
1. Introduction
In the last few centuries, many European rivers were regulated to increase land availability and industry 
production, and to reduce the flooding risk (Dynesius & Nilsson, 1994; Molle, 2009; Nilsson et al., 2005). In 
particular, their course was often straightened and their width was typically restricted by the construction of 
embankments (Diaz-Redondo et al., 2017; Hohensinner et al., 2007; Scorpio et al., 2018; Serlet et al., 2018). 
Despite the very regular geometry that was artificially imposed, the riverbed often reacted by self-produc-
ing a sequence of scour and deposition zones, typically migrating downstream, called alternate bars. Due 
to their relatively high relief and their capability to modify the riverbed pattern, alternate bars may affect 
channel navigability and interact with structures, and therefore their occurrence represents one of the most 
problematic aspects in the management of regulated rivers.

As widely documented by theoretical, numerical, and laboratory investigations (e.g., Crosato et al., 2011; 
Defina,  2003; Fredsoe,  1978; Ikeda,  1984; Jaeggi,  1984; Lanzoni,  2000; Nelson,  1990; Parker,  1976; Qian 
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to define formative discharge, inasmuch as it accounts for the specific and reversible response of bar 
topography to the different flow stages that compose the hydrological regime. Application to four different 
gravel bed reaches in the Alpine region shows the capability of the procedure to interpret remarkably 
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Plain Language Summary Alternate bars are large bedforms that can spontaneously 
develop in rivers. They often represent an issue in river management since they affect navigation, increase 
the flooding risk and interact with instream structures. A number of studies is available to predict the 
characteristics of alternate bars under constant-discharge conditions. Conversely, the long-term response 
of the average bar topography to a complex sequence of flood events is to a large extent unexplored. In 
this work, we propose a novel theoretically based procedure to assess whether alternate bars are expected 
to form in a river, to predict the average bar height, and to estimate the equivalent, bar-forming discharge 
that can be effectively used in constant-discharge models. This method may be used for evaluating the 
response of alternate bars to modifications of the hydrological flow regime (e.g., due to climate changes or 
hydropower production) or river restoration interventions (e.g., enlargement or narrowing of the channel 
width).
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et al., 2017), migrating alternate bars spontaneously develop in straight channels due to a riverbed insta-
bility mechanism, which occurs when the channel width-to-depth ratio exceeds a threshold value. Under 
constant discharge conditions, alternate bars grow until they attain a regime state, where they maintain the 
same average properties (height, wavelength, and shape) while migrating downstream, although long-term 
fluctuations are possible (Crosato et al., 2012). Conversely, under unsteady flow conditions alternate bars 
evolve by varying their morphometric properties depending on the intensity and duration of flood events 
(e.g., Eekhout et al., 2013; Hall, 2004; Tubino, 1991; Welford, 1994).

For given river geometry, the threshold condition for bar formation corresponds to a specific discharge 
value, and therefore the hydrological regime may include, in general, both bar-forming and bar-suppress-
ing stages. Existing studies on bar response to variable discharge (Adami et al., 2016; Jaballah et al., 2015; 
Jourdain et al., 2020; Nelson & Morgan, 2018) mainly focused on the effect of individual flow events, and 
therefore no much information exists about the expected properties of alternate bars as a result of the 
complex sequence of events that characterize the hydrological regime. The question then arises of how to 
define a criterion to determine how likely alternate bars are to be present in a river reach and to predict their 
long-term average properties, or alternatively, a “bar-forming” discharge value associated to such average 
conditions.

Defining the average response of a river reach to the hydrological regime and identifying a suitable metric 
(a specific discharge value) that controls such response are very common issues in river morphodynamics. 
To address these issues, the concept of “formative” or “dominant” discharge was first introduced by Ing-
lis (1949), as the discharge value that produces the same effect on river morphology as the whole hydrologi-
cal series. Since then, various methods have been proposed in the literature (see Blom et al., 2017) to define 
the formative conditions for specific river properties (e.g., channel width, longitudinal slope, bed surface 
texture), such as the bankfull discharge (Andrews, 1980; Emmett & Wolman, 2001; Inglis, 1949; Leopold 
& Wolman, 1957) or the discharge value associated to a fixed (1.5–2 year flood) recurrence interval (see 
Nash, 1994; Pickup & Warner, 1976; Williams, 1978, for example). Among them, the “effective discharge” 
concept proposed by Wolman and Miller (1960) has been widely used to describe phenomena in which the 
solid transport is the main driver of morphological evolution (Andrews, 1980; Benson & Thomas, 1966). 
The method considers as “dominant” the discharge that moves the largest volume of sediments over a 
period of time. It combines the magnitude of the hydrological events with their frequency of occurrence, 
taking the product between the duration curve of the flow series and the solid transport rate, which is com-
monly modeled by deterministic transport predictors. The effective discharge method has been extensively 
employed in the case of sandy streams, due to easier availability of sediment transport data (i.e., Ashmore 
& Day, 1988; Benson & Thomas, 1966; Crowder & Knapp, 2005; Ferro & Porto, 2012). However, many appli-
cations to gravel bed rivers are also documented in the literature, both using theoretical bedload predictors 
(Andrews, 1980; Barry et al., 2008; Pickup & Warner, 1976) and field data (Carling, 1988; Downs et al., 2016; 
Emmett & Wolman, 2001; Goodwin, 2004). In the case of coarse and natural rivers, predicted formative val-
ues are in fairly good agreement with those obtained with the alternative definitions of bankfull discharge 
or 1.5–2 year flood (Andrews, 1980; Doyle et al., 2007; Emmett & Wolman, 2001), while they substantially 
differ in regulated-channelized rivers (Doyle et al., 2007) and flashy systems (Pickup & Warner, 1976).

Despite the various attempts to define a generally valid concept of formative discharge, it clearly appears 
that its definition needs to be related to the specific morphodynamic aspect under investigation (e.g., 
Church & Ferguson, 2015), as “no single steady discharge can affect all characteristics of channel geometry 
in a similar manner as the varying flow rate” (Blom et al., 2017). Furthermore, other variables affect the 
morphodynamical response of rivers to the hydrological regime, such as the catchment area, the climate 
characteristics of the region, the nature of sediment transport and the river pattern. For example, small 
basins tend to be controlled by catastrophic events (Ashmore & Day, 1988), even more so when they are 
located in semi-arid regions (Baker, 1977; Selby, 1974), and the formative processes that govern channel 
morphology are different in the case of braided rivers (Surian et al., 2009) or mountain streams (Vianello 
& D'Agostino, 2007).

Why do we need a novel, specific approach to determine the long-term average bar response to the hydro-
logical regime? Indeed, the effective discharge method implies four main assumptions: (a) the morphody-
namical work increases with the sediment transport, and therefore with flow discharge; (b) increasing the 
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flow discharge, the timescale of bed evolution gets shorter according to the Exner equation, and therefore 
the river response gets faster; (c) all the flow stages above the threshold of incipient sediment motion work 
in the same direction, their effect increasing monotonically with flow discharge; (d) the response of sed-
iment transport to flow variability is instantaneous. None of these assumptions perfectly fit the observed 
behavior of alternate bars. As discharge increases, the width-to-depth ratio decreases and so does the equi-
librium amplitude of bars (Redolfi et al., 2020). Moreover, the growth rate of bars (that is the reciprocal of 
the timescale) increases to a maximum value and then drops at higher discharge, until it becomes negative. 
This sets a second, upper threshold (the critical discharge for bar formation) that discriminates bar-forming 
from bar-suppressing flow stages: the fact that the morphodynamical work acted on river bars by relatively 
low-flow stages can be reversed by high-flow stages ultimately represents the key difference with respect to 
other river properties. Finally, the time scale of bar amplification/decay is often comparable with that as-
sociated with flood events. Therefore, bar adaptation to flow variability is not instantaneous (Tubino, 1991; 
Welford, 1994), which implies that bar height may not attain at each flow stage the corresponding equilib-
rium value.

The need for a specific representative discharge for alternate bars have been already highlighted by Jaballah 
et al. (2015), while Crosato and Mosselman (2009), in the absence of a suitable estimate, used the bankfull 
discharge to define a criterion for the occurrence of bars. Such need is also supported by the few available 
field observations, which suggest that bar topography is mainly determined by specific flow conditions, 
such as the tails of flow hydrographs (Welford, 1994) or the “bar-full” stage (Biedenharn & Thorne, 1994).

In this work, we propose a new method to define an occurrence criterion for alternate bars in channelized 
river reaches that accounts for the hydrological regime. We then derive an estimate of the bar-forming dis-
charge, defined as the discharge whose corresponding bar height coincides with the average value resulting 
from the hydrological cycle. The method is based on the statistical distribution of flow events and on the 
response of free alternate bars obtained from the weakly nonlinear Colombini et  al.  (1987) model. The 
occurrence criterion and the bar-forming discharge arise from a balance between bar-forming and bar-sup-
pressing flow stages, which represents the key novelty of our approach with respect to the classical concept 
of effective discharge. The procedure has been applied to different gravel bed river reaches, the Alpine 
Rhine River (Switzerland), the Isère River (France), and the Adige River (Italy), for which long flow records 
were available, each of them characterized by a distinctive average bed response.

The manuscript is organized as follows. In Section 2 we briefly summarize previous experimental and theo-
retical results on free alternate bars, highlighting their dependence on flow discharge. A general description 
of the study cases is proposed in Section 3. The new model is formulated in Section 4 and applied to four 
selected study cases in Section 5. In Section 6 we discuss the main implications and limitations of the pro-
posed approach; finally, we draw some conclusions in Section 7.

2. The Response of Alternate Bars to Discharge Variations
The formation of migrating bars is one of the most studied topics in river morphodynamics. The large 
number of laboratory observations, numerical, and theoretical results produced so far provides a consistent 
picture of the dependence of bar properties (morphology, migration rate) on flow and sediment characteris-
tics and highlights the role of the channel aspect ratio β, defined as the ratio between the half-width and the 
average flow depth, as the main controlling parameter of bar instability (e.g., Bertagni & Camporeale, 2018; 
Colombini et al., 1987; Fredsoe, 1978; Siviglia et al., 2013; Tubino et al., 1999).

On one hand, the free development of alternate bars depends on the aspect ratio being smaller or larger 
than a critical threshold βcr: in relatively narrow channels (subcritical region) the stabilizing effect of trans-
verse bed load transport prevents the formation of alternate bars, while in wider channels this effect gets 
weaker and alternate bars spontaneously form. On the other hand, the equilibrium bar height, increases 
as β departs from the critical threshold, that is, with (β − βcr). The region of bar instability enlarges (i.e., βcr 
gets smaller) as the Shields parameter approaches the condition of incipient sediment motion as well as for 
increasing values of the relative grain roughness.
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In single thread channels, both the critical threshold and the actual value of the aspect ratio significantly 
change with water discharge. Specifically, being β inversely proportional to water depth, its value typically 
decreases with increasing flow discharge, as sketched in Figure 1a, and so does the equilibrium bar height. 
The dependence of bar height on flow discharge for a given river reach, as predicted by the weakly nonlin-
ear theory of Colombini et al. (1987), is shown in Figure 1b, where HBM denotes the difference between the 
maximum and minimum bed elevation within a bar unit. Once inspected in terms of discharge variations, 
theoretical results also allow for defining a critical threshold discharge for free bars formation, Qcr, as the 
value at which the condition β = βcr is met (see Redolfi et al., 2020).

Such decreasing trend of bar height with flow discharge is confirmed by the reanalysis of existing laboratory 
experiments with relatively coarse bed material, as reported in Figure 2. We considered the experiments of 
Kinoshita (1961), Sukegawa (1971), Jäggi (1983), and Redolfi et al. (2020), which include data on equilibri-
um bar properties for different values of discharge, channel width, channel slope and sediment size. These 
data were processed as follows: we grouped experiments having the same channel width and sediment size, 
and a similar slope, with maximum deviation from the median value of 20% (each group is represented in 
Figure 2 with a different marker); we only considered groups that encompassed at least three distinct dis-
charge values. Furthermore, discharge was expressed per unit channel width W, and made dimensionless 
as in Parker et al. (2007):

*
3
50

,Qq
W gd

 (1)

where g is the gravitational acceleration and d50 is the median grain size. For almost all groups of experi-
ments reported in Figure 2, a relatively sharp decline of bar height with flow discharge is displayed, which 
closely resembles that reported in Figure  1b. Hence, both theoretical results and experimental findings 
clearly highlight a first distinctive characteristic of free alternate bars: their amplitude inversely depends on 
the water discharge.

A second, specific aspect that characterizes the response of river bars to different flow stages is the rate of 
change of their amplitude, which is defined as:

 : ,
1

A

dA

dt
 (2)

where the generic symbol A is used here to encompass the various metrics proposed in the literature to 
measure the bar height (see Redolfi et al., 2020, for a review of the main metrics). One can readily recognize 
that Ω is the reciprocal of the time scale of the process, and therefore represents a key ingredient to deter-
mine the effectiveness of a given flow stage to produce a morphodynamical response.

In general terms, the speed of riverbed evolutionary processes is set by the Exner continuity equation, 
and therefore it increases with sediment transport intensity, whence with flow discharge. However, bar 
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Figure 1. Equilibrium response of alternate bars to discharge variations: (a) the effect of increasing discharge, which 
leads to a decrease of the channel aspect ratio β; (b) the dependence of equilibrium bar height on flow discharge 
resulting from the Colombini et al. (1987) weakly nonlinear theory.
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instability exhibits a remarkably different behavior, as shown in Figure 3 
where we report an example of the dependence of the growth rate of 
alternate bars on flow discharge resulting from linear bar theories (the 
subscript “0” denotes the linear value of the growth rate) (e.g., Federici 
& Seminara, 2006; Fredsoe, 1978). We note that the growth rate vanishes 
at two distinct discharge conditions: (a) near the threshold of incipient 
sediment motion (i.e., Q = Qi), where the sediment transport is so low 
that no morphological activity is possible; (b) near the critical conditions 
for bar formation (i.e., Q = Qcr), where the tendency to form alternate 
bars becomes very weak. While the first threshold appears in most river 
morphodynamic processes, the second is a distinctive characteristic of 
free alternate bars, which originates from their instability mechanisms. 
Furthermore, the bar growth rate becomes negative when Q exceeds Qcr, 
which implies that high flow stages may counteract the bar-forming ef-
fect exerted by lower stages.

It is worth noticing that the linear estimate of the bar growth rate is suit-
able to describe the expected tendency of a given flow stage to form (or 
suppress) migrating river bars provided their amplitude is small, strictly 
infinitesimal. In actual situations, flood events are likely to rework an 
already existing bar topography, which requires also to account for finite 
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Figure 2. Relationship between the equilibrium bar height and the unit discharge resulting from the laboratory 
experiments of Kinoshita (1961), Sukegawa (1971), Jäggi (1983), and Redolfi et al. (2020), which cover a wide range 
of conditions in terms of channel width (W), average downstream slope (S) and median grain size (d50). To make 
the different experiments comparable, bar height is scaled with the grain size (HBM/d50) and discharge is made 
dimensionless according to Equation 1.

Figure 3. The linear growth rate of free alternate bars, scaled with its 
maximum value Ω0,max, as a function of water discharge. The critical 
threshold Qcr discriminates between bar-forming (Ω0 > 0) and bar-
suppressing (Ω0 < 0) flow conditions. When discharge is lower than the 
threshold of incipient sediment motion, Qi, the growth rate vanishes and 
bar evolution is inhibited.
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amplitude effects on bar growth. In Section 4, we discuss how the scenario depicted in Figure 3 changes 
when the weakly nonlinear estimate of Colombini et al. (1987) for the growth rate is adopted.

The above description of bar response to variable flow discharge can be readily extended to higher order 
transverse modes (i.e., central or multiple-row bars). Their critical threshold (say, for mode m) is related to 
βcr through the relationship βcr, m = mβcr, and therefore higher-order modes require large values of width-
to-depth ratio to form, the corresponding values of the critical discharge being much smaller than Qcr. 
However, in relatively wide channels favorable conditions for their growth can be frequently encountered at 
low flow stages that are still capable of transporting sediment (e.g., Rodrigues et al., 2015). In the following 
sections, we will focus our attention on the alternate bars mode m = 1. However, we will discuss about the 
limitations and potential extension of our approach to higher-order modes at the end of Section 6.

3. Study Reaches
In this work, we have investigated the riverbed response to the hydrological regime of four study reaches 
located in three rivers of the alpine region whose flow regime is markedly regulated: the Alpine Rhine River, 
the Isère River, and the Adige River. All these reaches are channelized and only weakly curved. Figure 4 
shows a planform view of the study reaches, whose lengths range from 5 to 15 km, while Table 1 summa-
rizes the reach-averaged values of river properties, as adopted in our analysis, as well as the relevant mor-
phological and hydrological information. Reported values of channel width refer to the morphodynamically 
active part of the river section, which has been taken to coincide with the bottom width.

The Rhine River, with a catchment area of about 190,000 km2 and a length of 1326 km is one of the largest 
rivers in Europe, flowing from the Swiss Alps to the North Sea. The first 93 km of the river, from the con-
fluence between Vorderrhein and Hinterrhein and the Lake of Constance, form the so-called Alpine Rhine. 
The Alpine subbasin of the Rhine River covers the whole territory of Liechtenstein, the western part of 
Austria and the eastern part of Switzerland, draining an area of 6,123 km2. In the 19th and 20th century, the 
Alpine Rhine River was heavily channelized, drastically simplifying the complex multithread morphology 
(Adami et al., 2016). We have focused our analysis on two reaches located upstream and downstream the 
confluence of the Ill River (located near Eichenwies), which are representative of two different morpholog-
ical responses of the riverbed to channelization. In particular, as shown in Figure 4a, the wider upstream 
reach presents a continuous sequence of alternate bars, while the narrower downstream reach displays a 
simpler morphology without evident bedforms. For this reason, the Alpine Rhine River can be considered 
an optimal morphodynamic laboratory, where two opposite bed responses manifest themselves, despite the 
very similar hydrological and sedimentological conditions. The flow regime is pluvio-nival, with significant 
snowmelt in spring and summer and larger floods mainly in autumn. Discharge data recorded at intervals 
of 10 min are available from the Swiss station of Diepoldsau from 1984 to 2010.

The Isère River is 286 km long, flowing from the Graian Alps of Savoia (south-eastern France) to the Rhône 
River near Valence. The catchment area is about 12,000 km2. In the 19th century the river was channelized 
and straightened, causing the modification of riverbed morphology from braided to single-thread with alter-
nate bars (Serlet et al., 2018). After the channelization, an intensive exploitation of the river basin resources 
for hydropower production began, with the construction of several dams in the early 20th century and two 
interbasin transfers. Our study reach is located near Montmèlian, downstream the confluence of the Arc 
River. The human pressures have strongly impacted on the natural nivo-glacial flow regime and the sedi-
ment supply, determining nowadays a very stable sequence of bars, mostly vegetated (see Serlet et al., 2018), 
as shown in Figure 4b. Hourly discharge data are available for the Montmèlian station from 1988 to 2015.

The Adige River, with a catchment of about 12,200 km2 and an approximate length of 410 km, is the second 
longest river in Italy, flowing from the central-eastern Alps to the Adriatic Sea. Some works on channel 
bank stabilization have been carried out since the Middle Age, while a strong channelization was realized 
in the 19th century. Our study reach is near the city of Trento, where the channel has a bottom width of 
about 70 m. Sediment samples collected at low flow stages in a recent field survey (Scorpio et al., 2018) have 
highlighted the presence of a pronounced armoring that is likely to persist over typical floods (Wilcock & 
DeTemple, 2005). A surface-based estimate provides a value of the median grain size of 53 mm. The bed 
morphology of the whole channelized part of the river is almost flat, without river bedforms (see Scorpio 
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et al., 2018), as shown in Figure 4c. The original flow regime was nivo-glacial, characterized by the mini-
mum flow in winter and larger floods in autumn due to long-lasting cyclonic fronts. Nowadays, the Adige 
River basin is one of the most exploited in Italy for hydropower production, with a large number of dams 
built along its tributaries, which have heavily modified the flow regime and filtered the sediment supply. 
Discharge data recorded at intervals of 30 min are available for the gauging station of Trento-San Lorenzo 
from June 1994.
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Figure 4. Location of the study cases in the alpine region. (a) Two reaches of the Alpine Rhine River, upstream and 
downstream the confluence of the Ill River, showing a transition from a clear alternate bar pattern to no evident 
bedforms; 09-Jul-2016, 47°17′N, 09°33′E; (b) Isère River with stable, vegetated bars, 28-Aug-2014, 45°23′N, 05°59′E; (c) 
Adige River with a flat bed morphology, 19-Jul-2015, 46°03′ N, 11°06′E. From Google Earth, Digital Globe (2019).
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4. A Method to Determine the Response of Alternate Bars to the Hydrological 
Forcing
In this section, we introduce a novel methodology to evaluate the long-term bar response to the river hydro-
graph, accounting for the key factors that characterize the response of bars to variations of flow discharge. 
We employ the case of the Alpine Rhine River, where two consecutive reaches exhibit similar hydrological 
and sedimentological characteristics, but a different bed configuration, as an optimal example to illustrate 
our procedure and to highlight the difference with respect to the classical method of the effective discharge 
(Wolman & Miller, 1960).

We assume a rectangular cross section and we compute uniform-flow parameters (i.e., water depth, velocity, 
and associated dimensionless parameters) at different levels of discharge by considering the Engelund and 
Fredsoe (1982) friction formula. Moreover, we estimate the sediment rating curve through the Parker (1978) 
transport formula, assuming a relative submerged weight of sediment Δ = 1.65. Sensitivity of model results 
to the adopted transport predictor is tested in Section 5, where Meyer-Peter and Muller (1948) formula is 
also employed. The linear growth rate and the equilibrium amplitude of bars are evaluated through the ana-
lytical model of Colombini et al. (1987), where the empirical coefficient r that measures the effect of gravity 
on transverse transport has been set equal to 0.6.

To introduce our procedure, we first consider the application of the effective discharge method to the “up-
stream” reach of the Alpine Rhine River as reported in Figures 5a and 5b: the effective discharge, around 
Q = 405 m3 s−1, is calculated as the peak value of the product between the flow probability density function, 
fQ, and the sediment rating curve, Qs(Q). The significance of this value is clear: it represents the discharge 
that on average gives the maximum contribution to the annual sediment transport (for details, see supporting 
information).

A complementary interpretation of the geomorphic significance of the above procedure can be obtained by 
considering that the morphodynamical efficacy of each flow stage, which is assumed to increase proportionally 
with the sediment transport rate, can be equivalently defined in terms of the timescale of the evolutionary pro-
cess. Specifically, the timescale of the associated geomorphic changes, Texn, can be estimated by means of the 
Exner continuity equation, which gives an inversely proportional relation with the sediment transport rate Qs:

 1 / .exn sT Q (3)
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Alpine Rhinea

Isèreb AdigecUpstream Downstream

Geometry

 Channel slope (%) 0.13 0.10 0.19 0.08

 Channel width (m) 106 63 92 70

 Median grain size (mm) 25 25 35 53

Flow regime

 Q (m3s−1) 166 231 121 205

 Q2 (m3s−1) 1075 1231 463 754

 Qmax (m3s−1) 2399 2666 791 1885

 cv (-) 0.74 0.68 0.53 0.61

Bar morphology High-relief bars Low-relief bars Vegetated bars No bars
aAdami et al. (2016), Mähr et al. (2014). bVautier (2000). cScorpio et al. (2018).

Table 1 
Summary of Data for the Four Study Reaches, With the Respective References. Q and Qmax Indicate the Mean and the 
Maximum Discharge, Q2 is the Discharge Having a Return Period of Two Years and cv is the Coefficient of Variation (i.e., 
the Ratio Between the Standard Deviation and the Mean) of the Entire Flow Series
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We then express the time in terms of Texn units, defining a dimensionless time, t*, whose increments are 
defined as:

* / .exndt dt T (4)

Plotting the flow series as a function of t* gives a reshaped hydrograph Q(t*), whose probability density 
function can be calculated as follows:



0

,Q sQs
Q

Q s

f Q
f

f Q dQ
 (5)

which coincides with the definition proposed by Blom et al. (2017) in their Equation 35. The scaled proba-
bility density function (Equation 5) provides a different interpretation of the effective discharge value as the 
most frequent flow state in the “time of the sediment transport.”

4.1. A Criterion for the Alternate Bars Formation

To apply a similar concept to the case of alternate bars, it is crucial to consider that the speed of bar adapta-
tion is not simply proportional to the sediment transport rate, but it rather depends on the growth rate (here 
we consider the linear value Ω0). Therefore, it follows the nonmonotonic curve represented in Figure 3, 
which vanishes at both the threshold for incipient sediment motion and at the critical threshold for bar 
formation. Hence, we define the timescale of bar response as follows:
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Figure 5. (a, b) The method of Wolman and Miller (1960) applied to the Rhine River reach upstream of the confluence 
of the Ill River. The effective discharge, Qeff, corresponds to the peak of Qs

Qf  (b), which is obtained by multiplying (a) the 
flow probability density function, fQ, by the sediment rating curve, Qs(Q). (c, d) For the same river reach, the probability 
density function of flow stages, scaled with the timescale of bar adaptation, Ω0

Qf  (d), which is obtained by multiplying 
(c) the flow probability density function, fQ, by the absolute value of the linear growth rate, Ω0.
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Scaling the time with Tbars, we then obtain a reshaped hydrograph that is associated with the following 
probability density function:
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which represents the probability of observing a given discharge Q in the “time of bar adaptation.” There-
fore, Ω0 ( )Qf Q  indicates the effectiveness of each discharge state in forming (Ω0 > 0) or suppressing (Ω0 < 0) 
alternate bars.

As illustrated in Figures 5c and 5d, this probability is basically obtained as the (scaled) product between the 
flow probability density function, fQ, and the linear growth rate of bars, Ω0. Similar to the approach of Wol-
man and Miller (1960), in this case the peak of the histogram gives the value of discharge that is more ef-
fective in forming bars, which turns out to be slightly lower than the effective discharge value of Figure 5b.

We note that in the case of the upstream reach of the Rhine River the predicted critical discharge value for 
bar formation is quite large, approximately Qcr = 1500 m3 s−1, and therefore the contribution of the extreme-
ly rare bar-suppressing stages (Ω0 < 0) is not appreciable. In other words, within this reach bar formation is 
enhanced at almost all flow stages above the threshold for sediment motion Qi. Under these circumstances, 
the information obtained through Equation 7 does not differ substantially from that resulting from the ef-
fective discharge method, but for the shift of the peak discharge toward lower values.

The difference between the two approaches becomes more evident when applying the same procedure 
to the downstream reach of the Alpine Rhine River, for which the predicted critical discharge for bar for-
mation is much smaller, approximately Qcr = 467 m3 s−1, and then the product of the probability density 
function and the linear growth rate provides the bi-modal distribution reported in Figure 6b. The two peaks 
still identify two discharge values of maximum effectiveness; however, their meaning is different, as events 
with Q < Qcr work to form the bars, while events with Q > Qcr work to suppress them. Hence, Figure 6 high-
lights the important consequence of bars being a threshold process: different discharge states are not only 
characterized by different effectiveness, but they also work in opposite (i.e., bar forming vs. bar suppressing) 
directions, as also previously suggested by Adami et al. (2016). Even though the slight preeminence of the 
red area suggests that bar-forming flow events tend to prevail in the downstream reach, we expect the height 
of bars to be much smaller than that in the upstream reach.
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Figure 6. The Rhine River reach downstream of the confluence of the Ill River: the probability density function of flow 
stages, scaled with the timescale of bar adaptation, Ω0

Qf  (b), which is obtained by multiplying (a) the flow probability 
density function, fQ, by the absolute value of the linear bar growth rate, |Ω0|. Colors identify bar-forming (Ω0 > 0) or 
bar-suppressing (Ω0 < 0) flow stages, depending on discharge being lower or higher than the critical threshold Qcr.
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The recognition that bar topography can be continuously reworked by the 
counteracting effect of different flow stages suggests that the average bar 
response to the hydrological cycle, rather than being associated to a most 
effective discharge value, ultimately results from the cumulative effect of 
the entire range of discharge states. Specifically, it depends on the com-
petition between bar-forming and bar-suppressing events, whose overall 
effectiveness can be measured by the area of the histogram Ω0

Qf , which 
represents a probability. We then define the probability of bar formation 
in the following form: 

   
Ω0

0
0

( ) ,
Qcr

form cr QP P Q Q f dQ (8)

while its complement, 1 − Pform, represents the probability of bars to be 
suppressed. Therefore, an occurrence criterion for alternate bars that 
accounts for the hydrological regime can be obtained in the following 
simple form:

 0.5,formP (9)

which also corresponds to the condition that the mean growth rate is pos-
itive, namely:


 0 0

0
Ω Ω 0.Qf dQ (10)

The above criterion is obviously not strict, as different sources of uncertainties exist in the evaluation of 
lower and upper threshold discharges, Qi and Qcr. Furthermore, it refers to the average state, and therefore 
indicates a preference for a particular morphodynamic style. Specifically, the probability Pform provides a 
measure of “how likely alternate bars are expected to form in a river reach.”

4.2. Definition of the Bar-Forming Discharge and the Associated Bar Height

When the criterion expressed by Equation 9 is satisfied, and then alternate bars are likely to form, a further 
question arises: what is the expected average bar height in the long-term?

To address this question, we propose the idea that the long-term average state of bars should correspond to the 
condition in which, accounting for the entire range of flow stages, the probabilities of growth and decay are 
balanced. In this perspective, we need to quantify the speed of bar height evolution, for the different flow stages.

In this case, the information that comes from the linear growth rate Ω0 is no longer sufficient because the 
tendency of already-formed bars to grow or decay is significantly different from that displayed in the early 
stage of bar formation. This is clear when analyzing the behavior of bar height with time under steady flow 
conditions, resulting from the weakly nonlinear theory of Colombini et al. (1987) (see Figure 7). When the 
amplitude is relatively small, bars grow according to the linear growth rate Ω0. However, as the amplitude 
increases, the bar growth gradually slows down, until the amplitude attains an equilibrium state. Further-
more, if the amplitude exceeds the equilibrium value, bars tend to decay, even under bar-forming conditions 
(i.e., Q < Qcr).

In general, bar evolution can be quantified by means of the growth rate Ω (see Figure 7), whose absolute 
value specifies the rate of change of the bar amplitude, while its sign indicates whether bars tend to grow 
(Ω > 0) or decay (Ω < 0). Theoretical works suggest that the time evolution of the bar amplitude, for a given 
discharge value, follows a Landau-Stuart equation, in which the linear growth rate is multiplied by a correc-
tion term that depends on the square of the amplitude, namely:

 : ,  
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Figure 7. Evolutionary trajectories of bar amplitude, scaled by its 
equilibrium value Aeq, for a steady discharge Q < Qcr (i.e., under bar-
forming conditions), as predicted by the weakly nonlinear theory of 
Colombini et al. (1987). When A ≪ Aeq bar amplitude increases according 
to the linear growth rate Ω0 (dashed line), while the growth rate gradually 
decreases when the amplitude approaches its equilibrium value. If 
A > Aeq the growth rate is negative, and then bars tend to return to their 
equilibrium state. Time is scaled with the characteristic time of bar growth 
defined in Equation 6.
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where the coefficient k is a function of discharge that can be estimated by 
means of nonlinear analyses (Bertagni & Camporeale, 2018; Colombini 
et al., 1987).

The bar topography resulting from nonlinear theories can be represent-
ed as the superimposition of harmonic components in longitudinal and 
transverse directions (see Colombini et al., 1987), from which the differ-
ent metrics adopted to quantify bar height are readily derived, such as 
the elevation difference within a bar unit, HBM, or the maximum value of 
the elevation differences calculated along individual cross-sections, HB 
(see also Redolfi et al., 2020). The function A appearing in Equation 11 
represents the amplitude of the dominant, first order, component of bed 
topography.

When Ω0 > 0 (i.e., under bar-forming conditions) the coefficient k is pos-
itive, and can be determined by the equilibrium condition Ω = 0, which 
gives:

 2,eqk A (12)

so that Equation 11 can be expressed as:

 ( , ) .:Q A
A

dA

dt

A

Aeq
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The term in square brackets in Equation 13 simply depends on the ratio between the current bar state and 
the equilibrium condition, and is always smaller than 1, possibly becoming negative when A > Aeq.

Conversely, when Ω0 < 0 (i.e., under bar-suppressing conditions) the parameter k is negative. This implies 
that Ω  <  Ω0, which means that finite-amplitude bars tend to decay more rapidly than small-amplitude 
bedforms.

The resulting scenario of evolutionary trajectories of bars, for the different values of flow discharge 
characterizing the hydrological cycle, is depicted in Figure  8. As highlighted in Section  2, the equi-
librium amplitude Aeq vanishes at the critical threshold Qcr. Hence, bar amplitude decays above such 
threshold and, for Q < Qcr, when its actual value is larger than Aeq. However, the asymptotic limit set by 
Aeq is not valid along the entire range of discharge states above the critical threshold Qi. In fact, when 
the discharge is smaller than the so-called fully wet threshold Qfw (see Adami et al., 2016) the theoret-
ical estimate of the equilibrium amplitude is no longer meaningful, because the theory predicts bars 
whose top elevation, at equilibrium, would exceed the water surface level (which is not compatible with 
the fundamental model assumptions). To circumvent this limitation, we follow the approach suggested 
by Redolfi et al. (2020), assuming that within this range of discharges the bar growth is bounded by 
the fully wet value Afw, which corresponds to the theoretical estimate of the amplitude when bars are 
at the onset of emerging from the water surface. Therefore, when Q < Qfw, the growth rate follows the 
same trend described by Equation  13, but with Afw representing the asymptotic limit. The fully wet 
amplitude Afw increases with the water discharge as illustrated in Figure 8 and sets the left margin of 
the region of bar growth. Beyond this limit, as for values of Q < Qi, we assume a vanishing growth rate, 
which implies that low flow stages are unable to substantially rework already-formed bars whose crests 
emerge from the water surface.

In summary, depending on the actual values of bar amplitude and discharge, three distinct regions can be 
identified, as illustrated in Figure 8: (a) no evolution region, where the growth rate vanishes; (b) bar growth 
region, where Ω is positive; (c) bar decay region, where Ω is negative.
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Figure 8. Morphological trajectory of alternate bars (defined by the sign 
of the growth rate Ω) depending on discharge and bar amplitude. Different 
regions (shaded areas) are delimited by the equilibrium amplitude (solid 
line) and the fully wet limited amplitude (dashed line), depending on 
discharge being higher or lower than the fully wet threshold Qfw (see 
Redolfi et al., 2020). The point where the two lines intersect identifies the 
maximum bar amplitude Amax.
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The above findings set the conceptual framework to define the average state of bars within a given river 
reach. With reference to Figure 9a, let us assume a tentative value of the average bar amplitude, ˆ

asA , and 
compute the corresponding growth rate of bars for the different flow stages:

  : ( , ). Q A
as

 (14)

Moving from low to high flows at a fixed value of bar amplitude we cross the three regions highlighted in 
Figure 9a, which reflects on the resulting curve represented in Figure 9b. Specifically, if we denote by Q fw

  
and Qeq

  the discharge values corresponding to the intersections with the fully wet threshold, Afw, and the 
equilibrium amplitude, Aeq (see Figure 9a), the growth rate is positive when Q Q Qfw eq

   , otherwise it is 
either negative or vanishing.
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Figure 9. Illustration of the procedure for the evaluation of the average bar state: example of the upper reach of the 
Alpine Rhine River. (a) The regions of growth and decay, for a given value of the average bar amplitude ˆ

asA . (b) The 
corresponding values of the growth rate   for bars of amplitude ˆ

asA . (c) Frequency of the flow events, weighted with 
the growth rate  , which measures the effectiveness of the different flow states. Bars are assumed to be in long-term 
equilibrium when the probability of bar growth (i.e., red area) equals the probability of bar decay (i.e., green area).
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We then define, as before, the scaled probability:
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which represents the effectiveness of the different discharge states in producing bar growth or decay, de-
pending on the sign of Ω̂. The cumulative effectiveness of the events with positive Ω̂ (i.e., the red area of 
Figure 9c),
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ˆ

ˆ

Ω( ) ( ) ,ˆ ˆ ˆˆ
Qeq

growth as fw eq Q
Qfw

P A P Q Q Q f dQ (16)

defines the probability of bars with the given amplitude ˆ
asA  to grow, while its complement, (1 − Pgrowth), 

measures the tendency to decay.

If Pgrowth > 0.5, bars of amplitude ˆ
asA  are likely to experience a long-term growth, while the opposite tenden-

cy is expected when Pgrowth < 0.5. Therefore, we can assume that a long-term equilibrium is attained when:

 0.5.growthP (17)

This condition implicitly defines the value of the long-term average bar amplitude Aas. In practice, this value 
can be obtained by varying ˆ

asA  until the condition of Equation 17 is met, that is, when the red and the green 
areas of Figure 9a become equal.

Once the long-term average bar amplitude has been determined, we then compute the average-state bar 
topography and the associated bar height, through the weakly nonlinear solution of Colombini et al. (1987), 
and we define a bar-forming discharge, Qform, as the value of discharge Qeq

  associated with the resulting 
average bar amplitude. Therefore, Qform is the discharge that if maintained indefinitely would produce the 
same long-term bar topography as the river hydrograph.

5. Results
We now apply the methodology developed in Section 4 to the four study cases described in Section 3: A 
summary of model results is reported in Table 2. The procedure is based on two steps:

1.  We first provide a criterion for evaluating whether bars are likely to form, which is based on the idea that 
this depends on how long the river stays in bar-forming conditions with respect to bar-suppressing con-
ditions. The key novelty is that the duration of different flow stages is measured in the time of the bars, 
rather than in absolute time. This is accomplished by multiplying the flow probability density function 
by the linear bar growth rate, and comparing the weight of the resulting distributions that falls above or 
below the critical threshold for bar formation, Qcr.

2.  We then provide a criterion for estimating the long-term bar topography, which is based on the idea that 
the average state of bars corresponds to conditions for which the probabilities of bar growth and decay 
are equal. The key ingredient is that the effectiveness of the different discharge states not only depends 
on the discharge value, but also on bar amplitude, as suggested by nonlinear bar theories. Specifically, 
the higher is the bar, the wider is the range of discharge states for which bar amplitude tends to decay.

5.1. The Case of the Alpine Rhine River

In the case of the upstream reach of the Alpine Rhine River, the value of probability resulting from Equa-
tion 8 is very high (Pform = 0.99, see Table 2), which indicates that alternate bars are very likely to form. 
Conversely, in the downstream reach the probability is around 50% (Pform = 0.58), which reveals that the 
total work of bar-forming and bar-suppressing events (red and green area of Figure 6b) almost balances. 
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Therefore, the average state is close to the limiting conditions for bar formation, in which bars that might 
possibly form would attain an almost vanishing amplitude.

We then compute the average-state bar topography and the associated bar height. Being based on extreme 
elevation values, the above-mentioned metrics HBM and HB are difficult to derive from field data, as different 
sources of measurement uncertainty exist and available cross-sectional data do not necessarily comprise 
the points of maximum and minimum elevation. Therefore, for comparison with field data we compute the 
mean value of the cross-sectional elevation differences in a bar wavelength, BH . Results illustrated in Table 2 
reveal that the estimated long-term bar height BH  in the upstream reach of the Alpine Rhine River is about 
2.5 m for both the tested sediment transport relations, while a much smaller value (  0.5 mBH ) is obtained 
for the downstream reach. This is in overall agreement with field measurements based on cross-sectional 
elevation data. Specifically, data for the upstream reach reported in Adami et al. (2016) (see their Figure 9) 
display cross-sectional elevation differences in the range from 2.5 to 4.0 m, while for the downstream reach 
we observe low-relief, submerged bars with an average height of about 0.4 m. This comparison highlights 
the potential of our methodology to evaluate the long-term bar topography, though the theory slightly un-
derestimates the observed bar height in the upstream reach. However, this difference can be easily corrected 
by tuning the empirical coefficient r that measures the effect of the lateral bed slope on bed-load transport. It 
is worth noticing that the proposed procedure provides a sound interpretation of the different bed response 
exhibited by two consecutive reaches of the Alpine Rhine River, upstream and downstream the confluence 
of the Ill River.

As reported in Table 2, the resulting values of the bar-forming discharge, Qform, for the upstream reach of 
the Rhine River range from 720 to 780 m3 s−1, depending on the transport formula used, and the associated 
return period is only slightly longer than one year. For the downstream reach, the discharge value is very 
close to the critical threshold, which confirms the river's weak propensity to form alternate bars. We note 
that the value of the bar-forming discharge is larger than that of effective discharge Qeff in the upstream 
reach, while the opposite occurs in the downstream reach.
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Alpine Rhine

Isère AdigeUpstream Downstream

P78 MPM P78 MPM P78 MPM P78 P78

Qeff (m3 s−1) 405 435 465 465 330 350 1387 1388

 Tr (Qeff) (y) 1 1 1 1 1.19 1.26 16.37 16.43

Qi (m3 s−1) 142 304 116 246 130 278 494 1048

Qcr (m3 s−1) 1493 1278 467 456 1326 1136 938 1248

 Tr (Qcr) (y) 5.05 3.06 1 1 >200 >200 3.45 9.93

Qfw (m3 s−1) 585 615 255 345 530 550 788 1213

 Tr (Qfw) (y) 1.06 1.08 1 1 2.87 3.23 2.19 8.77

Pform (%) 99.9 99.8 57.9 56.8 100.0 100.0 11.4 16.7

Ω0, max (d−1) 0.284 0.461 0.070 0.196 0.578 0.952 0.005 0.050

BH  (m) 2.4 2.5 0.49 0.53 2.6 2.7 0 0

Qform (m3 s−1) 778 717 442 421 602 602 - -

 Tr (Qform) (y) 1.25 1.17 1 1 4.45 4.45 - -

Note. Qeff is the effective discharge value resulting from the method of Wolman and Miller (1960), Qi and Qcr are the 
critical values for incipient sediment motion and for bar formation, respectively, Qfw is the fully wet threshold, Pform is 
the probability of bar-forming events, Ω0, max is the maximum bar growth rate, BH  is the average bar height, Qform is the 
corresponding bar-forming discharge, and Tr indicates the return period of the reported discharge values. When Pform 
is smaller than 50%, as in the case of the Adige River, bars are not expected to form.

Table 2 
Summary of Model Results for the Four Study Cases, as Obtained With the Transport Formulas of Parker (1978) (P78) 
and Meyer-Peter and Muller (1948) (MPM)
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Results reported in Table 2 show that the proposed criterion for bar occurrence, which is based on Pform, 
and the predicted values of the average bar height and bar-forming discharge are almost independent of 
the adopted sediment transport formula. They also suggest that the different behavior displayed by the 
downstream reach is mainly a consequence of the reduction of the critical bar threshold, and of the cor-
responding return period, due to its smaller channel width. Therefore, while bar-suppressing stages are 
extremely rare in the upstream reach, they become much more frequent in the downstream reach, which 
results in a barely visible bar pattern. Furthermore, the maximum positive value of the growth rate Ω0, max 
(see Table 2) is larger for the upstream reach. We note that Ω0, max provides an estimate of the timescale 
required for bar evolution, which is of the order of a few days for the upstream reach of the Rhine River. 
Such estimate, when combined with the resulting value of the return period of the bar forming discharge 
Qform, suggests that bar topography in the upper Rhine may undergo significant changes during yearly 
recurring flood events.

5.2. The Cases of the Adige and the Isère River

The study reach of the Adige River is characterized by an almost flat bed morphology and therefore repre-
sents a sort of limit case of the downstream Rhine River reach. Bar-suppressing events dominate over the 
bar-forming counterparts, as illustrated in Figure 10b. Therefore, the resulting probability Pform is well be-
low 0.5, as reported in Table 2, which implies that the formation of bars is very unlikely. We note that the 
presence of an armored bed surface, with a relatively large sediment size, produces a twofold effect: (a) the 
threshold for sediment motion Qi is quite large and gets closer to the critical value Qcr, which makes the 
flow events able to mobilize the riverbed relatively rare, while narrowing the range of bar-forming events; 
(b) the maximum positive value of the growth rate Ω0, max (see Table 2) is quite small, say one-two orders of 
magnitude smaller than for the Rhine River, meaning that the process of bar formation is very slow. This 
implies that bar-forming events in the Adige River are not only less effective than bar-suppressing events, 
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Figure 10. The scaled probability function for the Adige River (a, b) and for the Isère River (c, d), obtained by 
multiplying the flow probability density function fQ (histograms on the left panels) by the absolute value of linear bar 
growth rate |Ω0| (solid line). The resulting histograms on the right panels represents the effectiveness of different flow 
states to form (red area) and to suppress (green area) alternate bars.
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but they are also characterized by a very low effectiveness in absolute 
terms. A flood event lasting tens/hundreds of days within the formative 
range (Qi < Q < Qcr) would be required to allow a significant bar growth.

The case of the Isère River represents an opposite situation with re-
spect to the Adige River, as the study reach displays a stable sequence 
of high-relief vegetated bars, whose average height BH  is about 3.5 m. 
The river width is such that the threshold value Qcr is very high, the 
return period being above 200  years, and therefore bar-suppressing 
events are extremely unlikely. The scaled probability function reported 
in Figure 10d closely resembles that of the upper Rhine River. Howev-
er, the return period of both the resulting bar-forming discharge Qform, 
which is about 600 m3 s−1, and of the fully wet threshold Qfw is much 
longer. This implies that flood events able to substantially rework the 
bar topography are relatively rare in the Isère River, which provides a 
favorable condition for vegetation development. The above findings are 
confirmed by the results of the numerical investigations of Jourdain 
et al. (2020), who analyzed the influence of large events on bar dynam-
ics in the Isère River, accounting for the role of riparian vegetation, and 
found that the actual equilibrium morphology of bars and vegetation 
cover can be associated with large floods, with a peak value on the or-
der of 800 m3 s−1. We also note that the predicted average bar height BH  
resulting from our procedure, about 2.7 m, is in reasonable agreement 
with field measurements.

6. Discussion
6.1. Effective and Bar-Forming Discharge

The novel concept of bar-forming discharge proposed in this work significantly differs from the classical 
definition of effective discharge also in terms of its dependence on river characteristics. To highlight this 
difference, we analyze the effect of changing the channel width on the computed values of Qform and Qeff.

We take a two-parameter distribution to describe the probability density function of flow events, such that it 
can be specified by fixing the mean discharge Q and the coefficient of variation cv. Specifically, we consider 
a log-normal distribution (Bowers et al., 2012; Castellarin et al., 2004), which has been proven to effectively 
reproduce the flow frequency distribution in the Rhine River (see Bertagni et al., 2018). We then imagine 
an ideal experiment where the channel width is varied, while maintaining constant values of the mean 
unitary discharge,  /q Q W , slope, grain size and coefficient of variation, and compute the effective and 
bar-forming discharges, as well as the key threshold values Qi and Qcr.

The resulting values, set in terms of unitary (i.e., per unit width) discharges and made dimensionless 
according to Parker et al. (2007), are illustrated in Figure 11. It appears that the bar-forming unitary dis-
charge exhibits an explicit dependence on channel width, while the effective discharge remains constant. 
Such different behavior is a consequence of the variations with the channel width of the key threshold 
values: the unitary discharge value corresponding to the incipient sediment motion keeps constant, while 
the critical discharge for bar formation increases as the channel gets wider. We note that an analogous 
behavior is obtained when changing the channel slope.

This analysis highlights the sensitivity of the bar-forming discharge to river parameters, and marks a clear 
difference with respect to the effective discharge, whose dependence on river characteristics merely results 
from changes of the Shields parameter.
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Figure 11. Variation of unitary (i.e., per unit width) dimensionless 
values of: (i) effective (dashed line), (ii) bar-forming (solid line), (iii) 
critical (dash-dot line), and (iv) incipient-motion (dotted line) discharges 
with the dimensionless channel width, considering an ideal experiment 
where the mean unitary discharge is kept constant. The diverging trend 
of the associated curves highlights the remarkably different response of 
the bar-forming discharge and the effective discharge to variations of 
river parameters. All quantities are made dimensionless as suggested by 
Parker et al. (2007). Example with channel slope S = 0.30%, coefficient 
of variation cv = 0.7 and mean dimensionless discharge per unit width 

 * 3
50/ ( ) 80q Q W gd .
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6.2. A Criterion for Bar Formation Under Unsteady Flow Conditions

The criterion for bar formation defined by Equation 9 can be generalized by plotting marginal curves that 
identify the regions of bar occurrence in the space of the key controlling parameters. In particular, for 
given values of flow and river parameters it is possible to identify a threshold channel width, Wcr, which 
discriminates channels where alternate bars are likely to develop from cases where no bars are expected. 
This enables for building bar existence diagrams, such as that illustrated in Figure 12, where values of pa-
rameters typical of gravel bed rivers have been considered.

The critical width increases with the mean discharge, for given values of slope and grain size. This is be-
cause at higher flow values the mean duration of bar-suppressing events expands, so that wider channels 
are needed to allow for bar formation. The role of channel slope and grain size variations is more subtle, as 
it depends on the associated changes of the threshold discharge values, Qi and Qcr, that define, for given Q, 
the lower and upper limits of the range of bar-forming stages.

On one hand, increasing the channel slope lowers the threshold for incipient sediment motion Qi, and 
therefore the region of bar occurrence widens, the more so because the critical threshold Qcr generally 
increases with the channel slope. As a result, the critical width Wcr gets smaller. However, at relatively low 
values of the Shields parameter θ the critical discharge displays an opposite, decreasing trend with the chan-
nel slope, which reflects the sharp increase with θ of the critical width-to-depth ratio βcr predicted by bar 
theories (see Figure 6 of Colombini et al., 1987). This implies that the effect of slope on Wcr becomes weaker 
(and possibly reverses). We note that, in terms of the parameters employed in Figure 12, the Shields param-
eter gets smaller when both the mean discharge and the channel slope are relatively low and the sediment is 
coarser (dashed lines of Figure 12). On the other hand, increasing the grain size leads to contrasting effects 
on bar formation because Qi gets larger and also Qcr generally increases (see again Figure 6 of Colombini 
et al., 1987). The net effect of the competition between these two factors leads to an overall increase of the 
critical width as the sediment gets coarser, except for relatively low values of mean discharge and channel 
slope. Moreover, the effect of grain size reduces when raising the channel slope, becoming practically irrel-
evant for S > 0.5%.
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Figure 12. Critical channel width as a function of the mean discharge, for different values of channel slope (S) and 
median grain size (d50), with dashed lines indicating the coarser bed material. Alternate bars are expected to form when 
the channel width exceeds the critical threshold Wcr. Example with fixed coefficient of variation cv = 0.7.
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6.3. Limitations and Future Perspectives

The procedure outlined in Section 4 to define the long-term bar height, and the corresponding formative 
discharge, is based on the assumption that the bar state can be represented by the average amplitude Aas, so 
that the long term bar evolution merely depends on the expected frequency of the different discharge states. 
Specifically, Equation 14 accounts for the effect of discharge changes on the growth rate, while it neglects 
the role of bar amplitude variations with respect to the average state, which may occur during individual 
flow events. These fluctuations can produce a net effect on the average growth rate, and therefore on the 
average bar height. However, as demonstrated by Carlin et al. (2020), their role is usually negligible when 
bar adaptation to changing discharge is comparatively slow (see Tubino, 1991), to such an extent that indi-
vidual flow events are not capable to produce strong modifications of bar height. Conversely, the depend-
ence of bar growth on the instantaneous bar amplitude becomes relevant when the characteristic duration 
of flood events is long enough to heavily rework bar topography. In this case, one should resort to different 
metrics to fully characterize, in a statistical sense, the flow regime, because the definition of the average 
state of bars would require to take into account the duration and sequencing of the individual flow events, 
an information that is not contained in the flow probability density function.

In our analysis we have assumed that the alternate mode, m = 1, is the dominant transverse mode of bar 
topography, as it is often the case of channelized river reaches. However, higher order modes (e.g., central 
bars) can also develop in relatively wide channels, specifically at low flow stages (i.e., at large width-to depth 
ratio values), provided their respective critical discharge exceeds the threshold for incipient sediment motion. 
The proposed methodology can be readily extended to determine the conditions for the possible formation of 
higher modes. For example, to assess whether central (i.e., m = 2) bars may form, we can compute their linear 
growth rate Ω0 (m = 2) and repeat the same procedure outlined in Section 4 to obtain the associated probability 
Pform (m = 2). We note, however, that in this case the condition expressed by Equation 9 is no longer sufficient 
because both the alternate and central bar modes are simultaneously unstable, and therefore an additional 
criterion is required to determine the dominant mode resulting from their competition. Ultimately, a fully 
nonlinear, numerical solution would be required to determine the outcome of such competition. However, a 
common, albeit approximate criterion is based on selecting the mode that displays the higher linear growth 
rate for a given discharge (e.g., Fredsoe, 1978; Seminara & Tubino, 1989). A straightforward way to extend 
this criterion to the entire river hydrograph is to compute the mean growth rate, defined as in Equation 10, 
and to compare the resulting values for the two modes. Two out of the four study cases analyzed in Section 5 
return a value of Pform (m = 2) higher than 0.5, namely (and not surprisingly) the upstream reach of the Alpine 
Rhine River and the Isère River, suggesting that central bars might potentially form, especially at low flow 
stages. However, in both cases we obtain   0 0Ω ( 1) Ω ( 2)m m , which implies that the alternate bar mode 
dominates. A detailed validation of this procedure is beyond the scope of the present work, as it would require 
the analysis of more comprehensive data set, along with a comparison with alternative criteria based on the 
amplification of non-migrating bars (e.g., Crosato & Mosselman, 2009).

Finally, it is worth highlighting that in this study we focus on gravel bed rivers, or at least on cases where 
most of the sediment is transported as bedload. However, our methodology can be naturally extended to 
rivers dominated by suspended sediment transport, provided that growth rate and equilibrium amplitude 
are suitably computed (e.g., by means of the weakly nonlinear theory of Bertagni & Camporeale, 2018). In 
this case, even more attention is probably needed to investigate the competition among different unstable 
modes (Tubino et al., 1999) and the possible interaction between bars and migrating dunes (Colombini & 
Stocchino, 2012).

7. Conclusions
In this work, we have investigated the response of bar topography to the hydrological regime in channelized 
river reaches, coupling the information derived from the statistical distribution of flow events with the the-
oretical predictions obtained from the weakly nonlinear model of Colombini et al. (1987). The recognition 
that the long-term bar topography results from the combined effect of bar-forming ordinary floods and of 
bar-suppressing large events ultimately represents the key novelty of this work. On the basis of the results 
of our study and the analysis of four gravel bed river reaches, we can draw the following conclusions:
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1.  We propose a novel criterion for determining whether free alternate bars are expected to form in a river 
reach, which depends on channel characteristics and on the probability distribution of flow events. The 
criterion is not merely based on the time spent by the river in bar-forming and bar-suppressing condi-
tions, but also considers the effectiveness of the different discharge states, as measured by the linear bar 
growth rate.

2.  The above criterion entails the definition of a threshold channel width Wcr that sets the transition be-
tween two different morphological styles. Modeling the response of bar topography by means of a theo-
retical model allows for analyzing the dependence of the threshold width on the key physical parameters.

3.  When the river width is larger than Wcr, we propose a procedure for estimating the average bar height, 
which results from a long-term balance between the enhancing effect of moderate flow events and the 
opposite effect of more intense flood events.

4.  The long-term average bar state allows us to define a bar-forming discharge as the value that, if applied 
steadily, would give the same bar amplitude as the hydrological regime. Differently from the effective 
discharge (Wolman & Miller, 1960), the bar-forming discharge is highly sensitive to variations of river 
characteristics, primarily the channel width.

The proposed method provides a sound interpretation of the markedly distinct bed configuration displayed 
by different gravel bed river reaches, along with a reasonable estimate of the long-term bar height resulting 
from a complex sequence of flow events. Therefore, the procedure could be suited to various applications, 
such as the analysis of long-term morphological trajectories following different scenarios of hydrological 
alterations (e.g., climate change, hydropower exploitation) and river engineering interventions (e.g., channel 
widening).

Data Availability Statement
The MATLAB code for computing probability of bar formation, average bar height and bar-forming dis-
charge depending on channel geometry, grain size and flow probability distribution, as well as data of the 
four study reaches, are made available at https://doi.org/10.5281/zenodo.4277627.
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