THE TANGENCY OF A C! SMOOTH SUBMANIFOLD
WITH RESPECT TO A NON-INVOLUTIVE C!' DISTRIBUTION
HAS NO SUPERDENSITY POINTS

SILVANO DELLADIO

ABSTRACT. Consider a C' smooth n-dimensional submanifold M of R**™ and a C*
distribution D of rank n on R"*™. Let 7(M, D) denote the set of all points z € M such
that D(z) is tangent to M at z. We prove that if D is not involutive at every point of
M then 7(M, D) has no superdensity points.

1. INTRODUCTION

Let us consider a C! distribution of rank n on an open set U C R**™ that is a map D
assigning an n-dimensional vector subspace D(z) of R*™™ to each point z € U and satis-
fying the following property: If z € U then there exists a family {X 1(2), .., X1 of vector
fields of class C'* in a neighbourhood V) C U of z such that {Xl(z)(z’), L XE () s
a basis of D(2’) for all 2/ € V). Recall that the distribution D is said to be involutive at
zeUif (X7, XP](2) € D(2) for all i,j € {1,... ,n}.

Also recall that the distribution D can be described through the formalism of differential
forms, compare [5, Section 3.2] and [13, Section 2.11]. According to this approach, if
2 € U then there exists a family of m linearly independent differential 1-forms of class C*
in V) that is

n-+m

0\ = Z agj)dzi (j=1,...,m)
i=1

with @) € CY(V®), such that (for 2/ € V)

L
D() = ker(6)) N -~ N ker(65") = [span{a(2'), ... ;"™ ()}]
where _ ' _
a(j) = (a'gj)a U aaszj-z-m)t'
Observe that, for all j =1,... ;mand i =1,... ,n, the function

f](f) VB SR, e «99)()(2-(2)(2/))
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is identically zero (in that Xi(z)(z’ ) € D(2')). Hence, by a well-known formula (compare
[5, Theorem 2.3] or [13, Proposition 2.6.6]) one has

J

= XD () = xP ) (D) — 09 (1x P, x1(2))
)

whenever 2/ € V®) forallj=1,... ,mandi,k=1,...,n. It follows that D is involutive
at 2/ € V) if and only if

(D) | pryxpiry = 0 (j=1,...,m)

forall j=1,...,m.

If Np denotes the open set of all points z € U such that D is not involutive at z, then the
classical Frobenius theorem establishes the following fact, compare [13, Section 2.11]: The
open set Np is empty if and only if for all zg € U there exists an n-dimensional regular

embedded C' submanifold M of U such that zy € M and 7(M,D) = M, where 7(M, D)
stands for the tangency set

{zeM : T.M =D(2)}
of M with respect to D (see [3]).

In general, if no restriction about involutivity is assumed on D, the Frobenius theorem
cannot be applied and it is natural to look at the number

pce (D) :=sup {dimy(r(M,D)) : M € M¢.(U)}

where dimy denotes the Hausdorff dimension and Mg, (U) is the family of n-dimensional
submanifolds of U of class C?. We note that poo(D) increases as the regularity o “de-
creases”, e.g., pc2(D) < pci(D), but such an obvious observation is too vague to be useful.
Far more significant is the upper bound for pgz(D) provided in [3, Theorem 1.3] (see also
8] for an alternative proof, based on the implicit function theorem). An interesting ex-
ample is provided by the horizontal subbundle HHF of the tangent bundle TH* to the
Heisenberg group HF, that is the distribution of rank 2k on R?*! defined as

k 2% +
k o 2k+1
HH"(z) := |span < — szﬂ- e; + Z Zi k€ — €511 (z € R*H)
i=1 i=k+1
where e, ..., e 1 denotes the standard basis of R%**!. In this case one can assume

V(&) = R2HL for all 2z € R?%**! and

k 2k
921) = Z Lk dZZ' + Z Zi—lk dZZ' - d22k+1 (Z S R2k+1)
i=1 1=k+1
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so that
k
@0W), =23 dz Adzyy (2 € R,
i=1
Since
€1 — 241241, Chi1 T 21€ok1 € HHF(2)
and

(d6M). (€1 = Zha1€ar41, Er1 + 21€2041) = 2d21 A d2pg (€1, €41) = 2
for all 2 € R**! one has Nz = R**1. The result [3, Theorem 1.3] is used in [3, Exam-

ple 6.5] to prove the following estimate for the Hausdorff dimension of the characteristic
set C(M) = 7(M, HH*) of a codimension 1 submanifold M of class C? in H

dimy (C(M)) = dimg (7(M, HH)) < k, i.e., pc2(HH*) < k

which is actually an earlier result by Balogh [2, Theorem 1.2]. Another interesting ap-
plication of [3, Theorem 1.3] is [3, Theorem 4.5], which generalizes the Derridj’s theorem
9, Theorem 1] about the size of tangencies in the context of Hormander distributions.
Further related work on stratified groups can be found in [11, 12].

The size of the tangency set 7(M,D) for M € MP.(U) has been investigated in [3] in
the case when z = (21, ..., Zham) — D(2) is translation-invariant with respect to the last
m variables, i.e., D(z) does not depend on (z,41,...,2ptm). In this special situation,
including HHF, it turns out that the following facts hold [3, Proposition 8.2]:

* pc1i(D) =n;

e For all 2y € U (in particular for all zy € Np) there exists My € Nae,1)Mg1.a(U)
such that zy € My and H"(7(My, D)) > 0, hence My € MZ:(U) and per (D) =
dimg (7(My, D)) = n.

In particular, one has pcii (HHF) = 2k and for all z5 € R**! there exists a surface
So € Nae(o,) M2 o (R*F1) such that zy € Sy and H*(7(S,, HHF)) > 0.

So it can happen to bump into tangency sets 7(M,D) of positive H" measure (even
with M C Np) and indeed we are inclined to think that the second fact above can be
proved for any C! distribution of rank n, at least in the following weaker form: For
every C! distribution D of rank n such that Np # 0 and for all 2y € Np, there exists
My € M} (Np) such that zy € My and H"(7(My, D)) > 0.

In this paper we shall prove that a tangency set can never be too dense at the points of
Np, even when it has positive measure. To understand exactly what this means, we recall
first of all that zy € M, with M € MZ,(U), is said to be a superdensity point of H C M
if

H™"(Bui(20,7) \ H) = o(r"*1) (as r — 0+)
where By (20,7) C M denotes the metric ball of radius r centered at z, compare Section
2 below. We are finally able to state precisely our main result and its corollaries (where
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it is assumed, without loss of generality, that the differential 1-forms #V) describing D are
defined in U):

Theorem 1.1. Let M be an n-dimensional reqularly embedded C' submanifold of U and
assume that one between conditions (1) and (1) below is satisfied:

(I) Let zg € M be a superdensity point of T(M, D), i.e.,
H" (B (20,7) \ 7(M, D)) = o(r™*) (as T — 0+);
(IT) Let zg € M be an ordinary point of density of (M, D), i.e.,
H"(B(20,7) \ 7(M, D)) = o(r™) (as T — 0+)
and let M be locally of class C? at 2.

Then zy € (M, D) and D is involutive at zy, i.e.,
(dg(j))zo

Teg M xToyM = (de(j))zob(zo)xp(zo) =0

forallj=1,... m.

The following corollary follows trivially from Theorem 1.1.

Corollary 1.1. Let M be an n-dimensional reqularly embedded C* submanifold of U and

let zy be a point of density of T(M,D) (hence zg € 7(M,D), by Remark 5.1). Moreover

assume D is not involutive at zo, namely there is jo € {1,... ,m} such that
(d69)) o |1y arxragar = (A0Y°)) | p(z0)xD(z0) # O-

Then

(1) zo is not a superdensity point of T(M,D);
(2) The submanifold M is not locally of class C? at z.

Observe that the first statement of Corollary 1.1 can be rephrased as follows.

Theorem 1.2. If M is an n-dimensional reqularly embedded C' submanifold of U, then
the set T (M NNp, D) has no superdensity points. In particular, if M C Np then 7(M, D)
has no superdensity points.

In particular, as a consequence of Theorem 1.2 and the remarks above, it turns out that
(M, HH*) has no superdensity points, whatever M € M2 (R**!) even if one has
dimgy 7(M, HH*) = 2k.

Finally, let us spend a few words on how the paper is organized. In Section 2 we introduce
the notation. In Section 3 we have collected some expected results, including the density-
preserving property of C' embeddings and the description of the tangent space to an
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arbitrary set at a point of density. Section 4 is actually the main one, where we prove the
hardest part of Theorem 1.1 in the case when M is the image of an injective immersion of
class C'. Eventually, Section 5 provides the proof of Theorem 1.1 in its whole generality.

Acknowledgements. [ would like to thank Valentino Magnani who brought to my
attention [10, 3.2.46], used in Proposition 3.2 below.

2. GENERAL NOTATION

The standard basis of R™*™ is denoted by e, ..., €,1m. We will often have to deal with
maps from R” to R™ and with their graphs. Due to this fact and other technical reasons,
we distinguish the notation relative to the first n coordinates from the notation relative
to the last m coordinates: they are denoted by x = (z1,...,z,) and y = (y1,... , Ym),
respectively. We may write R? in place of R* and R in place of R™. As one expects,
the dual basis of ey, ..., e, is indicated with

dxy, ... dx,, dyy, ..., dym,.

Also we need the trivial isomorphism J : R* x R™ — (R" x R™)* mapping every e; to its
corresponding member in the dual basis, i.e.,

; ifi=1,...
J(e;) = dx; e=1,...,n
dy;—p ifi=n+1,... , n+m.

The open ball in R" centered at p with radius r > 0 will be denoted by B(p,r). Let M
be an n-dimensional regularly embedded C' submanifold of R**™ and z, € M. Let ),
be the distance defined on each connected component of M by taking the infimum of the
length over the joining paths (compare [4, Section 1.6]) and, for r > 0, let us define

BM(Z(),’T’) = {Z € M(ZO) : 5M(Z, ZO) < T}

where M®0) is the connected component of M containing z,. The tangent space to M at
2p is denoted by T, M. According to [3], we also define the tangent space Tan,, (E) to an
arbitrary set £ C R" at p, € E as the vector space spanned by

Dir,, (E) = {u e sty = lim 2P0

00 . .
L — for some {p;}2; C E\ {po} with p; — po}_

Let us now recall a way to define a C! distribution of rank n on an open set U C R? x R
through the formalism of differential forms, compare [5, Section 3.2] and [13, Section 2.11].
Consider a family of m linearly independent differential 1-forms of class C! in U, that is

09 =3 aPda; + 3 alldy,  (G=1,...,m)
i=1 h=1
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with agj) € CY(U). Then, for z € U, let D(z) be the set of vectors in R**™ solving the
so-called Pfaffian system of equations

09 =0  (j=1,...,m)

namely
D(z) := ker(M) N - - - N ker(6™)

= [span{J ' (60)}] - [spanf s (60))]

= [span{J 7 (0), .., 771 (6™))]
le.

L
(2.1) D(z) = [Span{a(l)(z), . ,a(m)(z)}}
where ' _
a(j) = (a'gj)a U >a51]-2-m)t'

Consider an open set A C R", ¢ € C1(A,R*"*™) and let w be a differential form of class
C' in an open subset of R*™™ including ¢(A). Then (p*w), is the pullback of w under ¢
at a € A.

The Lebesgue outer measure on R” and the n-dimensional Hausdorff outer measure on
R"*™ will be denoted by L£" and H", respectively. A point p € R" is said to be a
superdensity point of E C R™ if L"(B(p,r)\ E) = o(r"™') as r — 0+. The set of all these
points p is denoted by E™+t1). One has the following result which generalizes the Schwarz
theorem about the equality of cross derivatives, compare [6, 7].

Theorem 2.1. Let F € CY(Q,R") and f € C'(Q), where Q is an open subset of R™. If
define K := {p € Q : Df(p) = F(p)} and if po € QN K"+ then one has py € K and
(DF(po))" = DF(po).

The property stated in Theorem 2.1 is false, in general, if one simply assumes that pq is
a point of density of K, compare [6, Remark 2.2] where [1, Theorem 1] is used to provide
a counterexample. A way to get the symmetry of DF at a point of density of K in € is
to assume that f € C?(2), compare Corollary 3.2 below.

3. SOME PRELIMINARIES

3.1. A result from linear algebra. Define

X::RZ X {ORZ’L}, Y = {ORQ} XR;n
and consider the standard projections mx : R x R} — X, my : R x R} — Y defined as
follows

Tx (1, Ty Yty oo 5 Ym) = (T1, .., Ty, 0,...,0)
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and
Ty (T1, o T Yty o Ym) = (0,0, Y1, oo Y )-
Recall that eq,... ,e, is a basis of X. The following result holds.

Proposition 3.1. Let Z be an n-dimensional vector subspace of Ry x R such that
Wx(Z) = X. Then 7Ty(ZJ') =Y.

Proof. We first prove that

(3.1) Z+nX = {0}.
Fori=1,... n,let v; € Z be such that wx(v;) = e;. Hence
gii=e—1v; €Y (1=1,...,n).

Thus, ifu € Zt NX =Z+NY", one has
u-e=u-v;+u- =0

for all i =1,... ,n. This yields u = 0 and concludes the proof of (3.1).

Now consider a basis wy, ... ,w,, of Z+ and let cy,... ¢, € R be such that c;my (wy) +
oot emmy (W) = 0. Then 7y (crwy +. ..+ cpwy,) =0, ie., cqwi+. ..+ cpwy, € X. From
(3.1) it follows that c;wy + ... + ¢pw,, = 0, hence the constants ¢; have to be zero. This
proves that my (wy), ..., my(wy,) is a basis of Y. O

3.2. C!' embeddings preserve density-degree. Let V and (2 be open subsets of R”,
let ®: V — Q be a diffecomorphism of class C' and let ag € V. Since D® is continuous in
V', we can find a closed proper ball B C V' centered at ay and a positive constant C' such
that

(3.2) |®(a) — P(ag)| < Cla— ap|, for all a € B.

Analogously, possibly taking a larger C', we can find a closed proper ball B" C €) centered
at ®(ag) such that

(3.3) |01 (x) — ag| < Clz — ®(ag)|, for all z € B
The inequalities (3.2) and (3.3) prove that
(3.4) ®(B(ag,r/C)) C B(®(ag),r) C ®(B(agp, Cr))

provided r is small enough.

Now let A be an open subset of R” and consider an injective immersion of class C*
0: A— R

so that S := ¢(A) is an n-dimensional regularly embedded C!' submanifold of R**™. Then
one has the following result which extends (3.4).
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Proposition 3.2. If ay € A then there exists C > 1 such that B(ag,Cr) C A and
¢(B(a07 T/C>> - BS(()O(CLO)v T) - SO(B(CL(M CT))

provided r is small enough.

Proof. Consider the field of inner products A 3 a — g(a) : R* x R* — R defined as
g(a)u,v] == dpa(u) - dpa(v), u,veR"
and recall [10, 3.2.46]. In particular:

e There exist orthonormal base vectors e1,... ¢, of R* (i.e., with respect to the
canonical Euclidean scalar product) such that

dpay(€i) - dpa,(e5) = 0, whenever i # j;
o If L: R* — R” is the linear operator defined by
L(g) i= |dpay(ei)|es (i=1,...,n)
then

(3.5) | L{a — ao)| < ds(p(a), p(ao)) < 2|L(a — ao)

for all a € B(ag,r), provided r is small enough.

N —

Since L is nonsingular, one has

v:= min |[Lu| >0
uesSn—1

hence (by (3.5)) ,
5la—aol < ds(p(a), p(ao)) < 2||L |a — ao|

for all a € B(ag,r), provided r is small enough. The conclusion follows by taking C' > 0
satisfying C' > 2||L|| and 1/C < v/2. O

Proposition 3.3. Let M be an n-dimensional reqularly embedded C* submanifold of R*+™
and let o : A — R™™™ where A C R™ is open, be an injective immersion of class C' such
that p(A) C M. Moreover let E be a subset of A and let ag € A. Then (for k >0)

L"(B(ag,r)\ E) = o(r*) (as T — 0+)

if and only if
H" (Bu(p(ao),m) \ p(E)) = o(r*)  (asr — 0+).

Proof. Let zy := ¢(ag). Then from Proposition 3.2 we obtain
Bu(z0,7) \ p(E) C ¢(B(ao, Cr)) \ p(E) = (B(ao, Cr) \ E)

and
Bui(z0,7) \ p(E) D ¢(B(ao,7/C)) \ ¢(E) = ¢(B(ao,/C) \ E)
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provided r is small enough. Hence, by the area formula [10, Theorem 3.2.3]

(3.6) Tnp dL" < H"(Bai(20,7) \ 9(E)) < /B R T

x/B(ao,r/C)\E

provided r is small enough, where J,¢ denotes the n-dimensional Jacobian of ¢, i.e.,

Jupla) = \Jdet[(De(a)(De(a)], a € A.

Since ¢ is an (injective) immersion of class C, there exists v > 1 such that

E <Jup <v
v
in a neighborhood of ag. Then (3.6) implies
1
— L(Blag,r/C)\ E) < H"(Bu(20,7) \ p(E)) < v L"(B(ap, C7) \ E)

provided r is small enough. Hence the conclusion follows immediately. O

3.3. The tangent space to an arbitrary set at a point of density.

Proposition 3.4. Let py be a point of density of D C R", i.e., pg € R" and L"(B(po,7) \
D) = o(r"™) as r — 0+. Then Dir, (D) = S, hence Tan,, (D) = R".

Proof. Let u € S™ ! and consider the open semi-cones

Vi={peR" : (p—po) -u>(1—1/i)|p—pol} (1=1,2,...).
We can prove that
(3.7) B(po, 1/i)NViN D #0

for all positive integer 7, by reductio ad absurdum. Indeed, if this property does not
hold then a positive integer iy has to exist such that B(pg,1/ig) N V;, N D = (), hence
B(po,m)NV;y N D =0 for all r € (0,1/ig]. Thus

B(po,r) NV;, = B(po,r) N'V;y N D C B(po,r) N D°

for all r € (0,1/4y], which yields (since py is a point of density of D) the following absurd
identity
lim ‘Cn(B(pOa T) N Vio)
r—0+ rn
Now, from (3.7) it follows that for each i there exists p; € V; N D such that 0 < |p; —po| <
1/i. Tt follows that p; — po (as i — +o00) and

2
_ ) 1 9
Pi — Do u|:2_2M§2_2(1___>:_

=0.

|Pi - p0| |Pi - p0|

hence
Pi — Po

‘pi - p0|
The conclusion follows from the arbitrariness of u € S™ 1. O

—u (as i — +00).
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Corollary 3.1. Let M be an n-dimensional reqularly embedded C' submanifold of R**™ .
If 2y is a point of density of R C M, i.e., zo € M and H"(Buy(z0,7) \ R) = o(r") as
r — 0+, then Tan, (R) = T,,M.

Proof. By assumption, there exist an open set A C R" and an injective immersion ¢ :
A — R™™™ of class C' such that zg € (A) C M. Let D := ¢ '(R) and observe that

(3.8) p(D) = RNp(A).
Since ¢(A) is a relatively open subset of M containing zy, the identity (3.8) implies
Bur(z0,7) \ (D) = Bur(zo,7) \ R
provided r is small enough. Then
H"(Ba(2z0,7) \ (D)) = o(r") (as r — 0+)

by assumption. From Proposition 3.3, with £ := D and k := n, we obtain that ay :=
0 '(20) € Ais a point of density of D. Hence Tan,,(D) = R", by Proposition 3.4. Finally

Tanzo (R> = Ta“nzo (QO(D)) = ngaO (Tanao (D)) = dgpao (Rn) = TZOM
by [3, Proposition 2.2]. O

From Proposition 3.4 we get also the following simple result related to Theorem 2.1.

Corollary 3.2. Let F' € C*(Q,R") and f € C*(Q), where Q is an open subset of R*. If
po € Q is a point of density of K :={p € Q : Df(p) = F(p)}, then one has py € K and
DF(py) coincides with the Hessian of f at po. In particular (DF(po))' = DF(py).

Proof. One has py € K in that K is closed relatively to €2 and py € €.

Let uy be the k-th element of the standard basis of R*. Then, by Proposition 3.4, there
are p1,pa, ... € K\ {po} such that

Pi — Do
lpi — pol
By the differentiability of F}, and Dy, f at pg, one has also

F(pi) = Fr(po) — DFy(po) - (pi — po) = o|pi — pol)

(3.9)

— uy, (as i — +00).

and
Dy f(pi) — Duf(po) — D(Drf)(po) - (pi — po) = o(|pi — pol)

as i — +o0. Since F,(p;) = Dnf(p:) and Fy(po) = Dnf(po), we obtain
DEFy(po) - (pi — po) = D(Dr.f)(po) - (pi — o) + o([pi — pol)

that is

T

as i — +o00. The conclusion follows from (3.9). O
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Remark 3.1. From Corollary 3.2 it follows immediately the following property: If f €
C?*(Q), w is a differential 1-form of class C' in  (where €2 is an open subset of R") and
po € € is a point of density of K := {p € Q : df, = w,}, then one has (dw),, = 0.

4. THE MAIN PRELIMINARY RESULT

Theorem 4.1. Let U’ be an open subset of Ry x R* and let w be a differential 1-form of
the type

w = Z ﬁzdl'z — dyj

1=1

with B; € CYU'), for alli = 1,... ,n. Moreover, let Q be an open subset of R* and let
f e CHQRY) be such that ¢(x) == (z, f(x)) € U’ for all x € Q. If define

H={z€Q: (Y'w), =0}
then one has

[¥"(dw)]zy = 0

for all xzy € QN H®HY,

Proof. Let x € ). Then:

e One has
["(w)]s(en) = Wz, () (eh + i thp($)€n+p) = Bn(z, f(x)) — Dpf;(x)

forall h=1,...,n, hence

H = {:c eQ: Dfj(z) = (ﬁl(x,f(x)), . ,ﬁn(%f(x)))t}%
It follows that
(4.1) Dp[Br(z, f(@))]o=zo = Di[Br(@, f(2))la=z0

for all o € QN H™ Y by Theorem 2.1.
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e If (-;-) denotes the standard inner product in Ay(R} x R}"), one has

p=1 g=1

[ (dw)].(en, ex) = (dw)(m,f(m)) (eh + i thp(x)en-i-p ; €k T i Dqu(z)en-i-q)
< ) <i mrﬁz 6T+Z ysﬁz Zz, f ))en—l-s) AN
(eh + Z Dy fp(x en+p) A (ek + Z Dqu(x)en+q) >

q=1

Z Dy, Bi)(w, f(z))e, Ne; + Z Z ysﬁz z, [(z))ents A€

i=1s=1

en N\ ep + Z Dqu €h N epyq+ Z thp 6n+p A €k>
p=1

q=1

= (D, B) (, f(2)) = (D, Bn) (, f ()
Z v On) (@, () Dy fo @ Z Dy, B)(x, f () Dn fy()

3

namely

(4.2) [*(dw)]z(en, ex) = DulBr(x, f(2))] — Di[Bn(z, f(2))].
forall h,k=1,... n.

The conclusion follows from (4.1) and (4.2). O

Now consider an open subset U of R} x R and a family of m linearly independent
differential 1-forms of class C! in U, that is

Za dx2+Zan+hdyh (j=1,...,m)

with @) € C'(U). Then let D be the C' distribution of rank n on U determined by the
Pfaffian system of equations

o) =0  (j=1,...,m)

compare Section 2.

Define the vector fields (j = 1,...,m)
o) — (a(J) (J) )t’ ag/) - ( (4) (4) )t

1 9 n+m n+1> aa'n-l—m
and the matrix fields
m 1 m
o &
1 .
M = ol Ne=@] e =
a(l) a(m) (1) (m)
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a o al
P .= (a(1)|---|a(’”)): : :
Uil o+ @
Moreover let A be an open subset of R" and let
p: A=U

be an injective immersion of class C''. Then S := p(A) is an n-dimensional C'!' submanifold
of R} x R

The following very simple fact holds.

Proposition 4.1. Let

(4.3) K = {aeA (09, =0 forallj=1,... ,m}.

Then
o(K)=7(5,D)={2€ 5 : T.5 =D(z)}.

Proof. Recall that, for all a € A, one has
("), = 98&) odpy, dpa(R") = T,@)S.
Hence a € K if and only if
T¢(Q)S - D(ap(a)), le., T@(G)S = D(gp(a))
The conclusion follows trivially. O

Theorem 4.2 (main lemma). Let ag € AN K™Y where K is the set defined in (4.3).
Then ag € K and

[w*(de(j)ﬂao =0 (7,6 (de(j)>@(ao)|Tw(ao)SXTso(ao)S - 0)
forallj=1,... m.

Proof. One has ayp € K in that K is closed relatively to A and ay € A. Without loss of
generality, we can assume that

det [D(gol, . ,gon)t(ao)} #0
hence there exists an open neighborhood V' of ay € R" such that
= (1, on) vV = Qi=Tm ((p1,...,n)'v)
is a diffeomorphism of class C'. Tt follows that (V) is the graph of the C'-function
f=(Onst, s Prym) 0@ :Q — R}

One obviously has ay € K, hence

D(p(a0)) = Tip(ap)S
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by Proposition 4.1. It follows that (with the notation of Section 3.1)

mx(D(plag))) = X =Ry x {Ogp }.
Then (by replacing V' with a smaller neighborhood of ay, if need be) we can assume that

mx(D(p(a))) = X = Ry < {Ogy }
for all @ € V. Thus

my (span{a (p(a)), ..., a™(p(a))}) =Y = {Ory } x R’
for all @ € V', by Proposition 3.1 and (2.1), which is equivalent to
span{ay’(p(a)), ., ay" (p(a)} = Ry’

for all @ € V. This proves that the matrix N(p(a)) is invertible, for all @ € V. Thus there
must be an open subset U’ of U such that ¢(ag) € U and N(z) : R™ — R™ is invertible
for all z € U".

Now let z € U’. Then one has
(44)  P(z)x [-N(2)"Y] = (%8) X [-N(2)7)] = <M (2) X_[;mN(z)‘l]>

where I,,, is the identity matrix of size m. If ay,j(2) and §;;(2) denote the (h, j)-entry of
—N(z)~! and the (7, j)-entry of M(z) x [=N(z)™'], respectively, then (4.4) shows that

(4.5) Zah] )o) = Zﬁij(z)d:zi—dyj (j=1,...,m).

i=1

Observe that all the functions z — ay;(z) and z — f;;(2) are in C*(U’). Hence, in
particular, the differential 1-forms

=Y Bidx; — dy; (j=1,...,m)
i=1
are of class C'' in U’.

Now on, without loss of generality, we can suppose that (V') C U’. Consider the map
Y : Q= R x R of class C' defined as

(@) = (z, f(z), z€Q
so that ¢ o ® = ¢|y,. By recalling (4.5), we find

m

(4.6) " (*w?) = (plv)w (anj o @lv) (plv) 0™ (G =1,...,m).
h=1

It follows that

(4.7) [@*(p*wN)], =0, forallac KNV (j=1,...,m)

namely
(Pwi), =0, forallz €e DK)NQ  (j=1,...,m)
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which is equivalent to

(4.8) SK)NQ C () H,y, with H, = {z € Q| ('), = 0},

j=1
Moreover, since ag € K™Y NV and recalling (3.4), one has
(4.9) ®(ag) € (K)"V N Q= [®(K) N Q.

From (4.8) and (4.9) we obtain

hence

by Theorem 4.1. Then

(4.10) () ([dw)]ay =0 (G=1,...,m).
Since ag € K NV one has also

(4.11) ()W =0 (G=1,...,m)
by (4.7).

15

Now, for z € U’, let v;;(%) be the (i, j)-entry of —N(z) and observe that the functions

2 — v44(2) belong to C*(U'). From (4.4) or (4.5) we obtain

0Dy =S vw®™  (G=1,...,m).
=1

Thus
d(6WV|y) = Zdl/thw(h)+Zuhjdw(h) (j=1,...,m)
h=1 h=1
hence
[ Z §0|V thJ ag [(90| ao + Z Vh] | ) )] ao

for all 7 =1,...,m. The conclusion follows at once from (4.10) and (4.11).

Remark 4.1. From (4.6) it follows that a € K NV if and only if

(@D*w(j))@(a) =0 (] = 1, e ,m).
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Moreover, for all x € 2, one has

(w*w(j))x —

I

Il
—

Bii (Y () (7 (di) ) — (47 (dy;))

)

Bij(z, f(x))dz; — (df;)s

I

@
Il
—

I
NE

[Bij(z, f(x)) — D;if(z)] du;.

7

Il
,_.

Then
K NV)={xeQ: Df(x)=f(z, f(x)}

where (3 denotes the matrix whose (i, j)-entry is §;;, i.e., §:= —M x N~'. In particular,
in the special case when D is translation-invariant along R7*, namely if the coefficients

agj ) do not depend on y (hence also the f;; do not depend on y), then the problem of
determining a local integral surface of D is reduced to the problem of determining a
mapping with locally prescribed Jacobian matrix. This fact and [2, Theorem 4.1] have
been used in [3] to prove the following result: If D is translation-invariant along R} and
20 € U, then there exists an n-dimensional reqularly embedded submanifold My of U of
class Nae(,1)CH* such that

(412) 20 € MQ, 0< %n(Mo) < 400, %n(T(MQ,D)) > 0.

Compare [3, Proposition 8.2]. We observe that if one is interested only in an n-dimensional
regularly embedded submanifold of U of class C* satisfying (4.12), this can be obtained
also from [1, Theorem 1]. The following example for n = 2k and m = 1 has been
considered in [2] in connection with characteristic sets, in the context of the Heisenberg

group:

k 2k
(413) U .= R2k+l, Q&?y) = - ZI’]H_Z' dl’l + Z Ti—k d!lﬁ', — dyl
=1 i=k+1

In this case the matrix field N has a single entry identically equal to —1. Then N(z)
is obviously invertible for all z € R?**! so we can choose U’ = R**! and a trivial
computation shows that w® = §M),

Remark 4.2. In the special case when ¢ is of class C?, even under the weaker assumption
that ag € A is merely a point of density of K, we can provide the following two much
simpler proofs of Theorem 4.2:

e (First proof) Observe that the differential 1-forms ©*0") are of class C* in A and
that

j=1

where K :={a € A : (p*0Y)), = 0}. Since qy is a point of density of K, then ag
is a point of density of K, for all 7 = 1,...,m. Recalling the property in Remark
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3.1 (with Q := A, f =0, w := ¢*0Y)) we conclude that
[ (d69)]ay = [d(¢769)]ay = 0
forall j=1,... ,m.

e (Second proof) Since qy is a point of density of K then Tan,,(K) = R", by Propo-
sition 3.4. Hence

Tang(q) (7(S, D)) = Tancp(ao)(QO(K)) = dipa, (Tang, (K)) = dpa, (R")
= Toao)S

by Proposition 4.1 and [3, Proposition 2.2]. The conclusion follows from [3, Lemma
3.2].

5. THE PROOF OF THEOREM 1.1

As in Section 4, let D be a C' distribution of rank n on an open set U C R? x R™
determined by a Pfaffian system of equations

o =0  (j=1,...,m).

Remark 5.1. Let M be an n-dimensional regularly embedded C! submanifold of U and
let 2o € M be a point of density of 7(M, D), i.e., H"(Bu(z0,7) \ 7(M,D)) = o(r™) as
r — 0+. Since 7(M, D) is closed relatively to M, then one has zy € 7(M, D).

We can finally prove our main result, namely Theorem 1.1, as a corollary of Theorem 4.2
and Proposition 3.3. We recall its statement, for the reader’s convenience.

Theorem. Let M be an n-dimensional reqularly embedded C' submanifold of U and
assume that one between conditions (1) and (II) below is satisfied:
(I) Let zg € M be a superdensity point of T(M, D), i.e.,
H" (B (20,7) \ 7(M, D)) = o(r"th) (as — 0+);
(IT) Let zg € M be an ordinary point of density of T(M,D), i.e.,
H" (B (z0,7) \ 7(M, D)) = o(r"™) (as r — 0+)
and let M be locally of class C? at 2.

Then zy € (M, D) and D is involutive at zy, i.e.,
(5.1) ().,

Teg M xTogM = (de(j))zob(zo)xp(zo) =0

forallj=1,... m.
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Proof. If (I) is satisfied. One has zy € 7(M, D), by Remark 5.1. By assumption, there
exist an open set A C R" and an injective immersion ¢ : A — U of class C* which
parametrizes M around zy, that is 2o € ¢(A) C M. Let K be the set defined in (4.3) and
observe that

(5.2) p(K) ={z € p(4) : .M =D(2)} = 7(M,D) N p(A)

by Proposition 4.1. Since ¢(A) is a relatively open subset of M containing 2y, the identity
(5.2) yields

Bu(z0,7) \ (K) = By (20,7) \ 7(M, D)
provided r is small enough. Then

(5.3) H"(B(20,7) \ 9(K)) = o(r™™) (as r — 04)

by assumption. From Proposition 3.3, with £ := K and k = n + 1, we obtain ay :=
¢~ H2) € K"V, Hence

(5.4) [p*(d09)],, =0, forall j =1,...,m
by Theorem 4.2. Since T., M = Im(dyp,, ), the identity (5.4) is equivalent to (5.1).

If (II) is satisfied. The argument above continues to work, with some obvious changes.
First of all ¢ can be assumed to be of class C%. In place of (5.3) we obtain

H"(Bu(20,7) \ 9(K)) = o(r™) (as r — 0+)

hence ag := ¢~ !(2) turns out to be a point of density of K (by Proposition 3.3, with
E := K and k =n). Then (5.4) follows by recalling Remark 4.2. O

REFERENCES

[1] G. Alberti: A Lusin Type Theorem for Gradients. J. Funct. Anal. 100, 110-118 (1991).

[2] Z.M. Balogh: Size of characteristic sets and functions with prescribed gradient. J. reine angew. Math.
564, 63-83 (2003).

[3] Z.M. Balogh, C. Pintea, H. Rohner: Size of tangencies to non-involutive distributions. Indiana Univ.
Math. J. 60, no. 6, 2061-2092 (2011).

[4] 1. Chavel: Riemannian Geometry: a Modern Introduction. (Cambridge Tracts in Mathematics 108)
Cambridge University Press 1995.

[5] S.S. Chern, W.H. Chen, K.S. Lam: Lectures on differential geometry. Series On University Mathe-
matics Vol. 1, World Scientific 1999.

[6] S. Delladio: Functions of class C'* subject to a Legendre condition in an enhanced density set. Rev.
Matem. Iberoam. 28 (2012), n. 1, 127-140.

[7] S. Delladio: A Whitney-type result about rectifiability of graphs. Riv. Mat. Univ. Parma 5 (2014),
387-397.

8] S. Delladio: Structure of tangencies to distributions via the implicit function theorem. Preprint 2016.

9] M. Derridj: Sur un théoreme de traces. Ann. Inst. Fourier (Grenoble) 22 (1972), n. 2, 73-83.

10] H. Federer: Geometric Measure Theory. Springer-Verlag 1969.

11] B. Franchi, R. Serapioni, F. Serra Cassano: On the structure of finite perimeter sets in step 2 Carnot

groups. J. Geom. Anal. 13, no. 3, 421-466 (2003).

[12] V. Magnani: Characteristic points, rectifiability and perimeter measure on stratified groups. J. Eur.
Math. Soc. (JEMS) 8, n. 4, 585-609 (2006).

[
[
[
[



TANGENCIES TO NON-INVOLUTIVE DISTRIBUTIONS HAVE NO SUPERDENSITY POINTS 19

[13] R. Narasimhan : Analysis on real and complex manifolds. North-Holland Math. Library 35, North-
Holland 1985.



