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Coupled System Time History Analysis
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Negative Stiffness
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Mechanism



11/13/2020 Page 6

P-Δ Relationship

Mechanism in Motion

Force on Resonators
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P-Δ Relationship

𝐹𝑟(𝑣) =

𝑣 −𝑃 + 𝑘𝑝 𝑙 − 𝑙 1 −
𝑣2

𝑙2

𝑙 1 −
𝑣2

𝑙2

𝐹𝑟 𝑣 = 𝑣 ∙ 𝑎𝑁𝑆𝐸 + 𝑣3 ∙ 𝑏𝑁𝑆𝐸

𝐹𝑟 𝑣 = 𝑣 ∙ 𝑎𝑁𝑆𝐸
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P-Δ Relationship

𝐹𝑇𝑅𝑈(𝑣) =

𝑣 −𝑃 + 𝑘𝑝 𝑙 − 𝑙 1 −
𝑣2

𝑙2

𝑙 1 −
𝑣2

𝑙2

𝐹𝑃𝑂𝐿(𝑣) = 𝑣 ∙ 𝑎𝑁𝑆𝐸 + 𝑣3 ∙ 𝑏𝑁𝑆𝐸

𝐹𝐿𝐼𝑁(𝑣) = 𝑣 ∙ 𝑎𝑁𝑆𝐸

𝑎𝑁𝑆𝐸 = −
𝑃

𝑙
𝑏𝑁𝑆𝐸 =

𝑘𝑃²

𝑙(2 ∙ 𝑘𝑃 ∙ 𝑙 − 𝑃)

True Relationship

Polynomial Approximation

Linearized Path
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Band Gaps

𝑚1𝑚2𝜔
4 − 𝑚1 +𝑚2 𝑘2 + 2𝑚2𝑘1 1 − cos 𝑞𝑅 𝜔2

+ 2𝑘1𝑘2 1 − cos 𝑞𝑅 = 0

𝑚1𝑚2𝜔
4 − −𝑘𝑛𝑚1 − 2𝑘1𝑚2 − 𝑘𝑛𝑚2 − 𝑘2 𝑚1 +𝑚2 + 2𝑘1𝑚2 cos 𝑞𝑅 𝜔2

+ 4 𝑘2𝑘𝑛 + 𝑘1 𝑘2 + 𝑘𝑛 sin
𝑞𝑅

2
= 0
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Band Gaps

𝐶𝑜𝑠 𝑞 =
)2k1k2 − k2m1𝜔

2 − 2k1m2𝜔
2 − k2m2𝜔

2 +m1m2𝜔
4 + 𝑎(2k1 + 2k2 − (m1 +m2)𝜔

2) + 3𝑏B1ഥB1(2k1 + 2k2 − (m1 +m2)𝜔
2

)2(𝑎(k1 + k2) + 3𝑏B1ഥB1(k1 + k2) + k1(k2 −m2𝜔2)

Harmonic Balance Method – Poly. Non-Linearity

B1 =0.01

B1 =1

B1 =2
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FRF NumericalLayers: 1
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FRF NumericalLayers: 4
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FRF NumericalLayers: 20
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Time History Analysis

Original System NSE enhanced System
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Time History Analysis

Original System NSE enhanced System

η = 0.81 η = 0.86
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Coupled System



Acknowledgements:

XP-Resilience 
Ref: 721816

https://r.unitn.it/en/dicam/xp-
resilience
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Conclusion

 Metafoundation feasible

 Negative Stiffness element 
improves the performance

• Economic design?

• Details of the 
Resonator mechanism 3D

• Application to 
different Structures

https://r.unitn.it/en/dicam/xp-resilience
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FRF NumericalLayers: 1



Fourier Transformation of EOMs
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Optimization
𝑴 (−𝜔2𝑿(𝜔)) +C (𝑖𝜔X(𝜔)) + K (X(𝜔))= P(𝜔)

(−𝑴𝜔2 + 𝑖𝜔C +K ) X(𝜔) = P(𝜔)

𝑯(𝜔) = (−𝑴𝜔2 + 𝑖𝜔C + K )−1

Transmission Matrix

𝑺𝑸(𝜔, 𝑘2, 𝑐2) = 𝑯(𝜔, 𝑘2, 𝑐2)
2𝑺 ሷ𝒖𝒈

𝑯(𝜔, 𝑘2, 𝑐2) = (−𝑴𝜔2 + 𝑖𝜔C(𝑐2)+K (𝑘2))
−1

𝑯(𝜔) numerical Optimization

Power Spectral Density - Response

𝜎𝑞𝑖
2 𝑘2, 𝑐2 = ∞−׬

+∞
𝑆𝑄𝐼 𝜔, 𝑘2, 𝑐2 𝑑𝜔

Variance of the Response

𝑃𝐼 𝑘2, 𝑐2 =
𝜎𝑚𝑒𝑡𝑎
2 𝑘2, 𝑐2

𝜎𝑡𝑟𝑎𝑑
2

Performance Index
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Optimization Ground Motion Model

Uniform Hazard Spectrum Welch‘s Average PSD
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Optimization Optimization Plane
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Motivation

Economic Loss

Human Lifes

Community RISK
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Stability Issue

1

𝑘1
+

1

𝑘𝑛
+

1

𝑘F
+

1

−𝑘n
≥ 0

𝑘𝑛 ≥
𝑘𝐹
2
−

𝑘𝐹
2

4
+ 𝑘1𝑘𝐹

𝑘𝑛 = −
𝑃

𝑙


