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Abstract 

The ignition and the propagation of a fire inside a building may lead to global or local structural 

collapse, especially in steel framed structures. Indeed, steel structures are particularly vulnerable to 

thermal attack because of a high value of steel conductivity and of the small thickness that characterise 

the cross-sections. As a crucial aspect of design, fire safety requirements should be achieved either 

following prescriptive rules or adopting performance-based fire engineering. Despite the possibility to 

employ simple methods that involve member analysis under nominal fire curves, a more accurate 

analysis of the thermomechanical behaviour of a steel structural system is an appealing alternative, as 

it may lead to more economical and efficient solutions by taking into account possible favourable 

mechanisms. This analysis typically requires the investigation of parts of the structure or even of the 

whole structure. For this purpose, and in order to gain a deeper knowledge about the behaviour of 

structural members at elevated temperature, numerical simulation should be employed. In this thesis, 

thermomechanical finite elements, suited for the analyses of steel structures in fire, were developed 

and exploited in numerical simulation of relevant case studies.  

 

The development of a shell and of a 3D beam thermomechanical finite element based on a corotational 

formulation is presented. Most of the relevant structural cases can be adequately investigated by either 

using one of these elements or combining them. The corotational formulation is well suited for the 

analyses of structures in which large displacements, but small strains occur, as in the case of steel 

structures in fire. The main features of the elements are described, as well as their characterization in 

the thermomechanical context. In this regard, the material degradation due to the temperature increase 

and the thermal expansion of steel were considered in the derivation of the elements. In addition, a 

branch-switching procedure to perform preliminary instability analyses and get important insight into 

the post-buckling behaviour of steel structures subjected to fire is presented.  

 

The application of the developed numerical tools is provided in the part of the thesis devoted to the 

published research work. Several aspects of the buckling of steel structural elements at elevated 

temperature are discussed. In paper I, considerations about the influence of geometrical imperfections 

on the behaviour of compressed steel plates and columns at elevated temperatures are provided, as 

well as implications and results of the employment of the branch-switching procedure. In Paper II, the 

proposed 3D beam element is validated for meaningful case studies, in which torsional deformations 

are significant. The developed beam and shell elements are employed in an investigation of buckling 

resistance of compressed angular, Tee and cruciform steel profiles at elevated temperature presented in 

Paper III.  An improved buckling curve for design is presented in this work. Furthermore, as an 

example of the application of Fire Safety Engineering principles, a comprehensive analysis is 

proposed in Paper IV. Two relevant fire scenarios are identified for the investigated building, which is 

modelled and analysed in the software SAFIR. 

 

Keywords: Thermomechanical finite element, Shell element, 3D beam element,  

 Steel structures, Buckling, Fire Safety Engineering
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Sammanfattning 

Utbredningen av en brand inuti en byggnad kan leda till global eller lokal strukturell kollaps, särskilt i 

stålramkonstruktioner. Faktum är att stålkonstruktioner är särskilt utsatta för termiska angrepp på 

grund av ett högt värde av stålkonduktivitet och tvärsnitten med små tjockleken. Som en viktig aspekt 

av konstruktionen bör brandsäkerhetskrav uppnås antingen enligt föreskrivande regler eller enligt 

antagande av prestationsbaserad brandteknik. Trots möjligheten att använda enkla metoder som 

involverar membersanalys kombinerat med nominella brandkurvor, är en mer exakt analys av det 

termomekaniska beteendet hos en stålkonstruktion ett tilltalande alternativ eftersom det kan leda till 

mer ekonomiska och effektiva lösningar genom att ta hänsyn till möjliga gynnsamma mekanismer. 

Denna analys kräver vanligtvis utredning av delar av strukturen eller till och med av hela strukturen. 

För detta ändamål och för att få en djupare kunskap om strukturelementens beteende vid förhöjd 

temperatur bör numerisk simulering användas. I denna avhandling utvecklades och användes 

termomekaniska finita element som är lämpliga för analys av stålkonstruktioner utsätta för brand. 

Relevanta fallstudier utfördes. 

 

Utvecklingen av både ett termomekaniskt skal- och 3D balkelement baserade på en 

korotationsformulering presenteras. De flesta relevanta strukturfall kan undersökas på ett adekvat sätt 

genom att antingen använda något av dessa element eller kombinera dem. Korotationsformuleringen 

är väl lämpad för analyser av strukturer där stora förskjutningar, men små töjningar förekommer, som 

i fallet med stålkonstruktioner i brand. Elementens huvuddrag beskrivs, liksom deras karakterisering i 

termomekaniskt sammanhang. I detta avseende övervägdes materialnedbrytningen på grund av 

temperaturökningen och den termiska expansionen av stål vid härledningen av elementen. Dessutom 

presenteras en grenväxlingsprocedur för att utföra preliminära instabilitetsanalyser och få viktig 

inblick i efterknäckningsbeteendet hos stålkonstruktioner som utsätts för brand. 

 

Tillämpningen av de utvecklade numeriska verktygen ges i den del av avhandlingen som ägnas åt det 

publicerade forskningsarbetet. Flera aspekter av knäckningen av stålkonstruktionselement vid förhöjd 

temperatur diskuteras. I Artikel I tillhandahålls överväganden om påverkan av geometriska 

imperfektioner på beteendet hos komprimerade stålplattor och kolonner vid förhöjda temperaturer, 

liksom implikationer och resultat av användningen av grenväxlingsprocedur. I Artikel II valideras det 

föreslagna 3D-balkelementet genom meningsfulla fallstudier där torsionsdeformationer är signifikanta. 

De utvecklade balk- och skalelementen används i en undersökning av knäckningsmotstånd hos 

komprimerade vinkel-, Tee- och korsformade stålprofiler vid förhöjd temperatur som presenteras i 

Artikel III. En förbättrad knäckningskurva för design presenteras i detta arbete. Som ett exempel på 

tillämpningen av principerna för brandsäkerhetsteknik presenteras en omfattande analys i Artikel IV. 

Två relevanta brandscenarier identifieras för den undersökta byggnaden, som modelleras och 

analyseras i programmet SAFIR. 

 

Nyckelord: Termomekaniska finita element, Skalelement, 3D balkelement, 

 Stålkonstruktioner, Knäckning, Brandskyddsteknik
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1 Introduction 

1.1 Background 

The humankind has always feared and respected the disruptive power of fire. When human 

beings started to build settlements to protect themselves, they learned very soon the terrible 

consequences of uncontrolled fires. Nowadays, fire is still one of the most dangerous hazards 

when it comes to inhabited structures and should be carefully considered in the design of a 

building. Steel framed structures are particularly vulnerable to thermal attack. Recent events, 

such as the New York’s World Trade Center collapse in 2001, the Plasco Building fire in 

Teheran in 2017 and the Wilton Paes de Almeida Building collapse in São Paulo in 2018 

showed the catastrophic consequences of structural collapse of steelworks in fire, confirming 

that fire safety is a fundamental aspect of design of steel structures. One of two different 

approaches may be adopted in the design for fire safety: the prescriptive approach, following 

the "deemed-to-satisfy" solutions, or the performance-based approach [1]. As in common 

practice, following the prescriptive approach a designer might automatically accept that a 

steelwork needs fire protection. However, the cost of the fire protection can significantly 

increase the total cost of a steel structure. Instead, the understanding of the behaviour of steel 

structures in fire allows for a safer, more flexible and economical design [2]. This is the so-

called “Performance-Based Fire Engineering approach” (PBFE), which steadily relies on 

numerical simulation. Indeed, a comprehensive application of this approach requires the 

investigation of the performance of a structure in a range of relevant fire scenarios, identified 

among the others according to suggestions from ISO 16733-1 [3] and ISO 16732-1 [4]. 

Recently, several works have been focused on the application of the PBFE to different 

structural types, in both deterministic [5]–[7] and probabilistic terms [8]–[10]. Besides, to 

enable an improved design, a deeper knowledge of several phenomena, such as the buckling 

of steel members at elevated temperature, is desirable. Reliable numerical investigations 

could help provide answers to still open questions. Therefore, effective numerical tools suited 

for the simulation of structures in fire are of utmost importance. 

 

Several computer programmes have been proposed for the analysis of structures in fire. Some 

of these are specifically conceived for analyses at elevated temperature, e.g. SAFIR [11] and 
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VULCAN [12], [13], while others are multipurpose software, e.g. ABAQUS [14], ANSYS 

[15], OPENSEES [16], or DIANA [17]. All of them, are endowed with thermomechanical 

finite elements, which account for the effects of temperature on the mechanical behaviour. 

Nevertheless, an important contribution can still be given, as unsolved issues persist. For 

instance, the 3D beam elements implemented in SAFIR and ABAQUS do not properly 

account for torsional effects and for the thermal degradation of the torsional stiffness and 

thus, as also stated in [11] for SAFIR, such elements are not appropriate for members in 

which torsion is the dominant action. In the framework of the software VULCAN, a two-node 

element for analyses at elevated temperature with warping degrees of freedom was presented 

in [18], based on the element developed in [12], [13]. However, the employed formulation is 

well suited only for elements with a bi-symmetric section, in which the shear centre and the 

centroid of the section coincide and thus, is not suitable for elements with a generic cross-

section. 

 

Of course, practical matters need to find a solution as well. As mentioned above, reliable 

numerical investigation could help providing answers even in thoroughly investigated 

research subjects such as the buckling of steel members. In the design practice, the prediction 

of the behaviour of steel members at elevated temperature relies on the buckling curves 

provided in EN 1993-1-2 [19], based on the work of Franssen et al. presented in [20] and [21]. 

Starting from this model, several curves were proposed for other types of instability modes. 

For instance, in the last years, researchers have put their effort in the investigation of the 

lateral-torsional buckling of steel elements [22]–[28] and on how it might interact with local 

instabilities [29]–[31]. Recently, the major experimental and numerical findings on this topic 

were collected in [32], but additional works pertaining the local instabilities in fire situation 

can be found as well, e.g. [33], [34]. Moreover, the buckling of steel columns at elevated 

temperature with different cross-sections and steel types were investigated in several recent 

works. For instance, Kaitila [35], Feng et al. [36]–[38] and Chen et al. [39] studied the 

behaviour of steel channel columns in compression. Still, though many buckling phenomena 

very studied thoroughly, some of them were not investigated. For instance, there is a lack of 

knowledge about the behaviour of compressed hot-rolled and welded steel sections in fire 

subjected to torsional or flexural-torsional buckling. Indeed, these kind of buckling have 

mainly attracted the interest when the behaviour of cold-formed steel profiles at both ambient 

and elevated temperatures was concerned [40]–[46]. For such sections, due to the shape and 

the small thickness, buckling typically occurs as an interaction of local, distortional and 

global buckling, as showed by Dinis et al. [47] for angular, tee and cruciform cold-formed 

members at ambient temperature. However, despite the great interest showed about other 

instability phenomena at elevated temperature, there is a paucity of studies devoted to the 

investigation of torsional and flexural-torsional buckling in fire situation of hot-rolled and 

welded steel sections. Moreover, even in hot topics such as the buckling of steel elements in 

fire [22]–[34], methodological issues should be clarified. Among the others, the definition of 

an appropriate initial imperfection might not be straightforward for structural elements that 

buckle at elevated temperature, in particular in case of a non-uniform temperature 

distribution. It is a well-established practice to introduce initial imperfections in the analyses 

at elevated temperature based on buckling modes at ambient temperature, obtained by a linear 

buckling analysis. However, Maraveas et al. [48], [49] showed that even for steel plates with 

a uniform temperature distribution, the lowest failure load can be obtained with shapes of the 

initial imperfection that do not match the shapes of the buckling modes at ambient 

temperature. Hence, the investigation of how the choice of imperfection might affect the 

results of numerical analyses deserves a deeper interest. 
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1.2 Aim and scope 

Considering the above issues, the objectives are organised in such a way that the initial 

theoretical development are described first, and the practical implications are discussed 

afterwards. The first goal is to develop efficient and reliable thermomechanical finite elements 

for modelling steel structures in fire. The focus is set on shell and 3D beam elements since 

most of the relevant structural cases, as well as important phenomena such as buckling, can be 

adequately investigated with these elements. Moreover, the intention is to provide finite 

elements that allow for improved numerical simulation. For instance, a consistent formulation 

for torsion in 3D beam elements for steel members with open cross-section is investigated, 

since elements implemented in available software, e.g. SAFIR, do not properly consider 

torsion. Among the different finite elements developed in the past decades, corotational finite 

elements exhibit features suited for the investigation of structures in fire. Indeed, the 

corotational formulation allows for structural analysis in which large displacements, but small 

strains occur, which is the typical situation of steel structures in fire.  

 

The second objective of this work is to provide novel research on the buckling of steel 

members in fire. Indeed, in numerical simulation critical aspects might arise due to the 

introduction of temperature in the models. For instance, the initial imperfections should be 

individuated carefully since they determine the behaviour and the resistance of the steel 

members. In this respect, the investigation of buckling of steel members by means of a 

procedure that is free from the bias introduced with the initial imperfections is appealing. This 

is the case of the so-called branch-switching procedure, which applies on perfect structures 

and enables the numerical simulation of structural problems without the introduction of initial 

imperfections. Moreover, a challenging goal is to give a contribution with a design buckling 

curve for the resistance of steel members in fire subjected to torsional or flexural-torsional 

buckling. For this purpose, analyses based on finite elements that properly account for 

torsional effects at elevated temperature should be performed. 

 

Last but not least, this thesis aims to suggest how thermomechanical finite elements might be 

employed in the application of Fire Safety Engineering (FSE) principles for a performance-

based design. Indeed, a structure subjected to fire may be investigated combining fire 

propagation models and finite element analyses. The objective is to provide conclusions about 

the analysed case study that might be relevant for similar structures and may be useful for 

engineers. 

1.3 Research contribution 

The research work presented in this thesis resulted in the following contributions: 

• A thermomechanical shell finite element, well suited for the analysis of steel structures 

in fire. 

• A thermomechanical 3D beam finite element that properly accounts for torsion and 

warping in steel members at elevated temperatures. 

• Considerations about the influence of initial imperfections on the behaviour of steel 

elements at elevated temperature and a branch-switching procedure to study the 

perfect structures, i.e. without introducing initial imperfections. 
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• A buckling curve for the design of compressed steel columns with angular, Tee or 

cruciform cross-section, subject to torsional and flexural-torsional buckling. 

• An application of Fire Safety Engineering to a building based on numerical 

simulation. 

 

These contributions have been presented in the four appended papers. Figure 1.1 depicts how 

the research objectives have been addressed in the papers. 

 

Figure 1.1 Research work organisation. 

1.4 Outline of the thesis 

This thesis consists of 5 Chapters. An introduction to the research work and a brief 

description of the developed finite elements are provided in Chapters 1-3, whilst Chapter 4 

and Chapter 5 contain an extended summary of the published research work, as well as the 

relevant conclusions and suggestions for future research. The main text is followed by four 

appended papers. In detail: 

 

Chapter 1 delineates the context and the structure of the research work. The research 

background and aims are introduced and the contributions of the research are presented. 

 

In Chapter 2, the derivation of the finite elements is summarised. The corotational framework 

is described in brief, while more attention is given to the local formulations for the shell and 

the 3D beam elements. 

 

Chapter 3 focuses on the stress integration procedure for steel at elevated temperature. Effects 

of temperature on the material are accounted according to the provisions of EN 1993 1-2 [19]. 

 

In Chapter 4 the research work is summarised. The chapter organisation follows the sequence 

of the four appended paper. In Paper I, the buckling and post-buckling behaviour of steel 

plates and columns at elevated temperature was studied. The influence of initial imperfections 

was highlighted and an alternative procedure, namely branch-switching, was proposed to 
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perform the analyses. Paper II is devoted to the validation and application of the developed 

3D beam element. Steel members subjected to significant torsional actions at elevated 

temperature are investigated to assess the performance of the beam element. In Paper III, both 

the 3D beam element and the shell element are employed in a parametric study. The scope is 

the definition of design buckling curves for concentrically compressed steel member in fire, 

prone to torsional and flexural-torsional buckling. This is the case of mono-symmetric or 

built-up cross-sections, such as angles or Tee and cruciform sections, which are frequently 

employed in bracing systems or in truss structures. Paper IV shows an application of Fire 

Safety Engineering to a building. The fire development in a compartment is investigated with 

different approaches and software. 

 

In Chapter 5, the main conclusions and indications for further research are discussed. 
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2 Corotational Shell and 3D Beam 

elements 

In principle, a coupled problem should be solved to investigate structures in fire, involving 

fully coupled heat transfer and mechanical analyses. This means, that the thermal response 

affects the mechanical response, and vice versa. A complete description of the problem is 

beyond the scope of this thesis, but more information can be found in literature [2], [50]. It is 

sufficient to specify that fully coupled analyses are performed rarely, since the effects of the 

thermal response on the mechanical one may be deemed negligible for most of the structural 

applications. Hence, the heat transfer and the mechanical analyses are performed sequentially. 

Temperatures inside the structural elements are determined first, and only afterwards a 

mechanical analysis is executed considering the obtained temperatures. Consequently, it is 

appropriate to develop thermomechanical finite elements based on elements suited for 

mechanical analyses, regardless from the possible requirements of heat transfer analysis. 

 

Due to their flexibility in modelling a wide range of three-dimensional problems, shell finite 

elements are very popular. In the structural field, shells allow for analysing structural 

elements such as slabs, walls and thin plates, but also for studying the local behaviour of 

structural members such as steel beams and columns. Nevertheless, for the solution of large 

structural problems, shell elements-based analyses entail a high computational demand and 

3D beam elements are instead preferred. Beam elements enable faster analyses and a simple 

definition of large structural models. Furthermore, in beam models classical boundary 

conditions, such as simply supported condition or internal hinges, can be easily defined. 

However, less information is provided and only the global behaviour of the structural 

elements can be investigated. Therefore, both finite elements are essential tools of numerical 

analysis of structures and depending on the investigated case study, models should be defined 

with shell or 3D beam elements. 

 

The finite elements developed herein are based on a corotational formulation. The latter 

became very popular as it allows for an effective approach to derive non-linear finite elements 

[51]–[71]. Typically, steel structures in fire undergo large displacements, but small strain can 

still be assumed in the structural members. Hence, the corotational approach is very 

Chapter 



Chapter 2 - Corotational Shell and 3D Beam elements  

 8 

convenient for the derivation of thermomechanical finite elements, as it is well-suited for 

analyses in which large displacements and rotations occur, but the small strains assumption is 

still valid. It is rather indicative that in SAFIR [11], both the shell [72] and the 3D beam 

elements are implemented in a corotational framework [73].  

 

The purpose of this chapter is to present the derivation of two finite elements well-suited for 

thermomechanical analyses. A brief description of the corotational formulation is provided as 

well, to show the framework in which the shell and the 3D beam elements are embedded.  

2.1 Corotational formulation 

The corotational approach relies on the idea that the motion of an element can be decomposed 

into rigid body and pure deformational parts. The latter is captured at the level of a local 

reference frame, which continuously translates and rotates with the element. The 

transformation matrices that relate the local and the global systems allow the geometric 

nonlinearity induced by the large rigid-body motion to be considered. Thus, a simple 

geometrical linear element can be chosen as local element. However, material nonlinearity 

needs to be introduced at the level of the local formulation. In this paragraph is described the 

corotational framework in which a shell element and a 3D beam element are incorporated. 

Additional information can be found in [54], [56], [57], [60]. Here and in the rest of the thesis, 

vectors are defined by bold letters, whereas matrices are in bold capital letters. 

2.1.1 Transformation matrices 

The corotational framework is based on a local system which continuously translates and 

rotates with the element. The motion of the element from the initial to the final deformed 

configuration is split into two stages, consisting in a rigid body motion and a pure 

deformation. The relations between the quantities expressed in respect to the local and the 

global frame define the corotational framework. For sake of clarity, the framework of the 

shell element is depicted in Figure 2.1, but the considerations taken here are valid for the 3D 

beam element as well.  

 

The local displacements of 𝒑𝑙 are expressed as functions of the global ones 

𝒑𝑙 = 𝒑𝑙(𝒑𝑔) (2.1) 

Local displacements are used to compute the local internal force vector and stiffness matrix, 

𝒇𝑙 and 𝑲𝑙 respectively. The global internal force vector 𝒇𝑔 and global tangent stiffness matrix 

𝑲𝑔 are derived from the corresponding local quantities 𝒇𝑙 and 𝑲𝑙. Let us assume that the 

displacement vectors are related by a transformation matrix 𝑩 such that 

𝛿𝒑𝑙 = 𝑩𝛿𝒑𝑔 (2.2) 

The virtual work 𝑽 gives the following relation between the internal force vectors 𝒇𝑙 and 𝒇𝑔 

associated to 𝒑𝑙 and 𝒑𝑔 respectively 

𝑽 = 𝛿𝒑𝑔
T𝒇𝑔 = 𝛿𝒑𝑙

T𝒇𝑙 (2.3) 

Which, by using (2.2) gives  
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𝒇𝑔 = 𝑩T𝒇𝑙 (2.4) 

The tangent stiffness matrices 𝑲𝑙 and 𝑲𝑔 are defined by 

𝑲𝑙 =
𝜕𝒇𝑙

𝜕𝒑𝑙
,      𝑲𝑔 =

𝜕𝒇𝑔

𝜕𝒑𝑔
 (2.5) 

Substituting (2.4) in the second equation of (2.5) gives 

𝑲g =
𝜕(𝑩T𝒇𝑙)

𝜕𝒑𝑔
= 𝑩T

𝜕𝒇𝑙

𝜕𝒑𝑔

𝜕𝒑𝑙

𝜕𝒑𝑔
+

𝜕𝑩T

𝜕𝒑𝑔
: 𝒇𝑙 (2.6) 

where the symbol “:” denotes a contraction. Finally, using (2.2) in (2.5), we obtain 

𝑲𝑔 = 𝑩T𝑲𝑙𝑩 +
𝜕𝑩T

𝜕𝒑𝑔
: 𝒇𝑙 (2.7) 

The transformation matrix 𝑩 is derived by three successive change of variables associated to 

the rotation matrices depicted in Figure 2.1. The initial configuration frame is obtained 

through the rotation matrix 𝑹0. The orientation of the local frame is defined by the rigid 

rotation 𝑹𝑟. The global rotation of the node 𝑖 of the elements is defined by the matrix 𝑹𝑖. 𝑹̅𝑖 

describes the local small rotation acting on the nodes due to the pure deformation. Since there 

are two equivalent transformations available to define the final frame for each node, the 

following equations can be written 

𝑹𝑟𝑹̅𝑖 = 𝑹𝑖𝑹0      𝑖 = 1,2,3 (2.8) 

Due to the properties of the rotation matrices (2.8) can be rearranged as 

𝑹̅𝑖 = 𝑹𝑟
T𝑹𝑖𝑹0      𝑖 = 1,2,3 (2.9) 

𝑩 is derived by change of variables associated to equation (2.9). A detailed description of this 

procedure can be found in [68] for the shell element and in [54] for the 3D beam element. 

Through the described transformations the global stiffness matrix 𝑲𝑔 and force vector 𝒇𝑔 are 

obtained from the local quantities 𝒇𝑙 and 𝑲𝑙. Note that the corotational framework is 

independent from the choice of the local formulation characterised by 𝒇𝑙 and 𝑲𝑙. This means 

that several existing elements can be adopted as local formulation, without compromising the 

structure of the general framework. 

 

Figure 2.1 Corotational shell element framework. 
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2.2 Shell element 

A triangular flat three-noded thin shell element is developed in the context of the corotational 

framework (see Figure 2.1). In thin shells the thickness is small compared with the overall 

dimensions and the transverse shear deformations are neglected. Since the thin-shell theory 

applies to most of the steel profiles, or at least to most of steelworks employed in 

construction, the presented element is suitable for the investigation of steel structures in fire. 

 

The deformational displacement vector expressed in the global frame 𝒑𝑔 consists of 

displacements 𝒖𝑖
𝑔

 and rotations 𝜽i
𝑔

 expressed in global coordinates: 

𝒑𝑔 = [𝒖1
𝑔T

𝜽1
𝑔T

𝒖2
𝑔T

     𝜽2
𝑔T

𝒖3
𝑔T

𝜽3
𝑔T

]
T
 (2.10) 

𝜽𝑖
𝑔

= log(𝑹𝑖) (2.11) 

The local displacement vector 𝒑𝑙 is composed by three deformational nodal displacements 𝒖̅𝒊  

and three rotations 𝝑̅𝒊 

𝒑𝑙 = [𝒖̅1
T 𝝑̅1

T
𝒖̅2

T     𝝑̅2
T

𝒖̅3
T 𝝑̅3

T]
T
 (2.12) 

𝒖̅𝑖 = 𝑹𝑟
𝑇(𝒓𝑖

𝑔
+ 𝒖𝑖

𝑔
− 𝒓𝑐

𝑔
− 𝒖𝑐

𝑔
) − 𝒓𝑖

0,   𝝑̅𝑖 = log(𝑹̅𝑖) (2.13) 

𝒖̅𝑖 and 𝝑̅𝑖 are the local displacements and rotations. 𝒓𝑖
𝑔
, 𝒖𝑖

𝑔
, 𝒓𝑐

𝑔
 and 𝒖𝑐

𝑔
 are the initial position 

and global displacement of node 𝑖 and the centroid C (see Figure 2.1). 

2.2.1 Local system 

The choice of the local system is essential to the definition of the shell element. Among 

different frame orientations of the local system, the philosophy of minimising local nodal 

displacements is pursued. The described local system was first presented and compared to 

other formulations in [57]. 

 

The rigid rotation matrix 𝑹𝑟 is defined by the triplet [𝒆1 𝒆2 𝒆3]. The first step for the 

definition of the local frame consists in taking 𝒆𝟏 parallel to the side 1-2 of the element in its 

current configuration. The three axis vectors are then defined by 

𝒆1 =
𝒙12

𝑔

‖𝒙12
𝑔

‖
,     𝒆3 =

𝒙12
𝑔

× 𝒙13
𝑔

‖𝒙12
𝑔

× 𝒙13
𝑔

‖
,    𝒆2 = 𝒆3 × 𝒆1,     𝒙12

𝑔
= 𝒙2

𝑔
−𝒙1

𝑔
 (2.14) 

where 𝒙𝑖
𝑔

 is the global current position of the node 𝑖, defined by 

𝒙𝑖
𝑔

= 𝒓𝑖
𝑔

+ 𝒖𝑖
𝑔

 (2.15) 

By doing that, the local coordinates system depends on the node ordering of the element. In 

order to obtain a formulation that does not depend on the node ordering, a small out of plane 

rotation is performed, such that the square of the Euclidean norm of the local nodal 

displacements is minimised. After some calculation, this rotation is defined by 

tan 𝜃 =
∑ (𝑦𝑖𝑋𝑖 − 𝑥𝑖𝑌𝑖)

3
𝑖=1

∑ (𝑥𝑖𝑋𝑖 + 𝑦𝑖𝑌𝑖)
3
𝑖=1

 (2.16) 
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In the previous equation, (𝑋𝑖, 𝑌𝑖) are the local components of 𝒓𝑖
0 and (𝑥𝑖 , 𝑦𝑖) are the local 

components of the vector 𝒓𝑖
0 + 𝒖̅𝑖. With that choice, the vectors of the rigid rotation matrix 

𝑹𝑟 are then computed by 

𝒆1𝑛 = cos 𝜃 𝒆1 + sin 𝜃 𝒆2,      𝒆2𝑛 = −sin 𝜃 𝒆1 + cos 𝜃 𝒆2,      𝒆3𝑛 = 𝒆3   (2.17) 

2.2.2 Local formulation 

The local shell element consists in the superposition of a membrane and a plate element. 

Thus, the strains acting in the shell element consist of a membrane and a plate strain part 

𝜺(𝑧, ξ𝑖) = [𝜀𝑥 𝜀𝑥 2𝜀𝑥𝑦]T = 𝑨(𝑧, ξ𝑖)𝒑𝑙 = 𝑨𝑚(ξ𝑖)𝒑𝑙𝑚 − 𝑧𝑨𝑝(ξ𝑖)𝒑𝑙𝑝 (2.18) 

where the subscript l means local, m membrane and p plate. ξ𝑖 is the natural area coordinate of 

a triangle. If no volume or surface loads act on the element, the virtual work principle gives 

𝛿𝒑𝑙
T𝒇𝑙 = ∫ 𝛿𝜺T𝝈𝑑𝑉

𝑉

,   𝝈 = [𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦]T (2.19) 

The vector 𝝈 describes the stresses in the element assuming a plane-stress behaviour. Indeed, 

since a thin shell element is developed, bending shear stresses are neglected in the plate 

element. Introducing (2.18) in (2.19) the expression of the local force vector and stiffness 

matrix are obtained 

𝒇𝑙 = ∫ 𝑨T(𝑧, ξ𝑖)𝝈𝑑𝑉
𝑉

,   𝑲𝑙 = ∫ 𝑨T(𝑧, ξ𝑖)𝑪𝑐𝑡𝑨(𝑧, ξ𝑖)𝑑𝑉
𝑉

 (2.20) 

where 𝑪𝑐𝑡 is the consistent elastoplastic tangent operator, defined as follows 

𝛿𝝈 = 𝑪𝑐𝑡𝛿𝜺 (2.21) 

The definition of the matrix 𝑨 depends on the membrane and plate elements adopted. The 

choice of these elements is based on an assessment of different elements presented in [56]. In 

this work, an optimal ANDES membrane element [61] and a DKT (Discrete Kirchhoff 

Triangle) plate element [74] are employed to define the matrices 𝑨𝑚 and 𝑨𝑝 respectively. 

Both elements are integrated using 3 Gauss points (ξi = 1/6, 1/6, 2/3, with ξi=natural area 

coordinates of a triangle). 

 

As the stress integration will involve the effects of elevated temperatures, the procedure to 

obtain the stress vector 𝝈 from the strain vector 𝜺 will be given in Chapter 3. 

2.3 3D Beam element 

A two-node (𝑖 = 1,2) 3D beam element for the analysis of steel members with open cross-

sections was developed. The corotational framework is depicted in Figure 2.2. The 

deformational displacement vector expressed in the global frame 𝒑𝑔 consists of three nodal 

displacements 𝒖𝑖 and three nodal rotations 𝝑̅𝑖 for each node, expressed in global coordinates. 

A further degree of freedom 𝛼𝑖 is introduced to account for warping. 

𝒑𝑔 = [𝒖1
𝑔T

  𝜽1
𝑔T

 𝛼1   𝒖2
𝑔T

   𝜽1
𝑔T

 𝛼2 ]
T

 (2.22) 
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𝜽𝑖
𝑔

= log(𝑹𝑖) (2.23) 

The warping degrees of freedom remain constant during the transformations between 𝒑𝑔 and 

𝒑𝑙. Moreover, due to the particular choice of local system presented in the next paragraph, the 

axial elongation 𝑢̅ is sufficient to describe the nodal displacements in the local system. Hence, 

the local deformational displacement 𝒑𝑙 is defined as 

𝒑𝑙 = [𝑢̅   𝝑̅1
T
  𝛼1   𝝑̅2

T
  𝛼2]

T

 (2.24) 

𝝑̅𝑖 = log(𝑹̅𝑖) (2.25) 

The axial elongation 𝑢̅ can be determined as the difference between the current length and the 

initial length of the element in the initial undeformed configuration. 

𝑢̅ = 𝑙𝑛 − 𝑙0,     𝑙0 = ‖𝒙2
𝑔

− 𝒙1
𝑔
‖,     𝑙𝑛 = ‖𝒙2

𝑔
+ 𝒖2

𝑔
− 𝒙1

𝑔
− 𝒖1

𝑔
‖ (2.26) 

 

Figure 2.2 Corotational 3D beam element framework [54]. 

2.3.1 Local system 

As depicted in Figure 2.2, the global reference system is defined by the triad of unit 

orthogonal vectors 𝒆𝑗, with 𝑗 = 1,2,3, while in the initial undeformed configuration the 

orthonormal triad 𝒆𝑗
0, 𝑗 = 1,2,3 denotes the local system. 𝒕𝑗

1 and 𝒕𝑗
2, 𝑗 = 1,2,3 indicate two 

unit triads rigidly attached to nodes 1 and 2. The orthonormal basis vectors of the local system 

𝒓𝑗, 𝑗 = 1,2,3, define the orthogonal matrix 𝑹𝑟 = [𝒓1 𝒓2 𝒓3]. The first axis of the local 

system is determined connecting the two nodes of the element 

𝒓1 =
𝒙2

𝑔
+ 𝒖2

𝑔
− 𝒙1

𝑔
− 𝒖1

𝑔

𝑙𝑛
 (2.27) 

Where 𝒙𝑖
𝑔

, 𝑖 = 1,2 are the local nodal coordinates in the initial undeformed configuration and 

 𝑙𝑛 is the current length of the beam. In order to define the remaining orthonormal vectors of 

𝑹𝑟 an auxiliary vector 𝒒 is introduced. 
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𝒒 =
1

2
(𝒒1 + 𝒒2),     𝒒𝒊 = 𝑹𝑖𝑹0[0 1 0]𝑇 ,    𝑖 = 1,2  (2.28) 

With 𝑹1 and 𝑹2 the orthogonal matrices associated to the orientation defined by the triads 𝒕𝑗
1 

and 𝒕𝑗
2 respectively and 𝑹0 = [𝒆1

0 𝒆2
0 𝒆3

0] specifying the local frame orientation in the 

initial configuration. Once 𝒒 is determined, the unit vectors are obtained as follows 

𝒓3 =
𝒓1 × 𝒒

‖𝒓1 × 𝒒‖
,     𝒓2 = 𝒓3 × 𝒓1 (2.29) 

The local system specified by 𝑹𝑟 describes a rigid body motion, that is accompanied by local 

deformational displacements with respect to the local element axes. Hence, in the chosen local 

system the local translations at node 1 are zero and at node 2 the only non-zero component is 

the translation along 𝒓1. This is the axial elongation 𝑢̅, defined in (2.26). 

2.3.2 Local formulation 

Following the work done by Battini [54], the local strains 𝜺 for a 3D beam element with a 

generic cross-section are defined as a function of the local nodal displacement vector 𝒑𝑙. 

𝜺(𝒑𝑙) = [𝜀𝑥 2𝜀𝑥𝑦 2𝜀𝑥𝑧]𝑇 (2.30) 

Differentiation of (2.30) gives 

𝛿𝜺 = 𝑨𝛿𝜺̂ (2.31) 

𝜺̂ is a vector composed of the displacement quantities, and their derivatives, necessary to the 

definition of the strain vector 𝜺. The differentiation of the vector 𝜺̂ gives  

𝛿𝜺̂ = 𝑮𝛿𝒑𝑙 (2.32) 

Where 𝑮 is a matrix that accounts for numerical integration in the length of the beam element. 

Assuming that no volume or surface loads are acting on the element, the virtual work 

principle gives 

𝛿𝒑𝑙
T𝒇𝑙 = ∫ 𝛿𝜺T𝝈𝑑𝑉 = ∫ 𝛿𝜺̂T𝝈̂𝑑𝑥1

𝑙𝑜𝑉

,   𝝈 = [𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧]T (2.33) 

Substituting (2.32) in the last integral of (2.33) 

𝒇𝑙 = ∫ 𝑮T𝝈̂𝑑𝑥1
𝑙𝑜

 (2.34) 

𝝈̂ is the vector of stress resultants given by 

𝝈̂ = ∫ 𝑨T𝝈𝑑𝐴
𝐴

 (2.35) 

Differentiation of equation (2.34) gives 

𝑲𝑙 = ∫ 𝑮T𝑫̂𝑮𝑑𝑥1
𝑙𝑜

,    𝛿𝝈̂ = 𝑫̂𝛿𝜺̂ (2.36) 

The matrix 𝑫̂ is evaluated taking variations of (2.35) 

𝛿𝝈̂ = ∫ [𝑨T𝛿𝝈 + 𝛿(𝑨T𝝈)]𝑑𝐴
𝐴

= ∫ [𝑨T𝑪𝑐𝑡𝑨 + 𝑳]𝑑𝐴
𝐴

𝛿𝜺̂ 
(2.37) 
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𝑪𝑐𝑡 is the consistent elastoplastic tangent operator defined by 𝛿𝝈 = 𝑪𝑐𝑡𝛿𝜺, while 𝑳 is the 

result of the differentiation 𝛿(𝑨T𝝈) with 𝝈 kept constant. 

 

The definition of the strain vector 𝜺, the vector 𝜺̂ and the matrices 𝑨, 𝑮 and 𝑳 depend on the 

strain formulation employed in the development of the finite element. Further information 

about these quantities is given in the following paragraph for a Timoshenko element with one 

gauss integration point to avoid shear locking and for a Bernoulli element. Again, the stress 

integration performed to obtain the stress vector 𝝈 from the strain vector 𝜺 will be given in 

Chapter 3. 

2.3.3 Strain formulation 

An appropriate formulation of the strain vector 𝜺 is necessary to properly account for torsion 

and warping. Starting from the kinematic model proposed in [75], the local strains at the point 

𝑃 = [𝑥1, 𝑥2, 𝑥3] of a generic cross-section, as depicted in Figure 2.3, are expressed as 

 𝜀𝑥 = 𝑢1,1 − 𝑥2𝜗3,1 + 𝑥3𝜗2,1 +
1

2
𝑟2𝜗1,1

2 + 𝜔̅𝛼,1 

(2.38) 2𝜀𝑥𝑦 = 𝛾12 + 𝜔̅,2𝛼 − 𝑥3𝜗1,1 

2𝜀𝑥𝑧 = 𝛾13 + 𝜔̅,3𝛼 + 𝑥2𝜗1,1 

With 

𝛾12 = 𝑢2,1 − 𝜗3,     𝛾13 = 𝑢3,1 + 𝜗2,     𝑟
2 = 𝑥2

2 + 𝑥3
2 (2.39) 

𝑢1, 𝑢2, 𝑢3 are the local displacements of the centroid G. 𝜗1, 𝜗2, 𝜗3 are the local rotations of 

the cross-section. The warping function 𝜔̅ is defined using the Saint-Venant torsion theory 

and refers to the centroid G. 𝜔̅(𝑥2, 𝑥3) is computed in a separate analysis by using 

isoparametric quadratic elements with 4 Gauss points each. It can be observed that the only 

non-linear term in the adopted strain definition is the Wagner term 1/2(𝑟2𝜗1,1
2 ). As a matter 

of fact, the geometrical non-linearites are introduced in the transformation matrices relating 

global to local quantities and consequently a simple expression of the strains in the local 

frame can be taken. However, the numerical tests presented in [54] showed that for problems 

that involve large torsional effects a linear strain definition is inaccurate and that the Wagner 

term must be added in the strain definition in order to get accurate results. Further 

simplifications can be introduced when a Bernoulli element is implemented. A detailed 

description can be found in Paper II [76]. The following quantities are derived from the 

definition of 𝜺 given in (2.38), for the Timoshenko and the Bernoulli element 

 Timoshenko Bernoulli  

𝜺̂ [𝑢,11 𝜗3 𝜗2    𝜗1,1 𝜗2,1 𝜗3,1   𝛼 𝛼,1]T [𝑢1,1 𝑢2,11 𝑢3,11   𝜗1,1 𝜗1,11]T 

(2.40) 
𝑨 

[
1 0 0
0 −1 0
0 0 1

    
𝑟2𝜗1,1 𝑥3 −𝑥2

−𝑥3 0 0
𝑥2 0 0

    

0 𝜔̅
𝜔̅,2 0

𝜔̅,3 0
] [

1 −𝑥2 −𝑥3

0 0 0
0 0 0

      

𝑟2𝜗1,1 𝜔̅

𝜔̅,2 − 𝑥3 0

𝜔̅,3 + 𝑥2 0

] 
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𝑮 Non-zero terms (8x9 matrix) 

𝐺11 = 𝐺45 = 𝐺56 = 𝐺67 = 𝐺89 =
1

𝑙𝑜
 

𝐺42 = 𝐺53 = 𝐺64 = 𝐺88 = −
1

𝑙𝑜
  

𝐺24 = 𝐺27 = 𝐺33 = 𝐺36 = 𝐺78 = 𝐺79 =
1

2
 

Non-zero terms (5x9 matrix) 

𝐺42 = 𝑓1
′          𝐺52 = 𝑓1

′′ 

𝐺48 = 𝑓2
′      

𝐺24 = 𝐺58 = −𝐺33 = 𝑓2
′′ 

𝐺45 = 𝑓3
′          𝐺55 = 𝑓3

′′ 

𝐺49 = 𝑓4
′      

𝐺27 = 𝐺59 = −𝐺36 = 𝑓4
′′ 

𝐺11 = 𝑓5
′ 

𝑳 Only non-zero term (8x8 matrix) 

𝐿44 = 𝑟2𝜎11 

Only non-zero term (5x5 matrix) 

𝐿44 = 𝑟2𝜎11 

Where in the Bernoulli element the superscript ′ indicates a differentiation with respect to the 

variable 𝑥1. Hermitian shape functions (𝑓1 - 𝑓4) are used to interpolate 𝑢2, 𝑢3 and 𝜗1, whereas 

a linear shape function (𝑓5) is used for 𝑢1 

𝑓1 = 1 − 3(
𝑥1

𝑙𝑜
)
2

+ 2(
𝑥1

𝑙𝑜
)
3

 

(2.41) 

𝑓2 = 𝑥 (1 −
𝑥1

𝑙𝑜
)
2

      𝑓3 = 1 − 𝑓1      𝑓4 =
𝑥1

2

𝑙𝑜
(
𝑥1

𝑙𝑜
− 1)      𝑓5 =

𝑥1

𝑙𝑜
 

 

Figure 2.3 Local formulation: generic cross-section. 
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3  

3 Stress integration for steel at elevated 

temperature 

Typically, steel structures in fire have a pronounced nonlinear behaviour. Indeed, steel 

structural elements at elevated temperatures are subject to thermal expansion and their bearing 

capacity decreases owing to degradation of mechanical properties. Hence, thermomechanical 

finite elements require an adequate stress-strain integration procedure that accounts for such 

effects. 

 

In general, stress-strain curves are defined in a (𝜎, 𝜀) plane and relate in a uniaxial form one 

stress to one strain quantity. Though simple, such a description of the material behaviour is 

inadequate for problems involving more stress and strain components, and the concept of 

yield surface should be introduced. For ductile materials, and in particular for steel, the yield 

surface is usually defined according to a Von Mises criterion [77], but many different criteria 

are available in literature. For instance, a review of different yield surfaces for thin shells was 

proposed in [78]. In numerical analysis, yield criteria should be combined with iterative 

integration algorithms to return on the yield surface when stresses are found outside the yield 

surface. Both explicit and implicit algorithms have been proposed. Among these, the 

Backward-Euler integration algorithm is reliable and allows for quadratic convergence for the 

Newton-Raphson iterations at the structural level by generating a consistent tangent operator. 

Besides, it takes a particularly simple form for the von Mises yield criterion [59]. 

 

Several thermomechanical finite elements have been implemented in different finite element 

software. While most shell elements rely on stress integration procedures based on a Von 

Mises yield criterion and a Backward Euler algorithm, different formulations, and in turn 

stress integration procedures, were adopted for 3D beam elements. For instance, SAFIR and 

OPENSEES provide fiber-elements [11], [79], which imply the adoption of a uniaxial stress-

strain relationship. The fiber-element formulation is particularly effective for concrete, but it 

also enables the implementation of simple uniaxial models for strain reversal in steel 

structural elements [80]–[82]. In structures in fire, strain reversal is mainly related to the 

occurrence of large displacements, but also to specific phenomena such as the catenary action 

or the cooling phase. If strain reversal occurs in sections stressed above the elastic limit, the 

Chapter 
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effect of permanent strain on the material behaviour should be considered and the stress-strain 

relationship should be a function of the load history. However, only the axial stress is 

considered in fiber-elements and, since shear stresses are essential to properly treat torsion, a 

plane stress approach was preferred. 

3.1 European norm provisions  

The European design code EN 1993 1-2 [19] deals with the design of steel structures for the 

accidental situation of fire exposure. In compliance to the norm, the design and analysis of 

structures should account for the material properties of steel at elevated temperature. Though 

temperature affects both the thermal and the mechanical properties of steel, only the latter are 

treated here, as the heat transfer analysis is not considered. More in specific, the thermal 

elongation and the stress-strain law are directly implied in the mechanical analysis and are 

described in this paragraph. 

 

According to EN 1993 1-2 [19], thermal elongation of steel should be determined as follows  

∆𝑙/𝑙 = 1,2 × 10−5 𝜃𝑎 + 0,4 × 10−8 𝜃𝑎
2 − 2,416 × 10−4 20°𝐶 ≤ 𝜃𝑎 < 750° 

(3.1) ∆𝑙/𝑙 = 1,1 × 10−2 750°𝐶 ≤ 𝜃𝑎 ≤ 860° 

∆𝑙/𝑙 = 2 × 10−5 𝜃𝑎 − 6.2 × 10−3 860°𝐶 < 𝜃𝑎 ≤ 1200° 

where 𝑙 is the length at 20°C, ∆𝑙 is the temperature induced elongation and 𝜃𝑎 is the steel 

temperature (in °C). 

 

For heating rates between 2 and 50 K/min, the uniaxial stress-strain relationship for carbon 

steel at elevated temperature is provided (Figure 3.1). 

 

Figure 3.1 Stress-strain relationship for carbon steel at elevated temperatures 

(EN 1993 1-2 [19]). 

where 𝑓𝑦,𝜃 is the effective yield strength, 𝑓𝑝,𝜃 the proportional limit, 𝐸𝑎,𝜃 the slope of the 

linear elastic range, 𝜀𝑝,𝜃 = 𝑓𝑝,𝜃/𝐸𝑎,𝜃 the strain at the proportional limit, 𝜀𝑦,𝜃 = 0.02 the yield 
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strain, 𝜀𝑡,𝜃 = 0.15 the limiting strain for yield strength and 𝜀𝑢,𝜃 = 0.20 the ultimate strain. In 

this stress-strain relationship steel has a linear elastic response up to 𝜀𝑝,𝜃, followed by a 

plastic elliptic behaviour. Once the strain exceeds the yield strain 𝜀𝑦,𝜃, perfect plasticity 

occurs up to 𝜀𝑡,𝜃. The stresses decrease to zero in the range 𝜀𝑡,𝜃 < 𝜀 ≤ 𝜀𝑢,𝜃. The stress-strain 

curve is univocally defined by the following equations 

 Stress 𝜎 Tangent stiffness 𝐸𝑡,𝜃   

𝜀𝐸𝑎,𝜃 𝐸𝑎,𝜃 𝜀 ≤ 𝜀𝑝,𝜃 

(3.2) 

𝑓𝑝,𝜃 − 𝑐 +
𝑏

𝑎
√𝑎2 − (𝜀𝑦,𝜃 − 𝜀)

2
 

𝑏(𝜀𝑦,𝜃 − 𝜀)

𝑎√𝑎2 − (𝜀𝑦,𝜃 − 𝜀)
2
 𝜀𝑝,𝜃 < 𝜀 ≤ 𝜀𝑦,𝜃 

𝑓𝑦,𝜃 0 𝜀𝑦,𝜃 < 𝜀 ≤ 𝜀𝑡,𝜃 

𝑓𝑦,𝜃(𝜀𝑢,𝜃 − 𝜀)

(𝜀𝑢,𝜃 − 𝜀𝑡,𝜃)
 −

𝑓𝑦,𝜃

(𝜀𝑢,𝜃 − 𝜀𝑡,𝜃)
 𝜀𝑡,𝜃 < 𝜀 ≤ 𝜀𝑢,𝜃 

Where the parameters 𝑎, 𝑏 and 𝑐 are defined as follows 

𝑎 = √(𝜀𝑦,𝜃 − 𝜀𝑝,𝜃)(𝜀𝑦,𝜃 − 𝜀𝑝,𝜃 + 𝑐/𝐸𝑎,𝜃) 

(3.3) 𝑏 = √𝑐(𝜀𝑦,𝜃 − 𝜀𝑝,𝜃)𝐸𝑎,𝜃 + 𝑐2 

𝑐 =
(𝑓𝑦,𝜃 − 𝑓𝑝,𝜃)

2

(𝜀𝑦,𝜃 − 𝜀𝑝,𝜃)𝐸𝑎,𝜃 − 2(𝑓𝑦,𝜃 − 𝑓𝑝,𝜃)
 

 

The effective yield strength 𝑓𝑦,𝜃, the proportional limit 𝑓𝑝,𝜃 and the slope of the linear elastic 

range 𝐸𝑎,𝜃 at elevated temperatures should be obtained by multiplying the associated 

quantities at ambient temperature by the relevant reduction factors, given in Table 3.1. 

𝑓𝑦,𝜃 = 𝑘𝑦,𝜃𝑓𝑦,     𝑓𝑝,𝜃 = 𝑘𝑝,𝜃𝑓𝑝,     𝐸𝑎,𝜃 = 𝑘𝐸,𝜃𝐸𝑎 (3.4) 

Table 3.1: Reduction factors for stress-strain law of carbon steel at elevated temperatures 

Steel Temperature 𝜃𝑎 [°C] 𝑘𝑦,𝜃 𝑘𝑝,𝜃 𝑘𝐸,𝜃  

20 1.000 1.000 1.000 

100 1.000 1.000 1.000 

200 1.000 0.807 0.900 

300 1.000 0.613 0.800 

400 1.000 0.420 0.700 

500 0.780 0.360 0.600 

600 0.470 0.180 0.310 

700 0.230 0.075 0.130 
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800 0.110 0.050 0.090 

900 0.060 0.0375 0.0675 

1000 0.040 0.0250 0.0450 

1100 0.020 0.0125 0.0225 

1200 0.000 0.0000 0.0000 

 

Linear interpolation may be used for intermediate values of steel temperatures. The evolution 

of the reduction factors with temperature is depicted in Figure 3.2. 

 

Figure 3.2 Reduction factors for the stress-strain law of carbon steel at elevated temperatures 

(EN 1993 1-2 [19]). 

3.2 2D Stress integration at elevated temperature 

Numerical integration over the section of the elements is performed to compute the stress 

vector 𝝈 and the consistent elastoplastic tangent operator 𝑪𝑐𝑡 from the strain vector 𝜺, by 

using Gauss integration in the cross-section. For the shell elements 7 points in the thickness of 

the element were found to be sufficient for most of the practical cases. This means, that 

together with the surface discretisation, each element consists of 3x7=21 Gauss points. 

Instead, for the 3D beam elements the same cross-section discretisation used in the evaluation 

of the warping function is adopted, in which each of the employed isoparametric quadratic 

elements has 4 gauss points. It is worth recalling that in the Timoshenko element only one 

gauss points in the length is used to avoid shear locking, while the formulation derived for the 

Bernoulli element is suitable for any number of Gauss points in the length. However, at least 

2 gauss points should be used to properly approximate the displacement field. The general 

framework is valid for both the shell and the 3D beam elements, though different strain and 

stress components are involved in the computation. 

 Shell element 3D beam element  

𝜺 = [𝜀𝑥 𝜀𝑦 2𝜀𝑥𝑦]T 𝜺 = [𝜀𝑥 2𝜀𝑥𝑦 2𝜀𝑥𝑧]T 
 (3.5) 

𝝈 = [𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦]T 𝝈 = [𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧]T 
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𝑪 =
𝐸𝑎,𝜃

(1 − 𝜈2)
[

1 𝜈 0
𝜈 1 0

0 0
(1 − 𝜈)

2

] 𝑪 = 𝐸𝑎,𝜃

[
 
 
 
 
1 0 0

0
1

2(1 + 𝜈)
 0

0 0
1

2(1 + 𝜈)]
 
 
 
 

 

𝑪 is the elastic tangent operator, which depends on the Young modulus at elevated 

temperature 𝐸𝑎,𝜃 obtained from (3.4). Since three strains and three stresses are involved, 

stresses cannot be directly determined from (3.2) and the concept of yield surface should be 

adopted. A Backward Euler scheme [59] is employed to solve the constitutive equations and 

obtain the quantities 𝝈 and 𝑪𝑐𝑡 at each Gauss point. Usually, the Backward Euler scheme is 

implemented in an incremental form. Quantities 𝝈 and 𝑪𝑐𝑡 at step n+1 are computed through 

an iterative procedure starting from the stress vector 𝝈𝑛 at step n, and from the strain 

increment 𝛥𝜺 = 𝜺𝑛+1 − 𝜺𝑛. Stresses respecting the material behaviour are located inside or lie 

on the yield surface. In this work, the yield surface of the material is defined according to an 

isotropic hardening model under plane stress condition and a Von Mises yield criterion and is 

described by the yield function 𝑓 

𝑓 = 𝜎𝑒𝑞 − 𝜎𝑜(𝜀𝑝𝑙) (3.6) 

The yield stress 𝜎𝑜(𝜀𝑝𝑙) is obtained from the plastic strain 𝜀𝑝𝑙 while the equivalent stress 𝜎𝑒𝑞 

is determined from the stress vector 𝝈 (3.5)  

Shell element 3D beam element  

𝜎𝑒𝑞 = √𝜎𝑥
2 + 𝜎𝑦

2 + 3𝜏𝑥𝑦
2  𝜎𝑒𝑞 = √𝜎𝑥

2 + 3𝜏𝑥𝑦
2 + 3𝜏𝑥𝑧

2  (3.7) 

Detailed descriptions of the algorithm can be found in [54], [59]. 

3.2.1 Modified integration scheme 

Two modifications are introduced into the classical stress integration procedure to account for 

the effects of temperature. 

 

First, thermal expansion is considered in the strain vector 𝜺. Indeed, the total strain vector 𝜺𝒕𝒐𝒕 

of steel at the temperature 𝜃𝑎 consists of two terms 

𝜺𝒕𝒐𝒕(𝜎, 𝜃𝑎 ) = 𝜺𝜎(𝜎, 𝜃𝑎 ) + 𝜺𝑡ℎ(𝜃𝑎 ) (3.8) 

where 𝜺𝜎 is the stress-related strain and 𝜺𝑡ℎ is the thermal strain vector. A further term due to 

the contribution of the transient creep strain 𝜺𝑐𝑟 is implicitly considered in 𝜺𝜎(𝜎, 𝜃𝑎 ) [83]. 

The strain 𝜺 associated to the mechanical response of the numerical model corresponds the 

stress-related strain 𝜺𝜎, which should be determined from (3.8). The thermal strain 𝜺𝑡ℎ has 

hydrostatic character and gives no contribution to the transverse strain components. Owing to 

the different definition of the strain 𝜺 for shell (2.18) and beam elements (2.30), the thermal 

strain assumes the following forms 

Shell element 3D beam element   

𝜺𝒕𝒉 = 𝜀𝑡ℎ(𝜃𝑎 )[1 1 0]T 𝜺𝒕𝒉 = 𝜀𝑡ℎ(𝜃𝑎 )[1 0 0]T 𝜀𝑡ℎ(𝜃𝑎 ) = ∆𝑙/𝑙      (3.9) 

where 𝜀𝑡ℎ(𝜃𝑎 ) is the uniaxial thermal strain, which can be determined from (3.1). 
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Second, the typical incremental form is not well-suited for stress integration at elevated 

temperature, especially if temperature varies during the analysis. In fact, as depicted in Figure 

3.3a for a uniaxial stress-strain law, the converged stress 𝜎𝑛 has no physical meaning in 

respect to the stress-strain law associated to the temperature 𝜃𝑎,𝑛+1 and thus, cannot be the 

starting point of stress integration at step 𝑛 + 1. Consequently, an additional assumption is 

introduced. Let us define the plastic strain 𝜀𝑝𝑙,𝑛 as the residual strain obtained when the stress 

𝜎𝑛 is elastically unloaded to zero (Figure 3.3). According to [81], it can be assumed that the 

plastic strain remains unaffected during a change of temperature 𝜀𝑝𝑙,𝑛+1 ≈ 𝜀𝑝𝑙,𝑛. Thus, the 

stress 𝜎𝑛+1 at the step 𝑛 + 1, lying on the stress-strain curve associated to the temperature 

𝜃𝑎,𝑛+1, can be evaluated from the plastic strain 𝜀𝑝𝑙,𝑛 and from the strain 𝜀𝑛+1. Once the stress 

𝜎𝑛+1 = 𝜎𝑛+1(𝜀𝑝𝑙,𝑛, 𝜀𝑛+1) is determined, the plastic strain is updated for the new step with the 

actual plastic strain 𝜀𝑝𝑙,𝑛+1. 

  
a)                                                                              b) 

Figure 3.3 a) Uniaxial stress-strain law for temperatures 𝜃𝑎,𝑛 and 𝜃𝑎,𝑛+1 b) Modified 

Backward-Euler scheme 

With the same perspective, the Backward Euler scheme is modified to calculate 𝝈𝑛+1 from 

the plastic strain 𝜀𝑝𝑙,𝑛. Figure 3.3b shows the implemented procedure in the plane of principal 

stresses (𝜎1, 𝜎2), which can be obtained from the components of the stress vector 𝝈 (3.5). In 

detail, before a new step 𝑛 + 1 is introduced, the converged stress configuration at the 

previous step (O) is unloaded to the point A. The residual plastic strain associated to 

configuration A is assumed to be unaffected by thermal increment from 𝜃𝑎,𝑛  to 𝜃𝑎,𝑛+1 and is 

used to determine the yield surface according to (3.6) and the uniaxial stress-strain 

relationship. The step 𝑛 + 1 is then initialised introducing an elastic predictor (B). Backward-

Euler iterations (C and further iterations) are applied until a new converged stress 

configuration and the associated 𝜀𝑝𝑙,𝑛+1 are obtained. Further information about the 

implemented algorithm can be found in Paper I [76], [84]. 
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3.2.2 Yield surface definition 

In order to define the yield surface in the modified Backward-Euler scheme, the yield stress 

𝜎𝑜(𝜀𝑝𝑙) in (3.6) should be defined explicitly and account for effects of temperature 𝜃. The 

stress-strain relationship in (3.2) is rearranged and expressed as a function of 𝜀𝑝𝑙 to directly 

compute the yield stress 𝜎𝑜(𝜀𝑝𝑙, 𝜃) from the plastic strain 𝜀𝑝𝑙 (Figure 3.4). 

Stress 𝜎𝑜(𝜀𝑝𝑙, 𝜃) Tangent stiffness 𝐸𝑡,𝜃   

𝑓𝑝,𝜃 𝐸𝑎,𝜃 𝜀𝑝𝑙 = 0 

(3.10) 

[𝑌 + √𝑌2 − 𝑋𝑍] /𝑋 
𝑌′

𝑋
+

2𝑌𝑌′ − 𝑋𝑍′

2𝑋√𝑌2 − 𝑋𝑍
 0 < 𝜀𝑝𝑙 ≤ 𝜀𝑦,𝜃 −

𝑓𝑦,𝜃

𝐸𝑎,𝜃
 

𝑓𝑦,𝜃 0 𝜀𝑦,𝜃 −
𝑓𝑦,𝜃

𝐸𝑎,𝜃
< 𝜀𝑝𝑙 ≤ 𝜀𝑡,𝜃 −

𝑓𝑦,𝜃

𝐸𝑎,𝜃
 

𝑓𝑦,𝜃(𝜀𝑢,𝜃 − 𝜀𝑝𝑙)

(𝜀𝑢,𝜃 − 𝜀𝑡,𝜃 +
𝑓𝑦,𝜃

𝐸𝑎,𝜃
)

 −
𝑓𝑦,𝜃

(𝜀𝑢,𝜃 − 𝜀𝑡,𝜃 +
𝑓𝑦,𝜃

𝐸𝑎,𝜃
)

 
𝜀𝑡,𝜃 −

𝑓𝑦,𝜃

𝐸𝑎,𝜃
< 𝜀𝑝𝑙 ≤ 𝜀𝑢,𝜃 

With 

𝑋 = 1 +
𝑏2

𝑎2𝐸𝑎,𝜃
2 

 

(3.11) 𝑌 = 𝑓𝑝,𝜃 − 𝑐 +
𝑏2

𝑎2𝐸𝑎,𝜃
(𝜀𝑦,𝜃 − 𝜀𝑝𝑙) 𝑌′ = −

𝑏2

𝑎2𝐸𝑎,𝜃
 

𝑍 = (𝑓𝑝,𝜃 − 𝑐)
2
− 𝑏2 +

𝑏2

𝑎2
(𝜀𝑦,𝜃 − 𝜀𝑝𝑙)

2
 𝑍′ = −2

𝑏2

𝑎2
(𝜀𝑦,𝜃 − 𝜀𝑝𝑙) 

 

Figure 3.4 Reduction factors for the stress-strain law of carbon steel at elevated temperatures. 

 





 

 

 

25 

4  

4 Numerical simulation of steel 

structures in fire 

Finite elements described in the previous chapters, as well as elements implemented in 

commercial software, have been employed in the investigation of several aspects of the 

behaviour of structures in fire. A detailed description of the principal outcomes of the 

research work is summarised in this chapter. In Paper I the derivation and the application of 

the shell finite element is presented and a branch-switching procedure for analysis at elevated 

temperature is provided. The buckling of compressed steel plates and steel columns is studied. 

Paper II focuses on the development and validation of the 3D beam finite element conceived 

for the analysis of steel members subject to torsional actions at elevated temperature. This 

element, as well as the shell element, are employed in a parametric analysis in Paper III, in 

which the torsional and flexural-torsional buckling of compressed built-up sections are 

investigated. Paper IV shows the context in which the thermomechanical finite elements are 

employed in the design of steel structures in accordance with Fire Safety Engineering 

principles. 

4.1 Buckling of compressed steel plates and steel 

columns at elevated temperature (Paper I) 

Numerical investigation of local or global buckling in thin-walled steel members is usually 

performed introducing perturbative forces or initial imperfections. In general, initial 

imperfections based on a preliminary linear buckling analysis provide accurate results at 

ambient temperature. However, in fire analyses the introduction of appropriate imperfection 

shape and amplitude may not be trivial owing to the effects of temperature. Indeed, when the 

temperature of a steel member increases the material mechanical properties degrade, and 

redistribution of the load may also occur. Thus, the buckling mode at elevated temperature 

may differ from the one at ambient temperature. Observations about the influence of different 

initial imperfection on single plates and on typical H steel columns at elevated temperature 

are presented based on numerical simulation. In addition, numerical analyses by means of an 

Chapter 
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alternative procedure, namely “Branch-switching”, are performed with the purpose of gaining 

a physical insight about the phenomenon of buckling of thin-walled steel members in fire. 

 

The branch-switching procedure applies on perfect structures and thus, enables the numerical 

simulation of structural problems without the introduction of initial imperfections. Its 

application to elasto-plastic instability problems was proposed in [58]. The complete 

description of the physical behaviour of the structure is provided by detecting bifurcation 

points along the fundamental equilibrium path and then switching to the secondary path. The 

bifurcation point is detected by analysing the lowest eigenvalues 𝑤 of the global stiffness 

matrix of the structure 𝑲𝑔  calculated at each converged solution. If one eigenvalue is negative 

it means that a critical point has been detected. One can find in the literature numerical 

procedures to determine whether the detected critical point is a bifurcation or a limit point. In 

practice, by looking at the displacement charts as function of temperature, it is easy to 

discriminate between a bifurcation and a limit point. The buckling mode of the structure 

associated to the bifurcation point is obtained as the eigenvector 𝒗 associated to the negative 

eigenvalue. In the new step of analysis 𝑛 + 1, the first equilibrium point on the secondary 

path is searched according to the minimisation procedure developed by Petryk [85]. The 

procedure lies upon the fact that along a stable deformational path, the displacement vector of 

the structure 𝒅 corresponds to an absolute minimum of the functional 𝐽, where 

𝐽 =
1

2
𝒅T𝑲𝑔𝒅 − 𝒅T𝒇𝑒𝑥 (4.1) 

𝒇𝑒𝑥 is the vector of external loads of the structure. In order to ensure that the minimisation 

procedure will not terminate on the fundamental path, a small perturbation vector is added to 

the usual predictor  𝒅𝑛+1 and a new predictor 𝒅𝑛+1,𝐵𝑆 is defined 

𝒅𝑛+1,𝐵𝑆 = 𝒅𝑛+1 +
‖𝒅𝑛+1‖

100

𝒗

‖𝒗‖
 (4.2) 

The minimisation procedure consists then in solving at each iteration k the following 

nonlinear system 

(𝑲𝑔
(𝑘) + 𝛽𝑰)∆𝒅 = −𝒓(𝑘) (4.3) 

𝒓(𝑘) is the residual vector at iteration k and 𝑰 is the identity matrix, while ∆𝒅 is the 

displacement increment obtained from previous iteration (∆𝒅 = 𝒅𝑛+1,𝐵𝑆 for k=1). 𝛽 is a 

coefficient taken as 0 if 𝑲𝑔
(𝑘)

 is definite positive and as 1.1 𝑚𝑖𝑛(𝑤) otherwise, where 𝑤 is the 

lowest eigenvalue of 𝑲𝑔
(𝑘). 

 

Elastic buckling of uniformly compressed simply supported plates at ambient temperature can 

be univocally determined in terms of both buckling load and buckling mode from the length-

to-width ratio 𝑎/𝑏 of the plate. Figure 4.1 depicts the solution of the differential equations 

that govern the behaviour of plates that are simply supported on four sides. For instance, the 

expected buckling mode of a plate with 𝑎=2250mm and 𝑏=450mm (𝑎/𝑏=5) is characterised 

by 5 halfwaves (𝑛=1; 𝑚=5). The initial geometrical imperfection based on the buckling mode 

and the elastic buckling load can be defined as follows 

𝑤(𝑥, 𝑦) = 𝑤𝑜𝑠𝑖𝑛 (
𝑚𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝑛𝜋𝑦

𝑏
) = 𝑤𝑜𝑠𝑖𝑛 (

5𝜋𝑥

𝑎
) 𝑠𝑖𝑛 (

𝜋𝑦

𝑏
) (4.4) 

𝑃𝑏𝑢𝑐𝑘,𝑒𝑙 = 𝑘
𝜋2𝐸

12(1 − 𝜈2)
(
𝑡

𝑏
)

2

𝐴 =
𝜋2𝐸

3(1 − 𝜈2)
(
𝑡

𝑏
)
2

𝐴 
(4.5) 
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Where 𝑡 is the thickness of the plate and 𝐴 = 𝑏𝑡 is the area of the cross-section of the plate. 

𝑤𝑜 is the imperfection amplitude, and 𝑘 the parameter that determines the elastic buckling 

load magnitude. For 𝑎/𝑏=5, 𝑘 is equal to 4 (Figure 4.1). 

 

Figure 4.1 Buckling load factor k in respect to a/b and the buckling mode shape. 

In principle, the buckling of the same plate uniformly heated at temperature 𝜃𝑎 should occur 

at 𝑃𝑏𝑢𝑐𝑘,𝑒𝑙(𝜃𝑎) = 𝑃𝑏𝑢𝑐𝑘,𝑒𝑙(𝐸(𝜃𝑎)), in which the Young modulus 𝐸 is reduced according to 

(3.4). This is confirmed by numerical analysis performed with shell models when the 

buckling of a perfect plate occurs in elasticity as shown in Figure 4.2. Indeed, the buckling 

mode associated to the first identified bifurcation point corresponds to the theorical one, i.e. 5 

halfwaves (𝑛=1; 𝑚=5), as depicted in Figure 4.2a. In the shown case study, the thickness 𝑡 is 

set to 8.5 mm and a uniform temperature of 200°C affects the plate in order to have buckling 

in elasticity. However, for 𝑡=11mm and 𝜃𝑎=500°C the plate buckles in the plastic range and 

the numerical buckling mode at elevated temperature (𝑚=7 in Figure 4.3a) is different from 

the expected one. In both case studies, the Young modulus of steel is defined as 𝐸=210GPa. 

Further interesting observations can be made by performing classical analyses with initial 

imperfections. For a very small imperfection amplitude (𝑤𝑜 = 1𝑒−3𝑚𝑚), the lowest 

maximum load 𝑃𝑚𝑎𝑥 of the first plate is found for imperfections with the same number of 

half-waves as the one of the numerical buckling mode. However, for amplitudes of practical 

interest (𝑤𝑜=0.1𝑡; 𝑤𝑜= 𝑏/200) the lowest maximum load 𝑃𝑚𝑎𝑥 is obtained for a number of 

halfwaves different from the expected one (𝑚=5), as plasticity significantly affects the plate 

before buckling. In Figure 4.2b results of analyses with imperfections with a number of 

halfwaves 𝑚 from 1 to 8 are presented, as well as the maximum load found in the analysis of 

the perfect structure with the branch-switching procedure. For the second plate, the number of 

halfwaves obtained from elastic theory (𝑚=5) never gives the lowest buckling load, which is 

attained instead with 6 or 7 halfwaves (Figure 4.3b). It seems clear that the choice of an 

appropriate imperfection shape is not straightforward. 
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a)                                                                              b) 

Figure 4.2 Plate buckling in elasticity a) Buckling mode b) Buckling and maximum loads 

 
a)                                                                              b) 

Figure 4.3 Plate buckling in plasticity a) Buckling mode b) Buckling and maximum loads 

A typical approach to the investigation of structures in fire considers the structures subjected 

to constant loading, while the temperature inside the members increases. As a consequence, 

the investigation of columns subjected to a constant load, but increasing temperature may 

provide meaningful information. For unprotected columns, a uniform temperature distribution 

in the cross-section and along the column may be assumed. Branch-switching analysis of such 

columns might reveal that the buckling load at ambient temperature differs from the one 

obtained by checking the tangent stiffness at elevated temperature. Indeed, even if the 

member is uniformly heated, when plasticity occurs, the buckling mode at ambient 

temperature may be different from that at elevated temperature, due to the complexity of the 

tangent operator 𝑪𝑐𝑡. As a matter of fact, the way in which components of 𝑪𝑐𝑡 degrade with 

temperature cannot be attributed only to the variation of the tangent modulus 𝐸𝑡,𝜃. This is the 

case of the column depicted in Figure 4.4. The column consists of an HEA300 profile of 7m 

of length, loaded with a constant axial load of 1000kN. Figure 4.4a corresponds to the 

buckling mode obtained by means of a linear buckling analysis, while in Figure 4.4b is shown 

the buckling mode associated to the critical point found by increasing the temperature, 

identified at 594°C. It is interesting to note that conservative predictions are obtained 
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introducing imperfections based on the buckling mode at elevated temperature (hot 

imperfection), as shown in Figure 4.5. In this figure, the evolution of the lateral displacement 

with temperature is depicted for analyses with the “hot” (Figure 4.4a) and the “cold” (Figure 

4.4b) imperfection. Besides, the results indicate that small imperfections based on the 

buckling mode at ambient temperature (cold imperfection) might induce a different behaviour 

compared to the one obtained for perfect columns with the branch-switching analysis, 

possibly due to convergence problems in the numerical analyses. 

 
a)                                                                              b) 

Figure 4.4 Buckling mode of a HEA300 column a) at ambient temperature b) at elevated 

temperature (594°C) 

 
a)                                                                              b) 

Figure 4.5 Lateral displacement vs. Temperature of a HEA300 column a) cold imperfections 

b) hot imperfections 

In conclusion, the definition of the shape and the amplitude of initial geometrical 

imperfections for steel structures subjected to fire is not trivial. The branch-switching 

procedure provides an alternative to perform preliminary instability analyses and get 

important insight into the post-buckling behaviour. Since the perfect structure is studied, 

uncertainties related to the initial imperfections are removed. 
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4.2 Steel members subject to torsion at elevated 

temperature (Paper II) 

Despite torsional effects are typically not predominant in steel structures in fire, some of the 

instability phenomena in steelworks are related to the torsional behaviour. For instance, in 

portal frames of industrial halls lateral-torsional buckling may occur in the steel rafters 

between discrete intermediate restraints. Torsion and lateral-torsional buckling should be 

carefully considered in industrial halls with inclined roof when the profiled steel roof cladding 

does not provide enough lateral and torsional restraint to the purlins, or when travelling cranes 

are present and the runaway beams are subjected to eccentric vertical and lateral horizontal 

actions relative to the shear centre. 

 

Since for the solution of large structural problems shell elements entail a high computational 

demand, 3D beam elements should be preferred. Thermomechanical beam elements are 

implemented in several software: among the others, SAFIR [11], VULCAN [12], [13], 

ABAQUS [14], ANSYS [15] and DIANA [17] should be mentioned. However, often warping 

effects are not included or are not properly considered in the formulations of the implemented 

beam elements.  

 

The 3D beam element proposed in Chapter 2 gives improved results compared to the ones 

from the 3D beam elements of two commercial software taken as reference, namely SAFIR 

and ABAQUS. In fact, the developed element is capable of better representing the behaviour 

of steel elements in fire subjected to torsional stresses. As warping is accounted in the 

formulation, the element is well-suited for the analysis of steel members with thin-walled 

open cross-sections. An extract of the validation of the element against shell analyses is 

proposed here, as well as a comparison of the performance of a Timoshenko and a Bernoulli 

formulation. 

 

A cantilever steel beam subjected to significant torsional actions is depicted in Figure 4.6. The 

cantilever beam is subjected to a uniform increasing temperature and a constant load. As 

shown in Figure 4.7a, results from the developed corotational 3D beam element with a 

Timoshenko formulation (COR BEAM TIM) are in excellent agreement with the reference 

solution obtained by means of the corotational shell element (COR SHELL) described in 

Chapter 2. Instead, the 3D beam elements from the two commercial software do not give 

accurate results. The analysis performed employing the SAFIR 3D beam element (SAF 

BEAM) overestimates the failure temperature of about 105°C as the software SAFIR is not 

capable of updating the torsional stiffness with temperature. Nevertheless, also by reducing 

fictitiously the initial torsional stiffness (SAF BEAMRED) as suggest by the software 

developer, the behaviour of the cantilever beam is not properly caught, though a better 

estimate of the failure temperature is obtained. The ABAQUS 3D beam element (ABQ 

BEAM) gives results that are close to the SAFIR element, but the analysis does not converge 

anymore at about 470°C. Timoshenko and Bernoulli formulations are compared in Figure 

4.7b. Two integration points are employed in the Bernoulli formulation, while a one-point 

integration rule defines the Timoshenko element. Sufficiently accurate solutions were 

obtained with 10 elements. With only 5 elements the Bernoulli beam element provided a 

better solution, though not accurate enough yet, compared to the Timoshenko one. 

Nevertheless, the Timoshenko beam element requires less computational time because of the 

simpler integration rule, and its use should be preferred. 
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Figure 4.6 Cantilever beam with C-shaped cross-section. Dimensions in mm 

 
a)                                                                              b) 

Figure 4.7 Cantilever beam - Lateral displacements a) 3D beam elements b) Timoshenko and 

Bernoulli formulations 

The L-frame depicted in Figure 4.8 consisting of two I-shaped clamped steel members, is a 

good example for testing the numerical response of the 3D beam element for jointed structural 

members. In the proposed analysis, a vertical and an axial load are applied at the midspan of 

the horizontal member and are kept constant, while temperature is uniformly increased with 

linear heating rate equal to 2°C/min. To consider the continuity of the framing structure the 

out-of-plane displacement of the node at the intersection between beam and column is 

prevented in the beam model. Similarly, in the reference shell model the out-of-plane 

displacement at the intersection of the cross-section centroidal lines of the beam and the 

column is also prevented. In order to ensure consistency between the behaviour of the shell 

and the beam models, a complete and direct transmission of warping is obtained introducing a 

diagonal stiffener in the design of the structural joint (Figure 4.8). It follows that, the warping 

degree of freedom 𝛼 (see (2.22)) has the same value in the two members at the common node 

(𝛼𝐶𝑜𝑙= 𝛼𝐵𝑒𝑎𝑚). Figure 4.9 shows that in the reference model lateral-torsional buckling affects 

the horizontal beam and that collapse occurs at 592°C. The beam element predictions (COR 

BEAM TIM) attain the reference solution (COR SHELL) with good precision, whereas both 

ABAQUS and SAFIR do not provide accurate predictions and the failure temperature is 

overestimated of about 25 °C (Figure 4.9b). Again, by reducing fictitiously the initial 

torsional stiffness (SAF BEAMRED), a better estimate of the failure temperature is obtained, 
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but lateral displacement is significantly overestimated up to 580°C, since buckling occurs for 

a much lower temperature. 

 

Figure 4.8 L-frame with I-shaped cross-section. Dimensions in mm 

 
a)                                                                              b) 

Figure 4.9 L-frame - a) Deformed shape of the loaded area at 592 °C: COR SHELL element – 

dimensions in [m] b) Lateral displacements 

It turns out that an inconsistent formulation for torsion may lead to significant 

underestimation of the failure temperature also in typical steel structures, in which steel 

members are subjected only to vertical and lateral actions. This is the case of the steel 

structure depicted in Figure 4.10, in which the loads are constant, while the temperature in the 

central span of the continuous beam increases uniformly. The continuous beam belongs to the 

second floor of an eight-storey structure tested in Cardington (UK) in the mid ‘90s. Vertical 

loads are obtained for the critical combination at the Ultimate Limit State from [86], whereas 

lateral loads are determined as a fraction of the vertical ones. Since loads are transmitted from 

the centroid of the secondary beams (IPE360) to the primary beams and the the secondary and 

primary beams have aligned top flanges, loads P and F are applied with an eccentricity of 
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+0.12m with respect to the centroid of the primary beam. Predictions from the developed and 

the SAFIR 3D beam elements differ of about 45°C, since SAFIR underestimates the torsional 

effects in the final part of the analysis for lateral forces F defined as either 10% or 1% of the 

vertical loads P (Figure 4.11). Again, after a while ABAQUS analyses are not able to 

converge and hence, they are not shown in Figure 4.11. 

 

Figure 4.10 Cardington continuous beam. Dimensions in mm 

 
a)                                                                              b) 

Figure 4.11 Cardington continuous beam - Comparison between 3D beam elements a) lateral 

displacements b) vertical displacements 

It should be mentioned, that if normal stresses contribute considerably to the element 

collapse, better predictions may be obtained by means of the commercial software. 

Nevertheless, in the presented case studies, in which torsional effects are predominant, 

commercial software do not provide reasonable estimate of the failure temperature. 
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4.3 Torsional and flexural-torsional buckling of 

steel members in fire (Paper III) 

Torsional and flexural-torsional buckling of compressed steel members are relevant 

phenomena for mono-symmetric or cruciform cross-sections. Though these sections are 

frequently employed in bracing systems or in truss structures, there is a lack of knowledge 

about their behaviour in fire situation. In particular, no provisions are given in EN 1993-1-2 

[19] about the torsional and flexural-torsional buckling behaviour of steel members in 

compression at elevated temperature. Furthermore, torsional and flexural-torsional buckling 

have mainly attracted the interest when the behaviour of cold-formed steel profiles at both 

ambient and elevated temperatures was concerned [40], [42]–[46], while hot rolled cross-

sections were investigated only at ambient temperature [47], [87]–[90]. Hence, there is a 

paucity of studies about the torsional and flexural-torsional buckling at elevated temperatures 

of hot-rolled and welded steel sections. 

 

Numerical simulation by means of Finite Element Analysis (FEA) is a valid and reliable 

option to investigate the resistance of concentrically compressed members subjected to fire 

sensitive to torsional or flexural-torsional buckling. Results of a parametric study, consisting 

in more than 23500 geometrically and materially imperfect nonlinear analyses (GMNIA) 

carried out on concentrically compressed steel members are presented in this work. Either 3D 

beam or shell element models are employed in the analyses. The compressive resistance of 

Angle (L), Tee (T) and Cruciform (X) sections with different lengths is studied for Class1 to 

Class 3 profiles. The class in fire situation is defined according to EN 1993-1-2 [19] and is 

provided for each investigated cross-section in Table 4.1-Table 4.3. T and X cross sections 

are obtained by coupling two or four L sections respectively. These sections are 

conservatively classified based on the classification of the single angular of which they are 

composed, since closely built-up sections are usually connected at discrete points along the 

member length. Single angles with equal legs in pure compression are essentially either of 

Class 1 or of Class 4. Class 4 cross-sections are not considered as they are affected by local 

buckling before the attainment of the yield stress [91] and a separate investigation is 

necessary. In order to present more comprehensive results, T section composed of both equal 

and unequal leg L sections are considered. The members are subjected to five uniform 

temperature distributions from 400°C to 800°C (400°C, 500°C, 600°C, 700°C, 800°C), since 

similarly to columns that buckle flexurally [20], this is the most relevant temperature range 

for practical cases. Steel with three different grades (S235, S275, S355) are employed in the 

analyses, while residual stresses are deemed negligible at elevated temperature, as assumed in 

many relevant publications about the resistance of steel members in fire [20], [27], [33], [44], 

[92]. To induce buckling, initial imperfections based on the relevant buckling mode obtained 

from linear buckling analyses are introduced with an amplitude of 1/1000 of the length of the 

columns. 
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Table 4.1: List of the cross-section dimensions for L and X profiles 
Section L section X section 

S
2

3
5
 

S
2

7
5
 

S
3

5
5
 

B1 (=B2) [m] t1 (=t2) [m] B1/t1 B1 (=B2) [m] t1 (=t2) [m] B1/t1 

 

 

 

 

 

0.050 

0.090 

0.065 

0.060 

0.100 

0.045 

0.065 

0.100 

0.200 

0.250 

0.150 

0.250 

0.200 

0.070 

0.250 

0.120 

0.150 

0.140 

0.300 

0.110 

0.120 

0.250 

0.140 

0.300 

0.160 

0.180 

0.009 

0.016 

0.011 

0.010 

0.016 

0.007 

0.010 

0.015 

0.028 

0.034 

0.020 

0.033 

0.026 

0.009 

0.032 

0.015 

0.018 

0.016 

0.033 

0.012 

0.013 

0.027 

0.015 

0.032 

0.017 

0.019 

5.56 

5.63 

5.91 

6.00 

6.25 

6.43 

6.50 

6.67 

7.14 

7.35 

7.50 

7.58 

7.69 

7.78 

7.81 

8.00 

8.33 

8.75 

9.09 

9.17 

9.23 

9.26 

9.33 

9.38 

9.41 

9.47 

0.100 

0.180 

0.130 

0.120 

0.200 

0.090 

0.130 

0.200 

0.400 

0.500 

0.300 

0.500 

0.400 

0.140 

0.500 

0.240 

0.300 

0.280 

0.600 

0.220 

0.240 

0.500 

0.280 

0.600 

0.320 

0.360 

0.018 

0.032 

0.022 

0.020 

0.032 

0.014 

0.020 

0.030 

0.056 

0.068 

0.040 

0.066 

0.052 

0.018 

0.064 

0.030 

0.036 

0.032 

0.066 

0.024 

0.026 

0.054 

0.030 

0.064 

0.034 

0.038 

5.56 

5.63 

5.91 

6.00 

6.25 

6.43 

6.50 

6.67 

7.14 

7.35 

7.50 

7.58 

7.69 

7.78 

7.81 

8.00 

8.33 

8.75 

9.09 

9.17 

9.23 

9.26 

9.33 

9.38 

9.41 

9.47 

 

□1 

 

 

□1 

 

 

□1 

 

 

□1 

 

□1 

 

 

□1 

□1 

□1 

□1 

□1 

□1 

□1 

 

□2 

□1 

□1 
 

+1 

+1 

 

+1 

+1 

+1 

+1 

+1 

+1 

+1 

 

+1 

+1 

+1 

 

+1 

+1 

+1 

 

 

 

 

 

 

 

 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

 

 

 

 

 

 

 

 

 

 

 

Superscript = Class at elevated temperature [19] 

Table 4.2: List of the cross-section dimensions for T profiles (coupled equal leg L profiles) 
Section 

B1 [m] B2 [m] t1 [m] t2 [m] B1/t1 B2/t2 

S
 2

3
5
 

S
 2

7
5
 

S
 3

5
5
 

 

0.100 

0.180 

0.130 

0.120 

0.200 

0.050 

0.090 

0.065 

0.060 

0.100 

0.009 

0.016 

0.011 

0.010 

0.016 

0.018 

0.032 

0.022 

0.020 

0.032 

11.11 

11.25 

11.82 

12.00 

12.50 

2.78 

2.81 

2.95 

3.00 

3.13 

 

□1 

 

 

□1 

+1 

+1 

 

+1 

+1 

*1 

*1 

*1 

*1 

*1 
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0.090 

0.130 

0.200 

0.400 

0.500 

0.300 

0.500 

0.400 

0.140 

0.500 

0.240 

0.300 

0.280 

0.600 

0.220 

0.240 

0.500 

0.280 

0.600 

0.320 

0.360 

0.045 

0.065 

0.100 

0.200 

0.250 

0.150 

0.250 

0.200 

0.070 

0.250 

0.120 

0.150 

0.140 

0.300 

0.110 

0.120 

0.250 

0.140 

0.300 

0.160 

0.180 

0.007 

0.010 

0.015 

0.028 

0.034 

0.020 

0.033 

0.026 

0.009 

0.032 

0.015 

0.018 

0.016 

0.033 

0.012 

0.013 

0.027 

0.015 

0.032 

0.017 

0.019 

0.014 

0.020 

0.030 

0.056 

0.068 

0.040 

0.066 

0.052 

0.018 

0.064 

0.030 

0.036 

0.032 

0.066 

0.024 

0.026 

0.054 

0.030 

0.064 

0.034 

0.038 

12.86 

13.00 

13.33 

14.29 

14.71 

15.00 

15.15 

15.38 

15.56 

15.63 

16.00 

16.67 

17.50 

18.18 

18.33 

18.46 

18.52 

18.67 

18.75 

18.82 

18.95 

3.21 

3.25 

3.33 

3.57 

3.68 

3.75 

3.79 

3.85 

3.89 

3.91 

4.00 

4.17 

4.38 

4.55 

4.58 

4.62 

4.63 

4.67 

4.69 

4.71 

4.74 

 

 

□1 

 

 

□1 

 

□1 

 

 

□1 

□1 

□1 

□1 

□1 

□1 

□1 

 

□2 

□1 

□1 

+1 

+1 

+1 

+1 

+1 

 

+1 

+1 

+1 

 

+1 

+1 

+1 

 

 

 

 

 

 

 

 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

*1 

 

 

 

 

 

 

 

 

 

 

 

Superscript = Class at elevated temperature [19] 

Table 4.3: List of the cross-section dimensions for T profiles (coupled unequal leg L profiles) 
Section 

B1 [m] B2 [m] t1 [m] t2 [m] B1/t1 B2/t2 

S
 2

3
5
 

S
 2

7
5
 

S
 3

5
5
 

 

0.100 

0.100 

0.100 

0.110 

0.110 

0.120 

0.130 

0.130 

0.140 

0.140 

0.150 

0.200 

0.130 

0.130 

0.130 

0.140 

0.140 

0.160 

0.180 

0.180 

0.180 

0.180 

0.200 

0.200 

0.009 

0.010 

0.012 

0.010 

0.012 

0.012 

0.012 

0.014 

0.012 

0.014 

0.014 

0.016 

0.018 

0.020 

0.024 

0.020 

0.024 

0.024 

0.024 

0.028 

0.024 

0.028 

0.028 

0.032 

11.11 

10.00 

8.33 

11.00 

9.17 

10.00 

10.83 

9.29 

11.67 

10.00 

10.71 

12.50 

7.22 

6.50 

5.42 

7.00 

5.83 

6.67 

7.50 

6.43 

7.50 

6.43 

7.14 

6.25 

□3 

□2 

□1 

□3 

□1 

□2 

□3 

□1 

□3 

□2 

□3 

□3 

 

+3 

+1 

+3 

+2 

+3 

 

+2 

 

+3 

+3 

 

 

 

*2 

 

*3 

 

 

*3 

 

 

 

 

Superscript = Class at elevated temperature [19] 
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In order to provide meaningful observations, results are presented in the form of the buckling 

coefficient in the fire design situation 𝜒𝑓𝑖, which is obtained as the ratio between the failure 

load and the yielding load at elevated temperature 𝜒𝑓𝑖 = 𝑁/𝑁𝑦𝑖𝑒𝑙𝑑. Numerical outcomes are 

compared with the prediction from the actual design curve of EN 1993-1-2 [19] and with the 

ones obtained for a new proposed buckling curve, as shown for L sections with a steel grade 

of 235MPa in Figure 4.12a. Detailed information about the definition of the actual design 

curve and the proposed one can be found in Paper III [93]. For sake of clarity, it is sufficient 

to remark that the results and predictions of the buckling coefficient 𝜒𝑓𝑖 are expressed in 

respect to the slenderness at elevated temperature of the columns 𝜆̅𝜃 = 𝜆̅[𝑘𝑦,𝜃/𝑘𝐸,𝜃] 0.5, 

where 𝑘𝑦,𝜃 and 𝑘𝐸,𝜃 are the reduction factors for the yield strength and Young’s modulus at 

temperature 𝜃𝑎 and 𝜆̅ is the slenderness at ambient temperature, in turn defined as 

𝜆̅ = 𝜆̅𝑐𝑟 = √
𝐴𝑓𝑦

𝑁𝑐𝑟
  (4.6) 

With 𝐴 the area of the section and 𝑓𝑦 the yield stress at ambient temperature. 𝑁𝑐𝑟 should be 

the lowest elastic critical load at ambient temperature, which may be associated to a torsional, 

flexural-torsional or flexural buckling mode. However, it was found that an improved 

buckling curve can be obtained by replacing the critical buckling load 𝑁𝑐𝑟 in (4.6) with the 

lowest elastic flexural buckling load 𝑚𝑖𝑛(𝑁𝑐𝑟,𝑦, 𝑁𝑐𝑟,𝑧). Indeed, since the length of the column 

𝑙 is not well represented by the non-dimensional slenderness 𝜆̅ associated to the relevant 

buckling mode, a better representation of the length range is obtained referring to the non-

dimensional flexural slenderness of the column. The proposed buckling curve is based on the 

same framework of [19] and [91], but differs in the definition of the generalised imperfection 

factor 𝜂.  

𝜒𝑓𝑖 = 1                                           𝜆̅𝜃 ≤ 𝜆̅0 

𝜒𝑓𝑖 =
1

𝜑𝜃 + √𝜑𝜃
2 − 𝜆̅𝜃

2

           𝜆̅𝜃 > 𝜆̅0 

𝜑𝜃 =
1

2
[1 + 𝜂 + 𝜆̅𝜃

2
]               with 𝜂 = 𝜂𝑃𝑅𝑂𝑃 =

𝛼

𝜆̅𝜃
𝛾 (𝜆̅𝜃 −

𝜆̅0
2

𝜆̅𝜃
) 

(4.7) 

According to [19], the imperfection factor 𝛼 is defined as follows 

𝛼 = 𝛽√235/𝑓𝑦 ;      𝛽 = 0.65 (4.8) 

The calibration of the buckling curve is based on the numerical results. The selected values 

for the parameters 𝛽, 𝛾 and 𝜆̅0 are reported in Table 4.4. 

Table 4.4: Parameter values for the proposed buckling curve 

 L T T (unequal) X 

𝛽 1.00 1.25 1.10 0.85 

𝛾 0.50 0.80 0.50 0.35 

𝜆̅0 0.15 0.22 0.20 0.20 

Safer predictions are obtained with the proposed buckling curve, as shown for the L section 

and all the investigated steel grades in Figure 4.12b. 
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a)                                                                              b) 

Figure 4.12 L sections a) Buckling curves for S235 b) Numerical vs. design resistance 

The definition of the generalised imperfection factor 𝜂 plays a key role in the derivation of the 

buckling curve. The effectiveness of  the chosen formulation can be highlighted by comparing 

𝜂𝑃𝑅𝑂𝑃 and 𝜂𝐸𝑁 1993 1−2 = 𝛼𝜆̅𝜃 with an equivalent generalised imperfection factor obtained for 

numerical results 𝜂𝑁𝑈𝑀. The latter can be defined observing that the framework given in (4.7) 

comes from the following equation 

𝜒𝑓𝑖 + 𝜂
𝜒𝑓𝑖

1−𝜒𝑓𝑖𝜆̅𝜃
2 = 1  (4.9) 

Substituting the reduction factor at elevated temperature 𝜒𝑓𝑖 with the one obtained from finite 

element analysis 𝜒𝑓𝑖,𝐹𝐸𝐴 = 𝑁𝐹𝐸𝐴/𝑁𝑦𝑖𝑒𝑙𝑑, the imperfection factor 𝜂𝑁𝑈𝑀 is obtained as 

𝜂𝑁𝑈𝑀 = (
1

𝜒𝑓𝑖,𝐹𝐸𝐴
− 1) (1 − 𝜒𝑓𝑖,𝐹𝐸𝐴𝜆̅𝜃

2
)  (4.10) 

Comparison is proposed in Figure 4.13 for L sections with a steel grade of 235MPa. 

Conservatively, 𝜂𝑁𝑈𝑀 was calculated for the lower boundary of FEA. The lower boundary 

was determined from the envelope of the finite element outcomes in Figure 4.12a. The 

proposed generalised imperfection factor reproduces with good accuracy the numerical one 

for slenderness up to 𝜆̅𝜃 = 1. Though for 𝜆̅𝜃 > 1 the numerical imperfection factor is 

overestimated by the proposal, the estimate of the buckling coefficient 𝜒𝑓𝑖 is still good, as 

shown in Figure 4.13. Indeed, the higher the slenderness, the more the term 𝜆̅𝜃
2
 becomes 

predominant in the definition of 𝜑𝜃 in (4.7) and the contribution of 𝜂 to 𝜒𝑓𝑖 is less important.  

 

The numerical results and the design curve predictions are compared for all the section types 

in Figure 4.14a. A Statistical investigation assuming a normal distribution for the predictions 

is depicted in Figure 4.14b. Considering safe the predictions for which 𝑁/𝑁𝐹𝐸𝐴 ≤ 1, the 

proposed buckling curve attains a 97% probability of safe results. 

 

Statistical investigation performed separately on each cross-section type can be found in 

Paper III [93]. The probability of non-exceedance of the safe-unsafe limit for L, T and X 

sections is reported in brief in Figure 4.15. 
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Figure 4.13 Generalised imperfection factors comparison 

 
a)                                                                              b) 

Figure 4.14 a) Numerical vs. design resistance b) Statistical investigation 

 

Figure 4.15 Probability of safe predictions 
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4.4 Fire Safety Engineering principles applied on a 

multi-storey steel building (Paper IV) 

To better understand the relevance of the developed finite elements, it is necessary to look at 

the bigger picture and show the context in which thermomechanical finite elements may be 

employed in the design practice. Therefore, the application of Fire Safety Engineering 

principles to a building is proposed here.  

 

Unwanted fire spread inside buildings may have catastrophic consequences both in terms of 

casualties and economical losses. Fire safety is paramount as a fundamental requirement of 

design, construction and operation. As an alternative to the prescriptive approach, Fire safety 

requirements may be satisfied with the Performance-Based Fire Engineering approach, also 

known as Fire Safety Engineering (FSE). An exhaustive application of FSE principles on the 

design of a building requires the investigation of the performance of a structure in a range of 

various fire scenarios. Since the number of possible fire scenarios may be very large, relevant 

fire scenarios may be identified through risk-ranking process performing a quantitative Fire 

Risk Assessment with an event tree analysis. 

 

A floor of a typical steel-framed 15 storey office building is analysed (Figure 4.16). The steel 

moment resisting frame was designed in Japan and is outlined in ISO/TR 24679-4 [94]. The 

floor consists of two office rooms (XX01 and XX02), separated by a partition wall that is not 

fire-rated, whilst in order to prevent fire spread the offices are separated from the corridor by 

an EI 60 fire-rated partition.  

a) b) 

Figure 4.16 a) Typical floor b) Steelwork layout  

Two relevant fire scenarios, i.e. SS7a and SS7b, that are also severe for the structures, are 

identified according to the event tree analysis in Figure 4.17. The two scenarios with the 

highest risk (R), defined as the product between probability of occurrence (P) and 

consequences (C), were selected. The probability of occurrence is estimated according to data 

found in literature [95]. The consequences are defined following the German guidelines 

"Leitfaden Ingenieurmethoden des Brandschutzes" [96] that suggest to estimate the damaged 
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area based on a quantitative analysis, i.e. dividing the expected damaged area by the total area 

of the building. The SS7a scenario considers the fire only in the XX01 compartment by 

assuming that the wall between compartment XX01 and XX02, even though not fire resistant, 

provides a barrier. A fire on the XX01+XX02 surface is considered in the SS7b scenario, 

assuming that the wall between the two compartments does not provides an effective fire 

barrier. 

 

Figure 4.17 Event tree analysis  

The fire development is modelled with different methods and software and is characterised by 

two rate of heat release (RHR) for an office occupancy and a fire distributed in the whole 

compartment. Zone models, namely Ozone v3.0.3 [97] and CFAST [98], and the 

computational fluid dynamics (CFD) software Fire Dynamics Simulator (FDS) v7 [99] are 

employed. OZone provides only one mean temperature of the gas in the hot zone. In the 

CFAST analysis, the fire drives combustion products from the lower to the upper layer via the 

plume. The temperature within each layer is uniform and a variation of temperature is found 

only in the height of the compartment. FDS simulation allow for recording temperatures at 

different locations inside the compartment. Indeed, by means of Adiabatic Surface 

Temperatures (AST) devices, significant temperature variations are registered in all the 

directions. The AST devices provide the maximum achievable solid surface temperature at 

the given location and can be directly used as boundary condition to perform the thermal 

analysis. For explicative purpose, the temperature distribution after 50 min at the ceiling level 

is depicted in Figure 4.18 for the SS7b fire scenario. 
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Figure 4.18 Temperature distribution at the ceiling level in scenario SS7b scenario after 50 

min 

A comparison of the gas temperatures from the different fire development analyses is 

proposed in Figure 4.19. The temperature evolution according to the nominal fire curve 

ISO834 is given as well. Both average (CFAST AVG) and peak temperatures (CFAST MAX) 

are registered in the CFAST analyses. Good agreement is found between the analyses based 

on the zone models and FDS for both peak and average gas temperatures. 

a) b) 

Figure 4.19 Gas temperature comparison: a) SS7a scenario b) SS7b scenario 

The gas temperatures obtained from the fire development analyses are employed as boundary 

conditions in thermal analyses. Such analyses give the temperatures inside the structural 

elements, i.e. steel columns, beams and concrete slabs, and are modelled in the software 

SAFIR [11]. Once the thermal response of the structure is obtained, a thermomechanical 

analysis is performed by means of the same software. The simulation process is outlined in 

Figure 4.20. 
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Figure 4.20 Numerical simulation process  

In conclusion, the following thermomechanical analyses are performed and compared: 

1. Compartment subjected to the ISO 834. 

2. Compartment subjected to the temperatures obtained in Ozone 

3. Compartment subjected to the average temperatures of the hot zone obtained in 

CFAST (CFAST AVG) 

4. Compartment subjected to the maximum temperatures at the ceiling level obtained in 

CFAST (CFAST MAX) 

5. Compartment subjected to the temperatures obtained from the AST in FDS 

For each of the 1-4 analyses, only one temperature evolution is applied as boundary condition 

to all the structural elements. Instead, in the analysis 5 the temperatures registered by 45 and 

180 AST devices are employed for the SS7a and SS7b scenarios respectively. The failure 

times of the different analyses are summarised in Table 4.5. Though not considered in Paper 

IV, the results obtained based on the gas temperatures from the nominal curve ISO834 are 

presented as well in Table 4.5. A more comprehensive discussion of the numerical models 

and the structural behaviour can be found in the same paper. 

Table 4.5: Failure time 

Failure time 𝑡𝑓𝑎𝑖𝑙        

 ISO834 OZone CFAST AVG CFAST MAX AST 

SS7a 52 min 60 min 59 min 38 min 63 min 

SS7b 19 min 44 min 44 min 39 min 44 min 

 

Failure always occurs in the steel beams. Indeed, columns are not critical because designed to 

withstand seismic actions and temperature variations in the cross-sections are not as important 

as in beams. Hence, as partial or total collapse is generally triggered by column failure, the 

consequence estimates of 12.5% and 50% assigned to the selected fire scenarios might be 

overestimated. The employment of AST as boundary condition for the thermal analysis of the 

structural elements provides sound results, but the process is particularly time consuming. 

Comparable failure times are found when the AST temperatures and both the OZone and the 

CFAST average temperatures of the hot zone are employed. Moreover, these analyses exhibit 

an almost identical structural behaviour. On the contrary, the CFAST maximum temperatures 

at the ceiling level, as well as the ISO834 gas temperature lead to overconservative results and 

are thus not recommended. As a final remark, depending on the scope of the numerical 

investigation, natural fire scenarios might provide sufficiently accurate predictions, whilst the 

use of CFD models would be rather beneficial for the analysis of the effect on structures of 

fires in large compartments, e.g. localised fires. 
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5  

5 Conclusions and further research 

In this Chapter, the main conclusions of the research work are summarised and some 

indications for future research are outlined.   

5.1 Conclusions 

This thesis presents the derivation and the application of thermomechanical finite elements for 

the analysis of steel structures in fire. The first part of the research work has been devoted to 

the development of a shell and a 3D beam finite element. Practical applications of these 

elements have been studied, paying particular attention to the buckling of steel members. All 

the conclusions are based on numerical simulation, performed mainly by means of the 

following numerical findings, developed in the context of the research work: 

 

• A thermomechanical shell finite element suitable for the analysis of steel structures in 

fire (Chapter 2 and Chapter 3 – Paper I).  

 

• A thermomechanical 3D beam finite element that properly accounts for torsion and 

warping in steel members at elevated temperatures (Chapter 2 and Chapter 3 – Paper 

II). 

 

• A branch-switching procedure to perform preliminary instability analyses and get 

important insight into the post-buckling behaviour of steel structures subjected to fire 

(Chapter 4 - Paper I). 

 

The main conclusions from the 4 papers are listed hereafter. 

 

Paper I 

 

• Buckling modes at elevated temperature cannot be determined by a linear elastic 

buckling analysis at ambient temperature. 

Chapter 
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• For single plates, the evaluation of the maximum load 𝑃𝑚𝑎𝑥 and the overall physical 

behaviour are affected by the choice of the number of half-waves of the initial 

imperfection. The definition of the shape and the amplitude for the imperfections is 

not trivial. 

• The branch-switching procedure can be employed to perform preliminary instability 

analyses and to get important insight into the post-buckling behaviour of steel 

structures subjected to fire. The uncertainties related to the shape and amplitudes of 

the imperfections are removed by studying the perfect structure. 

• It may happen that with very small imperfections the post-buckling is not detected, 

and inaccurate results are obtained. Such inaccurate results can easily be identified 

performing a branch-switching analysis on the perfect structure. 

 

Paper II 

 

• Extensive numerical validation showed that the developed corotational 3D beam 

element allows for improved predictions compared to beam elements from two 

commercial software, namely ABAQUS and SAFIR, when steel structures subjected 

to significant torsional actions at elevated temperature are studied. The formulation is 

suitable for members with open-cross section and properly accounts for warping and 

degradation of torsional strength and stiffness with temperature. 

• The Bernoulli assumption applies to problems in which the shear deformations are 

negligible. The displacement field is defined by a higher order polynomial and thus a 

converged solution is obtained with less elements compared to the Timoshenko 

formulation. However, the Timoshenko beam element requires less computational 

time because of a simpler definition of the displacement field. Consequently, the use 

of the Timoshenko element is suggested even in the case of negligible shear 

deformations. 

• In cases where torsional effects contribute considerably to the element collapse, 

commercial programmes do not provide reasonable estimate of the failure 

temperature. Better predictions may be obtained if normal stresses, for instance owing 

to flexure, have also an important role. Therefore, special attention should be paid to: 

(1) structural elements that are particularly sensitive to torsional and lateral-torsional 

buckling phenomena, e.g., high beams with I-cross-sections loaded on the top of the 

compression flange and channel sections; and (2) structural elements that are 

subjected to torsion. 

 

Paper III 

 

• Though compressed steel L profiles or closely spaced built-up members are widely 

used in the design practice, the EN 1993-1-2 provisions do not provide dedicated 

guidance for the evaluation of their resistance to compression at elevated temperature. 

Such members require special attention as usually torsional or flexural-torsional 

buckling is the relevant buckling mode. It turns out that the EN 1993-1-2 provisions 

can lead to both conservative and unconservative predictions depending on the 

slenderness at elevated temperature 𝜆̅𝜃. 

• The proposed formulation for a buckling curve allows for improved predictions of the 

resistance to compression of Class 1 to Class 3 L, T or X steel members. Statistical 

investigation proves the proposal to be reliable and safe. In general, better statistical 

correlation is found between numerical results and the proposed buckling curve rather 

than the EN 1993-1-2 buckling curve. 
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• The proposed buckling curve gives better predictions if the lowest flexural buckling 

mode is used in the definition of the slenderness at elevated temperature 𝜆̅𝜃, instead of 

the lowest buckling mode, i.e. torsional or flexural-torsional. This is due to the fact 

that the flexural slenderness better represents the length of the column. 

 

Paper IV 

 

Conclusions form Paper IV are relative to the investigated case study but could be extended to 

structures that present similar features, i.e. regular structure, office building, regular opening 

distribution and assuming a natural fire uniformly distributed on the compartment surface. It 

should be noted that the following conclusions do not apply to fires in large compartments, 

e.g. localised fires, for which zone models do not seem appropriate and the use of CFD 

models would be more beneficial. 

• A satisfactory approximation of the temperature inside the compartment can be 

reached with simplified models. Indeed, in the investigated case study, the average gas 

temperature obtained with zone models (Ozone and CFAST) and with more 

exhaustive CFD analysis (FDS) are in good agreement. Also, the evolution of the peak 

temperatures from CFAST and FDS exhibit a very similar behaviour. 

• Comparable failure time are found employing temperatures from CFD and zone 

models, but only if mean temperatures are taken from the latter (OZONE and CFAST 

AVG). In fact, the application of peak temperatures from CFAST (CFAST MAX) 

leads to an early collapse of the structure. 

• The consequence evaluation in the risk-ranking process may be revised. Indeed, 

columns are not critical in the proposed case study because designed to withstand 

large seismic actions and they are only partially heated. Hence, as partial or total 

collapse is generally triggered by column failure, the consequence estimations of 

12.5% and 50% respectively assigned to both the scenarios were likely to be 

overestimated. 

5.2 Further research 

Some suggestions are provided to improve and extend the work presented in this thesis: 

 

Computational improvements 

The main framework of the developed finite elements is versatile and may be adapted for 

several purposes. For instance, a 2D heat transfer analyses could be implemented to obtain 

temperatures inside the elements. In the current analysis procedure, temperature distributions 

induced by the fire exposure are obtained from thermal analysis performed with existing 

software such as SAFIR. The output temperatures at the nodes of the discretised thermal 

problem are then processed (by interpolation or extrapolation) to obtain the temperature at the 

Gauss points later employed in the mechanical analysis. It would be beneficial to perform 

thermal analysis that give temperatures at the exact Gauss points used in the mechanical 

analyses, especially for complex temperature distributions. For this purpose, starting from a 

2D discretisation of the section of the elements as the one used to compute the geometrical 

properties in the 3D beam element, a thermal analysis could be implemented to obtain 

temperatures directly at the gauss points used in the mechanical problem. 
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A further improvement could be introduced by considering residual stresses. Residual stresses 

are the stresses that remain inside a steel profile after the fabrication process ends and the 

profile is free from any external loading or thermal gradient. An initial stress configuration as 

such might affect the mechanical behaviour of steel elements and should be considered in 

numerical simulation. In the proposed thermomechanical elements, initial residual stresses 

could be easily taken into account at the gauss point level, according to [100]. Some tests 

were performed by the author and, as stated in several research works [20], [28], [33], [34], 

[92], it was found that in most of the relevant applications to steel structures at elevated 

temperature, residual stresses may be neglected since a relaxation of initial residual stresses is 

likely to occur owing to the temperature increase. Nevertheless, residual stresses might still 

have a relevant role when combined with geometrical imperfections and high steel grades or 

at low temperatures, i.e. less than 400°C [24], [26]–[28], [101]. 

 

Effects of geometrical imperfections on the buckling of single steel members and steel 

frames 

Single imperfections or a combination of them (see Annex C of [102]) should be introduced 

in numerical models to properly capture the behaviour steel structures. The shape of these 

imperfections should be accurately selected in order to obtain conservative results. When steel 

members in fire are studied this is not an easy task, as also shown by the author in [84]. 

Indeed, though at ambient temperature a linear buckling analysis may be sufficient to 

determine appropriate imperfections, this might not be the case at elevated temperature, 

especially for non-uniform temperature distribution. Besides, the choice of the imperfection 

amplitude can also determine which imperfection shape gives the most conservative results. 

Hence, the influence of geometrical imperfection on the buckling resistance of steel members 

at elevated temperatures deserves a deeper investigation. A promising alternative consists in 

checking the tangent stiffness of perfect structures, as in the branch-switching procedure. The 

eigenmode relative to the first critical point associated to buckling can be used to define the 

shape of the initial imperfection. This procedure might be particularly effective for non-

uniform temperature distributions. Nevertheless, in order to identify eigenmodes associated to 

buckling phenomena, only symmetric configuration should be studied, and the temperature 

distribution should not compromise the symmetry of the problem. 

 

Analogous considerations could be taken for the buckling of steel frames in fire situation. 

Again, the choice of the shape of the initial geometrical imperfection determines the 

behaviour and the load-carrying capacity of the structure. The definition of an appropriate 

imperfection might not be straightforward, in particular in fire situation. For steel frames at 

ambient temperature, Shayan et al. [103] proposed an interesting procedure which considers 

the introduction of a combination of several eigenmodes. A similar solution could be adopted 

for steel frames at elevated temperatures. Starting from portals uniformly heated on all the 

structural members, a procedure adaptable to frames with a more complex temperature 

distribution could be studied. 

 

Refined models and experimental campaign for built-up members 

Connections between the single profiles composing the built-up T and X sections, were not 

considered in the numerical models presented in Paper III [93]. Indeed, closely built-up 

members, consisting of single sections connected through packing plates or star-battened 

angles, may be checked for buckling as single integral members if the spacing of the 

connections is short enough [91]. Nevertheless, further investigations could be performed by 

employing more refined models to account for the influence of connecting plates or battens. 
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Finally, since no experimental tests on the investigated profiles are available in literature, 

future experimental campaign would be beneficial to confirm the numerical results. 

 

Fire Safety Engineering investigations with direct coupling between fire development 

(FDS) and thermal analysis (SAFIR) 

Integrated modelling methodologies applied to compartment fires rely on the coupling 

between Computational Fluid Dynamics (CFD) and finite element (FE) software. At the 

present, in the common coupling strategy, temperatures obtained from the CFD simulation are 

employed as boundary condition in heat transfer analyses, that may be directly performed 

with FE software involved in the structural analysis, e.g. SAFIR. Devices may be defined in 

CFD analyses to record temperatures in different positions inside a compartment. In order to 

obtain a temperature value that can be used as boundary conditions for the thermal analysis, 

adiabatic surface temperature devices may be used and provide the maximum achievable solid 

surface temperature at the given location. The described procedure is time consuming and the 

temperature of each device should be carefully coupled to the associated structural element. 

Tondini et al. proposed in [104] an alternative strategy to directly couple the CFD software 

FDS with SAFIR. In this procedure, a single transfer file obtained from FDS contains all the 

information required to obtain the thermal response of the structure. Moreover, radiant 

intensities are also considered in the heat transfer analyses. It would be interesting to provide 

considerations about the application of this procedure in future investigations. Results with 

different coupling solutions and fire development models could be compared.  
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