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Abstract

For ag = [ag,a1,...] an infinite continued fraction and o a linear fractional trans-
formation, we study the continued fraction expansion of o () and its convergents. We
provide the continued fraction expansion of o(ag) for four general families of continued
fractions and when |deto| = 2. We also find nonlinear recurrence relations among
the convergents of o(ag) which allow us to highlight relations between convergents of
ap and o(ap). Finally, we apply our results to some special and well-studied contin-
ued fractions, like Hurwitzian and Tasoevian ones, giving a first study about leaping
convergents having steps provided by nonlinear functions.

1 Introduction

Continued fractions, which are classical objects in number theory, represent any real number

o by means of a sequence a; of integers:

ag = ag +

aj + ———
! 1
as + —

The integers a;, called the partial quotients, can be found by

ar = [o] (that is, the integer part of «y)

for k=0,1,2,....
apy1 = — if o is not an integer
Qg — ag
The n-th convergent of ag is the rational number
1
Pn — ap +
dn n 1
a
1 . 1
a
2 ' 1
. . +
1
an—1+ —
n
For short, we will write
Pn
ap = [ag, a1,a2,...,0n,...], . = [ag, a1, ..., an)
n

and we call the n-th tail of oy the continued fraction

tn = [an+1, An+42, - - ]



Let us consider a linear fractional transformation o(z) = (Az + B)/(Cx + D) with
A, B,C,D € Z. The determinant of ¢ is deto := AD — BC. It is well known that oy and
o(ap) have the same tails, for n sufficiently large, if and only if |det 0| = 1 (see for example
[30]). In this paper, we show a relation between the tail of o(ag) and the tail of ag when
|det 0| = 2 and the partial quotients of g have some specific behaviors. When the value
of |det o increases, some numerical experiments show that the previous relations are very
hard to find. Hence, in the general case, that is, when |det o| = d with d # 0, %1, it is
very hard to predict the behaviour of o(ag). The proofs in this paper are greatly based on

C D
as an unimodular matrix multiplied by auxiliary matrices that commutate with the R — L

. . .. . . . (A B
the fact that o has determinant 42, in fact the main idea is to write the matrix < )

matrices used by Raney [29] for representing continued fractions, like in proposition
When |det o| > 2, similar relations are more hard to give and we think that other ways
should be used for approaching the problem for general values of determinants. However,
the results of this paper could help in finding a solution to the general case.

The Gosper algorithm is a useful tool for evaluating a linear fractional transformation
of a given continued fraction and it can be also used for determining sums and products
of continued fractions. The original algorithm was presented in [9, Item 101B]. Some
descriptions about the Gosper algorithm can be also found in [7, pp. 347-352], [10], [22]
and [31]. Another standard algorithm, based on the representation of a continued fraction
as a product of powers of particular matrices, is due to Raney [29]. These algorithms
allow us to obtain the partial quotients of o(«yg) starting from the partial quotients of ap;
however they are not suitable for determining general relations, since they would need to
use the values of the partial quotients of ag. Some authors have studied the linear fractional
transformation of continued fractions with bounded partial quotients [21], [28]. In [23], the
author presented an algorithm for determining the continued fraction expansion of a linear
fractional transformation of power series. See also [1], [3].

The results obtained in this paper can also be used to determine the linear fractional
transformation of certain Hurwitzian and Tasoevian continued fractions, as well as studying

their leaping convergents.

Definition 1. A Hurwitz continued fraction is a quasi-periodic continued fraction of the
kind

[GOa'- . 7a7'af1(k>7"‘ Js(@];ﬁﬁ = [a()y-'-aa'ryfl(h),--'afs(h)vfl(h+ 1),...,f5<h+ 1)7" ']7

for certain integers r, s, h, where fi(k),... fs(k) are polynomials in k with rational coeffi-

cients.

Definition 2. A Tasoev continued fraction is a quasi-periodic continued fraction of the
kind

lao, -y ar, g1(k), ..., gs(R)][ 25, = lao, .. ar, g1(R), ..., gs(R), g1 (A + 1), gs(h+ 1), ],

for certain integers r, s, h, where g1(k),...gs(k) are exponentials in k with rational coeffi-

cients.



A famous example of Hurwitz continued fraction is this expansion of e:
e=1[2,1,2,1,1,4,1,...] = [2,1,2k,1];%.

There are other many known Hurwitz continued fractions that represent e-type numbers
like

e/™ = [1,m(2k — 1) — 1,1,1]{%  and :—12[0,4k+2]$§%-

Some numbers expressed by means of the tangent function also have a quasi-periodic con-

tinued fraction expansion, for example

tanl = [1,2k — 1,1];%5

and
m 1
— tan =
n mn

[0,n—1,1,(4k — 1)m — 2,1, (4k + 1)n — 2],

The properties of Hurwitz continued fractions is a classical research field; see for example
12, [24], [25], [27], [32]. Many recent studies have dealt with their leaping convergents.
Usually, given the convergents p;/q; of a continued fraction, the leaping convergents are
Pritj/Qrit+j, with r > 2 and 0 < j < r — 1 fixed integers, for i = 0,1,2,.... In the case of
Hurwitz continued fractions, the leaping step r is usually (but not necessarily) chosen to
be equal to the length of the period.

In [4], the author found a recurrence formula for the leaping convergents ps;+1/qsi+1 of
the continued fraction of e. A similar result was found by Komatsu [12] for the leaping con-
vergents ps; /qs; of el/m In [17], Komatsu extended these results to more general Hurwitz
continued fractions, and in [5] a recurrence formula was also found for non-regular Hurwitz
continued fractions. In [I8], Komatsu proved other recurrence formulas and closed forms
for leaping convergents of generalized tanh-type Hurwitz continued fractions. In several
works, the goal was to find closed forms for the convergents of some Hurwitz and Tasoev
continued fractions and study their leaping convergents; see [11], [13], [15], [16], [19], and
[20]. As a consequence of our results, we find relations involving leaping convergents of some

Hurwitz and Tasoev continued fractions having steps provided by nonlinear functions.
2 Linear fractional transformations of some continued frac-

tions

In this section we study the relations between the continued fraction expansions of o and

o(ap), when |det 0| = 2. We deal with infinite continued fractions of four different types.

Definition 3. 1) The continued fraction

[607617627"°76i5”']5
where e;, 1 = 0,1,..., are even positive integers, is called type 1 (CF1).
2) The continued fraction
[do,dy,da, ... d;,...],

where d;, i = 0,1,..., are odd positive integers, is called type 2 (CF2).



3) The continued fraction

[do,e1,da,e3. .. do, €241, ..],
where da;, e2i4+1, 1 =0,1,..., are odd and even positive integers, respectively, is called
type 8 (CF3).
4) The continued fraction
leo,d1,€2,d3. .. €9, d2iy1...],
where eg;, doj+1, 1 =0,1,..., are even and odd positive integers, respectively, is called

type 4 (CF4).

In the following, we will take dy and ey to be positive integers without loss of generality.
Now we give a classification of linear fractional transformations ¢ with integer coefficients

and |deto| = 2.

__ Az+B

= CoxD’ where x

Proposition 2.1. Let o be a linear fractional transformation, i.e., o(x)

is a real number and A, B,C,D € Z. Let S be the associated matriz
(1)

If |det o| = |det S| = 2, then

1) S=TM,

2) S=TMR or

3) S=TMRJ,
where

=G h) m=G) =0 o)

and T is a certain unimodular matriz with integer entries.
Proof. We observe that only one of the following situations can hold:

e The entries of the first row of S have the same parity and the entries of the second

row have the same parity. In this case

A+B A-B
2

e In the first column of S there is at least one odd entry and the remaining entries are

all even. In this case

B 24-B

2 2

e In the second column of S there is at least one odd entry and the remaining entries

are all even. In this case

A 2B-A
S=TMRJ with T:(% 2D2C>.

2 2

4



Other possibilities for S are forbidden by the condition |det(S)| = 2. O

Lemma 2.2. Let us consider the four matrices

i) G 0 )

Then the following equalities hold:

a)
JR"=1r"j, gL' = R"J,

02\ n  oon(0 2 0 1\ oo ,on (0 1
G o)== a) Gom=r( o)

for any integer h;

b)
W izt (002 0 2\ .n 81 (0 2
- (0 ), (0 w02,

0 1\, k=t 0 2\ ,n =1 (0 1
<2 O>L =R 2 LM, <1 1)L = RLR 2 <2 0)

for any odd integer h;

c)
h o=z (002 02\ » 5[0 2
MR—RL2<1 1>, <1OR_L210,

<(1) f) L' = RLR'T° LM

for any even integer h.
Proof. All these identities are straightforward to check. O

Now, we are ready to describe the continued fraction expansion of o(ag), when «yg is of
type CF1, CF2, CF3 or CF4. Let us recall that a continued fraction [ag, a1, az,as,...] is

equivalent to the matrix product
RWLM R

see [29]. We will use this fact, Proposition and Lemma [2.2] for proving the following

theorem.

Theorem 2.3. 1) If ag is a continued fraction of type CF'1, then it is equivalent to one

of the following matriz products:

1o ep—1—2 ep—2
TH(RL > RLR : L), (2.1)
k=1
too €2k —2 2
TR]] (L ; Re2k*1>, (2.2)
k=1
Foo €2k—1
TR* ] (L 5 R@%). (2.3)
k=1



2) If ap is a continued fraction of type CF2, then it is equivalent to one of the following

matrix products:

d3p42—1

too — — 27, —
T H <RLd3k23 1R2d3k_2Ld3k51 1RLRd3k2 1L2d3k¢+1R 2 L) , (2'4)
k=1

d3k+3—1

400 _ - -
TRLdOfR H (LRd3k22 1L2d3"*1Rd3k? 1LRLd3kgl 1R2d3k+2L 2 R) . (2.5)
k=1

d3py2—1 dgkya—1 )
2

+o0o
TR L5 R]] (LRJMEFILQCI%R%%FILRL R[5 R) L (2.6)
k=1

3) If ag is a continued fraction of type CF3, then it is equivalent to one of the following
matriz products:

Cak—1—2

T dap—a=t o dgp—2—1
TI[(RL™ = R**=L" 2 RLR = LJ,
k=1

+oo _ B . _
TRLd()?_lRLREl2_2L H <RLd4k—22 1R264k—1Ld4k2 IRLR 41@-51 2L> ,
k=1

Foo €2k—1
TR2d0+1 H (L727 RQde) )
k=1
4) If o is a continued fraction of type CF4, then it is equivalent to one of the following
matrix products:

1

eq—2 Foo dag—3=1 o 2 eqf—2
TRL™ = RH LR~ 2z L*#—2R~ 3 LRL 5 R,
k=1

+00 .
TR]] (L 22 R2d2’H> , (2.7)
k=1

9 di—1 eq—2 1o dag—1-1 o dyp41—1 e4k+2—2
TR2*0H [ =5 RLRz LH(RL z  R*[~ 2z RLR 2 L).
k=1

Proof. We prove the theorem for continued fractions of type CF1 and we give a sketch of
the proof for continued fractions of type CF2. The results concerning continued fractions
of type CF3 and CF4 can be easily proved with the same techniques. To prove , we
consider the infinite product

MROL*RL* ...

and we use the first relation in Lemma part c), obtaining

RLY T ((1) ?) L RLE .

Using the third relation in Lemma part ¢), we have

eg—2 e

RL™ RLR™: LMR®L® ...




Now, we may iterate the applications of these two matrix relations, so that the matrix M
vanishes on the right, and we find the product on the right of 7" in (2.1). Now, we deal
with (2.2) and consider the infinite product

MRt geaes

Applying the first relation in Lemma part b), since eg + 1 is an odd integer, we get

RL7? <(1) 3) LR[S .

Thanks to the third relation in Lemma part a), we have

0 2

€0 2eq
RL2 R <1 0

JERAR

then, using the second relation in Lemma part ¢), we find

RLE R % (? 3) e

Finally, we can apply the last two relations so that the matrix (¢ 3) vanishes on the right,
obtaining the product on the right of 7" in (2.2)). For a proof of (2.3)), we consider the
infinite product

MRJR®LSR®2L® . ...
Then we start using the first two relations in Lemma part a), so that the matrix J
vanishes on the right and we find

MRL®RAL2RSL™ . ...

Consequently, we apply the first relation in Lemma part b), which gives

0 2 €0 PEe1 T €2 PE3 T €4
R<1 0>L RYLE2RSBL™ . ...

So we can infinitely iterate the third relation in Lemma part a) and the second relation
in Lemma part c), so that the matrix ({3) vanishes on the right and we retrieve the
product on the right of 7T in . In the case of contniued fractions of type CF2, for
proving , we take into account that

MRUrd ... — prt ((1) g) R%Ld ... = RL*5 R¥ (2 (2)> R[4 ... =
_ gt prdip <(1) i) LARds ... — RIS R %5 RLRY <(2) (1)> Rlapds ... =
— RL™ R[5 RLR™7 [ <O 1) LBR% ... =
20

do— do— dg— ds—1

— RLS R L R R 12 R MR L .

Similarly, for the purpose of proving (2.5]), we observe that

MRIHLd . Rp <(1) f) L"R®...= RL™T RLR™T" <(2) é) R2LH ... =

7



— RL™5 RLR™5 L& (g é) LéRY ... = RL™ RLR™ L*:2R™r LMRUL% ...
Finally, for a proof of , we have
MRJR™ LN R=2LBRULS ... = MRL®RML®2RBLMURYS ... =
- R <(1) (2)> LdoRpd ... — R2do+1 <(1) g) Rh ... — R+l S ((1) f) L%2R% ... =
— R¥1 % RLR% (g é) R% ... = RMo+1[ %5 RLR™ [ (g é) L. =

dj—1 dy

— R2ot1p 5 pr R [

dy—1
2

LMR%L% ...,
O
Since T is an unimodular matrix, for n sufficiently large, we find an explicit expression

for the tails of o(ag), where g is a continued fraction of type CF1, CF2, CF3 or CF4. We

will describe these tails in the next corollary.

Corollary 2.4. o If ag is a continued fraction of type CF1 and ex_1 > 4 for all k >
ko > 1, then the tail of o(ayg) is

P —9 +oo
2 L k=ky
otherwise it is e
%,26%,1 : (2.9)
1 k=ko
e 1T
[ k=1 2624 : (2.10)
2 k=ko

o If ag is a continued fraction of type CF2 and dsy_3 > 3 and dsx—1 > 3 for all
k> ko > 1, then the tail of o(ay) is

+o0o
d3p_3 — 1 dgp_1 — 1
%#72d3k—273k717171 ; (211)
2 2
k=ko
if d3p_o > 3 and dgg, > 3 for all k > kg > 1, then it is
+o0
o —1 -1
%7272d3k—17d3k77171 ; (212)
2 2
k=ko
if dsp—1 > 3 and d3x4q1 > 3 for all k > kg > 1, then it is
+oo
d3p—1 — 1 d -1
[ sk 21 , 2ds, 3’”21 ,1,1] . (2.13)
k=ko

e If ag is a continued fraction of type CF8 and da._4 > 3, dag—o > 3 and eq._1 > 4 for
all k > ko > 1, then the tail of o(ay) is

; (2.14)

—+00
dgp—g — 1 dgp—2 — 1 eqk—1 — 2
———  2e4p_ 1,1 1,1
|: 9 y 4€4—3, 9 y Ly 4y 9 s Ly

k=ko



if dag—o > 3, dyx, > 3 and eqpy1 > 4 for all k > kg > 1, then it is

+oo
dape—o — 1 dyp — 1 -2
41647264%:—174k:7)]-7]-7€4]€L7171 ; (215)
2 2 2 K=o
otherwise it is
oy e
[ ,Qko} . (2.16)
2 k=ko

o If ag is a continued fraction of type CF4 and dgp_3 > 3, dyr—1 > 3 and egy, > 4 for
all k > ko > 1, then the tail of o(ay) is

+oo
dgp—3 — 1 dgp—1 — 1 —2
&,264]&-_2, Akl 71717 Cak 7171 ; (217)
2 2 2 ek
=ko
if dy—1 >3, dyra1 > 3 and eqpa0 >4 for all k > ko > 1, then
+oo
€2k—2
[ 5 32d2k—1} )
k=ko
+oo
dgr—1 — 1 d —1 -2
4’“71’26%’%,171’%’1’1 , (2.18)
2 2 2 k=ko

Proof. The proof is straightforward, thanks to the matrix representations described in

Theorem 2.3 O

Remark 2.5. When 7' has nonnegative entries and det T’ = 1, then T" can be also written
as a product of powers of R and L matrices, with exponents given by nonnegative integers;
see [29]. Thus, in this case, by Theorem the relations for the tail of o(ag) hold for

n = 1.

3 Relations for the convergents

Let x be a continued fraction and H, = w,/v, its convergents. Given B, = o(H,) and
B = o(x), we clearly have
lim B, = 0.

n—-+o0o
In general, the B,’s do not coincide with the convergents U, /V,, of 8. However, when
|det 0| = 2 and x is a continued fraction of type CF1, CF2, CF3 or CF4, we have B,, = U;/V}
for certain values of n and t defined by nonlinear functions. We start proving a theorem

which highlights nonlinear recurrence relations involving the sequences {U; }+>0 and {V; }+>0.

Theorem 3.1. Using the notation of Corollary[2.]], let us consider py = ko — 1 and define
the functions

p

3J . h(p) =po+2p—1+sin(L(p+1)7),

g(p)=po+p+2L

o(p) = 2+ 2 )T) () = 2 (20+27)

)

for p > 2. Then the sequences {Ut}i>0 and {Vi}i>o satisfy one of the following nonlinear

recurrence relations:



1)
Usip) = €tm)Usp-1) + Usp-2), Vi) = €tp) Vsp—1) + Vop—2), (3.1)

when x is a continued fraction of type CF1, with tail given by where s(p) = po+3p
and l1(p) = ko +p — 2;

2)
Ugtr) = G(0)Ugp—1) +0(P)Ugp-2)s Vo) = G0)Vgo1) +0(P) Vo2, (3:2)
when x is a continued fraction of type CF2 expansion, where
and
3ko+p—4 for tail
la(p) = < 3ko+p—3  for tail
3ko+p—2 for tail ;
3)

Unpy = HD)Unp-1) + 2(0)Unp—2),  Vap) = HO)WVap-1) + 2(0) Vap-2),  (3.3)

when x is a continued fraction of type CF3 or CF4, where

oy

)

H(p) = ar, 22+ 5521 ])

and

dko+p—5 for tail
dko+p—3 for tail
dko+p—4  for tail
dko +p—2 for tail ,

with i, ,(p) = €15 4(p) U P 15 even and ayy ) = dig 4(p) U P 15 odd.

l34(p) =

Proof. 1. The following equalities clearly hold, for all p > 2:

Upot3p = Upo+3p—1 + Uporap-2,  Upgt3p—1 = Upot3p—2 + Upo+3p-3, (3.4)
Upo+3p—2 = %(ekoﬂof? — 2)Upo+3p-3 + Upo-+3p—1, (3.5)
Upo+3p—3 = Upo+3p—4 + Upgt3p—5,  Upg+3p—4 = Upy+3p—5 + Upo3p—6- (3.6)

From (3.4) and (3.6|), we find

2Upy+3p—4 = Upg+3p—3 + Up+3p—65 (3.7)

Upo+3p = Upp+3p—3 + 2Upg+3p—2. (3.8)

Finally, using (3.5) and (3.7) in (3.8), we obtain the first recurrence of (3.1); the

second one can be proved similarly.

10



2. We deal with three different possibilities: p = 3m, p =3m + 1 or p = 3m + 2, where

m is a positive integer. First we observe that
g(3m)=po+5m, ¢gBm+1)=po+5m+1, g(Bm+2)=py+5dm+2,

g(Bm —1)=po+5m—3, ¢g(83m —2)=py+5m — 4,
v(Bm) =2, v@Bm+1)=1, v@Bm+2)=1,

G(Sm) == dl2(3m)) G(Sm + 1) == %dl2(3m+1)a G(3m + 2) == 2dl2(3m+2)-

Since o(x) has one of the tails (2.11]), (2.12) or (2.13]) when x is a continued fraction

of type CF2, we find the following relations:
Upotsm—1 = Upgr5m—2+Upgism—3, Upgtsm—2 = %(dlz(&m)_1)Up0+5m73+Up0+5m747

UPO+5m = Up0+5m—1 + Up0+5m—27 UPO+5m+1 = %(dl2(3m+l) - 1)lj;ﬁl()-&-5rr7, + Up0+5m—17
(3.9)

from which we have

Ugam) = Upo+5m = Aiy3m)Upo+5m—3 + 2Upg+5m—1
= G(Sm)Ug(Sm—l) + v(gm)Ug(Sm—Q)v (310)

Upo+sm-1 = 5(Upo+5m + Upg-+5m—3)- (3.11)

Using (3.11) and (3.9), we get

Uy@am+1) = Upo+sm+1 = 5 (diy@m+1)Upotsm + Upgsm—3)
= GEBm + )Uysm) +v(3m + 1)Uy zm—1)-

Moreover, from
Ug(3m+2) = Upo+5m+2 = 2dl2(3m+2)Upo+5m + Up0+5m+1
=G@Bm+ 2)U9(3m+1) +v(3m + 2)Ug(i’»m)a

the proof of the first recurrence in (3.2) is complete. The second recurrence can be

proved similarly.

3. The proof of recurrences (3.3) is similar, considering the four different possibilities
p=4m,p=4m+ 1, p=4m + 2 and p = 4m + 3, where m is a positive integer.
O

Now we are ready to prove when the B,’s are equal to some convergents of 5.

Theorem 3.2. Let o be a linear fractional transformation with |det o| = 2 and let x be a
continued fraction. Given {ut/vi}i>0 the convergents of x, {Uy/Vi}i>o0 the convergents of
o(z), and By = o(ut/vt) for allt > 0, we have that

11



e if z is a continued fraction of type CF1 (with tail (2.8)), CF2, CF3 (with tail
or (2.15)), or CF4 (with tail or (2.18)), then one of the following equalities

hold

Us(p)

= By (), (3.12)
Vi) 1)
Ug(p)

= By, (3.13)
Vg(p) 2(v)
Un(p)

- B 3.14
Vh(p) 13,4(77) ( )

for any p > 3, where g, s, h, l1, la, l34 are the functions defined in Theorem|3.1|;

e if x is a continued fraction expansion of type CF1 (with tails (@) or ), CF3
(with tail (2.16)), or CF4 (with tail (2.7)), we have

S

=B, (3.15)

for any p sufficiently large.

Proof. We will only prove equality (3.13]), since the proofs for (3.12)), (3.14), and (3.15)

can be obtained similarly. Let N,y and Dy,(,) be the numerator and the denominator of

BZQ(p), respectively. Since BZQ(p) = U(le(p))’ we have
Niyp) = dia(0) Nia(p-1) + Niap-2)> Diav) = diap) Piap-1) + Diap-2),
Now, we prove by induction that, if p = 3m or p = 3m + 2, then
Usw) = Niaw)r - Vo) = Dia(); (3.16)

if p=3m + 1, then

Ny (p) Dy )
Uiy = 5 Vo = o (3.17)

with m positive integer. The inductive bases for (3.16)) and (3.17)) are the equalities

Ug3) = Upots = Niy3)ys Vi) = Viors = Diy(3),

Ugs) = Upot7 = Niy(5),  V(5) = Voot = Dy (),
Ug(a) = Upots = 3 N1z, Vgay = Voors = 3 Diy(a)-

These relations can be proved thanks to the matrix equalities

(ot i) == (200 W) (o) e
(b bi) == (27 ) G o) o
(o5 i) s = (2 ) () o
(oif) biy) st = (0 A0 G 9) o



In fact, by definition of py, we know that py and l3(4) must have different parity,

moreover, for py even, we have

d —1 d
SR% ... L% = R® . O —RLR 7 <0 1) :

20

SR . RU») = R0

(Q)Ldu(g)*lRLRdzz(;1>*1L2dl2(5) <(2) (1)> 7

while, for pg odd,

SR . RhMs@) = R L“POR

o) pl2@ Tt <(1) g) ,

SRY ... Lhae) = Roo . Lo B2 0

Thus, if we suppose that (3.16|) and (3.17)) hold for all the positive integers 3,...,p — 1,
using the recurrence relations (3.2)), we find

)*1 L212(2)Rdl2(g) -1 LRL dl2(3)71 R2dl2(5) (? 2) .

Ugp) = diz(0)Ug(p—1) + 2Ug(p—2) = di3 Niy(p—1) + Niy(p—2) = Niy(p) if p = 3m,

Ugr) = 5, Ugp—1) + 3Ug(p—2) = 581 Niyp—1) + 5Nip(p—2) = 5Npy i p=3m +1,

U,

gp) = 2d1,0)Ug(p—1) + Ug(p—2) = dis Niy(p—-1) + Ny (p—2) = Nipp) i p=3m +2,

and the equivalent relations for V,,) and Dy, are also true. O

4 Nonlinear leaping convergents of some Hurwitzian and
Tasoev continued fractions

In this section we apply the previous results to some quasi-periodic continued fractions.
Many well-studied Hurwitzian and Tasoevian continued fractions are continued fractions
of type CF1, CF2, CF3 or CF4.

Let us consider the Hurwitz continued fraction
h(aa n) [ ( + kn)]k 0 (41)

for a,n positive integers, whose convergents will be denoted by Hp(a,n), for p =0,1,....
The identity

L%HJ p—2i+1 (p—i+1 —z—i—p
diig @ ") (kn+1)

S 07 T2 e 1)

can be retrieved as a special case of Corollary 7 in [26]. Moreover, it is simple to show that

Hy(a,n) =

Z}Eg ab—2 (Aa(in + 1)(7’7“1) + B(pfi)) . Z+1(kn + 1)+ Ad(p)

(2 K3

By = o(Hp(a,n)) =

i

s8] -2 (Ca(m +1)(PT + D(W’)) Pt (kn+ 1)+ Co(p)

7

forp=20,1,..., where 6(p) = % We now observe that the continued fraction l is

13



e of type CF1, when a is even, and the possible tails of o(h(a,n)) are given by

2

r

(a(l—l—n(k—l))—Q),l,lJ ,

+o00

k=ko
+oo

[;(1+n(2k2)),2a(1+ (2k — l)n)} ;

k=ko
“+oo

a

2

|

(1+n(2k—1)),2a(1 + 2kn)} ;

k=ko

e of type CF2, when a is odd and n even, and the possible tails of o(h(a,n)) are given

by
“+oo
(a(l+ 3n(]; —1)) — 1),261(1 3k —2), (a(1+ n(Sl; —1)) - 1),1’ 1] n
4.3)
— 7+
2 nGR =20 =1 a1 4 n(ak - 1, EEE =L e
— 1+
(a(l +n(3k— 1)) — 1) (al +n(3k+1)) —1) :
| 5 ,2a(1 + 3kn), 5 1, 1_ o (4.5)

e of type CF3, when a, n are odd and greater than 3, and the possible tails of o(h(a,n))

are given by

“+o0

a

2

(1+n(2k —1)),2a(1 + 2kn)

k=ko

r +00
[wla w2, W3, W4, Ws, We, W, w8]]g:]g0 ;

where wy = w5 = w7y = wg = 1 and

a(l+ (4k —4)n) —1

wy = 5 . ws = 2a(1 + (4k — 3)n)
a(1+ (4k —2)n) — 1 a(1+ (4k — ) — 1 (4.6)
wy = . wg = ’
2 2
W — a(l + (4k:2— 2)n) — 17 Wy = 2a(1 + (4k — 1)n)
B a(l+4kn) —1 a(l+ (4k +1)n) — 1 (4.7)
w3 = fa = B .

Thus, if {U;/Vi}e>0 is the sequence of convergents of o(h(a,n)), from Theorem [3.2] we have

U.

V:((;) = B (4.8)
for a even and tail (£.2)), with s(p) = po + 3p, li(p) = ko +p — 2,
‘U/Z((;) = B
for a odd and n even with
3ko+p—4 for tail
9(p) =po+p+2 LgJ , la(p) = {3ko+p—3 for tail :

3ko +p—2 for tail (4.5)

14



and, finally,

Un(p)
=P _ p,
Vi) )

for a, n odd and greater than 3, with

Ia(p) = 4ko+p—5 for tail (4.6)
W= N dko+p—3 for tail (@7),

When a is even, o(h(a,n)) has tail (4.2) and if ap, = ap = 1, ko = 1, we have a Hurwitzian

continued fraction of the form

h(p) =po+2p—1+sin(5(p+ 1)7).

— 1—n)—2
[1,0&/{—}—6,1,1}2—3 with o = %7 IBZCL(;)
Therefore, identity (4.8]) becomes

Usp
— =PB,_1.
Vs, P!

These Hurwitz continued fractions have been studied by Komatsu [14], who found the com-
binatorial expression for the leaping convergents Us,/V3,; see Corollary 1, [14]. Regarding

Tasoevian continued fractions, we may consider two examples:

t1 (uv CL) = [uak];rzoﬁ’ (49)
to(u,v,a) = [uak, vak] >, (4.10)
where a, u and v are positive integers. The continued fraction (4.9)) is

e of type CF1, when u is even or a is even, with o(¢1(u,a)) having tails, for kg > 1,
+o0 — ] t00
given by [%(uak —2),1, l]k .

=FRo

if we suppose that ua > 4, or [%ua%—lﬂua%]k .
—R0

1 oo
and [iuaz’“, 2ua2k+1} :
k=ko

e of type CF2, when u and a are odd, with o(¢;(u,a)) having tails, for kg > 1 and
ua > 3, given by

(T (a3h—2 Sh=1, 5 (ua®t e
3(wa?=2 = 1), 2ua %, 3 (ua®® —1),1,1 ’
_ dk=ko
r ] +OO
_%(uaakq — 1), 2ua3*, L (uadh+1 — 1), 1, 1_ .
T(wad* — 1), 200+, L(ua3 +2 — 1), 1,1 -
12 ) ’2 T k=ko |

Thus, for o(t1(u,a)) one of the identities (3.12]), (3.13), (3.15) holds. On the other hand,
the continued fraction (4.10) is

e of type CF1, when a is even or u and v are even, with o(t2(u,v,a)) having tails, for

ko > 1, given by
“+00

[%(uak —2),1,1, S(vak — 2), 1, 1}
k=ko

_— —] +
if we suppose that ua > 4 and va > 4, or [%uak, 2vak] and [%va’f, 2uak+1]

k=ko k=ko
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e of type CF2, when a, u, v are odd, with o(t2(u,v,a)) having tails, for kg > 1 and
ua > 3, va > 3, given by

T adk—2 36—2 1 (1,03k—1 T (uadh—1 3k L (padk e

5 (ua —1),2va ,5(ua —1),1,1,5(ua — 1), 2ua3*, 5(va _1)’1’1}19 o
i —ko
- +oo
_%(va%_? — 1), 2uak~1, 3 (va3h—1 —1),1,1, L (ua®* — 1), 2va3%, S (vadh+1 — 1), 1, 1} bk
_ oo
$(uah—1 — 1), 20631, L (uat — 1), 1,1, L (va®k — 1), 2uak+1, L (vadh+1 — 1), 1, 1h .
L =RK0

e of type CF3, if a and u are odd and v is even, with o(t2(u,v,a)) having tails, for

ko > 1 and ua > 3, va > 4, given by

T ok 1 2%—1 1., 2k 1.k oo
[f(ua —1),2va ,5(wa?t —1),1,1, 5(va _2)’1’1L€ .

=R0

[l(ua% " 1), 2002k, L(waR T — 1), 1, 1, L(0a2F 1 — 2),1 1r°°
P} ) D) y Ly Ly g P k=ko )

_——7 +©
[%vak, 2uak+1} :
ke=ko

e of type CF4, if a, v are odd and w is even, with o(t2(u,v,a)) having tails for kg > 1
and ua > 4, va > 3 given by

[l(va%—l 1), 2ua2k, T(vak —1),1,1, L (ua? 1 — 2),1 1r°°
2 ) ) s 4y Ly g ) Ly k:k07
— ] +0o©
Buak,Qvak} ,

k=ko

F(va% — 1), 2ua?*+1 L(pa2k+1 — 1),1,1, 3 (ua2 2 — 2),1 1] e
2 ) )2 sy Ly Ly g s 4y k—ko .

Therefore for o(ta(u,v,a)) one of the identities (3.12)), (3.13]), (3.14), (3.15) holds.
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