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Abstract. We establish a first general partial regularity theorem for area minimiz-
ing currents mod(p), for every p, in any dimension and codimension. More pre-
cisely, we prove that the Hausdorff dimension of the interior singular set of an
m-~dimensional area minimizing current mod(p) cannot be larger than m — 1. Addi-
tionally, we show that, when p is odd, the interior singular set is (m — 1)-rectifiable
with locally finite (m — 1)-dimensional measure.

1 Introduction

1.1 Overview and main results. In this paper we consider currents mod(p)
(where p > 2 is a fixed positive integer), for which we follow the definitions and the
terminology of [Fed69]. In particular, given an open subset  C R we will let
K () and Z,,(2) denote the spaces of m-dimensional integer rectifiable currents
and m-dimensional integral flat chains in €, respectively. If C C R™"" is a closed
set (or a relatively closed set in ), then %,,(C) (resp. %, (C)) denotes the space
of currents T' € Z,(R™T") (vesp. T € Z,,(R™™)) with compact support spt(T)
contained in C. Currents modulo p in C' are defined introducing an appropriate
family of pseudo-distances on %, (C): if S,T € Z,,(C) and K C C is compact,
then

FET — §) = inf {M(R) +M(Z) : RE Bn(K),Z € B (K)
such that T'— S = R+ 0Z + pP for some P € ﬁm(K)} )

Two flat currents in C' are then congruent modulo p if there is a compact set K C C
such that Z% (T — S) = 0. The corresponding congruence class of a fixed flat chain
T will be denoted by [T'], whereas if T" and S are congruent we will write

T = Smod(p) .
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The symbols Z4,(C) and #L,(C) will denote the quotient groups obtained from
R (C) and Z,,(C) via the above equivalence relation. The boundary operator d
has the obvious property that, if 7' = S mod(p), then 9T = 95 mod(p). This allows to
define an appropriate notion of boundary mod(p) as 9P[T'] := [0T]. Correspondingly,
we can define cycles and boundaries mod(p) in C-

e acurrent T € .%,,(C) is a cycle mod(p) if 9T = 0 mod(p), namely if OP[T] = 0;
e a current T € %,,(C) is a boundary mod(p) if 35 € %#,,11(C) such that
T = 0Smod(p), namely [T'] = oP[S].

Note that every boundary mod(p) is a cycle mod(p). In what follows, the closed set
C will always be sufficiently smooth, more precisely a complete submanifold ¥ of
R+ without boundary and of class C!.

REMARK 1.1. Note that the congruence classes [T] depend on the set C, and thus
our notation is not precise in this regard. In particular, when two currents are
congruent modulo p in ¥ C R™*™, then they are obviously congruent in R but
the opposite implication is generally false, see also the discussion in [MS18, Remark
3.1]. However, the two properties are equivalent in the particular case of ¥’s which
are Lipschitz deformation retracts of R and we will see below that, without loss
of generality, we can restrict to the latter case in most of our paper. For this reason
we do not keep track of the ambient manifold in the notation regarding the mod(p)
congruence.

DEFINITION 1.2. Let Q C R™™ be open, and let ¥ C R™™ be a complete sub-
manifold without boundary of dimension m + 7 and class C'. We say that an m-

dimensional integer rectifiable current T' € %,,(X) is area minimizing mod(p) in
xNQif

M(T) < M(T+5S) for everyS € %,,(Q2NX) which is a boundary mod(p). (1.1)

Recalling [Fed69], it is possible to introduce a suitable notion of mass mod(p) for
classes [T] mod(p), denoted by MP: MP([T]) is the infimum of those t € R U {+o00}
such that for every € > 0 there are a compact set K C ¥ and an S € %Z,,(X) with

Fh(T—-S)<e and M(S) <t+e.
Analogously, [Fed69] defines the support mod(p) of the current 7' € %,,(¥), by
setting
spt?’(T) := () spt(R).
R=T mod(p)

Clearly, the support depends only upon [T, and we can thus also use the notation
spt?([T)).

With the above terminology we can talk about mass minimizing classes [T,
because (1.1) can be rewritten as

MP([T]) < MP([T] + 97]5]) for all[S] with spt?([S]) C QN X.
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Our paper is devoted to the interior regularity theory for such objects.

DEFINITION 1.3. Let T' be an area-minimizing current mod(p) in Q N X. A point
q € QNsptP(T) is called an interior regular point if there is a neighborhood U of
q, a positive integer Q) and an oriented C'' embedded submanifold T' of ¥ N U such
that

(i) TLU = Q [I'] mod(p);
(ii) I has no boundary in ¥ N U.

We will denote the set of interior regular points of T' by Reg(T).

Observe that by definition an interior regular point is necessarily contained in
spt?(T) and it is necessarily outside spt?(97"). For this reason, it is natural to define
the set of interior singular points of 1" as

Sing(T) := (2N spt?(T)) \ (Reg(T) Uspt?(9T)) .

It is very easy to see that Sing(7") cannot be expected to be empty. Probably the fol-
lowing is the best known example: consider the three points P; := (cos %, sin 2%) €
R? for j = 1,2,3 and the three oriented segments oj in R? joining the origin with
each of them. Then 7" := }, [o;] is area-minimizing mod (3) in R? and the origin
belongs to Sing(7').

As a first step to a better understanding of the singularities it is therefore de-
sirable to give a bound on the Hausdorff dimension of the singular set. The present
work achieves the best possible bound in the most general case, and in particular it

answers a question of White, see [GMT86, Problem 4.20].

Theorem 1.4. Assume that p € N\{0,1}, that ¥ C R™*" is a C3% submanifold of
dimension m + 7 for some positive ag, that @ C R™*™ is open, and that T € %p(X)
is area minimizing mod(p) in Q N Y. Then, H™ 1+%(Sing(T)) = 0 for every a > 0.

Prior to the present paper, the state of the art in the literature on the size of the
singular set for area minimizing currents mod(p) was as follows. We start with the
results valid in any codimension.

(a) For m = 1 it is very elementary to see that Sing(T") is discrete (and empty
when p = 2).

(b) Under the general assumptions of Theorem 1.4, Sing(7") is a closed meager set
in (spt?(T) N Q) \ spt?(0T) by Allard’s interior regularity theory for stationary
varifolds, cf. [All72] (in fact, in order to apply Allard’s theorem it is sufficient
to assume that X is of class C?).

(c) For p = 2, H™ 2+(Sing(T)) = 0 for every a > 0 by Federer’s classical work
[Fed70]; moreover the same reference shows that Sing(7) consists of isolated
points when m = 2; for m > 2, Simon [Sim93, Sim95] proved that Sing(T") is
(m — 2)-rectifiable and it has locally finite H™ 2 measure.

We next look at the hypersurface case, namely n = 1.
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(d) When p = 2, H™2(Sing(T)) = 0 even in the case of minimizers of general
uniformly elliptic integrands, see [SSA77]; for the area functional, using [NV],
one can conclude additionally that Sing(7T’) is (m— 7)-rectifiable and has locally
finite H™ 7 measure.

(e) When p = 3 and m = 2, [Tay73]| gives a complete description of Sing(T"), which
consists of C1'® arcs where three regular sheets meet at equal angles.

(f) When p is odd, [Whi86] shows that H™(Sing(7")) = 0 for minimizers of a
uniformly elliptic integrand, and that H™ 1% (Sing(T")) = 0 for every a > 0
for minimizers of the area functional.

(g) When p = 4, [Whi79] shows that minimizers of uniformly elliptic integrands
are represented by immersed manifolds outside of a closed set of zero H™ 2
measure.

In view of the examples known so far it is tempting to advance the following

CoNJECTURE 1.5. Let T' be as in Theorem 1.4. Denote by Sing(T') the subset of
interior flat singular points, that is those points q € Sing(T') where there is at least
one flat tangent cone; see Sections 7 and 8. Then Hm*”o‘(Singf(T)) = 0 for every
a > 0.

Conjecture 1.5 is known to be correct for:

(a) m=1;
(b) p =2 and any m and 7;
(c¢) pis odd and the codimension n = 1.

In all three cases, however, the conjecture follows from the much stronger fact that
Sing ¢ (T') is empty:

e the case (a) is an instructive exercise in geometric measure theory;
e the case (b) follows from Allard’s regularity theorem for stationary varifold;
e the case (c) is a corollary of the main result in [Whi86].

Note that in all the other cases we cannot expect Sing f(T ) to be empty, with the
easiest case being p =4, m =2 and n = 1, to be discussed in the following

ExAMPLE 1.6. Consider a ball B € R? as well as two distinct smooth functions u;
and weo solving the minimal surfaces equation in B, and let S; and S5 denote the
integral currents in the cylinder B x R C R? defined by their graphs endowed with
the natural orientation. As it is well known, S7 and S are then area minimizing,
both as integral currents and as currents mod(2). Assume, in addition, that the set
{u1 = uy} contains a curve v which divides B into two regions B~ and B<. Explicit
up and wug as above are easy to find. The reader could take B to be a suitably
small ball centered at the origin, u; = 0, and let us be the function which describes
Enneper’s minimal surface in a neighborhood of the origin. The set {u; = uo} is then
given by {(z,y) : © = +y} N B and v can be taken to be the segment {z =y} N B
while B~ and B< would then be BN {z > y} and BN {x < y}, respectively.
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We then define the following rectifiable current 7. Its support is the union of the
graphs of u; and we, and thus of the supports of S; and Ss. However, while the
portions of such graphs lying over B~ will be taken with the standard orientation
induced by B, the portions lying over B< will be taken with the opposite orientation.
In B x R, the boundary of T is 4[], and T is singular along ~. Since T' can be
written as T'= S; 4 S, where Sy are mod(2) equivalent to Sy, (k = 1,2), and since
Sy are area minimizing mod(2), the structure theorem in [Whi79] guarantees that
T is area minimizing mod (4). Whenever u; and uy are chosen so that 0 € 7,
u1(0) = u2(0) = 0, and Vuy(0) = Vuz(0) = 0 (as it is the case in the example
above) then 0 is a singular point of 7', and the (unique) tangent cone to 7" at 0 is
the two dimensional horizontal plane my = {z3 = 0} with multiplicity 2. In such
examples we thus have 0 € Sing (7).

In this paper we strengthen the result for p odd by showing that Conjecture 1.5 in
fact holds in any codimension. Indeed we prove the following more general theorem.

Theorem 1.7. Let T be as in Theorem 1.4 and Q < & a positive integer. Consider
the subset Singq(T') of spt?(T') \ spt?(0T') which consists of interior singular points
of T where the density is Q (see Definition 8.1). Then H™ ***(Sing(T')) = 0 for
every o > 0.

The analysis of tangent cones (cf. Corollary 7.3) implies that if p is odd then

,_
[NIS]
[

Sing¢(T') C Sing(T) .
Q=1

We thus get immediately

COROLLARY 1.8. Conjecture 1.5 holds for every p odd in any dimension m and
codimension n.

The fact above, combined with the techniques recently introduced in the remark-
able work [NV], allows us to conclude the following theorem.

Theorem 1.9. Let T' be as in Theorem 1.4 and assume p is odd. Then Sing(T)
is (m — 1)-rectifiable, and for every compact K with K N sptP?(0T) = (0 we have
H™H(Sing(T) N K) < oc.

In turn the above theorem implies the following structural result.

COROLLARY 1.10. Let T' be as in Theorem 1.4 and assume in addition that p is
odd. Denote by {A;}; the connected components of spt?(T') \ (spt?(0T") U Sing(T)).
Then each A; is an orientable smooth minimal submanifold of ¥ and there is a choice
of (smooth) orientations and multiplicities Q; € [1,5] NN such that the following
properties hold for every open U @ R™*™ \ spt?(9T).
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(a) Each T; = Q;[A;] is an integral current in U and thus, having chosen an
orientation S for the rectifiable set Sing(T'), we have

(T3) LU = ©;SH™ (Sing(T) N U)

for some integer valued Borel function ©;.
(b) >, M(T;LU) <ocoand TLU =), T;LU.
(c) >, M((0T;)LU) < o0, (OT)LU = ,(0T;) LU and

OT)LU =Y ©; SH™ ' (Sing(T) N U);

in particular Y, ©;(q) is an integer multiple of p for H™ '-a.e. ¢ € Sing(T)NU.
It is tempting to advance the following conjecture.
CONJECTURE 1.11. The conclusions of Theorem 1.9 hold for p even as well.

From the latter conjecture one can easily conclude an analogous structure the-
orem as in Corollary 1.10. Note that the conjecture is known to hold for p = 2 in
every codimension (in which case, in fact, we know that Sing(7") has dimension at
most m — 2) and for p = 4 in codimension 1.

1.2 Plan of the paper. The paper is divided into five parts: the first four
parts contain the arguments leading to the proof of Theorems 1.4 and 1.7 , while
the last part is concerned with the proof of the rectifiability Theorem 1.9 and of
Corollary 1.10. Each part is further divided into sections. The proof of Theorems 1.4
and 1.7 is obtained by contradiction, and is inspired by F. Almgren’s work on the
partial regularity for area minimizing currents in any codimension as revisited by
the first-named author and E. Spadaro in [DLS14, DLS16a, DLS16b]. In particular,
Part 1 contains the preliminary observations and reductions aimed at stating the
contradiction assumption for Theorems 1.4 and 1.7 , whereas Part 2, Part 3, and
Part 4 are the counterpart of the papers [DLS14, DLS16a, DLS16b], respectively. An
interesting feature of the regularity theory presented in this work is that Almgren’s
multiple valued functions minimizing the Dirichlet energy are not the right class of
functions to consider when one wants to approximate a minimizing current mod(p)
in a neighborhood of a flat interior singular point whenever the density of the point
is precisely £. Solving this issue requires (even in the codimension 7 = 1 case) the
introduction of a class of special multiple valued functions minimizing a suitably
defined Dirichlet integral. The regularity theory for such maps (which we call linear
theory) is the content of our paper [DLHMS]. Applications of multivalued functions
to flat chains mod(p) were already envisioned by Almgren in [Alm91], even though
he considered somewhat different objects than those defined in [DLHMS]. Because
of this profound interconnection between the two theories, the reading of [DLHMS]
is meant to precede that of the present paper.
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2 Almgren’s regularity theory in the mod(p) setting

Before entering the main body of the paper, we would like to briefly present an
overview of Almgren’s regularity theory adapted to the setting of area minimizing
currents mod(p), focusing onto the points where major changes were required in
order to overcome the intrinsic difficulties of the problem under consideration. To
do so, we restrict our attention to the proof of Theorem 1.4. For the sake of simplicity,
we will assume throughout this discussion that ¥ = R™*7,

Towards a proof by contradiction of Theorem 1.4, we exploit the classical Alm-
gren’s stratification principle for stationary varifolds in order to reduce the contra-
diction assumption to the following (see Proposition 8.7): there exist integers p > 2
and @ < p/2, reals a,n > 0, an open ball 2 5 0, and an m-dimensional rectifiable
current 7' in R™*" such that:

(i) T is area minimizing mod(p) in Q with (07)LQ = 0 mod(p) in 2 and 0 €
Sing(T);
(ii) there exist a sequence of radii r;, | 0 and an m-dimensional plane 7y such that
the integral varifolds v(Tj,, ) associated with the rescaled currents centered at
0 converge to a varifold V = Q H™ L mp @ 0r,;
(iii) it holds
lim sup H ™+ (Sing(To,r,) N B1) >,

k—o00
where B; is the unit open ball in R™*7,

The next step in Almgren’s strategy would then be to approximate the currents
Ty, = To,r, with graphs of functions u, defined on 7, taking values in the metric space
Ag(mg) of Q-points in 73 (that is, the space of discrete measures 7' = ZzQ:I [vi] on
773‘, with positive integer coefficients and total mass )), and minimizing a suitable
linearization of the mass functional (Dir-minimizing )-valued functions). In our
setting, the main difficulties related to this step occur when p is even and Q =
p/2. In this case, indeed, Almgren’s Dir-minimizing Q-valued functions are not the
correct objects to perform such approximation; see [DLHMS, Example 1.2]. Notice
that the phenomenon responsible of the inadequacy of classical Dir-minimizers in
the approximation of area minimizing currents mod(p) is precisely the existence
of flat singular points of density @ = P/2 discussed in Example 1.6. In order to
introduce a class of multiple valued functions adapted to our needs, in [DLHMS]
we defined the metric space @75(R"™) of special Q-points in Euclidean space R”,
and we studied the regularity properties of @75 (R"™)-valued functions minimizing
a functional representing the natural linearization of the mass mod(p) (henceforth
called Dir-minimizing special @-valued functions). For the reader’s convenience, we
briefly recall here some basic notation introduced in [DLHMS]. The space 75 (R")
is defined by

dQ(R") := AQ(R") U AQ(R")/ ~,
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where ~ is the equivalence relation defined by

(S )~ (T1) &= S=T,
(S,~1)~ (T, ~1) <= S=T,
(S,1) ~(T,-1) <= Fz€R": S=Q[z] =

Given a Borel measurable map u: @ C R™ — o/5(R™), there is a canonical
decomposition of the domain 2 into three disjoint sets 4, 2_, and €y. More
precisely, g is the set of points z € Q for which there exists z € R™ such that
u(z) = (Q[z],1) = (Q[z],—1); Q4 and Q_ are, instead, the sets of points z € Q\ Qg
such that u(z) = (5,1) or u(z) = (5, —1) with S € Ag(R"), respectively. Further-
more, we define the functions u*: Q — Ag(R") by

() = S if x € Qy and u(z) = (S, £1),
QIn(S)] itz €0\ Qs and u(x) = (S, F1),

where 1(.S) denotes the average of the Q-point S, see Section 3. With these notations
at hand, we can define the Dirichlet energy Dir(u) of a W2 map u: Q — o(R")
by setting

Dir(u) := Dir(ut ©now) + Dir(u” ©nou) + QDir(nou),

where 1 o u is the (R"-valued) average of w and T' & z := 2?:1 [vi—=z] f T =
Z?:l [vi] € AQ(R™) and z € R". Moreover, we can define the integer rectifiable
m-current G, in R™™" = R™ x R™ associated with a Lipschitz function u: Q C
R™ — /5(R™) by:

Gy =Gy L (2 x R") — G- L (- X R™) 4 Q Gou L (2 x R™)

where G+ denotes the current associated with the graph of a classical Q)-valued
function as in [DLS15, Definition 1.10] and Gy, is the current associated with the
graph of the average m o u. For instance, the current 1" described in Example 1.6
coincides with the graph G, of the @4 (R)-valued function defined by

u(z) = {([[U1(:B)]] + [uz(2)], 1) ifxe B>U~w,
([u1 (x)] + [uz(x)],—1) if x € BSU~.

Notice that, as Lipschitz @-valued graphs over a domain () are integer rectifiable
currents without boundary in the cylinder 2 x R™, Lipschitz special Q-valued graphs
over §) are integer rectifiable currents without boundary mod(p) in 2 x R™.

Now that we have the correct class of approximating functions, we can get back
to Almgren’s program. The first step is an approximation of each current 7} with
the graph of a Lipschitz special Q-valued function; see Proposition 9.6. The proof
is based on a BV estimate for the slices of T} with respect to the plane mg, see
Lemma 10.3: while this is classically achieved in [DLS14] testing the current with
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suitably defined differential forms, our setting requires an ad hoc proof due to the
fact that Ty may possibly have non-trivial classical boundary. The errors in such an
approximation (which, we note in passing, does not use that 7} is area minimizing
mod(p)) are controlled linearly by the ezcess mod(p) of T} with respect to the plane
mp: this is defined as the difference between the mass of T}, and the mass modulo p of
its projection onto my; see Definition 9.2. Exploiting the minimality of T}, we can then
substantially improve the results of this first Lipschitz approximation in two ways:
first, upgrading the control of the errors in terms of a superlinear power of the excess
mod(p) (Theorem 15.1); second, showing that the approximating special @Q-valued
function is close to a Dir-minimizer (Theorem 15.4). Finally, we introduce a second
notion of excess, called the nonoriented excess and smaller than the excess mod(p)
(formula (13.2)), and we show that all the error estimates in the aforementioned
approximation can be upgraded replacing the excess mod(p) with the nonoriented
excess; see Theorem 16.1. The nonoriented excess is a more accurate measure of the
local tilting of a current with respect to a plane regardless of orientations (much
like the varifold excess), a feature that is very important in our setting, since area
minimizing currents mod(p) may exhibit changes of orientation even when their
boundary mod(p) vanishes. Furthermore, the flexibility of the nonoriented excess
with respect to localization will be of vital importance in the next step of Almgren’s
program, namely the construction of the center manifold.

The latter is arguably the most delicate part in Almgren’s proof, and it is mo-
tivated by the following issue. Given the sequence of currents T} converging to
Q [mo] in the sense of currents mod(p), and given the sequence uy of 7 (mp-)-valued
approximating functions, it would be tempting to perform an appropriate (non-
homogeneous) rescaling of the functions leading to a new sequence which converges,
in the limit as k — o0, to a non-trivial Dir-minimizing special @-valued function .
In view of (iii), if we could prove that the function u, “inherits” the singularities of
the currents, then we would obtain the desired contradiction by invoking the main
result of [DLHMS], namely the following

Theorem. (see [DLHMS, Theorem 10.2]) The singular set of a Dir-minimizing
special QQ-valued function defined on a domain in R™ has Hausdorfl dimension at
most m — 1.

The issue in this plan is that the limit function u., may not exhibit any singular-
ities at all: this happens when, at the natural rescaling rate of the functions wug, the
currents T} are centered around a smooth sheet. Conceived precisely to mod-out such
a smooth sheet, the center manifold is an m-dimensional surface equipped with a
special Q-valued section Ny of its normal bundle which approximately parametrizes
T. The blow-up argument described above then leads to the desired contradic-
tion when performed on the approximations Ni. This portion of Almgren’s proof
is sufficiently robust to go through in our setting without the need of substantial
modifications, with all the main necessary estimates being already available from
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the new Lipschitz approximation and the detailed analysis of Dir-minimizing special
@-valued functions contained in [DLHMS].

3 Notation

We add below a list of standard notation in Geometric Measure Theory, which will
be used throughout the paper. More notation will be introduced in the main text
when the need arises.

B, (z) open ball in R™*" centered at x € R™*" with radius r > 0;
wp, Lebesgue measure of the unit disc in R™;
|A| Lebesgue measure of A C R™*";
H™ m-dimensional Hausdorff measure in R™";
A (R™F) vector space of m-vectors in R™*™;
D™(U) space of smooth differential m-forms with compact support in an
open subset U C R™*7;
Fm, (Fh) integral flat chains (modulo p) of dimension m;
R, (#h,) integer rectifiable currents (modulo p) of dimension m; we write T’ =
[M, T, 0] if T is defined by integration with respect to 76 H™ L M for
a locally H™-rectifiable set M oriented by the Borel measurable unit
m-~vector field 7 with multiplicity 0; if M is an oriented submanifold
of class C'!, then we simply write [M] for the associated multiplicity
one current;
I, (Fh) integral currents (modulo p) of dimension m;
M, (MP) mass functional (mass modulo p);
IT|l, (ITl,) Radon measure associated to a current T" (to a class [T']) with locally
finite mass (mass modulo p);
T Borel measurable unit m-vector field in the polar decomposition
T =T ||T)| of a current with locally finite mass; if T = [M, 7, 6] is
rectifiable, then T' = sgn(0) 7 ||T|-a.c., so that T is an orientation
of M;
T A restriction of the current 7" to the set A: well defined for any Borel
A when T has locally finite mass, and for A open if T" is any current;
(T, f, z) slice of the current T" with the function f at the point z;
f#T'" push-forward of the current 7" through the map f;
O™ (u, x) m-dimensional density of the measure p at the point z, given by

G)m(u, x)
= lim,_, fd f ) when the limit exists;

Or(z), (T, x) same as @m(H |, z) if T is an m-dimensional current with locally
finite mass;

spt(u) support of p1, where p is a Radon measure on R™*": it is defined as
the set of all points z € R™*™ such that u(B,(x)) > 0 for all r > 0;
spt(7') same as spt(||7']|) if 7" is a current with locally finite mass;
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sptP(T") support mod(p) of an integer rectifiable current 7" it only depends
on the equivalence class [T7;
v(M, ©) rectifiable m-varifold defined by © H" . M ® o7 ps for a locally H"™-
rectifiable set M and a locally H"™ L M-integrable multiplicity ©;
v(T) integral varifold associated to an integer rectifiable current 7% if
T = [M,7,0], then v(T) = v(M,|0]);
dV[X] first variation of the varifold V' in the direction of the vector field
X;
As, second fundamental form of a submanifold ¥ c R™*";
Hs, mean curvature of a submanifold ¥ C R”7;
Lip(X,Y) space of Lipschitz functions f: X — Y, where X,Y are metric
spaces;
Lip(f) Lipschitz constant of the Lipschitz function f;
(Ag(R™),G) metric space of classical Q-points in R";
(o(R™),Gs) metric space of special @-points in R";
n(S) average of the Q-point S, so that if S = E?Zl [Si] € Ag(R™) then
n(S)=Q ' L, S e R™
n o f average of the (possibly special) multiple valued function f;
Gr(u) set-theoretical graph of a (possibly multi-valued) function w;
T integer rectifiable current associated (via push-forward) to the im-
age of a (possibly special) multiple valued function;
G, integer rectifiable current associated to the graph of a (possibly
special) multiple valued function.

Part 1. Preliminary observations and blow-up sequence

4 Preliminary reductions

We recall first that, as specified in [Fed69, 4.2.26], for any S € %,,(X) we can find
a representative mod(p), namely a T' € %,,(2) congruent to S mod(p) such that

ITII(A) < gHm(A) for every Borel A C X. (4.1)

In particular, such a representative has multiplicity function 6 such that |0] < p/2
at ||T||-a.e. point, and it satisfies MP([T'LU]) = ||T||(U) for every open set U and
spt(T") = spt?(T) (observe in passing that the restriction to an open set U is defined
for every current). It is evident that if T € %,,(X) is area minimizing mod(p) in
QN Y then T is necessarily representative mod(p) in QN X, in the sense that (4.1)
holds true for every Borel A C 2N 3. For this reason, we shall always assume that T’
is representative mod(p), and that the aforementioned properties concerning multi-
plicity, mass and support of 7" are satisfied. Note also that such 7" is area minimizing
mod(p) in any smaller open set U C 2. Moreover T is area minimizing mod(p) in
if and only if 7L Q) is area minimizing mod(p) in €. Also, for  sufficiently small the
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regularity of ¥ guarantees that XN is a graph, and thus, if in addition €2 is a ball,
¥ N Q is a Lipschitz deformation retract of R™*". A current S € Z,,,(X N Q) is thus
a cycle mod(p) if and only if it is a cycle mod(p) in R™*". In these circumstances it
does not matter what the shape of the ambient manifold X is outside 2 and thus,
without loss of generality, we can assume that X is in fact an entire graph. By the
same type of arguments we can also assume that OP[T] = 0 in Q. We summarize
these reductions in the following assumption (which will be taken as a hypothesis in
most of our statements) and in a lemma (which will be used repeatedly).

Assumption 4.1. ¥ is an entire C>% (m + f)-dimensional graph in R™" with
0 <ag<1,and Q C R™™ is an open ball. T is an m-dimensional representative
mod(p) in ¥ that is area minimizing mod(p) in ¥ N Q and such that (0T)LQ =0
mod(p) in Q.

LEMMA 4.2. Let Q, 3 and T be as in Assumption 4.1. Let T" € %,,(X) be such that
spt(T" = T) € Q and 9T" = T mod(p). Then

M(TLQ) <M(T'LQ). (4.2)
Theorem 1.4 is then equivalent to

Theorem 4.3. Under the Assumption 4.1 Sing(T") has Hausdorff dimension at most
m — 1.

5 Stationarity and compactness

Another important tool that will be used repeatedly in the sequel is the fact that
the integral varifold v(T') induced by an area minimizing representative mod(p) T'
is stationary in the open set Q NX \ spt?(97T).

LEMMA 5.1. Let Q, ¥ and T be as in Assumption 4.1. Then v(T) is stationary in
¥ N2, namely

wv(T)[X]=0 for all X € C}(Q,R™™) tangent to X. (5.1)

More generally, for X € C}(Q, R™*") we have
Sv(T)X] =~ [ X Hr(@)d|T @), (52)
where the mean curvature vector ﬁT can be explicitly computed from the second

fundamental form As. of ¥. More precisely, if the orienting vector field of T is
T(x) =v1 A...Avy and v; are orthonormal, then

ﬁT(J}) = Z Az(’l)z', ’Ui) . (5.3)
=1
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Proof. Consider a diffeomorphism @ of (2 such that (XN Q) C XN Q and @[\ =
id|q\ g for some compact set K C 3N The current &7 satisfies spt(T—®4T) € XN
Q2. Moreover, since 0(®41") = ®4(0T) and 0T = 0mod(p), also I(P4T") = 0mod(p),
so that, in particular,

0(P4T) = 0T mod(p). (5.4)

From (4.2), and setting V := v(7T'), we then get
VII(€) = M(T1LQ) < M(®;TLQ) = [[2;V][(€2).

This easily implies that V' is stationary in > N Q.
The second claim of the Lemma follows then from the stationarity of V in ¥, see
for instance [Sim83]. O

Consider now an open ball B = Q C R™*", a sequence of Riemannian manifolds
Y, and a sequence of currents T) such that each triple (2, X, T})) satisfies the
Assumption 4.1. In addition assume that:

(a) ¥ converges locally strongly in C? to a Riemannian submanifold ¥ of R™*"
which is also an entire graph;

(b) supy || Tk[|(Br) = supy MP(T; L Bg) < oo;

(c) sup, MP(0(T,LBR)) < oc.

By the compactness theorem for integral currents mod(p) (cf. [Fed69, Theorem
(4.2.17)7, p. 432]), we conclude the existence of a subsequence, not relabeled, of
a current T € %y, (R™1™) and of a compact set K D Bp such that

kh_)rgo Fr(T.Br—T) =0
and
(0T)LBr =0 mod(p).

Let Us be the closure of the d-neighborhood of ¥ and consider that, for a sufficiently
small § > 0, the compact set K’ := Bg N Us is a Lipschitz deformation retract of
R™*", For k sufficiently large, the currents Tj | B are supported in K’ and [Fed69,
Theorem (4.2.17)"] implies that spt(7") C K’. Since ¢ can be chosen arbitrarily small,
we conclude that spt(7') C ¥ and hence that T' € %Z,,,(2).

At the same time, by Allard’s compactness theorem for stationary integral vari-
folds, we can assume, up to extraction of a subsequence, that v(7;L Bg) converges
to some integral varifold V' in the sense of varifolds.

ProrosiTiON 5.2. Consider 2, Y, Ty, X, T and V' as above. Then

(i) T is minimizing mod(p) in Q@ N X, so that, in particular, T' is representative
mod(p);
(ii) V = v(T) is the varifold induced by T.
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Proof. Let us simplify the notation by writing T} in place of T;L Bgr. Recall that
Fr (T, —T) — 0 for some compact set K D Bp. This means that there are sequences
of rectifiable currents Ry, Sj, and integral currents @, ! with support in K such that

T, — T = Ry + 9Si + pQp (5.5)
and
lim (M(Ry) +M(y)) = 0. (5.6)

As above, denote by Us the closure of the d-neighborhood of the submanifold X.
Observe next that, for every § sufficiently small, K5 := Us N By is a Lipschitz
deformation retract. Moreover, for each k sufficiently large spt(7;) C Ks5. We can
thus assume, without loss of generality, the existence of a k(d) € N such that

spt(Ry), spt(Sk), spt(Qk) C K5  Vk > k(d). (5.7)

Next, if we denote by Us the closures of the d-neighborhoods of ¥, due to their
C? regularity and C? convergence to ¥, for a § > 0 sufficiently small (independent
of k) the nearest point projections

Pr : Usk — i
are well defined. Moreover,

lim sup Lip(pkly; ) = 1. (5.8)
ol0 g o

We now show that 7' is area minimizing mod(p) in Br N ¥. Assume not: then
there is a p < R and a current 7" with spt(7"—7') C B, N ¥ such that

T = 0T mod(p)
and, for every s €|p, R|,
e:= M(TLB,) — M(TLB,) >0, (5.9)
where ¢ is independent of s because of the condition spt(7" — T) C B,.

Denote by d : R™*t" — R the map z — |z| and consider the slices (S, d, s). By

Chebyshev’s inequality, for each k we can select an si €|p, ?[ such that

2
Consider therefore the current:
Ty := Tp L(R™™ \ B,,) — (Sk,d, s) + Ri_Bs, + TLBs, . (5.11)

L Although the definition of flat convergence modulo p is given with Qj flat chains, a simple
density argument shows that we can in fact take them integral.
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Observe first that spt(T — Tj) C Bas,. Also, note that (5.5) implies that 85} has
finite mass. Hence, by [Sim83, Lemma 28.5(2)],

(Sk,d, si) = 0(Sk By, ) — (0Sk) B, .

In particular, combining the latter equality with (5.5), we get

Ty, : = O(TH LR™ ™\ By, ) + (T, — T — Ry — pQx)_Bs,) + 8(Rx_B,,) + d(TLBs,)
=0Ty, — pd(QrLB,,) + (T —T),

where in the second line we have used that spt(T T) C B, C By,. Since d(T—T) =
0 mod(p) in ¥ C R, we conclude that &(Tj —Tj) = 0 mod( ) in R™*" However,
considering (5.7), for k large enough the currents Tk, Sk, Rie, Qr, T and T are all
supported in the domain of definition of the retraction py. Since (py)37y = T, we
then have that 9(T) — (pk)ﬁfk) = 0 mod(p) in Xj. Consider also that, for each o > 0
fixed, there is a k() € N such that all the currents above are indeed supported in
Uy, when k > k(o). This implies in particular that, by (5.8),

11% inf M((pg)sTk) = 112% inf M(T},) .

Up to extraction of a subsequence, we can assume that s — s for some s € [,0, Btp ]

Recalling the semicontinuity of the p-mass with respect to the flat convergence
mod(p), we easily see that (since the T}’s and T" are all representative mod(p))

li/érninfl\/I(T;€ LB;,) > M(TLBy).
—0Q0

Next, by the estimates (5.10) and (5.6) we immediately gain

lim inf (M(T},) — M(T},)) < —
kToo
Finally, since the map py is the identity on ¥, again thanks to (5.8) and to the
observation on the supports of T — T}, it turns out that spt((pk)ﬁTk Tx) C XxNBRr
for k large enough. We thus have contradicted the minimality of T}.
Observe that, if in the argument above we replace T with T itself, we easily
achieve that, for every fixed p > 0, there is a sequence {sx} C|p, %[ converging to

R+p]

some s € [p, with the property that

lim inf(M(TLB,,) — M(T,LB,,)) > 0.

kToo

By this and by the semicontinuity of the p-mass under flat convergence, we easily
conclude that

Jim [ T;[(By) = [IT1[(B,)  for every p < R.
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The latter implies then that ||T%|| = ||7'|| in the sense of measures in Bg. Consider
now the rectifiable sets Ejy, E and the Borel functions Oy, : B, — N\ {0}, 0: F —
N\ {0} such that

|Tk|| = O H™ L E} IT|=0H™L_E.

Let T, E}) (resp. Ty E) be the approximate tangent space to Ej, (resp. E) at H™-a.e.
point g. The varifold v(7}) is then defined to be ©,H™ L E}, ® 7, g, . If the varifold
limit V is given by ©H™L F ® 1, p, we then know that ||[Vi| = [|[V|| = ©'H™LF.
But since ||[Vi|| = ||Tk]||, we then know that H™((F \ E) U (E \ F)) = 0 and that
©' = © H™-almost everywhere. This shows then that V = v(T). O

6 Slicing formula mod(p)

In this section we prove a suitable version of the slicing formula for currents mod(p),
which will be useful in several contexts. We let .Z% (C) denote the group of integral
currents mod(p), that is of classes [T] € %25, (C) such that o [T] € 2P _,(C).

LEMMA 6.1. Let Q C R™™ be a bounded ball, let [T] € #% () be an integral
current mod(p), and let f : Q@ — R be a Lipschitz function. If T € %,,(0) is any
rectifiable representative of [T| and Z € %,,_1(Q) is any rectifiable representative
of [0T), then the following holds for a.e. t € R:

() (T f, 1) = O(TL{f <t}) = ZL{f < t} mod(p);
(ii) (T, f,t) is a representative mod(p) if T is a representative mod(p);
(iii) if T is a representative mod(p), and if 9T = 0 mod(p), then

M((T, f,t)) = MP(O(T'LA{f < t})).

Before coming to the proof of Lemma 6.1 we wish to point out two elementary
consequences of the theory of currents mod(p) which are going to be rather useful
in the sequel.

LEMMA 6.2. If T is an integer rectifiable m-dimensional current in R™™ and f :
R™+" — RF is a Lipschitz map with k < m, then:

(i) T is a representative mod(p) if and only if the density of T is at most & ||T'[|-a.e.
(ii) If T is a representative mod(p), then (T, f,t) is a representative mod(p) for a.e.
t € RF.
(iii) If n = 0 and spt(T') C K for a compact set K, then F5.(T) = MP(T).
(iv) Let T be as in (iii) and in particular T = © [K], where © is integer valued. If
we let
|©(2)|p :=min{|O(z) — kp| : k € Z}, (6.1)

then
MP(TLE) = / |©(x)]|, dz for all Borel E C R™. (6.2)
E
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Proof. (i) is an obvious consequence of Federer’s characterization in [Fed69]: an
integer rectifiable current 7' of dimension m is a representative mod(p) if and only
if |T||(E) < 5H™(FE) for every Borel set E. By the coarea formula for rectifiable
sets, this property is preserved for a.e. slice and thus (ii) is immediate. Moreover,
again by Federer’s characterization, if 7" is as in (iv), and if k(z) = argmin{|O(z) —
kp|: k € Z}, then setting ©'(z) := O(z) — k(z) p we have that T/ = ©’ [K] is a
representative mod(p) of T, and thus, since |©'| = |0|,, (6.2) follows directly from
MP(TLE) = || T')|(E).

As for (iii), since T is a top-dimensional current, %,,+1(K) = {0}. We thus have

Fr(T)=if {M(R): T =R+ pP for some R € %Zn(K) and P € Z,,(K)} .

Observe however that, since K is m-dimensional, .%,,(K) consists of the integer
rectifiable currents with support in K. A simple computation gives then

FH0) = [ 10 ds
K
and we can use (iv) to conclude. O

Proof of Lemma 6.1. (ii) has been addressed already in Lemma 6.2, and (iii) is a
simple consequence of Lemma 6.2 and of (i) with the choice Z = 0.
We now come to the proof of (i). By [MS18, Theorem 3.4], there exists a sequence

{ P}, of integral polyhedral chains and currents Ry, € %,,(S2), Sk € Zm4+1(£2) and

Q1 € In(Q)), with the following properties for every k > 1:

T — Py = R + 0Sk + pQ (6.3)
MP(Py) < MP(T) + o (6.4)
MP (9P, Q) < MP(ATL Q) + /T;k , (6.5)
M(Ry) + M(Sg) <~ (6.6)

Rk

Since Py, is an integral current, by the classical slicing theory (cf. for instance [Sim83,
Lemma 28.5(2)]), the following formula holds for a.e. ¢t € R:

(Pr, f,1) = 0 (P LASf < t}) — (0F)L{f < t}. (6.7)

The identity (6.3) implies that 0Sy has locally finite mass, and thus Sy, is an integral
current. In particular, (S, f,t) = —(9Sk, f,t). Furthermore, the slicing formula
holds true for Sy, as well, that is for a.e. ¢ € R one has:

(Sk, f,1) = 0 (Skl{f <t}) = (9S) L{Sf < t}. (6.8)
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_ Since Z = 9T mod(p), there exist currents Ry € %m-1(Q), Sk € %n(Q) and
Qk € Im-1(Q) such that for every k > 1:

Z — 0T = Rk + &gk + p@k , (6.9)
M(Ry) +M(Sy) < — . 1
(Ri) + M(Sk) < 1ok (6.10)
Combining (6.3) and (6.9), we can therefore write:
Z — 0P, =0T - 0P, + Z — 0T
(6.11)

= Rk + 8(Rk + S'k) +p(an + Qk) .

The identity (6.11) implies that d(Ry + Sy) has locally finite mass, and thus in

particular Ry + Sy is an integral current. Hence, for a.e. ¢ € R the slicing formula
holds true for Ry + S, that is:

(R + Sy, f,1) = 0 ((Rk +8)LLf < t}) - (8(Rk + Sk)) {f <t}  (6.12)

From the identities (6.3) and (6.11), and using (6.7), (6.8), (6.12), and the slicing
formula for Q) we easily conclude that the following holds for a.e. t € R:

(T, f,t) —0(TIL{f <t})) + ZIL{f < t}
=R L{f <t} — (Sk, f.t) + O(SkL{f < t}) + pQiL{f < t}. (6.13)

Now, Q L{f < t} is an integral current and thus, setting K := Q, we can
estimate

FRUT,f.6) = (0(TL{f <t} = ZL{f <t})) < M(R) + M(Sk) + M((Sg, /1))
Since limy, (M(Rk) + M(S’k)) = 0, it remains to show that, for a.e. t,
Jim M((Sk, f,1)) =0.

In order to see this, fix ¢ > 0. By [Sim83, Lemma 28.5(1)], we have that there is a
Borel set £, with measure |Ej| < 5% such that

~ k ~
M((S}, f,t)) < Lip( f)%M(Sk) for all t ¢ Ej, . (6.14)

In particular, if we set E := |J,. E}, we have |E| < 2¢, and using (6.10) we see that
M((Sy, f,1)) < e 'Lip(f)k™'  forallt ¢ E.

Hence limy,_oo M((Sk, f,t)) = 0 for all t ¢ E. Since ¢ is arbitrary, this concludes the
proof. O
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REMARK 6.3. We are actually able to give a much shorter proof of Lemma 6.}(1),
provided one can prove that there exists an infegral current 7" such that T' =
T mod(p). Indeed, in this case, since T is integral the classical slicing formula gives

(T, f,t) =8 (TL{f < t}) — (T)L{f < t}.

On the other hand, the conditions 7' = T mod(p) and 8T~: OT = Z mod(p) imply
that there are rectifiable currents R and @ such that T'= T+ pR and Z = 0T 4 pQ,
and thus we deduce

(T, f,1) =0(TL{f <t}) = ZL{f <tp +p (=0 (RL{f <t}) + (R, [, 1) + QL{S < 1}) ,

as we wanted.

The existence of an integral representative in any integral class mod(p) is in fact
a very delicate question. If K is any given compact subset of R™*" then a class
[T] € Z%(K) does not necessarily have a representative in %, (K) when m > 2; see
[MS18, Proposition 4.10]. Positive answers have been given, instead, when m = 1
in the class .#,,(K) for any given compact K in [MS18, Theorem 4.5], and in any
dimension in the class |J -#m(K) in the remarkable work [Youl§].

7 Monotonicity formula and tangent cones

From Lemma 5.1 and the classical monotonicity formula for stationary varifolds, cf.
[All72] and [Sim83], we conclude directly the following corollary.

COROLLARY 7.1. Let T,% and Q0 = Bp be as in Assumption 4.1. Then, if q €
spt(T') N Q, the following monotonicity identity holds for every 0 < s <r < R —|q|:

—m —-m |($ B q)J-|2
r | T][(Br(g)) — s~ TN(Bs(q)) —/ T mig

d||T
B.(9)\Bs(q) |z — g|m+t2 1T ()

- / e / (x — q) - Fr(x) d|IT]|(z) dp, (7.1)
s B,(q)

where Y (x) denotes the component of the vector Y (z) orthogonal to the tangent
plane of T' at x (which is oriented by T'(x)). In particular:

C||As|lor ITI(B-(9))

W ™M

(i) There is a dimensional constant C'(m) such that the mapr — e
is monotone increasing.
(ii) The limit

o ITU(B (@)

rl0 wyr™

Or(q) :

exists and is finite at every point ¢ € Bp.
(iii) The map q — Or(q) is upper semicontinuous and it is a positive integer at
H™-a.e. q € spt(T). In particular spt(T) NBr = {©p > 1}.
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Next, we introduce the usual blow-up procedure to analyze tangent cones at
q € spt(T).
DEFINITION 7.2. Fix a point q € spt(T') and define

tgr(x) = a:;q Vr>0.

We denote by T, the currents
Tor = (tgr )T Vr>0.

Recalling Allard’s theory of stationary varifolds, we then know that, for every
sequence 7, | 0, a subsequence, not relabeled, of v(1y,,) converges locally to a
varifold C' which is a stationary cone in 7,3 (the tangent space to ¥ at ¢). Combined
with Proposition 5.2 we achieve the following corollary.

COROLLARY 7.3. Let T, Y. and Q2 = By, be as in Assumption 4.1, let q € spt(T) N2,
and let r; | 0. Then there is a subsequence, not relabeled, and a current Ty with the
following properties:

(i) ToLB, € Zn(1y%), 0Ty-B, = 0 mod(p) for every p > 0.
(ii) ToL B, is a representative mod(p) and is area minimizing mod(p) in B, N7T,3
for every p > 0.
(iii) Ty is a cone, namely (to,)3To = Ty for every r > 0.
(iv) For every p > 0 there is 7 > p and K D B, such that

Jim FR(T,, LB, ~ Tyl B,) =0.
—00

(v) If sptP(Ty) = spt(Tp) is contained in an m-dimensional plane my, then Ty =
Q [mo] for some Q € Z N[5, 5].

Before coming to its proof, let us state an important lemma which will be used
frequently during the rest of the paper. See [DPH14, Theorem 7.6] for a proof.

LEMMA 7.4 (Constancy Lemma). Assume m C R™" is an m-dimensional plane and
let Q C R™*™ be an open set such that QN7 is connected. Assume T' € Zp,(7) is a
current such that (OPT)_Q = 0. Finally let ¥ = vi A...Avy, for an orthonormal basis
U1,...,0m of m. Then there is a Q € Z N[5, 5] such that TLQ = QUH™ (2N )
mod(p).

Proof of Corollary 7.3. Note that (v) is an obvious consequence of the constancy
lemma and of (i). In order to prove the remaining statements, first extract a sub-
sequence such that Vj, = v(Ty,,,) converges to a stationary cone C' as above. Then
observe that for every j € N, using a classical Fubini argument and Lemma 6.1 we
find a radius p(j) € [j,7 + 1] such that

lin inf MP (DT, LB 5))) =l inf M((Tyr,, |- | 0(5)

< liminf [|T, r, | (Bj 1\ Bj) = wmOr(a)(( +1)" = ™).
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Thus we can find a subsequence to which we can apply the compactness Proposi-
tion 5.2. By a standard diagonal argument we can thus find a single subsequence
with the following properties:

(a) For each j there is a current 79 € %,,(T,%) such that

klirgo y%j+l (Tq,rk LBP(j) o T]) =0.
(b) Each TV is a representative mod(p) and v(17) = CLB,;).
(c) Each TV is area minimizing mod(p) in B,;).

Notice next that 77| B )= T mod(p) for every i < j. If we then define the current

p(i

Ty = ZTi LBy \ Bpgi—1)) 5
€N

with p(—1) := 0, then the latter satisfies the conclusions (i), (ii) and (iv).

In the remaining part of the proof we wish to show (iii), after possibly changing
Tp to another representative mod(p) of the same class.

To this aim, consider that, by standard regularity theory for stationary varifolds,
the closed set R = spt(C') is countably m-rectifiable, it is a cone with vertex at the
origin and ||C|| = ©¢(x)H™L R, where O¢ is the density of the varifold C. By the
monotonicity formula and v(7") = C' we have

Or,(7) = O¢().

If x is a point where the approximate tangent 7T, R exists, we then conclude easily
that, up to subsequences, we can apply the same argument above and find that
(T0)2,r, with 7, | O converges locally mod(p) to a current S satisfying the corre-
sponding conclusions:

(i) SLB, € Zn(1T,¥) and 0SLB, = 0 mod(p) for every p > 0.
(ii)” SLB, is a representative mod(p) and is area minimizing mod(p) in B, N T,%
for every p > 0.
(iv)” For every p > 0 there is > p and K D B, such that

klirn FE(T0)em LB — SLB,) =0.

However, for S we would additionally know that it is supported in T, R, which is
an m-dimensional plane. We then could apply the Constancy Lemma and conclude
that, if vy, ..., vy, is an orthonormal basis of T, R, then ©¢(x) € NN [1, ] and, for
any p > 0,

either SLB, =0O¢(x)vi A...ANvp, H"LT, RN B, mod(p)
or SLB,=-0¢(x)vi A...Nvp, H"LT, RN B, mod(p) .
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In particular we conclude that there is a Borel function ¢ : spt(C') = R — {—1,1}
such that
Ty =eOcTH™LR, (7.2)

where () is an orienting Borel unit m-vector for T, R. Clearly, since R is a cone, we
can choose ¥(z) with the additional property that ¥(z) = ¥(Az) for every positive
A. Also, since the varifold C' is a cone, the density ©¢ is 0-homogeneous as well.
Moreover, at all points x where ©c(x) = § we can arbitrarily set e(z) = 1, since
this would neither change the class mod(p), nor the fact that Tj is representative

mod(p).
Fix now a radius s > 0 such that the conclusions of Lemma 6.1 hold with
T =Ty, f=|], and ¢t = s, and consider the cone T" := (Tp, | - |, s) % {0}. Observe

that 9(T" — TyLBs) = 0 mod(p). We now make the following simple observation: if
Z € RBm(R™™) with spt(Z) compact is such that 9Z = 0 mod(p) in R™*", then
0(Z x {0}) = Z mod(p). The proof is in fact a simple consequence of the definition,

since 0Z = 0 mod(p) implies the existence of integer rectifiable currents Q,(Cl) and
Q,(f) and flat currents ) such that

07 = pQi + Q) + QY
and
M(QW) + M(QP) — 0.
Using the general formula 0(A x 0) = A — (0A) x 0 we then obtain
A(Z % 0) = Z —pQ, x 0 — QY x {0} + 9(QY x0) — Q7
which by
M(QL x {0} + Q) + M(QY % 0) — 0

implies that indeed 9(Z % 0) = Z mod(p).
We apply the above observation to Z = T' — Ty Bg. In that case we conclude
however that the cone

Z x0 is identically 0,

because it is an (m + 1)-dimensional rectifiable current supported in the countably
m-rectifiable set R. We thus must necessarily have that 7" — Ty By = 0 mod(p).
Applying the argument of the previous paragraph, we of course again conclude that

T =& 0cTH™_RNBy. (7.3)

Consider now, as above, a point € B; where the approximate tangent plane
to R exists. Then (T"),, converges, as r | 0, to &'(x) O¢(z) 0(x) H™ LT, R, whereas
(T0),r converges, asr | 0, to e(x) Oc(x) v(x) H™ LT, R. However the two limits must
be congruent mod(p) and, in case O¢(x) < L, this necessarily implies e(z) = £'(x).
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Fix now A > 0. Since T” is a cone and s is arbitrary, we conclude that for H™
a.e. v € RN{O¢c < §} we must necessarily have e(z) = &'(z) = ¢'(\z) = e(A\x).
On the other hand we already have e(x) = e(Ax) = 1 if O¢(x) = L. Hence we have
concluded that e(Az) = e(x) for H™-a.e. x € R. In particular (¢9)3To = To. The
arbitrariness of A\ implies now the desired conclusion (iii) and completes the proof
of the corollary. O

8 Strata and blow-up sequence

DEFINITION 8.1. (Q-points) For every @) € N\ {0}, we will let Dgo(T") denote the
points of density () of the current T, namely

Do(T) :={qe€Q: Or(q) =Q}.
We also set
Regq(T) := Reg(T) NDg(T) and Singg(T') := Sing(T') N Dg(T).
Theorem 1.7 is thus equivalent to

Theorem 8.2. Under Assumption 4.1, for every Q < & the set Sing)(T") has Haus-
dorff dimension at most m — 2.

Before proceeding, we need to recall the following definition.

DEFINITION 8.3. An integral m-varifold V is called a k-symmetric cone (where 0 <
k < m) if it can be written as the product of a k-dimensional plane passing through
the origin times an (m — k)-dimensional cone. The largest plane passing through the
origin such that the above holds is called the spine of V. If V is stationary, then the
standard stratification of V' is

S'cStc...csm, (8.1)
where
S* = {q € spt(V) : no tangent cone to V at q is (k + 1)-symmetric}. (8.2)

As a consequence of Corollary 7.3 and of the classical Almgren’s stratification
theorem, we have now the following

PRrROPOSITION 8.4. Let T, % and Q) be as in Assumption 4.1 and consider the set

Z=anspt(T)\  |J  Deo(T).
QEN\{0},Q<%

Then H™ '+ (Z) = 0 for every a > 0.
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Proof. By Lemma 5.1, the varifold V' = v(7T) is stationary in ¥ N €, thus we can
consider the stratification of V as in (8.1) and (8.2). If ¢ € 8™\ 8™ ! then there
is at least one tangent cone to V at ¢ which is supported in a flat plane mg. Then
there is a current Ty as in Corollary 7.3, obtained as a limit 7} ,, for an appropriate
ri | 0, which satisfies v(Tp) = V. Thus by the constancy lemma ©7,(0) = ©7(q)
must belong to [1, 5] N N. This implies that Z C 8™~ Our statement then follows
immediately from the well known fact that dimy Sk <k for every 0 < k<m. O

We shall also need the following elementary yet fundamental lemmas. Given
v € R™™ we will adopt the notation 7, := ¢, 1, so that 7,(z) := x — v.

LEMMA 8.5. Assume T € %,,,(R™") is an m-dimensional integer rectifiable current
such that 0T = Omod(p) and the associated varifold v(T') is a k-symmetric cone
with spine R¥ x {0} € R™*". Then

(1v)4T = T'mod(p) for every v € RF x {0}, (8.3)
and there exists an (m — k)-dimensional cone T" such that
T=[RF¥] xT'" mod(p). (8.4)

Furthermore, if T is a representative mod(p) then so is T'; in this case, v(T) =
v([R*] x T"), and v(T") has trivial spine. Finally, if T is locally area minimizing
mod(p), then so is T".

Proof. Write T' = [M, 7, 0], so that v(T') = v(M,|6]). Since v(T') is a k-symmetric
cone with spine R* x {0}, the locally H™-rectifiable set M is a cone which is invariant
with respect to R¥ x {0}, in the sense that there exists a locally H™F_rectifiable
set M’ c R™"=F such that M = R¥ x M’. Furthermore, || is a 0-homogeneous
function such that |6|(z+v) = |0|(x) for every v € R* x {0}. By the properties of M,
modulo changing the sign of 6, we can also assume that the orienting unit m-vector
field 7 is a 0-homogeneous function such that 7(x+v) = 7(z) for every v € R¥ x {0}.

Now, given two smooth and proper maps f,g: R™™ — R™™" and letting
h: [0,1] x R™*" — R™*" he the linear homotopy from f to g, namely the function
defined by

h(t, x) == (1 —t) f(z) +tg(z),
the homotopy formula (see [Sim83, Equation 26.22]) states that

95T — [T = Ohy([(0, )] x T') + hy([(0,1)] x OT). (8.5)
Since 0T = 0mod(p), (8.5) yields
9¢T — f;T = Ohy([(0, )] x T')  mod(p). (8.6)

Now, let v € R* x {0}, and apply (8.6) with

flx)== and g(z) =1y(x) =2 —v.
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We can compute, for any w € %14, (R x R™T7):
hs([(0, D] x T)(w) : = ([(0, D] x T)(h'w)
1
= [t [ttt ldhmlster A T@)) diT @)
0

/(ﬁ/ )0 AT(@)) T () =0,

where we have used that v € R¥ x {0}, T(z) € A (Tan(M,z)) at ||T||-ae. z, and
M is invariant with respect to R¥ x {0}. Using that w can be chosen arbitrarily, we
conclude (8.3) from (8.6).

Next, let p: R™+" — R™*" be the orthogonal projection operator onto R¥ x {0}.
Using standard properties of the slicing of integer rectifiable currents (see e.g. [Fed69,
Theorem 4.3.2(7)]) and (8.3), we can conclude then that

(10)4(T, P, 2 +v) = ((1)sT, P, 2) = (T, p,2) mod(p), (8.7)
for every z,v € R¥ x {0} such that the slices exist, or, equivalently, that
(T,p,2) = (Tw—2)4(T, p,w) mod(p) (8.8)

for every z,w € R¥ x {0} such that the slices exist. Fix z such that (7T, p, z) exists,
and let T € Zp—(R™T"F) be such that (T,p,z) = (7_.);7" after identifying
R™+7=F with {0} x R™*"~k_ Then, the current T := [R¥] x T satisfies

(T —T,p,z) =0 mod(p) for H*-a.e. z € R* x {0} . (8.9)

Observe that we may write

T=07H™_M, —0FH™LM, (8.10)

for a 0-homogeneous function 6 such that 5(3:4—1}) = 0(z) for every v € R¥ x {0}. Also
notice that, since M is invariant with respect to R* x {0} and p is the orthogonal
projection onto R¥ x {0}, if we identify R¥ x {0} with R¥ and if we set ¢ := p|,;,
then Jip¢(x) > 0 for H™-a.e. x € M, where Ji¢(z) is the k-dimensional Jacobian of
¢, defined by

Jed(x) = (det (dp(x) o dp(@)T))"*,  de(x): T,M — RF

at all points x € M such that T, M exists.

By the considerations above, the standard slicing theory of rectifiable currents
(see e.g. [Fed69, Theorem 4.3.8]) implies that for H*-a.e. z € R¥ x {0} the set
M, := M Np~L(z)is (m — k)-rectifiable and

(T,p,2) = [M., ¢, Oy ], (T\p.2) =M, (, 0 n (8.11)

z
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for a Borel measurable unit (m — k)-vector field { = ¢, which is uniquely determined
by 7 and d¢. If z € R¥ x {0} is such that both (8.9) and (8.11) hold, then

0(z) = 0(z) mod(p) at H™ F-ae. z € M, . (8.12)

By Fubini’s theorem, the conclusion in (8.12) holds at H™-a.e. z € M, so that (8.4)
follows from (8.10) and the definition of 7.

If T is a representative mod(p), then (T, p, z) is a representative mod(p) for H*-
a.e. 2 € R¥ x {0}, and thus we can choose z such that the corresponding 7" is a
representative mod(p). With this choice, T is a representative mod(p) as well, and
since (z) = 0(x) mod(p) for H™-a.e. z € M we deduce that

0(z) = e(z) 6(x) with e(x) € {—1,1}, for H™-a.e. z € M, (8.13)

where ¢(z) = 1 or [§(x)| = L. As a consequence, || = |§] H™L M-a.e., which in turn
implies that v(T') = v(T). The last conclusion of the lemma is elementary, and the
details of the proof are omitted.

O

LEMMA 8.6. Assume Ty € %, (R™") is an m-dimensional locally area minimizing
current mod(p) without boundary mod(p) which is a cone (in the sense of Corol-
lary 7.3 (iii)). Suppose, furthermore, that v(Tp) is (m — 1)-symmetric but not m-
symmetric (namely not flat). Then, ©(Tp,0) > £.

Proof. Let Ty = [M,7,0], so that v(Tp) = v(M,|0]). Since v(Tp) is (m — 1)-
symmetric but not m-symmetric, by Lemma 8.5 Ty = [« x T mod(p), where 7 is the
(m — 1)-dimensional spine of v(7Tj), and T{ is a one-dimensional cone which has no
boundary mod(p) and is locally area minimizing mod(p). Since O(Tj,0) = O(Tp,0),
we can reduce the proof of the lemma to the case when m = 1.

Thus we can assume that Ty = >, Q; [¢;], where ¢4, ...,y are pairwise distinct
oriented half lines in R™™ with the origin as common endpoint and the Q;’s are
integers. Without loss of generality we can assume that J[¢;] = — [0]. Observe
that

O(Tp,0) = % Z |Q

and that >, Q; = 0 mod(p) since T has no boundary mod(p). If >, Q; = 0, then
To would be an integral current without boundary, which in turn would have to be
area minimizing. But since T is by assumption not flat, this is not possible. Thus
>; Qi = kp for some nonzero integer k. This clearly implies

S71Qil > [klp > p.

which in turn yields ©(7p,0) > £. O
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We are now ready to state the starting point of our proof of Theorem 4.3 and
Theorem 8.2, which will be achieved by contradiction.

PROPOSITION 8.7 (Contradiction sequence). Assume Theorem 8.2 is false. Then
there are integers m,n > 1 and 2 < @ < g and reals o, > 0 with the follow-

ing property. There are

(i) T, ¥ and Q as in Assumption 4.1 such that 0 € Sing(T);
(ii) a sequence of radii ry, | 0 and an m-dimensional plane my such that v(Tp,,)
converges to V = QH™ L1y ® Or,;
(iil) limg oo HZ 2 (Do (Lo ) N B1) > 7.

If Theorem 4.3 is false then either there is a sequence as above or, for Q = &, there
is a sequence as above where (iii) is replaced by

(iii)s limg—o0o HZ (Do (Tor,) N B1) > 1.

Proof. Suppose first that Theorem 4.3 is false. Fix p € N\ {0,1}, and let m > 1
be the smallest integer for which the assertion of Theorem 4.3 is false. Observe that
m > 1. Fix thus a T, % and € satisfying Assumption 4.1 for which there is an o > 0
with H™~1+(Sing(7")) > 0. Then, by Proposition 8.4, there must be a @ € NN[1, 5]
such that H™ '+ (Sing (7)) > 0.

By [Sim83, Theorem 3.6], H™*®-a.e. point in Singg(T') has positive HZ1+o-
upper density: fix a point ¢ with this property, and assume, without loss of generality,
that ¢ = 0 and that (07')LB; = 0 mod(p). Then, there exists a sequence of radii ry,
such that r; | 0 as Kk — oo and such that

M1+ (Sing(T) 1 By, )

m—14+a
Tk

lim HI ' (Sing g (To,r,) N B1) = Jim

k—o00

>0. (8.14)

Moreover, we can assume that the sequence of stationary varifolds v (7., ) converges
to a stationary cone C' C TpX. Consider the compact sets {O7,, > Q} N By and
assume, without loss of generality, that they converge in the Hausdorff sense to a
compact set K. As it is well known, by the monotonicity formula for stationary
varifolds we must have O¢(q) > @ for every ¢ € K. On the other hand, this implies
that every point ¢ € K belongs to the spine of the cone C; see [Whi97]. In turn, by the
upper semicontinuity of the H” 1% measure with respect to Hausdorff convergence
of compact sets, we have

HZ (K > limsup HZ (Do (To,, ) N B1) > 0. (8.15)
k—o0
Recall that the spine of the cone C' is however a linear subspace of R™*", cf. again
[Whi97]. This implies in turn that C' must be supported in a plane, which completes
the proof under the assumption that Theorem 4.3 is false.
Now, let us suppose Theorem 8.2 is false. Then, we can find p,m,n and

Q < g, together with Q,%,7 as in Assumption 4.1, and « > 0 such that
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Hm72+a(SingQ(T)) > 0. Arguing as above, we can then find a point ¢ € Singq(T)
with positive H~2**upper density, and we can suppose, without loss of generality,
that ¢ = 0. Then, there is a sequence of radii r, with r; | 0 as K — oo such that:

e the blow-up sequence Ty ,, converges, in the sense of Corollary 7.3 (iv), to a
current Ty € %, (ToX) satisfying properties (i), (ii), and (iii) of Corollary 7.3;
limy oo H 2 (Sing o (To,r, ) N B1) > 0;

the sequence of varifolds v(7p,,) converges to a stationary cone C' in TpX;

C = V(T()).

the spine of C' is a linear subspace of TpY having dimension at least m — 1.

Now, if the spine of C' is (m — 1)-dimensional, then C' is (m — 1)-symmetric but
not flat, hence forcing ©(7p,0) > £ by Lemma 8.6, which is a contradiction to the
fact that 0 € Dg(T) with @ < &. Thus, C is supported in an m-dimensional plane,
and the proof is complete. O

Part 2. Approximation with multiple valued graphs

Following the blueprint of Almgren’s partial regularity theory for area minimizing
currents, we now wish to show that any area minimizing current modulo p can be
efficiently approximated, in a region where it is “sufficiently flat”, with the graph
of a multiple valued function which minimizes a suitably defined Dirichlet energy.
Suppose that, in the region of interest, the current is a @-fold cover of a given
m-plane 7, where @) € [1, g] The “classical” theory of Dir-minimizing Q-valued
functions as in [DLS11] is powerful enough to accomplish the task whenever Q < &
(which is always the case when p is odd). If p is even and @ = %, on the other hand,
Almgren’s Q-valued functions are not anymore the appropriate maps, and we will
need to work with the class of special multiple valued function defined in [DLHMS].

9 First Lipschitz approximation

From now on we denote by B,(z,7) the disk B,.(x) N (z+ ), where 7 is some linear
m-dimensional plane. The symbol C,(z, ), instead, will always denote the cylinder
B,.(x,7) x 7. If we omit the plane 7 we then assume that m = 7y := R™ x {0},
and the point x will be omitted when it is the origin. Let e; be the unit vectors in
the standard basis. We will regard mg as an oriented plane and we will denote by
7y the m-vector e; A ... A e, orienting it. We denote by p, and p: the orthogonal
projection operators onto, respectively, 7 and its orthogonal complement 7. If we
omit the subscript we then assume again that m = my.
We will make the following

Assumption 9.1. ¥ C R™*" is a C? submanifold of dimension m + 7 = m +n — [,
which is the graph of an entire function ¥ : R™*” — R! satisfying the bounds

||D\I’||0 < Co and A := HAEHO < co , (91)
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where ¢q is a positive (small) dimensional constant. T is a representative mod(p)
of dimension m with spt(7") C ¥ and which, for some open cylinder Cy,(z) (with
r < 1) and some positive integer @ < &, satisfies

piT = Q [By(x)Jmod(p) and (97)LCy,(x) = 0mod(p). (9.2)
We next define the following relevant quantities.

DEFINITION 9.2 (Excess measure). For a current T' as in Assumption 9.1 we define
the cylindrical excess E(T, Cy,(x)), the excess measure e and its density dp:

E(T, Cyr(z)) = wm(ir)m (IT[[(Car()) = Q|Bar(x)]) ,

er(A) = ||T||(A x R") — Q|A], for every Borel A C By, (7)

B; .
dr(y) := limsup L&i{» = limsup E(T', Cs(y)) .
s—0 WmS s—0
The subscript 7 will be omitted whenever it is clear from the context.
We define the height function of T' in the cylinder Cy,(x) by

h(T, Cyy(x),mp) := sup{]pl(q) - pJ‘(q')| :q,q € spt(T) N Cy(z)}.

REMARK 9.3. Note that, since T is a representative mod(p), we have ||T'|| = ||T|,,
where [|T|, denotes the Radon measure on R™*" defined by the mass mod(p).
However, it is false in general that ||ps7'||(A) = Q|A], since pyT" is not necessar-
ily a representative mod(p). The excess written above can thus be rewritten as
wd (1) (|T]p(Car (@) — DT, (Car(@)),  but  mot  as  wyl (4r)™
(1T (Car(x)) = ||PT|| (Car(x))), which is the standard cylindrical excess in the clas-
sical regularity theory for area minimizing currents. Of course, since ||py7|[, < ||psT|
as measures, this “excess mod(p)” is, in general, larger than the classical excess.
Observe also that, under the assumptions valid in the regularity theory for clas-
sical area minimizing currents, where the identities in (9.2) hold in the sense of
currents and not only mod(p), the cylindrical excess can be classically written as

1 1 -
o (A UTN(Car(x)) = P TN (Car(2))) = o (A /C4,.(a:)T — 7 dHT|(], |
9.3

see e.g. [KP08, Lemma 9.1.5]. The quantity appearing on the right-hand side of
(9.3) is the most flexible and natural in view of the forthcoming elliptic estimates.
Unfortunately, in our setting not only the identity in (9.3) is false, but we do not have
an integral representation of the excess mod(p) either. For these reasons, later on we
shall introduce a different notion of excess, called the nonoriented excess (see (13.2)),
which shares the structural features of the quantity on the right-hand side of (9.3).
The nonoriented excess and the excess mod(p) are then shown to be comparable in
appropriate smallness regimes in Theorem 16.1. Nonetheless, in the context of the
Lipschitz approximation we will work with the excess mod(p), because it is more
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suitable to the arguments involving slicing which are needed in the BV estimate of
Lemma 10.3.

DEFINITION 9.4. In general, given a measure p on a domain 2 C R™ we define its
noncentered maximal function as

my(y) := sup {W 1y € Bg(z2) C Q} .

m

If f is a locally Lebesgue integrable non-negative function, we denote by mf the
maximal function of the measure f.£™.

The first Lipschitz approximation is given by the following proposition, accord-
ing to which a representative mod(p) 7" as in Assumption 9.1 can be realized as
the graph of a Lipschitz continuous multiple valued function in regions where the
maximal function of its excess measure is suitably small. As already motivated, the
approximating function needs to be a special multi-valued function whenever p is
even and @ = §. Concerning special multi-valued functions, we will adopt the no-
tation introduced in [DLHMS]: in particular, the space of special @-points in R"
is denoted 75 (R"™), G, is the metric on it, and |S| := G4(S,Q [0]) if S € “H(R™).
Given a function u: Q — @/g(R™) (possibly classical, namely with target Ag(R")),
we will let Gr(u) and G,, denote the set-theoretic graph of u and the integer rectifi-
able current associated with it, respectively; see Section 2 and [DLHMS, Definition
4.1]. Also, we will let osc(u) denote the quantity

Gs(u(x), Qlal)ll L= (o) - (9-4)

osc(u) := inn]I{n llu© glllz=@ = inf

REMARK 9.5. The definition given in (9.4) for the quantity osc(u) is the special
multi-valued counterpart of the definition provided in [DLS14] for the Ag(R™)-valued
case. In [DLS16a], on the other hand, the following comparable definition for the
oscillation is used:

osco(u) :=sup{|v —w|: z,y € Q, v € spt(u(zx)), w € spt(u(y))} .

More precisely one has

%oscc(u) < osc(u) < /Qosco(u).

To see the first inequality, let z,y € Q and v € spt(u(z)), w € spt(u(y)); then, for
any g € R™ we have

[v—w| <v—ql+|w—ql <[ulx) ©ql+|uly) © gl <2[|luo qlllL= @)

Taking the infimum over all ¢ € R™ gives the claimed inequality. For the second
inequality, fix any arbitrary y € Q and ¢ € spt(u(y)). Then, for any x € 2 we have

lu(z) © q| < /Qosce(u).

Taking the supremum over all z € Q and afterwards the infimum in ¢ € spt(u(y))
gives the desired bound.
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PROPOSITION 9.6 (Lipschitz approximation). There exists a constant C = C
(m,n,Q) > 0 with the following properties. Let T and W be as in Assumption 9.1 in
the cylinder Cyq(x). Set E := E(T, Cys(x)), let 0 < 6 < 1 be such that 16ME < ¢,
and define

K = {mep <6} N Bsy(x).

Then, there is a Lipschitz map u defined on Bss(x) and taking either values in
Ag(R™), if @ < &, or in o/o(R"), if Q = &, for which the following facts hold.

(i) Gr(u) C

(ii) Lip(u) < C’( 67+ |D¥llo) and osc (u) < Ch(T, Cys(x), mo) + Cs|| D¥ |o.
(iil) Gy L(K x R™) =TL (K x R™) mod(p);
(iv) for ro =16 }/E /6 < 1 we have

B.(2)\ K| < % er({mer > 0} N Brira(e)) Vr<3s  (95)

We remark that in Proposition 9.6 we are not assuming that 7' is area minimiz-
ing modulo p. The proof of the proposition will require a suitable BV estimate for
O-dimensional slices mod(p), which is the content of the next section. This Jerrard-
Soner type estimate is in fact a delicate point of the present paper, since the approach
of [DLS14] (which relies on testing the current with a suitable class of differen-

tial m-forms) is unavailable in our setting, since Assumption 9.1 only guarantees
OT L Cys(z) = 0mod(p) and not 9T Cys(z) = 0.

10 A BYV estimate for slices modulo p

Recall that .7 (C') denotes the group of k-dimensional integral flat chains supported
in a closed set C'.

DEFINITION 10.1. We define the groups
X :={Z e %R"): Z=0S for some S € % (R")} ,
XP:={Z e FR"): Z =085+ pP for some S € #,(R"), P € F(R")} .
On X we define the distance function
dr (T, Tp) = F(T1 — Tp) := inf {M(S) : S € %1 (R") such that T\ — T, = S},
whereas on X? we set

dre(Th,T2) = FP(Ty — Tz) := inf {M(S) : S € %1 (R") such that Ty — T> = S + pP
for some P € Zo(R™)}.

REMARK 10.2. Note that the following properties are satisfied:
(i) both X and X? are subgroups of .%(R"), with X c X?;



C. DE LELLIS ET AL. GAFA

(i) X? = {T € Zo(R"): T = Smod(p) for some S € X}, the non-trivial inclu-
sion being a consequence of [MS18, Corollary 4.7]. Hence, the quotient groups
X/mod(p) and X?/mod(p) coincide and they are characterized by X/mod(p) =
XP?/mod(p) = XP, where

XP = {[T) € ZL(R") : T = dSmod(p) for some S € % (R")} ;
(i) for T € X (resp. T € XP), one has F(T) > .Z(T) ( resp. FP(T) > FP(T));
(iv) (X,dr) is a complete metric space; the pseudo-metric dz» induces a complete

metric space structure on the quotient X?, which we still denote d.z».

In the rest of the section we will use the theory of BV maps defined over Eu-
clidean domains and taking values in metric spaces, as established in Ambrosio’s
foundational paper [Amb90].

LEMMA 10.3. Assume T is a one-dimensional integer rectifiable current satisfying
Assumption 9.1 in Cy (that is, set m = 1, x = 0 and r = 1 in Assumption 9.1),
and let Ty be the slice (T, p,t) € Zo(R'™) for a.e. t € By =] — 4, 4[. Then, the map

O:te =] 4,4 [pﬁLTt} is in BV (J, X?), and moreover
|D®|(I)? < 2e7(I)|T|(I x R™)  for every Borel set I C .J. (10.1)

Proof. Let us first observe that since (07')..C4 = Omod(p) then by Lemma 6.1 for
a.e. t € J we have
Ty = 0 (T {p < t})mod(p), (10.2)

and thus ®(t) = [6pﬁl (T {p < t})} € XP. Fix now tg € J such that (10.2) holds.

Again by Lemma 6.1, for a.e. t €]tg, 4] we have ®(t)—P(ty) = [(f?pﬁl (T'((to,t) x R"))] .
So

FH(D(t) — B(to)) < M(pE (TL((t, 1) x R"))). (10.3)
Arguing analogously for the t € (—4,¢p) and integrating allows to conclude
4
/ dir (B(2), B(to)) dt < CM(TLCy), (10.4)
—4

which shows that ® € L'(J, XP).

Next, we pass to the proof of (10.1). Without loss of generality, assume I = (a, b)
to be an interval with a and b Lebesgue points for ®. It is a consequence of [Fed69,
Theorem 4.5.9] (see also [DPH12, Section 8.1]) that |D®|(/) equals the classical
essential variation essvar(®) given by

N
ess var(®) := sup { D dp(B(t), (ti1))t a<to <ty <.ty <b
=1

with #g,...,ty Lebesgue points for <I>}.
(10.5)
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Let to,...,tn beasin (10.5), and let e denote the constant unit 1-vector orienting
R x {0} C RY". Then, one has

> dee(B(t:), B(tio1)) = > FP(pi T, = pi Try ) < ZM(P?(TL((chti) x R"™)))

1=1 i=1

< / (T — (T, e)el d| T = / V1 (@ ez a)r]
IxXR™ IxXR™
<vi[ 1i-@ear)

IxXR"™
< VZ(ITIIT x R™) — [IpeTII(I x R™)2 (T[T x R™))*
< V2(er(D) 2 (|T|I(I x R™))Z,

where the first inequality has been deduced analogously to (10.3), and the last one
follows from ||py7’||, < ||psT| as measures. This shows (10.1) and concludes the

proof. O

11 Comparison between distances

Another delicate point in the proof of Proposition 9.6 is that Lemma 10.3 is not
powerful enough to guarantee the Lipschitz continuity of the approximating map wu.
To that aim, we shall need to combine the Jerrard-Soner type estimate (10.1) with
the result of Proposition 11.1 below.

Let @ and p be positive integers with @ < £, and fix any A, B € Ag(R"). Observe
that A, B € #,(R"). Furthermore, the flat chain A— B is an element of the subgroup
X of Definition 10.1, so that we can compute F(A — B). Next, let us consider the
flat chain A 4+ B. In the case when @Q = g, we claim that A + B € XP, so that we
can compute FP(A + B). Indeed, fix any z € R”, and let h,: (0,1) x R™ — R" be
the function defined by

h.(t,z) =z +t(x — 2).

Then, the cone over A+ B with vertex z, that is the 1-dimensional integral current
R given by

Ri=zx (A+ B) = (h)y([(0,1)] x (A + B))
satisfies
OR=A+B-2Q[z]=A+B—-p[7],
which proves our claim. Furthermore, the above argument also shows that
FP(A+B) <M(R)=F(A-Q [z]) + F(B—-Q [#])- (11.1)
Having this in mind, we extend the norm F to A 4+ B by setting

F(A+B):= inf {F(A= QD)+ F(B-Ql:D}  when Q=7

5. (112
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so that (11.1) implies that

FP(A+ B) < F(A+ B) for every A, B € Ag(R") when @ = p (11.3)

5
The following result holds.

PROPOSITION 11.1. Let p and Q be positive integers with Q < 5. Let A := 2?:1[[142]]
and B := Y% [Bi] in Ag(R™), and let o € {—1,1}. If
(a) either o =1,
(b) oro =—1and Q = §,
then
FP(A—oB)=F(A—o0B). (11.4)

The proof of Proposition 11.1 hinges upon a simple combinatorial argument.
However, in order not to divert attention away from the proof of Proposition 9.6,
we postpone it to “Appendix A”.

12 Proof of Proposition 9.6

Since the statement is scaling and translation invariant, there is no loss of generality
in assuming z = 0 and s = 1. Consider the slices T, := (T, p,x) € Zo(R™™") for
a.e. ¢ € R™ x {0} and use [Fed69, Theorem 4.3.2(2)] and [AFP00, Corollary 2.23]
to conclude that

M(T,) <ty TG )

r—0 W™

<mer(z)+Q forae. z. (12.1)

Now, since mer(x) < § < 1 for every x € K, we conclude that M(7,) < Q + 1
for a.e. x € K. On the other hand, setting M(z) := M(T}) for « € B4 we have the
simple inequality

M 2™ LBy = |l = IpeTl, = QL™ By, (12.2)
so that we deduce
M(T,) = M(z) > Q for a.e. x € By. (12.3)

From (12.1) and (12.3) we infer then that M(7,) = @ for a.e. x € K. Hence,
there are @ functions g;: K — R™ such that pﬁLTx = ZZQ:1 oi(x) [gi(z)] for a.e.
x € K, with o;(z) € {—1,1}. In fact, since ||pT'|| > Q £ By, the values of o;(x),
for fixed x, are independent of i, and thus pﬁLTJ; =o(x) Z?:l [gi(x)]. Furthermore,
since py7" = Q[B4] mod(p), it has to be o(z)Q = Q mod(p) as integers. We therefore
have to distinguish between two cases:
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(A) Q@ < £. In this case, the condition o(2)Q = Q mod(p) is satisfied if and

only if o(z) = 1. Hence, the functions g; allow to define a measurable map
g: K — Ag(R™) by setting

Q
g9(x) ==Y [ai(@)].
i=1

(B) @ = £. In this case, any measurable choice of o: K — {—1,1} would satisfy
the condition o(x)@Q = @ mod(p). On the other hand

Q
g(x) = (Z[[gz'(fv)]], 0(@"))
i=1

defines a measurable function g: K — ag(R").

12.1 Lipschitz estimate. Fixje{l,...,m}, and let p;: R™™ — R™ ! be the
orthogonal projection onto the (m—1)-plane given by span(er, ..., ej—1,€j4+1,...,€m).
For almost every z € R™~! consider the one-dimensional slice T = (T, pj,2), and
observe that

M(T?)dz < M(T).
Rm—l

Observe that TY satisfies Assumption 9.1 with m = 1 for a.e. z. Let now p; be
the orthogonal projection p;: R™™™ — span(e;), and for almost every ¢t € R let

(Tg) = <sz,pj,t>. By Lemma 10.3, the map Pt ptil (Tg) is BV(R, XP),
t t

and moreover
|D®I|(I)? < 2er; (D||T?||(I x R™)  for every Borel set I C By Nspan(e;). (12.4)
Now, observe that

®I(t) =py (TY), = py (T.D;.2),p;.t) = (—1)" I pg (T, p, z(j, 2, 1))
= (_1)m7]p§_Tx(j,z,t)a

where z(j, z,t) == (21,...,2j-1,t, Zj+1, - . ., Z2m) € R™. By [DPH12, formula (79)], we
can therefore conclude that the map ¢: z € R™ — pﬁLT » isin BV (R™, XP). Further-
more, if for every Borel set A C By, for every j € {1,...,m}
and for every z = (21,...,2j-1,2j41,---,2m) € R™ 1 we denote
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AL = {teR: (21,...,2j-1,t, 2j41,- -, 2m) € A}, we have

|ID®D|(A <Z/ |D®I|(AL) dz

"< fZ/lRm_l (ers (AD)F (IT2](A x RM)? da .

< fz </ e j)dz>2 (/ I1T7](Ad x R")dz>2
Rm— 1 ]Rmfl
< \fm (er(A))= (IT]|(A x R™))= .
Thus, from the definition of excess measure modulo p we deduce

|DD|(B,(y))* < 2m*er (B, (y)) (Q|B,(y)| + er(B.(y))),

for any B,(y) C By. Hence, if we define the maximal function

m|DP|(x) :=  sup |D‘11|3(B7"(y)),
2€B, (y)CBy ‘ T(y)’

we can conclude that
(m|D®|(z))? < 2m? (Qmer(z) + (meT(x))Z) < C§ forevery z € K.
By [AKO00, Lemma 7.3], one immediately obtains
FP(D(z) — ®(y)) < C6'P|lz —y| for every z,y € K Lebesgue point of ®.

On the other hand, for a.e. z € K we can regard ®(z) = g(z) € Ag(R") if @ < & or
®(x) = o(x)go(x) with o(x) € {—1,1} and go(z) € Ag(R") if @ = §. In any case,
Proposition 11.1 implies that in fact

F(®(x) — B(y)) < C67P|z —y| for every x,y € K Lebesgue point of ®.

Now, first consider the case @ < §. Writing ®(-) = g(-), we observe that

1/
Flg(@) — 9(y)) = min Zlgz ~ 9o()(y)| = min (Z 19:(2) = 9o )!2>
=G(g(x )7 (¥)),

where Pg denotes the group of permutations of {1,...,Q}.
If @ = &, instead, we have ®(-) = o(-)go(-). If o(z) = o(y), then the same
computation produces

Fla(@)go(z) = a(y)g0(y)) = G(90(2), 90(y)) = Gs(9(2), 9(y))-
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If, on the other hand, o(z) # o(y), and to fix the ideas say that o(z) = 1 and
o(y) = —1, then

Flgo() +90(y)) : = inf {F(go(x) — QD) + Flao(y) — Q1))
> inf {G(g0(2), QD) + Gg0(v), QL=])}
> inf (G(g0(x), QL2])* + G(90(v), QLD .
Now observe that

G(go(x), Q[2])* + G(90(v), QI=])?
= |go(z) ©m o go(2)]* + |go(y) ©m o go(y)> + Qlm o go(x) — 2> + Qm o go(y) — 21>

Thus

inf (g(QO(-x)) Q[[ZH)Q + g(QO(ZJ)? Q[[z]DQ)

zER"

= Jao(a) 0 90(x)” + laou) &m0 90w+ Ll o) ~ 1 © golu)
> SGa(90(), 90(0))*.

This shows that g € Lip(K, Ag(R")) (resp. g € Lip(K, #5(R"™)) with Lip(g) <
'

12.2 Conclusion. Next, in case Q < §, write
g(x) = [(hi(@), U (x, hi(x)))].

Obviously, z +— h(z) := > [hi(z)] € Ag(R™) is a Lipschitz map on K with Lipschitz
constant < C'§'/2. Recalling [DLS11, Theorem 1.7], we can extend it to a map h €
Lip(Bs, Ag(R")) satisfying Lip(h) < C' 6"/ (for a possibly larger C') and osc (h) <
Cosc (h). Finally, set

The same computations of [DLS14, Section 3.2] then show the Lipschitz and the
oscillation bound in Claim (ii) of the Proposition.

For Q = § we argue analogously, using this time the Extension Corollary [DLHMS,
Corollary 5.3] in place of [DLS11, Theorem 1.7].

Note that the points (i) and (iii) of the proposition are obvious by construction.
Next observe that, since mer is lower semicontinuous, K is obviously closed. Let
U := {mer > d} be its complement. Fix r < 3 and for every point x € U N B,
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consider a ball B* of radius r(z) which contains x and satisfies ep(B*) > dwp,r(z)™.
Since ep(B?*) < E we obviously have

(x) < ”{/—E <rg<l1
r\xr T .
Wm0 0

Now, by the definition of the maximal function it follows clearly that B* C UNBy4y,.
In turn, by the 5r covering theorem we can select countably many pairwise disjoint
B% such that the corresponding concentric balls B* with radii 5r(z;) cover U N B,..
Then we get

UNB,| < 5memr(xi)m < % ZeT(B‘“) < %GT(UO Brir,) -

This shows claim (iv) of the proposition and completes the proof.

13 First harmonic approximation

REMARK 13.1. (Good system of coordinates) Let T be as in Assumption 9.1 in the
cylinder Cy, (). If the excess E = E(T, Cy,(z)) is smaller than a geometric constant,
then without loss of generality we can assume that the function ¥: R™+" — R!
parametrizing the manifold ¥ satisfies ¥(0) = 0, |D¥|o < C(E'? + rA) and
| D?¥||p < CA. This can be shown using a small variation of the argument outlined
in [DLS14, Remark 2.5]. First of all, as anticipated in Remark 9.3, we introduce a
suitable notion of nonoriented excess. Given the plane my we consider the m-vector
7o of mass 1 which gives the standard orientation to it. We then let

I T(y) = molno = min{|T(y) — 7ol IT(y) + Tol} , (13.1)

where | - | is the norm associated to the standard inner product on the space A, (R™*")
of m-vectors in R, and define

B"(T. Car(w) = g | T =mlodiTlw). 032)

Consider next the orthogonal projection p : R™™ — m and the corresponding
slices (T, p,y) with y € By,(x). For a.e. y, such a slice is an integral 0-dimensional
current and we let M(y) € N be its mass. Once again (cf. (12.2)), we observe that
under the Assumption 9.1 we have

M.Z™L By (@) > [pT] 2 Ip Ty = Q2™ L Bus(a).
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Thus, an elementary computation gives

E"(T, Cp(2)) = ———— <\|T||<c4r<x>> - /

Wi (47)™ Bun(2)

< W (IT1(Can(@)) — 1T II(Car()))

< — 5 (IT1(Care) — [Tl (Car())

=E(T,Cy-(z)) = FE.

M(y) dy)

A

At this point we find clearly a point ¢ € spt(7") N Cy,(z) such that
min{|T(q) — 7o, |T'(q) — (~70)[} < CE'
and we can proceed with the very same argument of [DLS14, Remark 3.5].

DEFINITION 13.2 (ES-Lipschitz approximation). Let 3 € (O, ﬁ), let T be as in
Proposition 9.6 such that 32F = < 1. Ifthe coordinates are fixed as in Remark 13.1,
then the Lipschitz approximation of T provided by Proposition 9.6 corresponding

to the choice § = E*5 will be called the E°-Lipschitz approximation of T in Cz(z).

In the following theorem, we show that the minimality assumption on the current
T and the smallness of the excess imply that the E°-Lipschitz approximation of T
in Css(z) is close to a Dirichlet minimizer h, and we quantify the distance between
u and h in terms of the excess.

Theorem 13.3. For every n, > 0 and every 3 € (0, 5 there exist constants e, > 0
and C' > 0 with the following property. Let T and ¥V be as in Assumption 9.1 in the
cylinder Cys(x), and assume that T is area minimizing mod(p) in there. Let u be
the EP-Lipschitz approximation of T' in Bss(z), and let K be the set satisfying all
the properties of Proposition 9.6 for § = E??. If E < ¢, and sA < s*E%, then

er(Bssjo \ K) < nuEs™, (13.3)

and
Dir(u, Bas(z) \ K) < Cn.Es™. (13.4)

Moreover, there exists a map h defined on Bss(x) and taking either values in Ag(R"),
if Q@ < %, or in @g(R"), if Q = &, for which the following facts hold:

((13 h(z) = (h(z), ¥(x, h(z)) with h Dirichlet minimizing;

[ Guwhp+ [ (Dl |DAP < nESm (139)
Bas(z) Ba.(z)

/ |ID(nou)—D(noh)|? < n.Es™. (13.6)
By, (z)
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REMARK 13.4. There exists a dimensional constant ¢ such that, if £ < ¢ and sA <
E'2, then the EP-Lipschitz approximation u of T in Css(x) satisfies:

Lip(u) < CE” | (13.7)
Dir(u, Bss(x)) < CEs™. (13.8)

Equation (13.7) follows from property (ii) of the Lipschitz approximation in
Proposition 9.6, the choice of § = E??, and the scaling of A. The estimate in
(13.8), instead, is a consequence of the Taylor expansion of the mass of multiple
valued graphs deduced in [DLHMS, Corollary 13.2]. Indeed, the remainder term in
equation [DLHMS, Equation (13.5)] can be estimated by

_ 1
/ " Ru(Dui) < C / \Dul* < € E? Dir(u, Byy(2)) < - Dir(u, Bys(x))
33( ) i 35( )
for suitably small E. Hence, [DLHMS, Equation (13.5)] yields

IDir(u, Bsy(1)) < [1Gul(Csa(e) — Qo (35)™
< (IT[[(Css(2)) = Qum(3s)™) + [|Gull((Bss(z) \ K) x R")
< wmE(35)" + CE? |Bsy(z) \ K| < CEs™
by property (iv) in Proposition 9.6.

Proof. Let us first observe that (13.3) implies (13.4): indeed, the estimate (9.5)
implies:

Dit(u, Bay(@) \ K) < Lip(u)*| Bas(a) \ K| < Cer(Bs, (@) \ K).
Then, note that we can embed Ag(R™) naturally and isometrically into .y (R"™)
using the map 7' € AQ(R") — (T,1). Hence, without loss of generality we may

assume that u takes values in o7y (R™). Furthermore, each Lipschitz approximation
is of the form u(z) = (u(z), ¥(z,u)) with u taking values in o/, (R™).

Finally, since the statement is scale invariant we may assume x = 0 and s = 1.

We will now show the following.

Given any sequence of currents T} supported in manifolds ¥ = Gr(¥) and
corresponding Lipschitz approximations wuj satisfying all the assumptions in B3 with

Ep —0 and Ak:O(Eké) as k — oo,
then the following conclusions hold:
(i)
eTk_(Bg \ Ki) = o(Eg).
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(ii) One of the following holds true: either there is a single Dirichlet minimzing
map h € W12(Bs, o5 (R")) such that

_1 _ _1 N2 5
/ Go(E, iy, h)? + (Ek * | Dig| — |Dh\> =o()  foralls<;
B,
or there are Dirichlet minimizing maps h; € W'*(Bs, Ag,(R™) with j =

1,...,J, Ej Q; = @, and sequences {yjlk}keN € R”™ such that if we consider
the sequence of maps in W?(Bs, #(R™)) given by

= Y lyjn © 1yl 0
J
with o € {—1,1} fixed we have
_1 _ _ 1 _ 2 5
/ gs(Ek QQk,hk)Q + (Ek 2 |Dﬂk’ - |th|) = 0(1) for all s < 5
B,

For sufficiently large k£ the conclusion of the Theorem therefore holds, since we can
replace in point (ii) 4 by uj and hy by hy = (ﬁk,Ek_E\I/k(-,E,fﬁk)). This can be
seen as follows. Recall that by remark 13.1, we have ||[DW||, + HDQ\IIkHO = O(E}).

As a first step, we may replace in (i) (E, ?|Dug| — |Dh|)? by |E, '|Dug|? — |Dh|?|.
Indeed, for any sequence of non-negative measurable functions ag, by we have

/|ak —b? < /Iai — by = /|ak+bkz| la, — b
<2 (/!bk|2> </|ak: —bk|2> +/|ak—bk|2§

hence ||ay — bi||, = o(1) if and only if H(ak)2 - (bk)QH1 = o(1). Thus it remains to

show that £, ' [, ‘|D\I’k(',ak)’2 — |D(-, B2 hy)[?

is 0o(1). We compute explicitly:

Q . 1 _ .
SB[ [IDw ) - D B R
i=1 Bs

Q
= ZE,;l/ ||De W (-, @) + Dy ¥(x, ay,) D, |
B

=1

1_ . 1_ . .
~ DoV (-, EZ hL) + D, W(x, EF hiy) E* DRy J?

Q ) 1.
<> [ B It - Do R
i=1" Bs

_1 _1 . . _ 1 . 1 .
4 B 20k w) (E Hpa+ | E,:1|Daz|2) B AR w) (|Dh2| + [ B \th) ,

s s
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where the measurable functions C7 w(x), j = 1,2, consist of a product of two first
derivatives of Wy, and hence HCJH = O(Ey)). Since E;. Dlr(uk,B ), Dir(hy, B )

are uniformly bounded by (13.8), the last two integrals are o(1).
The remaining term can be estimated by

3

s =1

1 _ .
Do Wk (-, @))|* — | Do (-, By iy )|

1 . 1_ .

1_ .
/ZE ‘D Ui (, k) + Do Ws(-, B2 RL)
B

s 4=1

gc/ Ek_%||D\I/k|\0\]D2\I/kHOgS(E;%ﬁk,Bk):o(l).
B

13.1 Construction of the maps h or hj. Let ¢ be the isometry defined in
[DLHMS, Proposition 2.6], and define (v, wg,mo ) = ¢ o ux. As in [DLHMS,
Definition 2.7], we set

BY i={z¢c Bs : 0k = |af ©noiuy| >0} and
BY = {x € Bs: |wy| = |, © oyl >0}
We distinguish if the limit
lim sup min{|BY |, |B* |} =: b

k—oo

satisfies b > 0 or b = 0.
Case b > 0 : After translating the currents T}, vertically we may assume without
loss of generality that st noup = 0 for all k. Since both ¥, and w; vanish on sets

of measure at least b > 0,2 we claim that there exists a constant C' = C}, such that
/ ’ﬁk‘2 <CyE. (13.9)
Bs

Indeed, observe that the classical Poincaré inequality gives

/|uk|2:/ \Uk9770uk|2+Q/ Im o |
B% Bs B%

2

=/‘mﬁ+/1mﬁ+Q/|mmﬁ
Bs B% B%

<Cy [ D+ Gy [ |DlanlP+Cy [ 1Dnoaf < Gy Dirta, By).
Bs Bs Bs

[S5;

which implies (13.9) again by (13.8).
Modulo passing to an appropriate subsequence, we therefore have that

1

E;E”ﬁk — h
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weakly in W1’2(B%, o(R™)).

Case b = 0 : We assume that |B* | — 0, the other case being equivalent. Consider
the map @ in WI’Q(BE,AQ(RE)). When needed, we may identify ;" with (@, 1)
taking values in @7 (R™). We note that

Dir(a; , Bs) < C Dir(y, Bs) < CEy;

5
2

Gs(ug, a)f)? = /Bk\ﬂ,; omnowl? < |BEITE (/Bk\ﬁ;; 9"70%\2*)

< C|B* "= B = o(Ey).

We used in the last line Poincaré’s inequality for i, that is vanishing on a set
of uniformly positive measure. Now we can apply the concentration compactness
1

Bs
2

lemma, [DLS14, Proposition 4.3], to the sequence Ek_ Ea; and deduce the existence
of translating sheets

hie = Ty @ hy]
J

with maps h; € W'?(Bs, Ag,(R™)) and points y;, € R™ such that the following
properties are satisfied:

} gs(Ek_Ea;,l‘zk)HQ —0, (13.10)
lim inf / E ' Du)f? —/ |Dhy|? | >0, (13.11)
k—o0 B3Nk, By
1 ~ \2 _
limsup/ (Ek | D | — |th|) < lim sup (E,;lDir(ag,Bg) —Dir(hk,Bg)) .
k—o0 B% k—o0 2 2
(13.12)

13.2 Lipschitz approximation of the competitors to h and h;j. Wefix a
radius s < %

To be able to interpolate later between h (h;) and % and similarly between the
currents 73 and G, , by using a Fubini type argument we may fix s < ¢t < % such
that for some C' > 0 depending on % — s we have

E *a ,h)? _
limsup/ Gil kluk ) 5 + B, ' Dug|* + |Dh|* < C in case b >0,
k—oo JOB, Qs(Ek_Eakﬁ)H
2

(13.13)

By, ) .
limsup/ 2 kluk ) 5 + B, | Dug|* + [Dhy|? < C in case b =10,

(13.14)
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M (T}, — G, , f 1)) < OMP((Ty — Gy,)_C3) < CE, 7, (13.15)

where, in (13.15), f is the function defined by f(y, 2) := |y| for (y, z) € 7o x 7. Also,
in (13.14) we identified as before hy with the map (hy, 1) taking values in o7 (R™)
and used (13.10); in (13.15) we used the conclusions of Proposition 9.6 as well as
the Taylor expansion in [DLHMS, Equation (13.5)].

Now let us fix an arbitrary € > 0.

Case b > 0: Given any competitor ¢ € W12(Bs, o5 (R")) to h that agrees with h
outside of By, we may apply the Lipschitz appronimation Lemma for special multi-
valued maps [DLHMS, Lemma 5.5] to h and ¢ in order to obtain Lipschitz continuous
maps h¢ and ¢ for which the inequalities [DLHMS, Equations (5.20) & (5.21)] hold
true with €2 in place of €.

Case b = 0: We apply the same procedure as in the case of b > 0. Given
competitors ¢; € WH%(Bs, o (R™)) to h; that agree with h; outside of By we
may apply the Lipschitz af)proximation lemma to each h; and ¢; in order to obtain
Lipschitz continuous maps hj and ¢} such that the inequalities [DLHMS, Equations
(5.20) & (5.21)] hold true with €? in place of . Furthermore we define

hg=> [yn@hs],
J

Gr = Z [[ijC D cﬂ] .
J

13.3 Interpolating functions. The argument below does not distinguish be-
tween the cases b > 0,b = 0. To handle them simultaneously, we just consider the
trivial sequence hy = h in the case when b > 0.

For each k we fix now an interpolating map ¢ € W12(B; \ B(i_ey, @o(R™)) by
means of Luckhaus’ Lemma [DLHMS, Lemma 5.4] such that

or(x) = E,;%ﬂk(a:) and ¢i((1 —¢)x) = A5 (z) for all z € OBy,

—1) s = C 1
[ apscs([ mliougioie)+ S [ o nm
B\Bu o)t OB, e Jom,

Observe that by our choice of the Lipschitz approximation Bi we have

/ | D |* < Ce for large k (depending on €) . (13.16)
B\B(1-e)t

Moreover, observe that, by construction, lim sup;_, Lip(ﬁi) < Cf, where C7 is
a constant depending on € but independent of k. Also, again for large values of k
(depending on our fixed ¢):

Go(Ey g, hi) <C

Lo (8By)
<Ce+CETP40r.

+ CLip(E; ?ux) + C Lip(h§)

(B Py, b
Gs(Ey, "k, hy) L2(0By)
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Hence, from [DLHMS, Equation (5.19)] we conclude that
Lip(pp) < C.EL -+ Cc. < C. BT, (13.17)

where the last inequality is a consequence of the fact that Elf L oask T 0.

In particular we can define competitors to E,; 2%y, on B; by

talz) = { or(x for (1 —e)t < |z| <t,
R G(1%) for |z| < (1 —e)t.

We observe that by our construction we have

liminf B 'Dir(ay, B: N Ky,) — Dir(éy, By) > ZDH‘ hj, By) — Dir(cj, By) | — Ce.

k—oo

(13.18)
We have used (13.11), the closeness of the Dirichlet energies of ¢; and ¢; and (13.16).
As we have seen in the calculations below point (ii) above, we can use the fact that

| D%, + HD2\IIkHO = O(E}) to pass to uy and wy = (Efég, Ui+, Ef ¢)) still
satisfying

lim inf ) U (Dir(uy, By N K}) — Dir(wy, By)) ZDlr hj, By) — Dir(cj, By) | —Ce.

k—o0

(13.19)

13.4 Interpolating Currents. By our choice of ¢, (13.15), and the fact that
the boundary operator commutes with slicing we have

8p<Tk’ - Gumfvt> =0

Using [Fed69, (4.2.10)”], we can fix an isoperimetric filling Sy, which can be assumed
to be representative mod(p), such that

and

m(1—-28)

M(Sg) = MP(S;) < CMP((Ty, — Gy, f,t)) 1< CE, """ =o(Ey)

by the choice of 3.
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13.5 Dirichlet minimality. @ We can now finally define a competitor to T} by
Zy =T L(Cy \ Cy) + Sk + G, -
Observe that, by the hypotheses on T}, Lemma 6.1, and the choice of Sy, we have
OZy = —[(Ti, [, )] + [Tk — Guy, [, 0)] + (G, £,8)] = 0.

Let us observe that by construction, and using once again the Taylor expansion of
the mass of a special multi-valued graph [DLHMS, Equation (13.5)], we compute:

1.
er, (Bt) - §D1r(uk, BN Kk) =er, (Bt \ Kk) + O(Ek) ,
1., 1.
ez (Bt) — iDlr(wk,Bt) < M(S) +eg,, (Bt) — iDlr(wk, By) < o(FEy),

where in the last equality we have used that Dir(wy, B;) = O(E})) whereas Lip(wy,) <
C. E,f , so that

1 _ .
°G., — g Pir(wy, Br) = / > Ru(Dwj) < CEM = o(Ey) ask T oo

By minimality of T} in C3 we then have
0 > M(T;L Cs) — M(Z;;LC3)
= eTk(Bt) — ez, (Bt)

| .
> 3 (Dir(ug, By N K}) — Dir(wg, By)) + er, (Bt \ Ki) — o(Ey) -

Hence dividing by Fj and taking the limsup as kK — oo we deduce by (13.19)

k—o0

1
0> > Dir(hy, Bi) — Dir(c;, B) | + limsup B e, (B \ Ky).
j

Since ¢ is arbitrary:

(i) Choosing ¢; = hj, we see that limsup;,_, ., E,;leTk (B:\ Ki) = 0.

(ii) By the arbitrariness of ¢; we conclude the Dirichlet minimality of h;. After-
wards by (13.11) we deduce that lim sup;,_ . B} ' Dir(uy, BiNK;)—Dir(hy, By) =
0. In combination with (13.12) we obtain the second part of (ii), thus complet-
ing the proof. O
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14 Improved excess estimate and higher integrability

So far, Proposition 9.6 and Theorem 13.3 have shown that if 7" is as in Assump-
tion 9.1 then there is a Lipschitz continuous multiple valued function (possibly spe-
cial, in case p is an even integer and Q = §) whose graph coincides with the current in
a region where the excess measure is suitably small in a uniform sense; furthermore,
if T is also area minimizing mod(p) then such an approximating Lipschitz multiple
valued function is almost Dirichlet minimizing, and both the Dirichlet energy of the
approximating function and the excess of the original current in the “bad region”
decay faster than the excess. The goal of this section is to exploit the closeness of
the Lipschitz approximation to a Dir-minimizer in order to deduce extra information
concerning the behavior of the excess measure of 7. We begin observing that the
classical result on the higher integrability of the gradient of a harmonic function
extends not only to classical multiple valued functions, as it is shown in [DLS14,
Theorem 6.1], but also to special multiple valued functions.

Theorem 14.1. There exists p > 2 such that for every ' € Q C R™ open domains,
there is a constant C' > 0 such that

| Dull oy < C||Dul| 2 for every Dir-minimizing u € Wh2(Q, o (R™)).

Proof. The proof is the very same presented in [DLS14, Theorem 6.1]: one only has
to replace the Almgren embedding & for Ag(R™) used in there with the new version
of the Almgren embedding ¢ for <75 (R™) introduced in [DLHMS, Theorem 5.1]. [

As a direct corollary of the first harmonic approximation and the higher integra-
bility of the gradient we obtain the following result.

COROLLARY 14.2. For every n > 0 there exist an € > 0 and a constant C' > 0 with
the property that, if T satisfies Assumption 9.1 and is area minimzing mod(p) in the
cylinder Cy,(x) with E < ¢ then for every A C By with |AN Bs| < ¢|Bs| we have

er(A) < (nE + CA?s?) s™, (14.1)

Proof. By scaling and translating we may assume without loss of generality that
rz=0and s = 1. We fix 0 = ﬁ and 1. > 0 to be determined below. Now let
gx = €«(08,m«) taken from Theorem 13.3. We distinguish the following two cases:
either A < e, FB zor A > e B :. In the latter case the inequality holds trivially with

C = ;2 because
er(A) < E <e %A%

In the first case, we can apply the first harmonic approximation, Theorem 13.3. Now
let h(xz) = (h(x), ¥(x, h(x))), with h Dirichlet minimizing, the associated map as in
(). By (13.3) we directly conclude that

er(A\ K) <n.FE, (14.2)
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where K is, as usual, the “good set” for the E°-Lipschitz approximation of T in Cs

as in Proposition 9.6. In order to estimate the er measure of the portion of A inside
K, we observe that

eT(AﬂK)—%/A \Dh?
NK

egu(AﬂK)—%/A \Dh|?
NK

<

1 1
n

=1+11I.

/ |Duf® — | Dh[?
ANK

The first addendum can be bounded by the Taylor expansion of mass by

I < C'Lip(u)? / |Du)? < CEY25,
ANK

the second can be estimated using (13.5) and |Du|? — |Dh|? = (|Du| + |Dh|)(|Du| —
| Dh[) by

I1<cC </ |Dul? + \Dh!2> ’ </ (|Du| — |Dhy)2> < OnZE.
ANK ANK

Recall that A < e,E> implies that | D¥|| < C E=. Hence we have

/ |Dh/? :/ |Dh|? + | D, % (x, h) + Dy, ¥ (x, h)Dh|?
ANK ANK
§(1+CE)/ |DR|> + CE|ANK|.
ANK

Using the higher integrability for Dirichlet minimizers we can estimate further
[ 1o <jankt = ([ pir)’
ANK ANK
<ClAN Kyli/ IDh2 < ClANK|' 7 E.
B,
Collecting all the estimates we get in conclusion

eT(A) S eT(A \ K) +

1
er(ANK) — 2/AOK|Dh|2

< (n* +CE® +Cnz +CJAN K\l—%> E.

1
+/ |Dh/?
2 Jank

Hence, the estimate in (14.1) follows also in this case after suitably choosing ¢ and
7+ depending on 7. O
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For the following proof, we introduce the centered maximal function for a general
radon measure p on R™ by setting

B;
m.p(x) := sup m
s>0 W 8™

Observe that one has the straightforward comparison between the centered and
non-centered maximal functions

m.p(z) < mp(z) < 27" mep(w).

Although the two quantities are therefore comparable, we decided to work for this

proof with the centered version since in our opinion the geometric idea becomes

more easily accessible. Furthermore we note that since the map = +— % is

lower semicontinuous,  — m.u(x) is lower semicontinuous as it is the supremum
of a family of lower semicontinuous functions.

Theorem 14.3. There exist constants 0 < g < 1, C',e > 0 with the following prop-
erty. If T' is area minimzing mod(p) in the cylinder C4 and satisfies Assumption 9.1
with F < ¢ then

/ (min{m.e, 1})? de < CeCA" B9, (14.3)

2

In particular this implies the following estimate
/ (me)?de < CeCA B,
Bzﬁ{mceﬁl}

REMARK 14.4. Observe that the excess measure e can be decomposed as
e = d$m+esinga

where Z™ denotes the Lebesgue measure in R™, e,y L Z™ and d is the excess
density as in Definition 9.2. Since d(z) < m.e(z) for every x € By, we have

/Bz(min{mce,l})q de > /Bz(min{d,l})qde > /z(min{d,l})qddag,

so that formula (14.3) in particular implies the following higher integrability of the
excess density:

/ d'Tde < CeCA BT < OB (14.4)
{d<1}NB,

Proof. Let us first observe that given any measure p on R™ we have that, for any

fixed » > 0 and t > 0, if
MBs@f))§<3> ¢ Vs> dr,

Wy 8™ 4 -
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then for some constant C' depending on m we have

C t
B0 s () > 0 < S (Bt 0 {ysmant) > 1) (149)
This can be seen as follows: we first note that for y € B,.(z) we have

W (4r)™

< xT
p— B§+ xr—1Yy 3 —_—
m —_ (5+|l’ yl) tu‘( ( ‘| k= ly(‘)zr? 1r s + |.’1: y| > 4) .

u(Bul) _ [ ()" S if 5+ o -yl < dr,

Hence, we deduce that if s > 3r then M < t: in other words, if #(Bs(y)) >t

Wy 8™ Wy 8™

then we must have By(y) C Byy(z). This implies that

Br(z) N {y: mep(y) >t} = Br(x) N {y: meplp, )(y) >t},

so that (14.5) follows by a variation of the classical maximal function estimate ap-
plied to ul g, (2)- 2
Furthermore we recall that by classical differentiation theory of radon measures

3 one has as well

1(B,(x) N {y: meu(y) < 1)) < ¢|Bo(w) N {y: mop(y) < B} (14.6)

In what follows, for the sake of simplicity, we will work with the measure e =
el By, which is defined on the whole R™.
Step 1: For every n > 0 there exist positive constants A, e, C' with the property

that if
e(Bs(z)) _ t t
= > — — < .

r 1= sup {s o 2N and Y <6 (14.7)

then

e(Br(x) N{y: mee(y) > t})

< (estasont (Be(n frmenn> £)) )

o <Br(x) n {y: mee(y) > 2&}) | (14.8)

Proof of Step 1: Let n > 0 be given, and let ¢ > 0 be given by Corollary 14.2

in correspondence with this choice of 7. Also fix A > (%)m By the definition of r

2 The variation in use here can be deduced in a straightforward fashion from the classical estimate
for the whole space: apply the classical estimate (see e.g. [Mat95, Theorem 2.19 (2)]) to the measure
f:=pl{m.p > L} and note that since p < ji + £ £™ we have {m.p >t} C {mc > L}

3 Note for each y € B.(z) N {m.p < t} one has liminf, g ”‘SBBT"((;’))‘) < t, hence (14.6) follows for
instance from [Mat95, Lemma 2.13 (1)].
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and the continuity of measures along increasing and decreasing sequence of sets, we
easily see that
B B t B
e(B: () = e(Bi () == > 7(3( S(i)) for all s > r. (14.9)

W™ Wy M A WS

Thus we can apply (14.5) with x4 = e, thus deducing that

Bu() 0 (s me(s) > )] < e (Buto) 0 {s meels) > 1) < Sntan

> 4mC
- 13

Since % < g, if we choose A then we can apply Corollary 14.2, which, together

with (14.9), yields
e (By(z) N{y: mee(y) > t}) < w;,' 47"y e(Byr(x)) + CAH™ 2
<w lne(B,(z)) + CA*r™2, (14.10)
Using (14.6) and (14.9), namely the identity fwp,r™ = e(B,(z)) we have

e (B0 (i meetr) < 1 }) < im0l <

This implies that

o™ = 2 e(B,(0) < 2 e (B,0)0 {ys meel) > £} )

Using this estimate in (14.10) we deduce (14.8).
Step 2: For every n > 0 there exist positive constants A, e, C' such that if
t
42mESXS€ and r <3,

1

then, setting 7 := r + 4 (’\TE) ™ we have

e (B, N{y: mee(y) > t})

<cp <n+CA2 <2§E> " > e(Bm{y: mee(y) > 2';}) (14.11)

where cg denotes the Besicovitch constant in R™.
Proof of Step 2: For each z € B, N {y: m.e(y) > t} we let

(i), 1],

wms™ T A

Ty 1= Sup {s:

We must have 0 < r, < 1, since mee(z) >t > t/), and since for each x € B3 we
have

e(By(2)) _ yamp _
wms™ A

IN

Vs >

=
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We apply the Besicovitch covering theorem to the family

B:={B, (z): z € B, N{y: mee(y) > t}}

and obtain sub-collections By, ..., B, of balls such that each subfamily is pairwise
disjoint and

B, n{y: mee(y) >t} C 0 U B, (x).

j=1B, (z)EeB,

Since for each of these balls we have w,, r;™ = %e(BTT (x)) < %Ewmélm, we
deduce B, (x) C Br. Hence the result follows from

e(BrN{y:me(y) >t} <> Y e(B.(x)N{y: me(y) >1t}),

=1 B, (z)€B;

where we used that by Step 1 e(0B,, (z) = 0 for each of these balls, and then
applying (14.8) of Step 1 to each.

Step 3: For every 1 > 0 there are constants C, A\, e such that for every k& > 2
with

(2NFE <e and r< g

we have

e (Br N {y: mee(y) > (2)\)kE}> < (cn)*eCA e (BH—% N{y: mee(y) > ZAE}) .
(14.12)
Proof of Step 3: This is obtained by iterating Step 2. More precisely, for each
2 <[ <k we set

l TR =T,
tl:: 2 E'7 i 1

(23 rl_l::rl+4()‘t—lE> :rl—i—(;i)"’% for2<Ii<k-1.
CA?

Using f(r,t) := e(B, N {y: mee(y) > t}) and ca := we may write (14.11) as

CB1

m+42

f(ri,t) < epn (1 +ca <22E> ; ) flrizi,ti-1)

1\ =0
=cBn (1 +ca <2)\> ) flrizi, ti—1).
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Now (14.12) is a consequence of the following estimates (A is sufficient large)

k o
1 , . L 1
re=rR AT Y (20) T S e ddm Y (20) Tw <7t >

=2 =2

k 1\ 0=
HcBn <1 +ca (2)\> ) < (cgn)keen

=2

In particular, the first estimates ensures that we may apply step 2 for each pair
(tla Tl)'

Conclusion: First we fix n > 0 sufficiently small, so that cgn < 1, and afterwards
q > 0 such that a := (2)\)9cpn < 1. Now we observe that with (2\)"FE < e\ <
(2\)kF1E we have

(min{m_.e, \e})?de

/Bgﬁ{(QA)2E<mce}
ko
<

(m.e)? de + /

((2A)ko+1E)q de
Bon{(2X\)kot1 E<m e}

— /BQﬁ{(Q)\)kE<mce§(2>\)k+1E}
ko+1 ko+1
< (AN1ETY (20 e(By N {mee > (20 E}) < (AN)1E9e“A E(wna™) > a*
k=2 k=2
< CCCA2E1+q.

Combining this with

/ (mce)?de < (2))* E%(By N {m.e < 2\E}) < CE'™
Byn{m.e<(2)\)2E}

proves the result, modulo choosing a smaller value for e. O

15 Almgren’s strong approximation theorem

We can finally state and prove the main Lipschitz approximation result for area
minimizing currents mod(p), which contains improved estimates with respect to
Proposition 9.6.

Theorem 15.1 (Almgren’s strong approximation). There exist constants €,7,C >
0 (depending on m,n,n,Q) with the following property. Let T' be as in Assump-
tion 9.1 in the cylinder Cy,(x), and assume it is area minimizing mod(p). Also
assume that E = E(T, Cy,(z)) < €. Then, there are u: B,(x) — Ag(R") if Q < &,
oru: By(x) — #g(R") if Q = %, and a closed set K C B,(x) such that:

Gr(u) C X, (15.1)



C. DE LELLIS ET AL. GAFA

Lip(u) < C(E 4 A%?)Y  and osc(u) < Ch(T, Cy (), m) + Cr(E? +rA),

(15.2)
G, (K x R") = TL (K x R")mod(p) , (15.3)
|Br () \ K| < ||TI[((Br(x) \ K) x R") < C(E + r?A%)! 7, (15.4)

1
I7(Cor()) = Qunlor)™ — 5 [ IDuP| < (B+72A3 57 o <o <1,

or

(15.5)

The key improvement with respect to the conclusions of Proposition 9.6 lies in
the superlinear power of the excess in (15.4) and (15.5). In turn, this gain is a con-
sequence of the following improved excess estimate, analogous to [DLS14, Theorem
7.1].

Theorem 15.2 (Almgren’s strong excess estimate). There exist constants e, v, C' >
0 (depending on m,n,n, Q) with the following property. Assume T satisfies Assump-
tion 9.1 and is area minimizing mod(p) in Cy. If E := E(T, Cy) < &4, then

er(A) < C(E" +|A

7)(E + A?) for every Borel A C By, . 15.6
/

Let us assume for the moment the validity of Theorem 15.2, and let us then show
how Theorem 15.1 follows.

Proof of Theorem 15.1. As usual, since the statement is scale-invariant, we may
assume x = 0 and r = 1. Choose # < min{ﬁ,ﬁ}, where v* is given
by Theorem 15.2. Let u be the EP-Lipschitz approximation of T, so that (15.1)
and (15.3) are an immediate consequence of Proposition 9.6. Also the estimates in
(15.2) follow in a straightforward fashion if we choose v < [ and we recall that
|D¥|lo < C(E'? + A). Now we come to the proof of the volume estimate (15.4).
Set A := {mer > E*’} N Bgjs. By (9.5), we have that |A] < CE'~?°_ In order to
improve the estimate, we use Almgren’s strong excess estimate: indeed, equation
(15.6) implies that

er(A) < CE™ (14 E~%)(E + A?), (15.7)
so that when we plug (15.7) back into (9.5) we have

|B1\ K| < CE~%ep(A) < CEV-~20+7)(1 4+ E?)(E + A?)
< CE’Y*—Qﬁ(H"Y*)(E + A2) ,

and the inequality

|B; \ K| < C(E + A
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follows with min{~, — 26(1 4+ 74), 8} > 0 because of our choice of 3. (15.4) is then
a simple consequence of

IT(I((B1\ K) x R") < er(Bi\ K) + Q|B1 \ K.

Finally, we take any 0 < ¢ < 1 and we estimate:

ITI(Co(2)) — Qumo™ — 3 /B 1DuP

<er(B,\K)+eqg,(B,\ K)+ 2

1
eq.(Bs) — / | Dul?
B

(15.7)
< C(E+A2)1+7+C\BU\K|+CLip(u)2/ | Dul?

< C(E+ AY)',

We turn now to the proof of Theorem 15.2. We will use in an essential way the
minimality mod(p) of T, and in order to do that we need to construct a suitable com-
petitor. In this process, a key role will be played by the following result, analogous
to [DLS14, Proposition 7.3]

PRroOPOSITION 15.3. Let 3 € (0, ﬁ), and assume that T satisfies Assumption 9.1
and is area minimizing mod(p) in Cy4. Let u be its EPB-Lipschitz approximation.
Then, there exist constants €,v,C > 0 and a subset of radii B C [9/8,2] with
measure |B| > 1/2 with the following property. If E(T, C4) < ¢, then for every o € B
there exists a Q-valued map g € Lip(B,, Ag(R")) if @ < & or g € Lip(B,, @ (R™))
if Q) = § such that

9lop, = ulpp, » Lip(g) < C(E + TQAQ)B, spt(g(x)) C ¥ Va € By, (15.8)

and
/ |Dg|? < / |Dul? + C(E + AYH), (15.9)
B, B,NK

Proof. The proof is obtained by a “regularization by convolution” procedure, analo-
gous to that of [DLS14, Proposition 7.3], modulo using the embedding ¢ of [DLHMS,
Theorem 5.1] in place of €. Ol

Proof of Theorem 15.2. Choose 3 := 5, and let B C [9/8,2] be the set of radii
provided by Proposition 15.3. By a standard Fubini type argument analogous to
what has been used in deriving (13.15) and the isoperimetric inequality mod(p),
we deduce that there exists s € B and an integer rectifiable current R which is
representative mod(p) such that

2m

OR = <T - Gu,<P,8> mod(p) and M(R) < CEzmii ,

where u is the ES-Lipschitz approximation of T and ¢(z) = |z|. Now, let g be
the Lipschitz map given in Proposition 15.3 corresponding with the choice o = s.
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Since glyp. = ulyp., it also holds (G, — Gy, ¢,s) = 0mod(p). Furthermore, since
(0G4)LCs = 0mod(p), and since g takes values in 3, the current G4 C,+ R is a
competitor for 7' in Cg, and thus, using [DLHMS, Equation (4.1)], the minimality
of T yields for some v > 0:

1
I7(C.) < 1GgLC. + RIC.) < QIB.I + 5 [ Dg? +CE™
B,

159) ) 2 2 (15.10)
< Q|Bs|+/ |Dul®* + CE"(E + A?).
2 JB.nK
On the other hand, again by [DLHMS, Equation (4.1)] we also have:
ITN(Cs) = IT[I((Bs \ K) x R") + [|Gu || (Bs N K) x R")
(15.11)

1
> || TN((Bs \ K) XR”)+QBsﬂK|+/ |Duf* — CE' .
2 JB.nKk

Combining (15.10) and (15.11) we conclude that er(Bs \ K) < CEY(E + A?).
Now, we are able to prove the estimate (15.6). Let A C By be any Borel set. We
get:

1
er(A) =er(ANK) +er(A\K) < 2/ |Dul* + CE'™ + ep(B, \ K)
ANK
< 1/ |Du|?> + CEY(E+ A?%).  (15.12)
2 Jank

On the other hand, observe that |Du|(z)? < Cm.e(z) < CE?} on K, and therefore
mee(x) < 1 on K if E is suitably small. Let ¢ > 0 be the exponent given by
Theorem 14.3, we deduce from (14.3) that

/ | Dul?0F9) < B,
ANK

and thus the Hélder inequality produces
[ i< < / |Du2<1+q>> T ANK[T <CRANK[T . (15.13)
ANK ANK

Plugging (15.13) into (15.12), we finally conclude (15.6), by possibly choosing a
smaller v > 0. O

As a corollary of Theorem 15.1 and of Theorem 13.3, we obtain the following
result.
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Theorem 15.4. Let v be the constant of Theorem 15.1. Then, for every 11 > 0 there
is a constant & > 0 with the following property. Assume T as in Assumption 9.1 is
area minimizing mod(p) in Cy,(z), E = B(T,Cy,(x)) < & and rA < EE'. If u is
the map in Theorem 15.1 and we fix good Cartesian coordinates, then there exists a
Dir-minimizing h: B, (z) — Ag(R™) if Q@ < L or h: B,(z) — @/o(R") if Q = & such
that h := (h,¥(-,h)) satisfies

/ Glu,h) + / (IDu| — |Dh])? + / ID(now) — Dinoh)[> < 7E™.
B, (x) B, (z) B,(z)
(15.14)

16 Strong approximation with the nonoriented excess

In this section we show that it is possible to draw the same conclusions of the
previous section replacing the cylindrical excess E(T, Cy,(z)) with the nonoriented
E™(T, Cy(x)) defined in (13.2). This will be vital, because in the remaining part
of the paper we will in fact use mostly the nonoriented excess, which is structurally
more suited to the arguments needed in the construction of the center manifold.
As discussed in Remark 9.3, in the classical regularity theory for integral currents
the cylindrical excess already possesses the required structural features; see [DLS14,
Remark 2.5].

Theorem 16.1. There exist constants ¢,v,C > 0 (depending on m,n,n,Q) with
the following property. Let T be as in Assumption 9.1 in the cylinder Cy,(z), and
assume it is area minimizing mod(p). Also assume that E = E(T, C4(2)) < 3 and
that E"° := E"(T, Cy,(x)) < . Then

E(T, Cy,.(z)) < CE™(T, Cy(x)) + CA*r?, (16.1)

and in particular all the conclusions of Theorem 15.1 (and of Theorem 15.4, provided
r?A? < 22F < & for a suitable (7)) > 0) hold in B,(x) with estimates where E™
replaces E.

Before coming to the proof we state a simple variant of Theorem 15.1, where the
estimates are inferred in a radius which is just slightly smaller than the starting one.

PROPOSITION 16.2. There are a constant C' > 1 and a & > 0 with the following
property. Let v be as in Theorem 15.1. Fix a cylinder Cy,(x) and a current T
which satisfies all the assumptions of Theorem 15.1 with the stronger bound E :=
E(T,Cy-(z)) < & Choose w such that (1 —wm)(1 +v) = 1+ 3 and set p =
r(1 — C(E 4 r?A?)¥). Then there are a map u: Byy(z) — Ag(R") if Q < &, or
u: Byy(x) — Ho(R") if Q =%, and a closed set K C By,(x) such that:

Gr(u) C X, (16.2)
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Lip(v) < C(E 4+ r?A%)? and osc(u) < Ch(T, Cy(z),m0) + Cr(E'* +rA),

(16.3)
G, L(K xR") =TL (K x R")mod(p), (16.4)
|Bip(2) \ K| < | T||((Bap(x) \ K) x R") < C(E +r°A%)!+7/2m, (16.5)

I71/(Carpl@) ~ Qunltop)™ =5 [ |Duf

Bugp(z)

< (E+r2A)/2m vo<o < 1.

(16.6)

Proof. For every point y € By, (1— (42 A2)m)(a:) and a corresponding cylinder CY :=
Ciyr(E+r2a2)~ (y), note that

vy —
B(L.O) = o T (B + A%y <

Thus, by choosing ¢ suitably small compared to € in Theorem 15.1 we fall under
its assumptions. In particular, we find a function u¥ defined on the ball BY :=
Bi(B+4r2a2) (y) taking values into either Ag(R") or o7 (R") (depending on whether
Q < B orQ=215) and aset KY for which the following conclusions hold:

Gr(uY) C 3, (16.7)

Lip(u¥) < C(E 4 A%p2)d-m)r (16.8)

Gy L(KY xR") =TL (KYxR") mod(p), (16.9)

|BY\ KY| < ||T||(BY\ KY) x R") < C(E + r?A2?)0=—m«)(147) | gy| | (16.10)

We now consider the regular lattice (r(E +r2A2?)*)/(y/m)Z™ and for each element
y of the lattice contained in B4r(1—(E+r2A2)w)(l‘) we consider the corresponding ball
BY. Accordingly, we get a collection B of balls satisfying the following properties:
(0o1) B covers By,(x).

(02) The cardinality of B is bounded by C(E +1?A?)~™ for a geometric constant

C =C(m).
(03) Each element of B intersects at most N elements of B for a geometric constant
N = N(m).

(04) Every pair z,w € By,(z) with [z — w| < e(m)r(E + r?A?%)* is contained in a
single ball B?, where c¢(m) is a positive geometric constant.
(05) For each pair z,w € By,(z) with £ := |z — w| > ¢(m)r(E + r*A?)* there is a

chain of balls B',..., BN € B such that
(cl) N < Clr Y(E+r2A%)~ for C = C(m);



GAFA REGULARITY OF AREA MINIMIZING CURRENTS MOD p

(c2) z € B! and w € BY; B
(c3) |B' N Bt > &(m)r™(E + r2A%)™ for every i = 1,...,N — 1 for a
geometric constant ¢(m) > 0.

We now consider for each B' = BY the corresponding sets K’ := K% and functions
u' = u¥". We next define the sets

K=K\ |J ®B\K).
j:BiNBi#£(

We then set K := |J, K* and observe that, by (02), (03) and (16.10), we must
have

| Bap(2) \ K| < [IT||((Bap(z) \ K) x R") < Z ITI((B"\ K') x R™)

)

< Cp™(E + T2A2)(1fmw)(1+'y) = Cp™(E + T2A2)1+'y/2 _ (16.11)

Next, we find a globally defined function g on K by setting g|,: = u" - This
function certainly enjoys the estimate Lip(g|:) < C(F + r2A?)(I=mw)7 < C(E +
r2A%)7/2 on each K. So, taken two points z,w € K with [z—w| < c¢(m)r(E4+r2A%)*
we get, by (04), the estimate

G(9(2), g(w)) < C(E +r*A2)/2|z — )|
(vesp. G,(9(2), g(w)) < C(E +r2A%) 2|z — ) .

If £ := |z —w| > c¢(m)r(E + r?A?)“, we use the chain of balls B’ of (05) and
remark that, thanks to the estimate on |B*\ K*|, we can guarantee the existence of
intermediate points y; € K' N K*t! towards the estimate

G(g(2),g9(w)) < C(E+r?A?)?|z — w)
<resp- Gs(9(2), g(w)) < C(E + r*A%)/?|z - w‘) :

This proves that g has the global Lipschitz bound C(E + r>A?)/? on K. Further-
more, since the graph Gy is mod(p) equivalent to the current 7' in the cylinder
K x R™, we have osc(g) < Ch(T, Cy-(z),7), see Remark 9.5. Now we can proceed
as in Proposition 9.6 or Theorem 15.1. More precisely, we write g = >, [(h, ¥(-, h))],
with h: K — Ag(R") if Q@ < § or h: K — o(R") if @ = §. The map h satisfies
Lip(h) < C(E+72A2)7/2 and osc(h) < C'h(T, Cy,(z), 7). Hence, taking advantage
of [DLS11, Theorem 1.7] if @ < § or [DLHMS, Corollary 5.3] when @ = £, we can
extend h to a map h: By,(x) — AgQ(R"™) (resp. h: By,(x) — #o(R™)) which again
satisfies Lip(h) < C(E + r2A2)7/2 and osc(h) < Ch(T, Cy,(z), 7). Finally, we set
w:=Y.[h,¥(-,h)], thus achieving

Lip(u) < C[(E +72A%)> + || D¥|o],  osc(u) < Ch(T, Cy(z),m0) + Cr || D¥||o.
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The estimate in (16.3) is then a consequence of the choice of coordinates discussed
in Remark 13.1.

Finally, the estimate (16.6) is a consequence of the other ones, following the ar-
gument already given for (15.5). Since (16.2) and (16.4) are obvious by construction,
this completes the proof. O

Proof of Theorem 16.1. First of all we observe that it is enough to prove (16.1).
Indeed, if € is sufficiently small, from (16.1) we conclude that we can apply Theo-
rem 15.1 to any cylinder Cy(,/4)(y) with y € B,.(z). Since B,(z) can be covered with
a finite number C'(m) of balls B, /4(y;) with centers y; € B,(x), the existence of a
suitable Lipschitz approximation over B,(z) follows easily. Theorem 15.4 can then
be concluded by arguing as done for Theorem 13.3.

In order to show (16.1) we start observing that, by scaling and translating, we
can assume x = 0 and » = 1. We then argue in several steps.

Step 1. First of all we claim that, for every ¢ > 0 there is e sufficiently small such
that E(T, C3) < 0. Otherwise, by contradiction, there would be a sequence {7} }7°
of area minimizing currents mod(p) satisfying the hypotheses in Assumption 9.1 in
C, together with E(T},C4) < 3 for which E"(T},Cs) — 0 and MP(T},C3) >
(Q + 6)w,3™. In particular, because of the uniform bound on the excess, we can
assume that T} converge, up to subsequences, to a T" which is an area minimizing
current mod(p) and satisfies Assumption 9.1. By convergence of the MP in the
interior, we also know that

MP(TLC3) > (Q + 8)wn3™. (16.12)

On the other hand, since we can assume by Proposition 5.2 that v(7; L C4) —
v(T'LCy) as varifolds, and since the nonoriented excess is continuous in the varifold
convergence, we must have E"(T,C4) = 0. Moreover, since T is a representative
mod(p) we must have || T[|(C4) < wp,(Q+3)4™ by the hypothesis that E(Ty, C4) < 1
for every k. The first condition implies that T is supported in a finite number of
planes parallel to my. By the constancy Lemma 7.4 we can assume that 7" is a sum
of integer multiples of m-dimensional disks of radius 4 parallel to B4(0, 7p). We thus
have that the sum of the moduli of such integers must be at most ). This contradicts
(16.12).

Step 2. First of all, if E := E(T,C3) < A?, then there is nothing to prove.
Hence, without loss of generality assume that

E > A2.

Now apply Proposition 16.2 to obtain a Lipschitz map u : B3_cp. — Ag(R") if
Q <5 and u: Bs_cpe — Z9(R") if Q =&, and a closed set K C Bs_cp-(x) such
that:

Lip(u) < CE"?, (16.13)
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G,L(K xR") =TL (K x R")mod(p), (16.14)

|Bs_cpe \ K| < CEY?, (16.15)

1
IT|[(C3_cEe) — Qum(3 — CEY)™ — 2/ |Dul?| < CE2 (16.16)
Bs_cpw

Now we set r := 3 — CEY, Ey := E(T,C,,) and we consider the following three
alternatives:

(a) E1 S Az;

(b) By > max{5, A%};

(c) £>FE > A2
In the first case, assuming ¢ sufficiently small, since Co C C,,, we have concluded

our desired estimate (16.1). In the second case observe first that from the estimates
above we easily conclude

IT|(Cr, \ (K x R™) < CEYW2 < BT,

Consider now that, using Tl K x R" = G, K x R" and standard computations,
we have

n 1 il
T % B = QU = 5 [ (T() = mol, dT])
K xRn

We thus can combine these two estimates and claim
Ey =E(T,C,,) < CE/T? 4 E™(T,C,,) < % + CE™(T,Cy). (16.17)
In particular we easily get
E(T,Cy) < CE(T,C,,) < CE™(T,Cy),

and again we have proved (16.1).

Finally, if we are in case (c) we iterate the step above and get a Lipschitz ap-
proximation in the cylinder C,, where o =3 — CE* — CEY and the new excess is
Ey := E(T, C,,). We keep iterating this procedure which we stop at a certain radius

k
re=3-CY EY,
=0

if either E, < A2 or E;, > % Observe that as long as the procedure does not end

we have the recursive property E; < E;l. We can thus estimate

rg >3- CEY 2% >3- CC(w)E”.
=0
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Since w is a fixed exponent, provided § > E is sufficiently small (which from the
first step can be achieved by choosing e sufficiently small), we have r, > 2. Thus,
if the procedure stops we have proved (16.1). If the procedure does not stop, since
Er — 0 we conclude easily that:

(i) A=0;
(ii) if we set roo := limg o0 7, then 2 < r, and E(T,C,_) = 0.

This implies that ||T)|(C,_) = Quwprk. Given that pyTLC, = Q[B,_(0,7m)]
mod(p), this is only possible if the current 7" in C,_ consists of a finite number of
disks parallel to B,_ (0, m) counted with integer multiplicities 6; so that >, |6;| = Q.
In particular, since 2 < r,, obviously E(T', Cy) = 0 < E"(T, Cy), which shows the
validity of (16.1) even in this case. O

Part 3. Center manifold and approximation on its normal bundle

This part of the paper deals with the construction of the center manifold. As it is
the case with the proof of the partial regularity result for area minimizing currents
in codimension higher than one, one might now attempt a proof of Theorems 4.3
and 8.2 carrying on the following program:

(1) Apply Almgren’s strong approximation Theorem 15.1 to construct a sequence
of Lipschitz maps uj, approximating 7p ,,: here, rj, is the contradiction sequence
of radii appearing in Proposition 8.7, and the maps wuy, take values in Ag(my)
or in /g(mg) depending on whether @ < § or Q = L, respectively.

(2) Apply Theorem 15.4 to show that, after suitable normalization, a subsequence
of the uy converges to a multiple valued map s minimizing the Dirichlet
energy (as in [DLS11] if @ < & or as in [DLHMS] if Q@ = §).

(3) Use (iii) (resp. (iii)s) in Proposition 8.7 to infer that u. has a singular set
of positive H™ 2T measure (resp. of positive H™ 1T measure), thus con-
tradicting the linear theory in [DLS11] if @ < § or in [DLHMS] if Q = &,
respectively.

The obstacle towards the success of this program is making point (3) work,
namely, showing that the “large” singular set of the currents persists in the limit as
the approximating functions uj converge to u... As it was just stated, this is false:
at this stage, nothing forces us to actually exhibit any singularities. The center
manifold construction is needed precisely to address this issue: when we approximate
the current from the center manifold, we “subtract the regular part” of the Dir-
minimizer in the limit, which in turn allows us to close the contradiction argument.

In the first section of this part we will outline the arguments and present the
statements of the main results. The subsequent sections will then be devoted to the
proofs.
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17 Outline and main results
17.1 Preliminaries for the construction of the center manifold.

Notation 17.1 (Distance and nonoriented distance between m-planes). Throughout
this part, my continues to denote the plane R™ x {0}, with the standard orientation
given by Ty = e1 A ... Aen,. Given a k-dimensional plane 7 in R™™", we will in fact
always identify 7 with a simple unit k-vector @ = v1 A ... A vy orienting it (thereby
making a distinction when the same plane is given opposite orientations). By a slight
abuse of notation, given two k-planes m; and 7o, we will sometimes write |1 — 2]
in place of |71 — 72|, where the norm is induced by the standard inner product
in Ag(R™™). Furthermore, for a given integer rectifiable current T', we recall the
definition of ]f(y) —70|no from (13.1). More in general, if 7 and 79 are two k-planes,
we can define |11 — m2|no by

’71’1 — 7T2|n0 = min{\fr’l — 7?2|, ‘7?1 +7?2’} .

It is understood that |m — m2|,e does not depend on the choice of the orientations
T 1 and 7 2.

DEFINITION 17.2 (Excess and height). Given an integer rectifiable m-dimensional
current T which is a representative mod(p) in R™" with finite mass and compact
support and an m-plane 7, we define the nonoriented excess of T' in the ball B, (x)
with respect to the plane m as

E"(T, B, (2), 1) = (2wm rm)—l/ T — =2, d|T]. (17.1)

(T

The height function in a set A C R™*™ with respect to m is

h(T,A,m):=  sup  [pre(z) = pre(y)l-
zyespt(T)NA

DEFINITION 17.3 (Optimal planes). We say that an m-dimensional plane m opti-
mizes the nonoriented excess of T in a ball B, (x) if

E"(T,B,(z)) := min E"(T,B,(x),7) = E"(T, B, (), ) (17.2)
T
and if, in addition:
among all other 7’ s.t. (17.2) holds, |m — | is minimal. (17.3)

Observe that in general the plane optimizing the nonoriented excess is not necessarily
unique and h(T,B,(z),n) might depend on the optimizer 7. Since for notational
purposes it is convenient to define a unique “height” function h(T, B, (x)), we call
a plane m as in (17.2) and (17.3) optimal if in addition

h(T, B, (z)) := min {h(T, B, (z),7) : T satisfies (17.2) and (17.3)} = h(T,B,(z),7),
(17.4)
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i.e. ™ optimizes the height among all planes that optimize the nonoriented excess.
However (17.4) does not play any further role apart from simplifying the presenta-
tion.

REMARK 17.4. Observe that there are two differences with [DLS16a, Definition 1.2]:
first of all here we consider the nonoriented excess; secondly we have the additional
requirement (17.3). In fact the point of (17.3) is to ensure that the planes m “opti-
mizing the nonoriented excess” always satisfy |m — mo| = |7 — mo|no-

We are now ready to formulate the main assumptions of the statements in this
section.

Assumption 17.5. o €]0,1] is a fixed constant and ¥ C By s € R is a C3%0
(m + n)-dimensional submanifold with no boundary in By, ;. We moreover assume
that, for each ¢ € ¥, ¥ is the graph of a C®% map Ve : T,XN By m — TqEL.
We denote by ¢(¥) the number sup ey [[DV,[|c2.c0- T° is an m-dimensional integer
rectifiable current of R™*" which is a representative mod(p) and with support in
YN By S T? is area-minimizing mod(p) in ¥ and moreover

O(1°,0) =Q and 9T°LBgm =0 mod(p), (17.5)
IT°(Bg ) < (wm@(6v/m)™ +€3) p™ Vp <1, (17.6)
E" (T°,Bg /m) = E™ (T°, B /m» m0) , (17.7)
mg = max{c(E)Q,E"O (TO,BGm)} < 5% <1. (17.8)

Here, @ is a positive integer with 2 < @ < [£], and &3 is a positive number whose
choice will be specified in each subsequent statement.

Constants depending only upon m,n,n and @) will be called geometric and usu-
ally denoted by Cj.

REMARK 17.6. Note that (17.8) implies A := [[As|/cox) < Cgm(l)/Q, where Ay, de-
notes, as usual, the second fundamental form of ¥ and Cj is a geometric constant.
Observe further that for ¢ € X the oscillation of ¥, is controlled in 7,3 N By, /4 by
Com(l)/Q.

In what follows we set [ := n — n. To avoid discussing domains of definitions it
is convenient to extend X so that it is an entire graph over all T;3. Moreover we
will often need to parametrize ¥ as the graph of a map ¥ : R™*" — R!. However
we do not assume that R™*™ x {0} is tangent to ¥ at any ¢ and thus we need the
following lemma.
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LEMMA 17.7. There are positive constants Cy(m,n,n) and co(m,n,n) such that,
provided €9 < cg, the following holds. If ¥ is as in Assumption 17.5, then we
can (modify it outside By s and) extend it to a complete submanifold of R™*
which, for every q € ¥, is the graph of a global C*¢° map ¥, : T, — TqZL with
| DWglc2e0 < C’Omé/ *. TV is still area-minimizing mod(p) in the extended manifold
and in addition we can apply a global affine isometry which leaves R™ x {0} fixed
and maps X onto Y so that

IR x {0} — TyX'| < Comy? (17.9)
and ¥/ is the graph of a C>%0 map ¥ : R™+" — Rl with U(0) = 0 and || DV || ¢z <
Com(l)/Q.

From now on we assume w.l.o.g. that ¥’ = X. The next lemma is a standard

consequence of the theory of area-minimizing currents (we include the proofs of
Lemma 17.7 and Lemma 17.8 in Section 18 for the reader’s convenience).

LEMMA 17.8. There are positive constants Co(m,n,n,Q) and co(m,n,n,Q) with
the following property. If T is as in Assumption 17.5, €5 < co and T := T° L B3 /m /4
then:

T Cqq,/m/2(0,m0) =0 mod(p), (17.10)
(Pm)ﬁTLCn\/M/z(OﬂTO) =Q [[Bu\/m/z(oaﬂo)ﬂ mod(p), (17.11)
and (T, Cs m(0,m)) < Comy ™" . (17.12)

In particular, for each z € By, /m/2(0, m0) there is a point q € spt(T') with px,(q) = z.

17.2 Construction of the center manifold. From now we will always work
with the current T of Lemma 17.8. We specify next some notation which will be
recurrent in the paper when dealing with cubes of 7. For each j € N, 7 denotes
the family of closed cubes L of 7y of the form

[a1,a1 + 20 X ... X [am, am + 20] x {0} C 7, (17.13)

where 20 = 2177 =: 24(L) is the side-length of the cube, a; € 2'77Z Vi and we
require in addition —4 < a; < a; + 2¢ < 4. To avoid cumbersome notation, we will
usually drop the factor {0} in (17.13) and treat each cube, its subsets and its points
as subsets and elements of R"™. Thus, for the center xy, of L we will use the notation
xr, = (a1 +4,...,am + £), although the precise one is (a1 + ¢,...,am + £,0,...,0).
Next we set ¢ := {J;ep €7.If H and L are two cubes in ¢ with H C L, then we
call L an ancestor of H and H a descendant of L. When in addition ¢(L) = 2¢(H),
H is a son of L and L the father of H.
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DEFINITION 17.9. A Whitney decomposition of [—4,4]™ C my consists of a closed
set I' C [—4,4]™ and a family # C € satisfying the following properties:

wl) T'U w L =[—4,4]™ and T" does not intersect any element of ¥ ;
Lew
w?2) the interiors of any pair of distinct cubes Ly, Lo € W are disjoint;
(w2) y p : joint;
(w3) if Ly, Ly € # have nonempty intersection, then %E(Ll) < U(L9) <24(Ly).

Observe that (wl)—(w3) imply
sep(I', L) :=inf{|lz —y|:x € L,y €'} > 2¢(L) for every L€ ¥ . (17.14)

However, we do not require any inequality of the form sep (I', L) < C¥¢(L), although
this would be customary for what is commonly called a Whitney decomposition in
the literature.

The algorithm for the construction of the center manifold involves several param-
eters which depend in a complicated way upon several quantities and estimates. We
introduce these parameters and specify some relations among them in the following

Assumption 17.10. C., C},, B, 62, My are positive real numbers and Ny is a natural
number for which we assume always

52:452:min{ 1 %},

2m’ 100
where ~; is the exponent in the estimates of Theorem 15.1,  (17.15)
My > Co(m,n,7,Q) >4 and mMy2™ N < 1. (17.16)

As we can see, 3 and do are fixed. The other parameters are not fixed but are
subject to further restrictions in the various statements, respecting the following “hi-
erarchy”. As already mentioned, “geometric constants” are assumed to depend only
upon m,n,n and Q. The dependence of other constants upon the various parameters
p; will be highlighted using the notation C' = C(p1, po, .. .).

Assumption 17.11. (Hierarchy of the parameters) In all the coming statements:

(a) My is larger than a geometric constant (cf. (17.16)) or larger than a costant
C(d2), see Proposition 17.29;

(b) Ny is larger than C(2, 02, Mp) (see for instance (17.16) and Proposition 17.32);

(c) C. is larger than C(f2, d2, My, Ng) (see the statements of Proposition 17.13,
Theorem 17.19 and Proposition 17.29);

(d) Cy is larger than C((33, 02, My, No, Ce) (see Propositions 17.13 and 17.26 );

(e) &9 is smaller than ¢(fs, d2, My, Ny, Ce, C) (which will always be positive).

The functions C' and ¢ will vary in the various statements: the hierarchy above
guarantees however that there is a choice of the parameters for which all the restric-
tions required in the statements of the next propositions are simultaneously satisfied.
To simplify our exposition, for smallness conditions on €9 as in (e) we will use the
sentence “eg is sufficiently small”.
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Thanks to Lemma 17.8, for every L € %, we may choose y;, € w3 so that
pr = (xr,yr) € spt(T) (recall that xy is the center of L). yr is in general not
unique and we fix an arbitrary choice. A more correct notation for p; would be
xr, + yr,. This would however become rather cumbersome later, when we deal with
various decompositions of the ambient space in triples of orthogonal planes. We thus
abuse the notation slightly in using (z,y) instead of x 4y and, consistently, 7y x 710L
instead of mg @ 770L.

DEFINITION 17.12 (Refining procedure). For L € € we set ri, := Mo/m (L) and
By, := Beusr, (pr). We next define the families of cubes . C € and W = W U W3 U
W, C € with the convention that %3 = . N€I, W7 = # NE€7 and WDJ = WANEI
for 0 = h,n,e. We define #* = /" = () for i < Ny. We proceed with j > Ny
inductively: if no ancestor of L € €7 is in #, then

(EX) L € #¢ if E"(T,BpL) > Comyg {(L)>202;

(HT) L € #7 if L ¢ #¢ and h(T,BL) > Cpmy/" (L) 52

(NN) Le i it Lg #u 7/}5 but it intersects an element of #7~1;

if none of the above occurs, then L € .#7. We finally set

M=[-44"\JIL=) U L (17.17)

Lew j>No LeSi
Observe that, if j > Ny and L € .7 U #7, then necessarily its father belongs to
I

PROPOSITION 17.13 (Whitney decomposition). Let Assumptions 17.5 and 17.10
hold and let g9 be sufficiently small. Then (I',#') is a Whitney decomposition of
[—4,4]™ C my. Moreover, for any choice of My and Ny, there is C* := C*(Mjy, No)
such that, if C, > C* and C), > C*C,, then

wIi=0  forallj < Ny+6. (17.18)
Finally, the following estimates hold with C' = C([32, 62, My, No, Ce, Ch):

E™(T,B) < Comy ((J)> 2 and h(T,Bj) < Cymy*"0(J)""F vJe.7,
(17.19)

E™(T,BL) < Cmyl(L)> % and h(T,Bp) < CmJ(L)"*? VYLew .
(17.20)

We will prove Proposition 17.13 in Section 19. Next, we fix two important func-
tions 9, 0 : R™ — R.

Assumption 17.14. o € C(By) is radial, [0 = 1 and [ |z|*o(x)dz = 0. For
A > 0 o) denotes, as usual, z — A" o(£). ¥ € C2([—1%, 1£]™,[0,1]) is identically
1on [—1,1)™.
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o will be used as convolution kernel for smoothing maps z defined on m-dimensional
planes 7 of R™™, In particular, having fixed an isometry A of R™ onto =, the
smoothing will be given by [(z o A) * 05] o A~1. Observe that since ¢ is radial, our
map does not depend on the choice of the isometry and we will therefore use the
shorthand notation z * gy.

DEFINITION 17.15 (m-approximations). Let L € . U%# and 7 be an m-dimensional
plane. If T\ Csy,, (pr, ) fulfills the assumptions of Theorem 16.1 in the cylinder
Csor, (pr, ™), then the resulting map u given by the theorem, which is defined on
Bsy, (pr, ) and takes values either in Ag(nt) (if @ < B) or in og(7t) (if Q = §) is
called a m-approximation of T in Csg,, (pr, 7). The map h: Bz, (pp,m) — 7 given
by h = (m o u)* ggr) will be called the smoothed average of the m-approximation.

DEFINITION 17.16 (Reference plane 71). For each L € ¥ U# we let 71, be an
optimal plane in By, (cf. Definition 17.3) and choose an m-plane m;, C T,, ¥ which
minimizes |7y, — 7|

The following lemma, which will be proved in Section 19, deals with graphs of
multivalued functions f in several systems of coordinates.

LEMMA 17.17. Let the assumptions of Proposition 17.13 hold and assume C, >
C* and C, > C*C, (where C* is the constant of Proposition 17.13). For any
choice of the other parameters, if ey is sufficiently small, then T'L Csoy, (pr,7rL)
satisfies the assumptions of Theorem 16.1 for any L € W U .#. Moreover, if fr,
is a mj-approximation, denote by hy, its smoothed average and by hr the map
prLg(hL), which takes values in the plane sy = T, ¥ N 7rL, i.e. the orthog-
onal complement of wy, in Tp, ¥. If we let hy be the map x € By, (pr,7r) —
hi(z) := (hp(x), ¥y, (v, hr(x))) € 3¢ x T, X4, then there is a smooth map g, :
By, (pL,TrO) — 7'1'0L such that GgL =Gy, L Cyy, (pL,T('o).

For the sake of simplicity, in the future we will sometimes regard gr as a map
g1+ Bay, (71, m9) — 73 rather than as a map gr: Bay, (pr,T0) — 75 . In particular,
we will sometimes consider gz (x) with € By, (1, m) even though the correct
writing is the more cumbersome gr,((x,yr.)).

DEFINITION 17.18 (Interpolating functions). The maps hy, and gy, in Lemma 17.17
will be called, respectively, the tilted L-interpolating function and the L-interpolating
function. For each j let 27 := 71 U|J_y WZ and for L € &7 define 9 (y) =
19(7’@(2“";) Set

. Y 1ewi VLIL

pj = m=== on|—4,4™, (17.21)

! ZLE’/ J 19L

let @;(y) be the first i components of $;(y) and define p;(y) := (¢;(y), ¥(y, ;(y))),
where W is the map of Lemma 17.7. ¢; will be called the glued interpolation at the

step j.
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Theorem 17.19 (Existence of the center manifold). Assume that the hypotheses
of the Lemma 17.17 hold and let r := min{eq/2, 32/4}. For any choice of the other
parameters, if o Is sufficiently small, then

(i) | Dg;llczn < Cmy* and || @)oo < Cmy*™, with C = C(Ba, 62, Mo, No, Ce, Ch);
(ii) if L € #" and H is a cube concentric to L with ¢(H) = 3¢(L), then ¢; = ¢y
on H for any j, k > i+ 2;
(iii) ¢; converges in C® to a map ¢ and M = Gr(plj—gapm) is a C3* submanifold
of 3.

DEFINITION 17.20 (Whitney regions). The manifold M in Theorem 17.19 is called
a center manifold of T relative to mg, and (I, #") the Whitney decomposition asso-
ciated to M. Setting ®(y) := (v, ¢(y)), we call ®(I') the contact set. Moreover, to
each L € W we associate a Whitney region £ on M as follows:

(WR) £:=®(HN[-1, I]™), where H is the cube concentric to L with ((H) = 1L¢(L).

We will present a proof of Theorem 17.19 in Section 20

17.3 The M-normal approximation and related estimates. In what fol-
lows we assume that the conclusions of Theorem 17.19 apply and denote by M the
corresponding center manifold. For any Borel set V C M we will denote by |V| its
H"™-measure and will write fv f for the integral of f with respect to H™ L V. B,(q)
denotes the geodesic open balls in M.

Assumption 17.21. We fix the following notation and assumptions.
(U) U:={z e R™™": 3y =p(z) € M with [z —y| <1 and (z —y) L M}.
(P) p: U — M is the map defined by (U).
(R) For any choice of the other parameters, we assume ¢2 to be so small that p
extends to C?%(U) and p~1(y) = y + B1(0, (TyM)1) for every y € M.
(L) We denote by 9,U := p~1(OM) the lateral boundary of U.

The following is then a corollary of Theorem 17.19 and the construction algo-
rithm; see Section 21 for the proof.

COROLLARY 17.22. Under the hypotheses of Theorem 17.19 and of Assumption 17.21
we have:

(i) sptP(A(T'LU)) C U, spt(TL[-I, 1™ x R") C U, and p;(TLU) = Q [M]

mod(p);
(i) spt((T, p, ®(q))) C {y : [®(q) — y| < Cmy*"U(L)*7} for every g€ L € ¥,
where

C = C(fp2, 02, My, Ny, Ce, Cp);
(i) (T, p,q) = Q[q] for every q € ®(T').

The next main goal is to couple the center manifold of Theorem 17.19 with a
good approximating map defined on it.



C. DE LELLIS ET AL. GAFA

DEFINITION 17.23 (M-normal approximation). An M-normal approximation of T
is given by a pair (K, F') with the following properties. K C M is closed and contains

®(I'N[—2%, 2]™). Moreover:

(a) If Q = &, F is a Lipschitz map which takes values in «/p(R™™) and satisfies
the requirements of [DLHMS, Assumption 11.1].

(b) If Q < &, F is a Lipschitz map which takes values in Ag(R™*™) and has the
special form F(x) =), [x + Ni(x)].

In both cases we require that

(A1) spt(Tr) C 3
(A2) TrLp 1K) = TLp '(K) mod(p),

where T is the integer rectifiable current induced by F'; see [DLHMS, Definition
11.2]. The map N (for the case Q = £ see DLHMS, Assumption 11.1]) is the normal
part of F.

In the definition above it is not required that the map F' approximates efficiently
the current outside the set @(F N [—%, %]m) However, all the maps constructed
will approximate 7" with a high degree of accuracy in each Whitney region: such
estimates are detailed in the next theorem, the proof of which will be tackled in

Section 21.

Theorem 17.24 (Local estimates for the M-normal approximation). Let v := 7,
with « the constant of Theorem 15.1. Under the hypotheses of Theorem 17.19 and
Assumption 17.21, if ey is suitably small (depending upon all other parameters),
then there is an M-normal approximation (K, F') such that the following estimates
hold on every Whitney region L associated to a cube L € W, with constants C =
C (B2, 92, My, Ny, Ce, Ch):

Lip(N|z) < Cm@*(L)” and |N|clleo < Cmy* (D)4, (17.22)

L\K] +[Tr = Tl (p~1(£)) < CmbP2e(pym+2+ 2, (17.23)
/ IDN|? < Cmg £(L)™272% (17.24)
L
Moreover, for any a > 0 and any Borel V C L, we have (for C = C([(2, 02, My, No,
Ce; Ch))

C
/ |’I70N| < Cmo (f(L)m+3+ﬁ2/B _|_a€(L)2+72/2|V|) + E / gD(N,Q [[T] o Nﬂ )2-"-727
% %

(17.25)
where [ = s in case p = 2(Q), and it is empty otherwise.

From (17.22) to (17.24) it is not difficult to infer analogous “global versions” of
the estimates.
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COROLLARY 17.25 (Global estimates). Let M’ be the domain ®([—3%, £]™) and N

the map of Theorem 17.24. Then, (again with C' = C(f2, d2, My, Ny, Ce, C},))

Lip(N|pr) < Cmd* and  ||N|pelleo < Cmy™™, (17.26)
M\ K|+ |TF = T|lp(p~ (M) < Cmg ™™, (17.27)
/ IDN|? < Cmy. (17.28)

17.4 Separation and domains of influence of large excess cubes. We
now analyze more in detail the consequences of the various stopping conditions for
the cubes in #'. We first deal with L € #},.

PROPOSITION 17.26 (Separation). There is a constant C*(Mg) > 0 with the follow-
ing property. Assume the hypotheses of Theorem 17.24 and in addition C’,%m > CHC,.
If g5 is sufficiently small, then the following conclusions hold for every L € #:

(S1) ©(T,q) < Q — % for every q € Byg,, (pr);

(S2) LN H = for every H € #;, with ((H) < ${(L);

(S3) G (N (2),Q [n o N(2)]) > LChmy*"(L)+7 for every x € ®(By, /mery (L, m0)),
where (1 = s if p = 2Q) or 0 = otherwise.

A simple corollary of the previous proposition is the following.

COROLLARY 17.27 Given any H € W, thereis a chain L = Lo, L1, ...,L; = H such
that:

(a) Lo € #. and L; € #,, for all i > 0;
(b) Li N Li—1 # 0 and ¢(L;) = L6(L;_y) for all i > 0.

In particular, H C By (1) (2L, T0).-
We use this last corollary to partition #,.

DEFINITION 17.28 (Domains of influence). We first fix an ordering of the cubes in
W, as {J;}ien so that their sidelengths do not increase. Then H € #,, belongs to
#n(Jo) (the domain of influence of Jy) if there is a chain as in Corollary 17.27 with
Ly = Jo. Inductively, #,(J,) is the set of cubes H € W, \ Uj<y #y(J;) for which
there is a chain as in Corollary 17.27 with Ly = J,.

17.5 Splitting before tilting.  The following proposition contains a “typical”
splitting-before-tilting phenomenon: the key assumption of the theorem (i.e. L €
W) is that the excess does not decay at some given scale (“tilting”) and the main
conclusion (17.30) implies a certain amount of separation between the sheets of the
current (“splitting”); see Section 22 for the proof.
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PROPOSITION 17.29 (Splitting I). There are functions C1(d2), Co(My, d2) such that,
if My > C1(62), Ce > Co(Moy, d2), if the hypotheses of Theorem 17.24 hold and if £ is
chosen sufficiently small, then the following holds. If L € #., q € mp with dist(L, q) <
4ﬁ€(L) and Q) = (I)(Bg(L)/4(q, 7['0)), then (With C,C3= C(ﬂg, da, My, Ny, C., Ch)).'

Cemol(L)™ 2722 < (L)™E™(T,B1) < C / IDN?, (17.29)
/DN]Z < CUL)™E™(T,Br) < C3((L / |NJ2. (17.30)

17.6 Persistence of multiplicity Q points. We next state two important
properties triggered by the existence of ¢ € spt(T") with O(T,¢) = @, both related
to the splitting before tilting. Their proofs will be discussed in Section 23.

ProPOSITION 17.30 (Splitting II). Let the hypotheses of Theorem 17.19 hold and
assume e9 is sufficiently small. For any o, a,& > 0, there is €3 = e3(a, &, &, (2, 02,
My, Ny, Ce, Cy) > 0 as follows.

When Q < §, if for some s < 1

sup{{(L): L € #,L N Bss(0,m) #0} <s, (17.31)
HE 2P ({O(T, ) = QY NBy) > as™ >t (17.32)

and min {s,mo} < g3, then,
sup {{(L): L € #. and LN Bigs16(0,m0) # 0} <as.
When QQ = g, the same conclusion can be reached if (17.32) is replaced by
HE e ({e(T,) = QYN By) > as™ . (17.33)

PROPOSITION 17.31 (Persistence of @-points). Assume the hypotheses of Proposi-
tion 17.29 hold. For every ng > 0 there are 5, > 0, depending upon s, B2, d2, Mo, No, C,
and C}, such that, if o is sufficiently small, then the following property holds. If
LeW., (L)<, 0(T,q) =Q and dist(px, (p(q)), L) < 4/m (L), then

T2 2
Go(N,QnoN])? < -2 / DNP, (17.34)
]isaL)(P(Q)) U(L)™2 ),y (p(a)

where [ = s if p = 2Q or 1 = otherwise.

17.7 Comparison between center manifolds. @ We list here a final key con-

sequence of the splitting before tilting phenomenon. ¢o, denotes the map z +— 2.

PROPOSITION 17.32 (Comparing center manifolds). There is a geometric constant
Cy and a function ¢s([2, 02, Mo, No, Ce, Cy) > 0 with the following property. Assume
the hypotheses of Proposition 17.29, Ng > Cy, ¢s := ﬁ and g9 is sufficiently small.

64
If for some r €]0,1]:
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(a) €(L) < ¢sp for every p > r and every L € # with L N B,(0,m) # 0;
(b) E"(T,Bg, /m,) < €2 for every p > r; )
(¢) there is L € # such that {(L) > csr and LN B,.(0, ) # 0;

then

(i) the current T' := (10,-)4TBg s and the submanifold X' := 19, (X) N By
satisfy the assumptions of Theorem 17.24 for some plane w in place of my;

(ii) for the center manifold M’ of T' relative to m and the M’-normal approxima-
tion N’ as in Theorem 17.24, we have

/M’OB ’N’|2 > Cs max {]3_‘,”0(]"’7 BG\/M)v 0(21)2} ) (1735)

18 Height bound and first technical lemmas

We can now discuss the proofs of the main results outlined in the previous section. We
begin with a mod(p) version of the sheeting lemma appearing in [DLS16a, Theorem
A1

Theorem 18.1. Let p, Q, m, n and n be positive integers, with () < §. Then there
are (Q,m,p,n,n) > 0, w(Q,m,p,n,n) >0, and Cy(Q, m,n,n) with the following
property. For r > 0 and C = C,(zg) = C, (o, 7o) assume:

(hl) ¥ and T are as in Assumption 4.1;

(h2) 0T C = 0 mod(p), (Px, 4T C = Q [B(Pr,(20),m0)] mod(p), and E := E
(T,C) <e.

Then there are k € N\ {0}, points {y1,...,yx} C R™ and integers Q1, ..., Qx such
that:

(i) having set o := Co(E + A%)zm and p := r(1 — 2(E + A2%)¥), the open sets
S; =R" x (yi+] —ro,ro[")
are pairwise disjoint and

spt(T) N C,(xzg) C U Si;

7

(i) (Pro )z [TL(Cp(x0) N Si)] = Qi [By(Pr,(0), m0)] mod(p) Vi € {1,...,k}, with
Qi € Z. When Q < § all Q; must be positive, whereas for Q = £ either they
are all positive or they are all negative; in any case, > .|Q;| = Q;

(iii) for every g € spt(T) N C,(zq) we have O(T, q) < max; |Q;| + 3.

If we keep the same assumptions with E replaced by E™° := E"°(T,C), the conclu-
sions hold if we set p := (1 —n — 2(E + A?)¥), where n > 0 is any fixed constant
(in turn e will depend also on 7).
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REMARK 18.2. The proof that we are going to present is substantially different from
the one in [DLS16a, Theorem A.1l], and it could be easily adapted to the case of
area minimizing integral currents as well. The statement above is sufficient for our
purposes; nonetheless, the proof is actually going to give us more. In particular,
in dimension m > 3 the result holds with a better estimate on the bandwidth of
the various S;, namely with o = Cy (E + A2)w in place of o = Cg (E + A2)zn. In
dimension m = 2, the proof below also produces the height bound with the optimal
estimate featuring ¢ = O(E'/?), but only in the cylinder Cz(20).

Proof. In the rest of the proof we denote by p the orthogonal projection onto my =
R™ x {0}. The last part of the statement, where E is replaced with £ follows from
Theorem 16.1. Moreover, we assume xy = 0 and r = 1 after appropriate translation
and rescaling. We also observe, as in the proof of [DLS16a, Theorem A.1] that (iii) is
a corollary of the interior monotonicity formula (the only ingredients of the argument
in there are the stationarity of the varifold induced by T; := T'L(C, N'S;) and the
inequality M(T;) < wm p™(|Qil + E)).

We therefore focus on (i) and (ii) and since the case @ < £ is entirely analogous,
for the sake of simplicity we assume @ = £. We first prove (i). We start by considering
an approximation as in Proposition 16.2. We thus find an exponent w > 0 (which
depends only on @,m and n), a Lipschitz map u : Bi_(gya2 — @Q(R") and a
K C Bi_(p4a2)- with the following properties:

(i) Lip(u) < C(E + A?)¥;
(ii) GuL K x R" =T1L K x R" mod(p);
(i) [ITI((By (g arye \ K) x R) < C(F + A2)1+,

We consider first the case m > 2. Recall the Poincaré inequality and find a point
Ty € o(R™) such that

(/

where 2* = -2 Define next the set K* := {z € Bi_(g+a2e : Gs(u(x),Tp) <

C(E + A?)w}, where C is a constant which will be later chosen sufficiently large.
Using (18.1) and Chebyshev’s inequality, we easily conclude

2\ 1
1—(E+A2)w) S C(E+A )2 9 (181)
1-(E+A2)w

1/2*
Gs(To, u(x))* dﬁ) < C||[Dull2(p

m
—2

|Bi_(yaze \ K*|C7%5 (E+ A%)7s < C(E+ A7, (18.2)
In particular, for any fixed 7, if C' is chosen large enough, we reach the estimate
By (mran. \ K| <n(E+A%). (18.3)

Consider now the set K := K N K* and observe that, by choosing ¢ sufficiently
small, we reach

ITI((B1-(m+a2)= \ K) x R") < 27(E + A?). (18.4)
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To fix ideas assume now that Ty = (Z}le kj[p;l,1), where the p;’s are pairwise
distinct and all k; are positive. Let spt(Tp) = {p1,...ps}. From (ii) and the definition
of K, it follows easily that dist(spt(Ty), p-(spt((T, p,z)) < C(E+ A2)w for z € K.
Define thus Ehe sets U := U{{(x,y) |y —pj| <C(E+A?)»} and U = U;{(z,y) :
|y = pjl < (C+1)(E + A%)}, then

ITI(C (51 a2)- \ U) < ITI((B1-(mraz- \ K) x R") < 25(E + A%).  (18.5)

If ¢ € Ci_g(p4a2)- \ U'; then B(E+A2)%(q) C Ci_(g+a2)~ \ U (we are imposing

(E+A2)W (Q)) > CO(E + A2)7
where ¢g is a geometric constant. This is however incompatible with (18.5) as soon
as 27 is chosen smaller than ¢p, thus showing that spt(7") N Ci2(Braz)~ C U’. We
can now subdivide U’ in a finite number of disjoint stripes S; of width C/(E 4 A2)w
where C is larger than C' by a factor which depends only on Q. This shows therefore
the claim (i) of the theorem when m > 2.

The case m = 2 is slightly more subtle. Observe first that |Du|? < min{m.e, 1}
and hence we can use the same argument as in the proof of Theorem 14.3 to achieve

here w < 1), and by the monotonicity formula ||7'[|(B

/ |Du?(1F9) < opltae (18.6)
K

The subtlety is in losing at most (E+A?)“ in the radius of the ball; as usual, the price
to pay is a slightly worse estimate, cf. (18.6) with (14.3). Since |B)_(p1 a2y \ K| <
E'% if we choose ¢ small enough we easily reach the estimate

< CEi.

|Dull vann, gy <

In partlcular if we set in this case K* := {x € Bi_(gia2) : Gs(u(),To) < C(E +
) } then from Morrey’s embedding follows that K* = B;_ (g2, provided C
is chosen large enough. (18.3) is thus trivially true and the rest of the argument
remains unchanged.
We now come to claim (ii). By the constancy theorem, it is easy to see that

P:(TLCi_oypiazye NSi) = Qi [Bi_apiaz)-] mod(p),
for some integer Q; € {—(Q—1),...,—1,0,1,...,Q}. However, recall that for z € K:

e the support S of the current Z;(x) := (T, p, )L Ci_gp4a2)- N'S; consists of
at most () points;

e cither all points in .S have positive integer multiplicity, or they all have negative
integer multiplicity;

e M(Zi(2)) < Q.
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We thus conclude that each Q; is nonzero and that |Q;| = M(Z;(z)). Now, since
M({T,p,z)) = Q, we must have Y |Q;| = Q. On the other hand

D pi(TLCi 1Az NSi) = p(TLC_opra2) = Q [Bioapiaz)-] mod(p) .

Hence ), @Q; = @ mod(p). Hence we conclude that either all @Q;’s are positive or
they are all negative. O

Before coming to the proofs of the Lemmas 17.7 and (17.17), we wish to make the
following elementary remark, which will be used throughout the rest of the paper:

PROPOSITION 18.3. There are dimensional constants e(m,n) > 0 and C(m,n) > 0
with the following property. Consider an oriented m-dimensional plane m C R™*"
and an oriented (m + d)-dimensional plane I C R™*" where d € {0,...,n}. Let
7' C II be an oriented m-dimensional plane for which |m — 7’| = min,c |7 — 7|, and
assume|m — 7’| < e. Then

|7 = p11(7) o = |7 — pr(m)| < Clm — 7| .

In particular:

(Eq) if o and (3 are m-dimensional oriented planes of R™*™ for which | — f3] is
smaller than a positive geometric constant, then |a — (|no = |a — .

The proposition is a simple geometric observation, and its proof is left to the
reader.

Proof of Lemma 17.7. The argument given in [DLS16a, Section 4] of [DLS16a, Lemma
1.5] for the existence of the global extension of ¥ and the minimality of 7° in the
extended manifold works in our case as well, with straightforward modifications.

We now come to the proof of (17.9), which again follows that given in [DLS16a,
Section 4] of [DLS16a, Lemma 1.5], but needs some extra care. First of all, by
Assumption 17.5 and Remark 17.6, A < C’Om(l)/ * < Cp. Then, by the monotonicity
formula, ||7°(|(B1) > ¢o > 0 and so there is ¢ € spt(T") N By such that

- E™(T°, By, m)
|T%(q) — mo|2, < Co
1T°][(B1)

< C()m() .

Now, both fo(q) and —T O(q) orient a plane contained in T;X. We can thus apply
Proposition 18.3 provided my is sufficiently small. From it we conclude that pr, s (7o)
is an m-dimensional plane with |pr, (o) — mo| < Com(l)/ ?. From this inequality we
then conclude following literally the final arguments of [DLS16a, Proof of Lemma
1.5]. 0
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Proof of Lemma 17.8. We follow the proof of [DLS16a, Lemma 1.6] given in [DLS16a,
Section 4]. First of all we notice that, once (17.10) and (17.11) are established,
(17.12) follows from Theorem 18.1, since we clearly have that E"*(T', Cy; /2, T0) <
CE™(T°, Bg/m: mo). Moreover, recall that there is a set of full measure A C Bs m
such that (T, pr,,x) is an integer rectifiable current for every x € A. For any such z
we have thus (T, pr,, z) = Z;}(w) ki(z) [p:] where p1,...,p ) is a finite collection of
points and each k;(x) is an integer. In particular we must have ), k;(z) = Q mod(p)
and since 1 < Q < g, at least one k;(x) must be nonzero, which means in turn that
spt((T, pr,, x)) # 0. Hence we conclude that spt(T) N p;l(z) # 0 for every z € A,
and by the density of A we conclude that spt(T) N p;!(z) # () for every x € Bj S

We next come to (17.10) and (17.11). As in the proof of [DLS16a, Lemma 1.6],
we argue by contradiction and assume that one among (17.10) and (17.11) fails
for a sequence TP of currents which satisfy Assumption 17.5 with eo = eo(k) | 0.
The compactness property given by Proposition 5.2 ensures the existence of a subse-
quence, not relabeled, converging to a current 72, in the .# IZ’{ norm for every compact
K C Bg ¢ in fact Proposition 5.2 ensures also that T3, is area minimizing mod(p)
in a suitable (m + n)-dimensional plane (the limit of the Riemannian manifolds )
and that the varifolds induced by T, ,9 converge to the varifold induced by T . In
particular, 972, = 0 mod(p) in By sm and the tangent plane to TY is parallel to
| T2, ||-almost everywhere.

Observe that by upper semicontinuity of the density, (17.5) implies that 0 is a
point of density @ for 7. On the other hand (17.6) implies that ||T<9<>H(B6\/R) <
Qwn, (6y/m)™. Hence, by the monotonicity formula, T must be a cone. Observe
that if ¢ € Spt(Tc?O) is a point where the approximate tangent space m, exists, since
TY is a cone, we must have that ¢ € 7,. Thus ¢ € 7 for || TS |-a.e. g, which in turn
implies that spt(T3,) C mo. In conclusion T, = Q[Bg, 7] mod(p), and moreover the
varifold convergence holds in the whole R,

Again by the monotonicity formula, spt(7}) is converging locally in the sense
of Hausdorff to spt(7%). In particular if we set Tj, := TP Byg /4, for k large Tj,
will have no boundary mod(p) in Cyq /0. Hence it must be (17.11) which fails for
an infinite number of k’s. On the other hand we certainly have (pr, )3Tkl C11, /72 =
Qk[B11,/m /2] mod(p). Notice that by the varifold convergence we have gl (Ci1ymy2
Bos /m/a) — 0 as k — oo. In particular the limit of the currents (pr, )3Tkl C1q /m /2
is the same as the limit of the currents (pr, )7y Cy; Jmy2 and thus it must be
Qr = @ mod(p) for k large enough. Ol

19 Tilting of planes and proof of Proposition 17.13

Following [DLS16a], the first important technical step in the proof of the existence
of the center manifold is to gain a control on the tilting of the optimal planes as the
cubes get refined. The following proposition corresponds to [DLS16a, Proposition
4.1].

_—
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ProprosITION 19.1 (Tilting of optimal planes). Assume that the hypotheses of As-
sumptions 17.5 and 17.10 hold, that C. > C* and C}, > C*C,, where C*(My, Ny) is
the constant of the previous section. If €9 is sufficiently small, then

(')BHCBLCB5fforaHHLGWUYWithHCL

Moreover, if H, L € #'U.% and either H C L or HNL # () and ( ) < ((H) <L),
then the following holds, for C = C(f32, 02, My, No,Ce) and C = C(ﬂg,&g,Mg,Ng,
Ce,Ch):
(i) |y — mo| < éml/Qe(H)lféz,-
(i) |7y — 7| < Cmo (L) 02
1
(iv) |mg — mo| < C'my /2.
(v) h(T, Cser(pHﬂfo)) < Cmy "™ 0(H) and spt(T) N Csgr,, (par, m0) C B
(vi) Form = mg, g, h(T, Cser, (pr, 7)) < C’mé/ME(L)HB2 and spt(T)NCsg;, (pr, T)
C By.
In particular, the conclusions of Proposition 17.13 hold.
Proof. First of all we observe that, if we replace (ii), (iii) and (iv) with
(i)no |ig — Trlno < Crmg0(H)1 =02,
(ii)no |7 — 71 lno < Cmy*0(L)1=%, and
(iv)no |y — molno < C_’m(l)/Q,
then the arguments given in the [DLS16a, Proof of Proposition 4.1] can be followed
literally with minor adjustments. Indeed those arguments depend only on:

e the monotonicity formula;

e the triangle inequality | — | < | — B + |8 — 7];

e the elementary geometric observation that, for every subset E and every pair
of m-planes a and 3, we have the inequality

h(T,E,a) <h(T,E, )+ Cdiam (E)|a — 3],
where C' is a geometric constant.

However, it can be easily verified that all such properties remain true if we replace
|- [ with | - [no

We next come to (ii), (iii) and (iv). First observe that both 7 and the (oriented)
m-plane with the same support and opposite orientation belong to T}, >. For this
reason, the definition of 7wy implies that |7y — g |no = |7y — 7|, thus allowing us
to infer (ii) from (ii)no.

Next, recall that we have |7y — 79| = |7y — T0|no, cf. Remark 17.4. Hence (iv)no
implies (iv). Now, combining (iv) for two planes H and L as in statement (iii) of
the proposition, we conclude that |7y — 7| < |7y — mo| + |7 — mo| < Cm(lj/Q.
Hence, again assuming that €5 is sufficiently small, we can apply Proposition 18.3,
in particular conclusion (Eq): |7y — 71| = |7y — 7L |no. Thus (iii) is a consequence
of (iii)no. O
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REMARK 19.2. Notice that, even though our arguments use the nonoriented excess
as control parameter, the estimates of Proposition 19.1 on the tilt of optimal planes
which are needed for the construction of the center manifold involve a measure of
the classical distance between oriented planes. As seen in the proof, such estimates
continue to be valid in our setting thanks to our choice of optimal planes made in
(17.3) and to the observation made in Proposition 18.3.

Arguing as in [DLS16a, Section 4.3] we get the following existence theorem with
very minor modifications (the only adjustment that needs to be taken into consid-
eration is that the identities [DLS16a, (4.9)], [DLS16a, (4.10)] and the subsequent
analogous ones must be replaced with the same equalities mod(p)):

ProPOSITION 19.3 (Existence of interpolating functions). Assume the conclusions
of the Proposition 19.1 apply. The following facts are true provided €5 is sufficiently
small. Let H/L € # U.% be such that either H C L or HN L # () and @ <
((H) < {(L). Then,

(i) For m = ’/TH,ﬁ'H, (pﬂ)ﬁTLC;e,QTL (pL,ﬂ') = Q [[BgQTL (pL,ﬂ'))]] mod(p) and T
satisfies the assumptions of 16.1 in the cylinder Csy,, (pr, 7).

(ii) Let frr be the wg-approximation of T in Cg,, (pr, mx) and hyy, := (no fur)*
0¢(1) be its smoothed average. Set sy 1= 7715 NT,,% and consider the maps

r o  h(z) = pr,,(h) € np

v = hpp(e) = (h(2), U, (2, h(2))) € s X (T, (2))*
Then there is a smooth g1, : Bar, (1, m0) — 7p 8-t. Gy, = Gy, L Car, (L, T0).

DEFINITION 19.4. hyy and g, will be called, respectively, tilted (H, L)-interpolating
function and (H, L)-interpolating function.

Observe that the tilted (L, L)-interpolating function and the (L, L)-interpolating
function correspond to the tilted L-interpolating function and to the L-interpolating
function of Definition 17.18. Obviously, Lemma 17.17 is just a particular case of
Proposition 19.3. As in Definition 17.18, we will set hy, := hry, and g7, := g1

20 The key construction estimates

Having at disposal the Existence Proposition 19.3 we can now come to the main
estimates on the building blocks of the center manifold, which in fact correspond
precisely to [DLS16a, Proposition 4.4] and are thus restated here only for the reader’s
convenience.

PRrROPOSITION 20.1. (Construction estimates) Assume the conclusions of Proposi-
tions 19.1 and 19.3 apply and set k = min{f2/4,e9/2}. Then, the following holds for
any pair of cubes H, L € 97 (cf. Definition 17.18), where C = C(32, d2, My, No, Ce, C):
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i gH||Co(B) > m(l)/Zm and ||DgH||sz B S Cm[lj/z, for B = B47-H(93H,7T0),'

() llgllcomy < € (B)

(ii) if HN L # (), then | gy — gillci(B,, (@om)) < Cm(l)/QB(H):)’*"*i for every i €
{0,...,3};

(iii) | D3gn (er) — D3gp(ar)] < Omy°ley — 1]

. 1 m

(iv) [lgir — yalloos < Cmy*™0(H) and |xp — T,
H;

(v) if L' is the cube concentric to L € #7 with {(L') = 3¢(L), then

)Gl < Cm*0(H)1=0 v €

Z,9H

lei — grllpiy < Cmo O(LYT3HBL3 forall 0> 7.

The proof of Theorem 17.19 assuming the validity of Proposition 20.1 is given in
[DLS16a, Section 4.4, Proof of Theorem 1.17]. As for the proof of Proposition 20.1,
we discuss briefly why the arguments given in [DLS16a, Section 5] apply in our case
as well. First of all, the key tool in the proof, namely [DLS16a, Proposition 5.2], is
valid under our assumptions for the following reason. The proof given in [DLS16a,
Section 5.1] is based on the following facts:

e The first variation of 1" vanishes, and this allows to estimate the first variation
of Gy = Gy,, as in [DLS16a, Eq. (5.4)].

e The estimates claimed in [DLS16a, Egs. (5.5)-(5.9)] are valid because of The-
orem 16.1 and the Taylor expansion of [DLHMS, Corollary 13.2].

e Using the decomposition 6G¢ = 6(G s+ L By) + (G- L B_) + Q6(Gyorl Bo)
we can show the validity of [DLS16a, Eq. (5.11)].

The three ingredients above are then used to show the first estimate of [DLS16a,
Proposition 5.2], namely [DLS16a, Eq. (5.1)]. The derivation of the remaining part
of [DLS16a, Proposition 5.2] is then a pure PDE argument based only on [DLS16a,
Eq. (5.1)].

In [DLS16a, Section 5.2] the [DLS16a, Proposition 4.4] is used to derive [DLS16a,
Lemma 5.3], which in fact includes the conclusions (i) and (ii) of Proposition 20.1.
This derivation does not depend anymore on the underlying current and thus the
proof given in [DLS16a, Section 5.2] works literally in our case as well. The remain-
ing part of Proposition 20.1 is derived from [DLS16a, Lemma 5.5]. The latter is
based solely on the estimates on the Lipschitz approximation (which are provided
by Theorem 16.1) and on [DLS16a, Lemma 5.5], whose role is taken, in our setting,
by [DLHMS, Lemma 16.1].

21 Existence and estimates on the M-normal approximation

Corollary 17.22 can be proved following the argument of [DLS16a, Section 6.1]. The
only adjustement needed is in the argument for claim (iii). Following the one of
[DLS16a, Section 6.1] we conclude that at every ¢ € ®(I'), if we denote by 7 the
oriented tangent plane to M at ¢, then the current @ [r] is the unique tangent
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mod(p) of T at g, in the sense of Corollary 7.3. We then can use Proposition 5.2 to
conclude that O(T,q) = Q.

For Theorem 17.24 we can repeat the arguments of [DLS16a, Section 6.2] in
order to prove the existence of the M-normal approximation and the validity of
(17.22) and (17.23). As for (17.25) we can repeat the arguments of [DLS16a, Section
6.3], whereas in order to get (17.24) we make the following adjustments to the first
part of [DLS16a, Section 6.3]. The paragraphs leading to [DLS16a, Eq. (6.11)] are
obviously valid in our setting. However [DLS16a, Eq. (6.11)] must be replaced with
the following analogous estimate

/ T ()~ M(p()) 2, T | ()
p~ (L)

(T(x) — M(p(@)) 2 d|| T (x) + Cml2e(L)m+2+
(L)

IN

IA
— X

| T(2) = 7rlnod || T|(x) + Crng (L) 2722 (21.1)
—H(£)
From this one we proceed as in the rest of [DLS16a, Section 6.3] using the Taylor
expansion of [DLHMS, Proposition 13.3] in place of [DLS15, Proposition 3.4].

22 Separation and splitting before tilting

The arguments for Proposition 17.26 and Corollary 17.27 can be taken from [DLS16a,
Section 7.1], modulo using Theorem 18.1 in place of [DLS16a, Theorem A.1].

We next come to the proof of Proposition 17.29. A first important ingredient is
the Unique continuation property of [DLS16a, Lemma 7.1], which we will now prove
it is valid for ./ (R™) minimizers as well.

LEMMA 22.1 (Unique continuation for Dir-minimizers). For every n € (0,1) and
¢ > 0, there exists v > 0 with the following property. If w : R™ D By, — 4o(R") is
Dir-minimizing, Dir (w, B,) > ¢ and Dir (w, Ba,) = 1, then

Dir (w, Bs(q)) > v for every Bs(q) C Boy with s > nr.

Proof. We follow partially the argument of [DLS16a, Section 7.2] for [DLS16a,
Lemma 7.1]. In particular, the second part of the argument, which reduces the
statement to the following claim, can be applied with no alterations:

(UC) if Q is a connected open set and w € WhH2(Q, @75(R")) is Dir-minimizing in
any every bounded ' CC €, then either w is constant or [ 7 |Dw|? > 0 for
every nontrivial open J C .

However, the proof given in [DLS16a, Section 7.1] of (UC) when w € W12(Q, Ag(R"))
cannot be repeated in our case, since it uses heavily the fact that the singular sets
of Ag(R™)-valued Dir-minimizers cannot disconnect the domain, a property which
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is not enjoyed by @/ (R"™)-valued Dir-minimizers. We thus have to modify the proof
somewhat, although the tools used are essentially the same.

Assume by contradiction that there are a connected open set 2 C R™, a map
w e VVliCQ(Q, 2/o(R™)) and a nontrivial open subset J C €2 such that

(a) w is Dir-minimizing on every open Q' CC ;

w 1s not constant, and thus [, |Dw|* > 0 for some CC iy
b i d th o 1D 2>0f Q Q
(c) fJ |Dwl|? = 0.

Observe first that, from the classical unique continuation of harmonic functions,
either m o w is constant, or it has positive Dirichlet energy on any nontrivial open
subset of €. Since however the Dirichlet energy of 1 o w is controlled from above
by that of w, (c) excludes the second posssibility. Thus 7o w is constant and hence,
without loss of generality, we can assume 1 ow = 0.

Next assume, without loss of generality, that J is connected. Clearly, w is con-
stantly equal to some P € @/g(R™) on J. Since, without loss of generality, we could
“flip the signs of the Dirac masses” which constitute the values of u, we can always
assume that P = (3, [P],1). We then distinguish two cases.

First Case. The diameter of spt(P) is positive, namely |P; — Pj| > 0 for some
i # j. In this case consider the interior U of the set {w = P}. We want to argue that
U = Q, which contradicts (b). Since 2 is open and connected, it suffices to show
that OU NQ = (0. In order to show this, consider a point x € U. If x € 2, using the
continuity of the map w, we know that in a sufficiently small ball B,(x) there is an
Ag(R™)-valued map z such that w(y) = (2(y),1) for all y € B,(x). As such, z must
be a Dir-minimizer to which we can apply [DLS16a, Section 7.2]: since [, |[Dz|* =0
for some nontrivial open J' C B,(x), we must have that z is constant on B,(z). But
then we would have B,(x) C U, thus contradicting the assumption that x € oU.

Second Case. The remaining possibility is that P = Q [n o w(z)] = Q [0] (which
equals both (Q[0],1) and (Q[0],—1), since the latter points are identified in
2o(R™)). Define therefore

K :={w=Q[0]},

and (since K D J) observe that |K| > 0. Consider now the set K of points = € R
such that
0 < lim X0 Br(@)]

k—oo WL

<1 for some 7}, | 0T, (22.1)

and notice that K C K since w is continuous. The set K is necessarily nonempty. If
it were empty, we could first apply the classical characterization of Federer of sets
of finite perimeter, cf. [Fed69, Theorem 4.5.11], to infer that K is a set of finite
perimeter, and subsequently we could then apply the classical structure theorem
of De Giorgi to conclude that, since the reduced boundary of K would be empty,
D1g = 0. The latter would imply that 1x is constant on the connected set 2,
namely that \ K has zero Lebesgue measure, which in turn would contradict (b).
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Fix a point € K. Clearly it must be pr(x) |Dwl|? > 0 for every p > 0, otherwise
w would be constant in a neighborhood of z and thus x would be an interior point
of K. Denoting I ., (-) the frequency function of w at x as in [DLHMS, Definition
9.1], from [DLHMS, Theorem 9.2] we must then have

00 > Ip :=lim I ,,(r) > 0.
rl0

Define then the maps y — w,(y), whose positive and negative parts are given by
+ I, +
wi(y) =Y [rlw(ry+a)],
i

and observe that a subsequence of {w,, }ren, not relabeled, is converging to a non-
trivial wg € VVi)f (R™, a7(R™)) which minimizes the Dirichlet energy on every
Q' cc R™ and is Ip-homogeneous.

Next define the sets K, = r;l(K — x), where the maps w;,, vanish identically,
and observe that, by (22.1), liminfy |K,, N By| > 0. Since the sets K, N By are
compact we can, without loss of generality, assume that they convergence in the
sense of Hausdorff to some set K. The limiting map wg vanishes on such set because
the w,, are converging locally uniformly to wgy. On the other hand it is elementary to
see that the Lebesgue measure is upper semicontinuous under Hausdorff convergence
and we thus conclude [Kp| > 0.

We can now repeat the procedure above on some point y # 0 where the Lebesgue
density of Ky does not exist or it is neither zero nor one. We find thus a corresponding
tangent function w; that has all the properties of wg, namely

e it is nontrivial,

e it vanishes identically on a set of positive measure,

e it is /1-homogeneous for some positive constant I,

e and it minimizes the Dirichlet energy on any bounded open set.
In addition w; is invariant under translations along the direction ﬁ Assuming, after
rotations, that such vector is e, = (0,0,...,0,1), the function w; depends therefore
only on the variables z1,..., 2,1 and can thus be treated as a function defined

over R™~ 1. Tterating m — 2 more times such procedure we achieve finally a function
Wm—1 : R — /o (R™) with the following properties:

(A) wy,—1 is identically @ [0] on some set of positive measure;
-1

(B) [ [Dwm_1|* > 0;

(C) wpy—1 is Dir-minimizing on ]a, b] for every 0 < a < b < o0;

(D) wp—1 is a-homogeneous for some positive o > 0;

E

Because of (A) and (D), wy,,—1 must be identically equal to @ [0] on at least one
of two half-lines | — 00, 0] and [0, co[. Without loss of generality we can assume this
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happens on the | — 00, 0[. Let now wy,—1(1) = (>, [ci]] ,€), where ¢ € {—1,1}. By
(D) we then have

2

Wp—1(x) = (Z[[cixa]],zs) Ve > 0.

Observe that, because of (B), at least one of the ¢;’s is nonzero. Therefore £ can-
not be equal to 1, otherwise w,,—1 would give an Ag(R")-valued Dir-minimizer on
the real line with a singularity, which is not possible. However, since (Q [0],1) =
(Q[0],—1), if € equals —1 we reach precisely the same contradiction. This completes
the proof. O

We keep following the strategy of [DLS16a, Section 7.2] towards a proof of Propo-
sition 17.29. First of all, we introduce some useful notation.

DEFINITION 22.2. Let w : E — @/g(R"), let E4, E_ and Ey be the canonical de-
composition of E induced by w and let w™,w™ and 1 o w the corresponding maps,
as in [DLHMS, Definition 2.7]. For any f : E — R"™ we denote by w® f (resp. wS f)
the @/g(R"™)-valued map which

e on E coincides with (w* & f,1) (resp. (wt © f,1)),
e on E_ coincides with (w~ @ f,—1) (resp. (w~ © f,—1)),
e and on Ey coincides with Q [now + f] (resp. Q[now — f].

Moreover we use the shorthand notation w for w & 1o w.

We next show that if the energy of an .o/ (R")-valued Dir-minimizer w does not
decay appropriately, then the map must “split”, in other words w cannot be too
small compared to o w. As in [DLS16a, Section 7.2], we fix A > 0 such that

(14 1) Mm+2) < 9% (22.2)
and we claim the following analog of [DLS16a, Proposition 7.2].

PROPOSITION 22.3 (Decay estimate for Dir-minimizers). For every n > 0, there is
v > 0 with the following property. Let w : R™ D B, — 4/o(R"™) be Dir-minimizing
in every Q) CC Bsg, such that

/B Gs(Dw,Q [D(now)(0)] )2 > 2%2"m=2Djr (w, By,) . (22.3)

Then, if we let w be as in Definition 22.2, the following holds:

. o 1 _ .
v Dir (w, B(14x),) < Dir (w0, B(14),) < ’W’Q/ " |w|> ¥V Bs(q) C By, with s >nr.
B.(q

(22.4)
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The proof of [DLS16a, Proposition 7.2] can be literally followed for our case using
the Unique continuation Lemma 22.1 in combination with the next simple algebraic
computation (which is the counterpart of [DLS16a, Lemma 7.3]).

LEMMA 22.4. Let B C R™ be a ball centered at 0, w € WY%(B, ay(R")) Dir-
minimizing and w as in Definition 22.2 We then have

Q / D(n 0 w) — D(now)(O) = / Go(Dw, Q [D(n 0 w)(0)])? — Dir (1, B).
7 ? (22.5)

The detail of the necessary modifications to the argument in [DLS16a, Proof
of Proposition 7.2] towards proving Proposition 22.3 are left to the reader; we will
instead show how to prove the lemma above.

Proof. Let u := m ow and observe that it is harmonic. Thus, using the mean value
property of harmonic functions and a straightforward computation we get

2= ul? — uw(0)]?. .
Q /B Du — Du(0)[? = Q /B Dul? — Q|B||Du(0) (22.6)

On the other hand, using again the mean value property of harmonic functions, it
is easy to see that

/gs (Dw, Q [Du(0) Z g Dw®,Q[Du(0)])*+Q | |Du— Du(0)

Bo

and

G(Dw?, Q [Du(0)])* = /BE(IDwsl2 —2QDu : Du(0) + Q|Du(0)[?).

Be

In particular, we get
| 60w, QDO = [ 1Duf? + QIBIDUO) - 20Du(0): [ Du
and again by the mean value property we conclude
| 6.Dw.QIDuO? = [ |Duf QB D). (22.7)
Combining (22.6) and (22.7) we thus get
| 6.(Dw. QI w01 =@ [ Do w) - Dinow)O)f

- | 60w Qw017 =@ [ 1Du=Duo) = [ |Dui - [ |Duf

= wz— ow . .
- [ 10w Q/BID(n )2 (22.8)
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Next, a simple algebraic computations shows

[put= 3 [ 1pwpea [ pmou

e=+,—

-5 (/ D& + QD (o uf) P)w D(n o w)P

By

/ |Dw|* + Q/ |D(n o w) (22.9)
Clearly, (22.8) and (22.9) give (22.5) and conclude the proof. O

Proof of Proposition 17.29. Having at hand the analogs of the tools used in [DLS16a,
Section 7.3], we can following the argument given there for [DLS16a, Proposition
3.4]. In the first step of the proof (namely [DLS16a, Step 1, p. 548]) we use [DLHMS,
Corollary 13.2] in place of [DLS15, Corollary 3.3], we use Theorem 16.1 in place of
[DLS14, Theorem 2.4] and we replace E with E™ in the various formulas. We also
replace G with G in case p = 2Q). We then follow [DLS16a, Step 2, p. 550], where we
use Lemma 22.1 and Proposition 22.3 in place of [DLS16a, Lemma 7.1 & Proposition
7.2] in case p = 2Q). In the final [DLS16a, Step 3, p. 551] we use the reparametrization
Theorem [DLHMS, Theorem 15.1] in place of the corresponding [DLS15, Theorem
5.1] and measure the distance between m-planes using | - |,,, in place of | - |. O

23 Persistence of multiplicity @) points

The proofs of Proposition 17.30 and Proposition 17.31 can be easily adapted to our
case from [DLS16a, Proofs of Proposition 3.5 & Proposition 3.6] once we prove the
following analog of [DLS14, Theorem 2.7]:

Theorem 23.1 (Persistence of Q-points). For every 5,C* >0, thereis § €]0, %[ such

that, for every s < §, there exists £(s, C*, 5) > 0 with the following property. If T' is as
in Theorem 16.1, E" := E" (T, Cy,(z)) < &, r2A%? < C*E™ and O(T, (p,q)) = Q
at some (p,q) € Cr/z( x), then the approximation f of Theorem 15.1 satisfies

| Gatr.@mme 1P < dsmmere, (23.1)
B (p)

where L1 = s if p = 2Q or L1 = otherwise.

In order to show Theorem 23.1 we can follow literally [DLS14, Section 9]. Indeed
the proof in [DLS14, Section 9] relies on the Holder estimates for Dir minimizers
(which are valid in the @/5(R™) case by [DLHMS, Theorem 8.1]), the estimates on
the Lipschitz approximation (given by Theorem 16.1 and the classical monotonicity
formula in the slightly improved version of [DLS14, Lemma A.1]. Although the latter
is stated for stationary integral currents in a Riemannian manifold, it is easy to see
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that the proof is in fact valid for stationary varifolds and as such can be applied
to mod(p) area-minimizing currents. We formulate the precise theorem here for the
reader’s convenience.

LEMMA 23.2. There is a constant C' depending only on m, n and n with the fol-
lowing property. If ¥ C R™" is a C? (m + n)-dimensional submanifold with
|Asllcc < A, U is an open set in R™™™ and V an m-dimensional integral vari-
fold supported in ¥ which is stationary in ¥ N U, then for every & € X N U the
function p — exp(CA%p?)p~™ ||V (B,(£)) is monotone on the interval |0, p[, where
p := min{dist(x, V), (CA)~1}.

REMARK 23.3. The proof of Theorem 23.1 can also be given following the alter-
native argument of Spolaor in [Spol9], which uses the Hardt-Simon inequality and
the classical version by Allard of Moser’s iteration for subharmonic functions on
varifolds. While Spolaor’s argument is more flexible and indeed works for integral
currents which are not minimizing but sufficiently close to minimizing ones in a
suitably quantified way, we prefer to adhere to the strategy of [DLS14] because it is
more homogeneous to our notation and terminology.

24 Proof of Proposition 17.32

The proof follows the one of [DLS16a, Proposition 3.7] given in [DLS16a, Section
9] with minor modifications. The necessary tools used there, namely the splitting
before tilting Propositions, the height bound and the reparametrization theorem are
all available from the previous sections.

Part 4. Blow-up and final argument

25 Intervals of flattening

Our argument for Theorem 4.3 is by contradiction, and we start therefore fixing a
current 7', a submanifold X, an open set €2, an integer 2 < ) < £, positive reals a and
n and a sequence 1 | 0 of radii as in Proposition 8.7. In this section we proceed as in
[DLS16b, Section 2] and define appropriate intervals of flattening ]s;,¢;], which are
intervals over which we will construct appropriate center manifolds. These intervals,
which will be ordered so that ¢;1 < s; will satisfy several properties, among which
we anticipate the following fundamental one: aside from finitely many exceptions,
each radius r belongs to one of the intervals. In particular, if they are finitely many,
then 0 is the left endpoint of the last one, whereas if they are infinitely many, then
t; | 0. The definition of these intervals is taken literally from [DLS16b, Section
2.1], the only difference being that we take advantage of Theorem 17.19 in place of
[DLS16a, Theorem 1.17]. However we repeat the details for the reader’s convenience.

Without loss of generality we assume that Bg, 4 (0) C €2, and we fix a small pa-
rameter €3 €]0, 5[, where &9 is the constant appearing in (17.8) of Assumption 17.5.
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Then, we take advantage of Proposition 8.7 and of a simple rescaling argument to
assume further that:

ToX =R™™ x {0}, O(T,0)=Q, 9TLBgm(0)=0mod(p), (25.1)
IT11(Bg/mp(0)) < (Q (6v/m)™ +€3) p™  forall p<1, (25.2)
c(XNB7 7(0)) <es. (25.3)

We next define
R := {r €]0,1] : E™(T, B _s,(0)) < &3}, (25.4)

Observe that {0} UTR is a closed set and that, since E"(T', Bg, sy, ) — 0 as k T oo,
ri € R for k large enough.

The intervals of flattening will form a covering of R. We first define ty as the
maximum of R. We then define inductively so,...,t;,s; in the following way.

Let us first assume that we have defined t; and we wish to define s; (in particular
this part is applied also with j = 0 to define sy). We first consider the rescaled current
Tj = ((v0,t,)sT) L Bg /m» Xj = to4;(X) N By /m; moreover, consider for each j an
orthonormal system of coordinates so that, if we denote by mp the m-plane R™ x {0},
then E"(T}, Bg, /m, m0) = E" (T}, Bg ;) (alternatively we can keep the system of
coordinates fixed and rotate the currents 7).

DEFINITION 25.1. We let M be the corresponding center manifold constructed in
Theorem 17.19 applied to T; and ¥; with respect to the m-plane my. The manifold
M is then the graph of a map p; : mo O [—4,4]™ — 7y, and we set ®;(x) :=
(z,pj(x)) € mo x w3 We then let #'\9) be the Whitney decomposition of [—4,4]™ C
mo as in Definition 17.9, applied to Tj. We denote by p; the orthogonal projection
on the center manifold M, which, given the C3* estimate on @j, is well defined in
a “slab” U of thickness 1 as defined in point (U) of Assumption 17.21.

Next we distinguish two cases:

(Go) For every L € w9,
((L) < cdist(0, L), (25.5)

where cg 1= ﬁ, see Proposition 17.32. In this case we set s; = 0. Observe
that in this case the origin is included in the set I'; defined in (17.17).

(Stop) Assuming that (Go) fails, we fix an L with maximal diameter among those
cubes of #'U) which violate the inequality (25.5). We then set

(L)

Cs

Sj = tj (256)
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Observe that, in both cases, for every p > 7 := s;/t; we have
(L) < cgp for all L € #'V) with L N B,(0, ) # 0. (25.7)

We next come to the definition of ;41 once we know s;. If s; = 0, then we stop
the procedure and we end up with finitely many intervals of flattening. Otherwise we
let ¢j4+1 be the maximum of RN|0, s;]. Note that, since the vanishing sequence {rj}
belongs to R except for finitely many elements, clearly the latter set is nonempty and
thus ¢j41 is a positive number. Observe also that, by (17.18) of Proposition 17.13 and
using that 270 < ¢; by (17.16), we have ((L) < 276N < & Thus, ¥ < 275, This
ensures that, in case (Go) never holds (i.e. the intervals of flattening are infinitely
many), t; | 0.

DEFINITION 25.2. We denote by F the (finite or countable) family of intervals of
flattening as defined above.

The following proposition is the analog of [DLS16b, Proposition 2.2] and, since
the proof is a minor modification of the one given in [DLS16b, Section 2.2] we omit
it. Using the notation of Definition 17.12 we introduce the subfamilies ”//e(j ), “//h(j )
and 7%(] ). Recall also that, given two sets A and B, we have defined their separation
as the number sep(A, B) :=inf{jz —y| : x € A,y € B}.

PROPOSITION 25.3. Assuming e3 sufficiently small, then the following holds:

(i) s; < ;—g and the family F is either countable and t; | 0, or finite and I; =0, t;]
for the largest j;

(ii) the union of the intervals of F cover R, and for k large enough the radii ry, in
Proposition 8.7 belong to R;

(iii) if r G]:—j, 3[and J € 2,9 intersects B = Pr,(Br(gj)), with ¢; := ®;(0), then J
is in the domain of influence Wn(j)(H) (see Definition 17.28) of a cube H € w9
with

((H)<3csr and max{sep (H,B),sep (H,J)} <3vml(H) < 6

(iv) E"°(T},B,) < Coed r2=2% for every r E]f—j, 3[.

(v) sup{dist(z, M) : S spt(T) N pjfl(Br(qj))} < (p (m{))ﬁrHﬁz for every
r G]:—j, 3[, where my, := max{c(X;)% E"°(T}, Bem)}-

26 Frequency functions and its variations

As in [DLS16b, Section 3] we introduce the following Lipschitz (piecewise linear)
weight

1 for r € |0,

o(r):==¢2—2r for rels,

0 for r € |1, 4o0].
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For every interval of flattening I; =|s;,t;] € F, we let N; be the normal approxi-
mation of T on the center manifold M; of Thereom 17.24. As in [DLS16b, Section
3] we introduce the corresponding frequency functions and state the main analyt-
ical estimate, which allows us to exclude infinite order of contact of the normal
approximations with the center manifolds M.

DEFINITION 26.1 (Frequency functions). For every r €]0, 3] we define:

0,00 = [ o(UD) DN ana w6y [ o (410 D g,

where d;(q) is the geodesic distance on M between q and ®;(0), and dq is short for

dH™(q). If H;(r) > 0, we define the frequency function I;(r) := T}]ID?'(E;).

Theorem 26.2 (Main frequency estimate). If €3 is sufficiently small, then there
exists a geometric constant Cy such that, for every [a,b] C [, 3] with Hjljq5 > 0,
we have

T;(a) < Co(1+ T;(b)). (26.1)

To simplify the notation, in this section we drop the index j and omit the measure
H™ in the integrals over regions of M. The proof exploits four identities collected in
Proposition 26.4, which is the analog of [DLS16b, Proposition 3.5] and whose proof
will be discussed in the next sections. Following [DLS16b, Section 3] we introduce
further auxiliary functions in order to express derivatives and estimates on the func-
tions D, H and I. We also remind the reader that in principle we must distinguish
two situations:

o If @ < £, then the normal approximations are Ag(R”")-valued maps and
thus all the quantities considered here coincide literally with the ones defined
in [DLS16b, Section 3.

o If @ = &, then the normal approximations take values in % (R™*"); in this
case we use the notational conventions of [DLHMS, Subsection 7.1] and thus,
although at the formal level the definitions of the various objects are identical,
the notation is underlying the fact that all integrals involved in the computa-
tions must be split into three domains to be reduced to integrals of expressions
involving the Ag(R™"")-valued maps N, N~ and Q [ o N].

DEFINITION 26.3. We let 0; denote the derivative with respect to arclength along
geodesics starting at ®(0). We set

E(r) = —/ (d<q) % A(q)) dg, (26.2)

=1

Glr) == [ o (42) d@) NP dg and 2= [0 (40) NP d
(26.3)
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As in [DLS16b, Section 3] we observe that the estimate

D(r) < / IDN|? < Cymy P22 for every r € ]%, 3[. (26.4)
B.(2(0))

is a consequence of the inequality (17.24) in Theorem 17.24. Consider indeed that
(25.7) bounds the side of each Whitney region £ intersecting B,(®(0)) and that, on
the contact region KC the map N vanishes identically: it suffices therefore to sum the
estimates (17.24) over the aforementioned Whitney regions L.

We are now ready to state the key four identities, cf. [DLS16b, Proposition 3.5]:

PROPOSITION 26.4. (First variation estimates) For every 73 sufficiently small there
is a constant C' = C(v3) > 0 such that, if e3 is sufficiently small, [a,b] C [},3] and
I>1 on [a,b], then the following inequalities hold for a.e. r € [a,b]:

H'(r) — =L H(r) % (r)] < CH(r) (26.5)
\D E(r)| < CD(r) 1“3 + Ce2n(r), (26.6)

|D'(r) = ™2 D(r) — % (r)] < CD(r) + CD(r)*D'(r) + Cr=1D(r) 1,
(26.7)
Y(r)+rY(r) <Cr*D(r) < COr¥tme. (26.8)

Theorem 26.2 follows from the latter four estimates and from (26.4) through
the computations given in [DLS16b, Section 3]. The proofs of the estimates (26.5)
and (26.8) given in [DLS16b, Section 3] are valid in our case as well, since they do
not exploit the connection between the approximation and the currents, but they
are in fact valid for any map N satisfying I > 1. We therefore focus on (26.6) and
(26.7) which are instead obtained from first variation arguments applied to the area
minimizing current 7. In our case the current is area minimizing mod(p), however a
close inspection of the proofs in [DLS16b] shows that the computations in there can
be transferred to our case because the varifold induced by Tj is stationary (and the
required estimates relating the varifold induced by the graph of N; in the normal
bundle of M; and the current 7); have been proved in the previous section).

In the rest of the section we omit the subscript j from 7}, Y;, M; and Nj.

26.1 First variations. = We recall the vector field used in [DLS16b]. We will
consider:

Xo(q) = & (“B2) (g - p(g));
Xi(q) :=Y(p(q)) with

e the outer variations, where X (q) =

e the inner variations, where X(q) =
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Note that X; is the infinitesimal generator of a one parameter family of bilipschitz
homeomorphisms ®. defined as ®.(q) := V.(p(q)) + g — p(q), where ¥, is the one-
parameter family of bilipschitz homeomorphisms of M generated by Y.

Consider now the map F'(q) := ), [¢ + Ni(¢)] and the current T associated to
its image: in particular we are using the conventions of [DLS15] in the case Q < §
(i.e. when N takes values in Ag(R™%™)) and the conventions introduced in [DLHMS,
Definition 11.2] in the case @ = & (i.e. when N takes values in @/ (R™%")). As in
[DLS16b, Section 3.3] we observe that, although the vector fields X = X, and
X = X; are not compactly supported, it is easy to see that §T(X) = dT(XT) +
ST(X1) = 0T(X1), where X = X7 + X1 is the decomposition of X in the tangent
and normal components to TX.

Then, we have

6T F(X)| < [0T#(X) — 6T(X)[ + 6T (X )|

< / div X d|IT] + /
spt(T)\Im(F) Im(F)\spt(T)

Erry

+ ‘/div F X+ d||TH‘ : (26.9)

div,fFX‘ d|Tx|

Errs

In order to simplify the notation we set @, (x) := ¢ (@) Next, we apply [DLS15,

Theorem 4.2] in the case @ < § (this corresponds exactly to what done in [DLS16b,
Section 3.3] and [DLHMS, Theorem 14.2] when @ = £ to conclude

Q 3
STr(X,) = /M (o1 IDNP2 + 3N © Vo : DN ) + S B, (26.10)
i=1 j=1

where the errors Err§ correspond to the terms Errj of [DLS15, Theorem 4.2] in case
Q < % and to the analogous terms in [DLHMS, Theorem 14.2] when @ = £. This
implies

Erri’——Q/ or(Hypm,noN), (26.11)

M
Busg| < Co [ JorllAPINT, (26.12)

M
[Er§) < Cy /M (INIIA] + [DNP) (o [DN? + D IDN|INT) , - (26.13)

where Hq is the mean curvature vector of M. In particular we conclude

5
ID(r) —r'B(r)| <> [Emnf| (26.14)
j=1
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where Err] and Errg denote the terms Erry and Errs of (26.9) when X = X,,.

We follow the same arguments with X = X, applying this time [DLS15, Theorem
4.3] for @ < % and [DLHMS, Theorem 14.3] for @ = £. In particular using the
formulas [DLS16b, (3.29)&(3.30)] for divaY and DY we conclude

5
’D'(r) —(m— 2)7"_1D('r) — 2r_2G(7“)| < CoD(r) + Z ‘Errﬂ , (26.15)
7=1
where

Errl = —Q/ ((Hpm,mo N)ydivaY + (DyHa,mo N)), (26.16)

M
Busy| < Co [ JAP (DY |V + Y[}V IDN)). (26.17)

M

|Erry| < Co /M <\YHA|]DN]2(|N| + |DN|) + |DY|(JA| [N |DN| + \DN\4)) :
(26.18)

and where Err) and Err} denote the terms Erry and Errs of (26.9) when X = X;.

26.2 Error estimates.  We next proceed as in [DLS16b, Section 4]. First of all,
since the structure and estimates on the size of the cubes of the Whitney decompo-
sition are exactly the same, we can define the regions of [DLS16b, Section 4.1] and
deduce the same conclusions of [DLS16b, Lemma 4.4]. Next, since our estimates in
Theorem 17.24 have the same structure of [DLS16a, Theorem 2.4], we conclude the
validity of all the estimates in [DLS16b, Section 4.2]. In turn we can repeat all the
arguments in [DLS16b, Section 4.3] to conclude the same estimates for the terms of
type Err¢, Err}, Err§, Errd, Errg, Erry, Errg, Erry, Err. Some more care is needed to
handle the term Errg. First of all we split the latter error into the terms I; and I
of [DLS16b, Page 596]. The term I is estimated in the same way. Fo r the term Iy
we can use the same argument when Q < g and hence F'is Ag-valued. However, we
need a small modification in the case () = %, when F'is /g-valued.

As in [DLS16b, Page 597] we start by introducing an orthonormal frame vy, ...,y
for T,2+ of class C%%° (cf. [DLS15, Appendix A]) and set

m
1y (X) = = (Do vi(0), vr)
k=1
whenever v1 A ... A vy, = A is an m-vector of T,%, with vq, ..., v, orthonormal.

Next, we recall the canonical decomposition of M into M., M_ and M induced
by F (see Section 2) and correspondingly, we decompose the image of F' into

Img(F) :=Im(F) N p~ (M), (26.19)
Im, (F) := Im(F)np (M), (26.20)
Im_(F):=Im(F)np '{(M_). (26.21)
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If g € Im(F), as in [DLS16b, Page 597] we set

1
M) = Ty (M@(@) and hpg) =D 17, vi(p(a)-

=1

If g € Imo(F) UIm, (F), as in [DLS16b, Page 597] we set

l
h = hi(Tr(g)) and hg=_ hliv(q)
j=1

We proceed however differently for ¢ € Im_(F'): in this case we set
h) = hi(~Trp(q) and hg=> hlvi(q)

Observe that, since for ¢ € Im_ (F) we have —Tx(q) = Tp-(¢), in practice we can
follow precisely the same computations of [DLS16b, Page 597] in each of the regions
Img(F),Im (F) and Im_(F’), to conclude

(Xi(q): hq) = (Xi(q), (hq = hp(g))) = Z<Xi(P(Q))7DVj<P(Q)) 'exp(q)( )>hi,(q)
J
+ 2 (3(a): Xil@) (g = b)) + O (la = pla)?)
= Z<Xi(p(Q))»DVj(p(Q)> 'exp(lq)( )>hi,(q)

+0 (1 Trla) - Mp@)lolt — p@I +la - p@P).  (2622)

Observe that the only difference with [DLS16b, (4.17)] is that ITr(q) — M(P(q))|no
replaces |Tr(q) — M(p(q))| in the last line of the above estimate. Next, for ¢ €
spt(Tr), we can bound |g—p(q)| < [N(¢)| and |Tr(q) =M (p(q))[no < C|DN(p(q))!-
We therefore conclude the estimate

(Xi(@), ha) = > (Xi(pla)), Dy (pl0))exysy (@)1, +O(INF(pla))+DN(p(0)))

Combining the latter inequality with [DLHMS, Theorem 13.1] we can bound

Q
/ (Y, hp)JF;

/ Z Z ), Dv;(x) - exy " (F;(x)))hldH™ ()

Jj=11i=1

Ii— \ [exnaaree| =

(26 22)

e / (N2 + |DNP).
M

We can now proceed as in [DLS16b, Page 598] to conclude the same estimate for Is.
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27 Boundedness of the frequency function and reverse Sobolev

We next show the counterpart of [DLS16b, Theorem 5.1].

Theorem 27.1 (Boundedness of the frequency functions). Let T be as in Proposi-
tion 8.7. If the intervals of flattening are jy < oo, then there is p > 0 such that

H; >00n]0,p[ and limsupl; (r) <oo. (27.1)

r—0

If the intervals of flattening are infinitely many, then there is a number jo € N and
a geometric constant 51 € N such that

H; >0 on ]8—1:,2_j13[ for all j > jo, sup  sup  Ij(r) <oo, (27.2)
4 J2jore)id 2= 3|
r? [, |DN;|? 3
sup{min{lj(r),w 1 j > jo and max{?,%}§r<3 < 00
B, 14V J
(27.3)

(in the latter inequality we understand I;(r) = co when H;(r) = 0).

Proof In the first case we can appeal to the same argument as in [DLS16b, Page
599]. In the second case we also proceed as in [DLS16b, Page 599] and partition the
extrema t; of the intervals of flattening into two subsets: the class (A) formed by
those t; such that t; = s;_; and the complementary class (B). As in [DLS16b, Page
599] we can assume that j is large enough. In the first case we proceed as in [DLS16b,
Page 599] where we substitute [DLS16a, Proposition 3.7] with Proposition 17.32. In
case (B) by construction there is ; €]0, 1[ such that E"((zot, )37, Bg /m(142,)) > £2.
Up to extraction of a subsequence, we can assume that Tj = (o4, )s1 converges to
a cone S: the convergence is strong enough to conclude that the excess of the cone
is the limit of the excesses of the sequence. Moreover (since S is a cone), the excess
E™°(S,B,) is independent of . We then conclude

2 CR no
g5 < liminf E"(T;,Bs).
77 o0 je(B) T3, Bs)

We then argue as in [DLS16b, Page 601] using Lemma 27.2 below in place of
[DLS16b, Lemma 5.2]. O

LEMMA 27.2 Assume the intervals of flattening are infinitely many and r; €]3, 3|
is a subsequence (not relabeled) with lim; | Nj|[ 125, \B,. ) = 0. If 3 is sufficiently
small, then, E"(T};,B,,) — 0.

Proof The argument is a modification of that of [DLS16b, Lemma 5.2], which we
include for the reader’s convenience. First of all note that, by Proposition 25.3,
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E"(T},B,,) — 0 if r; — 0. Hence, passing to a subsequence, we can assume the
existence of a ¢ > 0 such that

rj >c and E"(T},Bg m) > c (27.4)

After the extraction of a further subsequence, we can assume the existence of r such

that
/ |N;|? — 0, (27.5)
37.\3%

and the existence of a mod(p) area-minimizing cone S such that (uo4, )47 — S.
Recall that S is a representative mod(p). By (27.4), the cone S cannot be an integer
multiple of an m-dimensional plane.

We argue as in [DLS16b, Pages 601-602] and conclude that, if M is the limit of
a subsequence (not relabeled) of the Mj, then there are two radii 0 < s < t such
that spt(S) NB.(0) \ Bs(0) € M. In particular, by the Constancy Theorem mod(p)
we conclude that SLB¢(0) \ B5(0) = Qo [M NB:(0) \ B5(0)] mod(p) for an integer
Qo with |Qo| < £. Since S is a cone and a representative mod(p) we can in fact infer
that SLB¢(0) = Qo [0] % [M N 9B(0)] mod(p) (in fact it can be easily inferred
from the argument in [DLS16b, Pages 601-602] that Qo = @, although this is not
needed in our argument). Since [0] x [M N 9IB:(0)] induces a stationary varifold
and M is the graph of a function with small C% norm, we can applied Allard’s
Theorem to conclude that in fact [0] x [M N 9B.(0)] is smooth. This implies that
the latter is in fact [7 N B(0)] for some m-dimensional plane 7, contradicting the
fact that S is not a flat cone. O

Finally, Theorem 27.1 can be used as in [DLS16b, Section 5] to show [DLS16b,
Corollary 5.3], which we restate in our context for the reader’s convenience.

COROLLARY 27.3 (Reverse Sobolev) Let T be as in Proposition 8.7. Then, there
exists a constant C' > 0 which depends on T but not on j such that, for every j
and for every r €]3%,1], there is o €]3r,3r] such that

[ooonpG [N (27.6)
B, (®;(0)) T JB,(2;(0))

o

28 Final contradiction argument

In this section we complete the proof of Theorem 1.4 showing that, by Proposi-
tion 8.7, under the assumption that the theorem is false, we get a contradiction.
In particular fix T, 3, Q and r; as in Proposition 8.7. We have already remarked
that for each k there is an interval of flattening Iy =]s;(), (k)] containing ry. We
proceed as in [DLS16b, Section 6] and introduce the following new objects:

Tk
1)

e We first apply Corollary 27.3 to r = €

]§ Tk Tk [
2500 Tt U

and set 55 := t;()0k, so that t'_(’;)
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25
StS(IZ)
o We rescale our geometric objects, namely
(U1) The currents T}, the manifolds 35 and the center manifolds M, are given

respectively by

e We set 7, :

Ty = (v0,7)1Tjky = ((0,70t500 )4 T) L By » (28.1)
Sk = Lo,7y (Ej(k)) = LO,Fktj(k)(E)a (28'2)
My, = 10,7, (M) - (28.3)

(U2) In order to define the rescaled maps N on My we need to distinguish
two cases. When Q < &, the map Ny, takes values in Ag(R™"") and is
defined by

Q

)i(rq)] -
1

=

In the case @ = 5, the map Nj, takes values in #(R™™) and is de-
fined analogously. The reader might either use the decomposition of M,
into (M) +, (Mjx))— and (M;))o or, using the original notation in
[DLHMS, Definition 2.2],

Q
= (Z [[7’_1<Nj(k))i(7'q>]] ,E(TQ)> )

where

Ni( (Z [(; (c‘z’))

and (-) € {—1,1}.
Without loss of generality we can assume that Ty = R™*" x {0}, thus the ambient

manifolds ¥ converge to R™*" x {0} locally in C®°. Observe in addition that
2 < 1 and hence it follows from Proposition 8.7(ii) that

2 Tkt

E"(T,,B.) < CE™(T,B,,) — 0.

Indeed Proposition 8.7(ii) implies that T} converge to Q [ro] both in the sense of
varifolds and in the sense of currents mod(p). Finally, we recall that, by Proposi-
tion 8.7(iii)& (iii)s,

H$72+Q(DQ(T}€) N Bl) > CoT;(m72+Q)H$72+a(DQ(T) N Brk) >n>0 when @ < g

—~
[\

8.4)
H$_1+Q(DQ(T;C) n Bl) Z CoT,:(m_H—Q)Hg_IJFQ(DQ(T) n Brk) Z n > O When Q =

[\31\3‘%
90
Ut
=
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where « is a positive number and Cj a geometric constant.

As in [DLS16b, Section 6] we claim the counterpart of [DLS16b, Lemma 6.1],
namely Lemma 28.1, which implies that M, converge locally to the flat m-plane 7.
We also introduce the exponential maps ex; : B3 C R™ ~ qu./\;lk — My, at g =
®;(x)(0)/7) ( here and in what follows we assume, w.l.o.g., to have applied a suitable
rotation to each T}, so that the tangent plane Tz M;, coincides with R™ x {0}). We
are finally ready to define the blow-up maps N,i’ : By C R™ — Ag(R™*™), when

Q <L and N?: B3 CR™ — /o(R™"), when @ = L:

Np(x) = hy ' Ny, (exp(x)) , (28.6)
where hy, := ||Nk:”L2(B%)-
LEMMA 28.1 (Vanishing lemma). Let Ty, 7%, My, and ¥, be as above. We then have:

(i) min{mg ™ 7} — 0; )
(ii) the rescaled center manifolds M, converge (up to subsequences) to my = R™ x
{0} in C®*/2(By4) and the maps exy converge in C>*/2 to the identity map

id : B3 — Bs;
(iii) there exists a constant C > 0, depending only on T, such that, for every k,
1 _
hQ/ IDNy><C | |DN}?<C. (28.7)
k By By

Proof The argument for (i) can be taken from [DLS16b, Proof of Lemma 6.1]. As for
part (ii) the argument given in [DLS16b, Section 6] for the convergence of the center
manifolds can be shortened considerably observing that it is a direct consequence of
Proposition 25.3(v) and the convergence of the currents Ty. The C**/2 convergence
of the exponential maps follow then immediately from [DLS16b, Proposition A.4].
Finally, (iii) is an obvious consequence of Corollary 27.3. O

Having defined the blow-up maps, the final contradiction comes from the follow-
ing statements.

Theorem 28.2 (Final blow-up). Up to subsequences, the maps N, ,2 converge strongly
in L2(B%) to:

e a function N2, : Bs — Ag({0} x R™ x {0}) when Q < §;

e a function N2 : Bs — ({0} x R™ x {0}) when Q = &.
Such limit is Dir-minimizing in By for every t €], 3] and satisfies | N2 | 12(5,) =1
and o N2 =0. i

Theorem 28.3 (Large singular set). Let N’ be the map of Theorem 28.2 and
define

T = {xEBl . N () :Q[[O]]} .
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Then
Hg—Q—i—a(T)

v

if@Q <
if Q=

, (28.8)

IS o3

(A4
NSNS

HT () (28.9)

2 )
where « and 1 are the positive constants in (28.4), resp. (28.5).

The two theorems would contradict [DLS11, Theorem 0.11] in case @ < & since,
arguing as in [DLS16b, Section 6] we easily conclude that Y is a subset of the
singularities of ijo. In the case @ = & we infer instead from [DLHMS, Proposition
10.3] that Ny° = Q [n o Ny°] on the whole Bs/y, which in turn would imply Ny© =

Q [0]. This however contradicts || Ny°[|z2(p,,,) = 1.

28.1 Proof of Theorem 28.2  Without loss of generality we may assume that
qr = F,;lCI)j(k) (0) coincide all with the origin. We then define a new map Fj on the
geodesic ball B35 C Mj, distinguishing, as usual, the two cases @ < Land Q =15.
In the first case we follow the definition of [DLS16b, Section 7.1], namely we set

Fi(x) := Z [z + (Ng)i(2)] -

In the case @ = & the map Fj, takes values in (R™%") and it is induced by Ny
in the sense explained at point (N) of [DLHMS, Assumption 11.1]. The argument
given in [DLS16b, Section 7.1] works in our case as well and implies the following
estimates (where «y is some positive exponent independent of k)

Lip(Nels,.) < Ch) and || Nillcos, ) < Cmd ™), (28.10)
M? (T, —Tr)L(py, ' (B2)) < Chi ™, (28.11)
/ |n o Ni| < Chi. (28.12)

3
2

From these estimates we conclude the strong L? converge of (a subsequence of) N ,2’ to
amap NY on By, taking values, respectively, on Ag({0} x R™ x {0}) (when Q < §)
and #75({0} x R™ x{0}) (when @ = §). Moreover it is obvious that [| N2 |12, ,,) = 1
and that n o Né’o = 0. Therefore we are only left with proving that Ngo is Dir-
minimizing.

Proceeding as in the [DLS16b, Section 7] we assume, without loss of generality,
that the Dirichlet energy of NZ, is nontrivial (otherwise there is nothing to prove).
Thus we can assume that that there exists ¢y > 0 such that

cohig/ IDN.|%. (28.13)
Bs

2
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We proceed as in [DLS16b, Section 7.2 & Section 7.3]: if there is a radius t € ]%, %[
and a function f on Bs (taking values in Ag(R™) when @ < &, or in @/ (R™) when

Q = %) such that

flB, = N&\Bé\Bt and Dir(f, B;) < Dir(N2, B;) — 26,

for some § > 0, we then produce competitors Ny, for the maps Ny satisfying
Nk = Nk in B% \Bt, Lip(Nk) < Chz, ‘Nk| < C(mlgfk)'y,

/\nomyg(}hz and /|DNk\2§/ |IDN|? — 6hi.
B§ B§ B;

2 2 2

Indeed the construction of the maps in [DLS16b, Section 7.2 & Section 7.3] uses
the left composition of Ag-valued maps with classical maps in the sense of [DLS11,
Section 1.3.1], which in the .@/y-valued case is substituted by the left composition as
defined in [DLHMS, Subsection 7.3].

Consider next the map Fj, given by Fj, () =3, [[x + (Nk)z(m)}] in the case Q < §
and by the corresponding (ZZ [{x + (Nk)z(x)]] ,z-:(x)) in the case ) = §. The current
T coincides with T, on pgl(B% \B;). Define the function wr(q) = dist g, (0, px(q))
and consider for each s € ]t, %[ the slices <Tﬁk — Tk, ¢k, s). By (28.11) we have

/2 MP((Tg — T, Pk 8)) < Chiﬂ.
t

Thus we can find for each k a radius o), € ]t, %[ on which Mp((TFk — T, 1, 01)) <

C’hi+7. Recall from Lemma 6.1(i), 6<TF;€ — Tk, ¢k, 0%) = 0 mod(p). By the isoperi-
metric inequality mod(p) (see [Fed69, (4.2.10)"]) there is an integer rectifiable current
Sk, which can be assumed to be representative mod(p), such that

Sy = (T, — Th o, 0x) mod(p), M(Sy) = MP(Sy) < ChZ ™/
and spt(Sy) C .

Our competitor current is, then, given by
Zy =Tyl (py, ' (My \ Bs,)) + Sk + T L(p; ' (Bs,)).

The computations given in [DLS16b, Section 7.4] would then imply that the p-mass
of Zj, is strictly smaller than the mass of T}, for k large enough, even though T}, — Z;,
is a cycle mod(p) supported in the ambient manifold ¥, which is a contradiction to
T}, being a mass minimizing current mod(p) in %j. O
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28.2 Proof of Theorem 28.3. We argue by contradiction and assume that:

HI2E(T) < g if Q < g, (28.14)
HM1Ho(T) < g if Q= g. (28.15)

Since T is compact, we cover T with finitely many balls {B,,(x;)} in such a way
that

Z Wm—2+a (4Ui)m_2+a <

)

Z Wm—1+ao (4Ui)m71+a <

)

if Q < (28.16)

NS I3

=
O

I
w_\’@ N 3

(28.17)

Choose a ¢ > 0 so that the 55-neighborhood of Y is covered by {B,,(z;)}. Denote
by A} the set of multiplicity @ points of T}, far away from the singular set Y:
Ax = {q € Dg(T}) N By : dist(q, Y) > 45}.

Clearly,

Y

HTE(A) when Q < =, (28.18)

Hg—l—i—a (Ak)

v
ISIESENIES)

when @ = . (28.19)

NITB NI

As in [DLS16b, Section 6.2] we denote by V the neighborhood of T of size 25.
Agruing as in [DLS16b, Section 6.2, Step 1] we conclude the existence of a positive
constant ¥ such that, for every fixed parameter o < &, there is a k(o) such that
the following estimate holds for every k > ko(o). In the case @ < & we have

][ G(Ni,Q [moNp])? >09hi  Vaze€E:=py, (M), (28.20)
Bz(,(;r)
whereas in the case @ = § we have

1 Ge(N@mo N2 hE VreSi=pa (). (@82

Indeed the argument in [DLS16b, Section 6.2] uses only the Holder continuity of
the Dir-minimizing map N, (which is a consequence of [DLS11, Theorem 2.9] for
Q < § and a consequence of [DLHMS, Theorem 8.1] when @ = §) and the strong
convergence proved in Theorem 28.2.

Next, following [DLS16b, Section 6.2, Step 2], for every q € Ay, we define zx(q) =
Pr, (q) (Where m, is the reference plane for the center manifold related to Tj)) and

T1(q) = (Zk(Q)afk_lsf’j(k) (Tezk(q))) -
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Observe that 71 (q) € M. We next claim the existence of a suitably chosen geometric
constant 1 > ¢g > 0 (in particular, independent of o) such that, when k is large
enough, for each ¢ € Ay, there is a radius g, < 20 with the following properties:

i 1 _
Loa hi < m—2+a/ |DN|?, (28.22)
g 9q B, (x(q))

B,,(Zk(q)) C Bug, () - (28.23)

The argument given in [DLS16b, Section 6.2, Step 2| can be routinously modified
in our case. In particular we define the points g := 7rq, 2 := 7r2x(q) and z =
TkZr(q) = (2k, @) (21)) and discuss the three different possibilities depending on
whether z; belongs to a cube L € #7%) or to the contact set Ly

The first case, 2z, € L € VWhj(k) can be excluded with the same argument given
in [DLS16b, Section 6.2, Step 2], where we replace [DLS16a, Proposition 3.1] with
Proposition 17.26, because gy is a multiplicity @ point for the current T),).

Following the argument in [DLS16b, Section 6.2, Step 2], when z;, € %(k) U%j(k)
we find a t(q) < o with the property that

_ _ 9 _
Go(Nk, Q [n o Ni])? < m/ IDN,>  (28.24)
]istm(fk(q)) Awmt(@)™ 2 B, (20(0))
(where 0 = s for Q@ = § and 0 = for Q < §) and

lq — zk(q)| < 5t(q). (28.25)

In the argument [DLS16b, Section 6.2] we take care of substituing [DLS16a, Propo-
sition 3.5], [DLS16b, Lemma 6.1] and [DLS16b, Proposition 3.6] respectively with
Proposition 17.30, Lemma 28.1 and Proposition 17.31.

In the case 2z;, € I'j) we find a t(¢) < o such that
9
4

][ Go(Ni, Q [0 Ni])? < <hi, (28.26)
Bst(q) (T (q))

whereas we observe that (28.25) holds trivially because the left hand side vanishes.

By (28.25), for any g, €]st(q),20] the inclusion (28.23) holds. The argument is
then closed by showing that (28.22) must hold for at least one g, €]5t(q),20]. The
rest of the argument in [DLS16b, Section 6.2, Step 2| uses the Poincaré inequality
in the Ag-valued setting to show that, under the assumption that (28.22) fails for
every o €]st(q),20], (28.26) and (28.24) would be incompatible with (28.20). This
argument then settles the proof of the existence of g, satsifying (28.22)-(28.23) when
Q < 5. Since the analogous Poincaré inequality can be easily seen to hold in the
ag-valued case, we easily conclude that the same argument applies when @ = %
exploiting the case 0 = s for (28.24) and (28.26) against (28.21).
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From (28.22) to (28.23) we can use the covering argument of [DLS16b, Step 3] to
conclude that the inequality (28.18) and (28.19) would force a large Dirichlet energy
of Ny on Bg/y, in particular

n_ Co o / o2 p
T2 [ DN, for Q < =, 28.27
n CO Ul-i—a / . P
T X0 DN, for Q ==, 28.28
2 — CO ﬁhz B§ ’ k| or Q 2 ( )

where Cp, ¢y and ¢ are fixed (namely independent of ). Therefore, o can be chosen
very small, with the inequality being satisfied only for k& > k(o). However, the
arbitrariness of o and (28.7) would be incompatible with n > 0, thus leading to the
required contradiction.

Part 5. Rectifiability of the singular set and structure theorem

29 Rectifiability of the singular set: proof of Theorem 1.9

We start by introducing the term “area minimizing cones mod(p)” for area mini-
mizing currents mod(p) without boundary mod(p) which have a representative Ty
which is a cone in the sense of Corollary 7.3(iii). Such cone will be called flat if
it is supported in some m-dimensional plane m C R™*", We recall that, by Corol-
lary 7.3, any flat area minimizing cone mod(p) is congruent mod(p) to @ [x], where
7 is an m-dimensional plane and @ is an integer with 0 < @ < %. For odd p we then
conclude that |Q| < %.

Recall the definition of k-symmetric cones given in Definition 8.3. Following [NV],
we introduce next the following terminology, which introduces a suitable notion of
local almost symmetry for a given integral varifold V.

DEFINITION 29.1 An m-dimensional integral varifold V is (k,e)-symmetric in the
ball B,(x) if there is a k-symmetric cone C such that the varifold distance between
CLB1(0) and ((ts,)sV)LB1(0) is smaller than .

Next, given a varifold V with bounded mean curvature in an open set U, for
every o > 0 and € > 0 we introduce the set

StV :={x espt(V)NU : V is not (k + 1,¢)-symmetric in B,(z) for r €]0, 0]}
The following is then a direct corollary of Lemma 8.6.

COROLLARY 29.2 Assume that T is as in Theorem 1.4, and consider the varifold
v(T) induced by T. If p is odd, then for every compact K with K Nspt?(9T) = ()
there are constants € = (m,n,p, K) > 0 and o = o(m,n,p, K) > 0 such that
Sing(T) N K C | J Singo(T) U S (v(T)) US™ *(v(T)).
Q=2
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Proof Consider a point

q € (Sing(T)NK) \ U Singo (T) US™?(v(T))
Q=2

We then know that at least one tangent cone in ¢ is (m — 1)-symmetric but not flat.
Therefore we know from Lemma 8.6 that ©(T', q) > £. We also know that v(T') is a
varifold with bounded mean curvature (the L* bound depending only on the second
fundamental form of ¥) and that there is a og(K) > 0 such that dist(q, spt?(0T")) >
0p. In particular, by the monotonicity formula, there is a o(K, %) > 0 such that

MDIB. @) = (57 )wmr™ ¥ elol. (20.1)
On the other hand, if v(T') were (m,¢)-symmetric in B,(¢), then there would be a
positive integer @ and an oriented m-dimensional plane [r] such that the varifold
distance between ((tq,)sv(7))LB1(0) and Qv([7])_B;(0) is smaller than e. By
the compactness Proposition 5.2 (observing that »~"*M(T'LB,(x)) can be bounded
uniformly for z € K), when ¢ is sufficiently small, @ [7] must be a representative of
an area minimizing current mod(p) and as such we must have @ < %. In particular,
if ¢ is sufficiently small, we would conclude

MDIB @) < (53 ) o™

This is however not possible because of (29.1) and hence we deduce that ¢ €
S (v (T)). O

Proof of Theorem 1.9 Observe that, by Almgren’s stratification theorem, S™~2(v(T))
has Hausdorff dimension at most m — 2. Similarly,

|J Singo(T)
Q=2

has Hausdorff dimension at most m — 2 by Theorem 1.7. Since by [NV, Theorem
1.4], S 7 (v(T)) N K has finite H™ * measure and it is (m — 1)-rectifiable, the
claim follows from Corollary 29.2. O

30 Structure theorem: proof of Corollary 1.10

In this section we prove Corollary 1.10. First of all observe that each connected com-
ponent A; is necessarily a regular submanifold because, by definition, it is contained
in the set of regular interior points of T'. Clearly A; is locally orientable, and it is
simple to show that, since p is odd, there is in fact a smooth global orientation.
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Clearly TLA; = Q; [A;] mod(p) for some integer multiplicity Q; € [, %] by the

constancy lemma mod(p). On the other hand we can reverse the orientation to as-
sume that Q; € [1, 5]. Point (b) is then obvious because TLU = >, T;L.U mod(p)
and in fact

ITIU =Y T U (30.1)
Now consider U as in part (a) of the statemzent and observe that, by the monotonicity
formula, there are constants M (U) and p(U) > 0, such that
|T|(By(x)) < Mr™ Vz € U and Vr €]0, p(U)] .
Fix a T; and note that, by (30.1),
ITI(B, () < My™ (30.2)
Observe that
spt((0T;)LU) C Sing(T)NU =: K,
and that, by Theorem 1.9, the compact set K satisfies the bound
H™ Y(K) < x. (30.3)
We next claim that, by (30.2) and (30.3),
M((0T;)LU) < oo

£U) and choose a finite cover of K with balls {Bj]?’}j with

First of all fix o = % < =5
radii r;? satisfying 27‘}C <o= % such that

D W (r)" Tt < 2HP N (K) < 2HTH(K).
J

For each ball B}f we choose a smooth cutoff function cp;? which vanishes identically
on BJ’-C and it is identically equal to 1 on the complement of the concentric ball 2B§?
with twice the radius. We choose cp}“ so that 0 < go? < 1 and Hdcp?”o < C(r}“)_l,
where C' is a geometric constant. We then define

o =115
j

Recall that
M((0T;)|_U) = sup{dT;(w) : |[w]lc <1, w € D¥U)}.

We therefore fix a smooth (m — 1)-form w with compact support in U and we are
interested in bounding OT;(w) = T;(dw). Observe that ¢* 1 1 ||T}||]-a.e. on U. Hence
we can write

Ti(dw) = lim Ti(p*dw) .
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On the other hand, since ¢*w is supported in an open set V. cC U \ K we conclude
Ti(d(¢*w)) = 0T;(¢"w) = 0.

Hence we can estimate

ITi(p"dw)| = [Ti(de* Aw)| <D |T | [] eldel Aw
J #]

(30.2) B .
<O llwlle ldefllo 1T:1(2B)) < CM[wle Y _(r)~'(2r))
r .
< CM|w||:H™ HK). (30.4)
Letting k£ T oo we thus conclude
| Ti(dw)| < OM ||w||H™H(K).

This shows that (07;)L.U has finite mass. Point (a) follows therefore from the
Federer-Fleming boundary rectifiability theorem.

In order to show (c), consider the set K’ of points ¢ € K where

e K has an approximate tangent plane 7, K;

e ¢ is a Lebesgue point for all ©;’s with 0©;(q) € Z.
By a standard blow-up argument, it follows that, for every fixed ¢ € K’, any limit
S of the currents (iq,)4(7;) as r | 0 is an area-minimizing current on R™*" with
boundary either —0;(q) [T,K] or +0;(q) [T,K]. By the boundary monotonicity
formula,

[5]/(B1(0)) >
We therefore conclude that

r10 rm 2

Fix any natural number N. We then conclude from (30.2) that

N
_|T][(Br(g)) S z|| q)]
M > lim ———= > | f—— > .
>l = 2 ) limin Z on
In particular we conclude that
Z 10:(q)] <M ek

This shows that
2M .4

This completes the proof of (¢) and of the structure theorem.
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Appendix A. Proof of Proposition 11.1

In order to reach a proof of Proposition 11.1, we will need some preliminary results.
First, for a given S € #Z;(R"), we say that S has the property (NC) (no cycles) if
there exists no 0 # R € %1 (R") such that OR = 0 and

M(S) = M(R) + M(S — R).

We recall that .7, (R™*™) denotes the space of m-dimensional integral currents in
R™+™,

Given S € 4 (R") satisfying the property (NC'), we call a good decomposition of S
a writing

N
S=>0;S;,
j=1

where 0; € N, each S; is the integral current given by S; = [v;] for v; a simple
Lipschitz curve of finite length, S; # Sy if j # k and moreover

M(S) =Y 0,M(S;), M(@S)=>_ 0,M(3S,). (A1)
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The existence of a good decomposition for a current S € #(R") satisfying the
property (NC) is a direct consequence of [Fed69, 4.2.25]. We say that a good de-
composition S = Z;VZI 6;5; has the property (NTC') (no topological cycles) if there
exists no function f: {1,...,N} — {=1,0,1}, f # 0, such that

N
o> fG)s;| =o. (A2)
j=1

LEMMA A.1 For any S € % (R") with the property (NC) there exists S’ € %1 (R")
with the property (NC) and a good decomposition of S" that satisfies S’ = 98,
M(S’) < M(S), and that has the property (NTC).

Proof Let S € #1(R™), and assume without loss of generality that S # 0. Among
all currents S" € #(R") with the property (NC) and such that 95" = 9S and
M(S") < M(S), and among all possible good decompositions of S’ not satisfying
the property (NT'C) fix a current S” and a decomposition

N
S = Z 0.,
j=1

such that the quantity /N is minimal. Observe that necessarily N > 1.

Let f: {1,...,N} — {—1,0,1} be a function such that (A.2) holds. Define:
j- € argmin{0} : f(j) = —1}

and
ji € argmin{8: f(j) = +1).

Observe that since S’ has the property (NC), the sets {¢: f(j) = —1} and
{0 f(j) = +1} are non-empty.
Now, consider the quantities

M_ = M(S%)

and

Clearly, if M, > M_ then the current

Sy=8"=0;. ) f(j)S;
J
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satisfies MI(S7.) < M(S’) < M(S). If instead M, < M_ then the current
SLi=8"4+0;_ > [(5)S]
J

satisfies M(S”) < M(S") < M(S). In any of the two cases, 95, = 95" = 95, and
the obvious resulting decomposition of S’ has at most N — 1 indexes. Hence, by
minimality, the one of the two which does not increase the mass necessarily has the
property (NT'C'). This concludes the proof. Ol

LEMMA A.2 Let S € #(R"™) and 0 # Z € %o(R"™) be such that:

(H1) A— B=0S+pZ;
(H2) S has the property (NC) and there exists a good decomposition

N
S=>0;8
j=1

with the property (NTC)).
Then, there exists jo € {1,..., N} such that 0S5, = [z] — [y] with z,y € spt(Z)
and 0, > §.

Proof Let S and Z be as above. Firstly, we claim that the set of indexes j €
{1,..., N} such that 0S; = [z] — [y] with z,y € spt(Z) is non-empty. We write

M M
Z =7 [N~ [Pl
=1 =1
where the Ny’s (resp. the P,’s) are not necessarily distinct, so that
Q M Q M
o5 =S 14]+p S [P] - (Z[[Bin +p2[[Ne]]> .
i=1 =1 i=1 =1

Consider any of the points Py. By (A.1), the multiplicity of S in P is at least p,
and furthermore, since @ < &, there exist j € {1,...,N} and ¢ € {1,..., M} such
that 05; = [Py] — [Ne], which proves our claim.

Next, assume by contradiction that for every j such that 0S; is supported on spt(Z)
one has #; < L. Fix, for instance, the point P;. Arguing as above, after possibly
reordering the indexes (both in the family {S;} and {/N,}), we conclude that there
exist N1 and Sy such that 9S; = [Pi] — [N1]. Moreover, by hypothesis, §; < L.
This ensures that we can find P, and Sy such that 95y = [P2] — [V1], and again
0y < g. The procedure can be iterated as long as the new points Py (resp. Nyjq)
are distinct from the previous ones. Since the decomposition of S has the property
(NTC) by hypothesis (H2), this would imply that the procedure can be iterated
indefinitely, which gives the desired contradiction. O
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Proof of Proposition 11.1 Let us first consider case (a), with o = 1.
It suffices to prove that
F(A—-B)< FP(A-B), (A.3)

because the other inequality is obvious.
Suppose by contradiction that

FP(A—-B) < F(A-B), (A4)
and let S € S (R") and 0 # Z € Zp(R") be such that
A—B=9S+pZ and M(S) < F(A- B).
We claim that there exist currents S' € #(R") and Z' € %,(R") such that
A—B=0S8"+pz', M(S) < F(A—B) and M(Z')=M(Z)-2. (A5)

The conclusion trivially follows from the claim.

We proceed with the proof of (A.5). First observe that if S has a cycle R then the
current S’ := S — R satisfies A — B = 95" 4+ pZ and M(S’) = M(S) — M(R) <
F(A — B). Therefore, we can assume without loss of generality that S has the
property (NC'). Next, applying Lemma A.1 we can also assume that S has a good
decomposition

N
S=> 0,8
j=1

which satisfies the property (NT'C). Now, by Lemma A.2 there exists jp € {1,...,N}
such that 95, = [z] — [y] with z,y € spt(Z) and 6;, > 5. Let S := S — pS;,. We
have

0S* = 9S — p[x] + plyl.
and thus
A—B=09S'"+pz!,

where Z! := Z + [x] — [y]. The conclusion M(Z') = M(Z) — 2 simply follows from
(A.1). Finally, we get

N

(A1)

M(S") <> 0;,M(S)) + |6, — pIM(S;,) < Y 6;,M(S;) =" M(S) < F(A - B),
J#Jo Jj=1

where the second inequality follows from 6, > §.

Let us now consider instead case (b), when ¢ = —1 and @ = §. We know from (11.3)
that

FP(A+B) < F(A+ B),
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where F(A + B) is defined by (11.2). Assume by contradiction that FP(A + B) <
F(A+ B). That is, there exist S € #(R") and Z € Zy(R") such that

A+B=08S+pZ, and M(S) < F(A+ B). (A.6)

Observe that it cannot be Z = 0. Also, by Lemma A.1 there is no loss of generality
in assuming that S admits a good decomposition

N
S=>0;
j=1

having the property (NT'C). Now, if M(Z) = 1 then there exists z € R™ such that
Z = [z]. In that case, if we set R := z x (A + B) then we have

OR=A+ B —p[z] =05,

and
F(A+ B) < M(R)

F(A=Ql=) + F(B - Ql])
Q

(14i = z[ +[Bi — z[) < M(S),
1

(2

thus contradicting (A.6).

On the other hand, if M(Z) > 2 (and thus in fact M(Z) > 3) then there exists
jo € {1,..., N} such that 9S;, = []—]y] with =,y € spt(Z) and 6, > L. Hence,
setting S! := S — pSj, we have

A+ B=09S"+pz',

with Z! := Z + [z] — [y], M(Z') = M(Z) — 2 and M(S') < M(S). In order to
complete the proof, it suffices to iterate this argument producing currents S*, Z*
until M(Z*) = 1. O
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