
   

 

Curriculum 3. Modelling and Simulation

Andrea Rodella

 Analytical and numerical modelling of 

undulatory locomotion for limbless 

organisms in granular\viscous media 

Doctoral School in Civil, Environmental and
Mechanical Engineering

20
20

 -
 D

o
ct

o
ra

l t
h

es
is





Doctoral School in Civil, Environmental and Mechanical Engineering
Modelling and Simulation - XXXII Cycle - Scientific Sector ICAR/08

Andrea RODELLA

Analytical and numerical modelling of
undulatory locomotion for limbless

organisms in granular/viscous media

Supervisors
Nicola Maria PUGNO: University of Trento

Barbara MAZZOLAI: Istituto Italiano di Tecnologia

https://scholar.google.com/citations?user=YVbhCDQAAAAJ&hl=it
http://www.ing.unitn.it/~pugno/
https://www.iit.it/it/component/people/barbara-mazzolai


Credits of the cover image: Book of the Dead of Ani

Except where otherwise noted, contents on this book are licensed under a
Creative Common Attribution - NonCommercial- NoDerivatives 4.0 Interna-
tional (CC BY-NC-ND 4.0)

University of Trento
Doctoral School in Civil, Environmental and Mechanical Engineering
http://web.unitn.it/en/dricam
Via Mesiano 77, I-38123 Trento
Tel. +39 0461 282670 / 2611 - dicamphd@unitn.it

https://www.britishmuseum.org/collection/object/Y_EA10470-27
http://web.unitn.it/en/dricam


iii

“Acontece isto muitas vezes, não fazemos as per-
guntas porque ainda não estávamos preparados para
ouvir as respostas, ou por termos, simplesmente,
medo delas. E, quando encontramos coragem para
as lançar, não é raro que não nos respondam . . . ”

José Saramago
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Abstract

Undulatory locomotion is a common and powerful strategy used in nature at
different biological scales by a broad range of living organisms, from flagellated bac-
teria to prehistoric snakes, which have overcome the complexity of living in ”flow-
able” media. By taking inspiration from this evolution-induced strategy, we aim at
modelling the locomotion in a granular and viscous environment with the objective
to provide more insights for designing robots for soil-like media exploration. More-
over, in contrast to common types of movement, the granular locomotion is still not
well understood and is an open and challenging field.

We approached this phenomenon with several tools: (i.) numerically, via cou-
pling the Finite Element Method (FEM) with the Discrete Element Method (DEM) us-
ing ABAQUS; (ii.) analytically, by employing the Lagrangian formalism to derive the
equations of motion of a discrete and continuous system subject to non-conservative
forces, and (iii.) experimentally, by creating an ad-hoc set up in order to observe the
migration of microfibres used for the treatment of spinal cord injuries.

The computational attempts to model the motion in a granular medium involved
the simulation of the dynamics of an elastic beam (FEM) surrounded by rigid spheri-
cal particles (DEM). A propulsion mechanism was introduced by sinusoidally forcing
the beam’s tip normally to the longitudinal axis, while the performance of the loco-
motion was evaluated by means of a parametric study. Depending on the parameters
of the external excitation, after a transient phase, the slender body reached a steady-
state with a constant translational velocity.

In order to gain physical insights, we studied a simplified version of the previ-
ous continuous beam by introducing a discrete multi-bar system. The dynamics of
the latter was analytically derived, by taking into account the forces exchanged be-
tween the locomotor and the environment, according to the Resistive Force Theory.
By numerically solving the equations of motion and evaluating the input energy and
dissipations, we were able to define the efficiency and thus provide an effective tool
to optimise the locomotion.

It is worth mentioning that the two approaches, despite the different physical
hypothesis, show a qualitatively and quantitatively good accordance.

The numerical and analytical models previously analysed have shown promising
results for the interpretation of ad-hoc experiments that demonstrate the migration
of a microfibre embedded in a spinal cord-like matrix. This migration needs to be
avoided, once the regenerative microfibre is implanted in the lesioned spinal cord,
for the sake of the patients health.

Prof. N. M. Pugno will provide final comments about this thesis in parallel to those of the reviewers.
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1
Introduction

1.1 Undulatory locomotion: working principle

The ability of moving from one place to another is one of the most
important feature that band together the non-plant life forms.
Animals, in fact, in order to survive and dispatch basic needs
(e.g. foraging, mating or escaping from predators) had to become
real specialists in motion, adapting themselves, their behaviour
and even their body in order to overcome the vastness of natural
environments and situations. This work takes inspiration from
this basic and, at the same time, so advanced skill; in particular
the thesis is focused on a specific kind of motion: the undula-
tory locomotion. This evolutionary-induced strategy consists of
the propagation of bending waves from the head of the organ-
ism to its tail Gray [41]. The interaction between the body, usu-
ally narrow and long (slender), and the environment results in
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a directional net force acting on the organism and consequently
in the self-propulsion of the body through the hosting medium
Kuznetsov, Lugovtsov, and Sher [54]. That the undulatory loco-
motion is widely present in the animal kingdom, is a well-known
fact and is justified by its simplicity and robustness Cohen and
Boyle [20]. It is, indeed, a powerful strategy and, in most cases,
an energetically optimised solution present in nature Astley et al.
[9] at different biological scales and adopted by a broad range of
living organisms Cohen and Boyle [20]. At the micro scale, we

Figure 1.1: Undulatory locomotion at different scales. a) A sand
snake slithering on the dunes and its sinusoidal trace. b) Scanning
Electron Microscope (SEM) image of Bacillus Bacteria, 1 − 4 µm
long. c) A colorised electron micrograph image of a nematode of
≈ 0.75 mm in length. d) Sandfish lizard, the length of an adult

specimen can reach 15− 20 cm.

can observe the so called micromotility. Although the subject is
quite recent, literature is already very broad. Probably the most
studied organisms, to date, are:

• Flagellated bacteria, where Escherichia coli is a very famous
example of organisms that exhibit undulatory locomotion,
as shown by Berg [13] and Vizsnyiczai et al. [87];
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• Single eukaryota cells such as the Sea urchin spermatozoa des-
cribed by Gray and Lissmann [39] in one of the main works
that shaped the field, while more recent works proposed by
Noselli et al. [66] deal with flagellated protists Euglena gra-
cilis;

• More complicated organisms, biologically speaking, are ne-
matodes such as the Caenorhabditis elegans [14], which is pro-
bably one of the most studied organisms not only in the
field of undulatory locomotion, but also in the field neu-
roscience. In a recent study, Cook et al. [21] were able to
map the entire nervous system, thereby understanding the
neural pattern that generates the locomotion. Another in-
teresting work on the nematode was conducted by Park et
al. [69] where the locomotion on different substrates was
investigated;

• Exceptions are present everywhere in nature: Euglenids, for
example, perform a very unconventional strategy consist-
ing of large-amplitude highly concerted deformations of the
entire body Arroyo et al. [7]. In this case, the waves propa-
gates on the surface of the organism.

At the macro scale the literature is even more vast and the living
organisms studied in the progression of the field contain, but are
not limited to:

• Annelid worms such as polychaetes are characterised by a
backward locomotion due to their high frictional external
surface;

• Sandfish lizard [12, 61, 62] and salamander [50] are natu-
rally equipped with limbs: the first exhibits undulatory lo-
comotion in sand and the latter in water to propel them-
selves without any help from their limbs;
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• Lampreys [27] and eels [16] have the ability to swim in wa-
ter and crawl in mud;

• Common snakes [79] as well as the gigantic prehistoric ti-
tanoboa snakes [44] are/were specialists in slithering on
complex substrates;

• Even dinosaurs used to take advantage of this specific kind
of locomotion. It was recently proven by Ibrahim et al. [48]
that the tail of Spinosaurus aegyptiacus had an unexpected
shape with a large, flexible fin-like extremity capable of ex-
tensive lateral excursion.

If there is a common feature or principle to all the organisms
listed above it’s that the undulation motion is typically constrained
by frictional or drag forces of the environment, rather than by gravita-
tional forces [46, 20]. In the case where the inertial forces become
negligible we are in the so called low Reynolds number regime
[71] where the scallop theorem [71, 63, 58] becomes essential to ex-
plain what is happening at this micro inertia-less scale [4]. The
Navier-Stokes equations yield a good approximation of what is
happening in this limit condition, even if, solving them analyti-
cally is possible only in the simplest cases.

1.2 Reynolds number, Navier-Stoke equations
and scallop theorem

The Reynolds number was formally defined for the first time by
Stokes [83] based on the precedent work of Reynolds [74]. It is a
fundamental quantity in hydrodynamics defined as the ratio be-
tween the inertial and viscous forces acting within a fluid, where
the fluid is thought of as a pile of infinitesimally thick layers that
interact with each other. The Reynolds number Re depends on
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the reference velocity v, density ρ, viscosity µ1, and a characteris-
tic length l, relative to the geometry of the problem (e.g. the main
length of the body immersed in the fluid)

Re =
ρv2l2

µvl
=

ρvl
µ

=
inertial forces
viscous forces

This number is, indeed, very important, since it contains impor-
tant information about the medium as well as the body moving
through the medium. The concept can be clarified by writing
down the governing equations in fluid dynamics, the Navier-
Stokes equations, under the hypothesis of incompressibility (∇ ·
v = 0) with,

inertial terms︷ ︸︸ ︷
ρ

=0︷ ︸︸ ︷
(∇ · v) v + ρ

∂v
∂t

=

pressure and viscous terms︷ ︸︸ ︷
−∇p + µ∇2v

which in its nondimensional form reads

Re
∂ṽ
∂t̃

= −∇̃ p̃ + ∇̃2ṽ

In the latter equation we can appreciate the role of the Reynolds
number in the competition between inertial and viscous term.
When Re � 1 the inertial term is, in a good approximation, neg-
ligible. Then, we obtain a time independent relation between the
gradient of the fluid pressure p and the Laplacian (i.e. the flux
density of the gradient) of the velocity v, the so called Stokes
flow. The scallop theorem, represented in Figure 1.2, emerges di-
rectly from the latter observation, by, in fact, imagining a scallop.
Scallops consist of two shells connected by a hinge, where, in the

1The Reynolds number is defined for a Newtonian fluid, a fluid where the
viscosity is a constant property of the fluid. The viscosity in this case represents
the ratio between the shear stress and the rate of angular deformation. In non-
Newtonian fluids the ratio is not constant anymore and the viscosity may be a
function of time and/or deformation, whereas the Reynolds number may not
be defined for such a fluid.
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Figure 1.2: Purcell’s original illustration of the scallop theorem ap-
pears in his famous work "Life at low Reynolds number" [71]
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absence of inertia, the possible configurations the scallop can as-
sume are limited and reciprocal. This condition leads to a null
net displacement for any sequence of motions2. In other words,
Lauga [58] restated and generalised the theorem in the following
way "If the sequence of shapes displayed by the swimmer is identical to
the sequence of shapes displayed when seen in reverse — so-called recip-
rocal motion — then the average position of the body cannot change over
one period". To obtain the migration, Stokes equations suggest
to violate the time reversibility1 1Another way to

obtain locomotion
in viscous fluid is,
actually, to require
an anisotropy in
the environmental
resistance to the
motion of the body
[20].

. Undulatory locomotion is one
of the strategies adopted in nature to break the aforementioned
symmetry. Taylor’s swimming sheet theory [85] and the slender
body theory [22, 28] are based on the concepts just exposed, i.e.
finding solutions for the Navier-Stokes equation applied to infi-
nite deformed sheets and finite slender shapes, respectively. This
task is anything but simple, as demonstrated by Astley et al. [9].

Conversely, at a high Reynolds number, Re � 1, the inertial
forces overcome the viscous forces. The theory that describes this
opposite limit situation is called elongated-body theory and ap-
peared in [60] in a successful attempt to describe fish locomotion.

Incidentally, in both cases, low and high Re, the dynamics
are very close and their study fall under the same general ab-
stract framework, as demonstrated by Chambrion, Giraldi, and
Munnier [19] and Cohen and Boyle [20].

1.3 Resistive force theory and granular media

An approximation of slender body theory can be obtained from
the so called resistive force theory, that appears for the first time
in the work of Gray and Hancock in the middle of the 1950s [40].
Rather than solving the Navier-Stokes equation for a long and
slender body, as in the slender-body theory, the resistive-force

2". . . it can’t swim because it only has one hinge, and if you have only one degree
of freedom in configuration space, you are bound to make a reciprocal motion. There is
nothing else you can do." -Purcell [71]
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approach assumes: (i) the deforming body can be split into in-
finitesimal segments, each experiencing drag and thrust due to
the presence of the hosting medium, and (ii) the distributed forces
acting on the segments are anisotropic, and depend on the veloc-
ity and on the spatial orientation of the segments [40, 90]. How-
ever, this theory (hypothesis) lacks any correlations between the
fluid properties and the spatially extended nature of the swim-
mer [8, 20]. Despite this, resistive-force theory has proven to
be a very simple and effective method that reasonably captures
the phenomenon of locomotion in viscous fluids [53, 14, 59, 51].
Moreover, this local-drag framework has proven to work just as
well in granular media [61, 90, 9].

Granular materials are composed of numerous discrete parti-
cles, which, depending on their loading conditions, can behave
as a solid by entering a jamming state or may flow like a fluid
[38]. The stress condition of the granular environment is there-
fore a pivoting parameter for the prediction of granular material
behaviour. More precisely, if the stress does not exceed the "yield"
value, the medium is able to provide resistance to the stress con-
dition without significant deformations. Conversely, if the local
stress exceeds the "yield" value, the material may enter a frictional
fluid state, a condition similar to low Reynolds fluids [9]. The
behaviour of granular materials, their complex transition from
solid- to fluid-like media and even more the interaction with a
deforming body are still far from complete comprehension. Re-
cently, Askari and Kamrin [8] provided constitutive equations for
resistive-force-obeying materials, in order to describe the mate-
rial transition when an intruding object interacts with a granular
material. However, the locomotion in granular materials still re-
mains an open and challenging field [90].



1.4. Applications 9

1.4 Applications

Undulatory locomotion is even more fascinating for its multidis-
ciplinary applications. Bio-inspired robotics are one of the new
and most prolific fields in which undulatory locomotion can be
applied. The goal is to create novel bio-robotic devices capa-
ble of traversing a variety of environments by taking inspira-
tion from the evolutionary-improved methodology used in na-
ture, where the salamander-bot conceived by Ijspeert et al. [50]
from EPFL’s BioRob laboratory is one of the most famous exam-
ples. Snake-bots from Carnegie Mellon’s Biorobotics laboratory
and the commercial HiBot are nowadays employed in underwa-
ter, soil and complex media exploration[45], search & rescue op-
erations [64], industrial inspection, archaeology and, even, in sur-
gical medicine [68]. At the micro scale, undulatory locomotion
at a low Reynolds number [4], found application in medicine as
micro- or nano-robots, as drug delivery systems, diagnostic tools,
and therapeutic devices [26, 33, 3].

Literature is also rich in models attempting to mathemati-
cally provide a framework for the robotic control [24, 82, 81].
Moreover, the recent advances in neuroscience have provided a
new exciting interaction with the bio-inspired robotic field. A
deeper comprehension of the locomotor’s central pattern genera-
tor, i.e. the neural circuits capable of producing coordinated pat-
terns for the locomotion in animals, allows us to understand dif-
ferent mechanisms of travelling waves in body undulation [49].
The immediate consequence is to obtain robots that mimic nature
in an even more accurately manner.

Of course, human curiosity is going beyond the "simple" de-
scription of mimicking what happens in a natural environment,
a totally new concept of experiments recently arose in order to
perform more repeatable experiments and avoid to use animals.
Robo-physics, in fact, expects to use robots for experimentation
as explained by Aydin et al. [10], while undulatory locomotion,

https://www.epfl.ch/labs/biorob/research/amphibious/salamandra/
http://biorobotics.ri.cmu.edu/robots/index.php
https://www.hibot.co.jp/
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due to its intrinsic complexity, can now be explored in a new way
without the natural uncertainty caused by working with living
animals.

1.5 Scope and outline of the thesis

This work is focused on the description of the undulatory loco-
motion, more precisely planar lateral undulation [43], in granular
materials. The tools adopted for modelling the phenomenon are
both numerical and analytical. The analytical formalism used in
the thesis is explained in Chapter 2, dedicated to the theory of
the analytical mechanics, which may help the reader to develop
analytical models for locomotion, similar to the one proposed in
Chapter 3, in a step by step straight forward manner. By means of
analytical mechanics, we were able to derive the equations of mo-
tion for a discrete multi-bar model presented in Chapter 3. The
latter turned out to be a very good approximation for describ-
ing a numerical experiment where an elastic beam is forced to
locomote through a soil-like medium. In the analytical model,
the granular environment is introduced by taking advantage of
the hypothesis offered by the resistive-force theory. Moreover,
the model represents an easy and versatile tool in order to opti-
mise the locomotion of an eventual robot. Chapter 4 is the nat-
ural extension of the discrete model to a continuous beam vari-
ant. Again, the mathematical framework is provided via ana-
lytical mechanics, and the derivation of the equations of motion
for the continuous system is presented. Finally, in Chapter 5 we
show an ad hoc experiment in order to demonstrate the migra-
tion of a micro fibre embedded in a viscous fluid. The work was
done in the context of an European project, Neurofibres, aiming
to design a device for regenerative medicine targeted at lesioned
spinal cords. The conducted experiment highlights the danger of
fibre migration, which, for the sake of the patients health, needs
to be avoided with highest priority. Chapter 6 summarises the

http://www.neurofibres.eu
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conclusions drawn from the work done herein and presents some
hints for future extension and application.

Structure of the thesis In sum the chapters contain articles and
ongoing work. A brief statement of the contents follows below:

• Chapter 2 contains the theory of analytical mechanics which
may help the reader to develop analytical models for loco-
motion.

• Chapter 3 contains the article: [76] A. Rodella, B. Mazzolai,
and N. M. Pugno. “Undulatory locomotion in granular media of
an elastic slender body: a comparison between Finite-Discrete el-
ement simulations and Resistive Force Theory”. Under internal
review (2020). This article contains a comparison between a
numerical and an analytical model describing the locomo-
tion of an elastic slender body interacting with a granular
medium.

• Chapter 4 is an ongoing work and contains the derivation
of the equations of motion for an inextensible elastic rod
interacting with a viscous medium.

• Chapter 5 contains the article: [75] A. Rodella & I. Corridori,
D. Misseroni, B. Mazzolai, A. Motta, and N. M. Pugno. "An
experimental and numerical study of the migration of a carbon
microfibre used for intraspinal microsimulation". Under internal
review (2020). This article contains an experimental demon-
stration of the migration of a microfibre embedded in a spi-
nal cord-like environment.

• Chapter 6 closes the thesis with conclusions and future de-
velopments.
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2
Analytical mechanics

In this chapter, we provide some basic notions on the subjects of
analytical mechanics [56, 42, 37, 32], useful to the comprehension
of the next chapters. In analytical mechanics, two scalar quan-
tities are at the base of the variational approach to mechanics:
kinetic energy and potential energy. These two quantities are
connected by the energy theorem which states that the sum of ki-
netic and potential energy remain unchanged during the motion.
The most extraordinary fact is that these two fundamental scalars
contain the complete dynamics of even the most complex system
we can take into consideration. In particular, the true power of
this method culminates in the least action principle, where a cer-
tain quantity is assumed stationary, i.e. the action, thereby implic-
itly including the entire set of equations necessary to describe the
motion.
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2.1 Basic concepts

2.1.1 Generalised coordinates

The concept of coordinates in analytical mechanics is a crucial
point, through them we can translate the physical world into a
mathematical one. The coordinates are the one-to-one correspon-
dence between the points of the physical space and the algebraic
quantities. The abstraction of this theory permits us to forget
about the physical meaning of these quantities and proceed with
our calculation. Only at the very end, we translate them back to
their physical meaning.

Let us consider a system composed of N particles, not re-
stricted by any kinematic condition. The position of the mechan-
ical system is therefore described by the following relations,

ri(t) = {xi(t), yi(t), zi(t)}; i ∈ [1, N] (2.1)

in a rectangular frame. One could also solve the same problem
by expressing the rectangular coordinates in terms of other quan-
tities,

q̂(t) = {q1(t), q2(t), . . . , q3N(t)} (2.2)

The relations between the two sets of coordinates are described
by the arbitrary functions,

x1(t) = f1(q1(t), q2(t), . . . , q3N(t))
...

zN(t) = f3N(q1(t), q2(t), . . . , q3N(t))

(2.3)

Here, a coordinate transformation was performed that substitutes
the determination of ri(t) with q(t). The possibility to chose the
right set of generalised coordinates may facilitate the solution of
the problem.
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Now, if our mechanical system consists of N particles and we
impose m independent kinematic conditions, a specific configu-
ration of our system can be characterised uniquely by,

n = 3N −m (2.4)

independent coordinates

q(t) = {q1(t), q2(t), . . . , qn(t)} (2.5)

Consequently Equation (2.3) can be rewritten as follows,

x1(t) = f1(q1(t), q2(t), . . . , qn(t))
...

zN(t) = f3N(q1(t), q2(t), . . . , qn(t))

(2.6)

where qi(t) denotes the so-called generalised coordinates of the sys-
tem. These n parameters are necessary and sufficient to uniquely
characterise the configuration of a mechanical system, and there-
fore represent the n degrees of freedom (DoFs) relevant for a ma-
thematical representation.

The generalised coordinates may or may not have a geomet-
rical significance with respect to the physical system. None the
less, the functions in Equation (2.6) are required to satisfy the fol-
lowing properties: i) shall be finite; ii) shall be single valued; iii)
shall be continuous and differentiable; and iv) the Jacobian shall
be different from zero (for at least one combination of the n func-
tions).

In addition, we may have a situation where the generalised
coordinates are restricted to obey the following m conditions,

φi(q1(t), q2(t), . . . , qn(t)) = 0; i ∈ [1, m] (2.7)
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the number of DoF of this new system amount to,

n′ = n−m (2.8)

2.1.2 The configuration space

The configuration space is, perhaps, the most abstract concept
in analytical mechanics. The dimension of the space is equal to
the degree of freedom of the system we are analysing. In this n-
dimensional space, a specific configuration of the system is noth-
ing but a point P, a C-point. Consequently, the solution of a dy-
namical problem can be thought of as a C-curve, a curve in n-
dimensions. Therefore, any material system can be pictured as a
single point in C-space, no matter how complicated the system is.
Again, this space is not related at all with the physical reality (e.g.
the position of a rigid body in the euclidean space is represented
with a single point in the 6-dimensional space of the 6 DoF of the
body).

Point transformation Due to the fact that no prescription is im-
posed on the choice of the set of n coordinates describing the sys-
tem, we can always choose an equivalent but different one,

q̄(t) = {q̄1(t), . . . , q̄n(t)} (2.9)

the relations with the set reported in Equation (2.5) must be ex-
pressed as

q̄1(t) = f1(q1(t), . . . , qn(t))
...

q̄n(t) = fn(q1(t), . . . , qn(t))

(2.10)
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By taking the differentials, we obtain a relation, between the sets,
showing their linear dependence2 2From now on, for

the sake of sim-
plicity, we drop
the dependence of
the time t unless
it is strictly neces-
sary for the overall
comprehension.

dq̄i =
∂ fi

∂q1
dq1 + · · ·+

∂ fi

∂qn
dqn; ∀i ∈ [1, n] (2.11)

Therefore, we have obtained a mapping from one set to the other
where the continuity, in the two spaces, is preserved. Mean-
ing that: a point P in q-space remains a point in q̄-space. Lines,
however, become curves, since angles and distances are not pre-
served.

2.1.3 Constraints

Holonomic constraints If the system is subjected to kinematic
conditions as finite relations between the coordinates of the form,

φi(q1, . . . , qn, t) = 0; i ∈ [1, m] (2.12)

the constraint is classified as holonomic, and so is the system.
An important sub-classification of mechanical systems is the

explicit presence of time, t, in the constraint equations. In Equa-
tion (2.12) time appears explicitly and the system is, therefore,
classified as rheonomic. A necessary and sufficient condition that
belongs to this class is that time should explicitly appear in, at
least, one of the m equations. Instead, if time does not appear in
any of the relations (2.12) the system is called scleronomic and all
the constraints can be represented in the following form,

φi(q1, . . . , qn) = 0; i ∈ [1, m] (2.13)

Therefore, we can describe our system with n′ = n − m coordi-
nates, an independent sub-set of the DoFs. The method is called
elimination of variables. Alternatively, we can take into account
the complete set of equations for all DoF and use the Lagrangian
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multipliers method, where the constraint forces are applied to the
relevant DoF via Lagrange multipliers λm. The method will be
extensively discussed in Section 2.2.2.

Non-holonomic constraints Conversely, if the relationship be-
tween the coordinates cannot be expressed directly, but needs to
be defined based on the differentials of the coordinates, we are
facing a non-holonomic system. The particularity of this type of
system is that we cannot neglect any of the generalised coordi-
nates, in contrast to the holonomic case.

2.1.4 Kinetic energy

The kinetic energy is one of the two fundamental quantities in the
theory of analytical mechanics. This scalar plays the same role as
the rate of change of momentum ṗ in the equations of motion,

F = ma = m
dv
dt

=
dmv

dt
=

dp
dt

= ṗ

If ṗ takes care of the inertial side in Newton’s equation in the
vectorial description of the mechanics of motion, we can state that
the kinetic energy is its analytical counterpart.

Let us consider a mechanical system composed of N parti-
cles located in an inertial reference frame described through the
Cartesian components of the vector rk, Equation (2.1). The total
kinetic energy of the system is nothing but the sum of the indi-
vidual contributions of kinetic energy of each material point with
mass mk,

T =
1
2

N

∑
k=1

mk ṙ2
k (2.14)

where ṙ2
k = ṙk · ṙk or in index notation ṙ2

k = ẋ2
k + ẏ2

k + ż2
k while the

dot represents the derivative over time.



2.1. Basic concepts 19

We can, firstly, perform the time derivative of Equation (2.6),

ẋ1(t) =
n

∑
i=1

∂ f1

∂qi
q̇i

...

żN(t) =
n

∑
i=1

∂ f3N

∂qi
q̇i

(2.15)

By rewriting the kinetic energy of Equation (2.14) in terms of gen-
eralised coordinates, through Equation (2.15), we obtain,

T(q, q̇) =
1
2

3N

∑
k=1

mk

(
n

∑
i=1

∂ fk

∂qi
q̇i

)2

=
1
2

3N

∑
k=1

mk

n

∑
i=1

∂ fk

∂qi
q̇i

n

∑
j=1

∂ fk

∂qj
q̇j

=
1
2

n

∑
i=1

n

∑
j=1

(
3N

∑
k=1

mk
∂ fk

∂qi

∂ fk

∂qj

)
q̇i q̇j

=
1
2

n

∑
i=1

n

∑
j=1

mijq̇i q̇j

(2.16)

a homogeneous positive definite quadratic function of the q̇’s.
The positiveness definition subsist if and only if the prescription
mk > 0; ∀k ∈ [0, 3N] is respected3 3In this notation we

implicitly assumed
that m1 = m2 = m3

are the mass for the
particle one, particle
two has mass equal
to m4 = m5 = m6

and so on.

.
Note that Equation (2.16) has been obtained by starting from

Equation (2.6), de-facto a scleronomic system, that does not take
into account the possibility that the functions fi also depend on
t. Conversely, if we consider a rheonomic system Equation (2.6)
must be rewritten as,

x1(t) = f1(q1(t), q2(t), . . . , qn(t), t)
...

zN(t) = f3N(q1(t), q2(t), . . . , qn(t), t)

(2.17)
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and we must obtain new terms in Equation (2.15),

ẋ1(t) =
n

∑
i=1

∂ f1

∂qi
q̇i +

∂ f1

∂t
...

żN(t) =
n

∑
i=1

∂ f3N

∂qi
q̇i +

∂ f3N

∂t

(2.18)

Therefore, the kinetic energy in it’s most general form reads,

T(q, q̇) =
1
2

3N

∑
k=1

mk

(
n

∑
i=1

∂ fk

∂qi
q̇i +

∂ fk

∂t

)2

=
1
2

[
n

∑
i=1

n

∑
j=1

mijq̇i q̇j + 2
n

∑
i=1

ai q̇i +
3N

∑
k=1

mk

(
∂ fk

∂t

)2
]

=
1
2

n

∑
i=1

n

∑
j=1

mijq̇i q̇j︸ ︷︷ ︸
quadratic

+
n

∑
i=1

ai q̇i︸ ︷︷ ︸
linear

+
1
2

3N

∑
k=1

mk

(
∂ fk

∂t

)2

(2.19)

where,

mij = mji =
3N

∑
k=1

mk
∂ fk

∂qi

∂ fk

∂qj
(2.20)

and,

ai =
3N

∑
k=1

mk
∂ fk

∂qi

∂ fk

∂t
(2.21)

The kinetic energy written in the form of Equation (2.19) is a sum
of three contributions: i) an homogeneous quadratic function of
q̇i; ii) an homogeneous linear function of q̇i; and iii) the remaining
terms of qi and t.
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2.1.5 Work function and generalised force

The other fundamental quantity in the field of analytical mechan-
ics is the work function. We can think of this scalar quantity as
the counterpart to the forcing term F in the Newtonian descrip-
tion of the mechanics of motion. Analytical mechanics does not
consider the force as something primitive, but as a quantity that
could be derived from another essential quantity: the work.

Let us consider a mechanical system composed of N particles
with their positions described by the vector rk, Equation (2.1). Let
us further assume that each particle has mass mk and experiences
a force Fk = {Fxk , Fyk , Fzk}. The total infinitesimal work of all im-
posed forces is,

dw =
N

∑
k=1

Fk · drk

=
N

∑
k=1

Fxk dxk + Fyk dyk + Fzk dzk

(2.22)

where the differentials drk = {dxk, dyk, dzk} can be expressed
through the generalised coordinates from Equation (2.6) with,

drk =

{
n

∑
i=1

∂ f3k−2

∂qi
dqi,

n

∑
i=1

∂ f3k−1

∂qi
dqi,

n

∑
i=1

∂ f3k

∂qi
dqi

}
(2.23)
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The infinitesimal work can, therefore, be rewritten in the follow-
ing form,

dw =
N

∑
k=1

Fxk

n

∑
i=1

∂ f3k−2

∂qi
dqi + Fyk

n

∑
i=1

∂ f3k−1

∂qi
dqi + Fzk

n

∑
i=1

∂ f3k

∂qi
dqi

=
n

∑
i=1

(
N

∑
k=1

Fxk

∂ f3k−2

∂qi
+ Fyk

∂ f3k−1

∂qi
+ Fzk

∂ f3k

∂qi

)
dqi

=
n

∑
i=1

(
N

∑
k=1

Fk ·
∂rk

∂qi

)
dqi

=
n

∑
i=1

Qidqi

(2.24)

where Qi are the components of the generalised force Q. The
latter is a vector of n dimensions belonging to the configuration
space. Moreover, the last line of Equation (2.24) points out the
relationship between work and generalised coordinate, that is, a
linear differential form of qi.

Now, if the infinitesimal work dw is the true differential of a
certain function, this function is called the work function and is
denoted with U.

dw = dU (2.25)

where the work function is a function of the generalised coordi-
nates U = U(q) and its differential is,

dU =
n

∑
i=1

∂U
∂qi

dqi (2.26)

By comparing Equation (2.24) with Equation (2.26) we obtain,

n

∑
i=1

Qidqi︸ ︷︷ ︸
dw

=
n

∑
i=1

∂U
∂qi

dqi︸ ︷︷ ︸
dU

⇒ Qi =
∂U
∂qi

(2.27)
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The potential energy V is defined as the the negative work func-
tion V = −U and therefore, Equation (2.27) can be rewritten as,

Qi = −
∂V
∂qi

(2.28)

where V = V(q). This type of force is also called conservative
force1.

In nature, forces may be derivable from a time-dependent
work function U = U(q; t), which entails that the generalised
force loses the property of being conservative.

Another possibility is that a force may be conservative, but
not derivable from a work function. Forces derivable from a sca-
lar function are called monogenic, while forces non derivable from
a work function are called polygenic.

In the most general case a monogenic generalised force can be
derived from a work function of the following type,

U = U(q; q̇; t) (2.29)

Where U becomes a function of the generalised coordinates and
velocities, as well as time. A typical example in which we recog-
nise the above dependencies may be related to the dissipative

1Conservative forces are derivable from a scalar U, which is a function of the
coordinates qi only. If this condition is satisfied, we can consider the work done
by the force Q while the system moves from a point A to a point B,∫ B

A
Q · dq = UB −UA = VA −VB

the integral is path-independent and only depends on the initial and final posi-
tions. Consequently, the work done along a closed path results to be null,∮

Q · dq = 0 .
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forces. In this specific case the forces assume the form,

Qi =
n

∑
j=1

cij(q, t)q̇i (2.30)

where cij represent the damping coefficients, and form a symmet-
ric matrix. The associated work function takes up the following
form,

U(q, q̇, t) =
1
2

n

∑
j=1

cij(q, t)q̇i · q̇j (2.31)

which shows a quadratic form in the velocties q̇i and is also known
as Rayleigh’s dissipative function.

2.2 The calculus of variation

2.2.1 Stationary value of a function

Let us consider a sufficiently smooth function F of the n variables
uk,

F = F(u1, . . . , un) (2.32)

The goal of this section is to provide a methodology for finding
the stationary value of the function F. To accomplish this, we
need to introduce the concept of variation. More precisely, we
produce an infinitesimal change in the neighbourhood of a spe-
cific point, in order to explore the behaviour of the function F.
However, this infinitesimal change δ is profoundly different from
the process of the infinitesimal change d, pertaining to differential
calculus. The latter involves an actual change of an independent
variable, while variational calculus makes use of virtual change.
Note that virtual change entails the variation of multiple vari-
ables, while actual change treats only one independent variable.
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For example, a virtual displacement of a given point of the sys-
tem, is a displacement that explores all the kinematically admis-
sible displacements in the infinitesimal region around that point.

The infinitesimal change of the coordinates is denoted with
δu, while the first variation of the function F is defined as,

δF =
∂F
∂u1

δu1 + · · ·+
∂F
∂un

δun

=
n

∑
k=1

∂F
∂uk

δuk

(2.33)

Due to the fact that it’s more convenient to work with finite in-
stead of infinitesimal quantities, we can rewrite δu as

δu1
...

δun

 = ε


a1
...

an

 (2.34)

where ak are the direction cosines of the chosen direction we want
to test our function in (or perform the variation), while ε is a pa-
rameter approaching zero (ε → 0). In any specified direction the
function F changes it’s value with,

δF
ε

=
n

∑
k=1

∂F
∂uk

ak = 0 (2.35)

This expression needs to vanish, in order to be stationary. Fur-
thermore, since the directions ak are arbitrary, due to the virtual-
ity of the displacement, Equation (2.35) holds true if and only if,

∂F
∂uk

= 0 ∀k ∈ [1, n] (2.36)

Conversely, if the latter condition is satisfied, also the rate of change
of function F, evaluated in all kinemtically admissible directions,
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must vanish. The two conditions are summarised in the follow-
ing statement,

F is stationary ⇔ ∂F
∂uk

= 0 (2.37)

Extremum value For the sake of completeness we briefly dis-
cuss the concept of extremum value (true minimum or maximum),
even though problems of motion are generally not influenced by
conditions of extremum values. However, this concept is inti-
mately connected to the sign of the second variation δ2F, and
therefore useful when looking for an extremum in the configura-
tion space. Note that the criterion to state if a point in the config-
uration space is an extremum, is close to the concept of functional
analysis. To find the expression of the second variation, we start
with the following quantity,

∆F = F(u + εa)− F(u) (2.38)

subsequently we perform a Taylor series expansion around the
point u,

∆F = ε
n

∑
k=1

∂F
∂uk

ak +
1
2

ε2
n

∑
j,k=1

∂2F
∂uj∂uk

ajak + o(ε2)

= δF +
1
2

δ2F + o(ε2)

(2.39)

Due to the conditions established in (Equation (2.37)), the first
variation vanishes δF = 0 ∀ak. Concerning the second variation,
we can state that a point is located at an extremum value for the
function F, if δ2F = 0 is not satisfied for real values of ak, which
entails that δ2F cannot change its sign. As well known from dif-
ferential calculus, a curve shows an extremum value where the
curve’s first derivative is 0, with local minima being characterised
by a positive second derivative, whereas a negative second deri-
vative marks a local maxima. The sign shall remain the same for



2.2. The calculus of variation 27

any kinematically admissible or virtual displacement in the in-
finitesimal region around the point.

At the boundary of the configuration space, where the gen-
eralised displacement is not reversible, an extremum is possible
without a stationary value for function F.

2.2.2 The Lagrangian λ-method

The problem treated thus far, takes into account a variation of a
function F with n non restricted variables. Therefore, the prob-
lem is defined as a free variation problem, in the sense that we
can always operate variation in any infinitesimal direction. Con-
versely, the configuration space may be restricted in a way that
some relations exist between the generalised coordinates. Also
known as auxiliary conditions, these kinematic constraints have
the effect of reducing the degrees of freedom and consequently
the dimensions of the configuration space. In Section 2.1.3 we
have shown the elimination of variables method, which makes
use of these restrictions.

The objective of this section is to show another method that
takes into account the auxiliary conditions, while maintaining
the variation problem as unconstraint (i.e. free). The method is
called λ-method or method of the undetermined multipliers and was
reported for the first time in [55].

Let us consider the function (2.32) restricted by the auxiliary
condition,

f (u1, . . . , un) = 0 (2.40)

and let us take the variation of the latter,

δ f =
∂ f
∂u1

δu1 + · · ·+
∂ f
∂un

δun =
n

∑
k=1

∂ f
∂uk

δuk = 0 (2.41)
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This condition states that the variation δuk is linearly dependent
on all other n− 1 variations. Therefore, δuk is not free to be "var-
ied" anymore. For the sake of clarity we assume δun to be one
dependent variable among the entire set. Now, we are looking
for the stationary value of F restricted to Equation (2.40). The
first step is to let the first variation of F vanish,

δF =
∂F
∂u1

δu1 + · · ·+
∂F
∂un

δun =
n

∑
k=1

∂F
∂uk

δuk = 0 (2.42)

If all variations δuk are free, we can use, straight away, statement
(2.37), in order to find the stationarity conditions. However, this
is not the case, since we have assumed that δun is linearly depen-
dent on the rest. Therefore, we slightly modify Equation (2.42) by
adding condition 2.41, which by definition is a null quantity and
multiply by the unknown parameter λ = λ(u) as reported below,

∂F
∂u1

δu1 + · · ·+
∂F
∂un

δun+λ

equal to 0︷ ︸︸ ︷(
∂ f
∂u1

δu1 + · · ·+
∂ f
∂un

δun

)
= 0

n

∑
k=1

∂F
∂uk

δuk+λ

(
n

∑
k=1

∂ f
∂uk

δuk

)
= 0

n

∑
k=1

(
∂F
∂uk

+λ
∂ f
∂uk

)
δuk = 0

(2.43)

Since we have assumed linear dependency, δun results to be con-
strained, we would like to find a condition that eliminates it from
Equation (2.42). This is possible by choosing a λ that makes the
coefficient of δun vanish with,

∂F
∂un

+ λ
∂ f
∂un

= 0 (2.44)
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Thus, Equation (2.43) becomes,

n−1

∑
k=1

(
∂F
∂uk

+ λ
∂ f
∂uk

)
δuk = 0 (2.45)

where all the δuK are unconstrained variations. Finally, the con-
ditions of a free variation problem can be applied with,

∂F
∂uk

+ λ
∂ f
∂uk

= 0 ∀k ∈ [1, n− 1] (2.46)

this equation combined with condition (2.44) demonstrates that
we can apply the condition of a free variation problem directly to
Equation (2.43). In fact, under the aid of this method we can con-
sider all the δuk as free variation despite our initial assumption
of δun being linearly dependent. Moreover, we can show that a
variation of,

F̃ = F + λ f (2.47)

leads to the same result, when following the process described
previously,

δF̃ = δ(F + λ f ) = δF + f δλ︸︷︷︸
=0

+λδ f = δF + λδ f (2.48)

The method can be generalised to multiple constraints. In
sum, if we have m auxiliary equations of type (2.40) that constrain
function F, which has to be made stationary, we can rewrite the
problem as a free variation problem by introducing a number of
m parameters. Of course, the unknowns become n + m to solve
in n equations, due to the free variation of uk, plus m additional
auxiliary conditions obtained a posteriori. The new function F̃
shall take the following form,

F̃ = F +
m

∑
i=1

λi fi (2.49)
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2.2.3 The fundamental processes of the calculus of vari-
ation

The stationary value of a definite integral: problem statement
Solving problems that involve motion basically require us to find
the stationarity of a definite integral, and not, as we have seen so
far, the stationarity of a simple function. It is important to note
that the unknowns, so far, were the variables uk, while what we
are looking for now are unknown functions (and their deriva-
tives) that make the integral stationary. The branch of mathemat-
ics that provides the tools to solve this problem is known as the
calculus of variation.

In this section the problem of the stationarity of a definite in-
tegral and some of the properties of the process of variation are
introduced. We will use all these concepts later in the next sec-
tion. Hence, let’s consider a sufficiently smooth function F,

F = F(y, y′, x) (2.50)

Given the definite integral of the function F between two points
a and b of the domain,

I =
∫ b

a
F(y, y′, x)dx (2.51)

with the following boundary conditions,

f (a) = α; f (b) = β (2.52)

the statement of the problem could be formulated as: find the
function,

y = f (x) (2.53)

that respects the boundary conditions 2.52, in order to make the
integral I (Equation (2.51)) stationary.



2.2. The calculus of variation 31

Now let’s consider a different function y = f (x) defined in
the following way,

f (x) = f (x) + εφ(x) (2.54)

where φ(x) is some arbitrary function sufficiently smooth that
must satisfy the boundary conditions 2.52, while ε denotes an
arbitrarily small parameter. Now, by taking a specific point x̃, as

x

y

f (x)

β

f (x)

b

α

a x̃

P

δy

Figure 2.1: The variation of f (x) indicated in the graph as δy, is
an infinitesimal and virtual change that produce a new function
f (x). Note that the variation does not involve the independent

variable x.

represented in Figure 2.1, we perform the difference between the
two functions,

δy = f (x)− f (x) = εφ(x) (2.55)

We have obtained the variation2, an infinitesimal and virtual change,
of the function y. Moreover, as we can appreciate from Figure 2.1,

2There is a fundamental difference between δy and dy. While both are in-
finitesimal, the former has the peculiarity to be virtual and therefore produces
a new function. The latter on the other hand is caused by the change in the
independent variable x.
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if the boundary conditions are prescribed, Equation (2.52), the
variation of the function calculated in those points, must vanish,

δ f (x)
∣∣∣

x=a
= 0

δ f (x)
∣∣∣

x=b
= 0

(2.56)

Properties of the δ-process The operation of making a variation
has the property to be commutative with respect to the differen-
tiation and to the integration.

Therefore, in the case of differentiation3 subsists the following
equivalence,

d
dx

δy = δ
d

dx
y (2.57)

Similarly for the integration4 process, the commutative property
can be write as,

∫ b

a
δy dx = δ

∫ b

a
y dx

2.2.4 Stationary value of a definite integral

The idea is similar to the one exposed in Section 2.2.1. In order
to find the condition of the stationary value of a definite integral
we proceed by making the variation of the quantity I as defined

3Differentiation:

d
dx

δy =
d

dx

(
f (x)− f (x)

)
=

d
dx

(εφ(x)) = εφ′(x)

δ
d

dx
y = f ′(x)− f ′(x) =

(
y′ + εφ′

)
− y′ = εφ′(x)

4Integration:∫ b

a
δy dx =

∫ b

a

(
f (x)− f (x)

)
dx =

∫ b

a
f (x) dx−

∫ b

a
f (x) dx = δ

∫ b

a
y dx
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in Equation (2.51),

δI = δ
∫ b

a
F(y′, y, x) dx

=
∫ b

a
δF(y′, y, x) dx

=
∫ b

a

(
∂F
∂y

δy +
∂F
∂y′

δy′
)

dx

=
∫ b

a

(
∂F
∂y

εφ +
∂F
∂y′

εφ′
)

dx

= ε
∫ b

a

(
∂F
∂y

φ +
∂F
∂y′

φ′
)

dx

(2.58)

The first step applies the commutative property for the integra-
tion, which leads, in the third line, to the first variation of F as
shown earlier in Equation (2.42). By recalling Equation (2.55) we
can replace the variations δy and δy′. Furthermore, we can collect
ε and recognise a similar form with respect to Equation (2.35). In
order to obtain the rate of change of I, we divide both sides by
the arbitrarily small parameter ε,

δI
ε

=
∫ b

a

(
∂F
∂y

φ +
∂F
∂y′

φ′
)

dx (2.59)

Subsequently, we need to manipulate the equation and apply the
rule of integration by parts,

∫ b

a

∂F
∂y′

φ′ dx =
∂F
∂y′

φ

∣∣∣∣b
a
−
∫ b

a

d
dx

(
∂F
∂y′

)
φ dx (2.60)

Finally, we rewrite Equation (2.59) and collect the function φ, also
known as test function.

δI
ε

=
∫ b

a

(
∂F
∂y
− d

dx
∂F
∂y′

)
φ dx (2.61)
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As discussed in Section 2.2.1, we can now find the conditions nec-
essary to let δI vanish and, therefore, accomplish the goal of find-
ing the conditions of stationarity for function F. Due to the ar-
bitrary nature of the function φ = φ(x), as reported in Equation
(2.55), Equation (2.61) vanishes if and only if the first integrand
assumes a null value in any point of the domain,

∂F
∂y
− d

dx
∂F
∂y′

= 0 ∀x ∈ [a, b] (2.62)

In sum, the ordinary differential equation (2.62) is the necessary
and sufficient condition that makes the definite integral I station-
ary under the boundary conditions Equation (2.52).

2.2.5 The Euler-Lagrange equations for a discrete system

In mechanics, the aforementioned problem of variation is trans-
lated to the following statement: find the stationary value of the
definite integral,

I =
∫ t2

t1

L (q1, . . . , qn; q̇1, . . . , q̇n; t) dt

=
∫ t2

t1

L (q, q̇, t)
(2.63)

where the generalised coordinates qk, function of time t, are sub-
jected to some boundary conditions at the begging and the end
of the process. Therefore, as shown in Figure 2.1, their variations
must be null,

δq
∣∣
t=t1

= 0 δq
∣∣
t=t2

= 0 (2.64)

at the time points t1 and t2. The goal is, again, to find the func-
tions, in this case the generalised coordinates, that make the inte-
gral I stationary. In other words, δI must be zero.
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By following the procedure shown in Section 2.2.4 we take the
variation of I with,

δI = δ
∫ t2

t1

L (q1, . . . , qn; q̇1, . . . , q̇n; t) dt

=
∫ t2

t1

δL (q1, . . . , qn; q̇1, . . . , q̇n; t) dt

=
∫ t2

t1

n

∑
i=1

(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i

)
dt

=
n

∑
i=1

∫ t2

t1

(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i

)
dt

(2.65)

We can recognise the same structure as in Equation (2.58). By tak-
ing advantage of the integration by parts formula, which permits
the release of the time derivative from δq̇i to ∂L

∂q̇i
, we obtain,

∫ t2

t1

(
∂L
∂q̇i

δq̇i

)
dt =

∂L
∂q̇i

δqi

∣∣∣∣t2

t1

−
∫ t2

t1

d
dt

(
∂L
∂q̇i

)
δqi dt (2.66)

Therefore, Equation (2.65) becomes,

δI =
n

∑
i=1

∫ t2

t1

(
∂L
∂qi
− d

dt
∂L
∂q̇i

)
δqi dt (2.67)

Now, we let δI vanish, in order to find the stationarity conditions.
This coincide with the vanishing of the term inside the parenthe-
sis in Equation (2.67) at any point t within the time interval [t1, t2]

for all n generalised coordinates simultaneously,

∂L
∂qi
− d

dt
∂L
∂q̇i

= 0 ∀t ∈ [t1, t2] (2.68)

This is, actually, a system of n second order ordinary differen-
tial equations, also known as the Lagrangian equations of motion
or the Euler-Lagrange equations. In order to solve the system, 2n
boundary conditions need to be established for the n generalised
coordinates qi at the border of the domain of integration t1 and t2.
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Auxiliary conditions and the λ-method Let us assume that our
mechanical system is constrained by m kinematic conditions,

fk(q1, . . . , qn) = 0, with k = 1, . . . , m (2.69)

whose variations are define as below,

δ fk =
n

∑
i=1

∂ fk

∂qi
δqi, with k = 1, . . . , m (2.70)

As in Section 2.2.2, we can consider the alternative equivalent
variational problem by modifying the function L as follows,

L̃ = L +
m

∑
k=1

λk fk (2.71)

where λ = λ(t) are the m unknown parameters to take into ac-
count the auxiliary conditions. The free variation problem reads,

δI =
∫ t2

t1

δL̃ (q1, . . . , qn; q̇1, . . . , q̇n; λ1, . . . , λm; t) dt

=
∫ t2

t1

δ

(
L +

m

∑
k=1

λk fk

)
dt

=
∫ t2

t1

(
δL + δ

m

∑
k=1

λk fk

)
dt

=
∫ t2

t1

(
δL +

m

∑
k=1

δλk fk︸ ︷︷ ︸
=0

+
m

∑
k=1

λkδ fk

)
dt

(2.72)
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Now, by combining Equation (2.70) and Equation (2.67) in Equa-
tion (2.72) we obtain,

δI =
∫ t2

t1

[
n

∑
i=1

(
∂L
∂qi
− d

dt
∂L
∂q̇i

)
δqi +

m

∑
k=1

λk

n

∑
i=1

∂ fk

∂qi
δqi

]
dt

=
n

∑
i=1

∫ t2

t1

(
∂L
∂qi
− d

dt
∂L
∂q̇i

+
m

∑
k=1

λk
∂ fk

∂qi

)
δqi dt

(2.73)

Hence, the Euler-Lagrange equations, under the consideration of
the m constraints, become a system of n + m unknowns and read,

∂L
∂qi
− d

dt
∂L
∂q̇i

+
m

∑
k=1

λk
∂ fk

∂qi
= 0 ∀i ∈ [1, n] (2.74)

2.3 Principles in analytical mechanics

2.3.1 The principle of virtual work

In mechanics the principle of virtual work is a fundamental vari-
ational principle regarding the equilibrium of the systems. It per-
mits finding conditions on the static behaviour, in a system char-
acterised by reversible displacements. In Newtonian mechanics,
a system of particles is in equilibrium if the sum of the forces
(impressed and reacting forces) acting on it is equal to zero. Ob-
viously, if the system in object is, for example, a rigid continuous
body, the particles involved are infinite, which also entails infi-
nite kinematic forces among the particles that need to be taken
into account. The treatment is, therefore, impossible. Analytical
mechanics, as we have already discussed, takes into account only
the degrees of freedom, or generalised coordinates, of the system,
that for a rigid continuous body in the euclidean space are only
6.

The principle states the following: a given mechanical system
will be in equilibrium if, and only if, the total virtual work of all the
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imposed forces vanishes for any infinitesimal and reversible variation of
the configuration of the system in harmony with the given kinematic
constraints. By recalling the concepts in Section 2.1, the statement
can be formulated in its variational form as,

δw =
n

∑
i=1

Fiδqi = F · δq = 0 (2.75)

Where Fi are the components of the generalised force, while δqi

represents the variations of the generalised coordinates. The vec-
torial form of Equation (2.75) suggests an immediate geometrical
interpretation of the principle: in order to achieve the vanishing
of the total virtual work, the generalised force must be null or per-
pendicular to any virtual change in coordinates. Null when the
system is free and perpendicular when the system is subjected to
kinematic constraints.

Monogenic force If the generalised force F is derivable from a
single scalar function, the virtual work coincides with the nega-
tive of the potential energy δw = δU = −δV and the equilibrium
of the system is reduced to satisfy the condition: δV = 0.

2.3.2 D’Alembert’s principle

The most important contribution that D’Alembert’s [23] princi-
ple gave to the comprehension of the mechanics of motion, is its
interpretation of the forces of inertia. This new point of view in
the history of theoretical mechanics leads to the extension of the
applicability of the principle of virtual work also to dynamics. In
fact, D’Alembert introduced the force of inertia44Note that the virtual

work of the forces
of inertia is not re-
ducible to a variation
of a scalar function.
This is because of the
intrinsic nature of the
force. Inertial forces
are polygenic.

as a force created
by the motion, which is define as,

I = −mr̈ = −ṗ (2.76)
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Therefore the Newton’s law can be expressed as,

F + I = 0 (2.77)

The sum of impressed force and force of inertia is known as ef-
fective force. The principle states that: any system of forces is in
equilibrium if we add to the impressed forces the forces of inertia. Or al-
ternately: the total virtual work of the effective forces (impressed forces
plus inertial forces) vanishes for reversible displacements:

δw =
N

∑
i=1

(Fi −mi r̈i) · δri =
N

∑
i=1

(
Fi + mi

d
dt

vi

)
· δri = 0 (2.78)

In summary, with d’Alembert’s principle, we have a tool to treat
a problem, where dynamics is involved, as an equivalent static
problem, by introducing the inertial forces to the force equilib-
rium or the virtual work of the system.

2.3.3 The Lagrangian equation of motion: a variational
principle

Hamilton’s principle Hamilton’s principle is one of the differ-
ent ways to write down the principle of least action. This principle
is the first natural transformation of d’Alembert’s into a station-
ary principle (or a minimum). We can, then, specialise the princi-
ple in order to obtain a more detailed form of the Euler-Lagrange
equations by operating a coordinate transformation. Let’s start
by considering a definite integral of the virtual work of a system
composed of N particles and written in rectangular coordinates,
Equation (2.78),

∫ t2

t1

δwdt =
∫ t2

t1

N

∑
i=1

(Fi −mi r̈i) · δridt (2.79)

By assuming that the impressed forces are derivable from a work
function U(r) = −V(r) and by taking advantage of the definition
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(2.33), we can rewrite the first part of the integral as,

∫ t2

t1

N

∑
i=1

Fi · δridt = −
∫ t2

t1

N

∑
i=1

∂V
∂ri
· δridt

= −
∫ t2

t1

δVdt

= −δ
∫ t2

t1

Vdt

(2.80)

The inertial part of the integral can be transformed by using the
integration by parts rule:

∫ t2

t1

N

∑
i=1

mi r̈i · δridt =

(
N

∑
i=1

mi ṙi · δri

) ∣∣∣∣t2

t1

−
∫ t2

t1

N

∑
i=1

mi ṙi · δṙi dt

=

(
N

∑
i=1

mi ṙi · δri

) ∣∣∣∣t2

t1

− 1
2

∫ t2

t1

N

∑
i=1

miδ (ṙi · ṙi) dt

=

(
N

∑
i=1

mi ṙi · δri

) ∣∣∣∣t2

t1

− δ
1
2

∫ t2

t1

N

∑
i=1

mi ṙ2
i dt

(2.81)

Note that δ(a · a) = δa · a+ a · δa = 2a · δa. We can also assume the
variations δri at the boundary time limits, t1 and t2, as prescribed,
which entails that they must vanish. Hence, the definite integral
of the virtual work, Equation (2.79), can be rewritten as,

∫ t2

t1

δw dt = δ
∫ t2

t1

1
2

mi ṙ2
i dt− δ

∫ t2

t1

V dt

= δ
∫ t2

t1

T dt− δ
∫ t2

t1

V dt

= δ
∫ t2

t1

(T −V)dt

(2.82)
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Where T is the kinetic energy as defined in Equation (2.14). The
difference between the two fundamental scalars of analytical me-
chanics: kinetic energy and potential energy is defined as Lagran-
gian function.

L = T −V (2.83)

Finally, by applying d’Alembert’s principle, which demands that
the virtual work vanishes at every time instant and by introduc-
ing the quantity, A, namely the action; we can finally enunciate
Hamilton’s principle

δA =
∫ t2

t1

δw dt = δ
∫ t2

t1

L dt = 0 (2.84)

Provided the initial and final configuration of an arbitrary mechan-
ical system, its motion occurs in such a way that the action becomes
stationary for any arbitrary variation of the configuration of the system.

Note that we developed the principle for systems subjected to
monogenic forces and holonomic auxiliary conditions, however,
in principle, they could be time-dependent (rheonomic systems).

Point transformation and invariance of the Euler-Lagrange equ-
ations Let us express in another way the coordinates of our sys-
tem, by passing from the rectangular coordinates to the gener-
alised ones, as in Equation (2.5). Consequently, also the kinetic
and potential energy will become functions of the coordinates qi

and the velocities q̇i, as well as the Lagrangian function: L =

L (q, q̇, t). Hence, we are in the same situation as in Section 2.2.5.
In particular, we can affirm the legitimacy of the conditions (2.68)
on the stationarity of the definite integral I. In this new context
the quantity I is nothing but the action integral (Equation (2.84)),
with its stationarity conditions being,

∂L
∂qi
− d

dt
∂L
∂q̇i

= 0 ∀i ∈N | i = {1, . . . , n} (2.85)
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A system of n second order partial differential equations with n
unknowns (the generalised coordinates). In order to obtain the
motion of the system, the conditions of Equation (2.85) must be
satisfied simultaneously. Note that the scalar quantity defined as
Lagrangian function has the peculiarity of determining the entire
dynamics of the system.

Due to the fact that we will be treating dynamic systems, let
us extend the configuration space, by introducing time t as a new
dimension. The extended configuration space, at this point, is
composed by n + 1 dimensions, and the motion of our system is
pictured as a curve in this space, constrained at the initial and fi-
nal time. A variation of the system’s configuration at any point
in the time domain, is therefore a variation of this curve. No-
body can prevent us from choosing a new set of generalised co-
ordinates q̄ as elaborated in Equation (2.10). In this case the ex-
tended configuration space (q, t)-space is mapping itself to the
new (q̄, t)-space, the limits of the definite integral A are mapped
to new limits, and the curve of motion to a new curve. More-
over, the action integral must vanish also in the new configura-
tion space. The Euler-Lagrange equations are still valid in the
new reference system. This does not mean that the equations re-
main the same, the equations change. What doesn’t changing is
the action integral, from which the Euler-Lagrange equations de-
rive. This principle is called invariance with respect to arbitrary
point-transformations.

Energy theorem as a consequence of the Hamilton principle It
is always possible to choose among all the virtual variations of
the generalised coordinates qi(t) the actual variation in the in-
finitesimal time interval dt = τ,

δqi =
dqi

dt
δt︸ ︷︷ ︸

virtual

=
dqi

dt
dt︸ ︷︷ ︸

actual

= q̇idt = q̇iτ (2.86)
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A direct repercussion is that we can no longer eliminate the bor-
der term as we did in Equation (2.82),

δ
∫ t2

t1

L dt =

(
N

∑
i=1

∂L
∂q̇i

δqi

) ∣∣∣∣t2

t1︸ ︷︷ ︸
6=0

(2.87)

According to Equation (2.86), if we assume L = L(q, q̇) to be a
scleronomic system, the actual change of the Lagrange function
results to be,

δL =
n

∑
i=1

(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i

)
=

n

∑
i=1

(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i

)
=

n

∑
i=1

(
∂L
∂qi

dqi

dt
dt +

∂L
∂q̇i

q̇i

dt
dt
)

=
n

∑
i=1

(
∂L
∂qi

dqi

dt
+

∂L
∂q̇i

q̇i

dt

)
dt

=
dL
dt

dt

= L̇τ

(2.88)

Let us introduce the generalised momenta pi as partial derivative
of the Lagrangian function with respect to the generalised veloc-
ities,

pi =
∂L
∂q̇i

(2.89)
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By rewriting the right-hand-side of Equation (2.87) and by com-
bining it with the definition of the generalised momenta and Equa-
tion (2.86) we obtain,(

N

∑
i=1

∂L
∂q̇i

δqi

) ∣∣∣∣t2

t1

=

(
N

∑
i=1

piδqi

) ∣∣∣∣t2

t1

= τ

(
N

∑
i=1

pi q̇i

) ∣∣∣∣t2

t1

(2.90)

Finally we are ready to write Equation (2.87) in its final form,

∫ t2

t1

L̇τ dt = τ

(
N

∑
i=1

pi q̇i

) ∣∣∣∣t2

t1

L
∣∣∣t2

t1

=

(
N

∑
i=1

pi q̇i

) ∣∣∣∣t2

t1(
N

∑
i=1

pi q̇i − L

) ∣∣∣∣t2

t1

= 0

(2.91)

Due to the fact that the two time limits are arbitrary, the quantity
to be evaluated must be constant at any time. Therefore, we may
define it as total energy E,

N

∑
i=1

pi q̇i − L = E (2.92)

In order to manipulate the first term of this equation, two con-
ditions need to be fulfilled, namely: i) the kinetic energy can be
written as a quadratic form of q̇i as in Equation (2.16); and ii) the
work function can be completely identified as the potential en-
ergy V = V(q). Under the aid of these conditions and by taking
advantage of the identity L = T −V, we can manipulate the first
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term of the previous equation to read,

N

∑
i=1

pi q̇i =
N

∑
i=1

∂L
∂q̇

q̇i =
N

∑
i=1

∂T
∂q̇

q̇i = 2

T︷ ︸︸ ︷
1
2

N

∑
i=1

N

∑
j=1

mijq̇jq̇i

= 2T

(2.93)

Eventually, Equation (2.92) takes the following form,

2T − L = 2T − (T −V) = T + V = E (2.94)

also known as, the law of the conservation of energy.
Let’s now consider a rheonomic system. In this case, the La-

grangian function explicitly depends on time t: L = L(q, q̇, t).
The latter assumption makes Equation (2.88) take up a different
form,

δL =
n

∑
i=1

(
∂L
∂qi

δqi +
∂L
∂q̇i

δq̇i

)
+

∂L
∂t

dt

=

(
L̇ +

∂L
∂t

)
τ

(2.95)

Hence, Equation (2.91) wont be equal to zero anymore, but ex-
actly equal to,(

N

∑
i=1

pi q̇i − L

) ∣∣∣∣t2

t1︸ ︷︷ ︸
∆E

=
∫ t2

t1

∂L
∂t

dt (2.96)

Therefore we cannot refer to the conservation of the total energy
E anymore, but need to regard this quantity as varying according
to Equation (2.96).

Physical interpretation of Lagrangian multipliers As discus-
sed in Section 2.2.2 the lambda-method is useful every time we
want to treat a constrained problem as a free variation problem.
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In order to do so, we must change our Lagrange function to read,

L̃ = L−
m

∑
i=1

λm fm (2.97)

Moreover we can take advantage of the definition of the Lagran-
gian function L = T − V and give a meaning to the second term
of the previous equation,

L̃ = T −
(

V +
m

∑
k=1

λk fk

)
= T − (V + Ṽ) (2.98)

Once again we can state that T is the kinetic energy, which takes
the inertial forces into account. The potential energy V, as we
saw previously, contains in itself the impressed forces acting on
the system. Then, Ṽ can be identified as the potential energy of
the forces which maintain the given kinematic constraints. These
reaction forces can be derived from the potential energy Ṽ,

Ki = −
∂

∂qi

(
m

∑
k=1

λk fk

)

= −
(

m

∑
k=1

λk
∂ fk

∂qi
+

�
�
�
�
�
�>

0
m

∑
k=1

fk
∂λk

∂qi

)

= −
(

m

∑
k=1

λk
∂ fk

∂qi

)
(2.99)

2.4 Lagrangian formalism for continuous sys-
tems

This section is dedicated to the extension of the theory described
so far. The branch that studies continua and fields is called field
theory, and is basically used to study the dynamics of systems
with infinite degrees of freedom, i.e. continua.
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Space-time field theory In this case the independent variables
are the Cartesian coordinates x = {x1, x2, x3} and time t. The
generalised coordinates are then substituted by the scalar fields,
function of the variables. For the sake of simplicity, let us assume
that the scalar field φ is enough to describe the system,

φ = φ(x, t) (2.100)

The Lagrangian function, in this case, is defined as an integral
over a volume Ω with a density, the Lagrangian density L,

L =
∫

Ω
L (φ,∇φ, φ̇; x, t) dω (2.101)

where the gradient of the field φ is defined as,

∇φ =

{
∂φ

∂x1
,

∂φ

∂x2
,

∂φ

∂x3

}
(2.102)

and φ̇i is nothing but the time derivative,

φ̇i =
∂φ

∂t
(2.103)

Equation (2.84) gives the general definition of the actionA, a def-
inite integral of the Lagrangian function over time,

A =
∫ t2

t1

∫
Ω
L (φ,∇φ, φ̇; x, t) dωdt (2.104)

In order to obtain the stationarity of functional A, we should cal-
culate its variation and find the complete set of Euler-Lagrange
equations of motion.

One dimensional space-time Before continuing, let us simplify
the problem, since, in Chapter 4, we are going to apply the equa-
tions exposed in this section extensively.
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In the frame of 1D space-time, the spatial variable is the curvi-
linear abscissa s. Hence, Equation (2.102) simply becomes,

φ′ =
∂φ

∂s
(2.105)

The action A can be rewritten as,

A =
∫ t2

t1

∫
Γ
L
(
φ, φ′, φ̇; s, t

)
dγdt (2.106)

where Γ is the one dimensional spatial domain. By definition the
variation of the action A that leads to the equations of motion is,

δA = δ
∫ t2

t1

∫
Γ
L
(
φ, φ′, φ̇; s, t

)
dγdt

=
∫ t2

t1

∫
Γ

δL
(
φ, φ′, φ̇; s, t

)
dγdt

=
∫ t2

t1

∫
Γ

(
Lφδφ + Lφ′δφ′ + Lφ̇δφ̇

)
dγdt

(2.107)

where we have introduced the new notation L# = ∂L
∂# , that sym-

bolises the partial derivation of the Lagrangian density with re-
spect to #. Furthermore, by applying the rule of integration by
parts, the derivatives of δφ′ and δφ̇ can be released,

∫
Γ

∂L
∂φ′

δφ′dγ = Lφ′δφ
∣∣∣
Γ
−
∫

Γ

d
ds

(
∂L
∂φ′

)
δφdγ (2.108)

∫ t2

t1

∂L
∂φ̇

δφ̇dt =
�
�
�
��>

0

Lφ̇δφ
∣∣∣t2

t1

−
∫ t2

t1

d
dt

(
∂L
∂φ̇

)
δφdt (2.109)

The terms evaluated at the borders of the time domain must van-
ish due to the nature of the variations, see Section 2.2.3. By com-
bining the latter two Equations (2.108, 2.109) with Equation (2.107)
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we obtain,

δA =
∫ t2

t1

{
∂L
∂φ′

δφ
∣∣∣
Γ
+
∫

Γ

[
∂L
∂φ

δφ− d
ds

(
∂L
∂φ′

)
δφ+

− d
dt

(
∂L
∂φ̇

)
δφ

]
dγ

}
dt (2.110)

and by collecting the variation of φ we can write,

δA =
∫ t2

t1

{
∂L
∂φ′

δφ
∣∣∣
Γ
+
∫

Γ

[
∂L
∂φ
− d

ds

(
∂L
∂φ′

)
+

− d
dt

(
∂L
∂φ̇

)]
δφdγ

}
dt (2.111)

For Hamilton’s principle the δA must vanish for all δφ, δφ
∣∣
Γ. Fi-

nally, the Euler-Lagrange equations read,

∂L
∂φ
− d

ds

(
∂L
∂φ′

)
− d

dt

(
∂L
∂φ̇

)
= 0 ∀δφ (2.112)

with the conditions on the border of Γ being s = {0, l},

∂L
∂φ′

∣∣∣
s=0

=
∂L
∂φ′

∣∣∣
s=l

= 0

Auxiliary conditions So far the continuous system was consid-
ered free. Let us constrain our system with the auxiliary condi-
tion,

g(φ, φ′, φ̇; s, t) = 0 (2.113)

By following what we have done in Section 2.2.2, we can always
apply the λ-method, in order to move the problem from a con-
strained to an equivalent unconstrained one. This is achieved by
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modifying the Lagrangian density L to read,

L̃ =
∫

Γ
(L+ λg) dγ =

∫
Γ
L̃
(
φ, φ′, φ̇; s, t; λ, g

)
dγ (2.114)

The variation of the definite integral is now a function of the con-
straint g and the field λ = λ (φ, φ′, φ̇; s, t). Therefore, the variation
of action A becomes,

δA = δ
∫ t2

t1

∫
Γ
L̃
(
φ, φ′, φ̇; s, t; λ, g

)
dγdt

=
∫ t2

t1

∫
Γ

(
L̃φδφ + L̃φ′δφ′ + L̃φ̇δφ̇ + L̃λδλ + L̃gδg

)
dγdt

(2.115)

It’s useful to apply integration by parts in order to obtain,

∫
Γ

∂L̃
∂φ′

δφ′dγ =
∂L̃
∂φ′

δφ
∣∣∣
Γ
−
∫

Γ

d
ds

(
∂L̃
∂φ′

)
δφdγ (2.116)

∫ t2

t1

∂L̃
∂φ̇

δφ̇dt =
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��>

0

L̃φ̇δφ
∣∣∣t2

t1

−
∫ t2

t1

d
dt

(
∂L̃
∂φ̇

)
δφdt (2.117)

where the modified Lagragian density L̃ is L+ λg. When taking
the partial derivatives of L̃, the λ parameter and the constraint
g = 0 must be taken into account, which yields,

∂L̃
∂φ

δφ =

(
∂L
∂φ

+ λ
∂g
∂φ

+
�
�
��7

0

g
∂λ

∂φ

)
δφ (2.118)

∂L̃
∂φ′

δφ′ =

(
∂L
∂φ′

+ λ
∂g
∂φ′

+
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���
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g
∂λ

∂φ′

)
δφ′ (2.119)

∂L̃
∂φ̇

δφ̇ =
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∂L
∂φ̇
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∂g
∂φ̇

+
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��7
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g
∂λ

∂φ̇

)
δφ̇ (2.120)
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The final form of the variation of the action is therefore,

δA =
∫ t2

t1

{(
∂L
∂φ′

+ λ
∂g
∂φ′

)
δφ
∣∣∣
Γ
+

+
∫

Γ

{
∂L
∂φ
− d

ds

(
∂L
∂φ′

)
− d

dt

(
∂L
∂φ̇

)
+

+ λ

[
∂g
∂φ
− d

ds

(
∂g
∂φ′

)
− d

dt

(
∂g
∂φ̇

)]}
δφdγ

}
dt (2.121)

which needs to be null, in order to find a new set of equations of
motion that make the action, for all variations of φ, stationary,

∂L
∂φ

+ λ
∂g
∂φ
− d

ds

(
∂L
∂φ′

+ λ
∂g
∂φ′

)
− d

dt

(
∂L
∂φ̇

+ λ
∂g
∂φ̇

)
= 0 (2.122)
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3
Modelling and simulation of the

undulatory locomotion

Undulatory locomotion is a common and powerful strategy used
in nature at different biological scales [20] by a broad range of
living organisms, from flagellated bacteria to prehistoric snakes,
which faced and face the complexity of moving in a "flowable" ma-
terial. By taking inspiration from this strategy developed during
their evolution, we aim to model locomotion in a granular envi-
ronment with the objective to give more insights for designing
robots for soil exploration. Moreover, granular locomotion is still
not well understood, compared to other kinds of motion, and is,
therefore, an open and challenging field.

Firstly, we approached this phenomenon by performing Fi-
nite Element and Discrete Element analysis of a slender body
immersed in a layer of mono-disperse spherical particles in the
absence of friction. We present a parametric study where the
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propulsion of the body, in an undulatory way, is numerically
observed. Indeed, after a transitory period, the slender body
reaches a steady state behaviour, in terms of velocity, depending
on the applied parameters of solicitation.

Secondly, we analytically derived the Lagrangian equations
of motion [42] for a discrete multi-bar system subjected to follow-
ing and viscous forces that emulate the granular environment.
The forces exchanged between the locomotor and the environ-
ment, according to the resistive force theory [40], play a crucial
role for a better comprehension of granular motion. Another es-
sential feature of the model is the strategy adopted for generating
a propulsive wave [82] and, thus, controlling the motion of the
system.

The two approaches, despite the different physical hypothe-
sis, show a qualitatively and quantitatively good accordance.

3.1 Introduction

The ubiquity of the undulatory locomotion in animals charac-
terised by a slender and limbless body is a well-known fact. It
is justified by the simplicity and the robustness of this strategy
[20] that consists of the propagation of bending waves from the
head of the organism to its tail. Thus, the interaction with the
environment results in a directional net force acting on the or-
ganism and consequently in the locomotion of the body through
the hosting medium [54]. The mechanical behaviour of slender
bodies immersed in soil-like materials is an open and challeng-
ing field, since, to date, the locomotion through granular media
is not well understood. In fact, soil-like materials have the pecu-
liarity to behave as fluids as well as solids depending on the situa-
tion [90]. Even though several experimental research works have
been carried out, comprehensive numerical simulations are com-
putationally extremely expensive and therefore still missing. In
this work we propose a parametric study where an elastic beam,
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discretised with the Finite Element Method (FEM), dynamically
interacts with rigid spheres, modelled with the Discrete Element
Method (DEM), representing the soil-like environment. The aim
is to better understand the role of the parameters involved in the
phenomenon (e.g. amplitude and frequency of solicitations, di-
ameters of the grains, . . . ) for an accurate prediction of the veloc-
ity of locomotion. Furthermore, inspired by the snake-bot [45],
we present also a theoretical derivation of the Lagrangian equati-
ons of a mechanical system subjected to the resistive force theory
(RFT). RFT appeared for the fist time in the work of Gray and
Hancock [40] in the 1950s along with other theories like slender
body theory [28] with the aim to describe the undulatory locomo-
tion in low Reynolds number environment of micro-organisms.
These pioneering works permitted us to understand the physics
behind the undulatory locomotion and are still largely used. Re-
cently [90] has proposed a modification of the theory to describe
the locomotion of a sandfish lizard. In particular, RFT assumes: i)
the deforming body can be split into segments, each experiencing
drag/thrust due to the presence of the hosting medium, and ii)
the distributed forces acting on the small elements are positional
and viscous [40, 90]. This conceptual model developed herein
gives a physical explanation to the numerical observations and
can be used as a tool to energetically optimise the phenomenon.

3.2 Model and numerical methods

The simulations carried out in this work were made by using the
commercial software ABAQUS/Explicit. In order to describe the
motion of an elastic body inside a granular material, it was nec-
essary to couple a model based on FEM with the spherical rigid
bodies modelled via DEM.

Scope In Section 3.2.1 we present the details of the model, fo-
cusing on the geometry, the model assembly of the set-up and
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the mechanical properties of the parts involved in the simulation.
Section 3.2.2 is dedicated to the description of the set-up, the

applied boundary conditions and the parameters used.
Finally, Section 3.2.3 has the purpose of presenting and dis-

cussing the principal results of the parametric study.

3.2.1 Numerical model details

The model is composed of three different parts as shown in Fig-
ure 3.1, where a slender body is surrounded by particles, which
in turn are confined by rigid shells.

The slender body has a constant square section, with a length
(l = 1m) that amounts to 100 times the base (side length b =

10−2m) of the section. The beam is discretised with fully inte-
grated linear brick elements (C3D8) involving 6400 nodes. Parti-
cles are modelled as rigid spheres with discrete elements (PD3D)
and disposed with a 2D volume fraction, φ ≈ 0.86, a value com-
parable to the density of natural soils. The boundary of the do-
main is modelled with shells that physically confine the sphere
and the rod. Particles and rigid shells are undeformable, thus ne-
cessitating only the material properties of the elastic body to be
defined. The geometrical and mechanical properties used in the
simulations are listed in Table 3.1.

The properties of the contact between the parts are modelled
as friction-less, only normal forces, without any dissipation, are
involved in the contact. Furthermore, tangential forces have been
neglected and the interpenetration between any two components
is prohibited.

3.2.2 Locomotion by actuation

In this section we simulate locomotion of the rod via the prop-
agation of a wave along the body, the so called undulatory lo-
comotion. The latter, in fact, is a typical strategy used in nature



3.2. Model and numerical methods 57

Figure 3.1: Model assembly, where the beam, coloured yellow, is
immersed in the particles confined by the red rigid shells.

Symbol Unit Value

Slender body

E [GPa] 102

ρ [Kg m−3] 2230
ν [-] 0.3
l [m] 1
b [m] 10−2

Granular material
φ [-] 0.86

rGM [m] 5.0 10−3

Table 3.1: Mechanical and geometrical properties of the slender
body. The parameter φ is the volume fraction of the granular ma-

terial and rGM is the radius of the grain.

y

x
l

ũ2(t)

Figure 3.2: Set-up of the simulations. The rectangular shape, in
yellow, represented the slender body, placed in the centre of the
box, in red. The gray dots show the presence of the spheres. The
figure represent the situation at t = 0 where the beam is set at rest.

Afterwards a vertical displacement is applied on the right tip.
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by legless organisms such as snakes [54], sandfish lizards [61] as
well as bacteria and cells [40].

The simulations are carried with the following setup: at the
beginning of the simulation the beam and the spheres are at rest,
i.e all parts involved in the simulation are in contact without ex-
changing any force. Subsequently, a sinusoidal displacement is
imposed as a periodic function of time to the right tip of the beam,
as shown in Figure 3.2, with,

ũ2(t) = A sin(ωt) (3.1)

acting normally with respect to the beam’s middle axis.
By varying the amplitude, A, and the frequency, ω, a paramet-

ric study is performed. As shown in the first two columns of Ta-
ble 3.2, fifteen different pairs of amplitudes and angular frequen-
cies are tested. The amplitudes vary between b/2 < A < 10b,
where b denotes the breadth of the beam, while the values of the
frequencies are chosen to be 1, 10 and 100 Hz, that are 2π, 20π,
200π rad s−1 in angular frequencies, ω. 1 Hz and 10 Hz are val-
ues common at the macroscale undulatory locomotion [61]. 100
Hz is a value close to the first natural eigenfrequency of an un-
constrained 2D beam.

In order to simulate the locomotion of the beam through its
surrounding, an explicit dynamic analysis is created with ABA-
QUS/Explicit. Explicit dynamics is a mathematical technique for
integrating the equations of motion through time. The time in-
tegration strategy implemented in the software is based on the
forward Euler formula where the time increment must be suffi-
ciently small in order to obtain the convergence of the method.
The parameters required are: (i) the total simulation time, set
equal to 0.6 s, (ii) the time step size is chosen automatically so that
it always satisfies the stability limit, (iii) the geometry nonlinear-
ities are taken into account in the simulation. The explicit solver
introduces by default a small amount of bulk viscosity damping
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where the linear coefficient b1 and the quadratic coefficient b2 are
equal to 0.06 and 1.2, respectively.

Test A [m] ω [rad s−1] ū1 [m] v̂1 [m s−1] t [s]
c1 0.010 20π 0.345 0.0 0.600
c2 0.005 20π 0.325 0.0 0.600
c3 0.050 20π 0.996 2.3 0.420
c4 0.010 2π −0.096 0.0 0.600
c5 0.005 2π 0.000 0.0 0.600
c6 0.050 2π 0.179 0.0 0.600
c7 0.010 200π 0.035 0.0 0.600
c8 0.005 200π 0.295 0.0 0.600
c9 0.050 200π 0.993 13.0 0.076
c10 0.025 20π 0.189 0.0 0.600
c11 0.025 2π 0.196 0.0 0.600
c12 0.025 200π 0.995 3.0 0.328
c13 0.100 20π 0.996 5.2 0.192
c14 0.100 2π 0.606 (n.d.) 0.600
c15 0.100 200π 0.942 16.8 0.056

Table 3.2: A and ω are the parameters used for the sinusoidal dis-
placement ũ2(t) in Equation (3.1). From third to sixth column are
shown the main results of the simulation, where ū1 is the hori-
zontal net displacement reached from the centre of the mass of
the body and v̂1 is the average velocity computed in the steady

state trunk of the simulation.

3.2.3 Numerical results

In Figure 3.3 we report the horizontal displacement of the beam’s
centre of mass (CoM) with respect to time for all simulations
listed in Table 3.2. We can observe that five cases experience a
proper locomotion (c15, c9, c13, c12 and c3) and reach the geo-
metrical limit of the domain (set at one body length far away from
the tip, see Figure 3.2). When observing the aforementioned sim-
ulations with proper locomotion, we can note that they tend to a
steady state, where the slope of the curves shows a linear trend,
i.e. a constant velocity. The values of the velocities averaged in
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those steady state trunks, v̂1, are reported in the fifth column of
Table 3.2.

0.1 0.2 0.3 0.4 0.5 0.6

0.2

0.4

0.6

0.8

1.0

t [s]

u1(t) [m]

c1 c2 c3
c4 c5 c6
c7 c8 c9
c10 c11 c12
c13 c14 c15

Figure 3.3: Horizontal displacement of the locomotor’s centre of
mass in function of time for 15 different parameter pairs of A and
ω. Thick lines represent the simulations that reach a steady state

condition. The dashed black line highlight the domain limit.

From Figure 3.4 to 3.5 the vertical dashed lines represent the
value of the applied amplitude, A, while moving along the coloured
solid lines means to remain at constant frequency ω. The dots are
labelled with their identification name, following the nomencla-
ture presented in 3.2. In particular Figure 3.4 shows the trend of
the displacement reached at the last step of the simulation. Figure
3.5 depicts the averaged velocities, where both figures relate the
results to the imposed amplitude at a specific angular frequency.

In Figure 3.6 and Figure 3.7 on the other hand, the amplitude,
A, is set and we can observe the variation of ū1 and v̂1, respec-
tively, when frequency ω increases. Vertical dashed lines repre-
sent, in this case, the magnitude of the applied angular frequency,
ω. Following the solid lines means to remain at constant applied
amplitude A.
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Figure 3.4: Final net horizontal displacement ū1 in function of the
amplitude, where the applied amplitudes are marked with verti-
cal dashed black lines. The dots represent the final displacement
and they are labelled with the identification name of the simula-
tion, as in Table 3.2. The solid lines link the results obtained at

constant frequency.
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Figure 3.5: Average horizontal velocity v̂1 in function of the am-
plitude, where the applied amplitudes are marked with vertical
dashed black lines. The dots are labelled with the identification
name of the simulation, as in Table 3.2. The solid lines link the

results obtained at constant frequency.
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Figure 3.6: Final net horizontal displacement ū1 in function of the
frequency, where the used frequencies are marked with vertical
dashed black lines. The dots represent the final displacement and
they are labelled with the simulation name, as in Table 3.2. The

solid lines link the results obtained at constant amplitude.
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Figure 3.7: Average horizontal velocity v̂1 in function of the fre-
quency, where the used frequencies are marked with vertical
dashed black lines. The dots are labelled with the identification
name of the simulation, as in Table 3.2. The solid lines link the

results obtained at constant amplitude.
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Figure 3.8 summarises the results contained in the figures just
mentioned, 3.5 and 3.7. The locomotion is, therefore, triggered
only when the right combination of amplitude and frequency is
chosen. We can observe that the phenomenon takes place when
the amplitude is sufficiently large, more than 0.010 m (i.e. larger
than the diameters of the grains). In fact, when A ≤ 0.010 m,
the velocity equals 0, even for the maximum frequency of solici-
tation, as can clearly be seen in Figure 3.5 (green line, dots c7 and
c8). Moreover, a very large solicitation amplitude, let us say 1/10
of the body length (A = 0.10 m), does not guarantee the occur-
rence of the phenomenon, since low-frequency excitations may
not trigger undulatory locomotion, as made evident by the blue
line in Figure 3.5.

0.02 0.04 0.06 0.08 0.10 10
100

1000
0
3
6
9
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15
18

ω = 20π rad s−1

A = 0.05 m

c2 c1 c10
c3 c13

c6
c3

c9

A [m]
ω [rad s−1]

v̂1 [m s−1]

0 2 4 6 8 10 12 14 16
v̂1 [m s−1]

Figure 3.8: Average velocity v̂1 of the system plotted against soli-
citation amplitude and solicitation frequency. The colour gradient
represents the magnitude of the velocity. The graph combines the
results presented in Figure 3.5 and Figure 3.7, as highlited by the
intersection between the surface and the planes: A = 0.5 m and

ω = 20π rad s−1.

Figure 3.9 is related to simulation c9 and shows the deforma-
tion of the beam’s middle-axis over time. We can observe that the
beam is moving in the positive direction of the x-axis, while the
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propagation of the propulsive wave is travelling in the opposite
direction. Moreover, the progression, i.e. the distance between
two following peaks, is mostly constant and the amplitude of the
tail is reduced approximately by 1/10 with a delay of half a pe-
riod with respect to the imposed excitation on the right tip. For
clarity’s sake, Figure 3.9 (below) focuses on one cycle of Figure
3.9 (above) and depicts clearly the behaviour of the system when
moving through one cycle of excitation.
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Figure 3.9: (above) Deformed mid-line axis of the beam for simu-
lation c9 over time. The figure shows the locomotion of the beam
in the direction of the positive horizontal axis. The wave is gen-
erated, by applying Equation (3.1), from the right tip and prop-
agated through the left one. The colour gradient identifies the
time progression. The symbols 1 , 2 and 3 identify the ex-
tremes over one cycle of solicitation. (below) The sequence over

the aforementioned cycle is displayed in more detail.
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In Figure 3.10 a comparison between three different radii is
shown. The parameters we chose are the same of simulation c9
and the radii of the spheres are set as follows r ∈ {5.0, 2.5, 1.25} ·
10−3 m. According to [62] the role of the radius marginally influ-
ences the locomotion, in fact the slope of the curves is approxi-
mately the same, v̂1 ≈ 13 m/s.

0.015 0.030 0.045 0.060 0.075

0.2

0.4

0.6
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1.0

t [s]

u1(t) [m]

13.13t rGM = 5.00 · 10−3 m
−0.07 + 12.99t rGM = 2.50 · 10−3 m
−0.11 + 13.08t rGM = 1.25 · 10−3 m

Figure 3.10: Comparison of three simulations with different
grain’s radius, at fixed amplitude, A = 0.050 m, and frequency,
ω = 200π Hz. The slope of the curves is approximately the same,

v̂1 ≈ 13 m/s.

3.3 Modelling undulatory locomotion

To describe mechanically the phenomenon of the undulatory lo-
comotion, it is necessary to couple at least three different con-
cepts: the mechanics of the body, its interaction with the environ-
ment and the strategy to control it.

Scope In Section 3.3.1 we provide an analytic derivation of the
equations of motion of the body. Section 3.3.2 on the other hand,
is dedicated to the description of the environment we think our
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body is immersed in and Section 3.3.3 shows a method for con-
trolling the system.

3.3.1 Mechanical model of the body

We consider the holonomic system represented in Figure 3.11,
composed of n bars connected by visco-elastic rotational springs.
The motion of the system is described in 2D, which allows us to
write the Lagrangian coordinates q(t), needed to describe its mo-
tion, with,

q(t) =



ux(t)
uy(t)
θ1(t)

...
θn(t)


(3.2)

where ux(t) and uy(t) are, respectively, the horizontal and ver-
tical displacement of the starting point of the bar chain, while
θi(t), i ∈ [1, n] is the rotational angle of the i-th bar with respect
the horizontal axis (positive in the clockwise direction). Further-
more, vector q(t) contains the degrees of freedom (DOF) neces-
sary and sufficient to describe the dynamics of the system.

The position of each point belonging to the i-th bar is descri-
bed by the vector ri,

ri =

[
ux(t) + ∑i−1

j=1 lj cos[θj(t)] + si cos[θi(t)]

uy(t) + ∑i−1
j=1 lj sin[θj(t)] + si sin[θi(t)]

]
(3.3)

where lj represents the length of the j-th bar (note that l0 = 0),
while si ∈ [0, li] is the curvilinear abscissa of the i-th bar. By per-
forming the time derivative of the aforementioned vector, Equa-
tion (3.3), we obtain the velocity of the points belonging to the
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Figure 3.11: Schematics of a system, with an arbitrary number of
segments, in its deformed state. In red are evidenced the degrees
of freedom of the structure. The light-blue arrows indicate the
local system. Kθ

i and bi are the elastic and dissipative constants of
the i-th spring.

i-th bar,

ṙi =
∂ri

∂t
=

[
u̇x(t)−∑i−1

j=1 lj sin[θj(t)]θ̇j(t)− si sin[θi(t)]θ̇i(t)

u̇y(t) + ∑i−1
j=1 lj cos[θj(t)]θ̇j(t) + si cos[θi(t)]θ̇i(t)

]
(3.4)

Hence, the kinetic energy of the system can be calculated as fol-
lows,

T(q̇, q, t) =
1
2

n

∑
i=1

mi

(
ṙG

i

)2
+

1
2

n

∑
i=1

IG
i
(
θ̇i
)2 (3.5)

where mi is the mass of the i-th bar, and IG
i is the rotational iner-

tia with respect to the centre of mass. For the sake of simplicity,
we consider the mass homogeneously distributed along the bars,
thus ṙG

i represents the velocity of the centre of mass located at
si = li/2.

Another essential ingredient, in order to obtain the Lagran-
gian function, is the potential energy. For the system in object
the potential energy consists only in the elastic energy stored in
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the elastic part of the n − 1 rotational springs that link the bars
together and reads,

V(q, t) =
1
2

n−1

∑
i=1

Kθ
i (θi+1 − θi)

2 (3.6)

where Kθ
i represents the rotational stiffness. The Lagrangian func-

tion can, therefore, be evaluated using the following relation that
holds in systems without non-conservative forces,

L(q̇, q, t) = T(q̇, q, t)−V(q, t) (3.7)

Finally, according to [56, 37], we obtain the classic formulation of
the equations of motion in the following form,

d
dt

(
∂L
∂q̇h

)
− ∂L

∂qh
= 0 (3.8)

also known as Euler-Lagrange equations55In Equation (3.8) qh

and q̇h stand for the
h-th component of
the vector q and q̇,
respectively.

. The homogeneous sys-
tem (3.8) is composed of n+ 2 nonlinear second order differential
equations where the unknowns are the Lagrangian coordinates
listed in Equation (3.2).

In order to introduce the forces due to the presence of the dis-
sipative environment, it is necessary to add a non-conservative
term to the right-hand-side of Equation (3.8), which will be elab-
orated in Section 3.3.2.

3.3.2 Interaction with the environment - Resistive Force
Theory

With the purpose to describe the environment we apply the RFT
to the analytical model introduced in the previous subsection. Ba-
sically, RFT consists of splitting the body in several segments and
subjecting each of them to drag (and thrust), modelled as decou-
pled tangential and normal forces. These forces are functions of
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the local properties: velocity, orientation and length of the seg-
ment. We can therefore write for any generic point belonging
to the i-th segment of the bar chain the viscous forces, Li and
Ni, representing the longitudinally and normally acting forces,
respectively, with,

Li = −CL (ṙi · ti) ti (3.9)

Ni = −CN (ṙi · ni)ni (3.10)

where CL and CN represent the coefficients of resistance of the
environment in the two directions. Note that the minus indicates
that these forces are pointing in the opposite direction with re-
spect to velocity ṙi, as shown in Figure 3.12. The unit vectors ni

and ti are represented below in the system coordinates,

ti(q, t) =

[
cos[θi(t)]
− sin[θi(t)]

]
(3.11a)

ni(q, t) =

[
sin[θi(t)]
cos[θi(t)]

]
(3.11b)

The total resistive force per unit length, that the generic point of
the segment experiences, is therefore,

Fi = Li + Ni (3.12)

The total generalised non-conservative force is the sum of the re-
sistive forces per unit length integrated along the individual bars
and reads,

Qh =
n

∑
i=1

∫ li

0

[
Fi(q̇, q, t, si) ·

∂ri

∂qh

]
ds (3.13)
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Finally we can rewrite Equation (3.8) under the consideration of
the forces acting on the system with,

d
dt

(
∂L
∂q̇h

)
− ∂L

∂qh
= Qh (3.14)

Figure 3.12: Resistive and propulsive forces acting on the system
because of the environment. In (a) the diagram represents the
components of the drag forces acting at the abscissa si of the i-
th bar due to the horizontal component of the velocity, ṙi,x. In (b)
we can note that the horizontal component of Ni,y generates the

thrust for the forward locomotion of the system.

Another source of dissipation in the model is due to the pres-
ence of the rotational dash-pots. The dissipation function is taken
as a quadratic form of the differences of the rotational velocities
of two contiguous bars, as follows,

R(q̇, t) =
1
2

n−1

∑
i=1

bi
(
θ̇i+1 − θ̇i

)2 (3.15)

where bi is the viscous constant of the i-th spring. Therefore,
the final form of the h-th Lagrangian equation of the system can
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be rewritten as,

d
dt

(
∂L
∂q̇h

)
− ∂L

∂qh
= Qh −

∂R
∂q̇h

(3.16)

For the complete derivation of these equations, please, refer to
Appendix 3.A.

3.3.3 The control strategy

As previously mentioned, in the very beginning of this section,
the control strategy is another fundamental part of the system’s
dynamics. In this work we focus our attention on the forward
locomotion. In nature, this kind of locomotion is reached by a
propagation of a sinusoidal-like wave along the organism’s body,
from the head to the tail. The wave, interacting with the envi-
ronment, produces a propulsion of the body in a net direction.
This strategy has the advantage of being relatively simple and,
at the same time, robust, which permitted its diffusion and ubiq-
uity throughout organisms characterised by a slender bodies and
others.

With the purpose to generate the propulsive wave that allows
the locomotion, we apply the following rheonomic constraint to
our system,

θ1(t) = α sin(ωt) (3.17)

We are therefore controlling the rotation of the first bar of the sys-
tem. Practically, θ1(t) is not an unknown in the description of the
dynamics anymore, while instead, it is now a known function of
time. By imposing the aforementioned constraint, a wave is prop-
agated from the head, first bar, to the tail, n-th bar, through the
springs.

Another approach, known in the literature as explicit joint an-
gle control, consists of controlling directly all the rotations of the
bars θj(t). In this case the sprigs are not relevant anymore, since
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a lag angle φl is imposed as follows,

θj(t) = α sin(ωt + jφl) (3.18)

This methodology, however, forces the system to assume a pre-
scribed deformation and, consequently, ignores a change in shape
due to the presence of the environment. Note that, in this case,
the degrees of freedom of the system are limited to the horizontal
and vertical displacement, see Equation (3.2).

Conversely, the first strategy, as shown in Equation (3.17), al-
lows the system to adjust itself to the environment, thereby pro-
viding a more natural body’s waveform during the locomotion
[20].

Results The solutions are obtained by solving numerically the
following system implemented in the commercial software Math-
ematica,

d
dt

(
∂L
∂q̇h

)
− ∂L

∂qh
= Qh −

∂R
∂q̇h

q(0) = 0
q̇(0) = 0
θ1(t) = α sin(ωt)

(3.19)

where the subscript h satisfies the following conditions h ∈ [1,
n + 2] ∧ h 6= 3, since q3 = θ1(t) is a known function of time. In
fact, for h = 3, and by imposing the rheonomic constraint Equa-
tion (3.17), we obtain an unbalanced equation. Furthermore, λθ1

has the physical meaning of the reaction force due to the con-
straint and reads,

λθ1 =
d
dt

(
∂L
∂θ̇1

)
− ∂L

∂θ1
−Qh +

∂R
∂θ̇1
6= 0 (3.20)

It is thus possible to obtain the same result following the proce-
dure of Lagrangian multipliers shown in Appendix 3.A, where
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the constraints are taken into account from the very beginning of
the calculations.

The total energy, Etot, in a cycle of solicitation is computed as
the sum of the work done by the constraint, Ein, plus the work
dissipated by the viscous forces Eout,

Etot = Ein + Eout

(T + V)|t1
t0
=
∫ t1

t0

(Wout) dt +
∫ t1

t0

(Win) dt(
∂L
∂q̇h

q̇h − L
) ∣∣∣∣t1

t0

=
∫ t1

t0

[(
Qh −

∂R
∂q̇h

)
q̇h

]
dt +

∫ t1

t0

(
λθ1 θ̇1

)
dt

(3.21)

The two integrals on the right-hand-side of Equation (3.21) must
assume opposing values when the system reaches its steady state
(see Appendix 3.B).

Example In this paragraph we provide the results obtained for
the system characterised by the parameters listed in Table 3.3.

Value Unit Description
nb 4 [-] number of the bars
ns 3 [-] number of the springs
mi 5.58 · 10−2 [Kg] mass of the i-th bar
li 2.5 · 10−1 [m] length of the i-th bar
Kθ

i 27 [N m] rotational stiffness of the i-th spring

CN
L 4.50 · 102 [-] ratio between the coefficients of re-

sistance of the environment

bi 8.00 [N m s] viscosity coefficient of the i-th
spring

α 20 [°] amplitude of oscillation
ω 200π [rad s−1] angular frequency

Table 3.3: Parameters used in the example.

The propagation of the body inside the medium is well rep-
resented by the horizontal displacement, in function of time, of
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the CoM as in Figure 3.13. We note that the system reaches al-
most immediately its steady state. By focusing on the time inter-
val t ∈ [0.30, 0.31]s we can evaluate the energies, introduced and
dissipated, in the system as shown in Figure 3.14.

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

1.0

2.0

3.0

t [s]

u1(t) [m]

−0.4 + 12.73x

ω = 200π rad s−1

α = 20°

Figure 3.13: Horizontal displacement of the system’s CoM and its
linear fit. The velocity of locomotion is thus constant, meaning
the system reached the steady state. The green area highlights the

cycle where we make energetic considerations.
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0.6

t [s]

W [J s−1]
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Wout

Figure 3.14: When the system reaches the steady state, the energy
introduced to the system, here represented by the the blue area,
must be equal to the dissipated energy, orange area, within one

load cycle.
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It is therefore possible to calculate the optimum angle α of
solicitation by defining an efficiency,

ηα =
TG∫ t1

t0
λθ1(t)θ̇1(t)dt

(3.22)

where TG =
mtot

2
vG

2 represents the kinetic energy of the system’s
CoM, which is travelling at vG, while the denominator of Equa-
tion (3.22) describes the energy induced by the constraint, Equa-
tion (3.17). Figure 3.15 shows the efficiency of locomotion nor-
malised to its maximum efficiency η(α) =

ηα

max
α

[ηα]
, where the

optimal value for α can be found at 12.5°. In other words, the
mechanism described by the parameters found in Table 3.3 achie-
ves the most energy efficient motion when the head tilt amounts
to 12.5°.

10 12 14 16

0.90

0.92

0.94

0.96

0.98

1.00

α [°]

η [-]

Figure 3.15: Normalised energy efficiency η(α) =
ηα

max
α

[ηα]
de-

pendent on the maximum rotation of the first bar, α.
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3.4 Comparison between the models

In this section we provide a mutual validation of the methods
treated up to now. The parameters used for the mechanical mo-
del, discussed in Section 3.3.1, are listed in Table 3.4. In this table
we relate the parameters of the analytical model to the mechani-
cal and geometrical properties used in the simulations.

Formula Value Unit Description
nb - 9 [-] number of bars66The choice of 9 bars

is a compromise
between: (i) max-
imising the system’s
velocity, (ii) reducing
the computational
time cost and (iii)
obtaining a solution
that can reasonably
describe the numeri-
cal results in terms of
deformed shape.

ns nb − 1 8 [-] number of springs

mi
ρb2l
nb

2.48 ·
10−2 [Kg] mass of i-th bar

li l
nb

1.1̄ · 10−1 [m] length of i-th bar

Kθ
i

EI
l

ns 10.42 [N m] rotational stiffness of i-th
spring

CL
N

CL

CN
∝

lb
b2

4.50 · 102 [-]
ratio between the coeffi-
cients of resistance of the
environment

bi - 8.00 [N m s] viscosity coefficient of i-th
spring

Table 3.4: Parameters used in the analytic model and their rela-
tions with the properties of the numerical simulation listed in Ta-

ble 3.1.

The main results obtained are shown in Figure 3.16, where
we solved the system, Equation (3.19), for a rotation of the last
bar of 0 < α < 7/10 rad (or 0° < α < 40°), which resulted in
vertical displacement amplitudes of the tip between 0.00 m and
0.10 m (i.e. 0 < A < 0.10 m). Figure 3.16 shows a very good
agreement between the two methods, but also the limit of the
analytical model in describing the phenomenon when the radius
of the grain is comparable to the cross section of the rod.

Furthermore we propose a comparison between simulation
c9 and the analytic results obtained by imposing the same pa-
rameters. Figure 3.17 shows the horizontal displacement of the
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Figure 3.16: Velocity of locomotion v̂1 m/s (or body length per
second) as a function of the amplitude A. Comparison be-
tween the two methods: numerical (piecewise lines) and theoret-
ical (smooth lines) at three different frequencies of solicitation ω

(green 200π rad s−1, orange 20π rad s−1, blue 2π rad s−1).

analytical model in function of time, which grows mostly in a lin-
ear way, except for the region in proximity of t = 0, where the
system hasn’t reached the steady state configuration yet. The ve-
locity is therefore the slope of the curve and the value is in good
agreement with the results shown in Figure 3.10

The last observation is about the comparison between the de-
formed mid-line obtained with both methods. In Figure 3.18 we
focus our attention on two precise instants of the simulations,
where the system reached its steady state (red 1 and blue 2
lines in Figure 3.9) namely:

(a). when the amplitude applied on the right tip is at the maxi-
mum oscillation value A = 0.05 m

(b). when the amplitude applied on the right tip is at the mini-
mum oscillation value A = −0.05 m
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Figure 3.17: Horizontal displacement of the system’s CoM in
function of time, continuous red line, and its linear interpolation,
dashed red line. The velocity is comparable with the simulation

reported in Figure 3.10.

Clearly, the analytical model yields very close results to the nu-
merical simulations and can therefore be considered a good ap-
proximation of the system.
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Figure 3.18: Comparison between the deformed mid-line axis
during simulation c9 and the analytical model presented. Figure
(a) refers to the instant of maximum positive amplitude and (b) to

the maximum negative amplitude.
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3.5 Conclusion and future work

In order to study the mechanical behaviour of an elastic slender
body interacting with granular matter, we have presented a FEM-
DEM approach along with an analytic formulation. In the first
section we presented the numerical model: the set-up, the prop-
erties and the parameters involved in the simulations. In par-
ticular, the fundamental assumption, on which the simulations
are based, consists of the absence of tangential friction. Further-
more, we performed a parametric study to understand which are
the parameters that trigger the phenomenon of undulatory lo-
comotion. In all of the investigated cases where the locomotion
occurred, the forward progression of the beam was close to lin-
ear. Inspired by the snake-bots, we then introduced and stud-
ied a mechanical system composed of rigid bars connected via
visco-elastic springs and subjected to resistive forces that is effec-
tively able to approximate the behaviour of the numerical sim-
ulations. The equations of motion of the system were derived
analytically under the aid of the Lagrangian description and can
be used to optimise the motion of the system based on the intro-
duced and dissipated energy. Furthermore, a comparison of the
results obtained from the two different methodologies showed
a very good agreement qualitatively as well as quantitatively,
where particularly the velocities and deformed shapes of the two
approaches yielded very similar results. While the motion stud-
ied herein represents a simple locomotive mechanism, the analyt-
ical model used for the approximation could easily be expanded
to more complicated movements such as sinusoidal force trans-
missions along the slender body. In fact, since the analytical sys-
tem was able to represent undulatory locomotion in a granular
medium, future studies will attempt to model the motion of slen-
der body organisms with the proposed equations. Besides this,
the established equations may also help optimising the motion
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of bio-inspired robots for increased energy efficiency and move-
ment control in the future.
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Appendix

3.A Complete derivation of the equations of mo-
tion

Another way to obtain the Lagrange equations is to take into ac-
count the constraints of the system from the very beginning, by
re-defining the Lagrangian function in the following way,

L̃(q̇, q, t, λθ1) = L(q̇, q, t) + λθ1 [q3 − θ1(t)] (3.23)

where L(q̇, q, t) is the Lagrangian function as defined in Equation
(3.7). Instead, the RHS’s second term of Equation (3.23) repre-
sents the constraint acting on the DOF times the lagrangian mul-
tiplier, λθ1 .

According to [37], in order to obtain the lagrangian equations
of motion, we have to apply the principle of Hamilton’s least action,
which is a variational principle that makes the action applied to
a mechanical system, A(t), stationary. The variation of the action
is defined as follows,

δA(t) =
∫ t1

t0

δL̃(q̇, q, t, λθ1)dt +
∫ t1

t0

(Q · δq) dt︸ ︷︷ ︸
due to a dissipative virtual work

= 0

(3.24)
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where the first term in the RHS of the previous equation is

∫ t1

t0

δL̃(q̇, q, t, λθ1)dt =
∫ t1

t0

(
∂L̃
∂q
· δq +

∂L̃
∂q̇
· δq̇ +

∂L̃
∂λθ1

δλθ1

)
dt

(3.25)

Therefore, by evaluating term by term of Equation (3.25),

∫ t1

t0

(
∂L̃
∂q
· δq

)
dt =

∫ t1

t0

(
∂L
∂q
· δq + λθ1 δq3

)
dt (3.26)

that result,

∫ t1

t0

(
∂L̃
∂q̇
· δq̇

)
dt =

��
�
��

��*
0(

∂L̃
∂q̇
· δq

) ∣∣∣∣∣
t1

t0

−
∫ t1

t0

(
d
dt

∂L̃
∂q̇
· δq

)
dt

= −
∫ t1

t0

(
d
dt

∂L
∂q̇
· δq

)
dt

(3.27)

∫ t1

t0

(
∂L̃

∂λθ1

δλθ1

)
dt =

∫ t1

t0

{[q3 − θ1(t)] δλθ1} dt (3.28)

Eventually, by combining the previous results, Equations (3.26-
3.28), in Equation (3.24), we obtain,

∫ t1

t0

{(
∂L
∂q
− d

dt
∂L
∂q̇

+ Q
)
· δq + λθ1 δq3 + [q3 − θ1(t)] δλθ1

}
dt = 0

(3.29)

Equation (3.29) holds for any interval of time t0 < t < t1 and it is
satisfied for any variation of qh, as follows,

∂L
∂q3
− d

dt
∂L
∂q̇3

+ Q3 + λθ1 = 0, ∀δq3

∂L
∂qh
− d

dt
∂L
∂q̇h

+ Qh = 0, ∀δqh with h 6= 3
(3.30)
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3.B Total energy of the system

In accordance with [37] the total energy of the system can be eval-
uated by starting from the time derivative of the Lagrangian func-
tion,

d
dt

L̃(q̇, q, t, λθ1) =
∂L̃
∂q
· ∂q

∂t
+

∂L̃
∂q̇
· ∂q̇

∂t
+

∂L̃
∂t �
��AA
A

∂t
∂t

+
∂L̃

∂λθ1

∂λθ1

∂t

=
∂L̃
∂q
· q̇ +

∂L̃
∂q̇
· q̈ +

∂L̃
∂t

+
∂L̃

∂λθ1

λ̇θ1

(3.31)

and, therefore, evaluated in an interval of time t0 < t < t1,

∫ t1

t0

[
d
dt

L̃(q̇, q, t, λθ1)

]
dt =

∫ t1

t0

[
∂L̃
∂q
·q̇ +

∂L̃
∂q̇
· q̈+

+
∂L̃
∂t

+
∂L̃

∂λθ1

λ̇θ1

]
dt

(3.32)

where the single terms of the previous Equation (3.32) reads,

∫ t1

t0

[
d
dt

L̃(q̇, q, t, λθ1)

]
dt = L̃

∣∣∣t1

t0

= {L + λθ1 [q3 − θ1(t)]}
∣∣∣t1

t0∫ t1

t0

(
∂L̃
∂q
· q̇
)

dt =
∫ t1

t0

(
∂L
∂q
· q̇ + λθ1 q̇3

)
dt

∫ t1

t0

(
∂L̃
∂q̇
· q̈
)

dt =
(

∂L̃
∂q̇
· q̇
) ∣∣∣∣∣

t1

t0

−
∫ t1

t0

(
d
dt

∂L̃
∂q̇
· q̇
)

dt

=

(
∂L
∂q̇
· q̇
) ∣∣∣∣∣

t1

t0

−
∫ t1

t0

(
d
dt

∂L
∂q̇
· q̇
)

dt
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∫ t1

t0

(
∂L̃
∂t

)
dt =

∫ t1

t0


�
�
��
0

∂L
∂t

+
∂λθ1 [q3 − θ1(t)]

∂t

 dt

= −
∫ t1

t0

λθ1 θ̇1(t)dt∫ t1

t0

(
∂L̃

∂λθ1

λ̇θ1

)
dt =

∫ t1

t0

{
[q3 − θ1(t)] λ̇θ1

}
dt

By using the system reported in Equation (3.30) and by taking
advantage of the fact that in solution q3 = θ1(t) and its time deri-
vative q̇3 = θ̇1(t) we can,

(
L− ∂L

∂q̇
· q̇ + λθ1���

���[q3 − θ1(t)]
) ∣∣∣∣∣

t1

t0

=
∫ t1

t0

{(
∂L
∂q
− d

dt
∂L
∂q̇

)
· q̇+

+���
���

[
q̇3 − θ̇1(t)

]
λθ1 +���

���[q3 − θ1(t)] λ̇θ1

}
dt

(
L− ∂L

∂q̇
· q̇
) ∣∣∣∣∣

t1

t0

= −
∫ t1

t0

(Q · q̇ + λθ1 q̇3) dt

(3.33)

Furthermore, in solution, we can rewrite Equation (3.33) in a mo-
re compact way,

(
∂L̃
∂q̇
· q̇− L̃

) ∣∣∣∣∣
t1

t0

=
∫ t1

t0

(
Q · q̇− ∂L̃

∂t

)
dt (3.34)
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As reported in Equation (3.7) L is nothing but the difference be-
tween the kinetic energy and the elastic energy,

∂L̃(q, q̇, t)
∂q̇

=
∂

∂q̇
[L(q, q̇) + f (q, t)]) =

=
∂L(q, q̇)

∂q̇
=

=
∂

∂q̇
[T(q, q̇)− E(q)] =

=
∂T(q, q̇)

∂q̇

(3.35)

Now if T is defined as a quadratic form (as a matter of fact, it
holds in the present work),

T(q, q̇) =
1
2

A(q)q̇ · q̇ ⇒ ∂T(q, q̇)
∂q̇

= A(q)q̇ (3.36)

where A(q) ∈ Sym. Now, by combining Equation (3.36) in Equa-
tion (3.35) we obtain,

∂L̃(q, q̇, t)
∂q̇

· q̇ =
∂T(q, q̇)

∂q̇
· q̇ = A(q)q̇ · q̇ = 2T(q, q̇) (3.37)

That is the double of the kinetic energy of the system. Therefore
the first term of Equation (3.34) is nothing but the total energy of
the system evaluated in a time interval between t0 and t1,

(
∂L̃
∂q̇
· q̇− L̃

) ∣∣∣∣∣
t1

t0

= (2T − T + V)
∣∣∣t1

t0

= (T + V)
∣∣∣t1

t0

= Etot

∣∣∣t1

t0

(3.38)
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4
Euler-Lagrange equations for a

continuous inextensible
elastic rod

This chapter presents an extension to the analytical part treated in
the previous chapter. The Lagrangian formalism of field theory
is applied, in order to analytically derive the equations of motion
for a continuous inextensible elastic rod. The proposed exten-
sion, once integrated, has the purpose to provide a more accurate
and computationally fast tool with respect the Abaqus model (see
Chapter 3) for describing the locomotion in soil-like medium.

The first section, Section 4.1, is dedicated to the most intuitive
way to develop the extension. Three fields are considered: hor-
izontal and vertical positions, as well as the rotation of the rod.
The fields are functions of the curvilinear abscissa s and time t.
The elastica is, therefore, subjected to a monogenic force, due to
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the presence of the viscous environment, while a rotation is im-
posed on one of the two ends. This rotation is taken into account
as a concentrated rheonomic constraint. The formulation leads to
a system of integro-partial differential equations presented in a
non-dimensional form.

Section 4.2 reformulates the problem, in order to provide a set
of equations of motion easier to manipulate and integrate.

In Section 4.3, we present another formulation, by taking ad-
vantage of d’Alambert principle (virtual work principle in dy-
namics) in order to provide a formulation that could be, in future,
implemented in FEniCS [2], a python-based open-source package
for finite element analysis.

4.1 A first approach: three fields

4.1.1 A variational approach to the derivation of the equa-
tions of motion

We start by defining the kinematics of an inextensible rod, which
is rectilinear in its undeformed configuration. The variable s is
introduced, in order to span the total length l of the rod, s ∈ [0, l].
We describe our rod by introducing three fields: two positionals
collected in the position vector r = {x, y} and one that describes
the rotation θ along the curvilinear abscissa s at each instant of
time,

φ1 = x(s, t); φ2 = y(s, t); φ3 = θ(s, t) (4.1)

The inextensibility is introduced in the model through the fol-
lowing conditions on the spatial derivatives,

x′(s, t) = cos θ(s, t) (4.2a)

y′(s, t) = sin θ(s, t) (4.2b)

https://fenicsproject.org/
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l

y

x

s

θ(s,t)

pn(s,t)

pt(s,t)

y(0,t)

x(0,t)

Ny(s,t)

Nx(s,t)

M(s,t)

Figure 4.1.1: Schematics of the rod. Positional fields and rotation
are represented in red, while the Cartesian reference frame is de-
picted in grey. Distributed tangential and normal viscous loads
are applied to the rod by the environment (pt, pn). At the right
end of the rod the generalised internal forces, which are functions
of the abscissa s and time t, are displayed. The forces must be null

at the free end.

By integrating the previous equations, they return the definitions
of the positional fields x(s, t) and y(s, t), where the integration
constants, x(0, t) and y(0, t), describe the position of the tip at
s = 0,

x(s, t) = x(0, t) +
∫ s

0
cos θ(s, t)ds (4.3a)

y(s, t) = y(0, t) +
∫ s

0
sin θ(s, t)ds (4.3b)

The derivative with respect to time, the velocity, is simply,

ẋ(s, t) = ẋ(0, t)−
∫ s

0
θ̇(s, t) sin θ(s, t)ds (4.4a)

ẏ(s, t) = ẏ(0, t) +
∫ s

0
θ̇(s, t) cos θ(s, t)ds (4.4b)

The rheonomic constraint is applied at s = 0 of the rod and is
expressed by an explicit function of time g(t) with,

θ(0, t) = g(t) (4.5)
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The functional L(t), in order to take into account the constraints
and still assume the form of a free variational problem, must be
defined as,

L(t) = T (t)− V(t) +
∫ l

0
Nx(s, t)

[
x′(s, t)− cos θ(s, t)

]
ds+

+
∫ l

0
Ny(s, t)

[
y′(s, t)− sin θ(s, t)

]
ds+

+ M(0, t) [θ(0, t)− g(t)] (4.6)

where Nx(s, t) and Ny(s, t) are the λ-parameters, that mechani-
cally represent the vertical and horizontal components of the ax-
ial internal forces. These forces, as we have already seen in Sec-
tion 2.3.3, arise in order to maintain a constraint, in this specific
case: the inextensibility. The quantity M(s, t)|s=0 plays the same
role, since it represents the concentrated momentum that reacts
to the rheonomic constraint, at s = 0, where the rotation is im-
posed. The kinetic energy can be expressed in the following way,

T =
1
2

∫ l

0
γ
[
ẋ(s, t)2 + ẏ(s, t)2] ds (4.7)

where γ is the linearly distributed density of the rod. Further-
more, the potential energy can be identify as the elastic energy
of the deformed rod, while shear forces are neglected, due to the
rods slenderness. Hence, the curvature χ = θ′ is proportional to
the bending moment77This is, actually, the

Bernoulli assumption
for slender beams as
reported in [15] and
used in [6]

as follows,

V ≡ E =
1
2

∫ l

0
M(s, t)θ′(s, t)ds

=
1
2

∫ l

0
Bθ′(s, t)θ′(s, t)ds

=
1
2

∫ l

0
Bθ′(s, t)2ds

(4.8)
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With the principle of least action, one can find the positional and
rotational fields that make the functional L(t) stationary with,

δA(t) = δ
∫ t1

t0

L(t)dt = δ
∫ t1

t0

{ ∫ l

0
L ds+

+ M0 [θ0 − g(t)]
}

dt (4.9)

where M0 = M(s, t)|s=0 and θ0 = θ(s, t)|s=0, while L is the La-
grangian density, defined as,

L =
1
2
[
γ
(
ẋ2 + ẏ2)− B(θ′)2]+ Nx

(
x′ − cos θ

)
+

+ Ny
(
y′ − sin θ

)
(4.10)

which is an explicit function of L = L
(
θ, ẋ, ẏ, x′, y′, θ′, Nx, Ny

)
.

By applying the definition of Equation (3.38), the first variation
of the Lagrangian density reads,

∫ t1

t0

∫ l

0
δL ds dt =

∫ t1

t0

∫ l

0

(
Lθδθ + Lẋδẋ + Lẏδẏ + Lx′δx′+

+ Ly′δy′ + Lθ′δθ′ + LNx δNx + LNy δNy

)
ds dt (4.11)

where Lq = ∂L
∂q as shown in Section 2.4. In order to release the

derivatives of δẋ, δẏ, δx′, δy′ and δθ′we apply integration by parts
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to those terms of L which display the aforementioned variations,

∫ t1

t0

(Lẋδẋ) dt =
�
�
�
�>

0

Lẋδx
∣∣∣t1

t0

−
∫ t1

t0

(
∂Lẋ

∂t
δx
)

dt

∫ t1

t0

(
Lẏδẏ

)
dt =

�
�
�
�>

0

Lẏδy
∣∣∣t1

t0

−
∫ t1

t0

(
∂Lẏ

∂t
δy
)

dt∫ l

0

(
Lx′δx′

)
ds = Lx′δx

∣∣∣l
0
−
∫ l

0

(
∂Lx′

∂s
δx
)

ds∫ l

0

(
Ly′δy′

)
ds = Lẏδy

∣∣∣l
0
−
∫ l

0

(
∂Ly′

∂s
δy
)

ds∫ l

0

(
Lθ′δθ′

)
ds = Lθ̇δθ

∣∣∣l
0
−
∫ l

0

(
∂Lθ′

∂s
δθ

)
ds

Note that the terms evaluated at the borders of the temporal do-
main must vanish, as pointed out in Section 2.2.3. Equation (4.11)
combined with the previous calculations takes up the form,

∫ t1

t0

∫ s

0
δL ds dt =

∫ t1

t0

{
Lx′δx

∣∣∣l
0
+ Ly′δy

∣∣∣l
0
+ Lθ′δθ

∣∣∣l
0
+

−
∫ s

0

[(
∂Lẋ

∂t
+

∂Lx′

∂s

)
δx +

(
∂Lẏ

∂t
+

∂Ly′

∂s

)
δy+

+

(
∂Lθ′

∂s
−Lθ

)
δθ −LNx δNx −LNy δNy

]
ds

}
dt (4.12)

Finally, the variation of the action must vanish, which allows us
to write Equation (4.9) as,

δA =
∫ t1

t0

{
LM0 δM0 + Lθ0 δθ0 +

∫ s

0
δL ds

}
dt = 0 (4.13)
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Due to the fact that t0 and t1 as well as the variations (which by
definition are virtual) are chosen arbitrarily, the following expres-
sions must hold true, in order to let δA vanish,

∀δx =⇒ ∂Lx′

∂s
+

∂Lẋ

∂t
= 0 (4.14a)

∀δy =⇒
∂Ly′

∂s
+

∂Lẏ

∂t
= 0 (4.14b)

∀δθ =⇒ ∂Lθ′

∂s
−Lθ = 0 (4.14c)

∀δx0 =⇒ Lx′ |s=0 = 0 (4.14d)

∀δxl =⇒ Lx′ |s=l = 0 (4.14e)

∀δy0 =⇒ Ly′ |s=0 = 0 (4.14f)

∀δyl =⇒ Ly′ |s=l = 0 (4.14g)

∀δθ0 =⇒ Lθ′ |s=0 + Lθ0 = 0 (4.14h)

∀δθl =⇒ Lθ′ |s=l = 0 (4.14i)

∀δNx =⇒ LNx = 0 (4.14j)

∀δNy =⇒ LNy = 0 (4.14k)

∀δM0 =⇒ LM0 = 0 (4.14l)

Here, Equations (4.14a-c) represent the equations of motions of
the system in object; Equations (4.14d-i) are the boundary condi-
tions applied to the spatial boundaries s = 0, l; the final three con-
ditions to be satisfy are the constraints, where (4.14j) and (4.14k)
represent the inextensibility, while (4.14l) is the imposed rotation
at s = 0.
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Let us, now, evaluate Equation (4.14) starting from the defini-
tions (4.9) and (4.10) with,

∫ l

0
Lθδθds =

∫ l

0

(
Nx sin θ − Ny cos θ

)
δθds∫ l

0

∂Lθ′

∂s
δθds = −1

2

∫ l

0

∂

∂s
(
2Bθ′

)
δθds = −

∫ l

0
Bθ′′δθds∫ l

0

∂Lx′

∂s
δxds =

∫ l

0

∂Nx

∂s
δxds =

∫ l

0
N′xδxds∫ l

0

∂Lẋ

∂t
δxds =

1
2

∫ l

0

∂

∂s
(2γẋ) δxds =

∫ l

0
γẍδxds∫ l

0

∂Ly′

∂s
δyds =

∫ l

0

∂Ny

∂s
δyds =

∫ l

0
N′yδyds∫ l

0

∂Lẏ

∂t
δyds =

1
2

∫ l

0

∂

∂s
(2γẏ) δyds =

∫ l

0
γÿδyds

Moreover, due to the concentrated momentum working on the
imposed rotational constraint the following two equations hold,

Lθ0 δθ0 = M0δθ0

LM0 δM0 = (θ0 − g(t)) δM0

Eventually, the equations of motion (4.14a-c) assume this form,

γẍ(s, t) + Nx
′(s, t) = 0 (4.15a)

γÿ(s, t) + Ny
′(s, t) = 0 (4.15b)

Bθ′′(s, t) + Nx(s, t) sin θ(s, t)− Ny(s, t) cos θ(s, t) = 0
(4.15c)
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Furthermore, the boundary conditions result to be (4.14d-i),

Nx(0, t) = 0 (4.16a)

Nx(l, t) = 0 (4.16b)

Ny(0, t) = 0 (4.16c)

Ny(l, t) = 0 (4.16d)

M(0, t) = −B
∂θ(s, t)

∂t

∣∣∣∣
s=0

(4.16e)

M(l, t) = 0 (4.16f)

We would like to point out that the previous conditions respect
the physics of the problem. More precisely, the boundary condi-
tions highlight where the internal forces must vanish, because of
the free end at s = l, while at the opposing end, at s = 0, where
the rotational constraint is applied, a concentrated moment must
arise, in order to maintain the kinematic equilibrium. Finally, in a
very natural way, also the constraint equations (4.14j-l) are recov-
ered from the formulation,

x′(s, t) = cos θ(s, t) (4.17a)

y′(s, t) = sin θ(s, t) (4.17b)

θ(0, t) = g(t) (4.17c)

Non-conservative dissipative forces At this point, we need to
add the interaction with the environment, which is introduced as
a distributed load. This load, acting along all the body, has three
characteristics: i) it is dissipative and viscous, that means it is
proportional to the velocities at each point and opposing their di-
rections; ii) it is following, which entails that it is dependent of the
local orientation of the system; and iii) it is anisotropic, meaning
that it behaves differently in the tangential direction with respect
to the normal direction. Therefore, We can split the load p in a
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vectorial sum of two vectors,

p = pt + pn (4.18)

where pt is acting in the tangential and pn in the normal direction.
The expressions of the two vectors are,

pt = −ξt (ṙ · t) t (4.19)

pn = −ξn (ṙ · n)n (4.20)

where, ξn > ξt are the parameters of proportionality of the ve-
locities. The inequality is justified by geometric factors related to,
for example, the angle at which the surface of the body moves
against the environment. t and n are the unit vector of the local
reference frame,

t = {cos θ, sin θ} (4.21)

n = {− sin θ, cos θ} (4.22)

By substituting (4.19) through (4.22) in Equation (4.18) we obtain
the following form for the load p,

p =

[
−ẋ
(
ξt cos2 θ + ξn sin2 θ

)
− ẏ (ξt − ξn) sin θ cos θ

−ẋ (ξt − ξn) sin θ cos θ − ẏ
(
ξt sin2 θ + ξn cos2 θ

)]

=

[
−ξt cos2 θ + ξn sin2 θ − (ξt − ξn) sin θ cos θ

− (ξt − ξn) sin θ cos θ −ξt sin2 θ + ξn cos2 θ

] [
ẋ
ẏ

] (4.23)

As treated in Section 2.1.5 we can recognise the structure of Equa-
tion (2.30), here reported as,

pi =
2

∑
j=1

cijṙj (4.24)
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where the cij are the dissipative coefficients, while ṙ1, ṙ2, in this
case, result to be ẋ, ẏ, respectively. Therefore, Rayleigh’s dissipa-
tive function can be written as,

R =
2

∑
i,j=1

cijṙi ṙj (4.25)

which enters the right-hand-side of the equation of motion (see
e.g. Section 2.4 Equation (2.112)) in the following way,

∂Lφ′i

∂s
+

∂Lφ̇i

∂t
−Lφi =

∂Rφ̇i

∂t
(4.26)

Alternatively we can proceed with the more general method by
writing down the infinitesimal virtual work of the forces that
must be added to the formulation of the Lagrangian function,
Equation (4.6), with,

δwp =
∫ l

0

3

∑
i=1

p · ∂r
∂φi

δφi ds

=
∫ l

0

(
pxδx + pyδy

)
ds

(4.27)

Note that δwp is a function of the variations of the two positional
fields, δx and δy. Then, (4.14a-b) are the only two equations that
are affected by the previous considerations and become,

∂Lx′

∂s
+

∂Lẋ

∂t
= px (4.28a)

∂Ly′

∂s
+

∂Lẏ

∂t
= py (4.28b)

Moreover, between the two formulations subsist the relation,

px =
∂Rẋ

∂t

py =
∂Rẏ

∂t
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Finally, we can rewrite the Equations (4.15) by taking into account
the dissipative force, Equation (4.23), with,

γẍ(s, t) + Nx
′(s, t) = −ẋ(s, t)

(
ξt cos2 θ(s, t)+

+ ξn sin2 θ(s, t)
)
− ẏ(s, t) (ξt − ξn) sin θ(s, t) cos θ(s, t)

(4.29a)

γÿ(s, t) + Ny
′(s, t) = −ẋ(s, t) (ξt − ξn) sin θ(s, t) cos θ(s, t)

− ẏ(s, t)
(
ξt sin2 θ(s, t) + ξn cos2 θ(s, t)

)
(4.29b)

Bθ′′(s, t) + Nx(s, t) sin θ(s, t)− Ny(s, t) cos θ(s, t) = 0
(4.29c)

This system needs to be solved under the consideration of the
boundary conditions from Equations (4.16) and Equations (4.17).
Also some suitable initial conditions are required, which funda-
mentally determine the configuration of the rod at the beginning
of time, and may be set to,

θ(s, 0) = 0 (4.30a)

x(s, 0) = x0(0) +
∫ s

0
cos θ(s, 0)ds = x0 + s = s (4.30b)

y(s, 0) = y0(0) +
∫ s

0
sin θ(s, 0)ds = y0 + s = y0 = 0 (4.30c)

where x0 and y0 are the position of the point s = 0 of the body. For
simplicity, we make them coincide with the origin of the reference
frame: {x0(0), y0(0)} = {0, 0}. In order to obtain a well-posed
problem, we must impose the initial velocity values of the fields,
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with,

θ̇(s, 0) = 0 (4.31a)

ẋ(s, 0) = 0 (4.31b)

ẏ(s, 0) = 0 (4.31c)

These initial conditions in the fields and their time derivatives
describe, essentially, the straight and motionless initial configu-
ration of the rod.

As final remark we should point out that the fields x(s, t) and
y(s, t) are functions of field θ(s, t), through an integral, Equation
(4.3), that means our system is composed of two second order (in
time) integro-partial differential equations of the unknown fields
x, y, Nx, Ny, θ and one second order (in space) partial differential
equation of the unknown θ, Nx, Ny.

4.1.2 Nondimensional form

We, now, propose a nondimensionalisation of the equations fo-
und so far. In order to accomplish this task, we chose the follow-
ing nondimensional relations,

s̃ =
s
l
; x̃ =

x
l

; ỹ =
y
l

; (4.32)

t̃ =
t
τ

; τ = l
√

γ

β
; β =

B
l2 ; B = EI; (4.33)

Ñx =
Nx

β
; Ñy =

Ny

β
; M̃ =

M
α

; α = βl =
B
l

; (4.34)

ξ̃ =
ξt

ξn
≤ 1; (4.35)

χ =
l2√
γβ

ξn; (4.36)

Therefore, the nondimensional positional fields that describe the
horizontal and vertical position of any point belonging to the rod
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become,

x̃ (s̃, t̃) = x̃(0, t̃) +
∫ s̃

0
cos [θ (s̃, t̃)] ds̃ (4.37a)

ỹ (s̃, t̃) = ỹ(0, t̃) +
∫ s̃

0
sin [θ (s̃, t̃)] ds̃ (4.37b)

Note that the rotational field does not need any nondimensional-
isation. The equations of motion (4.29) become,

∂2 x̃

∂t̃2 +
∂Ñx

∂s̃
= −χ

[
∂x̃
∂t̃

(
ξ̃ cos2 θ + sin2 θ

)
+

+
∂ỹ
∂t̃
(
ξ̃ − 1

)
sin θ cos θ

] (4.38a)

∂2ỹ

∂t̃2 +
∂Ñy

∂s̃
= −χ

[
∂x̃
∂t̃
(
ξ̃ − 1

)
sin θ cos θ+

+
∂ỹ
∂t̃
(
ξ̃ sin2 θ + cos2 θ

) ] (4.38b)

∂2θ

∂s̃2 + Ñx sin θ − Ñy cos θ = 0 (4.38c)

The boundary conditions proposed in Equations (4.16) take the
following nondimensional form,

Ñx(0, t̃) = 0 (4.39a)

Ñx(1, t̃) = 0 (4.39b)

Ñy(0, t̃) = 0 (4.39c)

Ñy(1, t̃) = 0 (4.39d)

M̃(0, t̃) = −∂θ (s̃, t̃)
∂s̃

∣∣∣∣
s̃=0

(4.39e)

M̃(1, t̃) = 0 (4.39f)
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Eventually, the equations of constraint (4.17) assume the expres-
sions,

∂x̃(s̃, t̃)
∂s̃

= cos θ(s̃, t̃) (4.40a)

∂ỹ(s̃, t̃)
∂s̃

= sin θ(s̃, t̃) (4.40b)

θ (0, t̃) = g̃ (t̃) (4.40c)

The initial conditions (4.30) on the nondimensional fields must be
prescribed as,

θ(s̃, 0) = 0 (4.41a)

x̃(s̃, 0) = s̃ (4.41b)

ỹ(s̃, 0) = 0 (4.41c)

and their velocities (4.31) evaluated at t = 0 become,

∂θ(s̃, t̃)
∂t̃

∣∣∣∣
t=0

= 0 (4.42a)

∂x̃(s̃, t̃)
∂t̃

∣∣∣∣
t=0

= 0 (4.42b)

∂ỹ(s̃, t̃)
∂t̃

∣∣∣∣
t=0

= 0 (4.42c)

Despite, the system results being compact and clear it is extre-
mely difficult to be solved (numerically) due to the integral cou-
pling between the positional fields and the rotational one, as ex-
pressed in Equations (4.37).

4.2 A second approach: two fields

In order to reduce the fields and pass from a system of integro-
partial differential equations (IPDE) to a partial differential equa-
tions system, we follow the procedure of the previous section but
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this time we substitute θ with its definition,

θ(s, t) = arctan
(

y′(s, t)
x′(s, t)

)
(4.43)

The previous relation can be easily obtained from Equation (4.2):
the inextensibility condition. The latter can be reformulated as
follows,(

x′(s, t)
)2

+
(

y′(s, t)
)2
− 1 = 0 (4.44)

Moreover, it is indispensable to introduce the spatial derivative
of θ, named curvature and represented with χ. The curvature is
a function of the first and second spatial derivatives of the posi-
tional fields,

χ =
∂θ

∂s
=

y′′x′ − x′′y′

(x′)2 + (y′)2 (4.45)

As in the previous section, the rheonomic rotational constraint is
applied at s = 0, and reads,

θ(0, t) = arctan

(
y′(s, t)

∣∣
s=0

x′(s, t)
∣∣
s=0

)
= arctan

(
y′0(s, t)
x′0(s, t)

)
(4.46)

An important quantity is the kinetic energy that formally remains
unaltered with respect to Section 4.2 and reads,

T =
1
2

∫ l

0
γ
[
ẋ(s, t)2 + ẏ(s, t)2] ds (4.47)

The second important quantity, we must calculate in order to ob-
tain the Lagrangian function is the potential energy that for the
problem at hand coincides with the strain energy of the slender
elastic body. The definition (4.8) combined with Equation (4.45)
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returns,

V ≡ E =
1
2

∫ l

0
Bχ(s, t)2ds

=
1
2

∫ l

0
B
(

y′′x′ − x′′y′

x′2 + y′2

)2

ds
(4.48)

Hence, the Lagrangian function, combined with the constraints
through the unknown Lagrangian multipliers λ and Λ, reads,

L = T − V +
∫ l

0
λ(s, t)

[
x′(s, t)2 + y′(s, t)2 − 1

]
ds

+ Λ(0, t)
[

arctan
(

y′0(s, t)
x′0(s, t)

)
− g(t)

]
(4.49)

L can be reorganised by introducing a density, defined per unit
of length, plus another quantity L̄ which takes into account the
imposed rotation and its reaction Λ,

L = Λ(0, t)
[

arctan
(

y′0(s, t)
x′0(s, t)

)
− g(t)

]
+
∫ l

0

{
γ

2
(
ẋ2 + ẏ2)−

− B
2

(
y′′x′ − x′′y′

x′2 + y′2

)2

+ λ
(
x′2 + y′2 − 1

) }
ds

= L̄(Λ, x′0, y′0) +
∫ l

0
L(ẋ, ẏ, x′, y′, x′′, y′′, λ; s, t) ds

(4.50)

We are, now, ready to perform the variation of the functional A,

δA =
∫ t1

t0

δL(ẋ, ẏ, x′, y′, x′′, y′′, λ, Λ; s, t)dt

=
∫ t1

t0

[ ∫ l

0

(
Lẋδẋ + Lẏδẏ + Lx′δx′ + Ly′δy′+

+ Lx′′δx′′ + Ly′′δy′′ + Lλδλ
)

ds+

+ L̄ΛδΛ + L̄x′0
δx′0 + L̄y′0

δy′0

]
dt

(4.51)
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By manipulating those terms characterised by variations of field
derivatives and by applying the rule of integration by parts, we
obtain,

∫ t1

t0

(Lẋδẋ) dt =
�
�
�
�>

0

Lẋδx
∣∣∣t1

t0

−
∫ t1

t0

(
∂Lẋ

∂t
δx
)

dt∫ l

0

(
Lx′δx′

)
ds = Lx′δx

∣∣∣l
0
−
∫ l

0

(
∂Lx′

∂s
δx
)

ds∫ l

0

(
Lx′′δx′′

)
ds = Lx′′δx′

∣∣∣l
0
− Lx′′

∂s
δx
∣∣∣l
0
+
∫ l

0

(
∂2Lx′′

∂s2 δx
)

ds

∫ t1

t0

(
Lẏδẏ

)
dt =

�
�
�
�>

0

Lẏδy
∣∣∣t1

t0

−
∫ t1

t0

(
∂Lẏ

∂t
δy
)

dt∫ l

0

(
Ly′δy′

)
ds = Ly′δy

∣∣∣l
0
−
∫ l

0

(
∂Ly′

∂s
δy
)

ds

∫ l

0

(
Ly′′δy′′

)
ds = Ly′′δy′

∣∣∣l
0
−
Ly′′

∂s
δy
∣∣∣l
0
+
∫ l

0

(
∂2Ly′′

∂s2 δy

)
ds

We can rewrite the variation of the action, which, finally, after
equating it with 0, yields,

∫ t1

t0

{(
Lx′ −

∂Lx′′

∂s

)
δx
∣∣∣l
0
+ Lx′′δx′

∣∣∣
l
+ (L̄x′ −Lx′′) δx′

∣∣∣
0
+

+

(
Ly′ −

∂Ly′′

∂s

)
δy
∣∣∣l
0
+ Ly′′δy′

∣∣∣
l
+
(

L̄y′ −Ly′′
)

δy′
∣∣∣
0
+

+ L̄ΛδΛ +
∫ l

0

[ (
∂2Lx′′

∂s2 −
∂Lx′

∂s
− ∂Lẋ

∂t

)
δx+

+

(
∂2Ly′′

∂s2 −
∂Ly′

∂s
−

∂Lẏ

∂t

)
δy + Lλδλ

]
ds

}
dt = 0 (4.52)
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In order to verify Equation (4.52), defined for arbitrary time lim-
its, the following conditions must be satisfied for all virtual vari-
ations,

∀δx =⇒ ∂2Lx′′

∂s2 −
∂Lx′

∂s
− ∂Lẋ

∂t
= 0 (4.53a)

∀δy =⇒
∂2Ly′′

∂s2 −
∂Ly′

∂s
−

∂Lẏ

∂t
= 0 (4.53b)

∀δx0 =⇒ Lx′ −
∂Lx′′

∂s
= 0 (4.53c)

∀δxl =⇒ Lx′ −
∂Lx′′

∂s
= 0 (4.53d)

∀δy0 =⇒ Ly′ −
∂Ly′′

∂s
= 0 (4.53e)

∀δyl =⇒ Ly′ −
∂Ly′′

∂s
= 0 (4.53f)

∀δx′0 =⇒ L̄x′0
−Lx′′ = 0 (4.53g)

∀δx′l =⇒ Lx′′ = 0 (4.53h)

∀δy′0 =⇒ L̄y′0
−Ly′′ = 0 (4.53i)

∀δy′l =⇒ Ly′′ = 0 (4.53j)

∀δλ =⇒ Lλ = 0 (4.53k)

∀δΛ =⇒ LΛ = 0 (4.53l)

The first two Equations (4.53a-b) are the Lagrange equations of
motion. From (4.53c) to (4.53j) emerge the spatial boundary con-
ditions, while Equations (4.53k-l) retrieve the applied constraints
of Equation (4.44) and Equation (4.46), respectively.

Dissipative distributed force The distributed load, due to the
presence of the viscous environment has the same structure as in
Section 4.2, here reported with,

p = (−ξt (ṙ · t) t)︸ ︷︷ ︸
pt

+ (−ξn (ṙ · n)n)︸ ︷︷ ︸
pn

(4.54)
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In this specific case, we must define the unit vector as a function
of x′(s, t) and y′(s, t),

t = {x′, y′} (4.55)

n = {−y′, x′} (4.56)

Therefore, the load p takes the form,

p =

[
−ẋ
(
ξt(x′)2 + ξn(y′)2)− ẏ (ξt − ξn) y′x′

−ẋ (ξt − ξn) y′x′ − ẏ
(
ξt(y′)2 + ξn(y′)2)

]

=

[
px

py

] (4.57)

and affects the equations of motion (4.53a-b) in the following way,

∂2Lx′′

∂s2 −
∂Lx′

∂s
− ∂Lẋ

∂t
= −px (4.58a)

∂2Ly′′

∂s2 −
∂Ly′

∂s
−

∂Lẏ

∂t
= −py (4.58b)

As final observation we want to highlight that the derived
system is, now, composed of two (fourth order in space and sec-
ond order in time) partial differential equations with the unknown
quantities x(s, t), y(s, t), λ(s, t) and Λ(t).

4.3 FEniCS implementation: a trial code

The idea of this section is to provide a formulation of the problem
that can be implemented in a FEniCS code.

FEniCS is an open-source software project aimed at solving
partial differential equations by taking advantage of the finite el-
ement methods and is based on the high-level programming lan-
guages Python and C++ [2]. Basically, the program requires a
variational form of the problem (weak form), and takes care of

https://fenicsproject.org
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the discretisation into elements, once the user provided the suit-
able function space [57]. The weak form of the problem is slightly
different from the previous two sections. In fact, we provide a
function based on the principle of virtual work combined with
Lagrange multipliers and, of course, the take care of the inertial
part by applying the d’Alambert principle.

The positional fields are expressed as functions of the hori-
zontal ux(s, t) and vertical uy(s, t) displacements,

x(s, t) = s + ux(s, t) (4.59)

y(s, t) = uy(s, t) (4.60)

The spatial derivatives of the two fields are,

x′(s, t) = 1 + u′x(s, t) (4.61)

y′(s, t) = u′y(s, t) (4.62)

Furthermore, the first time derivative, named velocity v(s, t) be-
comes,

ẋ(s, t) = u̇x(s, t) (4.63)

ẏ(s, t) = u̇y(s, t) (4.64)

whereas the second time derivative named acceleration a(s, t)
reads,

ẍ(s, t) = üx(s, t) (4.65)

ÿ(s, t) = üy(s, t) (4.66)

Another field that can be derived from Equations (4.59) is the ro-
tational field,

θ(s, t) = arctan
(

y′(s, t)
x′(s, t)

)
= arctan

(
u′y(s, t)

1 + u′x(s, t)

)
(4.67)
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and its first spatial derivative: the curvature χ(s, t) reads,

χ(s, t) =
∂θ(s, t)

∂s
=

u′′y (1 + u′x)− (1 + u′′x )u′y
(1 + u′x)2 + (u′y)2 (4.68)

which is a nonlinear function of the first and second derivatives
of the displacement fields ux and uy.

The virtual work principle in dynamics can be expressed as
the equality between the virtual internal work and the virtual
work done by the inertial and dissipative forces plus the virtual
work done by the constraints imposed on the body,

∫
Ω

Bχδχ dω︸ ︷︷ ︸
internal work

=

work inertial and dissipative forces︷ ︸︸ ︷∫
Ω

γr̈ · δr̈ dω−
∫

Ω
p · δr dω+

+
∫

Ω
δ (λci) dω +

∫
∂Ω̃

δ (ΛCii) d∂ω̃︸ ︷︷ ︸
work constraints

(4.69)

where r is the position vector, r̈ = a = {ẍ(s, t), ÿ(s, t)} the acceler-
ation and p the distributed dissipative load from Equation (4.57).
Let us take a deeper look at the constraints, where ci(s, t) is the
inexstensibility condition applying to the entire domain,

ci(s, t) =
(

1 + u′x(s, t)
)2

+
(

u′y(s, t)
)2
− 1

= ci(u′x, u′y; s, t)
(4.70)

while, Cii(t) is, actually, the imposed rotation at the rod’s end,
where s = 0. In fact, the integral is defined along a subset at the
boundary of the domain δΩ̃ = δΩ \ {l} =⇒ δΩ̃ = {0} and is
defined as,

Cii(t) = arctan

(
u′y(s, t)

1 + u′x(s, t)

) ∣∣∣∣∣
s=0

− g(t)

= Cii(u′x, u′y; 0, t)

(4.71)
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The variation of the curvature χ(u′x, u′y, u′′x , u′′y ) is equal to,

δχ =
∂χ

∂u′x
δu′x +

∂χ

∂u′y
δu′y +

∂χ

∂u′′x
δu′′x +

∂χ

∂u′′y
δu′′y (4.72)

Due to the high non-linearity of the problem, we chose an ex-
plicit Newmark-β, or GN-β [91], time integration scheme, in or-
der to avoid non-linear iterations within one time step. On the
one hand, this simplifies the FEniCS code, while on the other
hand, the instability of the solver needs to be taken into consid-
eration when selecting the time step. The maximal time step size
for an explicit solver is tightly connected to the highest eigen-
frequency of the model under study, which to this point, is un-
known. Therefore, as a conservative approach, we chose a very
small time step size of ∆t = 10−5 s. Once the time step size is cho-
sen, the method can be solved directly for the acceleration an+1 at
the next time step of the simulation and yields the displacement
and velocity with,

un+1 = un + ∆tvn +
1
2

∆t2an (4.73)

vn+1 = vn + (1− β)∆tan + β∆tan+1 (4.74)

where #n are known quantities at the current time step n, while
the vector an+1 contains the unknown accelerations at the n+ 1-th
time step, and un+1 and vn+1 are the displacements and velocities
that need to be updated, respectively.

Therefore, the program requires the functional F , Equation
(4.69), in its time discretised form. The above formulas Equations
(4.73) and 4.74 must be substituted in the functional, in order to
obtain it in function of the following quantities,

F = F
(

an+1, λ, Λ︸ ︷︷ ︸
unknowns

;
knowns︷ ︸︸ ︷

un, vn, an

)
(4.75)
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1 from ufl import *
2 from dolfin import *
3 from fenics import *
4

5 # Time -stepping parameters
6 T = 1.0 # final Time
7 num_steps = 10**5 # number of time steps
8 dt = Constant(T / num_steps) # time step size
9

10 # GN -beta method parameter
11 beta =0.5
12

13 # Material constants
14 b = 1.0 # base
15 l = 100.0 # length
16 E = 1000.0 # Young ’s modulus
17 rho = 1.0 # density
18 I = Constant ((b**4) /12) # inertia
19 B = Constant(E*I) # bending stiffness
20

21 # Constraint constants
22 A = 1.0 # amplitude
23 om = 1.0/(10.0* pi) # angular frequency
24

25 # Viscous constants
26 xit = 1.0
27 xin = 5.0
28

29 # Mesh and function space
30 mesh = UnitIntervalMesh (10) # s \in [0,1]
31 P1 = FiniteElement(’P’, interval , 2) # This is a C^0

space
32 el4 = MixedElement ([P1, P1, P1 , P1]) # Mixed

formulation for the 4 unknown fields
33 U = FunctionSpace(mesh , el4)
34 el2 = MixedElement ([P1, P1])
35 V = FunctionSpace(mesh , el2)
36

37 # Define Trial&Test functions
38 alL_ = TestFunction(U)
39 u_ = TestFunction(V)
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40

41 # Split trial&test functions to access the components
42 ax_ , ay_ , lambd_ , LAMBD_ = split(alL_)
43 ux_ , uy_ = split(u_)
44

45 # Define function for displacement , velocities ,
accelerations and Lagrangian multipliers

46 u = Function(V)
47 v = Function(V)
48 alL = Function(U)
49 u_n = Function(V)
50 v_n = Function(V)
51 alL_n = Function(U)
52

53 # Split functions to access the components
54 ux , uy = split(u)
55 vx , vy = split(v)
56 ax , ay , lambd , LAMBD = split(alL)
57 ux_n , uy_n = split(u_n)
58 vx_n , vy_n = split(v_n)
59 ax_n , ay_n , lambd_n , LAMBD_n = split(alL_n)
60

61 # Define boundary
62 def left(x, on_boundary):
63 return near(x[0], 0) and on_boundary
64

65 ############# time discretisation ###################
66 # Newmark formulas for updating displacement and

velocity
67 # Displacement
68 def ux_upd(ux_n , vx_n , ax_n):
69 return ux_n + dt*vx_n + dt **2*( ax_n)/2
70

71 def uy_upd(uy_n , vy_n , ay_n):
72 return uy_n + dt*vy_n + dt **2*( ay_n)/2
73

74 # Velocity
75 def vx_upd(vx_n , ax_n , ax):
76 return vx_n + dt*(1 - beta)*ax_n +beta*dt*ax
77

78 def vy_upd(vy_n , ay_n , ay):
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79 return vy_n + dt*(1 - beta)*ay_n +beta*dt*ay
80 ############ time discretization ###################
81

82 # Define rotation ,curvature , constraints
83 def theta(ux, uy):
84 return atan(div(uy)/(1+ div(ux)))
85

86 def chi(ux, uy):
87 return div(theta(ux, uy))
88

89 def c(ux, uy):
90 return (1+div(ux))**2 + (div(uy))**2 - 1
91

92 g = Expression("A*sin(om*t)", A = A, om = om, t=0,
degree =2) # g(t) to be update at each time step

93 def C(ux, uy , g):
94 return theta(ux , uy) - g
95

96 # Define the nonconservative forces
97 def px(ux, uy , vx , vy):
98 div(uy)*xin*(-div(uy)*vx + vy*(div(ux) + 1)) - xit*(

div(ux) + 1)*(div(uy)*vy + vx*(div(ux) + 1))
99

100 def py(ux, uy , vx , vy):
101 -div(uy)*xit*(div(uy)*vy + vx*(div(ux) + 1)) - xin*(

div(ux) + 1)*(-div(uy)*vx + vy*(div(ux) + 1))
102

103 # Variation through the derivative function
104 def dchi(ux, uy):
105 return derivative(chi(ux, uy), u, u_)
106

107 def dg(ux, uy):
108 return derivative(c(ux, uy), u, u_)
109

110 def dh(ux, uy , g):
111 return derivative(C(ux, uy, g), u, u_)
112

113 F = + rho*(ax*ax_ + ay*ay_)*dx \
114 - (B*chi(ux_upd(ux_n ,vx_n ,ax_n), uy_upd(uy_n ,vy_n ,

ay_n))*dchi(ux_upd(ux_n ,vx_n ,ax_n), uy_upd(uy_n ,
vy_n ,ay_n)))*dx \



4.3. FEniCS implementation: a trial code 113

115 + c(ux_upd(ux_n ,vx_n ,ax_n), uy_upd(uy_n ,vy_n ,ay_n))*
lambd_*dx + lambd*dg(ux_upd(ux_n ,vx_n ,ax_n), uy_upd
(uy_n ,vy_n ,ay_n))*dx \

116 + C( ux_upd(ux_n ,vx_n ,ax_n), uy_upd(uy_n ,vy_n ,ay_n),g
)*LAMBD_*ds + LAMBD*dh(ux_upd(ux_n ,vx_n ,ax_n),
uy_upd(uy_n ,vy_n ,ay_n), g)*ds \

117 - (px(ux_upd(ux_n , vx_n , ax_n), uy_upd(uy_n ,vy_n ,ay_n
), vx_upd(vx_n ,ax_n ,ax), vy_upd(vy_n ,ay_n ,ay))*ux_)
*dx - (py(ux_upd(ux_n ,vx_n ,ax_n), uy_upd(uy_n ,vy_n ,
ay_n), vx_upd(vx_n ,ax_n ,ax), vy_upd(vy_n ,ay_n ,ay))*
uy_)*dx

118

119 # Solver
120 t = 0
121 for n in range(num_steps):
122

123 # Update current time
124 t += dt
125

126 # Update the rotational constrain
127 g.t = t
128

129 # Solve variational problem for time step
130 solve(F == 0, alL)
131

132 # Update previous solution
133 u_n.assign(u) # Displacements
134 v_n.assign(v) # Velocities
135 alL_n.assign(alL) # Accelerations and Lagrangian

multipliers

Listing 4.1: Possible code to be implemented in FEniCS

Open problems The numerical solution of the equations due to
the high order of derivatives in the non-linear problem proved
to be particular difficult. In fact, a proper numerical solution of
the problem has not been established thus far. More precisely,
the solution of the equations with Mathematica was not yet suc-
cessful, since Mathematica did not allow the high order of non-
linear differential equations in the applied solvers. Futhermore,
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another advanced FEM software called FEniCS project was also
employed to solve the problem. However, in order to ensure
the convergence of any finite element simulation, the principle of
compatibility demands that the function space, the space where
the shape functions are defined, must be continuous at least one
order less than the maximum derivative order contained in the
functional. Note that in χ, Equation (4.68), the displacement ap-
pears with its second derivative, which requires a finite element
space of C1. Unfortunately, FEniCS contains only the standard
C0 finite element space, at the point of this writing, which denies
us from solving the equations numerically for the time being. It
is worth mentioning though that FEniCS is a rapidly expanding
high level finite element package that may support higher order
element spaces in the near future.

4.4 Conclusion

This chapter provides the analytical equations of motion for a
continuous slender body immersed in a viscous medium repre-
sented via resistive forces. While the equations have been estab-
lished and presented herein, a numerical solution of their appli-
cation is yet missing. Due to the high level of non-linearities, ge-
ometrical in first place and attributed to the applied non conser-
vative forces, even advanced FE software solutions, in particular
Mathematica and FEniCS, were not useful to solve the problem.
However, once a numerical solver will be established, in princi-
ple, these equations may be used to better understand the mo-
tion of slender body organisms moving through materials such
as sand, soil and other fluid or semi fluid media. Furthermore,
they may also be used to control and optimise the motion of bio-
inspired soft robots, characterised by components that are actu-
ated continuously along their body.
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5
Neurofibres: an ad-hoc

experiment for the
locomotion

Decades of intense research activities brought an advanced know-
ledge of spinal cord injury. However, several mechanisms re-
garding the lesion are still unknown, which inhibits the develop-
ment of an effective treatment for the pathology. Neurofibres is
a Horizon 2020 FET PROACTIVE project, aiming to develop and
test a device composed of bio-functionalised electro-conducting
microfibres for the regeneration of the lesioned spinal cord tis-
sue. The experiment proposed in this chapter was, originally,
intended to test the dynamic behaviour of a microfibre that es-
caped from the implant. Escaped microfibers, indeed, represent
a dangerous issue observed by the partners of the project during

http://www.neurofibres.eu
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the first phases of the device’s testing campaign, and was there-
fore, requested, specifically by the reviewers of the project, to be
studied in more detail.

This chapter aims to experimentally demonstrate the migra-
tion of a microfibre, de facto a slender body, surrounded by a vis-
cous medium. Moreover, we give some prescriptions for avoid-
ing the migration of microfibres into the spinal cord tissue.

5.1 Introduction

Spinal cord injury (SCI) is the partial or total loss of continuity
of the spinal cord tissue, which leads to the temporary or per-
manent change of its functions. Every year in the world, from
250˙000 to 500˙000 people suffer from SCI [67]: vehicle crashes,
falls, acts of violence and sports/recreation activities are the main
causes [31], whereas also non-traumatic spinal cord injuries exist.
After decades of research, there is still no gold standard for the
treatment of this pathology [36]. While spinal cord injury is not
among the top ten causes of death [78], premature death is about
2 to 5 times more frequent in people with a spinal lesion with
respect to people with a healthy spinal cord [67].

The complexity of researching an efficient treatment is due to
the low regenerative potential of the central nervous system [72].
Shortly after injury, natural tissue regeneration begins, but a de-
generative aggressive environment slows it soon, leading to poor
regrowth of axons through the diseased area and the consequent
formation of impenetrable barriers of scar tissue [30, 35]. How-
ever, above and below the site of injury, intact but non-functional
circuits persist. Therapies under study try to contrast this de-
generative process and address tissue dynamics toward a proper
regeneration. A recent study showed a re-population of the in-
jured site by axons grown rostro-caudally and following tortuous
paths [34]. This spread growth suggested the need of providing
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structural support and guidance for axon regrowth and migra-
tion of new neurons to achieve the complete regeneration of the
spinal cord tissue after an injury [65]. One of the many different
scaffolding units studied to obtain the directional regeneration
of the spinal tissue are the microfibres: the micro-size diameter
of these fibres is comparable to the width of axons, thereby en-
abling the fibres to create a nature-like environment that acts as
a guide for tissue regrowth [25, 47, 77, 84]. However, even if mi-
crofibres seem a promising solution for the treatment of SCI, re-
sults obtained are not optimal: cortico-spinal tract regeneration
has not been achieved yet, suggesting that something more than
mechanical and chemical stimuli is needed. Indeed, several stud-
ies report that the intra-spinal micro-stimulation (ISMS) plays an
important role in the recovery of motor functions after SCI [11].
Carbon microfibres have been studied as implantable neural elec-
trodes for ISMS, due to their combination of favourable small
dimensions and high electrical conductivity (≈ 105 Sm−1) [17].
A further step forward was done by modifying the surface of
the carbon microfibres with conductive polymers to improve the
electrical performance and by introducing bio-functionalisation,
which emits specific signals that aid the regeneration of the tissue
[5, 86]. Thus, these fibres could provide both a physical guidance
that assists the axons regrowth and a connection that transmits
electrical stimuli to the area of interest. Once implanted, the fi-
bres must integrate with the surrounding tissue and stay fixed in
the injured area to impose stimuli and allow regrowth. However,
since the spinal cord is subjected to physiological and patholog-
ical movements such as: vibrations, heart beats, variable chest
pressure, cellular processes associated to tissue healing and body
movements [73, 89], the task of keeping fibres fixed in place can
be difficult. Note that the movement of an implanted microfi-
bre away from its target location is, among several other fail-
ure modes, one of the most dangerous scenarios possible. In-
deed, random displacements could compromise the efficiency of
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the treatment from the very beginning and moreover cause dam-
age to other healthy areas of the spinal cord or even other tis-
sues (e.g. the circulatory system). Movements of the microfibres
could therefore damage the embedding tissue, postpone the heal-
ing process and weaken the therapeutic presence of the structure
in the injured area. The aim of this work is the experimental and
numerical evaluation of the possible dangerous displacements of
implanted fibres induced by flexion of the spinal cord. Numerical
simulations were implemented to better characterise the dynam-
ics of the microfibre embedded in the spinal cord medium. Sub-
sequently, an ad-hoc experimental set-up was designed to mimic
the physiological bending strains of the spine on an implant, by
embedding a microfibre in a spinal cord like-matrix. The escape
speed (i.e. the eventual displacement during the imposed move-
ment) of the fibres was recorded to estimate the possible migra-
tion.

5.2 Experimental tests

5.2.1 Samples and spinal cord-like matrix

The aim of the experiments was to investigate the dynamic be-
haviour and consequently the possible migration of a single mi-
crofibre, once implanted in the spinal cord, see Figure 5.2.1. The
analysed samples were 10 mm long bare carbon microfibres (Go-
odfellow C 005722) with 7µm diameter, placed inside a rectangu-
lar silicone chamber and embedded in a gelatin matrix. Edible
gelatin was used to represent the spinal cord, since a transpar-
ent matrix was needed to observe the eventual displacement of
the microfibre. The aim of the experiments was to simulate the
worst case scenario for the migration of the microfibre. Thus, the
typical environment of the acute phase was considered, which is
characterised by haemorrhage, inflammation and fluid buildup
[29, 65]. Gelatin was prepared mixing water and isinglass with
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a 1 : 40 ratio. Compression tests performed on this gel solution
showed a compression modulus comparable to the compressibil-
ity of spinal cords [52]. To simulate the liquid environment of the
injured area in the acute phase, tests were performed using the
gel solution. In order to obtain the experimental setup, the solu-
tion was poured in the silicone chamber to produce the specimen
representing the spine. Subsequently, the carbon fibre was placed
inside the gel after the chamber was filled, with a distance of circa
5 mm from one of the short sides of the rectangle, as shown in
Figure 5.2.1.

Figure 5.2.1: a) Final configuration of the device, composed by
several carbon microfibres connected wireless to the stimulator.
b) Scheme of the samples used to perform the measurements: a
carbon microfibre embedded in a gelatin matrix, contained in a

silicone chamber.

Experimental set-up and measurements An experimental set-
up, Figure 5.2.2, was designed for two reasons: i) to simulate the
movements transmitted from the flexion of the spine to the spi-
nal cord tissue; and ii) to record the displacement of the fibres
through an optical microscope (Olympus BX61). The dimensions
of the silicone chamber were thus limited to fit the field of view of
the microscope. The chamber was fixed on the short side closed
to the fibre, and attached to the axle of a shaker (TIRA GmbH) on
the other side. The sinusoidal movement of the axle simulated
the bending of the spinal cord during physiological movements
of the body. Different amplitudes and frequencies of the imposed
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sinusoidal movement were tested, namely: 5 and 6 mm ampli-
tudes, and 1 and 4 Hz frequencies. All the amplitude-frequency
combinations were tested, and each combination was tested on
three different samples. The strain imposed by the shaker, due
to the amplitudes, was estimated between 1 and 2%, in accor-
dance with the lower strain values found in literature [73, 89].
The assumed movements imposed by the shaker are thus suit-
able to simulate the small physiological movements of the spinal
cord. Moreover, the frequencies were preliminarily chosen as the
minimum technical value of 1 Hz and around the first natural
frequency of the system ≈ 4 Hz, see Section 5.2.2.

By means of the microscope, one picture of the chamber and
fibre system was taken every 5 minutes, for 30 minutes in total,
(typical images are shown in Figure 5.2.5). Furthermore, ImageJ
[80] was used to measure the displacements and rotations with
respect to the initial position of the fibres. The displacement was
considered positive when moving towards the axle of the shaker.
Given the displacements, the velocity of the fibres was eventually
calculated.

Figure 5.2.2: Set-up of the experiment.
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5.2.2 Numerical dynamic characterisation

The aim of this section is to provide a preliminary dynamic char-
acterisation of the sample presented in the previous section. The
numerical simulations are mainly performed to give some inter-
esting support to the experiment. In fact, we can take advantage
of the results and calibrate the shaker in order to test the relevant
frequencies of solicitation of the sample. The first step was to find
the lower natural frequencies of the system (chamber, gelatin and
fibre). Subsequently, we can estimate the eventual fibre displace-
ment, with respect to the fibre axis, by performing a forced vi-
bration analysis by applying a load along the y direction of the
chamber, which coincides with the direction of the shakers axle.

As shown in Figure 5.2.3, in order to reproduce the experi-
mental set-up presented in the section above, the system under
study is clamped on one side of the chamber (indicated with a
red boundary); while the other side is excited with a sinusoidal
forced displacement (indicated with a green boundary). The sys-

Figure 5.2.3: Set-up of the numerical simulation. White mesh is
used for the fibre, light blue for the gelatin and black for the sil-
icone chamber. The red lines delimited the clamped side, while
green side represents the surface subjected to a sinusoidal excita-
tion along the y direction. Furthermore, rotations and other dis-

placement are not allowed.
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tem analysed is composed of three parts: a silicone chamber filled
with gelatin gel that embeds the carbon fibre. The silicone cham-
ber and the carbon fibre are modelled as linear elastic materials
using 7560 brick elements of type C3D20RH and 248 brick ele-
ments of type C3D20R, respectively. The gelatin is taken into ac-
count as an acoustic medium with 78592 brick elements of type
AC3D20, that has the peculiarity to transmit the solicitations, ex-
changed between the chamber and the fibre, as pressure waves.
Therefore, the bulk modulus K of the gel must be defined. The
mechanical properties are listed in Table 5.2.1.

Material Symbol Unit Value

Carbon microfibre [18]
E [MPa] 272 · 103

ρ [Kg m−3] 2250
ν [-] 0.2

Silicone chamber [70]
E [MPa] 5 · 103

ρ [Kg m−3] 1180
ν [-] 0.47

Gelatin [88]
K [MPa] 4 · 103

ρ [Kg m−3] 1483

Table 5.2.1: Mechanical properties of the materials used in the
simulations.

In order to perform the simulation it is necessary to couple
the acoustic medium with the elastic components, through the
contact surfaces. It is good practice to generate a mesh that is re-
fined near the contact surfaces with the structural elements [1],
whereas the size ratio between acoustic and structural elements
in all other areas amounts to 1 : 4, i.e. the structural elements
are 4 times larger then the acoustic ones. Moreover, the top sur-
face of the gelatin must not reflect any waves, thus, the acoustic
impedance must be prescribed to the free surface.

Eigenfrequencies of the system The perturbation analysis is
performed in order to find the first natural frequencies of the sys-
tem. The perturbation method used in abaqus for extracting the
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eigenfrequencies is based on the Lanczos solver [1]. The geomet-
rical nonlinearities are not taken into account and the normalisa-
tion of the eigenvector is based on the mass. In order to perform
the analysis at least three parameter are requested: (i) number of
eigenvalues to be calculated, (ii) minimum frequency of interest
in [Hz] and (iii) maximum frequency of interest in [Hz]. Table
5.2.2 summarises the first 4 eigenfrequencies found by spanning
a range from 0 Hz to 12 Hz. The system perturbed is represented
in Figure 5.2.3, with one side clamped and the other one free to
slide in the y direction, while rotations and displacements in the
other directions are not allowed. A

i Frequency ωi
n [Hz] Chamber Fibre Plane

1 3.6959 X X xy
2 4.0431 X X xy
3 6.0526 X X xy
4 8.6291 X xz
4 8.6306 X xy

Table 5.2.2: Natural frequencies of the system. The check mark in-
dicates which element is deformed at the natural frequency value
ωi

n. Last column specifies the deformation plane in which the fi-
bre is deformed. Note that the last two lines represent the same

mode shapes in perpedicular planes.

Steady state dynamic analysis This analysis evaluates the dis-
placement in the orthogonal direction of the fibre once the sys-
tem enters a steady state response to the sinusoidal solicitation
on the green side of the model, see also Figure 5.2.3. The im-
posed force maintains a constant magnitude, while the frequency
is spanning the very same range of frequencies adopted in the
previous modal analysis, from 0 Hz to 12 Hz. Once the steady
state at any of the imposed frequencies is reached, the displace-
ment of the system is recorded. In particular, we are interested
in the fibre deflection, which is responsible for the propulsion of
the fibre, as we have seen in [76]. Therefore, Figure 5.2.4 depicts
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the response of the fibre when the system is subjected to a steady
state dynamic analysis, in particular, we can appreciate the nor-
malised relative y-displacement plotted as a function of the nor-
malised frequency. The displacement is normalised with respect
to the length of the fibre l0, while the frequency is normalised
with respect to the first natural frequency ω1

n.

0.5 1.0 1.5 2.0 2.5

−0.050
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Figure 5.2.4: Steady state dynamic analysis of the system shows
different peaks in correspondence to the eigenfrequencies of the
system. The red line represents the relative displacement between
the fibre tips, while the blue line depicts the displacement of the
right tip with respect the centre of the fibre. In black we report the

deformed shape of the fibre in correspondence to the peaks.

5.2.3 Results

Experimental study on the migration of the fibre embedded in
a spinal cord-like matrix The images obtained from the experi-
ment show an effective migration of the fibres for various ampli-
tudes and frequencies tested. In 10 tests out of 12, the migration
of the fibre was recorded toward the axle of the shaker (i.e. in the
positive direction, see Figure 5.2.5), while in the other two cases
the fibre did not manifest a displacement or showed only an in-
significant motion ∆% x̄ ≤ 1%. Table 5.2.3 summarises the results
obtained: the percentage of displacement ∆% x̄ = 100 · (∆x̄/l0)
with respect to the length of the microfibre (l0 = 10 mm) and
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the average escape speed, calculated as the average of the speeds
recorded every 5 minutes, ∆t, during the test, as follows,

v̄30 =
1
3

3

∑
i=1

1
6

6

∑
j=1

v̄i
5j =

1
3

3

∑
i=1

1
6

6

∑
j=1

xi
5j − xi

5(j−1)

∆t

=
∆x̄30

∆t

(5.1)

where index i identifies the sample, while j is the time interval.
By considering the tests performed with the same amplitude,

the escape speeds increase by increasing the frequency. By in-
creasing the frequency from 1 Hz to 4 Hz, the average escape
speed increases 20-fold and 50-fold for 5 mm and 6 mm ampli-
tudes, respectively. An increase of 1 mm in the stimulating am-
plitude doubles the escape speed when applying 4 Hz instead of
1 Hz. Moreover, considering a 4 Hz frequency, the displacement
doubles if the samples are stimulated with 6 mm with respect to
5 mm (from about 65% to 140% and from circa 3% to 4%).

Amplitude Frequency Displacement Average velocity
[mm] [Hz] ∆% x̄30 [%] v̄30 [mm/s]

5.0 1.0 3 0.00076
5.0 4.0 65 0.01737
6.0 1.0 4 0.00080
6.0 4.0 143 0.04167

Table 5.2.3: Preliminary results of the experimental tests
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Figure 5.2.5: Two pictures taken before (above) and after (below)
the experimental test.

5.3 Conclusion and considerations

Preliminary results of the experimental tests highlighted the pos-
sible danger of migrating microfibres. The experimental set-up
was designed to evaluate the behaviour of the implanted microfi-
bres during the acute phase, and thus when surrounded by a
mostly liquid environment. The aim was to understand whether
precautionary measures are needed, in order to avoid a harm-
ful displacement of the fibres. The average escape speed of the
microfibres was evaluated by imposing a sinusoidal movement
characterised by different amplitudes and frequencies. Investi-
gating the role of these two movement parameters, we found
a substantial increase in escape speed when increasing the fre-
quency of excitation from 1 Hz to 4 Hz. Furthermore, an increase
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in amplitude from 5 mm to 6 mm also resulted in larger displace-
ment, particularly for the high frequency experiments, i.e. 4 Hz.
It is thus reasonable to hypothesise that further increases of the
frequency could lead to yet higher escape speeds, due to a pre-
sumably higher deflection of the fibre, as shown in Figure 5.2.4
and augmented energy input.

In sum, the results clearly show the need for an anchorage
point of the fibres or the presence of a system that limits or im-
mobilises the spine during the first phases of patient recovery. A
migration of these fibres needs to be avoided for the sake of the
patients health and is therefore of vital importance.
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6
Concluding Remarks

6.1 Conclusion and open issues

Locomotion played a key role in the animal evolution. In partic-
ular this work is focused on a specific kind of locomotion: un-
dulatory locomotion. For the movement through various envi-
ronments, such as sands and liquids, undulatory locomotion has
emerged as an easy, successful and robust tool, particularly for
limbless species. The motion is characterised by the propagation
of waves along the body of an organism, which in turn produces
lifting and propulsive forces. Therefore, undulatory locomotion
is important not only because of its widespread presence in the
animal kingdom but also as a source of inspiration for us. Bio-
inspired robots find useful application in real life, such as: (i) the
exploration of complex substrates where wheeled devices fail; (ii)
inspection of difficult to reach places like the insides of pipelines;
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(iii) rescue operations; and (iv) non-invasive surgical operations
for medical purposes. In the near future, even extraterrestrial ex-
ploration will profit from undulatory locomotion, due to its ro-
bustness and versatility. Moreover, it is a fact that modern tech-
nology has opened the exploration of the micro- and nano-scale.
At these scales, low Reynolds number physics become dominant,
and undulatory locomotion strategies can be used for micro- and
nano-robots, drug delivery systems and non invasive diagnos-
tic. This growing interest in applications needs a solid analyti-
cal and numerical background. In this context, the work done
herein provides an alternative and simple tool for the interpreta-
tion and optimisation of undulatory locomotion in soil-like ma-
terials, combining numerical simulation, analytical theories and
experiments.

The undulatory locomotion consists of three ingredients: a
locomotor, an environment for the locomotor to interact with,
and a control strategy. In this work the locomotor is described
through the mathematical framework offered by analytical me-
chanics, discussed in detail in Chapter 2.

In Chapter 3 an undulatory system interacting with a granu-
lar material is studied. A numerical model that involves the cou-
pling of finite elements, representing the locomotor, with discrete
elements, embodying the granular environment, is proposed. A
parametric study on different solicitation scenarios investigates
the impact of frequency and amplitude changes on locomotion.
The right combination of parameters triggering the most effective
locomotion is therefore analysed. It is interesting to note that the
locomotor reaches a steady state, where it propels itself at a con-
stant velocity through the medium. Subsequently, the dynamics
of a discrete multi bar system is studied and compared with the
results obtained from the numerical investigation. This analyti-
cal model has the peculiarity of taking into account the forces ex-
changed with the environment through the Resistive Force The-
ory, a theory originally developed for describing locomotion in
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viscous fluids. The analytical model, even if conceptually sim-
pler, reveals to be very accurate in describing the simulations, e.g.
deformed shape and locomotion velocity. Due to its versatility,
the model can be used in the prediction and energy optimisation
of snake-like robots in future studies.

In Chapter 4 an extension of the discrete analytical model is
presented. In particular, we show the procedure to derive the
equations of motion for a continuous slender body surrounded
by a viscous environment. Resistive Force Theory, once again,
provides the framework for describing the interaction with the
surroundings. The presented formulations, once a numerical sol-
ver will be complete, may also offer alternative tools, with respect
to the computationally expensive simulations, for describing and
optimising soft slender bio-inspired robots.

In both, discrete and continuous locomotor systems (descri-
bed in Chapter 3 and 4), the control strategy was specifically set as
the least restrictive possible, by actuating one degree of freedom
in the discrete model (i.e. the head’s rotation), and by imposing a
punctual kinematic constraint in the continuous case. This condi-
tion, for the purpose of controlling a system, is the most difficult
and unfavourable possible, due to the lack of control in the re-
maining body. Despite this, we were able to simulate and predict
a steady state forward undulatory locomotion.

Chapter 5 experimentally demonstrates the migration of a car-
bon microfibre embedded in a spinal cord-like gelatin subjected
to sinusoidal oscillations. This behaviour could potentially be
dangerous to the patients health when regenerative devices are
implanted in the spinal cord. In fact, carbon microfibres find ap-
plication in the Intraspinal Micro-Stimulation (IsMS) technique
for functional regeneration after a spinal cord injury. The work
presented highlights and quantitatively describes the migration
of microfibres through spinal chord like substances. Future stud-
ies aim to apply the models developed in chapters 3 and 4 to
the issue of microfibre migration, due to the following evident
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similarities: (i) the microfibre is, de facto a slender body, and (ii)
the spinal cord, when lesioned, can be described as a viscous
medium.
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