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Abstract: We present a geometric formula of Poincaré type, which is inspired by a classical work of Stern-
berg and Zumbrun, and we provide a classification result of stable solutions of linear elliptic problems with
nonlinear Robin conditions on Riemannian manifolds with nonnegative Ricci curvature. The result obtained
here is a refinement of a result recently established by Bandle, Mastrolia, Monticelli and Punzo.
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1 Introduction

The study of partial differential equations on manifolds has a long tradition in analysis and geometry, see,
e.g., [1, 26, 28, 32, 33]. The interest for such topic may come from different perspectives. On the one hand,
at a local level, classical equations with variable coefficients can be efficiently comprised into the manifold
setting, allowing more general and elegant treatments. In addition, at a global level, the geometry of the
manifold can produce new interesting phenomena and interplay with the structure of the solutions, thus
creating a novel scenario for the problems into consideration.

Of course, given the complexity of the topic, the different solutions of a given partial differential equation
on a manifold can give rise to a rather wild “zoology” and it is important to try to group the solutions into
suitable “classes” and possibly to classify all the solutions belonging to a class.

In this spirit, very natural classes of solutions in a variational setting arise from energy considerations.
The simplest class in this framework is probably that of “minimal solutions”, namely the class of solutions
which minimize (or, more generally, local minimize) the energy functional.

On the other hand, it is often useful to look at a more general class than minimal solutions, that is, the
class of solutions at which the second derivative of the energy functional is nonnegative. These solutions are
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called “stable” (see, e.g., [14]). Of course, the class of stable solutions contains that of minimal solutions,
but the notion of stability is often in concrete situations more treatable than that of minimality. For instance,
it is typically very difficult to establish whether or not a given solution is minimal, since one, in principle,
should compare its energy with that of all the possible competitors, while a stability check could be more
manageable, relying only on a single, and sometimes sufficiently explicit, second derivative bound.

The goal of this paper is to study the case of a linear elliptic equation on a domain of a Riemannian
manifold with nonnegative Ricci curvature, endowed with nonlinear boundary data. We will consider stable
solutions in this setting and provide sufficient conditions to ensure that they are necessarily constant.

The framework in which we work is the following. Let M be a connected m-dimensional Riemannian
manifold endowed with a smooth Riemannian metric g = (g;;). We denote by A the Laplace—Beltrami operator
induced by g. Let Q ¢ M be a compact orientable domain and v be the outer normal vector of 0Q lying in the
tangent space T, M for any p € 0Q. We assume that 0Q is orientable for the outer normal to be well defined
and continuous.

In this paper we study the solutions to the following boundary value problem:

Au+fluy=0 inQ,
(1.1)
oyu+h(u)=0 onoQ,
where f, h € C1(R) and 0,u := g(Vu, v). Similar problems have been investigated in [2, 3, 11, 25].
As usual, we consider the volume term induced by g, that is, in local coordinates,
dv = +lgldxt A--- A dx™,
where {dx!, ..., dx™} is the basis of 1-forms dual to the vector basis {91, . . ., O}, and |g| = det(gj;) > 0. We
also denote by do the volume measure on 0 induced by the embedding 0Q — M.
As customary, we say that u is a weak solution to (1.1) ifu € C 1(Q) and
I(Vu, V) dV + I h(we do = Jf(u)(p dV forany ¢ € C1(Q).
Q o0 Q
Moreover, we say that a weak solution u is stable if
J|V(p|2 dav + J h'(u)p? do - Jf'(u)(pz dV >0 forany @ e C}(Q). (1.2)

Q 0Q Q

In order to state our result, we recall below some classical notions in Riemannian geometry. Given a vector

field X, we set
1X] = V(X, X).

Also (see, for instance, [26, Definition 3.3.5]), it is customary to define the Hessian of a smooth function ¢ as
the symmetric 2-tensor given in a local patch by

(Hyp)ij = 03¢ — Tfj0x,
where Fl’.;. are the Christoffel symbols, namely,
1
1"5- = Eghk(aighj +0j&in — Ongij)-

Given a tensor A, we define its norm by |A| = VAA*, where A* is the adjoint.
The above quantities are related to the Ricci tensor Ric via the Bochner-Weitzenb6ck formula (see, for
instance, [4] and references therein):

%Aqublz = |Hg|* + (VAQ, Vo) + Ric(Ve, V). (1.3)

Finally, we let I and H denote the second fundamental tensor and the mean curvature of the embed-
ding 0Q < Q in the direction of the outward unit normal vector field v, respectively.
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We are now in position to state our main result.

Theorem 1.1. Let u € C3(Q) be a stable solution to (1.1). Assume that the Ricci curvature is nonnegative in Q,
and that
(C1) for any p € 0Q, the quadratic form I — h' (u)g on the tangent space T, (0Q) is nonpositive definite.
If
j (h(w)f(w) + (m — 1)(h(u))*H + k' (u)(h(u))?) do < 0, (1.4)
o0

then u is constant in Q.

Remark 1.2. Theorem 1.1 has been proved in [2, Theorem 4.5] in the particular case where h(t) := at for
some a € R. We point out that with this particular choice of h, Theorem 1.1 here weakens the assumptions
on the sign of a of [2, Theorem 4.5].

The proof of Theorem 1.1 is based on a geometric Poincaré-type inequality, which we state in this setting as
follows.

Theorem 1.3. Let u be a stable weak solution to (1.1). Then

J(Ric(Vu, Vu) + |Hy | - [VIVul*)p* dV - J(%(kuﬁ, v) + 1 (w|Vul?)p? do < JIVu|2|V<p|2 dv  (1.5)
Q 0Q Q

forany @ € C*(Q).

We notice that formula (1.5) relates the stability condition of the solution with the principal curvatures and
the tangential gradient of the corresponding level set. Since this formula bounds a weighted L%-norm of
any ¢ € C'(Q) plus a boundary term by a weighted L2-norm of its gradient, we may consider this formula
as a weighted Poincaré type inequality.

The idea of using weighted Poincaré inequalities to deduce quantitative and qualitative information on
the solutions of a partial differential equation has been originally introduced by Sternberg and Zumbrun
in[30, 31] in the context of the Allen—Cahn equation, and it has been extensively exploited to prove symmetry
and rigidity results, see, e.g., [15, 18, 19]. See also [16, 20, 21, 23, 24, 29] for applications to Riemann-
ian and sub-Riemannian manifolds, [7] for problems involving the Ornstein—Uhlenbeck operator, [6, 17] for
semilinear equations with unbounded drift and [8-10, 22] for systems of equations.

Recently, in [11, 13], the cases of Neumann conditions for boundary reaction-diffusion equations and
of Robin conditions for linear and quasilinear equations have been studied, using a Poincaré inequality that
involves also suitable boundary terms.

We point out that Theorem 1.1 comprises the classical case of the Laplacian in the Euclidean space with
homogeneous Neumann data, which was studied in the celebrated papers [5, 27]. In this spirit, our The-
orem 1.1 can be seen as a nonlinear version of the results of [5, 27] on Riemannian manifolds (and, with
respect to [5, 27], we perform a technically different proof, based on Theorem 1.3).

For related results in the framework of Markov Triples, see [12]. The next two sections are devoted to the
proofs of Theorems 1.3 and 1.1, respectively.

2 Proof of Theorem 1.3

Applying (1.2) with ¢ replaced by |Voulp, we get

Jf’(u)quIzq,')Z v < J(|V|Vu||2qb2 + VPRIV + 2IVul(Vep, VIVul)) dV + J h ()| Vu2@? do

Q Q 0Q
= j(wmnquz + [Vul* |Vl + %<V¢2, VIVuP?)) dv + j h' (W) Vul*¢* do.
Q 0Q
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Therefore, integrating by parts, the third term in the last line, we get

Jf’(u)IVu|2¢2 v < J(|V|Vu||2¢2 VUV - %d)ZAIVulz) av
Q Q
+% j ©*(V|Vul*,v) do + j h'(u)|Vul?@? do.
0Q 0Q

Hence, recalling (1.3),

Jf’(u)qu|2¢2 v < ”lVIVuHZ(;bZ +IVuPIVGP — (IHul? + (VAu, V) + Ric(Vu, Vu))g? | dV
Q Q
+% j O (VIVul?, v) do + J K (W) Vul?¢? do. 2.1)
0Q 0Q

Now, by differentiating the equation in (1.1), we see that
—VAu = f'(u)Vu.
Plugging this information into (2.1), we conclude that

0< “|V|Vu||2¢2 + IVuPIV$I? - (|Hy[? + Ric(Vu, Vu))p? | dV

Q
+ % J ©*(V|Vul?,v) do + J h' (u)|Vul?@? do,
20 o0
which completes the proof of Theorem 1.3. O

3 Proof of Theorem 1.1

In this section we provide the proof of Theorem 1.1. We first state the following result that proves [2, Theo-
rem 3.4] in the more general case in which h is any C! function.

Theorem 3.1. Let w € C3(Q) satisfy
oyw+h(w)=0 onoQ, (3.1)

for some h € C1(R). Then

10 - .
5$|VW|2 = I(Vw, Yw) — ' (W)|Yw|? — h(W)Hy (v, v) on 0Q,
where Vw := Vw — g(Vw, v)v is the tangential gradient with respect to 0Q, and H,, is the Hessian matrix of the

function w.

Proof. Welet{e;}, withi € {1, ..., m}, beaDarboux frame along 0Q, that is, such that e, := v. In this setting,
conditions (3.1) reads
W = —h(w) onoQ. (3.2)

Also, forany i, j € {1, ..., m - 1}, we define
Hjj = g(I(ey, €j), V).

Then, reasoning as in the proof of [2, formula (3.32)], we obtain that, foranyj € {1,...,m - 1},

m-1
Wijm = Z Hijw; — h'(w)w; on Q.
i=1
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Therefore, multiplying both terms by w;, we get

m-1
WimWj = z HijWi wj — h’(W)W]-2 on 0Q. (3.3)
i=1
On the other hand, foranyi € {1,..., m},
1 m m-1 m-1
E(IVWIZ)i = Z Wjwj; = Z WjWiji + Wi Wi = Z wjwiji — h(W) W,
j=1 i=1 i-1
where we used (3.2) in the last passage.
As a consequence,
1 a ) m-1
za—le = Z WjWjm — R(W)Wmm  0on 0Q.
v fact

From this and (3.3), we thus obtain
m-1 m-1

——V|VW|2 = z Hijwiw;j — h'(w) Z w].2 —h(W)Wmm onoQ,
ij=1 j=1

which implies the desired result. O

Now we recall that A is the Laplace—Beltrami operator of the manifold (M, g), and we let A be the Laplace-
Beltrami operator of the manifold 0Q endowed with the induced metric by the embedding 0Q — M. We have
that

Aw = Aw — (m - 1)H3—V‘f + Hy (v, v). (3.4)
With this, we can prove the following result.

Lemma 3.2. Let u € C3(Q) be a stable solution of (1.1). Then

J(Ric(Vu, Vu) + [Hyl? - [VIVul[*)p? dV

Q
- J (n(vu, Vu) — h' W)|Vul? + h)f) + (m - 1)(h(w))*H + h’(u)(h(u))2)<p2 do
0Q
< IIVu|2|V¢|2 av - j h(u){Vu, Vp?) do (3.5)
Q 0Q

forany @ € C*(Q).

Proof. From Theorems 1.3 and 3.1, for every stable weak solution u to (1.1) and for any ¢ € C*®(Q), we have
that
J(Ric(Vu, Vu) + [Hyl? - |VIVul]*)p? dV
Q
- J (I(Vu, Yu) - I’ W)IVul® - hHy (v, v) + K’ W)|Vul?)p* do
20
< JIVuIZIV(pIZ av. (3.6)
Q
Now we use (3.4) to manipulate the integral on the boundary of Q. In this way, we obtain from (3.6) that
J(Ric(Vu, Vu) + [Hyl? - [VIVul[2)p? dV
Q
- J (19w, Vu) - W' @)[ul? - hw)(du - Au+ (m - 1) H %) + R W)Ivul*|p? do
20

< JIVuIZIV(pIZ av.
Q
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Thus, recalling® (1.1), we conclude that

I(Ric(Vu, vu) + |Hy|* - |V|Vu||2)(p2 av

Q
- j (1(Yu, V) - 1 ()|l + hOf() + h@)Au + (m = 1)(hw)*H + K w)|Vul* )p* do
0Q
< JIVuIZIV(pIZ av. 3.7)
Q

Now we observe that 5
. 2
IVul? = [Vul? + |a—5| = |Yul? + (hw))? on oQ.
Plugging this information into (3.7), we obtain that
J(Ric(Vu, Vu) + [Hyl? - |VIVul|*)p? dv

Q

- J (n(vu, Vu) + hw)fw) + h(whu + (m - 1)(h(w))*H + h’(u)(h(u))2)¢2 do
0Q

< j|Vu|2|V<p|2 av.
Q

Now we notice that
J h(u)p? Audo = - J h'(uw)|Vul?@? do - J h(u)(Vu, Ve?) do,
20 30 30
and therefore
j(Ric(Vu, Vu) + [Hyl? - |VIVul]*)p? dV

Q

- j (1(Pu, V) - 1 @)Vl + hf) + (m = 1)(Rw)*H + ' () (hw)? ) p? do
0Q

< JIVuI2|V<p|2dV— j h(w)(Vu, V92) do,
Q 0Q

which proves the desired inequality. O

Before completing the proof of Theorem 1.1 we recall the following lemmata proved in [21, Lemma 5] and [21,
Lemma 9], respectively.

Lemma 3.3. For any smooth function ¢ : M — R, we have that
|Hyp|? > |V|V<}‘)||2 almost everywhere.

Lemma 3.4. Suppose that the Ricci curvature of M is nonnegative and that Ric does not vanish identically. Let u
be a solution of (1.1), with

Ric(Vu, Vu)(p) =0 foranyp € M.
Then u is constant.

With this, we are able to finish the proof of Theorem 1.1.

1 Notice that, since u is regular enough, the equation holds true up to the boundary of Q.
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Proof of Theorem 1.1. Taking ¢ = 1 in (3.5), we see that

J(Ric(Vu, vu) + [Hyl? - |VIVul|?) dV
0
< J (I[(?u, vu) _ h'(u)WU|2 + h(u)f(u) + (m — 1)(h(u))2H + h’(u)(h(u))z) do.
0Q

Hence, using (C1) and (1.4), we obtain that
J(Ric(Vu, Vu) + |Hy|? - |VIVul*) dV < 0. (3.8)
Q

On the other hand, by Lemma 3.3,
|Hyl? = |VIVul|> 20 onQ,

and so (3.8) gives
J Ric(Vu, vu)dV <0,

Q
which implies that
Ric(Vu,Vu) =0 in Q.
Thus, the conclusion follows from Lemma 3.4. O
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