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ABSTRACT 

 

Adherent cells are able to actively generate internal forces, channelled by cytoskeletal protein 

filaments and transmitted through transmembrane receptors to the surrounding environment by 

means of focal adhesions. Cells also dynamically interact with extracellular matrix by sensing 

external chemo-mechanical stimuli and then inducing formation of stress fibres mediated by 

polymerization/de-polymerization processes which continuously redesign the interplay between 

structural organization and contractility activities in the cytoskeleton, so orchestrating selected 

signal pathways at the basis of many important cell’s physiological functions like adhesion, 

migration and division. Despite chemo- and duro-taxis have been intensively studied in the last 

years to understand how cells move on a substrate, their polarization and reorientation – observed 

during gastrulation, wound healing and morphogenesis – are only partially understood. By starting 

from the evidence highlighted in some recent studies that cells reorient in response to substrata 

deformation by essentially obeying a pure mechanical interaction, we propose to interpret the 

seeming overall cells’ rotation resulting from the reconfiguration of their cytoskeleton – here 

named mechanotropism – as a nonlinear optimization problem in which the adherent cell aims to 

align along directions leading it to minimize a physically coherent measure of work spent to 

deform the elastic substrate while retaining a prescribed level of homeostatic contractile force. To 

do this, the single-cell is simply modelled as a finite size contractile force dipole that acts on the 

boundary of a half-space perturbed by applied point loads. The effects of fences of forces acting 

orthogonally and tangentially on the boundary of the adhesion medium and encircling the cell are 

then investigated, so obtaining solutions that predict multiple non-trivial cell polarizations as 

functions of number, direction, relative magnitude and distance from the cell-dipole of the forces, 

as well as of the substrate’s Poisson ratio, with unprecedented outcomes under the hypothesis of 

auxetic (i.e. negative Poisson ratio) materials. The results lead to envisage that the proposed 

theoretical model might contribute to unveil the mechanobiological principles ruling in vivo cells 

orientation processes by guiding the design of novel experimental strategies and to conceive new 

mechanics-based markers for guessing cells’ pathological conditions from their mechanotropism. 

 

1. Introduction 

Along with biochemical factors, processes of mechanosensing and mechanotransduction play a 

pivotal role in regulating dominant aspects of cells’ behaviour (Iskratsch et al., 2014; Mofrad and 

Kamm, 2009; Bao and Suresh, 2003; Banerjee et al., 2020; Fraldi and Carotenuto, 2018; 

Carotenuto et al., 2018, 2019). 

As a matter of fact, necessary condition to the viability of the most cell lines (e.g. epithelial 

cells, fibroblasts, muscle cells) lies in their adhesion to a matrix able to offer an adequate stiffness 

to the continuous action of probing, by pushing and pulling, exerted by the single-cell via traction 

forces (Bershadsky et al., 2003; Harris et al., 1980). These are internally generated by a contractile 
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actomyosin cytoskeleton to maintain tissue homoeostasis and transmitted outwards through 

transcellular structures consisting of tension-dependent micrometre-sized aggregates of proteins 

(primarily integrins) known as focal adhesions (Ingber et al., 2014; Stamenović and Ingber, 2009; 

Deguchi et al., 2006; Riveline et al., 2001; Ferreira et al., 2020). 

There are several evidences that, through focal adhesions’ arrays, cells can recognize differences 

in the mechanical properties of the contact materials as well as sense the mechanical stimuli 

coming from the surrounding environment, namely forces and strains, and respond to them by 

altering their contractility level and structural organization, both locally (e.g. changes in stability 

and number of adhesion sites) and at a global scale, by remodelling the cytoskeletal machinery 

(Mofrad and Kamm, 2009; Geiger et al., 2009, 2001; Wang et al., 2009; Chen et al., 2015a; He et 

al., 2014; Brand et al., 2017; Loewe et al., 2020). As a consequence of the reaction to external 

mechanical perturbations, cell’s physiological activities – including motility (Pelham and Wang, 

1997; Lo et al., 2000), proliferation (Nelson et al., 2005) and differentiation (Engler et al., 2006) 

– are, in turn, re-modulated (Discher et al., 2005; Maul et al., 2011). 

The physical and molecular principles that induce the cellular feedback under mechanical input 

and the way in which it actually realizes, thus moulding the cell behaviour, are however not yet 

fully understood. Therefore, uncovering of these mechanisms represents the cornerstone for the 

comprehension, the prediction and the potential control of critical biological phenomena 

developing both at the cell scale, such as phenotypic and neoplastic mutations, and at tissue level, 

in terms of morphogenesis, wound healing, remodelling and metastasis. 

Within this framework, wide attention has been paid in the last years to the study of mechano-

induced motility mechanisms of cells. For example, processes of mechanotaxis, namely of 

mechano-driven migration, have been detected, whose most consolidated evidence is represented 

by the stiffness-guided locomotion mechanism known as durotaxis (Lo et al., 2000; Lazopoulos 

and Stamenović, 2008). Additionally, (re)orientation and polarization of adherent cells have been 

largely recognized as influenced by their elastic interactions with the extracellular environment 

(Schwarz and Safran, 2013; He et al., 2020; Kopfer et al., 2020; Friedrich and Safran, 2012; Lim 

and Donahue, 2007). In this regard, it has been observed that animal cells, assuming round shapes 

in suspension, stretch and flatten when adhering to an external surface, some cell types (e.g. 

fibroblasts) assuming polarized (i.e. highly elongated) and stationary (i.e. non-migrating) profiles 

for sufficiently high values of the adhesion matrix rigidity (Prager-Khoutorsky et al., 2011; Lin et 

al., 2016). Laboratory outcomes have then highlighted that the orientation of these adherent cells 

does not arise randomly, rather it seems the result of an optimization process implemented by the 

cells for achieving some preferential conditions and maintain homoeostasis (Fraldi et al., 2019; 

De et al., 2008). 

In particular, many works have shown that cells adhering to flat deformable substrates subject 

to pre-stretch or to static or cyclic stresses/stretches can rearrange from random to well defined 

angles through a sequence of disassemblies and reassemblies of the cytoskeletal apparatus, 

possibly combined with an actual rotation of the stress fibres (Deibler et al., 2011). Their final 

orientations depend both on the type of mechanical test (e.g. uni-axial or bi-axial loading) and on 

the frequency, duration and amplitude of the applied stretch/stress, some experiments also 
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evidencing threshold-activated behaviours in terms of frequency and/or magnitude (Wang et al., 

1995, 2001; Tamiello et al., 2015; Xu et al., 2018). As an example, a rather common evidence is 

that, under uniaxial cyclic strains of the substrate, cells align nearly perpendicular to the loading 

direction at proper frequencies (∼ 1 Hz), presumably in a way to avoid the perturbations arising 

from passive deformations and therefore to follow the direction of minimal substrate strain, a 

phenomenon designated as stretch avoidance (Jungbauer et al., 2008; Tamiello et al., 2015; Wang 

et al., 2001; Hayakawa et al., 2001). On the other hand, the cellular responses to static or quasi-

static stretches are less understood (Schwarz and Safran, 2013), in this case cells having been 

found to principally arrange parallel to the stretching/force direction (Collinsworth et al., 2000; 

Xu et al., 2018; Eastwood et al., 1998; Steward et al., 2009; Liu et al., 2013), despite some other 

experiments have shown that they align randomly (Jungbauer et al., 2008) or that static stretch is 

not as influential as cyclic stretching in directing cell alignment and changing cell morphology 

(Goli-Malekabadi et al., 2011). 

Motivated by these observations, a number of theoretical approaches have been proposed in the 

literature for studying the spatial organization and, in particular, the preferential alignments 

adopted by stationary single-cells as a consequence of the interplay with the network of 

neighbouring cells or the interaction with externally applied mechanical stimuli, often occurring 

through elastic media (Schwarz and Safran, 2013; Chen et al., 2015b). In this context, several 

possible optimization mechanisms have been suggested as underlying the reorientation process, 

each aimed to the achievement of a specific target, such as the attainment of the lowest strain state 

(Wang et al., 1995, 2001; De et al., 2008; Ben-Yaakov et al., 2015; Golkov and Shokef, 2017), 

the retention of a minimal or fixed stress level (De et al., 2007; Tondon and Kaunas, 2014; De et 

al., 2008; Ben-Yaakov et al., 2015; Golkov and Shokef, 2017), the search for the minimum elastic 

energy configuration (Schwarz and Safran, 2002; Bischofs and Schwarz, 2003; Livne et al., 2014; 

Xu et al., 2018) or the stability of the focal adhesions (Chen et al., 2012, 2015a; Fraldi et al., 2021). 

Accordingly, various mechanical descriptions have been provided, which range across different 

length scales, going from molecular approaches directly involving biochemo-mechanical 

processes at the level of the focal adhesion complexes to one- and bi-dimensional structural or 

continuum cellular models. 

More in detail, widespread approaches predict that, under stretching of the substrate, cells 

realign along angles that allow them to maintain an optimal strain or stress state, namely along the 

zero or minimal strain directions (Wang et al., 1995, 2001; De et al., 2008; Ben-Yaakov et al., 

2015; Golkov and Shokef, 2017) or in a way to retain a minimal or fixed (homeostatic) stress level 

(De et al., 2007; Tondon and Kaunas, 2014; De et al., 2008; Ben-Yaakov et al., 2015; Golkov and 

Shokef, 2017). As an example, among the models proposed in literature, De et al. (2007, 2008) 

studied stress fibres reorientation under both static and dynamic loading by supposing that cells 

tend to maintain an optimal (or set point) value of stress or strain in the adjacent matrix. In 

particular, motivated by experimental measurements of cellular traction patterns (Dembo and 

Wang, 1999; Schwarz et al., 2002), they used a coarse-grained modelling of the cells by 

approximating them as single anisotropic force dipoles (Schwarz and Safran, 2002). 
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On the other hand, different approaches involving macromolecular or biochemical descriptions 

of cellular orientation and stress fibres rearrangement in response to applied forces have also been 

discussed (Wei et al., 2008; Schwarz and Safran, 2013; Kaunas and Hsu, 2009; Hsu et al., 2009; 

Chen et al., 2012, 2015a; Kong et al., 2008). In this framework, Chen et al. (2012, 2015a) and 

Kong et al. (2008) for example proposed theoretical models based on the stability of the focal 

adhesions under cyclic loading. Recently, Xu et al. (2018) also developed a planar cytoskeletal 

tensegrity model, by incorporating the molecular mechanisms of focal adhesion dynamics, the 

actin polymerization and the actin retrograde flow, to study the dynamics of cell reorientation on 

a substrate under biaxial static and cyclic stretches. 

Some other models have recognized in the search for a minimum elastic energy configuration 

the driving mechanisms for cell rearrangement (Livne et al., 2014; Schwarz and Safran, 2002; 

Bischofs and Schwarz, 2003). In particular, Livne and coworkers (Livne et al., 2014) developed a 

bi-dimensional model of the cell which takes into account both the passive elastic response of the 

cells to substrate deformation and the active remodelling of their actin cytoskeleton and focal 

adhesions, thus proposing that reorientation during cyclic stretching is driven by a dissipative 

process in which the passively stored elastic energy of the cell relaxes to a minimum through active 

realignment of the relevant molecular structures determining the final (optimal) orientation angle. 

Finally, Safran and co-workers (Schwarz and Safran, 2002; Bischofs and Schwarz, 2003; 

Bischofs et al., 2004), by adopting a force dipole model for the adherent single-cell, analysed its 

interaction with the strain field induced on an elastic substrate homogeneously stretched along one 

axis under the assumption that cell positioning can be predicted by minimizing the interaction 

energy employed by the cell into straining its environment for a given level of force generation. 

The latter concepts were also used by the same authors to predict the collective response of 

contractile cells inside or over an elastic medium (Schwarz and Safran, 2002; Bischofs and 

Schwarz, 2003; Bischofs et al., 2004; Bischofs and Schwarz, 2005; Cohen and Safran, 2016), in 

order to investigate the preferred alignments of pairs or populations of elastically interacting cells 

in absence of externally applied loads and to highlight the influence of the substrate’s elastic 

properties (specifically, of its Poisson ratio in case of isotropic material) on the coordinated multi-

cellular orientation process (Bischofs and Schwarz, 2005). 

In the present work, the mechano-induced orientation mechanism of adherent cells is named 

mechanotropism. A tropism (from the Greek word 𝜏𝜌𝑜𝜋𝑜𝜍, tropos, ‘‘a turning’’) is a biological 

phenomenon indicating the turning movement (possibly accompanied by growth) of an organism, 

usually a plant, in response to an environmental stimulus. Phototropism, chemotropism and 

gravitropism are terms commonly adopted in biology for indicating the tendency of an organism 

to reorientate by responding to light, chemical and gravity stimuli, respectively. Accordingly, 

mechanotropism is here conceived as the process identifying the reorientation of a living system, 

in particular a cell, induced by mechanical stimuli, in this way also introducing a somehow 

complementary behaviour with respect to the cellular mechanotaxis. 

By keeping in mind the results provided by the above-mentioned literature, we aim to propose 

a novel mechanical strategy that could help to uncover the optimization principles guiding the 

orientation process of cells elastically interacting with perturbing external forces through a 
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deformable substrate. With this purpose, the mechanotropism of an adherent single-cell is here 

theoretically studied under the effect of ad hoc conceived distributions of exogenous static loads, 

formed by point forces acting orthogonally and tangentially to the flat surface bounding the 

substrate of adhesion and located at the vertexes of a 𝑛-sided regular polygonal fence surrounding 

the cell. 

Supported by both experimental measurements of cellular traction patterns and previous 

theoretical works (Schwarz et al., 2002; Schwarz and Safran, 2013, 2002; Bischofs et al., 2004), 

we model the polarized cell as a stretched one-dimensional fibre-shaped body acting as a pair of 

contractile forces at finite distance, i.e. a force dipole, on the boundary of a semi-infinite elastic 

isotropic and homogeneous solid, thus employing Boussinesq’s and Cerruti’s solutions to describe 

the mechanical interaction of the adherent cell with the fences of external point loads 

(Westergaard, 1952; Barber, 1992). In this regard, it is worth highlighting that, despite the concept 

of anisotropic force contraction dipole has been already used in the literature as paradigm for a 

dipolar-shaped cell (Schwarz and Safran, 2002, 2013), it has been treated by following a coarse-

grained approach, namely by modelling the cell as a point defect in an elastic medium, thus 

assuming to observe it at a distance much larger than its spatial extent. Here, instead, in order to 

take also into account effects arising within areas proximal to the cell, we preserve the simplified 

physical picture of the force dipole but apply the two contractile forces by identifying the single-

cell at two distinct point-sized sites of adhesion. 

Cell’s optimal orientations are then found by invoking as linchpin optimization principle the 

minimization of the magnitude of total work done by the cell to elastically deform the compliant 

substrate while retaining its traction forces level. By following this way, we find that the alignment 

of a cell is driven by its mechanotropism and hence decided by the interplay of few parameters 

describing the configurations of applied loads – forces’ number 𝑛, direction, magnitude and 

distance from the cell – as well as by the Poisson ratio of the substrate, the latter leading to 

previously unseen results in case of auxetic (i.e. negative Poisson ratio) materials. 

The work is organized as follows: Section 2 explains the main observations and assumptions on 

which the proposed strategy is grounded; Section 3 describes the theoretical model for the case of 

a cell-dipole elastically interacting with general distributions of exogenous point loads; Sections 

4 and 5 specify the problem and discuss the results for the particular conditions of normal and 

tangent forces, respectively; Section 6 finally summarizes the aims and the contents of the work 

and opens to future perspectives. 

2. Rationale and hypotheses underlying the theoretical model 

Modelling of the single-cell as a force dipole on a semi-infinite substrate. It is known that 

stationary as well as migrating cells transmit traction forces to the substrate on which they lie 

through spatially localized focal adhesions complexes (Harris et al., 1980, 1981; Dembo and 

Wang, 1999). These in fact exhibit a strict correlation of their width and axis of elongation 

respectively with the magnitude and the direction of the force that they borne (Riveline et al., 

2001; Balaban et al., 2001; Tan et al., 2003), such properties also resulting a function of the 
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stiffness of the underlying substrate (Pelham and Wang, 1997; Prager-Khoutorsky et al., 2011; 

Fusco et al., 2017; Ghibaudo et al., 2008). 

In many cases (e.g. for suitable values of rigidity of the support material (Prager-Khoutorsky et 

al., 2011; Lin et al., 2016; Fusco et al., 2017)), stationary adhering cells, such as fibroblasts, 

assume highly elongated configurations (see Figs. 1A–B), characterized by focal adhesions 

principally located along the cell’s rim and bearing significant forces only at the two extremities 

(Schwarz et al., 2002). These have magnitude of the order of 10–30 nN for each focal adhesion 

(corresponding to an average stress of about 5.5±2 nN∕μm2) and appear mainly oriented along the 

principal axis of the polarized cell, with a generally negligible projection along the direction 

orthogonal to the substrate surface (Balaban et al., 2001; Schwarz et al., 2002; Bershadsky et al., 

2003; Ghibaudo et al., 2008). Moreover, the two tangent overall forces resulting, by superposition, 

at the opposite cell ends – actually directed along its polarization axis – appear to balance each 

other, in a way that, from the mechanical point of view, the whole adhering non-motile cell can be 

treated as a dipole of equal contractile forces, each of the order of hundreds of nN (Schwarz et al., 

2002; Schwarz and Safran, 2002). 

On the other hand, according to the constitutive and geometrical properties of the materials 

commonly used for plating cells during experimental tests and with the related observations about 

smallness of displacements and strains induced by the cell tractions with respect to the size of the 

substrate, it is reasonable to model the latter as an isotropic linear elastic semi-infinite solid, as in 

fact also commonly done in traction force microscopy techniques (Plotnikov et al., 2014; Balaban 

et al., 2001; Dembo and Wang, 1999; Schwarz et al., 2002; Schwarz and Safran, 2002; Sabass et 

al., 2008; Style et al., 2014). 

On these bases, the effects of a polarized cell adhering on the top of an elastic substrate are here 

evaluated by employing for each of its two contractile forces the solution of the Cerruti’s problem 

for tangent point load acting on the boundary of an half-space (see Appendix). 

Elastic interaction with regular distributions of exogenous loads. It is assumed that the steadiness 

of a so-modelled stationary cell-dipole is perturbed by exogenous point loads acting, either 

orthogonally or tangentially, on the surface of the substrate as prescribed boundary conditions (see 

Fig. 1C). The influence of these forces is hence studied by coherently using superposed 

Boussinesq’s or Cerruti’s solutions (see Appendix), by prescribing different arrays of point loads, 

located at the vertexes of regular polygonal fences surrounding the cell, to gain insights into the 

mechanical principles driving the orientation of cell-dipoles by involving the minimum number of 

variable parameters to be also controlled in possible experimental tests. 

It has to be noticed that, by considering a working temperature 𝑇 = 310.15 K and a scale length 

𝑎 = 5 nm corresponding to the diameter of the cytoskeletal protein filaments involved in the focal 

adhesion loci, rough calculations allow to estimate forces due to thermal fluctuations of the order 

of 𝑘𝐵𝑇∕𝑎 ≃ 10−13 N (𝑘𝐵 being the Boltzmann constant), well below the values of both cell traction 

forces and applied loads, which are greater than 10−7 N. 

Stress homoeostasis via minimum deformation work as guiding principle for cell mechanotropism. 

Cells are systems continuously evolving to reorganize their cytoskeleton to respond to chemo-
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mechanical stimuli. This implies that they are overall in a state of quasiequilibrium and that, during 

biological activities, they involve different forms of energy, both chemical (ATP) and of elastic 

(stored through pre-stress in stretched fibres) and entropic (e.g. due to head-tail interaction and 

unfolding of macromolecules) nature. However, these phenomena generally occur at different 

time-scales and elastic (mechanical) signals, as well as the electrical ones, travel significantly 

faster than others (Wang et al., 2009). A mechanical input can be hence considered immediately 

perceived by the cells as they transmit tractions to the elastic substrate and are in turn stimulated 

by reactive forces at the adhesion sites as well as when external forces are felt by cells via the 

elastic deformations induced on the substrate where they adhere. To respond to these perturbations 

and re-accommodate the structure in the best way for performing the physiological activities, cells 

tend to reorganize the cytoskeleton by means of combined processes of 

polymerization/depolymerization and internal repositioning of the protein filaments and of their 

arrangement, by doing work and spending energy. 

In the case at hand, we assume that this structural reorganization, which overall can be seen as 

a re-orientation (mechanotropism) of the cell, is somehow decided by the cell itself to attain a state 

that can generate endogenous forces on the substrate (in vivo it is the extracellular matrix) aimed 

to determine cell homeostasis to be transferred across multiple length-scales up to the tissue level. 

In this sense, the proposed model is built up to make the single-cell capable to optimize its 

orientation in presence of external loads to retain an endogenous stress level as close as to the 

homeostatic one while minimizing the magnitude of work sensed in deforming the underlying 

substrate via the traction forces. This work comprises both a self energy spent by the cell-dipole 

due to its own action on the deformable substrate and an interaction energy due to the perturbation 

by the exogenous point forces (Bischofs and Schwarz, 2003), the latter being equivalent to the 

sole contribution often minimized in previous approaches under different kinds of boundary 

conditions (Bischofs et al., 2004). 

Our assumption can be read as an application of the standard physical principle of energy (hence 

work as energy transfer) minimization and is supported by the observation that cells need to 

preserve and exploit their stored chemo-mechanical energy to fulfil their own physiological 

activities, as it also happens in well-established evidences of durotaxis (Lo et al., 2000). In that 

case, in fact, cell migration occurs towards directions of greater stiffness, which require lower 

work to maintain homeostatic levels of traction forces (Bischofs and Schwarz, 2003; Schwarz and 

Safran, 2013). 
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Fig. 1. (A) In vitro eukaryotic cells (normal adult prostatic epithelial cell PNT1A-ECACC 

95012614) observed at optical microscope at different stages (0 and 48 h) with a zoom highlighting 

how they start from rounded shapes (red circles) to then orient and align in a preferred direction 

by forming stress fibres visualized as a force dipole (red lines with dots at the endpoints). 

Snapshots were obtained by the authors. (B) Example of the reorientation and elongation process 
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of a cell adhering to a substrate subjected to cyclic uniaxial stretching (8%,1 Hz): the tensed stress 

fibres and the whole cell body reconfigure by aligning quite perpendicularly to the direction of the 

applied stretch. The frames were captured and adapted from the video provided as supplementary 

material of the work by Deibler et al. (2011). (C) Three-dimensional sketch of an adherent 

stationary cell as a dipole of contractile forces acting tangentially on the top of the elastic substrate, 

under the action of exogenous forces in the form of normal and tangent point loads. The Cartesian 

reference frame as well as all the symbols and notations illustrated for denoting forces, angles and 

distances are the same as described throughout the main text. 

3. Architecture of the model: self and interaction energies 

On the basis of what highlighted above, a stationary adherent single-cell is here modelled as a 

dipole of contractile tangent forces having equal and constant magnitude and acting at a finite 

distance on the boundary of a homogeneous and isotropic linear elastic substrate. 

In detail, as sketched in Fig. 1C, the cellular dipole is envisaged to be centred at the origin of 

the Cartesian reference system {𝑥,𝑦,𝑧}, of unit vectors 𝐞 ̂𝑗 with 𝑗 = 𝑥,𝑦,𝑧, so that its two contractile 

forces can be written as 

 𝐃′ = 𝐃 at 𝐱 = −𝐱𝐷and 𝐃′′ = −𝐃 at 𝐱 = 𝐱𝐷 (3.1) 

with 

 ( ) ( ) 

 𝐃 = cos𝜃𝐞 ̂𝑥 + sin𝜃𝐞 ̂𝑦 𝐷and 𝐱𝐷 = cos𝜃𝐞 ̂𝑥 + sin𝜃𝐞 ̂𝑦 𝑙𝐷∕2, (3.2) 

herein 𝐷 indicating the magnitude of the dipole forces, 𝑙𝐷 the dipole’s length and, finally, the angle 

𝜃 its (clockwise) orientation with respect to the 𝑥-axis that will be then used as cell’s optimization 

parameter. 

The generic external point load perturbation 𝐏𝑖, applied at the point 𝐱𝑃𝑖 of the semi-infinite 

substrate’s boundary, can be given as 

 [( ) ( ) ( ) ] 

 𝐏𝑖 = 𝑃𝑖sin𝜙𝑖 cos𝛾𝑖 𝐞 ̂𝑥 + sin𝜙𝑖 sin𝛾𝑖 𝐞 ̂𝑦 + cos𝜙𝑖 𝐞 ̂𝑧 , 

 ( ) (3.3) 

𝐱𝑃𝑖 = 𝑑𝑖 cos𝛼𝑖𝐞 ̂𝑥 + sin𝛼𝑖𝐞 ̂𝑦 , 𝑖 ∈ {1,…,𝑛}, where 𝑛 is the number of external perturbations, 𝜙𝑖 

and 𝛾𝑖 represent the inclinations that the force 𝐏𝑖 describes with the 𝑧-axis and the 𝑥-axis, 

respectively, 𝑃𝑖 is the 𝑖th force’s magnitude, while 𝛼𝑖 is the angle that the position vector 𝐱𝑃𝑖 forms 

with the 𝑥-axis and 𝑑𝑖 the related distance from the axes origin. 

The energy 𝑊 that the cellular force dipole spends to deform the substrate in presence of a 

system of externally applied point loads can be written as the sum of two contributions, that is a 

self -energy 𝑊𝐷 and an interaction energy 𝑊𝑖𝑛𝑡: 

 𝑊 = 𝑊𝐷 + 𝑊𝑖𝑛𝑡 . (3.4) 
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Specifically, 𝑊𝑖𝑛𝑡 identifies the amount of work that the cell traction forces perform through the 

displacements produced by the external perturbations. Hence, by virtue of the Betti’s theorem, 

which finds the equality of the mutual works done by two systems of forces applied on a 

continuous linearly elastic body (Timoshenko and Goodier, 1967), it reads as 

 ∑𝑛 [ ( ) ( )] ∑𝑛 [ ( ) ( )] 

 𝑊𝑖𝑛𝑡 = 𝐃 ⋅𝐮𝑃𝑖 −𝐱𝐷 − 𝐮𝑃𝑖 𝐱𝐷 = 𝐏𝑖 ⋅ 𝐮𝐷′ 𝐱𝑃𝑖+ 𝐮𝐷′′ 𝐱𝑃𝑖 ,

 (3.5) 

 𝑖=1 𝑖=1 

 ( ) ( ) 

where( 𝐮𝑃)𝑖 ±𝐱𝐷are the displacements due to the force 𝐏𝑖 at the extremities of the cellular dipole 

and, vice versa, 𝐮𝐷′ 𝐱𝑃𝑖 and 

𝐮𝐷′′ 𝐱𝑃𝑖 are the ones induced by the cell forces 𝐃′ and 𝐃′′, respectively, at the point of application 

of the 𝑖th perturbation. Note that, with reference to the first expression of 𝑊𝑖𝑛𝑡 in (3.5), the sole in-

plane displacement components produced by the external perturbations contribute to the 

interaction energy, since it is assumed that the cellular tractions have negligible normal component 

(Schwarz et al., 2002). 

On the other hand, 𝑊𝐷 indicates the quota of work that the cell does per se to deform the 

underlying medium while building up its own traction forces, regardless of the action of exogenous 

forces, so that 

 1 [ ( ) ( ) ( ) ( )] [ ( ) ( )] 

𝑊𝐷 𝐃 ⋅ 𝐮𝐷′ −𝐱𝐷 − 𝐮𝐷′ 𝐱𝐷 + 𝐮𝐷′′ −𝐱𝐷 − 𝐮𝐷′′ 𝐱𝐷= 𝐃 ⋅ 𝐮𝐷′ −𝐱𝐷 + 𝐮𝐷′′ −𝐱𝐷 ,

 (3.6) 

() ( ) ′ and 𝐃′′, respectively, at the two points of adhesion of the cell where 
𝐮𝐷′ ±𝐱𝐷 and 𝐮𝐷′′ ±𝐱𝐷 are the displacements produced by 𝐃 

according to the solution of the Cerruti’s problem — explicitly reported in Eq. (A.8) of Appendix. 

By virtue of the antisymmetrical arrangement of the dipolar forces with respect to the selected 

reference system and of the substrate material homogeneity, one has 

( ) ( ) ( ) 

𝐮𝐷′′ ±𝐱𝐷 = −𝐮𝐷′ ∓𝐱𝐷 , whence the last equality in the equation above. Then, by taking into account 

the divergence of the displacement field produced by a point load at its own site of application, 

the displacement 𝐮𝐷′ −𝐱𝐷 is here evaluated as arithmetic average of the displacements taken at two 

points placed at a distance 𝑟𝑚𝑎𝑥𝐶 from the action point −𝐱𝐷 of the cell force 𝐃′ along the direction 

𝜃 of the dipole, say: 

 𝑚𝑎𝑥 ̂𝐷) + 𝐮𝐷′ (−𝐱𝐷 + 𝑟𝐶𝑚𝑎𝑥 𝐱 ̂𝐷)] =  ( )  1 [ (

𝜋𝜇𝑙5𝐷𝐷 𝐱 ̂𝐷, (3.7) 

𝐮𝐷′ −𝐱𝐷 ∶= 𝐮𝐷′ 

−𝐱𝐷 − 𝑟𝐶 𝐱 2 
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the second equality resulting from the Cerruti’s solution (A.8) particularized for the case at hand. 

Therein, the hat denotes unit vectors and 𝜇 = 𝐸∕2(1 + 𝜈) is the shear modulus of the substrate, with 

𝐸 its Young modulus and 𝜈 the Poisson ratio. More specifically, 𝑟𝑚𝑎𝑥𝐶 ≈ 𝑙𝐷∕10 represents an upper 

bound for the radius of the region in which the Cerruti’s solution loses kinematical compatibility, 

evaluated for the case of a cell-dipole by considering the average values found in literature for the 

traction forces exerted by cells at focal adhesions’ sites, for the length exhibited by polarized cells 

and for the stiffness of the substrates commonly used for experimental tests (see Appendix for 

details). 

 ( ) 

The Cerruti’s solution (A.8) can be finally applied to calculate 𝐮𝐷′′ −𝐱𝐷 ,
1 i.e. 

 ( ) 𝐷 ( 2𝜈 − 1 ) 

𝐮𝐷′′ −𝐱𝐷 = −  cos𝜃𝐞 ̂𝑥 + sin𝜃𝐞 ̂𝑥 + 𝐞 ̂𝑧 , (3.8) 2𝜋𝜇𝑙𝐷 2 

so that, by introducing expressions (3.7) and (3.8) into Eq. (3.6), the cell self-energy 𝑊𝐷 reads as 

9𝐷2 

 𝑊𝐷 = , (3.9) 

2𝜋𝜇𝑙𝐷 

which – as expected due to the isotropy of the substrate material – does not depend on the particular 

orientation of the dipole. On the contrary, this evidently does not happen for the complementary 

contribute related to the interaction energy, whose explicit expression, deriving from Eq. (3.5), 

depends on the selected pattern of applied perturbations and is, in general, a function of the angle 

𝜃. 

In this regard, by assuming that the sole degree of freedom for the considered stationary cell-

dipole is represented by a rotational reconfiguration, we suppose, as motivated in the section 

above, that it orients along an optimal direction, identified by the angle 𝜃, allowing it to minimize 

the intensity of the work 𝑊 spent to deform the underlying substrate. 

As a matter of fact, depending on the specific attributes of the external perturbation system (e.g. 

number and direction of point loads, ratio between their magnitude and that of the cell traction 

forces, distance from the cell centre, etc.), there could exist either configurations in which the cell-

dipole is able to arrange itself in order to exactly nullify the total energy≡ 𝑊 by exploiting 

advantageous orientations leading to obtain 𝑊𝑖𝑛𝑡 −𝑊𝐷 or, on the contrary, configurations such that, 

although not being able to wholly cancel 𝑊 , the dipole orients in a way to minimize its absolute 

value, by properly modulating – through 𝜃 – the interaction contribute. This means that, in general, 

optimal orientations would be given by the angular points of the function |𝑊 |, represented by 

 𝜃̃ ∶ 𝑊 |𝜃̃ = 0, (3.10) 

under certain external conditions and, in complementary cases, by the stationary points 
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 ( ) ( ) 

 𝜃̃ ∶𝜕𝜃|𝑊 | |𝜃̃ = 0,𝜕𝜃2
2|𝑊 | |𝜃̃ > 0. (3.11) 

In what follows, the effects induced on cell’s orientation by selected patterns of forces acting either 

orthogonally or tangentially on the substrate boundary are studied. 

4. Cell mechanotropism guided by fences of normal forces 

Let us consider a fence of 𝑛 point loads having equal magnitude and acting normally to the 

plane boundary of the semiinfinite deformable substrate at the vertexes of a regular (𝑛-sided) 

polygon centred at the origin of the reference system {𝑥,𝑦,𝑧}, which coincides with the midpoint 

of the cell-dipole. In such a case, the expressions in (3.3), defining the form of the generic 𝑖th 

perturbation, can be particularized by assuming 𝑃𝑖 = 𝑃, 𝑑𝑖 = 𝑑 and 𝛼𝑖 = (𝑖 − 1)2𝜋∕𝑛, ∀𝑖 ∈ {1,…,𝑛}, 

and 𝜙𝑖 = 0 for 𝑖 indicating a downward-pointing force (i.e. a compressive force pointing towards 

the interior of the elastic half-space), while 𝜙𝑖 = 𝜋 for 𝑖 indicating a upward-pointing force (i.e. a 

tensile force), since the 𝑧-axis is directed downwards. This hence allows to write: 

 { [ 2𝜋 ] [ 2𝜋 ] } 

 𝐏𝑖 = ±𝑃𝐞 ̂𝑧 , 𝐱𝑃𝑖 = 𝑑cos (𝑖 − 1) 𝑛 𝐞 ̂𝑥 + sin (𝑖 − 1) 𝑛 𝐞 ̂𝑦 ,

 (4.1) 

with plus and minus in (4.1)1 identifying downward-pointing (compressive) and upward-pointing 

(tensile) forces, respectively. For sake of clarity, from now on, signs – and hence pointing 

directions – will be taken into account by adopting the following notation: 

𝑃𝑑 ∶= +𝑃 and 𝑃𝑢 ∶= −𝑃, where the subscripts ‘‘𝑑’’ and ‘‘𝑢’’ stand for downward and upward, 

respectively. 

4.1. Cells encircled by a palisade of concordant point loads 

By employing the Boussinesq’s solution (reported in Eq. (A.5) of the Appendix) for each one 

of the 𝑛 normal point loads here considered and by invoking the superposition principle, in the 

case in which such loads are either all downward-pointing or all upward-pointing, it is found that 

the interaction energy (3.5) can be expressed in the following general form 

{ 

 𝐷𝑃𝑑,𝑢 (1 + 𝜈)(1 − 2𝜈)𝑚22−𝑚∕𝑛 [1 − 𝜂𝑚 cos(𝑚𝜃)] 𝑛 𝑛even 

 𝑊𝑖𝑛𝑡 = [ ] , 𝑚 = (4.2) 

 𝜋𝐸𝑙𝐷 1 + 𝜂2𝑚 − 2𝜂𝑚 cos(𝑚𝜃) 2𝑛 𝑛odd, 

 
1 Upon calculation of the displacements 𝐮𝐷′ (−𝐱𝐷) and 𝐮𝐷′′ (−𝐱𝐷), it is also possible to estimate 

the magnitude of the deformation (contraction) 𝜀𝐷 that the cell undergoes due to each of the two 

forces transmitted to the substrate. This is in fact given by: 

𝜀𝐷  

 𝑙𝐷 𝑙𝐷 
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= 1−, 

4𝜋𝜇𝑙𝐷2 

which, by considering a limit case of high cell traction force and low substrate stiffness, namely 

𝐷 = 1μN and 𝐸 = 10 kPa, assumes values from 0 to ∼ 0.12 for 𝜈 respectively varying from −1 

(auxetic material (Lakes, 1987)) to 1∕2 (incompressible material), with 𝑙𝐷 ≈ 50-60 μm. This actually 

corroborates the assumption of working in a linear deformation regime in which small changes of 

the dipole’s length – and thus approximately constant cell tractions – can be considered. 

where the parameter 𝜂 ∶= 2𝑑∕𝑙𝐷 is introduced. Note that the assumption 𝜂 > 1 is here embraced, 

this meaning that any perturbation acts beyond the circular domain that the cell could potentially 

span during its orientation process. 

By adopting expressions in (3.9) and (4.2) for the energy amounts 𝑊𝐷 and 𝑊𝑖𝑛𝑡, respectively, 

the total work magnitude |𝑊 | is minimum at its angular points 

 { [ ( ) ] } 

 1 9 ⋅ 2𝑚∕𝑛 1 + 𝜂2𝑚 𝐷 + 4𝑚(1 − 2𝜈)𝑃𝑑,𝑢 

 1  𝜂 ≤ 𝜂𝑐 ∶= |1 + 2

2−𝑚∕𝑛𝑚(1 − 2𝜈)𝑃𝑑,𝑢 |1∕𝑚, ∀𝑃𝑑 and 𝑃𝑢 

< −9 2−1+𝑚∕𝑛 𝐷 , (4.4) 

 ⎪ when𝐏𝑖 = 𝑃𝑑 𝐞 ̂𝑧 ∀𝑖 

 𝜃̃ = ⎨⎪ , 𝑘 ∈ Z. (4.5) 

 ⎪⎩ ,when𝐏𝑖 = 𝑃𝑢 𝐞 ̂𝑧 ∀𝑖 

𝑚 

As a matter of fact, the solution is never influenced by the stiffness of the substrate but it rather 

depends on the number and the pointing direction of the normal perturbations. Additionally, the 

substrate’s Poisson ratio, the relative magnitude of the applied loads with respect to the cellular 

force and, finally, the ratio 𝜂 between the radius of the polygonal fence and the dipole (semi)length 

turn out to drive or not the cell orientation depending on whether this is provided by the null 

solution in (4.3) or by the stationary one in (4.5), respectively. In particular, since the stiffness 

does not contribute to determine the cell’s alignment, the Poisson ratio is the sole elastic parameter 

 𝜃̃ = ±  arccos ( ) + 2𝑘𝜋 

 𝑚 𝜂𝑚 9 ⋅ 21+𝑚∕𝑛 𝐷 + 4𝑚(1 − 2𝜈)𝑃𝑑,𝑢 

within ranges of the perturbations’ parameters 𝜂 

and 𝑃 such that: 

, 𝑘 ∈ Z, (4.3) 

9𝐷 

or, otherwise, at the following 

stationary points: 

⎧2𝑘𝜋 

𝑚(1 − 2𝜈) 
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playing a role in cellular mechanotropism processes, at least when force-prescribed boundary 

conditions are considered2. 

By way of example, Fig. 2 shows the variation of the intensity of the elastic energy spent by a 

dipolar cell to deform the substrate in presence of a single external point load as function of its 

orientation angle 𝜃.3 By increasing 𝜂, for selected properties of the substrate and relative magnitude 

of the perturbation with respect to the cell force, one actually switches from a condition 𝜂 < 𝜂𝑐 in 

which |𝑊 | owns a null point corresponding to its minimum (e.g. points A1 and B1) to a status 𝜂 

> 𝜂𝑐 in which the minimum value is reached at a (non-zero) stationary point (as for points A3 and 

B3), by passing through the limit situation 𝜂 = 𝜂𝑐 where the null solution coincides with a stationary 

one (points A2 and B2). 

In the same figure, the optimal cell orientation 𝜃̃ is plotted as function of the relative distance 

parameter 𝜂, the shift from the solution in (4.3) to the one in (4.5) being therein evident (see points 

A2 and B2). In particular, in this simple situation of single point load, the stationary solution (4.5) 

reduces to 𝜃̃ = 0 for downward-pointing force and to 𝜃̃ = 𝜋∕2 for upward-pointing one: this means 

that, during a possible experimental study, one should observe in the former case an elongated cell 

arranged along a direction that contains the action point of the applied perturbation and in a way 

that such point lies in the direction orthogonal to the dipole’s one, in the latter condition. 

For a generic number 𝑛 of concordant loads influencing the cell-dipole orientation and for every 

Poisson ratio of the substrate, the bounds in Eq. (4.4) allow to construct a chart in the 𝑃∕𝐷–𝜂 plane 

where one can identify domains in which the optimal configurations are provided by the solution 

in (4.3) nullifying the deformation work 𝑊 , and out of which the dipole arranges in accordance 

to the stationary points of |𝑊 | given in (4.5). Fig. 3 illustrates an example of such domains for 

both upward- and downward-pointing externally applied forces,4 which one could helpfully 

consult for planning eventual experimental parameters and for predicting the optimal orientations 

that should be accordingly observed in cells. For instance, for both the possible pointing directions 

of the normal perturbations, two pairs of parameters 𝑃∕𝐷 and 𝜂 have been therein selected, that are 

𝑃∕𝐷 = 70 with 𝜂 = 1.4 and 𝑃∕𝐷 = 10 with 𝜂 = 1.8, with the aim to respectively identify, for each 

considered 𝑛, a situation lying within the region 𝜂 < 𝜂𝑐 and a complementary one, thus showing 

the optimal configurations that the cell could assume in each case. In this regard, it is worth noting 

that, in principle, the dipole could indifferently align along multiple optimal directions by 

undergoing the same energy expense. However, this reasonably occurs since no dissipative effects 

are associated to the cell orientation process in the presented model and, as a 

 
2 Actually, in the case of homogeneous and isotropic substrate, the reason why the Young 

modulus 𝐸 is not involved in determining cell’s orientation is that, in the formulation of the 

optimization problem, a term proportional to 1∕𝐸 appears as a factor in the expression of the total 

work 𝑊 , so that it does not influence neither the null points of the latter nor the stationary points 

of its magnitude, differently from the Poisson ratio. However, this effect is likely related to the 

fact that the whole problem is studied by prescribing on the substrate boundary conditions that 
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involve only forces — the ones endogenously generated by the cell and transferred to the substrate 

and those applied as exogenous point loads. As a consequence, mixed or displacement-prescribed 

boundary conditions could be possible sources of a different sensitivity of the optimization (cell 

orientation) problem to the Young modulus. 3 It is worth to note that, in general, the minimum 

significant domain for the variable 𝜃 (and thus for the solution 𝜃̃) can be restricted to the range of 

values 

] ] 

−𝜋∕2,𝜋∕2 , since orientations out of such range describe equivalent configurations, due to the 

symmetry of the dipole. Also, note that graphics in Fig. 2 are 

[ ] ̃, due to both the even character of the function |𝑊 | when a single 
displayed by considering the restricted interval 0,𝜋∕2 as reference domain for 𝜃 and 𝜃 orthogonal 
perturbation is applied at a point of the 𝑥-axis and the symmetry of the solution with respect to 
such axis in this case. 

4 As pointed out by Eq. (4.4), while the dipole can experience the possibility to nullify 𝑊 for any 

ratio 𝑃∕𝐷 under downward perturbations, on the contrary, it is necessary to apply upward forces 

with magnitude adequately higher than the cell’s one to achieve the same result. For upward 

perturbations, Fig. 3 shows indeed a gap of values 𝑃∕𝐷 for which the condition 𝜂 < 𝜂𝑐 is never 

verified, whose width, by virtue of the last restriction about 𝑃𝑢 in (4.4), is given by 

9 ⋅ 2−1+𝑚∕𝑛∕[𝑚(1−2𝜈)]. 
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Fig. 2. At the top, the normalized absolute value of the elastic energy spent by the cell-dipole to 

deform the substrate of adhesion, plotted against the orientation 𝜃 

 [ ] 

varying within the range 0,𝜋∕2 , for both the cases of upward-pointing (left) and downward-

pointing (right) single perturbation. The curves have been obtained by setting 𝑃 = 40𝐷 for the 

former case while 𝑃 = 15𝐷 for the latter one, with 𝜈 = 1∕3. Moreover, different values of the 

distance parameter 𝜂 have been considered in order to cover all the conditions 𝜂 ⋚ 𝜂𝑐 analysed in 

the text. At the bottom, the solution 𝜃̃, that minimizes the deformation energy |𝑊 | when a single 

perturbation acts, is illustrated as function of 𝜂, through the red curve for upward-pointing load 

and the blue one for the complementary case. At the sides of such plot, there are focuses (top 

views) on the particular minimum energy configurations adopted by the cell-dipole (sketched as 

a couple of converging black arrows) at points A1 and B1 for which 𝜂 = 1.3 < 𝜂𝑐 and points A3 

and B3 characterized by 𝜂 = 1.6 > 𝜂𝑐. On the background, there are contour plots showing the 
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intensity of the displacement field at the substrate’s boundary, resulting from the interaction 

between the displacement amount induced by the adhering cell when optimally arranged and the 

one imposed by the normal perturbation (depicted as a red point if upward and as a blue one if 

downward). These results have been obtained by combining the values of 𝜈, 𝑃 and 𝜂 mentioned 

above with the following ones: 𝐷 = 200 nN, 𝐸 = 50 kPa and 𝑙𝐷 = 60 μm. 

consequence, the spontaneous direction in which the cell laid before the application of external 

perturbations (that, according to the substrate isotropy, should be here random) has no influence. 

As an example, it is envisaged that if a work quota related to drag forces was taken into account, 

the multiplicity of optimal configurations would disappear or, at least, would be reduced and the 

minimum energy solution would be conditioned by the original placement of the cell. 

4.2. Cells encircled by a palisade of alternate point loads 

When an even number 𝑛 of orthogonal perturbations is applied, it is possible to envisage patterns 

such that downward-pointing loads alternate with upward-pointing ones at the vertexes of the 

corresponding polygonal fence on the substrate’s surface, their resultant being, in this way, overall 

zero. 
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Fig. 3. At the centre, a plot illustrating, for both upward- and downward-pointing perturbations, 

the partition of the plane 𝑃∕𝐷–𝜂 (where each point identifies the properties of the 𝑛 applied 

perturbations in terms of magnitude and distance from the dipole centre) into domains (grey-

coloured), defined by the limitations in Eq. (4.4), within which cell’s optimal orientations are 

provided by solution in (4.3), and complementary regions where the configurations associated to 

the minimum deformation work are given by (4.5). The characteristic size of such domains 

depends, in addition to the direction of the point loads, on the substrate Poisson ratio – here 𝜈 = 

1∕3 – and on the specific number of perturbations — here 𝑛 = 1,2,3,4. At the four sides of the 

figure, there are sketches (top views) of the optimal configurations (multiple in some cases) that a 

cell-dipole would adopt when adhering on the top of a substrate having 𝜈 = 1∕3 where a fence of 

2, 3 or 4 normal forces was applied. For both the possible directions of the perturbations, two pairs 

of parameters 𝑃∕𝐷–𝜂 have been selected, that are 𝑃∕𝐷 = 70 with 𝜂 = 1.4 (green and orange points) 

and 𝑃∕𝐷 = 10 with 𝜂 = 1.8 (magenta and cyan points), in order to show all the circumstances under 

which the cell can be found for each considered 𝑛. In the sketches, the cell is depicted as a couple 

of converging black arrows, while on the background there are the level curves (grey solid lines) 

and the vector plot (red and blue arrows respectively for upward and downward perturbations) 

describing the displacement induced by the normal perturbations (represented as red points if 

upward and as blue ones if downward). The side plots have been obtained by also assuming 𝐷 = 

200 nN, 𝐸 = 50 kPa and 𝑙𝐷 = 60 μm. 

In such a case, by employing again the superposition principle, the displacement fields provided 

by the Boussinesq’s solution (A.5) specialized for each perturbing force can be combined and used 

into Eq. (3.5), thus obtaining a null interaction energy if 𝑛∕2 is an odd number, while the following 

expression when 𝑛∕2 is even too: 

 𝑊𝑖𝑛𝑡.

 (4.6) 

𝜋𝐸𝑙𝐷 1 + 𝜂2 − 2𝜂𝑛 cos(𝑛𝜃) 

Then, by adding the interaction energy contribution to the cell’s self-energy given in Eq.≡ (3.9), 

one finds two significantly different results depending on whether 𝑛 is a multiple of 4 or not. In 

the latter event, since 𝑊𝑖𝑛𝑡 0 and 𝑊𝐷 does not depend on the specific orientation, the cell has 

no possibility to exploit the presence of the strain field induced by the external fence of applied 

forces for reducing the work that it performs in deforming the substrate. As a consequence, it 

could orient indifferently along any line passing through its centre. On the contrary, in the 

complementary situation, that is when 𝑛 is multiple of 4, limited configurations could be 

helpfully adopted by the cell in order to reach an optimal state. In particular, by using the 

energies expressions in (3.9) and (4.6), one obtains that optimal dipole’s orientations are 

represented by the solutions of Eq. (3.10), namely: 
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̃ = ±2 ⎧⎪⎨arccos⎡⎢⎢(1 − 𝜂𝑛)(1 − 2𝜈)𝑛𝑃 + √[(1 − 𝜂𝑛)(1 − 2𝜈)𝑛𝑃]2 + [18𝐷 (1 + 𝜂𝑛)]2 ⎤⎥⎥ + 

2𝑘𝜋⎫⎪⎬, 

 𝜃  

 𝑛 ⎪⎩ ⎢⎣ 36𝐷𝜂𝑛∕2 ⎥⎦ ⎪⎭ (4.7) 

𝑘 ∈ Z, 

 

Fig. 4. At the centre, a plot illustrating, in case of perturbations with alternating directions, the 

partition of the plane 𝑃∕𝐷–𝜂 into domains (grey-coloured), defined by the limitations in Eq. (4.8), 

within which cell’s optimal orientations are provided by solution in (4.7), and complementary 

regions where minimum deformation work configurations are reached through solution (4.9). The 

characteristic size of such domains depends on the substrate Poisson ratio – here 𝜈 = 1∕3 – and on 

the specific number of perturbations — here 𝑛 = 4,8. At the lateral sides of the figure, there are 

sketches (top views) of the optimal configurations (multiple in some cases) that a cell-dipole 

would adopt under the influence of 4 and 8 alternate perturbations when 𝜈 = 1∕3, 𝐸 = 50 kPa, 𝐷 = 

200 nN and 𝑙𝐷 = 60 μm, for a case in which 𝑃∕𝐷 = 50 with 𝜂 = 1.4 (orange point) and a case of 𝑃∕𝐷 

= 10 with 𝜂 = 2 (cyan point), in order to fall respectively into and outside the domains described 

by (4.8). In the sketches, the cell is depicted as a couple of converging black arrows, while on the 

background there are the level curves (grey solid lines) and the vector plot (grey arrows) 

illustrating the displacement induced by the alternate normal perturbations (represented as red 

points when upward and as blue ones when downward). 

under the following conditions concerning the perturbating forces: 

 1𝜂 ≤ 𝜂𝑎 ∶= ⎢⎢⎢⎣⎡(1 − 2𝜈)𝑛𝑃 + √[(91 − 2𝜈)𝑛𝑃]2 + 81𝐷2 ⎥⎤⎥⎦2∕𝑛 
, ∀𝑃,

 (4.8) 
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⎥ 

𝐷 

while, outside such domain, placements of minimum work magnitude are given by the solutions 

of Eq. (3.11), here reading as: 

 𝜃̃ = 4 𝑘𝜋 ,𝑘 ∈ Z. (4.9) 

𝑛 

Therefore, as well as for concordant perturbations, also for alternate ones (with even≤ ≤ 𝑛∕2), the 

𝑃∕𝐷–𝜂 space can be divided into domains such that 1 𝜂 𝜂𝑎 (as an example, see grey-coloured 

regions in Fig. 4, obtained for 𝜈 = 1∕3 and 𝑛 = 4,8), whose points identify perturbations with 

properties allowing the cell to reach the most favourable condition 𝑊 = 0, and outside which, on 

the contrary, the cell can minimize but not nullify the work spent through the deformation of the 

substrate. 

It is worth highlighting, also for the current problem, the dependence of the solution on the 

material and forces parameters 𝜈, 𝜂 and 𝑃∕𝐷 within the above-mentioned regions and non-

involvement of such parameters outside them, where, however, the sole loads’ number 𝑛 weights. 

4.3. Remarks on the cell’s pursuit of the maximum elongation 

It was highlighted above that, in case of concordant and alternate pointing directions of the 

exogenous normal loads, the cell’s optimal orientations are attained at the null points of |𝑊 | if 

inequalities (4.4) and (4.8) hold true and at the stationary conditions (4.5) and (4.9) if the same 

inequalities are instead violated. 

Additionally, Eqs. (4.4) and (4.8) can be used to define, as a function of the substrate’s Poisson 

ratio and of the exogenousto-endogenous forces’ magnitudes ratio, when the prescribed loads can 

be considered at large distance from the cell-dipole, that is the distance beyond which the cell can 

only minimize, but never nullify, the function |𝑊 | by orienting in a way that depends on the sole 

number of external forces. Some results concerning this situation are illustrated in Fig. 5, where 

polygonal distributions of normal loads acting at large distance from the cell centre are considered. 

According to what observed in presence of a single perturbation with reference to the bottom 

lateral sketches in Fig. 2, it is found that, for any 𝑛, the cell-dipole attains its minimum energy 

configurations by minimizing the distance of its axis from the points of application of downward 

loads and by maximizing the distance from the vertexes in which upward forces act. Such 

behaviour can be also explained by the fact that these orientations allow the cell to undergo the 

highest extension with respect to all the other diametrical fibres of the circumference containing 

the cell’s sites of adhesion, as evidenced in Fig. 5. 



 

21 

 

Fig. 5. Synoptic table illustrating the cell-dipole’s optimal configurations given by the stationary 

points in Eqs. (4.5) and (4.9), for concordant and alternate directions respectively, under the action 

of normal perturbations fences whose parameters 𝑃 and 𝜂 are such to fall outside the domains 

described by Eqs. (4.4) and (4.8). Here, the following values of the parameters have been setted: 

𝜈 = 1∕3, 𝐸 = 50 kPa, 𝑙𝐷 = 60 μm, 𝐷 = 200 nN, 𝜂 = 1.6 and 𝑃 = 5𝐷. In the upper part of the table the 

sole possible cases of all downward-pointing and all upward-pointing loads are shown for odd 

numbers of applied perturbations (𝑛 = 1,3), while in the bottom part also the case of alternate loads 



 

22 

directions is considered for even numbers of perturbations (𝑛 = 2,4,6). Top views of the dipoles 

are sketched through pairs of cyan converging arrows, while full cyan-coloured circles are used 

when there is no preferential orientation. Normal forces acting on the substrate are indicated with 

a cross when downward and with a circle when upward. Finally, there are shown the deformations 

undergone by the substrate points lying on the circumference to which the extremities of the dipole 

belong and on some concentric ones, due to the effect of the external perturbations. Dashed blue 

lines indicate circumferences in undeformed states while solid red lines their deformed 

configurations. To the aim of making the deformation detectable, an amplification of the 

displacement equal to 50 has been used. 

The reason why the optimal orientations given by the stationary points of |𝑊 | coincide with the 

directions of maximum stretch starting from the reference state of a cell acting alone on the 

substrate, is the following. From the expressions (4.2) and (4.6) of the interaction work spent by 

the dipole due to the presence of external forces, respectively with concordant and alternate 

pointing 

 ] ] 

directions, one can find that there exists at least an angle 𝜃 ∈ −𝜋∕2,𝜋∕2 such that 𝑊𝑖𝑛𝑡 = 0. This 

means that, by exploring the whole range, such energy assumes necessarily both positive and 

negative values and hence, when added to the positive and constant aliquot 𝑊𝐷, it provides a total 

amount either crossing zero values (as when conditions (4.4) and (4.8) are verified) or, as in the 

|𝑊 | ≡ 𝑊 by verifying Eq. (3.11), due to the independence of 𝑊𝐷 from 𝜃, match the minima of the 

sole interaction energy, whose case here considered, remaining positive for any 𝜃. In this latter 

case, the stationary points (4.5) and (4.9), that thus minimize 

corresponding values are necessarily negative for what illustrated above. This means – according 

to Eq. (3.5) – that the change of length induced on the cell at such optimal orientations occurs in 

the direction opposite to that of the dipole forces and thus produces the maximum extension. 

These results are in agreement with previous findings revealing that cell-dipoles tend to align 

along the direction of uniaxial stretches when prescribed statically to the substrate and to form 

cells strings over elastic media (Bischofs and Schwarz, 2003; Bischofs et al., 2004). In such cases, 

indeed, the hypothesis of large distance from the cell can be considered as implicitly assumed, 

since the cell is modelled as point-like rather than a finite size dipole. Also, the axis of application 

of the exogenous stresses and that of alignment of neighbouring cells represent the directions of 

maximum elongation, along which each cell can attain the minimum interaction energy with the 

environment to reduce the work spent while deforming the elastic substrate. 

On this ground, the cells’ pursuit of the direction of maximum elongation through the 

minimization of the sole interaction energy due to external loads, which is generally read as the 

cells’ preference for the highest effective stiffness (Bischofs and Schwarz, 2003), can be 

interpreted as a special case of the more general optimal condition requiring the minimization – at 

the best, the cancellation – of the magnitude of whole work that the cell does to deform the 
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substrate. This, in turn, results into a minimization – again, at the best, the cancellation – of the 

overall deformation felt by the cell as a consequence of the combination of its own traction forces 

and of the exogenous loads applied to the half-space. 

Finally, a duplex effect can be observed for cases of orthogonal perturbations applied in 

alternate directions, which can be considered when 𝑛 is an even number. In this situation the 

overall resultant load is null but there exist forces configurations that in fact do not have any effect 

on the dipole orientation – i.e. when 𝑛∕2 is odd – and others such that the cell can however detect 

the presence of the perturbations and take advantage from it — namely when 𝑛∕2 is even too. In 

the former event, as Fig. 5 shows for 𝑛 = 2,6, there arise pairs of normal loads pointing towards 

opposite directions and placed symmetrically with respect to the dipole centre, whose action is not 

detectable by the cell since the coupled downward and upward forces mutually balance and 

annihilate their effects: in this way, the dipole does not undergo changes of length – and the 

interaction energy is null – for any orientation 𝜃. On the other hand, in the complementary case, 

as illustrated in Fig. 5 for 𝑛 = 4, the symmetric allocation of the external loads fence provides the 

formation of pairs of concordant loads at diametrically opposite vertexes that reciprocally 

reinforce their effects, thus interfering constructively rather then destructively and in this manner 

allowing the cell to sense and exploit their action by selecting the most convenient orientations in 

terms of elastic work. 

5. Cell mechanotropism guided by fences of tangent forces 

Complementarily to the case of normal forces, in this Section we analyse the mechanotropism 

of an adherent cell by assuming that a regular fence of 𝑛 point loads acts tangentially on the 

substrate’s surface, surrounding the cell-dipole. The 𝑖th exogenous force can be hence written by 

specializing 𝐏𝑖 in Eq. (3.3) for 𝑃𝑖 = 𝑃, 𝜙𝑖 = 𝜋∕2, 𝑑𝑖 = 𝑑 = 𝜂𝑙𝐷∕2 (𝜂 > 1) and 𝛼𝑖 = (𝑖 − 1)2𝜋∕𝑛, ∀𝑖 ∈ 

{1,…,𝑛}, so that: 

 ( ) { [ 2𝜋 ] [ 2𝜋 ] } 

 𝐏𝑖 = 𝑃 cos𝛾𝑖𝐞 ̂𝑥 + sin𝛾𝑖𝐞 ̂𝑦 , 𝐱𝑃𝑖 = 𝑑cos (𝑖 − 1) 𝑛 𝐞 ̂𝑥 + sin (𝑖 − 1) 𝑛 𝐞 ̂𝑦 ,

 (5.1) 

the value of 𝛾𝑖 depending on the orientation of the load. 

By employing the expressions of the displacement fields related to this kind of perturbations via 

the Cerruti’s solution (A.8) for calculating the interaction energy (3.5), one can derive the 

analytical form of the problems (3.10) and (3.11) that would provide the cell optimal orientations 

for the case at hand. However, differently from the condition involving normal forces, no closed-

form solutions can be obtained and numerical procedures were therefore employed to get the 

results shown in what follows. In particular, the most representative outcomes emerged in the 

cases of centrifugal forces (i.e. directed outward with respect to the centre of the dipole and 

associated to 𝛾𝑖 = 𝛼𝑖) and twisting forces (i.e. 𝛾𝑖 = 𝛼𝑖 −𝜋∕2). They are illustrated in Figs. 6 and 7, 
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where different number, position and magnitude of exogenous point loads as well as substrate 

elasticity are considered.1 

As in the case of normal loads, the results show how cell-dipoles align along directions such to 

either nullify the work magnitude |𝑊 | or minimize it at stationary angles by following different 

paths as a function of the combination of the governing parameters. By way of example, Figs. 6 

and 7 show that the optimal configurations associated to forces at growing distances significantly 

change with both the number of the point loads and their magnitude. In particular, cell-dipoles 

reorient very differently as the loads are 

 

Fig. 6. Optimal orientations predicted for the cell-dipole as an effect of the interaction with 

palisades of centrifugal tangent forces, which induce on the substrate’s surface a displacement 

field exemplified at the bottom of the figure. Without loss of generality, results are shown in 

function of the relative distance 𝜂 = 2𝑑∕𝑙𝐷 for 𝑛 = 2 and 𝑛 = 4 point loads and exogenous-to-

endogenous forces’ magnitude ratios 𝑃∕𝐷 = 1,50, by making reference to substrate’s Poisson ratios 

 
1 Note that the domains of validity of the results obtained for the cases of point forces acting tangentially to the substrate’s boundary, should be evaluated on the basis of 

the set of prescribed model’s parameters, according to what reported in the Appendix for the Cerruti’s singular solution. This means that, in general, a lower bound should 

be considered for the relative distance 𝜂, in a way that the dipole’s adhesion sites are part of such domains. However, one can verify that, in the cases shown in Figs. 6 and 7, 

the outcomes are admissible for any 𝜂 > 1, the region of incompatibility of the Cerruti’s solution vanishing for 𝜈 → 1∕2 as well as for 𝜈 → −1. 
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𝜈 approaching the incompressibility limit (𝜈 → 1∕2) and the extremely auxetic value (𝜈 → −1). 

Herein, solid tracts represent angles nullifying the elastic work |𝑊 | while dotted ones identify its 

stationary (minimum) points. 

comparable to cell’s tractions (𝑃∕𝐷 = 1) and as the forces’ ratio becomes high (𝑃∕𝐷 = 50), the 

influence of this parameter however vanishing at large distances. 

Additionally, despite the case of orthogonal loads had already highlighted the dominant role 

played by the Poisson ratio in cells’ mechanotropism, the presence of tangent forces revealed some 

new and unprecedented effects on the dipole optimal orientation, the cells exhibiting a very 

different behaviour, accompanied by configurational switches, if the substrate material is assumed 

to be auxetic. 

As an example, the application at large distance of 𝑛 = 4 centrifugal point loads leads to have 

polarizations that depend strongly on whether cells are sitting on standard media (i.e. with positive 

Poisson ratio) or they adhere on highly auxetic materials (i.e. with negative Poisson ratio). In fact, 

one finds that, in the first case, cells orient along the directions of the external forces (𝜃̃ = 0,±𝜋∕2), 

in the latter condition instead deviating with respect to the axes of the point loads of ±𝜋∕4. 

However, this result varies with the number of applied tangent forces and, for instance, is lost at 

large distance if 𝑛 = 2, when, independently from 𝜈, the dipole reaches the configuration of 

minimum work at 𝜃̃ = 0, similarly to the case in which uniaxial deformation regimes are imposed 

to the substrate (Collinsworth et al., 2000; Bischofs and Schwarz, 2003; Xu et al., 2018; Chen et 

al., 2013; Steward et al., 2009; Liu et al., 2013). Analogous considerations can be inferred for the 

twisting distributions of point loads. 

Overall, Figs. 6 and 7 also highlight how the relative distance 𝜂 plays the role of a bifurcation 

parameter. Indeed, as critical values of 𝜂 are achieved, the cell switches from null work points to 

different kinds of stationary states and conversely, the auxeticity of the substrate further 

significantly enriching the landscape of achievable configurations. In this regard, it is finally worth 

to note that, unlike the case of applied normal forces, for tangent loads we can no longer recognize 

mutually exclusive regions (defined in terms of the model’s parameters) in which either angular 

or stationary points of |𝑊 | provide minima. In fact, optimal configurations 
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Fig. 7. Optimal orientations minimizing the magnitude of work spent by the cell-dipole to deform 

the substrate when surrounded by tangent point forces determining a twisting effect on the 

substrate’s surface, which is associated to a displacement field exemplified at the bottom of the 

figure. Without loss of generality, results are shown in function of the relative distance 𝜂 = 2𝑑∕𝑙𝐷 

for 𝑛 = 2 and 𝑛 = 4 point loads and for exogenous-to-endogenous forces’ magnitude ratios 𝑃∕𝐷 = 

1,50, by making reference to substrate’s Poisson ratios 𝜈 approaching the incompressibility limit 

(𝜈 → 1∕2) and the extremely auxetic value (𝜈 → −1). Herein, solid tracts represent angles nullifying 

the elastic work |𝑊 | while dotted ones identify its stationary (minimum) points. 

associated to both null work and work’s stationary points may co-exist in some cases and multiple 

solutions at different elastic work’s levels and related to local minima could be found as well. 

While multiplicity of the solutions is a mathematical result and it is expected that in real conditions 

cells could prefer only one among these optimal orientations, the model would help to explain why 

cells would polarize along selected directions, attracted by energetically convenient configurations 

that are closest to their unperturbed states. 
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6. Conclusions and perspectives 

The present work investigates the mechano-induced reorientation – here named 

mechanotropism – of an elongated cell, adhering to an elastic substrate and encircled by a palisade 

of exogenous point loads. 

By using Cerruti’s solutions, the fibre-like stationary (i.e. non-migrating) cell has been modelled 

as a dipole of contractile forces transmitted to the underlying elastic medium at two separate focal 

adhesion points, thereby generalizing previous approaches describing simply the cell as a point 

force dipole. Indeed, the latter treatments are valid only if the distance between the external loads 

and the single-cell is much larger than the size of the cell, a condition difficult to be achieved in 

many experiments, where instead a finite cell-force distance is required to take into account 

realistic length scales. 

Combined Boussinesq’s and Cerruti’s solutions have been then employed to model the action 

of regular polygonal patterns of normal and tangent point loads applied to the substrate and 

surrounding the cell-dipole. 

On this basis, by formulating a minimization problem involving as objective function the 

magnitude of work done by the cell to deform the substrate stressed by cell’s tractions and 

exogenous loads, multiple optimal cell orientations have been found. It has been highlighted that, 

depending on the substrate Poisson ratio and on the number, direction, distance from the cell and 

magnitude of the applied forces, two different minimization criteria for seeking optimal 

configurations can be followed in parallel. In the first, the cell exploits the strain field induced by 

the neighbouring forces for nullifying the work spent against the substrate deformation by aligning 

along selected preferential directions. In the second case, no orientation does exist such that the 

cell can reach the ideal status of zero work of deformation, the sole chance being to minimize its 

value by positioning at optimal angles. 

Analytical and numerical model outcomes have revealed that the Poisson ratio is the sole 

relevant mechanical property for the cell mechanotropism when force-prescribed boundary 

conditions are considered, in such a case the stiffness being not involved to decide the optimal 

polarization — a result somehow complementary with respect to that of durotaxis, where stiffness 

(gradient) drives the cell locomotion. From the mechanical point of view, this complementarity 

could be physically explained by considering that, while in mechano- or duro-taxis the cell moves 

translating on the surface and in this way senses – and is somehow driven by – substrate 

inhomogeneities induced by stress or stiffness gradients, in mechanotropism the cell polarizes 

rotating on the same surface, so seeking for the best configuration by exploring the substrate 

properties directly related to what is responsible for deformation anisotropies, that is the Poisson 

ratio in case of isotropic materials. Furthermore, the study of the influence of exogenous tangent 

forces on the alignment of the cell-dipole have led to never highlighted configurational switches 

when considering auxetic materials. These findings could hence help to shed light on the role 

played by the Poisson ratio of the elastic environment (e.g. extra-cellular matrix or engineered 

scaffolds) in mechanotransduction processes that have been recently demonstrated to influence 

the growth and differentiation of adherent cells (Yan et al., 2017; Zhang et al., 2013). 
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Despite improvements have to be introduced to enrich the model by considering mechanical 

nonlinearities, as well as the work spent by cells to rotate, to polymerize/depolymerize actin 

filaments and to dismantle/re-build focal adhesion sites, the quite simple feasibility of the proposed 

approach traces back several experimental observations and shows how some non-trivial cells’ 

configurations can be recovered with the sole weapons of elasticity. In fact, the results suggest 

that, at least in principle, it would be possible to probe the physical rules driving the orientation of 

single-cells adhering to deformable substrates by means of the application of ad hoc designed 

patterns of normal and tangent (or even inclined) forces, by modulating few key parameters. 

It is felt that the present work could also contribute to better understand some still unclear 

mechanisms of cell polarization involved in important processes such as wound healing, tissues 

morphogenesis and remodelling, in turn suggesting possible unexplored applications of interest 

for translational and precise medicine. By exploiting the interplay between cell’s orientation and 

selected polygonal fences of prescribed point loads, one might in fact apply the method for several 

purposes, for instance to indirectly measure via atomic force microscopy (AFM) endogeneous 

forces and stresses in the cell actin fibres, to induce duplication or differentiation by favouring or 

enforcing homeostatic cells’ stretches, as well as to envisage new mechanics-based markers for 

targeting cancer cells or for guessing pathological conditions from cells’ mechanotropism. 
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Appendix. Summary of the Boussinesq’s and Cerruti’s solutions 

By considering an elastostatic displacement formulation that accounts for Saint-Venant 

compatibility conditions and constitutive assumptions of homogeneous and isotropic materials, 
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equilibrium equations governing linear elasticity theory result in the following Navier–Cauchy 

equation (Landau and Lifshitz, 1970): 

 𝜇∇2𝐮 + (𝜆 + 𝜇)∇∇ ⋅ 𝐮 + 𝐁 = 𝟎, (A.1) 

where 𝐮 is the unknown displacement vector field to be determined by obeying the prescribed 

(Dirichlet- or Neumann-type) boundary conditions associated to the system of partial differential 

equations, 𝐁 is the body force vector field, 𝜇 = 𝐸∕[2(1 + 𝜈)] and 𝜆 = 2𝜇𝜈∕(1−2𝜈) are the Lamè 

constants of the continuum body, 𝐸 being its Young modulus and 𝜈 the Poisson ratio, while ∇2(∙), 

∇(∙) and ∇ ⋅ (∙) denote the Laplacian, gradient and divergence operators, respectively. 

In the second half of the 1880s, Betti provided a first general method for the integration of such 

a system (Love, 1982), founded on his reciprocal work theorem (Timoshenko and Goodier, 1967). 

On these bases, Cerruti and Boussinesq subsequently developed solutions for the equilibrium 

problem in the particular case of point forces acting – tangentially and normally, respectively – on 

the plane boundary of an isotropic elastic half-space (Love, 1982). Then, different derivations of 

such solutions have been given over the time (Timoshenko and Goodier, 1967; Johnson, 1985; 

Barber, 1992), in particular Westergaard formulating an interpretation in terms of Galerkin vector 

(Westergaard, 1952). In a general case, such vector allows to express the solution of the basic 

equations of linear elasticity (A.1) in the form: 

 [ 2 − ∇∇⋅]𝚪, (A.2) 

2𝜇𝐮 = 2(1 − 𝜈)∇ where 𝚪 is the Galerkin vector, that – by 

substitution into (A.1) – has to satisfy the equation: 

 ∇4𝚪 = − 𝐁 , (A.3) 

1 − 𝜈 

this meaning that, in case of negligible body forces, it has to be a biharmonic vector function. 

Specifically, by fixing a Cartesian reference system≥ {𝑥,𝑦,𝑧} and by considering a point load 

acting normally to the boundary of a semi-infinite solid occupying the half-space 𝑧 0, under null 

body forces (𝐁 = 𝟎), the Boussinesq’s problem can be solved – by virtue of the superposition 

principle holding true in linear frameworks – through additive combination of the following 

Galerkin vectors 𝚪𝐵 and 𝚪𝐵, in a way that shear stresses vanish on the plane boundary 𝑧 = 0 

(Westergaard, 1952): 

 1 2 

𝚪𝐵1 = 2 𝐹𝜋𝑧 𝜌𝐞 ̂𝑧 , 𝚪𝐵2 s.t. ∇ ⋅ 𝚪𝐵2 = ( 1 − 22𝜋𝜈)𝐹𝑧 log(𝜌 + 𝑍), ∇2𝚪2
𝐵

 = 𝟎, (A.4) 

√ 

where 𝑋 ∶= 𝑥 − 𝑥𝐹 , 𝑌 ∶= 𝑦 − 𝑦𝐹 and 𝑍 ∶= 𝑧, hence 𝜌 ∶= 𝑋2 + 𝑌 2 + 𝑍2 is the distance of the generic 

point of the half-space, say 𝐱 = 𝑥𝐞 ̂𝑥 + 𝑦𝐞 ̂𝑦 + 𝑧𝐞 ̂𝑧, from the point of application of the external force, 

namely 𝐱𝐹 = 𝑥𝐹 𝐞 ̂𝑥 + 𝑦𝐹 𝐞 ̂𝑦, while 𝐞 ̂𝑗, with 𝑗 = 𝑥,𝑦,𝑧, is the generic unit vector of the selected 
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rectangular reference system and 𝐹𝑧 is the sole non-vanishing component of the normal point load 

𝐅𝐵 = 𝐹𝑧𝐞 ̂𝑧 acting at 𝐱𝐹 . We recall that the harmonic scalar function  is also known as strain 

potential and may be in general used, independently from the definition of Galerkin vector, for 

describing some purely irrotational deformation fields (Barber, 1992). By then assuming 𝚪 = 𝚪𝐵 + 

𝚪𝐵 in Eq. (A.2), the displacement field that solves Boussinesq’s problem is given 

 1 2 

by 𝐮𝐵 having the following scalar components: 

 [ ] 

 𝐵 𝐹𝑧 𝑋𝑍 𝑋 

 𝑢𝑥 = 4𝜋𝜇𝜌3 − (1 − 2𝜈) 𝜌(𝜌 + 𝑍) , (A.5a) 

 [ ] 

𝐹 

 𝐵 𝑧 𝑌 𝑍 𝑌 

 𝑢𝑦 = 4𝜋𝜇𝜌3 − (1 − 2𝜈) 𝜌(𝜌 + 𝑍) , (A.5b) 

 𝐹𝑧 [𝑍2 2(1 − 𝜈)] 

𝐵 

 𝑢𝑧 = 4𝜋𝜇 𝜌3 + 𝜌 . (A.5c) 

On the other hand, Cerruti’s problem – that concerns the complementary case of semi-infinite solid 

interesting the half-space 𝑧 ≥ 0 undergoing a purely tangent point load at 𝑧 = 0, for negligible body 

forces – is solved by the superposition of the Galerkin vector 

1𝐶[ ( ̂𝑥 + 𝐹𝑦𝐞 ̂𝑦) + (1 − 2𝜈)log(𝜌 + 𝑍)(𝐹𝑥𝑋 + 𝐹𝑦𝑌 )𝐞 ̂𝑧] (A.6) 𝚪 =𝜌 𝐹𝑥𝐞 

with the strain potential 

 (  ) 

𝐹𝑥𝑋 + 𝐹𝑦𝑌  ,

 ∇𝟎, (A.7) 

herein 𝐹𝑥 and 𝐹𝑦 being the non-null components of the tangent point load 𝐅𝐶 = 𝐹𝑥𝐞 ̂𝑥 + 𝐹𝑦𝐞 ̂𝑦 acting 

at 𝐱𝐹 (Westergaard, 1952). As a consequence, analogously to the Boussinesq’s previous problem, 

by substituting 𝚪 = 𝚪𝐶 + 𝚪𝐶 into Eq. (A.2), the Cerruti’s solution, 

1 2 guaranteeing null 

normal stress over the boundary, is given by the displacement field 𝐮𝐶 whose 

components read as: 

 { [ ] [ 2 ( 1 𝑋2 )] } 

 𝐶 1 𝑋𝑌 1 1 − 2𝜈 1 𝑋 

 𝑢𝑥 = 4𝜋𝜇 𝜌 𝜌2 − (𝜌 + 𝑍)2𝐹𝑦 + 𝜌 + 𝜌3 + (1 − 2𝜈)𝐹𝑥 ,

 (A.8a) 
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 { [ ] [ ()] } 

 𝐶 1 𝑋𝑌 1 1 − 2𝜈 1 𝑌 2 

 𝑢𝑦 = 4𝜋𝜇 𝜌 𝜌2 − (𝜌 + 𝑍)2𝐹𝑥 +𝜌 + 𝜌3 + (1 − 2𝜈)𝜌 + 𝑍 − 𝜌(𝜌 + 𝑍)2 𝐹𝑦
 , (A.8b) 

 𝐶 1 [ 𝑍 1 − 2𝜈 ]( ) 

 𝑢𝑧 = 4𝜋𝜇𝜌3 + 𝜌(𝜌 + 𝑍)𝐹𝑥𝑋 + 𝐹𝑦𝑌 .

 (A.8c) 

Finally, by virtue of the linearity, the mechanical response of an elastic half-space in general 

undergoing combinations of normal and/or tangent point loads can be obtained by employing the 

superposition principle (Timoshenko and Goodier, 1967) to couple displacements solutions of the 

types (A.5) and (A.8). In particular, superposed Boussinesq’s and Cerruti’s solutions are used in 

the present work with the aim to explore optimal orientations attained by a single-cell adhering to 

the flat boundary of a linear elastic substrate under the perturbing effects of externally applied 

point loads. 

Validity domains of singular solutions. It is worth recalling that, when fundamental solutions are 

adopted, due to their singularity at the point of application of the load (i.e. divergence of the 

resulting displacements, strains and stresses), there exist regions of the half-space where the local 

injectivity (or equivalently the orientation-preserving condition) given by the strict positiveness of 

the determinant of the deformation gradient tensor, is violated, that means: 

 𝐽 ∶= det (𝐈 + ∇𝐮) ≃ 1 + ∇ ⋅ 𝐮 ≤ 0. (A.9) 

In particular, when dealing with the Boussinesq’s solution (A.5) for a point load acting normally 

to the half-space surface, one can found that 

 𝐹𝑧𝑍 2𝜋𝜇 

 𝐽𝐵 ∶= 1 + ∇ ⋅ 𝐮𝐵 > 0 ⇔ 𝜌3< 1 − 2𝜈 , 

 ( ) 

a condition everywhere verified on the boundary 𝑍 = 𝑧 = 0 since lim𝑍→0 𝐹𝑧𝑍 ∕𝜌3 = 0 ∀ {𝑋,𝑌 } ≠ 0 

and the right side of the 

inequality is strictly positive for any admissible Poisson ratio. 

On the other hand, with regard to the Cerruti’s problem, the spatial domain in which the solution 

provided in Eq. (A.8) turns out to be inconsistent can be identified as follows 

𝐹𝑥𝑋 + 𝐹𝑦𝑌 ≥ 2𝜋𝜇 𝜌 

 𝐽𝐶 ∶= 1 + ∇ ⋅ 𝐮𝐶0 ⇔ 3 1 − 2𝜈 . (A.10) 

application of the tangent force 𝐅𝐶 – which contains the planar domain 𝐽𝐶|𝑧=0 ≤ 0 is given by: It can 

be shown that the radius of the smallest circular region – lying on the half-space boundary 𝑧 = 0 

and centred at the point of 

√ 𝑟𝐶 = 𝐶|(1 − 2𝜈) . (A.11) 
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|𝐅 

2𝜋𝜇 

This quantity assumes its maximum value when 𝜈 = −1∕4 and, in such case, its variability depends 

on the sole ratio between the≥ magnitude of the applied force and the stiffness of the medium 

occupying the half-space 𝑧 0, i.e.: 

√ 

 𝑟𝐶|𝜈=−1∕4 = 2√32 𝜋 |𝐅𝐸𝐶| .

 (A.12) 

Then, with reference to the case of the cell-dipole, by considering average values found in 

literature (Prager-Khoutorsky et al., 2011; Ghibaudo et al., 2008; Schwarz et al., 2002; Balaban et 

al., 2001; Style et al., 2014), it is possible to estimate an upper limit for this radius, say 𝑟𝑚𝑎𝑥𝐶 , by 

substituting into Eq. (A.12) an upper bound value for |𝐅𝐶| (i.e. |𝐅𝐶| = 1μN) and a lower one for 𝐸 

(i.e. 𝐸 = 10 kPa). Therefore, for a cell (e.g. a fibroblast) exhibiting a length 𝑙𝐷 ≈ 50-60 μm, one can 

estimate 𝑟𝑚𝑎𝑥𝐶 ≈ 𝑙𝐷∕10. On this basis, the compatibility of the displacement field due to each cell 

traction force is guaranteed for points of the substrate boundary at a distance al least equal to 𝑟𝑚𝑎𝑥𝐶 

from the focal adhesion site. 
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