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Mattia Carlin studied at the University of Trento, Italy, where he had a Master Degree in 
Environmental Engineering in 2017 with a thesis about river morphodynamics and alternate bars. 
The interest in this fascinating subject led him to start a PhD experience, also stimulated by the 
period spent at the IRSTEA research institute in Lyon during the master, where he deepened the 
topic by investigating the evolution of alternate bars by means of satellite images.
During the PhD he had the opportunity to be involved in a project about the integrated approach of 
river management, by taking into account both the hydraulic safety and the ecological and 
morphological trajectories of river evolution. 

Alternate bars are large-scale bedforms often rising in straight channelized 
rivers due to an instability mechanism. From an engineering point of view, 
due to their topographic expression and migration properties, alternate bars 
represent a problem in river management to the extent that they affect 
navigation and increase the flooding risk. On the other hand, they are 
fundamental for river biodiversity, being a suitable habitat for aquatic fauna 
and riparian vegetation.
While a vast literature is available for describing the equilibrium properties of 
alternate bars under steady flow conditions, much less information is 
available about the evolution of alternate bars subject to a complex, real flow 
series.
The purpose of this work is to provide a model for predicting the long-term 
average properties of alternate bars and for identifying the "bar-forming" 
discharge, which is a representative discharge value that, if applied steadily, 
is able to reproduce the same average topography of the flow regime.
To do that, a theoretical approach has been implemented by combining a 
morphodynamic model, which takes into account the main properties of 
alternate bars, with the hydrological characteristics of the flow regime. The 
model has been applied to four study cases with different morphological 
behaviours, obtaining satisfactory results in terms of the model capability to 
reproduce field observations, both qualitatively and quantitatively.
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A B S T R A C T

Alternate bars are large-scale bedforms characterised by an
ordered sequence of scour zones and depositional diagonal fronts
alternating along channel banks, which are typical of straight
channelized rivers. Due to their high relief and migration proper-
ties, they represent a problem in river management, because they
affect navigation, increase the flooding risk and interact with
instream structures. For this reason, in the last decades many
studies took the challenge of defining suitable criteria able to
describe their morphometric properties.

Theoretical, experimental and numerical works have clearly
demonstrated that bar occurrence is a threshold process governed
by the width-to-depth ratio of the channel, β. If this parameter
exceeds a critical threshold, βcr, an instability mechanism am-
plifies the riverbed perturbations occurring due to the effect of
the turbulent flow on the cohesionless riverbed, leading to the
spontaneous growth of finite amplitude bars. Under steady flow
conditions, alternate bars achieve an equilibrium configuration,
whose amplitude value is related to the difference β−βcr.

Much less information is available to describe bar character-
istics under variable flow conditions, when the width-to-depth
ratio changes in time and the amplitude of bars evolves depend-
ing on the duration and the shape of the hydrograph. The effect
of a single idealized flood on bar amplitude evolution was suc-
cessfully described by the weakly nonlinear model of Tubino
(1991), which was able to capture the trajectory of bar amplitude
during different stages of the flood. Supported by experimental
results, he found that the response of bars crucially depends
on the ratio between the flood duration and the bar-growth
timescale. Nevertheless, the effect of a complex flow regime,
characterised by a sequence of flow events, is to a large extent
unexplored. Specifically, (i) the definition of a criterion to predict
the average response of alternate bars in a river reach subject
to an hydrological flow regime and (ii) the quantification of bar
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amplitude evolution due to a complex flow regime are still to a
large extent unexplored.

The goals of this work are: (i) to investigate the dependence of
bar properties to variable discharge conditions; (ii) to analyse the
effect of flow unsteadiness in terms of duration and sequencing
of flood events and derive the main hydrological characteristics
that primarily control the average response of bar amplitude;
(iii) to determine the long-term bar geometry and define the
“bar-forming” discharge, which is the theoretical discharge that if
maintained indefinitely would produce the same long-term bar
response as the natural hydrograph; (iv) to analyse the effect that
a sequence of flood events composing a complex flow series has
on the evolution of bar amplitude.

To pursue these purposes, we adopted a methodology pri-
mary based on theoretical models, then supported and validated
through the analysis of laboratory experiments and field data.
The methodology and the key results for the different parts of
this thesis can be summarized as follows:

1. First, the response of bar topography to different flow
stages has been investigated both theoretically and through
the analysis of experimental data, observing the depen-
dence of alternate bars to peculiar threshold conditions.
The validity of weakly nonlinear model of Colombini et al.
(1987), originally defined in the neighborhood of the critical
condition βcr, has been extended taking into account the
emersion of bars for low flows.

2. Subsequently, the average response of bars to idealized flow
series has been analysed, exploring their dependence on the
duration and sequencing of flood events. The probability
density function has been found to be the essential hydro-
logical information of the flow series required to determine
the long-term response of bar amplitude, while the integral
scale of flow sequence is a suitable metric to quantify the
unsteadiness of a flow regime.

3. Then, an innovative approach has been introduced to define
an occurrence criterion for alternate bars in straightened
river reaches that accounts for the hydrological regime, and
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to determine the average bar state, with the corresponding
“bar-forming” discharge. The key novelty with respect to
the classical methods adopted so far to predict the long-
term equilibrium channel geometry is that in this case the
morphodynamical work acted on river bars by relatively
low-flow stages enhancing their formation can be reversed
by high-flow stages that suppress them. Therefore, both the
occurrence criterion and the average state are found from a
balance between the cumulative effects of bar-forming and
bar-suppressing events.

4. Finally, the weakly nonlinear model of Colombini et al.
(1987), originally defined to predict the evolution of bars
under steady flow conditions, has been extended to repro-
duce a natural flow series by considering the basic flow
varying in time. This approach allows us to (i) statistically
investigate the effect of flood magnitude and duration on
the variations of bar amplitude and (ii) to simulate the
morphological response of a river to alterations of the hy-
drological regime.

The long-term analysis of bar amplitude, as such as its evolu-
tion subject to the hydrological flow regime, have been applied
to four different study cases, each of them characterised by a
distinctive average bar response: two reaches of the Alpine Rhine
River, upstream and downstream the confluence of the River Ill
(Switzerland), respectively, the Adige River near Trento (Italy)
and the Isère River near Montmèlian (France). The theoretical
model is able to capture both qualitatively and quantitatively the
observed bed response. Specifically, it predicts the occurrence of
high-relief bars for the upstream reach of the Alpine Rhine River
and for the Isère River, while a plane configuration is predicted
for the Adige River. Also the intermediate response of the down-
stream reach of the Alpine Rhine River is reproduced, showing a
predominant flat bed morphology with sporadic low-relief bars.





S O M M A R I O

Le barre alternate sono forme di fondo di grandi dimensioni
che si sviluppano tipicamente nei fiumi rettificati. Esse si presen-
tano come una sequenza ordinata di zone di scavo alternate a
fronti diagonali di deposito che si dispongono lungo le sponde
dei corsi d’acqua. A causa della loro altezza e della capacità
di migrare lungo il canale, le barre rappresentano un problema
nella gestione dei corsi d’acqua; esse, infatti, interferiscono con
la navigazione, aumentano il rischio idraulico e interagiscono
con i manufatti presenti in alveo. Per questo motivo, negli ultimi
decenni sono stati fatti molti studi volti a descriverne le proprietà
morfometriche.

Molti lavori teorici, sperimentali e numerici hanno chiaramente
dimostrato che la presenza di barre alternate nei corsi d’acqua è
un processo a soglia governato dal parametro β, il quale esprime
il rapporto tra la larghezza del canale e la profondità della cor-
rente. Qualora tale parametro sia maggiore di un valore critico
βcr, un meccanismo di instabilità amplifica le perturbazioni di
piccola ampiezza che si generano sul fondo del canale in seguito
al campo di moto turbolento, portando allo sviluppo di barre
alternate che crescono fino a raggiungere un valore di altezza
ben definito. Nel caso in cui la portata sia costante, infatti, le
barre raggiungono una configurazione di equilibrio, presentando
un’altezza che dipende dalla differenza β−βcr.

Al contrario, le caratteristiche che le barre alternate assumono
nel caso in cui la portata sia variabile, ovvero quando il parame-
tro β varia nel tempo e l’ampiezza evolve a seconda della durata
e della forma dell’idrogramma di piena, sono meno conosciute.
L’effetto che un singolo evento di piena ha sull’evoluzione del-
l’ampiezza delle barre è stato con successo descritto dal modello
debolmente non lineare di Tubino (1991), il quale è in grado di
predire la traiettoria evolutiva dell’altezza durante le diverse fasi
della piena. Supportato da evidenze sperimentali, Tubino (1991)
ha scoperto che la risposta delle barre dipende in modo sostan-
ziale dal rapporto tra la durata della piena e il tempo scala delle
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barre. Ciononostante, la descrizione dell’effetto che una serie
idrologica caratterizzata da una complessa sequenza di eventi ha
sulla morfologia di un corso d’acqua è tuttora un argomento di
studio. Nello specifico, in letteratura non sono ancora disponibili
modelli (i) per predire la risposta topografica media delle barre
alternate in un tratto di fiume soggetto a un regime idrologico e
(ii) per quantificare l’altezza che esse raggiungono in seguito alla
sequenza naturale di eventi di piena.

Gli obiettivi della tesi sono: (i) studiare la dipendenza delle
proprietà delle barre a diversi valori di portata; (ii) analizzare
l’effetto della non stazionarietà della portata in termini di durata
e sequenza degli eventi, al fine di determinare le principali carat-
teristiche del regime idrologico che controllano la risposta delle
barre; (iii) determinare la risposta delle barre nel lungo periodo e
definire una portata formativa per le barre, ovvero un valore rap-
presentativo di portata che, se mantenuto costante per un tempo
sufficientemente lungo, produrrebbe la stessa topografia media
della serie idrologica; (iv) analizzare gli effetti che una sequenza
complessa di eventi di piena ha sull’evoluzione dell’altezza delle
barre.

Per raggiungere tali obiettivi, è stata adottata una metodologia
principalmente basata su modelli teorici, i quali sono stati suc-
cessivamente validati da evidenze sperimentali e dati di campo.
La metodologia adottata e i principali risultati della tesi possono
essere così riassunti:

1. Per prima cosa è stata indagata la risposta topografica delle
barre a differenti valori di portata, sia da un punto di vista
teorico che analizzando risultati sperimentali, osservando
la dipendenza delle barre da particolari valori soglia di
portata. La validità del modello debolmente non lineare di
Colombini et al. (1987), inizialmente definito in un intorno
di βcr, è stata estesa tenendo conto dell’emersione delle
barre a basse portate.

2. Successivamente, è stata analizza la risposta media delle
barre a diverse sequenze di piene ideali, esplorando la
dipendenza dell’altezza dalla durata e dall’ordine degli
eventi. La densità di probabilità della serie idrologica è
risultata essere l’ingrediente essenziale per determinare la
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risposta dell’altezza delle barre nel lungo periodo, mentre
la scala integrale può essere considerata una metrica utile
per quantificare la non stazionarietà della serie stessa.

3. Poi, un metodo innovativo è stato introdotto per stabilire
un criterio di formazione delle barre in un fiume rettificato
in base al regime idrologico, andando a predire l’altezza
media nel lungo periodo e identificando un valore di por-
tata formativa. L’elemento chiave del metodo rispetto agli
approcci classici utilizzati per definire le caratteristiche geo-
metriche di un corso d’acqua all’equilibrio consiste nel fatto
che, nel caso delle barre, il lavoro morfologico svolto dalle
piene moderate per formare le barre può essere capovolto
dagli eventi più intensi fino a determinare una morfologia
di fondo piano.

4. Infine, il modello debolmente non lineare di Colombini
et al. (1987), inizialmente definito per descrivere l’evolu-
zione delle barre a portata costante, è stato esteso al caso
di portata variabile e utilizzato per descrivere l’evoluzio-
ne morfologica delle barre nel tempo in seguito ad una
complessa sequenza di eventi, considerando il moto base
variabile. Ciò ha permesso di (i) effettuare un’analisi stati-
stica per valutare l’effetto della durata e dell’intensità delle
piene nel processo evolutivo dell’altezza delle barre e (ii)
simulare la risposta morfologica di un corso d’acqua ad
alterazioni del regime idrologico.

L’analisi dell’altezza delle barre nel lungo periodo, così come la
sua evoluzione dovuta al regime idrologico, è stata effettuata su
quattro differenti casi studio, ognuno dei quali caratterizzato da
una particolare morfologia. Nel dettaglio, sono stati considerati
due tratti del fiume Reno Alpino, rispettivamente a monte e a
valle della confluenza con il fiume Ill (Svizzera), un tratto del
fiume Adige nei pressi di Trento (Italia) e un tratto del fiume Isère
vicino a Montmèlian (Francia). Il nostro modello è in grado di
descrivere correttamente le caratteristiche morfologiche osservate
nei corsi d’acqua, sia qualitativamente che quantitativamente.
Nello specifico, esso è in grado di predire la presenza di barre
alternate nel tratto di monte del Reno Alpino e nell’Isère, mentre
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fornisce una morfologia di fondo piano nell’Adige. Inoltre, esso
riproduce ragionevolmente la risposta intermedia del tratto di
valle del Reno Alpino, nel quale la morfologia predominante di
fondo piano è caratterizzata dalla presenza di sporadiche barre
di piccola ampiezza.
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Ŵ (a) and S (b). The critical threshold q̂cr discrimi-
nates between bar-forming (Ω̂0 > 0) and bar-suppressing
(Ω̂0 < 0) flow conditions. We consider S = 0.25% in
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Figure 3.12: Aspect ratio corresponding to the condition
of emersion as function of the Shields parameter θ0 for
different values of the relative roughness ds. . . . . . . . 51

Figure 3.13: Fully-wet threshold, q̂fw, defining the emer-
sion condition, expressed per unit channel width, with
respect to the channel slope S for different values of Ŵ. 52
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1
I N T R O D U C T I O N

1.1 context

In the last few centuries many European rivers were regulated
to increase land availability and industrial production, and to
reduce the flooding risk (Dynesius and Nilsson, 1994; Nilsson
et al., 2005; Molle, 2009). In particular, their course was often
straightened and their width was typically restricted through the
construction of embankments (Hohensinner et al., 2007; Diaz-
Redondo et al., 2017; Serlet et al., 2018; Scorpio et al., 2018).
Despite the fairly regular geometry that was artificially imposed,
the riverbed often reacted by self-producing a sequence of scour
and deposition zones, typically migrating downstream, called
alternate bars (Fig. 1.1a,b). Such large-scale bedforms can be ob-
served also in natural rivers, when the planform shape presents
low sinuosity (e.g., Fig. 1.1c). Irregularities in the channel geom-
etry of rivers, as bends or section narrowing, represent obstacles
that are able to trigger the development of forced bars (e.g., Blon-
deaux and Seminara, 1985; Struiksma et al., 1985; Zolezzi and
Seminara, 2001), which are nearly twice as long as free bars,
do not migrate downstream and often interact with free bars
(Seminara and Tubino, 1989).

From an engineering point of view, the occurrence of alter-
nate bars represents one of the most problematic aspects in the
management of regulated rivers. Indeed, due to their relatively
high relief and their capability to modify the riverbed pattern,
alternate bars may affect channel navigability and interact with
structures. On the other hand, the presence of bars in rivers is
important for increasing biodiversity, being a suitable habitat for
aquatic fauna and riparian vegetation (e.g., Gilvear and Willby,
2006; Gilvear et al., 2007; Zeng et al., 2015).

As widely documented by theoretical (e.g., Parker, 1976; Fred-
soe, 1978; Colombini et al., 1987; Nelson, 1990; Schielen et al.,
1993; Federici and Seminara, 2006; Bertagni and Camporeale,

1
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Figure 1.1. Examples of alternate bars in channelized (panels a and
b) and natural (panel c) rivers. (a) Isère River (France), 45o 23 ′ N,
05o 59 ′ E; (b) Alpine Rhine River (Switzerland), 47o 10 ′ N, 09o 29 ′ E.
(c) Cross River (Nigeria), 06o 03 ′ N, 08o 28 ′ E. From Google Earth, 3D
web version (2020). Flow is from bottom to top in upper panels and
from right to left in the bottom panel.
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Figure 1.2. Configuration of alternate bars resulting from the analytical
model of Colombini et al. (1987) in a straight, rectangular channel. Flow
is from left to right.

2018), numerical (e.g., Defina, 2003; Crosato et al., 2012; Siviglia
et al., 2013; Qian et al., 2017), and laboratory investigations (e.g.,
Ikeda, 1984; Jaeggi, 1984; Lanzoni, 2000b,a; Knaapen et al., 2001;
Crosato et al., 2012; Redolfi et al., 2020), migrating alternate bars
spontaneously develop in straight channels (e.g., see the ideal
channel in Fig. 1.2) due to a riverbed instability mechanism,
which occurs when the channel width-to-depth ratio, β, exceeds
a threshold value, βcr. Under constant discharge conditions,
alternate bars grow until they attain a regime state, where they
almost maintain the same average properties (height, wavelength
and shape), while migrating downstream, although long-term
fluctuations are possible (Crosato et al., 2012). Conversely, under
unsteady flow conditions alternate bars evolve by varying their
morphometric properties depending on the intensity and dura-
tion of flood events (e.g. Tubino, 1991; Welford, 1994; Hall, 2004;
Eekhout et al., 2013). Specifically, since the variation of discharge
implies a consequent variation of the channel aspect ratio, during
flood events high discharge stages can provide values of the
aspect ratio lower than the critical threshold. Therefore, during
a single flood event a channel that typically form alternate bars
can experience the condition of channel stability (i.e. related to
the flat bed) when the peak of the flood event occurs.

In general, for given river geometry (i.e. channel width, longi-
tudinal slope and sediment size), the threshold condition for bar
formation corresponds to a specific discharge value, and therefore
the hydrological regime may include both bar-forming and bar-
suppressing stages. However, existing studies on bar response to
variable discharge (e.g. Jaballah et al., 2015; Adami et al., 2016;
Nelson and Morgan, 2018; Jourdain et al., 2020) mainly focussed
on the effect of a individual flow event, and therefore not much
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information exists about the expected properties of alternate bars
as a result of the complex sequence of events that characterise
the hydrological regime. The questions then arise of (i) how to
define a criterion to determine how likely alternate bars are to
be present in a river reach and to predict their long-term average
properties, or, alternatively, a “bar-forming” discharge value as-
sociated with such average conditions, and (ii) how to quantify
the effect that a complex flow series is able to produce on the bar
amplitude.

Finally, once the dependence of bar properties on flow un-
steadiness is found, a more general aspect about the response of
alternate bars to a longer timescale can be investigated. Indeed,
having a method to predict the average behaviour of alternate
bars allows us to forecast how such long-term response can
change once an alteration of the hydrological regime occurs, for
example due to human pressures or climate changes.

1.2 the concept of dominant discharge

Defining the average response of a river reach to the hydro-
logical regime and identifying a suitable metric (i.e. a specific
discharge value) that controls such response are very common
issues in river morphodynamics. To address these issues the
concept of “formative” or “dominant” discharge was first intro-
duced by Inglis (1949) as the discharge value that produces the
same effect on river morphology as the whole hydrological series.
Since then, various methods have been proposed in the litera-
ture (see Blom et al., 2017) to define the formative conditions
for specific river properties (e.g., channel width, longitudinal
slope, bed surface texture), such as the bankfull discharge (Inglis,
1949; Leopold and Wolman, 1957; Andrews, 1980; Emmett and
Wolman, 2001) or the discharge value associated to a fixed recur-
rence interval (1.5− 2 year flood, see Pickup and Warner, 1976;
Williams, 1978; Nash, 1994, for example).

The concept of “dominant” event is often connected with that
of geomorphic effectiveness (Lisenby et al., 2018), as for the “effec-
tive discharge” method proposed by Wolman and Miller (1960)
in which the solid transport is considered the main driver of
morphological evolution (Benson and Thomas, 1966; Andrews,
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1980). The method considers as “dominant” the discharge that
moves the largest volume of sediments over a period of time. It
combines the magnitude of the hydrological events with their
frequency of occurrence, taking the product between the duration
curve of the flow series and the solid transport rate, which is
commonly modeled by deterministic transport predictors. Simi-
larly, the half-yield discharge, for which the dominant discharge
is associated with the stage discriminating the 50% of sediments
cumulatively yielded by the flow series (e.g. Prins, 1969; Soar and
Thorne, 2001; Vogel et al., 2003), and the discharge associated
with the 75th percentile of cumulative sediment yield (Copeland
et al., 2005) were introduced as alternative metrics of the Wolman
and Miller’s (1960) magnitude-frequency approach.

The effective discharge method has been extensively employed
in the case of sandy streams, due to easier availability of sediment
transport data (i.e. Benson and Thomas, 1966; Ashmore and Day,
1988; Crowder and Knapp, 2005; Ferro and Porto, 2012). How-
ever, many applications to gravel bed rivers are also documented
in the literature, in which the sediment transport rate is quan-
tified by means of both theoretical bedload predictors (Pickup
and Warner, 1976; Andrews, 1980; Barry et al., 2008) and field
data (Carling, 1988; Emmett and Wolman, 2001; Goodwin, 2004;
Downs et al., 2016). In the case of coarse and natural rivers, pre-
dicted formative values are in fairly good agreement with those
obtained with the alternative definitions of bankfull discharge or
1.5− 2 year flood (Andrews, 1980; Emmett and Wolman, 2001;
Doyle et al., 2007), while they substantially differ in regulated-
channelized rivers (Doyle et al., 2007) and flashy systems (Pickup
and Warner, 1976). Recently, Sholtes and Bledsoe (2016) found
that the half-yield discharge provides slightly better results than
the effective discharge when compared with the bankfull dis-
charge, both in fine and coarse alluvial reaches. Although little
theoretical argument are available to strength the validity of the
half-yield discharge, authors suggest that it can be considered
as "an index discharge of intermediate magnitude, derived from
process-based sediment yield analysis", able to well predict the
bankfull discharge.

Despite the various attempts to define a generally-valid con-
cept of formative discharge, it clearly appears that its definition
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needs to be related to the specific morphodynamic aspect under
investigation (e.g., Church and Ferguson, 2015; Lisenby et al.,
2018), as “no single steady discharge can affect all characteristics
of channel geometry in a similar manner as the varying flow
rate” (Blom et al., 2017). Furthermore, other variables affect the
morphodynamical response of rivers to the hydrological regime,
such as the catchment area, the climate characteristics of the
region, the nature of sediment transport and the river pattern.
For example, small basins tend to be controlled by catastrophic
events (Ashmore and Day, 1988), even more so when they are
located in semi-arid regions (Baker, 1977; Selby, 1974), and the
formative processes that governs channel morphology are differ-
ent in the case of braided rivers (Surian et al., 2009) or mountain
streams (Vianello and D’Agostino, 2007; Bunte et al., 2014).

1.3 distinctive characteristics of alternate bar

behaviour

Why do we need a novel, specific approach to determine the
long-term average bar response to the hydrological regime in
straight channelized rivers? Analysing the method proposed by
Wolman and Miller (1960), which is one of the most implemented
in literature, we can identify four main assumptions that are
implicitly posed: (i) the morphodynamical work increases with
the sediment transport, and therefore with flow discharge; (ii)
increasing the flow discharge, the timescale of bed evolution gets
shorter according to the Exner equation, and therefore the river
response gets faster; (iii) all the flow stages above the threshold of
incipient sediment motion work in the same direction, their effect
increasing monotonically with flow discharge; (iv) the response
of sediment transport to flow variability is instantaneous.

However, the observed behaviour of alternate bars does not
perfectly fit any of these assumptions, making it necessary to
introduce a new approach accounting for the distinctive response
of alternate bars. Indeed, as discharge increases, the width-to-
depth ratio decreases and so does the equilibrium amplitude
of bars (Redolfi et al., 2020). Moreover, the growth rate of bars
(that is the reciprocal of their timescale) increases to a maximum
value and then drops at higher discharge, until it becomes nega-
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tive. Therefore, besides the threshold for sediment motion, such
particular behaviour sets a second, upper threshold (the criti-
cal discharge for bar formation) that discriminates bar-forming
from bar-suppressing flow stages, being the discharge value for
which the channel aspect ratio equals the critical one. From
this consideration a key property of bar behaviour derives: the
morphodynamic work that relatively low-flow stages (below the
critical threshold) produce to form river bars can be reversed
by high-flow stages (above the critical threshold), making the
average response of the channel dependent on the competition
between such flow conditions. It is worth noticing that an anal-
ogous opposite response to low and high flows was also found
by Blom et al. (2016, 2017) in their model of the equilibrium
channel slope. However, in this case an equlibrium slope is
always achieved, independently of the magnitude of the channel-
forming discharge, while alternate bars do not necessarily form
if suppressing events predominate over forming ones. Finally,
the time scale of bar amplification/decay is often comparable
with that associated with flood events. Therefore, bar adaptation
to flow variability is not instantaneous (Tubino, 1991; Welford,
1994), which implies that bar height may not attain at each flow
stage the corresponding equilibrium value. In Tab. 1.1 these
peculiarities of alternate bars are synthesized and compared with
the classical assumptions of the effective discharge method.

The need for a specific representative discharge for alternate
bars have been already highlighted by Blondeaux and Seminara
(1985) and Jaballah et al. (2015), while Crosato and Mosselman
(2009), in the absence of a suitable estimate, used the bankfull
discharge to define a criterion for the occurrence of bars. Such
need is also supported by the few available field observations,
which suggest that bar topography is mainly determined by
specific flow conditions, such as the tails of flow hydrographs
(Welford, 1994) or the “bar-full” stage (Biedenharn and Thorne,
1994).

1.4 research questions

The present PhD work is devoted to analyse the long-term
effect of a complex flow regime on the morphometric properties
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Table 1.1. Summary of the distinctive characteristics of alternate bars
for which the classical approach of the effective discharge method is
not suitable to determine the formative conditions for bars.

Effective discharge
method

Bar response

(i) The morphological work
increases with the
discharge

The amplitude of bars
decreases with the
discharge

(ii) The river timescale gets
shorter for increasing
discharge values, which
makes the morphological
evolution faster

The bar timescale exhibits
a maxiumum near the
critical discharge, so that
the speed of bar evolution
does not increase
monotonically with the
discharge

(iii) Flow stages larger than
the threshold for sediment
motion work in the same
direction

High discharge values can
reverse the work made by
moderate flows to form
bars

(iv) The response of sediment
transport to discharge
variations is instantaneous

Bar response to discharge
variations is delayed

of alternate bars. To address this purpose we approached the
problem by steps, answering the following questions:

1. How do equilibrium bar properties respond to discharge
variations and to what extent they can be predicted by
means of theoretical models?

2. Which characteristics of the complex flow series mainly
determine the evolution of the bar amplitude?

3. To what extent do the properties of bars depend on the
timescale of a flow series and how can we define the
timescale of a flow series?
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4. Is it possible to develop a method for predicting the average
bar amplitude observed in a river reach (i.e. determined
by the flow regime) and the corresponding discharge value
that can be considered as formative?

5. How do alternate bars evolve during flood events with
respect to the average morphology?

6. How does the long-term bar amplitude in a river reach
change by modifying the hydrological forcing?

1.5 outline of the thesis

The work is organized within 8 Chapters:

• in Chapter 2 the key results from the theoretical works of
Colombini et al. (1987) and Tubino (1991) are presented and
extensively discussed;

• in Chapter 3 the equilibrium response of bars to different
discharge stages is analysed from a theoretical point of
view, defining peculiar threshold values of discharge that
characterise bar behaviour;

• in Chapter 4 the theoretical prediction of bar properties to
discharge variations is compared with experimental obser-
vations, providing an approximate solution for bar ampli-
tude when the emersion condition occurs;

• in Chapter 5 the average effect determined by different
simplified flow sequences on bar amplitude is investigated
for a test case, finding that the required hydrological infor-
mation to describe the long-term bar properties is given by
the probability density function;

• in Chapter 6 we propose an innovative approach to com-
pute the average bar height in a river reach, by providing
the corresponding “bar-forming” discharge;

• in Chapter 7 we extend the applicability of Colombini et al.
(1987) to variable flow conditions, analysing the effect of
magnitude and duration of flood events to bar amplitude
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with attention on the response of bars to alteration of the
hydrological regime;

• in Chapter 8 we provide a response of the research ques-
tions by summarizing the main results of this work.

Two appendices complete the work:

• Appendix A provides a statistical interpretation of the effec-
tive discharge method, suitable to describe the parallelism
with our model to define the bar-forming discharge;

• Appendix B compares the equilibrium properties of bars
predicted by the weakly nonlinear models of Colombini
et al. (1987) and Tubino (1991).



2
A LT E R N AT E B A R S : T H E O R E T I C A L
F R A M E W O R K

2.1 introduction

From a mathematical point of view, the stability of river chan-
nels has been investigated since the sixties of the last century,
with the approach proposed by Callander (1969). The possibility
to predict the development of bars in rivers and prevent poten-
tial risks related to their evolution with an almost negligible
computational time promoted the development of several bar
theories in the next decades (e.g. Parker, 1976; Fredsoe, 1978;
Colombini et al., 1987; Crosato and Mosselman, 2009; Bertagni
and Camporeale, 2018), through an approximate representation
of the flow field by means a two-dimensional Saint Venant-Exner
shallow water system of equations, which was analytically or
semi-analytically solved (Tubino et al., 1999).

One of the most implemented techniques consists of approach-
ing the problem by linearizing the governing equations assuming
small the perturbation that triggers the instability mechanism.
Under steady flow conditions the linear analysis allows to quan-
tify the wavelength of bars and their migration rate, but no
information is provided about their amplitude, for which the
nonlinear interactions must be accounted for. Indeed, weakly
nonlinear approaches provide an estimate of the equilibrium bar
amplitude achieved by the perturbation after a certain time.

Specifically, for a given flow discharge, Q, the depth-averaged
flow field is computed for a straight domain of constant width,
W, slope, S, and uniform grain size, d50, by considering the
sediment supply sufficiently large to allow for transport capacity
condition. These assumptions of theoretical approaches do not
reflect the real heterogeneity of rivers, characterised by non uni-
form channel geometry, sediment sorting and an unsteady flow
regime. Lanzoni and Tubino (1999) included grain sorting into
the framework of a linear stability analysis, finding an increasing

11
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reduction of bar instability with sediment heterogeneity. Furbish
(1998) focussed on steep rough channels characterised by strong
variations in channel width and bed elevation within short dis-
tances, observing similar instability mechanisms affecting purely
alluvial rivers in forming free bars. Nelson and Seminara (2012)
provided a stability analysis in straight bedrock channels not
uniformly covered by sediments, finding that a bar-like pattern
can spontaneously occur and Nelson et al. (2014) extended the
analysis including the effect of channel curvature in their non-
linear asymptotic theory. Tubino (1991) implemented a weakly
nonlinear approach to investigate the response of bar amplitude
to unsteady flow discharge by linearizing a flood event around a
reference state. The main output of the theory concerns the ratio
between the bar timescale and the flood timescale, which should
be of the same order of magnitude to allow for bottom evolution
during the flood event.

In this chapter the theories of Colombini et al. (1987) (Section
2.2) and Tubino (1991) (Section 2.3) for free bars are exhaustively
explained, since they constitute the main foundation in this work.

2.2 alternate bar theory under steady flow condi-
tions

The theoretical framework of this work is based on the Colom-
bini et al. (1987) weakly nonlinear theory, which is partially
explained below following the approach of Adami (2016). To be
consistent with the literature, dimensional variables that will be
made dimensionless through appropriate scale quantities (e.g.,
flow velocity and water depth) are written with an asterisk (∗).

2.2.1 Hypothesis and assumptions

Colombini et al.’s (1987) theory considered an infinite straight
channel with erodible bottom and a constant width W, charac-
terised by non-erodible banks, and solves the two-dimensional
Shallow Water-Exner system of equations (SWE) by means a
perturbation approach. The shallow water assumption allows
the depth-averaged formulation of the problem, assuming neg-
ligible (i) the vertical acceleration respect to gravity and (ii) the
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effect of flow separation, which was found rather weak by flume
experiments (Jaeggi, 1984). The channel has constant slope S
and it is fed by a constant discharge which provides a bed-load
sediment transport of particles with a uniform grain size d50 in
equilibrium with the transport capacity.

The definition of these parameters determines a reference uni-
form flow state (hereinafter identified by the subscript ’0’) related
to a channel with rectangular cross section and initial flat bed.
This reference state can be assumed as the scale quantity provid-
ing the order of magnitude of the variables of the formulated
problem, which in this way can be set in a dimensionless form.
There are three key parameters and they are explained below.

The first dimensionless parameter is the aspect ratio of the
channel, β, defined for the half cross section as:

β =
W

2D∗0
, (2.1)

where D∗0 is the uniform water depth.
The second dimensionless parameter is the Shields stress pa-

rameter, θ, which can be expressed as:

θ =
τ∗

(ρs − ρ)gd50
, (2.2)

where τ∗ is the mean shear stress exerted by the flow on the
bottom, ρs and ρ are the density of the sediment and of the water
respectively and g = 9.81ms−2 is the gravitational acceleration.

The last dimensionless parameter is the relative roughness, ds,
measuring the magnitude of the bottom roughness with respect
to the uniform flow depth:

ds =
d50
D∗0

. (2.3)

2.2.2 Mathematical model

The mathematical model of alternate bar morphodynamics in
a single-thread channel with constant width, slope and grain
size is represented by the previously-mentioned SWE system of
equations. Considering the Cartesian coordinate system (x,y)
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Figure 2.1. Planform sketch representing channel geometry and system
of reference. The curved lines indicate the position of the bar front.

shown in Fig. 2.1, in which the longitudinal and transverse
coordinates (x∗,y∗) have been scaled with half the channel width
W/2, the dimensionless SWE system is defined as follow:

U
∂U

∂x
+ V

∂U

∂y
+
1

F20

∂(η+D)

∂x
+β

τx

D
= 0 (2.4)

U
∂V

∂x
+ V

∂V

∂y
+
1

F20

∂(η+D)

∂y
+β

τy

D
= 0 (2.5)

∂(UD)

∂x
+
∂(VD)

∂y
= 0 (2.6)

∂η

∂t
+Q0

[
∂qsx

∂x
+
∂qsy

∂y

]
= 0. (2.7)

where eqs. (2.4) and (2.5) represent the momentum balance in
the x and y directions respectively and eqs. (2.6) and (2.7) are the
continuity equations for water and sediments respectively. The
system (2.4−2.7) presents four unknowns: the components of the
flow velocity U and V in the longitudinal and transverse direc-
tions respectively, made dimensionless with the uniform flow
velocity U∗0, the local water depth D and the bottom elevation
η, scaled with the reference water depth D∗0. The time t∗ for the
bottom evolution is made dimensionless by means the hydrody-
namics timescale W/(2U∗0). Finally, F0 is the Froude number of
the uniform flow, which occurs due to the dimensionless form of
the system, defined as:

F0 =
U∗0√
gD∗0

, (2.8)

and Q0 is the ratio between the scale of sediment discharge and
the flow rate:

Q0 =
d50
√
gRd50

(1− p)U∗0D
∗
0

, (2.9)
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in which p is the sediment porosity and R is the relative sub-
merged weight of sediments defined as (ρs − ρ)ρ

−1.
The mathematical problem requires two closure relations for

the shear stress τ = (τx, τy) and the sediment transport discharge
for unit width qs = (qsx,qsy). The shear stress τ is usually
defined as a function of the friction coefficient c, as:

τ = (τx, τy) = (U,V)
√
U2 + V2 c, (2.10)

where for the friction coefficient several expressions are available
in literature, such as the Einstein (1950) formula:

c = 6+ 2.5 ln

(
D

2.5 ds

)
, (2.11)

for the skin friction, in which the roughness parameter is set equal
to (2.5 d50) following the formulation proposed by Engelund and
Hansens (1967), or the Engelund and Hansens (1967) formula for
a dune-covered bed:

c =

(
0.06+ 0.4 θ2

θ

) 1
2
[
6+ 2.5 ln

(
0.06+ 0.4 θ2

2.5 ds θ

)]
. (2.12)

The sediment is assumed to be transported mainly as bed-load
and the effect of the slope in the transverse direction is modelled
on the direction and intensity of the bed-load, associating the
local variation of sediment transport with an average direction
of the particle trajectories driven by the gravity, as suggested by
Engelund (1981). In a dimensionless form it becomes:

qs = (qsx,qsy) = (cosϕ, sinϕ)Φ, (2.13)

where ϕ, assumed as a small angle, is defined as:

sinϕ = V
√
U2 + V2 −

r

β
√
θ

∂η

∂y
. (2.14)

Eq. 2.14 models the trajectory of sediment particles along an in-
clined bed accounting for the transverse deviation due to gravity,
in which the parameter r is an empirical constant that assumes
typical values in the range 0.3 − 0.6 (Engelund, 1981; Olesen,
1983). The larger the parameter r, the greater the deviation of
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particle trajectory from the direction of the inclined bed, resulting
in a greater difficulty of the riverbed to form bars. The sediment
flux can be reconstructed by scaling the dimensionless variables
(qsx,qsy) as follow:

(q∗sx,q∗sy) = d50
√
Rgd50(qsx,qsy). (2.15)

Finally, Φ represents the intensity of the sediment transport rate,
which can be expressed by means of several relations. In this
PhD thesis we focus on the following transport relations:

1. Meyer-Peter and Muller (1948):

Φ = 8(θ− θi)
3
2 , (2.16)

in which the critical value of the Shields parameter, θi,
representing the incipient value of sediment motion, is
equal to 0.047.

2. Parker (1978):

Φ = 11.2 θ
3
2

(
1−

θi
θ

) 9
2

, (2.17)

with θi = 0.03.

3. Parker (1990):
Φ = 0.00218 θ

3
2 H(θ ′), (2.18)

in which θ ′ = θ/θi is the normalized Shields stress with
θi = 0.0386, and the function H(θ ′) is given by:

H(θ ′) =


5474

(
1−

0.853
θ ′

) 9
2

if: θ ′ > 1.59

exp
[
14.2(θ ′ − 1) − 9.28(θ ′ − 1)2

]
if: θ ′ > 1

θ ′14.2 otherwise

.

(2.19)
Notice that for θ ′ > 1.59 the formula almost coincides with
Parker’s (1978) relation.

In this chapter, accordingly with the original formulation of
Colombini et al. (1987), the Meyer-Peter and Muller (1948) rela-
tion is used.
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2.2.3 Linear theory

The linear solution of the governing system (2.4−2.7) is found
by means of a perturbation approach, which consists of intro-
ducing a small initial bed perturbation having the form of a
three-dimensional, double-sinusoidal bed deformation, assumed
“small”, and investigating the stability of the system.

Before going into detail with the linear solution we must spec-
ify the boundary conditions. In particular, the system of eqs.
(2.4−2.7) is defined for a straight channel with constant width
and slope and uniform grain size, upstream fed by constant water
discharge and solid discharge in equilibrium with the transport
capacity. The infinite length of the channel allows for considering
the solution as periodic. In the transverse direction we have to
impose the vanishing of the flux of water and sediments at the
channel banks, namely V = qsy = 0 when y = ±1.

The trivial solution is given by the uniform flow and the initial
flat bed, which in the dimensionless form reads:

U = U0 = 1

V = 0

D = D0 = 1

η = η0(x)

. (2.20)

A non trivial solution can be found by considering a perturba-
tion of order ε, which depends on temporal t and spatial (x,y)
coordinates, as follow:

U = U0 + εU1(x,y, t)

V = 0+ εV1(x,y, t)

D = D0 + εD1(x,y, t)

η = η0(x) + εη1(x,y, t)

(2.21a)


τx = c0 + ετx,1(x,y, t)

τy = 0+ ετy,1(x,y, t)

qsx = Φ0 + εqsx,1(x,y, t)

qsy = 0+ εqsy,1(x,y, t)

, (2.21b)

in which variables characterised by the subscript ’1’ have the
same order of magnitude of the respective uniform ones, but
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reduced to infinitesimal perturbations by means the parameter ε.
It is worth noticing that, at the first order of approximation, i.e.
O(1), only the longitudinal components of the shear stress and
the sediment discharge per unit width are different from zero,
due to the basic uniform flow. Specifically, the dimensionless
shear stress equals the uniform friction coefficient, while the
sediment discharge is given by Φ0, being cosϕ = 1.

Such definition of the unknowns (eq. 2.21) allows to rewrite
the system (2.4−2.7) in a linear form (i.e. neglecting nonlinear
terms), which provides the following solution for the water depth
in a complex formulation (for all the unknowns the shape of the
solution is the same):

D(x,y, t) = D0 +
[
ε exp(Ω0t)E1 S1 + c.c.

]
(2.22a)

= D0 +
[
ε exp(Ω0t)S1 cos(λx−ω0t) + c.c.

]
(2.22b)

where we define

S1 = sin
(π
2
y
)

, Em = expmi(λx−ω0t) (2.23a,b)

with m = 1 identifies the bar mode related to alternate bars. The
structure of the solution expressed in eq. (2.22a) represents a
wave propagating in space and time. Indeed, being linear systems
satisfied by wave-like solutions, the perturbation term, D1, is
posed equal to exp(Ω0t)E1 S1, providing one of the possible solu-
tions of the system that is expressive for alternate bars. Eq. (2.22b)
is derived by the Euler’s rule (exp(iα) = cosα+ i sinα), which
is often implemented in bar theories to simplify the algebraic
calculations leading to the analytical solution. The parameter λ
is the bar wavenumber, easily related to the dimensionless bar
wavelength L∗/W (see Fig. 2.1 for the definition of bar length,
L∗) by:

λ =
πW

L∗
. (2.24)

In eq. (2.22b) the parameters Ω0 and ω0 are real quantities
representing the amplification rate and the angular frequency
respectively, and c.c. is the complex conjugate of a complex number.
By substituting the solution for each variable in the form of eq.
(2.22) into the system (2.4−2.7), an algebraic form can be found,
providing the following stability condition:

dA

dt
= Ω0A, (2.25)



2.2 alternate bar theory under steady flow conditions 19

0 0.2 0.4 0.6 0.8 1 1.2
-3

-2

-1

0

1

2

3

4

5 10 -3

Figure 2.2. The growth rate Ω0 and the angular frequency ω0 versus
the wavenumber for alternate bars, with θ0 = 0.1, β = 30 and ds = 0.07.
The preferred wavenumber to be amplified corresponds to peak of the
Ω0 function.

which gives an exponential growth of bars in time A(t) =

exp(Ω0t). Depending on the sign of the amplification factor
Ω0, two different responses of the riverbed can be found on the
initial, small, bar wave: if Ω0 < 0 the initial wave is damped and
the bottom is flattened (stable condition), otherwise, if Ω0 > 0
the wave is amplified and the bar grows (unstable condition).

The quantification of the amplification factor Ω0 and the an-
gular frequency ω0 with respect to the bar wavenumber λ, for
given values of the uniform flow parameters θ0, β and ds (i.e. for
a given flow discharge) is shown in Fig. 2.2. It is evident that any
discharge stage is able to amplify only a restricted range of wave-
lengths. In particular, the preferred wavelength can be identified
considering the maximum of the growth rate Ω0. A similar rea-
soning is valid for the angular frequency, which discriminates the
bar wavelengths for which a downstream migration is possible.

Increasing the aspect ratio β, the amplification region widens,
while, on the contrary, for low values of β the amplification
factor is always negative. The neutral curve can be found varying
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Figure 2.3. Neutral curves in the plane (λ,β) with θ0 = 0.1 and
ds = 0.01. Alternate bars are expected to form the region above the
curve Ω0 = 0, which represents the unstable region, when an upstream
or downstream migration is delimited by the ω0 = 0 curve.

the aspect ratio and selecting the wavenumbers for which the
growth rate Ω0 is equal to 0, identifying the bar configurations
that are not amplified (see Fig. 2.3, where the neutral curve
is computed for given values of θ0 and ds). In the plane (λ,β)
alternate bars can be expected to form only in the unstable region
above the neutral curve Ω0 = 0, while below the growth rate
is always negative and all the states lead invariably to a flat
bed. The curve ω0 = 0 identifies the condition of not migrating
bars. Therefore, in the unstable region we can distinguish bars
characterised by different signs of the angular frequency, namely
negative on the right and positive on the left of the curve ω0 = 0
respectively. From a physical point of view, the different sign of
the angular frequency identifies two opposite directions of bar
migration in the channel: when the angular frequency is positive,
the migration occurs downstream, conversely it occurs upstream.
This latter condition is rarely observed in rivers, but it can be
numerically reproduced (e.g. Siviglia et al., 2013).

The minimum of the neutral curve Ω0 = 0 represents the so-
called “critical” condition corresponding to a critical value of the
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Figure 2.4. Critical aspect ratio for alternate bars as function of the
Shields parameter θ0 for different values of ds (plane bed, r = 0.3).

aspect ratio, βcr and a critical value of the bar wavenumber, λcr.
By the shape of the neutral curve, it is evident that the channel
aspect ratio is the key parameter in the stability analysis of a
channel. More precisely, bars are expected to form when the
aspect ratio of the channel is larger than the critical threshold,
letting us suppose that narrow channels are reluctant to amplify
bottom perturbations. While the critical aspect ratio has a well
defined limit, the critical wavenumber is less selective, because
for β ' βcr a range of λ between 0.3− 0.7 is close to marginal
stability conditions. In Fig. 2.4 the trend of βcr with respect
to the Shields parameter θ0 is reported for different values of
ds. A sharp decrease of the critical aspect ratio can be found for
low values of the Shields parameter close to the threshold for
motion, due to the strong reduction of the sediment transport.
Furthermore, the instability of the channel is found to become
larger for coarser channels, being the critical aspect ratio lower
for increasing values of the relative roughness. Despite the
physical explanation of this behaviour is still an open issue, we
can suppose that the role of destabilizing effects gets stronger
when friction increases (Seminara, 2010).
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The stability of the channel is mainly determined by gravity,
whose role is taken into account by the parameter r, already
defined in eq. (2.14). Low values of r reduce the stability region,
with the limit case of r = 0 for which a small perturbation of
the riverbed inexorably grows. Conversely, for larger values of
r the stable region widens and bars tend to be suppressed. The
calibration of the parameter r depends on the choice of friction
and bed load formulas, but values ranging between 0.3÷ 0.6
typically allows for good predictions of laboratory experiments.

The linear stability analysis is strictly valid for small-amplitude
bar perturbation and provides useful information about bar for-
mation and wavelength. However, no information is provided
about the bar amplitude, due to the exponential growth of bars
in time resulting from eq. (2.25), which can be representative
only for the fist stages of bar growth. To have a measure of the
amplitude of the resulting bar, fixed geometrical and discharge
information, nonlinear effects must be taken into account.

2.2.4 Weakly nonlinear theory

Colombini et al. (1987) proposed a weakly nonlinear approach
to overcome the lack of information about the expected bar
amplitude. Indeed, laboratory investigations suggested that for
steady flow conditions an equilibrium amplitude is achieved by
bars, with an order of magnitude of the water depth (e.g. Ikeda,
1984). It is evident that bar amplitude cannot be fitted by the
exponential growth resulting from eq. (2.25).

The weakly nonlinear approach consists in looking for a solu-
tion of bar amplitude in the neighborhood of the critical condi-
tions,

β = βcr(1+ ε), λ = λcr + ελ1 (2.26a,b)

where ε is assumed to be small. Defining the channel aspect ratio
by eq. (2.26a) means that the channel width can slightly vary
around the critical condition, by keeping fixed the channel slope
and the uniform water depth. Moreover, eq. (2.26b) implies that
also the wavenumber can be slightly perturbed with respect to
the critical value λcr.

At this point, the problem is approached considering a multiple-
scale technique, based on the idea that the characteristic timescale
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of amplitude evolution T is much smaller than the hydrodynamic
timescale. Mathematically, the two timescales are related by the
perturbation parameter ε, namely T = εt, which determines:

∂

∂t
→ ∂

∂t
+ ε

∂

∂T
. (2.27)

The new nonlinear terms generate high order harmonics, both
in the longitudinal and in the transverse directions. Following
the same procedure described for the linear case, the solution
can be found writing the fundamental unknowns, eq. (2.22b),
at third order. The amplitude relation presents the same linear
structure, but with a new nonlinear term:

dA

dT
= α1A+α2A|A

2|, (2.28)

in which α1 and α2 are complex coefficients, functions of θ0 and
ds, and α1 is the measure of the approximated linear bar growth
rate by the relation:

Ω0 = εα1R, (2.29)

(hereinafter the subscripts ’R’ and ’I’ denote the real and imag-
inary parts of a complex number, respectively). Eq. (2.28) is of
the Landau-Stuart type and presents the following properties:

1. neglecting the nonlinear term the exponential behaviour of
bar amplitude is found;

2. an analytical solution is available, which assumes the fol-
lowing general form:

A(T) =

[
−
k2
k1

+
(
A−2
0 +

k2
k1

)
exp(−2k1T)

]− 1
2

, (2.30)

depending exclusively on the initial bar amplitude A0,
where k1 = α1R and k2 = α2R for eq. (2.28);

3. the nonlinear term inhibits bar growth and allows for an
equilibrium amplitude when T →∞, even though α1R and
α2R have opposite sign (see Figs. 2.5 and 2.6 where α1R
and α2R are plotted as function of θ0 for different values
of ds).
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Figure 2.5. Real part of the coefficient α1 as function of the Shields
parameter θ0 for different values of ds (plane bed, r = 0.3).
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Figure 2.6. Real part of the coefficient α2 as function of the Shields
parameter θ0 for different values of ds (plane bed, r = 0.3).
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Figure 2.7. Evolution of bar amplitude in time for different values of the
initial amplitude A0 (plane bed, β = 23.7, θ0 = 0.07 and ds = 0.011).

The equilibrium amplitude Aeq corresponds to the condition in
which the temporal variation of bar amplitude vanishes, namely:

α1A+α2A|A
2| = 0, (2.31)

which gives the following non trivial solution:

Aeq =

√
−
α1R
α2R

. (2.32)

An example of bar amplitude evolution in time, with respect
to the equilibrium value, is shown in Fig. 2.7 for different val-
ues of initial bar amplitude. The lower the initial value of bar
amplitude, the longer the time required to reach the equilibrium
configuration.

Once the system is solved, the solution at the equilibrium stage
can be found for the system unknowns by neglecting higher order
terms (i.e. O(ε2) terms). For example, we report the expressions
for the flow depth:

D(x,y) = 1+ ε1/2
[
AeqD11 S1 E1 + c.c.

]
+ ε
[
A2eq(D22C2 +D02)E2 + c.c.

]
+ ε
[
A2eq(D20C2 +D00)

] , (2.33)
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and the bed topography η, from which the bar height can be
measured:

η(x,y) =ε1/2Aeq S1 exp(i λcr x)

+ εA2eq
[
η22C2 exp(i 2λcr x)

]
+ εA2eq

[
η02 exp(i 2λcr x) + η20C2

]
+ c.c.

, (2.34)

where:
C2 = cos(πy), (2.35)

and D11, D22, D02, D20, D00, η22, η02 and η20 are complex
or real coefficients defining the different orders of harmonics.
Following the definition proposed by Ikeda (1984), the bar height
H∗BM is given as the difference between the maximum and mini-
mum of bed elevation:

H∗BM = D∗0
(

max(η) − min(η)
)

(2.36)

Moreover, a simple expression for the bar height can be de-
rived:

H∗BM = D∗0

[
b1

(
β−βcr
βcr

) 1
2

+ b2

(
β−βcr
βcr

)]
, (2.37)

neglecting the third order terms in the bar amplitude solution
and considering β < 2βcr. The two coefficients b1 and b2 are
complicated functions of θ0 and ds, although their dependence
on these parameters is relatively smooth. The trend of b1 and b2
with respect to θ0 and ds can be found in the Fig. 5 of Colombini
et al. (1987).

Relation (2.37) shows that the equilibrium bar height scales
with the channel water depth, D∗0, as observed in the field. More-
over, the bar height is related with the difference between the
channel aspect ratio and the critical threshold βcr.

The difference between maximum and minimum of bed el-
evation is a suitable metric to quantify the magnitude of the
bar wave when the purpose is to estimate the maximum scour
occurring in the channel, η∗M, defined by Colombini et al. (1987)
as:

η∗M = 0.57H∗BM, (2.38)
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but it presents limitations if you must compare theoretical predic-
tions with field measurements, due to the difficulty to individuate
the sections of maximum scour in real rivers. In Chapter. 4 a
more extensive discussion about the analysis of suitable metrics
to quantify the height of bars is proposed.

Finally, the weakly nonlinear approach allows for the approxi-
mation of the linear migration speed:

ω0 = ωcr − εα1I (2.39)

and for the definition of the nonlinear one, by including the
nonlinear correction by means of the A2eq term:

ω = ωcr − ε
[
α1I +A

2
eq α2I

]
(2.40)

where ωcr is the linear migration rate computed in the critical
conditions.

2.3 alternate bar theory under unsteady flow con-
ditions

The evolution of alternate bar amplitude under unsteady flow
can be predicted by means of the weakly nonlinear theory of
Tubino (1991), which solves the 2D SWE system of equations in
a straight channel with erodible bottom, for given values of the
channel width W, downstream gradient S and grain size d50.
This model is an extension of the above-described weakly nonlin-
ear model for steady flow conditions of Colombini et al. (1987)
to an individual flood event. Discharge variations are accounted
for analytically through a perturbation approach, linearizing the
flood around a reference discharge value q0 (hereinafter over-
lined variables are related to the reference state). The reference
state uniquely identifies the average speed and flow depth U∗0
and D∗0, which allow the computation of the instantaneous aver-
age speed U∗0 and flow depth D∗0 as:

U∗0 = U
∗
0U0(ζ), D∗0 = D

∗
0D0(ζ) (2.41a,b)

in which ζ is the dimensionless time variable describing the flow
variations within an individual flood event, defined as:

ζ = σ∗ t∗, (2.42)
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where σ∗ represents the characteristic dimensional timescale of
the flood event. The characteristic time of the unsteady basic
state implies the dependence of β, θ0 and ds to ζ; in particular β
decreases during the rising stage of the flood, making the system
decreasingly unstable. In sight of this, it can happen that this
parameter falls in the stable region close to the peak, returning
to the unstable state during the decreasing stage.

In a dimensionless form, the flood timescale is given by:

σ =
σ∗W

2U
∗
0

, (2.43)

which represents the ratio between the average time required by
the flood wave to move along the channel and its period and can
be assumed much smaller than 1.

The weakly nonlinear approach, similarly to the steady case of
Colombini et al. (1987), provides the perturbation of the average
aspect ratio β in the neighborhood of the critical conditions βcr,
related to the reference state, by means of a small amplitude ε:

β = βcr(θ0,ds)(1+ ε). (2.44)

Assuming also the unsteadiness to be weak (δ� 1), the flow
discharge per unit width can be written as:

q0(ζ)

q0
=
[
1+ δq01(ζ)

]
. (2.45)

where q01 is the unsteady component of q0 with respect to the
reference state q0.

The above assumptions allow for an analytical solution of the
problem, by means the linearization of the basic flow variables
into steady and unsteady components:

U0 = 1+ δU01(ζ) +O(δ2) (2.46a)

D0 = 1+ δD01(ζ) +O(δ2) (2.46b)

with the unsteady components given by:

U01 =
(
1−

2

3−CD

)
q01, D01 =

2

3−CD
q01 (2.47a,b)
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in which:

CD =

[
1

c

∂c

∂D

]
ds

(2.48)

represents the variation of the friction coefficient with respect to
the water depth at the reference state.

Relations (2.46a,b) allow to calculate the variation of the aspect
ratio β during the flood event as:

β ' β
[
1− δD01(ζ)

]
+O(δ2). (2.49)

The solution must be expanded in power series of the two
parameters ε1/2 and δ, similarly to eq. (2.22). Following the
same procedure implemented for the steady case of Colombini
et al. (1987), substituting the solution of unknowns into the
equation system (2.4−2.7), a solubility condition, similar to 2.32,
can be found:

dA

dT
= A

[
α1 +α0∆q01(ζ)

]
+α2A|A

2|, (2.50)

where α0 is an additional complex parameter with respect to eq.
(2.28) expressing the unsteadiness effect of the basic flow and
∆ ∼ O(1) is the ratio between δ and ε. Here, the coefficients α0,
α1 and α2 must be referred to the reference state, hence they are
function of θ0 and ds only. It is worth noticing that the coefficient
of the first order term of eq. (2.50) provides a measure of the
linear bar growth rate of bars, Ω0, which can be defined as:

Ω0 = ε
[
α1 +α0∆q01(ζ)

]
= Ω0 + εα0∆q01(ζ), (2.51)

where Ω0 is the weakly nonlinear approximation of the growth
rate (eq. 2.29) computed at the reference state and ε = ε(θ0,ds).

The amplitude function can be written in the form:

A = |A(T)| exp
[
iω1(T)

]
, (2.52)

where ω1 represents the phase. By eq. (2.52) we can rewrite eq.
(2.50) as function of the dimensionless time ζ:

d|A|

dζ
=
1

Û

{[
1+∆

α0R
α1R

q01(ζ)
]
|A|+

α2R
α1R

|A|3

}
(2.53)
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and compute the angular frequency:

dω1
dζ

=
1

Û

[
α1I
α1R

+∆
α0I
α1R

q01(ζ) + |A|2
α2I
α1R

]
(2.54)

The unsteadiness parameter Û represents the ratio between
the time scale of the flood and the time scale of the bar growth,
computed at the reference state:

Û =
σ

Ω0
. (2.55)

The main result of the model is that the effect of the flood on the
bar amplitude depends exclusively on the parameter Û, which
classifies three different situations:

• Û � 1: the flood timescale is too short to allow for bar
evolution, therefore:

d|A|

dζ
' 0. (2.56)

• Û� 1: the flood timescale is sufficiently long to allow for
bars to achieve the equilibrium amplitude configuration
given by:

|A| = AT = Aeq

[
1−∆Fq01

] 1
2
, (2.57)

where Aeq is computed as eq. (2.32) with coefficients re-
ferred to the reference state and:

F(ds, θ0) = −
α0R
α1R

. (2.58)

• Û ∼ O(1): the bar and flood timescales have the same order
of magnitude, so that bars can evolve during the flood
event, but the equilibrium configuration is not achieved.
Below the solution for this case is briefly explained.

The procedure proposed by Tubino (1991) can be summarized
in the following steps, starting from the portion of hydrograph
that exceeds the threshold for motion, defined as qi. Variables are
made dimensionless considering a reference basic state (U∗0 and
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D
∗
0) and an error procedure is used for satisfying the following

two conditions:

ε =
β−βcr(θ0,ds)
βcr(θ0,ds)

= δ (2.59)

to identify the reference discharge value:

q0 =
qi
1− δ

, (2.60)

which allows the computation of the q01 function, needed to
quantify the growth rate of bars:

q01 =

q0
q0

− 1

δ
. (2.61)

At this point, computing the unsteadiness parameter Û, the
parameter F and the final value ATF of the equilibrium amplitude,
by substituting ∆ = 1 and q01 = −1 in eq. (2.57), the actual
amplitude of the perturbation is given by:

|A| = ATF

{
exp

[ ∫ζ
0 G(ξ)dξ

]
2Û−1(1+ F)

[ ∫ζ
0 exp

[ ∫Υ
0 G(ξ)dξ

]
dΥ
]
+A−2

0

} 1
2

(2.62)
with G(ξ) = 2Û−1(1− F)q01(ξ)) and ξ and Υ are dummy vari-
ables. Alternatively, the actual bar amplitude can be computed
numerically, by integrating eq. (2.53).

Following the Tubino (1991) theory, the nonlinear bar migration
speed of eq. (2.40) is modified as follow:

ω = ωcr(θ0,ds) − ε
[
α1I + q01α0I +A

2
TF α2I

]
(2.63)

in which coefficients are computed at the reference state.

2.4 conclusions

The analytical theories of Colombini et al. (1987) and Tubino
(1991) provide, among other, well-established methods for mod-
elling the evolution of alternate bars under steady and unsteady
flow conditions respectively. In this PhD thesis we take advan-
tage of these models to investigate the response of alternate bars
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to actual flow series, by considering the effect that a wide range
of discharges have in modifying the pattern of bars.

In the following chapters, we will provide an innovative inter-
pretation of theoretical results by analysing the model response
to the complex flow sequencing that characterises the natural
forcing of the flow regime in rivers.



3
E Q U I L I B R I U M R E S P O N S E O F A LT E R N AT E B A R S
T O D I S C H A R G E VA R I AT I O N S

3.1 introduction

The weakly nonlinear theory of Colombini et al. (1987) is able
to provide a good representation of equilibrium bar properties
under steady flow conditions. However, the steady flow assump-
tion is a too strong approximation if the purpose is to investigate
the response of alternate bars in rivers, since the flow discharge
varies in time, mainly depending on the rainfall or the snow-
melting process. The unsteadiness of the flow regime poses an
open issue concerning the formative discharge related to alter-
nate bars, whose definition cannot be separated from the analysis
of bar response to discharge variations. Indeed, once a large
range of discharges is explored by the river, the application of
the weakly nonlinear theories requires to carefully consider some
aspects. First, the values of the channel aspect ratio can highly
vary up to values for which the theoretical model is pushed at
its limit (i.e. far from the critical condition). Specifically, for
increasing values of the channel aspect ratio, the nonlinear ef-
fects tend to be progressively more important (Colombini and
Tubino, 1991), requiring a deeper analysis to correctly interpret
the weakly nonlinear results. Second, the competition of alter-
nate bars with higher modes can also occur, with a consequent
potential development of central or multiple bars (e.g., Rodrigues
et al., 2015).

For this reason, in this chapter the theory of Colombini et al.
(1987) is applied to a channel with fixed geometry for differ-
ent discharge conditions, in order to describe the variation of
equilibrium properties. It is worth noting that the purpose of
the following analysis is not to analyse the unsteady response
of alternate bars to a single flood event as proposed by Tubino
(1991), but rather to investigate the equilibrium response to the
different stages of typical flood events.

33
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3.2 definition of new dimensionless parameters

The investigation of alternate bars in straight channels de-
pends on the average properties of the flow field and sediment
transport, whose characterisation requires the definition of three
dimensionless parameters. The classical approach, as followed
by Colombini et al. (1987), considers β, θ0 and ds as the suit-
able dimensionless parameters to describe the main properties
of bars depending on the discharge conditions (see Chapter 2

for further details). However, to analyse how the equilibrium
bar properties of alternate bars vary with the discharge in a real
study case, in which channel width and slope and median grain
size can be reasonably fixed, it is convenient to define different
dimensionless quantities, since in the definition of β, θ0 and ds
the hydraulic parameters (which depend on the discharge) are
mixed with geometrical quantities and grain size. Therefore, we
introduce:

Ŵ =
W

d50
, S, Q̂ =

Q√
gd550

, (3.1a-c)

representing the channel width Ŵ, scaled with the sediment size,
the channel slope S and the discharge Q̂ made dimensionless as
in Parker et al. (2007). In this way, the dependence of the water
discharge is isolated in Q̂, while Ŵ and S does not depend to
the hydraulic conditions and are uniquely defined for a given
channel. Typical values of these parameters in gravel bed rivers
are Ŵ = 102 − 104, S = 10−2 − 100% and Q̂ = 102 − 107 (e.g.,
Parker et al., 2007).

In many cases it is useful to consider the dimensionless dis-
charge per unit channel width, namely:

q̂ =
Q

W
√
gd350

, (3.2)

in order to reduce the variability in a range 10− 104. The two
definitions of eqs. (3.1c) and (3.2) are related trough the dimen-
sionless channel width as Q̂ = Ŵ q̂.

The above definition of dimensionless parameters in eq. (3.1)
allows us to investigate the dependence of classical parameters
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β, θ0 and ds with respect to the discharge variation. Rodrigues
et al. (2015) computed these parameters for a specific case in the
Loire River, while here we generalize the analysis with respect to
the new dimensionless parameters. In general, the dependence
of the classical parameters to Ŵ, S and q̂ can be summarized as:

β = f(Ŵ,S, q̂), (3.3a)

θ = f(S, q̂), (3.3b)

ds = f(S, q̂), (3.3c)

where f identifies a generic function. Specifically, by applying
the uniform flow condition, we can compute eq. (3.3) as:

β =
Ŵ

2

(
c0
√
S

q̂

) 2
3

, (3.4a)

θ =
1

R

(
q̂ S

c0

) 2
3

, (3.4b)

ds =

(
c0
√
S

q̂

) 2
3

. (3.4c)

which can be made explicit by expressing the resistance coeffi-
cient c0 with a power law (i.e. not with the logarithmic relation
of eq. 2.11). Figs. 3.1 and 3.2 show the dependence of the clas-
sical parameters β, θ0 and ds on the discharge per unit width,
considering the uniform flow conditions for a rectangular cross
section channel.

The increment of discharge implies that the uniform Shields
parameter θ0 increases (Fig. 3.1a), while the relative roughness
decreases because of the increment of the flow depth (Fig. 3.1b).
Moreover, increasing the channel slope has the twofold effect of
increasing the bed shear stress and reducing the water depth,
such that both θ0 and ds increase.

The main parameter that controls the response of alternate
bars to discharge variations is the aspect ratio, which invariably
decreases with respect to the water discharge (Fig. 3.2). There-
fore, increasing the water discharge enhances the stability of the
channel, due to the reduction of the aspect ratio. Conversely, for
given discharge conditions (i.e. at fixed q̂), β increases by increas-
ing both Ŵ and S. However, the response of bars depends on the
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Figure 3.1. Variation of classical parameters θ0 (a) and ds (b) with
respect to the discharge for different values of channel slope.

difference β−βcr rather than on the absolute value of the aspect
ratio. Therefore, in the following we provide the variation of the
critical aspect ratio and the difference β−βcr with respect to the
water discharge. It is worth noticing that the critical threshold is
a function of θ0 and ds (Colombini et al., 1987), hence it depends
only of S and q̂ (see eq. 3.3).

Fig. 3.3 reveals a general increasing trend of βcr with flow
discharge, thus supporting the increasing stability of the channel
with increasing water discharge, though at large q̂ values βcr
reaches a maximum and then starts decreasing. The role of the
channel slope differs for low or high discharge values. Specifi-
cally, for high discharge values, the higher the slope, the lower
the value of βcr, while for low discharge values the opposite
trend occurs, due to the fact that the higher channel slope allows
for sediment motion at lower discharge values. The difference
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Figure 3.2. Variation of βwith respect to the flow discharge for different
values of Ŵ (a) and S (b). We consider S = 0.25% in panel (a) and
Ŵ = 4000 in panel (b).

β − βcr, shown in Fig. 3.4, is a decreasing function with re-
spect to the water discharge, meaning that the propensity of the
channel to form bars decreases. Indeed, once the channel aspect
ratio becomes smaller than the critical one, bar formation is not
allowed according with Colombini et al. (1987) theory, although
the riverbed is not necessarily plane (in Chapter 4 we briefly
discuss about diagonal bars).

In the next section we provide an interpretation of the main
characteristics of alternate bars (i.e. bar height, bar growth rate
and bar celerity) with respect to the dimensionless discharge q̂.
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Figure 3.3. Critical aspect ratio βcr with respect to the discharge for
different values of the channel slope.

3.3 bar characteristics

3.3.1 Bar height

According to the weakly nonlinear theory of Colombini et al.
(1987), the dimensionless bar height, scaled with the mean flow
depth, mainly depends on the perturbation parameter ε defined
as:

ε =
β−βcr
βcr

, (3.5)

since the bed configuration is derived by the superimposition of
harmonics computed at different orders (i.e. O(ε1/2) and O(ε)

in eq. 2.34).
From the curves of β− βcr reported in Fig. 3.4 it is evident

that the perturbation parameter is a decreasing function of flow
discharge. Since the critical aspect ratio is at the denominator
of the ratio, we expect that ε tends to infinity for low discharge
values.

Bar height has been computed accordingly with the definition
proposed by Ikeda (1984) as the difference between maximum
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Figure 3.4. Difference between β and βcr with respect to the discharge
for different values of the channel slope. Such quantity, which divided
by βcr represents the perturbation parameter ε, provides a measure of
the amplitude of bars.

deposit and minimum scour in the bed topography (see eq. 2.37)
and scaled with respect to the median grain size, to be consistent
with the new dimensionless parameters. Specifically:

ĤBM =
H∗BM
d50

=
HBM
ds

. (3.6)

In Fig. 3.5 the variation of the equilibrium bar height with
the discharge is reported for different values of Ŵ (panel a)
and S (panel b). Curves are truncated at values of discharge
corresponding to ε = 2, accordingly with the consideration of
Colombini et al. (1987) for which the theory is convergent for
ε ∼ O(1), despite the strict definition of validity for ε� 1.

The decreasing trend of bar height with increasing values of
discharge allows us to identify a particular condition of discharge
for which bar height vanishes, hereinafter called critical discharge
for bar formation or simply critical threshold, q̂cr. This discharge
value corresponds to the condition for which β = βcr (i.e. ε = 0)
and it is properly discussed in Section 3.4.2.
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Figure 3.5. Equilibrium height of bars predicted by the Colombini et al.
(1987) weakly nonlinear theory for different values of Ŵ (a) and S (b).
We consider S = 0.25% in panel (a) and Ŵ = 4000 in panel (b).

From Fig. 3.5a it is evident that the larger the channel width,
the larger the critical threshold, and, consequently, the larger the
range of discharges for which alternate bars have an equilibrium
amplitude. Moreover, this aspect suggests that by increasing the
width of the channel, the propensity of the river bed to organize
itself in alternating pattern also increases, being high the expected
topographic expression and large the range of discharges for
which alternate bars are expected to form.

A similar response can be found also increasing the channel
slope (Fig. 3.5b), since the larger the channel slope, the larger
the range of discharges for which the equilibrium bar height is
theoretically predicted. However, curves of ĤBM computed at
different slopes present a less regular trend. Specifically, they (i)
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Figure 3.6. Relationship between the equilibrium bar height and the
unit discharge resulting from the laboratory experiments of Kinoshita
(1961), Sukegawa (1971), Jäggi (1983) and Redolfi et al. (2020) for a wide
range of dimensionless channel width Ŵ and slope S.

cross for low discharges and (ii) show a general non-monotonic
response by increasing the value of channel slope. Such trend
is probably due to the high values of the Shields parameter
achieved for steep channels.

To qualitatively confirm the theoretical result, we performed
a reanalysis of existing laboratory experiments (see Fig. 3.6)
for which the equilibrium bar properties (H∗BM) are available
for different geometrical characteristics of the channel and flow
conditions. These data have been processed as follows:

• we have grouped experiments having the same channel
width and sediment size, and a similar slope (with maxi-
mum deviation from the median value of 20%); each group
is represented in Fig. 3.6, in terms of Ŵ and S parameters,
with a different marker;
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• we have only considered groups that encompassed at least
three distinct discharge values.

For almost all groups of experiments reported in Fig. 3.6
a relatively sharp decline of bar height with increasing flow
discharge is displayed, accordingly with the shape of theoretical
curves of bar height. At this stage, a direct comparison between
experimental data and theoretical results is not performed, being
the purpose of this chapter to investigate the essential response
of Colombini et al.’s (1987) theory to discharge variation. A
theoretical prediction of experimental observations is provided
in Chapter 4.

The aforementioned decreasing trend of bar height with re-
spect to the water discharge highlights a first peculiarity in alter-
nate bar response to discharge variations, which differentiates
bar behaviour from other morphological characteristics. Indeed,
increasing the discharge value, the topographical response of
alternate bars reduces until vanishing at the critical threshold,
above which alternate bars are not expected to form (if discharges
are applied steadily for a sufficient long time). Hence, in the
definition of a formative discharge for alternate bars we must
take into account that relatively large discharge values are mainly
responsible for providing a channel flat bed configuration rather
than of developing alternate bar patterns. Conversely, classical
approaches in determining the formative conditions of a river in
terms of its equilibrium geometry, tend to attach great importance
to discharge values sufficiently large to model the morphology
of the channel due to the nonlinear relationship between water
discharge and sediment discharge (e.g., the bankfull discharge,
Pickup and Warner, 1976).

3.3.2 Bar growth rate

A key parameter to determine the effectiveness of a given
discharge value to produce alternate bar pattern is the linear bar
growth rate, Ω0, whose reciprocal provides the dimensionless
timescale of bar evolution, Tbar:

Tbar =
1

|Ω0|
. (3.7)
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Figure 3.7. The linear growth rate of free alternate bars as a function
of water discharge for different values of Ŵ (a) and S (b). The critical
threshold q̂cr discriminates between bar-forming (Ω̂0 > 0) and bar-
suppressing (Ω̂0 < 0) flow conditions. We consider S = 0.25% in panel
(a) and Ŵ = 4000 in panel (b).

Here we consider the growth rate associated to the wavenum-
ber of maximum amplification, λmax, (i.e. corresponding to the
peak of Ω0 in Fig. 2.2). Similarly to the bar height, a timescale,
T∗d, related to the sediment size has been used to scale the growth
rate, specifically T∗d =

√
d50 g−1. Hence:

Ω̂0 = Ω0
2 q̂ ds

Ŵ
. (3.8)

As illustrated in Fig. 3.7, the growth rate Ω̂0 shows a non-
monotonic dependency on water discharge, with a peak value
that strongly depends on both the channel width Ŵ and slope
S. We note that the growth rate vanishes at two precise flow
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conditions: (i) at the threshold for sediment motion (i.e. q̂ = q̂i),
discriminating the discharge values which can produce morpho-
logical activity and (ii) at the critical threshold (i.e. q̂ = q̂cr),
where the tendency to spontaneously form alternate bars be-
comes very weak. Trends described above are overall observed
both varying Ŵ and S. Nevertheless, the dependence of the
growth rate with respect to the slope is twofold, since the larger
S, the larger both (i) the range of discharges with positive growth
rate and (ii) the absolute value of the peak of the curve, while the
larger Ŵ the larger the discharge range, but not the peak value.

While the threshold for motion is a common parameter appear-
ing in most river morphodynamic processes, the critical threshold
for bar formation is a specific characteristic of free alternate bars,
due to their instability mechanism. The key role of the critical
threshold is that it distinguishes two different responses of the
riverbed to discharges lower or larger than the threshold. In par-
ticular, for discharge values larger than the critical threshold the
growth rate is negative and the riverbed tends to be stabilized,
because of the damping of small amplitude waves that can rise
from flow disturbances. This result underlines that discharge
stages can have two opposite effects on bar evolution, depending
on their position with respect to the critical threshold.

With the decreasing trend of bar height, this second charac-
teristic of bar growth rate is peculiar of alternate bars, which
are not primarily governed by the timescale of the sediment
transport, T∗exn, (i.e. determined by the Exner equation and ex-
clusively influenced by the threshold for motion), but have a
proper evolution timescale governed by the instability mecha-
nism of formation (eq. 3.7). Indeed, the timescale of sediment
transport becomes shorter for increasing discharge values, while
bar timescale tends to infinity in the neighborhood of the crit-
ical threshold (i.e. the growth rate tends to zero). The Exner
timescale, which represents the time required by the sediment
transport to form a deposit of depth equal to D∗0 over an area of
W ×W (see Garcia Lugo et al., 2015, for a similar definition), is
given by:

T∗exn =
WD∗0(1− p)

Φ0

√
gRd350

. (3.9)
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Figure 3.8. Qualitative comparison between the linear growth rate of
bar and the reciprocal of the Exner timescale, typical of the sediment
transport process. While increasing the discharge value, the timescale
of sediment transport becomes shorter, the timescale of bar evolution
tends to infinity in the neighborhood of the critical threshold.

The difference between the Exner and the bar timescales is qual-
itatively shown in Fig. 3.8, where the linear growth rate of
bars is compared with the reciprocal of the sediment transport
timescale. The Exner timescale is made dimensionless through
the hydrodynamic timescale W (2U∗0)

−1.

3.3.3 Bar migration rate

The migration of free bars represents one of the main problems
affecting river management in terms of navigation and interaction
with instream structures. The linear analysis of Colombini et al.
(1987) provides the quantification of the angular frequency, ω0,
which is further approximated by the weakly nonlinear model
(eq. 2.39) and corrected taking into account the nonlinear effects
(eq. 2.40). Similar to the bar growth rate, we consider the angular
frequency associated with the wavenumber of maximum ampli-
fication, λmax. Considering the scaling factor for the velocity
dependent on the sediment diameter, U∗d =

√
gd50, we can write

the dimensionless bar celerity as:

Ĉ =
ω0
λmax

q̂ ds. (3.10)
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Figure 3.9. The linear migration rate of free alternate bars as a function
of water discharge for different values of Ŵ (a) and S (b). Negative
values of celerity identify the upstream migration of bars. We consider
S = 0.25% in panel (a) and Ŵ = 4000 in panel (b).

In Fig. 3.9 the dimensionless bar celerity is computed for differ-
ent values of Ŵ and S in panels (a) and (b) respectively, providing
an increasing trend in both cases. Moreover, we can notice that
the celerity of bars is almost independent of the channel width,
while it strongly depends of the channel slope. This is due to the
fact that bar celerity depends of the bed shear stress, which is a
function of the channel slope (i.e. it increases by increasing the
channel slope), but not of the channel width. In panel (b), for
the largest values of slope the celerity becomes slightly negative
when the discharge approaches the incipient condition, being
the angular frequency negative too. Specifically, a negative angu-
lar frequency identifies the condition of upstream migration of
alternate bars as the most unstable. However, upstream migrat-



3.4 threshold values of discharge 47

ing bars are rarely observed in rivers because such condition of
negative angular frequency usually occurs under flow stages for
which other effects could become dominant, as, for example, the
emersion of bars.

3.4 threshold values of discharge

From the above considerations, it is evident that the response
of alternate bars strongly depends on the values of flow discharge
being smaller or larger than specific threshold values. Specifically,
in this section we investigate the trend of the aforementioned
threshold for motion and critical threshold with respect to differ-
ent channel characteristics Ŵ and S. In addiction, considering
that the height of bars tends to increase when the flow discharge
gets smaller, we introduce a third threshold value of discharge
corresponding to the condition of bar height for which the emer-
sion occurs (i.e. the local value of water depth vanishes). Finally,
some considerations about other distinctive characteristics of bars
are briefly reported.

3.4.1 Incipient motion

The sediment motion in gravel bed rivers is a threshold process,
which requires a minimum bed shear stress to start the particle
transport. It is evident that all the morphological processes are
influenced by this threshold value, including alternate bars, since
no sediment transport occurs for lower values of discharge. The
quantification of the threshold value θi is not trivial, being depen-
dent on many variables related for example to grain properties,
flow field strength and bed armouring (Johnson, 2016), but it is
fundamental to describe the sediment transport rate by means of
deterministic relations as Meyer-Peter and Muller (1948); Parker
(1978); Wong and Parker (2006). However, the variety of grain
shape and size, and the particle clustering that spontaneously
form in the riverbed complicate the application of empirical rela-
tions calibrated on the basis of laboratory experiments (Brayshaw,
1985), since the threshold for motion is not uniquely determined.

Nevertheless, for the purpose of this work we consider the
incipient discharge, Q̂i, as the value of discharge providing a
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Figure 3.10. Dimensionless discharge corresponding to the threshold
for motion Q̂i with respect to the channel slope S for different values
of Ŵ.

Shields parameter in a rectangular channel equal to the incipient
condition, given by:

Q̂i = Ŵ

[
6+ 2.5 log

(
θi R

2.5 S

)]
(θi R)

3
2

S
. (3.11)

It is worth noticing that the dimensionless discharge per unit
width is independent on Ŵ, meaning that Q̂i = Ŵ q̂i.

The variation of the threshold for motion has been computed
with respect to the channel slope for a typical range of the dimen-
sionless channel width Ŵ as shown in Fig. 3.10. We can notice
an opposite trend: increasing the channel slope the minimum
flow discharge required for the incipient motion decreases while
increasing the channel width the threshold for motion increases
too.

We note that the behaviour of alternate bars in the neighbor-
hood of the threshold for motion is hard to model with the
Colombini et al. (1987) theory, due to the strong variation of
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Figure 3.11. Critical threshold for bar formation q̂cr, expressed per
unit channel width, with respect to the channel slope S for different
values of Ŵ (plane bed, r = 0.3).

parameters α1R and α2R that determine the amplitude of bars.
In particular, both the coefficients tend sharply to zero and non-
linear effects become predominant, reducing the validity of the
weakly nonlinear theory.

3.4.2 Critical discharge for bar formation

The critical discharge associated with bar formation, q̂cr, is
a key parameter to investigate the response of alternate bars
to discharge variations, since it identifies the maximum water
discharge able to provide bar evolution if steadily applied in a
channel with rectangular section.

To analyse the effect of channel slope and width to the critical
threshold, we consider the same range of S and Ŵ implemented
for the threshold for motion, obtaining the plot of Fig. 3.11. As
we can expect, as the channel slope gets smaller all the curves
tend to the asymptotic condition represented by the threshold for
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motion q̂i, which is the lowest limit to have morphological evolu-
tion. A non-monotonic trend characterises the critical threshold,
which presents a minimum significantly close to the incipient
discharge value. This aspect can be explained considering the
trend of the critical aspect ratio βcr with respect to the Shields
parameter θ0 (Fig. 2.4), which sharply decreases approaching
the threshold for motion. This means that the difference between
β and βcr increases, as well as the propensity of the channel
to form bars. Since the relation between the channel slope and
the uniform Shields parameter is of linear proportionality (i.e.
θ = SD∗/(Rd50), the trend of Fig. 3.11 is reasonable.

We can suppose that the closer the critical threshold to the
threshold for motion, the lower the propensity of the channel to
form alternate bars, being narrow the discharge range for which
the equilibrium bar height is expected.

3.4.3 Fully-wet condition

As already mentioned, the perturbation parameter ε is a mea-
sure of the magnitude of bar height, which must be small due to
the weakly nonlinear assumption of small perturbation (Colom-
bini et al., 1987). However, it was found that this assumption is
not so strict and the weakly nonlinear theory provides a good
agreement with experimental results also for ε ∼ O(1) (e.g.,
Colombini et al., 1987). Nevertheless, it appears evident that
for low discharge values (close to the threshold for sediment
motion), the theory predicts a bar height that progressively tends
to infinity, due to the strong increment of the perturbation pa-
rameter. This prediction is totally devoid of physical foundation,
since it is proved that bars achieve a finite height also for low
flows (see for example experimental results of Fig. 3.6). Moreover,
bars can evolve only if sediment transport is allowed, meaning
that the cross section must be at least completely wet. Therefore,
the physical emersion of bars, whose modelling is far from triv-
ial (Siviglia et al., 2013; Adami et al., 2016), cannot be treated
by means of the weakly nonlinear model of Colombini et al.
(1987), since the domain on which the theory is defined becomes
unconnected.
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Figure 3.12. Aspect ratio corresponding to the condition of emersion as
function of the Shields parameter θ0 for different values of the relative
roughness ds.

Interpreting this condition in terms of the classical parameters
of the Colombini et al. (1987) theory consists of the computation
of the aspect ratio corresponding to the emersion conditions,
βfw, as function of the Shields parameter θ0 for different values
of roughness ds (see also Vignoli and Tubino, 2004). From result
shown in Fig. 3.12 we note that the emersion condition is almost
independent on the Shields parameter and it decreases by in-
creasing the relative roughness. This inverse dependence of βfw
with respect to the relative roughness and the non-monotonic
trend are found also for the critical aspect ratio βcr (see Fig. 2.4),
but βfw is always larger than βcr.

Here we investigate the emersion condition in terms of the
new dimensionless parameters, specifically by means of the dis-
charge per unit width, hereinafter called fully-wet threshold, q̂fw,
identifying the minimum discharge value for which bars are
always submerged and can evolve according to the weakly non-
linear theory of Colombini et al. (1987). In Fig. 3.13 the trend
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Figure 3.13. Fully-wet threshold, q̂fw, defining the emersion condition,
expressed per unit channel width, with respect to the channel slope S
for different values of Ŵ.

of the fully-wet discharge per unit channel width is plotted ver-
sus the channel slope S for different widths Ŵ. It is evident
that the fully-wet threshold is defined in the range between the
threshold for motion and the critical discharge. The larger the
channel width, the larger the minimum water discharge required
to always submerge bars.

Differently from the critical threshold, curves in Fig. 3.13 do
not reach the threshold for motion, because such values of Ŵ
and S represent conditions in which bars are always emerged.
This is the reason for which the fully-wet discharge referred to
Ŵ = 100 never occurs for the investigated range of slopes.

The fully-wet threshold highlights the incapability of the Colom-
bini et al. (1987) theory to predict a reasonable value of bar am-
plitude for discharges between the threshold for motion and the
fully-wet threshold. Specifically, it poses a lower limit for the
validity of the Colombini et al. (1987) theory, which allows for
the definition of bar height in the range of discharges between
q̂fw and q̂cr. It is worth noticing that the aforementioned lower
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limit could not be strict, being the bedform evolution during the
emersion conditions affected by mechanisms that exceed theoret-
ical assumptions, including for example the absence of wet and
dry algorithms in the model formulation and the non-vanishing
bar amplitude. Nevertheless, such fully-wet threshold allows
for identifying a limiting condition in the range of parameters
(i.e. Ŵ, S and q̂) for which the theoretical prediction can be
reasonably used, providing a useful criterion to critically analyse
theoretical results.

The importance of this instrument becomes evident consid-
ering that approaching the problem of alternate bars at a river
reach scale means that for the most of the year a typical alpine
river experiences low flow conditions, usually of the order of
magnitude of the incipient threshold. Therefore, it is important (i)
to identify the discharge value over that the theoretical prediction
is far to be good and (ii) to quantify the response of riverbed in
terms of bar amplitude also in the range of discharge in which
the theory is not strictly valid, at most in an approximate way.
The latter purpose will be treated in Chapter 4.

3.4.4 Considerations about thresholds

The response of bars is found to be characterised by specific
threshold values (i.e. the critical threshold for bar formation and
the fully-wet threshold) that make the analysis different from
that of other river properties, such as the average width or slope.

A further consideration is needed with respect to the mecha-
nism of competition among higher order bar modes with alter-
nate bars (Tubino et al., 1999), usually occurring for large values
of the channel aspect ratio (i.e. for low discharge values, rea-
sonably in the range between the threshold for motion and the
fully-wet threshold). For example, Jaballah et al. (2015) found
that central bars are predominant in the Arc River at low flow
stages with respect to alternate bars. Although a clear threshold
to distinguish the most unstable bar mode is not provided here,
we discuss this aspect in Chapter 6 by proposing a criterion to
predict when multiple bars are preferred to alternate bars in the
morphological pattern of a river.
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Finally, it is worth noticing that various theories for river bars
and meandering have highlighted the important role played by
the so-called resonant threshold in discriminating between different
styles of planform evolution of meandering rivers (Seminara et al.,
2001; Lanzoni and Seminara, 2006; Frascati and Lanzoni, 2009;
Zolezzi et al., 2009; Monegaglia et al., 2019) as well as between
prevailing upstream or downstream development of steady bars
due to localized perturbations of channel geometry (Zolezzi and
Seminara, 2001; Mosselman et al., 2006). The term “resonant”
refers to the resonant behaviour of the linear solution for flow and
bed topography in meanders with periodic curvature distribution
that was originally discovered by Blondeaux and Seminara (1985).
Such condition represents a point of convergence between river
bars and meanders, because at resonance the curvature of the
channel axis excites a natural alternate-bar mode of oscillation of
bed topography, the main difference between the two phenomena
being that meander point bars are quasi-steady. The interaction
between free and forced bars and the role of resonance in their
competition has been widely discussed in the literature (e.g.,
Nelson, 1990; Tubino and Seminara, 1990; Garcia and Niño, 1993).
However, this aspect goes beyond the purpose of the present
work, which is mainly focussed on the development of migrating
bars in regulated river reaches.

3.5 conclusions

The analysis of the equilibrium response of bar properties at
different discharge states allows to highlight some distinctive
characteristics of alternate bars:

1. The response of the equilibrium bar height to increasing
flow discharge is described by a curve that sharply de-
creases to zero. This aspect highlights a first difference of
bar behaviour with respect to other morphological charac-
teristics of a river as the equilibrium slope or width of the
channel. Indeed, increasing the discharge value, the topo-
graphic expression of the riverbed reduces until vanishing
at the critical threshold, q̂cr (i.e. the discharge value for
which β equals βcr).
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2. The critical threshold for bars, q̂cr, is a key parameter for
defining the upper discharge value for which alternate
bars are expected to form accordingly with the Colombini
et al. (1987) weakly nonlinear model. For discharge values
larger than the critical threshold the instability mechanism
governing bar occurrence is inhibited.

3. The characteristic timescale of bar evolution, provided by
the linear bar growth rate, underlines a different role played
by discharges lower or larger than the critical threshold for
bar formation, which respectively amplify or damp the
perturbation waves triggered in the channel. Therefore, the
height of a bar can be modified by the sequences of flood
events occurring in the hydrological history of the channel.

4. The fully-wet threshold, q̂fw, identifies the lower limit for
which the Colombini et al. (1987) theory is strictly valid.
The typically large frequency of occurrence of low flows in
rivers (i.e. discharge values lower than the fully-wet thresh-
old) requires the estimation of a reasonable bar amplitude
in the range of discharges between q̂i and q̂fw.





4
M O R P H O M E T R I C P R O P E RT I E S O F A LT E R N AT E
B A R S A N D WAT E R D I S C H A R G E

This chapter is based on the paper: Redolfi, M., M. Welber, M. Carlin,
M. Tubino, and W. Bertoldi (2020), Morphometric properties of alter-
nate bars and water discharge: a laboratory investigation, Earth Surface
Dynamics, 8(3), 789–808, https://doi.org/10.5194/esurf-8-789-2020.

4.1 introduction

A number of investigations (e.g. Kinoshita, 1961; Sukegawa,
1971; Parker, 1976; Fredsoe, 1978; Fujita and Muramoto, 1982;
Siviglia et al., 2013) demonstrated that bar occurrence is a spon-
taneous phenomenon due to an instability mechanism of the
cohesionless bed. Due to this autogenic formation mechanism,
this kind of bed morphology is often referred as “free bars”
(Seminara and Tubino, 1989). The Colombini et al. (1987) theory,
described in Section 2.2, provides the quantification of equi-
librium properties of bars under steady flow conditions if the
width-to-depth ratio of the channel, β, is larger than the critical
threshold βcr. Conversely, if the channel is relatively narrow (i.e.
β < βcr), gravitational effects tend to damp the small, periodic
perturbation of the riverbed, inhibiting bar formation.

However, the critical threshold βcr does not represent a sharp
distinction between equilibrium bar pattern and plane bed, since
other bed features may result from other instability mechanisms.
Specifically, Colombini and Stocchino (2012) described diagonal
bars as short, shallow, and fast-migrating three-dimensional bed-
forms that are easily confused with alternate bars due to their
diagonal fronts.

Although the equilibrium properties of alternate bars were
long investigated, a systematic description of how these prop-
erties depend on the water discharge is still to a certain extent
unexplored. From a theoretical point of view, as shown in Chap-
ter 3 the governing parameters of the theoretical formulation
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depend on the water discharge, making the flow discharge a
crucial ingredient to describe changing in riverbed response.
Moreover, three particular values of discharge (i.e. the threshold
for motion, the critical threshold and the fully-wet condition)
are fundamental to physically interpret theoretical results. The
purpose of this chapter is to investigate the equilibrium response
of Colombini et al. (1987) theory to discharge variations, pro-
viding the interpretation of theoretical predictions by means of
experimental results performed at different discharge conditions.
Specifically, the approach presented in Chapter 3 for interpreting
the Colombini et al.’s (1987) theory has been tested with a set of
laboratory experiments.

4.2 method

The theory of Colombini et al. (1987) has been applied to a
set of laboratory experiments conducted in a 24m long flume
with constant geometrical characteristics at the Hydraulics Lab
of the University of Trento. Theoretical predictions have been
compared with experimental results in terms of bar height (by
means of different metrics), bar shape and bar migration rate.

For the present analysis, we considered the Parker (1978) re-
lation for the sediment transport and the logarithmic friction
formula of Engelund and Fredsoe (1982), as in the original for-
mulation of Colombini et al. (1987). Sediment porosity was set
to the typical value of 0.40 while the empirical parameter r of
eq. (2.14) was calibrated by minimizing the difference between
experimental and analytical values of H∗BM, resulting in a value
of 0.27.

To highlight the dependence of bar properties to the charac-
teristic thresholds previously mentioned, a new dimensionless
discharge has been defined:

∆̃Q =
Q−Qcr
Qcr −Qi

, (4.1)

so that values from −1 to 0 cover the entire range of bar forma-
tion from the threshold for sediment motion Qi to the critical
threshold Qcr.
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4.2.1 Experimental configuration

The physical model consisted in a straight channel of width
W = 0.305m, with vertical banks built out of plywood covered
by a thick plastic tarp. Uniform sand with a median diameter of
d50 = 1.01mm was used as feed and bed material. A set of 16

steady flow runs was performed, with discharge ranging from
Q = 0.5 to 4.2 ls−1, to ensure a sufficiently wide range of channel
aspect ratio. At the beginning of each run the flume bottom was
graded to a slope S = 0.01.

The experimental results used for the comparison with theo-
retical predictions have been obtained as follows:

• The bed topography was detected at the end of each run
by means of laser surveys (vertical accuracy of 0.1mm and
spatial resolution of 50×5mm, longitudinal and transverse
directions, respectively) and the resulting Digital Elevation
Model (DEM) was detrended by subtracting the average
longitudinal slope.

• To allow for the comparison of bar shape, in order to filter
out the relatively small differences of single bar units, the
spatial coordinates of each bar DEM were scaled by the bar
wavelength and the channel width, and then re-sampled in
a regular grid of 64× 64 points, which allowed the defini-
tion of the “ensemble bar” of the channel as the average
bar topography. The ensemble bars computed for each
discharge value were used to compare the different metrics
of bar height and bar shape resulting from the theory.

• The migration rate of the alternate bars was estimated by
tracking the position of up to 15 individual bar fronts at
fixed time intervals.

The main characteristics of the experiments are summarized
in Table 4.1.

4.2.2 Metrics on bar height

The magnitude of bars can be measured in different ways,
depending on the available instruments and the purpose of the
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investigation. For example, if the DEM is available as the output
of laboratory investigation, the difference between the maximum
and minimum elevation within a bar unit can be easily computed
after removing the mean bed slope (i.e. the definition of H∗BM
proposed by Ikeda, 1984). Conversely, the same measure of bar
height in a channelized river can hardly be made, due to the
difficulty of identifying the section with the maximum scour,
which is usually not aligned with the top of the bar. For this
reason, different metrics can be found in literature and in the
following we deal with it in detail. A dimensional notation is
implemented.

Fujita and Muramoto (1985), similarly to Ikeda (1984), pro-
posed a definition of bar height based on the difference between
the maximum and minimum elevation along transverse cross
sections (H∗Bsec) in a bar wavelength. The corresponding value
of bar height is given by the maximum value obtained among
the individual cross sectional measures (H∗B). This definition can
be synthesized by the following notation:

H∗Bsec = max sec
(
η∗
)
− min sec

(
η∗
)

(4.2a)

H∗B = max
(
H∗Bsec

)
(4.2b)

where maxsec and minsec denote the maximum and minimum
elevation along individual cross sections.

In spite of their clear physical meaning, the above definitions
are based on the extreme elevation values, and therefore they
are susceptible to measurement errors and outliers. For this
reason, it is sometimes convenient to analyse the topography
of bars through different metrics, considering the relief rather
than the height of bars. To do that, we can compute the standard
deviation (here termed std) of the elevation distribution:

SD∗η = std
(
η∗
)
, (4.3)

or the bed relief index BRI∗ (e.g. Hoey and Sutherland, 1991;
Lièbault et al., 2013):

BRI∗sec = stdsec
(
η∗
)

(4.4a)

BRI∗ = mean
(
BRI∗sec

)
, (4.4b)



62 bar properties and water discharge

where stdsec and BRI∗sec denote the standard deviation and the
bed relief index of a single cross section of the elevation map
respectively.

4.2.3 Bar shape and migration rate

As shown in Section 2.2, the weakly nonlinear solution of
the riverbed is determined by superimposing first and second
order harmonics and considering their respective spatial lag. The
analysis of single components provides the spatial arrangement
of the bedform, and allows us to quantify the dominant harmonic
of the pattern (in general the first harmonic, which identifies the
alternate pattern).

To obtain synthetic information about the spatial structure
of experimental topographies, the elevation maps have been
analysed through the two-dimensional Fourier transform (e.g.,
Garcia and Niño, 1993; Zolezzi et al., 2005), determining the
amplitude of the first and second harmonics.

A further method to quantify the shape of the bed topography
in terms of the asymmetry of the bed elevation distribution is via
the skewness parameter (SK), which provides information on the
relative proportion of high and low areas within a bar. Riverbed
elevation maps often show negative skewness, with deep, narrow
channels carved into large, higher-elevation bars (e.g., Bertoldi
et al., 2011; Garcia Lugo et al., 2015).

Finally, the migration rate of bars, C∗, is computed by dividing
the weakly nonlinear solution for the angular frequency (see eq.
2.40) with the critical wavenumber, λcr.

4.3 results

4.3.1 Bar height

The values of the equilibrium bar height predicted by the
weakly nonlinear theory with respect to the water discharge
are reported in Fig. 4.1. We note that the decreasing trend of
bar height experimentally observed is reproduced by the theory.
Bar height vanishes for a discharge value of 4.11 l s−1, which
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Figure 4.1. Bar amplitude as function of water discharge according to
the Colombini et al. (1987) theory, with the solid lines indicating equi-
librium conditions and the dash-dot lines representing the bar height
limited by the fully-wet condition. The discharge for incipient motion,
the fully-wet condition and the critical threshold are highlighted by
vertical dashed lines.

represents the critical threshold, Qcr, above that bars are not
expected to form.

As discussed in Chapter 3, the weakly nonlinear theory is
formally valid near the critical conditions, although the compar-
ison with experimental data suggests its applicability within a
wider range of conditions (Colombini et al., 1987; Lanzoni, 2000a).
Therefore, we identified the fully-wet discharge,Qfw = 1.49 l s−1,
which represents the lower limit at which the theory can provide
a reasonable prediction of the equilibrium bar height. For lower
values of discharge the system cannot achieve the equilibrium
configuration of bar height, but it is limited to the emersion
condition. The simplest and practical solution to this problem,
in the absence of a suitable analytical solution, is to limit the
amplitude of bar to the value at which it is submerged. This
value of bar amplitude can be computed through a bisection
method by seeking for conditions at which the minimum depth
along the bar, as resulting from the weakly nonlinear model (eq.
2.33), is zero. This condition of emersion-limited bar height is
represented by the dash-dot line in Fig. 4.1, which shows an
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Figure 4.2. Dimensionless bar height as a function of the scaled dis-
charge from theory (lines) and experiments (markers) for the different
metrics. (a, b) Bar height and (c, d) bar relief of bed elevation distri-
bution (scaled with the median grain size d50), with the solid lines
indicating equilibrium conditions and the dash–dot lines representing
the bar height limited by the fully-wet condition.

increasing trend with respect to the discharge from the threshold
for sediment motion (Qi = 0.26 l s−1) to the fully-wet threshold.

The analytical model reproduces all the metrics implemented
to quantify the height of alternate bars remarkably well (Fig.
4.2). Furthermore, we can notice that for discharges lower than
the fully-wet threshold, Qfw, the theoretical estimate of the
emersion-limited bar height provides a reasonable prediction for
the trend of the first two experimental points (Q = 0.5 l s−1 and
Q = 1.0 l s−1, corresponding to ∆̃Q = −0.94 and ∆̃Q = −0.81
respectively), in spite of a slight underestimation. A major dif-
ference between predicted and measured value is obtained for
the cross sectional bar height H∗B, for which the theory provides
a smoother decreasing trend with respect to the experiments,
resulting in a underestimation of the metric.
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Figure 4.3. Dimensionless bar migration rate (a) and wavelength (b) as
a function of the scaled discharge from theory (lines) and experiments
(markers). Quantities are scaled with the flow velocity U∗0 and the
channel width W, respectively.

4.3.2 Bar migration and wavelength

The migration rate of bars, scaled with the uniform flow
velocity U∗0, is reported in Fig. 4.3a. A good agreement be-
tween theoretical prediction and experimental values can be
observed for both the overall trend and the absolute values, but
for a slight overestimation of the observed values correspond-
ing to Q = 2.7 l s−1 and Q = 3.0 l s−1 (i.e. ∆̃Q = −0.36 and
∆̃Q = −0.28 respectively) and a slight underestimation for the
last two points. Moreover, approaching the condition of sedi-
ment motion, the predicted migration of bars tends to zero, in
agreement with experimental results for discharges lower than
1.0 l s−1 (i.e. ∆̃Q = −0.81). Similarly to the bar height, also
for the migration rate the fully-wet limitation provides a good
prediction of the experimental results, both quantitatively and
qualitatively.

Furthermore, the theory properly predicts the wavelength of
bars only for intermediate values of discharge (see Fig. 4.3b),
while it does not capture the overall decreasing trend and there-
fore sharply underestimates the length of bars observed in the
three runs with Q 6 1.5 ls−1 (∆̃Q 6 −0.68). This aspect is due to
the fact that the weakly nonlinear model of Colombini et al. (1987)
does not provide an equation for describing the evolution of bar
wavelength, but it only considers the most unstable wavelength.
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The gap in the model is supported by the fact that the marginal
curve (see Fig. 2.3) is flat in the neighborhood of the critical con-
ditions, highlighting how the choice of the actual length of bars is
not a selective process (see for example Fig. 4 in Colombini et al.,
1987, where theoretical bar wavelength is compared with a large
database of experimental measurements). Therefore, the criterion
of considering the wavenumber of maximum amplification is
not necessarily representative for the channel, being the range of
wavenumber corresponding to the critical conditions relatively
large.

As mentioned before, for discharge values larger than the
critical threshold (i.e. ∆̃Q > 0), the Colombini et al. (1987) theory
predicts no bars in the flume, therefore the definition of bar
celerity and wavelength is meaningless.

4.3.3 Diagonal bars

From the analysis of bar height and bar migration rate (Figs.
4.2 and 4.3 respectively) we can notice that bars observed in
experiments performed at 3.4 ls−1 and 4.2 ls−1 (i.e. ∆̃Q = −0.18
and ∆̃Q = 0.03 respectively) are anomalous for three reasons:
(i) they occur in the neighborhood of the limit of the region of
bar formation (i.e., at Q ' Qcr), (ii) they exhibit a much faster
migration rate with respect to experiments performed at lower
discharge, and (iii) their wavelength is much shorter with respect
to the typically observed values (L∗ = 5− 12W; see Tubino et al.,
1999). This type of bedforms closely resembles the diagonal
bars described by Jaeggi (1984) as three-dimensional mesoforms
characterised by a wavelength of around 3 times the channel
width, limited relief, symmetrical elevation distribution, and the
presence of shallow pools. These bedforms were observed at
Froude numbers close to 1 and did not match the region for
alternate bar formation. Experimental observations by Jaeggi
(1984) suggested that diagonal bars can be considered intermedi-
ate bedforms associated with the transition of dunes from two-
to three-dimensional configuration. This idea was confirmed by
the theoretical work of Colombini and Stocchino (2012), which
provided an interpretation of diagonal bars as three-dimensional
oblique dunes, clearly distinct from alternate bars. Herein, we
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Figure 4.4. Skewness of the bed elevation distribution as a function of
the scaled discharge. Markers indicate the skewness of the experimental
ensemble bars; lines illustrate results from the weakly nonlinear theory,
with the dash-dot line referring to the solution obtained by limiting the
bar growth to the fully-wet condition.

will therefore refer to bars observed at ∆̃Q ' 0 as “diagonal bars”,
reserving the term “alternate bars” for the remaining cases.

4.3.4 Bar shape

We analysed the equilibrium response of the bar shape at
different discharge stages by computing the skewness and the
Fourier components of the predicted bar topographies for each
discharge value, in order to quantify the bed asymmetry and the
predominant harmonics (i.e. intended as the the harmonics in
which the system allocates the highest quantities of energy).

Fig. 4.4 shows that the skewness, which has been computed
starting from the mean and standard deviation values of the
distribution of bar topographies, is always negative, indicating
a left-tailed bed elevation distribution. Except for the lowest
discharge values, the skewness has an overall trend that pro-
gressively increases with the flow discharge from −0.4 to almost
vanishing values (i.e., nearly symmetrical bed elevation distribu-
tion) when approaching the critical condition for bar formation
(i.e., ∆̃Q ' 0). Comparing the theoretical curve with the exper-
iments, we observe a qualitative agreement since the trend is
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captured by the theoretical model, but the measured topography
is much more asymmetric than the predicted one (i.e. in abso-
lute value the measured skewness is almost three times larger,
matching typical values observed for wandering and braided
channels, Garcia Lugo et al., 2015), highlighting the limited ca-
pability of the theoretical model to fully represent the complex,
highly nonlinear morphodynamic processes (see Colombini et al.,
1987). It is interesting to note that, differently from the equilib-
rium solution, the fully-wet limitation has a monotonic trend,
providing an increment of the bed topography asymmetry for the
lowest discharge values (i.e. the absolute value of the skewness
is larger).

The weakly nonlinear theory of Colombini et al. (1987) resolves
the first 2× 2 modes of the Fourier spectrum, providing the first
four harmonic components (see Fig. 4.5), identified by their
transverse (m) and longitudinal (n) mode. In this representa-
tion, m = 1 indicates half a wave period in one channel width,
while n = 1 indicates a complete sinusoidal period in one bar
wavelength. Harmonic components with m = 0 and n = 0 are
constant along the y and x axis, respectively.

Results in Fig. 4.5 clearly show that alternate bars are domi-
nated by the fundamental component A∗11 (panel a), represent-
ing a double sinusoidal bed deformation, whose amplitude is
larger than each component of the second order harmonic for
all discharge values. Theoretical predictions reproduce fairly
well experimental observations, at least for values of the flow
discharge in the neighborhood of the critical thresholdQcr. How-
ever, an overall underestimation of experimental results is found,
mainly for discharge values in the neighborhood of the fully-wet
threshold (i.e. Q = 1.0 and 1.5 l s−1). Similarly to the metrics
of bar height, the fully-wet limited curve is able to capture the
experimental trend of the first two points.

The second order harmonic is given by the superimposition
of three components, A∗20, A∗02 and A∗22. Specifically, (i) the
component A∗20, with longitudinal mode n = 0, is a sinusoidal
symmetric bed deformation that is constant in x∗, see Fig. 2.1 for
the reference system, (ii) the component A∗02, with a transverse
mode m = 0, is a purely longitudinal bed deformation and (iii)
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Figure 4.5. Amplitude of the first four Fourier components depending
on the scaled discharge from theory (lines) and experiments (markers).
(a) Amplitude of the fundamental component A∗11 scaled with the
grain size d50. (b, c, d) Amplitude of the individual second order
components A∗02, A∗20 and A∗22 scaled with the grain size d50. The
solid lines indicate theoretical results at equilibrium, while the dash-dot
lines indicate theoretical results obtained by limiting the bar growth to
the fully-wet condition.

A∗22 is a symmetric bed deformation that completes two periods
in one bar wavelength.

From Fig. 4.5b we obtain that the predicted component A∗02
is much smaller than the others and turns out to be negligible,
showing that the transversely averaged bed elevation is nearly
zero for all the cross sections. Experimental observations confirm
the theoretical predictions. Conversely, the two components A∗20
and A∗22 (panels c and d) are significantly larger than the com-
ponent A∗02, showing a very similar trend, with the component
A∗22 almost the double of A∗02.

Comparing the theoretical predictions with the observed val-
ues, we can see that the component A∗22 does not fit values in the
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Figure 4.6. Sum of the m = 2 components A∗20 and A∗22 scaled with
|A∗11| from theory (lines) and experiments (markers). The solid lines
indicate theoretical results at equilibrium, while the dash-dot lines
indicate theoretical results obtained by limiting the bar growth to the
fully-wet condition.

neighborhood of the fully-wet condition, since measured values
are much smaller than the predicted ones. Conversely, in the
same range of discharges close to the fully-wet condition, the
component A∗20 is found to be larger than A∗22 and the theoret-
ical prediction better mimic the overall decreasing trend. Such
results reveal that the mode-2 component is not dominated by
the presence of regular, periodic central bars, as suggested by the
theory, but it is mainly associated with a bell-shaped distortion
of the average cross section (Fujita and Muramoto, 1985).

To investigate the overall importance of the m = 2 components
(i.e. considering the dominant terms of the second harmonic)
with respect to the fundamental one, we analyse the sum of the
absolute values of the coefficients A∗20 and A∗22 scaled with the
amplitude of the fundamental harmonic A∗11. Fig. 4.6 shows that
the theory provides a decreasing trend approaching zero near
critical conditions (i.e. ∆̃Q = 0), which quite-well reproduces
the general response of m = 2 observed components, despite its
limited capability to quantify fully nonlinear interactions. Nev-
ertheless, differently from theoretical predictions, experiments
do not vanish when approaching the critical threshold. From
a morphological point of view this implies that for Q → Qcr,
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while “theoretical” bars tend to become purely sinusoidal (A∗11
component only) as the solution approaches its linear limit, ob-
served bars retain a certain degree of nonlinearity, showing a
m = 2 component that derives from the presence of clear diago-
nal fronts (i.e. diagonal bars). It is worth noticing that the theory
underestimates the second harmonic and overestimates the first
one (Fig. 4.5a), highlighting the alternate structure of bar pattern.
In general, by considering the fully-wet limitation we observe
a large overestimation of experimental results at low discharge
values, despite the mitigation of extremely large values at the
equilibrium.

4.4 discussion

4.4.1 Discharge and bar height

The decreasing trend of bar height with respect to the dis-
charge, extensively discussed in Chapter 3, is confirmed by
experimental observations, which are well reproduced by the
weakly nonlinear theory both qualitatively and quantitatively.
The inverse correlation with the sediment transport rate, which
increases for increasing discharges, implies that the highest bars
are formed by moderate floods, large enough to move sediments
but sufficiently lower than the critical threshold Qcr.

The capability of the theoretical model to reproduce the de-
creasing trend of bar height is a significant result, despite the
calibration of the parameter r. It is worth noticing that exper-
imental results show a non-monotonic variation of bar height
with the discharge, since the first point (Q = 0.5 l s−1) is always
lower than the second one (Q = 1.0 l s−1) for all the metrics
considered. This behaviour can be fairly-well reproduced by the
theoretical model if the emersion condition is accounted for and
the fully-wet limitation of bar amplitude is computed. In spite
of its approximate derivation, the fully-wet limitation can be
considered a useful tool to extend the validity of the Colombini
et al. (1987) model to discharge values lower than the fully-wet
threshold.
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4.4.2 Discharge and bar shape

The analysis of the harmonics composing the riverbed solu-
tion of the theoretical model shows that (i) the fundamental
component A∗11 dominates the overall shape of bars and (ii) the
component A∗22 dominates the second order harmonic. There-
fore, the alternate pattern we find for moderate discharge values
tends to be modified in a central bar pattern for low flows, as
reported also in Crosato and Mosselman (2009). The analysis
of the Fourier spectrum of measured topographies confirms the
dominance of the fundamental harmonic A∗11, but shows larger
values of A∗20 component with respect to A∗22. This aspect allows
us to conclude that for low flows the system promotes a topogra-
phy in which deposition occurs near the centre of the bars and
deep pools are mainly concentrated near the banks rather than
with scour and deposition equally distributed between the centre
of the channel and the area near the banks. This response of
riverbed can be explained taking into account nonlinear effects,
which become progressively predominant when the channel as-
pect ratio increases (Colombini and Tubino, 1991). Nevertheless,
the overall shape of bars is reproduced by the weakly nonlinear
model, although with larger degree of symmetry, as proved by
the trend of the skewness parameter.

4.4.3 Suitable metrics for quantifying bar height and relief

The laboratory dataset used for this work allowed for the com-
parison of a number of methods and metrics to characterise bar
height and relief. Historically, interest in the quantification of
bar height arose from the influence of bars on human activities
and interaction with artificial structures (Jaeggi, 1984). Therefore,
maximum scour and deposition were the most relevant param-
eters utilized to evaluate the risk of levee instability and levee
overtopping, respectively. From an analytical point of view, met-
rics of bar height based on maxima and minima (H∗BM and H∗B)
clearly identify the amplitude of the bar wave propagating in
the channel. However, if applied to field or laboratory data, they
are highly sensitive to measurement errors and uncertainties that
may derive from the presence of vegetation on the bar top and
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Figure 4.7. Bar height computed by excluding extreme values in the
topography of bars in different percentages α. Theoretical predictions
(lines) are compared with experimental measures (dot-circle lines).

from the difficulty of measuring the bottom elevation in deep
pools. A suitable method to avoid the interference of outliers
is to exclude the extreme values of the sample filtering a given
percentage α equally distributed in both tails of the sample. Fig.
4.7 shows the predicted bar height H∗BM computed by excluding
maxima and minima of the bed elevation η∗ in the percentages
α equal to 0.01, 0.05 and 0.10. As we can expect, resulted curves
of bar height reduce in magnitude (see the reference curve com-
puted for α = 0). Theoretical curves differ significantly among
each other for moderate-low flows, while they tend to coincide
in the neighborhood of the critical threshold. Conversely, experi-
mental bar height decreases of an almost constant value for all
discharge values, providing almost parallel curves. The effect of
outliers is much more significant for experimental topographies
rather than for theoretical ones, due to the greater complexity of
actual bar shapes. Nevertheless, theoretical prediction provides
a good qualitative and quantitative agreement also excluding
extreme values of bar topography.
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A further limitation of maxima and minima metrics is that the
estimation of both H∗BM and H∗B requires the identification of
individual bar units, which introduces potential sources of uncer-
tainties and limits its application to bed configurations in which
a dominant longitudinal wavelength is clearly recognizable.

Comparatively, SD∗η and BRI∗ are robust indices that do not
depend on extreme values of elevation but on the entire bed
elevation distribution. Moreover, these bed relief metrics can be
applied to a range of different morphologies, thus allowing for
comparisons between bars and other bedforms. Since SD∗η and
BRI∗ show the same trend observed for H∗BM and H∗B, the former
can provide better data when the purpose is not to quantify the
maximum scour and deposition but rather to measure morpho-
logical trajectories and to compare study cases with experimental
and numerical simulations.

It is also important to note that metrics based on the com-
parison of elevation values at different longitudinal positions
(i.e., H∗BM and SD∗η) require detrending the bed elevation by
removing the average slope that is often not obvious to define.
Our experiments show that results are very similar when instead
considering the cross-section-based indices H∗B and BRI∗, with
the advantage that they are fully independent of how the average
slope is detrended. This similarity is linked to the presence of
deep, small pools and large, flat bar tops. Cross-sectional relief
is more strongly influenced by the former, and the maximum
elevation along the cross section where the location of the lowest
point is not very different from the highest point of the entire
bar.

4.5 conclusions

In this chapter we investigated the response of alternate bars
to discharge variation, supporting theoretical prediction with
laboratory experiments. The quantification of bar properties in
terms of height, shape and migration rate has been successfully
performed for a flume with constant width, slope and uniform
grain size, allowing us to draw the following conclusions.
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1. The decreasing trend of bar height is confirmed by labora-
tory observations and well reproduced by the equilibrium
conditions predicted with the weakly nonlinear model of
Colombini et al. (1987).

2. The limitation of bar amplitude to the emersion condition
(i.e. for discharge values lower than the fully-wet threshold
Qfw) provides a good agreement both qualitatively and
quantitatively with experimental observations.

3. The shape of bars can be qualitatively predicted by the
theoretical approach, especially for low flows, where the
mode-2 components become increasingly important. The
actual shape of bars at low flow cannot be satisfactorily
predicted by the Colombini et al. (1987) model due to the
increasingly dominance of nonlinear effects.

4. Different metrics can be implemented to investigate the
height of bars, based on maxima and minima values or
on the relief of bar topography. The presence of outliers
in measured data can be mitigated by excluding a certain
percentage of the extreme values in the bed topography.
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E F F E C T O F F L O W U N S T E A D I N E S S O N T H E
L O N G - T E R M E V O L U T I O N O F A LT E R N AT E B A R S

This chapter is mainly based on the paper: Carlin, M., M. Redolfi,
and M. Tubino (2020), Effect of flow unsteadiness on the long-term
evolution of alternate bars, in Proceedings of River Flow 2020, edited
by CRC Press, pp. 539–547, https://doi.org/10.1201/b22619-76.

In this chapter we analyse how the long-term average prop-
erties of bars respond to variations of flow regime in terms of
flood duration and sequencing. For this purpose, we applied
the weakly nonlinear model of Tubino (1991) to two types of
simplified flow series, built (i) by composing in three different
ways triangular flood events or (ii) by means of the Compound
Poisson Process, a robust method that allows us to well repro-
duce flow regimes typical of the Alpine Region (e.g., Bertagni
et al., 2018). For each method the probability density function
was kept constant for all duration and sequencing considered.
Results reveal that the average bar amplitude is primarily con-
trolled by the flow probability density function, with the other
hydrological parameters playing a secondary role. Conversely,
the modification of the bar amplitude in single events and the
time needed by rivers to recover from extreme events strongly
depend on flood duration and sequencing.

5.1 introduction

The investigation of bar properties under variable flow con-
ditions is limited to few theoretical models (Tubino, 1991; Hall,
2004), experimental or field investigations (Welford, 1994; Eekhout
et al., 2013) and numerical works (Defina, 2003). Considering that
alternate bar properties are governed by the width-to-depth ratio
β (see Chapter 2), the crucial aspect differentiating variable flow
to steady flow conditions is that β changes in time, and therefore
bar amplitude evolves in time depending on the magnitude and
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https://doi.org/10.1201/b22619-76


78 effect of flow unsteadiness

Figure 5.1. Evolution of the bar amplitude during an idealized flood
event, according to the model of Tubino (1991). The dash-dotted line
identifies the threshold for sediment motion, Qi, while the dashed
line indicates the critical threshold for bar formation: when discharge
exceeds the critical valueQcr the aspect ratio β is lower than the critical
value βcr and bar amplitude is damped, while for lower discharge
values bar growth is promoted.

duration of the hydrograph. Fig. 5.1 provides an example of bar
amplitude response to a single idealized flood event, as predicted
by the analytical model of Tubino (1991). Such theory suggested
that the evolution of bar amplitude crucially depends on the ratio
between the timescale of bar growth and the timescale of the
flood event, which was measured by means of the unsteadiness
parameter Û (see Section 2.3 for more details). The main result re-
vealed that relatively fast events (large values of Û) do not affect
bar amplitude, while longer floods (small values of Û) allow bar
amplitude to adapt to variable flow conditions. Moreover, it was
found that the typically longer falling limb of the hydrograph has
a major effect in determining the final topographical expression
of bars, as reported in Welford (1994) and Eekhout et al. (2013).

However, existing studies mainly focussed on individual events,
while the role of the entire hydrological regime on bar response
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is still to a large extent unexplored. The question then arises
whether the different magnitude and sequence of flood events are
able to affect the long-term response of alternate bars, in order
to define which properties of the flow series primarily control
such average response. The definition of such key hydrological
parameters is a prerequisite to properly investigate the issue
of “dominant” or “formative” discharge for river bars, whose
definition is still missing in literature (Jaballah et al., 2015). There-
fore, beyond the investigation of the effect that the hydrological
forcing produces on the evolution of bar amplitude, we are look-
ing for a synthetic hydrological indicator able to summarize the
complexity of the flow regime, as such as the probability density
function for the effective discharge method proposed by Wolman
and Miller (1960).

To address this question, we applied the weakly nonlinear
theory of Tubino (1991) to two types of idealized flow sequences
built (i) by composing in three different ways triangular floods
and (ii) by applying the Compound Poisson Process, a stochastic
algorithm allowing us to predict flow series statistically similar
to actual, complex sequences. During each simulation, the proba-
bility density function is kept constant for both the typologies of
flow series, while the duration and sequencing of flood events is
varied.

The work is organized as follows: an explanation of the evolu-
tionary model is reported in Section 5.2, the setting of numerical
simulations is explained in Section 5.3, the main results are illus-
trated in Section 5.4 and discussed in Section 5.5.

5.2 modelling morphological evolution

The evolution of alternate bar amplitude under unsteady flow
can be predicted by means of the weakly nonlinear theory of
Tubino (1991), which solves the two-dimensional shallow water
equations coupled with the Exner equation (SWE) in a straight
channel with erodible bottom, for given values of the channel
width, downstream gradient and grain size (see Section 2.3 for
further details). Discharge variations are accounted for analyt-
ically through a perturbation approach, linearizing the flood
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around a reference discharge value Q, for which the steady
model of Colombini et al. (1987) is solved.

The resulting Landau-Stuart type equation that governs the
evolution of bar amplitude A∗ in time can be written in the
following dimensional form:

dA∗

dt∗
= Ω

∗
0A
∗ + γ2A

∗3, (5.1)

where t∗ is time and Ω∗0 represents the linear growth rate of bars,
analogously to eq. (2.28). Linearization of the flow hydrograph
around a reference state implies that Ω∗0 changes with the flow
discharge Q as follows:

Ω
∗
0 = γ1 + γ0(Q−Q). (5.2)

The coefficients γ0, γ1 and γ2 depend on the reference discharge,
and can be easily computed from their dimensionless counter-
parts α0, α1 and α2 as defined in Tubino (1991) (see eq. 2.51).

The sign of the growth rateΩ∗0 defines the tendency of the flow-
bottom interaction to promote (Ω∗0 > 0) or to damp (Ω∗0 < 0) bar
amplitude. Therefore, the critical conditions for bar formation
(i.e. β = βcr) can be found by imposing Ω∗0 = 0 in eq. (5.2),
which gives:

Qcr = Q−
γ1
γ0

. (5.3)

We note that the growth rate of bars decreases with flow dis-
charge (see also Fig. 5.1), and therefore γ0 is negative.

In the steady case (Q = const), both Ω∗0 and γ2 are constant,
and therefore eq. (5.1) can be solved in the analytical form of eq.
(2.30) proposed in Section 2.2, in which parameters k1 and k2
assume values of Ω∗0 and γ2 respectively.

5.3 method

We refer to an ideal, prototype channel of width W = 60m

and downstream gradient S = 0.2%, with the bottom composed
by cohesionless material of median grain size of d50 = 5 cm and
density ρs = 2650 kg/m3. In the present analysis we choose the
logarithmic friction formula of Engelund and Fredsoe (1982) and
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the sediment transport formula of Parker (1990), and we set to
r = 0.6 the parameter that accounts for the gravitational effect of
the lateral bed slope on sediment transport (Ikeda, 1982, see eq.
2.14). In these conditions, the critical discharge resulting from eq.
(5.3) is Qcr = 605m3 s−1.

To evaluate the effect of the flood sequencing, we employ two
different types of flow series: the first is given by the composition
of symmetric triangular floods following three different orders,
the second is formed by a sequence of floods occurring randomly
and with a random magnitude, accordingly with the Compound
Poisson Process, proposed by Bertagni et al. (2018) as a good
approximation of natural flow series. Details of the two methods
are explained in the following.

5.3.1 Triangular flow series

We implement three different sequences of triangular flood
events in order to have the same probability density function fQ
for all of them (see Fig. 5.2a,c). Specifically, we consider a range
of discharge from Qcr − ∆Q to Qcr + ∆Q, where a relatively
small discharge variation (∆Q = 100m3 s−1) is chosen to fall in
the optimal range of validity of the weakly nonlinear model.

The three flow series are obtained by composing in different
ways two distinct building blocks:

• the “high flow” (H) phase, characterised by a triangular
variation between Qcr and Qcr +∆Q, and a duration T∗H;

• the “low flow” (L) phase, characterised by a triangular
variation between Qcr−∆Q and Qcr, and having twice the
duration of the high flow stage (2 T∗H).

We choose a longer duration of the low flow phase to better mimic
the typical flow regime, but also to obtain a system where bar-
forming states (Q < Qcr) are more frequent than bar-damping
states (Q > Qcr). Specifically, the first two flow series are ob-
tained by repeating a sequence of low flow and high flow phases
in the following way: LHLH (first sequence, see Fig. 5.2b); LLHH
(second sequence, see Fig. 5.2d). Finally, the third case is built by
randomly composing low flow and high flow phases. In order
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Figure 5.2. Representation of the first two flow series, having iden-
tical probability density function fQ (panels a and c), but different
sequencing of low (L) and high (H) flow phases: LHLH sequence (b)
and LLHH sequence (d). The timescale of the flood, T∗flood, is defined
as three times the duration of the high flow phase, T∗H.

to filter out the effect of random variability, numerical simula-
tions for the random sequence have been repeated 1000 times, by
computing results as ensemble means.

For each flow series, a set of simulations is performed, main-
taining the same sequences but varying their timescale. Specifi-
cally, the parameter T∗H is varied from 0.5hours to 18days. Each
simulation is started by assuming an initially-small bed deforma-
tion of amplitude A∗0 = 0.01 m.

Consistently with Tubino (1991), we quantify the unsteadiness
parameter Û (i.e. the ratio between bar and flood timescales as
defined in eq. 2.55), by taking T∗bar as the dimensional counter-
part of eq. (3.7). Therefore, we obtain that bar timescale is the
inverse of the reference growth rate (Ω∗0 = γ1), and define the
flood timescale, T∗flood, as 3 T∗H (i.e. as the period of the simplest,
LHLH sequence):

Û =
T∗bar
T∗flood

=
1/γ1
3 T∗H

. (5.4)
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Figure 5.3. Representation of a stochastic flow series, characterised by
a Gamma-distributed probability density function (a), computed by
means of the Compound Poisson Process by integrating eq. (5.5) (b).

Since the parameter γ1 is the same for all the simulations, the
analysed variations of the unsteadiness parameter Û only depend
on the flood duration (Û ∼ const/T∗flood).

5.3.2 Stochastic flow series

The Compound Poisson Process (CPP) is a parsimonious and
robust strategy to model stochastically the flow variability (Botter
et al., 2013; Bertagni et al., 2018). This approach addresses the
composition of a flow series by means of the superimposition of
pulses driven by precipitation, whose magnitude and frequency
of occurrence are described by an exponential distribution. The
sequence of events, see Fig. 5.3b, is computed integrating the
following three-parameter stochastic equation:

dQ

dt∗
= ψ(t∗) −

Q

κ
, (5.5)

where κ represents the integral scale of the flow series (i.e. the
integral of the auto-correlation function of Q) and ψ(t∗) is the
pulse signal, whose average period and magnitude are equal to
κ c2v and Qm c2v respectively. Qm is the average discharge of the
flow series and cv is the coefficient of variation of the flow series.
The stochastic process defined by eq. (5.5) has a fixed Gamma-
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distributed probability density function (Fig. 5.3a), which can be
described by the following analytical expression:

fQ(Q) =
Γ
(
1
c2v

)−1
Qm c2v

(
Q

Qm c2v

) 1

c2v
−1

exp

(
−

Q

Qm c2v

)
(5.6)

in which Γ(ξ) is the Gamma function of argument ξ.

In order to obtain results of the same order of magnitude of the
triangular flow series, the mean value of the stochastic flow series
was chosen equal to 83m3 s−1 and the resulting flow sequence
has been added to a basic state equal to 505m3 s−1. Neverthe-
less, being the intensity of pulses as their occurrence randomly
distributed, the extreme values of discharges (i.e. maxima and
minima values of the flow series) can be significantly different
from the ones of the triangular flow series, which are limited
in the interval [Qcr − ∆Q,Qcr + ∆Q]. The coefficient of varia-
tion was set equal to 0.663, which is a typical value of Alpine
gravel-bed rivers (see Bertagni et al., 2018).

In this case, the timescale of the flow series, T∗flood, has been
chosen proportional to the integral time scale of the flow series
κ. Specifically, we considered the average period of pulse oc-
currence, which is given by κ c2v. Therefore, the unsteadiness
parameter is given by:

Û =
T∗bar
T∗flood

=
1/γ1
κ c2v

. (5.7)

For the stochastic flow series the duration is accounted for by
varying the integral scale κ between 3.0h to 90 days, in order
to have similar values of T∗flood of the triangular flow series.
As well as for the random sequence of triangular floods, the
effect of randomness was filtered out by repeating the numerical
simulations 1000 times, to obtain a statistically robust calculation
of results. Finally, as for the triangular flow series, the initial bed
deformation is set to A∗0 = 0.01 m.
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Figure 5.4. Effect of duration and sequencing of flood events on the
evolution of bar amplitude. Left panels: LHLH sequence; right pan-
els LLHH sequence. Upper panels: T∗flood ∼ 14 days; lower panels:
T∗flood ∼ 7 days. The dashed curve is obtained by fitting the model
results with a curve having the structure of eq. (2.30), which is used
for computing the mean amplitude, A∗as, and the transitory time, T∗T .

5.4 results

5.4.1 Time evolution of bar amplitude

Fig. 5.4 illustrates results of the application of Tubino’s (1991)
model to four test cases by considering the two ordered sequences
LHLH and LLHH as hydrological regime. Starting from nearly-
flat initial conditions, the amplitude of alternate bars tends to
increase, showing significant oscillations due to the periodic
alternation of different discharge states (i.e. lower and larger
than the critical threshold Qcr). After the initial transitory phase,
the system attains a limiting cycle, where the amplitude oscillates
around an average state A∗as.
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By comparing the different test-cases, it seems that A∗as does
not vary significantly either with the duration of the floods or
by changing the flood sequence from LHLH to LLHH. Similarly,
the time needed to complete the initial transitory phase, T∗T ,
seems approximately constant. Conversely, the magnitude of the
amplitude oscillation significantly decreases when reducing the
duration of the flood (e.g., Fig. 5.4a,c), while it increases with the
complexity of the flow series (i.e. from LHLH to LLHH sequence,
see Fig. 5.4a,b). Nevertheless, the above speculations are not
necessarily overall valid, but require a more detailed analysis
based on a larger variability in flood duration.

To quantify the magnitude of the amplitude oscillation we
computed the standard deviation of the bar amplitude (SD∗A),
excluding the initial transitory phase. On the contrary, to capture
the evolution of the average bar amplitude, filtering out its oscil-
lations, we fit the model results with a curve having the structure
of eq. (2.30), i.e. by assuming that time growth of the average
amplitude is similar to that obtained in a steady flow case, but
with calibrated values of model parameters. The resulting curves
(dashed lines of Fig. 5.4) well reproduce the essential features
of the average bar growth, from the initial amplitude A∗0 to the
asymptotic average value. From this curve we can easily calcu-
late the mean amplitude A∗as as the value for t∗ → ∞, and we
can define the transitory time T∗T as the time needed to reach an
amplitude A∗ = 0.99A∗as.

5.4.2 Long-term bar amplitude and standard deviation

To systematically quantify the role of flood duration and se-
quencing on bar evolution the theoretical model of Tubino (1991)
was applied to a wide range of T∗flood (corresponding to Û rang-
ing between 0.1 to 100). For each flow sequence the average bar
amplitude, A∗as, the magnitude of amplitude oscillations, SD∗A,
and the time required to complete the transitory phase, T∗T , were
computed and plotted with respect to the different duration as
shown in Figs. 5.5 and 5.6, related to the triangular flow series
and the stochastic process respectively.

Analysing the effect of the triangular flow sequences on bar
evolution, we observe that the mean amplitude tends to increase
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Figure 5.5. Average state of bar amplitude (a) and the standard devi-
ation (b), scaled with the uniform water depth at the reference state,
D
∗
0, as function of the unsteadiness parameter Û, for the three trian-

gular flow sequences. When decreasing the flood timescale T∗flood the
equilibrium bar amplitude A∗as tends to approach a constant value,
while the standard deviation SD∗A invariably decreases. For both the
equilibrium bar amplitude and the standard deviation, the data series
tends to be shifted to the right when moving from the basic LHLH
sequence to the more complex LLHH and random sequences.

with the unsteadiness parameter, until it attains a constant value
that is nearly the same (A∗as ' 0.33D∗0) for all the three flow
series (see Fig. 5.5a). This indicates that when Û is sufficiently
large the mean amplitude becomes essentially independent of
both the duration and the sequencing of floods.

Conversely, the magnitude of the amplitude oscillation sys-
tematically decreases with the unsteadiness parameter Û, as
illustrated in Fig. 5.5b. Specifically, for relatively long floods the
standard deviation SD∗A shows the same order of magnitude as
the mean amplitude A∗as, while for relatively flashy floods the
oscillations become very small. This behaviour is also evident
when computing the coefficient of variation of the amplitude of
bars, which decreases with Û from 1− 1.3 for Û = 0.1 to almost
vanish (i.e. O(10−2)) for Û = 100.
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Figure 5.6. Average state of bar amplitude (a) and the standard devia-
tion (b), scaled with the uniform water depth at the reference state, D∗0,
as function of the unsteadiness parameter Û, for the stochastic flow
sequences. Trends are similar to the triangular flow series, but tend to
shifted to the right of the random sequence reported in Fig. 5.5.

When comparing the results of the three different flow se-
quences, it appears that the data series of A∗as and SD∗A follow a
very similar trend, but with a shift along the x-axis. Specifically,
points of the sequence LLHH are very similar to those of the
LHLH sequence, but with a nearly double value of the Û parame-
ter. Similarly, the random sequence shows similar values of both
A∗as and SD∗A, computed as ensemble means of repeated simula-
tions, but with an unsteadiness parameter that is nearly an order
of magnitude larger. This aspect indicates that the definition
of the unsteadiness parameter Û is not sufficient to synthesize
the variability of the flow sequence. The variation of bar ampli-
tude increases with the complexity of the flood sequence and,
consequently, the average state results in a lower value.

The above considerations can be overall valid also for results
obtained by the stochastic process and shown in Fig. 5.6, al-
though the two implemented methods to build the flow series
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are not directly comparable due to the differences in the proba-
bility density function and the magnitude of floods.

Nevertheless, for the average state of bar amplitude, (i) an
increasing trend of A∗as is observed, despite a slight scatter for
the lowest values of Û (i.e. the flow series with longest integral
scale), and (ii) an asymptotic state is achieved, meaning that the
magnitude and sequencing of flood events does not affect the
long-term bar amplitude also for complex flow sequences with
low values of T∗flood. It is interesting to note that the average
state of bar amplitude assumes values ranging between 0.15 to
0.35 times the reference water depth, which is the same range of
values found for the triangular flow sequences. Therefore, despite
the differences between the two methods, a similar response of
alternate bars can be observed in the long-term and the same
asymptotic ratio between A∗as and D∗0 is found.

Moreover, as for the triangular flow series, the standard devia-
tion shows a decreasing trend with respect to the unsteadiness
parameter, but in absolute terms it is overall larger and it does not
achieve null values for the shortest floods. Such behaviour is also
displayed by the random sequence, whose values of standard
deviation are always larger than for the ordered sequences. Nev-
ertheless, the coefficient of variation of bar amplitude does not
tend to zero for large values of Û, but attains a value around 0.24,
as if the characteristic timescale of the stochastic flow sequence
was larger than its counterpart of the triangular flow series.

5.4.3 Transition time

We now analyse the effect that the duration and sequencing of
flood events has on the transitory time T∗T , namely how rapidly
the system is able to reach the average state by considering the
different hydrological series. In Fig. 5.7 the transitory time com-
puted for the triangular flow series is expressed as the number
of cycles required to achieve the average state, NT , defined as
the ratio between T∗T and the flood timescale T∗flood. Results
show that for relatively large values of the parameter Û (nearly
larger than 1), the transitory time is almost constant and values
follow the straight 1 : 1 line in the bi-logarithmic plane (dashed
line of Fig. 5.7), independently of the sequence of floods. As a
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Figure 5.7. Ratio between the transitory time T∗T and the flood duration
T∗flood, representing the number of floods needed to reach the regime
conditions. Results for the three flow sequences as a function of the
dimensionless parameter Û. For relatively short flood duration, all the
points tend to follow the dashed line, which is obtained by assuming
T∗T to be constant.

consequence, NT turns out to be directly proportional to Û, since
the ratio T∗T/T

∗
floods depends exclusively on T∗floods when T∗T is

constant.

On the other hand, for small values of the parameter Û the
transitory time T∗T is not constant and it highly depends on the
specific sequencing of the flood events at the initial stages of bar
development, increasing the scatter for all the sequences.

In the case of the stochastic process we provide the same
scaling performed for the triangular flow series, dividing the
transitory time T∗T by T∗flood (i.e. the average period of flood
occurrence), obtaining results shown in Fig. 5.8. Also for the
stochastic process NT represents the average number of flood
events required to complete the transitory phase. It is evident
that the transitory time is almost independent of the duration of
flood events, being points in Fig. 5.8 displayed along the straight
line in the bi-logarithmic plane. Differently from the scenarios
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Figure 5.8. Ratio between the transitory time T∗T and the flood timescale
of the flow series, T∗flood, which is defined as the averege periode of
flood pulses in the stochastic process. The dotted line represents the
straight 1 : 1 line in the bi-logarithmic plane, representing the condition
for which the transitory time T∗T is constant.

of triangular flow sequences, a low scatter is observed also for
large values of T∗floods.

5.4.4 Characterisation of the timescale of the flow series for bar inves-
tigations

Our analysis highlights that the unsteadiness parameter calcu-
lated on the basis of the individual flood events is not sufficient
to explain the average bar state in a river, as an important role
is also played by the actual sequencing of the flow events. This
is evident considering that curves reproducing the average bar
properties (i.e. A∗as and SD∗A with respect to Û) provide similar
values for different values of Û. This suggests that our definition
of T∗flood, based on the period of flood occurrence, is not able to
characterise the variability of the flow series, making necessary a
more explanatory definition of the unsteadiness parameter. The
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definition of such a parameter is not trivial and in the following
we provide a possible metric.

To look for a representative timescale for a flow series we
start from the integral scale described in the CPP stochastic
process, which is proposed as a parameter required to statistically
reproduce the characteristics of real flow series. Therefore, we
compute the auto-correlation function for the triangular flow
sequences, RQQ, to evaluate how the sequences are correlated in
time. To do that, we correlate the sequences with a delayed copy
of the sequence itself as a function of the delay:

RQQ(t
∗
1, t∗2) = E

[
Q(t∗1) −Qm,Q(t∗2) −Qm

]
, (5.8)

where t∗1 and t∗2 represent two different time in which the cor-
relation is looked for, and normalize it with the value obtained
when t∗1 = t

∗
2 (RQQ(t∗1, t∗1)).

ρQQ(t
∗
1, t∗1) =

RQQ(t
∗
1, t∗2)

RQQ(t
∗
1, t∗1)

. (5.9)

It is evident that the definition of the integral scale is far to be
significant for the ordered sequences LHLH and LLHH, since
they present a strong correlation being composed by repeating
identical building blocks (see Fig. 5.9a,b). Therefore, we perform
the calculation exclusively for the random series, observing that
after a certain time the auto-correlation of the sequence vanishes
(Fig. 5.9c).

Being dt∗ the timestep of the flow series, the integral scale is
defined as:

κ =

∫∞
0

ρQQ(t
∗
1, t∗1)dt

∗. (5.10)

Nevertheless, for the computation of κ we considered the area be-
low the curve that provides the best fitting of the auto-correlation
function.

At this point, a new definition of the unsteadiness parameter
is proposed, by considering the integral scale as the characteristic
timescale of the flow series, T∗flow:

Û =
T∗bar
T∗flow

=
1/γ1
κ

. (5.11)
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Figure 5.9. Normalized auto-correlation function with respect to the
lag, ρQQ(t∗1, t∗1), for the three triangular flow series. Specifically, se-
quences LHLH (a) and LLHH (b) show a strong correlation due to the
order in the flood repetition, while the random sequence (c) markedly
loses correlation after a certain number of timesteps. The integral scale
for the random sequence is computed as the area of the fitting curve
(dash-dotted line).
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Figure 5.10. Comparison of average bar amplitude (a) and standard
deviation (b) for the triangular sequences and the CPP stochastic pro-
cess, by computing the unsteadiness parameter with the hydrological
timescale of the flow series, T∗flow, equal to the integral scale.

For the specific case of the random sequence, the integral scale is
almost 5 times lower than T∗flood.

The comparison of curves of average bar amplitude and stan-
dard deviation of Figs. 5.5 and 5.6, for the random sequence
and the stochastic process respectively, are shown in Fig. 5.10

with respect to the new definition of the unsteadiness parameter
(eq. 5.11). A good overlapping is overall observed for both the
average bar amplitude and the standard deviation, although for
the former quantity a scatter is observed for values of Û lower
than ∼ 2. Such discrepancy can be explained considering that
for the flood sequences with long duration of events (i.e. large
values of the integral scale), the average state is influenced by the
sequencing of flood events and it is not independent of the prob-
ability density function, which is different for the two methods.
The definition of the unsteadiness parameter by considering the
integral scale as the suitable timescale to account for the sequenc-
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ing of hydrological events allows us to compare the long-term
bar amplitude produced by different hydrological regimes.

5.5 discussion and conclusions

5.5.1 Summary of main results

In the present analysis we investigate the effect that different
hydrological regimes have on the long-term response of alternate
bars. To address this question, we applied the Tubino (1991)
model to predict the evolution of bar amplitude in time in a
rectangular channel affected by varying discharge conditions.
Specifically, we built different types of flow sequencing (i) by
composing in different ways triangular flow series and (ii) by
applying the stochastic approach of the CPP process.

Results reveal that for relatively short duration floods (i.e. for
comparatively large values of the unsteadiness parameter Û) the
asymptotic, regime value of the average bar amplitude, A∗as,
is nearly independent of the duration and sequencing of the
floods. This suggests that, under such conditions, the essential
hydrological information needed to predict the average bar style
are entirely contained in the flow probability density function,
which represents a fundamental precondition for a possible def-
inition of an equivalent, formative discharge for alternate bars.
Starting from this result, in Chapter 6 we propose an innovative
approach to quantify the long-term properties of bars and the
corresponding formative conditions in real rivers, considering
that a similar approach (i.e. based on the probability density
function) was implemented by Blom et al. (2017) for defining an
analytical solution for the channel-forming discharge.

Variations of bar amplitude during individual flow events turn
out to depend mainly on the duration and sequencing of the
floods. Specifically, long periods of moderate discharge (i.e. suf-
ficiently high to transport sediments but significantly lower than
the critical threshold Qcr) can strongly increase the bar height,
while periods of higher discharge tend to significantly reduce
the amplitude of bars, eventually leading to their disappearance.
It is worth noticing the analogy with Arkesteijn et al. (2019), who
found that the probability density function of the flow regime is
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responsible of the average equilibrium channel slope, while the
sequencing of floods determines the instantaneous evolution of
the riverbed. From an engineering point of view, the oscillation of
bar amplitude is an important aspect to be accounted for in river
management, since large variations with respect to the average
state can affect navigation and flooding risk. A statistical analysis
about the effect of real floods on the bar amplitude evolution is
investigated in Chapter 7.

Analysis of the transitory time reveals that the shorter is the
duration of the single flow events, the larger is the number of
floods required to achieve a regime state. This implies that fluvial
systems characterised by relatively long flow events are able to
rapidly recover from catastrophic events or human interventions
that may alter the bar state. Conversely, rivers characterised
by a relatively flashy flood regime (or, more precisely, by small
values of the unsteadiness parameter Û) require a much higher
number of floods to accumulate the time T∗T that is needed to
complete any transitory phase from highly disturbed conditions
to an ordinary state.

Results obtained by implementing the stochastic flow series,
which is able to mimic a complex conditions of real cases, are
comparable with those obtained by the simplified flow sequences
both in terms of average state and amplitude oscillations. There-
fore, we can assume overall valid the above considerations also
for natural rivers.

5.5.2 Limitations and future perspectives

The analysis of the evolution of bar amplitude in time by
means of the theoretical model of Tubino (1991) represents a first,
exploratory work to bridge the expected amplitude of bars in a
river reach and the hydrological regime. Specifically, since the
morphological model has been applied to a prototype channel
forced by idealized flow sequences, results are significant to the
extent of they need to be validated by appropriate experiments.
Nevertheless, the response of the ideal channel to the simplified
flow conditions is reasonable by considering the current knowl-
edge about alternate bar characteristics. Indeed, (i) the existence
of an equilibrium configuration around that the system oscillates
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and (ii) the capability of bars to approach the “steady” equilib-
rium configuration when the duration of flood is sufficiently long
(i.e. providing large oscillations of bar amplitude during each
individual flood event) are reasonable extensions of the steady
response of Colombini et al. (1987).

Therefore, two questions arise in order to extend this analysis
and provide suitable results for the practical management of
rivers:

1. Is it possible to identify a threshold value of the unsteadi-
ness parameter in order to assume reasonable the predic-
tion of the average value of bar amplitude by means of a
model based on the probability density function (as, for
example, the bar-forming discharge method proposed in
Chapter 6)?

2. How does the unsteadiness parameter, computed by the
channel characteristics and the hydrological forcing, can
be bridged with the expected value of the average bar
amplitude?

For now, a clear and documented answer to the above ques-
tions is not available, because the definition of the unsteadiness
parameter for a complex flow series is not straightforward. Nev-
ertheless, from the outcomes of this PhD work we can try to draw
back some qualitative answers to the above questions.

The suitability of a probability density function-based model to
predict the average bar amplitude can be ascertained by compar-
ing the resulting value with the long-term mean value computed
at each time step of the complex flow series (see for example the
model proposed in Chapter 7). Considering the study cases de-
picted in Chapter 6, our analysis suggests that a pdf-based model
is sufficient to reproduce the bar response to the hydrological
regime for the upstream reach of the Alpine Rhine River and the
Isère River, while large oscillations of bar amplitude are obtained
when the unsteady model is applied to the downstream reach
of the Alpine Rhine River, which implies that the morphological
response can be also affected by the duration and sequencing of
floods.

This finding introduces a further element of complexity in
the definition of the timescale of a flow series, because the two
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reaches of the Alpine Rhine River have a similar hydrological
regime. Indeed, the effectiveness of the flow regime to form
alternate bars depends not only on the duration of significant
events, but also on their “distance” from the critical conditions
for bar formation. Therefore, a simple relationship between
the unsteadiness parameter and the average bar amplitude is
not easy to determine, due to the various factors affecting the
response of river bars.

In conclusion, the definition of a characteristic timescale of the
hydrological flow regime suitable to describe such response is
still an open issue, with respect to which the integral scale could
represent a reasonable starting point.



6
T H E L O N G - T E R M R E S P O N S E O F A LT E R N AT E
B A R S T O T H E H Y D R O L O G I C A L R E G I M E

This chapter is based on the paper: Carlin, M., M. Redolfi, and M.
Tubino (2021), The long-term response of alternate bars to the hy-
drological regime, Water Resources Research, 57, e2020WR029314,
https://doi.org/10.1029/2020WR029314.

In this chapter we analyse the long-term, average characteris-
tics of alternate bars subject to a complex flow regime. Starting
from the state-of-the-art theoretical models of bar dynamics, we
propose a novel methodology to determine the long-term bar
response to the hydrological river regime and the associated “bar-
forming” discharge that, if applied steadily, would produce the
same morphological response. We derive a generalized criterion
to define whether bars are expected to form and to estimate
the long-term bar topography, depending on flow probability
density function and channel characteristics (width, slope and
sediment size). Our procedure differs from the classical methods
to define formative discharge, inasmuch as it accounts for the
specific and reversible response of bar topography to the different
flow stages that compose the hydrological regime. Application to
four different gravel bed reaches in the Alpine region shows the
capability of the procedure to interpret remarkably well different
riverbed morphologies and to provide a reasonable prediction
of the observed bar height, thus suggesting its potential to anal-
yse long-term morphological trajectories following hydrological
alterations and river restoration projects.

6.1 introduction

The formation of migrating bars is one of the most studied
topics in river morphodynamics. The large number of laboratory
observations and theoretical results produced so far provides a
consistent picture of the dependence of bar properties (morphol-
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ogy, migration rate) on flow and sediment characteristics and
highlights the role of the channel aspect ratio β as the main con-
trolling parameter of bar instability (e.g Fredsoe, 1978; Colombini
et al., 1987; Tubino et al., 1999; Siviglia et al., 2013; Bertagni and
Camporeale, 2018).

Despite the large amount of literature, no much information
is available about the investigation of long-term properties of
alternate bars subject to a flow regime. Indeed, existing studies
are focussed on individual flood events (Tubino, 1991; Welford,
1994; Eekhout et al., 2013) or consider simplified flow series
(Carlin et al., 2020), not providing a suitable criterion to quantify
the average bar height we can observe in a straight channelized
river.

The purpose of this chapter is to investigate how bar amplitude
responds to a complex flow regime, coupling the main evidences
on bar behaviour explored in the previous chapters with the clas-
sical approach implemented in river morphodynamics to define
the formative conditions of a typical fluvial phenomenon. The
need of a new approach is motivated by a number of peculiar
characteristics of the bar adaptation to varying flow: (i) the topo-
graphic expression of bars reduces with increasing discharge, (ii)
the response of bars to flow variability is not instantaneous and
bar evolution is allowed only if flood duration is sufficiently long
with respect to bar timescale, and (iii) the critical threshold, Qcr,
discriminates bar-forming and bar-suppressing events. Classical
approaches of formative discharge are based on the idea that (i)
the larger the sediment transport rate, the larger the morphologi-
cal work of the channel, (ii) the response of sediment transport
to flow variability is instantaneous and (iii) all the flow stages
larger than the threshold for sediment motion work in the same
direction to determine the investigated phenomenon.

In this chapter we propose a new method to define an occur-
rence criterion for alternate bars in channelized river reaches
that accounts for the hydrological regime. We then derive an
estimate of the bar-forming discharge, defined as the discharge
whose corresponding bar height coincides with the average value
resulting from the hydrological cycle. The method is based on
the statistical distribution of flow events and on the response of
free alternate bars obtained from the weakly nonlinear Colombini
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et al. (1987) model. The occurrence criterion and the bar-forming
discharge arise from a balance between bar-forming and bar-
suppressing flow stages, which represents a key difference with
respect to the classical concept of effective discharge. The pro-
cedure has been applied to different gravel bed river reaches,
the Alpine Rhine River (Switzerland), the Isère River (France),
and the Adige River (Italy), for which long flow records were
available, each of them characterised by a distinctive average bed
response.

The chapter is organized as follows. In Section 6.2 we briefly
summarize previous results on free alternate bars (see Chapters
3 and 4), highlighting their dependence on flow discharge. A
general description of the study cases is proposed in Section 6.3.
The new model is formulated in Section 6.4 and applied to the
different study cases in Section 6.5. In Section 6.6 we discuss
the main implications and limitations of the proposed approach;
finally, we draw some conclusions in Section 6.7.

6.2 main properties of alternate bars

As discussed in previous chapters, bars exhibit some distinctive
aspects that must be accounted for to describe their long-term
properties in straight channels. Here we provide a summary of
the most important characteristics of bars reported in Section 3

that we considered to develop our model.

In single thread channels the actual value of the aspect ratio
changes significantly with water discharge. Specifically, being
β inversely proportional to water depth, its value typically de-
creases with increasing flow discharge, as sketched in Fig. 6.1a,
and so does the equilibrium bar height. The decreasing trend
of bar height with the water discharge, qualitatively reported
in Fig. 6.1b, is the first aspect differentiating alternate bars to
other morphodynamic processes, whose evidence is driven by
the magnitude of sediment transport. A key discharge value for
alternate bars is given by the critical threshold for free bars for-
mation, Qcr, defined as the value corresponding to the condition
β = βcr.
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BARS NO 
BARS

Figure 6.1. Equilibrium response of alternate bars to discharge varia-
tions: (a) the effect of increasing discharge, which leads to a decrease
of the channel aspect ratio β; (b) the dependence of equilibrium bar
height on flow discharge resulting from the Colombini et al. (1987)
weakly nonlinear theory.

A second, specific aspect that characterises the response of
river bars to different flow stages is the rate of change of their
amplitude, which is defined as:

Ω∗ :=
1

A∗
dA∗

dt∗
, (6.1)

where the generic symbol A∗ is used here to encompass the
various metrics proposed in the literature to measure the bar
height. As extensively discussed in Chapter 3,Ω∗ is the reciprocal
of the time scale of the process and therefore represents a key
ingredient to determine the effectiveness of a given flow stage to
produce a morphodynamical response.

In general terms, the speed of riverbed evolutionary processes
is set by the Exner continuity equation, and therefore it in-
creases with sediment transport intensity, whence with flow
discharge. However, bar instability exhibits a remarkably differ-
ent behaviour (see Section 3.3.2), since the growth rate vanishes
not only in correspondence to the threshold for motion, but
also at the critical condition for bar formation. Fig. 6.2 sum-
marizes this peculiarity of bar response to discharge variation,
highlighting the expected tendency of a given flow stage to form
(Q < Qcr) or to suppress bars (Q > Qcr), playing an opposite
role depending on its position relatively to the critical threshold.
It is worth noticing that the linear estimate of the bar growth rate
is overall valid if the amplitude of bars is small, strictly infinites-
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Figure 6.2. The linear growth rate of free alternate bars, scaled with
its maximum value Ω∗0,max, as a function of water discharge. The
critical threshold Qcr discriminates between bar-forming (Ω∗0 > 0) and
bar-suppressing (Ω∗0 < 0) flow conditions. When discharge is lower
than the threshold of incipient sediment motion, Qi, the growth rate
vanishes and bar evolution is inhibited.

imal. In actual situations flood events are likely to rework an
already existing bar topography, which requires also to account
for finite amplitude effects on bar growth. In Section 6.4 we
discuss how the scenario depicted in Figure 6.2 changes when
the weakly nonlinear estimate of (Colombini et al., 1987) for the
growth rate is adopted.

The above description of bar response to variable flow dis-
charge can be readily extended to higher-order transverse modes
(i.e., central or multiple-row bars). Their critical threshold (say,
for mode m) is related to βcr through the relationship βcr,m =

mβcr, and therefore higher-order modes require large values of
width-to-depth ratio to form, the corresponding values of the
critical discharge being much smaller than Qcr. However, in
relatively wide channels favourable conditions for their growth
can be frequently encountered at low flow stages that are still
capable of transporting sediment (e.g, Rodrigues et al., 2015). In
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the following sections we will focus our attention on the alternate
bars mode m = 1. However, we will discuss about the limitations
and potential extension of our approach to higher-order modes
at the end of Section 6.6.

6.3 study reaches

We applied our model to investigate the riverbed response to
the hydrological regime to four study reaches located in three
channelized rivers of the alpine region: the Alpine Rhine River,
the Isère River and the Adige River. Figure 6.3 shows the location
of the study reaches, whose lengths range from 5 to 15 km, while
Tab. 6.1 summarizes the reach-averaged values of river properties,
as adopted in our analysis, as well as the relevant morphological
and hydrological information. Channel width values refer to the
morphodinamically active part of the river section, which has
been taken to coincide with the bottom width.

The Rhine River, with a catchment area of about 190 000 km2

and a length of 1326 km is one of the largest rivers in Europe,
flowing from the Swiss Alps to the North Sea. The first 93 km
of the river, from the confluence between Vorderrhein and Hin-
terrhein and the Lake of Constance, form the so-called Alpine
Rhine. The Alpine sub-basin of the Rhine River covers the whole
territory of Liechtenstein, the western part of Austria and the
eastern part of Switzerland, draining an area of 6123 km2. In
the 19th and 20th century the Alpine Rhine River was heavily
channelized, drastically simplifying the complex multi-thread
morphology (Adami et al., 2016). We have focussed our analysis
on two reaches located upstream and downstream the confluence
of the Ill River (located near Eichenwies), which are representa-
tive of two different morphological responses of the riverbed to
channelization. In particular, as shown in Figure 6.3a, the wider
upstream reach presents a continuous sequence of alternate bars,
while the narrower downstream reach displays a simpler mor-
phology without evident bedforms. For this reason, the Alpine
Rhine River can be considered an optimal morphodynamic labo-
ratory, where two opposite bed responses manifest themselves,
despite the very similar hydrological and sedimentological condi-
tions. The flow regime is pluvio-nival, with significant snow-melt
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Figure 6.3. Location of the study cases in the alpine region. (a) Two
reaches of the Alpine Rhine River, upstream and downstream the
confluence of the Ill River, showing a transition from a clear alternate
bar pattern to no evident bedforms; 09-Jul-2016, 47o 17 ′ N, 09o 33 ′

E; (b) Isère River with stable, vegetated bars, 28-Aug-2014, 45o 23 ′ N,
05o 59 ′ E; (c) Adige River with a flat bed morphology, 19-Jul-2015,
46o 03 ′ N, 11o 06 ′ E. From Google Earth, Digital Globe (2019).
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in spring and summer and larger floods mainly in autumn. Dis-
charge data recorded at intervals of 10min are available from
the Swiss station of Diepoldsau from 1984 to 2010.

The Isère River is 286 km long, flowing from the Graian Alps
of Savoia (south-eastern France) to the Rhône River near Valence.
The catchment area is about 12 000 km2. In the 19th century
the river was channelized and straightened, causing the modi-
fication of riverbed morphology from braided to single-thread
with alternate bars (Serlet et al., 2018). After the channelization,
an intensive exploitation of the river basin resources for hydro-
power production began, with the construction of several dams
in the early 20th century and two inter-basin transfers. Our study
reach is located near Montmèlian, downstream the confluence
of the Arc River. The human pressures have strongly impacted
on the natural nivo-glacial flow regime and the sediment supply,
determining nowadays a very stable sequence of bars, mostly
vegetated (see Serlet et al., 2018), as shown in Figure 6.3b. Hourly
discharge data are available for the Montmèlian station from 1988

to 2015.

The Adige River, with a catchment of about 12 200 km2 and
an approximate length of 410 km, is the second longest river in
Italy, flowing from the central-eastern Alps to the Adriatic Sea.
Some sporadic works on channel banks have been carried out
since the Middle Age, while a strong channelization was realized
in the 19th century. Our study reach is near the city of Trento,
where the channel has a bottom width of about 70m. Sediment
samples collected at low flow stages in a recent field survey (Scor-
pio et al., 2018) have highlighted the presence of a pronounced
armoring that is likely to persist over typical floods (Wilcock
and DeTemple, 2005). A surface-based estimate provides a value
of the median grain size of 53mm. The bed morphology of
the whole channelized part of the river is almost flat, without
river bedforms (see Scorpio et al., 2018), as shown in Figure 6.3c.
The original flow regime was nivo-glacial, characterised by the
minimum flow in winter and larger floods in autumn due to
long-lasting cyclonic fronts. Nowadays, the Adige River basin
is one of the most exploited in Italy for hydropower production,
with a large number of dams built along its tributaries, which
have heavily modified the flow regime and filtered the sediment
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supply. Discharge data recorded at intervals of 30min are avail-
able for the gauging station of Trento-San Lorenzo from June
1994.

6.4 a method to determine the response of alter-
nate bars to the hydrological forcing

In this section we introduce a novel methodology to evaluate
the long-term bar response to the river hydrograph, accounting
for the key factors that characterise the response of bars to varia-
tions of flow discharge. We employ the case of the Alpine Rhine
River, where two consecutive reaches exhibit similar hydrological
and sedimentological characteristics, but a different bed configu-
ration, as an optimal example to illustrate our procedure and to
highlight the difference with respect to the classical method of
the effective discharge (Wolman and Miller, 1960).

We assume a rectangular cross section and we compute uniform-
flow parameters (i.e. water depth, velocity and associated dimen-
sionless parameters) at different levels of discharge by consider-
ing the Engelund and Fredsoe (1982) friction formula. Moreover,
we estimate the sediment rating curve through the Parker (1978)
transport formula, assuming a relative submerged weight of
sediment R = 1.65. Sensitivity of model results to the adopted
transport predictor is tested in Section 6.6 (see Tab. 6.2), where
Meyer-Peter and Muller (1948) formula is also employed. Bar
properties are evaluated through the analytical model of Colom-
bini et al. (1987), where the empirical coefficient r that measures
the effect of gravity on transverse transport has been set equal to
0.6.

To introduce our procedure, we first consider the application
of the effective discharge method to the “upstream” reach of the
Alpine Rhine River as reported in Fig. 6.4a: the effective dis-
charge, around Q = 405m3 s−1, is calculated as the peak value
of the product between the flow probability density function, fQ,
and the sediment rating curve, Q∗s(Q). The significance of this
value is clear: it represents the discharge that on average gives
the maximum contribution to the annual sediment transport (for
details, see Appendix A).
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A complementary interpretation of the geomorphic signifi-
cance of the above procedure can be obtained by considering
that the morphodynamical efficacy of each flow stage, which is
assumed to increase proportionally with the sediment transport
rate, can be equivalently defined in terms of the timescale of the
evolutionary process. Specifically, the timescale of the associated
geomorphic changes, T∗exn, as defined in eq. (3.9), presents an
inversely proportional relation with the sediment transport rate
Q∗s:

T∗exn ∝
1

Q∗s
. (6.2)

We then express the time in terms of T∗exn units, defining a
dimensionless time, tE, whose increments are defined as:

dtE =
dt∗

T∗exn
. (6.3)

Plotting the flow series as a function of tE gives a reshaped
hydrograph Q(t), whose probability density function can be
calculated as follows:

f
Q∗s
Q =

fQQ
∗
s∫∞

0 fQQ
∗
s dQ

, (6.4)

which coincides with the definition proposed by Blom et al. (2017)
in their Equation (35). The scaled probability density function
(6.4) provides a different interpretation of the effective discharge
value as the most frequent flow state in the “time of the sediment
transport”.

6.4.1 A criterion for the alternate bars formation

To apply a similar concept to the case of alternate bars, it is
crucial to consider that the speed of bar adaptation is not simply
proportional to the sediment transport rate, but it rather depends
on the growth rate (here we consider the dimensional form of the
linear value Ω∗0). Therefore, it follows the non-monotonic curve
represented in Fig. 6.2, which vanishes at both the threshold for
incipient sediment motion and at the critical threshold for bar
formation.

Considering the characteristic timescale of bars T∗bar, as the
dimensional form of eq. (3.7) to scale the time, we then obtain
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a reshaped hydrograph that is associated with the following
probability density function:

f
Ω∗0
Q =

fQ
∣∣Ω∗0∣∣∫∞

0 fQ
∣∣Ω∗0∣∣ dQ , (6.5)

which represents the probability of observing a given discharge
Q in the “time of bar adaptation”. The interpretation of fΩ

∗
0

Q (Q) is
again very clear, as it indicates the effectiveness of each discharge
state in forming (Ω∗0 > 0) or suppressing (Ω∗0 < 0) alternate bars.

As illustrated in Fig. 6.4b, this probability is basically obtained
as the (scaled) product between the flow probability density
function, fQ, and the linear growth rate of bars, Ω∗0. Similar
to the approach of Wolman and Miller (1960), in this case the
peak of the histogram gives the value of discharge that is more
effective in forming bars, which turns out to be slightly lower
than the effective discharge value of Fig. 6.4a.

We note that in the case of the upstream reach of the Rhine
River the predicted critical discharge value for bar formation
is quite large, approximately Qcr = 1500m3 s−1, and therefore
the contribution of the extremely rare bar-suppressing stages
(Ω∗0 < 0) is not appreciable. In other words, within this reach
bar formation is enhanced at almost all flow stages above the
threshold for sediment motion Qi. Under these circumstances,
the information obtained through eq. (6.5) does not differ sub-
stantially from that resulting from the effective discharge method,
but for the shift of the peak discharge towards lower values.

The difference between the two approaches becomes more
evident when applying the same procedure to the downstream
reach of the Alpine Rhine River, for which the predicted criti-
cal discharge for bar formation is much smaller, approximately
Qcr = 467m

3 s−1, and then the product of the probability den-
sity function and the linear growth rate provides the bi-modal
distribution reported in Fig. 6.5. The two peaks still identify
two discharge values of maximum effectiveness; however, their
meaning is different, as events with Q < Qcr work to form the
bars, while events with Q > Qcr work to suppress them. Hence,
Fig. 6.5 highlights the important consequence of bars being a
threshold process: different discharge states are not only char-
acterised by different effectiveness, but they can also play in
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Figure 6.4. (a) The method of Wolman and Miller (1960) applied to
the Rhine River reach upstream the confluence of the Ill River. The
effective discharge, Qeff, is the peak of fQ

∗
s

Q (right panel), obtained by
multiplying (left panel) the flow probability density function, fQ, and
the sediment rating curve, Q∗s(Q). (b) For the same river reach, the
probability density function of flow stages, scaled with the timescale

of bar adaptation, fΩ
∗
0

Q (right panel), which is obtained by multiplying
(left panel) the flow probability density function, fQ, by the absolute
value of the linear growth rate, Ω∗0.

opposite directions. Even though the slight preeminence of the
red area suggests that bar-forming flow events tend to prevail in
the downstream reach, we expect the height of bars to be much
smaller than that in the upstream reach.

The recognition that bar topography can be continuously re-
worked by the counteracting effect of different flow stages sug-
gests that the average bar response to the hydrological cycle,
rather than being associated to a most effective discharge value,
ultimately results from the cumulative effect of the entire range
of discharge states. Specifically, it depends on the competition
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Figure 6.5. The Rhine River reach downstream the confluence of the
Ill River: the probability density function of flow stages, scaled with

the timescale of bar adaptation, fΩ
∗
0

Q (right panel), which is obtained by
multiplying (left panel) the flow probability density function, fQ, by the
absolute value of the linear bar growth rate, |Ω∗0|. Colors identify bar-
forming (Ω∗0 > 0) and bar-suppressing (Ω∗0 < 0) flow stages, depending
on discharge being lower or higher than the critical threshold Qcr.

between bar-forming and bar-suppressing events, whose overall
effectiveness can be measured as the area of the histogram f

Ω∗0
Q ,

which represents a probability.
We then define the probability of bar formation in the following

form:

Pform = P0(Q < Qcr) =

∫Qcr
0

f
Ω∗0
Q dQ, (6.6)

while its complement, 1− Pform, represents the probability of
bars to be suppressed. Therefore, an occurrence criterion for
alternate bars that accounts for the hydrological regime can be
obtained in the following simple form:

Pform > 0.5, (6.7)

which also corresponds to the condition that the mean growth
rate is positive, namely:

Ω∗0,m =

∫∞
0

Ω∗0 fQ dQ > 0. (6.8)

The above criterion is obviously not strict, as different sources
of uncertainties exist in the evaluation of lower and upper thresh-
old discharges, Qi and Qcr. Furthermore, it refers to the average
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state, and therefore indicates a preference for a particular mor-
phodynamic style. Specifically, the probability Pform provides a
measure of “how likely alternate bars are expected to form in a
river reach”.

6.4.2 Definition of the bar-forming discharge and the associated bar
height

When the criterion (6.7) is satisfied, and then alternate bars
are likely to form, a further question arises: what is the expected
average bar height in the long-term?

To address this question, we propose the idea that the long-
term average state of bars should correspond to the condition
in which, accounting for the entire range of flow stages, the
probability of growth and decay are balanced. In this perspective,
we need to quantify the speed of bar height evolution, for the
different flow stages.

In this case the information that comes from the linear growth
rate Ω∗0 is no longer sufficient, because the tendency of already-
formed bars to grow or decay is significantly different from that
displayed in the early stage of bar formation. This is clear when
analysing the behaviour of bar height with time under steady
flow conditions, resulting from the weakly nonlinear theory of
Colombini et al. (1987) (see Fig. 6.6). When the amplitude is
relatively small, bars grow according to the linear growth rateΩ∗0.
However, as the amplitude increases, the bar growth gradually
slows down, until the amplitude attains an equilibrium state.
Furthermore, if the amplitude exceeds the equilibrium value, bars
tend to decay, even under bar-forming conditions (i.e. Q < Qcr).

In general, bar evolution can be quantified by means of the
growth rate Ω∗ (see Fig. 6.6), whose absolute value specifies
the rate of change of the bar amplitude, while its sign indicates
whether bars tend to grow (Ω∗ > 0) or decay (Ω∗ < 0). Theoreti-
cal works suggest that the time evolution of the bar amplitude,
for a given discharge value, follows a Landau-Stuart equation, in
which the linear growth rate is multiplied by a correction term
that depends on the square of the amplitude, namely:

Ω∗ :=
1

A∗
dA∗

dt∗
= Ω∗0

[
1− kA∗2

]
, (6.9)
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Figure 6.6. Evolutionary trajectories of bar amplitude, scaled by its
equilibrium value A∗eq, for a steady discharge Q < Qcr (i.e. under
bar-forming conditions), as predicted by the weakly nonlinear theory
of Colombini et al. (1987). When A∗ � A∗eq bar amplitude increases
according to the linear growth rate Ω∗0 (dashed line), while the growth
rate gradually decreases when the amplitude approaches its equilib-
rium value. If A∗ > A∗eq the growth rate is negative, and then bars
tend to return to their equilibrium state. Time is scaled with the
characteristic time of bar growth T∗bar.

where the coefficient k is a function of discharge that can be
estimated by means of nonlinear analyses (Colombini et al., 1987;
Bertagni and Camporeale, 2018).

It is useful to remember at this stage that bar topography result-
ing from nonlinear theories can be represented as the superim-
position of harmonic components in longitudinal and transverse
directions, from which the different metrics adopted to quantify
bar height are readily derived, such as the elevation difference
within a bar unit, H∗BM, or the maximum value of the elevation
differences calculated along individual cross-sections, H∗B (see
also Redolfi et al., 2020). The function A∗ appearing in eq. (6.9)
represents the amplitude of the dominant, first order, component
of bed topography.
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When Ω∗0 > 0 (i.e. under bar-forming conditions), the coeffi-
cient k is determined by the equilibrium conditionΩ∗ = 0, which
gives:

k = A∗−2eq , (6.10)

so that eq. (6.9) can be expressed as:

Ω∗(Q,A) :=
1

A∗
dA∗

dt∗
= Ω∗0

[
1−

(
A∗

A∗eq

)2]
. (6.11)

The term in square brackets in eq. (6.11) is always smaller than 1
and simply depends on the ratio between the current bar state
and the equilibrium condition, and is always smaller than 1,
eventually becoming negative when A > Aeq. Conversely, when
Ω∗0 < 0 (i.e. under bar-suppressing conditions) the parameter k
is negative. This implies that Ω∗ < Ω∗0, which means that finite-
amplitude bars tend to decay more rapidly than small-amplitude
bedforms.

The resulting scenario of evolutionary trajectories of bars, for
the different values of flow discharge characterising the hydro-
logical cycle, is depicted in Fig. 6.7. As highlighted in Chapters 3

and 4, the equilibrium amplitude A∗eq is a decreasing function of
flow discharge that vanishes at the critical threshold Qcr. Hence,
bar amplitude decays above such threshold and, for Q < Qcr,
when its actual value is larger than A∗eq. However, the threshold
limit set by A∗eq does not cover the full range of discharge states
above the critical threshold Qi. In fact, when the discharge is
smaller than the so-called fully-wet threshold Qfw (see Adami
et al., 2016) the theoretical estimate of the equilibrium amplitude
is no longer meaningful, because the theory predicts bars whose
top elevation, at equilibrium, would exceed the water surface
level (which is not compatible with the fundamental model as-
sumptions). To circumvent this limitation, here we follow the
approach suggested in Chapter 4, assuming that within this
range of discharges the bar growth is bounded by the fully-wet
value A∗fw, which corresponds to the theoretical estimate of the
amplitude when bars are at the onset of emerging from the water
surface. Therefore, when Q < Qfw, the growth rate follows the
same trend described by eq. (6.11), but with A∗fw representing
the asymptotic limit. The fully-wet amplitude A∗fw increases
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Figure 6.7. Morphological trajectory of alternate bars (defined by the
sign of the growth rate Ω∗) depending on discharge and bar ampli-
tude. Different regions (shaded areas) are delimited by the equilibrium
amplitude (solid line) and the fully-wet limited amplitude (dashed
line), depending on discharge being higher or lower than the fully-wet
threshold Qfw (see Redolfi et al., 2020). The point where the two lines
intersect identifies the maximum bar amplitude A∗max.

with the water discharge as illustrated in Fig. 6.7 and sets the
left margin of the region of bar growth. Beyond this limit, as for
values of Q < Qi, we assume a vanishing growth rate, which
implies that low flow stages are unable to substantially rework
already-formed bars whose crests emerge from the water surface.

In summary, depending on the actual values of bar amplitude
and discharge, three distinct regions can be identified, as illus-
trated in Fig. 6.7: (i) no evolution region, where the growth rate
vanishes; (ii) bar growth region, where Ω∗ is positive; (iii) bar
decay region, where Ω∗ is negative.

The above findings set the conceptual framework to define the
average state of bars within a given river reach. With reference
to Fig. 6.8a, let us assume a tentative value of the average bar
amplitude, A ′∗as, and compute the corresponding growth rate of
bars for the different flow stages:

Ω ′∗ := Ω∗(Q,A ′∗as). (6.12)

Moving from low to high flows at a fixed value of bar amplitude
we cross the three regions highlighted in Fig. 6.8a, which reflects
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Figure 6.8. Illustration of the procedure for the evaluation of the
average bar state: example of the upper reach of the Alpine Rhine River.
(a) The regions of growth and decay, for a given value of the average bar
amplitude A ′∗as. (b) The corresponding values of the growth rate Ω ′∗

for bars of amplitude A ′∗as. (c) Frequency of the flow events, weighted
with the growth rate Ω ′∗, which measures the effectiveness of the
different flow states. Bars are assumed to be in long-term equilibrium
when the probability of bar growth (i.e. red area) equals the probability
of bar decay (i.e. green area).
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on the resulting curve represented in Fig. 6.8b. Specifically, if we
denote by Q ′fw and Q ′eq the discharge corresponding to the inter-
sections with the fully-wet threshold, A∗fw, and the equilibrium
amplitude, A∗eq (see Fig. 6.8a), the growth rate is positive when
Q ′fw < Q < Q

′
eq, otherwise it is either negative or vanishing.

We then define, as before, the scaled probability:

fΩ
′∗

Q =
fQ |Ω ′∗|∫∞

0 fQ |Ω ′∗| dQ
, (6.13)

which represents the effectiveness of the different discharge states
in producing bar growth or decay, depending on the sign of Ω ′∗.
The cumulative effectiveness of the events with positive Ω ′∗ (i.e.
the red area of Fig. 6.8c),

Pgrowth(A
′∗
as) = P(Q

′
fw < Q < Q

′
eq) =

∫Q ′eq
Q ′fw

fΩ
′∗

Q dQ, (6.14)

defines the probability of bars with the given amplitude A ′∗as
to grow, while its complement, (1 − Pgrowth), measures the
tendency to decay.

If Pgrowth > 0.5, bars of amplitude A ′∗as are likely to experi-
ence a long-term growth, while the opposite tendency is expected
when Pgrowth < 0.5. Therefore, we can assume that a long-term
equilibrium is attained when:

Pgrowth = 0.5. (6.15)

This condition implicitly defines the value of the long-term aver-
age bar amplitude A∗as. In practice, this value can be obtained by
varying A ′∗as until the condition (6.15) is met, i.e. when the red
and the green areas of Fig. 6.8a become equal.

Once the long-term average bar amplitude has been deter-
mined, we then compute the average-state bar topography and
the associated bar height, through the weakly nonlinear solution
of Colombini et al. (1987), and we define a bar-forming discharge,
Qform, as the value of discharge Q̂eq associated with the result-
ing average bar amplitude. Therefore, Qform is the discharge
that if maintained indefinitely would produce the same long-
term bar topography as the river hydrograph (see the analogy
with the channel-forming discharge proposed by Blom et al.,
2017).
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6.5 results

We now apply the methodology developed in Section 6.4 to the
four study cases described in Section 6.3: a summary of model
results is reported in Table 6.2. The procedure is based on two
steps.

1. We first provide a criterion for evaluating whether bars are
likely to form, which is based on the idea that this depends
on how long the river stays in bar-forming conditions with
respect to bar-suppressing conditions. The key novelty
is that the duration of different flow stages is measured
in the time of the bars, rather than in absolute time. This is
accomplished by multiplying the flow probability density
function by the linear bar growth rate, and comparing the
weight of the resulting distributions that falls above or
below the critical threshold for bar formation, Qcr.

2. We then provide a criterion for estimating the long-term
bar topography, which is based on the idea that the aver-
age state of bars corresponds to conditions for which the
probabilities of bar growth and decay are equal. The key
ingredient is that the effectiveness of the different discharge
states not only depends on the discharge value, but also
on bar amplitude, as suggested by nonlinear bar theories.
Specifically, the higher is the bar, the wider is the range of
discharge states for which bar amplitude tends to decay.

6.5.1 The two cases of the Alpine Rhine River

In the case of the upstream reach of the Alpine Rhine River,
the value of probability resulting from eq. (6.6) is very high
(Pform = 0.99, see Table 6.2), which indicates that alternate bars
are very likely to form. Conversely, in the downstream reach
the probability is around 50% (Pform = 0.58), which reveals that
the total work of bar-forming and bar-suppressing events (red
and green area of Figure 6.5) almost balances. Therefore, the
average state is close to the limiting conditions for bar formation,
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in which bars that might possibly form would attain an almost
vanishing amplitude.

We then compute the average-state bar topography and the
associated bar height, through the weakly nonlinear solution of
Colombini et al. (1987). Being based on extreme elevation values,
the above-mentioned metrics H∗BM and H∗B are difficult to derive
from field data, as different sources of measurement uncertainty
exist and available cross-sectional data do not necessarily com-
prise the points of maximum and minimum elevation. Therefore,
for comparison with field data we compute the mean value of the
cross-sectional elevation differences in a bar wavelength, H∗B,a.
Results illustrated in Tab. 6.2 reveal that the estimated long-term
bar height H∗B,a in the upstream reach of the Alpine Rhine River
is about 2.4m for both the tested sediment transport relations,
while a much smaller value (H∗B,m ' 0.5m) is obtained for the
downstream reach. This is in overall agreement with field mea-
surements based on cross-sectional elevation data. Specifically,
data for the upstream reach reported in Adami et al. (2016) (see
their Figure 9) display cross-sectional elevation differences in
the range from 2.5 to 4.0m, while for the downstream reach we
observe low-relief, submerged bars with an average height of
about 0.4m. It is worth noticing that the predicted value of bar
height H∗B for the upstream reach turns out to be 3.7m, very
close to the maximum values measured in the field. This com-
parison highlights the potential of our methodology to evaluate
the long-term bar topography, though the theoretical estimates
slightly overestimate the observed values of H∗B,a. This difference
can be easily corrected by tuning the empirical coefficient r that
measures the effect of the lateral bed slope on bed-load trans-
port. It is worth noticing that the proposed procedure provides a
sound interpretation of the different bed response exhibited by
two consecutive reaches of the Alpine Rhine River, upstream and
downstream the confluence of the Ill River.

As reported in Table 6.2, the resulting values of the bar-forming
discharge, Qform, for the upstream reach of the Rhine River
range from 720 to 780m3 s−1, depending on the transport for-
mula used, and the associated return period is only slightly
longer than one year. For the downstream reach the discharge
value is very close to the critical threshold, which confirms the
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river’s weak propensity to form alternate bars. We note that the
value of the bar-forming discharge is larger than that of effective
discharge Qeff in the upstream reach, while the opposite occurs
in the downstream reach.

Results reported in Tab. 6.2 show that the proposed criterion
for bar occurrence, which is based on Pform, and the predicted
values of the average bar height and bar-forming discharge are
almost independent of the adopted sediment transport formula.
They also suggest that the different behaviour displayed by the
downstream reach is mainly a consequence of the reduction
of the critical bar threshold, and of the corresponding return
period, due to its smaller channel width. Therefore, while bar-
suppressing stages are extremely rare in the upstream reach,
they become much more frequent in the downstream reach,
which results in a barely visible bar pattern. Furthermore, the
maximum positive value of the growth rate Ω∗0,max (see Tab. 6.2)
is larger for the upstream reach. We note that Ω∗0,max provides
an estimate of the timescale required for bar evolution, which is
of the order of a few days for the upstream reach of the Rhine
River. Such estimate, when combined with the resulting value of
the return period of the bar forming discharge Qform, suggests
that bar topography in the upper Rhine may undergo significant
changes during yearly recurring flood events.

6.5.2 The cases of the Adige and the Isère River

The study reach of the Adige River is characterised by an
almost flat bed morphology and therefore represents a sort of
limit case of the downstream Alpine Rhine River reach. Bar-
suppressing events dominate over the bar-forming counterparts,
as illustrated in Fig. 6.9a. Therefore, the resulting probability
Pform is well below 0.5, as reported in Tab. 6.2, which implies
that the formation of bars is very unlikely. We note that the pres-
ence of an armored bed surface, with a relatively large sediment
size, produces a twofold effect: (i) the threshold for sediment
motion Qi is quite large and gets closer to the critical value Qcr,
which makes the flow events able to mobilize the riverbed rela-
tively rare, while narrowing the range of bar-forming events; (ii)
the maximum positive value of the growth rate Ω∗0,max (see Tab.
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Figure 6.9. The scaled probability function for the Adige River (a) and
for the Isère River (b), obtained by multiplying the flow probability
density function fQ (histogram) by the absolute value of linear bar
growth rate |Ω∗0| (solid line). The resulting histogram on the left panels
represents the effectiveness of different flow states to form (red area)
and to suppress (green area) alternate bars.

6.2) is quite small, say one-two orders of magnitude smaller than
for the Rhine River, meaning that the process of bar formation
is very slow. This implies that bar-forming events in the Adige
River are not only less effective than bar-suppressing events, but
they are also characterised by a very low effectiveness in absolute
terms. A flood event lasting tens/hundreds of days within the
formative range (Qi < Q < Qcr) would be required to allow a
significant bar growth.

The case of the Isère River represents an opposite situation
with respect to the Adige River, as the study reach displays
a stable sequence of high-relief vegetated bars, whose average
height HB,m is about 3.5m. The river width is such that the
threshold value Qcr is very high, the return period being above



124 alternate bars and hydrological flow regime

200 years, and therefore bar-suppressing events are extremely
unlikely. The scaled probability function reported in Fig. 6.9b
closely resembles that of the upper Rhine River. However, the
return period of both the resulting bar-forming discharge Qform,
which is about 600m3 s−1, and of the fully-wet threshold Qfw is
much longer. This implies that flood events able to substantially
rework the bar topography are relatively rare in the Isère River,
which provides a favourable condition for vegetation develop-
ment. The above findings are confirmed by the results of the
numerical investigations of Jourdain et al. (2020), who analysed
the influence of large events on bar dynamics in the Isère River,
accounting for the role of riparian vegetation, and found that the
actual equilibrium morphology of bars and vegetation cover can
be associated with large floods, with a peak value of 800m3 s−1.
We also note that the predicted average bar height HB,a resulting
from our procedure, about 2.7m, is in reasonable agreement with
field measurements.

6.6 discussion

In this section, we emphasize the main difference between our
definition of bar-forming discharge and the classical concept of
formative discharge, and provide a generalized criterion for bar
occurrence, depending on river and flow characteristics. Finally,
we discuss the main limitations of the proposed methodology.

6.6.1 Effective and bar-forming discharge

The novel concept of bar-forming discharge proposed in this
work significantly differs from the classical definition of effective
discharge in terms of its dependence on river characteristics.
To highlight this difference, we assume for simplicity that the
probability density function of flow events can be represented
by a two parameters distribution, so that it can be specified by
fixing the mean discharge Qm and the coefficient of variation
cv. Specifically, we consider a log-normal distribution (often
implemented in engineering applications e.g. Castellarin et al.,
2004; Bowers et al., 2012), which has been proven to effectively
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reproduce the flow frequency distribution in the Rhine River (see
Bertagni et al., 2018).

Under this hypothesis, the dependence of the bar-forming and
effective discharge on flow and river parameters can be given in
the following functional form:

{Qform,Qeff} = f

 Qm, cv︸ ︷︷ ︸
Flow parameters

,S,W,d50,g, ρ, ρs︸ ︷︷ ︸
River parameters

 , (6.16)

where ρ and ρs are water and sediment density, and g is the grav-
itational acceleration. The above relationship can be conveniently
expressed in dimensionless form:{

Qform
Qi

,
Qeff
Qi

}
= f

(
Qm

Qi
, cv,S,

W

d50
,R
)

, (6.17)

where the threshold value for incipient sediment motion (Qi) is
used as scaling discharge.

In the case of the effective discharge, the functional relationship
(6.17) can be reduced to a much simpler form. Specifically, assum-
ing that the flow rating curve follows a power law with exponent
b gives the following expression for the Shields parameter:

θ

θi
=
SD∗/(Rd50)

SD∗i/(Rd50)
=
D∗

D∗i
=

(
Q

Qi

)1/b
. (6.18)

Consequently, the response of the dimensionless sediment trans-
port flux to variations of Q/Qi is substantially independent of
channel width, slope and sediment density, so that the scaled
effective discharge merely depends on flow distribution relative
to the threshold for sediment motion, namely:

Qeff
Qi

= f

(
Qm

Qi
, cv

)
. (6.19)

Conversely, the bar-forming discharge retains an explicit de-
pendence on river parameters as expressed by eq. (6.17). To
analyse this dependence, we imagine an ideal experiment where
channel width is increased and the mean discharge is propor-
tionally increased (i.e Qm ∝ W), while maintaining constant
slope, grain size and coefficient of variation. As illustrated in Fig.
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Figure 6.10. Effective (dashed line), bar-forming (solid line) and critical
(dash-dot line) discharge (normalized with the incipient sediment mo-
tion discharge Qi) as a function of the dimensionless channel width,
illustrating the remarkable different response of the bar-forming dis-
charge and the effective discharge to variations of river parameters.
Example with channel slope S = 0.30%, coefficient of variation cv = 0.7,
relative submerged weight of sediment R = 1.65, and Qm/Qi = 2.

6.10 the scaled bar-forming discharge increases with the channel
width, and so does the scaled critical discharge, while Qeff/Qi
remains constant. An analogous behaviour is obtained when
changing the channel slope. This highlights the sensitivity of
the bar-forming discharge to river parameters, and marks a clear
difference with respect to the effective discharge, which depends
on river characteristics only through changes of the threshold
discharge Qi.

6.6.2 A criterion for bar formation under unsteady flow conditions

The criterion for bar formation defined by eq. (6.7) can be
generalized by plotting marginal curves that identify the regions
of bar occurrence in the space of the key controlling parameters.
In particular, for given values of flow and river parameters it
is possible to identify a threshold channel width, Wcr, which
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discriminates channels where alternate bars are likely to form
from cases where no bars are expected. This enables for building
bar existence diagrams, such as that illustrated in Fig. 6.11,
where values of parameters typical of gravel bed rivers have been
considered.

The critical width increases with the mean discharge, for given
values of slope and grain size. This is because at higher flow
values the mean duration of bar-suppressing events expands, so
that wider channels are needed to allow for bar formation. The
effect of channel slope and grain size variations is more complex,
as it depends on the associated changes of the threshold discharge
values, Qi and Qcr, that define, for given Qm, the lower and
upper limits of the range of bar-forming stages.

On one hand, increasing the channel slope lowers the threshold
for incipient sediment motion Qi, and therefore the region of bar
occurrence widens, the more so because the critical thresholdQcr
generally increases with the channel slope. As a result the critical
width Wcr gets smaller. However, at relatively low values of the
Shields parameter θ the critical discharge displays an opposite,
decreasing trend with the channel slope, which reflects the sharp
increase with θ of the critical width-to-depth ratio βcr predicted
by bar theories (see Figure 6 of Colombini et al., 1987). This
implies that the effect of slope variation becomes weaker (and
possibly reverses). For more details about the dependence of the
critical discharge with respect to the channel slope see Section
3.4.2, in which Fig. 3.11 displays the above explanation.

We note that, in terms of the parameters employed in Fig.
6.11, the Shields parameter gets smaller when both the mean
discharge and the channel slope are relatively low and the sed-
iment is coarser (dashed lines of Fig. 6.11). On the other hand,
increasing the grain size leads to contrasting effects on bar for-
mation, because Qi gets larger and also Qcr generally increases
(see again Figure 6 of Colombini et al., 1987). The net effect of
the competition between these two factors leads to an overall
increase of the critical width as the sediment gets coarser, ex-
cept for relatively low values of mean discharge and channel
slope. Moreover, the effect of grain size reduces when raising the
channel slope, becoming practically irrelevant for S > 0.5%.
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Figure 6.11. Critical channel width as a function of the mean discharge,
for different values of channel slope (S) and median grain size (d50),
with dashed lines indicating the coarser bed material. Alternate bars are
expected to form when the channel width exceeds the critical threshold
Wcr. Example with fixed coefficient of variation cv = 0.7.

6.6.3 Limitations and future perspectives

The procedure outlined in Section 6.4 to define the long-term
bar height, and the corresponding formative discharge, is based
on the assumption that the bar state can be represented by the av-
erage amplitude A∗as, so that the long term bar evolution merely
depends on the expected frequency of the different discharge
states. Specifically, eq. (6.12) accounts for the effect of discharge
changes on the growth rate, while it neglects the role of bar
amplitude variations with respect to the average state, which
may occur during individual flow events. These fluctuations can
produce a net effect on the average growth rate, and therefore
on the average bar height. However, as demonstrated by Carlin
et al. (2020), their role is usually negligible when bar adaptation
to changing discharge is comparatively slow (see Tubino, 1991),
to such an extent that individual flow events are not capable
to produce strong modifications of bar height. Conversely, the
dependence of bar growth on the instantaneous bar amplitude
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becomes relevant when the characteristic duration of flood events
is long enough to heavily rework bar topography. In this case one
should resort to different metrics to fully characterise, in a statis-
tical sense, the flow regime, because the definition of the average
state of bars would require to take into account the duration and
sequencing of the individual flow events, an information that is
not contained in the flow probability density function.

In our analysis we have assumed that the alternate mode,
m = 1, is the dominant transverse mode of bar topography,
as it is often the case of channelized river reaches. However,
higher-order modes (e.g. central bars) can also develop in rela-
tively wide channels, specifically at low flow stages, i.e at large
width-to depth ratio values, provided their respective critical
discharge exceeds the threshold for incipient sediment motion.
The proposed methodology can be readily extended to deter-
mine the conditions for the possible formation of higher modes.
For example, to assess whether central (i.e., m = 2) bars may
form, we can compute their linear growth rate Ω∗0(m = 2) and
repeat the same procedure outlined in Section 6.4 to obtain the
associated probability Pform(m = 2). We note, however, that
in this case the condition (6.7) is no longer sufficient, because
both the alternate and central bar modes are simultaneously
unstable, and therefore an additional criterion is required to
determine the dominant mode resulting from their competition.
Ultimately, a fully nonlinear, numerical solution would be re-
quired to determine the outcome of such competition. However,
a common, albeit approximate, criterion is based on selecting
the mode that displays the higher linear growth rate for a given
discharge (e.g., Fredsoe, 1978; Seminara and Tubino, 1989). A
straightforward way to extend this criterion to the entire river
hydrograph is to compute the mean growth rate, defined as in
eq. (6.8), and to compare the resulting values for the two modes.
Two out of the four study cases analysed in Section 6.5 return
a value of Pform(m = 2) higher than 0.5, namely (and not sur-
prisingly) the upstream reach of the Alpine Rhine River and
the Isère River, suggesting that central bars might potentially
form, especially at low flow stages. However, in both cases we
obtain Ω∗0(m = 1) > Ω∗0(m = 2), which implies that the alternate
bar mode dominates. A detailed validation of this procedure
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is beyond the scope of the present work, as it would require
the analysis of more comprehensive data set, along with a com-
parison with alternative criteria based on the amplification of
non-migrating bars (e.g., Crosato and Mosselman, 2009).

Finally, it is worth highlighting that in this paper we focus on
gravel bed rivers, or at least on cases where most of the sediment
is transported as bedload. However, our methodology can be
naturally extended to rivers dominated by suspended sediment
transport, provided that growth rate and equilibrium amplitude
are suitably computed (e.g., by means of the three-dimensional,
weakly non linear theory of Bertagni and Camporeale, 2018). In
this case, even more attention is probably needed to investigate
the competition among different unstable modes (Tubino et al.,
1999) and the possible interaction between bars and migrating
dunes (Colombini and Stocchino, 2012).

6.7 conclusions

In this chapter we have investigated the response of bar to-
pography to the hydrological regime, coupling the information
derived from the statistical distribution of flow events with the
theoretical predictions obtained from the weakly nonlinear model
of Colombini et al. (1987). On the basis of the results of our study
and the analysis of four gravel bed river reaches, we can draw
the following conclusions:

1. We propose a novel criterion for determining whether free
alternate bars are expected to form in a river reach, which
depends on channel characteristics and on the probability
distribution of flow events. The criterion is not merely
based on the time spent by the river in bar-forming and bar-
suppressing conditions, but also considers the effectiveness
of the different discharge states, as measured by the linear
bar growth rate.

2. The above criterion entails the definition of a threshold
channel width Wcr that sets the transition between two
different morphological styles. Modelling the response of
bar topography by means of a theoretical model allows for
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analysing the dependence of the threshold width on the
key physical parameters.

3. When the river width is larger than Wcr, we propose a
procedure for estimating the average bar height, which
results from a long-term balance between the enhancing
effect of moderate flow events and the opposite effect of
more intense flood events.

4. The long-term average bar state allows us to define a bar-
forming discharge as the value that, if applied steadily,
would give the same bar amplitude as the hydrological
regime. Differently from the effective discharge (Wolman
and Miller, 1960), the bar-forming discharge is highly sen-
sitive to variations of river characteristics, primarily the
channel width.

The proposed method provides a sound interpretation of
the markedly distinct bed configurations displayed by differ-
ent gravel bed river reaches, along with a reasonable estimate of
the long-term bar height resulting from a complex sequence of
flow events. Therefore, the procedure could be suited to various
applications, such as the analysis of long-term morphological
trajectories following different scenarios of hydrological alter-
ations (e.g. climate change, hydropower exploitation) and river
engineering interventions (e.g., channel widening).
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T H E E F F E C T O F F L O O D E V E N T S O N T H E
A LT I M E T R I C R E S P O N S E O F R I V E R A LT E R N AT E
B A R S

7.1 introduction

In Chapter 6 we investigated how the long-term, average prop-
erties of bars respond to changes of the hydrological regime. This
average state represents the overall result of a multitude of flood
events, each of them producing a different morphological alter-
ation. However, a systematic description of how changes of bar
properties depend on the characteristics of the individual floods
is still missing, as existing studies are limited to a small number
of flood events, not sufficient to make a statistical description of
the riverbed response (e.g., Welford, 1994; Eekhout et al., 2013).

In this chapter, we aim at studying the time evolution of the
bar amplitude in the relatively straight, channelized reaches of
study cases presented in Section 6.3 (i.e. two reaches of the
Alpine Rhine River upstream and downstream to the confluence
with Ill River, the Adige River near Trento and the Isère River
near Montmèlian), for which a detailed and long record of flow
stages is available. This is accomplished by modelling the bed
evolution through the theoretically-based model of Colombini
et al. (1987), here applied by considering a time-varying basic
flow and numerically integrating the bar amplitude. Compared
with classical approaches based on numerically solving the two-
dimensional shallow-water equations, our procedure allows for
calculating the bar response over long periods of time with a
very low computational cost.

This method enables to statistically analyse the expected im-
pact that the flow regime has on bar evolution, investigating
the effect produced from each flood event to the amplitude of
bar. Focussing on the upstream reach of the Alpine Rhine River,
which is a perfect laboratory to investigate bar evolution, and as-
suming that bars cannot evolve when the flow is too low to fully

133
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submerge the bar crests (Redolfi et al., 2020), we identify more
than 200 morphologically-active flood events, covering about
1.1% of the total duration of the flow series. Model results reveal
that moderate flow events tend to increase the bar amplitude,
while larger floods reduce the bar height. However, the value
of the peak discharge alone is not sufficient to explain the mor-
phological changes, as an important (and opposite) role is also
played by the duration of the events. Specifically, longer floods
tend to promote an increase of the bar height during the receding
phase, which implies that a strong reduction of the bar amplitude
requires intense, but relatively short flood events. Furthermore,
such analysis allows for a qualitative classification of flood events
on the basis of their effect in modifying the amplitude of bars.

Finally, the model allows for simulating how the response
of alternate bars in a river reach is affected by modification
of the hydrological flow regime. Specifically, we model two
scenarios of hydrological alteration representing the construction
of a reservoir and the effect of future climate changes.

7.2 method

7.2.1 Morphological model for bar amplitude evolution

The weakly nonlinear model of Tubino (1991) provides an ana-
lytical solution to describe how bar amplitude changes during a
flood event by approaching the problem thorough a perturbation
method. Specifically, this model extended the Colombini et al.
(1987) theory to unsteady flow conditions, by linearizing the flow
variability with respect to a reference discharge value, assuming
weak such flow variability.

As a result of this linearized approach, the growth rate of bars
linearly varies with the discharge, limiting the model applicability
when discharge values do not largely depart from the reference
conditions. This is a limitation in applying the Tubino (1991)
model to actual flow series, since the range of discharge variation
is almost 2 orders of magnitude wide. An evidence of such
limitation can be observed by steadily comparing the linear bar
growth rate predicted by the two models of Colombini et al.
(1987) and Tubino (1991) as reported in Appendix B (see Fig. B.4).
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We observe a large overestimation of the capability of low flows
(i.e. in the neighborhood of the threshold for motion) to allow
for bar evolution.

In this chapter we apply the weakly nonlinear model of Colom-
bini et al. (1987) by modelling the flow variability as a sequence
of steady-states. The overall idea is to assume the discharge
constant in each temporal step and to compute the increment of
bar amplitude accordingly with the Landau-Stuart type equation
that describes the evolution of bar amplitude in time. Let us
explain the method following a dimensional approach.

The model of Colombini et al. (1987) solves the two-dimensional
Shallow Water Equations coupled with the Exner equation for
sediment transport continuity in a infinite-long, straight, rectan-
gular channel with constant width (W) and longitudinal gradient
(S) and a uniform sediment size (d50). We know that, for a
given discharge value (Q), bar amplitude (A∗) can evolve until
it achieves the equilibrium condition if the flowing discharge
is maintained for a sufficient long time. This equilibrium con-
figuration corresponds to a specific amplitude value A∗eq if the
discharge value is lower than the critical threshold for bar forma-
tion, Qcr, or zero if the flowing discharge is larger (see Redolfi
et al., 2020, for further details). In both cases, the growth of
bars, under steady flow conditions, is governed by eq. 2.28, here
reported in a dimensional form:

d|A∗|

dt∗
= γ1 |A

∗|+ γ2 |A
∗|3, (7.1)

in which γ1 and γ2 are coefficients that can be easily computed by
their dimensionless counterpart α1R and α2R defined in Colom-
bini et al. (1987) as:

γ1 =
2U∗0 εα1R

W
, γ2 =

2U∗0 α2R

WD∗20
, (7.2a,b)

in which D∗0 and U∗0 are the uniform water depth and velocity
and ε is the perturbation parameter.

Here, we extend the Colombini et al. (1987) model to variable
flow conditions, obtaining the evolution of bar amplitude in time
by integrating eq. (7.1). Specifically, we consider a real flow series
Q(t∗) and identify with Qj the j-th value of discharge measured
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at time t∗j . Let us define Qc(t∗) the vector of mean values of
discharge Qcj in each temporal interval ∆t∗j = t

∗
j+1 − t

∗
j :

Qcj =
Qj +Qj+1

2
, (7.3)

with j ⊂ [1,N− 1] and N is the number of elements in the flow
series.

The above discretization allows us to define a vector with
uniform flow depth, D∗0(t

∗), for all values of Qc(t∗). At this
point we can compute the corresponding coefficients γ1(t∗) and
γ2(t

∗) of the weakly nonlinear model of Colombini et al. (1987).
To obtain the evolution of bar amplitude in time it is sufficient
to compute the increment of bar amplitude at each timestep ∆t∗j
by integrating eq. (7.1). The initial value of bar amplitude is
the value computed at the previous step, which required to be
computed in a dimensional form to have a continuous function
of bar amplitude.

An important aspect must be considered, since the weakly non-
linear model of Colombini et al. (1987) is strictly valid when the
flow conditions in the channel provide a value of the aspect ratio
β in the neighborhood of the critical value, βcr. Nevertheless,
as reported in Chapter 3, the lower limit of the Colombini et al.
(1987) theory can be fixed at the fully-wet threshold, Qfw, which
identifies the emersion condition for bars. As already highlighted,
the absence of an analytical model to provide the equilibrium am-
plitude of bars for discharges lower than the fully-wet threshold
is a problem when we investigate the response of bars to a real
flow regime, since the most frequent stages of discharge in alpine
rivers are typically low and close to the threshold for sediment
motion (i.e. below the fully-wet threshold). To overcome this
limitation we implement the method proposed by Redolfi et al.
(2020) to provide a solution of bar amplitude also outside the
range of validity of the model. As shown in Carlin et al. (2021)
this approximation of bar amplitude is crucial to determine the
actual growth rate of bars given the initial bar amplitude A∗0 and
the discharge condition Q. Hence, in the present formulation if
the discharge value Qcj occurs when the amplitude of bars in
the channel is larger than the maximum value of bar amplitude
allowed by Qcj (herein the instantaneous fully-wet threshold),
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no evolution of bars is possible since the emersion condition is
overcome.

In the present work we assume Engelund and Fredsoe (1982)
friction formula, we estimate the sediment rating curve by means
of Parker (1978) transport formula, with a relative submerged
weight of sediment R = 1.65 and we set equal to 0.6 the empirical
coefficient r that measures the effect of gravity on transverse
transport.

7.2.2 Hydrological variations of flow regime

The evolutionary model of bar amplitude allows us to investi-
gate the response of a river reach to variations in the flow regime,
by quantifying how much the evolution of predicted bar ampli-
tude A∗ changes by changing the input discharge. Specifically,
we build two realistic scenarios: the first assumes the construc-
tion of a reservoir with the purpose of flood lamination and the
second simulates the effect of the climate change. In both cases
the effects of hydrological variations on the slope of the channel
(e.g. Zema et al., 2018) are neglected and the slope is assumed
constant and equal to the original one.

Flood lamination scenario

The first scenario describes the modification of the flow regime
due to the construction of an upstream reservoir, having the effect
to reduce the variability of flowing discharge. Notice that we
consider no alteration of the sediment supply that would further
modify the response of alternate bars (Venditti et al., 2012).

The modified flow regime can be modelled by considering the
water volume conservation for a lake of area Al and water level
h:

Al
dh

dt∗
= QIN −Q, (7.4)

where QIN and Q indicate the input and output discharge re-
spectively, the former being known on the basis of the existing
hydrological record.

We then assume that the output discharge follows an efflux
law of the type:

Q = BcQ
√
2gha, (7.5)
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where cQ ' 0.41 and a is an exponent that for a rectangular weir
of width B equals 3/2.

Inverting eq. (7.5) and substituting into (7.4) gives, after some
algebraic manipulations:

Al(
BcQ

√
2g
) 1
a

dQ

dt∗
=
QIN −Q

Q1−
1
a

. (7.6)

At this point it is convenient to express discharge in dimension-
less form Qd = Q/Qm when the discharge scale Qm is the mean
input discharge:

K
dQd
dt∗

=
Qd,IN −Qd

(Qd)
1− 1

a

, (7.7a)

K :=
Al(

BcQ
√
2g
) 1
a

Q
1− 1

a
m . (7.7b)

It is worth noting that all the dimensions of the reservoir are
grouped in the single parameter K, which represents a char-
acteristic time scale of the response of the system, here set to
200h.

Climate change scenario

Climate change is expected to be one of the main causes of
increased flooding risk in the future, mainly due to the effect that
higher temperature has on flooding peaks (te Linde et al., 2011).
Since we are interested in a qualitative analysis of the effect that
climate change has on the evolution of bar amplitude in a river
reach, we do not look for a precise climate change model able to
reproduce in detail the variations of the hydrological flow series,
but rather we simply apply the overall expected modification to
the natural series. Therefore, according with the predictions of
Middelkoop et al. (2001) and Brunner et al. (2019), for who the
global worming determines a decrease in snow accumulation
and a consequent increase of flowing discharge in winter and a
reduction in summer, we set a function that varies seasonally to
modify the actual flow series. Specifically, a sinusoidal function
cf is considered, with a maximum variation of the discharge of
±20% at the half of January and half of July respectively:

cf = 1+ 0.2 cos(2 π t), (7.8)
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Figure 7.1. Simplified function describing a seasonal variation of the
flow discharge due to climate change. Such function provides a varia-
tion of the actual flow series with an increment of discharge in winter
and a decrement in summer, with a maximum variation of ±20% at
the half of January and July respectively.

in which t is a dimensionless time variable ranging between 0 to
1 in the period between the 15th of January of two consecutive
years (see Fig. 7.1).

7.2.3 Statistical approach to analyse the variation of bar amplitude

The application of the morphological model to the flow series
provides a function of bar amplitude in time A∗(t∗) whose anal-
ysis allows for investigating the capability of each flood event in
modifying bar amplitude.

First we identify the different flood events by considering the
discharge stages between two consecutive discharge values that
do not allow for bar evolution (i.e. between two consecutive
instantaneous fully-wet conditions). In this way, the flood event
is not necessarily identified by each peak of the flow series, but
rather by a range of discharges in which more than one peak can
potentially occur, depending on the discharge capability to allow
for bar evolution.

Then, we statistically analyse the signal of bar amplitude in
time by considering that the evolution of bar amplitude is affected
by magnitude and duration of flood events. To do this, we define
Qmax and Tf as two random variables collecting peak values and



140 effect of flood events on river alternate bars

duration of the flood events identified in the flow sequence. Their
effect has been accounted for in the following dimensionless form:

∆̃Qmax =
Qmax −mean(Qmax)

std(Qmax)
, (7.9a)

∆̃Tf =
Tf −mean(Tf)

std(Tf)
. (7.9b)

where mean and std represent the mean and standard devia-
tion operations respectively. A dimensionless bar amplitude A
is obtained by scaling A∗ with its long-term mean value A∗as.
Different metrics can be implemented to analyse the modification
of bar amplitude, depending on the aim of the investigation.

To quantify the net effect that flood events have on varying bar
amplitude, we compute the difference between final (A∗f) and
initial (A∗0) bar amplitude, ∆A∗f0. This quantity can be positive or
negative, depending on the flood capacity to increase or decrease
the amplitude of bars.

This metric does not provide information about how much bar
amplitude varies during the flood event. To do that we compute
the difference between the bar amplitude at the beginning of the
flood event (A∗0) with the minimum value (A∗min) reached during
the event, ∆A∗0m. By theoretical and experimental works (Tubino,
1991; Welford, 1994), it was found that the major damping of bar
amplitude occurs during the rising limb of the flood, therefore
we relate this metric to the time needed to achieve the peak of
the flood event, Tf,r, which in a dimensionless form is:

∆̃Tf,r =
Tf,r −mean(Tf,r)

std(Tf,r)
. (7.10)

In Fig. 7.2 an idealized flood event and the respective evolution
of bar amplitude are shown in order to identify the variables
considered in the analysis (i.e. Qmax, Tf and Tf,r) and the metrics
describing bar amplitude modification (i.e. ∆A∗f0 and ∆A∗0m).

Finally, the overall influence of Qmax and Tf on the bar ampli-
tude evolution (∆A) is investigated by a univariate linear regres-
sion method, in which flood peak and duration are considered
as predictors:

∆A = a0 + a1 ∆̃ξ+ µ, (7.11)
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Figure 7.2. Sketch of an idealized flood event with the respective bar
amplitude. Flood magnitude (Qmax) and duration (Tf and Tf,r) are
the hydrological characteristics of floods considered to analyse the
modification of bar amplitude in terms of total variation (∆A∗f0 =

A∗f − A
∗
0) and the modification during each flood event (∆A∗0m =

A∗0 −A
∗
min).

where ∆A summarizes all dimensionless metrics of bar ampli-
tude variation, ∆̃ξ generically indicated the flood characteristic
under investigation (i.e. ∆̃Qmax, ∆̃Tf and ∆̃Tf,r) and µ includes
all the residual terms of the model. To analyse the influence of
magnitude and duration with respect to the bar amplitude varia-
tion, a bivariate analysis is performed by extending eq. (7.11) to
both the variable:

∆A = a0 + a1 ∆̃Qmax + a2 ∆̃Tf + µ. (7.12)

In the following, dimensionless metrics for bar amplitude vari-
ation are identified by means of the same symbol without the
asterisk (∗).
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7.3 response of bar amplitude evolution in time

7.3.1 Results of the unsteady model of Colombini et al. (1987) applied
step-by-step

The proposed model of Colombini et al. (1987) applied step-
by-step (hereinafter CST-SbS) allows us to follow the evolution
of bar amplitude in time due to the variation of discharge in
the flow series. With respect to the Tubino (1991) model, CST-
SbS does not treat the unsteadiness of the flow by means of a
linearized process around a reference state, but rather models the
flow regime as a sequence of steady states in which at each stage
of discharge a value of bar amplitude is computed. Such value
of bar amplitude is then the initial condition for the next one. We
then assume that, provided the time step is taken conveniently
small, the variation of flow discharge is sufficiently slow to allow
for neglecting the derivatives of D∗0 and ε with respect to the
discharge in the computation of coefficients in eq. (7.2).

Fig. 7.3 shows how bar amplitude evolves in 27 years of
flood events in the upstream reach of the Alpine Rhine River,
starting from an initially flat bed. It is evident that after the first
period in which bar amplitude exclusively grows, the system
oscillates around an average state (A∗as = 1.40m) because of
the modification caused by single flood events. It is a clear
picture of a river reach which is likely to form alternate bars,
whose amplitude is able to evolve depending on the actual flow
conditions. The signal of bar amplitude is characterised by long
horizontal lines, which are related to discharge values that are
not able to modify the actual bar amplitude of the river (i.e. the
discharge is lower than the instantaneous fully-wet threshold).

A different response is observed for the downstream reach of
the Alpine Rhine River (Fig. 7.4), for which the same period of
flow record is available, where the unsteady model provides a
highly oscillating bar amplitude A∗, ranging from a maximum
value around 1.2m to zero. Such response indicates the incapa-
bility of the system to choose a unique equilibrium state, but
rather the possibility to observe alternate bars or, alternatively, to
have a flat bed configuration in the river reach.
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Figure 7.3. Evolution of bar amplitude in time predicted by means of
CST-SbS model (right axis) due to the hydrological flow sequence of
the upstream reach of the Alpine Rhine River between 1984 to 2010

(left axis). Horizontal lines in bar amplitude signal identify discharge
values lower than the fully-wet threshold (i.e. which are not able to
allow for bar evolution).
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Figure 7.4. Evolution of bar amplitude in time predicted by means of
CST-SbS model (right axis) due to the hydrological flow sequence of
the downstream reach of the Alpine Rhine River between 1984 to 2010

(left axis). The oscillating variation of bar amplitude from 1.2m to zero
shows that two possible regime configurations are available.
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Figure 7.5. Evolution of bar amplitude in time predicted by means of
CST-SbS model (right axis) due to the complex flow regime (left axis)
for the reach of the Adige River (Trento, Italy). The absence of bars
observed by field measurements is confirmed by the present numerical
simulation.
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Figure 7.6. Evolution of bar amplitude in time predicted by means of
CST-SbS model (right axis) due to the complex flow regime (left axis)
for the reach of the Isère River (Montmèlian, France).
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In Fig. 7.5 the response of bar amplitude evolution for the
Adige River is reported, considering the 30 min-data of the flow
series from June 1994. The simulation clearly shows no evolution
of the riverbed, with a weak effect of largest floods to damp the
almost vanishing bar amplitude.

Finally, Fig. 7.6 shows the simulation result for the hourly data
of the flow series of the Isère River from 1988 to 2015. Similarly
to the upstream reach of the Alpine Rhine River, bar amplitude
achieves an equilibrium configuration (A∗as = 1.37m) that is
maintained almost constant for all the time. We observe that only
the largest floods are able to slightly modify the amplitude of
bars, which remains almost constant for all the simulated period.

A quantitative analysis of the average state achieved by the
reaches of the study cases (except for the Adige River, where no
evolution is observed) is proposed in terms of distribution of bar
amplitude, fA (Fig. 7.7). Left panels show the yearly distribution
of bar amplitude, computed considering all values predicted
by the model, so as to provide a measure of the probability of
observing a certain value of bar amplitude in the reach during a
typical reference period. Right panels show the distribution of
bar amplitude considering only the active events, namely when
the discharge is larger than the instantaneous fully-wet threshold.
The latter metric is representative of the values of bar amplitude
achieved by the river reach during flood events. The distributions
of bar amplitude are characteristics of the different response of
the river reaches to flow discharge variations and are analysed in
the following by considering their shape, width and mean value.

Focussing on left panels of Fig. 7.7 we identify two different
shapes of the yearly bar amplitude distributions: a modal dis-
tribution is found for the upstream reach of the Alpine Rhine
River and the Isère River (panels a and e, respectively) with a
clear peak, while a bi-modal one for the downstream reach of
the Alpine Rhine River (panel c), in which the highest and lowest
values of bar amplitude result to be the most frequent. The shape
of bar amplitude distributions reflects the different response of
the three river reaches. Specifically, in the upstream reach of the
Alpine Rhine River and in the Isère River, where a regime state
is achieved, the mean bar amplitude is representative of such
regime state and the excursion in bar amplitude due to flood
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Figure 7.7. Distribution of bar amplitude for the Alpine Rhine River
(panels a and b for the upstream reach and panels c and d for the
downstream one) and the Isère River (panels e and f) predicted by
the CST-SbS model. Left panels show the yearly distribution of bar
amplitude; right panels show the distribution of bar amplitude related
to the active events (i.e. when the discharge is larger than the instanta-
neous fully-wet value). Dashed vertical lines identify the average bar
amplitude predicted by the unsteady model of CST-SbS.
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events is relatively low. In the downstream reach of the Alpine
Rhine River, the equilibrium configuration is not determined and
the river makes experience of a large range of bar amplitude,
whose mean value is not the most frequent.

Analysing the distributions obtained by excluding the periods
of the flow sequence in which bars do not evolve because the
emersion condition occurs (right panels of Fig. 7.7), we obtain
a different result only for the downstream reach of the Alpine
Rhine River. Indeed, the peak corresponding to the highest values
of bar amplitude is reduced, while the peak related to the lowest
values is increased, to the point that the most frequent state of
bar amplitude during flood events is the flat bed. Moreover, all
the values in Fig. 7.7d except the lowest ones show almost the
same frequency, highlighting the incapability of the river reach
to clearly identify a regime configuration.

7.3.2 The long-term response of alternate bars

In Chapter 6 we propose a method to predict the expected,
long-tem bar amplitude in a river reach. Such average value of
bar amplitude derives from the balance between bar-forming
and bar-suppressing events occurring in the flow regime, which
are accounted for by their probability density function. The
application of Colombini et al. (1987) model step-by-step to the
same flow series of the four study reaches allows us to compare
the predicted long-term value of bar amplitude with the mean
value derived by the actual magnitude and sequence of flow
events. In the following we provide a brief summary of the
main results of the bar-forming discharge method in order to
proficiency discuss the results of the unsteady model.

Looking at Fig. 7.3 we observe that the unsteady model of
CST-SbS shows the upstream reach of the Alpine Rhine River as
a dynamic system in which flood events are able to modify bar
amplitude, but such evolution always occurs in the neighborhood
of the average state. Specifically, the mean bar amplitude results
in the value of 1.40m, computed excluding the initial transitory
time required to achieve the regime configuration, with a stan-
dard deviation, SD∗A, equal to 0.03m. Similarly to the analysis
performed in Chapter 5, the standard deviation is a good mea-



148 effect of flood events on river alternate bars

sure to quantify the magnitude of oscillations around the average
state. The long-term bar amplitude predicted by the bar-forming
discharge, A∗as, is equal to 1.38m, slightly lower than the mean
bar amplitude predicted by the unsteady model. Nevertheless,
the hypothesis that the average state of bar amplitude does not
depend on the magnitude and sequencing of individual flood
events is confirmed. Therefore, the probability density function
results to be the key controlling parameter of the hydrological
flow regime, enhancing the long-term result. By comparing the
result of the unsteady model with the measured value of bar
amplitude, we find that the average bar height (H∗b,a) is 2.5m
with a maximum (H∗b) of 3.8m, which is coherent with the range
2.5− 4 m reported in Adami et al. (2016).

As concerning the downstream reach of the Alpine Rhine River,
the oscillating response of bar amplitude between zero to 1.2m
(see Fig. 7.4) predicted by CST-SbS is perfectly consistent with
the probability of bar occurrence, Pform around 50% predicted
by the bar-forming discharge method (see Section 6.4 for further
details). Indeed, the simulation provides two possible configu-
rations of the riverbed, with or without alternate bars (see also
the bi-modal distribution of bar amplitude in Fig. 7.7c). Also
in this case the mean bar amplitude of 0.73m is larger than the
long-term value of 0.37m. The standard deviation of the bar
amplitude is of the same order of magnitude of the mean value,
providing a twofold implication: the average bar amplitude is far
to be significant in describing the reach response, since it appears
to rarely occur in the channel and (ii) the bar-forming discharge
method, merely based on the probability density function of the
flow series, is not able to capture the essential behaviour of the
reach.

As result of the long-term analysis of bar amplitude in the
Adige River and Isère River, we classified them as limit cases
of the downstream and upstream reaches of the Alpine Rhine
River respectively. Indeed, the former presents geometrical char-
acteristics similar to the downstream reach of the Alpine Rhine
River, with a riverbed morphology essentially flat, while the latter
displays a stable sequence of high-relief bars (with average bar
height H∗B,a = 3.5m) largely covered by vegetation (Serlet et al.,
2018). The evolutionary model confirms the low propensity of
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the bar amplitude to be modified by the flow regime, providing
a response of bar amplitude consistent with field observations.

The flat bed configuration of the Adige River is clearly re-
produced by the unsteady model (see Fig. 7.5), confirming the
very low probability to observe bar occurrence predicted by the
bar-forming discharge method. Indeed, the damping predicted
by the unsteady model matches with the value of Pform much
smaller than 50%, making the criterion of bar formation suitable
to describe the overall river reach response.

Finally, for the Isère River the bar presence is well-reproduced
by the CST-SbS model, with a regime configuration that is es-
sentially fixed, with slight modifications of bar amplitude due
to the extreme values of the flow series (Fig. 7.6). Also in this
case such response is consistent with the bar-forming discharge
prediction. On the one hand, the probability of forming bars is
of 100% due to the fact that the critical discharge computed by
the weakly nonlinear model of Colombini et al. (1987) is much
larger than the maximum value within the flow record. On the
other hand the evolution of bars is rare due to the large value of
the fully-wet threshold. This allowed us to argue that once bars
formed by means of the formative events, they can be hardly
modified by the actual floods occurring in the river (the value
of standard deviation is very low). The average bar amplitude
of 1.37m provides an average bar height of 2.7 m, which coin-
cides with the long-term prediction of the bar-forming discharge
method (see Tab. 6.2), letting us to conclude that both models
are able to capture the essential behaviour of the reach.

Results on the average bar amplitude and standard deviation
for the Alpine Rhine River and Isère River are summarized in
Tab. 7.1.

7.3.3 Analysis of initial conditions for bar amplitude evolution

The above considerations can be deepened by analysing the
hydrological conditions required to start bar evolution. To do
that we computed the distribution (fQev) of discharge values
at which the evolution of bar amplitude begins during each
flood event (Qev), namely the instantaneous fully-wet condition.
Specifically, for the upstream reach of the Alpine Rhine River
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and Isère River, we exclude the initial transitory phase needed to
attain the regime response, while for the downstream reach of
the Alpine Rhine River we consider all the flow series being the
average configuration not achieved.

At the same time we compute the distribution (fA∗0) of the
amplitude of bars presents in the channel when Qev occurs (A∗0),
in order to associate the magnitude of evolutionary events with
the initial bar amplitude.

The distributions of instantaneous fully-wet condition and ini-
tial bar amplitude are shown in Fig. 7.8 for the Alpine Rhine
River. Specifically, the upstream reach shows a unimodal distri-
bution with a unique peak for both the instantaneous fully-wet
condition (panel a) and the corresponding value of initial bar
amplitude (panel b). The range of discharges responsible to
start bar evolution is relatively narrow and falls in the neighbor-
hood of the fully-wet threshold, Qfw. Similarly, the initial bar
amplitude ranges between 1.2 to 1.5m, with the most frequent
events slightly larger than the average state (A∗as) predicted by
the long-term analysis of the bar-forming discharge method.

Conversely, the downstream reach of the Alpine Rhine River
presents a bi-modal distribution both for fQev (panel c) and
fA∗0 (panel d). Specifically, the initial value of discharge ranges
from the threshold for motion and the fully-wet threshold and
the initial bar amplitude from 0 to 1.2m. These distributions
highlight that the evolution of bar amplitude begins for the most
of time (i) when the riverbed is almost flat by the action of flow
stages just larger than the threshold for sediment motion or (ii)
when bars are already formed and larger floods are responsible
of the damping of bar amplitude. It is worth noticing that the
average state of bar amplitude, A∗as, does not remains for long
in the reach, but it is a transitory value, mainly occurring during
flood events.

The Isère River (Fig. 7.9) shows distributions similar to the
upstream reach of the Alpine Rhine River, with a narrow range of
both the instantaneous fully-wet condition (panel a, Qev ranges
between 490 and 540m3 s−1) and the initial bar amplitude (panel
b, A∗0 ranges between 1.34 to 1.39m). Similarly to the Alpine
Rhine the most frequent events that start the evolution of bars
are slightly smaller than the fully-wet threshold.
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Figure 7.8. Distribution of discharge values that in flood events start the
evolution of bar amplitude, Qev (panels a and c) and the corresponding
initial stages of bar amplitude, A∗0 (panels b and d) for the upstream
and downstream reaches of the Alpine Rhine River (upper and lower
panels respectively). The fully-wet threshold (Qfw) and the long-term
bar amplitude predicted by the bar-forming discharge method (A∗as)
are plotted as dashed lines.
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Figure 7.9. Distribution of discharge values that in flood events start the
evolution of bar amplitude, Qev (a) and the corresponding initial stages
of bar amplitude, A∗0 (b) for the Isère River. The fully-wet threshold
(Qfw) and the long-term bar amplitude predicted by the bar-forming
discharge method (A∗as) are plotted as dashed lines.

7.4 hydrological alteration of the flow regime

The hydrological flow regime of a river is one of the key factors
to determine its quality in terms of ecological health (e.g., Poff
and Zimmerman, 2010). For this reason, the analysis of effects
that human constructions or climate changes have in altering
the hydrological flow regimes aroused interest in the scientific
community (e.g., Bunn and Arthington, 2002; Yang et al., 2018),
with particular focus on the interference with riverine ecosystems
(Mittal et al., 2016).

However, not much work is available about the effect that
hydrological alterations have on channel morphology, except
for riparian corridors (Martínez-Fernández et al., 2018) and hy-
dropeaking waves (Vanzo et al., 2016). The present analysis
focusses on the effect that two simplified scenarios of flow se-
ries variation have on the long-term response of alternate bar
amplitude. Specifically, the variation of flow regime has been in-
vestigated by simulating (i) the lamination of discharge provided
by a reservoir and (ii) the modification of water flow due to cli-
mate change. Both scenarios modify the flow series by reducing
the peak of larger floods and promoting low flows and moderate
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floods, assuming that channel geometry and sediment supply do
not change.

To investigate the effect that such scenarios have on the bar
amplitude in a river reach, we apply the CST-SbS model to the
altered flow series and compute the distribution of bar amplitude
in order to compare results with the distribution obtained for the
actual flow series.

7.4.1 Distribution of bar amplitude

In Figs. 7.10 and 7.11 results of the lamination (panels c and
d) and climate change (panels e and f) scenarios are shown for
the upstream and downstream reaches of the Alpine Rhine River
respectively, in comparison with the actual flow regime (panels a
and b). Similarly to the previous analysis, left panels identify the
yearly distribution of bar amplitude, while the right panels show
the distribution of bar amplitude during active events.

We observe that for the upstream reach the distributions of
bar amplitude obtained for the two scenarios (panels c-f in Fig.
7.10) are almost the same that the ones obtained for the actual
flow series (see panels a and b), with a slight variation in the
average value (see Tab. 7.1 for values). Furthermore, the two
metrics provide similar results in terms of bar amplitude distri-
butions, meaning that the effect of single flood events does not
significantly affect the overall response of the river reach.

Conversely, the downstream reach shows different responses
to the hydrological scenarios. Specifically, while the lamination
scenario does not have relevant influence on the distribution of
bar amplitude, the climate change scenario is able to increase
the frequency of occurrence of the highest bar amplitude values
with respect to the flat bed configuration. Such evidence is
found considering both the metric implemented to compute the
distribution of bar amplitude.

It is worth noticing that the reduction of the peak during
flood events occurs at different timescales in the two scenarios.
Indeed, while the lamination scenario reduces all the flood events
occurring in the flow series depending on the characteristics
of the reservoir, the climate change scenario acts at a seasonal
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Figure 7.10. Frequency distribution of bar amplitude in the upstream
reach of the Alpine Rhine River, predicted by the CST-SbS model when
considering: (i) the actual flow series (panels a and b), (ii) the lamination
scenario (panels c and d) and (iii) the climate change scenario (panels e
and f). In left panels the yearly distribution of bar amplitude is reported,
while in right panels the distribution are computed by considering only
active events (i.e. when discharge exceed the instantaneous fully-wet
threshold). Dashed vertical lines identify the average bar amplitude
predicted by the unsteady model of CST-SbS.
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Figure 7.11. Frequency distribution of bar amplitude in the down-
stream reach of the Alpine Rhine River, predicted by the CST-SbS
model when considering: (i) the actual flow series (panels a and b), (ii)
the lamination scenario (panels c and d) and (iii) the climate change
scenario (panels e and f). In left panels the yearly distribution of bar
amplitude is reported, while in right panels the distribution are com-
puted by considering only active events (i.e. when discharge exceed the
instantaneous fully-wet threshold). Dashed vertical lines identify the
average bar amplitude predicted by the unsteady model of CST-SbS.
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timescale, by reducing or increasing flood peaks in summer and
winter respectively.

Performing the same analysis to the Isère River we find that
the amplitude of bars is almost constant during all the simulated
period. The hydrological scenarios of flow regime alteration are
not able to modify the response of the river reach, being the
evolution of bars possible only with the largest floods. Neverthe-
less, we can reasonably suppose that the reduction of flow peaks
due to both hydrological scenarios have the effect of reducing
the already scarce propensity of the river reach to modify the
amplitude of bars once they are formed.

7.4.2 Effect of hydrological alteration in the long-term evolution of
bar amplitude

The different response of the river reaches to hydrological al-
teration can be predicted by performing the long-term analysis
by means of the bar-forming discharge method. Specifically, the
procedure to determine the average bar amplitude, A∗as, is ap-
plied to the modified flow sequences, obtaining values reported
in Tab. 7.1. For all the reaches the result is consistent with the
mean value found by applying the CST-SbS method. Specifically,
the upstream reach of the Alpine Rhine River and the Isère River
are resistant to hydrological alteration, since the long-term bar
amplitude does not change with respect to the value found for
the actual flow series. Similarly, results of the downstream reach
of the Alpine Rhine River are influenced only by the climate
change scenario, with an increment of the average bar amplitude
with respect to the actual flow series. Such different response to
the overall similar effect of the two scenarios (i.e. the reduction of
flood peaks) is due to the fact that the lamination scenario intro-
duces variations in the hydrological regime at a shorter timescale
with respect to the climate change scenario, in which a seasonal
modification of the hydrological regime is imposed.

Moreover, the bar-forming discharge method provides a cri-
teria to estimate how likely alternate bars are expected to form,
depending on the scenario. The probability of bar occurrence,
Pform, is computed for all the scenarios, confirming previous
results on the average bar amplitude. In Fig. 7.12 the probability
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Figure 7.12. Probability of bar formation (Pform) computed with the
bar-forming discharge method for the different scenarios of hydrologi-
cal alteration in the study reaches of the Alpine Rhine River and Isère
River.

of bar occurrence is shown in the three study cases noticing that
the hydrological alteration affects exclusively the downstream
reach of the alpine Rhine River. Indeed, the value of Pform
around 50% found for the actual flow series increases with both
the hydrological scenarios, with a marked increment in case of
the climate change.

Finally, the hydrological scenarios do not modify the magni-
tude of oscillations, providing a value of standard deviation SD∗A
overall similar to the value obtained by the actual flow series.
Only the downstream reach of the Alpine Rhine River reduces
the amplitude of oscillation with the climate change scenario, due
to the increment of time in which the amplitude of the system is
around the maximum value.

7.5 statistical analysis of evolution of bar ampli-
tude during flood events

The capability of the unsteady model of CST-SbS to predict
the evolution of bar amplitude in time by considering long se-
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quences of actual flow events, allows us to investigate not only
the distribution of bar amplitude, but also the response of bar
amplitude to single flood events. Therefore, in addiction to the
analysis of the long-term response of the river reach, we are able
to investigate the effect that the actual sequence of different flood
events has on the variation in bar amplitude. In this section we
provide a statistical analysis on the response of the upstream
reach of the Alpine Rhine River to the hydrological flow series,
by relating the magnitude and duration of flood events with the
metric of bar amplitude modification defined in Section 7.2.3 and
illustrated in Fig. 7.2. Specifically, we investigate how (i) the
net variation of bar amplitude due to each flood event (∆A∗f0)
and (ii) the variation of bar amplitude during the flood (∆A∗0m)
are affected by flood characteristics. These metrics are made
dimensionless with the average state of bar amplitude.

7.5.1 Identification of flood events

To perform the statistical analysis on the influence of floods
in the evolution of bar amplitude we need an objective criterion
to identify individual flood events in the flow series. Observing
the signal of bar amplitude in time we note that for most of the
time bar amplitude does not evolve, since bars are emerged (low
flows are the most frequent states in the flow series). Therefore, a
suitable criterion to separate different flood events is to consider
the portion of the flow series comprised between two consecutive
horizontal segments (i.e. the contiguous portions of the flow
record when all discharges are larger than the fully-wet threshold
in Fig. 7.3). In this way we identify more than 200 floods in the
flow series of the Alpine Rhine River, representing almost the
1.1% of the total time. In Fig. 7.13 the sequence of flood events is
reported, with dots summarizing the period of emersion between
two consecutive floods.

At a first sight we observe that almost all discharge values
lower than 500m3 s−1 are not able to modify the amplitude of
bars, being lower than the instantaneous fully-wet condition.
Moreover, the major variations of bar amplitude with respect
to the average state is due to the largest floods that are not
necessarily able to rebuild the initial value of bar amplitude, but
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Figure 7.13. Evolution of bar amplitude (right axis) during the active
events (left axis) in the upstream reach of the Alpine Rhine River. They
are defined as the discharge values between two consecutive horizontal
lines (i.e. the portion of the flow record for which the discharge is
larger than the actual fully-wet threshold) and represent the 1.1% of
the whole flow series. Dots summarize the horizontal segments in Fig.
7.3.

Table 7.2. Mean and standard deviation of variables identified as
significant to investigate the evolution of bar amplitude. Values are
referred to flood events identified in the upstream reach of the Alpine
Rhine River, due to its complex flow regime. Specifically, we consider
the peak values (Qmax), the duration (Tf) and the time required to
achieve the flow peak (Tf,r) of each flood event identified between two
periods of no bar evolution.

Mean Standard deviation

Qmax [m3 s−1] 730.31 290.95

Tf [h] 13.82 22.26

Tf,r [h] 4.83 7.22



7.5 statistical analysis of bar amplitude 161

Figure 7.14. Variation of bar amplitude from the end and the beginning
of floods, ∆Af0, with respect to magnitude, ∆̃Qmax, (panel a) and
duration, ∆̃Tf, (panel b) of events.

often require the action of subsequent moderate floods to recover
the system around the average state.

For each flood event we compute the peak of the event (Qmax),
the duration (Tf) and the time required to achieve the peak (Tf,r),
obtaining three variables with mean and standard deviation re-
ported in Tab. 7.2. From these variables we obtain the scaled
quantities defined in Section 7.2.3, used for systematically inves-
tigating how floods are able to modify the amplitude of bars.

7.5.2 Metrics describing the variation of bar amplitude

The effect of floods on the net variation of bar amplitude is
reported in Fig. 7.14, where the difference between final and
initial bar amplitude ∆Af0 is plotted against the magnitude
(∆̃Qmax, panel a) and duration of events (∆̃Tf, panel b). We
note that variable ∆Af0 has a clear decreasing trend identified by
the tendency lines in the plots, assuming values which are both
positive and negative. Specifically, the overall effect of floods with
a peak value in the neighborhood of the average value of Qmax
are responsible of bar growth, while higher floods determine a
bar damping. The role of time is different, being the longer the
flood, the larger the recover of bar amplitude after the damping
due to the peak.
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However, it is convenient to split the sample of flood events
on the basis of the global effect that they have on bar amplitude.
In Fig. 7.15 upper and lower panels are referred to flood events
responsible of bar growth (∆Af0 > 0) and decay (∆Af0 < 0)
respectively. From these plots we can draw some considerations.
First of all, the bar amplitude of the system increases mainly due
to the effect of low and short flood events, which occur quite
frequently being the most numerous in the sample of flood events.
In these cases, i.e. panels (a) and (b) of Fig. 7.15, the tendency
lines fitted by means of the linear model have low significance
because of the scatter of points. This aspect is probably due
to the fact that the effect of moderate floods with a relatively
short duration is strongly influenced by the initial bar amplitude,
which is an essential parameter to quantify the bar growth rate.
In general, the lower the initial bar amplitude, the longer the time
required to produce a significant increment of bar amplitude.
A brief comment about the role of the initial bar amplitude is
reported at the end of Section 7.5.3, when results of the bivariate
analysis are discussed. Nevertheless, an increasing trend is found
both with respect to the magnitude and duration of floods.

Conversely, flood events providing a net decrement of bar
amplitude (panels c and d of Fig. 7.15) have a larger magnitude,
which is at least twice the mean value of the sample. Indeed, the
larger the flood peak, the larger the damping of bar amplitude,
even though the duration is sufficiently short. We observe that
the highest flood, which allows for a significant modification of
bar amplitude, is long enough to allow the amplitude to recover
a value similar to the beginning of flood event. On the other
hand, floods in the range of ∆̃Qmax between almost 2 to 4 have
a lower duration and provide a larger variation in bar amplitude.
This is evident by the fact that darker points are mainly above
and below to the tendency line in panels (c) and (d) respectively.
A marked trend for bar amplitude variation is observed both for
the variables of peak discharge and flood duration, although the
scatter with respect to the duration is larger.

In Fig. 7.16 the variation of bar amplitude between the initial
value and the minimum achieved during the flood events, is
shown with respect to peak values and the time required to
achieve the peak. In the analysis we exclude flood events for



7.5 statistical analysis of bar amplitude 163

Figure 7.15. Variation of bar amplitude from the beginning to the end
of floods, ∆Af0, with respect to magnitude, ∆̃Qmax, (panels a and c)
and duration, ∆̃Tf, (panels b and d) of events. Upper panels show
floods producing an increment in bar amplitude, while lower panels
a decrement. Dots represent sample values and their color indicate
the value of the complementary variable; straight lines show the linear
trend.

which this metric is zero, ∆A0m, meaning that bar amplitude
is only incremented during the event. The trend of ∆A0m is
positive with respect to both the investigated variables, with a
larger scatter when the duration is chosen as parameter.

7.5.3 Statistical analysis of the variation of bar amplitude

In Tab. 7.3 the coefficients a0 and a1 of the univariate regres-
sion lines (see eq. 7.11) are summarized for the different metrics
and the coefficient of determination R2 is reported. We observe
that the regression of bar amplitude variation is always better
when the peak discharge is used as predictor (R2 is larger), and
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Figure 7.16. Variation of bar amplitude between initial and minima
values, ∆A0m, with respect to magnitude, ∆̃Qmax, (a) and duration
before the peak, ∆̃Tf,r, (b) of events. Dots represent sample values and
their color indicate the value of the complementary variable; straight
lines show the linear trend.

the effect of flood peak is more relevant than flood duration in
varying the amplitude of bars (i.e. the coefficient a1 related to
∆̃Qmax is always larger than the respective related to ∆̃Tf). Nev-
ertheless, the duration of floods plays a clear role in the evolution
of bar amplitude, since the longer the duration the higher the
variation of bar amplitude.

However, the above univariate analysis does not allow for iso-
lating the individual effect of magnitude and duration of floods
on varying the amplitude of bars. Indeed, looking at Fig. 7.17

where each flood event is identified with respect to its magnitude
and duration, we observe a correlation between ∆̃Qmax and ∆̃Tf,
which makes necessary a proper analysis to separate their contri-
butions in modifying the amplitude of bars. Therefore, a bivariate
analysis is proposed, in which the regression of bar amplitude
variation is investigated as function of the two predictors, namely
∆̃Qmax and ∆̃Tf. In Tab. 7.4 the coefficients a0, a1 and a2 (see
eq. 7.12) are reported for the different metrics investigated to
quantify the variation of bar amplitude. It is worth noticing
that, in defining the net variation of bar amplitude during flood
events (∆Af0), magnitude and duration play an opposite role
(i.e. coefficients a1 and a2 have opposite sign). Specifically, ∆Af0
shows a negative trend with respect to the magnitude of floods
(∆̃Qmax) and a positive trend with respect to the duration (∆̃Tf),
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Table 7.3. Coefficients of univariate linear model of eq. (7.11) used to
fit the metrics implemented to quantify the evolution of bar amplitude
with respect to the flood characteristics in the upstream reach of the
Alpine Rhine River. Specifically, ∆Af0 represents the difference be-
tween final and initial bar amplitude and ∆Af0 the difference between
the initial value of bar amplitude and the minimum value assumed
during the flood. a0 is the intercept, a1 the slope of the line and R2 the
coefficient of determination.

Univariate analysis

a0 a1 R2

∆Af0

∆̃Qmax [−] −0.00012 −0.01777 0.577

∆̃Tf [−] −0.00012 −0.00957 0.167

∆Af0 > 0

∆̃Qmax [−] 0.0101 0.0054 0.057

∆̃Tf [−] 0.0093 0.0049 0.144

∆Af0 < 0

∆̃Qmax [−] −0.0051 −0.0194 0.657

∆̃Tf [−] −0.0203 −0.0121 0.252

∆A0m

∆̃Qmax [−] −0.0130 0.0585 0.874

∆̃Tf,r [−] 0.0462 0.0151 0.095
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Figure 7.17. Correlation between flood events in the flow sequence
of the Alpine Rhine River with respect to their magnitude (∆̃Qmax)
and duration (∆̃Tf). Despite the scatter, there is an evident correlation.
Therefore, the role of the two variables can not be studied indepen-
dently, but a bivariate analysis is needed.

meaning that large floods tend to damp bar amplitude, while
long floods tend to recover the initial configuration. A different
response is observed for ∆A0m, which shows a positive trend
with respect to both the flood magnitude (∆̃Qmax) and the time
to reach the peak of the flood (∆̃Tf,r). However, the dependence
on time is much smaller than the dependence on magnitude,
since the duration of flood is not able to significantly affect the
damping of bar amplitude as the magnitude of the flood.

A final consideration is devoted to discuss how the instanta-
neous fully-wet bar amplitude, A∗0, affects the evolution of bar
amplitude during each flood event. Specifically, this contribution
is hidden in the residual term of the bivariate regression (µ),
which also includes all the ”other effects” that can influence the
evolution of bars, such as the shape of the hydrograph and the
number of peaks in the flood event. The larger the residual,
the lower the influence of flood magnitude and duration on the
evolution of bar amplitude, meaning that the aforementioned
other effects can play a significant role. Therefore, in order to
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Table 7.4. Coefficients of the bilinear model of eq. (7.12), with reference
to the variation of bar amplitude during flood events (i) between
final and initial condition (∆Af0) and (ii) between the initial and the
minimum value (∆A0m). a0 is the intercept, while a1 and a2 are the
regression coefficients with respect to flood magnitude (∆̃Qmax) and
duration (∆̃Tf or ∆̃Tf,r) respectively. Finally, R2 is the coefficient of
determination.

Bivariate analysis

a0 a1 a2 R2

∆Af0 [−] −0.0001 −0.0264 0.0110 0.664

∆Af0 > 0 [−] 0.0082 −0.0041 0.0068 0.156

∆Af0 < 0 [−] −0.0044 −0.0232 0.0052 0.678

∆A0m [−] −0.0133 0.0581 0.0010 0.874

quantify the role of A∗0 we have computed the correlation be-
tween the residual obtained for the analysis of the net variation
of bar amplitude, ∆Af0 and A∗0/A

∗
as obtaining the plot reported

in Fig. 7.18 for bar forming and bar damping events.

Despite the large scatter, we can still identify a decreasing
(increasing) trend of the residual in the case of bar-forming
(-damping) floods, which seems to suggest that bar response
also depends on the instantaneous value of the fully-wet bar
amplitude. Specifically, considering that residuals mainly range
between −0.04 to 0.04, we find a major influence of the initial bar
amplitude for the bar-forming events, which exhibit a variation of
bar amplitude of the same order of magnitude. Furthermore, we
note a smaller scattering when A∗0 > A

∗
as, which is probably due

to the fact that the morphological evolution of highest bars can
be significantly performed by more intense floods. Consequently,
being clear the role of magnitude and duration of large floods to
modify the amplitude of bars (see trends of ∆Af0 reported in Fig.
7.14), we deduce a minor influence of the initial bar amplitude
on the resulting final value of bar amplitude.
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Figure 7.18. Correlation between the residual term of the bivariate
analysis for the net variation of bar amplitude (∆Af0) and the instanta-
neous fully-wet bar amplitude (A∗0) scaled with the average state of bar
amplitude (A∗as).

7.5.4 Qualitative classification of floods

The statistical analysis of the bar amplitude variation due to
the characteristics of flood events which occur in the flow series
allows for a qualitative classification of floods with respect to the
effect that they have on bar amplitude. Indeed, the criterion we
propose to identify different flood events on the basis of the emer-
sion conditions, enables to group floods whose characteristics
produces the same variation in bar amplitude.

Specifically, we found that the riverbed can be modified by
flood events in three different ways depending on the relation
between final and initial values of bar amplitude (A∗f and A∗0
respectively). Specifically, we can distinguish three different
types of floods:

• Type I: bar amplitude increases during all the flood event,
without assuming smaller values than the initial one (i.e.
A∗f > A

∗
0 and A∗min = A∗0);
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• Type II: bar amplitude increases at the end of the flood
event, but during the event it achieves values lower than
the initial one (i.e. A∗f > A

∗
0 and A∗min < A

∗
0);

• Type III: the net variation of bar amplitude is negative and
the final value achieved at the end of the flood is lower
than the initial one (i.e. A∗f < A

∗
0).

As example of the different typologies, three flood events and
the respective variation of bar amplitude are reported in Fig. 7.19

for the upstream reach of the Alpine Rhine River.
As already mentioned, the capability of a flood event to modify

bar amplitude in a riverbed configuration with already-formed
bars strongly depends on the initial value of bar amplitude, due
to the emersion condition. So, we can suppose that the flood
event in panel (a) of Fig. 7.19 would not be able to modify bar
amplitude if the initial value was larger than the actual value
(e.g. as in panel c). Nevertheless, peculiar characteristics of the
three flood types can be identified. Specifically, events of the
first type have a moderate magnitude without a clearly identified
peak as in typical flood events. Conversely, floods of type II and
III exhibit a larger peak, which is able to damp bar amplitude,
with an excursion depending on the magnitude of the peak (i.e.
the larger the peak, the larger the damping of bar amplitude).
Considering the duration of floods, it is clear that the longer the
falling limb, the higher the capability of the system to increase
the amplitude of bars (floods of type I) or to recover the initial
bar amplitude (floods of type II and III).

To extensively analyse the relation of magnitude and duration
of flood events with their effect of bar amplitude, we relate
magnitude and duration of flood events identifying the three
typologies of floods (see Fig. 7.20). We found that floods of
type I are characterised by magnitude and duration mainly lower
than the average value of the flood peaks (see Tab. 7.2), with
few points presenting a longer duration. Floods of type II have
a magnitude just larger than the average value but a longer
duration with respect to type I. Finally, floods of type III have a
larger magnitude and a lower (or, at least equal) duration with
respect to type II. The mechanism governing the classification of
floods can be summarized as follows:
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Figure 7.19. Example of different types of flood events depending
on their effect on bar evolution for the upstream reach of the Alpine
Rhine River. (a) flood event producing an increment of bar amplitude
(A∗f > A

∗
0), (b) flood event producing a net increment of bar amplitude,

but with a negative excursion with respect to the initial value and (c)
flood event producing a net decrement of bar amplitude (A∗f < A

∗
0).
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Figure 7.20. Classification of flood events in the plane of predictors
∆̃Qmax and ∆̃Tf with respect to the effect they have in bar amplitude
evolution. Specifically, floods of type I produce exclusively an incre-
ment in bar amplitude, floods of type II produces a net increment,
but during the event the amplitude is damped to values lower than
the initial one and floods of type III produce a net decrement of bar
amplitude.

• Moderate floods are the main driver of bar growth, being
the largest values of the events sufficiently low to avoid a
marked damping of bar amplitude (type I).

• The higher the peak of the flood, the lower the value of bar
amplitude achieved during the flood event. Therefore, if
the falling limb of the flood is sufficiently long to allow for
the system to recover the initial bar amplitude, the flood is
classified as of type II, otherwise it is of type III.

• Floods of type III are too short with respect to their mag-
nitude to allow for an increment of bar amplitude at least
equal to the damping.

The number of events (Nf) in each category of floods, their
cumulative duration with respect to the total time of activity
(Tdf) and the cumulative variation of bar amplitude scaled with
the average state (∆Atot) are summarized in Tab. 7.5. We note
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Table 7.5. Number of flood events (Nf), cumulative duration with
respect to the total time of activity (Tdf) and total variation of bar
amplitude (∆Atot) with respect of the average state for each typology
of flood events.

Type I Type II Type III

Nf [−] 153 15 42

Tdf [%] 31.32 18.36 50.20

∆Atot [−] 1.24 0.09 −1.35

that ∆Atot caused by all the flood events of the flow sequence
is almost zero, meaning that the system oscillates around the
regime state in a sort of dynamic equilibrium.

7.6 conclusions

The present analysis proposes an innovative application of the
Colombini et al. (1987) weakly nonlinear model to predict the
evolution of bar amplitude in time under variable flow condi-
tions. With respect to numerical models, the computational time
required to simulate how do bar evolve is negligible, since bar
properties are assumed to be spatially uniform within the reach.
Moreover, being the spatial solution of bar amplitude expressed
as a superimposition of Fourier harmonics, the definition of a
computational mesh in not necessary. Therefore, the numerical
computation is reduced to the numerical integration of eq. (7.1),
making fast the analysis of long flow sequences.

From a practical point of view, this model can be effectively
used to simulate alterations in the hydrological flow regime,
by investigating the variation of bar response due to human
interventions or climate changes. We implemented two simplified
scenarios simulating (i) the construction of a reservoir and (ii)
the alteration of the hydrological cycle due to climate changes.
Both scenarios act in modifying the peak of flood events, but the
timescale of the alteration is different. Specifically, the lamination
scenario reduces all the peaks of the flow series depending of
the characteristics of the reservoir, while the climate change
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scenarios modulates the variation of discharge with a seasonal
recurrence (i.e. reducing flood peaks in summer and increasing
flood peaks in winter). We found that hydrological alterations
have major effects on systems with a not marked propensity to
form alternate bars (e.g. the downstream reach of the Alpine
Rhine River), in which a reduction of high floods is able to
reduce the cumulative effect of bar damping, by increasing the
probability of bar occurrence.

Furthermore, a suitable criterion is proposed to separate flood
events in the flow series by considering the portion of hydro-
graph that allow for bar evolution. Specifically, the fully-wet
condition for discriminating when bars are emerged has been
considered following the approach of Redolfi et al. (2020). Such
criterion allows us to identify more than 200 flood events in the
flow series of the upstream reach of the Alpine Rhine River, ob-
taining a statistically significant sample to investigate how flood
characteristics are responsible for bar amplitude evolution. We
found that magnitude and duration of flood events play a clear
role in increasing or damping the amplitude of bars. Specifi-
cally, moderate floods are responsible to bar formation, while
higher floods provide a damping of bar amplitude, which is as
lower as longer the duration. Such result is consistent with field
observations of Welford (1994) and Eekhout et al. (2013).

Finally, we provide a qualitative classification of flood events
depending on their net effect on bar amplitude. Specifically,
moderate floods are mainly responsible to increase bar amplitude,
which never decays below the initial value (floods of type I).
Conversely, larger floods are able to damp bar amplitude during
the different stages of the event, but they can provide a final
value of bar amplitude larger (flood of type II) or lower than the
initial one (flood of type III).





8
C O N C L U S I O N S

In the present PhD thesis we investigate the response of al-
ternate bars to complex flow regime, with particular focus on
the formative conditions that define the average bar amplitude
of a river reach. By means of a theoretical analysis combined
with experimental evidences, we observe that the response of
bars to discharge variations presents peculiarities with respect
to other morphological properties of a river, such as the average
channel width or slope. Indeed, while such properties evolve
at a timescale governed by the sediment transport (i.e. getting
faster by increasing the discharge), alternate bars have a proper
timescale of evolution governed by their growth rate. As a conse-
quence, the classical approaches implemented to determine the
dominant conditions and the average properties of a river reach
are not suitable for the case of alternate bars. To overcome this
limitation we propose a theoretically-based approach to predict
whether bars are expected to form and which average value of
bar amplitude they achieve. Our model provides a good interpre-
tation of four study cases with different morphological responses
in terms of alternate bars.

The purpose of this final chapter is to summarize the main
results of the present work, providing a qualitative answer to the
initial research questions.

In Chapter 3 we investigate the equilibrium response of alter-
nate bars to discharge variations by means of the Colombini et al.
(1987) theory. To describe the response of a river reach, with
constant geometrical characteristics (channel width and slope)
and sediment size, we consider new appropriate dimensionless
parameters in which the flow characteristics are isolated by the
geometrical ones.

Starting from the Colombini et al. (1987) model, bar behaviour
is found to be characterised by three distinctive discharge thresh-
olds that allow us to provide a physical-based interpretation

175
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of theoretical results. Specifically, in addition to the threshold
for sediment motion, which is common to all morphological
processes, the response of alternate bars is related to the crit-
ical aspect ratio for bar formation and to the condition of bar
emersion.

As for the critical condition, being bar formation a threshold
process governed by the channel aspect ratio β, the discharge
value for which β equals the critical value βcr defines the criti-
cal threshold for bars, representing an upper discharge value for
which bars are expected to form. Such condition results from
the opposite trends of β and βcr with respect to the discharge:
assuming a rectangular cross section, the former is a decreasing
function and the latter an increasing one, crossing at the critical
discharge value. As a consequence, since the bar height is propor-
tional to the difference between β and βcr, we find a decreasing
trend with respect to flow discharge, until bar height vanishes at
the critical condition.

From a mathematical point of view, the weakly nonlinear
model of Colombini et al. (1987) is defined in the neighborhood
of βcr, which makes the theoretical prediction of bar amplitude
no longer valid when the channel is far from such condition (i.e.
β� βcr). This leads the model to predict a bar height tending to
infinity when flow discharge approaches the threshold for sediment
motion. Furthermore, when the discharge is smaller than the
so-called fully-wet threshold the predicted equilibrium elevation of
the top of bars exceeds the water surface elevation, which makes
the theoretical prediction no longer meaningful. Such physical
condition of bar emersion poses a lower limit in the validity of
the Colombini et al. (1987) weakly nonlinear model, since the
model is defined for a simply connected domain, wherein the
channel bed is fully submerged.

Moreover, the critical condition discriminates discharges that
work to build bars from discharges that suppress them. Indeed,
the linear growth rate of bars (i.e. valid for the firsts stages of
bar evolution) is negative for discharges larger than the critical
threshold, indicating the capacity of such discharge stages to
dampen the initial bar amplitude. The recognition that the mor-
phodynamical work acted on river bars by relatively low-flow
stages can be reversed by high-flow stages represents the key
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novelty of our approach in defining the formative conditions of
alternate bars.

In Chapter 4 we apply the analysis performed in Chapter 3

to a set of laboratory experiments conducted in a flume with
constant geometrical characteristics and uniform grain size distri-
bution, at different discharge conditions. Specifically, we provide
a theoretical prediction of experimental observations by means
of the Colombini et al. (1987) model, investigating the response
of bar height, bar shape and bar migration rate to discharge
variations.

The theory well reproduces the decreasing trend of bar height
observed by the experiments, providing a quantitative and quali-
tative agreement for all the different metrics of bar height tested
in the analysis. The fully-wet threshold is able to capture the con-
dition of bar emersion occurring in the experiments conducted at
low flows and the validity of the Colombini et al. (1987) theory
is extended to discharge values lower than the fully-wet thresh-
old by limiting the amplitude of bars to the emersion condition
(i.e. by limiting the amplitude of bars to the value for which
the minimum water depth is zero). In spite of its approximate
derivation, the fully-wet limited bar amplitude seems to be able
to capture the response of alternate bars for low flows. At the
highest discharge values, we find that the transition between
alternate bars and flat bed is not sharp, due to the occurrence of
diagonal bars. Despite their clear alternate pattern, such kind of
bedforms differ from alternate bars to the extent that they are
shorter and display a faster migration rate.

The shape of bars is qualitatively reproduced by the theory,
both considering the riverbed asymmetry and the amplitude of
each component of the Fourier spectrum. In general, the bed
topography predicted by the theory is more regular than the mea-
sured one, due to the fact that the weakly nonlinear approach
cannot represent the highly nonlinear processes, mainly occur-
ring at low discharges. Nevertheless, the predominant alternate
pattern is captured by the model, being the first harmonic (i.e. a
double sinusoidal bed deformation) larger than the second one
for all discharge values. As for the second harmonic, the overall
trend is captured by the theory, despite a bell-shape distortion
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of the riverbed is preferred by actual bars with respect to the
regular, periodic central bar pattern, predicted by the theory.

In Chapter 5 the long-term effect of duration and sequencing
of floods is investigated for a test case by applying the weakly
nonlinear model of Tubino (1991), with the purpose of identify-
ing which hydrological parameters mainly affect the response
of alternate bars. We force the system with simplified flow se-
quences built (i) by interposing triangular floods or (ii) by means
of the stochastic CPP process. Simulations are repeated modi-
fying the duration of flood events and computing the average
bar amplitude, the variation of bar amplitude with respect to the
average state and the time required to achieve the equilibrium
configuration for each duration. Indeed, as proposed by Tubino
(1991) theory, the evolution of bar amplitude under unsteady
flow conditions is possible only if the timescale of the floods and
the timescale of bar amplitude have the same order of magnitude.

We find that the average state becomes independent of du-
ration and sequencing of floods for sufficiently “short” events,
making the probability density function the essential hydrolog-
ical information to synthesize the flow regime. Conversely, for
“long” events, the variation of bar amplitude has the same order
of magnitude of the average state, while the system response
depends also on the sequence of flood events. Therefore, the
average bar amplitude does not describe the actual behaviour of
the river reach.

Furthermore, the the analysis provides a quantification of a
suitable timescale to characterise the flow regime. Indeed, Tubino
(1991) investigated the evolution of bar amplitude due to a single
flood event, whose timescale is related to its duration, while here
we consider different sequences of flood events with different
magnitude and duration. We observe that the integral scale of
the flow series can be a good metric to take into account the
duration and sequencing of flood events.

In Chapter 6 we propose an innovative approach to quantify
the long-term average bar amplitude in a river reach by taking
into account the complexity of the flow regime. Moreover, we
define a “bar-forming” discharge as the single discharge value able
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to reproduce the same morphology of the actual flow sequence
if applied steadily.

The model is inspired by the “effective discharge” method
proposed by Wolman and Miller (1960) (in which the average
characteristics of the channel are determined by the analysis of
magnitude and frequency of flow events in terms of sediment
transport), but implements all the peculiarities previously de-
scribed that affect bar behaviour. The procedure includes two
steps: the first is devoted to determining whether bars are ex-
pected to form, the second to determine their average amplitude
if the first step is positively verified. Specifically, we compute
the effectiveness of flood events by considering the evolutionary
time of bars, which is the inverse of the linear bar growth rate,
taking into account that discharge values can play an opposite
role in bar evolution, depending on their position with respect
to the critical threshold. Indeed, discharge stages lower than the
critical threshold allow for bar formation, while the larger ones
allow for bar suppression. The amplitude of bars is obtained by
considering the nonlinear bar growth rate, which depends on the
actual bar amplitude in the channel.

The model is applied to four study cases, with different mor-
phological characteristics. Specifically, we focus on two reaches
of the Alpine Rhine River, located upstream and downstream the
confluence with the Ill River, which display a different morpho-
logical response, since the regular alternate bar pattern of the
upstream reach disappear downstream the confluence (see Fig.
6.3a). The bar-forming discharge method is able to capture such
different response, by predicting high-relief bars in the upstream
reach and low-relief bars in the downstream one. Furthermore,
the model is able to reproduce the two study cases of the Isère
River and Adige River, which can be considered limit cases of
the upstream and downstream reaches of the Alpine Rhine River
respectively. Indeed, the former displays a stable sequence of
alternate bars that can be hardly modified by the actual flow
regime, while the latter presents an almost flat bed configuration.

In Chapter 7 we adapt the Colombini et al. (1987) theory,
originally defined to predict the amplitude of bars under steady
flow conditions, to model the evolution of bar amplitude in
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time due to a complex flow regime. In spite of its approximate
formulation, such innovative application of the model allows
us for modelling bar evolution due to long flow series with an
almost negligible computational time.

We apply the model to the aforementioned study cases, sim-
ulating the evolution of bar amplitude for almost 30 years of
hydrological records, obtaining results consistent with the bar-
forming discharge method. Indeed, we find that bars evolve
during flood events in the Alpine Rhine River, with different
responses for the upstream and downstream reaches. Specifically,
in the former bar amplitude slightly oscillates around the regime
configuration, while in the latter the riverbed alternates periods
with and without bars. Furthermore, no evolution of the riverbed
is predicted for the Adige River, while, very low oscillation of bar
amplitude around the regime state are simulated for the Isère
River.

The ability of the model to simulate the evolution of bar ampli-
tude for long flow series allows us to easily implement scenarios
of hydrological alteration, e.g., due to flow lamination or climate
changes. Specifically, we simulate two different scenarios: the
first provides a reduction of flood peaks by means of the construc-
tion of a reservoir, the second modifies the hydrological sequence
by reducing the discharge in summer (i.e. when the largest floods
mainly occurs in snow-melting systems) and by increasing the
discharge in winter. With reference to the same study cases, we
observe that hydrological alterations have a significant impact
(i) for those reaches where the effects of bar-forming and bar-
suppressing events almost balance, namely the probability to
form bars is similar to the probability of having flat bed, and (ii)
if the hydrological alteration acts at a sufficiently long timescale,
as the seasonal variation of the discharge in the climate change
scenario. Indeed, a modification in bar response is found only
for the downstream reach of the Alpine Rhine River, for which
the climate change scenario would increase the tendency to form
bars.

Finally, the possibility of modelling bar evolution for long flow
series, allows for a statistical analysis of the effects that flood
magnitude and duration have on bar amplitude. Considering the
upstream reach of the Alpine Rhine River, we identify more than
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200 flood events able to modify the amplitude of bars. Consis-
tently with results of Tubino (1991), Welford (1994) and Eekhout
et al. (2013), the growth of bars mainly occurs during the falling
limb of the flood event. We find that moderate floods mainly
produce an increase of bar amplitude, while larger floods are
responsible for bar damping. Furthermore, the longer the flood
duration, the higher the time required to recover the average
state at the end of the event. Depending on their effect on modi-
fying bar amplitude, we also provide a qualitative classification
of flood events, identifying three types of floods. Specifically,
floods of type I and II are bar-formative events, since they pro-
vide a net increasing of bar amplitude, while flood of type III are
bar-suppressing events. Bar-formative events are mainly char-
acterised by moderate peaks and sufficiently long duration to
allow for bar growth. Conversely, bar-suppressing events are
characterised by high peaks and duration too short to allow for
the recovery of the initial bar amplitude.
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A
S TAT I S T I C A L I N T E R P R E TAT I O N O F T H E
E F F E C T I V E D I S C H A R G E M E T H O D

This chapter is based on the Supplementary Material of the paper:
Carlin, M., M. Redolfi, and M. Tubino (2021), The long-term response
of alternate bars to the hydrological regime, Water Resources Research,
57, e2020WR029314, https://doi.org/10.1029/2020WR029314.

In this section, we analyse the statistical meaning by the classic
method of the effective discharge (Wolman and Miller, 1960). The
method is based on the definition of the discharge value that
gives the highest contribution to the transport of sediments. This
contribution depends on the product between the sediment rating
curve, which defines the capacity of each discharge to transport
sediments, and the probability density function of the flow, which
defines the frequency of occurrence of each discharge.

The meaning the product between the flow rating curve and
the probability density function can be explained more precisely
by following a probabilistic approach.

First, we need to assume that the flow rating curve Q∗s(Q)

is a deterministic function that does not explicitly depend on
time. Second, we divide the range of discharge in equally-spaced
classes of width ∆Q and central value Qc. For each discharge
class, we can quantify the volume of sediment transported in a
given reference period T∗R (e.g., one year) as:

∆Vs = Q
∗
s(Qc)∆t

∗, (A.1)

where ∆t∗ indicates the time the flow stays in the flow interval
∆Q during the reference period.

In natural flow conditions, the value of ∆t∗ is clearly non
constant, and it can be represented as a random variable whose
probability distribution is different for each discharge class. How-
ever, for our purpose we do not need to know the distribution of
∆t∗ but only its expected value, namely:

E[∆Vs] = E[Q
∗
s(Qc)∆t

∗] = Q∗s(Qc)E[∆t
∗], (A.2)
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where the expected value of ∆t∗ can be computed by integrating
the probability density function of the flow events fQ:

E[∆t∗] = T∗R

∫
∆Q

fQ dQ = fQc ∆QT
∗
R, (A.3)

where fQc indicates the average probability density within the
interval ∆Q.

By substituting eq. (A.3) into eq. (A.2) we find:

E[∆Vs] = Q
∗
s(Qc) fQc ∆QT

∗
R, (A.4)

which, when divided by the constant values ∆Q and T∗R, provides
a definition of the product Q∗s(Qc) fQ:

E

[
∆Vs

∆QT∗R

]
= Q∗s(Qc) fQc . (A.5)

Therefore, the product between the flow duration curve and
the sediment transport rate for each discharge class can be inter-
preted as the expected value of the sediment volume normalized
by the class width and the reference period. Taking the limit for
∆Q→ 0, eq. (A.5) provides a continuous definition:

E

[
dVs

dQ

1

T∗R

]
= Q∗s(Q) fQ. (A.6)

The effective discharge, defined as the maximum point of
the product Q∗s(Q) f(Q), can be interpreted as the discharge
value that is expected to give the maximum contribution to the
sediment transport in the reference (e.g., annual) period.



B
S T E A D Y F L O W : C O M PA R I S O N O F C o l o m b i n i

e t a l . ( 1 9 8 7 ) A N D Tu b i n o ( 1 9 9 1 ) M O D E L S

b.1 introduction

The morphological evolution of bar amplitude was found to
be well predicted by Colombini et al. (1987) (CST) and Tubino
(1991) (T91) weakly nonlinear models for steady and unsteady
flow conditions respectively. The former provides a solution
of the SWE system of equations by means of a perturbation
approach for given geometrical characteristics of the channel and
water discharge. The latter implement the flow unsteadiness
by linearizing a flood event around a reference discharge value,
for which the weakly nonlinear model of CST is solved; the
parameters are then linearized to other discharge values.

Both models are strictly defined in the neighborhood of the
critical threshold due to their weakly nonlinear derivation, which
limits their validity to a sub-range of discharges between the
threshold for sediment motion, Qi, and the critical threshold for
bars, Qcr.

In Sections 3 and 4 we extensively discussed the CST model,
by providing the widening of the validity range by means of
the fully-wet limitation on bar amplitude. In this chapter we
want to investigate the quasi-steady response of T91’s model by
comparing results with CST predictions. Specifically, we consider
the range Qi −Qcr and compare the linearized results of T91

with the weakly nonlinear prediction of CST.

b.2 method

Let us consider as test case a straight rectangular channel with
geometrical characteristics of width, W, and slope S equal to the
reach upstream of the Alpine Rhine River. We assume the En-
gelund and Fredsoe (1982) friction formula to solve the uniform
flow and we estimate the sediment rating curve by means of
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Parker (1978) transport formula, assuming a relative submerged
weight of sediment R = 1.65. Finally, sediment porosity p has
been assumed 0.4 and the measure of the the effect of gravity
on transverse transport has been accounted for by setting the
empirical parameter r equal to 0.6. We compare the following
quantities, extensively described in Chapter 2.

• Channel aspect ratio. The two models consider the following
definition of β:

β =
W

2D∗0
, β = β

[
1− εD01

]
, (B.1a,b)

where over-lined variables are referred to the reference
condition, Q, and D01 is a parameter defined as function
of the discharge in eq. (2.47).

• Bar height. The height of bars considered in the following is
computed as HBM, namely as the difference between max-
imum and minimum of bed topography, η. We compute
η (eq. 2.34) by considering the equilibrium bar amplitude
proposed by the models, meaning:

Aeq =

√
−
α1R
α2R

, AT = Aeq[1− F q01]
1
2 , (B.2a,b)

for CST and T91 respectively, in which Aeq is the CST
equilibrium bar amplitude at the reference condition, q01
is determined by means of eq. (2.61) and F is the parameter
defined in eq. (2.58).

• Bar migration rate. The migration rate of bars was computed
by dividing the nonlinear angular frequency, proposed in
eqs. (2.40) and (2.63) for CST and T91 respectively, by the
critical wavenumber λcr.

• Linear bar growth rate. The linear bar growth rate was de-
fined in the two models as:

Ω0 = εα1R, Ω0 = Ω0 + εα0q01, (B.3a,b)

for CST and T91 respectively.
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Figure B.1. Comparison of the channel aspect ratio, β, for the two
models of Colombini et al. (1987) (CST) and Tubino (1991) (T91) for
varying discharge values. The linearized result of T91 is largely lower
for discharge values larger or lower than the reference discharge.

b.3 results and discussion

In this section we provide results of the present analysis by
scaling the quantities with the reference value of the T91 model.

The channel aspect ratio is the main parameter governing the
behaviour of alternate bars being responsible of their formation
and providing a measure of their amplitude if compared with
the critical value βcr.

Fig. B.1 shows the trend of the aspect ratio with respect to the
discharge deriving from the models of CST and T91. The lin-
earized model of T91 reproduces the decreasing trend described
in Chapter 3, but largely underestimates the nonlinear response
of low discharge values (Q < Q). Similarly, when the discharge
is larger than the reference state, the linear trend has a faster de-
crease, providing stability conditions for lower discharge values
than CST.
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Figure B.2. Comparison of the bar height, H∗BM, for the two models
of Colombini et al. (1987) (CST) and Tubino (1991) (T91) for varying
discharge values. The decreasing trend is well reproduced by the
linearized model, providing a lower value of the critical threshold for
bar formation.

These considerations allows us to better interpret the results of
bar height shown in Fig. B.2. The linearized model of T91 well
reproduces the decreasing trend of bar height, both qualitatively
and quantitatively, providing an intrinsic limitation of the exces-
sive increasing of bar height for low discharge value predicted by
CST. Moreover, as we can expect by the trend of β, T91 provides
a lower value of the critical threshold than CST.

Fig. B.3 shows that the migration rate of alternate with respect
to the discharge is very similar for both the two models, being
the response of CST almost linear in Q (see Fig. 3.9). Also in
this case the nonlinearity related to discharge values near the
threshold for motion is mitigated by considering fixed the value
of bar amplitude (computed at the reference state).

Finally, for the linear growth rate of bars we observe the first
important difference in the two models. In Fig. B.4, where
curves are scaled with the hydrodynamic timescale referred to the
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Figure B.3. Comparison of the bar migration rate, C∗, for the two
models of Colombini et al. (1987) (CST) and Tubino (1991) (T91) for
varying discharge values. The curve obtained by the CST model is
almost linear in terms of water discharge and the linearized model of
T91 well capture the trend.

reference conditions, W/(2U∗0), we observe that the prediction of
linear growth rate by CST is a curve with a maximum, similarly
to the curves of Fig. 3.7. However, the linearized model of T91 is
able to qualitatively reproduce only the decreasing limb of the
CST curve, determining a large overestimation of the growth rate
for low discharge values. Considering that actual flow series in
rivers are characterised for the most of time by low flows, we can
assume that the response of the T91 model to actual flow series
largely promotes the formation and growth of bars.
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Figure B.4. Comparison of the bar growth rate, Ω∗0, for the two models
of Colombini et al. (1987) (CST) and Tubino (1991) (T91) for varying
discharge values. The linear model is not able to capture the maximum
trend, providing a large overestimation of bar growth for low discharge
values.
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