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1. INTRODUCTION

Let H be a separable Hilbert space (with inner product denoted by (-, -) and norm | - |) endowed
with a non degenerate centered Gaussian measure ;1 = N¢; we are given a continuous mapping
g: H — R and an open subset I of R such that I C g(H).

Our aim is to construct surface measures defined on level sets {g = r} of the mapping g under
local Malliavin conditions on I, see Hypothesis [Tl below, and provide several integration-by-parts
formulae. Our construction extends previous results in the literature, and in particular we shall
rely on the procedure recently introduced in [DaLuTul4]: under Hypothesis [[l below, for each r € T
there exists a Borel measure o, in H, concentrated on the level surface {g = r} of g such that for
any ¢ € UC,(H) we have

1
(1.1) F,(r) == / pdo, = lim 2—/ pdp, rel
{g=r} €20 2€ J{r—e<g<rte}

We shall call o, the surface measure related to p on {g = r}.
When o, exists, the measure (¢u) o g~! is absolutely continuous with respect to the Lebesgue
measure A restricted on I and possesses a continuous density which we denote by p,(r), r € I.
Moreover, for any r € I there exists a version of E*[p|g = 7] such that

(1.2) / edo, =E*[plg=7] p1(r), Vrel.
{g=r}
As by-product, we prove the following integration by parts formula
(1.3 [ pagdo == [ (e2) 0@ Va2 di
{g=r} {g<r}

under the assumptions ¢ € C}(H), g € DV(H, pn), z € H, (Mg, z) € UC,(H) UD"?(H, 1) and
r € I, where M is the Malliavin derivative and D*2(H, ) its domain (see below for further details).
Our basic assumption is the following

Hypothesis 1. There exist two random variables uw : H — H and v : H — R (both depending on
I) such that

(1.4) (Mg(x),u(x)) =~(z), Vaeg '(I)
and
(1.5) % e D(M;) Vp>1.

Notice that if I = R, u = Mg and v = |Mg|?, Hypothesis M reduces to the classical assumption
from Airault-Malliavin [AiMa88]|, namely,
My .
(1.6) RTE € D(M7).

Several papers have been devoted to the construction of surface integrals under assumption (6]
(requiring possibly some additional regularity on g), see for instance [AiMa&8], [Bo98],
and the references therein.

It is well known, however, that (L6l requires strong regularity for the level surfaces {g = r} and it
is not fulfilled for the function

g(x) = inf x(t), =€ L*0,1),
tel0,1]
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which arises in studying reflection problems on the set of positive functions, see [NuPa92], [Za01].
The local Malliavin condition provided by Hypothesis [Tl is not new, since it has already been
introduced by D. Nualart, see [Nu06] (with other additional regularity assumptions both on u and
on 7) but with a different purpose, namely for proving the existence of a density of some Gaussian
random variables with respect to the Lebesgue measure. As we shall see, this is only a first step in
constructing a surface measure.

In Section 3 we provide sufficient conditions on g ensuring Hypothesis[[l They require that g has
the special form
(1.7) g(x) = inf X(t)(x), x€H,
te[0,1]
where X (t), t € [0,1], is the solution of a stochastic differential equation on R with smooth
coefficients. We shall need some results about the unique existence of a minimum of g(z) p—a.s.
(Proposition B)) and a formula for the Malliavin derivative of g (Proposition B:2)) which are
probably known. We presents the proofs, however, for the reader’s convenience.
We are able to check Hypothesis [[l only in few particular situations: more precisely, when: i) X a
real Brownian motion, ii) X is a distorted Brownian motion, iii) X is a geometric Brownian
motion. We shall explain why we are not able so far to handle more general cases, see Remark 3.7

In Section 4 we concentrate on integration by parts formulae in the set Li (0,1) of all nonnegative
functions. In this case we provide more precise results than (L3). The first results in this case
where obtained by L. Zambotti, see [Za01]. See also [Ot09)].

More precisely we consider a Gaussian process X in [0,1] and its law p = Ng concentrated on
E =C([0,1]) and set
g(z) ;== min X(t)(z), z€FE

te[0,1]
assuming that the law of g is absolutely continuous with respect to the Lebesgue measure on
(—00,0] with a density p and that for p—almost all © € E, g(x) attains the minimum at a unique
point 7, so that for each z € E we can write Dg(x) - z := 2z(7,), see Hypothesis 2 below. Under
these conditions we prove the integration by parts formula, equation (£7) below

E[z(ra)e|g=7]p(r)
= —/ Dy -z —(Q V22, Q" V/22) g du, ¥ r < 0.
{g>r}

We also study the limit case r = 0 and apply the obtained results when X is respectively: (i) a
Brownian motion, (ii) a distorted Brownian motion, (iii) a Brownian Bridge. In case (i) and (iii) we
recover by a different method the celebrate integration by parts formulae from [Za01] and [BoZa04].

Finally, we shall give some concluding remarks to some open problems, in particular to the
Neumann problem on {g > r} for the Kolmogorov operator

1 1
L= Tr [D?¢] — 5 (@ Lz, D).

We end this section with some notations. For a differentiable function ¢: H — R we denote by D
the gradient operator in H. By Cy(H) (resp. UCy(H)) we mean the space of all real continuous
(resp. uniformly continuous) and bounded mappings ¢: H — R endowed with the sup norm || - || -
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Moreover, C} (H) is the subspace of Cy,(H) of all continuously differentiable functions, with
bounded derivative.

It is well known that the operator M := Q/2D, defined in C} (H), is closable in LP(H, ) for all
p € [1,+00); we denote by M, its closure, by DVP(H, 1) the domain of M, and by M the adjoint
of My,. We shall call M), the Malliavin derivative and M, the Skorokhod integral. When no
confusion may arise we shall omit the sub-index p.

2. CONSTRUCTING A SURFACE MEASURE

2.1. Differentiability of F,. We assume here Hypothesis [l and set
(2.1) F,(r) ::/ odu, Yrel YoeL'(H,p).
{g<r}

We start by proving that when ¢ € D?(H, ;1) then F,(-) is continuously differentiable. This result
is slightly different than a similar one from [Nu06]; we present a proof, however, both for reader’s
convenience and because the assumptions from [Nu0f] are somewhat stronger.

Lemma 2.1. Assume Hypotheses[ and take ¢ € DVP(H, u) for some p > 1. Then F, is continu-
ously differentiable at any r € I and we have

(2.2) R = [ (2e) an
{g=r}
Proof. Fix ¢y < dist(r, I°) [T for every € < e we write
1 1
L+ 9= Fo0) = ¢ [ Lpcperravdi= [ Hilg)odn
€ €Ju H
where
1 z
he(z) = Z / ]l[r7,’a+é](8) ds.

Since h is Lipschitz continuous, we can apply the chain rule (formally, but the result can be obtained
by approximating h. with functions in C*(R))

(2.3) ¢ M(he(g)) = ¢ he(g)Myg.
Then, multiplying both sides of ([2.3)) scalarly by w it follows that

(2.4) o(@) (Mhe(9)) (@), u(x)) = @(x) he(9(2))(Mg)(x), u(x)), Ve H.
For o € g~ 1(I), the right-hand side of previous equation is equal to

(2.5) o(x) b (g(x)) v (x)

thanks to Hypothesis [[l while it is equal to 0 for every = ¢ g~ 1(I), by the definition of h.; however,
since clearly also (2.3)) vanishes for 2 ¢ g=1(I), we can use it on the whole H to get

(2.6) o(2) B (9(@)) = p(a) (M(he(9))(@), M2), Va € H, A() £ 0.
Integrating with respect to p over H, yields

2.7) | e itata) utdo) = [ ole) (Mhe(o@), 223) uico)

(1)By I1¢ we denote the complement of I.
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Notice that ¢ € D?(H) by assumption, while ﬁ € D(M;) for any ¢ > 1 by Hypothesis[I] therefore,
Holder’s inequality implies that Sp € D(M; *) for any ¢ > p. So, by duality and using Fubini’s
theorem, we have

Fr+ 0 = Fo) = [ (o) bilg(o) uldo)

€

:/H o(x) (Mhe(g(z)), 3 g>ﬂ(d$€)
/M*( (@ )ugm)) he(g(2)) p(da)

o [ (@) 28) Hrsg (o2 d ()

v

r+e
(2.8) / / M* V(wg) Lig(z)>sy p(dz) ds.

If we could apply the integral mean theorem to the right-hand side of (28], then letting ¢ — 0 we
obtain (Z2)). This requires a little work.
Let ¢ = 1 and notice that (2.8]) implies the continuity of the mapping

s = Fi(s), s € lrr+e;

however, by definition 21I), F1(s) = p{g < s}, which implies the continuity of the integrand function
in the right-hand side of (28] and, therefore, the proof is concluded.

By a similar argument, by using again Holder’s inequality, we can further prove continuity and even
holderianity of F7,(-). O

Let us introduce the following notation. For ¢ € DVP(H, ), p > 1, we set

po) = Fp) = [ (20) du rer
{g>r}
Remark 2.2. By Lemma 211 it follows that for all ¢ € DVP(H, ) the measure (pu) o g~! is
absolutely continuous with respect to the Lebesgue measure in I having a continuous density p.

Notice that, in particular,

pl(r):/ M*(%) dg, rel.
{g=r}
By ([22) it follows that
Corollary 2.3. Let ¢ € DYP(H, ), r € I. Then there exists a constant K > 0 and q > p such that
(2.9) e (r)| < Kllpllpragm-
The following lemma will be useful later.

Lemma 2.4. Assume, besides Hypothesis[, that o € DYP(H, ). Then there is a continuous version
of the function

Elplg =r]pi(r), rel
such that

(2.10) pe(r) =E[plg=r]pi(r), Vrel
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If in addition ¢ € UCy(H) we have
(2.11) pe(r)] < @l pr(r), V7 €1, Y € DV*(H, p).
Proof. Write for r € I

.1
po(r) = lim = /H Lir—e<g<rter pdp
.1
(2.12) = lim 5 /H L —e<g<rter Elplg] du
D Y :
= lgr(l) % /T_6 Elp|g = s] p1(s)ds = E[p|lg = r] p1(r), r—as. inl.

Since py(+) is continuous, the first statement of the Lemma follow from Lemma 211
To show (2I1)) write

Elelg] < Eflellg] < ll¢lloo-
Therefore the conclusion follows. O

2.2. The surface measure. Now we are going to prove the main result of this section, namely
that the positive functional r — p,(r) is in fact the integral of ¢ with respect to a given (surface)
measure o,.. The key point is to extend the functional to all ¢ € UC,(H) as the following
proposition shows.

Proposition 2.5. For any ¢ € UCy(H), F, is continuously differentiable on I.

Proof. 1f p € DYP(H, i) the result follows from Lemma Il Now let ¢ € UC,(H) and let (p,,) be
a sequence in UC} (H) convergent to ¢ in UC,(H). Since ¢, € DVP(H, 1) by @II) we have

1000 (1) = P ()] = 1Pgr—0 ()] < llon — Pmlloc p1(r), Y7 e,

hence {p,, } is a Cauchy sequence in UCy,(H) and the conclusion follows.
O

Remark 2.6. Assume that M~ (%) € UC,(H)U DY2(H, ). Then F, is twice continuously differen-
tiable on I.

Now we we can prove

Theorem 2.7. Assume Hypothesisl. Then for every r € I there exists a unique Borel measure o,
on H such that

(2.13) Fé,(r) = p,(r) = / o(x)o.(dx), V¢ eUCy,(H).
H
Moreover, o.(H) = p1(r) and if g is continuous the support of o, is included in {g = r}.
Proof. The proof is similar to that of Theorem 3.5], so it will be only sketched. Let us

fix r € I. By Proposition 23] the functional
UCy(H) =R, ¢ = pr(p),

is well defined and clearly positive. To show that it is a measure we follow a classical method. First
we construct a suitable increasing sequence (K,) of compact sets of H converging to H. Then we
introduce the restrictions pl;(r) of p,(r) to K, for all ¢ > 0 setting

pip(T) :inf{pw(r) Y eUC,(H), vy =ponK,, 1p>0on H},
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while if ¢ takes both positive and negative values, pg(r) is defined by

pip(r) = (p(r) ™ = (P (r) "~

where T and ¢~ denote the positive and the negative part of ¢. Then p,(r) is a positive linear
functional in C(K,,) as easily checked. Now for each r € I ¢ — p(r) are measures in view of the
Riesz representation theorem. Finally, it is not difficult to show that p7(r) 1 p1(r), which implies
that p,(r) is a measure as well. O

In the applications it is important to know whether a Borel function ¢ : H — R (not necessarily
belonging to UCy(H)) has a trace on the surface {g = r} for some r € I. When the Malliavin
condition (L6 is fulfilled this problem was investigated in [CeLul4], see also [DaluTul4]. Given
r € I, we shall say that ¢ possesses a trace T'p on {g = r} if there exists a sequence
(pn) C UC(H) such that

on — T, on Ll(H7 PB(H), o).

Proposition 2.8. Let ¢ € DV(H,pu) and let (¢,) C CL(H) be a sequence convergent to ¢ in
DY2(H, u). Then (¢n) is Cauchy in L*(H,0,), so that ¢ possesses a trace Tp on {g =r}.

Proof. We first notice that by passing if necessary to an approximating sequence in UC} (H), and
using Lemma 24 it follows that

(2.14) F;(T):/{ }godUT:IE[cp|g=r]p1(r), VoeUCy,(H), rel.
g=r

Let now ¢ € DM?(H, pu) and let (p,) C CL(H) be a sequence convergent to ¢ in DV?(H, u). We
claim that (¢,) is Cauchy in L'(H, 0,). In fact

/H (0n = @l 0w = p o (7) < K () [ 0n — Pmllpra(ir s,

thanks to Corollary 23] O

3. FurriLLING HyPOTHESIS [

3.1. The maximum of a stochastic flow. Let us start with some general results concerning a
stochastic differential equation on R

(3.1) dX =b(X)dt + o(X)dB(t), X(0)=¢€R,

where b and o are of class C? and Lipschitz continuous and B(-) is a Brownian motion on
(H,%A(H), ). We denote by X (t,&) = X(t) the strong solution of &I]).
We are going to consider the function on H

(3.2) g(xz) = sup X(¢t)(z), =€ H.
te[0,1]

Since the trajectories of X (¢) are p—a.s. continuous the supremum in (32)) is indeed a maximum
pa.s.

Proposition 3.1. Let X be the solution to BI) and assume that the joint probability distributions
of any order admit a density with respect to the Lebesque measure. Then X (t)(x), ¢ € [0,1], attains
the mazimum at a unique point T, of [0,1] for p—almost x € H.
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Proof. We proceed by steps. First, we consider two time points 0 < s < t: we have that

(X (s) = X (1) = / / Loy foxcox (o (@ y) dedy = 0,

where f(x@),x(s)) is the joint density of (X (t), X(s)).
Next, we extend the analysis to three times. Consider s; < sy < t and the corresponding random
variables g(s) = max{X(s;),7 = 1,2} and X;, we have

1(ges) <& X() <) =u(X(s1) <& X(s2) <& X(t) <)

/ / / f Z1,T2,Y dJ:l d‘rE?dy?

13 13
/_f(xl,s,n)dx1+/_ F(&, 2, m) day.

that has a density given by

Considering now s; < s < t1 < to and the corresponding random variables J(s) = max{X(s;),i =
1,2} and g¢) = max{X (t;),i = 1,2}, we have

(g <& g0 <n) = (X(s1) <& X(s2) <& X(H) <n), X(t2) <)

/ / / / f(@1, 22,91, y2) dy dao dys dyo
that has a density given by

13 n 13 n
/ / Fan, & o) den dys + / / F@1, €0, y2) dees dys
13 n 13 n
4 / / F(&, 22, yr, ) das dys + / / F(&s 22,1, y2) dara dy.

Let us consider a system of points
S1 <8< < Sy <ty <tya<---<ty
and define g() = max{X(s;),i =1,2,...,m} and g4) = max{X (t;),i = 1,2,...,n}: we claim that

(3.3) /L(g(s) =9g@) = 0.

In fact, the joint probability distribution of (g(s),g()) (using the cumulative distribution function)
given by

gy <& 9 <n) =

U(X(Sl) Sf,X(SQ)Sf,...,X(Sm) ngX(tl)SnaX(tQ) Snv"'vX(tn) Sﬁ)

S AN Ay O BBy R

admits a density with respect to the Lebesgue measure given by

/_io /_ZO [;f(xia}’j)} dx dy
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where

X; = (Il,IQ, BRI o7 SRy [ S o7 S [ ,.Im)
and analogously

Yi = (yla Y2, Yi—1,Y, Yj+1, - - - 7yn);
from which we get (33).
Now, given two disjoint intervals I = [a1,b1] and J = [ag, ba] (with by < as) in [0, 7], we get, by the
continuity of paths,

p(max X (s) =max X (t)) = pu( sup X(s)= sup X(t))
sel teJ seQnI teQnJ

where Q is the set of rational numbers. On the other hand let QQ,, be an increasing sequence of finite
number of rationals such that |JQ, = Q; we have

i ( sup X (s) = sup X(t)) <u ( sup X(s) = sup X(t)) = 0.
seQnI teQnJ s€QuNI teQnnJ
Therefore, the proposition is proved. O

Let us compute the Malliavin derivative of g.

Proposition 3.2. Function g defined by B.2) belongs to DV2(H, i) and it results
(3.4) Mg(z) = MX(t) p—a.s. in H.
t=7,

Proof. The first part follows by the general criterium stated in [Nu0O6, Proposition 2.1.10], which
holds for general continuous processes X.

According to such result, in order to establish (34) we fix a countable and dense set {t,, n > 1}
in [0, 1]; notice that we can approximate g with a sequence of discrete random variables g, :=
max{X(t1),..., X (tn)}. Let ¢p(z1,...,2,) = max{z1,...,zy}; then ¢, is a Lipschitz continuous
function with

Mo (X (t1), ..., X(tn)) = MX (1),

where 7, € {t1,t2,...,t,} is the time when X (7,,) = max{X(t1),..., X (¢,)}. Passing to the limit
as n — 0o, due to the continuity of the trajectories, the claim follows. O

3.2. Applications. We start with the maximum of the Brownian motion. Set
(3.5) S(t) = ma)i] B(s), Vtel0,1].

se

By Proposition B for almost every « € H and any ¢ € [0,1], S(-)(z) attains the maximum on [0, t]
at a unique point denoted 7¢. Moreover, by Proposition B2 for any ¢ € [0,1], S(t) € DV2(H, p) and
the Malliavin derivative of S(t) is given by

(36) MS(t) (I) = 11[0)7.;]
Let us fix a > 0 and set I = (a, +00). Our aim is to show the following result.

Proposition 3.3. The function

fulfills the local Malliavin condition on I with

(3.7) w(z) = (S ), () = / B(S () () dt,
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where 1 : [0, +00) — [0, 400) is C* and such that
1 ifr €[0,a/2]

(3.8) Y(r) =
0 ifr>a.
Proof. We have to show that
39 [ Mot s(s@m =), veeq™
and
(3.10) % e D(M")

We proceed in several steps.
Step 1. Identity (329) is fulfilled.
Let = be fixed such that g(z) > a and write, taking into account (3]

| Mgt viswmar= [T o a
0 0

Function ¢t — S(¢)z is increasing, so there is t,, < 7. such that S(t,)z = a. Therefore (since ¥(r) = 0

for r > a)
1 to 1
/ Mig(z)p(S(t)z)dt = [ P(S(t)x)dt = / P(S(t)z) dt = ~(x).
0 0 0

Step 2. v € DYP(H, p) for all p > 1.
By the chain rule and (B.6]) we have that v € DY?(H, ;1) and

/ w ]l[o 7] dt.
Step 8. w € D(M,) for all p > 1.
Actually, u is an adapted process, u < 1, hence w is It6 integrable and, a fortiori, Skorohod integrable.

Step 4. % € LP(H,u) for all p > 1.
First notice that (recall that S(-)z is not decreasing)

0= [ wisonarz 007
= (S()2)"(r) = inf{s > 0: S(s)x >7}.

Therefore
1 1

7@ = BOD)

So, it is enough to show that Z € LP(H, ), equivalently that

(3.11) / Zpdu:p/ wW(Z > e) et de < o0.
H 0

=: Z(x).
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Notice now that for any ¢ > 1 we have
2 q
(Z>q={2<su}< <-> / sup B(s)1dp < cq (1)"2

2 a H s€[0,1/€]
So the conclusion follows from the arbitrariness of q.
Step 5. 2 € D(M™).
Let us first notice that v~ € DP(H, p) since by the chain rule

My(v™h) = = My

Therefore 2 € D(M*) and by Step 3 we have

My (%) =~ Myu — (Mp(y™1), u).

The proof is complete. O

Remark 3.4. The proof above was inspired by the paper from [FINu95] about the supremum of
the Brownian sheet, but it is more elementary. In particular, it does not require fractional Sobolev
spaces and the Garsia, Rodemich and Rumsey result as in the quoted paper.

Now we consider a distorted Brownian motion

(3.12) By, (t):=bt+0oB(t), Yte]|0,1],
where b € R and o > 0 are given. Set
(3.13) Sb,o(t) := sup (bs+oB(s)), Vtel0,1].
s€[0,t]

Again, by Proposition Bl S, ,(t) attains the maximum at a unique point 7% of [0,¢] p-a.s.
Moreover, by [B4]) we have

(3.14) M Sy o (t)(x) = oljg 7t
Set I = (a,+00) where a > 0 is fixed. By proceeding as in the proof of Proposition B3] we show
Proposition 3.5. The function
9(x) = Sp.0(1)(x), =€ H,
fulfills Hypothesis[l on I with

1
(315) ut(x) = w(Bb,a(t)x)a ’7(1") = U/ w(Bb,U(t)x) dt,
0
where 1 : [0, +00) — [0, 400) is C and such that ) holds.

We finally consider the Geometric Brownian motion
X(t) 1= e300 BO) -yt e o, 1],
where b € R and o > 0. X (t), t € [0,1], is the strong solution of the following SDE:
dX = bX dt + o X dB(t), X(0)=1.
Set

Sx(t) = max X(s), Vtel0,1].
s€[0,t]
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Arguing as before we see that p—a.s. X(s), s € [0,¢], attains the maximum at a unique point 7% of
[0,¢] and that
MSx(t)(x) = o Sx(t)1jory, Vte[0,1].
Now let us fix a > 0 and set I = (a, +00). By proceeding as in the proof of Proposition B3 we show
Proposition 3.6. The function
g(e) = Sx()(@), =€ H,
fulfills Hypothesis [ with

1
(3.16) u(z) = P(Sx (1) (x), ~(x) = USX(U(?C)/ P(Sx (t)(x)) dt,
0
where 1 : [0, +00) — [0,400) is C™ and such that B.8) is fulfilled.
Remark 3.7. Let us consider the Brownian Bridge,

Bo(t) = B(t) — tB(1), te[0,1].

Also By(t), t € [0,1], attains the maximum at a unique point 7. of [0,¢], p—a.s.. Set

(3.17) So(t) = Ig[%()((t)), vielo,1],
so that
(3.18) MSo(t)(z) = B(Tz) — Tu

In this case we are not able to show that the function

g(z) = Jmax. So(t)(z),

fulfills Hypothesis [ One realizes in fact that, due to the additional term —7, in equation (BIJ),
the proof of Proposition does not work in this case.

A similar difficulty arises with the Ornstein—Uhlenbeck process
t
X(t) = / e" (=92 dB(s), telo,1],
0

where a > 0 is fixed. The Malliavin derivative of X (¢) is given by

(3.19) M, X (t)z = e =g 4 (7).
Setting

(3.20) S(1) = fé}&’ﬁ(x(t))’

we have by (B4

(3.21) MS(1)(z) = e )1,

where 7, is the the time when X (¢)(z) reaches the maximum value as ¢ € [0, 1].
As before we cannot repeat the proof of Proposition due to the exponential term in equation

B.21).
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4. INTEGRATION BY PARTS FORMULAE IN L2 (0,1)

4.1. Setting of the problem. We are given a Gaussian process X (t), t € [0,1], in H = L?(0,1).
Its law is a Gaussian measure which we denote by ;1 = Ng. We assume that ;1 is non degenerate.
The following integration by parts formula is well known

(4.1) /H (Dep(z), 2) ulde) = /H (@) (Q V22, QY22 u(da),

for all p € CL(H) and all z € Q'/?(H). We shall also assume that p is concentrated in
E := C([0,1]) and that the Cameron-Martin space Q'/?(H) is included in E. Then we can find
easily an integration by parts formula on E. For this we need the following elementary lemma, see

e.g., [CeDald, Lemma 2.1].

Lemma 4.1. For any ¢ € C}(FE) there exists a sequence (p,,) € CL(H) such that
(1) lim @,(x) = ¢(x), VzekE.
n—oo
(ii) lim (Dyy(x),2)g = Dp(x) - z, for all z,z € E.
n—r oo
Now we can prove

Proposition 4.2. For all ¢ € CH(E) and any z € QY?(H) the following integration by parts
formula holds

(12) [ Doty znio) = [ o) @ V20.@ 25 n(do).
E E
Proof. Let ¢, € C}(H) be a sequence as in Lemma L1l Then by (&) we have

(4.3 | en@) 2 ntdn) = [ onla) @ .22 ).
H H
The conclusion follows letting n — oo. O

Corollary 4.3. For all p,v» € CL(E) and any z € QY*(H) the following integration by parts
formula holds

(4.4) /EDsﬁ-wdu:—/ED¢-Z¢du+/E</>1/)<Q*1/2:17,Q*1/2Z>du-

Remark 4.4. By (E2) it follows, by standard arguments, that the gradient operator D is closable
in LP(E, u) for any p > 1, we shall still denote by D its closure. As a consequence identity (€.2])
also holds for ¢ belonging to the domain of the closure of D.

The main object of this section is the following function in F

(4.5) g(x) == tIeI%é?l] X(t)(x), ze€kE.

We shall assume that
Hypothesis 2.

(i) The law of g is absolutely continuous with respect to the Lebesque measure A on (—oo, 0]; we shall
denote p the corresponding density.
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(ii) For p—almost all © € E, trajectories of X (t) attain their minimum g(x) alt a unique point
T+ € [0,1]. Moreover, there exists the directional derivative of g(x) in all directions z € E and its
result

(4.6) Dg(z)-z := 2(7z).
Proposition 4.5. Assume Hypothesis[@. Then for all ¢ € C}(E) and all z € Q/%(H) the following
identity holds for every r < 0:

(4.7) E[z(r)<p|g

rlp(r) - /{g»} (Dw'z— (Q~1V22,Q71/22) sﬂ) dp.

Proof. We fix r < 0 and € > 0 such that r + € < 0. Then we apply (@) setting ¢ = 0.(g), where 0,
is given by

0 if &<r—e
0.(§) = 57;:6 if cefr—er+e
1 it &>r+e
By the chain rule we have
1

D(eé(g)) = GQ(Q)DQ = i ]l{rfegggrqte} Dy,

and by (L0) we deduce

1
(4.8) 2_/]1{r—€SgST+€}Z(T)<Pd:u’
E

€
- _/ 0.(q) (D<p 2 —(Q M2, Q2) sﬁ) dp.
{g>r—e}

On the one hand,
1 1
2— ]l{T,ESgSTJrE}Z(T) (pd/i = 2— ]l{rfegggTﬂLe}E[z(T)@'g] dM-
€ JE €JE
Since the law of g is given by the measure p(r) dr we have

r+e
4.9 - Ar)pdu=p5 [ ELr) elg=e] o) e

2€ J{r—e<g<rte)
Now letting € — 0, we have that for almost every r < 0
lim—/ 2(1) e dp =E[z(1) ¢|g=7] p(r).
{r—e<g<r+e}
We next consider the right hand side of ([L8]), and we prove that it converges to
—/ (D2 = (Q V22,Q V/22) ) dp
{g=r}

@if (z) = Dop(x)-z — p(x)(Q~ 2, Q~1/22) then E|yp|? < ||go||2Cl (|22 + |Q~1/22|2), and since the right hand
b
side of (@) is dominated by 9 and 0e(g(z)) — L[, +o0)(9(x)), we can apply the dominated convergence theorem
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and since this is a continuous function in r [®], formula &) follows for every r < 0. O

Remark 4.6. Assume, besides the assumptions of Proposition that (Mg, z) € DY2(H, u) or
©(Mg, z) € UCy(H). Then if r < 0, identity (7)) can be written as

(4.10) / (Mg, z) pdo, = — / (Mp,z)ydu+ / W, o du,
{g=r} {g=r}

{g>7r}

where o, is the surface measure introduced before.

The following result will be useful later to pass to the limit for » — 0.

Proposition 4.7. Assume, besides Hypothesis[2, that the joint law of the random wvector (g, ) can
be written as w(dy,ds) = 7w (y, s) dyds on R x [0, 1], with the map y — 7(y, s) continuous. Then for
all p € CH(E) and all z € Q'?(H) the following identity holds ¥ r < 0

(4.11) /0 Elplg=r,7=5] z(s)m(r,s)ds

= —/{ N }[Dsﬁ 2= Q72 Q7 P2 ¢ldp, Vr <O
g-r

Proof. Let us consider the left hand side of ([&38)): by conditioning with respect to {g = y,7 = s} we
get,
1

1 r+e 1
% (1) pdp = 2—/ / 2(s) E[plg=y,7=s] 7(dy, ds)
€ {r—e<g<r+e} €Jr—c Jo
Passing to the limit for ¢ — 0 and taking into account that 7(dy,ds) = 7(y, s)dyds, we get the

thesis. (]
4.2. Examples.

4.2.1. Brownian motion. Let X (t) = B(t), t € [0,1]. Then the law p of X is the Wiener measure,
it is is concentrated on {x € C([0,1]) : z(0) =0, 2/(1) =0} C E. Moreover, the law of g (defined
by ([H)) is given by, see e.g. [BoSa02l 1.2.4 page 154,

_ 2 1,2
(4.12) (nog 1)(d7”): \/ﬁe 2 11(—00,0] dr

As well known, for almost all z € F B(-)x has a unique minimum point at 7, so that Hypothesis

is fulfilled see e.g. [EnSt93] .

Consequently, applying the integration by parts formula ({7), we obtain that for all ¢ € C} (H),
z € QY?(H) and all r < 0 we have

(4.13) e 2" E[2(1) plg=7]

= _/{ N }(D(p(x).z — o(x) (Q %2, Q7V/22)) u(da).

(3)with the notation of formula &I), we shall prove that Fy(r) is a continuous function; notice that Fy(r +
€) — Fy(r) = [0.(9(z))¢(z) p(dx) and, again, we can apply the dominated convergence theorem by noticing that
P(g(x) € [r,r+¢€)) = f:+€ p(t) dt — 0 due to the absolute continuity of the law of g
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We want now to extend identity [@I3]) up to » = 0. To this purpose we recall two facts. The first
one is a result from page 118, Thm 2.1]; namely defining the probability measure v,
r <0, as

(4.14) / pdy, = %/ edp, € Cy(H)
I w({g>r}) (957}

then v, converges weakly to v, where v is the law of the Brownian meander.
The second one is the expression for the joint density 7 (y, s) of g = B(7) and 7, which is given by,

see [BoSa02 1.14.4 page 172]
2
(4.15) 77(975):%67%7 y<0,s€l0,1].

Now we can prove

Proposition 4.8. For all ¢ € C}(E) and all z € Q~/?(H) we have

1
4.16 L/E =0,7= I C) N |
( ) Ve [elg T=5s] V(s S
—— [ Do) - pla)(@ 20 Q ) (o),
{g=0}
where v is the law of the Brownian meander.

Proof. By [@II)) we have, taking into account ({15,

(417) — /{ Do = (@G ) gl
g_T

On the other hand, by (Z12) we have

it follows that

s ulg>r) 2

lim S = Nors
Therefore, dividing both sides of [I7) by u(g > r) and letting r tend to zero we find identity
([E.16). O

Remark 4.9. Identity ([£I6) was proved by a different method by S. Bonaccorsi and L. Zambotti,
[BoZa04].
4.2.2. Distorted Brownian motion. Now we consider a distorted Brownian motion
(4.18) X(t):=bt+0oB(t), Vtel0,1],
where b > 0 and o > 0 are given. Set as usual

(4.19) g:= inf (bs+ oB(s)).
s€10,1]
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Then the law p of X is the Wiener measure. Moreover, the law of g (defined by (£I9)) has a
density with respect to the Lebesgue measure given by, see e.g. [BoSa02, 1.2.4 page 251]

—b)? — T T
(4.20) Pbo(r) = % exp (_(r%l;) ) + 0_57262(}72 Erfc (— UJ\F/%) T—oo,0)(7)-

By a direct computation, we have

w(g >r) = Cyor+o(r), r— 0,

where C, » can be explicitly computed
For almost all 2 € E, X (-)x has a unique minimum point at 7, so that Hypothesis 2lis fulfilled (see

e.g. Proposition [BT]).
Consequently, applying the integration by parts formula (7)), we obtain that for all ¢ € C} (H),
z € QY?(H) and all 7 < 0 we have
(4.21) oo (r) E[2(7) plg = 7]
= [ (Dpla) == ple) @V, Q7V2) ).
g=r

Now, to apply Proposition .7l we need the expression of the joint density of g and 7 which is given
by, see e.g. [BoSal2, 1.13.4 page 268]

2
_ I _lrib? [ gy (1-9) b b/I—s
(4.22) (rs) = 7orane 7\ reay T vE e (-

Now we can prove

Proposition 4.10. For all ¢ € C}(E) and all z € Q'/?(H) we have

(4.23) /0 E[plg=0,7=s]7(s)ds

- _f e*gz(l) v(dx) / eibI(l)[D(P(‘r) TR ¢($)<Q71/2$7 Q71/22>] V(dZE),
fo=2 {g=0}

where T is a given function, that is defined in [@20) below, and v is the law of the Brownian meander.

Proof. First we notice that for all p € C}(E) and all z € Q~/?(H) we have

1
(4.24) /0 Elplg=r,7=5]z(s) 7 (r,s)ds

_ /{ Do) ) @70, Q) )

4)

: : p
< = —_— <
]P)O(ogtlfgl us + oWy <y) =Po( inf t+ Wi <vy)

0<t<o2 02
1 y—u) L opy/o? y+p
= " Erfe (=20 ) 4+ Ze209/97 Brfe | —
2 ( V2 2 ov2

®) Cho = Ji (Erfc (Ub ) — 2) _ V2 bP/207

o2
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Now we have to divide both sides of [@24) by u(g > r) and pass to the limit for 1 0.
By using the explicit formulas available for 7(r, s) and u(g > ), which show that these are (asymp-
totically) linear functions for r around 0, we have

1m W(T,S) _ 1 e72La22 + b 6721)67225Erfc (_b\/E)
10 u(g > ’l“) T Cpo Vo2 s3/2 \/ﬂ-g2(175) V202 V252
(4.25) = 7(s).

or the right hand side we will use Girsanov’s theorem. Let us consider the process Y (t) = 1 X (t) =

gt + B(t), and the probability measure
2
Y(d) = pla)p(de) = er PO 7207 p(da).
Then Y is a Brownian motion on (H, Z(H),~). On the other hand

2
2

p(dz) = p~ (@) y(de) = e 7 YD 73 02 4 (da).

We let § = min,gjo,1) Y (s) = %g; since Y is a Brownian motion under 7, we can reason as in previous
section to prove that there exists the limit

lim%m/ gpd’y:/ pdy, Ve Cy(H),
=002 J g0y {90}

where v, as in subsection .21 is the law of the Brownian meander.
Then it follows, by taking the limit after a change of measure, that

. _ 1 1
1 dy = Jigzriy 2P Ay STy Jazray #P A
1 - > - ’ 7
CCEl Fp Jigoroy Pt FG=79) Jtaoroy PTHAY

Sioeoy oo tdv
, {g=0} —
Jig=oy P71 dv
that we can write in the form

—bx(1)
. Jigeoy €27 u(da)
u(g>r) /{g>r} pdu — Jig—oy € P*M v(da) -

So, the conclusion follows. O

4.2.3. Brownian bridge. Let us consider now the Brownian bridge,

whose law p is concentrated on the Banach space {z € C([0,1] : #(0) = z(1) = 0} C E. The law of
g can be obtained easily by conditioning with respect to B(1), see [BoSa02l 1.2.8 page 154]

(4.26) (nog™")(dr) =4|r|e " drl_ g, r<0.

Moreover, also in this case Hypothesis 2 is fulfilled. Therefore, by formula (7)) we deduce that for
any z € H and any r < 0

(4.27) 4lr|e 2 E[2(r) plg = 7]

= _/{ y }[Dgo(x).z — () <Q_1/2w,62_1/2z>] p(da).
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Now for letting » — 0 we proceed as before. First we notice that defining the probability measure
ey <0, as

(4.28) / pdv, = ﬁ/ edp, € Cy(H)
H T Mgz}

then by pagel26, Thm 5.1] v, converges weakly to v, where v is the law of the 3-D
Bessel bridge.
Moreover, we can deduce the joint density 1o (y, s) of ¢ = Bo(7) and 7 by conditioning a previous
formula with respect to B(1), that is

1 (7‘ € ds’oé?ilBO(ﬂ € dr> =pu <7’ € ds,oggl B(t)edr | B(1) = O> ,
using the following expression in [BoSa02, 1.14.8 page 173]
(T € ds’ogtlng(t) €dr,B(1) € dz)

— _IrlC+IrD v (zAlr])?
= e T exp (—% — 3—s) ) drdz,

with » < 0 A z. Finally, we obtain

(4.29) o(y, s)dyds = p(r € ds, Oértlil By(t) € dy)

2 yQ _ y2
= \/; me 2s(1=3) ds dy
Now we can prove
Proposition 4.11. For all ¢ € C}(E) and all z € Q~/2(H) we have
1
4.30 L/E =rr=5 =& 4
()mo[ﬂgTTfS]ms

—— [ Do)z - ola) (@25, Q 72 (da),
{g=0}

Proof. By ([@II)), taking into account ([@29]), we have

1 2
Elolg=r 7 — 2 2 (() T2 g
/0 [plg=r,T = 3] W me s

= _/{ N }[Dcp(gc).z — () (Q Y22, Q7122 pu(da).

Since 0
w(g>r)= 4/ s o287 ds,
r
we have
>
i 927 o
r—0 T

and the conclusion follows. O
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Remark 4.12. Identity ([@30) was proved by a different method by L. Zambotti, [Za01]. We also
quote [Ot09] for a similar formula but assuming r < 0.

4.2.4. Ornstein—Uhlenbeck. Let
t
X(t) = / e~ =994B(s), tel0,1],
0
where a > 0. Then the law of g is given by, see [BoSa02, 1.2.4 Pag. 522]

1 2 Va
(4.31) (wog 7 )(dr) = _w\/ﬁ
By formula (1) we deduce that for any z € H and any r < 0
G
V=T

G/T2
e 2 =1dr 1(_(r), Vr <0

ar2
T Ez(r)elg =]
(4.32)
—— [ IDela)z— (o) Q@) (o)
{g>7}
We emphasize once more that this formula holds for » < 0. As opposite to previous sections,

however, at this point we do not know the existence of the joint density 7 (r,s) of g and 7,
therefore we are not able to apply Proposition .7 and pass to the limit as r — 0.

4.3. Some remarks about the Neumann problem. Let X (¢), ¢t € [0, 1], be the Gaussian
process considered in Section 4.1 with law u = Ng assuming that Hypothesis 2] is fulfilled. We
denote by (ep,) and (Ay) eigen—sequences such that

th = A\pep, heN.
Let us consider the following stochastic equation in the infinite dimensional Hilbert space H

dZ = -3 Q7' Zdt + AW (t),
(4.33)
Z(0) =z,

where W is a cylindrical white noise in H. It is well known that equation [33)) has a unique mild
solution Z(t,x) (which is an Ornstein—Uhlenbeck process) and that u = N is invariant for the
corresponding transition semigroup

(4.34) Pup(x) = Elp(Z(t,2))], ¢ € Co(H).
We denote by .Z the Kolmogorov operator

1 1, _
(435) g(pziTI’[D2QD]_§<Q 1$,DQD>, (pEéaA(H)u
where &4 (H) is the space of all exponential functions, see e.g. [Da04]. We recall the identity
1
(4.36) [ #ovau=—3 [ DeDO)an, Vv e saim),
H H

Let g be the function defined by ([@H) and set
K,={zeH: gx)>r}
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We are interested in the Neumann problem in K,.. For this we fix » < 0 and introduce the
symmetric Dirichlet form

(4.37) ale.v) =5 [ (De.DV)d.

r

If a is closable (this had to be checked in the different situations), then thanks to the Lax—Milgram
Lemma, for any A > 0 and f € L?(H, ) there exists ¢ € WH2(H, uu) such that

(4.38) A evduraten) = [ fodn vee s,
@ is called the weak solution to the Neumann problem
(4.39) Ap—ZLo=f in K,.

To see whether ¢ fulfills a Neumann type condition on the boundary of K, it is important to
extend the integration formula ([@30]) to K,.. This is provided by the following result.

Proposition 4.13. Under the assumptions of Proposition 4.7, let v, ¥ € E4(H), v < 0 and assume
that the series

(4.40) (Dg, D) =Y " en(r) Dy
h=1

is convergent in LY(H,v) (T is the unique point where the trajectories of X (t) attain their minimum,
see Hypothesis[2). Then the following identity holds

1 1
(4.41) Lopdu=—7 / (D, DY) dp — 5 E[(Dg, Dp) lg = 1] p(r).
{o>r} 2 Jig>r) 2
Proof. Let us start from identity ([8]),
(4.42) Elz(1)¢|g=r]p(r) = —/{ }[Dso 2= Q7?2 Q7 V2) ¢ldp, Vr<0.
g=2r

Setting z = e, xp, = (x, ep), yields

(4.43) Elen(rs) plg=7]p(r) = —/{ N }(Dhsa - ) dp.

Replacing ¢ by Dy and consequently Dy by D21 + Dy Dy, yields
(4.44) E[en () Duptp|g=r]p(r) = —/{ }(D%W/) — X2 Dpptp + Dpop Do) dp.
g=>r

Summing up on h the conclusion follows. O

Remark 4.14. Let ¢ be the weak solution of the Neumann problem. If ¢ is sufficiently regular
then, by comparing [@A41]) with (£36) we deduce

(4.45) E[(Dg,Dg)iplg=7] =0, Ve L*(H, p).

Identity ([@4H) can be interpreted as a generalized Neumann condition.
Recall in fact that when g is a very regular function as for instance g = |z|? then ([@Z%]) reduces to

(4.46) (Dp,Dg) =0 if [x]* =,
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see [BaDaTu(09], [BaDaTull] and [DaLulf]. In the present situation, where g is the infimum of

a suitable process, we cannot hope that a boundary condition as ([&46) is fulfilled but another
condition should be guessed with the help of (£45).
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