
THE TANGENCY OF A C1 SMOOTH SUBMANIFOLD
WITH RESPECT TO A NON-INVOLUTIVE C1 DISTRIBUTION

HAS NO SUPERDENSITY POINTS

SILVANO DELLADIO

Abstract. Consider a C1 smooth n-dimensional submanifold M of Rn+m and a C1

distribution D of rank n on Rn+m . Let τ(M,D) denote the set of all points z ∈ M such
that D(z) is tangent to M at z. We prove that if D is not involutive at every point of
M then τ(M,D) has no superdensity points.

1. Introduction

Let us consider a C1 distribution of rank n on an open set U ⊂ R

n+m , that is a map D
assigning an n-dimensional vector subspace D(z) of Rn+m to each point z ∈ U and satis-

fying the following property: If z ∈ U then there exists a family {X(z)
1 , . . . , X(z)

n } of vector

fields of class C1 in a neighbourhood V (z) ⊂ U of z such that {X(z)
1 (z′), . . . , X(z)

n (z′)} is
a basis of D(z′) for all z′ ∈ V (z). Recall that the distribution D is said to be involutive at

z ∈ U if [X
(z)
i , X

(z)
j ](z) ∈ D(z) for all i, j ∈ {1, . . . , n}.

Also recall that the distribution D can be described through the formalism of differential
forms, compare [5, Section 3.2] and [13, Section 2.11]. According to this approach, if
z ∈ U then there exists a family of m linearly independent differential 1-forms of class C1

in V (z), that is

θ(j) =
n+m
∑

i=1

a
(j)
i dzi (j = 1, . . . , m)

with a
(j)
i ∈ C1(V (z)), such that (for z′ ∈ V (z))

D(z′) = ker(θ
(1)
z′ ) ∩ · · · ∩ ker(θ

(m)
z′ ) =

[

span{a(1)(z′), . . . , a(m)(z′)}
]⊥

where
a(j) := (a

(j)
1 , · · · , a(j)n+m)

t.

Observe that, for all j = 1, . . . , m and i = 1, . . . , n, the function

f
(z)
ji : V (z) → R, z′ 7→ θ

(j)
z′ (X

(z)
i (z′))
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is identically zero (in that X
(z)
i (z′) ∈ D(z′)). Hence, by a well-known formula (compare

[5, Theorem 2.3] or [13, Proposition 2.6.6]) one has

(dθ(j))z′(X
(z)
i (z′), X

(z)
k (z′)) = X

(z)
i (z′)(θ(j)(X

(z)
k ))−X

(z)
k (z′)(θ(j)(X

(z)
i ))

− θ
(j)
z′ ([X

(z)
i , X

(z)
k ](z′))

= X
(z)
i (z′)(f

(z)
jk )−X

(z)
k (z′)(f

(z)
ji )− θ

(j)
z′ ([X

(z)
i , X

(z)
k ](z′))

= −θ(j)z′ ([X
(z)
i , X

(z)
k ](z′))

whenever z′ ∈ V (z), for all j = 1, . . . , m and i, k = 1, . . . , n. It follows that D is involutive
at z′ ∈ V (z) if and only if

(dθ(j))z′|D(z′)×D(z′) = 0 (j = 1, . . . , m)

for all j = 1, . . . , m.

If ND denotes the open set of all points z ∈ U such that D is not involutive at z, then the
classical Frobenius theorem establishes the following fact, compare [13, Section 2.11]: The
open set ND is empty if and only if for all z0 ∈ U there exists an n-dimensional regular
embedded C1 submanifold M of U such that z0 ∈ M and τ(M,D) = M , where τ(M,D)
stands for the tangency set

{z ∈M : TzM = D(z)}

of M with respect to D (see [3]).

In general, if no restriction about involutivity is assumed on D, the Frobenius theorem
cannot be applied and it is natural to look at the number

ρCσ(D) := sup {dimH(τ(M,D)) : M ∈ Mn
Cσ(U)}

where dimH denotes the Hausdorff dimension and Mn
Cσ(U) is the family of n-dimensional

submanifolds of U of class Cσ. We note that ρCσ(D) increases as the regularity σ “de-
creases”, e.g., ρC2(D) ≤ ρC1(D), but such an obvious observation is too vague to be useful.
Far more significant is the upper bound for ρC2(D) provided in [3, Theorem 1.3] (see also
[8] for an alternative proof, based on the implicit function theorem). An interesting ex-
ample is provided by the horizontal subbundle HH

k of the tangent bundle TH k to the
Heisenberg group H

k , that is the distribution of rank 2k on R

2k+1 defined as

HH

k (z) :=



span







−
k
∑

i=1

zk+i ei +
2k
∑

i=k+1

zi−k ei − e2k+1











⊥

(z ∈ R

2k+1)

where e1, . . . , e2k+1 denotes the standard basis of R2k+1 . In this case one can assume
V (z) = R

2k+1 for all z ∈ R

2k+1 and

θ(1)z := −
k
∑

i=1

zk+i dzi +
2k
∑

i=k+1

zi−k dzi − dz2k+1 (z ∈ R

2k+1)
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so that

(dθ(1))z = 2
k
∑

i=1

dzi ∧ dzk+i (z ∈ R

2k+1).

Since

e1 − zk+1e2k+1, ek+1 + z1e2k+1 ∈ HH

k (z)

and

(dθ(1))z(e1 − zk+1e2k+1, ek+1 + z1e2k+1) = 2dz1 ∧ dzk+1(e1, ek+1) = 2

for all z ∈ R

2k+1 , one has NHHk = R

2k+1 . The result [3, Theorem 1.3] is used in [3, Exam-
ple 6.5] to prove the following estimate for the Hausdorff dimension of the characteristic
set C(M) = τ(M,HH

k) of a codimension 1 submanifold M of class C2 in H

k

dimH(C(M)) = dimH(τ(M,HH

k)) ≤ k, i.e., ρC2(HH

k) ≤ k

which is actually an earlier result by Balogh [2, Theorem 1.2]. Another interesting ap-
plication of [3, Theorem 1.3] is [3, Theorem 4.5], which generalizes the Derridj’s theorem
[9, Theorem 1] about the size of tangencies in the context of Hörmander distributions.
Further related work on stratified groups can be found in [11, 12].

The size of the tangency set τ(M,D) for M ∈ Mn
C1(U) has been investigated in [3] in

the case when z = (z1, . . . , zn+m) 7→ D(z) is translation-invariant with respect to the last
m variables, i.e., D(z) does not depend on (zn+1, . . . , zn+m). In this special situation,
including HH

k , it turns out that the following facts hold [3, Proposition 8.2]:

• ρC1,1(D) = n;
• For all z0 ∈ U (in particular for all z0 ∈ ND) there exists M0 ∈ ∩α∈(0,1)M

n
C1,α(U)

such that z0 ∈ M0 and Hn(τ(M0,D)) > 0, hence M0 ∈ Mn
C1(U) and ρC1(D) =

dimH(τ(M0,D)) = n.

In particular, one has ρC1,1(HH

k ) = 2k and for all z0 ∈ R

2k+1 there exists a surface
S0 ∈ ∩α∈(0,1)M

2k
C1,α(R2k+1) such that z0 ∈ S0 and H2k(τ(S0, HH

k )) > 0.

So it can happen to bump into tangency sets τ(M,D) of positive Hn measure (even
with M ⊂ ND) and indeed we are inclined to think that the second fact above can be
proved for any C1 distribution of rank n, at least in the following weaker form: For
every C1 distribution D of rank n such that ND 6= ∅ and for all z0 ∈ ND, there exists
M0 ∈ Mn

C1(ND) such that z0 ∈M0 and Hn(τ(M0,D)) > 0.

In this paper we shall prove that a tangency set can never be too dense at the points of
ND, even when it has positive measure. To understand exactly what this means, we recall
first of all that z0 ∈M , with M ∈ Mn

C1(U), is said to be a superdensity point of H ⊂M
if

Hn(BM(z0, r) \H) = o(rn+1) (as r → 0+)

where BM(z0, r) ⊂M denotes the metric ball of radius r centered at z0, compare Section
2 below. We are finally able to state precisely our main result and its corollaries (where
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it is assumed, without loss of generality, that the differential 1-forms θ(j) describing D are
defined in U):

Theorem 1.1. Let M be an n-dimensional regularly embedded C1 submanifold of U and
assume that one between conditions (I) and (II) below is satisfied:

(I) Let z0 ∈M be a superdensity point of τ(M,D), i.e.,

Hn(BM(z0, r) \ τ(M,D)) = o(rn+1) (as r → 0+);

(II) Let z0 ∈M be an ordinary point of density of τ(M,D), i.e.,

Hn(BM(z0, r) \ τ(M,D)) = o(rn) (as r → 0+)

and let M be locally of class C2 at z0.

Then z0 ∈ τ(M,D) and D is involutive at z0, i.e.,

(dθ(j))z0|Tz0M×Tz0M
= (dθ(j))z0 |D(z0)×D(z0) = 0

for all j = 1, . . . , m.

The following corollary follows trivially from Theorem 1.1.

Corollary 1.1. Let M be an n-dimensional regularly embedded C1 submanifold of U and
let z0 be a point of density of τ(M,D) (hence z0 ∈ τ(M,D), by Remark 5.1). Moreover
assume D is not involutive at z0, namely there is j0 ∈ {1, . . . , m} such that

(dθ(j0))z0 |Tz0M×Tz0M
= (dθ(j0))z0|D(z0)×D(z0) 6= 0.

Then

(1) z0 is not a superdensity point of τ(M,D);

(2) The submanifold M is not locally of class C2 at z0.

Observe that the first statement of Corollary 1.1 can be rephrased as follows.

Theorem 1.2. If M is an n-dimensional regularly embedded C1 submanifold of U , then
the set τ(M ∩ND,D) has no superdensity points. In particular, if M ⊂ ND then τ(M,D)
has no superdensity points.

In particular, as a consequence of Theorem 1.2 and the remarks above, it turns out that
τ(M,HH

k ) has no superdensity points, whatever M ∈ M2k
C1(R2k+1), even if one has

dimH τ(M,HH

k ) = 2k.

Finally, let us spend a few words on how the paper is organized. In Section 2 we introduce
the notation. In Section 3 we have collected some expected results, including the density-
preserving property of C1 embeddings and the description of the tangent space to an
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arbitrary set at a point of density. Section 4 is actually the main one, where we prove the
hardest part of Theorem 1.1 in the case when M is the image of an injective immersion of
class C1. Eventually, Section 5 provides the proof of Theorem 1.1 in its whole generality.

Acknowledgements. I would like to thank Valentino Magnani who brought to my
attention [10, 3.2.46], used in Proposition 3.2 below.

2. General notation

The standard basis of Rn+m is denoted by e1, . . . , en+m. We will often have to deal with
maps from R

n to Rm and with their graphs. Due to this fact and other technical reasons,
we distinguish the notation relative to the first n coordinates from the notation relative
to the last m coordinates: they are denoted by x = (x1, . . . , xn) and y = (y1, . . . , ym),
respectively. We may write Rn

x in place of Rn and R

m
y in place of Rm . As one expects,

the dual basis of e1, . . . , en+m is indicated with

dx1, . . . , dxn, dy1, . . . , dym.

Also we need the trivial isomorphism J : Rn × R

m → (Rn × R

m)∗ mapping every ei to its
corresponding member in the dual basis, i.e.,

J(ei) =







dxi if i = 1, . . . , n

dyi−n if i = n+ 1, . . . , n+m.

The open ball in R

n centered at p with radius r > 0 will be denoted by B(p, r). Let M
be an n-dimensional regularly embedded C1 submanifold of Rn+m and z0 ∈ M . Let δM
be the distance defined on each connected component of M by taking the infimum of the
length over the joining paths (compare [4, Section 1.6]) and, for r > 0, let us define

BM(z0, r) := {z ∈M (z0) : δM (z, z0) < r}

where M (z0) is the connected component of M containing z0. The tangent space to M at
z0 is denoted by Tz0M . According to [3], we also define the tangent space Tanp0(E) to an
arbitrary set E ⊂ R

h at p0 ∈ E as the vector space spanned by

Dirp0(E) :=

{

u ∈ S

h−1 : u = lim
i→∞

pi − p0
|pi − p0|

for some {pi}
∞
i=1 ⊂ E \ {p0} with pi → p0

}

.

Let us now recall a way to define a C1 distribution of rank n on an open set U ⊂ R

n
x ×R

m
y

through the formalism of differential forms, compare [5, Section 3.2] and [13, Section 2.11].
Consider a family of m linearly independent differential 1-forms of class C1 in U , that is

θ(j) =
n
∑

i=1

a
(j)
i dxi +

m
∑

h=1

a
(j)
n+hdyh (j = 1, . . . , m)
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with a
(j)
i ∈ C1(U). Then, for z ∈ U , let D(z) be the set of vectors in R

n+m solving the
so-called Pfaffian system of equations

θ(j)z = 0 (j = 1, . . . , m)

namely

D(z) := ker(θ(1)z ) ∩ · · · ∩ ker(θ(m)
z )

=
[

span{J−1(θ(1)z )}
]⊥

∩ · · · ∩
[

span{J−1(θ(m)
z )}

]⊥

=
[

span{J−1(θ(1)z ), . . . , J−1(θ(m)
z )}

]⊥

i.e.

D(z) =
[

span{a(1)(z), . . . , a(m)(z)}
]⊥

(2.1)

where
a(j) := (a

(j)
1 , · · · , a(j)n+m)

t.

Consider an open set A ⊂ R

n , ϕ ∈ C1(A,Rn+m) and let ω be a differential form of class
C1 in an open subset of Rn+m including ϕ(A). Then (ϕ∗ω)a is the pullback of ω under ϕ
at a ∈ A.

The Lebesgue outer measure on R

n and the n-dimensional Hausdorff outer measure on
R

n+m will be denoted by Ln and Hn, respectively. A point p ∈ R

n is said to be a
superdensity point of E ⊂ R

n if Ln(B(p, r)\E) = o(rn+1) as r → 0+. The set of all these
points p is denoted by E(n+1). One has the following result which generalizes the Schwarz
theorem about the equality of cross derivatives, compare [6, 7].

Theorem 2.1. Let F ∈ C1(Ω,Rn) and f ∈ C1(Ω), where Ω is an open subset of Rn . If
define K := {p ∈ Ω : Df(p) = F (p)} and if p0 ∈ Ω ∩K(n+1) then one has p0 ∈ K and
(DF (p0))

t = DF (p0).

The property stated in Theorem 2.1 is false, in general, if one simply assumes that p0 is
a point of density of K, compare [6, Remark 2.2] where [1, Theorem 1] is used to provide
a counterexample. A way to get the symmetry of DF at a point of density of K in Ω is
to assume that f ∈ C2(Ω), compare Corollary 3.2 below.

3. Some preliminaries

3.1. A result from linear algebra. Define

X := R

n
x × {0

R

m
y
}, Y := {0

R

n
x
} × R

m
y

and consider the standard projections πX : Rn
x × R

n
y → X , πY : Rn

x × R

n
y → Y defined as

follows
πX(x1, . . . , xn, y1, . . . , ym) := (x1, . . . , xn, 0, . . . , 0)
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and

πY (x1, . . . , xn, y1, . . . , ym) := (0, . . . , 0, y1, . . . , ym).

Recall that e1, . . . , en is a basis of X . The following result holds.

Proposition 3.1. Let Z be an n-dimensional vector subspace of Rn
x × R

m
y such that

πX(Z) = X. Then πY (Z
⊥) = Y .

Proof. We first prove that

Z⊥ ∩X = {0}.(3.1)

For i = 1, . . . , n, let vi ∈ Z be such that πX(vi) = ei. Hence

εi := ei − vi ∈ Y (i = 1, . . . , n).

Thus, if u ∈ Z⊥ ∩X = Z⊥ ∩ Y ⊥, one has

u · ei = u · vi + u · εi = 0

for all i = 1, . . . , n. This yields u = 0 and concludes the proof of (3.1).

Now consider a basis w1, . . . , wm of Z⊥ and let c1, . . . , cm ∈ R be such that c1πY (w1) +
. . .+ cmπY (wm) = 0. Then πY (c1w1+ . . .+ cmwm) = 0, i.e., c1w1+ . . .+ cmwm ∈ X . From
(3.1) it follows that c1w1 + . . .+ cmwm = 0, hence the constants ci have to be zero. This
proves that πY (w1), . . . , πY (wm) is a basis of Y . �

3.2. C1 embeddings preserve density-degree. Let V and Ω be open subsets of Rn ,
let Φ : V → Ω be a diffeomorphism of class C1 and let a0 ∈ V . Since DΦ is continuous in
V , we can find a closed proper ball B ⊂ V centered at a0 and a positive constant C such
that

|Φ(a)− Φ(a0)| ≤ C|a− a0|, for all a ∈ B.(3.2)

Analogously, possibly taking a larger C, we can find a closed proper ball B′ ⊂ Ω centered
at Φ(a0) such that

|Φ−1(x)− a0| ≤ C|x− Φ(a0)|, for all x ∈ B′.(3.3)

The inequalities (3.2) and (3.3) prove that

Φ(B(a0, r/C)) ⊂ B(Φ(a0), r) ⊂ Φ(B(a0, Cr))(3.4)

provided r is small enough.

Now let A be an open subset of Rn and consider an injective immersion of class C1

ϕ : A→ R

n+m

so that S := ϕ(A) is an n-dimensional regularly embedded C1 submanifold of Rn+m . Then
one has the following result which extends (3.4).
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Proposition 3.2. If a0 ∈ A then there exists C > 1 such that B(a0, Cr) ⊂ A and

ϕ(B(a0, r/C)) ⊂ BS(ϕ(a0), r) ⊂ ϕ(B(a0, Cr))

provided r is small enough.

Proof. Consider the field of inner products A ∋ a 7→ g(a) : Rn × R

n → R defined as

g(a)[u, v] := dϕa(u) · dϕa(v), u, v ∈ R

n

and recall [10, 3.2.46]. In particular:

• There exist orthonormal base vectors ε1, . . . , εn of Rn (i.e., with respect to the
canonical Euclidean scalar product) such that

dϕa0(εi) · dϕa0(εj) = 0, whenever i 6= j;

• If L : Rn → R

n is the linear operator defined by

L(εi) := |dϕa0(εi)| εi (i = 1, . . . , n)

then
1

2
|L(a− a0)| ≤ δS(ϕ(a), ϕ(a0)) ≤ 2 |L(a− a0)|(3.5)

for all a ∈ B(a0, r), provided r is small enough.

Since L is nonsingular, one has

ν := min
u∈Sn−1

|Lu| > 0

hence (by (3.5))
ν

2
|a− a0| ≤ δS(ϕ(a), ϕ(a0)) ≤ 2‖L‖ |a− a0|

for all a ∈ B(a0, r), provided r is small enough. The conclusion follows by taking C > 0
satisfying C ≥ 2‖L‖ and 1/C ≤ ν/2. �

Proposition 3.3. LetM be an n-dimensional regularly embedded C1 submanifold of Rn+m

and let ϕ : A→ R

n+m , where A ⊂ R

n is open, be an injective immersion of class C1 such
that ϕ(A) ⊂M . Moreover let E be a subset of A and let a0 ∈ A. Then (for k > 0)

Ln(B(a0, r) \ E) = o(rk) (as r → 0+)

if and only if
Hn(BM(ϕ(a0), r) \ ϕ(E)) = o(rk) (as r → 0+).

Proof. Let z0 := ϕ(a0). Then from Proposition 3.2 we obtain

BM(z0, r) \ ϕ(E) ⊂ ϕ(B(a0, Cr)) \ ϕ(E) = ϕ(B(a0, Cr) \ E)

and

BM (z0, r) \ ϕ(E) ⊃ ϕ(B(a0, r/C)) \ ϕ(E) = ϕ(B(a0, r/C) \ E)
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provided r is small enough. Hence, by the area formula [10, Theorem 3.2.3]
∫

B(a0,r/C)\E
JnϕdL

n ≤ Hn(BM(z0, r) \ ϕ(E)) ≤
∫

B(a0,Cr)\E
JnϕdL

n(3.6)

provided r is small enough, where Jnϕ denotes the n-dimensional Jacobian of ϕ, i.e.,

Jnϕ(a) =
√

det[(Dϕ(a))t(Dϕ(a))], a ∈ A.

Since ϕ is an (injective) immersion of class C1, there exists ν ≥ 1 such that

1

ν
≤ Jnϕ ≤ ν

in a neighborhood of a0. Then (3.6) implies

1

ν
Ln(B(a0, r/C) \ E) ≤ Hn(BM(z0, r) \ ϕ(E)) ≤ ν Ln(B(a0, Cr) \ E)

provided r is small enough. Hence the conclusion follows immediately. �

3.3. The tangent space to an arbitrary set at a point of density.

Proposition 3.4. Let p0 be a point of density of D ⊂ R

n , i.e., p0 ∈ R

n and Ln(B(p0, r)\
D) = o(rn) as r → 0+. Then Dirp0(D) = S

n−1, hence Tanp0(D) = R

n .

Proof. Let u ∈ S

n−1 and consider the open semi-cones

Vi := {p ∈ R

n : (p− p0) · u > (1− 1/i)|p− p0|} (i = 1, 2, . . . ).

We can prove that

B(p0, 1/i) ∩ Vi ∩D 6= ∅(3.7)

for all positive integer i, by reductio ad absurdum. Indeed, if this property does not
hold then a positive integer i0 has to exist such that B(p0, 1/i0) ∩ Vi0 ∩ D = ∅, hence
B(p0, r) ∩ Vi0 ∩D = ∅ for all r ∈ (0, 1/i0]. Thus

B(p0, r) ∩ Vi0 = B(p0, r) ∩ Vi0 ∩D
c ⊂ B(p0, r) ∩D

c

for all r ∈ (0, 1/i0], which yields (since p0 is a point of density of D) the following absurd
identity

lim
r→0+

Ln(B(p0, r) ∩ Vi0)

rn
= 0.

Now, from (3.7) it follows that for each i there exists pi ∈ Vi∩D such that 0 < |pi−p0| <
1/i. It follows that pi → p0 (as i→ +∞) and

∣

∣

∣

∣

∣

pi − p0
|pi − p0|

− u

∣

∣

∣

∣

∣

2

= 2− 2
(pi − p0) · u

|pi − p0|
≤ 2− 2

(

1−
1

i

)

=
2

i

hence
pi − p0
|pi − p0|

→ u (as i→ +∞).

The conclusion follows from the arbitrariness of u ∈ S

n−1. �
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Corollary 3.1. Let M be an n-dimensional regularly embedded C1 submanifold of Rn+m .
If z0 is a point of density of R ⊂ M , i.e., z0 ∈ M and Hn(BM(z0, r) \ R) = o(rn) as
r → 0+, then Tanz0(R) = Tz0M .

Proof. By assumption, there exist an open set A ⊂ R

n and an injective immersion ϕ :
A→ R

n+m of class C1 such that z0 ∈ ϕ(A) ⊂M . Let D := ϕ−1(R) and observe that

ϕ(D) = R ∩ ϕ(A).(3.8)

Since ϕ(A) is a relatively open subset of M containing z0, the identity (3.8) implies

BM(z0, r) \ ϕ(D) = BM(z0, r) \R

provided r is small enough. Then

Hn(BM(z0, r) \ ϕ(D)) = o(rn) (as r → 0+)

by assumption. From Proposition 3.3, with E := D and k := n, we obtain that a0 :=
ϕ−1(z0) ∈ A is a point of density of D. Hence Tana0(D) = R

n , by Proposition 3.4. Finally

Tanz0(R) = Tanz0(ϕ(D)) = dϕa0(Tana0(D)) = dϕa0(R
n) = Tz0M

by [3, Proposition 2.2]. �

From Proposition 3.4 we get also the following simple result related to Theorem 2.1.

Corollary 3.2. Let F ∈ C1(Ω,Rn) and f ∈ C2(Ω), where Ω is an open subset of Rn . If
p0 ∈ Ω is a point of density of K := {p ∈ Ω : Df(p) = F (p)}, then one has p0 ∈ K and
DF (p0) coincides with the Hessian of f at p0. In particular (DF (p0))

t = DF (p0).

Proof. One has p0 ∈ K in that K is closed relatively to Ω and p0 ∈ Ω.

Let uk be the k-th element of the standard basis of Rn . Then, by Proposition 3.4, there
are p1, p2, . . . ∈ K \ {p0} such that

pi − p0
|pi − p0|

→ uk (as i→ +∞).(3.9)

By the differentiability of Fh and Dhf at p0, one has also

Fh(pi)− Fh(p0)−DFh(p0) · (pi − p0) = o(|pi − p0|)

and
Dhf(pi)−Dhf(p0)−D(Dhf)(p0) · (pi − p0) = o(|pi − p0|)

as i→ +∞. Since Fh(pi) = Dhf(pi) and Fh(p0) = Dhf(p0), we obtain

DFh(p0) · (pi − p0) = D(Dhf)(p0) · (pi − p0) + o(|pi − p0|)

that is

[DFh(p0)−D(Dhf)(p0)] ·
pi − p0
|pi − p0|

=
o(|pi − p0|)

|pi − p0|

as i→ +∞. The conclusion follows from (3.9). �
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Remark 3.1. From Corollary 3.2 it follows immediately the following property: If f ∈
C2(Ω), ω is a differential 1-form of class C1 in Ω (where Ω is an open subset of Rn) and
p0 ∈ Ω is a point of density of K := {p ∈ Ω : dfp = ωp}, then one has (dω)p0 = 0.

4. The main preliminary result

Theorem 4.1. Let U ′ be an open subset of Rn
x ×R

m
y and let ω be a differential 1-form of

the type

ω =
n
∑

i=1

βidxi − dyj

with βi ∈ C1(U ′), for all i = 1, . . . , n. Moreover, let Ω be an open subset of Rn
x and let

f ∈ C1(Ω,Rm
y ) be such that ψ(x) := (x, f(x)) ∈ U ′ for all x ∈ Ω. If define

H := {x ∈ Ω : (ψ∗ω)x = 0}

then one has

[ψ∗(dω)]x0 = 0

for all x0 ∈ Ω ∩H(n+1).

Proof. Let x ∈ Ω. Then:

• One has

[ψ∗(ω)]x(eh) = ω(x,f(x))



eh +
m
∑

p=1

Dhfp(x)en+p



 = βh(x, f(x))−Dhfj(x)

for all h = 1, . . . , n, hence

H =
{

x ∈ Ω : Dfj(x) =
(

β1(x, f(x)), . . . , βn(x, f(x))
)t
}

;

It follows that

Dh[βk(x, f(x))]x=x0 = Dk[βh(x, f(x))]x=x0(4.1)

for all x0 ∈ Ω ∩H(n+1), by Theorem 2.1.
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• If 〈· ; ·〉 denotes the standard inner product in Λ2(R
n
x × R

m
y ), one has

[ψ∗(dω)]x(eh, ek) = (dω)(x,f(x))



eh +
m
∑

p=1

Dhfp(x)en+p , ek +
m
∑

q=1

Dkfq(x)en+q





=

〈

n
∑

i=1

(

n
∑

r=1

(Dxr
βi)(x, f(x))er +

m
∑

s=1

(Dysβi)(x, f(x))en+s

)

∧ ei ;



eh +
m
∑

p=1

Dhfp(x)en+p



 ∧



ek +
m
∑

q=1

Dkfq(x)en+q





〉

=

〈

n
∑

i,r=1

(Dxr
βi)(x, f(x))er ∧ ei +

n
∑

i=1

m
∑

s=1

(Dysβi)(x, f(x))en+s ∧ ei ;

eh ∧ ek +
m
∑

q=1

Dkfq(x)eh ∧ en+q +
m
∑

p=1

Dhfp(x)en+p ∧ ek

〉

= (Dxh
βk)(x, f(x))− (Dxk

βh)(x, f(x))

−
m
∑

q=1

(Dyqβh)(x, f(x))Dkfq(x) +
m
∑

q=1

(Dyqβk)(x, f(x))Dhfq(x)

namely

[ψ∗(dω)]x(eh, ek) = Dh[βk(x, f(x))]−Dk[βh(x, f(x))].(4.2)

for all h, k = 1, . . . , n.

The conclusion follows from (4.1) and (4.2). �

Now consider an open subset U of Rn
x × R

m
y and a family of m linearly independent

differential 1-forms of class C1 in U , that is

θ(j) =
n
∑

i=1

a
(j)
i dxi +

m
∑

h=1

a
(j)
n+hdyh (j = 1, . . . , m)

with a
(j)
i ∈ C1(U). Then let D be the C1 distribution of rank n on U determined by the

Pfaffian system of equations

θ(j) = 0 (j = 1, . . . , m)

compare Section 2.

Define the vector fields (j = 1, . . . , m)

a(j) := (a
(j)
1 , . . . , a

(j)
n+m)

t, a
(j)
Y := (a

(j)
n+1, . . . , a

(j)
n+m)

t

and the matrix fields

M :=









a
(1)
1 · · · a

(m)
1

...
. . .

...
a(1)n · · · a(m)

n









, N := (a
(1)
Y | · · · |a(m)

Y ) =









a
(1)
n+1 · · · a

(m)
n+1

...
. . .

...

a
(1)
n+m · · · a

(m)
n+m








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P := (a(1)| · · · |a(m)) =









a
(1)
1 · · · a

(m)
1

...
. . .

...

a
(1)
n+m · · · a

(m)
n+m









.

Moreover let A be an open subset of Rn and let

ϕ : A→ U

be an injective immersion of class C1. Then S := ϕ(A) is an n-dimensional C1 submanifold
of Rn

x × R

m
y .

The following very simple fact holds.

Proposition 4.1. Let

K :=
{

a ∈ A : (ϕ∗θ(j))a = 0 for all j = 1, . . . , m
}

.(4.3)

Then

ϕ(K) = τ(S,D) = {z ∈ S : TzS = D(z)}.

Proof. Recall that, for all a ∈ A, one has

(ϕ∗θ(j))a = θ
(j)
ϕ(a) ◦ dϕa, dϕa(R

n) = Tϕ(a)S.

Hence a ∈ K if and only if

Tϕ(a)S ⊂ D(ϕ(a)), i.e., Tϕ(a)S = D(ϕ(a)).

The conclusion follows trivially. �

Theorem 4.2 (main lemma). Let a0 ∈ A ∩K(n+1), where K is the set defined in (4.3).
Then a0 ∈ K and

[ϕ∗(dθ(j))]a0 = 0
(

i.e. (dθ(j))ϕ(a0)|Tϕ(a0)
S×Tϕ(a0)

S = 0
)

for all j = 1, . . . , m.

Proof. One has a0 ∈ K in that K is closed relatively to A and a0 ∈ A. Without loss of
generality, we can assume that

det
[

D(ϕ1, . . . , ϕn)
t(a0)

]

6= 0

hence there exists an open neighborhood V of a0 ∈ R

n such that

Φ := (ϕ1, . . . , ϕn)
t|V : V → Ω := Im

(

(ϕ1, . . . , ϕn)
t|V
)

is a diffeomorphism of class C1. It follows that ϕ(V ) is the graph of the C1-function

f := (ϕn+1, . . . , ϕn+m)
t ◦ Φ−1 : Ω → R

m
y .

One obviously has a0 ∈ K, hence

D(ϕ(a0)) = Tϕ(a0)S
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by Proposition 4.1. It follows that (with the notation of Section 3.1)

πX(D(ϕ(a0))) = X = R

n
x × {0

R

m
y
}.

Then (by replacing V with a smaller neighborhood of a0, if need be) we can assume that

πX(D(ϕ(a))) = X = R

n
x × {0

R

m
y
}

for all a ∈ V . Thus

πY
(

span{a(1)(ϕ(a)), . . . , a(m)(ϕ(a))}
)

= Y = {0
R

n
x
} × R

m
y

for all a ∈ V , by Proposition 3.1 and (2.1), which is equivalent to

span{a(1)Y (ϕ(a)), . . . , a
(m)
Y (ϕ(a))} = R

m
y

for all a ∈ V . This proves that the matrix N(ϕ(a)) is invertible, for all a ∈ V . Thus there
must be an open subset U ′ of U such that ϕ(a0) ∈ U ′ and N(z) : Rm → R

m is invertible
for all z ∈ U ′.

Now let z ∈ U ′. Then one has

P (z)× [−N(z)−1] =

(

M(z)
N(z)

)

× [−N(z)−1] =

(

M(z)× [−N(z)−1]
−Im

)

(4.4)

where Im is the identity matrix of size m. If αhj(z) and βij(z) denote the (h, j)-entry of
−N(z)−1 and the (i, j)-entry of M(z) × [−N(z)−1], respectively, then (4.4) shows that

m
∑

h=1

αhj(z)θ
(h)
z =

n
∑

i=1

βij(z)dxi − dyj (j = 1, . . . , m).(4.5)

Observe that all the functions z 7→ αhj(z) and z 7→ βij(z) are in C1(U ′). Hence, in
particular, the differential 1-forms

ω(j) :=
n
∑

i=1

βijdxi − dyj (j = 1, . . . , m)

are of class C1 in U ′.

Now on, without loss of generality, we can suppose that ϕ(V ) ⊂ U ′. Consider the map
ψ : Ω → R

n
x × R

m
y of class C1 defined as

ψ(x) := (x, f(x)), x ∈ Ω

so that ψ ◦ Φ = ϕ|V . By recalling (4.5), we find

Φ∗(ψ∗ω(j)) = (ϕ|V )
∗ω(j) =

m
∑

h=1

(αhj ◦ ϕ|V ) (ϕ|V )
∗θ(h) (j = 1, . . . , m).(4.6)

It follows that

[Φ∗(ψ∗ω(j))]a = 0, for all a ∈ K ∩ V (j = 1, . . . , m)(4.7)

namely

(ψ∗ω(j))x = 0, for all x ∈ Φ(K) ∩ Ω (j = 1, . . . , m)
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which is equivalent to

Φ(K) ∩ Ω ⊂
m
⋂

j=1

Hj, with Hj := {x ∈ Ω | (ψ∗ω(j))x = 0}.(4.8)

Moreover, since a0 ∈ K(n+1) ∩ V and recalling (3.4), one has

Φ(a0) ∈ Φ(K)(n+1) ∩ Ω = [Φ(K) ∩ Ω](n+1).(4.9)

From (4.8) and (4.9) we obtain

Φ(a0) ∈





m
⋂

j=1

Hj





(n+1)

⊂
m
⋂

j=1

H
(n+1)
j

hence

[ψ∗(dω(j))]Φ(a0) = 0 (j = 1, . . . , m)

by Theorem 4.1. Then

[(ϕ|V )
∗(dω(j))]a0 = 0 (j = 1, . . . , m).(4.10)

Since a0 ∈ K ∩ V one has also

[(ϕ|V )
∗ω(j)]a0 = 0 (j = 1, . . . , m)(4.11)

by (4.7).

Now, for z ∈ U ′, let νij(z) be the (i, j)-entry of −N(z) and observe that the functions
z 7→ νij(z) belong to C1(U ′). From (4.4) or (4.5) we obtain

θ(j)|U ′ =
m
∑

h=1

νhjω
(h) (j = 1, . . . , m).

Thus

d(θ(j)|U ′) =
m
∑

h=1

dνhj ∧ ω
(h) +

m
∑

h=1

νhjdω
(h) (j = 1, . . . , m)

hence

[ϕ∗(dθ(j))]a0 =
m
∑

h=1

[(ϕ|V )
∗dνhj]a0 ∧ [(ϕ|V )

∗ω(h)]a0 +
m
∑

h=1

νhj(ϕ(a0))[(ϕ|V )
∗dω(h)]a0

for all j = 1, . . . , m. The conclusion follows at once from (4.10) and (4.11). �

Remark 4.1. From (4.6) it follows that a ∈ K ∩ V if and only if

(ψ∗ω(j))Φ(a) = 0 (j = 1, . . . , m).
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Moreover, for all x ∈ Ω, one has

(ψ∗ω(j))x =
n
∑

i=1

βij(ψ(x))(ψ
∗(dxi))x − (ψ∗(dyj))x

=
n
∑

i=1

βij(x, f(x))dxi − (dfj)x

=
n
∑

i=1

[βij(x, f(x))−Difj(x)] dxi.

Then

Φ(K ∩ V ) =
{

x ∈ Ω : Df(x) = βt(x, f(x))
}

where β denotes the matrix whose (i, j)-entry is βij , i.e., β := −M ×N−1. In particular,
in the special case when D is translation-invariant along R

m
y , namely if the coefficients

a
(j)
i do not depend on y (hence also the βij do not depend on y), then the problem of

determining a local integral surface of D is reduced to the problem of determining a
mapping with locally prescribed Jacobian matrix. This fact and [2, Theorem 4.1] have
been used in [3] to prove the following result: If D is translation-invariant along Rm

y and
z0 ∈ U , then there exists an n-dimensional regularly embedded submanifold M0 of U of
class ∩α∈(0,1)C

1,α such that

z0 ∈M0, 0 < Hn(M0) < +∞, Hn(τ(M0,D)) > 0.(4.12)

Compare [3, Proposition 8.2]. We observe that if one is interested only in an n-dimensional
regularly embedded submanifold of U of class C1 satisfying (4.12), this can be obtained
also from [1, Theorem 1]. The following example for n = 2k and m = 1 has been
considered in [2] in connection with characteristic sets, in the context of the Heisenberg
group:

U := R

2k+1 , θ
(1)
(x,y) := −

k
∑

i=1

xk+i dxi +
2k
∑

i=k+1

xi−k dxi − dy1.(4.13)

In this case the matrix field N has a single entry identically equal to −1. Then N(z)
is obviously invertible for all z ∈ R

2k+1 , so we can choose U ′ = R

2k+1 and a trivial
computation shows that ω(1) = θ(1).

Remark 4.2. In the special case when ϕ is of class C2, even under the weaker assumption
that a0 ∈ A is merely a point of density of K, we can provide the following two much
simpler proofs of Theorem 4.2:

• (First proof) Observe that the differential 1-forms ϕ∗θ(j) are of class C1 in A and
that

K =
m
⋂

j=1

Kj

where Kj := {a ∈ A : (ϕ∗θ(j))a = 0}. Since a0 is a point of density of K, then a0
is a point of density of Kj for all j = 1, . . . , m. Recalling the property in Remark
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3.1 (with Ω := A, f := 0, ω := ϕ∗θ(j)) we conclude that

[ϕ∗(dθ(j))]a0 = [d(ϕ∗θ(j))]a0 = 0

for all j = 1, . . . , m.

• (Second proof) Since a0 is a point of density of K then Tana0(K) = R

n , by Propo-
sition 3.4. Hence

Tanϕ(a0)(τ(S,D)) = Tanϕ(a0)(ϕ(K)) = dϕa0(Tana0(K)) = dϕa0(R
n)

= Tϕ(a0)S

by Proposition 4.1 and [3, Proposition 2.2]. The conclusion follows from [3, Lemma
3.2].

5. The proof of Theorem 1.1

As in Section 4, let D be a C1 distribution of rank n on an open set U ⊂ R

n
x × R

m

determined by a Pfaffian system of equations

θ(j) = 0 (j = 1, . . . , m).

Remark 5.1. Let M be an n-dimensional regularly embedded C1 submanifold of U and
let z0 ∈ M be a point of density of τ(M,D), i.e., Hn(BM(z0, r) \ τ(M,D)) = o(rn) as
r → 0+. Since τ(M,D) is closed relatively to M , then one has z0 ∈ τ(M,D).

We can finally prove our main result, namely Theorem 1.1, as a corollary of Theorem 4.2
and Proposition 3.3. We recall its statement, for the reader’s convenience.

Theorem. Let M be an n-dimensional regularly embedded C1 submanifold of U and
assume that one between conditions (I) and (II) below is satisfied:

(I) Let z0 ∈M be a superdensity point of τ(M,D), i.e.,

Hn(BM(z0, r) \ τ(M,D)) = o(rn+1) (as r → 0+);

(II) Let z0 ∈M be an ordinary point of density of τ(M,D), i.e.,

Hn(BM(z0, r) \ τ(M,D)) = o(rn) (as r → 0+)

and let M be locally of class C2 at z0.

Then z0 ∈ τ(M,D) and D is involutive at z0, i.e.,

(dθ(j))z0|Tz0M×Tz0M
= (dθ(j))z0 |D(z0)×D(z0) = 0(5.1)

for all j = 1, . . . , m.
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Proof. If (I) is satisfied. One has z0 ∈ τ(M,D), by Remark 5.1. By assumption, there
exist an open set A ⊂ R

n and an injective immersion ϕ : A → U of class C1 which
parametrizes M around z0, that is z0 ∈ ϕ(A) ⊂M . Let K be the set defined in (4.3) and
observe that

ϕ(K) = {z ∈ ϕ(A) : TzM = D(z)} = τ(M,D) ∩ ϕ(A)(5.2)

by Proposition 4.1. Since ϕ(A) is a relatively open subset ofM containing z0, the identity
(5.2) yields

BM(z0, r) \ ϕ(K) = BM(z0, r) \ τ(M,D)

provided r is small enough. Then

Hn(BM(z0, r) \ ϕ(K)) = o(rn+1) (as r → 0+)(5.3)

by assumption. From Proposition 3.3, with E := K and k = n + 1, we obtain a0 :=
ϕ−1(z0) ∈ K(n+1). Hence

[ϕ∗(dθ(j))]a0 = 0, for all j = 1, . . . , m(5.4)

by Theorem 4.2. Since Tz0M = Im(dϕa0), the identity (5.4) is equivalent to (5.1).

If (II) is satisfied. The argument above continues to work, with some obvious changes.
First of all ϕ can be assumed to be of class C2. In place of (5.3) we obtain

Hn(BM(z0, r) \ ϕ(K)) = o(rn) (as r → 0+)

hence a0 := ϕ−1(z0) turns out to be a point of density of K (by Proposition 3.3, with
E := K and k = n). Then (5.4) follows by recalling Remark 4.2. �

References

[1] G. Alberti: A Lusin Type Theorem for Gradients. J. Funct. Anal. 100, 110-118 (1991).
[2] Z.M. Balogh: Size of characteristic sets and functions with prescribed gradient. J. reine angew. Math.

564, 63-83 (2003).
[3] Z.M. Balogh, C. Pintea, H. Rohner: Size of tangencies to non-involutive distributions. Indiana Univ.

Math. J. 60, no. 6, 2061-2092 (2011).
[4] I. Chavel: Riemannian Geometry: a Modern Introduction. (Cambridge Tracts in Mathematics 108)

Cambridge University Press 1995.
[5] S.S. Chern, W.H. Chen, K.S. Lam: Lectures on differential geometry. Series On University Mathe-

matics Vol. 1, World Scientific 1999.
[6] S. Delladio: Functions of class C1 subject to a Legendre condition in an enhanced density set. Rev.

Matem. Iberoam. 28 (2012), n. 1, 127-140.
[7] S. Delladio: A Whitney-type result about rectifiability of graphs. Riv. Mat. Univ. Parma 5 (2014),

387-397.
[8] S. Delladio: Structure of tangencies to distributions via the implicit function theorem. Preprint 2016.
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