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ABSTRACT. In this paper we prove generalizations of Lusin-type theorems for
gradients due to Giovanni Alberti, where we replace the Lebesgue measure with
any Radon measure ;1. We apply this to go beyond the known result on the exis-
tence of Lipschitz functions which are non-differentiable at p-almost every point
z in any direction which is not contained in the decomposability bundle V (u, ),
recently introduced by Alberti and the first author. More precisely, we prove that
it is possible to construct a Lipschitz function which attains any prescribed ad-
missible blowup at every point except for a closed set of points of arbitrarily small
measure. Here a function is an admissible blowup at a point x if it is null at the
origin and it is the sum of a linear function on V(u,z) and a Lipschitz function
on V(u,z)t.
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1. INTRODUCTION

In [AIb91], Alberti proved a “Lusin type theorem for gradients”: roughly speak-
ing, given any Borel vectorfield f on the Euclidean space RY one can find a C"
function g whose gradient coincides with f up to an exceptional open set of ar-
bitrarily small Lebesgue measure. In other words one can prescribe at many
points the (unique) blowup of a C! function in an arbitrary (measurable) way.
Rademacher Theorem, which states that Lipschitz functions are differentiable
almost everywhere, implies that, even if one weakens the assumptions on g, re-
quiring it only to be locally Lipschitz, Alberti’s result is still the best possible: no
other blowups than the linear ones can be prescribed on a set of points of positive
measure; moreover, one cannot get rid of the small exceptional set without any
further assumption on f, i.e. in general one cannot find a Lipschitz function g
such that the measure of the set {Dg # f} is zero. However a continuous function
g with such property can be found (see [MPO0S]).

In the present paper, we prove a generalization of Alberti’s result, where the
Lebesgue measure is replaced by any Radon measure. Since Rademacher Theo-
rem does not hold in general with respect to a Radon measure and in particular
it fails with respect to any singular measure (see Theorem 1.14 of [DR16]), then
the following vague question is very natural in our setting. Given a measure p on
R, which blowups is it possible to prescribe for a Lipschitz function, at many
points with respect to u, besides the linear ones?
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Let us introduce some basic notations to make the question more precise. We
denote by B(z,r) the ball with center € RY and radius r > 0. We simply write
B for the unit ball centred at the origin.

Definition 1.1 (Blowups of a Lipschitz function). Given a Lipschitz function g
defined on an open subset @ € R, and a point = € 2, we denote by Tan(g, )
the set of all the possible limits, with respect to the uniform convergence,

lim Ty, f,

Jj—00

where 7; \, 0 and for every r < dist(z,Q°), T, f : B — R is defined by
T f(y) =17 (f(x +ry) — f(x)), forevery y € B.

Definition 1.2 (Prescribing blowups). Let u be a positive Radon measure on
an open set Q C RY. Denote by Lip(B,0) the space of Lipschitz functions on
B which vanish at the origin, endowed with the supremum distance, and let
f:Q c RY — Lip(B,0) be a Borel function. We say that f prescribes the
blowups of a Lipschitz function with respect to p:

(i) Weakly, if there exists a Lipschitz function g : @ — R such that f(x) €
Tan(g, z) for p-a.e. x €

(ii) Weakly in the Lusin sense, if for every € > 0 there exists a Lipschitz
function ¢ : 2 — R such that

p({z € Q: f(z) & Tan(g, )}) <&;

(iii) Strongly in the Lusin sense, if for every € > 0 there exists a Lipschitz
function g : 2 — R such that

p({z € Q:{f(z)} # Tan(g,2)}) <e.

In this paper we mainly address the following question.

Question 1.3. Given a positive Radon measure u on an open set Q C RN with
() < oo, for which choice of f is it possible to say that f prescribes the blowups
of a Lipschitz function wrt p weakly/strongly/in the Lusin sense?

As we already observed, when g is the Lebesgue measure, Rademacher The-
orem is a constraint on the possible choices of a function f for which Question
may have a positive answer. Namely, in this case, for a.e. point x, the cor-
responding function f(z) must be linear (more precisely, the restriction to B
of a linear function). Using the notation that we have introduced above, the
content of Alberti’s result, or at least part of it, can be rephrased as follows: if
Q C RY is an open set with finite Lebesgue measure, then every Borel function
f:Q — Lip(B,0) whose values are (restrictions to B of) linear functions almost
everywhere, prescribes the blowups of a Lipschitz function wrt the Lebesgue mea-
sure strongly in the Lusin sense.

For a general measure @ Rademacher Theorem does not hold. In particular
De Philippis and Rindler in [DR16] completed the proof, also based on other
works, that there are Lipschitz functions which are non-differentiable at piging-
a.e. point, where pging is the singular part of 1 wrt Lebesgue. Nevertheless a



PRESCRIBED BLOWUPS 3

suitable weaker version of Rademacher Theorem holds. Indeed, letting Gr(RY)
denote the union of the Grasmannians of all vector subspaces of RY, in [AMI6]
it is proved that to every Radon measure p on RY it is possible to associate
a Borel function V(u,-) : RY — Gr(RY) called the decomposability bundle of
1, with the property that for every Lipschitz function g, the restriction of g to
the affine subspace x 4+ V(u,x) is differentiable at p-a.e. point x and moreover
the bundle is maximal with respect to this property, meaning that there exists a
Lipschitz function which is non-differentiable at u-a.e. point z along any direction
which is not in V(u,z). In virtue of [AMI6, Theorem 1.1 (ii)], the proof that
Rademacher Theorem does not hold for singular measures reduces to proving that
every singular measure on RY has decomposability bundle of dimension at most
N —1. This is achieved in [DR16] using a characterization of the decomposability
bundle given in [AM16, Theorem 6.4].

Clearly the main result of [AMI6] is also a constraint on the possible choices of
a function f for which one can expect a positive answer to Question indeed
one should at least require that f(z) is linear on V(u,z) for p-a.e. point z.
This observation partially motivates the introduction of the following subset of
Lip(B,0). Given a vector subspace V of RV and a point y € RV we denote
respectively yy and yy,1 the projections on V' and on its orthogonal complement
VL. Finally we denote the class of admissible blowups by

C(N7x) = {h € Llp(Bv O) : h(y) = L(yV(,u,x)) + m(yV(,u,z)J-)}? (11)
where L is a linear function on V (u, 2) and m is a Lipschitz function on V (1, z)*.
Now we are ready to state the main results of the paper.

Theorem 1.4. Let j be a Radon measure on RY, let @ c RY be an open set
with () < oo, and let f be as in Definition[1.2 Then the following statements
hold:

(1) if f(z) = L(x) at p-a.e x, where L(x) is the restriction to B of a linear
function, then f prescribes the blowups of a Lipschitz function with respect
to u strongly in the Lusin sense;

(II) if f(x) € C(u,x) for p-a.e. x, then f prescribes the blowups of a Lipschitz
function with respect to p weakly in the Lusin sense.

In Section [4] we exhibit a measure p for which one cannot prescribe more
blowups that those contained in the class C(u, ), proving the sharpness of (II).
For N = 1 we can prove a stronger statement. In particular we don’t need the
restriction that 2 has finite measure. Firstly we show that the only measures for
which one can prescribe strongly some non-linear blowups are the atomic ones.
Secondly we prove that any blowup can be prescribed weakly wrt a singular mea-
sure pu. More precisely, for the typical 1-Lipschitz function g (in the sense of
Baire categories), Tan(g, z) coincides with the set of all 1-Lipschitz functions in
Lip(B,0), at p-a.e. point z.
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Given a Borel set E, we denote by pL F the measure defined by
§LE(4) = p(AN E),
for every Borel set A.

Theorem 1.5. Let 2 C R be an open set, and let p and f be as in Definition
1.2, Then the following statements hold:

(1) f prescribes the blowups of a Lipschitz function with respect to u strongly
in the Lusin sense, if and only if f(x) is the restriction to B of a positively
homogeneous function, for p-a.e. x and pL NL is atomic, where

NL :={x € Q: f(x) is not the restriction to B of a linear function};

(II) if p is singular, then f prescribes the blowups of a Lipschitz function with
respect to . weakly;

Remark 1.6. (i) Statement (I) in Theorem is a generalization of The-
orem 1 of [AIb91]. In Section [2| we prove a more precise version of this
statement, including the possibility to choose the Lipschitz function g in
point (iii) of Definition of class C', with arbitrarily small L> norm
and with LP estimates on its gradient for every p € [1, 00]. A similar result
was recently proved by David in [Dav15| in the setting of PI spaces: a
class of metric measure spaces which admit a differentiable structure. We
point out that statement (I) can also be extended to doubling metric mea-
sure spaces, where the differentiable structure is defined using operators
called derivations: we will not pursue this issue in the present paper.

(ii) The difference between statement (II) of Theorem [1.5/and statement (II)
of Theorem [T.4] is twofold. Firstly, in the 1-dimensional case there is no
restriction on the function f, due to the fact that the decomposability
bundle of a singular measure in R is always trivial. Secondly, we remark
that the blowups in the 1-dimensional case are prescribed weakly, while
in the general case are prescribed only weakly in the Lusin sense. More
precisely, in dimension N = 1 we are able to prove that residually many
1-Lipschitz functions attain, in a set of full measure, every 1-Lipschitz
function in Lip(B,0) as a blowup.

(iii) Statement (I) of Theorem is a simple observation, which is already
contained in Proposition 4.2 of [Mar17]. The restriction to the family of
positively homogeneous functions is clearly necessary in order to prescribe
blowups strongly, because if f € Tan(g,x) and h € Tan(f,0), then it also
holds h € Tan(g,z). Presumably, also in dimension larger than 1 the
possibility to prescribe strongly some non-linear blowups in the Lusin
sense should depend on some property of the measure and intuitively it
should fail when the measure is “very diffused”. On the other side, it
sounds reasonable that if the measure p is supported on a k-rectifiable
set £ in RY (k < N) then any Borel function f which is p-a.e. positively
homogeneous and linear along the tangent bundle to E prescribes the
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blowups of a Lipschitz function strongly in the Lusin sense. However we
do not pursue this issue in this paper.

On the structure of the paper. The proof of Theorem is split in Section
for statement (I) and Section [3| for statement (II). In Section 4] we provide an
example of a measure p for which every blowup of a Lipschitz function is the
sum of a linear function on V(u,z) and a Lipschitz function on its orthogonal,
at p-a.e. point z, in order to justify the choice of the class C'(u,-) appearing in
statement (IT) of Theorem Finally, in Section [5, we prove Theorem
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2. PrROOF OF THEOREM [1.4{T)

In this section we prove statement (I) of Theorem As anticipated in Re-
mark (i) we will actually prove a stronger statement including some gradient
estimates. In particular L™ estimates on the function g of Definition [I.2] and
its gradient are necessary to prove part (II) of Theorem The proof of state-
ment (I) is very similar to the one presented in [AIb91]. The new main technical
ingredient is Corollary

Theorem 2.1. Let p1 be a Radon measure on RY. Let Q@ C RN open with
w(Q) < co. Then for every Borel map f : Q — RN and for every e, > 0 there
exist a compact set K and a function g € C}(Q) with ||g||cc < ¢ such that

WO\ K) < (). (2.1)
Dg(x) = f(x), for everyz € K. (2.2)
Moreover, there exists C = C(N) such that
|Dgllp < Ce*= [, for every p € [1,00], (2:3)
where || - ||, denotes the usual norm in LP(S2, p).

Let By, denote the collection of boxes in RY of the form [, [2n; — 1, 2n; + 1]
for (n;)Y, € ZN. For r > 0 let By(r) denote the transform of Bz when the
dilation z — rz is applied to RY. For 2 € RN and r > 0 we denote the box with
center xz and edge length 2r by

= N -] < :
Bx (z,7) {yER max |z —yil <7 (2.4)

and for 0 < € < 1 we define the “frame”:

Fr(z,re) :={y € Bx(x,r) : |z; —yi| > (1 —e)r for some ¢ € {1,--- ,N}}.
(2.5)
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Finally we consider the probability measure P := (27}) ~ L Bx(0,7) and for
w € Bx(0,7) we let Bz(r,w) :== Bz(r) +w

Lemma 2.2 (Existence of boxes with negligible frames). Let K be compact with
w(K) > 0 and U D K open with p(U) < 3u(K). Assume that v > 0 is such
that for each Bx (x,r) which intersects K one has Bx (x,r) C U. For e > 0 and
w € Bx(0,r) define

g,w

Bgood . — {BX (x,7) €Bg(r,w) : Bx(z,r) N K #0

(2.6)
and p(Fr (z,7,€)) < 16 N2V ep(Bx (, r))}
Then for some w € Bx (0,r) one has:
3
p(JBEY N K) > Ju(K). (2.7)
Proof. We define the e-boundaries of a family of boxes G
0-G = {Fr(z,r,¢) : Bx(x,r) € G}, (2.8)
the set of bad boxes
BbaLd : {BX (x,7r) €Bg(r,w) : Bx(z,r) N K # 0
(2.9)
and p(Fr (z,7,€)) > 16N2Nep(Bx (z, r))},
and the set of bad w’s:
1
Apad = {w e€Bx(0,7): p UBbad 6 )}. (2.10)

The Lemma is proven by showing that P(Apaq) < 1. Define:

Fim [ AGo.m(2)aa(w) disa) dP(), (2.11)

where yg denotes the characteristic function of the set E, with values 0 and 1.
We estimate I from below integrating first in du(z):

/ (L 0-B2) x4y () AP ()

> 16N2N5/ (L B2 XAy (w)dP(w) (2.12)
16N2Ne
2~ #U)P(Abaa).

We estimate I from above integrating first in dP(w):

/P WE Apaq i T € UB BbaLd du(z). (2.13)
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For fixed z the set {w : 2 € |J9-BP2} has positive P-measure only if z € U and

the one must also have w € U?Zl Fr(zj,r,e) where the {Z;} depend only on z.
As the Lebesgue measure on Fr (#;,7,¢) is at most 2N (2r)Ne we get

I <e2N)2Nu(U) (2.14)
and so P(Apaq) § < 1. Finally for w € Af, 4 we observe:
3

p(K N\ ) BEYY) > By > = . 2.15

U —uJ B > () (215)

O

By a standard covering argument, we deduce the following

Corollary 2.3 (Covering by good boxes). Let € > 0 and ro > 0; then for every
open set U C RY there is a sequence of disjoint boves {Bx (zx,7))}x contained in
U such that:

rx < 1o (2.16)
w(Fr (2x,75,6)) < 16N2Vep(Bx (2,72)) (2.17)
p(U\ | Bx(21,m2)) = 0. (2.18)

A

To prove Theorem [2.1] it is sufficient to perform a straightforward iteration
of Lemma [2.4 below. For the proof of the lemma, after we have established
Corollary we can easily adapt the proof given in [AIb91].

Lemma 2.4. Let Q be an open subset of RN with finite measure . Let f:Q —
RY be a bounded and continuous function. Then for every &,m,¢ > 0 there exists
a compact set K C Q and a function g € C}(Q) such that

H(@\ It () < €(9), (2.19)
lgllee < ¢, (2.20)
|f(z) — Dg(z)| < n,for every z € K. (2.21)
Moreover there exists C' = C(N) such that
HDQHP S Cgl/pilquspt(g) Hp? fOI‘ every p € [17 OO]? (222)

where spt(g) is the support of the function g.
Proof. Suppose £ < 1. Let K’ be a compact subset of 2 such that

W@\ K') < u()E/3. (2.23)
Let d' := dist(K’,RV \ Q) and d := min{1,d’/2}. Denote by K" the compact set

"i={x e Q:dist(z,K')} < d.

Since f is uniformly continuous in K”, there exists 0 < § < d such that for all
x € K" y e Q it holds

lz -yl <0 = |f(z) = f(y)| <mn. (2.24)
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Consider the family of boxes {Bx (z;,7;)}; obtained applying Corollary
with U = € and the choice of parameters

ro = min{;]sv; N”fc”oo} and ¢ = L (2.25)

Let
{Bx (z1,71),...,Bx(xpr, M)}
be a finite subfamily such that Bx (x;,r;) N K’ # 0 for i =1..., M and
M
m (K’\ | Bx (xi, m) < u()E/3. (2.26)
i=1
For i = 1,...,M, let ¢; € C*(Q) such that 0 < ¢; < 1, ¢; = 1 in the set
Bx (z,7;) \ Fr(x;,7i,€) , ¢; = 0 outside Bx (z;,7;) and
2
[ Déilloc < e (2.27)
Denoting
o e P
" u(Bx (i)

Z¢z au z>-

we set, for all x € Q

We finally set

S

K = U cl(Bx (x4, 1) \ Fr (a;, 14, €)).
i=1
It is easy to see that g € C1(Q) and ||g]jcc < N7ol/f]|oo, hence property (2.20)
follows from the choice of ¢ in (2.25)). Property (2.19) follows from the inequality

M M
QN Int(K)) < p(@\ K) + p(K\ (| Bx (23, 74))) + p(({ Bx (i, 7)) \ Int(K))
i=1 =1

by applying (2.23)), (2.26) and (2.17)), paired with the choice of ¢ in (2.25)). Prop-
erty (2.21) follows from (2.24)) by the choice of rg in (2.25) and that of a;. To
prove ([2.22)), in the case p € [1,00), we compute, using ([2.27)) and the definition
of g,

wwgz/

Bx(zi,ri) \Fr(ai,ri,

mmw+/ (2Nailrs)(2/ (i) Pdp.
) Fr(xz;,ri,e

Combining with (2.17) we have
IDgllh <> p(Bx (wi,73))(|asP + 16N2Ne P (2N a;|)?)
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and by the definition of a;, this implies

IDgllp < C S il dwy

x(x4,74)
Finally, by Jensen’s inequality, we get (2.22)). The case p = oo follows immediately

from ([2.27]). O

Proof of Theorem [2.1l Suppose that ¢ < 1 and f is not p-almost every-
where 0.
First case. f is continuous and bounded. For every n > 1, set

N 1= a522_2("+1),

where

0<a:= inf 0)~1/p )
it @) 711

We define iteratively a sequence (24, gn, K, fn)nen as follows. Set Qg := Q, gg :=
0,Kqg:=0, fo :== f. Let n > 0 and assume Q,,_1, gn_1, Kn_1, fn_1 are given. Ap-
ply Lemma to obtain compact set K,, C €, and a function g, € C}(9,_1)
such that

(1 \Int(K,)) < 27" Lep(Q,1), (2.28)

Igilloe <277, (2.29)

| fne1(x) — Dgpn(z)| < 1y, for every z € K. (2.30)

1Dgally < C@7" )77 fam i Xpt(gu s for every p € [1,00]. (2.31)

Finally set Q, := int(K,). Define f, on Q, as f, = fn—1 — Dgn. We set
K :=,s0Knandg:= 3> _;gn Thebound (2.20) is an immediate consequence
of (2.29). We prove now that the set K and the function g satisfy (2.1)), (2.2)

and (2.3). To prove (2.1)), notice that by (2.28) and (2.17) it holds
PO\ K) = 3 (€ \ Int( K 1)) < (@),
n>0
Since, for n > 1, spt(gn+1) C Ky, combining (2.30) and (2.31) with p = oo, we
get

1Dgns1loe < C@™ )| fuXapitgn i lloe < CR7 )y, = C(27 0 Dz)a

This implies that (3°;" ; Dgi)nen (and hence also (3°;" | gi)nen) converges uni-
formly, therefore g € C(2). Since for n > 1 it holds f = f,—1 + Y./ Dy
on K, then follows immediately from . To prove , we compute,
using and

IDglly < IDgxxllp + 1 Dgxscelly < Il xxllp + D 1DIX\ 2
n>0

< llp + D~ IDgn+1x0.0005 I < Ifllp +C2°F P73 | faxa, s

n>0 n>0

< (1+2CYP | fllp + €2 EYPTES | (famt — Dgn)xa Iy

n>1
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< (1420 P f]l, + C2 TP @) P> Ty < (14 3CEVPT| £,

n>1

Second case. f is Borel. Fix ¢ > 0. There exists r > 0 such that
a:=p[{ze:|f(x)>r}) <e/4

By Lusin’s theorem there exists a continuous function f; : Q — R which agrees
with f outside a set of measure u less than «. The function

_ filz) if |fi(z)] <r
falw) = { rhi(@)/\fu@)] i [fi(0)] >

is continuous and bounded and p({z : f(z) # f2(x)}) < /2. Moreover, for every
p € [1,00], it holds || fal|, < 2||f|l,- The theorem follows easily by applying the
previous case to the function fs.

3. PrRoOF OF THEOREM [L.4[(II)

The proof of part (II) of Theorem is quite involved. The reader might find
helpful to read Section [5| before proceeding: although the result in dimension
1 is stronger, the construction presented there requires a considerably smaller
amount of technicalities. In the sequel L(f) denotes the Lipschitz constant of the
function f.

3.1. Preliminary results.

Definition 3.1 (Local behaviour of a Lipschitz function). Let S be a set and let
a > 0 and rg > 0. A real-valued Lipschitz function f whose domain contains S
is said to be a-Lipschitz on S below scale rg if whenever z,y € X are such
that dist(zx, S), dist(y, S) < r¢ and d(x,y) < ro one has:

|f(x) = f(y)| < ad(z,y). (3.1)

The Lipschitz function f is said to be asymptotically flat on S if for each € > 0
there is an r. > 0 such that f is e-Lipschitz on S below scale r..

Before moving on we need to recall something about the general differentia-
bility theory for real-valued Lipschitz functions in the metric setting developed
in [Sch16a] and the differentiability theory, wrt singular Radon measures, for
real-valued Lipschitz functions defined on Euclidean spaces studied in [AMI6].
We do not want to dispirit the reader: both theories can essentially be treated
as black-boxes to understand the results here, as they only intervene through the
Localized Approximation Scheme, Theorem [3.4

Definition 3.2 (Alberti representations). Let u be a Radon measure on a metric
space X and let Frag(X) denote the set of 1-Lipschitz maps v : dom~y — X where
dom~ is a compact subset of R. We topologize Frag(X) with the Hausdorff
distance between graphs. An Alberti representation of y is a pair (@, w) where @
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is a Radon measure on Frag(X) and w is a locally bounded Borel map w : X —
[0, 00) such that:

p= [ wnglete domy)dQ() (3:2)
Frag(X)

where v4 (L' L dom#) denotes the push-forward, using v, of the 1-dimensional
Lebesgue measure on dom~. More precisely, (3.2) should be understood as fol-
lows: for each g : X — R continuous and in L' () one has:

/X gdu = /F L de) /d wealgen(d (3.3)

Definition 3.3 (The norm of the Weaver differential). Let  be a Radon mea-
sure on X and f : X — R Lipschitz. We denote by |df| g(y) the local norm of
df [Schl6al Defn. 2.101 & 2.123], which is an L (u)-function which is > 0 p-a.e.
For this paper we do not need the explicit definition of |df| £(u) but the following
characterization [Schl6al Sec. 3.3]: [df|¢(,) = a on a Borel set S C X if and
only if for each € > 0 the measure LS has an Alberti representation (Q.,w;)
such that for Q.-a.e. y for L1-a.e. t € dom~ one has (f ov)'(t) > a — e. From
the definition of the decomposability bundle in [AMI6] in terms of the Alberti
representations we see that if f : RN — R is Lipschitz for p-a.e. z one has:

|df ey (@) = lldv ) fll2; (3.4)
where dy(, ) f is the derivative of f at x in the direction of V' (z, ).

Theorem 3.4 (Localized Approximation Scheme). Let (X, u) be a locally com-
pact metric measure space (u being Radon). Let f be a real-valued Lipschitz
function defined on X and K C X a compact subset on which |df|8(u) < « for
some a > 0. Then for each € > 0 there are an r. > 0, a compact K. C K and a
real-valued Lipschitz function f. defined on X such that:

(Apx1): For any open set U C X containing K the Lipschitz constant L(f-|U)
of the restriction f-|U is at most the Lipschitz constant L(f|U) of the
restriction f|U. In particular, taking U = X, L(f:) < L(f).

(Apx2): ||fe — flloo < € and f is a-Lipschitz on K. below scale re.

(Apx3): u(K\ K;) <e.

Proof. The proof of this result is rather technical and corresponds to Theorem
3.66 of [Sch16al, proved in Section 5.1 of [Sch16al, in the special case where ¢ = 1
(i.e. without discussing cones). However, here we need two slight modifications of
that result: that X is locally compact and (Apx1). We will refer to the notation
and proof in Section 5.1. of [Sch16a].

That in Theorem 3.66 of [Schl6a] one can take X locally compact is not sur-
prising because in the argument only the compactness of K is directly used.

On the other hand, to obtain (Apx1) we must inspect the construction more
carefully. We have first constructed a convex metric space Z (i.e. any pair of
points is joined by a geodesic) and obtained an isometric embedding i : X — Z.
Without loss of generality we have assumed L(f) = 1, considered the cylinder
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Cyl = Z x R (here we use R instead of a finite interval because X is only known
to be locally compact) with metric:

dcyl((zl, tl), (22, tg)) = max(]tl — t2|, dz(zl, 2’2)). (3.5)

We now identify X with a subset of Cyl via z — (i(z), f(x)). Note that the
projection

7:Cyl - R

(z,t) — t,

extends f as 7|X = f. The goal has then become to approximate 7, and this has
been accomplished by covering p-a.e. point of K (thus in (Apx3) we pass to a
subset K.) by strips whose union is 7: (see the definition of 7, above equation
(5.41) in [Schl6al). As K is compact 7: lies in Z X [a, b] for some a, b and the
approximation 7 is obtained by setting 7. = 7 on Z X [—00,a) and

(3.6)

t
Te(z,t) :==a —I—/ XT<(2,5)ds  elsewhere. (3.7)

In (5.48) of [Schi6a] we have proved that 7. is 1-Lipschitz with respect to the
distance:

Da((Zl, tl), (22, tg)) = max(\tl — t2’, adz(zl, 22)) (3.8)
In particular, as K C U, a < L(f|U). Now pick (z;,t;) € U for i € {1,2} such
that z; = i(x;) and t; = f(x;); then:

Do((21,t1), (22,t2)) < L(f|U)dx (21, 72), (3.9)

which proves the theorem. O

Lemma 3.5 (Step 1 of Construction). Let K C RY be a compact set and assume
that the decomposability bundle of pL_ K has constant dimension Ng and let m,
denote its fibre at x and 7y its orthogonal complement. Assume that for some
No-dimensional hyperplane @ one has |7, — 7|l < €0 and let h : 7~ — R be
1-Lipschitz. Then there is a constant C = C(N,Ny) (indep. of h) such that
for each choice of parameters (s,em,0,70) € (0,1/2)* there are a v/3-Lipschitz
function g : RN — R, compact subsets J&°° ¢ J € K and a scale r > 0 such
that:

(a) p(K\J) <emp(K), |9l < es and g is Ceg-Lipschitz on J below scale
r.

(b) p(JE0d) > 1N Nop(g).

(c) One can decompose J&°°Y as a finite disjoint union Ufyzl C, such that for
each a € {1,--+ , M} there is an 0 < r, < ro such that whenever x € C,
one has:

ITar0g =l g < Cles +0), (3.10)
where in Ty, ts the map introduced in Definition and we
have implicitly extended h as a map h : RN = 1 @ 7+ — R by letting
h(y,9) = h(y).

Lemma [3.5] is proven using the following intermediate results.
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Lemma 3.6 (A good rectangle). Let ju be a Radon measure on RY and ro > 0.
Fiz parameters (L,o) € [8,00) x (0,1/2) and define for 0 < r < ry the following
sets:

L2 120N

E(2,r) =1+ [—27" ;] x [~2r, 27N N0 (3.11)
L2r  Lr L% Lr]o

S(xz,r):=x+ [_27' + %, 77’ — 27'] X [—207, 2JT]N_NO ) (3.12)

Given a compact set K C RN with p(K) > 0, define the bad set:
Bad(K,r) := {x €K :0<u(S(z,r) <cuE (x,r))}, (3.13)

where ¢ := gN"Nog=2N=No—1(1 4 1/6)~1. Then there erists r < 1o (possibly
depending on K ) such that p(Bad(K,r)) < $u(K).

Heuristically, E (x,7) is a rectangle at x at scale 7 which is L2-times bigger in
the direction of the first Ny coordinates, while S (z,r) is a core of E (z,r) which
is much smaller (generally o < 1) in the transverse direction of the last N — Ny
coordinates. Even though p is not the Lebesgue measure, Lemma says that
we can find a good rectangle E (x,r) such that the ratio u(S (x,r))/u(E (z,r))
is up to a constant at least the same ratio that one would have for Lebesgue
measure. Besicovitch Covering Theorem implies that:

Corollary 3.7 (Covering by good rectangles). Let pu be a Radon measure on R
and K compact with u(K) > 0 and ro > 0. Let L, o, be as above. Then for any
e > 0 there are finitely many pairwise disjoint {E (x;,1;)}i such that:

0<r < To, (3'14)
(S (zi, 1) N K) > gV ~Nog=2N=No=1(1 1 1 /6)~1 (E (z4,7;) N K) > 0,
(3.15)
w(KN B (i) < en(K). (3.16)
Proof of Lemma [3.6l. Choose an open set U O K such that
1
w(U) < <1 + 6> u(K). (3.17)

Then choose r < ry such that E (x,4r) N K # 0 implies that E (z,4r) C U. Then
let I denote the integral:

I:= /XBad(K,r)($1)XS(x1,r/2)(x2)du(fﬂl)dﬁN(@); (3.18)

if we integrate first in o we get:

I =rNgN=No(p2 — [)NogN=2No ) (Bad(K,r)). (3.19)
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If we integrate first in 1 we get:

[ / 1 (Bad(K, ) S (9,7/2)) dLN (). (3.20)
Choose x5 such that Bad(K,r) NS (x2,7/2) # 0 and let x1 € K denote a point
in this non-empty intersection. Then for i € {1,--- , Ny} we get:
o L* L
b < —=——=|r; 3.21
ool < (5 -5 )r (3.21)

for i > Np one has |2} —z%| < or. In particular, Bad(K,r)NS (z2,7/2) C S (x1,7);
but as x; € Bad(K,r) one has pu(S (z1,7)) < cp(E (z1,7)). Using the triangle
inequality we observe E (z1,r) C E (z2,2r) from which we conclude E (x2,2r) C
E (x1,4r) C U. We thus obtain the upper bound:

I< C/,u (U OE (9, 20)) dL (25)

—e / X0 (@) X 20 (1) ALY (22) ()
(3.22)

= ¢ [ (o) 02) A (@)du(an)
1
— CTN(LQ)NOQSN_2NO/L(U) S CT’N(L2)NO23N_2NO <1 + 6> M(K)

The proof is completed combining (3.22)) with (3.19) and the choice of ¢ which
gives p(Bad(K, 1)) < $u(K).

g
Proof of Lemma [3.5. Stepl: Construction of auxiliary functions.
Without loss of generality we will assume that 7 is the plane RN x {0}.
Recall that the 1-Lipschitz retraction of RNo onto B € R is given by:
z if x| <1
J(x) = B 3.23
(z) { I%I otherwise. ( )
Fix the parameter L > 1; we define a %—Lipschitz cut-off function on R:
1 if [r| € [0, L%/2 — L /4],
o(r) = § 1= &(jr| = L¥/2+ L/4) if [r| € (L2/2— L/4,L%/2],  (3.24)
0 otherwise.
We also define the 1-Lipschitz cut-off function on R:
1 if |r] <1,
P(r):=q2—|r| if|r] € (1,2], (3.25)
0 otherwise.

We now replace h by ho J so that we can assume ||h||oo < 1 and 8,k =0 on B".
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We define the building block of our construction:
F(y, ) := (lyDv (gD (). (3.26)

We now collect some properties of F:

(F1): F is (4/L + v/2)-Lipschitz (note that on B® V¢ and Vh give orthogonal
contributions to the derivative of F').

N
(F2): F =0 outside of B = {_%2%2} 0 o gV

N
(F3): F = h on the core S = {—%2 + %, %2 - ﬂ ’ % [—1,1]NV—No,
(F4): [[Fllow < Bl < 1.
(F5): We can assume |df| e(u) < Ceo, where C' depends possibly only on N and
No.
(F6): F decays linearly to 0 when approaching the boundary of B: |F(y, )| <
d((y, 9), 0B).
Only (F5) and (F6) require justification. For (F5) observe that by the Leibniz
rule df = Yhdp + phdyp + pipdh; observe also that di and dh give an O(g)
contribution to the Weaver differential (we take p as the reference measure) as
[me — molls < €0. Thus, |dffg(,) < 2 + Cey, and, choosing L large enough
and inflating C, we get (F5). For (F6) we have three cases. The first: |y| >
L?/2 — L/4 so that:

4 L* L
F(y. i) < <l—(pl-2L4+%
Pl <l <1-7 (-5 + )
4 (L?
(= _ (3.27)
: (5 - w)
4 _
and (F6) holds as long as L > 4. The second: |y| < L?/2 — L/4 and |g| > 1:
[F'(y: )| < ¢(9) =2~ [g9] < d((y,9),9B). (3.28)

The third: |y| < L?/2 — L/4 and |§| < 1: d((y,9),0B) > 1 and so we conclude
by (F4).
Step2: Covering K by good boxes.

We apply Corollary ﬁ and find finitely many pairwise disjoint {E (z;,7;)},

such that:
0 < r; < min(rg,es/2), (3.29)
(S (zi, ) N K) > C Lo N=No (B (25,7) N K) > 0, (3.30)
€m
(K LiJE(w@,m)) < - hlK) (3.31)

We let J := K N U; E (z4,7;) and Jeeod .— KN \U; E (4, 7;) which give (b) and
the first inequality in (a) if we replace .J with J: the set J will be chosen later to
be a subset of J and J&°°¢ will be set to be J N J&°°d,
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Write 2; = (y;,9;) and define the (4/L 4 v/2)-Lipschitz function F; supported
on E (;Ui, ’I“i):

Y—Y y—yi> ' (3‘32)

Fi(y,7) ZUTiF( 7

T or;

Because of (F6) the function F; can be glued together to get a (4/L + v/2)-
Lipschitz function f as in [Sch16bl, Thm. 4.8]. Note that the choice of the r;’s
implies || floo < £5/2.

If x € S(x;,7;) lies on the core center, i.e. x is of the form x = (y, g;), then:

||T$,0T¢f - hHOO,B =0. (3.33)
Thus, as f is (4/L + v/2)-Lipschitz, for all € S (z;, ;) we have:
||T337‘77’if - h”ooﬁ <Co. (3.34)

Step3: Applying the approximation scheme.
Note that (F5) implies that |df \5( ) < Ceo and applying Theorem we can

find a (4/L +v/2)-Lipschitz function g, a compact set J C J and r > 0 such that:

g . (1 )
— < =8 - . )
lo= flle < S i (3, in (079 (3.3
~ €m
WINT) < S u(K), (3.36)
1
(7 1 ooy < CEm NNy ) (3.37)

and g is (Ceg)-Lipschitz on J below scale r. Thus, if we let J&°°d .= jgood n ],
then (a) and (b) follow. For (¢) we just combine (3.34]) with:

1f — gl _ &s
=< = 3.38
or; - 2 ( )
We finally choose L large enough so that (F6) holds and % < &. O

Lemma 3.8 (Step 2 of Construction). Let K C RY be a compact subset and
o > 0 be such that |df|g,) < o on K. Then there is a constant C' = C(N)

(indep. of f) such that for any choice of parameters (es,em) € (0,1/2)? there are
a Lipschitz function f and a compact set K such that:

() |F = || <= and p(E\ ) < enpu(E0).

(b) f s asymptotically flat on K.
(c) fis (L(f) + C)-Lipschitz.

Proof. Stepl: Killing the gradient of f.
We apply Theorem with parameters ¢ := 8§rll) >0, ¢ := 8§1) > 0 to find

a %—Lipschitz function f; and a compact K; C K such that || fi|lec < sgl),

df1 = df on Ki and
WK\ Ky) < eDu(K). (3.39)
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We let g1 := f — f1 and observe that f is (L(f)+ %)—Lipschitz with dg; = 0 on
3

K;. We fix the parameters (aq, 77§ ),778)) € (0,1)% and use Theorem to find
an (L(f)+ %)—Lipschitz function g1 and a compact H; C K7 and a scale r; > 0
em

such that:

191 — g1lloe < nlY (3.40)
(K \ Hi) <l p(K), (3.41)

and §; is a;-Lipschitz on H; below scale r;.
Step2: The general iteration.

We apply Theorem [2 w1th parameters € := 6(]+1) >0,(:= 5Sj+1) > 0 to find

a (J+1) -Lipschitz functlon fj+1 and a compact K1 C H; such that:
1fj1llo < €9HY (3.42)
dfj-i—l = dg] on Kj+1 (343)
p(H;\ K1) < et u(Hj). (3.44)

We let gjy1 := g; — fj+1 and observe that g; 1 satisfies:

Ca Ca
L(g+1) L)+ =5 + D~ (3.45)
) ;)
Em 1<j Em

and satisfies dgj+1 on Kji1. Moreover, by the inductive step and because of

(Apxl) in Theorem |3.4] - we can assume that for [ < j the function gj41 is (o +

J Ca

k=l —thy )-Lipschitz on H; below scale 7.

We fix the parameters (onH, néﬁl),ngﬂ)) € (0,1)3 and use Theorem to
find an (L(f) + (1) T+ 2i<; (z+1)) -Lipschitz function gj;1 and a compact HJH C
K41 and a scale ri+1 € (0, 7“]) such that:

1351 = gj+1lloe < nIHY (3.46)
(K1 \ Hyr) <m0 u(Kj), (3.47)

and §j41 is aj41-Lipschitz on Hj 1 below scale rj41. Also by (Apx1) in Theo-
rem * we see that g1 is (o + Zk . g‘ﬂ‘r’i)) Lipschitz on H; below scale 7.

Step3: Choice of parameters.
)N 0))

The parameters «j, &5, 15’ and 7y

()

stage, while with the parameters e’ we must be careful otherwise the Lipschitz
constants of the functions involved at each stage will diverge to co. For 7 > 1 we
thus let:

() can be chosen arbitrarily small at each

edtY = /aj. (3.48)
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We have the bound:
j—1
(K O\ Hy) < p(K\ K+ p(K\ H) + Y p(H \ Kiga)
1<j k=1
j—1
<eWnK) + > nlur) +> el u(H) (3.49)
1<j k=1

j—1
< | eW+> 0D+ v | u(K).
k=1

I<j

We let Hoo =) ; Hj and want this set to contain a significant part of the measure

of K. Thus, if we choose 51(111) = &, /3 and the nr(rll), ag so that:

€m
Do < (3.50)
l
€m
> V<, (3.51)
l

we get (K \ Hoo) < emp(K) and can finally let K := H,,.
We now want to guarantee convergence of the sequence {gj}. First note:

Gi—F=>(—-9)->_h (3.52)
I<j 1<y

from which we deduce:

135 = Flloo <> (P +W); (3.53)

I<j
we will choose the parameters ns(l), sél) so that:

>0 +el)) < (3.54)
l
Now g1 — G; = Gj+1 — gj+1 — f; and thus:
1g5+1 = G5lloo < TV 4+l (3.55)
Therefore for j — oo we have g; — f uniformly, f being a continuous function;

but:
3C«

L(g;) <L) +——+ Y a, (3.56)
" 1<j
and if we choose the o to satisfy:
Y ova <& (3.57)
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and then inflate C' we conclude that f is (L(f) + %)—Lipschitz. Finally for [ < j
the function g; is (oq + CZlgkgj Vag)-Lipschitz on H; D Hy = K below scale
r;, and thus f is asymptotically flat on K. O

Lemma 3.9 (Step 3 of Construction). Let K C RN be compact and assume
that the decomposability bundle of L K has constant dimension Ngy. Assume
also that for some Ny-dimensional hyperplane m one has |71, — 7| < o for
each v € K where eg > 0. Let h : 7+ — RN be 1-Lipschitz with h(0) = 0 and
extend it to RN as in Lemma . Then there are constants Cy, C1, which depend
only on N and Ny, such that the following holds: for each choice of parameters
(es,ems70) € (0,1/2)3 there are a (V3 + Co<§)-Lipschitz function g : RN — R
and a compact J C K such that: "

(a) g is asymptotically flat on J, ||g||, < Cies and pu(K \ J) < Crenp(K).
(b) One can write J as a finite disjoint union J = Ui\/le C, and for each

a€l,--- M there is an 0 < ro < rg such that if © € C, one has:
I Tarag — hll o g < C1(g0 + ef VN0, (3.58)

Proof. Stepl: Applying Lemma [3.5].

We let C' denote the maximum of the constants C', Cy and C from Lemmas [3.5]
and We fix parameters (€£1), 68), o,7(M) € (0,1)* to be chosen later. For the
moment we just remark we will need () < ry and w > 51(&). We now
apply Lemma to obtain an v/3-Lipschitz function ¢; and compact subsets

JlgOOd C J1 C K and a scale 0 < p; < r() such that:

(g1:a): w(K\ J1) < gr(ﬁ),u(K), llg1]l o < eV and g1 is Cep-Lipschitz on J; below
scale pj.

(g1:b): p(J57%) > CLoNNop(1y).

(g1:c): One can decompose Jlgoc’d as a finite disjoint union (JM, CtV such that
for each a € {1,---,M;} there is an 0 < r <+ such that whenever
T € Cél) one has:

HTI,TS})gl - hHoo,B < CeW + o). (3.59)

Step2: Applying Lemma [3.8|.
We fix parameters (égl), él(&)) € (0,1)? to be chosen later. We apply Lemma
(to the function ¢g; and the compact set J1) to find a Lipschitz function g; and a

compact set J; C Jp such that:

(G1:2): 131 — 91l < &7 and (i \ Jh) < W),
(g1:b): g1 is asymptotically flat on J;.
(g1:¢): g1 is (V3 + C?=2%)-Lipschitz.

(1
sm>
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As in (g1:c) pick = € ¢t and combine 1} with (gi:a) to obtain:

IN

g g 1
7, i = HOO,B | a1 - Tx,rg)ngM +C(eM +0)

92 (3.60)
=+ CEM +0),
e

IN

and observe that égl) will be chosen later to be insignificant next to minj<,<a, r((zl).

Step3: The construction of go, §2 and Gs.
We now want to follow the first two steps, but first need an intermediate con-

struction. Fix parameters (a7, 5@1)) € (0,1)? and choose Ry < a2 minj<,<p, ri
such that g; is a;-Lipschitz on jl below scale R;. Find a compact J;1 C jl \JfOOd
2

such that:
i (VTN ) < =Dnlh\ T8, (3.61)

and find a 71 > 0 such that the 71-neighbourhoods of JI% and JlgOOd are disjoint.
(2) (2

We now fix parameters (g5 ,em ,7?) € (0,1)3 (for the moment imposing
the constraint that 2r® < 71) and apply Lemma using the parameters

(5£2),6g),0,r(2)) and the compact set J;1 to obtain an /3-Lipschitz function
2

g2 and compact subsets JQgOOd C Jo C Jy1 and a scale 0 < pg < r(2) such that:
2

(go:a): N<J1% \ Ja) < Eg)u(Jl%), g2l < e and g2 is Cep-Lipschitz on J,
below scale ps.

(g2:b): p(J57%) > C1oN=Nop(Jy).

(g2:c): One can decompose JQgOOd as a finite disjoint union (JM? Ct? such that
for each a € {1,---, Ms} there is an 0 < r < r® such that whenever
z € C'?) one has:

Hng) go — hHoo,B < 0@ + o). (3.62)

We fix parameters (59, ég)) € (0,1)? to be chosen later. We apply Lemma
(to the function g, and the compact set J2) to find a Lipschitz function g2 and a
compact set Jo C Jo such that:

(2:2): (192 — glle < & and (o \ Jo) < &R (o).
(G2:b): go is asymptotically flat on J.
(Go:c): o is (V3 + 02;@)—Lipschitz.

We now modify go so that it vanishes on the (71)-neighbourhood of JlgOOd and
stays the same on the (71/2)-neighbourhood of J, 1. This is accomplished by

replacing go with

gQ max <07 1- zdISt(a (Jl )T1/2)> ’ (363)

1
T1 2
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where (Jlé)Tl/Q denotes the (71/2)-neighbourhood of Jip- As (J&°),, and

(J; %)n are disjoint, g2 now vanishes on (JIgOOd)Tl. One also obtains an upper
bound on the Lipschitz constant of go:

@ | A2
L(g2) < V3 +C? 6(0) 4ofs TE

ém !

To get the last term in 1’ to be < a; we impose the restriction 2(59 +é£2)) <
a1T].

We now let G2 = g1 + g2 and to get a good upper bound on L(G2) impose the
(2

restriction 2(eg @ 4 &

(3.64)

) < a1 Ry. In fact, we now verify that

2 €0
L(G2) <V3+C 0.0,

+ 201 (3.65)
min(éy’, €m

the first case is when d(z,y) > R in which we have:
Ga(2) = G2(y)| < [91(z) — 1(9)[ + 2 (|92l

3.66

<\f—i—02 5(1) Oc1> d(z,y), (3.66)
and the second case is when d(z,y) < R; in which case we have:
Ga(2) — G2(y)| < [g2(2) — g2(y)| + [91(2) — 51 (y)]

(3.67)

(xf + 02% + 2a1) d(x,y).

We now show that Gy is asymptotically flat on Jp U (JgOOd N.Jy). In fact, g is
asymptotlcally flat on .J; and hence on Jo U (J¢ good J1), and g is asymptotlcally
flat on Jo and vanishes on (JlgOOd)Tl. We finally establish analogues of (3 and
1} Pick = € Cé”; then:

. 2|92l
6o < T 2

0
Jel1) (3.68)
§4%7+C@D+®+QL
Ta
Pick z € C,gQ); then:
191 = 91 @)l g, )
e < AN i
sha o0
"a (3.69)

e
@)

a

<on+0ED +o)+25

In connection with 1) we observe that & A( ) will be chosen later to be insignif-
2

icant next to mini<q<ps, Ta -
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Step4: The construction of Gji1, for j > 2.
(4)

We fix parameters (a;,e5’) € (0,1)% and choose
R; < oz? min{rél) 1<i<j,1<a< M} (3.70)

such that G is oj-Lipschitz on jj below scale Rj. We then find a compact set
J.1 C J;\ J&°Y such that:
J3 J J

i (N TN T ) < el \ T8, (3.71)

and find a 7; > 0 such that (Jj%)Tj N (JggOOd)Tj — 0.

We then construct gj41 and gj4+1 as we did for g2 and g2 in Step3: one needs
only to adjust the indexes. We will refer to the variants of properties (go:a)—
(g2:c) and (g2:a)—(g2:c) by (gj41:a)—(gj+1:¢) and (gj4+1:a)—(gj41:C).

We then have to modify g;41 so that it vanishes on (JJgOOd)Tj and stays the
same on (J it )7;/2- This is accomplished by replacing g;+1 with:

§j+1 max <0 1- ;dlst( , (J %)T]/2)> (3.72)

we also record the upper bound

(J+1) é(j+1)

. € € +
L(gj+1) < f+ 02 (j 31) +2 . . . ) (373)
€m J

and impose the restriction 2(e§j +1) + égj +1)) < a;7; to get the last term in 1)
to be < a.
We now let G411 = G + gj+1 and, akin to (3.65]), we obtain the upper bound:

€0

L(Gjt1) < V3+C? 5+ 205, (3.74)

mlnl<]+1 Em

after imposing the restriction 2(eg U+ 4 8(J+1)) < ojR;.
Compared to Step3, the analogues of ([3.68 , (3.69) require some modifications
because the errors cumulate additively; keep also in mind that for us an empty

sum like > 1 @ defaults to 0. For z € Cél) where | < j we obtain: then:

j
HGl—l = G (@) g
00,B(z,rq
0 7, 00 h”
N Di<k<i |9k = @k(iﬁ)Hoo’B(Mg)).

(0

Ta

fr o6 .,

(3.75)

The first term in is bounded observing that G;_1 is a;_1 Lipschitz on
Bz, rg)) for k < 1. The second term is bounded using (g;:c) and (g;:a). Finally
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the third term is bounded using ||gx — gx ()] o) < 2||gkllcc and mind-

00, B(z,r
ing that we imposed the restriction 2(6§k+1> + é’““’) < apRj,. We thus get
from ([3.75]):

A(l

l
HTW,((LZ)GJ'H — hHOQB < a1+ C(eé) + Z a
a I<k<j+1
20 (3.76)
= D> a+Cl (l)+a)+2ﬁ
1-1<k<j+1
k£l
Pick z € ngﬂ); then:
1G5 = G5@, g0, A
HT;;;,réjJrl)Gj—&-l - hHoo,B < T((l]_,'_l) + "T$7T&j+1)gj+1 — ]’LHOO

(3.77)

Using that G is «;-Lipschitz on B(z, r,(ljﬂ)) and (gjyi1:c), (Gj4+1:a) we finally

get:

A(G+1)
» :
T, 600G - hHOO’B < aj + O 4 o) + 2T;+1) . (378)

Stepb: Choice of the parameters.
There are two kinds of parameters:

e Parameters that can be chosen arbitrarily small: 59, égl), 5%), 51(31) and
Q.

()

e Parameters that can’t be chosen arbitrarily small: &y’ and o. In partic-

ular, as égl) — 0 the Lipschitz constant of GG; blows-up.

‘We thus choose:

~(l) min ( 16 1800) for [ > 2, (3 79)
T (€22 for I = 1. '

We now estimate:
pINTEY) < () + p( I\ T < (6D + 1= oMM u(); (3.80)

thus, if we choose o = (1.5Cé§r21))1/(N_N0) we get:

.(2)
p(Jy\ J5) < <1 - 63) p(J1). (3.81)

For | > 2 the same argument for (3.81]) yields:

(2)
i\ JE0Y) < (1 - Er;> 1(J1); (3.82)
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as J; C Ji_1\ Jlgf(l)d induction grants:
é(Q) -1
u(Jp) < (1 - ;) (K) (3.83)
FOMY
) (K. (3.84)

H(\ TE) < (1 a

The construction in Step 3 will be iterated finitely many times and we just need

an upper bound for the smallest number of iterations which will give the desired
l

approximation in measure (third inequality in (a)). We get:
-1
<K\ J1) + ZM(Jk% \ Jit1) + ZN(Jk \ Jk)
k=1

l
" (K\ Utn J,§°°d>>
k=1 k=1
-1
7 ood ood
3 i (VTN T )+ i\ JEY
k=1
D) N k) 20§ EP
< 2 -
_<5m +Zem + € Z(l 2)
k=1 k=1
£2
=) )u(K)-
(3.85)

-1
+D e+ (1=
k=1
arbitrarily small and observe

Recall that at each stage we can choose ng ) and 51(;,k)
that:
031 1 i o
> (- 7) < 25(2) =26Q) < ¢ (3.86)
k=1 m
Thus there is a universal constant Cy such that if [ := [[log, ) /o €m|] one has:
(3.87)

l
p (K\ U i\ J,§°°d>> < Cremu(K).
k=1

Thus we will let J := . _, (Ji \ J,’fOOd). We then have:
(3.88)

l
1Glloe <2 (el + €M)
k=1

5’“), égk) can be chosen arbitrarily

which can be made < (g4 as the parameters &
small at each stage. Also the parameters «y, can be chosen arbitrarily small; thus,
we obtain a universal constant Cj such that:

(3.89)

as ég) ~ 52m
€0
L(G) < (\/5 + 0052) .
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We thus let g := G; and (3.58)) now follows from (3.76), (3.78]) if we choose at
(k)

each step the parameters ay, €5’ and ésk sufficiently small. O

3.2. Proof of Theorem [1.4[(II). The proof will be achieved by an iteration
of the Lemma below which is a simple consequence of Lemma More
precisely, the function g required in Definition|1.2|is obtained as a sum of functions
gi given by Lemma[3.10] One of the subtle points in the process is that in principle
it could be L(g;) > /3 for every i, hence the sum could fail to be Lipschitz in
general. However, the fact that the g;’s can be chosen asymptotically flat and
with arbitrarily small norm, allows one to control the Lipschitz constant of the
sum.

Lemma 3.10. Let f : Q — Lip(B,0) be a Borel map such that, for p-a.e. x € S,
f(z) € C(p, x) and moreover the corresponding function L in vanishes. Let
K C Q be a compact set such that L(f(x)) <1 for every x € K and let € > 0 be
fized. There are constants Cy and Oy, depending only on N, a (Co-++/3)-Lipschitz
function g : Q@ — R and a compact J C K such that:

(a) g is asymptotically flat on J, ||g||, <€ and p(K \ J) < 3C1ep(K).

(b) There are 0 < r1 < rg <& and for every x € J there are r1 < r(x) < rg

such that:

HT%T(E)Q - f(x)Hoo,B < 3018. (390)
(¢c) g is supported on the tubular neighborhood of K with radius e.

Proof. Let Cj and C; be the constants in Lemma [3.9 Since f(z) € C(p, )
for u-a.e. x, by the Lusin’s theorem we can find at most N + 1 disjoint compact
sets Kj C K (j=0,...,N) of positive measure, such that

N
p(E\ | Kj) < Crep(K) (3.91)
7=0

and f(x) € C(u,x) for every x € Kj, for every j. Moreover, on each K; both
V(p, ) and f(x) vary continuously in x and V(u,-) has constant dimension j.

Since the Grassmannian of j-planes in RY is totally bounded, and since V(p,x)
and f(z) vary continuously in z on each Kj, we can find finitely many disjoint
non-empty compact subsets Kf C K; (¢=1,...,kj) such that

IV () = V (11, 9) oo < €Y (3.92)
and
[f(@) = f(Y)lleo < Cre (3.93)
for every pair (x,y) of points in K f and moreover
016
Ki\| JKY < K). 3.94
A < (gt (394)
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Choose for each 7,1 a point x? and let ff = f(xﬁ) € Lip. Notice that, by
assumption, L(ff) < 1. Let
d := min{1, dist (K, (R™ \ Q)),mikn{dist(K]l»,K,T) sl #mb}.

)

For every (j,¢), apply Lemmawith K = Kf, = V(u,x?), h = ffurl and
g9 := e2N g := %5,5111 =N gy 1= Cflamin{l, %}. By the lemma, for every
(4, ) there exist a (/3 + Cp)-Lipschitz function gﬁ :RY — R and a compact set

Jf C Kf such that:
(a) gf is asymptotically flat on Jf, Hngoo < emin{1, %} and (K \ Jf) <
CléfN(Kf).
(b) One can write every Jf as a finite disjoint union Jf = Ui\il Jﬁa and for

each a € 1,--- ;M (M may depend on j and ¢) there is an 0 < r, =
ra(f,7) < 19 such that if z € J]{ia one has:

’hw%é—ﬂLB§2aﬁ (3.95)

Via a simple cut-off, we can modify each gf to a (v/3 4 Cp)-Lipschitz function gf
supported on {2 such that

d
£ _ ¢ T 4
g;=g; on {aj sdist(z, Kj) < 48}

and

d
gf =0 on {a; : dist(a:,Kf) > 25}

Finally we define the function g : 2 — R by

g:=Y_7;
jl

and we observe that, by (a), [|g]lcc <. Denoting J :=J;, Jf, by (3.91)), (3.94)
and (a), we get

p(K\ J) < 3Cieu(K).
Moreover, denoting 1 := min; g .{r.(¢,7)} and setting for every x € Jﬁa r(z) =
ra(£,7), we get by (3.93)) and (b) that it holds 0 < r1 < r(x) <79 < e and

| Ter(yg = f@)| . < 3C1e, (3.96)

where we observe that by the choice of rg, it holds T ;)9 = (gf)xm(x), for every
T € Jf. O

proof of Theorem [1.4|(II). Stepl: Prescribing the linear part. Fix
e > 0. It is not restrictive to assume that u(2) = 1. Let K be a compact
set such that u(Q\ K) < e/4, f(z) € C(pu,x), and L(f(x)) < D, for every x € K
and for some D > 0. Without loss of generality we can assume that D = 1.
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Firstly, for every z € K we extend the linear function L which f(z) defines on
V (i1, ) (see (I.1)) to a linear function L defined on RY = (V (u, x), V(u, 2)*) as

L(z,y) := L(x).

Then we take any Borel measurable extension L of L defined on the set  and
preserving the bound L(L) < 1. By Theorem applied to f = L and ¢ = 1,
we can find a compact set K C K and a function gy € C1(Q) with ||go/lec < C
such that

WO\ K°) <e/2

Dgo(z) = L(z) = L, for every = € K°
and L(go) < C.

Step2: Prescribing the non-linear part. Consider the function fo: Q2 —
Lip such that fo(z) = 0 for every z € Q\ K and fo(x) = f(z) — L(z) for every
z € K. We will apply Lemma [3.10] to a sequence of sets (K;);en (with Ko := K),
the map fp and a sequence of parameters (&;);ecny with €; — 0 and we will obtain
respectively functions ¢’, compact sets .J; =: K, 1, and for every x € J; a radius
rt <ri(x) <rp <e.

Since we can choose the g; inductively, we can assume that for every ¢ it holds

i > €j

J>i

so that, for every i it holds, for every x € J;

Tm,ri(z) (gi + Zgj) - fO(gj)
J>i 00,B

<N Toriw9' = fo@l . + || Trica) D9 (3.97)

J> co,B

Zj>i €y

< 306" +
ri(z)

S (301 + 1)61'.

Moreover, since the ¢7’s are asymptotically flat on the J;’s, we can add the further
restriction on the inductive choice of the ;’s that, for every j and for every i > j,
gj is (g4)*-Lipschitz on a tubular neighbourhood of J; of radius ¢;, below scale ;.
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Hence, since r'(z) < 7"6 < g, we have, for every z € J;

Tm,ri(:v) (gi + Zgj) - fO(Q:)

1< 00, B

< HTI,N(:):)QZ - fO(w)HOQB + Tx,ri(x) Zgj

= (3.98)

00,B
< HT:c,ri(a:)gi - fo(x)Hqu + ZL(gj '—Brz(:c)(x))
7<i

<3Cie; + Z(éj)l

i<t

Denote g1 := >,y ¢’ and J := M;K;. Combining (3.97) and (3.98) we have
that, provided (g;);en respects the choices made above and provided y () =0
as i — oo, and ) ;(gj) < £/2 it holds that p(2\ J) < /2 and moreover, for
every x € J,

| Te iy — fo(@)|| .z =0 asi— oo

Step3: Lipschitz estimates. It remains to show that g; is Lipschitz. Let
x,y € Q with z # y. Firstly observe that if |z — y| > %ZZ €;, then the estimate
is very simple, indeed

oo
91() = 91(2)] 2> [lglloo <2 & < 4l —yl. (3.99)
=1 7

Otherwise let us consider different cases. Here we make the following assump-
tion on the sequence (¢;) en: for every j it holds €; > 2¢y, for every k > j, hence
in particular €; > >, €.

o if either x € J or y € J. Let jo be the first index j such that |y — x| >
€j. In particular = and y are in B%fl(ﬂo_l). Since we know that

for every j < jo — 1, the function ¢’ is (g;)70~1-Lipschitz on the tubular
neighbourhood of B, (J7), below scale €,_1, this implies that Zgoz_f I
is (Zj.oz_f(sj)jofl)—Lipschitz on Bejo_l(JjO*I) below scale €j,—1 and in

particular |(Z;°:_12 ) (y) — (Z?L’:_IQ ¢)(z)] < |y — x|. Moreover, since
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. 3 1 00 . .
€jo = Dk>jo Ek it holds [y —z[ > 53727 . €. Hence we can write

Jo—2 Jo—2
91(») = 1 (@) < 1O d)w) = O ¢)(@)]
=1 j=1
+1g ) = g @) + 1O ) - O ) ()]

J=jo J=jo

<SA+V3+Coly—a[+2) & <(5+V3+Co)ly—al.
J=jo

(3.100)

o If x ¢ Jand y ¢ J, let ig (respectively jo) be the first index i such that
x & Be,(J) (vespectively y & Be,(J%)). We can assume, without loss of
generality, that 79 < jo.

If |x — y| < €iy+1, then necessarily jo — i9p < 1. In this case (recalling
(¢) in Lemma ¢/ (x) = ¢’(y) = 0 for every j > ig + 1. Moreover
for every i < ig — 1, the function g' is (g;)®~!-Lipschitz on the tubular
neighbourhood of Bgl.m1 (J?), below scale €io—1, hence, as in the previous
case, we can estimate

10—2 i0—2

91(y) = 1 (@) < 1O )W) — O g)@)| +19° ) — g ()]
=1 =1

+19°(y) — g° (x)|
10—1

< Z(si)i°|y—:n| +2(V3+Co)ly — 2| < (1+2V3+2Co)|y — .
= (3.101)

The last case to analyse is when |z —y| > €;,41. In this case let kg < ip+1
be the first index k such that |z — y| > €;. Note that if kg = 1, then we
fall in the first case considered, because we have required in particular
that 1 > Zj>1 €j, and hence provides the Lipschitz estimate.
Therefore we can consider only the case ky > 2.

Since |r — y| < eg,_1, then for every i < ko — 1, the function ¢°
is (¢;)*~1-Lipschitz on the tubular neighbourhood of Beko_l(ﬂ), below
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scale €,—1, hence

ko—2 ko—2
91 (W) — 1 (@) < 1D ) — (O @)+ 19" (y) — g ()]

o =1

F W - @42 Y g
e j:%;ﬂ ! (3.102)
ko—2

< (D ()P +2vB 4+ 2C0) |y — | + 26,
j=1

< (44 2V3+20))|y — 2|.

Step4: Conclusion of the proof. Consider the Lipschitz function g := go+
g1- It is easy to see that it holds

p({z € Q: f(z) ¢ Tan(g, )}) < p(Q\ (K°NJ)) <e.

Indeed dy(u 201 = 0 on J and dy 1,190 = 0 on K°. Hence, since € can be
chosen arbitrarily small, f prescribes the blowups of a Lipschitz function weakly

in the Lusin sense.
O

Remark 3.11. As we will show in the proof of Theorem [1.5| (II), once it is
possible to prescribe weakly (in the Lusin sense) a blowup in a closed class of
admissible functions, it is also possible to prescribe all the admissible blowups
“simultaneously”. By this we mean that it is possible to find a Lipschitz function
attaining all admissible blowups on an arbitrarily large set of points. In the
previous proof it is sufficient to select (in a measurable way) a countable dense
set of admissible blowups {g;(z)} for every point z, and, selecting in a suitable
way different blowups at different scales, one can build a function f attaining at
many points all the g;’s as blowups. To conclude, it is sufficient to observe that
the set of all blowups at one point is closed.

4. OPTMALITY OF THE CLASS C(u,-)

We now give an example of a measure for which one cannot prescribe more
blowups than those contained in C'(u,-). In general it seems a hard problem to
characterize the largest set of blowups one can prescribe in terms of structural
properties of the Radon measure.

Given a Radon measure  on RV, » > 0 and a point = we define the measure
Ty p on B by

Ty p(A) := p(z +rA), forevery Borel set A C B.
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We denote by Tan(u,z) the set of the blowups of u at x, i.e. all the possible
limits of the form

lim &;
T \JO

where T
i
Ki W(Blo.r) (4.1)
Fix k € {1,...,N — 1} and let vg be a (doubling) Radon measure on R such
that v is singular with respect to the Lebesgue measure, its support is R and for
vr-a.e € R the set Tan(vg, z) contains only the Lebesgue measure. Examples of
such measures are discussed in [Pre87] or can be obtained modifying the example
of [GKS10].

Let p be the product measure
p=L"Qpe... 0w
N—_———
(N—k)—times

and consider a Lipschitz function f on RN = R* x RN~ The decomposability
bundle V(p,-) coincides with R¥ as j, by the properties of vg, is concentrated
on a set which intersects each C'-curve v whose tangent vector does not lie in
RF in a set of zero 1-dimensional Hausdorff measure, and thus we have a well
defined derivative dgr f in the direction of R¥. Observe that u is also doubling
and fix a point P of approximate continuity for dgpr f. We can assume that at P
all blowups of u are positive multiples of £,

Let g be a blowup of f at P and let (r;);en be a sequence of radii for which
g = lim; oo Tp,, f. Let i be the limit of any converging subsequence of x;,
defined in (4.1) with z = P. Since the support of fi is the whole ball B and since
dpr f is approximately continuous at P, for every ¢ € RY and v € R¥ such that
q+ v € B we get

9(q+v) — g(q) = (dgr f(P), v).

Let m be the (Lipschitz) restriction of g to R¥~*N B. Then for every z € R¥ y ¢
RN=F such that = +y € B it holds

9(z,y) = m(y) + (dge f(P), ),
hence g € C(u, P).

5. PROOF OF THEOREM

As we already observed in point (iii) of Remark statement (I) of Theorem
is contained in Proposition 4.2 of [Marl7]. Regarding statement (II), we will
prove a stronger (perhaps surprising) statement: namely we will prove that if u is
singular, then the generic 1- Lipschitz function (in the sense of Baire categories)
attains every 1-Lipschitz function as blowup at p-almost every point.

In this section we denote by X the complete metric space of 1-Lipschitz func-
tions on R endowed with the supremum norm. By p we denote a singular prob-
ability measure on R. We begin with the following lemma.
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Lemma 5.1 (Covering by intervals with non-negligible centres). Let U C R be
an open set. For every rg > 0 and n € N there is a sequence of closed intervals
{lzj —rj,xj +r;]}; contained in U with disjoint interiors such that:

ri <10 (5.1)
p(Jlzs — 8n) Mg,z 4+ (8n) 1)) > %nflﬂ(U[%‘ —rjxi+r])  (5.2)
j j
wUN\ ey —rj i+ 1)) = 0. (5.3)
j

Proof. Given any measure 4 on R and 0 < A < 1, it is known that for p-a.e.

x there holds
lim sup M > A
r—0  u(B(x,r))

The lemma then follows from Besicovitch Covering Theorem. We thank the
referee for suggesting this short proof. We also show a constructive proof, in
order to help the reader to understand the ideas behind Corollary

Through the proof the closed interval [z — r,x 4 r| will be denoted by I(x,r).
Firstly we apply Corollary with ¢ = 276 obtaining a sequence of disjoint
intervals {I(zx,7x)}x. By the choice of e, for every A it holds that

_ 1
p(I (22, (1 =27%r) > FAL(22,72))- (5.4)
Now we “split” each interval I(zy, (1 —27%)ry), into 27 — 2 sub-intervals
{15 = 10427 )Y

with disjoint interiors and length 27%7y. Denote by Ii the “central part” of I%,
i.e.
L= 1(25,27 1% 1ry).
Observe that, for every A, the family
272
U B +427%n

=1 §=0,...,8n—1

covers the set I(zy, (1 —27%)r)). Hence for at least one index jo, the set

272 '
U I+ o2 %y, (5.5)
i=1
satisfies
212 1 |

1l U I+ o2 % lry) > gn*uum,u —2 %)) = En*lu(lr(@,m)).
=1



PRESCRIBED BLOWUPS 33

Moreover, for every j = 0,...,8n — 1 and every i = 1,... ,27 — 2 the interval
It + 327907 1r) is contained in the interior of I(z,7)) The result follows by
adding to these intervals the two intervals

[z2x —7ra,a] and  [b, zy + 7y,

where a and b are respectively the minimum and the maximum of the set in ([5.5]).
Of course the procedure above should be also repeated for every .
O

Proposition 5.2. Let p be a singular probability measure on R. Let f : [—1,1] —
R be a 1-Lipschitz function with f(0) = 0. Then the set

X¢:={g9ge€ X : fec Tan(g,x) for u — almost every x}

is residual in X (i.e. it contains the intersection of countably many open and
dense sets).

Proof. For n € N and g € X, consider the set
By ={zeR:3p< ntst|f — Tepgl <n '}

First of all we notice that Ej is open. Indeed if z € EJ, p < n~! satisfies
|f — Tupgl <n~!and y € R is so that

20y — 2| < p(n™" — [ f = Tapgl),
then, using that ¢ is 1-Lipschitz, we deduce
If = Ty7p9| <|f- T:c709’ + [Tz,pg — Ty709’ <|f- Tw7p9| + 2/)71@ —x| < ”717

hence y € E7. Now we define

Api={g€ X p(Ey) >1~ n1'}.

Stepl: A, is open. Fix g € A, and consider the multifunction ¢ : £y —
200n™Y) defined by

= {pe€ (0,n ) st. |f—Typgl <n '}

Notice that the values of ¢ are non-empty open sets because the function
(x,p) = |f — Tz pg| is continuous in the variable p. Moreover, since the function
is continuous also in the variable z, for § > 0 the sets

Us :={z € Ej : po(z) := sup{o(z)} > J and there exists p(z) s.t.
§ < p(r) € o(z) and |f — T, 19| < - o}

1

are open and | Js.oUs = E;. Moreover pu(Ey) > 1 —n"", since g € A,. Then

there exists § > 0, with u(Us) > 1 —n"1.
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If we consider now h € X such that 2|g — h| < §2, we deduce that for every
x € Us it holds

‘f - Ta:,p(z)h| < |f - Ta:,p(x)g’ + |Tm,p(x)g - Tac,p(a:)h‘

<|f = Tupwgl +2lg—hls™" < (n™' = 68) +4.

The last inequality guarantees that A, is open.

Step2: A, is demnse. Let g € X and fix ¢ > 0. We want to show that there
exists h € A, such that |h — g| <e.

Consider inductively a sequence of functions h; defined as follows. Let hg := g,
My:=R, ap:=¢ and for s =1,2,... let U; C M;_1 be an open set such that

a1
i) < = 5.6
) < 3= (56)
and
1

Moreover by Corollary we can select Ii,... I’ m(i) C U; closed intervals with

center :U , length 4[‘ and d15301nt interiors such that firstly
w(U; \ U L) < — +2 (5.8)

and secondly, denoting f} the closed interval with center x!

% and length (2n) ™7,

3

m(i) ()
( U _]2) > (16n) " pu( IJZ:), for every i. (5.9)
Jj=1 7j=1

Or first aim is to perturb h;_; obtaining a new function h; such that all the
points in U I ¢ belong to E}.. Let f; be the 1-Lipschitz function

fi(®) :== hi—1(x — |(— U i)

Observe that f; is differentiable with f/ = 0 on the set Um( )I . Denote by k;
the 1-Lipschitz function

m(z)

ki(@) = fi() + Z fil
where fl] : R — R is any 1-Lipschitz function such that ff =0on R\ I} and

Toinfl =1 (5.10)
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(observe that such a function exists because f is 1-Lipschitz, g(0) = 0 and the
length of the interval I7 is 45;-). Eventually we define the 1-Lipschitz function
hi == fi + k;.

Denote, for every 4

o = min(i){e;i}; M= (| )\ (U ).

j=1,...
-7 9’ 7m J:l j:l

Note that the following properties hold, for every ¢, j

B,

(i) |Tx,£;lhi - fI< (271)_1, for every x € fjl

Comparing (ii) with the definition of E7, it is evident not only that every
T € I:Ji» belongs to Ej, but also that there is still “room” for some additional

perturbation. Namely for every function h with |h; — h| < (4n)~'a it holds that
every x € I; belongs to E}ZL‘, indeed

~ (@) -
Toeih = I < [Ty gih =Ty gihil + [Ty g hi = f]
i1 -1 —1¢piy—1 o (5.11)
2(65) 7 |h — hil + (2n) 7" < (2n)7(£5) " i + (2n)
< n L.

In particular, for every i, j, for every x € f]’ and for every m > ¢ it holds = € E}! ,
since

m—1 m—j—1

o 1 i _
\hi — hun| < Z 871 < g0 Z (16)~¢ < (4n) Lay.
j=t 7=0
Moreover, by (i) and the choice of ay it follows that |g — h,| < €, for every m.

Combining (5.7)), (5.8) and (5.9) we deduce that for iy large enough we have

uJU D) >1-n7

i<ig j=1

hence denoting h := h;,, we have that h € A,,.

Step3: Conclusion of the proof. Clearly every function which belongs to
the intersection of the A,’s is also in Xy, hence X, is a residual set and in
particular, by the Baire theorem, it is dense in X. ]

Proof of theorem [1.5[(II). Without loss of generality we can assume that
the Lipschitz constant of f(x) is bounded by 1 for p-a.e. x and that Q = R,
because Proposition [5.2] also holds when R is replaced by an open subset
(clearly in this case the space X will be replaced by the space X of 1-Lipschitz
functions on ).
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First case. p is a finite measure. Consider the metric space Z made by
the 1-Lipschitz functions on [—1, 1] with value 0 at the origin, endowed with the
supremum distance. Let (f;);eny be dense in Z. Up to rescaling, we may assume
that p is a probability measure. By Proposition each set Xy, is residual in
X, and so it is Y := [, Xy,. This means that for all g € Y and for p-a.e. z,
every f; belongs to Tan(g,z). The theorem is then a consequence of the simple
observation that Tan(g,x) is always a closed subset of Z.

Second case. p is any Radon measure. Write R as a countable union of sets

FE;, i = 1,2,... with finite measure. Consider for every ¢ the space Y; defined

above relatively to the measure pL E;. Since each Y; is residual in X, so it is the

set Yoo := MN;Y;. U
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