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Abstract

The scope of this paper is to prove a Poincaré type inequality for a family
of non linear vector fields, whose coefficients are only Lipschitz continuous
with respect to the distance induced by the vector fields themselves.
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1. Introduction and statement of the result

The Poincaré inequality is one of the main tools in the proof of regularity
of solutions of PDEs in divergence form. Indeed, as proved by Saloff-Coste
in [1] and Grigor'yan in [2] (see also [3]), it is equivalent to the Harnack
inequality and to Holder continuity for solutions. Thus, to prove regularity
of solutions, it suffices to establish a suitable Poincaré inequality.
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The Poincaré inequality for smooth Hormander vector fields is well known
and was proved by Jerison [4]. We recall that a Hérmander family of vector
fields in R™, is defined by m < n smooth vector fields, say V = (V1,..., V),
such that the generated Lie algebra has maximum rank at every point.
Denote by B,(z) C R™ the metric ball of center = and radius r > 0 associated
to the CC-distance defined in terms of the family V. The Poincaré inequality
proved in [4] is:

/B W) @)l 4L < Or /B L [VUwI L) e 0¥ (B )

where, as usual, ¥,(y) := 1/L"(B:(y)) [5,, ¥ and C > 0. The previous
inequality can be also stated using balls defined with respect to different
(but equivalent) distances. We mention here the ball box distance (see [5])
and the frozen distance defined by Rothschild and Stein in [6].

The Poincaré inequality for non smooth vector fields was first considered
in [7]. The later works on related questions include the papers by Biroli and
Mosco [8], Capogna, Danielli and Garofalo [9, 10], Chernikov and Vodopy-
anov [11], Danielli, Garofalo, Nhieu [12], Franchi, Gallot and Wheeden [13],
Franchi, Lu and Wheeden [14] and Lu [15, 16]. More recently, in [17], the
authors proved a general Poincaré inequality which was applied in [18], [19],
[20] to families of Lipschitz vector fields with different regularity conditions,
and different assumptions on the rank of the generated Lie algebra.

In [21], the authors studied the relationship between the validity of the
Poincaré inequality and the existence of representation formulas for functions
as (fractional) integral transforms of first-order vector fields. They showed
that the Poincaré inequality leads to (and in fact it is often equivalent to)
a suitable representation formula. This approach was later developed in [9],
in which another proof has been given of the representation formula relying
on the Poincaré inequality proved by Jerison. Finally, in [22], a general
representation formula is proved in terms of the fundamental solution of a
Hormander type sublaplacian.

Unfortunately, all these results are expressed in terms of vector fields
with Lipschitz continuous coefficients with respect to the Euclidean distance.
On the other hand, in order to study partial differential equations with non
linear vector fields, this assumption is no longer natural. A typical differential



equation of this type can be of the form

> Viai(9) Vi) = f (1.1)

i,j=1

where (a;;) is a smooth, symmetric, uniformly positive definite matrix, f is
a fixed function and the coefficients of the vector fields V¢ depend on the
solution ¢. Equations of this type naturally arise while studying curvature
equations [23], Monge-Ampére equation [24, 25, 26], mathematical finance
27, 28, 29] or intrinsic minimal graphs in the Heisenberg group (see for in-
stance [30, 31, 32, 33, 34, 35]).

A particular, but very interesting instance of (1.1), is the so-called min-
imal surface equation for intrinsic graphs in the Heisenberg group ( see also
(36, 35, 37] for the case of T-graphs). In the n—dimensional Heisenberg group
H", such graphs are described as follows (see [38, 39]):

M ={(p(x1,...,22), T2, ..., Top, Ton+20,P(T1, . .., T2y)), (T1, ..., T2,) € W}

where w C R%;l _y 1s an open set and ¢ : w — R is a continuous function
satisfying suitable regularity properties. Intrinsic graphs have been exten-
sively studied in connection with the notion of rectifiable sets in H™ ( see
for instance [40, 41, 42, 43]), the regularity problem for minimal surfaces
(see for instance [31, 32, 44, 45, 46, 35]) and the Bernstein problem in H"
([30, 33, 47, 48, 49]). In particular, in [38] it is proved that the so-called
horizontal perimeter of M can be expressed by

Pa(M) = / VI IVeePRac
where V¢ = (V?,..., ngn_l) is the family of non linear vector fields defined
by:
V¢ =04, — TisnOsyy, Vo =0, + 2000, Vi = O + 3300y, (1.2)

where i = 1,...,n — 1. Moreover, as pointed out in [38, 33|, one can show
that the condition that the intrinsic surface M be H—minimal is expressed
by the non linear equation of type (1.1):
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Notice that the regularity of the solution ¢ of (1.1) can be obtained only in
the Holder spaces defined in terms of the distance naturally associated to
the family V?. As a consequence, the coefficients of the equation, (which
depend on the solution itself), are not expected to be Lipschitz with respect
to the Euclidean distance. Moreover, this lack of regularity of the coefficients
implies that the equivalence of the different definitions of distances cannot
be deduced using [5]. To overcome this problem, a distance modeled on the
frozen distance of Rothschild and Stein was defined in [23] while studying the
Levi equation. In [38, 39], an analogous frozen distance d, has been proposed
for the vector fields in (1.2), as the symmetrized distance associated to the
frozen vector fields

VO =Vl fori=1,...,2n—1,i #£n, V) =0, +26(x0)0y,, . (1.3)

where xy € w is fixed. The main advantage of working with this family of
vector fields relies on the fact that they have C'* coefficients and they can
be considered as a zero order approximation of the family V?. We point out
that the equivalence between the frozen distance dg and the ball box distance
defined in [5] was proved in [39]. Moreover, the equivalence between d, and
the CC-distance generated by V¢ can be found in [50].

Motivated by the discussion above, in this paper we prove a Poincaré type
inequality for the model vector fields in (1.2), under the assumption that the
coefficients are Lipschitz continuous with respect to d; and for functions
which belong to an intrinsic Sobolev space:

Definition 1.1. Let ¢ : w C R*® — R be an intrinsic Lipschitz continuous
function, in the sense of definition 2.1 below. We say that a function 1 :
w C R?™ — R belongs to the space Wy(w) if there exist sequences {1 ke
and { ¢k tren in C(w) such that

(i) Yp — ¥ in Lj (w) as k — +oo;
(i1) ¢ — ¢ uniformly in w as k — +00;

(iii) |V (z)| < M Vo € w and k and for some positive constant M ;
(iv) V%, —* V) as k — +oo.

Then, our main result is the following:



Theorem 1.2. Let w be a bounded and open subset of R*™ with n > 2,
and let p > 1. Let ¢ : w — R be an intrinsic Lipschitz function and 1 €
Wy(w). Then there exist positive constants Cy,Cy with Cy > 1 (depending
continuously on the Lipschitz constant Ly of ¢) such that

[ 1w - duenl e <t [ el ac )
Ug(Z,r) Ug(2,Ca)
(1.4)

for every Uy(z,Cy 1) C w, where

Up(z,r) :={y € w:dy(z,y) < r}. (1.5)

Here vy, (z) denotes the mean of ¢ on the ball Uy(Z,1) with respect to the
Lebesgue measure, i.e.

— 1 2n
YU @r) = ZIACRD) /U(b(m)w(y) dL"(y) . (1.6)

Corollary 1.3. If ¢ : w — R is an intrinsic Lipschitz function, then there
exist positive constants Cy,Cy with Cy > 1 (depending continuously on the
Lipschitz constant Ly of ¢) such that

/ 16(5) — buen] AL (y) < Crr / V96(y) dL(y). (17)
Ug(z,r)

U¢(53,CQ 7‘)
for every Uy(z,Cyr) C w.

We briefly describe our approach. Since the coefficients of the vector fields
V¢ are only Lipschitz continuous (with respect to dy), we cannot consider
the Lie algebra generated by the vector fields. Nevertheless, the explicit
expression of the vector fields V(f, ce anfl ensures that

VO Ve, =20, Yi=1,...,n—1,

so that the vector fields and their commutators span the whole space at every
point, which can be interpreted as a Hormander condition for non regular
vector fields. This approach can be considered a version of the Rothschild
and Stein method for non smooth vector fields, and has been used in [23] in
a different setting. In particular, every ¢ € C*°(w) can be represented by
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means of a suitable representation formula (proved in [22]) in terms of the
vector fields Vf(xo), the fundamental solution I';, of the Laplacian operator

2n—1

£¢($0) = Z (vf(wo))Q

i=1

and the super level sets Qg(z,) (20, 7) of I'y,, which are equivalent to the balls
Up(z0,7).

In order to prove Theorem 1.2, in section 3 we will first modify the afore-
mentioned representation formula to obtain another representation formula
in terms of the family V?. Subsequently, using an approximation result for
intrinsic Lipschitz functions contained in [45], (see also [50] for a refinement)
we prove that the representation formula proved in Section 3 still holds for
intrinsic Lipschitz functions. Finally, in Section 4 we will provide the proof
of Theorem 1.2.

2. Preliminaries

2.1. The intrinsic distance.

Fix n > 2. Let w C R?" be an open and bounded set and ¢ : w — R
be a continuous function. The Lie algebra generated by the family V¢ :=
(V9,...,V% ) defined in (1.2) has maximum rank at every point, hence
it is possible to define on w the exponential ball box distance and the CC-
distance, see [5]. These distances are not explicitly computable, therefore,
it is convenient to introduce an equivalent, explicitly computable, quasi-
distance on w. To do this, we use the freezing method developed in [6] and
successively refined in [39] ( see also [38]). Precisely, let us fix zp € w and
consider the family of smooth vector fields V¢@0) defined in (1.3) and the
new family of frozen vector fields

Ve = (vl g, ). (2.8)

Let us now introduce the Lie algebra G generated by the family of vec-
tor fields V#(*0). Notice that, since the only non-vanishing commutator is
(o) g2 — owgt™) for each i = 1,...,n — 1, G is isomorphic to
H"! x R, as Carnot groups, where H*! = R?"~! denotes the (n — 1)-
dimensional Heisenberg group. Any element € G can be identified by its



coordinates with respect to the basis V?(®)  that is # = (T1,...,Ton), if
7= Z?’;l ji@f(m). We can also induce a norm on G by defining
- - - . ~ 1
(&1, ..., Ton)|| := max{|(Z1, ..., Ton_1)|ren-1, |Ton|2} (2.9)

for each G. The exponential map associated to the family of vector fields
V#@0) is well defined. Precisely, for each z € R?" :

2n
Expsoye i G — RY,  ExP(uy)(§) = exp(Z gin(m)) (x).
i=1

In coordinates we get

Expg(a)«(y) = (961 + U1, Tan—1 + Yon—1, Tan + Yon + 20n0(20) — o (7, 37))
(2.10)

where

—_

n—

o(z,y) = D (YitnTi — Tisn¥i)- (2.11)

=1

The inverse mapping of Expys,). will be denoted by Logs(zg) . : R*" — G,

and the ball-box exponential distance associated to the vector fields V(o)
is defined for every z,y € R?"

d¢(wo)(x7y) = HLOg(b(xo)w(y)H'

In particular, a simple computation gives:

L0g¢(:r0),x<y) - (yl — X1y .- Yon—1 — T2n—1,Yon — Ton — 2¢(x0)(yn - xn) - O'(l’, y))

(2.12)
and therefore using (2.9) we get:
ooy (@) = max { | = Glaans, 00,00 (2,9) }. (2.13)
where for every = (21, . .., To,) € R?*" we have denoted 7 := (z1,..., %9, 1) €

R?~1 and

12 2 €w, z, y e R™

(2.14)

Og,00(2,Y) = |Yon — Toan — 20(20) (Yn — Tn) — 0(2, )|



Moreover we will simply denote

os(x,y) = os.(x,y) T,y € w. (2.15)

Finally, we define the following symmetric function:

1
dy(z,y) = §<d¢(x)(:v,y) + dgy (v, x)) Va,y € w. (2.16)

Definition 2.1. We say that ¢ : w C R** — R is an intrinsic Lipschitz
continuous function in w and we write ¢ € Lip(w), if there is a constant
L > 0 such that:

|p(x) — d(y)| < Ldy(x,y) Vr,y € w. (2.17)

The Lipschitz constant of ¢ in w is the infimum of the numbers L such that
(2.17) holds and we write Ly, (or simply L) to denote it. We also say
that ¢ is a locally intrinsic Lipschitz function, and we write ¢ € Lipjoe(w) if
¢ € Lip(W') for every w' € w.

Remark 2.2. [t immediately follows from the explicit expression of d, (see
also [23]) that, if ¢ € Lip(w) then dy is a quasi-distance on w. Precisely,

dg(w,y) = 0=z =y;
d¢<£L‘,y> = d¢(y,$);

and for each x,y,z € w:
do(z.y) < (2.18)

< dg(2, 2) +dy(y, 2) + () = ()]0 — 2l V2 +|S(y) — ()2 [y — 2a] 7

so that
dg(z,y) < (1+ Lg)*(dg(z, 2) + dy(y, 2)) .

Remark 2.3. [t is easy to see that, if ¢ € Lip(w), then
U¢(y7$) < U¢<$7y) + |¢([L’) - ¢(y)|1/2|xn - yn|1/2 Vl‘)?/ cw
whence, by (2.16),

do(r,y) < & = Gleenr + 06w, y) + [9(x) — S *|20 — yal* Va,y € w.
(2.19)



Remark 2.4. Moreover, by a simple calculation, we obtain that there exist
Cy > 1 depending only on Ly such that for each x,y € w

1

Cl d¢(y)(y,ZE) S d¢(l’,y) S Cldqﬁ(y)(y)x)a (220>
1
ad¢($)(x>y) < d¢(3:,y) < Cld‘b(ﬂﬂ)(% y). (2.21)
Besides, there exists a positive constant Cy = Co(Lg) such that for each
r,y,z cw
Qo) (2 9) < Ca(dyiay (2, 2) + dyioy(2.9) ) (2.22)

2.2.  Lipschitz continuous functions with respect to non linear vector fields.

A detailed analysis of Lip(w) can be found in [50, 40], here we recall only
those properties that we will use in the proof of Theorem 1.2.

Notice that Lip(w) is not a vector space (see [35, Remark 4.2]). Never-
theless, the intrinsic Lipschitz functions amount to a thick class of functions.
Indeed, it holds that

Lipg(w) C Lipe(w) € CY2(w), (2.23)

loc

where, Lipg(w) and C’llof(w) denote the classes of real-valued Euclidean Lip-
schitz and locally 1/2-Euclidean-Hélder continuous functions on w respec-
tively, see [40, Propositions 4.8 and 4.11].

Theorem 2.5. ([40]) If ¢ € Lip(w) then ¢ is V?-differentiable for L*"-a.e
T € w, in the sense defined in [38]. Besides, for L*-a.e x € w there is a
unique vector VO¢(x) € R*1 called V®—gradient of ¢ such that

$y) = ¢(x) + (VO6(x), 7(y)) +o(ds(w,y)) asy —x

where (-,-) denotes the Euclidean scalar product in R*1 and 7 : R*" —
RQn_l, 7}(.2131, ey Top—1, Z’Qn) = (331, ce ,ZEQn_l) , Vo € R*1.

In [50] the following estimates for L, are proved. Precisely, for each
Z € w and each r > 0 sufficiently small there is C| > 0 depending only on
[V?¢|| Lo () such that

Lyv,zr < C1{IV29| oo ),

9



and there is Cy = Cy(n) > 0 such that
IVl o) < CaLy(Ly + 1)

where Uy(x,7) is defined in (1.5).
Moreover, the following approximation result for intrinsic Lipschitz func-
tions it has been recently proved in [45]:

Theorem 2.6. Let w C R*" be a bounded open set and let ¢ € Lip(w). Then
there exists a sequence {¢r} with ¢ € C®(w) such that

(i) or — & uniformly in w as k — oo,
(i) 19% (2] < V6l Vo € .

We also quote the paper [50] where we proved that every ¢ € Lip(w) can
be approximated by a sequence {¢y }ren of smooth functions satisfying (i),
(ii) and also

V%) = VPh(z) L™ —ae. in w.

2.3.  Sub-Laplacian and fundamental solution

In order to study the dependence of the vector fields V@) (defined in
(2.8)) on the variable xy we recognize that the map

Log¢(wo),ro : R2n — g

changes the families V¢(*0) and V#(@) into the family V and \Y, respectively,
where:

V=V v =V forie {1, 20— 1}, € {1,....2n}, 0, # 1,
(2.24)

V= 0p, Via=0,,.
Precisely, for each v € C*°(R?"), if we define
G(F) = P(Logy ) 4o (E)), (2.25)

then R o
Vf(m)w@) = Vi(Logy(ao)zo(T)), Vi€ {l,...,2n}.

We can define a metric d on G associated to the vector fields V, independent

10



of z9. Namely, given x € R?" let
2n 2n
Expg ,: G — R, Expvx(g]) = exp(zgivi) (m) if § = Z@ivi )
=1 i=1

We can also identify G with RQ",A by identifying an element of G with its
coordinates with respect to basis V. In such a way, we can define

d(2.9) = || Expg’, )] (2.26)

where | - || denotes the norm in (2.9). In particular it holds that

d(0,z) = ||z, Vieg=R™,

d¢(xo)(x7 y) = d(‘Log(]ﬁ(xo),xo (ZE), Log¢(m0),wo (y)) VCL’, Y, Ty € W. (227>

Moreover it follows that d turns out to be a homogeneous norm on G =
H*! x R.

Let us call sub-Laplacian the second order differential operator defined
as

2n—1

Loy = Y (V)2 (2.28)

=1

It is well known that Ly, admits a fundamental solution which we will
denote by I'y(z,) (see for [51] for the details). This operator is changed by
the map Logy(a)z, into the sub-Laplacian operator

2n—1

L:=) (Vi)

i=1

That is, for each 1 € C°°(R?")

(Lowoy) (@) = (L) (LoGo(eo)ao () ¥ 2 € R,

where 1) is defined in (2.25).

Clearly, the operator £ has a fundamental solution I' of class C'* far
from the pole £ = ¢, which is homogeneous of degree 2 — Q with respect to
the dilation family naturally associated to G, where ©Q is the homogeneous
dimension of H" ™! x R (see [51, Section 5.3] and the references therein). This

11



means that there exist positive constants C, Cy such that for every z and y
in R¥, 7 # g
C.
—— <T(E)) < =
d(z,9)92 d(z,9)92
(2.29)

V,Vil'(z,9)| £ =———
ViY@ < 3

for every 7,5 = 1,...,2n — 1 (see [52] and [51, Section 5.4] ). Besides, the
fundamental solution I'y(,) of Ly can be explicitly written in terms of I'
as

Lga0) (@) = T(LO0Ge(w0) 20 (%), LOGg(20)0 (¥)) (2.30)
and
vf(IO)ng(:ro) (.CE, ?J) = viF(Log¢>(mo),xo (.T), LOgd)(acg),zo (y))a

fori =1,...,2n — 1. It follows that the inequalities in (2.29) are satisfied
also for I'y(z0) (2, y) and dg(z,) (2, y) with the same constants. In particular,
it is clear that these constants are independent of xy. Using the estimates
for I'g(z) it follows that the spheres in the metric dg(,,) are equivalent to the
super levels of the fundamental solution I'y(,,):

Qo(zo)(T,7) = {y c R*" | Lao) (2, y) > 7“2_9} ., r>0. (2.31)

Moreover, for every fixed zy € w, the set Qy(,,)(z0,r) has regular boundary
(see [22]). In particular, from (2.21), (2.27) and (2.29), there exist ro,a > 0
with a = (L) such that for any o € w and r < ry

Qo(zo) (X0, 7/) C Ug(xo,7) C Qg0 (20, 7)), (2.32)
where Ug(xg,7) is the ball defined in (1.5). By (2.30) we have that

Q¢($0)<I7T) = {y € R*" ‘ F(Log¢(wo),$o<x)7 Log¢(zo)7$0(y)) > 72*@} ) (233>

in particular the sets Qy(,)(20,7) can be expressed in terms of the super
levels of the fundamental solution I' as follows:

Q¢(;,;O)(I'o, 7”) - {y € R* | P(Ov Logqﬁ(wo),xo(y)) > T2_Q} (2'34>

= Exp¢>(xo)wo (Q(O’ T))’

12



where .
Q0,r) := {g € R | T(0,9) > r*"°}. (2.35)
We will also denote
K(§):=T"@7(0,5), j € R, (2.36)
so that, we can rewrite Q(0,r) as:

QO,r)={geR™ | K(§) <r}. (2.37)

3. A representation formula in terms of the intrinsic gradient

This section is organized in two subsections. In the first one, we fix a
smooth function ¢ : w C R?® — R and we introduce the notion of integral
mean m of another regular function 1 : w C R*® — R on the super levels
Qg (o) (@0, 7) of the fundamental solution I'y(,,). Then, we prove a represen-
tation formula for any regular function v in terms of its integral mean and
its intrinsic gradient.

The second subsection is quite technical, and is devoted to establish some
properties of the integral mean of .

3.1. Representation formula

In this section, we fix w C R?*" open and bounded, n > 2 and ¢, €
C*(w). We prove a representation formula for 1) on the super levels Qg4 (%o, 7)
of I'4(z)- A similar representation formula has been proved in [51, 22] for the
approximated vector fields V#@0) From this formula, we will deduce a new
and intrinsic representation formula for v, expressed in terms of its intrinsic
gradient V?¢. In the case under consideration the result of [51, 22] can be
stated as follow:

Proposition 3.1. For every xy € w and R > 0 such that Q) (0, R) C w
and for every 1 € C*(w) we have
Q IV¢( 1—‘<25(900 ($07 )l

P(y) AL (y)
(Q-2)(1- 2LQ)RQ /szo)(xoﬁR)\Qazo)(xm15‘) Fi((fo)l) ( ,Y)
(3.38)

ol
+— r VO g 00) (0, ), VXU (y)) AL (y)dr.
(1 55)RC 5 Q) (0.7) < i /

2/f(xo) =

Here (-,-) denotes the standard Euclidean scalar product in R?"~1.

13



Remark 3.2. We explicitly note that, if we choose 1) = 1, then from (3.38)
we get:

@ [VPEIT g 0) (20, y) Ac(y)  (3.39)
B ooty TR @D gy 570
0(20) (20, BN\ L) (20, 5) L 55 0¥
where C(Q) = W%_Q%)

This remark allows to say that (3.38) represents a function 1 as the sum
of its mean on a suitable set and the gradient V¢(®0)y). Hence, it seems
natural to give the following definition

Definition 3.3. Let ¢ € L} (w). For every xy € w and R > 0 such that

Qg(20)(T0, R) C w we define the following mean of 1, on the set Qy(z,) (w0, R)\
Qg (20) (0, %), in terms of the fundamental solution T4z :

C(Q) [V@IT o (0, y) |

Q / 2(0-1)/(Q—-2
R Qg (2g) (@0, R)\ Qg () (€0, 5) F¢(($O) i )<5(7an)

m(, ¢, R)(xo) := U(y) AL (y).

In the sequel we will need another mean of 1 on the same set Qgzy)(To, R) \
Qe(wo) (w0, F). Precisely, we denote:

2

R
(w6 R)aw) = 3 [ m(w,6,)(ao) . (3.40)

2

The following remark, which will be very useful later on, provides an
integration formula by parts for the derivative ds,.

Remark 3.4. Let g € CY(R*"), r > 0 and c1,co > 0 we define:
AT701702 = {y € RZn L ar < g(y) < CQT}'

Then, for every f,v» € CY(R*") and Ry, Ry € R with Ry < Ry, using the fact

14



that 0oy, = %(Vf(mo)V;ﬁH — Vi(ff)Vf) and integrating by part we have:

/ e / F@)Oantb(y) AL (y)dr =
R A

,C1,C2
1

Ra
o- V(b g(y)d 2n—1 d
/ ' /{y-g@)/czr}f(y) w1 (v) Vealy) (y) dr
)

+

N N I e V= VR

where Vg denotes the Euclidean gradient. By the coarea formula we infer
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that:

Ro
/ ro-t / £ (5)Oant () AL (y)dr =
Ry Ariey e

Q-1
/ gg—(ly)f (W) V() Vi g(y) dL> ()

(ly) FVE () VI g(y) AL (y)

N —

Ay ,cgR1,coRo

Ay ,c1R1,c1 Ro

-3,
/ (ly) F) Vi) Ve g(y) AL (y)
5,

A ,cgR1,coRo

" l(y)f( V() T g(y) AL ()

1

+
l\')l»—l N | — [\')IP—‘ [\')IH

/

Ry

7" c1R1,c1 Ry

ro-1 / V) F() V2, 0(y) L2 () dr

ey [ e[ vVt e
Rq A

T,C1,CQ
If in addition ¢y = 0 then the integrals on A, . g, c,r, are not present.

In the following proposition we will slightly modify the representation
formula proved in Proposition 3.1 in order to obtain a mean representation
formula containing only derivatives with respect to the vector fields V.

Proposition 3.5. Let ¢, € C*(w). For every xg € w and R > 0 such that
Qg (z0)(T0, R) C w we have

V(o) —m(, ¢, R)(wo) = Ir(wo)
where

Tnlw) ==

»\\

L@ s e

#(ag) (T0,7)

2
20 (Faleo,y.7), V*0(y)) AL (y)dbr
T I Q0 (@0,7)\ Q) (20,5)

Here, f1 € CO([}U 1]) and the vector valued functions Ky and Ky are defined
in (3.44) and (3.45) respectively. Moreover,

K1 (20, )| < Cr(Lg g oy + 1) A (20,5) Yy € Qyag) (0, R) (3.41)
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and

) ) R
|K2(ZL'0, y,T)| < 02(L¢ + 1)2d;5($% (x07 y)u vy € Q¢($0)(‘r07 R) \ Q¢($0)(IO7 E)? re (

(3.42)

where Ly means L¢7Q¢(zo)(IO7R)\Q¢<ZO>(IO7R/2) and él,é’g > 0 are suitable con-
stants depending only on the homogeneous dimension Q and on the structure
constants Cy and Cy in (2.29).

Proof. We will always denote by C' a positive constant depending only on Q
which can be different from line to line. By Proposition 3.1 for all » € (0, R)

Y(wo) —m(Y, ¢,7)(z0) =
C r Q-1 #(z0) #(z0) on

~Q V F o ) ) v d£ d
Q [ ’ /S;¢@m (%0,5) < “ )(IO y) ¢(y)> <y) ’
— g Q 1 #(xo0) ) 2n
a TQ /ch(zo) (z0,s) <v P¢( (Ilfo, ) v ¢< )> d‘C ( )d

taf e 2T gt (0, ) (0(0) — (3)) Dot () AL ().
Qg () (0,5)

Using Remark 3.4 with g(y) := FQ( )(xo, y) we obtain:

W(xo) — M1, ¢, ) (xo) :rig/ Sgl/g ( (Ki1(z0,y), V*¥(y)) AL (y)ds
2 #(xg) X058

(3.43)
T / (Ko (0,5, 1) V() ) AL ()
Qg (20) (20,7)\ Qg () (2053)
where
K, (wOa y) ::Cvd)(mO)Fﬂxo) (I’O, y) (344)

— OV, (2, ) (6(20) — D(Y))enia
+ OVEEIGIEIT (0, y) (B(x0) — H(y))en,
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and

‘ C Vn F¢ xo)(l‘(hy)
Ks(wg,y,7) = TQF (0-1)/(0— 2)(330 Y)

#(z0)

(6(20) — S(Y) VLT g (0, y)er

(3.45)

C VT g0 (0, y)

) Q-1)/(Q-2
e VO g )

(6(z0) — 0)) VT yia) (20, Y)en s,

where e; is the i-th element of the canonical basis of R?"~!.
Integrating (3.43) from & to R we get

Y(xo) —m(¢Y, ¢, R
_2 / / o- 1/%(10) (Kaeon). U0() AL @)drdp

+§/ / (Ka(x0, 9, p), VPU(y)) AL (y)dp
£ S0 (a0 (20,0)\ () (20,5)

Exchanging the order of integration in the first integral and setting:

21-Q _ (2¢)27! |
t) = ifte|1/4,1/2 t):=——ifte[1/2,1
At = g — it e A1), Al) = g ifte [1/21]
we get the thesis. Finally, the estimates on K; and K5 are direct consequences
of (2.29). O

3.2. Some properties of the integral mean

In this section we collect some properties of the integral mean m (v, ¢, r)
to be used in the next section. We will see that in order to conclude the proof
of the Poincaré inequality we will need a detailed estimate of the difference

m(, ¢,r)(x) —m(y, ¢,r)(y) (3.46)

at two different points z,y € w with x # y. This difference is estimated in
Proposition 3.11, and it is based on some technical lemmas.

Lemma 3.6. Let ¢ € C®(w). For each xq € w and each R > 0 such that
Qg (o) (0, R) C w the mean, m(vY, ¢, R)(x0), of a smooth function ¢ can be
expressed as follows:

o) =g [ J, 0D D) 4L,
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where Q(0, R) is defined in (2.85) and

Q VL0, 9)
(Q = 2)(1 = 50) (0, gy Vo=

K3(0,9) ==

Moreover, there exist constants Cs, Cy depending only Q and on the struc-
ture constants Cy and Cy in (2.29) such that

~ ~ B C o~ ~ R
|K5(0,7)] < Cs, |VK3<o,y>|s@ vj e Q0. R)\Q(0.5). (347)

Proof. By (2.34) we have that
Qa0) (20, B) = B1Pi(a).00 (0, R)).
So that, by Definition 3.3 and (2.30) we have:
m(, ¢, R)(xo) =

Q) [VOEOTy 04) (0, )|

(Q—2)R? /sz¢<z0><xo,R>\Q¢<zo)(xo,§> (R G

C(Q) / IVI(0,9)[?
Q(0,R)\Q(0,5)

U(y) AL (y)

~(Q-2)RQ 2(9-1)/(2-2)((), y)w(Expmo a0 (7)) AL (D),

where in the last equality we have applied a change of variables and the
fact that the determinant of the Jacobian matrix of Expg(.)., is equal to
1. Finally, we observe that (3.47) follows directly from the estimates on I' in
(2.29). O

In the next proposition we will start studying properties of the difference
Y(Erpy2)2(Y)) — V(ETDg(z0),20(¥)), Which, thanks to the previous lemma,
can be considered the first step in the proof of (3.46).

Proposition 3.7. For every T € w there exist a constants Cy > 0, such
that for every R > 0 with Qu)(Z,CoR) € w, every x,xp € Qd)(i)(.T,R)
and every y € Q(O, R) there is an integral curve of the vector fields Vel

Y5 1 [0,1] = w joining Expyz)(§) and Expsag) e, (7). Moreover, vz can be
explicitly written as:

3(t) = exp (thww) (exp(gwﬂﬂo))(xo)) teo1], (3.48)
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where

7-L = Log¢($0)vE$p¢(xO),xO (9) (Exp(ﬁ(m),x(g)) : <349>

Proof. Let us fix ¥ € w, and a sphere Qyz) (7, CR) subset of w. The constant
C = C<L¢7Q¢<i)(f7R)) > 0 will be chosen at the end. We first note that, there
exists

C(Lyo,e@r) > 0 (3.50)

such that for every z,z¢ € Q4 (7, R), § € Q(0, R), the points Expg(z)«(9)
and Expg(ze)e (J) belong to Qg (2, CR) . By (2.10) we get

Exp(ﬁ(x),x(:&) = (xl + gl? <oy Lon—1 + an—la Ton + an + 2gn¢(x) - O-(ga .T)),
Expg(ag)zo(U) = (360,1 + U1, Zo2n—1 + Y2n—1, To,20 + Yon + 20n0(z0) — o (7, l’o))~
Then, using (3.49) and (2.12), we obtain

hi=(r—mx); i=1,...2n—1, (3.51)
han = (= 20)2n — 26(w0) (& — o)n + 20n(B(x) — ¢(20)) — 20(§, & — 7o) + 0 (=, 70)
and calling

T 1= L0Gg(z0) 20 (), (3.52)

we realize that

b=+ (20u(6(x) - 6(x0) — 20(§,7) ) e2n (3.53)
By (3.48) and the Baker-Campbell-Hausdorff formula we have
93(t) = exp(thV?)) (exp 5V (20))
= eXP<2t?§n(¢( ) = ¢(0))Oon + 2t0 (Y, T)0on — to (Y, £)0on + (1T + ?})V’ﬁ(“)) (o).

From this and using (2.10) we get

(g(1))s = tx — m)i + (G +m0); i=1,....2n—1 (3.54)
(Y3(1)2n = t(x — T0)2n + (§ + To)2n + 2tTn((x) — d(x0))
+ 20(x0) Y + o(t(x — o) + x0, 7).
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Therefore, the following estimate holds

oo (20, 75() < 17l + 120+ VIgIIE]N+ V1gllo(x) — o(zo)l,  (3.55)

where Z is as in (3.52). Indeed, using (2.13) and (3.54) we get

Qoo (20:93(8)) < (431 + 1, 6201 + Fon-1)

R2n—1
1

+ |tan + on + 2t5a(8(@) — 9(20)) + 103, 5)|

and (3.55) follows using the triangle inequality. Since, x,z € Qy)(Z, R)
and [|7|| < R then by (3.52) and (2.22) we get

|Z]| < CR, and dy(z,20) <CR (3.56)

for some constant C' = C(Lyq,, @r) > 0. Finally, by (3.55), (3.56) and
(2.29) we conclude that

Y5(t) € Qo(ao) (w0, C1R) Vit € [0,1]

for some C] = Ol(L¢,Q¢(i)(:f,R)) > 0 and the thesis follows with Cy = max(C, C}).
]

Proposition 3.8. Let Cy be as in in Proposition 3.7. For every T € w
such that Quz) (T, CoR) € w and for every x,xy € Q) (T, R) and for every
g € Q(0, R) we have

V(ETpy@).2(F)) = Y (ETPy(ag).a0 (7)) = (3.57)

-/ 3 Lo )T 50+ B 70,7 / B (1))t

where
Ky(x,z0,7) = 2(¢(x) — &(20))Yn — 20(7, z — x0). (3.58)

The kernel Ky is of class C* with respect to y and the following estimates
hold:

| Ka(x, 0, 9)| < 2(Lg0,q @r) + 1de(z, 20) 7], (3.59)
|VK4(.I’, Zo, g)| S 2(L¢7Q¢(i)(j7R) + 1>d¢(ZE, lL‘()). (360)
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Proof. Since ¢ € C*°(w) and ~y; is horizontal with respect to the family of
vector fields {V#(#)} we obtain

V(Bpoaye()) — V(ETPs() 0 (7)) = / (¢ 0 y5) (t)dt
= Z / 1 RV (1)) dt,

so that (3.57) immediately follows using (3.51). In order to prove (3.59)
it suffices to observe that o(z — x0,79) < dy(z,20)||y||. Moreover, since
Ogon Ka(x, 29,7) = 0 it follows that to prove (3.60) it is enough to estimate

Yan

the Euclidean gradient of K, (with respect to the variable ). By a direct
computation and using the expression of K in (3.58) we obtain

agiK4(.’L',l‘0,g) = —2(5L‘—l‘0)n+i if ¢= 1,...,71—1,
a?jnK4<x7x07 g) - 2(¢($) - ¢($0))7
05, Ku(z,20,9) =2(x —20); if i=n+1,...,2n—1

Hence |VKy(z,20,9)| < 2(Lg 0y, @r + 1)ds(x, 7o), which is the thesis. [

There is a natural change of variables, naturally associated to the curve
7y defined in Proposition 3.7. Indeed the following lemma holds:

Lemma 3.9. Let T € w, Cy > 0 and ~; be as Proposition 3.7. For each
R > 0, such that Quz)(Z,CoR) C w x,20 € Qyz)(Z, R) and § € Q(0, R).
Then the function

H:[0,1] x Q0,R) — [0,1] x w

has inverse function (t, F(z,t)), the map z — (t, F(z,t)) is C* and its Ja-
cobian matriz has determinant equal to 1.

Proof. Using (3.54), (2.10) and setting (¢, z) := (t,74(t)), F' can be expressed
as

Fi(z,t) =(z —mo); —t(x —a0); i=1,...,2n—1, (3.61)
Fon(2,t) =(2 = @o)an — Hx = 20)2n — 26((2 = Zo)n — t(z — 20)n)($(x) — d(0))+
—2¢(x0)((z — o) — t(x — x0)n) + o2, t(x — x0) + T0).
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In particular it is clear from (3.61) that F is of class C* as a function of the
variable z and that the Jacobian determinant of z — F'(z,t) is equal to 1 for
each t € [0,1]. O

Lemma 3.10. Let g € C®(R") and F(z,t) as in Lemma 3.9 then

_ (V3.9)(F(2,1)) ) i=1,...,n—1,
VI (g(F(z,1) = ¢ (Vg.9)(F(2,1)) = 26(6(x) — ¢(20)) (05, 9) (F(2,)) i =mn,
(Va9)(F(z,1)) i=n+1,...,2n—1,
(3.62)

where (V1,...,Vau_1) is the family of vector fields defined in (2.24).

Proof. Let us start computing Vfi(xo)(g(ﬁ(z, t))) withi=1,...,n — 1, that
Is

(0 = #1000, ) (9(F(2,1)). (3.63)

To this end, we calculate

0, (9(F(z,1))) and 9., (9(F(z,1))).

By the explicit expression of F(z,t) we obtain:

0:,, (9(F(2,1))) = (95, 9)(F(2,1)), (3.65)
hence by (3.63), (3.64) and (3.65) we get:

0, (9(1552, 1)) = (95,9)(F(2. ) + (05,9) (F (2,1))0., Fan(2,1),  (3.64)

VI (g(F(2,))) = (0.9 = Fisn(2,)03,9) (F(2, )+

- (Fien(z:1) = 2in + 02 Fon(2,1) ) Oy, 9 (P (2,1)).
Since

Fi(z,t) =(z —xo); —t(x —x0); i=1,....2n—1 (3.66)
Fon(2,t) =(2 = @o)an — H(& = 20)2n — 26((2 = Zo)n — t(z — 20)n)($(x) — d(0))+
—2¢(x0)((z — ) — t(x — xg)pn) + (2, t(x — x0) + 0)

this implies

VI (g(F(2,1)) = (V59)(F(2,1)).
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The computations for V™ (g(F ( t))) wheni =n+1,...,2n—1 are similar.
Finally, let us compute V2" (9(F(z,t))). By deﬁnltlon

v (g )= (0n +20(20)0-0, ) (9(F(=1))  (3.67)

and since
0., (9(F(2,1))) = (05,9)(F(2.1)) — 2[t(¢(x) — ¢(w0)) + ¢(20)](05,,9) (F (2, 1))
(3.68)

by (3.67), (3.65) and (3.68) we get:

VIR g(F(2,1) = (V5,9)(F(2,1)) = 2t(6(x) — ¢(0))(0g,9) (F(2,1)).

Proposition 3.11. For everyt € [0,1],¢1,¢2 > 0 and r > 0 let us define
Diresr i= {2 € B2 (5,1) € F7(0(0,0r) = 0(0,0m) ) b (3.69)

Let € w and Cy > 0 be as in Proposition 3.7, then for every 0 < R such
that Q) (T, CoR) C w and x,x¢ € Q) (T, R) with x # xq it holds:

m(, ¢ R)(z) — m(v, 6, R / / /D < K2, 70,1, 2,7), VO(2) > dL2(2)drdt

/ / < Kg(z, 70, t, 2, R), V9(2) > dL*(2)dt
D

AR

—/ / < Kr7(x, 20,1, 2, R), Vo (2) > AL (2)dt
0o JD

11
t,7,5.R

for suitable kernels K5, K¢, Ky defined in (3.74), (3.75) and (5.76) respec-
tiwely. Moreover, there are positive constants Cs, Cg independent of Ly such
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that

~ dy(zo) (0,
|K5(ZL', Zo, t, Z7T)| < 05(L¢ + ]')2% on Dt,%,l,r’Vt S [07 1]7

(3.70)

~ dg(ze) (X0, T)
Kg(z, 20, t, 2, R)| < Cg(Ly + 1)? #z0) "0 on D, 1, Vtel0,1],
a1, 2, )| < Co L+ 1P 0L on D,y e 01
(3.71)

de(z )
€ 0 (%0, 2) on D, 11 5,V €[0,1].
R|[F(z,t)][<? o
(3.72)

|K7(x7 Jf(),t, Z, R)‘ S C’ﬁ(L¢ + 1)2

Proof. By Lemma 3.6 for every 0 < r < R such that Qg (2, 7), Qga0) (20, 7) €

w, we have

m(, ¢, 7)(x) = m(y, ¢,r)(w0) =

1
=5 K?,(o,@)(w(mm(x),x@)) V(ETPg(a0),z0 (U ))) dc® (i)
Q0,m\Q(0,3)

by Proposition 3.7

1 ~ ' T n(~
- 0 |- B K3(an)/ < Logqb(xo CC()( ) v¢ 0 @b(')/g(t)) > dtd£2 (y)
7= J&0,,)\0(0,2) 0
1 e ) .
+-=35 /. i Kg(O,y)/ Ky(z, 20, 7)Oonth (v;(t))dtd L™ ().
7= J&(0,m)\0(0,) 0

The change of variables z = 4;(t), changes Q(0,7) \ Q(0, %) in the set D, ey
and the inverse mapping has Jacobian determinant equal to 1. Hence:

m(, ¢, R m(, ¢, R)(xo) = (3.73)

_2 / / /D 40, F(2,1)) < Logs(ae)mn(2), VHOO0(2) > AL (2)drdt+

_/ / /D N K3(0, F (2, £)) Ka(x, w0, F (2, 1)) Qanth (2)AL>" (2)drdlt.

Now applying Remark 3.4 we get the thesis calling:
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1 .

Ks(x, zo,t,2,7) I:r—QKg(O, F(2,1))Logg(zg),z0 (%) + (3.74)
1
2rQ

1 ) ~
+ %_szsrf) <K3(0, F(z,1))Ky(x, o, F(Z>t))>€1;

+ 57a Vi (Ka(0, F(z, ) Kl o, F(z,1) ) ensa+

1 Vo) - ;
LV EUED) 0, Bz, 1)) Ko, Pz, 0)enn—

(3.75)

Kﬁ(x7$07t7Z7R) ::R KQ(F(Z t))

1 VO K(F(z,t)) i ) |
e K30, F(2, 1)) Kau(x, 20, F(2,))er;

1 V‘f(IO)K(F’(Zy t))
Kr(w, 20,12, R) i= = & 2QRKQ(F(z,t))

Ks3(0, F(z,t)Ky(x, zo, F(2,1))ens1
(3.76)
1 VAR K (F(=,1))

R 20k0(F(z. ) o0 FE K@ 20, F(z e,

where as usual e; denotes the i-th element of the canonical basis of R?"~!.
To prove (3.70) we observe that by Lemma 3.10

1 ~
K5(.T, Zo, ta Z, T) = mKii(O’ F(Z7 t))LOg¢(J»’O),$O (.ZU)

+ 2%)((%[(3)(0, F(z,t))[Q(x, Zo, ]5(2', t)) + (V1K) (x, xo, F(z,t))Kg(O, F(z,t)))enﬂ

+ 2%2 ((Vn+1K3)(O, F(z, ) Ky(x, o, F(2,1) + (Vay1 K1) (, mo, F(2,1)) K5(0, F (2, 1&)))@1

hence using (3.47), (3.59) and (3.60) we get

C.
|K5(x, o, t, 2,7)] < T—Q3d¢(x0)(:r0,x) +

Cu(Ly + 1)dy(x,20) | Cs(Ly + 1)dy(, o)
2 3 +2 5
T T

and the conclusion follows using (2.20). Finally, (3.71) and (3.72) are direct
consequences of (2.29),(3.47), (3.59) and Lemma 3.10. O
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4. Poincaré inequality

The scope of this section is to prove Theorem 1.2. The Poincaré type
inequality proved here is partially inspired to the Sobolev type inequality for
vector fields with non regular coefficients contained in [23] and successively
extended to a more general class of vector fields in [53]. The key point in
our strategy, is to establish a representation formula for intrinsic Lipschitz
continuous functions. To this end we use Theorem 2.6 and the representation
formula proved in Proposition 3.11 for C* functions.

Throughout this section we denote by w an open and bounded subset of
R2" with n > 2 and by ¢ an intrinsic Lipschitz function defined on w with
Lipschitz constant equal to L.

Let ¢ € Wy and let {4 tren, {¢r}ren smooth functions on w which sat-
isfy conditions (¢) — (év) in Definition 1.1. We denote by dg, (»,) the distance
introduced in (2.13), by I'y, (s, the fundamental solution of the operator
Ly, (z0) defined in (2.30) and by Qg, (z0)(%0,7) the super level set of I'y, (z)
defined in (2.31).

We start proving that the average m(1, ¢, R)(x¢) can be approximated
by means of the regular sequence m(iy, ¢, R)(zo). Precisely:

Lemma 4.1. Let g € w and R > 0 such that Qg (20, R) C w. Then
(1) X, (n)(@0:R) > Xy (g (w0,R) UNiformly in w as k — +o00;
(ii) m(Yx, or, R)(xo) — m(), ¢, R)(xg) uniformly in R > 0 as k — 400.
Here x 5 denotes the characteristic function of A.

Proof. We recall that

Q0,R) = {g e R™ | T(0,7) > R* 2},
then, by (2.34), for each k € N we have:

Qi (20) (@0, R) = BTPiy ()00 (0, R))-

Using the explicit form of Expg, (zg)e, and ETpgag)a, stated in (2.10) we
easily conclude that (Expg, (zo)z)ken uniformly converges to Expg(zy)z, i
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w as k — +oo. In order to prove (i) we observe that it is sufficient to prove
that for all € > 0 there exists k = k(e) > 0 such that for all &k > k

Q¢(IE0)($0> R) - (Q%(ﬁfo)(moﬂ R))e (477)

where

(Q¢k($0)($0’ R))€ = {y cw ’ d¢k($0)<aQ¢k(Zo)<x07 R)?y) < E}' (4'78>

For simplifying the notation we define
Ek<Q(Ov R)) = Expg, (a0).a0 (Q(O? R)), E(Q(Oa R)) := E2pg(ag),a0 (Q(0> R)).

Suppose by contradiction that there exists € > 0 such that for every k
there are k > k and y, € E(Q(0, R)) such that y, ¢ Ek( (0, R)).. Then,
there exist (k; )], kj — 400 as j — +oo and (z,); in Q(0, R) such that

E(zy,) ¢ Er, (20, R))c. So that, the distance between E(xy;) and Ej, (x4,)
is greater than ¢ and this is absurd being Ej uniformly convergent to F.
Then, (4.77) follows and hence (7).

To prove (i) we observe that by Definition 3.3:

lim m(Yx, ¢r, R) (7o) =

k—+o00
= lim _O(Q) L/ [V xO)Rb (z0) (Z0 )|2
k=400 Q — 2 R w F¢k(a:o)(x07 y>2(Q—

2n
W( )XQ(f’k(zO)(‘TO’R)\Qd’k(ZO)(xo’g)(y) dL™(y).

By (2.29) and (2.30)

Vok(@o) ) Ve, e
lim ouao) (0. Y | o@D
k—too Dy (o) (@0, ¥) 22 D/(Q=2) " Ty (w0, y)2Q-1/(Q-2)
(4.79)
therefore, (i7) follows from (i) and the fact that ¢ — ¢ in L} (w). O

In what follows we prove that the representation formulas obtained in
Proposition 3.5 and in Proposition 3.11 for C*° functions still hold if ¢ is
intrinsic Lipschitz and ¢ € Wy (w).
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Lemma 4.2. Let ¢ be a Lipschitz continuous function and ¢ € Wy(w). For
each v9 € w and each R > 0 such that Qg0 (v0, R) C w, the following
formula holds:

U(zo) = m(¢, ¢, R)(x0) + Ir(20)
where m(v, ¢, R)(xo) is as in (3.40) and

In(wo) = / 5 () / g B0, VU(0) AL () (430

) R
=N (Kolao, 1), V0(3)) AL (y)er,
T I Q(00) (@0,7)\ Q) (20,5)

where K1, Ky are as in Proposition 3.5. Let T € w and Cy > 0 be as in
Proposition 3.7, then for every 0 < R such that Qg (7, CoR) C w and
r, T € Qyz) (T, R) with v # xo it holds:

m(, ¢, R)(z) — m(, ¢, R)(xo) = (4.81)
1 (R
:%/ [e / < K5(:E,J:0,t,z,7‘),v¢@/)(z) > dﬁQn(z)drdt

/ / < Kg(z, 0,1, 2, R), V9(2) > dL*(2)dt
D

.$3.LR

/ / < Kq(z, 20,1, 2, R), VO (2) > dL*(2)dt,

t, 1 R

where Dy ¢y cyr 15 as in (3.69) and Kj, K¢, K7 are as in (3.74),(3.75) and
(3.76) respectively and they satisfy the same estimates proved in Proposition
3.11 with possibly different constants.

Proof. By definition of 1.1 there are {¢x }ren, {¢r }ren sequences of smooth
functions defined on w satisfying conditions (i) — (iv) of Definition 1.1. By
Proposition 3.5 and 3.11, the thesis is true for every ¢, ¥ as above. Passing
to the limit as in the previous proposition, it holds true also for the limit
functions ¢ and . O]

It is well known (see for example [14], [21]) that the key step in the proof
of the Poincaré inequality is a representation formula as the one proved in
Lemma 4.2, which is indeed equivalent to the Poincaré inequality itself. For
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further applications, we note that we can obtain the representation formula
on any family of balls, equivalent to the super levels Q4 (Z, R), which can
be Qyz)(Z, R) or Ug(Z, R), defined respectively in (2.31) and (1.5).

Let us denote by By(Z, R) a family of spheres centered at z and radius
R, equivalent to the family Q) (Z, R). Let us denote by ¢p,(z ) the mean
of 1 on the set B,(z, R) with respect to the Lebesgue measure, i.e.

1 on (o,
U = TR J P ETE) 482)

we will prove the following result:
We use our representation formula to prove an upper bound for the quan-

tity [¢(20) — ¥, (z,r)|, Precisely:

Proposition 4.3. Let ¢ € Lip(w) and ¢ € Wy(w). Let T € w and Cy > 0
be as in Proposition 3.7. There are Cy > Cy, Cy1,Cy > 0, depending only on
Lyw, @ and the structure constants in (2.29), such that if By(Z,CoR) € w
and xo € By(Z, R) then

(o) — ¥By@r)| < (4.83)
<G Ay VPR )+
By (z,CoR)
02 / / 1-Q ¢ 2 2
+ — d x,y)| VP (y)|dL" (y)d L™ (x).
L£2(By(z, R)) By(%,CoR) J By(z,CoR) ¢ (@ 9)l W)l () (z)

Proof. Let R > 0 such that By(z, R) C Qu) (T, CoR) C By(z,CoR) € w.
By Lemma 4.2, for each x, zg € By(Z, R) we have:

¢< ) (1/1 (b? )( ) + IR<x0)7

@D( ) = W, ¢7 )(.23') + IR(x)v

hence

U(xo) — Y(x) = m(y, ¢, R)(x9) — m(¢, ¢, R)(x) + Ir(zo) — Ir(x). (4.84)
Integrating equation (4.84) with respect to the variable x on the sphere
By(z, R) and recalling the definition of ¢p,(z r) We get:

1 / 9
Y aear——— m(y, ¢, R)(x v, o, dce
L) o0 F00) = (06, ) 2) 422

1 (g
+ L£27(By(1, R)) /m(x,R) fnteo) = Inl) dE7 ()
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Hence:

1 2n
20) ~ Vo] < gy [, [0 R~ 6 D) ac7@)

(4.85)

+ [r(xo)| + TR ()] AL ().

1
L£27(By(1, R)) /B¢ (#,R)

Now, by Lemma 4.2, we have:
|m(w7 ¢7 R) (xO)_m(l/}7 ¢7 R) <I>|
1 rR
< z/ / / | < Ks(x, 20,1, 2,7), VO(2) > |dL>(2)drdt
R R D 1 o

/ / | < Kg(z, 70,1, 2, R), V(2) > |[dL*"(2)dt
D,

AR

/ / | < K7(x,20,t, 2, R), VP (2) > |[dL*(2)dt.
D,

L11R

We claim that there exists C' = C(Ly) > 0 such that for all r € (R/2, R),
t € [0, 1] it holds

D11, C Qag) (20, CR) C By(Z, CoR). (4.86)

To this end let us fix ¢ € [0,1] and r € (R/2, R) then for each § € Q(0,7) \
Q(0,7/2) we have

S<lgl<r<r (4.87)
and, by (3.55), it also holds

oo (20, 73() < 1911+ 120+ VIFIIEN+ VIFlo(x) — ozo)l.  (4.88)
Since z,xg € By(Z, R) by (2.20) and (2.29) we have

dy(z,20) < CR and |[|Z|| < CR (4.89)

for some C' = C(L,) > 0. Using (4.87), (4.88) and (4.89) we immediately
get (4.86) with possibly smaller R.
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By Lemma 4.2 we know that the estimates for K5, Kg, K7 proved in
Proposition 3.11 also hold for ¢ € Lip(w). Hence, by (3.70) and (4.87)
for each z € Dy 1, and t € [0, 1] we have

dg(ao) (70, %) _ C«d¢($o)(x0> )

Ks(x, xo,t, 2,7 SC’ < =
otz 2l £ 0 g IEG. 0l

for some C' = C(Lg) > 0. Using (4.86) and (4.89) we get
d¢($o)(l‘07‘r) = Hj.H <CR<2Cr < OHF(Z’t)H
for a suitable constant C' = C(Ly) > 0. Then

‘K5(SU,.T0,t,Z,T)’ <

1
O
1£°(z, )12
Moreover, by (4.86), z € Qg(z,) (20, CR) and
0 < dgay)(0,2) < OR < 2Cr < C||F(2,1)|.

So that
|Ks(x, w0, t, 2,7)| < Cdg(ag) (0, 2)' <. (4.90)

Analogously, we can prove that there exists C'= C'(Ly) > 0 such that
|Ko(x, w0, t, 2,7)|, | K7 (2, 20, t, 2,7)| < Cdgag) (20, 2)' . (4.91)
In conclusion we proved that:
im(¢, ¢, R)(x0) —m(y, ¢, R)()] < (4.92)
<c | 4172 (30, 2) [ VOU(2)[dL2 (2).
Qag) (20,.0R)

Furthermore, by Lemma 4.2, (3.41) and (3.42) we have:

Tn(zo)| < Coly / d178 (w0, ) [V (y)[ L (y),  (4.98)
Qp(2g) (0. 1)

@ <Gl [ A S@ VUL (), (1.99)
Q) (z,R)

Finally, since the integrals can be extended on the sphere By (%, CoR) and by
Remark 2.4 we can replace dqlb(’x%(m, y) with dé’g(x, y), then the thesis follows
by (4.85), (4.92), (4.93) and (4.94). O
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The proof of Theorem 1.2 follows from Proposition 4.3. We will prove
Theorem 1.2 for any family of spheres equivalent to {24,). This will easily
imply Theorem 1.2 using the spheres Us.

Proof of Theorem 1.2. As in the previous proof we denote by C,C' positive
constants depending only on Ly, Q and the constants defined in (2.29) which
could be different from line to line. Firstly let us assume that p > 1. From
(4.83), if we denote p’ the conjugate exponent of p we get:

[U(w0) = VB,@r)| < (4.95)
<G / AT (g, )l VP (o, y) VO (y) ALY (y) +
By(z,CoR)

e / / (1-Q)¥ (5 (- py 1
* T d z,y)d z,y V%y dL"(y)d L (x).
£2”(B¢(x7R)) By4(7,CoR) J By(%,CoR) ¢ ( ) ¢ ( )| ( )| ( ) ( )

Hence, applying Holder inequality we have:
(o) — ¥By@ !’ < (4.96)

agl e A 2an)dc )" ([ d ) T Pact ) +

Cy / / -0 p/Y
+ - d x,y
£2n(B¢<x’ R)) B¢(SE7C~'()R) ( B¢(§2,00R) ¢ ( >>

</B (.CoR) 4", y)|V¢¢(y)l”dﬁ2”(y)>d£2”(x).
- (4.97)

IA

¢(E,CQR)

If dy(xo,Z) < R we have

/ d(lz)_Q(g’L’o,y) d£2n(y) S / dé_g(x&y) dLQn(y) . (498>
By (z,CR) By (z0,(C+1)R)

By (2.21), it follows that we can consider as admissible family of balls
also the the one defined by By(2o,7) := {y € w : dg(ae)(z0,y) < 7} Where
dg() is defined in (2.13) and we can replace dé)_Q(xo, y) with di)(_m%(:xo, y) in
the previous integral. Let us now recall that G is isomorphic to H* ! x R =
R?", meant as a Carnot group, with homogeneous dimension Q. Denote
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Ulig,r) = {gj € G : d(Z,§) < r} with d homogeneous distance on G
defined in (2.26). By (2.27), for a given 2y € w and r > 0,

U(F(x0),7) N F(w) = F(Bgy(wo,7))

where F': R* — G = R*" is the diffeomorphism F(y) := Logg(ue)z0(y) (see
(2.12)). Moreover, since it is easy to see that the Jacobian determinant of F
is 1, it follows that

/ A} 2(wo,y) AL (y) < Cs / dy o) (0, y) AL (y)
By (z0,(C+1)R) By (z0,(C+1)R)

(4.99)
< ¢ / AC(F(xo), 2) dL2(2) < C4 R.
U(F(z0),(C+1)R)

Thus, from (4.98)and (4.99), we get that, if dy(zo,Z) < R, then

/ 419 (zg,y) AL (y) < C4 R (4.100)
B¢(i CR)
Inserting this in the previous expression, we immediately get:

[V (z0) — UByap) | < (4.101)

CoRP! / / 1-0
+ dy S, y) VO (y)[PAL> (y)d L
C(By(5 B) Joocom Joecom (2, )|V (y)] (v) (2).

Integrating on By (Z, R) we get

/ [0 (w0) = ¥, @R PFALY (20) < (4.102)

By (z,R)

< GR / ] Ay %o, y)[VIR(y)[PAL (y) AL (o)
By(%,CR) J By(z,CR)

+GR” /B CR)/B A2z, )| VP4 (y) PAL ()AL (1),
¢$ <f>
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This implies:
/ [Y(xg) — ¢B¢(£,R)|pd£2n($o) < (4.103)
By (z,R)
cowt [ veup( [ sl () )
By(z,CR) By (z,CR)

Finally, using again (4.100) we get the thesis. If p = 1, we can directly
integrate (4.83) on B,(Z, R) and we get (4.103). Eventually, since we can
choose as By(7, R) any family of balls equivalent to Q4 (z, R), by (2.32),
it follows we can also select By(Z, R) = U,(Z, R) and we get the desired
conclusion. ]

By the approximation result in Theorem 2.6 we can choose ¥ = ¢ and
get the proof of Corollary 1.3.
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