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ABSTRACT. A mathematical model is set up that can be useful for controlled
voltage excitation in time-dependent electromagnetism. The well-posedness of
the model is proved and an associated optimal control problem is investigated.
Here, the control function is a transient voltage and the aim of the control is
the best approximation of desired electric and magnetic fields in suitable L2-
norms. Special emphasis is laid on an adjoint calculus for first-order necessary
optimality conditions. Moreover, a peculiar attention is devoted to propose
a formulation for which the computational complexity of the finite element
solution method is substantially reduced.

1. Introduction. In the last two decades, the optimal control of electromagnetic
fields received increasing attention. Optimal control problems for processes in mag-
netohydrodynamics (MHD) were studied extensively since the mid of the 90ies. We
mention exemplarily [15, 16, 13, 14, 11, 23, 10, 12, 9] and the references therein.
Here, the state equations account for the flow of electrically conducting fluids and
for the electromagnetic field. In the last years, the numerical analysis of controlled
electric or magnetic fields in electrically conducting media became more active. We
mention, for instance, [4, 26, 20, 21, 27, 22, 6]. In the majority of these papers,
distributed and/or time-dependent electrical currents were considered as controls.

The control of electrical voltages was first investigated in the time-harmonic case,
see [17, 18, 28, 24, 25]. Here, the dynamical system is of elliptic type. Often, it
is more realistic to control the electrical voltage in a non-harmonic setting. This

2010 Mathematics Subject Classification. Primary: 35Q60, 49K20; Secondary: 65M60.

Key words and phrases. Time-dependent electromagnetism, controlled voltage excitation, op-
timal control, adjoint calculus, finite element method.

The first author was supported by Einstein Center for Mathematics Berlin (ECMath), project
D-SE9. The second author is pleased to thank the Institute of Mathematics of the Technische
Universitéat Berlin, the Research Center Matheon and the Einstein Center for Mathematics Berlin
(ECMath) for their kind hospitality.

* Corresponding author: Fredi Troltzsch.


http://dx.doi.org/10.3934/xx.xx.xx.xx

2 FREDI TROLTZSCH AND ALBERTO VALLI

leads to specific issues of modeling and mathematical analysis. To our best knowl-
edge, only the papers [28, 20, 21] considered the optimal control of electromagnetic
fields by the electrical voltage. A vector potential ansatz was applied to convert
the standard magneto-quasistatic Maxwell equations in a (degenerate) parabolic
system.

In our paper, the mathematical analysis for the optimal control of voltages is
the central aspect. The associated model for the electromagnetic fields is close to
that proposed in the seminal paper [5]. We follow a slightly different approach. We
merge the modeling ideas of [5] with both a specific approach aiming at reducing the
complexity of the Maxwell equations for given voltages and some ideas of adjoining
in [24, 25]. We should notice that, using our approach, specific difficulties arise
in the process of adjoining. Here, differential operators on the boundary, namely,
the surface gradient and the surface divergence, can be invoked to overcome this
obstacle. The paper is organized as follows: in Section 2 we point out some as-
sumptions and deduce the eddy current model. In Section 3 we devise the weak
formulation of the problem and prove that it is well-posed. In Section 4 we derive
the strong formulation, which shows more explicitly the role of the equations and
boundary conditions, and that can be the starting point for non-variational numer-
ical approximation methods. The fifth section is devoted to the formulation of the
optimal control problem, whereas in Section 6 the adjoint problem and the neces-
sary optimality conditions are derived. Some remarks on numerical approximation
are included in Section 7.

2. Modeling the Maxwell system. The non-stationary Maxwell system reads

0B
E +CUI‘IE =0

oD

E—FJT:CUYIH (21)
divB =0

divD =p,

where B, H, D, and E denote the magnetic induction, the magnetic field, the
electric induction, and the electric field, respectively, and the following constitutive
relations hold: D = ¢E, B = yH, J;y = ¢E + J. The field J represents the ap-
plied electrical current surface density. The coefficients € and p are called electrical
permittivity and magnetic permeability, respectively: they are symmetric and (uni-
formly) positive definite matrices, with bounded and measurable real functions as
their entries. The same holds in the conducting region for the electrical conductiv-
ity o, which vanishes in non-conducting regions. Also the electric charge volume
density p is assumed to vanish in non-conducting regions.

Disregarding the displacement current term %—?, we find the eddy current model,

in which wave propagation is not taken into account:
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H
+curlE =0 (Faraday equation)

"ot

curlH=0cE +J (Ampere equation) (2.2)
div(pH) =0

div(eE) = 0.

Here, the last equation has to be imposed only in non-conducting regions (while
the relation div(eE) = p is used for computing the electric charge density in the
conducting region, once E is there available). The electrical voltage is not directly
visible in the Maxwell equations. Therefore, it is most natural that in control
problems the electrical current was preferred as considered control.

Controlled voltages were mainly considered in the time-harmonic case (see the
references [28, 20, 21], also cited in the Introduction). Here, instead, we are in-
terested in voltage excitation for the non-stationary case. To set up an associated
mathematical model is not a trivial task. We follow the presentation given in [3,
Chap. 8] for the time-harmonic case, but we also rely on [5], where the main ideas
are presented for including the voltage in the model. The principal novelty of our
paper is a complete analysis of a mathematical model that can be used in the con-
text of controlled electrical voltages, in a quite general geometrical setting and also
including a numerical approximation scheme based on finite elements. After hav-
ing established a suitable control model, the associate control theory is more or less
standard. Nevertheless, some special tricks are needed to set up an adjoint calculus.
Here, we follow ideas of our former papers [24, 25]. Moreover, we slightly modify
the model proposed in [5] with a technique, introduced in [1, 2], which reduces
the computational complexity of the numerical approximation scheme and can be
efficiently applied in any geometrical situation.

Assumption 2.1 (Assumptions on the geometry). The computational domain is a
simply-connected bounded open set 2 C R3, with a connected and Lipschitz bound-
ary 0. It is split into two Lipschitz subdomains, a conducting region Q¢ and a
non-conducting region Q; = Q\Q¢; the latter is assumed to be connected. The
conducting region Q¢ is not strictly contained in Q, i.e., 9Q¢c N IN # B; the inter-
section is also assumed to be transversal, namely, the surfaces I'c = 0Q2¢c NI and
I' = 900¢ N Oy intersect transversally. For the sake of simplicity, we suppose that
Q¢ is simply-connected. Moreover, we suppose that I'c = 'y UT';, where I'gp and
Ty are two disjoint and connected surfaces on I'c (‘electric ports’).

In Section 4.1 we present and analyze some more complex geometrical settings
for the conducting domain Q¢.

We set also I'; = 097 N 92. Therefore, with these notations we have 0Q¢c =
FgUl,;UT, 9Q; =T;UT (see Figure 1). The unit outward normal vector on 02,
Q¢ and 095 will be denoted by n, ne and nj, respectively.

We want to model the electromagnetic problem in the case of an electric current
passing along the ‘cylinder’ 2¢, and to drive the problem by assigning a potential
difference between I'g and I';.

Assumption 2.2 (Assumptions on the given data). The matrix-valued functions ¢ €
L>®(Qr, R33), e L®°(Q,R3*3) and 0 € L>=(Q¢,R) are assumed to be symmetric
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QC

FIGURE 1. The computational domain  with the conductor Q¢
and the electric ports I'g and I';.

and uniformly positive definite in Q;, 2 and Q¢, respectively. The given electrical
current density J belongs to L?(0, T'; L*(2)®) and satisfies div J|o, = 0in Q;x(0,T).

In order to show more clearly the subdomain where a field is considered, from
now on we will write Ec := E|q., E; := E|g, and use a similar notation for H.
A first point in the modeling is to require that the electric field is normal to the
boundary on the two electric ports, namely, Ec x ng = 0 on I'g UT';. More
precisely, as proposed in [7], for each ¢t € [0,T] we consider the no-flux boundary
conditions

pH-n=20 on 0f)
Ecxneg=0 onl'gUly (23)
€[E[-Il[:0 OnF].
We refer also to the comments presented in [3, Chap. 8], which show that other
possible boundary conditions are not allowed for this type of problem.

In what follows, we will use the tangential differential operators div,, curl, and
grad , (see, e.g., [19, Chap. 3], [3, Chap. Al] for their definitions and properties).
In particular, for a function ¢ defined on 02 the tangential operator curl,, as usual
in a two-dimensional setting, is the rotation of the tangential gradient, namely,
curl; ¢ = grad »¢xn; moreover, for a function v defined in € it holds nx grad vxn =

grad - (vjaq)-

Since pH - n = 0 on 91, from the Faraday law one has, for each ¢t € [0,T],
o(uH)
ot
Here, we used the vector calculus identity

0=—

(t) n=cwlE() -n=div,(E() xn) on Q.

curlw - n = div.(w X n),
see (3.10) below.

Because 2 is assumed to be simply-connected, the same holds for the surface 0f2.
Hence the condition div,(E(t) x n) = 0 assures that the tangential field E(t) X n is
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the tangential curl of some scalar potential: namely, for each ¢ € [0, T] there exists
a potential v(¢) :  — R such that

E(t) x n = —curl; vjpa(t) = —grad v(t) x n (2.4)

holds on 9. Moreover, we have E¢(t) X ng = 0 on I'y UL ;. Therefore, since the
tangential derivatives of v are vanishing on 'y UT', for each ¢ € [0, T] the function
v(t) must be constant on I'g and on I'; with respect to the space variable x.

We have thus proved that, under the assumption that €2 is simply-connected, for
the eddy current problem the conditions
pH-n=20 on 0f2
Ecxneg=0 onlgUly
are equivalent to the conditions
pH-n=0 on Of)
Exn=-gradvxn on Of)

vr, and vjr, do not depend on x.

The voltage excitation problem thus reads: given Vg : [0,7] — R and V; : [0,T] —
R, we look for a solution of the eddy current problem (2.2) satisfying for each
t € [0,T] the boundary conditions

tH-n=20 on 0f)
Exn=—-gradvxn on 0f)
vjr, and vjp,, do not depend on x (2.5)
vr, —Urp,=Vs— Vg
61E1~n120 OnFI,

along with the initial condition Hj;—g = Hg := 1w 1Bg. Here the vector field By

has to satisfy the necessary compatibility conditions divBy =0in  and Bg-n =0
on 09, that derive from taking the divergence of the Faraday equation (2.2); and
from (2.5);.

Remark 1. It is worth noting that, if conditions (2.5) are satisfied, the quantities
V; and Vg are related by

VJ—VEZ—/E1~TdS, (26)

2l
where 7 is any curve lying on I'; and joining the electric port I'p to the electric
port 'y, and 7 is the unit tangent vector on it.

In fact, from (2.5)2 we know that E x n = —grad v X n on the boundary 92, and
therefore, if a curve 7 lies on 9€) and connects the points p_ and p., we have

/El-‘rds:—/gradv~7'ds:—v(p+)—|—v(p,).
¥y ¥

From (2.5)3 we know that vjp, and vp, are constants. Hence, taking any curve
v C I'y € 99 joining the electric port I'g to the electric port I';, we have v(p_) =
vr, and v(p4) = vyp,, thus

/EI ~Tds = —vr, +vr, -
¥

Hence (2.6) follows at once from (2.5)4.
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In conclusion, the voltage excitation problem can also be written as the eddy
current problem with the boundary conditions (2.3) and the additional condition
(2.6).

Since ¢ is vanishing in €;, the electric field E; is not present in the Ampere
equation (2.2)s. Therefore one can face the problem by splitting it in two steps: in
the first step one considers the problem of finding H in 2 and E¢ in Q¢, satisfying
the Faraday equation (2.2); only in Q¢, the Ampere equation (2.2)9 in 2, with right
hand side cE¢ + J¢ in Q¢ and right hand side J; in €7, and the magnetic Gauss
equation (2.2)3 in Q. In the second step the electric field in the non-conducting
domain €; has to be obtained by solving, for each ¢ € [0, T}, the curl-div system

curl Ef(t) = fu%(t) on Qj
diV(E[E[(t)) =0 on Q] (27)
EIE[(t)~Il]:0 on F]

E;(t) xn; = —E¢(t) xne onT.

We refer to [3, Chap. 8] for the results concerning the solvability of this problem.
Note that the first equation in (2.7) is nothing else than the Faraday equation in
7, and that the matching condition (2.7)4 assures that the electric field defined
by E¢ in Q¢ and E; in Q; has a well-defined curl, thus it satisfies the Faraday
equation in the whole €.

In conclusion, if we are able to find, as indicated above, the magnetic field H in
Q2 x (0,T) and the electric field E¢ in Q¢ x (0,7T), for any fixed time ¢ the deter-
mination of E; can be done as a successive step (or even avoided, if the knowledge
of the physical quantity E; is not important in the problem at hand).

In view of the Ampeére equation (2.2)5 in ¢, we can write
Ec =0 '(curlHg - J),

hence it is also possible to formulate the first step of the solving procedure described
above in terms of the magnetic field only. This will be apparent in the next section.

3. Weak formulation. We start reminding the definition of the (real) Hilbert
spaces H (curl; Q), H(div; Q). They are defined as follows:
H(cur; Q) := {w: Q= R*|w € L}(Q)?, curlw € L*(Q)%},
with the norm
[Wll2ure = 1WllZ2is + I curl wll72 gy
and
H(div; Q) := {w: Q= R?|w € L}(Q)*,divw € L*(Q)},
with the norm
[wllZiv,0 = ||W||2L2(Q)3 + | diVW||2L2(Q) .
We also need to recall some properties of the vector functions belonging either

to H(curl; Q) or to H(div; Q) (see, e.g., [19], p. 107). For all w € H(curl; ), we
know that the tangential trace is continuous on interfaces, in particular

wo Xne=-wyxny onl', we H(curl; ), (3.8)
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the minus sign being due to the fact that on the interface I' we have nc = —nj.
For all w € H(div;{2), we know that the normal trace is continuous on interfaces,
in particular

wo -neg=—-wy-ny onI', we H(div; Q). (3.9)
Moreover, we also have that all w € H(curl; Q) satisfy (in a suitable weak sense)

div;(w xn) =curlw-n on X, (3.10)

where ¥ is any Lipschitz surface contained on € (see, e.g., [19], p. 59; [3], p. 313).

To set up a weak formulation of the eddy current problem, we introduce the
spaces

W ={w € H(curl; Q)| curlw; =0 in Q;} (3.11)

X ={we L*Q)3| carlw; =0 in Q;}. .

The former is endowed with the scalar product and norm induced by H(curl; Q);
for reasons that will be clear later, the latter is endowed with the scalar product

(w.a)xi= [ pweq (3.12)
Q
and the associated norm || - ||x, which are equivalent to the standard scalar product
and norm in L2(Q)3.

It is straightforward to check that they are closed subspaces of H(curl; Q) and
L?(Q)3, respectively. Since H(curl; Q) and L?(£2)? are separable Hilbert spaces, W
and X are separable Hilbert spaces, too.

Multiplying the Faraday equation (2.2); by w € W, integrating in 2, and inte-
grating by parts we find for ¢ € (0,7):

0 :/ua—H(t)~w+/curlE(t)-w
o Ot Q

:/QN%I;I(t)-w+/QCEc(t)-curlwc+/ (n x E(t)) - w.

o0

(3.13)

Note now that the vector field curlw is clearly divergence free in €2, because
div curl = 0. Therefore, by (3.9) we have that curlwe - ng = —curlwy - ny on T'.
Looking back at the definition of the space W, we also know that curlw; = 0 in
Qr, thus we conclude that curl we -ng = 0 on I'. Therefore, the divergence theorem
implies

0= divcurlwe = / curlwg - ng = / curlweg -ne,  (3.14)
Qc Tur,ure I';ul'g
and hence
/ curlwg - ng = —/ curlwe - ne. (3.15)
FE FJ

We have now to remind some results. First, from (2.5) we know that E(t) x n =
—gradv(t) x n on 09, and that the potential v(t) has the properties that v (t)
and v|r, () do not depend on x and

o, (t) —vrg (t) = (Vs = Ve)(t).
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Second, since w € W we know that curlw; = 0 in ; and thus curlw; -n =0 on
I';. Third, using an integration by parts formula on the boundary we have

/ (wxn)-grad,¢ = — div,(w xn)¢.
T9) I9)
Hence the boundary term in (3.13) can be rewritten as

/aQ(n x E(t))- w= —/{m(n x gradv(t)) -w = —/ (w x n) - grad ;v(t)

[219]

= /Q div,(w x n)v(t) = /BQ(curlw -n)v(t)
= j (curlwe - ne)v(t)
TyUlg

=ur,(t) | culwe -ne + v, (t) / curl we - ne
Ty I'e

— (Vy(t) - V(1) / cwrlwe e,
’ (3.16)

having used (3.10) in the fourth equality and (3.15) in the last one.
Using the Ampere equation (2.2)2 in Q¢ we obtain
Ec(t) = o~ (curlHo(t) — Je (1)),
therefore (3.13) becomes

4 pH(t) - w + / o curl He(t) - curlwe
dt Ja 20 (3.17)
= / O'_lJc(t) ccurlwe — (Vy — VE)(t)/ curlwe - ng .

Q¢ ry

On the other hand we also have the Ampere equation (2.2)s in €7, namely,
curl Hy = J; in Qy.

For the sake of simplicity, from now on we assume that J; = 0 in Q; (the general
case can be treated by following the arguments in [3, Chap. 8]). By this assumption
we have that the Ampere equation in Q; becomes curl Hy = 0.

Problem. The weak formulation of the eddy current problem reads as follows: given
the data Jo € L2(0,T; L*(Qc)?), V; € L?(0,T), Vg € L*(0,T) and Hy € X with
div(uHp) = 0 in Q and uHp -n = 0 on 99, find H € L?(0,T; W) N C°([0, T]; X)
such that

d
— | pH(t) -w+ / o~ curl He (t) - curlwe
dt Jo Qe (3.18)
= / o Je(t) - curlwe — (Vy — VE)(t)/ curlwe - ne,
Qc Iy
for allw € W and a.a. t € (0,T), and
Hj,_o=H, in Q. (3.19)

Note that, indeed, it would be enough to assume that the voltage drop V; — Vg
belongs to L?(0,T).

Proving well-posedness of this problem is an easy task.
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Theorem 3.1. For all Jo € L*(0,T; L*(Qc¢)?), Vy € L?(0,T), Vi € L*(0,T) and
Hy € X with div(pHp) = 0 in Q and uHgy -n = 0 on 992, Problem 3 has a unique
solution H € L?(0,T; W) N C°([0,T]; X).

Moreover, there is a constant c,, > 0 not depending on Jo, Vi, Vg, and Hy such
that
IH| L2 0,7:w) + [IH[[co(0,77:x)
(3.20)
< cw (IIcllz20.m52220)%) + Vs = Vel z200,1) + IHoll 22 (002 ) -

Proof. The existence and uniqueness theory for this problem can be easily brought
back to classical results, for instance the Lions theorem (see, e.g., [8], pp. 512-513).
The couple of separable Hilbert spaces is given by W and X, with W C X let us
remind that X is endowed with the scalar product (3.12).

By [5, Lemma 3.2] we know that W is dense in X. Finally, the bilinear form

a(H,w) = / o~ curl He - curl we (3.21)
Qc
satisfies
a(w,w) + Bllwlk = allwl (3.22)
for suitable constants 3 > 0 and o > 0 (say, o = o}, B = a;léxu;ﬁln, where omax

is an upper bound for the maximum eigenvalue of o(x) in Q¢ and pmi, is a lower
bound for the minimum eigenvalue of ;(x) in ), and thus all the hypoteses in [8],
Theor. 1, pp. 512-513, are fulfilled. O

4. Strong formulation. Let us furnish the strong interpretation of the variational
problem (3.18), as it is interesting in itself, and moreover can be the starting point
for numerical approximation not based on variational methods.

We start by defining the space of harmonic fields

HY ={v:Qr— R? | curlv = 0 in Q;,div(uv) =0in Qr,uv-n =0 on 90} .
(4.23)
Here we have used the weight p for orthogonality reasons (see (4.26) and (4.27)),
as the scalar product in X is given by (3.12) .

This space is trivial if and only if the domain 2; is simply-connected. Its dimen-
sion coincides with the dimension of the first homology group of {;, namely, the
first Betti number of ;. From a geometrical point of view, the first Betti number
is the number of “handles” of the domain.

In the geometrical situation we are considering the space M} has dimension 1.
We denote by p the basis function satisfying the normalization condition

?{ p-Th=1 (4.24)
(o W
By the notation 7T'; we mean that the associated tangent vector ‘rJJr is given by

+ _
Ty =ksjncr, Xncr,

where k; = |nojp, X nc‘p|’1 is just a normalizing factor. Note that, by the
assumption on the geometry 2.1, we know that the intersection of I'c and T is
transversal, thus n¢r, and ng|r are not orthogonal.
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On the other electric port I'p we define

+ _
Tg = —RENC|rg X NCr,

with kg = [n¢|r, x ner|™'; in this way the two closed cycles 91T and 0T T'g are
homologically equivalent, and, due to the fact that p is curl free, we have

% p-rh=1 (4.25)
ot

Since the domain €7 is not simply-connected, though the magnetic field Hy is
curl free in 2 it is not possible to represent it as a gradient. However, it is the sum
of a gradient plus a vector field belonging to H/.

as well.

More precisely, for each ¢ € [0,T] we can write
H;(t) = grad ¢i(t) + 1°(t) p, (4.26)

where ¥;(t) € H(27)/R and I°(t) € R. It is also easily verified that the two terms
in this decomposition are orthogonal in X, as by integration by parts we obtain at
once

/ pgradm -p=0 Vo € H(Q) (4.27)
Qr

since p € HY.
Let us explain the the physical interpretation of the function ¢ ~— I°(¢). Since
07T s is a closed curve contained in Q7, we clearly have

§ @ = (adu +100) 7]
ot o+l

=1°) j{)+r p-Th=1I0).

Due to the matching condition He () X ne = Hy(t) X ng on T, by a direct manip-
ulation we find

H](t)~T+: H](t)'ﬂj (IIC‘FJ ch‘r‘)
8+F‘] 8+F,7

J

= —7{ ky (Hr(t) X nopr) - neyr,
9T,

= *]{ kj (He(t) x nor) -ner,
o+tT

f kg He(t) - (nor, X ngjr) = j{ Ho(t) 75
9+ 9*T

(4.28)

The closed curve 81T is not the boundary of a surface contained in Q;, but it is
the boundary of ', and the surface I'; is a part of the boundary of 2. Therefore,
by the Stokes theorem we obtain

I°0) = -~ Ho(t) 75 = /FJ curl Ho(t) - ne = /FJ (cEc(t) +Jc(t)) -nc.

This shows that I9(t) is the total current intensity passing at time ¢ through I'; in
the direction of ng.

We are now in a position to state the following formal result:
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Theorem 4.1. In terms of the magnetic field H only, the strong form of problem
(3.18) is the following:

OH
] a—tc +curl(cteurlHe) = curl(c™'Jo) in Qe x (0,T)
div (1 H) 0 in Q@ x (0,T)
curl Hy 0 in Qr x (0,7)
He xne +Hp x ny 0 on T x (0,7)
(c7tcurlHe) xng = (07'Jo)xne  on (T;UTE) x (0,T)
pH-n = 0 on 90 x (0,T)
Hlt:O = HO m Q,
(4.29)
along with the voltage condition
dI° .
up-p|— + [ o7 curlHe - (p X ny)
o¥ . Jr (4.30)
:—(VJ—VE)+/U_1J0~(p><nI) m (O,T),
r
where 1°(t) := §,. . Hi(t)- 75 (and, clearly, 1°(0) := §,. . Hor-T7).
Proof. The conditions curlH; = 0 in Q; and He X ng = —H; x ny on I' are

satisfied as H € W, while the condition Hj;—o = Hp in ) is explicitly stated in the
weak formulation (see (3.19)).

The Faraday equation (4.29); follows straightforwardly taking in the weak for-
mulation (3.18) a test function w € C*°(Q)3 with supp w C Q¢ and integrating by
parts.

We can repeat the same computation with a test function w € H(curl; Q) with
w; = 0 in Q; (hence wg x ng = 0 on I" by (3.8)) and wg X ng = 0 on I'g.
Recalling that 0Qc =T UT'; UT'g it follows that

/ (Maglitc + curl[o ! (curl He — JCH) "We
Qc

+ o Y curlHe — J¢) - (ng x we) = —(Vy — VE)/ curlwe - ng .
FJ FJ
Using the Faraday equation (4.29); just obtained in Q¢ we find
/ ([0_1(curlHC —Jo)] x nc) cwe =—(Vy— VE)/ curlwe - ng .
Iy Ty

In (3.15) we have proved that for w € W it holds fFJ curlwe -ng = — fFE curl wg -
nc. Since by (3.10) we have curlwe - ng = div,(we X ng) = 0 on I'g, in the
present situation we have fFJ curl we - ng = 0, hence

/F ([U—l(curIHC —Jo)] x nC) ‘we =0.

Since w is arbitrary on I' ;, we have therefore obtained
[0 (curlHe — Jo)] x ng =0 on T.

Converting the role of I'; and I'g, we obtain the same result on I'g, proving that
(4.29)5 is satisfied.
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Now we choose w = gradn with n € C§°(Q). We find

d
= [ yH-gradn =0
gt ), /H - eradn =0,

hence fﬂ pH - grad n is independent of ¢t. Integrating by parts, we see that the same
is true for [, div(uH)n. Using that the initial datum H satisfies div(uHp) = 0 in
Q, we obtain

[ vt = [ vt —o.
Q Q

Due to the fact that n is arbitray, this gives equation (4.29)s.
The choice w = gradn with n € H(Q) furnishes, integrating by parts,

d d d
=2 H gradn=-< | div(uH)n + = H-np=— H-nn.
p Qu gradn dt/Q iv(p )77+dt /((m,u ni = - aQM nn

Therefore, |, 9 MH - nn is independent of ¢. Using that the initial datum satisfies
uHp - n =0 on 09, it follows

/uH(t)-nn:/ pHo-nn =0,
on o0

namely, since 7 is arbitrary on 052, equation (4.29)g.

0

Finally, take in (3.18) a test function w € W with wio, = p. Integrating by
parts we first find

/ o Y curlHg — Jo) - curl we
Qc

= / curllo ™ (curlHe — Jo)] - wo + /[Uﬁl(curl He —Jco)] - (ne x we).
Qc r

The Faraday equation (4.29); reads
OHc
—H ot
using it along with relation (3.8) that gives ng X wg = w; X ny = p X nj, we are
left with

curllo ™ (curl He — J¢)] =

d

o [ HHip +/[071(Cur1Hc—Jc)]'(PXHI)
o r (4.31)

=—(V;—=Vg) curlwg - nc .
ry

By the Stokes theorem, it follows frJ curlwg -ng = faﬂi} Wc-TJJr. Moreover, as in
4.28), we have weo-Th = wr-7 7 since the test function w we are usin

o+T J = Yo+r, J 8
satisfies wig, = Wy = p, we rewrite this relation as §,. . wo 77 = §.. p-T].
Because by (4.24) it holds faJrFJ p- T =1, we have at last

/ curlwg -ng = 1. (4.32)
r,

Finally, since from (4.26) and (4.27) we can write H(t) = grad v1(t) + 1°(t)p with
fﬂ; ugrad iy - p = 0, we conclude

d d d1°
— H; p=— d I°p) p=— :
i Jo, M= g QIu(gm i+ lp)-p= -1 (/QI/JP p>,

and equation (4.30) follows readily from this last relation, (4.31) and (4.32). O
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Remark 2. Setting Ec = o~ !(curl He — J¢) in Qc, it is clearly verified that with
this definition the Ampere equation in Q¢ is satisfied; moreover, (4.29); can be read
as the Faraday equation in Q¢.

The proof that the solution to the variational problem (3.18) satisfies the bound-
ary conditions (2.5)2—(2.5)5 needs some additional effort. First of all, to determine
the electric field E globally in €, one has to solve problem (2.7). Then we can
conclude as follows:

Theorem 4.2. Let H be the weak solution of problem (3.18). Then problem (2.7)
has a unique solution Er in Qj (in particular, (2.5)5 is satisfied). Moreover, the
electric field given by Ec = o~ Y(curlHe — J¢o) in Q¢ and by the solution E to
problem (2.7) in Q satisfies (2.5)2—~(2.5)4.

Proof. For the solvability of problem (2.7) refer to [3, Theor. 8.6] (the only difference
being that there the right hand side comes from the time-harmonic expression of
the time-derivative).

From the Faraday equation, the boundary condition (4.29)¢ and (3.10) we know
that
div,(E xn)=curlE-n =0 on 9Q x (0,7).
Since 012 is simply connected, for each ¢t € (0,T") from (2.4) we have that (2.5)3 is
satisfied, i.e.,
E xn = —gradv x n on 99. (4.33)

Let us indicate the boundary values of the function v on I'j and I'g by v, = U,
and vjr, = Ug. Since we have defined Ec = o HewlHe — J¢) in Qc, the
boundary condition (4.29)5 states that Ec xne = 0 on I'y UT'g, namely, by (4.33),
gradvjg, X ng =0 on I'y UT'g. Both surfaces I'y and I'g are connected, thus we
deduce that U; and Ug do not depend on the space variable, which is condition

(2.5)3.

As seen before in (4.31) and (4.32), the voltage condition (4.30) can be also
written as

d
— MHI-p+/EC'(P><n1)Z—(VJ—VE)-
dt Qr T

By the matching condition (2.7)4 on T, this is equivalent to

d
f/ qu~p+/ E;-(p xny)
dt Jo, TU(90N9Q;)

— EI-(pxnI):—(VJ—VE).
[191al°197;

We have I' U (92 N 9€2y) = 9821, hence integration by parts yields

/ E[-(pxnl)z/ curlE; - p,
ru(o2NoNs) Q

having used that curl p = 0 in ;. This relation and Faraday equation (2.7); permit
to rewrite (4.34) as

(4.34)

- / E; - (pxns) = (V) — Vg). (4.35)
o00QNON
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By (4.33) we have E x n = —gradv x n on 052, hence the left hand side of (4.35)
is given by

—/ EI-(pxnj):/ EIXIl['p
o0NoN o0NON

:7/ gradvxn1~p:/ grad ;v - (p X ng).
QN0 20Ny

We need now to perform an integration by parts, related to the tangential oper-
ators grad ; and div,, on the surface 02N 027, whose boundary is given by the two
curves 9Ty and OT'g. We set v = nyjpo x 74 on 'y and v = —nyjpq X 7 on I'p.
In this way, v is a unit vector, tangential to 02N 9y and orthogonal to the curves
OI'y and OT'g; in particular, it points outward 92N 0<Y;, looked as a surface on 052,
on both OI'; and OT'g. An integration by parts on the surface 02 N 0Q; thus gives

(4.36)

famaa, grad v - (p x nr)

—— [ vdivpxnnt§ ov(pxmm)  (aan
[2191als197; oryUol'g
:—UJ]{ p~(V><nI|3Q)—UE7{ p- (Vv x1npppq).
ar, g

Here, we took into account that vip, = U, and vjr, = Ug do not depend on x and
that, by (3.10), div,(p X ny) = curl p-n; = 0 on 99Q;.

By our definitions of v, it is easy to check that v X njjpq = T}r on OI'; and
vV X Njjp0 = —77% on OT'g. Therefore, farJ p- (Vv Xnppq) = f[ﬂI‘J p-7F =1and
Jor, P (v xnpp0) =~ [5r, P 7 = —1 follow from (4.24) and (4.25), and from
(4.36) and (4.37) we conclude

—/ E]-(an]):—(UJ—UE).
0QNoN

Hence (4.35) gives —(U; — Ug) = —(V; — VE), and the boundary condition (2.5)4
follows. O

4.1. More general geometrical settings. Suppose that the geometrical sit-
uation is the one described before, with only one exception: we suppose that
T'e = 00¢ N OQ is the (disjoint) union of M + 1 connected surfaces I'g, F},, ey
'Y M > 2 (see Figure 2).

Then, for each fixed ¢ € [0, T], the surface potential v(¢) turns out to be equal to
a constant Vj(¢) on each surface I‘f}, k=1,...,M, and equal to another constant

VE(t) on I'p. Proceeding as in (3.14) and (3.16), the boundary term [, (n x E)-w
can be written as

M
/(m(n <xE)-w = ]gl/rlj(curlwc ‘ne) ve(t) +/ (curlwe - ne) ve(t)

I'e

M
= Z Vi (t) / curlweo -ng + Vg (t) / curlwe - ng
k=1 ry Ig

WE

(Vi — VE)(t)/ curlwe - ng,

k
1—‘J

™~
Il
—
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M L
as fFE curlwe -ng = =, [ curlwe - ne, because curl we is divergence free

in Q¢. Therefore, the weak formulation of the problem needs only one change: the
right hand side of (3.18) has to be substituted by

M

/ o e curlwe — Z(Vk — VE)(t)/ curlwe - ng .
Qc k=1 ry
2
r! FE FJ

FIGURE 2. A first alternative geometrical configuration: a con-
nected conductor Q¢ with five electric ports.

If interested in the strong formulation, a further step can be carried out: in the
geometrical situation we are now considering the space of harmonic fields H% has
dimension M, and a basis for it is given by the unique vector fields p; € H such
that

j{ pl~T}rk:(51k, l:1,...7M.
otTk

Taking in the weak formulation a test function w; € W such wo, = p;, it is easy
to see that equation (4.31) now becomes
d

— wHr - p, +/[O'_1(CUI"IHC —Jo)] - (p; x ny)
dt Jq, r

M (4.38)
= — ;(Vk — VE)(t) /FA CU.I‘lWl}C - Ng¢

J

for I = 1,..., M. Moreover, proceeding as in the proof of (4.32), by the Stokes
theorem one finds

/ curlw, ¢ -ng = j{ wi.C - Tj.
Tk o+Tk
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- +_ +_ +
Furthermore, as in (4.28) we have fa+r{~,' Wi o Ty = fmr{; W Ty = fwr? Ty
Hence we have found

J

Finally, writing Hy(¢) = grad ¢1(t) + 211:/[:1 I (t) py it follows

M M
/QI pH(t) - py =/ p (gradwl(t)Jrl;Iﬁ(t)pk) o= ;L?(t) (/Q, 1Py -m) :

Qr

curlw; ¢ -ng = % P T}Fk =0y .

k k
J 8-*—FJ

Hence the voltage equation (4.30) becomes the system
M

dIy -
Z wpp Py ) —= + [ o7 curlHe - (p; X ny)
Qr dt r

k=1
——(h=Ve)+ [ oo (o xmy) in (0.7),
r
(4.39)
for each i =1,..., M, where the M voltage jumps (V; — Vg)(t) have been assigned.

A similar argument can be applied when the conductor Q¢ is the (disjoint) union
of M > 2 connected components )¢ i, k= 1,..., M, each one having two electric
ports I'g 5, and I' ;1 (see Figure 3).

FJ,] r

FIGURE 3. A second alternative geometrical configuration: a non-
connected conductor Q¢ with four electric ports.

In this geometrical situation, we have to assign M voltage jumps (Vyr—Ve.x)(t),
k=1,...,M, and the dimension of the space H} is still equal to M. Denoting by
p; the basis function with the property that §3+F./ NJE T'J"k =0k, l=1,...,M, in
this case the voltage system becomes 7

M

a o
Z upr-p; ) =+ [ o7 cwrlHe - (p; x ng)
Q; dt r

= (4.40)

= _(VJ,Z — VEJ) + / U_lJC . (pl X n]) in (O,T),
T
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foreachl=1,..., M.

One can also consider the following geometrical situation. The conductor is
composed by two connected components: one, denoted by QS), is like the conductor
in Section 1, and is a simply-connected domain not strictly contained in 2. This
means that it has an intersection with 02, denoted by BQg) NoY =TgUly,
where I'p and T'; are two disjoint and connected ‘electric ports’ on 9€2. We also
suppose that the intersection of 898) and 02 is transversal. The other connected
component Q(g ) is like a hollow cylinder (namely, a torus), and is strictly contained
in Q. One can think of Q(C}) as an induction coil that envelops the workpiece Qg)7
without touching it (see Figure 4).

(2)
Q

FIGURE 4. A third alternative geometrical configuration: a non-
connected conductor Q¢ with two electric ports.

In this situation, one can identify two non-bounding cycles in ;: the first one,
as in the previous cases, is 0(1) = 9*T';. The other one is 0(?, a cycle linking the
hollow cylinder Q(C%), passing into its hole.

Therefore, the dimension of H/ is equal to 2. Let us choose a basis of H/. First
we fix an orientation on o(?; than one basis field p, satisfies §8+FJ p-ThH =1
and fa(g) p, - T =0, whereas the other basis field p, satisfies §8+FJ po-Th =0and
35;,@) ps - T = 1. It is readily seen that the voltage system now is given by

2

a
Z wpr-p; ) =+ [ o curlHe - (p; X np)
o a — Jr

P (4.41)

=—(V;=Vg)in + / 0'_1JC “(py xny) in (0,7),
r

for each [ = 1,2. Note that this example clearly shows that voltage drops cannot

be imposed if the conducting domain Q¢ is strictly contained in 2 and does not

have electric ports (in that case, p; does not exist and (4.41) simply becomes an

equation for p,, in which the first term at the right end side disappears).
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5. The optimal control problem. In the previous sections, we prepared the
analysis of our state equation, i.e., our Maxwell control system. Now we take the
voltage Vy — Vg as control function. For this reason, we set V(t) = V;(t) — Vr(t).
Thanks to Theorem 3.1 we know that (for fixed and given current density Jo and
initial function Hyp) to each function V' a unique magnetic field H in Q2 and a unique
electric field E¢ in )¢ are associated. Let us denote these fields by Hy and Ec¢ v,
respectively, to indicate their correspondence to the given voltage V. The control-
to-state mapping V — (Hy,Ec ) is affine between the corresponding spaces. By
(3.20), it is also continuous.

The main goal of the control is to approach given state functions Hy; € L2
(desired magnetic field) and Ec 4 € L? (desired electric field) in the associated L?-
norms, while the “cost” for the electrical voltage V' is considered by a Tikhonov
regularization term with weight v > 0. This leads to minimizing the following
objective functional,

T
vy
F(V):= = IHy — Hyl?

0 (5.42)

T T

Vg v

+ 2 [ By ~Bealta, + 5 [ IV
0 0

The electric field Ec,y is equal to Ecy = o~ !(curlHy,c — J¢), hence we can

express the objective functional entirely in terms of the magnetic field,

T
Vi
FV) =% [y - R,

T T
v _ v
+ 7E ||O' 1(cur1HV,C — Jc) — EC,dH?r,QC + 5 / |V|2
0 0
(5.43)
The control functions V' may be restricted by the constraint V' € V.4, where V4 is

a non-empty, convex, and closed subset of L?(0,T). In this way, our optimal control
problem admits the following short form:

min F(V). (5.44)

A control V* € V4 is said to be optimal if
F(V*)<F(V) VYV € V.

In other words, an optimal control V* is defined by F'(V*) = Vm%jn F(V).

€Vad
Theorem 5.1. If V.4 is bounded or v > 0, then the optimal control problem (5.44)
has at least one optimal control. In the latter case, the optimal control is unique.

Proof. In view of Theorem 3.1, the control-to-state mapping V — (Hy,Ey) is
(affine) and continuous. Therefore, the functional F is weakly lower semicontinuous
in L2(0,T). The set Vyq is convex and closed in L2(0,T), hence weakly closed. If
Vuq is in addition bounded, then V,4 is weakly compact and the result follows in
a standard way. If v > 0, then we can restrict the search for an optimal control
to a bounded and weakly closed subset of V,4 and the result follows in the same
way. O
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To proceed with necessary optimality conditions, we need the derivative F’ of F.
The derivative at V' in the direction V is given by

T
F/(V)V ZZ/H/ /M(H‘A/—Hd)-HQ/
0 Q

T T _ (5.45)
+VE/ / (EC‘A/—EC’d)-curlH(‘)/C—l—V/ Vv,
o Jac ’ 0

where Hy and E, 5 = o~ (curl Hy; — J¢) are the states associated to V, with
initial datum Hy and current density Jc, while HY is the state associated to V/,
subject to vanishing initial datum and current density equal to zero.

Obviously, the terms

T T
VH/ / pn(Hy —Hy) - HY, and VE/ / (Eq v — Ecpa) - curl HY, -
0o Ja 0o Jac

depend linearly on V. However, V enters in an implicit way via HY, and curl HY, ..

For finding an explicit expression in terms of V', an adjoint equation is introduced
in a standard way. This is based on a duality argument. Later, first-order optimality
conditions for an optimal control V* are based on this approach.

6. The adjoint problem. Let us first define the adjoint equation.

Definition 6.1 (Adjoint equation). Let V € L2(0,T) be a given control with
corresponding states Hy and E, . Moreover, let Hy € L2(0,T; L*(Q)?), Ecq €
L2(0,T; L?(Q¢)?) be the given desired states. The problem to find w € L2(0,T; W)N
C9([0,T); X) with

d
- —/ pw(t) - h —|—/ o~ curlwe(t) - curl he
dt o) Qo

(6.46)
—vn [ p(Hy ~H)(0) bt ve | (Bep—Eea)(o) culho
Q Q¢
for all h € W and a.a. ¢t € (0,7T), and
Wi—r =0 in Q (6.47)

is called adjoint equation. Its solution w is said to be the adjoint state associated
with V' € L?(0,T) and denoted by wy.

Since the bilinear forms at the left hand side of (3.18) are symmetric, it is easy to
confirm that the adjoint equation has a unique (weak) solution w, hence the adjoint
state associated with V is uniquely determined. Moreover, the adjoint equation
is well-posed. In particular, the mapping L?(0,7) > Vi we L? (0,T; W) N
C°([0,T); X) is continuous.

Now we have all prerequites to formulate optimality conditions.

Theorem 6.2 (Necessary optimality conditions). Let V* be an optimal control
of problem (5.44) and let Hy+ and Ec v+ be the associated optimal magnetic and
electric fields, respectively. Then the variational inequality

T
/ (“I% 4 D VYV —V*) >0 YV € Vo, (6.48)
0
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has to be satisfied, where I%* is the total current intensity passing at time t through
T’y in the direction of ng that is generated by the adjoint magnetic field wy«. It is
defined by

IO’*(t) = % WV*,I(t) . ’T}».
o+T

Proof. We know that the optimal control V* must obey the variational inequality
F'(V*)(V —=V*) >0 for each V € V,4. The first two terms at the right hand side
of (5.45) with V substituted by V* and V substituted by V' — V* are
T
VH/ / p(Hy- — Hy) - (Hy, — HY.)
0o Jao
+uE/ / (Ec,v+ — Eca) - curl(HY, o — HY. ).
0o Jac
Using (6.46) with h = HY, — HY.. gives
T
VH/ / /J,(Hv* — Hd) . (H(‘)/ - HO *)
0o Ja -
+ VE/ / (EC,V* — Ec}d) . Curl(H(‘)/’C — HQ/*,C)
0 Jac
Td
i
0 gl}f Q
+/ / ot ewlwys o - curl(HY, o — HY. o).
Qc
Due to the fact that wy«;—p = 0 and that (HY, — H?/*)“:O = 0, we have

Td 0 0
/ @/,uwvw(vaH*):O.
0 Q

Hence, by a change of sign in this vanishing term and by taking into account the
symmetry of the bilinear forms, equation (6.49) can be rewritten as

o /OT/Q p(Hy- — Hg) - (Hy, - HY.)

T
+ I/E/ / (Ec,v+ —Ec.q) -curl(H(‘)/’C — H?/*’C)
Qc

Td 0 0
= / a/ H - HV*) s Wy
/ / L eurl( H —HY). o) - curlwy ¢
Qc ’

:—/ V- V)/ curlwy- ¢ - ng,
0 r,

having used (3.18) in the final equality. On the other hand, from the Stokes theorem
and the matching condition Wy« ¢ X ng = —wy« 1 X ny, as in the proof of (4.32)

we find
/ curlwv*,cwnc:j{ Wv*’c-T}r:% Wv*’[“T}r:IO’*,
Ty otT otT,

and the result easily follows. O

(6.49)
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7. Some remarks on numerical approximation. In this section we only present
how finite elements could be used for the space discretization of the state and the
adjoint problems. A more detailed analysis will be the subject of a further research.

It is clear that an advantage of the proposed formulation (3.18) is that the mag-
netic field H is looked for in the space W, whose elements w have to satisfy the
constraint curlw; = 0 in Qj;. Therefore, the number of degrees of freedom that
are needed for the numerical approximation in ; is less than that necessary for a
standard approximation of H (curl; ;).

In other words, we know that in Q; we have H; = grad ¢ +1°p, and it is natural
to discretize this vector field by employing as degrees of freedom the nodal values
of an approximation of the magnetic potential 17 (plus the coefficient I°).

However, the explicit introduction of the magnetic potential 1; is not required
(in this sense, our method is simpler than that proposed in [5]). In fact, it is
much straightforward to furnish a discretization of W by introducing a suitable
finite dimensional subspace W) C W. This can be easily done: let us give the
description of all the basis functions of Wy,.

Let us denote by IN;, the space of Nédélec finite elements of the lowest order, and
by Lj the space of piecewise-linear, globally continuous Lagrange elements (see,
e.g., [19, Chap. 5]). As it is well-known, the degrees of freedom of N}, are given by
the line integral over the edges of the mesh, whereas the degrees of freedom of Ly,
are expressed by the nodal values.

The basis of W, is constructed in this way: for all the edges in Q¢ that have at
most one endpoint on I' we select the Nédélec basis function associated to that edge;
for all the nodes that are in Q;, except one, we select the gradient of the Lagrange
basis function associated to that node; for the non-bounding cycle in Q; we choose
a curl free Nédélec element with line integral equal to 1 on that cycle (in a more
general geometrical situation, this must be repeated for all the non-bounding cycles
in Q7). In [1, Theor. 3] and [2, Theor. 1] it is proved that this is a basis of W,.

A few additional words could be addressed to the way in which the curl free
Nédélec element with line integral equal to 1 on the non-bounding cycle is con-
structed. In [1] it is shown how this can be done, in any geometrical configuration,
by means of an automatic procedure that only needs the knowledge of the mesh of
the domain. However, in many cases the construction is more direct and, in fact,
simpler: it is enough to identify a surface ¥ which ‘cuts’ the non-bounding cycle,
and ‘double’ the nodes of the mesh on it. In this way the surface has two sides, and
the vector field we need is the gradient of the piecewise-linear Lagrange interpolant
taking value 1 on all the nodes on one side of 3, and value 0 on all the other nodes,
including those on the other side of .

The spatial discretization of the state problem (3.18) is simply
d -1
— [ pHp -wp + o “curlHy, ¢ - curl wy, ¢
dt Q Qc
= c o ~curlwy, o — (V5 — VE)/ curlwyp ¢ - ne,
Qc Ty
(7.50)

for all wp, € Wy, and for almost all t € (0,7). A similar discretization can be
devised for the adjoint problem (6.46).
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We can thus conclude that, with respect to other formulations of the eddy current
problem (say, in terms of the electric field E, or of the magnetic vector potential
A satisfying curl A = pH), the one we propose is the cheapest one with respect to
the total number of degrees of freedom. Moreover, the algebraic structure of the
finite element stiffness matrix is quite favorable, as it is symmetric and positive semi-
definite; consequently, any implicit time-discretization scheme will lead at each time
step to the solution of an algebraic linear system associated to a sparse, symmetric
and positive definite matrix.
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