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Abstract

We consider the problem of minimizing the relative perimeter under a volume
constraint in an unbounded convex body C' C R", without assuming any further
regularity on the boundary of C'. Motivated by an example of an unbounded convex
body with null isoperimetric profile, we introduce the concept of unbounded convex
body with uniform geometry. We then provide a handy characterization of the
uniform geometry property and, by exploiting the notion of asymptotic cylinder
of C', we prove existence of isoperimetric regions in a generalized sense. By an
approximation argument we show the strict concavity of the isoperimetric profile and,
consequently, the connectedness of generalized isoperimetric regions. We also focus
on the cases of small as well as of large volumes; in particular we show existence of
isoperimetric regions with sufficiently large volumes, for special classes of unbounded
convex bodies. We finally address some questions about isoperimetric rigidity and
analyze the asymptotic behavior of the isoperimetric profile in connection with the
notion of isoperimetric dimension.
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C’I’L

0,m

List of symbols

Euclidean n-space;

Euclidean norm of x € R™;

Fuclidean inner product of x,y € R™;

convex body in Euclidean space;

interior points of C;

open Euclidean ball of center x € R™ and radius r > 0;
closed Euclidean ball of center x € R™ and radius r > 0;
relative open ball;

relative closed ball;

topological boundary of E;

relative boundary of E in the interior of C;

reduced boundary of E;

distance of x from C;

tubular neighborhood of radius r of C

Hausdorff distance of C and C’;

homothety of center p and ratio A;

ho(C);

tangent cone to C at p € 9C;

asymptotic cone of C;

Lebesgue measure, or volume, of F

volume of the unit ball in R"

s-dimensional Hausdorff measure in R"”

subdifferential of f;

perimeter of E in a Borel set A;

same as P(E,int C') when C is a convex body;
isoperimetric profile of C;

renormalized isoperimetric profile of C;

The set of asymptotic cylinders of C;

H"1(0B(x,1)N K), measure of the solid angle of the cone
K C R™ with vertex z;

infimum of isoperimetric profiles of tangent cones to C;
family of convex bodies in R™ that contain the origin and
have non-degenerate asymptotic cone;
family of convex bodies C' € Cf so that C' = C' x R,
0 < k < n, up to an isometry, where C C R* is a line-free
convex body, or just the origin in the case k = 0;
UZL:O Iy, 0<m <n;






CHAPTER 1

Introduction

Given a closed set C' C R™ with non-empty interior, the relative isoperimetric
problem on C looks for sets E C C of given finite volume |E| minimizing the relative
perimeter Po(E) of E in the interior of C. When the boundaries of E and C
are regular hypersurfaces, it is known that 0F N C is a constant mean curvature
hypersurface and its closure meets OC orthogonally.

The isoperimetric profile function I assigns to each positive volume 0 < v < |C|
the infimum of the relative perimeter of sets F' C C of volume v. An isoperimetric
region is a set E C C' whose relative perimeter coincides with Io(]E|). The function
Ic provides an optimal isoperimetric inequality on C' since Po(F) > Io(|F|) for
any set F' C C.

In this work, we consider the relative isoperimetric problem in unbounded convex
bodies, i.e. unbounded closed convex sets with non-empty interior in Euclidean
space, without assuming any further regularity of their boundaries. We focus on
existence of isoperimetric regions, concavity properties of the isoperimetric profile,
questions related to isoperimetric rigidity (i.e. given an isoperimetric inequality
valid for a convex body C, does equality implies a geometric characterization of
C'?), as well as asymptotic isoperimetric inequalities in connection with the problem
of determining the isoperimetric dimension of an unbounded convex body.

1.1. Historical background

Isoperimetric sets are at once a modern and classical topic: they arise in many
fields, from physics of interfaces to optimal design of structures and shapes, and
have fascinated scientists since antiquity. For instance, they appear in physical
systems where surface tension is one of the main driving forces acting in the system.
Surface tension was related to the mean curvature of a boundary interface by Young
and Laplace in the equation Ap = 0 H, where Ap is the difference of the internal
and the external pressures, H is the mean curvature of the interface and o is the
surface tension.

The capillarity phenomenon is one of the most relevant examples where relative
isoperimetric problems come into play. There one observes a liquid and a gas
constrained by a solid support whose shape is determined by surface tension of the
liquid-gas interface and by the wetting properties of the support, see Michael [46],
Bostwick and Steen [13], and Finn [30]. Other examples related to the isoperimetric
problem include: the Van der Waals-Cahn-Hilliard theory of phase transitions [37]
(see in particular the T'-convergence results by Modica [48] and Sternberg [81], as
well as the construction of solutions of the Allen-Cahn equation by Pacard and Ritoré
[58]); the shape of A/B block copolymers consisting of two macromolecules bonded
together, which separate into distinct phases (Thomas et al. [85], Ohta-Kawasaki
57)).
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Moreover, isoperimetric problems are relevant for their close, and deep, connec-
tion with functional inequalities of paramount importance in analysis, mathematical
physics, and probability (like for instance the Sobolev-Poincaré inequality, the
Faber-Krahn inequality and the Cheeger inequality, see [18], [17], [84], [39], [19]).

Central questions for the relative isoperimetric problem are the existence, regu-
larity and geometric properties of isoperimetric regions, as well as the properties of
the isoperimetric profile function.

For bounded convex bodies many results are known. When the boundary is
smooth, the concavity of the isoperimetric profile and the connectedness of the
reduced boundary of isoperimetric regions was proved by Sternberg and Zumbrun
[82], while the concavity of the function I, g/ (=1 \ere proved by Kuwert [40]. An
essential ingredient in [82] and [40] is the use of the second variation formula to
obtain estimates of the second derivative in a weak sense of the isoperimetric profile,
an argument first used by Bavard and Pansu [6]. The behavior of the isoperimetric
profile for small volumes was considered by Bérard and Meyer [9], and the behavior of
isoperimetric regions for small volumes by Fall [27]. Connectedness of isoperimetric
regions and of their complements was obtained by Ritoré and Vernadakis [72]. See
also the works by Bayle [7], Bayle and Rosales [8] and Morgan and Johnson [54].
The results in all these papers make a strong use of the regularity of the boundary.
In particular, as shown in [82] and [40], the C*“ regularity of the boundary implies
a strong regularity of the isoperimetric regions up to the boundary, except for a
singular set of large Hausdorff codimension, that allows the authors to apply the
classical first and second variation formulas for volume and perimeter. The convexity
of the boundary then implies the concavity of the profile and the connectedness of
the regular part of the free boundary.

Up to our knowledge, the only known results for non-smooth boundary are the
ones by Bokowski and Sperner [11] on isoperimetric inequalities for the Minkowski
content in Euclidean convex bodies; the isoperimetric inequality for convex cones
by Lions and Pacella [44] using the Brunn-Minkowski inequality, with the char-
acterization of isoperimetric regions by Figalli and Indrei [29]; the extension of
Levy-Gromov inequality, [35, App. C], to arbitrary convex sets given by Morgan
[52]; the extension of the concavity of the (-25) power of the isoperimetric profile
to arbitrary convex bodies by E. Milman [47, § 6]. In his work on the isoperimetric
profile for small volumes in the boundary of a polytope, Morgan mentions that his
techniques can be adapted to handle the case of small volumes in a solid polytope,
[61, Remark 3.11], without uniqueness, see Remark after Theorem 3.8 in [51].
Previous estimates on least perimeter in convex bodies have been obtained by Dyer
and Frieze [25], Kannan, Lovédsz and Simonovits [38] and Bobkov [10]. Outside
convex bodies in Euclidean space, isoperimetric inequalities have been established
by Choe, Ghomi and Ritoré [20], [21], and, in the case of 3-dimensional Hadamard
manifolds, by Choe and Ritoré [22].

In the case of unbounded convex bodies, several results on the isoperimetric
profile of cylindrically bounded convex bodies have been obtained in [70] and for
conically bounded ones in [73]. In convex cones, the results by Lions and Pacella
[44] were recovered by Ritoré and Rosales [69] using stability techniques.

It is important to mention that existence of isoperimetric regions in non-compact
spaces is not always guaranteed. For instance, complete planes of revolution with
(negative) increasing Gauss curvature are known to have no isoperimetric regions
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for any value of the two-dimensional volume as shown in [64, Theorem 2.16]. While
general existence of solutions of variational problems in non-compact spaces is
generally treated by means of concentration-compactness arguments ([42], [43]),
the use of geometric arguments in the theory of isoperimetric inequalities to study
the behavior of minimizing sequences is quite old and can be traced back to Fiala’s
paper [28], where it was shown that in a complete surface with non-negative Gauss
curvature, a sequence of discs escaping to infinity have worse isoperimetric ratio
that some compact regions of the same area. This argument was exploited in [65]
to prove existence of isoperimetric regions in complete surfaces with non-negative
Gauss curvature. An essential ingredient in this proof was the geometric description
of the behavior of minimizing sequences given in [64, Lemma 1.8] and used in
[64, Theorem 2.8] to show existence of isoperimetric regions in complete planes of
revolution with non-decreasing Gauss curvature. Lemma 1.8 in [64] was extended
to Riemannian manifolds in [69, Theorem 2.1] and used to prove existence of
isoperimetric regions in convex cones with smooth boundary in the same paper.
More modern existence results can be traced back to Almgren [2, Chapter VI], who
proved existence of solutions of the isoperimetric problem in R™ for multiple volume
constraints as a particular case of a more general theory for elliptic integrands.
Morgan [50], based on Almgren’s results, proved existence and regularity of clusters
of prescribed volume in R? minimizing area plus length of singular curves. The
same author obtained in [53] existence of isoperimetric regions in a Riemannian
manifold whose quotient by its isometry group is compact, see also [50, § 4.5].
Eichmair and Metzger showed in [28] that the leaves of the canonical foliation by
stable constant mean curvature spheres in asymptotically flat manifolds asymptotic
to a Schwarzschild space of positive mass are the only isoperimetric boundaries
for the (large) volume they enclose, thus proving existence for large volumes. The
same authors proved in [28] that an asymptotically flat Riemannian 3-manifold
with non-negative scalar curvature contains a sequence of isoperimetric regions
whose volumes diverge to infinity. Mondino and Nardulli [49] showed existence
of isoperimetric regions of any volume in asymptotically flat manifolds with Ricci
curvature uniformly bounded below.

As for the regularity of isoperimetric regions, the classical result on interior
regularity was proved by Gonzalez, Massari and Tamanini [34], after the pioneering
work by De Giorgi on regularity of perimeter-minimizing sets without a volume
constraint. The boundary regularity for perimeter minimizing sets under a volume
constraint inside a set with smooth boundary follows by the work of Griiter [36],
see also [82].

As for the geometric characterization of isoperimetric regions in convex sets,
isoperimetric solutions in a half-space are easily shown to be half-balls by reflecting an
isoperimetric set with respect to the boundary hyperplane and applying the classical
isoperimetric inequality in Euclidean space. The characterization of spherical caps as
isoperimetric boundaries in balls was given by Bokowski and Sperner [11] (see also
Burago and Zalgaller [16]) as an application of spherical symmetrization. Results
on smooth second order minimizers of the perimeter in balls were given by Ros and
Vergasta [77], see also [76]. In a slab, the non-empty intersection of two half-spaces
determined by two parallel hyperplanes, isoperimetric solutions were classified by
Vogel [86] and Athanassenas [4] in the 3-dimensional case. In both papers, the
problem is reduced by symmetrization to axially symmetric sets. The only solutions



6 1. INTRODUCTION

of the problem are half-balls and tubes around segments connecting orthogonally
the two boundary hyperplanes. Both results were later extended by Pedrosa and
Ritoré [60] to higher dimensional Euclidean spaces using stability techniques. The
three-dimensional case also follows from the results in [67]. In Theorem 4.2 in [62]
it was proved the existence of a constant € > 0 such that isoperimetric regions in
[0,1] x [0,0] x R, with 6 > ¢ are half-balls, tubes around closed segments connecting
vertical walls and horizontal slabs, see also [63] and [68]. A similar result can be
proved for cuboids. Ros proved estimates on the genus of isoperimetric surfaces in
quotients of R? by crystallographic groups [75]

Finally, we would like to remark that the relative isoperimetric problem is
quite different from the minimization of the Euclidean perimeter under a volume
constraint inside C, a problem considered by several authors, [83], [78], [3].

1.2. Outline of contents

This work has been organized into several chapters.

In Chapter 2 the notation used along the manuscript is fixed and basic definitions
and facts about convex bodies and finite perimeter sets are presented. In particular,
the notion of local convergence in Hausdorff distance is introduced at the beginning
of § 2.1, followed by the proof of some useful properties of this notion of convergence.
Given a convex body C, the concavity of the function

(z,r) € C x R* — |B(z,r) N C|/"

is proved in Lemma 2.7 using the Brunn-Minkowski inequality.

In Chapter 3 we introduce and study some key concepts, in particular the
notion of unbounded convex body of uniform geometry and its close relationship
with the non-triviality of the isoperimetric profile of C. We first realized the
importance of uniform geometry after the discovery of an unbounded convex body
whose isoperimetric profile is identically zero, see Example 3.12. The definition is as
follows: we say that an unbounded convex body C is of uniform geometry if the
volume of a relative ball Ba(z,7) = B(z,r) N C of a fixed radius r > 0 cannot be
made arbitrarily small by letting € C' go off to infinity, see (3.3). We remark that
this condition does not require any further regularity of dC. Proposition 3.14 shows a
useful characterization of the uniform geometry assumption on an unbounded convex
body and, in particular, its equivalence to the positivity of the isoperimetric profile
I¢ for any given volume. Moreover, uniform geometry is proved to be equivalent to
the fact that any asymptotic cylinder of C is a convex body (with nonempty interior).
The concept of asymptotic cylinder is introduced at the beginning of Section 3.1
as a local limit in Hausdorff distance of a sequence of translations {—xz; + C},
with {z;},en C C being a divergent sequence of points. As mentioned above, this
concept turns out to be crucial also in exploiting the connection between uniform
geometry and non-degeneracy of the isoperimetric profile I (see again Proposition
3.14). Moreover it can be shown by a slight modification of Example 3.12 that the
assumption of uniform geometry is stronger than simply requiring a uniform lower
bound on the solid angles of the tangent cones to C'. Various classes of unbounded
convex bodies with uniform geometry are presented in Examples 3.28, 3.29, 3.30
and 3.31. A detailed account of asymptotic cylinders of a convex cone is done in
Proposition 3.32. A consequence of this proposition is that whenever the boundary
of a convex cone is C'! out of a vertex, then all its asymptotic cylinders are either
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half-spaces or the whole Euclidean space. Moreover in Proposition 3.33 we prove
that unbounded convex bodies with non degenerate asymptotic cone having a C!
boundary out of a given vertex present the same type of asymptotic cylinders. Then
in Section 3.3 we exploit some further consequences of uniform geometry, that will
be of use in Chapters 4 and 5 (in particular some uniform density and concentration
estimates for sets of finite perimeter in C, see Lemma 3.22 and Corollaries 3.24 and
3.25, as well as the boundedness of isoperimetric regions, see Proposition 3.21).

In Chapter 4 we prove a generalized existence result, Theorem 4.6, in the spirit
of Nardulli’s existence theorem [55] for non-compact Riemannian manifolds (without
boundary) satisfying a so-called smoothly bounded geometry property. Theorem
4.6 says that the isoperimetric profile I¢(v) of an unbounded convex body C of
uniform geometry is attained for any fixed v > 0 by a generalized isoperimetric
region cousisting of an array of sets (Ey,...,Fy), such that Ey ¢ C = Kj and
E; C K; fori =1,...,¢ and for suitable asymptotic cylinders K1, ..., Ky, which
satisfy Zf:o |E;| = v and Zf:o Pk, (E;) = Ic(v). As Theorem 5.8 will later show,
this result can be significantly improved as soon as the concavity of the isoperimetric
profile is proved (which in turn requires a continuity result, Theorem 5.1, as an
essential intermediate step). For the proof of Theorem 4.6 we closely follow the
scheme adopted by Galli and Ritoré [31]. Essentially, we combine the uniform
Poincaré inequality stated in Lemma 3.16, a doubling property on C' proved in
Lemma 2.6, an upper bound on Ix(v) stated in Remark 3.10, and a well-known
volume fixing deformation where the perimeter change is controlled by the volume
change, up to a multiplicative constant (see Lemma 4.2).

In Chapter 5 we show the strict concavity of the isoperimetric profile of an
unbounded convex body C' of uniform geometry. To this aim we first approximate
C by a sequence {C;};cn of unbounded convex bodies in the Hausdorfl distance, so
that all C; and all their asymptotic cylinders are of class C%*“, see Lemma 5.3. Then

we prove that the renormalized isoperimetric profiles Y¢, := Igl/ (n—-1)

Lemma 5.5 (the function I¢ is ("5 )-concave in the terminology of Brascamp and
Lieb [14]), and then we obtain that Y is also concave by passing to the limit. An
implication of the concavity of Y is the strict subadditivity of the isoperimetric
profile I, yielding a further refinement of the generalized existence Theorem 4.6, i.e.,
that 1o (v) is attained by a single, connected isoperimetric set of volume v contained
either in C or in some asymptotic cylinder of C' (see Theorem 5.8). We stress that
essential ingredients in the proof of Lemma 5.5 are the generalized existence of
isoperimetric regions in Theorem 4.6 and the continuity of the isoperimetric profile
of C given in Theorem 5.1. We also remark that such a continuity may fail in a
non-compact space, as shown by the recent example by Nardulli and Pansu [56].
However, the existence of a Lipschitz continuous strictly convex exhaustion function
on a manifold guarantees the continuity of the profile [66]. Conditions on the
sectional curvature of a complete manifold, such as non-negativity or non-positivity,
imply the existence of such an exhaustion function.

Chapter 6 contains several new isoperimetric inequalities and rigidity results for
the equality cases. First it is proved in Theorem 6.3 that for a convex body C' with
non-degenerate asymptotic cone Co,, the inequality Ic > Ic_ holds and that the
quotient I (v)/Ic, (v) tends to 1 as v — +oo. Existence of isoperimetric regions
for large volumes, as well as convergence of rescalings to balls in C, are also shown.
Apart from its own interest, Theorem 6.3 is also used as a tool in Theorem 6.9 to

are concave,
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prove that

lim Ici(v) =1,

v—=0 I . (V)
where Chyi, is a tangent cone to C' or to an asymptotic cylinder of C' with minimum
solid angle. The existence of such a cone is established in Lemma 3.6. An interesting
consequence of Theorem 6.9 is a new proof of the characterization of isoperimetric
regions of small volume in polytopes or prisms given in Corollary 6.11: they are
relative balls in C' centered at vertices of C with the smallest solid angle. Finally,
some rigidity results are given. In Theorem 6.14, given a convex body C' with non-
degenerate asymptotic cone Cy, it is shown that, if the equality Ic(vo) = Ico. (vo)
holds for some vy > 0 then C is isometric to C. Then in Theorem 6.16 we prove
that, whenever the equality holds for some 0 < vy < |C| in any of the inequalities

Ic < I¢, Ic > Ic,

min ?
or for vy < w in the inequality

IC(’UO) S Ic(w)

,U(()nfl)/n = w(nfl)/n ’

then Ic = I¢,,, in the interval (0,vy]. Moreover, if K is either C' or an asymptotic
cylinder where the minimum of the solid angle is attained for some p € K then
KnNB(p,r) =K,NB(p,r) for any r > 0 such that |Bx(p,r)| < vo, and in this case
Bk (p,r) is a generalized isoperimetric region. Then, Corollary 6.17 and Theorem
6.18 show that, if equality holds in any of the inequalities

Ic < Iy, Ic < Ipnc,

then C' is a closed half-space or a slab. A consequence of Corollary 6.17 is a proof
of existence of isoperimetric regions in convex bodies whose asymptotic cylinders
are either closed half-spaces or the entire space R™, as it happens for convex bodies
of revolution that are not cylindrically bounded, or for convex bodies with a non
degenerate asymptotic cone that is of class C' outside a vertex. These results
are proven in Theorem 6.21 and Corollary 6.22. We finally consider the case of
cylindrically bounded convex bodies and we prove in Theorem 6.20 a generalization
of the existence of isoperimetric regions of large volumes shown in [70] and a rigidity
result in the same spirit of Theorems 6.16 and 6.18.

Finally, Chapter 7 is focused on the problem of estimating the isoperimetric
dimension of C, which can be defined as the number o > 0 such that there exist
0 < A1 < A2 and vg > 0 with the property

(1.1) MoV < To(v) < Agula D/ Yo > .

In general the isoperimetric dimension is not well-defined, moreover the crucial
estimate in (1.1) is the first one, i.e., the lower bound on I (v). Therefore it seems
more convenient to formulate the problem in terms of an asymptotic isoperimetric
inequality exploiting the growth rate of the volume of relative balls, as estimated
by a non-decreasing function V(r) depending only on the radius . This is the
approach followed by Coulhon and Saloff-Coste in [24], where isoperimetric-like
inequalities are proved for graphs, groups, and manifolds in the large volume regime.
Given a non-decreasing function V(r), such that V(r) — 400 as v — 400 and
|Bo(x,r)] = V(r) for all z € C, one introduces its reciprocal function ¢y as

¢y (v) =inf{r >0: V(r) > v}.
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In Theorem 7.4 the following result is proved: if C' is an unbounded convex body of
uniform geometry, then for the optimal choice V(r) = b(r) = inf,cc |Be(z, )|, and
denoting by ¢(v) the reciprocal function of b(r), one has

v n U
(1.2) n¢(v) > Ic(v) > 24 o)
Clearly, in order to derive from (1.2) an (asymptotic) estimate of I (v) in terms of
some explicit function of v one would need to compute b(r) with sufficient precision,
which is not an easy task for a generic convex body C. We thus focus on a special
class of three-dimensional convex bodies of revolution: we let

C={(z,y) = (w1, 22,y) €R* xR: y > f(|z])},

where f : [0,400) — [0,+00) is a convex function such that f(0) = 0 and
lim, 400 871 f(8) = +00. Any such C' is an unbounded convex body whose asymp-
totic cone is a half-line, therefore one expects an isoperimetric dimension strictly
smaller than 3. If one further assumes f strictly convex, of class C3(0, +oc0) and
such that f"”” < 0 on (0,400), then Theorem 7.10 proves that b(r) = |Bx(0,7)],
hence the explicit computation of V' (r) = b(r) becomes quite easy in this case. In
particular, in Example 7.11 we compute the isoperimetric dimension of

Co = {(z,y) ER?XxR: y> |z}

for 1 < a < 2 and show that it is given by “:2, thus the isoperimetric dimension

continuously changes from 3 to 2 as the parameter a goes from 1 to 2.

Several interesting problems remain open. A first one is the existence of
isoperimetric regions in an unbounded convex body C. Although we have given
conditions on particular classes of convex bodies ensuring existence for any volume,
like the one in Theorem 6.21, it is not clear whether an example can be provided
exhibiting an isoperimetric region in an asymptotic cylinder of C, but not in C.
Another interesting open question is the range of possible isoperimetric dimensions
for an unbounded convex body in R". It would be reasonable to expect that the
range is exactly [1,n]. However, the results in Chapter 7 only show that the range
includes the set [1,2] U {3} in the three-dimensional case.







CHAPTER 2

Convex bodies and finite perimeter sets

2.1. Convex bodies and local convergence in Hausdorff distance

In this paper, a convex body C' C R" is defined as a closed convex set with
non-empty interior. The interior of C' will be denoted by int C. In the following we
shall distinguish between bounded and unbounded convex bodies. Given x € C' and
r > 0, we define the intrinsic ball Be(x,r) = B(x,r) N C, and the corresponding
closed ball B¢o(z,7) = C N B(x,r). For E C C, the relative boundary of E in the
interior of C'is 0cF = 0E Nint C.

Given a convex set C, and r > 0, we define C,, = {p € R" : d(p,C) < r}. The
set C). is the tubular neighborhood of radius r of C' and is a closed convex set. Given
two convex sets C, C’, we define their Hausdorff distance 6(C,C") by

5(C,C"y=inf{r >0:C c (C"),,C" c C,}.

We shall say that a sequence {C;};en of convex sets converges to a convex set C
in Hausdorff distance if lim; o, 6(C;,C') = 0. Then we will say that a sequence
{C;}ien of convex bodies converges locally in Hausdorff distance to a convex body C
if, for every open ball B such that CNB # (), the sequence of bounded convex bodies
{C; N B};en converges to C' N B in Hausdorff distance. Whenever the convergence
of C; to C holds up to extracting a subsequence, we will say that C; subconverges
to C.

LEMMA 2.1. Let {C;}ien be a sequence of convex bodies converging to a convex
body C in Hausdorff distance. Then {C;}ien converges locally in Hausdorff distance
to C.

PRrOOF. Consider an open ball B such that C' N B # (). To prove that C; N B
converges to C'N B in Hausdorff distance, we shall use the Kuratowski criterion:
every point in C'N B is the limit of a sequence of points x; € C; N B, and the limit
 of a subsequence z;, € C;, N B belongs to C' N B, see 79, Theorem 1.8.7].

The second assertion is easy to prove: if x € C, then there exists some p > 0
such that B(z, p) N (C + pB) = 0 (just take p > 0 so that B(z,2p) N C = )). This
is a contradiction since z;; € B(x,p) and Cy;, C C + pB for j large enough.

To prove the first one, take z € C' N B. Let x; be the point in C; at minimum
distance from 2. Such a point is unique by the convexity of C;. It is clear that {x; };en
converges to x since |z —z;| < §(C,C;) — 0. If x € B, then z; € C;NB C C;N B for
i large enough. If 2 € OB, then take a point y € C'N B and a sequence y; € C; N B
converging to y. The segment [z;,y;] is contained in C;. If z; € B we take z; = x;.
In case x; ¢ B, we choose z; € [xi,y:;] N OB as in this case the intersection is
nonempty (more precisely, the intersection contains exactly one point for ¢ large
enough). We claim that z; — z. Otherwise there is a subsequence z;, € 9B (we

11
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may assume z;; # r;;) converging to some ¢ € C'N OB different from z. But
This implies that the points ¢ and z lie in the same half-line leaving from y. Since
y € B and ¢, x € 0B, we get ¢ = x, a contradiction. O

79—y Ry Yy om e T Y Y

REMARK 2.2. If condition C'N B # () is not imposed in the definition of local
convergence in Hausdorff distance, Lemma 2.1 does not hold. Simply consider
the sequence C; := {z € R" : z,, > 1+ 1/i}, converging in Hausdorff distance to
C:={z€R":x, >1}. Then C; N B(0,1) = 0 does not converge to C N B(0,1) =
{(0,...,0,1)}.

A condition guaranteeing local convergence in Hausdorff distance is the following

LEMMA 2.3. Let {C;}ien be a sequence of convex bodies, and C a convex body.
Assume that there exists p € R™ and ro > 0 such that, for every r > rq, the sequence
C; N B(p,r) converges to C N B(p,r) in Hausdorff distance. Then C; converges
locally in Hausdorff distance to C'.

PROOF. Let B be an open ball so that C N B # (). Choose r > ry so that B C
B(p,r). By hypothesis, C; N B(p, ) converges to C N B(p,r) in Hausdorff distance.
Lemma 2.1 implies that C;NB(p,r)NB = C;N B converges to CNB(p,7)NB = CNB
in Hausdorff distance. O

The following two lemmata will be used in Chapter 3.

LEMMA 2.4. Let F, G be closed convex sets containing 0, then

(2.1) S(FNB(0,r),GNB(0,7)) < 6(F,G), forallr > 0.
PROOF. The proof of (2.1) directly follows from the inequality
(2.2) sup d(z,GNB(0,r) <§(F,G),
z€EFNB(0,r)

up to interchanging the role of F' and G. In order to prove (2.2), we fix x € FNB(0,r)
and denote by y the metric projection of z to G and by ¥y the metric projection of
y to B(0, 7). Then, we notice that 0 € G implies yo € G N B(0,7) by convexity. We
thus find |z — yo| < |z — y| < I(F, G), which proves (2.2). O

LEMMA 2.5. Let A C R™ be a convex body with 0 € A and let r > 0 and v € R"
be such that |v| < r/2. Then

(2.3) §(ANB(0,r), (v+A) NB(0,r)) < 2[v].
PROOF. Let us start proving
(2.4) sup  d(x, (v+ A)NB0,7)) < 2|v|.
z€ANB(0,r)

To this aim, given x € A N B(0,r), denoting by z, the metric projection of x
to B(0,|v]), and setting z = = — x,, we find that 2 € AN B(0,r — |v]), hence
z+v € AN B(0,r), so that |z — (2 +v)| < |z,] + |v| < 2Jv|, which proves (2.4).
Then with a similar argument we show that
(2.5) sup d(z, AN B(0,7)) < 2Jv|.

z€(v+A)NB(0,r)
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Indeed, take € (v + A) N B(0,7), set a = x — v and denote by a’ the metric
projection of a on B(0,r). It is then immediate to check that ' € AN B(0,r)
and that |x — d’| < |z — a| + |a — @/| < 2|v|, which gives (2.5) at once. Finally, by
combining (2.4) and (2.5) we get (2.3) as wanted. O

Let p € R™ and denote by h, » the homothety of center p and ratio A, defined
as hpa(z) = p+ A(x — p). We define the tangent cone C, of a convex body C at a
given boundary point p € dC as the closure of the set

U hon(©).
A>0
Tangent cones of convex bodies have been widely considered in convex geometry
under the name of supporting cones [79, § 2.2] or projection cones [12]. From the
definition it follows easily that C), is the smallest cone, with vertex p, that includes
C.
We define the asymptotic cone Co of an unbounded convex body C by

(2.6) Ceo=[) U wC
A>0 0<pu<A

where uC = {pz : x € C} is the image of C' under the homothety of center 0 and
ratio p. In other words, Cy is the “blow-down” of C'. Moreover, it turns out that
Maso e A (C) =p+ C for all p € C (we recall that hy x denotes the homothety of
center p and ratio A). Hence the shape of the asymptotic cone is independent of the
chosen origin. When C' is bounded the set C, defined by (2.6) is {0}. Observe that
AC' converges, locally in Hausdorff sense, to the asymptotic cone C, as A — 0 [15].
We shall say that the asymptotic cone is non-degenerate if dim C, = dim C' (note
that in general one has dim Cy, < dim C'). From the definition it follows easily that
p+ Co C C whenever p € C, and that p + C is the largest cone, with vertex p,
included in C.

The volume of a measurable set £ C R" is defined as the Lebesgue measure of
E and will be denoted by |E|. The r-dimensional Hausdorff measure in R will be
denoted by H". We recall the well-known identity |F| = H"(FE) for all measurable
E CR™

LEMMA 2.6. Let C' C R™ be a convex body, not necessarily unbounded. Given
r>0, A>1, we have
(2.7) |Bo(x, Ar)| < A"|Be(z, 1),
for any x € C. In particular, C is a doubling metric space with constant 27",

PROOF. Since A > 1, the convexity of C implies Bo(x, Ar) C hy A (Beo(x, 1)),
where h; » is the homothety of center x and ratio A. U

Using Brunn-Minkowski Theorem we can prove the following concavity property
for the power 1/n of the volume of relative balls in C.

LEMMA 2.7. Let C C R"™ be a convex body. Then the function F: C x RT — R
defined by F(x,r) := |Bc(x,7)|Y/™ is concave.

ProOF. Take (z,7),(y,s) € C x RT, and A € [0,1]. Assume z € AB¢(z,r) +
(1 — N)Bc(y,s). Then there exist 21 € Be(x,r), 22 € Be(y,s) such that z =
Az1 + (1 — X)z. The point z belongs to C' by the convexity of C. Moreover

lz— Az + (1 —=Ny| <Az —z|+ (1= N)|ze —y| < r+ (1= N)s.
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This implies z € Bo(Az + (1 — Ny, Ar 4+ (1 — A\)s) and so

(2.8) ABc(z,7) + (1 = N)Be(y,s) € Be(Az + (1 — Ny, Ar + (1 — N\)s).

From (2.8) and the Brunn-Minkowski inequality [79, Thm. 6.11] we obtain
FOxz+ (1= Ny, Ar+ (1= N)s) = [Be(Az 4+ (1 — Ny, Ar + (1 — N)s) [/

ABe(w,r) + (1= N Bo(y, )"

MBc (@, r)[Y/" + (1= A)|Be(y, )| V/"

AF(z,r) 4+ (1 =N F(y,s),

>
2

which proves the concavity of F'. (I

Given a convex set C' C R", and = € 9C, we shall say that v € R™\ {0}
is an outer mormal vector to C' at x if C is contained in the closed half-space
H., ={yeR": (y — 2,u) < 0}. The set H, is a supporting half-space of C at
x and the set {y € R™: <y —x, u> = 0} is a supporting hyperplane of C at x, see
[79, § 1.3]. The normal cone of C at z, denoted by N(C,z), is the union of {0} and
all outer normal vectors of C' at x, see [79, § 2.2].

Given a convex function f : Q — R defined on a convex domain 2 C R", and a
point z € Q, the subdifferential of f at x is the set

0f(x) = {u € R f(y) > f(2) + (u,y — ) for all y € O},

see [79, p. 30] and also [74] and [23]. Given a convex function, its epigraph
{(z,y) e R" xR :y > f(x)} is a convex set. A vector u belongs to df(x) if and
only if the vector (u, —1) is an outer normal vector to the epigraph at the point
(z, f(2)).

For future reference we shall need a technical lemma about the Painlevé-
Kuratowski convergence of the graphs of the subdifferentials of convex functions
that locally converge to a convex function. This lemma, that we state and prove
for the reader’s convenience, is well-known for convex functions defined on Banach
spaces (see [5]).

LEMMA 2.8. Let {f;}; be a sequence of convex functions defined on some fized
ball B C R™, that uniformly converge to a convex function f. Then for any
x € Bryy and u € 0f(x) there exist sequences {x;}; C Br and {u;}; such that
u; € Ofi(x;) and (x5, u;) — (z,u) as i — oo.

PRrROOF. We split the proof in two steps.

Step one. We show that for any r,e > 0 there exists 4, . such that for all 7 > i, .
we can find y; € B,(x) and u; € 9f;(y;) such that |u — u;| < 2re.

Up to a translation we may assume that £ = 0. Let us fix ¢ > 0 and define
fe(y) = f(y) + €|y|* and, similarly, f£(y) = fi(y) + ¢ly|?>. By assumption we have
f(y) = f(0) + (u,y), hence for all y # 0 we have

(2.9) F2) = 1) + (u,) +elyl* > f2(0) + (u,)
which means in particular that u € 9f¢(0). We now define the set

ree

2
Nie = {yGBT: fi (y) <f€(0)+<u,y>+16} .
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We notice that, since f; — f° uniformly on B, as ¢ — oo, the set NN; . is not empty
and contained in B, /, for i large enough. Indeed up to taking i large enough we

can assume that sup,cp |fi(y) — f(y)| < 55, so that we obtain for any y € N; .

2

FO) + () + el — S < )+ elyl? —

< fily) +elyl? = £ (y)

< F(0) + (wy) + 5

er
16’
Now set

2
<
tie =sup{t €eR: fi(y) = f°(0) + (u,y) +1, Vy € B,}.

We remark that —oco < t;. < %, as N;. is nonempty and contained in B, /o
for i large enough, moreover its value is obtained by minimizing the function
fi () — f2(0) — (u,y) on B,, so that there exists y; € B, 5 such that for all y € B,

we have

whence the inequality |y|? <

fiy) = f200) = (u,y) 2 tie = f7 (yi) — F7(0) = (u, i),
that is,
Fi W) = fi (i) + (wy —wi)
which shows that v € Jff(y;). Now let us define u; = u — 2ey; and notice that
fi(y) = fi(yi) + 22y, yi — y) + (w,y — vi)
= filye) + (wiry — yi) — 2ely — yil?
= fi(yi) + (ui,y — i) +o(ly — vil) as Y — Y.
Replacing y by y; + t(y — y;), for t € [0, 1], dividing both sides of the inequality by ¢
and taking limits when ¢ | 0 we get
(2.10) fiyisy —vi) = (uisy — i),
where f'(y;;y — y;) is the directional derivative of f at the point y; in the direction
of y — y;. By the convexity of f;, see Theorem 24.1 in [74], we have

fiy) = filys) = fi(yisy — va),
which together with (2.10) implies that w; is a subgradient of f; at the point

y;- See also Proposition 2.2.7 in [23] for a variant of this argument. Finally,
|u; — u| = 2ely;| < 2re, as wanted.

Step two. In order to complete the proof of the lemma, we argue by contradiction
assuming the existence of 19,9 > 0 and of a subsequence {f;, }x, such that for
all y € B,,(z) and all v € 9f;, (y) we have |v — u| > 9. By applying Step one to
the subsequence, with parameters r = ro and € = g¢/(4rp), we immediately find a
contradiction. O

2.2. Finite perimeter sets and isoperimetric profile

Given a convex body C' and a Borel set E C C, we define the relative perimeter
of E in int(C) by

Po(B) =sup { [ divean".¢ eTo(C). 6l <1},
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where T'g(C) is the set of smooth vector fields with compact support in int(C).
We shall say that E has finite perimeter in C if Po(E) < co. When C = R”
we simply write P(FE) instead of Pgrn(E). Then we denote by either P4(E) or
P(E, A) the relative perimeter of a Borel set F inside an open (or, more generally,
Borel) set A. When FE is a set of locally finite perimeter, the set function P(FE, )
is a Radon measure. The perimeter P(F) agrees with the standard, (n — 1)-
dimensional Hausdorff measure of F in the smooth or Lipschitz case. Moreover,
the perimeter measure satisfies lower-semicontinuity and compactness properties,
which are essential in proving existence of solutions to isoperimetric problems.
Before stating these well-known results, we introduce the notion of L'-convergence
of Borel sets. We say that a sequence of Borel sets {E}} converges to a Borel
set Eo in L' (or in L}, ) if the corresponding sequence of characteristic functions
XE, converges to yg. in L' (L},.). Equivalently, we can define the symmetric
difference AAB = (A\ B)U(B\ A) and say that Ej, converges to E, in L' whenever
|[EnAFEs| — 0 as h — oo.

PROPOSITION 2.9. Let A be a fixed open set and let { Ep}rhen be a sequence of
Borel sets. Then

(i) if suppen P(En, A) < 400 then there exists a subsequence Ey, converging
to a Borel set Eo, in L (A), as k — oo;

loc

(ii) 4f Ep converges to Eo in L}, .(A), then liminfy, P(E), A) > P(Ex, A).

A deeper link between the perimeter measure and the (n — 1)-dimensional
Hausdorff measure is exploited through the notion of reduced boundary 0* E, which
is a subset of the topological boundary OF where a weak inner normal and an
approximate tangent plane are defined. A fundamental result, due to De Giorgi,
states that 9* E is countably (n—1)-rectifiable and one has P(E, A) = H"~1(0* ENA)
for all A Borel. We refer the reader to Maggi’s book [45] for an up-to-date reference
on sets of finite perimeter.

For future reference we denote by w, the volume of the unit ball in R™, and
notice that its perimeter (i.e., the (n — 1)-dimensional Hausdorff measure of its
boundary) is nw,.

We define the isoperimetric profile of C by

Ic(v) = inf {PC(E) 'ECC,|E| = v}.

We shall say that E C C' is an isoperimetric region if Po(E) = Ic(|E|). We also
recall in the next lemma a scaling property of the isoperimetric profile, which directly
follows from the homogeneity of the perimeter with respect to homotheties.

LEMMA 2.10. Let C be a convex body, and X\ > 0. Then, for all v > 0,
(2.11) Lie(\") = A" e (v),
For future reference, we define the renormalized isoperimetric profile of C C R™
by
Yo =13/,
The known results on the regularity of isoperimetric regions are summarized in

the following Theorem.

THEOREM 2.11 ([34], [36], [82, Thm. 2.1]). Let A C R™ be an open set and
E C A an isoperimetric region. Then OEN A = SoU S, where Sy NS =0 and
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(i) S is an embedded C™ hypersurface of constant mean curvature.
(ii) So is closed and H*(Sy) =0 for any s >n — 1.
Moreover, if the boundary of A is of class C*% then cl(0E N A) = SU Sy, where

(iii) S is an embedded C** hypersurface of constant mean curvature.
(iv) Sp is closed and H?(Sp) =0 for any s >n — 7.
(v) At points of SNOA, S meets OA orthogonally.

We remark that the existence of isoperimetric regions in a compact convex
body C' is a straightforward consequence of the lower semicontinuity of the relative
perimeter and of the compactness properties of sequences of sets with equibounded
(relative) perimeter. On the other hand, the existence of isoperimetric regions in an
unbounded convex body C is a quite delicate issue, that will be discussed later on.

We now state a result that will be widely used throughout this work

THEOREM 2.12 (Volume adjustment). Eq be a set with locally finite perimeter
in an open set Q@ C R™, and let B C Q) be a bounded open set such that P(FEy, B) > 0.
Then, there exist three constants M, m,d > 0, possibly depending on Ey and B, with
the following property: for every set E with finite volume and locally finite perimeter
in Q, such that |(EAEy) N B| < d, and for every —n < t < M, there exists a set
F C Q such that F = E outside B, satisfying

(i) [F| = [E|+1,
(ii) |P(F,B) — P(E,B)| < M[t|.

PROOF. As P(Ey, B) > 0, there exists a vector field X with compact support
in B such that f o div X dH™ > 0. The one-parameter group of diffeomorphisms
{41 }ier associated with X then satisfies & ’t:0|apt(E0)\ = on div X dH™ > 0. This
implies the existence of 77, d > 0 and of an open interval I around 0 such that the
function t € I — (|¢¢(E)| — |E|) € (=m,m) is a C! diffeomorphism for all E such
that |[(EAE) N B| < d. This proves (i).

To prove (ii), we consider the reduced boundary 0*E of E. Take m € (—m,m)
and F' = ¢, (F) so that |F| =m. Then P(F,)) — P(E,Q) = P(F,B) — P(E,B).
By the area formula

\P(F,B) — P(E,B)| = ’ /*EQB (Jac(er,,) — 1) drn!

where C’ is a constant depending only on the vector field X. As |t,,| < C"|m],
where C" > 0 is a constant only depending on X and Ejy, we obtain (ii). O

< C'|tm| P(E, B),

For future reference we recall in the following proposition a useful property
related to minimizing sequences for the relative perimeter

PROPOSITION 2.13. Let A C R™ be an open set and let v € (0,|A|). Then
there exists a minimizing sequence for the relative perimeter in A with volume v,
consisting of bounded sets.

PROOF. The proof is accomplished as soon as we prove that, for any Borel
set E C A, such that |F| = v and 0 < P(E,A) < oo, and for any € > 0, we
can find a bounded Borel set G C A with |G| = v and P(G,A) < P(E,A) + e
Since P(E,A) > 0 there exists an open ball B C A such that P(E,B) > 0 and
P(E,9B) = 0. By coarea formula we have

+oo
/ H" Y (ENOBrNA)dR =v < +o0,
0
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hence we can find R, large enough so that
B CC Bg,, m=|E\ Bg.| <min(m,e/(2C))

and

H" Y (ENOBg, NA)<e¢/2,
where m and C' are as in Theorem 2.12. We can thus apply Theorem 2.12 with
E = Ej and find F such that F = E outside B, |F| = |E| + m, and P(F,B) <
P(E, B) + €¢/2. By choosing G = F'N Bg, one has

P(G,A) = P(F,B)+ P(E,Bgr, \B) + H" Y(EN9BrNA) < P(E,A) +e,
which concludes the proof. O

We end this chapter with some properties of the isoperimetric profile of a convex
cone and the definition of isoperimetric dimension.
Let now K C R”™ be a closed solid cone with vertex p. Let

a(K) =H""10B(p,1) Nint(K))

be the solid angle of K. If K is also convex then it is known that the intrinsic balls
centered at the vertex are isoperimetric regions in K, [44], [69], and that they are
the only ones [29] for general convex cones, without any regularity assumption on
the boundary. The invariance of K by dilations centered at the vertex p yields

(2.12) PK(BK(p, r)) — Oé(K)l/n n(n—l)/n ‘BK(p, T)|(n—1)/n

And if K is also convex, then by the above equality and the fact that intrinsic
balls centered at p are isoperimetric, we obtain,

(213) IK(U) — Q(K)l/n n(n—l)/nv(n—l)/n — I[{(l) ’U(n_l)/n,

Consequently the isoperimetric profile of a convex cone is completely determined by
its solid angle.

Finally we define the isoperimetric dimension of a set in R™. We say that C
satisfies an m-dimensional isoperimetric inequality if there are positive constants A,
vo such that

Io(v) = 2m=D/™  for all v > v,.
The isoperimetric dimension of C' is the supremum of the real m > 0 such that C
satisfies an m-dimensional isoperimetric inequality.

These definitions have sense in any metric measure space, see Gromov [35,
Chap. 6.B, p. 322], Coulhon and Saloff-Coste [24], and Chavel [17]. If C satisfies
an m-dimensional isoperimetric inequality, then, for any intrinsic ball Bo(z,r), and
recalling that H"~1(0B(0,1)) = nw,, we have

nw,r™ "t > P(B¢(z,1)) = MBe(z, r)|(’”_1)/m.

Hence the growth of the volume of intrinsic balls is uniformly controlled (i.e., it
does not depend on the center of the ball) in terms of r™("—1/(m=1)



CHAPTER 3

Unbounded convex bodies of uniform geometry

In this chapter we collect various key definitions and results concerning the
asymptotic properties of unbounded convex bodies. In particular we will show the
crucial role played by property (3.3) in order to ensure the non-triviality of the
isoperimetric profile function I¢ of an unbounded convex body C.

3.1. Asymptotic cylinders

We start by introducing the notion of asymptotic cylinder of C', which requires
some preliminaries. Following Schneider [79, § 1.4], we shall say that a subset
A C R™ is line-free if it does not contain a line. According to Lemma 1.4.2 in [79],
every closed convex set A C R™ can be written as the direct sum B & V', where
V' is a linear subspace of R™ and B is a line-free closed convex set contained in a
linear subspace orthogonal to V. Throughout this work, a convex cylinder will be a
convex set containing a line, that is, a set of the form B @V, with V' # {0}.

The following two lemmas will play an important role in the sequel. Given
v € R™\ {0}, we shall denote by L(v) the vector space generated by v. Thus
L(v) :={ w: X eR}

LEMMA 3.1. Let C C R™ be an unbounded convex body. Consider a bounded
sequence {\;}ien of positive real numbers and an unbounded sequence of points
x; € \;C. Further assume that —z; + \;C — K locally in Hausdorff distance. Then
K is a convex cylinder.

PROOF. Since {\;}ien is bounded and {z;};en is unbounded, the sequence
Atz }ien of points in C' is unbounded. For any point 2o € C' we have
1

A;lxi — X

Vi - — U,

I\ i — ol
where the convergence is up to extraction of a subsequence, and v is a unit vector.
The convexity of C' then implies that the half-line zg + {A\v : A > 0} is contained
in C for any z¢ € C. Scaling by A; we get that z; + { v : A > 0} is contained in
A;C for any z; € \;C. Taking z; = x;, the local convergence in Hausdorff distance
of —x; + \;C to K implies that {\v: A > 0} is contained in K.

On the other hand, the convexity of C implies that [z, /\i_lxi] C C and so
[Aizo — x4,0] C —x; + A;C. The segment [\;zo — x;,0] is contained in the half-line
{=Xv; : A > 0}. The lengths of these segments diverge, while the directions v;
converge to v, as ¢ — oo. Hence the half-line {—Av : A > 0} is contained in K
because of the local convergence in Hausdorff distance of —z; + A\;C to K.

Summing up, we conclude that L(v) C K. By [79, Lemma 1.4.2], K is a convex
cylinder. [

19
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LEMMA 3.2. Let C C R™ be an unbounded convex body, and let {x;};en C C be
a divergent sequence. Then {—x; + C}ien subconverges locally in Hausdorff distance
to an unbounded closed convex set K. Moreover, K is a convex cylinder.

ProoF. First we set C; = —z; + C. Then we observe that, for every j € N, the
sequence of convex bodies {C; N B(0, j) }ien is bounded in Hausdorff distance. By
Blaschke’s Selection Theorem [79, Thm. 1.8.4], there exists a convergent subsequence.
By a diagonal argument and Lemma 2.3, we obtain that C; subconverges locally in
Hausdorff distance to a limit convex set K.

Now we apply Lemma 3.1 (taking A; = 1 for all i € N) to conclude that K is a
convex cylinder. O

Given an unbounded convex body C', we shall denote by K(C') the set of convex
cylinders that can be obtained as local Hausdorff limits of sequences {C;};cn, where
C; = —x;+ C, and {x;}ien C C is a divergent sequence. Any element of K(C') will
be called an asymptotic cylinder of C.

REMARK 3.3. In a certain sense, it is enough to consider diverging sequences
contained in the boundary 0C' to obtain the relevant asymptotic cylinders. Let
{z;}ien be a diverging sequence of points in C, and assume that —x; + C locally
converges in Hausdorff distance to an asymptotic cylinder K of C. Take a sequence
of points y; € C such that r; := d(z;,0C) = |z; — y4|.

If lim sup,_, ., 7 = +oo then, after passing to a subsequence, we may assume that
7; is increasing and lim; o, 7; = 4+00. As B(z;,7;) C C we have B(0,7;) C —x; +C
and, since r; has been taken increasing we have B(0,7;) C —z; + C for all j > i.
Taking limits in j we get B(0,7;) C K for all i € N. Since lim; o, 7; = +00 we have
K =TR".

If limsup,_,., 7 < +oo then the sequence z; — y; is bounded. Passing to a
subsequence we may assume that y; — z; converges to z, and we get K = z + K,
where K' is the local Hausdorff limit of a subsequence of —y; + C.

The following lemma is a refinement of Lemma 3.2 above.

LEMMA 3.4. Let {C;}ien be a sequence of unbounded convex bodies converging
in Hausdorff distance to an unbounded convex body C.

(i) Let {z;}ien be a divergent sequence with x; € C; for i € N. Then there ex-
ists an asymptotic cylinder K € K(C) such that {—x;+C; }ien subconverges
locally in Hausdorff distance to K.

(il) Let K; € K(C;) for i € N. Then there exists K € K(C') such that {K;}ien

subconverges locally in Hausdorff distance to K.

PROOF. For each i € N, let z; be the metric projection of x; to C. Since
|z; — zi| < 6(Cy,C) — 0, the sequence {z;}ien is also divergent. By Lemma 3.2,
the sequence {—z; + C};en subconverges locally in Hausdorff distance to some
K € K(C). Let us prove the first claim, i.e., that {—x; + C;};en subconverges
locally in Hausdorff distance to K. By Lemma 2.3 it is enough to show that, for any
r > 0, the sequence {(—x; + C;) N B(0,7)};en subconverges in Hausdorff distance
to K N B(0,7).

First, one can observe that the sequence {(—z; + C') N B(0,7)}ien subconverges
in Hausdorff distance to K N B(0,7), since for some natural j > r we know that
{(=2; + C)N B(0, j)}ien subconverges in Hausdorff distance to K N B(0, j)), and
we can apply Lemma 2.1.
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Second, the Hausdorff distance between (—xz; + C;) N B(0,7) and (—z; +C) N
B(0,7) converges to 0 by Lemma 2.4 since

(=2 + C) N B(0,7), (—z + C)YN B(0,7)) < 6(—x; + Ci, —2z; + O),

and the term on the right converges to 0 when i — co because of the Hausdorff
convergence of C; to C and the convergence of z; — z; to 0. From these two
observations, (i) follows.

Let us now prove (ii). For every i € N, Lemma 3.2 implies the existence of
a divergent sequence {z}}jen C Cj so that {—z) + Ci}jen converges locally in
Hausdorff distance to K;. For every i € N, we choose increasing j(i) so that the
Hausdorff distance between K; N B(0,) and (—xz(i) + C;) N B(0,4) is less than 1/i.
If we fix some positive r > 0, Lemma 2.4 implies

limsup 6(K; N B(0, ), (—x;(i) +Ci) N B(0,r))
71— 00

< lim §(K; N B(0,4), (=}, + Ci) N B(0,i)) = 0.

71— 00
Let z; be the metric projection of m;(i) onto C. By assumption we have
|z; — x;(i)| < (C, C;) — 0. Hence, for any r > 0

lim §((—a;y + Ci) N B(0,7), (=2 + C) N B(0,r)) = 0.
71— 00

Finally, Lemma 3.2 implies that the sequence {—z; + C};en subconverges locally
in Hausdorff distance to some K € KC(C). _

An application of the triangle inequality to the sets Kj, —x;(i) +Ci, —zi+C
and K, intersected with B(0,r), yields (ii). O

The following result implies that certain translations of asymptotic cylinders
are also asymptotic cylinders. This is not true in general, as shown by horizontal
translations by large vectors of asymptotic cylinders of cylindrically bounded convex
bodies.

LEMMA 3.5. Let C be an unbounded convex body. If K € K(C) and z € K,
then —z + K € KK(C).

ProOF. As K € K(C), there exists an unbounded sequence {x;};cn of points
in C' such that —x; + C converges locally in Hausdorff distance to K. Hence
—(x; + z) + C converges locally in Hausdorff distance to —z + K.

Consequently, there exists a sequence {y; };en such that y; € —z;+C and y; — =z
as ¢ — 0o. Since x; diverges and y; converges, the sequence x; +y; € C' is divergent,
thus we let C; = —(z; + y;) + C and show that C; converges locally in Hausdorff
distance to —z + K, as ¢ — oo. Let us fix 7 > 0 and notice that 0 € C; for all 4,
then setting 6, (F,G) = 6(F N B(0,7),G N B(0,7)) we have

0r(Ci, —2+ K) < 0,(Ci, = (2 —yi)) + Ci) + 0 (—2 + (—z; + C), —2 + K)

so that by Lemmata 2.3 and 2.5 we find that the left-hand side of the above inequality
is infinitesimal as ¢ — oo, which concludes the proof. ([l

The next Lemma generalizes [72, Lemma 6.1]

LEMMA 3.6. Let C C R™ be an unbounded convex body. Then there exists K €
{C}UK(C) and p € K such that

a(Ky) =min{a(L,) : L e {C} UK(C),q € L}.
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PROOF. For every solid cone V' C R™ with vertex p the co-area formula implies
that |V N B(p,1)] = n"'a(V). Our problem is then equivalent to minimizing
|L, N B(p,1)| when L € {C}UK(C) and p € L.

Consider a sequence K; € {C} UK(C) and a sequence of points p; € K; such
that

4l_i>rn a((K;)p,) =inf{a(Ly) : L € {C}UK(C),q € L}.
7 o0

Let us see that L; := —p; + K; subconverges locally in Hausdorff distance either
to a translation of C or to an asymptotic cylinder of C. Assume first that there
is a subsequence so that K; = C. If the corresponding subsequence p; is bounded,
it subconverges to some p € C and then L; subconverges to —p + C. In case p; is
unbounded then L; subconverges to an asymptotic cylinder L. So we can suppose
that K; # C for all i. By Lemma 3.5, L; € K(C) for all i. By Lemma 3.4(ii), L;
subconverges to an asymptotic cylinder L.

Let us denote by L the local limit in Hausdorff distance of a subsequence of
L;. The set L is either —p + C, for some p € C, or an asymptotic cylinder of C.
Passing again to a subsequence, the tangent cone of L; at the origin, (L;)o, locally
converges in Hausdorfl distance to a convex cone L' C R™ with vertex 0. Because of
this convergence and the inclusion L; C (L;)o, we get L C L’. Hence Ly C L’ since
Ly is the smallest cone including L. By the continuity of the volume with respect
to Hausdorff convergence we have

|Lo N B(0,1)| < |L' N B(0,1)] < lliglo [(Li)o N B(0,1)| = lim a((K;)p,)-

1— 00
Thus «(Lg) is a minimum for the solid angle. O
REMARK 3.7. By (2.13) the isoperimetric profiles of tangent cones which are
minima of the solid angle function coincide. The common profile will be denoted by
Ic,...- By the above proof we get that
e, <

for every K € {C} UK(C) and p € K.

Ix,,

Now we proceed to build an example of unbounded convex body C' for which
the isoperimetric profile I is identically zero. The following result is essential for
the construction.

PROPOSITION 3.8 ([73, Prop. 6.2]). Let C C R™ be a convex body and p € 0C.
Then every intrinsic ball in C' centered at p has no more perimeter than an intrinsic
ball of the same volume in Cp. Consequently

(3.1) Ic(v) < g, (v),
for all0 < v < |C].

PRrROOF. Let p € 0C, and 0 < v < |C|. Take r > 0 so that |Bc(p,r)| = v. Let
L, be the closed cone centered at p subtended by B(p,r) N C. Then L, C C, and,
by convexity, B, (p,r) C Be(p,r). By (2.12) and (2.13) we have

Ic(v) < Po(Be(p,r)) = Pr,(Bi, (p;r))
= n" D a( L)V By, (p, )|
<n"Vma(C )1/"|BL (p,r)| = D/m
= Ic,(|Br, (p,7)]) < Ic, (v).



3.2. CONVEX BODIES OF UNIFORM GEOMETRY 23

REMARK 3.9. An obvious consequence of Proposition 3.8 is that
(3.2) Ic(v) < Ig,,, (v), for all 0 < v < |C].

REMARK 3.10. A closed half-space H C R" is a convex cone with the largest
possible solid angle. Hence, for any convex body C C R™, we have

Ie(v) < Iu(v),
forall 0 < v < |C].

REMARK 3.11. Proposition 3.8 implies that £ N 9C # () when E C C is
isoperimetric. Since in case ENJC is empty, then F is an Euclidean ball. Moreover,
as the isoperimetric profile of Euclidean space is strictly larger than that of the
half-space, a set whose perimeter is close to the the value of the isoperimetric profile
of C' must touch the boundary of C.

3.2. Convex bodies of uniform geometry

The isoperimetric profile of an unbounded convex body, i.e. of an unbounded
closed convex set with nonempty interior, can be identically zero, as shown by the
following example. Note that some asymptotic cylinder has no interior points in
this case. Such “bad” asymptotic cylinders are obtained by sequences x; such that
min(|z;|,d(z;, Q)) — oo, where @ is the half-cylinder.

=
&

o |
\

Pz

qx €T

FI1GURE 3.1. Example 3.12

EXAMPLE 3.12. We consider in R? the half-cylinder
Q={(z,y,2) eR®:2® + 9 < 1,2 > 0},
and the parabolic curve

P={(z,y,2) €ER®: 2= (x—1)%,y=0,2 > 1}
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(see Figure 3.1). Let C be the closed convex envelope of QUP. For a given coordinate
x > 1 the corresponding point on the parabola P is denoted by p, = (2,0, (z — 1)?).
The tangent line to P at p, contained in the y = 0 plane intersects the z-axis
at the point ¢, = ((1 + x)/2,0,0), which is of course in the z = 0 plane and
outside the unit disk D = {(x,y,2) : 2% +y* < 1, z = 0}. Therefore, one
can consider the two tangent lines from ¢, to the boundary circle D, meeting
the circle at the two tangency points tL = (2/(1 + z),1/1 —4/(1 + 2)2,0) and
t2 = (2/(1+z),—+/1 —4/(1 4+ )2,0). The (unique) affine planes AL, A2 containing,
respectively, the points p., ¢.,t. and p,,q.,t2 are supporting planes for C. The
corresponding half-spaces bounded by Al A2 and containing C are denoted by
H} HZ2. 1t follows in particular that p, is a boundary point of C. The solid angle
of the tangent cone C),_ of C at p, is smaller than or equal to the solid angle of the
wedge W, = HL N H2, which trivially goes to 0 as # — oo. By Proposition 3.8 we
get for any v > 0

0< Ie(v) %r>1f1 Ic, (v) =0.
Note that with some extra work it is possible to prove that C, = W,.

In the following proposition we give some conditions equivalent to the non-
triviality of the isoperimetric profile.

We shall say that C is a convex body of uniform geometry if it is unbounded
and for some rg > 0 there holds

(3.3) b(ro) := 11612 |Bo(x,79)] > 0.

REMARK 3.13. By Lemma 2.7 one immediately deduce that b(r)'/™ is a concave
function (indeed it is the infimum of a family of concave functions).

PROPOSITION 3.14. Let C C R™ be an unbounded convex body. The following
assertions are equivalent:
(i) for allr >0, infyec |Beo(z,7)| = b(r) > 0;
(ii) C is a convex body of uniform geometry;
(iii) all asymptotic cylinders of C' are convex bodies;
(iv) for allv >0, Ic(v) > 0;
(v) there exists vo > 0 such that Ic(vg) > 0.

Moreover, any of these conditions imply inf,coc a(Cy) = ag > 0.

PRrOOF. We shall first prove that (i), (ii) and (iii) are equivalent, then prove
the implications (iv) = (v), (v) = (iii), and (ii) =(iv).

The fact that (i) implies (ii) is obvious. Let us prove that (ii) implies (iii).
Let K € K(C) be an asymptotic cylinder obtained as the limit of the sequence
{—x; + C}ien under local convergence in Hausdorff distance. Then

|K N B(0,r)| = lim |(—x; + C) N B(0,r)| = lim |C' N B(x;,r)| = b(r) > 0.
11— 00 11— 00

This implies that K has interior points, i.e., that it is a convex body.

Assume now (iii) holds. Let us prove (i) reasoning by contradiction. Take r > 0.
In case b(r) = 0, we take a sequence {z; }ien so that lim; o |Be(z;,7)| = 0. This
sequence is divergent since otherwise we could extract a subsequence converging
to some =z € C with |B¢(z;,r)| subconverging to |Bo(x,r)| > 0. Consider the
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asymptotic cylinder K € K(C) obtained as the limit of a subsequence {—z;, +C}jen.
Since

|K N B(0,r)| = lim [C'N B(a;,,r)| =0,
]—)OO

the cylinder K would have not interior points, contradicting assumption (iii). This
completes the proof of the equivalences (i)<(ii)<(iii).

The fact that (iv) implies (v) is obvious. Now, we show that (v) implies (iii). To
this aim, we argue by contradiction, i.e., we assume the existence of an asymptotic
cylinder K of C with empty interior. Therefore, there exists a sequence z; € C going
off to infinity, such that C; = —z; + C' converges locally Hausdorff to K, as j — oo.
Now, for € > 0 small enough, we construct a set E. C C such that |E.| = vo but
Po(E:) < g, thus implying Ic(vg) = 0, a contradiction. To this aim we fix zg € C
and define r. = *2%, then we assume ¢ small enough, so that |Bo (20, 7¢)| > vo. Since
lim; o |Beo(xj,7)| = 0, by continuity of the volume of intrinsic balls we can choose
ze € C such that E. = Beo(zc,re) satisfies |E.| = vg. By comparison with the cone
C. over OE. Nint(C) with vertex z., taking into account Po(E.) = Pe_(Be, (2e,7¢))
and |E.| > |Be, (#e,7:)| we get

T T
vo = |Ee| > |BC5(2677"6)‘ = iPCs (BCE (2e,7e)) = iPC(Es)a

whence
n

PC(EE) < —Up =€
TE

This shows that I (vg) < € for all € > 0, thus I¢(vg) = 0, i.e., a contradiction
with (v).

Let us finally prove that (ii) implies (iv). Fix some volume v > 0 and consider a
set E C C of finite relative perimeter and volume |E| = v. We shall show that there
exists a constant A(C,v) > 0, only depending on the geometry of C' and v, such
that Po(E) > A(C,v). This would imply Ic(v) > A(C,v) > 0, as desired. Recall
first that (ii) implies the existence of a positive radius ro > 0 satisfying (3.3). An
application of Fubini’s Theorem, [32, Lemme 6.2] yields

(3.4) /C B Be(y, ro)| dH" (y) = /E |Be (o) dH" (z).

Since F has finite volume and |Bo(z,ro)| < wyr, the function f(y) := |[E N
Be(y,ro)| is in LY(C). Hence, for any € > 0 the set f~1([e,+0)) = {y € C :
|E N Be(y,m0)| > €} has finite volume and we get

. inf |[EN B, =0.
(3.5) ;Ielc| N Be(x,19)] =0

Let us assume first that there exists zg € C such that

|EOBC<:I;7T0)| > 1

|Bo(xo,m0)] 7 2
By (3.5), (3.10) and a continuity argument we get a point zg € C so that
|E n Bc(Z(),To)| . 1

|Bc(z0,m0)] 3
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By Lemma 3.16 below, we obtain
n—1

Po(E) = P(E, Bo(z0,70)) = M (|BC(2307°0)|) g

n—1
> M(&go ) > 0.

Therefore the perimeter of Po(FE) is bounded from below by a constant only
depending on the geometry of C'. Now assume that

E N Be(x, 1
| c(z,70)] <

(3.6)

|BC (.1‘, TO) | 2
holds for all z € C. Let {Bc(x,70/2)}ier be a maximal family of disjoint intrinsic
open balls centered at points of C. Then the family {Bc(z;,70)}ier is an open
covering of C. The overlapping of sets in this family can be estimated in the
following way. For x € C, define

Alx)={i€I:xz € Be(x;,ro)}
When i € A(z), it is immediate to check that Beo(x,10/2) C Beo(x,2r) (if y €
Bo(xi,70/2), then d(y, z) < d(y, x;) + d(zs, ) < 2rg). Hence {Bc(74,70/2) }icA(x)
is a disjoint family of balls contained in B¢ (z,2rg). Coupling the estimate (3.10) in
Lemma 3.16 with (2.7), we get

r n
#4@)0(2) < ¥ IBoleim/2)] < |Bole 2] < 2 1,
i€A(x)

which implies the uniform bound #A(z) < K(C,n) := 4"w,¢;*. Finally, the
overlapping estimate and the relative isoperimetric inequality in Be(z;,70) (see
Theorem 4.11 in [72]) imply

K(C,n) Pc(E) > Z Pc(E, Bo(zi, o))
(3.7) il »

n

> M |EN Be(zi,ro)|5 > M|E
i€l
From (3.6) and (3.7) we obtain

—1

(3.8) Po(E) > A(C,v) := min {M(&?’;‘?) ; I%} > 0.

This completes the proof of (ii)=-(iv). We have thus proved the equivalence of the
properties (1)—(ii)—(iii)—(iv)—(v).

Finally, assume (i) holds and consider a point « € 9C. Since
a(Cy)rm

n

0 < b(r) < |Be(z,r)| < |Be, (z,7)] = / a(Cy)s"ds =
0

and owing to the concavity of b(r)'/™, one finds that «(C,) is estimated uniformly
from below by the positive constant ag = nb(rg) ro ™. O

REMARK 3.15. By a slight variant of Example 3.12, one sees that only assuming
condition inf,ecgc a(Cp) > 0 is not enough to ensure I > 0: indeed it is sufficient
to intersect the unbounded convex body C constructed in Example 3.12 with the
one-parameter family of half-spaces A, having the point m, := p, — (1,0, 0) on their
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boundary and inner normal vector N, = (2 — 22,0, 1), for « > 1. The resulting set

C satisfies inf 55 (Cp) > 0 but still has a null isoperimetric profile. This is easy

to check using (iii) in Proposition 3.14 since the asymptotic cylinder of C obtained
as a limit of a convergent subsequence of —m, + C (when z diverges) has empty
interior as it is contained in a sequence of wedges with solid angles going to zero.
Alternatively, one can take C as the convex hull of Q U P* U P, where

Pi:{(xﬂyvz): CU}]_’ Z:(x_1)2, y::tff—l}_

3.3. Density estimates and a concentration lemma

Next we show that whenever C' is a convex body of uniform geometry, we can
obtain uniform lower (and upper) density estimates for the volume of B¢ (x,rg),
as well as uniform relative isoperimetric inequalities on B¢ (z,79). In what follows,
given a bounded set A C R™, we denote by inr(A) the inradius of A, i.e. the largest
radius of an open ball contained in A.

LEMMA 3.16. Let C be a convex body of uniform geometry and let ro be fixed.
Then

N s b(ro)
f B > ——
() inf ine(Be(r.ro) > 0
(ii) there exists M > 0 only depending on n, ro/b(rg), such that for all xz € C,

0<r<ry and 0 < v <|Beo(z,r)|, one finds
(39) IBC‘(W’T) (U) 2 M min{v, ‘Bc(.’L‘,T)l - U}(n—l)/n;

(iii) there exist £1 > 0 only depending on n,rq,b(ro), such that for all x € C
and 0 < r < rg one has

(3.10) 0" < |Be(z,r)| < wpr™.

PROOF. To prove (i) we let D; be the set of points in D := B¢c(x,r9) whose
distance from 0D is at least ¢. Then D; is convex and nonempty for any ¢ €
[0, inr(D)], while it is empty as soon as ¢t > inr(D). The coarea formula applied to
the distance function from 0D yields

inr(D) .
(3.11)  b(ro) < |D| = /O P(Dy)dt < P(D)ine(D) < P(B(0, r0)) inr(D),

since D C B(0,rg) implies P(D) < P(B(0,70)) = nw,ry~"'. Therefore we find
b(ro)

— )
nwprg !

inr(Be(x,ro)) =

thus proving (i).

In order to prove (ii) we shall use Theorem 4.11 in [72]: if K C R™ is a bounded
convex body, z,y € K, and 0 < p; < ps satisfy B(y, p1) C K C B(z, p2), then there
exists a constant M > 0 given as a explicit function of n and pa/p; such that

I (v) = M min{v, |K| — v}~/

for all 0 < v < |K|. The proof of this result makes use of the bilipschitz map
f: K — B(y, p2) defined in [72, (3.9)] (with r = p;/2) and the estimates on the
lipschitz constants in Corollary 3.9 of [72], that depend on ps/p;. The dependence
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of the constant M on the dimension n of the ambient Euclidean space is due to the
dependence of M on the optimal constant My in the isoperimetric inequality

IB(y.pp) (v) = Mymin{v, | B(y, p2)| — v}~/ v € (0,|B(y, p2))-

The constant M is invariant by translations and dilations in R™ and hence valid
for any closed ball.

Using this result, we choose p; = b(rg), K = Bc(z,70), pa = 70 so that the
constant M > 0 in the inequality

IBe (2,r0)(v) = M min{v, |Bo(z,70)| — v}(”_l)/”, v € (0,|Be(z,70)|,

is given explicitly as a function of n and r¢/b(rg) for any « € C. Fix now some 0 <
r < 7o and some z € C, and take y € Be(x, 1) such that B(y,b(rg)) C Be(w, 7).
Take A € (0,1] such that = Arg. Denoting by h,  the homothety of center x and
ratio A\ we have

B(haz\(y): Ab(r0)) = han(B(y, b(r0))) C ha\(Bo(@,m0)) € Be(z,r),

the latter inclusion following from the concavity of C. We conclude that a relative
isoperimetric inequality holds in Bg(z,r) with a constant given explicitly as a
function of n and of r/Ab(rg) = Arg/Ab(rg) = ro/b(ro). This means that M > 0 can
be taken uniformly for any « € C and r € (0, r9].

We now prove (iii). The upper bound in (3.10) is immediate as |B¢(z,7)| <
|B(x,r)| = wpr™. Then setting A = r/rg and 6 = inr(Be(x,79)) we have

|B(xz,r)NC| = |B(x, Arg) N C| = |B(0, Arg) N (—z + C)|

> |B(0, A\rg) N A(—z + C)| = A"|Be(x, ro)|
> wp(6N)" = £yr™,
where ¢1 = w,(6/79)™ only depends on n, ro, b(rg). This completes the proofs of (iii)
and of the lemma.

An immediate consequence of Lemma 3.16 and the argument leading to equation
(3.8) is the following corollary:

COROLLARY 3.17. Let C' C R™ be a convex body of uniform geometry. Then
there exist vg, co > 0, depending only on n, on the Ahlfors constant ¢1 in (3.10),
and on the Poincaré inequality (3.9), such that

(3.12) Io(v) = oo™ V™ for any v < vo.

REMARK 3.18. An alternative proof of (3.11) could be given using Steinhagen’s
Theorem [80]. The width w of Bo(x,rg) satisfies

w < A, inr(Bo(z, o)),
where A,, > 0 is a constant only depending on n. On the other hand,
|Be (@, ro)| < wpwrg ™!,

where w,, > 0 is the H"-measure of the n-dimensional unit disc. Hence we obtain
from (3.3)

inr(Bg(x,rg)) = (Aan)*lré_”b(ro) > 0.
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REMARK 3.19. Assume that {C}},;en converge in (global) Hausdorff distance to
an unbounded convex body C' as j — oo. If (3.3) holds for C, then, for j € N large
enough, one can show that C; satisfies the thesis of Lemma 3.16 with constants
M, ¢; that do not depend on j. Viceversa, if {C}} en is a sequence of convex
bodies satisfying (3.3) uniformly on j € N, and converging locally in Hausdorff
distance to a convex body C, then C' necessarily satisfies the thesis of Lemma 3.16
with constants M, ¢; that only depend on n,rg and b(rg). This follows from the
1-Lipschitz continuity of the inradius as a function defined on compact convex bodies
endowed with the Hausdorff distance, as shown in Lemma 3.20 below.

Now we proceed to prove that the inradius of a bounded convex body is a
1-Lipschitz function with respect to the Hausdorff distance.

Let C C R™ be a bounded convex body. For any ¢ > 0, we define the inner
parallel at distance t by

C_i={peC:d(p,0C) >t}
It is well-known that C'_; is a convex set.

LEMMA 3.20. Let C, K C R™ be bounded convez bodies. Then
(3.13) |inr(C) — inr(K)| < 0(C, K).

PRrOOF. We split the proof in two steps.

Step one. We show that (Cy)_; = C for any ¢t > 0, whenever C C R" is
a bounded convex body. Let us start proving that C C (C;)_;. Arguing by
contradiction, we assume that d(p,dC) < t for some p € C. Then there exists
q € 9C; so that |p—q| = d(p, dC¢). Choose r > 0 small enough so that [p—q|+7r < t.
If z € B(q,r), then

d(z,C)<|lz—p|<|lz—q|+|ga—p|<|p—q|+7r <t

This implies that B(q,r) C Cy, a contradiction to the fact that ¢ € 9C;. So we have
C C (Cy)—s.

To prove the reverse inequality, we take p € (C;)_;. If p & C, then d(p,C) =
d > 0. Let g be the metric projection of p to C. Being C convex, it turns out that
q is also the metric projection of every point in the half-line {g + A (p — ¢q) : A > 0}.
Let z be the point in this half-line at distance ¢ from C. Then z € 9C}, and
d(p,0Cy) < |p—z| =t —|p—q|] < t, a contradiction since p was taken in (Cy)_¢. So
we get (Cy)_ C C.

Step two. Let € = 6(C, K) and observe that K C C.. If both inr(C), inr(K) are
smaller than or equal to ¢, then inequality (3.13) is trivial. So let us assume that
inr(K) is the largest inradius and that r = inr(K) > e. Take B(z,r) C K C C.. By
Step one we find

B(z,r —¢) = B(z,1)_. C (Cc)_e =C.
So we have inr(K) > inr(C) > inr(K) — e. This implies (3.13). O

PrOPOSITION 3.21. Let C C R™ be a convex body of uniform geometry. Then
any isoperimetric region in C is bounded.

PROOF. Let v > 0 and E C C be such that |E| = v and Po(E) = I¢(v).
Let 9 € C and r9 > 0 be chosen in such a way that P(E, Bo(zg,r9)) > 0. Set
m(r) = |E \ Be(zo,r)|. Let C,m > 0 be the two positive constants given by
Theorem 2.12, with B = B¢o(xo,70). By the infinitesimality of m(r) as r — 0, and
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by possibly taking a larger ro, we can enforce that m(r) < m for all r > ro. This
means that for all » > r( there exists a set E, such that E, = F outside Bgo(xq,T),
|Er| = |E| 4+ m(r), and Po(E,) < Po(E)+ Cm(r). If r is large enough, we can
entail at the same time that m(r) < min(e,v9) (where vg is as in Corollary 3.17).
Therefore we can define F,. = E,. \ Be(xo,7) and get for almost all » > 0

Pc(Fy) = Po(Er) = 2m/(r) = Po(E '\ Be(wo, 7))
< Po(E) + em(r) — 2m/ (r) — com(r)=D/m |

where ¢g is as in Corollary 3.17. Since of course |F,.| = |E|, by minimality, and up
to choosing r large enough, we can find a constant ¢; > 0 such that

cym(r) I L eom(r) Y™ —em(r) < —2m/(r).

Let us fix 7 and take any R > r such that m(R) > 0. Then one rewrites the above
inequality as

m'(r)
B m(r)("—l)/"

for some ¢y > 0. By integrating this last inequality between r and R one gets

cs(R—r) <m(r)Y/™ — m(R)Y/"

2 x

for some c3 > 0, whence the boundedness of R follows. In conclusion, there exists a
largest R > 0 such that E' C Be(zo, R), as wanted. O

We conclude this section with a concentration lemma, that is well-known in R™
as well as in Carnot groups (see [41]). Since the ambient domain here is a convex
body C of uniform geometry, it seems worth giving a full proof of the result (notice
the use of Tonelli’s theorem instead of the covering argument used in the proof of
[41, Lemma 3.1]).

LEMMA 3.22 (Concentration). Let C' C R™ be a convex body of uniform geometry.
Then, there exists a constant A > 0 only depending on C. with the following property.
Choose 0 < r <1 and m € (0, %}, and assume

(3.14) |E N Be(x,r)] <m|Be(x,r), Vo e C.
Then we have
(3.15) A|E| < mY™r Po(E).
REMARK 3.23. The constant A is defined by
L Clb(l)
(3016) A. . W’
n

where w, = |B(0,1)], b(1) = infyec |Ba(x, 1), and ¢ is the Poincaré constant for
the relative isoperimetric inequality in balls of radius 0 < r < 1.

ProoOF OF LEMMA 3.22. Since C' is of uniform geometry, |Bo(z,1)| = b(1) > 0
for all z € C. By Lemma 2.7, inequality |Bc(z, )| = b(1) r™ holds for any r € (0, 1].
Using (3.9) with the fact that m < %, we deduce that

n—1

(3.17) Po(E,Be(z,r)) 2 1 |[EN Bo(z,r)| =
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where ¢y is a uniform constant. Then Tonelli’s Theorem implies

| PEpot ) ae) = | { /W) - d|DxE|<y>}dH"<x)

C

- /c { /inm XB(y,r) () dIDxE|(y) }d%%)
- /int(c) {/CXB(y,r)(I) dH”(x)} d|Dx|(y)

- / |Be(y.r)| d| Dl ()
int(C)
S wpr"Po(E).
Then we get
wnr" Po(E) > / P(E, Be(z,r) dH" ()
C

ENB
o [EnBetenl
C

|E N Be(x,r) (@)

1
n

201/0 (W)HEOBC(%r)d’H"(w)

—1/n

m C1

WV

/ |E N Be(z,r)| dH™(z)
c

1/n
wn/ r

m~Y/ne
_m o / By, )| dH" ()
E

wi! ™
m~"e1b(1)

o T El
wy' r

where we have used (3.17) to get the second inequality,(3.14) to obtain the inequality
relating the second and third lines, equation (3.4) to get the equality in the fifth
line, and the fact that b(r) > b(1)r™ for all 0 < r < 1 to get the last inequality.
The above chain of inequalities, together with the definition (3.16) of A, implies
(3.15). O

The following two corollaries will be used in the sequel. The first one will play
an important role in the proof of Theorem 5.1. The second one will be used in
Chapter 4.

COROLLARY 3.24. Let C C R™ be a convex body of uniform geometry, and
E C C a set with positive relative perimeter. Then there exists A > 0, only depending
on C, such that, for every r > 0 satisfying

r< min{Zl/"A 2] ,1},

Pc(E)
there exists a point x € C, only depending on r and E, with
B
|E N Be(x,r)| > [Bo(z, )| 0(22077‘)\.

PROOF. We simply argue by contradiction using Lemma 3.22 and (3.15) for
m=1/2. O
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COROLLARY 3.25. Let C C R™ be a convez body of uniform geometry, vy > 0,
and {E;};en C C a sequence such that, denoting by H a generic half-space,

|El| < Vg fOT alli € N, hm |Ez| =0V E (07’00] , hmlanC(EZ) < IH(’U) .
i—00 i—00

Take mq € (0, 3] such that

. 1 A
mo < mln{zvo, IH(l)"} .
Then there exists a sequence {x;}ien C C such that
|E; N Bo(xi,1)| = mov for i large enough.

PROOF. By contradiction, and up to subsequences, we may assume |E; N
Be(x,1)| < mo|E;| for all x € C. We apply Lemma 3.22, and in particular (3.15)
with m = mov < mgvg < %, in order to get

A" [E|™ < moPe(E;)",

1
29

From this inequality and our hypotheses, by taking limits we obtain

A" < m()IH(U)n

and thus . An
v
mg = A" = ,
0 Ip(v)»  Ig(1)"
that is, a contradiction to the choice of mg. [l

REMARK 3.26. Corollary 3.25 holds in particular when {E;};cn is & minimizing
sequence for volume v, since liminf; o, Po(E;) < Io(v) < Ig(v).

3.4. Examples
Let us give now some examples of unbounded convex bodies of uniform geometry.

ExaMmPLE 3.27 (Convex bodies with non-degenerate asymptotic cone are of
uniform geometry). Let C' C R™ be a convex body with non-degenerate asymptotic
cone Cy,. For every z € C we know that  + C4 is contained in C, so that taking
any r > 0 we have Byyc_(x,7) C Be(x,r). Hence |Be(x,r)| = |Be, (0,7)] = cr™,
for ¢ = |Be_ (0,1)|. This implies that C' is of uniform geometry.

ExaMPLE 3.28 (Cylindrically bounded convex bodies are of uniform geometry
and their asymptotic cylinders are unique up to horizontal translations). Assume
that C' C R™ is a cylindrically bounded convex body as defined in [73]: the set C
is the epigraph of a convex function defined on the interior of a bounded convex
body K C R” = R"” x {0} C R", and the intersections of C' with the horizontal
hyperplanes II.. := {z,, = ¢}, for ¢ € R, projected to Il form an increasing (w.r.t.
¢) family converging in Hausdorff distance to K.

Let {z;}ien be a diverging sequence in C such that {—z; + C};eny converges
locally in Hausdorff distance to an asymptotic cylinder Ci,. Write z; = (2;,t;) €
R™ x R. The coordinates t; are unbounded and the vectors z; are uniformly
bounded. This implies that the sequence {z;/|z;|};en converges to the unit vector
v =(0,1) € R" x R. By construction, the half-lines {x + Av : A > 0} are contained
in C for all z € C. It is easy to check that

(71’1' +C) QHO = —Z; +7T(COHti),
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where 7 is the orthogonal projection onto the hyperplane IIy. Since 7(C N Il,)
converges to K in Hausdorff distance and {z;};en is a bounded sequence, we
immediately conclude that (—z; + C) N1l subconverges to a horizontal translation
K’ of K. Obviously K’ C Cw,. Since vertical lines passing through a point in Cy,
are contained in Cy, we immediately obtain that K/ x R C Cw.

Let us check that Coo = K’ x R. If © € C then 7(x) € Cs. Then there exists
a sequence {¢;}ien C C such that {—z; + ¢; }ieny converges to w(z). If we write ¢;
as (c},s;) € R" x R, then —z; + ¢} converges to m(x) and —t; + s; converges to 0.
For each i, choose j(i) > j(i — 1) such that ¢;¢; > s;. Then d; := (¢}, t;¢;)) € C and
—x;() + di = (=2zj() + ¢}, 0) converges to w(x). This implies that m(z) € K’ x R
and so z € K’ x R. Hence Co, C K’ x R.

The above arguments imply that any asymptotic cylinder of C' is a horizontal
translation of K x R. Since K x R has non-empty interior, Proposition 3.14 implies
that C' is of uniform geometry.

ExAMPLE 3.29 (Unbounded convex bodies of revolution are of uniform geometry
and the asymptotic cylinders of non-cylindrically bounded convex bodies of revolution
are either half-spaces or R™). Let ¢ : [0,00) — [0,00) be a continuous concave
function satisfying ¢(0) = 0 and v (z) > 0 for all > 0. Consider the convex body
of revolution

C=Cy={(2t) € R" x [0,00) C R" : |z| < ()}

We shall assume that ¢ is unbounded since otherwise C'y, would be a cylindrically
bounded convex body. We remark that we are not assuming any smoothness
condition on .

Take a diverging sequence {xz;};cny C C and assume that {—x;+C};cn converges
locally in Hausdorff distance to some asymptotic cylinder C.

Write x; = (z;,t;) € R™ x [0,00). The sequence {¢;};en cannot be bounded
since otherwise inequality |z;| < ¢(¢;) would imply that z; is also uniformly bounded
(and {x;};eny would be bounded). On the other hand, since the function ¥(¢)/t is
non-increasing by the concavity of ¢, the sequence |z;|/t; < 1¥(¢;)/t; is uniformly
bounded. Hence z;/t; subconverges to some vector ¢ € R™ and so

el /(zl/6)? + 1

subconverges to the vector v := (¢,1)/vc? + 1, whose last coordinate is different
from 0. We conclude that any straight line parallel to v containing a point in C', is
entirely contained in C,.

The sets (—z; + C) NIy are closed disks D(w;,%(t;)) C R™ of center w; =
—z € R™ and radius ¥ (t;). We define r; := ¢(t;) — |w;| = ¥ (t;) — |z = 0.

In case {r;};en is an unbounded sequence the inclusion D(0,7;) C D(w;, (t;))
holds and shows that any point in R™ x {0} belongs to C,. Hence Co, = R™.

If the sequence {r; };en is bounded, passing to a subsequence we may assume
lim; 00 7 = ¢ > 0 and lim;_, o w; /|w;| = e. Let us prove first that the set

K :={(2,0): (z,e) > —c}
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is contained in Coo. Pick some (2,0) € K and choose r > 0 large enough so that
z € int(B(0,7)). In case (z,e) > —c we have

—wil* = P(t:)? i W2 = p(t)?
Ahm|z w;|* = Y(t:) :llim(|2|_2<z7w>+|w| ¢())
i—o0 |wil i—oo \ |wi |w] |wsl
= 72<z, e> —2c <0,
since |w;| is unbounded, lim;_,~ w;/|w;| = e, and
ti)? — lw]? 2 i
lim 71[}( ) ol = lim 71“ ) & [wil r; = 2cC.

This implies that, if <z, e> > —c, there exists ig € N so that z € D(w;,%(t;)) for all
i > ip. Hence (2,0) € Cwpo.

In case (z,e) = —c, we consider a sequence {&;};en of positive real numbers
decreasing to 0. For each j, the point z + £;e satisfies (z +gje,e) = —c+¢; > —c.
Hence we can choose i(j) (increasing in j) such that z + ;e € D(w;, ¢(t;)) for
i > i(j). We construct a sequence {my}ren of points in R™ x {0} so that my is
chosen arbitrarily in D(wy, ¢ (tx)) Nint(B(0,7)) for 1 < k < i(1), and my, := z +¢je
when k € [i(5),i(j + 1)). The point my, lies in D(wy,¥(t1)) N int(B(0,7)) for all
k € N, and the sequence {my}ren converges to z. In conclusion, (z,0) € C and
thus K C C4 as claimed.

Since K C Cw, and lines parallel to L(v) intersecting Co, are contained in Cy,
we conclude that the half-space K + L(v) is contained in Cy,. But then Cy itself
must be either R™ or a half-space. This is easy to prove since, in case C # R", we
have C' = (;; H;, where {H;}iec; is the family of all supporting hyperplanes to C.
For any i, we would have H C C' C H;, and this would imply that H; is a half-space
parallel to H containing H and so it would be (,.; H;.

FiGURE 3.2. The convex body in Example 3.30
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ExaMPLE 3.30 (An unbounded convex body of uniform geometry with C'*°
boundary, all of whose asymptotic cylinders have non-smooth boundary). Let
C C R? be the upper-graph of the function u : [~1,1]?> — R defined by

1 n 1
1—a2  1-—9y2°
Since u(x,y) is smooth, convex, and divergent to 400 when |z| — 1 or |y| — 1, one

easily concludes that any asymptotic cylinder of C' coincides with a translation of
the set [—1,1]2 x R.

u(x,y) =

ExaMPLE 3.31 (Closed n-dimensional convex cones are of uniform geometry).
Let L C R" be a closed convex cone with non-empty interior and vertex 0. Since
p+ L C L for any p € L, we have p+ Br(0,7) C Br(p,r) for any r > 0. This
implies
|Br(p,r)| = [BL(0,7)] = [BL (0, 1)| ",

for any p € L and r > 0. Hence L is of uniform geometry.

For convex cones we can prove that tangent cones out of a vertex are always
asymptotic cylinders. From Lemma 3.4(ii) we may conclude that the limits of these
tangent cones are also asymptotic cylinders. In general, we are able to prove that
any asymptotic cylinder contains a tangent cone.

PROPOSITION 3.32. Let C' C R"™ be a closed n-dimensional convex cone such
that 0 € 9C is a vertex of C. Then

(i) For any x € C\{0} and pn > 0, we have —x +Cy = —px + C,5. Moreover,
the set —x + Cy is a closed convex cylinder.
(ii) For any x € C'\ {0}, —x + C,, is an asymptotic cylinder of C.
(iii) Let {x;}ien be a divergent sequence in OC' so that —x; +C converges locally
in Hausdorff distance to K € K(C). Assume that z; == |z;|*x; converges
to z and that —z; + C,, converges to K'. Then —z+C, C K C K'.

PrOOF. To prove (i) we fix A > 0 and ¢ € C, so that
—x 4 hez(c) = —px + hyy -2 (pe) € —px + Cug,

since pc € C. This implies that —z + hy A(C) C —px + Cuyp. As A > 0 is arbitrary
and —px + Cy, is closed we get —x + Cy C —px + Cpp. The reverse inclusion is
obtained the same way. The set —x 4+ C,, is trivially closed and convex. Since it
contains the line L(z) = {tz : t € R}, it is a convex cylinder by virtue of [79, § 1.4].

For the proof of (ii) take z € C'\ {0} and an increasing diverging sequence
of positive real numbers \;. Let z; := \;xz. Taking a subsequence if needed we
may assume that —z; + C converges locally in Hausdorff distance to an asymptotic
cylinder K € K(C). We shall check that K = —z + (. Take first z € K so that
there exists a sequence of points ¢; € C such that z = lim;_,, —x; + ¢;. Since
C Cc C,, we get z € —x + C,. This implies K C —x + C,,.. For the reverse inclusion
fix some A > 0 and take z € —x + hy A (C). Then there exists ¢ € C such that
z=Ac— ) and so

z=-Nz+ Nz + )\i(c— z)).

This implies that z € —x; + C for 4 large since = + /\%(c — ) belongs to C' for i large
enough so that A/A\; < 1. In particular, z € K and so we obtain —z + h, A (C) C K.
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As A > 0 is arbitrary and K is closed, from the definition of the tangent cone C,
we obtain —x + C, C K.

Let us check that (iii) holds. Take ¢ > 0 and a point € —z + h; ,(C). Then
there exists ¢ € C' such that = u(c — z) and, setting \; = |z;|, we have

ﬂ()\i(c —z42z) — xl))

x:ﬂ(c—z):—xi—&—(xi—l—)\‘

We define

d; :=x; + )\ﬁi()\ic — .’L‘z)

and observe that d; € C for large i since A\;c € C and p/A; < 1. We have
x—(—z;+d;) =p(—2+2) =0

when ¢ — oo. This implies that z € K and so we get —z + h. ,(C) C K for all
1> 0. As K is closed we obtain —z + C, C K.

Finally, take z € K and choose a sequence of points ¢; € C such that z =
lim; 0o —2; + ¢;. Since C' C Cy,, it follows that x can be written as the limit of a
sequence of points in —x; + C,. This implies that z € K’. (]

Let C' C R™ be a closed n-dimensional convex cone so that 0 € 9C' is a vertex
of C, and assume that C'\ {0} is of class C'. Then any asymptotic cylinder of C
is either R™ or a half-space. This is easy to check since, by Remark 3.3 we may
obtain R™ as an asymptotic cone by taking x € int(C) and a diverging sequence
Aix, with lim; , o A\; = +00. On the other hand, if we take a diverging sequence in
the boundary of C, Proposition 3.32(iii) implies that the limit asymptotic cylinder
K contains a set of the form —z + C,, with z € dC'\ {0}. Since 9C \ {0} is of class
C', the set —z + C, is a half-space. Hence K is a half-space.

In Proposition 3.33 below we show that the smoothness of the asymptotic cone
Cs implies that all asymptotic cylinders of C' are either R™ or half-spaces. This fact
will be of use in Section 6.3: indeed we shall prove in Corollary 6.22 that unbounded
convex bodies with a non-degenerate asymptotic cone, that is smooth except that
in a vertex, admit isoperimetric solutions for any prescribed volume. The idea of
the proof is that all asymptotic cylinders of C, are either R™ or half-spaces, as we
have proved above, thus one has to show that this property can be transferred to C.

PROPOSITION 3.33. Let C be an unbounded convex body with non degenerate
asymptotic cone Coy. Assume that OC \ {0} is of class C*. Then any asymptotic
cylinder K € K(C) is either R™ or a half-space.

Proor. We assume C' # R™. By Remark 3.3 it is enough to consider asymptotic
cylinders obtained from diverging sequences contained in the boundary of C.

We first prove the following fact: for every § > 0, for any divergent sequence of
points z; € 9C, and for any sequence of unit outer normal vectors u; € N(C, z;),
whenever y; € OC satisfies |y; — x;| < 0 then for every sequence of unit vectors
v; € N(C,y;) one has

(3.18)

im |u; —v;| = 0.
11— 00

To see this we argue by contradiction assuming the existence of positive constants
d,e > 0 and of sequences y; € OC and v; € N(C,y;), |v;] = 1, such that

lys — i <6 and lu; —v| > €, for all 4.
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Let t; = |z;| and define z; = t;lxi, w; = ti_lyi. Clearly, as i — oo we have t; — 400,
zi| = 1, |wi — 2| <t;7'0 — 0, and t; 'C — Cu locally in Hausdorff distance, owing
to the properties of the asymptotic cone Cy,. At the same time, u; € N(t;lC, 2;)
and v; € N(t;lC, w;). By compactness, up to extracting a subsequence, we have
that z; = z € 0C NOB(0,1), w; = 2, U; = Uso and v; — Voo With Ueo, Voo unit
vectors in N(Cw, 2). However we have |uoo — Voo| = lim; 00 |u; — v;| = £, which
contradicts the regularity of 0C, at z.

Now we prove that any asymptotic cylinder of C' is a half-space. Let K € K(C)
and let x; € C' be a diverging sequence such that, setting C; = —z; + C, we have
C; — K locally in Hausdorff distance. Fix § > 0 and choose z € K such that
|z| < §/2. Choose us, € N(K,0) with |u| = 1 such that us is the limit of unit
outer normal vectors u; € N(K,x;); then choose vo, € N (K, z) such that |v| = 1.

Up to an isometry, and for ¢ large enough, the convex bodies K and C; locally
coincide with the epigraphs of convex functions defined on a relative neighborhood
of z in some supporting hyperplane for K at z. Hence by Lemma 2.8 we infer that
there exist sequences y; € IC;, v; € N(K, y;) with |v;| = 1, such that y; — z; — 2,
ly: — 25| <6 and lim;_,o0 ¥; = Voo. Now we recall (3.18) and obtain

[too — Voo| = lim |u; — v;| =0,
71— 00
so that us, = vs. This means that K is necessarily a half-space and the proof is

completed. 0

REMARK 3.34. We remark that Proposition will be used later in the proof of
Theorem 6.21






CHAPTER 4

A generalized existence result

Let C' C R™ be an unbounded convex body of uniform geometry. The main result
of this chapter is Theorem 4.6, which shows existence of minimizers of the relative
isoperimetric problem in C in a generalized sense, for any prescribed volume v > 0.
More precisely we will show that there exists a finite family of sets (E°, E', ..., EY),
which satisfy E° C C, B/ ¢ K7, where K7 is an asymptotic cylinder of C for all
j =1, and

¢ ¢
DoIE=v,  Po(E®)+ ) Pi(E’) =Io(v).
j=0 j=1
Generalized existence of isoperimetric r/ezgior;s is a previous essential step before
Ig n—1

proving the concavity of the function in the next chapter.

4.1. Preliminary results

Before stating and proving Theorem 4.6, we need some preparatory results,
collected in this section

LEMMA 4.1. Let {C;}ien be a sequence of convex bodies in R™ that converges
locally in Hausdorff distance to a convex body C. Let E; C C; be finite perimeter
sets such that {E;};en and {Pc,(E;)}ien are bounded. Then, possibly passing to a
subsequence, E; — E in L*(R™), where E is a finite perimeter set in C, and

(4.1) Po(E) < liminf Pe, (E;).
71— 00

PROOF. Since C; converges to C locally in Hausdorff distance and {E;};en
is bounded, there exist a Euclidean ball B C R"™ so that E; CcC B for all i € N.
Therefore, up to replacing C; and C with, respectively, C; N B and C' N B, we can
directly assume from now on that C; and C are contained in B for all « € N. By
(79, Cor. 1.3.6], H"1(dC;) < H" (dB) for all i € N. Hence

Prn(E;) < Po,(E;) + H" 1 (0C;) < Pe,(E;) + H"H(0B).

Since the sequence {P¢, (F;)}ien is bounded by hypotheses, the previous inequality
shows that the sequence { Pgn (E;) }ien is bounded. As {E;};¢n is uniformly bounded,
a standard compactness result for finite perimeter sets, [45, Thm. 12.26], implies the
existence of a set ¥ C R™ and a non-relabeled subsequence E; such that E; — F in
LY(R") and xp, converges almost everywhere to yz. By Kuratowski criterion, [79,
Thm. 1.8.7], we get E C C.
Fix an open set A CC int(C). Then A CC int(C;) for i large enough and thus
by the lower-semicontinuity of the perimeter we infer
P(E; A) < liminf P(E;; A) < liminf P, (E;) .
1—> 00 1—> 00

39
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Then, by recalling that P(E,-) is a Radon measure and by taking the supremum
over A CC int(C') we obtain

Po(E)= sup P(E,A) <liminf Pg, (F;),
ACCint(C) 100

thus proving (4.1). O

LEMMA 4.2. Let {C;}ien be a sequence of convex bodies in R™ locally converging
in Hausdorff distance to a convexr body C. Let E C C' be a bounded set of finite
and positive perimeter and volume v < |C|. Assume v; — v. Then there exists a
sequence of bounded sets E; C C; of finite perimeter such that E; — E in L*(R™)
and

(i) BE; — E in L*(R"),
(i) |E;| =wv; for alli € N, and

(iii) Po(F) = lim;— 00 Po, (E;).

PROOF. Assume first that all sets C; are contained in C. Then the sets
E! := ENC; converge to E in L'(R™) and have volumes converging to v by the local
Hausdorff convergence and the boundedness of E, and lim;_, Pc,(E!) = Pc(E) by
the assumption and Lemma 4.1.

Choose now a ball B’ C int(C') so that P(E; B") > 0. This ball is contained in
int(C;) for i large enough. We can use Theorem 2.12 to deform ENB’ = E;NB’ inside
B’ to a set E; C C; of volume v; preserving the L'-convergence. The convergence
of perimeters lim; o Pg, (E;) = Po(F) also follows from Theorem 2.12.

To reduce ourselves to the previous case, we take a closed Euclidean ball B C R™
so that E C int(B). We conveniently assume that C'N B contains the origin, which
is always true up to a translation. By local Hausdorff convergence, there exists a
sequence of positive real numbers A; converging to 1 such that \;(C;NB) C CN B
for i large enough, see [79, Thm. 1.8.16]. As in the previous case, we produce sets
F; € \C; of volumes A\'v; converging in L'(R™) to E, and whose perimeters in
A;C; converge to Po(E). Then the sets E; := A;lFi satisfy the requirements.

O

The following two propositions are easily proved by means of Lemma 4.2.

PROPOSITION 4.3. Let C' C R™ be an unbounded convex body, let K € K(C) be
an asymptotic cylinder of C, and let E C K be a bounded set of finite perimeter
and volume v = 0. Let {v;}ien be any sequence of positive numbers converging to v.
Then there exists a sequence E; C C of bounded sets of finite perimeter with |E;| = v;
and lim;_, oo Po(E;) = P (E). In particular, this implies that Ic(v) < Ik (v).

PROOF. By hypothesis, there exists a diverging sequence {z;};en C R™ so that
C; = —x;+ C converges locally in Hausdorff distance to K. If v = 0 we simply take a
sequence of balls in C of volumes v; with perimeters converging to 0. If v # 0 then K
has non-empty interior, and we obtain from Lemma 4.2 the existence of a sequence
F; C C; of sets of finite perimeter and |F;| = v; satisfying lim;_, o, Po, (F;) = Pk (E).
Setting F; := z; + F; C C' we conclude the proof of the first claim.

Finally, to show that Io(v) < Ix(v) we fix € > 0. Proposition 2.13 allows
us to take a bounded set E C K of volume v such that Px(E) < Ic(v) + e.
From the first part we produce a sequence of set E; C C of volume v such that
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lim; o, Po(E;) = Px(FE). So we have
Ic(v) < lim Po(E;) = Pg(E) < Ik(v) +¢.
1— 00
As e > 0 is arbitrary, we obtain the desired inequality. [

PROPOSITION 4.4. Let {C;};en be a sequence of unbounded convex bodies locally
converging in Hausdorff distance to a convex body C. Let v,v; > 0 be such that
v; — v as it — oo. Then
(4.2) limsup I¢, (v;) < Io(v).

—00

ProOF. Owing to Proposition 2.13, for a given ¢ > 0 we can find a bounded

set E C C, of finite perimeter and volume v, such that

(4.3) Po(E) < Io(v) 4 &.

Lemma 4.2 implies the existence of a sequence of sets of finite perimeter E; C C;
with |E;| = v; and
(4.4) lim Pg,(E;) = Po(E)
1—> 00
Combining (4.3) and (4.4) we get limsup,_, . I, (v;) < Io(v) + €. Since € > 0 is

arbitrary, we obtain (4.2). O
The next lemma is a key tool for the proof of Theorem 4.6.

LEMMA 4.5. Let {C;}ien be a sequence of unbounded convex bodies converging
locally in Hausdorff distance to an unbounded convex body C containing the origin.
Let E; C C; be a sequence of measurable sets with volumes v; converging to v > 0
and uniformly bounded perimeter. Assume E C C is the L}, (R™) limit of {E;}ien.
Then, passing to a (non relabeled) subsequence, there exist diverging radii r; > 0
such that

E¢:=E;\ B(0,r;)
satisfies
(1) |E| +lim; o0 |E¥| = v.
(ii) Po(E) + liminf; ,« Pc,(EY) < liminf; o Po,(E;).
PROOF. The set E clearly has finite volume less than or equal to v. Take a

sequence of increasing radii {s;}; such that s;41 —s; > i for all i € N. Since E;
converges to E in L}, _(R™), taking a non relabeled subsequence of E; we may assume

loc
1
IxE, — XE| < =
B(0,s:41) ¢

for all 4. By the coarea formula
Sit+1
H Y (E;NOB(0,t))dt < / H"Y(E;NOB(0,t)) dt = |Ey| = v;.
Si R
Hence the set of ¢ € [s;, s;41] such that H"~'(E; N 9B(0,t)) < 2% has positive
measure. A well-known property of finite perimeter sets implies that we can choose
r; € [8i, Si+1] In this set so that
Pc,(E; N B(0,1;)) = P(E;,int (C;) N B(0,7;)) +H" ' (E; N 0B(0,1;)),

Pe,(E; \ B(0,7;)) = P(E;,int (C; \ B(0,7;))) +H" ' (E; N 9B(0,7;)),
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(e.g see [45, Lemma 15.12]). We define
Ed .= E;\ B(0,r;).

Then |E;| = |E; N B(0,7;)| + |E¢|. Since E; converges to F in L}, .(R") and E has
finite volume, we have lim; , |E; N B(0,r;)| = |E|. This proves (i).
On the other hand,
4v;
> Pe, (i N B(0,r)) + Po, (Bf) — =,
Taking inferior limits we have
liminf Pg, (E;) > liminf Pg, (E; N B(0,7;)) + liminf Pe, (EY).

11— 00 11— 00 71— 00

By Lemma 4.1 we finally get (ii). O

4.2. The main result

Before stating (and proving) the main result of this section, i.e. Theorem 4.6
below, we introduce some extra notation.

We say that a finite family E°, E' ... E¥ of sets of finite perimeter is a
generalized isoperimetric region in C if E° C C = K° E' Cc K' € K(C) fori > 1
and, for any family of sets FO, F*, ..., F™ such that F* c C = K°, Fi c K' € K(C),
for i > 2, we have

m

k
> Pri(EY) <Y Pri(FY).
i=0 i=0
Obviously, each E' is an isoperimetric region in K* with volume |E?|.

THEOREM 4.6. Let C C R™ be a convex body of uniform geometry and fix v > 0.
Then there exists B > 0 and £ € N only depending on C and v, with the following
property: for any minimizing sequence {F;}; for volume v, one can find a (not
relabeled) subsequence {F;}; such that, for every j € {0,..., £}, there exist

e a sequence {xf}l, divergent for every j > 1,

e a sequence of sets {FZ}Z,

e an asymptotic cylinder K7 € K(C),

e an isoperimetric region E7 C K7 with volume larger than B3,
with in particular x9 = 0 for all i € N and K° = C, such that

(i) F/T' C F/ C F; foralli € N and j € {0,...,0 —1};
(i) fx{ +C converges to K7 locally in Hausdorff distance for all j € {1,...,¢};
(iii) —:vg + Ff converges to B9 C K7 in Li, (R™) for all j € {0,...,0};
(iv) for any 0 < q < {, E°,E',...  E9 is a generalized isoperimetric region of
volume 321_ | EV|.

V) S5o B = v;
(Vi) Tc(v) = Y25 o I (| 7).

ProoOF. We shall split the proof into several steps.
Step one. Here we define the set E° as the L! limit of {F;}, up to subsequences,

loc
then show that it is isoperimetric for its volume. We henceforth assume that C

contains the origin. Let E° C C be the (possibly empty) limit in L} (R") of a

loc



4.2. THE MAIN RESULT 43

(not relabeled) subsequence of {F;};en. By Lemma 4.5 there exists a sequence of
diverging radii r? > 0 so that the set F}l := F; \ B(0,r?) satisfies

(4.5) |E°|+ lim |F}| = v,
1—>00

and
Po(EY) + liminf Po(F}!') < liminf Po(F;).

1— 00 11— 00
In case |E°| > 0 the set E? is isoperimetric for its volume: otherwise there would exist
a bounded measurable set G C C satisfying |G°| = |E°| and P(G°) < Po(EP).
This set can be approximated by a sequence {G; };en of uniformly bounded sets of
finite perimeter satisfying |G;| + |F}| = v and lim; o, Po(G;) = Po(GP). For large
i, G; and F} are disjoint, |G; U F}!| = v and there holds

Ic(vo) < liminf Po(G; U F})
1—> 00
= liminf(Pc(G;) + Po(F})) = Po(G°) + liminf Po(F})
71— 00 11— 00
< Po(E®) +liminf Po(F}') < liminf Po(F;) = Ic(v),
1— 00 1—00

yielding a contradiction. A similar argument proves the equality

(4.6) Po(E®) + liminf Po(F}) = Io(v).
11— 00

In particular, (iv) is trivially satisfied for ¢ = 0.

Step two. We have the following alternative: either |E°| = v (which means that
E? is an isoperimetric region of volume v and thus the theorem is verified for ¢ = 0)
or |[E°| < v. The latter case corresponds to a “volume loss at infinity”. We observe
that in this case the sequence {Fil}iEN defined in step one satisfies the hypotheses
of Corollary 3.25 since lim; , |F}| = v — |E°| < v and liminf; o, Po(F}) <
Iz (v — |E®]), where Iy is the isoperimetric profile of a half-space in R™. The last
inequality follows by contradiction: in case liminf; o, Po(F}) > Ig(v — |E°]), we
could consider the union of the bounded isoperimetric set E° with a disjoint ball
Be(z,r) centered at a boundary point z € C with volume |Bo(z,r)| = v — |E°|.
Since Po(Be(x,r)) < In(|Be(z,7)]), we would obtain

Po(E°U Be(x,7)) < Po(E®) + Iy (|Bo(z, 7))
< Po(E®) + liminf Po(F}') < liminf Po(F;) = Ic(v),
1— 00

1—> 00
yielding again a contradiction. Since {F}};cn satisfies the hypotheses of Corol-
lary 3.25 we can find a sequence of points z} € C' so that

|F! N Be(x},1)] > mo|F}|

for all i. The sequence {z}};en is divergent since the sequence {F}!'};cn is divergent.
Then, possibly passing again to a subsequence, the convex sets —z} + C converge
to an asymptotic cylinder K, and the sets —z} + F}! converge in L}, .(R™) to a set

E' c K! of volume v — |E°| > |EY| > mg(v — |E®]). We can apply Lemma 4.5 to
find a sequence of diverging radii 7} so that the set F? C F}} C C defined by

—z} + F} = (—z; + F)\ B(0,r})
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satisfies
B+ lim [F?| = lim [F}],
1— 00 11— 00
Py (EY) + liminf Po(F?) < liminf Po(F}),
71— 00 1—> 00

where in the last inequality we have used P_,1 ¢ (—x; + F?) = Pc(F?). Equation
(4.5) then implies
[E°| + |E"| + lim |F?| = v,

1— 00

and (4.6) yields
Pc(E®) + Py (EY) + lim inf Po(F?) < Io(v).

K3 o0
Arguing in a similar way as in step one, we show that E' is isoperimetric for its volume
in K'. We argue by contradiction assuming the existence of a bounded measurable
set Gt C K! with Pg1(G') < Pg1(E'). By Proposition 4.3 we would find a sequence
of uniformly bounded subsets G} C —z! + C with volumes v — |E°| — |F?| such
that lim; oo P_y140(G}) = Pr1(G'). Since the sets G} are uniformly bounded
and the sequence F? is divergent, we have G} N F}! = () for large i. Being the
sequence x} divergent, the sets x} + G}, x} + F? are disjoint from EY. So the sets
E°U (2} + G}) U (2! + F?) have volume v and their perimeters have inferior limit
less than or equal to

Pc(Ey) + Pgi(GY) + liminf Po(x; + F?),

1—00

that, by the choice of G, is strictly less than
Pc(Ep) + P (EY) + liminf Po(x; + F?) < Ic(v),
71— 00
again yielding a contradiction. The same argument shows that
Pc(Ey) + Pgi (EY) + liminf Po(x; + F?) = Ic(v).
1— 00
Arguing similarly, we can then show that (iv) is satisfied for ¢ = 1.
Step three (induction). Assume that after repeating step two ¢ times we have

found ¢ asymptotic cylinders K7, q isoperimetric regions £/ C K7 of positive volume,
j=1,...,q, and a chain of (non relabeled) subsequences

F' ' cFlc...c Fl c F',

so that
(4.7) |E°| + |EY 4 - 4 |E) + lim |F/T | =o
71— 00
(4.8) Po(E®) 4 Pgi (EY) + - -+ 4 Pga(E?) + liminf Po(FIT) = Io(v).
1—00

If lim; oo |Fiq+1| = 0 we are done. Otherwise, if lim;_, o |Fiq+1| > 0 then we claim
that the inequality

q
(4.9) lim inf P (F{™) < Ig(v =Y |E))
11— 00 =0

must be satisfied. In order to prove (4.9) we reason by contradiction assuming that
q
lim inf P (FI*) > Ig(v =Y |E7|) e

1—00
Jj=1
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holds for some positive € > 0. Recall that each isoperimetric set E7 is bounded
and that each asymptotic cylinder K7 is the local limit in Hausdorff distance of a
sequence —xg + C, where {mf}l is a diverging sequence in C. For each j € 1,...,¢,
consider a sequence of uniformly bounded sets GZ C —xf + C of finite perimeter
such that

lim P_ ;. (G]) = Py;(E’), and |GJ| = |E’| for all .
1—00 i
Since the sequences {xz + Gf}z of subsets of C' are divergent, for every j € 1,...,q,

we can find i(j) so that the sets G; = xz(j) + Gg(j) are pairwise disjoint, do not
intersect E°, and

Po(Gy) < P (B7) + 2

Now choose some x € OC so that the intrinsic ball B centered at z of volume
v—>21_o|E7| is disjoint from E°UJI_, G;. We know that Po(B) < In(|B|) =
T (v —379_o |E’]). So we finally obtain that E° U B UJI_, G; has volume v, and

q
Po(E°UBU | ) Gy) < Po(E°) +

j=1 J

Py (E7) + I (|B|) +¢.

-

1

< Po(E°) +) Py (E?) + liminf P(FY™) = Io(v),

11— 00

-

j=1

providing a contradiction and thus proving (4.9).
We can then apply Corollary 3.25 to obtain a divergent sequence of points x?“
so that
|F 0 Be (a8 1)] = mo|

for all 7. Possibly passing to a subsequence, the sets —x?“ + C converge to an

asymptotic cylinder K97 and the sets 277" + FI*" to a set E9T1 ¢ K971 satisfying
v =3I o|E| =[BT = mo (v — Y7 |E’]). We can use again Lemma 4.5 to

obtain a sequence of diverging radii r?“ such that
q+1 q+2 . _ q+1 q+1 q+1
—zi A FT = (T + FT)\B(0, )
satisfies
| B9 4 lim inf | F172) = | F,
11— 00

Preori (BT 4 liminf Po(F/T?) < liminf |[FIT.
71— 00

71— 00

From (4.7) we get
q+1 .
Z |E9| + lim inf |F7T2| = v,
71— 00
j=0

and, from (4.8) we obtain

q+1
Po(E®) + ) P (E7) + liminf Po(F{?) < Io(v).
1— 00
j=1
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Reasoning as above we conclude that E91! is isoperimetric in K971 and that equality
holds in the above inequality, thus yielding

q+1
Po(E®) + ) P (E7) + liminf Po(F{*?) = Io(v).
1— 00
j=1

Arguing as in step two, we obtain (iv) with ¢ + 1 in place of ¢. Moreover it is clear
from the procedure illustrated above that (i)—(iii) will be granted at the end of the
inductive process.

Step four (finiteness). Let us finally prove that the induction step needs to be
repeated only a finite number ¢ — 2 of times, where ¢ only depends on C' and v.
The key observation leading to this conclusion is the existence of a constant 5 > 0,
ultimately depending only on C' and v, such that any E7 with j > 2 obtained as in
step three (with |E7| > 0) necessarily satisfies

(4.10) |E7| > 3.
As an immediate consequence of (4.10), one obtains
(4.11) <2+ |v/B],

where |z| denotes the largest integer < x. The property expressed by (4.11) is
actually stronger than a generic finiteness of ¢, as the right-hand side of (4.11) does
not depend upon the specific choices made during each application of step three.
In order to prove (4.10) we first show the existence of a constant 5 > 0 depending
either on E° or on E! (more precisely, on the one of the two sets with larger volume),
such that (4.10) holds true. Then, in final Step five, we describe how to deduce via
a compactness argument (originally due to Almgren [2]) that 8 only depends on C'
and v, and not on the given minimizing sequence {F;};. Let us start noticing that

(4.12) max{|E°|, |E'|} = mov/2.

Indeed, (4.12) follows by arguing as in step two with the additional observation
that, owing to Corollary 3.25, the following more precise alternative holds: either
|E9| > v/2, or lim;_, |F}| = v — |E°| > v/2 and therefore |E'| > mov/2. Thus,
(4.12) is proved by recalling that my < 1. Let now assume without loss of generality
that |E'| > |E°| (indeed, the argument is even simpler in the opposite case).
Using Theorem 2.12 with Ey = E! we can find a deformation E} of E?,
parameterized by t € [—m,m] and localized in a fixed ball in the interior of K1,
such that E} = E', |E}| = |E'| +t and
(4.13) Pri(E}) < Pga (EY) + Mt|, t e [—m,m)
for some positive constants M, depending on E!.
Let now {E7 C K7} for 2 < j < ¢ be the sets obtained after applying step three
g — 1 times. Assuming that v > Zg;é |E7| (which is clearly the case in order to
justify the application of step three ¢ — 1 times) is equivalent to require that |E7| > 0
forall j = 2,...,q. Let now j € {2,...,q} be fixed and assume by contradiction
that
C’ﬂ
Gy
where ¢y and vy are as in Corollary 3.17. Owing to Remark 3.19 one easily deduces
that the isoperimetric inequality for small volumes stated in Corollary 3.17 is also

(4.14) t; := |E7| < min{vo, §
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valid for any K € K(C) with the same constants ¢y and vy, thus by (4.14) we get

(4.15) Pyi (E7) > ¢o| B?|(m— D/

Next we set F'' = Ef , F/ =0 and F' = E' for all i € {0,...,q} \ {1,7}. Then we
observe that Y7 |F| = >, |E*|. On the other hand, by step three we know that
E°, ... E%is a generalized isoperimetric region and, at the same time, by (4.13),

(4.14) and (4.15), we have that

ST Pi(F) =3 Pri(BY) + Mt < 3 Pri (B + ot ™" < P (B,

i i i i
a contradiction. Setting § = min{J, AZ—S}, we have thus proved (4.10).

Step five (uniformity of 5). The fact that 8 only depends on C' and v, but not
on {F;};, can be proved as follows. Assume by contradiction that there exists a
countable family {E(i) = (E°(i), ..., E%(i))}; of generalized isoperimetric regions
for the prescribed volume v, such that the volume of the smallest component of
each region, which can be set as E% (i) up to a relabeling, is infinitesimal as i — oo.
Similarly, we can assume without loss of generality that E°(i) is the component
with largest volume, so that by (4.12) we have mgv/2 < |E°(i)| < v for all i. By
applying Steps one and two to the sequence E°(i) in place of F;, and arguing as
in Step three, we obtain that —z; + E°(i) subconverges locally in L! to a finite
perimeter set E! contained in an asymptotic cylinder K of C, owing to Lemma 3.4
(ii). Moreover one has without loss of generality that

B > mv/4,
hence there exists an open Euclidean ball B contained in K for which P(E', B) > 0.
By Theorem 2.12 applied with Ey = E', E = —x; + E°(i), and t = |E% (i)] for i
sufficiently large, we construct a competitor for the generalized isoperimetric region
E(i), with the same volume v but strictly smaller perimeter, as done in Step four,
hence we have reached a contradiction.

Consequently, (v) and (vi) are now satisfied together with (i)—(iv), which
concludes the proof of the theorem. (I

We finally state the following result for future reference.

COROLLARY 4.7. Let C = K x R¥ where K is an (n — k)-dimensional bounded
convez body. Then isoperimetric regions exist in C' for all volumes.

PRrROOF. The proof follows from Theorem 4.6 and the trivial fact that any
asymptotic cylinder of C coincides with C' up to translation. (]






CHAPTER 5

Concavity of the isoperimetric profile

In this chapter we first prove in Theorem 5.1 the continuity of the isoperimetric
profile I of an unbounded convex body C' C R™ of uniform geometry. Section 5.2
is a technical one where we show that we can approximate in Hausdorff distance
any unbounded convex body by unbounded convex bodies such as they, as well as
their asymptotic cylinders, have C'*° boundary. Finally in section 5.3 we show the
concavity of the ~"5 power ("5 concavity for short) of the isoperimetric profile of
an unbounded convex body of uniform geometry. We do it first in Lemma 5.5 for the
approximating sets constructed in section 5.2. In Theorem 5.8, the 5 concavity
of the profile of an arbitrary unbounded convex body with uniform geometry, as
well as the connectedness of isoperimetric regions, are proved.

Several subtleties of this chapter should be indicated here. First of all, the
continuity of the isoperimetric profile will be needed in Lemma 5.5 to show the
—27 concavity. On the other hand, our proof of concavity requires the existence of
isoperimetric regions, or at least of generalized isoperimetric regions, since it is based
on a comparison argument where a suitable global deformation of the minimizer is

used.

5.1. Continuity of the isoperimetric profile

THEOREM 5.1 (Continuity of the isoperimetric profile). Let C' C R™ be an
unbounded convex body. Then its isoperimetric profile Ic is a continuous function.

ProOOF. We only need to consider the case of uniform geometry since otherwise
I = 0 by Proposition 3.14. We closely follow Gallot’s proof [32, Lemme 6.2].

We first choose two arbitrary positive volumes satisfying 0 < v < w. For any
e > 0 we consider a bounded set E C C of volume v such that Po(E) < Ic(v) + €.
Let B C C be a closed intrinsic ball with center at a point in C, at positive distance
from E, and such that |B| = w — v. Then Po(B) < Iz« (1)|B|»~1/" where Ign (1)
is the isoperimetric constant in R™, and we get

Ic(w) < Po(EU B) = Po(E) + Po(B) < Io(v) + Ign (1) (w — 0) "™/ 4.
Since € > 0 is arbitrary we obtain
(5.1) Io(w) < Ie(v) + Ipn (1) (w — v)™/ (D).

To obtain inequality (5.1) with the roles of I (v) and I(w) interchanged, it is
necessary to restrict the possible values taken by v and w. So we fix 0 < ¢ < d and
take some r > 0 satisfying

< mi { 21" Ac }
r<min{ ————, 15,
Ig(d)+1

49
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where A is defined in (3.16) and Iy is the isoperimetric profile of a halfspace. If
necessary we shrink the interval [c, d] so that the chosen r additionally satisfies the
inequality
(d—c) < % r.

This can be done safely since inequality r < 2%/"Ac/(Ig(d) + 1) is respected when
reducing the interval. The contraction can be done to include any arbitrary value
in the original interval.

With the above choice of ¢ < d, take v, w so that ¢ < v < w < d. Consider
now a set £ C C with |E| = w and Po(F) < Io(w) + ¢, with 0 < € < 1. Since
Po(E) < Io(w)+e < Ig(w)+ 1< Ix(d)+ 1, we get

21/ Ae - 21/ A|E|
Iy(d)+1 = Po(E)

Then Corollary 3.24, a consequence of the Concentration Lemma 3.22, gives the
existence of a point x € C so that

20 Be(e.n) > BN M s gy > ),

By the continuity of the function p — |E N Be(z, p)|, we find some s € (0, r] such
that |E N Be(z,s)| = w — v. Then we have

Ic(v) < Po(E\ (EN Be(x,8))) < Po(E) + Po(Be(z, s))
< I (w) + I (1) (w — ) D/" 4 g
As € > 0 is arbitrary we get
(5.2) Io(v) < Ie(w) + Ign (1) (w — v)= D/,
Finally, for any v, w in (¢, d), we get from (5.1) and (5.2) the inequality
(5.3) o) — To(w)] < Tan (1) [o — w717,
that implies the continuity of I in the interval (e, d). O

REMARK 5.2. Indeed inequality (5.3) implies that the isoperimetric profile I
is a locally (1 — 1)-Holder continuous function in (0, +00).

5.2. Approximation by smooth sets

Let p : R™ — R be the standard symmetric mollifier: the function p is radial,
has compact support in B(0, 1), its integral over R™ equals 1, and the functions
1 x
pe() := on P(E)
converge to Dirac’s delta when € — 0 in the sense of distributions.

Let C' C R™ be an unbounded convex body and let d¢(z) denote the distance
from 2 € R™ to C. Tt is well-known (cf. [79, § 1.2]) that d¢ is a 1-Lipschitz convex
function, differentiable at any 2 € R™ \ C, and such that Vdg () is a unit vector in
R™\ C. For every € > 0 we define the smooth, convex, non-negative function

gC,s(x) = /n pe(x - y) dC(y)di%

then we set
C° = go:([0,€)).
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The following lemma allows us to approximate in local Hausdorff distance an
unbounded convex body C' by unbounded convex bodies with C*° boundaries. The
approximation is strong in the sense that any asymptotic cylinder of C' is also
approximated by asymptotic cylinders of the approaching convex bodies.

LEMMA 5.3. Let C C R”™ be an unbounded convex body, then
(i) C c C® c C + 2eB, where B = B(0,1).
i) C¢ is an unbounded convex body with C*° boundary.
(iii) For each w € R™, we get w + C¢ = (w + C)°.
) Let {C;}ien be a sequence of unbounded convex bodies that converges to an
unbounded convex body C' locally in Hausdorff distance. Then also (C;)¢
converges to C® locally in Hausdorff distance, as i — oco.
(v) K(C®) = (K(C)) :={K®: K € K(C)}. In particular, any cylinder in
K(C*) has C*° boundary.

PROOF. Let x € C, then de(x) = 0 and since d¢ is 1-Lipschitz we get
seete) = [ pte—)det)dy < [ pla—y)ldets) —de(@] dy

</ pa(x—y)Iy—wldy<6/ pe(r —y)dy =e.
B(z,e) B(w,e)

Consequently, € C¢ and so C' C C¢. Assume now that € C¢. Then gc.(z) <€
and we get

do() — gee(@) < /B( pele =) (@) — do(p)ldy <=

Thus, do(z) < 2¢. Consequently, z € C' 4 2¢B and so C° C C' + 2¢eB. This proves
(i)

We now prove (ii). By (i) we get that C* is convex since it is the sublevel set of
a convex function. As it contains C, it is necessarily unbounded. If z € C, then

gc,e<x>=/ p€<x—y>dc<y>dy</ pela—y) |z —yldy <e,
B(x,¢) B(x,e)

thus ¢ is not the minimum value of go.. Consequently, Vgc (z) # 0 for every
z € 0C¢, hence JC* is smooth.

Item (iii) follows easily from the equalities dy+c(z) = do(z —w) and go(z —
W) = guw+c,e(T). _

We now prove (iv). We fix R > 0 and check that (C;)¢ N B(0, R) converges in
Hausdorff distance to C¢ N B(0, R). To this aim, we exploit Kuratowski criterion
[79, Thm. 1.8.7]. First, let x € C° N B(0, R). We need to check that x is the limit
of a sequence of points in (C;)° N B(0, R). If z € int(C*) N B(0, R) then go.(z) <
and thus gc¢, -(x) < ¢ (henceforth = € (C;)¢) for i large enough. Otherwise we
approximate x by a sequence {y; }jen C int(C®)NB(0, R), then, arguing as above, for
any j € N we select ¢; € N with the property that ¢;,1 > 4; for all j and y; € int(CY)
for all ¢ > ;. In order to build a sequence of points x; € C; that converge to =, we
proceed as follows. First we arbitrarily choose z; € C; for i = 1,...,i; — 1. Then
we set x; = y; for all i; <14 < i;41 (notice that the definition is well-posed, thanks
to the fact that {i;};en is strictly increasing). It is then easy to check that the
sequence {z; };en has the required properties.
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Second, let x;, € Cf N B(0, R) converge to some point . Since 9, = (Tiy) <€
and gc,, . uniformly converges in compact sets to gc,., we have gc.e(x) < e and so
x e C*®.

Now we prove (v). Let K € K(C¢). Then there exists a divergent sequence
{zi}ien C C° so that, by (iii), —x; + C* = (—z; + C)¢* — K in local Hausdorff
distance. Let y; be the metric projection of x; onto C. We have |z; — y;| < 2¢ and
so the sequence {y; }ien C C' is divergent. Hence (—y; + C)¢ — K in local Hausdorff
distance. Since —y; + C' subconverges to some K’ € K(C), (iv) implies (K')* = K
and so K € (K(C))¢. The proof of the reverse inclusion is similar. O

5.3. Concavity of the isoperimetric profile

Now we proceed to show in Lemma 5.5 that the function I/ """ is concave
when C'is a convex body of uniform geometry with C'*° boundary, such that all its
asymptotic cylinders have also C'*° boundary. The general case of C' convex but
not necessarily smooth will then follow by approximation. Lemma 5.4 is a technical
result that will be needed in the proof of Lemma 5.5.

LEMMA 5.4. Let C C R™ be a convex body of uniform geometry. Let K7 €
K(C)U{C} for j=0,...,m. Then for all vy,...,v, = 0 we have

Io(o+ ... +vm) < I (vg).
=0

PROOF. For every j, consider a bounded set E/ C K7 of volume v; such that
Py (E7) < Ik (vj) + . Using Proposition 4.3, we get a set F/ C C' of volume v;
such that Po(F7) < Py, (E’) + €. The sets FV can be taken disjoint. Then we have

Ic(vo+...+vm) gpc(FOU...UFm):Pc(FO)+...+Pc(Fm)
< Pgo(EY) 4 ...+ Pgm(E™) + (m+ 1) ¢
< Igo(vg) + ..o+ Igm (V) +2(m+ 1) .

Letting € — 0 we obtain the result. (Il

LEMMA 5.5. Let C C R™ be a conver body of uniform geometry with C'°
boundary. Assume that all its asymptotic cylinders have also C*° boundary. Then
Ig/(nfl) s a concave function, hence in particular Ic is strictly concave.

PROOF. Fix some positive volume vy > 0. By Theorem 4.6, there exist m € N,
K7 € K(C), 1 <j < m, and isoperimetric regions £/ C K7, such that

(5.4) Z |E7| =vg and Ic(vo) = Z I (|EY)),
=0 =0

where K° = C. Denote by S7 the regular part of O, E’ and assume that S/ is
nonempty for all j = 0,...,m (otherwise we may restrict the summation to those
indices j such that this property holds true). Since E/ C K/ are isoperimetric
sets in K7, a standard first variation argument implies that S’ has constant mean
curvature and that S7 intersects orthogonally K.

Let us check that all S have the same constant mean curvature. Otherwise,
there exist S71,.5872 j;, jo € {0,...,m}, with different mean curvatures. A standard



5.3. CONCAVITY OF THE ISOPERIMETRIC PROFILE 53

first variation argument allows us to deform E’! and E’2 to get F/t C K7 and
FJ2 C K72 satisfying

[+ |F5| = |B7 | +|B%],

5.5 . : . )
(5:5) Prejy (F7') + Pgio (F7?) < Py (B7') + Pres (E72).

Moreover the sets FJ', FJ2 are bounded since they are nice deformations of isoperi-
metric regions, which are bounded by Proposition 3.21. Letting F; = E; when
i # j1,j2, we get from (5.4) and (5.5)

Z|FJ| =wvy and Ig(vg) > Z Iri(|F7)),

Jj=0 Jj=0

Using Proposition 4.3, we can approximate the sets F7 C K7 by sets in C of volumes
|F7| and relative perimeters in C' as close as we wish to Py (F?). This way we get
a finite perimeter set 2 C C so that

|Q| = Vg and Ic(U()) > Pc(Q),

yielding a contradiction.

Let us now prove that Ig/ (=1 s a concave function. We shall do it by
deforming an isoperimetric region through a continuous family of competitors with
monotone volume, and comparing the perimeters with the corresponding values of
the isoperimetric profile. If we knew that the isoperimetric boundaries are regular
we could take outer parallels, corresponding to a locally constant test function in the
second variation. Because of the presence of singularities, we shall approximate the
function 1 on each isoperimetric boundary by a family of cut-off functions vanishing
near the singular set.

Since the singular set of E7 has very small Hausdorff dimension, given £ > 0, we
cover this set by a finite family of Euclidean balls with radii satisfying ", 7/ < ¢,
and we construct a function ¢ on S’ as a product of piecewise linear functions
vanishing on the singular set of 9 E7. These functions satisfy 0 < ! < 1, and ¢!
converges to the constant function 1 on 57 both pointwise and in the Sobolev norm
when & — 0. We refer the reader to Lemma 3.1 in [8] for the proof of this standard
result.

Fix € > 0 and consider a C* vector field X7 in K’ obtained by extending the
vector field I N7 in S7, where N7 is the outer unit normal to E7, to R” in such a
way that the extension is tangent to K7. The associated flow {¢g7t}teR preserves
the boundary of K7. The derivative of the volume for the variation associated with
the vector field X7 is equal to

/ eldH™ >0,
S

and so there exists a function P/ (v) assigning to v close to |E’| the perimeter of
the set 1’ o) (E7) of volume v. Trivially we have

(5.6) Irs(v) < P(v).

For v close to vy, we define the function

P.(v) =Y PL(IE?| + Aj(v = vo)),
§=0
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where

HL(SY) ~OHMH(SY)
HI(S0) 1+ HLS™)  To(on)
Observe that Z;n:o Aj = 1. Using Lemma 5.4 and (5.6) we have

m ) n/(n—1)
o < (3010 (7] + A0~ )

Jj=0

A\ =

m 4 , n/(n—1)
s (ZP‘?“E”*')‘J'(U—UO))) = P.(v)"/ 7).

Jj=0

By Lemma 5.6 below, it is enough to show

d2
limsup [ — P.(v "/("1)> <0
5~>0p <d1}2 v=1vg E( )
n/(n—1)

to prove the concavity of I, . Observe that

o e - (2 )Pw D) { 23 O ).

dv?|,_,, n—1 n—1 P.(v)
Note that
P! (o) Z/\ ) (|E7|) <Z>\>H H,
where H is the common constant mean curvature of S7 for all j = 0,...,m, and
that

Pl (vo) =Y AH(P2)'(|E))
§=0

_Ji@g(/ o) {/ Vsl I Pl - [ v vl

where Vg; is the gradient in S, |o7|? is the squared norm of the second fundamental
form o7 of S7, and Il is the second fundamental form of 9K7. Taking limits when
e — 0 we get as in [8, (3.7)]

. P” g _ 73 / J|2 / IIJ N7 N
Hgljélp e (UO) Z an—l(SJ)Q { Si |0 | - 983 ( ’ )

Jj=0

n A2 .
_ J J|2
< Z’H"‘l(Sj)Q /Sj lo7]°.
Hence we have

1 Pl(vp)? 1 H? " A2 ,
limsup{ o) +P;’(vo)}< -2 g /T

<0 |n—1 P(vo) n—11Ic(vo) = HP=1(87)2 Jg
m m 2
_ Z 1 H? B Z )\j |<TJ\2
=0 Ic(vo)2 Ssi N — 1 0 7—[”*1(53)2 S
2
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from the definition of A;. This shows that Ig/ (=1 is a concave function.
Finally we deduce that I is strictly concave, being the composition of I, g/ (n—1)

with the strictly concave non-increasing function z s "/ (?+1), [l

LEMMA 5.6. Let f: I — R be a continuous function defined on an open interval
I C R. Assume that for all x € I there is a family of smooth functions (fy.e)e>o0,
each one defined in a neighborhood of =, such that f < fy., f(z) = fo(x), and
limsup, o f; .(7) < 0. Then f is a concave function.

ProoF. If f is not concave, then there exists § > 0 such that the function
f5(x) == f(z) — d2% is not concave. To see this, represent the subgraph of f as the
closure of the union of the increasing family (when 6 — 0) of the subgraphs of f5. If
the subgraph of f is not convex, then some of the subgraphs of f5 are not convex.

As f5 is not concave, there exist two points x; < x2 on I such that the function
L(x) — f5(x) has a positive maximum z¢ € (z1, z2). Here L(z) is the linear function
passing through (z1, fs(z1)) and (z2, f5(x2)). Then each one of the smooth functions
L(x) = fey.c(2)+0x* has a maximum at 2. Hence f;/ _(20) > 28 > 0, contradicting
the assumption. O

LEMMA 5.7. Let C C R"™ be an unbounded convexr body of bounded geometry
such that I?(/(n_l) is concave for any K € {C} UK(C). Then, for any prescribed
volume v > 0, any generalized isoperimetric region in C of volume v consists of a
single, connected set E contained in K € {C'}UK(C). Moreover, the diameter of E
is bounded above by a constant only depending on v and on the constants n,rg, b(rg)
appearing in (3.3).

PROOF. Step one. We assume by contradiction that for some positive prescribed
volume we can find a generalized isoperimetric region E° E',..., E7 such that
|E7| > 0 at least for two distinct indices j; # j2 in {0,...,q}. Let v/ = |E7| and set
v = v/t 4+ 972, Then combining Proposition 4.3 with Theorem 4.6 (iv) we get

(5.7) Io(v) = Ixcn (V1) + I (v2) 2 Io(v7) + Lo (v72).
On the other hand, the strict concavity of I (v) implies strict subadditivity, hence
we find
Ic(v) < Ic(vjl) + Ic(vjz),
which is in contradiction with (5.7).

Step two. In order to prove the last part of the statement, we observe that any
minimizer E C C (or, respectively, E C K for some K € K(C)) for a prescribed
volume v > 0 must satisfy a uniform density estimate depending only on the
dimension n and on the ratio I¢(v)/v. Owing to Remark 3.19, we can consider
without loss of generality the case F C C, fix x € E and, for any r > 0, consider
the set E,. = E\ Be(x,r). Set m(r) = |E N Be(z,r)| and notice that, by concavity
of I, one has

(5.8)  Po(B) = Io(v) < Io(v — m(r) + <Y

m(r) < Po(E,) +

m(r).

On the other hand, for almost all 0 < r < rg such that m(r) < |Beo(z,7)|/2, owing
to the relative isoperimetric inequality (3.9) one has

Pc(E;) = Pc(E) — Po(EN Be(x,r)) +2m/(r)
< Po(E) — Mm(r)™= D/ £ om! (r).

Ic(v)

(5.9)
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Hence combining (5.8) and (5.9) we get

(5.10) M m(r)=D/n lo(v)

m(r) <2m'(r).
Now, assume that for some 0 < r; < ro we have m(r1/2) > 0 and m(ry) <
|Be(2,71/2)]/2, then of course we have m(r) < m(ry) < |Be(z,r)|/2 for all r1/2 <
r < r1, hence (5.10) holds true for almost all € (r1/2,71). Moreover, up to
choosing r; small enough depending on the ratio I¢(v)/v and on the isoperimetric
constant M > 0 appearing in (5.10) (we recall that, by Lemma 3.16, M depends
only on n,rg,b(rg)), we can entail that

M m/(r)
(511) Z < m for almost all r € (T1/27T1) .
Arguing as in the proof of Proposition 3.21, i.e. integrating (5.11) between r1/2 and
r1, we conclude that

M\"
(5.12) m(ry) > (811) T,
i.e., that a uniform lower bound for the volume of E holds in balls of radius smaller
than ry centered at Lebesgue points of the characteristic function of E. Note that
this lower bound is uniform, while the one given by Proposition 3.21 is a-priori
dependent on the set E.

Finally, by combining (5.12) with the connectedness of E proved in step one,
we eventually obtain a uniform lower bound on the diameter of . To prove this
we fix a maximal family B of disjoint balls of radius r = r/2 centered at Lebesgue
points of the characteristic function of F, so that the union of the concentric balls
with radius 2r covers E. By (5.12) we obtain |[E N B| > ¢ for any B € B and for
a constant ¢y only depending on n,rp,b(rg) and v. Consequently the cardinality
of {B} cannot exceed v/cy. On the other hand the union of the concentric balls
with radius 2r must be connected (otherwise F would be disconnected) and thus
the diameter of E is necessarily bounded by the sum of the diameters of these balls,
i.e., by 4rgv/co. O

THEOREM 5.8. Let C' C R™ be an unbounded convex body of uniform geometry.
Then Ig/("_l) is concave. Moreover, any generalized isoperimetric region for Io(v)
is associated with a connected set E C K with |E| = v, for K € {C}UK(C) suitably
chosen, so that it holds Pk (E) = Ik (v) = Ic(v).

PrOOF. We notice that, by the assumption on C, any K € K(C) is an un-
bounded convex cylinder of uniform geometry. According to Lemma 5.3 we approxi-
mate C by a sequence of smooth unbounded convex bodies C* converging to C' in
global Hausdorff distance as i — oco. It is then immediate to prove that C? is of
uniform geometry. Moreover, thanks to Lemma 5.3, any K € K(C?) has smooth
boundary and is of uniform geometry. Therefore we deduce by Lemma 5.5 that
17/ is concave for all K € {C?} UK(C?) and for all .

To deduce the concavity of Ig/(n_l), it is enough to show that lim;_, o Ici (v) =
Ic(v) for all v > 0. Owing to Proposition 4.4, it remains to prove the lower

semicontinuity of the isoperimetric profile, i.e. that

(5.13) liminf Ici (v) = Ic(v) .
1—00
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To this aim, by Lemma 5.7 we find K* € C* UK(C?) and E* C K' with |E?| = v,
such that Pg:(E') = Ici(v) for all i. By Remark 3.19 and Lemma 5.7, the
diameter of E* is uniformly bounded by some uniform constant d > 0, hence we
can assume that, up to translations, E* C B(0,d) for all i. Up to subsequences,
the corresponding translates of K’ converge in local Hausdorff sense to a limit
convex set K that necessarily belongs to {C'} U KC(C) up to a translation, see
Lemmata 3.4 and 3.5. By the uniform boundedness of the perimeters of the E’s
(see Remark 3.10), up to a further extraction of a subsequence we can assume that
E* converge to a limit set £ C KNB(0,d) in L', whence |E| = v. By Lemma 4.1, we
deduce that Pg(F) < liminf; ., Pg:(E"), hence by the inequality Ic(v) < Ik (v)
(see Proposition 4.3) we finally deduce (5.13). This concludes the proof of the
theorem. ]

COROLLARY 5.9. Let C C R™ be a convex body and A < 1. Then Ic(v) = Inc(v)

PROOF. According to (2.11), the renormalized isoperimetric profile Yo =

Ig/(nfl) satisfies

n v
YAc(’U) =\ +1Yc<)\n+1).

Then, as Y¢ is concave with Yo (0) = 0 and A < 1, the proof follows. O






CHAPTER 6

Sharp isoperimetric inequalities and isoperimetric
rigidity

In section 3 some upper estimates of the isoperimetric profile like I < I,
where Chip is the tangent cone with the smallest aperture in {C'} UK(C), or the
weaker Io < Iy, where H is a closed half-space, have been proved (see Proposition
3.8 and Remark 3.10). In this section, we shall obtain some new isoperimetric
inequalities, like I > Ic__ (see Theorem 6.3) for a convex body C with non-
degenerate asymptotic cone Cy,, recall known ones, and prove rigidity results for
the equality cases.

6.1. Convex bodies with non-degenerate asymptotic cone

We begin by studying the relative isoperimetric problem in convex bodies with
non-degenerate asymptotic cone (see Chapter 2 for the corresponding definition).
We shall first need some notation.

We denote by C}' the family of unbounded convex bodies in R™ that contain
the origin and have non-degenerate asymptotic cone. We regard this set equipped
with the topology of local convergence in Hausdorff distance. Let I'},0 < k < n, be
the set of convex bodies C' € C§ so that C' = C x R™* up to an isometry, where
C C R* is a line-free convex body, or just the origin in the case k = 0. Observe
that Ty = {R"} and that I'? = {H : H is a half-space}. The latter identity is easy
to prove since C in the above decomposition is 1-dimensional and line-free, hence
a half-line or a segment. However the case of the segment is excluded, as slabs in
R"™ have degenerate asymptotic cones. We also notice that I'} is the set of line-free
convex bodies of R” with non-degenerate asymptotic cone.

Let C' C R™ be an unbounded convex body. Note that if C' contains a line L
through the origin, then C' = C @ L. Therefore a sequence of translations of C' by a
divergent sequence of points belonging to L converges to C', hence C belongs to the
space KC(C) of its asymptotic cylinders. This implies that for all k =0,...,n and
C €T} one has C € K£(C).

Given C € CJ there exist two orthogonal projections ¢, mg such that Vo =
7c(C) is an (n — k)-dimensional linear space, 75(C) is either {0} when k =0, or a
line-free k-dimensional convex body contained in the orthogonal complement V+
of Vg, and C = Vo @ n5(C). If C is line-free then there holds Vo = {0}, thus
mo(z) =0 and 74 (z) = 2 for all x € C.

Now we set for 0 < m < n

(6.1) Com=JTH
k=0

59
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and note that Cf,, = Cg. The family Cf,,, consists of those sets in Cj possessing
a Euclidean factor of dimension larger than or equal to (n — m). We shall prove
in Theorem 6.3 that the isoperimetric profile I of a convex body C' with non-
degenerate asymptotic cone Cy, is bounded below by I . Moreover, in Theorem
6.14 we show a rigidity result for the equality case in I > I, which states that if
Io(vg) = Ic (vg) for some vy > 0, then C' and C,, are isometric. We also prove
that Ic(v) and I (v) are asymptotic for v — +o00, and that isoperimetric regions
exist for large volumes. First we need the following two lemmas.

LEMMA 6.1.

(i) The set Cy,, is closed under local convergence in Hausdorff distance for
every 0 <m < n.
(ii) For every k = 0,...,n, if C € T} then Cx € I'}, where Cs is the
asymptotic cone of C'.
(iii) Let C € T for some m € {1,...,n}, and let x; € C, i € N. Suppose that
—x; + C — K locally in Hausdorff distance. If t&(z;) =z € C as i — o0
then K = —x + C. If n&(x;) diverges, then K € Cf,, ;.

ProoF. To show (i), let K; € Cy,, and assume that K; — K locally in
Hausdorft distance. Since the family of linear spaces V; = Vi, is relatively compact
in the local Hausdorff topology, and since dim(V;) > n — m for all ¢, we conclude
that K must contain a local Hausdorff limit of (a subsequence of) {V;};en, which is
necessarily a linear space of dimension at least n —m. This shows that K € Cy,,,,
as wanted.

We now prove (ii). Up to a rigid motion of R”, we may assume that C' =
C x R™ %, where C contains no lines. It is easy to check that Cy, = Coo x R?F,
where Cs is the asymptotic cone of C. Since C' is line-free and Cso C C, then Co
is line-free. Thus Cx € I'}.

Finally we prove (iii). Since —m¢(z;) + C = C for all i € N, we get that
—7&(z;) + C — K. Thus, if {75 (z;)}ien converges to z € C, then K = —x + C.
Assume now that {74 (z;)}ien diverges and that 7 (x;) /|75 ()] converges to some
vector v € ™. Since {7 (7;)}ien C CNVgr, the argument in the proof of Lemma 3.2
yields that {tv:t € R} C KN V4. Since C € I'?, we get —ng(x;) + C € I'%,. Thus
by (ii) we get K € C,,. Since KNV contains a line we finally get K € Cf',,, ;. O

LEMMA 6.2. Let C € T, m € {1,...,n}, with asymptotic cone Cs. Let
{Ai}ien be a sequence of positive numbers such that A; | 0 and take y; € \;C for all
1€ N.

(i) If —y; + \iC — M locally in Hausdorff distance, then Coo C My and,
furthermore, —w(yi) + \iC — M locally in Hausdorff distance. In case
{m&(yi) Yien subconverges to y € Coo, then M = —y+ Coo. If {7 (yi) bien
diverges, then M € Cg ., _; and one has the strict inequality

(6.2) I (v) > Ic_(v), forallv>0.

(ii) Assume that K; € K(\;C), that K; € Cf,,,_1, and that K; — K locally in
Hausdorff distance. Then K € Cff,,_1, Coo C Koo, and

(6.3) I (v) > 1Ic_(v), forallv>D0.

PROOF. Let C = C x V, where V C R" is a linear subspace of dimension
(n —m) and C C V2 is a line-free convex set.
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We first prove (i). Since Cu is the asymptotic cone of \;C for all i, and
y; + Coo C A\;C for all i € N, we have Co, C —y; + X\;C, and so Coo C M. As M,
is the largest convex cone with vertex 0 included in M, we have Co, C M.

Setting y; = 7o (yi) + Wé (yi), and noticing that —wc(y;) + A\C = A\, C for all
i € N, we have that —7 4 (y;) + \;C converges to M locally in Hausdorff distance, as
i — oo. If 74 (y;) subconverges to y then M = —y + C and, as 74 (y;) € A;\CNVL,
we have y € Coo NV1 C Cop. Assume now that 74 (y;) diverges. Eventually passing

to a subsequence, we can assume that |:§ EZZ;‘ — v. By Lemma 3.1 the line L(v)
is contained in M NV+. Since C € T?, then —n(y;) + \iC € I'. Thus by
Lemma 6.1(i) we get M € Cf,,, and, since M NV contains a line, we obtain that
M € Cf,,_;. Lemma 6.1(ii) then implies that M., € Cf,,_,. Since C € I'};, by
hypothesis, Lemma 6.1(ii) implies that C € I'7,. Hence the inclusion Cy, C M
is strict, consequently a(Ms) > @(Cs). Thus by (2.13) we get Ins_(v) > Io (v)
for every v > 0.

We now prove (ii). Note that each K; is a local limit in Hausdorff distance
of translations of A\;C and C, C )\;C for all i € N. Then C,, C K; for all i € N.
Since K; — K locally in Hausdorff distance, we get that Coc C K. As K is
the largest convex cone included in K we have Co, C K. Since K; € Cg,,_4
and K; — K locally in Hausdorff distance, Lemma 6.1(i) implies that K € C,,,_;
and, by Lemma 6.1(ii), we have K € C,, ;. Arguing as in the proof of (i), we
get Coo € T and thus obtain the strict inclusion Coy C Ko, which gives (6.3) at
once. |

THEOREM 6.3. Let C' be a convex body with non-degenerate asymptotic cone
Cs. Then

(6.4) Ic(v) = 1o (v) forallv >0
and
(6.5) lim 20y

v—oo I (’U)

Moreover, isoperimetric regions exist in C for sufficiently large volumes, and any
sequence of isoperimetric regions with volumes tending to infinity converges up to a
rescaling to a geodesic ball centered at a vertex in the asymptotic cone C.

PROOF. Step one. We first show some inequalities involving the isoperimetric
profiles of C, C, and of rescalings of C, as well as a uniform bound on the diameter
of generalized isoperimetric regions. We fix v > 0 and consider a sequence \; | 0.
Since A\;C' — Cy locally in Hausdorff distance, Proposition 4.4 implies
(6.6) limsup Iy,c(v) < Ie (v)

i—00
for any v > 0. Owing to Corollary 5.9, inequalities I,c < I¢ hold for large ¢, and
taking limits we obtain
(6.7) limsup Iy,c(v) < Ie(v)
i—00
for all v > 0.

Let E; be generalized isoperimetric regions in \;C of volume v. Recall that

the sets F; are connected by Theorem 5.8. We shall prove that F; have uniformly
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bounded diameter. Fix ry > 0 and set

L= |J {ACIUK(QO).
0<A<1

By Lemma 5.7 and Theorem 5.8, it suffices to show that

6.8 inf |B 0.
(63 sl 1Br (o)l >

Fix A > 0 and let L € {AC}UIKC(AC). Recall that C is the asymptotic cone of AC,
and so Co, C AC. The set L is a local Hausdorff limit of translations of AC'. Hence
there is a (possibly diverging) sequence {z; }ieny C AC so that —z; + A\C' — L locally
in Hausdorff distance. Since Co, C —z; + A\;C we get Coo C L. Now let x € L. As
r+ Cys C L, we get Byyc. (z,7) C Br(z,7). Since Co, is non-degenerate, we can
pick 6 > 0 and y € C, so that B(y,d) C Beo.(0,70). Hence

B("E+ya5) - EQH-Coo(:CaTO) - BL(I7T)a

which gives (6.8) at once, and shows that E; has a uniformly bounded diameter.

Step two. We prove (6.4) by an induction argument. Note that the elements
of Cgy are only R™ and half-spaces, hence (6.4) holds trivially in this case. Fix
2 < m < n. Assuming the validity of (6.4) for every set in Cg,,,_; we shall prove
that it holds for any set in I'",. Then the proof would follow from (6.1). So we
assume that

(6.9) Ik > Ik, forevery K € Cy -

Take C' € I'}, and consider a sequence of generalized isoperimetric regions EF; in \;C
of volume v > 0, as in Step one. The sets E; are connected with uniformly bounded
diameter. We shall distinguish three cases.

Case 1: Assume that E; C \;C and that {F;};cy is uniformly bounded. By
Lemma 4.1, there exists a finite perimeter set £ C C of volume v so that

(610) ICOO (’U) g Pcoo (E) g hm ian)\ic(Ei) = hmmf I)\ic(”u).
1— 00 11— 00

Owing to (6.7) and (6.10) we get Ic__(v) < I¢(v) and this concludes the proof of
(6.4) in this case.

Case 2: Assume that E; C \,C and that {E;};cn diverges. Let x; € F; and
observe that, by step one, —z; + E; is uniformly bounded. If Wé (x;) converges,
then we get that —x; + \;C' — —x + Cy, for some = € C, and, by noticing that
I_,+c., = Ic,, this sub-case is reduced to the previous one. So we assume that
ﬂé (z;) diverges. Passing to a subsequence we may assume that —x; + \;C — K
locally in Hausdorff distance. By Lemma 6.2(ii) we have K € Cy,, ;. Now by
Lemma 4.1 there exists a finite perimeter set £ C K so that

IK(’U) < P (F) < liminf P(,xiJrAic)(—{L‘i + El)
11— 00
= liminf Py,c(F;) = liminf Iy, (v).

11— 00 11— 00

(6.11)

Then (6.9), (6.11) and (6.2) imply
Icoo (’U) < IKoo (1}) < IK(’U) < hminff)\ic(l})
1—> 00
which gives a contradiction with (6.6). So Case 2 cannot hold.
Case 3. We assume that F; C K;, where K; is an asymptotic cylinder of \;C.

From Lemma 6.1(iii) we have the following alternative for each i: either K; is a
translation of \;C, or K; € Cg,,,_;. If the first possibility holds for infinitely many 4,
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we can treat this case as in the previous ones. If the second holds for infinitely many
i, passing to a subsequence we may assume that K is the local limit in Hausdorff
distance of the sequence K;. Then Lemma 6.1(ii) implies that K € Cg,,,_; and (6.9)
implies

(6.12) I < Ik.

Since the sets {E;};en have uniformly bounded diameter, Lemma 4.1 implies the
existence of a finite perimeter set £ C K with volume v so that

(6.13) Ik (v) € Pg(E) < liminf Pk, (E;) = liminf I, (v) = liminf Iy, (v).
1—> 00 11— 00 71— 00
Then, (6.12), (6.13) and (6.3) imply
ICoo (U) < liminf[,\ic(v),
11— 00

which gives a contradiction with (6.6) showing that Case 3 cannot hold.
We now prove (6.5). Since Cy is the asymptotic cone of each A;C then (6.4)
holds for every \;C,i € N. Taking limits we conclude

Io, (v) < liminf Iy, (v).
1— 00
Thus, by (6.6), we get
(6.14) ICoo (U) = hm I,\,ic(v).

11— 00

From (6.14), Lemma 2.10 and the fact that C is a cone we deduce

1= fim Do) oy, Ay Te()
A—=0 Icoc(l) A—=0 )\nICoo(l/)\n) V—00 Icoc (U)
which shows (6.5).

Step three. We prove the existence of isoperimetric regions for large volumes.
We argue by contradiction assuming that there exists a sequence v; T co such that
no generalized isoperimetric region of volume v; is realized in C. If v > 0 is fixed
and )\; = (v/v;)'/™. Then no generalized isoperimetric regions for volume v are
realized in A\;C, that is, the generalized isoperimetric regions of \;C' are contained
in asymptotic cylinders of A;C. Arguing exactly as in Case 3 of Step two, we get a
contradiction.

Step four. We show the last part of the statement, i.e., that suitable rescalings
of sequences of isoperimetric regions with diverging volumes must converge to
isoperimetric regions in Cy,, i.e. to geodesic balls centered at the vertex of C,
owing to the results in [29]. To this end we argue again by contradiction. By virtue
of Lemma 4.1, we can assume there exists v > 0 so that a sequence E; C \;C of
isoperimetric regions of volume v diverges. Then arguing exactly as in Case 2 of
Step two we get a contradiction. As a consequence, only Case 1 in Step two holds.
Then the sets E; are uniformly bounded and thus every subsequence of E; converges
to some E, where E C Cy is an isoperimetric region by (6.6) and (6.7), hence it
must be a geodesic ball centered at some vertex of C. g

From (6.5) and (2.13) we easily get

COROLLARY 6.4. Let C,C" C R™ be unbounded convex bodies with non-degenerate
asymptotic cone satisfying a(Cs) > a(C’'). Then for v > 0 sufficiently large we
have Ic(v) > Icr (v).



64 6. SHARP ISOPERIMETRIC INEQUALITIES AND ISOPERIMETRIC RIGIDITY

REMARK 6.5. Let C' C R™ be an unbounded convex body. By (6.4), (2.12), and
the fact that C'y is the largest cone included in C, we get that if C' contains a solid
convex cone K, then I > Ik.

REMARK 6.6. Let C C R™ be an unbounded convex body with non-degenerate
asymptotic cone Coo. Theorem 6.3 and (2.13) imply that the isoperimetric dimension
of C'is n. Furthermore

Io (1) =sup{a > 0: Io(v) > av™ Y/ for every v > 0}
or, equivalently,

N (e10)
lon () =1l S

6.2. The isoperimetric profile for small volumes

Theorem 6.9 below states that the isoperimetric profile of an unbounded convex
body of uniform geometry is asymptotic to I¢, ,, for small volumes. In the case of
a bounded convex body this result was stated and proved in [72, Thm. 6.6]. To
accomplish this we shall need the following Lemma.

LEMMA 6.7. Let {L;}ien be a sequence of convex bodies converging locally in
Hausdorff distance to a convex body L. Assume that 0 € L; for all i € N. Let \; be
a sequence of positive real numbers diverging to +o0o and assume that \;L; converges
locally in Hausdorff distance to an unbounded convex body M. Then Lo C M.

PROOF. As Lg = cl(UxsoAL) and M is a closed set, it is enough to prove that
UasoAL C M. Take a point z € UxsoAL, and also A > 0, 2/ € L so that z = \z’.
Since L; — L locally in Hausdorff distance, there exists a sequence z; € L; so that
z; — 2. Consequently

A
(6.15) z=A7 = lim Az = lim X\ (+2).
Since )\; is a diverging sequence, inequality /\% < 1 holds for ¢ large enough. Since
z; € L; and the sets L; are convex and contain the origin, we have %zi € L;. By

(6.15) and the local convergence in Hausdorff distance of A\;L; to M we conclude
that z € M. (]

EXAMPLE 6.8. In general the set M is not a cone and can be different from
Lo. Take L :=[0,1]> C R3, z; := (i7%,0,0) and L; := —x; + L. Then 0 € L; for all
1 € N and L; — L in Hausdorff distance. However, if we take \; := ¢, then \;L;
converges locally in Hausdorff distance to the set [—1,4+00) X [0, +00) x [0, +0c0),
different from Ly = [0, +00)3.

THEOREM 6.9. Let C be a convex body (if unbounded, we further assume that it
is of uniform geometry). Then Ic_, (v) > 0 for all v € (0,|C|) and

(6.16) lim felv)

=1
v—0 Icmin (U)

Moreover, any sequence of generalized isoperimetric regions with volumes tending to
zero subconverges to a point either in C' or in some K € K(C'), where the minimum
of the solid angle function is attained.
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PRrROOF. First observe that I, (v) > 0 for all v € (0,|C|). This is trivial in
the bounded case and, in the unbounded uniform geometry case, it follows from
Proposition 3.14 and (2.13).

Let v; | 0 and FE; be generalized isoperimetric regions of volumes v; in C, for
i € N. Let A\; 1 0o so that, for all i € N, [\;E;| = 1. Then \;F; are generalized
isoperimetric regions of volume 1 in \;C. Recall that the sets F; are connected by
Theorem 5.8.

First we prove that the sets A; F; have uniformly bounded diameter. Fix rg >
and set

M= [ J{ACYUKOO).

A>1

By Lemma 5.7 and Theorem 5.8, it suffices to prove that

A7 inf B .
(617) woint L Bar(aro)| >0

Fix A > 1 and let M € {\C'} UK (AC). Since C is bounded or of uniform geometry,
Proposition 3.14 yields

b(ro) = ;2£|Bc(x,r0)| > 0.
If K € K(C) then it is a local limit in Hausdorff distance of translations of C'. Hence
(6.18) xlg’( |Bg (z,70)| = b(r0).

If M € K(AC), with A > 1, then M = MK for some K € K(C'). Since M is convex
then h, \-1(M) C M, for every x € M. Consequently

(6.19) |Bur(z,70)| = |B(x,70) N hy x—1(M)]
As hy x-1(M) is isometric to K then (6.18) and (6.19) imply

wléljl\; |Bas (z,70)| = b(ro)-

This concludes the proof of (6.17)

Since {\;E;};en has uniformly bounded diameter we shall distinguish two cases.

Case 1. Assume that E; is contained in K; € IC(C) for infinitely many indices i.
Possibly passing to a subsequence we may assume that K; — K and \;K; — K’ in
local Hausdorff distance. Applying Lemma 3.4(ii) for the particular case C; = C
we get that K € K(C). By Lemma 3.5 we may assume that 0 € E; for all i.
As {diam \; F; } ;en is uniformly bounded, Lemma 4.1 yields a finite perimeter set
E C K', with |E| = 1, such that

1— 00
Now by Lemma 6.7 and Remark 6.5 we get
(6.21) Ik, < Ik,

where K is the tangent cone of K at 0. Since \; E; C \; K; are isoperimetric regions
of volume 1, we get by (6.20) and (6.21),

(6.22) I, (1) < liminf I g, (1).
1—> 00
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Owing to (6.22), (2.13), Lemma 2.10, the fact that I, (v;) = Ic(v;), and that
MKy = Ky (recall that v; = 1/A") we obtain

lim inf lo(vi) = lim inf 7)\; Ic(l/)\in)
im0 iy (vi) imoo MK, (1/AF)

Due®) _ e Dt D) o
i~oo Ig, (1) imoo Tk, (1)

Owing to Remark 3.7 we have
I, < Ik,
Thus, recalling also that I (v;) < I¢,,, (vi) by (3.2), we obtain

lim sup To(vi) < lim sup M <1 < liminf Io(vi) ,
ivoo ro(Vi) T isee Lo (Vi) oo T, (v;)
and consequently

lim M =1.

1—>00 ICmin (UZ)

Case 2. Assume that E; is contained in C for infinitely many indices i. Let

xz; € E; be such that (—z; + C) — K locally in Hausdorfl distance, up to a
subsequence. If {z;};en subconverges to x € C, then K = —z 4+ C. Otherwise
{z;}ien is unbounded and, by the definition of asymptotic cylinder, we get that
K € K(C). Possibly passing to a subsequence, A\;(—x; + C) — K’ locally in
Hausdorff distance. Now by Lemma 6.7 and Remark 6.5 we get

IKO < Ik

Arguing as in the previous case we get a finite perimeter set E C K’ with |E| = 1,
such that
I, (1) < Lo (1) < Preo(E)

< Hm Py gy (Nil=2i + By)) = lim Iy o(1).

Now we continue as in the final part of the proof of step one to conclude the proof
of (6.16). The proof of the last part of the statement is a simple consequence of
the previous arguments and of the fact that diam(F;) — 0 since {diam(\; F;) }ien
is bounded. O

From the Theorem 6.9 and (2.13) we easily get
COROLLARY 6.10. Let C,C’ C R™ be unbounded convex bodies satisfying
(Ciin) < (Chyin)-
Then for sufficient small volumes we have
Ic < Icr.

Note that in a polytope or a prism, i.e the product of a polytope with a Euclidean
space, isoperimetric regions exist, for all volumes, by compactness and Corollary 4.7
respectively.

COROLLARY 6.11 ([72, Theorem 6.8], [71, Theorem 3.8]). Let C C R™ be a
polytope or a prism. Then for sufficient small volumes isoperimetric regions are
geodesic balls centered at vertices of the tangent cone with minimum solid angle.
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PROOF. According to Theorem 6.9, a sequence {F; };en of isoperimetric regions
of volumes going to zero collapses to p, where C), attains the minimum of the solid
angle function. Since C' is a polytope or a prism then, for sufficient large i € N,
E; C C,. Then the proof follows by the fact that the only isoperimetric regions in
C, are geodesic balls centered at p, see [29]. O

COROLLARY 6.12 ([60]). Let C C R™ be a slab. Then for sufficiently small
volumes isoperimetric regions are half-balls.

PROOF. Since C is the product of a segment with a Euclidean space then
Corollary 4.7 implies that isoperimetric regions exist for all volumes. Since C' is a
slab then all points on the boundary of C' attain the minimum of the solid angle
function. As shown in the proof of Theorem 6.9, the diameter of a sequence {F;};en
of isoperimetric regions of volumes going to zero, also goes to zero. Consequently,
for sufficient large ¢ € N, E; belong to a half-space and since in a half-space the only
isoperimetric regions are half-balls, the proof follows. ([l

REMARK 6.13. In [60] Pedrosa and Ritoré studied the isoperimetric problem in
a slab of R™ by means of Alexandrov reflection and the characterization of stable
free boundary hypersurfaces of revolution connecting two parallel hyperplanes. They
showed that up to dimension n = 8 the only isoperimetric regions are half-balls and
tubes. The case n =9 is still undecided, while for n > 10 isoperimetric regions of
undouloid type may appear. See the remarks after Proposition 5.3 in [60].

6.3. Isoperimetric rigidity

We consider the following, general question: assuming that a relative isoperimet-
ric inequality holds for a convex body C', does equality for some prescribed volume
imply some geometric characterization of C'? Whenever this happens, we will say
that the isoperimetric inequality is rigid. In the following we will provide answers
to this question in various cases of interest, see Theorems 6.14, 6.16, and 6.18, and
Corollary 6.17. A key tool for proving these rigidity results is Theorem 6.9. The
first rigidity result we present is Theorem 6.14, which can be seen as a refinement
of Theorem 6.3.

THEOREM 6.14. Let C' be a convex body with non-degenerate asymptotic cone
Coo. If equality holds in the isoperimetric inequality (6.4) for some volume vg > 0,
that is Ic_ (vo) = Ic(vo), then C is isometric to Cup.

ProOOF. Assume that Ic(vo) = Ic. (vg) for some vy > 0. Since Y¢ is concave
by Theorem 5.8, Yo is linear by (2.13), and Yo > Yo by (6.4), the function
Yo — Yo : RT — RT is concave and non-negative, thus non-decreasing. Hence
Ye(vo) = Yo (vo) implies Yo (v) — Y (v) =0 for all v > 0. Thus

(6.23) Ic(v) = Ic, (v), for all v > 0.

By Lemma 3.6 there exist K € {C}UK(C) and p € K so that I, = Ic,,,,. Assume
first that K is an asymptotic cylinder of C not isometric to C. As Ko C K C K, we
obtain Ik < Ik, = Ic,,, by (2.13). By Lemma 6.1(iii) we have K € Cy,, 1, hence
owing to Lemma 6.2(ii) we get I < Ix_ . Combining the two last inequalities we
obtain ‘[Coo <Ic

and since [ g:nil) and Ig/ (_nfl) are linear functions we get

min 7 min

I
(6.24) lim 20=() 4,
v—0 chnin (U)
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Now by (6.23), (6.24) and Theorem 6.9

1 1,
1= i 2@ gy, Lo @)y
v—0 Icrnin (U) v—0 Icmin ('U)
yielding a contradiction. Consequently K = C. Then by (6.23), Theorem 6.9 and

(2.13) we get

1= qim e®@ o Toe () _ a(Cx)
v—0 ICm (’U) v—0 IC,, (U) OL(Cp)
and since
p+Csx CC CC,
we conclude that C'=p+ C. O

As a consequence of the previous results, we are able to show the following
asymptotic property of isoperimetric regions of small volume.

COROLLARY 6.15. Let C C R™ be a convex body. Take any sequence of isoperi-
metric regions with volumes converging to zero and rescale the isoperimetric sets
to have volume one. Then a subsequence converges to a geodesic ball centered at a
vertex in a tangent cone of minimum solid angle.

PRrROOF. Take a sequence of isoperimetric regions F; in C with |E;| — 0, and
let A; > 0 such that |\;F;| = 1. Consider a sequence z; € E; and assume that, up to
passing to subsequences, both sequences —xz; + C' and \;(—xz; + C') converge in local
Hausdorff sense to K € {C'} UK(C) and K, respectively. Let Ky be the tangent
cone at 0 of K. On the one hand, we have

(625) IKO(I) g IK/(I) = hmlnfl)\lc(l)
1—> 00
On the other hand, by (3.1) we have

huel) _ Ie(BD) _ Io(ED) _,
Ty~ Teo([El) = Ton, (D) =

so that
lim sup Ikic(l) < ICmiu(l) < IKo(l)'

1—00

Comparing this equation with (6.25) we get
Iry (1) = Iy (1) = 1o (1) = lim Iy, 0(1).

In particular, Ky is a tangent cone of —x + C' with the smallest possible solid angle.
Let K/ be the asymptotic cone of K’. Since it is the largest cone included in K’
we get Ko C K, and so Ik, < Ik:_. Due to Theorem 6.3 there holds Irs > I/_,
and consequently If/ (1) = Ix_(1). Then Theorem 6.14 implies that K" = K¢ and
this concludes the proof. ([

We now prove three rigidity results describing the equality cases in the isoperi-
metric inequalities (6.26).

THEOREM 6.16. Let C' C R™ be a conver body, either bounded or of uniform
geometry. Then, for every v € (0,|C|), A <1 and w € [v,|C]) we have

I
626)  Io(v) < Lo, (), Ie() > ho(®), Lo(®) > - ym-n/m,
wn— n
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If equality holds in any of the inequalities in (6.26) for some vy > 0, then Io(v) =
I, (v) for every v < vg. Moreover, for every p € K, K € {C} UK(C), where
the infimum of the solid angle function is attained, there holds K, N B(p,ro) =
K N B(p,rg), where rq is defined by | By (p,70)| = vo and geodesic balls By (p,r),
with v < 1o, realize Io for v < vg.

PRrOOF. The first inequality in (6.26) has been already discussed as an imme-
diate consequence of Proposition 3.8, see Remark 3.9. Assume now there exists
v > 0 such that Io(vg) = Ic,,, (vo). Recall that Yo = Ig/(nfl). From (3.2) we get
Yo < Ye,., and, since Y is concave by Theorem 5.8 and Y, is linear by (2.13),
the non-negative function Ye_, — Ye is convex and satisfies Y, (0) — Y(0) = 0,
therefore it is non-decreasing. Hence Yo (vo) = Yo, (vo) implies Yo (v) = Yo, (v)
for all v < vg. Consequently I (v) = I¢,,, (v) for all v < vy.

Choose 19 > 0 such that |B(p,ro) N K| = vy and let L, be the closed cone
centered at p subtended by dB(p,79) N K. By Proposition 4.3, the fact that
Ic(vo) = Iy, (vo) = Ik, (vo), and the inequality (3.1) in the proof of Proposition 3.8
applied to K, we get o(L,) = a(K,). Since L, C K,, we have

B(p,rm0) N L, = B(p, 1) N Kp,
and since
B(p,rm0) N L, C B(p,ro) N K C B(p,10) N K,
we deduce
B(p,r0) N K = B(p,ro) N Kp.
Moreover, since Io(v) = Ik, (v) for all v < vg then by (2.13) we get

Ic(|Bk, (p,7)|) = Pk, (Bk,(p,r)), for every r <ro.

This concludes the proof of the equality case in the first inequality of (6.26).

Note that the second inequality in (6.26) has already been proved in Corollary
5.9. We shall caracterize the equality case. If there exists vg > 0 such that
Io(vg) = Inc(vg), then Yo (vg) = Yac(vo). Hence Y is linear for v < vg. Since
Y, is linear, then by Theorem 6.9 we have Y, . = Y¢ for every v < vy and we
proceed as above to conclude the proof.

We now prove the third inequality in (6.26). Since Y¢ is concave we have

Yo (w)

min

Yo (v) > v

for every 0 < v < w. Raising to the power (n — 1)/n we get the desired inequality.
Now if equality holds for some 0 < vy < w then Y¢ is linear for 0 < v < vy and we
proceed as before to conclude the proof. O

COROLLARY 6.17. Let C C R™ be a convex body. Then, for every v = 0,
(6.27) Ic(v) < Iu(v),

where H C R™ is a closed half-space. If equality holds in the above inequality for
some vy > 0 then C is a closed half-space or a slab and isoperimetric regions for
volumes v < vg are half-balls.

Proor. Note that inequality (6.27) has already been proved in Remark 3.10.
Therefore it only remains to prove the rigidity property. Assume

Ic(vo) = Ig(vg), for some vy > 0.
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Since Ic(vg) = Ig(vg) > 0, then, owing to Proposition 3.14, C is of uniform
geometry in case it is unbounded. Owing to the first inequality in (6.26) and the
previous equality we get

I (vo) = Ic(vo) < Ioy,,, (vo) < Ic, (vo) < In(vo),

for any p € 9C since C, is a convex cone. Hence Ic(vo) = I, (vo) = Ic,,, (vo) for
all p € 9C. Theorem 6.16 then implies that every point p € dC has a neighborhood
in 0C' which is a part of a hyperplane. It turns out that each connected component
of OC is a hyperplane of R™ and so C' is a closed half-space or a slab. O

In [21] Choe, Ghomi and Ritoré investigated the isoperimetric profile outside a
convex body L with smooth boundary showing that

Ign\p(v) = Ig(v), forall v >0.

In the following theorem we first show that the above inequality holds for a convex
body C' without any regularity assumption, and then characterize the case of equality
holding for some vy > 0.

THEOREM 6.18. Let C C R™ be a convex body, and let Iz»\c denote the
isoperimetric profile of R™ \ C. Then we have

(628) I]R"L\C(U) > IC(U),

for every 0 < v < |C|. If equality holds in (6.28) for some vy > 0 then C is a closed
half-space or a slab.

PROOF. By the proof of Lemma 5.3 we can find a sequence {C;};en of convex
bodies so that C;11 C C;, for all i € N, and C; — C in Hausdorff distance.

Thanks to Proposition 2.13, for a given £ > 0 we can find r = r(¢) > 0 and a
finite perimeter set £ C (R™\ C') N B(0,r), of volume v, such that

(629) P]R"\C(E) < I]R"\C(v) +e.

Let Q; = EN(R™\ C;) and let B; be Euclidean geodesic balls outside B(0,r) having
volumes |E| — [Q;]. Set E; = Q; U B;. Then

(6.30) |E;] =v and Zlggo Pgn\¢, (E;) = Proyo(E)
Combining (6.29) and (6.30) we get
(6.31) li?iilip Ieno, (v) < im Peoyo: (Ei) < Leevo) (0) + e
As the set C; have smooth boundary for all i, inequality (6.28) holds for all C; by
the result of [21] and, since € > 0 is arbitrary, we get by (6.31)
Ign\c(v) = I (v).
Combining this with (6.27) we get
Ign\c(v) = Ic(v), forall 0<wv<|C|.
Suppose now that equality holds for some vy > 0 in the above inequality then
Ign\c(v0) = I (vo) = Ic(vo).
Consequently Corollary 6.17 implies that C' is a closed half-space or a slab. O
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REMARK 6.19. Let C' C R"™ be a convex body. Then the first inequality in
(6.26) combined with Theorem 6.9 and (2.13) imply

I, (1) =inf{a > 0: Io(v) <av™ D/ for every v > 0}.
Equivalently
_ Ic(v)
I, (1) = SUp =D/

We recall that an unbounded convex body C' is cylindrically bounded if it is
contained in a right circular cylinder (the tubular neighborhood of a straight line,
the axis, in R™). Up to rigid motions, we may assume that the axis is the vertical
coordinate axis. Let us denote by 7 the orthogonal projection onto the hyperplane
{z,, = 0}. The closure of the projection w(C') is a convex body K C {z, = 0}. By
Example 3.28, the cylinder C'\c = K X R is, up to horizontal translations, the only
asymptotic cylinder of C. In case C' contains a line, it is a cylinder and coincides
with Cy,. Otherwise, we may assume, eventually composing with a reflection with
respect to {z, = 0} and a vertical translation, that C is contained in the half-
space x, > 0. Before going on we introduce some further notation. First, we set
CL = K x [0,+0c0). Then for any v > 0 we let 7¢(v) be the unique real number
such that the Lebesgue measure of the set {z € C': x,, < 7¢(v)} is equal to v, and
we denote such a set by Q(v).

Theorem 6.20 (i) has been proved in [70] under the additional hypotheses that
the boundaries of both the convex body and its asymptotic cylinder are C%%. The
rigidity in Theorem 6.20 (iii) is a new result.

THEOREM 6.20. Let C' C R™ be a cylindrically bounded convex body, and assume
that C' is not a cylinder. Then
(i) Isoperimetric regions exist in C for sufficiently large volumes.
(ii) There exists vo > 0 so that Ic(v) < I+ (v) for every v = vo.
(iil) If equality Ic(v1) = I+ (v1) holds for some v1 > vy, then Ic(v) = I+ (v)
for every v = vi. Moreover C \ Q(vy) = CL \ Q(v1) and so Q(v) are
isoperimetric regions in C for v = vy.

PROOF. Let us prove (i) first. By [70, Theorem 3.9] there exists vg > 0 so
that the slabs K x I, where I C R is a compact interval, are the only isoperimetric
regions of volume larger than or equal to vy in Cy. So, for v > vy, we get

(6.32) Ie(v) < Po(Qv)) < H'(K) < 2H"(K) = I (v).

Thus, by Theorem 5.8, for every v > vy there exists an isoperimetric region of
volume v in C.

We now prove (ii). By [70, Corollary 3.10] there exists vg > 0 so that the
half-slabs K x [0,b] are the only isoperimetric regions in C'f, of volume larger than
or equal to vg. Then we obtain

(6.33) Ic(v) < Pe(Qv)) S H'(K) = I+ (v), for every v > vo.

We now prove (iii). We know that I¢ is non-decreasing by Theorem 5.8, and
that I+ (v) = H"(K) for v > vg. Then we get Ic(v) = I+ (v) for every v > v;.
Furthermore (6.33) provides Po(Q(v)) = H"™(K) for every v > vy, yielding

(R x {t(0)}) = CL N (R” x {t(v))
for every v > v1. Hence C'\ Q(v1) = CL \ Q(vy). O
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We now conclude the section with two applications of the rigidity results shown
before.

THEOREM 6.21. Let C C R™ be an unbounded convex body, different from a
half-space, such that any asymptotic cylinder of C' is either a half-space or R™. Then
C is of uniform geometry and any generalized isoperimetric region must lie in C
for any given volume.

PrOOF. The unbounded convex body C' is of uniform geometry by Proposi-
tion 3.14(iii) since any asymptotic cylinder has non-empty interior. Now Theorem 5.8
implies that, for any given vy > 0, there exists a generalized isoperimetric region
either in C' or in an asymptotic cylinder K. Assume the latter case holds. Since any
asymptotic cylinder of C is either a half-space H or R"™ we have I (vg) = I (vo).
By Theorem 6.18, Ic(vo) < I (vo) and so equality I (vg) = I (vg) holds. By the
rigidity result of Theorem 6.18, C is a half-space or a slab. The second case cannot
hold since any asymptotic cylinder of a slab is again a slab. This contradiction
shows that any isoperimetric region of volume vy must be contained in C. O

COROLLARY 6.22. Let C' C R™ be an unbounded convex body satisfying at least
one of the following properties:
e C is a non-cylindrically bounded convex body of revolution;
o C has a non-degenerate asymptotic cone Coy such that OCy, is of class C*
with the only exception of a vertex.

Then any generalized isoperimetric region must lie in C' for any given volume.
PROOF. We observe that in both cases any asymptotic cylinder of C' is either a

half-space or R, see Example 3.29 and Proposition 3.33. The conclusion is thus
achieved by applying Theorem 6.21. g



CHAPTER 7

Asymptotic behavior of the isoperimetric profile of
an unbounded convex body

The ultimate goal of this chapter is to obtain estimates of the isoperimetric
dimension of an unbounded convex body C' of uniform geometry, defined as the
number « > 0 such that there exist 0 < A\; < Ay and vg > 0 satisfying

Aole— /e ¢ Io(v) € App(@— D/ Yo >ug.

As a first step, we shall give the following estimate of the isoperimetric profile

I¢ in Corollary 7.7:
v

—1q-n_Y
nd)(v)EIc(v)>3 8 o)
Here ¢ is the reciprocal function of V(r) := infyecc |Be(x,r)|. The above displayed
inequalities imply that the functions I (v) and v/¢(v) are asymptotically equivalent.
Hence in order to derive an (asymptotic) estimate of I(v) in terms of some explicit
function of v one would need to compute V(r) with sufficient precision, which is
not an easy task for a generic convex body C. The first section of this chapter will
be devoted to obtain this aymptotic estimate.

In the second section we focus on computing this asymptotic estimate for a
special class of convex bodies of revolution. We consider the sets Cy = {(z,y) €
R ! xR: y > f(|z|)}, where f : [0,00) — [0,00) is a strictly convex function
satisfying f(0) = 0 and lim,_,o, s ! f(s) = co. The asymptotic cone of any such
C is a half-line, so that one expects an isoperimetric dimension strictly smaller
than 3. If one further assumes that f is of class C3(0, +00) and satisfies f"" < 0
on (0,+00), then Theorem 7.10 proves that b(r) = |B¢(0,7)|. In the 3-dimensional
case, condition f”/ < 0 is a condition on the derivative of the Gauss curvature of
oC.

Finally, in the third section we compute in Example 7.11 the isoperimetric
dimension of

Co={(z,y) €R’: y > [a|"}
for 1 < a < 2 and show that it is given by “T“, thus the isoperimetric dimension

continuously changes from 3 to 2 as the parameter a goes from 1 to 2.

7.1. An asymptotic isoperimetric inequality

Given a convex body C' C R” of uniform geometry, we shall prove in Theorem 7.4
a relative isoperimetric inequality on C' depending on the growth rate of the volume
of geodesics balls in C'. We shall follow the arguments by Coulhon and Saloff-Coste
[24], who established similar inequalities for graphs, groups and manifolds. Their
approach makes use of a non-decreasing function V : RT — R¥ satisfying

(i) |Be(z,r)| =V (r) for all z € C and r > 0, and

73
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(ii) lim, oo V(r) = oc.
The reciprocal function of V, ¢y : Rt — RT, is defined by
¢y (v) :==inf{r e RT : V(r) > v}.

It is immediate to check that ¢ is a non-decreasing function. Moreover, if Vi > V5
then, for any v > 0, {r € R" : Va(r) > v} C {r € RT : Vi(r) > v}, and so
Pvi < P,

When C is a convex body of uniform geometry, we know that the quantity
b(r) = infyec |Be(x, r)| is positive for all » > 0 by Proposition 3.3. Let us check
that the function b(r) is non-decreasing and satisfies (i) and (ii).

When 0 < r < s, it follows that b(r) < |Beo(x,r)| < |Beo(x,s)| for all z €
C'. This implies b(r) < infyec |Be(z, s)| = b(s) and so the function b(s) is non-
decreasing. Property (i) is immediate from the definition of b(r). It remains to show
that lim,_,~ b(r) = co. To prove this, we select z € C' and another point y € C such
that |x — y| = 2r. Then B(z,3r) D B(x,r) U B(y,r) and hence |B¢(z, 3r)| = 2b(r).
Varying = we get b(3r) > 2b(r). This implies that b(3") > 2b(1) for all i € N and,
since b is non-decreasing, we get that b(r) — oo when r — oco.

REMARK 7.1. It is worth noting that, when C is an arbitrary convex body, the
asymptotic behaviour of the volume of balls centered at a given point is independent
of the point. More precisely we have

|Bo(e.r)]
71 hm —_ =
(7.1) A Bty |

9

for any pair of points x,y € C. To prove this, fix two points z,y € C' and let d be
the Euclidean distance between x and y. Observe first that Lemma 2.6 implies, for
any z € C,

B B n
1< hminfw < Hmsupw < lim M -1
r—oo [Beo(z,r)] r—oo  |Bo(z,7) r—oo ™
Since Be(x,r) C Be(y,r + d), we get
B B d
imsup P& o o Belwr + Iy

r—oo |Be(y,r)| 7 rmoo [Bel(y, )
By symmetry we get (7.1).

In addition to the existence of the lower bound V' (r) for the volume of metric
balls in C, essential ingredients in the proof of the isoperimetric inequality are
the existence of a doubling constant, given by Lemma 2.6, and the following
uniform Poincaré inequality for convex sets, proven by Acosta and Durén [1] using

the “reduction to one-dimensional problem technique” introduced by Payne and
Weinberger [59].

THEOREM 7.2 ([1, Thm. 3.2]). Let Q C R™ be a convexr domain with diameter
d and let w € WH'(Q) with [,u =0. Then

d
lull ) < 5 VUl
Moreover the constant 1/2 is optimal.

In geometric form, this inequality reads ([26, § 5.6])
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LEMMA 7.3. Let K C R" be a bounded convex body with diameter d and let
E C K be a set of finite perimeter. Then

gPK(E) > min{|E|,|K \ E|}.

In particular, if C C R™ is an unbounded conver body, E C C' has locally finite
perimeter in C' and r > 0, then
(7.2) rP(E,int(Bc(z,7))) = min{|E N Be(x, 1), |Be(x,r) \ El}.

Using Lemma 7.3 we can prove the following isoperimetric inequality on a
convex body of uniform geometry.

THEOREM 7.4. Let C' C R™ be a convex body of uniform geometry. Let V :
Rt — R* be a non-decreasing function satisfying
(i) |Be(x,m)| = V(r) for allz € C and r > 0, and
(i) limy oo V(r) = 4o0.
Let ¢ be the reciprocal function of V.. Then for any set E C C of finite perimeter
we have

—n_ B
(73) Po(B) > 87 S
and so
(7.4) Io(v) 287" 520)"

PrOOF. Fix r > 0 such that 2|E| < V(r). With this choice, |E| < |Be(z,r)|/2
for any & € C'. Moreover, from the definition of ¢, the quantity ¢(2|E|) is equal to
the infimum of all » > 0 such that inequality V(r) > 2|E| holds.

Consider a maximal family {z,},es of points in C such that |z; — x| > r for
all j,k € J, j # k. Then C = J,c; Bc(xj,7) and the balls Be(x;,7/2) are disjoint.

By Lemma 2.6, the number of balls Bo(x;, ) that contain a given point z € C
is uniformly bounded: if J(x) := {j € J : * € Bg(xj,r)} then Be(xj,r) C
Be(z,2r) C Bo(zj,4r) when j € J(z) and

|Bo(w,2r)| > > |Bela;,r/2)| =87 Y [Bo(,,4r)|
jeJ(x) jel(z)
> 8 "#J(x) |Be(x,2r)],
so that
8" > #J(x).
Then we have
1B < Y 1B N Bo(ay, ) < 3 rP(E, nt(Bo(e;, 1)) < 8"rPo(E).
JjeJ jeJ

Here we have used (7.2) and the fact that V(r) > 2|E| implies that |EN B (z,7)| <
|Bo(x,r) \ E|. Finally, taking infimum over all » > 0 such that V(r) > 2|E| we get

|E| < 8"6(2|E])Po(E),

equivalent to (7.3). Equation (7.4) follows from the definition of the isoperimetric
profile. O
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REMARK 7.5. Let C' C R™ be a convex body with non-degenerate asymptotic
cone Cy. We know from Example 3.27 that C is of uniform geometry and that
V(r) = cr™ for all r > 0. Theorem 7.4 then implies Ic(v) > v~ 1/" for every
v > 0 and for some positive constant ¢’ > 0. See also Remark 6.6 for the optimal
constant.

REMARK 7.6. Equation (7.4) in Theorem 7.4 provides a lower estimate of the
isoperimetric profile of C' whenever there is a lower estimate V' (r) of the volume of
metric balls in C'. For any such function V' we have V(r) < b(r) = inf,cc |Be(z, )|
Hence ¢y > ¢, and

lelo) > 85 50y 28 " gy
Hence the best function ¢ we can choose in (7.4) corresponds to the reciprocal
function of b.

COROLLARY 7.7. Let C C R"™ be a convez body of uniform geometry, and let ¢
be the reciprocal function of b. Then the following inequalities

(7.5) n o00) >Ic(v) >3 87"%

hold.

ProOF. To prove the left side inequality, we pick x € C, r > 0 so that the
ball Bo(x,r) has a given volume v, and we consider the cone with vertex x over
OB(x,r) N C to obtain

nv = rPo(Be(x,r)) = rlic(v).

Since ¢(v) is the reciprocal function of b(r) we have ¢(v) = inf{r > 0: b(r) > v}.
Hence, for any radius r > 0 such that |B¢(z, )| = v, we get 7 > ¢(v). So we obtain

n > Io(v),

v
o(v)
as claimed.

We now prove the right side inequality of (7.5) using (7.4) and a relation between
¢(v) and ¢(2v) obtained in the following way: consider a vector w with |w| =1 so
that the half-line {x + Aw : A > 0} is contained in C for all x € C. Take z € C
and r > 0. Then 2rw + Be(z,7) is a subset of C disjoint from Be(xz,r). Since
Be(z,r) U (2rw + Be(w, 7)) is contained in the ball Be(x, 3r), we get the estimate

2|Be(z, )| < |Be(w,3r)],
for any z € C and r > 0.
Fix now v > 0 and take a sequence of radii {r;};en so that b(r;) > v and
lim; o0 7 = ¢(v). For every x € C and i € N we have
|Bo(x,3r;)| = 2|Be(z, ;)| = 2b(r;) = 2v.

Taking infimum on « € C when r; is fixed we obtain b(3r;) > 2v. From the definition
of ¢ we have ¢(2v) < 3r; and taking limits we get

$(2v) < 36(v).
Hence, from (7.4) we get
Io(v) > 3718 " ——

o(v)’
as desired. O
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REMARK 7.8. Let C' C R"*! be an unbounded convex body. For every z € C,
Lemma 2.6 implies that

[Be(z,5)| _ |Bo(,r)]
Sn+1 ~ TnJrl

, 0<r<s.

In particular the function
[Be(x,r)|
prn+1
is non-increasing.
Taking s > 0 fixed, the above inequality implies

[Bo(z.n)| _ |Bela,s) _ b(s)

ptl = gn+1 /8n+1, 0<r<s.
Taking the infimum over x € C' we get
b(s
b(r) > () Pt = Ot 0<r<s.

SnJrl

and so ¢(v) < Ca/ "D/ (1) for 4 in the interval (0, C3/ " g1/ (n+1)),
Hence (7.4) implies
v

—(n+1)~—1/(n+1) %
Ic(v) 28 CS vl/(n+1)

= g~ () o1/ (nt1) yn/ (n41)
for v in the interval (0, Ci/(nﬂ)sl/("“)). This way we recover inequality (3.12) in
Corollary 3.17.

7.2. Estimates on the volume growth of balls

Our aim now is to obtain accurate estimates of b(r) for given special convex sets
in order to understand the behavior of the isoperimetric profile for large volumes
using (7.5). While b(r) is easy to compute in homogeneous spaces [61], it is harder
to estimate in unbounded convex bodies. The following argument will be of crucial
importance to study the behavior of the volume function x € C' +— |B¢(z, )| for
r > 0 fixed.

Recall that, given a set E of locally finite perimeter in R", £ € R™ and ¢,7 > 0,
then for all x € R™ one has

t
(7.6) |EmB(x+tg,r)|:\EmB(x,T”_/ / ¢ updH ds,
0 *ENB(x+s&,r)

where vy denotes the weak exterior normal to 0*E. The proof of (7.6) can be found
in [33, Lemma 4.5]. We notice that the function

s E-vpdH™ !
O* ENB(x+s&,r)

is in L°°(0,t), consequently the function
t— |ENB(x+tEr)|

is Lipschitz-continuous and thus by (7.6) and for almost all ¢ > 0

d
—|EﬂB(m+t§,r)|:—/ E-vpdH"
dt O* ENB(x+t&,r)
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On the other hand, by integrating 0 = div€ on E N B(z + t£,r) and applying
Gauss-Green’s Theorem we get for almost all ¢ > 0

d

GIENB@ )= [ € V(o) AH'.

dt ENOB(z+t&,r)
Finally, if z = x(z) € R™ is a smooth parametric curve, z € R, then the composition

z = |[EN B(xz(z),r)]

is Lipschitz and by the chain rule one gets for almost all z € R
d e
1) ZIENBeE. = [ €(2) - Up(aseem AHY Y,
z ENOB(xz(2),r)

where &(z) denotes the velocity of z(z).
To compute the integral in (7.7) the following lemma will be extremely useful

LEMMA 7.9. Let S be the sphere OB(z,r), v the outer unit normal to S. For
£e€S", let o¢ : S — S be the reflection with respect to the hyperplane orthogonal
to & passing through x. Let fe © S — R be the function fe(z) = <V(z),§>, and let
Hg‘ ={2€8: fe(2) 20} and H; :={2€ 5 fe(z) <O}

Let Q C S be a measurable set and Qg = QN H;, Qf = QnH;. If

0e(Q2 ) C Qg‘ then
fe = 0.
| %

PROOF. Let us drop the subscript £. The proof easily follows from the equality
f oo =—f and the area formula:

= 1= L P b 20 0

Now we restrict ourselves to a class of rotationally symmetric unbounded convex
bodies. Take a strictly convex function f : [0, +00) — [0, +00) of class C'* such that
f(0) = f(0) = 0. We shall assume that f”(x) exists and is positive for = > 0, and
that f"(x) <0 for > 0. For instance, the functions f(z) := %, with 1 < a < 2,
satisfy these conditions. The function f determines the unbounded convex body

Cpi={(z,t) eR" " xR:t > f(|z])}.
The asymptotic cone of the epigraph of f is the half-line {(0,¢) : ¢ > 0} if and only

if

lim 7f(s)

S— 00 S
This limit exists since the quantity f(s)/s is increasing in s (because of the convexity
of f and equality f(0) = 0). The boundary of C} is the graph of the function
z € R" 1 — f(]z]). From now on, we shall assume that C satisfies this hypothesis.

The function
f"(s)

K)(S) = (1 T fl(8)2)3/2 )
is the geodesic curvature of the planar curve determined by the graph of f. It is
also the principal curvature of the meridian curves of the graph of f. The function
K is decreasing when s > 0 since

L SBIUTR F ())
(14 (f)2)%/2

:+Oo

s> 0,

<0.
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The principal curvatures of the parallel curves of the graph of f are given by
f'(s)
s(1+ f'(s)2)1/2

This function is also decreasing when s > 0 as

( f/ )l _ —f/(l“l‘ (f/)Q) +Sf”
s(1+(f1)2)1/? s2(1+ (f)2)3/2

and sf” < f’ because of the concavity of f' and the fact that f/(0) = 0.

For the convex set C'; we are going to prove that b(r) = |B¢(0, )| for all » > 0.
Thus we can easily estimate the reciprocal function ¢(v) to obtain accurate estimates
of the isoperimetric profile of Cy using inequalities (7.5).

s> 0.

THEOREM 7.10. Let f : [0,00) — [0,00) be a C! function such that f(0) =
f/(0) = 0. Assume that f is of class C3 in (0,00) with f"" > 0, f"" <0, and
lim,_, o0 (f(s)/s) = +o00. Consider the convex body of revolution in R™ given by

Cpi={(z,t) eR"  xR:t > f(z])}.
Then |Bc(0,7)] = b(r) for all v > 0.
ProOOF. Let C = Cy. For any z¢ = (20, f(|20])) € 0C} \ {0}, consider the

meridian vector
(L (D)

Vg
(1 fr(J20]))12
and let o, be the orthogonal symmetry with respect to the hyperplane

Hyy ={z € R" : {x — 20, vs,) = 0}.

Define Hy, := {z € R" : (& — 0, vz,) < 0}, Hf = {2 € R" : (x — m,v,,) = 0}.
By (7.7) and Lemma 7.9, it is enough to prove
(7.8) 02, (CNH, )CCNH,

for any xg € 9C' \ {0}.
To prove (7.8) we shall use a deformation argument similar to Alexandrov
Reflection. Let

wy = (sin0|z—0|,cos0), 6 € [0, 6o]
0
where
R L) T
0o := arccos ((1 n f’(|20|)2)1/2) < 5"

When 6 moves along [0, 6], the vector wy varies from (0,1) to v,,. Let us consider
the hyperplanes

Hy:={zeR": <$c — xo,w9> = 0},

and Hy :={z € R" : (x — o, wp) < 0}, H :={z € R": (x — o, wp) > 0}.

We are proving first the two dimensional case.

Here OC'is a strictly convex curve and so 0¢(0C Nint(H, )) is strictly convex
and its tangent vector rotates monotonically. If this tangent vector is never vertical
then the curve 04(0C Nint(H, )) is the graph of a function over the z-axis lying in
CNH,, and so 0g(0C Nint(H, )) is trivially contained in int(C).
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So assume there is a point z,, in 04(0C Nint(H, )) with vertical tangent vector.
A straightforward computation shows that x, is the image oy(z1) of a point z; €
0C Nint(H, ) with 1 = (z1, f(21) and

(1, f'(21))
(1 + f/(zl)2)1/2

This implies that z; > 0. Define the curves I'y := 9C N {21 < z < 2}, ['g :=
0C N{z > z} and let k1, K2 be their geodesic curvatures. Then k1(y1) > K2(y2)
for every pair of points y; € I'1, yo € I's. This implies that o4(I'1) and I's are
graphs over a line orthogonal to Ly and o¢(T'1) lies above T's. Since both curves are
contained in the half-space {z > 0} we conclude that o¢(T'1) is contained in int(C).
The curve o¢((C' N H, ) \I'1) has no vertical tangent vector and so it is a graph over
the z-axis lying over the line Ly. So it is also contained in int(C'). This concludes
the proof in the two dimensional case.

Now we prove the general case by reducing it to the two dimensional one.

Let us check first that the set C' N H, is bounded. The use of hypothesis
lims o0 (f(s)/s) = 400 is essential here. Any point (z,t) € C' N H, satisfies the
inequalities

= (sin(26), cos(20)).

2
(7.9) <z—zo,|—0>sin9+(t—to)c089<0, t = f(lz])-

2o
We reason by contradiction, assuming there is a sequence of points z; = (z;,1;)
(¢t € N) in C N H, with lim;_, |2;] = +00. The sequence |z;| converges to +0o
since, from (7.9) and Schwarz inequality

0 < ¢;c086 < tpcosb + |z|sin b + |z;| cos 6.

Hence boundedness of a subsequence of |z;| would imply boundedness of the corre-
sponding subsequence of |t;|, contradicting that lim; . |z;| = +00. On the other
hand, inequalities (7.9), together with Schwarz inequality, imply

() I
|24 ||

tocos @ + |zo|siné

+ sin 6.

Taking limits when ¢ — oo we get a contradiction since |z;| and f(]z;])/|z:| converge
to oco.

Now we start with a deformation procedure. For § = 0, we have the inclusion
oo(CNHy)CCnN H(j since Hy is a horizontal hyperplane and C' is the epigraph
of a function defined onto this hyperplane. Let 6 be the supremum of the closed set

{60 €[0,60) : 59(CNHy)CCNH,S}.

If 6 = 0y we are done. Otherwise let us assume that 6 < 6.
Let us check that, for any 0 € [0,60y) and = € 9C N Hy, we have

(7.10) <&9(Ux),nx> > 0,

where Gy is the orthogonal symmetry with respect to the linear hyperplane of vectors
orthogonal to wy and n, is the outer unit normal to dC' at x given by

. (f'(=D g -1
I SRE
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FIGURE 7.1. Sketch of the reflection procedure

Since 7, (vz) = v, — 2<vw,w9>wg we have <69(vw),n$> = —2<vm,w9><wg,nm>, SO
that
_ —2 (z,20) . p
(7.11) (G9(vg),ne) = T 7002 \ el sinf + f'(|z]) cos 8
X (f’(z|) <|j|’|j;|> sin @ — cos 9)

Observe that, if x € dC N Hy, then |z| > |zo| unless z = z5. This is easy to
prove since

Z .
0= (x = 20, 720 im0 + (7] = (120 cos?
< (Jz] = [20]) sin @ + (f(|z| = f(|20])) cos 6.
In case |z| < |zo| then f(|z|) < f(]z0]) and we get a contradiction. If |z| = |zg| then

equality holds in the first inequality and so z = Az for some positive A which must
be equal to one.

To prove (7.10), let us analyze the sign of the factors between parentheses in
(7.11). For the first factor, when x € 9C N Hy we get

(z.20) oo Lol o £U02D = (20D

= ——sin cos 6
|2]|20] |2 |2
> @sinﬁ— (D) cos
z |2]
|ZO| . /
> ﬁsme—f (|z|) cos @
z

where for the last inequality we have used f(z)/z < f/(z), a consequence of the
convexity of f. Hence

(2.20)

21|20l

sin® + f'(|z]) cos 6 > 20| sin 0
z
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We thus infer that the quantity in the left-hand side is positive when sin§ > 0 and,
when sin 6 = 0, it is equal to f/(]z|), which is also positive as |z| > |zg| > 0.
For the second factor in (7.11) we have, for € 9C N Hy, that the quantity

1 (|z0]) (2 20) sin @ — cos 0,
21|20l

equal to
||Zzo||f’(|z) sinf — 2D = f(lzoD) |_Z|f(|zol)f’(|z|) cos ) — cos 0
is strictly smaller than

s e = LE D g o) - o),

2|

This quantity is negative since f'(]z|)/|z| < f'(]z0])/|20| by the concavity of f’. In
case 0 = 0y, it is also negative when z # zp since, in this case, |z| > |z9| and so
F(2) > £(l2ol).

So we have proved that the sign of the first factor between parentheses in (7.11)
is positive and the sign of the second factor is negative. This proves (7.10).

Inequality (7.10) guarantees that og(CNH, ) is strictly contained in CNH, near
Hy when 0 < 6y. As in the proof of Alexandrov Reflection principle, it shows that
0g(0C N Hy ) and 9C' N Hg have a tangential contact at some point zo € 0C' N Hg.
The point 2 is the image by oz of a point 1 € 0CNH, 5 and must lie in the interior
of Hg. Since

Ty =T — 2<x1 — Cll‘o,w§> wg, Ngy, = Ngy — 2<n11,wg> wg,
we have
., 20
29 = 21 — 2<x1 — 5E0,U)g> sin —,
|20
f'([22]) 22 f'([z1]) 21 4 %0
7.12 = —2({ng. ,wz)sin—
B g (P i P (P R e P
-1 -1

A+ f(=))72 ~ (1+ f (a2 2(ng,, wg) cosb.

Replacing the value of z; in the second equation using the first one we get

(oLt A .

2l (1+ f/(122)2)2 22| (1 + f(J2a])?) /2

o £(1zl) R O}
=2 9<|z1|<1+ff<|zl>2>1/2<1 0:05) = (s, 9>) El

As the function s — f(s)/(s(1 + f'(s)?)/?) is strictly decreasing, the constant
multiplying zo is different from zero if and only if |z1| # |22|. In this case zo is
proportional to zg and hence z2 (and so x1) belongs to the plane generated by xg
and (0,1). By the proof of the two-dimensional case, this is not possible. Let us
check that the case |z1| = |22| is not possible. From the first equation in (7.12) we
get

|22|? = |21] + 4(21 — 20, wp) sin§(<x1 — g, wp ) sinf — <217Z0>>.
211120l
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If |z1| = |22| then

<2172’0> 0

21 — To, w5 ) sinf — =
< ) |21]|20]

and, in particular, <z1, zo> < 0. Hence

1 , (z1,20) . - )
Ng,,Wg) = z1])———=%sinf — cosf | < 0.
(nes w8} = i e (0
From the third equation in (7.12) we get
-1 -1

@+ F (=)D - Wt F (D)7

and, as the function s — —s/(1 + f’(s)?)'/? is strictly increasing, we conclude that
|z2| > |z1|, a contradiction.
(]

7.3. Examples

EXAMPLE 7.11. We consider the convex body or revolution C' = {(x,y,2) :
z 2 f(v/x? 4+ y?)} determined by a convex function f : R — R such that f(0) =0,
feC3R), f <0, and
lim @ =
s—oo  §
This condition implies that the asymptotic cone of C' has empty interior. Observe
that C' cannot be cylindrically bounded since f is defined on the whole real line.
For every r > 0, consider the unique point (z(r), z(r)), with z(r) > 0, in the
intersection of the graph of f and the circle of center 0 and radius r. Let a(r) be
the angle between the vectors (z(r), z(r)) and (0,1). Since z(r) = f(x(r)) we have

(7.13 cos(a(r)) = LD iuary) = 20,

r
It is immediate to check that x(r) is an increasing function of r. On the other hand,
the function a(s) is a decreasing function of s because of the convexity of f. An
easy application of the coarea formula implies that the volume V(r) of the ball
Be(0,r) is given by

V(r)=2n /OT 5%(1 — cos a(s)) ds

Writing 1 — cosa = sin? /(1 + cos a) and taking into account that a(s) € [0, 7l
and that ssina(s) = x(s), we get

T T
(7.14) 7r/ x(s)?ds < V(r) — V(rg) < 27r/ z(s)? ds,
To T0
forall 0 < rg <.
From (7.13) we get f(z(s))? + z(s)? = s? and so
x(s)? 52

M) T Fae)?
z(s)

Taking into account that lims_,o, 2(s) = 0o we get limg_, o Nico) 0 and so

(7.15) lim CoE
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Since sin a(s) = f(x(s))/s is an increasing function of s, we can find ro > 0 so that
1
L J)
2 5

From now on we assume that f(t) = t%, with a € (1,2]. Then (7.16) implies
that

(7.16) for s > ro.

1
21/a

st/ g x(s) < sl/a, 5> Tg.
From (7.14) we have

m
922/a

/ s¥/%ds <V (r) = V(rg) < 277/ s¥/%ds,

To 70

/T 2/ gs — ( a )(T(a+2)/a _ r(()“+2)/“).
o a+2

We now make use of the properties
(i) Vi < V; implies that ¢y, > ¢y,
(ii) Vi < ¢+ Vo, ¢ € R, implies that ¢y, (v — ¢) = ¢y, (v).
to show the existence of constants 0 < A < A such that
Av® @+ > g () > M @Dy > .
Hence there exists constants 0 < A\; < Ay so that
A2/ (at+2) 5 Io(v) > /\1112/(‘”'2), v > v,
and this shows that the unbounded convex body
Co={(z,y,2) e R®: z > (2 +4°)?}

has isoperimetric dimension equal to 2£2 for all a € (1,2].

and
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