A THEOREM ABOUT LIMITS WITH APPLICATION
TO MACLAURIN’S POLYNOMIAL OF CERTAIN
FUNCTIONS

LUCA GOLDONI

ABSTRACT. In this article we consider a theorem for the limit of
certain functions at x = 0. We shall prove that in some cases,
the existence of the first derivative at z = 0 and the existence of
a “functional equation” let us able to infer the existence of some
derivatives of higher order.

1. THE THEOREM

Theorem 1. Let be f: R — R a continuous function such that

(a): There exist k > 1, a € R, h € Z" such that
fkx)=kf(x)+alf(2)]" VzeR
(b): f(0)=0.

(c): There ezists

tim 2
x—0 I
(d): The function
be — f ()
h
s bounded in a deleted neighborhood of x = 0.

g(z) =

then
Jlimg(z) = L.

x—0

() i)

Proof. Since g(z) is bounded in a deleted neighborhood of x = 0, we
have that

where

—00 < A = liminf g(z) < limsupg(z) = A < +c0.
z—0 z—0
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Now, by hypothesis (a), we can write

=41 (2) o ()]

for each x € R, so that

_be—f@) K[ -] a ()]
k(%)

g9()

o ® "6
Hence
9(z) = g1(z) + g2()
where
1 T\ _ f(z
NERER )
k
and .
T
(%)
By hypotesis (c) it is
h
lim inf g,() = lim sup g5() = lim g>(z) = —a (%) = A

Now, we remember that
. . T <
" lim inf gy () + lim inf go () < lim inf (g1(2) + g2(2)) <
< lim sup (g1 (z) + g2(x)) < lim sup g1 (z) + lim sup go(x).
z—0 x—0 z—0
and so

o - A< A<l . ‘
91612% inf g, (x) + }:13(1) inf go(2) <A< AL 91013% sup g1 (x) + glclgtl) sup ga(x)

But
. 1
(2) lin inf gy () = 75
) 1
(3) lim sup g1(2) = A
so that . .
kh_l)\—l—A< AL AL kh—1A+A

It follows that
1\ ! 1 \!

A=A=L=limg(x).

z—0

and so



This theorem can be used, at least in principle, in order to obtain
the Maclaurin polynomials of certain functions without the use of the
derivative of order higher than one. Indeed since

g(x):lm_x—,{(@:tho(l) (x —0)

we have
f(x) = bz — La" + o(2").

We get an example in order to clarify the previous statement.

2. AN EXAMPLE
Le us consider f(x) = sinxz. We remember that for any x € R it is
well known that
sin3z = 3sinz — 4sin® z.
Thus, we have that £ =1, a = —4, h = 3 and b = 1 because

. sinz
lim =1.
x—0
Since, in this case
( ) T —sinx
g(r) = ——.
23

is an even function, we can consider x > 0 only. In this case, since
r < tanz in a deleted right neighborhood of x = 0, it follows that

T —sing tanx — sin x
g(r) = < :

3 3
But

lim ———— = lim
z—0 373 z—0 2

5.
thus g(z) is bounded in a right neighborhood of z = 0 and in a complete
deleted neighborhood also. Hence, all hypotheses are satisfied and we

have that , )
i L (B RN B
z—0 Ig 3 32 6

This means that

tanx — sinx I sinz [ 1—-cosx 1
22

1
(4) sinx =x — axg + o(z?).
This is the Maclaurin’s polynomial of third order for the function
sinx and we obtained it without use the derivatives of order higher
than one.

Note 1. Perhaps the most important key point is that it is possible to
write

(5) g(r) = crg (%) + Fp () + spp (7).



where x — s (x) is a function of x such that lin% Sk () = Apn € R
T—

and

This is strongly related with the existence of a “functional equation”
like

flkz) = kf(z) +alf(x)]".
which can be said to be of order h. In principle, we can obtain the
Maclaurin’s polynomial of a given order n if we are able to find the
suitable functional equations for f. We get an example just to under-
stand.

3. THE PREVIOUS EXAMPLE GO FURTHER
For first we are going to see that there is a relation like (5). Since
sin 5r = 5sinx — 20sin® 2 + 16 sin® .

if we consider
x — %x?’ —sinzx

xrd

g(x) =
we can write
(z—32%) — (5sin€ —20sin®£)  (16sin° £) |

g(z) = = B

Now, from (4), we have

sind & = [(:v - %x3> + o(m?’)] 3

1
3 (.3 1
smx—(:c 57

thus

ot
N——
+
2
8
N

Hence
1.3 O z 3 1 x5
(ZL'— =T ) — (5811’13 — 20 (5—3 — 3%
i
After some calculations, we have

T 1

£ §(2)" —sin %] (16 sin° ) 1
- — 10 (

T

g(x) = [ RN - b
5 (%) 5 (%)
Thus, we have the relation (5) with

o) = 50 () = 5 F@P + 540 (2
where .

sn (2) = —10 <§) +o(1).



For second, we are going to prove that g(z) is bounded in a deleted
neighborhood of x = 0. As before, it is enough to consider only a
deleted right neighborhood of x = 0. If we consider

1
k(x) =sinx — (m - 6953) :
we have that k£(0) = 0 and

1
K(zx)=1- §x2 — COST

thus )
sin” x 1
k;/ > = 2
() cosx + 1 2$

As before, from (4), we get

1
sin2x2x2—§x4+0(:v4).
so that - . A
T 1 —cosz 1 T
k/ S _ = 4
(z) 2 |(cosx+1)] 3cosz+1 o)

It follows that

2 [ 22 2y 4
+o(x 1
2 | 5 (@) 1z o (o)
2 | (cosx+1) 3cosz + 1

which leads to
1 4 4 4

- T <_x_+0<m4><_x_

k/ - - - 4 <
(z) 12COS$+1+0( ) S 31 8

xT xT

1
k(z) = /k’(t)dt < —@/t‘*dt <0
0 0

in a suitable deleted right neighborhood of x = 0. In the same way we

have that
(x — 19(:3) —sing > —2°
6 - ‘

This means that, even in this case, we have —oo < A < A < +0
where, of course A and A have the same meaning as before but they
are related with the ne function g(z). In this case we get

U O
625 5? 625 5?
so that )
I —
i 9(@) = =155
and thus . )
sing =z — —2° + —2° 4 o(2°).
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and this result has been obtained with no derivatives of order
higher than one.
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