ERROR ANALYSIS FOR A FINITE DIFFERENCE SCHEME
FOR AXISYMMETRIC MEAN CURVATURE FLOW
OF GENUS-0 SURFACES

KLAUS DECKELNICK! AND ROBERT NURNBERG!

Abstract. We consider a finite difference approximation of mean curvature flow for axisymmetric
surfaces of genus zero. A careful treatment of the degeneracy at the axis of rotation for the one
dimensional partial differential equation for a parameterization of the generating curve allows us to
prove error bounds with respect to discrete L2— and H'-norms for a fully discrete approximation.
The theoretical results are confirmed with the help of numerical convergence experiments. We also
present numerical simulations for some genus-0 surfaces, including for a non-embedded self-shrinker
for mean curvature flow.
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1. Introduction. Consider a family of surfaces (S(t))icpo,r] C R* evolving by
mean curvature flow, i.e.

(1.1) Vs =km on S(t).

Here, Vs denotes the normal velocity of S(t) in the direction of the normal Zg(;), and
kpm is the mean curvature of S(t), i.e. the sum of its principal curvatures. As the
L?—gradient flow for the area functional, (1.1) is one of the most important geometric
evolution equations with applications in materials science and image processing. We
refer the reader to [12, 17] for an introduction and important results of mean curvature
flow.

In this paper we are concerned with the numerical approximation of solutions of
(1.1) using a parametric approach. If X : M x [0,T7) — R3 is a family of embed-
dings such that S(t) = X (M, ), then (1.1) is satisfied if X, o X1 = kmVUs(t) on
S(t). Making use of the fact that the mean curvature vector ks can be written
as As(t)ia, where Ag) denotes the Laplace-Beltrami operator on S(t), Dziuk [10]
suggested a finite element method in order to approximate solutions of (1.1). While
this approach has been widely used in the following years, the numerical analysis of
the method remained open. Only recently, Kovéacs, Li and Lubich [16] obtained error
estimates for a parametric approach that uses not only the position X , but also the
mean curvature and the normal as variables. Both approaches are based on evolu-
tion equations in which the velocity vector points purely in normal direction, which
may lead to degenerate meshes at the discrete level. A way to tackle this issue is
to introduce a suitable additional tangential motion in such a way, that mesh points
are better distributed on the approximate surface. Corresponding schemes have been
suggested by Barrett, Garcke and Niirnberg [4], as well as by Elliott and Fritz [13],
using DeTurck’s trick. For the approach from [13], error bounds for a finite differ-
ence scheme in the case of surfaces of torus type have recently been obtained in [18].
For more details on the numerical approximation of geometric evolution equations we
refer to the review articles [8, 6].

TInstitut fiir Analysis und Numerik, Otto-von-Guericke-Universitit Magdeburg, 39106 Magde-
burg, Germany
fDepartment of Mathematics, University of Trento, Trento, Italy

1



2 K. DECKELNICK AND R. NURNBERG

In what follows, we are interested in the case that the evolving surfaces are ax-
isymmetric with respect to the zs-axis, i.e. we assume that there exists a mapping
Z(-,t) : [0,1] = R>o x R such that

S(t) = {(f(p, t)- & cos, Z(p,t) - &, T(p,t) - &15in )T : p e [0,1],0 € 0, 2w]} .

As shown in [5, 2], the law (1.1) translates into the following evolution equation for
the curves (I'(t)).c[0,r) parameterised by (-, ):

o v-er
(12) Tt V=x— 5—F,
T - ey
where 7/ is a unit normal to I'(¢) and » = - denotes curvature, with » = ‘i—l‘ (%)p
I3 I3

the curvature vector. We note that without the last term on the right hand side of
(1.2), the problem collapses to curve shortening flow,

(13) ft U= >,

which is the analogue of (1.1) for curves. Since the relations (1.2) and (1.3) only
prescribe the normal velocity, there is a certain freedom in choosing the tangential
part of the velocity vector. Setting the tangential velocity to zero for (1.3) leads to the

formulation ¥; = @_1‘ (%) », and optimal error bounds for a semidiscrete continuous-
P P

in-time finite element approximation of it have been obtained by Dziuk [11]. On the

other hand, an application of DeTurck’s trick gives rise to the formulation 7y = ‘%’j"’z
for classical curve shortening flow. An error analysis for a corresponding semidiscrete
finite element scheme has been first presented in [7], and this was later extended in
[13] to the family of problems aZ; + (1 — a)(Z; - V)V = I;:%’ « € (0,1]. Inspired by
the ideas in [7], the present authors in [2] applied DeTurck’s trick to the flow (1.2) to
obtain the system

(L4) Fo= - =7,

|Z,] T- e
cf. [2, (1.7)]. Note that (1.4) is strictly parabolic and that a solution of (1.4) satisfies
(1.2). The difference to curve shortening flow consists in the presence of the term
22k, which is the principal curvature related to the parallels of S(t). It is possible to

rewrite (1.4) in the following divergence form
(L5) F- 0 |5, = (7 6)3,), - |&,1%,

giving rise to a natural variational formulation. On the basis of this weak formu-
lation, a semi-implicit scheme using piecewise linear finite elements in space and a
backward Euler method in time was suggested by the authors in [2]. In particular, in
[2, Theorem 2.2] optimal error bounds both in H' and L? are obtained in the case
of genus-1 surfaces. While the numerical method still performs well also for genus-0
surfaces, it is however not possible to apply the employed analysis to genus-0 surfaces.
The reason for the additional difficulties in the genus-0 case comes from the different
properties of the curves I'(¢): for genus-1 surfaces, I'(¢) is a closed curve satisfying
Z-€; > 0on [0,1] so that this term is bounded strictly from below on compact time
intervals, thus simplifying the analysis. In contrast, a description of a genus-0 surface
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in our setting requires I'(¢) to be open with its endpoints lying on the zq-axis, which
means that Z-¢€; = 0 at the endpoints of the interval [0,1]. Furthermore, in order
to guarantee smoothness of the surface S(t), the curve I'(¢) has to meet the zo-axis

at a right angle. In order to formulate the resulting initial-boundary problem, it is
z,
Zp|

convenient to rewrite (1.4). To do so, we choose 7 = 7+ with the unit tangent 7 = i

and -+ denoting clockwise rotation by 5. Observing that

R B 1,
(V- 1)1/:W( ﬁ'el)wﬁzw(%'@)%a

we are led to the following system

.z 1 &, ., .
(1.6a) T = IfiTQ e fp@l - in (0,1) x (0,77,
(1.6b) 78 =0,7,-6&=0 on {0,1} x [0, 7).

Since Z(p,t) - €1 — 0, as p — po € {0,1}, the last term in (1.6a) needs to be treated
with care. Using the boundary conditions (1.6b), it is shown in (A.3) in Appendix A,
with the help of L’Hospital’s rule, that

L Tet) @ ] - Ewl00 8

;
b 7 0.0F

- - — T
EANY |xp(p7t)|2 ‘T(pvt)'el P

so that the expression acts like a second order operator close to the boundary without
affecting the parabolicity of the problem. Nevertheless, the different behaviour of
gg in the interior and close to the boundary is a major problem for the analysis of a
numerical scheme. Rather than using the variational form (1.5) that worked well for
genus-1 surfaces, we shall introduce a scheme which directly discretises (1.6a) with
the help of finite differences. Our main result are optimal error bounds measuring the
error in discrete versions of the usual integral norms.

The paper is organised as follows. In Section 2, we formulate our assumptions
on the solution of (1.6) and derive a number of properties that will be used in the
error analysis. In the second part, we introduce our numerical scheme and provide
an estimate for the consistency error. Section 3 is devoted to the proof of our main
error estimates, which include an O(h? + At) bound for a discrete H'-norm. Finally,
in Section 4 we present the results of several numerical simulations.

We end this section with a few comments about notation. Throughout, C' denotes
a generic positive constant independent of the mesh parameter h and the time step
size At. At times e will play the role of a (small) positive parameter, with C. > 0
depending on ¢, but independent of h and At.

2. Finite difference discretization.

ASSUMPTION 2.1. Let & : [0,1] x [0,T] — R>o x R be a solution of (1.6) such
that 903 ewist and are continuous on [0,1] x [0,T] for all i,j € No with 2i + j < 4.
Furthermore, we assume that Z,(p,t) # 0 for all (p,t) € [0,1] x [0,T], as well as

(2.1) 78>0 in(0,1)x[0,T).

It is beyond the scope of this paper to prove the existence of a solution to (1.6) with
the above regularity. We note, however, that the well-posedness of the corresponding
problem, in the case that the curves I'(¢) can be written as a graph, was recently
studied in [14].
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Let us collect a few properties of the solution which will be used in the error
analysis. To begin, there exist constants 0 < ¢y < Cj such that
(2.2) co < |Z,] < Co in [0,1] x [0,T7].

Recalling (1.6b), we infer that ,(0,t)-€1 > co, Z,(1,%)-€1 < —co which together with
(2.1) implies that there exist ¢; > 0,0 > 0 with

(2.3a) Z, & >3%co in[0,6] x [0,T],
(2.3b) T, € < —%co in[l-0,1]x[0,7],
(2.3¢) F-é > in [£6,1— 36] x [0,7].

Let us formally describe how this observation can be translated into an estimate on
the solution. If we multiply (1.6a) by —Z,, and integrate over [0, 1], we find upon
integration by parts and observing from (1.6b) that & - &, = 0 on {0, 1} x [0, T, that

d .., Yz, L B S

z, 2 72

oy
Since (1.6b) implies % ~ —@ on [0,0], we can rewrite the third term on [0, d],

on noting (2.2) and (2.3a), as

(2.5)
5 o o
1 Z,-ea .,
_ _ e 72 . d
/o T Te et
5 - 5
1 Z,-€ 1/ 1 1 L 9
~ o7 5 S5 2 €xdp =3 =735 5 |[Tp-e2 d
/0|:17p|:17-61 pp P =3 o |7, 7 1[(p )]p P
5 § =2 o (= o - o - o
o ear| g (B0 B gy D G,
|xp| T-el 0 0 | p| (x'el pl X - el
1 C0 é(ﬂ ¢y)* T -

so that we obtain L?—control of if;f close to 0. A similar calculation applies close to
1, while the denominator Z - €; is bounded away from 0 on [d,1 — §] in view of (2.3c).
Our aim is to mimic this argument within the error analysis (cf. Lemma 3.4). To do
so, we will directly discretise (1.6a) using a finite difference scheme, and the discrete
analogue of the above estimate is then obtained by multiplying with a suitable second
order finite difference.

In order to define our finite difference scheme, let us introduce the set of grid
points G, = {qo,¢1,...,qs}, where g; = jh and h = %,j =0,...,J. For a grid
function ¥ : G, — R? we write ¥; := ¥(g;), j = 0,...,J. Furthermore we associate
with ¥ the following finite difference operators:

(2.6a) 0~ = L}fj_l, i=1,...,J;

(2.6b) 51T = 6Ty = @ F=0,...,J—1;
(2.6¢) 515, == 155, + 67 1) = % =1, 1.
(2.6d) 527, = 070 — 07T _ Ui _2ﬁj+gj‘1, j=1,...,J—1.

h h?
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Two grid functions ¥ and w satisfy the following summation by parts formula:

J J—-1
(2.7) WY 67T 0w = —h Yy T - 0% + Ty - iy — T - g

j=1
In addition, we introduce the following discrete norms and seminorms

J—-1
(28) (7B = ShITP + B3 5P+ ShlTR M—th-w

j=1
J—1
15113 5 = 1515, + 1015 55 1013, =R Y |62

We also recall the following inverse inequality, as well as a discrete version of a well-
known Sobolev type inequality.

LEMMA 2.2. Let ¥ : G, — R2 be an arbitrary grid function. Then

2.9 O~ Uy| < hTZ|U

(2.9) max |07 3| 2[0]1,n,

(2.10) Jmax [ |* < 18134 + 21810,41T]1,1,
(2.11) ax |67 T? < |03 + 2[T]1,0] T2, p-

In addition, if vy - €, = Uy - €1 =0, then

(2.12) |T; - e1] < 2¢;(1 —gj) rnkax 07Tk, 0<j<J

Proof. The inverse inequality (2.9) follows immediately from the definition (2.8).
Let 0 < k < J. For 0 < j <k it follows from (2.6b), the elementary inequality

(a+0)?<2(a®*+b%), a,beR

and (2.8) that

k—1
(2.13) [Tl = |57+ D (1T = 18*) = |5* + B> (Teg1 +T0) - 670
k—1 1
— — — 2, — — —
<1512+ V2(R D (e + 150 ) "5 < 15512 + 2170011
=j
Similarly, for £ +1 < j < J, we have
Jj—1
(2.14) 5l = 552 = 3 (el = [@l?) < 551 + 2/o.nll1,n:
=k

Combining (2.13) and (2.14) yields that maxo<k<s |[Tk|*> < |7;]* + 2|T]0.n|¥]1,n, for
0 < j < J. Multiplication by % for j =0,J,and by h for 1 <j < J —1, followed by
summation over j = 0,...,J, yields (2.10). The inequality (2.11) is obtained in an
analogous manner, taking into account that 674~ 7; = §627;.
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-

In order to prove (2.12), we observe that ¥ - €1 = ¥y - €1 = 0 implies

J
5o < —al < . N .
|T; - ér] < h; [0~ Tk| < jh 1r§nka%(J|5 x| and |U;-é&1| < (J—j)h 1rj1}51£xJ|5 Uk,

so that

7. - &1 < mi N —Tul <920.:(1 — g -7 <5< J
|05 1] < min{gj, 1 —g¢;} max [070x| < 2¢;(1 —¢;) max [070k), 0<j<J

We consider the following fully discrete approximation, where in order to discretise
in time, we let t,, = mAt, m = 0,..., M, with the uniform time step At = % > 0.
Let X9 = y(q;), j =0,...,J. Then, for m =0,...,M — 1 find X™ : G, — R? such
that for j=1,...,J -1

Xt xXm o g2xmt 1 SXMTh e
(2.15) J Ve B j 2 (5 Xt
At XMz X2 Xmeg

together with the boundary conditions

e
Xyt - Xmo

(2.15b) Xptl.g =0; 6T Xyt = Lpjst X220 Y
= ﬂ Lo, XmE_ Xm
(2.15¢) Xptl.g =0, o X7th.g, = —%h|6‘X}”|2JTtJ - €.

The above scheme requires the solution of a linear system in each time step. We
will address the existence and uniqueness of this system in Section 3, within the error
analysis. Furthermore, we remark that (2.15b) and (2.15c¢) are obtained from inserting
(1.6a), (1.6b) into a Taylor expansion at p € {0, 1}, yielding a consistency error that
is small enough to derive optimal error bounds. At the same time, the form of these
conditions turns out to be crucial in order to handle the degeneracy of the equation
close to the axis of rotation.

LeEmMA 2.3 (Consistency). Suppose that ¥ : [0,1] x [0,T] — R? satisfies As-
sumption 2.1. Let T = Z(qj,tm) for j = 0,...,J and m = 0,..., M. Define the
consistency errors of the finite difference scheme (2.15) by

(2'1621) +1 2 +1 1 +1
Ryt o= At_f;n B fagyw * |51;§”|2 : %.5;62 (')t 1<i<d -1,
as well as
(2.16b) Ryt = 5taptt g — §h|5+w|2fgl+;7t_fgl - &y,
(2.16c¢) R = 5t gy + §h|5*f?|25?+;; i €2.

Then there exists a constant C' > 0 such that, form=0,.... M — 1,
(2.17)
IRPH < C(h?+At), j=1,....J-1, and |R§[+|R7| < Ch(h*+At).
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Proof. Simple Taylor expansions yield the well-known results

xX. —
(2.18a) Jth—ft(qj,tm) <CAt, 0<j<J, 0<m<M-—1,
(2.18Db) 07 &" — Zp(q5,tm)| < Ch, 1<j<J,0<m<M,
(2.18c)
(2.18d)

ST = Zp(qj,tm) = §h°Tppp(gjitm) = O(R®), 1<j<T—=1,0<m <M,

where we have observed that #(g;, ) € C?([0,T]) and Z(-, t,,) € C*([0,1]). Evaluating
(1.6a) at (p,t) = (¢j,tm), j=1,...,J =1, m=0,...,M — 1, we find that

N z (ijtm) 1 fp(‘]jvtm)' € o1
2.19 Ti(qj tm) = =22 - = ——— T, (¢, tm);
( ) t( J m) |«’L'p(q]‘7tm)|2 |«’L'p(q]‘7tm)|2 f;n € p( J m)

where the assumed regularity of # allows us to use (1.6a) also at time ¢ = 0. If we
combine (2.16a) with (2.19), and note (2.18a) as well as (2.18¢c), we obtain

., amtl —gm s2gmtl o0 (@5 tm)
2.20 Rl < J J — Z(q;,t + J _ pr qjstm
( ) | ' | At (] m) |5lfrjn|2 |$p(CIj,tm)|2
L olag tw) &l [F) gy t)
Tf e 0122 (g5, tm)[?
PRI (G et YOO B
|01 | - e
(8" = Z,(q),tm)) - &
<C(h*+At)+C J _
< C(h* + At) + =

J

In addition, it follows from (2.18d), (A.1b), (A.9) and (A.8) that

|(61£Zﬁ+1 - fp(‘ljatm)) '€2|

< [(S1 I — 817 - @]+ (817 — Zp(gy tm)) - €

o

2]

<At sup |6lft(qj,t) - €a] + Ch? min |Zppp (Qj tm) - €2 — Zppp(q, tm) - €2] + Ch?
by <t<tm i1 q€{0,1}

< KAt sup  F(gj,t)- € + Ch? min |Zppp (@5 tm) — Zppp (@5 tm)| + ch?
t7n§tSt7n+l qe{oxl}

< OAtgi(1 — qj) + Ch? erxg(i)rll} lg; — gl + Ch* < Cq;j(1 — q;) (At + 1?).
aefo,
If we insert this bound into (2.20) and note that 7" - €1 > caq;(1 —¢q;), 0 < j < J,

in view of (A.8), we obtain (2.17) for R}”"’l, j=1,...,J —1. Let us next examine

RB"H. A Taylor expansion yields

5+f6n+1 = — Y = fp(O,tm+1)+%hfpp((),tm+1)+%thppp(O,tm+1)+O(h3),
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which together with (1.6b), (A.1b), Z,,(0,-) € C*([0,T]) and (A.lc) implies that
STEPT - & = AT, (0, tp1) - @2 + O(R?) = ShF,,(0, ) - € + O(h(h* + At))
= L(Z1(0, 1) - €2)|Z,(0,tm)|* + O(R(R? + At))

—»’m—i—l Zm
=1ihn TO - E|6TF 2+ O(h(R? + At)),
where we have used (2.18a) as well as
16725 — 1200, tm)|* = (0725 — Zp(0,tm)) -+ (675" +7,(0,m))
= (3nz,,(0,t,) + O(h?)) - (2xp(o tm) + O(h))

= hfpp(oa tm) ' fp((), tm) + O(h2) = O(h’2)a

recall (A.1a). The bound for R’/ is obtained in a similar way. O

THEOREM 2.4. Suppose that T : [0,1] x [0,T] — R? satisfies Assumption 2.1.
Then there exist hg > 0,~ > 0 such that the discrete solution (X™)m=1. . to (2.15)
exists, and the error

.....

. pm— g X i =0,...,J; m=0,...,
2.21 E X! 0,....J 0,....M
satisfies:

o (|2 om |2 4 2
(222 mx [IB7 IR+ g |7 < (0 + (80,

M Em Em—l 2

2.2 At EME, 4| ——— < C(h' + (AD)?
(2.23) ;' bt | = <C(h' +(Ar)?),

provided that 0 < h < hy and At < ~h.

3. Proof of Theorem 2.4. Assumption 2.1 assures the existence of positive

constants cp, Co, ¢1,9 such that (2.2) and (2.3) hold. Let h < . We set J; := L%J €

Z>1, so that q5, = J1h € [%5, d]. We shall prove Theorem 2.4 with the help of an
induction argument. In particular, we will prove that there exist hg >0, 0 <y <1
and p > 0 such that if 0 < h < hg and At < yh, then for m € {0, ..., M} the discrete
solution X™ exists and satisfies

(3.1) IE™|3, < (h* + (At)?)ertr,

The assertion (3.1) clearly holds for m = 0, for arbitrary hg < §,0 <y < 1land > 0.
On assuming that (3.1) holds for a fixed m € {0,...,M — 1}, we will now show that
it also holds for m + 1.

To begin, let us choose 0 < hg < § and 0 < v < 1 so small that

(hE +4%)erT < 1.
Then, since At < ~h, (3.1) implies that
IE™ 35 < B3 (h®* +9%)et"™ < h*, 0<h<ho.
In particular, we infer from Lemma 2.2 that

(3.2) max | |+ max |5 Em|—|— max. |51Em| < Chz.
0<5<J 1<5<
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This implies for 1 < j < J, on recalling (2.18b) and (2.2), that

(07X "] < |57 + 107 E| < |2y (gj,tm)| + Ch* < Co + Ch,
and similarly |5*Xf| > ¢g — Ch?. Arguing in the same way for 51X;1, we infer that
(33) S0 <|07XM <200, 1<j<J; Seo < |6 X <20, 1<j<J—1,

provided that 0 < h < hg and hg > 0 is chosen smaller if necessary. A similar
argument together with (2.3a), (2.3b) shows that

(34) OXE >, 1<j<J; XA <—fe, J-L<j<J
Next, since Z,(0,t,,) - €2 = 0, recall (1.6b), we have from (3.2) and (2.15b) that
RIS™XM < h|6~Z |+ h|6"EP | <hé & -1+ h|6 & - & + Ch?
<h§ X8 +Chi=X"& +Ch? <(1+Ch3)T & +Ch3,

where in the last step we have observed that

—

i = - i 3 1 i
Xf1~61—ffl~61:—h5 E{n'€1§0h2 §Oh2ﬁ"-el,

on noting 7" - € > %coh. Arguing in the same way at the right boundary, we obtain

(3.5) Sh|o XM < XM-& < AT e Splem X< Xy e < dam o a,

for a possibly smaller hg > 0. Next, (3.2), (2.3c) and the fact that Jih > %5 imply
that

(3.6) Xm.g>e —Cht >y, J1<j<J-J,

j 2
after choosing hg again smaller if required. In addition, there exists cs > 0 such that
(3.7) X"oé > esqi(1—q), 0<j<J

To see this, note that X2 - & = 0 and (3.4) imply that

(3.8a) 7@ > qeojh > eogi(1—q), 0<j <,
and similarly

(3.8b) Xmoe > teoq(l—q), J-L<j<J
Combining these estimates with (3.6) proves the bound (3.7). If we combine (3.7)

with (2.12) and (3.3), we obtain

xm . g _ .
(3.9) Mgﬁwg O 1<j<J-1.
X1 e cs  qi(1—qj) cs

Finally, (2.2) and (3.3) imply that

1 1 _an _
J J
1 1 N
(3.10b) -— <C|S'ET|, 1<j<J-1.
AT e ﬂ
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LEMMA 3.1 (Existence and uniqueness). Let X™ : G, — R be as above. Then
(2.15) has a unique solution X™*! : G, — R2, provided that hg is small enough.

Proof. The relations (2.15) form a linear system with 2(.J 4+ 1) unknowns for the
2(J + 1) values of X™*1 at the nodes ¢;, j = 0,...,J. It is therefore sufficient to
show that the corresponding homogeneous system

1 - 1 . 1 )? é.
(3.11a) — X, — ——°X; = 0'X; & 2P XM, =1,
At |01 X2 |51Xm| m.g
. S h - S
(311b) XO '51 = 0; 6+X0 . 52 = iE(XO 52) |5+X6n|2;
. S h - S
(3.116) XJ'gl :O; 5_XJ'€2:_%E(XJ'€2) |6_X?|2

only has the trivial solution X =0. If we multiply (3.11a) with —h62X'j and sum
from j =1,...,J — 1 we obtain with the help of (2.7) that

J—1

1 1 1 .
A| |1h+A (XO 5 Xo—XJ o~ XJ +hzm|52 j|2
— 1 1vmyLl 2%
Z 51Xm|2 Xm'ﬂ (5 Xmyb. 52X,

In view of (3.11b) and (3.5) we have

1o e 1.2 . 4 (6 X - &)? (6~ X - &)?
—X 5+X :—X - € 5+X - e :—7ﬂ>gh47
A0 0 At( 0 €)( 0 €2) h |6+ X2 4 (X - &)2

Using a similar argument at the right end point, as well as (3.3), we deduce

1, = 1 5
(3.12) KB+ g X+ $(

(67 X1 - )2 N (6t X _1- 52)2)
(X{"-é1)? (X7, -en)?

i X, g((alxm) _(51551%)'52)?_
:1)2 g NS X (et ’

X @ gyl o
Z 1m|2 = €(5xj) 07X

Jj=1

J-1 J-1
= hY §1-0*X;+h> S} °X
j=1 j=1

Using (3.10b) and (3.2) we infer that

X X ¢ S
151 < CM 5 B[ [6°X,] < cm% 162X
Xj" X -é
and hence
J—1 . . 1 J— g
hy Si-°X; §8—X|2h+0h Z
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The term SZQ corresponds exactly to —T;m’?’ in (3.13) below, if we replace E™! by
X. We may therefore deduce from Lemma 3.4 that

S 62 5 (57)_(»1 . 52)2 (5+XJ71 . 52)2
hZS S—C4hz . +3h =t
(X{-e1) (XJ—l €1)

+ 8—03|X|§,h +C |X|%,h'

If we insert the above bounds into (3.12) and recall that At < yh < h we infer that

1 S
(E - C)|X|ih (ca — Ch)h Z

i=1

X -

P <0,
(X

ml «’l

)

which implies that X =X, provided that 0 < h < ho, where hg is chosen smaller if
necessary. The boundary conditions (3.11b), on noting (3.3), then yield X =0. O

We begin our error analysis by combining (2.21), (2.15a) and (2.16a), in order to
derive the following error relation:

m+1 ~m 2 m—+1
g L E 0H ~( L1 Jorat
AU expp  \EEP pgppt
+51)?Jm+1.€2 ( 1 1 )(61X’”) 1 (5 )
X |\expp o) ) T e
1 SEMT e
T glam |2 =, > (51%‘ )
|0 T | Xm.é
1 1 1 1-m+1 > 1-my L pm+1
e (T ms) OF T RO

5
::ZTj’, 1<j<J-1.

Furthermore, for the boundary points we have in view of (1.6b), (2.15b), (2.15¢),
(2.16b) and (2.16¢) that

(3-14a) (Eg™! —Ep)-& = By — E7) & =0,
(a4 EST:§5+E5W'€2‘R3W€ +(1- o+ & |2)56n“—£”81
' At h |5+)?5”|2 |5+Xm|2 At ’
(3.14c¢) EyT - ER = _ASTETT - RT+1€ (1 |6— 772 ) gt — f’}l'
At hoo e Xy o xm2) T At

Our strategy for the proof of (3.1) with m replaced by m+1 is now as follows. In
a discrete analogue to the formal procedure in (2.4), we are going to multiply (3.13)
with a second order difference of the error E™+1. The ensuing analysis is technical,
and so we split it into three steps. In a first step, we control the terms generated on the
left hand side of (3.13), in order to obtain Lemma 3.2. Next we estimate four of the
five terms generated by the right hand side of (3.13), see Lemma 3.3. The remaining
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term, which is generated by T™3 and loosely corresponds to the last integral in (2.4),
requires a particularly careful analysis. We present the derived estimate in Lemma 3.4,
where in the proof we will mimic the formal calulations from (2.5).

The induction step is then completed by combining the three lemmas.

LEMMA 3.2. There exists C1 > 0 such that for all0 < A <1

(3.15)
1+ A om om 1 m m 1 m
EOE +1|ih_|E |?,h)+2At|E o |ih+402|E th
= = 12 = 2 = 2
Em+l _ pm §TETT & (sTETH - &)
+§c§/\T +(2—-Ci\)h ( — ﬂQ) 477{1#2
o (X7 -en) (X7, -e1)
< Ch(h* + (A0?) + C|E™ [,
5 J-—-1 m+1 Em .
+ hz ZTmz /\|51Xm|2 J 52E;n+1)'

=1 j=1

- gt _pm -,
Proof. Fix 0 < A < 1. If we multiply (3.13) by h(\§' X220 — g2Em+1)

and sum over j = 1,...,J — 1, we obtain
3.16 14t S Emtt — Ery . 2B 7|52Em+1|2
(' ) _( + )E;( ) +h Z |51Xm|2
J—1 Am—+1 _Em 2
1 vm |2 j j
+hAZ|5 xm| A
Jj=1
5 J—1 +1 _E‘m B
_hZZTml' /\|51Xm|2 J 52E;n+1)'
=1 j=1

Applying summation by parts, (2.7), to the first term in (3.16), and noting (2.8) and
2(a —b)a = a® — b* + (a — b)?, yields

Hm-+1 ~m 2 Pm+1
(3.17) -5 QBT - B 8% E;
j=1
J
KZ Em+1 Em) 5 Em+1
Am-+1 m m om
BT -Ep o B+t 4 By — B§ oy s
At At 0
1 m Hm Hm Hm
= (B = B 4+ B - B,
m—+1 m+1 m
_ EJ - _EJ 5T Em+1 E " EO -5+Em+l.
At At 0

On noting (3.14b), (2.6b), Young’s inequality, (2.17), (3.3), (3.10a) and (3.5), we can
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estimate the last term on the right hand side of (3.17) as

. " Sl o2 Sl o
E671+1 _ E6n ' 6+E’m+1 _ é (5+EO +1 62) 3 é5+EO +1 &y Rm+1
At 0 h |5+ X2 ho |5t Xmiz 0
|0+ &g | ) e A >
. 5+Em+1 .
( |6+ X2 At @07 ET - G)

> — X — Ch(h* + (A)?) — C-h |0T E)?
STEPtT . &) ﬂ
> 24— )h( S ;2) — Coh(h* + (A1) — Coh |5 B2,

~Am+41

On choosing ¢ sufficiently small, and arguing similarly for E"Ait_ET . 5‘5?“, we
find that (3.17) implies

\4

-1
Ertt— B SEPT >
J J J
1

B

At
J

14+X, =, ™
(3.18)  —(1+A) DAL (E™ R0 —1E™3 )

(BTEHY. &) (67ETH . &)
(Xm.é))2 (Xm , -é1)?
— Ch(|6~EP[* + |6~ ET?) — Ch(h* + (A

+ 2At|E’"+1 E™3, +2h

£)?).

In addition, we deduce from (3.14b), (3.10a), (3.3) and the fact that thanks to (3.7)

we have h|6T X2 > b1 (X7 . &)2 > C X™ . & that

Egt! — By
At

57E'm+1 Lz 1 .
ol Ei - &l + Co|Rg + Clo~ B,

1 €

so that (2.17) yields

h

- N 2
m—+1 m

hiEy — Eg"

2

At

(5 E{n—i—l —»)2
(Xp - é1)?

(3.19) < Ch + Ch(h* + At)? + Ch|6~ E™|2.

Inserting (3.18) into (3.16) and using (2.8), (3.3), (2.6b), as well as (3.19) and a
corresponding estimate at the right boundary, we obtain the desired result (3.15). O

LEMMA 3.3. Let 0 < A <1 and At < vyh. Then

5 J-1 J—-1
Em
(3.20) A N T (0! X’"|2 — PETTY) 4 Ry T G2ETY
=1 j=1 j=1

< 802|Em+1|2 +C(|Em|2h+ |Em+1|2 )—I—C |Em+1 Emﬁ,h

. J— 1(51Em+1 —»2)2
+C(*+ (A1) + C(A+ )R>

Em+1 _ Em e
0,h Jj=1 J )

+ gch A7
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Proof. We recall the definitions of the terms 7™ in (3.13). Then we note from
(3.10b), (3.3), (3.7), (A.8) and (3.2) that

m+1 —
|117n1|_i_|{1—wn7 |<C(|62—vm+1|+| |)|51Em|
X &
SLETT | T E [SEMT . 6
SC(1+| e % ) +| = |)|51Em|
z; - €1 X<- X7 €
1 m+1 —
&
<C|51E’”|—|—Ch’| |,
X €1
so that (2.6¢), (2.6b), (3.3) and (2.8) imply that
(3.21)
2 J-1 _E'm .
hZZTmz )\|51Xm|2 J 62E;n+1)
=1 j=1
J—1 | lEm+l €2| Em-ﬁ-l_ﬁm .
< Ch 07 EP |+ [67EN | + h —— A S N T
> (gt gt L ey
4 N 2
Em+1 _Em™ . N m+1 62 2
SE)\ T +E|Em+1|%)h+C€|Em| h+Ch Z ) )
0,h j=1

The term involving the product of T™3 with §2E™* is not estimated, while

E Em
(3.22) h ZT’“ Aot X2 N
Jj=1
<o h (51Em+1 g )2 2 Em+1 _ E‘m
- =1 (XJ” )’ Ao
Em-i—l _ Em — 1Em+1 5‘2)2
<eAN|——— + CcAh
At on Z & )
Next, we have
- Em.¢
(3.23) T < C |j f' — 61 FM G|, 1<j<J -1
(@ - en)(XJ" - é1)

In addition, (A.8) and (A.9) yield

1 +1 >
jgra

|515T+1'52|=fm+71€|f§”+1-€1SCQj(l—ij), 1<j<J—1,
i A
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so that (3.23), (2.12), (A.8), (3.7) and (2.9) imply

o 2(1—q;)? ., _,
|TJ?”’4| < qu(—%)z max [0”E]'| < C max |67 K}
C2C3q; 2(1 — gj)? 1<k<T 1<k<J

< Am—1 ~m-+-1 ~m
C’(lglkagjw El |+ max 6~ (EJ — E))

< C max |67 EM + Ch‘§|E’”+1 —E™yp, 1<j<J-1.
1<k<J

Hence we obtain with the help of (2.11) and the fact that At < yh
(3.24)

Sm+1 S

J—1
=m om E; j om
WS o e BB g
j=1

Em+1 _ Em

< C(max |6~ Em+1| +hTE|Em - Emh,h) (/\ Al

1<5<J

+ |Em+1|2,h)
0h

Em+1 _ Em 2

< el B + e + C| B+ O [EH - B

At on
Finally, we infer from (2.17) that
(3.25) L Jilfm,s (NS ET? Ertt - fm _ s Em)
= j j At j
< (2 + A1) (A Emzit_Em B o)
0.h

Em—i—l _ Em 2

<elE™HE, +er X

+ Cc (h* + (Ar)?).

0,h

If we add (3.21), (3.22), (3.24) and (3.25), and then choose ¢ sufficiently small, the
bound (3.20) follows. O

In the next lemma we mimic the formal calulations in (2.5), thereby closing our
estimates.

LEMMA 3.4. There exists a constant cq4 > 0 such that

J—1
#m,3 2 Pm+1
(3.26) h» T *Et
j=1
J—=1 e1 pm+1 5 \2 _ = pm+1 > \2
6E e SEM™TL.g)2  (STETY e
>C4hz 2) _%h ( H1 _»62) +( ﬂJ*l_’Q)
i (X{"-€1)? (X7y-é)
- ElEm+1|§,h - C: |Em+l|%,h
Proof. Let us start by writing
(3.27)
J—1 Ji J—Ji—1 J—1

Y TESEM =3 TS SCEM L Y TS ER T Y TS E T
j=1 j=1 j=J1+1 j=J—J1



16 K. DECKELNICK AND R. NURNBERG

and we begin by estimating the first sum on the right hand side of (3.27). On recalling
(3.13), we can write

(3.28)
- e PR 61E7+1'€2((51W)L+é')—' 1+ 52
I L I N 7 I A

Observing from (2.6) that

~m — ~m é 1 m é am — om —
(51Ej +1 '62)52Ej +1 &y _E((SIE +1 )(5+Ej +1 Y Ej -‘rl)_62
1 [m = — om =
= (G &) - 0B,
we find that
(3.29)
<~ N 1
hy S;ET =33 ] = (OTEJ - &) = (67 BT &)°)
=1 =1 10X
J — m — J1— — m —
. 1 (5 Ej+—|1-l 2)2 L 1—1 (5 Ej+—|1-l 2)2
2 Zm o 2 m m =
i et XG - a i=o 1012 | XT - e
Ji—1
1 1 1 1
_ 1 ( - _ - ) (67E7_n+1 €2)2
2 2 5t X, o S, i
LB gy (BN &)
PlorEp| Xpea latay | Xy @
In order to estimate the sum on the right hand side, we observe that |§'% 7] <
5 fq”2| | dp < Cy, recall (2.2), and X;-”-el ngH e < CX;-”-el for 1 <j<
Ji — 1 recall (3.4) and (3.9). Hence we obtain with the help of (3.4) that
1 1 1 1
O K e 0T X,
1 - X 1 ( 1 1 )
|61 Tl R, e)kr & Xp o \a] ey
< 1 Co 1 .
(Xﬂl €1) Xy-e 8Co ( ]7‘7-1}-1'61)
Furthermore, on noting |§*Z7*| > §'@7" - &) = 55" - €1 > a7 - €1 > %%X{” - €1,
recall (3.5), we have that
<6-Em“ )" _ 4, (0B &)
T Xy 0 (Rp-a)?

Inserting the above two estimates into (3.29) yields, on recalling (2.8), that

J Ji—1 om+1l = \2 _ =m .
(3.30) A El St 2EmHL > 0 El : (0" EFY - 6)° 1, (07 B t.y)?
' - v N 3 S
=1 ] ’ 16Co o (X -e)? (X -e1)2

— CIE™2,.
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- =1
Note that in view of (1.6b), (2.2) and (2.3a) we have ézgg’g‘ = €1, so that % =
€1 = —¢&,. Hence (2.18c) and the smoothness of Z imply
@t | @ St || Tt 5504
012 T 1Ze(ggs )| 1Ze(ggs tm)] 17p(0,8m)
< C(h+4q;) < Cqj,
for 1 < j < Jp, which means that with the help of (3.8a) we obtain
J1 J1
(3.31) hYy o S7-SEMT = —ChY ([0 EPt 4 |sTE ) (02 B
=1 =1

> _5|Em+1|§,h - Ca|Em+1 %,h'
Combining (3.30) and (3.31) with (3.28) we obtain

S 3 9 Rmal Co S (57Em+1-52)2

m, m+ J
B2 YT 2 ) e M ey
J

16Co

j=1 =2

- 5|Em+l|§,h - C: |E_:m+1|ih'

In order to estimate the third sum on the right hand side of (3.27), we start from

S Xme SF] Xme N[5y
and use similar arguments as above to obtain
(3.33)
J=I=h O j=J—J+1 (Xj-e) (X7, -é1)

- E|Em+1|§,h - C: |Eerl %,h'

Moreover, it follows from (2.2), (3.3) and (3.6), that

J*i*l —=m.3 =, co Jil (57E_"m+1 . 62)2
(3.34) h ijv .52E;n+1 _h A
j=Ji41 16Co , 5= (X&)
J—1 o
> —Ch Y (107 By 167 By IS2Ey = On Y om B2
i=1 =

> —€ |Em+1|§,h - Os|Em+l|ih-

If we combine (3.32), (3.33) and (3.34) we obtain

J—1 J—1 (6—Em+1 . 52)2
35) B TS §2ET L > 0 7
(.39 hY T SE 2 higen Y = Gy
j=1 = (Xjea
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Observing that in view of (2.6b) and (3.9)

6T ETT . & _ 8Co |6~ E;’fll &s|

ij . 51 C3 Xﬁl _’
we have

J—1 1 pm+1 = 1\2 J—1 m+1 = \2 J—1 —m+l = \2
hz(éb} _’e) Sﬁz(aﬂ?j qe2) +QZ(6 ij _}62)

Jj=1 (Xgm 1)? 2 J=1 (Xgm 1)? 2 J=1 (XJm 1)?

— m — m—41 = J—-1 — rm+1 > \2

< h <(5 1?1 +14 )? 5+FJ—1 . 2)2> L Ch (0 LEJ . e)

2 (X{"-é1)? (X7, -é1) §=2 (X 1)?

If we insert this bound into (3.35), we deduce (3.26) provided that c4 is small enough.
Combining Lemmas 3.2, 3.3 and 3.4 we obtain after choosing €, v and A sufficiently

small

B+t _ [’

—

1+ A
2At

(3:36)  Sx (E™ MR — 1B )) + rom B 5 + geiA

16C2

0,h
< C(IE™3 ), +E™HE ) + C(h* + (A1)?).

Furthermore, we have

(3.37)
1 m ~m Em+1 - E™ m
AL (|E L= E™E,) <3 AL (IE™ o, +E™o,n)
0,h
Em+1 _ Em o _—
Y e - A TR )
0,h

On inserting (3.37) into (3.36), divided by (14+X), we obtain that there exist constants
cg > 0 and Cy > 0 such that

Em—i—l _ Em 2

1 m m m
(338 = (E™ R — 1B + s [ 1B+ [

0,h

< Co(|E™HY3, + |1 E™3 ) + Co(h* + (A1)?).

Combining (3.38) with the induction hypothesis (3.1) completes the proof of The-
orem 2.4. In fact, if we choose hg so small that CoAt < % for At < vhg, then
0<(1—CyAt)™ <1+ 2C5At, and so it follows from (3.38) and (3.1) that

IE™ 2 5 < (1= CA ™ [(1+ CA |73, + CoAt (W + (A)?)]

2

IN

(

(1+2Cﬂn)HE”H%,+CAl+2C@AQAﬂh4 (At)?)
(1+2C5A8)" (h* t)%)etm + 2Co At (h* + (At)?)
@+3@A0% )ww

( )eGCQAt (h4 + (At)z)e#tmﬂ,

2

IN

IN
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TABLE 1
Errors for the convergence test for (4.1) over the time interval [0,0.125] with At = h.

J| max |#"—X™|on | EOC | max [#" — X™|., | EOC
m=0,...,M m=0,...,M

32 3.5744e-02 — 1.1225e-01 —

64 2.0034e-02 0.84 6.2934e-02 0.83
128 1.0690e-02 0.91 3.3582e-02 0.91
256 5.5352e-03 0.95 1.7389¢-02 0.95
512 2.8185e-03 0.97 8.8546e-03 0.97

TABLE 2

Errors for the convergence test for (4.1) over the time interval [0,0.125] with At = h2.

J| max |#"—X™|on | EOC | max [ — X™|.; | EOC
m=0,...,M m=0,...,M
32 1.0024e-03 — 3.1480e-03 —
64 2.5201e-04 1.99 7.9165e-04 1.99
128 6.3093¢-05 2.00 1.9821e-04 2.00
256 1.5779¢-05 2.00 4.9571e-05 2.00
512 3.9451e-06 2.00 1.2394e-05 2.00

if we choose u = 6C5. Since u, as well as 7, were chosen independently of A and At,
we have shown (3.1) by induction. Together with (2.10) this proves the inequality
(2.22). Finally, multiplying (3.38) by At and summing for m = 0,..., M — 1 yields
the bound (2.23).

4. Numerical results. It is easy to show that a shrinking sphere with radius
[1 —4¢]2 is a solution to (1.1). In fact, the parameterization

(4.1) Zp,t) =[1— 41> (Sin(” p%)

cos(m p

solves (1.6). On letting 7" = ¥(qj,tm), j = 0,...,J, we compare (4.1) to the dis-
crete solutions ()_(»m)mzow_,M of (2.15) and perform two convergence experiments. In
particular, we choose either At = h or At = h? for h=J"1'=2"% k=5,...,9.

The results in Tables 1 and 2 confirm the theoretical results proved in Theo-
rem 2.4. We stress that the quadratic convergence rate for the H'-seminorm in
Table 2 is better than the linear rate observed in [2, Table 4] for the finite element
scheme considered there. This suggests that the delicate treatment of the boundary
nodes in our finite difference scheme (2.15) is crucial to obtain the optimal convergence
rate in Theorem 2.4.

In Figure 1 we show a simulation for mean curvature flow of a sphere with an
inscribed torus. In particular, the initial surface selfintersects on the equator of the
sphere, and has genus 0. For the scheme (2.15) we choose J = 1024 and At = 10~%.
Under mean curvature flow, the torus attempts to shrink to a circle. For the generating
curve, this means that the cusp or swallow tail tries to disappear. Of course, for
the approximated partial differential equation this represents a singularity, where
the curvatures of the curve, and of the corresponding axisymmetric surface, blow up.
However, the discrete scheme (2.15) is blind to the self-intersection and the associated
singularity. Hence the finite difference approximation simply integrates across the
singularity. The same behavior can be seen, for example, in [8, Figure 4.2] and [3,
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2 2 2 2

05 1 15 2 05 1 15 2 05 1 15 2 | 05 1 15 2

Fia. 1. Evolution for a torus inscribed within a sphere. Plots are at times t = 0,0.1,0.14,0.2.

Figure 6]. Continuing the evolution in Figure 1 would show the curve approaching a
shrinking semicircle, that eventually vanishes at the origin.

In the recent article [2], the present authors numerically studied the Angenent
torus, see [1, 17], as an example of a self-shrinker for mean curvature flow. Here we
recall that the surface S(0) is called a self-shrinker, if the self-similar family of surfaces

S(t) =[1—1]25(0)

is a solution to (1.1). In what follows, we would like to use our approximation (2.15)
in order to investigate self-shrinkers of genus-0. It was shown in [15] that the only
bounded embedded genus-0 self-shrinker in R? is the sphere of radius 2. Note that the
unit sphere has an extinction time of Ty = 1, recall (4.1). On the other hand, in [9]
the existence of infinitely many immersed self-shrinkers with rotational symmetry was
proved. Hence, inspired by [9, Figure 3], we would like compute such a self-similar
evolution for mean curvature flow. To this end, we use the open curve analogue of [2,
(5.7),(5.8)] in order to calculate a profile curve of a self-shrinker that has three self-
intersections. Using the obtained curve as initial data for the scheme (2.15) yields the
self-similar evolution displayed in Figure 2. Here we used the discretization parameters
J = 512 and At = 10~*. Note that the numerical method appears to confirm the
unit extinction time. In fact, continuing the evolution until the methods breaks down

yields the behaviour of the approximate surface area

J
A™ =2mh Y X6 X

Jj=1

as shown in Figure 3, with the expected linear decay and an approximate extinction
time of 1.

Finally, we include a numerical experiment to demonstrate that our scheme can
also deal with initial data that violate the 90° contact angle condition in (1.6b). To
this end, in Figure 4 we start a simulation for a surface that has two cone singularities:
an inward cone and an outward cone. The generating curve has a 45° contact angle at
the axis of rotation, which induces a discontinuous jump in time for the solution of the
partial differential equation. For the simulation we choose J = 512 and At = 10~ for
the scheme (2.15). It can be observed that the outward cone very quickly smoothens
to a rounded tip, while the inward cone also smoothens and rises at the same time.
Eventually the curve approaches a shrinking semicircle, that will shrink to a point.
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2 T T T T T T 2 T T T T T T 2

ki

005 f 15 Z 25 § 3520 05 I 15 2 25 5 35 20 05 1 15 2 25 35 35

F1c. 2. Self-similar evolution for a surface with three self-intersections. Plots are at times
t=0,0.1,...,0.9, and again at timest =0 and t = 0.9.

200
180 |
160 |
140
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100
80|
60 |
a0t
20

0

0 01 02 03 04 05 06 07 08 09 1

F1a. 3. A plot of the approxzimate surface area A™, for the simulation in Figure 2, over time.

Appendix A. Properties of the solution.

LEMMA A.1 (Behaviour at the boundary). Let & : [0,1] x [0,T] — R? satisfy
Assumption 2.1. Then we have

(A.la) Tpp- €1 =Tpp T, =0 on {0,1} x [0,T7,

(A.1b) Fppp €2 =0 on {0,1} x [0, T,

(A.1c) 7= 2%97;”52 on {0,1} x [0, 7).
Ty

Proof. We have from (1.6b) that
(A.2) 7, (0.1) = (|Z,(0, )| &) = —|Z,(0,1)| &,
and so we obtain with the help of L’Hospital’s rule that

1 Zy(p,t) - € 1 Z,,(0,1) - €3 _,
A3 lim p — 7 (p,t PP —
A3 o 200 & e P T 008 2,0,0 ¢
Tpp(0,t) - €2,

7, (0,)

D
Thus (1.6a) implies that
) Bpp(0,) | pp(0,8)
(A.4) 7 (0,t) = =22 o €s.
' Zp(0, )2 — |Z,(0,2)[2

Observing from (1.6b) that #(0,t) - € = 0, we infer from (A.4) that Z,,(0,t)-€1 =0,
which together with (1.6b) proves (A. ) t p = 0. In particular, Z,,(0,t) = (Z,,(0,%)-
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Fic. 4. Evolution for a surface with two cone singularities. Plots are at times t = 0,0.01,0.1,0.4.

€5)€. Combining this with (A.4) yields (A.1c¢) at p = 0. In order to prove (A.1b), we
differentiate (1.6a) with respect to p and obtain

(A.5) B S X o X
= Lopp Lpp  Tp o p €2 5Tpp Tp | —1 p €2 —1
R A R T A P A T I oA R T R e A
in (0,1) x (0,T]. A further application of L’Hospital’s rule implies that
(A.6)
o (B2 (1) g a1 2D 0.1) - 8) — Gyl ) - 20)Eylp.1)-5)
pNO T -€1 7P [N (Z(p,t) - €1)2
(Zopo(p,t) - €2)(@(p,t) - €1) — (Tp(p,t) - €2)(Tpp(p, t) - €1)

since Z,,(0,t) - € = 0. Combining (A.5) and (A.G), on noting (A.la), (1.6b) and
(A.2), yields that

Zopp(0,8) | Ty (0,1) - &
AT 7,0, 1) = Lee ) 1 Teen ) .
A7 R FA T LA EA N

Since Z,(0,t) - &2 = 0 in view of (1.6b), we deduce from (A.7) that also (A.1b)
holds at the left boundary point. The proof of (A.1) for the other boundary point is
analogous. d

LEMMA A.2. Let ¥ :[0,1] x [0,T] — R? satisfy Assumption 2.1. Then there exists
0 < o < &9 such that

(A.8) cap(l = p) < &(p,t)- €1 < éap(l —p) for all (p,t) €10,1] x [0,T].
Moreover, there exists K > 0 such that for all 0 < h < %6, with & as in (2.3),

1 |0fE(- + h,t) — OfE(- — h,t)

A.
(4.9) Z- e 2h

& <K in[h,1—h]x[0,T], £=0,1.

Proof. The result (A.8) is an immediate consequence of (2.3).
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Let ¢t € [0,T] and h < p < 16. We infer from (1.6b) and (2.3a) that #(p,t) - €1 >
%cop and hence

1 (p+ht)—Z(p—ht) 2 |1 /P+h B ) )
’ — 37 t) — 0,t)) - d
Z(p,t) - €1 2h €21 = cop | 2h o (xp(C, ) Z,(0, )) €> d¢
2
< — 2, (-.t)-é

~ ¢ %%?'xpp(v ) €2|

<=z z 8.

~ ¢ [o,glxa[)o(,T] [Zpp - €2

We can argue in the same way for 1 — %5 < p <1—h, while for %5 <p<1l-— %5 we

have that
1 Fp+ht)—d(p—ht) | _1]1 /”’u B
Gl < — | — t)-éd
Z(p.1) - & 2h =2 ), Zp(G:1) - &2 A6
1 S o
< —  max |Z,-é,

€1 [$,1-4]x[0,T]

’eq
€|} in the case £ = 0. The case £ = 1 can be treated in the same way, on noting that
Tip(g,t) - € =0 for ¢ € {0,1}. 0

so that (A.9) holds with K = max{% max{o s)x[0,7] |Zpp €2/, = Maxs 1_ 4] (0,7 |z, -

REFERENCES

[1] S. B. ANGENENT, Shrinking doughnuts, in Nonlinear diffusion equations and their equilib-
rium states, 3 (Gregynog, 1989), vol. 7 of Progr. Nonlinear Differential Equations Appl.,
Birkhauser Boston, Boston, MA, 1992, pp. 21-38.

[2] J. W. BARRETT, K. DECKELNICK, AND R. NURNBERG, A finite element error analysis for
azisymmetric mean curvature flow, IMA J. Numer. Anal., (2020). (to appear).

[3] J. W. BARRETT, H. GARCKE, AND R. NURNBERG, On the variational approzimation of combined
second and fourth order geometric evolution equations, STAM J. Sci. Comput., 29 (2007),
pp. 1006-1041.

[4] , On the parametric finite element approzimation of evolving hypersurfaces in R3, J.
Comput. Phys., 227 (2008), pp. 4281-4307.

(5] , Variational discretization of azisymmetric curvature flows, Numer. Math., 141 (2019),
pp- 791-837.

[6] , Parametric finite element approximations of curvature driven interface evolutions, in

Handb. Numer. Anal., A. Bonito and R. H. Nochetto, eds., vol. 21, Elsevier, Amsterdam,
2020, pp. 275-423.
(7] K. DECKELNICK AND G. DzIUK, On the approzimation of the curve shortening flow, in Cal-
culus of Variations, Applications and Computations (Pont-a-Mousson, 1994), C. Bandle,
J. Bemelmans, M. Chipot, J. S. J. Paulin, and I. Shafrir, eds., vol. 326 of Pitman Res.
Notes Math. Ser., Longman Sci. Tech., Harlow, 1995, pp. 100—108.
[8] K. DECKELNICK, G. Dz1UK, AND C. M. ELLIOTT, Computation of geometric partial differential
equations and mean curvature flow, Acta Numer., 14 (2005), pp. 139-232.
[9] G. DRUGAN AND S. J. KLEENE, Immersed self-shrinkers, Trans. Amer. Math. Soc., 369 (2017),
pp. 7213-7250.
[10] G. Dzuk, An algorithm for evolutionary surfaces, Numer. Math., 58 (1991), pp. 603-611.
, Convergence of a semi-discrete scheme for the curve shortening flow, Math. Models
Methods Appl. Sci., 4 (1994), pp. 589-606.
[12] K. ECKER, Regularity Theory for Mean Curvature Flow, Birkhauser, Boston, 2004.
[13] C. M. ErLioTT AND H. FRITZ, On approximations of the curve shortening flow and of the mean
curvature flow based on the DeTurck trick, IMA J. Numer. Anal., 37 (2017), pp. 543-603.
[14] H. GARCKE AND B.-V. MaATIOC, On a degenerate parabolic system describing the mean curva-
ture flow of rotationally symmetric closed surfaces, J. Evol. Equ., (2020). (to appear).




24 K. DECKELNICK AND R. NURNBERG

[15] S. KLEENE AND N. M. M@LLER, Self-shrinkers with a rotational symmetry, Trans. Amer. Math.
Soc., 366 (2014), pp. 3943-3963.

[16] B. KovAcs, B. Li, AND C. LUBICH, A convergent evolving finite element algorithm for mean
curvature flow of closed surfaces, Numer. Math., 143 (2019), pp. 797-853.

[17] C. MANTEGAZZA, Lecture notes on mean curvature flow, vol. 290 of Progress in Mathematics,
Birkhauser/Springer Basel AG, Basel, 2011.

(18] A. MIERSWA, Error estimates for a finite difference approximation of mean curvature flow for
surfaces of torus type, PhD thesis, University Magdeburg, Magdeburg, 2020.



	Introduction
	Finite difference discretization
	Proof of Theorem 2.4
	Numerical results
	Appendix A. Properties of the solution
	References

