.
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The Figures 6.3 and 6.4 show the distribution of the two terms of

Eqs.(6.8) and (6.9) for thee tests R0 and R1 respectively.

The figures shows that the diffusive terms c′βu
′β
2 are negligible in both

cases with respect to the convective ones, both for the small and large

classes. In other words, the convective terms are not balanced by the dif-

fusive ones.

This result suggests the presence of a secondary circulation that near

the wall induces a flow (descending in this case) much more intense than

that which would balance the diffusive component alone. We notice that

this flux is greater for the large grain-size class and lower for the small.

The convective flow of coarse grains is generally greater than that of

fine grains because near the free surface, where the vertical velocities of the

particles are greater, the concentration of coarse grains is greater.

The existence of secondary circulations was found in case of homoge-

neous granular flows [55, 33, 65]. In particular Heyman et al. [33] found

that the combination of side wall velocity profiles provides a secondary flow

structure. They found that for a low flow rate a longitudinal vortex induces

an upward movement of the particles on the wall and a reverse rotation at

higher flow rates. Figure 6.5 shows a general sketch of the flow regimes at

the wall.

The presence of secondary circulation also testifies to the probable pres-

ence of transversal gradients of both concentrations and velocities. This

hypothesis is also evidenced by the differences found in the longitudinal

mass fluxes (per unit of width) measured near the transparent wall, which

are systematically lower than the areal averaged fluxes obtained from the

global discharges measurements.
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Figure 6.5: Sketch of the structure of the flow regime obtained by [33].

Upward motion of the particle (a) for low flow rate and reverse direction of the

motion for high flow rate (b) [33].

Figure 6.6: Comparison of the diffusive flux in x2 of the two fractions: test

R0 on the left and R1 on the right.
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Figure 6.6 shows the comparison between the flux direction in x2 of the

two fractions. We can notice that there are not remarkable differences in

the normal direction of the two grain size classes. We underline that these

flux are rather small compared to the measurement error is high.

Figure 6.7 and 6.8 instead show the distribution of longitudinal mass

fluxes for the two classes. It is possible to argue that the mass diffusive

fluxes in the longitudinal direction c′βu
′β
1 are negligible for both classes

with respect to the convective fluxes cβuβ1 . This result confirms that in

these tests the frictional regime prevails throughout the flow depth.

Figure 6.7: Test R0. Mass flux in x1.
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Figure 6.8: Test R1. Mass flux in x1.

It is then possible to calculate the granular discharge for unit width

from the side-walls distribution of velocity and concentration of the two

classes:

qβx =

∫ h0

0
uβ1 c

β (6.12)

The discharge calculated with Eq. 6.12 is always smaller that total dis-

charge measured at with the volumetric method (chapter 3) at the end of

the channel. The side-wall flow rate results lower for both grain sizes. This

result confirms the presence of transverse gradients of velocity and concen-

trations. In other words, the flow is three-dimensional and corresponds to

the results found for the homogeneous material by Meninno et al. [55], but

also by other authors ([72, 45]).

While it is practically impossible to obtain velocity measurements within

the flow far from the wall, it is instead possible to measure everywhere the
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relative concentration of the two classes.

To do this, we inserted a small pipe (visible in Figure 6.12) from the

bottom of the channel through which we suck up a certain volume of ma-

terial at different distances along the normal direction x2. By analyzing

these samples of collected material it is possible to obtain the distribution

of relative concentration of the two classes along the flow depth.

Please note that in this way it is not possible to obtain the absolute con-

centration, since the distribution of the voids is not known. We therefore

introduced the concept of relative concentration defined as:

cβr =
cβ

cs + cl
(6.13)

Figures 6.9, 6.10, and 6.11 present the comparison between the distribution

of relative concentration measured in the center of the channel and the

same distribution measured at the lateral wall with the optical method and

rescaled according to Eq.6.13 in 3 different tests. The figures show that the

smaller particles occupy in the center of the channel a portion of the flow

depth thicker than near the wall in all tests. Vice versa for large particles.

This result leads to the conclusion that the stratification is also present

inside the flow field, but with different intensity from the side walls.
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Figure 6.9: Test with PL = 75%: cr in the middle of the flow (left) and from

the side-walls (right).

Figure 6.10: Test with PS = PL = 50%: cr in the middle of the flow (left)

and from the side-walls (right).
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Figure 6.11: Test with PS = 75%: cr in the middle of the flow (left) and

from the side-walls (right).

Figure 6.12: Small pipe used to measure the particle concentration in the

middle of the flow.
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6.3 Considerations on the momentum balances

Also for the momentum balances (Eqs. 6.2 and 6.3) it is possible to make

similar considerations to those made for mass balances. We can first inte-

grate the equations along the normal direction between the free surface h

and the generic distance x2 from the bed:

ρsg sin θ

∫ h

x2

cβdx2 =
1

ρs
τβ12 − cβuβ1u

β
2 − cβ u′ β1 u′ β2 (6.14)

ρsg cos θ

∫ h

x2

cβdx2 =
1

ρs
σβ
22 − cβuβ2u

β
2 − cβ u′ β2 u′ β2 (6.15)

with β = s, l. We neglected the inter-class stresses ξβ, which depend on the

difference in velocity between the classes, since the measurements shows

that the velocity distribution is sensibly equal for the two classes.

In order to integrate the above equations it is necessary to preliminary

define the rheological and closure relations of all the stresses appearing in

the equations.

As already mentioned, this is a still open problem on which there are

different approaches and different models.

In a preliminary approach, a rheological model of frictional type could

be applied at the terms τ12 and σ11 and σ22 (Armanini et al. [3]) and apply

the dense gas analogy to the terms related to the correlations between the

fluctuating components (Reynolds-like stresses), although this approach is

unorthodox in the theories and applications reported in the literature on

kinetic theories. In fact, these theories do not contemplate the presence

of Reynolds-like terms, while they include in the constitutive relationship

and in the rheological relationship the effect of the collisional fluctuations

of the particles [27].
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While aware that this problem goes beyond the scope of the thesis, we

tried to compare with each other some terms of the above equations. For

this purpose we also calculated the collisional stresses applying the dense

gas analogy, both for shear and normal stresses. The Reynold-like terms

can be integrated according to the kinetic theory.

Figure 6.13 and 6.15 show the trend of these terms that appear in the

momentum balance equations in the two directions x1 and x2. In particular

the figures shows the Reynolds-like stress (red bullets), the collisional shear

stress, calculated according to the dense gas analogy and the longitudinal

component of the gravity force (first term of Eqs. 6.14).

The Reynolds-like stresses result much lower than that calculated ac-

cording to the kinetic theories, that balances relatively well the longitudinal

component of the weight force, for the large particle.

Accordingly, also the trend of the granular temperature previously shown

(Figure 6.1, 6.2) show the presence of a layer close to the free surface dom-

inated by the instantaneous collisions. By proceeding towards the static

bed, this collisional stress tends rapidly to become null.

On the right of Figure 6.13 and 6.15 we can observe the behaviour of

the same variables for the small fractions. Obviously, at the free surface,

due to the low concentration of smaller fraction, all terms (Reynolds-like,

average stresses and longitudinal wight component) tend to vanish. As re-

gards the distributions of the force for the small fractions, as we already

mentioned, this results zero in the upper part (η = x2/h > 0.8), while it

tends to increase with a evolution slightly parabolic while approaching the

static bed.

In the lower part of figure 6.13 and 6.15 the total shear stresses are

plotted. We can observe a triangle-like evolution of the longitudinal weight

force of the sum of the large and small fraction.



132 6 Analysis and discussion

The figures 6.14 and 6.16 show the same balances for the normal stresses.

Both the trends have a linear evolution, but with different slopes in the

upper layers (η > 0.65) and in the lower value (η < 0.6) respectively. Ob-

viously the difference between these two gradients is due to the voids trend

in particular for η > 0.6. This result suggests that assuming the total

concentrations constant in the blanc is a rough approximation.
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Figure 6.13: Shear stresses - test R0.
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Figure 6.14: Normal stresses - test R0.
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Figure 6.15: Shear stresses - test R1.
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Figure 6.16: Normal stresses - test R1.



Chapter 7

Conclusion and future
developments

This work addresses the problem of particle segregation in the flow of a bi-

nary mixture of dry granular material. The phenomenon is studied through

a series of experimental investigations on a channel flow in statistically sta-

tionary and homogeneous conditions, fed with a constant flow rate of dif-

ferent combinations of the concentration of the two classes.

Firstly, the existence of a uniform channel flow condition was demon-

strated also in the case of binary mixtures. In particular, the homogeneous

and stationary conditions were found for different values of flow rates and

volumetric partition of the particles.

It is also known that the uniform flow solution is generally used as a

reference state in mathematical modelling, and in particular to derive the

closure relations for the depth (or areal) integrated equations when applied

to real cases.

Moreover, the experimental data shows that the two grain-size classes,
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almost double in size in this experimental work, have always nearly the same

longitudinal velocity. This result becomes important in analysing binary

mixtures and relative phenomena: the isokinetic hypothesis (same velocity

for the two grain size classes) is fundamental in many mathematical and

numerical models.

The experiments also show how segregation works in the binary mixture.

In the section of channel upstream of the section in uniform conditions a

process of mixing of the particles develops that leads to their stratification

in the uniform flow stretch: we have found that large particles accumulate

in the part of the flow depth close to the free surface, while the finer particles

tend to occupy the part of the flow depth close to the erodible bed. Between

these two layers there is often a layer in which the two size fractions are well

mixed together. This result confirms the experiments and studies present in

the literature, which describe segregation as a combination of the processes

of kinetic sieving and percolation and also by secondary circulation, as

observed in our experiments.

The experiments show that segregation of the particles does not change

much according to the feeding discharge. From low up to high flow rates,

after an initial adaptation time, the particles segregate and at the end of

the process the small ones are found at the bottom and the large fraction

close to the surface, with a difference only in the dimension of mixing layer.

Furthermore, experiments show that in the flow of binary mixtures two

types of regimes are present: in case of low flow rate, the frictional regime

is predominant all along the flow depth. For higher flow rates there is a

coexistence along the flow depth of the frictional and collision regimes, but

the collision regime is dominant in a layer close to the free surface with

thickness of about 0.2 times the flow depth. This effect is gradually more

evident as the concentration of the larger particles feeding the mixture
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is greater. This aspect is fundamental for choosing the correct closure

relations to use in the models.

Furthermore, we have also observed that the granular temperature of

small particles is always higher than that of large particles. This is also an

important consideration useful for applying the dense gas analogy (kinetic

theories) to segregation theories.

Finally, all the experiments show the existence of a transversal veloc-

ity component, which most likely derives from the presence of secondary

circulation on the flow.

The results of this experimental work, data and related observations

and considerations, could be interpreted with the few existing models or,

more reasonably, could be used to refine and improve these models, perhaps

trying to extend the different models of uniformly sized materials referred

to in the first part of the thesis, to the case of bi- or poly-dispersed mixtures.
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