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A dyadic model on a tree

David Barbato,"® Luigi Amedeo Bianchi,?®) Franco Flandoli,?°

and Francesco Morandin*9

' Department of Mathematics, University of Padua, Italy
2SNS, Pisa, Italy

3Department of Mathematics, University of Pisa, Italy
4DMI, University of Parma, Italy

(Received 16 July 2012; accepted 28 January 2013; published online 28 February 2013)

We study an infinite system of nonlinear differential equations coupled in a tree-
like structure. This system was previously introduced in the literature and it is the
model from which the dyadic shell model of turbulence was derived. It mimics
3D Euler and Navier-Stokes equations in a rough approximation of wavelet de-
composition. We prove existence of finite energy solutions, anomalous dissipation
in the inviscid unforced case, existence and uniqueness of stationary solutions (ei-
ther conservative or not) in the forced case. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4792488]

. INTRODUCTION

A classical scheme used to explain energy cascade in turbulence is based on the picture of the
fluid as composed of eddies of various sizes.” !> Larger eddies split into smaller ones because of
dynamical instabilities and transfer their kinetic energy from their scale to the one of the smaller
eddies. One can think of a tree-like structure where nodes are eddies; any substructure father-
offsprings, where we denote the father by j € J (J the set of nodes) and the set of offspring by
O;, corresponds to an eddy j and the set O; of smaller eddies produced by j by instability. In the
simplest possible picture, eddies belong to specified discrete levels, generations: level 0 is made of
the largest eddy, level 1 of the eddies produced by level zero, and so on. The generation of eddy j
may be denoted by |j|. Denote also the father of eddy j by j.

Phenomenologically, we associate to any eddy j a non-negative intensity X;(t), at time ¢, such
that the kinetic energy of eddy jis X ?(r). We relate intensities by a differential rule, which prescribes
that the intensity of eddy j increases because of a flux of energy from j to j and decreases because
of a flux of energy from j to its set of offspring O;. We choose the rule

d
X=X = ) aXXe, M
keO;

where the coefficients c; are positive.

This model has been introduced by Katz and Pavlovi¢'? as a simplified wavelet description of
Euler equations, suitable for understanding the energy cascade. The coefficients ¢; = 2%Vl represent
in our model the speed of the energy flow from an eddy to its children. The coefficient « is an
approximation, averaged in time and space, of the rate of this speed. Regarding solutions of Euler
equations in dimension 3, it may happen (usually as a short term phenomenon) that this speed is
higher or lower, this is known as intermittency; sometimes that the process itself is reversed, that is

the energy flows from the smaller eddies to the bigger ones. Cheskidov, Friedlander and Pavlovié*>
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showed using Bernstein’s inequality that the rate 8 for the dyadic 3D Euler model lies in the interval
[1, 5/2] which corresponds to o € [5/2, 4] for the tree dyadic model. As explained in Sec. [ A, the
order of magnitude of ¢; that correspond to K41 is

cj~ 23, )

The tree dyadic model (1) is a more structured version of the so called dyadic model of
turbulence. The latter is based on variables Y,, which represent a cumulative intensity of shell n (shell
in Fourier or wavelet space) n = 0, 1, 2, ... Here, on the contrary, shell n is described by a set of
variables, all X;’s with |j| = n, the different intensities of eddies of generation n. The equations for
Y, have the form

d
EYn = knYn271 - kn+1 YnYn+1~ (3)

Model (1) is thus a little bit more realistic than (3), although it is still extremely idealized with
respect to the true Fourier description of Euler equations.

All these models are formally conservative: the global kinetic energy E(f) = Y X ?(t), or
EH=Y, Ynz(t) depending on the case, is formally constant in time; it can be easily seen in both
cases, using the telescoping structure of the series d£(t)/dt. However in previous papers>?) it has
been shown that the dyadic model (3) is not rigorously conservative: anomalous dissipation occurs.
The flux of energy to high values of n becomes so fast after some time of evolution that, in finite
time, part of the energy escapes to infinity in n.

The same question for the tree dyadic model (1) is more difficult. Intuitively, it is not clear what
to expect. Even if the global flux from a generation to the next one behaves similarly to the shell
case (3), energy may split between eddies of the same generation, which increase exponentially in
number. Hence there is a lot of “space” (a lot of eddies) to accommodate the large amount of energy
which comes from progenitors in the cascade.

The main result of this paper, Theorem 2.1, is the proof of anomalous dissipation also for model
(1). To be precise, we have dissipation for a class of coefficients ¢; which covers (2). The proof is
similar to the one in Barbato, Flandoli and Morandin® but requires new ideas and ingredients.

Apart from anomalous dissipation, we consider also stationary solutions, showing the existence
and uniqueness of such solutions in Theorems 2.2 and 2.3. This kind of argument allows and requires
a more general model to be studied, namely, one needs to insert a forcing term (to find nontrivial
stationary solutions) and we are able to treat also the viscous analogous of the tree dyadic model,
adding the viscosity term — v2"VIX; to Eq. (1). The most general model that we introduce is thus
system (7).

In Sec. II we describe the model and give a short summary of the main results of the paper.

In Sec. Il we discuss elementary properties of the model and prove the existence of finite energy
solutions.

In Sec. IV we exploit the connection between the “classic” dyadic model on naturals and the
tree dyadic model. If the number of children is constant for every node in the tree, then, from each
solution of the former, one can build a “lifted” version on the tree which is a solution of the latter.

Sec. V is devoted to the proof of the anomalous dissipation Theorem 2.1 in the inviscid unforced
case. Self-similar solutions are also discussed.

In Sec. VI we study the stationary solutions. We prove existence and uniqueness of stationary
solutions of classic and tree forced systems (8) and (7) with and without viscosity. Here the positive
force fis required because otherwise the unique non-negative stationary solution is the null one.

A. The decay of X; corresponding to K41 and anomalous dissipation
In the case of the classic dyadic model (3), Kolmogorov inertial range spectrum reads
Y, ~ k'3

The exponent is intuitive in such case. For the tree dyadic model (1) the correct exponent may look
unfamiliar and thus we give a heuristic derivation of it. The result is that Kolmogorov inertial range
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spectrum corresponds to
—y)
X i 276V, (4)

K41 theory states'? that, if u(x) is the velocity of the turbulent fluid at position x and the expected
value E is suitably understood (for instance if we analyze a time-stationary regime), one has

E[lu(x) —u)P] ~ 1x = y*?,
when x and y are very close each other (but not too close). Very vaguely this means
Ju(x) = u(y) ~ x — y|'.

Following Katz and Pavlovi¢,'? let us think that #(x) may be written in a basis (w ;) (which are
norm-one vectors in L?) as

u(x) =y Xjw;(x).
J

The vector field w;(x) corresponds to the velocity field of eddy j. Let us assume that eddy j has
a support Q; of the order of a cube of side 27Vl Given j, take x, y € Q;. When we compute
u(x) — u(y) we use the approximation u(x) = X;w;(x), u(y) = X;w;(y). Then

lu(x) —u()| = X lw;(x) — w;(y)I,
namely
1Xj| w;(x) —w;Ml ~ [x —y['?, x,ye€0;.

We consider reasonably correct this approximation when x, y € Q; have a distance of the order of
2Vl otherwise we should use smaller eddies in this approximation. Thus we have

X1 lwjx) —w;(n| ~ 2730 xy e Qv —yl ~ 27V ®)
Moreover, we have
lw;(x) — w;| = [Vw;E)] |x — yl, ©6)

for some point £ between x and y (to be precise, the mean value theorem must be applied to each
component of the vector valued function w;). Recall that [ w;(x)*dx = 1, hence the typical size s,
of w; in Qj can be guessed from 5727311 ~ 1, namely s; ~ 2%2Ul. Since w; has variations of order s;

at distance 2 V!, we deduce that the typical values of Vw; in Q; have the order 2¥/2U1/2 =Vl = 252U,
Thus, from (6),

Jw; () = w; ()] ~ 23127,
Along with (5) this gives us
|X ;231712711 ~ =31l
namely
X | ~ 23Dl = o=l

We have established (4), on a heuristic ground of course.

Let us give a heuristic explanation of the fact that, when anomalous dissipation occurs, the decay
(4) appears. In a sense, this may be seen as a confirmation that (4) is the correct decay corresponding
to K41. Let us start from Eq. (1) with ¢; ~ 2%2Ul, the Katz-Pavlovi¢ prescription. Let £, be the energy

up to generation n:
2
En=D_ X

lil=n
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Then, as will be seen later with Eq. (9),

dé&,
dt

= 207D 3™ x2x,.
kl=n+1

In order to have anomalous dissipation, we should have

4 n ¢ #0.
dt
If we assume a power decay
X~ 2=nljl

Then, since the cardinality of {Q;: |j| = n} should be of the order of 23n

230D 3™ X2x, ~ 2ingip T — o,
[kl=n+1

and thus n = 11/6.

Il. MODEL AND MAIN RESULTS

Let J be the set of nodes. Inside J we identify one special node, called root or ancestor of the
tree, which is denoted by 0. For all j € J we define the generation number |j| € N (such that |0]
= 0), the set of offsprings of j, denoted by O; C J, such that |k| = |j| + 1 forall k € O; and a
unique parent j with j € Oj. The root 0 has no parent inside J, but with slight notation abuse we
will nevertheless use the symbol 0 when needed.

For sake of simplicity we will suppose throughout the paper that the cardinality of O; is constant,
gO; =: N, for all j € J, but some results can be easily generalized at least to the case where £0O; is
positive and uniformly bounded.

It will turn out to be very important to compare N, to some coefficients of the model. To this
end we set also & := 1/21og, N, so that N, = 2%

The dynamics of the tree dyadic model is described by a family (X;);c, of functions X ;:
[0, o0) — R. Its general formulation is described by the equations below. (Notice that X5 does not
belong to the family and merely represents a convenient symbolic alias for the constant forcing
term.)

Xo()=f

d
—X;=—vd;X; +¢;X7= Y XX, Vjel.

dt keO;

)

Here we suppose that f > 0, v > 0, and that the other coefficients have an exponential behavior,
namely ¢; = 2°Vl, d; = 2"l witha > O and y > 0.

If f = 0 we call the system unforced, if v = 0 we call it inviscid.

This system will usually come with an initial condition which will be denoted by X° = (X 9) jed-
One natural space for X() to live is /2(J;R), which we will simply denote by 72, the setting being
understood. The /2 norm will be simply denoted by || - ||.

Definition 1. Given X° € R”, we call componentwise solution of system (7) with initial condition
X0 any family X = (X))j e J of continuously differentiable functions X ; : [0, 00) — R such that X(0)
= X" and all equations in system (7) are satisfied. If moreover X(t) € 2 forallt > 0, we call it an 2
solution.

We say that a solution is positive if X;(t) > 0 for all j € Jand t > 0.

Existence of positive /> solutions is classical and can be found in Sec. III, while uniqueness is
an open problem.
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This system of equations is locally conservative, in the sense made rigorous by Proposition 3.2
below, where the following energy balance inequality is proven

t t
IX@I* < 1X6)I? + 22 / Xo(u)du —2vy " d; f X2(u)du.
s jEJ s
It turns out that in some cases this is in fact an equality and in some cases it is a strict inequality.
When the latter happens we say that anomalous dissipation occurs.
The main results of the paper deal with anomalous dissipation and stationary solutions.

A. Anomalous dissipation on the inviscid, unforced tree dyadic model

The proof of the next result is given in Sec. V.

Theorem 2.1. Let §O; = 2% for all j. Suppose & < o and f=v = 0 in Eq. (7). Let X be any
positive I> solution with initial condition X°. Then there exists C > 0, depending only on || X°||, such
that forall t > 0

EW) = XWI* =) X5 < ;92 )
jeJ
This theorem holds also if we use the weaker hypothesis 1 < #0; < 220 for all Jj. The statement tells
us that the energy of the system goes to zero at least as fast as = 2. In Sec. V A we show that for this
model there are some self-similar solutions and that their energy goes to zero exactly like 2. So
the estimate of Theorem 2.1 cannot be improved much.

B. Stationary solutions for the forced classic dyadic model

It will be important for our purposes to switch between the tree dyadic model and the classic
one, where J is simply the set of non-negative integers with O; := {;j + 1} for all j.

To avoid confusion we will use different symbols for the classic system, whose equations are
the following:

YL =f

d (®)
Elez_VlnYn +leYn271 _kn+1YnYn+lv Vn > 0,
withf>0,v>0,k, =2%",1,=2"", 8> 0and y > 0.

When this model is interpreted as a special case of (7) we will have N, = 1,& =0, and 8 = «.
Observe that the definitions of solutions given on the tree model extend easily to this one, but notice
that in this setting /> will correspond to the standard space of sequences.

The following theorem deals with stationary solutions, namely solutions constant in time. We
do not detail the proof, since, by what we said above, it is a special case of the analogous statement
for the tree dyadic model, Theorem 2.3 which is proven in Sec. VI.

Theorem 2.2. If f > 0, then there exists a unique I*> positive solution Y of system (8) which is
stationary. Moreover

1. ifv=0then Y,(f) ;=2 AR+ D,

2. ifv > 0and 3y > 28, the stationary solution is conservative and regular, in that for all real
s, Yal2"YW(D]* < 005

3. ifv>0and3y <28, there exists C > 0 such that for all f > C the invariant solution of (8) is
not regular and exhibits anomalous dissipation.

In the inviscid case, this theorem extends an analogue result of Cheskidov, Friedlander and
Pavlovi¢® where it is proved for B = 5/2. In the viscous case it extends a result of Cheskidov and
Friedlander,* in which existence and uniqueness of stationary solutions are proved for y = 2 and j
€ (372, 5/2].
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C. Stationary solutions for the forced tree dyadic model

An analogous of Theorem 2.2 holds for the tree dyadic model too. This is proved in Sec. V1.

Theorem 2.3. Let 10, = 2% for all j. Suppose & < o and f > 0 in Eq. (7). Then there exists a
unique I? positive solution X which is stationary. Moreover

1. ifv=0then X;(t) := f27@+UIDS forall j € J,

2. ifv>0and 0 <a —a < y3/2, the stationary solution is conservative and regular, in that
forall real s, y"; < [2°V1X;(1)]* < o0;

3. ifv>0anda —a > y3/2, there exists C > 0 such that for all f > C the invariant solution of
(7) is not regular and exhibits anomalous dissipation.

lll. ELEMENTARY PROPERTIES

We will provide, in this section, some basic results on the tree dyadic model. The results are
analogous to those provided for the dyadic model,'>® but the proofs require some new ideas to cope
with the more general structure.

We will suppose throughout the paper that the initial condition X° is in /> and that X9 > 0 for
all j € J. It will turn out that these two properties hold then for all times.

Definition 2. For n > — 1, we denote by &,(t) the total energy on nodes j with |j| < n at time t
and E(t) the energy of all nodes at time t (which is possibly infinite):

Eut) =) X3(0), £t =Y X3).
[jl<n JjelJ
Note in particular that E_; = 0.

We will use very often the derivative of &,, for n > 0,

d d
—&MN =2 X;—X,
dtg(t) T dt i

[jl=n
Y Yoy 2 Y Yaxix
[jl=n [jl<n ljl<nkeO;

—20 Y diX3F+20X3Xo -2 Y aXiXk.

[jl1=n |k|=n+1
so we get foralln > 0
d 2 2 2
Egn(t) = —2v |,-|2<; d;iX3(t) + 2 Xo(1) — 2 |k|=2n+1 A XFO X (D). 9)

Proposition 3.1. IfX? > 0 for all j, then any componentwise solution is positive. If X° is in I?,
any positive componentwise solution is a positive I> solution, in particular for all t > 0,

E(t) < (E(0) + D™, (10)

Proof. From the definition of componentwise solution we get that for all j € J
t
X(t) = X;?e—f(;(Vdj-‘er aXi(r)dr / ijj%(s)e—f:(wlj-kzk L'ka(V))drds’ (11)
0

yielding X;(¥) > O forall > O and all j € J.
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Now we turn to the estimates of £(7). In (9), since X;(¢) > 0 we have two negative contribution
which we drop and we use the bound X(7) < X(%(t) 4+ 1 < &,(t) + 1 to get that for all n > 0,

%&m <2f3&E@®) + 1),

so by Gronwall lemma &,(t) + 1 < (£,(0) + 1)e?/ i Letting n — oo we obtain (10). O

Proposition 3.2. For any positive > solution X, the following energy balance principle holds,
forall) <s <t

5(t):5(s)+2f2/ Xo(u)du—2dej/ X?(u)du

jeJ

—21imf chXl%(u)Xk(u)du, (12)

n—00
|k|=n

where the limit always exists and is non-negative. In particular, for the unforced, inviscid (f = v
= 0) tree dyadic model, £ is non-increasing.

Proof. Let 0 < s < t, then by (9) for all n > 0,

SN =& - Y d; / X} u)du + 2 / Xo(u)du

lil=n s

t
-2 / Z e X2 (u) Xy (u)du.
5 kl=n+1

As n — o0, since the solution is in 12, £,(s) 1 £(s) < oo and the same holds for ¢. The viscosity
term is a non-decreasing sequence bounded by

2wy djf Xiuydu < E(s) + 2f2/ Xo(w)du < 00,

ljl<n §

so it converges too. Then the border term converges being the sum of converging sequences. O

Definition 3. We say that a positive I> solution X is conservative in [s, t] if the limit in (12) is

equal to zero that is if
t
/ X3 (u)du.

s

E()=E(s)+2f? / Xo(u)du — 2v Zd,

jeJ
Otherwise we say that X has anomalous dissipation in [s, t].

Theorem 3.3. Let X° € I with X? > 0 for all j € J. Then there exists at least a positive I>
solution with initial condition X°.

Proof. The proof by finite dimensional approximates is completely classic. Fix N > 1 and
consider the finite dimensional system

Xo)=f

d

—X;=—vdiX;+¢;X;= ) aX;Xx jeJ 0<|j|<N

dt (o, (13)
X () =0 kel, kl=N+1

X;(0) = X9 jeJ, 0<|jl<N,
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for all # > 0. Notice that Proposition 3.1 is true also for this truncated system (with unchanged proof),
so there is a unique global solution. (Local existence and uniqueness follow from the local Lipschitz
continuity of the vector field and global existence comes from the bound in (10).) We will denote
such unique solution by XV.

Now fix j € J and consider on a bounded interval [0, 7] the family (X 7 )n>|j- By (10) we have
a strong bound that does not depend on ¢ and N

XY < EO+ D2er™ VN =1 Viel0,T1,

thus the family (X j\' )N=|j| is uniformly bounded, and by applying the same bound to (13), equicon-
tinuous. From Arzela-Ascoli theorem, for every j € J there exists a sequence (N; )i =1 such that

X; 7). converges uniformly to a continuous function X;. By a diagonal procedure we can modify the

extraction procedure and get a single sequence (Ny) > | such that forallj € J, X ;Vk — X ; uniformly.
Now we can pass to the limit as k — oo in the equation

t 2 ‘
)= [ [ o+ 6 () - ¥ axiox ol
i€Q;

and prove that the functions X; are continuously differentiable and satisfy system (7) with initial
condition X ?. Continuation from an arbitrary bounded time interval to all ¢ > 0 is obvious. Finally,

X is a positive /% solution by Proposition 3.1. (]

We conclude the section on elementary results by collecting a useful estimate on the energy
transfer and a statement clarifying that all components are strictly positive for # > 0.

Proposition 3.4. The following properties hold:

1. Iff=0,foralln> —1

+00
2 / D XS Xi(s)ds < E,(0); (14)
0

lk|=n+1

2. ifexists M > 0 such that X(]? > 0 for all j with |j| = M, then X;(t) > O for every j with |j| = M
and allt > 0. '

Proof. 1.1If n = — 1 the inequality is trivially true. If n > 0, by integrating Eq. (9) with f= 0,
we find that

5,,(t)+2v/ > diXi(s)ds = £,(0) — 2/ > aXi$)Xi(s)ds.
0

ljl<n 0 kj=n+1

The left hand side is non-negative for all ¢, so taking the limit for + — oo in the right hand side
completes the proof.

2. For |j| = M we have from (11)
X;j(t) = X%~ hditZpaXitndr g,
Now suppose that for some j € J\{0}, X;(r) > 0 for every ¢t > 0. Then again by (11),

t " )
Xt > / ch?(s)eif‘ WdjFeo; aXurdr 5o,
A .

By induction on |j| > M we have our thesis. O
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IV. RELATIONSHIP WITH CLASSIC DYADIC MODEL

Recall the differential equations for the tree and classic dyadic models.

Xo(t) = f
d
Xy = vdi X e X = ) aX X Ve, (5)
! kEO_,‘
Yo =rf
d . (16)
EYnZ_VlnYn +knYn_1 _kn+1YnYn+1» VHZO,

where f> 0, v > 0and foralln € N andj € J,
cj =2 k, =2 aq; =27Vl |, =2

Again we assume that £O0; = N, = 2% for all j € J, but we stress that for this section this is a
fundamental hypothesis and not a technical one.

The following proposition shows that examples of solutions of the tree dyadic model (15) can
be obtained by lifting the solutions of the classic dyadic model (16).

Proposition 4.1. If Y is a componentwise (resp. I*) solution of (16), then X := 2-(jl+2)a Y);(t)
is a componentwise (resp. 1) solution of (15) with a = B + &. If Y is positive, so is X.

Proof. A direct computation shows that X is a componentwise solution. Then observe that, for

any n > 0,
2 Alany2 _ A2ann—Qnt+day2 _ Hdiyp2
ij_zanxj_zanz n “Yn_2°‘Yn,
ljl=n
o)
2 42 4 2
En= ) X;=) 2%y <2%|y|’.
ljl<n k<n
Positivity is obvious. O

Remark 1. If we consider o fixed, since 8 = o — &, for small values of N, we will have larger
values of B, and the other way around. That is to say, the less offspring every node has, the faster
the dynamics will be.

Remark 2. Let us stress that B > 0 when N, < 2%, Since the behavior of the solutions of (16)
is strongly related to the sign of B, then the behavior of the solutions of (15) is strongly connected
to the sign of « — a. For example, in the classic dyadic there is anomalous dissipation if and only if
B > 0, and hence in the tree dyadic there will be lifted solutions with anomalous dissipation when
o > @ and lifted solutions which are conservative when o < &.

V. ANOMALOUS DISSIPATION AND SELF-SIMILAR SOLUTIONS IN THE INVISCID
AND UNFORCED CASE

Throughout this section we will consider system (7) in its unforced (f = 0) and inviscid (v = 0)
version.

Xo() =0

d . 17

ZXj:CjX%_ZCkaXk’ V]GJ an
kEOj

Equation (9), that is the derivative of energy up to the nth generation becomes

d
—&(t) = -2 E X2() X (1), 0.
s () \k\:nHCk F@OXi () n=
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Since only the border term survives, one would expect it to vanish in the limit n — oo. This can
be rigorously proven only if the solution lives in a sufficiently regular space, that is to say that X 3
goes fast to zero as |j| — oo. For the classic dyadic Kiselev and Zlatos!' proved that solutions that
are regular in the beginning, stay regular for some time but then lose regularity in finite time. Thus
our analysis is not restricted to regular solutions, and in fact we will prove in this section that for
sufficiently large times all solutions dissipate energy.

Let us give some definitions. Let us denote by y; the energy at time 0 in the subtree 7; rooted
in j plus all the energy flowing in j from the upper generations,

)/j = Z X]%(O) + / ZCijXJ%dS.
keT; 0
Let 0 < s < rand define for all j € J

m; = inf Xj(r).
re(s,t]

Lemma 5.1. Let X be a positive I> solution of system (17). The following inequalities hold for
alln > 0.

gn(t) - gn—l(s) =< lel:n m? =< 5(0)’
lel:n Vi = £(0),
ZkeT,v Xk(r)z <V Vr > 0.
Proof. The upper bound is obvious, since
Domis D X6 < Eils) < £,
[jl=n ljl=n
where we used Proposition 3.2. Now let j € J. From (17) we have for the differential of X?
d > 2 2
X =20,X3X, - > 20 X3X,
keO;
Let r € [s, t] and integrate on [s, 7], yielding
X3(r) = X3(s) + / 20, XUD)X;(t)dT = Y / 26, X3 (1) X (T)d.
§ kGOj S
Choosing now r € argmin, ., X;, we get
t
m; > Xi(s) = > / 20 X (1) Xy (T)d .
kEOj §
By summation over all nodes j with |j| = n we have
t
domiz ) Xie) - / Y. 20X DX,
ljl=n lil=n 5 Jkl=n+1

Finally, we apply for m = n — 1, n the following integral form of (9) to get the first part of the
thesis. (Even if n = 0 and m = — 1 this is true, trivially.)

t
Em(t) - 5m(5) = —/ Z 2CjX]%(‘L')Xj(‘L')dT.
S oljl=mt
We turn to the second part. Sum y; on every j with [j| = n to get

dvi=Dd Xi 0+ /002 > ¢ X3Xds,

ljl=n [k|=n O Yjl=n
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by (14) the integral term is bounded above by &,_1(0), so
D Vi< ) X{O) +E1(0) =) X{(0) = £(©0).

ljl=n [k|=n kel

Finally, the third part. Let » > 0. By computing the time derivative of ZkeT/’ k|<n X? which is
analogous to (9), dropping the border term and integrating on [0, 7], we have,

DXy = ) X0y +2/ 20X X3du < ;.

keT; keT; 0
|k|<n [k|<n
Now, let n — oo to conclude. O

The following statement will be used in the proof of Lemma 5.3.

Lemma 5.2. For every h > 0 and ). > 0 the following inequality holds:

h  ps e h Lk
e M ”drdsZ—(l—e 2).
h K h s h A
f / e dr ds > / / e dr ds = — <1 — e’*f) .
0o Jo b Je_h 2\ O
2 2

Lemma 5.3. Assume that @ > &, where 2°% = N, = #0O ; is the constant number of children for
every node. Let X be a positive I* solution of (17). Let (8,), = o be a sequence of positive numbers
suchthaty_,8, and ", 8, 20~@=0n gre both finite. Then there exists a sequence of positive numbers
(hn)n > o such that _,h, < oo and for alln > 0 for all t > 0

Proof.

En(t + hy) — Ea (1) < 8y (18)
In particular, for every M > 0,

6(2 h) < Eu1(O)+ ) 8 (19)

n=M n=M

The sequence
3/2

= SO : (@ ani3/2 (20)

n 63 )

satisfies (18) and (19).

Proof. Fix n > 0 and positive real numbers ¢, h,. For all j of generation n, let
mj :=inf,.¢p ;40,1 Xj(r). We claim that if 4, is defined by (20), then lel m? < 4y, which to-
gether with Lemma 5.1 completes the proof of (18).

We prove the claim by contradiction: suppose that Zl jl=n m% > 6,. We will find a contradiction
in the estimates on £(0). By Proposition 3.4

=n

hy
£0) = 2/ D0 aXilt + )Xt + s)ds.
0

ljl=n keO;
We have a lower bound for X;, namely m;, but we need one also for Xj.

For all j € J, let I'; := max(y;, E(O)N,:“l). From Lemma 5.1 we have Zm:n y; < &€(0) and
hence 3, ;,_, I'; < 2£(0); by the same lemma, for all i € T; we have X? < y; < T'; uniformly in
time, so for all k € O},

Xk = CkX? — Z ;i X; Xy > ckm§ — )\.ij,
€O
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where A; = N,2""2* /T';. This gives

s
Xi(t +5) > c}m?/ e TNy,
0

We can write
£W0) =2 Z / / 6N drds Z i
[jl=n keO;

and by Lemma 5.2 we have

(1 — e_’\f’h”/z) Z c,%.

ljl=n J keO;

Let us focus on the exponential. We substitute (20) and make use of the inequality I'; > E(O)N "
— 5(0)272&11’

h no+2a \/—5(0)3/2 8(0)2
L= N2 T 5 2 g V2.

By the hypothesis that Zl jl=n m? >4, and Lemma 5.1, we know that §, < £(0) we get
1-— €7A1h11/2 > 1/2 We obtain

3/2
£ > Y w3 g - 2EO > e

ljl=n fe/ "|J|"

Now we can use Cauchy-Schwarz and the AM-QM inequalities to get

3 m; (Zm:n ”’2‘)2 - (Zm:n ’"3)2
= r Y=V T [N 2 lil=n r;

again by the hypothesis that ), _, mz- > 8, and thanks to } _,;,_, I'; < 2€(0),

52
Z N O

\J\—n

so that the right-hand side of (21) becomes larger than £(0), which is impossible.
We turn to the second part. Let M > 0 and define the following sequence (¢,), > m — 1 by tar — 1
=0andt, =1, -1 + h,. By(18) withr =1, _ | we get

gn(tn) - gn—l(tn—l) <.
We sum for n from M to N, yielding

N
En(tn) = En1(0) < D 6,

n=M

which, due to monotonicity of €y, yields

oo N
5N<Z h) < En(tn) < En1 )+ ) b
n=M

n=M

Now we let N go to infinity to get the thesis. (]

Remark 3. It is easy to prove this result also if relaxing the condition on the number of children
Sfrom constant number to 1 < 40; < N,. One has to change slightly the definition of h,, which
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becomes

_ 5(0)3/2

—(a—@)n+2a+3/2
h, = 52 2 .

Theorem 5.4. Assume that o > &, where 2*¢ = N, = 0O j is the constant number of children
for every node. Then for every ¢ > 0 and n > 0 there exists some T > 0 such that for all positive I>
solution of (17) with initial energy £(0) < n one has E(T) < ¢. In particular

lim £(t) =0,
11— 00
i.e., there is anomalous dissipation.

Proof. Given ¢ > 0 let us take a sequence of positive numbers (8,), > o such that
> 1

o0
Z:Snzs and ZZ@‘——&WS%<+OO'

n=o

This is possible, for example, taking 8, = e(1 — 2~@~®/3)2=(@=®n/3 Now Lemma 5.3 applies, so
by the definition of £, given in (20)

NG
n— 2((:(—6:)1153Z

00
223/2
Zh <“/_—'7=;T

h n—= (11— 2—(0:—&)/3)3

n=0
Take M = 0 in (19) and by monotonicity of energy £(T') < ¢. ]

We are finally able to prove Theorem 2.1, which is a consequence of Theorem 5.4 with a
rescaling argument based on the fact that the nonlinearity is homogeneous of degree two.

Proof of Theorem 2.1. By Theorem 5.4 for every 0 < p < 1 there exists T > 0 depending only
on p and £(0), such that £(7) < p2£(0). We will apply this bound to many different solutions, all of
which have energy at time zero not above £(0).

Let ¥ = 1/p > 1. We can define the sequence

X0 =x

o —1
XM =XVt +1) = z‘/‘”X(z‘}”t + P r), n> 1.

It is immediate to verify that all of these satisfy the system of Eq. (17), but with possibly different
initial conditions. We have
M )2 — 92 (n—1),_\\2
D (xPO) =0} (x7 V@)
jeJ jeJ

Recalling the definition of 7, the above equation allows to prove by induction on » that for all n > 0

onehas )", (XE.")(O))2 < &(0). Foralln > 0, let
" — 1
t, = T.
O —1

Then by the definition of X", we have proved £(t,)*> < 9 ~2"€ (0). Since ¥ > 1, t,400, hence given
t > 0 there is n such that t, <t < t,,,;. That means we have by monotonicity

1 1
E@) <9 "EO)  and  S— < .
tn+1 t
Finally, by definition 1, ;| < 79" * /(¥ — 1)=9"t/(1 — p), so for C = 5(0)(t/(1 — ,0))2 we get
C C
EM) <97"EWO) < 5— < .
thrl t O
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A. Self-similar solutions

We devote the end of this section to prove the existence of self-similar solutions. We call self-
similar any solution X of system (17) of the form X;(r) = a;p(?), for all j and all 1 > 0. By substituting
this formula inside (17) it is easy to show that any such solution must be of the form

aj
Xj(t)=t e
— 1ty

for some 7y < 0. The condition on the coefficients a; is much more complicated
ay=0

2 .
aj +cja; = chajak, Vjeld,
kEO_,‘

so it is convenient to take advantage of previous results for the classic dyadic, for which existence
and some kind of uniqueness of self-similar solution are known.” We obtain the following statement.

Proposition 5.5. Given ty < 0 there exists at least one self-similar positive I> solution of (17)
with ay > 0.

Proof. We use Theorem 10 in Barbato, Flandoli and Morandin? which, translated in the notation
of this paper, states that there exists a unique sequence of non-negative real numbers (b,), > o such
that by > 0 and Y, := b,/(t — ty) is a positive 12 solution of the unforced inviscid classic dyadic
(8). Thanks to Proposition 4.1 this solution may be lifted to a solution of the inviscid tree dyadic (7)
with the required features. (]

Remark 4. For the tree dyadic model self-similar solutions are many. In the standard dyadic
case® it is shown that given ty < 0 and ny > 1 there is only one I* self-similar solution such that
ng is the index of the first non-zero coefficient. If ng > 1, this solution can be lifted on the tree to
a self-similar solution which is zero on the first ny — 1 generations. We can then define a new
self-similar solution which is equal to this one on one of the subtrees starting at generation ny and
zero everywhere else. Finally, we can combine many of these solutions, even with different ny, as
long as ty is the same for all and their subtrees do not overlap.

VI. STATIONARY SOLUTIONS

In this section we will study the stationary solutions for both the classic dyadic model (16) and
the tree dyadic one (15). We will in particular restrict ourselves to study positive /> solutions which
are time independent. Proposition 4.1 allows us to link the two models, in that for any solution of the
classic dyadic model one can build a solution of the tree dyadic model. Thus is it enough to prove
existence for the classic dyadic and uniqueness for the tree dyadic.

One purpose of this section is to prove the existence and uniqueness of the stationary solution
on the tree dyadic model and extend existence and uniqueness results for the dyadic model.*>
Cheskidov, Friedlander and Pavlovi¢ proved® that the inviscid dyadic model with 8 = 5/2 has a
unique stationary solution and that such a solution is a global attractor.® One should notice that these
results on the dyadic model are stronger than what can be proven for more realistic shell models
such as Sabra (see for example Constantin, Levant and Titi’).

For the viscous dyadic model, when 8 € (3/2, 5/2] the stationary solution is unique and is a
global attractor.* Nevertheless it is possible to explicitly provide examples of non-uniqueness of
the stationary solution, dropping the Y, > 0 condition.? In this paper we prove the existence and
uniqueness of stationary solutions in /> for every positive value of the B and y parameters both
in viscous and inviscid dyadic models. This will provide a corresponding result of existence and
uniqueness for @« > & and y > 0 in the tree dyadic model. Furthermore in the inviscid case we will
explicitly provide those solutions (Proposition 6.1), while in the viscous case we will prove that the
stationary solutions are regular if and only if N, is big enough, N, > 2%¢ = 3 or the forcing term f
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is small. For f = O the unique (non-negative) stationary solution is trivially the null one, so in this
section we assume f > 0.

A. Stationary solutions in the inviscid case: Existence

In the inviscid case, the differential equation is very simple, so it is easy to find stationary
solutions in the class of exponential functions. One immediately finds the following result.

Proposition 6.1. Consider the tree dyadic model (15) and the classic dyadic model (16), both
inviscid (v = 0). Let 2** = N, = 80; be constant for all j € J. Then:

—(n + DI

1. the sequence of constant functions Y,(t) := f2 is a positive I solution of the system

(16).
2. thefamily of constant functions X ;(t) := f2~C&+0UIDS for j € Jis a positive componentwise
solution of system (15); it is also an I* solution iff & > &;

Proof. A direct computation shows that X and Y are componentwise solutions. To show that Y'is
I observe that, since 8 > 0, || Y| < oc. To check whether X is /> compute the energy by generations;
we have forn > 0,

E —& = Z ij _ 22&nf22—”%](4&+2a) — Cz%(&—a)n,
ljl=n

with C not depending on n. Hence X is I if and only if « — & > 0. U

B. Stationary solutions in the viscous case: Existence

In the viscous case, the recurrence relation coming from the definition of stationary solution
is more complex, and has no solutions in the class of exponential functions. Anyway, by careful
control of the recurrence behavior, we are able to prove that a stationary solution exists, and also to
distinguish if it is conservative or has anomalous dissipation.

Definition 4. We say that a stationary positive [ solution X is regular if for all h € R

Z[z’”f"x,]2 < 0. (22)
jeJ

Theorem 6.2. There exists a stationary positive I2 solution of the classic dyadic model (16)
when v > 0.

Theorem 6.3. Consider any stationary positive I solution of the classic dyadic model (16) with
v > 0.

1. If3y > 28 then it is regular and conservative.
2. If3y < 28 then there exists some C > 0 such that if f > C the stationary solution is not regular
and there is anomalous dissipation.

Before we go into the proofs of these theorems, let us introduce a useful change of variables,
that will come handy in both proofs. If Y is a stationary solution of (16) then, for every n > 0, we
have

—v27"Y, +2Pny2 | — 2P tPy Y, = 0.

This equation can be made into a recurrence, and the change of variables that best simplifies its form
is

Z, = v 25y (23)
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Since the stationary solution in the inviscid case decreases like 2 ~"#/3, the exponent’s rate n8/3 is
in some sense expected. The system of differential equations for Z becomes

Z_| = v’12§f =g
72 (24)

Zn-1 2(}’*%/3)" Vn > 0.

Zn+1 7
n

Proof of Theorem 6.2. Let us consider the change of variable (23), we have to show that the
system (24) has a positive solution for which Y is /2. System (24) gives a recursion which, given
Z_1 = g and Z; allows to construct the sequence (Z,), > — in a unique way. Any such sequence
will give a stationary componentwise solution. What we want to prove is that there is some value
of Zy such that this turn out to be a positive /> solution. Let we exploit the dependence from Z, by
defining a sequence of real functions

Z_1(a) =g,
Zo(a) = a, (25)
2 2
Zysi(a) = 252 — 20730 p >,

Now we construct a descending sequence of open real intervals (,),so such that (0, oo)
=1y D1 DI, D ... and such that Z, is continuous and bijective from [, to (0, 0o), with Z,
strictly increasing for even n and strictly decreasing for odd n.

Let Iy = (0, 00). Zy(a) is monotone increasing, continuous and bijective from /j to (0, c0).

By (25) we have that Z,(a) = g/a> — 2% ~ 2P is monotone decreasing, continuous and
bijective from I to (— 2 ~ 2/ 00) so there exists a limited interval (by, ¢;) := I; C I, such that
Z1(a) is monotone decreasing, continuous and bijective from /; to (0, co).

Now suppose we already proved for m < n that Z,(a) is continuous and bijective from I,, to
(0, 00), with Z,, strictly increasing for even m and strictly decreasing for odd m.

Suppose that n is odd (resp. even). Then by (25) Z,, 1 (a) is monotone increasing (resp. decreas-
ing), continuous and bijective from I, to (— 2 =23 50) so there exists an interval (b, 41, Cy41)
:=I,4+1 C I, such that Z, | (a) is monotone increasing (resp. decreasing), continuous and bijective
from 1, 1 to (0, 00).

Observe moreover that the borders of these intervals are not definitively constant, since for all
n, by # b, and ¢, 1, # c,. Hence if we define b = lim,,b,, and ¢ = lim,,¢,, it is clear that for all n,
b, < b < c < c,, that is the closed interval (possibly degenerate) [b, c] is contained in every I,,.

Now we choose any a € [b, c] and we know that the sequence Z,(a) is strictly positive. We are
left to prove that it is also /2. To this end let Y, be any stationary, positive componentwise solution.
Let &, = Y ;_, Y/ in analogy with the definition for the tree model. We compute the derivative

d
0= —& (1) =—v kglkY,f + f2Yo — k1 Y, Yorn,

hence, since [ > 1, &, < Y, _, kY7 < v~ f2Y, forall n. O

Proof of Theorem 6.3. Let us consider again system (24) and let u :=y — 26/3. If u > O the
corrective term goes to infinity, while if ;< 0 it goes to zero, so we expect two different behaviors
in the two cases. We will show that in the first case Z, goes to zero super-exponentially for n — oo,
while in the second one Z, | z and z > 0 if g is large enough.

Case p:=7y — 28/3 > 0. From (24) we get

272 =72 Zy— ZnZni1-
Sum over 7 to get

Z k72 = 270 — 22 Zps1. (26)

k<n
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Since n > 0, by positivity of Z, we have
lim Z, = 0. 27)

n—00
From (24) and Z,, .1 > O we get Z,, < Zﬁ_l and since by (27) Z; =: A < 1 for some 71, by iterating
the above equation we get for all m > 0

Zism <27,
that is to say that Z, goes to zero for n going to infinity like the exponential of an exponential, so for
every s > 0 we have

S (22, <400 and Y (27V,)" < +oo.

n n

It is now clear that lim,, k,,1; Yn2 Y,+1 = 0, so Yis conservative by Definition 3.

Case  :=y — 2B/3 < 0. The first step is to prove that Z, is non-increasing in n. Suppose by
contradiction that for some n we have Z,/Z, _ | = A > 1, then we claim that Z, . »/Z, ;| > At >1
and hence by induction Z, 2,/ Zys2m—1 > A*". By (24) for all k > 0

This can be used iteratively together with the claim to show that

2
Zn+2m—1 _ 2;L(n+2m)

Zn+2m+1 =
Zn+2m

Zn+2m—1 Zn+2m—3 Zn—l

.. Zy_y — 2M0+2m)
Zn+2m Zn+2m72 Zn

< Zn—l)\-_4m _ 2u(n+2m),

so we get a contradiction because Z,, 12, + 1 < 0 for some m.
We prove the claim. Let x = 2*"Z,,/ Z,ZH1 = 2M")2/Z,. Observe that

2 un
Zyyr = = -2 = —(1 - x). (28)
M X
We divide by Z, (and we notice that x < 1),
Zy
21— x). (29)
Now
2 2
Zya= 20 _quoih o Zaqun

n+1 n+1

so dividing by Z, . and substituting (29) and (28), we get
Zn+2

4 ) 211 A X
— > A1 —=x)°"= > — .
n+1 Zn+1 1—x 1 —x

Since A > 1 > x > 0, it is now clear that (A* — x)/(1 — x) > A*. So we have proven the claim and
showed that {Z,}, > ¢ is non-increasing in n.

The last step is to show that for g large enough Z, | z > 0. By rearranging (26) and recalling
what we proved above,

n n
1
Zy 2 ZyZo = 20— ) 277 = 82— gZo ) 2" > gz‘)(g 1o 2u)’
k=0 k=0

soif g > 1/(1 — 2/) then Z, converges to a strictly positive constant z.
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To prove anomalous dissipation we compute the limit
nlggo kn+1Yn2Yn+1 = nli)rglo Zﬁ"+ﬂv32_ﬁ”_7ﬂ/3232n+1 =233 > 0.

So by Definition 3 there is anomalous dissipation. U

C. Stationary solutions in the inviscid and viscous case: Uniqueness

We prove uniqueness in the class of stationary positive /> solutions for the tree dyadic model.
The result also holds for the classic dyadic, because it is a particular case of the former, or by virtue
of the lifting Proposition 4.1.

Theorem 6.4. Consider the tree dyadic model (7) and assume that o > @&, where 2°¢ = N,
= 110 is the constant number of children for every node. Then there exists a unique stationary
positive > solution.

Proof. Existence is a consequence of Proposition 6.1 in the inviscid case (v = 0) and Proposition
4.1 and Theorem 6.2 in the viscous case.
To prove uniqueness we apply a change of variables similar to (23)

Zj =27 Xja Vjeld. (30)
Then from (7) we have
d rlil 2alj| 72 2q1j]
keO;
so if X is a stationary solution, Z must satisfy
Zy = f2°°
2
Y zo= g0t (32)
keO; J

Moreover observe that the condition X € [ is equivalent to

3 (2 51Z;)? < co. (33)

jelJ

Assume by contradiction that there are two different stationary solutions of (32) which we
denote by W = {W;};e; and Z = {Z;}; < ;. Let n be the smallest integer such that there exist j; € J
with |ji| =n and W;, # Z; . Without loss of generality we can take W; /Z; =: A > 1.

Let jo = ko = j1 and k; = j;. Extend these to two sequences of indices (j)m>0 and (ky)m > o
with j, € O;, , andk,, € O, _,, picking alternatively among those that maximize or minimize W;,
and Z;,.

More precisely for m > 2 choose j,, € O;, , and k,, € Oy, _, in such a way that if m is even

W;, =min{W; :i € O;, |} Zy, =max{Z; :i € O, ,},
and if m is odd

W;, =max{W; :i € O; ,} Zy, =min{Z; : i € O, _,}.
The idea supporting the definition of these sequences is to choose the indices so that

le < Zkl, sz > Zkz, WJB < Zk3,
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We will now prove that, with our construction, those inequalities hold and, moreover, the ratio
between W,, and Z,, grows according to

2

7 W,  Z -
ko L% S 32 V¥m > 2 even (34)

Wi~ Zia Wi,

W] Zk W]2 2m—2

D 5 Skt Tna g Vm > 3 odd. (35)

ka WjM*l kafz

We prove inequalities (34) and (35) by induction on m > 2. First note that for m = 0 and m = 1,

Z W;
Zho_q and L= (36)
Wj Zk]

Now we proceed by induction. Let m > 2 even. By the definition of j,,, k,, and by (32) we get

Jm

w?
W] — min Wl S N*—l Z Wl — N*—][W]mZ _ Uz(y—éa)(n+m—2)i|’

i€0j, i€o; Jm—1
—1 —1 ZI%m—Z (y—2a)(n+m—2)
Zi,= max Z;=N;' Y Z;j=N]'| 20207 : (37)
i€, . kin—1
lEOk”H]

By (36) when m = 2 or by inductive hypothesis (34) and (35) when m > 4,

2 2 2 —
- . m=72
ka—z ij—z _ ka—z ij—l
- 2 —4 m—3 )
Z, ij—] ij_z Zi, ()\.zm )2)L2 =A% m > 4,

so in particular the ratio is above 1 and, since for every a > b > ¢ > 0 we have (a — ¢)/(b — ¢)
> alb, for m > 2 even

2

Doz _\p=Fentm=2) o )
Ziy _ Za 2 a2
= W2 > > A" .
Wi, = Wi _ p=2atm-2 ~ Zi/ Wi,

Jm—1

This concludes the inductive step for m even; for m odd the reasoning is analogous. We now want
to use inequalities (34) and (35) to get a contradiction. We will consider separately the cases v > 0
and v = 0.

Case v > 0. Let m be even; by (34)

ij—l

applying (32) to W;,_, we have

% > l)2()/—§<Jt)(rl-'rm—2)7
Jm—1

so from (37), putting everything together, we get

2

z -
Z, >N I:L — vz(y—ia)(n+m—2)i| > N*—lvz(y—ga)(n-ﬁ-m—%()\z 2 1).
kim—1

For m even going to infinity we have obviously that Z; grows as the exponential of an exponential,
which is in contradiction with (33).

Case v = 0. If v = 0 we already know one explicit stationary solution, by Proposition 6.1,
namely X; = f27@¢+a)/+D/3 By the usual change of variables (30) V; = f22@=4/I=)/3 j5 5
solution of (32) satisfying the regularity condition (33). Without loss of generality we can suppose
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that W; = V; or Z; = V;. In the first case, for m even

om=2 om=2

— fz%(a—&(n-k—m—Z)k

3

ka > ij)x
in the second case for m odd

W, > Z 22" = fzg(afa(nmfz))hz'”-{

m

In both cases the right-hand side grows super-exponentially as m — oo and this is in contradiction
with (33). O

Proof of Theorem 2.3. Existence and uniqueness are given by Theorem 6.4.

If v = 0 the solution is identified by Proposition 6.1. If v > 0, by uniqueness, the solution is the
lift of the stationary solution of the classic dyadic with 8 = o — &, as per Proposition 4.1. Then the
two regimes are proven in Theorem 6.3. U
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