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Abstrat. An innovative omputational method to solve inverse sattering problems is

proposed for retrieving the eletromagneti properties of unknown targets. The proposed

tehnique is based on the ontration integral equation for inversion (CIE-I ) method to mitigate

multiple sattering ontributions when imaging strong satterers. More spei�ally, the CIE-I

is integrated in an e�etive multi-resolution (MR) sheme to redue the ratio between unknowns

and non-redundant data as well as to exploit iteratively aquired information on the senario

for yielding higher-resolution reonstrutions. Some preliminary numerial results are reported

to assess the apabilities of the proposed MR-CIE-I method.

1. Introdution

When mirowave imaging strong satterers, the high non-linearity of the inverse sattering

problem at hand has to be arefully dealt with to faithfully reover the dieletri pro�le of the

domain under test [1℄. In the state-of-the-art literature, many e�orts have been made to properly

ope with the non-linearity arising in many appliative senarios inluding non-destrutive testing

and evaluation [2℄, through-wall imaging [3℄, ground penetrating radar subsurfae investigations

[4℄-[6℄, and medial imaging [7℄-[12℄.

Linear approximations of the inverse sattering equations (e.g., Born or Rytov [13℄[14℄) are an

e�etive reipe to restore linearity, but the prie to pay is the limitation to deal with only weak

satterers and the impossibility to provide aurate material haraterizations. On the other

hand, fully non-linear approahes have been proposed by exploiting stohasti optimization

tools suh as geneti algorithms (GAs), partile swarm optimization (PSO), and di�erential

evolution (DE ) due to their intrinsi apability of esaping from multiple loal minima present

in the data-mismath ost funtion to be minimized. However, these methodologies ause a very

high omputational burden when applied to high-dimensional solution spaes [6℄. Otherwise,

it is worth remarking that the non-linearity of the inverse sattering problem an be partially

mitigated by reduing the ardinality of the inversion problem. For instane, multi-resolution

(MR) inversion shemes have been suessfully adopted to keep as low as possible the ratio

between sought unknowns and informative/non-redundant data. Within this framework, a

pro�table integration of stohasti as well as deterministi methods within a MR strategy an

enable aurate and omputationally-e�ient inversions [4℄[6℄[15℄. Reently, a new formulation

has been introdued to mathematially model highly non-linear inverse sattering problems. This
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approah is based on the ontration integral equation for inversion (CIE-I ) [16℄. The CIE-I

allows to e�etively redue the non-linearity with respet to a standard Lippmann-Shwinger

integral equation (LSIE ) formulation, thus the imaging of high ontrast and/or large (in terms

of wavelengths) targets [16℄ is expeted to be more e�etive. Aordingly, this work is aimed at

presenting an innovative inversion methodology based on the integration of the CIE-I method

within a MR inversion sheme to e�etively/e�iently deal with strong satterers. More in

detail, Setion 2 desribes the mathematial formulation of the addressed problem as well as the

proposed MR-CIE-I methodology to solve it. Some numerial results and omparisons against

ompetitive alternatives are given in Setion 3, while some �nal remarks and observations are

drawn in Setion 4.

2. Mathematial Formulation

Let us onsider a 2D inverse sattering senario in whih a set of V plane waves with transverse-

magneti polarization is exploited to probe an investigation domain Ω. It is assumed that the

eletromagneti harateristis of the bakground medium are known and equal to those of free-

spae (ε0 and µ0). Moreover, Ω inludes an unknown non-magneti target with isotropi relative

permittivity εT and ondutivity σT . Under these assumptions, the arising sattering phenomena

at angular frequeny ω 1
an be modeled through the following LSIE

Iv (x, y) = Ev (x, y)−
∫

Ω
G (x, y; x′, y′) τ (x′, y′) Ev (x

′, y′) dx′dy′

(x, y) ∈ Ω; v = 1, ..., V
(1)

where Ev (x, y) and Iv (x, y) are the v-th total and inident eletri �elds, respetively, while

G (x, y; x′, y′) is the free-spae Green's funtion for the 2D sattering problem at hand.

Moreover, τ (x, y) is the ontrast funtion, mathematially modeling the presene of the target

as a disontinuity of the eletromagneti properties inside Ω

τ (x, y) = εr (x, y)− 1; (x, y) ∈ Ω (2)

εr (x, y) being the omplex relative permittivity at position (x, y) ∈ Ω. Aording to the ontrast
soure inversion (CSI ) formulation [17℄, it is then possible to express the v-th ontrast soure as

follows

Jv (x, y) = τ (x, y) Ev (x, y) ; (x, y) ∈ Ω; v = 1, ..., V (3)

and re-write aordingly the state equation (1) as

τ (x, y)Iv (x, y) = Jv (x, y)− τ (x, y)
∫

Ω
G (x, y; x′, y′)Jv (x

′, y′) dx′dy′

(x, y) ∈ Ω; v = 1, ..., V.
(4)

Furthermore, the sattered �eld, expressed as the di�erene between the total and inident �elds,

omplies with the following data LSIE equation

Sv (x, y) = [Ev (x, y)− Iv (x, y)] =
∫

Ω
G (x, y; x′, y′)Jv (x

′, y′) dx′dy′

(x, y) ∈ Λ; v = 1, ..., V
(5)

Λ being a suitably-de�ned external observation domain.

In order to mitigate the non-linearity of the inverse sattering problem at hand, the CIE-I

formulation is exploited [16℄. Aordingly, (4) is multiplied by the following funtion

χ (x, y) [χ (x, y) τ (x, y) + 1]−1
(6)

1
A time fator exp (jωt) is assumed.
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where χ (x, y) is the loal CIE-I regularization term, resulting in

χ (x, y)Jv (x, y) =W (x, y)χ (x, y)Jv (x, y) +W (x, y)
×
[

Iv (x, y) +
∫

Ω
G (x, y; x′, y′)Jv (x

′, y′) dx′dy′
]

(x, y) ∈ Ω; v = 1, ..., V
(7)

where

W (x, y) = τ (x, y)χ (x, y) [χ (x, y) τ (x, y) + 1]−1
(8)

is the modi�ed CIE-I ontrast funtion [16℄.

In order to solve the CIE-I problem desribed by (5) and (7), as well as to further ounterat

non-linearity and ill-posedness, a multi-resolution (MR) sheme is adopted to (a) keep as low as

possible the ratio between unknowns and data, as well as to (b) exploit progressively aquired

information on the solution.
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Figure 1. Numerial Results (Square Pro�le, τ = 1.5, SNR = 20 [dB℄) - (a) Atual and

retrieved ontrast funtion by the (b) MR-CIE-I and () CIE-I methods.

More in detail, the following iterative proedure of S steps is adopted

(i) Initialization (s = 0) - Disretize Ω into N square ells, N being properly seleted aording

to the degrees-of-freedom theory for the senario at hand [4℄;

(ii) Low Order Inversion (s = 1) - Solve the CIE-I problem (5), (7) exploiting the subspae

optimization method (SOM ) as a omputationally-fast ore solver with regularization

apabilities [18℄. Then, let s← (s+ 1) and proeed to Step (iii)(a);

(iii) MR Loop (s = 2, ..., S)

(a) Apply the ��ltering and lustering� proedure [4℄ to update the region of interest

Ωs ⊂ Ωs−1 (Ω1 = Ω). Then, disretize it into N square sub-domains and map the

solution found at the (s− 1)-th step to form the initial guess for the suessive inversion

stage;
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(b) Solve the CIE-I problem (5), (7) through the SOM to retrieve a higher-resolution guess

of the s-th region of interest;

() Terminate the zooming proedure when the maximum number of steps has been reahed

(s = S), or if a stationary ondition on Ωs size and loation is met. Otherwise, let

s← (s+ 1) and go to Step (iii)(a);

(iv) Output Phase - Output the retrieved solution at the last performed MR step.

3. Preliminary Numerial Validation

In this Setion, some numerial results are shown to preliminarily assess the e�etiveness of the

proposed MR-CIE-I inversion sheme. Towards this end, a square investigation domain Ω of

side 3λ, λ being the free-spae wavelength, has been suessively probed by V = 27 plane waves

impinging from angular diretions φv = [2π (v − 1) /V ], v = 1, ..., V , the sattered �elds being

olleted by M = 27 ideal �eld probes uniformly distributed over a irular observation domain

Λ of radius 2.12λ. As for the settings of the MR-CIE-I , the number of sub-domains has been

set to N = 324, while an additive white Gaussian noise has been added to the sattered data in

order to test the robustness of the proposed method.

Figure 1 shows the MR-CIE-I inversion results when dealing with the retrieval of the square

pro�le of Fig. 1(a), having a ontrast funtion of τ = 1.5 (proessing noisy data at SNR = 20
[dB℄). As it an be observed, the MR-CIE-I provides a faithful reonstrution of the target

shape and eletromagneti properties [Fig. 1(b) vs. Fig. 1(a)℄. Moreover, there is a visible

improvement in terms of reonstrution auray with respet to a standard single-resolution

(SR) SOM -based implementation (i.e., the CIE-I [16℄), this latter yielding an under-estimation

of the atual ontrast and many artifats in the bakground region [Fig. 1() vs. Fig. 1(b)℄.
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Figure 2. Numerial Results (Square Pro�le, τ = 3.0, SNR = 20 [dB℄) - (a) Atual and

retrieved ontrast funtion by the (b) MR-CIE-I and () CIE-I methods.

Suh positive outomes are further on�rmed when inreasing the atual permittivity of the
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satterer. As a matter of fat, when τ = 3.0 [εT = 4.0 - Fig. 2(a)℄, a remarkable improvement

of the inversion quality has been obtained by the MR-CIE-I over the CIE-I thanks to its

e�etiveness in mitigating the strong non-linearity of the problem, regardless of the presene

of a non-negligible noise on proessed data [Fig. 2(b) vs. Fig. 2()℄.

Previous outomes are on�rmed by the values of the total integral error [6℄ as a funtion of the

atual ontrast value (Fig. 3). Indeed, it an be observed that the error inreases (as expeted)

with τ sine higher ontrasts lead to higher non-linearities.
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Figure 3. Numerial Results (Square Pro�le, SNR = 20 [dB℄) - Behavior of the total integral

error as a funtion of the atual ontrast value for the MR-CIE-I , CIE-I , MR-LSIE , and LSIE

methods.

Finally, it is worth observing that the MR-CIE-I overomes a state-of-the-art MR-based solution

exploiting a standard CSI-LSIE formulation of the inverse sattering problem (i.e., theMR-LSIE

[15℄). Figure 4(a) reports the result yielded by the MR-LSIE to point out its inability to reover

a orret guess of the target despite the use of a MR proedure (only some �rings� appear

around the objet support). For ompleteness, the single-resolution LSIE solution [18℄ has been

reported [Fig. 4(b)℄, as well, while the integral errors of both LSIE methods have been added in

Fig. 3 to have a wider overview of the reonstrution apabilities of the proposed method over

state-of-the-art alternatives.
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Figure 4. Numerial Results (Square Pro�le, τ = 3.0, SNR = 20 [dB℄) - Retrieved ontrast

funtion by the (a) MR-LSIE and (b) LSIE methods.

4. Conlusions

An innovative omputational method to solve highly non-linear inverse sattering problems has

been presented. The proposed method e�etively ombines the regularization and linearization
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apabilities of the CIE-I formulation with those of a MR sheme, improving the resolvability

against the non-linearity of the onerned problems. Reported preliminary numerial results

indiate that the MR-CIE-I yields faithful reonstrutions of the eletromagneti properties

of the imaged domain, with good robustness to noise. Moreover, it has been shown that the

proposed method outperforms the CIE-I method as well as two state-of-the-art solutions based

on the LSIE (even when regularizations are employed), espeially when dealing with the retrieval

of strong satterers. Future works will be aimed at extending the proposed method to deal with

fully three-dimensional senarios, with appliations to both subsurfae and biomedial imaging.
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