Osculating varieties of Veronesean and their higher secant varieties.
A.Bernardi, M.V.Catalisano, A.Gimigliano, M.Ida

Abstract. We consider the k-osculating varieties Oy .4 to the (Veronese)
d—uple embeddings of P". We study the dimension of their higher secant varieties
via inverse systems (apolarity). By associating certain 0-dimensional schemes Y C
P™ to O;:n 4 and by studying their Hilbert function we are able, in several cases, to

determine whether those secant varieties are defective or not.

0. Introduction.

Let us consider the following case of a quite classical problem: given a generic form f of degree d in
R := K[z, ..., x,], what is the minimum s for which it is possible to write f = L‘f*kFl + ...+ L¥=*F, where
L; € Ry and F; € R,? When k = 0 this is known as the “Waring problem for forms” (the original Waring
problem is for integers), and it has been solved via results in [AH], e.g. see [IK] or [Ge].

In this generality, the problem is part of what was classically called “finding canonical forms for an
(n+ 1)-ary d-ic” (e.g. see [W]). The following examples illustrate cases where the answer to the problem is

not the expected one.

Example 1. One would expect (by a dimension count) that a generic f € (K|xo,...,z4])s could be written
as f = L1 Fy+ Lo Fy with L; € Ry and F; € R,, but actually we need tree addenda: f = L1 Fy + LoFy+ L3F3.

Example 2. We can’t write a generic f € (K[xzg,...,x5])3 as f = L1Fy, + LoFy + L3F3, but only as
f=L1F1 + -+ L4Fy.

Example 3. One would expect that a generic f € (K[xq, ..., 2g])s could be written as f = L1 Fy + LoFy +
L3 F3, with L; € Ry and F; € R3, but not only is it impossible to write f as a sum of three addenda, but is

it not even possible to write it as a sum of four. In fact f can only be written as f = L1Fy + --- + L5F5.

All the examples above comes from our Proposition 3.4.

Our approach to the problem is via the study of the dimension of higher secant varieties Of , 4 to
Op.n.d, the k'"-osculating variety to the (Veronese) d—uple embeddings of P", since giving an answer to this
geometrical problem implies getting the solution to the problem on forms.

We would like to notice that those secant varieties can reach a very high defectivity (e.g. see the example
after Prop. 3.4), a phenomenon that does not happen for smooth varieties.

We use inverse system (apolarity) to reduce this problem to the study of the postulation of cer-

tain O-dimensional schemes Y C P", namely we reduce the evaluation of dim Oy , ; to the evaluation of
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dim |Opn (d) ® Iy | where Y = Z; +...+ Z is a 0-dimensional subscheme of P" such that, for each i = 1,..., s,
(k+1)P: C Z; C (k+2)P; and 1(Z;) = (") +n.

We conjecture that the ”bad behavior” of Y is always related to the scheme given by the fat points
(k+1)P; or Z; C (k+ 2)P; not being regular (see Conjecture 3.13). By using this idea, we are able to
describe the behavior of the st"-secant variety of Op n.q for many values of (k,n,d).

In the case of P2, using known results on fat points, we are able to classify all the defective Ok 2.q for

small values of s (s <6 and s = 9, see Coroll. 3.16).

1. Preliminaries.

1.1. Notation.

i) In the following we set R := k[zo, ..., ,,], where k = k and chark = 0, hence R4 will denote the forms
of degree d on P™.

ii) If X C PV is an irreducible projective variety, an m-fat point on X is the (m — 1)** infinitesimal
neighborhood of a smooth point P in X, and it will be denoted by mP (i.e. the scheme mP is defined by
the ideal sheaf Zp'y C Ox).

Let dimX = n; then, mP is a 0-dimensional scheme of length (m_1+").

n
If Z is the union of the (m — 1)**-infinitesimal neighborhoods in X of s generic points of X, we shall say for

short that Z is union of s generic m-fat points on X.

iii) If X C PV is a variety and P is a smooth point on it, the projectivized tangent space to X at P is
denoted by T'x p.

iv) We denote by < U,V > both the linear span in a vector space or in a projective space of two linear
subspaces U, V.

v) If X is a 0-dimensional scheme, we denote by {(X) its length, while its support is denoted by suppX.

1.2. Definition. Let X C PV be a closed irreducible projective variety; the (s — 1)*" higher secant variety
of X is the closure of the union of all linear spaces spanned by s points of X, and it will be denoted by X*.

Let dim X = n; the expected dimension for X?® is
expdimX® := min{N, sn + s — 1}

where the number sn + s — 1 corresponds to co®™ choices of s points on X, plus co®~! choices of a point on
the P*~! spanned by the s points. When this number is too big, we expect that X* = PN Since it is not
always the case that X* has the expected dimension, when dim X* < min{N, sn + s — 1}, X¢ is said to be
defective.

A classical result about secant varieties is Terracini’s Lemma (see [Te], or, e.g. [A]), which we give here in

the following form:

1.3. Terracini’s Lemma: Let X be an irreducible variety in PV, and let P, ..., Ps be s generic points on
X. Then, the projectivised tangent space to X* at a generic point Q €< Py, ..., P; > is the linear span in
PN of the tangent spaces Tx,p, to X at P;, i =1,...,s, hence

dim X® = dim < TX,PN -~-aTX,Pg >
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1.4. Corollary. Let (X, L) be an integral, polarized scheme. If L embeds X as a closed scheme in P, then
dim X* = N —dimh°(Zz x ® L)
where Z is union of s generic 2-fat points in X.

Proof. By Terracini’s Lemma, dim X* = dim < Tx p,,...,Tx p, >, with Py, ..., P; generic points on X.
Since X is embedded in PV = P(H%(X, £)*), we can view the elements of H°(X, L) as hyperplanes in PV;
the hyperplanes which contain a space Tx_p, correspond to elements in H(Zyp, x ® L), since they intersect X
in a subscheme containing the first infinitesimal neighborhood of P;. Hence the hyperplanes of PV containing
the subspace < Tx p,, ..., T'x,p, > are the sections of HO (Zz x ® L), where Z is the scheme union of the first
infinitesimal neighborhoods in X of the points P;’s. O

1.5. Definition. Let X C PV be a variety, and let P € X be a smooth point; we define the k' osculating
space to X at P as the linear space generated by (k+ 1)P, and we denote it by O, x,p; hence Oy x p = { P},
and O; x,p = Tx,p, the projectivised tangent space to X at P.

Let Xo C X be the dense set of the smooth points where Oy, x p has maximal dimension. The kth osculating

variety to X is defined as:

Opx = U Og.x.p-

PeX,

2. Osculating varieties to Veronesean, and their higher secant varieties.

2.1. Notation.

i) We will consider here Veronese varieties, i.e. embeddings of P defined by the linear system of all
forms of a given degree d: vy : P* — PV, where N = (”Zd) — 1. The d-ple Veronese embedding of P", i.e.
Imuyg, will be denoted by X,, 4.

ii) In the following we set Oyn.a = Oy x, ,, so that the (s — 1) higher secant variety to the k"
osculating variety to the Veronese variety X,, 4 will be denoted by Oy ,, ;-

2.2. Remark. From now on PY = P(Ry); a form M will denote, depending on the situation, a vector in
R, or a point in PV.
We can view X, 4 as given by the map (P")* — PV, where L — L% L € R;. Hence

de = {Ld, Le Rl}
Let us assume (and from now on this assumption will be implicit) that d > k; at the point P = L? we have
(see [Se], [CGG] sec.1, [BF] sec.2):

Ok,Xn,d,P = {LdikF, F e Rk}. (*)

Notice that Oy x,, ,,p has maximal dimension dim R — 1 = (k:") —1 for all P € X,, 4. This can also be
seen in the following way: the fat point (k + 1)P on X, 4 gives independent conditions to the hyperplanes

of PV, since it gives independent conditions to the forms of degree d in P".
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Hence, Okn,a = Upex, , O X, a,P-

As we have already noticed, for k = 0 (x) gives O x, ,p = {P} = {L%}, and for k = 1 it becomes

Ok, xpap =Tx, 0p = {L4'F, F € Ry}

n,d>

n,d>

In general, we have:
Ok,n,d = {Ld*kF, LeRy, Fec Rk}.

Hence,
Ofpa={L{ " "Pi+ ..+ LYFF, LieR, F,€R; i=1,.,s}

In the following we also need to know the tangent space To, , ,.@ of Ok n.a at the generic point @ =
LYFF (with L € Ry, F € Ry); one has that the affine cone over To, , ,q is W = W(L,F) =<
LAFRy, LA=*"1F Ry > (see [CGG] sec.1, [BF] sec.2)).

2.3. Lemma. The dimension of Oy, 4 is always the expected one, that is,

dimOy, n.q = min{N, n + (k Z ”) —1}

Proof. By 2.2, dim Oy, q = dimW/(L, F) — 1, for a generic choice of L, F, so that we can assume that L
does not divide F. When P(W) # PV, we have dim W = dim LY ¥Ry, + dim L4 *~'FR; — dim L¥~*R;, N
Li=F-1FR, = (k:”) +n+1)—1= (k:") + n, since there is only the obvious relation between LR; and
FR;, namely LF — FL = 0.

2.4. Consider the classic Waring problem for forms, i.e. “if we want to write a generic form of degree d as
a sum of powers of linear forms, how many of them are necessary?” The problem is completely solved. In
fact, X} , = {L¢ + ..+ L% L; € R} (see previous remark), hence the Waring problem is equivalent to
the problem of computing dim X7 ;. By Corollary 1.4 we have that dimX} ; = N —dim H(Zzpn @ O(d)) =
H(Z,d) — 1, where Z is a scheme of s generic 2-fat points in P*, and H(Z,d) is the Hilbert function of Z in
degree d. Since H(Z,d) is completely known (see [AH]), we are done.

More generally, one could ask which is the least s such that a form of degree d can be written as L‘f—k o+
o+ LR F, with L; € Ry and F; € Ry, for i = 1,..., s; since by Remark 2.2 the variety Olim,d parameterizes
exactly the forms in R4 which can be written in this way, this is equivalent to answering, for each k,n,d, to

the following question:
Find the least s, for each k,n,d, for which Oy ,, , = PN,

We are interested in a more complete description of the stratification of the forms of degree d parameterized

by those varieties, namely in answering the following question:

Describe all s for which Oy, ; is defective, i.e. for which dimOj , ; < expdimOy, ,, ;.
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Notice that, since d > k, one has dim Oy, ,, 4 = N if and only if (dj;") <n+ (k:;")7 hence for all such k,n,d

and for any s we have dim Oy , ; = expdimOy , ; = N.

k+n
n

So we have to study this problem when (d:") >n+ ("I"), s > 2; it is easy to check that whenever n > 2
this condition is equivalent to d > k + 1; on the other hand the case n = 1 (osculating varieties of rational
normal curves) can be easily described (all the Oy ; ;s have the expected dimension, see next section), thus

the question becomes:

Question Q(k,n,d): For all k,n,d such that d > k+ 1, n > 2, describe all s for which

dim Oy, ,, 4 < min{ N, s(n + (k:;n) —1)+s—1} = min{ (d—;n) -1, s(k;tn> +sn—1}.

2.5. Remark. Terracini’s Lemma 1.4 says that dimOj, ,, ; = N — h?(Zx ® Opn (1)), where X is a generic
union of 2-fat points on O, 4; We are not able to handle directly the study of h?(Zx ® Opn (1)), nevertheless,
Terracini’s Lemma 1.3 says that the tangent space of Ofﬁ’nvd at a generic point of < P, ..., Ps >, P; € O pnq,
is the span of the tangent spaces of Oy, 4 at F;; if To, , ,.p, = P(W;), then

dim Oy ,, , =dim <To, , 4P T0, 4,2 >=dim < Wy, ..., W > —1

We want to prove, via Macaulay’s theory of “inverse systems”, (see [I], [IK], [Ge], [CGG], [BF]) that, for a
single W, dim W; = N +1—h%(P",Zz(d)) where Z = Z(k,n) is a certain 0-dimensional scheme that we will
analyze further, and dim < Wy, ..., W, >= N + 1 — h%(P", Ty (d)) where Y = Y (k,n, s) is a generic union in
P™ of s 0-dimensional schemes isomorphic to Z. Hence,

dim O} ,, 4 = dim < Wi,...,W, > =1 =N — h(P", Iy (d)).

So, one strategy in order to answer to the question Q(k,n,d) for a given (k,n,d) is the following:

1%t step: try to compute directly dim < Wi, ..., W, >; if this is not possible, then

274 gtep: use the theory of inverse systems (classically apolarity):

Compute W+ C Ry, with respect to the perfect pairing ¢ : Rq x Ry — k, where:
- W is a vector subspace of Ry,
- ¢(f,9) := Xrea, . f191, where A, q := {(ig, ..., in) € N+l i, = d}, with any fixed ordering; this gives a
monomial basis {z{ - ... - zir} for the vector space Rg; if f € Ry, f = Diginean g Fior iy @ - - 2l we
write for short f = X f;x!, with I = (iq, ..., ir,).
Then, consider I; := W+ C Ry4. It generates an ideal (I;) C R; in this way we define the scheme Z(k,n,d) C
P by setting: Iz(kn,a) := (I;)%%*. We will show that these schemes do not depend on d.

374 step, compute the postulation for a generic union of s schemes Z(k,n,d) in P".

Recall that [< Wq,...,Ws >t =Win..n Wi
2.6. Lemma. For all k,n and d > k + 2, we have:

(k+1)0 c Z(k,n,d) C (k+2)O,
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where Z(k,n,d) was defined in 2.5, and O = supp Z(k,n,d) € P™.

Proof. Let W =< LY¥kR, L“k~1FR; >C Ry be the affine cone over To.n.4,¢ at a generic point
Q = L¥*F, with L € R, F € R,. Without loss of generality we can choose L = x, so that W =
28 * Y (xoRy, + FRy), hence z3 ¥Ry, ¢ W C 23 * 'Ry, . So, for any (k,n,d),

(28 Ry )t c W C (237 F Ry ()

Now, denoting by p the ideal (z1,...,x, ), we have:

(g Be)t =< {a) - oy [ Byt = dyig S d —t — 1} >=
< (pd)d’ xo(pd_l)d*h "'=$g7t71(9t+1)t+1 >=(p"")a

Now let us view everything in (#x) as the degree d part of a homogeneous ideal; we get:

(Pk+2)d C (Izkm,a))q C (Pk+1)d~

Let (x1,...,2,) be local coordinates in P* around the point O = (1,0,...,0); the above inclusions give, in

terms of 0-dimensional schemes in P":

(k+1)0 C Z(k,n,d) C (k+ 2)O.

2.7. Lemma. For any k,n,d with d > k + 2, the length of Z = Z(k,n,d) is:
k
(Z) = dimW = ( +"> +n.
n

Proof. One (k+ 2)-fat point always imposes independent conditions to the forms of degree d > k+ 1. Since
Z C (k+2)O, then h*(Zz(d)) = 0 immediately follows.

Now we have seen that our problem can be translated into a problem of studying certain schemes
Z(k,n,d) C P"; we want to check that actually these schemes are the same for all d > k+2, say Z(k,n,d) =
Z(k,n).

2.8. Lemma. For any k,n and d > k + 2, we have Z(k,n,d) = Z(k,n,k + 2). Henceforth we will denote
Z(k,n) = Z(k,n,d), for alld > k + 2.

Proof. By the previous lemmata we already know that Z(k,n,d) and Z(k,n, k + 2) have the same support
and the same length, hence it is enough to show that Z(k,n,d) C Z(k,n,k + 2) (as schemes) in order to
conclude. This will be done if we check that I(Z(k,n,k+2))q C I(Z(k,n,d))q; in fact, since both ideals are
generated in degrees < d, this will imply that I(Z(k,n,k+2)); C I(Z(k,n,d));, Vj > d, hence the inclusion
will hold also between the two saturations, implying Z(k,n,d) C Z(k,n,k + 2).

Let f € I(Z(k,n,k+2))a, then f = higi + ... + h,gr, where hj € Rq_j_o and g; € I(Z(k,n, k +2))12;
since I(Z(k,n,d)), is the perpendicular to W =< L4=* R, L4=*=1FR; > it is enough to check that h;g; €
W+, j =1,...,r. Without loss of generality we can assume L = xg; hence, since gj €< L?Ry, LFR; >4
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g; = wog’ + g", with ¢',g" € k[z1,...,x,] and ¢’ € (FRy)*. Tt will be enough to prove z{..xirg;, =
:cé"“...;vfl"g’+mf)°...x;"g” € W+, Vi, ..., i, such that 459+...+i, = d—k—2. It is clear that :cé"...:vf;g” e W,
since ig < d — k — 2; on the other hand, z°*'...zlr g’ € (zd ¥ Ry)* again by looking at the degree of o,

while z0 ™ .2l g’ € (x* " FRy)* since ¢’ € (FRy)™>.

2.9. Remark. From the lemmata above it follows that in order to study the dimension of Oy, ,, ;, Vd > k+2,
we only need to study the postulation of unions of schemes Z(k,n). For d = k + 1, we will work directly on
W, see Proposition 3.4.

What we got is a sort of “generalized Terracini” for osculating varieties to Veronesean, since the formula
dim0Oy , ;=N — h%(Zy (d)) reduces to the one in Corollary 1.4 for k = 0. Instead of studying 2-fat points
on Ok n.q (see Remark 2.5), we can study the schemes Y C P,

2.10. Notation. Let Y C P" be a 0-dimensional scheme; we say that Y is regular in degree d, d > 0, if the
restriction map p : H(Opn(d)) — H°(Oy (d)) has maximal rank, i.e. if h%(Zy (d)).h!(Zy(d)) = 0. We set
exp h°(Zy(d)) := maz {0, (d:”) —I(Y)}; hence to say that Y is regular in degree d amounts to saying that
h(Zy (d)) = exp h°(Zy (d)).

Since we always have h®(Zy (d)) > exp h®(Zy (d)), we write

h(Zy (d)) = exp h°(Zy (d)) + 6,

where 6 = 0(Y,d); hence whenever (d:") —1(Y) > 0, we have § = h'(Zy(d)), while if (d:”) (YY) <0,
§ = (") = 1Y) + h}(Zy(d)); in any case, by setting exp h'(Zy(d)) := maz {0,1(Y) — (1)}, we get:
BTy (d) = eap b (Ty (d)) + 6.

2.11. Remark. For any k,n,d such that d > k+1, let Y =Y (k,n,s) C P" be the 0-dimensional scheme
defined in 2.5 for Z = Z(k,n), and 6 = 6(Y,d). Then

dim Oy, ,, 4 = expdimOy, ,, ; — 9.
In particular, dim Oy, ,, , = expdimOy, . ; if and only if:

hO(Zy (d)) = 0, when (1) < s(*17) + sn;

- n

W(Zy(d) =N+1-1Y) = (“T") = s(*I") —sn (i.e. B'(Ty(d)) = 0), when (1) > s("1) + sn.

n

3. A few results and a conjecture.
First let us consider the cases where the question Q(k,n,d) has already been answered.

Q(k,1,d). In this case every O;.1.4> with d > k + 2, has the expected dimension; in fact here Z(k,1) =
(k+2)O, and the scheme Y = {s (k+2)-fat points} C P! is regular in any degree d. Notice that for d = k+1
we trivially have Oy 1 k41 = PV.



Q(1,n,d). Here the variety Oy ,, 4 is the tangential variety to the Veronese X, 4. It is shown in [CGG] that
Z(1,n) is a “(2,3)—scheme” (i.e. the intersection in P™ of a 3-fat point with a double line); this is easy to
see, e.g. by choosing coordinates so that L = xg, F = ;.

The postulation of generic unions of such schemes in P", and hence the defectivity of Of , ;, has been studied.

Moreover, a conjecture regarding all defective cases is stated there:

Conjecture ( [CGG]). O7 ,, ; is not defective, except in the following cases:
1) for d =2 and n > 2s, s > 2;
2)ford=3and n=s5=2,3,4.

In [CGG] the conjecture is proved for s < 5 (any d,n), for s > %(";2) + 1 (any d,n); for d = 2 (any

s,m), ford >3 and n > s+ 1, for d > 4 and s = n. In [B], the conjecture is proved for n = 2,3 (any s, d).
Q(2,2,d). In [BF] it is proved that, for any (s,d) # (2,4), O3 , ; has the expected dimension.

Now we are going to prove some other cases.
The following (quite immediate) lemma describes what can be deduced about the postulation of the

scheme Y from information on fat points:

3.1 Lemma. Let Py,...,Ps be generic points in P*, and set X = (k+ 1)PLU..U(k+ 1)P,, T :=
(k+2)PLU...U(k+2)P;. Now let Z; be a 0-dimensional scheme supported on P;, (k+1)P; C Z; C (k+2)FP;,
with I(Z;) = 1((k+ 1)P;) +n for eachi=1,....;s, , and set Y := Z1 U...U Zs. Then:

Y is regular in degree d if one of the following a) or b) holds:
a) h*(Zr(d)) =0 (hence (d:”) > s(k+Z+1)) ;
b) h°(Zx(d)) =0 (hence (d;t”) < s(k:"))

Y is not regular in degree d, with defectivity 6, if one of the following ¢) or d) holds:
c) h'(Zx(d)) > exp h'(Zy (d)) = maz{0,1(Y) — (dzn)}; in this case § > h*(Zx(d))) — exp h*(Zy (d).
d) h°(Zr(d)) > exp h°(Zy (d)) = maz{0, (d;:”) —U(Y)}; in this case 6 > hO(Zr(d)) — exp h°(Zy (d)).

Proof. The statement follows by considering the cohomology of the exact sequences:
0—Zp(d) = Zy(d) = Iy r(d) — 0

and
0 — Iy(d) — Ix(d) —>IX’y(d) — 0

where we have: h'(Zyr(d)) = h'(Zx,y(d)) = 0 since those two sheaves are supported on a 0-dimensional

scheme.
3.2. Lemma. Lets>n+2andd < k+1+ 2%. Then O;md is not defective and Ofmn’d =PN

Proof. Let Y C P" be as in 2.5; we have to prove that h°(Zy (d)) = 0 in our hypotheses.
Let Py, ..., Ps be the support of Y; we can always choose a rational normal curve C' C P™ containing

n + 2 of the P;’s . For any hypersurface F' given by a section of Zy (d), since nd < (k+ 1)(n + 2), by Bezout
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we get C' C F. But we can always find a rational normal curve containing n 4+ 3 points in P™, so this would
imply that any P € P" is on F, i.e. Zy(d) = 0.

3.3. Lemma. Assume s=n+1;ifd<k+1+ %, then Oy, 4 = PV

Proof. Since d >k + 1, we can set d = k + j with j > 0; let W; =< LRy, L "F;R, > with F; € Ry, for
i1 =1,...,s; since s =n + 1, without loss of generality we can assume that L = zy, ..., Ly41 = Tp.

Hence W7 + ... + W, contains U := xéRk + ...+ x{le; now in U the missing monomials are zf)o e a:;" with
iy <j—1foreachl=0,..,n, and d = deg (z{0 - ... - #’r) < (n+ 1)(j — 1). Hence if d > (n + 1)(j — 1), i.e.
d<k+1+%,wegetU:Rd.

If d = (n+1)(j — 1) the only missing monomial in U is ;" - ... - 27—, hence it is enough to choose one of
the F};’s in a proper way to get Wi + ... + W5 = Ry.
Ifd=(n+1)(j —1)—1,ie. d=k+1+ %2 the n+ 1 missing monomials in U are SRR AR i

with ¢ = 0,...,n and again it is possible to choose the F;’s so that W7 + ... + W5 = Ry.

Case Q(k,n,k+1). The description for k = 1 given in [CGG], together with following proposition, describe

this case completely.

3.4. Proposition. Ifs > 2, k > 2 and d = k + 1, consider the secant variety Oy ,, ; C PN ; then:
A)if s <n—1 and its expected dimension is s(k:”) +sn—1, then O} , 111 is defective with defect
_ 2 k+ —s+d .
b=s 78+S( nn)+(n; )7N7
B) if s <n —1 and the expected dimension is N = (d:") — 1 then
i) OF_1 n.q is defective with defect § = (") —s(n—s+ 1) ifs < L(moTY);
.. . —s4d
i) Of1na= PN if s > é(ndjT );
C) if s > n then O;_Ln,d =PV,

Proof.
A) We have that W =W + ...+ W, =< xRk, ...,2s—1Rx; F1R1,..., FsR1 > in Ry. We can suppose
that the F;’s, i = 1,...,s are generic in K[zs,...,2,]q := Sq, and we have that % = (F‘lsidF)d Then, since

(F1,...,Fs)a =< F1S1,...,FsS; > and the F;’s are generic, dim(Fy, ..., Fs)g = min{(”fjﬂl),s(n - s+ 1)}

(From this, and from our hypothesis about the expected dimension, we immediately get that dim W =
N — ("72“1) + 8(n — s+ 1), and hence that the defectivity is § = 52 — s + s(k:”) + ("7§+d) —N.

B) If s (""" ") +ns > ("1¢) we expect that O3_, ,, ; = PV. Proceeding as in the previous case, in order
to compute dim W we can actually just consider the vector space < F1S1,...,FsS; >; whose dimension is
min { ("_;+d),s(n -5+ 1)}; so we get that

ifsn—s+1) < (”_§+‘i), then OF_, ,, , is defective. This happens if and only if s < é(
this case the defect is 6 = (" 37%) — s(n — s +1).

ii)if s(n —s+1) > (”_;+d), then O5_, , ; =PV (for example this is always true for d > n);

n—s+d)
2217), in

C) It suffices to prove that O;_, , ;= PV for s = n.
If s = n and d = k+1, the subspace W;+- - -+ W, can be written as < zqRy, F1R1,...,Tn_1Rg, FyR1 >,
which turns out to be equal to < zgRy, ..., T,_1 R, a:ffl >= Ry so OZiLfl,n,d =PV,
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Example: The osculating 4'"-variety of Xg,5 C P61

Let us consider the secant varieties of the 4/"-osculating variety O4,6,5. We begin with 02767 5; We are in
case A of Prop. 3.4, and we expect that dim 02,675 = 431, but we get that the defectivity is § = 86 so that
dim OF 4 5 = 345.

When s = 3,4 we are in case B of Prop. 3.4, and § = 44 for 02’6757 while § = 9 for 03’6’5. Eventually,
027675 _ p461

So, even if we expect that 02,675 should fill up PV, even the 4-secant variety doesn’t.

In terms of forms we get that neither we can write a generic f € (K[xo,...,26])s as f = L1 Fy1 + LaFy +
L3F5 with L; € Ry and F; € Ry (as we expect), nor as f = L1 Fy + -+ - + L4Fy, but we need five addenda.

Case Q(k,2,k + 2):

3.5. Corollary. Assume d =Fk+2 andn =2. Then, Oy 5, is not defective for s > 3 and k > 1, and
Oy 2.5+2 s defective for s =2 and k > 1.

Proof. By 3.2 and 3.3, Oj 5 .4, is not defective for s > 3 and d > 3, i.e. k > 2; the case k = 1 is already
known by [B].

For s =2and k > 1, let Y = Y(k,2) C P? be the 0-dimensional scheme defined in 2.5; it is easy to check
that exp h°(Zy (d)) = exp h°(Zr(d)) = 0, T denoting the generic union of two (k + 2)-fat points in P2. Since
T is not regular in degree d = k + 2 for any k > 1, we conclude by lemma 3.1 d) that Oy k2 1s defective
with defectivity > h%(Zr(d)) = 1 (the only section is given by the (k + 2)-ple line through the two points).

Case Q(k,3,k+2):

3.6. Corollary. Assume d =k +2 andn =3. Then, Of 30 = PN fors >n+1=4 and k > 1, while
Oy 3 k12 1 defective for s < 3.

Proof. The case s < 3 will be treated in Prop.3.10.
If s=4and k=1, 0} 353 =P by [CGG], (4.6). If s =4 and k = 2, we have O3 3 , = PV by lemma 3.3.
If s>5and k> 1, or s =4 and k > 3, the thesis follows by lemmata 3.2 and 3.3, respectively.

Case Q(k,4,k+ 2) :

3.7. Corollary. Assume d="Fk+2 andn=4. Then, Of 419 = PN for s > 5 and k > 1, while Ok 4 k+2
is defective for s < 4.

Proof. The case s < 4 will be given by Prop.3.10.

If s>5and k =1, 05, 3 = PY by [CGG], (4.6) and (4.5). If s =5 and k = 2,3, we have ORapsa = PN
by Lemma 3.3.

Ifs>n+2=6and k>2,or s=>5and k > 4, thesis follows by Lemmata 3.2 and 3.3, respectively.

Case Q(k,2,k+ 3) :
3.8. Corollary. Assume d=k+3 andn =2. Then:

10



i) fors=2 and k =1,2: dim O%7Q,k+3 = s(kgz) +2s — 1 (the expected one);
it) for s =2 and k > 3: O 5, 5 is defective;
11i) for s >3 and k > 1: 02727k+3 =PV

Proof.

Ifs>n+2=4and k> 2, or s =3 and k > 4, the thesis follows by Lemmata 3.2 and 3.3, respectively.
Ifs>3andk=1,07,,.5= PN by [CGG], (4.5).

If s =3 and k = 2,3, we have O} , ;5 = PN by lemma 3.3.

Ifs=2andk=1ors=2and k=2, Oi72),€+3 # PV is not defective by [CGG], (4.6) and [BF], Theorem
1, respectively.

If s =2 and k > 3, then, in the notations of lemma 3.1, we have :

for k = 3,4 exp h'(Zx(d)) = exp h*(Zy(d)) = 0, and the union X of 2 (k + 1)-fat points is not regular in
degree d = k + 3;

for k > 5 exp h%(Zy(d)) = exp h°(Zr(d)) = 0, and the union T of 2 (k + 2)-fat points is not regular in
degree d = k + 3;

so we conclude by 3.1, ¢) and d).

For s <n + 1, we have several partial results:

3.9. Proposition. Ifs<n+1,d>2k+1 and k > 2 then O;Z}n’d is reqular.

Proof. We have to study the dimension of the vector space Wy + -+ + W, =< Lf*kR;€7 Lffk*lFlRl, ceey
Lg’kRk, Lgl*klesRl >, where L1, ..., L, are generic in Ry and FY, ..., F are generic in Rg. Since s < n+1,
without loss of generality we may suppose L; = z;_1 fori =1,...,s. Since d> 2k + 1, for =d—k > 3,
the vector space Wi + --- + W, can be written as < xORk,xO }7'1R17 RN 1Rk7 o 1F Ry >. If we show
that for a particular choice of Fi,..., Fs € Rj the dimension of Wi +---+ W, = expdzm(Okm’d) + 1 we can
conclude by semi-continuity that Oy d has the expected dimension. Let us consider the case F; = x2;1F;
fori =1,...,8 =2, Fy_1 = zs_ 11:0FS 1 and Fy = J;OxlFS, where the F s are generic forms in Rj_o,
ji=1,...,n+ 1 Let<fok >—.Aiand<:1c 7,+1R1 >=: AL, i =0,...,s — 1; then we get A, =<
xiﬁilxi_l'_lxi_‘_Qﬁi_i_lRl >, 0= 0 —3; AL_, =< xf ST 1:EOFS 1Ry > and A9 1 7< x'f 1x0x1F R >

Now Wi+ -+ Wy = 377, LA+ Zg : Al We can easily notice that A N (327~ oA+ Z; —o i A5 =
AN (ZJ —0.j4i +ES ! A’ =A;NA =< mka >N< xiﬁ_ ml+1xl+2Fl+1R1 >=< J:’BlengFHl > for
any fixedi=0,...,5s—3 (analogously if i =s—2,5s—1). So we have found exactly s relations and we can
conclude that dim(Wy + -+ + W) = dim(327, DA+ dim(Z;;é)A’) s=s("t") + s(n+1) — s, which is

exactly the expected dimension.

3.10. Proposition. If s <n and k+ 2 < d < 2k then Of , ; is defective with defect 0 such that:
A) b > ("_§+d) if the expected dimension is (d:") -1
B)d§ > (;) (Qkfr;””) if the expected dimension is s(k+") +sn—1.

Proof. Let §:=d — k > 2; we can rewrite the vector space Wi + --- + W as follows: < PRy, xo ARy,
) If—lea xf__llFeRl >.
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A) We can observe that k[zs, ..., 2n]a N (W1 + - - - + Wy) = {0}, so if we expect that O ,, ; = P" we get
a defect § > ("_;"’d).

B) Suppose now that s [(]H'"

M ) + n} < (d;’;n). If O} ,, 4 were to have the expected dimension we would

not be able to find more relations among the W;’s other than x?FZ-H e< xiﬁRk >N< xiﬁleiHRl >, for
1=0,...,5—1 (as it happens in Proposition 3.9). But it’s easy to see that :cfx]ﬂF €< fok >N< x?Rk >
with ¢ # j and F' € Ri_g. We have exactly (;) such terms for any choice of F' € R;_g. We can also
suppose that the F; € Ry that appear in Wi + - 4+ W are different from fo for any F' € Ry_p and
7 =0,...,8—1, because F1y,...,Fs are generic forms of R;. Then we can be sure that the form xfoﬁF
belonging to < fok >N< x?Rk > isn’t one of the foiH that belongs to < fok >N< xf_lFiHRl >.
Now dim(Ry_g) = (k75+") so we can find (3) (k72+”) independent forms that give defectivity. Hence in
case $ {(k"’”) + n] < (d‘;”) we have dim(03, , ;) < expdim — () (k_5+7l) = expdim — (3) (2k_d+").

n 2 n n

3.11. Proposition. Ifs=n-+1, k+2 < d < 2k and expdim(OZ;}d) =(n+1) ((k:n) n n) 1 then ng}d
is defective with defect § > ("‘ZH) (Qk—d+n)'

n

Proof. The proof of this fact is the same as case B) of the previous proposition.

3.12. Proposition. If s =n+1, n > df—}iz’ k+2<d<2k and expdim(OZjL’ld) = N then O,’c’;}d 18

defective with defect § > (("+1)(d_kn_1)_(d+1)),

Proof. If k+2 < d < 2k, then 2 < 8 := d—k < k and we have to study the dimension of Wi+ - -4+W,, ;1 =<
ngk,:cg_lFlRl, .. wﬁRk,xg_anHRl >. It is easy to see that a monomial of the form f = xgo . xﬁn
with " (8 =dand 0 < 3; < B —2for all i € {0,...,n} is a form of degree d which does not belong to

Wi -+ Wi, In fact f can be written as 20 (0 TFF2) L gd=0mthe2) ey Sty =nd—(n+1)(k+2)
ne(n)(d—k=2)=d) _ ((n+1)(d=k=1)=(d+1))

n

and ; > 0 for all i = 0,...,n and these forms are exactly ( In

order for these forms to exist, one needs that (n+1)(d—k—2)—d > 0, i.e. that n > df?ﬁz This is sufficient

to show that if we expect that Ozzld =PV, and if n > dﬁﬁz and k + 2 < d < 2k, then Ozzld is defective.

Let’s notice that what we just saw is not sufficient to say that the defect ¢ is exactly equal to
(("H)(d_kﬁ_l)_(dﬂ)), because in R4\ < Wi +---W,41 > we can find also monomials like xgo . xg" with
Z?:o B; = d, at least one 3; =  — 1 and each of the others §; < 5 — 2. Hence § > (("+1)(d_kn_1)_(d+1)).

All the results on defectivity lead us to formulate the following:
3.13 Conjecture. Oy , ; is defective only if Y is as in case ¢) or d) of Lemma 3.1.

The conjecture amounts to say that the defectivity of Y can only occur if defectivity of the fat points

schemes X or T imposes it.

3.14. Remark. In many examples the defectivity of YV is exactly the one imposed by X or by T (i.e. the
inequalities on § in Lemma 3.1 are equalities), but this is not always the case: for example if we consider
the variety 02’5’6 (see the example after Prop. 3.4), here we get that the corresponding scheme Y has
defectivity 86 in degree 5. Here we have that X is given by two 5-fat points in P®, and it is easy to check
that h°(Zx (5)) = 126 (all 5-tics through X can be viewed as cones over a 5-tic of a P4), so that its defectivity
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is 84. Hence, even if Y is “forced” to be defective by X, its defectivity is bigger, i.e. Y should impose to
5-tics 12 conditions more than X, but it imposes only ten conditions more.

It is easy to find similar behavior if d = k 4 1, for instance forn =8, s =3, d=k+1 =2 or n = 10,
s=3,d=k+1=2.

In the case of P2, we are able to prove our conjecture for small values of s:

3.15. Theorem. Let X, Y be as above, n =2 and s = 3,4,5,6 or 9; then:
d+2
H(Y,d) = min{ H(X, d) + 25, < ; )}.

The proof mainly uses la méthode d’Horace (e.g. see [Hi]) on the scheme Y. For a detailed proof, see
[Be] and [BC].

Notice that this result implies that Y can be defective only when X is.

In general, it is quite a hard problem to determine, and even to give a conjecture upon, the postulation
for an union of s m-fat points in P".

For what concerns P2, there is a conjecture for the postulation of a generic union of fat points (e.g. see
[Ha]). For a generic union A C P? of s m-fat points with s > 10, the conjecture says that A is regular in
any degree d. This has been proved for m < 20 in [CCMO]. For s < 9 all the defective cases are known
(e.g. see [Ha] or [CCMO)] for a complete list).

This allows us to list all the defective cases for some values of s (for related results see also [BF2]):

3.16 Corollary. Letn =2, s <6 or s =9. Then O} , ; is defective if and only if:
s=2, k=landd=3, or k>2andk+2<d<2k.
s=3, 3£ <d<og.
s=5 2k+4<d< B
s=6, k=2 (mod5) and 12(’;“) <d < ork#2 (mod 5) and%Jrlﬁdg Sht3

The case s = 2 is given by Propositions 3.4, 3.8, 3.9 and 3.10, while the other cases follow from Theorem
3.15 and the classification in [CCMO)]. Notice that there are no defective cases for s =4 or s = 9. In case

s = 2 defectivity is forced exactly by defectivity of X or T
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