STRUCTURE OF PRESCRIBED GRADIENT DOMAINS
FOR NON-INTEGRABLE VECTOR FIELDS

SILVANO DELLADIO

ABSTRACT. Let F € CY(Q,R") and f € C?(Q), where ) is an open subset of R" with n
even. We describe the structure of the set of points in Q at which the equality Df = F
and a certain non-integrability condition on F' hold. This result generalizes the second
statement of [1, Theorem 3.1].

1. INTRODUCTION

Let us consider an open subset 2 of R" and a vector field ' € C*(2, R"). Then, whatever
the choice of f € C?(), the set

Apr i ={z € Q| Df(z) = F(z)}
has to be somehow “scarcely dense” at each point x € € satisfying the condition
(1.1) (DF(z))" # DF(z).

Actually, if such a condition occurs then the point x cannot be in the interior of A r, by
the Schwarz theorem on mixed derivatives. More interestingly, by [3, Theorem 2.1], the
point x cannot be a (n + 1)-density point of the set Ay p, i.e., it must be

L'(B(z,r) \ Arr)

lim su > 0.
r—>0+p Tn+1
In the special case when n = 2m and
F()(ZL'l, PN ,ZL‘Qm) = (21‘m+17 PN ,21’27”, —211317 ey —QIm)

the condition (1.1) is trivially satisfied everywhere by Fy and, according to the Balogh’s
result [1, Theorem 3.1], the set Ay g, is covered by countably many m-dimensional Lip-
schitz graphs. In particular the Hausdorff dimension of Ay g, cannot exceed m. This
theorem implies immediately that, given a C? hypersurface S in R>"*!, the set of points
at which the tangent space of S coincides with the space spanned by the left-invariant
horizontal vector fields of the Heisenberg group H™ over R*"™*! (namely the characteristic
set of S) has Hausdorff dimension less or equal to m, compare [1, Theorem 1.2].
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The main goal of this short paper is a theorem generalizing Balogh’s result above and
describing the structure of the set of points in Ay r satisfying a certain condition which is
stronger than (1.1). In order to formulate such a condition and to state our result, let us
consider the canonical basis {ej,... ,e,} of R” and a real n x n matrix M. Then define

D(M) =) Me; Ne;
i=1
and (if h is a positive integer)
L(M)" :=T(M)A---AT(M).

h times

Now we can finally state our structure theorem. It establishes that if n = 2m then the
set A} of all points v € Ay such that

(1.2) T(DF(z))™ # 0

is covered by a finite family of m-dimensional reqularly imbedded C* submanifolds of R®*™
(Theorem 4.1 below).

In the special case considered by Balogh, i.e., when F' = Fp, the condition (1.2) is verified
at every x € R". Indeed a standard computation yields

L(DFy(x))™ =C(m)eg A -+ Aegp

for all x € R", where C'(m) is a positive constant depending only on m. Hence Ay =
A > thus Balogh’s result follows trivially from our theorem (Corollary 4.1 below).

The proof of our structure theorem is provided in Section 4 and is an elementary argument
combining the classical implicit function theorem with some basic results from multilinear
algebra which are developed in Section 3.

We have eventually to mention a few main results strictly related to this subject that
have been published after [1]. In paper [4], B. Franchi, R. Serapioni and F. Serra Cassano
extended the Balogh’s covering type argument to all stratified groups of step two. The
generalization to arbitrary stratified groups has been proved by V. Magnani through a
different approach based on a coarea inequality [7]. More recently, an estimate for the
size of tangencies of submanifolds with respect to a non-involutive distribution, which
generalizes the Balogh’s theorem above, has been provided in [2].

2. NOTATION

If m,n are positive integers with m < n then I(n,m) is the set of integer multi-indices

(g, ..., ) such that 1 <oy < ... <, <n. If a € I(n,m) then & is the complement
in I(n,n —m) of a. Moreover o(a, @) is the sign of the permutation of (1,...,n) into
(o, @). The space of m-vectors in R” is denoted by A™R"™. If {ey,... ,e,} is a basis of

R™ and a = (aq,... ) € I(n,m), then we put e, := €4, A -+ Ae,,. Recall that



STRUCTURE OF PRESCRIBED GRADIENT DOMAINS 3

{eataci(nm) is a basis of A"R". Let M, (R) denote the space of all n x n matrices with
real entries and consider M € M, (R). Then M" is the transpose of M. Moreover, if
1 < m < n, define the linear operator A™M : A™R™ — A™R™ as the one such that
AN"M(ey) = Meg, A---ANMe,,, , for all @ = (o, ... ,ap,) € I(n,m). Observe that, for all
B € I(n,m), one has

A" M(eg) = Y (det My p)eq

acl(n,m)

where M, s is the m x m submatrix of M with rows a4, ..., a,, and columns f,... , Bp.
The symmetric group of degree m is denoted by S,,. Finally, if ) is an open subset of
R", z € Q and ¢ € C'(Q,R™), then Di(z) denotes the matrix of the differential of ¢ at

x (with respect to the canonical basis).

3. SOME BASIC PRELIMINARIES FROM MULTILINEAR ALGEBRA.

Proposition 3.1. Let {e1,... ,e,} be the canonical basis of R™. Consider the operator
[: M,(R) — A’R" defined as

D(M):=> Me;ANe;, M e M,(R).
i=1

Then T has the following properties:

(1) It is linear, namely if r,s € R and M, N € M,(R) then
IF'(rM +sN) =rI'(M)+s['(N).

(2) For all M € M,(R) one has

F(M) = Z (Mz] — Mﬂ) €; A 6]‘
z,ij<:jl
where M;; := (Me;) - e;. Hence:

(i) (M) = =I'(M);
(ii) D(M) = 0 if and only if M is symmetric.

(3) If {uy, ... ,u,} is any arbitrary orthonormal basis in R™ and M € M, (R), then

=1
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Moreover, in the special case when n is even, i.e. n = 2m, the following identities hold
for all M € My, (R):

DM)™ :=T(M)A---AT(M)=C(m) > [(A"M)es Aeq

m times a€l(2m,m)
= C(m) ( > ola,a) detMow) er A A ea
a€cl(2m,m)
m(m—1)

with C'(m) :==m! (—1)

Proof. Assertion (1) follows immediately from the definition of I'; while (2) is a standard
computation:

F(M) = Z Mjiej/\ei

1,7=1
n n
:ZMjiej/\ei+ ZMjiej/\ei
ij=1 ij=1
1<j >

n n
= Z Mjiej/\ei + Z Mijei/\ej
i,j=1 i,j=1
i<j i<
n
= Z (Ml] — Mﬂ) €; A 6]'.
1,j=1

1<

-
Also (3) is very easy:

ZMei/\ei:

=1

(e; - up)(e; - ug) Mup, Ay,
1

=
==

.

n

Z(ei ~up)(e; - ug) | Mup A ug

h 1 Li=1

(uh : Uk) Muh AN U
1

™M= 7Ms

h

Muh N\ Up,.

|
M=

>
Il
—
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Finally, one has

2m 2m
F(M)m: (Z Meh/\eil) VANEEIVA (Z Meim/\eim)

11=1 im=1

2m
= ()2l ST Meg A---AMey, Aei A Ae,

1150 5im =1

m(m—1)
= (_1) ? Z Z Mea/\u) ARERRA Meax(m) A Can) AR Cax(m)
a€l(2m,m) AESm
m(m—1) m
=(=1) = Z #(Sm) [((A™"M) ea] A eq
a€cl(2m,m)
(=D ml Y [(A™M)ea] Aea

a€l(2m,m)

and

[(A™M)es| Neq = Z (det M o) ep N ey = (det My o) ea A eq
BeI(2m,m)

= o(a,a) (det Mao)er A« A egp.
O

Remark 3.1. From (1) and (2) of Proposition 3.1, it follows at once the following identity
which will be useful below:

D(M — M*) = 2I(M) = —20'(M*)
for all M € M,(R).

Remark 3.2. Let h > 2 and n > 2h. Then the identity I'(M)" = 0 holds whenever M
is symmetric (by (2) of Proposition 3.1) but it can occur even when M is nonsymmetric.
For example, for

ij

1 ifi=1and j=2
0 otherwise

one has T'(M) = e; A ey, hence I'(M)" = 0.

4. THE STRUCTURE THEOREM. STATEMENT AND PROOF.

Definition 4.1. Given f € C*(Q) and F € C*(Q,R*™), where Q is an open subset of
R2™ define the sets

Appi={z € Q| Df(z) = F())}
and
A’}}F ={z € App |[(DF(x))™ # 0}.
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Remark 4.1. As we have already pointed out in the Introduction, under the assumptions
of Definition 4.1, a point zy € Q cannot be a (2m + 1)-density point of the set A;p
if I'(DF(xg)) # 0 (by [3, Theorem 2.1]). In particular one has the following property:
There is no point zy € A} 5 which is a (2m + 1)-density point of the setA} 5. In our main
result, namely Theorem 4.1 below, we will prove that something very much stronger than
this property actually holds for A} . In particular, the set A} r must be so thin that its
Hausdorff dimension cannot exceed m.

We need the following lemma which will be proved by a simple argument combining
Proposition 3.1 and the implicit function theorem.

Lemma 4.1. Let ® € C*(Q,R*™), where Q be an open subset of R*™. Then
(4.1) {r €eQ|®(z) =0, [(DP(x))™ # 0}

is a relatively closed subset of Q0 which is covered by a finite family {3, |« € 1(2m,m)}
of m-dimensional reqularly imbedded C* submanifolds of R*™.

Proof. For a € I(2m,m), define
O, = (Poys oo, Do)y, o i={z € Q| Py(x) =0, rank DO, (x) = m}.

Observe that each X, has to be a m-dimensional regularly imbedded C* submanifold
of R*™ by a standard application of the implicit function theorem, e.g. compare [6,
Theorem 4.3.1] or [5, Ch. 1, Theorem 3.2]. The conclusion follows from the last identity
in Proposition 3.1, with M = D®(z). O

Now we are ready to prove our main result.

Theorem 4.1 (Structure theorem). Let f € C*(Q2) and F € CY(Q,R*™), where Q is
an open subset of R*™. Then A} is a relatively closed subset of €0 which is covered by
a finite family {S, | € I1(2m,m)} of m-dimensional reqularly imbedded C' submanifolds
of R?™. In particular, the Hausdorff dimension of A} has to be less or equal to m.

Proof. Consider
®:=Df — F e C'(Q,R*™).
Since
D® = D*f — DF
one has
['(D®(z) — (DO(x))") = T((DF(x))" — DF(z))
for all x € €. By recalling Remark 3.1, we get
(D®(x)) = —T'(DF(x))
for all z € €2, hence
A p={r € Q|®(z) =0, [(DP(x))™ # 0}.

The conclusion follows from Lemma 4.1. O
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From Theorem 4.1 we obtain the following corollary.
Corollary 4.1. Consider Fy, : R*™ — R?*™ defined as
Fo(fﬂl, e ,mgm) = (2$m+17 e 723:27717 —21‘1, cee —Zl'm)

and let Q@ be an open subset of R*™. Then, for all f € C?*(Q), the set A; g, is a relatively
closed subset of Q2 which is covered by a finite family {X, |« € 1(2m,m)} of m-dimensional
reqularly imbedded C* submanifolds of R*™. In particular, the Hausdorff dimension of
Ay g, has to be less or equal to m.

Proof. Observe that

0 21,
DFO:(—Q] 0)

where I,,, denotes the identity m x m matrix. Thus, for all z € R*™, we obtain

2m m 2m
F(DF()(:IZ')) = Z DF()(.Z')Gl Ne;, = Z(—2€m+l) Ne;+ Z 2€ifm Ne;
=1 =1 i=m+1
=4 Z €; VAN Cm+i
=1
hence
D(DFy(x)™ =4™ > (ei Aemrin) Ao A€ A i)
i1yeee yim=1
=4" 3 (exn) A emerm) A+ Alexem) A miaem)
AESm
= 4™ Z (61/\6m+1)/\"'/\<6m/\62m)
AESm

= 4mm!(—1)M(ﬂ;_1) er N A eg.

In particular one has I'(DFy(x))™ # 0 for all z € R*™, so that App = A} . The
conclusion follows from Theorem 4.1.

Remark 4.2. Corollary 4.1 improves slightly the second statement in [1, Theorem 3.1],
which yields immediately the following interesting fact: the characteristic set of a codi-
mension 1 submanifold of class C? in the Heisenberg group H™ has Hausdorff dimension
less or equal to m, compare [1, Theorem 1.2].
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