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Abstract

In this note we prove an abstract version of a recent quantitative stratification
priciple introduced by Cheeger and Naber (Invent. Math., 191 (2013), no. 2,
321-339; Comm. Pure Appl. Math., 66 (2013), no. 6, 965-990). Using this
general regularity result paired with an e-regularity theorem we provide a new
estimate of the Minkowski dimension of the set of higher multiplicity points of a
Dir-minimizing Q-valued function. The abstract priciple is applicable to several
other problems: we recover recent results in the literature and we obtain also
some improvements in more classical contexts.
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1. Introduction

An abstract regularity result. We propose an abstraction of a quantitative strat-
ification principle introduced and developed in a series of papers by Cheeger and
Naber [? ? ], Cheeger, Haslhofer and Naber [? ? ] and Cheeger, Naber and
Valtorta [? |].

The interest in finding general formulations of this kind of regularity results
is driven by a number of important applications in geometric analysis. Apart
from those contained in the papers quoted above, we mention the cases of Dir-
minimizing Q-valued maps according to Almgren, of varifold with bounded mean
curvature and of almost minimizers of the perimeter. The former is treated in
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details in § 4 and § 5, the latters in § 6. We explicitly remark that the papers [?
? ] deal also with parabolic examples, a case that is not covered by our results.

To our knowledge the first example in this direction of abstraction is the
general regularity theorem proven by Simon [? |, Appendix A] based on the so
called dimension reduction argument introduced by Federer in his pioneering
work [? ]. Similarly, the paper by White [? | generalizes the refinement of
Federer’s reduction argument made by Almgren in his big regularity paper [? |].

The basic principle and the main ingredients of our abstract formulation can
be explained roughly as follows.

ABSTRACT STRATIFICATION: the set of points where a solution to a
geometric problem is faraway at every scale from being homogeneous
with k41 indipendent invariant directions has Minkowsk:i dimension
less than or equal to k.

The main sets of quantities we consider are:

(a) a family of density functions ©y, increasing w.r.t. s > 0;

(b) a family of distance functions dg, k € {0, ..., m}, measuring the distance
from k-invariant homogeneous solutions.

In addition, we assume suitable compatibility conditions, namely

(i) a quantitative differentiation principle that allows to quantify the number
of those scales for which closeness to homogeneous solutions fails, and that
tipically follows in the applications from monotonicity type formulas;

(ii) a consistency relation between the distances dj: if a solution is close to
a k-invariant one and additionally is O-invariant with respect to another
point away from the invariant k-dimensional space, then it is actually close
to a (k + 1)-invariant solution (see § 2 for the detailed formulation).

This set of hypotheses is common to many problems in geometric analysis
such as the multiple valued functions dealt with below, harmonic maps, almost
minimizing currents and several others (see [? ]-[? ] for other applications).
Indeed, the stratification result and the estimate on the Minkowski dimension
in the settings quoted above only depend on these assumptions (i) and (ii), thus
making the common aspects of all previous results clear.

It turns out that there is a simple connection between White’s approach to
Almgren’s stratification and the one outlined above. In § 3.3 we show how to
recast the result by White in our framework. In this respect, we stress that
the stratification in [? | and in our Theorem 4 can be applied to some cases
not covered by the ideas in [? |, such as stationary harmonic maps (cp. [?
Corollary 2.6], § 2.4.2 and [? , Section 6]).

Our main application of the abstract stratification principle is outlined in
the following subsection.



Application to Q-valued functions. In the regularity theory for higher codimen-
sion minimal surfaces (in the sense of mass minimizing integer rectifiable cur-
rents) a fundamental role is played by the multiple valued functions introduced
by Almgren in [? ], which turn out to be the correct blowup limits for the
analysis of singularities (see also [? 7 ? ? ? | for a simplified new proof of the
result in [? ]).

Following [? ], a @-valued function u is a measurable map from a bounded
open subset 2 C R™ (for simplicity we always assume that the boundary of €2
is smooth) taking values in the space of positive atomic measures in R™ with
mass (), namely

Q
N3z ulx) e AgR™) := {Z [pil : pi € Rm},

where [p] denotes the Dirac delta at p. Almgren proves in [? | (cp. also
[? ]) that the blowups of higher codimension mass minimizing integral cur-
rents are actually graphs of @-valued functions u in a suitable Sobolev class
W12(Q, Ag(R™)) minimizing a generalized Dirichlet energy (cp. [? , Defini-
tion 0.5]):

/Q Duf? < / D Yo e WR(Q, AgR™)), vloa = ulog,

(explicit examples of Dir-minimizing @)-valued functions are given in [? ]).

In order to estimate the size of the singular set of a minimizing current it is
essential to bound the dimension of the set of points where the graph of a Dir-
minimizing @-valued function has higher multiplicity. Almgren’s main result in
the analysis of multiple valued functions is in fact an estimate of the Hausdorff
dimension of the set Ag of multiplicity @ points of a Dirichlet minimizing Q-
valued function u, i.e. the set of points 2 € Q such that u(x) = Q [p] for some
p € R™, which turns out not to exceed n — 2 in the case it does not coincide
with © (cp. [? , Proposition 3.22]).

In this paper we improve Almgren’s result by showing an estimate of the
Minkowski dimension of Ag. To this aim we denote by 7,.(E) = {z € R" :
dist(z, E) < r} the tubular neighborhood of radius r of a given set £ C R™.

Theorem 1. Let u : Q@ — Ag(R™) be a Dir-minimizing function, where @ C
R™ is a bounded open set with smooth boundary. Then either Ag = Q, or for
every Q' CC Q the Minkowski dimension of Ag N Y is less than or equal to
n—2, i.e. for every ' CC Q and for every ko > 0 there exists a constant C > 0
such that

T (A N < Cr2r VO < r < dist(,00). (1.1)

We also obtain a stratification result for the whole set of singular points of
multiple valued functions that, even if known to the experts, we were not able
to find in the literature. To this aim we introduce the following notation. Given



a @Q-valued function u : @ — Ag(R™), we denote by Sing, C  its singular set,
i.e. xo & Sing,, if and only if there exists » > 0 such that

graph(ulg, (o)) = {(z,y) € R™™ : |& —xo| <7,y € supp (u(z))}

is a smooth n-dimensional embedded submanifold (not necessarily connected).
For every k € {0,...,n}, we define the subset Sing® of the singular set Sing,
made of those points having all tangent functions with at most k independent
directions of invariance (we refer to § 5.3 for the precise definition).

Theorem 2. Let u : Q — Ag(R™) be a Dir-minimizing function, where  C

R™ is a bounded open set with smooth boundary, and let Singﬁ be the singular
strata defined in § 5.8. Then, Sing, = Sing"i2 and

u
Sing? s countable (1.2)
dimy (Sing®) <k Vke{l,....,n—2}. (1.3)

In the case Q = 2 a more refined analysis by Krummel and Wickramasekera
[? ] shows the rectifiability of the singular set, remarkably improving Almgren’s
work.

We prove Theorems 1 and 2 as a consequence of our abstract stratification
principle. More precisely, Theorem 2 is a direct consequence of it, while The-
orem A requires a further stability property deduced by an e-regularity result
(see Proposition 5.4).

Applications to generalized submanifolds. In the final section § 6 we apply the
abstract stratification principle to varifolds with bounded mean curvature and
almost minimizers of the perimeter, two relevant cases for applications that
are not covered by the results in [? ]. Also in these cases we derive some
improvements of well-known estimates for the singular set. Stratification for the
singular set of stationary varifolds with bounded mean curvature is addressed in
§ 6.1. Eventually, in Theorem 18 we give a bound on the Minkowski dimension of
the singular set of an almost minimizer of the perimeter rather than the classical
Hausdorff dimension estimate, and in Theorem 19 we show higher integrability
for its generalized second fundamental form.

On the organization of the paper. A few words are worthwhile concerning the
structure of the paper. The first two sections of the paper are devoted to the
abstract regularity results. In particular, § 2 contains the estimate of the volume
of the tubular neighborhood of the singular strata given in Theorem 3 (which is
proved in the first part of § 3) and the abstract stratification in Theorem 4. In
order to make our statements and hypotheses recognizable and “natural” to the
readers, we illustrate them in § 2.4 for the model examples of area minimizing
currents and harmonic maps. The last part of § 3 is devoted to the comparison
with the results by White in [? ]. Then, we specialize our results to the case
of @-valued functions in §5, the needed preliminaries are collected in § 4. We
finally focus on varifolds with suitable hypotheses on their mean curvature and
on almost minimizers of the perimeter in § 6.



2. Abstract Stratification

The general abstract approach we propose is based on two main sets of
quantities: namely, a family of density functions ©4 and an increasing family of
distance functions dy.

Densities and distance functions. Let  C R™ be open and bounded, and for
every s > 0 set Q° := {z € Q : dist(x, 00?) > 2s}. We assume the following.

(a) For every s such that Q° # (), there exist functions O, € L*>(Q*) such
that
0 < O4(x) < Oy (x),

forall 0 < s < s and for all z € Q°. Moreover, for every sg > 0 there
exists Ag = Ag(sg) > 0 such that

@s(x) S AO;
for every 0 < s < sg and for every z € Q.

(b) Setting U := {(z,s) : z € Q°, Op(z) > 0}, there exist a positive integer
m < n and control functions di : U — [0,+0) for k € {0,...,m} such
that

do <di <+ < dp.

Structural hypotheses. These two sets of quantities are then related by the fol-
lowing structural hypotheses.

(i) For every sg > 0, &1 > 0 there exist 0 < A1(s0,1), 71 (S0,€1) < 1/4 such
that if (z,s) € U, with € Q% and s < sg, then

O4(x) — Oy s(x) <m = do(x,s) <er.

(ii) For every sg > 0, for every ea,7 € (0,1) there exists 0 < 12(s0,€2,7) < &3
such that if (z,5s) € U, with z € Q% and 5s < sp, satisfies for some
ke{0,....,m—1}

di(z,4s) <my and diy1(x,4s) > e,
then there exists a k-dimensional linear subspace V for which
do(y,4s) >m2 Vy € By(z)\ Trs(z + V),

where Tos(z+V) := {z : dist(z, 2+ V) < 7s} is the tubular neighborhood
of x +V of radius s.



2.1. Volume of the neighborhoods of singular strata

The sets we consider in our estimates are the following.

Definition 2.1.1 (Singular Strata). For every 0 < 6 < 1, 0 < r < r¢ and
for every k € {0,...,m — 1} we set

Sf)mﬁ = {x €N :0p(x) >0 and dgyi(z,s) > Vr<s< ro} (2.1)
and
Sks= () Sk,s and SE:= |J Sk (2.2)
0<r<ro 0<o<1

Note that, by the monotonicity of the control functions, Sﬁ s C Sf}:(;, if 0" <4,
r<7¢ and k < k.

Our abstract stratification result relies on the following estimate for the

tubular neighborhoods of the singular strata. Its proof is postponed to §3.

Theorem 3. Under the Structural Hypotheses 2, for every ko,d € (0,1) and
ro > 0 there exists C = C(ko, 0,70, n,€2) > 0 such that

T (SE o) SCrFro vo<r<ry Vke{l,...,m—1} (2.3)

SP 5 is countable. (2.4)

’r‘o,(;

2.2. Hausdorff dimension of the singular strata

It is now an immediate consequence of Theorem 3 the following stratification
result.

Theorem 4. Under the Structural Hypotheses 2 for every ro > 0 the estimate
dimy, (S¥ ) < k holds for k € {1,...,m —1}. Moreover, SO is countable.

PrOOF. Indeed Theorem 3 implies that dimM(SfD)(;) < k, where dim, is the
Minkowski dimension. Since the Hausdorff dimension of a set is always less than
or equal to the Minkowski dimension, we also infer that

dimy (S))) < dimy ( U Sfo,a> <k
5>0

because, being the union monotone, it is enough to consider a countable set of
parameters.



2.8. Minkowski dimension of the singular strata

The dependence of the constant C' in (2.3) on ¢ prevents the derivation of an
estimate on the Minkowski dimension of the singular strata S,}fo. Nevertheless,
if such dependence drops, then Theorem 3 turns actually into an estimate on
the Minkowski dimension of the singular strata which is not implied by the
Almgren’s stratification principle.

Theorem 5. Under the hypotheses of Theorem 3, if there exist k € {0,...,m—
1} and 8o > 0 such that

Sk s=8F Vde(0,0), (2.5)

T0,6

then for every 0 < ko < 1 and ro > 0 there exists C = C(kg, do,70,m,2) > 0
such that
IT(SE) < Crmhro wo <r <. (2.6)

In particular dimp, (S* ) < k.

To —

2.4. Ezamples

The meaning of the Structural Hypotheses 2 is very well illustrated by the
two familiar examples of area minimizing currents and stationary harmonic
maps treated in [? ] for which Theorem 3 and 4 hold. Moreover for area
minimizing currents of codimension one in R™ Theorem 5 can be also applied
fork=n—8.

2.4.1. Area minimizing currents
Let T be an m-dimensional area minimizing integral current in €2. Then we
can set

w for s >0 and Op(z):= lim O,(z)

@s(x) = wmsm 1ot
and for k € {0,...,m}
dy(z, s) := inf {F((Ts,s — C)LBy) : C is k-conical & area minimizing},

where

e T, , is the rescaling of the current around any point x € R™ at scale r > 0:
Ty = (nm,r)#T (2.7)

and the push-forward is done via the proper map 7, given by y —
(y - $)/’r,

e T is the flat norm (see [? |, § 31]);



e an m-dimensional current C' in R™ is k-conical for k € {0, ..., m}, if there
exists a linear subspace V C R™ of dimension bigger than or equal to k
such that

Tyr=Tforallr >0and z € V.

Note that a 0-conical current is simply a cone with respect to the origin.

One can choose Ag(rg) := M(T) fw,,7z*. Then (a) is a consequence of the Mono-
tonicity Formula (see [? , Theorem 17.6]) and (b) follows from the inclusion
of k-conical currents in the k’-conical ones when k&’ < k. With this choice,
the structural hypoteses in 2 are satisfied, indeed (i) is an other consequence
of the Monotonicity Formula and (ii) follows from a rigidity property of cones
sometimes called “cylindrical blowup” (see [? , Lemma 35.5]).

Then the quantitative stratification principle in Theorem 3 recovers the cor-
responding result in [? ]:

the set of points that are faraway from (k+1)-conical area minimizing
currents, at every scale in [r,ro], has Minkowski dimension less than
or equal to k.

2.4.2. Stationary harmonic maps

Similarly let v € W2(Q, .#) be a stationary harmonic map from an open
set Q C R™ to a Riemannian manifold (.4, h) isometrically embedded in some
Euclidean space R? (see, e.g., [? ]). We can set

Os(z) = 32_"/ |Vul’dy, s € (0,dist(z,09)),
Bs(z)
and for every k € {0,...,n}

dg(z,7) := Uien(;k]é distiy (Ux,r; v)dy,
’ 1

with
o Uy, (y) :=u(z +ry) for x € Q and r € (0, dist(z,090));

e a measurable map v is said to be k-conical if there exists a vector space
V with dim V' > k that leaves v invariant, i.e.

v(e)=v(ly+z) VeeR" yeV, (2.8)
and such that v is 0-homogeneous with respect to the points in V| i.e.

viy+z)=v(y+Aiz) VeeR", yeVand A >0 (2.9)

e ¢, :={v: By — A k-conical} .



Assumption (a) in § 2 is easily verified and the monotonicity formula

0.0)-6.0)= [ [ o

together with an elementary contradiction argument show that the Structural
hypothesis (i) in § 2 is satisfied. Moreover the structural hypothesis (ii) follows
similarly to the one for minimizing currents (cp. [? ] for more details), thus
leading to the stratification of Theorem 3.

2

Ou ) pn—1as

ot

In Section 6 we give other applications of this abstract regularity result to
the case of varifolds with bounded variation and almost minimizers of the mass
in codimension one.

3. Proof of the Abstract Stratification and comparison with Alm-
gren’s Stratification

3.1. Preliminary results
To begin with, we state a simple consequence of the Structural Hypothesis 2
(ii) in the following

Lemma 6. For every so > 0, for every e,7 € (0,1) there exists 0 < 79 < &
such that if (x,58) € U, with x € Q% and bs < sg, satisfies for some k €
{0,...,m —1}

do(z,4s) <o and digyi(x,4s) > ¢,

then there exists a linear subspace V' with dim(V') < k such that
y € Bs(x) & do(y,48) <vo = y€Ts(x+V). (3.1)

PROOF. Let 79 <71 < ... < yiq1 be set as yip1 = € and vj_1 = 172(50,7;5,7)
with 79 the constant in the Structural Hypothesis (ii). Let ¢ € {0,...,k} be
the smallest index such that d;;1(z,4s) > 7,41 (which exists because of the
assumption dgy1(x,4s) > € = qx41). Then, applying the Structural Hypoth-
esis (ii) we deduce that there exists an i-dimensional linear subspace V' such
that every point y € Bs(z) with do(y,4s) < 79 < ~; belongs to the tubular
neighborhood 7-s(z + V).

In the proof of Theorem 3 we shall repeatedly use the following elementary
covering argument.

Lemma 7. For every measurable set E C R™ with finite measure and for every
p >0, there exists a finite covering {B,(x;)}ier of Tojs(E) with x; € E and

5N T E

HO(I) < 5" [Toppl BN (3.2)
Wnp, p7

PRrOOF. Consider the family of balls {B,/;(z)}.er. By the Vitali 5r-covering

lemma, there exists a finite subfamily {B,/(x;)}icr of disjoint balls such that

Tos(E) C Uier B,(). By a simple volume comparison we conclude (3.2).



8.2. Proof of Theorem 8

PROOF (OF THEOREM 3). We start fixing a parameter 7 = 7(n, ko) > 0 such
that
KQ
w72 < 207" (3.3)

We choose the other constants involved in the Structural Hypotheses in the
following way:

1. let v <71 < ... < vy, be such that v, = 6 and ;-1 = na(rg,y;,7) for
every j € {1,...,k} as in the Structural Hypothesis (ii);

2. let Ay = A1 (r0,7) and 1 = 1n1(70,Y0) be as in the Structural Hypothesis
(1);

3. fix ¢ € N such that 79 < \q.
We divide the proof into four steps.

Step 1: reduction to dyadic radii. Let Ag = Ag(ro) given in § 2. Tt suffices to
prove (2.3) for every r of the form r = % with p € N such that p > pg :=

g+ M+1and M :=|qAo/n . Indeed for % < 8 < 1o we simply have

0| e
|To(SE,, 5) <19 < W nokT
5

= 02<K'O7 57 T07 n? Q) Sn_k_’io *

On the other hand, if we assume that (2.3) holds with a constant C; > 0 for
every r of the form r = % with p > pg, we conclude that for rm < s < r it
holds

ITo(S )] < [T(Shy, ) < O 570 < Oy ghmamn gk,

5,70,0

Therefore setting C' := max{r¥T" =" C;, Cy} we deduce that (2.3) holds for
every r € (0,79).

Step 2: selection of good scales. Fix a value p € N with p > pg as above and set
r = o7’ /5. For all (z,79) € U we have

P p l+g—1
Z @471 0 (1‘) - ®4T’+‘1 0 (1:) = Z Z 647'"‘ 0 (LE) - @4Ti+1 0 ($)
l=q l=q 1=l
p+q—1

S q Z (@4Th’ 0 (x) - ®4Th+1 T0 (J?))
h=q

=q (@47"17"0 (x) — @47-p+<1 ro (l’)) S qAO

Therefore, there exist at most M indices | € {g,...,p} for which it does not
hold that

®4Tl T0 (x) - ®4TH"1 0 (Z’) g m. (34)

10



For any subset A C {q,...,p} with cardinality M we consider
Sa={reSF 5:(34) holds VIgA}.

T,70,0 *

We prove in the next step that
ITo(Sa)l < O+ (3.5)

for some C' = C(ko,0,70,n,8) > 0. From (3.5) one concludes because the
number of subsets A as above is estimated by

(p—q+1

M ) S(p—q+1)M§C|logr|M

for some C'(kg, d,79,n) > 0, and

‘7;(51]“6,7"0,6” < Z |7;~(SA>| < C|1OgT|M1"”7k*KTO < CT”*’C*KO
A

for some C(kg, 6,70,n,Q) > 0.

Step 8: proof of (3.5). We estimate the volume of T,.(S4) by covering it itera-
tively with families of balls centered in S4 and with radii 77/rq for j € {q,...,p}.
We can then proceed as follows. Firstly we consider a cover of Tra,,/5(S4) made
of balls {Bray,(2;)}icr, with z; € S4 and by a straightforward use of Lemma 7

HO(1,) < 57 "ry ™ (diam(Q) + 1)".

Tteratively, for every j € {¢ + 1,...,p}, we assume to be given the cover
{Bri—1r(wi) Yier,_, of Ti-1,,5(Sa), and we select a new cover of 7., /(Sa)
which is made of balls of radii 771y centered in S4 according to the following
two cases:

(a) j—1€A4,
(b) j—1¢ A.

Case (a). For every x; in the family at level j — 1, using Lemma 7 we cover
SANBrj-1,, () with finitely many balls B, 5,(y1) with y; € Sa N B, (4)
and the cardinality of the cover is bounded by

5" |B(‘rj*1+rj/10) o (x1)|
Wn (TjTo/Q)n

(note that 7.5, /10(SaNBri-1yy(2:)) C Bri-14.3/10)ro (2:)). We claim next that
the union of B, (y;) covers the tubular neighborhood

<20" 77"

Tfjro (SA N B‘rj*17*0 (xl))

5

Indeed for every z € T, /s(Sa N Bri-1,,(2;)) there exists 2’ € SA N Brj-1,,(2;)
such that |z — 2’| < 77ro/5. Since 2’ € B,;, ,(y1) for some y;, then z € Bri (y1)-

11



Therefore, collecting all such balls, the cardinality of the new covering is
estimated by
HO(I;) < 20" 7" HO(I;—y). (3.6)

Case (b). If j —1 ¢ A, then (3.4) holds with [ = j — 1. By the Structural
Hypothesis (i) and the choice of A\1,7; in (2) and 7 in (3) at the beginning of
the proof, we have that do(z,477 " 1rg) < 4o for every x € S4. Since x; € Sa C

Sf,m’(; we have also djy1(2;,47771rg) > 5. We can then apply Lemma 6 and

conclude that
San Bri-1y, (xz) C 7;”0 (l‘l + V) (3.7)

for some linear subspace V' of dimension less than or equal to k. Note that
| Trsro (@i + V) OV Brimigy (2:)] < wn 7" F|Broag, (). (3.8)

Thus applying Lemma 7 we find a covering of 7, /(Sa) with balls B, i (1)
such that y; € S4 and using (3.8) the cardinality of the covering is bounded by

HO(I;) < 10"w, HO(I;—1) 77*. (3.9)

In any case the procedure ends at j = p with a covering of 7;»,,;(S4) which
is made of balls { Brsp, (2;)}icr1, such that z; € Sy and

HO(I,) < 5n7'_nq7“o_n(diam((2) + 1)" (20" T—n)M (10"wn 7__k)p—q—M

< Cr R (20w, < 0 7P (3.10)

with C' = C(ko, d,70,n,§) > 0 and where we used (3.3) in the last inequality.
Estimate (3.5) follows at once

(3.10) f KO
T:(Sa)l < HO(Lp) | Broyy| < Cr"7h7 7,
for some C' = C(ko, d,r9,n,2) > 0.
Step 4: proof of (2.4). Let j, be the smallest index such that (3.4) holds for
every j > j., and for every i € N set
A ={r eS8 s : ju=1}.

7‘0,5

We will prove that A; is discrete, and hence 890,5 is at most countable. Fix
x € A;. By the choice of the parameters applying the Structural Hypothesis (i)
it follows that do(x,4rg77) < o for every j > i. Since z € 89,075, we can apply
Lemma 6 and infer that the points y € B, ., () satisfying do(y,4ro7?) < 7o are
contained in B, i+ (x). Therefore A; N B, i (x) C B, i+1(x) for every j > i,
which implies that A; is discrete.

3.8. Almgren’s stratification principle

In this section we make the connection to the approach to Almgren’s strat-
ification principle by White [? ]. Indeed under very natural assumptions the
results by White for the time independent case follow from ours.

12



. White’s stratification criterion in its simplest formulation is based on:

(a’) an upper semi-continuous function f : @ — [0,00) defined on a bounded
open set ) C R™;

(b’) for every x € Q a compact class of conical functions G(z) according to the
following definition.

Definition 3.3.1. (1) An upper semi-continuous map g : R™ — [0,00) is con-
ical if g(z) = g(0) implies that g is positively 0-homogeneous with respect to z,
i.e.,

g(z+Ax) =g(z+x) forallz € R™ and A > 0.

(2) A class G of conical functions is compact if for all sequences (g;)ien C ¥
there exist a subsequence (g;;)jen and an element g € G such that

limsup g;; (vi;) < g(y) Yy €R", (yi)ien CR" with y; —y.

J—00

In particular a conical function is 0-homogeneous with respect to 0.

White’s Structural Hypotheses. The stratification theorem by White is then
based on the following two structural hypotheses:

(i') 9(0) = f() for all g € ¥();
(ii") for all 7; | O there exist a subsequence 7;; | 0 and g € ¢ (z) such that

limsup f(z +ri;y;) < g(y) forall y,y; € By with y; — y.

Jj—+oo

White’s result. By the upper semi-continuity of any conical function g, the
closed set

Sg:={z €R": g(2) = 9(0)}
is in fact the set of the maximum points of g. S, is called the spine of g.
Moreover S, is the largest vector space that leaves g invariant, i.e.,

Sg={z€R": g(y) =g(z+y) forall y e R"} (3.11)
(cp. [? , Theorem 3.1]). We set d(z) := sup{dim S, : g € ¥(x)}, and
Ypi={xeQ: f(z)>0,dz) <L}
The stratification criterion in [? , Theorem 3.2] is the following.
Theorem 8 (White). Under the Structural Hypotheses 3.3,

Yo 1is countable; (3.12)
dimy (X)) <€ Ve {l,...,n}, (3.13)

where dimy, denotes the Hausdorff dimension.

The reader who is interested in the application of this criterion to the model
cases of area minimizing currents and harmonic maps is referred to [? ].
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Comparing the two approaches. Theorem 8 can be recovered from our Theo-
rem 4 if we assume the following relations between the Structural Hypotheses 2
and 3.3:

(1) f=00;
(2) for every x € Q, if

limdg(z,r;) =0 for some (r;j)jen C (0,dist(z, 09)),
j

then o ¢ Xg_q.

Note that (1) and (2) are always satisfied in the relevant examples considered
in the literature.

Theorem 8 follows from Theorem 4. To prove that the conclusions of Theorem 8
are implied by Theorem 4 it is enough to show that

sec | sk, (3.14)

r0>0

This means that for every rq > 0 and for every x € ¥, N Q2" there exists 6 > 0
such that
det1(z,7) > VO<r <. (3.15)

Assume by contradiction that (3.15) does not hold, we find 7o and x as above
such that for a sequence r; € (0,rp] we have dp41(x,r;) L 0. Then by § 3.3 (2)
2 cannot belong to X,.

4. Preliminary results on Dir-minimizing Q-valued functions

We follow [? ] for the notation and the terminology, which we briefly recall
in the following subsections.

The space of Q-points of R™ is the subspace of positive atomic measures in
R™ with mass @, i.e.

Q
AgR™) = {Z [pi] = pi € Rm}

where [p;] denotes the Dirac delta at p;. Ag is endowed with the complete
metric G given by: for every T'= >, [p;] and S =3, [pi] € Ag(R™)

Q k6
T = i P — ! . 2
g(r1,s) gfég;lQ (; P — Dol )

where &g is the symmetric group of () elements.
A @Q-valued function is a measurable map u : Q@ — Ag(R™) from a bounded
open set Q@ C R"™ (with smooth boundary 99 for simplicity). It is always
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possible to find measurable functions u; : & — R™ for ¢ € {1,...,Q} such
that u(xz) = Y, [ui(z)] for a.e. x € Q. Note that the u;’s are not uniquely
determined: nevertheless, we often use the notation u = >, [u;] meaning an
admissible choice of the functions u;’s has been fixed. We set

1/2
|ul(2) = G(u(z),Q0]) = (Zlui(x)l2> :

%

The definition of the Sobolev space W12(Q, Ag) is given in [? , Definition 0.5]
and leads to the notion of approximate differential Du = ~, [Du;] (cp. [? ,
Definitions 1.9 & 2.6]. We set

1/2
IDul(z) = (Zmui(w)ﬁ)

and say that a function u € W12(Q, Ag(R™)) is Dir-minimizing if
/ \Duf? < / IDul2 W e W2(Q), vlsa = uloa
Q )

where the last equality is meant in the sense of traces (cp. [? , Definition 0.7]).
By [? , Theorem 0.9] Dir-minimizing Q-valued functions are locally Holder
continuous with exponent 5 = 8(n, Q) > 0.

In what follows we shall always assume that u € W12(Q, Ag(R™)) is a
nontrivial Dir-minimizing function, i.e. u # Q [0], with

1 Q
ou = — u; = 0. 4.1
n Q; (4.1)

As explained in [? , Lemma 3.23] the mean value condition in (4.1) does not
introduce any substantial restriction on the space of Dir-minimizing functions.
Moreover, in this case Ag reduces to the set {z € Q : u(z) = Q[0]}. Note
that, if u # @ [0], then Ag C Sing,, by [? , Theorem 0.11].

4.1. Frequency function

We start by introducing the following quantities: for every x € {2 and s > 0
such that Bs(z) C Q we set

D,(z,s) := / | Dul?
Bs(x)

Ho(,s) = / u?
9B (x)

s Dy(z, s)

I,(z,s):= Holz.s)
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I, is called the frequency function of u. Since u is Dir-minimizing and nontrivial,
it holds that H,(z,s) > 0 for every s € (0, dist(z,dQ)) (cp. [? , Remark 3.14)),
from which I, is well-defined.

We recall that the functions s — D, (z,s), s = Hy(x,s), and s — I,(x, s) are
absolutely continuous on (0, dist(z,9)). Similarly for fixed s € (0, dist(z, 9Q))
one can prove the continuity of z — D, (z,s), x — H,(x,s) and = — L,(z,s)
for x € {y : dist(y, 9Q) > s}. The former follows by the absolute continuity of
Lebesgue integral; while for the remaining two it suffices the following estimate:

1

2

VH@.9) ~ V59| < ( /

<lr—yl (/BBS@/O V]l (= + t (2 — )| dtdz>

<lo-y ( / |Du|2) (42)
Beyz—y| (W\Bs—z—y| (v)

where we use the fact that |u| € W2(Q) with |V|u|| < |Du| (cp. [? , Defini-
tion 0.5]).

lul(2) — Jul(z + % — y)2dz>

1

2

[N

T. he following monotonicity formula discovered by Almgren in [? ] is the main
estimate about Dir-minimizing functions (cp. [? , Theorem 3.15 & (3.48)]): for
all 0 < ry < ry < dist(z,dQ) it holds

Iu(xa TQ) - Iu(z7 rl)
vt / 2 2 2
S 10, / fuf2 — / Oyuu)) )t (43)
/rl H,(t) ( 9B (x) 9B (x) ( OB (x) ) )
We finally recall that from [? , Corollary 3.18] we also deduce that
Hy(z,7) = O(r+21u(=01)-1) (4.4)
where I,,(z,0%) = lim, o [, (2, 7).

4.2. Compactness
From [? , Proposition 2.11 & Theorem 3.20], if (u;) en is a sequence of
Dir-minimizinig functions in € such that

sup [|lu;l|r2(q) + Sl}p/ |Du|* < 400,
J J Q
then there exists u € W12(Q, Ag) such that u is Dir-minimizing, and up to

passing to a subsequence (not relabeled in the sequel) G(u;,u) — 0 in L*(Q),
and for every ' CC Q

1G(uj, )| sy — 0 and /K;|Duj|2—>/g; | Dul?.
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In particular this implies that (|Du;|?)jen are equi-integrable in €', and

_11141_1 Ly, (z,s) = Iu(z,s) VreQ, V0<2s<dist(z,00). (4.5)
j——+oo
4.3. Homogeneous Q-valued functions

We discuss next some properties of the class of homogeneous Q-valued func-
tions: w € WL2(R™, Ag(R™)) satisfying

loc
(1) w is locally Dir-minimizing with 1 ow =0,

(2) w is a-homogeneous, in the sense that

wlo) =lolw () e R (0L

for some « € (0, Ag], where Ag is a constant to be specified later.

We denote this class by Ha,. Note that I,,(x,0%) = 0 if w(z) # Q[0]. The

following lemma is an elementary consequence of the definitions.

Lemma 9. Let w € Hp,. Then I,(-,0%) is conical in the sense of Defini-
tion 8.3.1 (1).

PROOF. Firstly I,,(-,0") is upper semi-continuous. Indeed since w is Dir-
minimizing, we can use (4.3) and deduce that I,(z,07) = infssq L, (z,s),
i.e. I,(-,0") is the infimum of continuous (by (4.2)) functions x — I, (z,s)
and hence upper semi-continuous.

We need only to show that I,,(-,0%) is O-homogeneous at every point z such
that I,,(z,07) = I,,(0,07). We can assume without loss of generality that w is
nontrivial, i.e. w # Q [0]. We start noticing that if I,,(z,0") = I,,(0,07) then

I,(2,07) =1,(0,0") = I,,(0,1) > 0
where in the last equality we used the homogeneity of w. Therefore in particular

w(z) = Q [0]. Next we show that I,(z,r) = I,,(0,07) for all » > 0. By a simple
estimate we get

r Dy (z,7)
Hy(z,1)

H,(0,r 4+ |z|) Hy(0,7
< L(0,7 + 2]) IS (0 7“)| ) H Ez T;.

Iy(z,7) = (4.6)

Since w is homogeneous with respect to the origin and the frequency of w at 0
is exactly « (cp. [? , Corollary 3.16]), we have also

H,(0,7) = Hy,(0,1)r" 2271
Dy (0,7) = Dy (0,1) r 202,
In particular
L,(0,7 + |2]) = a = 1,(0,0") = I,,(z,0")

Hy (0,7 + |2])

Hoy(0,17) —1 as 771 +4oc0.
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For what concerns the third factor in (4.6)

_ H,(0,r)— Hy(z,1)
Hy,(z,r) Hy(z,7)

(4.7)

and from (4.4) and (4.2) we infer that

‘Hw(O,T‘) - Hw(Z7T)| = (\/Hw(O,T) + \/Hw(zvr))|\/Hw(07T) - \/Hw(Z,T)|

n421,(0,0)—1
2

1
<Cr |z|(Dw(0,r+|z\)—Dw((),r—|z|))2

n (0, +y_ ’ 1
<C |Z‘ T%O)l ((7‘ + |Z|)n+2a—2 N (T . ‘Z|)n+2a—2) 3
< Clz|2 pt2e-2, (4.8)

This in turn implies

—1 as rt+oc

and from (4.6)
lim I,(z,7) < lim I,(z,7),
r—+00 rl0+
i.e. by Almgren’s monotonicity estimate (4.3) we deduce that I,,(z,7) = I,,(z,0")
for all » > 0. As a consequence (cp. [? , Corollary 3.16]) w is a-homogeneous
at 2z which straightforwardly implies that I,,(-,0%) is 0-homogeneous at z.

Spines. We can then define the spine of a homogeneous @Q-valued function w €
Hay:
Swi={x €R" : I,(x,0") =1I,(0,0M)}.

By the proof of Lemma 9 it follows that w is a-homogeneous at every point
x € Sy. Similarly it is simple to verify that S, is the largest vector space which
leaves w invariant, as well as I, (-,07):

Sw={2€R" : wly)=w(z+y) VyecR"}. (4.9)

Indeed it is enough to prove that every z € S, leaves w invariant (the other
inclusion is obvious). To show this, note that by the a-homogeneity of w at z
and 0 it follows that for every y € R"”

w(y)zw(z+y—z):2°‘w(z+y;2> :2aw<y;z>

=w(z+y).

W. e denote by Ci for k € {0,...,n} the set of k-invariant homogeneous Q-
functions

Cr :={w € Hp, : dim(Sy) > k}. (4.10)

Note that C,, = C,—1 = {Q[0]}, i.e. these sets are singleton consisting of the
constant function w = @ [0]. For C, this is follows straightforwardly from the
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definition and (4.9). While for C,_; one can argue via the cylindrical blowup
in [? , Lemma 3.24]. Assume without loss of generality that

we€C, 1, w#Q[0] and S, =R""!x{0}.

Then by the invariance of w along S, it follows that w is a function of one
variable. By [? , Lemma 3.24] it follows that w : R — Ag(R™) is locally
Dir-minimizing and

wZzQ[0], now=0.

This is clearly a contradiction because the only Dir-minimizing function of one
variable are non-intersecting linear functions (cp. [? , 3.6.2]).

Finally, a simple consequence of (4.9) is that {w|p, : w € Cx} is a closed
subset of L?(B1, Ag(R™)).

Lemma 10. Let (w;)jen C Cr and w € WL2(Q, Ag(R™)) be such that wj — w
in L3 (R", Aq(R™)). Then w € Ck.

loc

PRroor. Let o be the homogeneity exponent of w;. Since for Dir-minimizing
a-homogeneous Q-valued functions w it holds that D,, (1) = o H,, (1), we deduce
from o; < Ag and w; — w that the functions w; have equi-bounded energies in
any compact set of R™. Therefore by the compactness in § 4.2 it follows that
w; — w locally uniformly and w € Ha,.

For every j € N let now V; be a k-dimensional linear subspace of R" con-
tained in S,,;. By the compactness of the Grassmannian Gr(k,n), we can as-
sume that up to passing to a subsequence (not relabeled) V; converges to a
k-dimensional subspace V. Using the uniform convergence of w; to w we then
conclude that for every z € V and y € R”

w(z+y) = 1i§n wi(zj +y) = 1i§n w;(y) = w(y)

where z; € V; is any sequence such that z; — 2. This shows that V' C S,,, thus
implying that dim(S,) > k.

4.4. Blowups

Let u be a Dir-minimizing Q-valued function, n ou =0 and u # @ [0]. Fix
any ro > 0. For every y € Ag N, ie. for every y such that u(y) = Q [0] and
dist(y, 0) > 2rg, we define the rescaled functions of u at y as

s u(y + sx)

R

V0<s<ry, Yz e Bmn(0).

From [? , Theorem 3.20] we deduce that for every sj | O there exists a subse-

quence s}, | 0 such that u,  converges locally uniformly in R™ to a function
"k

w: R™ = Ag(R™) such that w € Ha, with

ro g | Du|?
mingeqro Hy(x,70)

A() = Ao(’f‘o) = (411)
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Note that mingeqro Hy(z,79) > 0. Indeed, by the continuity of x — H,(z,7o)
and the closure of 2", the minimum is achieved and cannot be 0 because of the
condition u # 0. In particular, Ay € R.

5. Stratification for Dir-minimizing Q-valued functions

In this section we apply Theorems 3, 4 and 5 to the case of Almgren’s Dir-
minimizing @-valued functions. Keeping the notation Qf and U as in § 2, we
set

(1) O5:9Q° — [0,+00) given by

Oo(x) :== rligi I,(z,r) and O4(x):=I,(z,s) for s>0,z€Q°,

(2) for every k € {0,...,n}, dx : U — [0, +00) is given by
d(z, ) = min{||g(um7s,w)|\Lz(aBl) ‘we ck}.

Note that since {w|p, : w € Cy} is a closed subset of L?(B;) the minimum
in the definition of dj, is achieved.

It follows from Almgren’s monotonicity formula (4.3) that conditions (a) and
(b) of § 2 are satisfied.

We verify next that the Structural Hypotheses 2 are fulfilled. For simplicity
we write the corresponding statements for fixed ryg. The corresponding Ay >
0 is defined as in (4.11) above. Therefore, the sets Ha, and Cy, introduced
respectively in § 4.3 and (4.10), are defined in terms of Ag = Ag(ro)-

Lemma 11. For every €1 > 0 there exist 0 < Ai(e1), m(e1) < 1/a such that,
for all (z,s) € U with x € Q™ and s < g, it holds

I(z,8) = Iu(z, A1) <m = JweCy : [|G(ugs,w)|1208,) < E1-

PRrROOF. We argue by contradiction and assume there exist points (z;,s;) with
xj € Q7 and s; < ro such that

Lu(wj,85) — Lu(zj,55) <277 and  [|G(ua, s, w)||1208,) =61 Y w€Cy
or equivalently, setting u; := ug; s,

1,,(0,1) = I,,(0,277) <277 and [|G(uj,w)||r2(98,) > €1 Y w€Co. (5.1)
From [? , Corollary 3.18] it follows that

1,,(0,2)

7,00 <C (5.2)

sup Duj (0, 2) < 2n72+2 Iuj (0,2)
J
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where C' = C(Ag) because I,,;(0,2) < Ag by definition of Ag. We can then use
the compactness for Dir-minimizing functions in § 4.3 to infer the existence of
a Dir-minimizing w such that (up to subsequences) u; — w locally strongly in
Wh2(Bg) and uniformly. We then can pass into the limit in (4.3) and using
(5.1) we obtain

[t ([ o [ ([ o)) -0

This implies that w is a-homogeneous (cp. [? , Corollary 3.16]) with o =
lim; I,,;(0,1) < Ag because of § 4.2. This contradicts ||G(u;,w)||z2a5,) > €1 for
all w € Cp in (5.1) and proves the lemma.

Remark 1. Using the regularity theory of Dir-minimizing functions proven in
[? ] it is in fact possible to prove a stronger claim then Lemma 11, namely that

for every €1 > 0 there exists 0 < n1(e1) < /4 such that for all (z,s) € U with
z € Q™ and s < ry

I(z,s) = Iu(z,52) <m = 3JweC : [|G(ugs,w)|r20m,) <e1. (5.3)

Since (5.3) is not needed in the sequel, we leave the details of the proof to the
reader.

For what concerns (ii) we argue similarly using a rigidity property of homo-
geneous Dir-minimizing functions.

Lemma 12. For every 0 < 9,7 < 1 there exists 0 < na(e2,7) < e9 such that if
(z,58) € U, with x € Q™ and 5s < ro, di(x,48) < n2 and dg41(z,45) > e for
some k € {0,...,n — 1} then there exists a k-dimensional affine space V' such
that

do(y,4s) >ne Vy € Bs(z)\ Trs(V).

PROOF. We prove the statement for V = S, with w € Cy such that ||G(u, w)||z2aB,, (2)) =
dg(z,4s). We argue by contradiction. Reasoning as above with the rescalings of

u (eventually composing with a rotation of the domain to achieve (4) below for

a fixed space V), we find a sequence of functions u; € W12(Bs, Ag(R¥) such

that

sup; Dy, (0,5) < +oc;
there exists w; € Cy such that ||G(uj, w;)|[ L~ (B, 4 0;
1G(uj, w)||L2(Bs) = €2 for every w € Ci1;

there exists y; € By \ T-(V) such that do(y;,4) | 0 and V = S, is the
k-dimensional spine of w; (note that by (2) & (3) the dimension of the
spine of w; cannot be higher than k).
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Possibly passing to subsequences (as usual not relabeled), we can assume that
u; — w, w; — w locally in L*(R", Ag(R™)) and y; — y for some w €
Wé’f(R”,AQ(Rm)) and y € By \ 7-(V). By Lemma 10 we deduce that w € Cy,
with S, D V; since by (3) w & Cg1, we conclude S, = V.

It follows from (4) that wy s = w, 1 for every s € (0,1]. Indeed there exist
z; € Co such that [|G((u))y,,1,2j)|lL20B,) 4 0 and by continuity (uj),, 1 —
wy1 € Cp. In particular w(y) = 0 and by the upper semi-continuity of z —
I,(z,07) we deduce also that I,(y,07) = I,(0,07), i.e. y € S, which is the
desired contradiction.

We can then infer that Theorem 3 holds for @)-valued functions.

Theorem 13. Let u : Q — Ag(R™) be a nontrivial Dir-minimizing function
with average nou = 0.

For every 0 < ko,d < 1 andrg > 0, there exists a constant C = C(kg, d,r9,n) >
0 such that

1T (AgNSE, ) <CrmFrm VEke{l,...,n—1}

and 879075 1s countable.

In particular, Theorem 4 applies and we conclude that dimy (Sffo) < k and
that SBO is at most countable. We shall improve upon the latter estimate on the
stratum S;‘O_l in the next paragraph.

5.1. Minkowski dimension

We can actually give an estimate on the Minkowski dimension of the set of
maximal multiplicity points Ag by means of Theorem 5. An e-regularity result
is the key tool to prove this.

Proposition 5.1.1. There exists a constant oy = do(r9) > 0 such that

Srl=srt =Sy

’r‘(;o

Vr e (0,79). (5.4)

PRrROOF. The first equality is an easy consequence of C, = C,—1 = {Q [0]} that
gives d,, = d,_1.

Set 09 = (Ag + )’1/2, we show that 8"72 8"72 for every 6 € (0,dp).
Assume by contradiction that there exists z € S5 2 \Sf P % for some § as above.
From C,—1 = {Q[0]} we deduce the existence of s € (0, r) such that

0<d < ||’LL9375||L2(331) < 50.

In particular, the condition [, [Du, s|* =1 gives

[, [P s 2%
faBl ‘um’5| 95

By recalling that I,(z,s) = I, ,(0,1), the desired contradiction follows from
Almgren’s monotonicity formula (4.3) and the very definition of Ag in (4.11).

1, (0, 1) > Ao.

x,s
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In particular Theorem 1 follows from Theorem 5.

PRrOOF (OF THEOREM 1). It is a direct consequence of Proposition 5.1.1 and
Theorem 5. Given u : @ — Ag(R™) a nontrivial Dir-minimizing function
(i.e. Ag # ), we can consider the function

o(e) = 3 fula) = m o u(@)].

Then by [? , Lemma 3.23] v is Dir-minimizing with nov = 0. Moreover, the set
of @-multiplicity points of v in 2™ corresponds to the set 812_2 for the function
v and the conclusion follows straightforwardly.

5.2. White’s stratification

In this section we show that Theorem 8 applies in the case of Q-valued
functions, as well. In particular, this implies that the singular strata for Dir-
minimizing @-valued functions can also be characterized by the spines of the
blowup maps, thus leading to the proof of Theorem 2 in the introduction.

By following the notation in § 3.3 (1), we set

f(z):=IL(x,07) VzeQ.

For every x € Q such that f(z) = 0 (or, equivalently, u(x) # Q[0]) we define
4 (x) to be the singleton made of the constant function 0, i.e. ¥(x) = {Q [0]};
otherwise

G (x) = {I,(-,0") 1w e WL2(R™, Ag(R™)) blowup of u at z}. (5.5)

loc

As explained in § 4.3 ¢(z) is never empty because there always exist (possibly
non-unique) blowup of u at any multiplicity ) point.

Since every blowup of u is a nontrivial homogeneous Dir-minimizing function,
it follows from Lemma 9 that every function g € ¢4 (x) is conical in the sense of
Definition 3.3.1 (1). We need then to show the following.

Lemma 14. For every x € ) the class 9 (x) is compact in the sense of Defini-
tion 3.3.1 (2).

PROOF. If z is not a multiplicity @ point, then there is nothing to prove. Oth-
erwise consider a sequence of maps g; = I, (-,0%) € ¥(z), with w; blowup
of u at z. By § 4.3 w, is Dir-minimizing a-homogeneous with o = I,(z,0%")
and D, (1) = 1. Then by the compactness in § 4.2, there exists w such that
w; — w locally in L? up to subsequences (not relabeled) with D, (1) = 1. By
a simple diagonal argument it follows that w is as well a blowup of u at =z,
ie. g = I,(-,07) € G(z). For every y; € By with y; — y € By and for every
s > 0, we then deduce

limsup g;(y;) < limsup Ly, (y;, s)

JT+oo JT+oo
—k <SDUJj(ya 8) ij(ijs) ij(yas) >
= lim sup
JT+oo ij(yas) ij(yas) ij(yj,S)
= Iw(yvs)
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where we used
- the monotonicity of I, (y;,-) in the first line,
- the continuity of x + Dy, (7, s) and x — H,,(z, s),
- and the convergence of the frequency functions I, (y, s) — L (y, s) (cp. 4.2).

Sending s to 0 provides the conclusion.

F. inally we prove that the Structure Hypothesls 3.3 (ii) of White’s theorem
holds as well:

limsup f(z + r;;y;) = limsup I, (z + i, y;, 0h)

Jt+oo ITroe
< limsup Iy, (z + i, Y5, 7i;5)
J1+oe
= lim sup qu,riv (y], S) = Iu)(y7 5)
JT+oo ’

where we used the strong convergence of the frequency of § 4.2.
In particular, Theorem 8 holds true, which in turn leads to the proof of
Theorem 2 by a simple induction argument.

5.8. Stratification: Theorem 2

We define now the singular strata Singﬁ for a Dir-minimizing multiple valued
function u : Q — Ag(R™). Consider any point o € Sing,,, and let

J
u(zo) = Z ki [pil

with x; € N'\ {0} such that Z;-le ki = Q and p; # p; for ¢ # j. Then by the
uniform continuity of w there exist » > 0 and Dir-minimizing multiple valued
functions w; : B,.(z9) = Ak, (R™) for i € {1,...,J} such that

J
Bo(ao) = 3 [uil
1=1

where by a little abuse of notation the last equality is meant in the sense u(z) =
> ui(x) as measures. For every i € {1,...,J} let v; : B.(z9) = A, (R™) be
given by

u

vl@) = 3 M) —n o ui(a)l.
=1

Then we say that a point x¢ € Sing,, belongs to Singﬁ, k €{0,...,n}, if the spine
of every blowup of v; at zg, for every i € {1,...,J}, is at most k-dimensional.

We can then prove Theorem 2 by a simple induction argument on the number
of values Q.
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PROOF (OF THEOREM 2). Clearly if Q@ = 1 there is nothing to prove because
every harmonic function is regular and Sing,, = (). Now assume we have proven
the theorem for every Q* < @) and we prove it for Q.

We can assume without loss of generality that Ag # Q. Then, as noticed,
Ag = Sing, N Ag by [? , Theorem 0.11]. Moreover Singﬁ’ NAg = Xj, where
Y is that of Theorem 8. Indeed zy € ¥ if and only if the maximal dimension
of the spine of any g € G(z¢) is at most k. By (5.5) g € G(x¢) if and only if
g = L,(-,07%) for some blowup w of u at zg. Hence by (4.9) z¢ € X, if and only
if the dimension of the spines of the blowups of u at zq is at most k. Note that
Sing” 2N Ag = Ag since C,, = C,1 = {Q[0]} (we use here the notation in
§ 4.3) and w is not trivial. Therefore we deduce that

Sing? N Ag is countable
dimyg (Sing® NAg) <k Vke{l,...,n—2}.

Next we consider the relatively open set Q\ Ag (recall that both Sing, and
Ag are relatively closed sets). Thanks to the continuity of u we can find a cover
of @\ (Sing, N Ag) made of countably many open balls B; C 2\ (Sing, N Ag)
such that u|p, = [u}] + [u?] with u} and u? Dir-minimizing multiple valued
functions taking strictly less than Q values. Since Sing” N B; = Singﬁ% U Singﬁ?
by the very definition, using the inductive hypotheses for u} and u? we deduce
that

Sing? N B; is countable
Sing{f2 N B; = Sing,, N B;
dimy (Sing® N B;)) <k Vke{l,...,n—2},

thus leading to (1.2) and (1.3).

6. Applications to generalized submanifolds

In the present section we apply the abstract stratification results in § 2 to
integral varifolds with mean curvature in L°° and to almost minimizers in codi-
mension one (both frameworks are not covered by the results in [? | although
they can be considered as slight variants of those). This case is relevant in
several variational problems (see the examples in [? , § 4]) most remarkably
the case of stationary varifolds or area minimizing currents in a Riemannian
manifold. For a more complete account on the theory of varifolds and almost
minimizing currents we refer to [? ], [? ] and the lecture notes [? |.

6.1. Tubular neighborhood estimate

In what follows we consider integer rectifiable varifolds ¥ = (T, f), where
I' is an m-dimensional rectifiable set in the bounded open subset Q2 C R”, and
f: T — N\ {0} is locally H™-integrable. We assume that ¥ has bounded
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generalized mean curvature, i.e. there exists a vector field Hy : 2 — R™ such
that ||Hy || (qrn) < Ho for some Hy > 0 and

/diVTpr d/ln;/ = 7/X - Hy dpry/ VXe CCI(Q,RH)
r

where py = fH™LT. It is then well-known (cp., for example, [? , Theo-
rem 17.6]) that the quantity

0, (0. p) i cton 17 (Bo()

=e
W P
is monotone and the following inequality holds for all 0 < o < p < dist(x, 09Q)

Ov(ep)-0rte)z [ ML) e
B\Bo(x) [y — x|™F

where (y — x)* is the orthogonal projection of y — x on the orthogonal com-
plement (7,I')*. In particular the family (O(-,s))se(o,r] (With the obvious
extended notation ©(-,0") := lim, o O(-,r)) satisfies assumption (a) in Para-
graph 2 for every fixed 79 > 0 with

Ag(rg) := eMo diam(®) pr (&) (6.2)

Wi T

In order to introduce the control functions d; we recall next the definition
of cone.

Definition 6.1.1. An integer rectifiable m-varifold € = (R, g) in R™ is a cone
if the m-dimensional rectifiable set R is invariant under dilations i.e.

AyeR VYyeR YA>0
and g is 0-homogeneous, i.e.
gAy)=g(y) VyeR,VA>0.

An integer rectifiable m-varifold € = (R, g) in By, p > 0 is a cone if it is the
restriction to B, of a cone in R".

The spine of a cone € = (R, g) in R™ is the biggest subspace V.C R™ such
that R=R' xV up to H™-null sets.

The class of cones whose spine is at least k-dimensional is denoted by Cy,
and its elements are called k-conical.

If d, is a distance inducing the weak * topology of varifolds with bounded
mass in B; (cp., for instance, [? , Theorem 3.16] for the general case of dual
spaces), the control function dj is then defined as

dg(z, s) := inf {d* (7/%3,‘6) 1 6 €Cr, |Hellpo@rm) < Ho} (6.3)
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where ¥, 5 := (n5,5(T), f o 77;;) with 1, s(y) := @ —2)/s.

By very definition, then (b) in Paragraph 2 is satisfied. We are now ready
to check that the conditions in the Structural Hypotheses are satisfied. As
usual, we write the corresponding statements for fixed ro and Ag := Ag(ro), for
simplicity.

Lemma 15. For every ey > 0 there exist 0 < A\i(e1), n1(e1) < 1/a such that for
all (z,p) € U, with x € Q™ and p < 19,

Oy(z,p) —Oy(x,A\ip) <m = do(z,p) <e1.

PROOF. Assume by contradiction that for some 1 > 0 there exists (x5, p;) € U,
with z; € 2™ and p; < ro, such that

Oy (zj,p5) — Oy (x5 p;) <j~' and do(zj,p;) > &1 (6.4)

We consider the sequence (7);en with ¥ := 74, ,, and note that for all t > 0
there is an index j such that ¢ p; < r¢ if j > 7, so that

oy, (Be) S wm t™ Oy (x5, pj) < wint ™Ay V> .

Therefore, up to the extraction of subsequences and a diagonal argument, Al-
lard’s rectifiability criterion (cp., for instance, [? , Theorem 42.7, Remark
42.8]) yields a limiting m-dimensional integer varifold ¥; — ¢ = (R, g) with
|Hel| Lo (@ < Ho. Since Oy (5,5 p;5) = O+,(0,5) = O«(0, s) except at most for
countable values of s, by monotonicity and (6.4) for all 7! < r < s < 1 we have
O«(0,5) = O%(0,07) for every s > 0. The monotonicity formula (6.1) applied
to ¢ implies that € is actually a cone, thus contradicting do(z;, p;) < €1.

Lemma 16. For every ez, 7 € (0,1), there exists 0 < n2(e2,7) < €2 such that,
for every (z,5s) € U, with x € Q™ and bs < rq, if for some k € {0,...,m — 1}

di(z,4s) <ma  and dps1(z,4s) > eo,
then there exists a k-dimensional affine space x +V such that

do(y,4s) > n2 Yy € By(x) \ Trs(z + V).
PrOOF. The proof is by contradiction. Assume that there exist 0 < g9, 7 < 1,
k € {0,...,m — 1} and a sequence of points (x;,5s;) € U, with z; € Q™ and
5s; < rg, for 25 > 5;1 such that

dp(zj,4s;) <771 and  dpyi(xj,4s5) > €2, (6.5)

and such that the conclusion of the lemma fails, in particular, for V; given by
the spine of €; with
d* (sz,éls]'v(gj) < 2.7.71 (66)
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(note that by 2j > 5! necessarily dim(V;) = k). Without loss of generality (up
to a rotation) we can assume that V; =V a given vector subspace for every j.
This means that there exist y; € By, (x;) \ T7s, (z; + V') such that

do(y;,4s;) < 5" (6.7)

Using the compactness for varifolds with bounded generalized mean curvature,
(up to passing to subsequences) we can assume that

1. 55 = 8o € [0,70/5];

2. € — G in the sense of varifolds, where € is a cone with || Heg,_ || o (o,r")
Ho;

3. Wi—)/fs; = 2€ B\ T,(V);

4 Vs = Woo and ¥, 5. — 25 in the ball By in the sense of varifolds,
where #,, and £, are cones thanks to (6.5) and (6.7), respectively.

Note that by (6.6) it follows that €; — #o and therefore #,, € Ci because
all the €} are invariant under translations in the directions of V. Moreover,
arguing as above it also follows from di41(x;,4s;) > €2 that the spine of #4 is
exactly V.

Note that 7, - «;)/., 1 corresponds to the translation of vector (vi —=5)/s;. By
the equality of (nq; - mj)/sﬁl)ﬁ”//x_hs_j and 7, . in B3, we deduce that (1¢,; - Ij)/sﬁl)ﬂﬂoo =
Z% as varifolds in Bs, i.e. # is a cone around z too. We claim that this implies
that # is invariant along the directions of Span{z, V'}, thus contradiction the
fact that the spine of #,, equals V. To prove the claim, let #, = (R, g) with
R cone around the origin and z. It suffices to show that y + z € R, for all
Yy € Re. Indeed +w) 2 =24y~ 2/2 € Ry, being R, a cone with respect to z;
and then y 4+ z € Ry, being R, a cone with respect to 0.

IN

In particular we deduce that Theorem 3 and Theorem 4 hold in the case of
varifolds with generalized mean curvature in L>°.

6.2. Almost minimizer in codimension one

It is well-known by the classical examples by Federer [? ] that no Allard’s
type e-regularity results can hold for higher codimension generalized submani-
folds without any extra-hypotheses on the densities. Vice versa for generalized
hypersurfaces one can strengthen the results of the previous subsection giving
estimates on the Minkowski dimension of the singular set. The arguments in
this part resemble very closely those in [? |, therefore we keep them to the
minimum.

In what follows we consider sets of finite perimeter, i.e. borel subsets E € 2
such that the distributional derivative of corresponding characteristic function
has bounded variation: Dxg € BVg. Following [? 7 |, a set of finite perimeter
is almost minimizing in 2 if for all A CC 2 open there exist T' € (O, dist(A4, 8(2))
and «: (0,T) — [0, +00) non-decreasing and infinitesimal in 0 such that when-
ever EAF CC By(x) C A

Per(E, B,(z)) < Per(F, B.(z)) 4+ a(r) r" ! Vre(0,T) (6.8)
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and

a'2(t)

t

a(t)

T
0,T)>t— - is non-increasing, and / dt < oo. (6.9)
0
Examples of almost minimizing sets not only include minimal boundaries on
Riemannian manifolds, but also boundaries with generalized mean curvature in
L, minimal boundaries with volume constraint, and minimal boundaries with
obstacles (cp. [? , § 1.14]).
We use here again the control functions introduced in Section 2.4.1 in terms
of flat distance: given a set of finite perimeter E, we denote by F its boundary
(in the sense of currents) and set

dj(z, s) := inf {F((0E,,s — C)L_By) : C k-conical & area minimizing}

where the dimension of the cones C'is always n—1, and FE, , is the push-forward
of E via the rescaling map 7, ,. In particular d,,_; denotes the distance of the
rescaled boundary OF, s rescaling of the from flat (n — 1)-dimensional vector
spaces.

The main e-regularity result for almost minimizing sets can be stated as
follows (cp. [? , Theorem 1.9], [? , Lemma 17] and [? , Theorem B.2]).

Theorem 17. Suppose that E is a perimeter almost minimizer in € satisfy-
ing (6.8) and (6.9) for a given function o. Then, there exists € > 0 and
w : [0,4+00) — [0,+00) continuous, non-decreasing and satisfying w(0) = 0
with the following property: if

P a2 (t
p+dn71(x,p)+/ QT()dtSE,
0

then OE N B,j,() is the graph of a C! function f satisfying

IVf(x) = V)l < w(lz—yl). (6.10)

Moreover, there are no singular area minimizing cones with dimension of the
singular set bigger than n — 8, i.e. equivalently

dper=dpg=...=dp_1. (6.11)

Remark 2. The smallness condition d,,_; < €, together with the almost min-
imizing property, implies the more familiar smallness condition on the Ezcess,
ie.

Exc(E, B;(z)) := r' ™" | Dxgl|(Br(2)) — ' [Dxg(B(2))| < ¢
for some ¢’ = ¢’(e) > 0 infinitesimal as € goes to 0 because of the continuity of

the mass for converging uniform almost minimizing currents. Therefore (6.10)
readily follows from [? , Theorem 1.9].
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By a simple use of Theorem 17 we can the prove the following.

Corollary 6.2.1. Under the hypotheses of Theorem 17 there exist constants
00 = do(Ao,m, ) > 0 and pg = po(Ag,n, ) > 0 such that
S =8t =8 =...=8"% Ve (0,p).

70,00

PROOF. Set dp = £/2 and let py be sufficiently small to have
po o 1/2 t
00 —I—/ af()dt < e/
0

Ifz ¢ Sfoffo, ro € (0, pol, then there exists 0 < zy < rg such that d,—1(z,20) <
do. In particular, by the choices of §y and of pg the assumptions of Theorem 17
are satisfied at sg. Therefore, it turns out that z is a regular point of 0F and
that B.,.,(z) N OF can be written as a graph of a function f satisfying (6.10).
In particular, limg o d,—1(z, s) = 0. Therefore, given any §' < dy, we have that
T & S:,’Ojéz,, thus implying that S}2~2 = 8;’(;520. By taking into account (6.11) we
conclude the corollary straightforwardly.

In particular, Theorem 5 holds and we deduce the following refinement of
the Hausdorff dimension estimate of the singular set.

Theorem 18. Let E C Q be a almost minimizing set of finite perimeter in
a bounded open set Q C R™ according to (6.8) and (6.9). Then there exists a
closed subset ¥ C OENQ such that OENQ\Y is a C* regular (n—1)-dimensional
submanifold of R™ and dima(X) < n — 8.

PROOF. Let ¥ CC Q be compactly supported and set rq := dist(2,09). By
the regularity Theorem 17, a point = € 2 is regular if and only if there exists
r > 0 sufficiently small such that d,_1(x,r) < /2. In particular, the set of
singular points ¥ coincides with S:f(;f/z and the conclusion follows combining
Theorem 5 with Corollary 6.2.1.

In addition, a higher integrability estimate for almost minimizers with bounded
generalized mean curvature can be also derived. Given a set of finite perime-
ter £ C €, one can associate to OF a varifold in a canonical way (cp. [? ]).
One can then talk about sets of finite perimeter with bounded generalized mean
curvature. Important examples of such an instance are:

1. the minimizers of the area functional in a Riemannian manifold;
2. the minimizers of the prescribed curvature functional in 2 C R”

F(B) = |Dxsll(@) + / m

with H € L>(Q);

3. minimizers of the area functional with volume constraint;
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4. more general A-minimizers for some A > 0, i.e. sets F such that
IDxel|(€) < [[Dxpll(Q) +AE\NF| VFCQ.

Given a point z € OF such that B,.(x) N JE is the graph of a C* function f, if
the generalized mean curvature H of OF is bounded then we can also talk about
generalized second fundamental form A in B./,(x), because in a suitable chosen
system of coordinates f solves in a weak sense the prescribed mean curvature

equation
v (Vf) SHer 612)

VIH IV

Note that, since in this case f satisfies (6.10), we can choose a suitable system of
coordinates and use the L? theory for uniformly elliptic equations to deduce that
actually A € LP(B,,(x), H" 'L OE) for every p < +oo with uniform estimate

/ AP < Ot (6.13)
Br (z)NOE

4
for some dimensional constant C > 0. For convenience we set A = +o00 on the

singular set ¥ C OF.

Theorem 19. Let E C ) be as in Theorem 18 and assume moreover that the
varifold induced by OF has bounded generalized mean curvature. Then, for every
p < 7 there exists a constant C' > 0 such that

/ AP dH" ! < C. (6.14)
OENQ

PROOF. Let pg > 0 be the constant in Corollary 6.2.1 and € that of Theorem 17.
Then ¥ = 82018/2. In then follows that for a fixed k > log,(ro/10)

(supp (OE)\Z)NQ = U S;Lfk%po,ah \S;fk8,17p07£/2.
k>k
Applying Theorem 3 we infer that for every 1 > 0 there exists C' > 0 such that

| To (8550, )] < C27HE7 (6.15)

By Lemma 7 there exists a cover of T,-x—2/; (ng,fpof/z \S;;_,f,l’poﬁaﬁ) by balls
{By-r—s(x¥)}ics, with z¥ ¢ S'78 \ S5,

o whose cardinality is esti-
27k, po,5/2
mated by (3.2) as

1P0,5/2

HO(I,) < ¢ 27kE=n=m) (6.16)

where C' > 0 is a dimensional constant.
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We start estimating the integral in (6.14) as follows:

AP dH ! = / AP AH 1
P = [ A

ol n
k>k S2fk,p0,s/2\ 2=k=1 pq.e/2

< |A[P dH™ !
Z Z /SENBng(mf)

E>k i€l

Since z¥ € ngcg’po’s/z \ng’f?pos/z it follows that there exists r¥ € [27F=1 27F)

such that d,,(z¥,r¥) < /2. In particular by Theorem 17 OE N By—x—2(xF) is a

170

graph of a C! function satisfying (6.10). From (6.13) we conclude that
/ |A[P dH" ! < Cz HO(I,) 27 R < ¢ Z 9—k(7=n=p) ~
IENQ = ot

as soon as ) < 7 —p.
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